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Abstract
Process forces are an integral characteristic for the evaluation of machining operations, which can be calculated using, for 
instance, empirical models. An adequate prediction is essential, especially as it provides input data for subsequent models, 
e.g., for stability analysis of milling processes. However, the calibration of force model coefficients is not unambiguous and 
may have multiple local optima, which can significantly affect the accuracy of the approximation of the cutting forces. In 
this context, the selection of experiments used for calibration is crucial to obtain adequate results. In this paper, a systematic 
analysis of the selection of the required calibration experiments and the influence of the resulting parametrization of the 
coefficients on the predicted milling forces and the stability limit was conducted.Based on the results, designs of calibration 
experiments could be identified, with which the influence of varying undeformed chip thicknesses could be represented 
adequately. By applying these force model parameterizations for stability analysis, an improvement in the prediction of 
stability limits was achieved.
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1  Introduction

The analysis of process forces is essential for the evaluation 
of machining processes such as milling. For the prediction 
of these forces, different models [1], such as analytical [2], 
empirical [3] or mechanistic ones [4], can be used. While 
analytical models are based on the mechanics of the chip 
formation process [5], the calibration of empirical models 
requires the conduction of machining experiments [1], which 
are specific to each tool-workpiece combination [6]. For this 
purpose, only a few process scenarios are typically used, 
which are defined by a specific axial and radial depth of cut. 
However, the identification of the cutting force coefficients is 
not unambiguous and may have multiple local optima [6]. In 
this context, the influence of different engagement scenarios 

on these coefficients [7] and the number of experiments 
used for calibration were investigated [8]. However, the 
influence of this parametrization on subsequent models, 
e. g., for the prediction of process stability [1], was not dis-
cussed. Furthermore, the occurrence of uncertainties, for 
example in measurement data [9], affects the accuracy of 
the models [10]. For instance, the presence of noise in force 
measurements can significantly influence the calibrated 
force coefficients depending on, e.g., the magnitude [8]. 
Hajdu et al. [11] included uncertainties of up to 10 % for 
the force coefficients used, which resulted in a more reli-
able prediction of the stability border. Since the predicted 
process forces, which are influenced by the selected cutting 
force coefficients, have a direct influence on the calculated 
stability limits [12], a systematic analysis of the design of 
the calibration experiments and the influence of the result-
ing parametrization of the force coefficients on the predicted 
stability limit is needed.

In order to address these challenges, the influence of the 
cutting force coefficients on the calculated process forces 
was systematically analyzed for linear path milling opera-
tions. For this purpose, an extensive database of measure-
ments of different scenarios was generated in a full facto-
rial experimental design in terms of the defined parameter 
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range of the axial and radial engagement. As a result of the 
analysis, recommendations could be made for the considered 
use case regarding the amount and configuration of the cali-
bration experiments. For instance, the consideration of sets 
consisting of at least four calibration experiments represent-
ing a broader range of engagement scenarios improved the 
prediction of the process forces and, based on this, of the 
stability limits. Especially scenarios with a radial depth of 
cut larger than the tool radius and sets with a balanced strat-
egy ratio (combination of up- and down-milling processes) 
led to a more accurate calibration of force coefficients. In 
contrast, calibrations using an insufficient choice of only a 
few engagement scenarios resulted in an underestimation of 
the stability border, as the influence of varying undeformed 
chip thicknesses was not adequately represented in the force 
parametrization.

2 � Model‑based prediction of process forces

A nonlinear empirical force model [13] was applied to pre-
dict the resulting process forces. It is particularly suitable 
for modeling the forces for machining processes with inter-
rupted cuts such as milling [3]. In this model, the unde-
formed chip thickness hcu and segment width w of the con-
sidered cutting edge were used to determine the resulting 
forces

with i ∈ {c, n, t} and h0 = 1mm . The coefficients ki and 
mi were calibrated for the force components in cutting (c), 
normal (n) and tangential (t) direction of the cutting edge, 
respectively. This set of coefficients was determined based 
on a regressive analysis of the measured process forces for a 
specific tool-workpiece combination [6]. The empirical force 
model in Eq. (1) is used, as implemented in the simulation 
system [14], which was applied for the calculation of stabil-
ity diagrams (cf. Sect. 3). However, an investigation on the 
sensitivity of force coefficients is also feasible with differ-
ent force models. In the following, the model-based predic-
tion of process forces including data acquisition (Sect. 2.1), 
data selection (Sect. 2.2), force model calibration (Sect. 2.3) 
and the assessment of the determined force parameter sets 
(Sect. 2.4) are presented. 

2.1 � Data acquisition from process force 
measurements

In order to systematically analyze the variability and validity of 
force parameter values, an extensive database of measurements 
of different scenarios defined by the radial and axial depth of 

(1)Fi = w ⋅ ki ⋅ h0 ⋅

(

hcu

h0

)(1−mi)

cut as well as the milling strategy (up- and down-milling) was 
generated. For this purpose, a full factorial design was applied 
in terms of the defined parameter range of the axial and radial 
engagement listed in Table 1. To investigate the effect of 
model calibration, three different materials (low-alloyed steel 
42CrMo4 (AISI 4140) in a heat-treated state, the titanium alloy 
TiAl6V4 (Titan Gr. 5, AMS 4928) and the aluminum alloy 
(Al7075 T6) were examined. An overview of the selected tools 
consisting of cemented carbide can be found in Table 2. These 
experiments were conducted on a five-axis machining center 
(DMG Mori, type DMU 50). The specimen were mounted 
on a dynamometer (Kistler, type 9257B). The experiments 
consisted of stable cutting processes which is essential for the 
calibration of conventional force models [15]. Each scenario 
was carried out using an up- and down-milling strategy. The 
spindle speeds for machining 42CrMo4 and TiAl6V4 were 
chosen within the range recommended by the tool manufac-
turer. The spindle speed for machining Al7075 was selected 
based on the dynamic transfer function of the dynamometer, 
which was measured using an impact hammer (Brüel & Kjær, 
type 8206-002) in order to avoid severe dynamically affected 
force signals (cf. Fig. 1). Force components that occur at the 
spindle frequency fs , its double, i.e. the tooth engagement fre-
quency, or its triple are close to a transfer factor of one. Dur-
ing the machining of 42CrMo4 and TiAl6V4, the tool was 
monitored to avoid significant wear-related influence on the 
cutting forces by comparing the process forces with a reference 
process in the initial state of the tool.

2.2 � Determination of suitable time intervals 
for model calibration

In order to determine an appropriate section of the measured 
force signal for the calibration of the model coefficients, the 

Table 1   Process configurations for the specific materials examined 
with the respective number of experiments

Material Exp. n (RPM) ae (mm) ap (mm)

Al7075 100 11,250 [1.0; 10.0] [0.5; 4.0]
42CrMo4 72 3660 [1.0; 10.0] [1.0; 3.0]
TiAl6V4 120 1592 [0.5; 10.0] [0.5; 3.0]

Table 2   Tool properties (number of teeth z, diameter ø, helix angle 
� , rake angle � and corner radius rc ) and workpiece materials used for 
calibration experiments

Material z ø (mm) � � rc (mm)

Al7075 2 10 40◦ 18◦ –
42CrMo4 4 10 45◦ 10◦ 0.5
TiAl6V4 4 10 45◦ −20◦ 0.5
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quality of the signals was evaluated. Due to non-stationary 
engagement situations, the beginning and end of the meas-
ured time series of the tool engagements were unsuitable 
for the calibration of the force model. Variations of process 
forces can also occur during stationary engagement situa-
tions as a result of superimposed vibrations due to the ini-
tial excitation of the tool. To account for this and assess 
the local signal quality, the measurements (Fig. 2a) were 
evaluated using a window-based analysis. For each meas-
ured tooth engagement, the variance � and covariance � for 
a window of consecutive tooth feeds were determined for 
x- and y-direction, where a window size of 30 tooth engage-
ments was sufficient. For calibration, a tooth engagement 
with a high covariance and a low variance value was selected 
(Fig. 2b, orange line). To account for slight variations due to 
the runout of the tools, a set of tooth feeds for one tool rota-
tion was extracted for each measurement (Fig. 2c).

2.3 � Calibration of the force model

Based on the selected measurement data (cf. Sect. 2.2), 
the coefficients ( ki,mi ) of the force model in Eq. (1) 

were determined using regression analysis. For this pur-
pose, an iterative optimization approach using the least 
squares fitting method with randomized starting values 
was applied [6]. One set of coefficients was determined 
for each individual calibration experiment. As depicted 
in Fig. 3a for the use case of aluminum, these coeffi-
cients can deviate from one another, which highlights 
the ambiguity of the parameters. In order to evaluate the 
variability of the parametrization of the force model, a 
regression analysis was also carried out using 455 sets 
for aluminum, which consisted of different scenarios with 
varying process parameter values (cf. Sect. 2.1). Thus, 
force model coefficients were determined for a varying 
number of measurements based on a randomized selec-
tion of the measured force signals. As can be seen in the 
decrease of the envelope area defined by the blue lines 
(Fig. 3), the model shows less variation with an increasing 
number of scenarios. The calibration experiments were 
evaluated in the same way for the materials mentioned. As 
can be seen in Figs. 4 and 5, there existed an initial high 
variation, which converged to a smaller envelope area 
(blue line) as the number of scenarios increased. Here 
it should be noted that for each material, even with the 
highest number of scenarios considered, a variation in the 
resulting model parameter values can still be observed. In 
general, the shape of the envelope area determined using 
eight scenarios differed for the three different materials. 
In particular, the force models parameterized for machin-
ing Al7075 exhibited rather high values of kc and mn and 

f

Fig. 1   Transfer function of the dynamometer for each direction with 
spindle frequency fs and its harmonics

(a)

(b)

(c)

Fig. 2   a An exemplary force measurement during milling of the alu-
minum alloy Al7075 (ae = 4 mm, ap = 1 mm, n = 11,250 RPM, up-
milling). b Corresponding variance and covariance values calculated 
to select representative data (orange line) for model calibration. c 
Selected interval for further evaluation

(a) (b)

(c) (d)

Fig. 3   Visualization of determined model parameter values ( ki (N 
mm−2 ) and mi (–)) for machining Al7075 in polar coordinates based 
on sets of measurements consisting of a one, b two, c four and d eight 
different scenarios (red) and the envelope shapes (blue)
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small values of kt and mc compared to those calibrated for 
machining 42CrMo4 and TiAl6V4. This may be attrib-
uted to the shape of the milling tools used, especially 
the corner radius present. A detailed evaluation of the 
determined parameter values and their influence on the 
calculation of stability diagrams is described in the fol-
lowing for the aluminum use case.

2.4 � Selection and evaluation of parameter values

In order to evaluate the quality of the determined coeffi-
cients, the predicted process forces for the aluminum use 
case were compared to the measurements of all conducted 
experimental process configurations using the mean 
squared error (MSE). These experimental measurements 
correspond to the time points determined in Sect. 2.2. The 
sets of parameter values with their corresponding process 
configurations are illustrated in Fig. 6 and sorted accord-
ing to their respective error values (Fig. 6e). The configu-
ration of each set can be identified based on the depicted 
entries for each process characteristic ( ae , ap , strategy). 
For a set consisting of one scenario (cf. Fig. 6a, orange 
“x”), each of Fig. 6b and c shows one process configura-
tion. For sets consisting of, e.g., eight scenarios (cf. Fig. 6, 
blue triangle), the corresponding column in Fig. 6b and 
c contains eight entries. The “strategy ratio” in Fig. 6d 
indicates the ratio between the number of scenarios with 
up- and down-milling in one set. Based on this informa-
tion, recommendations can be established for the consid-
ered use case regarding the amount and configuration of 
the calibration experiments. For instance, force predic-
tions based on model coefficients that were parameterized 
using only single scenarios generally showed a higher 
MSE value compared to sets consisting of multiple sce-
narios (cf. Fig. 6, gray shaded area). Only a few of these 
scenarios based on a single measurement are located in the 
medium MSE range. This is especially the case for those 
scenarios where the radial depth of cut ae is larger than 
the tool radius ( r = 5mm ). In general, an increase in set 
size results in an enhanced over-all prediction of process 
forces, where sets consisting of four to five scenarios can 
already yield very low MSE values. In addition to the con-
sideration of larger radial depth of cut, an important char-
acteristic of these sets is a balanced strategy ratio towards 
an equal number of up- and down-milling processes. In 
the following, two sets were selected as examples for 
a more detailed discussion: The set with the best MSE 
value (Fig. 6, set A, Table 3), consisting of eight scenarios 

(a) (b)

(c) (d)

Fig. 4   Determined model parameter values for machining 42CrMo4

(a) (b)

(c) (d)

Fig. 5   Determined model parameter values for machining TiAl6V4

Table 3   Parameter values ki (N mm−2 ) and mi (–) for set A and B

Set kc kn kt

A 637.67 36.14 398.75
B 1131.33 353.76 421.70

Set mc mn mt

A 0.1631 0.6916 0.0001
B 0.0001 0.0001 0.0001
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(Table 4) and a set with a higher MSE value (Fig. 6, set 
B, Table 3), corresponding to a typical process configura-
tion for force calibrations ( ae = 2mm , ap = 3mm , down-
milling). In order to analyze the quality of these two sets, 
they were used to predict the cutting forces for a series 
of machining processes with varying process parameter 
values and compared to the corresponding force measure-
ments. In Fig. 7, the resulting forces of an exemplary tooth 
engagement ( ap = 3mm , up-milling) with different radial 
depths of cut are depicted. As expected, the prediction of 
higher depths of cut using parameter set B is insufficient 
since this range of the undeformed chip thicknesses was 
not considered in the calibration step. This will have a 
particular effect on the determination of the stability limit 
since deflections of milling tools can lead to a large vari-
ation of the chip thicknesses (cf. Sect. 3.2). 

(a)

(b)

(c)

(d)

(e)

Fig. 6   Depiction of 455 different sets for the aluminum use case 
characterized by their considered a number of scenarios, b axial and 
c radial depth of cut as well as d the ratio of up- and down-milling 

strategies. The sets are sorted by their e corresponding overall MSE 
value using logarithmic scale

Table 4   Set of different scenarios ( ae(mm), ap (mm), strategy (up- 
↑ and down-milling ↓)), for the parameter set A with the best MSE 
value

(10.0, 4.0, ↑) (2.0, 3.0, ↑) (8.0, 3.0, ↓) (5.0, 2.0, ↑)
(1.0, 1.0, ↑) (3.0, 1.0, ↑) (6.0, 1.0, ↓) (5.0, 0.5, ↓)

(a)

(b)

(c)

Fig. 7   Predicted process forces in a x-, b y- and c z-direction for one 
specific tooth feed using the model calibrations based on set A and set 
B (Fig. 6) for engagement scenarios with ap = 3 mm (up-milling)
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3 � Influence of varying force coefficients 
on the predicted stability limit

Due to the influence of the selected calibration scenarios 
on the quality of the force prediction, which in turn is the 
input for the calculation of the process dynamics, the influ-
ence of the calibrated coefficients on the prediction of the 
stability limit is discussed in the following. For this purpose, 
a geometric physically-based simulation system [14] was 
used for the determination of stability diagrams based on 
the calculated tool deflections. The dynamic compliance of 
the production system was represented using a set of uncou-
pled harmonic oscillator models, which can be parameter-
ized based on frequency response functions (FRF) [16]. 
The resulting deflection x were then obtained by solving the 
equation of motion of the form

The characteristics of an oscillator are described by its 
modal parameters, i.e., its angular frequency �0 , damping 
value � and modal mass m. Based on the calculated force F 
and the determined modal parameter values, the displace-
ment is calculated for each oscillator at any given time step 
ti . By analyzing the total deflection within the simulation 
system, the process stability can be evaluated and stability 
limits determined. To validate the predicted stability limits, 
milling experiments were conducted (Sect. 3.1). Based on 
this reference, a subsequent evaluation of the sensitivity of 
stability limits based on parameter sets with varying MSE 
values was performed (Sect. 3.2).

3.1 � Determination of stability limits

For the determination of the modal parameter values of 
the production system, the dynamic compliance at the 
tool center point (TCP) was evaluated. For this purpose, 
an automated impact hammer (Maul-Theet, type vIm-
pact-62), which allowed for a reproducible excitation of 
the relevant eigenfrequencies, and an accelerometer (Brüel 
& Kjær, type 4374) for measuring its response was used. 
To account for the influence of the rotating spindle on the 
dynamic compliance [17], additional FRFs were deter-
mined. Since the displacements could not be measured at 
the rotating cutting edges at the TCP, the measurements 
were conducted at the shaft (approx. 30mm above the 
TCP) of the rotating tool using a laser sensor (Blum-Novo-
test, type PSC), which determined the displacement based 
on the shading of the beam after excitations with the auto-
mated impact hammer. It should be noted that only modes 
within a frequency range of up to 4500Hz were identified 
in the measurements of the rotating tool and correlated to 

(2)ẍ(ti) + 2 𝛾 ẋ(ti) + 𝜔2

0
x(ti) =

1

m
F(ti, hcu(ti)).

the FRF of the non-rotating tool at the TCP. The dynamic 
compliance was analyzed for spindle speeds between 
n = [10,000;15,000] RPM with an increment of 1000 
RPM. The modal parameters of each identified mode were 
adjusted according to the determined correlation between 
these two measurement locations at the TCP and shaft to 
represent the compliance behavior for each measured rota-
tional speed. In order to take the speed dependency of the 
dynamic compliance for the prediction of stability limits 
into account, the modal parameter values were linearly 
interpolated between the selected speed increments within 
the considered spindle speed range. Modes above 4500 Hz 
were adopted from the FRF at the TCP of the non-rotating 
tool. For validation, experiments were conducted in which 
only the peripheral cutting edges were engaged in order 
to avoid the influence of the minor cutting edges on the 
process dynamics. For this purpose, the same process con-
ditions were applied (tool, machine tool, workpiece mate-
rial) as described in Sect. 2.1. To determine the stability 
limits, the radial depth of cut ae was varied, while the axial 
depth of cut was set to ap = 3mm . For stability evalua-
tion, the acoustic emissions of the process were recorded 
(PCB, type 130F20) and analyzed in the frequency domain 
to allow for an assignment of the eigenmodes involved. 
To minimize the influence of run-in effects of the mill-
ing tools used on the process dynamics [18], the tools 
were replaced on average after seven experiments with 
a cutting length of 50 mm each. Considering the spindle 
speed dependency of the modal parameters, the calculated 
stability limit (cf. Fig. 8a, “Sim. interpolated”) showed 
a higher correspondence to the experiments, particularly 
for spindle speeds between n = [12,250;14,000] RPM , than 
the limit “Sim. n = 0RPM ”, which was calculated based 
on the FRF measured at the TCP of the non-rotating tool. 

(a)

(b)

Fig. 8   a Experimentally determined and calculated stability limits 
based on parameter set A (cf. Table 3). The experimental results are 
assigned to the color of the corresponding mode. b Frequency spec-
trum of the modeled dynamic compliance present at the TCP of the 
tool with a colorization of each mode
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An overestimation of the process stability was present at 
spindle speeds of n = 10,500 , 12,000 and 14,000RPM . 
For these processes (red and purple dot), the modes were 
adopted from the FRF measured at the TCP since they 
were not present in the measurements taken during tool 
rotation. This may be the reason for the deviations of the 
stability limits. Processes that could not be assigned to 
a unique mode were labeled “inconclusive” (grey dots).

3.2 � Influence of different force parametrizations 
on stability limits

Based on the results of the evaluated process stability 
described in Sect. 3.1, the influence of the force parametri-
zation on the accuracy of the predicted stability limits was 
analyzed. For this purpose, a selection of sets with differ-
ent MSE values were used in order to initialize the force 
model of the geometric physically-based simulation. The 
variability of the predicted stability limits is depicted in 
Fig. 9 for different parameter sets for spindle speeds between 
n = [11,000;14,000] RPM . While the stability limits that 
were calculated using force parameter sets with smaller 
MSE values converged towards the limit calculated using 
set A with the best MSE value (black line), the predicted 
stability limit resulting from sets with higher MSE values 
diverged significantly. The largest deviation of the predicted 
limits of more than 3.5 mm was present at a spindle speed of 
n = 13,500RPM . Generally, the experimentally determined 
stability limit was underestimated when using parameter 
sets with higher MSE values. For parameter set B, which 
represents a conceivable scenario for force calibration, 
the calculated limit (red line) underestimated the experi-
ments in particular between n = [12,250;14,000] RPM . In 
addition to a shift of the predicted lobes, e.g., at approx. 
n = 12,500RPM , a different formation of the shapes of indi-
vidual lobes was also observed, especially at spindle speeds 
of n = 12,000RPM and 13,500 RPM. This effect could be 
caused by complex interactions of different modes and their 
respective response to varying force excitations.

4 � Conclusion and outlook

In this work, a systematic investigation of the selection of 
calibration experiments and its influence on the resulting 
force coefficient values as well as predicted stability limits 
was presented. Based on a database of force measurements 
of various process configurations, it was shown that espe-
cially predictions using force parameter sets, which were 
calibrated with at least four different experiments led to a 
better agreement with all considered engagement scenarios. 
These experiments should consist of processes with different 
radial and axial depths of cut and a balanced ratio of up- and 
downmilling strategies. In particular, scenarios with a radial 
depth of cut larger than the tool radius are beneficial, as a 
wider range of chip thicknesses is represented. Using these 
parameter sets, the prediction accuracy of stability limits 
could be improved. For sets with higher MSE values, an 
increased variability of the predicted stability limits was 
observed, with deviations of more than 3.5 mm and differ-
ently shaped lobes. However, using force parameter sets with 
lower MSE values led to an improved prediction of the sta-
bility limit. Therefore, the design of calibration experiments 
is essential for the parametrization of the force model and, 
thus, the analysis of process dynamics. In future studies, an 
additional statistical analysis of the results presented in this 
paper will be performed in order to specify the recommen-
dations made. In this regard, the analysis of more complex 
cutting tool geometries, e.g., with corner radius, is of interest 
with respect to the design of calibration experiments.
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