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In the heavy-quark effective theory, current matrix elements between two heavy pseudoscalar or
vector mesons are parametrized by a set of universal form factors. These functions are calculated
to subleading order in the 1/mg expansion using QCD sum rules. The equations of motion and

Ward identities of the effective theory are incorporated in the analysis.

Within this approach,

parameter-free predictions are obtained for all form factors at zero recoil. The results allow for
an almost model-independent analysis of current-induced transitions between heavy mesons. As an
application, the 1/m. and 1/my corrections to the hadronic form factors describing semileptonic
B — D{v and B — D*fv decays are computed. The possibility of extracting Vs from these
processes is discussed, and the importance of a measurement of symmetry-violating effects in ratios

of form factors is pointed out.

PACS number(s): 11.30.Hv, 11.30.Ly, 11.50.Li, 13.20.Jf

1. INTRODUCTION

The theoretical description of hadronic processes in-
volving the decay of a heavy quark @Q has recently expe-
rienced great simplification due to the discovery of new
symmetries of QCD in the limit where mg — oo [1,2].
The properties of a hadron containing the heavy quark
become then independent of its mass and spin, and the
complexity of the hadronic dynamics results from the
strong interactions among the light degrees of freedom
only. A covariant effective-field-theory approach provides
an elegant framework to analyze such processes. It allows
an expansion of decay amplitudes in powers of 1/mg in
such a way that the spin-flavor symmetry relations be-
come explicit [3-8]. Hadronic matrix elements in the ef-
fective theory are parametrized in terms of form factors
which characterize the properties of the light degrees of
freedom. They are universal in the sense that they do
not depend on the properties of the heavy quark.

The heavy-quark symmetries impose restrictive con-
straints on weak decay amplitudes. In particular, the de-
scription of semileptonic transitions between two heavy
mesons or baryons becomes very simple in the formal
limit of infinite heavy-quark masses. Both for mesonic
and baryonic processes, the large set of hadronic form fac-
tors is then reduced to a small number of universal func-
tions, which depend on the quantum numbers of the light
degrees of freedom but not on the heavy-quark masses
and spins [2,9-11]. These so-called Isgur-Wise form fac-
tors are functions of the kinematic variable v - v/, which
measures the change of velocities that the heavy hadrons
undergo during the transition.

The reduction of form factors greatly simplifies the
phenomenology of heavy-quark decays in the limit where
the heavy-quark masses can be considered very large
compared to any other hadronic scale in the process.
But clearly, a careful analysis of at least the leading
symmetry-breaking corrections is essential for any phe-
nomenological application. Much attention has been
devoted to this subject. Already in leading order in
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the heavy-quark expansion the spin-flavor symmetries
are violated by hard-gluon exchange. The correspond-
ing perturbative corrections have been calculated first in
leading-logarithmic approximation [12-14], and more re-
cently at next-to-leading order in renormalization-group-
improved perturbation theory [15-18]. At order 1/mg,
one is generally forced to introduce a larger set of univer-
sal form factors. The equations of motion and the Ward
identities of the effective theory impose constraints on
some of these functions. The structures that arise have
been worked out for matrix elements between two heavy
mesons [19] or A baryons [20], as well as for the decay
constants of heavy mesons [21].

Generally, the effective theory allows one to derive in a
concise way the various symmetry relations among form
factors to a given order in the 1/mg expansion. Having
established these relations, the nontrivial dynamical in-
formation is parametrized in terms of a set of universal
functions, which characterize the properties of the light
degrees of freedom in the background of the static color
source provided by the heavy quark. An understand-
ing of these functions is at the heart of nonperturbative
QCD. Ultimately, they may be computable using a for-
mulation of the effective theory on a space-time lattice
[22-25]. However, any other consistent analysis is inter-
esting in its own right, and several model calculations
have been discussed in the literature [26-29]. QCD sum
rules are particularly suited for this purpose. They have
recently been adapted to study matrix elements in the
effective theory and have been employed to calculate the
universal Isgur-Wise form factor [30, 31}, the asymptotic
value of the scaled pseudoscalar decay constant fp,/mp
[31,32], and the 1/mq corrections to this quantity [21].

In this paper we extend the sum rule analysis to the
subleading form factors which appear at order 1/mq in
the description of matrix elements between two heavy
mesons. In Sec. II we review the formalism of deriving
the structure of 1/mg corrections in the effective theory,
define a minimal set of universal functions and discuss
their properties under renormalization. The QCD sum
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rule analysis of the subleading form factors is presented
in Secs. III and IV. We show how to satisfy the equa-
tions of motion and the Ward identities of the effective
theory, which lead to relations among certain form fac-
tors and require others to vanish at zero recoil. Most
importantly, under the approximations usually made in
QCD sum rules we obtain parameter-free predictions at
zero recoil for all form factors not constrained by sym-
metries. These predictions are expected to be quite ac-
curate. When combined with the rather elaborate com-
putations of the perturbative corrections to the heavy-
quark form factors that have been performed recently,
our results form a solid basis for a detailed analysis of
semileptonic B decays to subleading order in the 1/mqg
expansion. Some specific applications, as well as a sum-
mary of the results, are presented in Sec. V. We empha-
size that a measurement of symmetry-breaking correc-
tions to the infinite quark-mass limit would not only test
the heavy-quark expansion at next-to-leading order, but
also provide valuable information about strong interac-
tion dynamics.

II. THE HEAVY-QUARK EXPANSION

The construction of the so-called heavy-quark effective
theory (HQET) is based on the observation that, in the
limit mg > Aqcp, the velocity v of a heavy quark is
conserved with respect to soft processes [5]. It is then
possible to remove the mass-dependent piece of the mo-
mentum operator by a field redefinition. To this end,
one introduces a field hq (v, ), which annihilates a heavy
quark with velocity v (v? = 1,v9 > 1), by

1+9
2

where Q(z) is the conventional heavy-quark field in QCD.
Then if P is the total momentum of the heavy quark,
the new field carries only the residual momentum k =
P —mgqu, which is of order Aqcp. In the limit mg — oo,
the effective Lagrangian for the strong interactions of the
heavy quark becomes [5-7]

Leg = hqu-(iD — émv) hq, (2)

ho(v,z) = exp(imqu-z) Q(z), 1)

where D = 8 —1g,A%t% is the gauge-covariant derivative,
and ém is the residual mass of the heavy quark in the
effective theory [33].

Note that there is some ambiguity associated with the
construction of HQET, since the heavy-quark mass used
in the definition of the fields hq is not uniquely defined.
In fact, for HQET to be consistent it is only necessary
that k and ém be of order Aqcp, i.e., stay finite in the

- - 1
T C T
QTQ— Co(p)hgThg+ om
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limit mg — oo. A redefinition of mg by a small amount
A induces changes in these quantities,

—k—

mQ—->mg+A = {Igm _k) 5TnA—v’A, 3)
such that only the combinations (mg+6ém) and (k—émv)
remain unchanged. This suffices, however, to guarantee
that physical quantities computed in HQET are indepen-
dent of the choice of the expansion parameter. The rea-
son is that the heavy-quark expansion can be organized
as an expansion in powers of 1/(mg + ém) with coeffi-
cients being the matrix elements of operators containing
the covariant derivative acting on the heavy-quark fields
only in the combination (:D — émv) [33].

It is clear from this discussion that there exists a
unique choice mg, for the heavy-quark mass in the con-
struction of the effective theory such that the residual
mass vanishes, ém = 0, and the heavy-quark expan-
sion becomes an expansion in powers of iD/mg,. This
prescription provides a nonperturbative definition of the
heavy-quark mass, which has been implicitly adopted in
most previous analyses based on HQET. Yet it is im-
portant to notice that mg, is a nontrivial parameter of
the theory. For instance, one can associate the differ-
ence A between this mass and the mass of a meson M
(or baryon) containing the heavy quark with the energy
carried by the light constituents in the rest frame of the
hadron. That A is in fact a parameter characterizing
the properties of the light degrees of freedom becomes
explicit in the relation

. . _ (0]g(iv- D)Thq |M(@))
A=m=me = oTaThe @)

which can be derived from the equations of motion of
HQET (21, 33]. Here I' is an appropriate Dirac matrix
such that the currents interpolate the heavy meson M.

The scale A determines the canonical size of power
corrections to the infinite quark-mass limit [19,20]. QCD
sum rules predict A ~ 0.50 GeV [32, 21], corresponding
to the quark masses m; ~ 4.8 GeV and m} ~ 1.4 GeV.
For the leading power corrections relevant to processes
involving B and/or D mesons one thus expects A/2mj =~
5% and A/2m} ~ 20%, respectively. It is the aim of this
paper to put this estimate on a more quantitative basis.

Let us now review the construction of the heavy-quark
expansion for current matrix elements between two heavy
mesons. The heavy-quark current Q' ' Q, where I' = v,
or I' = v,vs for the vector or axial-vector current, has
a short-distance expansion in terms of operators in the
effective theory. In leading-logarithmic approximation it
reads

[cl (1) hg Tl hg + Ca(u) hg T'iv/-D hQ]

+ 5 [Cl(u) Ry (~iP) T hq + Y1) iy (=i D) Thg] ++-+. %)

2m"Q,
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The effective current operators renormalize differently
from their QCD counterparts. In particular, they have
nonzero anomalous dimensions, such that matrix ele-
ments in the effective theory depend on the renormaliza-
tion scheme. The short-distance coefficients C;(u) ensure
that the final result for any physical quantity is indepen-
dent of the renormalization procedure. If, for simplic-
ity, QCD is matched onto the effective theory at a scale
4 = 7, which is some average of the heavy-quark masses,
the coefficients are given by [13, 8, 33]

_ A _ as(m) ar
Colu) = ) = () = 282,
©®)
o — E r(y) —y as(m)
Calu) = C3) = -3 ol " 1 [ 201D

where y = v - v’ denotes the product of the heavy-quark
velocities, and

T(y) :_y:\/___]_ In (y—+— \/yz — 1),

(M
ar = % [yr(y‘) - 1], B =33 —2ny.

Here ny is the number of light-quark flavors in the low-
energy theory. More sophisticated expressions for the
short-distance coefficients, which include the full one-
loop matching conditions, a summation of logarithms be-
tween mg, and mg), to resolve the ambiguity in 7, or
higher-order corrections in perturbation theory, are dis-
cussed in the literature [14-18]. However, the structure
of the operators in the effective theory remains the same
as in (5).

Similar to the appearance of higher-dimensional oper-
ators in the expansion of the current, there are also ad-
ditional terms in the effective Lagrangian at order 1/mg,
8]:

1
6£eff = 2

T iN2 gs 7 uv
P [hQ (iD)? hg + £ Z(4) hq oG hQ].

(8)

Here G*¥ is the gluon field strength, and in leading-
logarithmic approximation the renormalization constant
for the “color-magnetic moment” operator is

At subleading order in the heavy-quark expansion, ma-
trix elements in HQET receive power corrections from
both the higher-dimensional effective current operators in
(5), and from insertions of §L.g into diagrams involving
the leading-order current [19]. These matrix elements are
constrained by the heavy-quark symmetries and can be
parametrized in terms of universal functions. The num-
ber of independent form factors and the relations among
matrix elements become most transparent in a compact
trace formalism [13, 34]. In HQET, a heavy meson M is
represented by a spin wave function,
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M(v) = v/mum a ;ﬁ) {;75}Pf1=—,0—’ (10)

which satisfies p M(v) = M(v) = —M(v)p. Hadronic
matrix elements of the leading-order current are written
as

(M'(v)| hg'T hq [M(v)) = —€(y, ) Tr {M (v') T M(v)}
(11)

with &£(y, u) being the universal Isgur-Wise form factor
[2]. It is the “reduced matrix element” of the transition
and describes the overlap of the wave functions of the
light degrees of freedom in the two mesons moving at ve-
locities v and v’. The fact that there is a single reduced
matrix element in this case is a consequence of the pro-
jection properties of the spin wave functions, which in
turn reflect the heavy-quark spin symmetry.

At order 1/mg one encounters matrix elements of
higher-dimensional operators. The corrections to the cur-
rent in (5) have the structure!

(M'(v')| hq T'iDy hq |M(v))

= —ATr {&,(v,0, ) M ()T M) }. (12)
The most general decomposition of the form factor is

Eu(v, v, ) = &4 (y, 1) (v + )y

+€— (yv /"') (’U - U/)ﬂ- - 53(3/» /J') Yus (13)
and because of 7" invariance of the strong interactions the
functions &;(y, 1) are real. An expression for the corre-
sponding matrix element with a derivative acting to the
left can be obtained from (12) by complex conjugation.
Imposing the equation of motion iv - D hg to the matrix

element and to its conjugate, one derives the constraints
[19]

W+ 1) & (y,n) = (y—1)&-(y,p) +&(y, 1) = 0,

(14)
E-(y, 1) = 3 €y, ).

Thus only one of these functions, say &3(y, ), is inde-
pendent. Insertions of 6Leg into diagrams involving the
leading-order current yield matrix elements of the oper-
ators

Or=i [ ayT{ (A Tho)ys [io (D) hal, }
(15)
02=i [ ayT{ (o Tho)y: [hig 9:0,uG" hal, }

Those give rise to new functions defined by [19]

'In contrast to Ref. [19] we have inserted a power of A in
order for the universal functions £, (y, 1) to be dimensionless.
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(M'(v")| 01 IM(v)) = =2 x1(y, ) Tr { M (') T M(v) },
(16)

(M'(v)] Oz |[M(v))
= =28 Tr { X (v, ', ) M (/) T Py (v) 7 M(v) },

where P, (v) = (1 + $)/2. The most general decomposi-
tion of the form factor x,, is

X (v, V', 1) = ix2(y, 1) (Vv — vy ) + 2x3(y, 1) Opus-
(17)

The universal functions &;(y, ) and x;(y, 1) can be in-
terpreted as higher-dimensional form factors of the light
constituents in an infinitely heavy meson. As the Isgur-
Wise form factor itself, they are fundamental quantities
of QCD.

At subleading order in the heavy-quark expansion, any
current matrix element between two ground-state heavy
mesons can be expressed in terms of the Isgur-Wise func-
tions and the four subleading form factors £3(y, u) and
xi(y, ). Using the conservation of the vector current
Q7,Q it is then possible to derive normalization condi-
tions for some of these functions at zero recoil. They are
(2,19]

6(1’ :u') =1,
(18)
Xl(lau) = X3(1Hu) =0.

The normalization of the Isgur-Wise function allows
model-independent predictions for decay rates close to
the kinematic end-point region. The fact that two of the
subleading form factors vanish at y = 1 implies that some
of these predictions are protected against leading power
corrections. This fact plays an important role in the de-
termination of the weak mixing angle V3 from semilep-
tonic decays [35].

Before we present the calculation of the universal form
factors from QCD sum rules, let us discuss their behav-
ior under renormalization. The scale dependence of ma-
trix elements in HQET is such that it combines with
that of the short-distance coefficients C;(1) to give scale-
independent results for physical matrix elements. Thus,
e.g., the u dependence of the Isgur-Wise function £(y, )
is opposite to that of Cp(u) in (5). This is the content
of the renormalization-group equation of which Co(u) is
the solution. In general, it can be shown that the com-
binations

J
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€y, m) = Co(u) &(y, 1),
€3(y, m) = C1(n) &3(y, 1),
(19)
x1(y, ™) = Co (k) x1(y, ) + (y — 1) C2(n) £(y, ),
xi(y, m) = Co(p) Z(k) xi(y, p); i =2,3

are renormalization-group-invariant quantities [33]. It is
convenient to split these functions into a mass-dependent
part and renormalized form factors which are indepen-
dent of 1 and m. We thus define

€ (y) = [as(u)] ™ &y, ),

& (y) = [as(1)] " &3y, p),
(20)

X (y) = [as(w)] ™"

x {xl(y,u) + 17? T—(%—Tl—/ In [0, ()] E(y,n)},

—ar—9 .
X (y) = [as ()] 7" xaly, ), i =2,3.

In this way the renormalized form factors are still uni-
versal functions with respect to the heavy-quark flavor
symmetry. Their relation to the physical form factors
evaluated at the scale p = m is

£y, m) = [og (M) }** €7°%(y),

&a(y, ) = o ()] &5 (w),
(21)
1™

Xl(ya ﬁl) = [as(n‘z)

c{xi) - 3 LY i om0 .

_ _ +9 n .
Xi(y, ) = [a ()] 2P xien(y), i=2,3.

Note that at zero recoil ay = 0, such that the renor-
malized form factors still obey the normalization condi-
tions (18). If more elaborated expressions for the short-
distance functions C;(u) are used, the renormalized uni-
versal functions (in leading-logarithmic approximation)
stay the same as in (20). However, in this case Egs. (21)
become more complicated.

III. QCD SUM RULES FOR £ AND &,

The application of the QCD sum rules developed by
Shifman, Vainshtein, and Zakharov [36] to the calculation
of universal heavy-quark form factors has been recently
worked out and is described in detail in Refs. [30-32,
21]. Here we shall only briefly outline the procedure by
reviewing the analysis of the Isgur-Wise function. The
idea is to study the analytic properties of correlators of
heavy-quark currents in the effective theory. Specifically,
consider the three-point function

== /dz dy e'®"==k¥) (0| T{[gTa b (v")]e, [Rq: (v') T hq(v)lo, [hq(v) Tar ]y }10). (22)
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The heavy-light currents interpolate heavy pseudoscalar or vector mesons M (v) and M’'(v’), which is achieved by

choosing

Cr = —5;3 JP=0_’
M= Yy —vy; JP=1".

(23)

In leading order in HQET the correlator E is an analytic function in w = 2v-k and w’ = 2v’ -k’ with discontinuities for
positive values of these variables. It can be written as a double dispersion integral over physical intermediate states.
Separating the double-pole from the resonance contributions one obtains the phenomenological representation

preS(V’ V/)
v—w—ie) (V —w — ie)

— — /
Zphen = Spole + /dU dv (

— + subtractions. (24)

Using the fact that the total external momenta are P = mgv + k and P’ = mg,v' + k', as well as the definition of A
in (4), one finds for the double-pole contribution in the infinite quark-mass limit

2o - (3 ) 18 W) 00 ) g T () () R Tar )

pol

_ F2¢(y)
T (w = 2A +i€) (W — 2A + d€)

(P2 —m?, +ie) (P2 — m%,, +ie)

Tr {Tap Py (V)T Py(v) T }, (25)

where again P, (v) = (1 +%)/2. The sum over polarizations applies if M or M’ is a vector meson. For the evaluation

of the hadronic matrix elements one uses (11) as well as

(01aT hg IM()) = = Tx {T M) },

(26)

where F' denotes the asymptotic value of the scaled decay constant of M, F = far/mas [31]. We suppress, for the
moment, the u dependence of £(y) and F. It will be discussed later. The traces in the numerator in (25) have been

combined by use of the relation
pol

which is valid for arbitrary matrices A and I'. Note that
the product P, (v) I'ps has the same projection properties
as M(v).

For large negative values of w and ' (i.e., Aqcp <
-w) ma(,)) the three-point function can be calcu-
lated in perturbation theory using the Feynman rules
of HQET. The idea of QCD sum rules is that, at the
transition from the perturbative to the nonperturbative
regime, nonperturbative effects can be accounted for by
including the leading power corrections in the operator-
product expansion of the correlator. They are propor-
tional to vacuum expectation values of local quark-gluon
operators, the so-called condensates [36]. Hence one ap-
proximates

= ~ / Ppert (v, V')
Stheo = _/dV dv (v —w —ie) (V) — w' — i€)
+subtractions + Econd.- (28)

For our purposes it is sufficient to consider the corrections
proportional to the quark condensate (dimension d = 3)
and the mixed quark-gluon condensate (d = 5), which
have values

(qg) ~ —(230 MeV)?, (29)

(G950, G* q) = mg (gq), mg ~ 0.8 GeV2.

(Z )’H{TM/M'(v’) VT { AP ()T M(v) } Tt { M(v) Ty } = dmpgmap Tr { AT P () T Py (o) Tar ), (27)

f

The contribution involving the gluon condensate (d = 4)
is tiny and can safely be neglected [31].

The QCD sum rule is obtained by matching the phe-
nomenological and theoretical expressions for Z. In doing
this, one assumes quark-hadron duality to model the con-
tributions of higher-resonance states described by pres in
(24) by the perturbative continuum above some thresh-
old wg. Furthermore, in order to reduce the importance
of higher-resonance states a double Borel transformation
w — T,w’ — 7' is applied to both sides of the sum rule
(see Appendix A for the definition of the Borel opera-
tor). This yields an exponential damping factor in the
dispersion integrals and also eliminates possible subtrac-
tion terms. Because of the heavy-quark symmetries it is
natural to set the Borel parameters equal: 7 = 7/ = 27T'.
It is then convenient to change variables in the dispersion
integral according to

1/2 ’
v+ _(y+1 v—v 30
e ’ V—_<y—1) 2 %0

To one-loop order in perturbation theory the double dis-
continuities of the correlator are confined to the region
2yvv’ —v?2 — "2 > 0 and v,/ > 0, which transforms into
v2 > 1?2 and vy > 0, such that [31]
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1/2 )
y—“ 1) /wo v dV+ e—u+/T .
y+1 0

ppert v,V ) Pres(Vv V,)
v —w—ie) (V' — W' —i€)

/dlldl/

Facing the lack of information about the structure of res-
onance contributions to the three-point function =, the
separation between pole and continuum states in the sum
rule has an unavoidable arbitrariness which leads to the
dominant uncertainty in the prediction for the Isgur-Wise
function. We shall, therefore, explore two simple models
for the continuum threshold wq(y) in (31), namely,

1, model 2. (32)

+1

woy) = f®)wo with f(y) = {"_’ model 1
It has been argued in Ref. [31] that the second choice
leads to a conservative upper bound for the form factor,
while based on a fit to experimental data on semileptonic
decays the first one seems more realistic. Both forms of
f(y) have the nontrivial property that the slope of the
Isgur-Wise function at zero recoil is finite.

Putting everything together one obtains the Laplace

sum rule [30, 31]
3 2 2 rwo(y) 2 v
—— ~vy/T
87r2(y+1) /o i vie

(2y +1) m§ (qq9)
T3 471°

,wo;y)-

FRe(y)e M =

—(qq) +
o (T71

The first term on the right-hand side arises from the per-
turbative triangle diagram (bare quark loop), while the
remaining terms are the leading nonperturbative correc-
tions. A remark is in order concerning the large-recoil
behavior of the Isgur-Wise function. For y > 1 the form
factor should tend to zero, whereas the power corrections
in the above sum rule stay finite or even increase. It is
then necessary to sum the series of higher-dimensional
condensates. This can be simulated by using so-called
soft condensates which exponentially decrease for y >> 1
[30, 31]. However, the corresponding effects are very
small for values of y accessible in semileptonic B decays,
and we shall neglect them here.

At zero recoil (33) reduces to the sum rule F2 ¢=2A/T =
Koo(T71,wp; 1), from which the parameters A, wq and F
can be extracted in a self-consistent way by requiring
optimal stability against variations of the Borel parame-
ter T inside the “sum rule window” 0.6 < T < 1.0 GeV,
where the theoretical calculation of E is reliable [21]. One
finds good stability for

A ~0.50 + 0.07 GeV,

wp =~ 2.00 £+ 0.30 GeV,
F~0.30 £+ 0.05 GeV?/2,

(33)

(34)

with correlated errors. Once the value of wg is deter-
mined, one can compute the Isgur-Wise function from
the ratio £(y) = Koo(T™1,wo0; ) /Koo(T ™1, wo; 1), which
is independent of A and F and explicitly exhibits the

+ subtractions BTo (
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(31)

dv_ ppert(V-H V—)'
—-vy

f

zero-recoil normalization £(1) = 1. Before we present
the result let us discuss the renormalization-group im-
provement of the sum rule analysis. In leading logarith-
mic approximation this is accomplished in a trivial way,
since there are no large ratios of mass parameters that
enter the sum rule calculation. Both A and the Borel pa-
rameter T are low-energy parameters. If the subtraction
point u is identified with one of them, it is guaranteed
that the sum rule is free of large logarithms even if radia-
tive corrections were included. To be specific we choose
4 = 2A ~ 1 GeV, which still allows for a perturbative
treatment. Hence in leading-logarithmic approximation
it is the function £(y,2A) which can be extracted from
the sum rule analysis, and the renormalized form factor
defined in (20) is obtained from

—ar Koo(T—ly‘UO? Y)

€ren(y) = -—————KOO (T‘l, oo; 1) .

[as(20))] (35)

This is in fact consistent with the result of a more detailed
calculation of radiative corrections [31].

In Fig. 1(a) we show the sum rule predictions for the
renormalized Isgur-Wise function for the two continuum
models defined in (32). Inside the “sum rule window”
the dependence on the precise values of T,wp and the
vacuum condensates is rather weak, as indicated by the
width of the bands. The largest uncertainty arises from
the arbitrariness in the choice of f(y).

Let us now turn to the derivation of the QCD sum rules
for the subleading form factor £,(v,v’) defined in (12).
To this end, we study the correlator 2, which is obtained
from E in (22) by replacing the heavy-quark current by
[ho/(v')TiD, hg(v)]o. The double-pole contribution to
E, is of the same form as in (25), but with £(y) replaced
by A€, (v,0'), ie.,

—pole __ KFz
T (w—2A +id€) (W' — 27 +1e)
XTr { €,(v,v') Tar Py (V') T Py(v) T }.

In the theoretical calculation of the correlator it is con-
venient to choose the external momentum P = mgv + k
parallel to v, such that k, = (k-v)v, (and similar for ¥’).
In the analysis of the triangle diagram one encounters
tensor one-loop integrals in HQET, which are collected
in Appendix A. After the double Borel transformation
the dispersion integrals are evaluated according to (31).
Decomposing £, (v,v’) as in (13) we find the sum rules

0

(36)

- A 1
AF?e (y) e M7 = —2 =g Koo(T ™, w0 0),
(37)
- _ok 1 0
AF?g3(y) e ?MT = - —5 o711 Keo(T™ 1, wo;y)
mo(‘l‘])
T18T =1,
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which are expressed in terms of the derivative of the func-
tion K, with respect to the inverse Borel parameter.
The form factor £, (y) is related to £_(y) and &3(y) as
shown in the first equation in (14), in accordance with
the equations of motion of HQET. Using the sum rule
(33) for the Isgur-Wise function we identify

0

oT-1
which leads to
1

Km(T‘l,wo;y) = —2AF? &(y) e_M/T, (38)

(39)
1
&) =3 [¢@) - x(D) w-1)],
where
2 —
") =~SkrF2 ¢ (40)
1.2 :7 T T T T T T T l T T T T I T T T T ] T T
1.0 R (a)
_. 08 F
S :
§, 0.6 -
g F
w04 —
02
0.0 C I l e 1 1 1 l 11 1 1 l 1 1 1 1 l 1 1 1 L
1 1.2 1.4 1.6 1.8 2
v
: T T T T I' T T T [71 T T 1 1 rr T T T I T T T T :
0.6 — —
L E_ren(,u.,v:) (b) ]
T =
02
:
0.0 — -]
C ]
-0.2 £ (vv') _:
N S B R B
1 1.2 1.4 1.6 1.8 2
v’
FIG. 1. (a) Numerical evaluation of the sum rule (35) for

the renormalized Isgur-Wise form factor. The lower band
corresponds to the continuum model 1 in (32), the upper one
to model 2. We use as(2A) = 0.34. (b) Sum rule results for
the renormalized form factors £;°"(y). The solid lines refer to
continuum model 1, the dashed ones to model 2. We use the
central values for all sum rule parameters, corresponding to
k= 0.16.
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We have recovered the second relation in (14), which
states that the equations of motion require £_(y) to be
a multiple of the Isgur-Wise function. In good approx-
imation this is also true for the form factor £3(y), since
k(T) is small. For T = Tp = 0.8 GeV, correspond-
ing to the center of the “sum rule window”, one finds
£(To) ~ 0.16 F0.04 with errors anticorrelated with those
in (34).

In leading-logarithmic approximation the
renormalization-group improvement of the universal
functions is again accomplished by writing £I*"(y) =
[as(2A)] 722 &;(y). For the two continuum models spec-
ified in (32) the renormalized form factors are shown in
Fig. 1(b). The sensitivity of these curves to changes
in the sum rule parameters is similar to that shown in
Fig. 1(a). The most important observation is that, inde-
pendent of all sum rule parameters, we obtain the zero-
recoil normalization

&) = 3. (41)

Since there is no restriction on the value of this form fac-
tor from heavy-quark symmetries [in contrast with the
exact relation £™"(1) = 1] one expects corrections to
a simple result such as (41). In the context of QCD
sum rules, however, these could only come from next-to-
leading-logarithmic radiative corrections to the triangle
diagram, or from higher-dimensional condensates not in-
cluded in our analysis. They are expected to be small.

IV. QCD SUM RULES FOR x;

In order to derive sum rules for the subleading uni-
versal functions x;(y) one has to repeat the analysis
of the three-point correlator E in (22) taking into ac-
count insertions of vertices from the higher-order ef-
fective Lagrangian 6L.s in (8). Because of the spin-
flavor symmetry it is sufficient to consider the spe-
cial case of equal heavy mesons (mg = mg and
M’ = M), thereby simplifying the presentation. In
the calculation it is of advantage to sum the in-
sertions of the operator (1/2my)hq(i8)%hq in 6Leg
to all orders by using i(§ + 1)/wg for the heavy-
quark propagator in momentum space, and wg = 2v -
k + k2/mb instead of w = 2v - k as the disper-
sive variable.? The spin-symmetry-violating operator
(9s/4m3) hqouwG* hq in 6L.s needs some special con-
sideration. Since we do not consider radiative corrections
(beyond the leading-logarithmic approximation), inser-
tions of this operator only contribute to diagrams involv-
ing gluonic condensates. The leading ones are propor-
tional to the mixed quark-gluon condensate, and noting
that
)

25 ™4 (@0) (") 5, (42)

(Ta 19sG*" qp) =

?Since wg = (P? — my}?)/my, this treatment ensures that
there is no left-hand cut in the complex wg plane.
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it can be readily seen from (17) that there is no such  terms in the sum rule by use of the identity
contribution to x2(y). Thus within the standard approx-

imations made in QCD sum rules we find that Py (v) 0 M(v) 0¥ = 2dp M(v), (49)
where djs = 3 for a pseudoscalar meson, and dp; = —1
x2(y) = 0. (43)  for a vector meson.

After these remarks we present the expression for the
Corrections to this result are again expected to be small.  theoretical side of the sum rule (33) which includes the
The more complicated trace structure associated with the  1/mg, corrections. Using the tensor integrals collected in
X3 term in (16) can be reduced to that of the remaining  Appendix A we find

J

-1 ~ 3 2 \? [@W _ v. 2y—1
Koy @30 = ga(y) [ andemi- 2 (143057

2 /=
mg(dq) [2y+1 T a
477 [ 3 3my (49 -1+ ). (45)

—(q9) +

On the phenomenological side one now has to include the 1/mg, corrections to the Isgur-Wise function as well as to
the “decay constant” F. Using the fact that x2(y) = O to the order we are working, the left-hand side of (33) is
replaced by

2 ~
(Rg) {1 g fovsammaa] He
my m

Q

2 [t + 200 . (46)

where the mass ratio arises from the factor m%, in (27) and 1 /mz)2 from the meson propagators. The constants G; and
G2 have been defined in Ref. [21]. They are the analogues of x1(y) and x3(y) for the case of meson decay constants.
In the above expressions it is important to realize that, in addition to the explicit 1/mg, corrections, also the sum
rule parameters A = (m3, — maz) /2m% and wo(y) = f(y) Wo contain both spin-symmetry-conserving and -violating
corrections [21]. We define

X:K{1+—1—*- [51\1 +dM5A2]}, 50=w0{
m

: [5w1 +du 5w2] } (47)

mg

Before evaluating the sum rule it is convenient to eliminate the explicit 1/ mg correction in the dispersion integral
by a redefinition of the Borel parameter:

1 1 2y—-1\ 1
— (142 ) —
T T ( +3y+1>m*Q (48)

Using mp = mg + A in (46) we then obtain

- 2 _
F?e72MT {1+m—,[G1+2A+2dMG2]}{ [xl(y)+——£(y)+2deS(y)]}
Q
3 ( 2\ oW m3(gg) [2y+1 T
[ —_ —U+/T_ - 0 —_
87r2(y+1>/0 dvyvie (gq) + A7 [ 3 Ty (32y 5— 4 +3dM)]

(49)
The next step is to expand this sum rule in inverse powers of the heavy-quark mass. In leading order one immediately

recovers (33). At order 1/ mg we separate the spin-symmetry-conserving and -violating terms to obtain the two sum
rules

2y—1 G 61\
Xl(y)+§z?€(y)+ [Tl 1]

) = 52 (s2y-5- 4151 ) - Lotn) (27) P et-roreor,

(50)

2
xa(¥) + [iz 6A2] £(y) = n(T) 6(;”) (y-?—l) F3(y) elt=F@)wo/T
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where 1.0 [ T
3 bwawd (o1 bwy -
aT = e eem— (2 —wo)/T = —, C ]
(D) =-47 352 ¢ T = S (51) 08 E
One can now use the zero-recoil normalization conditions - X)) o~ . j
(18) for the universal form factors to obtain sum rules for 0.6 — P i ]
the parameters G; and Ga. Setting y = 1 in the above r P ]
equations gives 04 7 -
G1 A1 9 E 10 x5 (v-0') ]
—1—\—+2—T=Z['§(T)‘7’5(T)]a 0.2 [~ ””’,,,a—__
(52) | | | 1 :
G2 6A2 1 OO [ 1 TS N S I T | T S I T |
et R R 7 N ] . . . .
19T 3 [n( ) —e(T) 1 1.2 1 4@-1,' 1.6 1.8 2
The same sum rules have recently been derived from the
FIG. 2. Sum rule results for the renormalized form factors

study of a two-point correlator of heavy-light currents in
HQET [21], and the agreement of the results provides a
check of our calculation. From the structure of (52) one
can deduce simple relations between the spin-symmetry
conserving and violating parameters, namely [21]:

r=1 & 6wy = 9w,

6A1 = 96A,,
G, = 18G, — 2A.

(53)

It thus suffices to analyze the second sum rule in (52)
and its derivative with respect to 77! to determine
the parameters éw;, 6A;, and G;. In particular, one
finds excellent stability inside the “sum rule window”
for bwy =~ —(0 10 F 0.02) GeV [21], corresponding to
e(Ty) ~ 0.407 024 evaluated at the center of the “sum
rule window, w To = 0.8 GeV. As in the case of the pa-
rameter k(T'), both éws and €(T') are proportional to the
mixed quark-gluon condensate.

We now insert (52) into (50) to eliminate the parame-
ters G; and 6A; from the final result

) =3 27 [ (4w+ 3) ) - )| + 18330

(54)

x3(y) = n—g—) [1 - E(y)]

B f(_ST_) [(y_%) 2f3(y)e[l—f(y)} wo/T _ E(y)] ,

which explicitly exhibits the normalization conditions
x1(1) = x3(1) = 0. As discussed in Sec. III, the
renormalized functions x{*"(y) can be simply obtained
from the sum rule results by multiplying with appro-
priate powers of ag(2A) as shown in (20), for instance,

X5 (y) = [as(2A)]722 =98 x3(y). The resulting curves
are shown in Fig. 2. We note that in this case the re-
sults are rather insensitive to the continuum model em-
ployed. The function x%*"(y) induces sizable corrections
to the infinite quark-mass limit for large recoil. However,
these corrections respect the spin symmetry and thus af-
fect all B —» D and B — D* form factors in the same
way. They are therefore irrelevant. The spin-symmetry-
violating corrections described by x%"(y), on the other
hand, are much smaller, typically x5*(y) < 0.1 x5 (y).

xi*"(y) and 10x5"(y). The solid lines refer to continuum
model 1, the dashed ones to model 2. We use the central
values for all sum rule parameters, corresponding to x = 0.16
and € = 0.40. The sensitivity to changes in these parameters
is similar as in Fig. 1(a).

This, together with the sum rule prediction x5"(y) ~ 0,
indicates that the heavy-quark spin symmetry is predom-
inantly broken by the higher-dimensional current opera-
tors in (5), i.e., by the universal functions £*"(y).

It has been pointed out in Ref. [21] that the relation
dwy = 96wy is subject to large higher-order corrections in
the 1/mg, expansion, leading to an effective value reg #
1. The difference (1 — reg) is formally of order 1/mg,,
but numerically of order unity for the case of charmed
and b-flavored mesons. This induces large higher-order
corrections (of order 1 /mQ) to the decay constants of
heavy mesons. Let us show that there is no such effect in
the case of heavy-meson form factors. If reg # 1 one has
to replace xi1(y) in (54) by x1(y) + (1 — reg) x1(y) with

Sxi(y) = gniT) [1 - E(y)] — 18 x3(v)-

Numerically one finds that |6x1(y)| < 0.1 x1(y), such
that even for an effective value (1 — reg) of order unity
the higher-order correction is very small and can safely be
neglected. This is in fact not a coincidence. Consider, for
simplicity, the continuum model 2 in (32), i.e., f (y) =1
It then follows from (33) that &(y) ~ [2/(y + 1)] up to
corrections from vacuum condensates. Therefore the con-
tribution involving &(T') in (54) is formally proportional
to a product of condensates and can as well be neglected.
In fact, this term is much smaller than the contribution
involving (7). In this approximation, however,

(55)

&(T
o) = "L [1-e), (56)
and 6x1(y) = 0, such that the value of rg becomes irrel-
evant.

V. SUMMARY AND
PHENOMENOLOGICAL APPLICATIONS

In the previous sections we have presented an analy-
sis of the universal functions that appear in leading and
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subleading order in the heavy-quark expansion of current
matrix elements between two heavy mesons, using QCD
sum rules in HQET. The results for the subleading form
factors &;(v-v') and x;(v-v’) given in (39) and (54) involve
the Isgur-Wise function £(v-v’) and two nonperturbative
parameters, k and €, which are proportional to the mixed
quark-gluon condensate. It is worthwhile to summarize
the advantages of such an approach over previous sum
rule calculations for heavy meson form factors.

(i) The most important distinction is that our ap-
proach incorporates the Ward identities of HQET in the
sum rule analysis; i.e., the zero-recoil conditions (18) are
ezactly reproduced. In the standard formulation of QCD
sum rules, on the other hand, these relations would only
be satisfied approzimately as a result of the self-consistent
numerical analysis.3

(ii) By relating the sum rules for the subleading form
factors to that for the Isgur-Wise function we derived
the parameter-free predictions £3(1) = % and x2(y) =0,
which could only receive corrections from diagrams usu-
ally not included in the sum rule analysis of a three-point
function. These predictions should have a higher accu-
racy than sum rule results in general, which suffer from
uncertainties in various parameters and in the numerical
analysis. Since the remaining two subleading form fac-
tors x1(v - v’) and x3(v - v’) are known to vanish at zero
recoil, we conclude that for v = v’ the leading power cor-

J
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rections to the infinite quark-mass limit can be predicted
with good accuracy, and in an almost model-independent
way.

(iii) By constructing separate sum rules for the uni-
versal functions which appear in different orders of the
heavy-quark expansion one increases the accuracy in the
description of symmetry-breaking corrections to quanti-
ties which become equal in the infinite quark-mass limit.
Examples are the very accurate calculation of the B*—B
mass difference in Ref. [21], or ratios of the various form
factors describing B — D*£ decays, which will be dis-
cussed below. For instance, even a 30% uncertainty in
the sum rule analysis of a subleading universal function
corresponds to an uncertainty of only a few percent once
this function is multiplied by A/2my.

(iv) Finally, it is an appealing feature of our approach
that certain universal functions are related to particu-
lar types of diagrams. For instance, the leading con-
tribution to the spin-symmetry violating form factor
x3(v-v’) comes from diagrams involving the mixed quark-
gluon condensate, and it was immediate to find that
Xx2(v - v') = 0 when higher-dimensional condensates and
radiative corrections are neglected.

Let us now discuss the application of our results to
the theoretical description of the semileptonic processes
B — D™)¢ . Following Refs. (18,26, 38] we define heavy-
meson form factors h;(v - v') by

(D) Vi |B0)) = VRETD (B (v-) (0 +')s + h(0-0) (0 =)

(D*(V")| Vi |B(v)) = ix/mpmp~ hy(v-v') €uvap € v VP, (57)

(D*(v")| A, |B(v)) = /mB MDD~ [h,;l(v V) (00 +1) € — hay(v- V') € v, — hag(v- V) e*-vv;],

where V,, = ¢y, b and A, = €v,75b, and ¢, is the po-
larization vector of the D* meson. In order to make the
heavy-quark symmetry limit and the leading symmetry-
breaking corrections to it explicit we write (y = v - v')

hi®) = [+ Bi0) + 1)+ | €, (59

where, according to (11), oy = ay = a4, = ag, =1
and a_ = ayu, = 0 [2]. The functions B;(y) are short-
distance perturbative corrections, and +;(y) contain the
1/m? and 1/m} corrections. The ellipses represent terms
of order 1/m{}.

In leading order in the heavy-quark expansion the
renormalization of the form factors is known at next-
to-leading order in renormalization-group-improved per-
turbation theory. Explicit expressions for the functions

3Therefore, the conclusion of Ref. [37] that the ratio of a
standard sum rule for the axial form factor A;(g?) over the
sum rule for the Isgur-Wise function would provide a measure
of 1/ m"Q2 corrections has no foundation.

f
Bi(y) are given in Refs. [18]. For the numerical evaluation
we use the quark masses m; = 1.44 GeV and m; = 4.80
GeV (mg/mg = 0.3), as well as Agg = 0.2 GeV for
ng = 4. Over the kinematic range accessible in semilep-
tonic B decays (ymax = 1.59 for B — D and ymax ~ 1.50
for B — D* transitions), the resulting coefficients are
compiled in Table I. They are accurate up to terms of
order [a,(m2)/7]? ~ 1%.

In this paper we are mainly interested in the leading
power corrections 7;(y). By evaluating the traces in (12)

TABLE I. QCD corrections §;(v - v') in %.

v ' B+ B- Bv ,BAl ﬁAz ﬂAs

1.0 2.6 —-5.4 11.9 -1.5 -11.0 2.2
1.1 -0.3 —-5.4 8.9 -3.8 —-10.3 -0.2
1.2 -3.1 -5.3 6.1 -5.9 -9.8 —-2.5
1.3 -5.6 -5.3 3.5 -7.9 -9.3 —4.6
14 -8.0 —-5.2 1.1 —-9.7 —8.8 —6.6
1.5 -10.2 -5.2 -1.1 -11.5 -84 —-8.5
1.59 —-12.1 -5.1
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and (16) one can relate these functions to the subleading
form factors €3(y, m) and x;(y, M), which we renormalize
in leading-logarithmic approximation at the scale m =

i—?%nnfs ~ 2.2 GeV. The explicit expressions are given in
Appendix B. In Table II we present the numerical results
obtained from the QCD sum rule analysis. The numbers
refer to continuum model 1 in (32), but the results are not
very sensitive to this choice. The theoretical uncertainty
is estimated for zero recoil, assuming a 15% accuracy of
the prediction (41) and |x5"(1)| < 2.5%. At maximum
recoil, on the other hand, the sum rule results should
have an accuracy of better than 30%.

The theoretical results summarized in these tables
form a solid basis for a comprehensive analysis of semilep-
tonic B decays to subleading order in HQET. We shall
restrict ourselves to some specific examples here and per-
form a more complete analysis elsewhere. As a first appli-

J

) 1 dr(B - D*tv) G
v e [(v-v)2 —1]1/2 d(v-v') T 4m3

" 1 dr(B— Dtv)  G%
v [0 )2 — 172 d(v-vl)  48m

with n* = n = 1 in the infinite quark-mass limit. Because
of Luke’s theorem [19] the decay rate for B — D*{ 7 is
protected against 1/mg, corrections at zero recoil (see
Appendix B). Thus to subleading order in HQET the
coefficient n* deviates from unity only because of pertur-
bative QCD corrections. One finds that [35, 18]

77* =1 + 6(30[) + O(l/m*Q2),
(60)
50D = Ba, (1) =~ —0.01.

On the other hand, Luke’s theorem does not apply for
B — D{v decays because the decay rate is helicity-
suppressed at zero recoil [26, 35]. In this case

n=1+6qcp + b1/my, + O(1/m%) (61)
with
mp — mp
= _MBZMD 5 (1) ~0.
dqcp =B+(1) mB+mDﬂ (1) =~ 0.05,
(62)
A1 1 mp —mp\>
p— Pt — ren
61/'"5 T2 (m; + mg) (m3+mp) [1 263 (1)]

~0.02.

Note that, as pointed out by Voloshin and Shifman, the
1/mp corrections are suppressed by the factor [(mp —
mp)/(mp + mp)]? ~ 0.23 [1], and that the corrections
to the sum rule prediction &5*°(1) = } are expected to
be small. Since the canonical size of 1/ mzf corrections is
1-5 %, we thus conclude that the theoretical uncertainty
in n is comparable. to that in n*. Hence one should ex-

| Vep |2 (mp — mp=)2 m%. n*2,
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TABLE II. Power corrections v;(v - v') in %.

v | s v- W YA YAz YAs
1.0 00 —41 191 00 —231 —41
1.1 2.7 —41 207 29 —214 —07
1.2 62 —41 231 65 —19.8 3.4
1.3 105 —42 263 107 —183 8.0
1.4 153 —44 300 154 —17.0  13.0
1.5 206 —45 343 205 —158 185
1.59 25.7  —4.7

svi(1) | 0.0 1.4 2.9 0.0 4.0 2.1

cation, let us focus on the extraction of the quark-mixing
parameter V,; from an extrapolation of the semileptonic
B decay rates to zero recoil. This subject has been dis-
cussed in detail in Ref. [35]. In general, one finds that

*2

(59)

| Vep |2 (mp + mp)*>m% n?,

f

tract V. from both decay modes, using the theoretical
numbers

n* ~0.99, 71 =~1.07, (63)

which are expected to have an accuracy of better than
5%.

As a second example we study symmetry-breaking ef-
fects in ratios of the form factors which describe B —
D*¢ i transitions. In the limit where the lepton mass is
neglected, two axial form factors A;(q?) and Az(q?) as
well as one vector form factor V(¢?) are observable in
these decays. They are related to the heavy-quark form
factors defined in (57) by [26]

2
2y _ |1 _ q mp + Mp- L
Ald)= {1 (mB+mD-)2] 2,/mpmp~ a7,
mp + mp= mp«
A2(q2) = ﬁ [hAa ('U . ’UI) + m—[; hAz (U . U,):l )
(64)
2y mp + mp- h o
V() = G by (0o
where
2 2 _ .2
vy =TBYMD 70 (65)

2mBmD.

In the infinite quark-mass limit the form factors
ha,, has, and hy become equal to the Isgur-Wise func-
tion, whereas h 4, vanishes. The ratios
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TABLE III. Theoretical predictions for the ratios R; and the symmetry-breaking corrections &;.
- 1 -
v £Gv)| R @P% a™m| R EP®m 6
1.0 10.69 1.31 12.0 19.1 0.90 0.5 -11.0
1.1 8.57 1.30 11.7 18.2 0.90 0.5 -10.3
1.2 6.45 1.29 11.3 17.5 091 0.5 -9.6
1.3 4.33 1.28 11.0 16.8 0.92 0.5 -89
1.4 2.21 1.27 10.7 16.2 0.92 0.5 —-8.3
1.5 0.09 1.26 10.4 15.6 0.93 0.5 -7.7

V(g®) _ hv(v-v)
A(¢?)  ha(v-v')’
(66)

= [1 ~ (ms fjno-)z]

Rz |1 ' ] Az(q?)

2 (ms +mp-)2| Ai(?)

_hay(v- ') + T ha, (v )
ha,(v-v')

are therefore sensitive measures of symmetry-breaking ef-
fects. To subleading order in HQET we write

Qcp | 1/mg,

Ri=1+¢"+¢; 9 i=12 (67)

and find, using the expressions given in Appendix B and
the results of Ref. 18],

3 Y
m
20,4(T) my
QCD s c
2 3r f(yv m;)’
(68)
ymy _ A [1 1 1 _2€§°"(y))]
TR [m: T gren(y) )|
iy __ R ( 1,8 ) ()
? y+1\mg  mp) £en(y)
(1 1 _\11/3 X2 (y)
2A (m; : ) [ (m)] £ren(y)’
where again y = v - v/. The function f(y, 2) is given by
_ z2(1—2) 1+2
f.3) = -1 252 [ sk 4 1))

(69)

and is very slowly varying with y. At zero recoil and for
z=m}%/mj = 0.3 its value is f(1,0.3) >~ 0.10.

In Table III we show the theoretical prediction for R;
and €;. We propose a measurement of these quantities
as an ideal test of the heavy-quark expansion for b — ¢
transitions. In particular, note that the large values of R;
result from both large QCD and large 1 /ma corrections,
and that the latter ones are to a large extent model inde-
pendent since the subleading form factor £5*"(y) only ap-
pears in the 1/mj correction. Thus the sizable deviation
of R; from the symmetry limit R; = 1 is an unambigu-
ous prediction of HQET. A measurement of this ratio
with an accuracy of 10% can therefore provide valuable
information about the size of higher-order corrections.
The ratio Ry, on the other hand, receives only very small
QCD corrections and is sensitive to the subleading form
factors £5°"(y) and x5"(y). It can be used to test the
sum rule predictions (41) and (43). For the practical fea-
sibility of such tests it seems welcome that the theoretical
predictions for both ratios are almost independent of ¢2,
such that it suffices to measure the integrated ratios.
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APPENDIX A: ONE-LOOP
TENSOR INTEGRALS IN HQET

The master tensor integral for one-loop diagrams in-
volving two heavy quarks in HQET is (in D space-time
dimensions)

(a2 S o / ’ D 1)° 1 g 1 !
1 Mn —_— n
{8 (w,w,v,v)—/d (2 (“’ﬁ) <w+20.t) (w’+2v’-t)

uYy~

o0
=inP/? I, (e, B,7) / du [
0

Q(u)] B+

[ n(u)]”‘“*” Km0, (A1)

- V()
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where
'2a+B+v—-D—-n)T'(D/2—-a+n)
I, «, ﬂ, = )
(@) NORGRY
Qu) =w+ud’, (A2)
V(u)=(1+u?+2uv-v)Y2
For n =0, 1,2 the tensors K#1"'#» are given by
K(u) =1,
K*(u) = =V¥#(u), (A3)
my —_u rv _ gt
K () = V4 (u) V¥ (0) - 55—,
with
N v+ yv'H
H® =
7w = s (A4)

being a unit vector. In the special case where w’ = w and
v’ = v the general expression (A1) reduces to the tensor
integral for one-loop diagrams involving a single heavy
quark:

(R D 1\° w ?
Iaﬁ "(wyv)=/d tt“'l...t“n (—-t—z) (m)

=inP/2 I (a, B) (- w) P72 gmaun,

(A5)
|
phisyt (w,of v, o) = B2 B2 B ) BY) I+
Using
5W) @) —a_ 2272 Z
Bl/z’Bl/z [_Q(u)] = T(a) 6(u~;)

one finds that

B@) 5@ puope _ ;- p/2T(D/2—a+n)
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where
I'2a+p—-D—-n)IN(D/2 —a+n)
I(a,B8) = s A6
(@2 T@ () (49
and K#1#n is obtained from (A4) by replacing V*(u)
by v*.

In the sum rule calculation one needs the double spec-
tral densities of the tensor integrals, which are defined
by

M1 fn
Papy

v —w—ie) (V —w —ie)

(A7)

(V, V’? v, IUI)

Ik (w,w',v,0") = /dl/ dv'

+polynomials in w or '

A convenient way to compute these is by using Borel
transformations [39]. Defining the Borel operator with
respect to w by

1 Sw) 1 w™ _ d\"
P =4 v\ "w)

—w—+00

(A8)
T = it fixed,
n

where T > 0 is the Borel parameter, it is easy to see that
(w,w',v,0"). (A9)
(A10)

_AN\B-1(_ ny-1 !
CP T (2, "

z

1/z" Z1/z “aBy

where y = v -/, and

’

k()1

/ 1 ! i
LA (Al2)
Z [z2 + 2% 4 2y2z’]
K‘“’(f:) _ (zv# + 2/ VM) (0¥ + 2/ v™Y) B gt
z 22 + 22 + 2yz2’ D—2a+2°

Let us now specialize to the case a = 8 = v = 1 and
set D = 4. Introducing a hyperbolic angle by cosh 8 =

L(a)T(B)T(v) [z2+z/2+2yzz,](D—2a+n)/2

[

v - v’ =y, and noting that

1 1
22422 +222'y (24 2'€f)(z + 2’e~?)

1 1
T 22/sinhf |z +2'e=® 2+ 2P |’
(A13)

one can eliminate all powers of z’ (or z) in the numera-
tors in (A12) and express the right-hand side of (A11) in
terms of the functions



I&

1

(2 + 2’€®)™m(z + 2’e~0)n’ (A14)

Fun(2,2') =

the double Borel transforms of which are readily com-
puted using (a > 0)
J

Bl/w’ 1/w

B-#) B B (2, 2)) = O(w) O(w) Ouww’ — w? — w’z)(

where sinh 6 = {/y2 — 1.

Using these techniques it is straightforward to work
out the various spectral densities. For n = 1,2 we define
scalar invariants by

uoo_ ,
pin =G + Ga v,

(A17)
P = Hi g + Hy v'v”
+H3v""v" + Hy (vh0" 4 v'Ho¥).
We find that
O(w) O(w 2w’ — w? —w'?),
P1112\/—()()(y )
P111
Gi=—55—= w'
Hl = —gz:‘—}p—zl—l-_l—l—) (Zyww - w2 - w’2), (A].S)
_ P 2 2 2 _ ’
Hy,= 85717 [3w + (2y° + 1w — 6yww ],
_ P111 2 ’_ 2 2
Hi= gt [2(2y + 1w’ — 3y(w? + w )].

G, and G, as well as H3 and Hj, are related to each
other by an interchange of w and w’'.

For > 1 or v > 1 one can either apply the same
technique, or use the recurrence relation

(=0)°~N(=8u)""

Il-‘l ‘Un — Il-l'l l‘n. Alg
o TAI) et (A19)
For instance, one finds that
;2
i
== ——— O(w) O(v'
P112 2\/y2_—i- ( ) ( )
x [6(w' — we™?) — §(w' — we?)]. (A20)

APPENDIX B: POWER CORRECTIONS
TO HEAVY-MESON FORM FACTORS

In leading-logarithmic approximation the power cor-

rections in (58) are given by vi(y) = [as(m)]** Fu(v)
with [19, 26)

3400 = (5 + 1 ) @10)

mg  my

7-0)= (3 - ) [est0 = 3],
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1 1 [
R T (A1)
This result is (m,n > 0)
1 m+n—1 (W —w e—e)m-1(w el — w/)n—l
25inh0) T'(m)T(n) » (A16)
[
ww =3 (m+ )
4z ) + 2z [ - eut)],
(B1)
~ Ay A
Ya,(y) = 2 m (ri* n’lz;) + nlz. 02(y)
+mA [91(1/) P Q4(y)]
Fa,(y) = [0 () - 94(‘1/3;1],
=5 (S o+ )
A: [ 2(y) — 03(y) — gt(ryl)]

[el(y) 94(y)]

The functions gi(y) are related to the renormalized uni-
versal form factors of HQET [cf. (20)] by

o1(y) €*"(y) = wwlh%ﬁm@mmww

+2 [a,( )} 1/3 [ ren(y)

- -Dx"w),

() ) = mwlh%fm@mew

-2 [as(ﬁl)] ren(y)’

(B2)

03(4) € (v) = 2 e (M)] * x5 (),
04(y) € (y) =& (v)-

The zero-recoil conditions (18), which follow from the
conservation of the vector current Qv,Q, imply

0(1) =0:(1) =0 = 7,(1) =74,(1)=0. (B3)

From the QCD sum rule analysis we furthermore predict
that
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1
03(y) =0, 04(1) ~ 3 (B4)
from which it follows that
A/ 1 1
(1) ~ ~—— - ~ —4
12 1) 2 = (i = 7 ) = 4%
A/ 3 1
~— ~ 19 B
w2 (o) 219%, (85)

2A
Y4, (1) =~ —3 = —23%.

(4

From (B3) it is obvious that the hadronic matrix el-
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ements in (57) are unaffected from 1/mg, corrections at
zero recoil, since all form factors other than hy(y) and
h 4, (y) are kinematically suppressed at v = v’. Thisis the
content of Luke’s theorem [19]. It is important to real-
ize, however, that this does not imply that the observable
form factors do not receive 1 /mp corrections. If the lep-
ton mass is neglected, four form factors are measurable in
semileptonic B decays, namely f, (¢?) in B — D¢ and
V(g?), A1(q?), A2(¢?) in B — D*£v [for the definition
of these form factors and their relation to the functions
hi(v-v') defined in (57) see Ref. [26]]. At zero recoil only
one of these, A1(¢2,,), is protected by Luke’s theorem.
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FIG. 1. (a) Numerical evaluation of the sum rule (35) for
the renormalized Isgur-Wise form factor. The lower band
corresponds to the continuum model 1 in (32), the upper one
to model 2. We use a,(2A) = 0.34. (b) Sum rule results for
the renormalized form factors &;*"(y). The solid lines refer to
continuum model 1, the dashed ones to model 2. We use the
central values for all sum rule parameters, corresponding to
Kk = 0.16.



