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1 Introduction

Heavy quark effective theory is by now the standard description for systems with one heavy
quark [[]-[B]. The additional symmetries appearing in the limit of infinite heavy quark
mass yield model independent relations between form factors appearing in the description
of heavy hadron exclusive weak decays. Aside from that, heavy quark symmetries also
yield statements about the normalization of some form factors at zero recoil, i.e. the point
where the velocities of the initial and final hadrons are equal. This fact has a very large
phenomenological impact; it allows e.g. to perform a model independent determination of
|Vp| by extrapolating to the endpoint of the lepton spectrum in the decay B — D*/v.

QCD radiative corrections as well as recoil corrections have been studied already to next-
to-leading order [[[J]. While QCD radiative corrections may be studied systematically, the
recoil corrections in general need new, non-perturbative input, which may be supplied, for
instance, by model estimates. For the case of the determination of |V from B — D*(v the
leading recoil corrections vanish at the non-recoil point due to Lukes theorem [[1] and the
next-to-leading ones have been considered by Falk and Neubert [[J], who parameterized the
form factors to order 1/ mé, also off the point of equal velocities.

However, as will be discussed below, that the analysis of the 1/mg corrections at zero
recoil simplifies enormously, since then only forward matrix elements (i.e. matrix elements of
operators between mesons moving with the same velocity) appear. In addition, the algebra
of Dirac matrices simplifies and one may obtain a simple expression for the next-to-leading
recoil corrections at the point of equal velocity. This expression involves forward matrix
elements of operators of higher dimension and also time ordered products with higher order
recoil terms from the Lagrangian. The expressions we obtain have a simple interpretation,
but its numerical evaluation needs input beyond heavy quark effective theory.

Recently, the methods of the heavy mass expansion have been applied also to inclusive
decays by combining the method of operator product expansion with heavy quark effective
theory [L3-[[7]. This approach yields the heavy mass expansion for decay rates and also for
decay distributions; the leading term in this expansion is the free quark decay rate and the
corrections may be studied systematically. Of course, the higher order corrections need non-
perturbative input, which is again forward matrix elements of higher dimensional operators
and time ordered products of such operators with higher order terms from the Lagrangian.
Thus the same matrix elements appear as in the model independent determination of V.

Finally, the relation of the heavy hadron mass to the mass of the heavy quark is also given
in terms of a 1/mg expansion. Higher orders are again given by forward matrix elements
of higher dimensional operators needed as non-perturbative input to relate the heavy quark
mass with the heavy hadron mass.



In the present paper, a systematic study is performed for these forward matrix elements
appearing in all higher order calculations at zero recoil, including the relevant time ordered
products with higher order terms of the Lagrangian. It turns out that all the forward matrix
elements may be classified very simply and the relevant matrix elements for calculations up
to order 1/my, are given explicitly.

The classification performed here allows to simplify the analysis of the recoil corrections
to heavy quark weak decay form factors at v = v’ enormously, compared to the case off the
equal velocity point. As an application the analysis for weak decay form factors is performed
at the non-recoil point up to second order in the heavy mass expansion for the case of b — ¢
transitions and our results are compared with the ones obtained by Falk and Neubert [[3].

In the next section, a general discussion of the parametrization of the generic forward
matrix element is given. It is split into three subsections. First we consider local higher
dimensional operators in some detail and give numerical estimates for the matrix elements
of operators up to dimension seven. In the second subsection we shall consider time ordered
products with higher order terms from the Lagrangian. Finally, in the third subsection we
consider the relation between the mass of the heavy meson and the mass of the heavy quark
as a toy example, where the forward matrix elements play a role.

The general discussion of the forward matrix elements is then applied in section 3 to the
1/ m2Q corrections of the normalization of the weak decay form factors in the decays B — D/{v
and B — D*{v. The relevant form factors hy for B — D/v and hy for B — D*{v decays
are discussed at the non-recoil point up to second order in the heavy mass expansion. We
include also a semi-quantitative analysis ad estimate the size of the corrections relevant for
the Vo, determination to order 1/mg,.

2 Higher Dimensional Operators and their Forward
Matrix Elements
Higher order terms in the heavy mass expansion of weak transition matrix elements originate

in general from two sources. The first source is the heavy mass expansion of the operators
for a heavy quark () appearing in the weak transition Hamiltonian. At the matching scale

mg, this amounts to the replacement [
x (—iwD\"| ip*
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where v is the velocity of the heavy hadron and @, is the operator of a static heavy quark
moving with velocity v. Furthermore, it is convenient to define

Dj = (g — vuv,)D” vD*+ =0. (2)

These terms in general lead to contributions, which are matrix elements of local operators.

Secondly, also the Lagrangian of full QCD is expanded in 1/mg and the higher orders
in 1/mg are treated as perturbations. This leads to time ordered products involving these
higher order terms of the Lagrangian and the weak transition operator. The corrections of
higher orders in the 1/mg expansion to the Lagrangian are given at tree level by [

£ =30 g(2mQ)] i) DY B, ®)

In every order j it is convenient to split £§j ) into a generalized kinetic energy operator V)
and chromomagnetic moment operator GY) defined as

) = QuiDF)(=ivDY T iD)Q, (4)
GU) = —iQ,(iD)(~ivDY "1 (iD$)0*’Q, (5)

The interpretation of these time ordered product terms is obvious. The heavy hadron
states of full QCD still depend on the heavy quark mass, and this dependence is also treated
in a 1/mg expansion. The leading term is the state taken in the infinite mass limit, the
“static state”, which is the convenient one for a heavy quark effective theory calculation,
since it does not depend on the heavy mass any more. The time ordered products account
for correct mass dependence of the full QCD state, and the matrix elements then have to be
evaluated using the “static”, mass independent state.

2.1 Local Operators of Higher Dimension

The generic operator of dimension n + 3 appearing in the contexts mentioned above is of the
form B

O s = QuliD,)(iDy) -+ (D, )TQ, (6)
where I' is an arbitrary Dirac matrix.

The Dirac matrix appearing in (f]) may be expanded into the 16 basis Dirac matrices 1,
V5, Yu V5Yu and o, However, the matrix I' is sandwiched between projectors

1

51 +7)

P, =
T 9
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which are contained in the heavy quark fields @),. This projection amounts to the replace-
ments

1
1—’P+:§(1+¢) Yo — PPy = v, Py (7)
V¥ — PivuvsPr = sy V5 — PPy =0 (8)
(—=0)0 — P (=)0, Py = iv“eaups’ 9)

where we have defined the spin matrices s,, which are the generalizations of the Pauli
matrices for the frame moving with velocity v. They satisfy the relations

SuSy = (=g +v,0,) P + ’éEauug’UQSﬁ v-s=0 (10)

Consequently, the Dirac matrix I' sandwiched between the projectors may be expanded into
the four matrices 1 and s,

1 1
P.I'P, = §P+ Tr {P T} — 5 5n Tr {s"T'}, (11)

and it is sufficient to consider only the two operators

Ol(Lll),m"',un = Qv(iDm)(iDuz) T (ZD,un)Qv (12)
O s = Qu(iD)(iD,,) - (iDy, )52, (13)

In the following we shall consider the matrix elements between the ground state pseu-
doscalar and vector mesons. There are two different cases to be studied. In the first case the
initial and the final state are both either 0~ or 17; in the second case the initial state is 0~
and the final state is 1~ or vice versa. All these different cases are related by heavy quark
spin symmetry, which implies the relations

QulH(v)) = 15fQu|H (v, €))  QulH (v, €)) = 75£Qu|H (). (14)

where |H (v)) and |H*(v, €)) denotes the 0~ and 1~ ground state meson respectively.
Further restrictions on the structure of the matrix elements may be obtained from the
equations of motion for the heavy quark and the gluons

1

wDQu =0 [(D*), (D), (D) = 4700 - @t — o] (15)

where the sum runs over all quark flavors and a, b, d are color indices.
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We shall start the discussion with the case where both, initial and final state are either
0~ or 17. Spin symmetry relates the matrix elements of 0~ mesons with the ones of the 1~
case in the following way

(H(©)| O, [H(0) = (H'(0.€)[OF,, ., [H* (v,6)) (16)
s 1 * S *
HWIOR s H(0)) = =5 (H (0,0, a[H (0,6)), (17)

and we shall consider in the following only the 0~ case.

The equations of motions for the heavy quark imply that the matrix elements of both
OW and O®) have to vanish, if the first or the last index, i.e. oy or ju, is contracted with
the velocity v. Furthermore, the spin vector s is also orthogonal to the velocity and thus the
matrix elements have to satisfy

vV H(0)|OD,, [ H () = o (H(©)|OL),, ., |H(v)) =0
VHH@)|OY S H (@) = v (H )0, [H(v) =0
MNH@)OY o H(v)) =0 (18)

Note that contractions with any other index may be related to a gluon field strength
[(iD,), (iD,)] = i9G ., e.g.

(i D)(iD,,, ) Qo H (v)) = —ig v Gap, Qo H (v)), (19)

and are thus in general nonzero.

Combining the information form the spin structure and the restrictions form the equation
of motion of the heavy quark one obtains for the forward matrix element of O the general
expression

<H(U)|QU(ZDO¢)(ZDV1) e (ZDanz)(ZDﬁ)QAH(U» =2Mpy [gaﬁ - Uavﬁ]Au1~~~Vn72 (20)

The tensor A is constructed from g,,,, and v,,. It is a simple combinatorical exercise to
show that the number N of independent scalar parameters is

[n]/2-1 k
Ni) =1+ =2 ), (%) (n—2(1k:+1))! (21)

where n > 2 and [n] = n for n even and [n| =n — 1 for n odd. The number of independent
parameters grows rapidly, the first few are N(4) =2, N(5) =4, N(6) = 13, N(7) = 41 and
N(8) = 196.



The matrix elements of O®) are parity odd quantities. The general form of these matrix
elements, which is compatible with the restrictions ([[J), is given by

(H(0)|Oappin_opr H(v)) = 2Mydpric,apav” By, v, _, (22)
+ 2Mydpr[gas — vavs)Co) 0

+ 2MHdH[ga)\ — ’Ua’U)\]C(z)

V1t Vn—2;0
+ 2Mpudulgsy — vaualCS, .0
where dy = 3 for a pseudoscalar meson and dy = —1 for a vector meson. The tensors C'*)
are parity odd and vanish, if the last index in contracted with v.
Up to dimension seven the number of parameters is still manageble, and some of them
are more or less well known numerically. The only nonvanishing matrix element between
heavy meson states of the dimension 3 operators is

(H(0)|QuQulH (v)) = 2My (23)

and its value is given by the choice of the normalization. Here My is the mass of the heavy
meson in the static limit.

All matrix elements of the dimension 4 operators vanish due to the equations of motion;
all matrix elements of the dimension 5 operators are given in terms of two parameters \;
and Ag

(H(0)|Qu(iDa) (iD3)Qul H(v)) = 2Mirlgas — vavs] 3 (24)
<H(U)|QU(ZDQ)(ZD5)S)\QU‘H(’U)> = 2MHdH7;€,,a5)\UV%>\2 (25)

where the prefactors are chosen to comply with the definition in [[J]. The parameter A,
corresponds to the leading term in 1/my for the mass splitting between the ground state 1~
and 0~ mesons [[§], while the kinetic energy parameter \; is not related in an easy way to
a measurable quantity. From QCD sum rule analyses one obtains values of A\; = —0.6 £ 0.1
GeV ? [[9], but these calculations have been criticized recently and a much lower value of \;
has been suggested using an improved sum rule technique (). On the other hand, bounds
have been derived in a quantum mechanical framework indicating that A\; < —0.18 GeV 2
B]. In the numerical studies presented below we shall vary A; in some range and hence we
shall use the values

—0.3GeV? < )\ < —0.1 GeV? )y =0.12 GeV~. (26)
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The parameter \q is scale dependent and we define Ay = \y(my).
The matrix elements of the dimension 6 operators are also given in terms of only two
parameters p; and po

(H(0)|Gu(Da) (1D, (Da)hul H(©)) = 2Minlgas — vl (27)
(H(0)|QuiDa) (1D, (iD5)5rQul H(0)) = 2Mindiizsns* v s (28)

In order to estimate p; we may employ the equations of motion for the gluon fields and relate
this parameter to a forward matrix element of a four fermion operator

—4Mpypy = 4Ama, > (H(v)| {(Qv,an,b)(qwéQa) - Nic(Qv,an,b)(QbWIb) |H(v)) (29)

q

where a and b are color indices. Contracting (R9) with v we may rewrite the matrix element
as an interaction between two vector currents. Using the Fierz theorem we rearrange the
quark fields in order to apply vaccum insertion, after which one is left with matrix elements
of heavy light operators between the heavy meson and vacuum. These matrix elements are
all related to the heavy meson decay constant fy due to heavy quark spin symmetry. The
estimate for the parameter p; reads under these assumptions

1 N2 -1

C

A similar estimate has been performed in [PT]].

However, (B0) has the usual problem of a matrix element after factorization. The original
matrix element defining p; is expected to have a different behavior under renormalization
group transformations as the result after factorization. In other words, one has to define at
which scale factorization is performed. We shall factorize the matrix elements at the scale
my, and thus use the following set of parameters: oy = as(my) = 0.2 and My = 5.28 GeV.
Varying the heavy meson decay constant between 150 and 200 MeV we obtain

(p1)"? = (300 — 450) MeV. (31)

This number is of the same size as e.g. )\;/2 = 350 MeV.
Finally, the forward matrix elements of the dimension 7 operators @) may be written
in terms of two parameters n and 7

1
1
(H (0)] Oty H (0)) = 2Mr 5[0 = 03] (Gt = 03 0ps1) (32)



while the general form of the dimension seven operator O is more complicated

(H(0)|O5), g HW)) = —2Mydpicappt” (g, Br — v v, B) (33)
+2Mpdy CY [9ap — Vvl ppr s
+2MpydyC®P [Gar — VaUAJE ppur a3
+2MHdHC(3) (928 — UAVBJE pps iz

One may again apply the equations of motion for the gluon field to relate this to a matrix
element involving the light quark current. In this way one obtains a relation of the form

2Mp (41 + 7)(gap — Vavp) (34)

— —tra, UHO) [(1D0Qua)Qu) @7500) ~ - (1DaQra) Quc) (@) 1H (1)

This may again be estimated by using the Fierz theorem and vacuum insertion. After
factorization, using

(H(0)[(iDaQu)1:75910) = 3Afu My [gap — vavy] A= My —mq, (35)

one obtains
N2_1
N
With the same of parameters and under the same assumptions as above one obtains the
estimate

Afi My (36)

dn 4+ 17 = 67,

(4n + 7)Y* = (700 — 950) MeV, (37)

where A has been varied between 400 and 600 MeV.

From these estimates it seems that the heavy mass expansion works quite well, at least at
the non-recoil point. All the parameters up to dimension seven behave like the appropriate
power of some small scale A ~ 200 — 500 MeV which means that the expansion in powers of
A/mg indeed has coefficients of order unity.

The second case to be studied are matrix elements with a 0~ meson in the initial state
and a 17 in the final state, or vice versa. These matrix elements do not introduce any
new parameters, since they are related to the ones considered above by heavy quark spin
symmetry. However, one has to be a little more careful in this case, because one has to
rotate the spin of only one of the heavy quarks. The forward matrix elements, which are
considered here, involve only one velocity sector of heavy quark effective theory, and spin
symmetry is a symmetry holding separately in each velocity sector. In order to rotate only
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the initial or the final state heavy quark spin, one has to choose in a first step two different
velocities for initial and final state, perform the spin rotation of one of the states using ([[g)
in the corresponding velocity sector, and afterwards take the limit v — v. In this way one
obtains the relations

(H(©)|Qu(iDy,) - - (iDyu, )Qul H (v)) = =(H (0)|Qu(iDyy) - - - (D, ) (5€) Qo H* (v, €))  (38)
(H()|Qu(@Dp,) - -+ (1D, )QulH™ (v, €)) = —(H ()|QU(ZDM1) (1D, ) (5€)Qu|H (v)), (39)

relating the matrix elements of O") between two 0~ or two 1~ states to the ones of O
between 0~ and a 1~ state, and vice versa.

2.2 The Time Ordered Products with the Lagrangian

The second type of matrix elements appearing in an analysis of higher order 1/m corrections
at zero recoil are time ordered products of the local operators discussed above and the terms
appearing in the heavy mass expansion of the Lagrangian.

We shall first consider the case of two different flavors ¢, and @),. The simplest terms
are the two point matrix elements

(i) [ ' (H,0)IT [0u(iDyn) -+ (D, )Qu K (2)] [ Ho(v)) (40)
(=i) [ d'a (Hy0)IT [2,Dy) -+ (1D, )Q, 65 (x)] | Ho(w) (41)

where the operators without argument have to be taken at x = 0. K¢g and G, are the kinetic
and chromomagnetic terms for the quark () as defined above.

The spin structure of the simplest two point matrix elements may be analyzed in the
trace formalism

/ d'z (H,(0)|T [,7Qu K ()] |[Ho(v)) = —A Tr {M(0)I M(v)} (42)
/ d'a (H,(0)|T [3,7Qu G5 ()] | Ho(v)) = %B Tr {(=i)0asM () Py (=)0 M(v) |

where I' is a general Dirac matrix, which is a linear combination of 1 and s,, and M(v) are
the usual representation matrices for the heavy ground state mesons

1 — [ ($+ 1)y pseudoscalar meson
M(v) = 2 My { — (¢ + 1)¢ vector meson, polarization € ’ (43)

and the normalization is chosen according to (B3).
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The matrix 0,4 in the expression for the chromomagnetic moment operator appears only
between projection operators P, and it is convenient to switch to a representation using the
Pauli matrices ([). In this representation one has

GY) = i, Q, (iD,) (ivD) (D)@ (44)

and we write for the second equation of (f2)

(1) [ d'e (H,0)IT [a7Q, 65 (@)] [Ho(v)) = =B Tr {1 M()I's M (v)}

The representation in terms of the Pauli matrices is very useful, as soon as more than
one insertion of a chromomagnetic moment operator appears, since the spin structure of
products of chromomagnetic operators correspond to products of the spin matrices s which
may be reduced using the relation ([[(J). For example, the product of two chromomagnetic
moment operator insertion may be written as

=i [ d'w 'y (H,0)|T [0.Q. 68 ()68 )] | Ho(v)) = =Tr {TouM(v)s"s"M(v)}
=-Tr {T‘”‘(—gau + vavu)Miv)M(v)} —Tr {Ta”iepw,,v”H(v)s”H(v)} (45)
where 7 parameterizes the light degrees of freedom
Top = %T(l)(vavﬁ — gap) + %T(2)€uaﬁAU“7A75, (46)
and one obtains
—i)? [ dted'y (H,(0)|T (.06 ()68 ()] [Ho(v)) = 2My (T + dyT®)

In this way one may easily identify the spin symmetry conserving and spin symmetry vio-
lating contributions of such products.

The equations of motion also imply restrictions on the matrix elements of time ordered
products [[[6, BZ]. In principle, one obtains the same relations as for the local terms, for
example

(Hy(0)|T [q,(ivD)Q, K& ()] [Hg(v)) = 0
However, there may be an ambiguity depending whether the derivative acts on the T symbol
or not. If one also takes the derivative of the step functions comming from the 7" symbol,
then one obtains a local contribution of the form

(Hy(0)|T [60(iD,)Qu K9 ()] [Hg (v)) ~ i6* ()0, (Hy(v)]Gu(iD; ) (v DY (D) Q| Hg (v)).
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which may in general be reabsorbed into a redefinition of the 7" product. However, in the
applications discussed below only the perpendicular components of the derivatives defined
in () enter the expressions as e.g.

(H,(0)|T [¢,(i0M)Qu KE) ()] | Ho(v)) = 0,

and hence there will be no contribution from such terms.
Finally, the flavor diagonal case may be discussed by inserting first the correction terms
for the Lagrangian of the quark ¢

: 1Y , ; 1Y : ,
£0) — <m_Q> (K9 +69) + <E> (K8 + 69)
and then consider the case ¢ = (). In this case one has insertions in both lines, the one
corresponding to ¢ and to (). When the masses are equal, both insertions are parametrized
by the same form factor. However, the spin structure is different; in particular, the insertion
of the chromomagnetic moment operator yields a Pauli matrix s to the right of I' for @) ,
while s occurs to the left of I' for ¢. Thus one obtains for the examples studied above

(—i) / d'z (Ho(v)|T [QuI'Q, KV ()] |Ho(v)) = —2ATr {M(v)T'M(v)} (47)

(—i) [ a5 (Ho()|T [Q0Qu GV ()] [Ho(v)) = =B Tr {isM{u){T, M (v) }(48)

where {, } denotes the anticommutator of the two Dirac matrices.

2.3 Simple Application: The Heavy Meson Mass

The mass of a heavy hadron may be expanded in inverse powers of the heavy quark mass.
The lowest order terms of this expansion have been considered and one may extend this
analysis to higher orders using the above discussion of the forward matrix elements.

The relation between the heavy meson mass my and the mass of the heavy quark is given

b
’ mu = My — ﬁm(vw [51(0) exp (—i [t L,(x))] \H () (49)

where My = mg + A is the mass of the heavy hadron in the limit mg — oo
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The 1/mg expansion of the hadron mass is obtained by inserting the expression ([J) into
the time ordered product. Up to order 1/ mé one finds

=g+ - o 3 (52) [HOIKO 1) + (0102 O)0)]

g () [t GO [(RV0) + 690) (K0 + 69)] (o)
+O(1/m) (50)

The matrix elements appearing here are exactly of the type considered above. To order
1/mg there are the two parameters A\; and Ao, while to order 1/ m% one has not only local
operators, but also time ordered products to consider. The two local matrix elements are
given in terms of p; and py, while the time ordered products are parameterized according to

(=) / d'z (H()|T [KD(0)KD (2)] |H(v)) = —20Tr {M(0)M(v)} (51)
(i) [ 'z (H@)IT [KD0)GD @)] |H(v)) = —2TTr {1msM(@)s* M)} (52)
(i) [ 'z (H@)IT [gO©0)g@)] [H (o)) = ~Tr {TM(0){sa, ss}M ()} (53)

where .
1

2T3(2)5uaﬁ>\vu7/\75 (54)

1
Top = gT?,(l)(UaUﬁ - gaﬁ) +

Using this parametrization one obtains

1 1 \?
my = My — %(/\1 +dgho) — <%> (o1 + 2T + 215" + dpy (p2 + 2T + O(1/m}) (55)

where the spins symmetry breaking contribution of the double insertion of the chromomag-
netic moment operator does not contribute, since we are dealing with the flavor diagonal
case.

The parameter p; has been estimated above; this term contribute only about 0.5 MeV to
the mass of the B meson. The parameter ps is more difficult to estimate, but a reasonable
guess is certainly |ps| ~ |p1|, motivated by the fact that |A;]| ~ |Aa].

The time ordered products are much harder to estimate. They require in general a model
describing the dynamics of the light degrees of freedom. We shall not consider this here,
but it seems reasonable that the time ordered products are of similar magnitude than as the
local terms.
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3 Higher Order Corrections to the V,;, Determination

As the main application we consider the higher order corrections to the semileptonic decay
of a B meson into a D or D* meson. In this case we have to deal with to heavy flavors b and
¢, and the corresponding static operators are denoted b, and c, respectively. These higher
order terms have been considered already in [[[J] also off the non-recoil point; however at the
point v = v’ the analysis simplifies drastically compared to the one off the non-recoil point.

The form factors to be considered are the ones of the vector and the axial vector current,
defined by

<?(p)|57uC|D(p')> = mpmp hy(v0')2v, + - - (56)
(B(p)|byvsc| D (P, €)) = /mpmps hai(vv') (1 + vv')e, + - - (57)

where the ellipses denote terms which vanish as v — v’ due to their kinematic prefactors.
Here b and c are the fields of full QCD and |B(p)) and |D(p’)) are the full QCD states. Both
form factors hy and hy; are normalized at the non-recoil point v = v’ in the heavy quark
limit such that h, = h4; = 1. In addition to these we also consider the matrix element

(B (p, )byl D* (v, €)) = /mp=mp-ha(v0) (—e€' Yo, + - - (58)

which we shall need to derive normalization conditions.
Using the 1/mg expansion ([J) for both operators b and ¢ the contributions to the matrix
element at the non-recoil point may be classified into three species

(Hy(p)|bTe| Ho(p')) |pewr = L+ T + M + O(1/m?) (59)

where I' = 7, 7,75 and Hy, and H,. are B, B* or D, D* respectively.
The contribution L are all local terms, i.e. the ones which do not contain any time
ordered product. They originate from the expansion of the operators ([]) and read

= ()l rcv\H () B (60)
+ (2 N HIBLD e H(w) — (5 ) )b, G5 Ted (o)

~ (5) BLGD)EBIDW) ~ (55 ) H@B, (B7)0D) el ()
- (4m1mc) (o), (D) D e Ho(0) +O(1/m)

where now |Hy,(v)) and |H.(v)) are the states in the infinite mass limit.
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From the discussion of the forward matrix elements it follows that only the last term does
not vanish. The terms of first order in 1/my are forward matrix elements of a dimension four
operator and hence zero, the terms of order 1/m? and 1/m?2 vanish after a partial integration,
which for the forward matrix elements does not yield a surface term. Only the mixed term
of order 1/(mym,) yields a contribution, which may be related to A; and .

The second class of terms are the time ordered products of the current to leading order
with the terms of order 1/m and 1/m? of the Lagrangian. One obtains

7= (i) (50 ) [ e @IT [ure £ )] 1H(0) (61)

2me

+ (=) () [ dx (EIT [ @b Te] [ Ho(w)

) () [ @ HWIT e, 2] 1Hw)

0 () [ e T [62 (hre] 1Hw)

S (o) [ atedty (T [t @ )] 17.0)
s E (L) [atedty (o [2) @) wbre] 171.0)
# (=i (o) [ ety (HIT (£ @5 T LO)] 15 (0)

where here and in the following we suppress the argument of the current b,I'c, which is
xz=0.

Finally, there are the mixed contributions M containing a first order term of the expansion
of the operators ([l]) and a first order term of the Lagrangian

M= (i) () [ e GRIT T, @)] H(0) (62
- (i) [ de T |20 @b, ) T 1)
4 (=0) (o) [ e (T [£0 @B LGP )] o)
= ) () [ e T B (D) Tl 1.0
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As discussed in section 2.2, these mixed terms all vanish due to the equations of motion.

In order to proceed further with the time ordered products one has to split the La-
grangians El(f/)c into its kinetic and magnetic terms. In this way one may analyze the spin
structure of terms involving products of chromomagnetic moment operators by employing
the trace formalism, and by using the fact that all products of Dirac matrices may be reduced
using the algebra of the Pauli matrices, eq.([[(J). The trace formalism gives for the terms of
order 1/m

(—i /d4x (Hy(v)|T [b Te, W :L’) |He(v)) = —x1 Tr } (63)

) (2)] |He(0)) {ai(
(=) [ d'a ()T (BTG ()] [He(v)) = ~xs Tr {W5M JTs M (v) )
(—4) / d'x (Hy(v)|T [b,Te, k{0 (0)] | Ho(v)) = —xi Tr {M(o)TM(v)}

z)/d4 (Hyp(v)|T [b chg ( ) |H.(v)) = —x3 Tr {’}/)\’}/5M(U)S>\FM(’U)}

Here only two parameters y; and y3 appear since the matrix element has to be symmetric
under the exchange of b and ¢ and the corresponding exchange of initial and final state. The
spin structure of the second order terms of the Lagrangian is the same and one may write
in a similar fashion

(=4) / d'x (Hy(o)|T [b,Te,KP (2)] |Ho(v)) = —1 Tr {M(o)IM(v)} (64)
(=4) / d'e (Hy()|T [6,Te,62(x)] |Ho(v)) = —Z5 Tr {VWE,M (0)Ds* M (v)}
{ar(

M)}

(=4) / d'x (Hy(0)|T [0,Te,67 ()] |He(v)) = —Z Tr {%%M@)s IM(v))

(—4) / d'x (Hy(0)|T [b,Te, K (x)' \H.(v)) = —Z; Tr

Finally, the double insertions of the first order terms are parametrized by

d'y (Hy(0)|T [b,Te, KO (@)KD ()] [Ho(v)) = —A Tr {M(@)IM(v)}  (65)

(=) [ d'wd'y (Hy@IT [BIe O @)D )] [Hov)) = =B Tr {3353 ()1s* M ()}

(=)*

/ d'z d'y (Hy(v)|T [b.Le, G0 (2)G0 ()] |Ho(v)) = — Tr {C* M (v)Tsas5M (v) |
=-C, Tr {M(U)FM(U)} —C3 Tr {’Y)\’}/5M(U)FS)‘M(U)}
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where we have defined
1 )
Caﬁ = gCl(—gag + Uavg) + ngewﬁ,\v“*y’\% (66)

A similar expression is obtained for the double insertion of the first order Lagrangian of
the b quark, involving the same parameters A, B, C; and C3 due to the exchange symmetry
b c.

Finally, the mixed double insertions need another set of parameters

—w/fmfy@mmuﬂmwuﬁﬁanwwxuuw>:—Dﬁk{M<ﬂ%ﬂ)} (67)

)2 / d'z d'y (Hy(0)|T [KKS0 (2)b,Te,. 60 ()] |Ho(w)) = —E Tr {oxysM ()T M (v

)
) )}
/ d'z dly (Hy(v |T[ D (@), Te, KO (y)] [He(v)) = —E Tr {1315 () TM (v)}

/ d'z d'y (Hy(0)|T |G ()0, Te, G0 (9)] [Ho(w)) = — Tr { RN (0)s,T's5M ()}
where R is given in terms of two parameters

1 )
Rop = gRl(—gaﬁ + vavs) + §R2€ua6AU“7A% (68)

3.1 The 0O — 0" and 1~ — 1~ Vector Current at Zero Recoil

In order to obtain the vector current, i.e. the two form factors hy and hy, we set I' = ,,.
We shall discuss the case of two 0~ states keeping the parameter dy = 3 explicit. The form
factor h; may then be obtained by setting dy = —1 and by replacing the masses mpg — mp-«
and mp — mp-.

The matrix element of the local term originating from the expansion of the current is

(B, (i5") Yu(iD)eu| D(v)) = 20,/ MpMp (A1 + di o) (69)

The traces become trivial and one obtains for (5g)

(BNl Do = 2 MM v, {1+ (5 +§;ym+mﬂg (70)

2me

+<( 1 >2+<L>2> (E1+ A+ Cr+dulSs + B +Cy))

me

1
+( >(D+R1—)\1+dH[2E+R2—)\2])}
dm.my
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In order to extract the form factor h, from this one has to take into account another
trivial source of 1/m corrections, which is the normalization of the states. The right hand
side of (pA) is expressed in terms of the physical meson masses mp and mp. In ([0) only the
masses of the static limit appear which differ from the physical masses at the order 1/m?.
To this end, one has to take into account a factor

MpM 1 1 1
BTD <——+——>§@rum&) (71)

mpmp 2m?2  2m3

when extracting h, from ([70).
The parameters appearing in ([J) are not all independent. The normalization of the flavor
diagonal current is known in full QCD for both matrix elements 0~ — 0~ and 1~ — 1~

(B(p)|b1.bB(p)) = 2mpv, = (B"(p, €)[bv,b|B" (p, €)) (72)

This may be employed to obtain relations between the parameters. Setting my, = m,, ([2)
implies the relations

X1=x3=0 (73)
21 +A+CL+ M) =—(D+ R — \y) (74)
2(33 +B+Cg +)\2) = —(2E+R2 - )\2)

The first of these equations is Lukes theorem, stating that there are no first order corrections
at the non-recoil point [[LT|. Taking the relations between the parameters of the second order
into account, one obtains for the form factor h, at the non-recoil point

hy(l)=1— (2; — %mb)z % (D+ Ry — M\ +3[2E + Ry — X)) + O(1/m?) (75)

Similarly, by the appropriate replacements one obtains

}szl—(J%—i%f%@ﬂdﬁ—&—pE+&—A$+Oﬂmﬂ (76)

Looking at the definition of the parameters entering the 1/m? corrections it turns out
that to order 1/m? the only input need are the two parameters \; and )\ from the local

dimension 5 operators and the time ordered product involving insertions of both Eél) and
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LM which is given in terms of four parameters. The results for h, and h; may also be
written as

=1 (g1 ) 3 (o "
+ (=) 2\/—/d4xd4 )T [ (2)buc £ ()] \D(v>>> +0(1/m?)

(1) = 1— (2; - 2Lmb> % (=32 (78)
+ (=) 2\/7/d4xd4 B (v, 6)|T £ (2)bye, £ (y)] |D*(v,e)>> +O(1/m?)

This relation has a simple intuitive interpretation. The contributions from the local dimen-
sion five operators (A; and ;) originate from the matching of the field operators of full
QCD to the ones of the effective theory to order 1/m, and 1/my, respectively. However, also
the states receive corrections and the matrix element involving the time ordered product
corresponds to the corrections to the states to order 1/my, and 1/m, respectively. The local
and the nonlocal contributions are of order 1/(4m.my), but due to the normalization of the
matrix element for the flavor diagonal case all other terms of order 1/m? and 1/m? have to
be related to these such that the normalization is preserved in the case m. = my. This fact
leads to the prefactor (1/m, — 1/my)? in front of the correction term of h, (1).

This result agrees with the one found in [[J]. In particular, one may see that at the
non-recoil point the form factors may be expressed in terms of the parameters Dy, D3, Dy,
D; and Dg defined in [[7]. However, the representation in terms of the Pauli matrices reveals
a relation between the parameters of [[J], at least at the non-recoil point. In total there
are six independent parameters A, \o, D, £ Ry and Ry at v = v’ and one may show that
Rl = 3(D4 + D5) and Rg = 2(D5 + Dﬁ)

The 1/ m% corrections to h and hy depend on the spin symmetry conserving contribution
X = D+ R; — )\ and on the spin symmetry breaking combination Y = 2E 4+ Ry — \o. If one
considers in addition the form factor h; then a third combination of the six parameters A,
Ao, D, E Ry and Rs is needed.

In order to perform a model independent extraction of V., from the decay B — D/lv
one has to take into account also the second form factor h_ of the vector current. However,
considering only forward matrix elements one cannot say anything about this form factor,
and one has to consider different velocities along the lines of [I2].
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3.2 The 0 — 1~ Axial Vector Current at Zero Recoil

For a model independent extraction of V,, the process B — D*er is much more interesting
than B — D{v. The relevant form factor is h4; as defined in (7). To leading order we have
at the non-recoil point due to spin symmetry

(B(v)|bycy| D(v)) = 24/ MpMp = —(B(v)|by(s€)c,| D*(v, €)), (79)

and thus hyu; is normalized in the same way as h, and h;. To subleading order h,; will
differ from both h, and h; due to spin symmetry breaking. This is, however, calculable in
terms of the parameters which have been introduced above.

The local dimension five terms may be expressed in terms of A; and Ay

(BO) by (i) 75 (1D )| D (0, €)) = 20/ MM e, (—%Al _ >\2) (80)

while the contributions from the T-products are evaluated by replacing I' — 7,75 and using
the representation matrix for the vector meson in the final state. Taking into account the
contributions form the normalization of the states one obtains for the form factor hy; at
zero recoil

1321
har(1) = 1 — <2—mb) S (D4 By = X + 32E + By = ] (81)
1\21
_ <2m > S (D+ Ry =X = 2B+ Ry — X))
1 1 1
+ <4mbm > <D+2E— gR1 — Ry + §A1 + A2) +O(1/m?)

The structure of this result may be understood from spin symmetry. In the heavy quark
limit, spin symmetry relates all the form factors hy, hy and ha;. If one would take into
account only the corrections of order 1/mj, then the spin symmetry of the ¢ quark would
still be unbroken and one may rotate the D* meson into a D meson. Hence the 1/m}
corrections to h4; have to be the same as the 1/m? corrections to h,. Similarly, and more
importantly, the 1/m? corrections to h4; have to be the same as the 1/m? corrections to
hy since we may now use the spin symmetry of the b quark to rotate the B meson into a
B* meson. Finally, the mixed insertions break both spin symmetries and thus cannot be
expressed in terms of hy or hy.

In total, the three form factors may be reexpressed in terms of three parameters X, Y
and Z

1 1\?1

hy = 1— <E _ E) S(X +3Y) (82)
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I :1—(i—i>21(X—Y) (83)

my m./) 2
1\?1 1\?21 1 1
ha = —<—> —(X 3Y—<—) —(X-Y (——X—Y Z) 84
Al my 2( +3Y) My 2( )+4mbmc 3 + (84)
where 4
X:D—FRl—)\l, Y:2E+R3_)\2, andZ:§D—|—4E (85)

where X corresponds to the spin symmetry conserving interactions, Y to the spin symmetry
breaking ones, while Z is a mixture of spin symmetry conserving and spin symmetry breaking
terms.

3.3 Discussion of the Results and Quantitative Estimates

Finally we shall discuss the results and try to give a numerical estimate of the corrections.
In general, this needs input beyond heavy quark effective theory as e.g. a model. A few
things, however, may be said with two plausible assumptions.

The form factors h and h; are form factors which are in the heavy quark limit related to
matrix elements of conserved currents, which generate heavy flavor symmetry. The operators

K, = / &BF bycy, K. = / &7 e by, Ko = / BT Dby — Euc] (86)

are generators of the heavy flavor symmetry satisfying [K,, K_| = Kj, and hence one
derives in the symmetry limit (B(v)|Q+|D(v)) = vV MpMp and a similar relation for two
vector mesons, implying that h, (1) = hy(1) = 1.

In the presence of explicit symmetry breaking one splits the Hamiltonian in a symmetry
conserving piece Hy and a symmetry breaking term AHgp, such that [K;, Hy] = 0. Since
now [K;, H] = A\ K, Hsp| # 0 the generators K; become time dependent and one has at

o =0 2 2
A
2 (5w

X+#D

2

(B(v)|Q+|X(v))
2vMpMx

where X (v) is a hadronic state in which the ¢ quark moves with velocity v. On the left hand
side we have neglected the matrix element of ¢,c, between the B meson states.

Relation (f7) is the standard derivation of the Ademollo Gatto theorem [3, P4, and it
allows two observations. The state X is not in the lowest spin symmetry doublet and hence
the energy difference E'g — Ex is not of the order A, but of the order 1. Hence the corrections

(87)

L |<B<v>\@+|D<v>>
2/ MpMp
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due to symmetry breaking are of second order in the symmetry breaking interaction, which
is the well known Ademollo Gatto theorem [R3].
Secondly, and more importantly for the present discussion, it shows that one expects that

’(B(U)IQ+|D(U)>
2MpMp

2
<1

— )

since the sum on the right hand side of (B7) is positive. This means that h; — 1 < 0 and
hi —1<0.

However, it is known that short distance contributions may change this conclusion. For
instance, the full one loop QCD calculation yields for h, (1) [BF]

he)y=1+2 <M In (@) - 2) (88)

T \my — My Me

which yields a positive contribution to the normalization. This may be traced back to the
matrix element of ¢,c, which we have neglected on the left hand side of (7). We shall
assume in the following that the positive short distance contribution (B§) is compensated by
the long distance one, for which (B7) holds.

From this requirement one obtains two constraints for the parameters

(D+Ry)— M +32E+Ry) — 3\ >0 (89)
(D4 Ry)— A — (2E+ Ry) + Xg > 0, (90)

which are equivalent to (D+Ry) > A\ and —(D+ Ry —\1)/3 < (2E+ RyXa) < (D+ Ry —\1).

In fig.[l we plot the spin symmetry conserving contribution of the time ordered products
(D + Ry) versus the spin symmetry breaking part (2F + Rs). The allowed region is the one
below the dashed and above the solid line, where h; —1 < 0 and Ay — 1 < 0.

In order to obtain some numerical estimate we shall assume that (D + R;) < —\; which
should be a reasonable order of magnitude for the spin symmetry conserving terms of the
time ordered products. Thus the parameters for the time ordered product terms should lie
within the shaded triangular region in fig.[l].

We shall estimate the contributions to h4;(1) by observing that, numerically, the contri-
butions of the order 1/m? are by far the largest. As argued above, spin symmetry enforces
that these contributions are the same as the ones to the form factor h;. Maximizing the
form factor hy in the shaded triangle of fig.[l, we have for h4;(1)

(&) () <o &
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Figure 1: Allowed region for the spin symmetry conserving
(D + Ry) and spin symmetry breaking terms (2F + Rjy) of
the time ordered product. The solid (dashed) line is from the
constraint hy(1) < 1 (hy(1) < 1), while the vertical dotted
line is the assumed upper limit for (D + R;y).

Using Ay ~ —0.3, corresponding to the minimal value assumed here, one obtains corrections
to hy1 — 1 ranging between zero and -5%. This is consistent with the estimate performed in
[[3] based on a simple wave function overlap model, once updated values for the parameters
are used [Bq].

The present estimate is not based on a model but on the assumption that the spin
symmetry conserving contributions to the time ordered products satisfy \; < (D + R;) <
—a; with a ~ O(1). The dependence on « is not very strong; for &« = 2 one obtains
hai —1>—6% and 1/ m% corrections to hy; exceeding 8% are very unlikely.
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4 Conclusions

In this paper we have considered forward matrix elements of local operators of higher dimen-
sion and their time ordered products with terms originating form the heavy mass expansion
of the Lagrangian. Due to the projection Py = (¢ + 1)/2 appearing in heavy quark effective
theory the Dirac algebra simplifies and only two types of matrix elements of local operators
appear. In addition, the spin structure of the time ordered products of these operators with
higher order terms form the Lagrangian may be analyzed in a simple way.

Matrix elements of this type appear in two important applications. Performing a heavy
mass expansion for inclusive decays along the lines of Bigi et al. [[4] these matrix elements
parametrize the non-perturbative input required beyond the leading order in the 1/mg
expansion of total rates as well as for inclusive decay spectra.

The second application are the form factors for weak transitions at the non-recoil point.
The symmetries of the heavy quark limit yield the normalization of the weak transitions
between heavy quarks; this fact may be employed to perform a model independent determi-
nation of |V|. The recoil corrections to the normalization are given in terms of the forward
matrix elements considered here. At the non-recoil point the analysis simplifies drastically,
mainly due to the simplification of the Dirac algebra, as compared to the general analysis.

As an example we have reconsidered the second order corrections to the semileptonic
transition B — D®). These corrections have been studied already in [[7] for the general
case. At the non-recoil point the present analysis agrees with the one performed in [[J].
However, it turns out that at v = v’ some of the parameters given in [[[J] are in fact not
independent.

The second order corrections of to the weak decay form factors are all parametrized in
terms of five matrix elements

A (HW)|Qu(iDPQuH W), Ay = —

~ 2M, ~ 2M,

and the matrix elements of double insertions of the first order correction to Lagrangian

(H (v)|Qu(iDa) (D) (=ic™") Qu| H (v))

iy [ ety (BT (K @k )] 1)

H)wﬁ [ dtedy (B)IT (6" (@)b,e.k ()] IDw))

H’wﬁ [ dwd'y (B)IT 6" (@), 6 )] ID()

All other matrix elements of time ordered products are related to these by the normalization
condition for the vector current in the full theory.
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All these matrix elements are non-perturbative. In principle they may be measured on
the lattice and first results have been reported [27]. However, in the meantime one has to
rely on some model to estimate their size. In the present paper we have used a reasonable
guess for the spin symmetry conserving contributions of the time ordered products to get
some upper limit for the 1/mg corrections to hs; at the non-recoil point. The main result
of this analysis is that the corrections to ha;(1) are small, ranging between —5% and zero.

Including also the leading and subleading QCD radiative corrections [[L(] to the normal-
ization of h4; one concludes that

hai(1) = 0.96 +0.03, (92)

and thus the corrections at zero recoil are small.
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