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Quantifying uncertainty in machine learning models has become a central task in modern
statistical research, particularly in the context of Random Forests. Random Forests and
related tree-based algorithms are widely used across a range of scientific domains. They
are versatile and can be used in classification, regression, or imputation tasks. In all
of these settings, assessing uncertainty is essential. In classification and regression
tasks, inference for variable importance is a tool for interpretability, where uncertainty
quantification is essential, for example, for the construction of confidence intervals. In
imputation tasks, the usage of Random Forest (or other tree-based methods) raises the
question of how imputation-induced uncertainty impacts inference procedures. In both
inference and imputation, important gaps remain in the quantification of uncertainty,
which this thesis aims to address.

While the Random Forest Permutation Importance Measure (RFPIM) is an established
point estimator for (theoretical) variable importance, uncertainty quantification remains
challenging, as the variance of RFPIM is difficult to estimate, and there are hardly any
theoretical results on inference with RFPIM. Nevertheless, there are some approaches
that estimate the variance via resampling methods. From this, confidence intervals have
been derived for variable importance, which are based on an assumption of asymptotic
normality. Here, the first research gap arises: (1) This assumption is only based on the
results of a simulation study rather than a rigorous mathematical theory.

During the aforementioned construction of confidence intervals, the presence of missing
values introduces additional challenges for statistical inference. Missing values can arise
due to non-response in surveys, sensor failures, data entry errors, privacy restrictions,
or participants dropping out of longitudinal studies. The aforementioned confidence
intervals have not been investigated in the presence of missing values, which might
affect the coverage rates. This raises the second open research question (ii) of which
imputation method should be preferred when aiming for inference with the RFPIM.
The Random Forest itself also offers a potential imputation method implemented, for
example, in missRanger. Other tree-based methods like Multiple Imputation through
"XGBoost’(e.g., implemented in mixgb) also offer imputation methods that might be
more flexible than traditional imputation approaches like Multiple Imputation by Chained
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Equations (MICE). In many practical applications, missing data arise in structured
settings such as multilevel or hierarchical data. Yet, a comprehensive comparison
between modern tree-based imputation methods and MICE has not been conducted so
far for multilevel data (iii), which is the third gap in the research addressed by this thesis.
In particular, adaptations of these tree-based methods to multilevel data structures may
further improve their performance in realistic applications.

The first manuscript develops an asymptotic framework for RFPIM to address (1). By
exploiting U-statistic theory and randomization arguments, it derives a Central Limit
Theorem for the RFPIM under strict regularity conditions. To the best of our knowledge,
this is the first Central Limit Theorem for this Importance Measure.

The second paper proposes modified confidence intervals for variable importance in the
presence of missing data addressing (ii). It demonstrates that naively applying single
imputation yields substantial undercoverage and introduces a multiple-imputation-based
variance aggregation that integrates both within- and between-imputation uncertainty.
Simulation results and real-data analyses show that the proposed approach often achieves
nominal coverage.

The third manuscript focuses on multiple imputation in multilevel data structures and
closes the gap (iii). Traditional tree-based imputation techniques implicitly assume
independence between observations, which can lead to biased estimates in multilevel
settings. In an extensive simulation study, multilevel extensions of chained equations,
Random Forests, and gradient boosting methods are compared. The results demonstrate
that classical MICE with predictive mean matching performs robustly for cluster-level
variables, while modified boosting approaches outperform competitors for individual-
level variables with high missingness.
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Notation
Throughout the thesis, vectors and matrices are denoted by bold symbols, e.g., M.

N Natural numbers

R Real numbers

P Probability measure

E(X) Expected value of a random variable X
Var(X) Variance of real-valued random variable X

E(Y|X =2z)  Conditional expectation of Y contioned on the event that X = x

xT Transposed vector of x

X Cartesian product

d e
— Convergence in distribution

N (p, 0?) Normal distribution with expectation y and variance o>
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Introduction






In modern empirical research, machine learning algorithms - e.g. Random Forests
(Breiman, 2001) - have become indispensable tools for modeling complex relationships.
Their ability to capture nonlinear effects, high-dimensional interactions, and mixed
data types without strict parametric assumptions makes them a powerful alternative to
traditional regression models (Strobl et al., 2009). Beyond predictive performance, the
interpretability of such models has gained increasing importance, especially through fea-
ture importance measures that quantify the contribution of predictors to model accuracy
Molnar (2020).

Among these, the Random Forest Permutation Importance Measure (RFPIM), originally
introduced by Breiman (2001) and implemented in widely used software frameworks
such as ranger (Wright and Ziegler, 2017) or randomForest SRC (Ishwaran and
Lu, 2019), has become one of the most popular approaches. Despite its practical
relevance, the inferential properties of permutation-based feature importance remain
poorly understood. An important step in mathematical research for RFPIM was made
by Gregorutti et al. (2017), who formalized theoretical Feature Importance, which is
estimated by RFPIM, and investigated the influence of correlation between features
on RFPIM. Later, Ramosaj and Pauly (2023) showed that RFPIM is an asymptotically
unbiased and a (weakly) consistent estimator for the theoretical Variable Importance. For
the asymptotic unbiasedness, the consistency of the Random Forest estimator is needed,
which was established by Scornet et al. (2015) for additive and continuous regression
functions. The consistency of the RFPIM requires the stronger assumption that the
trees themselves are already consistent. Nevertheless, under i.i.d. zero-mean bounded
errors, a bounded regression function, the Sufficient Impurity Decrease Condition, and
some other technical assumptions, the trees are already consistent (Mazumder and Wang,
2023).

Ishwaran and Lu (2019) used RFPIM to create confidence intervals for the feature
importance and allowing for a natural way of feature selection with Random Forests.
While the empirical results looked promising, a formal proof of the validity of the
confidence intervals remains an open task. One major challenge to close this theoretical



1 Motivation

gap is to find the asymptotic distribution of RFPIM. Ishwaran and Lu (2019) assumed
RFPIM to be asymptotically normally distributed, backed this up with simulations, and
hoped for future proofs of the limiting distribution. This is where the first paper of
this thesis comes in. Earlier theoretical works such as Mentch and Hooker (2016) and
Wager and Athey (2018) provide asymptotic results focusing on prediction or average
treatment effects rather than feature importance measures. Mentch and Hooker (2016)
used generalized U-statistics theory to establish asymptotic normality of Random Forest
Predictions, which was later refined for more common choices of hyperparameters by
Peng et al. (2022).

In the first paper of this thesis, we use the theory for U-statistics from Peng et al. (2022)
to establish a first Central Limit Theorem (CLT) for the RFPIM. While most assumptions
(e.g., mutually independent features and additive regression function) are common in
Random Forest Theory (Scornet et al., 2015; Ramosaj and Pauly, 2023), some more
restrictive assumptions like bounded error terms or the randomly chosen number of trees
are needed to prove the CLT.

Additionally, the first paper contains a simulation study that suggests that the assumptions
used in the proof can be relaxed regarding the bounded errors and the additivity of the
regression function. Larger deviations from the normal distribution occurred only when
variables with interaction effects, but without marginal effects, were present. This is in
line with Blum et al. (2025), who found that the Random Forest has problems capturing
such interaction effects. On the other hand, polynomial or trigonometric regression
functions didn’t disturb the normality of the RFPIM in our simulation.

Our results contain the first theoretical guarantees for the asymptotic distribution of
RFPIM, which proves the validity of the confidence intervals from Ishwaran and Lu
(2019). In real-life applications of those confidence intervals, practitioners are often
confronted with missing values due to non-response, technical failures, or other issues.
This leads to the second gap in the research, which is closed by this thesis. The
performance of the confidence intervals from Ishwaran and Lu (2019) in the case of
missing values hasn’t been investigated before. An obvious solution for addressing
missing values is imputing the missing data with some classical approach like Multiple
Imputation by Chained Equations (MICE) (Van Buuren and Groothuis-Oudshoorn,
2011). Alternatively, tree-based methods like missForest (Stekhoven, 2012) implemented
in missranger (Mayer, 2024) or Multiple Imputation by XGBoost (Deng, 2023)
implemented in mixgb can be used. While these methods aim for ’proper’ imputation,
i.e, conserving the distributional properties of the original data sets, it is not guaranteed
that datasets with imputed data also lead to the same coverage rates of the confidence
intervals for RFPIM.



The second paper of this thesis therefore provides an extensive simulation study com-
paring the mentioned imputation methods in this setting. It turns out that Ishwaran’s
confidence intervals for RFPIM in combination with imputation lead to severe under-
coverage in case of missing values. A heuristic fix for this issue is also provided in
the second paper. By applying Rubin’s rules (Rubin, 1987) to the variance estimator
proposed by Ishwaran and Lu (2019), the coverage rates can be improved substantially
as long as missing rates are moderate (< 30%).

Despite the usage of non-linear regression functions, MICE turned out to be competitive
against its tree-based imputation alternatives. Nevertheless, tree-based methods for
imputation might have an advantage over MICE, which has to assume some kind of
underlying model, while tree-based methods are more flexible in that way. In simulations
Kokla et al. (2019) found Random Forest-based imputation to be superior on real-life
medical data in terms of normalized root mean squared error, when the missing values
are generated with missing at random (MAR) or missing completely at random (MCAR).
For these missing mechanisms, Random Forest imputation also shows strong results
when judging subsequent classification on simulated datasets (Buczak et al., 2023).

This raises the question of whether there are other scenarios in which tree-based imputa-
tion can be beneficial in comparison to classical methods like MICE. A common data
situation in social sciences, where observations are clustered in, e.g., classes, schools, or
federal states, is multilevel data. So far, there has been no research on how tree-based
imputation methods perform on multilevel data. This is where the third paper of this
thesis contributes. The paper contains an extensive simulation study comparing the
performance of the tests in the subsequent multilevel regression models for Random
Forest imputation, MICE, and Gradient Boosting. Since the two tree-based approaches
are not built for a multilevel structure, we also introduced modified versions via cluster
dummy variables. The analysis contains bias and standard deviation of the regression
estimators as well as the power of the associated ¢-test. It turns out that MICE performs
best due to its conformity with the linear structure. The dummy adaptation did not make
a huge difference for the tree-based methods. Although MICE is favored by the study
structure, mixglb was able to outperform MICE when missing rates increased from 10%
to 50%, underlying the potential of tree-based methods.



1 Motivation

Uncertainty Quantification in Random Forests

Inference Imputation
ittt Paper 3
: Paper 2 :
Paper 1 | RFPIM inference | | oo pased
CLT for RFPIM | | . . : multilevel
' with missing data . . :
__________________ ’ imputation

This dissertation is structured as follows: Chapter 2 outlines the methodological foun-
dation. Chapter 3 offers a summary of each of the three publications, emphasizing the
innovative elements of every manuscript and its impact on the corresponding research
area. The work ends with a discussion in Chapter 4, followed by the complete papers.



We consider a (non-)parametric regression model with an arbitrary measurable regression
function m : [0,1]” — R and a random error term ¢ with E[¢] = 0 and Var(e) =
0% > 0. Note that regression trees (and the Random Forest) are invariant under strict
monotonic transformations of the features because they rely solely on the ordering of
feature values for splitting, which is preserved under any monotonic transformation
(Ramosaj and Pauly, 2023). Hence, the feature space of [0, 1]? is not a true restriction.
For the response variable Y € R and a feature vector X = (X, .. ., X®)) we consider
the model equation

Y = m(X) +e @2.1)

with 7i(x) = E[Y|X = x]. We define D, = {[X?,Y,]T e[0,1P xR :i =1, n}
to be a dataset of independent and identically distributed copies of (X, Y"). During the
training of a Random Forest, two sources of randomness are involved: bootstrap sampling
and feature subsampling. These can be represented by random vectors @, ..., O,
where each ©,,, determines the construction of the ¢-th tree in a forest of size M €
N. The tree prediction for x € [0,1]? of the ¢-th regression tree, ¢t € {1,..., M},
is denoted by m,, 1(x, ©®;,D,,) and the corresponding Random Forest prediction by
M v (X,01,...,0Mm,D,). In the original Random Forest introduced by Breiman
(2001), Classification And Regression Trees (CART) are used. While CART can be used
for both classification and regression, this thesis only focuses on the regression part.

2.1 CART splitting and Sufficient Impurity Decrease

For theoretical work with Random Forest, a closer look at the splitting mechanism is
necessary. The CART algorithm starts with the whole feature space [0, 1]” and continues
with recursive partitioning. Let A < [0, 1]? be a rectangle at a node, that is meant to be
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split in two subsets

AL = Ap(,b) == An{vel0,1]7 : vV < b},
Ap = Ar(j,b) := An {ve 0,17 : v\ > b},

for b € [0, 1], where v) denotes the j-th component of v. The CART algorithm chooses
the split as
<§', 3) €  argmax A(A,j, b),
je{1,...,p};b€[0,1]

where

~ ) 1 < _ _ _ 2
A(A,j,b) = N, (A) Z {(Yi —Y4)*— <}/;_YAL1{X§J)<b}_YAR]l{Xi(J')Zb}> } Tix,ea)
n i=1

is the CART splitting criterion, Y4 the average over all Y; with feature vector falling into
A (for Ar, and Ag analogous) and N, (A) the number of observations in A (Breiman

A~

etal., 1984). Note, that argmax A(A, j,b) is not necessarily unique.
Je{1,....p};bel0,1]
The theoretical version of the CART splitting criterion is needed to later define the

so-called ’Sufficient Impurity Decrease’ (SID) condition and is introduced and used by
Scornet et al. (2015) to formaly prove L2-consistency of the Random Forest. Let

A(A, 4, b) :=P(X e A)Var(m(X)|X e A) — P(X € Ar)Var(m(X)|X € Ay)
—P(X € Ag)Var(m(X)|X € Ag).

denote the corresponding population version of the CART splitting criterion. To de-
termine the rate of convergence of CART to the true regression function m, the SID
condition is needed (Mazumder and Wang, 2023). For the definition of the SID condition,
we need a constant A € (0, 1) such that for all hyperrectangles A < [0, 1]?

sup  A(A,75,0) = X-P(X e A)Var(m(X)|X € A). (2.2)

1<j<p,be(0,1]

Note that (2.2) is a condition on the regression function and the distribution of X. The
Sufficient Impurity Decrease (SID) condition can be interpreted as requiring a uniform
lower bound on the amount of information (or impurity reduction) that can be achieved
by an optimal split. Whenever a rectangle A still exhibits variation in the regression
function, the SID condition enforces that at least a fixed proportion of this variation must
be recoverable by some split. Mazumder and Wang (2023) showed that 2.2 is fulfilled for
strictly increasing functions, smooth and strictly convex functions, and polynomials with



2.2 Feature Importance

fixed degree, if X is uniformly distributed. Moreover, (2.2) is fulfilled if m is additive
(i.e there are functions my, ..., m, with m(X) = 37 m;(X (9))) and the component
functions fulfill (2.2). This requirement can be further relaxed (Mazumder and Wang,
2023): it suffices that each component function is defined piecewise, with every piece
belonging to one of the aforementioned function classes (strongly increasing, smooth
strongly convex, or fixed-degree polynomial).

2.2 Feature Importance

We are interested in quantifying the influence of the p features on Y in the setting (2.1).
A theoretical measure of feature importance for j € {1, ..., p} was defined by Gregorutti
etal. (2017) as

I(j) = E [(Yl - m(xj,l)f] — %,

where X, = [Xfl), . ,ij_l), X0, ijH), . ,Xl(p)] and X is an independent
copy of X{j ) (Gregorutti et al., 2017), i.e. I(j) quantifies the increase of the mean
squared error, after the influence of the j-th feature is deleted.

The set of observation indices D, (t)(@t) that are not utilized in training the ¢-th
tree is referred to as the out-of-bag (OOB) sample for that tree. This provides an
internal validation mechanism, which can also be employed to (consistently) esti-
mate /(j) by quantifying the increase in mean squared error on the OOB sample
after permuting its values along the j-th feature ((Ramosaj and Pauly, 2023)). Let
X it (Xz‘(l) xU-D x0@) G+ x@NT

; s X X X X ), where 7;; denotes a permuta-

tion of all observations in D,, (t)(Gt). The Random Forest Permutation Importance
Measure (RFPIM) for feature 7 is then defined as

fOOB(j)

Z 3 {Y 11 (X @t,D))2—(Yl~—mn71(Xi,®t,Dn))2} 2.3)
M= 1 Dy (t)( )

for j € {1,...,p}, where ~,, = |D, (t)(@t)|. We assume that sampling is performed
without replacement (a,, times) in the bootstrap step, v, = n — a,, remains constant.

Ramosaj and Pauly (2023) proved that I95/(j) is asymptotically unbiased as n — oo
and M — oo if there is at least one informative variable, the features are mutually
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independent, and the following assumptions are fulfilled:

(A1) We only consider permutations 7;; € V,, = {mr € S, : m(i) # i for all i}, where
S, is the symmetric group.

(A2) m is an additive function, i.e. there are functions m; : [0,1] = R, j =1,...,p

p .
such that m(X) = Y m; (X)),
j=1

(A3) m is bounded, i.e. there is a K > 0, such that sup |m(x)| < K.
x€[0,1]P

and

lim lim E [(f(X) = mam (X, O1,...,0wm,D,))*] = 0. (2.4)
n—00 M—0o0
For the Random Forest from Breiman (2001), the consistency condition (2.4) is fulfilled
under (A2) and some regularity conditions, which was formally proven by Scornet et al.
(2015). Ramosaj and Pauly (2023) also showed (weak) consistency for the RFPIM, if
instead of (2.4) the stronger condition

lim E[((X) = ma1 (X, O, D.))? =0
is fulfilled, i.e., for consistency of RFPIM, the trees themselves need to be consistent.
Intuitively speaking, in (2.3), the errors are measured by the trees and not the ensemble.
Thus the trees themselves have to approximate the true regression function sufficiently
well. While (A1), (A2), and (A3) are all needed for the consistency of RFPIM (Ramosaj
and Pauly, 2023), (A2) and (A3) are also crucial assumptions for the consistency proof
of Scornet et al. (2015).

For uncertainty quantification, we also need the variance. Computing Var (Ig B )) on
the other hand is more difficult because of the complex dependency structure. Ishwaran
and Lu (2019) recommend estimating Var (Ig OB (5 )) with a delete-d Jackknife approach.
The delete-d Jackknife variance estimator with K subsampling repetitions is denoted by
vi - Based on the conjecture

YPG) - 1) 4

n,M—o0

N(0,1) 2.5)

2
Va, K

Ishwaran and Lu (2019) derived and recommended the approximate (1 — «)-confidence

10
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interval for 7(j)

|109P () = 21020/ V310s 9P () + 213 | (2.6)

where 21,2 is the (1 — o/2)-quantile of the standard normal distribution. The estimator
vfl’ x represented a good compromise between computational cost and performance
during simulations according to Ishwaran and Lu (2019). Note that (2.5) is just a
conjecture, and hence (2.6) is just a heuristic confidence interval and there are no
mathematical guarantees that it is actually a confidence interval of asymptotic level
(1 — «). Nevertheless, the confidence interval is implemented in the widely ! used
R package randomForestSRC (Ishwaran and Kogalur, 2025). This motivates the
following section, where we state a Central Limit Theorem for RFPIM under strong
assumptions using U-statistic theory.

2.3 Generalized U-statistics and asymptotics of RFPIM

U-statistics form a broad class of estimators that arise naturally in many statistical
problems and are defined as averages of a symmetric kernel applied to subsamples
of the data. They possess desirable properties such as unbiasedness and, under mild
conditions, consistency and asymptotic normality (Lee, 2019). In the context of the
asymptotic distribution of the random forest permutation importance measure (RFPIM),
this framework provides a way to derive its limiting behavior. For ease of notation define
Z; = (XTI Y)T,i = 1,...,n. Further, let h,, be a permutation symmetric function
such that h., (Z,...,Z,,) is an unbiased estimator for some parameter of interest. The
corresponding U-statistic is given by

—1
n
Un.ym :( ) Y ih (Zir, . Zay,), (2.7)
W) G

where (¢) denotes the summation over all subsamples of {1, ..., n} of size v, (Halmos,
1946; Hoeffding, 1992).

In the Random Forest setting, both the predictor and the RFPIM can be interpreted as
averages over randomly drawn subsamples of the data. To account for the additional
randomness induced by subsampling or permutation, we consider the generalized U -
statistics framework of Peng et al. (2022), where subsamples are selected via i.i.d.

luntil March 2026 the randomForest SRC package has been downloaded more than 900’000 times.

11
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Bernoulli random variables (p; ), and the kernel includes additional randomness. This
leads to the definition of the incomplete generalized U-statistics

n'ynMw = /\Zpt Yn Ztlu-"7zt'yn;wt)7 (28)

where w; denotes additional randomness in the kernel independent from D,, and p;.
Further we have M = > pe. We refer to Uy, e as incomplete because we
choose only M out of all possible ( ) subsets of size 7,,. The M is a result of the i.i.d.
assumption of the Bernoulli variables p;. Choosing a fixed M would induce dependencies
that would invalidate the proofs in Peng et al. (2022).

In the first paper of this thesis, we also use generalized U-statistics to establish a Central
Limit Theorem for RFPIM, which is a first step towards the validation of (2.6). To this
end, Theorem 2 in Peng et al. (2022) is required.

Theorem 2.3.1 (Theorem 2 in Peng et al. (2022)). Let Z1, . .., Z, be i.i.d. from Fy and
Uy be a generalized incomplete U-statistic with kernel h.,, (Z1, . .., Zy;7;). Let
p = Elh,,], G+, = Var(E[h.,,|Z1]) and ¢,, = Var(h.,). Suppose that

E [\h% - “|2k]
E [|h,, — plF]?

is uniformly bounded for all ~y,, for k = 2,3. If 1= —Sm (), then

n 'YnC yIn

Un'y Max — W d
= — N(0,1
\/’Yngl 'Yn/n + C"/n/M ( )

as M — oo and n — oo.

The RFPIM (2.3) is not a generalized U- statistic in the sense of (2.8), since in 19/ (j)
each summand uses both the bootstrap sample (for the training of m,, ;) and the OOB-
sample for error evaluation. If the trees are exchanged with the true regression function
m, we achieve a simplified RFPIM version

1098 =%§i 3 { »—m(x?vf))Q—(Yi—m(xi))z}}. (2.9)

In the first paper of this thesis we developed a Central Limit Theorem for / OOB( /), where

M 1is a randomly chosen number of trees, and use this to establish asymptotic normality

12
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of ]S’%B (7)- To apply Theorem 2.3.1 to [Ng?f (7) and get normality, assumption (A1)-
(A3) as well as

(A4) The error terms have finite fourth moments, i.e. E[e]] < oo.
(AS) M ~ Bin ((%), ]\/[/(%)> is chosen at random.
(A6) The features are mutually independent.

are needed, where the randomly chosen number of trees (AS) is necessary to fit into the
generalized incomplete U-statistic framework. The assumption (AS5) is quite unusual,
since the number of trees in a Random Forest is usually chosen as a fixed hyperparameter.
Our model just allows us to choose the expected number of trees M. Since the number of
trees is not too small, the effect of M on the predictive performance is negligible (Probst
and Boulesteix, 2018). Hence, choosing the number of trees via Bin ((;;) M/ (;1))
should not make a huge difference in practice.

2.4 Missing Mechanisms and Imputation Methods

So far, we assumed a model with completely observed data, which is not always the case
for real-life data. Fori = 1,...,nand j = 1,...,pletQ;; = 1if Xi(j) is missing and
Qi; = Oelse and for j = 0, let Q;o = 1, if ¥; is missing and Q);o = 0 else. The matrix
Q = (Qij)i=1,.m: j=01,.p € R™*(P*+1) contains all random missing indicators. Further,
we denote the observed data by Z,s, and the missing data as Z,;;;. The missing data can
be induced by: Missing Completely at Random (MCAR), Missing at Random (MAR) or
Missing not at Random (MNAR). If ¢/ denotes all parameters of the missing data model
(e.g. overall missing probability), the data is MCAR if

P(ng =0 | Zobs» ZmiS7¢) = ]P(QZ] =0 | ¢)7

fori =1,...,nand 7 = 0,...,pi.e., if the missing mechanism is independent of the
data. When the missingness depends on the observed values, but not on the missing
values, 1.e.

P(Qij = 0| Zobs, Zmis; V) = P(Qij = 0| Zows, V),

fort =1,...,nand j = 0,...,p, the data is MAR. When the missingness additionally
depends on Z,;, the data is MNAR (Van Buuren, 2018).

In the second paper of this thesis, we are especially interested in the performance of the
interval (2.6) in the presence of missing values. There are several algorithms to impute
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missing data. We focus on three popular algorithms to impute missing values. For all of
the three methods, we used Predictive Mean Matching (PMM). For PMM a number of
donors pmm. k has to be specified. The donors of a prediction for a missing entry are
the pmm . k observations, which are the nearest neighbors of the current prediction for
the missing entry.

1. MICE

The first approach is Multiple Imputation by Chained Equations (MICE). Multiple
Imputation means that 1 different imputations are generated from which the final
imputation is computed. Let Z;(J ) be the vector Z; without the j-th component ZU),
The MICE algorithm operates as follows (Van Buuren, 2018):

79 Z;U),Q) for ZU) with

obs?

1. Specify a model (e.g, a linear model) P (Z G)

mis

j=1,...,p+ 1 and some model parameter (5.
2. Generate initial guesses Zéj ) with randomly drawn values from Zé{)z for j =
0,...,p
For{=1,...,Landj =0,...,p:
3. Estimate the model parameter BZ based on Zél), e Zéj_l), Zéﬁl), e Zéﬁl)

and Q, Z9).

()
mis Zoi)w

4. Draw Zéj) ~P (Z(j)

= (1 5(—1) 5(G+1 > (p+1 j
20,280,280, 200, Q.6).

5. PMM Step: Replace each drawn value from the previous step with the
observed value of a randomly selected donor whose predicted value has the
smallest euclidean distance to it.

6. End algorithm

The algorithm is implemented, for example, in the R package mice (Van Buuren and
Groothuis-Oudshoorn, 2011).

2. Miss Forest

The second approach is the adaptation of the Random Forest by Stekhoven and Biihlmann
(2012) for imputation tasks. The Random Forest for imputation is also called Miss Forest
and has been enriched by PMM and implemented in the R package missRanger
(Mayer, 2024). The structure of the algorithm is similar to that in MICE, but it doesn’t
rely on parametric assumptions like MICE. Before the algorithm starts, the features are
sorted by number of missing values, setting the variable with the lowest missing rate to
7™ and so on. The Miss Forest algorithm (in the version of Mayer (2024)) operates as
follows
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2.4 Missing Mechanisms and Imputation Methods

)

1. Generate initial guesses Zéj for all 5 by simple imputation (e.g. randomly drawing

values from Z éfo)b or using mean/mode imputation).
2. Setk =1
3. While stop criterion + is not fulfilled

Forj =0,...,p:

4. Fit a Random Forest to the observed pairs

(Z(j)

> (1) ~(—1) Z(j+1) Z(p+1)
obs? ZK ) ZEJ ) KJ Zp )

1 by

°

with Z éj ) as target variable.

5. Predict the missing values and save them as Z éj ) using the previously trained
Random Forest.

6. For each missing entry, replace the predicted value from step 6 with a
randomly drawn observed value from a donor whose own predicted value
has the smallest euclidean distance to it.

7. Check vy
8. Setl -/ +1
9. End algorithm

where the stop criterion -y is set to break the loop as soon as the difference between the
newly imputed data matrix and the previous one increases for the first time.

3. Multiple Imputation via XGBoost Analogously to the Random Forest, the Multiple
Imputation eXtreme Gradient Boosting (MIXGB) algorithm does not rely on any para-
metric assumptions, such as a linear model, since piecewise constant tree predictions are
used. Unlike Random Forest, XGBoost algorithm (for details see Chen and Guestrin
(2016)) doesn’t generate the trees independently. XGBoost generates the trees sequen-
tially, where each tree tries to correct the errors of the previous one. For the imputation,
the features are sorted by the number of missing values, as they are for MissForest. The
imputation algorithm itself, on the other hand, is very similar to MICE, with the main
difference in how the predictions are generated. For MICE, a specified model generates
the new imputed values, while MIXGB uses XGBoost. The algorithm (Deng, 2023)
operates as follows:

1. Specify a (bootstrapped ensemble) XGBoost model PP (anil
ZU) withj =1,...,p+ 1.

74) Z-_(j),R> for

obs? 1
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2. Generate initial guesses Zéj )

1,...,p+ 1.

with randomly drawn values from Z((){;)S for j =

eFor{=1,....,Landj=1,....p+1

3. Estimate the XGBoost model (i.e. train an internal ensemble of bootstrapped
trees) based on Z( ) ,Zéj 2 Zf?% . Zp+1 and Q, Z,

obs

. Draw 70~ B (200 28, 200 2070 050, 22D, Q) where
the distribution PP is the predictive distribution of the bootstrapped XGBoost

ensemble

5. PMM Step: Replace each drawn value from the previous step by the ob-
served value of a randomly selected donor whose predicted value has the
smallest euclidean distance to it.

6. End algorithm
The algorithm is implemented in the R package mixgb Deng (2023).

MICE and MIXGB repeat the described procedure multiple times and use the average of
the test statistics on the imputed datasets as final test statistics. Because of this, these
two methods are considered *Multiple Imputation’ methods. MissForest, on the other

hand, as described, is a single imputation method, since only one complete dataset is
generated (Stekhoven, 2012).

In the second paper of this thesis, it became clear that simply applying the imputation
methods and their implementations mice, missRanger, and mixgb from the pack-
ages of the same name (Van Buuren and Groothuis-Oudshoorn, 2011; Mayer, 2024;
Deng, 2023) to the data is problematic. Using the confidence intervals (2.6) afterwards
leads to severe undercoverage. Hence some adaptation is needed, which we have done
in a heuristic approach by applying Rubin’s rules (Rubin, 1987, 2018). Let R € N be the
number of complete datasets for the Multiple Imputation Methods. On each of these,
we run the Random Forest and compute the delete-d Jackknife estimator, denoted by
vj k. (r =1,..., R), and the Permutation Importance, denoted by I7$” (4, D;,), where
Dy is the r-th complete dataset and /K is the number of subsamples used to compute the
delete-d Jackknife estimator. Following Rubin’s rules, the estimates can be combined by
averaging

_ 1 &

I%PG) = 3 D 1997 (.}

r=1

For the combined variance estimation, we must account for both the within-imputation
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2.4 Missing Mechanisms and Imputation Methods

variance and the between-imputation variance. The within-imputation variance can also
be estimated by averaging

UdK Z U, K,r

while an estimator for the between-imputation variance is given by

B 1 & (IOOB( D) — ]OOB( ) 2
S (1o )
R—lrzl

This leads to an estimator for the total variance
2 =2 1 1 B
Ug K Rubin — Vd, ik T + R .

Following Rubin’s rules, the resulting confidence intervals for the theoretical feature
importance scores [(j) are given by

|19920) = #1-aon Ve 195 0) + 210\ [V k|- 210)

In an extensive simulation study, we compared the interval (2.10) for mice and mixgb
with (2.6) on data that includes imputed observation by mice, missRanger and
mixgb in the second paper of this thesis. The results show that the adaptation with Ru-
bin’s rules manages to prevent the previously mentioned problems with under-coverage
(see 3.2).

Imputations in multilevel data

The confidence intervals for feature importance are not the only interesting use case for
mice, missRanger, and mixgb. While mice has been adapted to multilevel data
and is widely used in this context, there has been a research gap regarding tree-based
methods, which is explored in the third paper of this thesis.

Multilevel data is a very common phenomenon in social sciences, where observations
follow a hierarchical structure. This occurs, for example, if the data contains students
(level 1) from the same class, school, or region (level 2), which induces a complex
structure of dependencies to the data. For these clustered observations, there are often
in-cluster and between-cluster effects, and random slopes allow for varying effects of
level 1 variables in different clusters. Hierarchical linear models are able to deal with
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these problems (Hox, 1998; Hox and Roberts, 2010) and are easily interpretable for
practitioners. Since practitioners are primarily interested in valid inference within such
models, it is natural to assess imputation methods based on their impact on subsequent
hierarchical analyses as we do in the third paper of this thesis. Thus, we evaluate
the performance of the imputations based on their impact of the bias and standard
deviation of the parameter estimation and the power of the tests in hierarchical linear
models, because that is suitable as a take-home message for social scientists and other
practitioners.

As a simple approach to adapt the tree-based methods to multilevel data, we include
dummy variables for the level 2 variables. Assuming there are .J, clusters, the dummy
variable for the j-th cluster, 7 = 1, ..., J, equals 1 if the observation belongs to the j-th
cluster and is 0 else. With dummies, the multilevel structure is considered even though
it causes bias in the estimated variance and tends to overestimate the effect of clusters.
Drechsler (2015) pointed out these weaknesses, but on the other hand, admitted that
alternatives "might be too complex" or "rely on questionable model assumptions".
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3.1 Article 1: A Central Limit Theorem for the Permutation
Importance Measure

The article develops a first Central Limit Theorem for the Random Forest Permutation
Importance Measure (2.3) under the Model (2.1) presented in Section 2. Our work is
based on the generalized U -statsitics theory of Peng et al. (2022). As a first step towards
the asymptotic normality of RFPIM, we start with the simplified version I 2 @B (4) from

(2.9) and apply Theorem 2.3.1 to get the asymptotic normality of IN&(\)/IB (7). For this,
we need the assumptions (A1)-(A6). To establish asymptotic normality, we must also

~

ensure that we are not in the case of /(j) = 0 almost surely. To this end, we additionally
assume that the component functions from (A2) fulfill

Var(m; (Xl(j))) > 0.

Indeed, if Var(m;(X {j ))) = 0, then m;(X 1(j )) is almost surely constant. This would
imply that permuting the j-th component of X; leaves m(X;) unchanged, and hence

IWR?A?B () =0 almost surely.

The downside of this is that our theory does not enable hypothesis testing for hypotheses
like 7(j) = 0, since the asymptotic distribution of RFPIM in this case remains unknown.
With the assumptions from the previous chapters, we first prove asymptotic normality
for the simplified version of RFPIM

Theorem 3.1.1 (Theorem 4.2 in Article 1). Let (Al)-(A6) be fulfilled and Z, . . . ,Z,
independent and identically distributed. If Var (mj(X fj ))> > 0, v, — wasn — o,
and ~y,/\/n — 0 as n — oo, then

I5PG) —1G)  a
\/'YTQLCL%/n + Cvn/M

N(0,1)
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as M — oo and n — oo.

In the next step Theorem 3.1.1 was used to prove the asymptotic normality of the RFPIM.
For this the Assumption (A4) has to be replaced by the stronger assumption

(A4*) The error terms are bounded by some K. > 0.
Furthermore we need
(A7) The Sufficient Impurity Deacrease Condition (2.2) is fulfilled.

With these assumptions we are equipped to formulate the main result of the first article

Theorem 3.1.2 (Theorem 4.3 in Article 1). Let (Al)-(A3), (A4%*), (A5)-(A7) be fulfilled
and Z, . . ., Z,, independent and identically distributed and Var (mj(Xf]))> > 0. If

My log(an)? log(an —lo -
Y — 00, =2 Ogiw)) oglanp) _, () for ¢(\) = —1—1ogg22((11—,\)) as M,, — oo and n — .
Then "

L5 () — 1(5)

V/ G/ M

as M, — oo and n — oo, if the trees are grown to depth d = [logy(n)/(1—logy(1—N))].

L N(0,1)

In the examples for functions fulfilling (A7) provided in Mazumder and Wang (2023),
the values chosen for \ are relatively small. Consequently, the target depth d is close to
log, n, which corresponds to the depth of a fully grown binary tree. The assumption

M,y log(ay)? log(anp)

aﬁ()‘)

—0 as n—w

imposed in that work is quite restrictive and is not satisfied by typical choices such as
a, ~ 0.632n. In contrast, our assumption is, for instance, fulfilled by sequences of the
form

M, = |(logn)®| and =, = |n— (logn)®|

for arbitrary exponents ¢, g > 0. This is a relatively strict assumption and probably the
greatest weakness of the paper, since it requires a large amount of the data to be in the
bootstrap sample, which reduces tree diversity.

In addition, a simulation study was conducted to investigate the asymptotic normality
of the RFPIM under violations of the theoretical assumptions. The simulation design
was inspired by Ishwaran and Lu (2019) with N = 1000 simulation runs, sample
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size n = 2500, and p = 10 uniformly distributed covariates. Random Forests were
trained using the ranger package with M = 500 trees and subsampling of size a,, =
|2/3 - n. To assess robustness, both truncated and standard normal error distributions
were considered, together with four different regression functions ranging from additive
polynomial models to highly non-additive trigonometric and interaction-based settings.
The functions have been taken from Ramosaj and Pauly (2023) and Ishwaran and Lu
(2019). Furthermore, both ordinary permutations and derangements were investigated
in the computation of the RFPIM. The results suggest that violations of (A1) and the
bounded-error assumption (A4*) have little effect on the asymptotic distribution. In
contrast, violations of the additivity assumption (A2) led to noticeable deviations from
normality when purely, i.e., interaction effects without marginal effects, were present, a
phenomenon consistent with the known difficulties of Random Forests in detecting such
effects (Blum et al., 2025).

A limitation of the first paper is that the theoretical assumptions required for the CLT
are stronger than those typically used in Random Forest applications. In particular,
the proof relies on additive regression functions, bounded error terms, derangements
instead of arbitrary permutations, and a modified Random Forest framework with a
random number of trees and large bootstrap samples relative to the out-of-bag sample
size. Future research should therefore aim at extending the asymptotic theory to more
general non-additive regression functions and to Random Forest settings closer to
practical implementations. Another important direction is the consistent estimation of
the variance to construct tests or confidence intervals. For this, our result should be
extended to cases where /(j) = 0.

3.2 Article 2: Confidence Intervals for Random Forest
Permutation Importance with Missing Data

The confidence interval (2.6) has been investigated in a simulation study by Ishwaran and
Lu (2019) and achieved close-to-nominal coverage when all covariates are fully observed.
The approach was implemented in the popular randomForest SRC R package, which
by March 2026 had been downloaded more than 900,000 times.

We investigate how the confidence intervals for RFPIM proposed by Ishwaran and
Lu (2019) behave after classical imputation methods such as MICE, MissForest, and
MIXGB are applied. In addition, we propose an adaptation motivated by Rubin’s
rules to account for the additional uncertainty introduced by imputation. Through a
large-scale simulation study and complementary real-data benchmarks, we evaluate
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the resulting coverage probabilities under realistic conditions. For this, the interval
(2.10) 1s adopted for the Multiple Imputation methods MICE and MIXGB. The R
implementations mice (Van Buuren and Groothuis-Oudshoorn, 2011), missRanger
(Mayer, 2024) and mixgb (Deng, 2023) are chosen for the simulation.

Twelve diverse non-linear regression functions (taken from Ishrawaran and Lu, 2019)
are employed, ranging from smooth trigonometric and exponential relationships to sharp
threshold effects and higher-order interactions, supplemented by pure noise variables
to yield a realistic p = 20 covariate setting. Sample sizes of n = 100, 250, and 500
are considered, with n = 250 serving as the original benchmark. Missing values are
introduced under the two most common and theoretically best-understood mechanisms:
missing completely at random (MCAR) and missing at random (MAR), the latter
constructed such that missingness in all variables except one depends on whether the
observed value of the remaining variable falls below its median. After that, the missing
data is imputed by mice, missRanger, or mixgb. On every completed dataset, a
Random Forest is trained using the randomF orest SRC implementation with 250 trees
and otherwise standard hyperparameter choices as in Ishwaran and Lu (2019). RFPIM
and its delete-d jackknife variance are computed. After that, the 90% corresponding
confidence interval (2.6) as well as the adopted (2.10) is constructed.

The simulation comprises 216 experimental cells (12 functions, 3 sample sizes, 2 miss-
ingness mechanisms, 3 missing rates of 10 %, 30 % and 50 %) with 1000 independent
replications each. Coverage probabilities are stratified by true signal strength (noise
variables, moderate-importance variables, and the top 10 % high-importance variables)
because earlier work had shown that coverage can depend heavily on whether a feature
is truly irrelevant or strongly predictive (Ishwaran and Lu, 2019).

The results are consistent across the vast majority of settings. Single imputation, re-
gardless of whether performed with MICE, missRanger, or mixgb, leads to dramatic
undercoverage when the imputed data are naively fed into Ishwaran’s procedure. Even
at a modest missing rate of 10%, coverage frequently drops below 80%, and at 30% or
50% missingness, it regularly collapses to values between 40% and 60% for moderately
important variables. Treating imputed values as observed ignores the additional uncer-
tainty introduced by the imputation step, resulting in variance estimates that are far too
small and consequently in confidence intervals that are systematically too narrow.

The proposed Rubin intervals behave very differently. Whenever the sample size is
at least moderately large (n > 250) and the missing rate does not exceed 30%, they
regularly achieve or even slightly exceed the nominal 90% coverage level across all
feature types and both missingness mechanisms. For noise variables, the intervals
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remain mildly conservative, exactly as observed on complete data, while for moderate-
and high-importance variables, coverage is restored to satisfactory levels. Only under
extreme conditions, i.e., either small samples (n = 100) or very high missingness (50
%), the Rubin intervals also lose reliability, but even then they are substantially closer to
nominal coverage than the naive single-imputation approach.

Among the imputation methods themselves, some differences emerge. Multiple imputa-
tion with mice and with mixgb perform very similarly, and both are markedly superior
to missRanger with PMM. The latter regularly produces the shortest intervals and
the most severe undercoverage, sometimes approaching zero for higher missing rates.
Closer inspection reveals that mi ssRanger, despite faithfully reproducing marginal
distributions and pairwise correlations, systematically underestimates permutation impor-
tance in the presence of pure interaction effects, a known weakness of Random Forests
(Blum et al., 2025). The resulting RFPIM values are therefore too small on average, and
the naive variance estimator additionally underestimates uncertainty, yielding a doubly
harmful effect on coverage.

Interval length, standardised relative to the complete-data benchmark, tells also a con-
sistent story. Rubin intervals are wider than their naive counterparts, sometimes by a
factor of 1.2 to 1.5 at higher missing rates, but this additional width is precisely what is
required to achieve valid coverage. Single-imputation intervals, by contrast, are often
slightly shorter than the complete-data reference, which directly explains their systematic
undercoverage.

A complementary benchmark study on five real-world regression datasets with artificially
induced 10% MCAR missingness confirms the simulation findings in a setting where
ground truth is unknown. Standardised confidence intervals (centered at zero and
scaled to unit mean length on the complete data) show that Rubin intervals are more
stable in location and width across repeated imputations, whereas single-imputation
intervals - particularly those based on MICE - can exhibit pronounced positional shifts
and occasional extreme inflation for variables with heavily skewed or zero-inflated
distributions.

Taken together, standard RFPIM confidence intervals cannot be trusted after single
imputation. The additional uncertainty introduced by filling in missing values is simply
ignored by the delete-d jackknife estimator in its current form, leading to severely
liberal inference. The remedy proposed here, combining Multiple Imputation with
classical Rubin pooling, is conceptually simple, and works with existing Random Forest
implementations. Under realistic conditions, from our empirical studies, it restores
close-to-nominal coverage at the cost of only moderately wider intervals.
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Several limitations remain and point to important directions for future research. The
Rubin-pooling strategy is heuristic; no theoretical proof of its validity for tree-based
ensembles currently exists. The delete-d jackknife variance estimator itself still awaits
rigorous consistency proofs, and the theoretical assumptions from the first article (addi-
tive regression functions, strictly positive true importance, slowly growing number of
trees) are restrictive and don’t apply to the settings and hyperparameters investigated in
the second article. Finally, only one specific MAR mechanism and no MNAR scenarios
were considered, and the behaviour in the presence of strongly correlated predictors also
remains to be explored in theory and simulation.

3.3 Article 3: Adapting tree-based multiple imputation
methods for multi-level data? A simulation study

The paper examines the performance of tree-based multiple imputation methods in
hierarchically structured (multilevel) data, where observations are nested (e.g., students
within classes). Conventional imputation techniques often assume independence among
observations, which can lead to biased inferences in multilevel contexts. Although mice
is widely applied to such data, the algorithm is sensitive to model specifications. Modern
tree-based methods like missRanger and mixgb might be a viable alternative.

This simulation study compares traditional mice with missRanger and mixgb, both
in their standard versions and adapted to the multilevel structure by incorporating dummy
variables for cluster membership. Performance is assessed in terms of coefficient bias,
Type-I error rates, and statistical power following imputation, using linear mixed-effects
models (random intercept and random slope models). The simulation varies key factors:
number of clusters (25 and 50), missingness rates (10%, 30%, 50%), and missingness
mechanisms (MCAR and MAR). Data is generated with six continuous covariates, each
at Level 1 and Level 2, some predictive and some noise variables, with a total sample
size of N = 1000.

Key findings are as follows: mice (using 21 .norm for Level-1 and 21only.pmm
for Level-2 variables) proves robust, particularly at low missingness rates (10%), and
delivers accurate inference especially for Level-2 variables across most conditions.
Random Forest-based imputation (missRanger) without predictive mean matching
(PMM) produces severely inflated Type I errors and is not recommended; even with
PMM, it generally underperforms relative to MICE and mixgb. The adapted XGBoost
method (mixglb with cluster dummies) consistently outperforms all other methods for
Level-1 variables at higher missingness rates (30% and 50%). At 50% missingness, it
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also achieves superior or comparable power for Level-2 variables, irrespective of the
missingness mechanism or cluster size. Coefficient bias patterns align with power results:
MICE exhibits the lowest bias for Level-2 coefficients, whereas mixgb (particularly with
dummies) shows lower bias for Level-1 coefficients at higher missing rates. Incorporating
cluster dummies generally improves or maintains the performance of tree-based methods,
though it does not always yield substantial gains.

The results demonstrate that properly adapted tree-based imputation, especially mixgb
with cluster dummies, represents a potential alternative to mixgb in multilevel analyses,
particularly when missingness is substantial. The effect of the dummies themselves
seemed to be rather small. This is notable given MICE’s closer alignment with the
linear data-generating process. The study highlights the potential of non-parametric
tree-based approaches in hierarchical data settings and encourages further research in
more complex, non-linear scenarios, where the advantages of tree-based methods in
comparison to mice come more into play.

A limitation of the third paper is that the simulation design is closely aligned with linear
mixed models and therefore favors MICE, especially at low missingness rates. The
data-generating process assumes linear relationships and relatively low-dimensional
settings, which may not reflect the complexity of many real-world applications involving
nonlinear effects, interaction structures, or a larger number of variables. Consequently,
the advantages of flexible tree-based methods such as mi ssRanger and mixgb may
be underestimated in our study. Moreover, the multilevel structures considered are
limited to random intercepts and random slopes, while more complex settings such as
contextual effects, cross-level interactions, or systematically missing level-1 variables
were not investigated. Future research should therefore study more complex and non-
linear multilevel data-generating processes, alternative tree-based imputation strategies
including random-effects trees, and the performance of imputation methods with re-
spect to confidence interval coverage and additional inferential criteria. Despite these
limitations, the results demonstrate that tree-based approaches, especially mixgb, can
become competitive or even outperform MICE at higher missingness rates, highlighting
their potential for future applications in multilevel data analysis.
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This thesis consists of three manuscripts covering different aspects of Random Forest
inference and imputation. Especially, this thesis addresses key theoretical and prac-
tical aspects of the Random Forest Permutation Importance Measure (RFPIM). The
first contribution provides the first Central Limit Theorem for RFPIM under additive
regression functions, independent features, and further restrictive assumptions, including
the Sufficient Impurity Decrease (SID) condition and randomized number of trees. The
established asymptotic normality provides a first theoretical foundation for constructing
confidence intervals and hypothesis tests for the RFPIM. However, the current result still
relies on restrictive assumptions, in particular a large bootstrap sample in comparison to
the OOB-sample, which reduces tree diversity and therefore limits the direct applicability
to standard Random Forest settings. If this restriction can be avoided is still unknown.

The second contribution tackles a more practical challenge: the impact of missing values
on the validity of the heuristic confidence intervals for Feature Importance /() proposed
by Ishwaran and Lu (2019). Through extensive simulations, it is demonstrated that
naive single imputation, regardless of whether performed with mice, missRanger,
or mixgb, leads to severe undercoverage of the Ishwaran intervals, often dropping
far below nominal levels even at moderate missing rates. The additional uncertainty
introduced by imputation is ignored by the delete-d jackknife variance estimator, result-
ing in systematically too-narrow intervals. The proposed remedy, combining multiple
imputation with Rubin’s rules for pooling point estimates and variances, proves to be
more effective.

The third article focuses on imputing in multilevel data, which is common in the so-
cial sciences. The simulation study compares tree-based imputations (missRanger,
mixgb) with mice and shows that a simple adaptation via inclusion of cluster dummies
improves performance. In particular, mixgb with dummies consistently outperforms
other methods for Level-1 variables at higher missing rates (30—-50%) in terms of bias,
Type I error rates control, and power, while MICE remains robust for Level-2 variables.
Overall, mice remained the benchmark for the linear multilevel models considered in
the study. This is not surprising, since the simulation design closely matches the assump-
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tions built into mice, which explicitly models the underlying linear and hierarchical
structure of the data. The fact that mixgb was able to outperform mice on higher
missing rates (adapted) tree-based methods as a promising, non-parametric alternative to
parametric approaches like mice.

Overall, the three articles provide some new insights into inference and imputation with
Random Forests. The Central Limit Theorem starts to give some theoretical foundations
for the inference provided by Ishwaran and Lu (2019). Our adapted Rubin intervals
make the inference more robust in the presence of missing values, and we gave some
guidance on how to work with missings in multilevel data settings.

Outlook Future theoretical work should investigate whether the assumptions of the
CLT can be weakened and whether the consistency of the delete-d Jackknife variance
estimator can be established. Another open theoretical problem is to provide a rigorous
justification for the confidence intervals proposed by Ishwaran and Lu (2019) and for
their adaptation via Rubin’s rules in the presence of missing data.

The simulation results for multilevel data suggest that tree-based imputation methods may
have greater potential in settings with nonlinear effects or more complex dependency
structures, where their flexibility can become advantageous. This motivates more
simulation studies for broader settings and the development and evaluation of improved
tree-based imputation approaches for more general multilevel settings.
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Abstract: Random Forests have become a widely used tool in machine
learning since their introduction in 2001, known for their strong perfor-
mance in classification and regression tasks. One key feature of Random
Forests is the Random Forest Permutation Importance Measure (RFPIM),
an internal, non-parametric measure of variable importance. While widely
used, theoretical work on RFPIM is sparse, and most research has focused
on empirical findings. However, recent progress has been made, such as es-
tablishing consistency of the RFPIM, although a mathematical analysis of
its asymptotic distribution is still missing.

In this paper, we provide a formal proof of a Central Limit Theorem for RF-
PIM using U-statistics theory. Our approach deviates from the conventional
Random Forest model by assuming a random number of trees and impos-
ing conditions on the regression functions and error terms, which must be
bounded and additive, respectively. Our result aims at improving the the-
oretical understanding of RFPIM rather than conducting comprehensive
hypothesis testing. However, our contributions provide a solid foundation
and demonstrate the potential for future work to extend to practical appli-
cations which we also highlight with a small simulation study.

MSC2020 subject classifications: Primary 60F05; secondary 62G08.
Keywords and phrases: Random Forest, Permutation Importance, Cen-
tral Limit Theorem.

1. Introduction

Since their introduction in 2001, Random Forests [2] quickly gained popularity
due to their robust performance in both classification and regression tasks. Over
the years, their application has been extended to right-censored data [9] and
the imputation of missing values [14, 21]. Despite these empirical successes,
the mathematical and statistical properties of Random Forests reamined poorly

arXiv: 2412.13020



2 N. Foge, L. Schmid, M. Ditzhaus, M. Pauly.

understood for some time. The complex structure and data-dependent weights of
Random Forests pose significant challenges for rigorous mathematical analysis.

The first studies on the consistency of Random Forests began with simplified
versions [3, 4] until [18] ultimately established the L?-consistency of the (almost)
original Random Forest algorithm introduced by [2]. Further strengthening the
theoretical foundation, [12] derived a Central Limit Theorem using a U-statistics
framework, while [22] established asymptotic normality and confidence intervals
for tree ensembles under the "honesty" condition, also providing an upper bound
on their bias.

Beyond predictive performance, Random Forests offer interpretability in the
form of an internal non-parametric measure of variable importance (VIMP).
Among various importance measures, we focus on the Random Forest Permuta-
tion Importance (RFPIM). The RFPIM leverages the Out-of-Bag (OOB) sam-
ple, which includes all observations not used in training a given tree during the
bootstrap step. This allows for an internal validation mechanism. To compute
RFPIM, the values of the feature of interest are randomly permuted within the
OOB sample, and the resulting decrease in accuracy is averaged over all trees.

In contrast to the theoretical work on Random Forests themselves, results
for RFPIM are sparse. However, some foundational work has been done, start-
ing with [7], which explored the setting of correlated features. [5] advanced the
theoretical understanding by proving the asymptotic unbiasedness and weak
consistency of RFPIM, while [10] constructed confidence intervals for RFPIM
assuming asymptotic normality. Although simulations supported this assump-
tion, a formal proof of asymptotic normality is still missing. This is where our
work makes an important contribution. We apply U-statistic theory from [16]
and leverage convergence rates for the CART algorithm from [11] to establish
and rigorously prove a Central Limit Theorem for RFPIM. Thus, providing for-
mal support for the findings of [10].

The paper is organized as follows: In Section 2, we introduce our mathemat-
ical framework and formally define Permutation Importance. Section 3 presents
the necessary theory of U-statistics and connects it to RFPIM. Our main results,
including the asymptotic normality of RFPIM are provided in Section 4. In Sec-
tion 5 we contribute a simulation study investigating the practical relevance of
our findings. Finally, Section 6 discusses the implications of our findings.

2. Mathematical framework

We assume a sparse and non-parametric learning problem with regression func-
tion m : [0, 1]» — R and model equation

Y =m(X) +¢, (1)

with a uniformly distributed feature vector X = (X(l), A X(”)) € [0,1]? and
some random error € with E[¢] = 0 and Var (¢) = 02 > 0. Moreover, X and
¢ are assumed to be independent. With sparsity, we mean there is a subset
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of features S C {1,...,p} that contains all information about Y. Assuming
without loss of generality that S = {1,..., s}, this means that there is a function
m : [0,1]* — R such that m(Xs) = m(X), where Xg = (X1, ..., X)), see [5]
for the same assumption. It is widely known, that Random Forests adapt well
to sparse frameworks because the choice of optimal splits at each node avoids
splittings on non-informative features [18].

We are interested in the "Importance" of single features for Y. To extract
the importance of a single feature, we need to exclude interactions that shed
the isolated influence of a feature on Y. To this end, we assume an additive
structure, i.e there are functions m; : [0,1] = R, j = 1,...,p such that

(X) = > m, (X)), @

Let
D, — {[XZ,Y,-]T €[0,1P xR:i= 1n}

with [XZT, Yi} "hea training set containing i.i.d. copies of [XT, Y]? also contain-
ing the i.i.d. errors €1, ...,&,. A theoretical measure for the feature importance
for j € {1,...,p} is given by

1)=& | (vi = (%)) | - 0%

where X1 = X{l),...,Xl(j_l),X(j),Xl(jH),...7X1(p)} and X an indepen-

dent copy of X 1(J ) introduced by [7]. In informal terms, I(j) quantifies the con-
tribution of the variability of the j-th feature to the variability of the response
variable Y, by measuring the increase in prediction error when the feature X (/)
is excluded from the model. Due to our model assumptions I(j) simplifies to

I(j)=E {(Yl - ﬁ"L(XjJ)ﬂ —0*=E [(mj (Xl(j)) Fermmg (X(j)))g} -

= Var (mj (Xl(j)) +e1—my (X(j))) — 0% = 2Var (mj (X{j))) . (3)

2.1. Random Forest Permutation Importance

A Random Forest is an ensemble of tree-based learners, where each tree is
trained on a subsample of D, of size a,, € {1,...,n}. As in [5] we restrict our-
selves to sampling without replacement. Moreover at each node of each tree
Myry € {1,...,p} features are randomly chosen as candidates for the split di-
rection. To apply the results of [16], we adapt to their framework and draw

the number of trees M € N at random assuming M ~ Bin ((nfa ),pM) with
]E[M\ | = M [16]. Let © be the generic random vector determining the subsample
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construction and the feature sub-spacing. For a Random Forest, M independent
copies @y,..., 0 of ® are drawn independent of D,,. The piecewise constant
estimation for m of the ¢-th tree, t € {1,..., M}, is denoted by my 1(-, O, Dy,)
and the Random Forest prediction for a fixed x € [0, 1]? is defined as

M
1
m, 7(x,01,...,05,D,) = = > Mai(x,04,D,).

The subsample determined by ®; is denoted by Dg). To provide a more formal
description of the selection mechanism, we define the generating vector

T 71T
o= |(el") (o) ] .
which can be decomposed into subvectors ®§1> and ®§2). The components of
T
(-)(1) [@glt), .. 9(1)} indicate whether the i-th observation, ¢ = 1,...,n

has been selected (@Elt) = 1) or not (@(1) = 0), while G),El) models the feature

sup-spacing. The set of observation-indices Dy, ® 1ot used for the training of the
t-th tree is called out-of-bag (OOB) sample of the ¢-the tree. This delivers an
internal validation, that can also be used for the estimation of I(j) by measuring
the increase of the mean squared error on the OOB-sample after permuting its
observations along the j-th feature ([5]).

Let X[/ = (Xi(l), o Xi(Jfl), Xg?t(i), Xi(JH), o Xi(p))'r, where 7, is a

permutation of all observations in Dy, ) . The Random Forest Permutation Im-
portance Measure (RFPIM) for a feature j then is defined as

M
1998 j Z > {0 maa (X7 00)" — (v = maa (X0, 00))°
Tn =1 ;ep-t)

{ (Vi—mn 1 (X7, ©)) (Yifmn,l(X“G)t))Q}]l{Xi eD;g?},
M Tn =1 i=1 '
for j € {1,...,p}, where =, is the cardinality of D, ) As we assume sam-
pling without replacement (a, times) during the bootstrap step v, = n — a,
is constant. Furthermore, we have D_(t) ={X;:1 € D;(t)}. Note that ;¢
is independent of D,,. While [5] proved that 1997 (j) is a weakly consistent
and asymptotically unbiased estimator for I(j), we investigate the asymptotic
distribution of I OOB (7). Simulations of [10] suggest that I9$ () is asymptot-

ically normal. In the following, we are going to formally prove, that I OOB (j) is

indeed asymptotically normal under some technical assumptions. To the best
of our knowledge this is the first approach for a theoretical validation of the
confidence intervals for I(j) proposed in [10]. Note that our results are for a
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randomly chosen number of trees, while the previous results for permutation
importance were based on a fixed number of trees.The assumption of a ran-
domly chosen number of trees is necessary to fit into the U statistic framework
of [16], who already discussed this assumption.

3. U-statistics and permutation importance

We first prove that a simplified version of I 7?’ 9B (4) is asymptotically normal via
U-statistics and then show that 199 (j) and it’s simplified version have the
same asymptotic distribution. ,

We need a simplified version, because I,?%B (j) does not fit into the gen-
eral definition of a U-statistics, since the summation only goes over M < (;’n)
subsets. Moreover, the permutation puts additional randomness to the kernel.
Luckily there is a solution for both issues known as generalized U-statistics.

Definition 3.1 (Generalized U-statistics). Let Zy, ..., Z, be i.i.d. random vec-
tors and let A : R®* — R be a (possibly randomized) permutation symmetric
function. Then U-statistics with kernel h, are defined as estimators of the form,

1
Un,s7M,w = = Z pths (Zi17 s Zh ; wt) (4)
MG

where the summation is over all possible subsests from {Z,...,Z,} of size s.
Moreover, w; denotes i.i.d. randomness independent of (Z;); and (p:):, where

M= > pt and p; are i.i.d. Bernoulli random variables with P (p; = 1) = M/ (Z)
determining which subsamples are selected. If M = (’;), then (4) is called a gen-
eralized complete U-statistics and if M < (Z) it is called generalized incomplete
U-statistic [16].

U-statistics already were used to establish normality and rates of convergence
for the Random Forest regression estimator m,, ps in [13] and [16]. We want to
apply the theory to the RFPIM. However, ISQMB (j) cannot be put directly into

a form like U, s m . The situation is partiéularly complex because, for each
tree, a subset of Dn is used to train m, 1, while the remaining observations are
utilized to compute the OOB-error. That is why we start with a simplification
of I ,?7 QB (4) by replacing the tree-estimation by the true regression function and

thus define

N A (X)) (X))’
980 = 3y 20 X {i-me ) - p-ac’} o

iep, ®

Our simplified version (5) of permutation importance fits into Definition 3.1,
when we choose s = v, wy = mj; and (Zq,...,Z,) := (X1, Y1),...,(X,, Ya)).
Thus ]S%B () is a generalized U-statistic with kernel

o (B By i) = — S0 (i w(X)” - (v - (X))}

n
iepy®
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Below we first show that I 7?, OB(j) is asymptotically normal and then show that

its difference with Ig ?/[B (7) asymptotically vanishes in probability to deduce the
main result.

4. Asymptotic results
4.1. Central Limit Theorem for RFPIM

This section contains our main asymptotic results for the Permutation Impor-
tance Measure. To prove these, we need some additional assumptions

(A1) We only consider permutations 7j,; € V, = {m € S,, : w(¢) # ¢ for all i},
where S, is the symmetric group.
(A2) m is an additive function, i.e. there are functions m, : [0,1] — R, £ =

P
1,...,p such that m(X) = > mg (XD).
=1

A3) m is bounded, i.e. there is a K > 0, such that sup |m(x)| < K.
x€[0,1]p
A4) The error terms have finite fourth moments, i.e. E[¢}] < oo.

A5) M ~ Bin ((,;1 ), M/ (,Y" )) is chosen at random
A6) The features are mutually independent.

(
(
(
(
The Assumption (A1) is needed for technical reasons and was already used in
[5] to establish consistency of the RFPIM . (A2) is needed to make an isolated
measurement of the influence of each feature possible. Condition (A3) is needed
for technical reasons, but we believe that the existence of an upper bound for
the regression function is not too restrective for most practical applications. The
moment assumption (A4) is required for the consistency of the tree prediction
[5]. For the proof of the consistency of m,, as in [18] assumption (A2) is also
needed. [18] assumes the component functions to be continuous and instead of
(A4) requires gaussian errors. The random number of trees (A5) is needed to
fit in the generalized U-statistics framework of [16]. Condition (A6) also implies
uncorrelated features, which is important since correlated features can lead to
significant bias in RFPIM as discussed in [20]. To derive asymptotic normality,
we need to make sure that we are in a non-degenerated case. To this end we

additionally assume that Var (m]-(Xl(j))) > 0. In fact, if Var (mj <X£j))) =0,

then m; (X 1(j )) would be constant almost surely meaning the permutation along

the j-th component of X; would not change m (X;), which implies IQ%B (J)=0

almost surely. Under these assumptions, fr? QB(4) fits into the framework of
generalized incomplete U-statistics and we can make use of Theorem 2 of [16]
to achieve its asymptotic normality. To better follow the prove ideas, we repeat
their theorem in

Theorem 4.1. Let Zq,...,Zy, be i.i.d. from Fgz and U, , v« be a generalized
incomplete U-statistic with kernel h.y, (Z1,...,Zp;7;). Let p=E[h,,], (14, =
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Var(Elh~, |Z1]) and ¢y, = Var(h., ). Suppose that
E Uhvn - N|2k}
2
E[|hy, — pl*]

is uniformly bounded in vy, for k=2,3. If 77"7(% — 0, then

»In

Un T
= s M, H &N(O,l)
\/fyngl,’yn /TL + C’Yn /M
as M — oo and n — oo [16].
To apply Theorem 4.1 to fr? QB (4), the main part of the work is to show that
E [|hy, — p**] /E [k, — ,u\k]Q is uniformly bounded in =, for k¥ = 2,3 and

to prove that %"A{Cgil” — 0. This is done in the Appendix (Lemma A.1 and
nGl,y

Lemma A.2 and some Tfengthy calculations) and we thus receive the following

Theorem 4.2. Let (A1)-(A6) be fulfilled and Z+, . .., Z,, independent and iden-
tically distributed. If Var (mj(X{j))) >0, v, = 00 asn — 00, and v, //n — 0

as n — oo, then

I99P (5) — 1(j)
\/%QLCL%,/TL + Gy /M

as M — oo and n — oo.

—45 N(0,1)

To transfer the result of Theorem 4.2 to IT? ?/IB (4), a sufficiently fast convergence
of the base learner m,, 1 is needed. [5] already pointed out, that the consistency
of the individual trees implies the consistency of Ig OB (). We need the stronger
assumption that the approximation error of m,; for m is negligible. Therefore
we need to make the so called ’Sufficient Impurity Decrease’ assumption and
use results from [11]. Let A C [0, 1]” be some hyperrectangle, that is partitioned
into Ay, and Agr via axis-aligned splitting. More formally for b € [0,1] and

jed{l,...,p}
AL = AL(]7b) = Aﬂ {’U c [O’ 1]]) . 'U(‘]) S b}7
Ap = Ap(j,b) := An{v € 0,17 : v\ > b},

where v7) denotes the j-th component of v. Then the theoretical version of the
CART splitting criterium [18] is defined as

A(A, j,b) :=P(X € A)Var(i(X)|X € A) — P(X € Ap)Var(i(X)|X € AL)
— P(X € Ag)Var(i(X)|X € Ag).

Equipped with this we can formulate the ’Sufficient Impurity Decrease’ (SID)
assumption
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(A7) There is a constant A € (0, 1) such that for all hyperrectangles A C [0, 1]?

sup A(A,7,0) > X-P(X € A)Var(m(X)|X € A).

1<j<p,b€[0,1]
Additionally we need a stricter version of (A4), to give a uniform upper bound
for the tree predictions.
(A4*) The error terms are bounded by some K. > 0.

Moreover, we need to link the growth-rate of M to the sample size, i.e. M = M,
Equipped with these assumptions we can now prove our main theorem, which
delivers the asymptotic normality of I?’?OM\B ().

Theorem 4.3. Let (A1)-(A3), (A4%), (A5)-(A7) be fulfilled and Zq,...,Z,
independent and identically distributed and Var (mj(ij))) > 0. If v, — o0,

2 — —
Mot Iogi%?x)) log(anp) _y 0 for ¢(\) = 717]122((117&)) as M, — oo and n — co. Then

IO9P () — 1(j)
V28t /1 + Gy, /My,

as M, — oo and n — oo, if the trees are grown to depth d = [logy(n)/(1 —
logy(1 =)

To our knowledge this is the first CLT for the RFPIM and thus the first math-
ematical reasoning for the asymptotic normality assumed in [10].

The assumption (A7) is an assumption on the regression function m, that is
not very intuitive. Function classes satisfying this condition were investigated
by [11]. Proposition 3.1 of [11] tells us that (A7) is fulfilled if m;,...,m, are
from the Locally Reverse Poincaré Class with parameter 7, i.e. my,...,m, are
differentiable on (0,1) and for any subinterval [a,b] C (0,1) and

b 2 2 b
/ : 2
: < .
(/a |mJ(t)|dt> b ul)réf/a |m;(t) — w|°dt

for every j € {1,...,p}. In this case A\ = 4/p7?. This is fulfilled if for instance
each m; is a piecewise defined function, whoses pieces are polynomial, strictly
monotonous functions or smooth and strongly convex.

The values for A in the examples given in [11] are rather small. Thus the
desired depth d is close to log,(n) which corresponds to the depth of fully grown
binary tree. The assumption of

5 N(0,1)

Mypyvn IOg(an)2 log(anp)
aﬁ(A)

—0

as n — oo is quite restrictive and is not fulfilled by typical choices like a,, =
0.632-n. Our assumption is for example fulfilled by choices like M,, = |log(n)?* |
and 7, = [n — log(n)?] for some arbitrary ¢1, g2 > 0.
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5. Simulation Study

In this section, we conduct a simulation study to evaluate the practical relevance
of our central limit theorem. Specifically, we compare the empirical distribution
of RFPIM under various conditions. Furthermore, we examine the robustness
of our assumptions by analyzing how the distribution of RFPIM changes when
these assumptions are violated. All simulations are performed using R version
4.4.1 [17].

5.1. Simulation settings

For each of the N = 1000 simulation runs we generate n = 2500 i.i.d. copies
(X1, Y1),...,(Xp, Ya) of (X,Y) following Model (1). The sample size equals the
sample size in [10], who already illustrated via simulation, that the distribution
of RFPIM can often be approximated by a normal distribution. We choose
p=10,ie. X ~U ([O, 1]10).

The Random Forest algorithm is implemented in R using the ranger package
[23]. Foreach k = 1,..., N, we train a Random Forest model with M = 500 trees
and a subsample size of a,, = [2/3-n|. The parameter my,, is set to the default
value provided by the ranger package. Using the trained Random Forest, we
compute the RFPIM IT?%B (j) for 5 =1,...,10, and denote the results from the

k-th simulation run by I:%B’k(j). Finally, we compare the empirical quantiles

of the standardized values ISOMB’I(]')7 e ,IO%B’N(j) with the quantiles of the

k) n7
standard normal distribution using QQ-plots. To investigate robustness of our

results to derivations from our assumptions, we vary the error distribution, the
regression function m, and whether permutations or derrangements are used for
the feature importance as described below.

Error Distribution. In Theorem 4.3 we require (A4*), which is that the error
terms are bounded. This is fulfilled for a truncated normal distribution. We
use the R function rtrunc from the package truncdist ([15]) to generate the
truncated normal distributed error terms. We choose —2 as lower bound and
2 as upper bound. The mean is set to zero and the standard deviation is set
to one for the truncated normal distribution. To test how crucial this stricter
version of (A4) is, we also use standard normal distributed error terms fulfilling
(A4), but not (A4*).

Regression Functions. For the regression function m : [0,1]? — R our theory
needs an additive structure (A2). We use a total of four different regression
functions, where the first fulfills (A2) and the other three do not. The first two
regression functions are inspired by [5], while the other non-additive functions
are taken from [10]. In contrast to [10] we use less noisy features in oder to stay
consistent with the first function fulfilling (A2). The regression functions are
specified as follows:
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1. First, we use a polynomial regression function that satisfies (A2):
_ 2 3 4 5
M(X) =2XD +4 (X<2)) 42 (X<3>) _3 <X<4>) n (X(5>)

2. We investigate a non-additive trigonometric function as link-function that
connects Y with a lineare/additive predictor:

M(X) = sin (2X<1> F4X® pox® _3x® 4 X<5>)
3. We use a function with a trigonometric and a polynomial part:
#(X) = 10sin <7rX(1)X<2)) +20 (X©) 0.5)2 +10X® 45X
4. Finally, we consider a function with three interaction effects:
(X)) = xOx®@ | (X<3>)2 _x@x @ 4 x® x(10) _ (X(G))2

Permutation and Derrangement. Our assumption (Al) restricts ourselves to
derangements, which is needed for technical reasons and has previously been
assumed in [5] to prove consisteny of the RFPIM. To get an impression whether
this is actually needed, we consider both scenarios and run the simulation under
ordinary permutations and derangements.

5.2. Simulation Results

In Figure 1, we present the results for each of the four regression functions, focus-
ing on the non-noise features, i.e., those where I(j) > 0. Under the assumption

(A2), this corresponds to the condition Var(m; (X£] ))) > 0 as stated in Theo-
rem 4.2 and Theorem 4.3. We begin by examining potential violations of the
additive structure of the regression function as per assumption (A2). The first
plot in Figure 1 is the only one where all the assumptions of Theorem 4.3 hold.
Here, we observe that the quantiles from the simulation closely align with the
quantiles of a normal distribution, suggesting that the sample size of n = 2500
and the number of trees M = 500 are sufficient for a good approximation. For
the second and third function , the normal distributions also appears to fit
the distribution of the standardized RFPIM well, with the quantiles aligning
closely. However, for the fourth function, the interaction effects introduce se-
vere discrepancies. In this case, the normal distribution exhibits heavier tails
than the RFPIM distribution, indicating a potential violation of the normality
assumption.The usage of arbitrary permutations instead of derangements does
not change the QQ-Plots much as we can see in Figure 2. One could even ar-
gue, that the empirical quantiles fit slightly better to the normal distributions
compared to Figure 1.
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Function 1 Function 2 Function 3 Function 4
S/ Ny
A rd - : 5 T .
o / N4 -
; Jo v 7
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2 4. 0 1 2 3 3 2 4 0 1 2 3 3 2 4 0 1 2
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

Empirical Quantiles
0

2 4 0 1 2
Theoretical Quantiles

Fic 1. QQ-Plots for truncated normal errors and derrangements under the four different
regression models.

Function 1 Function 2 Function 3 Function 4

Empirical Quantiles
1 0
\

2 4 6 1 2 3 3 2 4 6 1 2 & 3 2 4 0 1 2 & 3 2 4 0 1 2
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

Fi1c 2. QQ-Plots for truncated normal errors and full permutation under the four different
regression models.

Function 1 Function 2 Function 3 Function 4
© AR - © © i
* g 7,
o & / ~ - ) ~ /
= / 4 /
§ - // -1 y -1 g -
5 o y ° ° ° 4
] /// o/ V4
= < 5 < g h 4
5 / y 4
§ o / - o o ¢S
217 o @) ® ,/
3 2 a4 0 1 2 3 3 02 a4 60 i o2 3 3 02 4 0 42 3 3 02 a4 0 1 2
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

Fic 3. QQ-Plots for normal errors and derrangements under the four different regression
models.

Thus the simulation suggests, that (A1) is not that crucial for the CLT given
in Theorem 4.3. The results for normal (instead of truncated normal) errors
combined with derangements are given in Figure 3. We again observe some
deviation from the normal distribution for the fourth function and now also for
the second one. For the two other regression functions, asymptotic normality
again seems to be plausible.

6. Discussion

In this paper, we employ U-statistics theory to establish, to the best of our
knowledge, the first Central Limit Theorem for the Random Forest Permuta-
tion Importance (RFPIM). This result provides a mathematical guarantee that
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the standardized RFPIM is asymptotically normally distributed, supporting the
assumption made by [10]. Our theory applies to all bounded and additive re-
gression functions whose components satisfy the ’Sufficient Impurity Decrease’
assumption and bounded errors. This includes smooth and convex functions,
piecewise polynomials, and piecewise monotone functions. However, the CLT
needs a few other technical restrictions that deviate from the original Ran-
dom Forest framework: we select the number of trees at random, to fit in the
U-statistics framework of [16]. Another restriction is in the choice of hyper-
parameters because we need a huge sample size of the bootstrap sample in the
bootstrap step of the Random Forests in comparison to the Out-Of-Bag sample,
to control the approximation errors of the individual trees. Moreover, as in the
consistency proofs of the RFPIM in [5], we restrict the results to derangements
instead of all permutations.

In a simulation study we investigated how the asymptotic distribution be-
haves if these assumptions are violated. It turned out that the restriction to
derangements do not seem to have a huge impact on the asympotic RFPIM
distribution. The same holds true for the assumption of bounded error terms.
However, the additive structure of the regression function turned out to be im-
portant, since asymptotic normality does not seem to hold if there are multiple
multiplicative effects. The result nevertheless delivers an important first step to
the theoretical validation of the confidence intervals proposed in [10].
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Appendix A: Proof of Theorem 3
Lemma A.1. Let (A1)-(A4) be fulfilled. If Var (mj(Xl(j))) > 0, then there is

a E> 0, such that v2(1 4, — Z> 0 asn — oo.
Proof. We start with

E[h|Z1] = E ;g{(m — (X)) = (Vi - m(xaf}\zll
;n;znlm{y (X)) }—iE[Y n(X,)? zl}. (6)

The second term can be rewritten as
12 N )
— N B | (Y — (X))’ |2
Tn i

-1k {(Y1 — (X)) zl] + = ilE |:(Yi —n(X,))*

Tn Tn 55
1 , 1 N )
7(3/1 m(X1))” + — ZE {(Yz —m(X;)) }
n ni_o
1 n— 1
almost surely. We use (A2) and get
2

OO = Lo (0) e 32 me (%) - (x5

for i = 1,...,n. Thus, for the first term in (6) we get

ZE[ (X))

ZE[( (X9) 4= my (XY (2)))2 zl}
S [(ICURRECARES o [CHCER) Y
3 o (x8) (s (527) <) [ ®
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almost surely. For the first sum we get
’Yn .
e 22 [ () +)'[e]
1 &) 2 S 6
= B[ (x1) we) ] S (s (50) +2)
1 ) @) 2
= (g (x) 1) W;q(mj (x&)+=)]

(s (x0) 1) 20 [ (x7) 4 e)| )

,y’!'l n

almost surely. The law of total expectation delivers

% f:]E {m]— (ij())f ‘zl]
7ip (n(i) = I)E[ (Xf”)z‘zl]
+ 7” Zp(wu) #1)E [mj (X§”)2 lzl}

= ZP ((i) = 1)m; (X(“) Vin i[@(w(i) £ DE {mj (X§f>)2]

almost surely, where the i.i.d. assumption was used in the first and second
equation. For the remaining part of (8) we can see

o () e ()] .

3 s (x80) (s (527) =) [

_2 ZE g (X0 ) s (x) ] + 2 ZE [m (XY,
(ZE s (x5 ms () 2]+ (1) 2]

38 m (x) ] )

=2

(iE {mJ (X20) ms (x17) ‘Zl] +m; (xP) e

2|
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Yn

+Y E [mj (X}”)] E[c] ) (11)
i=2
9 Tn . )

= 2(Srfm (x0)m (x9) 2]
T \i2 !

+E [mj (Xii)(l)) m; (Xl(])) ‘le| + m; (X{J)) 81)
2 (" () ()

_ %<Z;IE [mj (Xﬂj(i)) m; (XZ. ) |7

+m, (XO)EB [m. (x9),) ‘z } m, (X0) e )
J 1 J (1) 1 J 1 1

almost surely. Next we have analogously to (10)

B [, (X10,) 2] = - ZE s (32) ] + 2

. 1" (%)

— - 1 -
el ()] ()

and analogously for ¢ > 2

2 [ (0 ) s () 1]
Yn

= > P(n(i)) = HE [mj (%) ms (x2) H

k=1 ki

(el 0 () o]
5 el () (57 ]

k=2 ki

_ 71_1<mj (X{j)) E [mj (Xf”) ‘zl] +

I
—_
=

S
—~
ol
N

S
—~
ol
>
N

+

el (5]
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2 ZE s (x23,) (ms (x0) +5.) [z
2

= 2 (5 () s () 3 208 [y (x0)]

+ z:—jmj (ij)) E {mj <X§J’))} n an_lmj (Xl(j))2+mj (ij)> 51) (12)

holds true. Combining (8),(9), (10) and (12) leads to
1 il ~ Ti ey 2
) E|(Yi-mXP)
i1

zl}
= L (g (x9) +) 4 {(mj (x) + )}

+ %]E [m; (X)) my (X07) + on = 2g m; (ij)ﬂz

Tn
D) Y —2 &)
+2m; (X(”) E [m4 (X )}
J 1 "Yn(’)/n _ 1) J 1
2 N2 9 .

n

Note that there are several constant summands in (13), that vanish inside the
variance. Hence (6), (7) and (13) result in

Gy, =Var (E[h|Z4]) = Var(fyln (mj (ij)) + 51)2 +

1 N\ 2
—m (07)

n

2 oy (7)o (x07) 2022, (x0) [, (x17)]
2

ey () 4 o () - 2041)

which implies with (A3), (A4) and the dominated convergence theorem, that
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Y2(1,, is asymptotically equivalent to

Var( <mj (ij)) +51)2 +m, (Xl(j))2 +dm, (Xl(j)) E [mj (Xﬁj))}
+2m; (Xy)) €1 — 5%)
_Var<2mj (Xl(j))Q +4m; (X{j)) E {m]— (ij))} + dm (ij)) 51)

= Var (i (X0) (2 (X) 448 [y (x2)]) s+ am; (x0) 1) = .

Due to the independence of ¢; and Xy,
Cov (my (x7) (2 (X) + 48 [m; (x)])  4m; (x1) &)
=5 1oy (x0)" (2ms (X0) 448 [m; (x7)]) |

—E {4mj (Xf”)2 (2m; (X1) +4E [m; (X}”)m Ele] =0

holds true and hence

= Var <mj (Xl(j)) ( X{j)) +4E [mj (X{”)D +4m; (X{”) 51>
= Var <mj (X (2m; (X7)+4E [m; (x07)]) ) +Var <4mj (x) 51>

() @) 0y’
Z 16Var<mj (le )6l> = |:m] (—le ) 5%:| = 160’2]E |:mj (le ) :| > O;

which completes the proof. O

2mj (
2mj (

Lemma A.2. Let (A3) and (A4) be fulfilled. Then there is a K > 0, such that
¢y, = Var(h) < K for alln € N.

Proof. At first we apply Jensens inequality for sums and by noting that (a+b)? <
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2a? + 2b? for all a,b € R we recieve

03] =2 (L 3 {05-mxio) - - mea)) )

T

IN

Tn
;ZE [({(n — (X)) = (Vi - ﬁz(xu)g})Q]

2 & T4 2 - 4

77 ;E [(Yz —m(X;’ )) } + %;E {(Yz - m(Xi)) }

9 Jn ' 4 4 9 n

- ;E [(mj (X9) +ei=m; (x9),)) } + ;E €]
Because of (A4), it’s sufficient to show that for all ¢ € {1,...,n},

& [y (x) ey (x2)) ]

is finite. Note that |m;(z)| < K for all x € [0,1], due to (A3). Hence, by the
independence of X; and ¢; and (A4), we get

E [(mj (X9 +e0—m, (x9),) )j
= (m (07) =y (50)) 0 [ o (X) = s (5,)) ]
08 (s () o (x853))"<2] - [ (x7) =y (25 ]

IN

+E[E]
=5 | (my (x7) =, (5800)) | #6022 | m (507) = (x2)) ]
+E[E]

<16K* +240°K* + E [£]] < o0.
Therefore the proof is completed. O
. , T
Lemma A.3. Let X, = {X{”,...,X}J‘”,X,Xf?“),...,X{’” , where X s
an independent copy of X{j), then
E[h) = E[(Y1 - m(X;1))"] = 0 = 1()

if (A1)-(A4) is fulfilled
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Proof. Since (X1,Y1),...,(X,,Y,) are i.i.d., we can conclude from (A2), that

E [h((XhYI)a e (X'/HKL))]

Ly ) - (v —%(X”Q}]

=1

=E

—E (v - m(X[)*| ~E[:3] = B [ (v - m(X]))"] - o2

(s (40 1 (580)) ] -

holds true. With (A1) and the law of total expectation we get

B [(mj (X{”) +e1—my (Xfrj)(l))ﬂ

= ip(ﬂa(l) =k)E {(m]— (ij)) +e1—my (X,gj)))T
k=2
- ]:"2 %17 E {(mj (X9) 421 —m (X))Z‘] —E [(Vi = (X;1))

Proof of Theorem 3

Proof. The proof idea for the theorem is applying Theorem 2.1. The main task
of the proof will be to check whether

E [[hy, — I1(5)1**]
E(|h,, — I(5)I*]’

is uniformly bounded in n for k = 2,3. Since we are dealing with permutations
we start by establishing some properties. The elements m; € V), are so called
derangements. The number of derangements of an ~,-element set is given as

= (_l)i 'Yn! 'Vn! +1
=I = | A o = L —
|Vn| Yn = I ; il o o .

(14)

For i # k
P ({m;(k) =i} U {m;(i) = k})
=P (mj(k) = i) + P(m;(i) = k) =P ({m;(k) = i} , {m; (i) = k})

2 !('Yn - 2)
_ = 15
1 I Py ( )
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and
P (mj(k) = i,m;(1) # k) = P (m;(k) = @) = P (m;(k) = i,m; (i) = k)
1 "y —2) 1 1
— _ = — T . 1
=1 Yn, ’7n+0<2> (16)
Using (A2), Lemma A.3, (15) and the i.i.d. assumption as well as E [g;] = 0 (%)

leads to

E 0, — 1G)7]

n

|
- o (59) < () o (57) - (32)

Tn
+ 220 = D (1) 2 i.m50) # 0B | (my (X0) =y (x))" = 10|

4 WP(W) £i.m(i) = k)

n

‘E H(mj (x2)—m; (ng)))Q—I(j)}{(mj (x)=m; (Xéj)))z_f(j)”
~o(3)
= Lt [y (7)o () 2 (o (507) = (32))
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n n_]- 2
n(Yn = 1) E

+
77% ’Yn_l

{(ms (607) = (7)) 100}
(s (5) - (56100}
o ()
- %Var {(mﬂ‘ (x07) = my (%)) + 22 (my (XI7) —m, (Xén))} o
2o (7)o (58)) (o (37) = s (537))']

e (;) . (17)

Without loss of generality we can assume E [m]- (Xl(j ))} = 0, because as in

previous calculations we get

= Vlnjzn{(my (Xi(j)) +e& —m, (Xfrj(z)))Q 522}

Thus, the expectation of m; (Xi(j )> and m; (X;%) are cancelling each other.

For random variables U,V and W with U,V 1L W
Cov(UW, V) =E[UWV]-E[UW]E[V] =E [W]Cov (U,V) (18)

holds, which implies

o[ (ms () =ms (387))" (s (687) =, (447))']
= Cov {mj (Xy))Q,mj (ij)>2} — 4Cov [mj (ij)>2 M (ij)) m; (Xéj))]
+ 4Cov [m]- (Xl(j)) m;j (X2(j>>’mj (Xl(j)) m; (Xéj))}

— Var [mj (X;ﬂ)j
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due to the i.i.d. assumption. Using (18) and E [e1] = 0 leads to

Var [(mg (ij)> —m; (Xz(j)))2 +?51 (mﬂ' (ij)) M (Xéj)))}
= Var _(m]- (x) = m; (Xéj)))2 +Var 201 (my (X7) = m, (x77))]

- aCov [(mj (X9) = m, (Xéﬂ))? 22y (my (X0) — my (Xg))ﬂ

e o () o () e (o (387 o, ()]

Hence,

E Iy, — 1G)]

= %Var [mj (ij))Q] + %Var [(mj (Xl(j)) —m; (Xéj)))Q]

v [ey (g (X0) =y (x97))] 40 (). (19)
Note that

E [|h% - I(j)ﬂ > %Var [mj (X{”)T +0 <71%) . (20)

Since Var [mj (ij))} > 0, it also holds true that Var [mj (Xl(j))} > 0 and
with (20) there is a constant ¢; > 0 such that E [|h7 - I(j)|2} ~ =L and

2
E [|h% — I(j)|2} ~ % With similar calculations as before, we get

E Iy, - 16)I']

El

Tn

2o () (2
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{(ms (32) =i (55,)) 220 (s (22) =y (52,))) - 16
(s (x) =y (x2))" 220 (s (5) = (x80,)) 160

n Tn

Yy Yy

nil 1ig=1 iz=1 i4=15i47i2

ipAirizAla Al iaFi1 703

e{(ms (62) =y (382)) 22 o () = (30,)) 100}
{(om (x82) = (02))" 220 s (58) s (342,)) 10}
s (322) = (x20)) 422 s (58) = s (x8,)) - 10}
{lms (62) =y (662)) 2 o (52) = (650 - 10

-0 (1) L+ 3O = Dm = 2)

Y

el{(ns () = (582 () s (580)) - 10
s (38) = (x2)) =160 }{ (s (38) = (x23)) 160}

4!'Vn('7n - 1)('Vn _2) (’771 _3)
Tn

E{{(mj(xfj)) (Xfr]()n)) I(j)}{(mj(xéﬂ) (X(a(>))) I(j)}
{(mj(X?Sj)) (Xfrj(;)))Q—I(J)}{(mj(Xij)) (Xfra&)» I(].)”

where the second equality holds true because all summands of the remaining
O(~2) summand are uniformly bounded. With the factor 1/4? the remainder is
O(1/72).

To calculate the expectations, we require some basis arguments of combinatorics.
In particular, we only need to consider derangements such that we cannot isolate
one single factor of the product regarding independence to the other factors. The
latter is because each single factor itself is centered. Additionally, we can make
use of the symmetry of the product leading to respective constant factor in
front of the probabilities. To keep the proofs as simple as possible, we do not
specify these factors more than that they are finite and positive. In this spirit,

+
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for constants ca, .. ., ¢7 € (0,00) we have:

E[{(mj (XU)) (X(J()l)» + 2 ( (Xm) (X(](l))>_l(j)}2
{(mj (X§j>) X(J()2) 1(])}{ ij) X(]&))) I(J’)H

= &P (n(1) = 2,7(2) = 3,7(3) = 2
EH (mj (Xm) (Xm)) + 2¢; (mj (Xm) (ng))) I(j)}
(o () = (49" = 10} (s () o, (50))" 10}

+ 5P (m(1) = 2 n(z) (3) > 3) 2
| { (s (407) (X“ )) 25 (my (X7) =y (357)) - 100}
{(mj (x8) = m, (x)) }{( (x) - X(a)))Q _ IU)H

+eaP (w(1) = 2,7(2 ) (3) 1)
of{ (o (x) - <X<f>>> 8
{(mj (x8) = m, (x7)) }{(m (x0) = m, Xm))Z _I(j)H

+ 5P (m(1) > 3, 7(2 ) (3) 2)

IEH (mj (X{j)) —m, (Xf))) + 2, (mj (Xl(J)) —m; (Xi’))) - I(j)}2
o (71) (21)

since m;, and therefore also the expectation, is bounded,
P(r(l) =2,7(2)=3,7(3)=1)=0 (

P(n(1) = 2,7(2) = 3,7(3) >3) = O

and

(
P(r(l) =2,7(2) > 3,7(3) =1) = O (
(

P(n(1) > 3,7(1) > 3,7(3) =2) = O
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Furthermore

| {(ms (x0) = my (x2)) 100 (ms (x87) = my (x))" 100}
o5 (50010} ) 420 10

— B (r(1) = 2,7(2) ¢ {3.4),7(3) — 4.7(0) ¢ {L.2))
EH(mj(Xm) ,(Xm))zj(j)}

{ (m (x7) = my (x)) —Im}{ (X =y ()" - 100}
{ (ms (x) = my (x5 fu)}w )¢ 3410 ¢ {1.2)]

+ 7P (m(1) =2,7(2) =3,7(3) =4,7(4) > 4)

{5 ()} (59 1)
{lm (59 - ()10} o (57 - (302" 16)

~o(5)

-o(%) =

because
]P)(Tr(l) = 277{(2) ¢ {374}77‘—(3) = 4777(4) ¢ {172})
!('Yn - 2) 1
<P(n(l)=2,7(3) =4,7(4) > 4) = T = ’72 +0(1)

and
P(m(1) =2,7m(2) =3,m(3) = 4,i(4) > 4)

B () =27(3) =) = 2 = o)

Hence, with (21) and (22)
! 1
& (i, - 1)1 =0 ()
2 .
holds true. Since E [|h% — I(j)ﬂ ~ s—i, it also holds that

E|Ihy, — 1G)]
E [Ihy, — 1G)F]

=0(1)
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is uniformly bounded. With Hélder inequality, we also have
. 2 ) 3/2 1 3/2 c
E [, - 16)F] < B [, - 100 < () =5

and

E [y, ~ IG)F] 2 E[lhy, —10)?] 2= 3

for constants cg, cg > 0. To show that (14) is uniformly bounded, it only remains
to show that

B i, - 1) =0 ().

In the same way as for the fourth moment, (A2), Lemma A.3, and the i.i.d
assumptions can be used to recieve

B, — 1G)I°]

:E[

1 1
—0(%)+w
Tn ’yn 1,12,13,14
pairwise distinct

E|{(ms (X0) = my (x2,))" + 221, (s (X) =y (x80,))) - m}s
{ (o (X s (X)) 20 (s (2) (60, - 100
{(omy (62) =y (60))" 220 (s (x2) =y (x,.)) - 10}

Tn

o 2 (s () s (2))
22 (ms (x9) = my (X)) } - 106)

T

3
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112,23,
pairwise distinct

512,23,14,15
pairwise distinct

112,23,24,
pairwise distinct
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4'(7 D —2)(7m—3)
Y5

EH(mj (Xm) (ng(g))) + 2 (m] (Xm) m, (ng&))) I(j)}3
{(ms (9 =y ()Y 10 }{ (s (587) =y (32)) 100
{(ms (x07) =y (x0))) 10}

4!(’7’n - 1) (fyn _2) (’Y’n _3)
+ 75

EH(mj (Xf”) (ij()l))) 42, (mj (Xy‘)) (ng()l))) I(j)}2
{ i X(j) X(J()z))) + 22 (mj (Xg(j)) (X(J()Q))) I(j)}
{ mj X(j) Xff(é))) 1(]’)}{(%— (Xij)) (ij(l)» —I(j)H

+5'(% 1)(% ,y)(’}/n 3)(vn—4)

EH(mj (X(j)> (ij()l))) +251( (X(J)) (ij(l))) I(j)}2

2 2
{ m; X(a) Xm }{ m; X(a) , Xff()a)) _[(j)}

m(2) )
{(m (x) X;g&)))? G H (s (x0) = (x5))" =160}
+6'(7n 1)(%1 2)(Yn—3)(n—4) (1 —5)
v

EH(’"]’ <X§j)> (Xff()n)) —f(j)}{(mj (Xgﬂ) (X%))) I(j)}
{(mﬂ’ (x7) = m, (X)) I(i)}{(rnj (x0) = m, (x9))’ I(j)}
{(mj (X97) = m, (x9)) —](j)}{(mj (X&) = m; (x9)) ‘I(j)H-

Continuing with the calculation of expectations, we again rely on some basic
principles of combinatorics. In particular, we consider derangements to ensure
that no single factor of the product can be isolated, as this would affect the
independence of the other factors. This is because each individual factor is
centered. Moreover, we exploit the symmetry of the product, which implies a
constant factor in front of the probabilities. To keep the proofs simple, we only
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specify these factors as finite and positive. In this context, the following applies
to the constants ¢, ...¢31:

o (59 = ()2 s (57) o (320 1)
{(mj (x9) —m; (Xffﬁ)z)))Q - I(j)} {(mj (x9) = m (ng(g))) - J(J)}
{(ms (x) =y (x82))" - 160}

=P (r(1) =2,7(2) € {3,4},7(3) = 4,7(4) ¢ {1,2})

= { s (x07) o (59) 20 o () = () - 10}

{( (682) = ()= 190} { s () - s (0))" - 100}
{(ms (x7) = (Xi’@)) - I(j)} ") ¢ 3.4hr() ¢ 1.2)]

+ P (m(1) € {3,4},7(2) = 1,7(3) = 4,7(4) ¢ {1,2})

| { (ms (x0) = mj (x4)) "+ 22 (mj (x07) =, (x5)) - 1)}

{(ms (x) = my (x9))" = 1) }{ (s (387) = ms (x8))" = 10}

{(ms (x0) =y (x0)))" = 1)} |rt0) ¢ 3,037 ¢ 1.2
LGP (r(1) ¢ 2,3,4),7(2) = 3,7(3) = 4,7(4) £ 1)

e { (s (007) = (380,))" 22 (s (587) = (x2)) = 10}
{(ms (3297 =y (x6)) = 1)} (s () = s () - 100}
(

{(ms (x) = my (x9,))" = 16 }[m(0) ¢ (3,03 70 ¢ 1.2}
FEP (n(1) = 2,7(2) = 8,7(3) # 4y 7(4) = 1)

e { (s (607) =y (69) 2 (o () o (587)) 100}
{ (s (58) =y (x))" 1)} (s (x) =y (x8))" - 100}
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{(mj (x) —m, (x7))" - I(j)} m(3) # 4}

+P(r(1) =4,7(2) =3,7(3) =1,7(4) ¢ {2,3})

= { (o () = ()2 (s () = () -0}

{0 () - (x5))" - 10}

+ %P (r(1) = 2,7(2) = 3,7(3) = 4, 7(4) ¢ {2,3})
2 ) . 3

EH(mj (x9) =y (x9)) 4 221 (my (x2) = m, (x47)) - m}

{(ms () =y (29))" =10 { o (697) s (527)) - 100}

{(mj (x) ~m; (Xff&)))Q - I(j)} ©(4) ¢ {2, 3}}
+ &P (r(1) £4,7(2) =1,7(3) = 2,7(4) = 3)

E {(m (7)o (30" 2 s () = (68)) 100}
{(oms (x8) s (x9))" =16} (o (587) =y (38)) 160}
{(o (6 s () =10 v

+GP(r(1) =4,7(2) =1,7(3) = 2,7(4) = 3)

) ¢ 2.3}

since
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max {P(m) =2,7(2) ¢ {3,4},7(3) = 4,7(4) ¢ {1,2}),
P(m(1) ¢ {3,4},7(2) = 7T(3) 7r(4) Z{1,2}),

P(r(1) € {2,3,4},7(2) =3,7(3) =4,7(4) #1),
B (r(D) = 21 S0 £ & A D),
P(w(1) =4,7(2) =3,7(3) = 1,w(4) ¢ {2,3}),
P(r(1) =2,7(2) =3,7(3) =4,7(4) ¢ {2,3}),

P (m(1) # 4, 7r(2) 1,7(3) =2,7(4) =3),
P (r(1) = 4,7(2) = 1,7(3) = 2,7(4) = 3) }

<P(r(l) = 2,7(2) = 3) = (7”_2)o<12)

" A

as in (15) or (16). Analogously, the second four fold sum is O (%), as we can
see with

E[{(m (x0) =, (X)) + 221 (m, (X9) = m, (x9))) _m}
(o () =, (X)) 22 oy (37) -y (522)) -1

{m] (x0) - X;g(;))) _1<j>}{(mj (X9 =m; (x9,))° I(j)}]

= 1P (7(1 ) ;m(2) = 4,7(3) ¢ 2,4}, m(4) ¢ {1,3})
) ) o) ) )
{ww>vfﬁmwwﬂwwmuﬁ
{(ma () - ()" 160}
{(om (607) = (382”100}

cnP(r(1) =3 7r(2) g11,31,7(3) ¢ {24}, 7(4) =2)
s 52) () o () 5210

{qu %»m@@»(%»mf

7(3) ¢ {2.4),7(4) ¢ {1,3}]
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{6 (7)o (7))

+c12P (w(1) ¢ {2,4},7(2) ¢ {1,3},

- 1)}

m(3) =1,

7(2) ¢ {13}, 7(3) ¢ {274}}

m(4) = 2)

H( (X(J)) (Xff()l)» + 24 (mj (X{j)> —my (ij()l))) —I(j)}2
{ (x57) - ﬂ?))) + 265 (my (X§7) = my (x9))) - I(j)}
{ s () - X“))) -16)}

{( (x) - X(a)))

sP (m(1) ¢ {2,3,4},7(2) =

113}

,m(3) =

r(1) ¢ {2,4),7(2) ¢ {1,3}}

4,m(4) # 1)

E{{w (x7) = (X%)) 2 o (07) =, (x83,)) 10}

/N
3
<~
/N
s
N~
. <.
S
SN—
|
S
N
.
(&
<

(s (x8) =y (x))" - 109}

(ms () - ‘(X“’))Q .

+ P (r(1) € {2,3,4},7(2) =

113}

,m(3)=4,7

+ 265 (my (X97) = my (X)) - I(j)}2

EH(% (X(”) (X%)) 426 (m]- (x0) = (x9))) - I(j)}2
{(mj (x87) ~m (Xff()z)))z + 265 (my (X§7) = my (x9))) - I(j)}
{

7(1) ¢ (2.3, 4}, 7(2) 1}
(1) =2)

= {(m (x17) - (X%)) 2 (s (6) s (30,)) - 16}

(o ()= (39
(o () (3

{m (7)o (7))~

e

)) -+ 222 (my (X47) = my (x57)) —I<j>}2
)) -1}
(

)¢ {2.3.4)]
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+ 6P (n(1) ¢ {2,3,4),7(2) = 3,7(3) ¢ {1,4},7(4) = 2)
S { (s (7)o (60,))" 2 (o (597) = (1)) - 1))
(o () = (50" 52 o (52) o () =0
{(m () = (32))" - 100}

(s (x2) = my (x8))" = 1)} |rt0) ¢ 2.3.40703) ¢ (1.0
+ 7P (r(1) =2,7(2) =3,7(3) =4,7(4) ¢ {1,2})

e { (s (607) = (6" 2 (o () o (587)) - 100}

maX{ (m(1) € {3,4},7(2) £ {3,4},7(3) = 4,7(4) ¢ {1,2}),
P(r(1) =3,7(2) = 4,7(3) € {2,4},7(4) £ {1,3}),
P(r(1) =3,7(2) ¢ {1,3},7(3) ¢ {2,4},7(4) = 2),
P(r(1) ¢ {2,4},7(2) ¢ {1, 3} (3 )—1 m(4) =2),
P(r(1) € {2,3,4},7(2) =3,7(3) = 4,7(4) # 1),
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P(n(1) ¢ {2,3,4},
P(m ¢ {2,3,4},

) m(2) #1,7(3) = 4,7(4) = 2)
) m(

P (m(1) ¢ {2,3, 4}, =(
) = 3,
) =

2 1

9) = 3,7(3) =4, 7(4) = 2),
2) =3, ()¢{14} m(4) =2)
m(3) =4,7(4) € {1,2}),

P (n(1) = 2.7(2) = 3,7(3) = 4.7(4) = 1) |
<P(r(3) =4) = 0(5)

P(n(1) =2,7(2) =

In addition

E[{(m]— (x) —my (X)) + 220 (my (x07) —my (x90))) - I(j)}2
{(ms (x87) = ms (x5)) " =100 J{ (s (x7) = ms (x,))" =100
{(m () =, () fm}{(m x) <ms (x2)) 160}
=GP (x(1) ¢ {2,3,4,5},7(2) = 3.7(3) ¢ {1.4,5},7(4) = 5,(5)
| { (s (x07) =m (Xﬂb))‘**ﬁ<mv(XfU i (20)
{(ms (57 =y (5))" = 10 }{ (s (57) = (x5
{(ms (527 =y (58)) = 10 }{ (s (28) = (x5
m(1) ¢{2,3,4,5},7(3) ¢ {1,4,5},n(5) ¢ {1,2,3}}

40P (7(1) ¢ {2,3,4,5), 7(2) = 3,7(3) = 4, 7(4) = 5,7(5) # 1)

| { (s (307) =y (x2,)) "+ 200 (ms (X0) = s (x2)) - f<f'>}2
{(ms (x) = my (x))" = 1) }{ (s (x87) = ms (x0))" = 10}
{(ms (x0) = mj (x9))" = 160}
{ (ms (¢

{1,2, })

¢
) =10

) - Im}
) - 16}

3

 (x9) =y (x5))" - 1)}

P (n(1) ¢ {3,4,5),7(2) = 1,(3) = 4,7(4) = 5,7(5) ¢ {1,2})

(
[ { (s () s (x3)) "+ 221 (m, () o (Xg(g)))_f@)}Z

7(1) ¢ {2.3,4,5),7(5) ¢ {1}}
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(s (32 = ()" =100} () - s )" 1)
{(m (32 - () - 10}
{ (

m; X(])) m;

x)) 10}

P (r(1) = 2,7(2) ¢ {3,4,5},7(3) = 4,7(4) = 5,7(5) ¢ {1,2})
= {(m (60) = (62))" 25 s () = () - 100}
(x))" = 10} { (s () = s (x))" - 103}

7(1) ¢ {3.4,5).7(5) ¢ {1,2 3}]

g (X9) = my (X)) = 1)} |+(2) ¢ (3.4.5.705) ¢ 1.2.3)
P (r(1) = 2,7(2) = 3,7(3) ¢ (4,5}, 7(4) = 5,7(5) ¢ {1,2,3})
| { (s (60) =y (68))" 221 (my (0) s (x07)) = 101}

3
=
\
3
£

1)}

CoalP (m(1) & {4,5},7(2) = 1,7(3) = 2,7(4) =5,7(5) ¢ {1,2,3})
[ { (my (x17) =y (X)) 221 (my (x0) = ms (x,)) - 10}
. . _m; (XéJ)>> —I(j)}

7(3) ¢ {4,5).7(5) ¢ {1,2,3}]

Q

S
VS
»
>
|
3
S
/N
ol
>
N—
N—
[\V]
| |
~
Ping
. .
=
——
—
/N
—~
s
>
N—
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+aP (r(1) € {2,3,4,5), 7(2) = 1,7(3) = 2, 7(4) = 3,7(5) = 4)

E[{(ma‘ (Xl(j)) (X7(T]()1))) + 261 <mj (ij)) —m; (Xff()u)) - I(J')}2

{(mj (Xéj)) —my (Xl(j))) - f(j)} {(mj (Xéj)> —my (Xz(j)))g - I(J')}
{ (o (5) -, (20" - 1)

{(my (x) =y ()" = 1)} 1) # 23,45}
+ P (r(1) =2,7m(2) =3,7(3) =4, 7(4) =5,7(5) = 1)

1) ¢ {2,3,4,5),7(2) = 3,7(3) ¢ {1,4,5}, 7(4) = 5,7(3) ¢ {1,2,3}),
1) ¢1{2,3,4,5},7(2) = 3,7(3) =4,7(4) =5,7(5) #1),

1) ¢4{3,4,5},7(2) =1,7(3) =4,7(4) = 5,7(5) ¢ {1,2}),
1)=2,m(2) =3,7(3) ¢ {4,5},7(4) =5,7(5) ¢ {1,2,3}),

1) ¢{4,5},7(2) =1,7(3) =2,7(4) =5,7(5) ¢ {1,2,3}),
1)=2,7(2) =3,7(3) =4,7(4) =5,7(5) # 1)

1) ¢ {2,3,4,5},m(2) = 1,7(3) =2,7(4) = 3,nw(5) =4),

H=2,72)=3,73) =4,7(4) =5,7(5) = 1) }

FR RS R RS
3

<Pr(2)=37(4)=5) = =D _o (1)

" VTn

as in (16) and (15). For the expected value resulting from the sixfold sum, we
get

B [{(m () s (x0)) 1) (my (x87) = m, (x22,)) 10}
{(ms (x2) =y (x2,))" 1) ] (ms (x2) =y (x2,))" 109}



A Central Limit Theorem for the permutation importance measure 37

U (187 = ()10 s (067) = (120))" 10
= GsP(m(1) = 2,7(2) ¢ {3,4,5,6},m(3) = 4
m(4) ¢ {1,2,5,6},7(5) = 6,7(6) ¢ {1,2,3,4})

EH(mj (X(J')) . (X(J))) } {(mj (X(J)) m; (ij(é)))Q _ ](j)}
{ m; X(J> X(J)))2 _ ](])} {(mj (Xij)) (Xfrj(zl))) I(j)}
{ m; X<J) X(J)))2 — I(j)} {(mj (Xéj)) (Xff()(i)» I(j)}

7(2) ¢ {3,4,5,6},7(4) ¢ {1,2,5,6},7(6) ¢ {1,2,3,4}]
4GP (1(1) = 2,7(2) = 3,7(3) ¢ {4,5,6},7(4) = 5,7(5) = 6,7(6) ¢ {1,2,3})

=[{(om (1) = ()10 { o () = (7)) 10
{(oms (X87) =y (X)) 100} (s (30) =, (8))" 100}
{(my (x07) =y (3))" 1) ] (ms (58) =, (x2)) =100}

7(3) ¢ {4.5.6).7(6) ¢ (1.2 3}]
P ((1) = 2 7r<2> w<3> (5.6}, ( )= 6.7(6) ¢ {1.2,3,4))

m(4) ¢
K s
{ m; (%) - X(a))) }{(mj (Xm) (X9, )) K .)}
{ my (X9) = my (x0)) 1(])}{(% (x) —m, (x9))° ‘I(j)}
)

m(4) ¢ {5,6},7(6) ¢ {1,2, }
+531P(7T( ) 2 7T(2) ( ) =

, (4
= (Xm () }{<mﬂ X)) =y (x)) - 1)
{ X<J) X(J) I(])}{ m; X(J))) (j)}
{ m; X<J) X(J) [(j)}{ m; (]) Xfrj(é))) —I(j)}

w(6) ¢ {1,2,3,4, }]

1
:0@3)’

,m(5) = 6,7(6) ¢ {1,2,3,4,5})




38 N. Fége, L. Schmid, M. Ditzhaus, M. Pauly.
since
max {P(m) =2,7(2) ¢ {3,4,5,6},7(3) = 4,
m(4) ¢ {1,2,5,6},7(5) = 6,7(6) ¢ {1,2,3,4}),

P(r(1) = 2,7(2) = 3,7(3) & {4,5,6}, 7(4) = 5,7(5) = 6,7(6) ¢ {1,2,3}),

P(n(1) =2,7(2) =3,7(3) =4,7(4) ¢ {5,6},7(5) = 6,7(6) & {1,2,3,4}),

P (n(1) = 2,7(2) = 3,7(3) = 4, 7(4) = 5,7(5) = 6,7(6) ¢ {1,2,3,4,5}) }
—9 — 4 Q) — "(vn — 3) _ i o

<P (r(1) =2,7w(3) = 4,7(3) = 6) = == = 5 +o(1).

This results in
(6 1
E[lh, —1G)I°] =0 ().
Tn
which implies that
E [|hy, —1()|°]
E [|hy, — ()
is uniformly bounded. Hence,

E [|hy, — I1(5)1**]
E |y, — ()"

is uniformly bounded for £ = 2,3. Due to (A1)-(A3), Lemma A.2 can be applied
delivering

In o < ﬁ K
TGRS e TG T

for a K > 0. Lemma A.1 and v, /v/n — 0 as n — oo result in

fim 22 S

n=00 1 YnCl,y,
Hence, Theorem 4.1 can be applied, which completes the proof. ]
Appendix B: Proof of Theorem 4.3
Proof. We start with the decomposition
OOB(:\ _ 7(4 OOB(;\ _ TOOB(; TOOB(:\ _ 7(4
15 G) = 10) _ L @) =105 () . 105 (5) = 1(5)
\/’Y%Cl,'yn/n+4'yn/Mn \/’Y%Cl,'yn/n+<'yn/Mn \/’Y%CL%/”WLC%/MTL




A Central Limit Theorem for the permutation importance measure 39

Due to Theorem 4.2, we already know that the second summand is asymptoti-
cally normal. Hence it remains to show that the first term vanishes for growing
M and n. The first term in the denominator is asymptotically equivalent to x/n
by Lemma A.1l. From the proof of Theorem 4.2, we can observe that there is a

constant ¢; such that ¢,, = Var(h., ) = E[|h.,, —I(j)*] ~ 2. Thus C”ﬁ ~ %
M~

> — 0 as well

n

holds true. The assumption

— 0 implies

My, log(an)? log(anp)
by

as a, ~ n, since a,, = n — v,. Hence,

[2C1 7 + Cvin -~ a1
n M VM

For the numerator, we observe

(IQ?IB(j) - Z?,%B(j))
M
M17 > {(Y; — M1 (X7, 0, D)) — (Vi — maa (X, @t,pn))Z}}

t=1 €Dy (t)

S Y e mee) - v mx)})

t=1 ;cp=®

1
My,

M
> (X 00 D) = (X~ a(Xi, ©4,D,)°
t=1ep,®

+(X)? + 2; (M(XT7) = m 1 (X7, ©4, D))

2%, ((Xy) — 1 (X1, ©1. D)) } (23)

We will handle the terms in (23) seperately and start with (A3), (A4) to get

’m(Xz)2 - mn,l(Xia ®t7 Dn)2|
= [m(X;) + mn,1(Xi, O, D) - [M(Xs) — M1 (Xs, O, Dy )|
< (2K + Ko) - [m(X;) — mp,1(Xi, ©, D)
with K from (A3) and K. from (A4). Let £ > 0, then, using the Markov in-
equality for the joint porbability measure P = Px g of ® and X, we get
P (/M [(X0)? = 1 (X, ©4, D)2 > € )

<P (2K + K2) - /3 M [i(X0) = M1 (X, ©4, D) > €)

—p (W () = 10,1 (X4, 0. D,)| > >

Ex.o [[(X:) = mu(Xi, 0, D) |

< (2K + Ke)2 “YnM 52

(24)
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To handle this, we are going to use Theorem 2.3 from [11], which, under (A3),
(A4) and (A7), states that for X; € [0,1]?, there is a 6 € (0,1) such that with
probability at least 1 — 6,

log(an)?log(anp)+log(a,)log(1/4)
ey
Qn

Ex Dﬁ@(Xz‘) —My,1(X5, 04, D) |2} < Ci kK.
(25)

holds for a, large enough if the tree depth d = [logy(a,)/(1 — logs(1 — A))T,
where ¢()) := #@. Ch.k,k. 1s a constant that only depends on K, K.
and A from (A7). In this case ’a,, large enough’ means that

2 d 2d
maX{QeXp(l) d)log(72p (n+1 /5))} <%

an an

holds true. Now, by choosing § = —t5y, combining (24), (25) and the indepen-
dence of ®; and X; delivers !

WM Ex.o i(Xi) = ma1 (X, 00, )]
M / 2(x:) — 1 (x5, 0, D) dPx o (x, 0)

:%M//m(xi) — M1 (x4,0,Dy)|? dPx (x)dPe (6)

log(an)2 log(anp) — ¢(A) log(an) log(ax) + Y M(2K + K.)
aﬁ@\) a;#;(%)

log(ay)?log(anp) YnM(2K + K.)
ey ey

<Y MC\ K k.

< MOk k. (26)

2
for a, large enough. The assumption MY=leglan) los(@np) _, o jmplies that
an

(26) becomes arbitrary small. Thus, with (26) we can see that 7, M (m(X;)? —
M1 (Xi, ©,Dy)?) L5 0. The calculations in (24) can also be conducted for

Prxo (VM [F(XT)? —m (X, 0, D)2 > €)
Erx.o | [R(X[) = mo1 (X7, 01,D,) ]
&2 .

< (2K + K.)? -y M -

for the joint probability measure P, x @ of m,X and ©. Let ©,, be the set
of all derrangements of {1,...,v,} and for (iy,...,i,,) € D,, denote X ”* by

Xgil’“"i”") when 7;; takes the realization (i1,. .. ,iv, )- Then, the inependence
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of mj 4, X; and @, leads to
M -Ex.o Um(x?f) M (X @t,Dn)ﬂ
M / 72 (x7) = s (%70, D) [* dPr x.0 (75, %, 0)

zynM///WL(xf’)—an (x[7,0,D,)|” dPy (7;)dPx (x)dPe (6)
cwff w2

11 7-~'7i7n,)€®’Yn

|m (X(")) — Mna (x(.“ """ i”"),e,pn) ? iPx (x)dPe (0)

_ mM
Yn

(]

(ilvwi’m)egvn

// m (X(ilw- i’Yn)) — Min1 (X(il ----- i'm)’ 97D7L>

2
i i d]PX (X)d]P)@ (0)
— 1 MEx.0 [ (X;:) = mn1 (X;,©, Do) ]

Since X;; € [0,1]P, the inequality (25) can also be applied to
Ex.o [ (X;i) = ma1 (X;::©, D) ]

Hence (26) holds for Ex o {|ﬁm (Xji) —mn1 (Xj4, (-),’Dn)ﬂ as well and thus

Yo M((XT)2 = my, (X, ©,Dy)%) — 0.

It remains to show that
VA M2Y; ((X;) = mip 1 (X, ©,Dy))
and
VAnM2Y;((X) = my 1 (X[, ©,D,))
are also vanishing for growing n. We use (A3) and (A4) to get

12Yi(m(Xs) = ma1 (X4, 0,Dn))| < 2(K + Ko) - [m(Xs) — mn1(Xi, ©, Dy
As before, Markov inequality can be applied, which leads to
P (/M - 20| [7(Xs) = 11 (X, @1, D) > €)

<P (2K + K)o 7(X) — o1 (X, @1, Dy)| > €)

=P (\/’ynM |T7L(Xz) — mml(Xi, @t,Dn)| > 2(]{6_‘_1{6)>

Ex.o |[(X;) = ma1 (Xi, 04, Dy)’]

<4(K + Ks)z'VnM €2

. (27)
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Since (24) tends to 0 as n grows large, (27) also converges to 0. Therefore,

QYL(’I:;L(XZ) - mn,l(X’ia gtaDTL)) L O

holds true. Note that (27) also holds for X”* instead of X; with the exact same
arguments, which implies 2Y; (m(X["*) — m,, 1 (X", Oy, Dy,)) .o Hence,

) 7

ISP G) — 1257 (5)

\/’Y%Cl,'vn/n + C%/M

holds and completes the proof. O
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Abstract

Random Forests are renowned for their predictive accuracy, but valid inference —
particularly about permutation-based feature importances — remains challenging.
Existing methods, such as Ishwaran et al.’s (2019) confidence intervals (CIs), are
promising but assume complete feature observation. However, real-world data of-
ten contains missing values. In this paper, we investigate how common imputation
techniques affect the validity of Random Forest permutation-importance CIs when
data are incomplete. Through an extensive simulation and real-world benchmark
study, we compare state-of-the-art imputation methods across various missing-data
mechanisms and missing rates. Our results show that single-imputation strategies
, when paired with naive variance estimators, lead to low CI coverage due to un-
derestimation of imputation uncertainty. As a remedy, we adapt Rubin’s rule to
aggregate feature-importance estimates and their variances over several imputed
datasets and account for imputation uncertainty. Our numerical results indicate
that the adjusted Cls achieve better nominal coverage for moderate sample sizes
(n > 250) and missingness up to 30%, whereas they are statistically unstable for
small samples (n = 100) or when missingness exceeds 50%
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1 Introduction

Random Forests, introduced by Breiman (2001), are powerful tree-based ensemble
methods, widely known for their robustness and predictive accuracy across diverse
applications. In contrast to (generalized) linear regression models — which offer inter-
pretable parameter and variance estimates that support formal statistical inference
— Random Forests rely on feature-importance measures that lack well-developed
inferential statistics, such as Cls and hypothesis tests. The absence of analytical solu-
tions for variance estimation and the intricate dependencies within tree-based predic-
tions make statistical inference far less straightforward.

Recent advancements have sought to address these challenges by developing rig-
orous frameworks for inference in Random Forests. Scornet et al. (2015) and Blum
et al. (2024) proved consistency for Random Forest predictions. Moreover, Wager
et al. (2014) and Mentch and Hooker (2016) established asymptotic normality and
variance estimators for Random Forest predictions, which can be used to construct
prediction intervals. However, these advances address the prediction level rather than
inference on the feature level.

But feature importances are crucial for practitioners who want to understand
which covariates drive predictions. Ramosaj and Pauly (2023) demonstrated the con-
sistency of Random Forest Permutation Importance (RFPIM), affirming its reliability
as a measure of feature significance - though under rather strong assumptions. Based
on RFPIMs, Ishwaran and Lu (2019) proposed confidence intervals (Cls) for inter-
pretable population feature importance scores. The approach is implemented in the
R package randomForestSRC, that has been downloaded more than 900.000 times
(18th July 2025). Although these numbers and the simulation results on the validity
of these RFPIM-based ClIs presented in Ishwaran and Lu (2019) are promising, the
approach lacks a formal proof of the implied asymptotic normality of RFPIMs. The
recent preprint (Foge et al. 2024) made a first theoretical contribution to close this gap
by proving a central limit theorem for RFPIMs. However, the results rely on strong
conditions, which may limit their applicability in practice. Together, these devel-
opments highlight a growing body of research aimed at bridging the gap between
the predictive power of Random Forests and the need for interpretable statistical
inference.

Despite these promising developments, existing inference procedures assume that
the features are fully observed. However, real-world datasets are rarely complete,
and missing data pose a challenge to the applicability of these inferential methods.
The performance of imputation methods in the context of Random Forest-based
inference, particularly for Ishwaran’s CIs for population feature importance scores,
remains underexplored. This gap raises two research questions: (i) How do existing
imputation methods affect the coverage and validity of Ishwaran’s feature-impor-
tance Cls when data are missing? (i1) Can one devise an imputation-inference strat-
egy that preserves nominal coverage?

To address these questions, we conduct an extensive simulation study to com-
pare different state-of-the-art imputation techniques — such as mice (Van Buuren
and Groothuis-Oudshoorn 2011), missforest (Stekhoven 2012), and mixgb , an
XGBoost-based imputation (Deng and Lumley 2024) — and evaluate their impact and
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the robustness of Ishwaran’s Cls under various missing data scenarios. Our results
show that single imputation, when combined with naive variance estimators that treat
imputed values as observed, leads to substantial undercoverage of CIs due to unac-
counted imputation uncertainty. To address this, we propose an inference approach
based on Rubin’s rule (1987a, 2018), which combines estimates and variances across
multiple imputed datasets to explicitly account for imputation uncertainty. Our simu-
lations demonstrate that this approach achieves better nominal coverage, suggesting
that multiple imputation is practically more convenient than single imputation. We
also note that an adjusted variance estimator for single imputation could, in principle,
mitigate undercoverage, though developing such an estimator for RFPIM is challeng-
ing due to the complex dependency structure induced by Random Forests.

By treating each imputed dataset as a separate realization and aggregating the
resulting importance estimates and variances, we derive adjusted CIs that better
account for imputation uncertainty. Through extensive simulation, we show that
this approach leads to improved coverage rates, suggesting that combining multiple
imputation with Rubin’s rule is essential for valid RFPIM-based Cls in the presence
of missing data.

The proposed methodology for constructing confidence intervals for Random For-
est Permutation Importance with missing data is particularly relevant for research
fields that analyze complex, high-dimensional datasets affected by incomplete obser-
vations. Exampiiles include medical research (e.g., predicting disease outcomes from
electronic health records), environmental science (e.g., modeling climate impacts
with sensor data), and the social sciences (e.g., analyzing survey data with non-
response), where missing data are common and interpretability and reliable inference
1s essential.

The rest of the paper is structured as follows. In section 2 we formally intro-
duce the RFPIM and the ClIs. section 3 presents the investigated imputation methods,
including their adaptation with Rubin’s rule. section 4 describes the settings of our
simulation study and its results are presented in section 5. To also investigate the per-
formance on real-world data we conduct a benchmark study in section 6. The paper
closes with a discussion (section 7).

2 Permutation importance and ishwarans confidence intervals

We consider a regression setting with a response variable Y € R and a feature vec-
tor X = (Xy,...,X,) € RP. The underlying regression function is denoted by
f(x) = E[Y|X = x]. A Random Forest consists of M tree predictors, each generated
on a randomly drawnn bootstrap sample. Additionaly, each tree uses feature subsam-
pling, whereby a random subset of features is selected at each split. We denote this
algorithmic randomness — arising from bootstrapping and feature subsampling — by
the random vectors @1, . .., @ ;. We write f,, 1(x, ©, D,,) for the prediction of tree
t on an input covariate vector x € R”. Here D,, is the training dataset consisting of n
i.i.d. copies (X1,Y7),...,(X,,Y,) of (X,Y). The Random Forest prediction on X is
then defined as the ensemble prediction
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fa(x,01,...,0y,D anlx@t, n)-

Each tree is trained on a bootstrap subsample drawn from D,,. The excluded points

form the Out-of-Bag (OOB) set D,, ®) (©;) of tree ¢.

We now begin by introducing the Tree Permutation Importance, and based on this
definition we then introduce the Random Forest Permutation Importance Measure.
For the j-th feature, j € {1,..., p}, we want to quantify the contribution of X ) to
the predictive accuracy of a single tree and, subsequently, of the full Random For-

est. To compute it, the values of the j-th feature in the OOB sample D,, ®) (©y) are

randomly permuted. More formally let, X i(j ) be a randomly selected value from the
set of j-th feature values in the OOB sample. By replacing the j-th component of X;

with X Z-(j ) we obtain the permuted feature vector
%= (X0, X0, X0 x0)

for each observation (X;, Y;) withi € D, O (®¢). Ishwaran and Lu (2019) define the
Tree Permutation Importance for the ¢-th tree and a loss-function ¢ as
I(.]a ®t7 D'ﬂ)
1 .
= > (V£ (X,00D0)) - €0V S (Xi @4, D)) (D

(Gt) iE'D;<t) (®)

where ‘Dg(t) (©y)

sion setting, ¢ is chosen as the squared loss £(z,y) = (x — y)?. Averaging (1) across

is the size of the OOB set for tree ¢. Since we focus on a regres-

all trees t =1, ..., M yields the Random Forest Permutation Importance Measure
(RFPIM)
M
IOOB( D ) IOOB(J7®17“'7®M7 = Z Jv(-)ta (2)

Due to the dependence structure of the OOB-samples, its rather complex to estimate
the variance of (2). This makes it hard to construct CIs for the true population Feature
Importance (Scores)

1) =5 |(n- ) | -2 (v - row) . ®

Here, X; 1 = [Xfl), ... ,Xl(j_l),X(j),Xl(jH), . ,Xfp)] and X ) is an indepen-

dent copy of X fj ) (Gregorutti et al. 2017). Ishwaran and Lu (2019) compared several
variance estimators and recommend the delete-d Jackknife estimator, which has been
implemented in the RandomForestSRC R package (Ishwaran and Kogalur 2007;
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Ishwaran et al. 2008; Ishwaran and Kogalur 2025; R Core Team 2023). The delete-d
Jackknife is computed as in Ishwaran and Lu (2019) and the corresponding Algo-
rithm 1 is displayed below.

Input: data set D,,, number of repetitions K, subsample size b (so delete
d =n —b), trained Random Forest generated by O4,...,0;,,
Output: The delete-d variance estimator vd K
Use the entire dataset D,, to compute IOOB(], Dy)
for Kk — 1 to K do
Draw a subsample s of size b from {1,...,n};
Denote the subsample of D,, containing only the indices of s; by
Dy, = {(X;,Y;) 1 i€ s};
Calculate and save RFPIM Inoj\)f (4, Db, ) using only Dy s, ;
end
return

i O0B (5 Dy, ) — IOOB( Dn))2 (4)

Algorithm 1 Delete-d Jackknife estimator (d = n —b) for Var(199F (5))

Using the variance estimator vfi, > Ishwaran and Lu (2019) propose the (1 — «)
CI

|:IOOB( ’D )_Zl—a/2 UdK7IOOB( ,Dn) +Zl—0&/2\/v§’K . (5)

Here, 21 _q /2 1s the (1-— %)-quantile of the standard normal distribution. This normal
approximation was justified by promising simulations (Ishwaran and Lu 2019). In
Foge et al. (2024) a theoretical justification - though under restrictive assumptions
on the hyperparameters - is also given. In summary, this approach constructs Cls via
RFPIM and the delete-d Jackknife variance estimator, under the assumption that all
features are fully observed. We next investigate the challenge of missing data, and
how imputation before training may impact the validity of these Cls.

3 Missing data and imputation approaches

Missing data are ubiquitous in empirical research across disciplines. Discarding
incomplete observations in the analysis (complete-case or listwise deletion) can intro-
duce bias estimates/predictions or lead to a substantial loss of information (Schafer
1997; Little and Rubin 2019). As a remedy, (multiple) imputation is recommended,
particularly when data is missing at random (MAR) or missing completely at ran-
dom (MCAR) (Pepinsky 2018). In multiple imputation, missing values are replaced
by draws from the predictive (imputation) distribution multiple times, generating R
complete datasets. Final estimates and standard errors are then combined across these

@ Springer



45 Page 6 of 42 N. Foge, M. Pauly

datasets using Rubin’s rule to reflect uncertainty from both sampling and imputation
(Rubin 1987a, 2018).

In general, a variety of imputation techniques exist, ranging from simple single-
imputation approaches (e.g., mean imputation or regression imputation) to more
advanced techniques such as mice (Van Buuren and Groothuis-Oudshoorn 2011;
White et al. 2011). The choice of method depends on the study design, the assumed
missingness mechanism, the scale of the features, and the primary inferential goals.
For comprehensive overviews and statistical foundations, we refer to Rubin (1987a);
Schafer (1997); Van Buuren and Groothuis-Oudshoorn (2011); White et al. (2011);
Rubin (2018); Little and Rubin (2019); Thurow et al. (2021); Buczak et al. (2023).

For our selection of imputation methods, we deliberately focus on modern, state-
of-the-art approaches that have demonstrated favorable properties in a wide range
of scenarios and are available in robust and well-maintained R packages. Moreover,
as we particularly investigate the effect of both single and multiple imputation, we
wanted complementary imputation techniques offering both imputation variants, or at
least allow for predictive-mean-matching (PMM). PMM ensures that only observed
values are used for imputation, thus preserving the original data distribution and
avoiding implausible values (Rubin 1987b; Little 1988; White et al. 2011). More-
over, PMM is less sensitive to model misspecification compared to purely parametric
approaches and is well-suited for non-normally distributed variables (Morris et al.
2014). We thus selected three imputation that fulfill these requireements:

I. Multiple imputation by chained equations. mi ce iteratively models each fea-
ture with missing values using regression based on other features to produce imputa-
tions (Van Buuren and Groothuis-Oudshoorn 2011; White et al. 2011). Imputation
can be performed using single imputation with PMM or multiple imputation, where
multiple plausible values are generated to account for uncertainty. In fact, mice with
PMM exhibits favorable distributional imputation accuracy (Thurow et al. 2021,
2024) and is still the gold standard imputation method in many quantitative sciences
(Schwerter et al. 2024; Romero et al. 2025).

The implementation of mice is done with the R package from Van Buuren and
Groothuis-Oudshoorn (2011).

I1. Chained Random Forests (missRanger). This approach leverages the Ran-
dom Forest algorithm to sequentially predict each feature with missing values using
out-of-bag estimates from Random Forests trained on the other features (Stekhoven
2012). Though it doesn’t support multiple imputation, it can deal with mixed-type
data and its extension by Mayer (2024) also supports PMM: after obtaining a pre-
dicted value for a missing observation, mi ssRanger samples from a small set of
observed values whose out-of-bag predictions are closest. Empirical studies (Stek-
hoven and Biihlmann 2011; Waljee et al. 2013; Ramosaj and Pauly 2019; Buczak
etal. 2023) have shown that mi s sRanger often outperforms parametric-imputation
approaches with respect to imputation accuracy and other predictive tasks. However,
when applied without PMM, it was also seen to inflate type-I-errors of statistical
tests in linear models (Ramosaj et al. 2020; Schwerter et al. 2024). For the chained
Random Forest Imputation we use the mi ssRanger package which is based upon
the fast ranger implementation of Random Forests. We chose the options num.
trees=200, pmm.k=5 and the defaultvalues for the rest of the hyperparameters.
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III. XGBoost-based Imputation (mixgb). This algorithm uses the XGBoost
algorithm, a gradient boosting method, to estimate missing values within a multiple
imputation framework (Deng and Lumley 2024). Implemented in the mixgb pack-
age, mixgb captures complex relationships efficiently, using PMM and subsampling
to enhance imputation accuracy and variability (Deng 2023). Multiple imputation
generates several plausible datasets to account for uncertainty (Deng and Lumley
2024).

These are also the same imputation algorithms as considered by Schwerter et al.
(2024) who also evaluate inferential properties (estimation bias, type-I-error and
power of tests), but in traditional linear-models. Our goal is to assess how these meth-
ods perform when paired with nonparametric Random Forest—based CIs that should
better deal with nonlinear data structures. By including both single- and multiple-
imputation variants of mice and mixglb, we can directly compare:

(A) Single-Imputations as Quick Fixes that fill in missing values once (with
PMM) and proceed with the construction of (5) as if the data were fully observed. In
parametric linear models, single imputation often underestimates uncertainty, which
can lead to excessively narrow Cls for parameters (Van Buuren and Groothuis-Oud-
shoorn 2011; White et al. 2011). As we will see later, this approach also causes seri-
ous problems for Random Forest-based Cls.

(B) More complex Multiple-Imputations that generate R complete datasets via
repeated draws from each imputation model (applying PMM on each draw) and then
pool estimates via Rubin’s rule. In parametric linear models, this approach leads to
valid inference procedures when data is MAR. However, there are neither theoretical
reasons nor numerical studies that support this for Random Forest-based Cls. We will
close this gap in the present paper.

To explain the heuristic multiple imputation approach based on Rubin’s rule for
combining estimators (Rubin 2018) recall that mice and mixgb are multiple Impu-
tation methods. Thus, instead of a single complete dataset, they can generate R € N
complete datasets. On each of those we run the Random Forest and compute the
delete-d Jackknife estimator, denoted by vi k. (r=1,..., R), and the Permutation

Importance, denoted by 199 (5, Dr), where D!, is the r-th complete dataset. Fol-
lowing Rubin’s rule the estlmatlons can be combined by averaging

IT?OB RZ 1998 (j. D).

For the combined variance estimation, we have to consider the within-imputation
variance and the between-imputation variance. The within-imputation variance can
also be estimated by averaging

while an estimator for the between-imputation variance is given by
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1 o 0B/ )2
B == (199F(.05) — IS9P (7))

This leads to an estimator for the total variance given by
2 _ .2 1 B
Vg, K,Rubin = Vg T |1+ m )P

Following Rubin’s rule, the resulting Cls for (3) scores are given by

[InO,%B (]’Dn) - Zl—a/Q\/ v?i,K,Rubin’ Ir?,%B(.]v Dn) + Zl—a/2 \/ Uﬁ,K,Rubin i| . (6)

We will refer to them as ’Rubin intervals’. As stated above, this approach is heuristic
as it is not backed by theoretical results.

The application of Rubin’s Rule to combine multiple imputations for RFPIM
inference, as described above, relies on several theoretical assumptions that war-
rant careful scrutiny. First, Rubin’s Rule requires that the imputation model (e.g.,
mice or mixgb with PMM) is congenial with the analysis model (Meng 1994). In
our setting, this means that the imputation method must adequately capture the rela-
tionships and patterns in the data, such as non-linear interactions, that the Random

Forest uses to compute Ig%B (j,Dr). Hence, in our situation, mice and mixgb

probably cause uncongeniality, which can lead to biased estimates of 1997 (j) or

incorrect variance estimates v3  rupin (Reiter 2007). Second, Rubin’s Rule assumes

that the pooled estimator [ ,?:%B (7) is approximately normally distributed, as this is

required for the resulting Rubin intervals to be valid. So far, asymptotic normality
of RFPIM has only been established under restrictive conditions: additive regres-
sion function f, true Feature Importance I(j) > 0, randomly chosen trees, and a very
slowly growing numberof trees M (Foge et al. 2024). Third, consistency of of the
delete-d Jackknife variance estimator in (4) would be needed to prove the validity
of the Rubin intervals. While delete-d Jackknife estimators are consistent under the
assumption of Fréchet differentiability for simpler point estimators (Shao 1991), it
remains unknown whether this also holds for RFPIM., especially as existing consis-
tency results for [ ,?7 OB () require M — oo and n — oo (Ramosaj and Pauly 2023).

Establishing consistency for the variance estimator would likely require a coupling of
n, M and K, which may interact unfavorably with conditions needed for asymptotic
normality (Foge et al. 2024).

Nonetheless, we will later see in our numeric experiments that it leads to signifi-
cant improvements compared to the quick fixes by single imputations.
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4 Simulation setting

To evaluate the performance of our six imputation strategies in conjunction with
the Random Forest-based Cls for the population feature importance scores by Ish-
waran and Lu (2019), we adopt their data-generating framework. This choice serves
two purposes: first, it ensures comparability with prior work on tree-based infer-
ence; second, it provides a diverse collection of nonlinear regression models to test
the six imputation procedures. Below, we first describe the twelve regression mod-
els, including the form of regression function, feature space, error distributions, and
sample sizes before we explain the mechanisms for inducing missingness and the
operational details of our study.

Regression models. We simulate x = (x1,...,x,) and responses y according to
twelve distinct regression functions. Following Ishwaran and Lu (2019), our simula-
tions assume independent features to isolate imputation effects and ensure compa-
rability with prior work. Moreover, independent features are one of the structural
conditions under which consistency of RFPIM can currently be guaranteed (Ramosaj
and Pauly 2023). The settings span smooth non-linear terms (e.g., trigonometric or
exponentials), higher-order interactions, indicator thresholds, and pure noise models,
representing a broad spectrum of realistic data-generating processes (see Table 1 in
Appendix A for detailed functional forms). To mimic realistic scenarios, the number
of features is set to p = 20 for each model, by simply adding noise features, indepen-
dent of y. That is, if y = f(x1,...,x,) + € with random error € holds with ¢ < p, we
simply add iid features x441, . .., z, unrelated to the response y. We vary the sample
size as follows n € {100, 250, 500}. The choice n = 250 matches the original setting
from Ishwaran and Lu (2019), whereas n = 100 and n = 500 allow us to assess the
impact of smaller resp. larger sample sizes on CI coverage.

Missing mechanisms. For the introduction of missings, we apply two different
missing mechanisms. MCAR randomly inserts missing values across all features in
the dataset, with no connection to the data itself, ensuring that the missingness is
entirely by chance. For the MAR algorithm, the 50th percentile (median) of (%) is
computed, and the subset of rows with values below this threshold is identified

Ivar ={i e {1,....,n}| a:gj) < media,n(x(j))}_

From this subset, a proportion determined by the desired missing rate is sampled uni-
formly at random. In the selected rows, missing values are introduced independently
in all features (%) where k # j. This aims to mimic a pattern often seen in real-world
datasets (Enders 2010).

Within each MCAR or MAR scenario, we vary the missing rates (10%, 30%, and
50%). MCAR implies that missingness is independent of observed or unobserved
data, with a fixed number of rows per column randomly set to NA, proportional to
the missing rate. MAR means missingness depends on observed data (e.g., values in
the second column below its median determine missingness in other columns), with
a fixed number of NAs per affected column, proportional to the missing rate and
the number of selected rows, or a fixed number via MCAR fallback if no rows are
selected.
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We focus on MCAR and MAR missing mechanisms, which are the standard
assumptions in most imputation literature and primary settings emphasized in Scha-
fer (1997) for robust analysis. We do not consider missing not at random (MNAR),
as modeling MNAR requires specifying and validating explicit missingness mecha-
nisms, meriting a distinct research effort beyond the scope of this study.

Conducting the experiments. For each of the 12-3.2-3 = 216 combina-
tions of Model (Functions 1-12), sample size (€ {100, 250, 500}), missing mech-
anisms (MAR or MCAR) and missing rates (€ {10%, 30%, 50%}), we conduct
Nnsim = 1,000 independent simulation runs. Within each run the following steps are
carried out:

1. Data generation: Generate a dataset with the specified sample size of n = 250
and p = 20 features according to the chosen regression models, including noise
features independent of the response, as described in section 4.

2. Introducing missing values: Introduce missing values under the MCAR or
MAR mechanism with the specified missing rates.

3. Imputation: Apply each of the three imputation methods:

e Using the mice package with predictive mean matching, m=5, maxit = 5,

e Chained Random Forests (missRanger package, with 250 trees, a node size of
5 and pmm . k=5),

e XGBoost-based imputation (mixgb package, supporting multiple
imputation).mice and mixgb yield m = 5 completed data sets; missRanger
returns a single completed data set.

4. Compute RFPIM: Fit a Random Forest via rfsrc (Ishwaran and Kogalur
2025) with ntree = 250, nodesize = 5, samptype = "swr", and
block.size = 1. Compute the RFPIM I, r/(j), for each feature j in each
complete dataset, as defined in section 2.

5. CI construction: Construct 95% Cls (o = 0.05) for the true feature importances
using the two approaches: Imputing the data by (multiple) imputation and get-
ting a single complete dataset on which the delete-d-Jackknife (4) is determined.
And as an alternative for the multiple Imputation methods, the delete-d Jack-
knife is determined on the m=5 complete datasets and then combined by Rubin’s
rules. The computation of the delete-d Jackknife variance estimator is done with
subsample.rfsrc and extract.subsample from Ishwaran and Koga-
lur (2025). We choose B=100 and subratio=sqgrt (n) /n as Ishwaran and
Lu (2019).

6. Ground truth: We estimate the population feature importance scores by gener-
ating 1,000 complete data sets of size n = 250 (no missingness) and averaging
their OOB importances 124 (j). For the noise features the true feature impor-

tance scores (3) are set to 0.

7. Evaluation: For each replicate and each imputation approach, record whether
the corresponding CI covers the ground truth feature importance. Coverage rates
are summarised over the 1,000 replicates per experimental condition.
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All simulations and computations are conducted with R Version 4.4.0 (R Core Team
2023). To assess runtime and resource requirements, we conducted an empirical
benchmark on a Windows 10 workstation (x86 64, 12 logical cores, 16 GB RAM).
For each combination of sample size n € {100, 250, 500}, missing-data mechanism,
and imputation method, the full simulation pipeline — including missingness genera-
tion, single or multiple imputation, Random Forest fitting (200 trees, permutation
importance), and delete-d jackknife subsampling — was executed once and timed
end-to-end. Median wall-clock times per setting ranged from 0.07—0.5 s for the non-
imputed baseline and 0.2—0.7 s formice, to 0.5—1.2 s formi ssRanger, and approx-
imately 3 s for mixgb at n = 500. For fully grown trees, the computational cost for
the training of the Random Forest with ranger is O(mtry - M - n - log(n)) (Brei-
man et al. 1984; Breiman 2001; Wright and Ziegler 2015). The computation of
RFPIM for all variables requires O(p - M - n - log(n)) operations when the size of
the OOB-sample is linear in n. The cost of the delete-d Jackknife from Algorithm 1 is
O(K -p-M - (n—d)-log(n)). Additionally, R - p times the computation complex-
ity of the imputation method is needed (if there are missing values in all variables). .

5 Simulation results

We evaluate the CIs on two criteria: coverage and interval length. Following Ish-
waran and Lu (2019), we stratify the features by their ’true’ feature importance score
to account for signal strength. In our experiment, there are 240 features (12 functions
with p = 20 features). Their ground truth feature importance scores induce three
groups:

e Noise (zero importance)-features: 185 features with no effect on y and true im-
portance 0.

e High-importance-features: the top 10% of all features (24 features) by true im-
portance.

e Moderate-importance-features: the remaining 31 non-noise features. This
group corresponds to the 75th-90th percentile group in Ishwaran and Lu (2019).

Throughout the paper we display results for MAR and discuss them in detail. Ana-
logues plots for MCAR are given in the supplement and their results are only sum-
marized here.

5.1 Cl coverage under MAR

Figure 1 shows boxplots of empirical coverage for each imputation method, strati-
fied by feature group (noise, moderate, high), sample size (n = 250) and missing
rate (10%, 30%, 50% from top to bottom). The analogous plots for n = 100, 500 are
shown in the Appendix in Figs. 6 and 7. For detailed results see Table 2. Within each
subplot the methods are displayed from left to right in the following order: 1. single-
imputation variants (mice, missRanger, mixgb; all with PMM=5), 2. multiple impu-
tation variants with Rubin’s rule (mice and mixgb, each with R = 5 imputations),
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and 3. the results without missings (’none’; for n = 250), that serve as benchmark
and are equal for all subplots.

Zero importance. Cls are quite conservative and attain or exceed, the nominal
95% level at a missing rate of 10% for all studied sample sizes. This also confirms
the results from Ishwaran and Lu (2019). For growing missing rates, only the Rubin
intervals can conserve this behavior. In particular, at 50% missing rate, the coverage
of the Ishwaran intervals on the imputed data fall below 90%.

Moderate importance. For n = 100, coverage collapses for all methods - even at
10% missing rate. Therefore Cls for Feature Importance based on Random Forest are
not reliable at this sample size. For the larger sample sizes (n = 250 and n = 500)
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Fig. 1 Boxplot-Matrix of coverage rates for MAR, stratified by Missrate (0.1, 0.3, 0.5), sample size 250
and category (Zero, Below 90%, Above 90%)
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the Rubin Intervals are superior in comparison to the Ishwaran intervals on imputed
data. Especially if the imputation is made with missranger we find extremely
low coverage rates of under 50%, which decrease even further for growing missing
rates. The Rubin intervals, on the other hand have even larger coverage rates than
the intervals without imputation but they pay for this robustness with increased CI
length (fig. 2).

High importance. In comparison to the moderate effects, CIs for high-effect fea-
tures have larger coverage rates except for the scenario with 50% missing rate. In this
case missranger and mixgb produce worse coverages. The effect of missrate and
n is similar as for the moderate effect features. At 30% missing rate and n > 250 only
the Rubin intervals maintain coverages of at least 90%.

Interim conclusion: Applying Rubin’s rule to multiply imputed data consistently
outperforms single imputation with naive variance estimation, which leads to under-
coverage due to unaccounted imputation uncertainty. The two Rubin-based methods
perform similarly, and neither mice nor mixgb shows a systematic advantage in
terms of coverage. In contrast, the poor coverage rates of mi ssRanger are notable.
To understand this behavior, we examined the variability of the imputed values and
the correlations between features and the target variable. These quantitites do not
differ at all between mice and missRanger (see Figs. 14 and 15 in the Appen-
dix). However, the resulting RFPIM is often smaller for the mi ssRanger-imputed
datasets (see Fig. 16). Since the imputation with missRanger seems to capture
pairwise correlation well, we atribute the underestimation of permutation importance
to the known difficulty of Random Forests in capturing pure interaction effects (Blum
et al. 2025).

5.2 Cllengths under MAR

To compare interval lengths across different experimental conditions, the CI lengths
are standardized relative to a reference interval from the complete dataset (see below).
For each experimental condition, the mean CI length is calculated. The standardized
ClI length for each observation is obtained by dividing the length of the interval by the
mean length of the corresponding reference interval. This normalization ensures that
the standardized CI lengths are dimensionless and expressed as ratios relative to the
baseline condition without missingness, allowing for a consistent comparison across
different scales of features.

The results are again summarized in boxplots as above (Fig. 2 for n=250 and 6, 7
for n = 100, 500) and discussed below.

Zero importance. We observe very low variance in the CI lengths with missings/
imputation in comparison to the complete data intervals. The Rubin intervals are the
largest, with the mixgb version being a little shorter than the mice version. The
difference in lengths gets smaller with growing n. Moreover, the median length of all
imputation methods is closer to the median of the ClIs constructed on the complete
data, when 7 is larger.
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Boxplot of Standardized Cl Lengths (Missing Mechanism: MAR , n = 250 )
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Fig. 2 Boxplot-Matrix of standardized CI lengths for MAR, stratified by Missrate (0.1, 0.3, 0.5), sam-
ple size (250) and category (Zero, Below 90%, Above 90%)

Moderate importance. The behaviour mirrors the one from the noise group. The
Rubin intervals are still the longest, but with an increased gap between the mixgb and
the mice version. For 30% and 50% missing rate and n = 500 the mixgb Rubin-
Interval seems to be the only interval whose box is shifted upwards. Another differ-
ence of moderate effect features and noise features is the dispersion of the length of
the complete data interval. For 10% missing rate the dispersions of the six intervals
don’t show notable differences. With larger missing rates, however, the dispersion of
lengths increases sharply for mice- and missRanger.

High importance. The Rubin CIs again lead to the longest intervals. miss-—
Ranger has by far the shortest interval for high effect features across all settings.
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For n = 500 all intervals based on imputation datasets are shorter than the intervals
on the complete dataset.

Conclusion for MAR: The Rubin-based CIs are wider but more conservative,
achieving better coverage by accounting for both within- and between-imputation
variability. Single imputation Cls, when paired with naive variance estimators,
are too narrow due to unaccounted imputation uncertainty, resulting in systematic
undercoverage.

5.3 Cl coverage and length under MCAR

The results under the MCAR framework are given in Figs. 8 , 9 and 10 (coverage)
and 11, 12 and 13 (lengths) in the supplement. Qualitative conclusions mostly match
MAR and some key takeaways are discussed below:

Sample size. With n = 100 all methods - including the complete data benchmark
- exhibit undercoverage. RFPIM inference is therefore not recommended at such
small samples. With growing sample sizes (n = 250, 500), however, the coverages
improve.

Missing rate. As expected, coverage decreases as the missing rate increases. For
the approaches without Rubin’s rule, coverage can even fall below 50% when the
missing rate is 30% or 50%. If n = 500, the Rubin Interval with mice delivers the
most robust coverage. However, for 50% missing rate it also struggles and none of
the considered approaches have reliable coverages.

Feature type. For the noise features, the Rubin intervals are as conservative as the
intervals from the complete data. For the features with an effect, the moderate effect
features are hardest to cover as Cls become more liberal. Whether this stems from the
effect size per se or the specific choice of functions.

Imputation approach. Under MAR, both Rubin ap proaches (mice and mixgb)
had similar coverage; under MCAR, Rubin with mice is superior to Rubin with
mixgb. Nevertheless, both lead to much better coverage than the Ishwaran inter-
vals on single imputed data. Thereby, imputation with mi ssRanger performs worst
with coverage rates close to zero for larger missing rates.

Conclusion for MCAR: Again, Rubin intervals were the most promising
approach. However, they only exhibit reliable coverages for the lowes missing rate
of 10%, particularly in combination with mice. For larger missing rate, no method
lead to reliable coverages, while Rubin with mice stayed more robust.

Nevertheless, the wider intervals are less informative for practitioners. As shown
in Table table 2, relative interval width ratios (Rubin intervals vs. complete-data
ClIs) range from 0.87 to 1.25 under MAR, with the largest ratios occuring at smaller
sample sizes (n = 100) or higher missingness levels (50%). Single-imputation Cls
have ratios closer to 1 but much lower coverage (e.g., 0.804 vs. 0.910 for mice with
Rubin at n = 100, 10% missingness). The slight increase in width of Rubin intervals
ensures robust more reliable coverage while keeping the intervals interpretable for
practical use.
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Summary: Overall, these results demonstrate that [shwaran and Lu (2019) CIs for
permutation importance scores are not suitable for imputed data and small samples.
In fact, with sample size of n = 100, these Cls shouldn’t be used at all. For moderate
missing rate (30% or 10%) and adequate sample size (n at least 250), the combination
of Ishwaran and Lu (2019) CIs with one of the two multiple imputation approaches
via Rubin’s rules was more promising. Thereby, multiple imputation with mice was
mostly preferable as it led to more reliable coverages in case of 10% (both, for MAR
and MCAR) and 30% (only for MAR) missing rate. For the highest missing rate of
50%, the results are not reliable.

5.4 Model uncertainty and Random Forest hyperparameters

The robustness of our RFPIM procedure could, in principle, depend on Random For-
est hyperparameters. However, extensive prior work on Random Forest tuning has
shown that the algorithm is comparatively insensitive to most of their tuning param-
eters, often yielding strong performance with default settings (Probst and Boulesteix
2018; Probst et al. 2019). A larger effect by tuning can be observed for datasets with
many irrelevant features or complex interaction effects. The most influential hyper-
parameters are mt ry (the number of variables randomly sampled at each split) and
nodesize, which have the strongest impact on the bias—variance trade-off and thus
represent the most relevant sources of model uncertainty (Scornet et al. 2015; Probst
et al. 2019). In contrast, the hyperparameter nt ree (number of trees) mainly affects
computational cost but not inferential stability, as prediction and variable importance
estimates converge rapidly once a sufficient number of trees is reached (typically
> 200) (Probst and Boulesteix 2018). Based on this evidence, we restricted our sensi-
tivity analysis to mt ry and nodesize, varying them around their standard defaults
(mtry=,/p,nodesize =135). To assess robustness, we additionally repeated a small
subset of simulations (n = 250) and Function 1 in the Appendix (cf. Table 1) while
varying the Random Forest hyperparameters (mtry € {,/p/2,/p,2,/p}, node-
size € {3,5,10}). This yields a total of 480 000 individual variable-importance
values (4 mtry values X 3 nodesizes X 2 missingness mechanisms X 3 imputa-
tion methods x 250 repetitions x 20 variables). For the five truly relevant variables,
the variance (i.e., the variance of the mean importance across all mtry—nodesize
combinations) between hyperparameter settings accounted for only 43-56% of the
natural within-setting variability (i.e., the across-replication variance of importance
estimates for a fixed hyperparameter configuration), whereas for the irrelevant vari-
ables the between-setting contribution was below 5% of the total variation. Thus,
the uncertainty introduced by Random Forest tuning is substantially smaller than the
inherent bootstrap-based variability of the permutation importance estimator.

6 Benchmark study
To evaluate how the competing CI approaches behave on real data, we analyse five

publicly available regression datasets whose features are fully observed. Below, we
briefly describe each dataset used in the experiments.
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e Boston housing: This dataset contains information about housing prices in the
Boston area, with 506 instances and 13 features, including the median house val-
ue (MEDV) as the target (Harrison jr. and Rubinfeld 1978).

e C(California housing: Comprising 20,640 instances and 8 features, this dataset
provides data on housing prices in California, again with the median house value
as the target (Pace and Barry 1997).

e Concrete compressive strength: This dataset includes 1,030 instances with 8
features related to concrete mixtures, aiming to predict the compressive strength
of concrete (Yeh 1998).

e Wine quality: The red wine quality dataset contains 1,599 instances and 11 fea-
tures, with the quality score (c1ass) as the target (Cortez et al. 2009).

e Bike sharing: This dataset records bike rental counts with 17,379 instances and
14 features, targeting the total rental count (count) (Fanaee-T and Gama 2013).

Experimental framework: For each dataset we delete 10% of all entries MCAR,
then impute the missing values using mice, missRanger, and mixgb. On every
completed data set, we compute (5), choosing the subsample size for the delete-
d Jackknife estimator b = y/n to reduce runtime on the larger datasets. The Rubin
intervals are also obtained for the two multiple imputation approaches mice and
mixgb. This process is repeated 100 times.

Since there is no known ground truth, we cannot compute coverage rates. Hence,
we compare the length and location of the Cls. Because features live on different
scales, each CI is standardized, such that the interval without imputation has center
0 and mean length=1.

Results: In Fig. 3, the standardized Cls for each feature across the five datasets
are presented. The x-axes are scaled individually for each dataset, because of some
outlier features. Across all five datasets, the mice-based methods exhibit the larg-
est shifts in the position of the Cls (i.e., changes in both lower and upper bounds)
compared to the non-imputed dataset. In contrast, Random Forest imputation with
missRanger results in smaller positional shifts. To quantify method stability, we
also computed the variance of CI midpoint shifts relative to the "No Imputation’ base-
line across 100 replications. As shown in Table 3 in the Appendix, the methods min-
imzing the variance depends on the dataset, further illustrating the dataset-dependent
behavior of RFPIM.

For the “Boston Housing” dataset, Cls after mice imputation generally encom-
pass those from the non-imputed dataset but have significantly wider upper bounds
for some features. A similar pattern is observed for the Rubin intervals with mixgb.
In the “California Housing” dataset, intervals from mixgb and mi ssRanger show
less pronounced positional shifts compared to the mice methods. The “Concrete
Compressive Strength” data set exhibit the smallest changes across all five datasets.
In the “Bike Sharing” dataset, one feature exhibits significant shifts in the position
of the CIs for both missRanger and mice methods, resulting in no overlap with
the intervals from the non-imputed dataset. For this feature, only the two mixgb
methods remain relatively robust, maintaining intervals with minimal positional
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Standardized Confidence Intervals

13 8- —
124 -
11 B 7 ——
Eg- 35, _
£ £ I
2 8 g 5- —
2 7 1 2 L —
Q6 ] 4 =
=5 T -
S, = '
3 | 2 A 4
2 | —
14 = 11 ——
- 0 2 4 6 -2 0 2 4 6
Standardized Value Standardized Value
(a) Boston (b) California
Standardized Confidence Intervals Standardized Confidence Intervals
144
81 134
74 121
— 511 1
B [ % 10
£ Egq
3 =]
Z 5] Z 8
o Q7.
Q44 Qo
@ © 61
@ 3 @ 51
> > 4
21 3
2 4
1 11
1.0 05 00 05 -8 4 2 0 2 4
Standardized Value Standardized Value
(¢) Concrete (d) Bike
Standardized Confidence Intervals
111 —= = MICE
I — MICE (Rubin)
107 - = mixgb
C 91 P— — mixgb (Rubin)
o _ | = — missRanger
'g 8 T = No Imputation
S 7 —
Z —
) 61 —
|5 ==
34 —
3 —
2 —
14 =

.5 10
Standardized Value

(e) Wine

Fig. 3 Standardized CIs (mean length=1, center=0) relative to the complete data benchmark. Thereby
x-axes are scaled individually for each dataset

@ Springer



Confidence intervals for Random Forest permutation importance with... Page 190f42 45

shifts. The most notable results are observed for the “Wine Quality” dataset. Here,
mice rubin intervals are significantly shifted in their position compared to the
non-imputed intervals and are, for some features, two to three times wider than those
from other methods. In contrast, mi ssRanger and mixgb methods show more
moderate shifts and narrower intervals.

Regarding interval lengths, several features exhibit intervals that are substantiall
— sometimes several times — longer for particular imputation methods than for the
others. The most extreme examples occurs for variables 2 and 11 from the “Boston
Housing” dataset, variable 8 from the “California Housing” dataset, and variables 4
and 6 from the “Wine Quality” dataset. A closer inspection of these variables gives
a potential explanation for these inflated intervals (for detailed plots see Fig. 17).
For variable 2 of the “Boston Housing” dataset, the Rubin intervals and the mice-
based interval are much longer than those from the other methods. Over 70% of this
feature’s values are zero with a small number of large outliers. These zeros span
the entire range of the target variable, creating a complex, non-linear relationship.
Since mice relies on linear models, it struggles to capture this non-linearity, lead-
ing to unstable imputations and increased variance in the feature importance esti-
mates. Multiple imputation generates several imputed datasets to account for missing
data. The high proportion of zeros and sparse outliers leads to diverse imputations,
as imputation models struggle to consistently predict the rare non-zero values. This
variability across imputed datasets increases the between-imputation variance, which
Rubin’s rules incorporate into the total variance estimate thereby inflating the result-
ing confidence intervals. For variable 11, mice intervals (with and without Rubin’s
Rules) are strongly inflated in size. Here, the dependence between variable 11 and
the target variable exhibits a rather logarithmic pattern (see Fig. 17), which again vio-
lates mice’s linearity assumptions, yielding unstable imputations. Variable 8 from
the “California Housing” dataset also displays a non-linear relationship 17. Con-
sequently, mice produces longer intervals, similar to the patterns observed in the
“Boston Housing” dataset. At the “Wine Quality” dataset, variables 4 and 6 exhibit
almost no correlation with the target variable (0.014 resp. —0.051), but include some
outliers for the middle range of the target variable. As with variable 2 in the “Boston
Housing” dataset, the outliers induce high between-imputation variability for mul-
tiple imputation, translates into substantially wider Rubin intervals.

Conclusions: This benchmark study illustrates qualitative patterns in the per-
formance of imputation methods across the “Concrete”, “Wine Quality”, “Boston
Housing”, “California Housing”, and “Bike Sharing” datasets. Since the true feature
importance /(j) is unknown, the coverage of Rubin intervals and Ishwaran CIs cannot
be verified, limiting our conclusions to descriptive trends rather than method valida-
tion. Notably, Rubin intervals are generally larger than the others. These patterns
align with simulation results (section 5), where Rubin intervals show robust coverage
for moderate missing rates (< 30%). Importantly, no single method uniformly mini-
mises deviations from the complete-data CIs. However, for certain variables — espe-
cially on the “Wine Quality’ dataset — the Rubin intervals can be much wider than
the corresponding complete-data intervals. This reduces interpretability for these fea-
tures and highlights the need for caution when applying Rubin intervals in settings
with complex distributional patterns or influential outliers

@ Springer



45 Page 20 of 42 N. Foge, M. Pauly

7 Discussion

Missing data are ubiquitous in applied data analyses. This also holds for machine-
learning applications. However, the properties of post-imputation inference remain
poorly understood. In this study, we investigated the robustness of Ishwaran’s (Ish-
waran and Lu 2019) CIs for Random Forest Permutation Importance (RFPIM) in
the presence of missing data. Through an extensive simulation study, we evaluated
the performance of these intervals under various missing data scenarios (MCAR and
MAR) and sample sizes (n = 100, 250, 500), comparing three different imputation
methods: mice, Random Forest-based imputation (missRanger), and XGBoost-
based imputation (mixgb). Additionally, we proposed a heuristic approach based on
Rubin’s rules to combine multiple imputations, aiming at improving coverage. An
additional benchmark study on five real-world datasets complemented our simula-
tions, examining the behavior of the Cls in practical settings.

Our key findings from the simulation study were as follows:

1. Single imputation with naive variance estimation leads to severe undercov-
erage. Direct application of Ishwaran’s (Ishwaran and Lu 2019) Cls to singly imputed
datasets — while treating imputed values as if they were observed — results in substan-
tial undercoverage, particularly for moderate to high missing rates or small sample
sizes (n = 100). This is consistent with findings in parametric settings, where single
imputation underestimates uncertainty (Rubin 1987b; Van Buuren and Groothuis-
Oudshoorn 2011). Our Rubin-inspired approach mitigates these issues by combining
multiple imputations to account for both within- and between-imputation variability,
offering a practical solution for RFPIM inference. While an adjusted variance estima-
tor for single imputation could theoretically achieve comparable coverage, develop-
ing such an estimator for RFPIM is challenging due to the complex dependencies in
OOB samples and the dependent nature of Random Forests. Thus, multiple imputa-
tion with Rubin’s rule appears to be a practical and convenient alternative.

2. Rubin-based CIs substantially improve coverage but are wider. Our simula-
tions show that Rubin-based ClIs substantially improve coverage, often keeping the
nominal 95% level when 7 is not too small (n > 250) or missing rates not too large
(< 30%). The price is wider intervals.

3. Imputation methods differ considerably. Among the methods examined,
missRanger often lead s to the shortest intervals with severe under-coverage ,
mice and mixgb behave more stably, particularly mice with Rubin ’s rule. In the
benchmark study, however, no single method consistently minimized deviations
from complete-data intervals, and performance varied substantially across datasets.

Implications for practitioners: Our results can be seen as a warning that imputa-
tion can destroy the nominal properties and thus the interpretability of RFPIM Cls.
If imputation cannot be avoided, multiple imputation in combination with Rubin’s
rules is recommended. In general, the Cls have to be treated interval estimates with
caution, particularly for moderate-signal features or high missing rate.

The introduced methodology is broadly applicable across research domains where
Random Forests are used to interpret complex datasets with missing values. In bio-
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informatics, it may support the identification of key genetic markers from incom-
plete genomic measurements. In finance, it can support risk modeling with partially
observed transactional or behavioural data. In industrial applications — such as predic-
tive maintenance based upon sensor data — our approach offers more reliable feature
importance estimates despite missing values. These domains benefit from the abil-
ity of Rubin intervals, which accommodate non-linear interactions and imputation
uncertainty, enhancing interpretability in real-world settings with moderate missing
rates (< 30%).

Limitations and future work: The Rubin-inspired procedures are heuristic and
beside our numerical results no theorem guarantees its validity for RFPIM. Extend-
ing central limit theorems such as Foge et al. (2024) to incorporate imputation uncer-
tainty thus is an important theoretical task.

Ishwaran’s (Ishwaran and Lu 2019) ClIs themselves need theoretical investiga-
tions. In particular, the theoretical assumptions underlying the asymptotic normality
of RFPIM, as established by Foge et al. (2024), are restrictive (independent features,
1.1.d. setting, fixed dimensions etc.) and may limit the generalizability of our findings.

Relaxing these and proving consistency of (4) for Var(/ 7?, QB (4)) remains unclear.

Moreover, only one specific MAR mechanism was studied and other realistic sce-
narios as well as MNAR frameworks are of interest.

A practical limitation is the statistical instability of both Rubin-based and Ish-
waran CIs for small sample sizes (n = 100) or high missingness (> 50%), conditions
prevalent, e.g., in medical or social science datasets with limited observations or
extensive non-response. This instability restricts the method’s reliability in scenarios
with small » and high missingness. However, these scenarios are also inherently chal-
lenging: Random Forests are generally more reliable and stable for moderate to large
sample sizes, and imputation methods themselves perform best when missingness
is not extreme. Our empirical results are thus only in line with these expectations.
Future work should nevertheless explore alternative or hybrid imputation strategies
designed for small-sample or high-missingness settings, as well as the development
of variance estimators tailored to single imputation for Random Forest—based per-
mutation importance. In addition, settings with correlated predictors warrant closer
examination if the theoretical properties of feature importance measures in the pres-
ence of multicollinearity become better understood.

Summary: Until more results, particularly theoretical, we recommend to use
the proposed multiple imputation with Rubin’s rule while nevertheless interpreting
RFPIM ClIs from imputed data with appropriate scepticism.

Appendix A Tables

See Tables 1,2 and 3 .
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Table 1 Overview of simulated regression functions used in the experiments

Function Formula

Function 1 xz ~ U([0,1]P), e ~ N(0,1),

(Sine Model) y = 10sin(rz122) + 20(z3 — 0.5)% + 10z4 + 55 + €
Function 2 x1 ~ U([0,100]), z2 ~ U([40m,5607]), x3 ~ U([0,1]),

(Radial-Distance Model) 24 ~ U([1,11]), others ~ U([0,1]), e ~ N(0,125),

y = \/x% + (zax3 — (z2xa)~1)2 + €

Function 3 x as in Function 2, e ~ N(0,0.1),
(Arctan Model) 1

y = auf(:‘czin<:m:qu3 — (x2w4) ) + €

1
Function 4 x ~ U([-1,1]P), e ~ N(0,0.1),
(Mixed Polynomial Model) v = z1a2 + sc% T oazr 4 28T — scg Te
Function 5 xz ~U([—1,1]P), e ~ N(0,0.1),
(Threshold Polynomial-Exponential 3 g2
Model) Y= Ua>0y + 22+ Loytag—zs—wo>14210) T € 2 €
Function 6 x ~U([—1,1]7), e ~ N(0,0.1),
Mixed Polynomial-Exponential
g/lodel) ’ ’ y=ai +3adwse "4+ g — w5+ e
Function 7 x ~ U([-1,1]P), e ~ N(0,0.1),
(Threshold Model) y=1(z1 + x5 + x9 + sin(zaxs) + € > 0.38)
Function 8 x ~ U([0.5,1]P), e ~ N(0,0.1),
(Mixed Log—Exponential Model) y = log(z1 + T23) — e%4/T5—T6 | ¢
Function 9 xz~U([-1,1]7), e ~ N(0,0.1),
(Mixed Polynomial-Root-Floor
Model) y = z123/ |w3| + |2a — w576 + €
Function 10 z ~U([-1,1]7), e ~ N(0,0.1),
(Mixed Power—Root Model) 5
x
y = x3(xy + 1)le2l — 3 +e
|za| + |2s| + |26

Function 11 z ~U([-1,1]7), e ~ N(0,0.1),
(Mixed Trigonometric Model) y = cos(x1 — x2) + arcsin(z123) — arctan(ze — 22) + €
Function 12 x; ~ N(0,1), e ~ N(0,1),
(Noise Model) y=¢e

U([a,b]P) denotes a p-dimensional uniform distribution on [a, b]. 1(-) is the indicator function. e
denotes Gaussian noise with the specified variance
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Table 2 Simulation results: coverage and CI length (with standard error) across imputation methods

Mechanism N

Imputation Method Missrate Coverage SE (Coverage) CI Length SE (Length)

MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR
MCAR

100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
250
250
250
250
250
250
250
250
250
250
250
250
250
250
250
250
250
250
500
500
500
500
500
500
500
500
500
500
500

None

None

None

mice

mice

mice

mixgb
mixgb
mixgb
missRanger
missRanger
missRanger
mice (Rubin)
mice (Rubin)
mice (Rubin)
mixgb (Rubin)
mixgb (Rubin)
mixgb (Rubin)
None

None

None

mice

mice

mice

mixgb
mixgb
mixgb
missRanger
missRanger
missRanger
mice (Rubin)
mice (Rubin)
mice (Rubin)
mixgb (Rubin)
mixgb (Rubin)
mixgb (Rubin)
None

None

None

mice

mice

mice

mixgb
mixgb
mixgb
missRanger

missRanger

0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5
0.1
0.3

0.903
0.903
0.903
0.804
0.719
0.619
0.811
0.724
0.621
0.774
0.703
0.670
0.907
0.899
0.891
0.892
0.860
0.846
0.903
0.903
0.903
0.887
0.794
0.644
0.901
0.779
0.625
0.845
0.747
0.712
0.953
0.928
0.917
0.951
0.886
0.840
0.903
0.903
0.903
0.922
0.826
0.672
0.935
0.807
0.602
0.888
0.756

0.005
0.005
0.005
0.013
0.014
0.014
0.013
0.015
0.015
0.015
0.018
0.018
0.013
0.014
0.017
0.013
0.016
0.019
0.005
0.005
0.005
0.010
0.013
0.012
0.008
0.014
0.015
0.013
0.019
0.020
0.008
0.012
0.012
0.006
0.013
0.018
0.005
0.005
0.005
0.007
0.014
0.012
0.005
0.012
0.014
0.009
0.021

14.464
14.464
14.464
15.883
15.530
14.840
15.782
14.293
12.781
15.392
14.425
13.810
17.543
19.049
22.765
17.004
16.307
16.912
14.464
14.464
14.464
14.449
14.330
14.119
14.358
13.162
11.857
14.174
13.288
12.565
15.480
16.113
19.252
15.170
14.480
14.492
14.464
14.464
14.464
12.621
12.457
12.474
12.514
11.541
10.449
12.383
11.789

2.300
2.300
2.300
4.087
3.746
3.200
4.088
3.497
2.863
3.759
3.162
2.898
4.375
4.557
5.022
4.258
3.899
3.792
2.300
2.300
2.300
3.944
3.778
3.422
3.936
3.439
2.840
3.643
3.005
2.649
4.103
4.138
4.630
4.038
3.691
3.447
2.300
2.300
2.300
3.625
3.469
3.279
3.616
3.191
2.648
3.309
2.736
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Table 2 (continued)

Mechanism N Imputation Method Missrate Coverage SE (Coverage) CI Length SE (Length)

MCAR 500 missRanger 0.5 0.722 0.021 11.220 2.386
MCAR 500 mice (Rubin) 0.1 0.973 0.005 13.333 3.722
MCAR 500 mice (Rubin) 0.3 0.937 0.012 13.658 3.705
MCAR 500 mice (Rubin) 0.5 0.926 0.012 15.663 3.993
MCAR 500 mixgb (Rubin) 0.1 0.975 0.003 13.146 3.692
MCAR 500 mixgb (Rubin) 0.3 0.909 0.011 12.427 3.343
MCAR 500 mixgb (Rubin) 0.5 0.826 0.017 12.355 3.074
MAR 100 None 0.1 0.903 0.005 14.464 2.300
MAR 100 None 0.3 0.903 0.005 14.464 2.300
MAR 100 None 0.5 0.903 0.005 14.464 2.300
MAR 100 mice 0.1 0.804 0.013 15.971 4.111
MAR 100 mice 0.3 0.717 0.014 15.456 3.732
MAR 100 mice 0.5 0.620 0.014 14.883 3.210
MAR 100 mixgb 0.1 0.810 0.013 15.702 4.058
MAR 100 mixgb 0.3 0.724 0.015 14.379 3.514
MAR 100 mixgb 0.5 0.617 0.015 12.732 2.842
MAR 100 missRanger 0.1 0.775 0.015 15.470 3.779
MAR 100 missRanger 0.3 0.703 0.018 14.403 3.145
MAR 100 missRanger 0.5 0.671 0.017 13.896 2.915
MAR 100 mice (Rubin) 0.1 0.910 0.012 17.390 4.374
MAR 100 mice (Rubin) 0.3 0.909 0.013 17.667 4.386
MAR 100 mice (Rubin) 0.5 0.910 0.013 18.041 4.434
MAR 100 mixgb (Rubin) 0.1 0.902 0.012 17.223 4.344
MAR 100 mixgb (Rubin) 0.3 0.888 0.013 16.845 4.196
MAR 100 mixgb (Rubin) 0.5 0.877 0.015 16.527 4.062
MAR 250 None 0.1 0.903 0.005 14.464 2.300
MAR 250 None 0.3 0.903 0.005 14.464 2.300
MAR 250 None 0.5 0.903 0.005 14.464 2.300
MAR 250 mice 0.1 0.887 0.010 14.460 3.948
MAR 250 mice 0.3 0.796 0.013 14.296 3.769
MAR 250 mice 0.5 0.643 0.012 14.211 3.453
MAR 250 mixgb 0.1 0.899 0.008 14.312 3.929
MAR 250 mixgb 0.3 0.779 0.014 13.169 3.441
MAR 250 mixgb 0.5 0.625 0.015 11.838 2.834
MAR 250 missRanger 0.1 0.844 0.013 14.096 3.617
MAR 250 missRanger 0.3 0.746 0.019 13.263 3.000
MAR 250 missRanger 0.5 0.711 0.019 12.639 2.667
MAR 250 mice (Rubin) 0.1 0.968 0.005 15.405 4.112
MAR 250 mice (Rubin) 0.3 0.952 0.008 15.482 4.087
MAR 250 mice (Rubin) 0.5 0.943 0.010 15.730 4.125
MAR 250 mixgb (Rubin) 0.1 0.966 0.005 15.320 4.102
MAR 250 mixgb (Rubin) 0.3 0.945 0.007 15.055 3.987
MAR 250 mixgb (Rubin) 0.5 0.923 0.010 14.648 3.829
MAR 500 None 0.1 0.903 0.005 14.464 2.300
MAR 500 None 0.3 0.903 0.005 14.464 2.300
MAR 500 None 0.5 0.903 0.005 14.464 2.300
MAR 500 mice 0.1 0.922 0.008 12.596 3.614
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Table 2 (continued)

Mechanism N Imputation Method Missrate Coverage SE (Coverage) CI Length SE (Length)

MAR 500 mice 0.3 0.824 0.014 12.461 3.470
MAR 500 mice 0.5 0.672 0.012 12.458 3.277
MAR 500 mixgb 0.1 0.935 0.005 12.481 3.607
MAR 500 mixgb 0.3 0.809 0.012 11.580 3.205
MAR 500 mixgb 0.5 0.601 0.014 10.405 2.644
MAR 500 missRanger 0.1 0.889 0.009 12.387 3.309
MAR 500 missRanger 0.3 0.756 0.021 11.773 2.731
MAR 500 missRanger 0.5 0.722 0.021 11.174 2.375
MAR 500 mice (Rubin) 0.1 0.981 0.003 13.324 3.743
MAR 500 mice (Rubin) 0.3 0.968 0.006 13.362 3.714
MAR 500 mice (Rubin) 0.5 0.946 0.011 13.461 3.717
MAR 500 mixgb (Rubin) 0.1 0.973 0.004 13.261 3.744
MAR 500 mixgb (Rubin) 0.3 0.970 0.004 12.961 3.620
MAR 500 mixgb (Rubin) 0.5 0.948 0.007 12.629 3.480
Table 3 Mean variance of Dataset Method Mean Var(Shift)
co.nﬁdence' interval midpoint Bike ice 0.1353
shifts relative to “No Imputa- .
tion” across variables and 100 mice (Rubin) 0.0870
replications missRanger 0.1378
mixgb 0.1579
mixgb (Rubin) 0.0979
Boston mice 0.1709
mice (Rubin) 0.1025
missRanger 0.0789
mixgb 0.1023
mixgb (Rubin) 0.0968
California mice 0.2279
mice (Rubin) 0.1099
missRanger 0.1578
mixgb 0.0873
mixgb (Rubin) 0.0514
Concrete mice 0.0293
mice (Rubin) 0.0182
missRanger 0.0211
mixgb 0.0178
mixgb (Rubin) 0.0129
Wine Quality mice 0.0273
mice (Rubin) 0.0216
missRanger 0.0276
mixgb 0.0251
mixgb (Rubin) 0.0263
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Appendix B MAR Plots

See Figs. 4,5, 6 and 7.
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Boxplot of Standardized Cl Lengths (Missing Mechanism: MAR , n = 100 )
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Fig. 6 Boxplot-Matrix of standardized CI lengths for MAR, stratified by Missrate (0.1, 0.3, 0.5), sam-
ple size (500) and category (Zero, Below 90%, Above 90%)
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Boxplot of Standardized Cl Lengths (Missing Mechanism: MAR , n = 100 )
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Appendix C MCAR plots

See Figs. 8,9, 10, 11, 12 and 13.
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Boxplot of Standardized CI Lengths (Missing Mechanism: MCAR , n = 250 )
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Boxplot of Standardized CI Lengths (Missing Mechanism: MCAR , n = 500 )
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Appendix D Explainatory Plots

See Figs. 14, 15, 16 and 17.
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Correlations Between y and Relevant Predictors
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Fig. 15 Correlations between y and relevant predictors
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Permutation Importance of Relevant Predictor Variables
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Abstract

When data have a hierarchical structure, such as students nested within classrooms, ignoring dependencies between observa-
tions can compromise the validity of imputation procedures. Standard (tree-based) imputation methods implicitly assume
independence between observations, limiting their applicability in multilevel data settings. Although multivariate imputation
by chained equations (MICE) is widely used for hierarchical data, it has limitations, including sensitivity to model specifi-
cation and computational complexity. Alternative tree-based approaches have shown promise for individual-level data, but
remain largely unexplored for hierarchical contexts. In this simulation study, we systematically evaluate the performance of
novel tree-based methods—chained random forests (missRanger) and extreme gradient boosting (mixgb)—explicitly adapted
for multilevel data by incorporating dummy variables indicating cluster membership. We compare these tree-based methods
and their adapted versions with traditional MICE imputation in terms of coefficient estimation bias, type I error rates, and
statistical power under different cluster sizes (25 and 50), missingness mechanisms (missing completely at random [MCAR],
missing at random [MAR]), and missingness rates (10%, 30%, 50%), using both random intercept and random slope data
generation models. The results show that MICE provides robust and accurate inference for level 2 variables, especially at low
missingness rates (10%). However, the adapted boosting approach (mixgb with cluster dummies) consistently outperforms
other methods for level 1 variables at higher missingness rates (30%, 50%). For level 2 variables, while MICE retains bet-
ter power at moderate missingness (30%), adapted boosting becomes superior at high missingness (50%), regardless of the
missingness mechanism or cluster size. These findings highlight the potential of appropriately adapted tree-based imputation
methods as effective alternatives to conventional MICE in multilevel data analyses.

Keywords Multiple imputation - Multilevel data - Bias - Hierarchical data - MICE - MissRanger - Mixgb - Power - Type I
error

Introduction

Multiple imputation (MI) is a prominent and widely used
technique for dealing with missing data. MI involves gen-
erating multiple plausible complete versions of the dataset
to reflect the uncertainty about the missing values. Each
B Nico Foge dataset is then analyzed separately using standard statistical

nico.foege @ovgu.de methods, and the results are pooled to obtain estimates and
standard errors that account for both within- and between-
imputation variability. While these steps are essential com-
ponents of MI, “proper” imputations additionally require
that uncertainty about the missing values is adequately prop-
agated within the imputation model itself (Carpenter et al.,
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Ensuring that imputation models preserve the underlying
relationships in the data and account for the missing data
mechanism is crucial (van Buuren & Groothuis-Oudshoorn,
2011). This is a particular challenge in complex hierarchical
datasets with multiple levels. Examples include clustering
at individual and higher-level units like classes or schools.
Preserving key multilevel features—such as contextual
effects of level 1 variables, varying effects across clusters,
and level 2 predictors—is crucial for valid inference, as fail-
ure to maintain the hierarchical structure can lead to biased
analyses; however, this is frequently neglected in imputation
(van Buuren, 2011).

Although fully conditional specification (FCS) or mul-
tivariate imputation by chained equations (MICE) is a
prevalent approach in the social sciences, it presents several
limitations, including its considerable complexity due to
the challenges in the specification of the imputation model
and computational intensity (van Buuren & Groothuis-Oud-
shoorn, 2011). Since MICE relies heavily on model specifi-
cations, it can lead to issues like overfitting and convergence
errors, especially when dealing with multicollinearity and
other instability problems (van Buuren & Oudshoorn, 1999).

Exploring alternatives to MICE, such as nonparametric
tree-based methods, offers the potential for handling miss-
ing data in hierarchical structures, particularly in settings
where their flexibility may be advantageous (Deng & Lum-
ley, 2024; Stekhoven & Biihlmann, 2012). However, their
performance in multilevel contexts—especially under linear
mixed model assumptions common in the social sciences—
remains largely unexplored.

Therefore, this simulation study addresses the following
research question: Do tree-based imputation methods exhibit
similar performance in terms of bias, type I error, and power
as the standard level 2 imputation method? The specific
tree-based methods are chained random forests (Stekhoven
& Biihlmann, 2012; Tang & Ishwaran, 2017) and extreme
gradient boosting with trees as base learners (Deng, 2023).
To account for the multilevel data structure, we use dummy
variables for each cluster, adapting tree-based imputation
methods in the same way that Liidtke et al. (2017) did for
non-tree-based methods.

Although many different MI methods have been proposed
and investigated for this setting—including multilevel MI
with joint modeling, multilevel MI with fully conditional
specifications, multilevel substantive-model-compatible MI
with sequential modeling, or model-based treatment with
Bayesian estimation, as recently reviewed by Grund et al.
(2024)—tree-based methods have not been evaluated for
multilevel data.

Our simulation study evaluated tree-based methods in
a controlled setting using linear mixed models with linear
effects and parametric data-generating processes. After
that, missingness was introduced, and the resulting datasets

@ Springer

were imputed using different methods. The imputed datasets
were analyzed with a linear mixed model to evaluate type I
error rates, power, standard deviation, and coefficient bias,
thereby assessing the impact of imputation on subsequent
multilevel analysis. This setup allows a direct comparison
with MICE and deliberately focuses on linear multilevel sce-
narios. In particular, the data-generating process aligns with
the assumptions of the linear mixed model used for analysis
and does not include additional multilevel features such as
contextual (between-cluster) effects of level 1 predictors,
decomposed within- and between-cluster relations, or cross-
level interactions to focus on a well-defined linear multilevel
setting. While linear model-based imputation approaches
are naturally well suited for settings with linear functional
forms, tree-based methods are known to perform particularly
well in the presence of nonlinearities and interaction effects,
which can be more difficult to approximate using parametric
models (Breiman, 2001; Chen & Guestrin, 2016). Accord-
ingly, the present study focuses on linear functional forms to
assess the performance of tree-based imputation methods in
scenarios that align with standard linear multilevel analyses.
Readers should therefore interpret our findings with these
limitations in mind: our results are most relevant to linear
multilevel scenarios, while the advantages of tree-based
approaches may become more apparent in nonlinear or inter-
action-heavy contexts that were not included in our study.
The remainder of the paper is organized as follows: In
the next section, we briefly review multilevel data and exist-
ing (parametric) MI approaches for multilevel data struc-
tures. Next, the simulation study is detailed, starting with a
review of the imputation approaches and an explanation of
the simulated missingness mechanisms. We present simula-
tion results in the following section with the help of various
plots for the relative performance, and finally, we close with
remarks on the current study and potential future work.

Multilevel data

Multilevel data structures are common in social and behav-
ioral sciences research (Hox & Roberts, 2010). This is often
seen, for example, in educational research where students
(level 1) are nested within classes, schools, or regions (level
2). Variation of higher-level variables can significantly
influence the outcome variable. This calls for robust analy-
sis methods that account for the complexity introduced by
these hierarchical structures (Grund et al., 2024; Steenber-
gen & Jones, 2002), since simply ignoring the dependencies
or aggregating everything to a single level can be deceptive
(Aitkin & Longford, 1986; Grund et al., 2024). To main-
tain statistical integrity, it is crucial to employ appropri-
ate imputation methods tailored for multilevel data. These
methods should consider both within-cluster and between-
cluster variability for a more accurate representation of the
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underlying data (Audigier et al., 2018; Grund et al., 2024;
van Buuren, 2011).

Multilevel data often involve within- and between-cluster
effects, where level 1 variables (e.g., student test scores) may
have distinct effects at the individual level within clusters
and contextual effects at the cluster level (McNeish et al.,
2016). Additionally, random slopes allow the effects of level
1 variables to vary across clusters, capturing heterogeneity
in relationships. Level 2 variables, such as cluster character-
istics (e.g., class size or teacher experience), further influ-
ence outcomes and must be accurately modeled to preserve
hierarchical relationships. Ignoring these features and the
nested structure in imputation can lead to biased parameter
estimates and incorrect variance components, particularly in
multilevel MI, where preserving these relationships is essen-
tial for valid inference (Aitkin & Longford, 1986; McNeish
et al., 2016; van Buuren, 2011). Hierarchical linear mod-
els, including random intercept and random slope models,
provide a sophisticated statistical framework for analyzing
such data structures, ensuring that both fixed and random
effects are appropriately captured (Hox, 1998; Hox & Rob-
erts, 2010).

Existing imputation approaches for multilevel data

For a valid analysis, the imputation model must account
for the dependency between observations inherent in the
multilevel structure. Otherwise, inferences might be biased
even when the statistical methods are otherwise appropriate
(Audigier et al., 2018; Hox & Roberts, 2010). The bias of
random-effect variance estimates as well as global fixed-
effects confidence intervals depends on the cluster size, the
relation of within- and between-cluster variance, and the
missing data mechanism (Speidel, Drechsler, & Sakshaug,
2018). Two common imputation frameworks for multilevel
data are joint modeling (JM) and fully conditional specifica-
tion (FCS). In JM, imputations are generated simultaneously
from a joint multivariate distribution for all variables (Hox
& Roberts, 2010). In contrast, FCS imputes missing values
iteratively on a variable-by-variable basis, using univariate
conditional models based on other variables (van Buuren,
2011). MICE uses the conditional imputation approach from
FCS and chains the variables by iteratively imputing one var-
iable at a time based on the others (van Buuren & Groothuis-
Oudshoorn, 2011). In this study, we use multivariate impu-
tation by chained equations (MICE), implemented via the
mice package, as a specific application of FCS, employing
2l.norm for level 1 variables and 2lonly.pmm for level 2
variables (van Buuren & Groothuis-Oudshoorn, 2011). This
terminology reflects MICE as our chosen FCS implementa-
tion, with no aspects applying exclusively to FCS or MICE.
A study from Enders et al. (2016) compared two imputation
frameworks for multilevel data: JM and chained equation

imputation (MICE with a two-level normal model 2].norm).
The joint model turned out to be better for analyses postu-
lating distinct within- and between-cluster relations, while
chained equations imputation turned out to be superior in
random slope analysis (Enders et al., 2016).

For clustered data, both of these methods are effective in
the broad context of random intercept models, even with var-
iables at higher levels, as simulation results by Grund et al.
(2018b) indicate. However, for random slopes, FCS appears
to be more flexible than JM, but still has some limitations
and is not all that reliable when data in an explanatory vari-
able are missing (Grund et al., 2018b). Similar results were
shown by Enders et al. (2016) for random intercepts. Addi-
tionally, Grund et al. (2018a) show that both approaches
(FCS and JM) provide useful tools for dealing with missing
data at level 2 in most applications in practice (especially
for balanced data).

Recent studies highlight limitations of conventional
multilevel MI approaches, such as FCS and JM, particu-
larly for random-slope models. When explanatory variables
have missing values, FCS can produce biased random slope
estimates due to misspecification of conditional models
(Erler et al., 2017; Erler et al., 2016). Model-based meth-
ods, such as substantive-model-compatible MI and Bayes-
ian approaches, align imputation and analysis models more
closely, improving accuracy for random slopes and complex
hierarchical structures (Enders, 2023; Enders et al., 2020;
Grund et al., 2021). These methods better capture within-
and between-cluster effects in the presence of random slopes.

One advantage of choosing FCS over JM is that FCS
grants more flexibility in creating multilevel models by split-
ting a k-dimensional problem into k one-dimensional prob-
lems. That is, for each of the variables with missing data,
a regression model with a univariate outcome conditional
on the other k — 1 variables is constructed. Furthermore,
it is easier to avoid logical inconsistencies in the imputed
data and incorporate methods to preserve unique features
in the data (van Buuren et al., 2006); for example, temporal
dependency can be taken into account in longitudinal data.

Multiple imputation methods

In this simulation study, we implemented three main imputa-
tion methods: As baseline, we use multivariate imputation
by chained equations (MICE) via the mice function from
the R package of the same name (van Buuren & Groothuis-
Oudshoorn, 2011). For level 1 variables, the level 1 normal
model (21.norm) is used, and for level 2 variables the level 2
class predictive mean matching (2lonly.pmm) is employed.
Additionally, we include recent tree-based imputation meth-
ods: a fast implementation of imputation via random forests
from the missRanger package (Mayer, 2021), and MI via
gradient boosting implemented in the mixgb package (Deng,
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2023). For MICE, the imputation methods and the predic-
tion matrix for each variable are carefully adjusted to take
into account the multilevel data structure. Two factors were
varied for missRanger: We run the missRanger algorithm
both with and without predictive mean matching (using 5
donors)! and the variant (standard or an adapted implemen-
tation of missRanger). The adapted variant respects the mul-
tilevel structure of the data by including dummy variables
for the respective cluster, while the standard implementation
does not. In line with Drechsler (2015), who shows that mul-
tilevel models at the imputation stage can provide superior
inference—especially for random effects—we acknowledge
that running such models can be computationally demanding
and that researchers often resort to simpler, dummy-based
approaches. Indeed, representing cluster membership via
dummies biases random-effects estimates more than fixed-
effects estimates, yet remains popular because it is straight-
forward to implement with many conventional imputation
tools. As we pioneer the adaption of tree-based methods to
hierarchical data, we follow Drechsler’s rationale and incor-
porate dummy variables for clusters in our adjusted version
of missRanger. While this does not capture the complete
random-effects structure, it delivers a manageable, first-
tier solution for incorporating level 2 distinctions without
the overhead of fully specified multilevel modeling. Simi-
larly, mixgb was adapted with additional dummy variables.
We also used five imputations.? For the pooling, Rubin’s
rules were applied. Details of each method are given in the
supplement.

Multivariate imputation by chained equations

Multivariate imputation by chained equations (MICE) is a
flexible and efficient imputation method that can treat miss-
ingness in a wide range of data types and analysis models. Its
applications can be found in diverse research fields, including
medicine, epidemiology, psychology, management, politics,
and sociology (van Buuren & Groothuis-Oudshoorn, 2011).
MICE operates by iteratively drawing missing values from
univariate conditional distributions given the other observed
features. By repeatedly updating these imputations over several
iterations, the method approximates the underlying conditional

1" The default value for missRanger is 0, and the default value in

MICE is 5. Not using PMM for missRanger showed inflated type I
errors in another context (Ramosaj et al., 2020).

2 To choose a number of imputations, a mini-simulation on ran-
domly selected design was run with 5 and 20 imputations with MICE
and missRanger (standard and with dummies with three donors). The
results suggested very little to no differences between the number of
imputations in terms of coefficient estimation bias and HO rejection
rates, but imputing 20 times takes approximately four times longer
than performing 5 imputations. Consequently, the whole simulation is
run with 5 imputations for each method, making the simulation con-
siderably faster.
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distribution, not unlike the burn-in phase of a Markov chain.
The goal is not to produce increasingly accurate imputations
but to generate “proper” imputations that reflect the uncertainty
about the missing values and the parameters of the underlying
model (Carpenter et al., 2023; Rubin, 1987). Once the itera-
tive process stabilizes, multiple imputations are generated. The
variability between imputations arises from independent draws
from this stable conditional distribution (Kistner et al., 2024;
van Buuren & Groothuis-Oudshoorn, 2011).

Imputing at level 2 requires additional considerations.
One possibility is to have a separate model for level 2 vari-
ables, for example, a regression model that includes other
level 2 variables as well as cluster-level components (e.g.,
mean, median) of the level 1 variables. As described by
Grund et al. (2018a), imputations at level 2 are generated
based on a probability distribution that considers multi-
ple factors: aggregated information from level 1 (such as
group means of relevant variables), the observed values of
the other variables within the cluster, and specific model
parameters.

As mentioned, mice is an R package for chained equation
imputations using a function of the same name. To impute
level 1 missing values, 21.norm? is used, which uses univari-
ate missing data imputation with a two-level normal model.
For level 2 variables, a level 2 class predictive mean match-
ing (2lonly.pmm) is applied. Although Enders et al. (2016)
used 2lonly.norm, we use 2lonly.pmm because 2lonly.
norm follows the normality assumption, which does not
hold in our case because we transformed some variables to
aggregate them at level 2. 2lonly.pmm is a semi-parametric
method, which is why it works in a wider range of cases.

Chained random forest imputation

The idea of the random forest is to combine predictions
from multiple decision trees to improve accuracy and reduce
overfitting in both classification and regression tasks. In a
random forest, each tree independently makes a prediction,
and the final result is based on the majority vote (in clas-
sification) or the average prediction (in regression) of all
the trees. Random forest can handle mixed types of data, is
capable of addressing interactions and nonlinearity, and is
robust to overfitting (Breiman, 2001). Because of its flex-
ibility, random forest can also be adapted to imputation tasks
(Golino & Gomes, 2016; Stekhoven & Biihlmann, 2012),
transferring useful properties such as the lack of assumptions
about normality or homoscedasticity.

As for MICE, the chained random forest imputation also
starts with an initial guess that replaces all missing values in

3 21 indicates that the data structure is multilevel; it does not mean

the calculation happens at a higher level, but it considers that there
are variables at another level.
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the data. The initial guess can be made by mean (default for
metric data), median, mode (default for categorical data), or
any other univariate imputation method. At this point, every
variable in the dataset is complete, although the imputations
are just placeholders. Next, the columns in the dataset are
ranked according to the proportion of missing data, starting
with the column containing the fewest missing values. For
each column, the algorithm builds a predictive model using
random forests, where the observed (non-missing) values in
that column serve as the outcome variable, and the values
from other columns for the same rows are used as predic-
tors. Once predictions are generated, the initial guesses are
replaced by these predictions. After cycling through all vari-
ables with missing values (one full iteration), the algorithm
repeats the process several times (Stekhoven & Biihlmann,
2012), with a default of 10 iterations. During each iteration,
the imputed values from the previous step are updated using
the predictions from the random forest models trained in
the current iteration. As the iterations proceed, the imputa-
tions are refined, as the predictions are based on increasingly
accurate imputed values for the other variables. The algo-
rithm stops after a predefined number of iterations.

A faster and extended version of the algorithm is given
by the missRanger package of Mayer (2021). It uses the run-
time efficient ranger implementation of random forest and
additionally extends missForest by offering the option of
predictive mean matching (PMM; Mayer, 2021).

PMM enhances random forest imputation by ensuring that
imputed values are more realistic. Instead of directly using
predicted values from the random forest, PMM matches each
missing entry to one of the k closest observed values, the so-
called donors. The actual observed value from this match is
then used for imputation, maintaining the variability of the
original data. PMM is particularly useful when it is impor-
tant to faithfully reflect the underlying data distribution and
impute values that are plausible within the observed range
(Mayer, 2021). The number of donors is denoted by k. The
default value is k = 5, which we also use in our study.

Ml through extreme gradient boosting (XGBoost)

Extreme gradient boosting (XGBoost) is a machine learning
algorithm that belongs to the family of gradient boosting
methods (Chen & Guestrin, 2016). Instead of simply averag-
ing multiple decision trees as in random forests, XGBoost
uses gradient boosting to combine multiple regression trees.
It also employs regularization and shrinkage techniques.
Typically, the depth of the regression trees used in sequen-
tial boosting are not very deep. One advantage of XGBoost
over random forest is that XGBoost selects only one of a set
of highly correlated features, because in sequential boosting,
features are added to the model incrementally. If a feature

is selected early, other highly correlated features can only
improve the prediction if they provide new information.

XGBoost uses gradient descent optimization techniques
to iteratively minimize the loss function, making it highly
efficient and effective in finding the optimal solution. L1
and L2 regularization prevent overfitting and improve gen-
eralization. Tree pruning removes unnecessary branches and
reduces model complexity, further enhancing XGBoost’s
predictive performance.

Lastly, XGBoost can take advantage of parallel processing
capabilities, making it suitable for large datasets and reducing
training time. Overall, XGBoost is known for its ability to handle
complex datasets and provide accurate predictions. Its popularity
is evident in various domains, including Kaggle competitions
and real-world applications (Chen & Guestrin, 2016).

The mixgb R package uses XGBoost to implement
missing value imputation in a scalable and efficient man-
ner (Deng & Lumley, 2024). It addresses the challenge of
missing data in large datasets with complex structures with
an iterative or non-iterative strategy parallel to chained
random forest imputation. Initial values for imputation are
filled with random values drawn from the observed data
to initialize the imputation process (Suh & Song, 2023).
mixgb imputes variables with fewer missing values first.
This strategic approach aims to prioritize variables with
more available information early in the imputation pro-
cess. mixgb provides a versatile approach to missing data
imputation, leveraging XGBoost, subsampling, and PMM
to enhance imputation accuracy, especially for continuous
data. The default imputation in mixgb is non-iterative but
the package allows users to set the number of iterations for
imputation (Deng & Lumley, 2024). For this simulation
we used five iterations to be in line with the other imputa-
tion methods.

Adapting tree-based imputation methods
with cluster membership dummy variable

By default, missRanger and mixgb do not account for the
multilevel structure of hierarchical data. To address this, we
adapted these tree-based methods by incorporating dummy
variables for cluster membership (denoted.dummies in the
following), following the approach of Liidtke et al. (2017).
For J clusters, J dummy variables were added, with the jth
variable equal to 1 if the observation belongs to cluster j and
0 otherwise. Unlike regression-based methods, tree-based
methods do not require a reference group, as their decision
trees can model cluster-specific effects without explicit
parameterization (Breiman, 2001; Chen & Guestrin, 2016).
Cluster-specific predictions in missRanger and mixgb, such
as those using level 2 dummy variables or cluster means, are
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appropriate in our simulation, which uses the entire dataset
to approximate the complete data distribution. However, in
analyses with a training/test split, such predictions risk data
leakage if test set information (e.g., cluster-level predictors)
is used in the imputation of training data, and strict separa-
tion of training and test sets is required. Out-of-sample pre-
dictions for previously unobserved clusters are not naturally
supported by this approach, as no cluster-specific effects can
be learned or extrapolated beyond the observed clusters.

Multilevel structure The dummy variables enable mis-
sRanger and mixgb to capture between-cluster effects by
modeling cluster-specific differences in predictor values (in
our case means of level 2 variables). Within-cluster effects
are addressed by including level 1 variables as predictors in
the imputation formula, which account for individual-level
relationships. The flexibility of random forests (missRanger)
and gradient boosting (mixgb) allows these methods, in prin-
ciple, to capture nonlinear effects and interactions between
predictors and dummy variables, potentially approximating
variations akin to random slopes in more complex settings.
However, unlike MICE, which explicitly models random
intercepts and slopes using 2l.norm and a tailored predic-
tor matrix (Grund et al., 2018a), tree-based methods do not
directly estimate random effects but rely on algorithmic
approximations, which differ conceptually from parametric
multilevel specifications. The multilevel structures consid-
ered in this study are limited by the data-generating process
and the analysis model. In particular, level 1 predictors are
not decomposed into within- and between-cluster compo-
nents, such that contextual effects of level 1 variables are not
included. Cross-level interactions and other more complex
multilevel dependency structures are likewise not part of the
simulation design.

Level 2 variables Tree-based methods, such as missRanger
and mixgb, and MICE handle missing values in multilevel
data differently, particularly for level 2 variables. For mis-
sRanger and mixgb, level 2 variables are imputed at the indi-
vidual level using tree-based prediction models that include
level 1 variables and cluster membership indicators as pre-
dictors (Deng, 2023; Mayer, 2021). As a result, cluster-level
information enters the imputation process indirectly through
the predictor set rather than through an explicit multilevel
imputation model. In contrast, MICE’s 2lonly.pmm method
imputes level 2 variables directly at the cluster level, gener-
ating a single imputed value per cluster and thereby explic-
itly enforcing within-cluster consistency and the hierarchical
structure of the data (Grund et al., 2018a).

If regression trees have sufficient depth, the flexibility
gained by the dummy variable approach can, in principle,
exceed that of procedures that include only random inter-
cepts, since some interactions with dummy variables are
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possible, although not all kinds of interactions (Wright et al.,
2016). Potentially, more dummy variables are added than
there are variables originally, so the dummy variable proce-
dure relies on imputation methods that have some form of
regularization. Tree-based ensemble methods like random
forest and XGBoost do have this property by design (Brei-
man, 2001; Chen & Guestrin, 2016).

The tree-based methods missRanger and mixgb incor-
porate stochastic elements to introduce variability across
imputations and thereby approximate aspects of “proper”
imputations in the sense of Rubin (1996). Specifically, mis-
sRanger relies on random forests with bootstrapping and
random feature selection, while mixgb introduces random-
ness through stochastic gradient boosting and subsampling.
These mechanisms induce variation between imputations
and partially propagate uncertainty related to both the
missing values and the fitted imputation models. How-
ever, unlike fully parametric or Bayesian MI approaches,
the tree-based procedures considered here do not generate
imputations via explicit draws from a posterior predictive
distribution. As a result, uncertainty propagation is achieved
heuristically rather than through a formally specified proba-
bilistic model.

Simulation study design
Simulated data

For the simulation setup, four general factors are varied,
resulting in a total of 24 simulation designs. The varying fac-
tors are the number of clusters, data generation model, miss-
ing rate, and missing mechanism. We consider two numbers
of clusters: 25 and 50. These choices reflect typical applied
scenarios, with 25 clusters representing a small-sample set-
ting (<30 clusters) and 50 clusters approximating asymp-
totic conditions (Cameron & Miller, 2015). This distinction
matters practically, as inference methods perform differently
depending on whether the number of clusters is small or
large. This results in two cluster sizes of 40 and 20 for a bal-
anced design with a sample size of N = 1,000. This variation
in the number of clusters allows us to examine the effect of
cluster size on the performance of the imputation methods.
This fixed sample size limits the design to two combinations
(25 clusters X 40 units, 50 clusters X 20 units), rather than
a fully crossed design. This choice balances computational
feasibility with scenarios common in applied multilevel
research. The data generation models included a random
intercept model and a random intercept and slope model,
capturing varying degrees of multilevel complexity. Miss-
ingness rates were set to 10%, 30%, and 50% to cover a
range of practical scenarios, and missingness mechanisms
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were restricted to missing completely at random (MCAR)
and missing at random (MAR), following standard practices
(Little & Rubin, 2002). We evaluated each condition using
bias, standard deviation, type I error rates, and power.

Data generation

To assess the impact of these factors, we simulate data in a
controlled manner.

Specifically, we generate data by using the fungible
package in R (Waller, 2022). The monte function generates
clustered data with predefined characteristics. We generate
12 continuous predictor variables: six level 1 variables (X;;
to X;;¢) and six level 2 variables (L;; to Ly). The level 1
variables were drawn from a multivariate normal distribu-
tion, with correlations and intraclass correlation coefficients
(ICCs) specified by 5% ~ Uniform(0, 0.85) to reflect varying
clustering strength typical in social science research (Sni-
jders & Bosker, 2012). Level 2 variables were computed as
the cluster means of the corresponding variables generated
by fungible::monte. This process ensures that level 2 vari-
ables are correlated with level 1 variables, facilitating impu-
tation by capturing hierarchical relationships (van Buuren,
2011).

Finally, two data generation models are considered for
the outcome variable: random intercept and random inter-
cept and random slope (hereafter denoted as random slope
model). The data-generating process assumes a linear mul-
tilevel model, aligning with the assumptions of the linear
mixed model used for analysis and the MICE imputation
method (21.norm), which may favor MICE over other meth-
ods like missRanger or mixgb that do not explicitly assume
linearity (van Buuren, 2018). Based on the model, the output
variable is entered as follows.

e Random intercept model:
Y = By + B Xy + BoXipp + B3 X3 + ByXyjs + BsXijs + BeXij + B7Lin

+ BsLyp + BoLyz + BroLys + BriLys + BiaLye + 0g; + €55,

where 50j ~ N(0,10), €~ (0,1), and fixed coefficients are
=(0.3,0.5,1,1.50,0,0,0.5, 1, 1.5, 0, 0, 0).

¢ Random intercept and slope model:where &, 6,;, 6,; ~
N(O, 1), ¢; ~ N(0, 10), and the same fixed coefficients
apply.
Y, = By + B Xy + BoXip + B3 Xz + PaXya + BsXyjs + BeXyjo
+ BiLiji + BgLipp + BoLij3

+ BroLys + BiiLys + PiaLye + 6¢; + 60;X;1 + 62 Xp + €5,

In the case of the random slope model, 60j, o 7 62j, and €
are randomly generated. The six noise features Xij4’ Xis, Xiior

i ij
L4, Lys, and Ly are uncorrelated with the output variable

Y, They are included to enable evaluation of the type I
error and to assess the ability of the imputation methods to
distinguish between important and unimportant variables.
The variance of the error terms was set to 10 to achieve a
realistic marginal R>. We have a marginal R? of 0.484 for the
random intercept model and 0.442 for the random intercept
and random slope model. The fixed coefficients ($, = 0.5, §,
=1,p5;,=15,6,=05, B3 =1, By = L.5, others zero) were
chosen to reflect small to moderate effect sizes typical in
social science multilevel studies according to Maas and Hox
(2005). Our values, with standardized coefficients ranging
from approximately 0.10 to 0.33, provide a realistic testbed
for evaluating the ability of imputation methods to recover
subtle effects in hierarchical data, where clustering often
reduces effect magnitudes. The variance components for
random effects were set to 1 to standardize their contribu-
tions and simplify comparisons across conditions, though
this may not reflect the heterogeneity of real-world data
(Snijders & Bosker, 2012.

Missing values were introduced at both level 1 and level
2. After generating the data, missing values were introduced
in the level 2 predictors (Ll-j Peees Lij6) at rates under MCAR
and MAR mechanisms at the cluster level. These missing
values were imputed using five methods: MICE, missRanger
(with and without dummies) and mixgb (with and without
dummies). The imputed datasets were analyzed using the
linear mixed model with random intercepts, matching the
data-generating model. We evaluated the performance of
the imputation methods by computing the type I error rate
(the proportion of significant results for predictors with true
coefficients B, = f5 = B = 1o = B11 = P =0 at a = 0.05),
power, coefficient bias and standard deviation of the parame-
ter estimation. These metrics assess the impact of imputation
on the subsequent multilevel analysis, rather than directly
measuring the accuracy of imputed values. This choice was
made because practitioners are usually more interested in
inference multilevel analysis.

Missingness mechanism

Missingness in the generated data is induced at three lev-
els from moderately low to relatively high (10%, 30%, and
50%). This range of missingness levels reflects real-world
scenarios. Two missingness mechanisms (MAR, MCAR)
are considered. The introduction of missing data is based
on the selected missingness mechanism and the specified
missing rate. For MCAR, a simple function is implemented
in R that randomly sets each data point to NA with prob-
ability equal to the missingness level for each variable. For
MAR, missingness in level 1 variables (X[jl,..., XU6, Y,-j) was
implemented using a custom function based on Thurow,
Dumpert, Ramosaj, and Pauly (2021a, b). The algorithm
operates as follows: Starting with one variable, it generates
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missing values under MCAR with the overall missing rate.
The values of the selected variable were binned into 25
equal-width intervals based on the variable’s range, and
missingness in other level 1 variables (Xijz,..., XijG’ Yij) was
assigned with probabilities proportional to the frequency
of non-missing values in each interval, adjusted by random
weights drawn from S(0, 1). This ensures that missingness
depends on the observed values of the selected variable,
satisfying the MAR condition. For 50% missingness, the
miss rate of the reference column was set to 30% in order
to avoid intervals only containing missing values. The miss-
ingness of the level 2 variables was induced via MCAR in
both scenarios. The resulting simulation has 2 X 2 X 2 X 3
= 24 conditions. Each combination of the above factors is
replicated 1,000 times.

Treatment of missing data and choice
of hyperparameters

Missing data were imputed using three methods: MICE, mis-
sRanger, and mixgb. For MICE, a multilevel approach was
employed using the mice package (van Buuren & Groothuis-
Oudshoorn, 2011), applying 2l.norm for level 1 variables
(Xjj1>--» Xjjo» ¥;j) to model random intercepts by cluster. For
the level 2 variables (L,-jl,..., L[j6) we used 2lonly.pmm, i.e.,
predictive mean matching at the cluster level with other level
2 variables as predictors. This approach accounts for cluster-
ing but does not include random slopes. The exclusion of
random slopes was intentional, as it avoids further favoring
MICE, which was already advantaged by the simulation’s
linear mixed model design compared to the tree-based meth-
ods. After imputation, we fitted the analysis model to each
completed dataset and combined the results using Rubin’s
rules (Little & Rubin, 2002).

We went with the default choices of hyperparameters
if not stated elsewise (Deng, 2023; Mayer, 2021; van
Buuren & Groothuis-Oudshoorn, 2011). For mice, the
number of multiple imputations was thus set to m=5, and
the number of iterations was set to maxit=10. Moreover,
PMM was used with five donors. For the random forest
and the ranger package, there are more hyperparameters
that the user has to choose. We used fully grown trees cor-
responding to max.depth=NULL in the ranger function.
For mtry and sample.fraction we also stayed at the default
value, which was the rounded-down root of the number
of features and 0.632 times the sample size, respectively.
Since the random forest is computationally expensive,
we reduce the number of trees to speed up the simula-
tion and set num.trees=300 instead of the default value of
500, because the expected performance loss is negligible
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(Probst & Boulesteix, 2018). As a splitting rule for ranger,
we used the traditional variance minimization from the
CART (Classification and Regression Trees) algorithm
(Breiman, 2001; Breiman et al., 1984). An alternative con-
ditional inference-based splitting criterion was introduced
by Hothorn et al. (2006), which can reduce variable selec-
tion bias toward variables with many cut points (Strobl
et al., 2007). This bias is inherent in traditional CART-
based splitting rules and can also affect permutation
importance measures. Such bias could, in principle, also
affect downstream analyses. However, in our imputation
context, the primary objective is to obtain plausible val-
ues that enable valid subsequent inferential analysis rather
than estimation of variable importance. To our knowledge,
no adaptation of the conditional inference-based splitting
criterion for use in imputation currently exists. Moreover,
as the standard random forest as implemented in ranger
has great predictive performance (Grinsztajn et al., 2022),
we expect that these properties are beneficial for imputa-
tion as well. For the predictive mean matching step, the
number of candidates to sample from is set to 5. For the
mixgb imputation method, we also use mostly default
hyperparameter settings with two exceptions: The number
of multiple imputations is set to m = 5 for better compara-
bility with the other imputation approaches. For mixgb we
use the default of histogram-based splitting (Deng, 2023).
To balance computational efficiency with sufficient con-
vergence, we limit the number of iterations for the impu-
tation process to maxit = 5. These values reflect a com-
promise between computational cost and the stability of
imputations needed for robust estimates. Prior to the main
simulation, we conducted a tuning study to assess whether
hyperparameter optimization could meaningfully improve
the performance of mixgb. We performed a grid search
across key parameters (including num_boost_round, max_
depth, eta, and subsample) in a reduced simulation setting
with 100 replications, optimizing root mean square error
(RMSE). For each condition, we compared the statistical
power obtained with mixgb’s default parameters to the
power obtained with the best-performing (according to
RMSE) hyperparameter configuration identified through
a structured tuning grid search.

However, the results showed that optimized settings
improved power by at most 0.02 on average, and the mean
absolute change in power across all variables and scenarios
was approximately 0.01 (see Table 1 and Table 2 in the
Appendix). Given the negligible benefit relative to the sub-
stantial additional computational cost, we decided to use
the default hyperparameter settings for mixgb in the main
simulation study.
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Simulation study results

In this simulation study, various imputation methods were
evaluated and compared to address missing data in multi-
level designs. The primary objective was to assess the per-
formance of these methods with respect to subsequent infer-
ence across different settings. To this end, the methods were
evaluated using rejection rates and coefficient bias. Rejection
rates assess type I error control (in the case of a true null
hypothesis) and statistical power (in the case of a false null
hypothesis), while coefficient bias provides insight into the
precision and reliability of the estimated parameters. Com-
paring the standard deviation of the parameter estimation in
the imputed data with that in the complete data quantifies the
uncertainty of the estimation caused by imputation. Evaluat-
ing different settings helps to assess the overall robustness
of the imputation methods.

Since the overall conclusion from the results of the ran-
dom intercept model aligns with that of the random slope
model, we focus on discussing the former. The results for the
random slope model are provided in the supplement.

Rejection rates

The Monte Carlo standard error (MCSE) for power and type
I error rates was calculated following Morris et al. (2019) as

[p(1—p)
N

where p is the fraction of significant results and N = 1, 000 is
the number of replications, ranging from 0.0010 to 0.0158.

Type l error Figure 1 shows the average rejection rates of H,,
across replications for random intercept models, categorized
by the missingness mechanism. Here, H, states that the vari-
able (for level 1) or the cluster variable (for level 2) has no effect
on the dependent variable. Only coefficients that are truly zero
are included in the figure, thus reflecting the estimated type I
errors. As seen in the subfigures of Fig. 1, missranger without
predictive mean matching (displayed in the figures as ranger)
exceeds the significance level (with and without dummies) for
every coefficient across all combinations of missingness mecha-
nism, missing rate, and cluster size. In some cases, the rejection
rates are larger than 10%, despite the significance level being set
to 5%, highlighting the importance of PMM. Consequently, we
exclude random forests without PMM from the subsequent power
analysis. For a cluster size of 25 and 50% missingness, the type I
error with missranger and predictive mean matching (displayed
as ranger?) is larger than desired for level 2 features, though the
test maintains the significance level when using dummies. This

suggests that dummies can be crucial. However, for a cluster size
of 50 and 50% missingness, all random forest approaches result
in estimated type I errors exceeding 0.05 for the level 2 features.
This holds for both MCAR and MAR. Notably, for the level 1
variables without an effect, the null hypothesis (H,)) was rejected
in almost none of the cases for MICE and missranger with PMM,
i.e., the type I error rate is close to zero, indicating that these
methods are overly conservative.

As shown in Fig. 1, among the different imputation meth-
ods evaluated, only MICE, ranger.dummies with PMM,
and mixgb (both with and without dummies) consistently
achieved a type I error rate below 5%, while MICE was the
only method that was always below 5%.

Power Figure 2 displays the rejection rates for the nonzero
coefficients, i.e., the estimated power. While the plots for
MAR and MCAR are very similar, the missingness rate
clearly plays an important role: For 10% missingness, the
level 1 effects are almost always detected with only minor
differences between the imputation methods. However,
for the level 2 variables, MICE outperformed the other
methods, with a power more than 0.3 higher than the oth-
ers for a cluster size of 25. For 30% missingness, MICE
remains the benchmark for detecting effects on level 2, but
for the level 1 variables, differences between the imputa-
tion methods start to occur: The power function at 0.5 for
mixgb and mixgb with dummies is better than the power
of MICE, where the variants with dummies seem to have
a slight advantage. This holds independently of the cluster
size.

This remains consistent across all cluster sizes. The
variants of missranger performed worse than MICE and
the mixgb methods. At 50% missingness, the advantage of
mixgb with dummies for level 1 variables becomes more
pronounced. For each cluster size and missingness mecha-
nism, mixgb with dummies sets the benchmark. Particularly
for MCAR, mixgb with dummies significantly outperforms
MICE. For level 2 variables, mixgb with dummies performs
similarly to MICE at a cluster size of 25, whereas at a cluster
size of 50, MICE has a slight advantage. This pattern is con-
sistent for both missingness mechanisms. Therefore, at 50%
missingness, mixgb with dummies emerges as the preferred
method, even though MICE benefits from knowing the linear
structure of the model equation.

Coefficient bias

For the bias of zero coefficients, the MCSE was estimated

as 32 using the standard deviation (SD) from simulation
N

@ Springer



166 Page 10 of 20

Behavior Research Methods (2026) 58:166

data, with values between 0.0044 and 0.0601. The MCSE
for the relative bias of nonzero coefficients was computed
similarly, ranging from 0.0407 to 0.2353, where all MSCE
errors of more than 0.2 occurred, when missingness was
50%. Figures 3 shows the coefficient bias for each method
under random intercept models with MAR. For the true
zero coefficients at both level 1 and level 2, we observe
that the bias values are consistently close to zero. Even
with increasing missingness or decreasing cluster size, no
significant deviations from zero are found. A more inter-
esting observation is the relative bias (adjusted for effect
size) for the nonzero coefficients. The relative bias is used
to normalizes the bias by the true parameter value, making
it easier to interpret and compare across different coeffi-
cient sizes. It appears that all imputation methods induce
negative bias. These findings regarding relative bias align
closely with the rejection rates observed earlier. mixgb,
both with and without dummies, exhibits relatively high
relative bias for the level 2 variables. In contrast, MICE
produces the lowest bias among the tested imputation
methods for level 2 variables, regardless of the missing-
ness rate. On the other hand, for level 1 variables, MICE
shows larger bias than the boosting methods, and this dif-
ference increases with increasing missing rate. The ran-
dom forest methods also show relatively large bias for both
level 1 and level 2 variables.

Standard deviation

For the standard deviation of nonzero coefficients, the
MCSE was determined as SD/\/ZN (Morris et al., 2019),
based on the standard deviation, ranging from 0.0023 to
0.22236 (the larger values only occurred occasionally for
50% missingness). Figure 4 shows the ratio of the standard
deviation of parameter estimates from the imputed data to
the standard deviation of parameter estimates from the com-
plete dataset. The imputation increases the standard devia-
tion for (almost) every combination of parameter, cluster
size, missing mechanism, miss rate, and imputation method.

For the level 1 features, the increase in the standard deviation
seems rather small at a 10% miss rate. At a miss rate of 30%,
the imputation with mixgb (with or without boosting) doubles
the standard deviation of the parameter estimation. In this case,
MICE performs best at preserving the variance of the complete
dataset. The difference becomes even more drastic at a 50% miss
rate: the standard deviation for MICE stays robust for the true-zero
features, while the other imputation methods multiply the stand-
ard deviation of parameter estimation. For the nonzero features,
MICE remains best at preserving the standard deviation, but the
difference relative to the other methods is smaller. At a 50% miss
rate, MICE’s standard deviation is not as robust for the nonzero
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features as for the true-zero features, but is still better than the tree-
based alternatives. Thus, the power advantage of mixgb for level 1
features at the larger miss rates comes from a smaller bias (Fig. 3).

For the level 2 features, the inflation of standard deviation
is much higher than for the level 1 features, especially for
larger miss rates. For a cluster size of 25 and 50% missing-
ness, the standard deviation on the MICE imputed data is
more than 10 times that on the full dataset. This also explains
why mixgb has more power on level 2 (Fig. 1) despite hav-
ing larger negative bias (Fig. 3). In this scenario, ranger is
the best at preserving the original standard deviation. The
standard deviation of MICE remains worse than the other
imputation methods for the cluster size of 50. At a miss rate
of 10%, MICE preservation is superior.

In addition to rejection rates and empirical standard devia-
tions, we evaluated the calibration of model-based standard
errors by examining the ratio of the average reported standard
errors to the empirical standard deviation of the parameter esti-
mates across replications (Morris et al., 2019). Ratios close to 1
indicate well-calibrated uncertainty estimates, whereas devia-
tions reflect under- or overestimation of uncertainty. Figure 5
shows that boost and boost.dummies yield ratios close to 1 in
the random intercept model. Results for the random intercept
and random slope model are similar and are shown in Fig. A5
in the Appendix. For mice, model-based standard errors tend
to be larger than the empirical standard deviations for level 1
parameters, particularly for higher missing rates and J = 50.
In contrast, the variants of ranger (with and without dummy
variables) show substantial deviations from 1, indicating both
under- and overestimation of standard errors across simulation
conditions also depending on the use of PMM.

Discussion

This paper critically evaluates the performance of novel
tree-based imputation methods for handling missing data
in hierarchical data structures, focusing on random forest
(missranger)- and XGBoost (mixgb)-based approaches with
and without dummy modeling.

Through a comprehensive simulation study, we con-
trast these novel techniques with the state-of-the art MICE
approach, focusing in particular on bias and inference. The
evaluation considers level 1 and level 2 variables across two
different data generation processes (random intercept and
random slope models), three missingness rates (10%, 30%,
and 50%), and two missingness mechanisms (MCAR and
MAR). Our results indicate that MICE is characterized by
consistent accuracy in rejection rates when using the 21.norm
method for level 1 variables and 2lonly.pmm for level 2
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variables. This consistency underscores MICE’s robustness
to hierarchical data and closely approximates true rejection
rates (i.e., type I error and power). Our results are consistent
with the findings in Grund et al. (2018a), demonstrating the
practical usefulness of MICE when dealing with missingness
in multilevel structures, especially in the case of missingness
at level 2. Similar to Enders et al. (2016), we also found that
MICE was superior not only for random slope but for ran-
dom intercept models, provided that the imputation model
was specified according to the data generation process and
the missing rate was low (10%).

For level 1 coefficients, boosting (mixgb) with dummies
consistently outperforms other methods, including MICE,
across all missingness mechanisms when the missingness
rate is 30% or 50%. At 30% missingness, however, MICE
has more power for level 2 variables, making the choice of
imputation method dependent on the practitioner’s priorities
and the relative importance of level 1 versus level 2 variables
in the specific application. At 50%, mixgb (with and without
dummies) proved to be the preferable alternative in com-
parison to MICE regardless of missing mechanism or cluster
size. The analysis of (relative) coefficient bias corroborates
the findings from the rejection rates, revealing larger relative
bias for MICE in level 1 variables and greater relative bias
for the boosting methods in level 2 variables. The missranger
methods, on the other hand, fell slightly behind the boost-
ing methods and MICE for almost all settings and cannot
be recommended as an imputation method in our multilevel
settings. In particular, missranger without PMM showed sub-
stantially increased type I errors.

While the rejection rate differences between imputa-
tion methods vary slightly across the random intercept and
random slope models, the overall trends remain consistent
regardless of the data-generating process. The results do not
necessarily indicate that tree-based methods with dummies
(also including dummies for the level 2 cluster) outperform
their standard counterpart without dummies. For example,
under MCAR and MAR, standard mixgb showed slightly
higher power than mixgb with dummies for level 2 coeffi-
cients when the missingness rate was 50% in both random
intercept and random slope. Meanwhile, adjusted mixgb
sometimes exhibited higher power for level 1 coefficients.
In some situations (e.g., 50% missingness and cluster size
25), the introduction of dummies helped to decrease the
type I error to the desired level. But for most scenarios the
introduction of dummies did not alter the results much.

Limitations, strengths, and outlook
Our simulation study provides valuable insights into impu-

tation methods for hierarchical data, but its generalizabil-
ity is limited by the design of the data-generating process

@ Springer

(DGP). The DGP assumes a linear multilevel model, align-
ing closely with the assumptions of the linear mixed model
used for analysis and the MICE imputation method (21.
norm) (van Buuren, 2018). This alignment likely favors
MICE, particularly at low missingness rates (10%), as
2l.norm explicitly models linear and hierarchical relation-
ships, unlike missRanger or mixgb, which are more flex-
ible but do not assume linearity. Consequently, our results
may not generalize to settings with nonlinear relationships
(e.g., jumps or polynomial terms) or higher-order interac-
tion effects, where tree-based methods could leverage their
ability to capture complex patterns. The use of a low num-
ber of variables in our simulation further limits generaliz-
ability to complex, variable-rich datasets typical in real-
world social science applications. The fact that mixgb was
still able to outperform MICE for increasing missing rates
underlines the potential of tree-based imputation methods
for multilevel data.

Future research investigating the impact of nonlinear
variable effects and a larger number of variables on both
rejection rate and bias could provide a more complete under-
standing of the methods’ performance in more complex data
settings. In particular, simulating data beyond a linear mixed
model (e.g., with jumps or non-monotonic effects) could
be insightful, such as using a semi- or nonparametric data-
generating model that remains plausible enough for a linear
mixed model analysis. In addition, the tree-based methods
missRanger and mixgb rely on traditional splitting algo-
rithms (variance minimization and histogram-based, respec-
tively), which may introduce bias in variable selection for
certain tasks. Alternative approaches, such as conditional
inference trees (Hothorn et al., 2006), could reduce such
biases but are not yet adapted for imputation, presenting a
promising direction for future research.

For empirical researchers, the alignment between DGP,
imputation method, and analysis model is critical for impu-
tation quality. When the underlying DGP is likely linear
and hierarchical, as is common in the social sciences (e.g.,
education, psychology) (Maas & Hox, 2005), MICE with
2]l.norm or 2lonly.pmm is recommended due to its robust-
ness and ability to preserve multilevel structures. For larger
missing rates, mixgb can be a viable alternative. For other
DGPs, further research is needed.

In addition, the multilevel structures considered in this
study are limited. Although random intercepts and random
slopes are included, more complex multilevel features such
as contextual effects of level 1 predictors, cross-level interac-
tions, or alternative centering strategies are not part of the
DGP. Addressing these more complex multilevel structures
would require substantially different simulation designs and
is therefore left for future research. A further limitation of
the present simulation study concerns the assessment of
inferential uncertainty. While we evaluated rejection rates,
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empirical standard deviations, and the calibration of model-
based standard errors, we did not directly assess confidence
interval coverage.

The strength of the current study, however, lies in its
novelty. We introduce and evaluate the combination of the
latest tree-based imputation methods and a simple multi-
level adjustment via dummy variables against established
techniques such as MICE. This approach provides new
insights into the evolving landscape of data imputation
methods, especially in the context of hierarchical data
structures.

Another interesting area to explore would be to improve
the performance of tree-based methods. This could involve
experimenting with multivariate tree-based methods
(Schmid et al., 2023; Sega & Xiao, 2011). Tree-based
methods with random effects have been developed (Ber-
gonzoli et al., 2024; Buczak, 2024; Fokkema et al., 2020;
Fokkema et al., 2018; Hajjem et al., 2014, 2017; Sela &
Simonoff, 2012), but still have to be adapted to missing
data. Another possible approach could be to first average
all data at level 2 and impute missing data at this aggregate
level, and then merge only the level 2 variables with the
individual level dataset. A further idea for future research
is a comparison of (potentially improved) tree-based meth-
ods with model-based approaches of (Enders, 2023; End-
ers et al., 2020; Grund et al., 2021) or the evaluation of
different regression models like an all-noise model or a
model with more coefficients. Future research should also
explore imputation methods for systematically missing
level 1 features, which were not included in our simula-
tion, focusing on MCAR and MAR mechanisms, to address
more complex missing data scenarios (Jolani et al., 2015;
Resche-Rigon & White, 2018).

In conclusion, our study underscores the continued effec-
tiveness of MICE in dealing with hierarchical data, particu-
larly in terms of rejection rates. However, the emerging tree-
based methods, especially mixgb, show potential for larger
missing rates, suggesting their usefulness as alternatives in
certain contexts. This dual finding opens new avenues for
future research and practical applications in data imputation,
highlighting the dynamic nature of the field.

Appendix

Table 1 Average power for default and tuned mixgb (model: random
intercept) by missing rate

Mecha- Miss rate Variable Mean Mean Difference
nism default tuned

MAR 0.10 L21 0.33 0.33 0.00
MAR 0.10 122 0.59 0.59 —0.00
MAR 0.10 123 0.79 0.79 0.00
MAR 0.10 X, 0.52 0.52 0.00
MAR 0.10 X, 0.97 0.97 0.00
MAR 0.10 X, 1.00 1.00 0.00
MAR 0.30 121 0.32 0.33 0.00
MAR 0.30 L22 0.60 0.60 —0.00
MAR 0.30 123 0.78 0.79 0.02
MAR 0.30 X, 0.52 0.52 —0.00
MAR 0.30 X, 0.96 0.96 —0.00
MAR 0.30 X5 1.00 1.00 0.00
MAR 0.50 121 0.32 0.33 0.00
MAR 0.50 122 0.61 0.61 —0.01
MAR 0.50 123 0.78 0.79 0.01
MAR 0.50 X, 0.50 0.52 0.01
MAR 0.50 X, 0.95 0.96 0.01
MAR 0.50 X5 1.00 1.00 0.00
MCAR 0.10 121 0.30 0.30 0.00
MCAR 0.10 122 0.56 0.56 —0.00
MCAR 0.10 L23 0.79 0.79 —0.00
MCAR 0.10 X, 0.48 0.49 0.01
MCAR 0.10 X, 0.96 0.96 0.00
MCAR 0.10 X3 1.00 1.00 0.00
MCAR 0.30 L21] 0.27 0.28 0.01
MCAR 0.30 L22 0.56 0.55 —0.01
MCAR 0.30 L23 0.78 0.79 0.01
MCAR 0.30 X, 0.43 0.46 0.03
MCAR 0.30 X, 0.91 0.94 0.03
MCAR 0.30 X; 0.99 1.00 0.00
MCAR 0.50 121 0.30 0.32 0.01
MCAR 0.50 122 0.52 0.51 —0.01
MCAR 0.50 123 0.74 0.75 0.01
MCAR 0.50 X, 0.46 0.49 0.03
MCAR 0.50 X5 0.81 0.83 0.02
MCAR 0.50 X, 0.98 0.99 0.01
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Table2 Average power for default and tuned mixgb (model: random
intercept and random slope) by missing rate

Mecha- Miss rate  Variable Mean Mean Difference
nism default tuned

MAR 0.10 121 0.25 0.26 0.00
MAR 0.10 122 0.51 0.52 0.00
MAR 0.10 L23 0.73 0.74 0.00
MAR 0.10 X, 0.49 0.49 —0.00
MAR 0.10 X, 0.92 0.92 0.01
MAR 0.10 X 1.00 1.00 0.00
MAR 0.30 L21 0.26 0.24 —-0.02
MAR 0.30 L22 0.52 0.52 0.01
MAR 0.30 L23 0.75 0.75 0.00
MAR 0.30 X, 0.49 0.50 0.01
MAR 0.30 X, 0.91 0.91 0.00
MAR 0.30 X3 0.99 0.99 0.00
MAR 0.50 121 0.28 0.29 0.01
MAR 0.50 122 0.52 0.52 0.00
MAR 0.50 123 0.76 0.76 0.00
MAR 0.50 X, 0.48 0.49 0.01
MAR 0.50 X, 0.88 0.90 0.01
MAR 0.50 X5 0.99 0.99 0.00
MCAR 0.10 121 0.23 0.23 0.00
MCAR 0.10 122 0.56 0.55 -0.01
MCAR 0.10 123 0.72 0.73 0.01
MCAR 0.10 X, 0.42 0.44 0.01
MCAR 0.10 X, 0.92 0.93 0.00
MCAR 0.10 X5 0.99 0.99 0.00
MCAR 0.30 121 0.25 0.23 -0.01
MCAR 0.30 122 0.56 0.56 —0.00
MCAR 0.30 123 0.69 0.68 -0.01
MCAR 0.30 X, 0.41 0.47 0.06
MCAR 0.30 X, 0.84 0.88 0.04
MCAR 0.30 X5 0.99 0.99 0.00
MCAR 0.50 121 0.24 0.24 —0.00
MCAR 0.50 122 0.49 0.50 0.01
MCAR 0.50 123 0.70 0.69 -0.01
MCAR 0.50 X, 0.42 0.43 0.01
MCAR 0.50 X, 0.75 0.80 0.05
MCAR 0.50 X; 0.97 0.98 0.01
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