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Abstract

This thesis addresses three key challenges in the analysis of biological and environmental datasets.
First, potential influence factors such as environmental or clinical variables are often modeled as hav-
ing linear effects on health outcomes. In practice, however, these effects can be non-linear and may
involve complex interactions between variables. Despite their relevance, non-linear modeling tech-
niques remain underutilized in the environmental health domain. Second, the problem of variable
selection is complicated because relevant predictors are often naturally grouped, such as molecular
data, environmental variables, clinical information, family history, and genetic or pathological mark-
ers. Traditional variable selection methods often fail to account for this grouping structure, leading
to the over-representation of certain groups and the neglect of others, especially low-dimensional
but clinically meaningful variables. Third, this limitation is particularly problematic in time-to-
event prediction, where clinical and pathological features can substantially impact patient survival
outcomes.

This cumulative thesis comprises three studies with five contributed articles that aim to overcome
these methodological challenges. The first study investigates the joint effects of ambient temper-
ature and air pollution on systolic and diastolic blood pressure in elderly German women. Using
generalized additive models (GAMs), the study captures non-linear exposure-response relationships
and complex interactions. The second project provides a new methodological contribution and intro-
duces a novel variant of the Exclusive Lasso for high-dimensional data with grouped variables, such
as multi-omics datasets. Smooth approximations are applied to address the non-differentiability of
the group-wise L1-norm, enabling efficient optimization using Newton-based methods. Unlike the
conventional Exclusive Lasso, the proposed method does not force selection from every group, al-
lowing for greater sparsity and improved performance. The third study extends this regularization
technique to time-to-event data by incorporating Exclusive Lasso into the Cox proportional hazards
model. This allows the integration of multiple heterogeneous data types, including gene expression
and clinical variables, while preserving the grouping structure. The method is applied to a real-
world cancer dataset, showing improved survival prediction and ensuring that low-dimensional but
important clinical variables are retained in the model.
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1. Introduction

The Generalized Linear Model (GLM) is one of the most widely used statistical approaches for ex-
amining the relationship between environmental factors and epidemiological or clinical outcomes. In
GLMs, a linear combination of environmental predictors is linked to clinical outcomes through a spec-
ified link function, enabling the use of various probability distributions (e.g., normal, binomial, Pois-
son) to accommodate non-normal error structures and better capture complex health-environment
interactions. However, assuming a strictly linear relationship between predictors and outcomes can
be overly restrictive, as environmental effects are often more complex and non-linear, especially at
higher exposure levels. Since the precise nature of these non-linear effects is typically unknown,
allowing the data to determine the functional form automatically within a statistical framework
is preferable. Generalized Additive Models (GAMs) address this limitation by extending GLMs to
model predictor-response relationships non-linearly using smooth functions (see, for example, Wood,
2017; Eilers and Marx, 2021). Instead of imposing a predefined parametric structure, GAMs adopt
a semi-parametric approach, allowing the data to shape the relationship between predictors and
outcomes dynamically.

In recent years, GAMs have become increasingly popular in environmental health research. Ravindra
et al. (2019) conducted a comprehensive review of the application of GAMs for studying air pol-
lution and its health effects, highlighting both their advantages and limitations. The independent
effects of environmental factors such as temperature and air pollution on human health have been
widely examined using GAMs (Pearce et al., 2011; Li et al., 2018, 2019). However, there is growing
recognition of the need to move beyond single-pollutant models towards multi-pollutant frameworks
(Dominici et al., 2010; Mauderly et al., 2010). Multiple pollutants can be simultaneously included
in a GAM, allowing the effect of one pollutant to be estimated while adjusting for the presence of
others in the model.

A significant challenge in this setting is the high correlation between many air pollutants arising
from shared temporal and spatial emission patterns and the influence of common meteorological
conditions. For instance, Chen et al. (2008) and Kan et al. (2010) found that the estimated effect
of particulate matter (PM10) on daily respiratory mortality became negative when nitrogen dioxide
(NO2) was included in the model. This emphasizes the need to account for correlations between pol-
lutants in multi-pollutant models, as ignoring them may lead to collinearity issues, inflated variance,
or biased estimates.

3



4 1. Introduction

Another important challenge in environmental modeling is capturing potential interaction effects be-
tween environmental variables. Evidence indicates that the combined impact of multiple exposures
may not be simply additive but may differ from the sum of individual effects estimated in single-
pollutant models (Mauderly and Samet, 2009). A common approach to address this is through
multivariate models that include both main effects for each pollutant and pairwise interaction terms
(Dominici et al., 2010). However, it is well known that statistical power to detect two-way in-
teractions is often limited, especially in the absence of strong interaction effects. Accounting for
higher-order interactions presents an even more significant challenge. Moreover, identifying all pos-
sible pairwise interactions becomes increasingly difficult as the number of pollutants grows. An
alternative strategy involves stratifying the data based on one environmental variable and including
a multiplicative interaction term to assess effect modification (Cheng and Kan, 2012). This may,
however, lead to a loss of power that can arise from stratification (Royston et al., 2006).

To address these challenges, Sun et al. (2013) explored statistical methods designed to accommo-
date multiple pollutants. They proposed a two-step procedure: First, pollutant selection is carried
out using classification and regression trees (CART;Breiman et al., 2017), followed by dimension
reduction through algorithms such as the Least Absolute Shrinkage and Selection Operator (Lasso;
Tibshirani, 1996). However, this approach does not capture non-linear main effects or complex in-
teraction structures among pollutants. Therefore, there remains a clear need for modeling strategies
capable of flexibly capturing both non-linear exposure-response relationships and potential interac-
tions among environmental variables. The tensor product smooths address this need by extending
univariate smoothing techniques to accommodate multiple covariates, enabling the estimation of
complex, multidimensional relationships between exposures and outcomes.

To this end, Wood (2006) developed a general framework for constructing low-rank tensor product
smooths, making them computationally efficient and applicable in the GAM framework. In environ-
mental health modeling, tensor product smooths are particularly advantageous as they allow for the
simultaneous inclusion of several correlated pollutants while capturing potential synergistic effects
and mitigating issues related to multicollinearity.

This idea is explored in Articles I and II of this thesis, which investigate the potential synergistic
effects of mean temperature and air pollutants, specifically particulate matter (PM2.5), nitrogen
dioxide (NO2), and ozone (O3), on systolic and diastolic blood pressure in elderly German women.
A GAM incorporating bivariate tensor product splines was employed to capture the complex joint
effects of temperature and air pollutants. Blood pressure was modeled as a smooth bivariate function
of temperature and pollutant concentrations, with adjustment for common confounders such as age,
smoking status, and living conditions. These articles highlight the importance of non-linear modeling
approaches for environmental variables in relation to blood pressure outcomes and emphasize the
critical role of GAMs in revealing and interpreting complex interaction effects among environmental
exposures.

In our analysis, blood pressure was primarily explained using environmental factors. However,
several other influential variables play an important role in understanding human health beyond
environmental exposures. For example, genetic predispositions, clinical and pathological conditions,
psychosocial stressors, and dietary habits may also affect blood pressure. This presents an additional
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challenge of selecting the most relevant variables from a large and diverse set of potential predictors.
An important consideration is that these variables are often naturally grouped based on their origin
or type, such as genetic, clinical, environmental, or behavioral. This requires modeling approaches
that can effectively incorporate this structured grouping.

A common approach for variable selection that accounts for the grouping structure among predictors
is the Group Lasso method (Yuan and Lin, 2006). Group Lasso applies an L2,1-norm penalty, which
combines the L1-norm across groups to induce sparsity at the group level and the L2-norm within
each group to jointly regularize variables belonging to the same group. This encourages entire groups
of variables to be either selected or excluded from the model. Despite its advantages, Group Lasso
has notable limitations, particularly in settings where groups of variables are highly correlated, as
is often the case in multi-omics datasets. In such situations, the method tends to select variables
from only a few dominant groups while often overlooking smaller or lower-dimensional groups, such
as clinical variables, which may carry important predictive information. This limitation highlights
the need for alternative methods that promote variable selection across all groups, ensuring that
relevant variables from each domain are considered regardless of group size or correlation structure.

The Exclusive Lasso offers an alternative to address this limitation by incorporating intra-group
sparsity through an L1,2-norm penalty. This method promotes sparsity within groups using the
L1-norm, while the L2-norm across groups relaxes sparsity between them. As a result, the method
encourages the selection of at least one variable from each group (Campbell and Allen, 2017). Its
applications are growing across various domains, including multi-task feature learning (Zhou et al.,
2010), image processing (Zhang et al., 2015), and clustering (Yamada et al., 2017).

Solving the Exclusive Lasso problem is computationally more demanding due to its composite
penalty, which involves the L1-norm applied within groups. To address this, several optimization
strategies have been developed. These include coordinate descent and proximal gradient methods
employing soft-thresholding techniques (Campbell and Allen, 2017), as well as proximal point algo-
rithms based on dual Newton methods (Lin et al., 2020). Other strategies use iterative re-weighted
schemes (Kong et al., 2014; Sun et al., 2020). Another line of work reformulates the problem into
a standard Lasso setting and applies a bisection algorithm that takes advantage of the piecewise
linearity of the Lasso solution path (Sun et al., 2020). More recently, a variant based on the fast it-
erative shrinkage-thresholding algorithm (FISTA) has also been proposed to improve computational
efficiency (Huang and Liu, 2018).

In Articles III and IV of this thesis, an alternative estimation algorithm to Exclusive Lasso is
established. A novel strategy is introduced to address the L1,2-norm-based penalty by employing a
smooth approximation, whereby the L1-norm at the group level is reformulated into a differentiable
expression. The proposed approach is designed to be compatible with a wide range of loss functions,
thereby enabling its application across diverse modeling frameworks. Once the penalty term is
smoothed into a continuous and differentiable form, optimization is carried out efficiently using the
Newton-based method. In this work, two specific smoothing functions—a quadratic and a sigmoid
approximation—are adopted to approximate the L1,2-norm. Related efforts have previously explored
smoothing techniques for the L1-norm using Newton-based optimization algorithms (Schmidt et al.,
2007; Nkansah et al., 2021).
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A major limitation of the standard Exclusive Lasso is its enforcement of selecting at least one vari-
able per group, even when it contains no informative predictors. In Article IV, this issue is addressed
by introducing a more flexible sparsity structure in the proposed approach. Rather than requiring
selection within every group, sparsity is controlled through a penalty parameter, and a small thresh-
old is applied to eliminate variables from non-informative groups. This allows uninformative groups
to be excluded more effectively. As a result, the optimization process is simplified while maintaining
sparsity both within and between groups. In addition, combining thresholding with appropriate ini-
tialization leads to more stable coefficient paths compared to the conventional Exclusive Lasso. The
proposed method is applied to real-world datasets from finance and biology. In both applications,
the advantages of using the Exclusive Lasso over the Group Lasso are demonstrated.

The final part of this thesis focuses on extending the proposed methodology to time-to-event mod-
eling. This extension is critical as many environmental and biological datasets involve survival
outcomes. A key question is how to incorporate the grouping structure of variables into survival
models. For instance, multi-omics datasets often include variables from distinct domains, such as
genomics, transcriptomics, and proteomics. Advances in high-throughput technologies have led to
the availability of high-dimensional molecular data, which are frequently accompanied by phenotypic
data, including traditional clinical and environmental variables.

Effectively integrating these diverse data sources into survival analysis is challenging. Two common
strategies are used in practice. The first is a naive approach, where all variables are combined into
a single block, disregarding their source. A Cox proportional hazards model (Cox, 1972) is then
fitted, and variable selection is typically performed using the Lasso (Tibshirani, 1997). However,
the approach does not account for the group structure, which may result in underrepresenting or
omitting lower-dimensional but clinically relevant groups. Such exclusion can reduce prediction
accuracy, as several studies suggest that combining clinical and omics variables often yields better
performance than using either type alone (Binder and Schumacher, 2008; Bøvelstad et al., 2009;
Herrmann et al., 2021). The second strategy involves separate analysis, in which each variable
group is analyzed independently before merging the results. A more recent method in this category
is the Integrative L1-Penalized Regression with Penalty Factors (IPF-Lasso; Boulesteix et al., 2017),
which allows for group-specific penalties based on prior knowledge or data-driven procedures. Despite
these advancements, separate analysis does not account for potential dependencies between groups,
and most existing methods do not ensure variable selection from all groups. Consequently, vital
information may be excluded from the final model.

In the final manuscript, the Exclusive Lasso regularization is extended to the Cox Proportional
Hazards (PH) model. A real-world gene expression dataset is used for survival prediction in bladder
cancer. The proposed Exclusive Lasso method is compared to several state-of-the-art statistical
approaches that incorporate grouping structures within the Cox model framework. The variable
selection results are analyzed across different groups in order to evaluate the effectiveness of each
method. The Exclusive Lasso demonstrates superior performance, as informative features are consis-
tently selected from all variable groups, ensuring that relevant biological signals are comprehensively
represented.

The structure of this thesis is organized as follows. Chapter 2 provides the necessary statistical and
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methodological background, offering a general overview of the techniques that are either applied or
further developed throughout the thesis. Chapter 3 presents a summary of the individual research
articles, emphasizing the key contributions and novel aspects of each work. Finally, Chapter 4
presents a concluding discussion and outlook on future research, followed by the full versions of the
articles.
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2. Statistical Methods

This chapter provides a general methodological foundation for the methods utilized or further de-
veloped in this thesis.

2.1 Generalized Additive Models

Generalized Additive Models (GAMs; Hastie and Tibshirani, 1986) are a class of semi-parametric
models that generalize the structure of Generalized Linear Models (GLMs) by allowing the linear
predictor to be an additive combination of smooth functions of the covariates.

Let xij denote the observed value of the j-th covariate for the i-th observation, where i = 1, . . . , n

and j = 1, . . . , p. Let yi be an observation on the random variable Yi, which follows an exponential
family distribution. The conditional expectation µi = E(Yi | xi) is linked to an additive predictor
through a known link function g : R → R, such that

g(µi) = Aiγγγ + f1(xi1) + f2(xi2) + . . . , for i = 1, . . . , n,

where Ai is a known row vector of covariates associated with any strictly parametric component of
the model, γγγ is the corresponding parameter vector, and each fj : R → R is an unknown non-linear,
but typically smooth function to be estimated from the data. These functions allow for flexible,
potentially non-linear effects of the individual covariates on the response. For the sake of simplicity,
we consider a univariate model involving a single covariate xi ∈ R and one smooth function:

yi = f(xi) + ϵi, (2.1)

where f(·) is an unknown smooth function, and ϵi are independent random errors for which typically
ϵi ∼ N (0, σ2) is assumed.

To make it easier to estimate the function f(·), we write it in a form that turns Equation (2.1)
into a linear model. This is done by approximating f(·) using a set of known functions called basis
functions. If bq(x) is the q-th basis function, we can write:

f(x) =

d∑

q=1

αqbq(x), (2.2)

9



10 2. Statistical Methods

where αq are unknown coefficients. Substituting Equation (2.2) into Equation (2.1) gives a model
that is linear in the parameters αq, which makes it easier to estimate using standard methods.

2.1.1 B-splines

B-splines (Eilers and Marx, 1996, 2021) are a widely used class of basis functions for constructing
smooth curves in additive models. They consist of piecewise polynomials defined over a sequence of
knots, providing a numerically stable and flexible representation of smooth functions.

Let l ≥ 0 be the degree of the spline, and suppose the domain [a, b] of x is divided into m−1 intervals
by an ordered sequence of knots:

a = κ1 < κ2 < · · · < κm = b.

B-spline basis functions are constructed using piecewise polynomials that join smoothly at the knots
to maintain a specified level of continuity. Each B-spline basis function consists of (l+1) polynomial
segments of degree l, joined in a way that ensures (l − 1)-times continuous differentiability.

The B-spline basis functions are defined recursively using the Cox–de Boor recursion formula (De Boor,
1972). For degree l = 0 (piecewise constant functions), the basis functions are given by:

bq,0(x) =




1, if κq ≤ x < κq+1,

0, otherwise.

For l ≥ 1, the degree-l basis functions are defined recursively as:

bq,l(x) =
x− κq−l

κq − κq−l
bq−1,l−1(x) +

κq+1 − x

κq+1 − κq+1−l
bq,l−1(x).

Using these B-spline basis functions, the function f(x) can be represented as a linear combination
of d = l +m− 1 basis functions.

B-splines have several properties that make them particularly useful in statistical modeling. Each
basis function bq(x) is nonzero only on a small number of intervals, specifically those determined
by l + 2 consecutive knots, ensuring local support. This locality property contributes to numerical
stability and computational efficiency, as each function is influenced only by a limited range of data
points. The structure of B-splines also prevents issues of multicollinearity that commonly arise in
polynomial regression. Moreover, their flexibility allows smoothness to be controlled by adjusting
the spline degree l and the placement of knots, making them well-suited for nonparametric regression
and smoothing applications.

2.1.2 P-splines

As previously noted, the smoothness and the number of B-splines depend on the number of knots.
To mitigate this dependence, a roughness penalty is introduced, which discourages excessive flexi-
bility. In particular, rather than relying solely on the standard least squares criterion, we consider a
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penalized least squares (PLS) approach that incorporates a penalty on the k-th order differences of
the coefficients αq from Equation (2.2). This leads to the penalized spline framework, or P-splines
(Eilers and Marx, 2021), which combines B-splines with a discrete difference penalty.

The focus here is on extending the linear model using B-spline smoothing for Gaussian responses
rather than considering the more general framework of GAMs. Given d = l +m− 1 B-spline basis
functions, the t-th order P-spline estimate minimizes the following penalized residual sum of squares:

PLS(λ) =
n∑

i=1

(
yi −

d∑

q=1

αqbq(xi)

)2

+ λ
d∑

q=t+1

(∆tαq)
2,

where ∆tαq denotes the t-th order finite difference of the coefficients αq, and λ > 0 is the smoothing
parameter that governs the trade-off between goodness-of-fit and smoothness.

Let B ∈ Rn×d be the B-spline basis matrix with entries Biq = bq(xi), and let D(t) ∈ R(d−t)×d be
the t-th order difference matrix. The penalty can then be written as ααα⊤Sααα, where S = D⊤D. The
penalized objective becomes

PLS(λ) = ∥y −Bααα∥2 + λ ααα⊤Sααα.

The minimizer is obtained by solving the penalized normal equations:

α̂αα =
(
B⊤B+ λS

)−1
B⊤y.

To estimate the optimal smoothing parameter λ, two commonly used approaches are Generalized
Cross-Validation (GCV) and Restricted Maximum Likelihood (REML).

In GCV, the smoothing parameter is selected by minimizing the criterion:

GCV(λ) =
n∥y − ŷ∥2

(
1− 1

n tr(Hλ)
)2 ,

where ŷ = Hλy and Hλ = B(B⊤B+ λS)−1B⊤ is the smoothing matrix. The GCV score balances
the fit to the data with the complexity of the smoother. To choose the optimal smoothing parameter,
GCV is evaluated over a grid of candidate values λ1, λ2, . . . , λL, and the value that minimizes the
GCV score is selected:

λ̂GCV = argmin
λ

GCV(λ).

In contrast to classical cross-validation approaches, GCV has the advantage that it does not require
splitting the data into separate training and test sets. This not only simplifies the implementation
but also reduces computational cost, as the entire dataset can be used directly in the evaluation
process.

REML provides an alternative by interpreting the spline coefficients as random effects and estimating
λ by maximizing the restricted likelihood of the marginal distribution of y. This approach generally
yields more stable and less biased estimates, particularly in small samples.

For more details on these methods, including their theoretical properties, see Wood (2017).
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Figure 2.1: Comparison of B-spline (red) and P-spline (blue dashed) fits for noisy observations
(black dots) generated from a function. Both methods use a cubic spline basis with 20 degrees of
freedom. The green curves represent the scaled B-spline basis functions weighted by their estimated
spline coefficients, while the grey curves depict the unscaled B-spline basis functions.

The strength of P-splines lies in their flexibility and computational simplicity. Using a relatively
large number of equally spaced knots ensures that the basis system is rich enough to capture the
underlying pattern, while the difference penalty avoids overfitting. Moreover, since the penalty
is imposed on the coefficients rather than on the function itself, P-splines avoid complex integral
calculations associated with traditional smoothing splines. This makes them especially attractive
for large datasets and for incorporating smooth terms into GAMs.

Figure 2.1 illustrates how B-splines and P-splines perform smoothing on noisy data. The grey curves
correspond to the original, unscaled degree-3 B-spline basis functions. The green curves represent
these basis functions scaled by their estimated coefficients, which are linearly combined to produce
the final fitted B-spline curve shown in red. This B-spline fit captures more fine-scale variability
and tends to overfit the noise due to its flexibility. In contrast, the P-spline fit (blue dashed line)
incorporates a smoothness penalty, resulting in a more stable and smoother approximation of the
underlying signal.

2.1.3 Tensor Product Smooths

Consider the response variable to be described in terms of a two-dimensional smooth surface f(x1, x2),
where x1 and x2 are continuous covariates. In order to flexibly model the interaction between these
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Spline Degree = 0

x2x1

Spline Degree = 1

x2x1

Spline Degree = 2

x2x1

Spline Degree = 3

x2x1

Figure 2.2: Graphical visualization of tensor-product B-spline basis functions constructed from
univariate B-splines of degrees 0, 1, 2, and 3, respectively. Each surface represents the product of
two selected univariate basis functions defined along the x1 and x2 axes. The contributing marginal
functions are highlighted as blue and red curves along their respective axes.

covariates, we employ a tensor product basis approach. Specifically, we construct univariate basis
functions {aq(x1)}d1

q=1 for x1, and {br(x2)}d2
r=1 for x2, such as B-spline or P-spline bases. The result-

ing bivariate smooth function f12(x1, x2) is then expressed as a linear combination of tensor product
basis functions:

f12(x1, x2) =

d1∑

q=1

d2∑

r=1

γqr aq(x1) br(x2) ,

where γqr are the tensor product coefficients to be estimated from the data. To avoid overfitting and
to control the smoothness of the surface in each marginal direction, we apply double penalization to
the coefficient matrix {γqr}, with separate roughness penalties in the x1- and x2-directions.

Figure 2.2 shows how tensor-product B-spline surfaces are constructed using marginal B-spline basis
functions of different degrees. Each surface results from combining one basis function along x1
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with another along x2, capturing their joint influence. Higher degrees yield smoother, more flexible
surfaces. The construction of the tensor product is particularly advantageous when the marginal
covariates are measured on different scales or with differing smoothness along each axis.

2.2 Regularization Techniques

GLMs and their flexible extension, GAMs, provide a powerful framework for modeling relationships
between predictors and a response variable. However, as the number of predictors increases, espe-
cially in high-dimensional settings, these models become prone to overfitting. Moreover, identifying
the most relevant variables becomes increasingly challenging. Regularization techniques address
these problems by adding constraints to the model, helping to prevent overfitting and making vari-
able selection more effective.

The estimation of the true parameter vector β = (β1, . . . , βp)
⊤ in a linear model is typically carried

out by maximizing the log-likelihood function ℓ(β). Although the intercept term is usually included
as the first column of the design matrix and is not subject to penalization, we simplify the pre-
sentation by assuming that the response variable has been centered. Consequently, the intercept is
omitted from the model without loss of generality.

In regularization frameworks, parameter estimation is modified by introducing a penalty term P (β),
which limits the magnitude of coefficients, encouraging sparser models that are less likely to overfit
the data. The resulting penalized log-likelihood is given by

ℓpen(β) = ℓ(β)− λP (β) ,

where λ ≥ 0 is a regularization parameter that controls the strength of the penalty.

Two widely used choices for the penalty term P (β) are based on the L2-norm and the L1-norm of
the coefficient vector.

The L2-norm penalty is given by

P (β) =

p∑

k=1

β2
k ,

which leads to Ridge regression (Hoerl and Kennard, 1970). The corresponding penalized estimation
problem and its corresponding estimates are

β̂
ridge

= arg max
β∈Rp

{
ℓ(β)− λ

p∑

k=1

β2
k

}
.

The L2-norm penalty shrinks all coefficients toward zero, which helps to stabilize estimation in the
presence of multicollinearity and reduce model variance. However, Ridge regression does not perform
variable selection, as it does not set any coefficients exactly to zero.
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Alternatively, the L1-norm penalty is defined as

P (β) =

p∑

k=1

|βk| ,

and gives rise to the Least Absolute Shrinkage and Selection Operator (Lasso; Tibshirani, 1997).
The penalized estimation problem and solution under this penalty becomes

β̂
lasso

= arg max
β∈Rp

{
ℓ(β)− λ

p∑

k=1

|βk|
}
.

The L1-norm penalty limits the magnitude of the coefficients, encouraging sparser models that are
less likely to overfit the data. Unlike Ridge regression, Lasso can shrink some coefficients exactly
to zero, thereby performing automatic variable selection in addition to regularization. However, the
L1-norm is not differentiable at zero, which makes a closed-form solution intractable. As a result,
numerical methods are required to obtain the solution. In practice, approaches like coordinate
descent are commonly used, where all coefficients are fixed except one, and the resulting univariate
sub-problem is solved using the soft-thresholding operator.

Figure 2.3 illustrates constraint geometries and residual error contours under various regularization
techniques in a two-parameter linear regression setting. The blue ellipses represent contours of the
residual sum of squares (RSS), centered at the least squares solution β̂ββ. The regularized solution
corresponds to the point where the RSS contour is tangent to the constraint region. In Ridge
regression, the constraint region is a circle, which tends to shrink coefficients toward zero without
setting them exactly to zero. In contrast, the Lasso constraint forms a diamond, whose sharp corners
increase the likelihood that the RSS contour intersects the constraint boundary at an axis, thereby
setting one of the coefficients exactly to zero and promoting sparsity.

Although the Lasso has proven to be highly effective in high-dimensional settings, one of its main
limitations is its inability to accommodate grouped structures among covariates naturally. In many
biological and epidemiological studies, predictors are often organized into groups based on their
origin, function, or measurement domain. In such contexts, performing variable selection at the
group level is often desirable rather than on individual predictors.

In this thesis, we focus on variable selection in scenarios where the indices of the true parameter
vector β are partitioned into non-overlapping, predefined groups. Let G = {1, . . . , G} denote a
collection of such groups, where each group g ∈ G corresponds to a subset of indices from {1, . . . , p}.
The groups are assumed to be disjoint, and their union covers the entire index set:

⋃

g∈G
g = {1, 2, . . . , p} .

Several extensions of Lasso have been proposed to incorporate this group structure into the regu-
larization framework. In the following, some widely used methods designed for group-level variable
selection are discussed.
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Elastic Net

The Elastic Net (Zou and Hastie, 2005) is a regularization technique that blends the properties of
both Lasso and Ridge regression by combining the L1- and L2-norm penalties. The L1 component
encourages sparsity, effectively performing variable selection, while the L2 component stabilizes the
model by encouraging the inclusion of correlated predictors. The Elastic Net penalty function is
given by:

P (β) = α

p∑

k=1

|βk|+
1

2
(1− α)

p∑

k=1

β2
k ,

where α ∈ [0, 1] controls the balance between the two penalties.

A widely used implementation of the Elastic Net is available in the glmnet package in R (Simon
et al., 2011). In glmnet, setting α = 1 corresponds to the Lasso, while α = 0 yields Ridge regression.
A value of α = 0.5 results in an equal blend of the two penalties. The regularization parameter λ

and the mixing parameter α are typically chosen via cross-validation (CV).

Group Lasso

The Group Lasso (Yuan and Lin, 2006) is designed for situations where predictors are naturally
grouped, such as biological or epidemiological data with multi-omics structures. Rather than select-
ing individual coefficients, it encourages the selection or exclusion of entire groups of variables. The
penalty term is defined as:

P (β) =
∑

g∈G

√
pg∥βg∥2 ,

where βg is the subvector of coefficients for group g, and pg is the size of group g. The square root
scaling compensates for unequal group sizes, ensuring fair penalization across groups.

In Figure 2.3, the Group Lasso constraint applies an L2-norm over the joint group of coefficients.
Since both coefficients belong to the same group, the penalty tends to either retain or eliminate
them together, exhibiting an “all-in or all-out” behavior.

A suitable implementation is provided exemplarily in the grpreg package in R (Breheny and Huang,
2015), which supports grouped penalties for linear and generalized linear models. By default, grpreg
weights the group penalty by √

pg, ensuring comparability across differently sized groups. Again,
CV can be used to select the optimal regularization parameter λ.

Sparse Group Lasso

The Sparse Group Lasso (SGL; Simon et al., 2013) extends the Group Lasso by simultaneously
encouraging sparsity at both the group and individual levels. This is achieved by combining the
Group Lasso penalty with an additional Lasso penalty:

P (β) = (1− α)
∑

g∈G

√
pg∥βg∥2 + α

p∑

k=1

|βk| ,
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Figure 2.3: Geometrical representation of regularization in a two-parameter linear regression setting.
Top from left to right : constraint regions for Ridge (L2), Lasso (L1), and Elastic Net, alongside the
error contours (blue ellipses). Bottom from left to right : contours of penalty terms for the Group
Lasso, Sparse Group Lasso, and Exclusive Lasso penalties, illustrating their structured sparsity-
inducing behavior. Both coefficients are assumed to belong to the same group, which is relevant for
the group-based penalties shown in the bottom row.

where α ∈ [0, 1] governs the trade-off between group-level selection and within-group sparsity.

The SGL package in R provides an efficient implementation for both GLM settings and time-to-event
predictions (Simon et al., 2019). The default setting in the package uses α = 0.95, emphasizing
strong within-group sparsity while still preserving group-level structure. This is particularly useful
in high-dimensional applications where groups are large and only a few features within each group
are expected to be relevant.

Exclusive Lasso

The Exclusive Lasso (Campbell and Allen, 2017) is designed to induce structured sparsity by ensuring
that at least one variable is selected from each predefined group. It employs an L1-penalty within
each group to encourage sparsity and an L2-type structure across groups to avoid entirely discarding
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any group. The penalty function is given by:

P (β) =
1

2

∑

g∈G


∑

k∈g

|βk|




2

. (2.3)

This formulation encourages selecting a small number of variables within each group while ensuring
that all groups are represented in the model. As shown in Figure 2.3, when both variables are part
of the same group, the Exclusive Lasso exhibits behavior similar to the Lasso. It lacks a closed-form
solution and promotes competition within the group by discouraging the simultaneous selection of
multiple variables.

The ExclusiveLasso package in R provides an implementation of the Exclusive Lasso (Weylandt
et al., 2018). Estimation is performed via a coordinate descent algorithm that incorporates a soft-
thresholding function to handle the L1-penalty within each group. An alternative optimization
strategy based on proximal gradient descent is also available. A notable drawback of the standard
Exclusive Lasso is that it tends to select at least one variable from each group, even when the group
contains no informative features. To address this limitation, a modified version of the Exclusive Lasso
is proposed in Article IV of this thesis. This is then further extended to the case of time-to-event
modeling in Article V.

Figure 2.4 illustrates the distinct sparsity structures induced by various regularization methods when
variables are grouped into non-overlapping subsets. Each method encourages a different pattern of
coefficient selection, as visualized by the grey (selected) and white (excluded) cells in the figure. The
Elastic Net applies element-wise sparsity, treating each variable independently and often resulting
in scattered non-zero coefficients. Group Lasso, on the other hand, enforces group-level sparsity by
selecting or discarding entire groups of variables, making it suitable when group-level interpretability
is desired. The Sparse Group Lasso combines the effects of both Elastic Net and Group Lasso,
allowing for sparsity both at the group level and within groups. Finally, the Exclusive Lasso imposes a
competitive structure within each group, encouraging the selection of at least one variable per group.
This exclusivity within the group makes it particularly appealing in applications such as pathway-
based genomic analysis, where it is often desirable to identify a single representative feature of each
biologically significant group.

In addition to the methods discussed above, several other regularization techniques have been pro-
posed to induce different sparsity patterns, particularly to accommodate grouping structures among
variables, such as the Fused Lasso (Tibshirani et al., 2005) and the Smoothly Clipped Absolute De-
viation (SCAD) penalty (Fan and Li, 2001). Notably, some methods were originally developed for
variable selection in large-scale multi-omics studies, such as the Priority Lasso (Klau et al., 2018) and
the Integrative Lasso with Penalty Factors (IPF-Lasso; Boulesteix et al., 2017). These approaches
require specifying additional inputs, such as the prioritization of groups or penalty factors assigned
to each group.

For example, the central idea behind IPF-Lasso is to apply Lasso regularization within each group
while introducing group-specific penalty factors. These factors reflect the relative importance or
weighting of each group and can either be specified a priori or selected through CV. The IPF-Lasso
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Figure 2.4: Sparsity patterns induced by different regularization methods. Each row shows the
selected (grey) and excluded (white) coefficients across non-overlapping groups. Elastic Net enforces
element-wise sparsity, Group Lasso selects entire groups, Sparse Group Lasso promotes both group-
level and within-group sparsity, and Exclusive Lasso encourages within-group competition, selecting
at least one feature per group.

penalty takes the form
P (β) =

∑

g∈G
λg∥βg∥1 ,

where λg denotes the penalty factor applied to group g, and βg is the vector of coefficients for
variables in that group. In practice, these group-specific penalties are typically chosen via CV by
performing a grid search over a set of prespecified candidate vectors. However, this tuning process
can be computationally intensive, particularly in high-dimensional settings.

2.3 Cox Proportional Hazards Model

In predictive modeling, apart from GLMs, time-to-event prediction problems require specialized
statistical frameworks to handle censored data. Censoring occurs when the true event time for an
observation is unknown, possibly due to reasons such as loss of follow-up or the end of the study
period. The Cox Proportional Hazards (PH) model (Cox, 1972) is one of the most widely used
techniques for time-to-event analysis, particularly in medical and biological research.
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Let i = 1, . . . , n denote the observations (patients) in the cohort. For each patient, we observe
the triplet (ti, δi,xi), where ti is the event or censoring time for patient i, δi is the censoring
indicator (with δi = 1 if the event is observed and δi = 0 if the observation is censored), and
xi = (xi1, . . . , xip)

⊤ is the vector of covariates.

The Cox PH model assumes that the hazard function for an individual with covariates xi is given
by:

h(t | xi) = h0(t) exp(x
⊤
i β),

where h0(t) is the baseline hazard function, and β is the vector of regression coefficients. The hazard
function h(t | xi) represents the instantaneous risk of experiencing the event at time t, conditional
on survival up to that time. Formally, it is defined as:

h(t | xi) = lim
∆t→0

Pr(t ≤ T < t+∆t | T ≥ t, xi)

∆t
,

where T denotes the random variable representing the event time.

Unlike parametric survival models, the Cox PH model does not assume a specific form for the baseline
hazard function h0(t), making it semi-parametric. This flexibility allows the model to estimate the
effect of covariates without the need to specify the functional form of the baseline hazard. In practice,
h0(t) can be estimated non-parametrically using techniques such as the Kaplan–Meier estimator for
the survival function or the Nelson–Aalen estimator for the cumulative hazard.

To estimate β, the Cox PH model utilizes the partial likelihood function, which emphasizes the
relative risk of individuals experiencing an event rather than modeling the baseline hazard explicitly.
The partial log-likelihood function for the Cox PH model is given by:

ℓ(β) =
n∑

i=1

δi


x⊤

i β − log


 ∑

l∈R(ti)

exp(x⊤
l β)




 , (2.4)

where R(ti) represents the risk set at time ti, which includes all individuals who are still at risk (i.e.,
uncensored and have not yet experienced the event) at the time of observation.

It is referred to as a partial likelihood because it excludes the baseline hazard function h0(t), relying
solely on the ordering of event times rather than their exact values. This formulation simplifies the
computation and enables the estimation of βββ without requiring the full likelihood function of the
survival times.

In high-dimensional settings, variable selection is typically performed using Lasso regularization. In
principle, any of the additional penalties discussed in the previous sections can be incorporated into
the partial log-likelihood function of the Cox PH model, as defined in Equation (2.4). Numerous
extensions of such penalized models have already been proposed in the literature (Tibshirani, 1997;
Zhang and Lu, 2007; Kim et al., 2012).

However, to date, the Cox PH model with the Exclusive Lasso penalty has not been implemented.
This extension is particularly important because, in most biological datasets, genes are organized
into distinct biological pathways. Therefore, it is crucial to identify key genes in each pathway.
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Moreover, since patient survival is often the clinical endpoint in these datasets, incorporating the
Exclusive Lasso into the Cox PH framework becomes highly relevant.

In Article V of this thesis, we extend the Exclusive Lasso penalty, as defined in Equation (2.3), to
the Cox PH model.
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3. Summary of the Articles

This chapter outlines the contributions of all publications included in this cumulative dissertation.
Since Article III represents the preliminary version of Article IV, the corresponding summaries are
presented jointly.

3.1 Article I

Non-linear modelling of systolic and diastolic blood pressures via environ-
mental factors

In this study, we employ GAMs to investigate the non-linear relationship between blood pressure and
environmental variables, specifically temperature and relative humidity. We argue that traditional
linear models cannot capture the complex interaction effects between these climatic factors, signif-
icantly influencing systolic (SBP) and diastolic blood pressure (DBP). To address this limitation,
we incorporate bivariate tensor product splines within the GAM framework, enabling flexible and
smooth modeling of non-linear associations among predictors. Our primary objective is to examine
how environmental exposures affect blood pressure differently across warm and cold seasons.

The analysis is based on data from the SALIA cohort (Study on the Influence of Air Pollution on
Lung, Inflammation, and Aging), comprising 635 older women assessed during two follow-up periods
(2007–2008 and 2012–2013). Temperature and humidity data were collected up to 30 days before
each clinical examination. In addition to assessing immediate exposure (lag 0), we evaluated various
moving average lags (e.g., lag 0–10 and lag 0–30) to explore potential delayed effects. The models
also adjusted for relevant socio-demographic and health-related covariates, including age, body mass
index (BMI), smoking behavior, diabetes status, and urban versus rural residence. Subject-specific
random effects were incorporated to account for repeated measures.

GAMs were fitted using identity link functions, with P-splines for univariate smooth terms and tensor
product splines for the interaction between temperature and humidity. Data were stratified by season
to compare patterns during warm months (April–September) and cold months (October–March).
Model selection based on the Akaike Information Criterion (AIC; (Akaike, 1974)) indicated that lag 0
models best explained blood pressure during the warm season, whereas more extended lag structures

23
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(e.g., lag 0–10 and lag 0–20) were more suitable for the cold season. Our findings indicate a strong,
non-linear interaction between temperature and humidity, particularly during warmer months, with
a p-value for the bivariate interaction below 0.01. In addition, we observed significant individual-level
variability in blood pressure responses, with covariates such as age, BMI, and residential location
playing notable roles. Notably, age exhibited a linear negative association with DBP.

In conclusion, our results highlight the importance of modeling interactions between climatic vari-
ables when examining blood pressure variation. Using GAMs with tensor product splines, we cap-
ture complex, seasonally dependent patterns that conventional models often overlook. While we
did not perform comparisons with alternative interaction modeling approaches, our methodology
nonetheless offers a robust and flexible framework for evaluating the environmental determinants of
cardiovascular health.

3.2 Article II

Complex synergistic effects of air pollution and temperature on blood
pressure: Evidence from the SALIA cohort study

In this article, we build upon the findings of Article I and address its limitations. In the previ-
ous study, we advocated the use of GAMs to model the non-linear interactions between environ-
mental factors and blood pressure, presenting a proof of concept. However, we did not compare
GAMs to alternative interaction modeling strategies or assess their relative advantages and draw-
backs. To expand our analysis, we include additional covariates beyond temperature and relative
humidity—specifically, three air pollutants: particulate matter (PM2.5), nitrogen dioxide (NO2),
and ozone (O3).

To investigate the potential synergistic effects of mean temperature (Tmean) and air pollution
(PM2.5, NO2, and O3) on systolic and diastolic blood pressure (SBP and DBP), we incorporate
Tmean and pollutant concentrations into the model using three different approaches.

We begin with a simple linear interaction model to evaluate how Tmean modifies the effects of air
pollution on SBP and DBP. In this model, Tmean is treated as a categorical variable, and the cut-
offs are determined by the empirical distribution: “low” corresponds to temperatures below the 25th
percentile, “medium” to the 25th—75th percentiles, and “high” to values above the 75th percentile.

To assess interaction effects, we include multiplicative terms between air pollutant concentrations
and Tmean categories. We test the statistical significance of differences in pollutant effects across
temperature strata (e.g., “low” or “high” Tmean vs. “medium” Tmean) by computing the 95% con-
fidence interval for the difference in estimated effects:

(β̂1 − β̂2)± 1.96×
√

ŜE
2

1 + ŜE
2

2 ,

where β̂1 and β̂2 are the estimated pollutant effects at two Tmean categories, and ŜE1 and ŜE2 are
their corresponding standard errors. This expression assumes independence of the estimates.
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In the second model, we explore non-linear interaction effects by modeling pollutant concentrations as
smooth functions within each Tmean category. This allows us to capture more flexible, temperature-
specific associations. The third model utilizes bivariate tensor product penalized splines to jointly
model Tmean and air pollutant concentrations as smooth interacting predictors. This approach
allows for a fully non-linear representation of the joint exposure-response surface.

All models are specified as GAMs with an identity link function. We use P-splines for continuous
covariates such as age, body mass index (BMI), and cigarette consumption (in pack-years). The
specifications of the three models are as follows:

Model 1 (Linear interaction model):

log E[Y] = Tmeancategory × PM2.5/NO2/O3 + Tmean + [Covariates]

Model 2 (Non-linear interaction model):

log E[Y] = s(PM2.5/NO2/O3 ;Tmeancategory) + [Covariates]

Model 3 (Tensor product model):

log E[Y] = te(Tmean,PM2.5/NO2/O3) + [Covariates]

Here, Y denotes blood pressure, s(·) denotes a univariate smooth function, and te(·, ·) is a bivariate
tensor product spline capturing the interaction between Tmean and each air pollutant.

We evaluate the ability of these models to detect interactions between Tmean and air pollution on
BP. Figure 3.1 displays the estimated change in SBP per unit increase in pollutant concentrations
across Tmean categories under both linear and non-linear specifications. At higher Tmean levels,
PM2.5 showed a positive association with SBP, with stronger effects at longer lag periods. At low and
medium Tmean levels, linear models yielded inconclusive results. In contrast, the non-linear models
revealed clear associations, indicating that most interactions between Tmean and air pollution were
non-linear. As shown in Panel (c), the response surfaces obtained from Model 3, based on bivariate
tensor product smooths, demonstrate that the association between air pollution and SBP is non-
linear and influenced by the feature Tmean. Rather than contributing independently, Tmean and
air pollution interact in a complex manner, influencing the overall pattern of their combined effect
on SBP. Overall, the joint relationship between Tmean and pollutant levels appears as a smooth
and non-linear surface.

Model 1, which only allows for linear interactions, failed to detect significant associations in most
cases. While Model 2 captured non-linear effects, it may suffer from reduced statistical power due to
the categorization of Tmean. Model 3, based on bivariate tensor product splines, effectively modeled
the combined effects and allowed for greater flexibility in capturing complex interactions. Although
it does not produce directly interpretable coefficients for interaction terms (Hastie and Tibshirani,
1990), it is statistically robust and accommodates differing measurement scales.

Furthermore, model performance was compared using the AIC, with Model 3 achieving the lowest
AIC value. Therefore, we selected Model 3 as our core model.
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Figure 3.1: Panel (a): Estimated changes in systolic blood pressure (SBP, mmHg) per unit in-
crease in PM2.5, NO2, and O3 concentrations (µg/m3) across temperature levels, based on Model 1.
Panel (b): Adjusted non-linear associations between SBP and pollutant concentrations by temper-
ature level, based on Model 2. Vertical dotted lines indicate the 25th, 50th, and 75th percentiles of
pollutant exposure; an asterisk (*) marks a statistically significant difference between temperature
levels. Panel (c): Bivariate response surfaces of temperature and air pollutants on SBP, based on
Model 3. All models were adjusted for age, body mass index (BMI), socioeconomic status (SES),
urban/rural location, cigarettes per day, second-hand smoke exposure, season, and relative humidity.
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Focusing on short-term exposure, we found that low temperatures combined with elevated levels of
PM2.5 and NO2 were associated with increased SBP and DBP. In contrast, at higher temperatures,
both pollutants tended to lower SBP. O3 consistently showed a negative association with blood
pressure across all temperature levels, except at very low temperatures. These findings highlight the
interactive effects of temperature and air pollution on blood pressure. Stratified analyses indicated
that these effects were more pronounced in women residing in urban areas and those with a lower
socioeconomic status. Overall, non-linear interactions were apparent, with blood pressure effects
varying across temperature percentiles for each pollutant.

In conclusion, we demonstrate the utility of GAMs in modeling the combined effects of mean tem-
perature and air pollutants on blood pressure. To make the article accessible to a broader audience
in environmental epidemiology, we intentionally avoided technical modeling details and maintained
a less statistically intensive focus. Nonetheless, the article emphasizes the importance of accounting
for bivariate interactions and clearly illustrates how each air pollutant interacts with temperature to
affect blood pressure. By advocating for this flexible and robust statistical framework, we provide a
practical approach for advancing from single-pollutant to multi-pollutant analyses, addressing a key
methodological gap in environmental epidemiology.

3.3 Articles III and IV

Optimizing Variable Selection in Multi-Omics Datasets: A Focus on Ex-
clusive Lasso

This article explores the challenges of structured variable selection in high-dimensional biological
data, particularly multi-omics datasets. Traditional Lasso fails to perform adequately in such con-
texts due to its inability to account for group structure and its weakness in handling highly correlated
features within groups. We propose using the Exclusive Lasso, a regularization method based on the
L1,2-norm penalty to address this. This formulation induces sparsity within groups, promoting the
selection of only one or a few representative variables from each group while allowing for flexibility
between groups.

The proposed method, the Newton Method L1,2 (NM-L1,2) Sparsity Algorithm, employs a quadratic
approximation to the non-differentiable L1-norm, transforming the original problem into a differ-
entiable one suitable for Newton-type optimization. The approach is evaluated through simulation
studies under a range of correlation structures, showing substantial improvements in both variable
selection accuracy and prediction error compared to standard Lasso.

The algorithm is then applied to a Down Syndrome classification task using a multi-omics dataset
comprising methylation, glycomics, and clinical variables, with each omics layer treated as a separate
group. The results demonstrate the proposed method’s superior classification performance over
both standard Lasso and coordinate-descent-based Exclusive Lasso. This work lays the foundation
for further refinements to optimize the Exclusive Lasso, particularly in the context of structured
biomedical data.
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A Newton-based Variant of Exclusive Lasso for Improved Sparse Solutions

Building on the foundations of Article III, this article presents an enhanced version of the NM-L1,2

Sparsity Algorithm by introducing an alternative smoothing approach that improves optimization
stability in sparse, high-dimensional settings.

This article formally introduces the Exclusive Lasso problem and addresses its two primary lim-
itations. Although it has been in the literature for some time, its applications remain relatively
limited. The Exclusive Lasso is particularly suited for scenarios where variables within the same
group compete against each other, for example, multi-omics or gene expression studies where features
are naturally grouped by biological function or measurement platform.

In contrast to the Group Lasso (Yuan and Lin, 2006), which encourages the joint selection of all
variables within a group, the Exclusive Lasso enforces intra-group sparsity through the L1-norm and
applies the L2-norm across groups. This structure promotes competition among variables within
the same group while maintaining representation from each group. The L2-norm across groups
prevents entire groups from being excluded by merely shrinking their coefficients, thereby increasing
the likelihood of retaining at least one informative variable per group. However, two critical issues
limit the standard Exclusive Lasso: (1) the L1-norm induces a non-differentiable objective, making
optimization difficult, and (2) it forces the selection of at least one variable from every group, even
if some groups contain no useful information.

To address the first limitation, we employ smooth approximations to the L1-norm. Building on
the quadratic approximation introduced in Article III, we further propose a sigmoid-based approx-
imation in this work. Both approaches transform the originally non-differentiable penalty term
from Equation (2.3) into a smooth and continuous function, making it suitable for second-order
optimization techniques. The approximated penalty functions are given as follows:

1. Quadratic approximation:

(2.3) ⇒ 1

2

∑

g∈G


∑

k∈g

√
β2
k + c




2

.

2. Sigmoid function approximation:

(2.3) ⇒ 1

2

∑

g∈G


∑

k∈g

[
(log

(
1 + e(−cβk)

)
+ log

(
1 + e(cβk)

)]



2

.

Figure 3.2 shows both approximations. In the plot on the left (quadratic approximation), we observe
a trade-off between smoothness and accuracy. A small value of c results in a closer match to |x| but
may make optimization unstable. Larger values of c make smoother functions easier to optimize but
may distort the shape of |x| near zero. For the sigmoid function, the behavior is reversed: a larger c

gives a more accurate approximation. These approximations make the penalty term suitable for fast
and efficient optimization, which is particularly important for high-dimensional biological datasets.
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Figure 3.2: Approximations of the absolute value function |x| using quadratic (left) and sigmoid-
based (right) smoothing techniques for various values of the smoothing parameter c. The true |x|
function is shown as a black dashed line for reference.

To address the second limitation, we apply a small threshold to the final coefficient estimates. Any
estimate below this threshold is automatically set to zero. This step not only mimics Lasso’s behavior
but also helps remove uninformative variables from all groups, eliminating the need to select at least
one variable per group.

We perform a thorough simulation study to evaluate the performance of different smooth approxima-
tions under various settings. Consistent with findings in pure L1-norm optimization (Schmidt et al.,
2007), the sigmoid-based approximation generally converges in fewer iterations than the quadratic
alternative. A similar pattern is observed for the Exclusive Lasso penalty, where the sigmoid ap-
proximation demonstrates superior computational efficiency. Furthermore, we explore the influence
of the smoothing parameter c on approximation accuracy. Finally, we propose an enhanced NM-L1,2

Sparsity Algorithm that addresses the Exclusive Lasso problem by utilizing adaptive step sizes and
dynamically optimizing the parameter c in the sigmoid function approximation, resulting in improved
computational efficiency.

To further test the model, we apply it to two real-world datasets. In the first case involving gene
expression data, our model successfully selects informative genes across all modules, allowing for
accurate classification of cancer-sensitive and resistant samples. In the second case, focused on
financial data, our model achieves low prediction error while selecting fewer variables than the
standard Lasso.

Articles III and IV together present a comprehensive methodological framework for addressing the
Exclusive Lasso problem in practice. The proposed variant, optimized via the NM-L1,2 algorithm,
offers an efficient and scalable solution that is particularly well-suited for high-dimensional, group-
structured datasets commonly encountered in domains such as multi-omics and finance.
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3.4 Article V

Time-to-event prediction for grouped variables using Exclusive Lasso

Motivated by the increasing use of multi-omics data in survival modeling and the challenges posed
by their complex structure, we investigated regularization techniques that account for group-specific
information. These datasets, which integrate various types of high-dimensional molecular data, have
become increasingly important in biomedical research, particularly for improving the prediction of
patient survival (Hasin et al., 2017). Traditional approaches often rely on a single omics type or
treat all features equally, which can result in omitting important low-dimensional groups such as
clinical variables (Boulesteix and Sauerbrei, 2011). Recent studies have shown that incorporating
group structure may improve model performance and help retain key predictors from smaller but
informative groups like clinical data (Herrmann et al., 2021). Based on these insights, we developed
a Cox PH model with Exclusive Lasso regularization to support structured feature selection across
multiple data types.

The manuscript begins by reviewing regularization methods incorporating group structures among
predictors, such as Elastic Net, Sparse Group Lasso, and IPF-Lasso. While these methods have
been adapted for time-to-event modeling and prediction, they do not ensure that each group is
represented in the final model. In contrast, the Exclusive Lasso explicitly encourages the selection
of at least one variable from each group. This is particularly important in multi-omics settings,
where conventional methods tend to select highly correlated features and may overlook informative
variables from smaller or less correlated groups. By applying Exclusive Lasso, it is possible to retain
important signals from low-dimensional groups, such as clinical variables, which have been shown
to improve survival prediction in multi-omics data significantly (Herrmann et al., 2021).

We add the penalty of Exclusive Lasso from Equation (2.3) to the partial log-likelihood function
for the Cox PH model from Equation (2.4). The estimation is then carried out by maximizing the
penalized partial log-likelihood function, given by

ℓpen(β) = ℓ(β)− λP (β)

=
n∑
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where λ ≥ 0 is the penalty parameter.

We introduce a coordinate descent algorithm analogous to that used in standard Exclusive Lasso.
The gradient of the Cox partial likelihood is well-known, and we incorporate soft-thresholding to
manage the L1-norm component of the penalty. Soft-thresholding is widely used in the literature
as it enables efficient optimization in sparse models like the Lasso by shrinking coefficients towards
zero and setting small ones exactly to zero, thereby achieving automatic variable selection. We
demonstrate that the coordinate descent procedure ensures convergence for the proposed method.

We perform extensive simulation studies to benchmark Exclusive Lasso against Elastic Net, Group
Lasso, and IPF-Lasso under various scenarios with differing group sizes and numbers of true signal
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variables. The results show that Exclusive Lasso consistently attains the highest selection accuracy
and lowest false discovery rate, primarily when signals are evenly distributed across groups. Although
its performance slightly diminishes under randomly allocated signals, it remains competitive and
often outperforms IPF-Lasso, the next best-performing approach.

The method’s real-world utility is demonstrated by applying it to a bladder cancer dataset from
the GEO database. This dataset includes both gene expression and clinical variables. Using a
stability selection-inspired procedure (Meinshausen and Bühlmann, 2010), we identify the top ten
most frequently selected features across 100 iterations. Notably, Exclusive Lasso consistently selects
at least one variable from the low-dimensional clinical group in every iteration, while other methods
display instability, selecting different variables across runs. The improved predictive performance is
attributed to Exclusive Lasso’s ability to identify key variables across all groups, regardless of their
dimensionality.

In summary, this paper presents Exclusive Lasso as a compelling and practical tool for survival
modeling and prediction in grouped high-dimensional data. Its capacity to ensure representation
from all relevant variable groups addresses a significant limitation of traditional penalized regression
models.

3.5 Software

For Articles I and II, the analyses were conducted using the mgcv package in R (Wood, 2017, 2011). In
particular, we employed the te() function with bs="ps" to specify P-splines, and model estimation
was carried out primarily using the “REML” method.

For Articles III and IV, all computations were newly implemented from scratch in Python (version
3.12.3). The NM-L1,2 sparsity algorithm was coded and integrated into the analysis pipeline. The
complete source code is publicly available on GitHub at: https://github.com/draviis/NML12.
git.

For Article V, the original R implementation of the Exclusive Lasso package (Weylandt et al., 2018)
was extended to support Cox PH models. The source code is available on GitHub at: https:
//github.com/draviis/ExclusiveLassoCox

https://github.com/draviis/NML12.git
https://github.com/draviis/NML12.git
https://github.com/draviis/ExclusiveLassoCox
https://github.com/draviis/ExclusiveLassoCox
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4. Conclusion, Discussion and Outlook

This cumulative thesis brings together five manuscripts that address three key challenges in modeling
environmental and biomedical datasets. While predictors in these datasets are often modeled as
having straightforward linear effects, their true influence is typically more complex due to interactions
with other variables. Moreover, the high dimensionality of such data makes it challenging to identify
the relevant predictors, especially when variables exhibit intricate correlation structures.

The first study applies GAMs to capture complex interactions between environmental factors. Al-
though GAMs are widely used in environmental research due to their flexibility in modeling non-
linear relationships between predictors and outcomes (Jbilou and El Adlouni, 2012), they are most
commonly applied in single-pollutant studies. Given the growing need for a multi-pollutant per-
spective, accounting for correlations among atmospheric variables is essential. This study addresses
this gap by modeling the joint effects of environmental predictors using bivariate tensor product
interactions, thereby tackling the first key challenge of capturing complex relationships between
environmental exposures.

Two articles contribute to this part of the thesis. In Article I, we examine the interaction between
temperature and relative humidity and its effect on the blood pressure of elderly German women
using a bivariate tensor product smooth. We stratified the data by season to investigate whether
the interactions vary between warm and cold months, as previous studies suggest that seasonal
variation influences blood pressure. For each season, we fit a separate GAM, which provides a clearer
picture of the seasonal patterns in the non-linear interactions. This stratification is justified by our
findings, which indicate that the interaction between temperature and humidity plays a critical role
in blood pressure modeling during warmer months (p-values < 0.01), whereas the interaction is not
statistically significant in colder months. Furthermore, we observe that the effect of the interaction
appears to be immediate in warm months, while in colder months the influence emerges with a time
lag. These findings are consistent with earlier epidemiological studies (Brook, 2017).

Article II extends this approach by investigating the combined effects of temperature and three
air pollutants on systolic and diastolic blood pressure. Previous studies examine the short-term
effects of temperature and air pollution on blood pressure, often assuming linear relationships and
reporting mixed results: some show positive associations (Ishii et al., 2020; Wen et al., 2023), while
others find negative associations (Chen et al., 2013; Giorgini et al., 2015). One possible reason
for these inconsistencies is the exclusion of synergistic interactions among environmental exposures
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and the assumption of linear effects. Our study addresses both issues by modeling potential non-
linearities and interactions. We find that the association between air pollution and blood pressure
varies with temperature, indicating strong interactive effects. For example, we observe an increase
in blood pressure associated with PM2.5 exposure at low-temperature levels. In contrast, PM2.5

exposure is linked to a decrease in blood pressure at medium and high-temperature levels. Stratified
analyses also identify particularly vulnerable subgroups, such as older women from socioeconomically
disadvantaged backgrounds. The study benefits significantly from the well-characterized SALIA
cohort (Schikowski et al., 2005), which includes detailed information on confounders such as smoking
and alcohol consumption, thereby allowing for confounding adjustment. Our findings indicate that a
combination of low ambient temperature and high air pollution levels is associated with a substantial
increase in blood pressure among elderly German women.

The second study focuses on the key challenge of variable selection. As observed in the previous
study, variables often interact with one another and are frequently correlated. Therefore, it is crit-
ical to account for these relationships when selecting variables for predictive modeling. A further
complication arises from the presence of many potential influence factors, which can often be nat-
urally grouped based on their origin or nature. To address this, we propose the use of Exclusive
Lasso, a regularization method designed to select variables across predefined groups while ensuring
that no group is entirely excluded. However, optimizing Exclusive Lasso presents challenges due
to the non-differentiability of the L1-norm. To overcome this, we follow the approaches of Schmidt
et al. (2007) and Oelker and Tutz (2017), which provide a differentiable approximation of the L1-
norm. Building on this idea, Article III introduces a quadratic approximation to the Exclusive Lasso
penalty, resulting in a smooth formulation that enables efficient gradient-based optimization.

In Article IV, we extend this methodology by adding another approximation and proposing a new
algorithm that improves on the standard Exclusive Lasso, particularly in scenarios where represen-
tation from every group is not required. Our variant includes a thresholding step, which allows the
model to discard non-informative groups more effectively. This approach leads to improved over-
all performance compared to the original method. The corresponding algorithm is implemented in
Python, and the source code is publicly available on GitHub.

The final study focuses on improving time-to-event prediction in biomedical datasets such as multi-
omics, where low-dimensional variables like clinical features are often overlooked. We extend the
Exclusive Lasso framework to the Cox PH model to address this. Rather than using our custom
optimization technique from Article IV, we adopt a simpler approach based on the coordinate descent
algorithm. We extend the basic algorithm implemented in the original ExclusiveLasso R package
(Campbell and Allen, 2017; Weylandt et al., 2018) to the Cox PH setting. This strategy aligns well
with our aim to ensure representation from each variable group, including smaller ones like clinical
variables. The coordinate descent algorithm updates one coefficient at a time and tends to select
a representative from each group early in the optimization process. Additional variables are added
as needed, which helps preserve group-specific information. Coordinate descent also performs well
for Cox PH models and is widely used in established packages such as glmnet (Simon et al., 2011).
Using warm starts, which initialize the algorithm with the solution from previous runs, significantly
improves convergence speed and makes the method highly suitable for high-dimensional data. We
evaluate the proposed method on a real-world cancer dataset and compare its performance with
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state-of-the-art regularization techniques incorporating group structures. The results show that
Exclusive Lasso consistently selects clinical variables across iterations, a property not observed in
competing methods.

The following outlines the general limitations of the thesis and proposes directions for future re-
search. In this work, we addressed the challenge of variable selection in GLMs and Cox PH models,
particularly in the presence of high correlations among predictors. However, as demonstrated in our
first study, the influence of particular variables may be non-linear and better captured using flexible
modeling techniques such as GAMs. This raises the need for effective variable selection methods
explicitly tailored to GAMs. A key complication in GAMs is concurvity, which refers to the non-
linear dependence between predictors and can lead to unstable parameter estimates, analogous to
multicollinearity in linear models (Ramsay et al., 2003). Kovács (2024) reviews feature selection
techniques developed for GAMs. For instance, GAMBoost, a component-wise boosting method for
additive models, allows automatic effect selection, allowing each covariate to enter the model either
linearly or non-linearly or be excluded entirely (Hothorn et al., 2010; Groll and Tutz, 2012). Incorpo-
rating Lasso-like penalties into GAMs is also possible by applying regularization to the coefficients of
the basis functions. Specifically, an L1-norm penalty on the basis function coefficients can shrink all
coefficients of a feature to zero, effectively removing the feature from the model (Marra and Wood,
2011). To extend this approach to grouped variables, algorithms based on the Hilbert–Schmidt
Independence Criterion (HSIC) have been proposed. These methods assess pairwise independence
between features and have already been implemented in the Group Lasso setting (Yamada et al.,
2014). This makes the extension to the Exclusive Lasso framework a natural next step.

Extending the proposed techniques to the GAM framework, particularly in high-dimensional settings,
may present computational challenges. Our current approach uses a standard Newton–Raphson al-
gorithm to optimize the objective function. However, for high-dimensional problems where the
computation of the Hessian matrix becomes impractical, we recommend using Quasi-Newton meth-
ods, which approximate the Hessian using gradient information from successive iterations. Another
promising alternative is the Penalized Iteratively Reweighted Least Squares (PIRLS) method, as
proposed by Oelker and Tutz (2017), which may offer substantial improvements in computational
efficiency. In addition, different smoothing strategies for the composite Exclusive Lasso penalty
could be explored. For instance, reformulating the problem as a quadratic objective with linear
constraints or applying Least Absolute Deviation (LAD) regression (Steiger et al., 1983), which can
be expressed as a linear programming problem, could enable the use of efficient optimization tech-
niques within the Exclusive Lasso framework. This idea may be extended to incorporate Elastic
Net penalization, which could provide more structured sparsity and be particularly beneficial in the
presence of highly correlated predictors.
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Abstract: Systolic and diastolic blood pressures have always been closely as-
sociated with environmental factors such as temperature and relative humidity.
However, the interaction effect between these environmental factors in modelling
blood pressure is often not considered. We aim to use generalized additive models
to model blood pressures as the environmental data often display a non-linear
pattern. The explanatory variables may often have different measuring units. The
tensor product spline approach is practical to model the interaction effect among
the environmental explanatory variables instead of the isotropic smoothing.

Keywords: Generalized additive models; Tensor product splines; P-splines.

1 Introduction

Several studies have shown a significant relationship between blood pres-
sure, temperature and relative humidity (e.g., Barnett et al., 2007). Al-
though blood pressures are predicted reasonably well using environmental
variables such as temperature, it is interesting to consider the interaction
among these variables. We see that Generalized additive models (GAMs)
are a better choice over Generalized linear models (GLMs) for modelling the
effects of climatic and environmental variables (see Ravindra et al., 2019).
Additive models are the sum of smooth, typically non-linear functions of
the explanatory variables. These models allow for more flexible relation-
ship between the variables compared to linear modelling. As the nature
of the relationship between the response and explanatory variable(s) dic-
tates the model, it can be analyzed non-parametrically. GAMs can be seen
as an extension of GLMs, allowing the linear predictor to be expressed as
smooth additive functions. GAMs can thus handle both non-linear and non-

This paper was published as a part of the proceedings of the 36th Inter-
national Workshop on Statistical Modelling (IWSM), Trieste, Italy, 18–22 July
2022. The copyright remains with the author(s). Permission to reproduce or ex-
tract any parts of this abstract should be requested from the author(s).
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monotonous relationships between the response and explanatory variables.
The variety of choices in smoothing functions can substantially improve
the performance of the GAM model.
We analyzed the systolic and diastolic blood pressures of 635 women ex-
amined during two follow-ups. The aim was to model the blood pressures
via socio-demographic covariates such as age, household, smoking pattern,
schooling years, etc., and focus on the interaction effect between the envi-
ronmental covariates.

2 Materials, Methods and Data

In the following section, we introduce the idea of GAMs and bivariate
tensor product splines to model interaction effects. We briefly explain the
data and the statistical analyses used. Finally, we state the critical results
found in our study.

2.1 Methodology

Consider response variable yi associated to covariates {x1i, x2i, . . . , xpi}.
The GAM for modelling the data {yi, x1i, x2i, . . . , xpi; i = 1, 2, .., n} can
be extended (see Wood, S. N., 2006) from GLMs with g(·) as a known
monotonic differentiable link function to have the following structure

g(E[yi]) = β0 + f1(x1i) + f2(x2i) + . . .+ fp(xpi) . (1)

Here, the functions f1(·), f2(·), . . . , fp(·) are unknown smooth functions to
be estimated. To simplify the estimation of these functions, we represent
them in such a way that Equ. (1) becomes a linear model. For simplicity, in
the following we consider a single function f(x) of one covariate x. We can
represent the function f(·) through a linear combination of a set of basis
functions {bj ; j = 1, 2, . . . , d} as

f(x) =

d∑

j=1

αjbj(x) , (2)

where the αj's are unknown spline coefficient parameters and d is the cor-
responding number of basis functions.
In the following, we use the B-spline basis function approach for the basis
functions bj(x) (see Eilers, P. H., and Marx, B. D., 2021). The smoothness
and the number of B-splines depend on the number of knots. So, we consider
a roughness penalty to overcome this strong dependence on the number of
knots. Penalization can be applied to k-th order differences between the
coefficients αj from Equ. (2). Thus, instead of regular least squares, i.e.∑n

i=1(yi−f(xi))
2, we minimize the penalized least squares (PLS) criterion.
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This is called the penalized spline (P-splines; see Eilers, P. and Marx, B.,
2021) approach.
The k-th order P-spline based on d = l+m− 1 B-splines can be estimated
by the following penalized residual sum of squares

PLS(λ) =

n∑

i=1

(yi −
d∑

j=1

αjbj(xi))
2 + λ

d∑

j=k+1

(∆kαj)
2, (3)

where ∆k is the k-th order difference among the coefficients αj . λ > 0 is
known as the smoothing parameter that controls the trade-off between the
model fitting and smoothness.
In order to model the interaction between two covariates, x1 and x2, we
can use the tensor product bases. We construct the univariate bases for x1

and x2 via aj(x1), j = 1, 2, . . . , d1, and bk(x2), k = 1, 2, . . . , d2, respectively.
The bivariate smooth function f12(x1, x2) of x1, x2 has the following form

f12(x1, x2) =

d1∑

j=1

d2∑

k=1

γjkaj(x1)bk(x2) . (4)

Here, we apply double penalization to both rows and columns of B-splines
with respective smoothing parameters λ1 and λ2.
In case that random effects are included in the model, we can extend the
predictor from Equ. (1) by Zb, where b ∼ N (0, Iσ2

b ) represents the vec-
tor of random effects and I an identity matrix of suitable dimension with
respect to the random effects components.

2.2 Study population

Data were collected from the IUF-Leibniz Research Institute for Environ-
mental Medicine, as a part of the Study on Influence of Air Pollution on
Lung, Inflammation and Aging (SALIA) cohort. The data comprises 635
women examined for systolic and diastolic blood pressures on two follow-
ups recorded between 2007 to 2008 and 2012 to 2013. The climate data,
temperature (in ◦C) and relative humidity (in %), were collected up to
30 days before the examination. Additional socio-demographic covariates
such as age, Body Mass Index (BMI), years in school, smoking behaviour,
diabetes, living conditions, location, etc., were updated at each follow-up.

2.3 Statistical analyses

We fit the blood pressure to a GAM with an identity link, and we select
P-splines as the smoothers for the covariates. We model the temperature
and relative humidity interaction via a bivariate tensor product P-spline.
Additionally, we consider random intercepts for each study participant to

296



Ravi et al.

account for subject-specific variability. Taking the seasonal variations into
consideration, we subset the data into warmer and colder months based on
the date of examination and temperature. We examine the delayed effects
of environmental variables by taking moving average lags up to 30 days
before the examination. The lag structure includes lag 0, lag 0-1, lag 0-3,
lag 0-5, lag 0-10, lag 0-20 and lag 0-30. Here, lag 0 represents the daily mean
temperature and daily relative humidity taken on the day of examination
(temp 0,rh 0), i.e. no lag at all, and lag 0-30 represents the moving average
of daily mean temperature and daily relative humidity taken from the day of
examination to 30 days before the examination (temp mean30,rh mean30).
We choose the best moving average lag structure based on the Akaike
information criterion (AIC).

2.4 Results

We find a huge subject-specific random effect for both systolic and diastolic
blood pressures. The estimated standard deviations for the random effects
are 15.289 (12.807-18.252, 95 % CI) and 7.579 (6.298-9.121, 95 % CI) for
systolic and diastolic blood pressures, respectively. Based on the AIC score,
we select the model with lag 0 for systolic and diastolic blood pressures for
the warmer months (April - September). During colder months (October -
March), we select the model with lag 0-10 for systolic blood pressure and
lag 0-20 for diastolic blood pressure. Fig. 1 displays a robust and highly
non-linear interaction effect between daily mean temperatures and daily
relative humidity. From Fig. 2, we observe that the effect of age is linear
for both systolic and diastolic blood pressures. We also notice a negative
effect of age on diastolic blood pressure, which seems to be consistent with
epidemiological results (e.g., Pinto E., 2007).
Our findings suggest that the bivariate interaction between temperature
and relative humidity plays a critical role in modelling the blood pressures
during the warmer months (p-values < 0.01) more than in colder months,
where the effect was not significant. During colder months, the covariate
location (rural or urban) shows significance (p-value = 0.00674 for dias-
tolic and p-value = 0.0099 for systolic). Age also plays a significant role
(p-value < 0.01) for all models except for systolic blood pressure in colder
months. Some covariates such as the number of smoking packets per day
and BMI show a non-linear effect on blood pressure. However, other co-
variates, such as years in school, diabetes, and heating conditions do not
seem relevant for modelling systolic and diastolic blood pressures.

3 Conclusion

We have proposed a generalized additive model to understand the effect
of environmental factors on systolic and diastolic blood pressures. We also
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FIGURE 1. Bivariate tensor product of daily temperature and humidity. Left
panels: Warmer months, Right panels : Colder months.

quantified the interaction effect between temperature and relative humid-
ity using a bivariate tensor spline. To account for the repeated measure-
ment structure, we incorporated the random effects. As various studies
indicate the importance of seasonal variations in blood pressures, we sub-
set our study population into warmer and colder months (see Rosenthal,
T., 2004). Our data suggest that individual-specific covariates such as age
and location influence blood pressures. We also see a significant effect of
the interaction between climatic factors on blood pressure. Our finding
of systolic and diastolic blood pressures modelled best with climatic data
taken on the day of examination for warmer days and longer lags for colder
days confirms earlier research studies (Brook et al., 2011). However, note
that our study has a few limitations. First, the blood pressures have dif-
ferent scales of measurement for each follow-up. Although this seems to be
a small-scale impact on the results, it may still induce some bias. Second,
this study does not include the popular methods used in literature to de-
tect interaction effects. For example, stratification of the climatic factors
can give a more comprehensive and quantitative comparison of temperature
and relative humidity effects on blood pressure. While GAMs are widely
used in studying the effect of environmental factors on blood pressure, this
study considers the interaction among these environmental factors through
a bivariate tensor product spline.
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ABSTRACT
Background: Studies  have  shown  how  air  pollution  and  temperature  affect  blood  pressure.  We
investigated the combined effect of air pollution and temperature on blood pressure in a cohort of older
German women. 
Methods: We analysed systolic (SBP) and diastolic blood pressure (DBP) data from the follow-up of
the Study on the influence of Air pollution on Lung function Inflammation and Ageing (SALIA) cohort.
Short-term data on air pollutants and temperature were obtained from the German Weather Bureau and
the German Environment Agency. A generalized additive model was used to capture their combined
effect. Stratified analyses were performed to quantify the variation in the estimated effects. The core
model was adjusted for several covariates. 
Results: We observed a combined effect of temperature and air pollution on blood pressure. We found
that low temperatures and high levels of air pollutants such as PM2.5 and NO2 increased SBP and DBP.
However,  higher exposure to O3 generally lowered SBP and DBP. Stratified analyses showed that
temperature and air pollution had significant combined effects on women living in urban areas and with
low socio-economic backgrounds. 
Conclusion: The combined effect of low ambient temperature and high air pollution substantially
increased BP among older German women.

Keywords: Air pollution, Temperature, Blood pressure, Simultaneous exposure,  Linear and
non-linear interactive effects

INTRODUCTION

Every year, an estimated seven million premature deaths are attributed to the combined effects
of household and ambient air pollution [1]. There is some evidence, from studies conducted over
short  or  long periods,  that  air  pollution  contributes  to  increased  mortality  and morbidity  risks
associated with hypertension, cardiovascular disease, respiratory problems and stroke, as well as
frequent emergency visits for hypertension [2  ,   3  ]. Possible explanations for this association include
elevated  oxidative  stress  levels,  systemic  inflammation, endothelial dysfunction, alterations in
blood coagulability, and the autonomic nervous system [4  ,   5  ]  . Similarly, extreme temperatures have
been associated with blood pressure (BP) variations leading to more cardiovascular deaths [6  ,   7  ]. A
major concern is that different locations and age groups have been studied, leading to different
results.

One of the reasons why such studies have failed to provide concrete certainty may be the
exclusion  of  synergistic  interactions  among  various  environmental  exposures.  While  the
independent effects of temperature and outdoor pollutants on health are well-established, little
effort has been made to explore their combined effects. The relationship between temperature and
air pollution is influenced by factors such as location, climate, emissions, and specific pollutants.
High temperatures  can alter  chemical  reactions  in  the atmosphere,  especially  those involving
nitrogen oxides [8, 9, 10]. On hot, sunny days, tropospheric ozone and other secondary pollutants
often exceed normal levels. This combination of elevated temperatures and ozone can affect the
body's thermoregulation, potentially leading to decreased BP [11]. Therefore, understanding how
air  quality  interacts  with  temperature  and  impacts  health  is  critical.  Recent  epidemiological
research  emphasizes  the  urgency  of  investigating  the  health  impacts  of  these  environmental
interactions [12].

To address this research gap, we hypothesized a complex synergy between temperature and
air pollution and their effects on BP in older females. Evidence suggests that older adults are
more vulnerable to the harmful impacts of climate change [13]. Therefore, we utilized the well-
characterized SALIA (Study on Air pollution, Lung function, Inflammation, and Aging) cohort
study and conducted subgroup analyses to identify older individuals particularly susceptible to



environmental exposures. Instead of using simple multiplication as in previous studies [8], we
employed  a  bivariate  tensor  product  approach  to  capture  the  intricate  correlations  between
environmental stressors. Our research utilized Generalized Additive Models (GAMs) [14] with
tensor  product  terms  to  accurately  describe  the  complex  interplay  between  temperature,  air
pollutants, and BP. These flexible models can capture non-linearities and incorporate multiple
factors, demonstrating superior predictive power over linear models for assessing environmental
health impacts. Thus, our study is novel in its application of robust statistical techniques like
GAMs to identify the combined effects of temperature and air pollution on BP.

MATERIAL AND METHODS

Study design and population

The SALIA cohort study was established between 1985 and 1994 to investigate the health
effects of air pollution exposure in women by the State Government of North-Rhine Westphalia,
Germany. Women from the region’s industrialized Ruhr Area (Dortmund, Duisburg, Herne,
Gelsenkirchen, and Essen) and two non-industrialized rural  communities north of the Ruhr Area
(Borken and Dülmen) make up the study population. The details of the study have been published
elsewhere [15  ,   16]. In the present study, we utilized data from follow-up 3 (2012-2013) with 541
women. The study was approved by the ethics committee of the Medical Faculty of the Heinrich
Heine University Düsseldorf (Germany; Registration number: 3507). All methods were performed
in accordance with the relevant guidelines. The Declaration of Helsinki Principles was followed,
and all women gave their written informed consent before the investigation.

Assessment of BP and other covariates

During  the  third  follow-up,  participants  were  interviewed  for  a  thorough  medical  history,
including diabetes mellitus, respiratory health conditions, cardiovascular diseases,  medication, and
lifestyle factors, following the standard study protocol. A sphygmomanometer,  Omron 705 IT at
the left upper arm, measured BP at a sitting position after a rest period of at least 5 minutes. The
final  BP value was,  as  a  rule,  defined as  the mean value of  second and third measurement.
Systolic (SBP) and diastolic BP (DBP) were used as BP markers.

    We obtained information about other potentially confounding factors such as smoking status,
current passive smoking at home, the packyears (number of cigarette packs consumed per day times the
duration of smoking in years), urban/rural living, age, and body mass index (BMI). The maximum
length of schooling (< 10 years, 10 years, and > 10 years) attained by the participating woman or
her husband was used as an indicator of socioeconomic status (SES). The participants were also
classified into physically active and inactive participants according to their self-report on having ever
regularly done sports. Additionally, the frequency of alcohol consumption was used as a dichotomized
variable (less than once a week vs. once a week or more often). Information on diabetes was included in
sensitivity analyses.

Exposure assessment

Individual  exposure  to  short-term  air  pollution  and  temperature  was  estimated  through
average levels at women’s residential addresses. In this study, we employed data from lag 0,
ensuring that BP and exposures were derived from the same day without incorporating any lags.  

 The  daily  mean  temperatures  (Tmean)  and  relative  humidity  (RH)  were  obtained  from
COSMO-REA6 [17] at a spatial resolution of 6x6 km for the study region.



We obtained data for daily air pollution levels (PM2.5 NO2, and O3) at a spatial resolution of 
2x2 km based on the method of optimal interpolation from the German Environment Agency 
[18]. All parameters were assigned to the participant’s home address.

Statistical analysis

We used a generalized additive model (GAM) with an identity link to analyze the association 
between different BP measurements (SBP or DBP), Tmean, and air pollutants (PM2.5, NO2, or O3). 
The BP measurements were log-transformed to justify normality and stabilize the variance. To 
rule out potential confounding effects, we adjusted the models for the following covariates such as 
age, BMI, location (urban/rural), SES (low/medium/high), fossil heating (yes/no), packyears, current 
smoking and passive smoking. Additionally, all models included the season (warm: April-September, 
cold: October-March) as a binary temporal  variable. Finally, all models contained an indicator 
variable for RH greater than 80%. In the final analysis, we used the complete case analysis with 
complete information on 541 participants.  

We investigated the combined effect of Tmean and air pollutants on BP through bivariate tensor 
product penalized splines. Therefore, we modeled BP as a bivariate  function of Tmean and one air 
pollutant at a time. We adjusted for the mentioned covariates and applied a smoothing effect to certain 
continuous variables, such as age and the packyears.

E[Y|x] = te(Tmean, PM2.5/NO2/O3) + s(age) + s(packyears) + BMI + location +
SES + RHbin + fossil heating + current smoker + passive smoking + season

where Y represents the BP with expectation E[Y|x] (conditional on all covariates x),  te(·) is the 
bivariate tensor product of Tmean and one of the air pollutants, and s(·) symbolizes the  (smooth) 
non-linear covariate effects based on penalized splines.

We performed several sensitivity analyses to test the core model’s robustness. We repeated the 
main analysis without applying the log transformation of BP. We additionally adjusted for other 
covariates in the main model, like frequency of alcohol intake, physical activity, and diabetes.

Furthermore, we examined effect modifications based on stratified analyses using individual 
characteristics such as location, BMI, and SES.

The strength of the non-linearity of GAM estimates was tested through both Generalized cross-
validation (GCV) scores and Restricted Maximum Likelihood Estimation (REML).

All analysis were performed using R statistical software, V4.3.3 [19].

RESULTS

Descriptive results

Detailed characteristics of the study population are shown in Table 1. The average age of the
study participants was 77.5 (± 3.15). Most of the participants had a BMI above 25 (79.4%) (Table
S  4  ),  medium  to  high  SES  (81.3%),  and were non-smokers (96.9%). The  proportions  of
participants from urban and rural areas were relatively similar.

The description of temperature, air pollutants, and BP measurements is shown in Table 2. The
daily average values were as follows: Tmean was 10.4 (± 7.56)◦C, PM2.5 was 15.2 (± 9.04) µg/m3,
NO2 was 23.5 (± 10.9) µg/m3 and O3 was 40.9 (± 20.5) µg/m3. While the means across the study
sample of the daily averages for all air pollutants were below or very close to the World Health
Organization (WHO) Air Quality Guidelines, individual days with levels exceeding these limits



were observed. Additionally, during the time of  follow-up 3, the 2005 WHO guideline for  PM2.5

was higher (25 µg/m³), and there was no established limit for NO2.
The average SBP was generally observed to be high at around 145 (± 20.8) mmHg. However, the

DBP was in  the normal range (less than 80 mmHg, [20]). The average DBP was 77.8 (± 10.1)
mmHg.    

Figure F1 shows the individual relationships between BP and  Tmean, as well as BP and  air
pollutants. We did not  observe any general  pattern among the exposures and BP.  The estimated
individual associations were mainly linear.

The combined effect of temperature and air pollution on BP

Figures 1  A   and 2  A   display the3D surface plots of SBP and DBP as functions of Tmean and air
pollutants in the fitted model. These plots enable us to identify the relationships between Tmean
and BP at any given concentration of air pollutants and between air pollutants and BP at every

Tmean. Figures 1  B   and 2  B   show the associations between BP and air pollutants at the 10th, 25th,

50th,  75th,  and  90th percentiles  of  the  Tmean  distribution.  Overall,  we  observed  a  smooth,
complex, non-linear combined effect of Tmean and air pollution on BP.

      The combined effect of temperature and PM2.5 on BP: We observed higher SBP and DBP at
low temperatures, which increased with increasing concentrations of PM2.5, and a decrease in SBP
at high temperatures with rising  PM2.5 levels. The association between temperature and BP was
more linear for SBP and non-linear for DBP (Fig 1A, 2A). The percentile graph, similarly, shows an
increase in SBP and DBP at low temperatures with an increase in exposure to PM2.5 (Fig 1B, 2B).

    The combined effect  of  temperature and  NO2 on BP:  We observed higher  SBP at low
temperatures, which increased with increasing NO2 concentrations. In contrast, the SBP decreases
at higher temperatures, even with a rise in NO2 levels (Fig 1A). However, we noticed a non-linear
association between NO2 and SBP across all temperature categories. At low and high temperatures,
the association between DBP and NO2 is linear in that DBP decreases with an increase in NO2 (Fig
2A). In contrast, at medium temperatures, DBP increases with an increase in  NO2. The same is
visible in the two-dimensional plots (Fig 1B, 2B)

      The combined effect of temperature and O3 on BP: In general, there was a negative linear
association between SBP and temperature/O3, so there was a decrease in SBP with an increase in
temperature and O3 (Fig 1A). A similar association was also observed for DBP, with a slight non-
linear association with temperature (Fig  2A). Consequently, both BP levels decreased across all
temperature categories, except for very low temperatures, in response to O3 exposure. However, the
slope or intensity of the decrease varied with temperature (Fig 1B, 2B).

Supplementary Table  S1 represents the significance of the bivariate tensor product  on BP in
terms of the p-value of the tensor product between temperature and air pollution. We noticed that
the combined effect of Tmean and air pollution is significantly associated with SBP, while it was in
part  insignificant with DBP. Overall,  the association between air  pollution and BP differs with
varying levels of Tmean, indicating an interactive effect of Tmean and air pollution on BP.

Stratification analysis

We studied the combined effect of Tmean and air pollution on BP, stratified by location, SES,
and BMI (Supplementary Tables S  2  , S  3  , and S  4  ). A BMI above 25 kg/m² is classified as high by
WHO guidelines. Overall, we found significant combined effects of Tmean and air pollutants on
both SBP and DBP in women living in urban areas and those with low to medium SES. However,
no significant combined effect was observed among older individuals with high BMI.



Sensitivity analysis

We performed several sensitivity analyses to test the robustness of the results. Controlling
for additional covariates such as alcohol intake frequency, physical activity, and diabetes did not
alter the findings from the core model. Additionally, we assessed the degree of non-linearity in
the bivariate exposure-response surface by estimating the effective degrees of freedom (edf’s)
using both GCV scores and the REML method in the GAM model. Larger edf values indicate
greater non-linearity, while an edf of 1 signifies a linear surface. The edf for the combined effect
of Tmean and PM2.5 concentration was estimated at 4.02 (REML) and 4.18 (GCV), respectively.

DISCUSSION

Our study within the SALIA cohort examines the non-linear relationships between temperature,
air  pollution,  and  BP. We  found  that  the  combined  effects  of  temperature  and  air  pollution
significantly  impact  BP  in  older  adults,  even  after  controlling  for  confounders  like  individual
characteristics, season, and relative humidity. To our knowledge, this is the first study to utilize a
bivariate non-linear exposure-response surface to model the combined impact of air pollutants and
temperature on BP.  Specifically,  exposure to  low temperatures  alongside higher  concentrations  of
pollutants such as PM2.5 and NO2 was associated with increased BP.

Previous studies have examined the short-term effects of temperature and air pollution on BP,
often assuming linear relationships, with inconsistent findings: some report positive  association
[2  ,    21  ,    22  ], others negative  [23  ,    24  ]. However, most of these studies have only examined the
individual  impacts  of  temperature  and  pollution  on  BP,  with  limited  investigation  of  their
combined effects. While some studies incorporated linear interaction terms between temperature
and pollutants, indicating that low temperatures and high pollution may elevate BP in healthy
adults  [25],  this  approach  struggles  to  capture  non-linearity  and  often  yields  non-significant
results. A few studies investigating short- [26] and long-term [27] exposures, have identified non-
linear associations between certain pollutants (O3, NO2) and SBP, but not with particulate matter.
Thus, to address non-linearity, our study took a more comprehensive approach by examining the
impact of PM2.5, NO2, and O3 exposures on BP, modified by temperature, while considering the
possibility of both linear and non-linear associations. Consistent with the previous studies, our
study  also  indicated  a  linear  combined  effect  of  temperature  and  PM2.5 on  SBP,  while  the
combined effect with NO2 was non-linear with BP.

We observed an elevation in BP for exposures of PM2.5 within the low-temperature levels and
an opposite  effect  of  a  decrease  in  BP for exposures of PM2.5 within the medium- and high-
temperature levels. While most of the previous studies report an elevation in BP for exposure to
PM2.5 [28  ,  21  ] and a few others [29] reported no significant impact of PM2.5 in BP, we noticed the
substantial  role  of  the  temperature modification. The relationship between BP and other air
pollutants is also  quite inconsistent in previous studies. A Danish cohort study and others have
reported decreased SBP with exposure to NO2 [30  ,   31  ]. Although we observed decreased DBP at
low and high temperatures, DBP increased with NO2 exposure at medium temperatures, while the
association with SBP was non-linear. Despite observing a generally negative association between O3

and BP, our findings contrast with studies showing increased DBP from O3 exposure [32, 33]. These
inconsistencies may be due to differences in populations, regions, sample sizes, and the lack of
consideration for temperature’s modifying effect. Another reason for these discrepancies is the
limitation  of  not  accounting for  non-linear  relationships,  as  we observed that  the  association
between air pollution and BP was partially non-linear and varied with temperature.

Our analysis revealed that temperature and air pollution had a stronger impact on women in
urban areas compared to rural ones. Previous research also reported increased BP with moves
from suburban to metropolitan areas, likely due to higher carbonaceous PM2.5 levels in urban



environments [34]. Our findings of significant associations for low SES groups align with studies
that connect air  pollution to hypertension among women in lower-income, less-educated,  and
rural populations [35].

Much remains to be understood about the biological processes connecting air pollution and
BP.  One  widely  accepted  theory  suggests  that  PM induces  oxidative  reactions  and  systemic
inflammation,  leading  to  vascular  dysfunction  [36].  Aging  arteries  have  reduced  antioxidant
capacity, resulting in heightened oxidative stress. This compromises endothelial and vasomotor
functions, impairing BP autoregulation during inflammation [37]. This may explain why older
adults experience greater BP increases from air pollution than younger individuals [38]. Ultrafine
particles may also penetrate alveolar walls, directly affecting endothelial  cells  and raising BP
[39].  Similarly,  the  mechanisms  linking  temperature  and  BP are  unclear.  Cold  temperatures
stimulate the nervous system, increasing heart rate and BP, whereas higher temperatures may
lower BP, possibly due to reduced peripheral resistance [7].

Our  study  has  several  strengths.  Firstly,  modeling  a  two-dimensional  exposure-response
surface between temperature and air pollution on BP is statistically robust, as it accommodates
differing units of environmental variables and captures both individual and interactive effects.
While other linear models may yield similar insights, bivariate tensor products reduce power loss
from temperature stratification [40] and support non-linear or complex relationships. Secondly,
our well-characterized cohort, including factors like smoking and drinking, provides a solid basis
for controlling confounding variables. 

We also acknowledge several limitations of our study. The study population consisted of older
women from the industrialized area of Germany. Thus, the conclusions may not  be generalized to
other study populations. Secondly, we could not rule out the possibility  of unmeasured
confounding variables, such as psychosocial stressors, which might impact BP. Thirdly, since the
participants were primarily more than 60 years of age, controlling for antihypertensive medication
could have been desirable.

CONCLUSION
In conclusion, we found an increase in SBP and DBP with exposure to low temperature and

higher levels of air pollution in older German women. Unlike most previous studies, which use the
linear interaction model between temperature and air pollution, we propose using non-linear bivariate
tensor splines to model their combined effect. Future studies should explore the combined effects of
temperature and air pollution on BP and investigate biological pathways to clarify these complex interactions.
The findings  of this research highlight the urgent need to address the intricate synergy between
environmental variables and public health outcomes.
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a)

b)

Figure  1: (Panel  a )  Visual  representation  of  the  bivariate  response  surfaces  for  SBP  of
temperature and air pollutants, PM2.5,  NO2, and O3 (column-wise), estimated by the tensor product
model. All models were adjusted for age, body mass index (BMI), socioeconomic status (SES),
location  (urban/rural),  packyears,  current  smoking (yes/no),  second smoker  (yes/no),  fossil  fuel
heating (yes/no), the season, and relative humidity (binary with cutoff 80%). The color intensity
represents the magnitude of the BP values. Darker colors indicate lower values; lighter colors



represent larger values. (Panel  b )  The adjusted associations between SBP and air pollutants at the

10th, 25th, 50th, 75th, and 90th percentiles of the Tmean distribution.  

a)

b)

Figure  2: (Panel  a)  Visual  representation  of  the  bivariate  response  surfaces  for  DBP of
temperature and air pollutants, PM2.5, NO2, and O3 (column-wise), estimated by the tensor product
model. All models were adjusted for age, body mass index (BMI), socioeconomic status (SES),
location  (urban/rural),  packyears,  current  smoking (yes/no),  second smoker  (yes/no),  fossil  fuel
heating (yes/no), the season, and relative humidity. The color intensity represents the magnitude of
the BP values. Darker colors indicate lower values; lighter colors represent larger values. (Panel

b ) The adjusted associations between DBP and air pollutants at the 10th, 25th, 50th, 75th, and

90th percentiles of the Tmean distribution.



Table 1: Descriptive statistics of the study population.

Overall
(N=541)

Age in years
  Mean (SD) 77.5 (3.15)
  Median [Min, Max] 77.5 [70.1, 83.4]
BMI in kg/m2

  Mean (SD) 28.4 (4.52)
  Median [Min, Max] 27.8 [15.7, 46.2]
Packyears [packs/day × years]
  Mean (SD) 3.44 (11.3)
  Median [Min, Max] 0 [0, 133]
SES
  Low 101 (18.7%)
  Medium 251 (46.4%)
  High 189 (34.9%)
Location
  Rural 271 (50.1%)
  Urban 270 (49.9%)
Season
  Winter 252 (46.6%)
  Summer 289 (53.4%)
Diabetes
  No 465 (86.0%)
  Yes 73 (13.5%)
Heating with fossil fuels
  No 482 (89.1%)
  Yes 53 (9.8%)
Smoker
  No 524 (96.9%)
  Yes 17 (3.1%)
Second smoker
  No 472 (87.2%)
  Yes 65 (12.0%)
Regular sports
  Active 226 (41.8%)
  Inactive 313 (57.9%)
Alcohol consumption
  Once a week or more often 137 (25.3%)
  Less than once a week 402 (74.3%)



Table 2: Descriptive statistics of meteorological data, air pollution data, and blood pressure.

Overall
(N=541)

Temperature in 
◦
C

  Mean (SD) 10.4 (7.56)
  Median [Min, Max] 10.9 [-4.52, 26.5]
Relative humidity in %
  Mean (SD) 78.0 (10.9)
  Median [Min, Max] 80.5 [47.5, 95.9]
PM2.5 in µg/m3

  Mean (SD) 15.2 (9.04)
  Median [Min, Max] 12.0 [3.90, 53.9]
NO2 in µg/m3

  Mean (SD) 23.5 (10.9)
  Median [Min, Max] 23.6 [3.85, 55.3]
O3 in µg/m3

  Mean (SD) 40.9 (20.5)
  Median [Min, Max] 41.4 [1.10, 86.3]
Systolic BP in mmHg
  Mean (SD) 145 (20.8)
  Median [Min, Max] 144 [87.5, 248]
Diastolic BP in mmHg
  Mean (SD) 77.8 (10.1)
  Median [Min, Max] 77.0 [50.0, 112]
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Table S1: p-values of the bivariate tensor product between air pollution and temperature (p-
values<0.05 in bold).

PM2.5
NO2 O3

SBP 0.03 0.04 0.03
DBP 0.23 0.04 0.27

Table S2: Statistical significance of the combined effect between air pollution and temperature in
different locations  (p-values<0.05 in bold).

Location BP PM2.5
NO2 O3

Rural SBP 0.32 0.47 0.22
   (N=271) DBP 0.67 0.59 0.98

Urban SBP 0.03 0.04 0.01
   (N=270) DBP 0.02 0.03 0.02

Table S3: Statistical significance of the combined effect between air pollution and temperature 
in different SES status  (p-values<0.05 in bold).

SES BP PM2.5
NO2 O3

Low SBP 0.01 0.00 0.00
   (N=101) DBP 0.13 0.16 0.06

Medium SBP 0.08 0.00 0.01
   (N=251) DBP 0.09 0.02 0.04

High SBP 0.28 0.78 0.85
   (N=189) DBP 0.06 0.72 0.93



Table S4: Statistical significance of the combined effect between air pollution and temperature 
in different groups of BMI (p-values<0.05 in bold).

BMI BP PM2.5
NO2 O3

Low BMI SBP 0.13 0.16 0.19
      (N=111) DBP 0.65 0.77 0.75

High BMI SBP 0.15 0.14 0.18

      (N=430) DBP 0.17 0.02 0.07



3

Figure  F1: Individual  relationships   between Tmean (
◦
C) /  air  pollution  concentrations

(µg/m3) and SBP (mmHg)  /  DBP (mmHg). The blue  curve  in  the  plot  represents  the
modeled trend derived from  a  Generalized Additive Model (GAM) fit. For illustration, a
simple GAM model with exposures and BP is used. Shadows represent the 95% confidence
intervals (CIs).
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Abstract. Multi-omics datasets pose significant challenges due to their
structured nature, where highly correlated variables are grouped within
a complex, high-dimensional framework. Traditional Lasso methods
encounter limitations in handling correlated features within these groups
effectively. To address this issue, we propose using Exclusive Lasso, focus-
ing on inducing sparsity at the intra-group level. Additionally, we intro-
duce an efficient algorithm for solving the related optimization prob-
lem. By prioritizing feature selection robustness within correlated group
structures, our proposed methodology offers a promising solution to the
challenges inherent in analyzing biological datasets. This advancement
enhances our ability to extract meaningful insights from multi-omics
data, thus facilitating deeper understanding and exploration of complex
biological systems.

Keywords: Variable selection · Composite penalty · Exclusive Lasso

1 Introduction

Effectively utilizing multi-omics data, encompassing genomics, epigenomics,
transcriptomics, proteomics, metabolomics, and microbiomics, presents a con-
siderable challenge. The critical characteristic of multi-omics data lies in the
extensive dimensionality of the datasets. This poses specific requirements for
constructing prediction models, as they must handle datasets where the number
of variables significantly surpasses the number of observations. Another challenge
in working with multi-omics data is its structured nature, where variables are
grouped into non overlapping categories. This structural organization should be
considered when constructing prediction models. A crucial aspect of multi-omics
data is the high dimensionality within each omic group of datasets. In such sce-
narios, incorporating the group structure during model building or prioritizing
clinical variables becomes beneficial. Otherwise, clinical variables which are very
few in number may be overshadowed by the vast amount of omics data. It is
widely recognized that a substantial portion of omics data lacks informativeness
for prediction due to redundancy or irrelevance [1,2]. The importance of feature

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
J. Einbeck et al. (Eds.): IWSM 2024, CONTRIB.STAT., pp. 142–147, 2024.
https://doi.org/10.1007/978-3-031-65723-8_22
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selection is indisputable, often requiring sparse and interpretable models that
include only a limited number of variables.

Various group regularizers, including the well-known Group Lasso [3], have
been extensively explored to address this challenge. Group Lasso employs L2,1-
norm regularization to promote sparsity between groups. This means that fea-
tures within the same group, such as genomics or proteomics, are either selected
or excluded together. However, genomics data are typically grouped together due
to their high correlation. Incorporating inter-group sparsity could lead to over-
looking this interdependence among groups. We propose the Exclusive Lasso
[4], incorporating an L1,2-norm regularization term to address this challenge.
This term promotes sparsity within groups while allowing for a relaxation of
sparsity between groups, ensuring that at least one variable from each group is
selected. We introduce the Newton Method-L1,2 Sparsity Algorithm (NM-L1,2

Sparsity Algorithm) as an alternative estimation approach for the Exclusive
Lasso, employing a quadratic approximation of the L1,2-norm.

The paper is organized as follows. Section 2 introduces the Exclusive Lasso
technique and the new estimation procedure. Results from simulation studies
and real-data applications are presented in Sect. 3 and Sect. 4 concludes.

2 Methods

For βββ = (β1, . . . , βp)
�, we consider the problem of the form

min
βββ

f(βββ) = L(βββ) +
λ

2

∑

g⊂G

(∑

k∈g

|βk|
)2

, (1)

where L(βββ) is a loss function, λ ≥ 0 is the penalty parameter and G is a collection
of non-overlapping predefined groups of indices g such that

⋃
g⊂G

= {1, . . . , p}.

Following [5], we use a quadratic approximation for the transformation of the
L1 norm into a differentiable function given by |x| ≈

√
x2 + c. Here, c is a small

positive number. With this approximation, the penalty term from Eq. (1) can
be rewritten as

P (βββ) =
1

2

∑

g⊂G

⎛
⎝∑

k∈g

√
β2
k + c

⎞
⎠

2

. (2)

Let S = {1, . . . , p} be the set of indices corresponding to the entries of βββ. We
construct square matrices Mg with dimensions |S ∩ g| such that

Mgij =

{
1, if i = 1,

0, if i > 1.

Let B ∈ Rp×1 represent the vector
(√

(β2
1 + c), . . . ,

√
(β2

p + c)
)�

, then
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∂B

∂βk
=

βk√
(β2

k + c)
&

∂2B

∂β2
k

=
c

(β2
k + c)

3
2

.

We rewrite the penalty term as 0.5 · (GB)TGB, where G ∈ Rp×p is a block
diagonal matrix with matrices Mg. Using matrix and vector differentiation rules,
the gradient and Hessian of the penalty term P (βββ) can be derived as

∂

∂βk
P (βββ) = BT(C+CT)

∂B

∂βk

where C ∈ Rp×p = GTG. With D ∈ Rp×p = C+CT, we obtain

∂2

∂β2
k

P (βββ) =

[
∂B

∂βk
DT ∂B

∂βk
+BTD

∂2B

∂β2
k

]
.

We perform Newton iterations of the form βββ(l+1) := βββ(l) − t(∇2g(βββ(l)))−1

∇g(βββ(l)), where g(βββ) is a continuous and twice-differentiable approximation func-
tion of f(βββ). Following [6], we choose step size t using a back-tracking line search
satisfying the Armijo condition.

3 Results

We evaluate our algorithm by comparing it with the standard Lasso [7] using
simulated data and a real-world multi-omics dataset.

3.1 Simulation Studies

Following [4], we simulate two examples with n = 100 observations and p = 100
variables. In the first example, the variables are divided into four equal groups,
with the true parameter being non-zero in the first index of each group. The data
is simulated from a multivariate normal distribution with a Toeplitz covariance
matrix with entries Σi,j = a|i−j| for variables in the same group, and Σi,j =
b|i−j| for variables in different groups. For the first covariance matrix, we opt
for a strong correlation of a = b = 0.9, simulating high correlation both within
and between groups. For the second scenario, we use a moderate correlation of
a = 0.9 and b = 0.6, resulting in high correlation within and medium correlation
between group. Finally, for the third scenario, both within- and between-group
correlations are set at a moderate level of a = b = 0.6. We repeat the same set of
scenarios for the second example. Here, the variables are divided into the same
four equal groups, with the true parameter being non-zero in more than one
index of each group. In all the above scenarios, the data is simulated using the
model yyy =XβXβXβ + εεε where εεε ∼ N (0, 1) and λ = max

i
|XXXT

i yyy|. We report the results

in terms of average variable selection accuracy, standard error (SE), and root
mean square error (RMSE) on external test data for 50 simulations in Table 1
and 2 (Figs. 1 and 2).
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Table 1. Example 1: Comparison of variable selection methods

NM-L1,2 Lasso

Scenario 1 Accuracy (SE) 0.74 (0.015) 0.31 (0.015)

RMSE 1.35 2.349

Scenario 2 Accuracy (SE) 0.86 (0.022) 0.33 (0.017)

RMSE 1.37 2.178

Scenario 3 Accuracy (SE) 0.95 (0.015) 0.36 (0.018)

RMSE 1.65 2.208

Fig. 1. Example 1: Root Mean Square Error (RMSE) for Two Models

Table 2. Example 2: Comparison of variable selection methods

NM-L1,2 Lasso

Scenario 1 Accuracy (SE) 0.84 (0.024) 0.29 (0.015)

RMSE 2.07 4.15

Scenario 2 Accuracy (SE) 0.91 (0.017) 0.31 (0.015)

RMSE 2.22 3.89

Scenario 3 Accuracy (SE) 0.95 (0.011) 0.30 (0.014)

RMSE 2.52 3.66

Fig. 2. Example 2: Root Mean Square Error (RMSE) for Two Models
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3.2 Down Syndrome Analysis

We validate the effectiveness of the proposed variable selection algorithm using
multi-omics data to predict Down Syndrome. Down Syndrome (DS) is attributed
to the presence of either a complete or partial extra copy of human chromosome
21 (HSA21) [8]. It is the most common genetic condition in humans, occurring
in about 1 in 700 live births. Our data comprises of 29 individuals with DS,
along with their mothers and unaffected siblings. The family-centric approach
is preferred as it allows for a comprehensive examination of potential influences
on DNA methylation patterns, encompassing both genetic and environmental
(lifestyle) factors within familial contexts. There are two molecular data types
(methylation and glycomics data) and clinical data, i.e., three groups of variables.
We compare NM-L1,2 with Lasso and conventional Exclusive Lasso with coordi-
nate descent from the Exclusive Lasso R package. We choose λ = max

i
|XXXT

i yyy|
such that it is large enough to estimate one variable in each group. We ran-
domly split the dataset into a training and a testing set, with 20% of the data
for testing. Figure 3 shows the Receiver Operating Characteristic (ROC) curve
for the three models. In contrast to the other two models, our approach show-
cases superior predictive performance, emphasizing the utilization of optimally
chosen features.

Fig. 3. Receiver Operating Characteristic (ROC) Curve for Three Models

4 Conclusion

In this work, we develop a novel algorithm to solve the Exclusive Lasso problem.
Our findings demonstrate superior performance, surpassing that of standard
Lasso, particularly in scenarios with highly correlated features. We propose the
use of Exclusive Lasso for within-group variable selection, frequently encountered
in biological datasets, especially in the context of multi-omics studies.
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Abstract
Exclusive Lasso offers significant advantages in scenarios that require sparse 
solutions within groups, such as multi-omics or gene expression analysis. These 
applications involve inherent grouping structures where selecting only a subset 
of variables from each group is crucial due to high correlations among variables 
within groups. However, a key challenge in optimizing Exclusive Lasso stems from 
the non-differentiability of the L1-norm within each group. To tackle this issue, we 
propose a method to transform this norm into a differentiable form using quadratic 
and sigmoid function approximations. This transformation facilitates the use of a 
straightforward Newton-based approach to solve the intricate optimization problem. 
Importantly, our proposed variant of Exclusive Lasso relaxes the strict requirement 
of selecting at least one variable per group, in contrast to the conventional Exclusive 
Lasso, and hence enables sparser solutions. Extensive simulation studies underscore 
the superior performance of our approach compared to both traditional Lasso 
methods and conventional Exclusive Lasso formulations.

Keywords  Composite penalty · Newton-based approach · Quadratic approximation · 
Sigmoid function approximation · Variable selection

1  Introduction

Variable selection is a crucial step in the modeling process, particularly when 
dealing with high-dimensional datasets. Regularization techniques that induce 
structural sparsity have become popular tools for this purpose. One of the most 
prominent methods is the Lasso procedure (Tibshirani 1996), which employs the 
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L1-norm to enforce sparsity, effectively selecting a subset of informative variables. 
Lasso has been widely adopted in various real-world applications, including 
microarray gene expression analysis (Güçkıran et  al. 2019), cancer classification 
(Zheng and Liu 2011), sports prediction (Groll et al. 2015) and image classification 
(Huang et al. 2020).

Despite its popularity, Lasso has notable limitations. One major issue is its 
inability to consider the group structure of variables. Additionally, Lasso performs 
poorly when variables are highly correlated. Specifically, it struggles to select the 
correct features when informative variables are correlated with non-informative 
ones, leading to suboptimal performance (Zhao and Yu 2006). Several group 
regularizers have been developed to address the first limitation, among which the 
Group Lasso (Yuan and Lin 2006) is well-known. Group Lasso uses the L2,1-norm 
regularization to induce sparsity between groups, i.e., applying the L1-norm across 
groups to ensure sparsity at the group level and L2-norm within each group such that 
coefficients within the group are regularized together.

However, Group Lasso also has its drawbacks, particularly in scenarios where 
groups of variables, such as those in multi-omics datasets, are highly correlated. 
In such cases, Group Lasso tends to select variables from only a few groups, often 
ignoring smaller or lower-dimensional groups like clinical variables, which are 
crucial for disease classification. This necessitates a method that can ensure variable 
selection from each group rather than selecting entire groups of variables.

The Exclusive Lasso was introduced to address these challenges, incorporating 
intra-group sparsity via an L1,2-norm type penalty. This approach promotes sparsity 
within groups via the L1-norm while relaxing sparsity between groups via L2-norm, 
ensuring that at least one variable from each group is selected. Theoretical properties 
of this norm have been established in previous studies (Campbell and Allen 2017; 
Gregoratti et al. 2021), and its application is expanding to various fields, including 
multi-task feature learning (Zhou et al. 2010), image processing (Zhang et al. 2015), 
and clustering (Yamada et al. 2017).

Unlike Group Lasso, which can be solved using similar methods to Lasso by 
treating each group as an element (Liu et  al. 2012), the Exclusive Lasso presents 
a more challenging optimization problem due to its composite penalty structure, 
combining the L1-norm within groups. Various approaches have been proposed to 
tackle this problem, including coordinate descent and proximal gradient methods 
with soft-thresholding (Campbell and Allen 2017), dual Newton methods-based 
proximal point algorithms (Lin et  al. 2020), and iterative re-weighted algorithms 
(Kong et al. 2014; Sun et al. 2020). An alternative approach converts the problem 
into a Lasso framework and solves it using a bisection algorithm, leveraging the 
piecewise linear property of Lasso (Sun et  al. 2020). Recently, an optimization 
algorithm adopting the fast iterative shrinkage-thresholding algorithm (FISTA) has 
been proposed (Huang and Liu 2018).

We propose a novel approach to handle the L1,2-norm-based penalty by using 
a smooth approximation, transforming the L1-norm at the group level into a 
differentiable form. In linear regression models, this concept has already been 
utilized to simplify the optimization of least absolute values through a proposed 
estimator known as Smoothed Least-Absolute Deviations (Hitomi and Kagihara 
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2001). Our proposed method can accommodate any loss function, making 
it versatile for various applications. Once the norm is rendered continuous 
and differentiable, any Newton-based algorithm can be employed to solve the 
optimization problem efficiently. We utilize two specific approximations-the 
quadratic and sigmoid functions-to approximate the L1,2-norm-based penalty. 
Newton-based optimization has been explored in the context of the L1-norm 
through smoothing approximations in previous studies (Schmidt et  al. 2007; 
Nkansah et al. 2021).

The main issue with the conventional Exclusive Lasso is that it enforces the 
selection of at least one variable from each group. Estimation is carried out 
using a coordinate descent algorithm, where variables are updated one at a time 
while others remain fixed. The consecutive variable is selected based solely 
on its correlation with the residuals, which must be equal to the correlation 
of other non-zero variables in its group. As a result, at least one non-zero 
variable is always chosen per group, even if none of the variables in that group 
are informative. In contrast, our approach addresses this by allowing for more 
flexible sparsity. Rather than strictly enforcing variable selection in each group, 
we let the penalty parameter control sparsity. By applying an additional, small 
threshold, we are able to nullify variable selection in the non-informative group. 
This avoids the need to select at least one variable per group, enabling the model 
to ignore uninformative groups more effectively. Hence, our proposed variant of 
Exclusive Lasso not only simplifies the optimization process but also retains the 
desirable properties of inducing sparsity within and between groups, ensuring 
robust variable selection across diverse datasets. Moreover, by applying the 
threshold in combination with using suitable starting values for the estimation 
scheme, we obtain more stable coefficient paths compared to conventional 
Exclusive Lasso. In this manuscript, we investigate the performance of our 
proposed methods through extensive simulation studies, focusing on scenarios 
that closely mimic real-world conditions where informative features are 
correlated and group allocation is random. We demonstrate that our model 
outperforms previous methods in similar simulation settings. Additionally, we 
apply the proposed method to two different real datasets to validate its practical 
utility.

The first real dataset involves gene expression data, where our goal is to 
identify the most significant genes within each module contributing to ovarian 
cancer. In this context, genes within a particular module or pathway are highly 
correlated, and each module may play a role in the disease’s progression. The 
second dataset pertains to portfolio management, where stocks are diversified 
across different sectors to minimize risk. Here, the objective is to select the 
best stocks to achieve optimal returns while managing risk. In both cases, we 
highlight the importance of using Exclusive Lasso over Group Lasso.

The remainder of the manuscript is structured as follows. Section 2 introduces 
the Exclusive Lasso problem and our proposed estimation procedure. In Sect. 3, 
we present the simulation scenarios and compare our method with other Lasso 
procedures. The applicability of our model is demonstrated in Sect. 4 using the 
aforementioned application examples. Finally, Sect. 5 concludes.



	 D. Ravi, A. Groll 

2 � Methodology

Let xxxi ∈ ℝ
p×1 be vector of covariates with the design matrix 

XXX =
(
x1x1x1,… ,xnxnxn

)⊤
∈ ℝn×p and yyy =

(
y1,… , yn

)⊤ be the response vector. In 
principle, the intercept is not penalized and would normally be included as 
the first column in the design matrix. However, for simplicity, we assume the 
response is centered and exclude the intercept term. The estimation of the true 
parameter vector 𝛽𝛽𝛽 = (𝛽1,… , 𝛽p)⊤ in the linear model is typically achieved 
by maximizing the log-likelihood l(���) . Note that in regression models, this 
expression also depends on the design matrix XXX and the response vector yyy , but 
these dependencies are omitted in this section for better readability. Following 
Campbell and Allen (2017), we consider that the indices of true parameter vector 
��� are divided into non-overlapping groups. We consider the problem of the form

where l(���) denotes the log-likelihood, � ≥ 0 is the penalty parameter and G is a 
collection of non-overlapping predefined groups {1,… ,G} of indices g such that ⋃
g∈G

= {1,… , p}.

Let S = {1,… , p} be the set of indices corresponding to the entries of ��� . We 
assume that each group contains at least one variable such that S ∩ g ≠ � , for 
all g ∈ G . Let d = |S ∩ g| and we construct square matrices �g with dimensions 
d × d such that

Let b ∈ ℝ
p×1 represent the vector of absolute coefficient values, i.e. 

b ∶=
(|𝛽1|,… , |𝛽p|

)⊤ . Now the penalty term from Eq. (1) can be rewritten as

where � ∈ ℝp×p is a block diagonal matrix built from matrices �1,… ,�G.
We use smooth approximations for the transformation of the L1-norm into a 

continuous and differentiable function. Below, we propose two approximations 
through quadratic and sigmoid functions, allowing us to derive the gradient and 
Hessian of the penalty term P(���) . We then provide an additional thresholding 
technique to select the optimal variables from each group in Sect. 2.3.

2.1 � Quadratic approximation

Following Oelker and Tutz (2017), we use a quadratic approximation for 
the transformation of the L1-norm into a differentiable function given by 

(1)min
���

f (���) = −l(���) +
�

2

∑
g∈G

(∑
k∈g

|�k|
)2

,

�gij
=

{
1, if i = 1,

0, if i > 1.

(2)P(𝛽𝛽𝛽) = 1

2
(��)⊤�� ,
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�x� ≈
√
x2 + c. Here, c is a small positive number and controls how closely the 

approximation matches the L1-norm. It acts as a second layer tuning parameter, 
which typically is not tuned but just fixed to a rather small value. In practice, 
a value of c ≈ 10−5 performs optimally (Oelker and Tutz 2017). With this 
approximation, the penalty term from Eq. (1) can be rewritten as

The vector b can be rewritten as b ≈

(√
(𝛽2

1
+ c),… ,

√
(𝛽2

p
+ c)

)⊤

 , which we will 

used in this section. Then, one obtains

2.2 � Sigmoid function approximation

We rewrite the absolute value function as

We approximate the plus function (x)+ = max(x, 0) by the integral of a sigmoid 
function (Chen and Mangasarian 1996):

Similarly, we have

Now combining p(x, c) and p(−x, c) , we can write the smoothing approximation of 
|x| as the sum of the integral of two sigmoid functions given by

One can show that limx→∞ |x|c = |x|. The proof is similar to that in Lee and 
Mangasarian (2001), and we direct readers to it for further details. We rewrite vector 
b as b ≈

[
(log

(
1 + e(−c𝛽k)

)
+ log

(
1 + e(c𝛽k)

)]⊤
1≤k≤p

 , which we will used in this 
section.

The penalty term from Eq. (1) can be rewritten as

P(���) =
1

2

∑
g∈G

(∑
k∈g

√
�2
k
+ c

)2

.

(3)
�b
��k

=
�k√

(�2
k
+ c)

&
�2b
��2

k

=
c

(
�2
k
+ c

) 3

2

.

|x| = max(x, 0) +max(−x, 0).

(x)+ ≈ p(x, c) = x +
1

c
log

(
1 + e(−cx)

)
.

(−x)+ ≈ p(−x, c) = −x +
1

c
log

(
1 + e(cx)

)
.

|x| ≈ p(x, c) + p(−x, c)

=
1

c

[
(log

(
1 + e(−cx)

)
+ log

(
1 + e(cx)

)]

=∶ |x|c .
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Hence, we have

In contrast to the smaller value of the approximation parameter c chosen in Sect. 2.1, 
here we need to select a larger value of c for an optimal solution. Hence, along 
the lines of Schmidt et  al. (2007), we introduce a more stable approach using a 
continuous strategy. Instead of empirically choosing the approximation parameter 
c, we take Newton’s steps, starting from a small c value where the approximation is 
appropriate and stopping at a sufficiently large value of c. This approach is expected 
to require less iterations than other unconstrained approximation methods.

2.3 � Newton method‑L1,2 sparsity algorithm

Using one of the approximations of vector b described in either Sect. 2.1 or 2.2, we 
apply matrix and vector differentiation rules to derive the gradient and Hessian of the 
penalty term P(���) from Eq. (2) as

With Eq. (6), we obtain the gradient vector ∇P(���) and the Hessian matrix ∇2P(���) of 
the penalty term where

P(���) =
1

2

∑
g∈G

(∑
k∈g

[
(log

(
1 + e(−c�k)

)
+ log

(
1 + e(c�k)

)])2

.

(4)

�b
��k

=
1

c

(
−ce−c�k

1 + e−c�k
+

cec�k

1 + ec�k

)

=

(
1 + ec�k

)
−
(
1 + e−c�k

)
(
1 + e−c�k

)(
1 + ec�k

)

=
(
1 + e−c�k

)−1
−
(
1 + ec�k

)−1
.

(5)

�2b
��2

k

=ce−c�k
(
1 + e−c�k

)−2
+ cec�k

(
1 + ec�k

)−2

=cec�k
(
1 + ec�k

)−2
[(

e−c�k
)2

(
1 + ec�k

)2
(
1 + e−c�k

)2 + 1

]

=2cec�k
(
1 + ec�k

)−2
.

(6)

𝜕

𝜕𝛽k
P(𝛽𝛽𝛽) =

𝜕b

𝜕𝛽k
⋅
�
M⊤Mb

�
k
,

𝜕2

𝜕𝛽kl
P(𝛽𝛽𝛽) =

⎧⎪⎨⎪⎩

�
𝜕2b

𝜕𝛽2
k

⋅
�
M⊤Mb

�
k
+

𝜕b

𝜕𝛽k
⋅
∑p

l=1
(M⊤M)kl ⋅

𝜕b

𝜕𝛽l

�
, k = l,

𝜕b

𝜕𝛽k
⋅ (M⊤M)kl ⋅

𝜕b

𝜕𝛽l
, k ≠ l.
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Hence, the full gradient g and Hessian H of our Exclusive Lasso problem from 
Eq.  (1) yield g = −∇l(���) + � ⋅ ∇P(���) and H = ∇2 l(���) + � ⋅ ∇2P(���) , respectively. 
The penalty term is hence differentiable and we perform Newton iterations of the 
form ���(t+1) ∶= ���(t) − s ⋅ (∇2g(���(t)))−1∇g(���(t)) , where g(���) is a continuous and twice-
differentiable approximation function of f (���) and s denotes the step size.

Applying an L2-norm between groups prevents entire groups of coefficients 
from being set to zero. However, this approach is problematic when a group 
is non-informative, as L2 regularization only shrinks the coefficients without 
completely eliminating them. As a result, non-informative groups may still 
influence the model, potentially reducing model performance. To address 
this scenario more effectively, we use a small threshold to automatically set 
covariates estimated below it to zero, thereby nullifying the representation of 
non-informative groups. This is not a tuning parameter but a small approximation 
value ( 10−4 has worked well in our experience for most problems), ensuring that 
only estimates very close to zero are set to zero to nullify the group’s effect. 
Since we standardize the variables to a variance of one before fitting the model, 
a fixed (and rather small) threshold remains reasonable and provides consistent 
behavior across different datasets. Additionally, this parameter can be turned off 
if representation from each group is preferred. This also results in more stable 
coefficient paths compared to the conventional Exclusive Lasso.

2.4 � Choice of approximation

We present two algorithms based on the chosen approximation, either a quadratic 
or sigmoid function. First, we perform a simple Newton method with quadratic 
approximation from Sect. 2.1 and a chosen step size of s = 1 in Algorithm 1. The 
advantage of this method is that we do not have to tune the approximation parameter 
c. However, this algorithm tends to be slower due to the number of required 
iterations (see Sect.  3.3). The NM-L1,2 sparsity algorithm with sigmoid function 
approximation is shown in Algorithm 3 with gradient and Hessian calculated using 
Algorithm 2. Here, however, we choose to tune the approximation parameter c as 
no clear empirical value has been stated by the previous studies. Additionally, we 

(7)∇P(���) =

⎛
⎜⎜⎜⎜⎜⎝

�P(���)

��1
�P(���)

��2

⋮
�P(���)

��p

⎞
⎟⎟⎟⎟⎟⎠

.

(8)∇2P(���) =

⎛⎜⎜⎜⎜⎜⎝

�2P(���)

��2
1

�2P(���)

��1��2
⋯

�2P(���)

��1��p
�2P(���)

��2��1

�2P(���)

��2
2

⋯
�2P(���)

��2��p

⋮ ⋮ ⋱ ⋮

�2P(���)

��p��1

�2P(���)

��p��2
⋯

�2P(���)

��2
p

⎞⎟⎟⎟⎟⎟⎠

.
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choose step size s using a back-tracking line search satisfying the Armijo condition 
(Armijo 1966), i.e.

where g(���(t)) is the objective function, d(t) is the search direction at the current 
iteration t, and q is the decrease parameter. We employ cubic interpolation to 
estimate the objective function along the search direction by fitting a cubic 
polynomial to the function values at the current iteration. The minimum of the 
interpolated cubic polynomial is subsequently determined to identify the step size 
estimate that minimizes the objective function along the search direction. We choose 
a sufficiently smaller decrease parameter q = 10−4 to ensure that the step size chosen 
in the line search provides a sufficient decrease in the objective function.
Algorithm 1   NM-L

1,2
 Sparsity Algorithm with Quadratic Approximation

2.5 � Software implementation

The NM-L1,2 sparsity algorithm is coded and implemented in Python (version 
3.12.3). The source code is available on GitHub (URL: https://​github.​com/​dravi​is/​
NML12.​git).

g(𝛽𝛽𝛽(t) + s(t)d(t)) ≤ g(𝛽𝛽𝛽(t)) + q ⋅ s(t)∇g(𝛽𝛽𝛽(t))⊤d(t),



A Newton‑based variant of Exclusive Lasso for improved sparse…

Algorithm 2   GradHessian

Algorithm 3   NM-L
1,2

 Sparsity Algorithm with Sigmoid Function Approximation
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3 � Simulations

In this section, we provide a comprehensive simulation study to evaluate the 
performance of our method across various scenarios.

3.1 � Setting

We simulate examples using the model yyy = X�X�X� + ���, where ��� ∼ N(0, 1) with n = 100 
observations and p = 100 variables. Let ps be the number of informative, i.e., signal 
variables out of the p variables. Following Sun et al. (2020) and Campbell and Allen 
(2017), we consider multivariate Gaussian covariates with the following types of 
covariance structures:

•	 Example 1: We consider the informative variables to be pairwise correlated with 
� = 0.8.

•	 Example 2: The data is simulated from a multivariate normal distribution with 
a Toeplitz covariance matrix ΣΣΣ with entries Σi,j = a|i−j| for variables in the same 
group, and Σi,j = b|i−j| for variables in different groups. We use a moderate 
correlation of a = 0.6 and b = 0.3 , resulting in a high correlation within and a 
low correlation between groups.

As suggested by Sun et al. (2020), the Exclusive Lasso performs well if the group 
contains at least one informative variable. However, when many informative 
variables are placed in the same group, the probability of selecting any single 
informative variable decreases. We allocate each informative variable along with its 
correlated variables in a group and consider this ideal situation. We set the number 
of groups as the number of informative variables. This optimal arrangement is 
termed “fixed allocation.” However, we also consider the scenario closer to real-
world scenarios with random allocation of groups. We refer to this as “random 
allocation.” We choose the number of informative variables to be ps = 10, 20, 40 
with the number of groups as 5, 10, and 20, respectively. For random allocation, we 
consider the number of groups to be 25. We choose the regularization parameter � 
through 5-fold cross-validation in all the above scenarios.

We report the results in terms of the variable selection accuracy and

where

F1 score = 2 ×
Precision × Recall

Precision + Recall
,

Precision =
True Positives

True Positives + False Positives

Recall =
True Positives

True Positives + False Negatives
.
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The F1 score (Van Rijsbergen 1979) represents the harmonic mean of precision and 
recall, which accounts for both false positives and false negatives. The metric ranges 
from 0 to 1, where a higher value indicates a better balance between precision and 
recall, hence an overall effective classification model.

3.2 � Results

We compare NM-L1,2 with Lasso (Friedman et  al. 2010), conventional Exclusive 
Lasso with coordinate descent from the Exclusive Lasso R package (URL: 
https://​github.​com/​DataS​linge​rs/​Exclu​siveL​asso.​git), as well as Group Lasso (Simon 
et al. 2019).

We examine the F1 scores over 50 random training datasets across two distinct 
examples explained above. The results are visually represented through boxplots 
in Figs.  1 and 2, which illustrate the performance across different numbers of 
informative features ( ps ) under both fixed and random allocation scenarios.

The comparison shows that both our NM-L1,2 algorithms perform much better 
than Lasso and Group Lasso. Notably, Lasso and Group Lasso demonstrate sub-
optimal performance, frequently selecting only a limited number of variables. This 
under-performance can be due to the inherent correlations within groups and the 

Fig. 1   Boxplots of F1 scores from Example 1 across different numbers of informative features ( ps ). Top 
row: Fixed allocation Bottom row: Random allocation
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Table 1   Variable selection accuracy (standard errors in brackets) with fixed allocation averaged over 50 
training datasets; best-performing modeling approach per setting in bold font

Example ps Algorithm 1 Algorithm 3 Exclusive Lasso Group Lasso Lasso

Example 1 10 0.87 (0.013) 0.78 (0.014) 0.87 (0.015) 0.10 (0.000) 0.29 (0.005)
20 0.82 (0.021) 0.72 (0.011) 0.75 (0.027) 0.20 (0.000) 0.36 (0.010)
40 0.79 (0.018) 0.67 (0.011) 0.73 (0.024) 0.40 (0.001) 0.51 (0.012)

Example 2 10 0.89 (0.009) 0.80 (0.012) 0.85 (0.012) 0.10 (0.000) 0.33 (0.007)
20 0.81 (0.014) 0.73 (0.014) 0.78 (0.014) 0.20 (0.000) 0.41 (0.006)
40 0.75 (0.017) 0.65 (0.007) 0.73 (0.015) 0.40 (0.001) 0.55 (0.010)

Table 2   Variable selection accuracy (standard errors in brackets) with random allocation averaged over 
50 training datasets; best-performing modeling approach per setting in bold font

Example ps Algorithm 1 Algorithm 3 Exclusive Lasso Group Lasso Lasso

Example 1 10 0.85 (0.013) 0.70 (0.014) 0.53 (0.008) 0.42 (0.027) 0.29 (0.006)
20 0.70 (0.012) 0.68 (0.009) 0.58 (0.012) 0.34 (0.013) 0.35 (0.007)
40 0.72 (0.012) 0.70 (0.009) 0.62 (0.014) 0.52 (0.011) 0.49 (0.008)

Example 2 10 0.73 (0.019) 0.63 (0.016) 0.54 (0.017) 0.43 (0.036) 0.32 (0.009)
20 0.68 (0.017) 0.64 (0.011) 0.56 (0.014) 0.36 (0.020) 0.41 (0.010)
40 0.68 (0.015) 0.63 (0.010) 0.62 (0.013) 0.47 (0.009) 0.54 (0.008)

Fig. 2   Boxplots of F1 scores from Example 2 across different numbers of informative features ( ps ). Top 
row: Fixed allocation Bottom row: Random allocation
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inter-group sparsity enforced by Group Lasso, which leads to the selection of irrel-
evant features from the same group.

Under fixed allocation conditions, Algorithm 1 and Exclusive Lasso demonstrate 
comparable performance, achieving similar F1 scores. However, Algorithm  1 
demonstrates a significant advantage over Exclusive Lasso, particularly in situations 
involving a high number of correlated features within a group (e.g., ps = 20, 40 ). 
Although Example 2 does not reflect the typical scenarios where Exclusive Lasso 
would be employed, our model still demonstrates better overall performance 
than other methods. This enhanced performance of NM-L1,2 is attributed to its 
superior tolerance to within-group correlations. Additionally, the comparison 
shows substantial performance differences between fixed and random allocation. 
Algorithm  3 shows sub-optimal performance under fixed allocation conditions 
but outperforms the traditional Exclusive Lasso in random allocation scenarios. 
The Exclusive Lasso is structured to select at least one variable from each group, 
regardless of its informativeness. This rigid selection approach leads to poor 
performance when a group either contains multiple informative variables that are 
correlated or lacks any informative variables altogether, often due to random group 
allocation.

The variable selection accuracy, along with the standard errors (SEs), averaged 
over the same 50 training datasets, are presented in Tables 1, 2. Consistent with the 
F1 results, Lasso and Group Lasso exhibit poor performance. Although Exclusive 
Lasso shows an average performance in certain scenarios, NM-L1,2 outperforms it, 
especially under random allocation conditions.

Algorithm 1 consistently delivers the best performance in variable selection. In 
contrast, Algorithm 3 outperforms its competitors only in random allocation scenar-
ios, demonstrating its robustness in handling datasets with correlated features, which 
are common in real-world applications.

3.3 � Runtime analysis

We compare the runtime performance of the NM-L1,2 algorithm using two different 
approximation methods: quadratic approximation (Algorithm  1) and sigmoid 
function approximation (Algorithm  3). We generate data based on Example 1, 
considering two scenarios with p = 100 and p = 500 , while keeping the number of 
observations fixed at n = 100 . The variables are divided into 5 groups with a fixed 
allocation.

Figure  3 presents the average runtimes of the two algorithms over 50 random 
iterations. Our findings indicate a significant difference in computational 
performance between the two methods. Algorithm  3, which employs the sigmoid 
function approximation, demonstrates consistently faster runtimes compared to 
Algorithm  1, regardless of the increase in dimensionality. This efficiency can be 
attributed to the computational simplicity of the sigmoid function compared to the 
more complex quadratic function.

Algorithm  1, which relies on quadratic approximation, exhibits a longer 
convergence time. The increased computational burden associated with solving 
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the quadratic function results in substantially higher runtimes, particularly as the 
problem dimensionality increases.

It is important to note that we did not include the runtime analysis for the conven-
tional Exclusive Lasso implemented with coordinate descent from the Exclusive 
Lasso R package (URL: https://​github.​com/​DataS​linge​rs/​Exclu​siveL​asso.​git). The 
package is optimized using Rcpp (Eddelbuettel and Balamuta 2018), a tool that 
integrates C++ code within R. Given that Rcpp typically provides a performance 
advantage over pure Python implementations, including it in our runtime compari-
son could introduce an unfair bias favoring the R implementation. The exclusion 
of the conventional Exclusive Lasso from our runtime comparison ensures a fair 
assessment by avoiding potential biases introduced by differing underlying program-
ming languages and optimizations.

4 � Applications

In the following section, we apply our method to real-world datasets from finance 
and biology. The regularization parameter � is tuned via cross-validation. As 
Algorithm 3 performs better in random allocations and is faster, as demonstrated in 
the previous section, we refer to Algorithm 3 as NM-L1,2 in the following section.

4.1 � Gene expression analysis

We study the two ovarian cancer datasets (OC) that were retrieved from the Gene 
Expression Omnibus (GEO) database (URL: https://​www.​ncbi.​nlm.​nih.​gov/​
geo/) using the “GEOquery” R/Bioconductor library with the GEO accession 
GSE51373 (Koti et  al. 2013) and GSE28739 (Trinh et  al. 2011). The first dataset 
contains the gene expression profiles of 54 675 genes from a total of 28 samples, 
including 12 samples from the resistant cohort and 16 samples from the sensitive 
cohort. The second dataset contains the gene expression profiles of 16 096 genes 
from a total of 50 samples, including 30 samples from the resistant cohort and 20 

Fig. 3   Runtime comparison for different values of p 
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samples from the sensitive cohort. Samples from the resistant cohort are designated 
as class  0, while sensitive samples are designated as class  1. This dichotomized 
classification is used as the response variable in our model.

To identify groups of genes for our analysis, we utilize the Weighted Gene 
Co-Expression Network Analysis (WGCNA) method (Zhang and Horvath 2005), 
a network-based systems biology approach. WGCNA clusters genes into modules 
according to their expression patterns, with genes within a module showing high 
levels of co-expression. This high degree of co-expression suggests that these genes 
are likely involved in similar biological functions or pathways, thereby allowing us 
to identify distinct groups of genes with correlated expression profiles.

We follow the pre-processing steps outlined in Wang et al. (2018), selecting only 
the top one percentile of genes. After standardization, WGCNA is performed on 
the genes from the filtered-resistant cohort, identifying 16 and 18 gene modules for 
OC dataset 1 and OC dataset 2, respectively. Detailed analysis is presented in the 
supplementary material of this manuscript.

We compare the variable selection performance of our method with a sigmoid 
approximation against the three other methods previously discussed. For all four 
models, we use tuned regularization parameters selected from 10-fold cross-valida-
tion. The selected variables from each model are input into a support vector machine 
(SVM) with a linear kernel (Kecman 2005). To avoid introducing split bias, we 
employ 10-fold cross-validation instead of a train-test split. The average classifica-
tion accuracy and F1 scores of the models are presented in Tables 3, 4.

Figure 4 displays the percentages of genes selected from each module as clus-
tered by the WGCNA model (see supplementary material). For OC dataset 1, Group 
Lasso selects genes predominantly from a single module due to inter-group sparsity. 
However, this approach leads to poor variable selection and results in low classifica-
tion accuracy (see Tables 3 and 4). Since genes are highly correlated within each 
module, it is beneficial to employ intra-group sparsity rather than inter-group spar-
sity to avoid selecting all highly correlated, redundant genes. It is essential to select 

Fig. 4   Comparison of gene selection percentages for the two OC datasets
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genes from all modules, as genes in different modules often participate in distinct 
biological functions or pathways.

Although Lasso performs better in terms of accuracy on OC dataset 1, it selects 
genes from only three modules, thereby ignoring potentially significant variables 
from other modules. In contrast, both our model and Exclusive Lasso select 
variables from every module, though the proportions of genes selected from each 
module vary. Notably, our model achieves the best accuracy and F1 score with as 
few as three genes in both datasets.

In this application study, we did not analyze the selected genes or assess their 
biological significance. Our primary objective was to demonstrate the use case and 
compare the performance of different Lasso models. However, the importance of the 
selected genes has been documented in previous cancer studies. For example, among 
the variables selected by our model, DDX39B has been shown to sensitize ovarian 
cancer cells (Xu et  al. 2020), and the antioxidant enzyme CAT is associated with 
cancer survival risks (Belotte et  al. 2015). Similarly, the role of Tensin in cancer 
research is well established (Mainsiouw et al. 2023).

4.2 � Exchange‑traded fund (ETF)

The exchange-traded fund (ETF) data has been considered in the context of intra-
group sparsity in a previous study (Lin et al. 2020). We download the daily stock 
price data in the US market from ‘2023-01-01’ to ‘2023-12-31’ from Yahoo Finance 
(URL: https://​finan​ce.​yahoo.​com/). There are 2057 stocks grouped into 12 sectors in 

Table 3   OC dataset 1: Mean accuracy and mean F1 score; best-performing modeling approach per set-
ting in bold font

Method Top 3 genes Top 5 genes

Mean accuracy Mean F1 score Mean accuracy Mean F1 score

NM-L
1,2

0.87 0.84 0.93 0.92
Exclusive Lasso 0.83 0.82 0.80 0.76
Group Lasso 0.68 0.63 0.72 0.66
Lasso 0.87 0.84 0.87 0.85

Table 4   OC dataset 2: Mean accuracy and mean F1 score; best-performing modeling approach per set-
ting in bold font

Method Top 3 genes Top 5 genes

Mean accuracy Mean F1 score Mean accuracy Mean F1 score

NM-L
1,2

0.92 0.89 0.94 0.93
Exclusive Lasso 0.84 0.79 0.84 0.79
Group Lasso 0.62 0.52 0.70 0.63
Lasso 0.76 0.72 0.86 0.82
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the US market to diversify risks (see Table 5). We choose the historical daily return 
of the S&P 500 index as our response variable. We aim to select the best set of 
stocks from each sector to predict the S&P 500 index most effectively.

We use 10-fold cross-validation and report the average Mean Squared Error 
(MSE) in Table 6. We could not run the Group Lasso model due to computational 
problems, as the coordinate descent did not converge even with the maximum num-
ber of iterations. Therefore, we exclude this model from our analysis. We do not 
observe much difference in the losses among the three methods. However, as shown 
in Fig. 5, Lasso requires a larger number of variables to reach the minimum loss, 
whereas our method selects the minimum set of variables to achieve the best returns 
for the S&P 500 index.

Table 5   Number of stocks in 
each US sector

Sector Number 
of stocks

Basic materials 158
Communication services 61
Consumer cyclical 208
Consumer defensive 91
Energy 176
Financial services 589
Healthcare 135
Industrials 273
Real Estate 162
Technology 131
Utilities 73

Fig. 5   Comparison of MSE with 
respect to the number of vari-
ables for NM-L

1,2
 and Lasso

Table 6   Average MSE 
(standard errors in brackets) 
of models; best-performing 
modeling approach per setting 
in bold font

Model MSE (SE)

NM-L
1,2

0.61 (0.059)
Exclusive Lasso 0.63 (0.053)
Lasso 0.68 (0.06)
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5 � Conclusion

Variable selection using the L1,2-norm is particularly advantageous in scenarios 
involving correlated features within the same group. Previous studies have explored 
various optimizers to address the challenges posed by the composite penalty. In 
this manuscript, we propose an alternative optimization algorithm tailored to the 
Exclusive Lasso problem. By approximating the composite penalty norm to be 
differentiable, our method facilitates the use of Newton-type algorithms, which can 
outperform coordinate descent methods in terms of computational efficiency.

Our approach employs a straightforward Newton–Raphson algorithm to optimize 
the objective function. For high-dimensional problems where Hessian computation 
becomes impractical, we advocate for the use of Quasi-Newton methods, which 
approximate the Hessian matrix using gradient information from successive 
iterations. Another viable alternative is the Penalized Iteratively Reweighted Least 
Squares (PIRLS) method, as suggested by Oelker and Tutz (2017). These techniques 
have the potential to reduce computational time significantly.

Although direct runtime comparisons with the traditional Exclusive Lasso 
implemented in the Exclusive Lasso R package were not performed, our 
simulation studies demonstrate the superior performance of our model. Unlike 
the simulations in Campbell and Allen (2017), which use a fixed group allocation 
approach assuming known informative variables within each group, our method 
excels in scenarios with random group allocations, reflecting real-world conditions 
where such information is typically unavailable. Exclusive Lasso uses the L1,2-
norm to facilitate the representation of each group. However, our estimation scheme 
addresses scenarios where a group is non-informative by completely disregarding 
the group, despite the L2-norm, by introducing a small threshold. This is why our 
approach performs better in scenarios with random group allocations.

We applied our model to two real datasets to further validate its efficacy. In 
the first case, our model successfully identified genes across all modules, which 
subsequently enabled efficient classification of cancer-sensitive and resistant cohorts. 
While we did not delve into the biological significance of the selected genes, our 
findings underscore the importance of selecting variables from diverse modules 
or pathways. This principle is particularly crucial in multi-omics studies, where 
disease contributions often involve various omic types, necessitating comprehensive 
variable selection.

In the second dataset, our model achieved minimal loss with a substantially 
reduced number of variables compared to the Lasso method, which required more 
variables to reach the same loss. This efficiency is crucial in fields like portfolio 
management, where diversification across sectors is essential to mitigate risks. Here, 
the Exclusive Lasso’s ability to select variables from all sectors enhances predictive 
accuracy for daily returns.

Despite its advantages, the Exclusive Lasso sometimes fails to identify the 
correct features, especially with random group allocations. To address this, some 
form of stability selection is already applied to this type of Lasso, as noted by Sun 
et  al. (2020). Incorporating additional stability selection techniques, as proposed 
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by Meinshausen and Bühlmann (2010), could further enhance the robustness 
of the method. While this work does not explore such extensions, future work 
could consider integrating stability selection to improve the Exclusive Lasso’s 
performance further. We also aim to investigate different smoothing strategies for 
our composite penalty, such as transforming the problem into a quadratic objective 
function with linear constraints, which potentially then can be tackled by quadratic 
programming methods. We think of investigating the potential and relevance of 
Least Absolute Deviation (LAD) regression (Steiger 1983) and its formulation as 
a linear programming problem in our Exclusive Lasso setup. Finally, we also plan 
to explore the extension of this approach to Elastic Net penalization, as it could be 
particularly useful in scenarios involving highly correlated features.

Supplementary Information  The online version contains supplementary material available at https://​doi.​
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Weighted gene co-expression networks

Weighted gene co-expression networks (WGCNA) are widely used in systems biology
to investigate gene functionality on a system-wide scale. We used this approach to
group genes into modules based on high topological overlap, where genes with highly
correlated expression profiles across samples were clustered together. We considered
these modules identified by WGCNA as groups for our Lasso problems. The method-
ology began with preprocessing the cancer gene expression data to ensure it was clean
and normalized for analysis. The dataset was then divided into two parts: one consist-
ing of tumor-sensitive samples and the other of normal samples. We used the tumor
data to construct the gene co-expression network. First, we determined the appropriate
soft-thresholding power for the network topology. Using a range of powers (1-50), we
applied the pickSoftThreshold function from the WGCNA R package (Langfelder and
Horvath, 2008). This function analyzed the scale-free topology fit for different powers.
We then plotted the scale-free topology model fit and mean connectivity against the
power values. From these plots, we identified a suitable soft-thresholding power.

With the chosen power, we constructed the weighted gene co-expression network
using the blockwiseMod les function from WGCNA package. This function identified
modules by clustering genes based on their topological overlap. We set an appropriate
maximum block size, used a signed network type, and merged modules with a cut
height of 0.25. The analysis yielded module eigengenes, which represented the first
principal component of each module, summarizing the expression profiles of the genes
within the module.
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Figure S1: Identification of network modules in OC dataset 1

We examined the number of genes in each module and visualized the dendrogram
of gene clustering alongside the module colors, both before and after merging. Finally,
these identified modules were used to categorize genes into groups for both tumor and
normal samples.
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Figure S2: Identification of network modules in OC dataset 2

Figures S1 and S2 show the Cluster Dendrogram of OC dataset 1 and OC dataset 2,
respectively. We chose a maximum block size of 3,000 for our analysis. However,
because our dataset contained more than 3,000 genes, the figure illustrates the results
for only one block as an example.

We excluded unmerged genes labeled as grey that do not belong to any module.
The number of genes in each group is shown in Tables S1 and S2 for OC datasets 1
and 2, respectively.
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Module Number of Genes
black 62
blue   5
brown 181
cyan   
green 1 0

greenyellow 47
lightcyan 28
magenta 51

midnightblue 29
pink 56
purple 51
red 106

salmon 42
tan 45

turquoise 569
yellow 1 4

Table S1: OC dataset 1: Num-
ber of genes in each module

Module Number of Genes
black 112
blue 450
brown 200
cyan  1
green 1 5

greenyellow 55
lightcyan 26
lightgreen 24
lightyellow 24
magenta 61

midnightblue  1
pink 66
purple 58
red 129

salmon 44
tan 47

turquoise  894
yellow 144

Table S2: OC dataset 2: Num-
ber of genes in each module
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Abstract

The integration of high-dimensional genomic data and clinical data into time-to-
event prediction models has gained significant attention due to the growing availability
of these datasets. Traditionally, a Cox regression model is employed, concatenating
various covariate types linearly. Given that much of the data may be redundant or
irrelevant, feature selection through penalization is often desirable. A notable charac-
teristic of these datasets is their organization into blocks of distinct data types, such as
methylation and clinical predictors, which requires selecting a subset of covariates from
each group due to high intra-group correlations. For this reason, we propose utilizing
Exclusive Lasso regularization in place of standard Lasso penalization. We apply our
methodology to a real-life cancer dataset, demonstrating enhanced survival prediction
performance compared to the conventional Cox regression model.

1 Introduction

In recent years, advancements in high-throughput genomic technologies have led to the
availability of high-dimensional datasets, including DNA methylation, mRNA expression,
and copy number variation, in addition to traditional clinical variables. These datasets
may provide valuable information on the mechanisms of a certain disease, prompting the
development of various methods to identify influential genomic and clinical characteristics
for improved prognostic modeling.

A common objective in clinical research is the prediction of patient survival outcomes.
The Cox proportional hazards (PH) model (Cox, 1972) is widely used for this purpose,
as it not only facilitates survival prediction but also enables the assessment of the impact
of predictor variables on survival. However, given the high-dimensional nature of genomic
datasets, variable selection becomes a critical step in model construction. To address this, an
L1-penalized Cox model, such as the Lasso, is often employed to identify the most relevant
features in time-to-event modeling (Tibshirani, 1997).

Despite its effectiveness, this approach presents several limitations. First, standard
Lasso-based methods do not inherently account for grouped variables, which is particu-
larly relevant in genomic studies where genes are often organized in biological pathways.
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Ignoring such group structures may lead to suboptimal feature selection and loss of biologi-
cally meaningful information. Additionally, large sets of genomic features often overshadow
low-dimensional clinical variables, such as tumor size and nodal status. This is a significant
drawback, as clinicopathologic variables have been demonstrated to play a crucial role in
oncological studies, and predictive performance improves when both clinical and genomic
data are integrated (Ma et al., 2007; Herrmann et al., 2021). Finally, Lasso-based selection
methods have been shown to produce a relatively high rate of false positives in certain set-
tings, which may limit their reliability in time-to-event analysis, depending on the context.
(Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006).

Several statistical methods have been proposed to incorporate grouped variables in the
Cox PH model. Although Elastic Net Cox (Simon et al., 2011b) does not explicitly enforce
group selection, it tends to select correlated variables together, unlike pure Lasso, which
typically selects only one from a correlated set. This behavior results from its combination
of L1 and L2-norm penalties. However, it does not guarantee that entire groups of variables
will be retained or removed together. One of the most common approaches is Group Lasso
(Kim et al., 2012), which applies L2,1-norm regularization. This method enforces sparsity
across groups using the L1-norm while applying the L2-norm within each group to regularize
coefficients together. However, Group Lasso performs poorly when dealing with highly cor-
related groups, such as those found in multi-omics datasets. In such cases, it tends to select
variables from only a few dominant groups, often overlooking smaller or lower-dimensional
groups like clinical variables, which are essential for time-to-event prediction. This requires
a method that can ensure the selection of variables for each group rather than selecting
entire groups of variables. To overcome this challenge, Sparse Group Lasso was introduced
(Simon et al., 2013), incorporating sparsity at both the group and individual variable levels.
Another advancement in this area is the Integrative L1-Penalized Regression with Penalty
Factors (IPF-Lasso; Boulesteix et al., 2017), which allows for different penalty terms across
variable groups, either based on prior knowledge or data-driven selection. However, none
of these methods guarantee the selection of at least one variable from every group, which
can lead to the exclusion of smaller yet important groups from the model. In biomedical
studies, representing all relevant groups is important for gaining a complete understanding
of underlying relationships.

To overcome this limitation, we propose the use of Exclusive Lasso regularization (Camp-
bell and Allen, 2017). Exclusive Lasso encourages intra-group sparsity through the L1-norm
while promoting inter-group selection via the L2-norm, ensuring that at least one variable
is selected from each group. The properties of this regularization have been well studied in
the literature (Campbell and Allen, 2017; Gregoratti et al., 2021).

In our previous work, we demonstrated the superior performance of Exclusive Lasso
over traditional Lasso in GLM settings with high within-group correlation (Ravi and Groll,
2025; note that a preliminary compact version of this work can also be found in Ravi
and Groll, 2024). However, this approach has not yet been transferred to time-to-event
prediction. In this study, we extend Exclusive Lasso to the Cox PH model, introducing it as
a practical alternative for selecting informative predictors from different groups. Our goal
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is to integrate these selected features into a sparse prediction model while ensuring that no
group is overlooked.

We assess the performance of our proposed method by comparing it to traditional ap-
proaches that account for grouping effects, such as Elastic Net Cox, Sparse Group Lasso,
and IPF-Lasso. Through extensive simulation studies, we show that our method consis-
tently outperforms these alternatives across a range of scenarios. Additionally, we evaluate
the practical applicability of our model by using it for survival prediction in a bladder cancer
study. In addition to the standard prediction errors, we compare the biomarkers selected
by each model and highlight the importance of Exclusive Lasso in selecting clinical and
low-dimensional variables that other models fail to capture.

The remainder of the manuscript is structured as follows. Section 2 introduces the
Exclusive Lasso problem in the Cox PH framework. In Section 3, we present the simulation
scenarios and compare our method with other Lasso procedures. The applicability of our
model is demonstrated in Section 4 using the aforementioned application example. Finally,
Section 5 concludes.

2 Methods

In this section, we first briefly review traditional methods for handling grouped predictors
within the Cox PH framework and then introduce the Exclusive Lasso regularization in the
Cox PH model.

Let i = 1, . . . , n denote the observations (patients) in the cohort. For each patient, we
observe (ti, δi,xi), where ti is the event or censoring time for patient i, δi is the censoring
indicator, which is 1 if an event is observed and 0 if the observation is censored and xi =
(xi1, . . . , xip)

T is the vector of covariates associated with patient i.
The partial log-likelihood function for the Cox PH model (Cox, 1972), with parameter

vector β, is given by:

ℓ(β) =
n∑

i=1

δi


xT

i β − log


 ∑

l∈R(ti)

exp(xT
l β)




 , (2.1)

where R(ti) represents the risk set at time ti, which includes all individuals who are still at
risk (i.e., uncensored and have not yet experienced the event) at the time of observation.

In high-dimensional scenarios, where the number of covariates p by far exceeds the
number of patients n, the estimation of the coefficients is typically performed by introducing
a penalty term, P (β), to the partial log-likelihood function. The estimation is then carried
out by maximizing the penalized partial log-likelihood function, given by

ℓpen(β) = ℓ(β)− λP (β) , (2.2)

where λ ≥ 0 is the penalty parameter. The most common penalty term is the L1-norm
penalty, i.e., P (β) =

∑p
k=1|βk|. This penalty shrinks the coefficients towards zero and
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forces some of the coefficients corresponding to less important variables to be exactly zero,
effectively performing variable selection.

We focus on variable selection in scenarios where the predictors are divided into prede-
fined, disjoint groups. For instance, in the context of multi-omics data, the variables may
include different types, such as genomics, epigenomics, and transcriptomics, in addition to
clinical and pathological data. We assume that the indices of the true parameter vector β
are divided into non-overlapping groups. Let G be a collection of non-overlapping prede-
fined groups {1, . . . , G} of indices g such that the union of all groups covers the entire set
of indices, i.e., ⋃

g∈G
= {1, . . . , p} .

Elastic Net

Elastic Net (Zou and Hastie, 2005) is a regularization method that combines the L1 (Lasso)
and L2 (Ridge) penalties. The L1 penalty encourages sparsity by shrinking some coefficients
to zero, while the L2 penalty promotes the inclusion of correlated variables in groups. This
combination allows groups of correlated variables to be selected together. Elastic Net is
particularly effective in situations where predictors are highly correlated within groups. The
Elastic Net penalty is defined as :

P (β) = α

p∑

k=1

|βk|+
1

2
(1− α)

p∑

k=1

β2
k ,

where α ∈ (0, 1) is the mixing parameter that controls the balance between the L1 and L2

penalties.

Sparse Group Lasso

Sparse Group Lasso (Simon et al., 2013) is another method that uses a combination of L1-
and L2-norm penalties to encourage sparsity both across groups and within each group. The
penalty term for Sparse Group Lasso is given by:

P (β) = (1− α)
∑

g∈G

√
pg∥βg∥2 + α

p∑

k=1

|βk| ,

where βg represents the coefficients in group g ∈ G, and pg is the number of variables
in group g. This promotes group-wise selection, where all variables in a group are either
included or excluded together. The second term is the Lasso penalty applied to individual
coefficients, promoting sparsity at the level of individual predictors. When the parameter
α = 0, the Sparse Group Lasso reduces to the standard Group Lasso, and when α = 1, it
becomes the Lasso.
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Integrative Lasso with penalty factors (IPF-Lasso)

The Integrative Lasso with penalty factors (IPF-Lasso; Boulesteix et al., 2017) was in-
troduced for prediction based on multi-omics datasets where there are several modalities
(groups) of variables. The main idea of IPF-Lasso is to apply Lasso to each group and
introduce penalty factors for different groups of variables, which can be selected according
to the desired weighting of the groups or by cross-validation (CV). The IPF-Lasso penalty
is defined as ∑

g∈G
λg∥βg∥1 ,

where λg is the penalty factor applied to the variables in group g. These penalty factors
are chosen by CV via a grid search over a list of prespecified candidate vectors. However,
this can be a time-consuming process. To avoid manually defining candidate vectors, we
follow the procedure outlined in the Two-step IPF-Lasso (Schulze, 2017). In Step 1 of the
process, before applying IPF-Lasso, a standard Lasso or Ridge regression is performed, and
the arithmetic mean of the estimated coefficients can be considered as potential penalty
parameters.

Exclusive Lasso

The Exclusive Lasso (Campbell and Allen, 2017) enforces structured sparsity by ensuring
that at least one variable is selected from each predefined group. It combines L1- and L2-
norm penalties, where the L1 penalty within each group promotes the selection of informative
variables, while the L2-norm across groups prevents entire groups of coefficients from being
set to zero. This approach ensures that even low-dimensional groups are represented while
selecting only the most relevant variables from high-dimensional groups. The Exclusive
Lasso penalty, which can be added to the Cox PH partial log-likelihood, is defined as:

P (β) =
1

2

∑

g∈G

(∑

k∈g
|βk|

)2

. (2.3)

The composite nature of the penalty term makes the estimation of the Exclusive Lasso
problem challenging. Several strategies have been developed to tackle this challenge. One
approach utilizes proximal point algorithms based on dual Newton methods (Lin et al.,
2020), while others employ iterative re-weighted techniques to refine the estimation process
(Kong et al., 2014; Sun et al., 2020). An alternative strategy reformulates the problem in
a Lasso framework and applies a bisection algorithm, taking advantage of Lasso’s piecewise
linear properties (Sun et al., 2020).

More recently, a fast optimization method leveraging the iterative shrinkage-thresholding
algorithm (FISTA) has been proposed to improve computational efficiency (Huang and Liu,
2018). Another approach transforms the penalty into a differentiable one by applying a
simple quadratic approximation, allowing it to be efficiently solved using a Newton-based
algorithm (Ravi and Groll, 2025). However, to the best of our knowledge, none of these
methods have been extended to time-to-event prediction yet.
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To address this challenge, we employ the coordinate descent method with soft-thresholding.
As highlighted by Campbell and Allen (2017), the Exclusive Lasso penalty cannot be ex-
pressed as a sum of separable functions, i.e.,

P (β) ̸=
p∑

j=1

Pj(βj).

This implies that a simultaneous update of all variables is not feasible. Instead, esti-
mation is performed using a coordinate descent algorithm, where each variable is updated
sequentially while keeping the others fixed.

Our approach adopts a coordinate descent framework tailored for Group Lasso regulariza-
tion (Yuan and Lin, 2006), which has been shown to be efficient in solving high-dimensional
problems. The proposed algorithm is presented in Algorithm 1.

The gradient component for covariate j in the Cox PH model from Equation (2.1) is
defined as:

r̂j =

n∑

i=1

δi


xij −

∑
l∈R(ti)

xlj exp(x
T
l β)

∑
l∈R(ti)

exp(xT
l β)


 ,

where xlj represents the observed value of covariate j for individual l, and R(ti) denotes
the risk set at time ti. This formulation ensures that only individuals for whom δi = 1 (i.e.,
those who experience an event) contribute to the estimation of βj .

We apply coordinate descent to maximize the penalized partial log-likelihood defined in
Equation (2.2), using the soft-thresholding operator S(z, λ) given by:

S(z, λ) = sign(z)max(|z| − λ, 0). (2.4)

The soft-thresholding operator shrinks coefficients toward zero by subtracting a thresh-
old λ, setting them exactly to zero when their magnitude falls below this threshold. This
encourages sparsity and facilitates automatic variable selection.

Since we update one coefficient βj at a time while holding others fixed, we use g \ j to
denote the set of indices in group g excluding index j. The corresponding penalty term for
βj is then updated as:

P̃j = λ
∑

l∈g\j
|βl|.

This penalty encourages competition among variables within the same group, allowing
only a few features to get selected. It promotes sparsity by shrinking coefficients, especially
when the penalty is large. As a result, βj is pushed toward zero when other covariates in
the group have large values, reducing redundancy among correlated variables.

Furthermore, we refer readers to Theorem 4 of Campbell and Allen (2017), which pro-
vides proof that the Exclusive Lasso coordinate descent algorithm converges to the global
minimum.
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Algorithm 1 Exclusive Lasso coordinate descent for Cox PH model
Require: Initial coefficients β0 ∈ Rp, tolerance ϵ > 0, regularization parameter λ > 0,

group structure G, design matrix X ∈ Rn×p, event times T ∈ Rn, event indicators
δ ∈ {0, 1}n

1: Precompute: Sort the data in increasing order of event times T
2: while ||β(k+1) − β(k)|| > ϵ do
3: for all groups g ∈ G do
4: for all features j ∈ g do
5: Compute gradient component for covariate j :

r̂j =
n∑

i=1

δi


xij −

∑
l∈R(ti)

xlj exp(x
T
l β)

∑
l∈R(ti)

exp(xT
l β)


 ,

6: Compute Exclusive Lasso Penalty terms:

P̃j = λ
∑

l∈g\{j}
|βl|

7: Compute Hessian approximation:

Hj =
n∑

i=1

δix
2
ij

8: Update βj using soft-thresholding from Equation (2.4):

β
(k+1)
j = S

(
r̂j

Hj + λ
,

P̃j

Hj + λ

)

9: end for
10: end for
11: end while
12: return β̂

Figure 1 displays the regularization paths for both Exclusive Lasso (left) and Lasso (right).
The variables are divided into five distinct groups, with each group containing exactly one
signal variable and the rest being noise. The signal variables are highlighted using differ-
ent colors to distinguish their respective groups. Exclusive Lasso encourages within-group
sparsity, driving most coefficients to zero while retaining only one active variable per group.
As a result, it maintains exactly five active variables, one from each group, even at large
values of λ. In contrast, Lasso applies shrinkage without regard to group structure and may
eliminate informative variables or retain multiple variables from the same group.
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Figure 1: Regularization paths for Exclusive Lasso (left) and Lasso (right) from a simulation
study, where variables are evenly distributed into five groups (shown in distinct colors),
with each group containing one true signal variable. In the Exclusive Lasso model, the true
variables remain active unless all other variables in their group shrink to zero. In contrast,
the Lasso model selects variables without considering the group structure, allowing multiple
variables from the same group to be included.

3 Simulations

In this section, we present a detailed simulation study to evaluate the performance of our
method across different scenarios.

3.1 Setting

We simulate n = 500 observations and p = 500 variables from a multivariate Gaussian dis-
tribution with a Toeplitz covariance matrix ΣΣΣ, where the entries Σi,j = 0.6|i−j| for variables
in the same group, and Σi,j = 0.3|i−j| for variables in different groups. Altogether, we use
a moderate correlation, resulting in a high correlation within groups and a low correlation
between groups. Event times are simulated using a Cox PH model framework, where the
hazard function depends on a baseline hazard and a linear combination of the predictors.
We consider a baseline median event time of eight years. The true coefficients are drawn
from a uniform distribution between 0.5 and 1.5. Independent censoring times are simulated
using an exponential distribution with a rate of 0.02, assuming constant censoring hazard
over time.

We assume that the variables are divided into five groups and consider three different
simulation scenarios for grouping them. The total number of signal variables in all three
scenarios is set to 5, 10, and 20, respectively.
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Table 1 provides a detailed overview of the grouping structure used across all three
scenarios. In the first scenario, we allocate an equal number of variables to each group, with
each group containing 100 variables. This represents an ideal setting, as Exclusive Lasso is
expected to perform well when at least one signal variable is present in each group.

In the second and third scenarios, we introduce unequal group sizes. In Scenario 2, the
variables are distributed as (15, 20, 85, 180, 200), while in Scenario 3, the distribution is (5,
295, 10, 90, 100). Additionally, the signal variables are also unequally distributed among
the groups.

Scenario 1 Scenario 2 Scenario 3
Variables per
group

True variables per group Variables per
group

True variables per group Variables per
group

True variables per group

100 1 2 4 15 1 1 2 5 1 1 2
100 1 2 4 20 1 2 2 295 1 2 6
100 1 2 4 85 1 1 1 10 1 1 4
100 1 2 4 180 1 4 10 90 1 2 6
100 1 2 4 200 1 2 5 100 1 4 2

Table 1: Description of grouping structure of both signal and noise variables across three
simulation scenarios.

We simulate an independent validation dataset consisting of n = 500 observations to
evaluate model performance. The penalty parameter λ is selected via 5-fold CV for all
models. For the IPF-Lasso, we choose the value of λ by maximizing the cross-validated
predictive log-likelihood via a 5-fold CV with 10 repeats. Although we initially aimed to
assess our simulations using Sparse Group Lasso with a cross-validated mixing parameter α,
this approach significantly increased memory and time requirements. Thus, we fix α = 0
to maintain computational efficiency comparable to other models. This choice corresponds
to the standard Group Lasso and avoids using the default α = 0.95 recommended by the
authors of the SGL R package (Simon et al., 2019).

We report the results using variable selection accuracy, defined as the proportion of true
positives and true negatives among all variables, along with the F1 score, false discovery rate
(FDR), and integrated Brier score (IBS). The F1 score (Van Rijsbergen, 1979) is defined
as the harmonic mean of precision and recall, accounting for both false positives and false
negatives. The metric ranges from 0 to 1, with larger values indicating a better balance
between precision and recall. The Brier score (Graf et al., 1999) at a given time point t
represents the average squared distances between the observed event status and the predicted
survival probability. The IBS provides an overall performance of the model by integrating
the Brier score at all available time points. A lower value of IBS is desired as it indicates that
the model’s predicted probabilities are closer to the true probabilities across all available
time points.

3.2 Results

We compare our proposed extension of Exclusive Lasso for Cox PH models with the models
described in Section 2. We use the implementations available in the R packages: glmnet
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No. of true variables Metric Elastic Net Exclusive Lasso Group Lasso IPF

5

Selection Accuracy 0.86 (0.001) 0.99 (0.000) 0.01 (0.000) 0.93 (0.001)
F1 score 0.13 (0.001) 0.67 (0.007) 0.02 (0.000) 0.23 (0.002)
False discovery rate 0.93 (0.000) 0.49 (0.010) 0.99 (0.000) 0.87 (0.001)
Integrated Brier score 0.56 (0.001) 0.42 (0.000) 0.44 (0.001) 0.53 (0.000)

10

Selection Accuracy 0.83 (0.000) 0.98 (0.000) 0.02 (0.000) 0.90 (0.001)
F1 score 0.19 (0.000) 0.65 (0.002) 0.04 (0.000) 0.25 (0.001)
False discovery rate 0.89 (0.000) 0.52 (0.003) 0.98 (0.000) 0.85 (0.001)
Integrated Brier score 0.61 (0.001) 0.43 (0.000) 0.47 (0.000) 0.52 (0.001)

20

Selection Accuracy 0.81 (0.001) 0.91 (0.000) 0.04 (0.000) 0.89 (0.001)
F1 score 0.30 (0.001) 0.47 (0.001) 0.08 (0.000) 0.42 (0.001)
False discovery rate 0.83 (0.001) 0.69 (0.001) 0.96 (0.000) 0.74 (0.001)
Integrated Brier score 0.65 (0.000) 0.43 (0.000) 0.49 (0.000) 0.55 (0.000)

Table 2: Average performance metrics (standard errors in brackets) for different models
across varying numbers of signal variables in Scenario 1 over 100 iterations; best-performing
modeling approach per setting in bold font.

(Friedman et al., 2010; Simon et al., 2011a) for Elastic Net Cox, SGL (Simon et al., 2019) for
Group Lasso, and ipflasso (Boulesteix et al., 2019) for IPF-Lasso. We generate 100 random
test datasets and report the average selection accuracy, F1 score, false discovery rate, and IBS
for different numbers of true variables across Scenarios 1, 2, and 3 in Tables 2–4, respectively.
Figure 2 visually represents the average selection accuracy and false discovery rate over 100
random replications. Exclusive Lasso demonstrates the largest selection accuracy and F1
score across all three simulation scenarios.

For most models, except Group Lasso, accuracy decreases as the number of signal vari-
ables increases. Group Lasso, on the other hand, shows a slight improvement with more
signal variables, as it tends to select all variables within a group. However, despite this
slight improvement, its overall performance remains quite poor.

Exclusive Lasso’s performance declines more significantly in Scenarios 2 and 3, where
variable allocation is more random (see Table 3). As the number of signal variables increases,
its accuracy becomes comparable to that of IPF-Lasso. In contrast, Elastic Net maintains
consistent performance across all scenarios. This is because Elastic Net does not explicitly
account for grouping, so variations in the number of variables per group do not impact its
selection process.

Regarding the false discovery rate (FDR), Exclusive Lasso is the only model where FDR
increases as the number of signal variables rises. For the other models, FDR decreases with
more signal variables. This occurs because, as the number of variables or groups increases,
Exclusive Lasso tends to select variables from every group, even if some groups contain only
non-informative variables. This behavior is especially evident in Scenario 3, where signal
variables are not evenly distributed among groups (see Table 4). However, despite this
increase in FDR, Exclusive Lasso still maintains a lower false discovery rate than the other
models.

However, we do not observe significant differences in IBS scores across different scenarios
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Figure 2: Selection accuracy and false discovery rate across three scenarios for varying
numbers of signal variables. The results are averaged over 100 randomly generated datasets.

or varying numbers of true variables. This could be due to the high correlation among
variables, allowing the models to produce survival probability estimates that remain close
to the true values despite differences in selection accuracy. As a result, IBS scores remain
relatively stable across all models. Nonetheless, Exclusive Lasso exhibits slightly better
predictive performance compared to the other models.

Overall, we find that Exclusive Lasso outperforms the other models in scenarios where
variables are highly correlated and grouped. While its performance declines slightly in
randomly allocated scenarios, it still remains superior to the other models. The only model
that comes close to Exclusive Lasso is IPF-Lasso, and even then, only when the number of
signal variables is large.
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No. of true variables Metric Elastic Net Exclusive Lasso Group Lasso IPF

5

Selection Accuracy 0.88 (0.000) 0.99 (0.000) 0.01 (0.000) 0.93 (0.000)
F1 score 0.15 (0.000) 0.67 (0.000) 0.02 (0.000) 0.23 (0.001)
False discovery rate 0.92 (0.000) 0.50 (0.000) 0.99 (0.000) 0.87 (0.000)
Integrated Brier score 0.55 (0.001) 0.43 (0.000) 0.49 (0.001) 0.53 (0.001)

10

Selection Accuracy 0.86 (0.001) 0.95 (0.000) 0.02 (0.000) 0.94 (0.001)
F1 score 0.23 (0.001) 0.44 (0.001) 0.04 (0.000) 0.38 (0.003)
False discovery rate 0.87 (0.001) 0.72 (0.001) 0.98 (0.000) 0.76 (0.002)
Integrated Brier score 0.62 (0.001) 0.43 (0.000) 0.51 (0.001) 0.58 (0.001)

20

Selection Accuracy 0.80 (0.001) 0.90 (0.000) 0.04 (0.000) 0.89 (0.000)
F1 score 0.29 (0.001) 0.43 (0.000) 0.08 (0.000) 0.42 (0.000)
False discovery rate 0.83 (0.000) 0.72 (0.000) 0.96 (0.000) 0.73 (0.000)
Integrated Brier score 0.65 (0.001) 0.43 (0.000) 0.51 (0.000) 0.53 (0.000)

Table 3: Average performance metrics (standard errors in brackets) for different models
across varying numbers of signal variables in Scenario 2 over 100 iterations; best-performing
modeling approach per setting in bold font.

No. of true variables Metric Elastic Net Exclusive Lasso Group Lasso IPF

5

Selection Accuracy 0.86 (0.000) 0.99 (0.000) 0.01 (0.000) 0.96 (0.000)
F1 score 0.12 (0.000) 0.76 (0.007) 0.02 (0.000) 0.32 (0.001)
False discovery rate 0.94 (0.000) 0.38 (0.007) 0.99 (0.000) 0.81 (0.001)
Integrated Brier score 0.56 (0.001) 0.44 (0.000) 0.46 (0.001) 0.54 (0.001)

10

Selection Accuracy 0.84 (0.001) 0.95 (0.001) 0.02 (0.000) 0.89 (0.001)
F1 score 0.20 (0.001) 0.45 (0.003) 0.04 (0.000) 0.27 (0.001)
False discovery rate 0.89 (0.000) 0.71 (0.002) 0.98 (0.000) 0.84 (0.001)
Integrated Brier score 0.61 (0.001) 0.43 (0.000) 0.47 (0.001) 0.61 (0.001)

20

Selection Accuracy 0.76 (0.001) 0.94 (0.000) 0.04 (0.000) 0.92 (0.000)
F1 score 0.25 (0.001) 0.54 (0.002) 0.08 (0.000) 0.45 (0.001)
False discovery rate 0.86 (0.000) 0.61 (0.002) 0.96 (0.000) 0.70 (0.001)
Integrated Brier score 0.68 (0.001) 0.43 (0.000) 0.49 (0.000) 0.53 (0.000)

Table 4: Average performance metrics (standard errors in brackets) for different models
across varying numbers of signal variables in Scenario 3 over 100 iterations; best-performing
modeling approach per setting in bold font.

4 Application

Next, we apply our proposed method to a real-world gene expression dataset. The regular-
ization parameter λ is tuned via CV for all models.

Bladder cancer (BC) is one of the most commonly diagnosed urinary cancers worldwide,
with its incidence steadily increasing each year. This rise may be linked to factors such as
tobacco use and an aging population. Although the 5-year survival rate for BC is relatively
high at 77%, the recurrence rate remains a significant concern. Beyond genetic signatures,
numerous risk factors contribute to BC development, including gender, smoking pattern, and
occupational exposure to carcinogens (Cumberbatch et al., 2018). Therefore, it is crucial
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Figure 3: Prediction errors for Bladder gene expression study. Left : Boxplots of the inte-
grated Brier score evaluated up to 60 months across 100 random training-test-data splits.
Right : Mean Brier scores calculated at 10, 20, 30, 40, 50, and 60 months, averaged over 100
random training-test-data splits.

to incorporate both clinical risk factors and sensitive biomarkers when predicting overall
survival in bladder cancer patients.

We analyze the BC dataset retrieved from the Gene Expression Omnibus (GEO) database
(URL: https://www.ncbi.nlm.nih.gov/geo/) using the “GEOquery” Bioconductor R pack-
age, with the GEO accession GSE31684 (Riester et al., 2012). The dataset includes gene
expression data for 54,675 genes from 93 patients. For data preprocessing, we apply a vari-
ance filter to select genes with high variance, as previous studies have shown that using a
variance filter before fitting a regularized Cox PH regression model can improve the perfor-
mance of regularized Cox regression models and lead to stable feature selection (Bommert
et al., 2022). We categorize the variables into two groups: clinical and gene expression. The
clinical group includes age (in years), tumor stage (Ta/T1, T2, T3, T4), nomogram score,
and packs smoked per year. The data is split into training (70%) and testing (30%) sets,
and this process is repeated for 100 times. For each split, we compute prediction errors on
the test set and identify the top 10 most frequently selected variables by each model on
the training data. This frequency-based approach is motivated by the principle of stability
selection (Meinshausen and Bühlmann, 2010), which aims to identify variables that are con-
sistently selected across multiple resampled datasets, thereby improving the robustness and
reliability of variable selection in high-dimensional settings.
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Figure 4: The top 10 most frequently selected variables by the different models on the
training set of the Bladder cancer gene expression study for 100 random subsamples.

We report the Brier scores computed up to 5 years for all the models discussed in
Section 2. From Figure 3, we observe that Exclusive Lasso yields the lowest IBS curve.
Although there is no substantial difference in the IBS across models, the right plot in Figure 3
shows that Exclusive Lasso consistently gives the lowest mean Brier score at each time point.
Elastic Net and IPF-Lasso perform almost identically. Group Lasso shows larger Brier scores
for events between 10 and 20 months, but beyond that, its Brier score is lower than that of
Elastic Net and IPF-Lasso.

Figure 4 displays the top 10 most frequently selected variables by all models. We observe
that the clinical variables “Stage”, “Smoking”, and “Age” are selected more frequently by
Exclusive Lasso than by any other model. In 100 iterations, the variable “Stage” is selected
more than 80 times. Despite being part of a low-dimensional clinical group, Exclusive Lasso
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Figure 5: Average number of selected variables across 100 random subsamples for each model
in the Bladder cancer gene expression study. The black pointers are the average numbers of
selected variables.

consistently selects at least one variable from this group, while other models tend to ignore
these variables completely. These variables are only selected by Group Lasso in addition to
Exclusive Lasso. In some iterations, Group Lasso selects both clinical and gene expression
variables, but this occurs less than 25% of the time (see Figure 5). More frequently, Group
Lasso selects only variables from the gene expression group. Group Lasso also has many
unique variables that are not selected by any other models, as it selects all variables from a
group when that group is chosen. IPF-Lasso selects variables that are shared by all other
models, with no unique variables appearing in the top 10 most frequently selected. However,
no biomarker is selected more than 10 times out of 100 subsamples. Lasso also fails to select
any unique or clinical features, with 5 of the top 10 features being shared by other models.

5 Conclusion

Variable selection plays a critical role in high-dimensional biological datasets. Time-to-event
prediction improves when redundant and non-informative features are filtered out, leading to
better runtime efficiency and interpretability. However, most filter and prediction methods
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fail to account for the intricate grouping structure of biological data. Studies suggest that
predictive performance improves when clinical variables are prioritized (Herrmann et al.,
2021). However, due to their low dimensionality, clinical variables are often overshadowed
by the vast number of gene expression features, particularly when using standard Lasso
regularization. To ensure proper representation of low-dimensional clinical variables, we
propose using Exclusive Lasso in Cox PH regression models.

The Exclusive Lasso penalty combines the L1-norm within groups to enforce sparsity
among highly correlated features and the L2-norm between groups to ensure all groups are
represented. This approach prevents low-dimensional groups from being overlooked while
selecting the most relevant variables within each group, even when they are highly correlated.
In contrast, methods like IPF-Lasso account for the grouping structure by applying an
L1-norm within each group but do not guarantee the selection of low-dimensional groups.
Additionally, a major drawback of IPF-Lasso is the need to specify a set of penalty factors
or weights for each group, which, although potentially data-driven, is a time-consuming
process.

In our simulation study, we compared the proposed Exclusive Lasso with other state-of-
the-art methods that accounted for grouping structures, such as Elastic Net, Group Lasso,
and IPF-Lasso. Exclusive Lasso outperformed these models in terms of selection accuracy
and false discovery rate. Although its performance slightly deteriorated as the number
of true variables increased, it still maintained a lower false discovery rate than the other
models. It also performed well when variables were evenly distributed across groups. While
IPF-Lasso achieved comparable performance, it either failed to select variables from certain
groups or tended to select highly correlated variables within the same group. Group Lasso,
on the other hand, performed poorly as it failed to select variables across all groups.

We analyzed the performance of the methods in a real-world Bladder cancer study.
Although the methods had comparable integrated Brier scores, we observed that Exclusive
Lasso achieved the best mean Brier score up to 60 months at every time interval. This
may be because most methods tend to ignore clinical variables, whereas Exclusive Lasso
selects them. The survival prediction and disease progression of bladder cancer are highly
influenced by clinical predictors such as tumor stage and smoking status. Therefore, beyond
gene selection, incorporating clinical variables into prediction models is crucial. We also
found that variable selection in Exclusive Lasso was more consistent across repetitions,
whereas other models selected different variables in different iterations.

Although Exclusive Lasso is highly effective in selecting variables from each group, its
estimation is challenging due to the composite nature of the penalty. For future work, we
are currently developing our proposed NM-L1,2 algorithm (Ravi and Groll, 2025) for Cox
PH models. This method can robustly handle cases where certain groups contain no true
variables. Traditional Exclusive Lasso cannot exclude a group even if it is non-informative
due to the L2-norm between groups. To address this, we proposed an ad-hoc technique
to include only informative variables. Specifically, we converted the composite norm into a
differentiable norm and used a Newton-based algorithm for estimation. We showed that this
approach outperforms the coordinate descent method. However, this method needs further
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investigation, particularly in scenarios with random allocation. Additionally, we plan to
implement stability selection techniques, as proposed by Meinshausen and Bühlmann (2010),
to enhance variable selection robustness, especially in cases involving random allocation. We
also look forward to testing the method with more levels of grouping, such as multi-omics
datasets, where, in addition to clinical variables, multiple layers of omics data—such as
genomics, epigenomics, transcriptomics, proteomics, metabolomics, and microbiomics—are
available.
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