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In this work, we use the monolithic convex limiting (MCL) methodology to enforce relevant 
inequality constraints in implicit finite element discretizations of the compressible Euler equations. 
In this context, preservation of invariant domains follows from positivity preservation for 
intermediate states of the density and internal energy. To avoid spurious oscillations, we 
additionally impose local maximum principles on intermediate states of the density, velocity 
components, and specific total energy. For the backward Euler time stepping, we show the 
invariant domain preserving (IDP) property of the fully discrete MCL scheme by constructing 
a fixed-point iteration that meets the requirements of a Krasnoselskii-type theorem. Our iterative 
solver for the nonlinear discrete problem employs a more efficient fixed-point iteration. The matrix 
of the associated linear system is a robust low-order Jacobian approximation that exploits the 
homogeneity property of the flux function. The limited antidiffusive terms are treated explicitly. 
We use positivity preservation as a stopping criterion for nonlinear iterations. The first iteration 
yields the solution of a linearized semi-implicit problem. This solution possesses the discrete 
conservation property but is generally not IDP. Further iterations are performed if any non-IDP 
states are detected. The existence of an IDP limit is guaranteed by our analysis. To facilitate 
convergence to steady-state solutions, we perform adaptive explicit underrelaxation at the end 
of each time step. The calculation of appropriate relaxation factors is based on an approximate 
minimization of nodal entropy residuals. The performance of proposed algorithms and alternative 
solution strategies is illustrated by the convergence history for standard two-dimensional test 
problems.

1. Introduction

Recent years have witnessed significant advances in the development of bound-preserving schemes for the Euler equations of 
gas dynamics. In particular, flux-corrected transport (FCT) algorithms that ensure nonnegativity of continuous finite element ap

proximations to the density and pressure (internal energy) were proposed in [13,21,36,42]. A potential drawback of these explicit 
predictor-corrector approaches is the fact that they require the use of small time steps and do not converge to steady-state solu

tions. The implicit algebraic flux correction schemes employed by Gurris et al. [25] do not have this limitation. However, positivity 
preservation is not guaranteed even for converged solutions.
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The monolithic convex limiting (MCL) methodology introduced in [33] supports the use of general time integrators. The residuals 
of nonlinear discrete problems are well dfined both for individual time steps and for a steady-state limit. If time marching is performed 
using an explicit strong stability (SSP) preserving Runge–Kutta method [20], the invariant domain preservation (IDP) property1 of 
Shu–Osher stages can easily be shown following the analysis of FCT-type convex limiting approaches in [21]. The analysis of implicit 
MCL schemes for linear advection equations can be performed using the theoretical framework developed in [6,40]. So far, no formal 
proof of the IDP property was provided for implicit MCL discretizations of the Euler equations. We fill this gap in the present paper 
by applying a Krasnoselskii-type theorem to a fixed-point iteration that we design to be IDP.

Having established the existence of an IDP solution to our nonlinear discrete problem, we discuss ways to calculate it in practice. 
Building on our previous experience with the design of iterative solvers for flux-limited finite element discretizations of the Euler 
system [25,35], we update intermediate solutions using a low-order approximation to the Jacobian. The underlying linearization of 
nodal fluxes was proposed by Dolejšı and Feistauer [14], who performed a single iteration per time step. In our solver, we perform 
as many iterations as it takes to obtain a positivity-preserving result. That is, we use the IDP property as a natural stopping criterion. 
Another highlight of the proposed approach is a new kind of explicit underrelaxation for solution changes. We select relaxation factors 
from a discrete set and choose the value that corresponds to the minimum entropy residual. This selection criterion was inspired by 
the work of Ranocha et al. [46] on relaxation Runge–Kutta methods that ensure fully discrete entropy stability for time-dependent 
nonlinear problems. In our numerical studies, convergence is achieved for CFL numbers as high as 105 and Mach numbers as high as 
20.

The remainder of this article is organized as follows. We present the low-order component of our implicit MCL scheme in Section 2
and prove its IDP property in Section 3. The proof admits a straightforward generalization to the sequential MCL algorithm that we 
review in Section 4. The construction of the low-order Jacobian, our IDP stopping criterion for fixed-point iterations, and the adaptive 
choice of relaxation parameters for steady-state computations are discussed in Section 5. We present the results of our numerical 
experiments in Section 6 and draw conclusions in Section 7.

2. Low-order space discretization

The Euler equations of gas dynamics are a nonlinear hyperbolic system that can be written as

𝜕𝑢

𝜕𝑡 
+∇ ⋅ 𝐟(𝑢) = 0. (1)

We denote by 𝑢 = 𝑢(𝐱, 𝑡) ∈ ℝ𝑚, 𝑚 = 𝑑 + 2 the vector of conserved quantities at a space location 𝐱 ∈ Ω ⊂ ℝ𝑑 , 𝑑 ∈ {1,2,3} and time 
𝑡 ≥ 0. The conservative variables that constitute

𝑢 = (𝜌, 𝜌𝐯⊤, 𝜌𝐸)⊤

are the density, momentum, and total energy, respectively. The flux function is dfined by

𝐟(𝑢) = (𝑓1(𝑢),… , 𝑓𝑑 (𝑢)) =
⎛⎜⎜⎝

𝜌𝐯⊤
𝜌𝐯⊗ 𝐯+ 𝑝𝐼𝑑
(𝜌𝐸 + 𝑝)𝐯⊤

⎞⎟⎟⎠ ∈ℝ𝑚×𝑑 ,

where 𝐼𝑑 ∈ℝ𝑑×𝑑 is the identity tensor and 𝑝 is the pressure. We use the equation of state

𝑝 = 𝑝(𝑢) = (𝛾 − 1)
(
𝜌𝐸 − |𝜌𝐯|2

2𝜌 

)
(2)

of an ideal gas with adiabatic constant 𝛾 > 1. The work of Tovar et al. [52] appears to provide a good stepping stone for extending 
the proposed methodology to arbitrary equations of state.

Guermond and Popov [23] call a set  ⊂ℝ𝑚 an invariant set of a hyperbolic system if spatially averaged exact entropy solutions 
of Riemann problems stay in  for all 𝑡 > 0. For the system of Euler equations with the equation of state (2), the convex set

 = {(𝜌, 𝜌𝐯⊤, 𝜌𝐸)⊤ ∶ 𝜌 > 0, 𝑝 > 0} (3)

of physically admissible states is an invariant set [7, Sec. 5.3], and so is the subset of  such that the specific entropy 𝑠 = log(𝑝∕𝜌𝛾 )
is bounded below by a constant depending on the initial data.

A numerical method is called invariant domain preserving (IDP) or positivity preserving if it produces approximations that stay 
in an invariant set. The foundations of modern IDP methods were laid by Hoff [29], Frid [18], Perthame and Shu [45], Bouchut [9], 
and Berthon [8].

Let us also dfine the Jacobians that we need to construct the matrices of our implicit finite element schemes. The array of 𝑑 flux 
Jacobians associated with the components of 𝐟(𝑢) is given by

𝐀(𝑢) = (𝐴1(𝑢),… ,𝐴𝑑 (𝑢)) =
(
𝜕𝑓1(𝑢)
𝜕𝑢 

,… ,
𝜕𝑓𝑑 (𝑢)
𝜕𝑢 

)
∈ℝ𝑚×𝑚×𝑑 .

1 Preservation of invariant domains, as dfined in [21,23], is a formal synonym for positivity preservation.
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In the two-dimensional case, 𝐀(𝑢) consists of [15,24]

𝐴1(𝑢) =

⎛⎜⎜⎜⎜⎝
0 1 0 0

𝑏2𝑣
2
1 + 𝑏1𝑣

2
2 (3 − 𝛾)𝑣1 (1 − 𝛾)𝑣2 𝛾 − 1

−𝑣1𝑣2 𝑣2 𝑣1 0
𝑏1(𝑣31 + 𝑣

2
2𝑣1) − (𝐸 + 𝑝 

𝜌
)𝑣1 (𝐸 + 𝑝 

𝜌
) − (𝛾 − 1)𝑣21 (𝛾 − 1)𝑣1𝑣2 𝛾𝑣1

⎞⎟⎟⎟⎟⎠
and

𝐴2(𝑢) =

⎛⎜⎜⎜⎜⎝
0 0 1 0

−𝑣1𝑣2 𝑣2 𝑣1 0
𝑏2𝑣

2
2 + 𝑏1𝑣

2
1 (1 − 𝛾)𝑣1 (3 − 𝛾)𝑣2 𝛾 − 1

𝑏1(𝑣21𝑣2 + 𝑣
3
2) − (𝐸 + 𝑝 

𝜌
)𝑣2 (𝛾 − 1)𝑣1𝑣2 (𝐸 + 𝑝 

𝜌
) − (𝛾 − 1)𝑣22 𝛾𝑣2

⎞⎟⎟⎟⎟⎠
,

where

𝑏1 =
𝛾 − 1
2 

, 𝑏2 =
𝛾 − 3
2 

.

For any vector 𝐧 = (𝑛1,… , 𝑛𝑑 ), the directional Jacobian

𝐧 ⋅𝐀(𝑢) =
𝑑∑
𝑖=1 

𝑛𝑖𝐴𝑖(𝑢) ∈ℝ𝑚×𝑚

is diagonalizable. Its real eigenvalues are given by [15,26]

𝜆1 = 𝐯 ⋅ 𝐧− 𝑐, 𝜆2 =…= 𝜆𝑑+1 = 𝐯 ⋅ 𝐧, 𝜆𝑚 = 𝐯 ⋅ 𝐧+ 𝑐,

where 𝑐 = 𝑐(𝑢) =
√

𝛾𝑝

𝜌 is the local speed of sound. The spectral radius

𝜆(𝑢,𝐧) = |𝐯 ⋅ 𝐧|+ 𝑐 = spr(𝐧 ⋅𝐀(𝑢))

of 𝐧 ⋅𝐀(𝑢) determines the maximum local speed of wave propagation.

Multiplying (1) by a test function 𝑤 and integrating over Ω, we obtain the weak form

∫
Ω 
𝑤

(
𝜕𝑢

𝜕𝑡 
+∇ ⋅ 𝐟(𝑢)

)
d𝐱 = ∫

Γ 
𝑤[𝐟(𝑢) ⋅ 𝐧− (𝑢, 𝑢̂;𝐧)]d𝐬, (4)

where  (𝑢, 𝑢̂;𝐧) is a numerical approximation to the normal flux 𝐟(𝑢) ⋅ 𝐧. The external state 𝑢̂ of the approximate Riemann solver is 
the boundary data that we prescribe on Γ = 𝜕Ω in a weak sense. In this work, we use the property-preserving local Lax–Friedrichs 
(LLF) flux

 (𝑢𝐿, 𝑢𝑅;𝐧) =
𝐟(𝑢𝑅) + 𝐟(𝑢𝐿)

2 
⋅ 𝐧−

𝜆𝐿𝑅

2 
(𝑢𝑅 − 𝑢𝐿) (5)

and dfine the viscosity parameter 𝜆𝐿𝑅 = 𝜆max(𝑢𝐿, 𝑢𝑅;𝐧) using the Rusanov approximation

𝜆max(𝑢𝐿, 𝑢𝑅;𝐧) = max{𝜆(𝑢𝐿,𝐧), 𝜆(𝑢𝑅,𝐧)} (6)

to the maximum wave speed of the one-dimensional Riemann problem. Algorithms for calculating a guaranteed upper bound 𝜆GUBmax
for this speed can be found in [21--23,51].

To discretize (4) in space using a continuous Galerkin (CG) method, we approximate Ω̄ by the union Ω̄ℎ =
⋃𝐸ℎ
𝑒=1𝐾𝑒 of nonover

lapping cells 𝐾1,… ,𝐾𝐸ℎ
that constitute a conforming mesh ℎ . We assume that each cell 𝐾 ∈ ℎ can be mapped to the same 

𝑑-dimensional simplex or box 𝐾̂ . The local basis functions of a linear (ℙ1) or multilinear (ℚ1) finite element are dfined on 𝐾̂ . The 
corresponding global basis functions 𝜑1,… , 𝜑𝑁ℎ

are associated with the vertices 𝐱1,… ,𝐱𝑁ℎ of ℎ and satisfy

𝜑𝑖(𝐱𝑗 ) = 𝛿𝑖𝑗 ∀𝑖, 𝑗 ∈ {1,… ,𝑁ℎ}.

We use these Lagrange basis functions to dfine the continuous finite element approximations

𝑢ℎ =
𝑁ℎ∑
𝑗=1 

𝑢𝑗𝜑𝑗 ≈ 𝑢, 𝐟ℎ(𝑢ℎ) =
𝑁ℎ∑
𝑗=1 

𝐟𝑗𝜑𝑗 ≈ 𝐟(𝑢ℎ), (7)

where 𝑢𝑗 (𝑡) = 𝑢ℎ(𝐱𝑗 , 𝑡) and 𝐟𝑗 (𝑡) = 𝐟(𝑢𝑗 (𝑡)) are the nodal values of 𝑢ℎ and 𝐟(𝑢ℎ), respectively.

Let 𝑖 denote the set of indices of mesh cells containing the vertex 𝐱𝑖 and  𝑒 the set of indices of vertices belonging to the cell 
𝐾𝑒. Additionally, we dfine the nodal stencils 𝑖 =

⋃
𝑒∈𝑖  𝑒 and  ∗

𝑖
=𝑖 ⧵ {𝑖}. The notation Γ(𝐾𝑒) will be used for the set of 

external boundary faces 𝑆 ⊂ 𝜕𝐾𝑒 ∩ 𝜕Ωℎ of 𝐾𝑒 and 𝐧𝑆 for the constant unit outward normal to 𝑆 ∈ Γ(𝐾𝑒).
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Substituting (7) into (4) and using 𝑤 = 𝜑𝑖 as a test function, we obtain the CG discretization [33,34]

∑
𝑗∈𝑖

𝑚𝑖𝑗

d𝑢𝑗
d𝑡 

= 𝑏𝑖(𝑢ℎ, 𝑢̂) −
∑
𝑗∈𝑖

𝐟𝑗 ⋅ 𝐜𝑖𝑗 , (8)

where

𝑚𝑖𝑗 =
∑

𝑒∈𝑖∩𝑗 ∫𝐾𝑒
𝜑𝑖𝜑𝑗 d𝐱, 𝐜𝑖𝑗 =

∑
𝑒∈𝑖∩𝑗 ∫𝐾𝑒

𝜑𝑖∇𝜑𝑗 d𝐱,

𝑏𝑖(𝑢ℎ, 𝑢̂) =
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)∫𝑆

𝜑𝑖[𝐟(𝑢ℎ) ⋅ 𝐧− (𝑢ℎ, 𝑢̂;𝐧)] d𝐬.

Remark 1. The global conservation property of the CG method can be shown as usual by using the admissible test function 𝑤 ≡ 1 in 
(4) or summing equations (8) over 𝑖 = 1,… ,𝑁ℎ.

To derive a property-preserving low-order approximation of local Lax–Friedrichs type as in [35,36], we first approximate the 
left-hand side of (8) by 𝑚𝑖

d𝑢𝑖
d𝑡 , where

𝑚𝑖 =
𝑁ℎ∑
𝑗=1 

𝑚𝑖𝑗 =
∑
𝑒∈𝑖 ∫𝐾𝑒

𝜑𝑖d𝐱

is a diagonal entry of the lumped mass matrix. On the right-hand side, we replace 𝑏𝑖(𝑢ℎ, 𝑢̂) by

𝑏̃𝑖(𝑢𝑖, 𝑢̂) =
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)∫𝑆

𝜑𝑖[𝐟𝑖 ⋅ 𝐧− (𝑢𝑖, 𝑢̂𝑖,𝑆 ;𝐧)] d𝐬

=
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆

2 
[
𝜆𝑖,𝑆 (𝑢̂𝑖,𝑆 − 𝑢𝑖) − (𝐟(𝑢̂𝑖,𝑆 ) − 𝐟𝑖) ⋅ 𝐧𝑆

]
, (9)

where

𝜎𝑖,𝑆 = ∫
𝑆

𝜑𝑖 d𝐬, 𝑢̂𝑖,𝑆 = 1 
𝜎𝑖,𝑆 ∫

𝑆

𝜑𝑖𝑢̂d𝐬, 𝜆𝑖,𝑆 = 𝜆max(𝑢𝑖, 𝑢̂𝑖,𝑆 ;𝐧𝑆 ).

Similarly to mass lumping, this approximation can be interpreted as inexact numerical integration using a nodal quadrature rule. 
We use it because it makes the discretization of boundary terms IDP (see below), while preserving the second-order accuracy of the 
baseline discretization.

Owing to the partition of unity property 
∑
𝑖 𝜑𝑖 ≡ 1 of the Lagrange basis functions, we have∑

𝑗∈𝑖

𝐟𝑗 ⋅ 𝐜𝑖𝑗 =
∑
𝑗∈ ∗

𝑖

(𝐟𝑗 − 𝐟𝑖) ⋅ 𝐜𝑖𝑗 .

Thus the lumped counterpart of the spatial semi-discretization (8) can be written as

𝑚𝑖
d𝑢𝑖
d𝑡 

= 𝑏̃𝑖(𝑢ℎ, 𝑢̂) −
∑
𝑗∈ ∗

𝑖

(𝐟𝑗 − 𝐟𝑖) ⋅ 𝐜𝑖𝑗 . (10)

This discretization is equivalent to a vertex-centered finite volume scheme with centered numerical fluxes [48,49]. A low-order LLF 
approximation is dfined by [21,23,33,34]

𝑚𝑖
d𝑢𝑖
d𝑡 

= 𝑏̃𝑖(𝑢𝑖, 𝑢̂) +
∑
𝑗∈ ∗

𝑖

[𝑑𝑖𝑗 (𝑢𝑗 − 𝑢𝑖) − (𝐟𝑗 − 𝐟𝑖) ⋅ 𝐜𝑖𝑗 ]. (11)

Following Kuzmin et al. [36], we dfine the graph viscosity coefficients

𝑑𝑖𝑗 =
⎧⎪⎨⎪⎩
max{𝜆𝑖𝑗 |𝐜𝑖𝑗 |, 𝜆𝑗𝑖|𝐜𝑗𝑖|} if 𝑗 ∈ ∗

𝑖
,

−
∑
𝑘∈ ∗

𝑖
𝑑𝑖𝑘 if 𝑗 = 𝑖,

0 otherwise

(12)

using the Rusanov wave speed 𝜆𝑖𝑗 = 𝜆max(𝑢𝑖, 𝑢𝑗 ;𝐧𝑖𝑗 ) corresponding to the unit normal 𝐧𝑖𝑗 =
𝐜𝑖𝑗|𝐜𝑖𝑗 | .
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The LLF evolution equation (11) for 𝑢𝑖 can be written in the bar state form2 (cf. [23,33])

𝑚𝑖
d𝑢𝑖
d𝑡 

=
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑖,𝑆 − 𝑢𝑖) +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢𝑖𝑗 − 𝑢𝑖), (13)

where

𝑢̄𝑖,𝑆 =
𝑢̂𝑖,𝑆 + 𝑢𝑖

2 
−

(𝐟(𝑢̂𝑖,𝑆 ) − 𝐟𝑖) ⋅ 𝐧𝑆
2𝜆𝑖,𝑆

, 𝑢𝑖𝑗 =
𝑢𝑗 + 𝑢𝑖

2 
−

(𝐟𝑗 − 𝐟𝑖) ⋅ 𝐜𝑖𝑗
2𝑑𝑖𝑗

are intermediate states of the HLL Riemann solver [27]. If 𝜆𝑖,𝑆 and 𝑑𝑖𝑗 are dfined using a guaranteed upper bound (GUB) for the 
maximum local wave speed (as in [23]), then 𝑢̄𝑖,𝑆 and 𝑢𝑖𝑗 coincide with spatial averages of exact solutions to the corresponding 
Riemann problems. It follows that

𝑢𝑖, 𝑢̂𝑖,𝑆 ∈  ⇒ 𝑢𝑖,𝑆 ∈ , 𝑢𝑖, 𝑢𝑗 ∈  ⇒ 𝑢𝑖𝑗 ∈  (14)

for any convex invariant set . The use of the Rusanov wave speed (6) in our implementation ensures the validity of (14) for  dfined 
by (3), i.e., we have positivity preservation for the density and pressure. This property was shown by Lin et al. [38] using Zhang’s 
lemma [54, App. B] and by Batten et al. [7, Sec. 5.3] for intermediate states of a general HLLC Riemann solver. The GUB version of 
the LLF method additionally guarantees that a minimum principle holds for the specific physical entropy [23] but, in our experience, 
there is no practical benfit in using 𝜆GUBmax for the Euler equations.

Using the forward Euler method to discretize (13) in time, we arrive at

𝑢𝑛+1
𝑖

= 𝑢𝑛
𝑖
+ Δ𝑡
𝑚𝑖

⎡⎢⎢⎣
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑛𝑖,𝑆 − 𝑢𝑛
𝑖
) +

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢
𝑛

𝑖𝑗
− 𝑢𝑛

𝑖
)
⎤⎥⎥⎦ .

If conditions (14) hold and the time step Δ𝑡 satifies the CFL-like condition

Δ𝑡
𝑚𝑖

⎡⎢⎢⎣
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗
⎤⎥⎥⎦ ≤ 1, (15)

then 𝑢𝑛+1
𝑖

is a convex combination of states belonging to the invariant set . Hence, the combination of the LLF method (13) with 
forward Euler time stepping is IDP under condition (15).

3. Backward Euler time discretization

In this work, our main interest is in steady-state solutions, which we calculate using a flux-corrected high-order extension of (13)

and pseudo-time stepping of backward Euler type. The implicit approach allows us to use large pseudo-time steps, but we need to 
show the existence of an IDP solution to the resulting nonlinear system and design a robust iterative solver. We begin with the former 
task and prove the IDP property of the fully implicit low-order scheme in this section.

For simplicity, we assume that periodic boundary conditions are prescribed on Γ. In this case, 𝑏̃𝑖(𝑢𝑖, 𝑢̂) = 0 for 𝑖 = 1,… ,𝑁ℎ, and 
the backward Euler time discretization of (13) yields

𝑢𝑛+1
𝑖

= 𝑢𝑛
𝑖
+ Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢
𝑛+1
𝑖𝑗

− 𝑢𝑛+1
𝑖

), 𝑖 = 1,… ,𝑁ℎ, (16)

where 𝑑𝑖𝑗 = 𝑑𝑖𝑗 (𝑢𝑛+1) are the solution-dependent LLF graph viscosity coefficients dfined by (12).

Let 𝐺 ∶= {𝑢 ∈ ℝ𝑚𝑁ℎ ∶ (𝑢(𝑖−1)𝑚+1,… , 𝑢𝑖𝑚)⊤ ∈ , 𝑖 = 1,… ,𝑁ℎ}, where  is the invariant set dfined by (3). Any conservative 
approximation 𝑢 ∈𝐺 preserves the mesh-dependent global bounds

𝜌max
ℎ

=
∫Ω 𝜌0ℎd𝐱

min1≤𝑖≤𝑁ℎ 𝑚𝑖
, (𝜌𝐸)max

ℎ
=

∫Ω(𝜌𝐸)0ℎd𝐱
min1≤𝑖≤𝑁ℎ 𝑚𝑖

for the nodal values of the density and total energy. It follows that the internal energy, pressure, and velocity are bounded as well. 
Hence, approximations produced by conservative IDP schemes stay in the bounded subset 𝐺ℎ ∶= {𝑢 ∈ℝ𝑚𝑁ℎ ∶ (𝑢(𝑖−1)𝑚+1,… , 𝑢𝑖𝑚)⊤ ∈
ℎ, 𝑖 = 1,… ,𝑁ℎ} ⊂𝐺, where

ℎ = {(𝜌, 𝜌𝐯⊤, 𝜌𝐸)⊤ ∶ 0 < 𝜌 ≤ 𝜌max
ℎ

, 𝑝 > 0, 𝜌𝐸 ≤ (𝜌𝐸)max
ℎ

} ⊂ . (17)

Moreover, the maximum speed of wave propagation is bounded above by a global constant 𝜆max
ℎ

.

2 In the literature on finite volume methods for conservation laws, such a representation in terms of jumps is known as the fluctuation form of an approximate 
Riemann solver [37].
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To prove that the nonlinear system (16) has an IDP solution 𝑢 = 𝑢𝑛+1, we will construct a mapping Ψ ∶ 𝐺→ 𝐺 to which we can 
apply the following fixed-point theorem [10, Theorem 2].

Theorem 1 (A fixed-point theorem of Krasnoselskii). Let 𝑀 be a closed, convex, and nonempty subset of a Banach space (𝑆,‖ ⋅ ‖). Suppose 
that 𝐴 ∶𝑀 → 𝑆 and 𝐵 ∶ 𝑆 → 𝑆 are such that

(i) 𝐵 is a contraction with constant 𝛼 < 1,

(ii) 𝐴 is continuous, 𝐴𝑀 is contained in a compact subset of 𝑆 ,

(iii) [𝑥 =𝐵𝑥+𝐴𝑦, 𝑦 ∈𝑀] ⇒ 𝑥 ∈𝑀 .

Then there exists 𝑦∈𝑀 such that 𝑦=𝐴𝑦+𝐵𝑦.

Proof. See [10, Theorem 2]. □

Following the analysis of implicit schemes in [11,50] and adapting it to (16), we introduce a free parameter 𝑠 > 0 and dfine the 
local mapping

Ψ𝑠
𝑖
(𝑢) =

𝑠𝑢𝑛
𝑖

1 + 𝑠
+ 1 

1 + 𝑠

(
𝑢𝑖 +

𝑠Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢𝑖𝑗 − 𝑢𝑖)
)
=

𝑠𝑢𝑛
𝑖

1 + 𝑠
+
𝛾𝑖(𝑢) 
1 + 𝑠

,

where

𝛾𝑖(𝑢) =
(
1 − 𝑠Δ𝑡

𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗
)
𝑢𝑖 +

𝑠Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗𝑢𝑖𝑗 .

Using this definition of Ψ𝑠
𝑖
(𝑢) ∈ℝ𝑚, we assemble the global vector

Ψ𝑠(𝑢) = {𝑣 ∈ℝ𝑚𝑁ℎ ∶ (𝑣(𝑖−1)𝑚+1,… , 𝑣𝑖𝑚)⊤ =Ψ𝑠
𝑖
(𝑢), 𝑖 = 1,… ,𝑁ℎ}.

Note that Ψ𝑠
𝑖
(𝑢) is a convex combination of 𝑢𝑛

𝑖
and 𝛾𝑖(𝑢) and that Ψ𝑠

𝑖
(𝑢𝑛+1) = 𝑢𝑛+1

𝑖
for a solution 𝑢 = 𝑢𝑛+1

𝑖
of the nonlinear system (16). 

The assumption that 𝑢𝑛
𝑖
∈  implies that Φ(𝑢𝑛

𝑖
) ≥ 0 for Φ∈ {𝜌, 𝑝}. For any concave nonnegative function Φ, we have the estimate

Φ(Ψ𝑠
𝑖
(𝑢)) ≥ 𝑠 

1 + 𝑠
Φ(𝑢𝑛

𝑖
) + 1 

1 + 𝑠
Φ(𝛾𝑖(𝑢)) ≥ 1 

1 + 𝑠
Φ(𝛾𝑖(𝑢)).

Furthermore, 𝛾𝑖(𝑢) is a convex combination of 𝑢𝑖 and 𝑢𝑖𝑗 under the CFL condition

𝑠Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 ≤ 1. (18)

This implies that

Φ(𝛾𝑖(𝑢)) ≥
(
1 − 𝑠Δ𝑡

𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗
)
Φ(𝑢𝑖) +

𝑠Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗Φ(𝑢𝑖𝑗 ),

where Φ(𝑢𝑖𝑗 ) ≥ 0 for Φ∈ {𝜌, 𝑝} because of the local IDP property (14) of the LLF bar states 𝑢̄𝑖𝑗 . From this we deduce that Φ(Ψ𝑠
𝑖
(𝑢)) ≥ 0

for Φ∈ {𝜌, 𝑝} and, therefore, Ψ𝑠(𝑢) ∈𝐺 for all 𝑢 ∈𝐺.

Let us now set 𝑢(0) = 𝑢𝑛 and use the mapping Ψ𝑠 ∶𝐺→𝐺 to construct the fixed-point iteration

𝑢(𝑘+1) = Ψ𝑠(𝑢(𝑘)), 𝑘 ∈ℕ0. (19)

The following application of Theorem 1 guarantees the existence of a bounded IDP solution to (16).

Theorem 2. Suppose that 𝑢𝑛 ∈ 𝐺̄ℎ. Then the nonlinear system (16) has a solution 𝑢𝑛+1 ∈ 𝐺̄ℎ.

Proof. By definition, subvectors 𝑢𝑖 ∈ℝ𝑚 of a vector 𝑢 ∈ 𝐺̄ℎ ⊂ 𝐺 are contained in the set ℎ ⊂  dfined by (17). The set 𝑀 ∶= 𝐺̄ℎ is 
convex and compact. For 𝑗 ∈ ∗

𝑖
, the graph viscosity coefficients 𝑑𝑖𝑗 (𝑢) = 𝑑𝑗𝑖(𝑢) are bounded above by 𝑑max

𝑖𝑗
=max{|𝐜𝑖𝑗 |, |𝐜𝑗𝑖|}𝜆max

ℎ
=

𝑑max
𝑗𝑖

. The global bound 𝜆max
ℎ

for the maximum speed depends on the mesh but is independent of 𝑢∈ 𝐺̄ℎ. The mapping Ψ𝑠(𝑢(𝑘)) of the 
fixed-point iteration (19) admits the Krasnoselskii splitting

Ψ𝑠
𝑖
(𝑢) = (𝐴𝑢)𝑖 + (𝐵𝑢)𝑖,

where

(𝐴𝑢)𝑖 =
𝑠Δ𝑡 

(1 + 𝑠)𝑚𝑖

∑
𝑗∈ ∗

𝑖

2[𝑑𝑖𝑗𝑢𝑖𝑗 + (𝑑max
𝑖𝑗

− 𝑑𝑖𝑗 )𝑢𝑖],
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(𝐵𝑢)𝑖 =
𝑠𝑢𝑛
𝑖

1 + 𝑠
+ 1 

1 + 𝑠

(
1 − 𝑠Δ𝑡

𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑max
𝑖𝑗

)
𝑢𝑖.

The mapping 𝐴 ∶𝑀 →ℝ𝑚𝑁ℎ is continuous. If 𝑠 > 0 is chosen as small as necessary to satisfy

𝑠Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2𝑑max
𝑖𝑗

≤ 1,

then 𝐵 ∶𝑀 →ℝ𝑚𝑁ℎ is a contraction and (𝐴𝑢)𝑖 = 𝜈𝑠𝑖 𝑢̄𝑖, where 𝜈𝑠
𝑖
= 𝑠Δ𝑡 

(1+𝑠)𝑚𝑖

∑
𝑗∈ ∗

𝑖
2𝑑max

𝑖𝑗
∈ (0,1) and

𝑢̄𝑖 =
1 ∑

𝑘∈ ∗
𝑖
2𝑑max

𝑖𝑘

∑
𝑗∈ ∗

𝑖

2[𝑑𝑖𝑗𝑢𝑖𝑗 + (𝑑max
𝑖𝑗

− 𝑑𝑖𝑗 )𝑢𝑖].

In view of the fact that 𝑑max
𝑖𝑗

− 𝑑𝑖𝑗 ≥ 0, the state 𝑢̄𝑖 is a convex combination of states belonging to . Since 𝜈𝑠
𝑖

is proportional to 𝑠 > 0, 
the global density and total energy of 𝑢̄𝑠

ℎ
with 𝑢̄𝑠

𝑖
= 𝜈𝑠

𝑖
𝑢̄𝑖 are bounded by those of 𝑢ℎ for sufficiently small 𝑠. This implies that nodal 

states of IDP approximations stay in the set ̄ℎ. It follows that 𝐴𝑀 is contained in the compact set 𝐺̄ℎ if 𝑠 is sufficiently small. Hence, 
the assumptions (i) and (ii) of Theorem 1 are met. The validity of the assumption (iii) follows from the fact that if 𝑢𝑛, 𝑦 ∈𝑀 and 
𝑥 =𝐵𝑥+𝐴𝑦, then for any 𝑖 ∈ {1,… ,𝑁ℎ} the subvector

𝑥𝑖 =
1 

1 + Δ𝑡 
𝑚𝑖

∑
𝑘∈ ∗

𝑖
2𝑑max

𝑖𝑘

(
𝑢𝑛
𝑖
+ Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

2
[
𝑑𝑖𝑗𝑦𝑖𝑗 + (𝑑max

𝑖𝑗
− 𝑑𝑖𝑗 )𝑦𝑖

])
is a convex combination of 𝑢𝑛

𝑖
, 𝑦𝑖, 𝑦𝑖𝑗 ∈ . Applying Theorem 1, we complete the proof. □

In principle, a similar fixed-point argument can be used to show the existence of a steady-state IDP solution to problem (13) with 
non-periodic boundary conditions, i.e., of 𝑢∈𝐺 such that

0 =
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑖,𝑆 − 𝑢𝑖) +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢𝑖𝑗 − 𝑢𝑖), 𝑖 = 1,… ,𝑁ℎ.

Indeed, this nonlinear system can be written as

𝑢𝑖 = 𝑢̄𝑖 +
1 
𝜇𝑖

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢𝑖𝑗 − 𝑢𝑖), 𝑖 = 1,… ,𝑁ℎ, (20)

where

𝜇𝑖 =
𝑚𝑖

Δ𝑡
+
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 , 𝑢̄𝑖 =
1 
𝜇𝑖

[
𝑚𝑖

Δ𝑡
𝑢𝑖 +

∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 𝑢̄𝑖,𝑆

]
.

Note that system (20) has the same structure as (16). Assuming that the iterates stay in a bounded set 𝐺ℎ ⊂ 𝐺, existence of a solution 
𝑢 ∈𝐺 can be shown following the proof of Theorem 2.

Remark 2. The difficulty of verifying the assumption (i) of Theorem 1 for (20) depends on the particular choice of boundary condi

tions. The contractivity of the steady-state mapping

(𝐵𝑢)𝑖 =
𝑠𝑢̄𝑖

1 + 𝑠
+ 1 

1 + 𝑠

(
1 − 𝑠 

𝜇𝑖

∑
𝑗∈ ∗

𝑖

2𝑑max
𝑖𝑗

)
𝑢𝑖

can easily be shown, e.g., for Γ = Γ̄in ∪ Γ̄out , where Γin is a supersonic inlet and Γout is a supersonic outlet. In this case, the external 
state 𝑢̄𝑖 is independent of 𝑢𝑖 on Γin and 𝑢̄𝑖 = 𝑢𝑖 on Γout . Thus

|(𝐵𝑢)𝑖 − (𝐵𝑣)𝑖| ≤ 1 
1 + 𝑠

(
1 + 𝑠− 𝑠 

𝜇𝑖

∑
𝑗∈ ∗

𝑖

2𝑑max
𝑖𝑗

)|𝑢𝑖 − 𝑣𝑖|
for any vectors 𝑢, 𝑣 ∈𝐺 such that 𝑢𝑖 = 𝑢̄𝑖 = 𝑣𝑖 on Γin. The mapping 𝐵 is contractive if the parameter 𝑠 > 0 is chosen small enough to 
satisfy the CFL-like condition 𝑠 

𝜇𝑖

∑
𝑗∈ ∗

𝑖
2𝑑max

𝑖𝑗
≤ 1.

Remark 3. In the existence proof for (20), the global bounds of the sets ℎ and 𝐺ℎ can no longer be dfined in terms of initial states. 
It is intuitively clear that the bounds for (approximations to) steady-state solutions should depend on the boundary data. Instead of 
imposing an upper bound on the total energy, one can dfine ℎ = {(𝜌, 𝜌𝐯⊤, 𝜌𝐸)⊤ ∶ 0 < 𝜌 ≤ 𝜌max

ℎ
, 𝑝 > 0, 𝜂 ≤ 𝜂max

ℎ
} ⊂  using an upper 

bound 𝜂max
ℎ

for the mathematical entropy 𝜂(𝑢) = 𝜌 log(𝑝∕𝜌𝛾 )
1−𝛾 . In view of the fact that

𝜕𝜌

𝜕𝑡 
+∇ ⋅ (𝜌𝐯) = 0, 𝜕𝜂

𝜕𝑡 
+∇ ⋅ (𝜂𝐯) ≤ 0,
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the total mass and entropy should depend on the values of 𝜌 and 𝜂 on Γ− = {𝐱 ∈ Γ ∶ 𝐯(𝐱) ⋅ 𝐧(𝐱) < 0}. Therefore, we conjecture that 
𝜌max
ℎ

=
|Ω| sup𝐱∈Γ− 𝜌̄(𝐱)
min1≤𝑖≤𝑁ℎ 𝑚𝑖

and 𝜂max
ℎ

=
|Ω| sup𝐱∈Γ− 𝜂̄(𝐱)
min1≤𝑖≤𝑁ℎ 𝑚𝑖

is an appropriate definition of the global bounds to be preserved by the mapping 𝐴 of 

the Krasnoselskii theorem.3

4. Monolithic convex limiting

By the Godunov theorem, the spatial semi-discretization (16) is at most first-order accurate. Obviously, the accuracy of steady

state solutions is also affected by this order barrier. The monolithic convex limiting (MCL) strategy proposed in [33,34] makes it 
possible to achieve higher resolution without losing the IDP property and inhibiting convergence to steady-state solutions. To explain 
the MCL design philosophy, we write the lumped Galerkin discretization (8) in the bar state form

𝑚𝑖
d𝑢𝑖
d𝑡 

=
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑖,𝑆 − 𝑢𝑖) +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢
𝐻

𝑖𝑗
− 𝑢𝑖), (21)

which exhibits the same structure as (13). The LLF component 𝑢𝑖𝑗 of the high-order bar states

𝑢
𝐻

𝑖𝑗
= 𝑢𝑖𝑗 +

𝑓𝐻
𝑖𝑗

2𝑑𝑖𝑗
is IDP but violations of global and/or local bounds may be caused by the built-in antidiffusive flux

𝑓𝐻
𝑖𝑗

= 𝑑𝑖𝑗 (𝑢𝑖 − 𝑢𝑗 ). (22)

The mass lumping error on the left-hand side of (21) can be corrected by decomposing this error into fluxes 𝑚𝑖𝑗
(
𝑢̇𝑖 − 𝑢̇𝑗

)
and 

incorporating them into

𝑓𝑖𝑗 =𝑚𝑖𝑗
(
𝑢̇𝑖 − 𝑢̇𝑗

)
+ 𝑑𝑖𝑗 (𝑢𝑖 − 𝑢𝑗 ). (23)

Following Kuzmin [33], we dfine 𝑓𝑖𝑗 using the LLF time derivatives (cf. (13))

𝑢̇𝑖 =
1 
𝑚𝑖

⎡⎢⎢⎣
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑖,𝑆 − 𝑢𝑖) +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢𝑖𝑗 − 𝑢𝑖)
⎤⎥⎥⎦ .

The inclusion of 𝑚𝑖𝑗
(
𝑢̇𝑖 − 𝑢̇𝑗

)
preserves second-order accuracy and has a stabilizing effect [33,34].

The MCL approach introduced in [33] approximates an unacceptable target flux 𝑓𝑖𝑗 = −𝑓𝑗𝑖 by a limited flux 𝑓 ∗
𝑖𝑗
= −𝑓 ∗

𝑗𝑖
that has 

the local IDP property (cf. (14))

𝑢𝑖𝑗 , 𝑢𝑗𝑖 ∈  ⇒ 𝑢
∗
𝑖𝑗
∶= 𝑢𝑖𝑗 +

𝑓 ∗
𝑖𝑗

2𝑑𝑖𝑗
∈ , 𝑢

∗
𝑗𝑖
∶= 𝑢𝑗𝑖 −

𝑓 ∗
𝑖𝑗

2𝑑𝑖𝑗
∈ . (24)

The admissible set  is dfined by (3). Since positivity preservation for the density and pressure (internal energy) does not rule out 
spurious oscillations, we additionally impose local discrete maximum principles on some scalar quantities of interest. In the remainder 
of this section, we formulate the corresponding inequality constraints and review algorithms for constructing a bound-preserving 
approximation 𝑓 ∗

𝑖𝑗
= (𝑓 ∗,𝜌

𝑖𝑗
, 𝑓

∗,𝜌𝑣1
𝑖𝑗

,… , 𝑓
∗,𝜌𝑣𝑑
𝑖𝑗

, 𝑓
∗,𝜌𝐸
𝑖𝑗

)⊤ to 𝑓𝑖𝑗 = (𝑓𝜌
𝑖𝑗
, 𝑓

𝜌𝑣1
𝑖𝑗
,… , 𝑓

𝜌𝑣𝑑
𝑖𝑗

, 𝑓
𝜌𝐸

𝑖𝑗
)⊤.

In this work, we use a sequential MCL algorithm that imposes local bounds on the density, velocity, and specific total energy (as 
in [33,34]). The local bounds of the density constraints

𝜌min
𝑖

≤ 𝜌∗
𝑖𝑗
= 𝜌𝑖𝑗 +

𝑓
∗,𝜌
𝑖𝑗

2𝑑𝑖𝑗
≤ 𝜌max

𝑖
∀𝑗 ∈ ∗

𝑖
(25)

are given by

𝜌min
𝑖

=min

{
min 
𝑗∈𝑖

𝜌𝑗 , min 
𝑗∈ ∗

𝑖

𝜌𝑖𝑗

}
, 𝜌max

𝑖
=max

{
max 
𝑗∈𝑖

𝜌𝑗 , max 
𝑗∈ ∗

𝑖

𝜌𝑖𝑗

}
.

The density constraints (25) are satified by the limited antidiffusive fluxes [33,34]

𝑓
∗,𝜌
𝑖𝑗

=

{
min{𝑓𝜌

𝑖𝑗
, 2𝑑𝑖𝑗 min{𝜌max

𝑖
− 𝜌𝑖𝑗 , 𝜌𝑗𝑖 − 𝜌min

𝑗
}} if 𝑓𝜌

𝑖𝑗
> 0,

max{𝑓𝜌
𝑖𝑗
, 2𝑑𝑖𝑗 max{𝜌min

𝑖
− 𝜌𝑖𝑗 , 𝜌𝑗𝑖 − 𝜌max

𝑗
}} otherwise.

3 More detailed analysis is difficult because even the behavior of exact steady-state solutions to boundary value problems for nonlinear hyperbolic problems is not 
well understood.
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The components of 𝐯 = (𝑣1,… , 𝑣𝑑 ) and the specific total energy 𝐸 are derived quantities that cannot be limited directly in contin

uous finite element methods (using limited reconstructions of 𝐯 and 𝐸 would violate the continuity requirement). Therefore, we will 
limit conserved products 𝜌𝜙, where 𝜙 ∈ {𝑣1,… , 𝑣𝑑 ,𝐸}, using a discrete version of the product rule. Introducing the states [34,33]

𝜙𝑖 =
(𝜌𝜙)𝑖
𝜌𝑖

, 𝜙𝑖𝑗 =
(𝜌𝜙)𝑖𝑗 + (𝜌𝜙)𝑗𝑖
𝜌𝑖𝑗 + 𝜌𝑗𝑖

,

we impose the inequality constraints

𝜌
∗
𝑖𝑗
𝜙min
𝑖

≤ (𝜌𝜙)
∗
𝑖𝑗
= (𝜌𝜙)𝑖𝑗 +

𝑓
𝜌𝜙,∗
𝑖𝑗

2𝑑𝑖𝑗
≤ 𝜌∗

𝑖𝑗
𝜙max
𝑖

(26)

with local bounds

𝜙min
𝑖

=min

{
min 
𝑗∈𝑖

𝜙𝑗 , min 
𝑗∈ ∗

𝑖

𝜙𝑖𝑗

}
, 𝜙max

𝑖
=max

{
max 
𝑗∈𝑖

𝜙𝑗 , max 
𝑗∈ ∗

𝑖

𝜙𝑖𝑗

}
. (27)

To show that the constraints (26) are feasible, we dfine

𝑓
𝜌𝜙,∗
𝑖𝑗

= 𝑔𝜌𝜙,∗
𝑖𝑗

− 2𝑑𝑖𝑗
[
(𝜌𝜙)𝑖𝑗 − 𝜌

∗
𝑖𝑗
𝜙𝑖𝑗

]
(28)

using limited counterparts 𝑔𝜌𝜙,∗
𝑖𝑗

of the auxiliary flux

𝑔
𝜌𝜙

𝑖𝑗
= 𝑓𝜌𝜙

𝑖𝑗
+ 2𝑑𝑖𝑗

[
(𝜌𝜙)𝑖𝑗 − 𝜌

∗
𝑖𝑗
𝜙𝑖𝑗

]
.

Note that the target flux 𝑓𝜌𝜙
𝑖𝑗

can be recovered using (28) with 𝑔𝜌𝜙,∗
𝑖𝑗

= 𝑔𝜌𝜙
𝑖𝑗

. The general definition of 𝑔𝜌𝜙,∗
𝑖𝑗

should ensure that 𝑓𝜌𝜙,∗
𝑖𝑗

dfined by (28) satifies the local discrete maximum principle (26).

The choice 𝑔𝜌𝜙,∗
𝑖𝑗

= 0 yields the low-order bar state (𝜌𝜙)𝑖𝑗 = 𝜌
∗
𝑖𝑗
𝜙𝑖𝑗 , which satifies (26) by (27). It is easy to verify that the 

constraints are also satified for

𝑔
𝜌𝜙,∗
𝑖𝑗

=
⎧⎪⎨⎪⎩
min

{
𝑔
𝜌𝜙

𝑖𝑗
, 𝑔
𝜌𝜙,max
𝑖𝑗

}
if 𝑔𝜌𝜙

𝑖𝑗
> 0,

max
{
𝑔
𝜌𝜙

𝑖𝑗
, 𝑔
𝜌𝜙,min
𝑖𝑗

}
if 𝑔𝜌𝜙

𝑖𝑗
≤ 0,

(29)

where we use the bounding fluxes

𝑔
𝜌𝜙,max
𝑖𝑗

=min
{
2𝑑𝑖𝑗𝜌

∗
𝑖𝑗
(𝜙max
𝑖

− 𝜙𝑖𝑗 ),2𝑑𝑗𝑖𝜌
∗
𝑗𝑖
(𝜙𝑗𝑖 − 𝜙min

𝑖
)
}
,

𝑔
𝜌𝜙,min
𝑖𝑗

=max
{
2𝑑𝑖𝑗𝜌

∗
𝑖𝑗
(𝜙min
𝑖

− 𝜙𝑖𝑗 ),2𝑑𝑗𝑖𝜌
∗
𝑗𝑖
(𝜙𝑗𝑖 − 𝜙max

𝑖
)
}
.

The corresponding limited flux 𝑓𝜌𝜙,∗
𝑖𝑗

is obtained by substituting (29) into (28).

In the final step of the sequential limiting procedure, we use a scalar correction factor 𝛼𝑖𝑗 ∈ [0,1] to ensure the IDP property of 
the bar states

𝑢̄
∗,𝛼
𝑖𝑗

= 𝑢̄𝑖𝑗 +
𝛼𝑖𝑗𝑓

∗
𝑖𝑗

2𝑑𝑖𝑗
,

where 𝑓 ∗
𝑖𝑗
=
(
𝑓
𝜌,∗
𝑖𝑗
, 𝐟𝜌𝐯,∗
𝑖𝑗

, 𝑓
𝜌𝐸,∗
𝑖𝑗

)⊤
is the vector of prelimited fluxes. Note that 𝜌̄∗,𝛼

𝑖𝑗
≥ 0 for any 𝛼𝑖𝑗 ∈ [0,1] because the lower bounds of 

the density constraints (25) are nonnegative. In other words, positivity preservation for 𝜌 is already guaranteed. It remains to enforce 
the pressure constraint

𝑝(𝑢∗,𝛼
𝑖𝑗

) ≥ 0 ⇔ (𝜌𝐸)
∗,𝛼
𝑖𝑗

≥ |(𝜌𝐯)∗,𝛼
𝑖𝑗
|2

2𝜌∗,𝛼
𝑖𝑗

.

This constraint is satified for all 𝛼𝑖𝑗 ∈ [0,1] such that

𝑃𝑖𝑗 (𝛼𝑖𝑗 ) ≤𝑄𝑖𝑗 , (30)

where

𝑃𝑖𝑗 (𝛼) =

[|𝐟𝜌𝐯,∗
𝑖𝑗

|2
2 

− 𝑓𝜌𝐸,∗
𝑖𝑗

𝑓
𝜌,∗
𝑖𝑗

]
𝛼2 + 2𝑑𝑖𝑗

[
(𝜌𝐯)𝑖𝑗 ⋅ 𝐟

𝜌𝐯,∗
𝑖𝑗

− 𝜌𝑖𝑗𝑓
𝜌𝐸,∗
𝑖𝑗

− (𝜌𝐸)𝑖𝑗𝑓
𝜌,∗
𝑖𝑗

]
𝛼

and
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𝑄𝑖𝑗 = (2𝑑𝑖𝑗 )2𝜌𝑖𝑗

[
(𝜌𝐸)𝑖𝑗 −

|(𝜌𝐯)𝑖𝑗 |2
2𝜌𝑖𝑗

]
.

Note that 𝑄𝑖𝑗 ≥ 0 because 𝑢𝑖𝑗 ∈  and, therefore, 𝑝(𝑢𝑖𝑗 ) ≥ 0. It follows that the pressure constraint is feasible and condition (30) holds 
trivially for 𝛼𝑖𝑗 = 0. To find a nontrivial 𝛼 ∈ [0,1] such that 𝑃𝑖𝑗 (𝛼) ≤𝑄𝑖𝑗 , the pressure fix proposed in [33] replaces (30) by the linear 
sufficient4 condition

𝛼𝑖𝑗𝑅𝑖𝑗 ≤𝑄𝑖𝑗 , (31)

where

𝑅𝑖𝑗 =max
{
0,2𝑑𝑖𝑗

[
(𝜌𝐯)𝑖𝑗 ⋅ 𝐟

𝜌𝐯,∗
𝑖𝑗

− 𝜌𝑖𝑗𝑓
𝜌𝐸,∗
𝑖𝑗

− (𝜌𝐸)𝑖𝑗𝑓
𝜌,∗
𝑖𝑗

]}
+max

{
0,
|𝐟𝜌𝐯,∗
𝑖𝑗

|2
2 

− 𝑓𝜌𝐸,∗
𝑖𝑗

𝑓
𝜌,∗
𝑖𝑗

}
.

To ensure continuous dependence of the limited flux 𝛼𝑖𝑗𝑓 ∗
𝑖𝑗

on the data and avoid convergence problems at steady state, we overes

timate the bound 𝑅𝑖𝑗 by [33,34]

𝑅max
𝑖𝑗

= 2𝑑𝑖𝑗
[
max

{|(𝜌𝐯)𝑖𝑗 |, |(𝜌𝐯)𝑗𝑖|} |𝐟𝜌𝐯,∗𝑖𝑗
|

+max
{
𝜌𝑖𝑗 , 𝜌𝑗𝑖

} |𝑓𝜌𝐸,∗
𝑖𝑗

|+max
{
(𝜌𝐸)𝑖𝑗 , (𝜌𝐸)𝑗𝑖

}|𝑓𝜌,∗
𝑖𝑗
|]

+max

{
0,
|𝐟𝜌𝐯,∗
𝑖𝑗

|2
2 

− 𝑓𝜌𝐸,∗
𝑖𝑗

𝑓
𝜌,∗
𝑖𝑗

}
=𝑅max

𝑗𝑖

but remark that this overestimation may increase the levels of artficial viscosity [47].

Taking the symmetry condition 𝛼𝑖𝑗 = 𝛼𝑗𝑖 and the constraint 𝛼𝑗𝑖𝑅𝑗𝑖 ≤𝑄𝑗𝑖 into account, we apply

𝛼𝑖𝑗 =
⎧⎪⎨⎪⎩

min(𝑄𝑖𝑗 ,𝑄𝑗𝑖)
𝑅max
𝑖𝑗

if 𝑅max
𝑖𝑗

>min(𝑄𝑖𝑗 ,𝑄𝑗𝑖),

1 otherwise

to all components of the prelimited flux 𝑓 ∗
𝑖𝑗

. This final limiting step ensures that 𝑢∗,𝛼
𝑖𝑗

∈  whenever 𝑢𝑖𝑗 ∈ . The IDP property of the 
fully implicit MCL scheme

𝑢𝑛+1
𝑖

= 𝑢𝑛
𝑖
+ Δ𝑡
𝑚𝑖

⎡⎢⎢⎣
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑛+1𝑖,𝑆
− 𝑢𝑛+1

𝑖
) +

∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢
∗,𝛼,𝑛+1
𝑖𝑗

− 𝑢𝑛+1
𝑖

)
⎤⎥⎥⎦ (32)

can now be shown in exactly the same manner as for the low-order method (16) in Section 3.

5. Solution of nonlinear systems

In principle, we could solve (32) using the IDP fixed-point iteration (19) with the mapping

Ψ𝑠
𝑖
(𝑢) =

𝑠𝑢𝑛
𝑖

1 + 𝑠
+ 1 

1 + 𝑠

(
𝑢𝑖 +

𝑠Δ𝑡
𝑚𝑖

[∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝜎𝑖,𝑆𝜆𝑖,𝑆 (𝑢̄𝑖,𝑆 − 𝑢𝑖) +
∑
𝑗∈ ∗

𝑖

2𝑑𝑖𝑗 (𝑢
∗,𝛼
𝑖𝑗

− 𝑢𝑖)
])
. (33)

The analysis performed in Section 3 guarantees the IDP property of intermediate solutions under condition (18), which can always be 
enforced by choosing a sufficiently small value of the parameter 𝑠 > 0. However, the convergence behavior of the simple fixed-point 
iteration (33) is inferior to that of the quasi-Newton / deferred correction methods to be discussed in this section.

Remark 4. We use a spatially constant time step Δ𝑡 in this work. Further speedups of steady-state computations could be achieved 
using local time stepping. While the use of different time steps for different nodes results in a lack of the discrete conservation property 
for intermediate numerical solutions, steady states are independent of the evolution history and, therefore, conservative.

5.1. Solver for individual time steps

The flux-corrected nonlinear system (32) can be written in the following split matrix form:

𝑀𝐿𝑢
𝑛+1 =𝑀𝐿𝑢

𝑛 +Δ𝑡[𝑅𝐿(𝑢𝑛+1) + 𝐹 ∗(𝑢𝑛+1)]. (34)

4 The validity of (30) is implied by (31) because 𝑃𝑖𝑗 (𝛼) ≤ 𝛼𝑅𝑖𝑗 for any 𝛼 ∈ [0,1]. The derivation of this estimate exploits the fact that 𝛼2 ≤ 𝛼 for 𝛼 ∈ [0,1].
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We denote by 𝑀𝐿 = (𝛿𝑖𝑗𝑚𝑖𝐼𝑚)
𝑁ℎ
𝑖,𝑗=1 the lumped mass matrix. The components of the low-order steady-state residual 𝑅𝐿(𝑢) and of the 

high-order correction term 𝐹 ∗(𝑢) are dfined by

(𝑅𝐿(𝑢))𝑖 = 𝑏̃𝑖(𝑢𝑖, 𝑢̂) +
∑
𝑗∈ ∗

𝑖

[𝑑𝑖𝑗 (𝑢𝑗 − 𝑢𝑖) − (𝐟𝑗 − 𝐟𝑖) ⋅ 𝐜𝑖𝑗 ], 𝐹 ∗
𝑖
(𝑢) =

∑
𝑗∈ ∗

𝑖

𝛼𝑖𝑗𝑓
∗
𝑖𝑗
.

A quasi-Newton method for solving (34) uses an approximate Jacobian 𝐽 (𝑢) in updates of the form

𝐽 (𝑢(𝑘))(𝑢(𝑘+1) − 𝑢(𝑘)) =𝑀𝐿(𝑢𝑛 − 𝑢(𝑘)) + Δ𝑡[𝑅𝐿(𝑢(𝑘)) + 𝐹 ∗(𝑢(𝑘))], 𝑘 ∈ ℕ0, (35)

where 𝑢(𝑘) is a given approximation to 𝑢𝑛+1 . By default, we set 𝑢(0) = 𝑢𝑛 and use a low-order Jacobian approximation 𝐽 (𝑢) = 𝐽𝐿(𝑢), 
the derivation of which is explained below.

The homogeneity property 𝐟(𝑢) =𝐀(𝑢)𝑢 of the flux function of the Euler equations implies that

𝐟𝑗 − 𝐟𝑖 =𝐀(𝑢𝑗 )𝑢𝑗 −𝐀(𝑢𝑖)𝑢𝑖. (36)

Dolejšı and Feistauer [14] used this property to design a conservative linearized implicit scheme. Further representatives of such 
schemes were derived and analyzed by Kučera et al. [32]. The algorithm employed by Gurris et al. [25] is similar but provides the 
option of performing multiple iterations.

In view of (36), the Jacobian associated with the low-order component of (34) is given by [24]

𝐽𝐿 =𝑀𝐿 +Δ𝑡[𝐴−𝐵 −𝐷],

where 𝐴 = (𝐴𝑖𝑗 )
𝑁ℎ
𝑖,𝑗=1 and 𝐷 = (𝐷𝑖𝑗 )

𝑁ℎ
𝑖,𝑗=1 are sparse block matrices composed from

𝐴𝑖𝑗 = 𝐜𝑖𝑗 ⋅𝐀(𝑢𝑗 ), 𝐷𝑖𝑗 = 𝑑𝑖𝑗𝐼𝑚.

The block-diagonal matrix 𝐵 = (𝛿𝑖𝑗𝐵𝑖𝑖)
𝑁ℎ
𝑖,𝑗=1 is an approximate Jacobian associated with the implicit part of the boundary terms dfined 

by (9). It is constructed using an algebraic splitting

𝑏̃(𝑢, 𝑢̂) =𝐵(𝑢)𝑢+ 𝑏(𝑢̂) (37)

of 𝑏̃(𝑢, 𝑢̂) = (𝑏̃𝑖(𝑢𝑖, 𝑢̂))
𝑁ℎ
𝑖=1 into a matrix-vector product 𝐵(𝑢)𝑢 that depends only on 𝑢 and a remainder 𝑏(𝑢̂) = (𝑏𝑖(𝑢̂))

𝑁ℎ
𝑖=1 that depends on 

the boundary data 𝑢̂. This splitting is generally nonunique.

Using the representation (9) of the boundary term 𝑏̃(𝑢, 𝑢̂), we take advantage of the fact that

𝐟(𝑢𝑖) − 𝐟(𝑢̂𝑖,𝑆 ) =𝐀(𝑢𝑖)𝑢𝑖 −𝐀(𝑢̂𝑖,𝑆 )𝑢̂𝑖,𝑆
by the homogeneity of 𝐟(𝑢). The vector 𝑏̃(𝑢, 𝑢̂) of boundary integrals can be written in the form (37) if the diagonal blocks of 𝐵(𝑢)
and the components of 𝑏̂(𝑢) are dfined as follows:

𝐵𝑖𝑖 =
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝐵𝑖𝑖,𝑆 , 𝐵𝑖𝑖,𝑆 =
𝜎𝑖,𝑆

2 
[𝐀(𝑢𝑖) ⋅ 𝐧𝑆 − 𝜆𝑖,𝑆𝐼𝑚],

𝑏𝑖 =
∑
𝑒∈𝑖

∑
𝑆∈Γ(𝐾𝑒)

𝑏𝑖,𝑆 , 𝑏𝑖,𝑆 =
𝜎𝑖,𝑆

2 
[𝜆𝑖,𝑆 𝑢̂𝑖,𝑆 − 𝐟(𝑢̂𝑖,𝑆 ) ⋅ 𝐧𝑆 ].

We use the above definitions of the face contributions 𝐵𝑖𝑖,𝑆 and 𝑏𝑖,𝑆 by default. If there exists a transformation matrix 𝐵̂𝑖,𝑆 ∈ℝ𝑚×𝑚

such that the external state 𝑢̂𝑖,𝑆 = 𝐵̂𝑖,𝑆𝑢𝑖 depends only on the internal state 𝑢𝑖 , we treat the contribution of 𝑆 ∈ Γ(𝐾𝑒) implicitly by 
setting

𝐵𝑖𝑖,𝑆 =
𝜎𝑖,𝑆

2 
[𝐀(𝑢𝑖) ⋅ 𝐧𝑆 −𝐀(𝑢̂𝑖,𝑆 ) ⋅ 𝐧𝑆𝐵̂𝑖,𝑆 + 𝜆𝑖,𝑆 (𝐵̂𝑖,𝑆 − 𝐼𝑚)], 𝑏𝑖,𝑆 (𝑢̂) = 0.

For example, 𝐵̂𝑖,𝑆 = 𝐼𝑚 in the case of a supersonic outlet boundary condition. A two-dimensional rflecting wall boundary condition 
can be implemented using the transformation matrix

𝐵̂ =
⎛⎜⎜⎜⎝
1 0 0 0
0 1 − 2𝑛1𝑛1 −2𝑛1𝑛2 0
0 −2𝑛2𝑛1 1 − 2𝑛2𝑛2 0
0 0 0 1

⎞⎟⎟⎟⎠ ,
where 𝑛1 and 𝑛2 are the two components of the unit outward normal 𝐧 = (𝑛1, 𝑛2). This implicit treatment of the wall boundary 
condition preserves the conservation property in each iteration of the quasi-Newton method (35) with 𝐽 (𝑢) = 𝐽𝐿(𝑢). An explicit 
treatment of 𝑏(𝑢̂) may give rise to conservation errors in intermediate solutions. Hence, conserved quantities may enter or exit the 
domain through a solid wall if the iterative process is terminated before full convergence is achieved.

Substituting the low-order Jacobian 𝐽 (𝑢) = 𝐽𝐿(𝑢) into (35), we find that the resulting linear system for 𝑢(𝑘+1) has the structure of 
the deferred correction method
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𝐽𝐿(𝑢(𝑘))𝑢(𝑘+1) =𝑀𝐿𝑢
𝑛 +Δ𝑡(𝐹 ∗(𝑢(𝑘)) + 𝑏(𝑢̂)). (38)

Criteria for convergence of such fixed-point iterations can be found, e.g., in [1, Prop. 4.3] and [40, Prop. 4.66]. If we always stop 
after the first iteration, then 𝑢𝑛+1 = 𝑢(1) is the solution of [24,35]

𝐽𝐿(𝑢𝑛)𝑢𝑛+1 =𝑀𝐿𝑢
𝑛 +Δ𝑡(𝐹 ∗(𝑢𝑛) + 𝑏(𝑢̂)). (39)

This approximation to the nonlinear problem (34) falls into the category of linearly implicit schemes analyzed in [32]. It may perform 
very well as long as the time steps are sufficiently small. However, the linearized form (39) of (34) is generally not IDP. Moreover, it 
is difficult (if not impossible) to derive a CFL-like condition under which (39) would a priori guarantee the IDP property of 𝑢𝑛+1.

We use the iterative version (38) of (39) in this paper because if the fixed-point iteration (19) converges to a unique IDP solution 
of the nonlinear system (32), then this solution can usually be calculated much faster using (38). Even for time steps corresponding 
to very large maximum CFL numbers, a single iteration is often sufficient to obtain an IDP result. In general, we set 𝑢(0) = 𝑢𝑛 and 
update the successive approximations 𝑢(𝑘), 𝑘 = 0,1,2,… as follows:

Δ𝑢(𝑘) =[𝐽𝐿(𝑢(𝑘))]−1𝑅∗
Δ𝑡(𝑢

(𝑘)),

𝑢(𝑘+1) =𝑢(𝑘) + Δ𝑢(𝑘),
(40)

where

𝑅∗
Δ𝑡(𝑢) =𝑀𝐿(𝑢𝑛 − 𝑢) + Δ𝑡[𝑅𝐿(𝑢) + 𝐹 ∗(𝑢)]

is the residual of (34). Note that the unsplit form of the boundary term 𝑏̃(𝑢, 𝑢̂) is built into 𝑅𝐿(𝑢). A particular choice of the splitting 
(37) that dfines the component 𝐵(𝑢) of the approximate Jacobian 𝐽𝐿(𝑢) may affect the convergence behavior of the solver but not 
a converged result.5

Instead of iterating until a standard stopping criterion, such as

‖𝑅∗
Δ𝑡(𝑢

(𝑘))‖‖𝑅∗
Δ𝑡(𝑢(0))‖ < 𝜀1, ‖Δ𝑢(𝑘)‖‖𝑢(𝑘)‖ < 𝜀2 for 0 < 𝜀1, 𝜀2 ≪ 1,

is met, we use the IDP property as the stopping criterion. That is, we exit and set 𝑢𝑛+1 = 𝑢(𝑘+1) if 𝑢(𝑘+1) ∈ 𝐺. In practice, a single 
iteration is usually enough regardless of the time step Δ𝑡.

Remark 5. If multiple iterations are necessary to satisfy the IDP criterion, the approximate Jacobian 𝐽𝐿(𝑢𝑛) may be used instead of 
𝐽𝐿(𝑢(𝑘)), 𝑘 ≥ 1 to reduce the cost of matrix assembly.

5.2. Steady-state solver

Let us now turn to the computation of steady states 𝑢, for which our system (34) reduces to

𝑅𝐿(𝑢) + 𝐹 ∗(𝑢) = 0. (41)

Iterations of a quasi-Newton solver for this nonlinear system can be interpreted as pseudo-time steps. To achieve optimal convergence, 
the approximate Jacobian must be close enough to the exact one. Moreover, the initial guess 𝑢0 must be close enough to a steady-state 
solution. If the latter requirement is not met, a Newton-like method may fail to converge completely. Globalization and robustness 
enhancing strategies are commonly employed if the nonlinearity is very strong. A popular approach is the use of underrelaxation (also 
known as backtracking or damping) techniques [44,17,24,41,31].

Underrelaxation can be performed in an implicit way by adding positive numbers to the diagonal elements of the approximate 
Jacobian [44,17,24]. The use of smaller pseudo-time steps in an implicit time marching procedure has the same effect of enhancing 
the diagonal dominance. An explicit underrelaxation procedure controls the step size in the direction Δ𝑢𝑛 and produces the update

𝑢𝑛+1 = 𝑢𝑛 +𝜔Δ𝑢𝑛, 𝜔 ∈ (0,1]. (42)

In this work, we solve (41) using (38) as a pseudo-time stepping method. The amount of implicit underrelaxation depends on the 
choice of the parameter Δ𝑡, which we fit to a fixed upper bound for CFL numbers. Additionally, we perform explicit underrelaxation 
in the following way:

1. Given 𝑢𝑛 compute an IDP approximation 𝑢̃𝑛+1 using (40) with IDP stopping criterion.

2. Set Δ𝑢𝑛 = 𝑢̃𝑛+1 − 𝑢𝑛, choose 𝜔 ∈ (0,1], and calculate the update (42).

5 Convergence of the deferred correction method (38) to a fixed point of the IDP mapping Ψ𝑠(𝑢) can always be achieved using adaptive (pseudo-)time stepping, as 
in the challenging Mach 20 bow shock test of Section 6.4.
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Since 𝑢̃𝑛+1 and 𝑢𝑛 are in the admissible set 𝐺, so is 𝑢𝑛+1 for all 𝜔 ∈ (0,1]. The underrelaxation factor 𝜔 can be chosen adaptively or 
assigned a constant value that is the same for all pseudo-time steps. In our experience, 𝜔 = 0.5 is typically sufficient to ensure that 
the steady-state residual

𝑅∗
∞(𝑢) =𝑅𝐿(𝑢) + 𝐹 ∗(𝑢)

becomes small enough. However, the rates of convergence may be unsatisfactory for fixed 𝜔.

The explicit underrelaxation technique proposed by Ranocha et al. [46] is designed to enforce fully discrete entropy stability in 
the final stage of a Runge–Kutta method for an evolutionary problem. Badia et al. [5] select underrelaxation factors that minimize 
the residuals. Combining these ideas, we propose an adaptive relaxation strategy based on the values of the entropy residuals

(𝑅∗
𝜂
(𝑢))𝑖 = 𝑣(𝑢𝑖)⊤

(
𝑀−1

𝐿
𝑅∗
∞(𝑢)

)
𝑖
,

where 𝑣(𝑢𝑖) = 𝜂′(𝑢𝑖) is the vector of entropy variables corresponding to a convex entropy 𝜂(𝑢). The physical entropy 𝑠 = log(𝑝𝜌−𝛾 ) is 
concave. We dfine 𝑅∗

𝜂
(𝑢) using the mathematical entropy

𝜂(𝑢) = − 𝜌𝑠 
𝛾 − 1

.

Remark 6. We monitor the entropy residual 𝑅∗
𝜂
(𝑢) rather than the residual 𝑅∗

∞(𝑢) of the discretized Euler system because (𝑅∗
𝜂
(𝑢))𝑖

is a scalar quantity, whereas (𝑅∗
∞(𝑢))𝑖 is a vector whose components are ‘apples and oranges’ with different physical dimensions / 

orders of magnitude.

Let the discrete 𝐿2 norm ‖ ⋅ ‖2,ℎ ∶ℝ𝑁ℎ → [0,∞) be dfined by

‖𝑤‖2,ℎ =√𝑤⊤𝑀𝐶𝑤 ∀𝑤 ∈ℝ𝑁ℎ ,

where 𝑀𝐶 = (𝑚𝑖𝑗 )
𝑁ℎ
𝑖,𝑗=1 is the consistent mass matrix. Note that ‖𝑤‖2,ℎ = ‖𝑤ℎ‖𝐿2(Ω) for a finite element function 𝑤ℎ ∈𝑊ℎ with degrees 

of freedom corresponding to the components of 𝑤 ∈ℝ𝑁ℎ .

The underrelaxation factor that minimizes the objective function ‖𝑅∗
𝜂
(𝑢𝑛+1)‖2,ℎ is given by

𝜔𝑛 = arg min
𝜔̃∈(0,1] 

‖𝑅∗
𝜂
(𝑢𝑛 + 𝜔̃Δ𝑢𝑛)‖2,ℎ. (43)

This minimization problem has no closed-form solution, while numerical computation of 𝜔𝑛 is costly due to the strong nonlinearity 
of the problem at hand. It is not worthwhile to invest inordinate effort in solving (43). A rough approximation is sufficient to find a 
usable scaling factor for adaptive relaxation purposes (see, e.g., [53, Sec. 3.3.1]). Following Lohmann [39], we approximate 𝜔𝑛 by

𝜔𝑛
𝐾
= arg min

𝜔̃∈𝜔𝐾
‖𝑅∗

𝜂
(𝑢𝑛 + 𝜔̃Δ𝑢𝑛)‖2,ℎ, 𝐾 ∈ ℕ, (44)

where

𝜔𝐾 ∶=
{
𝜔0 +

𝑘− 1 
𝐾 − 1

(1 −𝜔0), 𝑘 = 1,… ,𝐾

}
is a discrete set of candidate parameter values. The approximation (44) to (43) becomes more accurate as 𝐾 is increased and 𝜔0 is 
decreased. In our numerical experiments, we use 𝐾 = 3 and 𝜔0 = 0.5. That is, we adaptively select relaxation parameters belonging 
to the set 𝜔3 = {0.5,0.75,1}.

6. Numerical examples

To study the steady-state convergence behavior of the presented numerical algorithms, we apply them to standard two-dimensional 
test problems in this section. In our numerical studies, the value of the pseudo-time step Δ𝑡 is determined using the formula [21,33,34]

max 
𝑖∈{1,…,𝑁ℎ}

2Δ𝑡
𝑚𝑖

∑
𝑗∈ ∗

𝑖

𝑑𝑖𝑗 = CFL (45)

with a user-defined threshold CFL. Explicit MCL schemes are IDP for CFL = 1. In the implicit case, it is possible to achieve the IDP 
property with CFL≫ 1, as we demonstrate below.

Unless stated otherwise, we prescribe the free stream/iflow boundary values as follows [24]:

𝜌∞ = 1, 𝑝∞ = 1 
𝛾
, 𝐯∞ = (𝑀∞,0)⊤, (46)

where 𝑀∞ is the free stream Mach number corresponding to the free stream speed of sound 𝑐∞ = 1.

The methods under investigation were implemented using the open-source C++ finite element library MFEM [2,3,43]. To solve 
the linear system in each step of the fixed-point iteration (40), we use the BiCGstab solver implemented in MFEM and precondition it 
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with Hypre’s ILU [30]. All computations are performed on unstructured triangular meshes generated using Gmsh [19]. The numerical 
results are visualized using Paraview [4].

We use the low-order solution as initial condition for MCL and initialize it by extending the free stream values (46) into Ω. A 
numerical solution is considered to be stationary if

𝑟(𝑢) = ‖𝑀−1
𝐿
𝑅∗
∞(𝑢)‖2,ℎ < 10−8.

To avoid repetition, let us preview our findings regarding the typical convergence behavior depending on the parameter 𝜔 of the 
explicit underrelaxation strategy (42) and on the CFL number (45). First and foremost, we found that some kind of explicit underre

laxation is an essential prerequisite for steady-state convergence. Without relaxation, i.e., using 𝜔 ≡ 1, we were able to achieve con

vergence for just two simple scenarios. In our experiments with constant underrelaxation factors, we used 𝜔 ∈ {0.5,0.6,0.7,0.8,0.9}. 
Steady-state solutions to all test problems could be obtained with 𝜔 = 0.5. The impact of a manually chosen underrelaxation factor on 
the convergence rate of the pseudo-time stepping method was different in each test. In most cases, the best performance was achieved 
with the largest value of 𝜔 for which the method does converge. We also report the convergence history of our adaptive underre

laxation strategy (44) with 𝜔 = 𝜔𝑛3. No stagnation or divergence was observed for this approach. The convergence rates achieved 
with the proposed adaptive strategy are at least as high as the best rate obtained with a constant damping parameter. Furthermore, 
increasing the number of candidate underrelaxation factors 𝜔 ∈ 𝜔𝐾 did not result in significantly faster convergence. Using 𝜔𝑛

𝐾
de

fined by (44) with 𝐾 = 6, i.e. 𝜔6 = {0.5,0.6,0.7,0.8,0.9,1}, we observed essentially the same convergence behavior as for 𝜔𝑛3, but the 
computational cost was drastically increased.

In a second set of experiments, we varied the pseudo-time step in our algorithm that uses the adaptive damping parameter (44)

to approximately minimize the value of the entropy residual. Specifically, we ran simulations with CFL ∈ {10𝑘, 𝑘 = 0,… ,5}. In most 
cases, the proposed scheme converges faster as the CFL number is increased. In the parameter range CFL ≤ 101, steady-state residuals 
decrease slowly but almost monotonically. Slow and oscillatory convergence behavior is observed for CFL = 102. The convergence 
rates become less sensitive to Δ𝑡 for CFL ≥ 103. For all test cases under consideration, the residuals evolve in the same manner for 
CFL = 104 and CFL = 105. The above response to changes in the CFL number is consistent with the behavior of other implicit schemes 
that use the framework of algebraic flux correction for continuous finite elements [24,35].

6.1. GAMM channel

A well-known two-dimensional benchmark problem for the stationary Euler equations is the so-called GAMM channel [16]. In 
this popular test for numerical schemes, the gas enters a channel at free stream Mach number 𝑀∞ = 0.67 through the subsonic inlet

Γin = {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 = −1, 𝑦 ∈ (0,1)}.

The flow accelerates to supersonic speeds over the bump on the lower wall

Γlw ={(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 ∈ [−1,−0.5], 𝑦 = 0}

∪ {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 ∈ [−0.5,0.5], 𝑦 =
√
1.69 − 𝑥2 − 1.2}

∪ {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 ∈ [0.5,1], 𝑦 = 0},

which results in a shock wave, and exits the domain at subsonic speeds at the outlet

Γo = {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 = 1, 𝑦 ∈ (0,1)}.

We prescribe rflecting wall boundary conditions on Γlw and on the upper wall

Γuw = {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 ∈ (−1,1), 𝑦 = 1}.

The numerical results presented in Fig. 1 are MCL approximations to the density, Mach number, and pressure at steady state. 
In Fig. 2a, we plot the evolution history of steady-state residuals for CFL = 104 and various choices of the underrelaxation factor 
𝜔. While convergence is extremely slow for 𝜔 = 1.0, all kinds of explicit underrelaxation reduce the total number of pseudo-time 
steps significantly. The best convergence rate is achieved with the adaptive underrelaxation strategy (44), which meets the stopping 
criterion 𝑟(𝑢) ≤ 10−13 after approximately 300 pseudo-time steps.

Fig. 2b shows the effect of changing the CFL number on the performance of the fixed-point iteration equipped with the adaptive 
underrelaxation strategy. We refer to the beginning of Section 6 for a general discussion of the way in which 𝜔 and CFL ifluence the 
convergence behavior.

6.2. Converging-diverging nozzle

Next, we simulate steady gas flows in a two-dimensional converging-diverging nozzle [24,28]. To evaluate the performance of our 
method under subsonic and transonic flow conditions, we consider three setups corresponding to different free stream Mach numbers. 
In all cases, we prescribe a subsonic iflow condition on the left boundary Γin = {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑥 = −2, −1 ≤ 𝑦 ≤ 1}. The upper and 
lower rflecting walls of the nozzle are dfined by Γ±w = {(𝑥, 𝑔±(𝑥)) ∈ℝ2 ∶ −2 ≤ 𝑥 ≤ 8}, where [28]
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Fig. 1. GAMM channel (𝑀∞ = 0.67), steady-state MCL results obtained with 𝑁ℎ = 112,963 unknowns per component on a mesh consisting of 𝐸ℎ = 224,576 triangles.

Fig. 2. GAMM channel (𝑀∞ = 0.67), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 𝑁ℎ = 24,037 nodes 
and 𝐸ℎ = 47,256 cells.

𝑔±(𝑥) =
⎧⎪⎨⎪⎩
±1 if − 2 ≤ 𝑥 ≤ 0,

±
cos( 𝜋𝑥2 )+3

4 if 0 < 𝑥 ≤ 4,
±1 if 4 < 𝑥 ≤ 8.

On the right boundary Γin = {(𝑥, 𝑦) ∈ℝ2 ∶ 𝑥 = 8, −1 ≤ 𝑦 ≤ 1} of the domain, we prescribe a subsonic or supersonic outlet condition 
depending on the test case.

In the first setup [24], we dfine the free stream values on Γin using (46) with 𝑀∞ = 0.2 and impose a subsonic outlet condition. 
The flow stays subsonic and accelerates to 𝑀 ≈ 0.48 at the throat before decelerating in the diverging part of the nozzle. The 
characteristic stiffness associated with low Mach numbers makes this problem very challenging despite the fact that the solution is 
smooth.

The steady-state MCL results and the convergence history for this test are shown in Fig. 3 and Fig. 4, respectively. In this low Mach 
number test, convergence to a stationary solution is achieved only with 𝜔 = 0.5 and with the adaptive strategy (44). In both cases, 
the stopping criterion 𝑟(𝑢) ≤ 10−13 is met after 1000 pseudo-time steps. All other choices of 𝜔 result in stagnation or even divergence 
(see Fig. 4a). Even for small CFL numbers, which introduce strong implicit underrelaxation, convergence is not guaranteed without 
additional explicit underrelaxation (not shown here). Similarly to the previous test case, the adaptive underrelaxation strategy exhibits 
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Fig. 3. Subsonic nozzle (𝑀∞ = 0.2), steady-state MCL results obtained with 𝑁ℎ = 95,329 unknowns per component on a mesh consisting of 𝐸ℎ = 189,024 triangles. 

Fig. 4. Subsonic nozzle (𝑀∞ = 0.2), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 𝑁ℎ = 24,037 nodes 
and 𝐸ℎ = 47,256 cells.

the fastest convergence rate. The impact of the CFL number is illustrated by the evolution of steady-state residuals in Fig. 4b. The 
convergence rates for CFL = 104 and CFL = 105 are similar and superior to that for CFL = 103.

The second setup induces a transonic flow. For better comparison with the literature [28], we prescribe the 𝑀∞ = 0.3 free stream 
values using the pressure 𝑝∞ = 1 instead of 𝑝∞ = 1∕𝛾 . The free stream velocity corresponding to 𝜌∞ = 1 is given by 𝐯∞ = (

√
𝛾𝑀∞,0)⊤. 

Furthermore, we prescribe 𝑝out =
2
3 instead of the free stream pressure at the subsonic outlet. The resulting flow accelerates to 𝑀 ≈ 2.1

and develops a sonic shock, behind which it decelerates to subsonic speeds again (see Fig. 5).

As we observe in Fig. 6a, solvers that use 𝜔 ∈ {0.5,0.6,0.7,0.8,𝜔𝑛3} do converge, while the residuals stagnate after a short initial 
phase for 𝜔 = 1 and 𝜔 = 0.9. The algorithm using the adaptive strategy (44) requires about 500 pseudo-time steps to meet the stopping 
criterion 𝑟(𝑢) ≤ 10−13. As in the previous examples, convergence becomes faster as the CFL number is increased (see Fig. 6b).
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Fig. 5. Transonic nozzle (𝑀∞ = 0.3), steady-state MCL results obtained with 𝑁ℎ = 95,329 unknowns per component on a mesh consisting of 𝐸ℎ = 189,024 triangles. 

Fig. 6. Transonic nozzle (𝑀∞ = 0.3), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 𝑁ℎ = 24,037 nodes 
and 𝐸ℎ = 47,256 cells.

The last setup corresponds to a transonic flow with a supersonic outlet [24]. We dfine the free stream values using (46) with 
𝑀∞ = 0.8. The flow is accelerated in the throat of the nozzle and stays supersonic. It features diamond-shaped shocks caused by 
rflections from the upper and lower walls. For this transonic flow setup, the steady-state computation fails to converge only if 𝜔 = 1
is employed. The adaptive strategy (44) meets the stopping criterion 𝑟(𝑢) ≤ 10−13 after 300 pseudo-time steps. As we can see in Fig. 7, 
the use of 𝜔 = 0.9 gives rise to small fluctuations around the threshold 10−3. Fig. 8b shows that CFL ≥ 103 is needed to achieve 
satisfactory convergence behavior.

6.3. NACA 0012 airfoil

To further exemplify the typical convergence behavior of our scheme, we simulate external flows over a NACA 0012 airfoil. The 
upper and lower surface of this airfoil are dfined by [24,35]
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Fig. 7. Transonic nozzle (𝑀∞ = 0.8), steady-state MCL results obtained with 𝑁ℎ = 95,329 unknowns per component on a mesh consisting of 𝐸ℎ = 189,024 triangles. 

Fig. 8. Transonic nozzle (𝑀∞ = 0.8), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 𝑁ℎ = 24,037 nodes 
and 𝐸ℎ = 47,256 cells.

Γ± =
{
(𝑥,𝑓±(𝑥))⊤ ∈ℝ2 ∶ 𝑥 ∈ [0,1.00893]

}
,

where

𝑓±(𝑥) = ±0.6(0.2969
√
𝑥− 0.126𝑥− 0.3516𝑥2 − 0.1015𝑥4).

The outer boundary of the computational domain is a circle of radius 10 centered at the tip of the airfoil. The steady-state flow pattern 
depends on the Mach number and on the inclination angle.

In the first setup, we prescribe a 𝑀∞ = 0.5 free stream flow with the angle of attack 𝛼 = 0◦. The steady state solutions and the 
convergence history are shown in Fig. 9 and Fig. 10, respectively. In the second series of experiments, we set 𝑀∞ = 0.8 and 𝛼 = 1.25◦. 
The results are shown in Figs. 11 and 12. As expected, relaxation is needed to achieve convergence in the stiff subsonic test. Our 
adaptive relaxation strategy performs slightly better than the best manual choice of a constant relaxation factor (𝜔 = 0.9). In the 
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Fig. 9. Subsonic NACA 0012 airfoil (𝑀∞ = 0.5, 𝛼 = 0◦), steady-state MCL results obtained with 𝑁ℎ = 112,242 unknowns per component on a mesh consisting of 
𝐸ℎ = 223,424 triangles.

Fig. 10. Subsonic NACA 0012 airfoil (𝑀∞ = 0.5, 𝛼 = 0◦), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 
𝑁ℎ = 28,193 nodes and 𝐸ℎ = 55,856 cells.

transonic test, convergence is achieved for all values of 𝜔. The best convergence rates are obtained with 𝜔 = 1.0 and 𝜔 = 𝜔𝑛3. For both 
choices of the Mach number 𝑀∞, steady-state computations with 𝜔 = 𝜔𝑛3 become faster as the value of the CFL number is increased.

6.4. Mach 20 bow shock

We finish with an example in which we simulate a steady two-dimensional hypersonic flow around a half-cylinder of unit radius 
[12]. The free stream values at the supersonic inlet correspond to 𝑀∞ = 20. At the supersonic outlet, the external state of the weakly 
imposed boundary condition coincides with the internal limit. The abrupt transition from hypersonic to subsonic flow conditions 
at the bow of the cylinder makes this benchmark problem very challenging for linearized implicit solvers. To avoid divergence of 
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Fig. 11. Transonic NACA 0012 airfoil at 𝛼 = 1.25◦ angle (𝑀∞ = 0.8), steady-state MCL results obtained with 𝑁ℎ = 112,242 unknowns per component on a mesh 
consisting of 𝐸ℎ = 223,424 triangles.

Fig. 12. Transonic NACA 0012 airfoil (𝑀∞ = 0.8, 𝛼 = 1.25◦), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh 
with 𝑁ℎ = 28,193 nodes and 𝐸ℎ = 55,856 cells.

nonlinear and linear iterations in the early stage of computations,6 we always start with CFL ≤ 10 in this test. If the target CFL 
number exceeds 10, we use the pseudo-time step Δ𝑡0 corresponding to CFL = 10 until the relative residual falls below 10−1 , that is, 
until

‖𝑀−1
𝐿
𝑅∗
∞(𝑢𝑛)‖2,ℎ < 10−1‖𝑀−1

𝐿
𝑅∗
∞(𝑢0)‖2,ℎ,

where 𝑢0 is the low-order solution. Then we increase Δ𝑡 to match the target CFL number. Underrelaxation is performed at the end 
of each time step for any value of the CFL parameter. The results presented in Figs. 13 and 14 illustrate the ability of our scheme to 
handle arbitrary Mach numbers.

6 If we directly start with Δ𝑡 corresponding to CFL≫ 10, then (linear or nonlinear) iterations diverge or too many iterations per pseudo-time step are needed to 
obtain a positivity-preserving result.
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Fig. 13. Bow shock (𝑀∞ = 20), steady-state MCL results obtained with 𝑁ℎ = 105,361 unknowns per component on a mesh consisting of 𝐸ℎ = 209,152 triangles. 

Fig. 14. Bow Shock (𝑀∞ = 20), steady-state convergence history for a long-time MCL simulation on an unstructured triangular mesh with 𝑁ℎ = 26,537 nodes and 
𝐸ℎ = 52,288 cells.

7. Conclusions

The analysis and algorithms presented in this paper illustrate the potential of monolithic convex limiting as an algebraic flux 
correction tool for implicit finite element discretizations of nonlinear hyperbolic systems. In addition to proving the existence of a 
positivity-preserving solution to the nonlinear discrete problem, we designed an iterative solver that exhibits robust convergence 
behavior and is well suited for steady-state computations. Two essential features of this solver are the stopping criterion based on 
positivity preservation and the use of relaxation parameters that minimize entropy residuals at steady state. The robustness of our 
method with respect to CFL and Mach numbers was verfied numerically. Further improvements can presumably be achieved by using 
adaptive/local time stepping and local preconditioning aimed at reducing the characteristic condition number.
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