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HEAVY MESONFORM FACTORS FROM QCD
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We calculatethe leadingQCD radiativecorrectionsto the relationswhich follow from the
decouplingof the heavy quark spin as the quark massgoesto infinity and from the symmetry
betweensystemswith different heavyquarks.One of the effects we calculategives the leading
q

2-dependenceof the form factorof a heavyquark,which in turndominatestheq2-dependence
of the form factorsof bound statesof theheavyquarkwith light quarks.This, combinedwith the
normalizationof the form factorprovided by symmetry, gives us a first principles calculationof
the heavymeson(or baryon)form factors in thelimit of very largeheavyquark mass.

1. Introduction

In this paper, we calculate the leading QCD radiative corrections to the
relationsdiscussedby Voloshin and Shifman[1] and Isgur and Wise [21,which
follow from the decouplingof the heavyquark spin as the quark mass goes to

infinity [3—81andfrom the symmetrybetweensystemswith different heavyquarks
(afterthe kinematicaldependenceon the heavyquarkmasshasbeenremoved)[2].
Oneof the effectswe calculategives the leadingq2-dependenceof the form factor
of a heavyquark,which in turn dominatesthe q2-dependenceof the form factors
of bound statesof the heavyquark with light quarks. This, combined with the
normalizationof the form factor provided by ref. [2], gives us a first principles
calculationof the heavymeson(or baryon)form factors in the limit of very large
heavyquarkmass.We will discussthis in our concludingsect. 6.
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For definiteness,let usdiscussthe exclusivesemi-leptonicB-decay,

B~D°+e+~, B~D*O+e+~. (1)

Supposethat the B-mesonin the initial state is moving with four-velocity v’~
carrying momentum(approximately) mbv’~,and that the D-meson in the final
state is moving with four-velocity v~carryingmomentumm~v’~.The amplitudes
for theseprocessesareproportionalto the matrix elementsof thevectorandaxial
vectorcurrentsbetweenthe mesonstates,

(D(v)Il’jB(v’)) , (D~’(v),cIA~jB(v’)), (D*(v), eIV~IB(v’)), (2)

where c is the polarizationvector, cv = 0.
Isgur and Wise showedthat in lowest order in QCD and leadingorder in the

inverseheavyquark masses,all of thesematrix elementsaredeterminedin terms

of a singlefunction ~(v’v), whichwe call the Isgur—Wisefunction*. We will review
this in sects.2 and3. Meanwhile,note that unlike the secondpaperof ref. [2], we
havedefined~ to be a function of a dimensionlessvariable.

In the limit in which the b- andc-quarkmassesareveryheavy,andafter we have

removedthe kinematic dependenceon the heavyquarkmasses,the hadronicpart
of the processes(1) involves no large dimensionalparameter.There is a large
momentumtransferredto the leptons,anda changein the heavyquarkvelocities,
but as far as the light quarksand antiquarksand the gluonsare concerned,not
much is happening.Of course,thespectatorantiquarkandits cloudof glue hasto
changedirection along with the heavyquarks,but this doesnot introducea large
dimensionalparameter.Instead,the scaleis set by the QCD scaleparameterA.

The momentumcarriedby the light antiquarkand the gluons is of order Av’~
before the decayand of order Av~afterwards,so the momentumtransfer is of
order A. It doesnot scalewith the quarkmasses.Thuswe cannotexpectto be able
to calculate the Isgur—Wise function (except wherewe can use symmetry argu-
ments,asin the first paperin ref. [2]). However,by the sametoken, we expectthat
the only dependenceof the Isgur—Wise function on the masses(or indeed the
identities)of the heavyquarkscomesfrom the renormalizationgroupscalingof the
appropriateoperatorsfrom the heavyquark mass scalesdown to low energies.
Thus up to calculable logarithmic mass dependence,the Isgur—Wise function
~(v’v) will be a universalfunction for theground-stateheavymesons.In this sense,

it is very much like a partondistribution function.We discussthe logarithmic mass
dependenceof ~ in sect.4.

We also note that QCD effects in the full theory will produce calculable
correctionsto the relationsof ref. [2]. Wewill calculatethesein sect.5. Finally, we
discussthe phenomenologicalimplicationsof our results in sect. 6.

*One of the authors,M.B.W., objectedto this name,but the restof us gangedup and overpowered

him.
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Throughoutthe paper,we concentrateon effects that canactuallybe calculated
in QCD perturbationtheory. Of course, there are important nonperturbative
effects in the physical B —+ D processes.In the formalism of refs. [2,7,9], these
correspondto the contributionsof higher-dimensionoperators.Their effectswere
estimatedin ref. [2], but they cannotbe calculatedusingonly perturbativetools.
We also ignore effects that aresuppressedby powersof mC/mb, some of which
can reliably be calculatedusingperturbationtheory. It is not at all obvious that
theseeffectsare smallerthansome of the effects that we calculatein this paper.
Theseissueswill be discussedin ref. [10].

2. Effectivefield theory

We will do the calculationsin the notationof ref. [9]. There it is shown that a
Lorentz-invarianteffective field theory description of systemscontaining heavy
quarks can be obtained by integrating in heavyquark degreesof freedom to
implementa velocity superselectionrule for the heavyquarks.We will assumefor

simplicity that mh >> m~>> A. Then in this effective field theory language,the
logarithmic massdependenceof ~ comesfrom the renormalizationgroup running
of the currentsboth in the intermediateenergyregion betweenmh and m~,in
which the b-quarkis regardedas heavy,andin the low-energyregionbelow m~,in
which both quarks are heavy. The calculablecorrectionsto the relationscome
from one-loop matchingconditionsat the boundariesbetweendifferent effective
theories.

In thelow-energytheory, we redefinethe heavyquarkfields, h = c or b, so that
the mass dependenceis entirely in the commutatorof the momentumoperator
with the field,

[P~,h~(x)] = (—m,~v~—ia~)hjx), (3)

wherev is the heavyquark four-velocity.The heavyquarklagrangianis built with
a separatefield for eachvelocity, to implementthevelocity superselectionrule,

~hea,Lhf~O~ (4)

where

= ihIu,~9~h~. (5)

If we are interested,as we are in this paper,only in quark(or antiquark)states,we
canproject onto them by focusingon the two componentfields

h11~=~(1 ±~)h,, (6)
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in termsof which the lagrangianbecomes

= ih~v~3~h~— ih~v~d’~h~. (7)

This leadsto the propagatorsandverticesused in sects.4 and5.

3. Spinsymmetry

In the language of refs. [2,9], the relationsbetweenthe matrix elements(2)
come about becauseof the separatespin symmetriesof the b-quark and the

c-quark. The statesandthe operatorscan all be classifiedinto irreducible repre-
sentationsof the spin symmetry, and then the Wigner—Eckart theoremensures
that a singlefunctiondeterminesthem all. We makethenaturalassumptionthat it

is the physical D* which transformsaspart of the sameirreduciblerepresentation
of spinsymmetryas the D.

Thereis a simpleway to seethe consequencesof this symmetry. Even though
the statesand fields are doubletsunder the spin symmetries,it is convenientto
embed each of the spin symmetries in a four-dimensionalspaceof the Dirac
indices.Thenwe canthink of the D-statesandthe B-statesas 4 x 4 matrices,

IB(v’))-~B(v’), ~D(v)l -915(v), KD5(v),eI _*15*(v,e). (8)

Oneindex in eachmatrix representsthespin degreeof freedomof the heavyquark
in the state,while the other representsall the restof theLorentz structure,so that

undera Lorentztransformation,the matricestransformlike (for example)

15(v) -~ ~(A)’15(A’v)~(A), (9)

where .~(A)= exp(ic.~~a~)is the usualDirac representation.
Now wecan makeuseof the explicit Lorentz invarianceof the formalism of ref.

[9] to take

= (1 +~4’)/2,

15(v) =(1+~)/2,

(10)

This takesproperaccountof the fact that the statesarebuilt out of heavyquarks
ratherthan antiquarks.Thenif we havea quark—antiquarkoperator G,

G=H’b, (11)
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whereF is any fixed matrix in the spaceof the Dirac indices,we cancalculatethe
matrix elementsof G for any F in termsof a singlefunction, as follows:

~D(v)IGIB(v’)) = V~cmh~(v’v)tr{15(v)F~(v’)},

KD*(v),EIGIB(v1)) = v~~h~(vIv)tr{15*(v,c)F~(v~)). (12)

The factorof is anotherkinematiceffect of the heavyquarkmass.Thusin
leadingorder

(D(v)IV~IB(v’))= lJmCmb st(v’v)(v~~+ v~),

(D*(v),cIA~jB(v~))= lJmCmb ~(v1v)[c*~(1 + v’v) — v~v1e*]

(D*(v),cIV~jB(vP))= %ImCmb ~(v1v)iE~pape*vvPav$. (13)

Up to trivial normalization,thisagreeswith Isgur andWise [2].

4. Running

The renormalizationgroup running of the currentbelow m~is determinedby
thediagramgiven in fig. 1, wherev’~is the four-velocity of the b-quarkand v~is

the four-velocity of the c-quark. The double lines representthe heavy quark
propagators.In general,the form for the propagatorof a heavyquarkor antiquark
with velocity v carrying residualmomentump is

(14)

However,we will alwaysbe interestedin only heavyquarkstates,for which t~= 1,

Fig. 1. Feynmandiagram contributing to the one-loop matrix element of bic in the low-energy
effectivetheory.
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so we can takethe propagatorto be simply

—. (15)
VP

The gluonvertex for the heavyquarkor antiquarkis

igT~1v~, (16)

where again, ~ can be set equal to 1 in this case.Eqs. (15) and (16) are the
momentum-spacerealizationto the statementthat in theeffective field theory, the

heavyquarkpropagatesas a Wilson line [3,5].
Thus the contributionof the diagramin fig. 1 is

d4k 4g2 v’vF
= —if (2~)~3 vkk2v’k (17)

The renormalizationgroup running of the current in the intermediate-energy
region is determinedby the diagram given in fig. 2. The contribution of this

diagramis

~- d’~k 4g2 ~I’(M+m~~é+m~)F
D

2= —ij (2)~ ~ (k
2+2m~vk)k2v’k. (18)

The calculationof therunning in the intermediateregionhas beendonein refs.
[1,5, 7]. Wewill not repeatit here.The result is a scalingof thecurrentsby afactor

a (mb) a
1S (19)

a5(m~)

Fig. 2. Feynmandiagramcontributing to the one-loopmatrix elementof bI’c in the intermediate-
energyeffective theory.
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where
a~=—~= —6/(33—2f) (20)

with f = 4 the numberof light flavors in the intermediateregion. The calculation
of the running in the low-energyregion is moreinteresting,becausethe anomalous
dimensionof the operatordependson v’v. Evaluatingthe ultraviolet log divergent
part of D1, along with the appropriateself-energydiagrams,we find a velocity-
dependentfactor in scalingthe currentsfrom m~down to a scalej.t,

a(m ) a~

S C , (21)

a5(p~)

where
8[v’vr(v’v) — 1] 8[v’vr(v’v) — 1]

aL= 27 = 33—2f (22)

with
1 1

r(v’v) = ln~v’v+ V(v’v)
2—1) (23)

1

and f = 3. Note that the effect of the self-energydiagramswas to cancel the
scaling of the current when L”~= v~,becauser(1) = 1. This had to happen
because,as shownin ref. [2], the normalizationof the currentfor v’~= v” is fixed
by a symmetryof the effectivetheory.

The “running” in (21) was overlookedin ref. [2]. However, this error doesnot
effect their relationsfor the form factorsin the semi-leptonicdecays(1).

5. Matching conditions

The first-ordercorrectionto the matchingof an operatorG in the high-energy
theory abovethe b-quark massscaleonto anoperatorin the intermediate-energy
theory in which the b-quark is treatedas heavy is determinedby the Feynman
graphin the high-energytheorygiven in fig. 3, where v’~is the four-velocity of the

Fig. 3. Feynmandiagram contributing to the one-loop matrix element of bic in the high-energy
theory.
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b-quarkand v~is the four-velocity of the c-quark.Becausethe c-quarkis light at
theb-scale,wherethis matchingis done,the leading-orderresult is independentof
the velocity of the c-quark. This is the matchingcalculationdone by Voloshin and
Shifmanin ref. [1]. The result is that F is replacedby

g(m~)
2

F—* F— 24~2 y’Ftl’y~ . (24)

Note that we haveignored termsproportionalto F which simply renormalizethe
lowest-orderresult.Any suchrenormalizationof the lowest-orderresultis uninter-
estingat this level, becauseit dependson the preciserenormalizationprescription.
To calculatethis radiativecorrectionin a meaningfulway, we would haveto do the

calculationof the anomalousdimensionsto two loops. However, as we haveseen
in sect. 4, the anomalousdimensionsarecompletelyspin independentbecauseof
the spin symmetries,andthus any matchingcontributionwith a spin dependence
differencefrom that of thelowest-orderpieceis well defined.Notealso theremay
be anotherterm in the matching(24) proportionalto y~yvFy~~y~,associatedwith
the different behaviorof scalar and vector operatorsin the high-energytheory.
This term dependson renormalization prescription, but it contributes only a
common renormalizationof the vector and axial vector currents,so we ignore it

here.
The first-ordercorrectionto the matchingof an operatorG in thetheorywith a

heavyb-quark and a light c-quark onto an operatorin the low-energytheory in
which both the b- and the c-quarksare treated as heavy is determinedby the
Feynmangraph in the high-energytheory, fig. 2. This shouldbe comparedto the
correspondingdiagramin the low-energytheory, with both quarksheavy, fig. 1.
The matchingcontribution is the difference, D

2 — D~.The piece of (18) propor-
tional to (m~~é+ m~)can be rewritten as

d
4k 4g2 v’v2m~F 25

Dir = ~ (2ir)4 3 (k2 + 2m~vk)k2v’k ( )

This term cancelsthe infrareddivergenceof (17). Clearly, both this term and D
1

areproportionalto F, thustheysimply renormalizethe lowest-ordercontribution.
The spin-dependentmatchingcontributionis entirely in the difference

d
4k 4g2

D
2 — D1 = —if (2~)4 3 (k

2+ 2m~vk)k2v’k+..., (26)

where ... = Dir — D
1 is a renormalizationof F. Combining denominatorsin eq.
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(26) gives

16ig2 d4k
— f ~f dxf dA

3 (2~r) U t)

iI’/~F
x +.... (27)

[(1 —x)k2+x(k2 + 2m~vk)+ 2Av’k}3

We shift to the integrationvariable

l~= k’1 + m~xv~+ Av’~, (28)

to get

i~ 2 .-i4,iulg ~ U~ ti r~ m~x
D

2—D1= J ~J dxJ dA +.... (29)
3 (2ir) t) U [12_ (mcxv + Av~)21

Doing the 1-integralgives

g
2 m~x~1’~1F

D
2_D1=_—1f dxf dA 2 (30)

6~ o o [(m~xv+Av’)

2
g mx

= 2f dxf dA ~F 2 (31)(1 ~ E(mcxv+Av’) Iwhere we haveusedthe fact that ~t= 1 whenacting on the c-state.Thus

2
g(m)

= — 6~r
2 r(v’v)~’F+ ... , (32)

where r(v’v) is given by eq. (23). Thus the matchingat the me-scaleis accom-
plishedby the replacement

2
g(m)

F—p 1— ~ r(v’v)t/’ F. (33)
6~

6. Phenomenology

Let usnow returnto the matrix elements(12) and(13), andconsiderthe effects
of the radiativecorrectionsthat we havecalculatedin the previoussections.The
matchingcorrectionsadd or a~termsto the F in eq.(12). We will discussthese
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below. The more interesting result comesfrom the velocity-dependentrunning.

This is a leadinglogarithmic correction,which becomesmore importantthan the

matchingcorrectionsfor a very heavyquark.For B —~ D decays,the running starts
at mb. Combining(19) and(21), we have

~v’v) = ~(v’v,mh,mC,,L)~)(v’v,/L), (34)

where

a
1 a~

— aS(mb) a5(rn~)
(35)

a5(m~)

The function ~v’v, ~) is the universal, nonperturbative contribution to the
Isgur—Wise function. We cannot calculate it*. However, we expect that if we
choosep. A, therewill beno largeparametersin thefunction ~0(v’v,p.). On the
other hand, if log(a5(p.)/a5(m~))is large, the v’v-dependenceof (35) is rapid.
Furthermore,we know that 1, p.) = 1, from ref. [2]. Thus in the region of the
Dalitz plot in which v’v is closeto 1, we canreliably estimatethematrix elements
by ignoring ~() and includingonly ~.

For the particular caseof b —~ c decay,the approximationsdiscussedaboveare
of very questionablevalidity. v’v is relatedto thefour-momentumtransfersquared,

q
2, of the leptonic systemby

m~+ m~-

v’v= . (36)
2mhm

Thus the maximum v’v occursat q2 = 0,

2(mb-rn)
— 1 = 2mbm: 1 (37)

and

1
log ~1, (38)

a
5(mC)

while whatwe needis for (38) to be much greaterthan 1.
In fig. 4, we plot ~ for B —+ D decayversusq

2 of the leptonsin GeV, with two

different choicesfor a
5(p.). The upperdotted line correspondsto a5(p.)= 1 and

the lower to a5(p.)= 3.
As discussedin ref. [2], we can also predict matrix elementsof bFb currents

between B-statesand cFc currents between D-states. In ref. [2], the velocity-

*However, it is calculable,in principle,using nonperturbativetechniquessuchaslatticegaugetheory.
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Fig. 4. The function versus q
2 in GeV2 for B -~ D decay. The upper and lower dotted lines

correspondto a~s)= 1 and3, respectively.

dependentrunning is ignored, but it is easyto include,just by incorporatingthe
appropriatedimensionalfactorsandthe right massdependencein ~. The result is

(B(v)~GjB(v’))= mh~,(vv,mh,m~,p.)~)(v’v,p.)tr{E(v)F.~(v’)},

(B*(v), cIGIB(v’)) = mh~(vv,mh, rn~,p.)~)(viv,p.)tr{~*(v,e)FB(v’)},

(39)

and

(D(v)IGID(v’)) = m~~(v’v,m~,m~,p.)~)(v’v,p.)tr(15(v)F15(v’)},

KD*(v),clGlD(v~)~= m~~(v’v,~

(40)

Note that, as promised,the nonperturbative~ is universal.Note further that our
formulas look slightly different from those in ref. [2], both becausewe have
includedthevelocity-dependentrunning,andbecause,as mentionedin sect. 1, our
Isgur—Wise function is defined differently, as a function of the dimensionless
variable v’v.
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We now return to the matching conditions for the semileptonic B~decays*.

Combining(24) and (33), we can summarizethe results by calculatingthe matrix
elementsusingeq.(12), but replacing

(1 + K)y~’+ (Ab — A~(u’v))~’y~ (41)

for the vectorcurrentand

(1 + K)y~y
5— (Ab + A~(u’v))~1’-y~y~ (42)

for the axial vectorcurrent,where

aS(mh) 2a5(m~)
A~(vv)= r(vv), (43)

3ir

andwhereK is an unknownconstantof ordera~,which summarizesthe unknown

ordera~renormalizationof the currents.Relationsthat arevalid to order a~are
thosewhich do not involve K.

In general,the order a~correctionsare not very illuminating. None of them is

anomalouslylarge,andwe do not expectthem to dominateoverA/me corrections
which we haveneglected.However, it is worth nothingthat thereis a perturbative
correction to the amplitude for the axial current, in the rest frame of the
D*~meson,to producta B-mesonin a D-wave. Using the notationof ref. [2], this
amplitudeis proportionalto a ++ a, andwe find

(
a~+a m~(aS(mh) 2 a~(m~)
______ = —4———~ +— r(v’v)~. (44)~ J

Part of this work was done at the Institute for Theoretical Physics in Santa
Barbara.H.G. is grateful to the staffof the ITP for its hospitality andhelp. Weare
gratefulto M. Voloshin for discussions.
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