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Abstract

Abstract

The massive integration of power electronic devices at the load and generation side is chan-

ging the dynamics and stability of power systems. In particular, power electronic loads can

threaten voltage stability in the event of major disturbances, such as short circuits, due to

their low voltage sensitivity. In addition, the ancillary services of decommissioned conven-

tional power plants have to be taken over by grid-forming converters at the transmission

level. Since power electronic converters and loads can discretely change their dynam-

ics during disturbances, e.g. by current limitation or disconnection with zero power con-

sumption, additional challenges for voltage stability arise. Therefore, in this thesis, hybrid

system theory is used as a modelling basis to explicitly analyse the complex interactions

between continuous and discrete dynamics in such events. It is examined how the theory

of hybrid systems can extend the system theory of voltage stability and how it can support

its assessment in the short and long term. Furthermore, since there is only a small overlap

between conventional voltage stability dynamics and power electronics dynamics, it is not

clear whether phasor or electromagnetic transient models should be used. Phasor mod-

els have the advantage of simulating large systems in a reasonable period of time, while

electromagnetic transient models cover more high-frequency dynamics. Therefore, both

types are used to model grid-forming converters and power electronic loads. The results

show that the current limitation of grid-forming converters can lead to voltage instability

in the short and long term. However, by applying stability-enhancing control methods,

the instability induced by the converter can be avoided. The disconnection of power elec-

tronic loads during short circuits can initially stabilise the system due to the reduced power

consumption. However, their potential fast power recovery during the fault can lead to in-

stability or delayed voltage recovery afterwards. The combined simulation of grid-forming

converters and power electronic loads showed that the simultaneous occurrence of cur-

rent limitation and fast power recovery is a serious threat to short- and long-term voltage

stability. For this reason, the maximum current of the converter is considered to be the

most important parameter in this context. For the loads, an early disconnection during the

fault and a slow power recovery could also improve stability if the loads were designed

accordingly. Finally, the simulation results showed that phasor models may still be suitable

for grid-forming converters, while electromagnetic transient models are needed for power

electronic loads.
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Abstract

Kurzfassung

Die umfangreiche Integration von leistungselektronischen Betriebsmitteln auf der Last-

und Erzeugungsseite verändert die Dynamik und Stabilität von elektrischen Energiesys-

temen. Zum einen können leistungselektronische Lasten bei großen Störungen wie Kurz-

schlüssen die Spannungsstabilität gefährden, da ihre Leistung nur eine geringe Spannungs-

empfindlichkeit aufweist. Zum anderen müssen netzbildende Umrichter zukünftig die er-

brachten Systemdienstleistungen von stillgelegten Kraftwerken übernehmen. Da derar-

tige Umrichter und Lasten ihre Dynamik bei Störungen diskret ändern können, z.B. durch

Strombegrenzung, ergeben sich zusätzliche Herausforderungen für die Spannungsstabilität.

Daher wird in dieser Arbeit die Theorie hybrider Systeme als Modellierungsgrundlage ver-

wendet, um die Wechselwirkungen zwischen kontinuierlichen und diskreten Dynamiken

explizit zu analysieren. Es wird untersucht, wie hybride Systeme die Systemtheorie der

Spannungsstabilität erweitern können und wie sie deren Analyse unterstützen. Da zudem

die Dynamiken zwischen konventioneller Spannungsstabilität und der von leistungselektro-

nischen Betriebsmittel sich nur geringfügig überschneiden, ist es zudem nicht eindeutig, ob

Zeigermodelle oder Modelle für transiente elektromagnetische Vorgänge verwendet wer-

den sollten. Erstere haben den Vorteil, dass sie große Systeme in angemessener Zeit simu-

lieren können, während Letztere mehr hochfrequente Dynamiken berücksichtigen. Daher

werden beide Modellarten in dieser Arbeit untersucht und verglichen. Allgemein zeigen

die Ergebnisse, dass die Strombegrenzung der Umrichter im Kurz- und Langzeitbereich zu

Spannungsinstabilitäten führen kann. Durch die Anwendung zusätzlich stabilisierender

Regelungsmethoden kann die durch den Umrichter verursachte Instabilität jedoch ver-

mieden werden. Die Abschaltung der Lasten während der Kurzschlüsse kann das System

zunächst durch die verringerte Leistungsaufnahme stabilisieren. Ihre schnelle Leistungs-

wiederherstellung während des Fehlers kann jedoch zu Instabilität oder einer verzögerten

Spannungserholung nach dem Fehler führen. Die gemeinsame Simulation von netzbil-

denden Umrichtern und Lasten hat gezeigt, dass das gleichzeitige Auftreten von Strombe-

grenzung und schneller Leistungswiederkehr eine ernsthafte Gefahr für die Spannungssta-

bilität im Kurz- und Langzeitbereich darstellt. Daher wird in dieser Arbeit für den Um-

richter der maximale Umrichterstrom als dessen wichtigster Modellparameter angesehen.

Bei den Lasten könnten bei einer entsprechenden Auslegung eine frühzeitige Abschaltung

während des Fehlers und eine langsamere Leistungswiederherstellung die Stabilität eben-

falls verbessern. Abschließend zeigen die Simulationsergebnisse, dass für netzbildende

Umrichter Zeigermodelle weiterhin geeignet sein können, während für leistungselektroni-

sche Lasten Modelle für transiente elektromagnetische Vorgänge erforderlich sind.
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1 Introduction

“All models are wrong, but some are useful.”

George E. P. Box, 19791

Power systems around the world are changing due to the increasing installation of power

electronics. On the generation side, wind turbines and photovoltaic systems are increas-

ingly replacing conventional generation units such as synchronous generators. On the load

side, a sharp increase in the number of power electronics-interfaced loads such as con-

sumer electronics, light-emitting diodes (LEDs), information and communication techno-

logies and electric vehicle charging stations can be observed. As a result, most load and

generation units will be connected to the grid via power electronic interfaces. Since the

stability and overall dynamics of a power system are highly dependent on these units, it is

inevitable that stability and dynamics are changing and will continue to change. In partic-

ular, this new load composition presents challenges in terms of voltage stability, as it has

completely different voltage sensitivities and dynamics. In addition, some of the new gen-

eration units are located far from load centres, such as offshore wind farms, requiring the

energy to be transported over long distances, e.g. by high-voltage direct current (HVDC)

links. As the decommissioning of synchronous generators means that their ancillary ser-

vices will no longer be available, they have to be provided by other units. For this purpose,

the large converters of HVDC links could be used, which could provide virtual inertia,

e.g. through a grid-forming (GFM) control approach. As voltage stability is also largely

determined by the grid structure, such changes in power transmission would also have a

significant impact. This means that the changes on the load, generation and grid side will

significantly alter the voltage dynamics and hence the stability. Therefore, the impact of

these power electronic devices on voltage stability needs to be analysed and evaluated.

In the past, voltage stability has often been assessed by static analyses such as steady-state

power flows or the calculation of P(V)-curves. However, power systems are highly non-

linear systems that exhibit a variety of complex dynamics near the stability limit and under

disturbances, especially for voltage phenomena [1]. For this reason, the mechanisms of

voltage instability were first described by the bifurcation theory of non-linear dynamics [2].

1Box, G.E.P, "Robustness in the strategy of scientific model building", MRC Technical Summary Report

no. 1954, May 1979
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1 Introduction

For non-linear dynamic systems, bifurcation describes a qualitatively sudden change in the

system dynamics under variation of a parameter. However, this previous system theory of

voltage stability was carried out for power systems based on synchronous machines and

conventional loads and not for power electronics-dominated systems. A new challenge is

that power electronic devices can discretely change their dynamics. In the case of power

converters, discrete dynamics can arise, for example, by current limitation leading from a

grid-forming to a grid-following mode [3]. This change in control and partial loss of flex-

ibility can significantly alter voltage dynamics and threaten stability. In the case of power

electronic loads, an abrupt switch-off with zero power consumption during a voltage drop

and a rapid power recovery in the meantime is also observed [4]. This discontinuous re-

sponse is also of a discrete nature. Based on this, power electronic devices cannot only

be described by continuous states (e.g. voltages or currents) but also by discrete states

and events. Therefore, they can be modelled by hybrid system theory instead as a sys-

tem of pure differential-algebraic equations (DAEs) [5]. Note that in this thesis a hybrid

system means a mathematical model consisting of continuous and discrete states. Since

the discrete dynamics mentioned above occur especially in the case of large disturbances,

linearisation as in the case of bifurcation theory is often not appropriate. Therefore, hybrid

system theory can help to address these new challenges and thus extend the modelling and

stability analysis methods alongside the conventional ones. This could help to specifically

analyse the impact of the emerging discrete dynamics on voltage stability.

In [6] two new stability classes are introduced to cover the effects of an increasing number

of power electronic devices. It also highlights the importance of hybrid system theory and

its differences in stability from pure continuous systems. It is also pointed out that due

to the fast response of power electronic devices, these two new stability classes need to

be analysed using electromagnetic transient (EMT) models. At the same time, however,

it is stated that all the dynamic phenomena considered in conventional power systems can

be modelled by phasor models to investigate voltage stability. This raises the question of

which modelling approach should be used to analyse voltage stability in a power system

dominated by power electronics. On the one hand, EMT models can always lead to greater

modelling detail and thus cover more dynamic phenomena. On the other hand, phasor

models can lead to reduced complexity and larger simulation step sizes, which can increase

the simulation speed by one or two orders of magnitude [7]. For this reason, the suitability

of EMT models for low-frequency dynamics is very low. In addition, the analysis of phasor

models can be much simpler than the waveforms of an EMT model, and the parameter

space is likely to be larger. Fig. 1.1 illustrates the suitability of EMT and phasor models

2



for power converters. It also highlights the short- and long-term voltage dynamics that

can occur in conventional power systems in addition to the converter dynamics, which are

mainly based on its control and the model of the converter. It can be seen that some of the

dynamics overlap, but there are regions such as the long-term voltage dynamics and the

fast converter controls that do not intersect. Especially within the overlapping region, the

suitability varies between the model types. In general, the simulation model used should

capture all the dynamics required for accurate stability analysis. However, models that

are too complex can lead to high computational costs and a difficult stability analysis. In

summary, it is not clear which type of simulation model should be used to investigate

short- and long-term voltage stability in a power electronics-dominated system, as both

have advantages and disadvantages.

It can be concluded that the massive integration of power electronics into the power system

raises a number of challenges. On the one hand, it turns out that the basic theory of voltage

stability may not be sufficient to describe all relevant dynamic stability phenomena. On the

other hand, it is not clear what the main dynamics are and what type of model is suitable for

modelling them accurately but efficiently. Finally, there is of course the question of what

the specific impact of the power electronic devices is on short- and long-term stability.

10-3 10-2 10-1 100 101 102 103 104

f/Hz → 

106
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Figure 1.1: Suitability of EMT and phasor models of power converters based on [7] with

highlighted time scales of voltage stability [6] and converter [8] dynamics.
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1 Introduction

1.1 Research questions

Voltage stability is a major concern at the transmission system level due to the high power

that needs to be transmitted over long distances and the resulting high load on the lines at

certain times of the year. Therefore, this thesis will mainly deal with stability aspects at

the transmission system level. The focus is on current-limited GFM converters, as they are

required to take over some of the ancillary services from synchronous generators, e.g. by

HVDC converters. In the case of the power electronic loads, different types will be investi-

gated, as there is a wide variety. As the previous introduction has shown, there are several

open research questions in the field of power electronics and voltage stability. In particular,

their discrete dynamics in the presence of large disturbances pose new challenges that need

to be analysed in the short and long term. To address this issue, the main research question

for this thesis is as follows:

Research question 1:

How do grid-forming converters and power electronic loads influence

short- and long-term voltage stability and associated dynamics?

To answer this question, the theory of hybrid systems is used as a theoretical modelling

basis. However, due to the increased complexity, it is not clear what benefits can be

achieved by explicitly modelling the power system as a hybrid system. In addition, as

there are several methods to analyse hybrid systems, it is an open question of which meth-

ods are helpful to assess voltage stability. To investigate this, the second research question

is formulated as follows:

Research question 2:

How can hybrid system theory extend the modelling of dynamic power

systems and support the assessment of voltage stability?

As the theory of hybrid systems only provides a general modelling basis, it is not able

to recommend how the individual power electronic devices should be modelled in detail.

Therefore, the suitability of EMT or phasor models must be individually assessed and

compared. As the suitability mainly depends on an accurate representation of the required

dynamics, the third research question is formulated as follows:

4



1.2 Structure of the thesis

Research question 3:

How should grid-forming converters and power electronic loads be

modelled and what are their main continuous and discrete dynamics?

As power electronic devices represent a promising solution to decarbonise the energy sys-

tem, it is also important to ensure that its massive integration into the power system is

robust and does not create new problems. As each device has several model and control

parameters, all of which can affect the stability of the system, it is necessary to analyse

which are the most important parameters. In addition, it may be helpful to have recom-

mendations on how these parameters should be designed. This leads to the fourth and last

research question:

Research question 4:

What are the key parameters of grid-forming converters and power

electronic loads that affect short- and long-term voltage stability and how

could they be designed for a robust integration of these devices?

The above research questions therefore aim to provide a structured analysis of how power

electronic devices affect voltage stability and how the theory of hybrid systems can support

this. In addition, it should be clarified what modelling basis is necessary and what the main

dynamics are. Finally, the relevant modelling parameters that have a major influence on the

stability of a robust integration of power electronics are identified.

1.2 Structure of the thesis

In order to answer the research questions systematically, the structure of this thesis is

presented next. Its graphical representation is given in Fig. 1.2. After the introduction,

a summary of the fundamentals of voltage stability and its assessment methods is given

in Chapter 2. First, the classification of power system stability is outlined, with an em-

phasis on the differences and similarities between voltage stability and the other stability

classes. Second, the system theory of voltage stability, mainly based on bifurcation theory,

is presented to examine the extent to which it applies to power electronics-dominated sys-

tems. State-of-the-art voltage stability assessment methods for short- and long-term voltage

5



1 Introduction

stability are then presented. The applicability of these methods to large-signal stability and

power systems with a high proportion of power electronics is considered. In addition, the

current practice of modelling power system components such as converters and loads for

voltage stability analysis is described. It also reviews the extent to which the impact of

GFM converters and power electronic loads on voltage stability has been analysed so far.

The chapter closes with a conclusion and derivation of the methodical procedure.

In Chapter 3, firstly, a literature review is given on recent applications of hybrid system the-

ory to power systems and the benefits that have been obtained. Secondly, different formal

modelling approaches of hybrid systems are presented in order to analyse which approach

is best suited for the given research questions. The dynamic phenomena that are unique

to hybrid systems are described afterwards. The stability theory of hybrid systems and its

difference from pure continuous systems is also highlighted. In the next step, the method

of trajectory sensitivity with discontinuities is presented, which can be particularly helpful

when investigating the stability of complex hybrid power systems. Finally, a conclusion is

drawn on how hybrid system theory can support the modelling of power electronics and

the analysis of voltage stability.

Chapter 4 deals with the modelling of GFM converters with current limitation. The first step

is to outline the general converter model, including the AC filter and the DC energy model.

In the second step, an overview of different GFM control approaches is given, consisting of

the power synchronisation and voltage control loop. Emphasis is placed on how the control

loops need to be modified if they are to be modelled for EMT or phasor simulations. This

is followed by a description of how to model the cascaded internal control loops and the

current limitation. This is followed by a proposal for a stability-enhancing control method

(SECM) capable of stabilising the converter during current limitation. Other SECMs are

also presented for comparison in later simulations. The chapter concludes with the explicit

modelling of a droop-based GFM converter as a hybrid system. The aim is to analyse

its characteristics as a hybrid system and how it can later be used to investigate voltage

stability.

Similarly, in Chapter 5, the general structure of power electronic loads is presented first.

The next step is to derive an analytical phasor model of a power electronic load for later

simulations as nothing comparable was found in the literature. The power response of real

power electronic loads to voltage drops is then measured in the laboratory. Based on the

measurements, EMT load models are derived. In the final step, the phasor power electronic

load model is explicitly modelled as a hybrid system and its characteristics are analysed.
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1.2 Structure of the thesis

In Chapter 6 the time-domain simulations are performed to finally analyse the voltage sta-

bility in power electronics-dominated grids. For this purpose, an aggregated version of the

Nordic test system is proposed, which is much more computationally efficient but reflects

the main short- and long-term voltage dynamics. The scenario setup and the simulation

environment for the time-domain simulations are then presented. The analysis starts with

short-term voltage stability, where the individual impact of GFM converters and power

electronic loads is examined before they are combined. The same procedure is then fol-

lowed for long-term voltage stability. Within these analyses, the comparison between the

EMT and phasor models is also carried out, as well as the parameter study through the

trajectory sensitivity calculation. Finally, in Chapter 7, a summary and a conclusion of the

stated research questions are given, as well as an outlook on further research.
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1 Introduction

Figure 1.2: Graphical representation of the thesis structure
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2 Voltage stability and its assessment methods

This chapter summarises the theoretical background of voltage stability, its assessment

methods and current modelling practices. For this, an introduction to power system stabi-

lity classification is given in Section 2.1. Here, special attention is given to voltage stability

and its similarities and differences to other stability classes. Also, the differentiation of

voltage stability into short- and long-term dynamics is specified. In Section 2.2, the system

theory of voltage stability and dynamic phenomena are presented. Based on this, state-

of-the-art voltage stability assessment methods are reviewed in Section 2.3. This section

is further divided into short-term (Section 2.3.1) and long-term (Section 2.3.2) assessment

methods. Afterwards, the current practice of modelling power electronics for voltage sta-

bility is presented in Section 2.4. In Section 2.5, the chapter closes with a summary and

derivation of the subsequent methodical procedure, especially for the modelling and as-

sessment of power electronics-dominated power systems.

2.1 Power system stability classification

In general, the stability of a (physical) dynamical system means that it can withstand certain

disturbances where its states return to an equilibrium point after a transient phase. For

power systems, a formal definition of stability is given in [6]:

"Power system stability is the ability of an electric power system, for a given initial
operating condition, to regain a state of operating equilibrium after being subjected to a
physical disturbance, with most system variables bounded so that practically the entire

system remains intact."

By this definition, it is initially irrelevant what type of disturbance occurs and which states

of the system are affected. Also, this definition considers the power system as a whole and

not on a component level. This means that some subsystems may become unstable, but

the majority of the power system remains intact after a disturbance. The definition also in-

corporates that only technically feasible operating points are defined as stable and not, for

example, a state in which all voltages are equal to zero, although it is an equilibrium. This

aspect is important for the distinction between a system-theoretical and a practical view
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2 Voltage stability and its assessment methods

of stability. Fig. 2.1 illustrates the concept of power system stability, dividing the state-

space into a region of attraction and a feasible operating region, e.g. by operational limits.

All trajectories starting within the region of attraction will converge to the equilibrium. In

contrast, the feasible operating region is a subset of the state space, which if trajectories

leave this region could lead to undesirable or unsafe behaviour, like e.g. triggering a cir-

cuit breaker. The intersection of both regions is called restricted stability region, which

takes into account the constraints that would lead to a structural change of the system and

the region of attraction. [9] This means, that if a disturbance occurs, the states leave the

Figure 2.1: Visualization of power system stability concerning operational limits leading

to a restricted stability region

equilibrium, perhaps undergoing a discrete change, and enter a transient phase. Based on

the nature and size of the disturbance, the states either return to the equilibrium (green and

yellow trajectory), become unbounded or reach another equilibrium which is maybe out-

side the operational limits (red trajectory). In case the operating limits have been violated

during the transient phase (yellow trajectory), a reliable statement about system stability

can only be made if e.g. the corresponding protection devices are taken into account. Since

power systems are large, non-linear, complex and hybrid, their stability is usually evaluated

by mathematical models and numerical calculations [10]. Therefore, if protection equip-

ment or other structural changing assets are not considered in a model-based study, no exact

statement about the stability can be made, as the confidence region of the model has been

left. In addition, to determine if the system is stable, it depends on whether a short-term

violation of operational limits is allowed or has to be endured. The difference between

steady-state voltage limits and the fault ride-through curve serves as an example here [11].
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2.1 Power system stability classification

As a consequence, for a numerical evaluation of power system stability, it is crucial to take

the different operational limits into account.

Fig. 2.2 illustrates the revised stability classification. A distinction is made between the

five stability classes. The three stability classes voltage, rotor angle and frequency stability

have been introduced in [12], while the two new classes (resonance and converter-driven

stability) have been added in [6], motivated by the increasing share of power electronics.

As can be seen in Fig. 2.2, different models should be used depending on the stability

class according to [6]. The reason for this is that for the new stability classes EMT models

should be used due to the high-frequency dynamics of power electronics. At the same time,

it is stated that conventional voltage stability can be analysed by using phasor models. This

shows that it is not clear which modelling detail (i.e. EMT or phasor type) is needed when

analysing voltage stability in power electronics-dominated grids. Next, the definition of

voltage stability is given and how it is divided into short- and long-term stability.

Definition of Voltage Stability [6]: "Voltage stability refers to the ability of a power system
to maintain steady voltages at all buses in the system after being subjected to a disturbance.
It depends on the ability of the combined generation and transmission systems to provide
the power requested by loads. This ability is constrained by the maximum power transfer
to a specific set of buses and linked to the voltage drop that occurs when active and/or
reactive power flows through inductive reactances of the transmission network."

The driving force behind voltage instability is the active and reactive power demanded by

loads. If the requested power exceeds the transport capacity of the grid, a voltage collapse

will occur. Voltage stability therefore always depends on the structure of the grid and the

resulting voltage drop across lines and transformers. For this reason, the basic structure of

the power system must always be preserved when investigating voltage stability. This is in

contrast to frequency stability, where the grid structure can be neglected sometimes. Since

the size of the disturbance influences the method of analysis, it is divided into large and
small disturbances. For the former, it is usually necessary to carry out time-domain simu-

lations, since the non-linearities of the grid and the dynamics of the grid components must

be taken into account. The period of interest may be in the short or long term. Short-term

stability is mainly analysed for large disturbances such as short circuits and the resulting

load dynamics. Since short circuits are also the main disturbance in the case of rotor angle

transient stability, the distinction between these types is not always clear [14]. In contrast,

long-term voltage stability deals with slower dynamics such as on-load tap changer (OLTC)

tap changes or over excitation limitation (OEL) activation of synchronous generators [1].
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2 Voltage stability and its assessment methods

Figure 2.2: Power system classification, suitability of simulation models and focus of the

thesis (own representation, based on [13])

As shown in Fig. 2.2, long-term voltage stability can be initiated by large disturbances like

short circuits or by small disturbances, e.g. a slight increase in power consumption. For

small disturbances, the system equations are linearised and the dynamics are set to zero due

to the small incremental change in load. This allows a more analytical investigation such

as bifurcation theory (see Section 2.2). As small load changes are usually associated with

a slow growth rate, they consider long-term phenomena only. However, the focus of this

thesis is on large disturbances, as these evoke the complex interactions between continuous

and discrete dynamics, making linearisation infeasible. A more detailed look at the theory

of voltage stability is given in the next subsection.

2.2 System theory of voltage stability

In the last decades, the theory of voltage stability has been mainly described by the bifur-

cation theory of differential and algebraic equations [15]. Bifurcation theory describes how

a system qualitatively changes by slowly varying a parameter of the investigated system.

Thus, a bifurcation point represents a strong change in the system characteristics by a com-

paratively small change of a parameter. By assuming that the power system is a non-linear
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2.2 System theory of voltage stability

autonomous dynamical system with a parameter γ, it can be described by

ẋ = f (x, γ), (2.1)

where the system has an equilibrium point at x0 if f (x0, γ) = 0. Depending on the bifur-

cation, the number and type (stable or unstable) of equilibrium points can change. This

means that the phase portrait (geometric presentation of the trajectories regarding the solu-

tion) of the system significantly changes in the state space. Examples of bifurcations

are saddle-node bifurcation, Hopf bifurcation, transcritical bifurcation and pitchfork bi-

furcation. However, it should be noted that this list is not complete (see e.g. [16]). This

subchapter will concentrate on saddle-node and Hopf bifurcation as they have the most

practical relevance [17]. With regard to voltage stability, the load power pL is used as the

parameter γ and the load voltage vL as a state x to track the change in equilibrium points

here.

Saddle-node bifurcation

In general, saddle-node bifurcation theory is applied to characterise the phenomenon of

voltage collapse in a power system with increasing load demand. At a saddle-node bifur-

cation, the former stable equilibrium xs (respectively x0) collided with an unstable equilib-

rium xu to one saddle-node point xSNB. It should be noted that xSNB is an equilibrium, but

unstable. Consequently, any load change would result in a voltage collapse [2]. Fig. 2.3

visualises the collision of the two equilibrium points at a saddle-node bifurcation for an

increasing load demand by an exemplary P(V)-curve. As the power flow equations have

a quadratic dependency on the voltage, two solutions, one stable and one unstable, ex-

ist. To analyse a saddle-node bifurcation, the power system in (2.1) can be linearised by

calculating its Jacobian matrix Jsys

d f (x, γ)
dx

= Jsys(x, γ). (2.2)

At the saddle-node bifurcation, the system reaches its maximum load pLmax = γSNB and

is at an unstable equilibrium point. At this point, the determinant of the Jacobian and one
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2 Voltage stability and its assessment methods

eigenvalue λ1 become zero, whereas the other eigenvalues are non-zero [2]

0 = f (xSNB, γSNB), (2.3)

0 = det
(
Jsys(xSNB, γSNB)

)
, (2.4)

0 = det
(
Jsys(xSNB, γSNB) − λ · I

)
, (2.5)

λi

⎧⎪⎪⎪⎨⎪⎪⎪⎩= 0 for i = 1,

� 0 else,
(2.6)

where I is the identity matrix. This means that by analysing the eigenvalues of a system

by slowly varying the load power, the critical point of the P(V)-curve can be detected. In

addition, (2.3) and (2.4) can be taken to directly calculate the bifurcation point [18]. Due

to the high number of loads in a power system, one bifurcation point for each bus can

be determined. Also, the variation of the loads does not have to be independent and can

be combined, which further increases the complexity of finding a reasonable loadability

margin. Here, loadability margin means the distance from the current operation point to

the maximum loading pLmax. In addition, depending on the modelling of the power system,

the Jacobian can be either calculated by a static or dynamic model. However, it should

be noted that the result may differ if e.g. excitation limitations of synchronous generators

are not included in the static model [19]. Overall, saddle-node bifurcation explains the

phenomenon of voltage collapse for a slow load increase very precisely and can be analysed

by linearizing the static or dynamic power system equations.

Figure 2.3: Example of a saddle-node bifurcation represented by a P(V)-curve

14



2.2 System theory of voltage stability

Hopf bifurcation

If there was previously a choice between static and dynamic modelling, dynamic equations

must be used for Hopf bifurcation analyses [20]. In general, Hopf bifurcation is used to

describe the phenomenon of voltage oscillations in a power system on a theoretical level.

In the past, Hopf bifurcation theory has been applied to study voltage oscillations, e.g. in

case of historical disturbances or by their occurrence due to automatic voltage regulators

(AVRs) of synchronous generators [14, 21–23]. As already pointed out, for saddle-node

bifurcation two equilibrium points collide into one equilibrium point. In the case of Hopf

bifurcation, one equilibrium turns into a limit cycle with a periodic solution [24]. This

means that the states are oscillating, which can either increase decay or stay in a stable

periodic orbit. If a stable equilibrium changes to a stable limit cycle with an unstable

equilibrium point this Hopf bifurcation is called supercritical. In contrast, if an unstable

limit cycle with a stable equilibrium point changes to an unstable equilibrium point it is

called subcritical [16]. Fig. 2.4 illustrates these two types of Hopf bifurcation.

x x

Figure 2.4: Illustration of super- and subcritical Hopf bifurcation (own representation,

inspired by [25])

Hopf bifurcations occur if the system is at an equilibrium point and the Jacobian from (2.2)

has a pair of purely imaginary eigenvalues [26]

f (xH, γH) = 0,

det
(
Jsys(xH, γH) − λ · I

)
= 0,

λ1,2(γH) = ± jωH.

(2.7)
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2 Voltage stability and its assessment methods

Here, γH is the varied parameter and xH is the corresponding state vector at Hopf bifur-

cation. In addition to the upper requirements the pair of complex eigenvalues have to cross

the imaginary axes transversal, which is ensured if the the following expression is satis-

fied [26]
d� {
λ1,2(γH)

}
dγ

� 0. (2.8)

The sign of the left-hand side in (2.8) determines if a birth or death of a limit cycle takes

place. To analyse the stability of the periodic solution the eigenvalues of the monodromy

matrix can be calculated [17, 26]. To get this matrix, the trajectories ϕ (t, x(t, γ)), which are

the solutions of the states x(t, γ), have to be considered. If these trajectories are periodic,

the following equation holds

ϕ (t, x0) = ϕ (t + T, x0) , (2.9)

where T is the period time and x0 are the initial states of the periodic solution. If the system

is perturbed with x0+d0 a trajectory evolves in a distance d(t) to the periodic solution [26]

d(t) = ϕ (t, x0 + d0) − ϕ (t, x0) . (2.10)

This distance is evaluated after one period T

d(T ) = ϕ (T, x0 + d0) − ϕ (T, x0) , (2.11)

and is linearised by its first Taylor expansion

d(T ) ≈ dϕ (T, x0)

dx
d0, (2.12)

where
dϕ (T, x0)

dx
=M(x0, γ) (2.13)

is the monodromy matrix M(x0, γ). In [26] a detailed explanation is given of how to get the

monodromy matrix and the corresponding periodic solution by a boundary value problem.

For the stability assessment of the limit cycles, the eigenvalues λM or Floquet multipliers of

M(x0, γ) have to be calculated, where one eigenvalue lies on the unit circle. The periodic

orbit is stable if the absolute value of all other eigenvalues is smaller than one. In contrast,

the periodic solution is unstable if the absolute value of one eigenvalue is greater than one.

Here, it has to be noted that the information about the stability is only for one particular

periodic orbit for a given bifurcation parameter γ.
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2.3 State of the art of voltage stability assessment

In summary, bifurcation theory describes the stability of a system by assuming a slow

parameter change. This is important because in this case system equations can be linear-

ised which simplifies the assessment. Differential and/or algebraic equations are typically

used to model the system. Pure static models, containing only algebraic equations (usu-

ally power flow equations), have the advantage of smaller computational costs compared

to dynamic models. However, static models may neglect important aspects of the system

e.g. current limitation of power converters, fast power restoration of loads or OLTC tap

changes. If these limits and discrete changes are taken into account, the system can also

be interpreted as a hybrid system as the system equations change. As pointed out, bifur-

cation theory is used to describe phenomena of dynamic systems at stability boundaries,

by linearised equations. However, to assess voltage stability not only for a slow parameter

change but also for large disturbances, like e.g. short-circuits, non-linearities have to be

taken into account, e.g. by time-domain simulations [13]. Bifurcation theory thus provides

the fundamental system theoretical description of voltage stability, which helps to under-

stand the underlying phenomena but does not cover the complete area of voltage stability

assessment. Hence, bifurcation theory and hybrid system theory for non-linear phenomena

could complement each other.

2.3 State of the art of voltage stability assessment

This subsection is mainly a summary of the literature review made in the Cigré and IEEE

joint working group C4/C2.58/IEEE, where the author of this thesis has also participated

in [27]. If available, the original references are given in this thesis, otherwise, reference is

made to the technical brochure.

Besides the definition and fundamental principles of voltage stability, also its assessment

methods are important for stability studies. In practical applications, the assessment method

and its underlying stability threshold often determine if a system state is labelled stable or

not. This subsection deals with state-of-the-art voltage stability assessment methods, with

a focus on methods that can be applied in power electronics-dominated power systems. In

general, transmission system operators evaluate voltage stability during long-term planning

and operational studies as well as in real-time operation. In the case of long-term planning

(2-10 years in advance), it is assessed if the power system has to be expanded due to iden-

tified voltage-related problems in the future. In the operational studies (2 years until one

day before operation) it is assessed if the planned system will be in a safe condition, e.g.
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2 Voltage stability and its assessment methods

in case of planned outages of power plants or transmission lines. For real-time assessment,

the focus is set to possible contingencies or operating point changes that could endanger

voltage stability. Also, it is assessed if the current system state is secure, based on the

results of the state estimation. [27]

In all planning and operational phases different aspects of voltage stability are analysed

by various assessment methods. On the one hand, short- or long-term voltage stability

can be assessed. On the other hand, different methods can be applied to static or dynamic

models or they take measurement results as input, in case of real-time operation. In Fig. 2.5

a taxonomy of voltage stability assessment methods with a selection of such methods is

illustrated. As can be seen, methods applied to long-term studies are further classified into

model, hybrid or measurement-based. For example, for a load flow or a P(V)-curve analysis

a detailed power system model is needed, whereas some voltage stability indices only need

voltage measurements to calculate the specific index. Therefore, some methods do not

need a power system model to evaluate voltage stability, which is called model-free [28].

In the case of short-term assessment, no further classification is made, because nearly all

methods only take the voltage magnitude as an input. Hence, the origin of the voltage

value (from simulation or measurement) is of secondary importance, as most methods can

be applied to both domains [27]. Next, a selection of voltage stability assessment methods

is presented. The methods have been selected according to whether they can be used in

power electronics-dominated power systems and if they can be applied to dynamic models.

For a complete overview, the reader is referred to [27].

P V Q V

Figure 2.5: Taxonomy of voltage stability assessment (own illustration, inspired by [27])

18



2.3 State of the art of voltage stability assessment

2.3.1 Assessment methods for short-term voltage stability

Short-term voltage stability phenomena are fast and therefore their assessment has to be

fast too, especially in real-time operation. Therefore, such evaluation methods are rated

if they are real-time applicable with low computational costs. In addition, these methods

should detect different phenomena of instability, like fault-induced delayed voltage recov-

ery (FIDVR) or converter-driven slow interaction instability [28]. Since the focus of this

thesis is to evaluate power systems with many power electronic devices, but not during

real-time applications, the computational costs of these methods are of minor importance,

but their applicability to various short-term phenomena is of high interest. Next, several

assessment methods are reviewed by these requirements.

Low voltage ride-through curve

A basic assessment method for determining short-term voltage stability of power elec-

tronic generation is to check if they fulfil the low voltage ride-through (LVRT) require-

ments during a fault. These requirements are normally specified by grid codes of the power

system operators and vary according to the type of generation and voltage level, e.g. in

Germany by [11, 29–31], in North America by [32] and by European transmission system

operators [33, 34]. In Fig. 2.6 an overview of different LVRT requirements for power elec-

tronic generation units (e.g. HVDC converters) at transmission level for different countries

is given. Above the curves, the generators are not allowed to trip and shall stay con-

nected to the grid. Note that it has to be kept in mind that there are also high voltage

Figure 2.6: Low voltage ride-through requirements of different countries for power elec-

tronic generation at transmission level (based on [29, 32–34])
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ride-through (HVRT) requirements to protect the devices and their insulation against high

voltages, but these are not shown here. Below the LVRT curve, the generators can dis-

connect, but they do not have to. As can be seen in the figure, most grid codes demand a

connection at zero voltage for 150 ms, which shall cover the time during the fault. After

the fault, different requirements are made, based on the system operator’s specifications.

In general, the advantages are the independence from a particular model and its explicit

design for dynamic phenomena. In addition, the LVRT requirements in Fig. 2.6 are applied

in real operation for power electronic generation. An advantage of this approach is that the

confidence region of the model is taken more seriously and the result is just a binary output.

The reason is that no dedicated protection equipment is modelled in this thesis. Therefore,

any violation of the LVRT requirement could be assessed as unstable, like in [SL6].

Lyapunov Exponent

Since short- and long-term voltage stability contain non-linear dynamic phenomena, lin-

earisation is often not possible. A fundamental method to estimate the stability or extent of

chaos of a dynamic system is the Lyapunov exponent [35]. In illustrative terms, the Lya-

punov exponent Γ indicates whether the trajectories of a dynamic system converge (negat-

ive exponent) or diverge (positive exponent) against each other over time (see Fig.2.7). For

this, the distance δ(t) of the trajectories against each other is compared to some initial dis-

tance δ0. This means that the Lyapunov exponent represents the exponential sensitivity to

the initial condition [36]. The exponents are especially used when only measurements (i.e.

sampled trajectories) and not the system equations are available. A first attempt to calculate

Lyapunov exponents from time series data is made in [37] and has been further developed

for more practical use in [35, 38]. In both papers, the focus lies on calculating the largest

exponent of the system as this exponent ultimately determines if the trajectories converge to

a stable equilibrium point. As this characteristic is important for stability assessment, many

v
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t t
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Figure 2.7: Concept of Lyapunov exponent (own presentation, based on [39])
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works concentrate on the maximum Lyapunov exponent for power systems [40–43]. In [40,

42] an algorithm is proposed to calculate the largest exponent from voltage time series to

assess short-term voltage stability using phase measurement unit (PMU) devices. Besides

the maximum exponent, it is also possible to calculate an exponent for every bus and thus

determine their contribution to the overall stability [42]. In general, the advantages of this

assessment method are that it is model-free and capable of real-time monitoring based on

PMU voltage measurement [40, 42]. In addition, it can be used in grids with a high share

of power electronic components as it is suitable for various short-time phenomena [28]. As

Lyapunov exponents can be calculated continuously, they can help to evaluate the stability

of unknown phenomena and dynamics. In contrast to that, challenges lie in the measure-

ment itself regarding noise, delay and too short measurement windows. An explanation of

how Lyapunov exponents are calculated is given in [40].

Trajectory violation integral

While the previous methods focused more on the direct determination of stability, the

trajectory violation integral (TVI) offers a greater quantitative comparability of voltage

trajectories [28, 44]. The TVI requires upper and lower voltage limits, which can be set

freely, but should be within or equal to the LVRT or HVRT requirements to be meaningful.

The result of the TVI is a number that expresses how much the voltage trajectory violates

the boundaries over a given period of time. In general, determination of the TVI begins

after the fault. Also, the upper and lower boundaries decline exponentially over time to a

stationary value, near the nominal voltage [44]. By this, it is taken into account that larger

voltage deviations are tolerated more at the beginning, but that voltages should get back

to nominal values after some time. Details of how to calculate the TVI are given in [44].

In Fig. 2.8 the TVI concept and corresponding values of exemplary voltage trajectories are

represented. As can be seen, the TVI values rise for lower voltages. Yet, the TVI of the red

trajectory is smaller compared to the yellow case, since the trajectory ends around t = 3.1 s,

leading to a smaller integral value. Similar to the methods above, the advantages of the TVI

concept are its model-freeness and usage in power electrics-dominated power systems [28].

The trajectories can also be better compared quantitatively. However, its quantitative nature

is also the biggest disadvantage as no clear statement about the stability limit is given. In

summary, this means that the biggest benefit of the TVI would be during the planning

phase of a power system to compare different scenarios and optimise the trajectories after

the general stability assessment.
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Figure 2.8: TVI values for different voltage trajectories (t f = 0.15 s, tend = 6.0 s,

vst = 0.90 pu and β = 0.04, see [44] for more information)

2.3.2 Assessment methods for long-term voltage stability

Dynamics of long-term voltage stability phenomena are mostly on a time scale from tens

of seconds to several minutes, making them much slower compared to short-term effects.

Therefore, in many voltage stability studies, the assessment of static models is widely used

for this stability category [27, 45]. One of the reasons is that the actual transients are of

minor importance, rather than their influence on steady-state voltages. In addition, even a

static power flow calculation can include some sort of dynamics, such as OLTCs tapping.

However, some aspects of long-term voltage stability can only be assessed by differential

equations, like the point in time of the OEL of synchronous generators [1] or reactive power

control of an active distribution network [46–48]. This implies that methods for assessing

long-term voltage stability can be divided into static and dynamic. Next, a selection of the

most applied assessment methods are described.

P(V)-curve and continuation power flow (CPF)

P(V)-curves are widely used for assessing long-term voltage stability [49]. To calculate

such a curve, a sequence of power flows is calculated, increasing the power consumption

of one or more loads after each calculation to determine the maximum power at which

the system becomes unstable. In Section 2.2 the P(V)-curve has been used to visualise the

concept of the collision of a stable and unstable operating point to a saddle-node bifur-

cation. In practical assessments often only the upper part of the P(V)-curve is calculated,
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as only this part is inside the operational limits. Depending on the power flow algorithm,

the tapping of OLTCs and reactive power limits of synchronous generators can be incorpor-

ated, leading to a non-smooth P(V)-curve. In the vicinity of the maximum load, numerical

problems may occur in the power flow calculation due to the Jacobian matrix approach-

ing singularity. To overcome this issue, the CPF can be used which guarantees that the

Jacobian does not get singular near the maximum load. Details of how to implement it

are given in [50]. The advantages of the CPF are that there are no convergence problems

near the maximum load and that sensitivity information can be obtained, e.g. to identify

the weakest bus. Also, the algorithm can be extended to include discrete events like reac-

tive power limits [51] or to include unbalanced phases [52]. Next to this, there is also the

concept of Q(V)-curve to determine the critical reactive power [53]. In summary, several

methods exist to compute accurately the P(V)-curve with almost no convergence problems

and incorporating discrete events such as reactive power limits. However, they can only

deal with static models.

Voltage Stability Indices

Other methods for the assessment of voltage stability are voltage stability indices (VSIs).

Their main purpose is to predict voltage instability, either in online or offline studies [15].

The index should have a clear stability threshold like one or zero so that the distance of the

current operation point to voltage instability can be quantified. As noted in [15, 27], most

indices are based on power flow equations and do not explicitly include dynamics for fast

computation. A vast number of static indices exist in the literature. They can be classified

differently, based on the focus of the analyses [54–56]. In Fig. 2.9 an overview of one

possible classification of VSIs is illustrated. The VSIs in the first category, system-variable-

Figure 2.9: Composite classification of VSIs, based on the classifications in [54–56]
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based, are calculated either for a bus, a line or for the whole system. For a bus, mainly

its voltage magnitude value and the injected current are used to assess voltage stability

at that particular bus [54]. In contrast, line VSIs are more used in the identification of

weak connections between two buses. In general, the VSIs of multiple buses and lines

can be determined to identify vulnerable grid zones. Jacobian-based VSIs can be roughly

divided into eigenvalue and singular value decomposition indices. Both approaches can

be applied either to the power flow equations or the full set of differential and algebraic

equations. The last category is about measurement-based VSIs. One approach is to use

the measurements to calculate a Thévenin equivalent of the system and to compare it to a

Thévenin equivalent of the load under study. Overall, VSIs can be used for online or offline

studies and mostly assess static or long-term voltage stability at specific buses and lines or

for the whole system.

Evaluation of long-term voltage stability by time-domain simulations

Although long-term voltage stability is evaluated often by static assessment methods, time-

domain simulations are needed, if multiple time-dependent assets are involved [13]. Thus,

by dynamic simulations, these temporal dependencies can be represented accurately. In ad-

dition, the dynamic simulations can reveal if the timing of control actions leads to stability

or how long it takes until the system becomes unstable. In contrast to LVRT limits for short-

term effects, no additional thresholds are defined for long-term phenomena, despite the gen-

eral voltage limits for steady-state and quasi-steady state conditions [11]. In the German

grid code for the extra-high voltage level, all voltages shall always be between 1.05 pu and

0.90 pu. Also, the generation units shall stay connected if the voltage is between 0.85 pu

and 0.90 pu, but only for 60 minutes. These static thresholds can be taken as the main indic-

ators in assessment methods, e.g. in [46] for evaluating long-term voltage stability. On the

one hand, it is assessed if post-disturbance voltages stay above this limit and on the other

hand, if the system becomes unstable and the voltages collapse. In this context, in [48], the

impact of active distribution networks on emergency controls for long-term voltage stabi-

lity is analysed, where the possible final system state is classified by traffic light colours.

A different approach, called local identification of voltage emergency situations (LIVES),

is proposed in [57], where the voltage deviation within two OLTC time delays is measured

and if they are both negative, an alarm is raised for subsequent emergency control actions.

Although this method is similar to other indices described previously, its main difference is

that it takes into account the temporal dependencies of OLTCs, which is why dynamic sim-

ulations are necessary. A generalisation of this method is done in [58] to the new LIVES

index (NLI). The concept is that the tapping of the OLTC is seen as a change in the con-
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ductance ΔG of the load admittance on the primary side of the transformer. Besides, in [59]

the LIVES method has been further extended (eLIVES) to account for different OLTC time

delays and other events that affect the voltage during the measurement. For this, it uses a

linear regression model with a recursive least square method to identify the overall voltage

slope, while only requiring a small set of measurements. The authors in [60] take this

method and incorporate it into a multi-agent system, where the agents notice the OLTC

tapping and raise a warning if the voltage slope is negative. In summary, most of the de-

scribed time-domain methods aim at predicting long-term voltage stability and may initiate

corrective measures to stabilise the system. A disadvantage is that, due to the complexity

of non-linear dynamic systems, they often do not have a clear stability threshold. Neverthe-

less, if linearisation is not feasible for specific disturbances, like short circuits, time-domain

simulations are the main choice.

2.4 Current practice of modelling power electronics for
voltage stability analysis

In this section, the current practice of power system modelling for voltage stability in in-

dustry and research is outlined. Emphasis is placed on the modelling of power electronic

components for short- and long-term voltage stability studies.

Modelling of grid-forming and grid-following converters

Next, an overview is given of current practice in modelling power electronic converters for

voltage stability studies, e.g. photovoltaic (PV), wind turbine or HVDC systems. Here,

only dynamic models are considered, as static models are normally simple injections and

are not in the scope of this thesis.

The literature review reveals that in most references about long-term voltage stability, the

focus lies on grid-following converters within the phasor domain [46–48, 61–63, SL8,

SL5]. Here, the references mostly concentrate on representing the outer power control loop

and not the fast inner current control loop. However, the current limitation is considered

in all references but differs in the prioritisation of reactive or active current in the case of

low voltages. In addition, self-developed models are used in most references. In contrast,

in [46] the control is based on the Western Electricity Coordinating Council generic control

of PV systems [64], whereas in [47] the respective generic wind turbine models from [65]

are used.
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For short-term voltage stability, the modelling and simulation of grid-following converters

are also mainly conducted in the phasor domain [28, 66–69], while only a few are analysed

in the EMT domain [70, 71]. A comparison of both simulation domains is done in [72],

where it is stated that the critical clearing times are similar in both domains, but differ

regarding some voltage dynamics. In all cases, a strong focus is set on accurate modelling

of the current limitation and its active or reactive current prioritisation. In contrast to long-

term voltage stability studies, the inner current control is considered in most studies [28,

67, 68, 72], but not in [66, 69]. This shows that for short-term voltage stability studies the

modelling complexity tends to increase and that both simulation domains are used, unlike

long-term voltage stability.

In case of GFM converters (see a more detailed explanation in Chapter 4) the common

research focus clearly lies in short-term dynamics [73–85]. In all these studies, the EMT

domain has been chosen, except in [85]. In all references, the converter control structure is

modelled with a high degree of detail. Yet, the converter itself is represented by an average

model, as in the above references on grid-following converters. Moreover, some of these

detailed models are also used to investigate small-signal in terms of converter-driven sta-

bility [86]. In general, many references focus on the stability of post-fault synchronisation

with the grid, as this is a known challenge for GFM converters [73–76]. Since the principles

of power synchronisation of GFM converters are similar to those of synchronous gener-

ators, some references classify these dynamics as transient (rotor angle) stability [77–80].

Besides, frequency stability is also an important research field concerning GFM converters,

as they could replace the inertia of synchronous generators in future power systems [81–83,

87, 88]. In contrast, voltage stability phenomena have received little attention so far, e.g.

in [84] for short-term voltage stability. This emphasises the research gap in terms of GFM

converters and voltage stability.

Load Modelling

As stated in Section 2.1, voltage instability is mainly driven by loads. Therefore, load

dynamics play an important role, as they have a decisive influence on the course of the

voltage [1]. A survey in [89] identified the various load models (constant power, current,

impedance,...) that are mainly used for dynamic power system studies. A comprehensive

overview of static and dynamic load models can be found in [90], which also describes the

two main approaches that are used to select and parametrise the load models. The first

approach is component-based, which means the load model mainly consists of the physical

and electrical representation of the actual load device. In contrast, in the measurement-
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based approach, measured data are used to configure a model to fit this data. Both ap-

proaches have advantages and disadvantages. On the one hand, the component-based ap-

proach is suitable for a very close representation of the real load dynamics. On the other

hand, it can be too cumbersome and computationally expensive for large-scale grid simu-

lations. In contrast, the measurement-based approach has its advantages in this regard, as

it can capture different load characteristics in one or a composition of generic models. A

disadvantage is, that the measured data is only valid for a specific location, time and type

of disturbance. [90]

For power system stability analyses in the phasor domain, the above-mentioned load mod-

els have been extensively used in the past [1, 49, 91]. However, some of these models

cannot be used directly in the EMT domain, especially for the so-called static load models,

e.g. constant power, constant current and exponential model. This is because they assume

a well-defined voltage magnitude and angle at all time steps. For example, the voltage

dependency of an exponential load model can be expressed by

P(V) = P0

( |V |
V0

)α
, (2.14)

where P0 is the base active power, V0 the base voltage magnitude, α the degree of voltage

dependency and |V | the magnitude of the complex load voltage. In a phasor simulation,

(2.14) can be used directly, as the real and imaginary parts of the voltage are normally states

and thus the magnitude of the voltage can be easily calculated. However, in an EMT simu-

lation, the magnitude has to be calculated separately by a Fourier- or a dq-transformation.

Therefore, such load models need to be given special treatment (see Section 6.1 for the

inclusion of a constant current load in an EMT environment).

As constant power loads in phasor simulations are often motivated by representing power

electronic loads, the above-mentioned modelling differences are also of great importance

for this load type. In general, power electronic loads can be categorised into

– switch-mode power supplies (SMPS)-based, e.g. information and communication

technology (ICT) devices or consumer electronics like televisions

– lighting loads, e.g. LEDs or compact fluorescent lamps

– adjustable or variable speed drives, e.g. pumps

as they all contain power electronic components [4, 92]. Although this is not considered

in detail in this work, it is pointed out that sector coupling, e.g. to the gas or heating
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network, adds new electrical consumers that are also connected via power electronics and

can endanger voltage stability [93]. Due to their complex and non-linear behaviour, many

different static and dynamic power electronic load models have been developed in recent

research [4, 94–101]. In detail, the authors in [92, 95–97] derive generic equivalent circuits

from detailed circuits of adjustable speed drives from which they determine steady-state

ZIP and exponential load models. However, these loads do not act like constant power

loads, especially in the case of large voltage fluctuations [94]. In contrast to this, in [99–

101] different types of power electronic loads like LED, electrical vehicle chargers and

SMPS are measured and equivalent circuits for the EMT domain are developed to match

the measurements. Similarly, in [4] an approach is presented in which detailed EMT mod-

els are compared to laboratory measurements. State-space averaging of power electronic

loads within a hybrid systems context is carried out in [98] to derive models for small signal

stability. In [94], the composite power response of multiple power electronic loads during

and after a voltage sag is derived for phasor simulations. However, the derived model is

difficult to handle, as the power response is a time-domain function and detailed inform-

ation about the fault duration and shape of the voltage sag have to be known before. In

contrast to this, an actual transient stability load model is developed in [102], which cov-

ers the fundamental power response of an induction motor with speed control. Similarly,

in [103], a part of the composite load model consists of an electronic part for phasor simu-

lations, where different voltage thresholds are included to incorporate the disconnection of

these loads at low voltages.

In summary, this literature review reveals a wide variety of static and dynamic power elec-

tronic load models. However, detailed examinations of voltage stability for this load type

are still missing. It is therefore necessary to first analyse what level of modelling detail is

required and how this load type can be represented in the phasor and EMT domain. As

there exists a large number of different power electronic load types, the focus in this thesis

is on SMPS-based loads, as they represent one of the main types. Following this, their

impact on short- and long-term voltage stability must be thoroughly investigated.
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2.5 Conclusion and derivation of methodical approach

Next, a summary of this chapter is given to derive the subsequent methodical procedure

of this thesis. The repetition of the definition of voltage stability showed its generality,

allowing it to be applied even to a system that is dominated by power electronics. Although

many power systems are undergoing a significant change, the fundamental requirements for

system stability based on power equilibrium and technical operating limits do not change.

What is changing, however, is how voltages and currents (and thus the power) of the grid

are affected by the power electronic generators and loads. Since the converter is the central

interface to the power system, its physical connection and its control can evoke new grid

dynamics, especially through discrete events. For this reason, the main focus of this thesis

is to determine how to model the continuous and discrete dynamics of power electronic

devices properly and what their impact on voltage stability is.

From a system theory perspective, voltage stability can be described by bifurcation theory.

In general, it is good for describing the theory of small-signal stability. However, it reaches

its limits for large-signal stability due to its linearisation. Especially for short-term effects

like short-circuits the non-linearities and discontinuities have to be considered for an ac-

curate stability analysis. Therefore, this thesis concentrates on dynamic stability analyses

based on hybrid system theory. In Chapter 3 it is more elaborated on which methods can

help to assess voltage stability.

As shown in this chapter, several assessment methods for short- and long-term voltage sta-

bility can be used for power electronics-dominated systems. Most of these methods can

be used with measurement and simulation data as they are model-free and mainly take

voltage magnitudes as input. As the LVRT and HVRT requirements provide a clear stabi-

lity threshold compared to the Lyapunov exponent or TVI, these requirements are used as

an assessment method for short-term voltage stability. Therefore, for this thesis, the LVRT

and HVRT requirements of the German grid codes are taken for three-phase faults [29].

Similarly, as static approaches like P(V)-curves, CPF and voltage stability indices are not

suitable for dynamic phenomena, time-domain simulations are used to analyse long-term

phenomena in this thesis. Especially due to the rapid increase in today’s computer system

performance, the costs for dynamic simulations have become low, making it easy to sup-

plement static analyses. In addition, as the focus is not on predicting instability during the

simulation, methods such as the new LIVES index are also not considered here. Instead,

the voltage trajectories of the time-domain simulations are used to compare whether the
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system has reached an equilibrium and whether the voltages are in a safe operating region.

In this way, the results can be analysed more flexibly.

The literature review revealed contradictional practices exist between conventional voltage

stability and power electronics analysis. Phasor simulations are mostly used for voltage

stability analyses, whereas the current practice lies in the EMT domain of modelling power

electronics. Therefore, both domains are analysed to determine their impact on stability

and differences in power system dynamics in this thesis. As it is shown that there is a

research gap in terms of GFM converters and voltage stability, the focus of this thesis is

on this topic. Special attention is given to the current limitation of GFM converters as

it changes their dynamics discretely. Similarly, power electronic loads can change their

dynamics discretely, e.g. at low voltages, leading to fluctuating power consumption or

even disconnection from the grid. Therefore, the voltage stability of this type of load is also

investigated, which leads to the second focus of this thesis. As GFM converters and power

electronic loads include discrete dynamics, their modelling approach can be motivated by

a hybrid system approach with continuous and discrete dynamics. As hybrid systems differ

in terms of their formal modelling, their dynamic phenomena and stability properties are

discussed in more detail in the next chapter.
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systems

In this chapter, the hybrid system modelling approach in the context of power systems

is outlined. In general, a hybrid dynamical system (hereafter referred to as hybrid system)

consists of continuous and discrete states. The continuous states can be described by differ-

ential and algebraic equations, whereas the discrete states are determined by events, includ-

ing switching dynamics and jump phenomena (see Section 3.2). In this context, switching
means that the differential and algebraic equations change after an event. Jumping describes

the discrete change of a state after an event. This means that a discrete state only changes

if an event condition is satisfied (e.g. time or state-based) and is thus constant between

these events. These two event characteristics are the main difference to pure continuous

systems. They can take place together or alone during an event. If the modelling approach

of hybrid systems is now transferred to power systems, the continuous states would be rep-

resented by voltages, currents or powers and behave according to the physical laws given

by differential and algebraic equations. The discrete states could represent controller limits

(e.g. the current limitation of a converter), operation modes, protection equipment or as-

sets with discrete characteristics like OLTC or power electronics. Especially for the latter,

the hybrid system modelling approach is chosen in this thesis, as power electronic assets

like converters and loads can have a variety of switching dynamics and jump phenomena

as will be shown in Chapter 4 and 5. In general, modelling the power system as a hybrid

system is just a logical extension, as all power system components can be described by this

approach. If the discrete states are neglected, the classic power system modelling approach

is obtained as a differential and algebraic system. However, in such a case not all relevant

dynamics are maybe present to accurately investigate the stability of the system.

The remainder of the chapter is organised as follows. First, as a motivation, a literat-

ure review of how hybrid system theory has been applied to power systems is given in

Section 3.1. Second, multiple formal and mathematical descriptions of hybrid dynamical

systems are given in Section 3.2. In Section 3.3.1, the dynamic phenomena and stability

properties of hybrid systems and their differences from continuous systems are outlined.

Afterwards, a specific application of the hybrid system theory to the analysis of hybrid

power systems by trajectory sensitivities is given in Section 3.4. In the end, Section 3.5

concludes how the hybrid system theory will be applied in this thesis to analyse the impact

of power electronics on voltage stability.
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3.1 Literature review: Application of hybrid system
theory to power systems

Over the last two to three decades, interest in considering power systems as hybrid systems

has increased significantly. As outlined in [104], especially for large-disturbance analysis

of power systems, the hybrid system approach can be advantageous, as complex beha-

viour can result from the interaction of continuous and discrete dynamics. However, in

the past, stability analyses were often divided into only three different stages, such as pre-
disturbance, disturbance and post-disturbance conditions [12]. In this way, the hybrid

nature is only implicitly taken into account when disturbances affect power systems. As

the system was considered not explicitly as a hybrid system, the special characteristics re-

garding stability and hybrid phenomena (cf. Section 3.3) may have been missed. This raises

the question of whether a power system must always be modelled and analysed as a hybrid

system. For many large disturbance stability analyses, the hybrid system approach is not

explicitly considered, although they contain discrete dynamics (see e.g. [28, 46–48, 61, 62,

66, 68]). One reason for this could be that advanced simulation software removes the need

for users to think about implementing discontinuities or changes in the dynamic equations.

This raises the question of what additional value can be obtained if the power system is

explicitly considered a hybrid system. To address this question, a literature review is car-

ried out to determine the additional value. In order to systematically identify how hybrid

system theory is used in a power system context, the review will focus sequentially on

– the origin of the discrete dynamics and discontinuities,

– the formal modelling approach (e.g. hybrid automaton, switched system, etc.),

– techniques and methods for analysing hybrid power systems and their added value.

The first key point serves to determine the reasons for modelling the power system as a hy-

brid system. The second key point is to find out on which mathematical basis the modelling

is carried out, whereby the most common approaches are to be identified. These findings

are also used as an input for Section 3.2. Finally, through the third key point, the advant-

ages arising from the explicit use of the hybrid modelling approach are presented. It should

be noted that only references that explicitly consider the hybrid systems approach are used.

The reason for this is that many references include discrete dynamics or discontinuities in

their analyses, but do not consider them from a hybrid systems perspective. Therefore, no

statements can be made for them.
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Origin of discrete dynamics and discontinuities

In general, the origin of discrete dynamics can be categorised into three modelling layers

of a power system: physical layer, control layer and communication layer. The physical

layer represents the actual grid devices such as power lines, transformers, loads and gen-

erators. Here the failure of power lines, generators, loads or short-circuits are identified as

a source of discontinuity [105–108]. Also the discrete tap changes of OLTCs [104, 109–

111] or switching capacitors [112] introduce switching dynamics. At the control layer, the

switching of different control modes in case of changing conditions at the physical layer

is also a source of discrete or switching dynamics, as described in [113–115]. Similarly, a

hybrid controller for different grid conditions can be derived based on the connected and

active generators and storage devices [116]. Also, discontinuities within a controller, such

as a limited PI controller with anti-windup, can lead to hybrid phenomena as in [117, 118].

Discrete states can also occur at the communication layer as shown in [119]. The discrete

states represent different modes in the communication network and power system states

(e.g. normal, alert or emergency). Overall, this shows that the origin of discrete dynamics

and discontinuities is highly variable and depends on the domain of interest.

Hybrid system modelling approach

Next, an overview of formal modelling approaches based on discrete dynamics is given.

The hybrid automaton approach is particularly chosen for modelling different control modes

as shown in [113, 115, 116]. It is also used to represent the status of a cyber-physical energy

system using the discrete states as performance indicators [119]. It is also used to represent

the time-varying generation and load mix in interconnected microgrids and the emerging

disturbances in [108]. This small collection demonstrates the general applicability of hy-

brid automata to a wide range of applications. A piecewise affine (PWA) or switching

ordinary differential equation (ODE) approach is taken in [114] to enable power converters

to switch among different control algorithms. The same approach is used in [117] to model

a PI controller with anti-windup. Similarly, switching DAE is used in [106] to account for

the changing algebraic network equations in the case of line tripping. To capture the dis-

crete dynamics in a power system, e.g. by tap changes of OLTC, the differential-algebraic-

discrete system (DADS) model has been introduced in [104, 109]. This model is extended

to the differential-algebraic impulsive switched system (DAIS) model to capture the im-

pulsive behaviour of the continuous states, which is used in [105, 110–112]. Moreover, the

DAIS approach is also chosen for modelling PI controllers with anti-windup [118]. As the

DAIS is quite general, similar to hybrid automata, it can be used for a variety of applica-
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tions. In contrast to the previous references, for the static analysis of component failures,

such as line tripping, the discrete-event system is used in [107]. Here each discrete state

represents the status of the component and an event triggers a switch to disconnect or con-

nect the component. Overall, the formal modelling approaches can be grouped into hybrid

automata, switched systems, PWA, DADS/DAIS and discrete-event systems. The review

also reveals that the same discrete dynamics, e.g. PI controller with anti-windup, can be

modelled by different approaches. The reasons for choosing a hybrid modelling approach

therefore do not necessarily lie in the discrete dynamics per se, but rather in the analysis

methods subsequently applied, which are described next.

Techniques and methods for analysing hybrid power systems

In the case of hybrid automata, reachability analysis is one of the most relevant ana-

lysis methods for determining the state-space region that can be reached from an initial

state [108, 115, 116]. As a result, it is possible to reduce the possibly unbounded state

space to a subspace that consists of the reachable subsets. This can be used to check

whether undesirable states are avoided or whether a target region is reachable from a given

location. In the context of power system operation, this allows it to analyse the mode

transition management of a virtual power plant [116]. Similarly, reachable dynamics for

different types of disturbances in microgrids can be determined [108]. Furthermore, it is

also possible to detect false data injection in a cyber-physical energy system by comparing

the actual invariants of the system with candidate invariants [115].

For the discrete-event system, which can be regarded as a subclass of hybrid automata,

the technique of parallel composition of automata is used in [107]. The idea is that two or

more separate automata can be combined into a single automaton if some properties are

the same. Through this common automaton, the individual subsystems can be analysed as

a whole, e.g. by reachability analysis. In [107], individual automata of generators, loads

and lines are combined to obtain a complete model, which is subsequently used to identify

cascading failures and design a supervisory control to initiate countermeasures.

In [114] a dwell-time stability analysis method for switched ODE is used. The aim of

this method is to derive sufficient stability conditions where the dwell time declares the

minimum waiting time between two successive switches. Also for switched ODE, in [117]

Filippov theory for anti-windup PI controllers is used to avoid chattering and deadlock

situations (see Section 3.3.1 for more information). The theory helps to define sufficient

transition conditions to prevent the PI controller from chattering by creating a new state

34



3.1 Literature review: Application of hybrid system theory to power systems

where the trajectory can evolve smoothly (or slide) along the discontinuous surface. By

this, numerical problems are avoided.

In the case of DADS, the trajectory sensitivity analysis with discontinuities has been de-

veloped in [109]. The work extends the sensitivity calculations from continuous systems

(see e.g. [120]) by giving instructions on how to calculate time-dependent sensitivities also

for switching equations and impulsive behaviour in hybrid systems. In general, trajectory

sensitivities describe how a trajectory would change over time for small changes in ini-

tial conditions or parameters. This can be used, for example, to determine the degree of

influence of certain control parameters on a trajectory. Furthermore, this method can be ap-

plied to non-linear systems and new trajectories can be approximated for small parameter

changes without the need for additional time-domain simulation. These sensitivities are

also used in [110, 111]. Here, inverse problems (parameter estimation of a model to fit the

measurements of its real counterpart) are of interest to tune power system models and to

determine uncertainties in trajectories by worst-case parameter scenarios. Based on these

sensitivities, there is also the shooting method for grazing phenomena, used in [105, 112].

Here, the trajectory sensitivities are applied to determine a set of parameters where the

surface of a triggering condition in the state space is only tangentially touched (or grazed).

As a result, parameter regions can be identified where an event or discontinuity will or will

not be triggered. In this way, overvoltage phenomena [105] or non-linear limit cycles [105]

can be mitigated.

In summary, the methods and techniques described above show that additional value can

be added to power system analysis when it is considered as a hybrid system. In some cases,

this is even necessary, e.g. for calculating trajectory sensitivities. Since detailed dynamic

power system models almost always contain discontinuities (e.g. from power electron-

ics, switching control modes, constraints, outages, protection devices and communication

technologies), it should be natural to consider them from a hybrid system perspective. Spe-

cifically, by knowing the origin of discontinuities and other discrete dynamics within a

power system model, an appropriate modelling approach can be chosen. Based on this,

appropriate analysis methods for stability assessment or other types of investigations can

be selected. In this way, added value can be created when power systems are explicitly

considered as hybrid systems. Next, in Section 3.2, the formal modelling of hybrid systems

is described using some of the approaches mentioned above.
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3.2 Formal modelling of hybrid systems

In the following section, an introduction to the formal modelling of hybrid systems is given.

Some common approaches are presented like hybrid automata and switched systems and

DADS. In this context, it should be noted that some of the modelling approaches are

strongly related or encompass each other [5, 121]. Thus, by providing various descriptions

of hybrid system approaches, similarities and differences can be pointed out.

3.2.1 Hybrid automaton

A hybrid automaton combines the DAEs of a dynamic continuous system with a finite state

machine or transition system, which are known from theoretical computer science [5]. In

general, a hybrid automaton H can be described by an 8-tuple [5]

H = (q, x, f, Init, Inv,Θ,G,R) , (3.1)

where

– q =
[
q1, ..., qk

]T
is a vector with k discrete states,

– x = [x1, ..., xn]T is a vector with n continuous states (differential and algebraic),

– f = q × Rn → Rn is an activity function or set of vector fields ẋ = f(q, x),

– Init ⊂ q × Rn is the set of initial states (q,0 , x0),

– Inv : q × 2R
n

describe the invariants at the discrete states or locations,

– Θ ⊆ q × q is a set of transition relations,

– G : Θ→ 2R
n

is a set of guard conditions,

– R : Θ→ 2R
n × 2R

n
is the reset map.

The discrete states of a hybrid automaton are also called locations. This means that a spe-

cific set of discrete states q1 form a location in which one vector field ẋ = fq1
(x) is active,

where the continuous states evolve. For each location, there exists a set of invariants that

define the domain of the active vector field fq1
and determine the admissible state-space of

the continuous states. A discrete state change can be initiated if a guard condition becomes
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true. In addition, if a continuous state violates a condition of the invariants then also a dis-

crete transition occurs. In this context, invariants and guard conditions play complementary

roles by defining when a discrete state change happens. For general hybrid automata, guard

conditions describe that a transition may occur, whereas invariants describe that a transition

must take place. Which transition takes place in a hybrid automaton is described by the set

of transition relations Θ. Based on this set, a guard condition is constructed for every rela-

tion that determines when a transition happens. Furthermore, if a transition causes a state

jump, the reset map R defines how the current states x− (before the transition) jumps to the

new values x+ (after the transition) before they evolve according to the new active vector

field. However, as not every discrete state change leads to state jumps the reset map of a

transition can also be x+ = x−. [5]

Fig. 3.1 shows a schematic hybrid automaton to illustrate the formal mathematical descrip-

tion. Within this figure, each discrete state is represented by a circle, whereas each trans-

ition is displayed by a directed edge. The discrete states are completed by showing the

corresponding active vector field and its invariants. For the transition of a discrete state, a

guard function and its reset map are given for each edge. This also applies to loops, which

are transitions where the starting and finishing discrete states are identical. The initial

conditions are given by (q0, x0) together with an arrow pointing to the first state.

q0

ẋ = f (q0, x)

x ∈ Inv(q0)
(q0, x0) ∈ Init

q1

ẋ = f (q1, x)

x ∈ Inv(q1)

x ∈ G(q0, q1), x+ = R(q0, q1)

x ∈ G(q1),

x+ = R(q1)

x+ = R(q1, q0), x ∈ G(q1, q0)

Figure 3.1: Schematic illustration of a hybrid automaton with two discrete states and three

transitions (own representation, inspired by [5])
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3 Hybrid system theory in the context of power systems

3.2.2 Switched Systems

A switched system is a hybrid system that consists of several subsystems with differential

(and algebraic) equations where an internal logic determines which set of equations are

active. An illustration of an exemplary switched system is given in Fig. 3.2. In general, a

non-linear switched system can be described by [5]

ẋ = f(x, y,q,u),

0 = g(x, y,q,u),
(3.2)

where

– x = [x1, .., xn]T is a vector with n differential states,

– y =
[
y1, .., ym

]T
is a vector with m algebraic states,

– q =
[
q1, .., qk

]T
is a vector with k discrete states,

– u = [u1, .., ul]
T is a vector with l input signals,

– f =
{
fq1

(x, y,u), ..., fqp
(x, y,u)

}
is a set of vector fields,

– g =
{
gq1

(x, y,u), ..., gqp
(x, y,u)

}
a set of algebraic equations.

A big difference between hybrid automata and switched systems is, that for the continuous

states of the switched system, the rest map R is the identity map, leading to no state jumps

after a switch [121, 122]. Therefore, only the discrete states are allowed to jump, which

are determined by the switching logic (see Fig 3.2). In the case of a switched differential-

algebraic system, state jumps of differential and/or algebraic states can occur (see the ex-

ample in Fig. 3.5) [123]. The handling of these jumps is not trivial, as it can be interpreted

that no solution exists or that Dirac impulses arise so that a solution exists. Depending on

the inputs of the switching logic, the switching events can be classified into [123]

– state-dependent or time-dependent,

– autonomous (uncontrolled) or controlled.

This means that for a state-dependent event, the decision of which subsystem is being

activated depends on the states x and/or y, whereas for a time-dependent event only the

time t is taken into account (see Fig. 3.2). In case of controlled events, the switching can

be initiated from outer control signals u. If the events are not triggered by the inputs,
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3.2 Formal modelling of hybrid systems

they are defined as autonomous. However, it has to be noted that differentiating between

these event types is not trivial [123]. For example, if a failure in a power system (e.g. short-

circuit) happens this would be normally considered as autonomous, whereas the subsequent

automatic initiated countermeasure (e.g. line tripping by protection equipment) would be

defined as an controlled switching.

n

Figure 3.2: Illustration of a switched system with a switching logic determining the active

dynamical system (own illustration, inspired by [123]

3.2.3 Differential-algebraic-discrete system

The DADS is intended explicitly for power systems, in contrast to previous modelling

approaches [110]. In general, the DADS approach is based on switched systems with a

special focus on state resets of discrete states and switching algebraic equations. According

to [110], an advantage of the approach is its modularity, as single components can be

modelled as a DADS and then coupled via algebraic equations to a bigger system. In

detail, a DADS can be described as

ẋ = f (x, y,q,p), (3.3)

0 = g(x, y,q,p) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩g−i (x, y,q,p), si(x, y,q,p) < 0,

g+i (x, y,q,p), si(x, y,q,p) > 0,
(3.4)

q+ = hi(x−, y−,q−,p−) when si(x, y,q,p) = 0, (3.5)
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3 Hybrid system theory in the context of power systems

where x are differential states, y algebraic states, q discrete states and p parameters. The

superscript "−" means before and "+" after a switching event. The triggering surface si(·),
which can be any arbitrary condition, determines when a switch of the algebraic equations

or the triggering of a reset function occurs. As a DADS can contain multiple subsystems,

the index i denotes here one of them. A special aspect of the DADS is that only dis-

crete states can be reset, which is different from hybrid automata. The state reset function

h(x−, y−) specifies the new value of q+ after the event. Yet, not every switching leads to

a state jump so that q+ = q− can result. Although only discrete states change after an

event, the algebraic states must also be initialised and thus jump, so that the constraint

0 = g+i (x, y,q,p) is satisfied. By introducing the following notation

x =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
x
q
p

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , f =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , hi =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
x
hi

p

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (3.6)

a compact form of the DADS is given by

ẋ = f (x, y), (3.7)

0 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩g−i (x, y), si(x, y) < 0,

g+i (x, y), si(x, y) > 0,
(3.8)

x+ = hi(x−, y−) when si(x, y) = 0, (3.9)

which is used for introducing the concept of trajectory sensitivity in Section 3.4. Note that

the differential equations for the discrete states and parameters in (3.7) are zero.

3.3 Dynamical phenomena and stability of hybrid
systems

In this subsection, an introduction to hybrid dynamical phenomena and stability properties

of hybrid systems is given. At first, it is outlined which dynamic phenomena can only oc-

cur in hybrid systems compared to continuous systems. Subsequently, the stability theory

of continuous and hybrid systems is summarised to highlight their similarities and differ-

ences.

40



3.3 Dynamical phenomena and stability of hybrid systems

3.3.1 Hybrid dynamical phenomena

In order to introduce the phenomena of hybrid systems, an exemplary trajectory is presen-

ted first and given in Fig. 3.3. The trajectory starts at given initial conditions with x(t0)

for the continuous states and q1 for the discrete state. Subsequently, the continuous states

evolve according to the local vector field f (q1, x) (light blue area). If the guard condition

G(q1, x) is satisfied, an event is triggered. At the event, mainly two things happen. On the

one hand, the post-event states x+ are reset by the reset map R(q1, x−). On the other hand,

a switch of the dynamics to a new vector field is made, represented by the light yellow

area. After the event, the continuous states evolve according to the new vector field and the

whole process starts again. If several invariants or guard conditions are satisfied at the same

time, a sequence of ordered events can take place [124]. However, dealing with multiple

events is not trivial.

A known dynamical phenomenon of hybrid systems, especially for switched systems, is

chattering [5]. This can happen if the vector fields between a switching surface S point to

each other (see Fig. 3.4 (a)). Here, the term switching surface means the boundary between

two or more vector fields in the state space. If a trajectory x(t) crosses this surface, the

vector field pushes the states back, but the other vector field also points back. As a result,

the states chatter and "slide" over the switching surface which can lead to infinite fast

switching. In [124] this is called livelock, where a discrete state switches between different

x

t0

x Inv q

q

+ q --

+

Inv q

q

x

x

Figure 3.3: Schematic illustration of a hybrid trajectory with switching dynamics and

state jump (own illustration, inspired by [5])
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3 Hybrid system theory in the context of power systems

locations, but does not proceed in time. In contrast to this, a deadlock situation arises, if

the system ends up in a state where the continuous states can not evolve further and no

other possible jump to another location [124, 125]. A similar phenomenon to chattering is

hysteresis switching [123]. The trajectory is bounded between two switching surfaces but

without chattering (see Fig. 3.4 (b)). In this example, the grey area represents that either the

vector field f (q1, x) or f (q2, x) is active, based on the last switching surface. For example, if

the trajectory hits S1, then f (q1, x) is active and if S2 is hit, then the states evolve according

to f (q2, x). This means that the vector field and trajectory x(t) does not only depend on the

current state, and thus to describe the complete dynamics of the system a discrete state is

necessary [123].

When an infinite number of events occur in a finite time interval, this phenomenon is called

Zeno behaviour [5, 123, 124]. As long as the hybrid trajectory converges to a unique

value, Zeno behaviour does not automatically lead to instability. However, in the case of

a numerical simulation, problems can arise due to approximation errors, which can lead

to a non-deterministic or incorrect trajectory [5]. In general, Zeno behaviour is a model-

ling artefact and does not occur in real applications. Therefore, a hybrid model should be

checked to see if Zeno trajectories can occur and either be avoided by implementation or

by including a detection and mitigation strategy. Like continuous non-linear systems, hy-

brid systems can also be sensitive to initial conditions, which is also referred to as chaotic
behaviour [5, 124]. This means that a small deviation from the initial conditions can lead

to trajectories that deviate from the original trajectories. To detect such sensitivity, the

Lyapunov exponents described in Subsection 2.3.1 can be used. Note that chaotic does

not mean non-deterministic. In fact, given the same initial conditions, the same trajectory

will evolve. Undefined behaviour can occur when the vector field is tangent to a switching

surface or when two switching surfaces overlap [5].

t

t

Figure 3.4: Schematic illustration of (a) chattering (b) hysteresis switching (own illustra-

tion, based on [5] and [123])
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3.3 Dynamical phenomena and stability of hybrid systems

3.3.2 Stability theory of continuous and hybrid systems

Next, a brief introduction to the stability theory of dynamical systems is given. For intro-

ductory reasons, the subsection starts with the stability theory of pure continuous systems

in order to highlight the differences to hybrid systems later on. It is also distinguished

whether the system consists entirely of ODEs or also has algebraic equations and whether

these equations are linear or non-linear. The following topic is mostly based on Lyapunov’s

stability theory, which is about the stability of equilibrium points [120]. The main two

statements of this theory can be summarised as follows:

– An equilibrium is stable if all nearby trajectories remain close to it when starting from

a specific neighbourhood around that equilibrium.

– An equilibrium is asymptotically stable if the trajectories converge to that equilibrium

over time when starting from that neighbourhood.

In this context, neighbourhood means a region in the state space around that equilibrium

which is used as initial conditions. However, Lyapunov’s theory only gives sufficient con-

ditions but does not give information about whether they are necessary. This means that if

these conditions are met, the system is stable. If they are not, it cannot be concluded that

the system is unstable. Although an attempt is made to give a comprehensive picture of

the subject, it should be noted that not all mathematical details and conditions are repro-

duced here. The reader is referred to the original references for full details. Also, unless

otherwise stated, the following theorems are only valid for autonomous systems that do

not depend directly on the independent variable, which in this case is time t. Overall, this

subsection aims to give an overview of the main differences in stability conditions between

continuous and hybrid systems and how modelling assumptions (e.g. linear or non-linear)

affect them.

Continuous non-linear ODE

The general idea of Lyapunov stability theory is to find a function V(x) : Rn → R, which

can be interpreted as a function for the energy of the non-linear ODE system

ẋ(t) = f (x(t)). (3.10)

If this function fulfils certain requirements, then the system is stable. The first requirement

is that the function has to be continuously differentiable and positive definite, where the
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3 Hybrid system theory in the context of power systems

latter is expressed by [120]

V(x(t)) > 0 for all x(t) � 0,

V(0) = 0 for x(t) = 0,
(3.11)

where x(t) = 0 is an equilibrium of the system. The second requirement is that its derivative

V̇(x) shall always decrease along its time-domain solution φ(t, x(t))

V̇(x) =
d

dt
V (φ(t, x(t))) < 0 for all x � 0. (3.12)

In case the solution is not known, the following expression is also valid

V̇(x) =
dV
dx

f (x) < 0 for all x � 0. (3.13)

If V(x) fulfills these conditions, then the equilibrium in x = 0 is asymptotically stable. The

challenge is to construct such a function and to prove the above requirements, especially in

the non-linear case.

Continuous non-linear DAEs

As dynamic power systems are usually described by DAEs, this type of system is of par-

ticular interest. The reason for this is that there are some major differences in the notion

of stability compared to pure ODE systems. In general, non-linear DAE systems can be

described by [126]

E(x)ẋ(t) = f (x(t)), (3.14)

where E(x) ∈ Rn×n is a quadratic matrix connecting the differential and algebraic equations.

For example, if a row in E(x) only consists of zeros, this would indicate that the corres-

ponding derivative is also zero and hence an algebraic equation. In contrast to conventional

power system descriptions, the states x here describe differential and algebraic states. Sim-

ilar to continuous non-linear ODEs, the system in (3.14) is asymptotically stable, if there

exists a continuously differentiable non-negative function V(x(t)) [126]

V(x(t)) > 0 for all x(t) � 0,

V(0) = 0 for x(t) = 0,
(3.15)

with its derivative
d

dt
V(x) = V̇(x(t)) = ∇V (x(t)) ẋ(t) < 0. (3.16)
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3.3 Dynamical phenomena and stability of hybrid systems

The challenge is to find such a function, as there are no general procedures. Further inform-

ation and remarks on the stability of non-linear DAE systems can be found in [126].

Continuous linear DAEs

Next, linear DAE systems of the form

Eẋ(t) = Ax(t), (3.17)

are considered, where A is a square matrix. For a stable system, the matrix pair (E,A)

must be regular (for details see [127]). Then, a quadratic Lyapunov function can be defined

by [126]

V(x(t)) = (Ex)TPEx, (3.18)

where P = PT is a square and positive definite matrix. To find P the following equation has

to be solved

ATPE + ETPA = −Q, (3.19)

where Q = QT can be any positive definite matrix (e.g. the identity matrix I if valid). The

derivative of V(x) is then given by

V̇(x) = xT(ATPE + ETPA)x = −xTQx < 0. (3.20)

In case the DAE in (3.17) is of index one (meaning the number of times the equations of

the DAE system have to be differentiated by the independent variable, e.g. the time t, to

get a pure ODE system) (3.19) changes to

ATP + PTA = −Q,

PTE = ETP ≥ 0,
(3.21)

for any positive definite Q [126]. Then a quadratic Lyapunov function can be constructed

by

V(x) = (Ex)TPx, (3.22)

where its derivative simplifies to

V̇(x) = xT(ATP + PTA)x = −xTQx < 0. (3.23)
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3 Hybrid system theory in the context of power systems

Switched linear DAE

Now the hybrid case for switched linear DAE is considered, which are of the form [128]

Eσ(t)ẋ(t) = Aσ(t)x(t), (3.24)

where σ(t) ∈ {1, ...,N} is the switching signal and each matrix pair (Eσ,Aσ) is regular as

in the continuous case. In this context, regular means that for consistent initial conditions,

there are always unique solutions. This assumption is important because there are some

major differences between switched ODE and switched DAE systems. It should be noted

that for the following paragraphs most of the statements are taken from [128] and [126].

As shown in Section 3.2.1, state jumps are defined by the invariants and the reset map of a

hybrid automaton. In the case of a switched linear DAE, however, the jumps are already

implicitly defined between the jumps of the matrix pairs (Eσ,Aσ). The reason for this is

that each subsystem has its own consistency space Ω(Eσ,Aσ) ⊂ Rn which is restricted by

the algebraic constraints. Therefore, when a switch occurs, there may be jumps in the

differential and algebraic states, depending on the new subsystem. In addition to jumps,

impulsive behaviour can also arise, leading to Dirac impulses in the solution [129].

To illustrate this, an example of an electrical circuit is given in Fig. 3.5. The circuit consists

only of a DC voltage source, a switch and an inductance, all of which are ideal elements.

First, the switch S1 is closed and a current iL flows into the inductance L. At t = ts the

switch is opened and the equation of the system changes. At this point, there are poten-

tially two ways to proceed [129]. The first option is that there is no solution in the open
subsystem, since the ideal switch forces iL = 0, but the current cannot jump to zero due to

the inductance, as there is no derivative of a jump. However, as motivated in,[129], if the

space of distributions from mathematical analysis is taken into account, then there would

be a Dirac impulse δ in the solution, which has a well-defined derivative in this space. In

this example, the inductance voltage vL would contain a Dirac impulse δts at t = ts with the

magnitude −its, so that the current is zero afterwards. As there are no ideal elements in real-

ity, a spark could be observed at the inductance, which would discharge it. The occurrence

of such a Dirac pulse in a model can therefore be an indication of undesirable behaviour in

reality. Therefore, for stability analysis, it is assumed that no impulsive behaviour occurs.

Note that jumps can still occur (see Fig. 3.5 for the difference).

To check for impulsive behaviour is present in a system, the concept of a consistency pro-

jector Π is introduced, which maps inconsistent initial values from the previous subsystem

46



3.3 Dynamical phenomena and stability of hybrid systems

to the consistency space of the activated subsystem

x(t+) = Πσx(t−), (3.25)

where t− stands for the time just before the switch and t+ for the time just after the switch.

With the help of these consistency projectors, it is now possible that state values that are

not suitable for the new subsystem, here x(t−), are transformed so that they fulfil the new

constraints. However, as seen in Fig. 3.5 this can lead to impulsive and therefore unstable

behaviour. Therefore, the consistency projectors can be used to check for impulsive beha-

viour, as they contain state space mapping information.
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Figure 3.5: Exemplary jump and impulsive phenomena in a switched linear DAE system

(taken from [129], see chapter 3.1.2)

Suppose p and q denote subsystems with matrix pairs (Ep,Ap), (Eq,Aq) and a switch from

p to q takes place. The switch is impulse-free if the following condition is true,[129]

Ep(I − Πp)Πq = 0, (3.26)

where I is the identity matrix. The above equation can also be simplified to check that there

are no jumps in the states[130]

(I − Πp)Πq = 0. (3.27)

For a detailed description of how to calculate these consistency projectors, the reader is

referred to [129, 130]. If impulsive behaviour is excluded, the stability of the switched

linear DAE can be further investigated by Lyapunov functions. For each subsystem, a

Lyapunov function Vσ(x) = (Eσx)T PσEσx has to be determined by solving the linear
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matrix inequality

AT
σPσEσ + ET

σPσAσ = −Qσ, (3.28)

where Pσ and Qσ have to be positive definite. In addition, the inequality

Vq(Πqx) ≤ Vp(x), (3.29)

has to be fulfilled, demonstrating the need for consistency projectors for stability ana-

lysis.

Non-linear switched DAE

In the end, the stability of non-linear switched DAE of the form

Eσ(t)(x)ẋ(t) = fσ(t)(x), (3.30)

are considered. In general, the concept of stability is similar to that of switched linear

DAE. First, the switches between the subsystems must be impulse-free by finding suitable

consistency projectors. Second, for each subsystem a Lyapunov function Vσ(x) must be

found and the condition (3.29) must be satisfied and the functions must coincide at their

intersection. In such a case, the non-linear switched DAE is also asymptotically stable

under arbitrary switching. However, as already seen for the other non-linear cases, the big

challenge is to find suitable Lyapunov functions, since there is no general procedure. A

further challenge is to find suitable consistency projectors that also satisfy (3.29). More

information about how to set up these consistency projectors can be found in [131].

As seen by the above introduction to the stability theory of hybrid systems, the formal

stability proof comes with great challenges. Therefore, analytical investigations become

more complex and are often only possible with great simplifications. It should be noted

that these disadvantages do not arise from the hybrid system approach itself, but from the

discontinuities present in the model. Therefore, if discontinuities are present in a system

under study, a hybrid system approach should be considered to take into account the unique

characteristics of the system. Whether or not simplifications are possible depends heavily

on the model and scenario at hand. Since the present work mainly uses detailed models,

most of which contain non-linearities, a formal stability assessment is not pursued. Instead,

the stability region of the models is to be analysed using various scenarios in the time

domain. However, to narrow down the solution domain, the trajectory sensitivity analysis is

used to efficiently determine the qualitative influence of different model parameters, which

is described next.
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3.4 Application of hybrid system theory: Trajectory
sensitivity with discontinuities

This subsection mainly summarises the work of [109], where conditions are derived to

calculate trajectory sensitivities at discontinuities. In general, trajectory sensitivities de-

termine the influence of a small change in initial states x0 or parameters p on the trajecto-

ries obtained by a time-domain simulation. For this, the system is considered as a DADS

as described in (3.7)-(3.9). For convenience, the notation for the state vector, differential

equations and reset function given in (3.6) is repeated here

x =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
x
q
p

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , f =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , hi =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
x
hi

p

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (3.31)

For the compact DADS in (3.7)-(3.9), the time-domain solution or flow Φ is given by

x(t) = Φx(x0, y0, t), (3.32)

y(t) = Φy(x0, y0, t). (3.33)

To determine the change in the trajectories in case of slightly changed initial conditions x0,

the flow in (3.32)-(3.33) is expressed by a Taylor series, where only the first term is kept

(same for Δy(t)) [109]

Δx(t) = ΔΦx(x0, y0, t) =
dΦx(x0, y0, t)

dx0

Δx0 + higher order terms,

≈ dΦx(x0, y0, t)
dx0

Δx0 = xx0
(t) · Δx0.

(3.34)

Then, xx0
(t) (same for yx0

(t)) represents the trajectory sensitivities with respect to the initial

conditions x0. Note that the sensitivities are calculated for continuous and discrete states

as well as parameters, as the initial conditions x0 contain all of them.

Trajectory sensitivity between two consecutive events

Next, it is described how these sensitivities are calculated between two consecutive events.

For this, a smooth DAE system with no change in g(x, y) or state resets is considered. First,
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the system is differentiated by the initial conditions x0

ẋx0
= f x(t)xx0

+ f y(t)yx0
, (3.35)

0 = gx(t)xx0
+ gy(t)yx0

. (3.36)

Second, to calculate xx0
(t) and yx0

(t), an implicit numerical method has to be used to get the

corresponding Jacobian matrix. Then, the Jacobian matrix contains the information on how

sensitive the trajectories are for each state or parameter. For example, according to [109],

the implicit Trapezoid rule could be applied. The Trapezoidal is of the form

xk+1
= xk
+
Δt
2

(
f
(
xk, yk

)
+ f

(
xk+1, yk+1

))
,

0 = g
(
xk+1, yk+1

)
,

(3.37)

where the superscript k means the time instant at tk and k+1 for the next time instant at tk+1.

The difference tk − tk+1 is the integration time step Δt. By applying the Trapezoidal rule

to (3.35)-(3.36) and rearranging the sensitivities according to the time instant, the following

equation is obtained

⎡⎢⎢⎢⎢⎢⎣Δt
2

f
k+1

x − I Δt
2

f
k+1

y

gk+1
x gk+1

y

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣xk+1

x0

yk+1
x0

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎣−xk

x0
− Δt

2

(
f

k
x · xk

x0
+ f

k
y · yk

x0

)
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (3.38)

which has to be solved every time-step (detailed derivation of (3.38) in [109]). The matrices

f x, f x, gx, gy are the time-dependent factorised Jacobian matrix and I is the identity mat-

rix. As a result, the sensitivities can be calculated by solving the above equation after the

states xk+1
and yk+1 of the regular numerical integration have been obtained. The initial

sensitivities are given by [109]

xx0
(t0) = I, (3.39)

yx0
(t0) =

(
gy(t0)

)−1 · gx(t0) · xx0
(t0). (3.40)

Note that (3.38) can only be used to calculate sensitivities away from events. They need to

be treated specifically at discontinuities, which are described next.

Trajectory sensitivity at the time of events

In this section, it is assumed that no multiple events occur at the same time. This means

that there are no two switching conditions s(x, y) that become zero at the same time. It

is also assumed that the trajectories cross the triggering surfaces and do not touch them
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3.4 Application of hybrid system theory: Trajectory sensitivity with discontinuities

tangentially. Otherwise, the sensitivities would become infinite with respect to the initial

conditions. The time at which the event is triggered is called the junction time τ. The

superscript ”− ” is defined as the limit of the time t as it approaches a junction time τ from

the left and is denoted as τ−. Similarly, the superscript ” + ” is defined as the limit of the

time t as it approaches a junction time τ from the right and is denoted as τ+.

The sensitivity of the junction time to the initial conditions can be determined by the fol-

lowing equation [109]

τx0
=

(
sx − sy

(
g−y
)−1

g−x
)∣∣∣∣∣
τ−

xx0
(τ−)(

sx − sy
(
g−y
)−1

g−x
)∣∣∣∣∣
τ−
· f
∣∣∣∣
τ−

, (3.41)

where sx and sy are the partial derivatives of the switching conditions. Also, the term

f
∣∣∣∣
τ−
= f (x(τ−), y(τ−)) in (3.41) represents the differential equations and is evaluated just

before the event. With this, the trajectory sensitivities just after the event can be calculated

by (detailed derivation in [109])

xx0
(τ+) = h

∗
x · xx0

(τ−) −
(

f
∣∣∣∣
τ+
− h
∗
x f
∣∣∣∣
τ−

)
τx0
, (3.42)

yx0
(τ+) =

((
g+y
)−1

g+x

)∣∣∣∣∣
τ+

xx0
(τ+), (3.43)

with

h
∗
x =

(
hx − hy

(
g−y
)−1

g−x
)∣∣∣∣∣
τ−
. (3.44)

Note that hx and hy are the partial derivatives of the reset function h. From (3.44) and (3.41)

it is clear that both the triggering conditions and the state reset functions have an impact on

the sensitivities and thus need to be considered. Overall, with the continuous sensitivities

in (3.38) and the initial conditions in (3.39)-(3.40), the trajectory sensitivities can now be

calculated for hybrid systems. An example of the trajectory sensitivities is given next.

Example: ideal single-phase rectifier

To demonstrate the concept of trajectory sensitivities for a hybrid system, a simple single-

phase rectifier with an ideal diode as a power electronic load is used. The circuit diagram

and component values are shown in Fig. 3.6 along with its time-domain response for 190 ms

after start-up.
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3 Hybrid system theory in the context of power systems
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Figure 3.6: Rectifier circuit with an ideal diode as hybrid system example for trajectory

sensitivity analysis

The considered system can be described as a DADS by the following equations

İL =
V0 − VR

L
· q0, (3.45a)

V̇R =
IL − VR

R

C
, (3.45b)

q̇0 = 0, (3.45c)

0 = V0 − V̂0 · cos(ωt), (3.45d)

where V0 is the grid voltage, IL the load current, VR the rectified voltage, R the load res-

istance and C the capacitance to smoot the voltage. The first two equations (3.45a)-(3.45b)

describe the current and voltage dynamics of the inductance and capacitance. To mimic

the ideal diode, the discrete state q0 is introduced with a dummy derivative to include it as

a fictional differential state. The last equation (3.45d) is an implicit algebraic equation to

define a constant AC voltage source, where V̂0 is the peak voltage and ω is the fundamental

angular frequency of the grid. The rectifier is able to adopt two operation modes, denoted

by q0 = 0 for the blocking mode and q0 = 1 for the charging mode. Both operation con-

ditions can be expressed by a triggering condition s(x, y) and a reset function h(x, y). The

rectifier switches to a blocking mode (q0 = 0) when the current IL becomes zero, which is

described by the triggering condition s1(x, y) in (3.46). Also, q0 is set to zero by the reset

function h1(x, y) so that the current IL remains zero

s1(x, y) = IL = 0, h1(x, y) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
I+
L

V+R
q+0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I−
L

V−R
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (3.46)
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3.4 Application of hybrid system theory: Trajectory sensitivity with discontinuities

The charging mode (q0 = 1) is enabled, if the voltage VR falls below V0. Then, the discrete

state q0 is set to one, allowing a current to flow. For this mode, the triggering condition and

reset function are given by

s2(x, y) = V0 − VR + q0 = 0, h2(x, y) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
I+L
V+R
q+0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I−L
V−R
1.0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (3.47)

Note that for triggering condition s2(x, y), the discrete state q0 is also included, which en-

sures that the charging mode is only enabled from a blocking mode, mainly for implement-

ation and numerical reasons. As seen in Fig. 3.6 the discrete state q0 changes depending

on whether the rectifier is in a blocking or charging mode. Based on this formulation, the

trajectory sensitivities of the capacitance C and the inductance L are calculated.

Fig. 3.7 shows the sensitivity XVR,C of the rectified voltage VR with respect to C and the

sensitivity XIL,L of the current IL with respect to the inductance L. Before going into detail,

the concept of relative trajectory sensitivity is introduced and developed for this thesis. As

the sensitivities are calculated by a linear approximation for each point of the trajectory,

their validity is also limited around a small change of initial condition or parameter. As

can be seen in Fig. 3.7, the sensitivity XVR,C is approximately between −9000V
F and 2500V

F ,

which can be considered as high numbers compared to other state and component values.

In general, this sensitivity could be interpreted as meaning that a change in the capacitance

C of ΔC = 1F would change the change in the voltage trajectory around −9000 V and

2500 V. It is clear that these changes are not realistic for this example. However, such

Figure 3.7: Trajectory sensitivities of C and L regarding the voltage VR and current IL

53



3 Hybrid system theory in the context of power systems

values arise from the fact that a change in the capacity of 1 F would also be very extreme.

Therefore, the sensitivities should be qualified with respect to the underlying values of the

initial conditions and parameters. In this example, the value of the capacity is C = 10−3 F.

By multiplying the sensitivity XVR,C by C one obtains the relative trajectory sensitivity

xVR,c

xVR,c = XVR,c ·C. (3.48)

This relative sensitivity xVR,c means that if C is increased by its nominal value (or doubled),

the change in voltage trajectory would be between −9 V and 2.5 V (blue axis in Fig. 3.7).

The advantage is that the values of the sensitivities are now in a more realistic and mean-

ingful numerical range, as their validity is limited by linearisation. This allows a quicker

interpretation of the sensitivities obtained, as they are not overestimated. Note that this

relationship also works in the opposite direction for parameters with high nominal values

(>> 1). This also ensures that sensitivities are not underestimated. A closer look at Fig. 3.7

shows that increasing the capacitance has a smoothing effect on the rectified voltage, as

the sensitivity is negative during charging and mostly positive during blocking. This fits

well with the general design principles of such a circuit. Similarly, the inductance initially

has a damping effect on the current but becomes positive as the inductance holds the cur-

rent longer at higher values during charging. Especially at the beginning of the simulation,

when the capacitor is charged, it has its highest negative sensitivity. It should be noted that

these sensitivities also provide information if the capacitance or inductance is reduced. In

this case, the sensitivities can be considered as having been multiplied by minus one.

The sensitivities can also be used to construct a first-order approximation of a trajectory

for a parameter change without the need for a new time-domain simulation [109]. This is

done by adding to the initial trajectory, e.g. the voltage VR(t), the product of its parameter

sensitivity XVR,C and the parameter change ΔC

VR,appr(t) = VR(t) + XVR,C(t) · ΔC. (3.49)

It should be noted that such an approximation does not take into account the possible

change in the event junction times that could result from the parameter change. To coun-

teract this, a method is presented in [109], which uses the sensitivities of the junction times

from (3.41) to construct refined approximated trajectories. Generally, the accuracy of the

approximated trajectory decreases with the size of the parameter change.

In Fig. 3.8 approximated trajectories of VR and IL are shown along with their original and

actual perturbed trajectories (based on a new simulation with the changed parameter). For
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3.5 Conclusion of the chapter

the sake of clarity, only the first 100 ms are shown. It can be seen that in both cases the

approximated trajectory agrees well with the perturbed trajectory. It is also shown that

the sensitivities can be used for negative (Fig. 3.8 (a)) and positive (Fig. 3.8 (b)) parameter

changes. Although not shown, the former statements are also valid for a change in the

initial conditions of the differential states.

Figure 3.8: Exemplary trajectory approximation for different parameter changes

(a) ΔC = −3 · 10−4F (−30%) (b) ΔL = +2 · 10−4H (+40%)

3.5 Conclusion of the chapter

This chapter discussed the theory of hybrid systems in the context of power systems. On the

one hand, the literature review has shown that the origin of discrete dynamics can be at the

component, control or communication level. On the other hand, several formal modelling

approaches exist for hybrid systems. Here, the hybrid automaton can be considered as the

most general case for modelling a hybrid system. Although switching systems are very

similar, the main difference is that only the discrete states are allowed to jump in this case.

For power systems, the DADS has been developed, which is quite similar to switching

systems, which is assumed to be sufficient for this work. Therefore, the DADS approach is

chosen for this thesis as it is explicitly designed for power systems at either the component

or system level.
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3 Hybrid system theory in the context of power systems

Because hybrid systems contain discrete dynamics, they can exhibit special hybrid dynam-

ical phenomena such as sliding modes, infinitely fast switching, Zeno or chaotic behaviour.

Therefore, when analysing hybrid systems, special attention must be paid to these phenom-

ena. Furthermore, the stability of hybrid systems differs from that of pure continuous sys-

tems. In this chapter, different stability requirements for switched ODE and DAE systems

are presented, based on Lyapunov’s stability theory. It is shown that for linear switched

ODE and DAE systems there are procedures to formally prove stability, although they can

be difficult to compute. In addition, concepts such as the consistency projector can help to

analyse linear hybrid systems in more detail, as it can determine whether impulsive beha-

viour (which can be problematic in real applications) is present. For non-linear switching

systems, sufficient stability conditions can be established, but there is no general method

for determining them. For this reason, formal verification of the stability of a detailed

power system (hybrid and non-linear) is usually not possible. Otherwise, too many simpli-

fications would have to be made, with the result that the system would be far away from

reality. For the present work, this means that a formal proof of stability is not pursued.

Instead, individual components, such as grid-forming converters or power electronic loads,

are analysed according to their hybrid system modelling approach and characteristics.

Notable methods for analysing hybrid systems are reachability analysis, dwell-time ana-

lysis, Filippov theory, trajectory sensitivity and shooting method for grazing phenomena.

As the first three have their strength in linear systems, they are mainly suitable for small

models. In contrast, trajectory sensitivity is well suited for large, non-linear models, as

it provides insight into their time-domain behaviour for changes in parameters and initial

conditions. Similarly, the shooting method (based on trajectory sensitivity) can determine

when a triggering surface is hit. However, it is more computationally intensive compared

to trajectory sensitivity. Therefore, in this thesis, trajectory sensitivity is taken as the main

method for analysing hybrid non-linear power systems.
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4 Modelling of grid-forming converters with
current limitation

In this chapter, the modelling approach of grid-forming (GFM) converters for this thesis

is presented. First, the converter model, the AC filter and the DC circuit are described in

Section 4.1. Second, the outer loop control, which is responsible for power synchronisa-

tion and voltage control, is outlined in Section 4.2. In detail, four approaches for power

synchronisation are presented (droop control, matching control, dispatchable virtual oscil-

lator control (dVOC) and virtual synchronous machine (VSM)), which will be used later

to study their impact on voltage stability. The inner loop control, consisting of cascaded

voltage and current control along with current limitation, is presented in Section 4.3. This

is followed by an introduction to certain stability-enhancing control methods (SECMs) that

are used to stabilise the GFM in the case of current limitation. Afterwards, in Section 4.5

an analysis of an exemplary GFM converter as a hybrid system. Emphasis is placed on how

to correctly model the converter as a hybrid system and analyse its characteristics. In the

end, a conclusion of the chapter is given in Section 4.6.

4.1 Converter model, AC filter and DC circuit

According to their control strategy, power electronic converters can be mainly divided into

GFM and grid-following (GFL) converters. A graphical illustration of both concepts is

given in Fig. 4.1. In general, a GFM converter is controlled to behave like a voltage source.
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Figure 4.1: Simplified control concept of (a) grid-forming (GFM) converter (b) grid-

following (GFL) converter (own illustration, based on [132] and [133])
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4 Modelling of grid-forming converters with current limitation

This means that its active and reactive power reference Pref and Qref are realised by con-

trolling the magnitude and frequency of the voltage V
PCC

at the point of common coup-

ling (PCC). In contrast to this, a GFL converter achieves its power references by adjusting

the magnitude and phase of its current IPCC. It thus behaves as a controllable current source

and requires a synchronisation unit, such as a phase-locked loop (PLL). [133]

Most modern converters use insulated gate bipolar transistors (IGBTs) as power electronic

switches. Depending on the harmonic requirements, voltage level and power rating, there

are different converter configurations such as two-, three-level or multilevel converters. At

the transmission system, modular multilevel converters are the most promising due to their

scalability and low harmonics [134]. Since the frequency range of the dynamics of interest

in this thesis is mainly about the fundamental frequency, an average model of the converter

is used, consisting of controllable voltage sources, illustrated in Fig. 4.2. This is in line

with current modelling guidelines for stability studies of power electronics [8, 135].

v
v
v

v

+v

v
v
v

Figure 4.2: Simplification of the multilevel converter to an average model

The general design of the GFM converter model, AC filter and DC power source model

in this thesis is mainly based on [81] and is illustrated in Fig. 4.3. The parameters of the

converter and its control are given in Appendix A.1. Its three-phase filter dynamics in a dq

reference frame are given by

cf

d

dt
vcd = icd − id + vcqcfω0, (4.1a)

cf

d

dt
vcq = icq − iq − vcdcfω0, (4.1b)

lf
d

dt
icd = vcd − icdRf + icqω0lf − vd, (4.1c)

lf
d

dt
icq = vcq − icqRf − idω0lf − vq, (4.1d)
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4.1 Converter model, AC filter and DC circuit

with lf , cf and rf as the filter impedances, v
cdq

as converter terminal voltage, idcq as the

converter current, v
dq

as the PCC voltage and idq as the PCC current. For independent

control of active and reactive power, the coupling terms in (4.1a)-(4.1d) between the dq

components must be compensated, which is described in more detail in Section 4.3.
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Figure 4.3: GFM converter model with DC energy source model and AC filter (own illus-

tration, based on [81])

The DC circuit consists of a capacitance cdc, a loss resistance rdc and a controlled current

source as an energy model. It is assumed that the energy source includes battery storage

or represents a converter of an HVDC system. Thus, both configurations could provide a

bi-directional power flow. The DC reference value idcref0 is calculated as follows

idcref0 =
pref

v∗
dc

+ (v∗dc − vdc)kdc +
vdc

rdc

+
Δpcf

v∗
dc

, (4.2)

where pref is the active power reference, kdc a droop parameter, v∗
dc

the nominal and vdc the

actual dc voltage. Also, the AC-filter losses are included, which is represented by the active

power difference Δpc between the converter terminals and PCC

Δpc = vcdicd + vcqicq −
(
vdid + vqiq

)
, (4.3)

which is filtered via a first-order system

Δṗcf = (Δpc − Δpcf)ωf, (4.4)

with ωf as the filtering frequency. To model a finitely fast reacting energy source, an

additional first-order system is introduced with the time constant Tdc

i̇dcrefτ =
idcref0 − idcrefτ

Tdc

. (4.5)
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4 Modelling of grid-forming converters with current limitation

Because the DC power source can only deliver a certain amount of current, it is limited

by

idcref =

⎧⎪⎪⎪⎨⎪⎪⎪⎩idcrefτ if idcrefτ < idcmax,

sgn(idcrefτ)idcmax if idcrefτ >= idcmax,
(4.6)

where idcmax is the maximum DC current and sgn(·) is the sign function. Finally, the DC

circuit is modelled by

v̇dc =
1

cdc

(
idcref − vdc

rdc

− idc

)
, (4.7)

where the current idc is the power coupling between the DC and AC side given by

idc =
pc

vdc

=
R(v

cdq
· icdq)

vdc

=
vcdicd + vcqicq

vdc

. (4.8)

In addition, the terminal AC voltage v
cdq

is coupled with the DC voltage side by

v
cdq
= v

cdqm
· vdc

v∗
dc

, (4.9)

where v
cdqm

is the modulation voltage from the inner control (see Section 4.3).

For the phasor model, the DC circuit is modelled in such a way that only the DC voltage de-

viation Δvdc from its nominal value is considered, which is important for matching control

(see Section 4.2). This is similar to synchronous machines where only the speed deviation

is considered. In cases where the real value of the DC voltage is required, e.g. in (4.9), the

voltage deviation is increased by its nominal value. In this way, the EMT and the phasor

converter are modelled similarly in balanced conditions. The main differences therefore

arise in the modelling of the grid dynamics.

4.2 Outer loop: power synchronisation and voltage
control

GFM controls have attracted a lot of interest in recent research due to their stabilising prop-

erties in power electronics-dominated systems, which is reflected in the number of different

control approaches and their corresponding classification [132, 136, 137]. GFM controls

can be classified into droop-based, synchronous machine based, and other approaches such
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4.2 Outer loop: power synchronisation and voltage control

as virtual oscillators [132]. These approaches can be further classified according to their op-

erating characteristics (e.g. grid-forming or grid-supporting), their control modes (e.g. f (P)

and V(Q)) and their grid connection (e.g. islanded or grid connected) [137]. To control

active and reactive power independently, the GFM control is usually divided into a power

synchronisation loop and a voltage control loop. Here, active power p is controlled by

changing the frequency f of the converter (or its relative angle θ to the grid) and reactive

power q by changing its voltage magnitude v. Unlike GFL converters, GFM converters do

not require a dedicated synchronisation unit like a PLL. Instead, based on the mismatch

between the active power reference pref and the measured active power pmeas, an acceler-

ation or deceleration of the converter’s terminal voltage angle θc takes place. Since the

synchronisation of a GFL converter with a PLL is usually much faster than that of a GFM,

the provided amount of inertia of a GFM converter is much higher [132]. However, the

amount is limited by the energy source and its storage size. In addition, the current lim-

itation of the converter also limits its inertia capacity. In the following, the GFM control

approaches used in this thesis are described in more detail. Here, droop, matching, dVOC

and VSM are used to analyse different types of GFM control. These controls thus cover a

large part of the GFM classification.

4.2.1 Droop control

Due to its simplicity, droop control is a well-known GFM approach. As the control has

a proportional characteristic, parallel operation of such converters is possible. Here a

frequency-based droop control is used, shown in Fig. 4.4, where the measured power pmeas

is used as input, which is filtered by a low-pass filter.

ṗf = (pmeas − pf)ωf, (4.10)

where ωf is the filter frequency and pf is the filtered power. As noted in [138], the droop

control is only able to provide inertia through the combination of filter time constant and

droop gain, as this causes a delay in power synchronisation. The droop control law is given

by

θ̇ = ω = ωref + (pref − pf)kd, (4.11)

with kd as the droop parameter, pref as the active power reference and ωref as the angular

frequency reference. For a phasor model, ωref must be omitted as only the difference to the
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4 Modelling of grid-forming converters with current limitation

p
k v

v

p v

Figure 4.4: Block diagram of droop control (own illustration, based on [81])

fundamental frequency is required. For voltage control, a PI controller is used, given by

ẋv = (vref − vmeas)ki, (4.12a)

vdref = xv + (vref − vmeas)kp, (4.12b)

where kp is the proportional and ki is the integral gain.

4.2.2 Matching control

Matching control is based on the structural similarities of power balancing between the

electromechanical part of a synchronous generator with its turbine and the DC circuit of

a converter with its DC capacitance [81]. Here, an active power mismatch is detected,

either as a speed deviation (synchronous machine) or as a DC voltage deviation (converter).

Therefore, the DC voltage vdc is used to determine the angle dynamics θ̇

θ̇ = ω = vdckm, (4.13)

where km is a parameter to match the desired angular frequency (see Fig. 4.5). For phasor

simulations, only the DC voltage deviation Δvdc is taken, as only the angular frequency

deviation Δω is needed. Like the droop control, the voltage control is implemented by a PI

controller as in (4.12).

k
v

v

vv

v  

Figure 4.5: Block diagram of matching control (own illustration, based on [81])
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4.2.3 Dispatchable virtual oscillator control

The dVOC is derived from the theory of coupled harmonic oscillators to operate in parallel

with other converters [81]. The power synchronisation principle and angle dynamics θ̇ are

given by

θ̇ = ω = ωref + η

⎛⎜⎜⎜⎜⎝ pref

v2
ref

− pf

v2
dref

⎞⎟⎟⎟⎟⎠ , (4.14)

where η is a control parameter, vref the reference voltage and pf the filtered active power

(see Fig. 4.6). For phasor simulations, ωref is neglected. The reactive and voltage control

dynamics are described by

˙vdref = vdref

⎛⎜⎜⎜⎜⎝η ⎛⎜⎜⎜⎜⎝qref

v2
ref

− qf

v2
dref

⎞⎟⎟⎟⎟⎠ + β (v2
ref − v2

dref

)⎞⎟⎟⎟⎟⎠ , (4.15)

where β = (ηα)/(v2
ref

) and α are control parameters and qf is the filtered reactive power.

To counteract a singularity at vdref = 0 or vref = 0, a lower bound ε can be inserted (see

Fig. 4.6). However, this does not represent a desired operating point and should be avoided.

p

p

q

q

v

v

 

 

 
v

v

v

Figure 4.6: Block diagram of dVOC (own illustration, based on [81])

4.2.4 Virtual synchronous machine

While matching control is inspired only by the similarities of energy conservation in a

synchronous generator, the VSM tries to emulate it by the well-known swing equation

θ̈ = ω̇ =
1

J
(tref − tf + D(ωref − ω)) , (4.16)
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4 Modelling of grid-forming converters with current limitation

where J is the virtual inertia parameter and D is the damping factor (see Fig. 4.7). The

power signals pref and pmeas are converted to their torque values tref and tf by dividing by

ωref. Similar to the droop and matching control, a PI-based controller is used for voltage

control. The difference is that a virtual mutual impedance mfd and the angular frequency ω

are also used to emulate a AVR. This control loop is described by

ẋv = (vref − vmeas)ki, (4.17a)

vdref = ωmfdifd, (4.17b)

= ωmfd

(
xv + (vref − vmeas)kp

)
, (4.17c)

where ifd is the virtual field current and ki and kp the respective PI gains.

p

p

D

t

t v

v

vi m

Figure 4.7: Block diagram of VSM control (own illustration, based on [81])

4.3 Inner loop: cascaded control and current limitation

Next, the low-level control, consisting of a cascaded voltage and current loop, and the

current limitation are described. In general, the cascaded control mainly reflects the AC

filter equations given in (4.1a)-(4.1d) and allows independent control of active and reactive

power. The control structure and parameters are taken from [81].

4.3.1 Cascaded voltage and current control

The cascaded control is in a local dq-reference frame where all voltage and current mea-

surements are transformed by the angle θ from the power synchronisation loop. The ref-

erence voltage is v
dq

at the PCC. The transformation angle θ is used to align the voltage
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4.3 Inner loop: cascaded control and current limitation

v
dq

on the d-axis so that in steady state vq = 0 results. Unlike GFL converters, GFM con-

verters have a voltage control loop between the power synchronisation loop and the inner

current control. This converts the voltage references for the PCC into converter current ref-

erences, which are then finally converted into converter terminal voltage references. These

cascaded controls allow the insertion of a current limitation to protect the power electronic

components from high overcurrents, which is described in the next section.

As shown in Fig. 4.8, the voltage control loop consists of two PI controllers and two de-

coupling terms, which can be described by

ẋvd = (vdref − vd)kiv,

ẋvq = (vqref − vq)kiv,
(4.18)

where xvd and xvq are states and kiv is the integral gain. The current reference value of the

converter icdqref = icdref + jicqref is given by

icdref = id + xvd + (vdref − vd)kpv −
vq

xcf

,

icqref = iq + xvq + (vqref − vq)kpv +
vd

xcf

,
(4.19)

where vdref and vqref are inputs from the outer loop (with vqref = 0) and kpv is the propor-

tional gain. Adding
vq

xcf
and vd

xcf
to the current reference values decouples the dq components

(see (4.1a) and (4.1b)).
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Figure 4.8: Cascaded voltage and current control (own illustration, based on [81])
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4 Modelling of grid-forming converters with current limitation

These current reference values of the converter are then used as input to the current control,

where the dynamics of the PI controllers are given by

ẋid = (icdref − icd)kii,

ẋiq = (icqref − icq)kii,
(4.20)

where kii is the integral gain and xid and xiq are the integral controller states. Similarly

to the voltage control loop, the filter dynamic equations are used to control the converter

current
vcdm = vd + xid + (icdref − icd)kpi − icqxlf,

vcqm = vq + xiq + (icqref − icq)kpi + icdxlf,
(4.21)

where kpi is the proportional gain and xid and xiq are the integral controller states. The

output is the modulation voltage v
cdqm

which is coupled to the DC voltage, see (4.9).

4.3.2 Current limitation and anti-windup method

There are several methods to protect a converter from overcurrents, such as virtual im-

pedance or current saturation algorithms [3, 139]. All these approaches lead to a discrete

change in the converter dynamics. This results in two conflicting control objectives. On the

one hand, accurate current limitation is important to ensure that the converter is not dam-

aged by overcurrents. On the other hand, the GFM capabilities should be maintained so that

the converter remains synchronised with the grid, as the current limitation can decouple the

outer and inner control loops. To achieve the first objective, in this thesis a circular current

limitation is used, which is also known from GFL converters. For the second objective, an

additional control is developed and implemented, which is called SECM in this thesis and

introduced in Section 4.4.

If the absolute value of the converter current reference |icdqref | exceeds its maximum value

icmax, the current reference value is limited to icdqlim to protect the converter (see Fig. 4.9).

Here it is possible to choose whether the current is reduced without any axis prioritisation

(also called circular current limitation [140] and the default case in this thesis)

icdqlim =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
icdqref if |icdqref | < icmax,

icdqref
icmax

|icdqref | if |icdqref | ≥ icmax,
(4.22)
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4.3 Inner loop: cascaded control and current limitation

or the q-axis current is prioritised

icqlim =

⎧⎪⎪⎪⎨⎪⎪⎪⎩icqref if |icqref | < icmax,

sgn(icqref) · icmax if |icqref | ≥ icmax,
(4.23)

icdlim =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
icdref if |icdref | <

√
i2cmax − i2

cqlim
,

sgn(icqref) ·
√

i2cmax − i2
cqlim

if |icdref | ≥
√

i2cmax − i2
cqlim
,

(4.24)

to inject more reactive power. The main advantage of this current limitation is that it

effectively reduces the current to a specified level [139]. However, in a real application,

icmax should be chosen below the thermal capacity of the power electronics to keep a certain

distance. In addition, this current limitation can lead to large control errors in the preceding

voltage control. To counteract this, an anti-windup method is implemented for this thesis

(which is not part of the original implementation in [81]), which sets the derivatives of the

integral controllers to zero in case of current limitation (cf. (4.18)):

ẋvd = 0, ẋvq = 0. (4.25)

This avoids large control errors during current limitation and keeps a residual amount of

control in the proportional controller. The red lines in Fig. 4.9 indicate the signal of the

anti-windup, where the line to the outer loop indicates that the signal is also used for the

voltage PI controller in the outer loop, setting ẋv to zero. This multiple anti-windup is part

of the developed SECM which is described in more detail in the next section.
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Figure 4.9: Cascaded voltage and current control with current limitation and anti-windup

method (own illustration, based on [81])
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4 Modelling of grid-forming converters with current limitation

4.4 Stability-enhancing control methods

In the event of major grid disturbances, such as short circuits, GFM converters may lose

their stable operating point. Since the dynamics of GFM converters are similar to those of

synchronous generators, they can exhibit a loss of synchronism such as transient instability.

The main causes are either the absence of a stable equilibrium point after the fault or the

overshoot of the unstable equilibrium point from the P(δ)-curve during the fault. Several

methods have been proposed to improve the transient stability of GFM converters, which

can be divided into two categories

– adaptation of active and reactive power references,

– modification of control loops or parameters.

Methods of the first category try to reduce the power mismatch between reference and

measured power to minimise the acceleration of the angle θ. Methods in the second cat-

egory also attempt to achieve the same effect, by changing the virtual inertia or damping

parameters, for example. The challenge here is to find suitable parameters for a variety of

grid scenarios, as some approaches depend on the grid impedance. [3]

Throughout this thesis, all these methods will be referred to as SECMs for simplicity. The

names of each method are followed by a number corresponding to the order in which they

are presented, e.g. SECM-1 for the first method. To avoid algebraic loops within the

later EMT models, the output of all SECMs are filtered by a first-order lag system with

a time constant of 10−4 s. Also, they are limited by the maximum rated apparent power

of the converter (except SECM-3). Next, the SECM developed for this thesis is described

and its advantages over comparable methods are highlighted. The other methods are then

presented.

4.4.1 SECM-1: Active and reactive power reference adaptation based
on limited current reference

The proposed method belongs to the category that adapts the active and reactive power

reference. Current limitation can occur for two main reasons. First, the power reference

values are set above the rated power of the converter, which is unrealistic and should be

avoided during normal operation. Second, the voltage v
dq

at the PCC is so low that the

current that would have to be injected exceeds the capabilities of the converter. This means
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4.4 Stability-enhancing control methods

that the maximum active and reactive power injected by the converter in the case of cur-

rent limitation depends on the maximum converter current icmax and the PCC voltage v
dq

.

Thus, if the active power reference pref is greater than the maximum possible active power

injection, the angle θ will increase continuously and the converter will lose synchronism

with the grid. A similar control error results for the reactive power control loop due to the

mismatch between the reference and the measured value.

The idea is to use the limited current reference icdqlim = icdlim + jicqlim in combination with

the PCC voltage v
dq

to calculate new power reference values

pref =

⎧⎪⎪⎪⎨⎪⎪⎪⎩pref0 if |icdqref | < icmax,

vd · icdlim + vq · icqlim if |icdqref | ≥ icmax,
(4.26)

qref =

⎧⎪⎪⎪⎨⎪⎪⎪⎩qref0 if |icdqref | < icmax,

vq · icdlim − vd · icqlim +
|vdq|2
xcf

if |icdqref | ≥ icmax,
(4.27)

where pref0 and qref0 are the original power reference values. For the reactive power ref-

erence qref the reactive power injection
|vdq|2
xcf

of the filter capacitance xcf is included to get

the total reactive power behind the PCC. By (4.26)-(4.27) the power references follow the

output of the current limitation, whereas in normal operation the converter current follows

the power references. The advantage of icdqlim is that it is a control signal and therefore

there is no measurement delay (except for v
dq

). Next, a brief analysis of the SECM-1 for

droop control is performed to show its stabilising effect in the case of current limitation.

For simplicity, the angle dynamics of the droop control are repeated here

θ̇ = ωref + (pref − pf)kd. (4.28)

Assuming that the filtered active power pf is equal to the measured active power, (4.28) can

be rewritten as

θ̇ = ωref + (pref − pmeas)kd. (4.29)

The measured active power is given by pmeas = vdid + vqiq which results in

θ̇ = ωref + (pref − vdid − vqiq)kd. (4.30)

69



4 Modelling of grid-forming converters with current limitation

By inserting (4.26) in case of current limitation, (4.30) becomes

θ̇ = ωref + (vdicdlim + vqicqlim − vdid − vqiq)kd, (4.31)

and rearranging gives

θ̇ = ωref +
(
vd(icdlim − id) + vq(icqlim − iq)

)
kd. (4.32)

Eq. (4.32) shows that it is mainly the deviation between the limited current reference values

and the actual currents that determines the acceleration or deceleration of θ with respect to

ωref. For example, if id or iq is greater than icdlim or icqlim, indicating that more active power

is being injected as intended, θ will be decelerated. Assuming steady-state conditions, the

current equation in Fig. 4.3 is given by

idq = icdq − icfdq = icdq −
v

dq

xcf

, (4.33)

with xcf =
1

jωcf
. Since the q-axis component of the PCC voltage is zero at steady state,

vq = 0, (4.33) can be rewritten as

idq = icdq −
vd

xcf

. (4.34)

Separating the real and imaginary parts results in

id = icd, (4.35a)

iq = icq − vdωcf. (4.35b)

This shows that at steady state the d-axis component of the converter icd is equal to the grid

current id. Furthermore, steady state means that icd = icdlim (same for q-axis) as the current

control has reached its reference values. By considering these conditions in (4.32)

θ̇ = ωref +

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝vd(icdlim − id︸����︷︷����︸
=0

) + vq︸︷︷︸
=0

(icqlim − iq)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ kd = ωref, (4.36)

it is shown that the proposed SECM-1 not only stabilises the converter during transients

but also during steady-state current limitation. This stabilising effect can also be shown

for the VSM and dVOC as they have comparable power synchronisation principles. In

order to show the effect on the matching control, the DC circuit must be taken into account.
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4.4 Stability-enhancing control methods

Assuming that the DC reference current idcref0 is not limited and the time constant of the

energy model is negligible, the DC voltage dynamics from (4.7) can be stated as

v̇dc =
1

cdc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
pref

v∗
dc

+ (v∗dc − vdc)kdc +
vdc

rdc

+
Δpc

v∗
dc︸�������������������������������������︷︷�������������������������������������︸

=idcref0

−vdc

rdc

− idc

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (4.37)

Next, (4.26) for pref in the case of current limitation and (4.8) for idc are included and the

DC losses are deleted as they cancel each other out, resulting in

v̇dc =
1

cdc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝(v
∗
dc − vdc)kdc +

Δpc

v∗
dc

+

pref︷�������������������︸︸�������������������︷
vd · icdlim + vq · icqlim

v∗
dc

− vcdicd + vcqicq

vdc︸�����������︷︷�����������︸
idc

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (4.38)

Assuming steady state conditions again, the DC reference voltage is equal to the actual DC

voltage v∗
dc
= vdc and the assumptions made above. Inserting Δpc from (4.3) into (4.38) it

can be rewritten as (assuming that vq is zero)

v̇dc =
1

cdc

(
vcdicd + vcqicq − vdid

v∗
dc

+
vd · icdlim

v∗
dc

− vcdicd + vcqicq

vdc

)
, (4.39)

and rearranging results in

v̇dc =
1

cdc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vd · icdlim

v∗
dc

− vdid
v∗

dc︸��������������︷︷��������������︸
=0

+
vcdicd + vcqicq

v∗
dc

− vcdicd + vcqicq

vdc︸����������������������������������︷︷����������������������������������︸
=0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ = 0, (4.40)

which demonstrates that a balance can also be found for matching control in the case of

current limitation. In addition, (4.40) also reveals that the DC circuit is also balanced in the

case of a different GFM control with current limiting.

As qref only appears in the dVOC control for reactive power, the influence of SECM-1 is

only analysed there. By inserting (4.27) into (4.15) the following expression is obtained

˙vdref = vdref

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝η
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vq · icdlim − vd · icqlim +

|vdq|2
xcf

v2
ref

− qf

v2
dref

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + β
(
v2

ref − v2
dref

)⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (4.41)
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4 Modelling of grid-forming converters with current limitation

It is assumed that the filter delay for qf is negligible and qf = qmeas. The measured reactive

power at the PCC is given by

qmeas = I
(
v

dq

(
i∗cdq − i∗cfdq

))
= I

((
vd + jvq

) (
icd − jicq −

vd − jvq

jxcf

))

= vqicd − vdicq +
v2

d
+ v2

q

xcf

.

(4.42)

By inserting qmeas from (4.42) into (4.41) and assuming that in steady state vref = vdref

holds, the dVOC voltage control dynamics result in

˙vdref = vdrefη

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vq · icdlim − vd · icqlim +

|vdq|2
xcf

v2
ref

−
vqicd − vdicq +

v2
d
+v2

q

xcf

v2
dref

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (4.43)

Since |v
dq
|2 = v2

d
+ v2

q, (4.43) can be rewritten to

˙vdref = vdrefη

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vq · icdlim

v2
ref

− vq · icd

v2
dref︸�����������������︷︷�����������������︸

=0

+
vd · icq

v2
dref

− vd · icqlim

v2
ref︸�����������������︷︷�����������������︸

=0

+
v2

d
+ v2

q

v2
ref

xcf

− v2
d
+ v2

q

v2
dref

xcf︸����������������︷︷����������������︸
=0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ = 0, (4.44)

and results in an equilibrium for the voltage control loop of the dVOC.

Overall, the above analyses demonstrate that SECM-1 is capable of stabilising all the GFM

controllers presented. SECM-1 is complemented by the described anti-windup method for

both the inner and outer voltage PI controllers (see Section 4.3). Its main advantage is

that it can find a stable equilibrium point for the converter in the case of current limita-

tion, regardless of the current axis prioritisation. On the one hand, if the q-axis current is

prioritised, pref will also decrease accordingly. On the other hand, pref will decrease less

if the d-axis current is prioritised. As this SECM has no parameters, there is no need to

tune them. Next, the other SECMs are presented to serve as benchmarks for later stability

analysis.
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4.4.2 SECM-2: Active power reference adaptation based on PCC
voltage magnitude

In [141] a linear adaptation of the active power reference based on the per unit voltage |v
dq
|

is presented and described by

pref =

⎧⎪⎪⎪⎨⎪⎪⎪⎩pref if |v
dq
| ≥ 0.9 pu,

pref · |vdq
| if |v

dq
| < 0.9 pu.

(4.45)

Thus, SECM-2 is only activated at a certain voltage threshold, regardless of whether the

current is limited or not. Unlike SECM-1, there is no qref adjustment here. The next step

is to analyse when the steady state conditions are fulfilled when SECM-2 is active. To do

this (4.30) from the droop example is used. By inserting (4.45) the following expression is

obtained

θ̇ = ωref + (pref |vdq
| − vdid − vqiq)kd

= ωref + (pref

√
v2

d
+ v2

q − vdid − vqiq)kd.
(4.46)

Applying vq = 0 for steady state, (4.46) can be rewritten as

θ̇ = ωref + (prefvd − vdid)kd

= ωref + vd (pref − id)︸�����︷︷�����︸
have to be equal

kd. (4.47)

Eq. (4.47) indicates that an equilibrium is only possible if pref = id (in per unit). Prob-

lems could arise if the q-axis current component is prioritised, as this significantly re-

duces icdlim (and thus id) and only a very low original power reference value could stabil-

ise the converter. In contrast, current prioritisation on the d-axis should be advantageous

for the SECM-2, as in this case equality should be mostly possible, if pref ≤ 1.0 pu and

icmax = 1.0 pu.

4.4.3 SECM-3: Stability-enhancing component based on q-axis
component of PCC voltage

In [78], a stability-enhancing component is introduced that adds a damping term Δω to the

angular frequency ω in the power synchronisation loop, consisting of the q-axis component
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4 Modelling of grid-forming converters with current limitation

of v
dq

multiplied by the factor kq

Δω = vq · kq. (4.48)

Since vq is zero in steady state, it only dampens the acceleration of θ during transients.

Originally designed for P − f droop control, it can also be used for other GFM approaches

by adding it to the angular frequency ω at the appropriate positions. As noted in [78], the

stability-enhancing component is only effective when the grid voltage vg is greater than

(derived for a P − f droop control in [78])

vg >
pref + kq · xΣ · imax/kd√

i2max +
(
kq/kd

)2 , (4.49)

where xΣ is the sum of filter, transformer and grid inductance and kd is the droop parameter.

Since pref and the grid impedance are not always known, kq must be tuned accordingly to

stabilise the converter in a wide range of grid scenarios. However, in most cases a higher

value of kd will result in a wider stable voltage range, as shown by (4.49).

4.4.4 SECM-4: Active power reference adaptation based on converter
current

In [81] a SECM is presented where the active power reference is reduced by a droop char-

acteristic of icdq in case of current limitation

p∗ref =

⎧⎪⎪⎪⎨⎪⎪⎪⎩pref if |icdq| < ithr,

pref − γ(|icdq| − ithr) if |icdq| ≥ ithr,
(4.50)

where γ is a droop parameter and ithr pu is the current threshold for activation, which should

be less than the maximum converter current icmax. Next, the same analysis as for SECM-1

and SECM-2 is carried out to derive the conditions under which a steady-state equilibrium

is possible in the case of current limitation. For this purpose (4.50) is included in (4.30).

θ̇ = ωref + (pref − γ(|icdq| − ithr) − vdid − vqiq)kd

= ωref + (pref − γ(
√

i2
d
+ i2q − ithr) − vdid − vqiq)kd.

(4.51)
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Applying vq = 0 for steady state, (4.51) can be rewritten as

θ̇ = ωref + (pref − γ(id − ithr) − vdid)︸��������������������������︷︷��������������������������︸
has to be zero for steady-state

kd, (4.52)

which means that no clear conditions for achieving an equilibrium can be derived, as the

question arises of how to parameterise ithr and γ. In [81] it is stated that the droop parameter

can be chosen to be γ = 2.3 pbase

ibase
, where pbase is the base active power and ibase is the base

current of the converter. Similar to SECM-2, the d-axis current prioritisation should be

advantageous and the q-axis current prioritisation disadvantageous for the stability of the

converter.

4.5 Droop-based grid-forming converter as hybrid
system

In this subsection, a droop-based GFM converter is described as a DADS to explore its

differential, algebraic and discrete states, as well as its properties as a hybrid system. The

effect of current limitation and SECM-1 on the small-signal stability of the converter is

also investigated. To simplify the analysis, the converter is placed in an islanded microgrid

supplying a resistive-inductive load as shown in Fig. 4.10. Similar analyses could be carried

out for the other GFM control approaches, but are not done in this thesis. In general, most

of the differential and algebraic equations of the converter from Section 4.1 to 4.4 remain

the same. The focus is on the description of the discrete dynamics and their translation into

a DADS. A complete list of equations as DADS is given in the Appendix A.2.

icdq rf

xcf
~

idq
rdc

xlf

idcref

vdc cdc ~~ vcdq

idcref0

-idcmax

idcmax

idc

vdq

rload xloadicfdq

Figure 4.10: droop-based GFM converter in an islanded microgrid to describe it as a

DADS (droop control not shown)
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4 Modelling of grid-forming converters with current limitation

To explore its discrete dynamics, the circular current limitation of (4.22) is taken and re-

peated here for convenience, but only for the d-axis (same procedure for the q-axis)

icdlim =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
icdref if |icdqref | < icmax,

icdref
icmax

|icdqref | if |icdqref | ≥ icmax.
(4.53)

As mentioned in the general DADS description in (3.7)-(3.9), a switch in the algebraic

equation from g−i (x, y) to g+i (x, y), occurs if the switching condition si(x, y) is greater or

less than zero. Taking this into account, (4.53) can be rewritten as

0 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩g−
icdlim

(x, y) = icdlim − icdref, simax(x, y) = |icdqref | − icmax < 0,

g+
icdlim

(x, y) = icdlim − icdref
icmax

|icdref | , simax(x, y) = |icdqref | − icmax > 0.
(4.54)

The main difference is that (4.53) is reformulated as an implicit algebraic equation, where

icdlim becomes an algebraic state. For the switching condition simax(x, y), icmax is moved to

the left-hand side to compare it with zero. Also, the inequality sign changes to a greater-

than sign (>) instead of greater-than or equal to sign (≥). This can have an impact on the

later implementation, which will be discussed in more detail in the rest of this chapter and

in Section 6.1. The above procedure also applies to icqlim.

From a formal point of view, (4.54) is sufficient to describe the circular current limitation as

a DADS, which involves only switching algebraic equations and no impulsive behaviour.

However, from an implementation point of view, problems may arise for the numerical

solver if the equations switch during the simulation, due to adaptive step sizes and internal

caches which may not be updated to the new equations after a jump. Therefore, from the

solver’s point of view, it is advantageous if the equations remain static during the numerical

integration. This topic is further elaborated in Section 6.1, where some requirements for the

implementation and simulation of hybrid systems in the Julia programming language are

pointed out. To obtain a static expression of (4.54), the discrete state qimax is introduced,

which can only have the values zero or one. Thus, (4.54) is expressed as

0 = icdlim −

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
(1 − qimax)icdref︸������������︷︷������������︸

normal operation

+ qimax

icdreficmax√
i2
cdref
+ i2

cqref︸�������������������︷︷�������������������︸
current limitation

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.55)

76



4.5 Droop-based grid-forming converter as hybrid system

where the discrete state qimax changes its value according to the reset function hqimax(x−, y−)
when the switching condition simax(x, y) is satisfied

q+imax = hqimax(x−, y−) = 1 − q−imax, simax(x, y) = |icdqref | − icmax = 0. (4.56)

Here the reset function hqimax (the entries for all other states are zero) is designed in a

way that qimax only jumps between one and zero. Changing qimax "activates" and "deac-

tivates" parts of (4.55) each time the condition in (4.56) is fulfilled. There is still a switch

in the equation expression, but the solver has all the information it needs to evaluate the

equations as both parts are already included. Furthermore, (4.55) and (4.56) are still in a

DADS representation by inserting a discrete state with impulsive behaviour and implicitly

switching algebraic equations.

In the next step, the anti-windup of the voltage control states is implemented by using the

discrete state qimax

ẋvd = (vdref − vd)kiv(1 − qimax),

ẋvq = (vqref − vq)kiv(1 − qimax),
(4.57)

and the adaptation of the active power reference of the SECM-1 by an algebraic equation

0 = pref −
(
(1 − qimax)pref0 + qimax

(
icdlimvd + icqlimvq

))
, (4.58)

where pref also becomes an algebraic state. This shows that with the appropriate choice

of a discrete state, a compact description of the converter as a hybrid system is achieved.

For a complete DADS model, a second discrete state qdcmax is required to account for the

DC current limit of the energy model (see (4.6)). This allows the GFM converter and the

microgrid to be described by two discrete, ten differential and eight algebraic states. Here

the algebraic states are divided into two states for the grid and six for the converter. The

complete list of equations can be found in the Appendix A.2.

A general problem that can arise from the above implementation is the hybrid phenomenon

of chattering or infinitely fast switching. This can happen, for example, if the converter

reaches its maximum current icmax in a steady state and |icdqref |−icmax = 0 is always satisfied.

In this case, qimax would (theoretically) switch between zero and one infinitely fast due to

this condition. To avoid this, Filippov theory could be used to introduce a sliding mode,

where the system trajectories slide along the surface of a switching condition [117, 142].

The dynamics of the system during sliding is then given by a combination of the dynamics

before and after this surface. This highlights that it should be kept in mind that some
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4 Modelling of grid-forming converters with current limitation

hybrid phenomena are highly dependent on how the hybrid system is implemented and

are therefore based on modelling artefacts [5]. Another approach is to split the switching

condition in (4.56) into two parts to counteract this phenomenon

q+imax = hqimax,1(x−, y−) = 1, simax,1(x, y) = |icdqref | − icmax − k · qimax ≥ 0, (4.59)

q+imax = hqimax,0(x−, y−) = 0, simax,0(x, y) = (|icdqref | − icmax) · qimax < 0. (4.60)

This has several advantages. First, there is no chattering at steady state during current

limitation because the switching condition simax,1(x, y) is only activated once. The factor

k is used (e.g. set to 10) to ensure that even if |icdqref | would become very large (in per

units) during current limitation, the total expression will remain below zero. Since qimax

is zero in normal operation, k has no effect on entering the current limiting mode. So

the reset function is only called once. Second, when the converter switches from current

limitation to normal operation, the multiplication with qimax in simax,0(x, y) ensures that the

corresponding reset function is also called only once since it is zero afterwards.

On the one hand, changing the switching conditions from an equality constraint to an in-

equality constraint is much easier for later implementation. Because of the inequality, no

root-finding methods are required to calculate the exact time at which the condition is sat-

isfied. Instead, it is only necessary to check in each integration step whether the conditions

are true or not. On the other hand, this change means that the system is no longer a pure

DADS. However, if the time steps are small enough, the trajectory sensitivities can still be

calculated, as shown in the later results. The above changes for the switching conditions of

qdcmax are also made, but not shown here (see Appendix A.2).

A graphical illustration of the GFM converter as a hybrid automaton is given in Fig. 4.11.

As can be seen, the two discrete states lead to four discrete locations by their combination.

Transitions from opposite states could also be possible (e.g. from normal to DC & AC
current limitation) but are not drawn. The reasons for this are that it is very unlikely that

both conditions are fulfilled at the same time, and it would lead to an overloaded automaton

with less additional information. Also, consecutive transitions in an arbitrarily short time

might be possible to overcome this problem. In general, the automaton shows that the two

discrete states are mostly independent of each other. If the transitions from the opposite

nodes are also considered, the automaton would represent a complete graph, where each

state can be reached from any other state. Of course, further calculations can be made to
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4.5 Droop-based grid-forming converter as hybrid system

analyse the circumstances under which the DC and AC limits depend on each other.

normal

qimax = 0.0
qidcmax = 0.0

AC

current lim.

qimax = 1.0
qidcmax = 0.0

DC

current lim.

qimax = 0.0
qidcmax = 1.0

DC & AC

current lim.

qimax = 1.0
qidcmax = 1.0
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Figure 4.11: Hybrid automaton of a droop-based GFM converter with two discrete states

and four locations

In general, it depends very much on whether the d- or q-axis current is prioritised within

the AC current limitation, as the DC current is mainly coupled to the d-axis AC current.

However, this is beyond the scope of this work.

To analyse and demonstrate the effectiveness of SECM-1 under AC current limitation, a

time-domain simulation is carried out to demonstrate the stabilising properties of SECM-

1. Within the simulation three positive load steps of rload are performed with an additional

power equivalent of 0.2 pu per step and one negative step of -0.6 pu at t = 5 s (see Fig. 4.12).
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4 Modelling of grid-forming converters with current limitation

After the third step, the converter goes into current saturation (qimax = 1.0) and SECM-1 is

activated. As the time-domain simulation results show, the SECM-1 limits the frequency

decline during current limitation, resulting in a lower steady-state frequency deviation. It

should be noted that the droop control was developed primarily for parallel operation of

converters and not for islanding conditions. However, it does show how SECM-1 affects the

frequency of the converter when the current is limited. Besides the frequency, the voltage

peak after the third load step is also significantly reduced when SECM-1 is activated. In

summary, it is shown that SECM-1 can keep the converter in a quasi-stationary state during

current limitation, resulting in less frequency deviation and better synchronisation with the

rest of the system after the current limitation. Also, an eigenvalue analysis is carried out

to show its impact on small-signal stability. The eigenvalues and graphical illustration are

given in Appendix A.3, showing its effectiveness also for steady-state conditions.

From the above theoretical DADS description and the graphical representation as a hybrid

automaton, it can be concluded that two discrete states are sufficient to describe a state-of-

the-art phasor GFM converter with current limitation. If considering a switching model of

the converter, more discrete states are very likely necessary. It is shown that there are sev-

eral approaches to describe a hybrid system, as there is no general procedure and it depends

on the later implementation. However, it can be deduced that the hybrid phenomenon of

chattering may be present if the switching conditions are not properly implemented. The

time-domain simulation and eigenvalue analysis demonstrate that the SECM-1 can stabil-

ise the converter during current limitation. However, the general impact of GFM convert-

ers and SECM on voltage stability requires further investigation, which will be done in

chapter 6 after the modelling description of the power electronic loads.
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4.6 Conclusion of the chapter

Figure 4.12: Evolution of selected states of droop-based GFM converter as DADS under

three load steps of +0.2 pu and -0.6 pu (with and without SECM-1)

4.6 Conclusion of the chapter

In the preceding chapter, the modelling basis of the GFM converters with current limit-

ations has been developed. First, the general structure of the converter model, the AC

filter and the DC energy model were outlined. Second, different GFM control approaches

for power synchronisation and the outer voltage control loop were presented. Emphasis

was placed on the differences between their EMT and phasor implementations. The next

step was to describe the inner cascaded control loop used and the current limitation with

anti-windup. Subsequently, the parameter-free SECM-1 was proposed, and it was mathem-

atically shown that it can stabilise all the presented GFM control approaches during current

limitation. In addition, other SECMs were presented which will be used as benchmarks

for the later voltage stability analyses. Finally, a droop-based GFM converter was used

as an example to analyse its properties as a hybrid system. It was shown that the defin-

itions of the reset functions and switching conditions to implement the current limitation

need to be well-defined to obtain numerical stability and avoid hybrid phenomena such

as chattering or infinitely fast switching. By the mathematical formulation of the GFM

converter as DADS it can also be seen that the system is non-linear due to its power calcu-

lation and the dq-transformation using the angle state Δθ in the sine and cosine functions

(see Appendix A.2 for the equations). This means that non-linear methods must be con-
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4 Modelling of grid-forming converters with current limitation

sidered to determine the stability of this system. However, as described in Section 3.3.2,

there is no general procedure for proving the stability of non-linear switched DAE systems.

Therefore, stability will not be studied analytically, but for specific scenarios, mainly by

time-domain simulations in Chapter 6. The focus will be on the various GFM control ap-

proaches as well as the different SECMs under current limitation, both for short-term and

long-term voltage stability. The statements on stability will therefore relate primarily to the

differences between the individual control approaches.
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electronics-interfaced loads

The following chapter examines how power electronics-interfaced loads can be modelled

for phasor and EMT simulations. To do this, the general structure of power electronic loads

is first presented in Section 5.1, where parts of the literature review are based on the work

in [T3]. It is also shown how this type of load responds to a voltage drop to demonstrate

its non-linear and discrete dynamics. Section 5.2 describes how a generic power electronic

load model can be modelled for phasor simulations. Then, in Section 5.3, EMT models of

real power electronic loads are developed by measuring their power response to different

voltage drops. Afterwards, a DADS model of the phasor load model is derived in Sec-

tion 5.4 to analyse its properties as a hybrid system. In the end, a conclusion of the chapter

is drawn in Section 5.5.

5.1 General structure of power electronic loads and power
response in case of voltage drops

An overview of the general structure of power electronic loads with a SMPS is presented

next. For this purpose, the power electronic load is described in terms of its main compon-

ents, as shown in Fig. 5.1. Unless otherwise stated, the component descriptions are mainly

based on the references in [92, 143]. This is followed by an outline of a generic equival-

ent power electronic load model and its power response to a voltage dip to demonstrate its

non-linear dynamics.

As can be seen in Fig. 5.1, the interface between the load and the grid is an electromagnetic

interference (EMI) filter. The main purpose of this filter is to reduce high-frequency emis-

sions from the power electronic load into the grid. Sources of these emissions can come

from the DC/DC converter or the active power factor correction (PFC) stage within the DC

load [92, 144]. Here, the DC/DC converter can have switching frequencies between 65 kHz

and 300 kHz [92], while a classical PFC has about 125 kHz [144]. Since the filter elements

have small values compared to other elements of the power electronic load, the filter has

only a small effect on the overall dynamics of the load [143]. This topic is discussed in

more detail in Section 5.3 and Appendix B.2.5, where the influence of the EMI filter on the
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5 Measurement and modelling of power electronics-interfaced loads

C

Figure 5.1: General structure of a power electronic load with SMPS (own visualisation,

based on [143])

fundamental power response is measured. Inrush current protection is required because the

DC-link capacitor Cdc has a low impedance when discharged, resulting in a high current

at switch-on [143]. This inrush current can damage the load’s internal components. There

are several methods to counteract this. The simplest and most commonly used method is to

use a resistor with a negative temperature coefficient, which has a high impedance when the

load is connected from a cold start, but decreases over time during operation [143]. Other

methods use active components, such as transistors, to slow down the voltage rise [145].

To convert the AC voltage to DC, most SMPS use an uncontrolled bridge rectifier. This

consists of four diodes for single-phase applications and six diodes for three-phase applic-

ations. As the rectifier produces an impulsive DC voltage, a capacitor (in this case Cdc) is

required to provide a smoothed voltage. The value of the capacitor is normally chosen ac-

cording to the maximum voltage ripple and the required hold-up time. [143]. The selection

of suitable capacitor values is discussed in more detail in Appendix B.2.6.

The uncontrolled rectifier causes a highly non-linear current that is drawn from the grid.

As a result, the current contains many harmonics that can stress other components in the

system. Based on the power rating of the power electronic load, specific harmonic limits

must be met based on harmonic legislation. To meet these, there are several PFC techniques

to reduce the harmonics of the grid current. The overall aim is to make the grid current more

sinusoidal and in line with the grid voltage. In [101] and [146] it was found that almost

all SMPS can be divided into three categories: without or no PFC (n-PFC), passive PFC

(p-PFC) and active PFC (a-PFC). A more detailed description of these PFC techniques is

given in Section 5.3.

As the DC link voltage contains voltage ripple and may not have the correct amplitude

for the actual DC load, a DC/DC converter is placed in between. For this purpose, there

are mainly two converter types: forward converter and flyback converter. The former is
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drops

mainly used for low-power applications, while the latter is used for loads with higher power

due to its higher efficiency. In both cases, however, the aim is to have a tightly regulated

DC voltage with low fluctuations to protect the DC load. For this, the output voltage is

measured and feedback to the controller of the DC/DC converter. In some cases, if the

DC link voltage is too low, the converter can also disconnect the DC load. This behaviour

is especially relevant for modelling the dynamics of power electronic loads, as shown in

Section 5.3.

In general, the output voltage of the SMPS can be used for a wide variety of DC load

applications. Most commonly it is used for consumer electronics such as computers and

televisions, but also for many ICT devices. In addition, the above general structure can also

be used to power LEDs and single-phase electric vehicle chargers [143]. Next, the power

response of a generic power electronic load to voltage drops is shown to demonstrate its

non-linear and discrete dynamics.

Power response of a generic power electronic load in case of voltage drops

The dynamics of the power electronic load under consideration is shown in Fig. 5.2, which

is a generic equivalent circuit for a wide range of power electronic devices [90, 94, 147].

It consists of an uncontrolled ideal diode-bridge rectifier (D1-D4) with a capacitor Cdc to

smooth the DC voltage. The real DC load is represented by a constant load Pdc, which is

modelled here as a controlled impedance. In most cases, this assumption is valid, as the

subsequent DC/DC converter controls the actual DC load voltage very quickly, and thus

constant power is achieved [148]. Overall, the power electronic load circuit in Fig. 5.2 can

mainly represent a low-power, single-phase SMPS without power factor correction (n-PFC)

[101] or a type II electric vehicle charger [100].

Cv t

i t

v t R t

i t i t
P

v t

Figure 5.2: Generic equivalent power electronic load without PFC (own visualization,

based on [143])
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To understand how the power or current of the power electronic load responds, an exem-

plary 50 % voltage drop of the grid voltage v0(t) for three AC cycles (3·20 ms) is applied, as

shown in Fig. 5.3. Initially, the power electronic load is in a periodic steady state. However,

after the voltage drop at t = 0.04 s, no current is drawn from the grid, since the capacitor

voltage vC(t) is greater than the grid voltage for a full cycle. When the discharge of the

capacity causes the voltage vC(t) to drop low enough to reach the grid voltage v0(t), current

is drawn again, as can be seen for the half-cycle at t = 0.06 s. For the next three half-cycles,

it can be seen that the amplitude of the current becomes larger than before. This can be ex-

plained by the constant load model because the load current iP(t) increases as the capacitor

voltage vC(t) decreases (see Fig. 5.2). At t = 0.1 s both the grid voltage and the capacitor

voltage vC(t) are restored to their pre-fault values. This charging process is accompanied

by a high inrush current due to the discharged capacitor. The power electronic load then

returns to a periodic steady state.

Overall, this example demonstrates the highly non-linear dynamics of a power electronic

load. If the voltage drop is large enough, the power electronic load will "disconnect" and

initially draw no power from the grid. However, it will reconnect if the DC voltage drop is

large enough. In this case, the load will draw a higher current from the grid and consume

full power again. After the voltage drop, a high current is observed which charges the

capacitor in half a cycle. The power electronic load then returns to a periodic steady state.

It should be noted that whether no power is drawn or how long it takes depends on the drop

of the grid voltage, the capacitor Cdc and the constant load Pdc. This also applies to the

inrush current when the voltage recovers.

Figure 5.3: Exemplary 50 % grid voltage drop for 60 ms with power electronic load cur-

rent response
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5.2 Development of a power electronic load model for
phasor simulations

In the following, the modelling approach of the power electronic load model for transient

stability simulations is presented. The subsequent results are mainly based on the work

done in [SL5].

As previously shown, the power response of the power electronic load mainly depends on

the current i(t) drawn from the grid. To analyse this current, the dynamics of the power

electronic load can be divided into two discrete states. In the charging state, the capacitor

voltage vC(t) is equal to the grid voltage v0(t) and a current flows into the load. In the dis-

charge state, the capacitor voltage vC(t) is greater than the grid voltage v0(t) and no current

flows into the load. As can be seen in Fig. 5.3, the current i(t) contains many harmonics.

However, in a phasor simulation, only the fundamental component is of interest. Therefore,

the general idea is to develop a phasor model that calculates only the fundamental compon-

ent of this current at each time step. To obtain the fundamental component, the transition

times from one state to the other must first be determined. Second, based on these times,

Fourier components can be calculated to mathematically determine the fundamental current

wave that flows during a cycle.

This is done by first determining the transition time toff, which represents the end of the

charge state when the current i(t) becomes zero (see Fig. 5.4). Secondly, the transition time

when the current starts to flow again, here ton, is calculated. Finally, these time values are

used to determine the fundamental wave of the current by calculating its corresponding

Fourier components, from which root mean square (RMS) values are derived. In summary,

the steps are

– Calculating the switch-off time toff of the current

– Calculating the switch-on time ton of the current

– Calculating the fundamental wave of i(t) with ton and toff and derive RMS values

These steps are described in more detail below. Appendix B.1 outlines how the phasor

model can be included in a transient stability program. The subsection ends with a com-

parison of the power response between the phasor and an EMT model of the load.
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Figure 5.4: Exemplary illustration of the transition times ton, toff and the fundamental

wave of the current i(t)

Calculating the switch-off time toff of the current

As shown in Fig. 5.2, the current i(t) flowing from the grid to the power electronic load

during the charging state consists of the capacitor current iC(t) and the load current iP(t)

i(t) = iC(t) + iP(t). (5.1)

Assuming that the grid voltage v0(t) is purely sinusoidal

v0(t) = V̂0 · sin(ω0t), (5.2)

where V̂0 is the peak value of grid voltage, (5.1) can be rewritten and set to zero to determine

the switch-off time toff

i(t) = Cdc

d v0(t)
dt
+

Pdc

v0(t)

= Cdc · ω0 · V̂0 · cos(ω0t) +
Pdc

V̂0 · sin(ω0t)
= 0.

(5.3)

Using the trigonometric identity sin(x) · cos(x) = 1
2
sin(2x), (5.3), the time t can be resolved

to

t =
arcsin

(
−2·Pdc

ω0·Cdc·V̂2
0

)
2 · ω0

. (5.4)

One problem is that (5.4) only gives negative times because the parameters in the argument

of the inverse sine function are always positive. The way to solve this is to look at the

time intervals when the current goes to zero. The time interval starts at the peak voltage of

t = π
2·ω0

(sin(ω0t) = 1) until the voltage goes to zero at t = π
ω0

(sin(ω0t) = 0). As the range
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of the inverse sine function is normally defined between [−π
2
, π

2
] (i.e. a sine function from

-1 to 1), it can be seen that the inverse sine function has to be multiplied by -1 so that its

range starts from 1 (i.e. the peak voltage) to -1. This gives positive values for the switch-off

time. However, this is only one part of getting the correct switch-off times. Consider the

following example, if Pdc would be zero, (5.4) would also be zero. However, the point at

which the current becomes zero would be at the peak voltage at t = π
2·ω0

and not at t = 0.

Therefore an offset of π
2·ω0

has to be added for the switch-off time. The real switch-off time

toff can then be calculated as follows

toff(V̂0) =
π

2 · ω0

+

arcsin
(

2·Pdc

ω0·Cdc·V̂2
0

)
2 · ω0

. (5.5)

As can be seen from (5.5), the switch-off time only depends on the variable peak voltage

V̂0, since all other parameters are assumed to be constant, including the frequency.

Calculating the switch-on time ton of the current

To calculate the switch-on time ton, the circuit in Fig. 5.2 is reduced to the capacitor and

the constant load, as the diodes D1-D4 disconnect the load from the grid. The criterion for

the grid current i(t) to start flowing is that the capacitor voltage vC(t) is equal to the grid

voltage v0(t). Here the discharge state can be described by the differential equation

Cdc

d vC(t)
dt

=
Pdc

vC(t)
. (5.6)

The time-domain solution of (5.6) is [94]

vC(t) =

√
voff

2 − 2 · Pdc · t
Cdc

. (5.7)

Here, (5.7) already contains the initial condition voff

voff = vC(t = 0) = v0(t = toff) = V̂0 · sin(ω0toff). (5.8)

This means that at the start of the discharge state, the value of the capacitor voltage vC(t)
is equal to the grid voltage at the switch-off time. So the switch-off time toff is needed

to determine the switch-on time ton, which has to be considered for later implementation.

Since the criterion for the switch-on time ton is that the capacitor voltage must drop to the
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grid voltage, the next step is to equate (5.7) and (5.2) and square both sides

(voff)2 − 2 · Pdc · t
Cdc

= V̂2
0 · sin2(ω0t). (5.9)

However, (5.9) shows that the time t cannot be analytically rearranged to one side of the

equation, due to the sine squared function. Therefore, the sine squared function is approx-

imated by a cubic function, but only for the first quarter of the cycle

sin2(t) ≈ x1 + x2 · t + x3 · t2 + x4 · t3, t ∈
[
0,
π

2

]
. (5.10)

Here x1 to x4 are free parameters that can be used to approximate the sine function as

needed. Note that the angular frequency ω0 can be neglected for the approximation, but

will be used later to adjust the frequency. Next, a cost function is set up to determine the

parameters x1 to x4 in a subsequent minimisation

∫ π
2

0

[
sin2(t) −

(
x1 + x2 · t + x3 · t2 + x4 · t3

)]2
dt. (5.11)

The cost function in (5.11) is constructed as follows. First, the original function and the

approximation are subtracted from each other. Second, the subtraction is squared to obtain

only positive values. Finally, the integral is formed over the first quarter cycle, because it

is only in this range that the voltage of the capacitor can meet the grid voltage, so only this

part is of interest (see Fig. 5.4). This means that if the capacitor voltage vC(t) is greater

than the grid peak value V̂0 at the time of the peak (t = π
2ω0

), the two voltages will not

coincide in this half-cycle and therefore no current or power will be drawn from the grid.

Eq. (5.11) can be solved symbolically using the Symbolic Math Toolbox in MATLAB. The

resulting expression is then minimised in MATLAB using the function fmincon2. A graph-

ical comparison between the original function and its approximation is shown in Fig. B2 in

Appendix B.1.1. Overall, the maximum deviation is 0.45 %, which is a sufficiently good

approximation.

Before using the approximation, the initial condition voff of the left side of (5.9) has to be

modified to voff,T/2 to match the domain [0, π
2
] of (5.10) (cf. Fig. 5.4)

voff,T/2 =

√
v2

off
− 2 · Pdc · (T/2 − toff)

Cdc

. (5.12)

2Result: x1 = 0.004517042542168, x2 = −0.084973441092720, x3 = 1.367157627046003,

x4 = −0.580239811988436
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5.2 Development of a power electronic load model for phasor simulations

With (5.12) the decrease of the capacitor voltage from toff to the beginning of the new half-

cycle is calculated (which would be at t = 0.01 s in Fig. 5.4), with T
2
= 0.01 s. The next

step is to insert the approximation of (5.10) in (5.9) by considering (5.12) and rearranging

it to a polynomial with ton as unknown and set to zero

f (t = ton) = t3
on

(
V̂2

0ω0
3x4

)
+ t2

on

(
V̂2

0ω0
2x3

)
+ton

(
V̂2

0 ω0x2 +
2Pdc

CD

)
+ V̂2

0 x1 − (voff,T/2
)2

=t3
on · A + t2

on · B + ton ·C + D = 0.

(5.13)

For a clearer presentation of (5.13), the parameters A, B,C and D are introduced, which

consist only of constants and the variables toff and V̂0. In the last step, ton is calculated

from (5.13) using Cardano’s formulas to solve the cubic equation. This has two advantages

for the later implementation. First, Cardano’s formulas provide an analytic solution for

the above function and are computationally efficient. Second, the solution for ton becomes

negative if there is no coincidence of the capacitor voltage and the grid voltage, and is

therefore easy to check. Cardano’s formulas for solving cubic equations can be found in

[149] and in Appendix B.1.1.

Calculating the fundamental current wave with ton and toff

To determine the fundamental current i1(t) of the grid current i(t), the Fourier components

of its Fourier series must be calculated. In general, the current i(t) can be described by its

Fourier series by

i(t) =
a0

2
+

∞∑
n=1

[an · cos(nω0t) + bn · sin(nω0t)] . (5.14)

In this case, a0

2
corresponds to the DC component, which is zero here, while an and bn are

the nth Fourier components of the current. These components can be calculated as

an =
2

T

∫ −T/2

−T/2
i(t) · cos(nω0t) dt, (5.15)

bn =
2

T

∫ −T/2

−T/2
i(t) · sin(nω0t) dt, (5.16)

where i(t) from (5.3) is used here. For n = 1 the fundamental components are calculated,

where a1 is the fundamental reactive and b1 is the fundamental active part of the grid
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5 Measurement and modelling of power electronics-interfaced loads

current. Using ton and toff, b1 is calculated by (similarly for a1 with cos(ω0t))

b1 =
4

T

∫ toff

ton

i(t) · sin(ω0t) dt

=
4

T

∫ toff

ton

(
Cdc · ω0 · V̂0 · cos(ω0t) +

Pdc

V̂0 · sin(ω0t)

)
sin(ω0t) dt

=
4

T

[
−Cdc · V̂0 · cos(2ω0t)

4
+

Pdct
V̂0

]toff
ton

=
4

T

[
Cdc · V̂0 · cos(2ω0ton) − cos(2ω0toff)

4
+

Pdc(toff − ton)

V̂0

]
.

(5.17)

Since the Fourier components are usually calculated over one cycle, (5.17) is doubled, since

ton and toff only cover half a cycle. However, this calculation also indicates that the general

determination of the Fourier components is strongly dependent on the current i(t) in (5.3).

If its description would be different, e.g. including inductance derivatives, an analytical

calculation may no longer be possible. Using the same procedure, a1 can be calculated

(result only)

a1 =
4

T

[
V̂0

4
Cdc (2ω0(toff − ton) + sin(2ω0toff) − sind(2ω0ton))

+
Pdc

V̂0ω0

(ln (sin(2ω0toff)) − ln (sin(2ω0ton)))

]
.

(5.18)

As a result, the fundamental Fourier components in (5.17) and (5.18) depend only on V̂0,

ton, toff and other constant parameters. Thus, they can be determined at each time step of a

phasor simulation. Finally, the fundamental current i1(t) is given by

i1(t) = a1 · cos(ω0t) + b1 · sin(ω0t) = Î1 · sin(ω0t + ϕ), (5.19)

where Î1 =

√
a2

1
+ b2

1
is the amplitude of the current and ϕ = arctan(a1

b1
) is the phase angle.

The Fourier components can thus be used for the inclusion in a phasor or transient stability

program. A detailed explanation of how to include this model in such a program, e.g. to

deal with different simulation step sizes, is given in Appendix B.1.

Next, a simulation-based comparison is made of the power response between the de-

veloped phasor load model and the EMT circuit in Fig. 5.2. For this example, PDC is 1 kW,

V̂0 = 230
√

2 V and Cdc = 700 μF, giving a capacitive power factor of cos(ϕ) = −0.951.

The detailed circuit of Fig. 5.2 is simulated in MATLAB Simulink with a fixed simulation
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5.2 Development of a power electronic load model for phasor simulations

step size of 1 μs, while the phasor load model is simulated in PowerDynamics.jl (adaptive

step sizes, but with a maximum step size of 1 ms, see Section 6.1 for more information).

To determine the fundamental values of the grid voltage and current and to calculate the

corresponding fundamental active power p and reactive power q, a Fourier transformation

with a running average window (RAW) of one cycle length is used in Simulink. The simu-

lation results are given in Fig. 5.5. In a periodic steady state, both loads consume the same

active and reactive power. When the voltage drops at t = 0.04 s, the power consumption of

the phasor load model goes directly to zero. This is due to the implementation of the load,

as it is immediately determined that the capacitor voltage vC will not coincide with the grid

voltage within this cycle. In contrast, the power output of the RAW of the EMT model

takes about half a cycle to go to zero, as it also uses past values to calculate the power. This

difference can also be seen in the voltage recovery, where the higher power consumption

of the RAW lasts for one cycle, but the high current only lasts for half a cycle. The power

response of such a phasor model therefore reflects the instantaneous power rather than the

average power over one period. However, as this does not necessarily reflect the character-

Figure 5.5: Comparison of the power response between the phasor power electronic load

model and its EMT equivalent
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istics of a phasor model, the active and reactive power is filtered by a first-order lag element

to achieve a smoother and more averaged power. The time constant is set to the period of

a half-wave (10 ms) to account for the fast response. The comparison is shown in Fig. 5.6.

The result shows that the trajectories are now much closer, which better reproduces the

response of the EMT model. Therefore, this filtered active and reactive power is used in

later simulations.

Overall, the comparison shows that the phasor load model is capable of calculating the

correct steady-state power values and represents the main power dynamics during transi-

ents. It should be noted, however, that the phasor load gives its most accurate results when

the periods of the voltage dynamics are greater than one cycle and when the load current

does not affect the input voltage (i.e. a very low grid impedance). In addition, if there

is a not negligible grid inductance, the description of the current i(t) from (5.1) would be

non-linear. Then, most of the analytical calculations made would no longer be possible.

In contrast, this demonstrates that power electronic loads with more complex circuits are

very difficult to model for phasor simulations. Therefore, only this power electronic load

model is considered for phasor simulations in this thesis. Yet, the extent to which this load

model is also suitable for voltage stability analyses in more complex grid models has to

be investigated, which is done in Chapter 6. In addition, due to its discrete characteristics,

this power electronic load model is taken as a basis for modelling it as a hybrid system and

analysing its characteristics in Section 5.4.

Figure 5.6: Comparison between the filtered power of the phasor power load model and

the fundamental power of the EMT model by Fourier transformation and RAW
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5.3 Measurement of real power electronic loads and derivation of EMT models

5.3 Measurement of real power electronic loads and
derivation of EMT models

The results in this section are mainly based on the work done in [SL4]. Here, the power

response of power electronic loads to voltage drops is measured in the laboratory and their

dynamics are analysed. From this, dynamic EMT simulation models are derived which

can be used for voltage stability studies. As there is a wide variety of power electronic

loads, this subsection concentrates on four SMPS loads with different PFC techniques. In

addition, the influence of the grid impedance and the EMI filter on the power response is

measured and analysed in Appendix B. Based on the measurements, the simulation models

are derived and described. The aim is to determine their main structure, but not their

parameters. This is because a large number of loads would have to be measured in order to

make general statements about their parameters. However, with the help of the literature,

it is explained how the individual components could be designed if detailed information is

not available (see Appendix B.2.6). It should also be noted that voltage stability is mostly

related to the balance between fundamental reactive and active power. Therefore, this

subsection is mainly about the fundamental component of power.

5.3.1 Laboratory setup

Fig. 5.7 represents the laboratory setup for measuring the power of single and three-phase

power electronic loads at high resolution. A single-line diagram of the setup is shown

in Fig. 5.7, which illustrates the main components. To generate the voltage drops, three

power amplifiers (Rohrer PFL-2250-26-U/I-DC370) are used which act like a program-

mable voltage source where the desired voltage evolution can be specified (see (A) in

Fig.5.7). Note that the power amplifiers are limited to a maximum current of 30 A (peak).

They have internal current protection that reduces the output voltage if the current exceeds

the maximum. In order to add a small impedance between the source and the load, a trans-

former with a voltage ratio of one is used, which can be either single-phase (B) or three-

phase (C). Their electrical parameters can be found in the Table B2 in the Appendix B.2.1.

Current and voltage sensors are installed in front of the power electronic load to calculate

the active and reactive power of the fundamental components (D). The signal recorder has

a resolution of 105 samples per second, which is sufficient for the experiments carried out.

The device under test is then connected, which are the power electronic loads (E). At (F)
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V
~

V I

Figure 5.7: Single line diagram and laboratory setup for measuring the power response of

1ph and 3ph power electronic loads for different voltage drops and periods

some of the power electronic loads and EMI filters can be seen. As the loads are inten-

ded to operate at rated power, several resistors can be connected in series or in parallel to

achieve the desired value (G). For three-phase loads, there is also a variable resistor with

a higher-rated current (H). A 12 V DC auxiliary power supply is also provided for the on-

board controllers of a-PFC loads (I). In this work the following power electronic loads are

analysed, labelled ’PEL’ and a number for ease of reference:

– PEL-1: Coming Data Lithium Battery Charger C2920

– PEL-2: Fujitsu PC Power Supply NPS-230EB B

– PEL-3: PFC Evaluation Board UCC28180EVM-573

– PEL-4: DC Power Supply SM300-10D

These loads have been selected to provide a wide variety of SMPS loads with different PFC

techniques and phases. This makes it possible to determine the different dynamics of each

PFC circuit on the power response during voltage transients. In addition, these PFC circuits

represent the most common ones used in mass-market devices [146]. Detailed information

on each load can be found in Table B1 in Appendix B.2.1.

5.3.2 Measured power response

Next, the measurement results of the power electronic loads are presented. Only the fun-

damental component (50 Hz) of the active and reactive power is shown, which is deter-
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mined by calculating the corresponding fundamental current and voltage components us-

ing a short-term Fourier transformation. The window length of the Fourier transformation

is one period of the fundamental frequency. With a sampling frequency of 100 kHz, this

corresponds to 2000 samples per period. For each new measurement point, a new Fourier

transformation is calculated so that the windows of each transformation overlap.

Fig. 5.8 illustrates the power response of the PEL-1 load for different fault durations, where

all voltage drops start at t = 0.04 s. Furthermore, the voltage drop starts at a level of

Δv = 0.2 pu and increases in steps ofΔv = 0.2 pu in the next measurement until zero voltage

at Δv = 1.0 pu. Note that both active and reactive power are rated to the corresponding

rated active power Pdc of each power electronic load from Table B1. This makes it easier to

compare the power response of different loads. As can be seen in Fig. 5.8, the overall power

response is very similar to the phasor load model in Section 5.2. The power consumption

initially goes to zero but recovers during the fault. The recovery time is longer if the voltage

drop is higher, as the capacitor voltage has to fall to the value of the grid voltage. Also,

high power consumption can be observed during voltage recovery, followed by steady-

state conditions. Comparing the power response between the different fault durations, it

can be seen that the fault duration does not lead to a significant change in the curve. This

is because the load recovers during the fault, leading to an intermediate quasi-steady state.

For this reason, only a fault duration of 100 ms is considered in the following. However, as

shown in Fig. 5.8 for tfault = 160 ms and Δu = 0.8 pu, the load disconnects during the fault

and does not recover its power consumption. Also, the load disconnects after recovery and

reconnects after 1.4 s, which is not shown here. This is also the case for Δu = 1.0 pu. The

reason for this behaviour is not known, but this observation shows that if the voltage drops

are deep and long enough, loads can switch off during and after the fault. This effect is also

partly measured for PEL-2 to PEL-4, but already for a fault duration of 100 ms, which are

described next.

Fig. 5.9 presents the measurement results of the active and reactive power behaviour for

PEL-2 to PEL-4 for a fault duration of 100 ms. The legend entries apply here per load.

The measurements marked with an asterisk (*) mean that the power amplifiers had to re-

duce their voltage because the requested load current exceeded their maximum current.

However, this only happens after the fault and during the high inrush current. Examples of

measured distorted amplifier voltages can be seen in Fig. B4 in Appendix B.2.2. In addition,

the degree of voltage distortion varies according to the load. Therefore, the measurement

results of the high power consumption after voltage recovery may not reflect the actual

load dynamics. However, the measurement results during the fault are not affected. In the
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Figure 5.8: Measured active and reactive power response of PEL-1 for fault durations of

100 ms and 160 ms

case of ideal voltage recovery, higher power consumption can be expected. For PEL-2, the

measurement results show that it switches off at a voltage drop of 0.4 pu. As a result of

this disconnection, the power curve does not change significantly for higher voltage drops.

In addition, there is a short period after the voltage recovers during which the power con-

sumption decreases again. This is because, that after the peak voltage, a current still flows

due to the filtering inductance. As a result, the rectified voltage is higher than the grid

peak voltage and has to drop before a load current can flow again. Compared to PEL-1,

the reactive power of PEL-2 is inductive, which can also be explained by the inductance

for passive PFC. Although the peak current of the PEL-2 is only 3 A in normal operation,

the load tries to draw a slightly higher current than 30 A when the voltage recovers (see

Fig. B4). This is why the amplifier voltage is briefly reduced at this peak.

In contrast to that, PEL-3 does not reach the current limit, even though its rated power

is higher. This is because its active PFC reduces the inrush current. Furthermore, as can

be seen in Fig. 5.9, the internal control leads to a fast power recovery during the fault.

For Δv = 0.8 pu it is assumed that the internal boost converter has reached its control

limit, resulting in a reduced DC voltage and no full active power recovery. Compared to
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Figure 5.9: Measured active and reactive power response for PEL-2 to PEL-4 with a fault

duration of 100 ms

all other power electronic loads, its reactive power consumption is very low before and

during the voltage dip but rises sharply as the voltage recovers. Slight power oscillations

can also be observed afterwards. In the case of PEL-4, all three power amplifiers reach

their current limit during voltage recovery for all voltage drops (see Fig.B4 for one phase).

The reason for this is that the power consumption of this load is generally high (3 kW)

and the amplifiers already operate at full their power rating. Therefore, the PEL-4 post-

fault power response must be treated with caution and probably does not reflect the real

power consumption of the load. It should be noted that the active and reactive power of

the PEL-4 in Fig. 5.9 is the sum over all three phases. However, during the fault, the

amplifiers do not reach their limit, but the active power is reduced during normal operation,
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as shown in Fig. 5.9. During this time, the active power of the PEL-4 has a quadratic

voltage dependency like a purely resistive load. It is assumed that the internal DC/DC

voltage regulator of the PEL-4 has reached its limit and cannot draw any more current.

The measurements demonstrate that all power electronic loads undergo a transient power

response when there is a significant voltage drop and subsequent recovery. In general, the

power response can be divided into three phases. The first phase is the power reduction

as the load is effectively disconnected from the grid due to the blocking rectifier. The

level of power restoration depends on the limits of the internal DC-DC converter, which

determines the intermediate steady state. The last phase is during the voltage recovery,

resulting in a short but high inrush current and correspondingly high power consumption,

which can be four times as high. For PEL-2 (and partly for PEL-4) a subsequent power

reduction is also observed, due to the inductance for passive PFC. As the active power

dynamics are quite similar for all power electronic loads, the reactive power dynamics vary

more. Here the implemented PFC determines whether the reactive power consumption is

capacitive (PEL-1 and PEL-3) or inductive (PEL-2 and PEL-4). Based on these insights,

the main components and other modelling aspects are derived to develop power electronic

load models that can be used in power system stability studies.

5.3.3 Derivation of EMT models for power electronic loads

Next, it is described how the power electronic loads are modelled to emulate their main

measured voltage dynamics. It should be noted that the structures of the loads are largely

inspired by several references, such as [92, 94, 101, 147], which are ultimately based on

their general PFC circuit design. For these models, their circuit element values are given in

Table B3. However, these values should not be considered as general as they are only valid

for these specific loads. For general values, a large number of loads should be measured

to derive such values. An overview of how these elements are designed for different PFC

techniques in general is given in Appendix B.2.6.

Fig. 5.10 illustrates the EMT load models for PEL-1 to PEL-4. In general, the circuit

design is inspired by the general PFC design and a trial and error process to match the

measurement. This matching process has been accompanied by finding suitable values for

the circuit elements. The structure of the PEL-1 without PFC (n-PFC) is the same as for

the phasor load model. For the loads with passive PFC (PEL-2 and PEL-4), an inductor

is placed after the rectifier to smooth the load current. The main difference between the
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Figure 5.10: Overview of the derived EMT load models for PEL-1 to PEL-4 with different

PFC techniques

single-phase and the three-phase p-PFC load is that the latter has six diodes instead of four.

Unlike these loads, the PEL-3 has an additional boost converter stage after the rectifier to

shape the load current Id(t) sinusoidally and to increase the DC voltage VC(t). The block

diagram of the boost converter stage controller is shown in Fig. B3 in Appendix B.2.1. Its

two main functions are to align the load current with the grid voltage and to transform the

DC voltage to a specified reference voltage. In addition, the PEL-3 contains a so-called pre-

charge diode which charges the Cdc capacitor when it is connected to the grid. Common to

all loads is that the EMI filter is neglected, as it has almost no influence on the fundamental

active and reactive power behaviour (see the analysis in Appendix B.2.5). Also, like the

phasor load model, all EMT models have a variable resistor acting as a constant power load

instead of the DC-DC converter. This assumption has also been made in other studies [92,

94, 147], as the DC-DC converter keeps the DC voltage at the load constant even under

large disturbances. A major difference to the load models in the above references is that a

simple approach is introduced to reproduce the disconnection of loads at low voltages. For

this, the load resistance Rdc(t) has two cases

Rdc(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
V2

C
(t)

Pdc
VC(t) ≥ Vtrip,

∞ else,
(5.20)

where Vtrip is the tripping or switch-off voltage parameter. As before, the DC load resistance

Rdc(t) depends on the capacitor voltage VC(t), but if the voltage VC(t) falls below Vtrip,
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the resistance becomes infinite and thus no power is drawn from the grid, resulting in a

quasi-disconnection. This can emulate the observed disconnection of some loads at low

voltages. In addition, there is a lower limit for the load resistance, which is 10 % of the

base impedance, calculated from the DC power Pdc and its rated AC voltage. This avoids

numerical problems near zero voltage and takes into account the limited capability of the

internal DC/DC converter.

Next, a brief overview of the circuit element values used for the load models is given.

Note that the values are chosen to match the fundamental power response and not the

deformed power or total harmonic distortion (THD). The impedance values xCdc and xLd

from CCdc and Ld are mostly chosen manually by trial and error. For PEL-3, the values

are taken from its datasheet in [150]. The specific values can be found in Table B3 in

Appendix B.2.1. Their DC power Pdc and rated AC voltage Vbase are taken to convert them

into per unit values. Based on these per unit values, they can be transformed for use at

higher voltage levels or power ratings, which will be important for the later simulative

analyses in Chapter 6. The parameter vtrip for disconnecting the load is based on the peak

value of Vbase which is 230
√

2 V. They have been set to emulate the disconnection of loads

from the measurements of Fig. 5.8 and 5.9. The asterisk symbol * in Table B3 means that

instead of the trip voltage vtrip a certain minimum value for Rdc has been set. This is because

PEL-4 shows a clear quadratic voltage dependence below a certain voltage, which could

result from a constant resistance. Therefore the minimum value is set to 65 % of the base

impedance, for which good results are obtained. Since the PEL-3 includes a boost converter

stage for its PFC, a simple but sufficient PI controller is implemented for the transistor (here

a Metal Oxide Semiconductor Field-Effect Transistor (MOSFET)). The control parameters

are chosen manually to match the power response (given in Appendix B.2.1 in Fig. B3).

It should be noted that it is more likely that the control parameters are normally chosen

according to the desired power factor, harmonic distortion or response time in the case

of load steps [151]. For the sake of completeness, it should be mentioned that there are

other more sophisticated techniques for finding the exact load parameters, such as those

presented in [4, 151, 152]. However, the main objective here is to match the measurement

to be compared next.

Power response comparison between measurement and simulation results

Fig. 5.11 shows the comparison of the power response between measurement and simula-

tion for all power electronic loads. A simple transformer model is used for the simulations,

with only the winding resistance and leakage inductance of the laboratory transformer in-
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cluded to account for their influence (see. Table B2). The simulations are performed in

MATLAB Simulink. As can be seen, the simulation results for PEL-1 agree very well with

the measurements. There are only small differences such as the maximum power consump-

tion during voltage recovery or the active power consumption for Δv = 0.8 pu during the

fault. For PEL-2, there are differences during voltage recovery, which are small for active

power but larger for reactive power. A possible explanation for this could be the current

limitation of the power amplifiers during the voltage recovery of the measurements (see

Fig. B4). However, this can only be assumed, although it could explain why the largest

differences occur at the time of current limiting. This conclusion is supported by the simu-

lation results of PEL-3 since there is no current limitation and the match between active and

reactive power is high. There is a slight discrepancy in the time of power restoration during

the fault. Also, there are no small oscillations after the fault in the simulations. These dis-

crepancies could be explained by the fact that the controller of the active PFC from Fig. B3

is not the same as the one used in [150]. For PEL-4, it can be seen that there is a greater

mismatch during and shortly after voltage recovery. Since the distortion of the amplifier

voltages is much greater compared to PEL-2, it is plausible that this is also reflected here

(see Fig. B4). However, before voltage recovery, the match between simulation and mea-

surement results is very high. It can therefore be concluded that the simulation results

better describe how PEL-4 would react in the case of a less distorted voltage source.

The comparison reveals that the simulation models capture the main dynamics of the meas-

ured loads. However, due to the limitations of the laboratory equipment, there are larger

discrepancies for PEL-2 and PEL-4. Another source of error could be the transformer

model and also the accuracy of the transformer data from Tab. B2. In addition, laboratory

cables and plugs contain additional impedances that have not been taken into account here.

As the component and parameter values are selected manually, there may also be poten-

tial for better matching. Even if more appropriate parameters had been found, these values

would not represent general values as they belong to specific loads. In summary, this means

that some mismatch can be tolerated, as the aim of the simulation models is to represent

the main power dynamics depending on the PFC, which has been achieved here.

103



5 Measurement and modelling of power electronics-interfaced loads

Figure 5.11: Comparison of active and reactive power response between measurement

(grey solid lines) and simulation (red dashed lines) for all PE loads
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5.4 Power electronic load as hybrid system

Similar to the droop-based GFM converter, in this subsection the phasor power electronic

load from Section 5.2 is modelled as a hybrid system in order to analyse its properties. To

do this, the DADS modelling approach and its hybrid automaton representation shown in

Fig. 5.12 are used. The main parts of the DADS description are also given there. The load

model consists of the following states and parameters

ẋ =
d

dt

⎡⎢⎢⎢⎢⎢⎣pflt

qflt

⎤⎥⎥⎥⎥⎥⎦ , y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
v̂0

p1

q1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ , p =
⎡⎢⎢⎢⎢⎢⎣Cdc

Pdc

⎤⎥⎥⎥⎥⎥⎦ , q̇ =
d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

qon

ton

toff
voff,T/2

voff

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0. (5.21)

As can be seen, two differential states, two algebraic and five discrete states are used to

model the load dynamics. The third algebraic state v̂0 results from the grid voltage which

serves as the input for the load (see Fig. 5.2). The two discrete states represent the filtered

active and reactive power and the output of the load

ṗflt =
p1 − pflt

Tflt

, q̇flt =
q1 − qflt

Tflt

, (5.22)

where Tflt is the filter time constant, which is 10 ms. The fundamental active power p1 and

reactive power q1 of the power electronic load are calculated by the algebraic equations

0 = p1 − qon · b1

v̂0√
2
, 0 = q1 − qon · a1

v̂0√
2
, (5.23)

where a1 and b1 are fundamental active and reactive currents from (5.18)-(5.17) and qon is a

discrete boolean state to switch on or off the power electronic load. Depending on whether

the switch-on time ton is positive or negative, qon is set to one or zero. The other discrete

states are used to update the internal load states, which is almost done at every time step.

The four locations A, B, C and D of the hybrid automaton in Fig. 5.12 reflect the sequen-

tial steps during a time-domain simulation. To determine the current point in time of the

voltage half-wave, the internal variable tsum = mod(t,T/2) is used, where mod(·) is the

modulo operation. The start of a simulation is always at the beginning of the half-wave at

location A. Then, depending on the previous half-wave, voff,T/2 and ton are updated. At the

start of a simulation, ton is assumed to be positive. Depending on the new value of t+on, the
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5 Measurement and modelling of power electronics-interfaced loads

states toff, voff and qon are also updated before entering location B. In general, the switch-on

time ton greatly determines which discrete states are updated, as it also determines if the

load consumes any power and if qon is set to one or zero. At location B, depending on

the sign of ton, the Fourier components and the switch-on/off times at each time step are

updated. If tsum is greater than the switch-on time, the next location C is entered. The

difference between location B and C is that in the latter, ton is not updated because it is in

the past within this half-wave. Similarly, when location D is reached, none of the switch-

ing times are updated. After location D, if the time has progressed, location A is entered

again. Note here that it is assumed that a time-stepping method is used that hits every

t = k · T
2
, k ∈ N during the simulation. Also, the time step Δt should be small enough so

that the locations are entered sequentially. However, this is not a necessary condition, as

there could be additional transitions between the locations, which are not considered here.

The hybrid automaton thus represents the simulation of the power electronic load during a

time-domain simulation.

To complete the description of the power electronic load as a DADS, the reset functions

ftoff, fton, fqon and fvoff shown in Fig. 5.12 are explained in more detail. For the reset func-

tion ftoff (5.5) is used with v̂0 as input. Similarly, for fvoff the equations from (5.12) is used,

where the time t and vlast,off serve as an input

fvoff(t, vlast,off) = v+off,T/2 =

√(
vlast,off

)2 − 2 · Pdc · t
Cdc

. (5.24)

Depending on whether ton is positive or negative, either v−
off

or v−
off,T/2 are used for vlast,off

to calculate the new value of v+
off,T/2. As known from Section 5.2, ton has to be found

by Cardano’s formulas. Therefore, the reset function fon should not be considered as a

mathematical function, but as a set of (programming) instructions that are evaluated during

the numerical integration. These steps include the function from (5.13) so that it can be

solved using Cardano’s formulas. The code for the implementation of the function fon

is given in the Appendix B.1. As already mentioned, the discrete state qon is a boolean

variable and its reset function is given by

fqon(ton) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩1.0 ton ≥ 0,

0.0 ton < 0.
(5.25)

Overall, the DADS modelling of the phasor power electronic load shows that its discrete

dynamics are mainly determined by its internal states to determine the fundamental power.
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Figure 5.12: Hybrid automaton of phasor power electronic load model (n-PFC) with five

discrete states and four locations

Based on this, the filtered power serves as an output for the grid. Similar to the DADS

in Section 5.4, the switching conditions of the load model are mostly formulated by an

inequality, meaning that the description is not a strict DADS. In addition, its hybrid auto-

maton is strongly focused on the sequence of the time-domain simulation, where most of

the reset functions of the discrete states are called at each time step. This means that the dis-
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5 Measurement and modelling of power electronics-interfaced loads

crete states are updated much more frequently compared to the GFM DADS. In contrast,

the load DADS could be interpreted as a linear system, but since the dynamics are only

trivial differential equations, linear stability analysis methods such as eigenvalues cannot

be properly used here. Therefore, time-domain simulations are still required to investigate

its impact on voltage stability. For the subsequent simulations, this phasor power electronic

load model will be labelled as PEL-1a, as its general circuit structure is equal to PEL-1,

but differs in the size of its circuit elements. They are given in Table B4 in Appendix B.2.1.

The parameters are based on the standard parameters for a load without any PFC states

from Section B.2.6.

5.5 Conclusion of the chapter

This chapter aimed to derive phasor and EMT models for power electronic loads and to

analyse their dynamics. To do this, the general power response of such a load during a

voltage drop and subsequent recovery is first shown. In general, the power response is

divided into three phases. Firstly, the load disconnects from the grid as no current flows

into the uncontrolled bridge rectifier. Secondly, the load recovers its power consumption

during the fault if the DC voltage has fallen low enough. When the voltage recovers, there

is a high current and power consumption due to the charging of the smoothing capacitor.

Based on these insights, a phasor model based on a common n-PFC load is derived through

detailed analytical calculations. Afterwards, real power electronic loads were measured in

the laboratory, which verified the general power response but also highlighted its depen-

dence on the PFC technique used. Although only outlined in Appendix B.2.4 and B.2.5,

the influence of a high grid impedance and the EMI filter on the power response has been

measured. It could be demonstrated that the fundamental power response is highly depend-

ent on the grid impedance whereas the influence of the EMI filter is negligible. Detailed

EMT models are then derived, which are used as a reference against the phasor model in

later simulations. In general, the EMT models reflect the measured power response, but the

accuracy varies between models, partly due to the limitations of the laboratory equipment.

Finally, a DADS of the phasor load model is developed, showing that its discrete dynamics

depend on its internal states to determine the fundamental power and also its dependence on

the simulation sequence. Overall, the derived models provide a suitable basis for analysing

their impact on voltage stability, but it must be pointed out that these loads only reflect a

small part of this load category.
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In the preceding chapters, the modelling basis for analysing GFM converters and power

electronic loads has been derived. The discussion of the stability conditions of hybrid sys-

tems in Section 3.3.2 has shown that a formal stability analysis is hardly possible. There-

fore, the voltage stability analyses are performed by time-domain simulations for the hybrid

and non-linear models of the GFM converters and power electronic loads. This is carried

out separately for short- and long-term voltage stability. As known from the stability clas-

sification from Chapter 2, large-signal disturbances like short circuits can lead to short- and

long-term instability. As short-term voltage instability would occur first due to the time

sequence of such a disturbance, its analysis is also started first in this chapter. In order to

analyse the individual impact of GFM converters and power electronic loads on voltage

stability, they are first simulated separately and then together. In addition, the differences

between the phasor and EMT models for the power electronic components are examined.

The investigations are completed by the calculation of trajectory sensitivities to determine

the influence of different model parameters on the voltage evolution and thus the stability.

The rest of the chapter is organised as follows. In Section 6.1, the utilised grid model for

investigating short- and long-term voltage stability is described, which is an aggregated

version of the IEEE Nordic test system. Then, in Section 6.2, the scenario setup for invest-

igating short- and long-term voltage stability is outlined. This is followed by a description

of the simulation environment, with a focus on how hybrid systems can be implemented.

Then in Section 6.3 the impact of power electronics on short-term voltage stability is ana-

lysed. First, the individual impact of GFM converters with current limitation is considered,

followed by power electronic loads. Their combined effect on short-term voltage stability

is then evaluated. The same procedure is used in Section 6.4 to analyse long-term voltage

stability. A summary and conclusion of the voltage stability analysis is given at the end of

this chapter.
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6 Analyses of voltage stability of power electronics-dominated grids

6.1 Aggregated Nordic power system and simulation
environment

The IEEE Nordic test system in [153] is a widely-used grid for investigating short-term

[28, 66, 69] and long-term [46, 47, 60] voltage stability in the phasor domain. In order

to derive a voltage stability test system that can also be easily used for long-term EMT

simulations with small step sizes and large parameter sampling studies, the aggregated

Nordic system (ANS) is proposed for this thesis. This reduces the computational complex-

ity and preserves the essential voltage dynamics. Furthermore, by aggregating generation

and load, conventional generators and loads can be easily replaced by GFM converters and

power electronic loads. This makes it much easier to emulate a higher dominance of power

electronic devices within a power system and to analyse their impact and voltage stabi-

lity. Although the creation of ANS is mainly motivated by its EMT implementation, the

reduction in computational complexity is also beneficial for phasor simulations. The grid

parameters are given in Appendix C. Next, the aggregation procedure is outlined.

In general, a voltage-critical grid consists of a main load area (with a relatively low gen-

eration) and a main generation area which are connected by a long transmission corridor,

resulting in highly-loaded transmission lines. This is also the case for the original Nordic

test system, which consists of two main generation areas (External and North) and two load

areas (Central and South) connected by several transmission lines. A key objective is to

preserve this structure for the ANS, which is illustrated in Fig. 6.1. The first step in the

modelling of the ANS is the aggregation of the main generation area (green area). As the

voltages in this area remain close to nominal values, they are represented in the ANS by a

constant voltage source with v
0
. However, to represent its limited short-circuit contribution

in the event of a fault, a grid impedance z
g

is introduced. The voltage v
0

and the grid im-

pedance z
g

are chosen to match the sub-transient short-circuit power S
′′
k

on bus 4031 in the

Nordic test system. The magnitude of v
0

is chosen in such a way that the pre-fault steady-

state magnitude of v
1

is close to that of bus 4031 in the original system. In the second step,

the long transmission lines between the North and Central areas are connected in parallel

and aggregated into one line, except for the line between bus 4032 and 4044. This line

is modelled without any changes to emulate the original fault and its subsequent discon-

nection. As a result, the ANS is weakened exactly as in the original system. In addition,

the fault impedance is Zf = Rf + jXf = 20 + j20Ω as in the original system, which is the

base case in most simulations. To match the voltage drop in the load area during the short

circuit, the fault location is at a distance of 10 % from bus 2 in the ANS.
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Figure 6.1: Aggregation procedure of the Nordic test system to the ANS

In the final step, the generation units and loads in the Central and South areas are aggreg-

ated and connected via the transformers T2 and T3 to the 130 kV level. For the aggregated

generator the machine parameters of the generator G6 are taken from [153]. The gener-

ator is equipped with an automatic voltage regulator and an OEL. The EMT model of

the generator includes also a power system stabiliser. Transformer T3 is equipped with

an OLTC on the secondary side. In general, the transformer parameters are based on the

typical parameters of the corresponding transformer of the original Nordic Test System.

However, they are slightly adjusted to take into account the voltage drops across the trans-

mission lines and transformers within the original Central area. The shunt capacitors are

also aggregated, but separately for the 400 kV and 130 kV buses, in order to achieve better

results without significantly increasing the complexity. A detailed illustration of the load

model is given in Fig. 6.2. In general, it is split into the aggregated power of the Nordic

test system, which is paggr for active and qaggr for reactive power, and the power of the

power electronic load (PEL) with pL and qL. To emulate the original voltage dependence

111



6 Analyses of voltage stability of power electronics-dominated grids

of the aggregated load in the EMT model (linear for active power and quadratic for reactive

power), the active power part is modelled as a constant current source synchronised by a

PLL in αβ-coordinates that follows the voltage angle of v
L
. The PLL control parameters

are taken from [154]. There is also an additional shunt reactance xshunt which is used later

in the simulations to compensate for the reactive power of the power electronic load, which

can be either capacitive or inductive. It should also be noted that when the shunt reactance

is used, the reactive power qL is the sum of the reactive power of the power electronic load

and the shunt. As the EMT models PEL-1 to PEL-3 (and also PEL-1a) are single-phase

loads, three loads are connected in a Delta connection.

vL

 θL

PLL

 (iq,aggr=0)

dq
abc id,aggr

 iabc,aggr qaggrpaggr  xshunt

~

PEL 

 pL, qL
only needed for EMT

Figure 6.2: Load model of the aggregated Nordic System (ANS)

A comparison of the voltage dynamics of the original system and the ANS is shown in

Fig. 6.3. Note that the focus is on the load region (yellow and orange trajectories) as this

is where the power electronics are located in the following simulations. During the short

circuit, a good match is derived in terms of the voltage drop. However, the subsequent

voltage oscillations in the ANS are not as distinct as in the original system. In the case

of the long-term voltage dynamics within the ANS, they are mainly determined by single,

but larger events, such as the activation of the OEL and the tap changes of the OLTC. In

the original system, a more continuous voltage drop can be observed. This is due to the

larger number of dynamic devices with smaller event impacts. Yet, similar voltage col-

lapse times are obtained for both test systems. This means that the voltage dynamics in

the ANS are much more determined by the aggregated assets. Therefore, by replacing the

aggregated generation and load with power electronic devices, their impact on the voltage

dynamics should be amplified. This can be valuable when analysing power grids with a

high proportion of power electronics, which is the main interest here. Finally, this aggre-

gation procedure reduces the number of differential and algebraic states from about 400 of

the original system (phasor model) to 23 of the ANS, which is a reduction of around 94%.
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Figure 6.3: Comparison of voltage dynamics between the Nordic test system and ANS in

a phasor simulation (for synchronous generators and no power electronic loads)

6.2 Scenario setup and simulation environment

In the following, the scenario setup and simulation environment are outlined. First, a de-

scription is given of which adjustments are made to the ANS in which scenario, to analyse

the GFM converters and power electronic loads. In all scenarios, the former presented ANS

serves as the basis for the simulations. This is followed by a presentation of the simulation

environment in which the ANS is implemented. Furthermore, it is outlined how the events

can be implemented for the modelling of hybrid systems.

6.2.1 Scenario Setup

In case the GFM converter is examined, the synchronous generator is completely replaced

by it, but the transformer T2 is kept. When considering different GFM control approaches

(i.e. droop, matching, dVOC and VSM), only the power synchronisation and the outer

voltage control loop are exchanged. Unless otherwise stated, the circular current limitation
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is assumed for the simulations. At the start of each simulation, the converter is operating

at the same operating point as the aggregated synchronous generator with an active power

injection of PG = 4440 MW and controlling the voltage magnitude of v
G

to 1.0 pu. Unless

otherwise stated, the rated apparent power of the converter is also equal to the synchronous

generator with S G = 5300 MVA.

When power electronic loads are analysed, parts of the aggregated load are exchanged.

Here, only the active power part paggr of the original load model is converted to the power

electronic load. The reason for this is that the steady-state reactive power consumption of

the power electronic loads can only be determined by iterative simulations, as it depends

on the grid operating point. For example, if a power electronic load is modelled with a

share of 30 % of the total load, the aggregated active power load is reduced by this amount

(i.e. Paggr = 7580 MW · 0.7 = 5306 MW). In addition, the DC power Pdc of the power

electronic load is set to 7580 MW · 0.3 = 2274 MW, which is also used as its rated power

to size its circuit elements. The aggregated reactive load qaggr remains unchanged. Due

to space reasons, the abbreviation PEL is used in simulation figures which means power

electronic loads. For the following simulation figures, the variables pL and qL represent the

active and reactive power consumption of the power electronic load and, if used, the shunt

reactance. The power trajectories within the simulation figures are rated by the base active

power, which is 7580 MW. In general, all of the above applies to both the EMT and phasor

models. For the GFM converters, all four control approaches are investigated within the

EMT and phasor simulation. As the EMT models are more detailed, most of the simu-

lations for stability analysis are performed with them and are considered as benchmarks.

The comparison with the phasor models will show whether they can represent the main

dynamics and whether they are still suitable for voltage stability studies, especially in the

case of a high proportion of power electronics.

The first half of the analysis starts with short-term voltage stability, as a large disturbance

usually occurs before the slower dynamics become dominant. This also better reflects the

natural course of a disturbance. In general, the main focus of the short-term voltage stability

simulations is to investigate, what the dynamics of GFM converters and power electronic

loads are in the event of a short-circuit and what their qualitative impact on stability is. An

overview of the scenarios for investigating short-term voltage stability is given in Table 6.1.

It lists the adaptations that are made to the ANS in each section and the focus of the ana-

lysis.
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Table 6.1: Scenarios and ANS adaptations for analysing short-term voltage stability

Section Focus of analysis ANS Adaptations

6.3.1-i
comparison of voltage trajectories between

EMT and phasor GFM model
GFM: droop, SECM-1

6.3.1-ii
comparison of short-term voltage stability

between EMT and phasor model

GFM: droop, matching, dVOC,

VSM, constant current load share

6.3.1-iii
impact of GFM control approach and SECM

on short-term stability (EMT)

GFM: droop, matching, dVOC,

VSM, SECM-1 to SECM-4, Zf

6.3.1-iv

impact of current axis prioritisation in case of

current limitation on short-term stability

(EMT)

GFM: droop, SECM-1 to SECM-4,

Zf , current axis prioritisation

6.3.1-v
trajectory sensitivity analyses of selected

GFM control parameters (phasor)
GFM: droop, SECM-1

6.3.2-i
comparison of voltage trajectories between

EMT and phasor load model
PEL-1a with 30 % load share

6.3.2-ii
impact of different power electronic loads on

short-term stability (EMT)

PEL-1 to PEL-4 with load shares

from 30 % to 100 %

6.3.2-iii
trajectory sensitivity analysis of PEL-1a

parameters (phasor)
PEL-1a with 30 % load share

6.3.3-i

mutual impact of GFM converters with

different power electronic loads on short-term

voltage stability (EMT)

GFM: droop with SECM-1, PEL-1

to PEL-4 with 15 % load share

At first, the impact of the GFM converters and the power electronic loads are analysed

separately for different scenarios. Afterwards, their mutual impact is considered. The first

two sections start with a comparison of the EMT with the phasor model. A trajectory

sensitivity analysis is also performed in these cases. For better comparability of the GFM

converters and the power electronic loads, the sensitivities and approximated voltage tra-

jectories are always determined for the voltage magnitude of |v
3
|. Based on the scenario,

an approximated trajectory is also compared with an actual perturbed trajectory (based on

a new simulation) to check if the sensitivities are correct. The second half of the analysis

focuses on the investigation of long-term voltage stability, which has a similar structure to

the short-term analysis. An overview of the scenarios for the investigation of long-term

voltage stability is given in Table 6.2.
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Table 6.2: Scenarios and ANS adaptations for analysing long-term voltage stability

Section Focus of analysis ANS Adaptations

6.4.1-i
comparison of voltage trajectories between

EMT and phasor model with GFM converter

GFM: droop, SECM-1, reduced S G

(-3 %)

6.4.1-ii
impact of GFM control approach and SECM

on long-term stability (EMT)

GFM: droop, matching, dVOC,

VSM, SECM-1 to SECM-4,

reduced S G (-3 %)

6.4.1-iii
trajectory sensitivity analyses of selected

GFM control parameters (phasor)

GFM: droop, SECM-1, reduced S G

(-3 %)

6.4.1-iv
comparison of approximated and perturbed

trajectories (phasor)

GFM: droop, SECM-1, reduced S G

(-3 %)

6.4.2-i

comparison of voltage trajectories between

EMT and phasor model with power electronic

load

PEL-1a with 30 % load share,

shunt reactance

6.4.2-ii
impact of different power electronic loads on

long-term stability (EMT)

PEL-1 to PEL-4 with load shares

from 10 % to 50 %

6.4.2-iii
Trajectory sensitivity analyses of PEL-1a

parameters (phasor)
PEL-1a with 30 % load share

6.4.2-iv
comparison of approximated and perturbed

trajectories (phasor)
PEL-1a with 30 % load share

6.4.3-i

mutual impact of GFM converters with

different power electronic loads on long-term

voltage stability (EMT)

GFM: droop, matching, dVOC and

VSM with SECM-1, PEL-1 to

PEL-4 with 10 % and 30 % load

share

6.2.2 Simulation environment

As important as the mathematical description of power system components is their im-

plementation in a specific simulation environment or tool. This is because each tool offers

only a limited set of modelling and analysis features. The choice of simulation environment

should therefore be based on the requirements of the models to be developed. However,

there is often no single tool that fits all requirements.

For the phasor simulations, the ANS is modelled with PowerDynamics.jl, which is an

Open-Source package for modelling dynamic power systems within the Julia programming

language [155]. The resulting hybrid DAE system is solved using DifferentialEquations.jl,
which is also an Open-Soure package written in Julia that provides many numerical solvers

for such systems [156]. This package also defines how the events of the corresponding

hybrid system are modelled. This is done through so-called callbacks, which can be used
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to create user-defined events to model switching events and impulsive behaviour. In gen-

eral, two types of callbacks are supported. The first is the so-called continuous callback,

which evaluates a user-defined function, including states and parameters, and checks when

the function becomes zero. A root-finding method (and adaptive integration steps) is then

used to find the exact time when the function becomes zero. This means that the integra-

tion algorithm steps back and forth in time until the evaluation of the root-finding method

is within certain tolerances. This type of callback is of particular interest to ensure that

an event should only occur at a very precise point in the state space. The second type

of callback is the so-called discrete callback, which checks whether a given condition (or

function) is true at the end of each integration step. This means that no additional root-

finding method is used. An advantage is that inequality conditions can be used to trigger

an event. However, the simulation step size should be set small enough that the event is

triggered in a reasonable time after the condition becomes true. Then, regardless of whether

the condition of a continuous or discrete callback becomes true, a so-called affect function
is called, in which user-defined code can be placed to modify the dynamic system, e.g. by

changing differential or discrete states or parameters. Through the combination of call-

backs and affect function, the characteristic events of hybrid systems can be realised. In

this thesis, the discrete callback type is mostly used because, as seen in Section 4.5 and 5.4,

inequality conditions are mostly used. Also, to avoid numerical instability, it is important

not to change the differential and algebraic equations. However, to get around this restric-

tion, boolean discrete states can be used to enable or disable some parts of the equations,

which is already considered in the DADS description in Section 4.5.

The EMT model of the ANS is implemented in MATLAB/Simulink [157]. As only the

modelling environment is visible to the user here, no additional information can be given on

how events are handled during the numerical simulations. Event modelling therefore takes

place at a higher level of modelling, which means that the same results can be achieved

without knowing the exact implementation.

The Julia package SciMLSensitivity.jl is used to compute trajectory sensitivities [158]. This

package can be used to compute the sensitivities of hybrid DAE systems by automatic

differentiation. Automatic differentiation is a technique for computing the derivatives of

almost arbitrary functions in a numerically efficient way. The mathematical background of

trajectory sensitivities given in Section 3.4 is still valid as the power system in this thesis

is modelled as a DADS and is beneficial for calculating the correct sensitivities with the

given package. However, it should be noted that a DADS representation is not a necessary

requirement for the trajectory sensitivity calculation of this package.
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6.3 Analysis of short-term voltage stability

Next, the simulation results are presented for analysing the impact of GFM converters

with current limitation and power electronic loads on short-term voltage stability. For this,

mainly two methods for evaluating stability are used. The first method is a time-domain

comparison of the corresponding voltage and/or power trajectories. This is used in particu-

lar for the comparison between the phasor and EMT models. The second method takes the

high-voltage (HV) and low-voltage (LV) thresholds of the fault ride-through requirements

from [29]. The simulation is considered unstable if the thresholds are violated during a 5 s

simulation time. The aim is to determine the stability region of the system by varying the

short-circuit impedance Zf = Rf + jXf with a fixed short-circuit duration of 100 ms. The

resolution of the impedance sampling is given by |ΔXf | and |ΔRf | and depends on the given

scenario.

Fig. 6.4 shows an example of the determination of a short-term voltage stability region and

its corresponding stability limit by short-circuit impedance sampling. The voltage vG at

the generation terminal bus is used for the stability evaluation, since the voltage thresholds

from [29] are fault ride-through requirements for power electronic generation units. For

the sake of simplicity, only the stability limits are shown in the following results figures to

describe the stability region. This means that the area between the stability boundary and

the coordinate origin is always the unstable stability region.

Figure 6.4: Exemplary determination of a short-term voltage stability region and limit by

short-circuit impedance sampling (|ΔXf | = |ΔRf | = 10Ω) and assessing high and low-

voltage stability thresholds
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6.3.1 Impact of grid-forming converters with current limitation

As the current limitation of GFM converters is changing their dynamics significantly it is

analysed next how this affects short-term voltage stability in case of short circuits. For this,

different GFM controls, SECMs and current axis prioritisation are taken into account. Parts

of the results are based on the work in [SL1].

i) Comparison of voltage trajectories between EMT and phasor GFM model

Fig. 6.5 shows the comparison between the EMT and the phasor model of the ANS with

droop converter for the base case. Without SECM-1 it can be seen that the system becomes

unstable, resulting in decreasing voltages after the short circuit is cleared. The reason for

this is that during the short-circuit there is an active power mismatch, which leads to an

increasing angle θ of the converter. After the fault, the large angle difference leads to a

loss of synchronism with the rest of the system. This process is partly comparable to the

dynamics of transient stability of synchronous generators, which also originate from an

active power mismatch. In contrast, the system is stable when the proposed SECM-1 is

activated, resulting in a much better post-fault synchronisation. Comparing the EMT and

phasor models, it can be seen that the main voltage dynamics are similar. Differences occur

particularly at the start and end of the fault. In the phasor model, the voltages drop and rise

instantaneously due to their algebraic equations. In the EMT model, the magnitude of

the voltage is determined by calculating the root mean square through a running average

window over one cycle, where also past values are used. However, it can be seen that the

steady-state values at the end of the fault and simulation are close together.

Figure 6.5: Comparison of voltage dynamics between EMT and phasor ANS model with

droop converter for Zf = 20 + j20Ω as well as with and without SECM-1
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ii) Comparison of short-term voltage stability between EMT and phasor GFM model

The next analysis looks at the differences in terms of their stability region and limit regard-

ing the GFM controls. Since the active power load model is also very different between

these models (phasor: algebraic equation, EMT: current source and PLL dynamics), its

share is varied to investigate its influence on the stability region. Fig. 6.6 illustrates the dif-

ferent stability limits of the four different GFM converters with different load compositions

and simulation types without any SECM. For example, pL,I = 0.9 means that 90 % of the

active power of the load is modelled as constant current and 10 % as constant resistance.

For pL,I = 1.0, the droop, dVOC and VSM controls are similar in terms of their stability

region. In contrast, matching control has a larger unstable region. By reducing the propor-

tion of active power by constant current, the stability region increases significantly due to

the higher voltage dependence. However, most phasor models are slightly more optimistic

Figure 6.6: Short-term voltage stability limits of four different GFM converters for differ-

ent load compositions and simulation models (|ΔXf | = |ΔRf | = 1Ω)
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about the stability region than the EMT models. Yet, a small 1 % decrease (pL,I = 0.99

only for EMT model) in the constant current load in the EMT model increases the stability

region more than using a phasor model. This means that the stability region is highly sens-

itive to the load composition. For this reason, the choice of load composition in modelling

should be considered more carefully than the type of model alone in this case.

iii) Impact of GFM control approach and SECM on short-term stability

Next, a comparison is made between the SECMs and GFM controls, see Fig. 6.7. This is

only done in the EMT domain. As the results show, the proposed SECM-1 increases the

stability region the most. Only for VSM, SECM-2 leads to a higher increase than SECM-1.

In contrast, the effect of SECM-3 and SECM-4 varies more between the GFM controls, but

SECM-3 has the least stabilising effect for all GFM controls. Comparing the GFM controls,

it can be seen that droop and dVOC are similar in their stability limits, whereas matching

and VSM vary more. In summary, all SECMs can significantly improve the stability region

(see Fig.6.6 as a comparison), but SECM-1 and SECM-2 clearly stand out.

Figure 6.7: Short-term voltage stability limits for four GFM controls, four SECMs and

pure constant current active power load (pL,I = 1.0, |ΔXf | = |ΔRf | = 0.2Ω for SECM-1

and SECM-2, |ΔXf | = |ΔRf | = 1Ω for SECM-3 and SECM-4)
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iv) Impact of current axis prioritisation on short-term stability

As in the previous simulations only circular current limitation has been investigated, the

next step is to examine the impact of q-axis and d-axis current prioritisation in the case

of current limitation. Fig. 6.8 shows the stability regions in the case of q-axis and d-axis

current prioritisation for a droop converter and varying SECM. In general, both current pri-

oritisations lead to a larger unstable region. For the q-axis prioritisation, the main reason

is that the converter injects more reactive power than active power and thus does not meet

the active power required by the load. Therefore, the q-axis current prioritisation is not

effective in the case of short circuits within this grid, which is also reflected in the SECMs

where most of them are comparable according to their stability limit, except SECM-3. The

unstable area for the d-axis current prioritisation is even larger compared to the q-axis. But

the explanation is different from the previous one. In this case, the prioritisation is based on

active power rather than reactive power, resulting in minimal support of the voltage mag-

nitude. Thus, the voltage decreases more during the d-axis current prioritisation, leading to

a less stable system. When comparing the SECM, the largest differences in stability limits

are around the ordinate. Here SECM-3 and SECM-4 can stabilise the converter better than

SECM-1 and SECM-2.

Figure 6.8: Short-term voltage stability limits of a droop converter with q-axis and d-axis

current prioritisation for four SECMs and pL,I = 1.0 (q-axis: |ΔXf | = |ΔRf | = 1Ω, d-axis:

|ΔXf | = |ΔRf | = 20Ω)
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v) Trajectory sensitivity analyses of selected GFM control parameters

To conclude the short-term analysis of the GFM converters, a trajectory sensitivity calcula-

tion of the phasor droop converter with SECM-1 is performed. These sensitivities are used

to determine approximate trajectories of the voltage |v
3
|. A positive parameter change of

100 % of the original parameter value is assumed. This means that the difference between

the approximated and the original trajectory represents the relative sensitivity. As the res-

ults show, the droop parameter kd has only a small impact on the voltage over the entire

simulation time. Only during the fault kd can increase the voltage magnitude, but only to a

limited extent, since SECM-1 decelerates the angle θ. A damping effect on the post-fault

voltage oscillations is obtained by increasing the voltage current control gain kpv. On the

other hand, increasing the DC voltage control gain kdc amplifies these oscillations. There-

fore, its value could also be reduced to have a similar effect as the gain kpv. The maximum

converter current icmax has a strong influence on the voltage during the fault if it were treated

as a flexible parameter. However, the increase in voltage to almost 1.5 pu should be treated

with caution as the linear sensitivities may overestimate its influence. Nevertheless, the

sensitivities demonstrate that the magnitude of the short-circuit current is the main factor

determining the voltage drop during the fault. In contrast, increasing the maximum DC

current idcmax would amplify the voltage oscillations after the fault.

Figure 6.9: Approximated and original voltage trajectories of a droop converter with

SECM-1 using selected trajectory sensitivities
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In summary, the short-term voltage stability analyses of the GFM converters with current

limitation and different SECMs show that there are small differences in the trajectories and

stability regions between the EMT and phasor models. Therefore, the voltage dynamics

and fundamental stability mechanisms are very similar. Regarding the GFM controls, there

are no major differences between the droop, dVOC and VSM controls. Only the stability

region of the matching control is significantly smaller in the scenarios performed. Since

only fixed control parameters are used here, other parameters could lead to a different

result for the GFM controls. However, even with optimised control parameters without

SECM, it would probably not be possible to achieve as wide a stability range as with

SECM. The proposed SECM-1 shows that it can at most increase the stability region for

circular current limitation, but is very close to SECM-2. In the case of q-axis or d-axis

current prioritisation, all SECMs lead to a comparable but significantly smaller stability

region. Yet the reason is not the SECMs themselves, but rather the ineffectiveness of q-

and d-axis current prioritisation in this grid. The trajectory sensitivity analysis indicates

that the voltage during the fault can only be influenced mainly by increasing the maximum

converter current. On the contrary, the control parameters could be optimised to dampen

the post-fault voltage oscillations. However, the impact on other system variables and

the stability of the control loop should also be considered when making such parameter

changes.

6.3.2 Impact of power electronic loads

In this scenario, the impact of the EMT and phasor power electronic load models on short-

term voltage stability is analysed. This is done by replacing a part of the aggregated load of

the ANS by these models. Based on the actual simulation, different load shares are taken,

where e.g. "PEL share = 30 %" means that 30 % of the total load is modelled by a power

electronic load (PEL).

i) Comparison of voltage trajectories between EMT and phasor load model

Fig. 6.10 illustrates the simulation results for the EMT and phasor power electronic load

models (PEL-1a). The comparison of the voltages shows differences in the initial voltages

before the short circuit. This is because the steady-state reactive power consumption is ca-

pacitive for the phasor model, but inductive for the EMT model. This is due to the inductive

phase shift of the EMT load current resulting from the high inductive grid impedance seen

by the load. This is similar to the measurements made in the laboratory in case of high grid
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impedances (see Section B.2.4). Other differences between the models arise particularly at

the start and end of the fault. In the case of the phasor model, the voltage drops immediately

when the fault occurs, as it is described by algebraic equations. Afterwards, a small voltage

recovery can be observed due to the decreasing power consumption. However, this effect is

negated by the subsequent power recovery. After the fault, the voltage jumps immediately

but also drops again due to the charging of the capacitor and the resulting high power con-

sumption. In the case of the EMT model, the calculation of the fundamental voltage also

uses values from the previous cycle. This explains to some extent the delay in the voltage

drop and rise at the beginning and after the fault. However, the comparison of active and

reactive power also reveals differences in the magnitude of the power consumption and in

the sign of the reactive power. It can be concluded that the active power of the EMT and

phasor load models generally show to some extent similar dynamics, but mainly for the

active power. The differences are greater for the reactive power, which is capacitive for

the phasor model and inductive for the EMT model, which ultimately explains the voltage

deviations.

Figure 6.10: Comparison of voltage and load power dynamics between the EMT and

phasor power electronic load model with a load share of 30 % and Zf = 20 + j20Ω
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ii) Impact of different power electronic loads on short-term stability

The next step is to analyse the different EMT models. PEL-1 to PEL-4 are used with differ-

ent load shares to investigate their impact on short-term voltage stability. Fig. 6.11 displays

the voltage trajectories, while Fig. 6.12 and Fig. 6.13 show the corresponding active and

reactive power. For a power electronic load share of 30 % and 40 % all voltages remain

within acceptable ranges. In addition, all loads reduce their power output during the fault

and have a short period of higher power consumption after the fault is cleared. Load recov-

ery is fastest for PEL1 and PEL-4, followed by PEL-3. For PEL-2, no load recovery can be

observed during the fault, which helps to prevent the voltage from dropping significantly

during this period. In addition, there is only a small overshoot in active and reactive power

after the fault, compared to the other loads.

Figure 6.11: Load voltage trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on short-term voltage stability
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Although PEL-2 has the highest inductive power consumption compared to all other loads,

no instability is observed even for a load share of 100 %. However, as the load share

increases, unsafe low steady-state voltages are present, which in reality could endanger the

power system. In the case of PEL-1, it can be seen that a share of 60 % leads to short-term

instability. This is mainly due to the recovery of its power consumption during the short

circuit so that even after the fault has been cleared no equilibrium point is reached. Despite

the overall very low reactive power consumption of PEL-3, the power system becomes

unstable at a load share of 80 %. Like PEL-2, PEL-4 is also stable at higher load shares, but

its voltages remain within safe operating ranges in steady-state conditions. One reason for

this is that its reactive power consumption switches from inductive to capacitive, supporting

the voltage after the fault. However, for a load share of 100 % the power system becomes

unstable right at the start of the simulation.

Figure 6.12: Active power trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on short-term voltage stability
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Figure 6.13: Reactive power trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on short-term voltage stability

Overall, the comparison of the four power electronic loads demonstrates that a high pro-

portion of these loads can lead to short-term instability, but depends on the specific load.

The biggest driver of instability is the power recovery during the fault, as it puts additional

stress on the system. However, if this is not the case and power consumption is reduced,

the short-term stability of the system greatly benefits from this. Steady-state voltages are

also affected by the reactive power consumption of the load. In some cases, the power

electronic loads even changed their reactive power consumption from inductive to reactive

(PEL-1 and PEL-4). This also shows that the reactive power consumption of the load is

highly dependent on the grid scenario, including faults and contingencies.

iii) Trajectory sensitivity analysis of PEL-1a parameters

To complete the analysis of power electronic loads in this subsection, a trajectory sensi-

tivity analysis is performed for the PEL-1a load model. The corresponding original and

approximated trajectories are shown in Fig. 6.14. If the capacitor cdc is increased by 100 %,
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it can be seen that the steady-state voltage |v
3
| would decrease slightly due to the reduced

capacitive reactive power. This is not intuitively clear as less reactive power is drawn des-

pite the increased capacitance. A possible explanation could be that the switch-on and

switch-off times are reduced due to the smoother rectified voltage. As a result, the period

during which current is flowing into the load is also reduced and consists mainly of active

power current. During the fault, the higher capacitance results in reduced active and reac-

tive power consumption during power recovery, as it can supply the DC load for a longer

period of time. Conversely, the higher value of the capacitor requires more energy after the

fault has been cleared, significantly delaying voltage recovery, even though more capacitive

reactive power is released. If the DC power pdc is increased, it is obvious that the active

power consumption will also increase. Here only a 33 % increase is chosen as the sensiti-

vities for this parameter are quite high. The higher DC power also leads to higher reactive

power consumption, probably due to longer switch-on and switch-off times, which could

increase the reactive power part of the current. Furthermore, the power recovery during

Figure 6.14: Approximated and original voltage and power trajectories of PEL-1a using

the trajectory sensitivities of cdc and pdc
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the fault is faster because the DC power pdc has increased, but not the capacitor cdc. This

results in lower grid voltages during the fault. The delay in voltage recovery after the fault

is not as pronounced as when the capacitance is increased because higher reactive power

consumption is also observed.

It can be concluded that increasing the capacitor cdc can delay the voltage recovery after

the fault, due to the higher power consumption. Increasing the DC power pdc always leads

to lower voltages, although the capacitive reactive power is higher. At this point, however,

it must be pointed out that the results of the trajectory sensitivity for PEL-1a must be

considered with caution, as the previous EMT and phase model comparison had shown

that the reactive power is different after all. The results may therefore apply to the model

but do not necessarily reflect the true behaviour.

6.3.3 Mutual impact of grid-forming converters and power electronic
loads

The last sub-section analyses the mutual impact of GFM converters and power electronic

loads on short-term voltage stability. Here, mainly the impact of the different EMT load

models on a droop converter is examined, because there were no major differences to the

other GFM controls.

i) Impact of GFM converters and power electronic loads on short-term voltage stability

Next, the impact of the different power electronic loads with a load share of 15 % is ex-

amined in combination with a droop converter and SECM-1. As the results in Fig. 6.15

show, all load voltages are quite similar at the beginning of the simulation but drop to

low and unsafe values after the fault has been cleared. Especially for PEL-1, PEL-3 and

PEL-4 very low voltages result. The reason for this is that these loads try to recover their

power consumption during the fault, which pushes the power system to an unsafe equi-

librium point, which would be unstable in a real application. This can also be seen for

PEL-4, which recovers its power the fastest, causing the voltage to drop the fastest. Unlike

the other loads, PEL-2 does not recover power during the short circuit, resulting in much

higher voltages throughout the simulation. Although it consumes the highest inductive

reactive power at the beginning and end of the simulation.

Overall, the results indicate that the combination of reduced short-circuit current and fast

power recovery is a serious problem for the short-term voltage stability of a power system.
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Figure 6.15: Load voltage and power trajectories for PEL-1 to PEL-4 with a load share of

15 % and a droop converter with SECM-1 and Zf = 20 + j20Ω

The superimposed power control of the inverter plays only a minor role here, as the dynam-

ics are largely determined by the current limitation mode. In the case of power electronic

loads, however, the extent to which the power consumption drops in the event of a fault,

and whether or not there is any recovery, is critical to the subsequent voltage recovery and

therefore stability.

6.3.4 Summary and conclusion

In the preceding chapter the impact of different GFM control approaches and power elec-

tronic loads on short-term voltage stability is analysed. For this purpose, short circuits on

a transmission line with subsequent disconnection of the line were regarded as faults. The

concepts of stability region and associated limits were introduced to highlight the differ-

ences in stability between the GFM controls and SECM. This was done by sampling the

inductive and resistive components of the short circuit impedance and evaluating the high

and low-voltage fault ride-through requirements by time-domain simulations.
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In this context, a general question was addressed on whether the models of GFM converters

and power electronic loads need to be EMT or phasor models for accurate stability analysis.

For the GFM converters, it was shown that the EMT and phasor models lead to almost

the same stability region, with only small deviations. It could also be demonstrated that

changing the load composition by 1 % has a greater influence on the stability region than

changing from the EMT to the phasor model. This highlights the importance of accurate

load modelling in the context of voltage stability. This can also be seen in the comparison

between the EMT and phasor PEL-1a model. Here it can be clearly observed that there

are large differences, especially for the reactive power. Due to this, deviations occur in the

voltage trajectories during transients, but also at steady-state conditions. This leads to the

conclusion that power electronic loads should be simulated as an EMT model if possible,

while the phasor models for GFM converters also give similar results.

The general impact of GFM converters and power electronic loads can be summarised as

follows. For GFM converters without SECM, the ANS is less stable in the short term due

to the reduced short-circuit current. Among the GFM control approaches, the matching

control is the least stable, while the droop, dVOC and VSM are quite similar. However,

when a SECM is applied, the stability of all control approaches can be greatly increased.

Here SECM-1 and SECM-2 could increase the stability the most, followed by SECM-4

and SECM-3. In the case of current axis prioritisation, it could be shown that q- and d-axis

prioritisation leads to a smaller stability region compared to circular current limitation.

However, this could change in a different grid and has to be analysed separately. For

power electronic loads, the results show that the system is less stable with a higher share

of these loads. The most significant influence on stability is the voltage at which the load

disconnects from the grid, as this greatly reduces the load in the event of a fault. For this

reason, the PEL-2 load does not cause instability even at a load share of 100 %, as it already

disconnects at higher voltages than the other loads. The combined simulation of a GFM

converter and a power electronic load showed that the combination of current limitation and

power recovery during the fault is a serious threat to short-term voltage stability. This is true

even for comparable small load shares and all types of power electronic loads. However,

the type of GFM control has nearly no influence, as its dynamics are mainly determined by

its current limitation mode.

Finally, trajectory sensitivities were calculated for the GFM control and the PEL-1a para-

meters. The results indicate that the maximum converter current icmax would have the

greatest influence on the course of the voltage trajectories if it were treated as a parameter.

In contrast, the droop gain kd can slightly increase the voltage during the fault even though
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SECM-1 is active. The simulation results also showed that increasing the outer voltage

loop gain kpv can dampen the post-fault voltage oscillations, while increasing the DC en-

ergy source model gain kdc leads to amplified oscillations. However, kdc could also be

reduced to damp the oscillations. In the case of PEL-1a, the sensitivity analysis showed

that a higher DC capacitor cdc can delay the voltage recovery after the fault as the capacitor

is charged more, resulting in a higher power consumption. Increasing the DC power pdc

always results in lower voltages, despite the higher capacitive reactive power. However, as

the reactive power of the phasor PEL-1a model may not reflect the real behaviour of such a

model, any statements about it must be taken with caution and further research is therefore

required.

6.4 Analysis of long-term voltage stability

In the next subsection, the impact of GFM converters and power electronic loads on long-

term voltage stability is analysed. Here the focus is on a slowly developing voltage collapse

due to OLTC tap changes and possibly OEL activation by synchronous generators. As

some of the previous simulations have shown that the grid is short-term unstable, in some

scenarios the transmission line fails in this section without a previous short circuit. This

means that it is more likely to be a failure of the protective tripping device than a damaged

line.

6.4.1 Impact of grid-forming converters with current limitation

In the following, the impact of current limitation of GFM converters on long-term voltage

stability is analysed. Parts of the subsequent results are based on the work in [SL1]. To

demonstrate some of the dynamics of the GFM converter in the case of current limitation,

its rated power is reduced by about 3 % (from 5300 MVA to 5142 MVA) in this section.

The reason for this is that the ANS for a GFM converter is long-term stable at its original

rated power, as the load voltage v
L

can be restored by a few taps of the OLTC to reach the

deadband of the OLTC.

133



6 Analyses of voltage stability of power electronics-dominated grids

i) Comparison of voltage trajectories between EMT and phasor GFM model

Fig. 6.16 presents a time-domain comparison of a droop converter with and without the

SECM-1 for the EMT and phasor models. Without SECM-1, it can be seen that the grid

voltages collapse at the time when the converter reaches its current limit. This is because

the converter can no longer feed in its active power, so its angle θ is constantly increasing

and it is no longer synchronised with the grid. The EMT and phasor models generally show

the same dynamics, but the voltage collapse occurs two seconds later in the phasor model.

If SECM-1 is activated, the power system can be stabilised at the time of current limitation.

However, the continuous tapping of the OLTC leads to continuously decreasing voltages

until the maximum tapping position is reached. Comparing the EMT and the phasor model,

basically the same long-term voltage dynamics occur. However, as time progresses, some

differences in the voltage magnitude and time of tapping become more apparent. The

differences in voltage amplitude can be explained by the fact that the EMT model of the

transformer contains some small impedances due to additional internal switches to realise

the tapping. In addition, the differences in the timing of the transformer tap change can

be explained by the measured load voltage for the OLTC within the phasor model, which

leaves the deadband of the OLTC later. In summary, this scenario demonstrates that a GFM

converter can become unstable and induce voltage instability in the presence of current

limitation, even at nearly nominal voltages. However, this unstable response can be avoided

by the stabilising properties of SECM-1. In addition, the EMT and phasor models generally

share the same long-term dynamics with minor deviations.

Figure 6.16: Comparison of long-term voltage dynamics between the EMT and phasor

ANS model including a droop converter as well as activated and deactivated SECM-1
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ii) Impact of GFM controls and SECMs on long-term stability

Next, the same scenario is presented but for all GFM control approaches and SECMs. All

simulations are performed with the respective EMT models. Due to the reduced power

rating of the converter and the resulting higher steady-state current, the current threshold

ithr for SECM-4 is increased to 0.95 compared to 0.9 in Section 6.3.1. As can be seen in

Fig. 6.17 most SECMs can stabilise the GFM converters at the time of current limitation

at t ≈ 30 s, except for the VSM and SECM-3. Although SECM-3 and SECM-4 result

in higher load voltages after current limitation (compared to SECM-1 and SECM-2), the

power system voltages collapse fastest for all GFM controls (around t ≈ 60 s for SECM-3

and t ≈ 70 s for SECM-4). In the case of SECM-2, at the time of the current limita-

tion, a chattering of the GFM voltage v
G

around the SECM-2 activation threshold of 0.9 pu

occurs. The chattering stops after three additional tap changes, resulting in a voltage mag-

nitude below the threshold. The chattering phenomenon can be explained by the dynamic

phenomenon of hybrid systems described in Section 3.3.1. There is a sliding of the voltage

Figure 6.17: Comparison of load voltage trajectories for different GFM control ap-

proaches as well as different SECMs

135



6 Analyses of voltage stability of power electronics-dominated grids

trajectory along the activation threshold, where the vector fields of both subsystems point

to the switching surface. The reason for this is that the system becomes unstable after cur-

rent limitation and the voltage v
G

drops. But when the voltage v
G

reaches the threshold,

SECM-2 is activated, stabilising the system and raising the voltage above 0.9 pu. How-

ever, this deactivates SECM-2 and the whole process starts again. Compared to SECM-3

and SECM-4, SECM-2 can stabilise the system for a longer period but also results in a

voltage collapse around t ≈ 136 s for all GFM controls. In contrast, the proposed SECM-1

stabilises the converters for the entire simulation, even at extremely low voltages, until the

OLTC has reached its final tap position. However, the voltage decreases more with each tap

change during current limitation. It should be noted that the main function of a SECM is to

keep the converter stable. It is not designed to compensate for other destabilising actions,

such as the continuous tap changes of the OLTC.

In summary, the simulation results show that the SECM-1 can stabilise the converter also

in the long term for all considered GFM control approaches. In contrast, the other SECMs

lead to higher voltages and initially keep the converter stable, but ultimately leads to a

voltage collapse.

iii) Trajectory sensitivity analysis of selected GFM control parameters

The next step is to perform a trajectory sensitivity analysis for a phasor droop converter

with SECM-1. The resulting approximate voltage and power trajectories are shown in

Fig. 6.18. Here only the approximate trajectories are shown where the sensitivities have

a significant impact on the trajectory for a parameter change of at least 100 %, which is

only the case for kd and icmax. This shows that only a few parameters can influence the

converter dynamics, especially during current limitation and SECM-1 activation. Note that

the approximate trajectory for icmax is only done for a positive parameter change of 5 %, due

to its high sensitivity. For kd a parameter change of 100 % is assumed. As the results show,

both positive parameter changes can increase the voltage, but increasing the maximum

converter current has the highest sensitivity. Interestingly, although increasing the droop

parameter kd does not change the maximum power of the converter, it can increase the

active and reactive power output.

iv) Comparison of approximated and perturbed trajectories

To verify this statement, a new simulation is performed with kd = 2π pu, labelled perturbed
as the parameter change can be interpreted as a perturbation. As the results from Fig. 6.19

demonstrate, the higher droop parameter can increase the active and reactive power output
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Figure 6.18: Approximated and original voltage and power trajectories of a droop con-

verter with SECM-1 using the trajectory sensitivities of kd and icmax

and hence the voltage. It is assumed that the higher droop parameter will result in a more

beneficial power factor of the converter power injection, i.e. supporting the grid voltage

more. It has already been shown in Section 6.3.1 that a complete prioritisation of active or

reactive power is not beneficial in this grid. Therefore, a minimum proportion of active and

reactive power is required. This result shows that trajectory sensitivity analysis can reveal

such hidden optimisation potential.

Overall, the results of this section indicate that, on the one hand, EMT and phasor GFM

models lead to approximately the same voltage dynamics. On the other hand, instability can

occur when the converter reaches its current limit without additional control. It has been

shown that the SECM-1 can protect the system from voltage collapse, but not from unsafe

voltages as its main task is to stabilise the converter. The trajectory sensitivity analysis

also showed that only two parameters of the GFM converter can significantly influence its

long-term dynamics, whereby the maximum current is usually fixed. Furthermore, these

sensitivities demonstrate that an increase in the droop parameter leads to a more beneficial

power output of the converter, which can slightly increase the grid voltage.
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Figure 6.19: Comparison of the approximated voltage and power trajectories (kd + 100 %)

with the original and perturbed trajectories

6.4.2 Impact of power electronic loads

The measurement and simulation results in the previous chapter showed that power elec-

tronic loads do not consume constant active and reactive power during large disturbances.

After such events, power consumption quickly returns to its original level. However, it is

not clear how the different power electronic loads affect the long-term voltage stability.

i) Comparison of voltage trajectories between EMT and phasor load model

The comparison of the long-term voltage dynamics between the EMT and the phasor model

is illustrated in Fig. 6.20. Since both systems are short-term stable (see Section 6.3.2), at

t = 0.1 s a short circuit occurs with a fault impedance of Zf = 20 + j20Ω and a duration

of 100 ms. As the results show, the voltages after fault clearance are lower for the EMT

than for the phasor model. This is because the reactive power of the phasor PEL-1a model

is capacitive, whereas that of the EMT model is inductive. As a result, the load voltage of

the phasor model is within the deadband of the OLTC after the fault and no tap changes

occur. In addition, as the excitation current of the synchronous generator remains below
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its maximum value, there is no activation of the OEL. Thus the phasor model is stable in

the long term. In contrast, the low voltages at the beginning of the EMT simulation lead to

several tap changes that increase the load voltage. Due to these tap changes, the excitation

current of the synchronous generator increases over time and leads to an activation of the

OEL around t ≈ 62 s. This results in an almost immediate voltage collapse of the system

due to the lack of reactive power.

Figure 6.20: Comparison of long-term voltage dynamics between the EMT and phasor

ANS model including a synchronous generator and PEL-1a with a load share of 30 % and

Zf = 20 + j20Ω

In contrast to the previous sections, an additional comparison is now made to show how the

EMT and phasor models perform when the steady-state reactive power of the power elec-

tronic load is compensated by the shunt reactance xshunt. This is done by iteratively determ-

ining the steady-state reactive power consumption of PEL-1a at the start of the simulation

and compensating for it with an appropriate inductor or capacitor for xshunt. The simula-

tion result is given in Fig. 6.21. Note that the reactive power qL in this figure includes the

reactive power of the compensation. Due to the compensation, the voltage trajectories of

the EMT and phasor models are now much closer. Also, the activation of the OEL at about

t ≈ 105 s now occurs almost at the same time. Greater differences arise after the OEL ac-

tivation, as the EMT model becomes unstable almost immediately. As the reactive power

trajectories show, the phasor load model is more capacitive after OEL activation, which

could prevent the system from becoming unstable immediately. Fig. 6.21 also shows the

short-term power dynamics to highlight that the reactive power response is very different

during the short circuit.
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Figure 6.21: Comparison of long-term voltage and power dynamics between the EMT and

phasor ANS model including a synchronous generator and PEL-1a with a load share of

30 %, but with compensated reactive power and Zf = 20 + j20Ω

In summary, both simulations demonstrate that the steady-state reactive power consump-

tion of the power electronic load can have a large impact on the voltage evolution and the

stability of the system. If the steady-state reactive power of the power electronic load is

compensated in the EMT and phasor models, similar voltage trajectories are obtained. This

emphasises that the reactive power consumption of the phasor load model does not reflect

its EMT equivalent.

ii) Impact of different power electronic loads on long-term stability

In the next scenario, the impact on the long-term voltage stability of PEL-1 to PEL-4 with

different load shares is investigated. The simulation results are presented in Fig. 6.22. For

comparison, the simulation result without any power electronic load is also shown. The

respective evolution of the active and reactive power consumption of the power electronic

loads is shown in Fig. 6.23 and 6.24. The results show that increasing the power electronic

load from PEL-1 to PEL-3 leads to a faster voltage collapse of the system. For PEL-4,

a relatively high share of 30 % or 50 % is actually beneficial for the system, as shown in
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Figure 6.22: Load voltage trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on long-term voltage stability

Fig. 6.24, because its reactive power becomes increasingly capacitive. At a share of 50 %

the system is long-term stable as the load voltage is within the deadband of the OLTC and

no OEL activation occurs. On the other hand, a ratio of 10 % leads to a faster voltage col-

lapse. As the reactive power consumption in this simulation is close to zero, the overall load

is less voltage sensitive compared to the case with no power electronic load. For PEL-3 and

a load share of 50 % there are some peaks in the voltage and power trajectories. This can

be attributed to the fast switching of the a-PFC in combination with some snubber elements

within the power electronic load circuit, resulting in small numerical errors. However, the

results clearly show that a higher proportion of PEL-3 leads to a faster voltage collapse of

the system. As can be seen from the active power consumed by the power electronic loads,

it remains almost constant throughout the simulation (see Fig. 6.23). Only for PEL-2 is

there a noticeable decrease in active power consumption. In this case, however, the voltage

before collapse is also significantly lower than for the other loads. For reactive power, the

long-term evolution is also largely independent of the voltage, but some variation due to the

tap changes can be observed. Overall, the active and reactive power curves show that the

power electronic loads behave mainly as constant power loads when voltage changes are

small and within operational limits. Otherwise, their voltage dependence becomes more

pronounced. Since the active power consumption of all loads is approximately the same,

the long-term voltage stability is mainly influenced by their steady-state reactive power.
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Figure 6.23: Active power trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on long-term voltage stability

Figure 6.24: Reactive power trajectories of PEL-1 to PEL-4 for different load shares and

Zf = 20 + j20Ω to analyse their impact on long-term voltage stability
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iii) Trajectory sensitivity analyses of PEL-1a parameters

To calculate the trajectory sensitivities, the simulation results from Fig. 6.21 are taken. As

in Section 6.3.2, the parameter sensitivities of the capacitor cdc and the DC active power pdc

are used. The approximated trajectories are illustrated in Fig. 6.25. For a positive change

in cdc of 100 % it can be seen that the voltage v3 would decrease due to the lower capacitive

reactive power and slightly higher active power. There would also be a steeper voltage

drop after activation of the OEL. In contrast, an increase of 50 % in pdc would increase

the voltage, although the total active power of the loads would be less voltage sensitive at

a steady state. The voltage increase is due to the higher capacitive reactive power of the

power electronic load as shown in Fig. 6.25. However, when the OEL is activated, an even

steeper voltage drop can be observed compared to cdc, due to the former mentioned voltage

insensitive active power.

Figure 6.25: Evolution of approximated and original voltage and power trajectories of

PEL-1a with a load share of 30 % using the trajectory sensitivities of cdc and pdc
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iv) Comparison of approximated and perturbed trajectories

As it is counterintuitive that the voltage increases with an increase in active power, the ap-

proximated trajectory is compared with an actual new simulation. To do this, an additional

simulation is carried out with pdc = 0.4 pu and labelled as perturbed. The result is given

in Fig. 6.26. For the active and reactive power, the overall agreement between the approx-

imated and perturbed trajectories is quite high until the point of OEL activation. For the

perturbed voltage trajectory, however, it can be seen that there is only one additional tap

change at the beginning of the simulation and the system reaches a steady-state operating

point. This shows that the first-order sensitivities can only approximate the trajectory over

a small range. They are unable to detect that the voltage would reach the deadband of the

OLTC. However, if an approximate trajectory of the load voltage vL had been calculated,

it would have been possible to see that the OLTC deadband would have been reached at

t = 15 s. It should also be noted that the sensitivities obtained in terms of reactive power

should be treated with caution, as the previous simulations have shown that the reactive

power of the phasor model may not reflect the reactive power of the EMT model.

Figure 6.26: Comparison of the approximated voltage and power trajectories with the

original and perturbed trajectories (pdc + 33 %)
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The simulation results in this section demonstrate that the steady-state reactive power con-

sumption of the power electronic loads has a significant impact on long-term voltage sta-

bility. The analysis of the EMT power electronic loads showed that in most cases a higher

load share leads to a less long-term voltage stable system. It has been shown that the reac-

tive power of the phasor model does not reflect its EMT counterpart. If the reactive power

is compensated, similar results are obtained.

6.4.3 Mutual impact of grid-forming converters and power electronic
loads

In this section, the GFM converters and the power electronic loads are included together in

the ANS. Their mutual influence on the long-term voltage stability is analysed. First, the

impact of PEL-1 to PEL-4 on the long-term voltage dynamics is examined for a load share

of 30 %. The results are only shown for the droop converter, as the results for the other

GFM controllers are almost identical. Afterwards, the same scenario, but with a load share

of 10 % is conducted.

i) Impact of GFM converters and power electronic loads on long-term voltage stability

Next, the impact of PEL-1 to PEL-4 with a load share of 30 % in combination with a

droop converter and SECM-1 is investigated. The results are shown in Fig. 6.27. As is

known from Section 6.3.3, the system is not stable in the short term in the event of a fault,

even for lower power electronic load shares. Therefore, the transmission line trips without

a preceding short circuit, which can be interpreted as a false triggering of the respective

protection devices. As the results show, the system becomes unstable for PEL-1 and PEL-4

immediately after the line outage. The reason for this is probably that PEL-1 and PEL-4

want to restore their power too quickly after the line outage, forcing the system out of the

stable region. However, the SECM-1 is able to stabilise the converter in such a way that

there are no unbounded states or zero voltages. In the case of PEL-2, it can be seen that the

voltages drop into an unsafe operating region, while in reality, additional countermeasures

from protection equipment would be likely. Only for PEL-3, the voltages stay within an

acceptable range after the line outage at first. However, the continuous tap changes of the

OLTC lead to the current limitation of the converter at t ≈ 43 s, which results directly in

instability. Looking at the active power consumption, only PEL-3 is able to keep its active

power at its rated value at first. One reason for the stability of the system in the case of PEL-

3 is probably its very low reactive power consumption at the beginning of the simulation.
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Figure 6.27: Load voltage and power trajectories of PEL-1 to PEL-4 with a load share of

30 % and a droop converter with SECM-1 to analyse their impact on long-term voltage

stability

For PEL-1 and PEL-4, a drastic drop in their active and reactive power can be observed

after the line outage. Although the active and reactive power consumption of PEL-2 is

higher compared to all other loads, higher load voltages can be observed. This shows that

the system has not yet reached the unstable region (lower part of the P(V)-curve).

In the next scenario, the load share of the power electronic loads is reduced to 10 % to

relieve the system and thus observe some voltage dynamics before the current limitation of

the GFM converters. By this, the differences regarding the GFM control approaches should

be highlighted. The results are shown in Fig. 6.28. In general, it can be observed that PEL-

2 does not lead immediately to a current limiting mode for all GFM controllers, but after

approximately 35 s. For PEL-4 there are differences in the time for current limiting and

therefore instability. For the matching and dVOC controls, the system becomes unstable

immediately after the line outage. In the case of the droop and VSM control, the current

limit is reached t ≈ 55 s, but also leads to unsafe voltages. For PEL-1, a small delay

until the current limitation can also be observed for the droop and VSM control, but this

is negligible compared to the other power electronic loads. Only PEL-3 is stable for all
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GFM controls, due to its initial low reactive power consumption. In general, the results

show that the voltage drops at most when the current limit is reached. Although there are

some differences between the GFM control approaches regarding the time at which the

current limit is reached, their voltage dynamics up to that point are very similar. After the

current limitation, there are no major differences as the dynamics are mainly determined

by SECM-1. In summary, the results indicate that the time of current limitation is delayed

due to the lower power electronic load share, but the voltage dynamics thereafter are very

similar to the scenario before and are not greatly influenced by the GFM control approach

(see Fig. 6.27).

Figure 6.28: Load voltage trajectories of PEL-1 to PEL-4 with a load share of 10 % and

four GFM converters with SECM-1 to analyse their impact on long-term voltage stability

Overall, the analyses of the long-term voltage stability for GFM converters and power elec-

tronic loads show that, even for small voltage changes, the current limitation dominates the

stability of the system. Depending on the specific power electronic load, the current limit

is reached quite quickly after some OLTC tap changes within the ANS, even for smaller
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load shares. The SECM-1 is able to keep the GFM converters in a stabilised state, although

it cannot prevent the system from entering unsafe operating regions. There are also no sig-

nificant differences between the GFM control approaches, as the voltage dynamics before

current limitation are small and are mainly determined by the SECM-1 afterwards.

6.4.4 Summary and conclusion

The previous sections have examined the impact of GFM converters and power electronic

loads on long-term voltage stability. The focus has been on how these power electronic

components react to slower voltage dynamics such as OLTC tap changes or OEL activations

of synchronous generators.

The comparison between the EMT and phasor models of the GFM converter showed that

there are no major deviations and the models have the main voltage dynamics, similar to

the results in the short term. In contrast, the PEL-1a models again showed large differences

between the EMT and phasor models. The main reason for this is the steady-state reactive

power consumption, which is capacitive for the phasor and inductive for the EMT model.

It can therefore be concluded that the phasor load model does not reflect the true reactive

power response. In order to further investigate the similarities and differences between

these two models, the initial steady-state reactive power consumption is compensated to

obtain only their power transients and operating point shifts during the simulation. As a

result, similar voltage trajectories are obtained, highlighting that the main differences are

in reactive rather than active power. However, the simulations with compensated reactive

power should only highlight the origin of the model differences and not reflect the true

dynamics. Therefore, it is recommended to use only EMT models for power electronic

loads or, if appropriate, only the active power of the phasor model.

When looking at the impact of GFM converters on long-term voltage stability, it can be

concluded that induced current limitation by OLTC tap changes can lead to instability. The

reason for this is that the converter cannot find a stable equilibrium because it cannot in-

ject its power setpoint, and so its internal angle increases continuously, leading to a loss

of synchronism. However, if a SECM is used, the initial instability at the time of current

limitation can be avoided. Instability can be avoided entirely if SECM-1 is applied, or it

can be delayed, where SECM-2 leads to the longest delay (but first chattering at the time

of current limitation), followed by SECM-4 and SECM-3. In addition, the specific GFM

control approach has only a marginal influence on the stability, as it is mainly determined
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by the current limitation mode and thus the SECM. The simulations of the power electronic

loads indicated that a higher load share leads to a faster activation of the OEL and thus to

instability. However, in the case of PEL-4, a share of 30 % or more is actually beneficial

for the grid, as its reactive power is capacitive and thus increases the voltage. At a share of

50 %, the system becomes stable in the long term. This again emphasises that the reactive

power consumption of the power electronic load has a decisive influence on voltage stabi-

lity. The combined simulation of GFM converter and power electronic loads showed that

the current limitation of the former is the main driver of instability in such a scenario. This

is the case even for small power electronic load shares of around 10 %. This underlines that

the combination of current limitation and voltage insensitive loads can severely endanger

long-term voltage stability.

To complete the analysis of long-term voltage stability, trajectory sensitivities were cal-

culated for the GFM control and the PEL-1a parameters. Similar to the short circuit sen-

sitivities, the maximum current icmax has the greatest influence on the voltage trajectory,

highlighting its importance. The droop gain kd can also increase the voltage in the long

term, which was also confirmed by a new simulation. This shows that the trajectory sen-

sitivity analysis can reveal some optimisation potential regarding the control parameters.

However, if a control parameter is changed, the stability of the control loop and its influ-

ence on other state variables (e.g. frequency) should also be checked. As kd and icmax have

the highest sensitivity to the voltage, the results also show that the influence of the other

control parameters on the voltage is low. One reason for this is that during current limit-

ation and activated SECM-1, some parts of the outer and inner control loops are de facto

deactivated. This could change if the sensitivities were not calculated in current limited

mode. In the case of PEL-1a, an increase in the DC capacitor cdc results in a lower grid

voltage as the capacitive reactive power is reduced. Similarly, an increase in the DC power

pdc leads to higher voltages due to higher capacitive reactive power, although more active

power is consumed. This shows that the voltage sensitivity of pdc changes between the

short and long term. However, as already mentioned, the sensitivities of the PEL-1a phasor

model should be treated with caution and checked with its EMT equivalent.
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7 Summary, conclusion and outlook

In the following chapter, a brief summary of the present thesis is given in Section 7.1.

Furthermore, in Section 7.2 the results and findings obtained are summarised and reviewed

based on the research questions and assumptions made. The chapter closes in Section 7.3

with an outlook of potential further research.

7.1 Summary

In the past, dynamic voltage stability assessment was mainly motivated by the interac-

tions between conventional synchronous generators and OLTC at the transmission level

and loads at the distribution level, such as directly connected induction motors. However,

today’s power systems are changing with the decommissioning of these generators and the

installation of large HVDC converters, to transfer energy to remote load centres and to

provide ancillary services such as virtual inertia, e.g. through GFM control. In addition,

the load composition is changing due to a rapidly growing number of power electronic

loads such as SMPS of consumer electronics, LEDs, charging stations for electric vehicles

or variable speed induction motors. This leads to new dynamics in the power system and

can endanger voltage stability. Therefore, the main research question within this thesis is

how GFM converters and power electronic loads change voltage stability, either in the short

or long term. To achieve this, Chapter 2 has reviewed voltage stability assessment methods

that focus on power electronics-dominated power systems. The theory of voltage stability

was also described and the current practice of power system modelling for voltage stabi-

lity analysis was highlighted. In this context, it has been shown that the power electronic

devices contain discrete dynamics, e.g. current limitation in the case of GFM convert-

ers or disconnection and fast power restoration during short circuits for power electronic

loads. This motivated this work to orient the theoretical basis towards the theory of hybrid

systems.

This has raised the question of the extent to which the theory of hybrid systems can support

the modelling and analysis of voltage stability. Therefore, in Chapter 3, the applications of

hybrid system theory to power systems in the current literature were first reviewed. Based

on this, the most common formal modelling approaches for hybrid systems were described,

including their unique hybrid dynamical phenomena. Emphasis has been placed on their
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stability theory, which is fundamentally different from that of purely continuous systems.

Moreover, the method of trajectory sensitivity for the analysis of non-linear power system

models with such discontinuities was presented. However, this led to the next research

question, which specific continuous and discrete dynamics are required for an accurate

description of GFM converters and power electronic loads.

To answer this question, several state-of-the-art GFM control approaches were described

in Chapter 4. One focus was the modelling of current limitation and how the converter

can be stabilised in such a situation by applying SECMs. In this context, a self-developed

parameter-free SECM (referred to as SECM-1) was presented, and it was mathematically

shown that it can reach a stable equilibrium during current limitation for almost all GFM

control approaches and dq-axis prioritisation. Finally, using the example of droop control

and SECM-1, it was shown that only two discrete states and four switching conditions and

reset events are required to model the GFM converter as a hybrid system.

For the power electronic loads, their general structure and power response to voltage drops

were first shown in Chapter 5. An analytical phasor load model was then derived, as nothing

comparable was found in the literature and used for later simulations. In addition, the power

response of real power electronic loads was measured in the laboratory to derive accurate

models for the EMT simulations. The chapter concluded how the phasor load model can be

modelled through hybrid system theory by deriving the necessary discrete states as well as

switching conditions and reset events. It was shown that the phasor power electronic load

consists of five discrete states and that its events are mainly oriented to the evolution of a

time-domain simulation.

Based on the models and findings from the previous chapters, comprehensive simulations

were then carried out in Chapter 6 to analyse short- and long-term voltage stability. For

this purpose, the ANS was first derived on the basis of the Nordic test system. It has been

demonstrated that the ANS captures the main voltage dynamics of the Nordic test system,

but due to its aggregated nature, it is much more computationally efficient to perform long

EMT simulations with small step sizes and large sampling studies. Furthermore, within

the ANS it is more convenient to replace the conventional generation or load with power

electronic devices, which allows to achieve a high dominance of power electronics. In the

next step, an overview of the scenario setup was given. It was determined that the short-

term voltage stability is investigated before its long-term counterpart, as this also reflects

the evolution after a disturbance. Also, the impact of GFM converters and power electronic

loads on voltage stability was first examined separately before being combined. The focus
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of the short-term voltage stability analysis was on large disturbances such as short circuits.

In contrast, the long-term voltage stability analysis focused on the interaction between

the power electronic devices and slower voltage dynamics such as OLTC tap changes and

OEL activation. However, both stability analyses also included the impact of the current

limitation of GFM converters as well as the stabilising effect of SECM. In addition, the

disconnection and subsequent fast power restoration of the different power electronic loads

in case of voltage fluctuations were investigated. Along with the simulations, the EMT

and phasor models of the power electronic devices were compared and differences were

highlighted. Finally, the analyses were complemented by trajectory sensitivity calculations

to determine how a change in model or control parameters would influence the voltage

evolution. This enabled the identification of the key parameters affecting voltage stability,

which in turn enabled the final research question to be answered.

7.2 Conclusion

In the following, the main conclusions are outlined based on the results achieved within this

thesis. This is done by summarising the key messages for each research question. In addi-

tion, the assumptions made within this thesis are discussed in order to better contextualise

the results obtained.

1. How do grid-forming converters and power electronic loads influence short- and long-

term voltage stability and associated dynamics?

In the case of GFM converters, the simulation results clearly demonstrate that the current

limitation can quickly lead to instability both for short- and long-term voltage stability.

The reason for this is that the converter tries to reach an active power setpoint, which is

not possible due to the limited current. As a result, its internal transformation angle is

continuously increased and the converter is no longer synchronised with the grid. To coun-

teract this, SECMs have been introduced and have been shown to stabilise the converter in

the short and long term. There were differences between the approaches, but the proposed

SECM-1 showed the most stabilising effect. However, the dynamic response of all SECMs

should be carefully evaluated in the case of other disturbances to analyse which SECMs

is most suitable. Furthermore, no major differences between the GFM control approaches

were found, as voltage (in-)stability in this thesis was mainly determined by the current

limiting mode and the SECM applied. However, this could change if the converter is not
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in a current limited mode, e.g. in case of small-signal stability. In addition, no detailed

parameter study of the GFM control approaches was carried out, so potential differences

could arise for other parameters.

The stability analysis of power electronic loads revealed that in general, a higher share of

these loads destabilises the system, due to its less voltage-sensitive active power consump-

tion. The main influence on short-term stability is the quasi-disconnection and the resulting

reduced power consumption, which stabilises the system. However, their possible power

recovery during the fault may cancel the previous relief and destabilise the system. It is

therefore highly dependent on the voltage value at which the load disconnects and whether

and how quickly it recovers its power. For the loads analysed in this work, these charac-

teristics were highly dependent on the PFC technology. For long-term voltage stability,

the steady-state reactive power consumption was identified as a key factor. In this context,

structural changes (e.g. line outage) in the power system strongly affect the reactive power

and can also change its sign. For example, the reactive power of PEL-4 changed from

inductive to capacitive after the line outage, thus supporting the grid.

The combined simulation of GFM converters and power electronic loads reveals that the

simultaneous occurrence of current limitation and fast load recovery can be a serious threat

to short- and long-term voltage stability. Although the SECM-1 can stabilise the converter

in such a case, it cannot protect the system from unsafe voltages. All in all, it can be con-

cluded that the short-circuit power of a grid that is dominated by power electronic devices

is one of the central quantities for ensuring stability.

2. How can hybrid system theory extend the modelling of dynamic power systems and

support the assessment of voltage stability?

In general, hybrid system theory is needed to accurately model power systems with dis-

continuities, discrete dynamics and events. Otherwise, vital aspects would be missed for

a proper stability analysis. This applies not only to voltage stability but to all types of

stability. In particular, it should be considered as the modelling standard for large-signal

stability assessment, as many models include discrete dynamics, e.g. limitations. The

choice of the formal modelling approach depends on the discrete dynamics of the model.

For this thesis, the DADS provided a sufficient modelling approach, which is based on the

theory of switched systems. For more general modelling approaches, including jump phe-

nomena of continuous states, the hybrid automata and the DAIS approach are promising.

In general, all hybrid system modelling approaches can produce various hybrid dynamical

phenomena that would otherwise not be observed in continuous systems. However, these
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hybrid dynamic phenomena are highly dependent on the modelling approach and how the

model is implemented in a simulation programme. Therefore, their appearance may simply

be a modelling artefact. Nevertheless, it can indicate some problems that may occur in a

real application.

The stability theory of hybrid systems shows that in the case of switched, non-linear DAE

systems, formal stability analysis is extremely challenging. However, this is often the

case when detailed power system models are used. Therefore, time-domain simulations

with sampling studies are often required to explore the stability region of such models.

In addition, other methods, such as reachability analysis or composition of hybrid auto-

mata, provide insight only up to a certain level of modelling, as they become challenging

when dealing with large and complex systems. A promising method that supports the

time-domain approach is trajectory sensitivity analysis. Here the sensitivity of the model

parameters to the evolution of the states can be evaluated and approximated trajectories

can be calculated. This can help to reduce the number of simulations as they can be calcu-

lated efficiently along the simulation, especially with automatic differentiation techniques.

However, as the sensitivities are only a first-order approximation, they are only meaningful

for small parameter changes. In [159] second-order sensitivities have been introduced, but

these come at a higher computational cost.

In summary, hybrid system theory is necessary for accurate modelling of dynamic power

systems, especially for large disturbances. It can help to understand how the continuous and

discrete states interact. In addition, its specific implementation in a simulation programme

is not trivial, which ultimately determines the dynamics. As the discrete dynamics increase

the complexity of the system, their formal stability analysis is also more challenging and

often not possible for detailed systems. However, some methods, such as trajectory sensi-

tivity, support time-domain analysis even for detailed and complex systems.

3. How should grid-forming converters and power electronic loads be modelled and

what are their main continuous and discrete dynamics?

For GFM converters it has been observed that current limitation and SECM are their main

discrete dynamics. This requires only two discrete states if they are used efficiently. This

is done by activating and deactivating parts of the equations. This also has additional ad-

vantages for the numerical solver. The continuous dynamics are mainly determined by the

outer power synchronisation loop and the outer voltage control, as well as the inner voltage

and current control, which are all necessary for large-disturbance analysis. The comparison

between the EMT and phasor model showed that there are only minor differences and that
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mainly the same dynamics occur. Greater differences might have resulted if the average

model of the converter had been replaced by detailed power electronic switches. However,

as voltage stability is about power balance at the fundamental frequency, it is questionable

whether the increased complexity is justified. Therefore, for this thesis, it is concluded that

for GFM converters, phasor models are sufficient for voltage stability analysis.

The discrete dynamics of the power electronic loads in this thesis are mainly determined

by the uncontrolled bridge rectifier and the quasi-disconnection at low voltages. In the case

of EMT models, their continuous dynamics result from the DC capacitor which energises

the DC load during faults, as well as other passive devices such as inductances for pass-

ive PFC. Their interaction results in complex behaviour during short-circuits, represented

by the sequence of disconnection, power recovery and inrush current at voltage recovery.

The derived EMT models generally showed sufficient agreement with their laboratory mea-

surements, although there are some deviations. As their modelling was mainly motivated

to match the simulated power with the measured fundamental power, their use in harmonic

studies should be carefully evaluated. In addition, as most of them represent single-phase

loads, they had to be arranged in a Delta connection in order to use them in a three-phase

system. Nevertheless, it has been shown that the PFC technique has a decisive influence

and should therefore be taken into account when modelling these loads. The comparison

between the EMT and phasor model of the power electronic load (here PEL-1a) demon-

strated that there are major differences, especially for the reactive power. This is especially

true when the load current is influenced by the grid impedance, resulting in non-sinusoidal

voltages at the load. This effect was also observed by laboratory measurements. The hybrid

system modelling approach of the phasor PEL-1a model showed that the discrete states are

used to represent its internal dynamics. The calculated fundamental active and reactive

power can be seen as instantaneous values. However, when the power is filtered by a first-

order lag system, it was possible to achieve a closer match with the results of the EMT

simulations. However, as the results show, for power electronic loads it is clearly recom-

mended to use only EMT models, even for long-term voltage stability investigations.

4. What are the key parameters of grid-forming converters and power electronic loads

that affect short- and long-term voltage stability and how could they be designed for

a robust integration of these devices?

As previously discussed, the maximum converter current is one of the most important

model parameters of GFM converters when analysing voltage stability under large distur-

bances. However, this parameter is directly related to the physical structure of the converter
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and is therefore usually fixed. However, it could be considered at the design stage not only

to match the power rating of the converter to the power rating of the energy source but

to intentionally select a higher rating in order to improve the stability of the system. The

provision of this capacity could then be paid for in the same way as the provision of ca-

pacity for frequency stability. In contrast, the trajectory sensitivities also revealed that the

droop gain has some potential to increase the voltage in the short and long term. However,

if this parameter is tuned, the stability of the control loop and the impact on other system

variables such as frequency must be considered. In general, the sensitivity of most GFM

control parameters on the voltage is low. The reason for this is that during large distur-

bances the current limitation mode and SECM-1 are active, which effectively deactivates

large parts of the control. This results in a greatly reduced number of control parameters

that can affect the voltage during current limitation. In addition, the SECM-1 is designed

to have no parameters. Therefore there is no potential for optimisation. However, if an-

other SECM is used, there may be some potential for parameter optimisation. In summary,

this means that in case of large disturbances, the maximum converter current, which is a

physical parameter, is the main parameter that determines voltage stability. However, there

is still some potential for optimising the droop gain. In addition, if a parameter-dependent

SECM or other GFM control approach is used, there may be other parameters that are

important for voltage stability.

The phasor PEL-1a model was used to calculate the sensitivities for the power electronic

load, which has only the DC capacitance and the DC power as parameters. It could be

shown that a higher DC capacitance leads to a higher power consumption after the fault,

which can delay voltage recovery. Similar to the maximum converter current, the DC power

of a load is usually fixed. However, if treated as a parameter, a higher DC power will result

in lower voltages during faults due to the increased power consumption. In the case of

long-term voltage stability, a higher DC power was advantageous because it also increased

the capacitive reactive power. However, it is questionable whether this would be observed

in reality, as the results of the PEL-1 EMT model showed that a higher load share leads to

a faster voltage collapse. It can also be concluded from the EMT models that the voltage

value at which the loads disconnect is one of the most important parameters, although no

sensitivities were calculated. In addition, the PFC technique also determines to a large

extent the reactive power consumption. In summary, as the design of power electronic

loads is usually motivated by harmonic legislation, explicit design recommendations are

difficult. The main conclusion is that an early disconnection and a soft power restoration

after the fault would greatly support the power system in case of large disturbances.
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From a practical point of view, the results and findings of this thesis can be summarised

as follows. For large-disturbance analyses of non-linear hybrid systems, the time-domain

simulation is still the most suitable method to assess (voltage) stability. In addition, if no

protection equipment is modelled, the operational constraints should be used as a stability

threshold to stay within the confidence region of the model. As time-domain simulations

can be computationally expensive, trajectory sensitivity analysis can help to reduce these

costs for large parameter studies. When modelling GFM converters, it is highly recom-

mended to include SECMs to stabilise these converters in case of large disturbances. It

can also be concluded that phasor models of GFM converters are still valid in the case of

symmetrical conditions. In contrast, when modelling power electronic loads, EMT models

are recommended. However, recommending a universal power electronic load model is

difficult as there are many different types. A composition of different load types could be a

possible solution. If phasor simulations are performed, it may still be valid to use constant

power loads for power electronic loads, as these can be interpreted as worst-case loads, es-

pecially during short circuits. Alternatively, only the active power part of the PEL-1a load

can be modelled to take into account the power drop and its rapid recovery. All in all, it can

be concluded that if all these recommendations are taken into account, more realistic results

are likely to be obtained when assessing voltage stability in power electronics-dominated

grids.

7.3 Outlook

The presented models and simulation results should only be considered as a starting point

for analysing the impact of power electronics on short- and long-term voltage stability.

Especially for power electronic loads, there is a huge potential to derive better load models

by measuring the power response of more and different types. In addition, the derived ANS

can be further developed to better incorporate the interactions between different power

electronic devices. In the case of GFM converters, the field of SECM offers many research

opportunities as the converter needs to be stabilised for a wide variety of disturbances. In

particular, the following points have been identified as promising extensions to this work:

– As the generators and loads are aggregated in the ANS, no interactions between those

units can be observed. Therefore, these units could either be split in parallel or dis-

tributed at each voltage level to analyse potential interactions.
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– The impact of the SECMs should be evaluated also for other types of stability and

disturbances so that they do not lead to undesirable behaviour in other situations.

– As no parameter variations were carried out for SECM-3 and SECM-4, it should be

analysed if their stabilising effect could be increased by parameter optimisation.

– The proposed SECM-1 could also be based on sliding mode control (see e.g. [117]),

for a smoother transition between normal operation and current limitation mode. As

chattering was observed for SECM-2, sliding mode control could be a good solution

to avoid this phenomenon.

– The measured loads represent only a small part of a large amount of different power

electronic loads. Therefore other power electronic loads like charging stations or

adjustable-speed-drive induction motors should be measured and modelled for stabi-

lity studies.

– The parameters of the EMT load models were mainly selected to match the measure-

ments. For general model parameters, more loads of these kinds should be measured

so that the load models are not too specific.

– The derived EMT load models represent low voltage loads, it should be investigated

how they can be aggregated to represent a more general power electronic load that

can be used at the transmission system level.

– For the phasor PEL-1a model, the reactive power part could be omitted and only the

filtered active power is used. By this, only the active power part of a load would be

modelled as a power electronic load, which can be sufficient in some situations. In

general, more research should be done to incorporate the dynamics of power elec-

tronic loads into phasor simulations, as they are normally more computationally effi-

cient.

– Since only the phasor model was explicitly modelled as a DADS, the EMT load

models should also be modelled in this way to analyse their hybrid system properties.
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List of acronyms

List of acronyms

ANS aggregated Nordic system

AVR automatic voltage regulator

CPF continuation power flow

DADS differential-algebraic-discrete system

DAE differential-algebraic equation

DAIS differential-algebraic impulsive switched system

dVOC dispatchable virtual oscillator control

EMI electromagnetic interference

EMT electromagnetic transient

GFL grid-following

GFM grid-forming

HVDC high-voltage direct current

HVRT high voltage ride-through

ICT information and communication technology

LED light-emitting diode

LVRT low voltage ride-through

ODE ordinary differential equation

OEL over excitation limitation

OLTC on-load tap changer

PCC point of common coupling

PFC power factor correction

PLL phase-locked loop

PMU phase measurement unit
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List of acronyms

PV photovoltaic

PWA piecewise affine

RAW running average window

RMS root mean square

SECM stability-enhancing control method

SMPS switch-mode power supplies

TVI trajectory violation integral

VSI voltage stability index

VSM virtual synchronous machine
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List of symbols and indices

Symbols

General notation rules are as follows.

– Scalar functions, variables and parameters express in pu are in lower case fonts, e.g.

p, q, v.

– Upper case fonts indicate scalar variables and parameters expressed in absolute val-

ues, e.g. P [MW].

– Function and variable vectors are in lower case, bold face fonts, e.g. x, f

– Matrices are in upper case, bold fonts, e.g A.

– Underlined values like V indicates complex values.

– A superscript T indicates transpose, e.g. xT.

– Time derivates appear with a dot, e.g. ẋ.

A square matrix

a Fourier component

b Fourier component

c,C capacitance or capacitor

d distance

D damping or duty cycle

E square matrix

f function of differential equations

f frequency or function

g function of algebraic equations

H Tuple of hybrid automaton

h, h reset function

I identity matrix

i, I current

Init set of initial states

Inv set of invariants

J Jacobian matrix

J inertia

l, L inductance or inductor
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List of symbols and indices

M Monodromy matrix

m control parameter of VSM (mutual impedance)

P square and positive definite matrix

p vector of parameters

PF power factor

p, P active power

Q square and positive definite matrix

q,Q reactive power or discrete state (only case)

r,R resistance

S short-circuit power

s switching condition

t,T time or period of time

u input to a system

v,V voltage

x continuous state vector

x, X reactance or parameter sensitivity

y algebraic state vector

z,Z impedance

α exponent of load voltage sensitivity or control parameter of dVOC

β control parameter of dVOC

γ parameter

δ distance for Lyapunov exponent

ε parameter

η control parameter of dVOC or efficiency

Θ transition relation or angle

λ eigenvalue

Λ Lyapunov exponent

Π consistency projector

σ switching signal

τ junction time

ϕ phase angle or ODE solution

ω angular frequency

Ω consistency space

∇ nabla operator (gradient)

� real part

� imaginary part
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List of symbols and indices

G guard condition

R reset map

S switching surface

Indices, subscripts and superscripts

It should be noted that some of the indices listed below are also used together, e.g. icdref is

the reference value of the d-axis current of the converte.

- time instant before event

+ time instant after event

0 enumeration index or equilibrium

1 enumeration index

2 enumeration index

AC alternating current

abc related to phase a,b and c

aggr aggregated

appr approximated

base base value

c related to converter or capacitance

C related to capacitance

D related to diode

dc, DC direct current

d related to droop, d-axis component or diode

dq related to d-component

droop related to droop

f related to frequency, fault or AC filter

fd field

fault fault

flt filter

G related to Generator

g, grid related to grid
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List of symbols and indices

H hopf bifurcation

hold hold-up time

IL current of inductance (trajectory sensitivity)

i integral gain

is current saturation

i,m, k, l counting variables

load load

L related to inductance or Load

lim limited

m modulation or related to matching control

max maximum

min minimum

meas measurement

mod modulo

N number of elements

nom nominal

off switch-off

on switch-on

P related to active power

PCC point of commom coupling

p proportional gain

pu in per unit

q related to q-component

R related to resistance

r, rated rated (e.g. apparent power)

ref reference

ripple ripple

SNB saddle-node bifurcation

s stable or switching frequency

shunt shunt

sim simulation

sum sum

sys system

T /2 half a period

thr threshold

trip trip
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List of symbols and indices

u unstable

VR rectified voltage (trajectory sensitivity)

v voltage

x partial derivates to x
x partial derivates to x
x0 partial derivates to x0

y partial derivates to y
z related to impedance

Δ distance

θ synchronous reference frame to angle θ

Σ sum

τ at junction time or time constant
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A Additional information about the modelling of
GFM converters

In this appendix, additional information about the modelling of GFM converters is given.

At first, in Section A.1, the model (AC filter, DC energy source model) and control para-

meters of the four GFM controls and SECMs are given. Afterwards, the complete DADS

description of the droop-based GFM converter is presented in Section A.2. This is followed

by an eigenvalue analysis of this system in Section A.3.

A.1 Parameters of GFM controls and SECM

Table A1: Model parameters of GFM converter, AC Filter and DC energy source model

(partly taken from [81])

Parameter Value

S rated 5300 MVA

Pref 4440 MW

vref 1.0 pu

icmax 1.0 pu

idcmax 1.2 pu

rdc 20 pu

cdc 0.096 pu

Tdc 0.05 s

kdc 100 pu

rf 0.0005 pu

xlf 0.031416 pu

xcf 5.305165 pu

Table A2: Control parameters of inner voltage and current control (taken from [81])

kpv kiv kpi kii

0.52 pu 1.161022 pu 0.738891 pu 1.19 pu

191



Appendix A

Table A3: Control parameters of the four power synchronisation and outer voltage control

loops (taken from [81])

kd ωf kp ki

droop π pu 10π 1
s

0.5 pu 0.001 pu

km kp ki

matching 100π pu 0.5 pu 0.001 pu

η ωf α ε

dVOC π pu 10π 1
s

66666.666 pu 10−9 pu

D J ωf kp ki mfd

VSM 100 pu 2 pu 10π 1
s

0.5 pu 0.001 pu 1.0 pu

Table A4: Parameters of SECM-3 and SECM-4 (taken from [78] and [81])

Parameter Value

kq 5 pu

ithr 0.92 pu

γ 2.3 pbase

ibase
pu

pbase 4440 MW

ibase
5300MVA

15kV
√

3

192



Appendix A

A.2 DADS model of droop-based GFM converter in an
islanded microgrid

Next, a complete description of the GFM converter from Section 4.5 as DADS is given.

Differential equations are marked with �, algebraic equations with � and auxiliary equa-

tions are marked with (aux.). For every discrete state, a trivial differential equation with

q̇ = 0 is inserted. Their corresponding switching conditions and reset functions are marked

with �. Variables with the superscript Δθ indicate that they are orientated at the local dq-

reference frame of the converter. The differential, algebraic and discrete states as well as

parameters are given by

ẋ =
d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

xid

xiq

xvd

xvq

xvdroop

pf

Δθ

Δvdc

Δpcf

Δidcrefτ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vd

vq

vcd

vcq

icdlim

icqlim

pref

idcref

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, p =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rf

xlf

xcf

rload

xload

cdc

rdc

Tdc

kii

kip

kvi

kvp

pref0

vdcref

icmax

kvidroop

kvpdroop

ωf

kd

vref

idcmax

kdc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, q̇ =
d

dt

⎡⎢⎢⎢⎢⎢⎣ qimax

qidcmax

⎤⎥⎥⎥⎥⎥⎦ = 0. (A.1)
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The network equations are given by

0 = vd − vcd + rf

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vd

rload

+
vq

xload︸��������︷︷��������︸
id

− vq

xcf︸︷︷︸
icfd

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ − xf

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vq

rload

− vd

xload︸��������︷︷��������︸
iq

+
vd

xcf︸︷︷︸
icfq

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , � (A.2a)

0 = vq − vcq + xlf

(
vd

rload

+
vq

xload

− vq

xcf

)
+ rf

(
vq

rload

− vd

xload

+
vd

xcf

)
. � (A.2b)

Coupling between DC and AC voltage

0 = vcd − vcdm

1.0 + Δvdc

vdcref

�, (A.3a)

0 = vcq − vcqm

1.0 + Δvdc

vdcref

. � (A.3b)

Back transformation to global dq reference frame

vcdm = vΔθcdm · cos(Δθ) − vΔθcqm · sin(Δθ), (aux.)

vcqm = vΔθcqm · cos(Δθ) + vΔθcdm · sin(Δθ). (aux.)
(A.4)

The current control is given by

vΔθcdm = vΔθd + xid + (icdlim − iΔθcd )kip − iΔθcq xlf, (aux.)

vΔθcqm = vΔθq + xiq + (icqlim − iΔθcq )kip + iΔθcd xlf, (aux.)
(A.5)

ẋid = (icdlim − iΔθcd )kii, �

ẋiq = (icqlim − iΔθcq )kii. �
(A.6)

The switching conditions and reset functions of the current limitation are implemented

by

q̇imax = 0, � (A.7)

q+imax = hqimax,1(x−, y−) = 1, simax,1(x, y) = |icdqref | − icmax − k · qimax ≥ 0, � (A.8)

q+imax = hqimax,0(x−, y−) = 0, simax,0(x, y) = (|icdqref | − icmax) · qimax < 0, � (A.9)
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whereas the algebraic equations are given by

0 = icdlim −
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝(1 − qimax)icdref + qimax

icdreficmax√
i2
cdref
+ i2

cqref

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , � (A.10)

0 = icqlim −
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝(1 − qimax)icqref + qimax

icqreficmax√
i2
cdref
+ i2

cqref

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . � (A.11)

The inner voltage control is

icdref = iΔθd + xvd + (vdref − vΔθd )kvp −
vΔθq

xcf

, (aux.)

icqref = iΔθq + xvq + (vqref − vΔθq )kvp +
vΔθ

d

xcf

. (aux.)

(A.12)

The inner voltage control with anti-windup is

ẋvd = (vdref − vΔθd )kiv(1 − qimax), �

ẋvq = ( vqref︸︷︷︸
=0

−vΔθq )kiv(1 − qimax). � (A.13)

The outer loop voltage control with anti-windup is

vdref = xvdroop + kvpdroop

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝vref −
√(

vΔθ
d

)2
+
(
vΔθ

d

)2
︸����������������︷︷����������������︸

vΔθmeas

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (aux.) (A.14)

ẋvdroop = kvidroop

⎛⎜⎜⎜⎜⎜⎝vref −
√(

vΔθ
d

)2
+
(
vΔθ

d

)2⎞⎟⎟⎟⎟⎟⎠ (1 − qimax). � (A.15)

The power synchronisation loop (droop control) is given by

Δθ̇ = (pref − pf)kd, � (A.16)
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with

ṗf = (pΔθmeas − pf)ωf

=
(
vΔθd iΔθd + vΔθq iΔθq − pf

)
ωf. �

(A.17)

The adaption of the power reference by SECM-1 is given by

0 = pref −
(
(1 − qimax)pref0 + qimax

(
icdlimvΔθd + icqlimvΔθq

))
. � (A.18)

The DC circuit and energy model is modelled by

Δ̇vdc =
1

cdc

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝idcref − 1.0 + Δvdc

rdc

− vcdicd + vcqicq

1.0 + Δvdc︸�����������︷︷�����������︸
idc

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , � (A.19)

whereas the switching condition and reset function of the DC current limitation are given

by

q̇idcmax = 0, � (A.20)

q+idcmax = hqidcmax,1(x−, y−) = 1, sidcmax,1(x, y) = |idcrefτ| − idcmax − kqidcmax,≥ 0,� (A.21)

q+idcmax = hqidcmax,0(x−, y−) = 0, sidcmax,0(x, y) = (|idcrefτ| − idcmax) · qidcmax < 0.� (A.22)

This is followed by the algebraic equation for the DC reference current

0 = idcref − ((1 − qidcmax)idcrefτ + qidcmaxsgn(idcrefτ)idcmax

)
, � (A.23)

and its delay

i̇dcrefτ =
idcref0 − idcrefτ

TDC

. � (A.24)

In general, the DC reference current is given by

idcref0 =
pref

vdcref

− Δvdckdc +
1.0 + Δvdc

rdc

+
Δpcf

vdcref

. (aux.) (A.25)
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The power difference between the converter and PCC is determined by

Δ ṗcf = (Δpc − Δpcf)ωf, (A.26)

with

Δpc = vΔθcd iΔθcd + vΔθcq iΔθcq −
(
vΔθd iΔθd + vΔθq iΔθq

)
. (aux.) (A.27)

The voltage vd, vq, vcd, vcq as well as the currents id, iq, icd, cq are transformed into a local

dq-coordinate system by the droop angle Δθ

vΔθd = vd · cos(Δθ) + vq · sin(Δθ), (aux.) (A.28)

vΔθq = vq · cos(Δθ) − vd · sin(Δθ), (aux.) (A.29)

iΔθd =
vΔθ

d

rload

+
vΔθq

xload

, (aux.) (A.30)

iΔθq =
vΔθq

rload

− vΔθ
d

xload

, (aux.) (A.31)

iΔθcfd =
vΔθq

xcf

, (aux.) (A.32)

iΔθcfq = −
vΔθ

d

xcf

, (aux.) (A.33)

iΔθcd = iΔθcd − iΔθcfd, (aux.) (A.34)

iΔθcq = iΔθcq − iΔθcfq. (aux.) (A.35)
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A.3 Eigenvalue analysis of DADS model with SECM-1

To calculate the eigenvalues λi = σi + jωi, the steady-state values from the simulation

in Section 4.5 at t = 0 s and at t = 4 s are taken. The results in Fig. A1 show that all

eigenvalues remain in the left half-plane, revealing that the GFM converter is stabilised by

SECM-1. The main difference is that under current limiting some eigenvalues become zero.

This means that the system does not have a unique equilibrium point, but an equilibrium

subspace [120]. This means for this grid that for example for Δθ � 0 and Δθ̇ = 0 other

steady-state frequency deviations could be present for such an equilibrium.

Figure A1: DADS eigenvalues under normal and current limitation conditions

Table A5: List of the DADS eigenvalues with and without current limitation

Eigenvalue Corresponding state without AC current lim. with AC current lim.

λ1 xid -31.417 - j0.15439 -31.5

λ2 xiq -31.417 + j0.15439 -30.73

λ3 xvd -21.249 - j144.2 -24.508 - j141.94

λ4 xvq -21.249 + j144.2 -24.508 + j141.94

λ5 xvdroop -2.2275 -1.616

λ6 pf -1.8738 - j0.14723 -1.3154

λ7 Δθ -1.8438 + j0.14723 0

λ8 Δvdc -1.6133 0

λ9 Δidcrefτ -0.4978 0

λ10 Δpcf 0 0

λ11 qimax 0 0

λ12 qidcmax 0 0
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B Additional information about the modelling of
power electronic loads

In this appendix, additional information about the measurement and modelling of power

electronic loads from Chapter 5 is given. First, additional information about the phasor

load model is given in Section B.1. Second, in Section B.2 additional information about

the laboratory setup, the EMT load models as well as some extra measurements are presen-

ted.

B.1 Inclusion of the phasor power electronic load model
into transient stability programs

First, the inclusion of the phasor power electronic load model into transient stability pro-

grams is outlined. Afterwards, in Section B.1.1 the function to calculate the switch-on time

for the phasor load model with Cardano’s formula is presented.

Next, a general inclusion of the phasor power electronic load model into a time-domain

simulation, based on the flowchart given in Fig. B1, is presented. The implementation

starts with an iterative procedure between the power flow of the grid and the initialisation

of the power electronic load model, due to its voltage-dependent power consumption. At

the beginning of each iteration of the time-domain simulation, tmod is calculated over the

modulo function of the current simulation tsim and the duration of a half-cycle T/2. With

tmod it is thus possible to determine the current point in time of the half-wave. Here, it

is assumed that this ’fictional’ half-wave (due to the phasor simulation) also starts at the

beginning of the simulation. Next, tsum is formed, which represents the sum of its last value

tsum−1 and the deviation between the current time step tsim and last time step tsim−1. Through

tsum it can be determined if the accumulation of the last time steps is greater than T/2 and

thus if a new half-wave has started or not.

In general, the implementation can be divided into two parts. In part one it is first checked,

if a new half-wave has started or not. If a new half-wave has started, the declined capacit-

ance voltage voff,T/2 at the beginning of this half-wave is calculated (cf. (5.12)). Here, it is

distinguished whether in the half-wave before the capacitance voltage coincided with the
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Figure B1: Flowchart of the PE load model for the inclusion in transient stability simula-

tions
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grid voltage or not, which is checked by the previous switch-on time ton−1. If no coincid-

ence has occurred before, voff,T/2 has to be calculated over a complete half-wave with its

previous value voff,T/2−1, as it has decreased much more (cf. Fig. 5.3 at t = 0.05 s or 0.06 s).

In this part also the flag half-cycle is set to pass on the information of a new half-wave, since

tsum is previously reset. In the second part, ton and toff are calculated on the basis of the cur-

rent voltage Û0 and voff,T/2 from part one. Here, ton and toff are always calculated if a new

half-wave has started. They are also recalculated during the half-cycle if the current point in

time tmod is before their occurrence. To determine if they have already occurred, their value

from the last time step is used. For example, if tmod is currently between ton−1 and toff−1,

only toff is recalculated, because ton−1 was already before (cf. Fig. 5.3 for tmod = 4 ms at

t = 0.014 s). In the case that no coincidence happened before, ton−1 is negative. In the end,

the RMS values of the current are calculated and given to the simulation program. After

the integration step, the grid voltage Û0 and the simulation time are updated. Furthermore

the calculated values of ton, toff, tsum and voff,T/2 from the current iteration are taken into the

subsequent iteration as previous elements ton−1, toff−1, tsum−1 and voff,T/2−1.

B.1.1 Function for calculating the switch-on time with Cardano’s
formula

First, a comparison between the approximated squared sine function and the original func-

tion is presented, which is needed for calculating the switch-on time ton. As can be seen

in Fig. B2, the approximated function matches the original function inside the region of

interest very well. In addition, as x4 is negative, the approximation function goes negative

after π/2, which is preferred to determine if the rectified voltage hits the grid voltage.

Figure B2: Comparison between the squared sine function and its approximation function
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The following Julia code is for realising the function fton including Cardano’s formulas

from section 5.4. Different to Fig.5.12, here also pdc and cdc are taken as an input. However,

as these are constant parameters, they do not change during a simulation. Yet, they could

change between the simulations, which is why they are included here as inputs. In addition,

note that for the case where delta is less or greater than zero, an additional if-statement is

included to avoid solutions greater than 5 ms, which would imply a switch-on after the

voltage peak.

f u n c t i o n fon ( V0 , voffT2 , Pdc , Cdc )

x1 = 0.004517042542168

x2 = −0.084973441092720

x3 = 1.367157627046003

x4 = −0.580239811988436

w = 100* p i

A = V0^2*w^3* x4

B = V0^2*w^2* x3

C = V0^2*w*x2 + 2* Pdc / Cdc

D = V0^2* x1 − vof fT2 ^2

# Cardano ’ s f o r m u l a

p = (9*A*C−3*B ^ 2 ) . / ( 9 *A^2)

q = (2*B^3 −9*A*B*C + 27*D*A^ 2 ) . / ( 2 7 *A^3)

d e l t a = ( q / 2 ) ^ 2 + ( p / 3 ) ^ 3

t o n = −1.0

i f d e l t a > 0

u = Complex (−q /2+ s q r t ( d e l t a ) ) ^ ( 1 / 3 )

v = Complex (−q /2− s q r t ( d e l t a ) ) ^ ( 1 / 3 )

x1 = u+v− B / ( 3 *A)

t o n = r e a l ( x1 )

i f t o n > 0 .005

t o n = −1.0

end
e l s e i f d e l t a == 0 && p == 0

x2 = − B / ( 3 *A)

t o n = r e a l ( x2 )

e l s e i f d e l t a == 0 && p != 0

x1 = 3*q / p− B / ( 3 *A)

x23 = −3*q / ( 2 * p)− B / ( 3 *A)
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t o n = r e a l ( x23 )

e l s e i f d e l t a < 0

tmp = 1 / 3 . 0 * acos (−q / 2 . 0 * s q r t ( −2 7 . 0 / ( p . ^ 3 ) ) )

x1 = − s q r t ( −4 /3* p ) . * cos ( tmp+p i / 3 ) − B / ( 3 *A)

x2 = s q r t ( −4 /3* p ) . * cos ( tmp ) − B . / ( 3 * A)

x3 = − s q r t ( −4 /3* p ) . * cos ( tmp−p i / 3 ) − B . / ( 3 * A)

t o n = r e a l ( x1 )

i f t o n > 0 .005

t o n = −1.0

end
end
return t o n

end

B.2 Laboratory: Load data and additional
measurements

This section provides additional information on the power electronic loads and laboratory

equipment. First, the load and transformer data which have been used in the laboratory

are given in Section B.2.1. Second, in Section B.2.2, an example is given of the distorted

voltage of the power amplifiers during current limitation. This is followed by the determ-

ination of grid impedance values for power response measurements in Section B.2.3. The

corresponding measurement results are given in Section B.2.4. In Section B.2.5 the meas-

ured impact of the EMI filter on power response is shown. In the end, a detailed description

of the general component design of power electronic loads is given in Section B.2.6.

B.2.1 Load and transformer data

Table B1: Technical data of the measured power electronic loads

Label # Phases PFC Pdc (W) measured cos(ϕ) Vdc (V)

PEL-1 1 none 60 0.967 (cap.) 29.4

PEL-2 1 passive 230 0.937 (ind.) 12

PEL-3 1 active 360 0.996 (cap.) 390

PEL-4 3 passive 3000 0.989 (ind.) 300
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Table B2: Electrical parameters of the laboratory transformers

1+2 Winding

resistance

1+2 Leakage

inductance

Iron

resistance

Primary

inductance

B (1ph) 0.311Ω 0.472 mH 225.11Ω 1.29 H

C (3ph)

a: 0.082Ω

b: 0.079Ω

c: 0.080Ω

a: 0.221 mH

b: 0.226 mH

c: 0.223 mH

a: 192.39Ω

b: 532.39Ω

c: 203.09Ω

L1: 1.25 H

L2: 2.45 H

L3: 1.27 H

Table B3: Electrical and base values of the power electronic EMT models (note that vtrip

is based on the peak voltage of vbase. *Minimal value of load resistance Rdc is set to 65%

of base impedance)

Label xCdc xLd vtrip Vbase Pdc

PEL-1 0.058 pu - 0.0 pu 230 V 60 W

PEL-2 0.06 pu 0.034 pu 0.65 pu 230 V 230 W

PEL-3 0.1 pu 0.0007 pu 0.1 pu 230 V 360 W

PEL-4 0.361 pu 0.01247 pu 0.0 pu * 230 V 3000 W

Table B4: Electrical values of the phasor and EMT PEL-1a model

Label cdc xLd vtrip

PEL-1a 1
0.036·100π

≈ 0.088 pu - 0.0 pu

VV t

V t

V  

I t
T

K

K

f

V  

K

f

K
T

K
K

Figure B3: Controller of boost converter for active PFC of PEL-3
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B.2.2 Distortion of power amplifier voltage due to current limitation

Fig. B4 shows an example of the distorted voltage of the power amplifiers, due to their

internal current limitation. As can be seen, the voltage distortion of the three-phase load

PEL-4 is much more severe than that of PEL-2. The reason is that PEL-2 would only

slightly violate the current limitation value, whereas PEL-4 would lead to much higher

currents. This also explains the more significant deviation of the PEL-4 model from its

measurements.

Figure B4: Examples of measured distorted power amplifier voltage due to internal cur-

rent limitation after Δv = 1.0 pu
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B.2.3 Determination of grid impedance values for power response
measurements

This section describes how to determine the values of the laboratory grid impedances in

order to measure their impact on the power response of the loads. The values of the grid

resistance Rgrid and grid inductance XL,grid are chosen according to two objectives. The first

objective is that the approximate voltage drop from the source to the load should be around

10 % at steady-state so that the loads operate at their lower voltage band. Therefore, a rated

grid impedance zgrid of 0.1 pu is needed, which can be expressed as follows

zgrid =
Zgrid

Zbase

=
Zgrid

V2
base

Pr

= 0.1 pu. (B.1)

The second objective is that the ratio between inductance and resistance shall reflect the

conditions that are usual in low-voltage grids. Here, a value around 0.4 is chosen. There-

fore, this second condition has to be met

XL,grid

Rgrid

= 0.4. (B.2)

These equations can be coupled by calculating the magnitude of the grid impedance Zgrid

Zgrid =
√

X2
L,grid
+ R2

grid
. (B.3)

By inserting (B.2) and (B.3) in (B.1), the corresponding values for resistance and induct-

ance of each power electronic load can be calculated. Tab. B5 shows the actual values that

are used for the measurements. Overall, the real values are close enough to the targeted

values. It has to be noted that for PEL-4 no sufficient grid impedances are available at the

laboratory, due to the high current requirements. For this reason, the measurements in the

next section are carried out for PEL-1 to PEL-3 only.

Table B5: Grid impedance values for each power electronic load

Label Rgrid Lgrid XL,grid zgrid
XL,grid

Rgrid

PEL-1 81.4Ω 107.73 mH 33.84Ω 0.100 pu 0.416

PEL-2 22.8Ω 29.71 mH 9.33Ω 0.107 pu 0.409

PEL-3 14.4Ω 20.81 mH 6.54Ω 0.108 pu 0.454
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B.2.4 Impact of high grid impedance on power response

The impact of a high grid impedance on the power response of the power electronic loads is

analysed in the following. The background to this is that in voltage-critical situations, high

power often flows from a generation centre to a load centre, with heavily loaded lines in

between. As a result, a high voltage drop occurs across these lines, resulting in a reduced

voltage at the load side. From the point of view of the load, this can also be seen as a

high grid impedance between load and generation. A detailed description of how the grid

impedances are selected for each load is given in the previous section.

Fig. B5 displays the comparison of the active and reactive power behaviour between the

measurements without (which are the previous measurements) and with the grid imped-

ance marked by a (g). The legend entries for PEL-1 are also valid for PEL-3, whereas for

PEL-2 only the legend for the simulation with the grid impedance of PEL-1 is used As can

be seen from the measurements, the grid impedance has a strong influence on all power

responses. Furthermore, the current limit of the power amplifier is never reached in all

measurements with the grid impedance, as the grid inductance limits the rising current. A

major change is seen in the greatly reduced power consumption during voltage recovery.

This is partly because the inrush current is limited, but also because there is a large voltage

drop across the grid impedance, reducing the voltage at the load. Looking at PEL-1, the re-

active power changes from capacitive to inductive for almost the entire time. This includes

its steady-state reactive power consumption. This can be explained by the fact that the cur-

rent now has a significantly larger phase shift due to the relatively large grid inductance.

However, this is not the case for the reactive power of PEL-3, which is more capacitive.

One reason for this could be that in this case the grid inductance only serves as a larger

storage for the active PFC controller. For active power, however, the pre- and post-fault

values are always at rated power for all loads. In the case of PEL-1 for Δv = 0.8 pu and

Δv = 1.0 pu, the load disconnects after voltage recovery but reconnects after one second,

which is not shown here. It can also be observed that the loads are more often unable to

recover their active power during the fault or disconnect earlier. This is probably due to

the DC/DC converters reaching their limits earlier due to the lower voltages. It can be con-

cluded that the high power consumption during voltage recovery is significantly reduced

and that power recovery during the fault is not as frequent as before. These measurements

also reveal that reactive power in particular is dependent on the grid impedance, even at a

steady state. In addition, the grid impedance can be characterised not only by the voltage

drop it causes but also by its inductance dynamics and the resulting current phase shift. If
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Figure B5: Comparison between the measured active and reactive power response for no

and high grid impedance (measurements with grid impedance are marked with a (g))

the characteristics of the power electronic loads were dominated only by the voltage mag-

nitudes, similar characteristics should have been observed from the earlier measurements.

Since the observations made here show dynamics faster than the fundamental frequency,

and the interactions between the system impedance and the load can only be adequately

described by the differential equations of inductances and capacitances, it is concluded that

EMT models should be used for these loads.

In addition to the grid impedance, the effect of the EMI filter on the power response is also

analysed. The results can be found in the next section.
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B.2.5 Impact of EMI filter on power response

Next, the impact of the grid side EMI filter of the power electronic load on the power

response is analysed. For this, an additional measurement is carried out where the EMI

filter of PEL-3 is unsoldered. Generally, the EMI filter shall attenuate high-frequency noise

which is emitted by the load, but also to protect the load from high grid harmonics [144].

The filter circuit is illustrated in Fig. B6, where the inductance is a common mode choke.

Fig. B6 also shows the power response of PEL-3 with and without the EMI filter. As the

results indicate, the filter has nearly no influence on the fundamental active component. For

reactive power, only small differences can be seen. For example, the steady-state reactive

power consumption decreases from 26.5 VAr (cap.) to 12.5 VAr (cap.), which results in a

higher power factor from 0.997 to 0.999. As can be seen by these numbers, the impact of

the filter is almost negligible. In addition, the reactive power evolution during and after the

voltage drop is slightly different, but the influence is also small. For this reason, it can be

concluded that the EMI filter has a negligible impact on the fundamental power response

and can therefore be neglected for modelling, although this leads to small errors within the

reactive power.

0.47 F 0.47 F
5 mH

2 x 2.2 nF

L
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PE
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p/pu 
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Figure B6: EMI filter design and comparison of measured active and reactive power re-

sponse for PEL-3 with (w) and without (w/o) EMI filter (own illustration, EMI filter cir-

cuit based on [144])

B.2.6 Component design of power electronic loads

For most SMPS loads, the design of the smoothing capacity Cdc depends on the rated

power, the voltage input range and the hold-up time. The following equation can be used
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to calculate the needed capacitance [92]

Cdc =
2 · Pr · thold

η · (V2
nom − V2

min
)
. (B.4)

Here, the time thold is the hold-up time and describes how long the capacitance can supply

the load, in case of an undesired disconnection from the grid. A typical value is 23 ms

which is also the main criterion in sizing this capacitance [92]. The parameter η is the

efficiency of the load, Vnom is the nominal phase to ground RMS voltage and Vmin is the

minimum input voltage at which normal operation shall be possible for the load. Fig. B7

shows typical values of Cdc depending on the rated power Pr with thold = 23 ms, η = 95 %,

Vnom = 230 V and Vmin = 150 V (values taken from [92]). If these values are related by

Vnom and Pr, a per unit impedance xCd for Cdc can be calculated

xCd =
1

Cdc · 2π · 50 Hz
· Pr

V2
nom

≈ 0.036 pu. (B.5)

With this value, the capacitance Cdc can be calculated for a different base power and base

voltage, e.g. for a specific load.

Similarly, a per unit value can be calculated for the filtering induction Ld, which is here

for passive PFC. The aim of the inductor Ld is to reduce the load current harmonics.

Therefore, its sizing aims to meet the harmonic limits for class D devices of the IEC norm

61000-3-2 [160]. Here, class D devices range from 75 W to 600 W. As the harmonic limits

depend on the rated power of the device, a per unit value for Ld is also possible. In [92]

the following per unit impedance xLd has been determined for which the harmonic class D

limits are met

xLd = 2π · 50 Hz · Ld · Pr

V2
nom

≈ 0.03 pu. (B.6)

Values of Ld meeting this requirements are also presented in Fig. B7 as a function of the

rated power. As for loads smaller than 75 W no harmonic limits are specified, there is also

no need for a filtering inductance and thus no PFC.

For active PFC, the sizing of Ld is a bit different since its primary function is now to

work as temporary storage of the current Id(t) of the boost converter. In the following,

the dimensioning process is made using the example of the design of load PEL-3 [150]

and is, therefore, consistent with the modelling of this circuit. It should be noted here

that other manufacturers may design the active PFC slightly differently, depending on the

underlying design goals, e.g. continuous or discontinuous current mode [161, 162]. Here,
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Figure B7: Sizing of smoothing capacitance Cdc to meet 23 ms hold-up time and filter

inductance Ld to meet class D limits (own representation, based on [92])

the inductance Ld can be calculated by the following equation [150]

Ld ≥ Vnom · D(1 − D)

Iripple · fs
. (B.7)

In the above equation, D is the duty cycle (which is assumed here as 0.5 for the worst case),

Iripple the ripple current and fs the switching frequency. The inequality of the equation

means that Ld should be at least as high as the right-hand side of the equation. The current

ripple can be estimated by the following formula, where it is assumed that it is around 40 %

of the maximum RMS input current

Iripple = 0.4 ·
√

2 · Pr

η · Vg,min · PF
. (B.8)

To calculate the current ripple, values for the efficiency η, the minimum RMS input voltage

Vg,min and the power factor PF have to be specified. As these values are design parameters

for the active PFC, no further information can be given here. However, in [150] actual

values for these parameters for PEL-3 are provided. The switching frequency fs is also

assumed there. For active PFC, the calculation of Cdc is the same as in (B.4). To model

the active PFC stage or boost converter, an additional switch and one or two diodes are

necessary (see Fig. 5.10).
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To realise the active PFC, the MOSFET has to be controlled regarding two control tar-

gets [151] (see Fig. B3). First, the voltage Vdc(t) is regulated to the reference value Vdc,ref

over a PI-controller. This reference is higher than the peak grid voltage, as a boost con-

verter stage is used. Second, the current Id(t) is controlled in a way that it should take on

the temporal course of the grid voltage. As a result, the load current and grid voltage are in

phase and thus the power factor decreases to a small value. In some applications, additional

current control can also be used [151], but is omitted here, due to simplicity. Besides, an

additional first-order lag is used to filter high harmonics of the measured grid voltage. Note

that the time constant should not be too large in order to avoid a phase shift to the grid

voltage. The gain Kpu is set according to the reciprocal peak value of the grid voltage V̂g.

For three-phase passive PFC loads, the sizing of the capacitance Cdc and inductance Ld is

different, compared to single-phase passive PFC devices. On the one hand, the rectified

voltage Vd(t) is larger by a factor of
√

3 and the capacitor Cdc is charged more often per

period. On the other hand, the harmonic limits for three-phase loads can vary greatly,

depending on their application. In IEC 61000-3-2 symmetrical three-phase loads with a

rated current per phase smaller than 16 A are class A devices, if they do not belong to

another class [160]. For phase currents greater 16 A and lower 75 A, IEC norm 61000-3-12

has to be applied [163]. If the load is an adjustable speed drive and does not belong to

IEC 61000-3-2 or IEC 61000-3-12, the harmonic limits are specified by IEC norm 61800-

3 [164]. However, if the three-phase load is used as ’professional equipment’ with a rated

power greater than 1 kW no specific harmonic limits are specified [160]. Here, PEL-4 falls

into this last category, as this DC power supply is mostly used in a laboratory environment.

This assumption is supported by the fact that measurements from PEL-4 show that under

normal conditions the current contains harmonics from the 5th and 7th order which are 2.5

times higher than the respective harmonic limits (cf. Fig. B4 of PEL-4 before t = 0.04).

Therefore, the PEL-4 inductance has not to be selected to meet these limits and the device

can be classified as professional equipment. It can be concluded that for three-phase loads

the sizing of Ld and Cdc are individual and must be considered per device. For that reason,

no further specifications can be made here. For those who are interested to know how the

sizing is done for adjustable speed drive loads, the reader is referred to [148] and [96].

212



C Parameters of the aggregated Nordic system

Table C1: Technical data of ANS (partly based on [153])

Parameter Value

S base 8000 MVA

Vbase 400 kV

|v
0
| 1.05427507825 pu

z
g

0.0757040985049529 + j0.8622967163531461 pu

xL,aggregated j0.874274 pu

raggregated 0.15701275 pu

xC/2,aggregated 16.331917372392102 pu

xL,original 4.0 pu

roriginal 0.48 pu

xC/2,original 66.73161833378876 pu

QC1 -600 MVAr

QC2 -850 MVAr

PL 7580 MW

QL 2243.7 MVAr

kP(PLL) 92 pu

kI(PLL) 4255.3 pu

Table C2: Technical data of transformers within ANS (partly based on [153])

Name S base VHV VLV uk R/X
T1 8000 MVA 1.05·400 kV 130 kV 0.12 pu 0

T2 5300 MVA 1.05·130 kV 15 kV 0.15 pu 0

T3 8000 MVA 130 kV 20 kV 0.11 pu 0

Table C3: Technical data of OLTC (T3) within the ANS (taken from [153])

min. tap max. tap initial tap Δv vref deadband τ

0 20 6 0.01 pu 1.0 pu ±0.01 pu 10 s
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Anhang C: Praktische Anwendung

Table C4: Technical data of synchronous generator within ANS (taken from [153])

Parameter Value

S base 5300 MVA

Pref 4440 MVA

H 6 s

D 0

xl 0.15 pu

ra 0 pu

xd 2.2 pu

xq 2.0 pu

x
′
d

0.3 pu

x
′
q 0.4 pu

x
′′
d

0.2 pu

x
′′
q 0.2 pu

T
′
d0

7 s

T
′
q0 1.5 s

T
′′
d0

0.05 s

T
′′
q0 0.05 s

S 10 0.1 pu

S 12 0.3 pu

Kis 0 pu

Table C5: Control parameters of automatic voltage regulator (AVR) and power system

stabiliser (PSS) (mostly based on the values of generator G6 in [153])

Parameter Value

ifd,lim 3.0618 pu

vref 1.0 pu

L1 -20 pu

L2 5 pu

G1 120 pu

G2 10 pu

Ta 5.0 s

Tb 12.5 s

f 0 pu

r 1 pu

C 0.1 pu

T1 0.22 s

T2 0.012 s

Tw 15 s

kp 75 pu
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