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Abstract
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Scalable Bayesian Methods for Large-Scale Data: Data Reduction and Efficient
Computation of Distribution Metrics

by Zeyu DING

In the era of big data, traditional Bayesian inference methods face significant chal-
lenges in computational efficiency and scalability. This thesis presents a compre-
hensive framework addressing these challenges through theoretical innovations and
practical implementations. We introduce a novel p-probit model incorporating p-
generalized normal distributions, which offers enhanced flexibility in modeling tail
behavior through an adaptive parameter p. To address computational challenges
with large-scale datasets, we develop an efficient coreset-based data reduction tech-
nique for the p-probit model, with theoretical guarantees based on the Wasserstein
distance. Furthermore, we extend scalable inference to semi-parametric Multivariate
Conditional Transformation Models (MCTMs). We propose a novel hybrid coreset
strategy that combines leverage score sampling with a geometric convex hull approx-
imation. This approach effectively resolves the numerical instabilities of logarithmic
terms in the likelihood, enabling efficient learning of complex dependence structures
with rigorous error guarantees. This exploration of distribution metrics leads to
our investigation of scalable computation methods for probability distribution dis-
tances, where we propose novel approximation approaches using sliced-Wasserstein
distances and random Fourier features in Physics applications. These theoretical
advances are implemented in two open-source software packages: an R package for
the p-probit model and a Julia package for distribution metric computation. Our em-
pirical results demonstrate significant improvements in both computational efficiency
and statistical accuracy across various large-scale applications, contributing to both
theoretical understanding and practical capabilities in modern Bayesian inference.
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List of Notations

This thesis compiles work from several distinct research projects. While efforts have

been made to unify notation, certain symbols may vary in meaning depending on the

specific context (e.g., Regression Modeling vs. Distributional Metrics). The following

table clarifies the usage of key symbols across different chapters.

Symbol Description

General & Sets

R? d-dimensional Euclidean space

[n] Set of integers {1,2,...,n}

-1y Lp-norm, defined as || x|, = (X |x;|P)!/?

N(u,x) Multivariate Normal distribution with mean u and covariance X

X Design matrix or dataset, typically X € R"*“ with dimensions of n
rows and d columns, however, the dimension notation of the data
might change due to specific model settings.

E[] Expectation operator

Probability of an event
Indicator function (1 if condition is true, 0 otherwise)

Likelihood function with specific population parameter 0

Bayesian p-Probit Models (Chapter 2 & 3)

Binary response variable, y; € {0,1}

Regression coefficient vector

Shape parameter of the p-Generalized Gaussian Distribution (p-
GGD), controlling tail behavior (p = 1: Laplace, p = 2: Gaussian)
Cumulative Distribution Function (CDF) of the p-GGD

Probability Density Function (PDF) of the p-GGD

Latent variable used in data augmentation

Coreset & Sensitivity Sampling (Chapter 3)

u(X)
Gi

S;

p-complexity of the dataset X (used in Coreset bounds)

Sensitivity of the i-th observation, measuring its importance to the
objective function

Upper bound of the sensitivity {;, used for sampling probabilities
Total sensitivity, S = }_s; (determines the required coreset size)
Weight assigned to the i-th point in the coreset



Xxii

List of Notations — Continued

Symbol Description
€ Relative error bound for the coreset approximation (e.g., (1 +£ €)-
approximation)

Multivariate Conditional Transformation Models (Chapter 3)

Y Multivariate continuous response vector, Y € R/

a(-) Basis function transformation (e.g., Bernstein polynomials)

% Coefficients for the basis functions

A Parameters governing the dependence structure (interaction terms)
6 Collection of all model parameters, § = (¢7,AT)"

U; Statistical leverage score of the i-th observation

Distribution Distances & Metrics (Chapter 4)

U, v Probability measures or distributions to be compared

Wy (1, v) p-Wasserstein distance, where p denotes the order of the distance

SWD Sliced Wasserstein Distance

0 Random projection direction vector on the unit sphere $9~1 (Specific
to SWD context)

k(-,-) Kernel function used in Maximum Mean Discrepancy (MMD)

H Reproducing Kernel Hilbert Space (RKHS)
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Chapter 1

Introduction and Structure

1.1 Research Motivation and Context

Recent advances in data science, particularly in Bayesian statistics and generative
modeling, have driven demand for tools that not only scale to large datasets but also
provide principled measures of uncertainty and distributional discrepancy. Tradi-
tional statistical methods have long centered on point estimation and hypothesis
testing under strong parametric assumptions. The theoretical guarantees for these ap-
proaches derive from asymptotic results, such as the central limit theorem (CLT) and
laws of large numbers (LLN), which characterize the limiting behavior of estimators
as sample size grows (Kwak and Kim, 2017; DasGupta, 2008). While these results
provide powerful guarantees for estimating central tendencies such as population
means, they often overlook the broader structural differences between probability
distributions (Gneiting and Raftery, 2007).

1.1.1 The Bayesian Paradigm for Uncertainty Quantification

However, in many real-world applications, including simulation of complex social
systems, medical risk assessment, and particle physics experiments, the research
objective extends beyond estimating particular statistics. Instead, practitioners seek
to understand the shape, structure, and uncertainty of entire probability distributions.
Bayesian statistics provides a natural framework for this objective by explicitly mod-
eling uncertainty through full posterior distributions rather than point estimates of
the parameters (Gelman et al., 2013; McElreath, 2018). By interpreting probability as
a degree of belief that is updated in light of new evidence, Bayesian inference natu-
rally propagates uncertainty through all stages of analysis. This full distributional
characterization proves particularly valuable when decisions must account for tail
risks, multimodal structure, or heterogeneous uncertainty across different regions of
the parameter space (King et al., 2019).
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1.1.2 Distributional Distances in the Era of Generative Models

Beyond traditional inference tasks, the rise of generative models has fundamentally
transformed how we evaluate statistical methods. In applications ranging from Gen-
erative Adversarial Networks (GANs, Goodfellow et al., 2014) to Bayesian simulation-
based inference, the core challenge shifts from parameter estimation to distributional
comparison. Whether comparing generated samples to observed data or evaluating
the convergence of posterior approximations, we must quantify how “close” two
probability distributions are, a foundational problem that requires principled distance
metrics.

Classical divergence measures, particularly the Kullback-Leibler (KL) divergence
(Kullback and Leibler, 1951), have long served as the cornerstone of statistical infer-
ence, underlying maximum likelihood estimation and variational methods. However,
several well-documented pathologies limit the applicability of KL divergence in
modern settings. First, its asymmetry and undefined behavior on distributions with
disjoint support create theoretical complications. Second, in generative modeling,
optimizing KL divergence can lead to undesirable “mode-seeking” behavior, where
the learned distribution fails to capture all modes of the target, a phenomenon known
as mode collapse (Arjovsky et al., 2017; Chan et al., 2022). Third, in high-dimensional
settings where data often concentrates on lower-dimensional manifolds, KL diver-
gence may fail to provide meaningful gradients for optimization, as the distributions
rarely share common support (Dhaka et al., 2021; Verine et al., 2023).

These limitations have motivated substantial interest in alternative metrics. The
Wasserstein distance, grounded in optimal transport theory, measures the minimum
“cost” of transforming one distribution into another and remains well-defined even
for distributions with disjoint supports (Arjovsky et al., 2017). Similarly, Maximum
Mean Discrepancy (MMD) (Gretton et al., 2012a) offers a kernel-based approach that
compares distributions through their embeddings in a reproducing kernel Hilbert
space, eliminating the need for explicit density estimation. Both metrics have proven
particularly effective in high-dimensional settings, where they capture geometric
structure that KL divergence may miss (Gao and Shao, 2023).

1.2 Research Questions and Scope

The developments outlined above highlight three interrelated challenges in mod-
ern statistical practice. First, we need flexible probabilistic models that can adapt to
diverse data characteristics without imposing restrictive parametric assumptions. Sec-
ond, we require principled methods to compare and evaluate these models through
distributional distance metrics. Third, we must develop computationally efficient
inference procedures that scale to large datasets while maintaining theoretical guar-
antees.

Addressing these challenges forms the central motivation for this dissertation,
which is organized around two fundamental questions:
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1. How to effectively model uncertainty in complex data and construct flexible
and interpretable probabilistic models?

2. How can these probabilistic models be reliably and efficiently inferred under
limited computational resources?

Focusing on the above issues, the research of this thesis focuses on three closely
related themes:

1. Bayesian modeling: full distributional representation of uncertainty;

2. Data compression and efficient inference: building computationally friendly
probabilistic and Bayesian frameworks;

3. Distributional distance metrics: understanding and comparing differences in
probabilistic models.

The following section develops each of these three endeavors and points out how
they are reflected in the three representative studies in this dissertation.

1.3 Methodological Framework and Contributions

1.3.1 Flexible Modeling and Uncertainty Representation in Bayesian Mod-
els

In the first work of this thesis, a new regression modeling framework is proposed:
the Bayesian p-probit regression model. The flexibility of this model is derived from the
use of the p—generalized normal distribution, also known as the exponential power
distribution, as the latent variable distribution. This family of distributions was
first introduced by Subbotin (1923) and later popularized in the context of Bayesian
robust modeling by Box and Tiao (2011). By treating the shape parameter p as an
unknown to be inferred from the data, the model can adapt its tail behavior, smoothly
interpolating between the Gaussian distribution (p = 2), which underlies the standard
probit model, and the leptokurtic Laplace distribution (p = 1), which is associated
with robust and sparse models.

Standard link functions in binary regression, such as the probit (Gaussian CDF)
and logit (logistic CDF), implicitly assume specific tail behaviors for the underlying
latent variable. When real-world data exhibit heavier or lighter tails than these
assumptions suggest, forcing a fixed link function can lead to biased inference and
poor predictive performance. The robust statistics literature has long emphasized
the need for models that adapt to such deviations from assumed distributions rather
than imposing them a priori, as we demonstrate in Chapter 2

The model’s flexibility is further enhanced by adopting a fully Bayesian frame-
work. Rather than treating the shape parameter p as fixed or estimating it through
maximum likelihood, we place a prior distribution on p and perform joint posterior
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inference over both B and p. This approach offers several advantages over existing
p-probit methods (Munteanu et al., 2022). First, it eliminates the need for analysts to
pre-specify the level of robustness or tail behavior, instead learning these characteris-
tics directly from the observed data. Second, by providing full posterior distributions
rather than point estimates, the Bayesian approach naturally quantifies uncertainty
in both the regression coefficients and the inferred tail behavior. This dual uncer-
tainty quantification proves particularly valuable for prediction and model selection,
where understanding the confidence in the chosen link function is as important as
the regression coefficients themselves. Third, the posterior distribution of p serves
as an interpretable diagnostic: values near 2 suggest the data are well-described by
a standard probit model, while departures indicate the degree and direction of tail
deviation from Gaussianity.

This work not only proposes a new model, but also designs an effective Markov
chain Monte Carlo (MCMC) inference method, and incorporates data compression
techniques (see the next section) to achieve a significant improvement in inference
efficiency.

1.3.2 Coreset Methods for Scalable Probabilistic and Bayesian Inference

Despite their advantages in flexible modeling and uncertainty quantification, Bayesian
methods face computational challenges that can become prohibitive in practice. Stan-
dard MCMC inference scales poorly with dataset size, as each iteration requires
evaluating the likelihood over all n data points. For large-scale applications, this
computational burden can render otherwise attractive Bayesian models impractical.
This motivates a fundamental question: can we perform inference on a carefully
selected subset of the data while maintaining accuracy guarantees for the posterior
distribution? The challenge of computational cost in Bayesian inference, particularly
in the “Big Data” regime, has motivated a variety of scalable methods. The Coreset
method provides a compelling, data-centric solution to this problem. Originating in
computational geometry, the Coreset approach was adapted for Bayesian inference
to construct a small, weighted subset of the data such that the posterior distribution
conditioned on this subset is provably close to the posterior conditioned on the full
dataset (Huggins et al., 2016; Zhang et al., 2021). This dissertation builds upon this
foundational work and extends its applicability in two key directions:

¢ For the p-probit model, we develop a coreset construction method that combines
Wasserstein distance (Monge, 1781) with leverage scores. This approach exploits
both the geometric structure of the data (via Wasserstein distance) and the
statistical influence of individual observations (via leverage scores). We provide
both theoretical guarantees for posterior approximation quality and empirical
validation on classification tasks;

¢ For Multivariate Conditional Transformation Models (MCTMs) (Klein et al.,
2022), a flexible class of high-dimensional models that capture conditional
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dependencies among variables, we devise a sparse coreset method based on
convex hull approximation. This geometric approach identifies influential
boundary points in the feature space, enabling substantial data reduction while
preserving the model’s ability to capture complex dependence structures. We
demonstrate the method’s effectiveness on several real-world datasets from

diverse application domains.

Together, these studies point to a single goal: to achieve scalable and efficient
probabilistic and Bayesian inference while guaranteeing the quality of probabilistic

modeling.

1.3.3 Distance Metrics for Posterior Evaluation and Model Comparison

The rise of generative modeling and simulation-based inference has transformed the
landscape of statistical evaluation. In these modern applications, the fundamental in-
ferential question shifts from comparing summary statistics (“are the means equal?”)
to assessing overall distributional similarity (“are the distributions close?”). Answer-
ing this question requires principled distance metrics that can quantify discrepancies
between probability distributions in ways that are both statistically meaningful and
computationally tractable. In the third work of this thesis, we have developed an eval-
uation toolkit, MCbench, which is able to compute a number of common distribution

distances in the programming language Julia, including:

1. Wasserstein distance: Grounded in optimal transport theory, the Wasserstein
distance measures the minimum “cost” of transforming one distribution into
another (Monge, 1781; Kantorovich, 1942). Unlike divergence measures, it
remains well-defined for distributions with disjoint supports and provides a
meaningful metric structure that is particularly sensitive to tail behavior and
overall geometric structure;

2. Maximum Mean Discrepancy (MMD): A kernel-based metric that compares
distributions through their embeddings in a Reproducing Kernel Hilbert Space
(RKHS) (Gretton et al., 2012a). By representing distributions via their mean
embeddings, MMD enables comparison without explicit density estimation.
The choice of kernel determines which distributional features are emphasized,

providing flexibility in tailoring the metric to specific application needs;

3. Classical measures: Including chi-square statistic, moment-based comparisons,
and summary statistic distances. While computationally simpler, these mea-
sures often capture specific aspects of distributional difference.

MCbench was developed out of a collaborative demand from the physics com-
munity for rigorous distributional comparisons between simulated data and real
observations, rather than relying solely on central statistics or traditional hypothesis
testing.
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While these metrics provide principled measures of distributional discrepancy,
their direct computation can become prohibitive for high-dimensional or large-sample
settings. The Wasserstein distance, for instance, requires solving an optimal transport
problem with O(n%) complexity for n samples. Similarly, computing MMD with m
samples requires constructing an n x n kernel matrix, leading to O(1n%) memory and
computational costs.

To address these limitations, we investigate and implement several scalable ap-
proximation methods in MCbench. For the Wasserstein distance, we employ the Sliced
Wasserstein distance (Kolouri et al., 2019), which projects the distributions onto ran-
dom one-dimensional subspaces where the distance can be computed efficiently in
closed form. For MMD, we implement kernel approximation techniques including
Random Fourier Features (Li et al., 2019), which approximates the kernel via Monte
Carlo sampling in the frequency domain. The Nystrom method (Williams and Seeger,
2000), which constructs a low-rank approximation based on a subset of landmark
points was also investigated. These approximations reduce computational complexity
substantially while maintaining rigorous error bounds, as detailed in Chapter 4.

Beyond serving as a practical toolkit, this work contributes to the broader under-
standing of distribution-level modeling by systematically comparing the statistical
and computational trade-offs inherent in different distance metrics and their approxi-

mations.

1.4 Software Contributions and Reproducibility

As part of this research, we developed two open-source packages:

* BayesPprobit — AnR package implementing the Bayesian p-probit model with
MCMC sampling;

® MCbench — A Julia package for benchmarking posterior approximations and

distribution distances.

These tools are designed to support reproducible experiments and facilitate fur-

ther research in scalable Bayesian inference.

1.5 Thesis Structure

In summary;, this thesis focuses on the core problem of “how to perform effective
Bayesian modeling under large-scale data”, and develops the following three research

lines:
1. Proposing new probabilistic models to enhance expressive power (Bayesian
p-probit);

2. Utilizing the coreset technique to compress data to improve inference efficiency
(p-probit and MCTM);
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3. Introducing distributional distance metrics to support model evaluation and
sample comparison (MCbench).

TABLE 1.1: Mapping of thesis chapters to included publications and
software packages.

Chapter  Core Topic Based on Publication

Chapter 2 Bayesian p-Probit Model: Framework & Article 1 (Ding et al., 2024)
Inference

Chapter 3 Scalable Inference via Coresets (p-Probit  Article 1 (Ding et al., 2024),
& MCTMs) Article 3 (Ding et al., 2026),
Article 4 (Ding et al., 2023)

Chapter4 Distribution Distances & MCbench Frame- Article 2 (Ding et al., 2025)
work

Chapter 5 Software Design & Implementation Packages: BayesPprobit,
MCbench

The detailed mapping of these core research topics and their corresponding
publications to the specific chapters of this dissertation is summarized in Table 1.1.
These three parts are interconnected and together constitute the systematic response
to the problem of large-scale Bayesian probabilistic modeling and distance computation.
Figure 1.1 illustrates the logical structure and interconnections between these research
components, providing an overview of how the individual studies are linked to the
overarching research theme.

Advanced Bayesian | Reduce Dataset )
Modeling Size j Data Reduction
. . Scale Bayesian VL(Coreset, sketching methods)
(Bayesian p-Probit, MCTMs) Inference

Importance of

.. Assess Posterior
Measure Distri-

Implementation Generalize Bayesian Approx. Quality
in Real Systems Ideas into Models bution Distances
Further Ideas Y
v in Genera- Distribution
Software & Future | tive Models Distances
(R/Julia, Generative models) I‘ Implementation (Wasserstein dis-
in Real Systems [ tance, MMD, RFF)

FIGURE 1.1: Research roadmap: From advanced Bayesian modeling
to distribution distance metrics and scalable computation.

These works constitute the overall contribution of this research, both in terms of
model-level innovations and computational-level method design and software imple-
mentation, covering multiple levels of theoretical analysis, algorithm development,
and practical applications.
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This thesis is structured as a cumulative dissertation, consisting of four main
articles. Chapter 2 introduces the p-probit model and its Bayesian inference, the main
content of this chapter is published in Ding et al. (2024). Chapter 3 introduces the con-
struction of the coreset approach implemented for scalable inference in the p-probit
setting and a coreset algorithm for MCTMs based on convex hull approximations, the
main content of this chapter is published in Ding et al. (2023), Ding et al. (2024), and
Ding et al. (2026). Chapter 4 introduces the MCbench benchmarking framework and
explores scalable approximations for distribution distances, the main content of this
chapter is under review by a journal, and published as a pre-print version by Ding
etal. (2025). Chapter 5 introduces the structure and core functionality implementation
of the BayesPprobit! and MCbench? package. Chapter 6 concludes this dissertation
with a comprehensive summary of the research, highlights key contributions and
limitations, and proposes feasible directions for future exploration grounded in the
present findings.

Ihttps: //github.com/zeyudsai/BayesPprobit
Zhttps://github.com/tudo-physik-e4/MCBench. j1
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Chapter 2

Bayesian p-Probit Model: A New
Framework for Binary Bayesian

Inference

2.1 Introduction

In classical binary regression modeling, logistic and probit models have long been
the two dominant choices. They both map linear predictors to a probability scale via
fixed link functions, enabling estimation of success probabilities in binary outcomes.
However, these fixed-form link functions lack flexibility when modeling data with
heavy- or light-tailed structures, leading to potential link misspecification, which can
distort inference and reduce predictive performance.

To address this issue, several recent works have proposed parametric link func-
tions with tunable tail behavior. These models aim to provide a more accurate
characterization of the data distribution and more robust model fitting. On the other
hand, frequentist models typically provide only point estimates for parameters and
lack direct quantification of uncertainty. Bayesian statistics naturally addresses this
shortcoming by placing probability distributions over unknown quantities, enabling
full posterior inference and uncertainty quantification.

In this chapter, we develop a new probabilistic modeling framework for binary
outcomes: the Bayesian p-probit model. This model generalizes the classical probit
model by adopting the p-generalized Gaussian distribution (p-GGD) as the basis for
the link function. The parameter p controls the kurtosis of the distribution, interpo-
lating between the Laplace distribution (p = 1), the standard normal distribution
(p = 2), and heavier-tailed or light-tailed alternatives.

Our approach builds upon the frequentist p-probit model proposed in Munteanu
et al. (2022), which was formulated as a convex optimization problem under maxi-
mum likelihood estimation. We extend this work into the Bayesian domain, where
we jointly estimate the regression coefficients  and the shape parameter p using
a Markov chain Monte Carlo (MCMC) approach. Specifically, we combine a data
augmentation strategy with Gibbs sampling and integrate a Metropolis-Hastings
(MH) step to sample the non-conjugate parameter p.
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This model not only generalizes existing logistic and probit models, but also
enables posterior inference on the shape of the link function itself, offering a prin-
cipled way to model uncertainty in both the regression coefficients and the data-
generating distribution. Our empirical evaluation includes both simulated and
real-world datasets, demonstrating the effectiveness of the proposed framework in
various data scenarios, particularly in the presence of tail misspecification.

In summary, in this study, we generalize the standard Bayesian probit model
and its estimation into a flexible link. We present a Bayesian formulation of p-probit
regression, extending the frequentist MLE framework introduced by Munteanu et al.
(2022). We develop a novel Gibbs sampler for joint posterior sampling of model
parameters 8 and the hyperparameter p, extending the classical sampler of Albert
and Chib (1993) beyond the case p = 2. Our extensions also apply directly to logistic

regression when p = 1.

2.2 The Bayesian p-Probit Model

Logistic and probit regression are often considered to be similar, and differ only in
their tail distributions (Chambers and Cox, 1967). More general families of parametric
link functions focusing on modeling the tail distribution are considered for binary
regression. In a practical analysis, Albert and Chib (1993) used the t-distribution
instead of the standard normal distribution in the probit model. Czado and Santner
(1992) and Czado (1992) studied the importance of choosing the link function and
proposed several methods for estimating the parameters of single and double tailed
parametric links. Koenker and Yoon (2009) introduced the Gosset link and the
Pregibon link (Pregibon, 1981), and proposed a Bayesian estimation of their respective
parameters. We refer to (Stukel, 1988) for further discussion on the choice of link
functions for GLMs. Czado and Santner (1992) investigated possible undesirable
effects of using a misspecified link function, and pointed out that bias occurs in both
parameter estimation and predicted probability. To overcome such shortcomings, we
introduce in the following a parametric link function that generalizes over the logistic
link similarly to Prasetyo et al. (2020), yet more specifically over the standard normal
probit link, and allows us to control the tail behavior, in particular the kurtosis,
of the modeling distribution by varying the parameters of the link function. We
point to further, though less related, recent work on flexible link functions for binary
regression based on Gaussian processes and Copulas (Li et al., 2016; Mesfioui et al.,
2023), respectively.

2.2.1 p-Probit Model

In binary classification problems, we assume that the dependent variable Y; follows a
Bernoulli distribution with the probability of success 7; = E(Y;) = P(Y; = 1). The
value of 71; is conditioned on the independent variable X; and the parameter  and
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FIGURE 2.1: Probability density function (left) and cumulative distri-
bution function (right) of the p-GGD for various values of p.

linked applying a transformation (-) to the linear response such that P(Y; = 1|X;) =
7; = h(x;B) where x;p is a linear combination of the observed covariates multiplied
by the parameter vectors. The inverse of the transformation function g(-) = h(-)~1i
called the link function. Logistic regression and probit regression are two common
types of binary regression models. Logistic regression assumes g(7r) = log(:Z5)
as a link function, while the probit model uses the inverse cumulative distribution
function (CDF) of the standard normal distribution g(7r) = ®~1(-), where ®(1) =
K \/% exp (—1z2)dz, for 7 € R. For the p-probit model, we introduce the p-
generalized normal distribution, with the CDF stated as Equation 2.2.

Let Ny, (0, p1/7) denote the p-GGD with density function ¢, (17) given by

p(l_l/P)
Po(1) = op ) &P /p)n €R p> 0, 1)

and let ®,(77) denote the cumulative distribution function shown in Figure 2.1

D,(n) = /_ﬂoo ¢p(x)dx,7 € R, p > 0. (2.2)

For the observed data {(x;, y;) }!_, with covariates x; € R? and binary response
y; € {0,1}, we assume that the probability that the positive event occurs is P[Y; =
1] = EY}] = ®,(x;B) and P[Y; = 0] =1 — @, (x;8) = ®p(—x;B). The likelihood of
the model is

L(BIX,y) = [ [ Pp(xiB)"®p(—x;p)' ¥ = H‘D 2yi—1)-xp). (23

i=1
The classical MLE approach estimates the model parameter f maximizing the
likelihood function. To this end, Munteanu et al. (2022) employed convex optimiza-

tion (Bubeck, 2015) for calculating the MLE by minimizing the negative log likelihood
(NLL) of the p-generalized probit model.
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2.2.2 Bayesian Estimation of the p-Probit Model

In the Bayesian estimation setting we are interested in the posterior distribution of B.

Imposing a prior distribution 77(B) over the parameter space, it can be written as

7T(B) ITi=y Pp(xiP)¥ (1 — @p(xiB))
7(B) TTi—1 Pp(xiB)¥i (1 — @p(x;B))' ¥ dp

Since sampling directly from the posterior distribution is impossible, Albert and Chib
(1993) and Tanner and Wong (1987) introduced a latent variable Z to the model that
has a linear relationship Z = Xp + i with the design matrix.

(2.4)

m(B1X,y) = T

In our p-GGD extension, each latent variable Z; is distributed according to a
p-GGD with mean x;8, scale parameter p!/?, and shape parameter p, i.e., Z; ~
N, (x;B, p!/P). The joint posterior distribution can be considered as a combination
of three components: the latent variable Z, the model parameter 8, and the shape

parameter p of the generalized probit model:

(6, Z,p | Y) « m(B)7(p) ﬁ{n(zi > 0)1(y; = 1)

(2.5)
+1(Z; <0)1(yi = 0)} - ¢p(Zi — xiP).
The full conditional distributions of 8, Z, and p are specified below.
The posterior density of B given Z and p is
(B 1Y, Z,p) < m(B) [ ]¢p(Zi — xiP). (2.6)

i=1

The full conditional distributions of Z are independent where

Z; | Y, B is distributed as ¢, (x;B) truncated at the left by 0if y; = 1,

Z; | Y, Bis distributed as ¢, (x;B) truncated at the right by 0 if y; = 0.

When the parameter p of the distribution is known and fixed in advance, samples
from the posterior distribution of B are obtained by repeatedly sampling Z from a
truncated p-GGD and B from the full conditional distribution of g from the p-GGD
with parameters Bz, % and p, respectively.

For the joint posterior distribution that includes p as a variable, this becomes more
complicated. In frequentist linear regression under the /,-norm, estimation methods
for p have been proposed before, see Giacalone et al. (2018) and Goodman and Kotz
(1973). In the generalized Bayesian framework, no direct way is known to sample
from the full conditional distributionof p | Y, Z, B

(p| Y, 2, B) o (p) ﬁ%(zi up). 27)

We thus introduce another Metropolis-Hasting (MH) rejection sampling step into the
Gibbs sampler for estimating the parameter p conditioned on the current values of Z
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and .

In the original Bayesian approach of Albert and Chib, 1993, the distribution of the
latent variable Z is N(Xp,1) truncatedto Z > OwhenY = 1,and to Z < O when Y =
0. Therefore, the conditional distribution of B given Y and Z can be derived from the
least squares estimator of the linear model and its covariance. Using a uniform prior
for B, it follows a normal distribution specified by 8 ~ N((X"X)"1X7Z, (XTX)1).
Thus, by introducing the latent variable, we can obtain the posterior distribution of 8
using Gibbs sampling to sample in an alternating manner from the truncated normal
distribution of Z given Y and f, and from the conditional distribution of B given Z.

In the p-GGD case, the error distribution generalizes to 17; ~ N,(0, p!/?). We
would like to sample 8 from the multivariate distribution N, ( Bz,X). The mean is
obtained from the MLE of the linear ¢, regression B = arg min, |1Z — XB||5. In the
classical case p = 2 above, it is exactly the ordinary least squares estimator, while for
other values of p, it involves a convex optimization under the £,-norm. The covariance
matrix can be derived by £ = 7(p)CCT, where C is the Cholesky factor of (X7 X)!
and 7(p) := p*/PT(3/p)/T(1/p) (Goodman and Kotz, 1973). When the parameter
p of the distribution is known and fixed in advance, samples from the posterior
distribution of B are obtained by repeatedly sampling Z from a truncated p-GGD and
B from the full conditional distribution of 8 from the p-GGD with parameters 37, Z
and p, respectively.

To include p into the estimation, we employ a uniform prior distribution 77(p)
within some predefined interval p € [Pmin, Pmax]. Our MH-sampling approach for p
is inspired by the methods of Koenker and Yoon (2009), who suggest to generate the
proposal candidate from a small step length deviation to the previous value. There-
fore, with a given step length L, we generate p* from the the proposal distribution
Q(p* | p) ~ Ulp — L, p + L]. Then, noting that the proposal cancels by symmetry, we
compute an acceptance probability upper bound r(p* | p;—1) by

n(p* 1y, 2,B)Q(p 1 p*) _ IIia¢p(Zi —xif) 2.8)

P = o 0 Z B0 (7))~ Tl s (7 — xB)

Finally, we generate a random number u ~ U|0, 1] from a uniform distribution. If
u < r(p* | pr—1), then we accept by letting p; = p*. Otherwise, if u > r(p* | pi—1),
we reject the proposal, in which case p; = p;—1. Our full sampling procedure is
summarized in Algorithm 1 below.

2.3 Simulation Study

We conduct a simulation study to investigate the following research questions:

(i). First, we investigate whether manually adjusting the value of p can mitigate the issue
of link misspecification. In particular, given data generated for a particular value, how well do
different links perform?
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Algorithm 1 p-generalized probit Gibbs sampling with Metropolis-Hastings rejection
sampling algorithm

1: for m = 1 To Mmgmulation 4O
2: Sample each latent variable Z; from a p-GGD

Zi ~ ¢p(xiP)

truncated to (0, o0) if y; = 1, and truncated to (—oco, 0] if y; = 0.
3: Given Z, we generate candidates p* by the Metropolis-Hastings (MH) MCMC
sampler with acceptance probability upper bound

r(p* ’ ptfl) _ n(p*)Q(p | p*) _ H?:l 4)P*(Zi - xl',B) ‘
n(p)Q(p* I p)  ITa ¢p i (Zi — xiP)
At the end of those MH-MCMC iterations, we obtain a new value of p.

4: Given p and Z, we sample from the full conditional distribution of 5. For a
flat prior, the full conditional distribution of § is given by

N, (B2, Z), where Bz, = arg;nin |1Z — XB||h and £ = t(p)CC".

5. end for

(ii). Second, we evaluate the capacity of the model to estimate the hyperparameter p. How
well does the estimated posterior mean correspond to the true value of p that was simulated?

First, we randomly generate a design matrix X ¢ RN*4 with the sample size
of N € {5000,10000, 20000,50000} and d = 10, whose rows follow a multivariate
normal distribution N(y, X). The means are set to y = (—2,-2,2,2,—-3,-3,3,3,0,0),
and the ijth element of the covariance matrix is set to X;; = 2 - (0.5/i11). The parameter
B is generated from a uniform distribution U[—3,3]?. Such a symmetric setup is
intended to keep the linear combination X around 0, and to get a dataset that is
not perfectly linearly separable. We generate response variables Y from different
Bernoulli distributions, using the logit, standard normal, and p-GGD links with
different p.

When estimating p, we use uniform priors specified in the corresponding sections.
We do not impose priors for B!, which reflects the worst-case scenario? in the estima-
tion of B, where no prior information is available. We stress that our data simulation
ensures inseparability. A degenerate likelihood or posterior distribution can thus
not occur. In general, however, one should ensure a non-degenerate Bayesian model
specification. A sensible informative prior 77(p) is given by the multivariate p-GGD
(Goodman and Kotz, 1973), while uninformative choices were studied by Gelman
et al. (2008) and Piironen and Vehtari (2017b).

Iwhich corresponds to an uninformative uniform prior over R¥.
2up to degenerate cases where an informative miss-specified prior is chosen.
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2.3.1 Simulation for Fixed p

We first consider p as a fixed parameter for generating p-probit data and estimate
the model using different link functions, p-probit, the classical 2-probit, logit, and
cloglog, for the sake of comparison. We run the MCMC chain for 1000 iterations. For
the p-probit links, we use the corresponding predefined value of p. For the logit data,
we set p = 1. We measure the model performances using the root mean square error
(RMSE) \/ % Y (7t — ;)% and mean absolute error (MAE) % Y|t — 7t;]. Table 2.1
shows the results for N = 50 000.

p-probit link probit link logit link cloglog link
RMSE MAE RMSE MAE RMSE MAE RMSE  MAE
Logitdata  0.01634  0.00791 0.01236** 0.00633** 0.00767*  0.00329* 0.03670 0.02132
probit data 0.00520** 0.00174** 0.00467*  0.00156*  0.00821  0.00327 0.02251 0.01007

Scenario

p=05 0.00876*  0.00307*  0.06345 0.03964 0.04611** 0.02778** 0.07936 0.04918
p=1 0.00628*  0.00258*  0.02202 0.01056  0.01267** 0.00572** 0.03998 0.02040
p=15 0.00636**  0.00218*  0.00951 0.00376  0.00601* 0.00219** 0.02974 0.01360
p=3 0.00550*  0.00176* 0.00721** 0.00268** 0.01197  0.00487  0.02070 0.00870
p=4 0.00454*  0.00143* 0.01185** 0.00415**  0.01620 0.00610  0.02065 0.00832
p=>5 0.00717*  0.00218* 0.01341** 0.00462**  0.01756 0.00648 0.02147 0.00834
p=28 0.00486*  0.00142* 0.01488** 0.00510** 0.01877  0.00680  0.02211 0.00817

TABLE 2.1: Model comparison for different fixed p data scenarios,

estimated using p-probit, probit, logit and cloglog link functions for

N = 50000. * indicates the smallest RMSE and MAE values, ** indi-
cates the second smallest RMSE and MAE values.

The results provide a clear illustration of the model performances. Specifically
for probit (i.e., p = 2) data, the (identical) p-probit and traditional probit models
demonstrate the best performance, yielding significantly low RMSE and MAE values.
When it comes to logit data, the p-probit model (p fixed to 1) does not keep up with
the performance of the conventional logit and probit models.

Moreover, the logit model shows strong performance for cases where p € {0.5,1,1.5}.
Interestingly, the empirical results indicate that data generated with p = 1.5 is fitted
even better by the logit link than data generated with p = 1. This is a particularly
noteworthy observation: although our previous theoretical discussion suggests that
the Laplace distribution (p = 1) is conceptually closer to the logistic distribution in
terms of heavy tails, the finite-sample empirical results show that a shape parameter
of p = 1.5 provides an even closer match to the logistic link function’s behavior.
Further results for other values of N are shown in Appendix B.1.3.

This simulation demonstrates that for logit data and p € [0.5,1.5], the p-probit and
logit models generally perform better in terms of RMSE and MAE, while the p-probit
and probit models dominate when p > 2. Overall, the p-probit model provides highly
competitive and stable performance across different tail behaviors, and should be
the preferred choice whenever the true value of p in the data generation process is
known or can be reliably estimated prior to the Bayesian analysis.
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FIGURE 2.2: The MCMC chains estimating p for different simulation

data. First row: logit data, probit data, and p = 1. Second row:

p =3,p =4, and p = 8. The figures represent thinned Markov chains
omitting a burn-in phase of 500 iterations.

2.3.2 Simulation for Estimation of p

Next, we use a similar setting to evaluate the estimation of p. The prior distribution
of p is set to p ~ U[0.1,5] when the true value is p < 5 and p ~ U[0.1,10] when
the true value is p > 5. Depending on the data distribution, we expect that as the
model link is closer to the real link function, the regression parameters will be closer
to the simulated parameters, and the residual based evaluation measures will be
smaller. An MCMC convergence illustration of the simulation for N = 50000 is
given in Figure 2.2. The black solid line represents the average values of the five
chains, while the gray shaded area indicates the range from the minimum to the
maximum values for each iteration. We initially set the number of MCMC iterations
to 1000, which was sufficient for all except the challenging cases of the logit model
and p = 8. We adjusted the number of iterations to 10000 to ensure convergence
for the latter. All MCMC chains are simulated five times and we use the Potential
Scale Reduction Factors (PSRF) of Gelman and Rubin (1992) to detect convergence of
the chains. Specifically, we decide that the MCMC chains are converged when the
PSREF is smaller than 1.2. Furthermore, we confirm that the posterior distribution
integrates to 1 over the entire parameter space, verifying that it is a proper posterior.
The results are summarized in Table B.5. From Figure 2.2 we can see that for the logit
data, the model took over 5000 iterations to converge at around p = 1.5. For other
p-probit data with p = 2 and p = 3, the model converges very quickly. Besides, the
variance of the MCMC chain increases as the value of p grows. This is due to the fact
that the tail distribution is getting narrower, and the whole distribution is closer to
the uniform distribution. For data with p = 8, the model overestimates p, and the
variance is very large. However, we can see that our model becomes more accurate in
estimating p with growing sample size. The summaries of all investigated scenarios

are given in Table B.4.
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dataset n d discrete continuous positive negative
Covertype 581012 52 42 10 297711 283301
Credit card 284,807 29 29 0 492 284,315
Heart Disease 253680 22 14 8 23893 229787

TABLE 2.2: Summary of the real-world datasets

Estimation of p for covertype data Estimation of p for covertype data

5=1.001 a1o] p=0673

CMC feration

p=2.053

vvvvvvvvvvvvvv

FIGURE 2.3: The MCMC chain estimation of p for the real-world

dataset. Upper-left for Covertype data, p is restricted between [1, 5],

upper-right for Covertype data, p € (0, 5], bottom-left, credit card data

p = 2.053, bottom-right, heart disease data p = 2.21. Burn-in phase
has been taken out.

24 Real-World Data Application

In this section, we apply the methods to three real-world datasets, namely the cover-
type data, the credit card data, and the heart disease data. Their details are summa-
rized in Table 2.2. The covertype data (Blackard, 1998) measures vegetation types in
four wilderness areas in the Roosevelt National Forest in the USA. The dependent
variable covertype in the original data has seven categories. We label type 2 as class
1 and the remaining six types as class 0, transforming into a binary problem.

The credit card data (Pozzolo et al., 2015) is a collection of fraud data on bank
information. The aim is to predict default (class 1) or non-default (class 0) behavior.
There are only 492 defaulters in this data. It thus suits for testing the predictive ability
under extremely unbalanced conditions.

The heart disease data stems from the Behavioral Risk Factor Surveillance System
(BRFSS) recorded annually by the Centers for Disease Control and Prevention (2015)
in the USA. The survey collects risk behaviors with a response variable indicating
whether one has ever had a heart disease.

We first run MCMC sampling for 2000 iterations on each of the three datasets,
thinned out by keeping only every fifth sample of the last 1000 iterations, from
which we estimate the posterior distribution of the coefficients. We also compare the
parameters’ credible intervals to confidence intervals of frequentist logistic and probit
regression to measure the coverage of these methods. For the covertype dataset,



18 Chapter 2. Bayesian p-Probit Model: A New Framework for Binary Bayesian
Inference

Covertype Data

Method

Bayesian(P=1) Credible Interval
<« $ %0t P R + Bayesian(P=2) Credible Interval
' | - Logit Confidence Interval

Probit Confidence Interval

20 30 Py

A
{ index

FIGURE 2.4: The credible intervals for p = 1and p = 2 under Bayesian
estimation, and the confidence intervals using logit and probit links
under maximum likelihood estimation.

Figure 2.3 shows in the upper-left that p is constantly approaching 1 on the Markov
chain if p is restricted to p € [1,00), while in the upper-right it shows p is actually
close to 0.67 for p € (0,00). Such a value of p indicates that there is a significant
difference between the distribution of the data and the model with a standard normal
link. If the probit model is fitted to the data, it is likely to cause a link misspecification
problem. We compare the regression coefficients for p = 1 and p = 2 in Figure 2.4.
We find that for the covertype data, the results of the frequentist and the Bayesian
2-probit model are similar, both having relatively small variances and similar values.
For p = 1, we find that most of the coefficients are closer to logistic regression, as
expected.

We observe similar results for the credit card and heart disease data in Figure B.6,
where we find that the coefficients estimated by frequentist logistic regression are
usually close to Bayesian 1-probit, while the results of frequentist probit and Bayesian
2-probit models are even more similar.

2.5 Conclusion and Outlook

We extend the p-generalized probit model from MLE to a Bayesian framework,
providing posterior estimation jointly for the parameters f and model parameter p.
This also allows us to understand the distribution of the data, and parameterize the
link function appropriately to adapt flexibly to the data.

In further research, it is worth investigating link functions that allow parametric
control over their skewness (Prasetyo et al., 2020; Hosking and Wallis, 1997). This en-
ables learning the data distribution even more flexibly in the presence of unbalanced
data. The Bayesian treatment of such models provides quantification of uncertainty
on the choice of parameters. Further, regularization and sparse regression are worth
investigating (Piironen and Vehtari, 2017b; Mai et al., 2023).
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Chapter 3

Large-Scale Data Reduction Based
on Coresets

3.1 Introduction

With the proliferation of large-scale datasets, Bayesian methods face significant com-
putational bottlenecks. Standard MCMC algorithms often require evaluating the
likelihood function over the entire dataset at each iteration, leading to prohibitive
computational costs. To address this, data reduction and compression techniques
have emerged as essential tools for scaling statistical inference. Among these, the
coresets framework is representative. The fundamental idea is to select a weighted sub-
sample of the original data such that the model estimated on this subset approximates
the full-data posterior or likelihood with theoretically bounded errors.

While initially applied to linear regression and clustering, leverage-score-based
sampling methods have recently seen significant theoretical advancements. Their
versatility extends beyond sample compression; for instance, in high-dimensional
regimes (p > n), Teschke et al. (2024) demonstrated that generalized leverage scores
can efficiently detect interaction effects in genetic data. Furthermore, regarding sam-
pling efficiency, Munteanu and Omlor (2024a) recently established that augmenting
¢, sensitivity sampling with /, leverage scores achieves optimal sample complexity
bounds. This theoretical breakthrough suggests that hybrid sampling strategies in-
volving ¢, information are crucial for handling complex loss functions. Additionally,
Lie and Munteanu (2024) addressed the challenges of unbounded sensitivities in
Poisson regression by introducing rigorous domain shifting techniques, highlighting
the necessity of handling singularities in generalized linear models.

However, bridging these theoretical advances with practical Bayesian and semi-
parametric inference remains a frontier challenge. Unlike standard frequentist settings
where parameters are fixed, Bayesian inference requires evaluating likelihoods over
changing parameters, necessitating coreset mechanisms that remain valid across
continuous domains. This chapter addresses these challenges through two distinct
contributions:

The first part presents a coreset methodology for the Bayesian p-generalized
probit model (developed in Chapter 2). A key challenge here is that the shape
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parameter p is treated as a random variable during MCMC sampling. To avoid the
prohibitive cost of re-computing sensitivities for every new p, we propose a one-shot
coreset strategy. This construction uses a sensitivity distribution derived from ¢,
leverage scores to create a single coreset valid simultaneously for a continuous range
of p values. Theoretically, we provide an upper bound on the Wasserstein distance
between the approximate and true posterior distributions.

The second part extends data reduction to semi-parametric multivariate analysis,
specifically the Multivariate Conditional Transform Model (MCTM) (Klein et al.,
2022). While MCTMs offer flexibility in modeling dependence structures, their log-
likelihood functions involve unstable logarithmic terms and Jacobians, posing severe
stability issues in large-scale optimization. Drawing from the sensitivity sampling
framework for Poisson regression (Lie and Munteanu, 2024), we leverage the mono-
tonicity property of sensitivities to design our coreset. We construct a hybrid sampling
strategy that combines /¢, leverage scores to capture the dominant quadratic structure
with a convex hull approximation to cover the geometric boundaries of the deriva-
tives. This approach effectively stabilizes the logarithmic terms and significantly

reduces training time while maintaining estimation accuracy.

3.2 Coreset Implementation for p-Probit Models

MCMC methods used in Bayesian statistics often require a large number of iterations
to complete convergence in practice. The problem becomes particularly challenging
when the dataset is massively large, which aggravates calculations in each itera-
tion. It is important to reduce the data in advance and obtain an approximate result
efficiently in both running time and memory consumption. To this end, data com-
pression methods, such as coresets, sketching, and random projections, received a
lot of attention (Munteanu and Schwiegelshohn, 2018) and have been introduced
to statistical models for tackling the limitations that arise with large-scale datasets
(Munteanu, 2023). Coresets and sketching refer to a specific methodology for com-
puting subsets comprising the most important points of the original dataset such
as to guarantee a close approximation of the negative log likelihood (NLL) of the
original dataset. Employing an algorithm or model to this small subset guarantees to
obtain a result much more efficiently and hereby it provably approximates the result
obtained from the original massive dataset to within a small controllable error bound
(Munteanu, 2023). Coresets and sketching for linear /,-regression have been studied,
by Clarkson (2005), Dasgupta et al. (2009), Sohler and Woodruff (2011), and Woodruff
and Zhang (2013), who focus on linear regression Y = Xp + 17, where 7 follows a
p-GGD. To approximate the linear model within (1 + ¢€) error, they obtain a coreset
by subsampling a few observations using the £, norm of rows of a well-conditioned
basis. Munteanu et al. (2022) extended this approach to generalized linear models, in
particular for the p-generalized probit model for dichotomous data. Here, we extend
this data subsampling method even further from MLE to the Bayesian p-generalized
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probit model, even beyond fixed p. This continues recent research on improving the
efficiency of Bayesian methods. Several data reduction methods have been studied,
such as streaming (Broderick et al., 2013; Campbell et al., 2015), subsampling for
MCMC (Quiroz et al., 2019; Ahn et al., 2012; Bardenet et al., 2014; Bardenet et al.,
2017), random projections (Geppert et al., 2017), Merge & Reduce (Geppert et al.,
2020; Ding et al., 2023), consensus Monte Carlo (Rabinovich et al., 2015; Scott et al.,
2016), sketching (Munteanu et al., 2021; Munteanu et al., 2023), and coresets (Huggins
et al., 2016; Campbell and Broderick, 2018; Campbell and Broderick, 2019).

In summary, we extend the coreset constructions of Munteanu et al. (2022) de-
veloped for frequentist fixed p-probit to their Bayesian counterpart, allowing for
estimation of p, while enhancing scalability of our sampler for large data.

3.2.1 Coresets for the Bayesian p-Probit Model

In this section, we introduce the concept of coresets and briefly present the coreset
construction method of Munteanu et al. (2022) for the p-generalized probit model.
We use the /;, leverage scores to approximate the sensitivity (or importance) of the
observations for preserving the p-generalized probit model. These scores are used
to specity a distribution for subsampling the data. We call the subsampled dataset
a coreset and run our Bayesian estimation on it. We argue that the approximation
properties of coresets for preserving the likelihood continue to hold when adding
an arbitrary prior to the likelihood. The same construction thus approximates the
posterior distribution of our Bayesian p-generalized probit model. For providing a
theoretical guarantee on the proximity of the posterior distribution induced by the
coreset compared to the one obtained from the original data, it thus suffices to analyze
the respective likelihood distributions. We quantify their Wasserstein-distance, which
we bound to within small constant factors of the NLL and its entropy.

We estimate the posterior distribution of the model parameter § and the link
function parameter p using Bayesian methods. However, it is notorious that MCMC
methods require a substantial number of iterations for the Markov chain to converge.
In addition, the MH method that is used to estimate p in each iteration also requires
hundreds of iterations to yield a new sample of p. Therefore, it takes considerable time
to estimate the model and it requires a substantial amount of memory when dealing
with large-scale data. We thus introduce data reduction methods for Bayesian p-
generalized probit models. We build on the coreset construction method of Munteanu
et al. (2022), which has been shown to approximate the NLL for p-probit models
very accurately. In the following definition, f denotes the NLL corresponding to
(2.3) where labels are folded into the design matrix X!, and fw denotes its weighted

version.

Definition 3.2.1 (Coreset). Let X € R"* be the original design matrix, let f be the loss
function we aim to optimize. We define a weighted e-coreset C = (X', w) for f to consist of a

Isince the factors (2y; — 1) always appear together with x; in Equation (2.3) and its logarithm
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matrix X' € R**% and a weight vector w € ]Rk>0, such that

v € R: |fu(X'B) — f(XB)| < e f(XB).

We want X’ to be a subset of the original dataset of significantly reduced size k <
n. On this subset, our algorithm runs much more efficiently while the error remains
bounded by a small e-fraction of the original value. It was argued in Munteanu et al.
(2022) that coresets for the p-probit model do not exist in general, cf. (Huggins et al.,
2016; Munteanu et al., 2018). To quantify the obtainable size of a coreset for a given
dataset X, a data dependent parameter y(X) was introduced.

Definition 3.2.2 (y-complexity, Munteanu et al., 2018; Munteanu et al., 2022). For a
dataset X € R"*% and a fixed p > 1 define

Yxpso |xiBlP

X) = .
,up( ) ,BE]RdE{O} inﬁ<0 |xi18|p

X € R is called p-complex if p,(X) < p < oo,

Intuitively, p-complexity measures quantitatively the separability of a dataset,
and has an interpretation as the balance between probability mass attributed to the
two different classifications, cf. Munteanu et al. (2018).

In the Bayesian framework, the likelihood can be denoted exp(—f(Xp)), since
f(XP) is the NLL. The posterior distribution in Equation (2.4) additionally comprises
a prior 71(B) and from this we obtain the marginal likelihood

m= [ exp(~f(XP))m(B) dp.

Huggins et al. (2016) argued that if C = (X', w) satisfies the coreset bound on the
NLL then the guarantee propagates to the negative marginal log likelihood, i.e.,

[log m —log | < € |logm|,

where 771 is obtained similarly to m by replacing the data by the coreset. This was
proven by a direct application of Jensen’s inequality. A more intuitive explanation
is that marginalizing by a normalized prior corresponds to a convex projection,
which can only contract but not dilate distances between the respective distributions.
The main takeaway from this is that we can focus in the remainder on analyzing
the distance between the likelihoods derived from the original data and from the
coreset. To this end, we aim to show that if the NLL f(Xp) for a dataset X in p-probit
regression is approximated by the coreset X’ as in Definition 3.2.1, then the deviation
of the approximated likelihood from the original likelihood can be bounded in terms
of their Wasserstein distance of order p.2

2We note that a result similar to the case p = 1 can be obtained verbatim for logistic regression.
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3.2.2 Wasserstein Distance Bound

As we have noted above, it suffices to bound the Wasserstein distance of the likelihood
and its approximation obtained from using a coreset. To this end, we require an £,

g =,

and Loan, 2013). We have the following result:

of the smallest singular value of a matrix (Golub

Theorem 3.2.3 (Wasserstein bound, Ding et al., 2024). Given X € R™4, Jet (X', w) be
an e-coreset for the p-probit or logistic loss (in which case the lemma applies with p = 1). Let
g < exp (—f(Xa)) and q' < exp (—fu(X'B)). Let Z}, Z}' be the mode-centered versions
of the random variables Zy ~ q and Zp ~ q'. Also let p,v minimize f,(X'n), f(Xn),
respectively, over 1 € R?. Then the Wasserstein distance of order p is bounded by

& 1/
Wyla.q) <2 PEEZEEIIT (k) + 8, (xzp)

We note that Theorem 3.2.3 bounds the Wasserstein distance to within constant
factors of the optimal NLL and the related entropy. As we discussed above, the
factor p is necessary to allow sublinear data summaries to exist. While additive
errors of € are desirable (Geppert et al., 2017), it is known that only constant factors,
in particular (2 + ¢), can be achieved when p # 2. The last term in our bound
corresponds to the entropy of the parameter distribution. By the maximum entropy
property of the multivariate normal distribution, this term can be further bounded by
the trace of the covariance matrix of the normal distribution tr ((X’X)~1).> The proof
of Theorem 3.2.3 is deferred to the appendix. Here, we give a high level intuition. The
Wasserstein distance can be decomposed into two components: the p-norm distance
of the respective MLE estimators, i.e., the modes of the distributions, and the p-norm
measure of variability of the mode-centered distributions. The first component can
be bounded by relating the p-norm to roughly y times the NLL and leveraging the
proximity guaranteed by the coreset. Bounding the second component requires a
coupling between random variables drawn from the two distributions. The coupling
is constructed to be a deterministic bijection between vectors with a similar NLL,
which implies that they lie close to each other. Taking the expectation over the
distances between coupled vectors completes the bound.

3.2.3 Sampling Algorithm for Bayesian p-Probit Coresets

In this section we give details on how to construct coresets for Bayesian p-probit
regression for a given fixed p. Then we extend the construction to hold simultaneously
for the several values of p that our Gibbs sampler evaluates. We adopt the so-called
sensitivity sampling framework (Feldman and Langberg, 2011). It has become a
popular gold standard across the coreset literature, used for instance in Huggins

FIG/p)

3up to normalizing constants and factors depending on y and 7(p) = p
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et al. (2016), Munteanu et al. (2018), and Munteanu et al. (2022).* The sensitivity
of point x;,i € [n] := {1,2,...,n} is defined as {; = supgcpa % and measures
its importance for preserving the NLL. We subsample the data proportional to the
sensitivity measure, which guarantees that the structure and distribution of the data
is preserved accurately, even in the presence of few very important points. The
number of samples required to obtain a certain error bound will be specified later,
and is dominated by the fotal sensitivity Z = Y ;' ; ;. For most problems, however,
the true sensitivity of each data point is as difficult to compute as solving the original
large problem. Therefore, we calculate more efficiently an approximation of the
sensitivities such that S = Y/’ ;s; > Y ; {; = Z. The overestimation needs to be
controlled carefully since the necessary sample size grows to S > Z. Here, we use

the so-called /,-leverage scores, which are defined as ul(p ) = SupgLg I};g\p 7. They can
p

be calculated from so called well-conditioned bases (Dasgupta et al., 2009), which
we approximate very efficiently using sketching techniques of Woodruff and Zhang
(2013). Finally, we overestimate the sensitivities by {; < cu (% + ul(p)) =: 5; and
finally take a random subsample of the data proportional to these scores.

Theorem 3.2.4 (Munteanu et al., 2022). For a p-complex dataset X € R"*% and a fixed link
parameter p € [1,00), with constant probability, Algorithm 6 computes an e-coreset (X', w)
for p-probit regression of size k = O(% (dlog(e ') log S) in two passes over the data, where
S = O(ud) for p = 2,5 = O(ud*(dlogd)?) for p € [1,2), and S = O(ud?* (dlogd)?)
for p € (2,00).

For any fixed value of p we could readily run our Gibbs sampler on the resulting
coreset. However, our extension includes an MH sampling step to incorporate p as
a variable into the sampling process. To tackle this difficulty, we need to generate
coresets applicable to a wide range of p € [Pmin, Pmax] Without knowing the partic-
ular values in advance. A solution to this problem was provided in the context of
clustering by Bachem et al. (2018), called one-shot coresets. We adapt their approach
to work for Bayesian p-probit regression. The idea is to cover the interval [Pmin, Pmax]
by an exponential grid P = {pmin, (1 + A)Pmin, (1 + A)?Pmin, - - -, Pmax }- After calcu-

lating the sensitivities sl(p ) for each p € P, the new sensitivity upper bound for x;
(p)

becomes s; = ) ,cps;"’. The advantage of the resulting one-shot coreset is that it
satisfies the coreset guarantee simultaneously for several values of p € [Pmin, Pmax),
even when p ¢ P, without explicitly fixing them in advance. The disadvantage is
that we need to calculate the sensitivities for all p € P. However, we prove that

= —1 - is a suitable increment, which limits the size |P| to a small logarithmic

log()
amount | = bg}(&%@ = O(log(Pmax/Pmm) log(n)).

Theorem 3.2.5. Let 1 < pmin < Pmax < 0. Let X € R™¥ be y-complex for any fixed

P € [Pmin, Pmax] C [1,00). Let Q = {p1,..., Pm} be an arbitrary subset of [Pmin, Pmax)-
Then, with constant probability, we can compute an e-coreset (X', w) for p-probit regression

4We note that there are recent improvements using different importance measures (Mai et al., 2021;
Woodruff and Yasuda, 2023).
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of size k = O(e%(d log(e~'u)log S + log(m))) in two passes over the data that is valid
simultaneously for all p € Q, where

O (pdPm>(dlog d)?(log(n) - 10g(Pmax/Pmin))) ,  if Pmax € [1,2]
0 (P‘d2pmax (d logd)z(log(n) 'log(Pmax/Pmin)>) , if Pmax € (2,00).

S =

3.2.4 Simulation for Evaluating Coresets

The purpose of this experiment is to observe how well different coresets preserve
the original data distribution, and to explore the performance of the classifier on
these datasets. Figure 3.1 shows the results of this simulation. The /,-leverage scores

A Original simulation data B L1 coreset C L2coreset
coreset coreset
L ] 40- -4
® — original(L1) — original(12)
25- 204 ) 25- — o
C — original(p=1.21) 4 — original(p=1.21)
2 label o
0- 4 0- — coreset(L1) 0- f ) — coreset(l2)
N e RN N
x x x
o 1 20~
254 label 254 label
40~ o o
50 - 50-
. . 1 \ ) e o 1 e e o 1
50 25 0 25 50 25 0 25 50 25 0 25 50
x1 x1 x1
D Uniform coreset E  One-shotcoreset  coreset F  Rootl2 coreset
200- coreset

— original 404 coreset
— original

— coreset(I1) i — original(1-probit)
100- — coreset(l1) 20
coreset(I2) . — coreset(rootl2)
— coreset(I2) 0-
coreset(14)

x2

20~ label
label

-100- o label <0 0
-50- 0 o 1
o 1

40 20 0 20 40 25 0 25 50 e 1 25 0 25 50
x1 x1 x1

FIGURE 3.1: The performance of different coreset approaches on a

simulated dataset, and models regressed using different Bayesian

p-probit models on coresets. Original data: n = 100000, coreset:
n = 100.

have higher sensitivity to points far from the central distribution than the ¢;-scores.
The one-shot coreset also represents the original distribution of the data well. The
rootl2 method, designed by Munteanu et al. (2018) for logistic regression, uses
the ¢, norm (instead of its square), which performs more similarly to the ¢;-scores.
Uniform sampling performs clearly the worst, with no ability to identify any of the
extremal points. Turning our attention to the linear classifiers, original in the legend
represents the choice of fixed values p = 1 or p = 2, respectively. The model from the
uniform sample is far from the original model. For one-shot coresets, we compare
several different cases. As p grows the model becomes more sensitive to outliers.

For evaluating the coresets, we generate a classification dataset of N = 100000
as described above, manually set a few outliers, and subsample coresets of the data
with the parameter p set to different values. Then we run the MCMC sampler with
fixed p on the subsampled dataset.

In a second stage, we incorporate the data reduction methods. We sample ac-
cording to different sensitivity distributions and run the MCMC sampler on the

resulting coresets. We compare 2-probit sampling, the one-shot coreset, and square
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FIGURE 3.4: The approximation ratio measured by ¢, norm difference of posterior mean and posterior covariance for heart disease data,

and computation time.
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root /-leverage scores for p = 1 with uniform sampling as a baseline. We use the
£>-norm posterior mean difference ||y — fig||2, the spectral norm posterior covari-
ance difference ||£g — £4l|2°, and the Bayes factor as our measures for the quality of
approximation.

The results are shown in Figure 3.4. On the credit card dataset, the one-shot coreset
method converges faster than the 2-probit method, and also better than the uniform
sampling method. For the covertype dataset, we observe a similar phenomenon in
the case p = 1, which outperforms uniform sampling and root ¢, sampling along
with p-probit. On the heart disease dataset, we rarely see a difference. All sampling
methods converge quickly to almost optimality.

We also record the time required for constructing different coresets and running
the MCMC methods. For 2000 iterations, the MCMC algorithm takes a few hours on
the original dataset, but it takes only 30 seconds on our coreset. For extremely large
datasets, it is possible to encounter situations where the original dataset is too large
to be analyzed at all. However, the size of our coreset grows only logarithmically,
which is a huge advantage.

3.2.5 Conclusion

To improve the time efficiency of our MCMC method, we believe it is critical to
compress the data. To this end, we extend and further develop coreset methods by
sensitivity subsampling with approximated ¢, leverage scores and adapt them to
the Bayesian p-probit model. The flexibility of the coresets is further extended by
introducing one-shot coresets for /, regression. We compare our methods on real-
world data with uniform sampling and root ¢, subsampling, and observe superior
performance of our new methods. In theory, we prove that the approximation error
to the true posterior is small in terms of the Wasserstein distance.

Being computationally demanding, the Bayesian framework can hugely benefit
from further investigating and integrating coreset methods. In the deep learning
community, Bayesian Neural Networks (BNNs) are adept at handling uncertainty
and providing probabilistic predictions (Goan and Fookes, 2020). Integrating coreset
methods can also significantly enhance BNNs by allowing for efficient posterior esti-
mation with reduced data without sacrificing accuracy and is a promising endeavor

for future research.

3.3 Data Reduction for Multivariate Conditional Transforma-
tion
In the context of big data, efficient and scalable non-parametric or semi-parametric

regression analysis and density estimation are of crucial importance to the fields of
statistics and machine learning. However, available methods are relatively limited

Scorresponding to the location and variability components captured by the Wasserstein distance.
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in their ability to handle large-scale and high-dimensional data. We address these
issues by developing a novel coreset construction for multivariate conditional trans-
formation models (MCTMs) to enhance their scalability and training efficiency. To the
best of our knowledge, these are the first coresets for semi-parametric distributional
models. Our approach yields substantial data compression via importance subsam-
pling, while ensuring that with high probability the log-likelihood remains within
prescribed multiplicative error bounds of (1 £ ¢) for any fixed € > 0 and thereby
maintains statistical model accuracy. Compared to conventional full-parametric mod-
els, where coresets have been incorporated before, our semi-parametric approach
exhibits enhanced adaptability, particularly in scenarios where complex distributions
and non-linear relationships are present, though not fully understood. To effectively
address potential numerical problems associated with normalizing logarithmic terms
in the log-likelihood, we follow a geometric approximation strategy, based on the
convex hull of points derived from input data. This ensures feasible, stable, and
accurate inference in scenarios involving large amounts of data. Numerical exper-
iments demonstrate that the proposed algorithm notably enhances computational
efficiency when handling large and complex datasets, thus laying the foundation for
a broad range of applications within the statistics and machine learning communities,
particularly through an established connection of MCTMs to normalizing flows.

In today’s era of Big Data, the vast volume and increasing complexity of data in
many real-world applications pose new challenges to statistics and machine learning.
Traditional methods require intense computation times on large data and straightfor-
ward solutions such as uniform subsampling may lead to infeasible solutions. Also,
they often rely on strong modeling assumptions that are too restrictive to capture
complicated phenomena accurately. These limitations demand efficient and scalable
techniques for flexible multivariate models.

To address the need of scalable learning, the method of coresets received a lot of at-
tention in recent years. It aims to sample or select a relatively small but representative
subset of the original data that can be used to accurately approximate the objective
function for any solution, thereby significantly reducing computing, memory and
storage requirements (Phillips, 2017).

However, most of the existing coreset literature focused on clustering, linear
regression, or generalized models that can handle only relatively simple and limited
distributional assumptions. Little research has been conducted on more flexible
non-parametric, semi-parametric or highly non-linear multivariate models. This gap
becomes more critical as the machine learning and statistics communities increasingly
rely on complex distributional regression and estimation methodologies including

not only multivariate features but also multivariate outcomes.

3.3.1 Brief Introduction to MCTMs

In this paper, we specifically focus on multivariate conditional transformation models
(MCTMs; Klein et al., 2022), which have the unique advantage of modeling both
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unconditional and conditional distributions, non-linear dependence structures, and
flexible effects of features. The basic idea of MCTMs is to model marginal distri-
butions non-parametrically via monotonic transformation functions. The multiple
univariate distributions are then combined into a multivariate distribution via a cop-
ula, that contributes all information required to model the multivariate dependence
structure. The well-known Sklar’s Theorem (Sklar, 1959) states that every multivari-
ate distribution can be composed and represented in that way. Of course, representing
and calculating such a model explicitly in a lossless way for arbitrary multivariate
distributions may require solving infinite-dimensional numerical problems which is
arguably not practical.

MCTMs thus formulate a semi-parametric model that rely on the monotonic
univariate transformations being approximated as a linear combination of Bernstein
polynomial basis functions whose choice ensures monotonicity of the composed
functions. The dependence structure between the univariate output components is
imposed by a Gaussian copula (Song, 2000). We note that those modeling choices may
be replaced by different functional basis families and different copulas, but we stress
and demonstrate that it is not too restrictive as it may seem. For instance although
Gaussian copulas are centrally symmetric, the resulting model need not be symmetric
unless all marginal distributions are symmetric as well, see for instance the density
contour plots in Figures 3.5 to 3.9 in Section 3.3.5.

For the sake of a concise presentation, we restrict ourselves to the unconditional
case of density estimation without features, see Klein et al. (2022) for further details,
including the conditional regression case. The goal is to learn the density fy(y) of
a J-dimensional random vector Y = (Y,..., Y])T € R/ and its distribution function
F(y) = P(Y <y) = P(h(Y) < h(y)).

This involves a bijective, strictly monotonically increasing transformation function
h: R/ — R/ estimated from the data, which maps Y to another random vector Z € R/
that follows some convenient distribution. In particular, the common marginal
distribution Pz of the components Z; ~ Pz, j € []] is a modeling choice and is
assumed to not depend on the data. It thus holds that

hY) = (n(Y),....l;(Y) £ (z,,...,2)T =Z e R/,

Furthermore, it is assumed that each component /; can be expressed as a linear
combination of strictly monotonically increasing marginal transformation functions
hj: R — R of the form

where Al I < j are the unrestricted entries of a | x | lower triangular matrix A,
such that & = A~!(A~1T is the covariance matrix of Z. Hence, A describes the

conditional dependencies between the | components, and ;(y;),j € [J], are scaled
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marginal transformation functions each of which carry an intercept term and that al-
low the generation of arbitrary marginal distributions. The marginal transformations
are modeled semi-parametrically via some basis functions 4; : R — R? and basis
coefficients ¢; € RY. The a; are chosen, for example, as Bernstein polynomials which
allow for a convenient way to impose monotonicity. The unknown model parameters
are collected in the vector & = (87, AT)T. For consistency with other coreset literature,
we consider minimizing the negative log-likelihood, or specifically the sum of loss
contributions of each data point y; € R/,i € [n], to the negative log-likelihood, which
is equivalent to calculating the maximum likelihood estimator

n ] (i1 2
0, = argming_ 1 1y Z; 1 1 (Z Aqay(yi) "0, + aj(yij) 19~> —log(a}(yij)"9),
i=1 % j=
/ (3.1)
see Klein et al. (2022) for details and a derivation of the log-likelihood and its gradi-
ents.

MCTMs can be fitted to data by optimizing the linear basis coefficients ¢ of
univariate transformation models and the covariance structure of the Gaussian copula,
which is parameterized through the unrestricted entries of the lower triangular
matrix of the modified Cholesky factor A. In that regard, MCTMs can be seen as
a multivariate extension of univariate conditional transformation models (CTMs;
Hothorn et al., 2014) to handle multi-dimensional outputs and their dependence
structure.

As can be seen in Equation (3.1), the log-likelihood function of an MCTM con-
tains both quadratic and logarithmic parts in terms of the parameters to optimize.
The quadratic part is numerically tractable and can be reformulated in a way that
enables handling within the framework of /,-subspace embeddings (Woodruff, 2014),
in particular via ¢, leverage score subsampling (Drineas et al., 2006; Rudelson and
Vershynin, 2007). The logarithmic part is known to be unstable and computationally
burdensome when optimizing models to fit large-scale datasets. Considering sensi-
tivity sampling for similarly structured loss functions has required special efforts and
novel techniques in recent work on Poisson regression models (Lie and Munteanu,
2024). For the MCTMs considered here, the situation is even more aggravated since
the terms that show up in the log-likelihood do not directly depend on the plain data,
but instead on the polynomial basis transformations in the quadratic part and on
their derivatives in the logarithmic part.

3.3.2 Our Goals and Contributions

In this paper, we develop the first coreset approximation framework for MCTMs,
aiming to achieve the following goals.
1. Significant computational reduction while guaranteeing an accurate log-

likelihood approximation. By combining the ¢, leverage score sampling with a
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geometric convex-hull approximation, we provide a (1 =+ ¢)-factor log-likelihood
approximation for MCTMs using only a small fraction of the original data.

2. Solving the problem of unstable values of logarithmic terms. We construct
coresets separately for a(y) that represent polynomial basis transformations of plain
data y, and their respective derivatives a’(y). This allows to use standard methods for
the former part while avoiding certain extreme directions where the corresponding
logarithms tend to infinity or lead to infeasible solutions.

3. Compatibility with other popular probabilistic models: MCTMs build a
flexible semi-parametric framework that has connections to contemporary machine
learning methods such as deep learning and normalizing flows (Kobyzev et al.,
2021; Papamakarios et al., 2021). Our coresets bring significant speedup and scaling
possibilities to subsequent learning tasks that build upon MCTMs.

Theoretically, we develop a leverage score and sensitivity sampling analysis along
with a convex hull approximation scheme to provide a small subset of data. We prove
that it approximates the log-likelihood to within a (1 £ ¢) factor relative to the full
dataset.

Empirically, we demonstrate through simulation experiments and real data cases
that the method offers significant benefits in large-scale data settings from multi-
ple perspectives, such as computational efficiency and scalability, fitting accuracy,
likelihood ratio, and estimation bias.

We summarize the main contributions of this paper as follows:

1. The first coresets for the MCTM framework. To the best of our knowledge,
we are the first to develop a coreset construction method for MCTMs, which
fills the gap of data compression techniques for highly flexible semi-parametric
model fitting methods for multivariate (conditional) distributions.

2. Convex hull based stabilization of logarithmic normalizing terms. Potential
numerical issues of logarithmic terms in the log-likelihood are eliminated by a
convex-hull approximation of the derivative a’(y) of transformed data y. The
properties of this geometric approximation are investigated theoretically and
empirically.

3. Illustrative large-scale data scenarios. We illustrate through numerical simu-
lations and data from real-world applications that the new method operates
significantly more efficiently than using the original large-scale data. Moreover,
it also retains almost the same accuracy as the original full-data estimation
illustrating our theoretical guarantees in practice.

3.3.3 Related Work

Probabilistic transformation models. Originally restricted to univariate outputs,

Hothorn et al. (2014) proposed a boosting approach for estimating a monotonically
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invertible mapping that transforms the output variable to a convenient, data indepen-
dent distribution (e.g., standard normal). The mapping, called transformation func-
tion, is a semi-parametric, monotonic spline approximation that can depend on input
variables in a flexible manner. This framework indirectly models the full conditional
distribution of the output and was later extended towards a fully likelihood-based
approach, known as most likely transformations by Hothorn et al. (2018). Klein et al.
(2022) built on this approach and proposed MCTMs, which can estimate the joint
conditional distribution of a multivariate response directly based on the features,
using likelihood inference. The original work of Klein et al. (2022) considers datasets
of up to ten thousand observations and up to ten-dimensional outputs. In contrast
to previous probabilistic methods, MCTMs directly estimate the joint distribution
function of a high-dimensional output vector, avoiding the loss of information that
would result from modeling only the mean or certain quantiles.

Transformation models are closely related to normalizing flows (NFs; Kobyzev
et al., 2021; Papamakarios et al., 2021), which are popular in machine learning. We
elaborate on this connection in Appendix A.2.7. The main idea of both approaches
is to apply a data-driven transformation such that the transformed variable follows
a standard normal or some other convenient distribution. However, NFs transform
their input via some kind of deep neural network as a black box, whereas our model
implements a semi-parametric transformation using a Bernstein polynomial basis,
which remains analytically tractable.

NFs are most commonly employed as flexible variational distributions in machine
learning, whereas our focus is on modeling the distribution of multivariate data
along with their dependence structure. MCTMs have also been extended towards
regression, where density estimation is conditioned on feature variables. The linear
underlying structure of transformation functions of MCTMs have the great advantage
of enhancing interpretability compared to the neural network approach of NFs. For
instance, in MCTMs we can directly interpret the dependence structure between
components of the outcome and clearly separate these effects from those modeling
the marginal distributions. Further, MCTMs are likelihood-based and therefore yield
access to confidence intervals via bootstrapping techniques.

Coresets for large-scale statistical modeling. The main idea of the coreset
method is to select the most important subset of data based on their contribution
to the objective function (e.g., log-likelihood or loss) and reweight them, so that
training the model on this subset closely approximates the results of the original
dataset. Early works on coresets focus on parametric models, such as linear regression
(Clarkson, 2005; Drineas et al., 2006; Dasgupta et al., 2009) or generalized linear
models (Munteanu et al., 2018; Molina et al., 2018; Munteanu et al., 2022; Lie and
Munteanu, 2024). These also make up the bulk of work of coresets for statistical
models.

Inferring whole probability distributions received relatively little attention in the
coreset literature. Among them are coresets for univariate kernel density estimation
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(Phillips and Tai, 2018; Phillips and Tai, 2020; Charikar et al., 2020). Bayesian coreset
based models focus on multivariate parameter distributions rather than multivariate
outcomes (Geppert et al., 2017; Huggins et al., 2016; Campbell and Broderick, 2018;
Ding et al., 2024). To our knowledge, the only attempt to learn multivariate data
distributions using coresets for scalability has been made in the context of dependency
networks that infer inter-variable dependencies with a graphical structure (Molina
et al., 2018). This approach is again composed of multiple parametric models.

In summary, the coreset method has shown great potential in improving the
efficiency of algorithms for regression models and Bayesian inference. However, we
stress that these methods have to date been mainly developed for parametric models
(e.g. linear/generalized linear models), and, to our knowledge, only little work
has considered complex semi-parametric distribution models for potentially high-
dimensional multivariate outputs. Our attempt to combine coresets with MCTMs
is, to the best of our knowledge, the first of its kind, leveraging the flexibility of
multivariate distributional regression with efficient data compression, and fills the
gap in the methodology for inference of large-scale semi-parametric multivariate
distributional models.

3.3.4 MCTM Coreset Construction

Considering the MCTM model whose negative log-likelihood function can be defined
as in Equation (3.1), the goal of the coreset approach is to obtain a small, weighted
subset of data C C D (following the general e-coreset framework established in
Definition 3.2.1), such that the approximation of the original negative log-likelihood
function is bounded within a factor of (1 =+ €). The full details and proofs are deferred
to Appendix A.2. After applying the basis functions a and their derivatives 4’ to the
raw data, we can assume that for (i,j) € [n] X [J] we are given data points a;; € R
and agj € RY. We use A, A’ € R"*? to denote the corresponding data matrices. Now
fori € [n],j € []J] consider f(a;;,9,A) = %(Z{(:l A kOkaif)* — log(®;aj;) which is the
negative logarithm of g(i, j) = ¥;a}; exp(—%(ﬂ'(:l A kOkaij)?). We assume that for all
i € [n],j € [J] and all choices of parameters it holds that g(i,j) < c for some constant
¢ € R>1. This is a natural Lipschitz-type restriction ensuring that the distribution
function has a smooth transition from 0 to 1 preventing sudden jumps. Note, that this
is equivalent to —In(g(7,j)) > — In(c). We further add to the n] loss contributions a
total shift of log ' = nJ In(c) + n/]. This corresponds to a normalization term A that
ensures non-negativity and thus allows a relative approximation to be meaningful,
but does not affect the optimization because it is independent of the parameters that
we optimize. Additionally, we assume that there is an intercept, i.e., that for each (i, j)
the first coordinate of both a;; and a; ; is 1 to make it consistent with the presence of
intercepts in the transformation functions / defined above. In the following, we show
that if we sample with probabilities that are larger than the ¢, leverage scores plus a

uniform term and add the convex hull of {agj | i€ [n],je€l]]}, then we get a coreset
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for f(A,9,A) to be minimized as in Equation (3.1). Let w € R"*/ be a weight vector.
We split the weighted version of f into three parts (w;; are omitted in the unweighted

case):

, 2
1 J
squared part:  f1(A,9,A,w) = 5 Z(i,j)e[n}x[]] wjj <Z A (O, ﬂij))
k=1
positive log part:  f2(A,8,A,w) =) w;j max{log((8;,a};)),0}

wjj max{—log((®,a;;)),0}.

(j)eln] <[]

negative log part: f3(A,9,A,w) = Z(i,j)e[n]x[]]

Squared part. We let u; = sup 4 % for the i-th row of a matrix M denote
their ¢, leverage score. We show that sampling proportionally to the ¢, leverage
scores preserves the squared part fi: given rows a;; € R wherei € [n] and j € []],
we are looking for an e-coreset, which is given by a matrix comprising a subset of
rows indexed by S C [n] x [J] and corresponding weights w; ; for every (i,j) € S,

such that forall ¢,...,9; € R? and A € R/*J it holds that

n ] j 2 j 2
Y <E /\j,k<l9k,az'j>> —(Z wj (Z /\j,k<l9kraij>>

i=1j=1 \k=1 ij)es k=1

In the following, we arrange data points in a matrix such that sampling rows of
this matrix yields a coreset for the function defined above. We set B € R/ >4/ * to be
the matrix whose rows equal (b;j;;)x = a; if k = (j —1)] + I for some I € [J] and
(bij+j)x = 0 otherwise. Then B consists of 1 vertically stacked blocks. The i-th block,
fori € [n], is defined by

(b, 0 0 0 0 |
b 0 0 0

B, = 0 0 bi 0 0 E]R]XdIz,
oL ) 0
(000 0 bi |

where b; = (bj1,bip, ..., bij). The idea is that for any possible parametrization, the
squared part can be represented by a product of the new matrix B with the vector
0 = (07,AT)T. An e-subspace embedding for /; is therefore sufficient to approximate
the squared part, i.e., it yields that V6: ||B'0||5 = (1 +¢€)||B6||3, where B’ consists
of few weighted rows subsampled from B according to their ¢, leverage scores
(Woodruff, 2014).

Lemma 3.3.1. There is a coreset S for f1 of size O(]J?d/€?) which can be computed in time
O(nnz(B) log(n]) + poly(d])) and with high probability by sampling and reweighting
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according to the { leverage scores of B, where nnz(B) denotes the number of non-zero entries
of B. We then have |f1(A,9,A) — f1(A(S), %, A, w)| < efi(A, 8, A), where A(S) denotes
the restriction to S.

Logarithmic parts. We now turn our attention to the positive logarithmic part
f2. This is going to be handled using the sensitivity framework, which generalizes
the previous leverage score sampling for the /, norm to more general families of
functions, we refer to Appendix A.2.6 for details. First of all, we bound the VC
dimension of the logarithmic function. This is done in a standard way. Using strict
monotonicity, the logarithmic function of the inner product can be inverted (respect-
ing their domain and range), relating it to linear classifiers in d dimensions. The
latter have a known VC dimension of d + 1 using classic learning theory results
(Kearns and Vazirani, 1994). The second part is bounding the total sensitivity, which
is the sum of all sensitivity scores s; = sup, , % of single data point contri-
butions. To bound this value, we leverage that for all parameters A and ¢ it holds
that ln(ﬁjagj) — Hw;j 2£:1 A kBkaij)* < In(c), which allows us to relate the contribu-
tion of the logarithmic part to the squared part up to a constant v > 1 such that
si < 7v(u; +1/n). This allows to reuse the /, leverage scores for this part as well,
albeit with an additional uniform component, and with an increase of the sample
size, which comes from incorporating the VC dimension and the Lipschitz bound c.

We also note that the e-error is relative to f; instead of f, directly.

Lemma 3.3.2. Assume that S is a sample consisting of O(J*d?In(cd])c®/€?) points drawn
with probability p; > a(u; +1/n), where « € O(J?dIn(cd])c®/e?). Then with high prob-
ability it holds that |f2(A,9,A) — f2(A(S), 9, A, w)| < ef1(A, 9, A), where A(S) denotes
the restriction to S.

Next, we handle the remaining negative logarithmic part given by f3. We note
that the asymptote at 0 precludes finite bounds on the sensitivity. We handle this
similarly to Lie and Munteanu (2024) by restricting the optimization space to D(y) =
{(8,A) | V(i,j) € [n] x [J] : (8),ai;) > n} comprising only solutions for which the
inner product is bounded away by # > 0 from zero. Setting # = 0 corresponds to the
original domain.® By avoiding high sensitivity points in this way, f3 can be bounded
in terms of uniform sensitivities together with the VC dimension bound 4 + 1 and
approximated by invoking the sensitivity framework again.

Lemma 3.3.3. Let (0%, A*) be an optimal solution. Then there exist (9,A) € D(n) with
IF(A,8,A) — f(A,0,A%)] < 2Jnfi(A, 0%, A*) + yn + J*n? Further, if S is a sample
consisting of points drawn with probability p; > a(1/n) where « € O(dIn(cd])/n?)
combined with all points that are in the convex hull of {aj; | i € [n],j € [J]}. Then with
high probability, it holds for all (8,A) € D(n) that |f3(A,0,A) — f3(A(S), 9, A, w)| <
nfi(A,0,A) +yn.

%We also note that the final choice will be 4 = ®(¢) and negative value correction into the pos-
itive domain is common practice and was implemented in Klein et al. (2022) before our theoretical
investigations.
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Main result. We get the following theorem by a union bound over Lemmas 3.3.1
to 3.3.3 and putting their error bounds together using the triangle inequality. The
additive errors of Lemma 3.3.3 are further charged against the optimal cost using the
normalization given by log \V, see above.

Theorem 3.3.4. Assume that S is a sample consisting of O(J*d*In(cd])c®/€?) points
drawn with probability p; = a(u; + 1/n), where & € O(J?dIn(cd])c®/e?) combined with
all extreme points (i,j) € [n] x []J] that are on the convex hull of{agj |i€[n],je[]]} Then
with high probability it holds for any (0, A) € D(n) that |f(A, 9, A) — f(A(S), 9, A, w)| <
ef (A).

The formal proof can be found in Appendix A.2. We remark that the convex hull
can comprise Q)(n]) points, however, different 7-kernel coresets of size ®(1/5(¥~1)/2)
exist for the problem (Agarwal et al., 2004; Chan, 2004), surveyed in Agarwal et
al. (2005), in the field of computational geometry. These 7-kernels also match the
requirements of the shifted domain D(#). We discuss our particular choice (Blum
et al., 2019) in the experimental section.

Lower bounds. We also give two lower bounds under different natural assump-
tions on the A coefficients that define the dependence structure of the Gaussian copula.
These indicate that there are only small remaining gaps to our upper bounds. The
details of their construction are again given and proven in Appendix A.2.

Lemma 3.3.5. There exists a dataset {a;; }icy)je|y) Such that any coreset for MCTMs with
e < 1 has size at least Q(d]*) even if Aij = 0 for all i, j € [n] with j > i and |A;| < 1 for all

Lemma 3.3.6. There exists a dataset {a;; }icn)jc|y) Such that any coreset for MCTMs with
e < 1 has size at least Q(d]) even if \;; = 1 forall i € [J] and Ajj = 0 for i < j.

3.3.5 Empirical Evaluation

In this section, we systematically investigate coreset compression techniques for
MCTMs with large-scale data for a variety of different 2-dimensional data generation
processes as well as two large-scale and high-dimensional real-world applications.
Our objectives are to

(i) validate the effectiveness of the proposed sampling and convex hull algorithm for
MCTMs at fitting different distributions, different correlation structures, and non-linear or
heavy-tailed scenarios; and

(ii) quantify the performance of comparing uniform sampling, pure {5 sensitivity sampling,
and sensitivity sampling combined with the convex hull approximation on various metrics.

Our sensitivity sampling algorithm is detailed in Algorithm 2. As convex hull
approximation, we chose to implement the algorithm of Blum et al. (2019) given in
Algorithm 7 in Appendix Appendix C. For mild data that admits an 7-kernel below
the Q(1/7@~1/2) lower bound, it yields an 7-kernel of size O(k* /5?), where k* is
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Algorithm 2 Hybrid coreset construction for MCTMs

1: Input: Full dataset D = {y;}"; C R/, target coreset size k

2: Output: Weighted coreset C = {(y;, w;) ;(:1

3: Compute transformed statistics: Apply Bernstein polynomial transformation
a of degree d to each y; to obtain B € R"/*% * as described in Section 3.3.4 resp.
Appendix A.2.2

4: Compute /, leverage scores of B: Use fast leverage score computation as in
Theorem 2.13 of Woodruff (2014) to get a constant factor approximation for

Bix|? -
Ui = Sup, 4 |||B;“|% foreachi € [n]]

Compute sensitivity proxy: For each i, sets; - u; +1/n
Normalize to probabilities: p; ﬁ
Sampling phase:
Letk; = |ak] (e.g. a« = 0.8)
Sample k; points independently with probability {p;}" ;
10:  Assign weights w; < ﬁ for each sampled point
11: Convex hull augmentation:
12: Letk, =k —k;
13:  Compute ¢/ J-kernel convex hull approximation as in Blum et al. (2019) over
the derivatives {(yij) }ic[u) je|j) and select k; extremal points
14:  Assign weight w; <— 1 to each convex hull point
15: Form final coreset: Combine sampled points and hull points into C with associ-
ated weights w

16: Coreset fitting: Fit MCTM using weighted log-likelihood:

PN

Ocoreset = argmax, Z wj - 108 f9 (Y])
(Y],w]) eC

the smallest possible size. All experiments were carried out on a 2021 MacBook Pro
equipped with an Apple M1 Pro chip and 16 GB of RAM.”

Simulation Study Based on 2-Dimensional Data

We conduct a set of 2-dimensional data simulation experiments encompassing dif-
ferent dependence structures to validate the advantages of the proposed coreset
approach over simple uniform sampling as a baseline.

Data Generation Processes

To thoroughly evaluate our proposed method across diverse dependency structures,
we implemented 14 different data generation processes. Each process was designed
to test specific aspects of dependency modeling. For all processes, we generated
datasets with n = 10 000 samples and evaluated coreset performance at sizes 30 and
100. Below, we describe each process mathematically.

1. Bivariate Normal Distribution

"The code to reproduce our experiments is available at https://github.com/zeyudsai/
mctmcoreset/.


https://github.com/zeyudsai/mctmcoreset/
https://github.com/zeyudsai/mctmcoreset/
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The standard bivariate normal distribution with correlation parameter p:

<y1,y2>~N(m’L1) ﬂ)

where p = 0.7 represents the correlation between variables. This baseline case tests
performance on linear dependency structures.

2. Non-linear Correlation

A non-linear correlation structure where the correlation coefficient varies with the

predictor:

Y1 =X>+e, € ~N(0,05%),
Y, ~ N(0,1), with correlation p(X) = sin(X) to Y3,

where X € [—3,3]. This tests the ability to capture location-dependent correlation.
3. Bivariate Normal Mixture

A mixture of two bivariate normal distributions with different means and correla-

o058 ([ g )
s ([ [35 5]),

This tests performance on multimodal data with different local dependency struc-

tion structures:

tures.
4. Geometric Mixed Distribution

A distribution combining two distinct geometric patterns:
(Y1,Y2) ~ 0.5 - Circular + 0.5 - Cross,

where the Circular component generates points along a circle with radius r ~
N (2,0.2%) and uniform angle § ~ Uniform(0,27), while the Cross component gener-
ates points along two perpendicular lines with controlled variance. This distribution
tests the ability to capture multiple geometric structures simultaneously, with con-
tinuous circular features intersecting with linear patterns. The sharp differences in
geometric structure and local data density create a particularly challenging scenario
for coreset selection.

5. Skewed t-Distribution

A heavy-tailed distribution with skewness:

(Y1,Y2) ~ Skew-t, (&, Q, «),
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1
0.5
a = [5,—3]T is the skewness parameter, and v = 4 specifies the degrees of freedom.

0.5
where ¢ = [0, O]T is the location parameter, (3 = [ . ] is the scale matrix,

This tests performance on asymmetric, heavy-tailed distributions.
6. Heteroscedastic Distribution
A distribution where the variance depends on the location:

Y; ~ N(X?,0%(X)), where 07 (X) = e*%.
Yy ~ N (sin(X),03(X)), where 0»(X) = 4/|X|.
with X € [—3,3]. This tests the ability to capture variance heterogeneity.
7. Copula Complex Distribution

A Clayton copula-based dependency structure with gamma and log-normal
marginals:

(ulr UZ) ~ CClayton(G = 2)/

_ -1
Y= FGamma(Z,l)(ul)’
Y, = jant (UZ)

LogNormal(0,1)

This tests performance on complex dependency structures with non-normal marginals.
8. Spiral Dependency
A spiral pattern with added noise:

t € [0,37],

r = 0.5¢,
Y1 =rcos(t) + e, € ~N(0,05%),
Y, = rsin(t) + €2, € ~ N(0,0.5%).

This tests performance on complex geometric dependencies.
9. Circular Dependency

A circular pattern with radius variation:

6 ~ Uniform(0,27),

r~ N(5,1%),
Y; = rcos(0),
Y, = rsin(6).

This tests the ability to capture circular dependencies where linear correlation mea-
sures fail.

10. t-Copula Dependency
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A t-copula with t and exponential marginals:

(Uy, Up) ~ Ci(p = 0.7,v = 3),
n:gmm

-1
Yo = Fpl i) (Ua).

This tests performance on tail dependencies with asymmetric marginals.
11. Piecewise Dependency

A piecewise function with different correlation regimes:

Y; ~ N(0,2?)
15+, ify; <—1,
Yo=4¢-05Y14+e, if —1<Y; <1,
—2Yy e, ifY;>1,

where €1, €3 ~ N(0,0.5%?) and e; ~ A (0,0.8%). This tests ability to capture regime-
dependent correlations.

12. Hourglass Dependency

A heteroscedastic pattern with variance increasing quadratically from center:

Y; ~ N(0,2%),
Yo ~ N(0,02(Y1)), where ¢?(Y;) = 0.2 + 0.3Y2.

This tests ability to capture complex variance structures.
13. Bimodal Clusters

Two distinct clusters with opposing correlation structures:

([ )
(2 )

This tests the ability to capture cluster-specific dependency structures.
14. Sinusoidal Dependency
A sinusoidal relationship with noise:

Y; € [-3,3],
Yo = 2sin(tY;) +¢€, €~ N(0,0.5%).

This tests performance on periodic dependencies.
These 14 data generation processes provide a comprehensive evaluation frame-
work for testing our coreset method across a wide range of dependency structures,
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from simple linear correlations to complex geometric patterns and regime-dependent
relationships.

Simulation Data Visualization

Coreset Construction Methods We compare three sampling strategies:

1. Uniform Subsampling: k points are taken with equal probability from all n
samples without replacement, and the weights are set to .

2. {5 -Only Sensitivity Sampling: leverage scores (or upper bounds on sensitivity)
are calculated for a(x;) and a(y;), respectively, and subsamples are combined
and reweighted after sampling them with the probability p; o £, leverage score;
and the weight is then determined using merge probability to compute the final
weights and do the normalization.

3. {,-Hull Hybrid: on the basis of the above ¢, sensitivity sampling, we also
perform convex hull (or e-kernel) approximation sampling on its derivative
matrix 4’(-) by adding an extra batch of points located at the extreme geometric
boundaries, thus avoiding the logarithmic term log(a’(x;)T®) in the likelihood
function on which the values are unstable or near zero. The sensitivity subsample

and convex hull subsample are eventually summarized together in a joint index.

We visualize each data generation process with coresets created using three
different sampling methods: Uniform Sampling, ¢, Sensitivity Sampling, and our
proposed £>-Hull Sampling method. Each visualization shows how well the different
coreset methods preserve the underlying data distribution structure.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

(A) Bivariate Normal (B) Non-linear Correlation (C) Bivariate Normal Mixture

FIGURE 3.5: Coreset visualization for basic probability distributions.
Each row shows a different sampling method: Uniform (top), ¢, Sensi-
tivity (middle), and ¢,-Hull (bottom).

To visually demonstrate the advantages of our proposed method, we present
coreset visualizations for representative data generation processes. In each figure,
we display coresets of approximately 100 points generated from original samples
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(A) Skew-t Distribution (B) Heteroscedastic Distribution (C) Copula Complex Distribution

FIGURE 3.6: Coreset visualization for complex probability distribu-
tions. Each column shows a different sampling method: Uniform (top),
{5 Sensitivity (middle), and ¢,-Hull (bottom).
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(A) Spiral Dependency (B) Circular Dependency () t-Copula Dependency

FIGURE 3.7: Coreset visualization for geometric dependency struc-
tures. Each column shows a different sampling method: Uniform (top),
{5 Sensitivity (middle), and ¢>-Hull (bottom).
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(A) Bimodal Clusters (B) Sinusoidal Dependency (C) Mixture Distribution

FIGURE 3.8: Coreset visualization for additional dependency struc-
tures. Each column shows a different sampling method: Uniform (top),
{5 Sensitivity (middle), and f»-Hull (bottom).
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Piecewise Dependency Hourglass Dependency
Uniform Sampling Uniform Sampling
Coreset size: 100 Coreset size: 100
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(A) Piecewise Dependency (B) Hourglass Dependency

FIGURE 3.9: Coreset visualization for functional dependency struc-
tures. Each column shows a different sampling method: Uniform (top),
{5 Sensitivity (middle), and ¢;-Hull (bottom).

of 1000 points using three different sampling methods: Uniform Sampling (top), ¢»
Sensitivity Sampling (middle), and our proposed ¢>-Hull Sampling (bottom).

As shown in Figures 3.5-3.8, our /,-Hull method effectively captures the entire
shape of the underlying data distribution, particularly in complex scenarios such
as the Hourglass Dependency, Piecewise Dependency, Spiral Dependency, Copula
Complex Distribution, and Bimodal Clusters. The visualization highlights a key
limitation of uniform sampling: it often fails to include points that are distant from the
central mass of the distribution but are nevertheless critical for accurately representing
the overall data structure.

For instance, in the Bimodal Clusters visualization (Figure 3.8a), our ¢>-Hull
method ensures comprehensive coverage of both clusters including their boundaries,
while uniform sampling misses several critical points that define the extent of the
distribution. Similarly, in the Piecewise Dependency case (Figure 3.9a), the non-linear
relationship is better preserved by our method, particularly at the extremes of the
distribution.

It is worth noting that in many scenarios, the performances of ¢, Sensitivity
Sampling and our />-Hull method appear similar, especially as the coreset size
increases. This is expected, as the primary purpose of adding convex hull points
is to safeguard against extreme cases that may arise during optimization. As the
sample size grows, the probability of encountering such extreme cases diminishes.
Nevertheless, the ¢,-Hull method provides a theoretical guarantee that important
boundary points are always included, regardless of the particular dataset instance.
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The enhanced coverage provided by our method translates directly to the im-
proved empirical performance metrics observed in Table 3.1 and Table 3.2, particu-
larly for complex dependency structures where capturing the overall shape of the

distribution is crucial for accurate statistical inference.

Simulation Experiments Results

In all the above scenarios, we will evaluate under the same sampling/modeling
process and can adjust the sample size n as well as the correlation parameters (e.g., p)

as needed.

Main Workflow For each data generation method, we follow the following flow of

experiments:

1. Data Generation: Call the corresponding function (e.g. generate_mixture) to

generate the samples, which can be randomly initialized multiple times.

2. Full Data Baseline: Perform MCTM fitting with full data, record its log-

likelihood £,;; with the estimated coefficients 0 rull, s a baseline.

3. Coreset Sampling & Fitting: Use Uniform Sampling, ¢,-Only, and {»-Hull, re-
spectively, for multiple subset sizes from the set k € {min_size, ..., max_size}
to obtain a subsample and compute the weights; subsequently, the MCTM is fit-
ted using only this subsample to obtain the log-likelihood £;seset and estimated

coefficients Oqpreset-
4. Evaluation Metrics:

¢ Likelihood Ratio: compare coseset /£ Fulls ifitis close to 1;

e Parameter Error: calculate the value of H@wmet — @fu” H% and convergence
trend under different k;

¢ Lambda Error: Measure the absolute difference in the dependency pa-
rameter |[Acopeset — A fu”| to evaluate how well the coreset preserves the

dependency structure;

¢ Time Cost: Record the sampling time consumption and optimization time
consumption respectively for evaluating the efficiency of the algorithm.

Summary With such multi-scenario simulations, we can systematically examine the
proposed MCTM coreset scheme under different distributions. Detailed comparative
graphs and numerical analyses showing the combined advantages of the new method
in terms of likelihood approximation accuracy, parameter estimation bias, and time
efficiency are presented in the experimental results below.

Figure 3.10 visualizes the performance specifically for three distributions: bi-

variate normal mixture, non-linear correlation, and bimodal cluster distribution. In
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FIGURE 3.10: Convergence of the likelihood ratio, parameter error,

and A error as coreset size increases. First row: Bivariate mixture

data of two Gaussian distributions with different means and variances.

Second row: Non-linear correlation. Third row: Bimodal clusters with
two distinct clusters with opposing correlation structure.
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FIGURE 3.11: Convergence of the likelihood ratio, parameter error,
and A error as coreset size increases. First row: circular-dependency.
Data points are distributed along circular trajectories, demonstrating a
circular dependency structure between variables. Second row: copula
complex. A copula construct with tail dependence and non-linear
correlation is used. Third row: heteroscedastic distribution. The con-
ditional variance of the data varies with the level of the independent
variable, reflecting heteroscedasticity.
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TABLE 3.1: Performance comparison of different coreset methods for
various data generation processes (coreset Size = 30)

Data Gen. Process Method Param. /, dist. A error Likelihood ratio Rel. Impr.(%) Total time(s)
Lr-hull 2.56 £ 0.76 0.44 +0.16 1.54+£0.29 12.8 0.21 +£0.03
Bivariate normal l>-only 2.54 +0.62 0.514+0.13 1.65+0.33 1.6 0.20 4+ 0.02
uniform 491+4.74 0.29 £ 0.26 1.94+1.13 baseline 0.13 £ 0.03
{>-hull 1.76 +0.88 0.09 +0.09 1.03 +0.01 49.8 0.19 £0.02
Non-linear correlation {>-only 2.18 £0.82 0.10 £0.10 1.05 +0.02 38.8 0.19 £0.01
uniform 3.08 £0.91 0.11 +0.07 1.21+£0.46 baseline 0.12+0.01
lp-hull 2.60 +1.00 0.14 +0.07 1.07 +0.03 49.6 0.20 £0.03
Bivariate normal mixture {>-only 2.76 £0.94 0.16 +0.10 1.08 +0.05 43.7 0.21 +0.04
uniform 4.144+1.80 0.20 +£0.15 142 +0.34 baseline 0.15+0.04
lr-hull 2.51+2.61 0.06 + 0.04 1.33 £ 0.53 41.4 0.20 4 0.04
Geometric Mixed Distribution  ¢;-only 4.09 +4.35 0.07 +£0.03 1.58 £0.58 9.0 0.20 +0.02
uniform 411+249 0.14 £ 0.09 1.47 +0.53 baseline 0.13 £0.03
£r-hull 3.55+1.46 0.61 4+ 0.27 1.90 +0.70 0 0.23 +0.03
Skew-t distribution lp-only 3.72+1.36 0.70 £ 0.26 2.14+0091 0 0.23 +0.09
uniform 4.14+£2.04 0.36 £0.31 2.17+0.96 baseline 0.15 £ 0.07
Lr-hull 2.07 £0.69 0.08 +0.05 1.07 £0.12 64.8 0.20 £ 0.07
Heteroscedastic distribution {>-only 2.65 4+ 0.88 0.08 +0.05 1.09+£0.13 58.4 0.20 £ 0.02
uniform 4.47 +3.38 0.16 +0.14 1.63+1.19 baseline 0.13 +0.02
{>-hull 4.56 +1.57 0.18 +0.13 1.23 +0.20 58.0 0.26 £ 0.04
Copula complex distribution ~ ¢;-only 5.30+1.48 0.20+0.15 1.36 +0.29 51.1 0.28 +0.08
uniform 11.05£7.80 0.27 +£0.22 2.35+0.56 baseline 0.18 +0.06
lp-hull 1.86 = 0.55 0.04 +0.03 1.04 +0.01 79.5 0.21 £0.03
Spiral dependency {>-only 2.38 +0.80 0.06 £ 0.05 1.07 £0.02 71.9 0.22 +£0.07
uniform 6.16 £ 3.50 0.15+0.09 2.05 £+ 0.60 baseline 0.21+0.22
lr-hull 1.51+0.39 0.06 + 0.04 1.02+£0.01 59.3 0.20 4+ 0.02
Circular dependency {>-only 1.95+0.62 0.06 + 0.04 1.12+£0.29 46.3 0.214+0.03
uniform 4114324 0.08 4 0.08 1.33+£0.73 baseline 0.14 +0.03
£r-hull 5.77 + 1.61 0.51 4+ 0.30 1.87 £0.62 0 0.26 +0.03
t Copula {r-only 718 £1.63 0.60 +0.29 1.98 £0.63 0 0.24 +0.03
uniform 6.58 +3.35 0.23 +0.22 2.56 +0.92 baseline 0.23 +0.25
{>-hull 2.20+0.99 0.30+0.13 1.11+£0.19 58.5 0.21 +0.04
Piecewise dependency {>-only 2.38 +0.83 0.354+0.15 1.11+0.15 53.4 0.19 +£0.02
uniform 548 +4.11 0.46 +0.41 1.53+0.74 baseline 0.13 +0.03
Lr-hull 1.99+1.19 0.14 +0.07 1.04 £ 0.02 55.8 0.19 +£0.03
Hourglass dependency {>-only 1.85+1.04 0.15+0.08 1.06 4 0.03 51.7 0.18 £0.01
uniform 5.00 +£3.21 0.16 £ 0.15 1.65+0.69 baseline 0.12+0.01
{>-hull 214 +0.47 0.15 +0.09 1.04 +0.01 58.5 0.19 £0.02
Bimodal clusters {>-only 2.61 £ 0.66 0.17 £ 0.09 1.06 £0.02 51.7 0.18 £ 0.02
uniform 4.43 4+ 3.05 0.22+0.16 1.61+£0.74 baseline 0.14 +0.04
lr-hull 1.42+0.48 0.05+ 0.05 1.02+£0.01 38.6 0.18 £ 0.03
Sinusoidal dependency {>-only 1.66 £+ 0.50 0.09 4 0.08 1.03 £0.01 16.8 0.19 +£0.02
uniform 191+0.74 0.10 4 0.06 1.04 £0.01 baseline 0.12+0.01

Note: The results in the table are the mean +1 standard deviation of independent sim-
ulations. The Relative Improvement is calculated as the average percentage improve-
ment across all metrics, where improvement for parameter ¢, distance and A error is
(baseline — method) /baseline x 100%, and for likelihood ratio it is (|baseline — 1| —
|method — 1)/ |baseline — 1| x 100%. The parameters ¢, distance and A error are better
when smaller, and the log-likelihood ratio is better when closer to 1. Negative relative im-
provements are shown as 0. The best performance for each metric in each data generation
process is highlighted in bold.
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TABLE 3.2: Performance comparison of different coreset methods for
various data generation processes (coreset Size = 100)

Data Gen. Process Method Param. /¢, dist. A error Likelihood ratio Rel. Impr.(%) Total time(s)
lr-hull 1.80 £ 0.42 0.30 £ 0.07 1.32+0.11 0 0.23 £0.02
Bivariate normal £>-only 2.01+£0.36 0.39 £ 0.09 148 £0.17 0 0.24 +£0.04
uniform 1.98 £ 0.66 0.11 £+ 0.06 1.19 £ 0.08 baseline 0.13 £ 0.02
£>-hull 1.05 +0.42 0.03 +0.03 1.01 +0.00 52.6 0.20 £ 0.02
Non-linear correlation £>-only 1.20+0.53 0.03 +0.03 1.01+0.01 38.8 0.22 +0.02
uniform 1.79+£0.79 0.08 £ 0.05 1.02 £0.01 baseline 0.11+0.02
£p-hull 1.54 +0.42 0.04 +0.04 1.06 + 0.01 34.6 0.30 £0.22
Bivariate normal mixture £>-only 1.53 +0.45 0.07 +£0.04 1.06 +0.02 26.4 0.21 £ 0.02
uniform 1.99 +0.58 0.09 £ 0.09 1.09 +0.04 baseline 0.13 +0.02
£p-hull 1.19+0.51 0.02+0.02 1.01+0.00 49.4 0.20 £ 0.02
Geometric Mixed Distribution  ¢,-only 1.27 £ 0.60 0.03 £ 0.02 1.01 +0.00 421 0.21 £0.03
uniform 1.75 +0.66 0.06 + 0.04 1.02 +0.01 baseline 0.13+0.03
£>-hull 2.04 +0.42 0.26 £ 0.14 1.24+0.10 8.1 0.22 £0.01
Skew-t distribution £>-only 1.99 +0.33 0.33£0.16 1.28 £0.12 0 0.22 +0.03
uniform 2,67 +1.11 0.20 £ 0.15 1.34 £0.25 baseline 0.12 £ 0.02
lr-hull 1.06 £0.27 0.04 £0.03 1.01 £+ 0.00 27.6 0.24 +0.08
Heteroscedastic distribution £>-only 1.34 +0.40 0.04 +0.02 1.02 £+ 0.00 11.3 0.21 £ 0.02
uniform 1.46 +0.84 0.09 £+ 0.05 1.01 +0.01 baseline 0.13 £ 0.02
£>-hull 3.53 +0.70 0.12 + 0.09 1.15+0.10 32.0 0.26 £ 0.04
Copula complex distribution ~ ¢»-only 4.05+0.78 0.13+0.08 1.16 +0.08 24.1 0.26 +0.03
uniform 3.75+1.42 0.18 £0.15 1.34 £0.27 baseline 0.18 £ 0.04
{5-hull 1.37 +£0.43 0.02 +0.02 1.01 +0.01 34.4 0.25 £ 0.08
Spiral dependency £>-only 1.52+£0.37 0.03 £0.02 1.03 +£0.01 0 0.27 £0.19
uniform 1.88 +0.57 0.04 £ 0.03 1.02 £0.01 baseline 0.13 £ 0.01
£p-hull 0.94+0.36 0.02+0.01 1.01+0.00 54.2 0.21 £0.01
Circular dependency £>-only 1.05+0.20 0.03 +0.02 1.01+0.00 43.9 0.21£0.01
uniform 1.83 +0.66 0.05 + 0.04 1.01+0.01 baseline 0.12 +0.01
lr-hull 3.86 +£1.03 0.28 £0.25 1.39+0.38 0 0.27 £0.04
t Copula lr-only 4.71+1.26 0.32+0.27 1.49 +0.50 0 0.28 £0.15
uniform 243 +1.04 0.13+0.14 1.16 +0.16 baseline 0.19+0.11
lr-hull 1.06 £ 0.36 0.09 £+ 0.08 1.01 +£0.01 49.8 0.22+0.03
Piecewise dependency £>-only 1.29+0.27 0.12+0.11 1.01+0.01 29.8 0.21 £0.02
uniform 1.62+0.90 0.15+0.16 1.03 +0.04 baseline 0.12+0.02
£>-hull 0.96 +0.33 0.08 +0.09 1.01 +0.00 46.0 0.21 £0.02
Hourglass dependency £>-only 0.97 +0.40 0.09 +0.09 1.0240.01 38.6 0.20+0.01
uniform 1.72+0.54 0.12 £ 0.09 1.04 £0.02 baseline 0.11+0.01
{5-hull 0.95+0.24 0.05 + 0.05 1.01 +0.00 46.5 0.20 £0.01
Bimodal clusters £>-only 1.03 +0.32 0.06 +£0.04 1.02 +0.00 34.9 0.20 £+ 0.01
uniform 1.63+0.53 0.11£0.10 1.02 £0.01 baseline 0.12+0.01
£p-hull 1.24+0.39 0.03 £0.03 1.01+0.00 42.0 0.20 £0.01
Sinusoidal dependency £>-only 128 +0.44 0.07 +0.04 1.01+0.01 15.6 0.21£0.01
uniform 1.36 +0.40 0.07 £ 0.04 1.02 £0.01 baseline 0.11+0.01

Note: The results in the table are the mean +1 standard deviation of independent sim-
ulations. The Relative Improvement is calculated as the average percentage improve-
ment across all metrics, where improvement for parameter ¢, distance and A error is
(baseline — method) /baseline x 100%, and for likelihood ratio it is (|baseline — 1| —
|method — 1) /|baseline — 1| x 100%. The parameters ¢, distance and A error are better
when smaller, and the log-likelihood ratio is better when closer to 1. Negative relative im-
provements are shown as 0. The best performance for each metric in each data generation
process is highlighted in bold.
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Figure 3.10, the red line corresponds to our proposed method combining ¢, sub-
sampling with convex hull approximation, the blue line denotes the ¢, subsampling
method alone, and the green line indicates the traditional uniform subsampling
method. All simulations are based on an original dataset size of 10 000 points.

FIGURE 3.12: Computation time for 9 simulation distributions

To further illustrate the advantages of our coreset approach, we show the effect
of reconstructing the univariate marginal densities after constructing the coreset
with three different sampling strategies on simulated data from a binary normal
distribution, with realistic marginal distribution predictions for X and Y in Figure 3.13
and Figure 3.14, respectively. Each column corresponds to a different coreset size
k = 50,100,500, while the three rows show uniform sampling, ¢, sampling, and
{>-hull sampling, respectively. To reflect the stability of the methods, each subplot
of the figure plots a single estimate from 10 replicate trials (thin light-gray colored
line) and shows their average result as a solid black line, while the red line gives
the true theoretical density. It can be seen that when the coreset size is small (e.g.,
k = 50), uniform sampling is too random and often fails to cover both ends of the
distribution, leading to significant deviations in the predicted curves; using only />
leverage sampling, with a relatively small coreset size, there is still a relatively high
risk of failure.; and introduction of the convex hull can effectively ensure fits the
theoretical curves better at the minimum size. As k increases, the average predictions
of all three methods gradually converge to the red true density - but at any scale, the
{5 + convex hull scheme reproduces the main shape of the distribution earliest and
most consistently, fully reflecting its ability to efficiently capture the distribution with
small samples.

Based on the full experimental results in Tables 3.1 and 3.2, the experimental
results clearly show that even in the extreme case of fitting the model using only a few
dozen points, our proposed coreset method achieves a satisfactory approximation. To
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FIGURE 3.13: Predicted marginal density of x for the normal distri-

bution of different coreset size, k = 50,100,500. First Row: uniform

subsampling. Second row: Only ¢, sampling. Third row: ¢, with
e-kernel convex hull

FIGURE 3.14: Predicted marginal density of y of different coreset size,
k = 50,100, 500. First Row: uniform subsampling. Second row: Only
¢, sampling. Third row: ¢, with e-kernel convex hull

ensure the reliability of our experimental results, we performed 10 independent repe-
titions of each simulation, every time using a different random seed, thus introducing
randomness required for obtaining the standard deviations of results. Therefore, we
conclude that out of all 14 DGPs, our proposed coreset method (¢>-hull) significantly
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outperforms uniform subsampling in 12 scenarios, and fails to show an advantage
only in two scenarios, t-copula and skew-t distribution. This suggests that our
coreset method has a robust and effective performance across a wide range of data
dependence structures, and is particularly suitable for dealing with non-linearities,
heteroscedasticity, complex dependence structures, and multimodality. Our results
thus highlight the stability and universality of our method.

Real-World Data Experiments

We now evaluate our method on two large-scale and high-dimensional datasets from

different fields of real-world applications.

¢ Forest cover data (Covertype). The UCI Covertype dataset (Blackard, 1998)
contains n = 581,012 samples and 54 variables describing terrain attributes; we
focus on the 10 continuous variables (e.g., elevation, slope, hillshade, distances)
and a subsample of size n = 300 000. We report comparisons of ¢,-hull versus
uniform sampling on parameters ¢ error, A error, log-likelihood ratio, and

running time in Table 3.3 and Figure 3.16.

¢ Equity returns. We consider two stock-return datasets: one comprising 10
major stocks’ forty-year daily returns (n ~ 10 000), and another with 20 stocks.
Performances at varying coreset sizes k € {50,100,200,300} are summarized in
Tables 3.4 and 3.5, and Figure 3.17 visualizes the log-likelihood ratio, parameter
{5 distance and A distance.

Covertype Dataset

We demonstrate our method on the widely used UCI Covertype dataset (Blackard,
1998), originally intended for forest cover type classification. The full dataset com-
prises n = 581 012 observations and 54 variables, among which 10 continuous vari-
ables represent various terrain features, such as elevation, slope, aspect, distances to
hydrological features, and hillshade indices.

This dataset presents several practical challenges motivating the use of MCTM.
Specifically, the continuous variables exhibit complex joint dependency structures
characterized by multimodality, heavy skewness, and highly non-linear pairwise
interactions. Standard Gaussian or parametric copula approaches typically fail to
capture these features adequately, thus justifying the adoption of MCTM, which
flexibly models the multivariate distribution through non-linear transformations.

However, fitting a full MCTM on large-scale datasets is computationally intensive
and sometimes fails. For example, in our case, on the Covertype dataset, when we
attempted to fit the 10-dimensional MCTM model to the original n = 581012 size
dataset, hardware limitations caused this fit to simply crash. Therefore, we selected a
subsample of n = 300 000 as the original model, and directly fitting an MCTM with
only 10 continuous variables on n = 300 000 observations already requires several
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hours of computation time. The computational challenge rapidly intensifies with
higher dimensions or larger sample sizes, thus providing a natural and compelling
scenario for demonstrating the practical benefits of our coreset approach.

We use the Covertype dataset to empirically assess whether coresets can efficiently
approximate the full-data MCTM while substantially reducing computational costs,
thereby enabling scalable probabilistic modeling of large, high-dimensional datasets.

Pairwise Relationships Between Terrain Variables Painwise Relationships Between Terrain Variables

A

i

(A) Elevation, Aspect, Slope, Horizontal and Ver-  (B) Roadways, Hillshade at different times, and
tical Distance to Hydrology. Fire Points.

FIGURE 3.15: Pairwise relationships between different sets of terrain
variables from the Covertype dataset.

As can be seen from the Figure 3.16, our proposed ¢,-hull method significantly
outperforms the uniform sampling (uniform) in all the four evaluation metrics. Specif-
ically, £>-hull is closer to 1 in the log-likelihood ratio, which indicates a more accurate
approximation of the original model; it maintains a smaller error in the ¢, distance
between the ¢ parameters and A as well, which proves that it is able to better preserve
the distributional structure of the original data in the high-dimensional parameter
space; and at the same time, its overall running time is comparable to that of uniform
sampling, which does not introduce any additional significant overheads. It can
be seen that for high-dimensional large-scale datasets, the ¢,-hull method, which
combines ¢, subsampling with convex hull techniques, outperforms simple uniform
sampling in terms of both performance and efficiency.

Through experiments on the real-valued features of the Covertype dataset (as
shown in Table 3.3), we find that the proposed coreset method (especially the hy-
brid sampling strategy combining ¢, sensitivity with convex hull approximation)
significantly outperforms the uniform subsampling baseline at different coreset sizes
k € {50,100,200,500}. In particular, when the coreset size is small (e.g., k = 50),
where the performance of uniform sampling deteriorates, our method can effectively
preserve the approximation accuracy of the model, demonstrating the ability to cap-
ture important key data points. In addition, our coreset method remains stable and
maintains its advantage over uniform sampling as the subset size increases. This in-
dicates that our proposed method not only effectively reduces the computational cost
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LogLik Ratio (Coreset / Full)

L2 Distance (..)

Log-Likelihood Ratio Comparison
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FIGURE 3.16: Covertype dataset (10-dimensional, unconditional

model) on f>-hull versus uniform sampling (uniform) compared

with respect to four evaluation metrics: (a) log-likelihood ratio, (b)

parameter-space ¢, distances, (c) £, distances dependent on parameter
A, (d) Total computation time.
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on real-world datasets from several hours to a few seconds, but also accurately ap-
proximates the Benchmark MCTM model fitted to the complete data, thus achieving
efficient and accurate large-scale and high-dimensional probabilistic modeling.

TABLE 3.3: Relative performance comparison on Covertype data for
different coreset sizes. Results are mean +1 standard deviation over
5 valid trials. Relative improvement is calculated as the average per-
centage improvement across parameter ¢, distance, A error, and Log-
Likelihood relative to the uniform baseline. Bold indicates the best

performance for each metric and coreset size combination.

Coreset Size Method Param. /, dist. A error Likelihood ratio Rel. Impr.(%) Total time(s)
£r-hull 18.332 £2.731 6.290 + 4.779 3.144+1.924 84.7 31.03 £21.75
k=50 {>-only 40.2154+29.062 34.588 +33.338  56.179 4+ 77.498 39.3 21.52 +10.58
uniform 59.083 £0.280 56.399 +0.521 107.654 + 101.987 baseline 26.13 £17.52
lr-hull 40.672 +25.897 36.896 + 28.263 19.863 + 4.852 8.3 29.67 £20.42
k=100 /,z-only 17.719 + 1.607 9.381 + 2.634 1.208 + 0.051 75.7 28.00 +£21.17
uniform 44206 +1.418 41.173 £1.630 21.304 £13.110 baseline 27.71+17.07
£>-hull 15.059 £+ 0.621 7.104 + 1.542 1.859 +0.702 71.0 26.21 +18.42
k =200 {>-only 16.277 £1.718 9.080 £ 1.645 1.211 + 0.049 67.3 27.48 + 20.50
uniform 29.472 +15.590 23.747 +£19.244  45.708 4+ 38.764 baseline 27.54 +16.81
£>-hull 11.992 +1.826 6.383 +1.415 1.090 + 0.012 78.6 29.09 +17.27
k =500 {>-only 15.749 + 0.885 9.502 £ 1.200 1.138 +0.015 71.0 29.86 + 18.08
uniform 31.998 £9.277 28978 £10.357  42.306 + 10.473 baseline 31.53 £ 19.05
n = 100000 0 0 1 0 4837
Benchmark MCTM. . _ 3009 0 0 1 0 17432
Equity Return Dataset

In finance, returns on multiple stocks often have complex non-linear and time-varying
dependence structures. To capture these dependencies, copula models are widely
used in risk management and asset allocation. However, traditional copula mostly
need to specify the marginal distributions and assume fixed dependence parame-
ters, which makes it difficult to simultaneously model the dynamic changes of the
marginals and conditional correlations. MCTM can more comprehensively reflect the
characteristics of the joint distribution of financial asset returns by jointly estimating
the marginal distributions and the dependence structures through a flexible trans-
formation function, and thus has a good prospect of being applied in the modeling
of stock returns. Therefore, we select 10 and 20 representative stock returns data,
see Table 3.6 and Table 3.7, respectively, construct their joint distributions based on
the MCTM, and combine the coreset method proposed in this paper to improve the
computational efficiency of model fitting.

In Table 3.4 (10 stocks) and Table 3.5 (20 stocks) we can see that in most of the
experimental scenarios, the />-hull method achieves excellent performance, especially
in the two metrics of ¢, distance and log-likelihood ratio in the parameter space,
which are comparable compared to the pure ¢, sampling scheme. This may be
due to the fact that in these scenarios, there are not many extreme points and the
convex hull approximation does not add a significant advantage. In addition to
this, the ¢»-hull is far superior to uniform subsampling in terms of parameter error
and log-likelihood ratios in the vast majority of scenarios, and is no slouch in terms
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TABLE 3.4: Performance comparison on 10 stock return series for
different coreset sizes (1985-2025)

Coreset Size Method Param. /; dist. A error Log-likelihood ratio Rel. Impr. L2/ A/LL (%) Total time (s)
lr-hull ~ 45.518 +1.643 2.992 + 0.530 1.683 +0.234 12.0 /0.0 /575 8.21 +2.30
k =50 lr-only 45784 +£0.554 2.599 4 0.629 1.351 + 0.082 11.5/0.0 /782 8.45 +2.53
uniform 51.745+2.474 1.515 4 0.303 2.610 4+ 0.101 baseline 7.98 +1.88
l-hull  39.888 £0.643 1.613 +0.106 1.399 £+ 0.147 221/0.0/89.3 9.93 +2.58
k=100 lr-only  41.183+1.503 1.404+£0.114 1.153 £ 0.044 19.6 / 0.0 / 96.1 9.80 +2.91
uniform 51.195+2.616 0.913 4+ 0.140 4.926 +0.390 baseline 8.94 +£2.10
lr-hull 33.722 +1.242 1.050 +0.133 1.236 +0.145 29.6 /0.0 / 80.9 11.37 +2.89
k =200 lr-only  38.031+0.282 1.147 4 0.140 1.085 + 0.004 20.6 /0.0 /93.1 11.40 £+ 3.51
uniform 47.881 +1.217 0.621 4+ 0.108 2.242 +0.149 baseline 10.13 £+ 2.69
l-hull  29.814 +£1.363  0.905 + 0.100 1.127 £+ 0.081 33.6/0.0/921 13.95 +4.48
k =300 lr-only  35.107+£0.916 0.851+0.091 1.070 £ 0.007 21.8/0.0 /935 12.63 +3.13
uniform 44.915+3.172 0.488 4 0.050 2.079 +0.171 baseline 13.01 £3.91

Results are mean +1 standard deviation over 5 valid trials. Bold indicates the best (lowest
for error metrics, likelihood ratio closer for 1 for better) per coreset size and metric.

Relative improvement (%) over the uniform baseline shown per metric (Param L2 /
Lambda / LL

TABLE 3.5: Performance comparison on 20 stock return series for
different coreset sizes (1985-2025)

Coreset Size Method Param. /; dist. A error Log-likelihood ratio Rel. Impr. L2/ A/LL (%) Total time (s)
lr-hull 54.254 +1.367 3.944 4+ 0.563 5.208 +0.210 3.6/0.0/0.0 30.95 +5.06
k=50 lr-only  53.922+1.280 3.920 £ 0.344 30.303 + 0.426 42/0.0/00 31.10 + 6.00
uniform  56.263 +1.042 3.490 £+ 0.260 4.504 +0.200 baseline 29.00 + 7.55
lr-hull  46.280 +1.887 2.270 +0.138 1.675 + 0.154 134 /0.0 / 89.6 35.56 +7.94
k=100 lr-only  47.385+0.788 2.304 4 0.370 1.718 £ 0.141 114 /0.0 / 889 34.95+ 6.53
uniform  53.469 +2.072  2.006 + 0.151 7.518 £ 0.305 baseline 35.22 + 6.65
lr-hull 40.225+3.690 1.511 +0.138 1.574 +0.147 20.4 /0.0 /623 49.73+7.74
k =200 lr-only  38.852+0.925 1.458 4+ 0.079 1.131 + 0.044 231/0.0/914 52.99 +12.33
uniform 50.531 +1.513 1.224 4+0.158 2.525 4+ 0.067 baseline 4591 +7.39
l-hull  35.819 £3.552  1.165 + 0.099 1.400 £+ 0.107 23.6/0.0/752 60.99 + 6.86
k =300 lr-only  35.036 £0.286 1.137 4+0.132 1.109 £ 0.033 253 /0.0 /932 61.41+10.14
uniform  46.906 +3.669 1.028 4 0.044 2.617 +0.195 baseline 63.89 +12.15

Results are mean +1 standard deviation over 5 valid trials. Bold indicates the best (lowest
for error metrics, likelihood ratio closer for 1 for better) per coreset size and metric.

Relative improvement (%) over the uniform baseline shown per metric (Param L2 /
Lambda / LL
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of estimation accuracy dependent on the structural parameter A. In summary, the
combination of sensitivity sampling and convex hull technique not only maintains the
comparable effect with simple ¢, sampling, but also outperforms uniform sampling
when facing sparse extremes and high-dimensional complex structures, and achieves
a good balance between high accuracy and high efficiency.

Across both real-world applications, our proposed />-hull strategy consistently
outperforms uniform subsampling, achieving much tighter log-likelihood approxi-
mations and smaller parameter errors, at comparable running times. These results
confirm that coresets enable scalable, accurate MCTM fitting on truly large and

high-dimensional datasets.
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FIGURE 3.17: Coreset performance comparisons on stock-return

datasets. Top row: results for 10 stocks; bottom row: results for 20

stocks. From left to right: (a) log-likelihood ratio, (b) parameter ¢

£, distance, (c) parameter A ¢, distance. Shaded bands indicate +1

standard deviation over multiple independent repetitions, and solid
lines show the averages over the repetitions.

3.3.6 Summary and Conclusion

This study focuses on the coreset approach to enhance efficiency and scalability
of fitting MCTM models to large datasets. Despite MCTM’s advantages in flexibly
modeling complex multivariate joint distributions, its computational burden increases
significantly with increasing sample size and output dimension, which hinders its
direct application to real-world Big Data scenarios. To this end, we develop a novel
coreset construction algorithm, which integrates subsampling based on ¢, leverage
scores with convex hull selection. On the one hand, the ¢, leverage scores ensure that
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TABLE 3.6: List of 10 Selected Stocks

Ticker Company Name
JNJ Johnson & Johnson
PG Procter & Gamble Co.
KO The Coca-Cola Company
XOM  Exxon Mobil Corporation
WMT  Walmart Inc.
IBM International Business Machines Corporation
GE General Electric Company
MMM  3M Company
MCD  McDonald’s Corporation
PFE Pfizer Inc.
TABLE 3.7: List of 20 Selected Stocks
Ticker = Company Name
JNJ Johnson & Johnson
PG Procter & Gamble Co.
KO The Coca-Cola Company
XOM Exxon Mobil Corporation
WMT Walmart Inc.
IBM International Business Machines Corporation
GE General Electric Company
MMM  3M Company
MCD McDonald’s Corporation
PFE Pfizer Inc.
AAPL Apple Inc.
MSFT Microsoft Corporation
INTC Intel Corporation
CsCO Cisco Systems Inc.
AMGN  Amgen Inc.
CMCSA Comcast Corporation
COST Costco Wholesale Corporation
GILD Gilead Sciences Inc.
SBUX Starbucks Corporation
TOT TotalEnergies SE
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the samples focus on particularly informative observations. On the other hand, the
convex hull captures the extreme value patterns of the distribution. In experiments,
it has been demonstrated that the />-hull algorithm reduces the data to a negligible
proportion of their original size. Moreover, the fitting accuracy (log-likelihood ratio,
parameter 9, A distances) are virtually unchanged in contrast to pure ¢, sampling
and the simplest uniform sampling. Our work comprehensively evaluates fourteen 2-
dimensional simulation scenarios and two real-world datasets, with high-dimension
and large sample sizes. Our findings demonstrate that /-hull outperforms uniform
sampling in 12 out of 14 simulated scenarios. Furthermore, it achieves significantly
superior statistical performance in the context of high-dimensional real-world data.
Notably, the running time of ¢,-hull is comparable to that of uniform sampling, yet
it is neither inferior to nor merely comparable to pure ¢, sampling.

The main contribution of this paper is the first introduction of the coreset method
to the complex semi-parametric MCTM framework. Unlike previous coresets, which
were limited to parametric models such as (generalized) linear regression, we pro-
pose a new sampling scheme that naturally combines ¢, leverage score sampling
with iterative convex hull selection, and provide a rigorous theoretical proof of the
error bounds, which ensures that downstream statistical performance measures are
retained in the large-scale data regime. Furthermore, we discuss the intrinsic connec-
tion between MCTMs and normalizing flows (NFs), which have become popular in
machine learning recently: both of them map complex distributions to simple refer-
ence distributions through invertible transformations, thus achieving highly flexible
distribution modeling. This not only provides a new perspective on the connection
of semi-parametric transformation models with deep generative models (Herp et al.,
2025), but also opens up new research directions for inserting coreset techniques
into flow models or combining MCTMs with NFs more closely in the future. Future
research directions of our coreset approach include extensions to semi-parametric
additive or mixed models or to Bayesian settings. Online streaming updating, and
distributed calculation of our coreset construction can be explored to adapt to time-
and location-varying data scenarios. Finally, it is an intriguing question how far our

methods can be generalized to build coresets for NFs.
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Chapter 4

Efficient Computation Methods for
Distribution Distances

4.1 Introduction

Building upon the insights developed in the previous chapters, this chapter shifts
focus from model construction to the principled evaluation of probabilistic out-
puts—particularly those arising from Monte Carlo simulations. In Chapter 3, we
proposed coreset-based approaches to scalable Bayesian inference, where the quality
of posterior approximation was theoretically characterized using Wasserstein-based
bounds. This naturally raises a broader question central to modern statistics and
machine learning: how should we measure the discrepancy between two probability
distributions, especially when the only access to them is through samples?

In contemporary Bayesian computation and generative modeling, Monte Carlo
methods remain the cornerstone for approximating high-dimensional integrals and
posterior distributions. Yet, the reliability of such approximations heavily depends on
the quality of the generated samples. As a result, assessing the fidelity of Monte Carlo
samples becomes a fundamental task—not merely from the viewpoint of convergence
diagnostics, but also in quantifying how close the empirical distribution is to the
true target. This chapter thus aims to formalize distributional discrepancy metrics
such as the Wasserstein distance, MMD, and related kernel-based methods, and
investigates their use in evaluating the performance of Monte Carlo procedures
under both theoretical and practical lenses.

By establishing connections between these metrics and the statistical properties of
Monte Carlo estimates, we aim to provide a rigorous foundation for comparing dif-
ferent sampling strategies and developing more effective sample quality diagnostics
in probabilistic modeling workflows.

While theoretical metrics for comparing distributions are well-established, their
practical implementation and evaluation in applied research settings often remain ad
hoc and inconsistent. In scientific domains, Monte Carlo-based inference pipelines
are widespread, yet researchers frequently rely on heuristic visual checks, marginal
histograms, or convergence diagnostics that do not quantitatively capture the multi-
variate structure of the target distribution.
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Our development of the MCbench benchmark suite is motivated by a practical gap
in standardized, quantitative, and reproducible methods for evaluating Monte Carlo
sampling quality. We observed that in many realistic applications, such as posterior
simulation via MCMC or evidence estimation via Nested Sampling, the absence of
effective diagnostic tools often leads to unreliable inference—particularly when work-
ing with high-dimensional or multi-modal distributions where visual inspections fail.
Moreover, across collaborations with physicists and engineers, we found a consistent
demand for lightweight and extendable frameworks that can compare empirical
samples against ground-truth IID samples using scalable discrepancy metrics such as
sliced Wasserstein and MMD.

By offering a modular Julia-based framework, MCbench serves both as a practitioner-
oriented tool and a research prototype for sample diagnostics. It allows users to input
external samples—e.g., from Stan, PyMC, or custom samplers—and obtain quantita-
tive feedback about how these samples compare to the ideal benchmark. This aligns
with a growing emphasis in modern scientific computing: not only do we require
Monte Carlo estimates, but also transparent justifications of their fidelity.

MCBench thus bridges a methodological gap between theory and practice. It
offers concrete implementation of advanced distance metrics, optimized for compu-
tational efficiency, while remaining agnostic to the underlying application domain.
This makes it a practical contribution not just in Bayesian computation, but also in
applied disciplines where probabilistic sampling is central.

4.2 Background

In this paper, we present MCbench, a benchmark suite designed to assess the quality of
Monte Carlo (MC) samples. The benchmark suite enables quantitative comparisons
of samples by applying different metrics, including basic statistical metrics as well
as more complex measures, in particular the sliced Wasserstein distance and the
maximum mean discrepancy. We apply these metrics to point clouds of both inde-
pendent and identically distributed (IID) samples and correlated samples generated
by MC techniques, such as Markov Chain Monte Carlo or Nested Sampling. Through
repeated comparisons, we evaluate test statistics of the metrics, allowing to evaluate
the quality of the MC sampling algorithms.

Our benchmark suite offers a variety of target functions with different complexi-
ties and dimensionalities, providing a versatile platform for testing the capabilities of
sampling algorithms. Implemented as a Julia package, MCbench enables users to easily
select test cases and metrics from the provided collections, which can be extended
as needed. Users can run external sampling algorithms of their choice on these test
functions and input the resulting samples to obtain detailed metrics that quantify
the quality of their samples compared to the IID samples generated by our package.
This approach yields clear, quantitative measures of sampling quality and allows for
informed decisions about the effectiveness of different sampling methods.
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By offering such a standardized method for evaluating MC sampling quality, our
benchmark suite provides researchers and practitioners from many scientific fields,
such as the natural sciences, engineering, or the social sciences with a valuable tool
for developing, validating and refining sampling algorithms.

A large number of scientific fields use numerical methods to address mathematical
problems which, in most cases, cannot be solved analytically. A common variant is the
Monte Carlo (MC) method. It is based on drawing random numbers from (probability)
distributions defined by the problem at hand and the calculation of suitable quantities,
e.g., expected values. The MC method is mostly used for integration, optimization
and uncertainty propagation. An example for an intensive application of the MC
method in the natural sciences is the simulation of scattering processes in particle
physics, where — experimentally — two types of particles are repeatedly collided
head-on under the same conditions and the resulting interactions are measured by
large detectors. The processes and their resulting experimental signatures can be
accurately modeled, but only be calculated numerically. Another example stems from
the engineering sciences, particularly from civil engineering, where the tilting of the
foundation in consolidation problems of soil is the quantity of interest. There, the
tilting is calculated exactly by a finite element method for specific, fixed values of its
inputs, the soil parameters. However, the soil parameters are subject to uncertainties,
which leads to an uncertain result. To model this uncertainty, MC sampling in
combination with a Kriging model is employed in frequentist as well as Bayesian
analyses, see e.g. Williams and Rasmussen (2006) and Meegen et al. (2025).

A key challenge when using the MC method is to obtain a sampling distribution
that represents the target function sufficiently well. While drawing random numbers
for some specific distributions is trivial, a variety of methods have been developed
since the late 1940s to obtain samples from arbitrary distributions. Besides the brute
force approach of the good old “hit & miss” algorithm, some of the most notable exam-
ples of refined methods include importance sampling and other variance-reduction
techniques, as well as variants of random walk-inspired Markov Chain Monte Carlo
(MCMC), e.g. the traditional Metropolis algorithm (Metropolis et al., 1953). For most
applications, it is desirable that the resulting sample of random numbers is indepen-
dently and identically distributed (IID), so that all random numbers are mutually
independent. Samples generated by MCMC algorithms, for example, are not IID and
often show a significant amount of autocorrelation.

In specific applications, the choice of the sampling algorithm depends on the
characteristics of the probability distribution under investigation, in particular its
dimension and general topology. Conveniently, a variety of software packages and
tools have been made available in recent years that offer sampling algorithms either
in a specific context, e.g. MCMC methods in conjunction with statistical inference
such as Stan (Carpenter et al., 2017) or BAT. j1 (Schulz et al., 2021), or as stand-alone
numerical methods. Regardless of whether one uses existing tools or develops one’s
own software code, it is important to evaluate the quality of the generated samples. In
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particular, with high-dimensional distributions it is often not easy to assess whether
the generated samples represent the target function in all corners of the phase space.

Although the need to compare samples from high-dimensional distributions has
been recognized in various fields, e.g. in applications in particle physics (Grossi et al.,
2025), there is as yet no general, domain-neutral tool that is modular in terms of test
metrics, flexible in the definition of test cases and easy to use. This paper attempts
to close this gap by introducing the MCbench package as a general benchmark suite
developed specifically to evaluate the quality of MC sampling algorithms. The suite
provides a selection of concrete test functions — with strong variation in dimension
and complexity — from which the user can generate samples. The resulting point
clouds are read into the software package and then compared with a large set of
IID-produced samples of the same distributions. For this purpose, several uni- and
multidimensional metrics with sensitivities to a wide range of different features are
evaluated. The paper is structured as follows: after an outline of the basic design
idea of the benchmark suite (Section 4.3), the different test functions (Section 4.4)
and the various implemented metrics (Section 4.5) are described, followed by the
implementation details (Section 4.6). Finally, selected problems are discussed in detail
to demonstrate the application of the benchmark suite (Section 4.7).

4.3 Design Ideas and Workflow

The benchmark suite evaluates the quality of a sampling algorithm by comparing
sample distributions drawn from well-defined test functions using (a) the algorithm
under study and (b) algorithms that produce IID-samples. Several metrics are used
for the comparison. The general workflow of the benchmark suite is illustrated in
Figure 4.1 and comprises three steps:

Choice of Test Function and Generation of Samples Users select a specific test
function from the available list and implement it as a target function in a sampling
code of their choice that provides an implementation of the sampling algorithm under
test. The test functions vary in dimensionality and complexity. A detailed list of the
available test functions is provided in Section 4.4. Example implementations of all
test functions included in the list to be used with Stan, PyMC and BAT. j1 are available
at the GitHub repository of the project!. Users generate samples from the target
function which are then saved into a file.

Comparison of Distributions The user-generated samples are compared against
automatically generated IID samples from the same target function using the metrics
detailed in Section 4.5. For the basic statistical measures (Section 4.5.1), both the IID
and user-generated samples are partitioned into m batches, each with an (effective)
sample size of n. Evaluating these metrics across the batches yields histograms of

Ihttps://GitHub. com/tudo- physik-e4/MCBench
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the expected values, where the distribution widths capture the statistical variation
inherent to the finite sample size. Note that the computation of the effective sample
size depends on the specific sampling method and can be implemented individually.
As a default, the ratio of the squared sum of the weights divided by the sum of their
squares is used as an estimate. The metrics are again evaluated for each of these
batches, enabling a direct comparison between the distributions derived from the
user-generated samples and those obtained from the IID samples. For the advanced
statistical measures described in Section 4.5.2 that involve two-sample comparisons,
we evaluate the metrics by performing IID vs. IID comparisons to generate the
expected distribution, as well as IID vs. user-generated sample comparisons to assess
the performance of the sampling algorithm under investigation.

Visualization of the Results In the final comparison plots, we present the distri-
butions of the metrics in a normalized way, see e.g. Fig. 4.1 (bottom right). The
mean value of each metric calculated from the set of [ID-sampled distributions are
centered around 0 (black vertical line). The regions corresponding to the 1 0-, 2 o-,
and 3 o-ranges of each metric calculated from the IID-sampled distribution are col-
ored green, yellow, and red, respectively. By overlaying the mean value and the
standard deviation of the metric evaluated on the user-generated samples (marker
with horizontal error bars), we provide a straightforward visual comparison between
the IID and the user-generated samples.

batches of IID EpalsEanpe Mean of x1

metrics 60

samples 0
automated 11D oo N = |
sampling through e R - !

MCBench package

uonezi[ewIoN

Sliced Wasserstein distance

two-sample
P : metrics: 5 2 o 1 2
List of test functions 1D vs. IID lgg; metric - mean(metrc) / stmetrc
[ 7] ] batches of user two-sample Sliced Wasserstein distance
ey generated samples uservs. D

= single-sample Mean of x1

metrics
read mtoﬁMCBench
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in user-selected
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FIGURE 4.1: Ilustration of the MCbench benchmark suite workflow.
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4.4 Target Functions

The benchmark suite provides a number of target functions that cover a wide range
of complexities, including varying dimensionality, multi-modality, and correlations.
They are chosen to represent practical applications or show specific features that
challenge sampling algorithms. All target functions provided are IID-sampleable,
which is a requirement for the benchmarking process. The list of target functions
used is shown in Table 4.1. We present two detailed walkthrough examples in
Section 4.7, namely the one-dimensional Gaussian case and a three-dimensional
bimodal distribution.

The target functions include standard normal distributions for multiple dimen-
sionalities, correlated normal distributions, Cauchy distributions and mixture models
which are used to create multimodal distributions.

In addition to the standard functions, we also include the eight schools example
from the posteriorDB database (Magnusson et al., 2024), which is a model used
to estimate the effects of coaching programs on student performance. The model

consists of three hierarchical prior distributions:

n=N(0,5)
T = Cauchy(0,5) - I(t > 0)
0, =N(u,7t) for i=1,...,8.

Given 0; and 6;, the likelihood is given by:

8

L6, 0y) =[N (vil6i, o). (4.1)

i=1

In order to compare the performance of the samplers, IID samples are drawn using
a simple accept-reject algorithm for the eight schools example. These test functions
provide a basis for evaluating the performance of the samplers across a range of
different distributions and complexities. In addition to the implementation of the test
functions in Julia, we also provide examples of how to use the test functions in PyMC
and Stan. These examples as well as supplementary information about the test cases,
such as evaluation of the function for specific test points, are provided in the GitHub

repository for the benchmark suite 2.

4.5 Metrics

Our benchmark suite offers a collection of statistical distance measures, or metrics,
to assess discrepancies between two sets of samples and to evaluate if they are
drawn from the same target distribution. These metrics vary in their sensitivity to
specific features of the distributions and their robustness in detecting discrepancies.

Zhttps://GitHub. com/tudo-physik-e4/MCBench
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Name Equation Properties
1 _G=w?
Standard Normal 1D flx|uo)= > e 2 Unimodal
o
_ —k/2 -1/2
Standard Normal kD Ne(pZ) = (2171) det(Z) Unimodal,
uncorrelated -exp <_2(x — V)Tzfl(x _ .“)) k=2,3,10,100
Standard Normal kD Ne(p, 2) r=0.2,0.9
weakly /strongly correlated T=r-J+(1—-7r)-I k=2,10,100
Mixture Normal kD flx|puXZ) =025 Ne(p,Z) +0.75 N (=1, 2) Multimodal
strongly correlated T=r-J+(1—7r)-I r=09k=23,10
1 1
1+ ()
8 2
) _ 1 (vi — 6:) For more details
Eight schools example L6 |y) = l—[ exp <_%'—1‘2 see Section 4.4

i=1 y/2m0?

TABLE 4.1: List of test cases used in the benchmark suite including

names, equations, and properties. The J refers to a matrix filled with

ones while I refers to the identity matrix. More details about the test
cases can be found in the documentation of the benchmark suite.

We employ both basic, well-known metrics and more advanced statistical distance

measures, which we briefly summarize in the following section.

4.5.1 Basic Statistical Distance Measures

Traditional descriptive statistics, such as the mean, variance, and chi-square test
statistics provide fundamental insights into the characteristics of a data set. These
basic measures allow users to easily grasp the distribution’s key features, including its
central tendency (mean) and variability (variance). They are particularly well-suited
for analyzing low-dimensional data or projections of high-dimensional data, offering
a preliminary and intuitive understanding of the data distribution. However, these
basic statistical measures reach their limitations when analyzing high-dimensional
or multimodal data. The overall structure and distributional characteristics of such
data are often inadequately captured due to the so-called curse of dimensionality.
Therefore, introducing more complex statistical distance measures becomes necessary
to examine high-dimensional data at a finer level of detail.

In general, a statistical distance should satisfy several properties as follows
(Munkres, 2000):

Definition 4.5.1 (Distance Function / Metric). Let X be a set. A functiond : X x X —
R is called a metric (or distance function) on X if it satisfies the following conditions for all
x,y,z € X:
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* Non-negativity:
d(x,y) > 0.

Identity of indiscernibles:

dix,y) =0 <= x=y.

Symmetry:
d(x,y) = d(y, x).

Triangle inequality:
d(x,2) < d(x,y) +d(y, 2).

4.5.2 Advanced Statistical Distance Measures

Complex distance metrics are specifically designed to measure the similarity of two
distributions in high-dimensional and complex cases. In particular, such metrics not
only refer to the overall shape of data distributions but also to particular differences
between them, and hence, provide a more expressive method of comparison. In
general, statistical distance measures quantify the divergence between two probability
distributions and are widely used in many data analysis and machine learning tasks.
So far, we have implemented two advanced statistical distance measures: the (sliced)
Wasserstein distance (SWD) and the maximum mean discrepancy (MMD). Further
statistical distance metrics are planned to be implemented in the future.

The Sliced Wassertein Distance

The Wasserstein distance, or Earth Mover’s distance, is a statistical measure of dis-
similarity between two probability distributions. In the context of optimal transport
theory, the Wasserstein distance can be understood as the minimum cost required to
transport a mass from one probability distribution to another. This theory was first
proposed by the French mathematician Gaspard Monge in 1781 (Monge, 1781) and
later further popularized and developed by the Russian mathematician Leonid Kan-
torovich in the 20th century (Kantorovich, 1942). Recently, the Wasserstein distance
has been widely used in different fields of machine learning and statistics. Examples
include Wasserstein-Generative-Adversarial-Networks (Arjovsky et al., 2017) and the
approximation of the posterior distributions in Bayesian statistics (Ding et al., 2024).

According to Panaretos and Zemel (2019), the p-Wasserstein distance between

two probability measures y and v is given by

1/p
W, (1, v) = inf (E[X —Y[|")"? = ( inf —y|Pdy(x, , p>1
p00) = ot EIX Y1) (Lt [ lr=vlPirtn) , pz
~v
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Here, the element y € T'(y, v) can be viewed as a coupling of ; and v, which is a
joint distribution with the given marginal distributions y and v on each axis. In the
discrete case, this analytical expression can be interpreted as follows: for v € I'(p, v)
and any pair of positions (x,y), the value of y(x, y) represents the proportion of the
mass of y that is transferred from x to y in order to transform y into v.

Although the Wasserstein distance can accurately measure the distance of two
probability distributions, especially for its consideration of the geometric structure of
the distributions, the computational complexity is generally large with O(n®logn).
Also, it suffers the curse of dimensionality, where the sample complexity increases
with the dimension d by O(n~1/%), see Nguyen and Ho (2022). This means that when
d increases, an exponential increase in sample size is required to maintain the same
estimation accuracy.

To overcome the problematic scaling for high-dimensional test cases, the bench-
mark suite uses the sliced Wasserstein distance. It approximates the difference
between high-dimensional distributions by first projecting them onto one dimension
along various random directions, then computing the one-dimensional Wasserstein
distance for each projection, and finally averaging these one-dimensional distances.
This method was first proposed in Rabin et al. (2012) using a random projection ap-
proach, and was later extended using the Radon transformation method, see Bonneel
et al. (2015). The random-projection-based SWD is defined as:

Definition 4.5.2 (Sliced Wasserstein Distance). Let y and v be probability distributions
defined on R? with the sliced Wasserstein distance defined as:

1/p
SWDyp(u,v) = < /S WY (Pop, Pav) d9> : (4.2)

Here, 5%~ is the unit sphere in R?. Pyu and Pyv denote the one-dimensional
projected distributions obtained by projecting y and v onto the direction 6 respectively.
The W), (Pop, Pyv) is the p-Wasserstein distance projected onto the direction 6.

Since it is not possible (and not necessary) to project onto all possible 6 directions,
the Monte Carlo method is used to approximate the above integrals with a finite
number of randomly sampled directions {6;}-_;:

L

1/p
1
SWD, (p,v) =~ (L W} (Py,u, Peﬂ)) : (4.3)

i=1

The process of implementing the sliced Wasserstein distance can be summarized
as follows:

1. Random projection: Project the high dimensional data x & RY into one dimen-
sion, i.e., compute 6" x, where 6 is a random unit vector on the unit sphere
gd-1,



68 Chapter 4. Eftticient Computation Methods for Distribution Distances

2. One-dimensional Wasserstein distance: computing the Wasserstein distance
between two distributions in a one-dimensional space has an analytic solution,

which can be efficiently accomplished by a sorting operation.

3. Composite result: By computing the one-dimensional Wasserstein distance in
multiple random directions and averaging or taking the expected value, the
sliced Wasserstein distance is obtained, which serves as an approximation to
the high-dimensional Wasserstein distance.

We show here some basic properties of the SWD. The majority of our proofs follow
the seminal work established in Bonnotte (2013), which provides a comprehensive
theoretical foundation for optimal transportation methods. The following theoretical
framework establishes the fundamental characteristics of SWD, with particular em-

phasis on its metric properties and convergence behavior in probability spaces.

Theorem 4.5.3 (Metric Property). The Sliced Wasserstein Distance SWD,, defines a proper

metric on the space of probability measures.

Proof. To prove that SWD, is a metric, we need to verify four properties: non-
negativity, symmetry, triangular inequality, and positive definiteness.

Non-negativity and symmetry: Since W, is non-negative and symmetric, and the
integral maintains non-negativity and symmetry, SWD), naturally satisfies these two
properties.

Triangle inequality: Using the triangle inequality for W, and the linearity of the
integral, it can be shown that SWD,, satisfies the triangle inequality.

Positive definiteness: the key is to show that SWD,(y,v) = 0 implies u = v.
Assume SWD,(u,v) = 0, then for every 6 € S?~1, we have

This means that for all 8, the projective distributions of y and v in the direction 8 are
the same.
Using the Fourier slice theorem, the Fourier transforms of y and v are the same in
all directions:
Fu(sl) = F (0u) (s) = F (0v) (s) = Fu(sh). (4.4)
Due to the invertibility of the Fourier transform on R?, this shows that y = v. [
Lemma 4.5.4 (Equivalence Bounds, Bonnotte, 2013). For u,v € Pp(IR?), there exists a
constant cq , such that:
SWDy(u,v)P < capWp(1,v)?, (4.5)

where ¢, = 5 [ 0]5d0 < 1.
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Further, regarding the convergence rate, Bonnotte (2013) showed the following

Lemma.

Lemma 4.5.5 (Convergence Rate). For measures supported in B(0,R), there exists a
constant Cy > 0 such that:

Wi (p,v) < CuRY @DSW (u, v) /(1) (4.6)

For detailed proofs of Lemma 1 and Lemma 2, see Bonnotte (2013).

Next, we give some illustrations of how the projection process of the sliced

Wasserstein distance works.

Original 2D Distributions Projection Process 1D Projected Distributions

6 61 ] [0 Projected Dist 1
Projected Dist 2

Distribution 1
Distribution 2

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4 6

FIGURE 4.2: Illustration of the sliced Wasserstein distance computation
process with 2D Gaussian distributions.

The left panel shows two original distributions in 2D space: a single Gaussian
distribution (blue points) and a mixture of two Gaussians (orange points). The
key insight of SWD is to project these high-dimensional distributions onto one-
dimensional spaces. In the specific illustration here, we show a two-dimensional
case, as shown by the red projection direction. The middle panel demonstrates
this projection process, where each point is mapped onto the chosen direction. The
right panel reveals the resulting one-dimensional probability kernel estimation after
projection, effectively transforming our original distributional comparison problem
into a simpler one-dimensional optimal transport problem.

The effectiveness of the SWD relies on using multiple random projections to
capture different aspects of the distributional differences. As illustrated in Figure 4.3,
different projection angles reveal distinct characteristics of the distributions. When
f = 0, the projection highlights the horizontal spread of the distributions, while
larger angles progressively capture the vertical structural differences. This demon-
strates why using multiple random projections is crucial for accurately computing
the SWD, as each projection angle may capture different aspects of the distributional
discrepancy.

Figure 4.4 provides an empirical analysis of the SWD in a low-dimensional
setting. The convergence plot (a) demonstrates that the SWD rapidly approaches the
true Wasserstein distance within the first 25 projections and stabilizes thereafter. The
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Projection Direction 8 = 0.00 Projection Direction 6 = 0.52 Projection Direction 6 = 1.05

—24
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FIGURE 4.3: Effect of different projection angles (8 = 0,7/6,7/3)
on sliced Wasserstein distance computation. These directions are for
visual illustrations only.

variance analysis (b) confirms this observation by showing a significant reduction
in standard deviation as the number of projections increases. For this specific low-
dimensional scenario, these results suggest that approximately 50 projections are
sufficient for obtaining a reliable approximation while maintaining the computational
efficiency of O(Lnlogn), a substantial improvement over the O(n®log 1) complexity
of the exact Wasserstein computation (Xie et al., 2020; Le et al., 2024).

However, it is crucial to note that this rapid convergence to the true Wasserstein
distance does not generalize to high-dimensional spaces. Theoretically, the number of
random projections L required to approximate the exact Wasserstein distance within
a small error € scales exponentially with the dimension d, suffering from the curse
of dimensionality with error bounds roughly proportional to (1/€2)4. Consequently,
in high-dimensional applications, using a small, fixed number of projections (e.g.,
L = 50) will fail to yield a tight approximation of the original Wasserstein distance.
Nevertheless, from a practical standpoint, the SWD remains a highly valuable compu-
tational tool in modern scalable inference. In high-dimensional regimes, the objective
shifts from strictly approximating the exact Wasserstein distance to utilizing the SWD
as an efficient, standalone discrepancy measure. Since the SWD inherently defines a
valid distance metric between distributions, using a tractable number of projections is
empirically sufficient to capture structural differences and drive model convergence,
circumventing the prohibitive O(n®logn) computational bottleneck.
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(a) Convergence be- (b) Variance reduc-
havior of SWD tion analysis

FIGURE 4.4: Empirical analysis of sliced Wasserstein distance: (a)

shows the convergence to true Wasserstein distance as the number

of projections increases, with the blue shaded area representing one

standard deviation; (b) demonstrates the decreasing trend of standard

deviation with more projections, indicating improved stability of the
estimation.

Maximum Mean Discrepancy

The maximum mean discrepancy (MMD) measures the distance between two dis-
tributions by comparing moments in a high-dimensional feature space. It maps the
data into a Reproducing Kernel Hilbert Space (RKHS) and computes the distance
between the mean embeddings of the two distributions to measure their divergence.
The advantage of MMD is its effectiveness in handling high-dimensional data and its

good performance with complex distributions. Gretton et al. (2012a) defines it as

Definition 4.5.6 (Maximum Mean Discrepancy in RKHS). Let (#, k) be a reproducing
kernel Hilbert space with kernel function k : X x X — IR. For two probability measures p
and q defined on a metric space X, assuming E [k(x, x)] < oo and E,[k(y,y)] < oo, the
maximum mean discrepancy is defined as:

MMDIp,q] = ||up — pqlln (4.7)

where yy, and pg are the mean embeddings of distributions p and q respectively in H,
defined as:

pp = Explk(x, )] and g =By ylk(y,-)]- (4.8)

The squared MMD can be expanded in terms of kernel functions as:

MMDz[P/ q) = Eyyp [k(x, x")] + Eyyq [k(y, y/”

(4.9)
—2Expy~qk(x,y)].

MMD has been widely applied in numerous machine learning tasks, including

two-sample tests, domain adaptation, and generative model evaluation. Compared
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to the Wasserstein distance, MMD has an advantage in high-dimensional data pro-
cessing because it can flexibly capture the higher-order structural features of the data
through the choice of kernel functions.

The choice of kernel function in MMD significantly affects its performance and
ability to characterize differences between distributions. Commonly used kernels
include the Gaussian, Laplacian, Polynomial, Linear, and Sigmoid kernels. Notably,
generalized kernel families such as the Matérn kernel or the powered exponential
kernel provide a flexible interpolation between the Laplacian and Gaussian ker-
nels (Williams and Rasmussen, 2006). This generalization mathematically mirrors
the shape-adaptive nature of the p-generalized normal distribution utilized in our
Bayesian p-probit model (discussed in Chapter 2). Recognizing this connection of-
fers a unified perspective on controlling tail behavior and smoothness across both
regression modeling and distribution comparison.

Despite the existence of such generalized families, our benchmark suite employs
the ubiquitous Gaussian kernel kg (x, y) as the default choice for evaluation, which is
defined as:

2
kc(x,y) = exp <—Hx202yH> . (4.10)

The parameter o (the kernel width) plays a critical role in determining its sen-
sitivity. A commonly used approach for selecting ¢ is the median heuristic, which
sets ¢ to the median of pairwise distances among data points. As noted by Gretton
et al. (2012a), using the median heuristic for bandwidth selection can improve the
performance and stability of MMD-based statistical tests. For a more detailed discus-
sion on the characteristic kernels and the parameter choices of the MMD, we refer to
Sriperumbudur et al. (2010) and Gretton et al. (2012b).

In practice, the empirical squared MMD can be computed as follows:

4.11)

where k(-, ) represents the kernel function, X = x1, xy, ..., X, contains n data points,
and Y = y1,¥2,...,Ym contains m data points.

Despite its theoretical elegance and ability to detect differences between distribu-
tions, the practical application of MMD faces significant computational challenges,
especially when dealing with large-scale datasets.

Therefore, in practice, a common approach is to approximate the kernel calcula-
tions. A popular method is to use the Random Fourier Features (RFF). The theoretical
justification for RFF comes from Bochner’s theorem (Bochner, 1959).
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Both, the original MMD calculation for the Gaussian kernel as well as its cor-
responding RFF approximation are implemented in the benchmark suite. It can
be shown that the computational complexity for the original Gaussian MMD is
O(d - mn). If n ~ m, the computational complexity becomes O(d - n?). This is because
computing all pairwise kernel evaluations requires O(n?) operations, and each kernel
computation involves O(d) time due to the dimensionality of the data.

For large sample sizes, the memory and computational requirements would be
substantial. Therefore, we recommend using the RFF to obtain the approximated
MMD for large sample sizes, with a computational complexity of O(D(n + m)d),
where D is the number of Random Fourier Features. In practice, if D < n, the
computational time and memory requirements would be significantly reduced.

The maximum mean discrepancy (MMD) was first introduced by Gretton et
al. (2006), in which the authors introduced MMD as a measure to compare two
distributions. It was then introduced in Gretton et al. (2012a), which includes detailed
theoretical introduction and its statistical properties.

In reproducing kernel Hilbert space (RKHS), the computation of MMD can actu-
ally be performed directly via the kernel function without explicitly computing the
embedding in the high-dimensional feature space. The essence of the kernel trick
is to implicitly compute in high-dimensional feature spaces by defining the kernel
function k(x, y) without having to explicitly compute the feature map ¢(x). This
allows us to compute efficiently in high-dimensional or even infinite-dimensional
feature spaces.

For two datasets of size n in d dimensions, computing the empirical MMD with a
Gaussian kernel requires evaluating O(n?) pairwise distances, leading to an overall
time complexity of O(n?d). In our empirical analysis, the memory requirements
for MMD computation pose significant constraints, particularly when processing
high-dimensional samples. When dealing with samples of dimension d = 100,
the computation becomes computationally intractable as n exceeds 10,000 samples,
primarily due to the quadratic memory complexity O(n?) required for storing the
kernel matrix.

Therefore, some approximation methods that can be used for fast computation
and with lower complexity have been proposed.

For the Laplacian kernel, Bodenham and Kawahara (2023) presents an efficient
computational method, euMMD, for the computation of MMD statistics on one-dimensional
data, reducing the complexity from O(n?) to O(nlogn). In the high-dimensional
case, the authors further borrowed the idea of the slicing idea of the SWD to map the
high-dimensional data to one-dimensional by random projection, which is utilized

for the approximation computation so as to maintain the computational efficiency.

Random Fourier Features for MMD approximation
For the Gaussian kernel, a popular approach is to use the Random Fourier Features
(RFF) to approximate the kernel calculation. The theoretical justification for RFF
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comes from Bochner’s theorem (Bochner, 1959), which can be summarized as follows:

Theorem 4.5.7. Bochner’s Theorem
A continuous, shift-invariant kernel function k(6) = k(x — y) is positive definite if and
only if it is the Fourier transform of some non-negative finite Borel measure y, i.e.:

ko) = [ e dn(aw),

where § = x —y, w € RY, and i are imaginary units.

Bochner’s theorem shows that any continuous, shift-invariant, positive definite
kernel function can be expressed as the Fourier transform of a non-negative finite
Borel measure. For a detailed proof of this, see Bochner (1959). Based on Bochner’s
theorem, we can represent the shift-invariant kernel function as a Fourier transform

form. For example, for the Gaussian kernel function we have

Ix —yI?
k(x,y) = exp <—%z :
It can be expressed as:

T

k(5) :/]Rdei“’ p(w)dw,

where p(w) is the Fourier transform of a Gaussian kernel p(w) = N (w;0,2021)
and let
plw) = (210 2) "2 exp(~|lw|?*(e?/2)).

RFF approximates the frequency {w;} by randomly sampling the frequency from
the distribution p(w) for w, thus approximating the otherwise infinite-dimensional
integral representation to a finite-dimensional inner product representation.

In order to convert the complex exponential representation to the cosine represen-
tation, we sample a shift {b;} from the uniform distribution ¢/ (0, 27r), which can be
verified by:

Ej[cos(w”x 4+ b) cos(wTy +b)] = % cos(w™ (x —y)).
By taking the real part and using Euler’s formula ¢ = cos 6 + i sin 8, we have:

k(x,y) = /]Rd 2cos (wa + b) cos (wTy + b) p(w)dw.

Using the Monte Carlo integral, we have

182 -
k(x,y) ~ 5 ;cos(wi (x —vy)).
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Finally, define the mapping z : R — RP :

.
z(x) =4/ % [cos(wlTx +by),cos(w, x +by),. .., cos(wpx + bp)} :

With the above mapping, the kernel function can be approximated as:

k(x,y) = (2(x),2(y)),

where (-, -) denotes the Euclidean inner product. In this way, the computation of the
Gaussian kernel is transformed from the explicit exp(%) to the computation of
the inner product of two D-dimensional feature vectors.

To demonstrate the effectiveness and computational efficiency of MMD and
RFF MMD in distributional difference measures, we designed a small illustration

comparison experiment.

Sample Distributions Density Contours

-3 -2 -1 0 1 2 3 -4 -3 -2 -1 0 1 2
MMD Convergence RFF Approximation Error
0.80
=== True MMD —8— Mean Relative Error

~—— RFF MMD

MMD Value
Relative Error

0.60
107!

T T T 1072 T T
10t 102 10° 10t 102
Number of Random Features

Number of Random Features

FIGURE 4.5: [llustration of the MMD and RFF-MMD comparison using
two multi-modal Gaussian distributions.

As shown in the Figure 4.5, the experiments use different multi-modal distribu-
tions P and Q that have clear spatial separation characteristics in the two-dimensional
plane. The results show that the RFF MMD estimates exhibit good convergence
properties as the random feature dimension D is increased from 10 to 1000, with the
relative error decreasing monotonically from 0.2 to 0.03. In particular, the confidence
interval continues to narrow after D > 100, although the rate of error reduction
tends to slow down, confirming that the RFF method is able to provide a reliable

approximation of the MMD while maintaining computational efficiency.
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4.6 Implementation Details

We have developed our benchmark suite in the Julia programming language, which
combines high performance with user-friendly syntax. Julia uses a just-in-time com-
piler that ensures efficient execution of computationally intensive tasks such as MC
sampling. Its syntax is similar to that of the Python programming language, featuring
a script-like structure and dynamic typing, making it easy to learn and straightfor-
ward to use for scientific applications. Julia’s rich ecosystem of packages for numerical
calculations and statistical analysis makes it an ideal choice for implementing our
benchmark suite.

The benchmark suite comes in the form of a Julia package and can be installed
via the Julia package manager. It offers three main objects, corresponding to the three
essential components needed for benchmarking: test case, sampler, and metrics. The
implementation details of these components are discussed in the following.

The Test case objects describe the selected IID-sampleable target distributions.
These objects are designed to be compatible with the Distributions.jl package
(Besangon et al., 2021; Lin et al., 2019), which makes them easy to use as parts of
test cases. Typically, the user will choose a test case from the list described in Section
4.4. But also custom test cases can be implemented using the TestCase datatype and
linking to distributions or mixture model distributions from the Distributions. j1
together with the chosen boundaries of the free parameters. For more complex or
custom target functions that are not part of the Distributions. j1 package, users can
also define custom Target datatypes. In such a case, the user needs to implement the
Base.rand and Distributions.logpdf functions for these types, which are needed
for generating IID samples. Most of the target functions presented in Section 4.4
are implemented using the Distributions. j1 package. The Eight Schools problem
is implemented with a custom target function based on posteriorDB derived using
Stan and BridgeStan. j1 (Roualdes et al., 2023).

The sampler object consists of information about the selected sampling algorithm
and its properties. Samplers can be added by defining new structs as subtypes of the
SamplingAlgorithm datatype and providing a specific implementation of the sample
functions. These types provide the functionality to define a TestCase, a sampler and
a number of samples, and they return a set of samples as a DensitySampleVector
object using the desired sampler.

As an alternative to sampling the distributions on the fly by directly interfacing
to a sampling framework, our benchmark suite allows to read in pre-sampled data
using the FileBasedSampler datatype and a user-defined path to either a directory
or single file. The samples should be stored in a file format that can be read by the
FileBasedSampler object, e.g. the CSV or HDF5 format. Samples can also be provided
directly as a DensitySampleVector object. This allows the user to use custom formats
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supported by any other Julia package, such as JLD2.j1 %, and HDF5. j1 .

The metric objects contain the result of the evaluated metric and its properties.
Each of the metrics introduced in Section 4.5 is its own type and extends the abstract
type TestMetric. The implementation of the metric requires a calcmetric function
that takes a DensitySampleVector and returns a vector of metrics itself. In the case
of two sample tests, the metric type is TwoSampleTestMetric and the function re-
ceives two DensitySampleVector instances. The evaluation of a metric on the sample
batches is performed in parallel using the Folds.jl ° package, which allows for
efficient computations on multiple threads. The test statistics for each metric and
test case can be built iteratively and are written into a JSON file for further analysis.
The calculation of the Wasserstein Distance is based on the R implementation of the
transport package (Schuhmacher et al., 2024). For the MMD, the IPMeasures. j1 °
package is used while the Distances. j1 7 package provides the calculation for the
kernel width.

As an example, we can use the following code snippet to test the Metropolis-
Hastings sampler of the BAT. j1 package on a standard normal distribution in three
dimensions which is provided as a test case. The marginal_mean, marginal_variance

and sliced_wasserstein_distance metrics are used for the evaluation.

testcase = Standard_Normal_3D_Uncorrelated
metrics = [marginal_mean(),marginal_variance(),sliced_wasserstein_distance()]
sampler = BATMH()

Alternatively, the user can use the FileBasedSampler to read in pre-sampled data:

sampler = FileBasedSampler ("samples.csv")

After defining the test case, the set of metrics used, and the sampler, the user can
build the test statistic and plot the metrics using the following commands:

build_teststatistic(testcase, metrics, n=100, n_samples=1075)
build_teststatistic(testcase, metrics, n=100, n_samples=10"5, s=sampler)

plot_metrics(testcase,metrics,BATMH())

The resulting plot will show the distribution of the metrics for the given test
case and sampler compared to IID samples from the target distribution as will be

demonstrated in the following section.

Shttps:/ /GitHub.com /JulialO /JLD2.jl

4https:/ /GitHub.com /JulialO /HDF5.jl

Shttps:/ /GitHub.com/JuliaFolds/Folds.jl
bhttps:/ /GitHub.com/JuliaFolds/IPMeasures.jl
"https:/ /GitHub.com /JuliaFolds/Distances.jl
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4.7 Walkthrough Example

We demonstrate the usage of the benchmark suite by evaluating the performance
of the default Metropolis-Hastings sampler provided by the BAT. j1 package. The
evaluation is carried out on the basis of two test cases of varying complexity: A
basic example using a standard normal distribution in three dimensions and a more
complex, multimodal mixture model of two correlated normal distributions in three

dimensions.

4.7.1 Basic Example: Standard Normal Distribution in 3D

The test case is a three-dimensional normal distribution without correlation. It is
expressed using the Distributions. j1 package as follows, which allows the bench-
mark suite to generate IID samples on the fly:

f = MvNormal (zeros(3), I(3))
bounds = NamedTupleDist(x = [-10..10 for i in 1:3])
Standard_Normal_3D_Uncorrelated = Testcases(f,bounds,3, "Normal-3D-Uncorrelated")

Then, the metrics and the sampler to be used for this test case are defined:

metrics = [marginal_mean() ,marginal_variance(),

sliced_wasserstein_distance() ,maximum_mean_discrepancy()]

sampler = BATMH(n_steps=10"5, nchains=10)

In this case, the sampler is directly interfaced to the BAT. j1 package. Alternatively,
when using a different sampling software package, it is possible to load the sample

using the FileBasedSampler as follows :

sampler = FileBasedSampler ("samples.csv")

After defining the test case, metrics, and sampler, the test statistic for the IID samples
and the samples generated by the Metropolis-Hastings sampler are generated:

teststatistics_IID = build_teststatistic(Standard_Normal_3D_Uncorrelated, metrics,
n=100, n_steps=10"5, n_samples=10"5)
teststatistics_MH = build_teststatistic(Standard_Normal_3D_Uncorrelated, metrics,

n=100, n_steps=10"5, n_samples=10"5, s=sampler)

As an example, a one-dimensional marginalized distribution for the IID-samples
(blue) and the samples using the Metropolis-Hastings algorithm (red) are shown in
Figure 4.6a. The two distributions are visually indistinguishable. For the metrics, 100
batches of 10° samples each are used to evaluate the mean values and variances of all
marginal distributions as well as the SWD and the MMD. Finally, an overview of the
metrics is generated comparing the samples from the Metropolis-Hastings sampler
with the IID samples:
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FIGURE 4.6: One-dimensional marginalized distributions for both test
functions used in the examples using both IID sampling (blue) and
Metropolis-Hastings (red).

plot_metrics(Standard_Normal_ 3D_Uncorrelated,metrics,sampler)

Figure 4.7 shows the expected mean values (black vertical line at 0) and standard
deviations (colored regions for one, two, and three standard deviations) of each
metric evaluated with the IID samples and compares them with the mean values
(marker) and standard deviations (horizontal error bars) of the metrics evaluated
with the samples provided by the Metropolis-Hasting sampler. In this concrete
example, the metrics derived with the Metropolis-Hastings sampler roughly match
the expectations in a sense that the mean values and standard deviations are close.
A slight overestimation of the variance of the metrics is observed and is due to an
overestimation of the effective sample size. The effective sample size is smaller than
the actual sample size because of the autocorrelation of the samples that is intrinsically
introduced by the Metropolis-Hastings algorithm.

For a closer look on the metrics, the distribution of the metrics for the samples
generated by the Metropolis-Hastings sampler and the IID sampler can be plotted:

plot_teststatistic(Standard_Normal_3D_Uncorrelated,metrics[1],sampler,nbins=20)

plot_teststatistic(Standard_Normal_3D_Uncorrelated,metrics[3],sampler,nbins=20)

The distributions for the mean of the first dimension (left) and the SWD (right) are
shown in Figure 4.8 and provide a detailed view of the distribution of the metrics for
the Metropolis-Hastings sampler (red) compared to the IID samples (blue).
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FIGURE 4.7: Mean values and standard deviations of several metrics
calculated with IID samples (colored bands) and samples produced
with the Metropolis-Hastings sampler implemented in BATjl. The
samples are drawn from an uncorrelated standard normal distribution
in three dimensions. The metrics are normalized to the mean and
variance of the IID samples from the target distribution.
N [-3D-U lated-Mean-x1
orma neorrelated-tean- Normal-3D-Uncorrelated-SlicedWasserstein
300 — BAT-MH, n = 100
100
.§ sor @ 200
g eor g
&
a0
100 -
20 -
Oy L L L H
-0.010 —0.005 0.000 0.005 0.010 [ L L L n
Mean 0.0050 0.0075 0.0100 0.0125 0.0150

SlicedWasserstein

(a) Mean of the

marginalized distri- g)l)sts;:ceed }/Zisile\ftgl[r)l
bution of the first distribution

dimension.

FIGURE 4.8: Example of the distributions of the metrics for the
Metropolis-Hastings sampler and the IID samples for a standard nor-
mal distribution in 3D.
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4.7.2 Complex Example: Mixture Model of Correlated Normal Distribu-
tions in 3D

The second test case is a mixture model of two correlated normal distributions in 3D.
The definition of the test case can be expressed using the Distributions. j1 package
as follows:

r =5

f1 = MvNormal (r*ones(10), ones(10,10)*0.9 + I(10)*0.1)

£2 = MvNormal (-r*ones(10), ones(10,10)*0.9 + I(10)*0.1)

f = MixtureModel([f1,£2], [0.25, 0.75])

bounds = NamedTupleDist(x = [-100..100 for i in 1:10])
normal_3d_multimodal_10std = Testcases(f,bounds, 10, "Normal-3D-Multimodal-10std")

The generation of samples, the evaluation of the metrics, and the generation of the
test statistics are performed analogously to the basic example. As an example, a one-
dimensional marginalized distribution of the samples for both methods is shown in
Figure 4.6b. While the samples might look similar at first glance the relative strength
of the magnitude of the modes is significantly different. This effect is observed
in all one-dimensional marginals. The resulting distribution of the metrics for the
example are shown in Figure 4.9. The mean value and standard deviations of almost
all metrics derived from samples obtained with the Metropolis-Hastings algorithm
clearly deviate from those derived from the IID samples. This shows that the mixture
model represents a challenge for the sampling algorithm compared to the basic
example. This is to be expected, as the Metropolis-Hastings sampler is known to
have difficulties sampling multimodal distributions, as it can get stuck in local modes.
As a result, the sampler often does not meet the convergence criteria and therefore
draws a set of samples that does not represent the target distribution. This example
demonstrates the capability of the benchmark suite to evaluate the performance of

samplers on a wide range of test cases with varying complexities.

4.8 Conclusion

In this paper, we have proposed a flexible and easy-to-use benchmark suite to evalu-
ate the quality of MC sampling algorithms. The software package MCbench enables
quantitative comparisons of samples drawn from well-defined multidimensional
distributions by evaluating a variety of metrics. In addition to basic statistics, more
sophisticated statistical measures such as the SWD and the MMD are used. The bench-
mark suite also features visualization and detailed information on the comparison of
the samples.

In the future, we will increase the sensitivity of the benchmark suite by expanding
the list of target functions and by increasing the number of metrics. In particular, we
plan to include target functions with special features, such as the Rosenbrock function
and the Himmelblau function, which serve as proxies for more complex scenarios and
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multimodal functions. In addition, we plan to explore more sophisticated distance
metrics to further improve the accuracy and scope of sample quality assessment.
In particular, we will explore other MMD kernels to test their effectiveness and
applicability in different sampling algorithms. These additions will complete our
benchmark suite and help to qualitatively improve the development and optimization
of MC sampling algorithms.

4.9 Algorithms

Algorithm 3 Calculating the sliced Wasserstein distance

Require: Two sample sets: X = {xj}jl\il ~u Y = {]/j}jl\il ~ v; Number of projec-
tions L; Order of distance p
Ensure: Approximate sliced Wasserstein distance SWD,,(y, v)
1: Initialize accumulation variable S < 0
2: for i=1toL do
3: Randomly sample a unit vector from the unit sphere gi-1 ¢,
4: Calculate the projection:

zx]-:()iTx]-, ﬁ]:f);l—y], forj:1,2,...,N

a1

Sort {#;} and {B;} in ascending order, respectively, to obtain the sorted se-

quences {a(;) } and {B;)}
6:  Compute the one-dimensional Wasserstein distance:

i_(1ly N\
Wt = Ngf’%n—ﬁ(ﬁ’
=

7: Update accumulation variable S <— S + (W(i)) ’
8: end for
9: Calculate SWD:

SWD,(u,v) = (L) 1/;7

10: return SWD, (1, v)
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Algorithm 4 Calculating maximum mean discrepancy using Gaussian Kernel

Require: Two sample sets: {x;}/'; ~ p(x) and {y; i~ 9(y); Gaussian kernel
bandwidth parameter o
Ensure: Empirical MMD value MMD; median heuristic calculation of ¢ is also possi-
ble
1: Step 1: Compute Kernel Matrices
2: Compute the kernel matrix Kxx where (Kxx);; = exp (—%) foralli,j €
{1,...,n}
3: Compute the kernel matrix Kyy where (Kyy);; = exp <— Hy’;{g"”Z) foralli,j €
{1,...,m}
4: Compute the cross-kernel matrix Kxy where (KXY)i,j = exp (—%) for all
ie{l,...,n}andje{1,...,m}
5: Step 2: Calculate MMD Value
6: Calculate the MMD squared:

r
n2 !

MMD? =

™=

(Kl + g 1 LK)y = e YKy

]

Il
—_

7: Step 3: Return Result
8: return MMD = v MMD?
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Algorithm 5 Calculating maximum mean discrepancy using random Fourier features

Require: Two sample sets: {x;}/; ~ p(x), {y;}}_; ~ q(y); feature dimension D;

kernel function parameters (e.g., bandwidth of Gaussian kernel )

Ensure: approximate MMD value MMDggr

1:
2:

10:
11:
12:

13:
14:

15:

Step 1: Generate random frequencies and offsets
Sample D random frequency vectors {w;}2_; independently from the spectral
density p(w) corresponding to the kernel function. For Gaussian kernel, wy ~

N(0, L1).

: Sample D random offsets {b;}5_; independently from a uniform distribution

U(0,2m)

: Step 2: Compute random Fourier feature mapping
: fori =1tondo

For the ith sample x;, compute its random Fourier feature vector:

z(x;) =1/ % [cos(w?xi + by),cos(wy x; 4+ b2), ..., cos(wpx; + bD)}

. end for
: forj =1tomdo

For the jth sample y;, compute its random Fourier feature vector:

2
2(yj) = \/; [COS(wlTyj +b1),cos(w) Y + ba), ..., cos(wpy; + bD):|

end for
Step 3: Calculate the mean embedding
Calculate the mean embedding of the two distributions:

. 1& R 1 &
VPIEZZ(xi)r P‘q:*ZZ(%’)

m =

Step 4: Calculate MMD value
Calculate the approximate MMD value:

MMDrer = ||ty = gl

return MMDggg
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FIGURE 4.9: Example of metric distributions for the Metropolis-

Hastings sampler on a mixture model of correlated normal distri-

butions in 3D. The metrics are normalized to the mean and variance
of the IID samples from the target distribution.
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Chapter 5

Design and Implementation of
Statistical Software Packages

In the field of modern statistics and data science, effective software implementations
are a key bridge for translating theoretical innovations into practical applications. In
this chapter, two statistical software packages developed within the framework of
this dissertation’s research will be described in detail: the R package BayesPprobit
for Bayesian p-generalized probit regression with coreset construction, and the Julia
package MCbench for Monte Carlo method evaluation. These two packages correspond
to the main research directions of this thesis: flexible Bayesian modeling and scalable

distributional metric computation, respectively.

5.1 R Package: Bayesian p-Probit Model

The BayesPprobit package bridges the gap between the theoretical flexibility of p-
generalized probit models and the practical demands of big data analysis. While
generalized link functions offer superior fit for asymmetric or heavy-tailed data (as
shown in Chapter 2), their non-standard posterior distributions have historically
hindered efficient computation. BayesPprobit solves this by integrating two key
innovations: an adaptive Metropolis-within-Gibbs sampler for robust parameter
exploration, and a native coreset construction engine that compresses large-scale
datasets into weighted subsets, enabling Bayesian inference to scale to millions of

observations with minimal accuracy loss.

5.1.1 Software Architecture Design

In designing the architecture of the BayesPprobit package, we followed the best prac-
tices of R language package development while focusing on modularity, extensibility
and user-friendliness. We adopt a hierarchical component structure that allows the
user to interact with the software at different levels of abstraction, from high-level
model fitting functions to direct control of low-level MCMC samplers.

The architecture of the BayesPprobit package follows the standard package struc-

ture of R language, which mainly contains the following core components:
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Core Estimation and Sampling Engine: The core modeling module is built
around the multi_chain() function, providing an end-to-end workflow from data
input to posterior sampling. To balance robustness with extensibility, this module em-
ploys a Strategy Pattern design (Gamma, 1995). This architecture decouples specific
sampling steps (e.g., parameter updating, p-parameter tuning) into interchangeable
strategies, allowing advanced users to customize priors or Metropolis-Hastings pro-
posals without rewriting the framework. Internally, the module enforces rigorous
validation to handle edge cases like perfectly separated or unbalanced data, while
integrating convergence diagnostic tools that extend the coda package (Plummer
et al., 2006).

Data Compression: A key innovation is the modularization of the data compres-
sion engine. Implementing the coreset construction methods from Chapter 3, this
module generates high-quality summaries via sensitivity sampling. We designed
this functionality as a stand-alone component with a generic interface, making it
applicable to any statistical model relying on p-norm structures, not strictly limited
to p-probit regression. It also handles essential preprocessing tasks, ensuring clean
data ingestion for the subsequent modeling steps.

Object-Oriented Interface and Visualization: The package unifies these com-
ponents through a consistent S3 class system, defining pgprobit and pgcoreset
classes. Following R package development best practices (Wickham and Bryan,
2023), we provide specialized implementations of standard generics—such as print,
summary, plot, and predict. This design ensures seamless interoperability with the
R ecosystem while offering tailored visualization tools, particularly for inspecting the

non-standard posterior distributions of the shape parameter p.

5.1.2 Core Functionality Implementation

The core functionality of the BayesPprobit package embodies several key innovations
in modern Bayesian computation, particularly in the handling of large-scale data and

flexible link functions.

1. Multi-chain MCMC sampling':

The center of the package is the multi-chain MCMC sampling system, imple-
mented through the multi_chain function. Unlike traditional single-chain
sampling methods, our implementation runs multiple independent Markov
chains simultaneously, a design that provides significant advantages in several
ways. First, the multi-chain structure allows us to quantify convergence using
the Gelman-Rubin diagnostic statistic (Gelman and Rubin, 1992), providing a
more reliable assessment of convergence than single-chain methods. Second,
running multiple chains from overdispersed starting values ensures a more
robust and comprehensive exploration of the parameter space. This is partic-
ularly valuable for inferring the shape parameter p, as it mitigates the risk of

Thttps:/ /github.com/zeyudsai/BayesPprobit/blob/main/R/sampling.R
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slow mixing and guarantees a more reliable characterization of the posterior
variance. Third, the multi-chain design naturally supports parallel computation,
permitting significant speedup of the sampling process on multi-core systems.

fit <- multi_chain(

n_sim = 5000, # number of iterations

burn_in = 1000, # warm-up period

X =X, # design matriz

y =y, # binary response wvariable

initial_theta = rep(0, d), # inttial parameter values
initial_p = 2, # Initial p value

mh_iter = 100, # number of iterations per MH update
p_range = c(1, 3), # Range constraint for p
step_size = 0.05, # MH step size

n_chains = 3 # number of Markov chains

)

The internal implementation of this function uses a hybrid sampling strat-
egy that combines the efficiency of Gibbs sampling with the flexibility of the
Metropolis-Hastings method. For the regression coefficients 8, we use data aug-
mentation techniques to introduce latent variables such that the full conditional
distribution of B has an analytic form given the latent variables. This approach
avoids complex numerical integration while maintaining efficient sampling.
For the shape parameter p, since its full conditional distribution does not have
a standard form, we implement a Metropolis-Hastings update step designed to
support adaptive tuning. The architecture allows the proposal distribution to
be dynamically adjusted based on historical acceptance rates to target optimal
efficiency, ensuring robust exploration of the shape parameter space across

varying datasets.

2. Data compression function’:

The data compression functionality is implemented through the compute_coreset
function, which is an important innovation of the package that allows Bayesian
inference to scale to large-scale datasets of millions of observations. The function
implements the coreset construction methods described in detail in Chapter 3,
including sensitivity sampling based on leverage scores, uniform sampling, and
our proposed coreset (oneshot) method. The oneshot method is special in that
it can be applied to a range of p parameters at once, rather than a single value,
which is particularly important for our Bayesian framework since p itself is also
a parameter that needs to be inferred.

coreset <- compute_coreset(
X =X, # original data matriz

y =y, # response variable

Zhttps:/ / github.com/zeyudsai/BayesPprobit/blob/main/R/coreset.R
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coreset_size = 100, # target coreset size
method = ‘‘oneshot’’, # compression method
P = 2 # p parameter, can be a range for the oneshot method.

)

The coreset construction process involves complex numerical linear algebra
operations, including QR decomposition, eigenvalue computation, and efficient
matrix sketching techniques. Our implementation leverages the sparse matrix
capabilities of the Matrix package to ensure that computational efficiency is
maintained even for high-dimensional data.

. Update of parameter p°: The updating mechanism of the parameter p is cen-

tral to the flexibility of the model and is implemented through the update_p
function. This function employs the adaptive Metropolis-Hastings algorithm,
in which the proposal distribution is adjusted according to the current state
and historical acceptance rates. Unlike the standard MH algorithm with a fixed
step size, our implementation monitors the acceptance rate and dynamically
adjusts the offer variance to maintain a theoretically optimal acceptance rate
(Gelman et al., 1997). This adaptive mechanism is particularly important for
the p-parameter, since the shape and scale of its posterior distribution may vary

substantially from one data set to another.

. Example and Diagnostic Functions: In addition to these core computational

functions, the package provides some diagnostic and visualization tools. The
run_example function implements a complete workflow example, showing the
entire process from data generation to model fitting to interpretation of the
results, which is valuable for new users to understand how the package is used.
The function generates synthetic data with known parameters, applies different
coreset methods and compares the accuracy and computational efficiency of
the results, providing the user with visual evidence of the effectiveness of the
methods.

The visualization function is implemented through the dedicated plot method,
which generates multi-panel diagnostic charts for objects of class pgprobit.
These plots include MCMC trajectory plots, density plots of posterior distribu-
tions, visualisations of Gelman-Rubin diagnostic statistics (Gelman and Rubin,
1992), and comparisons of true versus estimated parameters (in simulation
studies with known true values). In particular, we developed specific tools for
the visualisation of p-parameters, as understanding their posterior distribution

is crucial for model interpretation.

3https:/ / github.com/zeyudsai/BayesPprobit/blob/main/R/sampling.R
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Performance Optimization

In order for the BayesPprobit package to efficiently handle large-scale datasets,

several performance optimization strategies have been implemented:

1. Coreset data compression: With the previously described coreset method, we
were able to reduce the amount of data to a fraction of its original size while
maintaining the accuracy of statistical inference. This is the main strategy for
dealing with large datasets.

2. Vectorized computation: The nature of the R language allows efficient vector-
ized computation. We avoid loop operations as much as possible, and instead
use matrix and vector operations, which significantly improves computational

efficiency.

3. Sparse Matrix Support: Through the integration of the Matrix package, we
have implemented efficient matrix operations for high-dimensional sparse data.
This is currently used for handle high-dimensional sparse data efficiently during
the sketching and sensitivity scoring phases.

4. Multi-chain Architecture: The underlying multi_chain design is intrinsically
parallelizable. While the current implementation executes chains sequentially
for stability, the independence of chains allows for straightforward extension to

parallel execution on multi-core systems.

Performance tests show that the processing time for large datasets (n > 100, 000)
can be reduced from hours to minutes after using the coreset method, achieving an

approximate 100 times speedup while maintaining good statistical accuracy.

5.2 Julia Package: MCBench

The MCBench package is a high-performance benchmarking suite designed to stan-
dardize the evaluation of Monte Carlo sampling algorithms. Written in Julia, it
implements the rigorous distributional distance metrics established in Chapter 4,
addressing the critical need for reproducible quality diagnostics in computational

statistics.

5.2.1 Design Philosophy and Architecture

The package leverages Julia’s type system and multiple dispatch to achieve a highly
modular architecture. As shown in the source structure (e.g., src/MCBench. j1), the
design separates the sampling source, the target distribution, and the evaluation metric
into distinct abstract types. This decoupling allows researchers to mix and match
components—comparing any sampler against any target using any metric—without

performance overhead.

4Available at https://github. com/tudo-physik-e4/MCBench. j1
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Type System and Abstractions

The core architecture is built upon three abstract hierarchies defined in src/testcases. j1°

and src/samplers. j1°%

1. Test Case Abstraction (AbstractTestcase): Rather than hard-coding a static li-
brary of distributions, the package defines a flexible Testcases struct that wraps
standard Distributions. j1 (Lin et al., 2019) objects. This design allows users
to instantly convert any continuous distribution—including complex mixtures
or heavy-tailed distributions (e.g., Cauchy)—into a standardized benchmark

problem with defined bounds and dimension information.

2. Sampler Interface (AnySampler): To support language-agnostic benchmarking,
we implemented the FileBasedSampler and CsvBasedSampler. These compo-
nents allow the suite to ingest chain files generated by external probabilistic
programming frameworks, such as Stan (Carpenter et al., 2017) or PyMC(Abril-
Pla et al., 2023), facilitating cross-ecosystem comparisons. Additionally, an

IIDSampler is provided to generate ground-truth baselines.

3. Metric System (TestMetric): Rooted in the TestMetric abstract type, this
layer implements both scalar summary statistics (e.g., marginal moments) and
complex distributional distances. Crucially, the system is designed to handle
weighted samples natively, ensuring correctness when evaluating algorithms
like Importance Sampling or Nested Sampling.

5.2.2 Efficient Metric Implementation

A key contribution of the package is the optimized implementation of high-dimensional
distance metrics.

Parallelized Sliced Wasserstein Distance (SWD): Computing the Wasserstein
distance is cubic in complexity. To scale to millions of samples, we implemented
the Sliced Wasserstein approximation. The implementation in src/wasserstein. j1
utilizes Julia’s multi-threading capabilities (Threads.@threads) to parallelize the
random projections. This design allows the computationally intensive projection
steps to scale close to linearly with the number of available CPU cores.

# Simplified core logic from src/wasserstein.jl
function get_sliced_wasserstein_distance(
samplel, sample2;
L=1000, p=1, parallel=true

# Projects high-dim samples onto random vectors z
if parallel
ds = Vector{Float64}(undef, L)

Shttps://github.com/tudo-physik-e4/MCBench. j1/blob/main/src/testcases. jl
https://github.com/tudo-physik-e4/MCBench.j1/blob/main/src/samplers. j1


https://github.com/tudo-physik-e4/MCBench.jl/blob/main/src/testcases.jl
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Threads.Qthreads for i in 1:L

z = get_random_projection(dim)

# Project samples

project_samples(samplel, z)

< =
I

project_samples(sample2, z)

# 1D Wasserstein calculation
ds[i] = wassersteinid(V, W,
wa=samplel.weight,
wb=sample2.weight)
end
end
return norm(ds, p) / (length(ds)~(1/p))

end

Adaptive Maximum Mean Discrepancy (MMD)

For the MMD metric (src/mmd. j17), we implemented an adaptive bandwidth selec-
tion mechanism based on the median heuristic. The compute_bandwidth function
automatically estimates the kernel width from the pairwise distance matrix of the
combined samples. While users can manually specify the bandwidth parameter g if
desired, the automatic selection provides a reasonable default that reduces the need

for case-by-case tuning.

5.2.3 Workflow and Integration

The benchmarking workflow is orchestrated by the build_teststatistic function.
This engine manages the generation of reference IID samples, the computation of
effective sample sizes (ESS), and the iterative evaluation of metrics.

Integration Capability: The Eight Schools Example: To demonstrate the pack-
age’s extensibility to non-standard distributions, we provide an implementation of
the “Eight Schools” hierarchical model (Gelman et al., 2013). The example uses data
formatted according to the posteriorDB (Magnusson et al., 2024) standard, allow-
ing users to compare their implementations against our benchmark. By defining a
custom EightSchoolsAcceptReject struct (in examples/example_posteriordb.jl),
we show how the package can evaluate samplers on complex posterior geometries
beyond standard distributional families. This confirms the software’s capability
to support realistic workflow scenarios where users can define custom targets by

implementing the Target interface.

"https://github.com/tudo-physik-e4/MCBench. j1/blob/main/src/mmd. j1
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5.3 Future Development

These two packages represent important attempts to translate statistical theory into
practical tools. The flexibility of the BayesPprobit package makes it a tool when
dealing with asymmetric or heavy-tailed data, while MCbench provides an unprece-
dented standardized framework for the evaluation of Monte Carlo methods. Based
on user feedback and research progress, we have mapped out a comprehensive future
development path.

For the BayesPprobit package, we plan to extend its functionality through three
main directions. First, the flexibility of prior distributions will be enhanced to re-
alize complex structures including sparse induced priors such as Horseshoe and
Spike-and-slab, as well as pairwise weighted priors. These priors will enable the
model to perform better in high-dimensional sparse scenarios, such as suggested
by Piironen and Vehtari (2017b) and Piironen and Vehtari (2017a). Second, we will
develop novel coreset construction methods, such as geodesic coreset algorithms as
proposed by Campbell and Broderick (2018), and adaptive sampling algorithms opti-
mized for specific data structures. These methods will further improve the efficiency
and accuracy of data compression. Third, we will design a distributed computing
architecture to support parallel MCMC sampling across multiple computing nodes.
This architecture will utilize a parametric server model to enable the model to handle
very large data sets with billions of data points while maintaining good a posteriori
approximation quality.

The development of MCBench envisions enhancing its evaluation capabilities and
application scope to broader statistical contexts. Regarding metric expansion, there is
significant potential in extending the current library beyond standard Wasserstein and
MMD implementations. It would be valuable to explore broader families of Integral
Probability Metrics (IPMs) and divergence measures, particularly those specialized
for time-series data or latent variable models where temporal dependencies are
critical. These additions would provide a more comprehensive view of distributional
discrepancies that simple marginal statistics might overlook.

In parallel, expanding the repository of test distributions remains a priority. We
plan to incorporate more pathological benchmarks that stress-test sampling algo-
rithms under extreme geometric conditions. A planned addition is the Rosenbrock
function, whose narrow, curving valley structure poses well-known convergence chal-
lenges for many MCMC algorithms. Furthermore, including distributions derived
from actual physical processes or complex hierarchical models would help bridge the
gap between abstract benchmarking and realistic scientific applications.

Finally, improving interoperability with the wider data science ecosystem is a
direction of great interest. While the current file-based interface allows for language-
agnostic comparisons, developing direct bindings for Python and R environments
would be a significant step forward. Such direct integration would allow users to call
MCBench diagnostics natively within their existing pipelines—whether using PyMC,
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Stan, or base R—thereby dramatically lowering the barrier to entry for practitioners
who wish to rigorously validate their sampling results.

These development plans will further solidify the position of these two packages
as important tools in the field of Bayesian analysis and Monte Carlo method evalua-
tion, and are expected to advance the application of statistical methods in a wider
range of disciplines. By continuously improving and extending these open-source
tools, we aim to facilitate the bridge between statistical theory and practical appli-
cations, making advanced methods available to a wider range of researchers and

practitioners.

54 Summary

This chapter has detailed two open source software packages developed for Bayesian
statistics and distribution comparison: BayesPprobit and MCbench. These packages
are not only practical products of theoretical research, but also important tools to
facilitate the application of Bayesian methods in large-scale data analysis. With
these tools, we hope to advance the development of flexible Bayesian modeling and
efficient distribution distance computation in practical applications.

BayesPprobit implements flexible p-generalized probit regression modeling and
efficient computation in big data scenarios through coreset technique. MCbench, on
the other hand, provides a standardized framework for evaluating and comparing
the performance of different Monte Carlo sampling algorithms. Together, these two
packages form a complete tool chain for statistical analysis, providing comprehensive
support for modern data analysis from model construction to performance evaluation.

The experience of developing these tools also reveals key principles of data science
software development: a balance of flexibility, scalability, performance optimization,
and user-friendliness. These principles have not only guided the design of current
software packages, but will continue to guide future development efforts.
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Chapter 6

Conclusions and Future Work

This dissertation is dedicated to addressing the core challenges facing Bayesian
methods in the context of large-scale data, namely computational efficiency and
model scalability. Through in-depth research on data reduction techniques and
efficient computation of distributional metrics, this research not only makes advances
at the theoretical level, but also translates these theoretical results into practical
statistical software packages, which provide analytical tools for both academia and
industry. This chapter will first summarize the main findings of this study, describe
its theoretical contributions and practical significance, then discuss the limitations of
the current study, and on the basis of this, look forward to possible future research

directions.

6.1 Major Research Findings

Focusing on the core theme of scalable Bayesian methods in large-scale data environ-
ments, this thesis has made progress at three levels: theoretical innovation, method
development, and practical applications. Through systematic research, we have
successfully addressed the computational challenges of traditional Bayesian inference
when facing large-scale data, while providing an efficient computational framework
for distance measures between probability distributions.

In terms of model flexibility, our proposed Bayesian p-generalized probit regres-
sion model extends the applicability of traditional binary regression. The model, by
introducing a shape parameter p, enables the link function to adaptively adjust to
the tail characteristics of the data, ranging from the Laplace distribution (p = 1) to
the standard normal distribution (p = 2) to more heavily or lightly tailed forms of
the distribution. Empirical studies show that our model outperforms traditional logit
and probit models on a wide range of assessment metrics when the data deviate from
standard assumptions. In particular, when dealing with highly unbalanced binary
classification problems, the adaptive nature of the model allows it to better capture
the underlying structure of the data.

In terms of computational efficiency, the coreset method we developed provides a
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theoretically guaranteed data compression technique for large-scale Bayesian infer-
ence. By combining Wasserstein distance theory and a sensitivity sampling frame-
work, we demonstrate that the constructed coreset is able to reduce the data size to
1-5% of the original size while maintaining statistical accuracy. More importantly, our
proposed oneshot coreset method is able to be applied to a range of p parameters
simultaneously, which is important for the Bayesian framework where p itself needs
to be inferred as well. Experimental results show that the coreset method is able
to reduce the computation time from hours to minutes, achieving a nearly 100-fold
speedup when dealing with datasets of more than 100, 000 observations.

In the field of semiparametric modeling, we successfully extend the coreset tech-
nique to MCTM, which is the first time that coreset data compression techniques
are applied to complex semiparametric distribution models. By designing a hybrid
sampling strategy that combines ¢>-leverage score sampling and convex hull approxi-
mation techniques, we effectively address the numerical instability of the logarithmic
terms in MCTM. In a comprehensive evaluation of 14 different data generation pro-
cesses, our method significantly outperforms uniform subsampling in 12 scenarios,
especially when dealing with nonlinear, heteroskedastic, and multimodal structures.

In the area of distributional metric computation, we developed the MCbench
benchmark suite to fill the gap in the field of Monte Carlo method evaluation. By
implementing state-of-the-art metrics such as sliced Wasserstein distance, MMD, and
its random Fourier feature approximation, the tool provides a standardized platform
for evaluating the quality of sampling algorithms. In particular, our implementation
takes into account the computational challenges of high-dimensional data, and algo-
rithmic optimizations make it possible to work with millions of sample points and
hundreds of dimensions of data.

6.2 Theoretical Contributions and Practical Implications

The theoretical contributions of this research are reflected in several cutting-edge
areas of statistics and computational science. First, we provide a complete Bayesian
theoretical framework for the p-generalized probit model, including the existence of
the posterior distribution, the convergence analysis of the MCMC algorithm, and the
proof of the identifiability of the parameter p. This theoretical framework not only
extends the Bayesian theory of generalized linear models, but also provides method-
ological guidance for the Bayesian analysis of other nonstandard link functions.

In terms of data compression theory, the Wasserstein distance bounds we establish
provide rigorous theoretical guarantees for Bayesian coreset. This result not only
provides a theoretical foundation for the coreset construction of p-probit models, but
also opens up a new research direction for data compression of other probabilistic
models. More importantly, our oneshot coreset theory solves the technical difficulty
of coreset construction on parameter ranges and provides a feasible solution for

large-scale inference of adaptive parametric models.
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For the MCTM model, our theoretical analysis reveals the intrinsic difficulty
of coreset construction for semi-parametric models and proposes a solution based
on geometric approximation. The established relative error bound proves that our
hybrid sampling strategy is able to maintain the (1 =+ €) error approximation of the
log-likelihood with high probability, while the lower bound results show that our
sampling complexity is theoretically near-optimal.

In terms of distributional metric theory, our theoretical analysis of the sliced
Wasserstein distance establishes its mathematical foundations as a true metric and
provides precise bounds on the speed of convergence. These theoretical results
not only support the design of our algorithm, but also provide a solid theoretical
foundation for the comparison of high-dimensional distributions.

The practical significance of this research is reflected in several application areas.
In industry, the large-scale binary classification problem is widely used in scenarios
such as recommender systems, fraud detection, and medical diagnosis. Our approach
makes Bayesian analysis, which would otherwise require huge computational re-
sources, feasible while providing richer quantitative information about uncertainty
than point estimation. In academic research, the open-source software package we
developed can be adopted by further academic projects, advancing the application of
related methods in different disciplines.

It is particularly worth emphasizing that the research paradigm established in
this study, which focuses on both theory and practice, provides a valuable reference
for statistical methodology research. By organically combining theoretical innovation,
algorithm development and software implementation, we have not only advanced the
academic frontiers, but also provided usable tools for practical applications, reflecting
the trend of modern statistical research.

6.3 Future Research Directions

Despite the series of advances made in this study, there are still some limitations, and
these limitations also point the way for future research. During the course of this
thesis, we also conducted several additional literature reviews, which have inspired

some of the potential future research directions discussed below.
Extension and improvement of Bayesian p-probit modeling

Current implementations of Bayesian p-probit models mainly use an uninfor-
mative uniform prior distribution, which is theoretically concise but may not be
optimal in practical applications. Especially when dealing with the perfect separation
problem in binary classification, the uninformative prior may lead to degradation of
the posterior distribution. An important direction for future research is to develop
families of informative prior distributions suitable for p-probit modeling.
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We plan to focus on the application of several types of prior distributions. The first
is the regularized prior, which consists of a hybrid penalty approach that combines ¢,
and ¢, regularization, such as suggested by Mandt et al. (2017), Li and Ma (2018), and
Kneib et al. (2011). This approach can exploit both the stability of ridge regression
and the sparsity-inducing properties of £, regularization, and is particularly effective
for feature selection in high-dimensional data. Next is the horseshoe prior and its
variants, which perform well in dealing with sparse regression problems and are able
to efficiently shrink noisy features while maintaining important features, as suggested
by Piironen and Vehtari (2017a) and Piironen and Vehtari (2017b).

Another important direction is to develop adaptive prior selection mechanisms.
Different datasets may require different types of prior distributions, and manual
selection often relies on expert knowledge and may not be objective enough. We
plan to investigate data-driven prior selection methods, including empirical Bayesian
methods and automatic prior adjustment techniques in a variational Bayesian frame-
work, such as Kucukelbir et al. (2017) and Blei et al. (2017).

Extension and generalization of coreset techniques

Current coreset techniques in this thesis primarily focus on static datasets. A
natural and significant direction for extension is towards dynamic data environments.

In the context of online or streaming settings where data arrives sequentially;,
Munteanu et al. (2022) have already demonstrated the effectiveness of combining
online leverage score approximations with reservoir sampling for the standard probit
model (p = 2). However, for general p-probit models, their approach still requires two
passes over the data. The theoretical landscape has recently advanced significantly
to address this limitation. Woodruff and Yasuda (2023) established the first nearly
optimal subspace embeddings for online and sliding window models using Lewis
weights for general £, norms. Incorporating these optimal theoretical bounds into
the Bayesian framework is a promising direction to further tighten the sampling
complexity and enable fully single-pass streaming coresets for arbitrary p-probit
models.

More critically, future research should move beyond insertion-only streams to fully
dynamic environments—formally known as the turnstile data stream model—where
data points can be arbitrarily inserted, deleted, or updated (e.g., for data correction
or cross-validation). As demonstrated by Munteanu and Omlor (2024b), handling
such arbitrary updates for £, leverage score sampling is highly non-trivial. While
maintaining exact £, sensitivities or Lewis weights under turnstile updates directly is
computationally prohibitive, a promising solution emerges from the /;-augmentation
strategy proposed by Munteanu and Omlor (2024a). They showed that augmenting
¢, sensitivities with /, sensitivities yields optimal sampling complexity for p € [1,2].
Since /5 leverage scores are highly conducive to dynamic updates in turnstile streams
via sketching techniques, integrating this augmentation approach paves the way for
efficiently constructing dynamic coresets for Bayesian robust p-probit regression.
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Recent theoretical advancements have sharpened the bounds for sensitivity sam-
pling in the context of £, norms, which is intrinsic to the p-probit model. Munteanu
and Omlor (2024a) proved that while standard £, sensitivity sampling may yield
suboptimal dependency on the dimension d, augmenting the sampling distribution
with ¢, leverage scores achieves the optimal sampling complexity. This result directly
benefits our p-probit coreset construction: by employing this hybrid sampling strat-
egy (combining £, and /> scores), we ensure that the size of our coreset remains linear
in d, providing theoretical guarantee for data efficiency in this regime.

Furthermore, extending the coreset construction for MCTMs to ultra high-dimensional
settings presents a highly promising avenue for future research. In our current ap-
proach, the convex hull calculation inherently exploits the block-diagonal structure
of the model’s likelihood, allowing the geometric approximation to be processed
efficiently in batches across different dimensions. This decoupled structure naturally
motivates a sparse approximation strategy. In ultra high-dimensional scenarios, it
is reasonable to assume that the complex dependence structure is driven by a small
subset of k active dimensions (k < d). By integrating compressed sensing and sparse
regression techniques, future algorithms could identify and restrict the convex hull
computations solely to these relevant dimensions. As recently demonstrated by
Mai et al. (2023) in the context of sparse linear regression, sketching techniques can
reduce the geometric and computational dependency on the full dimension 4 to a
significantly smaller factor proportional to klog(d/k). Adapting these optimal sparse
sketching bounds to our block-diagonal convex hull framework would allow us
to bypass computations on irrelevant dimensions, thereby enabling ultra-scalable
coreset constructions for high-dimensional MCTMs.

Structural Generalization of the MCTM Framework

While the current MCTM framework effectively combines non-parametric marginals
with a Gaussian copula, there are still spaces for potential structural generalizations.

First, regarding the dependence structure, the current reliance on the Gaussian
copula may limit the model’s ability to capture tail dependencies in heavy-tailed data
(e.g., financial returns). A promising future direction is to extend the coreset construc-
tion to other classes of copulas, such as t-copulas. Although these distributions do not
possess the simple quadratic structure of the Gaussian, recent theoretical advances
suggest that log-concave copulas with convex level sets can be approximated using
John-Ellipsoids (Woodruff and Yasuda, 2022). This would allow us to enclose level
sets within an ellipsoid and subsequently apply leverage score sampling induced
by this surrogate quadratic form, albeit potentially at the cost of increased coreset
dimensions.

Second, regarding the choice of basis functions, our current implementation relies
on Bernstein polynomials to strictly enforce monotonicity in the transformation func-
tion. However, alternative basis families such as B-splines or Bayesian Conditional
Transformation Models (BCTMs) (Carlan et al., 2024) could offer different approxi-
mation properties and local control. Future work will investigate the integration of
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B-splines into the coreset framework. The challenge lies in efficiently enforcing mono-
tonicity constraints within the sensitivity sampling framework, but this extension
would significantly broaden the applicability of the method to scenarios requiring
more flexible local adjustments.

Furthermore, addressing the geometric challenges in high-dimensional spaces
remains a critical frontier. Our current method utilizes convex hull approximations to
bound the logarithmic terms in the likelihood. As the dimension of the feature space
increases, the complexity of exact convex hull computations grows exponentially,
potentially becoming a bottleneck. Future research should explore approximate geo-
metric methods to reduce dimensionality before hull construction. These techniques
could extend the scalability of our coreset method to ultra-high-dimensional regimes
while maintaining provable error bounds.

Integration of MCTM with generative modeling

MCTM has a deep theoretical connection with generative models, which have
been developing rapidly in recent years, especially in relation to normalizing flows.
We plan to study this connection in depth and develop a new modeling framework
that combines the advantages of both. Specifically, the semi-parametric properties and
interpretability of MCTM can be combined with the expressive power of normalizing
flows to create generative models that are both flexible and interpretable.

In terms of generative modeling applications, we plan to investigate the use of
MCTM in variational autoencoders (VAE) and GANSs. Especially when dealing with
high-dimensional complex data, the transform framework of MCTM may provide
better potential spatial structures for these models.

Innovations and optimizations in distribution distance metrics

In the context of distribution distance metrics, we plan to develop a family of
p-norm-based kernel functions and integrate them into the MMD framework. Such
extensions are not only theoretically interesting but may also provide better perfor-
mance in practical applications. In recent years, attempts to distribution distances
metric based on kernel methods and applying them to various generative models
have gained a lot of attention, such as Hagemann et al. (2023), Altekrtiger et al.
(2023), and Hertrich et al. (2023). We are particularly interested in the application of
such kernel functions in models where kernel methods are heavily applied, such as
Support Vector Machines (SVM) and GANs, where preliminary studies have shown
that flexible kernels may outperform traditional Gaussian kernels in some cases. To
address the efficiency of MMD computation with high-dimensional data, we plan to
investigate more advanced approximation methods, including the Nystréom method,
and other variants based on random features and slicing methods. Theoretical analy-
sis and practical performance comparison of these methods will be an important part
of the research.

While Random Fourier Features provide a widely adopted and effective ran-
domized approximation for scaling up Maximum Mean Discrepancy computations
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by bypassing O(n?) pairwise kernel evaluations, incorporating alternative explicit
feature maps presents a valuable direction for the future development of the MCbench
framework. For instance, deterministic approximations based on the Taylor expan-
sion of the Gaussian kernel can be utilized to construct explicit polynomial feature
maps (Cotter et al., 2011). This deterministic approach eliminates the inherent vari-
ance of Monte Carlo-based methods like RFF, making it particularly advantageous
when high-precision MMD estimations are required.

Furthermore, to accelerate the randomized dimensionality reduction process
in high-dimensional settings, structured random projections leveraging the Fast
Walsh-Hadamard Transform (FWHT) can be employed. As rigorously analyzed by
Ailon and Liberty (2009), replacing dense Gaussian random matrices with Hadamard-
based transformations effectively reduces the projection time complexity to O(nlogd)
using compositions of size-2 discrete Fourier transforms (DFTs) and Rademacher
series on dual BCH codes. Integrating these deterministic expansions and fast-
transform-based approximations into MCbench would provide researchers with a
highly comprehensive suite of scalable MMD estimators, allowing for flexible trade-
offs between computational speed, approximation variance, and memory efficiency.
Software Development and Maintenance Commitment

At a practical level, we are committed to continuing to maintain and improve the
software packages that have been developed to ensure that they remain usable and
state-of-the-art in an ever-changing computing environment. This includes regular
bug fixes, performance optimizations, new feature additions, and compatibility
maintenance with the latest R and Julia releases.

Through the exploration of these future research directions, it is expected to
further promote the development of Bayesian methods under large-scale data and
provide more powerful and reliable statistical tools and theoretical support for solving
complex problems in the real world.
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Appendix A

Mathematical Proofs

A.1 Main mathematical proofs of Ding et al. (2024)

A.1.1 Wasserstein bound

In this section, we aim to bound the Wasserstein distance between the original likeli-
hood and the approximated likelihood obtained from the coreset. The mathematical
framework and proof techniques in this appendix build upon the coreset theory for
£y linear regression models developed in Munteanu (2018) (chapters 3), particularly
the sensitivity sampling framework and Wasserstein distance bounds for Bayesian

{p-regression.

Definition A.1.1 (¢, Wasserstein distance, Villani, 2009). Given two probability measures
v,v on RY the ¢ p Wasserstein distance between <y and v is defined as

==
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where A(y,v) denotes the set of all joint probability distributions on R? x R with marginals
v and v, respectively

We split the distance into two parts that can be bounded separately.

Observation 1. Let Z;,Z, € R? be random variables and let 1, m; be values that
they can attain. Let Z" = Z; — my, respectively, Z}' = Z; — m; be their centered
counterparts. Then for any fixed p € [1,00) it holds that
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Proof. By convexity of the p-norm we can apply Jensen’s inequality, which yields for
arbitrary x,y € RY a generalized triangle inequality,
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We thus have

E [[Z1 = Z2llp] = E [[|Z1 — m1 +my — Zo + my — ma[}]
=E[|1Z]' — Z5' +my — ma||}]
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Next, we will need a p-norm generalization of the extreme singular values.

Definition A.1.2 (¢, singular values, cf. Golub and Loan (2013) and Clarkson et al.
(2016)). Let p € [1,00). We define for a matrix M € R™*4

| Mx]|p
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We need a technical lemma, that bounds the distance of vectors, given that their

negative log likelihood is close.

Lemma A.1.3. Fix p € [1,00). Let a, B € R? be such that f(XB) < (1+¢)f(Xa). Then

it holds that
(p-2+e)A+u)''r

o — B, < T (%) - f(Xa)'P.
p

Proof. By Lemma C.3 of Munteanu et al. (2022), we have forall ¥ > 0 thatr? < p- f(r).
This yields
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We apply the previous lemma with the respective MLE (modes) to bound the
location component measured by their p-norm distance.
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Corollary A.1.4. Let X' be a coreset of X for the p-probit regression loss f and let u,v
minimize f(X'n), f(Xn), respectively, over n € R?. Then

. 1/
HV_.uHP < (P (2 j;ni)n((lx—; “I/l)) pf(XV)l/p-
P

Proof. By rescaling € in Corollary 2.4 of Munteanu et al. (2022), we have that f(Xu) <
(1+¢)f(Xv). The result follows directly by invoking Lemma A.1.3 with « = v and

p=n. O

Next we turn our focus to bounding the variation in p-norm of random variables
drawn from the respective distributions, where by Observation 1 we can assume

w.l.o.g. that they are centered at zero.

Lemma A.1.5. Given X € R"*“, let X' be an e-coreset for the p-probit or logistic loss (in
which case the lemma applies with p = 1). Let g < exp (—f(Xa)) and g’ < exp (—f(X'B)).
Let ZI', ZI' be the mode-centered versions of the random variables Zy ~ q and Z, ~ q' that
are distributed according to q and q' respectively. Then we have

. “(24¢€)(14n)
inf Eylzm—zmh <P ( _ E, [f(XZ™)].
NVEAQ) A H 1 2 H — (Urrlnln(x))p q [f( 1 )]

Proof. We can upper bound the quantity by defining an arbitrary coupling A between
the distributions. We choose to construct an deterministic coupling, i.e., a one-to-one
mapping between the two domains. To this end fix an arbitrary vector « € R and
let B € RY be such that 8 = Ta, for T > 0 and f(Xa) = f(X'B) := p, for p > 0. The
fact that the pair evaluates to the same value on the original data and on the coreset,
respectively, means that they have the same density up to normalization. Moreover,
since f is convex, the distributions have convex level sets, which means that in each
direction (from the common mode 0) there is exactly one pair « and B with both
properties. Now, coupling those pairs defines the the one-to-one mapping that we
denote as A in the remainder.

It remains to bound the distance of each pair of points a, § mapped to one another.
To this end, we first show that their cost with respect to f are close to each other using
the coreset property.

We have

f(XB) < (1+e)f(X'B) = (1+¢)f (Xax).

Then we use this fact to invoke Lemma A.1.3 which yields the required bound

. 1/
o= ply < LSS o
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We can thus conclude

inf Ey||z"—ZzZ8|h <E,|z" - z|5
yonf EnZE - 28 < ElZy - 2

< L B r k) = - oz

We are now ready to prove the Wasserstein bound given in Theorem 3.2.3.

Proof of Theorem 3.2.3. The lemma follows from Observation 1, Corollary A.1.4 and
Lemma A.1.5. Using the notation of those results, we have

Wy(q,9') = A’eiz\n(fq,q’)]E/v 1121 - ZzH?ﬁ
<2 inf B[l -l 12 - 23]
<2(lv-ulf+ nf Evllizr-215)7)
<2 W CEOULIN (), )
p

O

We note that the last term E, [f(XZ]")] equals the entropy up to normalizing
constants. By the maximum entropy property of the normal distribution among
all distributions with the same variances, this term can be estimated to be of or-
der tr((XTX)~!). This holds up to constant factors depending on u (to relate to

I'(3/p)
T(1/p) that translates to the

the p-GGD) and further up to the constant 7(p) = p%
corresponding variance.
A.1.2 Details on one-shot coresets

We first need a technical result similar to Lemma 2 in Bachem et al. (2018) that allows

us to interpolate between two consecutive values of p.

Lemma A.1.6. Forany 6 € [0,1], A € Rogand p € [1,00) it holds that

ul(p(1+9A)) < pf <(1 _ Q)ul(p) I Qu(p(1+A)))

i
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Proof. Our goal will be to show that for any B € R?\ {0}, thus in particular B

L. ‘xiﬁ|pl+9A
maximizing -~ ey , it holds that

1B}

p(1+6A) p(14+A)
|x,B|p1+9A STZGA (1 ) |xllB| +0 |xlB|P1JrA
HXﬁH (1464) HX‘BHP HX,BH (144)

< nfb ((1 — G)ul(p) + Gul( (HA))) )

Here the last inequality follows by definition of the /,-leverage scores. Now fix
and set z = Xp. Notice that we can assume without loss of generality that p = 1 as
substituting z; with z; = z! gives us the desired result for any p. Thus our goal for
the remaining part of the proof is to show that

|x:B| 1+9A 0A 1—6 |xi:B| 0 |x113| 1+A
(von) =1 ( )HX5||1 ) |-
HX‘BH (1464) HX.BH (1+A)

Since n > 1 the lemma follows trivially for 6 € {0,1}. Now for any positive real
a,b,c,a, pwith % + % = 1. Young's inequality states that

a“ P
< — -
abc_c(lx + ﬁ)

Weseta = 1z and B = 1. Then 1 +

1-6
%: 1—6+6 = 1. Further we seta = ( 12 ) ,

- [EIR
0 (144)
b= (%) and c = % Then we have that abc = |Z"‘((11:992>) and
12114 ) llz ” (1+64) 121l (150a)
a“ bﬁ) 2 20+
—+— :(1—9)( l>+9 .
<tx B Iz]l2 Izl )
Now Hoelder’s inequality implies that
(1108) B T
+ (1+6A) _ 1=l
211t ba) = 21|Z]| 'z (DZ]!) =
]7
We thus get that
(1-9) 1+A 1+A
L e 1 /L
= ——=<n
1+9A 1+A) =
Elfee =15
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as ||z|l1 > [|z]|(14a)- Combining everything we we conclude that

‘Zi|(1+9A) a*  bP 0A || |Zz"(1+A)
— o =abc<c|—+—_|<n (1-9) +0| ——— :
lzllitos) © P Izl Izl ra)

146A)

O]

Lemma 2.10 of (Munteanu et al., 2022) states that for any fixed p the sensitivity of
x; is bounded by ; < cu (% + ufp )>. Thus it follows that:

Corollary A.1.7. We set A = bcg%' There is a constant such that if s; > cu (% + ul(p’)>

forany p' € {1,1+A,(1+A)?,...(1+A)'} then forany p € [1,(1+ A)] s; is an

upper bound for the sensitivity {; = maxger ;’; g{g; In particular for any p,, € [1,00) if

log(pm)
rz log(1+A)

= O(log(pm)log(n)) then for any p € [1, pm| s; is an upper bound for the
fr(xiB)

sensitivity {j = maXgega\ {0} fo(XB)

Proof of Theorem 3.2.5. We use Algorithm 6 but instead of approximating the /-

leverage scores of one single p (lines 2-8), we approximate the /,-leverage scores
2 r
: 1 1 1
for all p m {pmin, (1 + W) pmin, (1 + W) pmin, ooy (1 + m) pmin} Where
r=min{r e N| (1+ @)rr’miﬂ > Pmaxt = O(log(n) - 10g(Pmax/ Pmin))- Since we
need r calculations in each step of the first pass the running time increases from

O(nnz(X)) to O(rnnz(X)). Further the running time of (line 9) computing the QR-
decompositions for all p takes time O(rpoly(d)). Similarly the running time of the
second pass is also increased by a factor of r since we need to calculate the £, leverage
scores for each of the r values of p and sum them up to obtain the final sensitivity.

The new sensitivities are also increased and add upto S <r-§ Thus we need to

Pmax*

sample roughly r times as many rows as before. Finally the sample size of the sensi-
tivity framework (Feldman and Langberg, 2011) has an additive log(1/J) term for

achieving success probability 1 — J, which is typically set to some absolute constant.

_1
100m

fails to approximate any of the m values of p € Q = {p1, ..., pu} is bounded by the

Here we choose 6 = . By applying a union bound, the probability that the coreset

constant m - 6 = 1/100 which implies the log () term in our size bound. O

A.2 Main mathematical proofs of Ding et al. (2026)

A.2.1 Preliminaries

Considering the MCTM model whose negative log-likelihood function can be defined
as in Equation (3.1), the goal of the coreset approach is to obtain a subset C C D
of data, such that the approximation of the original likelihood function is bounded
within a factor (1+e¢).

After applying the basis functions a and their derivatives a’ to the raw data, we can
assume that for (i,j) € [n] x [J] we are given data points 4;; € R? and aj; € RY. We
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use A, A’ € R"*4 to denote the corresponding data matrices. Now for i € [n],] € []]
consider f(a;;, 9,A) = %(Z{;Zl AjiBeaij)? — log(l‘}jagj) which is the negative logarithm
of g(i,j) = 8;a;; exp(—%(Z{(:l A;kOkaij)*). We assume that for all i € [n],j € [J] and
all choices of parameters it holds that g(i,j) < ¢ for some constant ¢ € R>;. This
is a natural Lipschitz-type restriction ensuring that the distribution function has a
smooth transition from 0 to 1 preventing sudden jumps. Note, that this is equivalent
to —In(g(i,j)) > —In(c). We further add to the n] loss contributions a total shift of
log N = nJIn(c) + n/]. This corresponds to a normalization term A that ensures
non-negativity and thus allows a relative approximation to be meaningful, but does
not affect the optimization because it is independent of the parameters that we
optimize. Additionally, we assume that there is an intercept, i.e., that for each (i, j)
the first coordinate of both 4;; and ugj is 1 to make it consistent with the presence of
intercepts in the transformation functions  defined above. In the following, we show
that if we sample with probabilities that are larger than the ¢, leverage scores plus a
uniform term and add the convex hull of {a | i€ [n],jel]]}, then we get a coreset
for f(A, 9, A) to be minimized as in Equat10n (3.1). Let w € R™J be a weight vector.
We split the weighted version of f into three parts (w;; are omitted in the unweighted
case):

, 2
1 J
squared part: f1(A,9,A,w) = 5 Z(i,j)e[n]x[}] wij (Z Ak (B, aij>>
k=1

positive log part:  f2(A,9,A, w) = Z(i’j)e[n] (7] Wil max{log((d;, agj)),O}
negative log part: f3(A,9,A,w) = Z(Z.,].)e[n]xm w;j max{—log ({9}, a§j>), 0}.

A.2.2 Squared part

We let u; = sup,,—1 % for the i-th row of a matrix M denote their ¢, leverage
2
score. We show that sampling proportionally to the /, leverage scores preserves
the squared part f;: given rows a;; € RY where i € [n] and j € []], we are looking
for an e-coreset, which is given by a matrix comprising a subset of rows indexed by
S C [n] x [J] and corresponding weights w; ; for every (i,j) € S, such that for all
t,..., 07 € R? and A € R/*/ it holds that
2
A]k O, ajj >

n ] j 2
By (ZA ﬂk,az»)

i=1j=1

ii(i/\]k ﬁk,a,-]->>z (2 Wi j (i

i=1 ]:1 1])€S k=1

IN

In the following, we arrange data points in a matrix such that sampling rows of
this matrix yields a coreset for the function defined above. We set B € R"/*/" to be
the matrix whose rows equal (b;;;;)x = a; if k = (j —1)] + 1 for some [ € [J] and
(bij+j)x = 0 otherwise. Then B consists of n vertically stacked blocks. The i-th block,
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for i € [n], is defined by

by 0 0 0 0
b 0 0 0

B; = 0 b 0 0 | e RIX¥,
S 0
00 0 O b |

where b; = (bj, bi, ..., bij). The idea is that for any possible parametrization, the
squared part can be represented by a product of the new matrix B with the vector
0 = (87,AT)T. An e-subspace embedding for /5 is therefore sufficient to approximate
the squared part, i.e., it yields that V0: ||B'0||5 = (1 %+ ¢)||B6||3, where B’ consists of
few weighted rows subsampled from B according to their ¢, leverage scores Woodruff,
2014.

Lemma 3.3.1. There is a coreset S for f1 of size O(]J?d/€?) which can be computed in time
O(nnz(B) log(n]) + poly(d])) and with high probability by sampling and reweighting
according to the { leverage scores of B, where nnz(B) denotes the number of non-zero entries
of B. We then have |f1(A,9,A) — f1(A(S),9,A,w)| < efi(A, 8, A), where A(S) denotes
the restriction to S.

Proof. We apply ¢, leverage score sampling to B which gives us aset S C [n] x []]
and weights w;; € R>1 for all (i,j) € S such that |S| = O(J2d/¢?) and with high
probability for all x € RRY” it holds that

1Bx|3 — 3 wijllbixl3] < ell Bx|3.

(i,j)€S

Assume that the statement above holds and consider any parameterization @y, ... 9; €
RY and A € R/*J. We define x € RY* by xjx = Ajx0. Then we have that

n ] ] ] 2
Z Z (Z )L]k Uk, aijj ) O — Z w;,j (Z l9k,a1] )
i=1j=1 (i,j)es k=1

<e|Bx|} =e

IBx[5— Y wijlbijx|l5
(i))es

£ (L) |

i=1j=1

A.2.3 Logarithmic parts

We now turn our attention to the positive logarithmic part f,. This is going to be
handled using the sensitivity framework, which generalizes the previous leverage
score sampling for the ¢, norm to more general families of functions, we refer to
Appendix A.2.6 for details. First of all, we bound the VC dimension of the logarithmic
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function. This is done in a standard way. Using strict monotonicity, the logarithmic
function of the inner product can be inverted (respecting their domain and range),
relating it to linear classifiers in d dimensions. The latter have a known VC dimension
of d + 1 using classic learning theory results Kearns and Vazirani, 1994. The second
part is bounding the total sensitivity, which is the sum of all sensitivity scores s; =

i, 0,A . . . . .
supy , % of single data point contributions. To bound this value, we leverage

that for all parameters A and ¢ it holds that ln(ﬂjafj) — 3 (w; Z{;Zl Ajkkaij)* < In(c),
which allows us to relate the contribution of the logarithmic part to the squared part
up to a constant y > 1such thats; < y(u; +1/n). This allows to reuse the ¢, leverage
scores for this part as well, albeit with an additional uniform component, and with
an increase of the sample size, which comes from incorporating the VC dimension
and the Lipschitz bound c. We also note that the e-error is relative to f; instead of f,
directly.

Lemma 3.3.2. Assume that S is a sample consisting of O(J?d? In(cd])c®/€?) points drawn
with probability p; > a(u; +1/n), where & € O(J?dIn(cd])c®/€?). Then with high prob-
ability it holds that | f2(A, 9, A) — f2(A(S), 9, A, w)| < ef1(A, 8, A), where A(S) denotes
the restriction to S.

Proof. Our goal is to apply the results of sensitivity sampling. For (i,j) € [n] x
[J] we define h;;(9,A) = max{—In(8;a};),0} and ho(8,A) = fi(A,8,A). We set
h(A,8,A,w) = ho(8,A) + L jyen < 1, (¢, A). It holds that the VC-dimension of
{hi;j | (i,j) € [n] x [J]} U{ho} is bounded by d + 2 since log(-) is a monotonic function
and the VC dimension of {h, : ¢ — x® | x € R?} is bounded by d + 1 Kearns and
Vazirani, 1994 and adding the function /iy can only increase the VC-dimension by 1.

For the sensitivity we observe the following: since for all parameters A and ¢ it
holds that

. 2
1 ]
ln(ﬂ]a;]) — E <Z /\j,kﬂkai]) < ll’l(C)
k=1
it in particular holds that

1 2
11‘1(19]11;]) — E (19]011]) < ll’l(C)
Note that there is some b € R such that ﬂjafj = bd;ajj. Since we can scale ¢; arbitrarily

we get that

In(bt) — % (1) < In(c)
holds for any t € R. Note, that the term on the left hand side is maximized if t = 1

and thus
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or equivalently b < ec. We further have that the derivative of

is givenby (t/2 — In(bt)t) /(3 (t)*)2 whichis 0if t = 0 or In(bt) = 1/2 or equivalently
t = exp(%)/b which implies that

In(bt
3 (6

In(exp(3))
(e/2) (1/b)?

=b%/e.

<

We thus have that s; ;) = (ec?)u;; is an upper bound for the sensitivity of ;.
Consequently the total sensitivity is bounded by (ec?)dJ>.

Lastly we have that (A, 8, A, w) < (ec® +1)f1(A, 9,A, w). Thus applying sensi-
tivity sampling with error parameter ¢/c? gives us the desired result. O

Next, we handle the remaining negative logarithmic part given by f3. We note
that the asymptote at 0 precludes finite bounds on the sensitivity. We handle this
similarly to Lie and Munteanu, 2024 by restricting the optimization space to D (1) =
{(®,A) [ V(i j) € [n] x []] : (8),a3;) > n} comprising only solutions for which the
inner product is bounded away by # > 0 from zero. Setting # = 0 corresponds to the
original domain.! By avoiding high sensitivity points in this way, f3 can be bounded
in terms of uniform sensitivities together with the VC dimension bound 4 4 1 and
approximated by invoking the sensitivity framework again.

Lemma 3.3.3. Let (0%, A*) be an optimal solution. Then there exist (9,\) € D(n) with
If(A,8,A) — (A0, A9 < 2Jnfi(A, 8%, A*) +nn + J?n?. Further, if S is a sample
consisting of points drawn with probability p; > a(1/n) where « € O(dIn(cd])/n?)
combined with all points that are in the convex hull of {aj; | i € [n],j € [J]}. Then with
high probability, it holds for all (9,A) € D(n) that |f3(A,0,A) — f3(A(S), 8, A, w)| <
nfi1(A,8,A) +nn.

Proof. Let ey € R? be the first unit vector and let ¢, A be a feasible solution, i.e.
19]’u§j > 0. Then we claim that (8, A) with @ = ¢ + yje; fulfills f(A, 9, 1) < f(A, ¥, 1) +
nf1(A, 9%, 1) + 1. Applying this to (8%, A*) proves the first part of the lemma. First
note that as #/aj; > 0 we have that (8, 1) € D(77). Further we have that

f3(A,8,A) — f2(A,0,)A) < (A, 0, 1) — f2(A, ¥, A)

/

as ﬁjagj > ﬂ;alj. Lastly note that

; 2
2f1(A, 19, )\) = Z <i Aj,kﬁkaij>

(Lj)eln]x[J] \k=1

IWe also note that the final choice will be 7 = @(e) and negative value correction into the posi-
tive domain is common practice and was implemented in (Klein et al., 2022) before our theoretical
investigations.
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; 2
= X (Z k(O + e ”U)
(ij)eln]x[]] \k=1

2 .
] ]
< ) (Z /\j,kﬂl/caij> +2/pmax{(}_ Ajxai), 1} + Jn?
(i,j)en]x[]] \k=1 k=1

] ]
< ) (Z )‘j,kﬁl/caij> + 2y max{(}_ Ajxa;)* 1} + Jn?
k=1

(ij)eln]x[J] \k=1
= @+ 4NAFAYA) +2]yn + Pin.

Next we show by sampling techniques that with high probability it holds that
If3(A,0,A) — f3(A(S),9,A,w)| < nfi(A,0,A)+ nn. Again we use sensitivity sam-
pling. The bound of the VC dimension is again d + 2. For the sensitivity we have
that — ln(ﬁjagj) < 7L Since we only need an absolute error of 71 we can apply the
results of sensitivity sampling. O

A.2.4 Main result

We get the following theorem by a union bound over Lemmas 3.3.1 to 3.3.3 and
putting their error bounds together using the triangle inequality. The additive errors
of Lemma 3.3.3 are further charged against the optimal cost using the normalization
shift given by log V, see above.

Theorem 3.3.4. Assume that S is a sample consisting of O(J?d*In(cd])c®/e?) points
drawn with probability p; = a(u; + 1/n), where & € O(J?dIn(cd])c®/e?) combined with
all extreme points (i, j) € [n] x []] that are on the convex hull of {aj; | i € [n],j € [J]}. Then
with high probability it holds for any (8,A) € D(n) that |f(A,9,A) — f(A(S), 9, A, w)| <
ef(A).

Proof. By Lemma 3.3.1 we have that |f1(A,9,A) — f1(A(S), 0, A, w)| < ef1(A, 9, A)
with high probability.

By Lemma 3.3.2 we have that | f2(A, 9,A) — f2(A(S), 8, A, w)| < ef1(A, 8, A) with
high probability.

By Lemma 3.3.3 we have that |f3(A, 9,A) — f3(A(S), 9, A, w)| < nfi(A,0,A)+nn
with high probability.

Opverall, by the triangle inequality, we have that |f(A,3,A) — f(A(S), 8, A, w)| <
2ef1(A,0,A) +1nf1(A, 8, A) + nyn. Substituting /] for # and using that f(A,9,A) >
n/],and f > f; yields the desired bound. O

We remark that the convex hull can comprise Q)(n]) points, however, different
1-kernel coresets of size ®(1/5@~1)/2) exist for the problem (Agarwal et al., 2004;
Chan, 2004), surveyed in (Agarwal et al., 2005), in the field of computational geometry.
These #-kernels also match the requirements of the shifted domain D(#). We discuss
our particular choice (Blum et al., 2019) in the experimental section.
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A.2.5 Lower bounds

It suffices to prove a lower bound for the squared part. In particular the bound will
hold against preserving the subspace (equivalently the rank) spanned by the data.
In the following, we give two lower bounds under different natural assumptions on
the A coefficients that define the dependence structure of the Gaussian copula. The
first one is a weaker lower bound that holds without assumptions on A other than
its lower triangular structure. The second lower bound is stronger and holds under

additional but common assumptions on A.

Lemma 3.3.5. There exists a dataset {aj; };cy)je|;) Such that any coreset for MCTMs with
e < 1 has size at least Q(d]*) even if Aij = 0 for all i, j € [n] with j > i and |A;| < 1 for all
Proof. Consider the instance with n = (] — 1)2d consisting of Jd blocks {aif}je
where t € | x d. More precisely for t = (jo,k) € ] x ] x d we have that

{ek, i > jo)
ﬂt]‘ =

0 else

We set A € RI"J* to be the matrix with parameters that represents these rows. For
t = (3,k) the t-th block A; € R/*/? of the matrix A looks as follows:

00 0 0 O 0
00 0 0 O 0
0 0 e 0 O 0
At: 00 er €y 0 0
0 0 e e e 0
0
L0 0 e ex e -+ e
and the matrix itself has the form
C A
A1p
A: AlJ
Az
L Agy |

Note that the matrix A € R/**? with rows (aj) is of rank at least d] (] — 1) even if
we restrict the parameter space by requiring A;; = 0 for all ,j € [n] with j > i and
|Aij| < 1foralli,j € [J].. To see this observe that for each k € [d] and j; and j, with
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j1 < j» there is a parametrization such that only the contribution from row j, from
block (k, j1) is non zero:

Apjip =1

Aiyi—1) = —1 ifj1 <jppandj; >1
Ap=0 else

% = e fork = jo

9 =0 else.

Thus since any coreset coreset preserves the rank of the matrix any coreset must also
be of rank at least d] (] — 1) and thus of size at least Q(d]?). O

Lemma 3.3.6. There exists a dataset {a;; }icn)jc(j) Such that any coreset for MCTMs with
e < 1 has size at least Q(d]) even if \;; = 1 for all i € [J] and A;j = 0 for i < j.

Proof. Consider the instance with n = d and a;; = ¢; for all i € [n] and j € []]. Now

consider any instance {a;; }c[y) jc[;) With at least one zero entry, i.e. a; , = 0 for some

0jo
io € [n],jo € [J]. Then A’ cannot be a coreset of A for the following reason: let
A’ € R™ 4 be the matrix consisting of rows a’, ,ab. ,...a/. . Sincen =dandal. =0

jo” *2jo 1jo fojo
there exists g € ker(A’) \ {0}. Consider the following parameterizations:

A =0 forj >land ! = jj
Ajj=1 forall j € [J]
Ai=0 else

=25 fork = jo

% = else

Now we have that

i=1j=1
and )
noJ i
Z Z Z Ajjdkaij | =0
i=1j=1 \k=1
thus {agj}ie[n},]-e[ j] cannot be a coreset. O

A.2.6 Sensitivity sampling framework

The sensitivity sampling framework, as outlined and most recently updated in (Feld-
man et al., 2020), provides a methodology for generating coresets for optimization
problems where the objective is to reduce the cost associated with and aggregate over
the input data points. In this method, data points are selected at random, yet the
selection probability for each point is proportional to its sensitivity with respect to
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the optimization problem, as an importance measure. This technique is designed
to ensure the inclusion of pivotal points that might otherwise be missed under an
unbiased uniform random selection due to the equally low probability of selection.

Definition A.2.1 (Sensitivity (Langberg and Schulman, 2010)). Let F = {g1,...,8n}
be a family of functions that map from RY to the non-negative real numbers, weighted with
w € RY,,. The sensitivity of g; for fu(0) = i1 w; - g(x;0) is

{i=  sup wigi(6)

0€R?, f,(8)>0 fw (9) .

The sum of the sensitivities Z = Y ' 1 {; is called the total sensitivity.

The sensitivity sampling framework has demonstrated considerable advantages
in the construction of coresets across various computational problems and statistical
models, including linear regression (Clarkson, 2005; Drineas et al., 2006; Rudelson
and Vershynin, 2007; Dasgupta et al., 2009), logistic regression (Munteanu et al., 2018),
probit regression (Ding et al., 2024), and Poisson regression (Molina et al., 2018; Lie
and Munteanu, 2024).

Sampling with probabilities proportional to sensitivity scores provably leads to a
good approximation, although it requires the determination of the exact sensitivities
to solve the original problem. However, it has been shown that the sample can also
be drawn proportionally to any upper bounds such that S = Y/ ;s; > Y"1 (i =
Z. Therefore, in order to be able to build a coreset using sensitivity sampling, it
suffices to find the upper bounds to approximate a sensitivity. However, since the
total sensitivity determines the sample size, this overestimation must be controlled
carefully.

The following theorem builds the core for sensitivity sampling based coreset
construction and is presented in its most recently updated and optimized version
due to (Feldman et al., 2020).

Theorem A.2.2 ((Langberg and Schulman, 2010; Feldman and Langberg, 2011; Feld-
man et al., 2020)). Let F = {g1,...,8x} be a finite set of functions that map from R? to
R0 and let w € R, be a vector of positive weights. Let €, 6 be in (0,1/2). Moreover, let
si > C; be upper bounds for the sensitivities and S = Y ;' 1 s; > Z. Then for given s;, a set
R C F can be found in time O(|F|) with

=0 (5 (a1oss i () ) )

With the calculations of the weighted functions, such that with probability 1 — & for all § € RY
it holds:
(1—¢) ) wigi(6) < Y uigi(6) < (1+¢) ) wigi(6)

g€F g€ER g€eF

Each element of R is drawn i.i.d. with probability p; = %’ from F, u; = % denotes the
]

weight of a function g; € R, which corresponds to §; € F, and A is an upper bound for the
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VC dimension of the Range Spaces R+, induced by F* that we obtain by scaling all functions
.7 Sw; .
gi € Fwith s,TR]\ It is thus

= {Smgj(e) ‘je [n]}

The set of functions R C F with new weights u is a representation of our sought
coreset. The size of R depends on both, the estimate of the total sensitivity, as well as
the VC-dimension of the range spaces, which is induced by the reweighted function
set F*. Since the construction of the coreset is a probabilistic process, it cannot be
ruled out that this may fail (unless we choose all data points for our coreset). The
theorem thus introduces an controllable error probability §, which also influences the
size of the coreset logarithmically.

A.2.7 Relationship between MCTMs and Normalizing Flows

Multivariate Conditional Transformation Models (MCTMs) and Normalizing Flows
(NFs) are both powerful frameworks for modeling complex conditional probability
distributions py(y | x). They are built upon the same mathematical foundation,
namely the probability transformation formula, which enables density estimation by
transforming a complex target distribution into a simpler base distribution through a
bijective and differentiable function.

Let Y € R/ be the response variable whose conditional density py(y | x) is of
interest, and let Z € R/ be a latent variable with a known base distribution pz(z),
typically a standard multivariate Gaussian. Both frameworks assume the existence of
a transformation function  : R/ x X — R/ that is bijective in y for each fixed x, such
that

Z=h(Y | x).

The inverse function ¢ = h~! satisfies
Y =g8(Z]x).

By the probability transformation formula, the conditional density of Y given x can

o (202

be expressed as

py(y | x) = pz(h(y | x))

Taking the logarithm yields

log py(y | x) = logpz(h(y | x)) +log

4

(45

which is the objective typically maximized in both MCTM and NF during maximum
likelihood estimation respectively training.

In MCTM, the transformation h(y | x) is defined in a structured, semi-parametric
way. It follows a lower triangular structure such that the j-th component /;(y | x)
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depends only onys, ..., y;and x. This triangular form ensures that the Jacobian matrix
% is lower triangular. Each £; is further decomposed as a linear combination
of marginal transformations f,(y, | x) for £ < j, and its own marginal fzj (v | x).

Formally,
hi(yr, ...,y | x) = Z/\;e Ve(ye | x) + Rj(yj | x).

In matrix-vector notation, the full transformation is writtenas i (y | x) = A(x)h(y | x),
where hi(y | x) = (h1(y1 | x),...,ky(y; | x))T, and A(x) is a lower triangular matrix
with ones on the diagonal. Each marginal transformation fz]- is modeled using a
basis function expansion of the form /1;(y; | x) = a;(y;)"9;(x), where a;(y;) is a fixed
basis vector and 9;(x) is a parameter vector that may depend on x. Monotonicity
is enforced by constraining the derivative g > 0. The Jacobian determinant sim-
plifies significantly due to the triangular structure it is the product of the marginal
derivatives,

8h(y\x)> oy | x)
det ( _
dy ]IJ 9y; ]11

Therefore, the conditional log-likelihood becomes

log py(y | x) = log ¢ (A(x)h(y | x)) +Zlog a;(y;)) " 9;(x)),
j=

where ¢; denotes the density of the standard J-variate normal distribution.

Normalizing Flows employ the same principle of density transformation, but
define h(y | x) or its inverse g(z | x) through a sequence of invertible mappings
composed of simple building blocks. These mappings are typically parameterized
using deep neural networks. A transformation in NF is writtenas h = hpo---o
h1, where each hy is a bijective transformation with tractable Jacobian determinant.
The parameters of each transformation may be functions of x, enabling conditional
modeling.

Popular designs include autoregressive flows, where each output /; depends
onlyonyy,..., Yji-1 and x, resulting in a lower triangular Jacobian similar to MCTMs.
Another class of NF architectures is based on coupling layers, where the input vector
is split into two parts, one of which remains fixed while the other is transformed
using an affine function whose parameters are learned from the fixed part and the
context x. These transformations are composed repeatedly, with role reversal between
parts in successive layers to ensure expressiveness.

Despite their differences in parameterization and implementation, MCTM and
NF share the same mathematical foundation and rely on the same probability trans-
formation principle. Both frameworks define a transformation from the observed
data space to a latent space with a known density, compute the associated Jacobian
determinant, and maximize the resulting log-likelihood over the data.
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Appendix B

Supplementary Experimental

Results

B.1 Supplementary Experimental Results of Ding et al. (2024)

B.1.1 Figures
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FIGURE B.1: The estimated posterior distributions of p for simulated

data with N = 50 000 omitting a burn-in phase of 500 iterations. First

row: logit data, probit data. Second row: p = 1 and p = 3. Third row:
p=>5andp =8.
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FIGURE B.4: The Potential Scale Reduction Factors (PSRF) of p for
simulated data with N = 20000. First row: logit data, probit data, and
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FIGURE B.5: The Potential Scale Reduction Factors (PSRF) of p for
simulated data with N = 50 000. First row: logit data, probit data, and
p=1.Second row: p =3,p =5,and p = 8.

B.1.2 Tables

B.1.3 Simulation results for fixed p

TABLE B.1: Model comparison for different fixed p scenarios using

p-probit, probit, logit and cloglog link functions for N = 5000. *

indicates the smallest RSS and AE values, ** indicates the second
smallest RSS and AE values.

p-probit link probit link logit link cloglog link
RSS AE RSS AE RSS AE RSS AE
Logitdata 2902  59.621  0.530* 36.286** 0.843**  30.530* 6.156  99.389
probit data 0.807**  25.017  0.486*  17.725* 0.820 24.685** 2535  50.230

Scenarios

p=205 7.281*  83.000* 23.376 219.272 11.992** 150.764** 45.562 324.353
p=1 2.011* 36.153*  3.731 63.849 2.087**  42.089** 12712 136.547
p=15 2.208 42.655 1.515** 35.754**  1.659* 35.042% 2988  55.022
p=3 1.489** 29.930** 1.059* 26.039* 1.436 33.199 3.317  52.676
p=4 1.674* 29.839* 1.342*  28.552* 1.780 35.739 3.879  53.436
p=>5 1.705%  29.799* 2.680** 38.163** 3.803 47.477 4.415  53.962

p=38 1.854*  28.953* 3.776** 42.628** 4.842 50.341 3.681  49.187
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TABLE B.2: Model comparison for different fixed p scenarios using
p-probit, probit, logit and cloglog link functions for N = 10000. *
indicates the smallest RSS and AE values, ** indicates the second
smallest RSS and AE values.
) p-probit link probit link logit link cloglog link
Scenarios
RSS AE RSS AE RSS AE RSS AE
Logit data 4.817 174.792  1.983** 113.217**  1.895* 104.772*  11.126 290.799
probit data 0.648 ** 56.917**  (0.555* 54.363* 0.834 74.138 14.135 305.693
p=05 68.201 634.357 32.276** 494.286** 22.663* 407.023* 60.849 702.322
p=1 1.720*  87.923* 9.175 247.763  4.726** 166.047** 32.899 503.431
p=15 1.217*  80.314* 1.932 105.110 1.393*  84.426** 15.601 326.186
p=3 1.492*  80.535*  3.034** 122.068** 5.372 177.548 10.432 251.769
p=4 1.631* 84.170* 4.377* 152.791**  7.577 214.100 9.021 228.528
p=>5 1.710**  83.105* 6.848*  186.192**  11.002 248.507 12.827 264.621
p=28 0.995*  61.392* 7.966** 207.240** 11.939 265.612  13.051 264.066
TABLE B.3: Model comparison for different fixed p scenarios using
p-probit, probit, logit and cloglog link functions for N = 20000. *
indicates the smallest RSS and AE values, ** indicates the second
smallest RSS and AE values.
Scenarios p-probit link probit link logit link cloglog link
RSS AE RSS AE RSS AE RSS AE
Logit data 8.189 310.193  3.505** 197.954**  1.936* 133.325*  18.951  490.983
probit data 2.539** 135.983** 2.417*  128.596* 5.030 202.133 23982 501.766
p=05 3.814* 150.980*  77.922  1022.505 50.465** 1022.502** 63.519 1635.157
p=1 2.046* 120.853*  20.009 467.888 8.635**  286.183** 35.306 1442.950
p=15 0.937* 80.504* 2.479 154.448 1.171%** 101.367** 24.681 1286.137
p=3 1.313*  89.729* 3.719**  168.275** 8.407 278.710  22.872 1576.779
p=4 1.898*  105.718*  7.352**  236.262**  13.137 340.259  31.323  340.259
p=>5 1.322*  88.130*  10.890** 283.692**  17.863 384.601 29.337  530.940
p=28 2.620*  116.885* 11.834** 296.972**  18.519 393.044  33.297 541.105
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B.1.4 Simulation results for parameter estimation for p

TABLE B.4: The estimation results for p, based on different p-GGDs

generated simulations, for N = 5000, 10000, 20 000, and 50 000. The

different rows show different link functions of generated data, and

the columns represent the estimated values p of p, the variance of p,

the distance between the true and estimated parameters f, and the
residual sum of squares, respectively.

L N = 5000 N = 10000
Criterion —~ — = = = A
p o BBl RsS p &> B—All  RsS
Logit data 1.279 0.030 4.033 254.010 1.646 0.041 5.554 1752.570
probit data 2.355 0.064 0.512 150.104 2.033 0.023 0.773 1246.423
p=0.5 0.517 0.001 1.039 166.088 0.652 0.006 1.922 1275.791
p=1 0.997 0.017 0.446 155.312 0.930 0.041 0.832 1255.551
p=15 2.061 0.044 0.801 151.908 1.568 0.035 0.936 1247.989
p=23 4481 0.252 1.768 152.645 4.039 0.158 1.717 1252.065
p=4 4.310 0.161 0.446 152.474 4.070 0.126 0.897 1254.704
p=>5 7.483 0.810 1.184 153.056 4.234 0.187 0.900 1259.295
p=38 9.574 0.359 0.773 155.006 9.351 0.436 0.784 1267.948
N = 20000 N = 50000
p o IB—Bl:2 RSS p o2 B =Bl RSS

Logit data 1.453 0.013 6.280 2752.739 1.472 0.046 5.679 2563.471
probit data 2.045 0.012 0.330 1672.447 2.002 0.006 0.123 1378.033

p =05 0.611 0.005 2.027 1766.327 0.505 0.001 0.285 1470.865
p=1 0.944 0.019 0.462 1692.259 1.069 0.010 0.564 1399.571
p=15 1.442 0.026 0.805 1677.101 1.390 0.020 0.517 1385.033
p=3 3.060 0.083 0.329 1679.120 3.021 0.033 0.449 1382.025
p=4 4.769 0.040 0.938 1683.829 4.128 0.064 0.295 1389.862
p=>5 5.881 0.210 0.297 1689.743 5.507 0.135 0.259 1395.519
p=28 9.240 0.403 0.960 1697.123 8.525 0.576 0.381 1401.118

TABLE B.5: Checking for proper posterior and PSRF convergence.
PSRF smaller than 1.2 indicates that the chains are converged.

N=5000 N=10000 N=20000 N=50000
PSRF Integral PSRF Integral PSRF Integral PSRF Integral
Logit data 1.02 1.0009 1.06 1.0097 1.02 1.0009 1.03 1.0007
probit data  1.21 1.0009 1.11 1.0004 1.05 1.0009 1.11 1.0008

Scenarios

p=05 1.02 1.0004 1.02 1.0049 1.04 1.0008 1.02 1.0212
p=1 1.01 1.0009 1.00 1.0025 1.00 1.0006 1.03 1.0012
p=15 1.16 1.0010 1.02 1.0010 1.01 1.0009 1.05 1.0006
p=3 1.25 1.0009 1.02 1.0008 1.05 1.0009 1.13 1.0009
p=4 1.02 1.0009 1.09 1.0009 1.05 1.0008 1.08 1.0009
p=5 1.04 1.0009 1.16 1.0008 1.7 1.0009 1.08 1.0009

p=28 1.03 1.0009 1.03 1.0009 1.14 1.0009 1.27 1.0009
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Appendix C

Algorithms

C.1 Coreset Algorithm

Algorithm 6 Coreset algorithm for p-generalized probit regression. (Munteanu et al.,
2022)

1: Initialize sketch X” = 0 € R"*4, where n’ = O(d?*) for p < 2 orn' =
O(n'~%/Plogn-poly(d)) for p > 2);

2: fori =1Tondo

3: Draw a random number B; € [1']; > hash to bucket B;

4: Draw a random number ¢; € {—1,1}; > random sign

5: if p # 2 then

6: Draw a random number A; ~ exp(1); >/, embedding

7: o, =0/ /\}/P

8: end if

9 Xy =Xy +0i-xi. > sketch
10: end for l
11: Compute the QR-decomposition of X" = QR. > well conditioned basis
12: Initialize coreset X' = 0 € RF*4 > coreset points
13: Initialize weights w = 0 € R* > coreset weights
14: Initialize k independent weighted reservoir samplers S;, sampling row X]’ , for

each j € [k|;

15: Initialize G = [ € R¥*4; > Identity matrix
16: if p = 2 and logn < d then

17 Draw G € R?*198" with G;; ~ N(0, @) > JL-embedding
18: end if

19: fori =1ton do

20: Compute q; = || X;(R71G)|[} > {y-leverage score approximation
21: forj =1tokdo

22: Feeds;=gq;+1/nto§;; > unnormalized sampling probabilities
23: if S samples x; then

24: wi =1/(k-s;); > unnormalized weights
25: X]’ = Xx;; > save row identity in the coreset
26: end if

27: end for

28: end for

29: w=w-Y ;1S > normalize weights return C = (X', w)
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Algorithm 7 Sparse approximation of the convex hull (Blum et al., 2019)

1: Input: A set of points P, a query point g, tolerance €

2: Output: Approximated convex hull point ¢y closest to g

3: Initialize first two points: randomly select one point a¢, then obtain a; as the
furthest point from a

4: Obtain a, as the furthest point from the line agay; the set {ag,a1,a,} forms the
initial convex hull

5: forj <— 1ton —3do
6: to < closest point of P to g
7: M + O(1/€?)
8: fori+ 1to M do
9: Vi q—tiq
10: pi < point in P extremal in the direction of v;
11: if p; exists then
12: Compute the projection of g onto the line through t;,_; and p; to find ¢;
13: t; < closest point to g on line segment s; = t;_1p;
14: else
15: ti <t
16: break
17: end if
18: if ||g — ti|| < e ori = M then
19: return ¢;
20: end if
21: end for

22: end for
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