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Abstract

We review the currentstatusof heavy-quarksymmetryand its applicationsto weakdecays of hadronscon-
taininga singleheavyquark.After an introductionto the underlyingphysical ideas, we discussin detail the
formalism of theheavy-quarkeffectivetheory,including a comprehensivetreatmentof symmetrybreakingcor-
rections.We thenillustratesomenonperturbativeapproaches,which aim at a dynamical,QCD-basedcalculation
of the universalform factorsof the effectivetheory. The main focus is on results obtainedusingQCD sum
rules.Finally, we perform an essentiallymodel-independentanalysisof semileptonicB meson decaysin the
contextof the heavy-quarkeffectivetheory.
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0. Preface

A scan through the Review of Particle Propertiesgives an impressionof the great variety of
phenomenacausedby the weak interactions.Attempts to understandthis rich phenomenologyhave
led to much progressin particle physics.Today, the standardmodel of the strongand electroweak
interactionsprovidesamost successfuldescriptionof the physicscurrently accessiblewith particle
accelerators.In spiteof its success,however,manyopenquestionsremain.In particular,alargenumber
of undeterminedparametersare associatedwith the flavor sectorof the theory.Theseparametersare
the quarkand lepton masses,as well as the four anglesof the Cabibbo—Kobayashi—Maskawamatrix,
which describesthe mixing of the masseigenstatesof the quarksunderthe weak interactions.Quite
obviously, weak decaysoffer the mostdirect way to determinethesemixing angles and to test the
flavor sector of the standardmodel. But they are also ideally suited for a study of that part of
strong interactionphysicswhich is leastunderstood:the nonperturbativelong-distanceforces,which
are responsiblefor the confinementof quarksand gluons into hadrons.Indeed, thesetwo aspects
cannotbe separatedfrom eachother.An understandingof the connectionbetweenquarkandhadron
propertiesis aprerequisitefor aprecisedeterminationof the parametersof the standardmodel.

In manyinstancesthis putsimportantlimitations on the amountof informationthat can be deduced
from weak interactionexperimentsat low energies.The theoreticaldescriptionof hadronproperties
often relies on very naive boundstatemodels with no direct connectionto the underlyingtheory
of quantumchromodynamics(QCD). Indeed,at low energiesthis theory hasprovedso intractable
to analytical approachesthat reliablepredictionscan only be madebasedon symmetries.A well
known example is chiral symmetry,which arises since the current massesof the light quarksare
small comparedto the intrinsic massscaleof the stronginteractionsgiven, say,by the massof the
proton.It is then usefulto consider,as afirst approximation,the limiting caseof flf masslessquarks,
in which the theoryhas an SUL(nf) x SUR(nf) chiral symmetry,which is spontaneouslybroken to
SU~(ifl). Associatedwith this is a set of masslessGoldstonebosons.This symmetrypatternpersists
in the presenceof smallmasstermsfor the quarks.The Goldstonebosons,which alsoacquiresmall
massesdue to theseperturbations,can be identified with the light pseudoscalarmesons.The low
energy theoremsof current algebrapredict relationsbetweenthe scatteringand decay amplitudes
for processesinvolving adifferent numberof theseparticles, andchiral perturbationtheory provides
the modernframeworkfor asystematicanalysisof the symmetrybreakingcorrections.This is quite
a powerful concept,which allows predictionsfrom first principles in an energyregimewhere the
standardperturbativeapproachto quantumfield theory, i.e., an expansionin powersof the coupling
constant,breaksdown. A nice illustration is provided by the calculation of the matrix elementof
the flavor-changingvector current betweena kaon and apion state.The Ademollo—Gattotheorem
statesthat, at zero momentumtransfer,the correspondingform factor is normalizedup to corrections
which are of secondorder in the symmetrybreakingparameterm~— m~.Chiral perturbationtheory
can be used to calculate the leading correctionsin an expansionin the light quark massesin a
model independentway. From such an analysis,the form factor can be predictedwith an accuracy
of 1%. This makes it possible to obtain a very precise determinationof the elementV~,of the
Cabibbo—Kobayashi—Maskawamatrix from an analysisof the semileptonicdecayK —* ir £ P.

Recently,it hasbecomeclearthatasimilarsituationarisesin theoppositelimit of very largequark
masses.When the Comptonwave length 1 /mQ of a heavy quark bound inside a hadron is much
smallerthan a typical hadronicdistanceof about I fm, the heavy-quarkmassis unimportantfor the
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low energypropertiesof the state.The stronginteractionsof suchaheavyquark with light quarksand
gluonscan be describedby aneffective theory,which is invariantunderchangesof the flavor andspin
of the heavy quark.This heavy-quarksymmetry leadsto similar predictionsthan chiral symmetry.
In the limit 1 /mQ —~ 0, relationsbetweendecayamplitudesfor processesinvolving different heavy
quarksarise, and matrix elementsof the flavor-changingweak currentsbecomenormalizedat the
point of zero velocity transfer.There is evenan analogof the Ademollo—Gattotheorem: In certain
casesthe leading symmetrybreaking correctionsare of secondorder in 1 /mQ. The existenceof
an exact symmetry limit of the theory increasesthe prospectsfor a precise determinationof the
elementVCb of the quarkmixing matrix. Ultimately, it can help to promotethe descriptionof weak
decaysof hadronscontaininga heavy quark from the level of naive quark modelsto a theory of
strong interactions.The hope is to start from the model-independentrelations that are valid in the
limit of infinite heavy-quarkmasses,and to includethe leading symmetrybreakingcorrectionsin a
systematicexpansionin 1/mQ. The theoretical framework for such an analysis is provided by the
so-calledheavy-quarkeffective theory.

In this review, we presentthe current status of heavy-quarksymmetryand of the heavy-quark
effective theory, with emphasison the exclusiveweak decaysof hadronscontaininga single heavy
quark. For theseprocessesthe theory has already been developedto an extent which is no less
elaboratethan, e.g., the modernformulation of chiral perturbationtheory. In particular,the symme-
try breakingcorrectionshavebeen analyzedin great detail, and many quantitativepredictionsof
sometimesremarkableaccuracy can be made. This review can be divided into four parts: In the
first two chapterswe presentthe physicalpicture and the ideasbehindheavy-quarksymmetryin an
intuitive, introductoryway. Similar introductionshavebeengiven by Georgi [199], Grinstein[200],
Isgur and Wise [201], and Mannel [2021. Thesenoteswerevery helpful in preparingthe material
for thesechapters.The secondpart (chapters3 and4) is devotedto adetailedand comprehensive
descriptionof the formalismof heavy-quarkeffectivetheory,andof the stateof the art in the analysis
of symmetrybreaking corrections.In particular, we derive the completeexpressionsfor mesonand
baryonweak decayamplitudesto order 1 /mQ in the heavy-quarkexpansion,and to next-to-leading
order in QCD perturbationtheory.The discussionof thesetopics is necessarilymore advancedand,
with the exceptionof the introductorysections3.1—3.4and 4.1—4.3,addressesthe expertsin the field.
The third part consistsof chapter5, in which we discussnonperturbativetechniqueswhich aim at
adynamical,QCD-basedcalculationof hadronicmatrix elements.We give ageneralintroductionto
the QCD sum rule approachof Shifman,Vainshtein,and Zakharov,which might help readersnot
familiar with this subject to get an appreciationof the physicalmotivationsof the method.In the
subsequentsectionswe presentmanyinterestingresultsthat havebeenobtainedrecentlyby applying
the sumrule techniqueto the heavy-quarkeffective theory.In the lastpart (chapter6) we comeback
to the phenomenologicalapplicationsof heavy-quarksymmetry.We presentacomprehensiveanalysis
of exclusivesemileptonicB mesondecaysin the contextof the new theoreticalframeworkprovided
by the heavy-quarkeffective theory.The virtue of this approachis that model-independentaspects
of the analysis can be clearly separatedfrom model-dependentones.Ultimately, this may help to
changethe perspectivein heavy-quarkphenomenologyfrom a comparisonof the datawith modelsto
a languagewhich dealswith certaintypesof correctionsin a well-definedexpansionin QCD. This
would be asignificantdevelopment.
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1. Heavy-quark symmetry

1.1. Thephysicalpicture

There are several reasonswhy the strong interactionsof systemscontaining heavy quarks are
easierto understandthan those of systemscontaining only light quarks. The first is asymptotic
freedom,the fact that the effectivecouplingconstantof QCD becomesweak in processeswith large
momentumtransfer, correspondingto interactionsat short distancescales [1,21. This is a unique
featureof nonabeliangaugetheories[3]. The familiar phenomenonof screeningof chargesat large
distancescan be overcompensatedby an antiscreeningdue to the selfcouplingsof the nonabelian
gaugefields. This can leadto an effective chargewhich increasesat largedistances,and decreasesat
smalldistances.In QCD, the antiscreeningmechanismdominates(aslong as the numberflf of quark
flavors doesnot exceedsixteen).The effectivecouplingconstant

2 g~ff(Q) l2ira~(Q~= 4ir = (33 —
2flf) l~(Q2/4cD) (1.1)

decreasesat large Q2, i.e., the stronginteractionsbecomeweakat shortdistances.At large distances
(small Q2), on the other hand,the coupling becomesstrong, leading to nonperturbativephenomena
such as the confinementof quarksand gluons on a length scaleRhad 1/AQCD 1 fm, which
determinesthe typical size of hadrons.2 Roughly speaking,AQCD 0.2 GeV is the energy scale
that separatesthe regions of large andsmall coupling constant.When the mass of a quark Q is
much larger than this scale,mQ >> AQCD, Q is called a heavy quark.The quarksof the standard
model fall naturally into two classes:u, d and s are light quarks, whereasc, b and t are heavy
quarks.~ For heavy quarks,the effective couplingconstanta~(mQ) is small, implying that on length
scalescomparableto the ComptonwavelengthAQ 1/mQ the strong interactionsare perturbative
and much like the electromagneticinteractions.In fact, the quarkoniumsystems(QQ), which have
asizeof order A~/a~(mQ) <<Rhad, are very muchhydrogen-like.After the discoveryof asymptotic
freedom,their propertiescould be predicted[4] before the observationof charmonium,andlaterof
bottomoniumstates.

For systemscomposedof a heavy quarkand otherlight constituents,things aremorecomplicated.
The size of such systemsis determinedby Rhad, and the typical momentaexchangedbetweenthe
heavyandlight constituentsare of orderAQCD. Theheavyquark is surroundedby amostcomplicated,
strongly interacting cloud of light quarks,antiquarks,and gluons. This cloud is sometimesreferred
to as the “brown muck”, aterm inventedby Isgur to emphasizethat the propertiesof such systems
cannotbe calculatedfrom first principles (at leastnot in aperturbativeway). In this case,it is the
fact that

mQ >> AQCD ~‘ )tQ <<Rhad, (1.2)

that the Comptonwavelengthof the heavy quark is much smallerthan the size of the hadron,which
leadsto simplifications.To resolvethe quantumnumbersof the heavy quark would require a hard

2 We useunits whereIt = c= 1. The relationbetweenlength andenergyscalesis 0.2 GeV 1 fm1.

~ Ironically, the top quarkis of no relevanceto our discussion,sinceit is too heavyto form hadronicbound statesbefore
it decaysinto b+W.
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probewith Q2 ~ m~.The softgluons which coupleto the “brown muck” canonly resolvedistances
much larger than AQ. Therefore, the light degreesof freedom are blind to the flavor (mass) and
spin orientationof the heavy quark.They only experienceits color field, which extendsover large
distancesbecauseof confinement.In the restframe of the heavy quark, it is in fact only the electric
color field that is important;relativistic effects such as color magnetismvanishas mQ —+ oc. Since
the heavy-quarkspin participatesin interactionsonly through such relativistic effects, it decouples.
That the heavy-quarkmassbecomesirrelevantcan be seenas follows: As mQ —* oc, the heavyquark
andthe hadronthat containsit havethe samevelocity. In the hadron’srestframe,the heavy quark is
atrest, too. The wave function of the “brown muck” follows from asolutionof the field equationsof
QCD subjectto the boundaryconditionof a static triplet sourceof color at the locationof the heavy
quark.This boundarycondition is independentof mQ, and so is the solutionfor the configurationof
the light degreesof freedom.

It follows that, in the m~—i oo limit, hadronicsystemswhich differ only in the flavor or spin
quantumnumbersof the heavy quark have the sameconfiguration of light degreesof freedom.
Although this observationstill doesnot allow one to calculatewhat this configuration is, it provides
relationsbetweenthe propertiesof suchparticlesas the heavy mesonsB, D, B* and D*, or the heavy
baryonsAb andA~(to the extentthat correctionsto the infinite quark-masslimit are small in these
systems).Isgur and Wise realizedthat theserelationsresult from new symmetriesof the effective
stronginteractionsof heavyquarksat low energies[5]. The configurationof light degreesof freedom
in ahadroncontaininga singleheavy quark Q (v, s) with spin s and velocity v doesnot changeif
this quark is replacedby anotherheavy quark Q’ (v, s’) with different flavor or spin, but with the
samevelocity. Both heavyquarksleadto the samestaticcolor field. It is not necessarythat the heavy
quarksQ and Q’ have similar masses.What is important is that their massesare largecompared
to AQCD. For Nb heavy-quarkflavors thereis thus an SU( 2Nh) spin—flavor symmetrygroup. These
symmetriesarein closecorrespondenceto very familiar propertiesof atoms:The flavor symmetryis
analogousto the fact that different isotopeshavethe samechemistry, sinceto good approximation
the wave functionof the electronsis independentof the massof the nucleus.The electronsonly see
the total nuclearcharge.The spin symmetryis analogousto the fact that the hyperfinelevelsin atoms
arenearly degenerate.The nuclearspin decouplesin the limit me/mN—~ 0.

The heavy-quarksymmetry is an approximatesymmetry,and correctionsarise since the quark
massesare not infinite. Thesecorrectionsare of order AQCD/mQ. The condition mQ >> AQCD is
necessaryandsufficient for asystemcontaininga heavy quark to be close to the symmetry limit.
In many respects,heavy-quarksymmetry is complementaryto chiral symmetry, which arises in
the opposite limit of small quark masses,mq << A~D.There is an importantdistinction, however.
Whereaschiral symmetry is a symmetry of the QCD Lagrangianin the limit of vanishingquark
masses,heavy-quarksymmetryis not asymmetryof the Lagrangian(not evenan approximateone),
but rathera symmetryof an effective theory which is a good approximationto QCD in a certain
kinematicregion.It is realizedonly in systemsin which a heavyquark interactspredominantlyby the
exchangeof soft gluons.In such systemsthe heavyquarkis almoston-shell;its momentumfluctuates
aroundthe massshell by an amountof orderAQCD. Thecorrespondingchangesin the velocity of the
heavy quarkvanishas AQCD/mQ —p 0. The velocity becomesaconservedquantity andis no longera
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dynamicaldegreeof freedom [61.~
Resultsderivedbasedon heavy-quarksymmetryaremodel-independentconsequencesof QCD in

a well definedlimit. The symmetrybreakingcorrectionscan, at least in principle, be studied in a
systematicway. To this end,it is howevernecessaryto recastthe QCD Lagrangianfor heavyquarks,

£Q=Q(iø—mQ)Q, (1.3)

into a form suitablefor taking the limit mQ —* oc.

1.2. An effectivetheory

Inside a hadronic bound state,a heavy quark Q interacting with light constituentsexchanges
momentamuch smallerthan its massmQ. To good approximationthe heavy quark moveswith the
hadron’svelocityv. Being almoston-shell,the heavy quark’smomentumPQ is closeto the “kinetic”
momentummQvresultingfrom the hadron’smotion:

P~=m0V+k’~. (1.4)

Here v is the four-velocity of the hadron.It satisfiesv
2 = 1. The “residual” momentumk is of order

AQCD. It resultsfrom the interactionsof the heavy quark with light degreesof freedomandis thus
of dynamicalorigin. In order to describethe propertiesof suchasystemin the caseof avery heavy
quark, it is appropriateto considerthe limit mQ—~ oo with v and k kept fixed [6]. In this limit the
Feynmanrulesof QCD simplify [7]. In particular,the heavy-quarkpropagatorbecomes5

PQ—mQ+iE= v•k+ie ~ +O(k/mQ) vk+i/~’ (1.5)

whereP~is apositive-energyprojectionoperator.It is definedby

P±=(1±~)/2, P~=P~, P~P~=0. (1.6)

SinceP+ysaP+ = ~ the coupling of aheavy quark to gluonscan be simplified, too. To leading
order in 1 /mQ the vertex ig Tay~can be replacedby

igT~v~, (1.7)

whereg is theQCD couplingconstant,andTa are thegeneratorsof colorSU(3),normalizedaccording
to Tr(TaTb) = ~6ab~ The effective Feynmanrules (1.5) and (1.7) are depictedin Fig. 1.1. It has
becomestandardto representthe effective heavy-quarkpropagatorby adoubleline to indicatethat
it is different from the propagatorin QCD.According to the decomposition(1.4), the propagatoris
labeledby avelocity andaresidualmomentum.The velocity is conservedby the stronginteractions.

TheseFeynmanrules follow from the Lagrangian

= h~ivDh~= h~(iVa~,+gT~vILA~)h~, (1.8)

‘~ In systemscontainingmore than one heavyquark, the heavy-quarkvelocities are notconserved.In quarkoniumstates,
for instance,the typical momentaare of ordera, (mQ)m~,correspondingto changesin the velocitiesof ordera,( mQ).The
spin—flavorsymmetrydoesnot apply in this case.
~ In the rest frame, this so-called“static” propagatorwas introducedby Eichtenand Feinberg[8].
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v,k
‘ j. -j =

V
~i >— — i = ig(Ta)~1va

a,a

Fig. 1.1. Feynmanrulesof theheavy-quarkeffectivetheory (i, J anda are color indices).

where D is the gauge covariantderivative. The effective heavy-quark field h,, (x) is related to the
original field Q(x) by

Q(x) ~ exp(—imQv x) h~(x), (1.9)

and is furthermore subject to the on-shell constraint

,5h~=h~=P+h~. (1.10)

Because of this condition, h~is effectively atwo-componentfield. The phase factor in (1.9) removes
the “kinetic” piece mQv from the heavy-quark momentum, so that in momentum space a derivative
acting on h~produces the residual momentum k. 4~~’is the Lagrangian of the so-called heavy-quark
effective theory. In the rest frame, where ~‘~‘ = (1,0), it was introduced by Eichten andHill [9]. The
covariant version presented here is due to Georgi [6].

The effective Lagrangian is only an approximation to the corresponding partof the QCD Lagrangian
given in (1.3), sincethe heavy quark field Q also contains a component H~satisfying ~ = —He.
In the rest frame, h,, has only upper components, whereas H~hasonly lower components. The field
[4 thus corresponds to the “small” components of the full spinor Q. It can be eliminated by means
of the equations of motion, leading to corrections of order 1/mQ to the effective Lagrangian. It
is important to note, however, that (1.8) is not a nonrelativistic approximation. The velocity v is
arbitrary; nothing prevents its spatial components from being of order unity. For a single heavy quark,
it is of course possible to transform into the rest frame, in which 4~reduces to the leading term
in a nonrelativistic expansion [10]. But the possibility of v being arbitrary becomes important when
one studies processes involving heavy quarks moving at different velocities,such as a heavy-quark
decay mediated by a weak current. In chapter 2, we will derive the effective Lagrangian from QCD
in such a way that corrections arising at order 1 /mQ (or higher) can be systematicallyincluded.For
the moment, let us takeLeil’ as it stands and study its global symmetries [6].

Because of (1.9) and (1.10), the effective field h,, annihilates a heavy quark Q with velocity v,
but does not create an antiquark. Correspondingly, the Feynman propagator in the effective theory as
given in (1.5) hasonly a single pole (as compared to the two poles of the full propagator). Similarly,
h~creates a heavy quark with velocity v, but does not annihilate an antiquark. Thus in the effective
theory the number of heavy quarks is conserved; pair creation is not present. If one wants to describe
processes with external statescontainingheavy antiquarks,onehasto startfrom adifferent effective
Lagrangian (see chapter 2).
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Since there are no Dirac matricespresentin the effective Lagrangian,interactionsof the heavy
quark with gluons leave its spin unchanged.Associatedwith this is an SU(2) symmetrygroup
under which 4~is invariant.The action of this symmetryon the heavy-quarkfields becomesmost
transparentin the restframe, wherethe generatorsS’ of spin SU( 2) can be chosen

• 1/ty~ O\ 1
= ~ ~ = Y5YY’~ (1.11)

where ~ are the Pauli matrices,andwe usethe Dirac representation for the y-matrices:

o (1 0\ (0 o’\ (0 I’\
= ~o —i) ‘ ~‘ = ~—o-~ o) ‘ “~= ~z o) . (1.12)

Here I denotesthe 2 x 2 unit matrix. In a general frame, one definesa set of threeorthonormal

vectorse’ orthogonalto v, andtakesthe generatorsof the spin symmetryas
(1.13)

So defined, the matrices S~satisfy the commutation relations of SU(2) andcommutewith iS:

[S’,S3] ~~iik

5k [iS,S’] =0. (1.14)

An infinitesimal SU(2) transformation

hV—*(1+iE.S)hL, (1.15)

leavesthe Lagrangianinvariant,
84ff hv[1VD,1E~S] h~ 0, (1.16)

and preservesthe on-shellcondition (1.10):

iS (1 + iE S) h
1, = (1 + i� . S)iSh~= (1 + IE~S) liv. (1.17)

Finally, the massof the heavy quarkdoesnot appearin the effective Lagrangian.Whenthereare
Nh heavy quarksmovingat the samevelocity, onecan simply extend(1.8) by writing

Ni,

L~eff~hv1V~Dhv. (1.18)

This Lagrangianis clearly invariant under rotations in flavor space. When combined with the spin
symmetry, the symmetrygroup becomespromotedto SU(2Nh). This is the heavy-quarkspin—flavor
symmetry [5,6]. Its physical content is that, in the limit mQ >> A~D,the strong interactions of a
heavy quark become independentof its massand spin.

When one wants to describeprocesseswith heavy quarksof different velocity, one simply adds
correspondingterms to £e~.For instance,the appropriateeffective Lagrangianfor the decay of a
heavy quarkQ(v) into anotherheavyquarkQ’(v’) would be

Leff = h~iv~1)hz~+ h~,iv’~Dh~,. (1.19)

It has to be supplemented by a source term mediating the transition.
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As written above, the effective Lagrangian is not invariant under Lorentz transformations, which
change the velocity v. This is not a problem, however. One has to keep in mind that heavy-quark
symmetry is not a symmetry of the QCDLagrangian, but rather a symmetry of the S-matrix in a
kinematic region where aheavyquark interactswith light degreesof freedomby the exchangeof soft
gluons, which leave its velocity unchanged. Under aLorentz boostA, the color field of the heavy
quark is boosted, and the appropriate effective Lagrangian is obtained by replacing v in (1.18) by
the boosted velocity Au. Georgi has proposedan effective Lagrangian which contains heavy quarks
of all possibleflavors andvelocities [6]:

N,

4ff = ~ (1.20)

This Lagrangianhas a symmetry group [SU(2Nh)]’~’, where N~counts the (infinite) number of
velocity intervals. Although there is nothing wrong with this formulation, the notation might suggest
an even larger symmetry group SU(2NhNV), corresponding to rotations of heavy quarks with different
velocity into each other. But this is not a symmetry because of the QCD interactions. The color fields
emitted by heavy quarks moving at different velocities look different to the light degrees of freedom.
The fact that heavy quarks with different velocities are in no way related to eachother is sometimes
referred to as“velocity superselectionrule” [61. Forpracticalpurposesthesesubtletiesare irrelevant
(see, however, the discussion in Ref. [11]). Whatever formulation of Leff one prefers, the fact is that
only heavy quarks moving at the same velocity arerelatedby an SU(2Nh) spin—flavor symmetry.
For each heavy quark in agiven process,it suffices to write down an effective Lagrangian as given
in (1.8).

1.3. Spectroscopicimplications

The spin—flavor symmetry leadsto many interestingrelationsbetweenthe propertiesof hadrons
containing a heavy quark. The most direct consequences concern the spectroscopy of such states
[12]. In the mQ—~ oc limit, the spin of the heavy quark and the total angularmomentumj of the
light degrees of freedom are separatelyconservedby the strong interactions. Because of heavy-quark
symmetry, the dynamics is independent of the spin andmass of the heavy quark. Hadronic states can
thus be classified by the quantum numbers (flavor, spin, parity etc.) of the light degrees of freedom.
The spin symmetry predicts that, for fixed j ~ 0, there is a doublet of degenerate states with total
spin J = j ±~. The flavor symmetryrelatesthe propertiesof stateswith differentheavy-quarkflavor.

Consider, as an example, the ground-state mesons containing a heavy quark. In this case the light
degrees of freedom have the quantum numbers of a light antiquark, and the degenerate states are
the pseudoscalar (J = 0) and vector (J = 1) mesons. In the charm andbottom systems, one knows
experimentally

ma. — ma ~ 46 MeV, mD. — mD~ 142 MeV, mD. — mD
8 ~ 142 MeV. (1.21)

These mass splittings are in fact reasonably small. To be more specific, at order 1 /mQ one expects
hyperfine correctionsto resolve the degeneracy,for instancema. — mB x 1/mb. This leads to the
refined prediction m~,— m~~ m~,— m~~ const.Thedata arecompatiblewith this:

m~.— m~~ 0.49 GeV
2, m~,— m~~ 0.55 GeV2. (1.22)
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The spin symmetry also predictsthat m~.— m~5~ m~.— m~,~ const.,but this constantcould in
principle be different from that for nonstrange mesons, since the flavor quantum numbers of the light
degrees of freedom are different in both cases. Experimentally, however, m~— m~5~ m~,—
indicating that to first approximation hyperfinecorrectionsareindependentof the flavor of the “brown
muck”.

One can also study excited mesonstates,in which the light constituentscarry orbital angular
momentum. It is tempting to interpret D1 (2420) with j~) 1~and D2(2460) with j” = 2~as the
spin doublet corresponding to j = ~. In fact, the small mass difference m0~— mD, ~ 35 MeVsupports
this assertion. One then expects

~ — m~1~ m~.— ~ ~ 0.17 GeV
2 (1.23)

for the corresponding states in the bottom system. The fact that this mass splitting is smaller than for
the ground-state mesonsin (1.22) is not unexpected.For instance,in the nonrelativisticconstituent
quark model the light antiquark in these excited mesonsis in a p-wave state, and its wave function
at the location of the heavy quark vanishes. Hence, in this model hyperfine corrections are strongly
suppressed.

A typical prediction of the flavor symmetryis that the “excitationenergies”for stateswith different
quantum numbers of the light degrees of freedom are approximately the same in the charm and
bottom systems. For instance, one expects

ma
5 — mB ~ mD5 — mD ~ 100MeV, ma1 — mB ~ mD~— mD ~ 557 MeV,

ma; —ma~mo;—mD~593MeV, (1.24)

Recently,the first relation hasbeen confirmedvery nicely by the discoveryof the B~mesonby the
ALEPH collaborationatLEP [13]. The observedmass,ma5 = 5.369±0.006GeV, correspondsto an
excitationenergy mBS — mB = 90±6 MeV.

Thereare many moreapplicationsof heavy-quarksymmetry to the strong interactionsof hadrons
containingaheavy quark.For instance,thereexist relationsbetweenthe decayamplitudesdescribing
the emissionof light particlessuchas ir, p. or irir off a heavy mesonor baryon [12].

1.4. Weakdecayformfactors

Of particular interestare the relationsbetweenthe weak decay form factors of heavy mesons,
which parameterize hadronic matrix elements of currents between two meson states containing a
heavyquark.Theserelationshavebeen derived by Isgur andWise [5], generalizingideasdeveloped
by Nussinov and Wetzel [14], and by Voloshin and Shifman [15,16]. For the purpose of this
discussion it is appropriate to work with a mass-independent normalization of meson states,

(M(p’)IM(p)) = 2(p°/mM)(21r)
383(p— p’), (1.25)

insteadof the moreconventional,relativistic normalization

(M(p’)~M(p))=2p°(2ir)3S3(p—p’). (1.26)
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Fig. 1.2. The actionof an externalheavy-quarkcurrent,asseenby the light degreesof freedomin the initial state.

In the first case,p°/mM= v0 dependsonly on the mesonvelocity.As we shall see,it is more natural
for heavy-quarksystemsto usevelocity insteadof momentumvariables.We will thus write jM(v))
insteadof IM(p)). The relation to the conventionallynormalizedstatesis

M(v)) = m~”2IM(p)). (1.27)

In the mQ —* oc limit, the states IM(v)) are completelycharacterizedby the configurationof the
light degreesof freedom.The virtue of working with a mass-independentnormalizationis that the
shapeandnormalizationof the wave function are independentof the heavy-quarkmass.We will
identify thesestateswith the eigenstatesof the effective Lagrangian4~in (1.8) supplementedby
the standardQCD Lagrangianfor the light quarksand gluons.

Considernow the elastic scatteringof a pseudoscalarmeson, P(v) —‘ P(v’), inducedby an
externalvector current coupledto the heavy quarkcontainedin P. Before the action of the current,
the light degreesof freedomin the initial stateorbit aroundthe heavyquark,which acts as asource
of color moving with the meson’svelocity v. On average,this is also the velocity of the “brown
muck”. The action of the currentis to instantaneously(at t = t

0) replacethe color sourceby one
movingat velocity v’, as indicatedin Fig. 1.2. If v = v’, nothingreally happens.Thelight degreesof
freedomdo not evenrealizethat therewas acurrent actingon the heavy quark. If the velocities are
different, however,the “brown muck” suddenlyfinds itself interactingwith amoving (relativeto its
restframe) color source.Soft gluonshaveto be exchangedin order to rearrangethe light degreesof
freedomandbuild the final statemesonmoving at velocity v’. This rearrangementleadsto a form
factor suppression,which reflects the fact that as the velocities become more andmore different,
the probability for an elastic transition decreases. The important observation is that, in the mQ —~ oc
limit, the form factor can only dependon the Lorentzboosty v v’ that connects the rest frames
of the initial and final statemesons.That the form factor is independentof the heavy-quarkmass
can alsobe seenfrom the following intuitive argument: The light constituents in the initial and final
statecarry momentawhich aretypically of orderAQCDV andAQCDV’, respectively.Thus, they suffera
typical momentumtransferq

2 A&D (v . u’ — 1), which is in fact independentof mQ.
Theresultof thisdiscussionis thatin theeffective theory,which providestheappropriateframework

to considerthe limit mQ —* oc with the quark velocities kept fixed, the hadronic matrix element
describingthe scatteringprocesscan be written as [5]

~ (v+v’)’~, (1.28)
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with a form factor~(v~v’) that doesnot dependon m~.Since the matrix elementis invariant under
complexconjugationcombinedwith an interchangeof v and u’, the function~(v v’) mustbe real.
That thereis no term proportionalto (v — v’) ‘~can be seenby contractingthe matrix elementwith
(v — v’)~,and usingiSh~= h~and i~’iS’= ~

We cannow usethe flavor symmetryto replacethe heavyquark Q in oneof themesonstatesby a
heavy quark Q’ of different flavor, therebyturningP into anotherpseudoscalarmesonP’. At the same
time, the currentbecomesa flavor-changingvectorcurrent.In the m~—÷ oc limit, this is asymmetry
transformationunder which the effective Lagrangianis invariant.Hencethe matrix element

~ (v+v’)~ (1.29)

is still determinedby the samefunction ~(v v’). This universalform factor is called the Isgur—Wise
function, after the discoverersof this relation [5].

For equalvelocities,the vectorcurrentJ~= k/,y1hh~= i~V~ah~is conservedin the effective theory
irrespectiveof the flavor of the heavy quarks,since

i9~J~= h~iu.Dh1, +h,iu~~bh,=0 (1.30)

by the equationof motion which follows from the effectiveLagrangian(1.8). The conservedcharges

NQ~Q= fd3xJO(x) = fd3xh?(x) h~(x) (1.31)

are generatorsof the flavor symmetry.The diagonalgeneratorssimply count the numberof heavy
quarks,whereasthe off-diagonalonesreplacea heavy quark by another: NQQI P(v)) = I P(v)) and
NQ’QIP(v)) = IP’(v)). It follows that

(P’(v)INQ~QIP(u))—(P(v)IP(v))=2v°(21r)
3ô3(O), (1.32)

and from acomparisonwith (1.29) one concludesthat the Isgur—Wisefunction is normalizedatthe
point of equalvelocities:

~(1)=1. (1.33)

This can easily be understoodin terms of the physical picture discussedabove: When there is
no velocity change,the light degreesof freedom see the samecolor field and are in an identical
configurationbefore and after the action of the current.There is no form factor suppression.The
Isgur—Wise function can in fact be regardedas being the “overlap” of identical “brown muck”
configurationsboostedrelativeto eachotherby y = v v’. Since

Erecoii = mp’ (v . v” — 1) (1.34)

is the recoil energyof the daughtermesonP’ in the rest frame of the parent mesonP, the point
v = 1 is referredto as the zero recoil limit.

It is instructive to rewrite the aboveresults in termsof a more familiar parameterizationof the
hadronicmatrix elementsin (1.28) and (1.29), which usesthe relativistic normalizationof states
in (1.26), andform factors F, (q2) which are functionsof the invariant momentumtransferq2. To
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be specific, let us considerthe caseof B and D mesons,6and makethe comparisonusing the
parameterization[17]

(B(p’) by~’bI~(p))= F~
1(q

2)(p + p~)FL,

(ñ(p’)~ey~b~~(p))=F
1(q

2) ((P +p’)~— m2a—m2Dq~)+ Fo(q2)tmB_m~q~ (1.35)

where q = p — p’. The form factorsF
0(q

2) andF
1 (q

2) are subjectto the constraintF’o(O) = F
1 (0),

which eliminatesthe spuriouspoleat q
2 = 0. Fromthecomparisonof (1.35) with (1.28), oneobtains

for the elastic form factor

v’) = iLrnF~
1(q

2), (1.36)

v = 1 + (—q2/2m~). (1.37)

For the flavor-changingdecay,comparisonwith (1.29) gives [18] (we usem genericallyfor m,, and
m~)

/ 2 \1
~ v’) = lim RF

1(q
2) = lim R( 1— q 2 Fo(q2), (1.38)

m—.~ m—’~ \ (mB+mD) i

R= 2v’mBmD~0.88, u.i/= m~+m~q (1.39)
mB + mD 2mamD

The infinite masslimits haveto be takensuch that the velocity transferv v’ stays finite.
Although the aboverelationsarenothingbut atransferof conventions,they show that the heavy-

quark flavor symmetryis ratherpeculiarin that it relatesform factorsat differentmomentumtransfer,
but samevelocity transfer.The elasticform factor F~( q2) at spacelikemomentumtransfer(q2 <0)
is relatedto the weakdecayform factorsF

1 (q
2) andF

0 (q
2) at timelike momentumtransfer(q2 > 0).

Whereasby currentconservationthe elasticform factoris normalizedat q2 = 0, the weakform factors
are normalizedat maximummomentumtransferq~= (ma — mD)2. In bothcases,of course,the
normalizationpoint correspondsto the zero recoil limit v = 1.

Sincethe Fock stateof a heavymesoncan only be independentof theheavy-quarkmasson length
scalesgreaterthan A

1,~= 1 /mQ, the relations (1.36) and (1.38) must breakdown when thesestates
are probedat distancessmallerthan that. This happenswhen the recoil energyof the light degrees
of freedomin the parentrestframebecomesof orderof the heavy-quarkmass.Therefore,the heavy-
quarksymmetryrelationsareonly valid as long as (v . — 1) is much smallerthan mQ/AQCD [5].
Fortunately, this requirementis well satisfiedfor the phenomenologicallyinteresting semileptonic
B —~ D~Ptransition,for which

(v — 1)max = (mB — m~ ~ 0.6. (1.40)
2mBmD

Theheavy-quarkspinsymmetryleadsto additionalrelationsamongweakdecayform factors.It can
be usedto relatematrix elementsinvolving vector mesonsto thoseinvolving pseudoscalarmesons.

6 In contrastto the standardnomenclature,we shall denotemesonscontaininga bottom quarkby B, notB.
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In theeffective theory, a vector meson with longitudinal polarization e~is related to a pseudoscalar
mesonby

IV(v,�3))=2S~IP(v)), (1.41)

where S~is a hermitean operator which acts on the spinof the heavy quark Q. It follows that

(V’(v’, e3)Ih~,,Fh~IP(v))

= (P’(v’)I2[S~,,h~’,,rh~]JP(v)) = (P’(v’)Ih~,,(2S
3F)h~IP(v)), (1.42)

where F can be an arbitrary combinationof Dirac matrices,and S3 is amatrix representationof the
operatorS~,as given in (1.13). It is easiestto evaluatethis expressionin the restframe of the final
statemeson,where

v”2= (1,0,0,0), e~’=(0,0,0,1), S3 = ~y~y°y3. (1.43)

It is then straightforwardto obtain the following commutationrelationsfor the componentsof the
weak current (V — A)~L= h~,,y~(l— y

5)h~

2[S~,,V°—A°]=A
3—V3, 2[S~,,V3—A3]=A°—V°,

2[S~,,V’ — A’] =i(A2 — V2), 2[S~,,V2 — A~]= —i(A’ — V’). (1.44)

Using (1.42) and (1.44), one can relate the matrix elementof the weak current betweena pseu-
doscalarandavector mesonto the matrix elementof the vectorcurrent betweentwo pseudoscalar
mesonsgiven in (1.29). The result can be written in the covariantform [5]

(V’(v’,�)Ih~,y’~’(1 —y
5)h~IP(v))

= jE/Lvcxf

3�~*V~,Vf

3e(V. u’) — [e*~(v . v’ + 1) — . v]~(v . v’), (1.45)

where~0123= ~OI23= —1. Once again,the matrix elementis completelydescribedin termsof the
universalIsgur—Wiseform factor.

For the semileptonicprocessB — D*~P,let us studythe implicationsof this prediction in amore
conventionalform factorbasisdefinedby [17]

— y5bI~p)

~
= ep~ppV(q

2)
mB + mD.

— ((ma+mD.)e*~Al(q2) — � q (p+p’~A
2(q

2)_2mD.�
2~q~A3(q2))

ma+mD. q

— 2mD.~2~q~A0(q2). (1.46)

The form factor A3 (q
2) is given by the linear combination
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A3(q
2) = mB+mD. A,(q2) — mB—mD.A

2(q
2), (1.47)

and is furthermoresubject to the constraintA
0(0) = A3(0), so that there is no pole at q

2 = 0.
Comparing(1.46) with (1.45), onefinds that [18]

v’) = lim R*V(q2) = limR*Ao(q2) = limR*A
2(q

2)

= lim R*(1 — q 2) A,(q2). (1.48)
m—.oo (ma+mD.)

R* ~ 0.89 and the relation between v v’ and q2 arethe sameas in (1.39), but with mD replacedby
mD.. (Note that mD= mD. in them~—+ oc limit.)

One could go on andstudy matrix elementsbetweentwo vector mesons,or matrix elementsof
currents with a different Dirac structure.The physical picture is always the same:The hadronic
dynamicsresultsfrom the interactionof the “brown muck” with the color field of the heavy quark,
and the boostof this field dueto the actionof an externalcurrentleadsto a form factorsuppression,
which is describedby theIsgur—Wisefunction.In the infinite quark-masslimit, thissingle,normalized
function suffices to describeany mesonmatrix elementof thetype (M’IQ’FQ IM).

Eqs. (1.38) and (1.48) summarizethe relationsimposedby heavy-quarksymmetryon the weak
decay form factors describingthe semileptonicdecay processesB —* D~?Pand B —~ D*~P.These
relationsaremodel independentconsequencesof QCD in the limit wheremb, m~>> A~D.They can
be usedto test the consistencyof models.SinceR = Rt in the infinite quark-masslimit, the QCD
predictionis that the hadronicform factorsF,, V, A

0 andA2 becomeidentical,i.e., they havethe same
normalization and q

2-dependence.The sameis true for the form factors F
0 and A,. However, they

differ from the former onesby akinematicfactor [1 — q
2/ (ma+ mD~) 2]• In the infinite masslimit

this hasthe form of apoleterm, sincemb+ m~is the polemassassociatedwith the flavor-changing
current [181. It turns out that noneof the quarkmodelsproposedin the literature is fully consistent
with theserelations.Let us briefly demonstratethis for threeof the most popularmodels.Since in
the limit of vanishingleptonmassF

0 andA0 do not contributeto semileptonicdecayrates,we shall
focus on the remaining form factors F,, V, A,, and A2. To the extentthat the bottom andcharm
quarksare sufficiently heavy, the QCD prediction is

/ 2
Fi(q

2)~V(q2)~A
2(q

2)~(1— q 21 A,(q2). (1.49)
\ (ma+mD.) j

At maximum momentum transfer, corresponding to zero recoil, the first three form factors should
have values closeto R’ ~ R* 1 ~ 1.13, whereasA,(q~) should approachR* ~ 0.89. In the
nonrelativistic constituent quark model of Isgur, Scora, Grinstein, andWise (ISGW), all form factors
havethe sameq2-dependence,namely [19]

hexp[—0.03(q~— q2)], (1.50)

whereh is computed from an overlap integral of nonrelativistic meson wave functions. The numerical
valuesare h = 1.13, 1.19, 1.06, and 0.94 for F,, V, A

2, and A,, respectively.The normalizationsat
q~are reasonablycloseto the asymptotic QCDprediction, but the q

2-dependence of A, relative to
the other form factors is incompatible with heavy-quark symmetry. This becomes apparent in Fig. 1.3,
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wherewe showthe four quantitiesin (1.49) as a functionof q2. A similar situationis encountered
with the relativistic wave functionmodelof Bauer, Stech, andWirbel (BSW) [17]. Again all form
factorsareassumedto havethe sameq2-dependence,given by the pole ansatz

h(l —q2/m~
01~)~, (1.51)

with n = 1. In this model,the normalizationat q
2 = 0 is computedfrom overlapintegralsof relativistic

light-conewave functions.Numerically, h = 0.69, 0.71, 0.69, and 0.65 for F,, V, A
2, andA,. The

polemassesareassumedto be mpole = 6.34 GeV for F, and V, and 6.73 GeV for A1 and A2. Again,
the normalizationsat maximummomentumtransferturn out to be closeto the asymptoticprediction
(seeFig. 1.3), but the relative q

2-dependenceof A, is inconsistentwith (1.49). Kämerand Schuler
(KS) adoptthe samepoleansatzas shown above,with universalparametersh = 0.7 and ~ = 6.34
GeV for all form factors [20]. However, theyadjustthe coefficientn to be consistentwith the QCD
powercountingrulesfor asymptoticallylargevaluesof q2 [21]. This givesn = 1 for F, and A,, and
n = 2 for V andA

2. In thismodelthe relativeq
2-dependenceof F, is not in accordancewith (1.49).

This little exerciseclearly demonstratesthe importanceandusefulnessof heavy-quarksymmetry as
an exact limiting case.It also elucidatesthe potentialuncertaintiesinherent in models,which often
rely on ad hoc assumptions.On the other hand, onemay say that if these models have any physical
significancethey indicatethat deviationsfrom the heavy quark symmetry limit are moderate.This
providessupportfor an approachwhereone starts from the limit of an exactsymmetry,andaddson
symmetrybreakingcorrectionsin asystematicway.

Many of the physicalideaspresentedin thischapterarenot new to the discussionof heavy-quark
effective theory.They haveemergedfrom the work of many researchersover more than a decade.
Prior to the modern formulation of the heavy-quarkeffective Lagrangian,these ideas have been
incorporatedto someextent into modelsdescribinghadronicboundstates,such as the nonrelativistic
constituentquark model [19,22—24].The conceptof a new flavor symmetry for hadronscontaining
a heavy quark was introducedas earlyas 1980 by Shuryak[25], who later studiedmanyproperties
of heavy mesonsandbaryonsin the contextof QCD sumrules [261. The infinite quark-masslimit
in QCD was usedby Eichtenand Feinbergto study the heavy-quark—antiquarkpotential [8]. They
introducedthe static propagatorin position space. The utility of the static approximation,and of
the closely relatednonrelativisticapproximation[10], for computationsin lattice gaugetheory was
discussedby Eichten [27], andby LepageandThacker[28]. Close,Gounaris,andPaschaliswerethe
first to realizethe approximatenormalizationof the weakdecayform factorsat zero recoil, and the
relationsbetweenthe B —* D andB —* D’ semileptonicdecayrates[29]. A clear,model-independent
formulationof the physicalideasof the spin—flavor symmetrywas developedin the importantworks
by Nussinov and Wetzel [14], and Voloshin and Shifman [15,16]. Thesepaperscontain much of
the presentknowledgeaboutthe weakdecayform factorsclose to the endpointregion, in particular
the model-independentnormalizationat zerorecoil following from the heavy-quarkflavor symmetry.
Voloshin andShifmanevenanticipatedthe vanishingof certain1 /mQcorrectionsto thenormalization
at zero recoil [16], a result which is nowadaysreferredto as Luke’s theorem [30]. They werealso
the first to understandthe renormalizationof currentscontainingheavy-quarkfields, which leadsto
correctionsthat dependlogarithmically on the heavy-quarkmass [151. Such correctionswere also

The regionof applicability of thepowercountingrules correspondsto valuesv v’ m~/A~D,which is outsideof the
rangeof validity of heavy-quarksymmetry.Thereis no contradictionbetweenthe two limits.
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Fig. 1.3. Predictionsfor the weakdecayform factors F
1, V, A1, and A2 over the kinematic rangein q

2 accessiblein
semileptonicB decays,accordingto the quarkmodelsof ISGW, BSW, and KS. A, is multiplied by a kinematic factor as
shown in (1.49). In the KS model the form factors V andA

2 are identical.

investigated by Politzer and Wise [31]. Anothercornerstonewere the two famouspapersby Isgur
and Wise [5], in which they pointed out that the simplifications arising in heavy-quarksystems
are consequencesof the low energyeffective Lagrangianthat describesthe strong interactionsof
heavy quarkswith light degreesof freedom. The relationsbetweendecayform factors,which were
previouslyderivedmainly by intuition or in the framework of particularmodels,emergedas model-
independentpredictionsof QCD in a well defined limit. They also realizedthe specialrole played
by the heavy-quarkvelocities, and showedthat the symmetryrelationsare not only valid nearzero
recoil, but in fact over the entire kinematic rangein the velocity transfervariablev v’. A little
later, Eichten andHill constructedthe effective Lagrangianfor a heavy quark (in its rest frame)
to leadingand subleadingorder in the 1 /mQ expansion[9,32]. Grinsteinestablishedthe validity of
this effective theory at leadingorder in 1 /mQ,but to all ordersin perturbationtheory [33]. Finally,
Georgi reformulatedthe effective Lagrangianin a covariantway, which is necessaryfor studying
processes involving heavy quarks with different velocities [6]. The establishmentof this effective
field theory for heavy quarksopenedthe way to moredetailedinvestigationsof renormalizationgroup
effects, to a systematicanalysisof power correctionsto the infinite quark-masslimit, andto many
phenomenologicalapplicationsof heavy quarksymmetry.

The purposeof this review is to presentthe current status of thesedevelopments.The following
chaptersdeal with a more rigorousderivation of the results presentedabove, as well as with a
systematicdlscussionof the correctionsto the exact symmetrylimit. The presentationwill often be
more technical, but this should not obscurethe simplicity of the underlying ideas of heavy-quark
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symmetry. In chapter6, we will return to phenomenologyand discussin detail the semileptonic
decaysB —* D(*)~Pwithin the new theoreticalframework provided by the heavy-quarkeffective
theory.

2. Heavy-quarkeffective theory

2.1. Effectivefield theories

Effective field theoriesare an important tool in theoreticalphysics.The reasonis simple: For
the understandingof aphysical processit is usually counterproductiveto considerit in the context
of a “theory of everything” (even if this existed). It is better to use a level of descriptionthat
is mostadequateto the problemat hand. In other words, onetakesinto accountthose aspectsof
the “full theory” which are important, and ignores otherswhich are irrelevant. So are Newton’s
laws, Maxwell’s equations,and the laws of thermodynamicssufficient to accountfor most of the
phenomenaof our everyday life, whereasthe more refined descriptionsof quantummechanicsand
relativity are necessaryto understandthe physicsat smaller distancesand larger energies.For the
energiespresentlyaccessiblewith particleaccelerators,the languageof local quantumfield theories,
in form of the standardmodelof the strongandelectroweakinteractions,hasprovedto providea most
adequatelevel of description.We are well awarethat noneof theseconceptstruly is the “theory of
everything”.But nevertheless,in their rangeof applicability theycanall beusedto makecalculations
of sometimesincredibleaccuracy.

In particlephysics,it is often the casethat the effectsof avery heavyparticlebecomeirrelevantat
low energies.It is thenusefulto constructa low energyeffective theory in which this heavy particle
no longer appears.Eventually, this effective theory will be easierto deal with than the full theory.
A familiar exampleis Fermi’s theory of the weak interactions.For the descriptionof weak decays
of hadronsone can safely approximatethe weak interactionsby point-like four-fermion couplings
governedby a dimensionfulcoupling constantGF. Only at energiesmuchlargerthanthe massesof
hadronscanoneresolvethe structureof the intermediatevectorbosonsW andZ. This exampleis also
instructivein that it showsthat it is usuallythe low energyeffectivetheory which is known first. Only
as one proceedsto higherenergiesits limitations becomeapparent.In fortunatecircumstancesthis
can leadto the discovery of a new effective theory (in this casethe standardmodel of electroweak
interactions),which providesan adequatelevel of descriptionfor higherenergies.

Technically, the processof removing the degreesof freedomof a heavy particle involves the
following steps [34—36]:One first identifies the heavy particle fields and “integratesthem out” in
the generatingfunctional of the Greenfunctionsof the theory.This is possiblesinceat low energies
the heavy particle doesnot appearas an external state.However, althoughthe action of the full
theory is usually a local one, what results after this first step is a nonlocaleffective action. The
nonlocality is relatedto the fact that in the full theory the heavy particle (with massM) canappear
in virtual processesand propagateover a short but finite distancei~x 1/M. Thus asecondstepis
requiredto get to a local effective Lagrangian:The nonlocaleffectiveactionis rewrittenas an infinite
seriesof local terms in an operatorproductexpansion[37,381. Roughlyspeaking,this corresponds
to an expansionin 1/M. It is in this stepthat the short- and long-distancephysics is disentangled.
The long-distancephysicscorrespondsto interactionsat low energiesand is the samein the full
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and the effective theory.But short-distanceeffects arising from quantumcorrectionsinvolving large
virtual momentaare not reproducedin the effective theory up to this point. In a third step, they
have to be addedin aperturbativeway using renormalizationgroup techniques.This procedureis
called matching.It leadsto renormalizationsof the coefficientsof the local operatorsin the effective
Lagrangian.An exampleis the effective Lagrangianfor nonleptonicweakdecays,in which radiative
correctionsfrom hard gluons with virtual momentabetweenmw and somerenormalizationscale~s
give riseto Wilson coefficients,which renormalizethe local four-fermioninteractions[39—41].

The heavy-quarkeffective theory (HQET) is constructedto provide a simplified descriptionof
processeswhere a heavy quark interacts with light degreesof freedom by the exchangeof soft
gluons. Clearly, m0 is the high energy scale in this case,and AQCD is the scaleof the hadronic
physicsone is interestedin. However, a subtletyarises sinceone wants to describethe properties
and decaysof hadronswhich containa heavy quark.Hence it is not possibleto removethe heavy
quark completelyfrom the effective theory.What is possible,however,is to integrateout the “small
components”in the full heavy-quarkspinor,which describefluctuationsaroundthe massshell.

2.2. Derivationof the effectiveLagrangian

The starting point in the constructionof the low energyeffective theory is the observationthat
a very heavy quark bound inside a hadronmoves with essentiallythe hadron’s velocity v and is
almoston-shell. Its momentumcan be written as PQ = mQv+ k, wherek is much smallerthan mQv.
Interactionsof the heavy quark with light degreesof freedomchangethis residualmomentumby an
amountof order L~k A~D,but the correspondingchangesin the heavy-quarkvelocity vanishas
AQCD/mQ —+ 0. For this situationit is appropriateto introduce“large” and “small” componentfields
h~andH~by

h~(x) =exp(imQv.x)P+Q(x), [4(x) =exp(imQv.x)P.Q(x), (2.1)

so that

Q(x) =exp(—imQv•x)[hL,(x) +H~(x)]. (2.2)

The heavy-quarkmassm~is defined as “the mass in the Lagrangian” to makethe manipulations
below work. A precise definition of this parameterwill be given in section 2.6. Becauseof the
projection operatorsP~,= ~(1 ±iS), the new fields satisfy iS h1, = h0 and iS H,., = —H,.,. In the rest
frame, h~correspondsto the uppertwo componentsof Q, while 14 correspondsto the lower ones.
Whereash~annihilatesa heavy quark with velocity v, lI~createsa heavy antiquarkwith velocity v.
If the heavy quark was on-shell, the field H,, would be absent.If onewants to describea situation
whereahadroncontainsa heavyantiquark,the signof the velocity (momentum)hasto be reversed.
In this case,one would introducelarge and smallcomponentfields by

h~(x)=exp(—imQv.x)P.Q(x), H~(x)=exp(—imQvx)P+Q(x), (2.3)

so that

Q(x) =exp(imQv.x)[h~(x) +H1(x)]. (2.4)

The effective Lagrangianfor this caseis simply obtainedby replacingv —* —v and h,, —~ h~in the
equationspresentedbelow.
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Fig. 2.1. Virtual fluctuationsinvolving paircreationof heavyquarks.Time flows to the right.

In termsof thenewfields, theQCD Lagrangian for heavyquarksgiven in (1.3) takesthe following
form:

= h~ivDhv — [l~(iv~ D + 2mQ)HU+ h1, ~ + R,, i1t.J~h~, (2.5)

where

D~1=D
5—v~v.D (2.6)

is orthogonalto the heavy-quarkvelocity, v~D~= 0. In the restframe, D~= (0, D) containsjust the
spacecomponentsof the covariantderivative.From (2.5) it is apparentthat h~describesmassless
degreesof freedom,whereas1l~correspondsto fluctuationswith twice the heavy-quarkmass.These
are the heavy degreesof freedomwhich will be eliminated.The fields are mixed by the presenceof
thethird andfourthterms,which describepair creationor annihilationof heavyquarksandantiquarks.
As shownin the first diagramin Fig. 2.1, in avirtual processa heavy quark propagatingforward
in time can turn into a virtual antiquarkpropagatingbackwardin time, and then turn back into a
quark.The energyof the intermediatequantumstatehh[I is largerthanthe energyof the incoming
heavy quark by at least 2mQ. Becauseof this largeenergy,the virtual quantumfluctuation can only
propagateover a short distance~x 1 /mQ. On hadronicscalesset by Rhad= 1 /A~D,the process
essentiallylooks like a local interactionof the form

h
0i~±(1/2mQ)ib.Lh~, (2.7)

where we have simply replacedthe propagatorfor H,, by i/2mQ. A more correct treatmentis to
integrateout the small componentfield Ii,,, therebyderivinganonlocaleffective action for the large
componentfield h,,, which can then be expandedin termsof localoperators.Beforedoing this, let us
mentionasecondtypeof virtual correctionswhich involve pair creation,namelyheavy-quarkloops.
An exampleis depictedin the seconddiagramin Fig. 2.1. Anotheronewould be the triangle graph
with two external gluonsand an axial vector current,which gives rise to the chiral anomaly.Such
heavy-quarkloops cannotbe describedin termsof the effective fields h~and “v, since the quark
velocities in the loop are not conserved,and are in no way relatedto hadron velocities. However,
theseshort-distanceprocessesare proportionalto the small coupling constanta,(mQ) and can be
calculatedin perturbationtheory. They lead to correctionswhich are added onto the low energy
effective theory in the matchingprocedure.This will be discussedin detail in chapter3.

On aclassicallevel, the heavy degreesof freedomrepresentedby Hv can be eliminatedusingthe
equationsof motion of QCD. Substituting(2.2) into (ilb — mQ) Q = 0 gives

L1~h,,+(iZ~—2mQ)H,,=0, (2.8)

and multiplying this by P~onederivesthe two equations
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—iv Dh,, = i&H,,, (iv . D + 2mQ)H,, = iI!~hL,. (2.9)

The secondcan be solvedto give

H,, = (iv. D + 2mQ — iEY’il&Lh,,, (2.10)

which showsthat the small componentfield H,, is indeedof order 1 /mQ. One can now insert this
solution into the first equationto obtain the equationof motion for h,,. It is easyto seethat this
equationfollows from the effectiveLagrangian

= h,,iv. Dh,, + i~,,i~j(jV . D + 2m~— i�)’i~Lh,,, (2.11)

which is the correct generalizationof (1.8) for large but finite heavy-quarkmass.This is the La-
grangianof the heavy-quarkeffective theory (HQET). Clearly, the secondterm preciselycorresponds
to the first classof virtual processesdepictedin Fig. 2.1.

Mannel,Roberts,andRyzak havederivedthis Lagrangianin amoreelegantway by manipulating
the generatingfunctional for QCD Green’sfunctionscontainingheavy-quarkfields [42]. They start
from the field redefinition (2.2) and couplethe largecomponentfields h,, to externalsourcesp,,.
Green’s functions with an arbitrary number of h,, fields can be constructedby taking derivatives
with respectto p,,. No sourcesare neededfor the heavy degreesof freedomrepresentedby H,,.
The functionalintegral over thesefields is Gaussianand canbe performedexplicitly, leadingto the
nonlocaleffective action

Seff = f d4xrett — i ln A, (2.12)

with 4~as given in (2.11). The appearanceof the logarithmof the determinant

A=exp[~Trln(iv.D+2m~—ie)] (2.13)

is a quantumeffect not presentin the classicalderivationgiven above. However, in this casethe
determinantcan be regulatedin a gaugeinvariant way, and by choosingthe axial gaugev A = 0 it
is seenthat ln A is just an irrelevantconstant[42,43].

Becauseof the phasefactor in (2.2),the x-dependenceof the effectiveheavy-quarkfield is weak,
i.e., the Fourier transformof h,, containsonly the small residualmomentak. Derivativesactingon h,,
producepowersof k, which is muchsmallerthanm

0. HencethenonlocaleffectiveLagrangian(2.11)
allows for a derivativeexpansionin iD/mQ. Taking into account that h,, containsa P~projection
operator, andusingthe identity

P+iiP+=P+[(iD±)
2+~goa~G~]P+, (2.14)

where

[iD”, iDe] = igG~= igTaG~/~ (2.15)

is thegluon field strengthtensor,one finds that [32,44]

= h,,iv. Dh,,+ ~_~~_h,,(iD±)2h,,+ —~—h,,cr~~G~h,,+O(1/m~). (2.16)2mQ 4mQ
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The leading term coincideswith the effective Lagrangianderivedin chapter1. The new operators
arisingat order 1 /mQare easiestto identify in the restframe:

— 1 ~ Iri \27. __ 1 ~ f~I~\27
LFkjn — ~t~,,klLIJ_)Itt, .‘ fl,,klL’) It,, (2.17)

~.mQ

is just the gaugecovariantextensionof the kinetic energyarising from the off-shell residualmotion
of the heavyquark.The secondoperatoris the nonabeliananalogof the Pauli term, which describes
the interactionof the heavy-quarkspin with the gluon field:

°mag= L hvOcrpG”3hv —* ~—~--h,,S.B,,h,,. (2.18)4mQ mQ

Here S is the spin operatordefinedin (1.11), andB~= — arethe componentsof the color-
magneticgluon field. This chromo-magnetic“hyperfine” interaction is a relativistic effect, which
scaleslike 1 /mQ.This is the origin of the heavy-quarkspin symmetry.

2.3. The 1/rn
0 expansion

In the absenceof radiativecorrections,eq. (2.16) defines the operatorproductexpansionof the
Lagrangianof HQET as aseriesof local, higherdimensionoperatorsmultiplied by powersof 1/m0.
The explicit expressionfor H1, in (2.10) can be usedto derive a similar expansionfor the full
heavy-quarkfield Q(x):

Q(x) =exp(—imQv x) (i + (iv. D +
2mQ — i�)~)’~~~

=exp(—imQv . x) (1 + i~±/2mQ+ . . .)h,,(x). (2.19)

This relation containsthe recipehow to construct(at tree level) anyoperatorin HQET that contains
one or moreheavy-quarkfields. For instance,the vectorcurrent V’~=

4yi~Qcomposedof a heavy
anda light quark is representedas

V~(x)=exp(—imQv .x)4(x)y
t1(l +i&72m

0+ . . .)h,,(x). (2.20)

Matrix elementsof this currentcan be parameterizedby hadronicform factors,andthe purposeof
usingan effectivetheory is to makethe m0-dependenceof theseform factorsexplicit.

Consider, as an example, the matrix element of V”
1 (0) betweena heavy meson M(v) and the

vacuum:8

<0IV~IM(v))= (0It~y”1h,,IM(v))+ (1/2mQ)(OIëjy”1ilb±hVIM(v))+ .... (2.21)

It would be nice if the matrix elements on the right-hand side of this equation were independent of rn~
(once the 1/mQ prefactor has been removed). Then the second term would give the leadingpower
correction to the first one. However, the equation of motion for h,, derivedfrom (2.16) contains
1 /mQcorrections,too. This leadsto an mQ-dependenceof any hadronicmatrix elementof operators

8 Thesematrix elementsdefinemesondecayconstants,which are hadronicparametersof primary importance(seesection

4.6).
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containingsuch fields. Another way to say this is that the eigenstatesof the effective Lagrangian
4ff (supplementedby the standardQCD Lagrangianfor the light quarks andgluons) depend,at
higherorder in 1/rn

0, on the heavy-quarkmass.This is no surprise,sincethe effectiveLagrangianis
equivalent to the Lagrangianof the full theory.

It is better to organizethings in a slightly different way, by working with the eigenstatesof only
the leading term in (2.16),

£HQET h,,iv Dh,,, (2.22)

andtreatingthe higher dimension operators perturbatively as power corrections [30,45,46]:
£‘power = L, + ~L2 + ~ (2.23)

2rnQ 4rn
0

Then the equation of motion satisfied by h,, is exactly

iv~Dh,,=0, (2.24)

andthe statesof the effective theory are truly independentof mQ. However, these states are now

differentfrom the statesof the full theory.For instance,insteadof (2.21) we shouldwrite
(01V”’ I M(v) )QcD

= (OI~y”
1h,,IM(v))HQ~r+

+ ._!_(OIiJdYT{4Ysah(0)L:l(Y)}IM(v))HQET+O(1/14) (2.25)
rnQ

The matrix elementson the right-handsidearenow independentof the heavy-quarkmass.The mass

dependenceof the statesI M(v))~is reflectedin HQETby the appearanceof the third term, which
arises from an insertionof the first-orderpower correctionsin (2.23) into the leading-ordermatrix
elementof the current. This insertioncan be thoughtof as being acorrectionto the wave function
of the heavy meson.Fromnow on we will omit the subscripton the states.We will insteadusethe
symbol “~“ and write

V”’(0) ~7y”’h,, + (1/2mq)c~y”i1bjh,,+ ~-~——ifdyT{4v~’h~(0),A(y)}+..., (2.26)

to indicatethat the operatorson the two sidesof thisequationhaveto be evaluatedbetweendifferent
states.

As long as onedoesnot go beyondthe order 1/rn
0 in the heavy quarkexpansion,the equationof

motion (2.24) can be usedto reducethe setof operatorsin HQET [47—49].In particular,onemay
replace iD~h,,by iD”h,, in the first-orderpowercorrectionsto the effective Lagrangian.Thisyields

= h,,(iD)
2h,,+ ~gh,,crapG~h,,. (2.27)

At higher ordersin the 1/rn
0 expansion,somecare hasto be usedwhen applying the equationof

motion inside time-ordered products, since in that case the derivative v D can acton thetime-ordering
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symbol, leading to local contactterms. Since in this review we are mainly interestedin first-order
power corrections,we shall not discussthesesubtletiesfurther. The interestedreaderis referred to
the literature [50—52].

2.4. Hadron massesin the effectivetheory

As discussedabove, the hadronstatesusedin matrix elementsin theeffective theoryare different
from thephysicalstatesof thefull theory.Consider,as anexample,the ground-statepseudoscalarand
vector mesonsP andV. In HQET thesestatesare strictly degenerate,correspondingto the leading
orderin the 1 /mQ expansion.Due to the QCD interactions,their commonmassMM differs from the
heavy-quarkmassby aconstantamountA of order AQCD:

A=MM—rnQ. (2.28)

Note that A is independent of the heavy-quark flavor. Since the phase factor in (2.2) effectively
removes the mass of the heavy quark from the states, it is this difference which determines the x-
dependence of matrix elements in the effective theory [30]. For the purposes of this review it suffices
to considerthe matrix elementsof either “heavy—light” operators°h1~which transforma heavy into
a light quark, or “heavy—heavy” operators °bh~which transformaheavy quark into another one of,
in general, different flavor and velocity. Examples of the first type are the effective current operators
on the right-handside of (2.26), whereasexamplesof heavy—heavycurrentshavebeenconsidered
in section1.4. Fromtranslationalinvarianceit follows that in HQET

(X(p’) IOh,(x)IM(v)) = exp[i(p’ — Av) . x] (X(p’) IOh,(0)IM(v)),

(M’(v’) IOhh(x) IM(v)) = exp[iA(v’ — v) . x] (M’(v’) IOhh(0) IM(v)), (2.29)

where X(p’) is some light final state with total momentump’. The parameter A determinesthe
“effective mass”of mesonstatesin HQET. It is naturalto associatethis with the massof the_light
degreesof freedom.This assertioncan actuallybe put in the form of an operatordefinition of A: Let
~Fh,,be an interpolatingcurrentwith the quantumnumbersof the heavymeson(for instanceF =

for M = P. and F = y’1 for M = V). Thena covariant andgauge invariant definition of the “mass”
M

1 of the light degrees of freedom is [53]

~ ~~IM(i.’~• (2.30)
(01c~Fh,,M ( v))

Using the equationof motion (2.24), as well as the x-dependenceof matrix elementsas given above,
it is immediateto find that

= iv D(0~qf’h,,~M(v))= A. (2.31)(0~qrh,,~M(v))Although we have derived these results for meson states,it goeswithout sayingthat theyareequally
valid for heavy baryons.Of course,the value of A is different in the two cases.It will turn out
that this massparameterplays acrucial role in the descriptionof the leadingpowercorrectionsto
heavy mesonand heavy baryon decay form factors. It is the “brown muck” that the heavy quark
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is recoiling against,and the ratio s~= A/2mQ determinesthe canonicalsize of deviationsfrom the
infinite quark-masslimit [30,45,54].

Let us comeback to the mesonmassesfor amoment.The physicalmassesof pseudoscalarand
vectormesonsare, of course,not exactlydegenerate.They differ from thecommonmassof the states
in HQETby amounts of order 1 /rnQ. Thesedifferencescan be accountedfor in the effectivetheory.
The physicalmassesmp and my obey an expansionof the form

mM—rnQ=A+h~mM/2mQ+..., (2.32)

where Am~,arisesfrom the presenceof thefirst-orderpowercorrectionsin (2.23). In the mesonrest
frame, onehas

(M(v)IM(v))Arn~,= —(M(v)I fd3xA(x)IM(v)). (2.33)

With the normalizationof statesas given in (1.25), this is equivalentto [46]

= —~(M(v)IL,(0)IM(v)) —A~— dMA
2. (2.34)

The parameter A, parameterizesthe massshift dueto the kinetic operator,whereasA2 describesthe
effect of the chromo-magneticinteraction.Using the tensormethodsdescribedin section4.1, it is
easyto showthat d~= 3 for apseudoscalarmeson,andd~= —1 for avectormeson,such that

A, = _~(~m~+ 3i~m~,) (2.35)

is the spin-averagedmassshift, while A2 determinesthe vector-pseudoscalarmasssplitting:

— m~~ Am~— i~m~= 4A2. (2.36)

2.5. Reparameterizationinvariance

The construction of HQETstarts from the decompositionof the heavy quark momentuminto a
“large” anda“small” piece: PQ = m0v+ k. Theeffective theory essentiallyprovidesanexpansionin
k/mQ. In order for it to be consistent,it is necessarythat the residualmomentumk doesnot scale
with rnQ, i.e., stay finite and of order J

1QCD as rnQ —~ oc. Beyond the leading order in the 1 /rnQ
expansion, there are certain ambiguities in how one defines the decompositionof the heavy-quark
momentum.But the predictionsof HQET must, of course,be unambiguous.This requirementleads
to “hidden” symmetries, which relate the coefficients of differentoperatorsin the 1/rn

0 expansion.
One source of ambiguity is related to the definition of the heavy quark velocity. Until now, we

have always adopted the natural choice of identifying it with the velocity v of thehadron.Butnothing
prevents us from using somedifferent quark velocity w = v + q/rnQ, whereq is of order AQCDand
subject to the constraint 2v . q + q

2/m
0= 0, so that w

2 = v2 = 1. In fact,

P~= m
0v”

4 + k”1 = m
0w~+ k”~, (2.37)

with k’ = k — q, providesequivalentparameterizationsof the heavy quark momentum [11]. The
effective theories constructed by using v or w as the heavy-quarkvelocity mustgive the sameresults,
i.e., up to termsthatvanishby theequationof motion,theeffectiveLagrangianmustbeinvariant under



286 M. Neubert/PhysicsReports245 (1994)259—395

the reparametenzationin (2.37). Physically, this just means that it is the heavy quark momentum
which is a well defined quantity. The way one splits it into a large andasmallpieceis irrelevant.

Luke andManohar have investigatedthe implications of this simple statementin detail [55].
Roughlyspeaking,theyfind that for theeffectiveLagrangianto beinvariantunderreparameterizations
of the momentumit is necessarythat the velocity and the covariantderivativealwaysappearin the
combination

V”1 = v”t + iD”1/rnq, (2.38)

which is the gaugecovariantextensionof the operatorPQ/rnQ. Things are slightly more subtle,
however, because the heavy-quark spinor fields themselves transformnontrivially undera reparame-
terization.A consistenttransformationlaw for the transition from v to w is

= exp(iq. x) A’(’l), w)A(~’,v)h,,, (2.39)

where A( ‘P. v) is a spinor representation of the Lorentz boost which transforms v into the invariant
“velocity” V = V/IVI.~The phasefactor comes from the definition of the heavy-quarkfields in
HQET. Using that

/ iD”1 aI~\
exp(iq.x)VM= (v”’+ + -~— )exp(iq.x) =W”~exp(iq.x), (2.40)

mQ rnQJ

onefinds that the field 7t~, A( i), v) h,, transformshomogeneouslyunder reparameterizations[55]:

h~=exp(iq. x) ii,,, W”1h~=exp(iq•x)V”~,,. (2.41)

The rest is straightforward. The most general reparameterizationinvariant effective Lagrangianmust
be build from V and /,,. The sameis true for the operatorproduct expansion of any external current
in the effective theory.Using the explicit form of the Lorentz boostA(V,v), one can showthat to
order 1 /mQ

ii,, = (1 + ilD/2rnQ + . . .)/j,, = ~(1 + V)h,,+.... (2.42)

This is nothing but the projection operatorcorrespondingto the “true” velocity ‘P.
Reparameterizationinvarianceis apowerful conceptin that it relates the coefficients of operators

appearingat differentorder in the 1 /rnQ expansion.For instance,the leadingand subleadingtermsin
the effective Lagrangian (2.16) can be castinto the explicitly invariantform

4ff = ~FflQh,,{(V— 1) — ~~0ai

3[ V”, V~1+ . . .}
1z

1,, (2.43)

wherethe ellipsis representsa term that vanishesby the equationof motion. Whereasthe chromo-
magnetic operatoris reparameterizationinvariant by itself, the kinetic operatormust be combined
with the leading term in the effective Lagrangianinto an invariant combination.For this to be still
the casein the presenceof quantumcorrections,it is necessarythat thesetwo operatorsacquirethe
same renormalization factor [551.

~ A properdefinition of ‘~‘ requiresan operatororderingprescription.However, sinceV
2 = 1 +0(1/m~)by the equation

of motion, this subtlety is irrelevantat order 1/mQ.
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Similarly statementsapply for the expansionof currentsin HQET. Consideragainthe heavy-light
currentfrom (2.20). At order 1/rn0,it can be written in the reparameterizationinvariant form

V~1(0)=t~y~h/i,,. (2.44)

As before, this form must be preservedby renormalization.This will be discussedin detail in
chapter 3.

2.6. The residualmassterm

Anotherambiguityin the constructionof HQET is relatedto the choiceof the heavy-quarkmass
rnQ. Sincequarkscannotappearas physical states, but arealwaysconfined into hadrons,thereis no
naturalway to definetheir masson-shell.Although onecan ignore confinementeffectsanddefinean
“on-shell” massas the poleof the renormalizedpropagatorto a given order in perturbationtheory,
such a conceptbecomesmeaninglessbeyond the perturbativeexpansion.Alternative definitions of
quark massesuseunphysicalsubtractionschemessuch as MS or MS. One could also work with
somead hocdefinition, for instancetaking mQ to be the massof the lightesthadronthat containsthe
heavy quark, or this massminussomefixed amount.This freedomposesthe questionwhich of the
parametersandpredictionsof HQETareunambiguous.Consider,as an example,the massparameter
A. Its definition in (2.28) clearly dependson the choice of mQ. On the other hand, the quantity
M~defined in (2.30) has no obvious relation to the heavy quark mass. How then can thesetwo
parametersbe equal?

To resolvethis puzzle,Falk, NeubertandLuke introducedthe notion of aresidualmass3mof the
heavyquark in the effective theory [53]. The ideais similar to that of reparameterizationinvariance.
The decompositionPQ = m0v+ k canbe rearrangedto read

~ (2.45)

which is a legitimate decompositioninto a large andasmall momentumas long as 3m is of order
AQCD. The effectivetheory constructedby using rn’0 in the field redefinition (2.2) mustlead to the
same results as the effective theory obtainedby usingmQ. Let usdenotethe heavy-quarkfields in the
two theorieswith and without a residualmassterm by h,, and ~ respectively.They simply differ
by aphase,so that

h,, = exp(iömv. x) hg”, jD
1th = exp(iômv . x) (iD”1 — Smv”1) h~”. (2.46)

Considernow changesin the definition of the heavy-quarkmass m~,correspondingto changesin
3m. From (2.45) it follows that

am~/aôm=—1, ,9k~tL/t93m=vM. (2.47)

Substitutingthe covariantderivativefor k’, we concludethat the combinations

m~~rn~+ôrn, iD”1~iD”’—3rnv”1 (2.48)

are invariant under redefinitions of 3m. Notice that the generalizedderivativeiD is preciselywhat
appearsin (2.46). The argumentis now similar to that of the previoussection.For nonvanishing3m,
the parameters m~and 3m and the covariantderivativemustalwaysappearin the combinationsm~
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and iD. This ensuresthat matrix elementscalculatedin the effective theory are independentof the
choiceof 3m, i.e., of the definition of the heavy-quark mass. One can combinethisrequirementwith
reparameterizationinvarianceby replacingV in the expressionsof the previoussectionby

V”’ = v’~1+ iV”1/m~. (2.49)

For 3m # 0, the effectiveLagrangianof HQET mustbe generalizedto [53]

.CHQET = /i~”iv. Vhf” = h°’~iv. Dh,,Sm— 3mhorn hr’. (2.50)

Due to an incompletecancellationof the full theory massby the field redefinition, the heavy quark
hasaresidualmassof order AQCD in the effective theory.Suchatermis not forbiddenby heavy-quark
symmetry.Sincethe predictionsof the effective theory areindependentof the value of 3m,however,
it is a legitimatechoiceto set 3m = 0 in (2.50).This choicehasbeenadopted implicitly in basically
all works on HQET in continuumfield theory.10 In this casethe generalizedderivativereducesto
theusualcovariantderivative,andthe heavy-quarkmassm

0 coincideswith the invariant massm~.
The abovediscussionshows that in HQET thereemergesanatural way to define aheavy-quark

mass[561: If theeffectiveLagrangianis constructedusingthe invariantmassrn&, it doesnot contain
aresidualmassterm. In a way, thisprovidesanonperturbativegeneralizationof the conceptof apole
mass.In fact, in perturbationtheoryrn~is the polemass,sincein the absenceof a residualmassthe
renormalizedheavy-quarkpropagatorhasapoleat k= 0, correspondingto P~= m~.

In a theory with nonvanishing3m, the equationof motion is iv Dh~~= 3mh,,
6. Hence,there

appearsan additionalcontribution—3m on the right-handsideof (2.31), suchthat

M~=(MM—rn~)—ôm=MM—m~A. (2.51)

This resolves the puzzle mentioned above: The quantity M~definedin (2.30) is independentof
the choice of the heavy quark mass m’Q; it only dependson the invariant combinationm~.When
definedby the above equation,A becomesan invariant parameter, too. But one can also consider
(2.51) as a definition of m~,sincethe quantity M~is independently defined in terms of the ratio of
matrixelementsin (2.30).This definition becomesusefulfor very heavy quarks,sincethe difference
betweenthe physicalmesonmass mM andthe effectivetheory massMM vanishesas 1 /mQ.

Since the discussionin this section is subtle, let usrestateit this way: In perturbationtheory,one
candefine rn

0 as the positionof the pole in the renormalizedheavy-quarkpropagator.Alternatively,
one may define a heavy-quark mass m7~from the phaseof the field h,, in HQET, by requiring that
iv• Dh,, = 0. In perturbationtheory, thesetwo definitions are equivalent.However, the secondone
is more generaland does not rely on a perturbativeexpansion.With this definition, A = mM — m~
becomes a meaningful low energy parameter. Whenone chooses another definition, one must calculate
the residual mass3m and include the perturbationsinduced by 3m ~ 0. Theseare collected in a
compact way in this section.

From now on we shall follow the standardprocedureand set 3m = 0 and mQ m~,keepingin
mind that by meansof (2.51) the parametersm~and A areunambiguouslydefined.

~ We note,however,that if the theoryis regulatedby a dimensionfulcutoff, suchas in latticegaugetheory, aresidualmass

term will be inducedby radiativecorrectionsevenif it is not presentat tree level.
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3. Renormalization

3.1. Matching

In the previouschapterwe havediscussedthe first two stepsin theconstructionof HQET. Integrat-
ing out the smallcomponentsin the heavyquark spinorfields, anonlocaleffectiveactionwas derived
which allowed for anaiveexpansionin powersof 1/rn0. A similar expansioncould be written down
for any externalcurrent. The effective Lagrangianand the effective currentsderived that way cor-
rectly reproducethe long-distancephysicsof the full theory.They cannotdescribethe short-distance
physicscorrectly,however.The reasonis obvious:The heavyquarkparticipatesin stronginteractions
through its couplingto gluons. Thesegluons can be soft or hard, i.e., their virtual momentacanbe
small,of orderof the confinementscale,or large,of orderof the heavy-quarkmass.But hardgluons
can resolvethe nonlocalityof the propagatorof the smallcomponentfields H,,. Theireffects arenot
takeninto accountin the naiveoperatorproductexpansion,which was usedin the derivationof the
effective Lagrangian in (2.16) andthe effectivevectorcurrentin (2.26). So far, the effective theory
providesan appropriatedescriptiononly at scales~ << mQ.

In thischapterwe will discussthe systematictreatmentof short-distancecorrections.A new feature
of such corrections is that throughtherunningcouplingconstantthey inducealogarithmicdependence
on the heavy-quarkmass [15], whereasso far the dependenceon m0 was alwayspowerlike. The
important observation is that a, ( mQ) is small, so that theseeffects canbe calculatedin perturbation
theory. Consider,as an example,matrix elementsof the vector current V”1 = Qy’1Q. In QCD this
current is conservedand needsno renormalization[57]. Its matrix elementsare free of ultraviolet
divergences.Still, thesematrix elementscan havelogarithmicdependenceon m~from the exchange
of hard gluons with virtual momenta comparable to the heavy-quark mass. If one goes over to the
effective theory by taking the limit m0 —~ oc, these logarithms diverge. Consequently,the vector
currentin the effectivetheorydoesrequirearenormalization[31]. Its matrix elementsdependon an
arbitrary renormalizationscale~a,which separatesthe regionsof short-and long-distancephysics.If
1a is chosensuchthat AQCD <<~a<<rnQ, the effective couplingconstantin the region between~ and
m~is small, andperturbationtheory can be usedto computethe short-distancecorrections.These
corrections have to be added to the matrix elements of the effective theory,which only contain the
long-distance physics below the scale ~. Schematically,then, the relation between matrix elements
in thefull andin the effective theory is

(V”’ )QCD = C0(~)(VOCLL))HQET + (C1Ca)/2m0)(V1(/.L))~Qgr+... . (3.1)

The short-distance,or Wilson coefficients C~(~a)are defined by this relation. Order by order in
perturbationtheory theycan be computedfrom acomparisonof the matrix elementsin both theories.
Since the effective theory is constructedto reproducecorrectly the low energybehaviorof the full
theory, this “matching” procedure is independentof any long-distancephysics, such as infrared
singularities,nonperturbativeeffects, the nature of the external statesusedin the matrix elements,
physicalcuts,etc. Only at high energiesdo the two theoriesdiffer, andthesedifferencesarecorrected
for by the short-distancecoefficients.

The calculation of the coefficient functionsin perturbationtheory usesthe powerfulmethodsof
the renormalizationgroup. It is in principle straightforward,yet in practicerather tedious.Much of
the recentwork on heavy-quarksymmetryhasbeendevotedto this subject.We will thereforediscuss
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it in detail, starting with some general remarkson renormalization,compositeoperators,and the
renormalizationgroup.

3.2. The renormalizedLagrangian

In quantumfield theory, the parametersand fields of the Lagrangianhave no direct physical
significance.Green functions of these “bare” quantities diverge at higher orders in perturbation
theory.It is necessaryto renormalizethe “bare” parametersand fields before they canbe relatedto
observablequantities.In an intermediatestepthe theory hasto be regularized.The mostconvenient
regularizationschemein QCD is dimensionalregularization [58—60],in which the dimensionof
space-timeis analyticallycontinuedto D = 4 — 2�,with � being infinitesimal. Loop integralswhich
arelogarithmicallydivergentin four dimensionsbecomefinite for � > 0. The Greenfunctionsof bare
fields in the regularizedtheory are finite, but theydivergein the limit � —‘ 0. Throughoutthisreview
we shallusethe so-callednaivedimensionalregularizationschemewith anticommutingy5 [61]. This
is convenientsinceit will allow us to treatvectorandaxial vectorcurrentson the samefooting. From
the fact that the action S = fd’~x£(x) is dimensionless,onecanderivethe massdimensionsof the
fields andparametersof the theory.For QCD, one finds in particularthat the “bare” gaugecoupling
gbare is no longerdimensionlessif D ~ 4:

dim[g’~]=(4—D)/2=�. (3.2)

In arenormalizabletheory it is possibleto rewrite the Lagrangianin termsof renormalizedquantities
in suchaway that Green’sfunctionsof the renormalizedfields remainfinite as e—* 0. For QCDone
defines”

QbaIe= z~/
2~ren qb&e = Zqh/2 qren A”~= Z~12A~,

gb&e=~Ezggren, mr=Zrnm~, (3.3)

where Q and q refer to heavy and light quarks, respectively,and
1a is an arbitrary mass scale

introduced to render the renonnalizedcoupling constantdimensionless.Similarly, in HQET one
definesa renormalizedheavy-quarkfield by

= z~”
2hr”. (3.4)

Fromnow on the superscripts“ren” will be omitted.
Both for many formal considerationsand for actual calculationsit is advantageousto usethe

backgroundfield method, which is a techniquefor quantizing gaugetheories preservingexplicit
gaugeinvariance[62—65].In this methodthe renormalizationof the couplingconstantis relatedto
thatof the gaugefields by

(3.5)

so that the combinationgbareAbare= segA is not renormalized.This guaranteesthat the form of the

covariantderivativeandthe gluon field strengthtensoris preservedduring renormalization,i.e.
iD”1 = i9”1 + ~gTaA,,~, G~”= 3”’A~— 3”A~+ p~Egf~~,,,~ (3.6)

~ For simplicity, we do not considerthe renormalizationof the gaugeparameterandof the ghostfields.
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where G~= Z~”2(G~) bare The only modification of the Feynmanrules is the replacementof
g”~ by ~g. The backgroundfield methodalso greatly simplifies the renormalizationof composite
operators(seesection3.3). It will be adoptedthroughoutthis work.

Written in termsof the renormalizedquantities,the QCD Lagrangianfor aheavy andalight quark
interactingwith gaugefields becomes

£QCD = ~ + ZQ ~ (ill) — Zrn mQ) Q + Z~iibq

= — ~G~av,aG~” + ~ (ill) — rnQ) Q + ~i1bq + counterterms. (3.7)

The generalizationto moreflavors is obvious.Similarly, the effectiveLagrangianof HQET becomes

£HQET = Zhh,,iv•Dh,, = h,, iv• D h,, + counterterms. (3.8)

If the effective theory is regulatedby a dimensionful regulator (as in lattice gauge theory, for
instance),oneshouldin principle alsoallow for amassterm 3mh,,h,,, evenif no massterm is present
in thebareLagrangian.As discussedin section2.6, however,sucharesidualmasscanberemovedby
a field redefinition [53]. TherenormalizedLagrangianas written aboveis thusaperfectly legitimate
choice,but it assumesaparticulardefinition of the heavy-quarkmass.

The renormalizationfactors Z~have to be constructedin such a way that Green’s functionsof
renormalizedfields stay finite in the limit � —* 0. But this condition does not determinethe Z~
completely.To define them in an unambiguousway, one hasto choosea subtractionscheme.The
regularizationmethod together with a subtractionprescriptiondefine the renormalizationscheme.
In QCD one facesthe problemthat quarksand gluons cannotbe observedas free particlesdueto
confinement.Unlike in QED,thereis no directway to relatetheirproperties(suchasthequarkmasses
or the gaugecoupling) to observablequantities.In the absenceof anaturalphysicaldefinition of the
renormalizedparameters,oneusuallychoosesasubtractionprescriptionwhich is mostconvenient.A
widely usedschemeis the so-calledminimal subtraction(MS), in which the Z factorsare defined
to subtractthe 1 /e poles in the barequantities [59]. In this scheme,and using the background
field method,the renormalizationof the gaugefields to two-looporder is accomplishedby the gauge
independentfactor

(3.9)

e4ir 2� 4ir

where12 [1,2,66—68]

/3o=1l—~nr, /3~=102—~n~, (3.10)

and flf is the numberof quark flavors. Becauseof (3.5) this also determinesthe renormalizationof
the couplingconstant.

Of particular importanceis the scaledependenceof the renormalizedcoupling constant.From
(3.3) onefinds that

~dg/d~=—eg—gZ~’
4adZ8/d1.t~$(g,�). (3.11)

12 Throughoutthis work we evaluatethe QCD coefficients for N1 = 3 colors, andonly display the dependenceon the

numberof flavorsexplicitly.
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In the limit e —p 0 this reducesto the usualQCD /3-function/3(g). In the MS schemea very simple
relation between/3(g) and Zg can be derived [69]. Since Z5 dependson ~aonly implicitly through
the u-dependenceof g, one can usethe chainrule to obtain

/3(g,c) = —cg—g/3(g,c)t9lnZg/8g. (3.12)

Now Zg is a sumof poles,

Zg 1 +~~Zg,k(g), (3.13)

with coefficients Zg,k(g) that haveaperturbativeexpansionin the renormalizedcouplingg. On the
other hand, sinceQCD is a renormalizabletheory the /3-functionmust be finite in the limit c —* 0,
hence/3(g,c) = /3(g) ~ ck/3(k)(g). But from (3.12) it follows that fork> 1 the coefficients
vanish,and

/
3(g,c) =/3(g) —eg. (3.14)

Furthermore,the coefficients Zg,k must conspire such that all poles cancel in (3.12). From this
constraintone can derive importantrelationsbetweenthe Zg,k [69]. The only finite contributionto
/3(g) ariseswhen the eg term in (3.14) hits the 1/c polein Zg. This yields the useful relation

/3(g) = g2 ôZg,,/t9g, (3.15)

which is true to all ordersin perturbationtheory. Using the backgroundfield relation (3.5) andthe
two-loop resultfor ZA in (3.9), one seesthat the first two coefficientsin the perturbativeexpansion
of the /3-function,

/3(g) = /30 2 — ~‘ (161r2)2+~•~‘ (3.16)

arepreciselythe onesgiven in (3.10). —

Anotherusefulsubtractionschemeis modifiedminimal subtraction(MS) [73], in which onetakes
into accountthat in dimensionalregularizationthe 1/cpoles alwaysappearin the combination

1/~ 1/c — YE + ln4lT, (3.17)

anddefinesthe Z, to subtractthe 1/~polesfrom the divergentquantities.This schemeis particularly
usefulfor one-loopcalculations,for which it is trivially relatedto the MS scheme.The coefficients
/3o and /3, are the samein both schemes.They areactuallythe samein all renormalizationschemes
in which the renormalizedcouplingconstantis gaugeindependent[70—72].

Integrating (3.11) in the limit c —~ 0 one obtains the running coupling constantto two-loop
accuracy:

g2 41T 1 /3i lnln~.2/A2)\
= 42 = /3~ln(~2/A2) ~ — /3,~ ln(~2/A2)). (3.18)

The QCD scaleparameterA is schemedependenLIt has becomestandardto evaluatethe running
coupling constantin the MS scheme,a,(

1a) a~(p.),and to denotethe correspondingvalue of
the scaleparameterby A~.In other schemesthis parameteris different, for instance[73]
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Fig. 3.1. Self-energy—i2~(v k) of aheavyquarkin HQET. Thevelocity v is conservedby the stronginteractions.

AMs=e°A~ 3=~(y~—ln4ir). (3.19)

This schemedependencebecomesimportantat next-to-leadingorder in perturbationtheory:

aMS(~)=as(~)[l+/3oôas(~)/2l7~+...] (3.20)

i.e., only by going beyondthe leadingorder is one sensitiveto the precisedefinition of a,.
The above discussion of the effective coupling constant ignores quark mass effects. It assumes

the idealized situationwhere quarkswith masseslarger than j~decouple [74] and are neglected
completely.Then flf is the numberof light quarkswith massbelow ~, andthe coefficients of the
/3-functionchangeby discreteamountsas onecrossesquark thresholds.The QCD scaleparameter
A~is adjusted accordingly,suchthata,(pt) becomesacontinuousfunction of ~.

Let us now discussthe renormalizationof the quark fields. In the MS schemethe wave function
renormalizationfactorsaregaugedependent.In Feynmangauge,the expressionsarisingat one-loop
orderare

ZQ = Zq = 1 —a,/3ir�, Zh = 1 +2a,/3ire. (3.21)

In the full theory,heavy andlight quark fields are renormalizedin the sameway, sincedimensional
regularizationwith minimal subtractionprovidesamass-independentrenormalizationscheme.In the
effectivetheory, thecalculationof Zh from the self-energydiagramshownin Fig. 3.1 was performed
by Politzerand Wise [31]. The wave function renormalizationfactorsare also known at two-loop
order.The QCD resultwas derivedin Ref. [75], andthe calculationin the effective theoryhasbeen
performedin Refs. [76—78].

Although the wave functionrenormalizationfactorsgiven in (3.21) renderthe quarkself-energies
finite, the MS schemeis not the mostconvenientschemefor matchingcalculations.The reasonis. the
following: As mentionedin section3.1,the short-distancecoefficientsareindependentof the external
states.Their calculationcan be performedusing whateverstatesare most convenient,for instance
on-shell quarks.It is thenbetterto perform an on-shellwave function renormalization,suchthat the
renormalizedpropagatorhasa pole with unit residueon the massshell. This prescriptionabsorbs
entirely the contributionof self-energydiagramsinto the field reñormalization.It is thensufficient
to consideronly one-particleirreduciblediagramsin the matchingcalculation. In any other scheme,
therewould be finite self-energycontributionsafter renormalization,which could contributeto the
matching.

Sinceon-shellquarkstatesare unphysical,the correspondingwavefunction renormalizationfactors
are infrared divergent.As long as no nonabelianverticesare encountered,the infrared singularities
can be regulatedby associatinga fictitious massA with the virtual gluons, taking the limit A —~ 0
at the end of the calculation. The on-shell renormalizationof light and heavy quarks in QCD is
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completelyanalogousto that of the electron in QED. In the effective theory, Zh is relatedto the
heavy-quarkself-energyby:

= 1— , (3.22)
cJkv~I~)v•k—0

wherek is the residualoff-shell momentum.At one-looporder, theon-shellwave functionrenormal-
izationfactors in Feynmangaugeare [9,79]

ZQ=l — ~ —ln~—2ln~+4’~,
31r\c ~2 A2 j

a, (1 ~2 1 \ 2a, /1 ~2 \
Zq1 — ~~+ln-,~i-— ~ Zh= 1+-~~+ln~). (3.23)

with 1/e as definedin (3.17). The poletermsare, of course,the sameas in the MS scheme.Notice
that the s-dependentterm in Zh can be obtainedby setting m

0 = /L in ZQ, and that the infrared
singularpiecesin Zh and ZQ are the same.What is relevantto matchingcalculationsis the difference
ZQ — Zh, in which the regulatorA disappears.

3.3. Compositeoperators, short-distanceexpansion,and the renorinalizationgroup

Similar to the fields andcoupling constants,any compositeoperatorbuilt from quark and gluon
fields may require a renormalizationbeyondthat of its componentfields. Such operatorscan be
divided into threeclasses:Gaugeinvariant operatorsthat do not vanishby the equationsof motion
(classI), gaugeinvariant operatorsthat vanishby the equationsof motion (classII), andoperators
which arenot gaugeinvariant (classifi). In general,operatorswith the samedimensionandquantum
numbersmix under renormalization.The advantageof the backgroundfield techniqueis, however,
that a class I operatorcannot mix with classIll operators,so that only gaugeinvariant operators
needto be considered[80]. Furthermore,classII operatorsareirrelevantsincetheir matrix elements
vanishby the equationsof motion.It it thussufficient to considerclassI operatorsonly.

For aset {O~}of n classI operatorsthat mix underrenormalization,onedefinesan n x n matrix
of renormalizationfactorsZ~3by (summationoverj is understood)

= Z~O~, (3.24)

such that the matrix elementsof the renormalizedoperatorsO~remain finite as e —~ 0. Since the
bareoperatorsarecomposedof barefields, this definition of Z,3 is independentof the renormalization
of the componentfields. In contrastto the bareoperators,the renormalizedoperatorsdependon the
subtractionscalevia the its-dependenceof Z1~:

~adO1/dp~= (~.~dZ,7’/dii)O~= 71k Ok, (3.25)

where

71k = Z,J/JdZfk/d/.L (3.26)
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arecalledthe anomalousdimensions.It is convenientto introduceacompactmatrixnotationin which
o is the vector of renormalizedoperators,2 is the matrix of renormalizationfactors,and ~ denotes
the anomalousdimensionmatrix. Then

= 2’,ad2/d~u, (3.27)

and the runningof the renormalizedoperatorsis controlledby the renormalizationgroup equation

(1ad/d~+5~)O=0. (3.28)

In the MS schemethe matrix 2 obeysan expansion

(3.29)

andby requiring that the anomalousdimensionmatrix be finite as e —+ 0, onefinds in analogy to

(3.15) that ‘5’ can be computedin termsof the coefficient of the 1/c pole:

= —g8
2,/8g. (3.30)

The samerelation holdsin the MS scheme.
In HQET, one is mainly interestedin compositeoperatorsappearingin the operatorproduct

expansionof aweakcurrent J in termsof local operatorsof the effective theory. In the full theory,
neithervectornoraxial vectorcurrentsneedto be renormalized.But the effectivecurrentoperatorsin
HQET do requirerenormalization.Let us for simplicity assumethat thereis asingle large massscale
m in theproblem.Then at leadingorder in 1 /m the short-distanceexpansionof the QCD operatorJ
in the effectivetheory reads

J0p~~ C
1(~s)J1(~)+ 0(1/rn) = C1(~)Z~7’(~)J~+0(1/m), (3.31)

where we have indicated the ‘u-dependenceof the renormalizedoperators.A similar expression
appearsat eachsuccessiveorder in 1/rn. This gives the correctgeneralizationof (3.1) in the case
of operatormixing. In general,a completesetof operatorswith the samequantumnumbersappears
on the right-handside. Orderby order in 1/rn, the 4tt-dependenceof the Wilson coefficientshasto
cancel againstthat of the renormalizedoperators.

At the high energyscale~ = m, the coefficientshaveaperturbativeexpansionin a,(m):

C1(m) = C,,0 + C,,, a,(m)/4ir 4..... (3.32)

For scalesbelowm, expressionsfor C1(~a)to ordera, canbe derivedfrom acomparisonof one-loop
matrix elementsof the operatorsin (3.31) in the full and in the effectivetheory.For 1a << m sucha
treatmentis unsatisfactory,however.The scalein the runningcouplingconstantcannotbe fixed from
aone-loopcalculation,but a,(p~)anda,(m) candiffer substantially.Onewould like to resolvethe
scale-ambiguityproblemby going beyondthe leadingorder in perturbationtheory. Furthermore,the
perturbativeexpansionof the Wilson coefficientsis known to contain large logarithmsof the type
[/3oa,ln(m/,a)]”, which one should sum to all orders. Both goals can be achievedby using the
renormalizationgroup [73,81]. From (3~28)and the fact that the productC,(~a)J1(~a)mustbe ~u-
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independent,onecanderivethe renormalizationgroup equationsatisfiedby the coefficient functions.
It reads

(~d/d,a—’5’t)C(i~)=0, (3.33)

where ‘5” denotesthe transposedanomalousdimensionmatrix, andwe havecollectedthe coefficients
into avectorC(~).In general,the Wilson coefficientscan dependon ~aboth explicitly or implicitly
throughthe running couplingconstantg(

1a). Using’
3

(3.34)

it is straightforwardto obtain a formal solutionof the renormalizationgroup equation.It reads

C(p) = U(~,rn)C(m), (3.35)

with the evolutionmatrix [73,82]

/ g(~) ~t(

U(~,m) = Tg exp ( f dg’ ~ ) . (3.36)
\ g(m) /

HereT
5 meansan orderingin the couplingconstantsuchthat the couplingsincreasefrom right to left

(for ~t < m). This is necessarysince,in general,theanomalousdimensionmatricesatdifferentvalues
of gdonot commute:[5’(g,), 5’(g~)]~ 0. Eq. (336) canbe solvedperturbativelyby expandingthe
/3-function [cf. (3.16)] andthe anomalousdimensionmatrix in powersof the renormalizedcoupling
constant

‘5’(g) =~g
2/t6~r2+’5’,(g2/16ir2)2+.... (3.37)

Considerfirst the importantcaseof only asinglecoefficient function,or equivalently,whenthere
is no operatormixing. Then the matrix ‘5’ reducesto a number,and the evolutionis describedby a
function U(~, m), for which the perturbativesolutionof (3.36) yields

U(~s,rn) = (as(rn))a (i + a,(rn) — a,(IL)
5 •..) (3.38)

a,(p..) 4w

where

a = yo/2/3o, S = y,/2/3o — yo/3,/2/3~. (3.39)

The terms shoWnexplicitly in ( 338) correspondto the so-callednext-to-leadingorder in renormal-
ization group improvedperturbationtheory. In this approximationthe runningcouplingconstanthas
two-loop accuracy,andthe leadingand subleadinglogarithms

[a~ln(m/p.)]
0, a,[a,ln(m/

1a)]” (340)

aresummedcorrectly to all orders.To achievethis, however,it is necessaryto calculatethe two-loop
coefficient y, of the anomalousdimension.Wheny, is not known, it is only possibleto evaluatethe
evolutionfunction.in the so-calledleadinglogarithmic approximation,in which

Uo(p.,m)= [a,(m)/a,(~a)]a (341)

13 Recall that in HOETthe heavy-quarkmassesarefixed, a-independentparameters.
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This still sumsthe leadinglogarithmsto all orders,but doesnot containthe nonlogarithmictermsof
ordera,.

When (3.38) is combinedwith theinitial condition (3.32) for the Wilson coefficientsat the high
energyscale~ = m, one obtainsthe next-to-leadingorder result

C(s) = (i — as(Ia)5) Uo(~a,rn) (C0+ a,(rn) (C0S+C1)). (3.42)

In this equationthe termsinvolving the highenergycouplingconstanta,(m) areschemeindependent
[73,81]. Uo(1a,m) involvesonly the one-loopcoefficients~o and /3°and is schemeindependentby
itself. For the coefficient C0S+ C, in parenthesesthingsare more subtle, however.The one-loop
matching coefficient C,, the two-loop anomalousdimensiony~’and the QCD scaleparameterA in
the running coupling constantare schemedependent.But they conspire to give a,(m) a scheme
independentcoefficient. Let usdemonstratethis for the MS and MS schemes,for which y, and hence
S in (3.39) arethe same.Before the subtractionof the ultraviolet divergentpole, the expressionfor
C(~z)obtainedfrom one-loopmatchingis of the form

C(~a)= C0 [i + ~ ~- (~— ln(m2//L2))] + c,~-, (3.43)

which is clearly asolution of the renormalizationgroup equation(3.33). Comparingthis to (3.32)
one finds that C~~S= c, and CrS = c, — 703C0, where6 is given in (3.19). But the relation (3.20)
betweenthe couplingconstantsin both schemesis such that it preciselycompensatesthis difference
in (3.42), since

= [a~(m)]”[1 + yo
3a,(m)/4ir+...]. (3.44)

In other schemes(such as the ‘t Hooft-Veltman schemefor y~[58]), the two-loop anomalous
dimensionwill in generalbe different from that in the MS and MS schemes,but it is still true
that the coefficient of a,(m) in the next-to-leadingorder solution is schemeindependent.On the
contrary,the coefficient S of a,(ji) in (3.42) doesdependon the renormalizationprocedure,but this
is not a surprise.Only when the s-dependentterms in C(~)are combinedwith the p~-dependent
matrix elementsof the renormalizedoperatorsin the effective theory onecan expectto obtain a
renormalization-groupinvariant result. It will therefore be useful to factorize the solution (3.42)
in the form C (

1a) C(m) K( ia), whereC(m) is renormalization-groupinvariant and containsall
dependenceon the large massscalem, whereasK(4a) is schemedependentbut independentof m,

C(m)=[a,(rn)]a (C0+ as(rn)(COS+C,)’~
4ir

K(~)= [a,(~) ] -a (i — a,(~s)s). (3.45)

In the caseof operatormixing,the solutionof the renormalizatlongroupequationis morecompli-
cated [73,82]. At next-to-leadingorder,eq. (3.42) canbe generalizedin the form

( a,(~a)~\ ( a,(m) ~.\
u(~,m) = ~1 — ~ 5) uo(~a,m) ~1+ ~ S,j, (3.46)
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where

U0Ca,m) = exp ln (~~s~u7~)] (3.47)

is the evolution matrix in leading logarithmic approximation,and ~ containsthe next-to-leading
corrections to this evolution. This matrix canbe shownto satisfy the algebraicequation

1 -. ~1
S + ~- [‘5~,,5] = ~- ‘5>~ — ‘5~. (3.48)

In thecasewithoutmixing the commutatorvanishes,andtheresultfor ~ reducesto (3.39). To proceed
further,supposethereexistsamatrix i~’which diagonalizes the one-loop anomalous dimension matrix:

= 9iag (3.49)

Collect the diagonalcomponentsy~into avectorVo• Then the leading-logevolutionmatrix is

Uo(~a,m)= ~~[(asini)a]c~_i a= ~‘ (3.50)

andfurthermore~= I ~‘ 1, wherethe elementsof I are given by

(i’~—1.’t ~‘f\ fl

T — k 7, hf 3 ~iYo,i 351
— 2/3~+ 70,1 — Y0,f — If 2/3~

3.4. Heavy—lightcurrents

After this generalreview of the formalism,let us now follow in detail the matchingandrenormal-
izatiori procedurefor the caseof the vectorand axialvectorcurrentsbuilt out of a heavy anda light
quark:

V~=~y~Q,A’
M=qy’5’

5Q. (3.52)

For simplicity the light quark is consideredmassless,mq = 0. The 1 /mQ expansionof the vector
currenthasbeengiven at treelevel in (226) Radiativecorrectionsmodify this result The effective
current operatorspresentat tree level are renonnalized,and additional operatorsareinduced.Since
in HQET the heavy-quarkvelocity v is not a dynamicaldegreeof freedom,the effective current
operatorscanexplicitly dependon it. Themostgeneralshort-distanceexpansionof the vectorcurrent
in the effective theory containstwo operatorsof dimensionthree (for simplicity we evaluatethe
currentatx = 0):

V4a ~ ~ C1(/2) J1 + O(1/m~). (3.53)
1=1,2

The renormalizedoperatorsJ, can be written as

= ~ j~ = ~ z~’
2z’2qr

3h~,, (3.54)
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mQV’pkAp

Fig. 3.2. One-loopcorrectionsto the matrix elementsof thevectorcurrent in QCD and in theeffective theory. The wavy
line representsthe current.The externalmomentaareon-shell.

F,=)#, F~=V. (3.55)

At tree level the coefficients are C1 = 1 and (22 = 0, and one recovers (2.26). The advantageof
working with a regularizationschemewith anticommutingy~is that, to all orders in 1 /mQ, the
operatorproductexpansionof the axial vector current is simply obtainedfrom that of the vector
current by replacing~ —* —c7y5 [53]. The Wilson coefficientsremainunchanged.The reasonis that
in any loop diagram the y~from the currentcan be movedoutsidenext to the light quark spinor.
For mq = 0, thisoperationalwaysleadsto aminus sign. Hencewe will only considerthe caseof the
vector currentin detail.

Explicit expressionsfor C1(~)at order a, are obtainedfrom the comparisonof the one-loop
matrix elementsof the currentsin the full andin the effective theory.As discussedin section3.1, it
is legitimateto performthematchingcalculationwith on-shellquarkstates.Then thematrix elements
can be wutten (Vu) = üqI~~auQ,where the heavy-quarkspinor satisfies t~UQ= UQ. At tree level the
vertex function in both theoriesis simply i” = yE~~The one-particleirreducibleone-loopdiagrams
are shownin Fig. 3.2. In Feynmangauge,the vertex correctionin QCD contributes

(3.56)

This has to be supplementedby the tree level result and the wave function renormalizationof the
externallines,which addZ~2Zqh/27~L.The completeone-loopvertex function is

~~D= (1+!i-[ln(m~/A2) —~]“)y”+~v~’. (3.57)
~ 2ir j 3w

As requiredby the nonrenonnalizationtheoremfor partially conservedcurrents,this result is gauge
independentandultravioletfinite [57]. In thelimit of degeneratequarkmassesthevectoris conserved.
The spaceintegral over its time componentis the generatorof a flavor symmetry. It cannotbe
renormalized.When the symmetry is softly brokenby the presenceof masssplittings, this is only
relevantfor small loop momentabut doesnot affect the ultraviolet region.Thus,therecanonly be a
finite renormalization.Notice, however,that (3.57) doescontainan infraredsingularity,becausethe
matrixelementwascalculatedusingunphysicalstates.

In theeffectivetheory,the vertexcorrectionto the matrix elementsof anyof thetwo bareoperators
~=~Fh~ is
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(a,/3ir)[(1/&) +ln(~i2/A2)+ 1]f’,, (3.58)

andaddingto this the renormalizedtree graphcontributionZhh/’2Zqh/2F1 oneobtains

{1 + (a,/2ir)[(1/~) +ln(~2/A2)+ ~]}F~, (3.59)

It is generallytrue that the dimension-threeoperatorsarerenormalizedmultiplicatively and irrespec-
tively of their Dirac structure [15]. Since there is no approximate flavor symmetry relating light and
heavy quarksin the effective theory, it is not unexpectedthat the matrix elementsof the barecurrents
are ultraviolet divergent. In the MS scheme, the currents are renormalizedby adiagonalmatrix 2
with components

Z
11 Z22 1 +a,/21TE, Z,~=Z2,=0. (3.60)

From (3.53) it thenfollows that the renormalizedone-loopvertex function is

(3.61)

Notice thatthe A-dependenceis the sameas in (3.57).The short-distancecoefficientsC1(~),which
follow from acomparisonof the two results,areindependentof the infrared regulator:

= 1 + (a,/ir)[ln(m0/jt) — ~], C~(~t)=2a,/3ir. (3.62)

As arguedin section3.1, the matchingprocedure ensures by construction that the Wilson coeffi-
cientsare independentof the infraredregularizationscheme.Nevertheless,it is worthwhile to check
this by repeatingthecalculationof C, (1a) in adifferentscheme.Onecan, for instance,regulatethe in-
frared singularities by keepingtheexternalquarksoff-shell, which leadsto the sameresult [76]. Here
we shalltakethe opportunityto introduceanotherscheme,which turns out to be extremelyeconomic
for matchingcalculations.In consistsin usingdimensionalregularizationfor both the ultraviolet and
the infrared singularitiesof Green’sfunctions [32,83]. This results in the greatsimplification that
loop integralswhichdependon no massscaleotherthan1a vanish.For instance,in this schemeonly
heavy-quarkfields are renormalizedin the full theory; masslessquarksarenot:

ZQ = 1— (a,/ir)[(1/~) _ln(m~/~2)+ ~], (3.63)

but Zq = 1. Using this scheme,onereadily obtainsfor the QCD vertex function

= {1 — (a~/2ir)[(1/~)— ln(m~/~a
2)+ ~]}y’~ + (2a,/31r)v1L. (3.64)

The 1 /e pole now comes from an infrared singularity. For the samereasonthat there was no
renormalizationof the light-quark field in QCD, all loop diagramsin the effective theory vanish in
dimensionalregularization.This is why this schemeis sosuperbfor matchingcalculations.Thevertex
function in HQET is simply given by the tree level result

~HQET = C,(p) y~L + C
2Cts)vt’. (3.65)

Fromthe comparisonof the two vertex functionsafter the subtractionof the 1/~polein (3.64), we
indeedrecoverourpreviousresult (3.62).

What remainsto be done is the renormalizationgroup improvementof the one-loopcalculation.
Sincethereis no operatormixing, the solutionof the renormalizationgroup equationproceedsas in
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(3.38). The anomalousdimensionmatrix is proportionalto the unit matrix, and from (3.30) and
(3.60) oneobtainsthe one-loopcoefficient

y~’=—4. (3.66)

This is the so-calledhybrid anomalousdimensionof heavy—light currentsderivedby Voloshin and
Shifman [15]. In the contextof the effective theory, it has beencalculatedby Politzerand Wise
[31]. For the next-to-leadingorder solution of the renormalizationgroup equationonealso needs
the schemedependenttwo-loop coefficient y~’.In dimensionalregularizationwith anticommutingy5
this coefficient is independentof the Dirac structureof the current.It is the samein theMS andMS
schemes. The two-loop calculation has been performed by ii and Musolf [76], and by Broadhurst
and Grozin [77]. They obtain

= -~ - ~1T~+ ~nt. (3.67)

The final resultfor the Wilson coefficientscanbe written in the factorizedform

C,(m0) C,(m0)KhI(~.t), (3.68)

where the functionsC,(mQ) are renormalization-groupinvariant andcontain all dependenceon the
heavy-quarkmass.All ia-dependenceis containedin the function Kh~(j.~),which is universalfor all
heavy—lightcurrentoperators.Taking into accountthe initial valuesof thecoefficientsat the matching
scalep~= m0, onefinds from (3.45)

C,(mQ) = [a,(mQ)]
2~°{1 + [a,(rnQ)/lrlZhI},

C
2(m0)= [a,(mQ)]

2/P02a,(rnQ)/31r,

Kh1(~)= [a,(,a)]2~°{1 — [a,(
1a)/4irlS}. (3.69)

The coefficient [76]

—

1S 43 l53—l9n~ 381+281T2—3Onf 4 370
— — — (33 — 2nf)2 — 36 (33 — 2nf) — . )

is independentof the renormalizationscheme,but S is not.

3.5. Leading-powercorrections to the effectiveLagrangian

We haveseenin chapter2 that at order1/rn
0 thereappeardimension-fouroperatorsin theeffective

Lagrangianwhich explicitly violatethe spin—flavorsymmetry.Theleadingcorrectionshavebeengiven
in (2.27). They involve the kinetic operator O~,and the chromo-magneticoperatorO~.Justas the
current operatorsdiscussedin the previoussection,theseare compositeoperatorswhich, in general,
haveto be renormalized.But as discussedin section2.5, reparameterizationinvariancerequiresthat
the kinetic operatorhavethe samecoefficient as the leadingterm in the effective Lagrangian,so that

= 1 to all ordersin perturbationtheory.‘~‘ Then only the chromo-magneticoperatorneedsto be
renormalized.As usual we define

“ In its original form (2.17), the kinetic operatoralso containsa classII operator,which vanishesby the equationof
motion. We shall not discussits renormalizationsinceit is irrelevant.
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A
m0u-i-k mQv+k-p

Fig. 3.3. Diagramsfor thecalculationof the heavy-quark—gluonvertexfunction in QCD. Thebackgroundfield is denoted
by A.

°mag= Z~~gO~= Z,~Zh(g/4rnQ)hvoa$G~hv. (3.71)

The aim is to calculatethe short-distancecoefficient which multipliesthe renormalizedoperatorin

= Lho(iD)2hv+Cmag(/L)hvoapG~hv, (3.72)
2rn0 4m0

which replacesthe treelevel expressionin (2.27).C~5(~)canbe obtainedfrom acalculationof the
Greenfunctionof two heavyquarksandabackgroundgluon field, to one-looporder in the full and
in the effectivetheory.The diagramsin QCD are shownin Fig. 3.3. The momentumassignmentsare
suchthat p is the outgoingmomentumof the backgroundfield, andk and (k — p) are the residual
momentaof the heavy quarks. To order 1/rn0, it is sufficient to keep terms linear in k or p. The
externalquarkscanbe takenon-shell,in which casev k= v p = 0. A subtletywhich hasto be taken
into accountis that, accordingto (2.19), the QCD spinorUQ(PQ, s) is relatedto the spinorUh(v, s)
of the effectivetheoryby

uQ(PQ,s)=(l+~/2rnQ+...)uh(v,s), PQ=rnQv+k. (3.73)

In the matchingcalculationonehasto usethe samespinorsin both theories.We thusdefinea vertex
function r’~by writing the amplitudeas i/.~gA~,.a(p) UhI’~TaUh,so that attree level in QCD

r~0=(i+ ~ )7~(1+—~--)+...=v~+ (2k—p)~+ ~ +~•~ (3.74)
2m0 2m0 4rn0

Here the ellipses representterms of higher order in k or p. and we have usedthat betweenthe
heavy-quarkspinorsy’~canbe replacedby v’

t’.
The, contributionsto the vertex function arising at one-loop order are shown in Fig. 3.3. The

last diagraminvolves the nonabelianthree—gluonvertex. Its infrared divergencecannotbe regulated
by the introductionof a gluon mass.Following Eichtenand Hill, we presentthe calculationusing
dimensonalregularizationfor both the ultraviolet and theinfrared singularities[32]. Onefinds that
in the MS schemethe one-loopcontributionto the QCD vertex function is

[ p~]3a
= — ~‘ -~—~[ln(rn

0/~)— ~] + (3.75)
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As emphasizedin the previoussection,this schemehasthe greatadvantagethat all loop integrals
in HQET vanish.Hence,in the effective theory the vertex function is simply given by the tree level
contributionsfrom the operatorsin the effectiveLagrangian,

(2k—np’rIL —
1LL ~ ~. 1’/ ~ ~ L ~‘

HQET — V i ,~ V ‘-‘magkP’) A-~rn0

The secondterm, which comesfrom the kinetic operatorin (3.72), is in fact the sameas in the
full theory,as requiredby reparameterizationinvariance.For the coefficientof the chromo-magnetic
operator,oneobtainsfrom acomparisonof (3.74)—(3.76) the one-loopresult

Cmag(/L) = 1— (3a,/2ir)[ln(m0/1a) — ~]. (3.77)

From the fact that this must satisfy the renormalizationgroup equation(3.33), it follows that the
one-loopcoefficient of the anomalousdimensionis [44]

(3.78)

Unfortunately,the two-loopcoefficient~ is not yet known.This meansthat in the next-to-leading

ordersolutionof therenormalizationgroupequation,
— (a,(rnQ)\ ( 13a,(rn0) a,(rn0) —a,(1a) ‘\

Cmag(,CL) — 1 + — + Smag i, (3.79)
~a,(~)j ~ 6 ir 4w j

the coefficient Smagis unknown.Onecan theneitherwork with the leadinglogarithmicapproximation,
or with the hybridform

Cmag(/L) = [a,(rnQ)/aS(IL)]u1’1~0(1+ ~a,/ir), (3.80)

in which the scalein the next-to-leadingcorrectionis not determined(exceptfor ~ = rnQ).

3.6. Power correctionsto heavy—lightcurrents

Let us now comeback to the discussionof heavy—lightcurrentsand discusstheir short-distance
expansionat next-to-leadingorder in 1/rnQ. Then there appearsin (3.53) a set of dimension-four
operators,which we shalldenoteby O~and Tk:

V~‘~ ~CtCa) Jj+ ~-~-—>Bj(/2)Oj+ ~-~--~AkCa)Tk+O(1/m~). (3.81)
i=1,2 Q 3 Q k

In the limit mq = 0, therearesix independentlocalclassI operatorsof dimensionfour in the effective
theory.They can be chosenas [53,54,84]

O1=~ylLitbh0, O4=c~(_iv.~)y1Lhv,

02 = ~v1uilbh~, 05 = 7(—iv.D) v~ah0, (3.82)

03= qiD~Lh~, 06 =q(—i~)h~.

In addition to theselocal operators,thereare power correctionsresulting from a combinationof
oneof the leading-ordercurrents 11 with a term of order 1/rnQ from the effective Lagrangian.The
correspondingnonlocaloperatorsTk are
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_~ifdYT{Jl(0)~Okin(y)}~ ~~~fdYT{J2(O),Okin(Y)}~2rnQ 2mQ

~~ifdyT{Ji(0),Omag(y)}, ~~iJdyT{J
2(o),omag(y)}, (3.83)2mQ 2m

0

with 0~,and °magas given in (2.17) and (2.18). Only 01, T1, and T3 appearedin the tree level
expansionof the current in (2.26). But since the operators0 and Tk havethe samedimension
and quantumnumbers,they all mix under renormalization.This mixing is describedby a 10 x 10
anomalousdimensionmatrix ~‘.

Severalof the Wilson coefficientsin (3.81) can be deducedwithout adetailedcalculation [831.
The local operatorsO~cannot mix into the nonlocal ones.The coefficients of the time-ordered
productsarethus simply the productsof the coefficientsof their local componentoperators,i.e.:

A,(,a)=Ci(1a), A2(~t)=C2(p~),

A3(/L) CICLL)CmagC(L), A4(1.t) = C2CLL) CmagCLL). (3.84)

Furthermore,the operators0, to 03, which containacovariantderivativeactingon the heavy-quark
field, are not reparameterizationinvariant by themselves.Accordingto the discussionin section2.5,
they haveto be combinedwith the dimension-threeoperatorsJ, into a reparameterizationinvariant
form. The correspondingextensionof the operatorsJ1 is uniqueand reads

J, ~ qy’~h1,= qy~LL(1 + i~/2rnQ)h1, +...,

J2~qV~’hUq(V~’+1L
t/mQ)(1+11t)/2mQ)12V+.”. (3.85)

This implies

B
1(~)= C,(p~), B2(~a)= ~B3(~) = C2(1.t). (3.86)

What remainsto be determined,then, are the coefficients B4(~) to B6(ia). Their calculation
at one-looporder proceedssimilar to that describedin the previoussection.It is again extremely
economicto usedimensionalregularization,so that all loop integralsin the effective theoryvanish.
At order 1 /rnQ, the currentmatrix elementin the full theory is obtainedfrom the first diagramshown
in Fig. 3.2 by assigningmomentaP0 = rnQv + k andm~= p to ‘the externalquarksand keepingterms
linear in k andp. The matchingcalculationhasbeenperformedin Ref. [83]. For the coefficients
B1 to B3 oneindeedfinds the relationsgiven in (3.86).The one-loopexpressionsfor the remaining
coefficient functionsare (in the MS scheme)

B4(,a)=(4a,/3ir)[3ln(rn0/~a)—1],

B5(~js)= —(4a,/3ir)[2ln(rnQ/Ja) — 3],

B6(~)= —(4a,/3ir) [ln(mQ/~) — 1]. (3.87)

To go beyond this result is tedious, since it requiresa calculation of the 10 x 10 anomalous
dimensionmatrix 5’. To someextentthe structureof this matrix is determined,however. Since the
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operators01, 02, 03 and Tk renormalizemultiplicatively,they can mix into 04, 05, and06, but not
vice versa.Therefore,the anomalousdimensionmatrix mustbe of the form

(“1” VA 0\
Yf 0 YB 0 ~, (3.88)

Yc YD)

where~ is the anomalousdimensionof the dimensionthreeoperators.J~,I denotesthe 3 x 3 unit
matrix, and

YD = diag(yhl,7h1,~M’+ ymaa,yl” + ymas). (3.89)

Furthermore,the 3 x 3 submatrix YB can be constructedby noting that the equationof motion
iv.Dh~= 0 can be usedto rewrite

04 = ~V (9J1 05 = ~V ~j2, 06 — 03 = —i9~(~h0). (3.90)

The total derivativesof the currentson the right-handside renormalizemultiplicatively and in the
samewayas the dimensionthreeoperatorsJ1. Theadditionalpowerof the externalmomentumcarried
by the currentdoesnot affect the divergencesof loop diagrams.It follows that

(‘5’B),, = ~ &j + 3.3 (‘5’A)3J. (3.91)

For the completenext-to-leadingordersolutionof therenormalizationgroupequationthe submatrices
VA and‘

5’c~as well as the anomalousdimension
7~~~agof the chromo-magneticoperator,would have

to be calculatedat two-looporder.This hasnot yetbeendone.So far, only the one-loopmatricesare
known from calculationsby Falk and Grinstein [841, and Neubert[83]. They are

1—2—4 6\ —8 0 0as( a, 0—80
VA = — I 0 0 0 I , Yc = — . (3.92)

3ir~ 1 ‘1 3ir —2 12—2
080

This informationis sufficient to obtainthe leading-logsolutionof the renormalizationgroup equation
(3.33). Oneway to proceedis to rewrite this equationas an inhomogeneousdifferentialequationfor
the unknowncoefficientsB4, B5, and B6 [84]. In obviousnotation,this yields

(~d/d~— ~~)B4_6(~) = ~ B1_3(~a)+ ~ A(~). (3.93)

The coefficient functions on the right-handside are known. An alternative approach,which we
shall discusshere,is to proceedfollowing the generalprocedureoutlined in section3.3. This has
the advantagethat it canbe straightforwardlygeneralizedto next-to-leadingorder,oncethe two-loop
anomalousdimensionsareknown.The leading-logevolutionmatrix in (3.47) is trivial to obtainwhen
the one-loopanomalousdimensionmatrix 5’o can be diagonalized.This is, however,not possiblein
the presentcase.In suchasituation,oneconstructsthe matrix W which brings% into Jordanform
[83]:

(3.94)
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This is convenientenoughfor an exponentiationin closedform. The evolution matrix is thengiven
by

UoCa,rn) = 1~’exp(t~5’j)1~’’, (3.95)

t (1/2/3o) ln[a,(rn
0)/a,(~)]. (3.96)

According to (3.35), the Wilson coefficients are obtainedby acting with Uo(p, mQ) on the vector
containingthe initial valuesof the coefficientsat the matchingscale~a= m0. In leadinglogarithmic
approximationit is sufficient to work with the tree level expressions,i.e., B1 (rn0) = A, (mQ) =

A3 (mQ) = 1, andthe othercoefficientsvanish.The result is

B
‘ ~ — ~ —4r 4 2t 10 32 —4t

4’,I~)— ~e —~e—~-—-~-te

B5(p) = _~e_
4t+ ~e2’ — ~, B

6(~t)= _2e
4t — ~e2t+ ~. (3.97)

For m~~ ~, theseexpressionscan be expandedusing

t ~ —(a,/4ir) ln(rn
0/p~), (3.98)

andone readily recoversthe logarithmictermsin theone-loopexpressionsin (3.87). It is possibleto
combinethe one-loopresultswith the leading-logsolutionby simply addingthe matchingcorrections
arisingatp. = rnQ, in ahybrid approachsimilar to (3.80).This leadsto the final result:

B4(p.)=—(4a,/3ir) + ~X
2/1~0— ~x_h/1~~— ~ + (16/3/3o)x21~°lnx,

B
5(p,)= (4a,/ir) — ~x

2~° + ~Jx’~° —

B
6(p.)= (4a,/3~r)— 2x

2”~°— ~x’~° + ~, x = a,(p.)/a,(m
0). (3.99)

This concludesour discussionof the renormalizationof heavy—light currents in HQET. A more

completetreatmentcan be found in Ref. [83].

3.7. Flavor-conservingheavy-quarkcurrents

The short-distanceexpansionof currentscontainingtwo heavy-quarkfields proceedsalong the
samelines. However, anew featureis that the Wilson coefficients becomefunctionsof the quark
velocity transfer w = v v’. Another major complicationarising for flavor-changingcurrents is the
presenceof two different heavy massscales.To disentanglethesedifficulties, we first discussthe
caseof flavor-conservingcurrents.Suchcurrentsarealsoof somephenomenologicalimportance.For
instance,they mediatethe pair creationof heavy quarksin e~ecollisions [851.

Considerthen the vector current ~ = ~,#Q composedof two identical heavy-quarkfields. In
analogyto (3.53), its expansionin termsof operatorsof the effective theory reads

V~~ ~C~(w,p.) J~+0(1/rn0), (3.100)
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but now thereare threeindependentrenormalizedoperators,

y — —1 ,bare— —1 7 ~

— if J~ — h flv’i j ~v’

F,=y~, I’~=v~, F3=v’~. (3.102)

At ordera,, theshort-distancecoefficientsareobtainedfrom acomparisonof the diagramsdepictedin
Fig. 3.4, supplementedby wave functionrenormalization.We write theamplitudesas (VIL) = Ü0PLu0,
so that p~= ~# at treelevel. After asomewhattediouscalculation,onefinds that the one-loopvertex
function in the full theory is free of ultraviolet divergences[86],

= (i + ~,~{—[wr(w) —1] ln(rn~/A~)+F(w)}) y” — ~i~r(w)(v~L+vl~L). (3.103)

As previously we have introduceda fictitious gluon mass A to regulatedthe infrared divergences,
which arisesincethe calculationis performedwith on-shellquarkstates.The function r (w) will play
avery significantrole in the furthercourseof this review. It is definedas

r(w) = 1 ln(w+Vw2 — 1), (3.104)

and satisfiesr( 1) = 1, and r’ (1) = — ~. The function F(w) is more complicated.It reads

F(w) = W [2L2(—w4 + ~ir2 + ~(w2 — 1)r2(w)]
~/w2~~1

—wr(w) ln[2(w+ 1)] +~(w+l)r(w) —2, (3.105)

wherew_ = w — ~w
2 — 1, and

L
2(x) = _fdt~

1~ t) (3.106)

is the dilogarithm. The normalizationis such that F (1) = 1 for w = 1. Using this andthe fact that
i4~(v) V~LUQ (v) = u

0(v) y~LUQ (v), one finds that the radiative correctionsvanishat zero recoil,

F~D(v=v’)=y~. (3.107)

This is aconsequenceof the fact that the flavor-conservingvector currentis exactly conserved.
Sincein the effective theory the couplingof a heavy quarkto agluondoesnot involve ay-matrix,

it is easyto seethat to all ordersin perturbationtheory the dimension-threeoperators.1~renormalize
multiplicatively and irrespectiveof their Dirac structure.The one-loopmatrix elementof anyof the
barecurrentoperatorsis given by [86]

{1 — (2a,/3ir)[wr(w) — 1][(l/~) +ln(p.
2/A2)]}F

1. (3.108)

The matrix 2 which definesthe renormalizedoperatorsis proportionalto the unit matrix, hencewe
shall simply denoteit by Z. In the MS scheme,it reads

Z = 1— (2a,/3ir~)[wr(w) —1]. (3.109)
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/~\\4~
mQv mQv k0 k—0

Fig. 3.4. Vertex correction diagramsarising in the matchingcalculation for flavor-conservingheavy-quarkcurrents.The
currentchangesthe heavyquark velocity.

The renormalizedvertex function in HQET becomes

rHOET = (i — ~[wr(w) — 1] ln(p.2/A2)) ~C~(w,p.)F~. (3.110)

The dependenceon A matcheswith that in (3.103),so that the resultingone-loopexpressionsfor the
short-distancecoefficientsare independentof the infrared regulator.It follows that

C,(w,p.)=l — (2a,/3ir){[wr(w) —1] 1n(rn~/p.2)— F(w)},

C
2(w,p.)=C3(w,p.) = —(a~/3ir)r(w). (3.111)

Thematchingcalculationfor the axialvectorcurrentproceedssimilarly. In thiscase,the dimension
threeoperatorsare obtainedfrom (3.101) by setting

r, =y~Ly~~, T2=v”y5, I’3=v’i5~s. (3.112)

Using dimensionalregularizationwith anticommutingy~,one finds [85,861

C~(w,/L)=1_~([wr(w) —1] ln(i4/p.
2) _F(w)+2r(w))~

wr(w)—1\
C~(w,/L)=—C

3(w,/L)=—~—(~~r(w)+2 1 (3.113)

We useasuperscript5 to distinguishthesefrom the coefficients of thevectorcurrent.
For the renormalizationgroup improvementof the one-loop results oneneedsthe anomalous

dimensionmatrix of the bilinearheavy-quarkcurrents.It is proportionalto the unit matrix, with a
velocity dependentcoefficient y’”’ (w). In the zerorecoil limit the vectorcurrentsJ1 are conserved in
the effective theory, since i8 . J, = 0 by the equationof motion. This implies that

(3.114)

to all ordersin perturbationtheory.This constraintis satisfiedby the one-loopcoefficient

yhh(w) = ~[wr(w) — 11, (3.115)
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which is derived from (3.109) by meansof (3.30). This famous velocity dependentanomalous
dimensionwas obtainedby Falk et a!. [7].

Sincein the effective theory the velocity of aheavy quark is conservedby the stronginteractions,
the heavy quark can be describedby a Wilson line [8]. An externalcurrent can instantaneously
changethe velocity, resulting in akink of that line. It is well knownthat such cuspsleadto infrared
singularbehavior.The renormalizationof cuspsingularitiesof Wilsonlineswas investigatedin detail
by KorchemskyandRadyushkinin 1987 [87], prior to the developmentof HQET. In particular,they
calculatedthe one- andtwo-loopcoefficientsof the so-calledcuspanomalousdimension~ ( p), as
afunction of the cuspangleço. But thisanomalousdimensionis preciselythat of the bilinearheavy-
quark currents,with the identification coshcc’ = w. This equivalencewas pointedout in Ref. [88].
The two-loop coefficient is the samein the MS andMS schemes,namely

= [~ — ~ir~ — ~flf— 6f(w)]>M~”(w)— 641(w), (3.116)

where (w_ = w — ~/w2 — 1),
W 2 2 2

f(w) = wr(w) —2— [L
2(1 — w_) + (w — 1)r (w)], (3.117)

1(w) =fdç~r(~ficothci, — 1) (c1~coth
2cc’ + . cc’ in sinhW ~, (3.118)

sinh cc’ — smh ~/, sinh~1ij

in termsof the cuspanglecc’ = cosh’ w. This functionsatisfies1(1) = 0, so that indeedthe two-loop
coefficient vanishesat zero recoil. Recently, the result for yr(w) has been confirmed by Kilian,
ManakosandMannelin the frameworkof HQET [89].

Using theseexpressions,the coefficientsa and S in (3.39) canbe computedas a function of the
velocity transferw. For flf = 3 light quark flavors, onefinds [86]

ahh(w) = ~[wr(w) —1],

4h(W) ~Shh(w)= —~yo(w)[~+ j~j1T2+ f(w)] — ~I(w)

= ~ —ir~)(w—1)— 4(921~.2)(w ~)2~ (3.119)

Both vanishat zero recoil. The next-to-leadingorder result for the Wilson coefficientsis obtained
from (3.45) in the factorizedform C

1(w,~t) = C,(mQ,w) Khh(w,,~t).The p-dependentfunction

Khh(w,~a)= [a~(~a)]a~(w){1 — [aS(p)/1r]Zhh(w)} (3.120)

is normalizedat zero recoil: K( 1, ~) = 1. It is the samefor any Dirac structureof the heavy-quark
current. The renormalization-groupinvariant coefficientsC,, on the other hand, do dependon the
structureof the current.For the vectorcurrent,for instance,theyare given by

C1 (mQ,w) = [a~(m0) ]ahh(w){1 + [a,(mQ)/1r] [4h(W) + ~F(w) ] },

C2(mQ,w)=C3(mQ,w)=_[as(mQ)]ath~[as(mQ)/31r]r(w). (3.121)

Similar expressionsfollow for the axial vectorcurrent.
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3.8. Flavor-changingheavy-quarkcurrents

The operatorproduct expansionof currents in the effective theory becomesconsiderablymore
complicatedin the caseof flavor-changingcurrents.The chargedweakcurrent~y~’(1 — y~) b is of this
form, however,so it is necessaryto considerthis casein detail. The complicationsarisedue to the
fact that therearetwo different heavy-quarkmasses,mb and rn~.Thus the calculationof the Wilson
coefficientsbecomesatwo-scaleproblem.

There are two waysof performingthe transition from QCD to an effective low energy theory in
which both the bottom andthe charmquark aretreatedas heavy quarksin the senseof HQET: The
transitioncan eitherbe done in a single step,or by consideringfirst an intermediatetheory with a
staticbottomquark,but adynamicalcharmquark.The latter becomesheavy in asecondstep.If one
could solveperturbationtheory to all orders,both treatmentswould leadto the sameresultsfor the
Wilson coefficients. The calculationdiffers in both cases,however,and the resultsalsodiffer if the
perturbationseriesis truncated.

To see what the differencesare, supposefirst the two heavy quarks have similar masses,i.e.
m~—~ rnb m, with m being someaveragemass.It is then naturalto removeat the sametime the
dynamicaldegreesof freedomof both heavy quarks.This approachis similar to the caseof flavor-
conservingcurrentsdiscussedin the previoussection.Although our discussionwill be completely
general,let us considerthe casesof the vector current V~L= ~#b and of the axial vector current
A~= ëy’-’~y5bexplicitly anddenotethemcollectivelyby J~a~Eachof thesecurrentsobeysanexpansion
analogousto (3.100):

J~(mb,m~)~ CJ(rnb,rn~,w, ~,rn)Jj(~)+ 0(1/rn), (3.122)

where .J~= ~ For the vector and axial vector currents,the matrices F3 havebeengiven in
(3.102) and (3.112),respectively.In the aboveexpressionwe have indicatedthat matrix elements
of the original current J~betweenstatesof the full theory dependon m~and mb, whereasmatrix
elementsof the operatorsJ3 betweenstates of the effective theory are massindependent,but do
dependon the renormalizationscale~a.The short-distancecoefficientsare functionsof the heavy-
quark masses,the renormalizationscale,and the matchingscalem. The dependenceon rn would
disappearif onecould sumthe perturbativeseriesto all orders.The advantageof thisfirst approachis
its simplicity. At leadingorder in the 1/rn expansion,only threecurrentoperatorscontribute.Matrix
elementsof higher dimensionoperatorsare suppressedby powersof AQCD/rn. The short-distance
coefficientscontain the dependenceon mb andm~correctly to a given order in a~,via matchingat

= rn. The only disadvantageis the residualdependenceon thematchingscalern, which ariseswhen
onecalculatesto finite order in perturbationtheory. Although in anext-to-leadingorder calculation
the scalein the leading anomalousscaling factor is determined,onehasno control over the scale
in the next-to-leadingcorrectionsproportionalto a,(m). This introducesan uncertaintyof order
a,

2 ln(mb/mC).
The alternativeapproachis to considerfirst, as an intermediatestepfor mb > j.c> rn~,aneffective

theory with only aheavybottomquark.Denotingthe effectivecurrent operatorsof dimension(3+ k)
in this theory by J~(rn~,

1a), indicating that their matrix elementswill dependboth on the charm
quark massand the renormalizationscale,we write the short-distanceexpansionas an expansionin
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1/mb:

.P(mb,m~)~ ~ ~ D~(rnb, ~ j~k)(rn~,es). (3.123)
~ mb

Since the velocity of the charm quark is still adynamicaldegreeof freedom, in this intermediate

effective theory thereareonly two dimension-threeoperators,namely

J~°~=~F1h~,J~°=~F2h~. (3.124)

Theseareactually the sameoperatorsthat appearin the expansionof a heavy—lightvector or axial
vectorcurrent, andit will turn out that the coefficientsD, are identical to the onesgiven in (3.69).
A majorcomplicationarisesfrom the fact that the charmquark is still adynamicalparticle in the
intermediateeffective theory.Matrix elementsof the higherdimensionoperatorsJ~will, in general,
scalelike m~.This compensatesthe prefactor1 /m~in (3.123).Consequently,theseoperatorscannot
be neglectedevenat leading order in the heavy-quarkexpansion.Onewould thushaveto dealwith
an infinite numberof operatorsin order to keeptrack of the full dependenceon the heavy-quark
masses.Ignoring this difficulty for the moment,we may use (3.123) to scale the currents from

= mb down to 4u = rn~,where we match onto the final effective theory with two heavy quarks.
In performing this step, the operatorbasis collapsesconsiderably.When terms of order AQCD/mQ
(we use rnQ genericallyfor m~or mb) are neglectedon the level of matrix elements,only the three
operatorsJ3 (,a) in (3.122) remain.Eachof the operatorsof the intermediatetheoryhasan expansion
in termsof theseoperators,with coefficientsE13:

~k)(rnm) ~ ~m~E~(rn~,w,is) J~(~)+O(l/m~). (3.125)

Combiningthis with (3.123),we obtain

J~(mb,m~)~ ~CJ(mb,m~,w,IL) J~(~)+0(1/rn0), (3.126)

with evolutioncoefficients

CJ(mb,rnC,w,p.~)= ~ (~)k~D~k)(mb,me)E~(m~,w,j.t). (3.127)

In thisexpressionthe matchingscalern of the first approachdoesnot appear.The coefficientsdepend
either on aS(mb) or a,(m~),i.e., the scaling in the intermediateregion mb > ,a > m~is properly
takeninto account.To achievethis, however,it would be necessaryto consideran infinite numberof
operatorsin the intermediateeffective theory. This is, of course,not manageable.It is importantto
realize, however,that the short-distancecoefficients in (3.122) and (3.126) mustagree,andthat this
equalitymusthold orderby order in an expansionin the massratio me/mb.Using this fact, onecan
combinethe two approachesinto aconsistentnext-to-leadingordercalculation.

Following Ref. [86], let usnow discussthe calculationof the Wilson coefficientsfor the flavor-
changingvector and axial vector currentsfollowing the first approachdescribedabove. As in the
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previoussection,we will denotequantitiesreferring to the axial vectorcurrent by a superscript5.
The only differencewith respectto the calculationfor the flavor-conservingcurrentsis that the QCD
vertexfunctionsdependon two (insteadof a single) heavy-quarkmasses.Accordingly,eq. (3.103)
is replacedby

F~D=(i + ~{ln(rnb/mC) — ~h(w) ln(rn~/A)+ ~[f(w) ±r(w)+g(z,w)]})y~

— (2a,/3ir) [2r(w) ~ 1 + h~5~(z,w) ]v~+ (2a,/3ir)h~5~(z,w)v~~L, (3.128)

wherewe useashort-handnotationmeaningthat uppersignsandno superscriptsrefer to the vector
current, whereaslower signs andsuperscripts“5” refer to the axial vector current. y~”(w) is the
one-loopanomalousdimensionof the flavor-conservingcurrentgiven in (3.115),z = mC/mbdenotes
the ratio of the heavy-quarkmasses,and the functionsr(w) and f(w) havebeendefinedin (3.104)
and (3.117).The new functionsg(z,w) andh,(z,w)are such that they vanish in the limit z —p0,
theleading termsbeing of orderz lnz. Theiranalytic expressionsareratherlengthy [85,86],

g(z,w)=w(w2—1Y”2[L
2(1 —zw) —L2(l —zw~)]

—z(1—2wz+z
2Y’[(w2—1)r(w)+(w—z)lnz], (3.129)

h~5~(z,w)z(1—2wz+z2)2{2(wf1)z(1±z)lnz

—[(w±1)—2w(2w±1)z+(5w±2w2f1)z2—2z3]r(w)}

—z(1—2wz+z2Y’[lnz—l±z],

wherew±= w + (w2 — 1)h/2. The function h~5~is relatedto h~5~by

h~5~(z,w)= h~5~(z’,w)— 2r(w) ±1. (3.130)

From now on we will simplify the notation further by omitting the argumentw; i.e., we will write
r(w) = r, g(z, w) = g(z) etc.

Sincematrixelementsin the effective theory are independentof the heavy-quarkmasses,the one-
loop vertex functionsin HQET are the sameas in the caseof the flavor-conservingcurrents.The
solutionof the renormalizationgroup equationproceedsexactlyas describedin section3.7. We first
displaythe next-to-leadingordersolutionfor the Wilson coefficient C~5~:

C~5~Ca)=(as(m))~(i — a,(~)4h)a,(,a)

~ (1+ as(rn){l(/)1~h ln(m/m~)+4h+~[f±r+g(z)]}).

(3.131)

The velocity dependentcoefficientsahh and Zhh havebeen given in (3.119). The result seemsto
dependstrongly on the arbitrary matchingscalern. However,changesof m in the leadinganomalous
scalingfactor arecompensatedby changesin the logarithmicterm in parenthesis.This showsthat, in
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fact, the choiceof m is irrelevant in anext-to-leadingordercalculation.We are free to set m= m~,
which removesthe ln(rn/rn~)term. Adopting this choice, oneobtains for the coefficient functions
[86]

C~5~(/s)=(as(mc))~(1_ a,(/s) ~h)
IT

a, m 2x + IT {ln(mb/rnC)+Zl~h+~[f±r+~(z)]}).

C~5~(/s)=—(as(mc))~ 2a,(rn)[2r+ 1 +h~5~(z)],

a~(,u.) 3ir

C~5~(/s) (as(mc))~2a,(m)h~5~(z). (3.132)

a,(/s) 3ir

The scale in the next-to-leadingcorrectionsis not determinedat this order, however. Here rn could
be any combination of mb andm~(but not pS). For the actual valuesof the heavy-quarkmasses
this scaleambiguity is somewhatof aproblem,sinceaS(mb)~ 0.20and a,(m~)~ 0.32 are quite
different. A relatedproblemis the appearanceof aso-called“hybrid” logarithma,(m) ln(mb/mC)in
CI~5~.Asymptotically, at high ordersin perturbationtheory, suchlogarithmsenterin the form

(~ a,(m) \“ (ln(rnb/rn~)\”

~f3~ IT ln(mb/mC)) ~. in(rn/A) ) (3.133)
They can be importantevenfor large n.

Both problemscan be solvedby summingthe leading and subleadinglogarithms(a, lnz )‘ and
a,(a, ln z )“, wherez = mC/mb,to all ordersin perturbationtheory.This requiresto follow the second
approach,in which oneintroducesan intermediateeffective theory with a staticbottom quark and
a dynamicalcharmquark. By meansof the renormalizationgroupequationin this theory one can
sum logarithms of mb//s in the intermediateregion mb >

1a > rn~,which is precisely what one
needs.Unfortunately,as we haveseen,it becomesincreasinglydifficult to keeptrackof higher-order
terms in the massratio z. The following observationhelps [86]: For any value of z, the product

z lnz < e
1 ~ 0.37, such that ~f3oz inz is a numberof orderunity, but can neverbecomelarge.

This implies that for a term of order zk in (3.127) the first k powersof the largehybrid logarithms
appearingat n-looporder in perturbationtheory are effectively compensatedby the prefactorz IC:

ZIC(~~ lnz) = (~z lnz)k (a)k (~~ lnz)”~’~. (3.134)

Consequently,a leading-logsummationfor the termsof order z leadsto the sameaccuracyas a
next-to-leading-logsummationfor the termsof order z°.Similarly, anext-to-leading-logsummation
for the terms of order z, or a leading-log summationfor the terms of order z2, would lead to
the sameaccuracyas anext-to-next-to-leading-logsummationfor the terms of orderzO~Basedon
this discussion,the strategyfor aconsistentnext-to-leadingorder calculationis as follows [86]: At

= m~,the Wilson coefficientsC~in (3.132) areexpandedin powersof z: C~= ~ z/~CJ”~.The
expansioncoefficientscan be related to the Wilson coefficients of the intermediateeffective theory
by meansof (3.127):
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CJ’~(mb,/s= m~)= >D~(mb,mC) E~(/s= me); k >0. (3.135)

The coefficientsD~(mb,m~)obey a renormalizationgroupequationin the intermediatetheory.For
k = 0 this equationhasto be solvedto next-to-leadingorder,whereasfor k= 1 a leading-logsolution
is sufficient. No renormalizationgroupimprovementis necessaryfor k� 2.

Let us outline the various stepsin this program. As mentionedabove, for k = 0 the coefficients
D, are equal to the coefficients appearingin the expansionof the heavy—light currentsdiscussed
in section3.4. This is plausiblesince in the intermediatetheory the charmquark is a light quark,
although it is not a masslessquark. But the matchingis independentof the externalstates,so the
quark massdoes not play any role. Evaluating (3.69) for m~= mb and ~s= m~,one obtainsat
next-to-leadingorder [for simplicity we omit the superscript(0)1

D~
5~(mb,m~)= (as(mb)~ 6/25 (1 + aS(mb)~ — a,(m~)(Z

4 +
a,(m~) IT IT

(5) (a,(rnb)\
6125 2a,(mb)

D
2 (mb,m~)=±l , (3.136)

3w

wherewe havetakeninto accountthat thenumberof light quarksin the intermediateeffectivetheory
is nf = 4. From (3.70) it follows that

ZhI(nf= 4) = ~ — ~IT

2 ~ —1.5608. (3.137)

The coefficientsE,~(~s= m~)follow from aone-loopcomparisonof the diagramsshownin Fig. 3.5.
Oneobtains[86]

E~(/s=m~)=1+ [2a,(m~)/3IT](2+f±r),

= m~)=—[4a,(m~)/3ir}r, E~(/s= m~)= 0. (3.138)

Since D
2 in (3.136) is alreadyof ordera,, we only needE2~at tree level,

E~(,cs= m~)= ôi2 + O(a,). (3.139)

Combiningtheseresults,we obtainthe renormalization-groupimprovedversionof the termsof order
z°containedin the Wilson coefficientsin (3.132),at ,a= rn~.For C1~

5~the replacementis

I + [a,(m)/IT][ln(mb/mC) +~(f±r)]

(as(mb) ~ -6/25 ( + a,(mb) — a,(m~)~ + 2a,(m~)(f ±r)). (3.140)
IT 3IT

andfor C~5~onehas

2aS(m)(
2 1) — (as(mb))

6125(4as(m~) 2a~(mb)) (3.141)
3IT \a,(rn~) 3w 3IT

Thereare no termsof orderz°in ~
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A4A
k0 m~v k=0 k=0

Fig. 3.5. Diagramsarising in the matchingcalculationof the Wilson coefficientsE11 andE~.

Considernow thetermsof orderz in (3.132).Theaim is to sumthe“subleading”logarithmsz in z
containedin the functionsg(z) andh~

5~(z) to all ordersin perturbationtheory.This is accomplished
by calculatingthe coefficients D~’~in (3.123) in leading logarithmic approximation.Once again,
thereis acloseanalogyto the calculationof the coefficientsof the dimension-fouroperatorsO~for
heavy—lightcurrents,which was discussedin section3.6. In the presentcase,however,we needto
consideronly those operatorsin (3.82) which lead to matrix elementsproportional to the charm
quark mass(substitute~ for ~). The operators04 to 06 are of this type, sinceaderivativeacting
on the charmquark field givesm~v”~+.... But in additiontherearetwo operatorsnot consideredin
section3.6, wherewe havesetmq = 0 for simplicity. They are 07 = m~J

1 and 08 = m~J2. Falk and
Grinsteinhavecalculatedthe coefficients of theseoperatorsin leading logarithmic approximation,
as well as the coefficients E~J

1~and E~J”~from tree level matching [84]. Their resultscan be used
to replacethe terms of order z lnz in (3.132) by leading-log improved functionszS

1(x), where
x = a,(mC)/a,(mb).Putting everything together,we obtain the short-distancecoefficients in the
factorizedform

m~,w, ,a) = C,~
5~(mb,m~,w)Khh(w, is), (3.142)

whereK~,(w, ~s)is theuniversalis-dependentfunctiondefinedin (3.120).The renormaiization-group
invariant coefficients~ aregiven by [86]

+ aS(mb) — as(rnc)~+ aS(rnC)[
4 + ~(f± r)]

+zS~
5~(x)+ 2a8(m)G(Z))

C~5~=A(±2~mb)— 4a~(m~)r+z S~5~(x)— 2a,(m)H~5~(z))~

~ =+A{zS~5~(x)+ [2a,(m)/3IT] H~5~(z)}, (3.143)

where

A = (as(mc) )6/25 [a,(m~) ]~h~ (3.144)
a,(mb)
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is the leading-logarithmicscaling factor. The subleadinglogarithms are takeninto accountby the
functions [84]

S~5~(x)=w (~— — ~x9”25 + ~ lnx) + (~— ~x6”25+ ~x9”25— ~~x12/25)

~~5) (x) = +w (~+ 1~x6125— ~x_9/25) + (~+ ~x6”25+ ~x9/25— i~x12/25)

~ (x) = 1 — 5x~6/25+ ~x9”25. (3.145)

Finally, in (3.143) we haveintroducednew functions

G(z,w) =g(z,w) +3wz lnz,

H~5~(z,w) = h~5~(z,w) — (3 + 2w)z lnz,

H~5~(z,w) = /45~(z,w) + z lnz, (3.146)

the leadingtermsof which (for small z) are of orderz or z2 in z, but not of orderz lnz.
Eq. (3.143) is the final result for the Wilsoncoefficientsat next-to-leadingorderin renormalization-

group improved perturbationtheory. The residualscaleambiguity arising from the next-to-leading
termsproportionalto a,(m) is of order a~(z inz) or a,2 (z inz )2. This is of the sameorder as
next-to-next-to-leadingcorrectionsof ordera~,which would requireathree-loopcalculation.

3.9. Powercorrectionsto heavy-quarkcurrents

Let us finally discussthe operatorproduct expansionof bilinear heavy-quarkcurrentsat order
1 /mQ. At this orderonehasto includeacompletesetof dimension-fouroperators0, in (3.126):

(B(w) B’(w)\~ C,(w)J,+ ~ 2m~, + 2m~) °~+ nonlocaloperators+ 0(1/m~). (3.147)

For simplicity we only display the dependenceof the Wilson coefficients on w = v v’ explicitly,
sincethis will becomeimportantin what follows.We alsodo not showthe nonlocaloperators,which
containtime-orderedproductsof oneof the dimension-threecurrentsJ, with a 1/mb or 1 /m~insertion
from the effective Lagrangian.As in the caseof the heavy—light currentsdiscussedin section3.6,
the coefficientsof thesenonlocaltermsare simply the productsof the coefficientsof the component
operators.Sincein the presentcasethenonlocaloperatorsdo not mix into the local ones,it sufficesto
focuson thelocal operators0,. For thevectorandaxial vectorcurrentstherearefourteenindependent
classI operatorsof dimensionfour. A convenientbasisfor the vectorcurrentoperatorsis [90]
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01=h~,7~’i!bh~, 0s=_~,i
7~y~Lh~,

02 v”ibh~, 09 =

03 = h~,v’~ill~h~, 010 = —h~1V’~h~,

04 = /~,iD~h~, ~ = —h~i~ h~, (3.148)

05 = h~,y’~’iv’.Dh~, 012 = —i,iv.~y~h~,

06 = h,,, v~iv’•D h~, 0~3= —h,,, iu.~v’~h~,
07 = h~,v”~iv’•Dh~, 014 = —i~,iv~~v’~’h~.

A similar set of operatorscan be constructedfor the expansionof the axial vector current A’~=

C)”5’

5 b.
As in the caseof heavy—lightcurrents, repararneterizationinvarianceimposesrestrictiverelations

betweenthe coefficientsof the dimension-threeand four operatorsin (3.147). Sincein the caseof
bilinear heavy-quarkcurrentsany local dimension-fouroperatorin HQET mustcontain a covariant
derivative acting on oneof the heavy quark fields, none of the operators0 is reparameterization
invariantby itself. There exists auniquecombinationof the operators0, with the dimension-three
operatorsJ, which is reparameterization-invariant.It is thus possibleto relate all coefficientsB~to
the leading-ordercoefficientsC,.

Let us recall that reparameterizationinvariancerequiresthat the heavy-quarkvelocity v always
appearin a certaincombinationwith the covariantderivative, which was denotedby V in (2.38).
Furthermore,theheavy-quarkspinorfields mustappearin the form of h~given in (2.42). A subtlety
specific for heavy-quarkcurrentsis that not only the effective currentoperators,but alsothe velocity
dependentcoefficient functionshaveto be written in areparameterizationinvariant way. This means
that the variablew = v v’ whichthesefunctionsdependon hasto be replacedby the reparametrization
invariant operator[90]

w3=V’~.V=(v’—i~/rn~).(u+iD/mb), (3.149)

where it is understoodthat iD acts on h~,whereasi~ acts on hg,. Hence the correctextensionof
the leading-ordervector currentis ~

V” ~ (3.150)

Rewriting this in termsof the local operators.1, andO~,andusingthe expansion

C1(~)= C1(w) + 8C1(w) (iv’. D — iv~~ + O(1/m~), (3.151)

9w \ ~

1b rn~ j

onecanrelate the coefficientsB
3 to the leading-ordercoefficientsC,. The result is [90]:

B1(w)=B~(w)=C1(w), B2(w)=~B4(w)=B~(w)=C2(w),

B3(w) =B~0(w) = ~B~1(w)= C3(w),

15 For the axialvectorcurrentoneinsertsy5 betweentheparenthesesandh,b, andreplacesthecoefficientsC, (iv) by C~’(~).
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B5(w)=B~2(w)= 2aC1(w)/8w, B6(w) = B~3(w)= 2aC2(w)/ow,

B7(w)=B~4(w)= 2aC3(w)/aw,

B~(w)=0, j=8,...,14; B~(w)=0, j=1,...,7. (3.152)

Theserelations are valid to all orders in perturbationtheory. Of course, similar relationscan be
derivedfor any other currentbuilt of two heavy-quarkfields.

At order 1 /mQ, the effect of the operator~i3in the short-distancecoefficients can be explicitly
evaluatedat the level of matrix elements.The equationof motion allows one to replace the co-
variant derivativesin (3.151) by total derivativesacting on the currents.By meansof (2.29), their
matrix elementscan be expressedin termsof the massparameterA. The total effect is that the
reparameterizationinvariant operatori~)canbe replacedby anew variable [90]

i~)=w+(A/in~+A/mb)(w—1), (3.153)

which is differentfrom the velocity transferw of the hadrons.This variablecan be interpretedas the
velocity transferof free quarks.Considerthe weak transitionHb —÷ H~,+ W-, whereH0 arehadrons
containing the heavy quarks. Before the decay,the bottom quark in the initial stateHb moveson
averagewith the hadron’s velocity. When the W bosonis emitted, the outgoing charmquark has
in generalsomedifferent velocity. Let us denotethe productof thesevelocities by ~‘. Over short
time scalesthe quark velocities remainunchanged.This is what is “seen” by hardgluons. After the
W emission,however,the light degreesof freedomstill havethe initial hadron’svelocity. But they
haveto combinewith the outgoingheavy quark to form the final stateH~.Thus,a rearrangementis
necessary,which happensover muchlarger, hadronictime scalesby the exchangeof soft gluons.In
this processthe velocity of the charmquark is changedby an amountof order 1 /mQ (its momentum
is changedby an amountof orderAQCD). Hencethe final hadronvelocity transferw will differ from
the “short-distance”quark velocity transfer i~ by an amountof order 1 /mQ. The preciserelation
betweenw and ~ is determinedby momentumconservationand is given in (3.153). In fact, this
relation is nothingbut the condition (PH,, — p~) 2 = (Pb — Pc)

2 i.e., that the momentumtransferto
the hadronsequalsthe momentumtransferto free heavyquarks.At zero recoil, no rearrangementis
needed,andindeedw = = 1 in this limit.

When the variable~ is usedas the argumentin the coefficient functions,the operators05 to 0~
and 012 to 014 no longerappearin the expansion(3.147) since, for instance,

C
1(w) J1 + 2 ~Ci(w) ~ + 2ii) ~ C1(~)J1 + O(1/rn~). (3.154)

9w
2mb 2rn~

This leadsus to the final result for the vectorcurrent [90],

/ 0~ °8\ / 02+204 09
V’~C

1(w)(J1+—+—---)+C2(~)(J2+
\

2rnb 2m~j 2rnb 2mc

+ C
3(%~)(J3 + + 0~o+ 2Oii) + ..., (3.155)2mb 2m~
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wherethe ellipsis representsnonlocaloperatorsandtermsof order 1 /m~.The generalizationto other
currentsis straightforward.By meansof this remarkablerelation, the operatorproductexpansionat
order 1/mQ is knownwith the sameaccuracyas the expansionto leadingorder.

3.10. Summaryandnumerical results

At theendof thislengthy chapter,let usbriefly summarizethe mainresults.The inclusionof short-
distancecorrectionscompletesthe constructionof the effectiveLagrangianof HQET andthe operator
productexpansionof currents in the effective theory. We havegiven acomprehensivedescription
of the resultsknown so far at leadingand subleadingorder in the 1 /mQ expansion,and at next-to-
leadingorder in perturbationtheory.Theseresultsbuild the basisfor the applicationsof heavy-quark
symmetryto be discussedin the following chapters.

The flavor-changingweakcurrentcy~(1 — y5 ) b will play amost importantrole, sinceit mediates
transitionsbetweenB and D(*) mesons,which can be used to measurethe elementV~bof the
Cabibbo—Kobayashi—Maskawamatrix. Since the analyticalexpressionsfor the correspondingWilson
coefficientsin (3.143) are rathercomplicated,we presentin Tab. 3.1 the numericalvaluesof these
coefficientsas afunction of i~.The maximumquarkvelocity transferis ~~max ~ 1.8. It canbe related
to the hadronvelocity transferw by meansof (3.153).Throughoutthis work we shallusemb = 4.80
GeV andmc = 1.45 GeV for the heavy-quarkmasses.Theseare obtainedby taking the spin-averaged
mesonmassesmM = ~ (

3mv+ rnp) andsubtracting0.5 GeV, which we assumeas areasonableestimate
for A. For the scale rn in the subleadingcorrectionswe takethe geometricaveragem ~ 2.23 GeV.
More uncertainis the value of the QCD scaleparameter.Whereashigh energydata, in particularthe
measurementsof a,(mz) at LEP, arebestfit by usingalargevalueA~~ 0.22 GeV for flf = 5 quark
flavors (correspondingto A~~ 0.32 GeV for nf = 4), low energydata favorasmallervalue of the
scaleparameter[91]. They are not incompatiblewith a recentstudyof the masssplitting between
the is and ip statesin charmoniumusing latticegaugetheory,which predictsthatA~~ 160 MeV
for nf = 4 [92]. One hasto keepin mind, however,that the runningcouplingconstantdependsonly
logarithmically on the scaleparameter,so that a large uncertainty in A~doesnot imply a large
uncertaintyin the physicalcouplingconstants.In the numericalanalysiswe use = 0.25 GeV for
the scaleparameterin the two-loop expression(3.18) for a,(/s) in the region betweenthe bottom
andthe charmquarkmasses,wherenf =4. The correspondingcouplingconstantsare

a,(mb) ~0.20, a,(mc) ~0.32, a,(rn) ~0.26. (3.156)

They agreewell with directsmeasurementsof a,(its) at low energies,which havean experimental
uncertaintyof about 10% [91]. More extensivetablesof the coefficientfunctionsobtainedfor various
setsof inputparameterscan be found in Ref. [86].

Of particular interest are the values of the short-distancecoefficients at zero recoil, since they
determinethe radiativecorrectionsto the normalization of the Isgur—Wise function. The analytic
expressionsresultingin the limit w = = 1 canbe found in Ref. [86]. Herewe shall focus on two
quantitieswhich will play an importantrole in the furthercourseof this review. We define

~v~C~(i~1), ~AC~(Wi), (3.157)
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Table3.1
Short-distancecoefficientsfor b —* c transitions.

1.0 1.136 —0.085 —0.021 0.985 —0.122 0.042
1.1 1.107 —0.080 —0.021 0.965 —0.115 0.040
1.2 1.081 —0.077 —0.020 0.946 —0.109 0.038
1.3 1.056 —0.073 —0.019 0.927 —0.103 0.036
1.4 1.033 —0.070 —0.018 0.910 —0.098 0.035
1.5 1.011 —0.067 —0.018 0.894 —0.094 0.033
1.6 0.991 —0.064 —0.017 0.878 —0.089 0.032
1.7 0.972 —0.062 —0.017 0.864 —0.086 0.031
1.8 0.953 —0.059 —0.016 0.850 —0.082 0.030

andusethe next-to-leadingorderexpressionsfor the Wilson coefficients to obtain

fly flA[i + 2a,(mb)/3i.r— ~z(1 — 4x9125+ 3x~2125)],

flA =x6/25(l + a,(rnb) — a,(rnc) ~ — 8as(mc)
IT 3IT

+ z(~— ~x9125 + ~x~2’25 + ~ lnx) — 2a,(rn) ~Z lnz)~ (3.158)

wherex = a,(mc)/a,(rnb), and Z
4 ~ —1.561 from (3.137).Thesequantitiesare very stableunder

changesof the inputparameters.For A~= 0.25±0.05 GeV and z = 0.30±0.05 onefinds

= 1.025±0.006, flA = 0.986±0.006. (3.159)

It is instructive to comparethis, in retrospective,to different approximationsfor the short-distance
coefficientsoften usedin the literature.A very fashionableone is the leadinglogarithmicapproxima-
tion [5,7]. It predictsthat ~y = flA = x

6”25 ~ 1.12, far off the next-to-leadingresults shown above.
This failure is not unexpected,of course,since ln(rnb/m~)~ 1.2 is not a particularly large number.
When one tries to improve this by including the subleadinglogarithms of order z in z [84], one
obtains~ ~ ~ 1.19, which is even worse. This clearly demonstratesthe necessityto include
all next-to-leadingorder corrections.On the other hand,a simpleone-loopcalculationwhich takes
into accountall correctionsof ordera,(m), but without arenormalizationgroup improvement,gives
fly ~ 1.02 andflA ~ 0.96 [29,79], in fairly good agreementwith (3.159).

For laterpurpose,it will be necessaryto know the coefficients~y and flA in the limit of equal
heavy-quarkmasses.They are

nv=l’ ?1A=1—2aS(mQ)/3IT (for z=i). (3.160)

In this limit the vectorcurrent is not renormalized.
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4. Hadromc matrix elements

4.1. Covariantrepresentationof states

The purposeof theoperatorproductexpansionof currentsdiscussedin the previouschapterswas to
disentanglethe short-distancephysicsrelatedto lengthscalesset by the Comptonwavelengthsof the
heavyquarksfrom confinementeffectsrelevantatlarge distances.This proceduremakesexplicit the
mQ-dependenceof any Green’s function of the full theory which containsone or more heavy-quark
fields. Hadronicmatrix elementsof heavy-quarkcurrentshavea 1 /rnQ expansionasshownin (3.1).
The HQET matrix elementsin this expansioncontainthe long-distancephysicsassociatedwith the
interactionsof the cloud of light degreesof freedomamongthemselvesandwith thebackgroundcolor
field providedby the heavyquarks. Thesehadronicquantitiesdependin amostcomplicatedway on
the “brown muck” quantumnumbersof the externalstates,the quantumnumbersof the current,and
on the heavy-quarkvelocities.They are relatedto matrix elementsof effective current operatorsin
HQET.Recall from section2.3 that thesematrix elementsareindependentof the heavy-quarkmasses,
if the statesof the effective theory are takento be the eigenstatesof the leading-orderLagrangian
£HQET in (2.22). Matrix elementsevaluatedusing thesestateshavea well definedbehaviorunder
spin—flavorsymmetrytransformations.Whencombinedwith the requirementsof Lorentzcovariance,
restrictiveconstraintson their structurecan be derived. We have already encounteredan example
of this in chapter1, whereheavy-quarksymmetryand Lorentz covariancecould be usedto reduce
a set of hadronicform factorsto a single universalIsgur—Wise function. The way theserelations
werederivedwas somewhatcumbersome,however.We will now introduceamoreelegantformalism,
which allows one to derive the general form of matrix elementsin a straightforwardmanner.The
clue is to work with acovarianttensorrepresentationof stateswith definitetransformationproperties
underthe Lorentzgroup andthe heavy-quarkspin—flavor symmetry [7,93,94].

The eigenstatesof HQET can be thoughtof as the “would-be hadrons” built from an infinitely
heavyquarkdressedwith light quarks,antiquarksand gluons. In sucha stateboth the heavy quark
and the cloud of light degreesof freedom have well definedtransformationpropertiesunder the
Lorentzgroup.The heavy quarkcanbe representedby aspinorUh(v, s) satisfying

Øuh(v,s) Uh(V,5), (4.1)

and we identify the velocity v with that of the hadron.Becauseof heavy-quarksymmetrythe wave
functionof the state(whenproperly normalized) is independentof the flavor andspin of the heavy
quark,andthe statescan be characterizedby the quantumnumbersof the “brown muck”. In particular,
for eachconfigurationof light degreesof freedomwith total angularmomentumj � 0 and parity
P thereis adegeneratedoubletof stateswith spin-parity j” = (j + ~ ) ~ Following Falk [94], we
discussthe casesof integraland half integralj separately.Hadronicstateswith integralj haveodd
fermionnumberandcorrespondto the baryons;stateswith half-integralj haveevenfermionnumber
andcorrespondto mesons.

First considerthe baryons.In this casethe “brown muck” is an objectwith spin-parityj” that can
be representedby atotally symmetric,tracelesstensorA”~’“~ subject to the transversalitycondition

= 0. (4.2)



322 M. Neubert/Physics Reports 245 (1994) 259—395

Statesaresaidto have“natural” parity if P = (—1)i, and“unnatural” parity otherwise.Thecomposite
heavybaryoncanbe representedby the tensorwave function

= uhAA~~~i. (4.3)

Under aconnectedLorentz transformationA, thisobject transformsas a spinor-tensorfield

—* A~. . . A~?D(A)çb~~vJ, (4.4)

whereD(A) = exp( ~ o~”)is the usual spinorrepresentationof A. A heavy-quarkspinrotation
A, on the otherhand,actsonly on Uh; hence

—~ D(A)~i~’”~J. (4.5)

Here A is restrictedto spatial rotations (in the rest frame). The infinitesimal form of D(A) was
consideredin (1.15).

The simplestbut important case j” = 0~correspondsto the ground-stateAQ baryon with total
spin-parityF = ~ It can be representedby aspinorUA, on which we imposethe mass-independent
normalizationcondition

uA(v,r)uA(v,s) ~rs. (4.6)

Sincethe light degreesof freedomarein aconfigurationof total spin zero, the spin of the baryonis

carriedby the heavy quark, andthe spinor uA coincideswith the heavy-quarkspinor. Hence:
ci’A UA(IJ,5) =uh(v,s). (4.7)

For j � 0, the object~‘~‘ ~ doesnot transformirreducibly underthe Lorentzgroup, but is a linear
combinationof two componentswith total spin j ± ~. Thesecorrespondto adegeneratedoublet of
physical states,which only differ in the orientationof the heavy-quarkspin relative to the angular
momentumof the light degreesof freedom.Thenonrelativisticquark model suggeststhat one should
identify the stateswith j’°= 1~with the~ (JP = ~) and~ (J” = r) baryons.In thequarkmodel
thesestatescontain a heavy quark and a light vector diquark with no orbital angularmomentum.
Unlike the AQ baryons,they haveunnaturalpanty. This implies that decaysbetweenA0 andZ~
mustbe describedby parity-oddform factors [95,96].

Next considerthe heavy mesons.We shall only discussthe casej’° = F in detail, andrefer to
Ref. [94] for the treatmentof higherspins.Sincequarksandantiquarkshaveoppositeintrinsic parity,
the correspondingphysicalstateswith “natural” parity arethe ground-statepseudoscalar(j~) = 0)
and vector (jP = 1—) mesons.As before,the heavyquark is representedby aspinorUh (v, s) subject
to the condition (4.1). The light degreesof freedomas awhole transformunderthe Lorentzgroup
as an antiquarkmovingat velocity v. They aredescribedby an antifermionspinor f3~(v,s’) satisfying

fYt(v,s’)p~=—~(v,s’). (4.8)

The ground-statemesonscan be representedby the compositeobject~1’= UhiYt, which is a4 x 4 Dirac
matrix with two spinor indices,one for the heavy quark and one for the “brown muck”. Under a
connectedLorentz transformationA, the mesonwave function i/i transformsas

ci’—~D(A)çfrD~(A), (4.9)



M. Neubert/PhysicsReports 245 (1994)259—395 323

whereasunderaheavy-quarkspin rotationA

—p D(A)ç/j. (4.10)

The composite~i’ representsa linear combinationof the physicalpseudoscalarand vector meson
states.It is easiestto identify thesestatesin the rest frame, whereUh has only uppercomponents,
whereasi3~hasonly lower components.The nonvanishingcomponentsof i/i are thuscontainedin a
2 x 2 matrix, which can be written as a linear combinationof the identity I and the Pauli matrices
~ Let uschoosethe quantizationaxis in 3-directionandwork with the restframe spinorbasis

Uh(~) = (~), u~(JJ.)= (~), v~(~)= (~),v~(J.)= (?). (4.11)

Then abasisof statesis

1 ,. 1 (0 J\ 1 , 1 (0 £T~\
~ o)’ ~ o)’

,, ~ i(0o~’+io-2’\ ,. ~ i(Oo~—ic~ 412
0 )‘ ~ ~ . ( . )

Let us furthermoredefinetwo transversepolarizationvectors�± andalongitudinalpolarizationvector
�~by

= (1/v”~)(0,1,±i,0), e~’=(0,0,0,1). (4.13)

We are then leadto identify the pseudoscalar(P) and vector (V) mesonstatesas [7,94]

P(v=0) =—(1/v’~)~(1+y°)y
5, V(v=0,E)= (i/V’~)~(1+y°)~. (4.14)

The secondstatein (4.12) has longitudinalpolarization,whereasthe last two stateshavetransverse
polarization.

To get familiar with this representation,considerthe actionof the spin operator.X on ~‘. A matrix
representationof the components£‘ in the rest frameis .~= ~y5y°y’, andthe action of the operator
X on the mesonwavefunction is .~1,= [it, ci’]. Using this, we compute

= ~
3P = 0, ~2V(�) = 2V(�),

£3V(e~)= ±V(�~), £3V(�
3)= 0, (4.15)

which showsthat P hasspin zero,and V hasspin one. Next considerthe actionof the heavy-quark
spin operatorS. It hasthe samematrix representationas .~,but only acts on the heavy-quarkspinor
in cli: S

1clr = S’ifr, with S’ = .~. It follows that

s3p = ~V(e
3), S

3V(�
3)= ~P, S

3V(�~)= ±~V(�~), (4.16)

in accordancewith the spin assignmentsin (4.12).
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In a generalframe, the tensorwave functions in (4.14) can be readily generalizedin aLorentz
covariantway by replacingy°with p~.The polarizationvector of a vector mesonwith velocity v

satisfiese v = 0 ande• = —1, as well as

= v”~v’~— (4.17)
p01.

It canbe written as acombinationof threeorthonormalvectorse’ that areorthogonalto v: EU = a
The generatorsof the spin symmetryare S’ = ~Ys~~’[cf. (1.13)]. This can be usedto derivethe
generalrelation betweenpseudoscalarand vectormesonstatesin HQET:

a.SP(v) = ~y5p4~P(v)= ~V(v,�). (4.18)

This is the correctgeneralizationof (1.41).
The covariantrepresentationof statescan beusedto determinein avery efficient way the structure

of hadronic matrix elementsin the effective theory [7,93]. The goal is to find a minimal form
factordecompositionconsistentwith Lorentz covariance,parity invarianceof the stronginteractions,
andheavy-quarksymmetry.The flavor symmetryis manifestwhenone usesmass-independentwave
functions to representhadron states which obey a mass-independentnormalization as in (1.25)
and(4.6). The correct transformationpropertiesunderthe spin symmetryareguaranteedwhen one
collects a spin doublet of statesinto asingle object. Let us discussthis in detail for the ground-
statepseudoscalarand vector mesons,althoughthe method is completelygeneral.One introducesa
combinedmesonwave functionM(v) that representsbothP(v) and V(v, �) by

M — 1 + ~ f —y~ pseudoscalarmeson, (4 19)(v) — 2 1 ~ vectormeson,

wherewe haveomitted the factor 1 /~ from (4.14) for later convenience.We notethat when one
prefersto work with mesonstatesobeyingthe relativistic normalization (1.26), one hasto multiply
M(v) by m~

2,wheremM is the physicalmesonmass.The covarianttensorwave function hasthe
importantproperty

M(v) = P~M(v)P_, (4.20)

whereP~.= ~(1±pt). This will often beusedbelowto simplify expressions.Considernow atransition
betweentwo heavy mesons,M(v) —~ M’(v’), mediatedby a renormalizedeffectivecurrent operator
h’Fh, which changesa heavy quarkQ into anotherheavy quarkQ’. Throughoutthischapterwe will
usethe short-handnotation h h~9and h’ h~3.According to the Feynmanrules of HQET, the
“heavy-quarkpart” of the decayamplitude is simply proportionalto ü~Fuh;interactionsof the heavy
quarkswith gluons do not modify the Dirac structureof ~ 16 Sincethe heavy-quarkspinorsarepart
of the tensorwave functionsassociatedwith the hadronstates,it follows that the amplitudemustbe
proportionalto 7~i’(v’) FM (v). This is aDirac matrix with two indicesrepresentingthe light degrees
of freedom.Sincethe total matrix elementis aLorentzscalar,theseindicesmustbe contractedwith
thoseof amatrix E. Hencewe may write

(M’(v’)lh’FhIM(v)) = Tr{E(v, v’, ,a).M(v’)FM(v)}. (4.21)

16 Recall that thesegluons aresoft. Hardgluon effectsarefactorizedinto the Wilson coefficients.
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The matrix S containsall long-distancedynamics.It is amostcomplicatedobject, only constrained
by the symmetriesof the effective theory.Heavy-quarksymmetry requiresthat it be independentof
the spins and massesof the heavy quarks, as well as of the Dirac structureof the current. Hence,
S can only be a function of the mesonvelocities’7 and of the renormalizationscale/5. Lorentz
covarianceand parity invariance imply that S must transformas a scalar with even parity. This
allows the decomposition

E(v, v’, /5) = Si + ~ + ~3c’+ .~4øc/’, (4.22)

with coefficients5~= S~(w, /5). But usingthe projectionproperty (4.20) of the tensorwave func-
tions, one finds that under the trace

E(v,v’,/5) —~E1—S2—S3+E4~—~(w,/s). (4.23)

Therefore [7],

~M’(v’)Jii’FhIM(v)) = —~(w,/s)Tr{M’(v’)FM(v)}. (4.24)

Thesign is chosensuchthat theuniversalform factor~(W,~s)coincideswith the Isgur—Wisefunction,
which emergedin chapter1 as thesingle form factor thatdescribessemileptonicweakdecayprocesses
of heavy mesonsin the infinite quark-masslimit. Eq. (4.24) summarizesin acompactway theresults
derivedin section1.4. Using theexplicit form of the mesonwave functionsonecanreadily recoverthe
relations (1.28), (1.29), and (1.45). The only new featureis that the Isgur—Wisefunctiondepends
on the renormalizationscale/5. This is necessaryto compensatethe scaledependenceof the Wilson
coefficients,which multiply the renormalizedcurrentoperatorsin the short-distanceexpansion.

Using the tensormethodsdescribedabove, it is completelystraightforwardandsystematicto find
a minimal decompositionin terms of universal form factors for any matrix elementin HQET. In
particular,it is possibleto evaluatematrix elementsof higherdimensionoperators.By combining the
resultsof this sectionwith the explicit expressionsfor the renormalizedcurrentsderivedin chapter3,
we now havethe tools at handto constructthe 1 /mQ expansionof any hadronicmatrix elementof
the full theory at leadingand next-to-leadingorder. In the following sections,we will apply these
methodsto the weak decayform factorsof heavymesons.We shall comeback to the discussionof
baryonsin section4.5. We will then extendthe formalismto heavy-to-light transitionsand discuss
the 1 /mQ expansionfor mesondecayconstants,and the extractionof V~bfrom acomparisonof the
pion spectrumin B —~ ir £ P andD —p ir £P decays.

4.2. Mesondecayformfactors

One of the most importantapplicationsof heavy-quarksymmetry is to deriverelationsbetween
the form factors parameterizingthe exclusive weak decaysB —p DL P and B —* D*L P. A detailed
theoreticalunderstandingof theseprocessesis anecessaryprerequisitefor a reliabledetermination
of the elementsVcb of the Cabibbo—Kobayashi—Maskawamatrix. In the limit of an exactspin—flavor
symmetry, the mesonform factors have been discussedin section 1.4. We will now refine this

17 For this to be trueit is essentialthat oneidentifies the velocitiesof the heavyquarkswith the hadronvelocities.This is
a legitimate choicebecauseof the reparameterizationinvarianceof the effective theory.
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analysisconsiderablyby including the first-order powercorrectionsin 1 /mc and i/mb, as well as
renormalizationeffectsat next-to-leadingorder in perturbationtheory.The original analysisof power
correctionsis due to Luke [30]. Radiativecorrectionsat leading and subleadingorder havebeen
includedin asystematicway in Refs. [86,90].

We start by introducinga convenientset of six hadronicform factorsh (w), which parameterize
the relevantmesonmatrixelementsof the flavor-changingvectorandaxial vectorcurrentsV~L= ëy’~b
and A,U = ~#y5b,

(D(v’)IV~IB(v))= h~(w)(v + V~)~L+ h_(w) (v —

(D*(vF,E)IV~LIB(v))= ihy(w)�e~v~,v~,

(D*(vf,E)IA~dIB(v))hAI(w)(w+i)�*~~_[hA2(w)v~~+hA3(w)vh1~}E*.v. (4.25)

Here w = v v’ is the velocity transferof the mesons.The results (1.29) and (1.45) obtainedin
section1.4 from the considerationof the naive symmetrylimit would correspondto

h~(w)=hy(w)—hA,(w) —hA3(w)(w),

h(w)=hA2(w) =0. (4.26)

But even at leading order in the 1/rn0 expansionthere are correctionsto theserelations from
renonnalizationgroup effects. They can be taken into accountby combining the operatorproduct
expansionof the flavor-changingcurrentsJ1~~= V~Lor A’~in (3.126) with the generalform (4.24)
of matrix elementsof the dimension-threeoperatorsin the effective theory.According to (3.142),
the /5-dependenceof the Wilson coefficients of any bilinear heavy-quarkcurrent can be factorized
into a universalfunction Khh(w, ia), which is normalizedat zero recoil. The /5-dependenceof this
function has to cancel againstthat of the Isgur—Wise function. We can usethis fact to define a
renormalization-groupinvariant Isgur—Wise form factor by

~ren(~4’) ~~(w,/5)Khh(w,/L), ~ren(1) = 1. (4.27)

Neglectingtermsof order 1 /mQ, we then obtain [86]

(M’(v’) Ij~IM(L’))= ~ren(W) ~ ~~(w) Tr{M’(v’)F1M(v)}. (4.28)

For J~= V’~and A’~,the matrices F, are given in (3.102) and (3.112),respectively. It is now
straightforwardto evaluatethe tracesto find

h~(w)= {C,(w) + ~(w+ l)[C2(w) +C3(W)]}~ren(W),

h(w) = ~(w + 1) [C2(w) — C3(W)]~ren(W),

hy(w) = Ci(W)~ren(W),

hA1(w) C~(W)~ren(W),
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hA2(w) = C~(W)~ren(W),

hA3(w) = [C~(w) +C~(W)]~ren(W). (4.29)

This is the correct generalizationof (4.26) at leadingorder in the 1 /mQ expansion.It is still true
that the mesonform factorsare all proportionalto a singleuniversalfunction ~ren ( w). The relations
betweenthem are not as simple as shown in (4.26), however, sinceradiative correctionsviolate
the spin—flavorsymmetry.Their effects are containedin the various combinationsof short-distance
coefficients,which can be evaluatedusingthe numericalresultsgiven in Tab. 3.1.

At this point it is instructiveto reconsiderthe implications of currentconservation.As discussed
in section 1.4, the fact that the vector current operatorsof dimensionthree are conservedin the
effective theory can be used to derivethe normalizationof the Isgur—Wise functionat zero recoil.
Following eqs. (i.30)—(1.33) one finds that ~(1,/5) = 1, and by definition the renormalizedform
factor~, ( w) obeysthe samenormalization.An observationwhich will turn out to be importantlater
is that this normalizationalsofollows from the conservationof the flavor-conservingvector current
in the full theory,which implies that h~(1) = 1 in the limit of equalmesonmasses.Fromtheabove
expressionswe find that h~(1) = flV~ren(1), where the QCD coefficient fly is definedin (3.157).
The fact that fly = 1 in the limit of equal masses[cf. (3.160)] leadsto the normalizationof the
Isgur—Wise function. The importantpoint is that current conservationin the full theory is a more
powerful constraintthan current conservationin the effective theory.Whereasthe latter leadsto a
relation for the Isgur—Wise function only, the condition h~(1) = 1 can be usedto derive separate
constraintsat every order in the i/mQ expansion.

Following Ref. [30], let us now discussthe structureof the leadingpowercorrectionsto the results
given above. We will presentthe discussionfor ageneraltransitionbetweentwo heavy mesons,and
later specializeit to B —* D~*) decays.At order 1 /mQ thereappearsin the operatorproductexpansion
of the currentsin (3.147) a set of local and nonlocaleffectivecurrent operatorsof dimensionfour.
The local operatorsO~containa covariantderivativeacting on oneof theheavy-quarkfields andthus
havethe genericform /2’F~Dahor h’ ( —i Da)Fh. The Dirac matricesF carry two Lorentz indices;
for instanceF = y~5flfor 0,. Becauseof heavy-quarksymmetry the structureof F is irrelevant,
however. In generalizationof (4.21), hadronicmatrix elementsof theseoperatorscan be written as
tracesover the mesonwave functionsin the following form:

(M’(v’) I1’1’~1)ahuIM(L’))= —Tr{~a(v,v’, js)M (v’)FM(v) },

(M’(V’)I/~’(~~a)FhIM(V)) —Tr{~a(v’,v,1i4M(v’)FM(v)}. (4.30)

Thesematrix elementsare relatedto each otherby Dirac conjugationcombinedwith an interchange
of the velocity variables.Thetensorform factor~a (v, v’, /5) carriesthe Lorentzindex of the covariant
derivative.Taking into accountthe projectionpropertiesof the tensorwave functions,one finds that
the mostgeneraldecompositionof this objectinvolves threescalarfunctions:

~a(v, v’~~s)= ~ /5) (v + V’)a + ~_(w, ~) (v — V’)a — ~3(w,/5)7,,. (4.31)

T-invarianceof the stronginteractionsrequiresthat thesefunctionsbe real. This, in turn, implies that
the conjugate~,(v’, v, ~) is given by the sameexpressionbut for achangeof the sign of the second
term.
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(a) (b)

Fig. 4.1. Diagramsrepresentingthe first-order powercorrections(black squares)to hadronicform factors: (a) corrections
from localdimensionfour currentoperators;(b) correctionsfrom insertionsof higherdimensionoperatorsfrom theeffective
Lagrangian.Thegray arearepresentsthe light degreesof freedom.

The three new functions~ (w, /5) are not all independent.The equationof motion iv~Dh = 0
implies that V~a (v, v’, /5) 0, wherethe symbol is usedto indicatethat this relation holdsunder
the tracesin (4.30), i.e., betweenthe projectionoperatorsprovidedby the mesonwave functions.In
termsof the scalarfunctions,this constraintis equivalentto

(w+ i)~+(w,/5)— (w— i)~_(w,/5)+~3(w,/5)=0. (4.32)

A secondrelation canbe derivedby notingthat ~9a(1~’1’h)= h’i~,,Fh+ h’FiD,,h. Using (2.29) to
evaluatethe matrix elementof the total derivativeof the current,oneobtains

~,,(v,v’, /5) — ~,,(v’, v, /5) = A(v — V’),,~(W, /5), (4.33)

whichcan beusedto relate~(w, /5) to theIsgur—Wisefunction.Recall thatA = mM—mo = mM’—mQ’
canbe identified with the effective massof the light degreesof freedomas definedin (2.30). The
two constraintscanbe combinedto give

~(w,/5) = ~(w,/5), ~~(w,/5) = ~ ~ ~+ ~ (4.34)

Theserelationssuggesta close relation betweenthesefunctions and the leading-orderIsgur—Wise
function.The origin of this relationis the reparameterizationinvarianceof theeffective theory.In fact,
we haveseenin section3.9 that the local dimension-fouroperatorsO~are renormalizedby the same
Wilson coefficientsas the dimensionthreeoperatorsJ,. For their matrix elementsthisimplies that the
/5-dependenceof the functions~ /5) mustbe the sameas the /5-dependenceof the Isgur—Wise
function ~(w, /5). This leadsus to introducea new, renormalization-groupinvariant function fl (w)
by

~3(W,/5) A~(w,/5)fl(w). (4.35)

We expectthat 77(w) will be a slowly varying functionof orderunity, and this is in fact confirmed
by QCD sumrule calculations(seechapter5). To summarize,mesonmatrix elementsof any of the
local operatorsO~can be parameterizedin termsof the productA~(w, /5) andasinglenew function
fl (w). A graphicalrepresentationof this first type of powercorrectionsis shownin Fig. 4.1(a).

An importantconsequenceof the relations (4.34) is that, at zero recoil, the tensorform factor
reducesto

~a(V,V,/5) A77(i)(Va+ya)~0, (4.36)
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which vanishesbetweenthe (equal velocity) projection operatorsprovided by the mesonwave
functions. Consequently,in the limit v = v’ thereare no contributionsof the local dimension-four
operatorsO~to mesonmatrix elements.This statement,which is true to all ordersin perturbation
theory, is the first part of the so-calledLuke’s theorem [30,46,97].

A secondclassof 1 /mQcorrectionscomesfrom the presenceof higherdimensionoperatorsin the
effective Lagrangian.Insertionsof L, in (3.72) into matrix elementsof the leading-ordercurrents
J, = h’F1h representcorrectionsto the mesonwave functions,which appearsince the statesof the
effective theoryare different from the physicalstatesof the full theory.For the heavy—lightcurrents
the correspondingoperatorsTk havebeendiscussedin detail in section3.6. For bilinearheavy quark
currentsonehasto distinguishinsertionsof r1 on the incoming heavy-quarkline from insertionsof
£~(the prime indicatesthat this is part of the effectiveLagrangianfor the heavy quark Q’) on the
outgoingheavy-quarkline, as depictedin Fig. 4.1(b).The correspondingmatrix elementsarerelated
to eachotherby Dirac conjugationand an exchangeof variables.We only displaythe first one,

(M’(v’) hfdxT{J1(0),£~(x) }IM(v))

= —2AX,(w,/5)Tr{M’(v’)F1M(v)}

— 2ACmag(/5)Tr{Xap(v,v’, /5)~’(v’)F1P+~M(v) }. (4.37)

Note that we have factored out A in order for the form factors to be dimensionless.The kinetic
operatorcontainedin £~transformsas aLorentzscalar. An insertionof it doesnot affect the Dirac
structureof the matrix element.Hence, the correspondingfunction Xi (w, /5) effectively correctsthe
Isgur—Wise function. The chromo-magneticoperator,on the other hand, carries anontrivial Dirac
structure.An insertionof it on the incomingheavy-quarkline bringsamatrix o~next to the meson
wavefunctionM (v), seeFig. 4. lb. In addition,apropagatorseparatesthis insertionfrom the heavy-
quark current,resultingin aprojection operatorP~= ~(1 + ~6)on the right-handsideof F1. This
explainsthe structureof the secondtrace in (4.37). Noting that v,,P~o~~M(v)= 0, we write the
generaldecompositionof the tensorform factor ~ (v, v’, /5) as

Xap(v,v’,/5) = iX2(w,/5)u~yp+X3(w,/5)oap. (4.38)

The termsproportionalto X3 (w, /5) in (4.37) can be simplified, irrespectiveof the structureof the
current,by meansof the identity [54]

= 2dMM(v), (4.39)

whered~= 3 for pseudoscalarmeson,and dy = —1 for avectormeson.We havealreadyencountered
thesecoefficients in (2.34). It follows that the function X3 (w, /5) alwaysappearsin combination
with the Isgur—Wise function,but in a way that is different for pseudoscalarand vectormesons.It
thusrepresentsa spin-symmetryviolating correctionto the mesonwave functions.

Given the abovedefinitions and the expansionof the currentsin (3.155), it is straightforward,if
tedious,to calculatethe first-orderpowercorrectionsto the hadronicform factorsh (w). Of course,
thesephysicalform factors shouldbe written in terms of renormalizeduniversalfunctions ~ ( w),
ratherthan the /5-dependentfunctionsthat parameterizethe matrix elementsin the effectivetheory.
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For the renormalizationof Xi (w, /5), which alwaysappearsin the samecombinationwith the Isgur—
Wise form factor, it is importantto recall from section3.9that theWilson coefficientsdependon the
velocity transfervariableii), which accordingto (3.153) differs from the hadronvelocity transferby
termsof order 1/rn0. Their /5-dependenceis determinedby the function [cf. (3.120)1

Khh(1~,/5) = Khh(w,/5) + —~-~-+ -~~- (w — 1)-~--Khh(w,/5)+.... (4.40)\mQ mQ~)

The first term renormalizesthe Isgur—Wise function, whereas the secondonecontributesto the
renonnalizationof Xi(w, ~). We define [cf. (4.27)]

Khh(1~),/5)[~(w,/5)+ (A/rn0 +A/rnQ’)Xi(w,/5)]

= ~ren(W) + (A/rn0 + A/mo’)~~°’(w), (4.41)

where

,~en(W)= Xi(W, /5)Khh(W, /5) + ~ren(W) (w — 1) (a/aw) lnKhh(w, /5). (4.42)

The renormalizationof the othertwo functionsis straightforward.Factorizing the coefficient of the

chromo-magneticoperatoras in (3.45), i.e.

Cmag(/L) = Cmag(mQ)Kmag(/5), (4.43)

we define

x~’(w)= X~(u1~’,/L)Kmag(/L)Khb(W, is), i = 2,3. (4.44)

So far Kmag(j(L) is known in leading logarithmic approximationonly, but this will turn out to be
sufficient for our purposes.

For the presentationof the exact results for the mesonform factors at order 1 /mQ we define
functionsN (w), which contain the correctionsto the limit of an exactspin—flavorsymmetry,by

h,(w) = Nj(w)~ren(w). (4.45)

It is furthermoreconvenientto introducethe dimensionlessratios

A/2rn~,
8b = A/2mb, (4.46)

as well as threenew functionsLpy(w) andL?(w),

~ren(’4’)~1~~p(W)=2x’~”(w) 4Cmag(mo)[(W i),~’(w)— 3x~”(w)1,

~ren(W)Lv(W) = 2X~°’(w)— 4~mag(mQ)X~”(W),

~ren(~4’)L~(W) 4Cmag(mQ)X~”(w). (4.47)

One can show that L~and Ly are correctionsto the Isgur—Wise function which alwaysappearfor
pseudoscalarand vector mesons,respectively,irrespectiveof the structureof the current [46]. We
first presentthe resultsfor N~and NA

1, which will play a specialrole in the analysisbelow. They
are [98]:
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+e~~(w—1){[l —2
77(w)]~2(i~) + [3—277(w)]C3(i~)}

+6b~(W—1){[3—2~(w)]C2(i~) + [1 —277(w)]C3(~)},
(4.48)

NA~(w)=C~(i~)[i+BCLD.(w) +ebLB(w)]

+e[ê~) +277(w)ê~(~)]

+~b~ ~{[1 —277(w)Jê~(~i))+277(w)~~(i~)}.

Notice that the Wilson coefficientsarefunctionsof the variable~ whereasthe universalform factors
dependon the mesonvelocity transferw. The expressionsfor the remainingfour form factors are
morelengthy.To display themwe omit the dependenceon i~andw. We find [98]

N_=~(w-Fi)(C2—C3)(1+e~LD+ebLB)

—s~{(1—277)[c1—~(w—1)(c2—c3)]+(w+1)c3}

+Sb{(1 —277)[C, + ~(w— 1)(ö2 — C3)] + (w+ i)C2},

N~ C,(i + SCLD. + SbLB) + s~(C1— 277C3) + Bb[(l — 2-q)C1 — 277C2],

NA2 C~(i+ecLry~+SbLB) + [C’+(w— l)C~]s~L~

— ~ ((1 +~â~+~ — ~(w+ 1)(i +2~)~)

+ ~
2~

1~(~3w+ 1)— (w+2)~i). (4.49)

NA,=(C~+C~)(1+CCLD. +EbLB) — [Ct— (w—1)C~]�~L~

+ w~1~’ 1 —277)(Cj~—~)+4w(1 +-q)Cfl

+Sb((1 —2~)(~+~)+~~(wfl~ 1)~).

Theseexpressionsarethe main resultof thischapter.
As discussedabove, vector currentconservationin the full theory implies that h~(1) = 1 in the

limit of equalheavy-quarkmasses.Given the aboveexpressions,this is equivalentto L~(1) = 0,
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which musthold for anyvalue of mQ in the Wilson coefficient Cmag(mo). It follows that’8

x~”(i)= x~”(i)= 0. (4.50)

This alsoimpliesthe vanishingof the /5-dependentfunctionsxi (w,~s)andX3 (w, ~s)at w = 1. It then
follows that the matrix elementsin (4.37) vanishat zero recoil, which is the secondpart of Luke’s
theorem.We shalldiscussthe phenomenologicalimplicationsof this theoremin the nextsection.

It is difficult to extract much information from the complicatedexpressionsfor N without a
prediction for the subleadinguniversal functions ~1and ,~°‘. For this reasona detailednumerical
discussionis postponeduntil chapter5, where theseform factors are calculatedusing the QCD
sum rule approach.Some important,generalobservationscan be madewithout such an analysis,
however.Using (4.50), onefinds that the 1/mQ correctionsin N~and NA

1 vanishat zero recoil. The
normalizationof the correspondingmesonform factors is predictedby HQET up to second-order
power corrections:

h+(i)fly+O(i/m~), hA~(1)=flA+O(1/m~). (4.51)

The perturbativecoefficientsrj~ and flA havebeengiven in (3.159). Notice that thereis no such
result for the remainingform factors.

Furtherpredictionscan be madefor ratios of mesonform factors,in which someof the universal
functionsdrop out [56]. An importantexampleis the ratio

R1(w)_hy(w)/hA,(w), (4.52)

which is readily seento be independentof ~ (w). In fact, at order 1 /mQ the following simple
expressioncan be derived [98]:

/ 2s~
26b

R
1(w) =F1(~P)(1+ + [l—2F2(W)~(w)] 1, (4.53)

\ w+1 w+1 J

F1(~)= 1 + [4a~(m~)/3ir]r(~), (4.54)

andthe secondshort-distancecoefficient F2( ~)) is almost independentof i~over the kinematicrange
accessiblein semileptonicdecays:F2 ( i~) ~ 0.9. Note that the unknownfunction ~(w) entersin the
i/mb correctionsonly. Unless the values of this function were anomalouslylarge,~ we conclude
that the ratio R1 (w) can be predictedin an essentiallymodel-independentway. Note that both the
QCD and the i/me correctionsare positive. As a consequence,the deviationsfrom the symmetry
limit R, = 1 arerathersubstantial.For instance,assumingA = 0.5±0.2GeV andneglectingthe i/mb
correctionswe obtain R1 = 1.33±0.08 at zero recoil. In chapter6 we will discussan experimental
test of this prediction.

4.3. Implications ofLuke’s theorem

The analysisof the previoussection shows that the matrix elementswhich describethe leading
1 /mQ correctionsto mesondecayamplitudesvanishat zero recoil. As a consequence,in the limit

l8 Originally, this wasderived by consideringin addition the vector currentmatrix elementbetweentwo vector mesons,

whichgivesthesecondcondition Lv( 1) = 1 [301.
19 Wewill see in chapter 5 that ~(w) 0.6, so that the correctionsproportional to ei, in (4.53) areindeedvery small.
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v = v’ thereare no terms of order 1/rnQ in the hadronicmatrix elementsin (4.25). This is Luke’s
theorem[30]. It is independentof the structureof the Wilson coefficientsandthusvalid to all orders
in perturbationtheory [46,97].

There is considerableconfusion in the literatureabout the implicationsof this result. It is often
claimedthat the theorem would protect any mesondecayrate, or evenall form factors that are
normalizedin the spin—flavor symmetry limit, from first-order power correctionsat zero recoil. As
pointedout in Ref. [18] this is not correct.Thereasonis simplebut somewhatsubtle.We haveseen
above that the form factors h~and hA1 in (4.25) are the only onesprotectedby Luke’s theorem;
the othersare multiplied by kinematic factors which vanish for v = v’. In fact, from (4.49) it is
apparentthat the 1/mQ correctionsto h_, hv, hA,, andhA3 do not vanishat zero recoil. Thefact that
thesefunctionsarekinematicallysuppresseddoesnot imply that theycould not contributeto physical
decayrates.This is often overlooked.Consider,as an example,the processB —~ DLP in the limit of
vanishinglepton mass.By angularmomentumconservation,the two pseudoscalarmesonsmustbe in
a relativep-wave in order to matchthe helicities of the leptonpair. The amplitudeis proportionalto
the velocity I I of the D mesonin the B restframe, which leadsto a factor (w

2 — 1) in the decay
rate. In such asituation,form factorswhich are kinematicallysuppressedcan contribute. Indeed,an
explicit calculationshowsthat the B —÷ DLP decayrateis proportionalto

(w2 — i)3/2~h+(w)— mB — mDh~~ (4.55)

mB + mD

Thetwo form factorscontributeequally to the rate,althoughh_ is kinematicallysuppressedin (4.25).
Consequently,the decayrateat zerorecoil doesreceivecorrectionsof order i/rn

0.
2°As emphasized

by Neubert [99], the situationis different for B —* D*LP transitions.Becausethe vectormesonhas
spin one, the decaycan proceedin an s-wave,and thereis no helicity suppressionnearzero recoil.
Onefinds that close to w = 1 the decayrateis proportionalto (w2 — i)’/2IhA

1 (w)1
2. Sincethis form

factoris protectedby Luke’s theorem,thesetransitionsare ideally suitedfor aprecisionmeasurement
of V~b.This will be discussedin detail in section6.2.

To someextentthe subtletieswith Luke’s theoremariseas an artifact of the form factor basis
in (4.25), which is howeverthe basismost convenientfor calculationsin HQET. When discussing
physics,it is better to go back to the form factorsintroducedin (1.35) and (1.46). Recall that, in
the limit of vanishingleptonmass,termsproportionalto the momentumtransferq” do not contribute
to semileptonicdecayamplitudes,sincethe leptoncurrent is conserved.Then only the form factors
F,, V, A

1 and A2 arerelevant.They correspondto the following combinationsof heavy-quarkform
factors:

RF1(q
2) =h+(w)— mB_mDh(W) R*V(q2)=hv(w),

mB + mD

R*_IA
1(q

2) = ~(w+ i)hA
1(w), R*A2(q

2) =hA,(w) + ~--hA,(w). (4.56)

mB

The definition of R(*) and the relation betweenw and q2 are given in (1.39). Only A
1(q

2) is
protectedagainst 1/mQ correctionsat zero recoil, correspondingto maximummomentumtransfer

20 As is generally the case becauseof phasespace,the ratevanishesat zerorecoil. Strictly speaking,it is only possibleto
measurecloseto zero recoil andto extrapolatethe spectrumto w = 1.
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q~= (mB — mD* ) 2 to the lepton pair. This means that in practiceLuke’s theoremreducesto the
singlebut importantresult that2’

mB + rnD. 2
Ai(q~~~)hA,(i) flA+S,/n,2, (4.57)

~

where77A ~ 0.99±0.01 from (3.159),and ôi/mZ representshigher-orderpower corrections.

4.4. Second-orderpowercorrectionsand the anatomyof 81/m2

The aboveresultoffers the possibility for a model-independentdeterminationof V~bfrom amea-
surementof the semileptonicdecayrateB —* D*LP nearzerorecoil [16,99]. In thisregion the rateis
proportionalto I hA~(1)12, which is knowntheoreticallyup to correctionsof order 1 /m~.Oneexpects
thesehigher-orderpower correctionsto be of ordere~~ 3%, but of coursesuch anaive estimate
could be too optimistic.For aprecisionmeasurementof Veb’ it is importantto know the structureof
1/,n~correctionsin moredetail.

Although in principle straightforward,the analysisof higher-orderpowercorrectionsin HQET is
a tremendousenterprise.As shown in Fig. 4.2, threeclassesof correctionshaveto be distinguished:
matrix elementsof local dimension-fivecurrent operators,“mixed” correctionsresulting from the
combination of correctionsto the current and to the Lagrangian,and correctionsfrom one or two
insertionsof operatorsfrom the effective Lagrangianinto matrix elementsof the leading-ordercur-
rents.Within theseclasses,one can distinguishcorrectionsproportionalto i/mg, 1/rn~,or 1/mCmb.
Falk andNeuberttookthe challengeandanalyzedthesecorrectionsfor both mesonandbaryondecay
form factors [46,52]. We shall only briefly discussthe main resultsand implicationsof their analy-
sis. More thanthirty new universalfunctionsare necessaryto parameterizethe second-orderpower
correctionsto mesonform factors.22 When radiativecorrectionsare neglected,elevencombinations
of thesefunctionscontributeto the hadronicform factorsh,(w). The generalresultsgreatly simplify
at zerorecoil, however.Therethe equationof motion and theWard identitiesof the effective theory
canbe usedto prove that matrix elementsof local dimension-fivecurrentoperators,as well as matrix
elementsof time-orderedproductscontaining a dimension-fourcurrent and an insertion from the
effective Lagrangian,can be expressedin termsof the parametersA

1 and A2, which describethe
1 /mQcorrectionsto the physicalmesonmassesin (2.34). This result is ageneralizationof the first
part of Luke’s theorem.In addition, the conservationof the flavor-conservingvector current in the
full theory forcescertaincombinationsof the universalfunctionsto vanishat zerorecoil, in analogy
to the secondpart of Luke’s theorem.The consequenceis that wheneveraform factor is protectedby
Luke’s theorem,the structureof second-orderpowercorrectionsat zerorecoil becomesrathersimple.

In particular,the coefficient 81/m2 in (4.57) is found to havethe following structure[46]:

(1 1 \/‘Ly £~\ ___
Sl/m2(It~’J+ . (4.58)

\2m~
2mbJ\2m~ 2mbJ 4mCrnb

The coefficients~ arerelatedto the zero recoil matrix elementsof the vectorcurrentbetweentwo
pseudoscalaror vectormesons

21 There are other important implicationsof this theoremfor inclusive decaysof hadronscontaininga heavyquark.They

are,however,not the subjectof this review.
22 A

0 baryondecaysaresimpler. In this caseonehasto introduceten new functions.
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Fig. 4.2. Diagramsrepresentingthe second-orderpowercorrectionsto mesonform factorsin HQET: (a) correctionsto the
current;(b) mixed correctionsto the currentandto the effective Lagrangian;(c) correctionsto the effective Lagrangian.
The black squaresrepresentoperatorsof order 1/mb or 1/me, the openones denoteoperatorsof order 1/m~,1/mg, or
1 /m~mb.

/ 1 1 \2 1
(D(v)~eylLb~B(v))=277yv~

41—L~(—-——————--) +...I,
\2m~ 2mbJ i

/ ~ ~
(D*(v,E)I~y~~bIB*(v,e))2flyV~ 1 Ly( — ) +.“ . (4.59)

~2m~ 2mb!

Thetermsin parenthesesdescribethe deviationsfrom the flavor symmetrylimit, in which the “brown
muck” configurationsin the initial and final mesonare exactly the same.Due to the fact that the
heavy-quarkmassesaredifferent, the light degreesof freedomundergosomerearrangement,leading
to asmall form factor suppression.In the nonrelativisticconstituentquarkmodel, the deficit in the
wave function overlap resultsfrom an mQ-dependenceof the reducedmassof the light constituent
quark.An estimateof this effect in the ISGW model [19] gives23

£pLv31n~R~0.37GeV2, (4.60)

wherewe haveused the constituentquark massmq ~ 0.35 GeV. This gives ~ —2% for the first
term in (4.58). The importantobservationis that this contributionis parametericallysuppressedand
vanishesin the limit of an exactflavor symmetry.

The secondterm in (4.58) is suppressedby the bottomquark massand is thereforeexpectedto
be small.The coefficient Li can be written [46]

Li= ~(m~d,—m~)+~A,+..., (4.61)

where the ellipsis representscorrectionsresulting from a doubleinsertion of the chromo-magnetic
operator.Therearereasonsto expectthatsuch“second-order”hyperfineeffectsarestrongly suppressed
(seechapter5). We shallneglectthem.The contributionto Li proportionalto the vector-pseudoscalar
mass splitting is small and positive. It can be extractedfrom the mass differenceof the B and B*
mesons.The main uncertainty,then, residesin the parameterA~.Severalauthorshavecalculatedthis
quantity using QCD sumrules [54,107—109].We shall discussthe resultsin detail in section5.4.

23 A similar result is obtainedfrom lattice gaugetheory [106].
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For an estimateof Li, we usethe range0 < —A, <0.5 GeV2 and obtainvaluesbetween— 1.4%and
0.8% for the secondterm in (4.58).This leadsto our final estimate

_3% <81/m2 <1%. (4.62)

We can combinethis with (4.57) to obtain one of the most important,and certainly most precise
predictionsof HQET,

hA
1(i) =0.97±0.04, A1(q~)=0.86±0.04. (4.63)

In estimatingthe theoreticaluncertainty,we havetakeninto accountthat correctionswhich havebeen
neglectedare of order [a,(m~)/ir]

2 ~ 1% ands~~ 0.5%,andarethusexpectedto be very small.

4.5. Baryon-decayformfactors

After the discoveryof the A,, baryon [100,101], the prospectsaregood that weakdecaysof heavy
baryonscan soon be studied in detail. Eventually, such a program could lead to an independent
measurementof the elementsVa,, and Va,, of the Cabibbo—Kobayashi—Maskawamatrix. Heavy AQ
baryonsare particularly simple in that they are composedof a heavy quark and light degreesof
freedomwith total angularmomentumzero. Forthis reasonthetheoreticaldescriptionis rathersimpler,
and the predictive power of HQET is large. It is, therefore,worthwhile to study the semileptonic
processA,, —* ACLP in detail.

According to (4.7), in the effective theory a A
0 baryon is representedby a spinor uA (v, s) that

canbe identified with the spinorof the heavy quark.For simplicity, we shall from now on omit the
spin labelsand write u(v) UA (v, s). The baryonmatrix elementsof the weakcurrentsV’~’=
andA~= ëy’

2y
5bcanbe parameterizedby six hadronicform factors,which we write as functionsof

the baryonvelocity transferw = v

(Aç(v’)IV’IA,,(v))=u(v’)[F,(w)y~+F2(w)V+F3(w)v’~]u(v),

~ (4.64)

The aim is to constructan expansionof the hadronicform factors F, ( w) and G•( w) in powersof
1 /m0, and to relate the coefficientsin this expansionto universal, mass-independentfunctions of
the velocity transfer. This is achievedby constructingthe operatorproductexpansionof the weak
currentsandevaluatingthematrix elementsof the effectivecurrentoperatorsusingthe tensormethods
of section4.1. Theanalysisat leadingorderwas doneby severalauthors[102—105].It was extended
to order 1/rn0 by Georgi, Grinstein,andWise [45]. Thenext-to-leadingorderQCD correctionshave
beenincludedin Refs. [86,90]. Second-orderpowercorrections,which we shallnot discussin detail,
havebeenanalyzedby Falk andNeubert[46]. Oneproceedsin completeanalogyto the mesoncase,
but thingsaremuch simplerdueto the fact that thelight degreesof freedomhavespinzero, whereas
they have spin ~ in the mesoncase. Accordingly, there will be no Lorentz index for the “brown
muck”.

Let us then repeat,stepby step, the analysisof section4.2. The baryonmatrix elementsof the
dimension-threecurrent operatorsare describedby a universal form factor ~(w, p.), which is the
analogof the Isgur—Wise function in the baryoncase.It is definedby

(A’(v’)$h’FhIA(v)) = ~(w,p.)ü(v’)Fu(v). (4.65)
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For simplicity we will refer to this function as the Isgur—Wisefunction, too, but we emphasizethat it
is not at all relatedto the function~(w, p.) which arisesin the analysisof mesondecays.Combining
(4.65) with the short-distanceexpansionof the currentsin (3.126),one can immediatelyderive
expressionsfor the baryon form factorsto leadingorder in 1/rn0. They are

F1(w) =C1(w,p.)~(w,p.)=C1(w)~~,,(w),

G1(w)=C~(w,p.)~(w,p.)=C,
5(w)~ren(w), (4.66)

wherewe havedefinedthe renormalizedIsgur—Wisefunction in analogyto (4.27) by

Cren(w) ~~(w,/5)K,,,,(w,p.). (4.67)

As in themesoncase,this function is normalizedat zero recoil:

~ren(i) = ~(l,p.) = 1. (4.68)

The powercorrectionsof order1/rn
0 involve againcontributionsof two types.Thefirst comefrom

the local dimension-fouroperatorsO~in the expansionof the current.Theirmatrix elementscanbe
parameterizedin a way similar to (4.30),e.g.

(A’(v’) IWFiD,,hIA(v))= ~,,(v,v’, p.)ü(v’)Fu(v). (4.69)

But now the generalstructureof the tensorform factor is simpler:

C,,(v, U’, ,s) = ~ p.)(v + v’),, + ~_(w, p.)(v — V’)a. (4.70)

In the baryoncasethereis no analogof the function ~ (w, p.). The two constraintsfollowing from
the equationof motion are then sufficient to relate~. (w, ~) to the Isgur—Wisefunction. One finds
[45]

~+(w,/5) = ~ ~~(w,/5), ~(w,p.) = ~A~(w,p.). (4.71)

In the baryoncase,matrix elementsof the local dimension-fouroperatorsarecompletelydetermined
in termsof A andthe leading-orderIsgur—Wisefunction.Ofcourse,A = m.,~— m0 will haveadifferent
valuethanthe correspondingparameterfor heavy mesons.In fact, the difference

Abaryon— Ameson =mA — mM ~ 0.33 GeV
2 (4.72)

is independentof m
0 andcan be extractedfrom the knownhadronmassesin the b-system.

The form factors also receive correctionsfrom insertionsof higher dimensionoperatorsin the
effective Lagrangianinto matrix elementsof the leading-ordercurrentsJ, = h’F,h. However, baryon
matrix elementswith an insertionof the chromo-magneticoperatorvanish,since Xap( v, v’, p.) in
(4.38) necessarilycontainsDirac matrices.This is not allowedin the baryoncase.Insertionsof the
kinetic operatorpreservetheDirac structureof the current,henceeffectivelycorrectingthe Isgur—Wise
function ~(w, p.). The total effect is

(A’(v’) i f dxT{J~(0),£, (x) }IA(v)) = 2AX(w,1s)u(v’)F~u(v). (4.73)

We definethe renormalizedfunction Xren(W) in analogyto (4.42).
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It is now straightforwardto work out the power correctionsto the hadronic form factorsF,(w)
and(J,(w) at subleadingorder in the i/rn0 expansion.We find it convenientto collect certain 1/rn0
correctionsthatalwaysappearin combinationwith the Isgur—Wisefunction into anew, renormalized
function

~ren(W) + (e~+ Sb) (2X~n(w)+ ~‘ + ~~ren(W))~ (4.74)

with S~asdefinedin (4.46). Becauseof the dependenceon theheavy-quarkmassesthisis no longer
auniversalform factor. The importantthing, however,is that Ac (w) is still normalizedat zerorecoil
(seebelow). Its flavor dependenceis irrelevantas long as one considersA,, —~ A~transitionsonly.
Letusthenfactorize the hadronicform factorsin the form

F,(w) = N(w)~,,~(w), G,(w) = N,~(w)4~(w). (4.75)

The exactnext-to-leadingorder expressionsfor the correctionfactorsare

Ni(w)=C,(~)(i+ 2 (ec+eb)
\ w+1

— - WSb - - Sc
N2(w)=C2(w)li+ j—[C1(w)+C3(w)]

\ w+ij w+1

N3(w)=C3(~)(i+
2w5c) [C()+C()] 2s,, , (4.76)w+l w+1

N~(w)=C~(i~),

2e~ +28b)_[C )+C~(i~)] 2s~
w+i w+l

N
3(w)=C~)(1+2sc+ 2s,, )+[e5() ~~()] 2e,,

w+1 w+l

Theseresultsare completelydeterminedin termsof s, andthe short-distancecoefficient functions.
It is easy to show that Luke’s theoremapplies to baryon matrix elements,too. From (4.71) it

follows that ~ (v, v,p.) = 0. Furthermore,vectorcurrentconservationin the full theory implies that
F( 1) ~ F,( i) = 1 in the limit of equal~baryon masses.From (4.76) one finds that F( 1) =

~ (1) +
4~QXren(1) in this limit. In addition to the normalizationof the Isgur—Wisefunction, this

requiresthat

Xren(D X(l~/5) =0. (4.77)

This in turn implies that Ac(1) = 1, whichjustifiesthe definition of this function in the first place.
The numericalvaluesof the correctionfactorsN~5~(w) dependon the value of A, which is not

preciselyknown. For the purposeof illustration, we usemb = 4.8 GeV and rn~= 1.45 GeV as in
chapter3, and take A = mAb — mb ~ 0.84 GeV. With theseparameters,e~~ 0.29 and s,, ~ 0.09.
This leadsto the numbersshownin Tab. 4.1, which are given in dependenceof the baryonvelocity
transferw overthe regionaccessiblein jtb —4 A~Pdecays.Forcompleteness,we alsoshowthequark
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Table 4.1
Correctionfactors for the Ab —+ A~decayform factors.

w N~ N
2 N3 N~ N~ N~

1.00 1.0 1.57 —0.42 —0.12 0.99 —0.48 0.17
1.11 1.2 1.46 —0.37 —0.11 0.94 —0.43 0.15
1.22 1.4 1.38 —0.34 —0.10 0.91 —0.39 0.14
1.33 1.6 1.30 —0.31 —0.09 0.88 —0.35 0.13
1.44 1.8 1.25 —0.29 —0.09 0.85 —0.32 0.12

velocity transfer~, which accordingto (3.153) differs from the velocity transferof the baryons.It
is usedto evaluatethe Wilson coefficients.

The numericalanalysisshowsthat symmetrybreakingcorrectionscan be quite sizablein heavy
baryondecays.This is not too surprising,sincee~~ 30% setsthe naturalscaleof powercorrections,
and the QCD correctionsare typically of order a,( m~)/ir ~ 10%. We note, however, that upon
contractionwith the lepton currentthe form factorsF2 (w) and G2( w) becomesuppressed,relative
to F3 (w) and G3(w), by a factor mA~/mAb ~ 0.4. The apparentlylargecorrectionsto theseform
factorsthusbecomelessimportantwhenonecomputesphysicaldecayamplitudes.In addition,Luke’s
theoremprotectsthe quantities>J, F1 (w) andG, (w) from i/rn0 correctionsat zerorecoil:

77y+O(1/m~), G,(1) =flA+O(1/m~). (4.78)

Becauseof the secondrelation it should eventuallybe possibleto extract an accuratevalue of
1’~b

from themeasurementof semileptonicA,, decaysnearzero recoil, wherethe decayrateis governed
by the form factorG,,

1 dF(A~, Ac~P) G~IVc~I2~ 2 2lim ______ = 3 m~(rnAb — rnA~)IG,(1)I . (4.79)
w—i~w2_i dw

Thedeviationsfrom the symmetrylimit G
1(1) = 1 areexpectedto be small.The reasonis that, as in

themesoncase,the second-orderpowercorrectionsto Luke’s theoremareparametericallysuppressed.
Onefinds an expressionsimilar to (4.58), namely [46]

GI(i)=flA_tA(~_~.-___L-)+ Li’ (4.80)2rnc 2rnb 4mcmb

The first term accountsfor the deficit in the overlapof the Ac andAb wave functionsat rest. The
secondterm is of order 1/mCinbandexpectedto be small.A roughestimategivesG

1(i) ~ 0.93 with
an accuracyof approximately±7%.

Besidesa measurementof
1/c~~nearzero recoil, thereare severalapplicationsof the form factor

relationsderivedin this section.Whencombinedwith apredictionfor thebaryonIsgur—Wisefunction,
the resultscompiled in Tab. 4.1 determinethe semileptonicdecay rate completely. Of particular
importanceare predictionsthat are independentof the form of the Isgur—Wise function, such as
variousdifferential (in q2 or v v’) asymmetriesobservablein the cascadeAb —~ Ac~P—* AX~j.They
dependon ratios of form factors,which are predictedin HQET up to correctionsof order 1 /m~.As
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discussedin detail by Körner and Kramer, very simpleresults are obtainedat q2 = 0 [110]. There
severalasymmetriesarerelatedto the parameter

E=(gv—gA)/(gv+gA), (4.81)

wheregy and ~ denotethe vectorand axial vectorcouplingsat zeromomentumtransfer(not zero
recoil). The asymmetryparametere can be shownto vanishboth at leadingand subleadingorder in
the i/rn

0 expansion,when next-to-leadinglogarithmicradiativecorrectionsareneglected[46,110].
This explainsthe small value

~ 2.4% + O(1/rn~) (4.82)

obtainedfrom the numbersin Tab. 4.1.24 A contributionof order a few percentis expectedfrom
1 /m~corrections.Since the prediction (4.82) is basically free of theoreticaluncertainties,aprecise
measurementof � wouldyield importantinformationaboutthe size of second-orderpowercorrections.

The analysispresentedin this section can be readily extendedto the caseof excited baryons.
Generally,the derivationsbecomemore cumbersomeas the spin of the light degreesof freedomin-
creases,andthe numberof universalform factorsincreasesaccordingly.But thereareno fundamental
problems.We notethat from the phenomenologicalpoint of view only decaysof the groundstateA,,
decaysinto excitedbaryonsarelikely to be of interest;excitedbottombaryonswill decaystrongly or
electromagneticallyinto the ground-state.For the discussionof suchprocessesthe readeris referred
to Refs. [96,111].

4.6. Mesondecayconstants

In this and the following section,we will discussexamplesof the heavy-quarkexpansionfor
matrix elementsof heavy—light currents. Although the methodsare the sameas in the caseof
transitionsbetweentwo heavy quarks,the descriptionof heavy-to-lightmatrix elementssuffersfrom
aproliferationof the numberof universalform factors,in particularwhenonegoesbeyondthe leading
order in i/rn0. The reasonis that the light state hasto be representedby a tensorwave function
which is morecomplicatedthan for heavyhadrons.An exceptionarematrix elementswhich describe
the amplitudefor a weak current to producea mesonout of the vacuum. They are conventionally
parameterizedin termsof decayconstantsfM definedby

(0I~y~y5QIP(v))= ifp~/i~v~, (0Iqv~QIV(v,�))= ify~/ñ~E~, (4.83)

where we usethe mass-independentnormalizationof mesonstatesas in (1.25). Decay constants
are hadronicparametersof primary interest, which play a fundamentalrole in the phenomenology
of weak decays.In principle, they can be measuredin leptonic decayssuch as p.+p~.The
valuesof f~.andfK arein fact quitepreciselyknownfrom suchprocesses.A direct measurementof
heavy-mesondecayconstantsis difficult, however.ThevectormesonsD* andB

t decayby the strong
or electromagneticinteractionsinto pseudoscalarmesons,so that it will not be possibleto observe
their weakdecays.The leptonic decayratesof pseudoscalarmesons,on the otherhand,arehelicity
suppressedand very small. By angularmomentumconservationa spin zero particlecannot decay

24 The relation betweene andthe baryonform factorscan be found in Ref. [46]. We note that there is asign errorin

eq. (5.13) of this reference.
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into apair of massless,left-handedleptons.Hence the decay amplitudemust be proportionalto the
leptonmassm1. Indeed,onefinds that

G
2V2 / m2\2

F(P _+ = F V f~mprn~(1 — —4 , (4.84)
8ir ‘s. rnpJ

where %‘~, is the elementof the Cabibbo—Kobayashi—Maskawamatrix associatedwith the flavor
quantumnumbersof the mesonP. For light particles,the muonic decaymode gives the dominant
branchingfraction

Br(i~—+ ~CP,~) ~ 99.99%, Br(K —+ ~tCiA) ~ 63.51%. (4.85)

For heavy mesons,on the otherhand,the totaldecaywidth scaleslike m~,whereasf~rnpapproachesa
constantin themp —~ oc limit (seebelow).Thusthe leptonicbranchingfraction becomesincreasingly
smaller as rnp becomeslarger. For the D meson,decaysinto muons and r-leptons have similar
probability (up to a factor 2), but muonsare mucheasierto detectexperimentally.For B mesons,
decaysinto T-leptonsare the only ones for which thereis achanceof discoveryin the foreseeable
future. The branchingfractionsare tiny, however.Oneexpects

Br(D p.~) ~ 3.6x l0~4(200~V),

/ f \2/ v \2

Br(B —4 Ti) ) ~ 1.3 x io~( JB ( ub (4.86)7 ‘~~190MeVJ\.0.0051
Presentlythereis no evidencefor any such decays.25For the decayconstantof the D mesonan

upperlimit hasbeenderived [113], which is not too far off the expectedvalueof about200 MeV,

fD <290MeV, 90% CL. (4.87)

Mesondecayconstantscrucially appearin thetheoreticaldescriptionof manyimportantphenomena
such as B—B mixing or nonleptonicweak decays(see, for instance,Refs. [114,115]). The present
ignoranceabout themputs importantlimitations on the precisionto which oneknowsthe parameters
of the Cabibbo—Kobayashi—Maskawamatrix,or on various testsof the standardmodel [116]. In the
absenceof detailedexperimentalinformation,a reliable theoreticalestimateof heavy-mesondecay
constantsis thereforemost desirable.Any such estimatehasto rely on nonperturbativemethods,
which will be discussedin chapter5. Currently thesemethodsstill haveconsiderableuncertainties.
An alternativestrategyis to relatefD’, fB’ andfa’ to the decayconstantfD of the D meson,which
will presumablybe measuredin the nearfuture. Heavy-quarksymmetrypredictssuchrelationsin the
limit rnb,rnc >> A

0cr, [16,31,54].
The startingpoint is againthe short-distanceexpansionof the vector andaxial vector currentsin

theeffectivetheory.To order 1/rn0,the resultfor the vectorcurrent is given in (3.81).The expansion
of the axial vectorcurrentis obtainedby replacing4 by —qy5. Thetensormethodsof section4.1 can
be usedto parameterizethe matrix elementsof the effective currentoperatorsin terms of universal,

~ However, leptonicdecaysof Ds mesonshavebeenobservedrecentlyby the CLEO collaboration[112].
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m0-independenthadronicparameters.Matrix elementsof the dimension-threeoperators.1, havethe
following form:

(0141’hIM(v))= ~iF(p.)Tr{FM(v)}. (4.88)

The factor ~i is insertedfor later convenience.The parameterF(p.) dependson the scaleat which
the effective current operatorsare renormalized,but it doesnot dependon the heavy-quarkmass
m0. Sincethe physicaldecayconstantsare observableparameters,they mustbe independentof the
renormalizationprocedure.This meansthat the p.-dependenceof F(p.) must cancel againstthatof
the Wilson coefficientsC(p.) in (3.69). This leadsus to define a renormalization-groupinvariant,
renormalizedparameterFren by

= F(p.)K,,,(/5). (4.89)

Using the explicit form of the expansionof the heavy—lightcurrentsonefinds that

fM~~/i~= CM(mQ)Fren + 0(1/rn0), (4.90)

Cp(rn0)= [a,(rnQ)] -2/$o [1 + as(tnQ)(4~+

Cv(rnQ)=[as(mQ)]_2~0(1+~m0)Z,,1). (4.91)

Eq. (4.90) expressesthe well known asymptoticscaling law that fM~fti~iapproachesa constant
(modulologarithmsof m0) as mM —~ oo. HQET providesarigorousderivationof this result. It also
allows for asystematicstudyof the symmetry-breakingcorrections.Neglectingtermsof order i/rn0
onefinds that (recall that mp = my to leading orderin the i/rn0 expansion) [16,31,54,76]

= /~(as(mcY~
6125(

1+0.894~~s(m~—a,(rn,,~’~~0.69,

fD V rnB \a,(rn,,)J \ IT J

fv/fp = 1 — 2a,(rnQ)/3IT. (4.92)

This is the asymptoticform of the relationswe are lookingfor.
Following the analysisof Neubert[54], let us now discussthe 1/in0 correctionsto theserelations.

Theycomefrom matrix elementsof the localdimension-fouroperators0 in (3.82), as well as the
nonlocaloperatorsTk in (3.83). Considerfirst the local operators.According to (2.29), meson-to-
vacuummatrix elementsin the effective theory carry the momentumAu. Therefore,

(0I~3a(4.t’17)IM(v)) ~iAF(p.)Tr{uaFM(u)}. (4.93)

This relation canbe usedto evaluatematrix elementsof the operators04, 05, and 06 — 03. Matrix
elementsof the remaining local operatorscontain acovariantderivative acting on the heavy-quark
field. They havethe generalstructure

(0141’lDahIM(V))= ~iTr{[Fi(p.)va + F2(p.)ya]FM(V)}. (4.94)

The parametersF, (p.) are constrainedby the equationsof motion iv Dh = 0 and ilbq = mqq,where
we considerthe generalcasemq ‘~ 0 for a moment.Contractingthe matrix elementin (4.94) with
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Va one finds that F, (p.) = F2(p.). Furthermore,we are free to considerthe specialcaseF =

for whichthe equationof motion for the light quark implies

~ +mq4F’h. (4.95)

Evaluatingthe matrix elementsof theseoperators,one readily obtains

F, (p.) = F2(p.) = ~(A — mq)F(p.). (4.96)

Fromnow on we shall set,as previously, lflq = 0. The equationsof motion for the heavy andlight
quark fields imply that matrix elementsof the local dimension-fouroperatorsbetweena heavy meson
andthe vacuumareall determinedin termsof the productAF(p.).

Next onehasto evaluatethe matrix elementsof the nonlocaloperatorsTk. Theyrepresentthe 1/rn0
correctionsto the hadronicwave functionarisingfrom the presenceof higherdimensionoperatorsin
the effective Lagrangian.Two additional parametersG1 (p.) and G2(p.) are neededto parameterize
thesecorrections.They are definedby

(Oh fdxT{Ji(0),£~(x)}IM(v))

=iF(p.)[G,(p.) +2dMCmag(p.)G2(/5)]Tr{FIM(v)}. (4.97)

Onceagainwe encounterthe coefficientsd~= 3 and dv = —1.
It is now straightforwardto derivethe expressionsfor fp and fv at order 1/rn0 in the heavy-quark

expansion.Oneobtains

fM\/~ = CM ( rn~)Fren

< (i +-~—[G,(p.)+2dMC~5(/5)G2(p.)]—

in0 6rn0

(4.98)

The short-distancecoefficients b(p.) and B(p.) are combinationsof the Wilson coefficientsB~(p.)
of the local dimension-fouroperators[54]. They aregiven by

B(p.)= ~Cmag(/5) — —

b(p.)= (i6/f3~)ln[a,(p.)/a,(m0)] + a,/IT. (4.99)

As previously, the coefficientsaregiven herein ahybrid approach,in which the scalein thenext-to-
leadingcorrectionsis ambiguous.At treelevel, onehasB = 1 andb = 0.

Since (4.98) mustbe p.-independentboth for pseudoscalarandvectormesons,it follows that the
combinations

G,(rn0) ~G1(p.) — ~Ab(p.),

G2(rn0) mCmag(/5)G2(/5)— 1~A[B(p.)—1] (4.100)
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must separatelybe renormalization-groupinvariant. Notice that, unlike the individual coefficients
B,(p.) in (3.99), the expressionsfor B(p.) and b(p.) are just of the right form for this to be
possible.At leadinglogarithmic order,one candefinerenormalizeduniversalparametersby

c~enGi(p.)— (8A/3/30)lna,(p.),

G~”=[a,(p.)]
3113°[G

2(p.) —4A/27], (4.101)

so that

G1(m0) c~en+~A[(i6/f30) lna,(rn0)—

(4.l02)

In termsof thesequantities,the final resulthasthe sameform as at treelevel

fM\/~ii~=~M(mQ)Fren[1+ Ô1(m0) +~(o2(rno) — .~)]. (4.103)
in0 m0 i2

The virtue of this expressionis that it relatesthe 1/rn0 correctionsto mesondecay constantsto the
matrixelementsof particularoperatorsin theeffective theory.The spin-symmetrybreakingcorrections
arethoseproportionalto dM. They determinetheratio of vectorto pseudoscalardecayconstants.Using
that mv/rnp = 1 + O(1/rn~),one obtains

= (i —

2as(mQ))[i_ -~-(Ô
2mQ— -~-)]. (4.104)

fp 3ir in0 12

For anumericalestimateof the powercorrectionsit is necessaryto calculatethehadronicparameters
G, usingsomenonperturbativeapproach.We will discusssuch acalculationin section5.4.

4.7. Heavy-to-lighttransitionsand the determinationof ~,,

Of the threeindependentmixing anglesin the Cabibbo—Kobayashi—Maskawamatrix,Va,, is themost
poorly determined.Chiral symmetryprovidesthe normalizationof the K —~ lTtv decayform factor
at zero momentumtransfer, allowing a precisedeterminationof 1’~,[117]. Heavy-quarksymmetry
providesthe normalizationof the B -~ D’tP decayform factorsat zero velocity transfer, allowing
a model independentdeterminationof 1’~,,.Neitherof thesesymmetriesby itself is as powerful in
heavy-to-lighttransitionssuchas B —~ irtv or B —~ p/!P. However,when combinedtheymay helpto
get amodel-independentdeterminationof VU,, from exclusivesemileptonicdecays,which is reliable
thanthe presentextractionfrom the endpointregion of the lepton spectrumin inclusiveB —~ XU~

transitions[.ii8,ii9].
Isgur andWise suggestedthat the exclusivesemileptonicdecaymodeB —b 1T~Vcould be usedfor

a reliabledeterminationof Va,, [120]. The basis for this hope is the fact that, to leadingorder in
the heavy-quarkexpansionand over a limited kinematic range,the correspondingform factors are
relatedto thoseof the processD— ir~i-’by heavy-quarkflavor symmetry.In addition,an approximate
normalization of the decayform factors at zero recoil can be derivedby consideringthe soft pion
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limit [121—125].Below, we shall discussthis decay mode in somedetail. For an analysisof the
similar processB— pEP, the readeris referredto Ref. [126].

We startby introducinghadronicform factorsfor the relevantmatrix elementof the vectorcurrent,

(ir(p)~4y”b~B(v)~= 2f1(v . p)v~a+ 2f2(v . p)p’~’/v. p. (4.105)

Whenthe leptonmassis neglected,the differentialdecayrateis given by

dF(B —b ITI?P)/d(V . p)

G
2 2 23/2 2

= l~~lVubI2v.P[i_ (~~!_)] ~ . (4.106)

In order to derive the behaviorof the decayratein theheavy-quarklimit, we usethetensorformalism
to constructthe relevantmatrix elementsof the dimension-threeheavy—light current operatorsin
HQET. They havethe structure

(ir(p) I4FhlM(v)) = —Tr{H(v,p. p.)I’M(v) }, (4.107)

whereF is an arbitraryDirac matrix. Using the fact thatM(v)p~= —M(v), we canwrite down the
most generaldecomposition

H(v,p,p.) = y
5[A(v . p, p.) + (j~/v. p)B(v . p,/5)]. (4.108)

Using the explicit form of the expansionof the heavy—lightvectorcurrentin (3.53), onefinds that

fi(v . p) —Cp(m0)Aren(v. p) + [t~p(m0)— Cy(in0)}Bren(V .p) + 0(1/rn0),

f2(vp)Cv(rno)Bren(vp)+O(1/mo), (4.109)

whereC~(in0) andC~(in0) havebeendefinedin (4.91), andwe haveintroducedthe renormalized
universalfunctions

Aren(V . p) = A(v . p, p.)K,,1(p.), Bren(V p) = B(v . p, /5)Kh,(/5). (4.110)

From (4.106), it follows that in the heavy-quarklimit the decay rate is determinedby Bmn(v . p)
alone.Sincethis form factoris independentof the heavy-quarkmass,it dropsout when oneconsiders
the ratio of the B —+ ir~v andD —÷ ir~v decayratesat the samevalueof the kinematicvariablev p.
Oneobtains

dF(B—+ith)/d(v.p) — V~
2(in

8\1
2 Cy(rn,,) 2 (4111)

dF(D_4ITtP)/d(v.p) samev-p ~‘~‘ kjflD) Cv(inc)

whereK (v.p) containstermsof order 1 /mcand1 /rnb. It is only atthe level of thesepowercorrections
that hadronicuncertaintiesenterthis ratioof decayrates.Thus, from such ameasurement,V~bcan in
principle be extractedin aratherreliableway.

In order to estimatethe magnitudeof the nonperturbativecorrectionscontainedin K, it is necessary
to studythe contributionsof order1/rn

0 to the decayform factorsin HQET. Such adetailedanalysis
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was performedin Ref. [125]. Here we will restrict ourselvesto a simple estimate.The general
structureof the leadingpowercorrectionsis

V ~D+ in
0. —

(4.112)

RBD(V . p) = 1 + ~rc(v . p) — ~rb(v . p) + 0(l/m~), (4.113)2inc 2inb

where r
0(v . p) is a dimensionlessfunction that dependsonly logarithmically on the heavy-quark

mass.In (4.ii 2), we havemadeexplicit the dominantmomentumdependenceof K close to zero
recoil, wherev p —~ m,,. Assumingthat r0(v . p) is of orderunity, we expectthat the scaleof power
correctionsis setby

A/2rnc — A/2rnb ~ iO%. (4.114)

For a morereliableestimateof thepower corrections,it is necessaryto performadetailedcalcula-
tion usinganonperturbativeapproachsuchas latticegaugetheory or QCD sumrules. However, the
decayB— ir~v is specialin that it is relatedto B’ -~ £P, and henceto the decayconstantof the B’
meson,in the soft pion limit. This connectioncan be usedto showthat [125]

Cy(rn,,) — gBB~IT fB.~/~ii~
lim RBD(v.p)— , (4.115)P—’O Cy(mc) gDD’,,~ f0.~/~ñ~

wheregp~is the stronginteractioncouplingconstantof apion to apseudoscalarandavectormeson.
A reliablecalculationof the right-handside of (4.115) may be easierto obtainthan acalculation
of the quantity RBD(v . p). It would helpto get amore reliableestimateof the powercorrectionsto
(4.111).

We concludethis section with as discussionof the rangeof validity of the various expansions
consideredabove. The heavy-quarkexpansionis valid as long as, in the rest frame of the initial
heavy meson,the energyof the light degreesof freedombefore and after the weak decayis small
comparedto twice the heavy-quarkmass.Hence,one mustrequire that v p/2rn0 << 1. For m,,. ~
v p < ~(rn~+ rn~)/mM, wheremM denotesthe massof the heavy meson,the ratio v p/2rnQ varies
roughlybetween0 and0.3. Hence,we expecttheheavy-quarkexpansionto hold over essentiallythe
entirekinematic rangeaccessiblein semileptonicdecays.This assertionis in fact supportedby quark
modelcalculations[127,128]. Another importantquestionis over what rangein v p can one trust
the leadingterm in the chiral expansion,which gives rise to the soft pion relation (4.115).Sincethe
pion is apseudo-Goldstonebosonassociatedwith the spontaneous breakingof chiral symmetry,we
expectthat the scalefor the momentumdependenceof the universalform factorsof HQET is setby

= 4irf,,.,.which is the characteristicscaleof chiral symmetrybreaking.Although oneshouldnot
takethis naivedimensionalargumenttoo seriously,we may arguethat the universalform factorsare
slowly varying functionsof u p/Ar, andthe leadingchiral behaviorshouldbe agoodapproximation
until v p 1 GeV. Hence,we expectthat (4.115) shouldnot only hold nearzero recoil, but rather
over a wide kinematic range.QCD sumrule calculationsof the q

2-dependenceof B—* ir~v decay
form factorsin the full theory supportthisexpectation[129].
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5. QCD sum rules

5.1. Nonperturbativetechniques

In the previouschapterswe havepresentedthe stateof the art in the theoreticalunderstandingof
the weakdecayform factorsof hadronscontaininga heavy quark.Theestablishmentof heavy-quark
symmetryas an exact limit of the strong interactionsenablesone to derive approximaterelations
betweendecayamplitudes,and normalizationconditionsfor certain form factors,which are similar
to the relationsand normalization conditions that can be derived for goldstoneboson scattering
amplitudesfrom the low energy theoremsof current algebra.HQET providesthe frameworkfor a
systematicinvestigationof the correctionsto the limit of an exact spin—flavorsymmetry.The output
of suchamodel-independentanalysisis ashort-distanceexpansionof decayamplitudes,in which the
dependenceon the heavy-quarkmassesis explicit. At each order in the 1/rn0 expansion,the long-
distance physicsis parameterizedby aminimal setof universalform factors,which areindependent
of the heavy-quarkmasses.To next-to-leadingorder in 1 /mQ,we havepresentedtheseexpansionsfor
the weakdecayform factorsof the ground-stateheavy mesonsandbaryons,andfor the mesondecay
constants. The resultsfully incorporatethe relationsbetweenform factors imposed by heavy-quark
symmetry,which are often nontrivial and unexpected.An importantexample is that the first-order
powercorrectionsto the axial vectorform factor hA, in (4.25) canbe relatedto thoseto the vector
form factor h~and can be shownto vanishat zero recoil. Similar relationsexist at order 1 /rn~
andeventuallylead to the very preciseestimatein (4.63). Another virtue of the analysisin HQET
is that it relatesthe universalform factorsto matrix elementsof particularquark—gluonoperators,
making the connectionbetweenmeasurabledecayamplitudesand the underlyingtheory of strong
interactionsmoretransparent.An exampleis provided by the functionsX2 andX3 in (4.38),which
relatehyperfine correctionsarising from the interactionof the heavy-quarkspin with the light degrees
of freedomto matrix elementsof the chromo-magneticoperator.

As presentedso far the analysisis completelymodel independent.Sincehadronicdecayprocesses
are of genuinenonperturbativenature, however,it is clear that predictionsthat can be madebased
on symmetriesonly are limited. In particular, very little can be said on generalgroundsabout the
propertiesof the form factors of the effective theory. But thereis a lot of informationcontained
in thesefunctions. Much like the hadron structurefunctions probed in deep inelastic scattering,
the Isgur—Wise functions

26 are fundamental,nonperturbativequantitiesin QCD. They describethe
propertiesof the light degreesof freedom in the backgroundof the static color field provided by
the heavy quarks.Since, in a way, a static color sourceis the most direct way to probe the strong
interactionsof quarksandgluonsat large distances,a theoreticalunderstandingof the Isgur—Wise
functionswould not only enlargethe predictivepower of HQET significantly,but would also teach
us in a very direct way aboutthe nonperturbativenatureof the stronginteractions.This is, of course,
a very challengingtask, and it mustbe emphasizedthat dealingwith the universalform factorsone
leavesthe safegroundsof symmetries.27Suchinvestigationscan neverthelessbe rewarding,however.
Ultimately, they are necessaryfor a comprehensiveunderstandingof the physicsof heavy mesons
andbaryons.

~ In this chapterwe shall generallyrefer to theuniversalform factorsof HQETasthe Isgur—Wisefunctions.
“ To put it in aconciseway: This is wherethe brown muck hits the fan.
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Severalnonperturbativeapproacheshavebeen proposedto addressthe complicatedproblemof
calculatinghadronicmatrix elements.Were it not for its technicallimitations,the methodof choice
would probablybe latticegaugetheory [130], whichallows to performnumericalsimulationsof QCD
on adiscretizedspace-timelattice.This is an approachfrom first principles,which hasthe potential
to reproduceall featuresof the theory to arbitrary accuracy. In practice, however,the technical
limitations aretremendous.It is beyondthe scopeof this reviewto give adetaileddescriptionof the
current statusof lattice gaugetheory and its applicationsto weak interaction phenomenology.The
readeris referredto the recentreviewsRefs. [131—i33] and referencestherein.We will insteadpoint
out somedifficulties specific for the studyof hadronscontainingasingleheavy quark.For areliable
simulation of hadronic interactionsone needs lattices much larger than the confinementscale, i.e.
Na>> Rhad 1 ~ whereN is the numberof latticesitesin eachdimension,anda is the lattice
spacing.In order for the latticenot to be too coarseto simulatethe interactionsof a heavyquark,on
theotherhand,onehasto requirethat a << 1/rn0, so thattheComptonwave lengthof theheavyquark
is large comparedto the lattice spacing.Clearly, thesetwo requirementsarein conflict as rn~/Aç~cr,
becomeslarge.Presently it is possibleto achievelattice spacingsa ~ (2 GeV) ‘, which is not small
enoughto simulate the strong interactionsof quarksheavierthan the charmquark.This problem
initiated many of the developmentswhich eventually lead to the modern formulation of HQET.
Eichten [27], and Lepage andThacker [28], pointedout the utility of the staticapproximation:In
the effective theory the length scale for fluctuationsof the effective heavy-quarkfield h0 is set by
the residualmomentum,and is thusof orderof the confinementscale.It is thensufficient to require
that Na>> Rhad>> a, which is the sameconditionas for light hadronicsystems.Still, the calculation
of heavy mesonor heavy baryon form factorsis a very complicatedtask.The Greenfunctionsof
interestreceivea largecontaminationfrom excitedstates,andsophisticated“smeared”operatorsmust
be constructedto enhancethe overlapwith the ground-state.At present,calculationsare limited to
the so-called“quenched”or “valence” approximation,in which the effectsof seaquarksareneglected
[134,135]. So far, resultsin the effective theory haveonly beenobtainedfor the decayconstantsof
heavy mesons,but not for their weak decayform factors.

In this chapterwe discussthe alternativeapproachprovided by QCD sumrules. Severalforms of
sumrulesarediscussedin the literature.Theyall rely, in oneway or another,on quark—hadronduality
to relatehadronicmatrix elementsto transitionamplitudesof quarksand gluons in the underlying
theory. In section5.2 we discusstwo inclusivesumrules,which leadto a lower andan upperbound
for the slope of the Isgur—Wise function at zero recoil. They were derivedby Bjorken [93] and
Voloshin [136] by imposingthat the inclusive sumof the probabilitiesof heavy-mesondecaysinto
hadronic statesshouldbe the sameas the probability for the free quark transition. In the following
four sectionswe introducethe QCD sumrule approachof Shifman,Vainshtein,andZakharov(SVZ)
[137], and discussits applicationsto the calculationof the decay constantsand form factors of
heavy mesons.Thesesumrulesareon lesscertaingroundsin that they attemptto describeexclusive
processes,thus relying on local duality of the quark and hadronpictures.Yet the SVZ approachis
closely related to the underlyingtheory. A large numberof hadronicparametersand form factors
havebeenstudiedusingthis method,often with success(for an overviewseeRef. [138]). Sincethe
first QCD sumrule analysisof heavy-quarksystemsby Shuryak [26], mesondecayconstantsand
form factors havebeen extensively studied. Recently, important improvementshavebeenobtained
by combining the SVZ techniquewith the effective theory for heavy quarks. The QCD sum rules
for heavy mesonsare now amongthe mostelaboratesumrules known in the literature. In section
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5.7, we combinethe resultsobtainedso far into aprediction for the mesondecayform factorsthat
incorporatescorrectly the symmetry relationsand QCD correctionsdiscussedin chapters3 and4.
Theseresultsbuild the basis for acomprehensiveanalysisof semileptonicB decays,which is the
subject of chapter 6.

We shall not discuss in detail several other approachesthat have been used to calculate the
universalform factors of the effective theory,althoughthey are interestingin their own rights. We
briefly mentiontwo of them.NeubertandRieckerthaveproposeda methodto extractthe Isgur—Wise
functionsfor heavy mesonsandbaryonsfrom overlapintegralsof light-conewave functions,or more
generally from any model that predicts the hadronic form factors at q2 = 0 [18]. The idea is that
at fixed momentumtransfer the recoil V ii is a function of the hadronmassesrn

1 and m2. It can
be variedover the entirekinematic rangeu~v’ � 1 by adjustingthe massratio m1/rn2. This allows
oneto extract the velocity dependentform factorsof HQET, at leadingandnext-to-leadingorderin
the i/rn0 expansion,from a knowledgeof the hadronicform factors at the single point q

2 = 0. In
Ref. [18] this approachhasbeenappliedto the BSW model [17], and explicit expressionsfor the
Isgur—Wise functions for heavy mesonshavebeen obtained.A similar analysisfor baryon decays
was performedin Ref. [139]. Another interestingapproachis to study the propertiesof hadrons
containing a heavy quark in the context of an exactly solvable toy model of the strong interactions,
such as the ‘t Hooft model, i.e., two-dimensionalYang—Mills theory in the large N~limit [140].
BurkardtandSwanson[141], as well as GrinsteinandMende[142], haveinvestigatedheavy-meson
decayconstantsandweakdecayform factorsin this model.Someof their resultsare similarto those
obtainedfrom detailedstudiesin the full theory; however, it mustbe emphasizedthat thereis no
simpleway to extrapolatefrom two to four dimensions(for instance,thereis no analogof the spin
symmetry in the ‘t Hooft model),or from an infinite numberof colors to N~= 3.

5.2. Propertiesof the Isgur—Wisefunction

The leading-orderIsgur—Wise function ~(w) plays acentral role in the descriptionof the weak
decaysof heavy mesons.It containsthe long-distancephysicsassociatedwith the stronginteractions
of the light degreesof freedomand cannotbe calculatedfrom first principles.Nevertheless,some
importantpropertiesof this function can be derived on generalgrounds,such as its normalization
at zerorecoil, which is aconsequenceof current conservation.Accordingto (1.36), the Isgur—Wise
function is the elasticform factor of a ground-stateheavy mesonin the limit whereshort-distance
andpower correctionsare negligible.As such,~(w) mustbe amonotonicallydecreasingfunctionof
the velocity transferw = v v’, which is analytic in the cut w-plane with abranchpoint at w = —1,
correspondingto the thresholdq2 = 4rn~for heavy-quarkpair production [cf. (1.37)]. However,
being obtainedfrom a limiting procedure,the Isgur—Wise function can havestronger singularities
thanthe physicalelastic form factor. In fact, the short-distancecorrectionscontainedin the function
K,,,,(w,p.) leadto an essentialsingularity at w = —1 in the renormalizedIsgur—Wise functiondefined
in (4.27).

Whenusingaphenomenologicalparameterizationof the universalform factor oneshouldincorpo-
ratethe aboveproperties.Some legitimateforms suggestedin the literatureare

2 / 2 w—i\ 2
~BSW(w) = + 1 exp — (2~— 1) + 1)’ eISGW(w) = exp[—Q (w — 1)],
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~po1e(W)[2/(W+1)]202. (5.1)

The first function is the form factorderivedin Ref. [18] from an analysisof the BSW model [17],
the secondone correspondsto the ISGW model [i 9], and the third one is apole-typeansatz.Of
particularinterestis thebehaviorof the Isgur—Wisefunction closeto zerorecoil, which is determined
by the slopeparameterQ2 > 0 definedby ~‘ ( i) = — ~2, so that

~(w)=i—p2(w—1)+O{(w—l)2]. (5.2)

It is importantto realize that the kinematicregion accessiblein semileptonicdecaysis small (1 <

w < i .6). As long as p2 is the same,different functional forms of ~(w) will give similar results
inside this region, although they can differ substantiallyoutside.For instance,for p2 = 0.8 one
finds ~~sw(l.6) ~ 0.67, ~isow(l.6) ~ 0.62, andepo,e(i.6) ~ 0.66. The conclusionis that aprecise
knowledgeof the slopeparameterwouldbasically determinethe Isgur—Wisefunction in the physical
region.

Bjorken has shownthat p2 is relatedto the form factorsof transitionsof aground-stateheavy
mesoninto excited statesin which the light degreesof freedomcarry quantumnumbersj” =

or ~~, by a sum rule which is an expressionof quark—hadronduality: In the infinite masslimit,
the inclusive sum of the probabilitiesfor decaysinto hadronicstatesis equalto the probability for
the free quark transition. If onenormalizesthe latter probability to unity, the sumrule hasthe form
[93,i43]

i=~(w+ i)(I~(w)I2+~I~1)(w)I2)

+ (w —1) (2 ~ Ir~7~(w) 2+ (w + 1)2~ r~(w)12) + O[ (w — 1)2], (5.3)

where 1, rn, n label the radial excitationsof stateswith the samespin-parityquantumnumbers.The
sumsareunderstoodin ageneralizedsenseas sumsoverdiscretestatesandintegralsover continuum
states.The terms in the first line on the right-handside of the sumrule correspondto transitions
into stateswith “brown muck” quantumnumbersj” = -. The ground state gives a contribution
proportional to the Isgur—Wise function, and excited states contribute proportional to analogous
functions ~l) ( w). Becauseat zero recoil thesestatesmust be orthogonalto the ground-state,it
follows that ~“ (1) = 0, and one can concludethat the correspondingcontributionsto (5.3) are of
order (w — 1)2. The contributionsin the secondline correspondto transitionsinto stateswith 1” =

or r. Becauseof the changein parity thesearep-wavetransitions.The amplitudesareproportional
to the velocity k’f I = (w2 — 1)1/2 of the final statein the restframeof the initial state,which explains
the suppressionfactor (w — 1) in the decay probabilities.The functionsr

3 (w) are the analogsof
the Isgur—Wise function for thesetransitions.Their precisedefinition is given in Ref. [143]; it is
not important for the following discussion,however. Transitions into excited stateswith quantum
numbersotherthan the aboveproceedvia higherpartial wavesandaresuppressedby at leasta factor
(w— 1)2.

For w = 1, eq. (5.3) reducesto the normalization condition for the Isgur—Wise function. The
Bjorken sumrule is obtained by expanding in powers of (w — 1) and keepingtermsof first order.
Taking into accountthe definition of the slope parameter~2 in (5.2), onefinds that [93,143]
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~~2= ~+~IT~(w)I2+2>Ir~(w)I2> 1 (5.4)

Notice that the lower boundis dueto the prefactor~(w+ i) of the first termin (5.3) and is of purely
kinematic origin. In the analogoussum rule for A0 baryonsthis factor is absent,and consequently
the slopeparameterof the baryon Isgur—Wisefunction C(w) is only subjectto the trivial constraint

P~aryon>0 [144].
Basedon variousmodel calculationsthereis a generalbelief that the contributionsof the excited

states in the Bjorken sum rule aresizable,andthat p
2 is substantiallylargerthan~. For instance,Blok

and Shifman have estimated the contributions of the lowest-lying excited states to (5.4) usingQCD
sum rules andfind that 0.35 < p2 < 1.15 [145]. The experimental observation that semileptonic B
decays into excited D** mesonhavea largebranchingratio of ~ 2.5%gives further supportto the
importanceof suchcontributions[146].

Voloshin hasderivedanother,lesswell known sumrule involving the form factorsfor transitions
into excitedstates,which is the analogof the “optical sumrule” for the dipole scatteringof light in
atomicphysics.It reads [136]

~(rnM— 1n~)= ~ E~7~Ir~(w) 2 + 2 ~ E~2~Ir~(w)2, (5.5)

whereE~are the excitation energiesrelativeto the mass inM of the ground-stateheavy meson.The
importantpoint is that one can combinethis relation with the Bjorken sumrule to obtain an upper
boundfor the slopeparameterp2.

p2 < ~ + (mM — in

0) ~ (5.6)

where~ denotesthe minimumexcitationenergy.In the quark model one expects
28that Emjn ~

inM — in
0, and one mayusethis as an estimateto obtain p

2 <0.75.
In the above discussion of the sum rules we haveignoredrenormalizationeffects. However, both

the slope parameterp2 in (5.4) and the heavy-quark mass m
0 in (5.5) are renormalization-scheme

dependentquantities.Thequestionariseshow the sumrulescan bewritten in arenormalization-group
invariant way. Although thereexist somequalitativeideashow to accountfor the p.-dependenceof
the various parameters[136,143], it is currently not known how to include renormalizationeffects
in a quantitative way. One shouldthereforeconsiderthe boundson p

2 as somewhatuncertain.We
accountfor this by relaxing the upperboundderivedfrom the Voloshin sumrule. Tentatively,then,
we concludethat

0.25 < < i.0, (5.7)

whereit is expectedthat the actualvalue is closeto the upperbound.
Recently,de Rafaeland Taron claimedto havederivedan upperbound p2 <0.48 from general

analyticity arguments[147]. If true,thishadseverelyconstrainedthe form of theIsgur—Wisefunction
nearzerorecoil. It took quite sometimeuntil it becameclear what went wrong with the derivation in
Ref. [147]: The effectsof resonancesbelowthe thresholdfor heavy-mesonpair productioninvalidate

28 Strictly speakingthe lowestexcited“state” contributingto thesum rule is D + ir, which hasanexcitationenergyspectrum

with a thresholdat m,~.However,oneexpectsthat this spectrumis broad,so that this contribution will not invalidatethe
upperboundfor ~2derivedhere.
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the argument [148—151].It is possible to derive a new bound, p2 < 6, which takes into account
the knownpropertiesof the Y-states [152]. However, it is too looseto be of anyphenomenological
relevance,andoneis thus left with the sumrule result (5.7).

5.3. Thesurn rulesof SVZ

In 1979, Shifman, Vainshtein, and Zakharov (SVZ) proposeda new techniquefor dynamical,
QCD-based calculations of hadron properties [137]. Their idea was to study the correlators of certain
currents at small (but not too small) euclidean distances,where asymptoticfreedom allows for
perturbativecalculations,while nonperturbativeeffects can be includedas power correctionsin an
operatorproductexpansion.In QCD thesenonperturbativeeffectsarerelatedto the nontrivial vacuum
structure. Their inclusion in the form of vacuum expectationvaluesof local quark—gluonoperatorsis
the mostimportantingredientof the SVZ approach.The sumrules areobtainedby usingdispersion
relationsto relate the currentcorrelatorsto spectraldensities,which havean interpretationin terms
of physical intermediate states because of quark—hadronduality.

Since their proposal,the SVZ sum rules havebeenapplied very successfullyto many hadronic
systems.The decayconstantsof heavymesonshavebeenfirst investigatedin Refs. [26,153]. Meson
decay form factors were consideredin Refs. [154—157].Recently, the SVZ sum rules havebeen
reformulated in the context of HQET, both at leading [158—160]andnext-to-leading order [54,56]
in the 1/rn

0 expansion.This approachoffers many advantagesover the conventionalone. First, by
constructionit implementsthe Ward identities of the effective theory, which lead to normalization
conditionsat zero recoil. Second,and not less important, it enablesone to perform a systematic
renormalizationgroupimprovementof the currentcorrelators.Finally, the simpleform of the Feynman
rulesof HQETfacilitates analytical calculations. As a consequence,it hasbecomestandardto include
two-loop radiative corrections in the analysis of both the two- and three-current correlation functions,
ataskwhich wouldrequirea tremendouseffort in the full theory. In the following sectionswe review
the existing calculations for the decay constants and weakdecayform factorsof heavy mesons,both
at leading and next-to-leadingorder in the 1/in0 expansion.Similar studiesof baryon form factors
can be found in Ref. [161].

In the remainderof this sectionwe shall illustratethe procedurefor the parameter~ definedin
(4.89), which gives the leading term in the i/in0 expansionof heavy-mesondecayconstants.We
shall present the formalismas developedin Refs. [54,56], which makesuseof the tensormethodsof
section4.1. Onestartsby defining interpolatingcurrentsJM = h~FMqfor theground-statepseudoscalar
andvector mesons,with

= ~‘ —75; pseudoscalarmeson, (5.8)
~ — v,~ vector meson.

Thesecurrentscan create the ground-state meson M(V), as well as anyexcited statewith the right
quantumnumbersas long as it containsaheavyquarkQ with velocity V. Considerthenthetwo-current
correlator

H(w) = i fd4xe~ (0IT{J~,(x),JM(0) }IO), (5.9)

where ~ 2v . k, in the effective theory. In the rest frame, where v = (1,0), it describesthe
generationandlater annihilationof asystemcontaininga static heavy quarkand somelight degrees
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of freedom.There is no spatialpropagationof the heavy quark.The energylevelsof the systemcan
be excited by injecting someenergyk°into the two-point function. The imaginarypart of 11(w)
gives the spectrumof theseexcitations.In a generalframe the two-currentcorrelatoris an analytic
function in w = 2v . k, with discontinuitieson the positive real axis.29 To see this, recall that the
corresponding correlator in the full theory with h~replacedby Q is analytic in the external momentum
p2 with discontinuitiesfor p2 > rn~,where we set the massof the light quark to zero. Becauseof
the redefinition of the phaseof the heavy-quarkfield in the effective theory, the relation betweenk
andp is p = rn

0t’ + k. Then, in the infinite masslimit,

(p
2—rn~)/m

0~2v.k=w. (5.10)

In the deep euclideanregion w << 0, asymptoticfreedom allows for a perturbativecalculation
of the correlator in an expansionin powers of a,(—w). However, sincewe are interestedin the
propertiesof the ground-statemesonswe would like to get closer to the resonanceregion, where
nonperturbativeeffectsbecome increasingly important. The idea of the SVZ approach is to work in the
transitionregion,wherenonperturbativeeffectsarealreadyimportant,but theyare still smalland local
enoughto be describedas powercorrectionsin an operatorproductexpansion.The coefficientsin
this expansionarerelatedto vacuumexpectationvaluesof local quark—gluonoperators,the so-called
vacuumcondensatesK~ [137]. In perturbationtheory thesecondensateswould vanishby definition,
but in the SVZ approachthey are includedas a simpleway to parametenzethe nontrivial vacuum
structureof QCD. Hence,in this transitionregion the correlatoris approximatedas

11(w) ~ Hpert(w) +ll~Ofld(w), (5.11)

where

= f dv ~ + subtractions, “cond(W) = ~ c,, Kn (5.12)
P — w — i� (—w)”

The perturbativecontributionis written as adispersionintegral,which mayrequirea local subtraction
polynomial in w to be well defined.Both the spectraldensity p~,and the Wilson coefficients C,,
haveaperturbativeexpansionin a,( —w).

The approximation (5.1 i) is useful as long as only the first few terms in the series of power
correctionsare important.Then the numberof condensatesis small, since only operatorswith the
quantumnumbersof the vacuum(i.e., no spin, color, flavor etc.) can havea nonzeroexpectation
value. For ourpurposesthe relevantcondensateshavedimensionlower than six. They are the quark
condensate,the gluon condensate,andthe mixed quark—gluoncondensate[137,138]:

(t~q)~ —(0.23 GeV)
3, (a

5GG)~ 0.04 GeV
4,

(gj.~~(yLvq) rn~(qq), rn~~ 0.8 GeV2. (5.13)

The numericalvaluesrefer to arenormalizationscalep. = 1 GeV. Thesenumbershaveemergedfrom
the phenomenologicalanalysisof many hadronic systemsusing the sum rule approach.They are
believedto havean accuracyof about30%.

29 The factor2 is insertedfor convenience.
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The idea of QCD sum rules is to relate the theoreticalapproximationof 11(w) to a hadronic
representationof the correlator,which is obtainedby saturating it with a completeset of physical
intermediatestates.In HQET thesearestatesX(V) containinga singleheavy quarkwith velocity v:

Hhadr(W) ~ I(X(V)IJMIO)12 +subtractions. (5.14)

~ wX — w — if

The sum is understoodas asumover discretestatesand an integral overcontinuumstates,and wx
is twice the effective “mass” of the state in HQET, i.e., the mass of the physical stateminusthe
heavy-quark mass. Let us evaluatethe contributionof the ground-statemesonM(v) to the sum.
Inserting p2 = rn~into (5.10) we find that WM = 2(rnM — in

0) = 2A. The hadronicmatrix elements
arereadily evaluatedusing (4.88) andthe trace identity

(~~ } Tr{Xi(t)I’~} = —2Tr{TMP+FM}, (5.15)
pol

whereP~= ~(1 + p6), andasumover polarizationsis understoodif M is avectormeson.Oneobtains

F
2()

llhadr(W) = —~ Tr{I’MP+FM} - p. . +~... (5.16)
2A — w — if

It can be readily seen from the Feynmanrules of the effective theory that any contributionto the
correlatormustbe proportionalto the sametraceover Diracmatrices.This is how the spinsymmetry
is incorporatedinto the formalism. It is then convenient to define afunction ir( w) by

11(w) =—~Tr{FMP+FM}1r(w). (5.i7)

Equatingthe theoreticaland the hadronicrepresentationof the correlatorir( w), oneobtainsthe sum
rule

F2(p.) = fdii ~ — ~ j’~~ + subtractions+ lrCOfld(w), (5.18)

2A w if p if X*M ~ w if

wherewe havewritten the contributionsof excitedstatesin termsof reducedmatrix elementsF~(p.),
which are definedin analogyto F(p.). For simplicity we usethe samesymbolfor the perturbative
spectraldensityafter the trace hasbeenfactoredout.

Now comesan importantassumptionof the SVZ approach:In orderto be ableto evaluatethe right-
hand sideof the sumrule without adetailedknowledgeof the spectrumand the matrix elementsof
excited states, one employs local (in w) quark—hadronduality. Thepictureis that the nonperturbative
QCD interactions,which are responsiblefor the differencesin the perturbativeand the hadronic
spectral densities, distort the spectrum in such a way that when one “smears” the physical spectrum
over a few levels by integrationwith some smoothweight function, one obtainslocally the same
spectraldensity as in perturbationtheory. This allows oneto replacethe sum over excitedstatesby
theintegral over the perturbativespectraldensityabovethe so-calledcontinuumthresholdw

0:

F~(p.) ~ f dv p~(v)~ (5.19)

X~Mwx — w — if P — w — ifwo
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Effectively, this absorbsthe ignoranceabout the structureof higher resonancecontributions into a
singleparameter.A morerefined descriptionwould be to retain asum over the lowest lying states,
andto approximateonly very high and broad resonancesby the perturbativecontinuum.However,
this would introduceasetof unknownparametersF~and WX, andthe approachwould losemuch of
its simplicity andpredictivepower.

Underthe assumption(5.19) the sumrule simplifiesto

F2’
- . = f dv ~ + subtractions+ ir(w) (5.20)

2A—w—if P—CU—if
0

This is still not very useful. In order to extract information about the ground-state one has to go to

smallvaluesof (—w), so that the weight function in the dispersionintegralenhancesthe low energy
contributions relative to the high energy ones. But on the other hand the theoretical calculation is
reliableonly when (—w) is large. The observationof SVZ was that an “optimal balance”between
thesecontradictoryrequirementscan be achievedby meansof aBorel improvementof the sumrule.
The idea is the following: An alternativeway to extrapolatethe function ir(w) from large valuesof
(—w) to smalleronesis by taking derivatives.When (—w) tends to infinity, an arbitrary numbern
of derivativescan be calculatedin a reliableway. By consideringthe simultaneouslimits —w —‘ oo
andn —~ oo, with T —w/n fixed, one can explorethe behaviorof the function at scalesT. This
proceduredefinesthe Borel transformation,

fi(w)f() lim ~‘ (_~_)~f(w)~ T= —~ fixed. (5.21)
n—*oo F(n+i) dw n

—w-+oo

T> 0 is called the Borel parameter.The applicationof this transformationimprovesthe sumrule
(5.20) in a threefoldway. To see this, notethat

=exp(—v/T), = F(n)T~’~ (5.22)

The first relation showsthat the weight factor in the dispersionintegral becomesan exponential,
increasingthe sensitivity to the ground-state.According to the secondrelation, the nonperturbative
power correctionsget multiplied by factors i/n!, which improvesthe convergenceof the seriesby
suppressingthe contributionsfrom higherdimensioncondensates.Finally, taking an infinite number
of derivativeseliminatesthe unwantedsubtractionpolynomialsin the dispersionrelations.This leads
to the final form of the sumrule,

F2(p.) exp(—2A/T)= fdw p~,(w)e~ + B~~~
0,,d(w) K(w~,T,p.). (5.23)

We havereplacedthe integrationvariablev by CU. Notethat, as aresultof the theoreticalcalculation,
the right-handside of the sum rule will dependon the renormalizationscalep.. This dependence
mustmatchthat of the hadronicparameterF

2(p.) on the left-handside. The renormalization-group
invariant form of the sumrule is obtainedby introducingthe renormalizedparameter~ definedin
(4.89). Oneobtains

F,~,,exp(—2A/T)=K~
1(1a)K(wo,T,p.). (5.24)
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The p.-dependenceon the right-handsidemustcancel to all ordersin perturbationtheory.A second
sum rule, which is independentof Fren, can be obtainedby taking the logarithmic derivativewith
respectto the inverseBorel parameter:

A= —~(8/8T’) lnK(wo,T,p.). (5.25)

Note that this is p.-independent. By virtue of the Borel improvement it is possible to explore these
relations in the region of relatively small values of T, which was not accessiblebefore.

The restof the program is as follows: One derives the theoreticalexpressionfor the function
K(w0,T,p.) by calculatingthe perturbativespectraldensityandthe first few powercorrectionsusing
the Feynmanrules of the effective theory.Onethen tries to find asensiblechoiceof the continuum
thresholdw0 suchthat the right-handsideof the sumrule (5.25) becomesapproximatelyindependent
of the arbitrary Borel parameterT. In a last stepone usesthe so-determined values of w0 andA as
inputparametersfor the sumrule (5.24) to obtainFren. The existence of a set of parameters for which
both sumrules becomesimultaneouslystable(i.e., independentof T) is not alwaysguaranteed.The
SVZ approachis aself-consistentone: The existenceof a stability region justifies a posteriori the
assumptionof local duality. Very important in this context is the notion of the so-called“sum rule
window”, which determinesthe regionin T for which theassumptionsandapproximationsinherentin
the methodarejustified.When theBorel parameterbecomestoo small, thenonperturbativecorrections
blow up, leading to a break-down of the operator product expansion. On the other hand, since Tplays
the role of a temperature

3° in the integral over the spectral density, one has to keep it smallenough
so that only low lying excitations close to the ground-state give asizablecontribution.Hencethe aim
is to obtain optimal stability inside a window roughly given by AQCD <T < 2A, where 2A is twice
the “mass” of the ground state.

Results obtained from a QCDsum rule analysis are meaningless without a careful discussion of the
theoretical uncertainties. This is a somewhat subtle issue, which often receives too little attention. One
should distinguish two classes of uncertainties: First, there are well defined approximations made in the
theoretical calculation of the correlator, such as the truncation of the perturbative expansion andof the
series of power corrections. The corresponding errors canoften be estimatedon dimensionalgrounds
and by considering the convergence of the terms that are included in the calculation. Similarly, there
will be uncertainties arising from the fact that the QCDparameters such as the vacuum condensates
are not very accurately known. They can be estimated by varying these parameters within reasonable
limits. Much harderto obtain is an estimate of the systematic uncertainties inherent in the method,
which arerelated to the assumptionof local duality. One shouldkeepin mind that thesesystematic
errors,which are not controlledby any smallparameter,cansometimesbe largerthan the theoretical
uncertainties of the first type. It is important that one carefully determines the sum rule window and
checkswhether or not a satisfactory stability can be obtained.

5.4. Mesonmassesanddecayconstants

Let us now analyzethe sumrules (5.24) and (5.25) in detail. The theoreticalcalculationof the
function K(w

0, 1’, p.) involves the evaluation of the diagrams shown in Fig. 5. i. The perturbative

~°As suggestedby Radyushkin,an alternativeway to interpretthe Borel parameteris to identify tE = lIT with aeucidean

time [1601. This exhibits the relation betweenQCD sum rules andlattice gaugetheory.
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contributions consist of the bare quark loop and the complete set of two-loop diagrams,which
give the correctionsof order a,. The leadingnonperturbativecontributionsare proportional to the
quarkcondensate(dimensionthree) andto themixed quark—gluoncondensate(dimensionfive). The
contributionfrom the gluon condensateis found to vanish. For aconsistentcalculationat order a,,
oneshouldincludethe one-loopradiative correctionsto the quarkcondensate,whereasit is sufficient
to computethe Wilson coefficients of higher dimensioncondensatesat tree level. The ultraviolet
divergencesof the loop diagramsareremoved upon the renormalizationof the heavy—lightcurrents
JM by the Z-factor given in (3.60). Onefinds that the renormalizedcorrelatorhas indeedthe same
p.-dependenceas F2(p.), so that the right-handside of (5.24) is p.-independent.One is free to
evaluateit for anychoicep. = A, whereA is acharacteristicscaleof the low energyeffective theory.
Let usthendefine a renormalization-groupinvariant function K( wo,T) by

F~~exp(—2A/T)= [as(A)]4~0[i — 2a,(A) (4 + ~)]k(w
0~T). (5.26)

The perturbativefactor is chosen to match the Wilson coefficient ~p (in0) in (4.91). From the
calculationof the Feynmandiagramsoneobtainsthe result [158,159,162]

I?(w0,T)= ~-~-~jJdww
2e~~r(i + a,(A) ~ + ~ir~ —2 ln(w/A)])

—(~q)(A)[1+2a,(A)/3ir] +rn~q)/4T2. (5.27)

Note that changes in A in the prefactor in (5.26) are compensatedby changesin the logarithmic
term in the dispersionintegral, and by the runningof the quark condensate.By virtue of the next-
to-leading order renormalizationgroup improvementthe result is independentof the choice of A.
Following Ref. [158] we set A = 1.15 GeV, which will turn out to be approximatelyequalto 2A,
i.e., twice the massof the ground-statein the effective theory.This hasseveraladvantagesover the
other popularchoiceA = T: First, A is a fundamentalmass parameterof HQET, whereasT is a
mathematicalparameterintroducedby the Borel transformation.Second,at the lower endof the sum
rule window the Borel parameteris too smallfor aperturbativeexpansionin a,(T). Finally, keeping
the coupling constanta,(A) independent of T simplifies the analysis of the sum rules, for instance
whentaking derivativeswith respectto T as in (5.25). However, it mustbe emphasizedthat from
the theoreticalpoint of view A = T is as valid achoiceas anyother.

As emphasizedin the previoussection,the first step in the analysisof the sumrules is to find
the “sum rule window”. The lower value of T for which the calculationis reliable is determined
by the requirementthat the nonperturbativepower correctionsnot be too large. To be specific, we
would like theseterms to be at most 30% of the perturbativecontribution. This yields the lower
boundT � 0.6 GeV. We should also not consider too large values of T, for which the integral
over the perturbative spectral density becomes dominated by excited states. Since the spectraldensity
p~,(w) grows like w2, it is unavoidablethat higher resonancecontributionsare substantial even
after the Borel improvement.In order to reducethe sensitivity to how well thesecontributionsare
approximatedby the assumptionof duality, we requirethat the polecontributionof the heavy meson
M give at least30% of the quark loop. For typical thresholdvalues w

0 ~ 2 GeV this implies T ~ 1
GeV. In Fig. 5.2(a) we show the numericalevaluationof the sum rule (5.25) for threedifferent
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Fig. 5.1. Feynmandiagramscontributingto the sum rulefor mesondecayconstantsin theeffective theory.Theinterpolating
cun~entsarerepresentedby dashedlines.

valuesof the continuumthreshold.It supportsthe self-consistencyof the procedurethat the resulting
value of A is indeedalmostindependentof the Borel parameterover the region whereonecanhope
for stability. One obtains3’

w
0 = 2.0 ±0.3 GeV, A= 0.57±0.07 GeV. (5.28)

The resultsarevery stableunder variationsof the vacuumcondensateswithin reasonablelimits. For
instance,usingvalues in the ranges(— (qq) ) 1/3 = 0.23±0.02GeV andm~= 0.8±0.2 GeV

2 changes
the result for A by less than ±0.03GeV. Note that wo/2 ~ 2A, which is a very reasonableresult
meaningthat the (effective) continuumstarts at twice the mass of the ground-state.

In the next step,the numericalresultsin (5.28) areusedas an input for the sumrule (5.26), from
which one extractsthe hadronicparameterFren. The result is shownin Fig. 5.2(b). One observes
excellentstability overthe entire “sum rule window”. Again the main uncertaintyis dueto the choice
of the continuumthreshold.We find

Fren = 0.40 ±0.06 GeV3”2. (5.29)

Very similar resultsfor A and Fren have been obtained by Baganet al. [159].
At this point severalremarksare in order.The first concernsthe truncationof the seriesof power

corrections.Taking T ~ 0.8 GeV as a typical value, one finds that the contribution of the mixed
condensate is three times smaller than that of the quark condensate. Also the contributions of the
dimension six condensates to the sum rules are known [158], and they are suppressedby three
ordersof magnituderelative to the quark condensate.We concludethat the seriesof nonperturbative
correctionsconvergesrapidly andcan safelybe truncatedafter the mixed condensate.Unfortunately,
the perturbativeexpansion is not on such safe grounds.The coefficient of the order-a

8 correction
to the perturbativespectraldensity is very large: ~ + ~ 8.7. In Feynmangauge,most of the
effect (~80%) comes from the gluon exchange between the heavy and the light quark, i.e., from
their Coulomb attraction [159]. Prior to the developmentof the sum rules in the effective theory
it was assumedthat a,(in0) would be the coupling associatedwith theselarge radiativecorrections
[153]. The important new result is that this is not correct. By virtue of the next-to-leadingorder
renormalizationgroupimprovementof thecurrentsin HQET, we now knowthatthe relevantcoupling
a,(A) is much larger. To illustratethe effect of the next-to-leadingcorrectionswe show in Fig. 5.2

31 We correctthe valuefor A quotedin Ref. [54], which is 15% too small dueto an unfortunateerror in the numerical

evaluationprogram.
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Fig. 5.2.Numericalevaluationof thesumrules (5.25) and(5.26) for different valuesof thecontinuumthreshold.We show
A and ~ as functionsof the Borelparameter.From top to bottom,the curvescorrespondto wo = 2.3, 2.0, 1.7 GeV. The
dashedlines areobtainedby neglectingradiativecorrectionsin the sum rule.

as dashedlines the numericalresultsobtainedby settinga, 0 in the function k(wo,T) in (5.27).
While this hasvery little effect on A, basicallybecauseof the logarithmic derivativein (5.25), the
prediction for Fren changesby 30%. Onemight arguethat sucha radiativecorrectionis too large to
be trustworthy,and that it might evenindicatea break-downof the perturbativeexpansion.Indeedit
would be interestingto know if a similar effect occursat two-looporder. In any case,the effect is
purely perturbativeand not specific to QCD sumrules. It is ageneralproperty of the correlatorof
two heavy—lightcurrentsin the mQ—* oo limit.

The sumrule prediction for the renormalizedparameterFren can be relatedto the so-calledstatic
limit of the decayconstantof the B meson,which is asomewhatartificial quantityoften usedin the
literatureon latticegaugetheory. It is definedas

f~t (Cp(mb)/~,/~ñ~)Frefl, (5.30)

and is the decayconstantof the B mesonin the fictitious limit where 1/mb power correctionsare
absent.The short-distancecoefficient Cp(mb) relevantfor apseudoscalarmesonhasbeen given in
(4.91). Successivelydecreasingthe numberof light flavors when scaling down from mb to scales
below m~,onefinds that

—6/25

c~p(mb)= (as~m~) [a,(m~) ~_2/9
a,(m~)

< (i
0894a0(mb) —a,(m~)~ø.855as(~~ic)) ~ 1.37. (5.31)

Whencombinedwith the sumrule prediction(5.29) this leadsto

=240±40MeV. (5.32)

Let uscomparethispredictionto somerecentcomputationsof f~tin latticegaugetheory,whichuse
the staticapproximationfor the heavy-quarkpropagator[271. In theseanalysesone “measures”the
parameterF(,a = a’) in units of a

312,with a beingthe latticespacing.Two stepsarenecessaryto
convertthis into ameaningfulphysicalprediction.First, the lattice spacinghasto be eliminatedby
normalizing the result to someother physicalquantity. For this purposethe various groupsuse the
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decayconstantof the pion, the string tension, the mass of the p-meson, or the mass splitting between
the is and ip statesin charmonium.Second,a renormalizationfactor is requiredto relatethe lattice
resultsto the renormalizedparameterFren. As in the caseof QCD sumrules, this perturbativepart
of the analysissuffersfrom the fact that the coefficientof the next-to-leadingcorrectionof order a,
is ratherlarge [168,169]. After goingthroughthesesteps,the differentgroupspresentthe following
results:32

235±29MeV; Ref. [163],
260±47 MeV ; Ref. [i 64],

fS
tat = 230 ±34 MeV ; Ref. [165], (5.33)

319 + 11 MeV ; Ref. [166],
253~~MeV ; Ref. [167].

What we said before about sum rules is equally true in this case:The quotederrors reflect only part
of the systematicuncertainties,which arisefrom finite volume effects, nonzerolattice spacings,and
usingthe quenchedapproximation.Clearly, therearesubstantialdifferencesbetweenthe resultsof the
different groups,which to someextentmaybe dueto the differentscalesettingmethodsemployed.
On the otherhand, thereseemsto be an overall agreementbetweenlattice gaugetheory and QCD
sumrulesthat the static limit of the B mesondecayconstantis large,probablywell above200 MeV.

This result is surprising.Recall that the experimentalupperlimit for fD is 290 MeV, so that taking
(4.92) as a guidelineone would expectthat fB should be smaller than 200 MeV. Furthermore,
both QCD sum rule and lattice gaugecalculationsin the full theory, i.e. with dynamicalheavy
quarks,predict that fD is smallerthantheupper limit: fD ~ 200 MeV [153,158,159,163,167].This
indicatesthat 1/mQ correctionsto the asymptoticrelations (4.92) must be substantial.In HQET
thesecorrectionsareparameterizedby the coefficientsG

1 andG2 in (4.97). By including insertions
of the higherdimensionoperatorsfrom the effective Lagrangianinto the current correlator (5.9), it
is possibleto derive sum rules for theseparameters[54]. In the sameway that the analysisof F
was closely relatedto that of A, it turns out that the analysisof G1 involves the massparametersA,,
which describethe 1/rn0 correctionsto the physicalmesonmasses[cf. (2.34)].The spin-symmetry
violating parametersG2 and A2 can be extractedwith rathergood accuracy,sincethe corresponding
sumrulesshow excellentstability.For the quantitiesG1 and A1, however,the stability in the original
sumrule analysisin Ref. [54], in which only the leadingcontributionsweretakeninto account,was
not satisfactory.The situationhasbeen improved recently with the inclusion of two-loop radiative
corrections[108,1711.

We first discussthe correctionsto the mesonmasses.The relevantequationshavebeengiven in
(2.32)—(2.36).The QCD sumrule analysisof the parameterA2 yields [54,108]

A2 = 0.12±0.02 GeV, (5.34)

whichrefersto a renormalizationscale~ = 2A. Accordingto (2.36), this is onequarterof thevector-
pseudoscalarmass splitting in the effective theory. In order to comparethis to the mass splittings
of the physicalmesons,one hasto include the Wilson coefficient Cmag(ja) of the chromo-magnetic
operator.We evaluateit at 1a = 2A, and usea,/ir = 0.1 in the next-to-leadingcorrectionin (3.80).
This yields

32 Theresultof Ref. [164] increasesto 310±56 MeV when thelattice spacingis determinedwithout usingf,~.
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m~.— m~= 0.45±0.08 GeV2, m~,— m~= 0.54+ 0.09 GeV2, (5.35)

in excellent agreementwith the experimentalnumbersgiven in (1.22). The most recentsum rule
resultfor A

1 is A1 = —0.5±0.1 GeV
2 [1081.However,thereare argumentsthatthis valueis too large

[172]. Important in this context is the field-theory analogof the virial theorem,which relatesthe
kinetic energyof a heavy quark insideahadronHQ to amatrix elementof the gluon field strength
tensor[109],

‘H ‘ “ h G’~h H ‘~ ~

\ Q~V~? v’1g v Q~Vi/= —1A
1(v’~v”— v”v”~)[1 +O(w— 1)]. (5.36)

(Ho(v)Ih~h1,IH0(v))

In the contextof QCD sumrules,thistheoremimplies that A1 shouldnot receivecontributionsfrom
diagramswithout gluons,makingexplicit an “intrinsic smallness”of this parameter.This requirement
is not fulfilled in the analysisof Ref. [108]. In fact, a QCD sumrule basedon the virial theorem
give asmaller value [173], which agreeswell with the resultA1 = —0.18±0.06 GeV

2 that can be
extractedfrom the analysisof Eletsky and Shuryak [107]. Taking all theseestimatesinto account,
we quote

A
1 = —0.25±0.20 GeV

2. (5.37)

Using this togetherwith the sumrule predictionfor A in (5.28), we can calculatethe heavy-quark
massesmb andm~.Recall from section2.6 that thesemassesare well definedparametersof HQET
and shouldbe consideredas generalizedpolemasses.From(2.32), we obtain

mQ=rnM—A+AI/mQ-l-O(1/m~), (5.38)

where

mM = ~(mp+ 3mv) (5.39)

denotesthe spinaveragedmesonmass.Using theexperimentalvalues1fl~= 5.31 0eV andi~iD= 1.97

GeV, we obtain
mb = 4.71 ±0.07 (A) ±0.02 (A

1) ±0.004 (h.o.)GeV,

m~=1.30±0.07(A)±0.08(A1)±0.05(h.o.)GeV,

mb — = 3.34±0.06 (A1) ±0.04 (h.o.)GeV, (5.40)

wherewe havegiven separateestimatesof thetheoreticaluncertaintiesresultingfrom variationof A
and A1, as well as from higher-orderpowercorrections,which we estimateas (A/2mQ)2~Adding.the
errorsin quadrature,we find mb = 4.71±0.07 GeV andm~= 1.30±0.12GeV. Thesevaluescompare
well with otherestimatesfor the polemassesobtainedfrom QCD sumrulesfor quarkoniumspectra
[137,174,175], and from acalculationusinglatticegaugetheory [1761.

Let us thenturn to the discussionof powercorrectionsto the mesondecayconstants,startingagain
with the spin-symmetrybreakingcorrections.According to (4.104) they are determinedby A and
the renormalizedparameterG2(m0).For the bottomandcharm systems,onefinds [54]

G2(mb) =—26±4MeV, G2(m~)=—44±7MeV. (5.41)
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This canbe combinedwith the result for A in (5.28) to predicttheratiosof vectorandpseudoscalar
mesondecayconstants,

fa./fn = 1.07±0.02, fD’/fD = 1.35±0.05. (5.42)

Theseresults comparewell with a recentcalculationof fv/fp in lattice gaugetheory, which gives
1.12±0.05 and 1.30±0.06 for the two ratios [170]. We take this as an indication that hyperfine
correctionsare well accountedfor by including the leading power correctionsin the heavy-quark
expansion.The mostaccuratedeterminationof the spin-symmetryconserving parameter G1 (mQ) has
beenpresentedin Ref. [171]. The result is

ÔI(mb) =—0.8l ±0.15GeV, Gi(m~)=—0.72±0.15GeV. (5.43)

For the slopeparameterA(mQ) definedby

fp~/~i;= Cp(rn0)F~~~[1 + A(mQ)/mQ +...], (5.44)

whereA = G1+ 6G2— ~Aaccordingto (4.103),this impliesthe ratherlargevalueA(mb) ~ A(m~)~
—1.2 0eV. This directcalculationof 1 /mQ correctionsin the effective theory may be confrontedwith
indirect determinationsof the parameterA, obtainedby fitting the massdependenceof the decay
constantas calculatedfrom QCD sumrules in the full theory to (5.44).This yields A ~ —(0.7—1.2)
0eV [107,158,159]. An estimateof A can alsobe obtainedfrom latticegauge theory,by matching
results obtainedin the full theory (for mp < 2.6 0eV) with the predictionsof the static limit
(mp = oo). Dependingon whethera linear or a quadraticfit (in 1 /mp) is usedfor the extrapolation,
the authorsof Ref. [170] find A ~ —0.8 GeV or A ~ —1.6 0eV from such an analysis.

It is clear from this discussionthat thereare substantiall/mQ correctionsto the first relation in
(4.92). Even for the decayconstantof the B meson,a value A ~ —1 0eV correspondsto a 20%
correction andwould reducef~tin (5.32) to fB ~ 190 MeV. Fortunately,we will see belowthat
suchasituationis not generic,but ratheran anomalyspecific for heavy-mesondecayconstants.The
1 /mQ correctionsto the weak decayform factorswill turn out to be much smaller.

5.5. The Isgur—Wise function

So far the discussionhasfocusedon the simplestcaseof correlatorsof two heavy—lightcurrents
containingaheavy quarkwith the samevelocity. For theinvestigationof the weakdecayform factors
onehas to extendthe analysis to the case of different velocities v and v’. One has to consider
three-currentcorrelators,which contain two interpolatingcurrentsJM and JM’ for the heavy mesons
M(v) andM’ (v’), as well as aheavy-quarkcurrent ~J1 = h~,rh~that changesthe velocities.For the
analysisof the Isgur—Wisefunction, the correlatorof interestis

E=fdxdYexp[i(k’.x—k.Y)](0IT{4~(x)~Jr(0)~JM(Y)}I0). (5.45)

Becauseof heavy-quarksymmetry the flavor of the heavy quarks is completely irrelevant.What
mattersare the velocities v and v’. In fact, the Feynmanrulesof the effective theory allow oneto
write

S = S(w, w’; w)Tr{fM’P.~J’P+FM}, (5.46)
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whereP~and P~arethe usualprojectionoperators.All informationaboutthe Diracquantumnumbers
of the states andof the heavy-quarkcurrent are contained in the trace. The coefficient function S is
analytic in the variables o = 2v. k and w’ = 2v’ . k’. It furthermore depends on the velocity transfer
w = V V’.

The evaluationof the correlatorfollows the standardlinesdiscussedin section5.3. In the “not so
deep” euclideanregion, S is approximatedby a perturbativecalculationsupplementedby nonper-
turbativepower correctionsproportionalto the vacuumcondensates.The perturbativecontributionis
written in form of adoubledispersionintegral in w andw’ plus subtractionterms,which in this case
cancontain singledispersionintegrals:

P ert(P, v’; w)
~theo ~ j d~dv’ ~‘. . + subtractions+ ~eond• (5.47)j (v—w—iE)(v’—w’—IE)

On the otherhand, the correlatorcan be written as adispersionintegral over physical intermediate
states.We explicitly separatethe double-polecontributionassociatedwith the ground-statemesons
from higher resonancecontributions,which we describeby aphysicalspectraldensityp,~,:

Sphen = Epole + fdvdv’ P~S(~’v ; w) + subtractions. (5.48)
J

Using the trace relation (5.15) twice, onefinds that

S ie - e(w,i.t)F2(p~) (5.49)
~‘° (2A—cu—i�)(2A—w’—i�)

Notice that the decayconstantF(s) appearsin this equation.There is, in fact, a closerelationship
between the sum rule for the Isgur—Wise function and that for the mesondecay constant.This
connection will eventually lead to the correct normalization of ~(w,~) at zero recoil [115,158,160].

The QCD sumrule is obtainedby equatingthe phenomenologicalandtheoreticalrepresentationof
the correlator. This step is a little more subtle than in the case of the two-current sum rules. As pointed
out by Blok and Shifman [145], there is no reason to expectthat the perturbativeand the hadronic
spectraldensitiesarelocally dual to eachother.A detailed analysis of the exactly solvable toy model
of the harmonicoscillator shows that the physical spectraldensity is in fact very different from the
perturbativeone (at least to lowestorder in perturbationtheory). Whereas the latter is restricted to
a small area in the first quadrantof the v — v’ plane, the physical states populate a much larger
region. In addition, as one departsfrom the diagonalv = v’ these states contribute with alternating
signs,whereasthe perturbativespectraldensityis alwayspositive.Onecan arguethat suchasituation
is in fact quite general. In order to restoreduality is it necessaryto integratethe spectral densities
over the “off-diagonal” variablew. = v — v’, keepingthe “diagonal” variableco+ = ~(v + ii’) fixed.
This procedurewas in fact suggestedin the original calculationof the sum rule for the Isgur—Wise
function in Ref. [158]. Let us then rewrite the spectralfunctionsin termsof w~anddefine

Jd~_p(w~,w;w)_~(w~,w). (5.50)

Only for the integrated spectral densities p~and p,,, is it justified to assume local (in w~)duality.
The rest is straightforward. One performs a double Borel transformation of the correlator in w and

cd, which introduces two Borel parameters r and r’. Becauseof heavy-quarksymmetrytheyappear
in acompletelysymmetricway, and it is natural to set
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r=r’~2T (5.51)

The reasonfor the factor 2 will becomeclearbelow. After Borel transformationthe weight function
in the dispersionintegrals is exp(—w+/T), i.e. independentof w, so that the “effective” spectral
densitiesintroduced above arisein anatural way by performing the integralsover o.~.Assuming
local duality in cu÷,one equatesthe theoreticalandthe phenomenologicalexpressionsto obtain the
sumrule

~(w, ,a)F2(~)exp(—2A/T)

= fdw+ exp(—w÷/T) ~ + E~
0fld(T,w) K(~0,T,~w), (5.52)

whereEcond denotesthe Borel transformedcontributionsfrom the vacuumcondensates.
Comparethis sum rule to that for the parameterF(~) in (5.23). For the Isgur—Wisefunction to

be normalizedat zero recoil, it is necessarythat for w = 1 the function K( w~,T,,u; w) reduceto
K(w0,T, ~). In particular, this implies that the continuumthresholdand the Borel parametermust
be the samein both sumrules.~ This explainsthe factor2 in the definition of T in (5.51). On an
empirical basisit hasbeenobservedfor a long time that the Borel parameterin a three-currentsum
rule should be chosenapproximatelytwice as large as in the correspondingtwo-currentsum rule
[177]. HQET showsthat in the infinite quark-masslimit this relationbecomesexact.

To lowest order in perturbationtheory, the correlatorK( Cu0,T,~ w) was first calculatedin Refs.
[115,160]. Later,radiativecorrections,in particularthe two-loopcorrectionsto the perturbativespec-
tral density,havebeenincludedby Neubert [158,178]. In view of the large perturbativecorrections
to the two-currentcorrelatorencounteredabove, it is imperativeto includesucheffectsin the analysis
of the Isgur—Wise function.However,prior to thedevelopmentof HQET nobody succeededin calcu-
lating thetwo-loop perturbativecorrectionsto acorrelatorof threecurrentsthatcontainheavy-quark
fields. In the effective theory thingsare simplerbecausethe Feynmanrulescontainno Dirac matrices,
but still the calculationis quite involved andrequireselaboratetechniquessuchas Kotikov’s method
of differentialequations[179]. Altogether,the Feynmandiagramsshownin Fig. 5.3 needto be cal-
culated.After the renormalizationgroup improvement,the sumrule for the renormalizedIsgur—Wise
functiondefinedin (4.27) can be written in a form similar to (5.26),namely

~ren(W) = [as(A)]°”~(l — as4h(w))Kiw0~T~~, (5.53)
IT K(wo,T)

with k~(cuo,T) as given in (5.27). The perturbativecoefficients ahh (w) and Zbh(w) have been
introduced in (3.119). They both vanish at zero recoil. At next-to-leadingorder in perturbation
theory,the exactexpressionfor the renormalization-groupinvariant correlatorin the numeratorof the
sumrule is [178]

~ We know of no compellingreasonwhy after integrationover w the thresholdin the three-currentsum rule should not
dependon therecoil, in whichcasetheconditionwould only bethatat zerorecoil it mustagreewith thatof thetwo-current
sumrule. We shall not pursuethis possibility anyfurther, but referto Ref. [158] for a critical discussion.
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Fig. 5.3. Feynmandiagramscontributing to the sumrule for the Isgur—Wisefunction. The velocity-changingheavy-quark
currentis representedby awavy line.

— 3 2 2~”° 2K(T~coo,w)=~_~(1) fda,÷w÷exp(—Cu+/T)

~ (i + aS(A){~~4~[2—y(w)]ln(Cu+/A)

— (~q)(A)(1+ as(A){2 ()[l(A/T) +Ya] +C(4q)(W)})

+(w1~(asGG)+(2w+1) m0(qq) (554)
~\w-i-1) 48irT 3 4T

2 ‘

where

y(w) = ~[wr(w) — 1] (5.55)

is proportionalto the one-loopanomalousdimensionof the heavy-quarkcurrent given in (3.115).
The hard work in obtaining this result is hidden in the functionsc

1(w), both of which vanishat
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w = 1. Their analyticalexpressionsare

cpe,.t(w)=~y(w){4ln2—3+ln[~(w+1)]}—~[wh(w)—1]

+ln[~(w+ 1)] + ~(w2 — l)r2(w)

1n2— ~)(w— 1)— (~ln2—~)(w— 1)2+...,

C(4q)(w)=~y(w){4ln2+ln[~(w+l)]} — ~[wh(w) —1]— ~(w— 1)r(w)

=(1~ln2_~)(w— 1)— (~ln2—~)(w— 1)2+..., (5.56)

with

h(w) = 1 [L2(1 — w~)— L2(l — w4] + ~w2 —1 r
2(w), (5.57)

~‘w2—l 4

wherew = w — — 1. The first two termsin the expansionof c~(w) aroundzerorecoil have
beenobtainedindependentlyby Baganet al. [180]. Noting that y(l) = c (1) = 0, one readily sees
that the functionsin (5.27) and (5.54) becomeidenticalat zero recoil. Hencethe sumrule for the
Isgur—Wisefunctionhasincorporatedthe correctnormalizationatw = 1. This is oneof the advantages
of workingin the effective theory.

Before proceedingwe notethat the analysisneedsto be modified when oneconsidersvery large
valuesof w. In thiscasehigherdimensioncondensatesbecomeenhancedby powersof w andcannot
be neglected.Theeffect canbe simulatedby usingso-called“soft” or “nonlocal” condensates,suchas
(~(x)q(0)~= (qq) f(x2), where f(x2) is somefunction that vanishesat large euclideandistances.
Such an ansatzamountsto a partial summationof the operatorproduct expansion.The gaussian
model f( x2) = exp( —x2/o-2) can be analyzedanalytically. One finds that for very large values of
w thecondensatecontributionsbecomeexponentiallysuppressed[158,160]. However, for atypical
hadronicscalea- 1 fm the effect becomessignificantonly for valuesw>> 1 far outsidethe physical
region. It is irrelevantfor all practicalpurposes.

The sumrule (5.53) exhibits very good stability for T> 0.7 0eV, which is almost identicalto the
onsetof stability in the two-currentsumrule. In Fig. 5.4 we show the range of predictionsfor the
Isgur—Wisefunctionobtainedby varyingthecontinuumthresholdbetween1.7 0eV < to

0 < 2.3 0eV,
andthe Borel parameterover the range0.7 0eV < T < 1.1 0eV. The dependenceon the valuesof
the vacuumcondensatesis very weak.

Thereare two reasonwhy this analysisshould be morereliablethan that of the decayconstants.
The first is that the sum rule for the Isgur—Wise function is independentof the massparameterA,
whereasthe predictionfor Fren is proportionalto exp(AlT), andthereforedependsexponentiallyon
the heavy-quarkmasssinceA = mM — rnQ. The secondreasonis relatedto QCD corrections.Whereas
the numericalprediction for Fren was increasedby 30% dueto the effect of radiativecorrections,one
finds that the net effect of order-a,correctionsto the Isgur—Wisefunction is very small,evenat large
recoil [178]. The reasonis obvious:The largecoefficient ~ + ~ir

2 is the samein (5.27) and (5.54)
andcancelsin the ratio in (5.53).
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Fig. 5.4. Predictionfor the Isgur—Wisefunctionin thekinematicregionaccessiblein semileptonicdecays.Thedashedlines
indicatethe boundson the slopeat v. = I derivedfrom the Bjorken andVoloshin sumrules,see (5.7).

From the sum rule one can alsodeterminethe slope parameter~2 i.e., the negativederivativeof
the renormalizedIsgur—Wise functionwith respectto w at zerorecoil. We find34

~ 0.7, (5.58)

wherethe subscript“ren” indicatesthatthis is the slopeof the renormalized,p~-independentfunction
~ (w). In order to obtain a more physical slope parameterone must include the short-distance
coefficients in the expansionof the currents.Consider,as an example,the axial vectorform factor
hA,(w) in (4.25). At leadingorder in the 1/rn

0 expansionit is given by hA,(w) = C~(w) eren(w).
The velocity dependenceof the Wilson coefficient canbe deducedfrom Tab.3.1. Denotingthe slope
of the physicalform factorby ~, we obtain

~ 0.2+ ~, ~ 0.9. (5.59)

Similar resultshavebeenfound in Refs. [145,180]. Note that the theoreticalprediction for the slope
parameteris in agreementwith theboundsin (5.7) derivedfrom the Bjorken andVoloshinsumrules.

5.6. Powercorrections

It is alsopossibleto derive sumrules for the subleadingIsgur—Wisefunctionsdiscussedin section
4.2, which parameterizethe leadingpowercorrectionsto mesonform factorsin the effective theory.
The original analysisof thesefunctionsis due to Neubert [56]. It was later refined by including
the completeset of radiative corrections[181,1821.The procedureis conceptuallydifferent for the
1/rn0 correctionsassociatedwith local or nonlocalhigherdimensionoperatorsin the expansionof
the currents. In the caseof local effective current operators,one simply replacesthe heavy-quark
current J~rin (5.45) by the dimension-fourcurrentk~,r ~Dahv.This leadsto asetof threesumrules
for the form factors~ ~.t) and~3(w,~a)definedin (4.31).The virtue of working in the effective
theory is that the equationsof motion of HQET are automaticallyincorporated.For instance,one

~ This resultdependson the assumptionof a velocity independentcontinuumthreshold,seeRef. [158].
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finds that the relationsin (4.34) are exactly satisfied, at every order in the perturbativeexpansion
and in the seriesof powercorrections.It is thussufficient to discussthe analysisof the form factor
~(w) definedin (4.35).Whenradiativecorrectionsareneglected,a remarkablysimpleresult for this
function is obtainedat zero recoil, namely i~(1) = ~ independentof all sum rule parameters[56].
The calculationof ~ (w) including radiativecorrectionsis rathercomplicated.Onehasto reevaluate
the diagramsshownin Fig. 5.3 with aderivativecoupling at the vertex of the heavy-quarkcurrent.
In addition,thereare graphswhereagluon originatesfrom the covariantderivativecontainedin the
current. It is usefulto write the result as

~(w) = ~ + 4(w). (5.60)

Then 4(w) satisfiesthe QCD sumrule [182]

4(w)[~(w)F2A exp(—2A/T)]

T4’ 2 \2
= ~—( ) {1 + (w+ 1)[2+r(w)] — ~[wr(w) — 1]}t5

3(too/T)
4ir

3 ‘~w+1j

— (2a,(c~q)T/9ir)[7+(3—w)r(w)]ôo(too/T)

+ ~‘~) +m~~1)(W_1), (5.61)

= r(n± 1) zne_z. (5.62)

Eq. (5.61) showsthat indeed4(1) = O(a,) in accordancewith the abovediscussion.
At order a,, one is not sensitiveto the running of the quantities~(w) and F appearingon the

left-handside of the sumrule. Their
1a-dependencewould show up at order a~.For the numerical

evaluationit is of advantageto eliminatethe combination~(w)F
2A by means of the sum rule

~(w)F2Aexp(—2A/T)= ~
1)

2o
3~0,i7’~— 2w+ 1 m~(qq) (5.63)

whichis obtainedby takingthe derivativewith respectto T’ in (5.54) andneglectingtermsof order
a,. By taking the ratio of (5.61) and (5.63) one reducesto aminimumthe systematicuncertainties
in the calculationof 4(w). In Fig. 5.5 we showthe predictionfor ~(w) obtainedfrom thenumerical
analysis.Here and in the following we usethe sameinput parametersas in the analysisof the
Isgur—Wise function. For the coupling constantwe take a,/ir ~ 0.12, correspondingto the scale
A = 2A. The sumrule analysisconfirms our guessthat ~(w) shouldbe aslowly varying function of
orderunity, which was the motivation for its introductionin section4.2. Overthe kinematic range
accessiblein semileptonicdecays,we find that ij ~ w) = 0.62±0.05.Notethatthe inclusionof radiative
corrections has enhanced the lowest-orderpredictionby almosta factor 2.

The remaining subleading Isgur—Wise functions Xi(W) introduced in (4.37) parameterize the
effects of nonlocal operators arising from insertions of higher dimension operators from the effective
Lagrangian into matrix elements of the leading-order currents. In order to derive QCD sum rules
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for thesefunctions, one has to considera zero momentuminsertionof the kinetic or the chromo-
magneticoperatorinto the three-currentcorrelator (5.45). A subtlety is that theseinsertionswill
not only correct the heavy-quark current, but also the heavy—light currents that interpolate the heavy
mesons. Thus, instead of obtaining directly sum rules for Xi(w), one also encounters the parameters
G•, which parameterize the corresponding corrections to the meson decay constants. These effects
have to be disentangled by means of the sum rules for G• discussed at the end of section 5.4. Since
the calculations are quite tedious, we shall only present the main results andrefer for details to
Refs. [56,1811.Considerfirst the spin-symmetryviolating form factors X2(w) and X3 (w), which
parameterize the effects of an insertion of the chromo-magnetic operator.They obey the sumrules

X2(w)F2Aexp( —2A/T)

2 )2(1_r(w)+2)S(/T)
8ir w+1 w—1

a,(c~q)T(1—r(w) 1 \ (a,GG)( 2
+ +

150(wo1T)— _______ ______
6ir \ w—1 w+lj 96ir ~w+1

X3(w)F
2Aexp(—2A/T)

aT4~ 2 \2
= I {wr(w) —1+ln[~(w+1)]}ô

3(wo/T)8ir
3 \w+1J

+ ~ exp(—co
0/T) [(2 i)2 —

+ ~ —~(w)]8o(wo/T)
6ir

~~(w~1 _~(W))_m~~?)[l_~(W)]. (5.64)

Notice that each term on the right-hand side of the sum rule for X3 (w) vanishesat zero recoil, so
that the constraintX3 (1) = 0 is explicitly satisfied. The parameter 5w2 accounts for a spin-symmetry
violating correctionto the continuumthresholdof order1/rn0. Sincethe chromo-magneticinteraction
changesthe massesof the ground-statemesons,it alsochanges the masses of excited states. Indeed,
it turns out that these changes are similar [54]. In the numerical analysis we use &o2 = —0.1 GeV.

For the evaluationof the sum rules it is again of advantage to eliminate the explicit dependence
of the left-handsides on F

2A, by using the zero recoil limit of (5.63). Since the leading terms in
the sumrules are of order a,, even in the two-loop calculation presented here one is not sensitive
to the running of X2(w) and X3(w). In this case,a renormalizationgroup improvementin leading
logarithmic approximationis sufficient. According to (4.44), the renormalized functions are then
simply given by

= [a~(A) ] 3~”~x~(w),i = 2,3, (5.65)
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1.0 ~ 0.10

0.8 — ~(v.v’) - 0.08 - -

—x~’(v•v’)

— ceo —~ ::
Xi (v.v)

— Xr’(v.v’)

0.0 :.:: 11.11.21.31.41.51.6

Fig. 5.5. Sumrulepredictionfor theform factor~ (v . v’), andfor the function ~ (v . v’) to be discussedbelow. Theinner
bandfor ~~°‘ (v . v’) is obtainedby reducingtheintervalsfor COO andT by a factor 2.

Fig. 5.6. Sumrule predictionfor the spin-symmetryviolating form factors—~~‘ (v . v’) and,y~’(v . v’).

where we shall againuseA = 2A as a characteristicscaleof the low energytheory. The numerical
results are shown in Fig. 5.6. The main conclusionto be drawn from this figure is that the spin-
symmetryviolating correctionsto the mesonform factorsinducedby thechromo-magnetichyperfine
interactionare small. Over the entirekinematicregion,both form factorsstaywell below 10%.

Let us finally turn to the function Xi(w), which doesnot violate the spin symmetry and thus
effectively correctsthe leading-orderIsgur—Wisefunction, asshown in (4.41).SinceXi (w) vanishes
at zerorecoil anddropsout of the ratioof any two of the mesonform factors,it doesnot affect the
model-independentpredictionsof HQET. For this reasonone mayarguethatapreciseknowledgeof
this function is not very important. Accordingly, the QCD sumrule analysisof Xi (w) is by far not
as elaborateas for the other universalform factors. In particular, radiative correctionshavenot yet
beencalculated.Without suchcorrectionsone obtains:

xi (w)F2Aexp(—2A/T)

— 3T4( 2 \2(w—1\ 3m~q)(8w+1
- (5.66)

41r2~\w+1)\w+1J 8T \. 9

The condition Xi (1) = 0 imposedby Luke’s theoremis explicitly satisfied.In leading logarithmic
approximation,the renormalizedform factor is obtainedfrom (4.42) as

x~°(w)= [a,(A)]~~~i(w) + r(:~wln[a,A]~enw. (5.67)

As previouslywe shall setA = 2A. The stability of the sumrule (5.66) is not asgood as in the other
cases,which is not unexpectedsince the theoreticalcalculation is lesssophisticated.The range of
predictionsobtainedby varying the parametersto

0 and T is wide. We show the numericalresultsin
Fig. 5.5, togetherwith the function ~(w). Thesetwo form factorshavevaluesof orderunity, which
is what one naively expectsfor the universal functionsof HQET. It seemsnatural to separatethem
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Fig. 5.7. Comparisonof the form factorsL,’, Lv, —L~,and,~as functionsof v ii’. Thesolid lines refer to m~= mc, the
dashedonesto mç~= mb.

from the much smallerfunctions~kf (w) andXr (w), which describethe hyperfine effectsarising
from the chromo-magneticinteractionof the heavy-quarkspin with the light degreesof freedom.

5.7. Predictionsfor the mesonformfactors

The sumrule resultsof the previoustwo sectionscan be usedto predict the mesonform factors
h(w) in (4.25) to next-to-leadingorder in the 1/mQ expansion.As pointedout in section4.2, it is
convenientto introducethe threecombinationsLp,v (w) andL~(w) in favor of Xr” (w). According
to their definition in (4.47), thesefunctionsdependlogarithmicallyon the heavy-quarkmass.Recall
that L~and Lv arecorrectionsto the wave function of pseudoscalarand vectormesons,respectively,
which areindependentof the Dirac structureof the current.In Fig. 5.7 we comparethesefunctions
to theform factor~(w). Fromnow on we shallalwayswork with the valuesto

0 = 2 0eV andT = 1
0eV, postponingfor a momentthe discussionof theoreticaluncertainties.We concludefrom this
figure that closeto zero recoil only ~ can leadto sizable 1 /rnQ corrections.L~andLv are small
becauseof Luke’s theorem,and QCD sum rules predict that L~is small becauseit is related to
chromo-magnetichyperfineeffects.

Recently,Baier and Grozin haveextractedthreeof the four subleadingform factors from QCD
sumrules in the full theory [183], ignoring, however,effects of radiative corrections.Their results
for L~and Lv are very similar to ours.Their predictionfor ~ is smallerthan ours by a factor of 2,
due to the neglectof the contributionsof ordera,.

Let us now combineour results with the short-distancecoefficients in Tab. 3.1 to computethe
ratios N,(w) = h,(w) /tren(w) from (4.48) and (4.49). Togetherwith the Isgur—Wise form factor
thesefunctionsdeterminethe mesonform factorscompletely. As previouslywe usernb = 4.8 0eV
andm~= 1.45 0eV for the heavy-quarkmasses,as well as A = 0.5 0eV, which is still compatible
with the sumrule result in (5.28).Our final numbersaregiven in Tab. 5.1. They arethe main results
of thischapter.For completeness,we showagainthe quark velocity transferi~,which is relatedto the
velocity transferof the mesonsby meansof (3.153).It is usedto evaluatethe Wilson coefficients.
Recall that in the limit of an exact heavy-quarksymmetry onewould have N = NA2 = 0, and
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Table5.1
Predictionsfor the Isgur—Wisefunction andthe ratiosN~( w) over the kinematicrangeaccessiblein B —+ D andB —~ D*

transitions.

w N~ N_ Nv NA, NA
2 NA,

1.0 1.00 1.00 1.03 —0.03 1.33 0.99 —0.48 0.97
1.1 1.13 0.94 1.01 —0.03 1.29 0.97 —0.45 0.96
1.2 1.26 0.88 1.00 —0.03 1.26 0.96 —0.42 0.95
1.3 1.40 0.83 0.99 —0.03 1.24 0.96 —0.39 0.95
1.4 1.53 0.78 0.98 —0.03 1.22 0.95 —0.37 0.95
1.5 1 67 0.74 0.98 —0.04 1.20 0.95 —0.34 0.95
1.6 1.80 0.70 0.98 —0.04

N~= 1 otherwise.As aresult of a conspiracy of QCDandpower corrections, we find largesymmetry
breakingeffectsin the form factorsh~and hA2, whereasthe correctionsto the otherfour form factors
are small. Froma comparisonwith (4.29) andTab. 3.1, the interestedreadercanseparatethe short-
andlong-distancecontributionsto the form factors.For instance,the short-distancecorrectionsto h~
aregiven by C1, the onesto hA2 are given by C~.

An alternativeway to presentthe resultsis to go back to the conventionaldefinition of meson
form factors as functionsof q

2, which are related to h,(w) by meansof (4.56). This allowsus to
compareour predictionswith thoseof the naive boundstatemodelsdiscussedat the end of section
1.4. We displaythe mesonform factorsF

1, V, A1, and A2 in Fig. 5.8, usingthe sameconventionsas
in Fig. 1.3. In the limit of anexactheavy-quarksymmetrythesecurveswouldbe identical.According
to this figure, the main effect of symmetry breakingcorrectionsis to affect the normalization of the
form factorsbut not their relative q

2-dependence.This is very different from the predictionsof the
quark models.Notice that the symmetrybreakingeffects are largerthan in the models.This is not
surprising.Sincewe haveworked very hardto understandthe origin of various sourcesof symmetry
breakingcorrections,we can hopeto accountfor sucheffects in amuchmoredetailedway thanthe
naivemodelscan. To give an example,in the Kömer-Schulermodel [201 oneassumesthat all form
factors are the sameat q2 = 0, but their is no physicalargumentwhy this should be the case.In
addition,none of the modelsaccountsfor the short-distancecorrectionsdiscussedin chapter3, but
they areresponsiblefor 50% of the enhancementof V relativeto F

1 and A1.
Let us comeback, at this point, to a discussionof the theoreticaluncertaintiesin the results

presentedabove.With the exceptionof ~~(w), the QCD sumrule analysisof the universalfunctions
andof the massparameterA is very sophisticated.The resultsshould havean accuracyof better
than20%. This meansthat close to zero recoil, wherethe Isgur—Wise function is normalizedand
,y~”(w) doesnot contribute,the symmetrybreakingcorrectionsof order 1 /mQcanbe estimatedwith
this accuracy.The resultinguncertaintyin the mesonform factors is less than 10% for the form
factors h~(1) and hA,(1), which receive the largest corrections,and less than 3% for h (1) and
hA3(1). There are no 1 /mQ correctionsto h~(1) and hA, (1) becauseof Luke’s theorem.At large
recoil the situationis different. Therethe main uncertaintycomesfrom the Isgur—Wisefunctionand
from X~”(w), which enterall form factorsin the samecombination [cf. (4.41)].We estimatethat
our resultsshould have an accuracyof 15% at w = Wm~, correspondingto q

2 = 0. However, the
predictionsfor ratios of form factorsare not affectedby this and,therefore,aremorereliable.
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Fig. 5.8. The form factors F, (dashed),V (dashed-dotted),A
2 (dotted), and [1 — q

2/(mB+ mo.)2]’Ai (solid) as
functionsof q’.

In view of theseremarks,andmotivatedby the resultsshownin Fig. 5.8,we proposeto searchfor
symmetrybreakingeffectsby studyingthe form factorsratios

— ( — q2 ‘~ V(q~)— hv(w)
i—I 2~ 2\ (mB+mD.) jA

1(q ) hA,(w)

— ( q~ \ A2(q~)— hA,(w)+ rhA2(w) 68
R2—~l—(m~±m~.)2)A~(q2)— hA,(w) ‘ (5. )

where r = rnD. /mn, as afunction of q
2 or w. We will see in the nextchapterthat R

1 and R2 appear
quite naturally in the description of B —+ D*.~Ptransitions.Our prediction is that theseratios are
almost constant, with values R1 ~ 1.3 and R2 ~ 0.8. According to (4.53), the result for R1 is
a model-independent prediction of HQET, which does not rely on a calculation of the subleading
Isgur—Wise functions. The ratio R2, on the other hand, can be shown to depend on ~(w) andL~(w)
[56].

6. Phenomenology

6.1. Theoreticalframework

We are now in a position to perform a comprehensive analysis of semileptonic B meson decays
in the contextof the newtheoreticalframeworkprovided by HQET. The maindifferenceto previous
studiesof thesedecays,whichwere basedon phenomenologicalmodelssuchas thosediscussedatthe
end of chapter1, is that we can now clearly separatethe model-independentaspectsof the analysis
from the model-dependentones.Under“model-independent”we shallunderstandquantitiesthat can
be absolutelypredictedin the limit of an exact spin—flavor symmetry.This meansthat hadronic
uncertaintiesenterthe theoreticaldescriptiononly at the level of power correctionsof order 1/rn0
or, in favorite cases, even of order 1 /rn~.1~pically,the normalizationof decayratesat zero recoil,
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Fig. 6.1. Definition of the decayangle9 in B —p D*~Pdecays.

as well as ratios of different decayamplitudesat the samevalueof q2 (or v v’), are predictedby
heavy-quarksymmetry.Model dependencecomesin when onewants to describethe q2-dependence
of decay rates.However, we stressthat the form factor predictionsderived in section 5.7 should
be consideredsuperiorto any previousmodel calculation35 in that they includeperturbativeQCD
correctionsandsatisfythe relationsimposedby heavy-quarksymmetryto leadingandnext-to-leading
order in 1/mQ.

The kinematicsof the semileptonicdecaysB —* D(*)L P has been analyzed in great detail in
Refs. [20,1851. Here we shall only collect the basic formulas.For simplicity we shall considerthe
limit of vanishinglepton mass,mt = 0, which is an excellentapproximationwhen £ is eor jL. Then
the leptoncurrent is conserved,andtermsproportionalto the momentumtransferq~in the hadronic
matrix elementsdo not contributeto the decayamplitudes.Considerfirst the transitionB —* DL P.
The relevanthadronicmatrixelementis conventionallyparameterizedas shownin the secondequation
in (1.35).The differential decayrate is given by

dF(B —* DLP) — G~Il’~bI2 3 2 2 6 1

dq2 24ir3 PDI IFi(q )I , ( - )
where GF is Fermi’s constant,and PD denotesthe momentumof the D mesonin the B restframe
(which for experimentsworking on the Y (4s) resonanceis very close to the laboratory frame). In
the context of HQET it is more naturalto introducethe velocity transferw = v~v’ in favor of the
momentumtransferq2, and the mesonform factorsh

1(w) insteadof the conventionalform factors.
Using the first relation in (4.56), as well as PDI = mD(w — 1)112, onefinds

df’(B —÷ DLP)/dw

,-‘2~, 2 2
‘-‘F Vcb 2 3 2 3/2 mB — mD

= (mu +rnD) rnD(w —1) h~(w)— h_(w) - (6.2)48ir
3 rnB + mD

The relationbetweenq2 and w is shownin (1.39).
Next considerthe decay B —~ D*LP. In this casethe relevanthadronic matrix elementcan be

parameterizedby four form factors [cf. (1.46)1,three of which appearin the decayrate when the
leptonmassis set to zero.Theircontributionscan be disentangledby measuringangulardistributions
or analyzing the polarization of the D* mesons.It is convenientto introduce invariant helicity
amplitudesH~(q2)and Ho(q2) correspondingto transverseand longitudinal polarization.In the

‘~This includes,in particular,previousQCD sum rule calculationsin the full theory [184].
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parentrestframe, the D* mesonandthe virtual W bosongo backto back andareforced to havethe
samehelicity. It is usefulto define e as the anglebetweenthe lepton and the D* mesonin the rest
frameof the virtual W boson,i.e., in thecenter-of-momentumframeof the £Ppair (seeFig. 6.1).The
different helicity amplitudesleadto characteristicdistributions in this angle. The doubledifferential
decayrate in q2 and cos9 is given by36

d21’(B —* D*LP)/dq2d cos0

= G2IVbI2IPD~{(1+ cos0)2IH+12 + (1 — cos0)21H_12 + 2 sin2OIH
0J

2}. (6.3)

Integratingover the angle,and summingoverthe final statepolarizations,oneobtains

dF(B —~D*LP) — G~IVcbJ2 q2 ~ H 2

d 2 — 96 ~ IPDHy ~, I ~I. ( - )
q iT rnB i=±,0

The relation of the helicity amplitudesto the mesonform factors in the conventionalbasiscan be
found in Refs. [20,1851.For our purposes,it is more convenientto considerH

1 as functionsof w,
and to relate them to the mesonform factors h• (w) introduced in (4.25). To this end, we define
“reducedhelicity amplitudes”H1 (w), for i = ±, 0, by

1H11
2 (mB — rnD.)2(rnBrnD*/q2) (w + 1)2IhA, (w) 121H

1(w) 12. (6.5)

Then the differentialdistributionin w becomes

d~(B—* D*LP)/dw

= G~lVCbI
2(rnu — rnD. )2m~,VIW2 — 1 (w +1 )2IhA, (w) 2 > II~~(w)2. (6.6)

Since hA,(w) hasbeen factoredout, the reducedhelicity amplitudesdependonly on ratios of the
mesonform factors.Explicitly, they aregiven by

— 2 1—2wr+r2( lw—iIH±(w)I= (1—r)2 ~l~ViR1(w))

— 2” w—1IHo(w)I = (1 + [1 — R
2(w)] J , (6.7)\ l—r j

where r = rnD./rnB, and R1(w) are the form factor ratios introducedin (5.68). By definition, the
reducedhelicity amplitudesare normalizedat zerorecoil:

I. ~(1)I2= 1. (6.8)

This is whatmakesthemusefulfrom thepoint of view of heavy-quarksymmetry.At maximumrecoil,
= ~(r + r~), correspondingto q

2 = 0, only virtual W bosonswith longitudinal polarization
contribute,andaccordingly

~ For decaysinto £+v onehasto replace9 by ir — 9.
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IH±(wm~)I20. (6.9)

Eq. (6.6) is ideally suitedto distinguishthe model-independentaspectsof the analysisfrom the
model-dependentones.The w-dependenceof the hadronicform factor hA,(w) involves complicated
nonperturbativephysics and cannot yet be derived from first principles. Whenever it enters the
analysis,onehasto rely on somespecific model calculation, such as the QCD sum rule analysis
presentedin chapter5. Examplesof model-dependentobservablesare the total semileptonicdecay
rates,the differentialdecayratesatlargevaluesof w (i.e., smallmomentumtransfer),andintegrated
asymmetryparameters.They will be briefly discussedin section6.4. On the otherhand,in the limit
of an unbrokenheavy-quarksymmetry the normalization of hA

1 (w) at zero recoil is predictedin
a model-independentway. When symmetrybreakingeffects are taken into account,one finds that
hA,(1) becomesslightly renormalizedby perturbativecorrections,but it doesnot receivecorrections
of order 1 /rnQ. Furthermore,as we have seen in section4.4, the second-orderpower corrections
are parametericallysuppressedand can be estimatedwith an accuracy of ±2%.The final result
hA,(1) = 0.97±0.04 in (4.63) is oneof the most importantpredictionsof HQET. It canbe usedto
obtain a reliable,model-independentmeasurementof Va,, from an extrapolationof the semileptonic
decayratesto zero recoil. This will be discussedin the next section.

Heavy quarksymmetryalso determinesthe ratios of form factors, and hencethe reducedhelicity
amplitudes,at any value of w. In the limit of an exact spin—flavor symmetryone has R1 = R2 = 1,
implying that the helicity amplitudesreduceto trivial kinematicfunctions,for instanceI H0(w) 12 1.
But evenbeyondthe leadingorder,HQET makesspecific predictionsfor thesequantities.The short-
distancecorrectionsto the form factor ratioscanbe calculatedin areliableway. They enhancethe
value of R1 by 1 1%-13% (dependingon w), whereas their effect on R2 is below 1% and thus
completelynegligible [561. To get an ideaof the anatomyof the 1/rn0 corrections,it is instructive
to make some mild approximations.In the caseof R1, one can safely neglect the contribution
proportionalto 1/mb in (4.53). If the sum rule estimatefor ~(w) is only approximatelycorrect,
this term is an orderof magnitudesmaller than the leading term proportionalto 1/rn~.In the case
of R2, it turns out to be agood approximationto usethe treelevel expressionsfor the short-distance
coefficient functions.To furthersimplify the result,we setme/mb= 1/3.This yields the approximate
expressions

37

Ri(w)~(l+4as~r(l~)) (1+ 1 A
3ir ~ w+1m~

R
2(w)~1— ~ ~ + ~L~(w))~ (6.10)

where the function r(i~) is given in (3.104) and ~i’ is defined in (3.153). Essentiallythe only
uncertaintyin R1 residesin the value of the parameterA. However, it is an unambiguousprediction
of HQET that this ratio must be considerablylarger than unity, since both the QCD and 1 /m~
correctionsare positive and sizable.The power correctionsto R2, on the otherhand,dependon the
subleadingform factors ‘~ andL~.The QCD sumrule resultsin Fig. 5.7 suggestthat the contribution

‘~Theexactexpressionscanbe foundin Ref. [56]. In this discussionwe assumethat 1 /m~correctionsaresmall. Ultimately,
onewould like to test this assumptionby confrontingthe predictionsof this chapterwith experimentaldata.
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Table 6.1
Predictionsfor the form factorratios Ri and R

2. Thezero recoil limit w = 1 correspondsto = (mB — mD’ )2 whereas
Wmaxcorrespondsto q

2 = 0. The label HQET* is usedto indicatethat theseresultsdepend,to someextent,on the values
of nonperturbativeparameterssuchas A.

HQET ISGW BSW KS Ref. [184]

R,(l) 1.35 1.01 0.91 1.09 1.31
Ri(wmax) 1.27 1.27 1.09 1.00 1.23

R
2(1) 0.79 0.91 0.85 1.09 0.95

R2(Wm,x) 0.85 1.14 1.06 1.00 1.05

proportionalto ~j is thedominantone.A measurementof R2 couldprovidevaluableinformationabout
this function. Fromnow on we shall usethe theoreticalpredictionsfor R,(w) that can be derived
from Tab. 5.1. In the kinematicregion accessiblein B —+ D*LP transitions,theycanbe approximated
by

R1(w)~i.35—0.22(w—1) +0.09(w— 1)2,

R2(w)~0.79+0.15(w—1)—0.04(w— 1)2. (6.11)

Essentiallythe sameresultswould be obtainedfrom (6.10).
Although thereis no reasonto believethat it makesanysenseto applytheheavy-quarkexpansion

to the D —~ KeLP decayamplitude,we may still believein a “continuity of signs” andguessthat the
tendencyR1 > 1 and R2 < 1 shouldpersist,and mostlikely evenbecomemore pronounced,when
we imaginechangingthe heavy quark massesfrom rnb andrn~to m~and rn,. This tendencyis in
fact consistentwith the experimentalvaluesof the form factor ratiosobtainedfrom an analysisof the
joint angulardistributionin D —+ K*LP decays.Taking theweightedaverageof the resultsreportedby
the experimentsE691 [186], E653 [187], andE687 [188], we getR~’(q

2=0) = 1.89±0.25and
R~K(q2 = 0) = 0.73±0.15. Although we haveno right to extrapolate(6.10) down to the strange
quark mass,we take this observationas a confirmationof our prediction that symmetrybreaking
correctionsenhanceR

1 and suppressR2.

The quark models discussedin section 1.4 make very different predictionsfor the form factor
ratios. In Tab. 6.1, we comparethe resultsobtainedfrom the modelsof ISGW [19], BSW [17],
andKS [20], as well as from QCD sumrules in the full theory [184], to our predictionsbasedon
HQET. Noneof the quarkmodelsreproducesthe large valueof R1 at zerorecoil, which is, however,
amodel-independentresult of HQET. Part of the discrepancycomesfrom the fact that R1 receives
a substantialshort-distancecorrectionproportionalto a,(rn~),which is not includedin any of the
models.Notice alsothat at q

2 = 0 all modelsgive values R
2 � 1, in contrastto our resultbasedon

heavy quarksymmetryand the QCD sumrule analysisof the subleadingform factor~(w). We are
thusnot surprisedthatnoneof thesemodelscanaccountfor the suppressionof R2, i.e., of the form
factorA2(0) relative to A1(0), observedin D —* KeLP transitions.

Theform factorratiosdeterminethe reducedhelicity amplitudesin (6.7). In Fig. 6.2 we showhow
thesequantitiesare affectedby the symmetrybreakingcorrections.The fact that R1 > 1 is reflected
in a largerdifferencebetween I HI

2 and I H~2 thanwould be obtainedin the heavy-quarksymmetry
limit. In section6.3 we will seethat the so-calledforward—backwardasymmetryis enhancedby this
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1.50

Fig. 6.2. Predictionsfor the reducedhelicity amplitudesIH~(w)2. The dashedlines showthe model-independentresults
obtainedin thelimit of anexactheavy-quarksymmetry.Thesolid lines areobtainedby including the symmetrybreaking
correctionsas givenin (6.11).

effect. Note that our prediction R2 < 1 leadsto an increasein I~o2 for w> 1, whereasthe models
in Tab. 6.1 predictthat I H0 2 < 1 for large valuesof w, correspondingto small momentumtransfer.
This difference is of relevanceto the dataanalysis,becauseof an experimentalcut which modifies
the kinematicconsiderationspresentedabove in asignificant way: acut in the leptonenergy in the
parentrestframe,which is enforcedby reasonsof particleidentification.At fixed value of w (or q

2),
the leptonenergy E

1 is a functionof the decayangle0. Therequirementthat E~� ~ introducesa
cutoff in the integrationover cos0, namely —1 � cos0 � x0(w), where

1 1 frnu—2E~~~\,~)xo(w)=min~1; —wj~. (6.12)
I. V’w

2—1\ rnD* I)

Onefinds that x
0 (w) < 1 if w is aboveathresholdw0 given by

mB — ~ mD.
+ . (6.13)2mD. 2(mB — 2E~~,)

Thenthe differentialdecayratedI’/dw is affectedby w-dependentfactorsarisingfrom the integration
overcos0. Fortunately,thereis no sucheffect in theregionnearzerorecoil, so thatthemeasurementof
VCb to be discussedbelowis not directly affected.Butneverthelessthe impactof this cut is significant.
For ~ = 1 GeV, which is the valueusedby the ARGUS and CLEO collaborations,one finds that
w

0 ~ 1.12, meaningthat over threequartersof the kinematicregion the spectrumis modified. The
problemis thatthe threehelicity amplitudesareaffectedin adifferentway, sincetheyareassociated
with different 0-dependence.To reconstructthe true decay rates requiresan assumptionabout the
ratios IH±I / I H0 I. This is wheremodeldependenceenters the experimentalanalysis.Unfortunately,
as we have seen, the quark modelsusedso far for this purposecannotbe trustedto give reliable
predictionsfor theseratios.
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6.2. Model-independentdeterminationof VCb

Oneof the mostimportantresultsof HQET is thepredictionof the normalizationof hadronicform
factorsat zerorecoil. It canbe usedto obtain amodel-independentmeasurementof the elementVcb
of the Cabibbo—Kobayashi—Maskawamatrix. As pointed out in Ref. [99], the semileptonicdecay
B —~D*tP is ideally suitedfor this purpose.Experimentally,thisis aparticularlycleanmodesincethe
reconstructionof the DC massprovidesapowerfulrejectionagainstbackground.Fromthe theoretical
point of view, it is ideal since the decay rateat zero recoil is protectedby Luke’s theoremagainst
first-orderpowercorrectionsin 1 /rnQ. Usingthe normalizationof the reducedhelicity amplitudesat
w = 1, onefinds from (6.6)

~ v’w~— dF(B ~_CD*LP)= G/~23Ih(l)I2 (6.14)

Theleadingnonperturbativecorrectionsto hA,(1) areof order 1/m~.The detailedanalysisof section
4.4 gives the ratherprecise,model-independentresult hA, (1) = 0.97+ 0.04. Ideally, then, onecan
extractV~bwith a theoreticaluncertaintyof about4% from an extrapolationof the spectrumto w = 1.

It is instructive to comparethis methodto the extractionof V~,from an analysisof K —~ irLP

decays.On first sight, the current value I V~,I= 0.2196+0.0023hasasurprisinglysmalluncertainty
given that the processis describedby an hadronicform factor f+ ( q2), which parameterizesthe vector
currentmatrix elementbetweenK and iT mesons.The reasonis, of course,againa symmetryof QCD,
namelychiral symmetry.In the limit of equallight quark masses,the flavor-changingcurrent ilylLs is
conserved,in which caseit follows that f÷(0) = 1 at zero momentumtransfer.The Ademollo—Gatto
theoremstatesthat the deviations,which arisesincethe mass differencern, — m~is nonzero,areof
secondorder in the symmetrybreakingparameter[189]. Hence,f+ (0) = 1 +0 [(rn, — rn~)2] Chiral
perturbationtheory providesthe theoreticalframeworkfor a systematicanalysisof thesecorrections
in an expansionin mq/A~,where 4,, = 4iTf,,. is the scaleof chiral symmetrybreaking.Becauseof
the Ademollo—Gattotheorem,the terms linear in mq can only comefrom so-calledchiral logarithms
and can be calculatedin a reliableway. Furthercorrectionsfrom higher dimensionoperatorsin the
chiral expansioncanbe estimatedon dimensionalgrounds.From suchadetailedanalysis,Leutwyler
and Roosconcludethat [117]

f~~T°(0)= 0.982±0.008, f~°”~~(0)= 0.961±0.008. (6.15)

When combinedwith ameasurementof the K —p irLv decayrate at q2 = 0, this leadsto the precise
valueof V~,quotedabove.

Comparethis to the extractionof V~busingheavy-quarksymmetry.In this casethe relevantform
factor is hA,(w), which in the limit of infinite heavy-quarkmassesis normalizedat zero velocity
transfer, again asa consequenceof currentconservation.HQET providesthe theoreticalframework
to analyzethe correctionsto this limit in asystematicway. The perturbativecorrectionsdueto hard
gluons can be calculatedreliably by using the powerful machineryof the renormalizationgroup.
Luke’s theorem statesthat the nonperturbativecorrectionsare of secondorder in the symmetry
breakingparameter,i.e., of order 1 /m~.They can be estimatedand are found to be parametencally
suppressed.A detailedanalysisleadsto the prediction (4.63), which may be comparedto (6.15).
The purposeof pointingout this analogyis to convincethe readerthat heavy-quarksymmetry is an
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important theoreticalconcept,with similar implications and predictivepower as the more familiar
chiral symmetry.

Presently,our proposalto measure~ from an extrapolationto zerorecoil posesquite achallenge
to the experimentalists.First, thereis the fact that the decayrate vanishesat zero recoil becauseof
phasespace.Thereforethe statisticsgetsworseas one triesto measurecloseto w = 1. However, we
do not believethat this will be an importantlimitation of the method.Thephasespacesuppressionis
proportionalto Vw2 — 1 andis in fact a rathermild one.When going from the endpointw,,~~ 1.5
down to w = 1.05, the changein the statisticalerror in I V~b2 due to the variationof the phasespace
factoris not evena factorof two. This can alsobe seenfrom the differentialdistributionin w shown
in Fig. 6.8 below. A more seriousproblemis relatedto the fact that, for experimentsworkingon the
Y (4s) resonance,the zerorecoil limit correspondsto a situationwhereboth theB andtheDC mesons
areapproximatelyat restin the laboratory.Then thepion in the subsequentdecayDC Dir is very
soft and canhardly be detected.Thus,the presentexperimentshaveto makecuts which disfavor the
zero recoil region, leading to large systematicuncertaintiesfor valuesof w smallerthanabout 1.15.
This secondproblemwould be absentat an asymmetricB-factory, wherethe restframeof the parent
B mesonis boostedrelativeto the laboratoryframe.

In view of thesedifficulties, one presentlyhasto rely on an extrapolationoverawide rangein w
to obtain ameasurementof V~b.Following Ref. [99], let us rewrite the differentialdecayrate (6.6)
as

d~(B—÷ D*LP)/dw

= (G~/48ir3)(m~rnD*) mD,,7A~~/w2— 1(w+ 1)2

~ (i + 4w 1 ~l2:c2)I~bI2~w, (6.16)

whereflA = 0.99is theshort-distancecorrectionto theform factorhA,(w) atzerorecoil [cf. (3.159)].
The new function~(w) is given by

~(w) =~IH~(w)I2(1+ 4w 1 _2wr+r2y~2IhA(w)I2 (6.17)

Eq. (6.16) is written in such a way that the deviationsfrom the heavy-quarksymmetry limit are
absorbedinto theform factor~(w), which in the absenceof symmetrybreakingcorrectionswould be
the Isgur—Wise function. SinceeverythingexceptVCb and ~(w) in (6.16) is known,ameasurement
of the differentialdecayrate is equivalentto ameasurementof the product I VcbI~(w). However, the
theory predictsthe normalizationof ~(w) at zerorecoil:

~(1) n~hA,(1)= 1 +ô1/m2 = 0.98±0.04, (6.18)

wherethe uncertaintycomesfrom powercorrectionsof order 1 /m~.Using thisinformation, I VCb I and
~(w) canbe obtainedseparatelyfrom suchameasurement.

In Ref. [99], this strategyhas been applied for the first time to the combinedsamplesof the
1989 ARGUS andCLEO data, as compiledin Ref. [190]. For the extrapolationto zero recoil the
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Fig. 6.3. ARGUS datafor the product VcbI~(v. i/) as a function of the recoil i, . v’ [146]. Vcb is obtainedfrom an
extrapolationto v = 1. Thefit curve is explainedin the text.

parameterizationsgiven in (5.1) have beenused for the function ~(w), treating its slope at zero
recoil as a free parameter.The result obtainedfor V~b 38

I’~”cbI(r~/l.Sps)”2 = 0.039±0.006. (6.19)

Note that the most recentvalue for the lifetime of the B°mesonis ‘TB = 1.52±0.10 ps [1911.
Dependingon which parameterizationwas used,the slope parameter,which we denoteby ~2, was
found in the rangebetween1.1 and 1.4. A linear fit to the data yielded IVCbI = 0.036±0.005 and
~

Since this original analysis,the data havechanged.In particular, the branchingratio for D*+
D°ir~has increasedfrom 55% [192] to 68% [193]. This lowers the decayratefor B —~ D*LP, and
correspondinglydecreasesV~bby 10%. However, the new datarecently reportedby ARGUS [146]
and CLEO [194] give a largerbranchingratio than the old data, indicating that furtherchangesin
theanalysismusthavetakenplace.It is thusnot possibleto simply rescalethe result for V~bobtained
from the 1989 data.

In Fig. 6.3 we showthe new ARGUS data [146] for the productIVCbI~(w).Froman unconstrained
fit using againthe parameterizationsin (5.1), the following valueis obtained:

IVcbI(rB/1.5 ps)’/2 =0.049±0.008. (6.20)

However, the fit gives very largevalues for the slopeparameter~2, between1.9 and2.3. A linear fit
to the data,on the otherhand,gives IVcbI = 0.043±0.006and~2 ~ 1.2.

This posesthe questionwhether it is possibleto constrainthe extrapolationto zero recoil. If

e(w) was truly the Isgur—Wise function,the Voloshin sumrule discussedin section5.2 would clearly
excludevalues~2 ~ 2, makingthe result(6.20) meaningless.However,in generalthe slopesof ~(w)
and ~(w) can differ becauseof symmetrybreakingcorrections.We cannotpredictthe w-dependence
of thesefunctionsin amodel-independentway, but we can hopeto calculatethe ratio

~ In the original paperwe used~ = 1.18 ps andflA = 0.95.
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Fig. 6.4. CLEO datafor the product Vth(~(v. v’) asa function of the recoil u~v’.

K(w) ~(W)/~ren(W) (6.21)

with lessmodel dependence.Many of the uncertaintiesin the nonperturbativecalculationwill affect
both functions in a similar way. We find that K(w) is a slowly increasingfunction, with a slope
K’( 1) ~ 0.09at w = 1. Thereasonis that the correctionsto the heavy-quarksymmetrylimit enhance
the sumof the helicity amplitudesappearingin the numeratorin (6.17). As aconsequence,the form
factor~( w) is not as steepas the Isgur—Wisefunction

~ — 0.09. (6.22)

Although thisis asomewhatmodel-dependentstatement,therecan beno doubtthatthe two functions
will be very similar. We concludethat the large values of ~2 obtainedfrom the ARGUS fit are
inconsistentwith the Voloshin sum rule, and cannot be toleratedon general grounds. We may
speculatethat the problemis causedby anunderestimationof the systematicuncertaintiesin the zero
recoil region. On the otherhand, the data suggestthat the slopeparametershould be close to the
upper bound g~~ 1 in (5.7). For the purposeof illustration, we show in Fig. 6.3 a fit usingthe
poleansatzin (5.1) with ~2 = 1. We find values significantly smallerthanthe result of the ARGUS
fit,

IVcbI(TB/l.S ps)”2 = 0.037±0.006. (6.23)

Very recently,CLEO haspublishednew resultsfor the recoil spectrumwith muchhigherstatistics
andbettersystematics[194]. Theirdataareshownin Fig. 6.4. The curvescorrespondto the various
fit functionsin (5.1). Without any constraintson the slope at zero recoil, the valuesobtainedfrom
the fits are

IVCbI(rB/l.S ps)”2 =0.038±0.007, 1.0±0.4<~2 <1.2±0.7. (6.24)

It is reassuringthat the result for the slopeparameteris in agreementwith the boundderived from
the Voloshinsumrule. Becauseof the very carefulanalysisof systematicuncertaintiesin Ref. [194],
we considerthesenew CLEO numbersto be the currentlybestavailableresultsfor Va,, and ~
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Beforewe proceed,let usbriefly considerthepossibilityof extractingV~,bfrom B —~ DLP decays.As
discussedin section4.3, this modeis not protectedby Luke’s theorem,dueto its helicity suppression
at zero recoil. However, one can show that the symmetry-breakingcorrectionsare parametrically
suppressedby the factor [161

~= (rnB_mD~2~
023 (6.25)

\mB + mDJ

For this reasonone may hopethat the theoreticaluncertaintyin extractingVcb from thesetransitions
is not much worsethan in the caseof B —* D*LP decays.From(6.2), we find for the extrapolation
of the spectrumto zerorecoil

1 dr(B—~.DLP) G
2J1’~bI2 3 2 2

(w2 — 1)3/2 dw = 48ir3 (mB + mD) mn?lv (1 + S K) , (6.26)

where

K=ô,+(A/2mC+A/2mb)[(1+6l)—2(1+ô
2)~q(1)]. (6.27)

Here fly and ô, are perturbativeQCD correctionsarising from finite renormalizationsof the currents
in the intermediateregion mb > /L > rn~.Usingthe numbersgiven in Tab.3.1, oneobtains‘7v ~ 1.03,
ô1 ~ 0.11, andö2 ~ 0.09.Hadronicuncertaintiesfirst appearat order 1 /mQ.However, the important
observationmadein Refs. [56,182] is that theyareparametericallysuppressed.Theappearanceof the
kinematicfactorS involving the mesonmasseswas anticipatedby Voloshin andShifman,who noted
that whenthis factor is setto zerothereareno 1 /rnQ correctionsto the decayrateat zerorecoil [16].
An additionalsuppressionoccursif the sumrule estimate~j (1) ~ 0.6 is only approximatelycorrect.
Then thecombination [1.11 — 2. l

8~(1)] is very small.Assuming~(1) = 0.6±0.2 with agenerous
error, we find S.K = 1.5 ±2.3%, i.e. at most a few percent.This is of the samemagnitudeas the
expected1 /rn~correctionsto the decayrate. We thusconcludethat, at zerorecoil, the normalization
of the form factorcombinationrelevantto B —+ DLP transitionsis known with an accuracysimilar to
that in (4.63):

h+(1) — m
8 — mDh(l) = 1.05±0.06, (6.28)

mB + mD

wherewe havedoubledthe error to accountfor the unknowncontributionsof order 1/rn~.
Unfortunately,from the experimentalpoint of view ameasurementof the spectrumin B —+ DL1)

decaysis a very difficult task. Onehasto deal with severalsourcesof background,and in addition
there is the handicapof the helicity suppressionof the decayrate nearw = 1. Until now, only the
total branchingratio hasbeenmeasured.

6.3. Asymmetries

We haveseenin section6.1 that heavy-quarksymmetrymakesdefinit predictionsfor the reduced
helicity amplitudesH,, which are relatedto ratiosof the weak decay form factors.The transverse
helicity amplitudesonly dependon the ratio R1 andarepredictedin anessentiallymodel-independent
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way, up to correctionsof order 1 /m~.The longitudinal helicity amplitudeis constantin the heavy-
quarksymmetrylimit, and it only receivessmallcorrectionsas shownin Fig. 6.2. A measurementof
thesequantitieswould provideadirect testof the predictionsof HQET.

According to (6.3), the helicity amplitudesare experimentallyaccessibleby a measurementof
angulardistributions.This is a complicatedtask, however. It is easierto integrateover the decay
angles,in which caseinformation about the helicity amplitudescan still be obtainedfrom certain
asymmetryparameters.We first discussthe forward—backwardasymmetryin the angulardistribution
in the leptondecayangle0. At fixed valueof w (or q2), one defines

dr/dw(0 > ir/2) — dI’/dw(O < ir/2)
Am(w) = . (6.29)

dI’/dw(O > ir/2) + dF/dw(0 < ir/2)

In this ratio thehadronicform factor hA,(w), as well as otherkinematicfactors,dropout. Oneobtains

A~(w)= 3 - I~-I2-I~+I2 , (6.30)
~ IH_V + IH+I2 + IH

0I
2

where we omit the dependenceof H, on w to simplify the notation. For kinematic reasonsthe
asymmetryvanishesat the endpointsw = 1 and W= Wm~.Otherwiseit is a positivequantity, since

I H_I2> IH~I2. This is aconsequenceof the left-handednessof the weakinteractionsat the quarklevel
[20] (see,however,Ref. [195]). In Fig. 6.5 we showthe theoreticalpredictionfor Am(w) obtained
by using the helicity amplitudesas given in Fig. 6.2. The correctionsto the heavy-quarksymmetry
limit enhancethe asymmetry,the reasonbeingthat the difference I H_ 2 IH÷I2 is proportionalto the
form factor ratio R,, which receivespositiveshort-distanceand 1 /m~corrections.We also showthe
effect of acut in the leptonenergy.Following the analysisof the CLEO collaboration [196], we use
asymmetriccut in the angularintegration,i.e. —x

0 ~ cosO~x0 with x0 as given in (6.12), in order
not to affect the contributionsproportionalto I H_I

2 and H~I2 in adifferent way. Clearly, the effect
of such acut is quite dramatic.In_orderto reconstructthe spectrumonehasto makean assumption
about the ratio (I H_I2 + I H~I2) / I H

0 2, which involves modeldependence.
Fromthe theoreticalpoint of view, it would be ideal to measurethe forward—backwardasymmetry

for transverselypolarizedD* mesonsonly. In this case

A
T _3lH_12—IH+I2_3 X(w) (631

- ~I~-I~+ I~+I2- 21 + X2(w)’ -

X(w) = ~ ~R,(w). (6.32)

Being a function of the ratio R
1 only, the “polarized” asymmetryA~is predictedby HQET in an

essentiallymodel-independentway. According to (6.10), its measurementwould provide valuable
informationabout the mass parameterA. Experimentally,such ameasurementis, of course, more
difficult than in the unpolarizedcase.But it hasthe advantagethat the effect of a symmetriccut in
cos0 simply resultsin an overall kinematicfactor, which can be correctedfor in amodel-independent
way. In addition,the polarizedforward—backwardasymmetryis largerthan the unpolarizedone.The
theoreticalprediction is shown in Fig. 6.6.
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Fig. 6.5. The forward—backwardasymmetrywith (solid) andwithout (dashed)inclusionof symmetrybreakingcorrections.
Thedottedlines correspondto a cut Et> 1 GeVin thelepton energy.

Fig. 6.6.The forward—backwardasymmetryfor transverselypolarizedD* mesons.
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Fig. 6.7.Predictionfor the polarizationasymmetrydefinedin (6.35). The notationis the sameasin Fig. 6.5;however,the
dotted lines now referto an asymmetriccut in the decayangle.

Fig. 6.8. The recoil spectrumin B —~ D*�P transitions.The data are taken from Ref. [146]. The theoretical curves
correspondto g~,= 1.1 (dashed),0.8 (solid), and0.5 (dashed-dotted).The integratedbranchingratio is normalizedto
the ARGUS resultof 5.2%.

Another interestingobservableis the polarizationasymmetry,which measuresthe differencein the
relativeproductionof DC mesonswith longitudinal andtransversepolarization.Oneusuallydefinesa
differential asymmetryby

A 0,(w) = 2dFL/dw — 1 = — 2I~oI
2 — 1. (6.33)

p df’T/dw IH_12+IH+I2
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It is relatedto the forward—backwardasymmetriesby

A~01(w)= 2A~(w)/Aru(w)— 3. (6.34)

At the endpointsof the spectrumonehasA~0,(1) = 0 andA~01(Wm,ix) = oc, showingthat A~01(w) is a

stronglyvarying functionof w. For this reasonwe prefer to introducea relatedquantity A~,(w) by

A’ — A~01(w) —1 I~_l
2+I~+I2

— 1 + A~
01(w)— — 2IH01

2 (6.35)
It satisfiesA~

01(1) = 0 and A~0~(Wmax) = 1. Our theoreticalprediction for this function is shownin
Fig. 6.7. We find only small symmetrybreakingeffects in this case,sinceaccordingto Fig. 6.2 the
correctionsto (IHI

2 + I J1~2) and I H
0 I

2 aresimilar andcompensateeachother to a largeextent.For
a similar reason,an (asymmetric)cut in the lepton decayangle (—1 ~ cos0 ~ x

0) has very little
effect. Forcuriosity we notethat the theoreticalpredictionfor theasymmetryis perfectly reproduced
by the linear relation A~,(w) = (w — 1) / (Wm,~,— 1), but thereis no deepreasonfor this.

Both the forward—backwardand polarizationasymmetrieshave been measuredby the ARGUS
and CLEO collaborations,however,not as a function of w or q

2, but integratedover the spectrum.
The asymmetriesthen dependon the shapeof the form factor hA,(w) and cannotbe predictedin
amodel-independentway. In the next section,we comparethe experimentalresultsto a theoretical
calculationbasedon the QCD sumrule analysisof chapter5. According to Fig. 6.5, we expecta
mild model dependencein the caseof the forward—backwardasymmetry,which is a slowly varying
function overawide rangein w. The integratedpolarizationasymmetry,on the otherhand,will be
more sensitiveto the shapeof hA (w).

6.4. Somemodel-dependentresults

Let us then, finally, make somemodel-dependentpredictions,which can be directly comparedto
the experimentalresultsreportedby the ARGUS andCLEO collaborations.We stress,however,that
ultimately the aim must be to obtain high precisiondata that can be confrontedwith the model-
independentpredictionsof the previoustwo sections.

As pointedout in section6.1, the model dependenceentersthe analysisthroughthe shapeof the
hadronicform factor hA

1(w). If this functionwas known,the decayrate (6.6) wouldessentiallybe
determined.Here we shallusethe QCD sumrule resultscollectedin Tab. 5.1 to obtainan estimate
of this form factor. We find that the resultcan be parameterizedby the poleform

hA,(w) ~0.97[2/(w+ l)]2~~i, ~, ~0.8. (6.36)

The slope parameteris somewhatsmaller than in (5.59) due to the effect of 1 /mQ corrections,
which do not changethe normalizationof the form factorat zero recoil, but do affect its shape.The
above result relies heavily on the QCD sum rule prediction for the Isgur—Wisefunction. Although
the analysispresentedin section 5.5 was quite sophisticated,one must not forget the systematic
uncertaintiesinherentin the sumrule approach.To accountfor this, we shall considerthe threecases

= 0.5, 0.8, and 1.1. This last value is just aboutwhat can be toleratedin view of the Voloshin
sumrule. The variation of our resultswith p~,,will give an ideaof the amountof modeldependence.
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Table 6.2
Model-dependentpredictionsfor thesemileptonicB decaybranchingratios in units of Vcb/0.0412 x (TB! 1.5 ps).

Br(D) Br(D~) Br(D~) Br(D~) Br(D*)

1.1 2.01% 0.49% 2.29% 3.24% 6.02%
0.8 2.50% 0.53% 2.60% 3.83% 6.96%
0.5 3.13% 0.59% 2.96% 4.54% 8.08%

Table 6.3
Model-dependentvaluesfor the product I V~x (TB/i .5 ps)’12. Theerrorsarethe experimentalones.

from B —~ from B —*

1.1 0.037±0.006 0.037±0.002
0.8 0.034±0.006 0.035±0.002
0.5 0.030±0.005 0.032±0.002

We startby discussingthetotal branchingratiosfor B°-~ D~ti andB°—p D*~L_i~decays.They
provide an alternative,but model-dependentway to extractavalue of 1’~bfrom the data. Our results
are given in Tab.6.2. The branchingratios for decaysinto the different polarizationstatesof the DC

mesonare shownseparately.Comparingtheseresultsto the experimentalones,

Br(B —~ DLJ7) = 1.75±0.42±0.35%;Ref. [197],

* - 15.2+0.5±0.6%; ARGUS [146]
Br(B —÷ D Lv) = 1~4.50±0.44±0.44%; CLEO [194] (6.37)

wherethe first numbercorrespondsto the weightedaverageof ARGUS and CLEO data, we find
the values of V~bgiven in Tab. 6.3. It is reassuringthat the results obtainedfrom the two decay
modesareconsistentwith eachother.This meansthat the relationsbetweenthe form factorsimposed
by heavy-quarksymmetry seemto work well. However, we observethat the modeldependencein
this extractionof V~bis large. A similar spreadof predictions,namely values between0.034and
0.042 (for TB = 1.5 ps), hasbeenobservedby the ARGUS collaborationby comparingtheir results
to various models [146]. Note that the experimentalerrors in Tab. 6.3 are small. It is already the
theoreticaluncertaintywhich limits this measurement,and onecannotbe surethat the spreadin the
predictionsprovidesa reliableestimateof the actual theoreticaluncertainty.We concludethat this
model-dependentextractionhasvery little potential of being improved in the future. Ultimately, a
precisevaluefor Vcb, with theoreticaluncertaintiesthat canbe estimatedin a controlledway,can only
comefrom an analysisin the zero recoil region.

For completeness,we showin Fig. 6.8 the predictedshapeof the spectrumfor B —~ D*Li decays,
in comparisonto the ARGUS data [146]. One seesthat the distribution is broad,which meansthat
as far as statisticsis concernedthere is no problemin obtaininga large data sampleclose to zero
recoil. It is the systematicuncertaintiesthat give riseto the large errorbars. The data seemto prefer
larger values of the slopeparameter~, thanare allowed by the Voloshin sumrule, but in view of
the discussionof the previoussectionone shouldnot takethis observationtoo serious.

Fromthe total branchingratiosin Tab. 6.2, onecan computethe integratedforward—backwardand
polarizationasymmetriesfor B —÷ D*L17 decays,which aredefinedas



388 M. Neubert/PhysicsReports245 (1994)259—395

Table6.4
Comparisonof the integratedasymmetryparameterswith experimentaldata.

AFB A~0,
no cut Er,, = 1 GeV no cut Eu,, = 1 GeV

1.1 0.22 0.16 1.33 0.98
0.8 0.22 0.16 1.44 1.05
0.5 0.22 0.15 1.55 1.12

exp. 0.2±0.1 0.14±0.07 1.10±0.45 0.7±0.9
Ref. [146] [196] [146] [198]

— 3 r-r~ — Zr0
Am~pr~ A~01= ~ —1, (6.38)

wherer~and To denotethe total ratesfor producingtransverselyand longitudinally polarizedD*
mesons.However, the asymmetriesarevery sensitiveto the cut appliedin the leptonenergy,andthe
experimentalresultsare usually presentedfor a given value of the cutoff ~ It is thus necessary
to take into accountthe effects of the cut in the theoreticalcalculation,as describedin the previous
sections.In Tab. 6.4, we compareour resultsto the availabledata. There is generalagreement,but
the experimentaluncertaintiesare still very large. Notice that, as expected,the integratedforward—
backwardasymmetryis essentiallyindependentof the shapeof the form factor hA,(w). On the other
hand, we have seen in the previoussection that the differential asymmetryis rather sensitiveto
symmetrybreakingcorrectionswhich affect the ratiosof form factors.This sensitivity persistswhen
one integratesover the spectrum.Neglecting symmetrybreakingcorrections,we would obtain 0.19
and0.13 (insteadof 0.22 and 0.16) for the integratedasymmetrieswithout and with applying acut
in the lepton energy,againindependentlyof the slope parameterp~,.The experimentsare not yet
sensitiveto thesekind of differences.

7. Concludingremarks

At the endof our review of heavy-quarksymmetryandits role in the phenomenologyof hadrons
containing a heavy quark, let us quote from oneof the founding papers.In 1980, Shuryakwrote
[25]:

“The massesof light (u,d,s) quarksareratherdifferent,but still thereis an approximateSU(3) and
amoreaccurateisotopic SU(2) symmetryon their substitution.The reasonfor this is that these
massesare too small to be important. Somethingsimilar occurs for the heavy quarks (c,b,...),
becausetheir massesare too large on the usual hadronic scale. So, some symmetry for their
substitutionshouldexistbetween0~and 1~mesons,~- andA-type baryonsetc.”

Later he added [26]:
“In this limit hadronswith oneheavyquark resemblethe hydrogenatom with its fixed center,and
manyproblemsof currentmodelsof hadronicstructure-.. are madetrivial. Mesonsmadeof one
very heavy andonelight quark are, in somesense,the simplesthadronsin which non-trivial QCD
dynamics is essential,so study of them is of greatimportance.Of course,mesonsmadeof two
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very heavy quarksare simpler,but they arenext to trivial.”
It tookalmost ten yearsaftertheseremarkableobservationsuntil IsgurandWise found that [12]:

“The new symmetriesallow us to obtain absolutelynormalizedmodel-independentpredictionsin
the heavy-quarklimit of all the form factors for the Q, —~ Q2 inducedweak pseudoscalarto
pseudoscalarand pseudoscalarto vector transitionsin termsof a single universalfunction ~( t)

with ~(0) = i.”~
This discoveryopenedthe door for a new, model-independentdescriptionof heavy-quarksystemsin
awell definedlimit of QCD. It initiated the developmentof the heavy-quarkeffective theory,which
by now hasbecomeawell establishedpart of theoreticalparticlephysics.

We havepresentedacomprehensiveoverviewof the currentstatusof thesedevelopments,starting
from the intuitive physicalpicture of heavy-quarksymmetry,which hasemergedfrom the work of
manyauthorsover the last decade.WhereasShuryakobservedthe similaritiesof the symmetriesaris-
ing whenhadronicsystemsarecomposedof light quarkswith massesmq “too light to be important”,
or when they containa heavy quarkwith mass mQ “too heavy to be important”, we now havetwo
conceptuallycleardescriptionsof such systemsin termsof effective field theories:chiral perturbation
theory andthe heavy-quarkeffective theory.They provide an appropriatedescriptionof QCD at low
energiesin an expansionin the symmetrybreakingparametersmq and 1/rn0, respectively,in such
away thatthe leading termsaredeterminedfrom symmetry,up to aminimal setof reducedmatrix
elementssuch as the pion decay constantf,,. or the Isgur—Wise function ~(v - v’). Having such a
theoretical framework, one can work out the structureof the symmetrybreaking corrections in a
systematicway. Since, in both cases,one is dealing with nonperturbativehadronicphysics, these
correctionswill not all be calculable;someof them are, however,and otherscan be constrainedby
the symmetriesof the effective theories.

In chiral perturbationtheory, the calculablecorrectionscomefrom the so-calledchiral logarithms,
which leadto nonanalyticbehaviorof the form rn~lnm (mq/A),wherem, n are integers.In addition,
thereare “local” contributionsproportionalto m~from higherdimensionoperatorsin the chiral ex-
pansion,the coefficientsof which containcomplicatedlong-distancephysics.At everyorder in mq, it
is possibleto determinea minimal setof operatorsallowedby chiral symmetry,andto estimatetheir
contributionsby dimensionalanalysis.In heavy-quarkeffective theory, the correctionswhich can be
reliably calculatedarisefrom short-distancephysicsrelatedto hard gluonsprobing the quantumnum-
bers (spin, flavor, and velocity) of the heavy quarks.Throughthe runningof the effective coupling
constantaS(mQ), theseeffects lead to nonanalyticbehaviorof the form (1/m0y1[1/ln(m0/A)]m.
Again, there are further long-distancecorrectionsproportionalto (1 /mQ)”, whosestructureis con-
strainedby heavy-quarksymmetry,and whosemagnitudecanbe estimatedon dimensionalgrounds.

The theoretical tools to separatethe short- and long-distancecontributionsare provided by the
operatorproduct expansionin combinationwith the renormalizationgroup. We have discussedin
detail the applicationof this machineryto hadronicmatrix elementsof heavy-quarkcurrents,with
all its intricacies.The main resultsaregiven in chapters3 and4, wherewe presentthe heavy-quark
expansionfor the weakdecayform factorsof heavy mesonsandbaryons,as well as for the meson
decay constants,to next-to-leadingorder in 1 /mQ and in QCD perturbationtheory. The resulting
expressionsarenot alwaysbeautiful (at least,they arerathercomplicated),but recall from Shuryak
that we aredealingwith systemsin whichnontrivial QCD dynamicsis essential.In the mostimportant

~ Here t is proportional to (v, — 1)2)2, so that t = 0 correspondsto zerorecoil.
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caseof the weakdecayform factorsof heavy mesons,the reducedmatrix elementsappearingin the
1 /mQexpansionaretheuniversalIsgur—Wisefunction~(v v’), aparameterA which can be identified
with the “mass” of the light degreesof freedomin the hadronicboundstate,andasetof four next-
to-leadinguniversalfunctions~(v. v’) and Xi(v - v’); i = 1, 2, 3. Someof thesefunctionsare subject
to nontrivial conditionsat zerorecoil, namely~( 1) = 1 andxi (1) = X3( 1) = 0. Otherwise,however,
they contain the long-distancehadronicdynamicsand cannotbe calculatedyet from first principles.
We havepresentedtheoreticalpredictionsfor thesequantitiesderivedfrom QCD sumrules.Although
this is not a rigorousapproachfrom first principles,somegeneralresultshavebeenobtainedwhich
arelikely to be model independent.For instance,onefinds that hyperfinecorrectionsarisingfrom the
couplingof the heavy-quarkspin to the gluon field are small.

In the last part of the review,we havepresentedanew analysisof semileptonicB mesondecays
in the light of these developments.Emphasisis put on a clear separationof model-independent
aspectsfrom model-dependentones.We havemadeseveral predictionswhich becomeexact in the
heavy-quarksymmetry limit, meaningthat hadronicuncertaintiesenterthe descriptiononly at the
level of powercorrectionsin 1 /mQ. In manycases,the leadingcorrectionscanevenbe calculated.In
particular,we haveproposedameasurementof the elementVcb of the Cabibbo—Kobayashi.-Maskawa
matrix from the endpointregion of the recoil spectrumin B —* D*L i decays,with a theoretical
uncertaintyof only 4%. Currently, this method is limited by the experimentalsystematicerrors. It
gives avalue I Vs,, I ~ 0.04, however,with an uncertaintyof at least 15%.With theavailability of data
sampleswith higher statistics,andwith abetter control of the systematicerrors in the zero recoil
region,V~bobtainedby usingthis methodwill becomethe third-bestknownentry (afterV~dandV~~)
in the quark mixing matrix. More generally,we may hopethat the ongoingtheoreticaldevelopments
relatedto heavy-quarksymmetry help to promotethe phenomenologyof heavy-quarksystemsfrom
an eraof naiveboundstatemodelsto asolid theoreticaldescriptionin termsof asystematicexpansion
in QCD. This would be worth the effort.
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