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ARTICLE INFO ABSTRACT

JEL classification: Mack’s distribution-free chain ladder reserving model belongs to the most popular approaches in non-life
C13 insurance mathematics. Proposed to determine the first two moments of the reserve, it does not allow to identify
C18 the whole distribution of the reserve. For this purpose, Mack’s model is usually equipped with a tailor-made
g;?; bootstrap procedure. Although widely used in practice to estimate the reserve risk, no theoretical bootstrap

consistency results exist that justify this approach.

Keywords: To fill this gap in the literature, we adopt the framework proposed by Steinmetz and Jentsch (2022) to derive
Bootstrap consistency asymptotic theory in Mack’s model. By splitting the reserve into two parts corresponding to process and
Loss reserving estimation uncertainty, this enables - for the first time - a rigorous investigation also of the validity of the Mack
Mack’s model bootstrap. We prove that the (conditional) distribution of the asymptotically dominating process uncertainty part
Mack bootstrap is correctly mimicked by Mack’s bootstrap if the parametric family of distributions of the individual development
Predictive inference factors is correctly specified. Otherwise, this is not the case. In contrast, the (conditional) distribution of the

estimation uncertainty part is generally not correctly captured by Mack’s bootstrap. To tackle this, we propose an
alternative Mack-type bootstrap, which is designed to capture also the distribution of the estimation uncertainty
part.

We illustrate our findings by simulations and show that the newly proposed alternative Mack bootstrap performs
superior to the Mack bootstrap.

1. Introduction

In a non-life insurance business an insurer needs to build up a reserve to be able to meet future obligations arising from incurred claims. The
actual sizes of the claims are unknown at the time the reserves have to be built, since the claims are incurred, but either not been reported yet
or they have been reported, but not settled yet. This process of forecasting of outstanding claims is called reserving. An accurate estimation of the
outstanding claims is crucial for pricing future policies and for the assessment of the solvency of the insurer. A popular and widely used technique
in practice to forecast future claims is the Chain Ladder Model (CLM), which provides an algorithm to predict future claims. In this respect, the most
popular model is the recursive model proposed by Mack (1993), which extends the CLM by allowing also the calculation of the standard deviation
of the reserve.

Alternatively, frameworks based on general linear models (GLMs) considered e.g. in Renshaw and Verrall (1998) make use of over-dispersed
Poisson and Log-normal distributions for modeling mean and variance of the reserve. However, such parametric assumptions are often restrictive
and the knowledge of the first two moments of the reserve is not satisfactory for actuaries to draw sufficient conclusions about the reserve risk
and the solvency of the insurance company. The reserve risk is defined as the risk that the economic-valued reserve does not suffice to pay for all
outstanding claims, which inevitably requires the knowledge distribution or at least of high quantiles of the reserve. For this purpose, England and
Verrall (2006) proposed the Mack bootstrap which equips Mack’s model with a tailor-made bootstrap procedure. Alternative bootstrap procedures
for GLM-based setups have been addressed also in England and Verrall (1999; 2006), England (2002) and Pinheiro et al. (2003). Without providing
any consistency results, Bjorkwall et al. (2009) review these bootstrap techniques and suggest alternative non-parametric and parametric bootstrap
procedures. Similarly, Bjérkwall et al. (2010) suggest bootstrap techniques for the separation method, that takes calendar year effects into account.
In recent years, bootstrap-based approaches have been favored by many actuaries, because such methods usually produce plausible distributions in
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Table 1

Observed upper loss triangle D; (upper-left triangle; white and orange) with accident
years (vertical axis), development years (horizontal axis), diagonal Q; (orange), and
unobserved lower loss triangle D} (lower-right triangle; green). (For interpretation of
the references to color please refer to the web version of this article.)
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practice. However, as demonstrated by Gibson et al. (2007) and Bruce et al. (2008), Mack’s model and GLM-type models in combination with the
bootstrap do not produce satisfactory results in certain situations. In this regard, refined approaches have been proposed to improve the finite sample
performance. For example, Verdonck and Debruyne (2011) investigate the influence of outliers for the parameter estimation in the GLM framework
and calculate its leverage on the CLM. Hartl (2010) propose to use deviance residuals instead of Pearson residuals for the GLM framework. Tee
et al. (2017) provide an extensive case study for bootstrapping the GLM using a (over-dispersed) Poisson model, the Gamma model and the Log-
normal model in combination with different residual types. Peremans et al. (2017) propose a robust bootstrap procedure in a GLM setting based on
M-estimators using influence functions. Peters et al. (2010) compare the Mack bootstrap with a Bayesian bootstrap.

Nevertheless, already for the original Mack bootstrap method, the existing literature lacks a deeper and mathematically rigorous understanding.
For this purpose, it is desirable to provide a suitable theoretical framework to be able to justify the application of the Mack bootstrap. Only recently,
Steinmetz and Jentsch (2022) proposed a suitable theoretical (stochastic and asymptotic) framework, which allows the derivation of conditional and
unconditional asymptotic theory for the reserve in Mack’s model. They split the reserve (centered around its best estimate) into two parts, that carry
the process uncertainty and the estimation uncertainty, respectively. This allows to derive unconditional limiting distributions for both parts of the
reserve, and when conditioning on the latest observed cumulative claims. As risk reserving is generally a prediction task, these conditional limiting
distributions serve well as benchmarks for the corresponding Mack bootstrap distributions, when addressing the question of bootstrap consistency.
While the conditional limiting distribution of the estimation uncertainty part turns out to be Gaussian under mild regularity conditions and when
properly inflated, the conditional limiting distribution of the process uncertainty part will be generally non-Gaussian. Considering both parts jointly,
the process uncertainty part dominates asymptotically, which leads to a non-Gaussian limiting distribution of the reserve in total.

In this paper, we adopt the theoretical framework introduced in Steinmetz and Jentsch (2022) to investigate the long-standing question of Mack
bootstrap consistency. Our contributions are twofold. First, we derive bootstrap asymptotic theory for both parts of the (centered) Mack bootstrap
reserve corresponding to process uncertainty and estimation uncertainty, respectively. We prove that the (conditional) bootstrap distribution of the
asymptotically dominating process uncertainty part is correctly mimicked if the parametric family of distributions of the Mack bootstrap individual
development factors is correctly specified. Otherwise, this will be generally not the case. In contrast, the (conditional) distribution of the estimation
uncertainty part is generally not correctly captured. Second, inspired from our asymptotic findings, we propose an alternative Mack-type bootstrap,
which is designed to capture also the distribution of the estimation uncertainty part.

The paper is organized as follows. Section 2 introduces the required notation and assumptions for the CLM, discusses parameter estimation in
Mack’s model, and provides the asymptotic and stochastic framework of Steinmetz and Jentsch (2022). In Section 3, we discuss the Mack bootstrap
approach as proposed by England and Verrall (2006). In Section 4, we summarize the (conditional) asymptotic results from Steinmetz and Jentsch
(2022) for the process uncertainty and estimation uncertainty terms in Section 4.1, which will serve as benchmarks for the Mack bootstrap results.
Then, in Section 4.2, we derive bootstrap asymptotic theory for both parts of the (centered) Mack bootstrap reserve corresponding to process
uncertainty and estimation uncertainty, respectively. Based on these results, we propose an alternative Mack-type bootstrap in Section 5 and derive
its asymptotic properties in Section 6. We illustrate our findings in simulations in Section 7 and show that the newly proposed alternative Mack-
type bootstrap performs superior to the original Mack bootstrap in finite samples. Section 8 concludes. All proofs, auxiliary results and additional
simulations are deferred to the appendix.

2. The chain ladder model

Reserves are the major part of the balance sheet for non-life insurance companies such that their accurate prediction is crucial. For this purpose,
insurers summarize all observed claims of a business line in a loss triangle (upper-left triangle in Table 1). Its entries, the cumulative amount of
claims C; j» are sorted by their years of accident i (vertical axis) and their years of occurrence j (horizontal axis), where i,j =0, ..., withi+j <I.
Hence, the (observed) loss triangle contains all cumulative claims C; ; that have already been observed up to calendar year /. It constitutes the
available data basis and is denoted by

Dy ={Cyli.j=0,....1, 0<i+j<I}. 2.1

The total aggregated amount of claims of the same calendar year k with k=0, ..., I are lying on the same diagonal (from lower-left to upper-right
corner) of the loss triangle. We denote these diagonals by Q; = {C,_;;|i =0, ..., k}. In this setup, I is the current calendar year corresponding to the
most recent accident year and development period such that the diagonal Q; (orange diagonal in Table 1) summarizes the latest cumulative claim
amounts collected in year /.
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Table 2
Two asymptotic frameworks of growing loss triangles based on adding diagonals (upper panel) and by adding rows (lower panel). Both approaches
lead to loss triangles that are equal in distributions (adapted from Steinmetz and Jentsch (2022)).
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For the theoretical analysis of the prediction of the outstanding (unobserved) claims, it is useful to augment the (observed) upper loss triangle
D, by an unobserved lower triangle

DS ={Cy,li,j=0,....1, i+j>1}

that contains all future claims that have not been observed (yet) up to time I (green triangle in Table 1). The resulting cumulative claim matrix is
is computed by taking the’aqifference of the ultimate claim C; ; (last column), which is not observed (for i > 0) at time I, minus the latest observed
claim C; ;_; (on the diagonal) at time I. Precisely, we define the reserve for accident year i by R; ; =C; ; — C; ;_; for i =0,..., I and the aggregated
total amount of the reserve R; by

1
R=Y R, 2.2)
i=0

noting that R, ; = Cy ; — Cy ; = 0 by construction. Hence, for each accident year i and being in calendar year I, to get an estimate of R; ;, we have to
predict the unobserved ultimate claim C; ;. Starting from C; ;_;, this is done by predicting sequentially all future, yet (at time I') unobserved claims
(G, j |j=I-i+1,...,1}. By doing this foralli=0,..., I, the whole unobserved lower loss triangle Dj has to be predicted, and by summing-up all
predictions for R; ;, we get a prediction also for R;.

However, to make the CLM setup above accessible for the derivation of asymptotic theory for predictive inference, Steinmetz and Jentsch (2022)
introduced a suitable stochastic and asymptotic framework for Mack’s model, which is adopted here as well and will be described in the following.

2.1. Asymptotic framework for reserve prediction

With the loss triangle D; at hand, an asymptotic analysis conditional on the diagonal Q;, which contains the most up-to-date information in the
loss triangle, is of much interest for insurers. However, for this purpose, we will not rely on a seemingly “natural” asymptotic frameworkbased on
I — oo, where increasing I means adding new diagonals Q. , = {C;_;;[i=0,...,I + h}, h > 1 to the loss triangle D; (see Table 2, upper panel).
Instead, as common in predictive inference (see e.g. Paparoditis and Shang (2021)), we employ a different asymptotic framework throughout
this paper. That is, we keep the latest cumulative claims in D;, that is, Q;, fixed and let D; grow by adding new rows of cumulative claims
{C_p;ili=0,....,1 +h}, h>1 (see Table 2, lower panel). Nevertheless, both versions of differently growing loss triangles displayed in Table 2 are
equal in distribution. In what follows, all asymptotic results are derived under the framework that a sequence of (upper) loss triangles

D;,={Cli==n,....1, j=0,....1+n, —n<i+j<I}, neNy={0,1,2,...}, (2.3)

is observed, where
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Q. ={Ci_i;li=0,....T+n}, neN,, (2.4)

denote the corresponding diagonals. Note that D; , =D;, Q;,=Q; and that D, , (and Q, ,) is obtained by sequentially adding n rows of lengths
I+2,1+3,...,1+n+1, respectively, on top to D; (see Table 2, lower panel). As before, for all n € N, we augment the (observed) upper loss
triangle D , by an unobserved lower triangle DL,'," ={C; j li==-n,....,1, j=0,...,I +n, i+j> I} that contains all future claims that have not been
observed (yet) up to time /. Further, according to (2.2), the aggregated total amount of the reserve is denoted by

I
Ri,n = 2 Ri,f—+—n7 ne NO7 (25)
i=—n
where R; 14, =C,; 11, —Cij_yn€Nyand R_,, 1y, =C_, 1, — C_, 14, = 0 by construction.

While we keep I and » fixed in the expositions of the remainder of this section and of Section 3, we let n — oo to derive the limiting distribution
of the reserve in Section 4.

2.2. Mack’s distribution-free chain ladder reserving

By adopting the notion of the asymptotic framework described in Section 2.1, the conditions of Mack’s Model originally proposed in Mack (1993)
can be summarized as follows.

Assumption 2.1 (Mack’s Model). For any n € N, let C n=(C; pi=—n I, j=0,...,I+ n) denote random variables on some probability space
(Q, A, P) and suppose the following holds:
(i) There exist so-called development factors fy,..., f;,,_; such that
E(CijlCi))=f;Cj i=-n,....1, j=0,....0+n—1 (2.6)
(ii) There exist variance parameters 0'02, . af nel such that
Var(C i |Ci)=03Crys i==n,. D, j=0,....l+n—1 2.7)

(iii) The cumulative claims are stochastically independent over the accident years i = —n, ..., I, that is, the cumulative claim matrix C; , consists of
independent rows C;, = (C,, ..., C; y,), i =—n,..., I.

For any n € N, based on the available data D, ,, all development factors f; and variance parameters aj? for j=0,...,1 +n—1 are unknown

and have to be estimated from D, ,. The development factors fy, ..., f;,,_; can be (consistently) estimated by ﬁ)q,,, ey f, +n—1,> Where

I-j-1
Z Cijtl

~ I=—n .

Fia= . =0T n- L. @8
Z Clj

According to Mack (1993), these estimators are unbiased, i.e. E( j?;’n) =f and pairwise uncorrelated, i.e. Cou( j/‘;’n, ﬁ(’n) =0 for all j # k. By
plugging-in the fm ’s, the best estimate of the ultimate claim 61, I+» (point predictor) of the ultimate claim C; ;,, is calculated by

I+n—1

N
Ciren=Cig—i II finw i==n 1
j=I-i

Consequently, given C; ;_;, the best estimate Iii’ r+n Of the reserve R; ;. is given by

I+n—1
Ririn=Cirpn=Cir-i=Cipy < II 7n- 1>, i=-n,...1I (2.9)
j=i-i

and the best estimate R 1.n Of the total reserve R; , defined in (2.5) computes to

1
R\I,n = Z ﬁi,]-%—n (2.10)

i=—n

11:;;1, fj,n := 1. Furthermore, Mack (1993) proposed to estimate the variance parameters 2, ... ,afﬂ_ . by

noting that R_, ;,, =0 due to [ 0

1 & Cij+1 :
~2 LJ ~ .
O'j,n—m Z Ci,j( C.. - j,n) N ‘]—0,‘..,1+n—2, (211)

i=—n L]

=0.

+n—1n
Of particular interest is in the distribution of the difference of the stochastic (unobserved) reserve Ry, and its best estimate R;, (based on the
observed data Dy ,), which is denoted as the predictive root of the reserve in the following. That is, by combining (2.5) and (2.10), it computes to

which are unbiased estimators, i.e. E (E%n) = of, and by setting 8%
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1 1
Rl,n - RI,n = Z (Ri,1+n - Ri,]+n> = Z (Ci,1+n - i,1+n> . (2'12)
i=—n i=—n
While a common approach to approximate an unknown (finite sample) distributions is the derivation of asymptotic theory, Mack’s conditions
summarized in Assumption 2.1 are not (yet) sufficient to establish limiting distributions for the predictive root of the reserve R; , — Ry ,.

2.3. A fully-described stochastic framework of Mack’s model

Followmg Stemmetz and Jentsch (2022, Section 2.2), to establish a theoretical framework sufficient to derive asymptotic theory for parameter
estimators inand & 6?2 , which finally also enables the derivation of the limiting distributions of the predictive root of the reserve Ry, -R 1o
we introduce Assumptlons 2.2, 2.3, and 2.5 on the stochastic mechanism that generates the cumulative claim matrix C; ,, and Assumption 2.4 on
the sequences of development factors and of variance parameters. They resemble the Assumptions 2.2, 2.3 and 3.3 as well as Assumption 4.1 in
Steinmetz and Jentsch (2022), respectively. This framework will also allow to rigorously investigate consistency properties of the Mack bootstrap in
Section 4.

The first assumption addresses the initial claims, i.e. the first column of C I'n (and of D In)

Assumption 2.2 (Initial claims). Let the initial claims (Cr_po-n € Np) be independent and identically distributed (i.i.d.) random variables with
support [1, 00), i.e. C; > 1 for all i. Further, let y, := E(C; ) €[1, ) and 'rg :=Var(C;p) € (0,0).

The independence of the initial claims is a direct consequence of Assumption 2.1 (iii). In addition, Assumption 2.2 imposes an identical distribu-
tion for the initial claims. The latter assumptions could be relaxed such that all (C;_, y,n € N,)) belong to the same parametric family of distributions,
but with possibly different parameters. In this case, additionally, we have to guarantee that both ﬁ Z{:_n E(C;p) and H e, Zi[:_n Var(C;p)
converge as n — oo. However, depending on the resampling scheme to be used in the upcoming Sections 3, 4 and 5, this relaxation may have to
be taken into account for valid inference. In practice, the condition on the support [1, c0) of C;, is not restrictive and can be relaxed to C; being
bounded away from zero. While independence of the initial claims (C;_,,n € Ny), that is, of the first column of the cumulative claim matrix Cy, is
usually a very plausible assumption in practice, allowing for dependency will also result in dependency in all other columns of C; as well. Hence,
all the theory developed in this paper would require different techniques of proof by relying on CLTs for dependent data, which would also alter the
obtained (limiting) distributions.

In view of E(C; ;,|C; ;) in (2.6), suppose that the cumulative claims C; ;,, are recursively defined by

J
Cjr1=Ci Fy=Co [ Fpr i==nod, j=0,....T4+n-1, (2.13)
k=0

where the individual development factors F; ; are assumed to fulfill the following condition.

Assumption 2.3 (Conditional distribution of the individual development factors). Let the individual development factors (F;_; ;,i €Ny, j € Ng) be

random variables with support (e, co) for some ¢ > 0 such that F; ; and F, are independent given (C; ;, Cy ) for all (i, j) # (k,I) with

o2
E(F,;IC,)=/f; and Var(F,|C;))= C—’ (2.14)
Note that Mack’s original model setup in Assumption 2.1 is implied by Assumptions 2.2 and 2.3 together. Also note that the stochastic mechanism
determined by (2.13) and Assumption 2.3 are assumed for the whole cumulative claim matrix C; ,. However, recall that only those C; ; in C; , are
observed that are contained in the upper loss triangle D ,. Hence, by using the multiplicative relationship in (2.13), we have also perfect knowledge
ofFlj,t=—n,.‘.,I—1,j=0,...,]—i— 1.
According to Lemma 2.4 in Steinmetz and Jentsch (2022), Assumptions 2.2 and 2.3 allow to derive formulas for the (unconditional) means and

variances ofC,j,1:—n,...,1,j=0,...,1 + n leading to

j-1 j=1 j—1 j—1
EC)=p[[fr=2n; and VarC =7 [[ri+m 207 [] fijm D7,
k=0 k=0 1=0 n=I+1 m=0

where y; and 13 are defined in Assumption 2.2. Together with Assumption 2.4 below, according to Lemma 4.2 in Steinmetz and Jentsch (2022),

both sequences (4, € Ny) and (rf, J € Ny) are non-negative, monotonically non-decreasing, and converging with y; — u, and rf - ri as j — oo,

. 2 ._ 2 2 -1 2 2
where 4o, 1= g H;io fyand 7 =1 Il /7 + 1o 2o (Hm=0 fm) % (I £ )-
Assumption 2.4 (Development factors and variance parameters). Letting n — oo in the setup of Assumptions 2.2 and 2.3 leads to

[se]
(i) a sequence of development factors (f},j € Ny) with f; > 1 for all j €Ny and f; — | as j — co such that 117 ; < oo, which is equivalent to
j=0

Y (- D<o
j=0

o
(ii) a sequence of variance parameters (aj?, Jj € Ny) with 0'3 >0 and o-jz >0 for all j € N with o‘? — 0 as j — oo such that Y (j + 1)20'/2 <00
j=0
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The conditions imposed on the sequences of development factors (f;,j € Ny) and variance parameters (aj?, Jj € Np) in Assumption 2.4 are rather
mild. In practice, each claim has a finite, but possibly unknown horizon until it is finally settled, which varies by the insurance lines. Altogether, as
done in Steinmetz and Jentsch (2022, Section 3.1), this setup allows to derive central limit theorems (CLTs) for (smooth functions of) the parameter

estimators fm for n — co. For example, f; =1+ jl or ajz = jij with s <3 are ruled out by Assumption 2.4 such that f; and o-jz have to converge fast

enough to 1 and 0, respectively. Otherwise, E(C; ;) = u; and Var(C; ;) = rj? would not converge for j — co.
According to Steinmetz and Jentsch (2022, Section 3.2), the following additional assumption has to be imposed to derive a CLT also for &\Jzn.

Although the distributional properties of 0'12 do not show asymptotically in the distribution of the reserve, /I + n-consistency of & o- , as obtained
in Steinmetz and Jentsch (2022, Theorem 3.5) is required for establishing the bootstrap asymptotic theory in Section 4.

Assumption 2.5 (Higher-order conditional moments of individual development factors). For all i € Z, i < I, j € N, suppose that conditional on C;

i,j?
the third and fourth (central) moments of the individual development factors F; ;, that is, E((F; ; — f; )3 |C; J) and E(F;, ;- f j)4|CL ;) exist such that

both

ij? ij
= E(CHE(F; — f°1C,) and «}" = E(C}E(F,; = [)*1C;) (2.15)

exist and are finite, respectively.

For example, as shown in Steinmetz and Jentsch (2022, Example 3.4), Assumption 2.5 is fulfilled for certain distributions commonly used in
practice, including (conditional) normal, gamma, and log-normal distribution.
Using (2.13), conditional on Q; ,, the reserve R; , can be written as

I+n—1
ZC <HF —1> (2.16)

i=—n

Hence, by plugging-in (2.9) and (2.16), the predictive root of the reserve from (2.12) becomes

I I+n-1 I+n-1 I+n I+n-1 I+n-1
Riy—Rip= Z Ci,l—i( H F,- H fj,n> = ch—i,[( H Frii— H fj,n>: (2.17)
j=i-i i=0 j=i

i=—n j=I—i j=i

where we flipped the index i to I — i in the last step.
3. Mack’s bootstrap scheme

The Mack bootstrap, introduced by England and Verrall (2006), equips Mack’s Model with a resampling procedure to estimate the whole
distribution of the (predicted) reserve. It is very popular and widely used in practice as it describes a rather simple to implement algorithm to
estimate the reserve risk by estimating high quantiles of the reserve distribution.

As proposed by England and Verrall (2006), to mimic the distribution of the predictive root of the reserve R;, — 1/’2\,’,,, the Mack bootstrap
constructs a certain bootstrap version R* -R 1., of it. On the one hand, this bootstrap predictive root relies on the same best estimate of the reserve

and centers R} also around R 1.0 ON the other hand, it constructs a certain double-bootstrap version of the reserve R; ,, thatis R}, by combining
two complementmg (non-parametric and parametric) bootstrap approaches for resampling the individual development factors in the upper triangle
and in the lower triangle:

(i) First, a non-parametric residual-based bootstrap (see Step 4 below) is applied to construct bootstrap individual development factors F,.*j, j=
0,....1+n—1,i=—-n,...,I —j—1, that is, for the upper triangle, in order to get bootstrap development factor estimators fj ?‘n, j=0,....,01+n—1.

(ii) Second, the bootstrap development factor estimators f .*n from (i) together with a parametric bootstrap (see Step 5 below) are used to construct
also bootstrap individual development factors F,, i=-n,...,I, j=0,...,I +n—1and i+ j> I, that is for the lower triangle. For this purpose,
a parametric family of (conditional) bootstrap dlstrlbutlons has to be chosen

Finally, as we are dealing with a prediction problem when estimating the reserve risk, the limiting properties of the predictive root of the reserve
conditional on the latest observed cumulative claims are relevant and have to be mimicked by a suitable resampling procedure. For this purpose, the
Mack bootstrap is employed to estimate the conditional distribution of R , -R 1.» 8iven @, by the conditional bootstrap distribution of R* -R I
given Q?n =Q;,and Dy ,.

n

3.1. Mack’s bootstrap algorithm
With the upper triangle D, at hand, Mack’s bootstrap algorithm is defined as follows:
Step 1. Estimate the development factors f; and the variance parameters 6]2 from D; , by computing f‘;,n and 812" for j=0,...,I +n—1 as defined
in (2.8) and (2.11), respectively.

Step 2. Forall j=0,...,I +n—1 with szn > 0, compute ‘residuals’

Fi=A/Ciy(Fij = )6 i=—n.. . I—j—1, @3.1)

~
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~ 1 —
and re-center and re-scale them to get 7; ; = < (7, ; — ), where'

I+n-2I—-k-1 I+n-2T—-k-1

r= (I+n+1)(I+n) 2 Z DIRTOE (I+n+1)([+n) 2 Z Y (u-7)

I=—n I=—n

Step 3. Draw randomly with replacement from the re-centered and re-scaled residuals 7; ;, j =0,...,I +n—2,i=—-n,...,I — j— 1 to get ‘bootstrap
errorsr L, j=0,..., I +n-1,i=— J—-j—1.
Step 4. Define the bootstrap individual development factors

~
7~ Ojn

= fj,n +

r, j=0,...,I4+n-1,i=—-n,...., ] —j—1, (3.2)

i’
Cij

let 7y, = {Fi*j |j=0,....1 +n—1, i=—n,...,I — j— 1}, and compute the Mack bootstrap development factor estimators
Zl —j—1 C F* Zl —j—1 %
~ i=—n ~  Oiali=l, VCiTi;
fj’n:——J 1C fj,n l_j_lc
Zi=—n i,j Zi=—n iJj
Step 5. Choose a parametric family for the (conditional) bootstrap distributions of Ffj. given C,.*j,D 1., and 7’;‘" such that F[*j >0 a.s. with

, j=0,....I+n—1. (3.3)

A2
. o5
E*(F‘.Tj|Cl.’fj,7-’;‘,n)=f;n, Var*(F‘.Tj|Cl.’f )— C* , i=-n,... I, j=T—i,....T+n—1,
where E*(-) := E*(:|Dy ), Var*() :=Var*(:|D; ,), etc. denote the Mack bootstrap mean, variance, etc., respectively, that is, conditional on
the data D . Then, given Q) = Q; ,, generate the bootstrap ultimate claims C*,  and the reserves R}, =Cf, —C';  fori=-n,...1I
using the recursion
Cr. ,=CHF, j=I1—-i,....,]+n—1. 3.4

i,j+1 i,jo g’

I+n px
RI i,I+n

I+n I+n-1 I+n-1
ZCI —i,i ( H Fl*—i,i_ H fle)' (35)
Jj=i Jj=i

Step 7. Repeat Steps 3 - 6 above B times, where B is large, to get bootstrap predictive roots (Rﬂ;,n -R ,_y,,)“”, b=1,..., B, and denote by ¢*(a) the
a-quantile of their empirical distribution.
Step 8. Construct the (1 — ) equal-tailed prediction interval for R; , as

Step 6. Compute the bootstrap total reserve R} , = Yito and its bootstrap predictive root

Ry +a*@/2). Ry +q°(1 - a/Z)] .

Remark 3.1 (On Mack’s bootstrap proposal).

(1) While the Mack bootstrap predictive root of the reserve R}  — R 1. Uses the same best estimate R 1 for centering (as in Ry, — R 1.n)> it Telies
on a certain type of double-bootstrap version R} of the total reserve R;,, which employs f f* instead of just f > DUL USES ‘7] . However,

although E *(F;j |C,.’fj, Dy, F;k,ﬂ) = f; fn holds, we stlll have E*( FI*J |Cl?fj) = f ;. for the lower tr1angle individual development factors. In contrast,

A2
for the variances, we have V ar* (Ff} |Cl.* )_ C" , but
* * Alz” 8/%”
’ k=—n CkJ

(i) Due to the fixed-design bootstrap in Step 4, which does not generate bootstrap cumulative claims Cl.*j (and consequently no bootstrap upper loss
triangle D*[‘ n), but only Fi*j ’s, the bootstrap development factor estimators f; T“n and f;f . defined in (3.3) are independent for j # k conditional
on Dy ,. This is on contrast to the development factor estimators f;!n and ﬁm, which are asymptotically independent for j # k, but only
uncorrelated in finite samples such that E( fz fl )< 0 for j # k.

(iii) The non-parametric bootstrap used to construct the f° f , 'S in Step 4 uses residuals, but according to Assumption 2.2 and 2.3, there are no errors
in Mack’s model that are approximated by these re51duals In fact, each (possibly parametric) bootstrap proposal that successfully mimics the
first and second conditional moments of C; ;. given C; ; will correctly mimic the limiting distribution of the 7 S

(iv) In view of the discussion above, a fully parametric lmplementatlon that uses the same parametric family from Step 5 also in Step 4 to get
bootstrap development factors F‘.*j ’s can be used.

1 Note that af e n= =0 by construction such that 7_, ;,,, | is excluded in (3.1) such that (at most) ( + n+ (I +n)/2— 1= (I +n+ 1) +n) —2)/2 residuals can
be computed. If 5> =0 holds also for other j, the corresponding residuals are excluded in (3.1) as well and the formulas for 7 and s have to be adjusted accordingly.
In the followmg, for notational convenience, we assume that only 52 Tenoln = =0 and ?f‘fn >0 holds forall j=0,...,] +n—2and all neN,.
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(v) A fully non-parametric approach that uses the non-parametric bootstrap from Step 4 also in Step 5 is thinkable, but would suffer from issues
arising from potentially negative F‘.*j ’s leading to a reduced finite sample performance.

4. Asymptotic theory for the Mack bootstrap

Although the Mack bootstrap as proposed by England and Verrall (2006) and described in Section 3 is widely used in practice for reserve risk
estimation, limiting results that confirm its consistency are still missing in the literature. In this section, based on the asymptotic and stochastic
framework described in Section 2, we derive asymptotic theory for the Mack bootstrap, which enables a rigorous investigation of its consistency
properties.

The Mack bootstrap is designed to mimic the distribution of the predictive root of the reserve R;, — R 1 conditional on Q; , based on the
bootstrap distribution of the corresponding Mack bootstrap predictive root of the reserve R;,n -R 1., conditional on Q’;’n =Q;,and D, ,. Hence, a

closer inspection of both expressions is advisable. Picking-up the representation of the predictive root of the reserve Ry, — R 1.0 in (2.17), it can be

decomposed into two additive parts that account for the prediction error and the estimation error, respectively. Precisely, by subtracting and adding
I+n 1 +n 1

i C,”H [, we get

I+n I+n—1 IT+n—1 I+n IT+n—1 I+n—1
nZZCIi,i<HFli,j_ Hfj>+zcli,i<Hf_ H J >
i=0 Jj=i Jj=i i=0 Jj=i
= (Rin=Rpp) +(Ria=Rpn) . “.1)

where (R; , — R 1.»)1 Tepresents the process uncertainty (that carries the process variance) and (R; , — R 1.)2 the estimation uncertainty (that carries
the estimation variance).

.. o e I 7 —1 %
Similarly, for the Mack bootstrap predictive root of the reserve R?" - R;, from (3.5), by subtracting and adding )" Hn 0 Cr_ y H/:{" 7’”, we get
I+n I+n—1 I+n-1 I+n I+n—1 I+n-1
Yeu (T r- T 7)+ 2o ( 1 7 11 7.)
J=i J=i =0 J=i J=i
= (Rp, = Rea) + (Rl -~ Rin) “4.2)

where (R?n - ﬁ,’n)l and (R’;!n - ﬁ,,n)z are the Mack bootstrap versions of (R; , — IQ,,")I and (R; , — ﬁ,’,,)z, respectively.

As main interest is in the distribution of the predictive root of the reserve R; , — R r.» conditional on Qy ,, in view of the decompositions (4.1) and
(4.2), it is instructive to first consider separately the (limiting) distributions of (R, — R 11 and (Ry , — R 1)z conditional on Q; ,, respectively.
They will serve as valuable benchmark distributions for the investigation of consistency properties of the Mack bootstrap in Section 4.2. Such

asymptotic results have been established in Steinmetz and Jentsch (2022, Section 4). We will briefly summarize the relevant conditional limiting
distributions below in Section 4.1.

4.1. Conditional asymptotics for the predictive root of the reserve

In the following, we review the conditional asymptotic results estabhshed in Steinmetz and Jentsch (2022, Theorems 4.3, 4.10, 4. 212, and
Corollary 4.13) separately for the process uncertainty term (R;, -R 1.1 in Section 4.1.1, for the estimation uncertainty term (R;, -R [a)2 i

Section 4.1.2, as well as jointly for R; , — R 1 in Section 4.1.3, respectively.

4.1.1. Conditional asymptotics for reserve prediction: process uncertainty
Based on Theorem 4.3 from Steinmetz and Jentsch (2022), the following theorem provides the limiting distribution of the process uncertainty
term (R; , — Ry ,); conditional on Qy ,.

Theorem 4.1 (Asymptotics for (R;, — R 1.2)1 conditional on Qy ). Suppose Assumptions 2.2, 2.3 and 2.4 hold. Then, as n — oo, conditionally on Qy ,,
(R, — R .n)1 converges in L,-sense to the non-degenerate random variable (R; ., — R I.c0)1- That is, we have

~ ~ 2 p
E <<(R1,n — Ry — Ry — RI,oo)l> |Q1,n> -0, (4.3

where

(Rpo =Ryt 1= ), Cri (H Froij— Hfj> ~Gr. 4.9
i=0 J=i J=i

Conditional on Q; , = (Cy_; ;i € Ny), G, has mean zero, E((R; o, — ﬁ,m)l |91 .«) =0, and variance

Var ((Rl,oo - Ry |Ql,oo) = Z Croii Z <H fk> < H fi > =0p(D). (4.5)
i=0 =i

I=j+1

The (conditional) L,-convergence result in Theorem 4.1 immediately implies also (conditional) convergence in distribution. That is, for n — oo,
we have
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~ d ~
(Rl,n - R[,n)l |Ql,n - (Rl,oo - Rl,oo)l |Ql,oo ~ gl |Q[,oo' (4.6)

Moreover, according to Theorem 4.1 (see also the discussion in (Steinmetz and Jentsch 2022, Remark 4.4)), the conditional limiting distribution
G119Q; « will be typically non-Gaussian and depending on the (conditional) distribution of the individual development factors F; ;|C; ;.

4.1.2. Conditional asymptotics for reserve prediction: estimation uncertainty
In comparison to the conditional limiting result for (R; , — Ry ,); displayed in Theorem 4.1, the derivation of asymptotic results for (R; , — Ry ,),

is rather different and also much more cumbersome. In particular, to obtain non-degenerate limiting distributions, we have to inflate (Ry , — R In)2

by VI +n+1 and the obtained (Gaussian) distribution relies on CLTs for (smooth functions of) development factor estimators f;,,, established in
(Steinmetz and Jentsch 2022, Section 3 and Appendix C). For the derivation of asymptotic theory, conditional on Q; ,, it is instructive to further

decompose (R, — 1/!51,,,)2 to get

(Rpn— Ry

I+n I+n—1 I+n-1 I+n I+n-1 I+n-1 N
= ch—i,i< H fi= H fj,n(Ql,n)> + ZQ—;,:‘( H Jin@rn) = H fj,n>
i=0 j=i j=i i=0 =i =i

5 1\ 5 \2
=Ry, —R; )" + (R, — R, )Y, 4.7
hy R Ry )" i bl d =tV @ ith u! = E(— ~-l¢c d
where (R, — Ln)2 is measurable wrt Q, , an fj!n(QI!n) = /‘j+1,n(QI,n)/“j,n(QI.n) wi Mj+1,n(QIs") = (1+n—j Zi:_n i’j+1|Q1!n) an
/45-2:(9 1) = E( I+L = Z{:;l C; ;191 ,,)- The derivation of (conditional) asymptotic theory for (R, , — 1?1,,,)2 requires additional assumptions on

the stochastic properties of the individual development factors F; ; summarized in Assumptions 4.2 and 4.3 below, which resemble Assumptions 4.6
and 4.8 in Steinmetz and Jentsch (2022).

Assumption 4.2 (Support condition and variance parameters). The individual development factors (F; »IE€Z,i<1, jEN) are random variables
2
o~
with support (e, o0) for some ¢ > 0 and the sequence of variance parameters (6}, Jj € Np) converges to 0 as j — oo such that 2;10( j+1)? S—j < 0.

While Assumption 4.2 is a sufficient condition for the limiting results below, it appears to be not a necessary condition. We conjecture that the
theory derived in this Section 4.1.2 still holds (with technically more tedious proofs), when dropping the lower bound ¢ > 0 and asking just for
Z;’;O(j +1)?6% < o0 as in Assumption 2.4. However, if Assumption 2.4 holds, the closeness to 0 of the lower bound of F; ; could violate the above
Assumption 4.2. Nevertheless, for practical applications, F; ; is usually not close to 0 such that this condition appears to be not restrictive.

In addition to the condition on the support and the variance parameters in Assumption 4.2, a regularity condition for the backward conditional
distribution of cumulative claim C; ; given C; ;,, is required.

Assumption 4.3 (Backward conditional moments). Assumptions 2.2, 2.3, 2.4 and 4.2 are fulfilled such that, for all K € Ny, k>0 and j,j;,j, €
{0,...,K}, j; <j, we have
|E(Ci ;1€ ji) — E(C;

NGk D] S ar X,

|Cov(C;

i G 1€

ijyri) = Cov(Cy G |Gy DI S DY,
where (X;,i € Z,i <1I), (Y;,i € Z,i < I) are sequences of non-negative i.i.d. random variables with E(Xi2+5) < oo for some 6 > 0 and E(Yiz) < 00,

and (a i5J €Np) and (b;,j € Ny) are non-negative real-valued sequences with Z;io( j+1)32a ;<00 and E;io( j+1)2%b ; < 0.

While Mack’s model is designed to generate loss triangles in a rather simple forward way according to the recursion (2.13), which allows to easily
calculate forward conditional means E(C; ;,|C; ;) and variances Var(C; ;,,|C; ), it is not straightforward to calculate backward conditional means

1
E(C;;1C; j41) and variances Var(C; ;|C; ;). We refer to Example 4.9 in Steinmetz and Jentsch (2022) for an already very complicated analytical

derivation of such backward moments in a simple toy example using uniform distributions.
Based on Theorem 4.10 in Steinmetz and Jentsch (2022), which relies on conditional CLTs for (smooth functions of) development factor estima-
tors f;, given Q , stated in (Steinmetz and Jentsch 2022, Appendix C), the following theorem provides the limiting distribution of the estimation

uncertainty term (R, — R 1.»)2 conditional on Q; ,. While (R, , — R 1,,,)(21) is measurable with respect to Q; ,, Assumptions 4.2 and 4.3 allow to
prove asymptotic normality of v/ 1 +n+ 1(R;, — R l,n)(22) conditional on Q; ,.

Theorem 4.4 (Asymptotics for (Ry, — R 1.n)2 conditional on Qy ). Suppose Assumptions 2.2, 2.3, 2.4, 4.2 and 4.3 hold. Then, as n — oo, the following
holds:

(i) Unconditionally, I +n+1(Ry, — R I_,,)(zl) converges in distribution to a non-degenerate limiting distribution 9(2]). That is, we have

~ d
VI+n+1(R;, = R, — (016, YO) ~ &, “4.8)

where Yg) = (Yi(l),i € Ny) denotes a centered Gaussian process with covariances

1) (1) : (1) - A
COU(Y,'] ’Yiz )=I}£202Ksnfj(ll’12), lls’26N07
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where Z(K 17, (i1,iy) is defined in Corollary C.2 in Steinmetz and Jentsch (2022). Here, the two random sequences Q; ., and Yg) are stochastically
independent.

(ii) Conditionally on Qy,, VI+n+1(Ry, - R I,n)(22) converges in distribution to a centered normal distribution. That is, we have

~ d
VI+n+1R;, =Ry )P101, — (9100 YO ) 1Q) 00 ~ G512 o (4.9)

where 9(22) 197 00 ~ N(0.E(Q;  NNQ; o is Gaussian with mean zero and variance
EQrw) = lim Qp k- 2 Ty, ik = dim Q1 Ekyy, - =¢ n )9k (4.10)

where Xy 107 and = K17, and £? are defined in Corollary C.2 in Steinmetz and Jentsch (2022).

Il K1/

According to Theorem 4.4(ii), in contrast to G,|Q; ., in Theorem 4.1, the limiting distribution g;2)|Q I 18 Gaussian. Together with Theo-

rem 4.4(i), conditional on Q, ,, the estimation uncertain term /I +n+ 1(R; , — R 1.n)2 i Gaussian with mean (Q; ., Yg) ) and variance Z(Q; ).

4.1.3. Conditional asymptotics for the whole predictive root of the reserve
By combining the results derived for (R; ,— Ry ,); and (R; ,— Ry ), in Theorems 4.1 and 4.4, respectively, joint asymptotic results for R; ,— R; ,
conditional on Q; , can also be established.

Theorem 4.5 (Asymptotics for Ry, — R 1.n conditional on Qy ). Suppose the assumptions of Theorems 4.1 and 4.4 hold. Then, conditional on Qj ,,
Ry, — I,{\L,,)l and (R, — 1?,,,,)2 are stochastically independent, and R, — ﬁ,’le,’n converges in distribution to G|Q; . That is, we have

~ ~ N d
Ry = RpplQrp=Ryr,— Ry + Ry = Ry 2191, — G119 o (4.11)

According to Theorem 4.4, (R, — R 1.»)2 Tequires an inflation factor v/I +n+1 to get convergence to a non-degenerate limiting distribution.
As this is not the case for (R, — R 1.»)1 in Theorem 4.1, the process uncertainty term (R; , — R 1.,)1 asymptotically dominates the predictive root of

the reserve Ry, — ﬁ,vn.
Hence, we can conclude that asymptotic normality of the (predictive root of the) reserve does generally not hold, which casts the common
practice to use a normal approximation for the reserve in Mack’s model into doubt. Moreover, the shape of G;|Q; ., does depend on the true

(conditional) distribution family of the individual development factors F; ;|C; ;.

4.2. Conditional bootstrap asymptotics for the Mack bootstrap predictive root of the reserve

In view of the decomposition R; , — I/Q\,Yn =Ry, - ﬁ[,n)l + Ry, — I/Z\,’H)z in (4.1) and the conditional limiting distributions of (R; , — ﬁ,’n)l and
Ry, — R 1..)2 gathered in Section 4.1, it is instructive to consider the corresponding Mack bootstrap quantities (R’;’n -R 1)1 and (R*;’n -R 1.n)2 from
(4.2) and check whether they are correctly mimicking such limiting distributions. While (R, , — R; ,); and (R, , — R; ,), are analyzed conditional
on Q; ,, the bootstrap quantities (R} , — R 11 and (R}, — R 1,)2 have to be considered conditional on Q} =@y ,, butalso on Dy ,.

4.2.1. Conditional bootstrap asymptotics for reserve prediction: process uncertainty

For the derivation of bootstrap asymptotics, we have to impose additional smoothness properties of the parametric family of (conditional)
distributions of the individual development factors to assure that consistent estimation of development factors and variance parameters implies also
consistent estimation of the whole distribution.

Assumption 4.6 (Parametric family of (conditional) distributions of F; j ). The (conditional) distribution F; j |C;. pIE€Z, i<, jEN, belongs to a
parametric family of distributions H such that:

(i) A distribution H € H is uniquely specified by its first two (conditional) moments. That is, forall i€ Z, i < I, j €N and all ¢ € (0, o), the

conditional distribution of F; ;|C; ; = ¢ is uniquely determined by E(F;;|C;; =c) = f; and Var(F;;|C; ; =c)= =+ accordlng to (2.14).
(ii) The distributions H € H are continuous in f; and o-f. Thatis, forallie€ Z, i <1, j € N, and for all ¢ € (0, oo), the conditional distribution of

F;;|C; ; = c is continuous in a neighborhood of (f;, oj?).

As the limiting distribution derived in Theorem 4.1 is generally non-Gaussian and depends on the (conditional) distribution (family) of the
individual development factors, we require also that the bootstrap individual development factors F*,, i = JA,j=1—1i,...,1 +n—1, that is,
for the lower triangle, follow the true parametric family of (conditional) distributions as the F; ;’s accordlng to Assumptlon 4. 6

Assumption 4.7 ((Conditional) distributions of F; *j in lower triangle). For any n € N,), the (conditional) distribution of F; *j |C Dy s F, " j=0,....1+
n—1landi=-n,...,I —j—1in Step 5 of the Mack Bootstrap in Section 3.1 belongs to the true parametric family of (condltlonal) dlstrlbutlons H
used to generate F; ; |C,~, ; according to Assumption 4.6. That is, we have

* * P _ A2 i _ _ 2 _ ’
Fl.’jl(Ci’j—x,fj’n—y,aj’n—z)—F,-vjl(C,-’j—x,fj—y,aj—z) forall (x,y,z) €(0,00).
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Together with the setup of Theorem 4.1, the Assumptions 4.6 and 4.7 allow to prove the following result.

Theorem 4.8 (Bootstrap asymptotics for (R}, — R 1,01 conditional on Q} = Q, and Dy ,). Suppose Assumptions 2.2, 2.3, 2.4, 2.5, 4.6, and 4.7 hold.
Then, as n — oo, conditionally on Q?n =Q,,and Dy, (R}F,n -R 1.n)1 converges in distribution to G, |Q ., in probability, which is the (limiting) distribution

of (Ry o — k\l,oo)l |Q  according to (4.6) described in Theorem 4.1. Moreover, for all n € Ny, it holds E*((R} , — IQI,,,)I 197 ,=Qy,,)=0and, for n — o,
we have

Vart ((R*;’n ~ Ry )1Q;, = Q,,n) —Var ((R,,eo ~ Ry |Q,}m) (4.12)

in probability, where Var((R; o, — ﬁl,w)l |Q/.0) =Op(1) as given in (4.5). Consequently, as n — oo, we have

d, (5 <(R1,n - Ry ) |Q1,n) L ((R;,n - R; ), 197, = QI,n)) —0
in probability, where L*(-) denotes a bootstrap distribution conditional on D; ,, and d, is the Mallows metric, that is defined for two distributions G and H
1
as dr(G,H)=inf(E||X - Y| [2)2, where the infimum is taken over all joint distributions of (X,Y) with marginals X ~G and Y ~ H.

4.2.2. Conditional bootstrap asymptotics for reserve prediction: estimation uncertainty
In view of the decomposition (R, — Ry ), = (R;,— R ,’n)(zl) +(R;,— R I,n)(;) in (4.7), for the derivation of corresponding bootstrap asymptotic

theory, it is seemingly instructive to further decompose also its bootstrap counterpart (Rj,n -R 1.n)2 in the same way conditional on Q?n =Qy, and

Dy, That is, by taking into account the specific definition of f‘; ’, in (3.3), we get

(R?n - Rl,n)2

I+n I+n-1 I+n—1 I+n I+n-1 I+n-1
_ZCI ll< H f/?in_ H f;iﬂ(Q’" ) ZCT 11< H f;"(le”)_ H fjv”)
j=i =i =i =i
=R}, - R; )"+ (R, - R, )T, (4.13)

#* . (1 2 (1 * I=j-1 ¢~ 2 I-j—1 «
where /7, (Q;,) : =u,ifn(g,n>/u*( Q) with ) Q) 1= B (= B €y FIQ;, = Q) and 10(Q, ) = EX (= B2, 64195,

=9y ,)- Now, for ur (Qr ), we get

+]n

—_]l

M * #
= 8 B == s 8 )
i=—n i=—n
where we used that C; ; is measurable with respect to Dy , and that F}"; is stochastically independent of the condition C;",_; =C; ;_; given D; ,,. This

is because the Mack bootstrap relies on a fixed-design approach based on the C; ;’s instead of recursively generating C* to get a whole bootstrap

loss triangle D?n. Altogether, using E *(Fl.’fj =7 s We get

~ 1 I-j-1
fjm( Tonj Zimon Ci,j)
1 -1
s Zim—n Cij

leading to (R}, — ﬁ],n)(zz) = 0 such that (R} - ﬁ[,n)Z =R}, — I/{\I’n)(zl). Hence, in comparison to (R; , — R\I’n)z, which was decomposed into two

:fj,n

£1.Qr0 =

parts (R, — R Ln)(zl) and (Ry, — R 1,,,)(2), such an analogous decomposition of (R} , — R 1.1)2 does not exist. However, for n — oo, it remains to check
the limiting properties of (R’;’n -R 1.»)2 in the following. In contrast to the derivation of the conditional limiting result obtained in Theorem 4.4(ii),
which relies on conditional CLTs for the development factor estimators fj’n as stated in (Steinmetz and Jentsch 2022, Appendix C), the derivation
of the limiting properties of (Rj’n — Ry ), rely on unconditional bootstrap CLTs for the Mack bootstrap development factor estimators f;n, that is,

without conditioning on Qy , = Q; ,. For this purpose, to prove asymptotic normality for the f: I, s by justifying a Lyapunov condition, we have to
impose additional regularity conditions on the estimators for the development factors and variance parameters.

Assumption 4.9 (Uniform boundedness condition). Suppose that the development factor estimators f’; 2 J =0,...,]+n—1 and the variance parameter
estimators a = 0,...,1 +n-—2 fulfill

Fin o
sup — =0p(l) and sup ,\_ =0p(1)
j=0,...1+n-1 [ j=0,....I+n-2 02

for n - co0. Moreover, for K](.4) defined in (2.15), suppose that ((KJ(.4) / 0'?), Jj €Ny) is a bounded sequence.

This allows for the following asymptotic result for the Mack bootstrap estimation uncertainty part.
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Theorem 4.10 (Bootstrap asymptotics for (R}, — R 1,n)2 conditional on Q7 =Q,, and D ,). Suppose Assumptions 2.2, 2.3, 2.5, 2.4, 4.2 and 4.9
hold. Then, as n — oo, conditionally on Q} =Q;, and D;,, VI+n+1(R}, — El,n)z converges in distribution to g~2|Q I.co in probability, where

Q~2|Q 100 ~ N(O, E© 1.0)|QJ o is a conditional Gaussian distribution with conditional mean zero and conditional variance

= o ’
BQre) = Kh_fféo Qrk-1Zx 111,91 k-1 (4.14)
where X 11 5= 2(1;)1'[ 5 Z(I?)H 5 is defined in Corollary C.2 in Steinmetz and Jentsch (2022).
© © o2 © max(iy,ip)—1
= J 2
EQrw= ) CroyisCrniy, 2, — II 72 II fa=0r.
i12i=0 jemax(iyip) P 1=max(iyig)d#i  m=min(iy.iy)

Consequently, as n — oo, we have
d2(ﬁ(\/]+n+l(RL,,—I?,’ﬂ)2|Q,’,,),£*(\/I+n+1(R7,n—ﬁ,’n)zlgj’n=Q,,">>+>0 in prob.,

because the limiting normal distribution of \/I +n+ 1(R} , — R 1.1)2 conditional on Q7 =Q; , and D, , deviates in its (zero) mean and variance Z©Q 1.00)
from that of /I +n+1(R;, — R 1.n)2 conditional on Q; ,, which has mean (Q ,’W,Yg)) and variance E(Q; ) according to Theorem 4.4.

4.2.3. Conditional bootstrap asymptotics for the whole predictive root of the reserve
As in Section 4.1.3, combining the results for (R}, — R;,); and (R}, — R; ), from Theorems 4.8 and 4.10, respectively, joint asymptotics for

Rf’n - IQL,, conditional on Q7 =Q; , and D; , can be obtained.
Theorem 4.11 (Bootstrap asymptotics for R} | — R 1. conditionalon Q7 = Qy , and D; ). Suppose the assumptions of Theorems 4.8 and 4.10 hold. Then,

conditional on Q* =Q;,and Dy, (R ﬁl,n)l and (R‘I"n - ﬁl’n)z are uncorrelated, and Rﬁ;,n - 1/!31,”|(Q’;’n =9, ,»Dy,) converges in distribution to
G119 - That is, we have

~ ~ ~ d
R}, = Ryl ( Tn= Q[,H’Dl,n> =R}, — Ry )1+ (R}, — Ryl ( Ta= Q[,mDI,n) — G119

in probability.

As already observed in Theorem 4.4 for the estimation uncertainty term (R;, — R r.n)2 its Mack bootstrap version requires also an inflation

factor v/ I +n+ 1 to establish convergence towards a non-degenerate limiting distribution. As this is not the case for the process uncertainty term
(R, — Ry ), in Theorem 4.1 and its bootstrap version in Theorem 4.8, the process uncertainty terms will asymptotically dominate the predictive

roots Ry, — I/Q\I’,, and R‘["n - ﬁ],n' Hence, although the limiting bootstrap distribution of /I +n+ I(R’;JZ - ﬁl,n)Z conditional on Q’;’n =9, and

Dy, in Theorem 4.10 does not correctly mimic the corresponding limiting behavior of I +n+ I(R;, -R 1.n)2 conditional on Q; , in Theorem 4.4,
the whole bootstrap predictive root R} -R 1., Still mimics the limiting distribution of the predictive root R;, -R 1.0 correctly.

Hence, in view of the concepts of asymptotlc validity and asymptotic pertinence of a bootstrap prediction approach discussed in Pan and Politis
(2016), the Mack bootstrap can be regarded as asymptotically valid, but not as asymptotically pertinent under the stated conditions.

Remark 4.12 (On the asymptotic results for the Mack bootstrap).

(i) A closer inspection of the decompositions in (4.1) and (4.2) reveals some inconsistencies:
— While a term based on products of f;’s is added to and subtracted from R; , — R, to get (R;, — R;,); and (R;, — R;,),, a term using

products of f; *,’s instead of f;,n ’s, which would be the natural choice, is added to and subtracted from R}, — R 1 t0 get (R}, — R 1)1 and
(R}, — Ry )

- Consequently, while (R, — R 1,1 relies on products of F; ;’s centered around products of f;’s, its Mack bootstrap version (R}, — R 11
relies on products of Fl.*j’s, which are not (naturally) centered around products of j/‘;’n ’s, but around products of f; s

- Moreover, while (R; , — R 1.n)2 relies on differences between products of development parameters f; and products of their estimators f”;.,,,, its
Mack bootstrap version (R’; n R 1)z Telies on differences between products of bootstrap development factor estimators f; *n and products of

estimators fj,, Hence, the sign of (R*I,n -R 1.1)2 is flipped in comparison to (R; , — R 1.n)2- This may have a negative effect in finite samples,
but as the limiting conditional distribution is Gaussian and hence symmetric, this will not be an issue asymptotically.

~ According to the latter observation, also the terms (R} n R ,,,,)(21) and (Rl*,n -R In )(22) in the seemingly natural decomposition of the bootstrap
estimation uncertainty term in (4.13) are switched in comparison to (R, — R ,‘,,)(21) and (Ry, - R ,’n)(zz) .

(i) The bootstrap consistency result for the Mack bootstrap process uncertainty part conditional on Q; , in Theorem 4.8 requires the correct choice
of the true family of (conditional) distributions of the F; ;s also for the F;.’s in Step 5 of Section 3.1. Otherwise, only the first and second
moments of the conditional distribution will be correctly mlmlcked asymptotlcally, but not necessarily the whole distribution.

(iii) The umform boundedness conditions in Assumption 4.9 are requ1red to establish a Lyapunov condition for bootstrap CLTs for (smooth functions
of) f because the Mack bootstrap draws bootstrap errors r;’ i from residuals computed from all columns in Dy ,,.

(iv) The bootstrap inconsistency result for the Mack bootstrap estimation uncertainty part conditional on Q;  =Q;, and D; , in Theorem 4.10 is
because the bootstrap approach in Step 4 is not taking the condition Q* = Qy, into account. Hence, the (always larger!) variance-covariance
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matrix Ty s, shows in the conditional limiting distribution instead of 2(2) obtained in Theorem 4.4. Moreover, a decomposition of

K1 /;
(R}, -R 1.n)2 Tesembling the decomposition of (Rj, -R 1.n)2 in (4.7) does not exist.

) Whlle a bootstrap procedure is called asymptotically valid if it mimics correctly the (conditional) predictive distribution in the limit, it should
not only mimic the asymptotically dominating part, which captures the prediction (i.e. process) uncertainty. Ideally, it should also mimic as
much as possible of the asymptotically negligible parts to achieve a better approximation to the finite sample distribution, which is of actual
interest in applications. In the bootstrap literature, such higher-order consistency results are achieved using so-called Edgeworth expansions as
discussed in detail in Hall (1992). Hence, in the context of the Mack bootstrap, mimicking also the asymptotically negligible part, that captures
the uncertainty due to model parameter estimation, is closely related to the concept coined asymptotic pertinence in Pan and Politis (2016) for
time series prediction, which is also discussed by Beutner et al. (2021) from a slightly different perspective.

The discussion above motivates an alternative notion of a Mack-type bootstrap to be introduced in the following section that is designed to
eliminate the raised issues. In particular, it should respect the conditioning on Q7 , = Q, , and it should generate a whole bootstrap loss triangle D7  in
a backward manner starting from the diagonal Q* =Q;, Seee.g. Paparodltls ‘and Shang (2021) for bootstrap predictive inference in a functlonal
time series setup.

5. An alternative Mack-type bootstrap scheme

According to the findings and the discussion in Section 4, the original Mack bootstrap proposal is not capable of mimicking the conditional
distribution of the estimation uncertainty part correctly. Although it is asymptotically dominated by the process uncertainty part, it is generally
desirable to construct a Mack-type bootstrap that addresses this issue to enable a better finite sample performance.

For thls purpose, we propose an alternative Mack-type bootstrap in this section to mimic the distribution of the predictive root of the reserve
Ry, -R 1. Using an alternative bootstrap predictive root of the reserve R} R+ to be defined below. To distinguish it from the original Mack
bootstrap proposal in Section 3, we denote all related bootstrap quantities and operatlons with a “+” instead of a “x”. This novel approach deviates
from the original Mack bootstrap scheme from Section 3 in several ways:

(i) First, given the loss triangle D; , and conditional on QF =0, ,, where Q] = {C].

i li= ., I +n}, arecursive backward bootstrap approach
is employed to generate a whole bootstrap upper triangle

D T L S
Dlyn—{Ci,jlt——n,...,I,j—O,...,I+n, —n§l+j§1}.

(ii) Second, the development factor estimators fj,n computed from D, , are used for a parametric bootstrap to construct bootstrap individual
development factors Ffj, i=-n,....,1,j=0,....,]+n—1and i+ j>I, that is for the lower triangle, which also allows to construct RJ;n.

(iii) Third, for the construction of the bootstrap predictive root of the reserve R;n - IQ}’", the bootstrap reserve R;fn is not centered around its best

estimate R 1.»» but around a suitable bootstrap version 1/2\;'".

Analogous to the original Mack bootstrap, the alternative Mack bootstrap is employed to estimate the conditional distribution of R;, — R I
given Q; , by the conditional bootstrap distribution of R} - ﬁ;rn given Q7 =9Q;,and Dy,

n

5.1. An alternative Mack-type bootstrap algorithm

With the upper triangle D, , at hand, the alternative Mack-type bootstrap algorithm is defined as follows:

Step 1. Estimate the development factors f; and the variance parameters aj? from the data by computing qu,, and &\?n for j=0,....,I+n—1as
defined in (2.8) and (2.11), respectively.
Step 2. Choose a parametric family for the (conditional) bootstrap distributions of the backward individual development factors Gl.+j given Ci+j +

and D, , such that G, > 0 a.s. with

’\2
=L Var+(G+|cJ+1)—C+’", Jj=0, I+n=1i=-n..I-j-1
ij+1

E*G}ICH

Then, given Q;fn = Q, ,, generate backwards a bootstrap loss triangle D}‘n using the recursion

(ohy —C,+j+lG+., j=0,....0+n—-1,i=-n,...., 1 —j—1.
Step 3. Compute bootstrap development factor estimators by f; ,+n for j=0,...,I +n—1, which are defined as f;-,n in (2.8), but are calculated from
the bootstrap loss triangle D;rn. That is, we compute

—j=1 ~+ I-j—1 ~+
Yo > -ter
ff": i=—n lj+l: i=—n ij+1 . =0, I+n—1. (5.1)
Jn zl j— 1C+ z —j= 1C+ G+

i=—n i=—n i,j+1

Step 4. Choose a parametric family for the (conditional) bootstrap distributions of FIJ; given Ci+j and Dy , such that F:; > 0 a.s. with

/\2
O
N i
E+(I§3|lej)=fj,n, Var+(F,.fj|C;fj)=

i=-n,... 0, j=I—i..  ,T+n—1.
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Then, ‘given Q}"n =Qy ,, generate the bootstrap ultimate claims C:’I ., and the reserves R;TI = C:I n Cl ,_; fori=—n,.... I using the
recursion
+  _ ot .
i =CHFr, j=I—i T+n=1, (5.2)

Step 5. Compute the bootstrap total reserve R;rn = Z[I: n R‘+I 4+ and the alternative Mack bootstrap predictive root of the reserve

I+n I+n—1 I+n—1
+ + II Il £+
Rln R ZCIII 111 fj,n ’
i i

where the centering term ﬁ;rn is a bootstrap version of the best estimate R 1.n» that is defined by

I+n-1 I+n I+n—1

Z iI—i H fj+n ZCI —ii H j?,—n (5.3)

i=—n

Step 6. Repeat Steps 2 - 5 above B times, where B is large, to get (R?n - ﬁ;rn)(b), b=1,..., B bootstrap predictive roots, and denote by ¢*(«) the
a-quantile of their empirical distribution.
Step 7. Construct the (1 — @) equal-tailed prediction interval for R, , as

ﬁz,n + q+(a/2),§,,,, +qt(1—a/2)|.

Remark 5.1 (On the alternative Mack-type bootstrap).

(i) In comparison to the Mack bootstrap from Section 3.1, the bootstrap reserve is not a double-bootstrap quantity anymore, the centering is based
on a bootstrap version of the best estimate, and the bootstrap for the upper loss triangle is backwards starting in the diagonal.
(i) The conditional distribution for the Gi+j |Cl_+j 4 can be chosen in different ways. For instance, this can be done non-parametrically similar to

Steps 2 - 4 in Section 3.1 or using the parametric family of distributions used in Step 5 in Section 3.1. However, it is crucial to mimic sufficiently
well the first and second backward conditional moments, that is, E(C;;|C; ;,;) and Var(C;|C; ;,,), respectively.

6. Asymptotic theory for the alternative Mack bootstrap

By adopting the general strategy of Section 4 to investigate the consistency properties of the original Mack bootstrap, the alternative Mack
predictive root of the reserve RJr - RJr can be decomposed also into a prediction error part and an estimation error part, respectively. That is, by

adding and subtracting 3./’ C;’ i H/H," 'f L We get

I+n I+n—1 I+n—1 N I+n I+n—1 I+n-1
R ZC111<HFI+—1'J_ Hfj»"> ZCIU(Hf/"_ H j,n)
Jj=i Jj=i

j=i
—- + R+ + nt
=: (RM—RM)I+<RM—R”’>2, 6.1)
where (R}, — ﬁ;r,n)l and (R}, — ﬁtn)z are the alternative Mack bootstrap versions of (R;,, — R 1)1 and (R, — R 1.1)2> Tespectively.

6.1. Conditional bootstrap asymptotics for the alternative Mack bootstrap predictive root

As in Section 4.2 for the Mack bootstrap, we have to check whether, conditional on Q;’n =Q;, and D, ,, the alternative Mack bootstrap

quantities (R} — ﬁ-;,n)l and (R}, - 1/2\}"")2 in (4.2) are correctly mimicking the limiting distributions of (R; , — R 1)1 and (R, — R )2 given Q;
respectively.

6.1.1. Conditional bootstrap asymptotics for reserve prediction: process uncertainty
The process uncertainty part (R}, — R} ), of the alternative Mack bootstrap differs from the (R}  — R, ,); as the F’sin (R} — R} ), use f;,

instead of f * and as HI ol Fl, ;i centered around HI tnl f instead of HI ol f * accordingly. However, by using very similar arguments,

we get the same limiting result also for the process uncertainty part (R* S R;’n)l of the alternative Mack bootstrap.

Theorem 6.1 (Bootstrap asymptotics for (R}, — 1/2\;"”)1 conditional on Q = Q;, and D, ). Suppose Assumptions 2.2, 2.3, 2.4, 2.5, 4.6 and 4.7 (for F',
instead of F:j) hold. Then, as n — oo, conditionally on Q;n =Q;,and Dy, (R;"n - R;n)l converges in distribution to G|Q; ., in probability, which is

the (limiting) distribution of (R; o, — R 1,00)11Q7 o according to (4.6) described in Theorem 4.1. Moreover, for all n € Ny, it holds E*((R}, — ﬁ;rn)] 197, =
Q) =0 and, for n — co, we have

Vart (R}, = RE 110, = Q1) — Var ((Rp = Ry 0)11Q10 ) inprob, ©6.2)
where Var(Ry o, — ﬁ,m)l |9Q/.00) =O0p(1) as given in (4.5). Consequently, as n — oo, we have
d (£ ((Re=Ryn1Qr,) £ (RS, = RE )11QF,=Qy,,) ) — 0 inprob.
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6.1.2. Conditional bootstrap asymptotics for reserve prediction: estimation uncertainty
In view of the decomposition of (R;, — R; ,), in (4.7), conditional on Q;'n =9, ,and D, , its alternative Mack bootstrap counterpart (R;n -

ﬁ;r,,)z can be also decomposed further. That is, we have

(R7, = Rp,)

I+n I+n-1 I+n—1 I+n I+n-1 I+n—1
=ZCL-,,~< II 7. 1 f;n(g,n> ZC, < II /e - 11 f;,,)
i=0 j=i j=i j=i j=i

_(p+ (1) + p+ \2)
_(Rl,n ) + (Rl,n - RI,n) s (6.3)
where (Rt — ﬁ* )(1) is measurable with respect to 9t = Q,, and D,;, and fJr ©,,) = )/ *@g. ) with ¢V (©Q, ) =
In In — =Iln In In) - j+1,, In Mj,n In l"j+1’,, In) ==
1 I-j-1 +2 . 1 I-j-1
E+(I+n—j zi:in lj+l|Q =Qy,) as well as ”j,ﬁl )(Ql,n) = E+(1+n—j Z’__]" C+ |Q = Qe

In comparison to Theorem 4.10, the uniform boundedness coAndition in Assumptlon 4.9 can be dropped, but the derivation of (conditional)
bootstrap asymptotic theory and consistency results for (R+ - R+ )2 requires additional assumptions on the backward individual development
factors GJr from Step 3 in Section 5.1. Precisely, it has to be guaranteed that the backward conditional mean E(C; ;|C; j i+1) and the backward con-
ditional varlance Var(C;|C; ;) are consistently mimicked by their alternative Mack bootstrap counterparts E+(C + | ,, + D and Var’f(C+ |C Pt D

respectively, such that the corresponding limiting distributions obtained in Steinmetz and Jentsch (2022, Theorem C 1) are correctly mlmlcked

Assumption 6.2 (Consistent estimation of backward moments). For n — oo, suppose that the (conditional) bootstrap distributions of the backward
individual development factors G’.+j, j=0,....]+n—1landi=-n,...,I —j—1 given Cl_*'j +l and D , are chosen in Step 2 in Section 5.1 such that:

(i) For each fixed K € Ny, let i}n(QU’) (fon(Ql n)s f Q1) f;g’n(Q,,,,))’ and define an = (ﬁ,’n,ﬁ,n,,,,,fk’n)’. Then, conditional on

;n =0y ,, we have
U IRET I ;n=Q,,n)i>N(o,z(,§?£>,

where J, ,f 2~ diag ( I+n-j,j=0,...,K ) is a diagonal (K + 1) X (K + 1) matrix of inflation factors and the variance-covariance matrix Z(Ié) 7
is defined in Theorem C.1 in Steinmetz and Jentsch (2022). B
At ~ A N
(ii) For each fixed K € Ny, let £K,n = (f({n’fﬁn’ ,f;n)’. Then, conditional on Q;r’n =Q;, and D; ,, we have

22 (5

K.n

d
1 @) 1€, =0 Dy,) o (o,z}? f> in prob,

where the variance-covariance matrix E(K) ; is defined in Theorem C.1 in Steinmetz and Jentsch (2022).

In concordance to the derivation of the conditional limiting result obtained in Theorem 4.4(ii), which relies on conditional CLTs for the develop-
ment factor estimators f; , given in (Steinmetz and Jentsch 2022, Appendix C), the conditional bootstrap CLTs in Assumption 6.2 allow to state the

following theorem, which provides the limiting distribution of the alternative Mack bootstrap estimation uncertainty term (R}’n - 1/2\-;")2 conditional
on Q+ =9, ,and Dy . Precisely, while (R}’n - ﬁ;n)(zl) is measurable with respect to D, ,, Assumption 6.2 allows to establish asymptotic normality
of VI+n+1(R}, - RJr )(22) conditional on QF =Q;, and Dy,

Theorem 6.3 (Bootstrap asymptotics for (R} — 1,{\7”)2 conditional on QF = Q;, and D, ). Suppose Assumptions 2.2, 2.3, 2.5, 2.4, 4.2 and 6.2 hold.
Then, as n — oo, the following holds: ' ’ '

(i) Conditional on Q}'n =Qrm VI+n+ l(R;“rl - ﬁ;n)(zl) converges in distribution to the non-degenerate limiting distribution Q(zl). That is, we have

d
VI+n+1(RY, R <1>|( _Q,,”> (e YUY ~ 6D, (6.4)

where Yg) = (Yl.(l),i € Ny) denotes a centered Gaussian process with covariances

1 () (1) . ..
Coov YD) = lim TP (i), iz €No,

where Z( i) is defined in Corollary C.2 in Steinmetz and Jentsch (2022). Here, the sequences Q; ., and Yg) are independent.

LU
K1/
(ii) Conditionally on Q;n =Q;, and Dy,, VI +n+1(R‘,Lyn - ﬁ;n)(zz) converges in distribution to G,|Q; ., in probability, where G,|Q; ., ~
N(0,2(Q} )19 o is the (conditional) limiting distribution obtained in Theorem 4.4(ii).

Consequently, as n — oo, we have
k(£ (R = RilQr,) .t (R, - RY, 0,107, =0y, ) ) — 0 inprob.

97



J. Steinmetz and C. Jentsch Insurance Mathematics and Economics 115 (2024) 83-121

6.1.3. Conditional bootstrap asymptotics for the whole predictive root of the reserve
As in Sections 4.1.3 and 4.2.3, combining the results for (R;fn - Rj n) | and (R;fn - R*; n)2 from Theorems 6.1 and 6.3, we get joint asymptotics

for R} — R, conditional on Q7,=9Q;,and Dy ,.

Theorem 6.4 (Bootstrap asymptotics for R+ - 1?' conditional on Q;rn =Qy, and Dy ). Suppose the assumptions of Theorems 6.1 and 6.3 hold. Then,

conditional on Q7 = Q;, and Dy, (R}, - RJr D and (R}, — RJr )2 are stochastically independent, and R} — ﬁjn converges in distribution to G |Q; o,
in probability. That is, we have

PN ~ ~ d
R;,n - R;r,n ( ;r,n = Ql,”’ Dla”) = (R;,n - R;r,n)l + (R;,n - R;n)zl <Q;r,n = Qla”’ DL") - gl |Q1s°°

in probability.

According to the discussion below Theorem 4.11 and in view of the concepts of asymptotic validity and asymptotic pertinence of bootstrap predictive
inference in Pan and Politis (2016), the alternative Mack bootstrap can be regarded as asymptotically valid and asymptotically pertinent under the
stated conditions.

Remark 6.5 (Backward vs. forward bootstrapping). While a backward bootstrap appears to be natural in time series setups addressed in Pan and
Politis (2016), they also propagate a simpler forward bootstrap to capture the estimation uncertainty in bootstrap prediction. Asymptotically, in
their setup, both approaches are indeed equivalent due to the intrinsic stationarity assumption. However, in Mack’s Model setup considered here,
this is not the case and the (fixed-design) forward bootstrap of England and Verrall (2006) does not correctly capture the conditional limiting
distribution of the estimation uncertainty part.

7. Simulation study

In this section, we compare the original Mack bootstrap from Section 3 and the alternative Mack bootstrap from Section 5 to illustrate our
theoretical findings from Sections 4 and 6 by means of simulations of several parameter scenarios. Additionally, we simulate a Mack-type bootstrap,
which uses a forward bootstrap approach in Step 2 of Section 5.1, but coincides otherwise with the alternative Mack bootstrap.

7.1. Simulation setup

To assure comparability, according to the setup introduced in Section 2, we pick up the simulation setup employed in Steinmetz and Jentsch
(2022). Although the theory derived in this paper provides asymptotic results only for the (more general) conditional distribution of the predictive
root of the reserve, in the following, we show simulation results in terms of actual coverage rates of unconditional and conditional bootstrap-based
prediction intervals of nominal 95% level. This is because the simulation setups for the unconditional case are straightforward, while those for the
conditional case are not. Next, we discuss both setups in detail.

7.1.1. Simulation setup for the unconditional predictive distribution
In the notion of the asymptotic framework introduced in Section 2.1, let I = 10 and choose n € {0, 10,20,30,40} leading to effective number of
accident years I +n+1 € {11,21,31,41,51}. For each n and for different parameter scenarios specified below, we generate M = 500 cumulative claim

matrices C(m) = {C('")li =-n,....,I, j=0,...,T+n}, m=1,...,500 consisting of (upper) loss triangles D(m) = {C(m)li =— J, j=0,...,1—i}
(having dlagonals Q(m)), that will serve as the data basis, and their corresponding unobserved (lower) trlangles DC("') = {C('")l U, j=
I —i+1,...,1+n}. For this purpose, we generate the entries in their first columns C( m) (independently) from a umform distribution and for the
conditional distribution of the individual developments factors F; ; given C; ;, that is, for
o2
J . .
F |Gy~ <fj, c—> i= = 1 =0 T, 7D
i.j

we use one of the following parametric families of distributions:

(DGP1) gamma distribution,
(DGP2) log-normal distribution,
(DGP3) left-tail truncated normal distribution (truncated at 0.1).

In all scenarios, the development factors and the variance parameters fulfill f; > 1 and ajz >0 with f; and ajz decreasing (sufficiently fast) to 1 and 0,
respectively. Precisely, we use exponentially decreasing sequences (f ) jeNg and (012) jeNg with f ;=1 +e7 1702/ apd a}? =509,518-¢~170-7/ Moreover,
we distinguish between two Setups a) and b), where the parameters are exactly the same in both cases, but the first column C, , = (C_, g, ..., Cr )
of the (upper) loss triangle is uniformly distributed on [120 X 109,350 x 10°] in Setup a) and on [120 X 104,350 x 10%] in Setup b). As the results for
both setups are similar, we show only those for Setup a) here and report the results for Setup b) in the appendix.

Finally, to evaluate their finite sample performances in terms of coverage rates, for each setup (DGP1)-(DGP3) above and for each loss triangle
D(m) = ., 500, we perform three different Mack-type bootstraps based on 10,000 bootstrap replications each to construct unconditional boot-

strap predlctlon intervals for the corresponding (true) reserve R n) computed from D([n) and Dj(:') In each case, we collect the coverage rates and
the average lengths of the prediction intervals, which are both reported in Table 3 for Setup a). Concerning the different Mack-type bootstraps, we
apply the following three approaches:
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Table 3

Coverage rates and average interval lengths (both in thousand) for unconditional 95% bootstrap prediction
intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap (iMB) and the alterna-
tive Mack bootstrap (aMB) for different (true and bootstrap) parametric families, for I = 10 and different n

in Setup a).
oMB iMB aMB
true parametric family: gamma
coverage mean coverage mean coverage mean
bootstrap parametric family n rate length rate length rate length
10 93% 219,466 93% 223,971 95% 218,834
20 94% 259,173 94% 261,455 95% 257,277
gamma 30 94% 258,372 94% 257,452 95% 255,836
40 95% 256,274 96% 256,659 95% 255,228
50 96% 255,725 96% 254,992 95% 253,689
10 96% 218,538 96% 218,652 92% 214,489
20 97% 258,830 97% 259,848 94% 257,321
log-normal 30 97% 253,692 96% 253,977 95% 252,820
40 96% 252,651 96% 252,810 94% 250,371
50 97% 252,652 96% 251,524 95% 250,789
10 96% 240,822 97% 241,649 95% 236,048
20 98% 261,582 98% 262,596 94% 260,702
truncated normal 30 97% 257,797 97% 258,689 94% 257,514
40 97% 254,185 97% 254,511 95% 253,715
50 98% 251,655 97% 251,793 95% 250,660
true parametric family: log-normal
10 95% 218,660 95% 223,069 95% 218,457
20 96% 260,833 97% 263,322 95% 259,962
gamma 30 96% 256,580 96% 257,444 95% 255,694
40 96% 255,190 96% 255,038 95% 252,441
50 95% 254,618 96% 253,993 95% 253,270
10 96% 219,631 95% 220,068 95% 217,652
20 97% 259,538 94% 261,318 94% 258,688
log-normal 30 96% 261,415 96% 257,238 92% 256,082
40 96% 255,460 97% 255,830 95% 252,970
50 95% 256,653 95% 254,952 95% 254,117
10 90% 220,822 90% 223,233 92% 218,041
20 91% 262,582 91% 264,185 90% 261,458
truncated normal 30 91% 259,797 92% 261,309 91% 258,845
40 92% 254,185 90% 254,155 92% 253,369
50 91% 251,655 91% 251,048 93% 250,056
true parametric family: truncated normal
10 96% 219,413 96% 225,086 94% 219,368
20 97% 264,707 97% 265,887 93% 263,748
gamma 30 97% 256,867 95% 257,283 94% 255,583
40 96% 253,522 96% 254,215 95% 253,929
50 94% 253,747 96% 252,074 95% 252,374
10 94% 216,148 94% 219,752 93% 214,597
20 96% 258,819 96% 262,787 95% 258,786
log-normal 30 97% 255,696 96% 255,762 95% 254,451
40 97% 253,746 96% 253,772 95% 253,218
50 95% 252,812 97% 251,879 95% 251,152
10 98% 218,204 99% 219,216 94% 218,126
20 98% 264,476 98% 266,306 93% 263,599
truncated normal 30 97% 259,273 97% 259,449 94% 258,405
40 97% 258,576 97% 258,777 95% 256,373
50 96% 257,198 97% 257,155 95% 255,792
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Fig. 1. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap
(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is
gamma for I = 10 and different » in Setup a). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

(oMB) original Mack bootstrap (from Section 3),
(aMB) alternative Mack-type bootstrap (from Section 5),
(iMB) intermediate Mack-type bootstrap (using a forward bootstrap in Step 2 of Section 5).

The intermediate Mack-type bootstrap is included to distinguish between the effects caused by the backward resampling proposed in Step 2 and by
the different centering used in Step 5 of Section 5.1 on the finite sample performance. For this purpose, we introduce a novel centering term R;’:
defined by '

I+n I+n—1

R++ ZCI ii H f/;i"’ 72
j=i

which deviates from ﬁ;rn in (5.3) as it relies on fj ?‘n in (3.3), but is based on (parametrically generated)

~2
. 05
F51CH Dy~ (fj,n’ cf;—n > ) 7:3)
ij

instead of [ f*+ defined in (5.1). This choice of the centering term still resembles the decomposition in (6.1), that shares the (sign) properties of (4.1),
which is not the case for (4.2). For all bootstraps, whenever a parametric distribution is used to generate the upper bootstrap loss triangle, we choose
the same parametric distribution family used already for the lower triangle (to generate R} and RJr ,)- However, as we do not know the correct
parametric family of distributions of the F; ;’s, we make use of all three parametric fam1hes in (DGPl) (DGP3) for all three bootstrap approaches,
respectively, to also investigate the effect of a misspecified parametric family of distributions to generate R* T and RT’n.

7.1.2. Simulation setup for the conditional predictive distribution
In contrast to the evaluation of the unconditional performance in terms of coverage rates of prediction intervals in Section 7.1.1, the simulation
setup to evaluate the conditional performance given the diagonal Q(m) is not straightforward. This is because, for this purpose, we would have to

generate (upper) loss triangles D(I ; according to Mack’s model from Section 2.2 that all have the same diagonal Q(Imr? To achieve this, starting with

Q(m) we would need the true backward conditional distribution C; ; given C; ;,;, but this is usually not possible to get analytically and closed-form
expressions are already difficult to obtain in simple toy examples; see Example 4.9 in Steinmetz and Jentsch (2022).

Hence, as a workaround, we come up with an approximate solution to that problem that makes use of the idea of the alternative Mack-type
bootstrap from Section 5. For each diagonal Q(I'f';, m=1,...,500 obtained in Section 7.1.1, we generate backwards new (upper) loss triangles 5("“),

s=1,...,1000. For this purpose, we use the same parametric family (that was used for F; glven C in (7.1) to generate D(m)) to simulate backward

individual development factors G, ; given C; ;. (to define C; ; =G, ;C; ;, for the upper loss trlangle D('" S)) having the conditional distribution

2
GG ~ <i6—’> ji=0,..., 0+n—1,i=-n,...., 1 —j—1 (7.4)
fi Cijn
making use of the true parameters f; and o'j2 specified above. Again using the same parametric family, for each of these upper loss triangles
ZND(;T'V;S), s=1,...,1000, we generate an unobserved (lower) triangle Dc(m ) using individual development factors F; ; according to (7.1) (to define
C; 41 = F;;C;; for the lower loss triangle Dc("' ). Altogether, this results in cumulative claim matrices 53’" ) = D(m’s) U 5”('"’5) , m=1,...,500,
s=1,. 1000 such that, for each fixed s, the dlagonals of all (upper) loss triangles D('" ) ‘m=1,...,500 coincide and are equal to Q(m) Hence, this

enables the evaluation of the finite sample performance of bootstrap-based condlﬂonal predlctlon 1ntervals in terms of coverage rates and average
lengths by applying the approach from Section 7.1.1 for all s =1, ..., 1000 to E;"; Y), m=1,...,500. Results for Setup a) are reported in Figs. 1, 2 and
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Fig. 2. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap
(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is
log-normal for I = 10 and different » in Setup a).
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Fig. 3. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap

(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is

truncated normal for I = 10 and different » in Setup a).

3 for true distributions gamma, log-normal and truncated normal, respectively. Results for Setup b) can be found in Figs. 4, 5, 6 and Table 4 in the
appendix.

7.2. Simulation results

First, we consider the simulation results for the unconditional bootstrap prediction intervals reported in Table 3. We find that, in most cases, the
original Mack bootstrap as well as the intermediate Mack bootstrap lead to (comparably large) coverage rates that are larger than the envisaged
95%, while the alternative Mack bootstrap comes generally close to 95%. This is the case irrespective of the size of the observed (upper) loss triangle
and irrespective of using the correctly specified parametric family of distributions or not. The only exception is the case, where the true (conditional)
distribution of the individual development factors is a log-normal and a truncated normal is used for bootstrapping and all three methods lead to
undercoverage. Moreover, in almost all scenarios, the average lengths of the unconditional prediction intervals of the alternative Mack bootstrap
are smaller than those of the original and the intermediate Mack bootstraps. With the average lengths of the latter two bootstraps of comparable
size, the difference to the alternative Mack bootstrap vanishes with increasing », that is, with increasing loss triangle size I +n+ 1.

These results perfectly agree to the findings of Theorem 4.10, where the (conditional) variance E(Q I.00)> which is mimicked by the original Mack
bootstrap and by the intermediate Mack-type bootstrap, is generally larger than the variance E(Q; ,) found in Theorem 4.4, which is mimicked by
the alternative Mack bootstrap correctly according to Theorem 6.3. The finding that the average interval lengths of the original/intermediate Mack
bootstrap and the alternative Mack bootstrap get closer for increasing n is well explained by the fact that their asymptotically dominating process
uncertainty parts coincide, while the impact of the asymptotically negligible estimation uncertainty parts vanishes.

Next, we consider the simulation results for the conditional bootstrap prediction intervals reported in Figs. 1, 2 and 3 for DGP1-3. According to
the simulation setup described in Section 7.1.2, we obtain coverage rates for each diagonal Q(]'f”?, m=1,...,500 as generated in Section 7.1.1. These
500 coverage rates are presented in Fig. 1 using box plots. Similar to the results obtained in the unconditional case, the original Mack bootstrap
and the intermediate Mack bootstrap perform comparably and tend to overcoverage, while the alternative Mack bootstrap tends to undercoverage.
For all three bootstrap approaches, the tendency to overcoverage or undercoverage vanishes for increasing loss triangle size I +n + 1, that is, all
coverage rates get closer to the 95% level with interquartile ranges decreasing as well. Not reported in Fig. 1, in all scenarios and for all diagonals
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Q('"), m=1,...,500, the average lengths of the conditional bootstrap prediction intervals are smaller for the alternative Mack bootstrap than for the
orlgmal/intermediate Mack bootstrap. Again, this fits well to our theory derived in Sections 4 and 6.

With the original Mack bootstrap and intermediate Mack bootstrap showing a similar performance in terms of coverage rates and average interval
lengths in most cases, correctly mimicking the (asymptotically vanishing) estimation uncertainty part (achieved by the alternative Mack bootstrap)
appears to be more crucial in finite samples than using the natural centering (used for intermediate/alternative Mack bootstrap).

8. Conclusion

In this paper, we adopt the stochastic and asymptotic framework that was proposed by Steinmetz and Jentsch (2022) to derive asymptotic theory
in Mack’s model, also for investigating the consistency properties of the Mack bootstrap proposal.

For this purpose, the (conditional) asymptotic theory derived in Steinmetz and Jentsch (2022) serves well as benchmark results for the Mack
bootstrap approximations. By splitting the predictive root of the reserve into two additive parts corresponding to process and estimation uncertainty,
our approach enables - for the first time - a rigorous investigation of the validity of the Mack bootstrap. We prove that the (conditional) distribution
of the asymptotically dominating process uncertainty part is correctly mimicked by the Mack bootstrap if the parametric family of distributions
of the individual development factors is correctly specified in Mack’s bootstrap. Otherwise, this will be generally not the case. In contrast, the
corresponding (conditional) distribution of the estimation uncertainty part is generally not correctly captured by the bootstrap. Altogether, as the
process uncertainty part dominates asymptotically, this proves asymptotic validity of the Mack bootstrap for the whole predictive root of the reserve.
However, it also proves that asymptotic pertinence in the sense of Pan and Politis (2016) does not hold.

To remedy this, we propose a more natural alternative Mack-type bootstrap, that uses a different centering and that is designed to capture
correctly also the (conditional) distribution of the estimation uncertainty part by using a backward resampling approach. Under suitable assumptions,
we demonstrate that the newly proposed alternative Mack-type bootstrap can be indeed asymptotically valid and pertinent.

Our findings are illustrated by simulations, which show that the alternative Mack-type bootstrap tends to perform superior to the original Mack
bootstrap in finite samples. An intermediate Mack-type bootstrap provides evidence that the backward resampling is mainly responsible for this
improvement.
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Appendix A. Auxiliary results for Section 4
A.1. Mack bootstrap asymptotics for parameter estimators

The following theorem is the Mack bootstrap version of the (unconditional!) Theorem 3.1 in Steinmetz and Jentsch (2022) adapted to the
asymptotic framework of Section 2.1.

Theorem A.1 (Asymptotic normality of f; *, conditional on D, ). Suppose Assumptions 2.2, 2.3, 2.5 and 4.9 are satisfied and let f *n, j=0,....1+n-1
be defined as in (3.5) according to the Mack bootstrap scheme of Section 3.1. Then, as n — oo, the following holds:

(i) For each fixed j € Ny =1{0,1,2, ...}, we have
N ~ d 5,2
Vitn—j ( Fi- fj,,,) LN (0,-L ) inprobability,
. u;

d
where “—” denotes convergence in distribution.
(ii) For each fixed K € N, let f—*K,n = (f(in, fl*,n’ cees f;;’n)’ be the (K + 1)-dimensional Mack bootstrap version of £K,n = (fou Frpr e ’fK,n),' Then, we
have

Jl/z(f* -7 n)—d>N(o,2:K,£) in probability,

—Kn =K
where J\/2 = diag < I+n+ 1 —Jj,j=0,. .,K) is a diagonal (K + 1) X (K + 1) matrix of inflation factors and g = Jg(”K)ZK,C‘]g(”K), =
o7
H

(Hmdx(jl,jQ) lf)
Zy o =Cou(C, ¢ k=min(jy.jp) 7k ) TminGjy.j») A1)
jl,j2=0,...,K+1

2 2 2
diag <u_0 yee M—"> is a diagonal (K + 1) X (K + 1) covariance matrix, where

102



J. Steinmetz and C. Jentsch Insurance Mathematics and Economics 115 (2024) 83-121

isa (K +1)x (K + 1) matrix,

a1
= 0
0o -x2 1
J ()= S (A.2)
P 0
X 1
0 0 - L
K

isa (K + 1) X (K + 2) matrix, and B = (Mgs ---» g 41) as derived in the proof of Theorem 3.1 in Steinmetz and Jentsch (2022).

As the unconditional limiting distributions obtained in Theorem A.1 above and in Theorem 3.1 in Steinmetz and Jentsch (2022) coincide, the Mack
bootstrap is unconditionally, that is without conditioning on Qj , = Q; ,, consistent for an arbitrary, but fixed number of estimators of development
factors. That is, for each fixed K € N, we have

dx (ﬁ* <J1/2 (ﬁk,n _fK,n)> L (']1/2 (fk,n _£K>>) =op(1),

where /= (fy, f1.-..,fx) and dg denotes the Kolmogorov distance between two probability distributions.
The following direct corollary is the Mack bootstrap version of Corollary 3.2 in Steinmetz and Jentsch (2022) adapted to the asymptotic
framework of Section 2.1.

Corollary A.2 (Asymptotic normality for products of f/ '*,n ’s conditional on Dy ,). Suppose the assumptions of Theorem A.1 hold. Then, as n — oo, the
following holds:

(i) For each fixed K €Ny and i =0, ..., K, we have

o2

K K
T+n+1 (Hfjn Hfjn>—>_/\f<0,2”—/ H f[2> in probability.

Jj=i TJ I=il#j
(ii) For each fixed K € N, we have also joint convergence, that is,
M, 7 - T15, 7 ) N
I j=idjn j=i g N (O,Z ) in probability,
\/_< 120, K — KILf p ty.

where EKstj = Jh(iK)EK»LJh(iK), = (EK’Hf, (i1,12))i, iy=0,....k 15 @ (K + 1) X (K + 1) covariance matrix with entries

K 2 K max(i,ip)—1

SengGoin= Y, = 1 # I 7w

Jemax(iy i) #I l=max(pi) A m=minG.ip)

foriy,i,=0,...,K. Here, ZK*[ is defined in Theorem A.1(ii) and

K K K
Hz:o,l;eo Xi H/K=o,1;e1 Xy HI:O,I,—’:K Xi
nw=| Y H’=‘.;’*‘ Mo , (A3)
: . . .
0 0 HI:K,I#:K X

as derived in the proof of Corollary 3.2 in Steinmetz and Jentsch (2022).

A.2. Proof of Theorem A.1

By construction of the Mack bootstrap estimators f/ .*n, j=0,....,1 +n—1 according to (3.5, for each fixed K € N, the K + 1 estimators
j/"a‘n fl*n ]/’\[’2 are independent conditional on Dy ,. Hence, it is actually sufficient to prove part (i). For any fixed j and from (2.10) and (3.5),

using C,JH =C,

i Fij» we get immediately

I-j-1 * I-j-1
Yt CiiF; > G
—— A, ~ - Z J _ ij oA~
I+n_j<f;,n_fj,">: VI+n—j I-j-1 - ;_jﬁl fj,"

k=—n Ckaj k=—n Ckvj

-t Gy (Eikj - f,,,)

. 1 I-j-1
= mzk:—n Crj
—j 1

: Y 7,

i=—n

Noting that, for all j, (Z; ,,i =—n,...,I — j—1, n€N) forms a triangular array of random variables that are independent conditional on D, ,, we
can make use of a (conditional) Lyapunov CLT to prove asymptotic normality. First, for the bootstrap mean, using measurability of all C; ;’s and of

fj’,, in Z; , with respect to Dy ,, we get
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i | G (Fi),kj - f,,,) Cij
E (Zi,n) =E T T yi--T¢ (E ( w) f/”)
Tin “k=—n k.j VI4n—j “k==n k.j

Further, by the construction of Mack’s bootstrap, for any fixed j and i = —n,..., I — j — 1, we have E* (r;*j) =0 such that

C

i,j

sk sk w« [ 7 &\fs" * ~ 8]3” s [ n
E'F) =B f+ —2=rt, ) = Frut —2=E* (rl) = T
leading to E*(Z,) = 0. Second, for the bootstrap variance, we get

c?.
Var* (Z:n) = al Var (F*)

(i)

and, from the particular construction of Mack’s bootstrap leading to E* (rj‘j) =0and E *(rj‘jz) =1, we obtain

G

~ 2
~ B
Var®(F7)) = E* <f,-,,,+ = rf,j) _sz,n

A~ ~ 2
C; c;
> Jjn - j.n
= sz,n +2f;n (r;tj)+ < > E*("fj) - sz,n

Ve Cij
812’,[
= c,
such that
Var* (Z* ) = Ci’jajg’"
in

2
(v =i e)

and, altogether,

) ; ~ 1 I-j-1 ~2
I-j-1 I-j—-1 52 o
( : ) J St (g 25 C) 3,
Var

* — —
Z Zin )= Z 2 . i1 2
i=—n i=—n 1 I=j-1 ¢ ( ~=lc )
—_— ; —; = k,
<«/1+n—j Zk=—n k,/) I+n—j k=—n J
~2

(g
J.n

1 I-j-1 :
T+n—j “k=—n Ck,/'

Letting n — oo, making use of Assumption 2.5, we get szn - 6/2 by Theorem 3.5 in Steinmetz and Jentsch (2022), as well as

1 I-j-1
S c, . L
IT+n—j kZ—n k. Hi
by a WLLN using that, for all j, (Cy, j,k €Z, k<I-—j—1) are iid by Assumption 2.1(iii) with (finite) mean u ] and variance T/?
Assumptions 2.2 and 2.3, respectively.
Finally, it remains to prove a Lyapunov condition to complete the proof. Choosing § = 2 for the Lyapunov condition, for any j, it is sufficient to

show that

according to

I-K-1 C; (F.*. —fjn) ,
Z E* — 0.
e 21 K- l
== ik i

Due to measurability of all C; ;’s with respect to D, ,,, we get

4
I-K-1 Cj (F - fjn)
2 E

L 21 K- 1
|| v B

I-K-1

) 1 ) (I+nl—K)2 ) ijE*<(Ffj‘fj,n)4>-

1 I-K-1 P
<I+n—K k=—n Chj
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1 1-K-1
C

Further, as Ton K 2ke—n Ckj= Op(1), it is sufficient to show that

I-K-1

I+n— Z C4 E* (< *j fj,n>4>:OP(1)~

For this purpose, we have to compute E*((F;;. - jf‘;’,,)4 ) next. By plugging-in for FI*J, we get

leading to

I-K-1 34 I-K-1

4 !
4 % * ~ _ J.n 2 * x4
1+n— Z Gt <(Ff,f_ff’"> >_1+n—K Z CiE (rw'>'
f—

i=—

4

Further, as ﬁ Zi’;_’ffl CI.ZJ = O0p(1), it remains to show that E* (rf‘j‘) = Op(1) holds as well. By construction, we have?

I+n-21-s-1

E*(r*j) (I+n+1)(I+n) Z‘ 27

t=—n

In the following, suppose for convenience that 7, ; = r,’s. However, the arguments for 7, ; including re-centering (and re-scaling) are essentially the
same, but tedious and lengthy. In this case, by plugging-in for 7, ;, we get

o I+n=2 [—s5—1 \/T(FH )
E (’ij) (1+n+1)(I+n) 2 ; Z( )

t=—n

I+n=21-s-1 C2

_ 2 1,5 3 2 72 73 24
=TT & 2 (m‘” Fon+ OEL L = 4R T, + £y

s=0 t=—-n “s.;n

By Assumption 4.9, for n — oo, we have

~

f 2
sup 22— 0,(1) and sup T’_op(l)
=0....1+n—1 f; =0 l4n-2 G,

Hence, we can bound E* (r;“}) above by

I+n—-2T-s-1 2
2 4 _ A3 2 3
OP(l)((I+n+1)(I+n) 2 g Z (F”S AF S5+ 6F; f —4F S >>

1=—n S
5 I+n-21-s5—-1 2 .
=0,(1 “ (F,, - :
a )<(I+n+1)(I+n)—2 ; t;n ot (Fia= 1) )

Finally, the term in brackets on the last right-hand side is a sum consisting of non-negative summands, which is also Op(1) as its expectation is
bounded because the K'( )% defined in (2.21) are assumed to form a bounded sequence ((KJ(,4) / a;.‘), Jj €Ny) again according to Assumption 4.9. []

A.3. Proof of Corollary A.2

The proof follows from an application of the delta method and Theorem A.1 and is completely analogous to the proof of Corollary 3.2 in
Steinmetz and Jentsch (2022). []

Appendix B. Proofs of Section 4
B.1. Proof of Theorem 4.8

As the (conditional) L,-convergence result in Theorem 4.1 implies the (conditional) convergence in distribution in (4.6), for n — oo, it remains
to show

A~ d
(R}, = Riil (€5, = Q1w Dra) — G110 ®.1)
2 Note that we implicitly assume that only G?ﬂ_l , is estimated as zero; see Section 3.1.
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with E*(R}, - R;,),1Q; , =Q;,) 0 and

Var' ((Ry, = Rii1Q), = Q1) = Var ((Rye = R1o)i1Qr ) ®.2)
in probability, respectively.
Nevertheless, the asymptotic theory for (R}, — R;,); conditional on Q7 =Q,, and D, is not straightforward as it is composed of sums and

products consisting asymptotically of infinitely many summands and factors. Hence, we decompose (R}, — R 1)1 Dy truncating these sums and
products to be able to apply Proposition 6.3.9 in Brockwell and Davis (1991). For this purpose, let K € N, be fixed and suppose I,n € N, are large
enough such that K < I +n — 1. Then, we have

I+n I+n—1 IT+n-1
&3, Ry, :zc;:,.,,»( I Fy- 11 f}fn>
i=0

j=i j=i

i=0 Jj=i Jj=i
K K I+n—1 K I+n—1
% % s P ey
+2C1_”<HF_U< H FI—iJ_1>_Hfjn< H Tin 1>>
i=0 J=i I=K+1 Jj=i 1=K+1
I+n I+n—1 I+n—1
* * P
+ X CI—i,i< [T 7 - 11 f,-,,,>
i=K+1 =i =i
Y * *
=- Al,K,I,n + Az,K,i,n + A3,K,l,n'

d
Hence, to derive the claimed conditional limiting distribution, it suffices to show that, a) for all K € N, A*l" K. I,nl(QT,n =97 Dr) = G klQr in

d
probability as n — co for some (conditional) distribution G, x|Q; , b) Gy k|91 e = G119/« @ K — 0, and c) that, for all € > 0, we have

im limsup P* (|A* |>€|Q§n:Q17n>:0 and

1
K=o pnooo 2,K.I.n

im limsup P* (|43 ¢, > €Q; , = Qy,, ) =0. (B.3)

1
K—00 pooo
We begin with showing part a). The parametric family of (conditional) distributions used to generate the F; ;|C; ; and F’.*j |C,.*j is continuous with

respectto C; ;, f, 6}? and C:j, 52 , respectively, by Assumption 4.6. Hence, as f;,,, —f;=0p(+n- 1)~1/2), fj*n - f;!,, =0p:(U+n— 1)~1/2)

A
) *
L2 Jn’ j.n’

and /U\;n - 0/2 =0p(I+n- 1)~1/2) holds for all fixed Jj €Ny, we can conclude that, for all fixed K € N, and as n — oo, that

K K K N d K K K
> Ci <H Fro-11 fjfn> 1Q;,,=QrwDr) — 2. Crii <H Froy -1 f,) (o (B.4)
i=0 J=i J=i i=

j=i i=0

*

d
in probability, which proves A} , | [(Q], =9Q;,.D;,) = G k|Q; - For part b), by letting also K — co, we get immediately

K K K o oo o
Z Cri <H Frij— Hfj> 197 o = Z Crig <H Frij— Hfj) 191,00 ~ 61191000 (B.5)
i=0 =i =i i=0 j=i =i

d
which proves G, x|Q; o, > G,|Q; - Before we prove part c), let us also consider mean and variance of A}, , (conditional on Q7 =Q,, and

Dy ). For the mean, using measurability of C;_; ; with respect to D; , and the law of iterated expectations, we have

E* (AT g 14197, = Q1)

= B (E"(A} 1,19}, = Q1 F7,)IQ;, = Q1.0

K K K
= Z CI—i,iE* <E* <HF[*_,'J - Hf;i" ;,n = Ql,n’r}k’n> lQ?n = Ql,n>
i=0 J=i J=i

=0

due to
K K K K
E* <H Fl*—i,j - Hfj*,n Qj,n = Ql,”’rin> =E* <H Fl*—i,jlg?,n = QIJI’F;k,n> - H ;,n
J= J=t J=i

K R K N
=117, -117.=0 (B.6)

j=i Jj=i

using similar arguments as used to show E(HJI.(: )= H/K: ; f;- Similarly, using the law of total variance and (B.6), we get for the variance
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* £ * *
Var® (Al g 1,197, = Q1) =E (V‘" (Al k11910 = Ql,n’Fl,n)lgl,n:Ql,n)

+Var (E'(A} 1,197, = Q1 77 )19}, = Q1)

(g8
e g (i) (1)

due to the fact that fz‘n’s are independent of the condition Q*[‘ L= Qs n and because of

K
Var <A1K,n|g;,,,=gf,m,n>=zc,_,,z(nfkn) (H )
i=0 i

I=j+1
obtained by similar arguments as used in the proof of (Steinmetz and Jentsch 2022, Theorem 4.3) and using the measurability of C,_;; and Ej?n

with respect to D;,. Now, using similar arguments as in (Steinmetz and Jentsch 2022, Theorem 4.7) and exploiting the fact that the f ’s are
stochastically independent conditional on D, ,, for the expectation in (B.7), we get

() (1) (e ) )
L IE)
() (1)

Il 1l
~ ~.
i i

=

\..

~
Il

due to, for all ¢ € {0, ..., K}, we have

~2
N c
E(F21B1,0)) = <+ 2, B.8)
2k=—n Ck,c
where By ,(k) = {C li= A, j=0,...,k, i+j<I +n} denotes all elements of Dy, up to its kth column, and because of Elzn - 0'12 in

probability for all / € {0, K } and

U S 1 _ ( 1 )
i"‘lckl_(l+n—l)e’_(I+n—K)€K I+n
=—n .

as K is fixed. This leads to

K K /j-1 K
Var®(A} K1n|Q;,n=QI,n)=ZCI—i,tZ< 1,n>3,2,,,< H J;Z,,)+0P(IL+’I) (B.9)
~ . ;

i=0 Jj=i \ k=i =j+1
) K K /j-1 K
2 2
_’ch—i,i_ ,<Hf’<)°-j<H f,) (B.10)
i=0 Jj=i \ k=i I=j+1

as n — oo for all K fixed, because fAm —f;=0p((I+n—-1)"1?)and 67, —0r=0p(I +n~ 1)71/2) for all j € N,. Finally, letting K — co, we get

icf‘?"i(ﬁfk> <Hf1>_’gclnz<nfk> <Hfz> (B.11)

I=j+1 j=i i I=j+1

which equals Var((Ry o, — R 1.00)1197 )- Hence, it remains to show part c) to complete the proof. We begin with showing part c) for A}
similar arguments used above, for the mean, we have E*(A

1K1 BY
2KMlQ =Q;,)=0dueto E* (A2K1n|Q =Qr . Ln) 0 and, for the variance, we
have Var*(A2 K. le =0Q;,)= E*((A2 K0 n)2|Q =0Q;,)= E’*(E*((A2 K. In)2|Q =9, F )|Q;’n =9Qy ) For the inner expectation, using
stochastic mdependence over accident years leadlng to stochastic mdependent summands of A2 x.1.» (conditional on Q;,n =Qr . Dy, and F;‘)n), we
get

I.n
E* (A% 4 1 7195, = Q1 FrL)

K I+n—1 K I+n—1
_ZCI —ii <HFI*—i,j< H F;—i,l_1>_Hf;,n< H fl)fn_1>> Q;,nzglsn’F}k,n
j=i

I=K+1

K I+n—1 K I+n—1
_ch —ii E* (HF;—i,j< H Fl*—i,l_l)> an an’ _<Hff,n<H f:n_1>>
Jj=i I=K+1 j=i I=K+1
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For the term corresponding to the first term in brackets on the last right-hand side, we get

2

K I+n—1
ZCI 00 E* <HF;<—i,j< H F;k—i,l_1>> >;,n:QI,n’P?n
Jj=i I=K+1

K I+n-1 K I+n-1
- 2 2 2 2 _
-zt (T -2(T0 ) (T1 )+ T oi-enri, ) o
i=0 J=i J=i I=K+1
Ccr.
Using linearity of expectations, for the first expectation on the last right-hand side of (B.12), due to F’.*j = (’/;’:1

ij
I+n-1
* *2 * *
E H FI ij I,n_QIJl’FI,n

j=i

and C;*_I,J, =Cy_;;, we get

I+n-2
— 2 2 * P
=E* << H FI* >E* (F* i,[+n— 1|Q1n QL"’C;—LI"“ Cririner I,n)
J=i

I+n-2 52
_ ) I+n 1,n x %
=E Fl -ij\ C* fI+n 1.n |Q1,n_Q1,n’PLn
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4n I+n-2
1 A2 2
< H 1 IJC* |Q7,n=Q1,n’rl*,n> I+n 1n+E*( H Fl* 1/‘Q7.n=Ql,n’ >f[+n 1,n

I—i,l+n—1 Jj=i

= QIJI’P;FJI>

I+n-2 52 I+n-2

o % * I+n ln *2

=E H Fl—i,jIQIn Ql n ln CI H F le"’ fI+n 1.n
=i —i,i

H1+" 2 52 I+n-2
Jsn I+n 1,n + E* H F[*Eij
Croig = ’

:Qla"’ >f1+n Ln*

By recursively plugging-in, we get

I+n-1 1 I+n—1 -1 I+n-1 I+n-1

2 _ _ 2 22

E*< H FI*—"J *~ _Ql’n’rl*’n>_ Cr_ii Z (H /*">6kn< H > H f;n'
j=i —i,i i i i

Similarly, for the second expectation in (B.12), we get

K I+n—1
E* <—2 <HF;E;,>< H Fl*—i,l> ‘Qj,n =Q1’"’P}k,">
j=i I=K+1
X K . I+n-1 .
(g (M) (11 )+ 11a2) (T 2
h=k+1 j=i I=K+1

and for the third one, we have

K k-1 K K

2 _ ‘ 1 M a2 2 22

e (M foi,-0nrin) = o= 2 (07 ) (11 72 )+ 1172
I-ii j=i \ j=i h=k+1 j=i

Altogether, for all K < I +n— 1, this leads to

E* ((AZK I n)zlgj,n = QI,"’FI*,n)

Plugging-in and making use of the fact that the f"; *,’s are stochastically independent conditional on D; , and Q} , = Qy ,, this leads to
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Var® (Az K.l nlg;,n =91

K I+n—1 k-1 N I+n—1
=3 i [ 3 i, (HE* (77107, = 21 ))( 1 & (7, =0 ,n)>
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obtained by re-arranging terms and due to E*(f;‘n|Q’;_n =Q;,)= E*(f;?n) = fj‘n and

~2
E*(f*ZIQ* =0 >=E*<f*2>=f2 + O-j,n
jn'=1n Ln Jn Jjn I=j=1 ¢
zp:—n P

for all j. Next, to argue that Var* (A2 k.1 lej =920 vanishes in probability for K — o and n — oo afterwards, it suffices to show that its
unconditional expectation is bounded for K — oo and that its bound converges to zero as n — co. We get

E(Vara;,,1Q;,= Q1)
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h=K+1 T Con ) 12K+
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k | Itn—1 [k-1 I+n—1 &2
~ A ’\2 n
+ Z E{Cy_y; Z (H fjm) Ok Tont Siam C
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i= =i \j=i h=k+1
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Next, using the law of iterated expectations and

Now, let us consider the three terms on the last right-hand side separately. Using CopzU+n— h)e" > ", the first one can be bounded by

~2 2 2 2
o o o 20
~ c.n _ c 2 c 2 c
E|:fc,,,+€—c|31,n(c)] ——,_c_lc +fc+€_csfc+€_c
k=—n k.c
forallc € {0,...,I +n— 1}, where B, ,(k) = {C,-’jli =-n,...,1,j=0,...,k,i+ j < I}, the first term on the right-hand side above becomes

K K k-1 K 32 I+n—1 262
e () (1 () (-2)
i=0 k=i \j=i h=k+1 € I=K+1 €

and, similarly, for the second term, we obtain

K K k—1 N K "2 I+n-1
el i) (i () ()
i=0 k=i \j=i h=k+1 I=K+1

Together, this term becomes
2 62 I+n—1
2 !
#+2)-T1 ).

K K /k-1 K gi I+n—1
~ ~ ) N
2 : |:C1_i’i Z <Hfj,n> O—I%!n ( H <fh’n ’ " )>:| ( H <
i=0 k=i \j=i h=k+1 € 1=K +1 IZK+1

which, using similar arguments as above, can be bounded by

21 (81,52 (L0 %) L)

Now, letting n — oo, we get the following upper bound

([ 2)) 22 (07 )- 7)==

which is finite using H;’;O x; < oo if and only if Z;’;O(x ;— 1)< oo for x; > 1 for all j, and as we have

oo 26 2
Z(fh+__l> Z(fh_l)+z Z(fh_l)(fh+1)+22 Zh
h=0
oo 00 2
<sup(fh+1)2(fh—1)+ Z—Z
h=0 h=0

by Assumptions 2.4 and 4.2. Now, letting also K — oo, the term Z'—o Z Pl 10' also remains bounded due to

k=i Jj=0

™M=

j+1)t7 <2(/+1)a < .
Jj=

||M\
||M>:

]
(=1

i
2 2
Finally, as f; — 1 and 67 /e — 0 for | — oo, we get [[}2,, (/] + %) — land []2 ¢, f; = 1 for K — o leading to
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() fi o

I=K+1 1=K+1

Similarly, using the same arguments, the second term in the representation of E(V ar*(A%

K I+n—-1 I+n-1 262
h
Y 3 ()7 (T (7+)).
i=0  k=K+1 h=k+1
which, for n — oo, can be bounded by

0 0 2 )
“fo<H<fh+—>>Z D s <H<f§+%%>> > (k+ 1o} < oo,
h=0 e i=0 k=K+1 h=0 € k=K+1

which vanishes for K — 0.
Finally, for the third term in the representation of E(Var*(A2 K.In |Q’;7" =0, ), we get

K K k—1 R K "z I+n—1 N
TE c,_[,iz(n fj’,,>8,in I |72« = (1_ 1 f,,,,>
=0 j=i Con

h=k+1 Zp:—n I=K+1

2K le%;,n =Qy ) above can be bounded by

=i

K K /k-1 K "i I+n-1
~ \ . ~ n
= ZE CI—i,iZ(Hfj,Vl)GZ,n H fh,n+ I-h—1 <1_ H f’)
i=0 =i h=k+1 Zo—n Con I=K+1

=i

While, for n — oo, the second factor 1 — H11=+1'<:11 /1 can be bounded by 1 —[];2 ., f;, which converges to 0 due to [];2 4, f; = 1 for K — oo, the
first factor above can be bounded by

K K k-1 K o2
ZmZ(Hfj)ai( I1 <f£+ —))
i=0 k=i \j=i h=k+1 €

which, for n — oo, can be bounded further by

2 = 2 3i . 2
wo | TI{ 7i+ = ) ) 20+ Doy,

h=0 Jj=0

which is bounded as Z U+ 1)0 - Z —oU + 1)0' < oo for K — oo. This completes the first part of c¢) for term A% . Continuing with A*

2,K,I.n 3,K,I,n

to prove also the second part of c), we have E *(Ag KL le I'n =@, ,) =0 using the law of iterated expectations. By using similar calculations as for
A; K. We get
I+n I+n—1 /j-1 I+n—1
EX (A1 197, = Q)= D o X <H ) 8 < I1 fi;%)
i=K+1 Jj=i h=i I=j+1
and

Vart (A3 g 1,197, = Qua) = E° (E°(A3 g 1,719, = Q1 P ,)IQ], = Q1)

I+n I+n—1 I+n—1 62

_ ~ In

- Yo 3 () (T (7 o))
i=K+1 =i 1=j¥1 teen Chi

Hence, to show that Var* (A3 K.In ) > 0 vanishes in probability, we prove that E(V ar* (A3 K.I lej "
bound converges to zero as K — oo. By plugging-in and using similar arguments as above for A2 Kl

I+n I+n-1 /j-1 I+n-1 26 2
E(Var' (A, 195, =Qr0< 2w Y, (Hf;,)af( 11 (f, €’>>
h=i

= Qy,)) is bounded for n — oo and that its
we get

i=K+1 Jj=i I=j+1
[ I+n I+n-1
se(Ml(7+2) ¥ 5w
1=0 i=K+1 j=i
which is bounded for n — o due to
I+n I+n-1 I+n-1
Y Y s Y (+hel— Z(j+1)0' <o
i=K+1 j=i j=K+1 Jj=K+1

and this bound vanishes for K - . []
B.2. Proof of Theorem 4.10

Similar to the proof of Theorem 4.8 for the conditional limiting behavior of (R}, — R 1.»)1 and to the proof of Theorem 4.7 in Steinmetz and

Jentsch (2022) for the (unconditional!) limiting behavior of (R; , — R 1,1)2> We decompose (R} | — R r.n)2 by truncating the sums and products to be
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able to apply Proposition 6.3.9 in Brockwell and Davis (1991). For this purpose, let K € N be fixed and suppose I,n € N are large enough such
that K < I 4+ n— 1. Then, after inflating (Rj w ﬁ,y,,)z with /I +n+ 1, we get

VI+n+1 (R’;’n - ﬁ,,,,>2

I+n I+n-1 I+n—1
~ N
+VIi+n+1 )Y C; ”< [ .- 1 fj,n>

i=K+1 Jj=i Jj=i
k. * *
Bl K,I.n +B2K I.n +BS,K,1,n’
d ~
Hence, to derive the claimed conditional limiting distribution, it suffices to show that, a) for all K € Ny, B 1 K. nl(Q =Qr.»Dry) = G klQr e in

~ ~ d
probability as n — co for some (conditional) distribution G, g |Q; 5 b) Gy k|9 o = G21Q) « as K — o0, and ¢) that, for all € > 0, we have

11m limsup P* <|B2K1n| >e€lQ, :Ql,n) =0 and

K=o psoo

im limsup P* (|A3K1n| >¢€lQ7, :Ql,n) =0.

1
K—00o poco

We begin with part a). That is, for each fixed K € N, we consider

K K
B =VTTarl zc, ,l(nﬁ;—mﬁ), ©13
J=i j

J=i

where

I-j-1 1-j-1
~ teen Choj+1 ~ keen CijFy
fj’,,zi_ and f = —
j—1 C J» Jj—1 C
k=—n ~k.j k_,,, k.j
In contrast to the situation in the proof of Theorem 4.7 in Steinmetz and Jentsch (2022), where all fj,,,’s are indeed affected by conditioning on

Qy »» here, conditional on Dy ,, all f *,’s are independent of the condition 9} = Q; ,. Hence, for n — co, the (unconditional!) asymptotic bootstrap
theory derived in Theorem A.1 and Corollary A.2 lead to

1, K,,,I(an =9 D) —> <QI K- I’YK> 197,00
in probability, where Q; x_; ={C_;;|i= ,I+(K—I)=K}, () denotes the Euclidean inner product in RK*!, and Yy = (¥;,i =0,...,K) is
a (K + 1)-dimensional multivariate normally distributed random variable with Y ~ N’ (0,2 K1/ ) with Zg 7 defined in Corollary A.2.

d
Further, letting K — oo, we get <Q1,1<—1»Y1<> Q)0 (Q,,OO,YDO> |Q} 00> where Q;  ={C;_;;li €Ny}, and Y, = (Y;,i € Ny) denotes a cen-
tered Gaussian process with covariance

o 2 oo max(iy,ip)—1

COU( i 12)_ hm 2:KI-[f (11’12)_ Z _J H f[2 H fm (B14)

jemaxiyiy) P 1=max(iyip)d#i  m=minGiy.iy)

for iy, i, € Ny. Moreover, as Q; ., and Y, are stochastically independent, conditional on Q; ,, the variance of (Q I,OO,YOO> computes to

Var(<QI,oo’Yoc>|Q[,oo ZVar(CI llYIIQIOO)+ Z COU(C[ 111]Y1| C[ —in,ip ,2|Q100
i=0 i1,ip=0
i1 #iy

_ch IlVar(Y)+ 2 Cl Illlcl ,212C0U( ip> ,2)
i1,ip=0
iy #in
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© 0 52 o o0 oo 2 0 max(iy,ip)—1
— 2 J 2 J 2
_ZCI—i,th 1+ Y CriiCronsy, — I II #
i=0 J=i T =i i1,i=0 Jj=max(iy,ip) Hj I=max(iy,ip)  m=min(iy,ip)
I#j iy#is I
o 52 j © 0 52 i—1 i—1
— J 2
_Z 2(ZCI—Ile>+ Z” (ZCI Illlzcl tZIZHf1>ka
=0 #if7 \iso k=i i \ir=1 120
® 52 j+1 J R 0o 52 .J i i—1
— J 2 i J 1
_Z 2<j+1zcl—i,in>+22M ( Z I-ipiy - ZCI 1212Hf1>H
j=0 ij,- i=0 k=i j=17i i=1 1 i,=0 I=iy k=j
2

© 52 11—1
i . 1
e Loen( A ge ) E Zoer (LS et Se)
‘ L f? 0

=1 12=

dueto 372, + 1)20'2 < 0o by Assumption 2.4.

We continue w1th showing part c) for B} . Using similar arguments as above, we have to consider

2,K,I.n

Bk 1,1Q7, =210 Dr)

K I+n-1 K I+n-1
g (M ( T 7 1) T T1 1) )€1, =0unin
j=i I=K+1 J=i I=K+1

Using the unbiasedness of f] 7, conditional on Qj,n =Q;, Dy, for f”;-’n, that is,

EX(f7,1Q0, =) =E*(f},) =1},

for all j, and the independence of the [’ fx . 'S conditional on Q;  =Q;, and Dy ,, we have E* (B2 e Ile = Qy,) =0 by construction. Hence,
it remains to show that Var* (B3 =Qy,) is bounded 1n probability for n — oo and its bound vamshes for K — oo afterwards. Now, to
=Qy ), for any fixed K €N and n € N, large enough such that K < I +n— 1, we get

5 kot L
*
compute the bootstrap variance Var (B2 K.In |Q% T

Var® (Bz K.I lej,n =9,
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e Y ccc( M 7117 11 75 _r[_f;;,nlg;,ﬁg,,n)

i1,i=0 J1=i N1=h Ja=iy J2=h
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(I DY ¢ Crnncor | I] 7. - TI 7 e | W
= +n+ 1-iy.iy CI-iy.iy | 5 SR § AT § SR § A
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s s s P s
<2 +n+1) 2 Z Cr-ii, Criy,iy Cov < H Jim— H i 11 Tjn = H /M)’

i,=0i1=0

using that, conditional on D, ,, the f Fx . S are independent of the condition Q} | =Qj .
To calculate the covariance on the last right-hand side, for i; <i,, first, we "consider the mixed moment

In-1 K In-1 K
E*<< H fj*l,n_ H ;‘l,n>< H ffz,n_ H ;z,n>>
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since f; * and f;n are independent for j # k and j,k € {0, ..., I +n— 1} conditional on D, ,. Similarly, we have
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By rearranging the terms in brackets on the last right-hand side above, it becomes
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j3—1 I+n-1 52 T4n—1
13" ~ ) Jo:n ~
o3 e ()| 11 [ s |- T 2
J3 lC AL 7 Jgn 1 Ja.n 1-j, IC ) 45
J3=ip Zk,_n kjz \Ja=i2 J2=j3+1 k=—n ks Ja=K+1
j3-1 [ 141 52 K 52
1371 ) 2 12” ) Joon
et Foa )| TL (Fn* sz |~ 11 7t 5o
J3 lC AL T Jgn A4 Ja:n 1-j, lC A4 Ja.n I1-j, IC
J3=iy Zk kjz \Ja=i2 J2=i3+l1 k=—n k.o J2=j3+1 k=—n k.
I+n-1
x H szp"
Ja=K+1
j3-1 K 52 I+n-1
/3n Jasn ~
‘3 )| T |7t |2 TT s
-3 IC AL Tjgn Y Ja.n I—j,—1 C ) J4»
Jz=iy Zk__n kjz \Ja=i2 J2=j3+1 k=—n ks Ja=K+1

Now, following the same steps as in the proof of Theorem 4.7 in Steinmetz and Jentsch (2022), we can compute the unconditional expectation of

the above. Using C; ; > ¢/, E( FenlBra©) = fo, E@32,1B; ,(c)) = 67 as well as

2 o2
~ _ 2 O _c 2
E<f"”|B”"(C))_ 11 ¢ 1C fc_(1+n—c)ec+fcsec L
=—n
forallc € {0,...,I+n—1}, where B; ,(k)=4C, ;|i=— I, j=0,....k, i+j<I+n},wecanargue that Var*(B: =9 ) > 0 vanishes
I.n i.j I.n

in probability for n— oo and K — oo afterwards, by showmg that its uncondltlonal expectation is bounded for n — co and that its bound converges

to zero as K — oo.

: s PpIHn-1 P & I+n-1 2 _ P
Using that E(Cov (H“_l1 fn , H“_I1 f/l W H/z_,2 f/2 R le_lz fj2 ,)) can be bounded by
ip—1 I+n—1 o2 Jj3—1 o2 I+n-1 262
J3 2 /4 2 J2
TS e (T (e 2)) (T (5022
— j)el J i J
J1=i1 j3=K+1 (I +n—j3)el Ja=iy e ¢ Ja=j3+l €2
K o2 J3—l o2 T+n-1 262 T+n—1
J3 2 J4 Jz"
oy —3 2 4 = + —2=
3 g (1 (2 2)) (T (2+222)) (T 0)
Ja=iy Ja=iy J2=j3+1 Ja=K+1
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K o2 J3-1 o2

J3 2 J4

+ —_— o+ —
j; (I+n—j3)€]3 <H <f14 el4 >>
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2 Ja=ip

K - 2(,]22’ I+n—1 R 2(;]22 T+n-1
LI () (1 (fwefz)*)](ﬂ )
h=j3+1 ja=K+1 Ja=K+1
+ i —6’2‘ ﬁ 12 +i ﬁ I+ 2% Iﬁ] fi
(1 +n— j3)el3 = Ja s Jymist J J Pt Ja~ ’

we can bound also E(V ar* (B2 X1 ”lQ’;ﬁ =Qy,)) from above. Precisely, putting everything together, we get

E(Var (BZKInlgln Ql,n))

<2Z Zﬂ,,uQ(ﬁ f,l>

ir=0i1=0 J1=1

In=1 ([ 4+ n+1)02 /2—1
xe Y —=
J3=K+1 (Lt n=jyeh 14 i

I+n 1 , 20.122
flz + el
Jz‘/%*—l

K 262 I+n 1 2 I+n—1
LG22 (IL (2 2) ) (I )
ja=Jj3+1 e Jr=K+1 =K+1
K (I+n+1)a}?z <,_1< >>< K < 207 T4n-1
+ ) 17+ i 17+ ) f >
1'3;"2 (L n—js)ehs 1'41:!2 it J'z!_jz[+1 " g!z 141;I+1 .

and the leading term of the last right-hand side becomes

22 ZulluQ(QHl f,,)

ir=0i1=0 J1=1

K (I+n+1)o? n 1 1+n 1 202 I4n—1
J3 J2.n
J3=ip 3 4 12—13+1 Ja=K+1
K (I +n+1)2 </3 1< ))
+ 4
fmty T n=J)eh \ i,

e (e r+n o,
3 4 2
x ) Z o3 H f4 €l4 efZ
j3=K+1 Ja=iz /2—I3+1
K 6/2 Ja—1 6 I+n—1 20-12 " I+n—1
B 2, _
* Z ef3 J L T3, , H fi,—1
J3=12 Ja=iy J2=j3+1 ja=K+1
K ‘7,21 31 . 6/24 K , 20}22 ) I+n-1 - 26122 I+4n—1
* 2 e fj4 o eJa ) H fj? * €2 . H f e 1 ) H Tis
J3=ip Ja=ip Jr=Jj3+1 Jr=K+1 Ja=K+1
K g2 /i1 2 K 262 I+n-1
2 J4 2
+.Z 613< < J>><H (fj2+gjz >>< H f14 >}’
J3=ia Ja=ip J2=j3+l Ja=K+1
which can be bounded further by
= (o, 20 S %h v %
2o H fj4 eia ZZ”’]MQ Z €/3+Z€T3 f1'4_1
Jg=0 ir=0i;=0 Jj3=K+1 J3=in Ja=K+1

L i 262 o K o2 o
J3 l—l 2 12 H J3 I l
Jj3=iy ja=K+1 ja=K+1 J3=iy Ja=K+1

Now, considering the four terms in brackets separately, for the first one, we can argue that it vanishes asymptotically due to

o < 5 o 1 < 1 2 o]
ZZ”"I’% Z €7§5<K—+12‘6”iz><m2ﬂ;,> Z (J3+1)2—,3—>0

i=0i,=0 Jj3=K+1 ir= i1=0 J3=K+1
2
for K — o0, because the sequence ( Zf o HirJ ENg)is converglng and, consequently, also bounded, and due to Z —oU+ 1)2 < o0 by Assumption

4.2. Similarly, using that H, k41 f; — 1and H:’; k+1€ sz + E—/.j) — 1 for K — o0, we can also show that the other three terms vanish asymptotically.

This completes the first part of c) for B2 Kin
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Similarly, for showing part c) for B we have to consider

3,K,I.n’

I+n I+n—1 I+n—1
B 1alQ;,=QrnDy)=VI+n+1 Y C;, < I17.- 11 fj,n)|(Q;n=Q,,n,D,,n>.
J=i Jj=i

i=K+1

By the same arguments as used above for Bj 5 k.o Ve get E* (B3 K.In |Q7 , =<y, =0 and for any fixed K €N, and n € N, large enough such that
K <I+n-1,wehave

Var'(B; g 1,197 4 = 1)

I+n-1 I+n-1 I+n-1
=L +n+1) Z Croiyi,Cr-ip.i, Co < H le n H f,2n|Q >

ipip=K+1 J1=i1 =

I+n—1 in I+n—1 I+n—1
QeneD) 33 CoyaCrpnCo <H P f>

ir=K+1ij=K+1 J1=iy Ja=iy

To calculate the covariance on the last right-hand side, for i; <i,, we consider the mixed moment

ir—1 I+n—-1 .
(7))
J1=1 J2=h

which is just the first term of the mixed moment of the covariance calculated for 32 K,
we obtain

I+n—1 N IT+n—1 N
o (T 70 11 72
J1=i Ja=ip
ir—1 R I+n— l I+n—1 N I+n—1 N
(7 (7)) (i 7))
ip—1 R I+n—-1 N I+n—-1 N I+n-1 N
() (020 (i 2 )
J1=1 J2=I J1=h J2=h

ir—1 I+n—-1 52 I+n-1 I+n—1

f ot s ||\ Fo (T
H fl‘la" 11 sz,n+ I—jp—1 11 fjl’" 11 sz,n
Ji1=l J2=in k=—n Ck,jz J1=1 J2=i

ir—1 I+n—1 32 I+n—1
) Jan H ~
o )| TT |7 T Firn

. By using similar calculations to get E*(f, *2) (for B

I.n ZKI)

Il
>
i
>
=

1
J1=0 J2=ip k=—n Ck,jz Jo=ip
I+n—1 6-‘2 ir—1 Ja—1 I+n—1 6—‘2
=2 = — (1 I1 Il |5+ o
Z <l—ja—1 ~ IC fll n sz,n By f1'3’"+ I—-j3-1
Ja=ip Zk_,,, k.js N\J1=01 J2=ip J3=ja+1 k=—n Ck.j;
T+n—1 ([ 4+ n+1 ir—1 Ja—1 T+n—1 52
- (I +n+1)5> g ~ 2~ 2 J3on
- 2 (I +n— jyels H i H S H T i ef3 '
Ja=ia 4 J1=iy Ja=ia J3=ia+l

Noting that all involved summands and factors are non-negative, taking expectations of the last right-hand side and using the law of iterative
expectations and C; ; > ¢/, E(f,,|B; ,(c)) = f,, E2,|B;,(c)) =02 as well as (B.15), we get

I+n—1 ir—1 Jja-1 o2 I+n—1 262

2 Ja 2 73
Z (I+n—J )614<Hf“><H<fj2+ej2>><.H <fj3+ ef3 >>
Ja= Ji=iy J2=ip J3=ja+l

such that the leading term of E(V ar*(B =Qy ) becomes

*
3K1n|QI,n

I+n—1 iy T+n— 16 ir—1 Ja—1 o2 T+n—1 262
2 12 2 J3
2 % X w2 e\ I JUTT (72 + IT (77 +
1712 d 1 41 eh2 J3 )3
iy=K+1ij=K+1 Ja=in J1=i1 Ja=in J3=is+l1

© 262 I+n—1 ip I+n-1 42
2 J4
QJHQGQ)ZEMMZT

73=0 iy=K+1i=K+1 Jja=ir €

o , 20 123 I+n—-1 i I+n—1 6124
<\ [\ A+ )) 20 2 e 2

Jj3=0 i irp=K+1ij=K+1 Ja=ip

For the triple sum on the last right-hand side, we get
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I+n-1 in I+n— 10— I+n—-K-1 i+K I+n—1 O'
2 X mmn L= X X ke X
ip=K+1ij=K+1 Ja=ip ir= i1=K+1 /4—12+K
I+n—K-1 1 ir+K I+n—1 g
= 2 olg Xommex X5
ir=1 2 1=K+1 Ja=ir+K
I+n—K—-1 I+n-1 6
“Ja
<const. Z 12ﬂ12+K Z >
ir=1 Ja=ip+K

I+n—1 2]K

=const. Z 2 k-

Jj= 1+K

Further, the sequence (;, i € N,)) shares the properties of (Cy_; ;,i € Ny) in a deterministic sense such that Z K Uik < const.j2. Consequently, we
have

I+n—1 2]K

2 21/4,+K<const 2 &

Jj= 1+K Jj=1+K

as K — oo by Assumption 4.2. []
B.3. Proof of Theorem 4.11

The proof is analogous to the proof of Theorem 4.12 and Corollary 4.13 in Steinmetz and Jentsch (2022). The claimed uncorrelatedness of
(R’; . — Ry, and (R’; . — Ry ,), conditional on Q’; W= Q;, and Dy, follows from

Cov" (R}, = R )1 VI+n+ 1R, ,— R; )alQ}, =01,
I+n I+n—1 I+n—1 I+n I+n—1 I+n—1
:Cov*<2C,_i’i< I 7- 11 f;f,,>,\/1+n+12c,_,,,.< II75.-11 f,,n>|Q’;y,,=Qz,n>
i=0 j=i j=i =i

i=0 j=i

I+n I+n-1 I+n-1 I+n-1 I+n—1
=VI+n+1 Y E* (Clim < H Fiii = H f;‘l’n>c,,-2’i2< H 7 H Fim >IQ’;’M=QI,,,>
J2=h

i1,ip=0 J1=1) J1=iy Ja=ip
=0
since for all i},i, =0, ..., I + n, we have

I+n—1 I+n—1 I+n—1 I+n—1
s s n % % _ % _
E <C1_ilsilC1_i2si2( H sz,n_ H ijv”>E < H I =i H Jion I,n_QIyn>|Q1,n_Q1,")

Ja=in Ja=in J1=i J1=i

=()7

because the inner conditional expectation on the last right-hand side is zero. []
Appendix C. Proofs of Section 6
C.1. Proof of Theorem 6.1

Following the technique of proof in Theorem 4.8 and using fj’n -fi=0p(+n- 1)~1/2), ffn - /;-’,, =0p:({ +n—- 1)~1/2) and 312" —o2=
Op((I+n-— 1)~1/2) leads to the same limiting result also for the process uncertainty part (R;rn - I/Q\;rn) | of the alternative Mack bootstrap. []

C.2. Proof of Theorem 6.3

Following the technique of proof in Theorem 4.10 and exploiting the limiting properties from Assumption 6.2, we get the claimed asymptotic
results. [

C.3. Proof of Theorem 6.4
Based on the results established in Theorems 6.1 and 6.3, the arguments are completely analogous to those used in the proof of Theorem 4.11. []
Appendix D. Conditional versions of the CLTs from Steinmetz and Jentsch (2022)

For the sake of completeness, in Theorem D.1 and Corollary D.2 below, we summarize the results from Theorem C.1(ii,iv) and Corollary C.2(ii,iv)
in Steinmetz and Jentsch (2022).

Theorem D.1 (Asymptotic normality of f; conditionally on Qy ,; Theorem C.1(ii,iv) in Steinmetz and Jentsch (2022)). Suppose Assumptions 2.2, 2.3, 2.4,
4.2 and 4.3 are satisfied. Then, as n — oo, the following holds:
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(i) For each fixed K €N, let /' = (fo. 1. ,fx) and define
L @i = on @1 F1n@rs oo Fia @1l
Then, unconditionally, we have
5 (£ @u=£,) < (020)).

where J/* = d iag | VI+n+1—-j,j=0,...,K ) is a diagonal (K + 1) X (K + 1) matrix of inflation factors and the variance-covariance matrix
n

(1> _ ) !
= (1) 5 ()
where Z(l) is defined in (D.1), has entries

1 ..

ey Uri2)

I3 0 E (B(Coy IC ) E(E(C 1, 1Cy0)) ) + E ((E(Cyy |G E(E(C 4o )) )

Hj Hijy

—szE (E(Ci,j1+1 |C[’0°)E(Ci,j2 |C[,oo)> - fjl E (E(Cljl |Ci,oo)E(Ci,j2+l |Ci,oo)>

Hj By

+

for ji,j,=0,....K. . A .
(ii) For each fixed K € Ny, let iKn =(fou frn>---» fx.n) - Then, conditionally on Q; ,, we have

7 d
Jnl/z <£K,n _iK,n(QI,n)> |Ql,n — j\f <O’ 2(]?}) ,

where the variance-covariance matrix

(2) _ @ !
2 J( )EKCJg<K>,

2

where E( ) is defined in (D.2), has entries @ )f(j = a = :—’ - 0'; | for j= ,K and =% f(jl,Jz) = —ZKf(Jl,jz)for J1:J=0,....K,
j i
1 # 2
We obtain
M _ ) !
ZK,L"Jg( )ZK CJg< ) (D.1)
and
2 _
2:1<,c = E(Var(gi,chi,oo))’ (D.2)
where C; , = C; o [172, Fix- Note that, due to the law of total variance, we have
1 2 1 2)
Tie=Zget g and Ty, =X +EP (D.3)
0'2 0'2 62
—di 202 Zk
where EK{ =diag <M0, e >

Corollary D.2 (Asymptotic normality for products of fj’n ’s conditionally on Q; ,; Corollary C.2(ii,iv) in Steinmetz and Jentsch (2022)). Suppose the
assumptions of Theorem D.1 hold. Then, as n — oo, the following holds:

(i) For each fixed K € N, unconditionally, we have also joint convergence, that is,

VIi+n+1 (Hj,f/n(QIn) Hj,f/n>_>j\/‘<02(l) )

i=0,....K K17/

where z(lj)n ;=g JEY (IS ) with J(-) as defined in (A.3).

(ii) For each ﬁxed K e NO, condlaonally on Q; ,, we have also joint convergence, that is,

K 7 K
m(nj:if/l‘n_szifj,n(Ql,n)>|Q1’HL)N<O 5@ )

i=0,...,.K KIS

@  _ _ v . . e
where X KIl7, = z KI1/; X KI177 where X kI, B defined in Corollary 3.2(ii) in Steinmetz and Jentsch (2022).
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Appendix E. Additional simulation results

Table 4

Coverage rates and average interval lengths (in thousand) for unconditional 95% bootstrap prediction
intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap (iMB) and the al-
ternative Mack bootstrap (aMB) for different (true and bootstrap) parametric families, for I = 10 and
different n in Setup b).

oMB iMB aMB
true distribution: gamma

coverage mean coverage mean coverage mean

bootstrap parametric family n rate length rate length rate length
10 91% 21,168 91% 21,123 90% 20,913

20 90% 25,569 90% 25,771 90% 25,409

gamma 30 93% 25,154 93% 25,265 92% 24,907

40 96% 25,056 95% 24,828 93% 24,637

50 95% 25,183 96% 25,050 94% 24,983

10 91% 21,405 91% 21,702 92% 21,234

20 92% 25,264 91% 25,195 93% 24,898

log-normal 30 94% 24,960 93% 24,929 94% 24,849

40 96% 24,386 95% 24,565 94% 24,114

50 97% 24,587 96% 24,579 95% 24,419

10 90% 21,247 90% 22,106 91% 21,047

20 92% 26,650 93% 25,753 92% 25,100

truncated normal 30 93% 26,161 95% 25,232 93% 24,695
40 96% 24,394 97% 24,347 94% 24,053

50 95% 24,603 96% 24,600 95% 24,248

true distribution: log-normal

10 92% 21,618 93% 21,716 93% 20,913

20 94% 25,529 92% 25,771 94% 25,406

gamma 30 94% 25,101 93% 25,275 94% 24,924
40 95% 25,017 96% 25,832 95% 24,643

50 96% 25,139 96% 25,054 95% 24,983

10 89% 21,361 89% 21,702 90% 21,226

20 93% 25,218 93% 25,194 94% 24,891

log-normal 30 94% 26,099 92% 26,325 93% 24,950
40 96% 24,335 96% 24,360 93% 24,106

50 97% 24,542 95% 24,580 95% 24,414

10 89% 21,216 89% 22,097 89% 21,045

20 90% 26,588 90% 26,756 90% 25,103

truncated normal 30 92% 26,099 91% 26,228 92% 24,682
40 92% 24,357 92% 24,338 93% 24,051

50 93% 24,558 92% 24,600 93% 24,245

true distribution: truncated normal

10 97% 22,134 97% 22,047 95% 21,433

20 98% 26,369 98% 26,337 96% 26,246

gamma 30 98% 25,723 97% 25,798 96% 25,543
40 98% 25,279 98% 25,220 96% 25,096

50 98% 25,375 97% 25,375 96% 25,180

10 97% 21,602 97% 21,919 96% 21,536

20 98% 26,399 98% 26,454 97% 26,202

log-normal 30 96% 25,930 97% 25,972 96% 25,887
40 97% 25,414 96% 25,467 96% 25,128

50 98% 25,418 97% 25,471 96% 25,324

10 90% 21,927 92% 22,114 93% 21,666

20 92% 25,987 91% 25,862 92% 25,710

truncated normal 30 93% 25,251 93% 25,321 94% 25,128
40 96% 25,617 97% 25,611 95% 25,074

50 96% 24,819 96% 25,000 95% 24,748
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Fig. 4. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (0MB), the intermediate Mack bootstrap
(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is
gamma for I = 10 and different » in Setup b).
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Fig. 5. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap
(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is
log-normal for I = 10 and different » in Setup b).
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Fig. 6. Box plots of coverage rates for conditional 95% bootstrap prediction intervals using the original Mack bootstrap (oMB), the intermediate Mack bootstrap
(iMB) and the alternative Mack bootstrap (aMB) with gamma (red), log-normal (green) and truncated normal (blue), respectively. The true parametric family is
truncated normal for I = 10 and different » in Setup b).
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