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Abstract In this paper, we propose an approach for describing wave propagation in finite-size microstructured
metamaterials using a reduced relaxed micromorphic model. This method introduces an additional kinematic
field with respect to the classical Cauchy continua, allowing to capture the effects of the underlying microstruc-
ture with a homogeneous model. We show that the reduced relaxed micromorphic model is not only effective
for studying infinite-size metamaterials, but also efficient for numerical simulations and analysis on specimens
of finite size. This makes it an essential tool for designing and optimizing metamaterials structures with specific
wave propagation properties. The proposed model’s efficiency is assessed through numerical simulations for
finite-size benchmark problems, and shows a good agreement for a wide range of frequencies. The possibility
of producing the same macroscopic metamaterial with different but equivalent unit cell “cuts” is also ana-
lyzed, showing that, even close to the boundary, the reduced relaxed micromorphic model is capable of giving
accurate responses for the considered loading and boundary conditions.

Keywords Finite-size metamaterials - Wave propagation - Homogenization - Reduced relaxed micromorphic
model

1 Introduction

In recent years, acoustic metamaterials have gathered significant attention for their ability to manipulate
mechanical waves in ways that surpass the capabilities of classical materials. These materials are engineered
with ad hoc microstructures that can effectively control the propagation of mechanical waves, resulting in unique
properties such as negative Poisson’s ratio [23,43,55], chiral effects [16,27,28,58,65,66], band gaps [5,10, 18,
25,30,33,36,40,41,46,87,95], cloaking [14,52,53,62,73], focusing [21,34], channeling [11,39,42,51,83,88],
negative refraction [11,47,54,79,93,95], and others [17,26,32,44,56,57,84,94]. The potential applications
of acoustic metamaterials are broad, including also noise reduction, imaging, and communication. While
progress has been made in designing, fabricating, and modeling such materials, several challenges remain.
One of the main obstacles is to achieve the ability of modeling the desired acoustic properties across a wide
frequency range and at a large scale, which is crucial for real-world engineering applications. In recent papers
[1,24,64,67-70,86] we have shown that the reduced relaxed micromorphic model performs well in describing
the response of infinite-size metamaterials and also for some simple finite-size problems. The importance
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Fig. 1 Two of the possible unit cell “cuts” that can be chosen and whose periodic tailing builds the same infinite metamaterial

of micromorphic models for modeling metamaterials and heterogeneous media has also been acknowledged
through the development of homogenization techniques in quasi-static regime [2-4,6,9,12,15,29,35,45,49,
50,63,71,72,74,76,77,82,85,89] as well as, more recently, in the dynamic regime [7,8,13,19,20,37,38,75,78,
80,81,90-92]. However, in order to model dispersion at frequencies higher than the acoustic modes and band
gap, enriched models of the micromorphic type must be used at the homogenized scale. To our knowledge,
the problem proposed in the present paper is the first one which tries to address the fundamental question of
homogenized boundary conditions which are representative of complex situations like considering two unit
cell “cuts” for different metamaterials. We present this paper as a necessary step to gain the needed insight to
proceed toward more complex situations (for example, the effect of the cell’s “cut” when the metamaterial is
in contact with another homogeneous solid). In the present paper, we show for the first time that the reduced
relaxed micromorphic model is well adapted to describe the overall behavior of a metamaterials stemming
from different unit cell “cuts,” when considering “free” boundaries and “thin” Cauchy bars. The question of
studying boundary conditions to be imposed at interfaces between a reduced relaxed micromorphic continuum
and another material (e.g., a “thick” Cauchy bar) to reproduce the response of different “«” and “B” cuts is
very delicate and will be addressed in forthcoming papers. The present paper wants to establish that the effect
of different cell’s cuts does not consistently affect the reduced relaxed micromorphic model’s performance as
far as simple boundary and loading conditions are considered.

Another issue concerns the choice of the unit cell, the fundamental building block of periodic metamaterials,
when dealing with finite-size samples. The choice of the unit cell “cut” (see Fig. 1) may induce a different
response on the metamaterial’s boundary that can propagate inside the bulk material. We show that, for
the targeted metamaterial and the chosen applied load, these boundary effects are limited to a region very
close to the boundary in almost all cases. This implies that in this case, possible deviation of the reduced
relaxed micromorphic model response may be restricted only to small regions very close to the boundary. By
understanding the properties of metamaterials’ unit cells, their associated boundary effects, and by modeling
them through the reduced relaxed micromorphic model, we can better understand how to model the propagation
of sound waves in finite-size metamaterials’ samples for wide ranges of frequencies and different unit cells. This
will allow upscaling and will thus have important implications for fields such as materials science, acoustics,
and engineering.

2 The relaxed micromorphic model: a reduced version for dynamics

We introduce here the equilibrium equations, the associated boundary conditions, and the constitutive relations
for a reduced version [24,64,67-70] of the relaxed micromorphic model [1,31,48,59—-61,86] for dynamic
applications.! The equilibrium equations and the boundary conditions are derived with a variational approach

! The adjective “relaxed” was introduced by some of the authors for the specific micromorphic-type continuum model they
pioneered some years ago. The term “relaxed" is related to: (i) the fact that the curvature term in the strain energy term of the full
model is related to the Curl of the micro-distortion P instead than of its entire gradient and (i) contrarily to classical Mindlin-type
models, there are no mixed terms of the type (Vu — P, sym P).
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thanks to the associated Lagrangian
LG, Vi, P, Vu, P) := K (it, Vi, P) — W(Vu, P) , (1)

where K and W are the kinetic and strain energy, respectively, defined as>

. 1 1 . . 1 . .
K@, Vu, P) :=§,0 (u, u) + E(Jm sym P, sym P) + E(JC skew P, skew P)

1 1
+ E(Te symVii, symVi) + §<TC skewVi, skewVit) , (2)
1 1
W(Vu, P) :=§((Ce sym (Vu — P),sym (Vu — P)) + §<CC skew (Vu — P), skew (Vu — P))
1
+3 {Cricro Sym P, sym P) , 3)

where (-, -) denote the scalar product, the dot represents a derivative with respect to time, u € R3 is the
macroscopic displacement field, P € R3*? is the non-symmetric micro-distortion tensor, p is the macroscopic
apparent density, Jn, Jc, Te, T¢, are 4th-order micro-inertia tensors, and C., Cy,, C. are 4th-order elasticity
tensors (see [68,86] for more details). In particular, we report here the structure of the micro-inertia and the
elasticity tensors for the tetragonal class of symmetry and in Voigt notation

Ke + e Ke — e x ... O Km+ Mm Km — m * ... O
— e Ke + e *x ... O Km— Mm Km + MUm * ... 0
Co = * * *x...0 Criero = * * *... 0
0 0 0 ul 0 0 ui
Ky +viky—vix... 0 /cy—i—yl/cy—yl*...o
Ky —Y1ky +yi*x... 0 1/<y+)/1*...0 4)
Jm:ﬂLg * * x...0 i Teszz *x... 0 ’
0 0 0 ¥ 0 7
*0 0 *0 0 *0 0
Jo=pL2|0x 0 |, Te=pL2|0x 0 |, Cc=[0x 0
004y, 004y, 004uc

Only the in-plane components are reported since these are the only ones that play a role in the plane-strain
simulations presented in the following sections. The choice of this particular class of symmetry will be justified
in the next section by the choice of the unit cell. The action functional A is thus defined as

A= // L (i, Vi, P, Vu, P,) dxdt, (5)

Qx[0,T]
and its first variation §.A is taken with respect to the kinematic fields («#, P). Furthermore, it follows from the
least-action principle that .4 = 0 uniquely defines both the equilibrium equations and the boundary conditions

(both Neumann and Dirichlet). Thus, the reduced relaxed micromorphic equilibrium equations in strong form
are

pii —Divo =Dive, =0 —s, (6)
where

o = Cesym(Vu — P) + C.skew(Vu — P), G := Tesym Vii + T, skew Vi, @)

2 The higher-order contributions related to Curl P were neglected in the present paper. This choice comes from the observation
that, while the curvature term plays a crucial role in the static case (it allows to obtain a specific homogenization formula between
the relaxed micromorphic coefficients and the macroscopic stiffnesses when letting L. — 0), its effect is negligible in the dynamic
case. However, it can be inferred (see Table 1 and Eq. (4)) that the introduced inertia terms also introduce a characteristic length
L. which is here of the order of the unit cell size.
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Fig. 2 (top left) unit cell «, (top right) unit cell B. The two unit cells are equivalent in the sense that they give rise to the same
infinite microstructured material, while giving rise to two finite-size samples with different geometry on the boundary; (bottom)
material and geometrical properties: the size of the unit cell is L, the density prj, the bulk modulus «1; and the shear modulus

MUTi

s := ChicroSym P, o := Jp sym P+ J.skew P . (8)
The associated homogeneous Neumann boundary conditions are
T=0C+0)n=0, ©

where 7 are the generalized traction and n is the normal to the boundary. We also briefly recall here the
expression of the traction for a classical isotropic Cauchy model

t:=on, o:=«ktr(Vu) 14+ 2udevsymVu, (10)

where « and p are the classical bulk and shear moduli, respectively.

2.1 Identification of the enriched model parameters via dispersion curves fitting

In this section, we briefly present the reduced relaxed micromorphic parameters identification procedure that
is done by the means of fitting the dispersion curves. On one hand, the dispersion curves (Fig. 3) of the
microstructured material are obtained with a classical Bloch-Floquet analysis performed on any unit cell of
the two in Fig. 2 by using Comsol Multiphysics®.> The two unit cells, which we will name « (left) and 8
(right), give rise to the same dispersion curves since a Bloch—Floquet analysis employs periodic boundary
conditions, thus mimicking an infinite domain and the two unit cells shown in Fig. 2 are equivalent in the
sense that they give rise to the same infinite microstructured material. On the other hand, dispersion curves
for the reduced relaxed micromorphic model are obtained analytically by finding the non-trivial solution of
the homogeneous equilibrium Eq. (6) under a plane-wave ansatz (for more details, see [86]). The number

3 The choice of this unit cell is related to the fact that it is the most recent one for which a successful fitting of the RRMM was
achieved. Indeed, the RRMM has proven to be successful to describe the response of different tetragonal unit cells and it is not
limited to this special case. However, since it is always necessary a preliminary work to perform the reduced relaxed micromorphic
model fitting and since we are here interested to study the effect of different cuts in view of gathering better understanding on the
effect of boundary conditions on the overall metamaterial’s response, we opt for the use of this specific unit cell.
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Table 1 Values of the elastic parameters, the micro-inertia parameters, the characteristic length L, and the apparent density p
for the reduced relaxed micromorphic model calibrated on the metamaterial whose building block is any of the two unit cells in
Fig. 2

Lc [m] ke [Pa] e [Pa] ug [Pa]
0.02 2.51x10° 2.39x10° 1.20x 10°
e [Pa] Km [Pa] um [Pa] Hm [Pa]
1.11x10* 4.54x10° 4.43x10° 4.18x101°
Ky [-] 71 (-] 7i- 72 -]
1016.56 983.36 9234.89 0.02

iy [-] 71 - vi [ V2 l-l
5.45 3.09 1.45%107° 1.87
KMacro [Pa] ItMacro [Pal Mtacro [Pal p [kg/m?]
1.62x10° 1.55x10° 1.20x 10° 3840.77

In the last row it is reported the macro-parameters, i.e., the corresponding long-wavelength limit Cauchy material coefficients
[59,67]

of independent parameters in the reduced relaxed micromorphic model is 16: 8 of them can be analytically
evaluated or analytically related to the other parameters, while the remaining eight are obtained with an error
minimization procedure, so that the dispersion curves issued via the reduced relaxed micromorphic model are
the closest possible to those issued via Bloch—Floquet analysis (see Fig. 3). The parameters with an analytical
expression are”

ATy Km KMacro Mm MMacro
L = PTi s Ke=—""—", e = —"—
Aot Km — KMacro Mm — MMacro
PL;; 'U“K/I Ke + Km Me + Um

He = e Y= e "= et (1)

Mm MMacro o Lg wp P L wg

=772 > = 122
p LE o} p Lo}

where AT; and Ay are, respectively, the area of titanium and the total area (including the voids) of the unit cell,
wp, wr, Wy, and wy; are the cut-off frequencies, namely the frequencies for a vanishing wavenumber k = 0,
KMacro»> MMacro, and Ml’(,[acm are the macro-parameters, which represent the stiffness of the microstructured
material for the long-wavelength limit and can be obtained thanks to the relations of the slope (wave speed)
for k = 0 of the acoustic branches of the dispersion curves (or with classical static test with periodic boundary
conditions), while L. is the length of the side of the unit cell, i.e., L, = 0.02 m.

As already remarked, the remaining eight parameters km, fm, [Uiy, Hes Ky, V1s 7*1‘, and y, are obtained
by minimizing the distance between the dispersion curves obtained via Bloch—Floquet analysis and the ones
of the equivalent reduced relaxed micromorphic model through a fitting procedure (for more details see [86]).
All the material parameters of the reduced relaxed micromorphic model characterizing the microstructured
material of Fig. 2 are summarized in Table 1, and the plots of the two sets of curves are shown in Fig. 3.

4 As proved in previous papers, when considering the full relaxed micromorphic model in the static case, rigorous homogeniza-
tion formula relating the micromorphic coefficient to the macro Cauchy limit can be derived when letting the static characteristic
length tend to zero (see [22]). We recall here these formulas relating the micromorphic coefficients to the ones associated with
the macroscopic Cauchy limit.

5 The dispersion curves depicted in Fig. 3 represent the first 6 modes of an infinite metamaterial constituted by a periodic
repetition of the unit cell in Fig.3: yellow curves are associated to pressure modes, while red curves represent shear modes.
For a direction of propagation of 45°, the acoustic shear and pressure modes are almost superimposed, and the same is for the
shear and pressure optic modes starting around 2000 Hz. The band-gap region is highlighted with a light brown color. Clearly,
the full microstructured system may exhibit an infinite number of modes when increasing frequency. On the other hand, the
considered micromorphic model can only reproduce the first six of these modes. To introduce higher-frequency modes also
in the micromorphic modeling framework, extra micro-related degrees of freedom should be introduced with respect to the
micro-distortion tensor P alone. However, we are interested in this paper to the lower-frequency behaviors of the considered
metamaterial and, in particular, to the possibility of adequately describing dispersion and band gaps in this frequency interval.
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Fig. 3 Dispersion curves for 0°(left), and for 45°(right). The dots correspond to the solution of the Bloch-Floquet analysis
performed on any of the two unit cells in Fig. 2 by using Comsol Multiphysics®, while the solid lines represent the analytical
expression of the dispersion curves for the reduced relaxed micromorphic model. The dashed lines represent the frequencies used
in the numerical simulations

3 Finite element simulations setup

In this section, we present the setting-up of the numerical simulations on a finite-size metamaterial both with
a microstructured Cauchy model and the reduced relaxed micromorphic model.

3.1 Microstructured materials simulations setup

All the 2D simulations presented here have been performed under a plane-strain assumption and with a time-
harmonic ansatz. The two microstructured materials presented in this work have been built as a regular grid
of finite-size (16 x 16 unit cells of side L, = 0.02 m), whose building blocks are the unit cells made up of
titanium shown in Fig. 2. The resulting metamaterials are connected to two slender homogeneous Cauchy bars
made up of titanium. The following boundary and interface conditions have been enforced (see Fig. 4)

Ay=B, B; By=C; Ay=B, B, B=C~_ & .l
/ 3 Asz [ / \ :/(:3
A HEEN| 'S
\CZ £ 1\ \CZ

A—] A—]

EENENEEEREEE

B, 4

Al B, 4 Af

Fig. 4 Schematic view of the geometry and the labeling of the boundaries and interfaces for (left) the microstructured material
built out of the unit cell « and (right) the microstructured material built out of the unit cell g
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uila, =u and  uz|a, — free  (prescribed disp. - green) on A
ula, =ulp, and onls, =on|p (perfect contact - red) on Ay = B

u|lp, = u|c, and o n|p, =on|c, (perfectcontact-red) on By = C; (12)
on=0 (stress free - black) on Az, A4, B3, By,
C2, C3,Cy, Dy

where the magnitude of the harmonic prescribed displacement u is 1% of the size of the specimen.

In particular we set @ = ug e ! with u0 = 3.2 mm. The simulations have been performed by using the Solid
Mechanics physics package of Comsol Multiphysics®. In order to ease the convergence of the analysis, we
introduced a small amount of numerical isotropic damping (n = 0.002).

3.2 Reduced relaxed micromorphic continuum simulations setup

The microstructured material is here modeled with the reduced relaxed micromorphic model, which is char-
acterized by the material parameters in Table 1. In addition, the following boundary and interface conditions
have been enforced (see Fig. 5)
uila, =u and uz|a, — free  (prescribed disp. - green) on A
ula, = ul|p, and o nla, = n|p, (perfect contact - red) on Ay = B;

ulp, =ulc, and o n|g, =on|c, (perfectcontact - red) on By = Cy (13)
on=20 (stress free - black) on A3z, A4, Cp, C3, Cy
(+0)n=0 (stress free - black) on B3, By

where again, the magnitude of the prescribed harmonic displacement u is 1% of the size of the specimen.
The effective homogeneous material modeled with the reduced relaxed micromorphic model is also embedded
between two slender homogeneous Cauchy bars made up of titanium. The simulations have been performed

B, B,=C,
/ :

N
PR B
—C
Af ZB 4

4

Fig. 5 Schematic view of the geometry and the labeling of the boundaries and interfaces for the equivalent reduced relaxed
micromorphic material
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by using the Weak Form PDE physics package of Comsol Multiphysics®. This package requires the imple-
mentation of the expression of the Lagrangian (1) and the appropriate boundary and interface conditions. To
have a consistent comparison with the results from the microstructured material, we have introduced the same
small amount of numerical isotropic viscous damping (n = 0.002) also in this case.

4 Results and comparison

In this section, we show the results issued by the numerical simulations described in Sect. 3 for the values of
frequencies highlighted in Fig. 3 (dashed lines).

In Figs. 6, 7, 8, 9, the structural response for different frequencies is given for (left) the microstructured
material built out of the unit cell «, (center) the equivalent reduced relaxed micromorphic material, and (right)
the microstructured material built out of the unit cell 8. It can be inferred by direct inspection of these figures
that the unit cell’s cut shown in the right panel of Fig. 2 gives rise to a macroscopic response which is better
captured by the reduced relaxed micromorphic model, except for the frequency w = 3500 Hz at which a
resonant mode is predominant (see the right panel of the second row Fig. 9). However, we can also notice
that, except for some small regions close to the boundary, also the behavior of the cut shown in the left panel

=300 Hz ®w=300 Hz ®=300 Hz
""'""*"ﬂﬂllﬂlll"!mi 2.5 25 ‘ HH 25
= 5 2 T B
= 1.5 1.5 1.5
1 1 HH 1
: 05 0.5 0.5
------iiﬁlilllllllliiiii 0 0 i » : 0
®w=500 Hz
2.5 25 25
2 2 2
1.5 1.5 1.5
1 1 1
0.5 0.5 0.5

0

w=700 Hz

40 40 H EeEEEE

35 35 | '

30 30 |

25 25 + :

20 20 - -

15 15 |

10 10 | |

5 5 !

0 0 5 0

Fig. 6 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u for 300, 500, and
700 Hz for (left) the microstructured material whose building block is the unit cell «, (center) the equivalent reduced relaxed
micromorphic material, and (right) the microstructured material whose building block is the unit cell g
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Fig. 7 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u for 1000, 1500, and
1800 Hz for (left) the microstructured material whose building block is the unit cell «, (center) the equivalent reduced relaxed
micromorphic material, and (right) the microstructured material whose building block is the unit cell g

of Fig. 2 is captured at an acceptable level of agreement. Exceptions arise for the frequency w = 500 Hz and
w = 700 Hz at which, once again, microstructure-related resonant modes might become predominant.®

6 Microstructure-related resonant modes are observed by direct inspection of the displacement field inside the unit cell for the
microstructured simulation.
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Fig. 8 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u for 1900, 2000, and
2300 Hz for (left) the microstructured material whose building block is the unit cell «, (center) the equivalent reduced relaxed
micromorphic material, and (right) the microstructured material whose building block is the unit cell g
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Fig. 9 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u for 3000, 3500, and
4000 Hz for (left) the microstructured material whose building block is the unit cell «, (center) the equivalent reduced relaxed
micromorphic material, and (right) the microstructured material whose building block is the unit cell B

5 Discussion

In Fig. 10, we show how the comparison between the total energy of (i) the microstructured material built with
the unit cell « (yellow dashed), (ii) the microstructured material built with the unit cell S (black dot-dashed),
(iii) the reduced relaxed micromorphic continuum (solid red), and (iv) the equivalent macro Cauchy continuum
(green dotted) in the frequency range [0,6000] Hz.

In Figs. 11, 12, 13, we show a detail of the deformation close to the boundary for the simulations at which
a disagreement with the reduced relaxed micromorphic model was detected in one of the two microstruc-
tured simulations. It seems to be the case that in all the simulations where the macroscopic response of the
reduced relaxed micromorphic model deviates from the microstructured one, important bending of the struc-
tural elements constituting the unit cell occurs (we better describe this bending in the captions of Figs. 11, 12,
13).
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Pressure waves

1 0] 0 ‘
5
o 10
o0
g
=]
=]
ER
HO 10 —— Reduced RMM
i': Unit cell
’j --- Unitcell
10- Cauchy - macro |
0 1000 2000 3000 4000 5000 6000
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Fig. 10 Comparison between total energy of the microstructured material « (yellow dashed), the microstructured material g

(black dot-dashed), the reduced relaxed micromorphic continuum (solid red), and the equivalent macro Cauchy continuum (green
dotted) in the frequency range [0,6000] Hz

wW=700 Hz W=700 Hz

4
F
5

F

-

Fig. 11 Detail of the deformation for w = 700 Hz for (left) the structure based on the unit cell & and for (right) the structure based
on the unit cell B. It can be seen that the unit cell & has a non-symmetric response that propagates along the vertical boundary,
while the unit cell 8 gives clearly rise to a symmetric response. More particularly, in the “symmetric response” (right) the internal
resonators rotate of the same quantity at the top and at the bottom, so that the thin beams remain undeformed. In the “asymmetric
response” (left), the rotations of top and bottom element do not compensate each other. This results in the bending of the thin

beams inside the unit cell. To make the plot clearer, the homogeneous Cauchy bar at the end of the specimen has been removed
from the plot
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Fig. 12 Detail of the deformation for @ = 1000 Hz for (left) the structure based on the unit cell « and for (right) the structure
based on the unit cell 8. It can be seen that the unit cell « has a localized non-symmetric response on the top left corner, while the
unit cell B gives clearly rise to a symmetric response. Also in this case, the “non symmetric” response of the resonators implies
bending of the thin beams inside the unit cell, while the “symmetric response” leaves the thin beams undeformed. However, the
unit cell o recovers a symmetric response while moving away from the boundary. To make the plot clearer, the homogeneous
Cauchy bar at the end of the specimen has been removed from the plot
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|

Fig. 13 Detail of the deformation for @ = 3500 Hz for (left) the structure based on the unit cell « and for (right) the structure
based on the unit cell 8. It can be seen that the unit cell « has an overall symmetric response on the boundary, while the unit
cell B gives clearly rise to a prominent non-symmetric one. Once again the “non symmetric” response gives rise to pronounced
bending of the internal thin beams, while the “symmetric response” leaves them almost undeformed. To make the plot clearer,
the homogeneous Cauchy bar at the end of the specimen has been removed from the plot

5.1 Effects of the size of the metastructure on the propagation of the boundary localization

In order to further investigate how these boundary effects persist while increasing the size of the domain, we
present here the results for an increasingly big metastructure domain for the frequencies v = 500 Hz and
w = 700 Hz. In Figs. 14, 15 we show how the displacement field changes for a 50 x 50, a 75 x 75, and a
100 x 100 unit cells metastructures: in the top row we report the results for the cut & while in the bottom row
the one for the cut 8. For @ = 500 Hz, we can see how the boundary effects start to become negligible from
a 100 x 100 unit cells metastructure, while before their effect in the bulk is still relevant. On the contrary,
for @ = 700 Hz we can see how the boundary effects start to become negligible from a 75 x 75 unit cells
metastructure, while in a 100 x 100 their effect is completely relegated to the boundaries and does not affect
the bulk material.
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Fig. 14 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement % for 500 Hz for
(top) the microstructured material whose building block is the unit cell «, (bottom) the microstructured material whose building
block is the unit cell B, for a 50 x 50, 75 x 75, and 100 x 100 unit cells metastructures. The cut & shows an important boundary
effect that propagates in the bulk material up to a 100 x 100 unit cells metastructure, while the cut § does not show noticeable
boundary effects regardless the size
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Fig. 15 Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u for 700 Hz for
(top) the microstructured material whose building block is the unit cell «, (bottom) the microstructured material whose building
block is the unit cell B, for a 50 x 50, 75 x 75, and 100 x 100 unit cells metastructures. The cut & shows an important boundary
effect that propagates in the bulk material up to a 50 x 50 unit cells metastructure while it fades form 75 x 75. The cut B does
not show noticeable boundary effects regardless the size
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6 Conclusions

The reduced relaxed micromorphic model has proven to be an effective tool for analyzing and predicting the
behavior of microstructured materials also at finite scales. This finding suggests that the enriched model is
capable of accurately representing the complex physical interactions and dynamics that occur within these
materials, across a broad range of frequencies unless intense small-scale-related resonances are activated.
Such a capability is invaluable for developing new technologies and improving existing ones at the scale of
the engineers, where a thorough understanding of the behavior of microstructured materials is essential. We
showed that when considering simple load conditions and leaving the metamaterial’s boundary “free,” the
reduced relaxed micromorphic model is effective notwithstanding the choice of unit cell “cut.” However, the

9, ¢

question of how to model the effect of the cell’s “cut” in more complex situations (e.g., metamaterial in contact
with another solid), remains open. One possible solution could be to enrich the boundary conditions of the
reduced relaxed micromorphic model or to explore additional terms introducing specific characteristic lengths.
Addressing this issue is critical for achieving even greater accuracy and reliability in modeling microstructured
materials and will be addressed in forthcoming papers.
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