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Kurzzusammenfassung

In den letzten Jahrzehnten hat die modellprädiktive Regelung (MPC) herausragende
Ergebnisse in verschiedenen Anwendungsbereichen erzielt. Dieses Potenzial wird
jedoch häufig durch die Schwierigkeiten bei der Beschaffung eines regelungsorien-
tierten Modells eingeschränkt. Um dieser Herausforderung zu begegnen, werden in
dieser Dissertation fortgeschrittene Methoden zur datenbasierten Systemidentifika-
tion untersucht, wobei der Schwerpunkt auf nichtlinearer State-Space-Identifikation
und linearer Multi-Step-Identifikation mit deterministischen und probabilistischen
Modellen liegt. Die resultierendenModelle werden zur Formulierung von datenbasier-
ten nichtlinearen, ökonomischen und stochastischenMPC-Reglern verwendet.

Die nichtlineare State-Space-Identifikation mit neuronalen Netzen wird für Sys-
teme mit State-Feedback und Output-Feedback vorgestellt. Die Datenerfassung für
die Identifikationsaufgabe und die Formulierung des nichtlinearen MPC-Reglers mit
neuronalem Netzmodell wird mit der vorgestellten Open-Source-Software do-mpc
unterstützt.

Multi-Step-Modelle prädizieren finite Sequenzen eines dynamischen Systems.
Für lineare Systeme lässt sich die Multi-Step-Identifikation als lineare Regressions-
aufgabe lösen. In dieser Arbeit wird ein MPC-Regler mit identifiziertem Multi-Step-
Modell vorgeschlagen und der Ansatz mit der populären Methode Data-Enabled Pre-
dictive Control verglichen. Zusätzlich wird in dieser Arbeit für nicht-deterministische
SystemeeinprobabilistischerMulti-Step-Identifikationsansatzpräsentiert.Unteraus-
schließlicher Verwendung von aufgezeichneten Daten eines linearen Systems mit
Unsicherheiten führt die vorgeschlagene Methode zu einem stochastischen MPC-
Regler mit vorteilhaften Eigenschaften. Darüber hinaus werden die inhärenten Vortei-
le der Multi-Step-Identifikation gegenüber der State-Space-Identifikation für lineare
Systeme mit Messrauschen dargestellt. Es wird gezeigt, dass ein identifiziertes und
rekursiv ausgewertetes State-Space-Modell zu fehlerhaftenMulti-Step-Vorhersagen
führt, während das entsprechende identifizierte Multi-Step-Modell im Erwartungs-
wert unverfälscht ist.

Eine mögliche Erweiterung der vorgeschlagenen Methoden ist die nichtlineare
probabilistische Systemidentifikation unter Verwendung von neuronalen Netzen mit
Bayesian Last Layer. Als weiterer Hauptbeitrag führt der vorgeschlagene Trainingsal-
gorithmus zu einer verbesserten Vorhersagequalität der resultierenden Modelle. Die-
ser Beitrag ermöglicht den Entwurf von datenbasierten stochastischen MPC-Reglern
mit neuronalen Netzmodellen für zukünftige Arbeiten.
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Abstract

Over the last decades, model predictive control (MPC) has demonstrated exceptional
performance in control tasks across various domains. Unfortunately, this potential
is often limited by the challenge of obtaining a control-oriented model. To address
this challenge, this thesis explores advanced methods for data-based system iden-
tification, specifically focusing on nonlinear state-space identification and linear
multi-step identification with deterministic and probabilistic models. The resulting
models are used to formulate data-based nonlinear, economic and stochastic MPC
controllers.

Nonlinear state-space identificationwith neural networks is proposed for systems
with state-feedback and output-feedback. Sampling data for the identification task
and formulating the nonlinear MPC controller with neural network system model is
enabled by the introduced open-source software do-mpc.

Multi-step models predict finite sequences of a dynamic system. For linear sys-
tems, multi-step identification boils down to a tractable linear regression task. This
thesis proposes an MPC controller with identified multi-step model and compares
the approach with the recently popularized data-enabled predictive control method.
Additionally, for non-deterministic systems, this thesis introduces a probabilistic
multi-step identification approach. Using only recorded data of a noise-affected
linear system, the proposed method yields an output-feedback stochastic MPC con-
troller with favorable properties. Furthermore, the inherent advantages of multi-step
identification over state-space identification for linear systems with measurement
noise are demonstrated. It is shown that an identified and recursively evaluated state-
space model yields biased multi-step predictions, whereas the respective identified
multi-step model is, in expectation, unbiased.

A possible extension of the proposed methods is nonlinear probabilistic system
identification using neural networks with Bayesian last layer. Another major con-
tribution is the proposal of a novel training algorithm that enhances the predictive
distribution of the resulting models. This contribution enables the design of data-
based stochastic MPC with neural network models for future work.
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Chapter 1

Introduction

Human-caused climate change is the major challenge of the 21st century. Approxi-
mately 3.3 to 3.6 billion people are currently highly vulnerable to the effects of climate
change and all of humanity is facing adverse impacts, related losses and damages [1].
To mitigate these effects, it is imperative to rapidly reduce greenhouse gas emissions
and to accelerate the decline towards net zero [2]. A significant source of global
greenhouse gas emissions stems from electricity and heating (23% in 2019) and
can be mainly attributed to consumption in buildings (47%) and industry (43%) [2].
Reducing the consumption of energy and heating in these sectors is thus a pivotal
measure to combat climate change. An important element towards this goal are
advanced control systems for the efficient use of resources and energy [3]. Model
predictive control (MPC) is a promisingmethod for this task. In building systems, MPC
can reduce energy consumption between 10%-30% [3], [4]. Furthermore, MPC has
applications in the energy-intensive process industries [5] and power electronics [6],
[7], where the resulting improved operation can yield significantly higher energy and
resource efficiency.

1.1 Model predictive control

Model predictive control (MPC) is an advanced control method based on predicting
and optimizing the future behavior of the controlled system [8]. To this end, MPC
requires amathematicalmodel of the system, a control objective function that should
beminimized and additional safety and performance constraints. These components
form an optimal control problem that is solved repeatedly to yield the closed-loop
control actions. Importantly, MPC can be applied to nonlinear systems with multiple
inputs and outputs, and allows the introduction of constraints that naturally arise
in various control tasks. Furthermore, MPC is not limited to set-point tracking or
disturbance rejection, but can also directly incorporate economic control objectives.
The resulting controller, coined economic MPC [9], [10], can be employed, for example,
for building systems or in the process industries to directly minimize the energy
consumption, resource usage or emissions. The combination of economic control ob-
jectives, the consideration of nonlinear system behavior and the anticipatory control
actions are responsible for the desired improvements in performance and efficiency
of MPC controlled systems.
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CHAPTER 1. INTRODUCTION

The model to predict the future behavior of the controlled system is central to
every form of MPC. In practice, obtaining a system model of reasonable accuracy
can be a significant challenge and constitutes a major obstacle for the adoption of
MPC [11], [12]. Physical modeling is time consuming, requires expert knowledge and
does not benefit significantly from the economies of scale. Additionally, complex
system models are often created in dedicated dynamic modeling software which is
typically not suitable for optimization andMPC.

Another major challenge for the application of MPC is the presence of uncertainty.
MPC does provide a certain robustness to model errors and disturbances, due to the
feedback nature of the control law [8]. However, this inherent robustness is often
insufficient if the system operates close to safety-critical constraints. A promising
approach to handle this situation is stochastic MPC (SMPC) [13], [14]. SMPC can be
applied when the uncertainty in the model follows a known probability distribution
function and it relies on the formulation of chance constraints, that is, constraints
with specified probability of violation. Unfortunately, the adoption of stochastic MPC
is evenmore impaired by the complexity of obtaining a suitable probabilistic model of
the controlled system.

1.2 System identification

A potential solution to mitigate the challenge of obtaining a control-oriented model is
data-basedsystem identification [15]. System identification isanestablishedmethod
in control engineering [16], [17] and commonly used for traditionalMPC schemes [11].
In many applications, system data is available from historic measurements or simula-
tion results of a non control-orientedmodel, and system identification can be applied.
In contrast to modeling, system identification does hold the promise of economies
of scale, at least for related systems, and is thus an essential element to foster the
adoption ofMPC. The characteristics ofMPC, namely, the ability to consider nonlinear
and uncertain systems, and the anticipatory control strategy, enable the application
of advanced methods for system identification. These methods include nonlinear
system identification, multi-step identification and probabilistic identification, and
are introduced in the following.

1.2.1 Nonlinear identification

Traditional model-based control, including MPC, is based on linear models [11]. The
assumption of linearity is often sufficient for regulation tasks, where the system is
steered to a pre-determined state. However, most systems exhibit nonlinear behavior
and linear models should only be used as local approximations. For economic MPC,
the operating condition is not a priori known and can include a wide range of possible
states. In this scenario, nonlinear system identification should be considered.

A main challenge for nonlinear system identification is model selection [11]. Pop-
ular methods are feature regression [18], [19], Gaussian processes [20]–[22] and
neural networks [23]–[25]. Among those, neural networks are of particular interest
in recent years, due to their versatility, expressiveness and the ability to learn from
large quantities of data. While neural networks are a potent model class to capture

2



1.3. AIM, SCOPE AND OUTLINE

complex nonlinear systems, they are also prone to silent failures [26]. In other words,
traditional neural networks may yield severely flawed predictions without any indica-
tion of their confidence. This can be a major obstacle for their application, especially
for safety-critical control tasks and for systems subject to uncertainty.

1.2.2 Multi-step identification

Toenableanticipatory control actions,MPCpredicts andoptimizes the futurebehavior
of the system. Traditionally, this prediction is obtained by recursively evaluating a
state-spacemodel of the system [11]. However, a recent trend in system identification
for MPC is to directly identify a multi-step model [27]–[30]. A multi-step model
can simultaneously predict finite sequences of future states and omits the recursive
evaluation of the state-space model. At first glance, a multi-step model appears to
add unnecessary complexity to the system identification task. However, recent works
haveshownthatmulti-step identificationcanhaveabetteraccuracy thanstate-space
models [29], [30], and complexity is only added to the offline identification task, not
to the online control task. A closely related trend to MPC with identified multi-step
model is data-enabled predictive control (DeePC) [31]–[37]. DeePC draws from the
behavioral systems theory [38] and combines an implicitmulti-step identification and
control task in a single optimization problem. Both methods, MPC with identified
multi-step model and DeePC, have promising extensions to tackle the challenge of
uncertain systems [30], [39].

1.3 Aim, scope and outline

The aim of this thesis is to explore advanced data-based system identification, specif-
ically nonlinear and multi-step identification, for nonlinear, economic and stochas-
tic MPC. Ultimately, this combination seeks to facilitate the design and foster the
widespread adoption of MPC. This endeavor has been carried out in multiple publica-
tions, which are the scope of this thesis.

1.3.1 Publications covered in this thesis

The publications covered in this thesis are listed below and their content is summa-
rized successively.

[12] F. Fiedler, B. Karg, L. Lüken, D. Brandner, M. Heinlein, F. Brabender, and S. Lucia,
“Do-mpc: Towards FAIR nonlinear and robust model predictive control”, Control
Engineering Practice, vol. 140, p. 105 676, Nov. 1, 2023 (Discussed in Chapter 2
and provided in Appendix C.1)

[40] F. Fiedler, A. Cominola, and S. Lucia, “Economic nonlinear predictive control of
water distribution networks based on surrogate modeling and automatic clus-
tering”, IFAC-PapersOnLine, vol. 53, no. 2, pp. 16 636–16643, 2020 (Discussed in
Chapter 2 and provided in Appendix C.2)
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CHAPTER 1. INTRODUCTION

[41] F. Fiedler and S. Lucia, “On the relationship between data-enabled predictive
control and subspace predictive control”, in European Control Conference, 2021,
pp. 222–229 (Discussed in Chapter 3 and provided in Appendix C.3)

[42] F. Fiedler andS. Lucia, “ProbabilisticMulti-Step IdentificationWith Implicit State
Estimation for StochasticMPC”, IEEE Access, vol. 11, pp. 117018–117029, 2023
(Discussed in Chapter 4 and provided in Appendix C.4)

[43] F. Fiedler and S. Lucia, “Improved uncertainty quantification for neural networks
with Bayesian last layer”, IEEE Access, vol. 11, pp. 123149–123160, 2023 (Dis-
cussed in Chapter 5 and provided in Appendix C.5)

Nonlinear system identification with neural networks is investigated in [12], [40]. In
both works, an existing system model is approximated with a neural network for the
purpose of formulating an MPC controller. The main objective in [12] is to moti-
vate the importance of nonlinear system identification with neural networks for the
widespread adoption of MPC. It is demonstrated in this work that an MPC controller
with neural network systemmodel can achieve near-identical performance to anMPC
controllerwith exactmodel. Samplingdata for the identification task, and formulating
the MPC controller with neural network system model is enabled by the introduced
open-source software package do-mpc, which is another main contribution in [12].
Neural network system identification is further investigated in [40]. In this work,
economic MPC with neural network system model is applied to a large-scale water
distribution network. This is a concrete example of a system for which a non control-
oriented model is available, and where neural network system identification enables
the application of MPC.

Multi-step identification for model predictive control is investigated in [41], [42].
As a preliminary for both works, a linear multi-step model is derived and the param-
eter estimation task is presented. With the identified multi-step model, an optimal
control problem is proposed in [41] and the relationship to data-enabled predictive
control is investigated. In [42], multi-step identification is further applied to systems
subject to uncertainty. The proposed probabilisticmulti-step identification allows the
formulation of a stochastic MPC controller and enables safe control-decisions. As a
main contribution in [42], it is shown that the identified multi-step model yields, in
expectation, thesamedistributionas the truemulti-stepmodel, including theeffect of
estimating the initial state with a Kalman filter. Importantly, these favorable theoreti-
cal properties are not sharedwith an identified and recursively evaluated state-space
model. The advantages of multi-step identification over state-space identification is
further investigated in two simulation studies in [42]. While the proposed method
is originally derived for linear systems, its applicability for the control of nonlinear
systems is demonstrated.

Nonlinear probabilistic identification with neural networks, either with multi-step
or state-space models, is a promising field for future work. In combination with
stochastic MPC, this holds the potential to safely control complex nonlinear systems.
As a prerequisite, uncertainty quantification with neural networks is investigated.
Bayesian neural networks are a theoretical concept to obtain a distributed prediction,
as required for stochastic MPC. Unfortunately, most practical implementations of
Bayesian neural networks require sampling for training and inference [26], [44] and,
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therefore, have only limited application for optimization-based control. To overcome
this limitation, neural networks with Bayesian last layer are discussed in [43]. Neural
networks with Bayesian last layer are a simplified Bayesian neural network and yield
tractable Gaussian distributions [45], [46]. In [43], we propose an efficient training
algorithm for neural networks with Bayesian last layer and an approach to tune the
extrapolative uncertainty quantification. This enables their future application for safe
data-based predictive control.

1.3.2 Other publications not covered in this thesis

Further publications that have been authored by the author of this thesis, but are not
covered, are listed below.

• F. Fiedler and S. Lucia, “Model predictive control with neural network system
model and Bayesian last layer trust regions”, in IEEE International Conference
on Control & Automation, Jun. 2022, pp. 141–147

• C. Döpmann, F. Fiedler, S. Lucia, and F. Tschorsch, “Optimization-Based Predic-
tive Congestion Control for the Tor Network: Opportunities and Challenges”, ACM
Transactions on Internet Technology, vol. 22, no. 4, pp. 1–30, Nov. 30, 2022

• P. Guillén, F. Fiedler, H. Sarnago, S. Lucía, and O. Lucía, “Deep Learning Im-
plementation of Model Predictive Control for Multioutput Resonant Converters”,
IEEE Access, vol. 10, pp. 65 228–65237, 2022

• C. Döpmann, F. Fiedler, S. Lucia, and F. Tschorsch, “Towards Optimization-Based
Predictive Congestion Control for the Tor Network”, Electronic Communications
of the EASST, vol. 80, 2021

• F. Fiedler, C. Döpmann, F. Tschorsch, and S. Lucia, “PredicTor: Predictive Conges-
tion Control for the Tor Network”, in IEEE Conference on Control Technology and
Applications, Aug. 2020, pp. 863–870

• N. Krausch, S. Hans, F. Fiedler, S. Lucia, P. Neubauer, and M. N. C. Bournazou,
“From screening to production: A holistic approach of high-throughput model-
based screening for recombinant protein production”, in Computer Aided Chemi-
cal Engineering, vol. 48, Elsevier, 2020, pp. 1723–1728

• F. Fiedler, D. Baumbach, A. Börner, and S. Lucia, “A Probabilistic Moving Horizon
Estimation Framework Applied to the Visual-Inertial Sensor Fusion Problem”, in
European Control Conference, May 2020, pp. 1009–1016

1.3.3 Outline

This thesis is structured as follows. In Chapter 2 nonlinear system identification
with neural networks is presented. Chapter 3 introduces linear multi-step identifica-
tion and compares multi-step model predictive control with data-enabled predictive
control. Probabilistic multi-step identification for stochastic MPC is presented in
Chapter 4. Finally, neural networks with Bayesian last layer are presented as a
tractable method for uncertainty quantification in Chapter 5. Conclusions and an
outlook of this thesis are presented in Chapter 6.
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Chapter 2

Nonlinear system identification

A main challenge for the application of model predictive control (MPC) is the avail-
ability of a control-oriented system model with reasonable accuracy. System identifi-
cation, where a model is obtained from observed data of the system, is a commonly
applied solution to overcome this challenge [15]–[17]. However, most traditional
system identification approaches yield linearmodels and canbeapoor approximation
for highly nonlinear systems. Furthermore, most systems exhibit nonlinear behavior
if they are operated in a broad range of conditions, as required for economic MPC.

To unlock the potential of nonlinear and economic MPC, this chapter investigates
nonlinear system identification with neural networks. As preliminaries, this chapter
introduces a general nonlinear dynamic system, the resulting nonlinear MPC for-
mulation, fundamentals of system identification and neural networks for function
approximation. Furthermore, the open-source software do-mpc is introduced, which,
among other features, facilitates the formulation and application of nonlinear and
economic MPC. Neural network system identification for MPC is investigated in two
case studies, demonstrating the effectiveness of the approach.

This chapter summarizes the main findings of the publications [12] and [40]. The
full publications are provided in Appendices C.1 and C.2.

2.1 Nonlinear model predictive control

Model predictive control is based on the formulation of an optimal control problem
where a dynamic system model is employed to predict the future behavior of the
system. A general nonlinear system and the resulting nonlinear MPC problem are
introduced in the following.

2.1.1 Dynamic system

A discrete-time nonlinear dynamic system is introduced as:

xk+1 = f(xk,uk), (2.1a)
yk = h(xk,uk), (2.1b)

7



CHAPTER 2. NONLINEAR SYSTEM IDENTIFICATION

with states x ∈ Rnx , measurements y ∈ Rny , and inputs u ∈ Rnu . The time-index
is denoted with k ∈ I and the time is obtained as tk+1 = tk + ∆t with timestep ∆t ∈
R+. For ease of notation, further dependencies in (2.1) are omitted, such as algebraic
states or uncontrolled parameters. The functions f : Rnx × Rnu → Rnx and h : Rnx ×
Rnu → Rny are assumed to beK-continuous [8, Def. 4.15].

2.1.2 Optimal control problem

Model predictive control (MPC) is based on the formulation of a constrained optimal
control problem for a finite horizonN ∈ I:

min
x[0,N+1],u[0,N ]

N∑

k=0

lk(xk,uk) + v(xN+1) (2.2a)

s.t. : x0 = xinit, (2.2b)
xk+1 = f(xk,uk) ∀k ∈ I[0,N ], (2.2c)

gk(xk,uk) ≤ 0 ∀k ∈ I[0,N ], (2.2d)

gN (xN ) ≤ 0. (2.2e)

with stage cost lk : Rnx × Rnu → R, terminal cost v : Rnx → R, stage constraints
gk : Rnx × Rnu → Rng,k and terminal constraints gN : Rnx → Rng,N . Importantly, the
sequence of states x[0,N+1] is constrained by the initial state xinit and the dynamic
system (2.1a). The optimal control problem (2.2) is solved for the initial state xinit,
yielding the optimal control sequenceu∗

[0,N ] and the predicted optimal state sequence
x∗
[0,N+1]. For the control task, the first element u∗

0 is then applied to the system.
Feedback control is achieved by repeatedly solving (2.2) at each time k for the current
state xinit = xk. This yields the MPC control law:

uk = κMPC(xk). (2.3)

Further details on verifying the theoretical properties of the control law (2.3), such as
closed-loop stability and recursive feasibility, can be found in the literature [8] and are
not within the scope of this thesis.

2.2 System identification

The core of the model predictive control formulation (2.2) is the dynamic system
model (2.1). System identification denotes the task of identifying the dynamic system
model from observed data and is introduced in the following. To simplify the discus-
sion, it is initially assumed that the system exhibits state-feedback. The setting in
which the system exhibits output-feedback is discussed in Subsection 2.2.2.

Assumption 2.1. The system (2.1) exhibits state-feedback, that is, h(xk,uk) = xk.

8



2.2. SYSTEM IDENTIFICATION

For a system with state-feedback, the observed data of system (2.1) is composed
of a recorded sequence of states and inputs, that is:

x[1,m+1] =
[
x⊤
1 , . . . ,x

⊤
m+1

]⊤
, u[1,m] =

[
u⊤
1 , . . . ,u

⊤
m

]⊤
. (2.4)

In practice, data in the form of (2.4) may be obtained either from measurements of
a real-world system or from simulation results of a high-fidelity model. If Assump-
tion 2.1 holds, and with system data in the form of (2.4), we seek to identify:

xk+1 = f̂(xk,uk;W ), (2.5)

where f̂(·, ·;W ) is a model structure with parameters W . System identification
involves, among others, the task of determining a suitable model structure and es-
timating the model parameters [25]. Commonly used structures for control-oriented
models are linear models [16], [17], models with nonlinear features [18], [19], Gaus-
sian processes [20]–[22] and neural networks [23]–[25]. Additionally, each of these
structures can be further subdivided, for example by selecting the type of nonlinear
features, thekernel functionof aGaussianprocess, or the structural hyperparameters
of the neural network. While all of these model structures have distinct advantages
and disadvantages, especially neural networks have shown promising results in re-
cent years [23]–[25]. These models can capture complex nonlinear system behavior
from large datasets and are suitable for gradient-based optimization, as required for
efficient MPC implementations.

2.2.1 Neural network system identification

A general feed-forward neural network with L hidden layers, input v ∈ Rnv and
predicted outputs t̂ ∈ Rnt is introduced as the function:

t̂ = NN(v;WL+1) = gL+1 ◦ hL+1 ◦ · · · ◦ g1 ◦ h1(v), (2.6)

where ◦ denotes function composition. Each layer consists of a linear mapping hl(·)
followed by a nonlinear activation function gl(·), that is:

h⊤
l = hl(al−1) =

[
a⊤
l−1, 1

]
Wl l ∈ I[1,L+1], (2.7a)

al = gl(hl) l ∈ I[1,L+1], (2.7b)

where a0 = v, aL+1 = t̂, and al ∈ Rna,l for all l ∈ I[1,L]. The number of neurons in layer
l is denoted as na,l, and the weightsWl ∈ Rna,l−1+1×na,l include the bias term. The set
of weight matrices with cardinality L+ 1 is denoted

WL+1 = {W1, . . . ,WL+1}. (2.8)

The model structure is thus defined by the number of layers L and the number of
neurons na,l in each layer. Next, the parameters of themodelmust be estimated using
the observed data of the system (2.1). To this end, the dataset D =

{
v(i), t(i)

}m

i=1
is

9



CHAPTER 2. NONLINEAR SYSTEM IDENTIFICATION

introduced, where v(i)⊤ =
[
x⊤
i , u

⊤
i

]
and t(i) = xi+1. The neural network function (2.6)

is fitted to the dataD by minimizing the mean-squared-error (MSE) loss function:

JMSE(WL+1;D) =
1

m

m∑

i=1

∥∥∥NN
(
v(i);WL+1

)
− t(i)

∥∥∥
2

2
, (2.9)

where ∥ · ∥2 denotes the 2-norm. Alternative training losses and additional regulariza-
tion terms may be employed depending on the specific problem. The optimal set of
weights is obtained as:

W∗
L+1 = arg min

WL+1

JMSE (WL+1;D) . (2.10)

With the resulting optimal weightsW∗
L+1 from (2.10) the neural network function (2.6)

approximates (2.1a) as:
x̂k+1 = NN(xk,uk;W∗

L+1). (2.11)

The identified model can then be used to formulate the optimal control problem
in (2.2).

2.2.2 Output-feedback

Formost practical applications Assumption 2.1 does not hold, implying that the states
of the system are not directly measured. Instead, the observed data of system (2.1) is
composed of:

y[1,m] =
[
y⊤
1 , . . . ,y

⊤
m+1

]⊤
, u[1,m] =

[
u⊤
1 , . . . ,u

⊤
m

]⊤
. (2.12)

To identify the system described in Subsection 2.2.1, the unknown states can be
identified from theavailablemeasurements. For thenonlinear system in (2.1) amoving
horizon estimator (MHE) [8] is a suitable choice and can be employed if the system is
observable [8, Def. 4.13].

Definition 2.1 (Observability). System (2.1) is observable if there exist l ∈ I, γu(·) ∈ K
and γy(·) ∈ K [8, Def. B.3] such that for every two initial states x1

0 and x2
0 and every

two input sequencesu1
[0,l−1] andu2

[0,l−1] and the resulting output sequences y1
[0,l−1] and

y2
[0,l−1]:

|x1
0 − x2

0| ≤ γu

(
max

i∈I[0,l−1]

|u1
i − u2

i |
)
+ γy

(
max

i∈I[0,l−1]

|y1
i − y2

i |
)
. (2.13)

As an intuitive consequence of Definition 2.1, an observable system that is subject
to identical input sequences of length l and yields identical output sequences must
have identical initial states. The sequence length l is of particular importance and
formalized in the following definition.

Definition 2.2 (Observability index / system lag). The smallest integer l for which the
system (2.1) is observable, according to Definition 2.1, is called the observability index
or system lag.

10



2.2. SYSTEM IDENTIFICATION

For an observable system (2.1), according to Definition 2.1, an MHE with t ≥ l can
be formulated as shown in [8]. The MHE is a parametric optimization problem which
is stated as the function:

xk−1 = κMHE(y[k−t,k−1],u[k−t,k−1]). (2.14)

As a consequence of [8, Theo. 4.18], the MHE (2.14) yields the exact estimate xk−1 for
thedeterministicnonlineardynamicsystem (2.1). TheMHE (2.14) doesnotdependona
previous estimate of the statexk−t if the system is observable and the finite sequence
length t is chosen such that t ≥ l.

Unfortunately, the design of the MHE (2.14) requires knowledge of the dynamic
system (2.1) which is sought-after in the first place. However, it is sufficient to assume
the existence of the MHE (2.14). This allows us to substitute (2.14) into the nonlinear
system (2.1a), which yields:

xk = f(κMHE(y[k−t,k−1],u[k−t,k−1]),uk−1). (2.15)

Further substituting (2.15) into (2.1b) yields:

yk = h(f(κMHE(y[k−t,k−1],u[k−t,k−1]),uk−1),uk), (2.16)

where the function composition is then summarized as:

yk = fNARX(y[k−t,k−1],u[k−t,k]). (2.17)

Thenewly introduced function fNARX(·) is anonlinear autoregressiveexogenous (NARX)
model [54] that implicitly combines the state estimation (2.14), the system dynam-
ics (2.1a) and the output function (2.1b). Function (2.17) relates only known quantities,
that is, the sequences ofmeasured outputs and inputs, and can be identified from the
available data. To this end, the datasetD =

{
v(i), t(i)

}m

i=1
is introduced, where v(i)⊤ =

[y⊤
[i−t,i−1], u

⊤
[i−t,i]] and t(i) = yi. A neural network system model is then identified as

shown in the previous subsection. The optimal weightsWL+1 are obtained from (2.10)
and the identified model approximates (2.17) as:

ŷk = f̂NARX = NN(y[k−t,k−1],u[k−t,k];W∗
L+1). (2.18)

Finally, it is possible to recover a dynamic model of the system in the form of (2.1). To
this end, the following state is introduced, as shown in [54]1:

x̃⊤
k =

[
y⊤
[k−t,k−1] u⊤

[k−t,k−1]

]
. (2.19)

The system dynamics (2.1a), with the state (2.19), are then formulated as:

x̃k+1 = f̃(x̃k,uk)

=
[
y⊤
k−t+1 . . . fNARX(y[k−t,k−1],u[k−t,k])

⊤ u⊤
k−t+1 . . . u⊤

k

]⊤
.

(2.20)

1Equation (2.19) defines the state at time k because with sequences uk−1 and xk−1 until time k − 1,
xk is uniquely determined with (2.1a).
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To obtain the same input-output behavior as the unknown system (2.1) the measure-
ment equation h(x̃k,uk) = yk−1 can be introduced. Alternatively, it is possible to
satisfy Assumption 2.1 by introducing h(x̃k,uk) = x̃k. Finally, the identified model
from a system with output-feedback allows the formulation of an optimal control
problem (2.2) which yields the desired feedback controller in the form of:

uk = κMPC(x̃k) = κMPC(y[k−t,k−1],u[k−t,k]).

2.3 Implementation and case studies

Two case studies combining nonlinear system identificationwith neural networks and
model predictive control are presented in the following. The first case study, published
in ourwork [12], motivates this combination by demonstrating that a data-basedMPC
controller can achieve near-identical performance to an MPC controller with exact
system model. In the context of this investigation, we also propose an excitation
strategy to sample data from the original system.

In the second case study, published in [40], we investigate a data-based predictive
controller for a water distribution network. In contrast to the first case study, the
available system model is not control-oriented and does not permit the formulation
of a model predictive controller. The case study thus represents a common challenge
for model-based control. Furthermore, it shows the potential of data-based MPC to
lead to significant energy savings and performance improvements in a relevant real-
world example.

2.3.1 Implementation

The investigatedMPCcontrollersare implementedusing theopen-sourcesoftwaredo-
mpc, which is introduced as another main contribution in [12]. At its core, do-mpc of-
fers ahigh-level interface to theCasADi [55] optimization library and facilitates the for-
mulation of optimal control problems (2.2). Through CasADi, it leverages the interior-
point optimization algorithm IPOPT [56] to efficiently solve the resulting optimization
problems. The core features of do-mpc are the formulation of robustmulti-stage [57],
nonlinear and economic MPC problems, moving horizon estimation problems, and
a simulation environment for rapid control prototyping [58]. Additionally, do-mpc
integrates an OPC UA interface [59] for the communication with physical systems and
facilitates the integration of neural network systems by supporting the Open Neural
Network Exchange format (ONNX)2. In the following case study, the neural network
systemmodel is trained with Tensorflow [60], converted to the ONNX format and then
imported into do-mpc to develop the controller under investigation.

2.3.2 Continuously stirred tank reactor

We investigate the identification of a continuously stirred tank reactor (CSTR) with a
neural network systemmodel in [12].

2htttps://onnx.ai
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A
kAB→ B

B
kBC→ C

A
kAD→ D

FcA,0, TR,0

F cA, cB, TR

Q̇

TK

Figure 2.1: Continuously stirred tank reactor (CSTR) producing product B from educt
A. The inflowF = V̇ /VR and heat flow Q̇ removed from the coolant are used to control
the system [12, Figure 2].

TheCSTRmodelwaspreviously introduced in [61] and is depicted in Figure 2.1. The
full description of the dynamicmodel is provided in Appendix B.1. The CSTRhasnx = 4
states, that is, the concentration of the educt cA, the concentration of the product cB,
the reactor temperature TR and the temperature of the coolant TK. In addition to the
main reaction, two additional reactions form the byproducts C and D. The system is
controlled with u = [F, Q̇]⊤ ∈ R2, that is, the normalized inlet flow F = V̇ /VR and the
heat removed by the coolant Q̇. The control task in this case study is to regulate the
concentration of the product cB to a desired set-point csetB , while complying with the
operational constraints of the system, shown in Appendix B.1.

In [12], we consider that the systemexhibits state-feedback and Assumption 2.1 is
satisfied. An important focus of the investigation is the data-generation process. To
this end, we suggest to samplem closed-loop trajectories of length N of the system,
where each sample i ∈ Im is obtained with a random initial state x(i)

0 and an input
strategy κ(i)(x). The input strategy is the superposition of inputs from an existing set-
point tracking controller κp(x,xset), and a random input eu ∈ Rnu :

κ(i)(x) =
(
1− α(i)

)
κp(x,x

set) + α(i)eu, (2.21)

whereα ∈ [0, 1] is aweighting factor. By combining the set-point trackingwith random
inputs, the data contains plausible input sequences around the desired set-point as
well as more exploratory sequences. The proposed software do-mpc facilitates the
data-generation process by providing a reproducible sampling framework.

With the collected data, a neural network system model in the form of (2.11) is
trained and employed in the MPC formulation (2.2). Finally, the data-based MPC
controller is evaluated in comparison to an MPC controller with exact system model.
Apart from the systemmodel, both MPC formulations are identical. In Figure 2.2, the
results of the comparison are shown in terms of the closed-loop cost and maximum
constraint violation, bothdepicted in relationship to the set-point csetb . This shows that
the MPC controller with data-based model performs nearly-identical to the variant
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Figure 2.2: Closed-loop control performance for the CSTR in Figure 2.1. Comparison of
MPC with exact system model and with identified NN system model, considering the
closed-loop cost and maximum constraint violation over N = 50 steps for different
set-points csetB . [12, Figure 6].

with exact systemmodel. The closed-loop cost is nearly indistinguishable with minor
exceptions in two out of the p = 50 investigated cases. Minor constraint violations,
which are possible due to the formulation of soft-constraints, are observed with both
controllers and slightly more pronounced for the variant with neural network system
model.

2.3.3 Water distribution network

As the second case study for MPC with identified neural network system model, we
investigate the important task of controlling a water distribution network in [40].
Water distribution networks are large-scale interconnected systems that must be
operated reliably, while complyingwith operational constraints. Water resources have
the highest energy intensity in the urban metabolism of cities [62], with a significant
share attributed to the water distribution [63]. The energy optimal control of water
distribution networks with MPC is therefore an important step towards the green
transformation of cities, and has been investigated in previous works [64]–[66].

As a concrete example, we investigate the C-Town water distribution network [67],
with njunc = 378 junctions, seven tanks, five pump stations and four valves. A high-
fidelity model of the system is available in the form:

bk+1 = fWDN(bk,vk, qk,dk), (2.22)
pk, bk = hWDN(bk,vk, qk,dk), (2.23)
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with tank level b ∈ R7, valve setting v ∈ R4, pump speed q ∈ R5, junction demand
d ∈ R378 and junction pressure p ∈ R378. The model in (2.22) is in the form of (2.1),
where the tank levels are states, valve settings and pump speed are inputs, and
the junction pressures and tank levels are measured outputs. As a straightforward
extensionof (2.1), wehave the junctiondemandasadditional uncontrolledparameters
of the nonlinear model.

The existence of high-fidelity models of water distribution networks is common in
practice, owing to popular tools such as the EPANET [68] software application, devel-
oped by the United States Environmental Protection Agency. Unfortunately, EPANET
models are not tailored towards optimization due to discrete switching behavior and
the lack of gradient information. The problem is further intensified by the size of real-
world networks, rendering the application of MPC with these models infeasible. To
mitigate these problems, we propose in [40] the utilization of neural network system
identification to obtain a surrogate model from simulation data, that is:

[bk+1, pk]
⊤ = NN(bk,vk, qk,dk). (2.24)

To reduce the size of the model, we combine the neural network system identification
with an additional model reduction approach based on clustering. This approach re-
duces the number of nodes in the water distribution network and, successively, yields
amore compact neural network systemmodel. Similar node reduction techniques are
also applied in related works and typically based on heuristics [69] or system knowl-
edge [70]. As a main novelty of our work [40], we employ a data-driven hierarchical
clustering approach with connectivity constraints [71], which is implemented using
Scikit-learn [72].

The neural network system model with clustered nodes is suitable to formulate a
tractable optimal control problem in the formof (2.2). Weproposeaneconomic control
objective, that is, we minimize the energy consumption of the pumps while satisfying
water pressure requirements at all nodes. Furthermore, we anticipate imperfections
of the data-based model which may lead to unsatisfied demand at the junctions. To
avoid this scenario, we tighten the constraints of the tank levels with a lower bound
bmin ≥ 0 and formulate both them and the junction pressure constraints as soft
constraints [8, Sec. 1.2.5]. The full optimal control problem is stated in [40], and yields
the control law:

[vk, qk]
⊤ = κWDN(bk,d[k,k+N−1]). (2.25)

Importantly, we require a prediction of the future demand of the network to evalu-
ate (2.25). In practice, this prediction may be inferred from past data and will be
subject to uncertainty.

The resulting controller (2.25) is investigated in a closed-loop simulation using
the original model implemented in EPANET. The focus of the investigations is to
evaluate the energy savings in comparison to the default rule-based control approach,
the satisfaction of node pressure demand, and the robustness to uncertain demand
predictions. We present an excerpt from the results in [40] in Table 2.1. Compared
to the default rule-based control approach, the proposed MPC controller leads to
energy savings as high as 10.39% if no tightening of constraints is used (bmin = 0).
Constraint violations can be reduced by tightening the lower bound of the tank level
as shown in Table 2.1, thereby achieving a trade-off with energy savings. We further
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Table 2.1: Control performance for the water distribution network: Comparison of
energy consumption and constraint violations betweenMPC controllerswith different
lower bounds for the tank levels and a rule-based reference controller. Violations of
satisfying the water demand at the junctions are expressed as a percentage of the
operating time and the average violation during these instances [40, Table 2].

MPC for different bmin Ref.

1.5 0.5 0.0

energy [MWh] 106.49 105.56 99.97 111.57

energy saved [%] 4.55 5.39 10.39 -

cons. viol. [%] 0.05 0.13 0.51 0.0

avg. cons. viol. [bar] 0.21 0.50 0.51 0.00

show in [40] that the proposed controller is robust to significant uncertainty of the
demand predictions at the nodes. This is found to be an important contribution of
the proposed clustering approach. Due to the aggregation, fluctuations at individual
nodes of the network are averaged and result in predictable behavior.

The results motivate further work with the objective of using economic MPC with
data-based systemmodel for real-world water distribution networks. The availability
of data for these systems and the potential energy savings, both as a percentage and
in absolute numbers, make this an attractive application of data-basedMPC.

2.4 Conclusions

In this chapter, nonlinear system identification with neural networks is proposed to
obtain a nonlinear and economic MPC controller in the absence of a control-oriented
model. A prerequisite for system identificationwith neural networks, and other identi-
fication methods, is the existence of an informative set of training samples. Ideally,
the data contains sequences that explore the state-space and sequences that ap-
proximate the optimal control behavior. Clearly, this is difficult to achieve in practice
and makes data-generation an important element of nonlinear system identification.
However, with sufficiently informative data, as demonstrated in Subsection 2.3.2, an
MPC controller with neural network system model can achieve near-identical perfor-
mance to a variant with exact system model. Neural network system identification
for MPC is further demonstrated for the control of a water distribution network. It is
found that theproposedcontroller achievessignificant energy savingswhile satisfying
water demand in the network. The study also demonstrates that neural network
system identificationcanbecombinedwithdatapre-processingmethods, specifically
a clustering approach, to reduce the complexity of the neural network architecture.
Similar combinations, for example using principal component analysis [73, Sec. 12.1],
are conceivable for future work.

Although neural networks are a potent model class for capturing complex nonlin-
ear system behavior, they also encounter specific challenges thatmust be considered
for their successful application. Most importantly, traditional neural networks are
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prone to silent failures [26], that is, they may yield arbitrarily poor predictions without
indication of their confidence. Typically, poor predictions are the result of extrapola-
tion,whichoftenoccurs if the trainingdata isnot sufficiently explorative. Furthermore,
economic MPC may exploit poor predictions of the underlying neural network system
model [47]. This behavior occurs if the model predicts implausible system behavior,
for example, energy generation instead of energy consumption.

The challenge of silent failures is mitigated in this chapter with a focus on data-
generation and carefulmodel validation. While these are important steps, they are not
sufficient to guarantee accurate model behavior under all circumstances. As a con-
sequence, neural networks are revisited in Chapter 5, where an approach to quantify
the uncertainty of their prediction is presented. In combinationwith stochasticmodel
predictive control, introduced in Chapter 4, this is a promising solution to tackle the
discussed challenges.
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Chapter 3

Linear multi-step identification

A fundamental concept of MPC is to predict and optimize the behavior of the system
for a finite future horizon. Traditionally, this prediction is obtained by recursively
evaluating a state-space model (2.1). However, there is a recent trend in system
identification to directly identify multi-step predictionmodels [27]–[30]. Amulti-step
model condenses the recursive evaluation of the state-space model into a single
function. Multi-step identification then seeks to identify this function directly from
data. In comparison to state-space models, a multi-step model requires significantly
more parameters to describe the same system. At first glance, this appears to be
a disadvantage. However, recent work has shown that identified multi-step models
achieveabetterpredictionaccuracy than identifiedstate-spacemodels [29], [30]. The
reason for this advantage will be further explored in Chapter 4.

Most recent works [27]–[30], and this thesis, focus on linear multi-step identifica-
tion. Linear systems have the attractive property that their recursive evaluation can
be condensed into a single linear function. Consequently, the identification task boils
down to a tractable linear regression problem and the linear multi-step model can
be efficiently evaluated, enabling fast MPC implementations. Nonlinear multi-step
identification remains an attractive goal and is discussed in Chapters 5 and 6.

In addition to the introduction andmotivation of linearmulti-step identification for
MPC, its relationship to data-enabled predictive control (DeePC) [31]–[37] is explored
in this chapter.

This chapter summarizes the main findings of the publication [41]. The full publi-
cation is provided in Appendix C.3.

3.1 Multi-stepmodel

A linear dynamic system is introduced as a special case of the general nonlinear
dynamic system (2.1):

xk+1 = Axk +Buk, (3.1a)
yk = Cxk +Duk, (3.1b)

with the system matrices A ∈ Rnx×nx , B ∈ Rnx×nu , C ∈ Rny×nx and D ∈
Rny×nu . Amulti-stepprediction canbeobtainedby recursively evaluating thedynamic
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x0 System (3.1)

u0

y0

System (3.1)

u1

y1

x1
System (3.1)

uN−1

yN−1

. . .

y[0,N−1] = ON (A,C)x0 + TN (A,B,C,D)u[0,N−1]

Figure 3.1: Computing the multi-step prediction from x0 by recursively evaluating the
dynamic system.

system (3.1), as shown in Figure 3.1. For linear systems, this recursive evaluation can
be condensed into a single linear function. To predict the sequence of length N , that
is, from k = 0 to k = N − 1, the recursive evaluation yields:

⎡

⎢⎢⎢⎢⎢⎣

y0

y1

...

yN−1

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

C

CA
...

CAN−1

⎤

⎥⎥⎥⎥⎥⎦
x0 +

⎡

⎢⎢⎢⎢⎢⎣

D . . . . . . 0

CB
. . .

...
...

. . . . . .
...

CAN−2B . . . CB D

⎤

⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎣

u0

u1

...

uN−1

⎤

⎥⎥⎥⎥⎥⎦
. (3.2)

For conciseness, the observability matrix ON (A,C) and TN (A,B,C,D) are intro-
duced, of which block i, j is obtained as follows:

[ON (A,C)]i,1 = CAi−1 ∀i ∈ I[1,N ], (3.3a)

[TN (A,B,C,D)]i,j =

⎧
⎪⎨

⎪⎩

CAi−j−1B, if i > j

D, if i = j

0, otherwise

∀i, j ∈ I[1,N ]. (3.3b)

With (3.3), the multi-step model in (3.2) can then be stated compactly as:

y[0,N−1] = ON (A,C)x0 + TN (A,B,C,D)u[0,N−1]. (3.4)

The resulting expression (3.4) is also shown in Figure 3.1.

3.1.1 Output-feedback

The multi-step model in (3.4) can be evaluated as a function of the initial state x0

and the sequence of inputs u[0,N−1]. However, in most applications, the states of
the system are not directly observed. To address this case, a similar approach as
presented in Subsection 2.2.2 is employed. Again, the system is required to be
observable, as introduced in Definition 2.1. For the linear system (3.1), observability
can be shown with the following lemma [8, Sec. 1.4.5].
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Lemma 3.1 (Observability). System (3.1) is observable if there exists a finite l ∈ I such
that the observability matrix Ol(A,C) in (3.3a) has full rank.

To formulate themulti-stepmodelwith output-feedback the following assumption
is required.

Assumption 3.1. There exists t greater than or equal to the system lag l(A,C), accord-
ing to Definition 2.2, that is, t ≥ l(A,C).

This allows to introduce the following lemma.

Lemma 3.2. With past sequence length t, satisfying Assumption 3.1, the future se-
quence of outputs of length N can be computed as a linear function of y[0,t−1] and
u[0,L−1], where L = N + t:

y[t,L−1] = W

⎡

⎢⎢⎢⎣

y[0,t−1]

u[0,t−1]

u[t,L−1]

⎤

⎥⎥⎥⎦
. (3.5)

The parameter matrixW is obtained from the system matrices in (3.1), as shown in (A.6).

Proof. The proof is shown in Appendix A.1.

Furthermore, an observable systemwith output-feedback can be reformulated as
an equivalent system representation with state-feedback using (3.5). To this end, the
new state vector:

x̃⊤
t =

[
y⊤
[0,t−1] u⊤

[0,t−1]

]
, (3.6)

is introduced. As shown in Appendix A.2, this allows to obtain the equivalent dynamic
system:

x̃t+1 = Ãx̃t + B̃ut, (3.7)

which exhibits state-feedback.

3.1.2 Multi-step identification

The multi-step model in the form of (3.5) can be derived with known systemmatrices
from (3.1). More importantly, however, it can be directly identified from input-output
data of thedynamic system. To this end,m sequencesof lengthL = N+tare collected
and arranged in the matrices:

UL =
[
u
(1)
[0,L−1] . . . u

(m)
[0,L−1]

]
, YL =

[
y
(1)
[0,L−1] . . . u

(m)
[0,L−1]

]
. (3.8)

Thematrices (3.8) are further partitioned into two blocks, holding them sequences of
length t andN , respectively:

U⊤
L =

[
U⊤

t U⊤
N

]
, Y ⊤

L =
[
Y ⊤
t Y ⊤

N

]
, (3.9)
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and have the dimensions Ut ∈ Rtnu×m, UN ∈ RNnu×m, Yt ∈ Rtny×m and YN ∈
RNny×m. To estimate the parameters of the linear model (3.5), the data of the inde-
pendent variables is stacked in the matrix 1:

V ⊤ =
[
Y ⊤
t U⊤

t U⊤
L

]
. (3.10)

As a final preliminary for the identification task, the following assumption is intro-
duced.

Assumption 3.2. We have m ≥ Lnu + nx samples from the dynamic system and the
matrix V in (3.10) has rank(V ) ≥ (Lnu + nx).

Remark 3.1. If the data in matrix (3.10) satisfies Assumption 3.2 it is implied that the
inputs are persistently exciting. The definition of persistance of excitation [38] requires
UL to have full rank [31] and is commonly employed in behavioral systems theory.
Data-enabled predictive control, which is introduced in Section 3.3, is based on the
behavioral systems perspective.

If Assumptions 3.1 and 3.2 hold, the parameters of matrix W in (3.5) can be
identified with the least-squares problem [41, Lemma 2]:

W ∗ = arg min
W

∥WV − YN∥2F , (3.11)

where ∥ ·∥F denotes the Frobenius norm [74, Def. 4.63]. Problem (3.11) has the explicit
solution:

W ∗ = YNV †, (3.12)

where V † denotes the Moore-Penrose pseudo-inverse of V [73, Prop. 7.66]. In
the deterministic setting, that is, if the data is unaffected by noise, the identified
parameters are equivalent to the true multi-step parameters, that is W ∗ = W [41,
Lemma 2].

3.2 Multi-stepmodel predictive control

With the identified parameters from (3.12) for the multi-step model in (3.5), the multi-
step model predictive control problem (MS-MPC) [41] is introduced:

min
u[t,L−1], y[t,L−1]

∥y[t,L−1]∥2Q + ∥u[t,L−1]∥2R

s.t. (3.5)
uk ∈ U ∀k ∈ I[t,L−1],

yk ∈ Y ∀k ∈ I[t,L−1],

(3.13)

with positive definite matricesQ ≻ 0 andR ≻ 0 and convex constraint sets U and Y.
Problem (3.13) is a quadratic parametric optimization problem which depends on the
past sequences y[0,t−1] and u[0,t−1]. The multi-step predictive controller is obtained

1In [41] thematrixV is introduced asM . The change is employed to harmonize the notationwith [42].
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by repeatedly solving (3.13) at each time step k with the past sequences y[k−t,k−1] and
u[k−t,k−1]. This yields the following control law:

uk = κMS−MPC

(
y[k−t,k−1],u[k−t,k−1]

)
. (3.14)

Remark 3.2 (Subspace predictive control). The multi-step identification and MPC
approach was originally introduced as subspace predictive control [27]. This term
originates from subspace identification [75], which is a popular approach to identify
linear state-space models from input-output data in the form of (3.8). To emphasize
that we identify multi-step models (instead of state-space models) we use the term
multi-step model predictive control. This is in contrast to our previous work [41],
and recent work on data-enabled predictive control [34], where the term subspace
predictive control is used to describe (3.13).

3.3 Data-enabled predictive control

The optimal control problem (3.13) can be formulated after the multi-step model (3.5)
is identified from input-output data. An alternative approach is given by the recently
proposed data-enabled predictive control (DeePC) method [31]–[34]. The method is
based on a behavioral systems perspective [38] and combines the identification and
control tasks into a single optimal control problem. In the following, the data-enabled
predictive control problem and the required fundamental lemma of behavioral sys-
tems are introduced. Subsequently, the relationship between the presentedMS-MPC
(3.13) approach and DeePC is investigated.

3.3.1 Fundamental lemma of behavioral systems

The formulation of DeePC is based on the fundamental lemma of behavioral sys-
tems [38]. As shown in [41, Lemma1], any sequencey[0,L−1] andu[0,L−1] is a trajectory
of system (3.1) if and only if there exists a g ∈ Rm, such that:

⎡

⎣y[0,L−1]

u[0,L−1]

⎤

⎦ =

⎡

⎣YL

UL

⎤

⎦ g, (3.15)

where the matrices YL andUL are obtained from (3.8) and satisfy Assumption 3.2. In
other words, any linear combination of the columns ofYL andUL is a trajectory of the
system (3.1). Similarly to themulti-stepmodel (3.5), the fundamental lemma (3.15) can
be used to predict future outputs y[t,L−1] from the sequences y[0,t−1] and u[0,L−1]. To
this end, the following linear system of equations must be solved for g∗:

⎡

⎣y[0,t−1]

u[0,L−1]

⎤

⎦ =

⎡

⎣Yt

UL

⎤

⎦ g∗.

23



CHAPTER 3. LINEARMULTI-STEP IDENTIFICATION

The predicted future sequence y[t,L−1] is then obtained as:

y[t,L−1] = YNg∗.

As a reminder, the matrices YN and Yt are partitions of YL, according to (3.9).

3.3.2 DeePC formulation

To obtain a predictive control formulation from the fundamental lemma, the authors
in [31] propose the following optimization problem:

min
u[t,L−1], y[t,L−1], g

∥y[t,L−1]∥2Q + ∥u[t,L−1]∥2R

s.t. (3.15)
uk ∈ U ∀k ∈ I[t,L−1],

yk ∈ Y ∀k ∈ I[t,L−1].

(3.16)

Similarly to (3.13), the problem is formulated with positive definite matrices Q ≻ 0
and R ≻ 0 and convex constraint sets U and Y. The most prominent difference, in
comparison to (3.13), is the inclusion of the vector g ∈ Rm and the data matrices YL,
UL in the optimization problem. Problem (3.16) also depends on the past sequences
y[0,t] and u[0,t], and can be stated as the feedback control law:

uk = κDeePC
(
y[k−t,k−1],u[k−t,k−1]

)
. (3.17)

The authors in [31], [34] also refer to this approach as direct data-driven as it does not
require the identificationofmodel parameters. In contrast, theydenote themulti-step
predictive control problem (3.13) as indirect data-driven.

3.4 Relationship of DeePC andmulti-step predictive control

In this chapter, two data-based predictive control formulations are presented. First,
the multi-step model predictive control formulation (3.13) and, second, the DeePC
formulation (3.16). Importantly, both formulations are based on the same premise,
that is, systemdata in the formof (3.8) is required, and both control laws are functions
of finite sequences of past outputs y[k−t,k−1] and inputs u[k−t,k−1].

In the following, the relationship between both approaches is investigated, dis-
tinguishing between two important cases. First, the deterministic case, where the
system is not subject to random disturbances. This corresponds to the formulation
of the dynamic system in (3.1). Second, the non-deterministic case, where random
disturbances are present.

3.4.1 Deterministic case

In the deterministic case, with the linear system in the form of (3.1), the DeePC
problem (3.16) has the same optimal solution as the multi-step predictive control
problem (3.13), as shown in the following theorem.
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Theorem 3.1. The matrices UL, YL in (3.8) with data from system (3.1) satisfy Assump-
tions 3.1 and 3.2. The optimal control policy u∗

[t,L−1] and optimal output trajectory
y∗
[t,L−1], as obtained from the DeePC problem (3.16), is equivalent to those obtained from

the multi-step predictive control problem (3.13).

Proof. The proof is shown in our work [41, Theorem 1].

As a consequence of the equivalence between problems (3.16) and (3.13), it can
be argued that the DeePC optimization problem implicitly estimates the parameters
of the multi-step model (3.12). Since the underlying data matrices (3.8) are collected
prior to the control application and are unchanged afterwards, there appears to be
no reason for this repeated estimation in the deterministic case. Furthermore, the
DeePC problem introduces a significant number of additional optimization variables
in comparison to the multi-step predictive control problem [41]. This results in an
increased computational cost for DeePC, as demonstrated by the simulation study
presented in Section 3.5

3.4.2 Non-deterministic case

The relationship between DeePC and MS-MPC in the non-deterministic case is more
intricateand requires reformulationsof bothproblems,whichare introduced in the fol-
lowing. First, a variant of the linear system (3.1) with non-deterministic measurement
noise is introduced:

xk+1 = Axk +Buk, (3.18a)
yk = Cxk +Duk + ey,k. (3.18b)

With data from system (3.18) in the form of (3.8), the DeePC formulation (3.16) must
be adapted because the fundamental lemma (3.15) can generally not be satisfied
anymore. In our work [41], we introduce the following non-deterministic DeePC
formulation:

min
g,u[t,L−1],y[t,L−1],σy,σu

∥y[t,L−1]∥2Q + ∥u[t,L−1]∥2R

+ λg∥g∥22 + λy∥σy∥22 + λu∥σu∥22

s.t.

⎡

⎢⎢⎢⎢⎢⎢⎣

Yt

Ut

UN

YN

⎤

⎥⎥⎥⎥⎥⎥⎦
g =

⎡

⎢⎢⎢⎢⎢⎢⎣

y[0,t−1]

u[0,t−1]

u[t,L−1]

y[t,L−1]

⎤

⎥⎥⎥⎥⎥⎥⎦
+

⎡

⎢⎢⎢⎢⎢⎢⎣

σy

σu

0

0

⎤

⎥⎥⎥⎥⎥⎥⎦
,

uk ∈ U ∀k ∈ I[t,L−1],

yk ∈ Y ∀k ∈ I[t,L−1].

(3.19)

Notable changes to (3.16) are the introduction of slack variables σy ∈ Rtny and
σu ∈ Rtnu with their weighted ℓ2-norms added to the cost function. In this way,
the slack variables can be used for minor corrections to satisfy the fundamental
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lemma (3.15). Furthermore, the ℓ2-normofg is added to thecost function. Comparable
modifications are also employed in the original work on DeePC [31]. More recent work
onDeePC [34] proposesanequivalent formulation to (3.19)with a general penalty term
h(g) instead of the ℓ2-norm.

For the sake of comparison, similar adaptations are proposed for the multi-step
predictive control formulation (3.13):

min
u[t,L−1],y[t,L−1],σy,σu

∥y[t,L−1]∥2Q + ∥u[t,L−1]∥2R + λy∥σy∥22 + λu∥σu∥22

s.t. y[t,L−1] = W ∗

⎛

⎜⎜⎜⎝

⎡

⎢⎢⎢⎣

y[0,t−1]

u[0,t−1]

u[t,L−1]

⎤

⎥⎥⎥⎦
+

⎡

⎢⎢⎢⎣

σy

σu

0

⎤

⎥⎥⎥⎦

⎞

⎟⎟⎟⎠
,

uk ∈ U ∀k ∈ I[t,L−1],

yk ∈ Y ∀k ∈ I[t,L−1].

(3.20)

The parameter matrix W ∗ is identified with (3.12) as in the deterministic case. The
only difference to the deterministic formulation (3.13) is the introduction of the slack
variablesσy andσu. However, in contrast to the DeePC formulation (3.19), thesemodi-
fications are not strictly necessary, and are only employed to obtain a fair comparison
between the two formulations.

As the second main contribution of [41], we find that the DeePC formulation (3.19)
and the multi-step predictive control formulation (3.20) yield the same optimal solu-
tion under certain conditions.

Theorem 3.2. We have UL, YL in the form of (3.8) from system (3.18), t satisfying
Assumption 3.1, and m = Lnu + nx. Let V in (3.10) and YN from (3.9) have full rank.
The DeePC problem (3.19), without inequality constraints, and the multi-step predictive
control problem (3.20), without inequality constraint, yield the same optimal solution
u∗
[t,L−1], if λg = 0.

Proof. The proof is shown in our work [41, Theorem 2].

Clearly, the equivalence established in Theorem 3.2 holds only in specific cases
(i.e. m = Lnu + nx and λg = 0) and is shown for the unconstrained formulation of
DeePC (3.19) and multi-step predictive control (3.20). However, the result still shows
that DeePC and multi-step model predictive control are closely related, even in their
non-deterministic formulation. The main reason for deviations between the DeePC
and MS-MPC solution is due to the regularization of the optimization variable g in
DeePC with λg > 0. We show in [41] that this regularization is necessary to obtain
a well-posed optimization problem ifm > Lnu + nx.

The relationship between the two formulations has been further explored in recent
work [35]. With suitably selected regularization term h(g) and weighting λg in the
cost function of (3.19), the same optimal solution as the multi-step predictive control
problem (3.20) can be obtained.
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3.5 Simulation study

The relationship between DeePC and the multi-step predictive controller is further
explored in a simulation study. The investigated system in the form of (3.1) is a triple-
mass-spring system with rotating discs. The disc angles are the measured outputs,
and twomotors, attached to the outermost discs, are used to control the system. The
full system description is provided in Appendix B.2. Considering the systemmatrices,
Lemma 3.1 shows that the system is observable and the system lag, according to
Definition 2.2, is l = 2.

A past horizon of t = 4 is determined to satisfy Assumption 3.1 and the prediction
horizon is chosen as N = 40. To satisfy Assumption 3.2, a minimum of m > Lnu +
nx = 96 sequences must be collected and arranged in in the data matrices (3.8). In
particular, data is collected from independent experiments with random initial states.
All investigated controllers are formulated with a regulation objective and stage cost:

l(y,u) = ∥y∥22 + 0.1∥u∥22,

and are implemented using CasADi [55] with IPOPT [56].

3.5.1 Deterministic case

In the first investigation, the described system is simulated without measurement
noise and m = 150 sequences are captured. The focus of the investigation is to
compare the deterministic DeePC algorithm (3.16) with the MS-MPC controller (3.13).
In accordance with Theorem 3.2, both methods yield identical control performance in
this investigation. The cumulated cost:

c =
Nsim∑

k=1

l(yk,uk), (3.21)

differsbetweenbothcontroller variantson theorder of 10−11 and is equal to 5.617. This
value is considered as the baseline performance for the non-deterministic case.

3.5.2 Non-deterministic system

For the second investigation, the linear system (3.18) is subject to non-deterministic
measurement noise. It is assumed that the noise follows the normal distribution
ey,k ∼ N (0, 10−4I). The non-deterministic DeePC (3.19) andMS-MPC (3.20) controller
are formulated with tuning parameters λy = 104 and λu = 104.

A main objective of the investigation in [41] is to compare the closed-loop perfor-
mance of both approaches and study the effect of the number of recorded sequences
m on the cost (3.21) and computation time. The results of this investigation are
displayed in Table 3.1 for DeePC (3.19) with λg = 1 and MS-MPC (3.20). All results
in Table 3.1 are computed as averages over ten simulation experiments, with indepen-
dently sampled data matrices and measurement noise. The results show that MS-
MPC outperformsDeePC in the investigated scenario in terms of closed-loop cost and
computation time. While the advantage of MS-MPC with respect to the cost is minor,
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Table 3.1: Comparison of cost and computation time between the non-deterministic
formulation of DeePC (3.19) and MS-MPC (3.20) for the triple mass spring system [41,
Table 1].

Number of samplesm Ref.

100 150 200

DeePC cost (3.21) 5.924 5.674 5.662 5.617
(λg = 1) comp. time [ms] 25.272 39.419 59.291 -

MS-MPC cost (3.21) 5.810 5.64 5.632 5.617
comp. time [ms] 17.30 16.25 16.13 -

the difference in computation time is significant. As expected, the computational
complexity of DeePC increases with the number of sequences which can render the
method infeasible for complex systems.

3.6 Conclusions

In this chapter, multi-step identification for model predictive control (MS-MPC) and
the related data-enabled predictive control (DeePC) are introduced. Both methods
yield anMPCcontroller from input-output data of a linear system. Themaindifference
between both approaches is that DeePC combines the sequential multi-step identifi-
cation and control tasks in a single optimization problem.

As a major contribution, the equivalence between both approaches is established
for a deterministic linear system. Furthermore, it is shown that both approaches are
equivalent for linear systems with non-deterministic measurement noise if specific
conditions are met. The equivalence and close relationship is further illustrated in
a simulation study. This study also reveals that DeePC has a significantly increased
computational cost, in comparison to MS-MPC. This is the result of introducing ad-
ditional optimization variables, depending on the number of samples in the data
matrices. In the presented study, the additional complexity of DeePC does not yield
an improvement in control performance over MS-MPC.

DeePC has potential advantages, however, that remain to be investigated in future
work. In particular, it permits to update the datamatrices online to obtain an adaptive
controller [34], [36]. This extension does not impact the computational cost of DeePC
but would require repeating the parameter estimation for the MS-MPC controller at
each time-step. Additionally, theDeePCproblem is typically formulatedwith a general
regularization term h(g), to achieve different de-noising and robustification effects
[34]. This may be advantageous in practice, but also introduces the challenge of
choosing appropriate values for the tuning parameters λg [34]. It is concluded that
the proposed multi-step predictive control approach in (3.13) is preferable for many
applications.

In thenext chapter, the investigation ofmulti-stepmodels is extended to theproba-
bilistic setting. This also allows to analyze the advantages ofmulti-step identification
over the traditional state-space identification.
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Chapter 4

Probabilistic multi-step
identification for stochastic MPC

Multi-step models predict finite sequences of a dynamic system and can be readily
employed in a model predictive control formulation. Linear multi-step models can
be efficiently identified from data of the investigated system and thus facilitate the
application of MPC. However, it remains a challenge that the identified multi-step
model predicts a deterministic future behavior, whereas most real-world systems
are subject to uncertainty. Applying an MPC controller with identified multi-step
model to an uncertain systemmay, therefore, lead to unsafe behavior and insufficient
performance. A promising approach to control uncertain systems is stochastic MPC
(SMPC) [13], [14]. An SMPC controller can be formulated when the uncertainty in the
model follows a known probability distribution function and relies on the formulation
of chance constraints, that is, constraints with a specified probability of violation.

In this chapter, an approach to identify a probabilistic multi-step model from
noise-affected data is presented and the resulting model is employed in an SMPC
formulation. As a key characteristic of the proposed method, the probabilistic multi-
step identification is derived for linear systems without knowledge of the process
and measurement noise covariance and has favorable theoretical properties. In
particular, it implicitly includes a Kalman filter, yields unbiased parameter estimates
and considers parametric uncertainties from the identification task. Furthermore,
it is shown that these advantages are not shared with an identified and recursively
evaluated state-space model. The proposed method is investigated in two case
studies, demonstrating its effectiveness even for a nonlinear system.

This chapter summarizes the main findings of the publication [42]. The full publi-
cation is provided in Appendix C.4.

4.1 Probabilistic multi-stepmodel

In this section, an uncertain linear system is introduced and recursively evaluated to
obtain a distributed multi-step prediction. Initially, it is assumed that the systemma-
trices are knownand themulti-step identification task is discussed inSection4.2. The
multi-step distribution with known or identified parameters is then used to formulate
an SMPC controller, as described in Section 4.3.
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x0 System (4.1)

u0

p(y1|x0,u0)

System (4.1)

u1

p(y2|x0,u[0,1])

p(x1|x0,u0)
System (4.1)

uN−1

p(yN |x0,u[0,N−1])

. . .

p(y[1,N ]|x0,u[0,N−1]) = N (ȳ[1,N ],Σy,[1,N ])

Figure 4.1: Computing the distributed multi-step prediction from x0 by recursively
evaluating the dynamic system.

In the context of this chapter, the previously introduced linear dynamic system (3.1)
is now subject to non-deterministic process noise ex ∈ Rne,x andmeasurement noise
ey ∈ Rne,y :

xk+1 = Axk +Buk +Exex,k (4.1a)
yk = Cxk +Duk +Eyey,k, (4.1b)

with Ex ∈ Rnx×ne,x and Ey ∈ Rny×ne,y . To obtain a tractable distribution for the
multi-step model and to facilitate the identification task, the following assumptions
are introduced.

Assumption 4.1. The additive measurement and process noise in (4.1) are normally
distributed, that is, ex,k ∼ N (0,Σx) and ey,k ∼ N (0,Σy), ∀k.

Assumption 4.2. System (4.1) is subject to noisy state-feedback, that is, C = I and
D = 0.

Assumption 4.2 can be satisfied for an observable linear system by introducing
a state from finite sequences of past outputs and measurements, as shown in Ap-
pendix A.2, and significantly simplifies the successive notation. There are, however,
limitations due to Assumptions 4.2 which are discussed in Subsection 4.4.2.

4.1.1 Probabilistic model with known initial state

As the first step to derive the probabilistic multi-step model, the conditional distribu-
tion:

p(y[1,N ]|x0,u[0,N−1]), (4.2)

is formulated. This distribution, conditional on the initial state x0 and the sequence
of inputs u[0,N−1], can be obtained by recursively evaluating the system, as indicated
in Figure 4.1. For the noise-affected dynamic system (4.1), this yields:

y[0,N−1] =ON (A, I)x0 + TN (A,B, I,0)u[0,N−1] + TN (A,Ex, I,0)ex,[0,N−1]

+ (IN ⊗Ey)ey,[0,N−1],
(4.3)
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where ⊗ denotes the Kronecker product. As main differences to the deterministic
multi-step model (3.4), the process noise is propagated and the measurement noise
is added. Furthermore, Assumption 4.2 is considered, that is, C = I andD = 0. As
a consequence, it is possible to predict the shifted sequence y[1,N ] instead of y[0,N−1],
from the sequence of inputs u[0,N−1]. To this end, the matrices O+

N (·) and T +
N (·) are

introduced, of which block i, j is obtained as follows:

[O+
N (A)]i,1 = Ai ∀i ∈ I[1,N ], (4.4a)

[T +
N (A,B)]i,j =

{
Ai−jB, if i ≥ j

0, otherwise
∀i, j ∈ I[1,N ]. (4.4b)

These matrices are partitions of the matrices in (3.3). With (4.4), the reformulation
of (4.3) yields:

y[1,N ] =O+
N (A)x0 + T +

N (A,B)u[0,N−1] + T +
N (A,Ex)ex,[0,N−1]

+ (IN ⊗Ey)ey,[1,N ],
(4.5)

where the sequences of the process andmeasurement noise are normally distributed,
according to Assumption 4.1:

ex,[0,N−1] ∼ N (0, IN ⊗Σx), ey,[1,N ] ∼ N (0, IN ⊗Σy). (4.6)

The desired distribution for the probabilistic multi-step model in (4.2) is obtained as
the linear transformation in (4.5) of the normal distributions in (4.6) [74, 20.23 b]. By
further considering the mixed product rule for the Kronecker product [74, 11.11 a], we
obtain the normal distribution:

p(y[1,N ]|x0,u[0,N−1]) = N (ȳ[1,N ],Σy,[1,N ]), (4.7a)

with mean and covariance:

ȳ[1,N ] =O+
N (A)x0 + T +

N (A,B)u[0,N−1], (4.7b)

Σy,[1,N ] =T +
N (A,Ex)(IN ⊗Σx)T +

N (A,Ex)
⊤ + IN ⊗ (EyΣyE

⊤
y ). (4.7c)

4.1.2 Probabilistic model with state estimation

The multi-step distribution in (4.7) is conditional on the initial state x0. However,
due to the presence of measurement noise, the initial state is unknown and must
be estimated from the respective measurement y0. The optimal state estimator for
system (4.1), andconsideringAssumption4.1, is theKalman filter [8]. TheKalman filter
yields a distribution for the estimated initial state which also affects the distribution
of the multi-step prediction. Combining the state estimation and the multi-step
prediction, as shown in Figure 4.2, yields the desired distribution:

p(ŷ[1,N ]|y0,u[0,N−1]). (4.8)

As the main difference to (4.2), the distribution (4.8) is conditional on the noise-
affectedmeasurements y0. As the first step to derive the expression (4.8), the Kalman
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y0 p(x0|y0)

x0 ∼ N (x̄0,Σx,0)

Kalman filter

x0 ∼ N (x̄+
0 ,Σ+

x,0) System (4.1)
System (4.1)
System (4.1)

k = 1, . . . , N

p(ŷ[1,N ]|y0,u[0,N−1])

Fig. 4.1

Figure 4.2: Computing the distributed multi-step prediction from y0 by estimating
the initial state distribution and recursively evaluating the dynamic system. For
conciseness, the recursive evaluation, shown in Figure 4.1, is compacted and omits
the sequence of inputs.

filter correction step yields the conditional probability p(x0|y0) by considering the
obtained measurement y0 and a prior distribution p(x0). Without loss of generality
and for ease of notation, it is assumed that this prior has a zero mean.

Assumption 4.3. The states of the dynamic system are distributed according to x0 ∼
N (0,Σx,0).

With the prior from Assumption 4.3, the Kalman filter correction step yields [8]:

p(x0|y0) = N (x̄+
0 ,Σ

+
x,0), (4.9a)

where:

x̄+
0 = x̄0 +L(y0 −Cx̄0), (4.9b)

Σ+
x,0 = (I −LC)Σx,0, (4.9c)

depends on the Kalman gain:

L = Σx,0C
⊤(CΣx,0 +EyΣyE

⊤
y )−1. (4.9d)

With the estimated initial state distribution from (4.9), the dynamic system (4.1) can be
recursively evaluated, as presented in the previous subsection. The sequential state
estimation and multi-step prediction, displayed in Figure 4.2, is combined to directly
obtain the desired distribution (4.8), as shown in the following lemma.

Lemma 4.1. Assumption 4.1-4.3 hold. The distribution of the multi-step prediction,
conditional on y0 and u[0,N−1], is:

p(ŷ[1,N ]|y0,u[0,N−1]) = N (ˆ̄y[1,N ], Σ̂y,[1,N ]), (4.10a)

with mean and covariance:

ˆ̄y[1,N ] = O+
N (A)Ly0 + T +

N (A,B)u[0,N−1], (4.10b)

Σ̂y,[1,N ] = Σy,[1,N ] +O+
N (A)(I −L)Σx,0O+

N (A)⊤, (4.10c)
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where Σy,[1,N ] is defined in (4.7c), and the Kalman gain is defined in (4.9d).

Proof. The proof is shown in our work [42, Lemma 1].

The probabilistic multi-step model in (4.10) is further simplified by introducing:

ˆ̄y[1,N ] =
[
O+

N (A)L T +
N (A,B)

]
⎡

⎣ y0

u[0,N−1]

⎤

⎦ = Ŵ⊤v, (4.11)

where v⊤ =
[
y⊤
0 u⊤

[0,N−1]

]
. The distribution of the multi-step prediction (4.10) can

thus be computed as:

p(ŷ[1,N ]|y0,u[0,N−1]) = N (Ŵ⊤v, Σ̂y,[1,N ]), (4.12)

with matrices Ŵ and Σ̂y,[1,N ]. Probabilistic multi-step identification boils down to
obtaining these matrices and is discussed in the next section.

As a final remark, the prediction step of the Kalman filter is omitted in Lemma 4.1
for reasons that will be clarified in Subsection 4.3.1. For the discussion in this section,
the prediction step is implicitly considered through Assumption 4.3, that is, it is
assumed that the true prior distribution of the states is known.

4.2 Probabilistic multi-step identification

In the previous section, a probabilisticmulti-stepmodel in the form of (4.12) is derived
from the known system matrices in (4.1) and the covariance matrices of the process
and measurement noise in Assumption 4.1. However, for most real-world problems,
these matrices are unknown. As a main contribution of our work [42], we propose to
use maximum likelihood estimation to directly identify the parameters of the multi-
step distribution in (4.12) from system data. As discussed, this distribution incorpo-
rates the effect of estimating the initial state from noisy measurements. This is a key
aspect and it is shown in this section that it leads to favorable theoretical properties
of the identified multi-step model. Furthermore, it is shown that these favorable
properties are not shared with an identified and recursively evaluated state-space
model.

For the identification task, data is obtained by collecting m sequences from the
dynamic system (4.1), which are arranged in the matrices:

V ⊤ =

⎡

⎣ y
(1)
0 · · · y

(m)
0

u
(1)
[0,N−1] · · · u

(m)
[0,N−1]

⎤

⎦ , Y ⊤
N =

[
y
(1)
[1,N ] · · · y

(m)
[1,N ]

]
, (4.13)

and form the set D = {V , YN}. As the main difference to the previous chapter,
the system is now subject to process and measurement noise and Assumption 4.2
holds. Furthermore, thematrix in (4.13) is transposed in comparison to its counterpart
in (3.10). This harmonizes the notationwith themachine learning literature, where the
first dimension of a data matrix typically refers to the samples.
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y0 p(x0|y0)

x0 ∼ N (x̄0,Σx,0)

Kalman filter
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0 ,Σ+

x,0) System (4.1)
System (4.1)
System (4.1)

k = 1, . . . , N

p(ŷ[1,N ]|y0,u[0,N−1])

Fig. 4.1

N
(
Ŵ ∗⊤v, Σ̂

∗
y,[1,N ]

)
y0 p(ŷ[1,N ]|y0,u[0,N−1])

D = {V , YN} from (4.13)

Ŵ ∗, Σ̂
∗
y,[1,N ] from (4.14)

equivalent in expectation (Theorem 4.1)

Figure 4.3: Relationship between true and identified probabilistic multi-step models.
For conciseness, the recursiveevaluation, shown inFigure4.1, is compactedandomits
the sequence of inputs.

4.2.1 Parameter and covariance estimation

The probabilistic multi-step identification task, with data in the form of (4.13), is
formalized in the following theorem.

Theorem 4.1. Assumption 4.2 and 4.1 hold. The collected data (4.13) from system (4.1)
satisfies Assumption 4.3 and Assumption 3.2. The maximum likelihood approach yields
the estimated parameters and bias corrected covariance matrix:

Ŵ ∗ = Σ̂
∗
pV

⊤YN , (4.14a)

Σ̂
∗
y,[1,N ] =

1

m− (Nnu + nx)
(V Ŵ ∗ − YN )⊤(V Ŵ ∗ − YN ), (4.14b)

with:

Σ̂
∗
p = (V ⊤V )−1. (4.14c)

The estimated distributed multi-step prediction is:

p(ŷ∗[1,N ]|D,v) = N (Ŵ ∗⊤v, Σ̂
∗
y,[1,N ]). (4.15)

The parameters and covariance matrix have the property:

E[Ŵ ∗] = Ŵ , (4.16a)

E[Σ̂∗
y,[1,N ]] = Σ̂y,[1,N ]. (4.16b)
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In expectation, the estimated parameters and covariance matrix are thus identical to
the true parameters and covariance matrix in (4.12).

Proof. The proof is shown in our work [42, Theorem 1].

The result of Theorem 4.1 is also summarized in Figure 4.3. With data from the
uncertain system (4.1), the identifiedmulti-stepmodel yields, in expectation, thesame
distribution as the truemulti-stepmodel, including theKalman filter state estimation.
To understand the importance of Theorem 4.1 it must be considered that the multi-
step identification task boils down to a linear regression problem with measurement
error in the independent variables. Typically, this situation is a major challenge for
linear regression, coined error-in-variables or measurement-error-models [76], [77],
and leads to biased parameter estimates. Theorem 4.1 shows that the problem is
circumventedby identifying thecompositionof stateestimationandmulti-stepmodel,
for which the obtained parameters are unbiased. It is desirable to include the state
estimationbecause the identifiedmodel is successivelyevaluatedwithnoise-affected
measurements. However, it is necessary to consider minor limitations of Theorem 4.1,
which are discussed in Subsection 4.3.1.

4.2.2 Parametric uncertainty

Theorem 4.1 allows to efficiently estimate the unknown parameters and the full co-
variance matrix of the probabilistic multi-step model in (4.12). While the estimated
parameters converge to the true values in the limit of infinitely many samples, in
practice, only a finite number of samples are available. Consequently, the parametric
uncertainties of the estimated parameters must be considered. As the second main
contribution of [42], we introduce the following theorem.

Theorem 4.2. Assumption 4.2 and 4.1 hold. The collected data (4.13) from system (4.1)
satisfies Assumption 4.3 and Assumption 3.2. We have a non-informative prior distri-
bution for the parameters Ŵ and maximum likelihood estimates of the parameter and
covariance matrix from (4.14). Considering the posterior distribution of the parameters,
that is, the parametric uncertainty, we have the distributed multi-step prediction:

p(ŷ∗[1,N ]|D,v) = N (Ŵ ∗⊤v, α(v)Σ̂
∗
y,[1,N ]), (4.17a)

with:

α(v) = (1 + v⊤Σ̂
∗
pv), (4.17b)

where v⊤ = [y⊤
0 ,u[0,N−1]], and with Σ̂

∗
p, Ŵ ∗ and Σ̂

∗
y,[1,N ] from (4.14).

Proof. The proof is shown in our work [42, Theorem 2].

With Theorem 4.2, considering the parametric uncertainty becomes a straightfor-
ward extension of the identified probabilistic multi-step model in (4.15). The scalar
expression α(v) ∈ [1,∞) inflates the estimated covariance matrix obtained from
Theorem 4.1. Theorems 4.1 and 4.2 yield consistent results, as for m → ∞, it can
be shown that α(v) → 1 [73]. In other words, the parametric uncertainty vanishes
for infinitelymany samples and the expected values for the parameter and covariance
matrix are obtained.
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4.2.3 State-space identification

Theorem 4.1 establishes that the identified probabilistic multi-step model yields, in
expectation, the samedistribution as the truemulti-stepmodel, including theKalman
filter state estimation. In the following, it is shown that this favorable property is not
obtained with an identified and recursively evaluated state-space model. In this way,
the advantages ofmulti-step identification over state-space identification are shown.

State-space identification is a special case of multi-step identification with pre-
diction horizon N = 1 and the parameters Ŵ ∗ and Σ̂

∗
y,1 can be estimated according

to Theorem 4.1. To simplify the successive notation, we partition the estimated
parameter matrix Ŵ ∗ as:

Ŵ ∗ =
[
Â∗ B̂∗

]
. (4.18)

This allows to state the following corollary.

Corollary 4.1. As a consequence of Theorem 4.1, the identified parameters Ŵ ∗ and
covariance matrix Σ̂

∗
y,1, of the multi-step model with prediction horizon N = 1, have

the following expectation:

E[Â∗] = AL, (4.19a)

E[B̂∗] = B, (4.19b)

E[Σ̂∗
y,1] = ExΣxE

⊤
x +EyΣyE

⊤
y +A(Σx,0 +LΣx,0)A

⊤, (4.19c)

where Â∗ and B̂∗ are block elements of Ŵ ∗ according to in (4.18). The Kalman gainL is
defined in (4.9d). With the identified parameters, the probabilistic state-space model:

p(ŷ∗1|y0,u0) = N (Â∗y0 + B̂∗u0, Σ̂
∗
y,1), (4.20)

describes, in expectation, the true distribution of the measurements at y1, given y0 and
u0.

Proof. The proof is shown in Appendix A.3.

As for the probabilistic multi-step model, the state-space identification yields
unbiased parameters and the resulting distribution (4.20) includes the effect of es-
timating the initial state. Several problems arise, however, when (4.20) is recursively
evaluated to obtain a distribution for the multi-step prediction ŷ[1,N ]. The recursive
evaluation of (4.20) is obtained without considering the parametric uncertainty, and
yields:

p(ŷ[1,N ]|y0,u[0,N−1]) = N (ˆ̄y[1,N ], Σ̂y,[1,N ]), (4.21a)

with: ˆ̄y[1,N ] = O+
N (Â∗)y0 + T +

N (Â∗, B̂∗)u[0,N−1], (4.21b)

Σ̂y,[1,N ] = T +
N (Â∗, I)(IN ⊗ Σ̂

∗
y,1)T +

N (Â∗, I)⊤. (4.21c)

To discuss the behavior of the identified and recursively evaluated state-spacemodel,
the expected values of the estimated parameters (4.19) are considered. As the first
problem, the expected value of the estimated covariance (4.21c) contains contri-
butions from both the process noise and the measurement noise. The recursively
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evaluated state-space model (4.21) thus propagates the measurement noise which
incorrectly inflates the uncertainty of the multi-step prediction. For the second
problem, we observe that themean of themulti-step prediction (4.21b), with expected
values (4.19), yields:

ˆ̄y[1,N ] = O+
N (AL)y0 + T +

N (AL,B)u[0,N−1]. (4.22)

This is in contrast to the true mean of the multi-step prediction in (4.10b):

ˆ̄y[1,N ] = O+
N (A)Ly0 + T +

N (A,B)u[0,N−1].

This discrepancy is a major disadvantage of state-space identification over multi-
step identification for MPC. If both models are identified from data of a linear dy-
namic system with measurement noise, only the multi-step model yields unbiased
predictions. Importantly, the second problem also applies to the identification of
non-probabilistic models, as presented in Chapter 3. The final disadvantage of state-
space identification is the parametric uncertainty discussed in Subsection 4.2.2. This
uncertainty can be considered with (4.17) and N = 1. However, there is no closed-
form solution for the recursive application of (4.20) if parametric uncertainties are
considered.

4.3 Stochastic model predictive control

In this section, stochastic model predictive control (SMPC) is introduced. First, the
stochastic optimal control problem is formulated for the probabilistic multi-step
model in (4.10)with known systemparameters. Successively, the identified probabilis-
tic multi-step model (4.17) and the identified probabilistic state-space model (4.20)
are employed for the formulation of a data-based SMPC problem.

Given theknownsystemparameters, adistributedmulti-stepmodel (4.10), yielding
the distribution ŷ[1,N ], can be used to formulate a stochastic optimal control problem
in the following way [13], [14]:

min
u[0,N−1]∈U

E
[
∥ŷ[1,N ]∥2Q + ∥u[0,N−1]∥2R

]

s.t. P
[
a⊤
j ŷ[1,N ] ≤ bj

]
≥ (1− ϵ) ∀j ∈ I[1,nc],

(4.23)

withexpectationE(·)andprobabilityP (·). Thecost function is formulatedwithpositive
definite weighting matrices, that is,Q ≻ 0,R ≻ 0, and the inputs are constrained to
the convex set U. The nc chance constraints can be violated with probability ϵ ∈ (0, 1),
and are introduced as individual halfspaces [78, p. 2.2.1] with aj ∈ Rny and bj ∈ R for
j ∈ I[1,nc].

In the described setting, the stochastic optimal control problem (4.23) can be
reformulated as a deterministic problem that yields the same optimal solution [14]:

min
u[0,N−1]∈U

∥ˆ̄y[1,N ]∥2Q + ∥u[0,N−1]∥2R + trace
(
QΣ̂y,[1,N ]

)

s.t. a⊤
j ˆ̄y[1,N ] ≤ bj − cp(ϵ)∥aj∥Σ̂y,[1,N ]

∀j ∈ I[1,nc],
(4.24)
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with ˆ̄y[1,N ] and Σ̂y,[1,N ] from (4.10b) and (4.10c) . The factor cp(ϵ) =
√
2erf−1(1 − 2ϵ)

is the quantile of the standard normal distribution and erf−1 denotes the inverse
error-function [79]. If the covariance of the multi-step distribution, that is, Σ̂y,[1,N ],
is constant, the cost function in (4.24) can be further simplified by omitting the
respective term. However, as shown in Subsection 4.2.2, this is not the case for the
identified multi-step model. Problem (4.24) is a quadratic optimization problem that
depends on the measured initial state y0 and yields the feedback control law:

uk = κSMPC(yk). (4.25)

4.3.1 Stochastic MPCwith identifiedmulti-stepmodel

The multi-step distribution in (4.17) is the data-based equivalent to (4.10), including
the parametric uncertainty from the identification task. With (4.17), the deterministic
formulation of the stochastic optimal control problem (4.24) is given as follows:

min
u[0,N−1]∈U

∥ˆ̄y∗
[1,N ]∥

2
Q + ∥u[0,N−1]∥2R + trace

(
α(v)QΣ̂

∗
y,[1,N ]

)
(4.26a)

s.t. a⊤
j ˆ̄y∗

[1,N ] ≤ bj − cp(ϵ)∥aj∥α(v)Σ̂∗
y,[1,N ]

∀j ∈ I[1,nc]. (4.26b)

The weight matrices Q and R, constraint set U and the chance constraints, de-
fined with aj , bj ∀j ∈ I[1,nc] and ϵ, are analogous to (4.24). As the main difference
between (4.24) and (4.26), the mean ˆ̄y∗

[1,N ] and covariance Σ̂
∗
y,[1,N ] now stem from

distribution (4.17). The parametric uncertainty of the identified model results in the
factor α(v), introduced in (4.17b), where v⊤ = [y⊤

0 , u
⊤
[0,N−1]].

Due to the parametric uncertainty, and in contrast to (4.24), the optimization
problem in (4.26) is no longer a quadratic problem. It is shown in [42, Appendix A]
that problem (4.26) constitutes a convex second-order cone program [78]. Solving
Problem (4.26) repeatedly for the measured initial state yk yields the control law:

uk = κMSM
SMPC(yk). (4.27)

The proposed data-based SMPC controller (4.27) allows to safely operate the
unknown system (4.1). However, some limitations of the approach must be consid-
ered. As shown in Theorem 4.1, multi-step identification yields the parameters and
covariancematrix for thedistribution in (4.12). Thisdistribution incorporatesaKalman
filter correction step, considering the prior distribution of the initial state introduced
in Assumption 4.3. This prior coincides with the distribution of the initial state from
the sampled data psamp.(x0), as required for Theorem 4.1. This relationship is also
indicated in Figure 4.3. As a consequence, themulti-stepmodel always considers the
same prior distribution, that is, pprior(x0) = psamp.(x0).

This has two important limitations. First, it is imperative that the multi-step
model is evaluated only for initial states that are reasonably probable in terms of
the distribution of the initial state from the sampled data. This limitation is intu-
itive since performing a Kalman filter correction step with an incorrect prior state
distribution is detrimental. Similarly, it may be detrimental to evaluate a data-based
model for extrapolation points. It is, however, a limitation in the sense that data for
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the identification task must be sampled in the same range that is expected for the
closed-loop operation. The second limitation arises from the fact that the multi-step
identification is performed prior to the control task. As a consequence, the prior state
distribution is not updated during the control task. Updating the prior distribution is
typically an important step of Kalman filtering and allows for convergence to the true
state distribution over multiple iterations. We indicate that the prior distribution is
unchanged in Figure 4.3. In practice, this limitation increases the uncertainty of the
predicted future measurements and may lead to more conservative control actions
of the SMPC controller. In Chapter 6, future steps to remedy both limitations are
discussed.

Apart from the specific problems of the proposed data-based approach, SMPC
also has general challenges, for example, proving recursive feasibility and stability,
for which the reader is referred to the literature [13], [14].

4.3.2 Stochastic MPCwith identified state-spacemodel

To illustrate the advantages of the proposed SMPC formulation based on probabilistic
multi-step identification, we also investigate an SMPC controller based on probabilis-
tic state-space identification in [42]. In particular, the SMPC problem in (4.24) is
formulated using the identified state-space model as:

min
u[0,N−1]∈U

∥ˆ̄y∗
[1,N ]∥

2
Q + ∥u[0,N−1]∥2R (4.28a)

s.t. a⊤
j ˆ̄y∗

[1,N ] ≤ bj − cp(ϵ)∥aj∥Σ̂∗
y,[1,N ]

∀j ∈ I[1,nc], (4.28b)

where the mean ˆ̄y∗
[1,N ] and covariance Σ̂

∗
y,[1,N ] now stem from distribution (4.21). This

multi-stepdistribution is obtainedby recursively evaluating (4.20)without considering
the parametric uncertainty. For this reason, the cost function in (4.28a) also omits the
constant trace term of the covariance matrix. Solving Problem (4.28) repeatedly for
the measured initial state yk yields the control law:

uk = κSSMSMPC(yk). (4.29)

The data-based SMPC controller (4.29) with identified state-space model is expected
to have significant shortcomings that are demonstrated in the following case stud-
ies. The main disadvantage stems from the recursive evaluation of the identified
probabilistic state-space model. As discussed in Subsection 4.2.3, this recursive
evaluation yields, in expectation, a biased mean prediction, an inflated covariance
matrix, and does not consider the parametric uncertainty. Comparing the SMPC
controller based on state-space identification (4.29) with the variant based on multi-
step identification (4.27) is still relevant, however, as state-space identification is
commonly employed in practice.

4.4 Case studies

The proposed SMPC controller based on probabilistic multi-step identification is
investigated in two case studies. In the first study, the investigated system satisfies
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Figure 4.4: Resistance-capacitance network representation of the building system.

Assumptions 4.1 and 4.2. This is to highlight that the identified multi-step distribu-
tion (4.17) incorporates the state estimation, as shown in Theorem 4.1, and considers
the parametric uncertainty derived in Theorem 4.2. In the second investigation, the
applicability of the proposed method for a nonlinear system with output-feedback is
investigated. In both investigations, the SMPC controller based onmulti-step identifi-
cation (4.27) is compared with a variant based on state-space identification (4.29).

4.4.1 Linear building system

In the first case study, a linear building system is investigated. The system ismodeled
as a resistance-capacitance network [80], with parameters from [81], and is depicted
in Figure 4.4. The fullmodel description is provided in Appendix B.3 and further details
can be found in [42]. The main objective of the investigation is to illustrate the results
of Theorems 4.1 and 4.2.

As a prerequisite for the investigation, a prior distribution of the initial state is
defined according to Assumption 4.3 This prior distribution is used to sample data for
the system identification, as shown in Figure 4.3. With the obtained data, two multi-
step models, both with horizon N = 12, are identified and compared. The first multi-
step model uses m = 1000 samples for the identification and is denoted MSMa. For
comparison, amulti-stepmodel using onlym = 100 samples is identified and denoted
MSMb. Both models are then evaluated to predict the multi-step distribution and
compared with the ground truth. The ground truth distribution is obtained as shown
in the upper half of Figure 4.3, that is, by estimating the initial state with a Kalman
filter and recursively evaluating the dynamic system using the true system matrices
and covariances.

Theorem 4.1 concludes that the identified multi-step model yields, in expectation,
the true multi-step distribution. In Figure 4.5 it is shown that this conclusion also
holds true in practice. The distributed multi-step prediction p(ŷ[1,N ]) is displayed in
terms of the mean and the standard deviation for three selected states. Furthermore,
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Figure 4.5: Distributed multi-step prediction of the building system for an initial
measurement y0 and random control sequence u[0,N−1] for N = 12. Comparison of
true distribution (4.10) and two identifiedmulti-stepmodels (MSMs). The distribution
of MSMa with m = 1000 samples and MSMb with m = 100 samples are obtained
according to (4.17) [42, Figure 1].

the joint distributions p(Ti, Tj) at t = 12h are shown. For the multi-step model with
m = 1000 samples (MSMa), the identified parameters are close to their expected
values. Consequently, the ground truth distribution and predicted distribution are
almost identical. For the multi-step model withm = 100 samples (MSMb), the effect
of the parametric uncertainty, derived in Theorem 4.2, can also be seen in Figure 4.5.
The predicted mean deviates slightly from the ground truth mean. However, this
shortcoming is compensated by an increased predicted variance, resulting from the
parametric uncertainty. The relatively high parametric uncertainty stems from the
fact thatm = 100 is close to the lower limit ofmmin = nx+Nnu = 65 samples that are
required to satisfy Assumption 3.2.

Using the identified multi-step model MSMa, we formulate an SMPC controller in
our work [42] and compare the controller to a variant based on state-space identifi-
cation. As a main conclusion from this investigation, the SMPC formulation based
on the identified multi-step model yields significantly better control performance. In
terms of the overall energy consumption of the building, an average reduction of 8.3%
is observed [42]. It is found that this reduction is primarily due to the significantly
larger predicted variances from the identified and recursively evaluated state-space
model [42]. Following the discussion in Subsection 4.2.3, this increased variance is
expected and leads to a larger back-off from the chance constraints.

4.4.2 Nonlinear CSTR

For the second case study, the CSTR system introduced in Subsection 2.3.2 is investi-
gated. The system is depicted in Figure 2.1 and the full model description is provided
in Appendix B.1. The nonlinear CSTR is investigated in two configurations, with state-
feedback and with output-feedback. The main objective of this case study is to show
that the proposed method can achieve excellent performance even if the underlying
assumptions are violated. In this way, the applicability to real-world problems is
demonstrated.
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Table 4.1: Performance of SMPC for the control of the CSTR. Comparison between
SMPCwith an identifiedmulti-stepmodel (MSM) and an identified state-spacemodel
(SSM), either with state-feedback or output-feedback. All performance indicators are
computed as mean and standard deviation over 50 experiments [42, Table 3]

Output-feedback MSM product [mol] 6.15±0.23
max. cons. viol [°C] 0.00±0.00

SSM product [mol] 5.79±1.10
max. cons. viol [°C] 0.01±0.06

State-feedback MSM product [mol] 7.17±0.21
max. cons. viol [°C] 0.00±0.00

SSM product [mol] 6.16±0.21
max. cons. viol [°C] 0.00±0.00

The underlying assumptions of the proposed method are violated because the
investigated CSTR is nonlinear andmay exhibit output-feedback. Both properties vio-
late Assumption 4.1, that is, the process andmeasurement noise are not independent
and normally distributed. Any nonlinear system can be reformulated as a linear sys-
temwith additive process noise. In this reformulation, the process noise incorporates
the nonlinearities of the system and, therefore, is not normally distributed. Further-
more, Assumption 4.1 is violated for systems with output-feedback. An observable
linear systemwith output-feedback canbe reformulated as a linear systemwith state-
feedback, as shown in Appendix A.2. This requires the definition of the new state (3.6)
from sequences of past inputs and measurements. Assumption 4.1 is violated in that
case because successive measurements of the new state are correlated [16, Sec. 5].

Despite the discussed challenges, an SMPC controller with identified probabilistic
multi-step model is employed. As in the previous case study, the obtained SMPC
controller is compared with a variant based on state-space identification. For all
investigated variants, the system is identified fromm = 500 simulated sequenceswith
a sequence length of L = N + t and N = 20. For the variants with output-feedback,
it is assumed that only the reactor temperature TR and the product concentration cB
are measured and t = 3 is selected. The initial state of each sequence is obtained as
a random uniform sample, which further violates Assumption 4.3. For all identified
models, the SMPC problem is formulated with the economic control objective to max-
imize the concentration of the desired product cb and considers a chance constraint
for the safety-critical reactor temperature, that is, P (TR ≤ 135 °C) ≥ 99.9%. Further
details are given in our work [42].

To evaluate the performance of all investigated controller variants, 50 closed-loop
trajectories are generated, starting from a random initial state. The performance
is then quantified in terms of the obtained product and the maximum constraint
violation. The results are presented in Table 4.1 as mean and standard deviation
of the performance metrics. It can be seen that SMPC with multi-step model (MS-
SMPC)with andwithout output-feedback yields excellent control performance for the
investigated nonlinear CSTR system. The reactor is operated safelywithout constraint
violations and the product yield is maximized. In contrast, SMPC with state-space
model (SS-SMPC) results inminor constraint violations in thecaseof output-feedback
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Figure 4.6: Closed-loop results and future prediction with uncertainty bounds for
the CSTR system. Comparison of SMPC with identified multi-step model (MSM) and
identified state-space model (SSM) in the case of output-feedback [42, Figure 4].

and yields less product in both cases. In the case of state-feedback, the MS-SMPC
controllers results in 11.2% more product than the SS-SMPC controller. To explain
these results, Figure 4.6 shows an exemplary closed-loop trajectory for theMS-SMPC
and the SS-SMPC controlled system, in the case of output-feedback. The figure also
shows the predicted and optimized distributions at the final time-step. It is important
to realize that the spread of the distributions is identified fromdata and approximates
the nonlinearities of the CSTR system. The open-loop prediction at the last time-step
shows that both controllers consider the uncertainty of the predicted future reactor
temperature andback-off from the respective chance-constraint. However, due to the
discussed shortcoming of state-space identification, this back-off is unnecessarily
conservative for the SS-SMPC controller. As a result, the MS-SMPC controller yields
more product.

4.5 Conclusions

In this chapter, probabilisticmulti-step identification for stochasticMPC is introduced
as an attractive solution for data-based control under uncertainty. It is shown that an
identified multi-step model yields, in expectation, the true multi-step distribution of
an unknown linear systemwith process andmeasurement noise. The identifiedmulti-
stepdistributionalso incorporates theeffect of estimating the initial statedistribution
and the parametric uncertainty from the identification task. In contrast, if a state-
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spacemodel is identified from the samedata, the resultingmulti-step prediction is bi-
ased. Furthermore, state-space identification cannot easily consider the parametric
uncertainty for the distributed multi-step prediction. As a conclusion, the multi-step
identification approach has inherent advantages over state-space identification and
is well suited for the formulation of data-based SMPC controllers.

While the probabilistic multi-step identification approach is derived for linear
systems with state-feedback, it is shown that the approach can also be applied to a
nonlinear system with output-feedback. In this setting, the identified covariance of
the multi-step model incorporates the effects of the nonlinearities of the system. In
the investigated case study, the resulting SMPC controller safely controls the system
with excellent performance.

For future work, a natural, but non-trivial, extension is to combine multi-step
identification and nonlinear identification. For example, a multi-step model could
be identified with neural networks, as introduced in Chapter 2. A prerequisite for
this potential application is uncertainty quantification with neural networks, which
is discussed in the next chapter.
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Chapter 5

Uncertainty quantification with
neural networks

A challenge for the application of traditional neural networks in system identification
and control is their tendency to overfit and their inability to express uncertainty [26].
Bayesian neural networks (BNNs), inwhich theweights andpredictions are probability
distributions, are a theoretical concept to address this shortcoming. For practical
applications, BNNs are typically approximated with sampling-based Markov chain
Monte Carlo or variational inference methods [26]. However, due to the requirement
to sample the predictive distribution, both categories of methods have only limited
application for optimization-based control.

In this chapter, neural networks with Bayesian last layer [45], [46] are introduced.
They constitute a simplified BNN where only the weights of the last layer and the pre-
diction follow a Gaussian distribution and the remaining layers contain deterministic
weights. In this way, neural networks with Bayesian last layer are a promising compro-
mise between tractability and expressiveness andmay serve as a versatile and impor-
tant tool for system identification for predictive control. To leverage these promises,
two important challenges must be addressed. Neural networks with Bayesian last
layer should be trained by maximizing the marginal likelihood, which has previously
been found unsuitable for gradient-based optimization. Additionally, the predictive
distribution of a neural network with Bayesian last layer may be overconfident for
extrapolation points. Solutions to overcome these challenges are proposed in this
chapter. The improved uncertainty quantification of neural networks with Bayesian
last layer isdemonstrated inasimulationstudyandpotential applications in the realm
of system identification for control are discussed.

This chapter summarizes the main findings of the publication [43]. The full publi-
cation is provided in Appendix C.5.

5.1 Neural networks with Bayesian last layer

As in Chapter 2, a neural network (2.6) is used to approximate an unknown function
t = f(v), using the data D = {v(i), t(i)}mi=1. For ease of notation, a scalar output
is assumed in the following and the extension to the multivariate case can be found
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in [43]. A prerequisite for neural networks with Bayesian last layer is the following
assumption.

Assumption 5.1. The NN (2.6) has a linear activation function in the output layer, that
is, gL+1(hL+1) = hL+1.

While this Assumption was not explicitly required in Chapter 2, it is common
practice for regression tasks to have a linear function in the last layer. To simplify the
followingnotation, theoutputof the last internal layer of theneural network isdenoted
as:

φ̃ = aL, and φ = [a⊤
L , 1]

⊤, (5.1)

with φ̃ ∈ Rñφ andφ ∈ Rnφ . In summary, a neural network that satisfies Assumption 5.1
is a linear function with respect to the features φ in the last layer. Under similar
premises as for the probabilistic multi-step identification in Chapter 4, it is, therefore,
possible to obtain a distributed prediction. To formally introduce the neural network
with Bayesian last layer, two additional assumptions are required.

Assumption5.2. The NN (2.6)provides a feature spaceφ(v;WL) ∈ Rnφ from which the
targets are obtained as:

t(i) = φ
(
v(i);WL

)⊤
wL+1 + e(i) ∀i ∈ I[1,m], (5.2)

whereWL = {W1, . . . ,WL} denotes the weights until layerL andwL+1 are the weights
in the last layer for a scalar output. The additive noise e ∈ R is zero-mean normally
distributed, that is, e(i) ∼ N (0,σ2

e) for all i ∈ I[1,m].

Assumption 5.3. We have a zero-mean Gaussian prior belief for the weights of the
output layer, that is, wL+1 ∼ N (0,σ2

wI).

ConsideringAssumption5.2and5.3, theparametersof theprobabilisticmodel (5.2)
are introduced as:

Θ = {WL,σe,σw}. (5.3)

Finally, the training dataD is used to form the feature matrix and the target vector:

Φ⊤ =
[
φ
(
v(1);WL

)
. . . φ

(
v(m);WL

)]
, (5.4)

t⊤ =
[
t(1) . . . t(m)

]
, (5.5)

With these prerequisites, the following Lemma can be stated.

Lemma 5.1. Assumptions 5.1-5.3 hold. The neural network has normally distributed
weights in the last layer, that is:

p(wL+1|D,Θ) = N (w̄L+1,Λ
−1
p ) (5.6a)

w̄L+1 = σ−2
e Λ−1

p Φ⊤t (5.6b)

Λp = σ−2
e Φ⊤Φ+ σ−2

w , (5.6c)
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with feature matrix Φ from (5.4) and target vector t from (5.5). For a test point v, the
predicted output of the neural network is normally distributed with:

p(t|D,Θ,v) = N (t̄,Σt), (5.7a)

t̄ = φ⊤w̄L+1, (5.7b)

Σt = φ⊤Λ−1
p φ+ σ2

e , (5.7c)

Proof. The proof is shown in our work [43, Lemma 1 & Result 1].

In theproof of Lemma5.1Bayes’ law [73] is applied to theweights of the last layer to
obtain their posterior distribution. This is in contrast to all other weights of the neural
network which are considered deterministic. In this sense, the neural network has a
Bayesian last layer.

5.1.1 Marginal likelihoodmaximization

Aneural networkwithBayesian last layer is reminiscent of a probabilistic linearmodel,
as introduced in Chapter 4. Consequently, it is possible to obtain maximum likelihood
estimates of the weights in the last layer, as well as the covariancematrix, similarly to
Theorem 4.1. However, this requires the features in the last layer, or equivalently the
weights in all previous layers, to be fixed and does not fully utilize the capabilities of
neural networks for function approximation.

To obtain suitable values for the deterministic weights, and, simultaneously, the
unknown noise and prior variances σe and σw, it is desirable tomaximize the marginal
likelihood of the probabilistic model. Maximizing the marginal likelihood has the
attractive interpretation of favoring the least complex model that suitably describes
the available data [73].

The negative log-marginal likelihood of the neural networkwith Bayesian last layer
is derived as [43, Result 1]:

J(Θ;D) =
m

2
log(2π) + nφ log(σw) +m log(σe)

+
1

2
log det(Λp) +

1

2σ2
e
∥t̄− t∥22 +

1

2σ2
w
∥w̄L+1∥22,

(5.8)

with parameters Θ from (5.3). The mean of the weights in the last layer, that is, w̄L+1

stems from (5.6b), and is computedwith the precisionmatrixΛp in (5.4) and the target
vector t in (5.5). The predictedmean t̄ is obtained from (5.7a). The optimal parameters
are then obtained as:

Θ∗, w̄∗
L+1 = arg min

Θ, w̄L+1

J(Θ, w̄L+1;D)

s.t. (5.6b).
(5.9)

Unfortunately, this optimization problemposes significant challenges in practice. The
computation of w̄L+1 in (5.6b) requires the inverse of the precision matrix (5.6c)
which depends on the optimization variables Θ. The inverse operation is numerically
challenging and computationally expensive and, therefore, prohibits sufficiently fast
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Figure 5.1: Neural network with Bayesian last layer: Predicted mean and standard
deviation (5.7) after training on m = 3 samples. The effect of parameter α on the
predicted uncertainty is shown by comparing the optimal α∗ (Θ∗ from (5.9) and α
according to (5.13) ) with suggested improved αmax [43, Figure 2].

optimization. Previous works on neural networks with Bayesian last layer have cir-
cumvented problem (5.9). In [18], [22], [47], [82], [83] the neural network is trained
by minimizing the mean-squared-error (2.10) yielding WL+1. The noise and prior
variances are either assumed to be known [22], [47], [82] or can be obtained by
solving (5.9) with fixed parameters WL [18], [83]. Subsequently, the distribution of
the neural network with Bayesian last layer (5.7) can be evaluated.

As main contribution of our work [43], we present the following theorem which
allows to directly solve (5.9).

Theorem 5.1. The optimal solution (Θ∗, w̄∗
L+1) of problem (5.9) is identical to the

optimal solution obtained from the unconstrained problem:

Θ∗, w̄∗
L+1 = min

Θ,w̄
J(Θ, w̄L+1;D), (5.10)

Where, in comparison to (5.9), the equality constraint has been dropped.

Proof. The proof is shown in our work [43, Theorem 1].

Theorem 5.1 therefore enables the efficient maximization of the log marginal like-
lihood by avoiding the explicit computation of w̄ in (5.6b). Solving (5.10) yields the
parametersWL+1 and the unknown noise and prior variances.

5.1.2 Improving the extrapolative uncertainty quantification

An important challengewithdata-basedprobabilisticmodels is their predictivebehav-
ior in the extrapolation regime. The probabilistic model should indicate extrapolation
by predicting an increased variance. However, it is difficult to achieve this behavior
during trainingbecause the trainingdata, bydefinition, doesnot contain extrapolation
points.

To address this challenge, and as another main contribution of our work [43],
a method to tune the extrapolative uncertainty quantification of a trained neural
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network with Bayesian last layer is presented in the following. As a preliminary step,
the precision matrix in (5.6c) is reformulated as:

Λp = σ−2
e Φ⊤Φ+ σ−2

w Ĩnφ

= σ−2
e

(
Φ⊤Φ+ α−1Ĩnφ

)
= σ−2

e Λ̄p,
(5.11)

where [43, Result 2, Assumption 4]:

Λ̄p = Φ⊤Φ+ α−1Ĩnφ , (5.12)

α = σ2
w/σ

2
e , (5.13)

and Ĩnφ = diag(Inφ , 0). It is shown in our work [43, Theorem 2] that the introduced
parameter α directly influences the extrapolative uncertainty quantification of the
neural network with Bayesian last layer. Leveraging this relationship, we propose
in [43] to tune α after training the neural network with (5.9). In particular, the selected
α should maximize the log-predictive density, that is:

log p̄(ttest) =
1

mtest

mtest∑

i=1

log p(t = ttesti |D,Θ,xtest), (5.14)

on additional test data. The log-predictive density is an expressive measure for the
quality of the identified probabilistic model. High values indicate high confidence in
correct predictions, whereas low values indicate high confidence in incorrect predic-
tions.

The effect of increasing α, relative to the optimal value obtained from (5.9), is
shown in Figure 5.1. For this toy-example, a simple regression task withm = 3 data
points is designed to provoke extrapolation. The training samples, the true function
and the predicted distribution of the neural network with Bayesian last layer are
depicted in the figure. Figure 5.1 a) shows the predicted distribution obtained with
the optimal parameters from (5.9). Considering the sparse training data, the neural
network predicts suitable mean values. However, the predicted standard deviations
reveal that the model is overconfident. Increasing α, as shown in Figure 5.1 b) & c)
remedies this shortcoming and achieves the desired performance. The final value of
αmax is obtained by maximizing (5.14) [43, Algorithm 1].

5.1.3 Simulation study

The proposed algorithm to train and tune neural networks with Bayesian last layer is
presented in a simulation study. The investigated problem constitutes a nonlinear
regression task with nv = 1 input, nt = 2 outputs and additive noise with variances
σe,1 = 0.05 and σe,2 = 0.2. Both noise variances are assumed to be unknown. A neural
network with Bayesian last layer, configured with L = 2 layers, na,i = 20 neurons
and activation function gi(·) = tanh(·), ∀i ∈ [1, 2, 3], is investigated to approximate
the unknown function. Training is conducted as shown in [43, Algorithm 1], that is, the
multivariate log-marginal likelihood (5.9) ismaximized, yieldingΘ∗. In the secondstep,
α∗, obtained from (5.13), is tuned with additional data to improve the extrapolative
uncertainty quantification. The log-predictive density (5.14) is maximized for αmax.
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Figure 5.2: Multivariate neural network with Bayesian last layer: Predicted mean
and standard deviation for two outputs with different and unknown noise level. The
optimal parameters Θ∗ are obtained with (5.10) and yield α∗ with (5.13). This value is
then adapted to improve the uncertainty quantification in the extrapolation regime by
maximizing (5.14), yielding αmax [43, Figure 4].

The resultsof thesimulationstudyareshown inFigure5.2. For theoptimal valueα∗

and the tuned value αmax, the predicted distribution is depicted in terms of mean and
standard deviation. Both distributions suitably describe the training data and capture
the behavior of the unknown function in the interpolation regime. The estimated noise
variances σe,1 = 0.051 and σe,2 = 0.17 are close to the true values. However, only the
distribution with tuned extrapolative uncertainty quantification, that is, with αmax, is
suitable to describe the extrapolation regime.

5.2 Applications & conclusions

Neural networks with Bayesian last layer are a tractable approach for uncertainty
quantification with neural networks. With the proposed algorithm, which is based on
maximizing the marginal likelihood and tuning the extrapolative uncertainty quantifi-
cation, they are a promising solution for safe data-based control applications. In this
section, two potential applications of the proposedmethod are discussed andmay be
investigated in future works.

5.2.1 State-space identification for stochastic MPC

Neural networks with Bayesian last layer can be used as a straightforward extension
of the identification approach outlined in Chapter 2. Instead of the deterministic
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state-space model in (2.11), a neural network with Bayesian last layer (5.7) yields the
following Gaussian distribution:

p(x̂k+1|xk,uk) = N
(
x̄k+1,Σx,k+1

)
. (5.15)

Toobtainasafedata-basedpredictivecontroller, thisdistributionmaybe incorporated
in a stochastic optimal control problem (4.23). The main challenge in this regard is to
obtain the required multi-step prediction. Unfortunately, recursively evaluating (5.15)
does not warrant an analytical expression for the resulting distribution.

As an approximation, a tractablemulti-step prediction can be obtained from (5.15)
by propagating the uncertainty with a linearized model, in a manner similar to that of
an extended Kalman filter [8, Sec. 4.5.2]. This approach has previously been applied
in the literature for Gaussian processes [20], [21] and yields a Gaussian distribution
for the multi-step prediction. The resulting distribution is thus suitable to formulate
thestochastic optimal control problem in (4.24). However, propagating theuncertainty
through linearization has two drawbacks. First, the obtained multi-step distribution
is only an approximation and a derived stochastic MPC controller cannot guarantee
safe control actions. Second, the linearization requires sequential backpropagation
and, therefore, yields a nested computational graph that might impede sufficiently
fast optimization.

In addition to the challenges introduced by linearization, an identified and recur-
sively evaluated state-space model may be biased in the presence of measurement
noise, as discussed in Section 4.2.3. This last challenge is not present, however, when
approximating a non control-oriented model, as is the case for the water distribution
network in Chapter 2. In this setting, probabilistic state-space identification with
neural networks with Bayesian last layer may be a suitable solution.

5.2.2 Multi-step identification for stochastic MPC

Instead of identifying a nonlinear state-space model, neural networks with Bayesian
last layer may also be used to directly identify a probabilistic multi-step model. In
this setting, the neural network with Bayesian last layer (5.7) yields the following
distribution:

p(x̂[k+1,k+N ]|xk,u[k,k+N−1]) = N
(
x̄[k+1,k+N ],Σx,[k+1,k+N ])

)
. (5.16)

The resulting distribution is directly suitable to formulate a stochastic optimal control
problem (4.23) and can be reformulated to the deterministic problem (4.24).

Multi-step identificationmayhaveadvantagesover thepreviouslydiscussedstate-
space identification because it avoids the challenge of propagating the uncertainty.
Furthermore, some advantages of multi-step models over state-space models, dis-
cussed in Section 4.2.3, may also apply in the nonlinear setting. However, there are
also specific challenges associated with nonlinear multi-step identification. Most
importantly, amulti-stepmodel has a larger input space than a state-spacemodel for
the same system. Consequently, a neural network with significantly more parameters
may be required to identify the multi-step model. At the same time, fewer data
samples are available for training. A sequence of lengthN + 1 yields only one sample
to train amulti-stepmodel with a horizon ofN . In contrast, the same sequence yields
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N samples to identify a state-space model. With overlapping elements from a longer
sequence this disadvantage is mitigated to some extent. However, samples from
overlapping sequences are correlatedandmay result in biasedestimates of themodel
parameters. Another solution to mitigate these challenges is to train N independent
models for theN steps of the prediction horizon. The first model then corresponds to
the state-spacemodel in (5.15). With this approach, the described challenges become
significant only for models that predict the final steps of the sequence.

In conclusion, both state-space and multi-step models using neural networks
with Bayesian last layer are promising solutions to enable safe data-based predictive
control. Both approaches have distinct advantages and disadvantages. For future
works, it remains to investigate and compare their performance for concrete control
tasks.
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Chapter 6

Conclusions and outlook

This thesis explores the integration of model predictive control with advanced meth-
ods for system identification, specifically focusing on nonlinear identification and
multi-step identification with deterministic and probabilistic models. This chapter
summarizes the proposed methods, presents advantages and limitations and dis-
cusses theirpotential to facilitate thewidespreadadoptionofmodelpredictivecontrol.
Further steps towards achieving this goal are presented in the outlook.

6.1 Conclusions

Neural networks are an attractive model type for nonlinear state-space system iden-
tification. These models can learn complex system behavior from large datasets and
are suitable for gradient-basedoptimization, as required for efficientmodel predictive
control. Data for the identification task can either stem from measurements of an
existing system or from simulation results of a non control-oriented model. Neural
network system identification for systems with state-feedback and output-feedback
isproposedanddemonstrated in twosimulationstudies. It is shownthat,withsuitably
sampled data, an MPC controller with neural network system model can yield near-
identical results to a variant with exact system model for a wide range of operating
conditions. Sampling data for the identification task, and formulating the MPC con-
troller is facilitated by the introduced open-source software package do-mpc. In the
second simulation study it is demonstrated that MPC with identified neural network
systemmodel can be employed for the energy-optimal control of a water distribution
network. To reduce the complexity of the neural network and the resulting optimal
control problem, neural network system identification is combined with a data-based
hierarchical clustering approach. For the water distribution network, the proposed
model predictive controller achieves significant improvements in energy efficiency
compared to the default rule-based controller.

An alternative to state-space identification ismulti-step identification. Multi-step
models are derived for linear systems by condensing the recursive evaluation of a
state-spacemodel. It is shown thatmulti-step identification boils down to a tractable
linear regression task, and the resulting model is directly suitable for the formulation
of a model predictive control problem. The proposed controller with identified multi-
step model is compared with the popular data-enabled predictive control method,
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which combines the system identification and control tasks in a single optimization
problem. As a main contribution, it is shown that with data from a deterministic
system, both formulations yield equivalent results. Consequently, it is argued that
data-enabled predictive control repeatedly estimates the multi-step parameters re-
sulting in a significantly increased computational cost. The relationship betweenboth
methods becomes more intricate for non-deterministic systems as the data-enabled
predictive control problem requires heuristic modifications to avoid infeasibility. For
comparability, similar adaptations are proposed for the multi-step model predictive
control problem and it is shown that both methods yield equivalent results under
specific conditions. In the general case, both methods yield different optimal control
actions and result in minor differences in control performance. These differences are
compared in a simulation study where multi-step model predictive control slightly
outperforms data-enabled predictive control in terms of the control objective, but
significantly outperforms it in terms of computation time.

Multi-step identification is an attractive approach to derive a model predictive
controller directly from data. However, in the presence of uncertainty, the proposed
multi-step model predictive controller may result in unsafe behavior and constraint
violations. As a solution, probabilistic multi-step identification for stochastic model
predictive control is proposed. Stochastic model predictive control considers the
distribution of the future behavior of the system, as obtained from a probabilistic
multi-step model, and seeks to avoid constraints with a specified probability. Three
major contributions are presented in this regard. First, a probabilistic multi-step
model is derived by condensing a linear systemwith process andmeasurement noise.
Importantly, the probabilistic multi-step model incorporates the estimated initial
state distribution obtained from a Kalman filter. Second, a multi-step identification
approach, based on maximum likelihood estimation, is proposed. It is shown that
the identified model yields, in expectation, the true distributed multi-step prediction,
including the state estimation task. Finally, a method to consider the parametric
uncertainty of the identifiedmulti-stepmodel is presented. The probabilistic perspec-
tive also provides evidence for the inherent advantage of identifiedmulti-stepmodels
over identified and recursively evaluated state-space models. These advantages
also apply to data-enabled predictive control, which implicitly estimates amulti-step
model.

Probabilistic multi-step identification enables the formulation of a data-based
stochastic model predictive controller. The controller shows excellent performance
and safe behavior in the presence of uncertainty in two simulation studies. In both
studies, a comparisonwith a variant based on probabilistic state-space identification
is presented, further demonstrating the advantages of multi-step identification. The
proposed stochasticmodel predictive controller with identifiedmulti-stepmodel also
achieves excellent performance for an investigated nonlinear system, despite not
being originally derived for this context. The application to nonlinear systems is
possible as the estimated covariance approximately incorporates the effect of the
nonlinearities. In conclusion, probabilistic multi-step identification should be pre-
ferred over regular multi-step identification for nonlinear systems, even if the system
is deterministic.

Combining probabilistic system identificationwith neural networks is anattractive
extension of the proposedmethods. As a prerequisite, neural networks with Bayesian
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last layer are introduced in this thesis. They constitute a simplified Bayesian neural
network and offer an attractive compromise between tractability and expressiveness
of the predicted distribution. Two main contributions are presented to unlock the
full potential of neural networks with Bayesian last layer. First, an efficient training
algorithmbasedona reformulationof themarginal likelihood is proposed. Maximizing
themarginal likelihood enables joint training ofweights andunknownnoise variances,
favoring the simplest model that adequately describes the data. Unfortunately, the
marginal likelihood is ill-suited for gradient-based optimization. The proposed refor-
mulation of the maximization problem overcomes this issue and satisfies the same
conditions of optimality as the original formulation. Second, an algorithm to tune the
extrapolative uncertainty quantification of the neural networkwithBayesian last layer
is proposed. This solves the challenge that the probabilistic model is trained, by defi-
nition, with data from the interpolation regime. Therefore, the predictive distribution
may exhibit arbitrary and unsuitable behavior in the extrapolation regime. With the
proposed algorithm, a single scalar parameter is tuned tomitigate this limitation. The
effectiveness of the proposedmethod is demonstrated in a simulation study, where a
multivariate nonlinear functionwith unknown noise variances is accurately recovered
from data andwhere the predicted distribution correctly identifies high uncertainty in
the extrapolation regime.

6.2 Outlook and future work

In this thesis, several contributions in the field of nonlinear state-space identifi-
cation with neural networks, multi-step identification and probabilistic multi-step
identification are presented. Using the identified models, nonlinear, economic and
stochasticmodelpredictive controllers canbesynthesizeddirectly fromdataand their
performance is demonstrated in various case studies. Promising extensions for future
work are presented in the following.

Neural networks for system identification hold the promise to identify complex
nonlinear behavior from large quantities of data. However, with traditional neural
networks, it is unclear when the model is extrapolating and how confident the predic-
tions are in the extrapolation regime. Tomitigate this limitation, neural networks with
Bayesian last layer are introduced in this thesis as a tractable method for uncertainty
quantification. Anatural extension is theapplicationofneural networkswithBayesian
last layer for probabilistic nonlinear system identification and stochastic model pre-
dictive control. Two possible applications are outlined in this thesis and remain to be
investigated in the future. Neural networks with Bayesian last layer can be used to
identify nonlinear probabilistic state-space models. While the identification task is a
straightforward application of the proposed method, it is challenging to successively
formulate a stochastic model predictive controller. The recursive evaluation of the
identified probabilistic state-space model does not yield an analytical distribution
and suitable approximations may be investigated in future work. Alternatively, neural
networks with Bayesian last layer may be employed to identify nonlinear probabilistic
multi-step models. This application avoids the challenge of propagating the uncer-
tainty but may require significantly larger neural networks, due to the higher dimen-
sionality of the input space. Acomparisonbetweennonlinearmulti-step identification
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and nonlinear state-space identification using neural networks with Bayesian last
layer is therefore an important task for future work.

Probabilistic linear multi-step identification for stochastic model predictive con-
trol presents further important research questions. The proposed method is derived
for linear systems with noisy state-feedback. For systems with output-feedback, the
identification task suffers from correlated measurement noise and introduces a bias.
While this may be negligible in practice, as demonstrated in a case study, a rigorous
method to treat this situation is desirable.

A further extension of probabilistic multi-step identification is to continuously
update the identified model during the control application. This adaptive controller
notonly reacts tochangingbehavior of thesystembutmaymitigatea further limitation
of the proposed method. The implicit Kalman filter of the identified multi-step model
does not include the prediction step, that is, an update of the prior state distribution.
Instead, the prior state distribution corresponds to the sample distribution of the data
used for the identification task. If thisdata is continuouslyupdated, asproposed in the
potential extension, the sample distribution is also updated accordingly.

In future works, it may also be investigated to combine the proposed extensions.
For example, it is conceivable to update a nonlinear probabilistic multi-step model
continuously during the control application. This does not necessarily imply that the
entire neural network is retrained. Instead, the nonlinear feature function provided by
the neural network may be kept unchanged and only the linear model of the Bayesian
last layer is updated.

Apart fromfurthermethodological advancements, it isalsodesirable to investigate
the performance of the proposed methods in larger-scale systems and for real-world
applications.
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Appendix A

Proofs and derivations

A.1 Proof of Lemma 3.2: Multi-stepmodel

Foreaseofnotation, thesymbolsOt andTt areused todenoteOt(A,C)andTt(A,B,C,D)
in the following. To recover the initial state of system (3.1) from finite sequences of
past measurements and inputs, the multi-step model (3.4) for a sequence of length t,
according to Assumption 3.1, is rearranged as follows:

Otx0 =
[
I −Tt

]
⎡

⎣y[0,t−1]

u[0,t−1]

⎤

⎦

⇔ x0 = O†
t

[
I −Tt

]
⎡

⎣y[0,t−1]

u[0,t−1]

⎤

⎦ . (A.1)

The recovered initial state x0 is unique as Ot has full rank, due to Assumption 3.1.
To predict the future sequences from the recovered initial state, (A.1) is substituted
into (3.4) with L = t+N andN > 0:

y[0,L−1] = OLO†
t

[
I −Tt

]
⎡

⎣y[0,t−1]

u[0,t−1]

⎤

⎦+ TLu[0,L−1]. (A.2)

To obtain only the future outputs of the system, that is, y[t,L−1], (A.2) is reformulated,
by partitioningOL and TL (note that L = t+N ):

OL =

⎡

⎣ Ot

ONAt

⎤

⎦ , TL =

⎡

⎣ Tt 0

T N
t TN

⎤

⎦ . (A.3)

Substituting (A.3) in (A.2) yields:
⎡

⎣y[0,t−1]

y[t,L−1]

⎤

⎦ =

⎡

⎣ OtO†
t

ONAtO†
t

⎤

⎦
[
I −Tt

]
⎡

⎣y[0,t−1]

u[0,t−1]

⎤

⎦+

⎡

⎣ Tt 0

T N
t TN

⎤

⎦

⎡

⎣u[0,t−1]

u[t,L−1]

⎤

⎦ . (A.4)
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With t larger than or equal to the system lag, it holds thatOtO†
t = I. Considering this

equality andmultiplying the matrices in (A.4) yields:
⎡

⎣y[0,t−1]

y[t,L−1]

⎤

⎦ =

⎡

⎣ I −Tt
ONAtO†

t −ONAtO†
tTt

⎤

⎦

⎡

⎣y[0,t−1]

u[0,t−1]

⎤

⎦+

⎡

⎣ Tt 0

T N
t TN

⎤

⎦

⎡

⎣u[0,t−1]

u[t,L−1]

⎤

⎦ . (A.5)

The first block-rowof theaboveequation yields theexpectedequalityy[0,t−1] = y[0,t−1].
Importantly, the second block-row yields the desired relationship:

y[t,L−1] =
[
ONAtO†

t −ONAtO†
tTt + T N

t TN
]

︸ ︷︷ ︸
W

⎡

⎢⎢⎢⎣

y[0,t−1]

u[0,t−1]

u[t,L−1]

⎤

⎥⎥⎥⎦
, (A.6)

and corresponds to (3.5), which concludes the proof.
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A.2. REFORMULATION OF A LINEAR SYSTEMWITH OUTPUT-FEEDBACK

A.2 Reformulation of a linear systemwith output-feedback

A linear dynamic system (3.1) with output-feedback can be reformulated to exhibit
state-feedback, as shown in the following. If Assumption 3.1 holds, multi-step pre-
dictions of lengthN can be obtained with (3.5). As a special case,N = 1 yields:

yt = W

⎡

⎢⎢⎢⎣

y[0,t−1]

u[0,t−1]

ut

⎤

⎥⎥⎥⎦
. (A.7)

The reformulated system representation considers the newly introduced state:

x̃⊤
t =

[
y⊤
[0,t−1] u⊤

[0,t−1]

]
. (A.8)

To obtain the next state x̃t+1, the matrixW is partitioned as:

W =
[
Wy,0 . . . Wy,t−1 Wu,0 . . . Wu,t−1 Wu,t

]
,

=
[
Wy Wu

]
,

(A.9)

and the system dynamics are formulated as:

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y1

...

yt−1

yt

u1

...

ut−1

ut

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
x̃t+1

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 I 0 . . . 0
...

. . .
...

0 . . . 0 I 0 . . . 0

Wy,0 . . . . . . Wy,t−1 Wu,0 . . . . . . Wu,t−1

0 . . . 0 I 0 0
...

. . . 0

I

0 . . . 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Ã

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0

...

yt−2

yt−1

u0

...

ut−2

ut−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
x̃t

+

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...

0

Wu,t

0
...

0

I

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
B̃

ut.

In summary, the equivalent representation of the dynamic system (3.1) is written as:

x̃t+1 = Ã(Wy,Wu)x̃t + B̃(Wu)ut. (A.10a)
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A.3 Proof of Corollary 4.1: Probabilistic state-spacemodel

As a special case for N = 1, the multi-step model in the form of (4.10) describes the
distribution:

p(ŷ1|y0,u0) = N (O+
1 (A)Ly0 + T +

1 (A,B)u0, Σ̂y,1),

Considering (4.4), that is:

O+
1 (A) = A, T +

1 (A,B) = B, (A.11)

we obtain:
p(ŷ1|y0,u0) = N (ALy0 +Bu0, Σ̂y,1). (A.12)

Considering (A.11), the parameter matrix Ŵ , introduced in (4.11), is:

Ŵ =
[
AL B

]
. (A.13)

Furthermore, it follows from (A.11) that the covariance matrix Σ̂y,1, defined in (4.10c),
is:

Σ̂y,1 = Σy,1 +A(Σx,0 +LΣx,0)A
⊤, (A.14)

SubstitutingΣy,1 from (4.7c), that is:

Σy,1 = ExΣxE
⊤
x +EyΣyE

⊤
y , (A.15)

in (A.14) yields:

Σ̂y,1 = ExΣxE
⊤
x +EyΣyE

⊤
y +A(Σx,0 +LΣx,0)A

⊤. (A.16)

According to Theorem 4.1, we obtain the following expected values of the estimated
parameters Ŵ ∗ and covariance Σ̂

∗
y,1:

E[Ŵ ∗] = Ŵ , (A.17a)

E[Σ̂∗
y,1] = Σ̂y,1. (A.17b)

Considering the true parameter matrix Ŵ (A.13) and covariance matrix Σ̂y,1 (A.16),
yields the equality in (4.19). The identified probabilistic state-space model in (4.20)
with the expected values of the estimated parameters (4.19) is equivalent to (A.12),
which concludes the proof.
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Appendix B

Investigated systems

B.1 Continuously stirred tank reactor

The continuously stirred tank reactor (CSTR) in Figure 2.1 is described by the ordinary
differential equations:

ċA =F · (cA,0 − cA)− k1 · cA − k3 · c2A, (B.1a)
ċB =− F · cB + k1 · cA − k2 · cB, (B.1b)

ṪR =−
k1 · cA ·∆HR,ab + k2 · cB ·∆HR,bc + k3 · c2A ·∆HR,ad

ρ · cp

+ F · (Tin − TR) +
kw ·AR · (TK − TR)

ρ · cp · VR
, (B.1c)

ṪK =
Q̇+ kw ·AR · (TR − TK)

mk · cp,k
, (B.1d)

where the rate coefficients k1, k2, and k3 are obtained with Arrhenius’ law:

k1 = k0,ab · exp
(

−EA,ab

TR + 273.15

)
, (B.2a)

k2 = k0,bc · exp
(

−EA,bc

TR + 273.15

)
, (B.2b)

k3 = k0,ad · exp
(

−EA,ad

TR + 273.15

)
. (B.2c)

The parameters for (B.1) and (B.2) are listed in Table B.2. Furthermore, we display the
bounds for the states and inputs in Table B.1.

Table B.1: System bounds of the CSTR system.
x u

cA cB TR TK F Q̇
mol L−1 mol L−1 °C °C h−1 kJ h−1

lb 0.1 0.1 50.0 50.0 5.0 -8500.0
ub 2.0 2.0 135.0 140.0 100.0 0.0
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Table B.2: Model parameters of the CSTR system.

Parameter Value Unit Description

k0,ab 1.287 × 1012 h−1 Arrhenius factor
k0,bc 1.287 × 1012 h−1 Arrhenius factor
k0,ad 9.043 × 109 Lmol−1 h−1 Arrhenius factor
Rgas 8.314 × 10−3 kJmol−1 K−1 ideal gas constant
EA,ab 9758.3 kJmol−1 activation energy
EA,bc 9758.3 kJmol−1 activation energy
EA,ad 8560.0 kJmol−1 activation energy
∆HR,ab 4.2 kJmol−1 reaction enthalpy
∆HR,bc −11.0 kJmol−1 reaction enthalpy
∆HR,ad −41.85 kJmol−1 reaction enthalpy
ρ 0.9342 kg L−1 reactor density
cp 3.01 kJ kg−1 K−1 reactor heat capacity
cp,k 2.0 kJ kg−1 K−1 coolant heat capacity
AR 0.215 m2 are of reactor wall
VR 10.01 L liquid volume of reactor
mk 5.0 kg mass of coolant
Tin 130.0 °C inlet temperature
kw 4032.0 kJ h−1 m−2 K−1 heat transfer coefficient reactor wall
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B.2. TRIPLE-MASS-SPRING SYSTEM

Table B.3: Model parameters of the triple mass spring system.

Parameter Value Unit

i = 1 2 3 4

Θi 2.25 2.25 2.25 ×10−4 kgm2

ci 2.697 2.66 3.05 2.86 ×10−3 Nm

di 6.78 8.01 8.82 ×10−5 Nms

τ 10−2 s

B.2 Triple-mass-spring system

The ordinary differential equations of the triple-mass-spring system are

Θ1φ̈1 = −c1 (φ1 − φm,1)− c2 (φ1 − φ2)− d1φ̇1, (B.3a)

Θ2φ̈2 = −c2 (φ2 − φ1)− c3 (φ2 − φ3)− d2φ̇2, (B.3b)

Θ3φ̈3 = −c3 (φ3 − φ2)− c4 (φ3 − φm,2)− d3φ̇3, (B.3c)

φ̇m,1 =
1

τ
(φsetm,1 − φm,1), (B.3d)

φ̇m,2 =
1

τ
(φsetm,2 − φm,2), (B.3e)

where φi [rad] denotes the angle of disc i. The angular velocity of disc i is φ̇i [rad s−1].
Finally, φm,1 [rad] denotes the current position of motor 1. The inputs are u =[
φsetm,1 φsetm,2

]
, where φsetm,i [rad] is the desired position for motor i. The parameters of

the system are listed in Table B.3. The discrete-time formulation can be obtained by
reformulating (B.3) in the form of

ẋ = Acx+Bcu, (B.4)

with state vector

x⊤ =
[
φ1 φ2 φ3 φ̇1 φ̇2 φ̇3 φm,1 φm,2.

]

Finally, the discrete-time systemmatricesA andB are obtained as

A = eAc∆t, (B.5a)

B = A−1
(
eAc∆t − I

)
Bc, (B.5b)

where∆t = 0.1s is the timestep.
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Table B.4: Model parameters of the building system.

Parameter Value Unit

i = 1 2 3 4

Ci 50 110 80 90 MJK−1

gi 2.1 1.9 1.0 2.0 kWK−1

gia 0.3 0.5 0.4 0.6 kWK−1

B.3 Building system

The building system, shown in Figure 4.4, is governed by the ordinary differential
equations:

C1
dT1
dt

= −Q̇12 + Q̇14 − Q̇1a + Q̇1, (B.6)

C2
dT2
dt

= Q̇12 − Q̇23 − Q̇2a + Q̇2, (B.7)

C3
dT3
dt

= Q̇23 − Q̇34 − Q̇3a + Q̇3, (B.8)

C4
dT4
dt

= Q̇34 − Q̇14 − Q̇4a + Q̇4, (B.9)

where the heat flows between the rooms are directed as shown in Figure 4.4 and are
computed as:

Q̇12 = g1(T1 − T2), (B.10)

Q̇23 = g2(T2 − T3), (B.11)

Q̇34 = g3(T3 − T4), (B.12)

Q̇14 = g4(T4 − T1). (B.13)

The heat flow of each roomwith the environment is computed as:

Q̇ia = gia(Ti − Ta) ∀i ∈ I[1,4]. (B.14)

The temperatures in each room and the environment constitute the states of the
system, that is, x⊤ = [T1, T2, T3, T4, Ta] [°C], and the control inputs are the radiators
in each room, that is, u⊤ = [Q̇1, Q̇2, Q̇3, Q̇4] [kW]. The required parameters are
listed in Table B.4. Finally, it is assumed that the ambient temperature follows the
forecasted temperature Tf , that is:

Ṫa =
1

τa
(Tf − Ta), (B.15)

with τa = 72.000 s. With (B.6) and (B.15), we have a linear continuous-time system in
the form of (B.4), which is discretized with (B.5) using the timestep∆t = 3600 s.
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4.2 partly modified from [42]

4.2.1 partly modified from [42]

4.2.2 partly modified from [42]

4.2.3 partly modified from [42]

4.3 partly modified from [42]

71



APPENDIX C. PRE-PUBLISHED CONTENT

4.3.1 partly modified from [42]

4.3.2 partly modified from [42]

4.4.1 partly modified from [42]

4.4.2 partly modified from [42]

4.5 partly modified from [42]

Chapter 5 Introduction partly modified from [43]

5.1 partly modified from [43]

5.1.1 partly modified from [43]

5.1.2 partly modified from [42], [43]

5.1.3 partly modified from [43]

Publications

The referenced list of journal articles and conference proceedings is given in the
following.

Journal articles

[12] F. Fiedler, B. Karg, L. Lüken, D. Brandner, M. Heinlein, F. Brabender, and S. Lucia,
“Do-mpc: Towards FAIR nonlinear and robust model predictive control”, Control
Engineering Practice, vol. 140, p. 105 676, Nov. 1, 2023

[42] F. Fiedler andS. Lucia, “ProbabilisticMulti-Step IdentificationWith Implicit State
Estimation for StochasticMPC”, IEEE Access, vol. 11, pp. 117018–117029, 2023

[43] F. Fiedler and S. Lucia, “Improved uncertainty quantification for neural networks
with Bayesian last layer”, IEEE Access, vol. 11, pp. 123149–123160, 2023

Peer-reviewed conference proceedings

[40] F. Fiedler, A. Cominola, and S. Lucia, “Economic nonlinear predictive control
of water distribution networks based on surrogate modeling and automatic
clustering”, IFAC-PapersOnLine, vol. 53, no. 2, pp. 16 636–16643, 2020

[41] F. Fiedler and S. Lucia, “On the relationship between data-enabled predictive
control and subspace predictive control”, in European Control Conference, 2021,
pp. 222–229

72



Control Engineering Practice 140 (2023) 105676

Available online 7 September 2023
0967-0661/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Contents lists available at ScienceDirect

Control Engineering Practice

journal homepage: www.elsevier.com/locate/conengprac

do-mpc: Towards FAIR nonlinear and robust model predictive control
Felix Fiedler <, Benjamin Karg, Lukas Lüken, Dean Brandner, Moritz Heinlein, Felix Brabender,
Sergio Lucia
Chair of Process Automation Systems, TU Dortmund University, Emil-Figge-Str. 70, 44227, Dortmund, Germany

A R T I C L E I N F O

Keywords:
Nonlinear model predictive control
Learning-based control
Robust control

A B S T R A C T

Over the last decades, model predictive control (MPC) has shown outstanding performance for control tasks
from various domains. This performance has further improved in recent years with advanced MPC schemes for
nonlinear systems under uncertainty including economic control objectives. These recent improvements often
fail to bridge the gap between MPC researchers and control practitioners in academia and industry, where
classical control approaches and traditional linear MPC still dominate most applications. This is despite the
fact that advanced MPC controllers can lead to significant energy savings, yield improvements, safer operation
and other benefits.

In this work, we identify four main obstacles hindering the widespread adoption of advanced MPC methods.
These are the unavailability of models, the challenges associated with deploying complex controllers on
physical systems, the scarcity of rapid prototyping tools for advanced methods and the limited reproducibility
and reusability of advanced MPC controllers and their results. We find that the FAIR principles (findable,
accessible, interoperable, reusable) for scientific data-management and research software can play an important
role in tackling these obstacles. Following these guidelines, we discuss FAIR solutions and present the
open-source software do-mpc as a concrete implementation. The presented solutions include interoperability
with neural network toolboxes to simplify nonlinear system identification, interoperability with the OPC
UA communication protocol for deployment, and a reproducible data-sampling framework for transparent
controller validation, system identification and approximate MPC. The potential of the proposed solutions is
illustrated with several simulation studies.

1. Introduction

Model predictive control (MPC) is a method for controlling multi-
variable systems with constraints and has important applications in the
process industry (Forbes, Patwardhan, Hamadah, & Gopaluni, 2015),
building control (Blum et al., 2022; Yao & Shekhar, 2021), power
electronics (Kouro et al., 2015; Vazquez et al., 2014) and other fields.
MPC is based on the formulation of a finite horizon optimal control
problem, in which a control objective function is minimized while
taking into account the system dynamics and additional performance or
safety critical constraints. In recent years, there has been an increasing
research focus on advanced MPC solutions, for example with nonlinear
systems, economic cost functions (Rawlings, Angeli, & Bates, 2012),
and consideration of uncertainties in robust or stochastic MPC (Lu-
cia, Finkler, & Engell, 2013; Mayne, Kerrigan, van Wyk, & Falugi,
2011; Mesbah, 2016). Solving the complex and potentially nonlin-
ear optimization problems has been enabled by improved hardware
and advances in software and algorithms, such as IPOPT (Wächter &
Biegler, 2006), FORCES (Zanelli, Domahidi, Jerez, & Morari, 2020),

< Corresponding author.
E-mail address: felix.fiedler@tu-dortmund.de (F. Fiedler).

OpEn (Sopasakis, Fresk, & Patrinos, 2020), acados (Verschueren et al.,
2022), GRAMPC (Englert, Völz, Mesmer, Rhein, & Graichen, 2019) and
others (Chen, Bruschetta, Picotti, & Beghi, 2019; Findeisen, Graichen, &
Mönnigmann, 2018; Risbeck & Rawlings, 2016). Due to these advances,
MPC is nowadays applicable to large-scale systems as well as systems
with high control frequency, for example, in process industries or
power electronics.

Despite these developments, advanced MPC approaches are often
not widely adopted outside the core MPC research community (Blum
et al., 2022). For instance, if MPC is applied in process industries and
building control it is mostly limited to linear and nominal MPC (Forbes
et al., 2015; Yao & Shekhar, 2021). However, especially in these
domains there is a significant potential for improved operations with
nonlinear, robust and economic MPC (Rawlings et al., 2012). Other
research communities and industries with secondary control tasks often
resort to traditional control algorithms.

As a main contribution of this work, we identify four challenges
that hinder the widespread adoption of advanced MPC approaches

https://doi.org/10.1016/j.conengprac.2023.105676
Received 23 May 2023; Received in revised form 11 August 2023; Accepted 29 August 2023
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Table 1
Challenges and FAIR solutions for the adoption of advanced MPC.
Challenge Reason FAIR solution

1 Control oriented model is
unavailable

Modeling is expensive or available model is not suitable for
optimization

Neural network system identification and interoperability, e.g.
through the ONNX standard. Accessible and reproducible data
for identification

2 Deployment of MPC
algorithm to physical system
is complicated

Research tools not tailored for deployment or require significant
coding experience. Solving advanced MPC on resource limited
hardware can be intractable

Interoperability with OPC UA standard to communicate with
plant. Approximate MPC with accessible and reproducible data
and validation

3 Rapid prototyping is
difficult for advanced MPC

Commercial tools require significant upfront investment.
Research tools require experience and may be insufficient for
holistic rapid prototyping approach

Accessible open-source MPC software with comprehensive and
modular features from initial draft to deployment and reusable
templates

4 MPC results are not
reproducible and not reusable

Inaccessible or incomprehensible controller implementation.
Data for system identification, controller validation etc. is not
accessible or reproducible

Comprehensible code with documented open-source software.
Reproducible data sampling framework for validation,
identification and approximate MPC

and outline solutions to overcome these challenges. A summary of
our discussion is shown in Table 1. In particular, we illustrate how
applying the FAIR principles (findable, accessible, interoperable and
reusable) for scientific data-management and research software (Chue
Hong et al., 2021; Wilkinson et al., 2016) can play an important role
in tackling these challenges. Related discussions have been previously
reported in the literature (Blum et al., 2022; Forbes et al., 2015).
However, the authors in Forbes et al. (2015) mostly focus on traditional
linear MPC and concrete industrial challenges, e.g. the interaction of
operator and MPC application. In Blum et al. (2022), the authors focus
on practical challenges for the deployment of MPC to a building system.
The novelty of our discussion therefore lies in the focus on advanced
MPC and the connection to the FAIR principles. We believe that as
data and machine learning become increasingly important also in the
context of MPC, adherence to the FAIR principles becomes crucial in
designing MPC controllers that can be actually deployed in real-world
applications.

As another contribution of this work, and in the spirit of FAIR
research software, we present do-mpc,1 a nonlinear and robust MPC
software. Throughout this work, we highlight how do-mpc, by consid-
ering the FAIR solutions in Table 1, facilitates the adoption of advanced
MPC outside of the core MPC research community. Additionally, we
investigate how comparable toolboxes for advanced MPC deal with
the outlined challenges. This comparison considers a non-exhaustive
selection of tools, and shows that do-mpc can be an attractive solution
for researchers and practitioners of advanced MPC.

This work is structured as follows. In Section 2, we discuss the
challenges and FAIR solutions for the widespread adoption of advanced
MPC. As a concrete implementation of these solutions, we present
do-mpc in Section 3, with an introduction of the control theoretical
background in Section 4. Important steps towards the FAIR solutions
are introduced in the successive sections. In particular, we discuss
neural network system identification, the sampling framework, and
the ONNX conversion module in Section 5. In Section 6, approximate
MPC as a versatile means of deployment is discussed with a focus on
sensitivity-based neural network training. A summary of our work, as
well as an outlook and future research directions, are presented in
Section 7.

2. Challenges for the adoption of advanced MPC

In Table 1, we summarize four main challenges that are hindering
the widespread adoption of advanced MPC in research and industry.
We proceed by explaining these challenges and discuss solutions in the
next subsection.

The first challenge 1 is the difficulty to obtain a control-oriented
model, which has been recognized as a core problem of model-based

1 https://www.do-mpc.com.

control for decades (Morari & H. Lee, 1999). Physical modeling is
time consuming, requires expert knowledge and is typically repeated
for each investigated system. Additionally, complex system models are
often created in dedicated dynamic modeling software which is typi-
cally not suitable for optimization and MPC. While obtaining a control
oriented model is a challenge for model-based control in general, it is
even more profound for advanced MPC. For example, economic MPC
often steers the system close to its constraints where a plant model
mismatch might have severe consequences.

The second challenge 2 lies in the deployment, that is, interfacing
the physical system with the controller running on the designated
hardware, for example a programmable logic controller (PLC) or a
micro-controller. Especially with research tools, deploying the con-
trol algorithm may require significant effort and experience (Blum
et al., 2022). On the other hand, industrial software is designed for
deployment, but may not be flexible enough for all use-cases (Blum
et al., 2022). Furthermore, software licenses and dedicated hardware
for commercial solutions require a significant upfront investment.

Deployment is the final step of controller design which typically
starts with a first prototype that is tested and improved gradually.
This established process, coined rapid control prototyping (Abel & Bollig,
2006), has important advantages. For example, expected cost reduc-
tions can be used to justify further work. Unfortunately, the rapid
prototyping approach faces serious obstacles for advanced MPC solu-
tions, which forms the third identified challenge 3 . For industrial MPC
software, rapid protyping can be prohibited by the upfront investment
in software and hardware. A related issue also applies to open-source
research tools for advanced MPC. These tools often have a steep learn-
ing curve and require significant manual work, advanced coding skills
and experience. These challenges contribute to a significant time in-
vestment before a first prototype is working. Research software can
also be insufficient for a holistic rapid prototyping approach, lacking,
for example, efficient means for software-in-the-loop (Abel & Bollig,
2006) testing. These tests are essential to consider potential effects of
deployment, for example due to communication issues and time-delays
stemming from solving the MPC problem.

Finally, as the fourth challenge 4 , published work on advanced
MPC methods is often not reusable and reproducible because the
code, software, or system model may be inaccessible, problem-specific,
poorly documented, or not maintained. Without access to the code or
usable code, results cannot be validated.

Furthermore, the development of advanced MPC solutions may
require sampled data, for example, for system identification or prob-
abilistic validation. Only if this data is reproducible, the overall results
are reproducible and the approach can be reused if the data is up-
dated. Naturally, control solutions with industrial software are entirely
inaccessible to third-party users and cannot be reused or reproduced.

74



Control Engineering Practice 140 (2023) 105676

3

F. Fiedler et al.

2.1. FAIR solutions to enable advanced MPC

In 2016, the authors (Wilkinson et al., 2016) published the FAIR
principles for scientific data management, which guide that research
data should be findable, accessible, interoperable and reusable. Since
this publication, the FAIR principles are having an important impact
on various fields (Artrith et al., 2021; Wise et al., 2019) and further
extensions and applications have been proposed, such as the FAIR
principles for scientific research software (Chue Hong et al., 2021).
We find that the FAIR principles also offer important guidance on
how to tackle the outlined challenges for the widespread adoption of
advanced MPC. In the following, we will discuss FAIR solutions to
enable advanced MPC with a summary of our discussion presented in
Table 1.

For the first issue 1 , that is, the availability of a system model,
we consider data-based system identification (Ljung, 2010) as a key
solution. In many cases, system data is readily available from historic
plant measurements or simulation results of a non-control oriented
high-fidelity model. Depending on the investigated system and prior
knowledge, either a pure black-box model or a hybrid model can be
identified. The main advantage of data-based models is that they po-
tentially require no additional engineering effort when rolling out MPC
solutions to different systems. Furthermore, data-based linear system
identification is already an established approach for traditional MPC
schemes (Morari & H. Lee, 1999). Model selection is a challenge for
nonlinear system identification (Morari & H. Lee, 1999) but especially
neural networks have shown promising results in recent years (Ljung,
Andersson, Tiels, & Schön, 2020; Wang, 2017). These models can
capture complex nonlinear system behavior from large datasets and are
suitable for fast gradient-based optimization. An important advantage
of neural networks is also the availability of powerful open-source
software, for example Tensorflow (Abadi et al., 2016), Pytorch (Paszke
et al., 2019) but also the Open Neural Network Exchange2 (ONNX)
standard for the exchange of neural network models. While these
toolboxes simplify training a neural network for system identification,
most MPC software solutions cannot directly incorporate them. It is
therefore imperative that state-of-the-art MPC software has an interface
to neural network models. Interoperability, in the sense of the FAIR
principles, can be achieved by supporting the ONNX standard. Another
challenge for nonlinear system identification in general is the test input
signal design (Morari & H. Lee, 1999). The FAIR principles play an
important role in this regard as well, because the resulting data and the
input signal algorithm should be findable, accessible and reusable. If
the identification process is transparent, the trust in the obtained model
will be improved and it will also showcase its potential limitations.
Furthermore, similar identification tasks can be simplified, facilitating
the development of further MPC applications.

We also consider neural networks as a key enabling technology for
the deployment of advanced MPC solutions 2 . It has recently been
shown that deep neural networks can exactly represent the piecewise
affine control law of a linear MPC controller (Karg & Lucia, 2020).
Importantly, the evaluation of deep neural networks can be orders of
magnitudes faster than solving an optimization problem. This makes
approximate MPC a popular approach for control tasks with high
frequency and it can also be used for advanced MPC controllers (Chen
et al., 2018; Guillén, Fiedler, Sarnago, Lucía, & Lucía, 2022; Kumar,
Rawlings, & Wright, 2021; Paulson & Mesbah, 2020). While the neu-
ral network represents only an approximation of the original MPC
controller, probabilistic performance and safety guarantees can be ob-
tained (Karg, Alamo, & Lucia, 2021). In recent work (Lüken, Brandner,
& Lucia, 2023; Winqvist, Venkitaraman, & Wahlberg, 2021), it has also
been shown that sample efficient approximate MPC controllers can be
obtained by retrieving the sensitivity information of the optimal control

2 https://onnx.ai.

problem and by incorporating this information in the neural network
training. Especially for approximate MPC, it is important to follow the
FAIR guidelines when sampling the original controller, when training
the neural network controller, or for its probabilistic validation. Only
if these steps are transparent and automated, the approximate MPC is
reproducible and reusable 4 . This also enables successive changes of
the approximate MPC, for example, a modification of the control task.

Complementing approximate MPC with neural networks, we con-
sider interoperability with the OPC UA (Unified Architecture by the
OPC foundation) standard, an important element for the deployment
of MPC 2 . OPC UA is a machine-to-machine communication protocol,
used especially in the process industries (Schleipen, Gilani, Bischoff,
& Pfrommer, 2016). Through interoperability with OPC UA, advanced
MPC can be deployed even without code generation, using Docker
containers (Blum et al., 2022). OPC UA also enables software-in-the-
loop (Abel & Bollig, 2006) testing that takes communication and calcu-
lation delays into consideration. In this way, interoperability with OPC
UA benefits a holistic rapid control prototyping 3 approach.

As an important prerequisite for rapid prototyping, an open-source
software for advanced MPC is required. This software must be ac-
cessible to research and industry with secondary control tasks while
supporting full customization for advanced control research. To this
end, it is paramount to have a versatile but robust interface, a mod-
ular design and a comprehensive documentation. Relevant examples
come from the machine learning community, where open-source tools
like Pytorch and Tensorflow require only minutes from installation to
training a first model but can also be used for the most complex tasks.
This is also enabled by the extensive documentation of both tools and
various tutorials with example code. The availability of such tools, both
in machine learning and for advanced control, also strongly facilitates
the reusability and reproducibility 4 of methods and results that were
developed using them.

3. Towards FAIR advanced MPC with do-mpc

As a contribution of this work, we introduce do-mpc,3 an open-
source software for robust, economic and nonlinear MPC which is
built around CasADi (Andersson et al., 2019). As in our previous
work (Lucia, T†tulea-Codrean, Schoppmeyer, & Engell, 2017), do-mpc
supports nonlinear differential–algebraic system models, orthogonal
collocation on finite elements for discretization, robust multi-stage
MPC with economic cost and nonlinear soft-constraints. In comparison
to our previous efforts (Lucia et al., 2017), we have fundamentally
redeveloped do-mpc in a modular fashion with a focus on the FAIR
principles, and with important new features including moving horizon
estimation (MHE), a data sampling framework, interoperability with
ONNX and OPC UA and sensitivity calculation. An overview of the
structure of do-mpc, highlighting the most important modules and
their interconnection, is displayed in Fig. 1. We will elaborate in the
following how obstacles towards the adoption of advanced MPC in
research and industry are tackled in do-mpc with FAIR solutions. The
contribution of the different do-mpc modules towards the challenges
in Table 1 are also highlighted in Fig. 1. Furthermore, we present a
summary of the proposed FAIR solutions in do-mpc in comparison to a
non-exhaustive selection of advanced MPC tools in Table 2. The com-
parison excludes most commercial MPC solutions as they are explicitly
not positioned as FAIR research software.

We find that data-based system identification with neural networks
can be an important solution to mitigate the challenge of obtaining a
control oriented model 1 . To this end, do-mpc facilitates the incor-
poration of neural network system models through an interface to the
ONNX open standard for machine learning interoperability, as shown
in Fig. 1. ONNX enables model sharing and is supported by common

3 https://www.do-mpc.com.
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Table 2
Comparing FAIR solutions to the challenges in Table 1 in different advanced MPC toolboxes. Indication of advantages (+) and neutral aspects (˝).
Tool & short summary 1 Control oriented model is

unavailable
2 Deployment of MPC
algorithm to physical system is
complicated

3 Rapid prototyping is
difficult for advanced MPC

4 MPC results are not
reproducible and not reusable

do-mpc: Nonlinear and robust
multi-stage MPC and MHE
committed to the FAIR principles.
Uses CasADi (Andersson, Gillis,
Horn, Rawlings, & Diehl, 2019)
as its backend.

+ ONNX conversion for neural
network model
+ Data-sampling for system
identification

+ OPC UA interface
+ Reproducible and sample
efficient approximate MPC for
export to target hardware
˝ No code generation

+ Python interface
+ Modular design
+ OPC UA for
software-in-the-loop
+ Quick start and deep
customization

+ Extensive documentation
and examples
+ Validation with reproducible
sampling framework
+ Readable model and
controller formulation

acados (Verschueren et al.,
2022): Nonlinear MPC and MHE
with code generation for fast and
embedded applications. Uses
CasADi (Andersson et al., 2019)
for differentiation.

˝ No solution outlined + Code generation and
compilation for target hardware

+ Matlab and Python interface
+ Modular design
+ Compiled controller with
Matlab/Simulink interface
˝ Advanced coding and
control experience

˝ Documentation and
examples

GRAMPC (Englert et al., 2019):
Nonlinear MPC and MHE with
rapid but suboptimal solutions.
Controller design by adapting C
templates.

˝ No solution outlined + Code compilation for target
hardware

+ Compiled controller with
Matlab/Simulink interface
˝ Advanced coding and
control experience

˝ Examples but sparse
documentation

MATMPC (Chen et al., 2019):
Nonlinear MPC in Matlab with
fast compiled MEX functions and
using CasADi (Andersson et al.,
2019) for integration.

˝ No solution outlined ˝ Deployment not outlined or
demonstrated

+ Matlab/Simulink interface ˝ Sparse examples and
documentation

MPCTools (Risbeck & Rawlings,
2016): Nonlinear MPC using
CasADi (Andersson et al., 2019)
in Matlab.

˝ No solution outlined ˝ Deployment not outlined or
demonstrated

+ Matlab interface ˝ Examples but sparse
documentation

Matlab MPC Toolbox: Nonlinear
MPC from Mathworks® for
Matlab and Simulink.

+ Linear system identification
toolbox

+ Code generation with
additional toolbox
+ Explicit MPC for linear
systems

+ Matlab ecosystem for rapid
control prototyping
+ Modular design
˝ Limited customization

+ Extensive documentation
and examples
˝ Expensive licensing

OpEn (Sopasakis et al., 2020):
Nonlinear optimization in Rust
for deployment on embedded
hardware. Positioned for control
applications. Uses CasADi
(Andersson et al., 2019) for
differentiation.

˝ No solution outlined + Code generation and
compilation for target hardware
+ TCP socket server

+ Matlab and Python interface
˝ Advanced coding and
control experience
˝ Custom controller
implementation

+ Extensive documentation
and examples

deep-learning tools, e.g. Matlab, Pytorch and Tensorflow. By including
an ONNX conversion tool, do-mpc allows to seamlessly incorporate
previously trained neural networks in the optimal control problem. If
neural network system identification is used to create surrogate models
of high-fidelity simulation models, do-mpc can additionally support
the data-generation process. To this end, do-mpc features the sampling
module shown in Fig. 1, which supports the definition of sampling
scenarios, for instance with different initial conditions of the system,
and provides a multiprocessing-enabled sampler which can generate
closed-loop trajectories. Importantly, the sampling module is designed
to make the data generation process transparent and reproducible 4 .
As shown in Table 2, we find that data-based system identification is
not a strong focus of most other open-source MPC solutions. In particu-
lar, the seamless integration of neural networks and the transparent and
reproducible data-generation are important propositions of do-mpc.

Regarding the issue of deployment 2 , do-mpc enables or facilitates
both solutions listed in Table 1. As shown in Fig. 1, do-mpc provides
an OPC UA interface and supports the automatic derivation of OPC
UA clients from the core do-mpc modules. Clients can be connected
to an existing OPC UA server or to a locally launched server for testing
purposes. Deployment with OPC UA is also implicitly available to the
tools in Table 2 which have a Matlab/Simulink interface. However, this
requires an additional license for the industrial communication toolbox
from Mathworks® and a custom configuration. Alternatively, various
tools in Table 2 enable deployment through code generation (Sopasakis
et al., 2020; Verschueren et al., 2022) or directly use a compiled
language (Englert et al., 2019). This is especially useful for embedded

applications but can be challenging without advanced software and
hardware experience. For embedded applications, do-mpc follows a
different strategy, by facilitating the development of approximate MPC.
In particular, the sampling module can be used to generate closed-loop
trajectories of the MPC controlled system which are used to train the
approximate MPC controller. These results are reproducible by simply
sharing the human readable sampling plan which also makes the entire
process highly transparent. This ensures that the approximate MPC
controller can be reproduced, iteratively improved after modifying the
control task, or reused for a related use-case 4 . With the sensitivity
module, do-mpc further facilitates approximate MPC deployment by
supporting the computation of sensitivities. This additional information
can be incorporated when training the neural network-based approx-
imate MPC controller (Cocola & Hand, 2020; Czarnecki, Osindero,
Jaderberg, Swirszcz, & Pascanu, 2017; Lüken et al., 2023).

One of the most important strengths of do-mpc is that it enables
rapid prototyping 3 of advanced MPC solutions, for example, robust
multi-stage nonlinear MPC. Through the well documented, intuitive
and robust Python interface, do-mpc enables users with basic control
experience to design a first prototype within minutes. At the same time,
do-mpc allows for the deep customization that is required in active
research and has been used in several recent publications (Guillén et al.,
2022; Marzullo, Dey, Long, Leiva Vilaplana, & Henze, 2022; Patria,
Rossi, Fernandez, & Dominguez, 2021). While other tools listed in
Table 2 are also well adopted in the MPC community, they often require
a steeper learning curve for the initial setup and successive adaptations.
Rapid control prototyping with do-mpc also benefits from its highly
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Fig. 1. The core elements of do-mpc and important modules with reference to the
challenges summarized in Table 1.

modular structure. Development and testing of control schemes can
start with just a model, a controller and the simulator from the do-mpc
core, shown in Fig. 1. As development continues, additional modules
and features can be included, such as a moving horizon estimator or
the robust multi-stage approach. Finally, the OPC UA module is used for
software-in-the-loop testing and deployment to the real plant. Software-
in-the-loop testing is also possible with other toolboxes listed in Table 2,
but is typically not an explicit focus. As an exception, the Matlab MPC
toolbox has a comprehensive list of features in this regard but suffers
from expensive licensing and limited customization due to proprietary
code.

Control algorithms designed with do-mpc are also highly human
readable and can be extended by other researchers. This also means
that FAIR publications with do-mpc enable other researchers to reuse
the code and reproduce the results 4 . An important element in this re-
gard is also the extensive documentation of do-mpc. This is a major ad-
vantage in comparison to several other tools presented in Table 2 which
offer competitive features but often suffer from sparse documentation
and examples.

In the following sections, we will introduce the control theoretical
background and implemented methods in do-mpc. Furthermore, we
will present the important features that are enabling the FAIR solutions
summarized in Table 1. We introduce two systems to demonstrate
in simulation studies how these features, and do-mpc in general, can
tackle the challenges in practice. In the spirit of illustrating the FAIR
principles, all the code for the examples, the resulting data or the
required sampling plan are provided online4 and can be executed with
do-mpc version >4.5.0.

4. From LQR to robust nonlinear model predictive control

The core modules of do-mpc, shown in Fig. 1, are based on the for-
mulation of a dynamic system model. We consider a general uncertain
discrete-time system of the form

xk+1 = f (xk, uk, zk,pk), (1a)

4 https://github.com/pas-tudo/2023_do_mpc_paper.

0 = galg(xk, uk, zk,pk), (1b)

yk = h(xk, uk, zk,pk), (1c)

with states x À X œ Rnx , inputs u À U œ Rnu , algebraic states
z À Z œ Rnz , measurements y À Y œ Rny , and potentially uncertain
parameters p À P œ Rnp . The subscript k denotes the discrete-time
instance and we introduce the time-step �t. We use bold symbols to
denote vectors or vector valued functions, e.g. x, and regular symbols
for scalars, e.g. k.

Apart from discrete-time models in the form of (1), do-mpc also
natively supports continuous-time differential–algebraic (DAE) systems.
In this case, orthogonal collocation on finite elements is used as a
full discretization approach (Biegler, 2010), For ease of notation, we
proceed with the discrete-time formulation.

In the following we introduce the three main controller classes
implemented in do-mpc. First, we present the nominal advanced model
predictive controller, which can handle, for example, nonlinear sys-
tems and economic control goals. Secondly, we present the robust
multi-stage MPC formulation, which can additionally consider multiple
scenarios of the parameters p to mitigate the effect of uncertainty (Lucia
et al., 2013). Finally, we discuss the linear quadratic regulator (LQR)
for regulation and set-point control of unconstrained linear systems.

4.1. Nominal MPC

Model predictive control solves the constrained optimal control
problem, for a finite horizon with N elements, repeatedly at each
time step and applies the first input of the optimal trajectory to the
controlled system. The input trajectory from 0 toN is denoted as u[0:N].
The set of feasible states X, inputs U and other constraints are described
by the constraint function gcon(x[0:N+1], u[0:N], z[0:N],p[0:N]) f 0.
The optimal control problem for known values of the parameters Çp[0:N]
is shown below.

min
x[0:N+1] ,u[0:N] ,z[0:N]

J (x[0:N+1], u[0:N], z[0:N],p[0:N]) (2a)

s.t. : x0 = xinitial, (2b)

xk+1 = f (xk, uk, zk, Çpk), ≈k À I[0,N], (2c)

0 = galg(xk, uk, zk, Çpk), ≈k À I[0,N], (2d)

gcon(x[0:N+1], u[0:N], z[0:N], Çp[0:N]) f 0, (2e)

where I[0,N] denotes the set of integers from 0 to N . The cost func-
tion (2a) is of the form:

J (x[0:N+1], u[0:N], z[0:N],p[0:N]) =
N…
k=0

�
l(xk, uk, zk,pk) + rÒ�u2k

�
+ m(xN+1),

(3)

with stage cost l(�) and terminal cost m(�). To penalize rapid changes
of inputs, �uk = uk * uk*1 is element-wise squared, weighted with
positive r À Rnu

+ and added to the cost. The stage cost and terminal cost
can be arbitrary expressions, for example economic cost functions. The
constraints (2c) and (2d) enforces the optimized trajectory to follow the
nonlinear system dynamics in (1). The optimal control problem can also
be formulated with soft-constraints, as discussed in Zeilinger, Morari,
and Jones (2014). To this end, do-mpc automatically introduces slack-
variables for the inequality constraints (2e) and adds their the weighted
l1-norm to the cost (2a).

For MPC, the optimal control problem is recomputed at each time
step k with the new initial state xinit, yielding the implicit feedback
control law:

uk = MPC(xk). (4)

Note that in (4), we omit further arguments of the control law, such as
pk and uk*1 for ease of notation.
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4.2. Multi-stage MPC

In the case when the future trajectory of the parameters p[0:N]
is uncertain, controlling the system with nominal MPC may result in
constraint violations and potentially unsafe operation. Instead, robust
MPC schemes need to be employed. Multi-stage MPC, as presented
in Lucia et al. (2013), takes the uncertainties into account by optimizing
over multiple scenarios of the possible realizations of the unknown
parameters. The realizations of the parameters can be chosen as the
extreme realizations, which can be branched in every step of the
prediction horizon in a tree-like structure. Multi-stage MPC is a closed-
loop robust MPC approach, which, in comparison to open-loop robust
approaches, results in less conservative control actions (Lucia et al.,
2013).

Branching the tree in each step would result in an exponential
growth of scenarios with the prediction horizon. To avoid this in-
tractable complexity, a heuristic approximation is to stop the branching
after the so called robust horizon. This still leads to good results in
practice, even for nonlinear systems (Lucia et al., 2013).

In contrast to many other robust MPC approaches (e.g. tube based
MPC (Kouvaritakis & Cannon, 2016)), multi-stage MPC does not require
to pre-compute linear feedback or back-up terms, while still being
able to plan the future reaction to different parameter realizations.
As a heuristic robust nonlinear controller it is conceptually applicable
to all systems of the form (1). Thus, it is more accessible, as it also
requires less in-depth knowledge and prerequisites to set up as other
approaches. With do-mpc, multi-stage robust MPC is a straight-forward
extension of the nominal MPC case. The control engineer only has to
supply possible realizations of the uncertain parameters and the robust
horizon.

4.3. Linear quadratic regulator

The linear quadratic regulator (LQR) is the optimal controller for
linear systems with quadratic cost and without constraints. The LQR
yields an explicit linear feedback control law:

uk = LQR(xk) = Kxk, (5)

where K À Rnuùnx can be pre-computed offline. The explicit control law
is a great advantage and can be used as a benchmark for more complex
approaches, for the calculation of terminal sets in many MPC schemes,
for data-generation as shown in Section 5.2, and is still of great interest
in current research (Goel & Hassibi, 2022; Pfrommer & Sojoudi, 2022;
Scampicchio, Aravkin, & Pillonetto, 2021).

For the design of the LQR, do-mpc considers a dedicated linear
model class, which can be readily obtained by automatically linearizing
the system (1) or directly by supplying the linear system dynamics. For
linear continuous-time systems, do-mpc can also derive the respective
discrete-time formulation with (Virtanen et al., 2020). Additionally,
even differential–algebraic models of index one can be automatically
transformed into ordinary differential equations required for the LQR.

4.4. Simulation study

To showcase the robust and nonlinear control capabilities of do-
mpc, we investigate a continuously stirred tank reactor (CSTR). The
system was previously introduced in Klatt and Engell (1998) and is
depicted in Fig. 2. The CSTR has nx = 4 states, that is, the concentration
of the educt cA, the concentration of the product cB , the reactor
temperature TR and the temperature of the coolant TK . Apart from the
main reaction, two additional reactions form the byproducts C and D.
The system is controlled with u = [F , ÜQ]Ò À R2, that is, the normalized
inlet flow F = ÜV _VR and the heat removed by the coolant ÜQ. All system
parameters and the system dynamics can be found in Klatt and Engell
(1998). Additionally, the system model, our controller implementation

Fig. 2. Continuously stirred tank rector producing product B from educt A. The inflow
F = ÜV _VR and heat flow ÜQ removed from the coolant are used to control the system.

Table 3
Lower (lb) and upper (ub) bound for the CSTR system shown in Fig. 2.

x u

cA cB TR TK F ÜQ
mol L*1 mol L*1 ˝C ˝C h*1 kJ h*1

lb 0.1 0.1 50.0 50.0 5.0 *8500.0
ub 2.0 2.0 135.0 140.0 100.0 0.0

and all results can be found online.5 To investigate the robust multi-
stage approach, two important parameters, the activation energy EA,AD
and the rate constant k0,AB are considered uncertain. As in previous
work (Lucia, 2015), this is achieved by introducing multipliers ↵ À
[0.95, 1.05] and � À [0.9, 1.1], such that ÇEA,AD = ↵EA,AD and Çk0,AB =
�k0,AB .

The control task in this investigation is to track a desired concen-
tration of the product cB , denoted as csetB , while complying with the
constraints shown in Table 3. To this end, the MPC cost function in (3)
is formulated with l(cB) = m(cB) = (cB * csetB )2, and r = [1, 1 � 10*4] to
weight the input-rate penalization.

To control the CSTR system, we propose to use a robust multi-stage
MPC and investigate a nominal MPC controller for comparison. Both
controllers are configured with a horizon of N = 20 and time-step of
�t = 18 s. Furthermore, the upper bound for TR is implemented as a
soft-constraint in both formulations.

As the only difference, the robust multi-stage MPC controller has
a robust horizon of one and considers the Cartesian product A ù B
of the sets A = {0.95, 1, 1.05} and B = {0.9, 1, 1.1} as scenarios
of the uncertain parameters ↵ and �. We investigate the controller
performance for a closed-loop simulation with fixed initial state x0 and
set-point csetB = 1 mol L*1. The results are shown in Fig. 3 for two
scenarios: In Fig. 3(a), the plant is simulated with the nominal values
↵ = � = 1, whereas in Fig. 3(b), we randomly chose ↵ = 0.96 and
� = 1.02 for the simulated plant. For the first scenario in Fig. 3(a), it can
be seen that the nominal MPC controller performs excellent, reaching
the desired set-point faster than the robust multi-stage controller. The
reason for the more conservative control action of the robust multi-
stage MPC can be explained with the predicted scenarios which are also
shown in Fig. 3. Some of these scenarios suggest a rapid increase of the
reactor temperature TR, suggesting that a significant backoff from the
constraint is necessary.

In the second scenario, the simulation model is setup with values of
↵ and � that differ from the nominal values. The results in Fig. 3(b)
show that in this scenario the nominal MPC controller immediately
violates the temperature constraints in Table 3. While the controller
continuously yields feasible solutions due to the use of soft-constraints,
the performance is insufficient. On the other hand, the robust multi-
stage MPC safely operates the CSTR without violating the constraints.

5 https://github.com/pas-tudo/2023_do_mpc_paper.
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Fig. 3. Comparison of multi-stage robust and nominal MPC for the CSTR system in Fig. 2. In scenario (a) the nominal MPC controller uses a model with the same values of ↵
and � as in the simulation model (plant). In scenario (b) the parameters of the plant are uncertain and not identical to those used in nominal MPC. The feasible region, defined
by the bounds in Table 3, is highlighted in green. . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Note that rigorous guarantees for the constraint satisfaction are not the
focus of this illustrative example but can be obtained as shown in Lucia,
Paulen, and Engell (2014).

4.5. Deployment with OPC UA

To deploy the proposed MPC solution shown in the previous sub-
section, do-mpc features an interface to OPC UA by extending the OPC
UA-Asyncio library.6 The OPC UA machine-to-machine communication
protocol is commonly used in process industries to connect sensors
and actuators of chemical plants. In a nutshell, a central server is
connected to multiple clients that can read states of the plant and
write control actions. The core do-mpc modules shown in Fig. 1 can
be used to automatically derive a client. Clients are then connected to
a specified server and assigned read or write access to their respective
fields. Additionally, do-mpc can automatically configure a local server
for software-in-the-loop (Abel & Bollig, 2006) testing.

For the demonstration of the OPC UA interface of do-mpc, we
present a software-in-the-loop investigation of the CSTR example
shown in Fig. 2. We initialize a nominal MPC controller and a simulator
with identical values for the uncertain parameters ↵ and �, as in
Fig. 3(a). Both objects are then used to derive an OPC client and to
configure a local server with the desired fields. Finally, the simulator
and the MPC controller are launched in individual processes and trig-
gered at sampling times �tMPC = 18 s and �tSim = 2 s. In this way, the
obtained closed-loop trajectory realistically considers time-delays that
arise from the computation time of the MPC controller, communication
delays, and discrete sampling intervals. In our investigation, these
effects contributed to an increase of 2.88% of the closed-loop cost and
no constraint violations.

5. MPC with interoperable data-based models

As shown in the previous section, do-mpc enables the synthesis of
robust, nonlinear and economic MPC and facilitates the deployment
with OPC UA. However, a central prerequisite is the availability of a
control oriented model, which is unavailable for many applications.

To tackle this challenge, we consider data-based system identifica-
tion, in particular with neural networks, a promising solution. Apart
from their ability to learn complex nonlinear behavior from large
datasets, neural networks also benefit from their ease of applicabil-
ity due to toolboxes such as Matlab, Pytorch and Tensorflow. The

6 https://github.com/FreeOpcUa/opcua-asyncio.

drawback of these tools, however, is that they cannot be directly
incorporated in most MPC frameworks. To fill this gap, we contribute
a tool that can parse neural network models from the ONNX standard
in do-mpc. Through interoperability with ONNX, do-mpc can directly
import deep learning models that were previously created and trained,
for example in Matlab, Pytorch and Tensorflow. Furthermore, do-mpc
facilitates the data-generation process for system identification, espe-
cially if this data is obtained from a high-fidelity non-control oriented
model. To this end, do-mpc features the sampling module which can
be used to efficiently generate reproducible closed-loop data from the
high-fidelity model.

In this section, we discuss neural network system identification and
present the ONNX conversion module as well as the sampling module
shown in Fig. 1.

5.1. System identification with neural networks

We introduce system identification as a regression task with datasetD = {V , T } consisting of m data pairs of inputs v À Rnv and targets
t À Rnt from which the sets V =

�
v(i)

�m
i=1 and T =

�
t(i)

�m
i=1 are

formed. In the simplest case, measured sequences of all states x[k:k+m+1]
and inputs u[k:k+m] are available and we have v(i) =

⌅
xÒi , u

Ò
i
⇧Ò and

t(i) = xi+1. The incorporation of further parameters and algebraic states,
as introduced in (1), is straightforward and omitted here for clarity.

A feed-forward neural network with L hidden layers, yielding pre-
diction Çt, is introduced as:

Çt = NN(v;WL+1) = gL+1˝hL+1˝… ˝g1˝h1(v), (6)

where ˝ denotes function composition, gl(�),≈l = 1,… ,L + 1 are
activation functions and

hl = hl(�l*1) =
⌅
�Ò
l*1, 1

⇧
W l , (7a)

�l = gl(hl), (7b)

are the operations with n�l neurons in layer l. Additionally, we have
�0 = v for the input layer. The set of weight matrices with cardinality
L + 1 is denoted WL+1 = {W 1,… ,W L+1}. For a regression task it is
common to minimize the mean-squared-error loss function:

LMSE = 1
m

m…
i=1

ÙÙÙNN
�
v(i);WL+1

�
* t(i)ÙÙÙ

2

2
, (8)

where Ò � Ò2 denotes the 2-norm. The optimal set of weights is then
obtained with:

W<
L+1 = arg min

WL+1
LMSE

�D;WL+1
�
. (9)
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Fig. 4. Data-generation for system identification with the do-mpc sampling tools.

With the dataset D as described above, the trained neural network thus
approximates the system as:

Çxk+1 = NN(xk, uk;W<
L+1). (10)

For observable systems with only output-feedback yk, we can instead
identify a data-based model with nonlinear auto-regressive structure
and exogeneous inputs (NARX) (Bonassi, Farina, & Scattolini, 2021):

Çyk+1 = NNNARX(y[k*l:k], u[k*l:k];WNARX
L+1 ). (11)

The parameter l in (11) denotes the model order and is typically
unknown. It is often determined from system knowledge (Bonassi et al.,
2021), trial and error, or more rigorously through model comparison
using an information criterion (Baldacchino, Anderson, & Kadirka-
manathan, 2012).

5.2. Data generation

The obvious prerequisite for data-based system identification is
the availability of a training dataset D. This dataset must contain
sufficiently many relevant samples which explore the state-space of the
system and contain persistently exciting inputs.

In order to create surrogates for non-control oriented or very large
models, it can be required to create this dataset by sampling a pre-
existing simulation model. To facilitate this process, do-mpc contains a
sampling module which is depicted in Fig. 4. In a nutshell, the sampling
module contains three elements: the planner, the sampler and features
for post-processing. The planner is designed to facilitate the process
of planning conditions for the desired samples. For the application of
system identification, these conditions can be the initial state of the
system x0 and an input strategy (x). The sampler is designed to call
an arbitrary sample generating function for each of the p planned cases.
For the system identification task, this function can be a simulation of
the system, depending on the initial state x(i)0 and an input strategy
(i)(�) for i À I[1,p]. The resulting data, as well as the plan, are then
stored and can be loaded for post-processing. The strategy of planning,
generating and post-processing samples is summarized in Fig. 4.

With the described data-generation approach in do-mpc it is there-
fore sufficient to share the plan and the sample generating function
to retrieve the full dataset. Furthermore, both elements are human-
readable and reveal the designed data-generation strategy. In this way,
do-mpc facilitates transparent research and allows for reproducible and
reusable code and results.

5.3. Simulation study

To illustrate neural network system identification with the described
do-mpc modules, that is, the ONNX conversion tool and the sampling
tool, we investigate the CSTR example introduced in Section 4.4.
To simplify the demonstration, we assume that full state-feedback is
possible and identify a neural network state-space model in the form
of (10). Data is generated as depicted in Fig. 4 by evaluating the exact
simulation model recursively for N = 50 steps. A sampling case i À I[1,p]

Fig. 5. Investigated neural network architecture for system identification of the CSTR
system shown in Fig. 2. The neural network is exported as an ONNX model from
Tensorflow converted automatically to a discrete-time do-mpc model.

is defined in terms of the initial state x(i)0 , the set-point c
set
b

(i) and an
input strategy defined by ↵(i) À [0, 1], such that:

(i)(x) =
�
1 * ↵(i)

�
LQR(x) + ↵(i)RND(x), (12)

where RND(x) returns uniform random inputs, within the defined
bounds in Table 3, and with random hold time. The LQR controller
LQR(x) is directly obtained with do-mpc, as described in Section 4.3.
By combining the set-point tracking LQR with random inputs, the data
contains plausible input sequences around the desired set-point as well
as more exploratory sequences. This approach could also be applied to
certain unstable systems by restricting ↵ ~ 1.

To illustrate the capabilites of the ONNX conversion tool, we design
a more complex neural network architecture in comparison to the
formulation in (6). The proposed architecture shown in Fig. 5 has
multiple inputs, contains concatenation and normalization layers and
has a residual network structure (He, Zhang, Ren, & Sun, 2016).

For the CSTR example, the architecture in Fig. 5 is configured with
L = 3 and n� = 32 neurons in each layer, and is successively trained
with the generated dataset consisting of 50.000 samples. Ultimately,
the resulting data-based model should be used in the MPC formula-
tion (2) and is therefore evaluated in this context. In a similar fashion
as for the data-generation task, we use the do-mpc sampling tools to
generate p = 50 test cases in terms of the initial state x(i)0 , the set-point
cset (i)b and use the MPC with NN system model to generate closed-loop
trajectories with N = 50 steps. The performance is then compared to
an MPC controller with exact system model.

The results of this comparison are shown in Fig. 6 in terms of
the closed-loop cost and maximum constraint violation, both depicted
in relationship to the set-point csetb . It shows that the MPC controller
with data-based model performs almost equivalent to the variant with
exact system model. The closed-loop cost is nearly indistinguishable
with minor exceptions in two out of the p = 50 investigated cases.
The maximum constraint violation is larger for the MPC with neural
network system model, especially for the state cA, but still small,
not exceeding 0.02 mol L*1. If rigorous performance guarantees of the
obtained data-based controller are required, the presented methods
can be readily combined with the probabilistic validation approach
presented in Karg et al. (2021). In particular, this approach can also
be used to determine a suitable number of investigated samples p.

6. Simple deployment with approximate MPC

The deployment of MPC remains another core challenge for the
adoption of advanced MPC. This problem is further intensified when ro-
bust MPC is needed, for systems with very fast sampling times or when
the controller should be deployed on restricted hardware. Hardware
limitation occur, for example, due to memory limitations or restrictions
of computation power, such as in the case of power electronics (Guillén
et al., 2022) or for fast mechanical systems. A promising solution in this
setting can be approximate MPC (Chen et al., 2018; Karg & Lucia, 2020;
Kumar et al., 2021; Paulson & Mesbah, 2020), which is presented in the
following. Furthermore, we showcase how the FAIR solutions outlined
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Fig. 6. MPC controller for the CSTR in Fig. 2 with exact system model and with
approximate NN system model. Comparison of closed-loop cost and maximum con-
straint violation over N = 50 steps and p = 50 samples defined by x0 and csetB . (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

in Section 2.1, and which are implemented in do-mpc, can facilitate the
synthesis of reproducible and transparent approximate MPC.

The fundamental idea of approximate MPC is that the implicit MPC
control law (4) should be replaced with an explicit function. This is
reminiscent of explicit MPC (Bemporad, Morari, Dua, & Pistikopoulos,
2002), which is typically realized by partitioning the state-space and
applying a different linear control law in each region (Karg & Lucia,
2020). While explicit MPC is exact in special cases, its memory footprint
can become intractable for larger problems (Karg & Lucia, 2020).

Approximate MPC uses function approximation to obtain an effi-
cient but inexact MPC law ÇMPC(xk). Neural networks, due to being uni-
versal function approximators (Hornik, Stinchcombe, & White, 1989),
are particularly well suited for this task. Furthermore, it can be shown
that neural networks can exactly represent certain MPC laws (Karg &
Lucia, 2020). We therefore introduce:

Çuk = ÇMPC = NN(xk;W<
L+1), (13)

as the approximate MPC controller using a neural network in the form
of (6) and with optimized weights W<

L+1. For the sake of clarity, we
again omit further potential inputs, e.g. parameters, in (13).

Training data must be obtained from the original MPC law (2) yield-
ing a dataset D = {V , T }, with V = {x(i)k }mi=1 and T = {MPC(x

(i)
k )}mi=1.

The optimal parameters W<
L+1 can then be found by solving (9).

After successfully training the neural network, only the approximate
MPC control law (13) is evaluated online which can be orders of
magnitude faster than solving an optimization problem (Kumar et al.,
2021).

6.1. Sample efficient approximate MPC with sensitivities

A challenge for the synthesis of an approximate MPC control law
is the requirement to repeatedly solve the optimal control problem (2).

Fig. 7. Investigated quadcopter system.

Additionally, large systems and complex control task may require more
data and also have longer solution times, potentially rendering the
process prohibitive (Krishnamoorthy, 2022). As a remedy, additional
information can be extracted from each sampled data-point with the
sensitivity matrix S À Rnuùnx :

S =
)MPC
)xk

=
)uk
)xk

. (14)

Intuitively, the sensitivity S represents the change of the optimal
control law MPC in (4) with respect to the current system state xk.

Two challenges remain. First, sensitivity information must be ob-
tained from the optimal control problem. This can be achieved in
a solver agnostic fashion via implicit differentiation of the Karush-
Kuhn–Tucker conditions (Blondel et al., 2022; Fiacco & Ishizuka, 1990;
Krishnamoorthy, 2022), and is readily available in do-mpc. The second
challenge is to incorporate the sensitivity information when training the
neural network. To this end, the Sobolev loss (Cocola & Hand, 2020;
Czarnecki et al., 2017) can be used:

LSob = LMSE +
�
m

m…
i=1

ÙÙÙÙ
)NN
)xk

ÛÛÛÛ x(i)k * S(i)ÙÙÙÙ
2

F
, (15)

with Ò � ÒF denoting the Frobenius norm and � g 0 being a weighting
factor. Sobolev training requires that the training data is augmented
with the sensitivity information, S =

�
S(i)�m

i=1, resulting in DSob =D ‰ {S}.
As previously shown in Lüken et al. (2023) and Winqvist et al.

(2021), the approximate MPC control law ÇSob
�
xk

�
obtained with

Sobolev training can result in better controller performance with fewer
training samples.

6.2. Simulation study

To showcase the application of approximate MPC with and without
sensitivity information, we investigate a nonlinear, continuous-time
quadcopter model previously introduced in Elokda, Coulson, Beuchat,
Lygeros, and Dörfler (2021) and with parameters from Förster (2015).
The full model formulation can also be found online. The model, shown
in Fig. 7, has nx = 12 states, that is, position p, velocity Üp, orientation �
and angular velocity ! in three dimensions, and nu = 4 control inputs,
representing the thrust of the individual rotors. The control task is to
follow a trajectory of position set-points pset, while maintaining the
orientation and with penalties on velocity, angular velocity and for
changes of the control inputs. For the stage cost and terminal cost in (3),
we define:

l(x) = m(x) = Òp * psetÒ22 + 10*3Ò ÜpÒ22 + 10*2Ò�Ò22 + 5 � 10*3Ò!Ò22,

81



Control Engineering Practice 140 (2023) 105676

10

F. Fiedler et al.

Fig. 8. Closed-loop trajectories with approximate MPC of quadcopter in Fig. 7 in
(px , py)-plane. Comparison of approximate MPC controller trained with sensitivities
(Sobolev loss LSob) vs. training with MSE (LMSE) and for different numbers of
trajectories used for training and different magnitude of additive input disturbance ↵.
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

and rÒ = [5, 5, 5, 5]. The optimal control problem in (2) is formulated
with a horizon of N = 30, time-step �t = 50 ms, and with constrained
control inputs 0 f u f 0.3.

To obtain training data for the approximate MPC controller, we
sample closed-loop trajectories following variants of figure-eight curves
in the (px, py)-plane with oscillating set-point for the height pz. Further-
more, we provoke stabilizing feedback action by applying an additive
disturbance to the inputs, that is, uk = MPC(xk) + ↵RND(xk), where
RND(xk) returns random uniform values and is scaled with ↵. How-
ever, only the actual MPC control input MPC(xk), not uk, is stored
for training the approximate MPC controller. Sampling is conducted,
similarly as shown in Section 5, with the do-mpc sampling tools by
varying parameters of the set-point trajectory and ↵. A total of p = 50
trajectories, each containing 200 steps (representing eight seconds of
simulation time), are collected. Additionally, we use do-mpc to obtain
sensitivity information in the form of (14).

We investigate a neural network with L = 1 hidden layers and
n� = 80 neurons which is trained either by minimizing the mean-
squared-error loss LMSE or the Sobolev loss LSob with � = 100 to
incorporate the sensitivity information. Additionally, we train multiple
approximate MPC controller by varying the number of trajectories used
for training from p = 5 to p = 40 and keep 10 trajectories for validation.
Training is conducted in all cases for at most 5000 steps and with an
early stopping criterion monitoring the validation loss.

The resulting approximate MPC variants are then examined in a
closed-loop investigation, aiming to track a previously unseen tra-
jectory and for different values of the additive input noise scaling
factor ↵.

The resulting closed-loop trajectory in the (px, py)-plane is shown
in Fig. 8. While multiple variants of the approximate MPC lead to
satisfactory control performance, the advantages of approximate MPC
trained with Sobolev loss (15) are evident. By considering the sensitiv-
ity information from (14), training with only p = 5 trajectories of the
MPC controlled system can be sufficient for closed-loop stability, albeit
with insufficient robustness to disturbances. Increasing the number of
samples yields also suitable performance of the approximate MPC with

regular training. However, only the approximate MPC with Sobolev
training can still control the system with significant input disturbance
(↵ = 10*2) after having seen at least p = 20 trajectories in the training
data. The main advantage of the approximate MPC is that its evaluation
takes on average 4.2 ± 2.7 ms, whereas solving the original optimal
control problem requires 116 ± 23 ms.

7. Conclusions

Nonlinear, robust and economic model predictive control has shown
outstanding results, leading to significant energy savings, yield im-
provements or solving previously unsolvable tasks. However, these
results are often not widely adopted outside the core MPC research
community, leaving a large untapped potential. In this work, we discuss
four main challenges that hinder the widespread adoption of advanced
MPC in research and industry. These challenges are the unavailability
of models, the challenges associated with deploying advanced MPC, the
scarcity of rapid prototyping tools and the difficulties in reproducing
advanced MPC results. We find that the FAIR principles for scientific
data management and research software offer important guidelines on
how to tackle these challenges. First, we show that neural network
system identification plays an important role in obtaining control-
oriented models. Through interoperability with the ONNX standard,
neural network models trained in popular toolboxes like Tensorflow
and Pytorch can be directly employed in an MPC formulation. Deploy-
ment of advanced MPC is also enabled by interoperability with the OPC
UA standard or can be achieved through approximate MPC. Especially
for approximate MPC, system identification and controller validation,
we highlight the importance of FAIR data generation and propose a
versatile data sampling framework. Rapid prototyping is enabled by ac-
cessible open-source software and also benefits from reproducible data
sampling, for example when updating an approximate MPC controller.

As a concrete implementation of the discussed FAIR solutions, we
present the open-source software do-mpc. Apart from enabling the
rapid development of multi-stage robust, nonlinear and economic MPC,
we provide the important interfaces to ONNX and OPC UA and facili-
tate system identification, controller validation and approximate MPC
through a sampling module. With the sensitivity module, we enable
data-efficient approximate MPC. With do-mpc, obstacles towards the
first steps of advanced MPC are minimized and the tool can support
engineers from these first steps to the deployment of powerful control
solutions.

In future work, we seek to further improve do-mpc contributing
features such as the extended Kalman filter and tube-based robust MPC,
and intend to conduct further field testing.
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Abstract: The operation of large-scale water distribution networks (WDNs) is a complex
control task due to the size of the problem, the need to consider key operational, quality
and safety-related constraints as well as because of the presence of uncertainties. An efficient
operation of WDNs can lead to considerable reduction in the energy used to distribute the
required amounts of water, leading to significant economic savings. Many model predictive
control (MPC) schemes have been proposed in the literature to tackle this control problem.
However, finding a control-oriented model that can be used in an optimization framework, which
captures nonlinear behavior of the water network and is of a manageable size is a very important
challenge faced in practice. We propose the use of a data-based automatic clustering method
that clusters similar nodes of the network to reduce the model size and then learn a deep-learning
based model of the clustered network. The learned model is used within an economic nonlinear
MPC framework. The proposed method leads to a flexible scheme for economic robust nonlinear
MPC of large WDNs that can be solved in real time, leads to significant energy savings and is
robust to uncertain water demands. The potential of the proposed approach is illustrated by
simulation results of a benchmark WDN model.
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1. INTRODUCTION

Water distribution networks (WDNs) are large-scale in-
terconnected systems that need to be operated reliably,
while complying with operational constraints as well as
water supply and quality standards, under varying climate
and demand conditions. Water resources have the largest
energy intensity in the urban metabolism of cities (Chini
and Stillwell, 2018), with the water distribution phase
often contributing the largest energy intensity share of
water provision (Spang and Loge, 2015). Energy-related
costs can constitute up to 65% of a utility’s operating
budget (Boulos et al., 2001).

The optimal management of WDNs can lead to consid-
erable energy reduction and related economic savings. A
case study in Valencia (Spain), for instance, demonstrated
that potential savings of approximately 17% of the opera-
tional costs could be obtained via optimal pump schedul-
ing and valve control, while a similar example in Wallan
(Victoria, Australia) estimated a reduction in the average
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daily pumping costs of 20.6% with optimal operation of
the WDNs (Broad et al., 2010). However, the optimal
operation of such systems is a challenging task of increas-
ing complexity and importance, due to the growing size
of urban areas and the presence of multiple, potentially
conflicting objectives.

Model predictive control (MPC) is an advanced control
technique that can deal with nonlinear multivariable sys-
tems, including constraints and other control goals differ-
ent than traditional set-point tracking (Mayne and Rawl-
ings, 2009). For these reasons, it is an increasingly popular
control method applied in many different fields and case
studies and it has been already widely studied in the
context of water distribution networks (Biscos et al., 2003;
Cembrano et al., 2011; Ocampo-Martinez et al., 2012).

The application of MPC for WDNs faces two important
challenges: (i) the presence of uncertainty and (ii) the size
of the model for real-world networks. To deal with the
uncertainty of the model parameters and water demands,
different approaches based on chance constraints (Grosso
et al., 2014), Gaussian processes (Wang et al., 2016) or
scenario-tree methods (Sampathirao et al., 2018) have
been recently proposed.
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The application of MPC for WDNs faces two important
challenges: (i) the presence of uncertainty and (ii) the size
of the model for real-world networks. To deal with the
uncertainty of the model parameters and water demands,
different approaches based on chance constraints (Grosso
et al., 2014), Gaussian processes (Wang et al., 2016) or
scenario-tree methods (Sampathirao et al., 2018) have
been recently proposed.

Possible solutions to obtain computationally tractable
MPC schemes for large-scale networks include the consid-
eration of hierarchical (Duzinkiewicz et al., 2005; Grosso
et al., 2013) and decentralized MPC schemes (Ocampo-
Martinez et al., 2012) that avoid the centralized detailed
optimization of all network elements at the same time.
Alternatively, surrogate models that simplify the hydraulic
equations used in the modeling of the WDNs can be
used. Surrogate models based on quadratic functions were
presented by Nowak et al. (2018) while linear models were
used by Sampathirao et al. (2018). Some works have used
artificial neural networks (ANNs) to obtain models to
be coupled with genetic optimization algorithms (Broad
et al., 2005), or deep learning techniques (Wu and Rah-
man, 2017) to derive predictive models. However, non-
linear surrogate models based on deep learning have not
been exploited to be used in a gradient-based optimization
framework typical of nonlinear MPC schemes, which is one
of the main contributions of our work.

Obtaining a surrogate model for each relevant node in
a large network can still be a difficult task, since often
the main challenge is the amount of nodes considered
in the network and not the complexity of the model.
A reduction of the network nodes often requires the use of
heuristics (Broad et al., 2005) or detailed system knowl-
edge (Wang et al., 2017). As an additional contribution
of this work, we propose the use of data-based clustering
techniques to simplify the network model that needs to
be learned. Clustering techniques in the context of WDNs
have been previously studied (e.g. Di Nardo et al., 2015;
Kirstein et al., 2015), but were not used for the design
of MPC controllers. A clustering method is especially
convenient in an MPC setting as it mitigates the effect
of uncertain water demand predictions, as we illustrate in
the simulation results.

Compared to similar works, such as Wang et al. (2017),
we propose the combination of clustering, surrogate mod-
eling and nonlinear MPC, showing the advantages of deep
learning compared to traditional ANNs. Our method is
available with an open source implementation 1 , does not
rely on the detailed knowledge of the underlying model
equations and does not need control-oriented models, but
just requires a simulator of the water distribution network.
We show the potential for energy savings of an economic
nonlinear MPC scheme compared to a simple rule-based
controller for the benchmark case study of the C-Town
WDN. Finally, our proposed clustering method mitigates
the effects of uncertain demands and the proposed con-
troller is able to robustly control the system even when an
error up to 20% affects the prediction of water demands.

The remainder of the paper is organized as follows. Sec-
tion 2 describes the considered WDN and its modeling
assumptions. The proposed clustering method is described
in Section 3, while the surrogate modeling based on deep
learning is presented in Section 4. The economic NMPC
formulation is explained in Section 5, the simulation re-
sults for a benchmark WDN are presented in Section 6
and the paper is concluded in Section 7.

1 Source code available at: https://github.com/4flixt/2019_
WNTR_Surrogate_Model

2. OPTIMAL OPERATION OF LARGE-SCALE
WATER DISTRIBUTION NETWORKS

The problem of optimal operation of large-scale WDNs
has been investigated in the literature in the last 50 years
(Mala-Jetmarova et al., 2017), with primary focus on
optimal pump operation to target savings in energy use
and related cost, while ensuring that demands and water
quality standards in the network are satisfied.

In general, a discrete-time model of a drinking water
network includes difference and algebraic equations, based
on mass continuity and energy, which can be written as:

x(k + 1) = f(x(k), z(k), u(k), d(k)), (1a)
z(k) = h(x(k), u(k), d(k)), (1b)

where the dynamic states x(k) describe the levels of the
tanks that form part of the water network at time step k.
The control inputs u(k) include the operation conditions
for the valves and pumps. The algebraic states z(k) include
the pressure in all nodes of the network, resulting from flow
balances. The equations are strongly affected by the water
demands in each node, denoted by d(k).

Several detailed simulators for large-scale water networks
exist in the literature. Arguably, the most widely used
software application for modelling drinking water distribu-
tion systems is EPANET, developed by the United States
Environmental Protection Agency. EPANET can perform
extended period simulation of pressurized pipe networks,
computing both hydraulic and water quality simulation
(Rossman et al., 2000). More recently, EPANET exten-
sions have also been developed to enhance EPANET
modeling capabilities for water security, resilience mod-
eling, and hydraulic response to cyber-physical attacks
(Taormina et al., 2019).

Yet, EPANET models are not control-oriented models
and often include several switches and discrete operation
conditions that make them not suitable for the direct
application of gradient-based optimization approaches,
which are necessary to solve large-scale problems.

2.1 C-Town benchmark problem

We formulate the optimal operation problem for the WDN
of C-Town. C-Town is a benchmark medium-sized network
first introduced by Ostfeld (2012) and later used in other
state-of-the-art studies (e.g. Sousa et al., 2016; Taormina,
2018). The original C-Town WDN features one reservoir
providing water to a network composed of 429 pipes,
388 junctions, 7 storage tanks, 5 pump stations with
a total of 11 pumps, and 4 valves. In this study, we
simplified the original structure of C-Town to reduce the
amount of control inputs. The simplification consisted
in removing redundancy in pumping stations, i.e. each
pumping station is assumed to include only one pump.
The resulting modified C-Town WDN, which we use here
as a demonstrative case study, is composed of 419 pipes,
378 junctions, 7 storage tanks, 5 pumps, and 4 valves (see
Fig. 1).

The C-Town WDN is described by the following variables,
summarized in (2a) to (2d): tank levels (b), node pressure
(p), node demand (d), valve setting (v), i.e. minor loss
coefficient set for Throttle Control Valves and pressure86



16638 Felix Fiedler  et al. / IFAC PapersOnLine 53-2 (2020) 16636–16643

PU2

PU5

PU6

PU8

PU10

V1

V45 V47

V2 T3

T1

T7

T6

T5

T2

T4

R1

pumps

valves

tanks

reservoir

Fig. 1. Overview of the modified C-Town water distri-
bution network, with highlighted pumps and valves
(control inputs), tanks (system states) and reservoir.

setting of Pressure Reducing Valves, and relative pump
speed (q):

x = [b0, . . . , bntanks ] ∈ R7, (2a)

z = [p0, . . . , pnjunctions ] ∈ R378, (2b)

u = [v0, . . . , vnvalves , q0, . . . , qnpumps ] ∈ R9, (2c)

d = [d0, . . . , dnjunctions ] ∈ R378. (2d)

Tank levels in x are the observable state of the C-Town
network, while pump and valve settings in u are the control
inputs of the system.

In this study, we modeled C-Town in EPANET and
simulate it as a demand-driven system. According to the
EPANET engine, demand-driven simulation implies that
node demands are always satisfied.

2.2 Summary of the proposed algorithm

To deal with the large-scale nature of WDNs, we propose
to use, first, a clustering method that leads to a significant
reduction of the number of node pressure (2b) and de-
mands (2d) that are explicitly considered in the prediction
model. Second, we generate a surrogate model via deep-
learning, to obtain a control-oriented model which is used
as a prediction model in an NMPC scheme. The data
obtained from subsequent NMPC simulations can be used
again to improve the quality of the surrogate model in an
iterative scheme, as summarized in Algorithm 1.

3. CLUSTERING ALGORITHM

The investigated network in Fig. 1 has a total of 378
distinct junctions with individual demands and pressures.
Obtaining a control-oriented surrogate model for such an
extensive system is challenging and does not scale well. We
therefore propose a clustering-based approach to simplify
the problem significantly. Among the existing techniques
for clustering, the hierarchical approach with connectivity
constraints appears most suited for water networks. The
approach is purely data-driven, but considers structural

Algorithm 1 Clustering and surrogate-based economic
NMPC of large-scale WDNs

Input: Obtain initial training data (tank levels, junction
pressure, demands, pump speed and valve setting) from
simulations of available EPANET models or from histori-
cal real data.
1. Run hierarchical clustering algorithm (Section 3) to

obtain current cluster.
2. Obtain deep learning-based surrogate model using

current training data and current clustering (Sec-
tion 4).

3. Run economic nonlinear MPC using the surrogate
model from Step 2 as model for the predictions and a
detailed EPANET simulator as reality based emulator
(Section 5).

4. If performance not as desired, include the data ob-
tained from Step 3 in your new training data and
GOTO Step 1.

information of the network in the form of connectivity
constraints. The connectivity matrix A ∈ Rnjunc×njunc

can be derived from the EPANET model structure and
represents the connections between nodes such that:

Aij =

{
1 if junction i and j are connected.
0 if junction i and j are not connected.

(3)

Nodes are joined based on a variance-minimizing linkage
criteria (Ward Jr, 1963) which minimizes the variance of
the chosen features. The algorithm stops when the number
of clusters matches the user defined parameter nclusters.
At each step of the recursive algorithm, clusters Ci and
Cj are merged, if for any Ck, k ̸= i, j the variance of the
features of the resulting cluster is such that var(Ci

⋃
Cj) <

var(Ci
⋃
Ck). We denote the final clusters as:

Cj , j = 1, . . . , nclusters, (4)

where each cluster contains a number of |Cj | junctions.
As features we use normalized pressures in the individual
nodes at various time steps k. We normalize the pressure
at each node with an individual parameter according to:

p̃i(k) =
pi(k)

fp,i
, ∀i = 1, . . . , njunc. (5)

To compute the scaling factors fp,i in (5) we use the mean
value of the pressure for each junction from the samples
used for training. Normalizing the pressure was found to
be an important element to achieve a successful clustering.
The scaling is motivated as connected nodes experience
head loss on their linkage but will qualitatively follow
the same pressure patterns. In Fig. 2, we showcase the
pressure over time for two exemplary clusters, which can
be identified in Fig. 3, as well as the computed normalized
pressure according to (5). Fig. 2 shows that the average
normalized pressure of the cluster is a good representation
of the normalized pressure of each individual node. We
compute the average normalized pressure for cluster j at
each point in time k as:

p̄j(k) =
1

|Cj |
∑

i∈Cj

p̃i(k). (6)

The computed mean is used as a condensed representation
of the original variables (2b). We evaluate the clustering
performance by computing the normalized pressure vari-
ance σ2

j (k) = Var(p̃i(k)) with i ∈ Cj for clusters j for all87
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Fig. 1. Overview of the modified C-Town water distri-
bution network, with highlighted pumps and valves
(control inputs), tanks (system states) and reservoir.

setting of Pressure Reducing Valves, and relative pump
speed (q):

x = [b0, . . . , bntanks ] ∈ R7, (2a)

z = [p0, . . . , pnjunctions ] ∈ R378, (2b)

u = [v0, . . . , vnvalves , q0, . . . , qnpumps ] ∈ R9, (2c)

d = [d0, . . . , dnjunctions ] ∈ R378. (2d)

Tank levels in x are the observable state of the C-Town
network, while pump and valve settings in u are the control
inputs of the system.

In this study, we modeled C-Town in EPANET and
simulate it as a demand-driven system. According to the
EPANET engine, demand-driven simulation implies that
node demands are always satisfied.

2.2 Summary of the proposed algorithm

To deal with the large-scale nature of WDNs, we propose
to use, first, a clustering method that leads to a significant
reduction of the number of node pressure (2b) and de-
mands (2d) that are explicitly considered in the prediction
model. Second, we generate a surrogate model via deep-
learning, to obtain a control-oriented model which is used
as a prediction model in an NMPC scheme. The data
obtained from subsequent NMPC simulations can be used
again to improve the quality of the surrogate model in an
iterative scheme, as summarized in Algorithm 1.

3. CLUSTERING ALGORITHM

The investigated network in Fig. 1 has a total of 378
distinct junctions with individual demands and pressures.
Obtaining a control-oriented surrogate model for such an
extensive system is challenging and does not scale well. We
therefore propose a clustering-based approach to simplify
the problem significantly. Among the existing techniques
for clustering, the hierarchical approach with connectivity
constraints appears most suited for water networks. The
approach is purely data-driven, but considers structural

Algorithm 1 Clustering and surrogate-based economic
NMPC of large-scale WDNs

Input: Obtain initial training data (tank levels, junction
pressure, demands, pump speed and valve setting) from
simulations of available EPANET models or from histori-
cal real data.
1. Run hierarchical clustering algorithm (Section 3) to

obtain current cluster.
2. Obtain deep learning-based surrogate model using

current training data and current clustering (Sec-
tion 4).

3. Run economic nonlinear MPC using the surrogate
model from Step 2 as model for the predictions and a
detailed EPANET simulator as reality based emulator
(Section 5).

4. If performance not as desired, include the data ob-
tained from Step 3 in your new training data and
GOTO Step 1.

information of the network in the form of connectivity
constraints. The connectivity matrix A ∈ Rnjunc×njunc

can be derived from the EPANET model structure and
represents the connections between nodes such that:

Aij =

{
1 if junction i and j are connected.
0 if junction i and j are not connected.

(3)

Nodes are joined based on a variance-minimizing linkage
criteria (Ward Jr, 1963) which minimizes the variance of
the chosen features. The algorithm stops when the number
of clusters matches the user defined parameter nclusters.
At each step of the recursive algorithm, clusters Ci and
Cj are merged, if for any Ck, k ̸= i, j the variance of the
features of the resulting cluster is such that var(Ci

⋃
Cj) <

var(Ci
⋃
Ck). We denote the final clusters as:

Cj , j = 1, . . . , nclusters, (4)

where each cluster contains a number of |Cj | junctions.
As features we use normalized pressures in the individual
nodes at various time steps k. We normalize the pressure
at each node with an individual parameter according to:

p̃i(k) =
pi(k)

fp,i
, ∀i = 1, . . . , njunc. (5)

To compute the scaling factors fp,i in (5) we use the mean
value of the pressure for each junction from the samples
used for training. Normalizing the pressure was found to
be an important element to achieve a successful clustering.
The scaling is motivated as connected nodes experience
head loss on their linkage but will qualitatively follow
the same pressure patterns. In Fig. 2, we showcase the
pressure over time for two exemplary clusters, which can
be identified in Fig. 3, as well as the computed normalized
pressure according to (5). Fig. 2 shows that the average
normalized pressure of the cluster is a good representation
of the normalized pressure of each individual node. We
compute the average normalized pressure for cluster j at
each point in time k as:

p̄j(k) =
1

|Cj |
∑

i∈Cj

p̃i(k). (6)

The computed mean is used as a condensed representation
of the original variables (2b). We evaluate the clustering
performance by computing the normalized pressure vari-
ance σ2

j (k) = Var(p̃i(k)) with i ∈ Cj for clusters j for all
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Fig. 3. Overview of the clustered junctions for the modified
C-Town network.

times k. To obtain a global performance indicator we com-
pute the mean of σ2

j (k) over all clusters j and times k. We
choose nclusters = 25 clusters. It shows that performance
deteriorates with less individual clusters, while increasing
the number has only a marginal effect. Clustering was per-
formed in Python with scikit-learn (Pedregosa, 2011) with
the feature agglomeration method. The resulting clustered
nodes are presented in Fig. 3. We furthermore used the
obtained clusters based on pressure similarities to group
the demands in our network:

d̄j(k) =
∑

i∈Cj

di(k). (7)

This is motivated because sections of the network which
experience similar pressure patterns are likely to be af-
fected by the same pump and valve actions, as well as tank
levels. We are thus able to control these sections simulta-
neously and are interested in their aggregated demand.
While junction pressure and demand are clustered we
investigate tank levels (b), valve setting (v) and pump
speed (q) individually. In summary the relevant variables
and their respective dimensions for the dynamic system
used in the remainder of the paper are:

x = [b0, . . . , bntanks ] ∈ R7, (8a)

z̄ = [p̄0, . . . , p̄nclusters ] ∈ R25, (8b)

u = [v0, . . . , vnvalves , q0, . . . , qnpumps ] ∈ R9, (8c)

d̄ = [d̄0, . . . , d̄nclusters ] ∈ R25. (8d)

The clustering method significantly reduces the dimension
of the algebraic states and demands as can be seen by
comparing (2) and (8).

4. SURROGATE MODELING USING DEEP
LEARNING

Artificial neural networks have been widely used as basis
functions for surrogate modeling. Traditionally, shallow
networks with only one intermediate (or hidden) layer
are used, because under mild conditions they can approx-
imate arbitrarily well any continuous function (Barron,
1993). Recently, the use of deep neural networks (DNNs)
with several hidden layers has been very successful as
an efficient approximation method for complex functions,
mainly in the field of computer science and artificial intel-
ligence (Silver et al., 2016). The choice of deep networks as
opposed to shallow ones is motivated by recent theoretical
results that support the increased representation power of
deep networks (Safran and Shamir, 2017).

A standard DNN with fully connected layers is a simple
sequence of function compositions of an affine transfor-
mation and a nonlinear function. A neural network N :
Rnin → Rnout can be written as:

N (ζ;λ) =
{

αL+1 ◦ βL ◦ αL ◦ · · · ◦ β1 ◦ α1(x) for L ≥ 2,
αL+1 ◦ β1 ◦ α1(x), for L = 1,

(9)

where the input of the network is ζ ∈ Rnin and the output
is η ∈ Rnout , and λ denotes the network parameters. The
number of hidden layers L and of neurons in each layer
M determine the size of the neural network. If L = 1, the
neural network is denoted as shallow, while deep neural
networks have L ≥ 2. Each hidden layer is composed of an
affine function

αl(ξl−1) = Wlξl−1 + bl, (10)

where ξl−1 ∈ RM is the output of the previous layer and
ξ0 = ζ, as well as a nonlinear nonlinear activation function
βl. The nonlinear activation function is a design parameter
and usual choices include the rectifier linear units (ReLU ),
the sigmoid function and the hyperbolic tangent (tanh)
which is used in this work:

βl(αl) =
eαl − e−αl

eαl + e−αl
. (11)

The parameters of all layers are summarized in λ =
{λ1, . . . ,λL+1} with

λl = {Wl, bl} ∀l = 1, . . . , L+ 1, (12)

where Wl are the weights and bl are the biases describing
the corresponding affine functions. The neural network is
trained using a set of training input-output data pairs
{(ζ(1), η(1)), . . . , (ζ(Ns), η(Ns))} where Ns is the number of
training data points. The training consists of finding the
parameters Wl, bl that minimize the mean squared error,
by solving the following optimization problem for a fixed
value of L and M :

λ∗ = argmin
λ

1

Ns

Ns∑

i=1

(η(i) −N (ζ(i);λ))2. (13)

88
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4.1 Input and output structure

In our proposed Algorithm 1, we use DNNs to jointly learn
the discrete-time and algebraic equations in (1) for the
clustered variables (8). Fig. 4 illustrates the structure of
the proposed model. We use as inputs the current clustered
junction demands d̄(k), the tank level b(k), the current
pump speed q(k) and valve position v(k). As output we
have the current mean value of the normalized pressures at
each junction p̄(k), the current pump energy consumption
e(k) and the change of tank level ∆b(k). This allows to
compute the tank level at the next time step as:

b(k + 1) = b(k) +∆b(k). (14)

Choosing the change of tank level versus the next tank
level was found to be beneficial for the model accuracy
and can be seen as an adaptive normalization. In practice
it leads to smoother, more realistic predictions.
In summary, we have:

ζ =
[
d̄(k), b(k), q(k), v(k)

]
∈ R41 (15a)

η = [p̄(k),∆b(k), e(k)] ∈ R37 (15b)

Note that we can compute approximate values of the
pressure in each junction i by rescaling the normalized
pressure in cluster j value with its respective scaling factor:

pi ≈ fp,ip̄j , i ∈ Cj (16)

In many cases we are only interested in the lowest pressure
within one cluster, for which we compute:

fmin,j = min({fi | i ∈ Cj}), (17a)

pclustmin,j ≈ fmin,j p̄j . (17b)

The learned model can be evaluated recursively to achieve
the desired prediction horizon in an MPC framework.

4.2 Training and model comparison

All data points used for training are obtained by running
EPANET simulations with randomized demand scenar-
ios and different controllers. The training is done using
Tensorflow (Abadi, 2015) via Keras (Chollet et al., 2015).
We are choosing Adam (Kingma and Ba, 2014), a variant
of stochastic gradient descent, as optimizer to solve the
problem (13). Training data was normalized, such that
|ζ̄(i)| ≤ 1 and |η̄(i)| ≤ 1 ∀i = 1, . . . , ntrain. We investigated
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Fig. 5. Comparison of training loss for two investigated
neural network architectures with the same number
of neurons (nonlinear activations). Model 1 (L = 4,
M = 50) with 11,637 weights and Model 2 (L = 1,
M = 200) with 15,837 weights.

a number of models with different hyper parameters but
limited our search space to architectures that are still
feasible to optimize in real time. The training progress
(mean squared error in (13)) for two investigated models
that fulfil this criteria are displayed in Fig. 5. We showcase
a shallow vs. a deep architecture with the same number of
neurons. The deep architecture with L = 4, M = 50 has a
total of 11,637 weights, whereas the shallow architecture
with L = 1, M = 200 results in 15,837 weights. The
training progress in Fig. 5 shows that the deep architecture
achieves a significantly better performance. Similar differ-
ences between deep and shallow architectures are observed
with a smaller number of neurons, leading to worse overall
performance. On the other hand, larger architectures only
show marginal improvements.
We also investigated a simple linear model for the same
input structure and data as for the neural networks. The
resulting loss was 3.67× 10−3, which is one order of mag-
nitude larger than the the best obtained neural network.
Because of the higher training and validation accuracy,
we choose the deep learning model as prediction model
embedded in the economic NMPC framework explained
in the next section.

5. ECONOMIC NONLINEAR MODEL PREDICTIVE
CONTROL FORMULATION

For the energy optimal control of the investigated WDN
we propose the following economic nonlinear MPC formu-
lation:

minimize
u(0),...,u(N−1)
x(0),...,x(N)

ϵ(0),...,ϵ(N−1)

N−1∑

k=0

αee(x(k), u(k), d̄(k))

+ αϵϵ(k) + αu∆u(k) (18a)

subject to: x(k + 1) = f(x(k), z(k), u(k), d̄(k)), (18b)

z(k) = h(x(k), u(k), d̄(k)), (18c)

g(x(k), z(k), u(k), d̄(k), ϵ(k)) ≤ 0, (18d)
x0 = xinit, (18e)
for k = 0, . . . , N − 1. (18f)

The first term in the mixed objective cost function in (18a)
denotes the energy consumption of the pumps. If available,
time-varying electricity prices can be incorporated in the
formulation. In this work, we consider constant prices so
that the economic operation cost is determined by the
pump energy consumption which is part of the DNN
output (15). Furthermore, we include slack variables ϵ to
allow for soft constraints in (18d). The complete set of
constraints is defined in (20). The last term of the cost
function in (18a) penalizes rapid changes of the control
input ∆u(k). We introduce the tuning factors αe, αϵ, αu

to balance the different terms of the objective function.
The difference equation (18b) and the algebraic equa-
tions (18c) that describe the dynamic and algebraic states
are described by the surrogate model of the clustered
network described in the previous subsection. A DNN as
depicted in Fig. 4 computes the next state x(k + 1) and
the algebraic states z(k) as

[x(k + 1)T , z(k)T ]T = N (d̄(k), x(k), u(k)). (19)

The constraints in (18d) describe the maximum and min-
imum tank levels, as well as the input constraints for
pumps and valves for all steps in the prediction horizon
k = 0, . . . , N − 1:

bmin,i ≤ bi(k) + ϵtank(k) ≤ bmax,i, ∀i = 1, . . . , ntanks, (20a)

pmin,i ≤ pclustmin,i(k) + ϵclustmin,i(k) ∀i = 1, . . . , nclusters, (20b)

vmin,i ≤ vi(k) ≤ vmax,i, ∀i = 1, . . . , nvalves, (20c)

qmin,i ≤ qi(k) ≤ qmax,i, ∀i = 1, . . . , npumps, (20d)

0 ≤ e(k), (20e)

0 ≤ ϵ(k). (20f)

As described in Section 3 and 4, we can compute the
minimal pressure in each cluster from (17), which implic-
itly considers the constraint for all 378 junctions while
only incorporating nclusters = 25 constraints. The above
mentioned slack variables for soft constraints are used
for the tank level as well as the minimal pressure for
each cluster. Since we are following an economic MPC
formulation, softening these constraints is necessary as
we are usually in their proximity. Having soft constraints
on tank levels and pressures is unintuitive, but results
from the demand-driven simulation that is implemented
in EPANET. This modelling approach ensures that de-
mands are satisfied, even when water cannot be supplied,
thus resulting in negative pressures. Especially, when tank
levels are close to zero, this scenario is bound to happen

Table 1. Comparison of different MPC solu-
tions with the reference controller for different

lower bounds of the tank levels.

MPC for different bmin Ref.

1.5 0.5 0.0

energy [MWh] 106.49 105.56 99.97 111.57
energy saved [%] 4.55 5.39 10.39 -
cons. viol. [%] 0.05 0.13 0.51 0.0

avg. cons. viol. [m] 2.13 5.12 5.17 0.00

as tanks are the only storage terms in the network. For
all other nodes, EPANET assumes stationary conditions
under all circumstances. Therefore, we have to interpret
negative pressures as not fully satisfied demand, which is
undesirable but acceptable on rare occasions. To deal with
unavoidable model uncertainty, and following ideas from
tube-based MPC Mayne and Rawlings (2009), we tighten
the constraints on the tank levels by increasing the lower
bounds (bmin).

6. RESULTS

Due to the economic formulation of the MPC objective
function in (18a), the main focus of investigating the
proposed controller is energy consumption, while ensuring
that the demand is satisfied under varying conditions. This
can be realized by introducing a constraint tightening, i.e.
increasing the lower bound on the tank levels in the form
of a soft constraint. We investigate several options for the
lower bound bmin, which is applied to all tanks. The effect
of this lower bound for the tank levels is demonstrated
in Fig. 6, where we compare two different bmin values for
the proposed MPC approach with the original rule-based
controller. In this rule-based controller originally included
in C-Town, pumps and valves are opened (closed) only
when tank levels reach minimum (maximum) threshold
values to guarantee the system can satisfy the expected
demand. As expected, economic operation of the system
leads to lower tank levels in general. At least one tank level
(T1) remains close to zero. The effect of the increased lower
bound bmin is visible in the mean values of the tank levels
over time (horizontal lines in Fig. 6).
In Table 1 we showcase the energy consumption of the
pumps over the simulation period of one month for the
three investigated MPC controllers, as well as the rule-
based reference controller. The computed energies are also
expressed as relative savings in comparison to the reference
controller. Furthermore, we display the constraint viola-
tion, expressed as percentage of instances where pi < 0
over all nodes and time steps, as well as the mean con-
straint violation.

As we can see in Table 1, our proposed MPC controller
leads to energy savings as high as 10.39% if no tightening
of constraints is used (bmin = 0). This comes at the cost
of increased constraint violations, meaning that we cannot
satisfy the demand in isolated instances. Nevertheless, con-
straint violations occur only during 0.51% of the operating
time for each node. Constraint violations can be further
reduced by tightening the lower bound of the tank level as
shown in Table 1, achieving a trade-off between constraint
violations and energy savings.89
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4.1 Input and output structure

In our proposed Algorithm 1, we use DNNs to jointly learn
the discrete-time and algebraic equations in (1) for the
clustered variables (8). Fig. 4 illustrates the structure of
the proposed model. We use as inputs the current clustered
junction demands d̄(k), the tank level b(k), the current
pump speed q(k) and valve position v(k). As output we
have the current mean value of the normalized pressures at
each junction p̄(k), the current pump energy consumption
e(k) and the change of tank level ∆b(k). This allows to
compute the tank level at the next time step as:

b(k + 1) = b(k) +∆b(k). (14)

Choosing the change of tank level versus the next tank
level was found to be beneficial for the model accuracy
and can be seen as an adaptive normalization. In practice
it leads to smoother, more realistic predictions.
In summary, we have:

ζ =
[
d̄(k), b(k), q(k), v(k)

]
∈ R41 (15a)

η = [p̄(k),∆b(k), e(k)] ∈ R37 (15b)

Note that we can compute approximate values of the
pressure in each junction i by rescaling the normalized
pressure in cluster j value with its respective scaling factor:

pi ≈ fp,ip̄j , i ∈ Cj (16)

In many cases we are only interested in the lowest pressure
within one cluster, for which we compute:

fmin,j = min({fi | i ∈ Cj}), (17a)

pclustmin,j ≈ fmin,j p̄j . (17b)

The learned model can be evaluated recursively to achieve
the desired prediction horizon in an MPC framework.

4.2 Training and model comparison

All data points used for training are obtained by running
EPANET simulations with randomized demand scenar-
ios and different controllers. The training is done using
Tensorflow (Abadi, 2015) via Keras (Chollet et al., 2015).
We are choosing Adam (Kingma and Ba, 2014), a variant
of stochastic gradient descent, as optimizer to solve the
problem (13). Training data was normalized, such that
|ζ̄(i)| ≤ 1 and |η̄(i)| ≤ 1 ∀i = 1, . . . , ntrain. We investigated
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Fig. 5. Comparison of training loss for two investigated
neural network architectures with the same number
of neurons (nonlinear activations). Model 1 (L = 4,
M = 50) with 11,637 weights and Model 2 (L = 1,
M = 200) with 15,837 weights.

a number of models with different hyper parameters but
limited our search space to architectures that are still
feasible to optimize in real time. The training progress
(mean squared error in (13)) for two investigated models
that fulfil this criteria are displayed in Fig. 5. We showcase
a shallow vs. a deep architecture with the same number of
neurons. The deep architecture with L = 4, M = 50 has a
total of 11,637 weights, whereas the shallow architecture
with L = 1, M = 200 results in 15,837 weights. The
training progress in Fig. 5 shows that the deep architecture
achieves a significantly better performance. Similar differ-
ences between deep and shallow architectures are observed
with a smaller number of neurons, leading to worse overall
performance. On the other hand, larger architectures only
show marginal improvements.
We also investigated a simple linear model for the same
input structure and data as for the neural networks. The
resulting loss was 3.67× 10−3, which is one order of mag-
nitude larger than the the best obtained neural network.
Because of the higher training and validation accuracy,
we choose the deep learning model as prediction model
embedded in the economic NMPC framework explained
in the next section.

5. ECONOMIC NONLINEAR MODEL PREDICTIVE
CONTROL FORMULATION

For the energy optimal control of the investigated WDN
we propose the following economic nonlinear MPC formu-
lation:

minimize
u(0),...,u(N−1)
x(0),...,x(N)

ϵ(0),...,ϵ(N−1)

N−1∑

k=0

αee(x(k), u(k), d̄(k))

+ αϵϵ(k) + αu∆u(k) (18a)

subject to: x(k + 1) = f(x(k), z(k), u(k), d̄(k)), (18b)

z(k) = h(x(k), u(k), d̄(k)), (18c)

g(x(k), z(k), u(k), d̄(k), ϵ(k)) ≤ 0, (18d)
x0 = xinit, (18e)
for k = 0, . . . , N − 1. (18f)

The first term in the mixed objective cost function in (18a)
denotes the energy consumption of the pumps. If available,
time-varying electricity prices can be incorporated in the
formulation. In this work, we consider constant prices so
that the economic operation cost is determined by the
pump energy consumption which is part of the DNN
output (15). Furthermore, we include slack variables ϵ to
allow for soft constraints in (18d). The complete set of
constraints is defined in (20). The last term of the cost
function in (18a) penalizes rapid changes of the control
input ∆u(k). We introduce the tuning factors αe, αϵ, αu

to balance the different terms of the objective function.
The difference equation (18b) and the algebraic equa-
tions (18c) that describe the dynamic and algebraic states
are described by the surrogate model of the clustered
network described in the previous subsection. A DNN as
depicted in Fig. 4 computes the next state x(k + 1) and
the algebraic states z(k) as

[x(k + 1)T , z(k)T ]T = N (d̄(k), x(k), u(k)). (19)

The constraints in (18d) describe the maximum and min-
imum tank levels, as well as the input constraints for
pumps and valves for all steps in the prediction horizon
k = 0, . . . , N − 1:

bmin,i ≤ bi(k) + ϵtank(k) ≤ bmax,i, ∀i = 1, . . . , ntanks, (20a)

pmin,i ≤ pclustmin,i(k) + ϵclustmin,i(k) ∀i = 1, . . . , nclusters, (20b)

vmin,i ≤ vi(k) ≤ vmax,i, ∀i = 1, . . . , nvalves, (20c)

qmin,i ≤ qi(k) ≤ qmax,i, ∀i = 1, . . . , npumps, (20d)

0 ≤ e(k), (20e)

0 ≤ ϵ(k). (20f)

As described in Section 3 and 4, we can compute the
minimal pressure in each cluster from (17), which implic-
itly considers the constraint for all 378 junctions while
only incorporating nclusters = 25 constraints. The above
mentioned slack variables for soft constraints are used
for the tank level as well as the minimal pressure for
each cluster. Since we are following an economic MPC
formulation, softening these constraints is necessary as
we are usually in their proximity. Having soft constraints
on tank levels and pressures is unintuitive, but results
from the demand-driven simulation that is implemented
in EPANET. This modelling approach ensures that de-
mands are satisfied, even when water cannot be supplied,
thus resulting in negative pressures. Especially, when tank
levels are close to zero, this scenario is bound to happen

Table 1. Comparison of different MPC solu-
tions with the reference controller for different

lower bounds of the tank levels.

MPC for different bmin Ref.

1.5 0.5 0.0

energy [MWh] 106.49 105.56 99.97 111.57
energy saved [%] 4.55 5.39 10.39 -
cons. viol. [%] 0.05 0.13 0.51 0.0

avg. cons. viol. [m] 2.13 5.12 5.17 0.00

as tanks are the only storage terms in the network. For
all other nodes, EPANET assumes stationary conditions
under all circumstances. Therefore, we have to interpret
negative pressures as not fully satisfied demand, which is
undesirable but acceptable on rare occasions. To deal with
unavoidable model uncertainty, and following ideas from
tube-based MPC Mayne and Rawlings (2009), we tighten
the constraints on the tank levels by increasing the lower
bounds (bmin).

6. RESULTS

Due to the economic formulation of the MPC objective
function in (18a), the main focus of investigating the
proposed controller is energy consumption, while ensuring
that the demand is satisfied under varying conditions. This
can be realized by introducing a constraint tightening, i.e.
increasing the lower bound on the tank levels in the form
of a soft constraint. We investigate several options for the
lower bound bmin, which is applied to all tanks. The effect
of this lower bound for the tank levels is demonstrated
in Fig. 6, where we compare two different bmin values for
the proposed MPC approach with the original rule-based
controller. In this rule-based controller originally included
in C-Town, pumps and valves are opened (closed) only
when tank levels reach minimum (maximum) threshold
values to guarantee the system can satisfy the expected
demand. As expected, economic operation of the system
leads to lower tank levels in general. At least one tank level
(T1) remains close to zero. The effect of the increased lower
bound bmin is visible in the mean values of the tank levels
over time (horizontal lines in Fig. 6).
In Table 1 we showcase the energy consumption of the
pumps over the simulation period of one month for the
three investigated MPC controllers, as well as the rule-
based reference controller. The computed energies are also
expressed as relative savings in comparison to the reference
controller. Furthermore, we display the constraint viola-
tion, expressed as percentage of instances where pi < 0
over all nodes and time steps, as well as the mean con-
straint violation.

As we can see in Table 1, our proposed MPC controller
leads to energy savings as high as 10.39% if no tightening
of constraints is used (bmin = 0). This comes at the cost
of increased constraint violations, meaning that we cannot
satisfy the demand in isolated instances. Nevertheless, con-
straint violations occur only during 0.51% of the operating
time for each node. Constraint violations can be further
reduced by tightening the lower bound of the tank level as
shown in Table 1, achieving a trade-off between constraint
violations and energy savings.90
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Fig. 6. Temporal evolution of the tank levels (system states) over the course of the simulation time (one month).
Comparison of different values for the lower bound (soft constraint) for two EMPC solutions with the original
rule-based controller. The mean value of the tank levels over time is marked with a horizontal line.

Table 2. MPC performance with bmin = 0.5 m
with error in the water demand predictions.

Error demand predictions

0% ±20%

energy [MWh] 105.56 105.11
energy saved [%] 5.39 5.80
cons. viol. [%] 0.13 0.32

avg. cons. viol. [m] 5.12 9.59

Solving our proposed nonlinear MPC problem at each time
step requires on average 2.5 s on a standard laptop, which
enables the real-time implementation of the method.

6.1 Robust economic NMPC

Another feature of the proposed algorithm is its implicit
robustness to demand uncertainty, which is a common
problem for WDN. This features arises from the applied
clustering method, where the demand for each node in
a given cluster is summed to form an aggregated cluster
demand. Fluctuations of individual nodes within a cluster
are likely to compensate each other, especially for larger
clusters. We investigate the robustness of our approach by
disturbing the demand prediction with uniform noise in
the range of ±20 %. The comparison of energy consump-
tion and constraint satisfaction for the case of bmin = 0.5 m
are given in Table 2. The results show that the proposed
NMPC scheme is able to robustly control the system even
under the presence of significant uncertainty in the water
demand forecasts.

7. CONCLUSIONS

Optimal operation of distribution water networks is a
challenging problem due the large-scale and nonlinear
nature of the system as well as the presence of important
uncertainty and constraints. To deal with this problem,
this paper proposes first to perform a clustering based on
normalized pressures to reduce significantly the number of
nodes that need to be explicitly considered in the model.
We then obtain a control-oriented surrogate model based

on the EPANET simulator, any other available simulator
or real data and show that the use of deep learning
networks leads to a better surrogate accuracy compared
to standard shallow networks or linear models.

The deep learning-based surrogate model is embedded in
an efficient nonlinear model predictive control framework
that directly optimizes the economic performance of the
system. By means of a simulation study of the C-town
benchmark, we show that the proposed strategy leads to
energy savings over 10% and, because of the proposed
clustering, it is very robust to uncertain water demand
predictions and it can be used in real time. The frame-
work and the data used to obtain the results are openly
available.

Future work includes the analysis of more advanced robust
MPC strategies Lucia et al. (2013); Sampathirao et al.
(2018) and stochastic approaches Lorenzen et al. (2017)
that can consider other sources of uncertainty explicitly.
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On the relationship between data-enabled predictive control and

subspace predictive control

Felix Fiedler1 and Sergio Lucia1

Abstract— Data-enabled predictive control (DeePC) is a re-

cently proposed approach that combines system identification,

estimation and control in a single optimization problem, for

which only recorded input/output data of the examined system

is required. The same premise holds for the subspace predictive

control (SPC) method in which a multi-step prediction model is

identified from the same data as required for DeePC. This model

is then used to formulate a similar optimal control problem.

In this work we investigate the relationship between DeePC

and SPC. Our primary contribution is to show that SPC is

equivalent to DeePC in the deterministic case. We also show

the equivalence of both methods in a special case for the non-

deterministic formulation. We investigate the advantages and

shortcomings of DeePC as opposed to SPC with and without

measurement noise and illustrate them with a simulation

example.

I. INTRODUCTION

Model predictive control (MPC) is a popular strategy to
control multivariable systems with constraints [1]. Tradition-
ally, the main shortcoming of MPC is its computational com-
plexity as it requires the online solution of an optimization
problem. Due to advances in computing power, algorithms
and efficient implementation strategies, solution time is often
not an obstacle for its deployment anymore.

However, MPC still requires a dynamic model of rea-
sonable accuracy to obtain a satisfactory performance. Such
model can be obtained from physical modelling, using data-
based system identification or a combination of both ap-
proaches. Learning from data has recently regained attention
although it has been studied for a long time in the field of
system identification [2], [3], [4], [5]. Important categories in
this vast field are, among others, linear vs. nonlinear [2] and
input/output vs. state-space models [3]. A concrete example
of interest is the autoregressive model with exogeneous
inputs (ARX) [5], a popular linear input/output approach.
Typically, ARX models predict the next output of the system
and can be evaluated repeatedly to compute finite future
trajectories as required for an MPC formulation. Subspace
predictive control (SPC) [6] follows a similar approach,
where a multi-step ahead prediction model is used to com-
pute the finite future trajectory in a single step. An extensive
overview on the method is given in [7] and SPC is still an
active field of research with the work in [8] investigating
stability and horizon tuning.

*Felix Fiedler acknowledges the support of the Helmholtz Einstein
International Berlin Research School in Data Science (HEIBRiDS)

1 F. Fiedler and S. Lucia are with the Laboratory of Process Automation
Systems at Technische Universität Dortmund, Emil-Figge-Str. 70, 44227
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In recent years, a new trend in data-based control seeks
to integrate the traditional sequential system identification
and control in a unified approach. From the machine learn-
ing community, reinforcement-learning is a popular ap-
proach following this paradigm [9]. However, reinforcement-
learning comes with its own challenges such as the demand
for large quantities of data and produces highly variable
outcomes [10]. Another approach to unify identification
and control is the newly proposed data-enabled predictive
control (DeePC) [11] algorithm. The approach describes a
simple configuration of a predictive control problem which
operates directly on matrices of collected input/output data.
Furthermore, the required data has to satisfy only moderate
requirements and can often be taken directly from a running
process.

The initial work on DeePC [11] has thus sparked con-
siderable interest in the control community with several
extensions and modifications. The authors in [12] investigate
DeePC with respect to stability and robustness and propose
an adaptation to guarantee these properties. Distributionally
robust DeePC is presented in [13], where it is assumed that
data is sampled from a distribution of possible systems. In
[14], DeePC is combined with an extended Kalman Filter to
improve the performance in the case of noisy measurements.

However, DeePC remains in its nature a linear MPC
scheme and is based on data which could also be used for
sequential identification and control approaches such as SPC.
The authors in [11] state that an equivalent classical MPC
formulation exists for their proposed DeePC scheme. This
equivalence is based on theorizing about the existence of an
unknown system parameterization. But if such a parameter-
ization could be known, what would be the advantages and
potential shortcomings of the DeePC approach, especially in
the linear setting, for which DeePC is derived?

The main contribution of this work is to help answer
this question. In particular we investigate the relationship
between DeePC and SPC. The performance of SPC and
DeePC has recently been empirically compared in [15]. From
the obtained similar performance the authors conclude that
there are some similarities between the two formulations.
In this work, we prove that in the linear deterministic case,
DeePC is equivalent to SPC. The SPC multi-step prediction
model can be determined from the exact same data that
DeePC requires to operate. This exact equivalence has, to
the best of our knowledge, not yet been established in the
literature. For the non-deterministic case, DeePC requires
some adaptations to deal with the noise corrupted data. We
present a minor modification of DeePC and as a second
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contribution prove that in a special case this formulation is
still equivalent to SPC. Finally, we compare both controllers
numerically on a linear model with additive Gaussian noise.
We include an analysis of the effect that the amount of
available data and the regularization term of DeePC have
on the closed-loop performance.

The remainder of this paper is structured as follows. In
Section II we present the problem setup and review the
data-enabled predictive control algorithm. We then present in
Section III the subspace predictive control (SPC) algorithm
and prove equivalence to the DeePC method in Theorem 1.
We proceed to analyse the case of a non-deterministic linear
system in Section IV. We present a minor modification
of the original DeePC problem and prove equivalence to
SPC in a special case in Theorem 2. Finally, we present a
numerical comparison of both controllers in the general case
in Section V. We finish this work with conluding remarks in
Section VI.

II. DATA-ENABLED PREDICTIVE CONTROL

We investigate an unknown discrete-time LTI dynamic
system represented in state-space form:

xk+1 = Axk +Buk, (1a)
yk =Cxk +Duk, (1b)

with x2Rn (states), u2Rm (inputs), y2Rp (measurements)
and system matrices A 2 Rn⇥n, B 2 Rn⇥m, C 2 Rp⇥n and
D 2Rp⇥m. We assume that the system with n states is given
in its minimal representation.

From this unknown system, we collect T sequences of
input/output data of length L = Tini +N, where Tini denotes
the length of the initialization sequence and N the length
of the prediction horizon. The collected data is arranged in
matrices, such that:

UL =
h
u1

L,u
2
L, . . . ,u

T
L

i
, YL =

h
y1

L,y
2
L, . . . ,y

T
L

i
, (2)

where u1
L =

⇥�
u1

1
�|

, . . . ,
�
u1

L
�|⇤| 2 RLm and y1

L =⇥�
y1

1
�|

, . . . ,
�
y1

L
�|⇤| 2 RLp. These data matrices may or

may not coincide with a Hankel or Page matrix (see [13]).
We also assume that the sequences were collected starting
from T unknown initial states x1:

X1 =
⇥
x1

1,x
2
1, . . . ,x

T
1
⇤
, (3)

where X1 2 Rn⇥T . We divide the input/output data in (2) in
two parts, such that:

UL =


UTini
UN

�
, YL =


YTini
YN

�
. (4)

To clarify this notation, we now have UTini 2RTinim⇥T , UN 2
RNm⇥T , YTini 2 RTini p⇥T and YN 2 RN p⇥T .

Definition 1 ([11]): With L,T such that T � Lm, the sig-
nals comprising matrix UL are persistently exciting of order
L if matrix UL has full rank.

Definition 2 ([11]): We denote with l(A,B,C,D) the lag
of system (1). It is defined as the smallest integer l for which

the observability matrix:

Ol(A,C) :=
⇣

C, CA, . . . ,CAl�1
⌘
, (5)

has full rank.
Assumption 1: The number of recorded sequences is T �

Lm+n. Matrix UL is persistently exciting of order L accord-
ing to Definition 1.

Assumption 2: The initialization sequence is Tini >
l(A,B,C,D), with l according to Definition 2.

Assumption 3: The underlying matrix of initial states (3)
has full rank, i.e. rank(X1) = n and the stacked matrix
[X|

1 ,U
|
L ]

| has full rank.
Subsequently, we state a variant (see Remark 1) of the
fundamental lemma of behavioral systems theory [16].

Lemma 1: Let (4) be input/output data of a determin-
istic system in the form of (1) which satisfies Assump-
tion 1, Assumption 2 and Assumption 3. Any sequence
yTini =

h
y|1 , . . . ,y

|
Tini

i|
, yN =

h
y|Tini+1, . . . ,y

|
Tini+N

i|
, uTini =

h
u|1 , . . . ,u

|
Tini

i|
and uN =

h
u|Tini+1, . . . ,u

|
Tini+N

i|
is a trajectory

of system (1) if and only if, there exists a g 2RT , such that:
2

664

YTini
UTini
UN
YN

3

775g =

2

664

yTini
uTini
uN
yN

3

775 . (6)

Remark 1: Note that the original statement of the fun-
damental lemma in [16] requires the matrices in (2) to be
Hankel matrices. In [13] it is shown that (6) also holds for
Page matrices which can be extended to show that arbitrary
sequences are sufficient as long as the space spanned by
the initial states of these sequences has full rank (see
Assumption 3). The full proof of Lemma 1 is omitted here
for brevity.

Based on the fundamental Lemma 1, the authors in [11]
proposed the elegant data-enabled predictive control scheme
(DeePC), where the optimal control policy is obtained as the
solution of:

min
g,uN ,yN

f (g,uN ,yN)

s.t. (6)
uk 2 U 8k 2 {1, . . . ,N},
yk 2 Y 8k 2 {1, . . . ,N},

(7)

with arbitrary objective function f (g,uN ,yN). Within the
scope of this work, we only investigate the classical regula-
tion task:

f (g,uN ,yN) =
N

Â
k=1

�
kykk2

Q +kukk2
R
�
, (8)

where kykk2
Q = y|k QyK . We require that Q and R are positive

definite.
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III. SUBSPACE PREDICTIVE CONTROL

We start this section by stating a well known data-based
approach for linear system identification: The auto-regressive
model with external inputs (ARX) [5], where

yTini+1 = ā1y1 + · · ·+ āTini yTini + b̄1u1 + · · ·+ b̄Tini uTini . (9)

Similarly as in Lemma 1, the equation can only hold if Tini >
l(A,B,C,D), according to Definition 2 as shown in [17].

To identify the parameters

P̄ =
⇥
ā1, . . . , āTini , b̄1, . . . , b̄Tini

⇤
(10)

based on the collected data in (2), one would typically solve
the least-squares problem:

min
P̄

kP̄


YTini
UTini

�
�Y+k2

F , (11)

where k ·kF denotes the Frobenius-norm. The matrix Y+ rep-
resents the first p rows of YN corresponding to the temporal
elements of the output sequences at Tini + 1. Reminiscent
of the ARX model in (9), the SPC approach [6] uses the
collected data (2) to directly identify a linear multi-step ahead
predictor:

yN = a1y1 + · · ·+aTini yTini

b1u1 + · · ·+bTini+NuTini+N ,
(12)

where the parameters are again summarized as

P = [a1, . . . , aTini , b1, . . . , bTini+N ] . (13)

Lemma 2: Let (4) be input/output data of a determin-
istic system in the form of (1) which satisfies Assump-
tion 1, Assumption 2 and Assumption 3. Let matrix P⇤ 2
RN p⇥Nm+Tini(m+p) be the solution of the least squares problem

P⇤ = arg min
P

kP

2

4
YTini
UTini
UN

3

5

| {z }
M

�YNk2
F , (14)

which is expressed explicitly in terms of the Moore-Penrose
inverse (denoted with the superscript †) as:

P⇤ = YNM†. (15)

Any sequence uTini , uN , yTini , yN is a trajectory of system (1)
if

yN = P⇤

2

4
yTini
uTini
uN

3

5 . (16)

Proof: The proof is shown in the appendix.
Lemma 2 allows to state the subspace predictive control

problem (SPC) as

min
uN ,yN

N

Â
k=1

�
kykk2

Q +kukk2
R
�

s.t. (16)
uk 2 U, 8k 2 {1, . . . ,N},
yk 2 Y, 8k 2 {1, . . . ,N}.

(17)

Remark 2: In the original work on SPC [6] the authors
choose Tini = N. For the comparison with DeePC we follow
the SPC formulation from [8] with dedicated parameter Tini.

A. Equivalence of DeePC and SPC
In the following we present our main contribution, a

theorem stating that subspace predictive control (17) is an
equivalent representation of the DeePC (7) method.

Theorem 1: Let UL, YL in the form of (4), and uTini , yTini
be recorded from the linear system (1). The recorded data
satisfies Assumption 1, Assumption 2 and Assumption 3. The
optimal control policy u⇤N and optimal output trajectory y⇤N as
obtained from the solution of the DeePC problem (7) is equal
to the optimal control policy u⇤N and optimal output trajectory
y⇤N as obtained from the solution of the SPC problem (17).

Proof: We modify problem (7) and eliminate the
variable g from the formulation. First, we split (6) into:

2

4
YTini
UTini
UN

3

5g =

2

4
yTini
uTini
uN

3

5 , (18)

and
yN = YNg. (19)

From (18) we can explicitly compute g⇤ as:

g⇤ = M†b+ ĝ 8ĝ 2 ker(M), (20)

where we denote with ker(M) the null-space of matrix M.
Inserting (20) in (19) yields:

yN = YNg⇤, (21)
(20)(==) yN = YN(M†b+ ĝ). (22)

We then need to show that ker(M)✓ ker(YN), such that

YNĝ = 0 8ĝ 2 ker(M). (23)

The relationship ker(M) ✓ ker(YN) holds because P⇤ as
obtained from (15), according to Lemma 2, satisfies (16)
and thus:

YN = P⇤M. (24)

For any x 2 ker(M) we have:

YNx = P⇤Mx = 0, (25)

which means x 2 ker(YN) and consequently ker(M) ✓
ker(YN). Finally, we obtain from (22):

yN = YN(M†b) (26)
= P⇤b. (27)

We have thus eliminated g from the formulation of (7), where
the constraint (6) now reads:

yN = P⇤

2

4
yTini
uTini
uN

3

5 . (28)

This yields the presented SPC formulation (17) and therefore
proves that (7) and (17) have the same solution.
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As a consequence of the equivalence between problem (7)
and (17), we argue that the DeePC optimization problem
implicitly estimates the regressor (15) at each control iter-
ation. Since the underlying data-matrices (2) are collected
prior to the control application and are unchanged afterwards,
there appears to be no reason for this repeated estimation
in the deterministic case. The DeePC optimization problem
(7) requires T +(m+ p)N optimization variables with T �
(Tini +N)m+ n (see Assumption 1) and (m+ p)(Tini +N)
equality constraints. The SPC formulation (17) has only
(m+ p)N optimization variables and pN equality constraints.
The increased computational cost of DeePC can be also seen
in the numerical example presented in Section V.

IV. NON-DETERMINISTIC CASE

We introduce the following linear system subject to zero-
mean Gaussian noise wk ⇠ N (0,s2

wI):

xk+1 = Axk +Buk, (29a)
yk =Cxk +Duk +wk. (29b)

As for the deterministic case, data is collected, now resulting
in the matrices:

UL =


UTini
UN

�
, ỸL =


ỸTini
ỸN

�
, M̃ =

2

4
ỸTini
UTini
UN

3

5 .

A. Non-deterministic DeePC

In the non-deterministic setting, the DeePC formulation
(7) must be adapted because constraint (6) can generally
not be satisfied anymore. These modifications were already
proposed in the original work on DeePC [11]. Following
the authors in [12], we use `2-norms instead of `1-norms
to penalize the slack variables in the cost function. We
furthermore propose to add an additional slack variable su
which, similarly to sy, is motivated by additive input noise.
This yields the following adapted DeePC formulation:

min
g,uN ,yN ,sy,su

N

Â
k=1

⇣
kykk2

Q +kukk2
R

⌘

+lgkgk2
2 +lsyksyk2

2 +lsuksuk2
2

s.t.

2

64

ỸTini
UTini
UN
ỸN

3

75g =

2

64

yTini
uTini
uN
yN

3

75+

2

64

sy
su
0
0

3

75 ,

uk 2 U 8k 2 {1, . . . ,N},
yk 2 Y 8k 2 {1, . . . ,N}.

(30)

B. Non-deterministic SPC

Subspace predictive control in the non-deterministic set-
ting requires no modifications for the identification step:

P̃⇤ = ỸNM̃†. (31)

The SPC optimization problem is adapted to account for
noisy initial conditions with slack variables sy and su.

min
uN ,yN ,sy,su

N

Â
k=1

⇣
kykk2

Q +kukk2
R

⌘
+lsyksyk2

2 +lsuksuk2
2

s.t. yN = P̃⇤

0

@

2

4
yTini
uTini
uN ,

3

5+

2

4
sy
su
0,

3

5

1

A

uk 2 U, 8k 2 {1, . . . ,N},
yk 2 Y, 8k 2 {1, . . . ,N}.

(32)

The main difference in the non-deterministic setting is that
P̃⇤ now cannot exactly map M̃ onto ỸN . However, due to
the underlying least-squares formulation (14), the obtained
regressor has favorable statistical properties in this setting,
such as being unbiased [18].

C. Equivalence in the non-deterministic case

Equivalence of the adapted DeePC problem (30) and SPC
problem (32) in the non-deterministic case cannot generally
be established. There are, however, special cases in which
both methods yield the exact same optimal control policy u⇤N
and optimal output trajectory y⇤N . Subsequently, we present a
theorem to show equivalence in such a special case. For this
purpose, we reformulate the adapted DeePC problem (30)
and SPC problem (32). We stack the optimization variables
v = [sy, su, uN ] and introduce the block-diagonal weighting
matrices:

Q̃ =

"Q
. . .

Q

#
, R̃ =

"R
. . .

R

#
, V =


lsy

lsu
R̃

�
.

We then drop the inequality constraints in (30) and (34).
This allows to state the unconstrained version of the adapted
DeePC problem (30) as:

min
g,v,yN

1
2

g|(lgI)g+
1
2

y|NQ̃yN +
1
2

v|V v

s.t. yN = ỸNg
2

4
ỸTini
UTini
UN

3

5

| {z }
M̃

g =

2

4
yTini
uTini

0

3

5

| {z }
b

+

2

4
sy
su
uN

3

5

| {z }
v

,
(33)

and the unconstrained version of the SPC problem (32) as:

min
v,yN

1
2

y|NQ̃yN +
1
2

v|V |v

s.t. yN = P̃

0

BBBB@

2

4
yTini
uTini

0

3

5

| {z }
b

+

2

4
sy
su
uN

3

5

| {z }
v

1

CCCCA
.

(34)

Dropping the inequality constraints in (33) and (34) has been
considered previously for DeePC in [15] and SPC in [8] as
it allows for explicit solutions of (33) and (34) which are
preferable for very fast control applications. Below, we state
these explicit solutions in our notation.
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Result 1: The optimal value v⇤ for (33) is computed
explicitly as:

v⇤ = M̃(lgI + M̃|V M̃+Y |
N Q̃YN)

�1M̃|V b�b. (35)
Proof: The proof is shown in the appendix.

Result 2: The optimal value v⇤ for (34) is computed
explicitly as:

v⇤ =�(V + P̃|QP̃)�1P̃|Q̃P̃b. (36)
Proof: The proof is shown in the appendix.

We use Result 1 and Result 2 to establish equivalence of the
DeePC and SPC solution v⇤ under certain conditions.

Theorem 2: Let T = Lm+ Tini p and Assumption 1, As-
sumption 2 and Assumption 3 hold. Let M 2 RLm+Tini p⇥T

and YN 2 RN p⇥T have full rank. The unconstrained DeePC
problem (33) and unconstrained SPC problem (34) yield the
same optimal solution v⇤, if lg = 0.

Proof: We reformulate (36) by applying the following
identity [19]:

(L+G)�1 = L�1 � (L+G)�1GL�1 (37)

with
L = P̃|Q̃P̃, G =V. (38)

Note that (37) only holds if L and L+G are non-singular.
According to the assumptions, we have that M̃ and ỸN have
full rank and M̃ is quadratic, such that:

P̃⇤ = YNM̃† = ỸNM̃�1 (39)

also has full rank. By definition Q, R and therefore Q̃ and
V are positive definite. Therefore we have that P̃|Q̃P̃ and
P̃|Q̃P̃ +V are positive definite. Identity (37) can thus be
applied to the explicit solution of the SPC problem (36) and
yields:

v⇤ =
⇥
�(P̃|Q̃P̃)�1 +(V + P̃|Q̃P̃)�1V (P̃|Q̃P̃)�1⇤ P̃|Q̃P̃b

= (V + P̃|Q̃P̃)�1V b�b.
(40)

We substitute (39) in (40):

v⇤ =
�
V +(M̃�1)|Ỹ |

N Q̃ỸNM̃�1��1 V b�b

=
⇣�

M̃�1�| (M̃|V M̃+ Ỹ |
N Q̃ỸN)

�
M̃�1�

⌘�1
V b�b,

(41)

and computing the outer inverse, we obtain

v⇤ = M̃
�
M̃|V M̃+ Ỹ |

N Q̃ỸN
��1 M̃|V b�b. (42)

This means that if lg = 0 as required in the theorem, the
explicit solution (35) of the unconstrained adapted DeePC
problem (30) is equal to (42) and therefore equal to the
explicit solution (36) of the unconstrained SPC problem (32).

Clearly the equivalence established in Theorem 2 holds only
under strong assumptions (i.e. T = Lm+Tini p and lg = 0)
and is shown here only for the unconstrained formulation
of DeePC (33) and SPC (34). Furthermore, the presented
DeePC formulation in (30) and (33) deviates from formu-
lations in previous works through the addition of the slack
variable su. In future work, we therefore aim to investigate

Fig. 1. Triple-mass-spring system (rotating) with two stepper motors as
inputs (motor angle). Disc angles can be measured.

the constrained case which would also allow to enforce
su = 0.

Bearing in mind the limitations of Theorem 2, we still
argue that it shows that DeePC and SPC are very closely
related, even in the non-deterministic formulation. This close
relationship also holds in practice as shown in [15] and will
be further illustrated in Section V. The main reason for de-
viations between the DeePC and SPC solution in the general
case is due to the regularization of the decision variable g
in DeePC with lg > 0. It becomes clear, by inspecting (35),
that this regularization is required in the general case, as
M̃|V M̃ + Ỹ |

N Q̃ỸN is singular for T > max(Lm+Tini p, N p).
In Section V we numerically investigate the effect of lg on
the obtained solution.

V. SIMULATION STUDY

In this section, we present numerical evidence of our
findings. We investigate a simple LTI system in the form
of (1) in two scenarios: with and without additive Gaussian
measurement noise. The investigated system, displayed in
Figure 1, is a triple-mass-spring system (rotating discs) with
two stepper motors (m = 2) attached to the outermost discs
via additional springs. These disc angles are the measured
output of the system (p = 3). The system has a total of
n = 8 states. All materials to reproduce the results in this
section (as well as the investigated system) are available in
our accompanying repository1. According to Definition 2 we
determine the system lag l = 2. To satisfy Assumption 2,
we choose Tini = 4. The prediction horizon is chosen as
N = 40, which represents 4s. This means we must collect
a minimum of T > Lm + n = 96 sequences for our data
matrices in (2) to satisfy Assumption 1. Note that data is
collected from independent experiments with random initial
states fulfilling Assumption 3. The regulation objective is
parameterized with Q = I and R = 0.1I and we constrain
the inputs to U = {�0.7,0.7}. All controller variants are
implemented using CasADi [20] with IPOPT [21].

A. Deterministic system
We first consider the described system without measure-

ment noise and compare the deterministic DeePC algorithm
(7) with SPC (17). The results are obtained with data from
T = 150 captured sequences. In the deterministic setting, we
have shown in Theorem 1 that both methods yield identical
solutions. In Figure 2 we can see that the identical behavior
also appears in practice. We present here an exemplary

1https://github.com/4flixt/DeePC_Perspective
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Fig. 2. Closed-loop trajectories of the mass-spring-system from Figure 1.
Regulation after some initial excitation. Comparison of DeePC (7) and SPC
(17) with deterministic data.

closed-loop trajectory for both methods with random (but
identical) excitation phase to obtain yTini and uTini . To further
quantify the similarity, we compare the cumulated cost:

c =
Nsim

Â
k=1

�
y|k Qyk +u|k Ruk

�
. (43)

For the results in Figure 2 the cumulative cost differs between
both controller variants on the order of 10�11 and equals
to 5.617, which will serve as a benchmark for the non-
deterministic case.

B. Non-deterministic system

In this subsection we investigate the previously described
LTI system in the form of (29), where we choose sw = 10�2

in all experiments. We choose ly = 104 and lu = 104 for
non-deterministic formulations of DeePC (30) and SPC (32).

We want to compare the performance of both approaches
and study the effect of the tuning parameter lg and of the
number of recorded sequences T on the cost, according to
(43), and computation time.

In Figure 3 we present predicted optimal trajectories
obtained with (30) and (32) for the same initial input/output
data ỹTini and uTini (noise disturbed). These trajectories (de-
noted as pred. in Figure 2) are compared with the true system
response resulting from the sequence of optimal inputs. We
vary the number of recorded sequences T = {100,150} and
change the value of lg = {0,1}. For a more concise repre-
sentation we only showcase the output of the second disc
angle. Notice that T = 100 barely exceeds T = 96, the lower
bound to satisfy Assumption 1. With T = 100 and lg = 0
we also satisfy the assumptions for Theorem 2, meaning that
we expect identical solutions from the unconstrained DeePC
problem (33) and the SPC problem (34). This equivalence
can also be observed for the constrained DeePC and SPC
formulations in Figure 3 when comparing case a) and c).
The open loop-cost of these cases differs on the order of
10�13. Another observation from Figure 3 case d) is the
unsatisfactory performance of DeePC, which stems from the
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Fig. 3. Open-loop trajectories for the non-deterministic case with DeePC
(30) vs. SPC (32). Comparison of predicted vs. true system response (when
subjected to the optimal control trajectory). Only disc 2 (see Figure 2) is
displayed for clarity.

TABLE I
CLOSED-LOOP TRAJECTORIES FOR THE NON-DETERMINISTIC CASE

WITH DEEPC (30) VS. SPC (32).

Number of sequences T Ref.

100 150 200

DeePC cost (43) 5.924 5.674 5.662 5.617
(lg = 1) comp. time [ms] 25.272 39.419 59.291 -

SPC
cost (43) 5.810 5.64 5.632 5.617
comp. time [ms] 17.30 16.25 16.13 -

fact that with lg = 0 and T > max(Lm+Tini p, N p) = 120
a singular matrix arises in the computation of v⇤. Good
performance with SPC can be obtained with T = 150 as seen
in case f) or with DeePC for T = 150 and lg = 1 as shown
in case e).

A further comparison is presented in Table I, where we ana-
lyze closed-loop trajectories obtained with DeePC (30), with
lg = 1, and SPC (32). All results in this table are averages
over ten simulation experiments, with independently sampled
data matrices and measurement noise.

We take two main conclusions from the presented data in
Table I. First, we see that SPC outperforms DeePC both in
terms of overall cost and computation time in all scenarios.
While the advantage of SPC with respect to the cost is minor,
the difference in computation time is significant. Especially
for the case T = 150, which seems to be a good compromise
between performance and cost for DeePC and SPC, we
notice a significant increase in computation time. Note that
we compare only the online CPU time. The computation of
the pseudo inverse is excluded, as it is performed offline and
only once. As a second conclusion, we notice that even with
T = 100, DeePC is outperformed by SPC. This is counter
intuitive in comparison to Figure 3 case b) and c), where
open-loop trajectories seem better with DeePC. However,
open-loop predictions are not the same as close-loop control
and we find that SPC shows less oscillatory behavior around
the origin (not shown here), thus leading to a slightly lower
closed-loop cost.
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Note that we also investigated DeePC (30), with lg 2
{0.1,10} and T = 150. Compared to the displayed case
lg = 1 and T = 150 in Table I, the different parameters for
lg lead to increased closed-loop costs, according to (43), of
5.707 and 5.984. As a conclusion, we found that lg = 1 is
an appropriate choice for the presented comparison.

VI. CONCLUSIONS

In this work we investigated the relationship between data-
enabled predictive control (DeePC) and subspace predictive
control (SPC). Both methods require for their formulation the
exact same data matrices, satisfying identical requirements.
With DeePC, these matrices are directly incorporated in the
optimal control problem, whereas SPC requires the data
to identify a multi-step prediction model. We show that
in the case of deterministic data, both formulations are
equivalent. From the equivalence, we reason that DeePC
implicitly estimates the same multi-step ahead prediction
model at each iteration, thus adding significant additional
computational cost to its online application. In particular, the
online computational cost of DeePC grows with the number
of collected data sequences.

For the non-deterministic case, the exact equivalence be-
tween DeePC and SPC does not hold in the general case. We
propose a minor modification of DeePC and prove that this
formulation is equivalent to SPC in the unconstrained case
under special conditions. Even though the presented equiva-
lence only holds under strong assumptions, it illustrates the
close relationship between both methods.

In simulation studies with an exemplary LTI system with
and without additive Gaussian noise, we showcase that the
derived equivalences also hold in practice. Furthermore, we
investigate the non-deterministic DeePC and SPC formula-
tion with respect to the number of recorded data sequences
and the regularization term for DeePC. We find that SPC
outperforms DeePC in the investigated cases with minor
improvements of the closed-loop cost and significant im-
provements in the online computation time.

In future work, we seek to further investigate the relation-
ship between both methods and aim to extend the equivalence
of the stochastic formulations to the constrained case. We
also seek to compare both methods for nonlinear or time-
varying systems where the implicit re-estimation of DeePC
could be beneficial.

APPENDIX

A. Proof of Lemma 2

Proof: With the observability matrix Oi(A,C) and the
Toeplitz matrix Hi(A,B,C,D)

Oi =

2

6664

C,
CA,

...
CAi�1

3

7775
, Hi =

2

6664

D
CB D

...
. . .

CAi�2B CAi�3B . . . D

3

7775
, (44)

if the initial state x1 is known, we can obtain yTini as:

yTini = OTinix1 +HTini uTini , (45)

, yTini =
⇥
OTini HTini

⇤ x1
uTini

�
, (46)

Since the recorded sequences (4), (3) are trajectories of
system (1) they must satisfy:

YTini =
⇥
OTini HTini

⇤ X1
UTini

�
. (47)

From (45) we can also uniquely obtain x1 with yTini and
uTini because Assumption 2 holds. This means there exists a
known state-space representation of (1) with x̃=

h
y|Tini

,u|Tini

i|

and some system matrices Ã, B̃,C̃, D̃. Similarly as above, this
allows to compute the future trajectory as:

yN = ÕNx̃+ H̃NuN , (48)

, yN =
⇥
ÕN H̃N

⇤
2

4
yTini
uTini
uN

3

5 (49)

where ÕN is the observability matrix and H̃N is the Toeplitz
matrix of the transformed system (Ã, B̃,C̃, D̃). The recorded
sequences (4) must satisfy

YN =
⇥
ÕN H̃N

⇤
2

4
YTini
UTini
UN

3

5=
⇥
ÕN H̃N

⇤
M. (50)

We multiply both sides of the equation with M†M:

YNM†M =
⇥
ÕN H̃N

⇤
MM†M. (51)

Considering the properties of the Moore-Penrose inverse
(MM†M = M) we can write:

YNM†M =
⇥
ÕN H̃N

⇤
M, (52)

which yields, considering (15),:

P⇤M =
⇥
ÕN H̃N

⇤
M (53)

We thus have that the projection of M with P⇤ is equivalent
to the projection of M with the system matrices ÕN and H̃N .
From (50), we see that:

YN = P⇤M, (54)

which also holds for all linear combinations of the columns
of M and YN with a 2 RT :

YNa = P⇤Ma 8a 2 RT (55)

, yN = P⇤

2

4
uTini
uN
yTini

3

5 8

2

4
yTini
uTini
uN

3

5 2 colspan(M). (56)

We thus have that any
⇥
y|Tini

,u|Tini
,u|N

⇤| 2 colspan(M) together
with the resulting yN computed via (16) is a sequence of sys-
tem (1). To show that no other sequences

⇥
y|Tini

,u|Tini
,u|N

⇤|
/2

colspan(M) are trajectories of system (1), we introduce:

P⇤ =
⇥
P⇤

yini
,P⇤

uini
,P⇤

uN

⇤
(57)
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With (47), (53) and (57), we can write:

YN =
⇥
P⇤

yini
OTini P⇤

yini
HTini +P⇤

uini
P⇤

uN

⇤
2

4
X1

UTini
UN

3

5 . (58)

By Assumption 1 and Assumption 3 the matrix⇥
X|

1 U|
Tini

UN
⇤| has full rank and thus spans the space

of all initial states x1 2 Rn and sequences uTini 2 RTinim,
uN 2 RNm for which all possible sequences yTini 2 RTini p

according to (46) and yN 2 RN p according to (16) are
obtained. This shows that

⇥
y|Tini

,u|Tini
,u|N ,

⇤| 2 colspan(M)
spans the subspace of all possible sequences of (1) for
which (56) and thus (16) holds.

B. Proof of Result 1
We state the Lagrangian for problem (33):

L =
1
2

g|(lgI)g+
1
2

y|NQ̃yN +
1
2

v|V v

�µ|
1 (yN � ỸNg)�µ|

2 (M̃g�b� v)
(59)

The first order conditions of optimality for problem (33) can
be written in terms of the Lagrangian as:

—yN L = y|NQ̃�µ|
1 = 0 (60)

—vL = v|V +µ|
2 = 0 (61)

—gL = g|(lgI)+µ|
1 ỸN �µ|

2 M̃ = 0 (62)
—µ1L =�y|N +g|Ỹ |

N = 0 (63)
—µ2L =�g|M̃|+b|+ v| = 0 (64)

Inserting (60) and (61) into (62) yields:

g|(lgI)+ y|NQ̃ỸN + v|V M̃ = 0. (65)

Next we insert (63) and (64) in (65) and rearrange, which
yields:

g = (lgI + M̃|V M̃+ Ỹ |
N Q̃ỸN)

�1M̃|V b. (66)

The inverse in (66) always exists because M̃|V M̃ and Ỹ |
N Q̃ỸN

are positive semi-definite and lgI is positive definite. With
(64) we obtain:

v⇤ = M̃(lgI + M̃|V M̃+ Ỹ |
N Q̃ỸN)

�1M̃|V b�b (67)

C. Proof of Result 2
Proof: We state the Lagrangian for problem (34):

L =
1
2

y|NQyN +
1
2

v|V v�µ|(yN � P̃b� P̃b) (68)

The first order conditions of optimality for problem (34) can
be written in terms of the Lagrangian as:

—yN L = y|NQ̃�µ| = 0 (69)
—vL = v|V +µ|P̃ = 0 (70)

—µL =�y|N + v|P̃|+b|P̃| = 0 (71)

Inserting (71) in (69) and the resulting expression in (70)
yields:

v⇤ =�(V + P̃|QP̃)�1P̃|Q̃P̃b (72)

after rearranging. The inverse in (72) always exists, because
P̃|Q̃P̃ is positive semi-definite and by assumption V is
positive definite.
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ABSTRACT Stochastic Model Predictive Control (SMPC) is a promising solution for controlling
multivariable systems in the presence of uncertainty. However, a core challenge lies in obtaining a
probabilistic system model. Recently, multi-step system identification has been proposed as a solution.
Multi-step models simultaneously predict a finite sequence of future states, which traditionally involves
recursive evaluation of a state-space model. Particularly in the stochastic context, the recursive evaluation
of identified state-space models has several drawbacks, making multi-step models an appealing choice.
As a main novelty of this work, we propose a probabilistic multi-step identification method for a linear
system with noisy state measurements and unknown process and measurement noise covariances. We show
that, in expectation, evaluating the identified multi-step model is equivalent to estimating the initial state
distribution and subsequently propagating this distribution using the known system dynamics. Therefore,
using only recorded data of an unknown linear system, our proposed method yields a probabilistic multi-
step model, including the state estimation task, that can be directly used for SMPC. As an additional novelty,
our proposed SMPC formulation considers parametric uncertainties of the identified multi-step model.
We demonstrate our method in two simulation studies, showcasing its effectiveness even for a nonlinear
system with output feedback.

INDEX TERMS Stochastic model predictive control, system identification, multi-step identification,
data-based control.

I. INTRODUCTION
Model predictive control (MPC) is a popular strategy to
control multivariable systems with constraints [1]. At its
core, MPC uses a system model to predict and optimize
the future behavior of the system. Obtaining a suitable
system model is therefore a central requirement for MPC and
has been recognized as a major challenge for decades [2].
Traditionally, state-space representations of the prediction
model have been used for MPC and other control schemes.
A state-space representation is the obvious choice for models
that are obtained from first principles and typically employed
for data-based system identification [3], [4]. Under ideal
conditions, state-space models can exactly describe the
system dynamics with the fewest number of parameters.
To obtain predictions over multiple timesteps, as required

The associate editor coordinating the review of this manuscript and

approving it for publication was Ton Duc Do .

for MPC, the state-space model can be evaluated recursively.
However, a recent trend in system identification is to directly
identify multi-step prediction models [5], [6], [7], [8].

A multi-step model can simultaneously predict finite
sequences of future states with an individual function for
each step of the sequence. At first glance, a multi-step
model appears to add unnecessary complexity to the system
identification and control task. However, recent work has
shown that multi-step identification can have significant
advantages over state-space identification [7], [8]. Most
importantly, multi-step models can have a better accuracy
than state-space models and complexity is added only to the
offline identification task, not to the online control task.

A closely related trend to multi-step model identification is
data-enabled predictive control (DeePC) [9], [10], [11], [12].
DeePC draws from behavioral systems theory and combines
an implicit multi-step model identification and control task
in a single optimization problem. The close relationship
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between DeePC and MPC with multi-step prediction models
has recently been shown in [12], [13].

Another major challenge for the application of MPC is
the presence of uncertainty. While nominal MPC provides
a certain robustness, it is often not sufficient, especially
if the system operates close to safety-critical constraints.
A promising approach to handle this situation is stochastic
MPC (SMPC) [14], [15]. SMPC can be applied when
the uncertainty in the model follows a known probability
distribution function and it relies on the formulation of chance
constraints, that is, constraints with specified probability of
violation.

Tackling the challenges of data-based identification and
control under uncertainty with state-space and multi-step
models is a prominent field of research [6], [7], [8], [17].
There are, however, important limitations in previous works
using multi-step identification and SMPC. For example,
it was previously assumed that the process and measure-
ment noise covariances are known for the identification
of the probabilistic multi-step model [8]. Unfortunately,
this assumption significantly limits the applicability in
practice, as the process noise typically represents unknown
disturbances of the system. Additionally, most stochastic
MPC formulations require state-feedback to solve the optimal
control problem [14], [15], which is often not available in
practice.

As a main contribution of this work, we propose a stochas-
tic MPC formulation based on multi-step identification
without knowledge of the process and measurement noise
covariances. Our proposed method is derived for systems
with noisy statemeasurements andwe formulate the objective
function and chance constraints of the SMPC problem in
terms of these measurements. We show that with maximum
likelihood estimation, we identify a multi-step model that,
in expectation, describes the true distribution of the future
measurements of the system. Crucially, this true distribution
also considers the uncertainty for the initial state which is
estimated from the initial measurement using a Kalman fil-
ter [1]. Therefore, evaluating our identified multi-step model
with noisy state measurements is equivalent to estimating
the initial state distribution and subsequently propagating
this distribution using the known system dynamics. Finally,
we show that this property is a unique advantage of multi-
step models and does not apply to recursively evaluated
state-space models.

The identified multi-step model is thus readily applicable
for the formulation of an SMPC problem with noisy state-
feedback. As another contribution of this work, our proposed
SMPC formulation directly considers the parametric uncer-
tainties of the identified multi-step model. This is in contrast
to previous work, where the parametric uncertainties were
included as an ellipsoidal uncertainty set [8]. As a final
contribution, we investigate the proposed SMPC controller
based on multi-step models, comparing it to a variant relying
on identified state-space models. We conduct this evaluation
in two simulation studies, showcasing the effectiveness of

SMPC with identified multi-step model, even for a nonlinear
system with output feedback.

This paper is structured as follows. In Section II,
we introduce the stochastic optimal control problem for
a linear dynamic system with known system matrices
and noise covariances. In Section III, we assume that
this information is not available and discuss probabilistic
multi-step identification from data. In Section IV, the
proposed SMPC problem based on the identified multi-step
model is presented. We investigate our method with a linear
building system in Section VI, and a nonlinear CSTR system
in Section VII. The work is concluded in Section VIII.

II. STOCHASTIC MODEL PREDICTIVE CONTROL
We consider a linear and uncertain dynamic system given in
the discrete-time formulation as:

xk+1 = Axk + Buk + Exex,k , (1a)
yk = Cxk + Eyey,k , (1b)

with states x 2 Rnx , inputs u 2 Rnu , measurements y 2 Rny ,
process noise ex,k 2 Rne,x and measurement noise ey,k 2

Rne,y . The system is described with the matrices A 2 Rnx⇥nx ,
B 2 Rnx⇥nu , C 2 Rny⇥nx , Ex 2 Rnx⇥ne,x and Ey 2 Rny⇥ne,y .
As in previous related work [8], we introduce the following
assumption.
Assumption 1: The system (1) is subject to noisy state-

feedback, that is C = I .
For practical applications, this assumption can be relaxed
to output-feedback, as we demonstrate in Section VII.
Furthermore, we assume the following properties of the
system noise.
Assumption 2: The system (1) is subject to additive

Gaussian process noise and measurement noise, that is:
ex,k ⇠ N (0, 6x) and ey,k ⇠ N (0, 6y), 8k.
As a main premise of this work, we consider the system
matrices A,B,Ex and Ey and the covariance matrices 6x
and 6y as unknown. In the following subsection, we derive
multi-step models from the state-space representation in (1),
and propose an identification method of the parameters of the
multi-step model in Section III.

A. MULTI-STEP PREDICTIONS
To formulate the stochastic model predictive control problem
in Subsection II-C, we require the probability distribution of
the future sequence of system measurements. If the system
matrices are known, a multi-step prediction can be obtained
by recursively evaluating the state state-space model in (1).
Considering Assumption 1, we have:

y[1,N ] = O(A)x0 + T (A,B)u[0,N�1]

+ T (A,Ex)ex,[0,N�1] + (IN ⌦ Ey)ey,[1,N ], (2)

where y>[1,N ] =
⇥
y>1 , . . . , y>N

⇤
denotes a finite sequence of

outputs, ⌦ is the Kronecker product and IN is the identity
matrix of dimension N . The element in block i, j of the
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matrices T (·, ·) and O(·) can be obtained as:

[T (A,B)]i,j =

(
Ai�jB, if i � j
0, otherwise

8i, j 2 I[1,N ], (3a)

[O(A)]i,1 = Ai 8i 2 I[1,N ]. (3b)

We denote with I[1,N ] the set of integers from 1 to N .
Considering (2) and Assumption 2, it follows for the
distributed multi-step predictions:

p(y[1,N ]|x0,u[0,N�1]) = N (ȳ[1,N ], 6y,[1,N ]), (4a)

with:

ȳ[1,N ] = O(A)x0 + T (A,B)u[0,N�1], (4b)

6y,[1,N ] = T (A,Ex)(IN ⌦ 6x)T (A,Ex)>

+ IN ⌦ (Ey6yE>
y ). (4c)

The covariance in (4c) is obtained by considering the
distributions ex,[0,N�1] ⇠ N (0, IN ⌦ 6x) and ey,[1,N ] ⇠

N (0, IN ⌦ 6y), the properties of a linear transformation of
a normally distributed variable [18, 20.23 b], and the mixed
product rule for the Kronecker product [18, 11.11 a].

B. INCORPORATING THE STATE ESTIMATION
The predictive distribution in (4) is conditional on the initial
state x0. However, due to the presence of measurement
noise, the initial state x0 is unknown and must be estimated.
The optimal state estimator for system (1) and considering
Assumption 2 is the Kalman filter [1]. The Kalman filter
yields a distribution for the estimated initial state which
should also be considered for the distributed multi-step
prediction.

In the following lemma, we incorporate the estimated
distribution of the initial state to obtain the distribution
p(ŷ[1,N ]|y0,u[0,N�1]). In contrast to (4), this distribution is
conditional on the noise affected measurement y0 instead of
the unknown x0. Obtaining this distribution allows to directly
state the stochastic optimal control problem for the measured
initial state in the following subsection. Furthermore, we will
revisit this distribution for the multi-step identification in
Section III.

For the state estimation, we require a prior distribution
of x0. Without loss of generality and for ease of notation, we
assume that this prior has a zero mean.
Assumption 3: The states of the dynamic system are

distributed according to x0 ⇠ N (0, 6x,0).
This allows to state the following lemma.
Lemma 1: Assumption 1-3 hold. The distribution of the

multi-step prediction, conditional on y0 and u[0,N�1], can be
described with:

p(ŷ[1,N ]|y0,u[0,N�1]) = N ( ˆ̄y[1,N ], 6̂y,[1,N ]). (5)

The mean and covariance in (5) are:

ˆ̄y[1,N ] = O(A)Ly0 + T (A,B)u[0,N�1], (6a)

6̂y,[1,N ] = 6y,[1,N ] +O(A)(I � L)6x,0O(A)>, (6b)

where6y,[1,N ] is defined in (4c), and the Kalman gain can be
computed as:

L = 6x,0(6x,0 + Ey6yE>
y )

�1. (6c)

Proof: With observed measurements y0, and prior
distribution of the states x0 from Assumption 3, we can
perform a Kalman filter correction step [1]:

L = 6x,0C>(C6x,0 + Ey6yE>
y )

�1,

x̄+

0 = x̄0 + L(y0 � Cx̄0),
6+

x,0 = (I � LC)6x,0,

with prior mean x̄0 = 0, posterior mean x̄+

0 and posterior
covariance6+

x,0. With C = I , due to Assumption 1, and x̄0 =

0, due to Assumption 3, we obtain:

L = 6x,0(6x,0 + Ey6yE>
y )

�1,

x̄+

0 = Ly0,
6+

x,0 = (I � L)6x,0,

With mean x̄+

0 and covariance 6+

x,0, we have the posterior
distribution:

x0 ⇠ N (Ly0, (I � L)6x,0). (7)

Substituting the distribution (7) in (2) yields (6). ⇤
We omit the prediction step of the Kalman filter in

Lemma 1 for reasons that will be clarified in Subsection IV-A.
For the discussion in this section, the prediction step
is implicitly considered through Assumption 3, that is,
we assume to have the true prior distribution of the states.

C. STOCHASTIC OPTIMAL CONTROL PROBLEM
With the distributed multi-step system response (5), we can
now state the stochastic optimal control problem. As is
commonly the case for data-based MPC [9], we formulate
cost and constraints for the measured outputs of the system.
Furthermore, we directly incorporate the state estimation in
the formulation and consider the uncertainty of the distributed
initial state as shown in the previous subsection.

With expectation E(·), and probability P(·), we have the
stochastic optimal control problem:

min
u[0,N�1]2A

E
h
kŷ[1,N ]k

2
Q + ku[0,N�1]k

2
R

i

s.t. P
h
a>
j ŷ[1,N ]  bj

i
� (1 � ✏) 8j 2 I[1,nc], (8)

with ŷ[1,N ] ⇠ N ( ˆ̄y[1,N ], 6̂y,[1,N ]) obtained from (5), positive
definite weighting matrices Q � 0, R � 0 and convex
constraint set A. We denote the norm kyk2Q = y>Qy. The nc
chance constraints, can be violatedwith probability ✏ 2]0, 1[,
and are introduced as individual halfspaces [19, 2.2.1] with
aj 2 Rny and bj 2 R for j 2 I[1,nc].
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In the described setting, we can reformulate (8) as
a deterministic problem, which yields the same optimal
solution [15]:

min
u[0,N�1]2A

k ˆ̄y[1,N ]k
2
Q + ku[0,N�1]k

2
R + trace

⇣
Q6̂y,[1,N ]

⌘

s.t. a>
j

ˆ̄y[1,N ]  bj � cp(✏)kajk6̂y,[1,N ]
8j 2 I[1,nc], (9)

with ˆ̄y[1,N ] and 6̂y,[1,N ] from (6). The factor cp(✏) =
p
2erf�1(1 � 2✏) is the quantile of the standard normal

distribution and erf�1 denotes the inverse error-function [20].
Problem (9) is a quadratic optimization problem depending

on the measured initial state y0 and implicitly considers a
Kalman filter for the state estimation.

III. PROBABILISTIC MULTI-STEP IDENTIFICATION
For the formulation of the stochastic optimal control
problem (9), we require the multi-step distribution in (5).
Commonly, the parameters of this distribution are obtained
from the system matrices in (1) and the covariances
of process and measurement noise from Assumption 2.
However, In many practical applications this information is
unavailable.

In this section, we propose to use maximum likelihood
estimation to identify directly the parameters of the multi-
step distribution in (5) from system data. In contrast to
previous work [8], we do not assume knowledge of the
process and measurement noise covariances. As a main
contribution, we present Theorem 1. The theorem establishes
that, with the expected values for the estimated parameters
and covariance matrix, we obtain the distributed multi-step
prediction in (5). The identified multi-step model thus
implicitly estimates the initial state distribution from noisy
measurements.

A. PRELIMINARIES
To simplify the successive notation, we formulate the
multi-step prediction model (2) as:

t = W>z+ et , (10)

with independent variable z = [x>
0 , u>

[0,N�1]]
> 2 Rnz , and

response variable t = y[1,N ] 2 Rnt . We have nz = nx + Nnu
independent variables and nt = Nny response variables. The
transposed parameters are

WT
= [O(A), T (A,B)], (11)

and we have additive noise et ⇠ N (0, 6t ), with 6t =

6y,[1,N ]. It follows directly for the distribution of the response
variables:

p(t|z,W , 6t ) = N (W>z, 6t ). (12)

Due to measurement noise, the true value of z is unknown and
we introduce

v = z+ ev, (13)

with ev ⇠ N (0, 6v) and 6v = diag(Ey6yE>
y ,0). We denote

with diag(A,B) the block-diagonal matrix with A and B on
the diagonal.

B. PARAMETER AND COVARIANCE ESTIMATION
We seek to identify the multi-step system response from data.
To this end, we gatherm sequences of the dynamic system and
introduce:

vi =

h
y(i)>0 , u(i)>[0,N�1]

i>

, t i = y(i)[1,N ] 8i 2 I[1,m], (14)

We have the set D = {V ,T} with design matrix [21] V =

[vi, . . . , vm]> and T = [t i, . . . , tm]>. The linear model (10)
is compactly evaluated for all samples with:

T = VW + Et , (15)

where the vectorized residual matrix Et has the distribution
vec(Et ) ⇠ N (0, 6t ⌦ Im). We require the following
assumption for the design matrix.
Assumption 4: We have m > nz samples and the design

matrix V 2 Rm⇥nz has full rank, that is, rank(V ) = nz.
In practice, Assumption 4 also implies that the gathered input
sequences must be persistently exciting [10].

This allows to state the following theorem for the
identification of the probabilistic multi-step model.
Theorem 1: Assumption 1 and 2 hold. We have data

samples from (14) that satisfy Assumption 3 and 4. The bias
corrected maximum likelihood approach yields the estimated
parameters and covariance matrix:

Ŵ
⇤

= 6⇤
pV

>T , (16a)

6̂
⇤

t =
1

m� nz
(VŴ

⇤
� T )>(VŴ

⇤
� T ), (16b)

with:

6̂
⇤

p = (V>V )�1. (16c)

We partition the estimated parameters as

Ŵ
⇤>

= [Ô⇤

A, T̂ ⇤

A,B],

and have 6̂
⇤

t = 6̂
⇤

y,[1,N ]. The estimated parameters and
covariance matrix have the property:

E[Ô⇤

A] = O(A)L, (17a)

E[T̂ ⇤

A,B] = T (A,B), (17b)

E[6̂⇤

y,[1,N ]] = 6y,[1,N ] +O(A)(I � L)6x,0O(A)>. (17c)

In expectation, the estimated parameters and covariance
matrix are thus identical to the true parameters and
covariance matrix in (5).

Proof: We consider the multi-step model in the form
of (12) and have noise disturbed independent variables
from (13). Only as an intermediate step of the derivation,
we introduce the assumption that u[0,N�1] ⇠ N (0, 6u,0).
This allows to state the distribution z ⇠ N (0, 6z) with
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6z = diag(6x,0, 6u,0). We state the joint distribution of t
and v as shown in [22]:

p
⇣
[t, v]>|W , 6t

⌘

= N

✓
0
0

�
,


W>6zW + 6t W>6z

6zW 6z + 6v

�◆
, (18)

and the resulting conditional probability follows directly from
the properties of a Gaussian normal distribution:

p(t|v,W , 6t )

= N (W>Kv, 6t +W>(6z � K6z)W ), (19)

with reliability matrix [23]:

K = 6z(6z + 6v)�1. (20)

Furthermore, we introduce Ŵ
>

= W>K and 6̂t = 6t +

W>(6z � K6z)W and state (19) as:

p(t|v, Ŵ , 6̂t ) = N (Ŵ
>
v, 6̂t ). (21)

Of the independent variables, only y0 is affected by measure-
ment error. We therefore introduce 6v = diag(E6yE>,0),
and can further simplify (20):

K =


6x,0 0
0 6u,0

� ✓
6x,0 + Ey6yE>

y 0
0 6u,0

�◆�1

=


6x,0(6x,0 + Ey6yE>

y )
�1 0

0 I

�
(6c)
=


L 0
0 I

�
.

The previously introduced 6u,0 thus vanishes from the
expression. We substitute K = diag(L, I) in (19) and
consider the definition of the parameters W from (11).
We obtain:

Ŵ
>

= [O(A)L, T (A,B)], (22a)

6̂t = 6y,[1,N ] +O(A)(I � L)6x,0O(A)>. (22b)

With the distribution of the response variables in (21), we
have the likelihood:

p(t = T |V , Ŵ , 6̂t ) = p(D|Ŵ , 6̂t ). (23)

To compute the likelihood, we vectorize (15) and consider the
properties of the Kronecker product [18, 11.16]:

p(D|Ŵ , 6̂t ) = N ((I ⌦ V )vec(Ŵ ), 6̂t ⌦ Im). (24)

We then maximize the likelihood:

Ŵ
⇤
, 6̂

⇤

t = arg max
Ŵ ,6̂t

p(D|Ŵ , 6̂t ). (25)

Problem (25) has the explicit solution shown in (16) with
bias corrected covariance matrix [21], [23]. The inverse
in (16c) always exists and we have m > nz in (16b) due
to Assumption 4. The estimated parameters and covariance
have the property that [21], [23]:

E(Ŵ⇤
) = Ŵ ,

E(6̂⇤

t ) = 6̂t .

Considering the definition of Ŵ and 6̂t in (22),
we obtain (17). ⇤
As a main consequence of Theorem 1, we have that the

estimated parameters and covariance in (16) are, in expec-
tation, identical to the parameters and covariance of the
distribution (5). Therefore, we directly obtain the distributed
multi-step predictions that incorporates the state estimation.
Finally, we want to remark that the computational com-

plexity of the estimation boils down to the operations in (16)
which are tractable even for larger systems.

C. PARAMETRIC UNCERTAINTY
Theorem 1 allows to efficiently estimate the unknown
parameters and the full covariance matrix of the probabilistic
multi-step model in (5). While we have the favorable
property that the estimated parameters are unbiased, we can,
in practice, only consider a finite number of samples for
the identification task. Consequently, we must consider the
parametric uncertainty of the estimated parameters for which
we introduce the following theorem.
Theorem 2: Assumptions 1-4 hold, and we have a

non-informative prior distribution for the parameters Ŵ .
We havem samples of data from (14) andmaximum likelihood
estimates of the parameter and covariance matrix from (16).
Considering the posterior distribution of the parameters, i.e.
the parametric uncertainty, we have the distributed multi-step
prediction:

p(ŷ⇤[1,N ]|D, y0,u[0,N�1]) = N ( ˆ̄y⇤[1,N ], ↵(v)6̂
⇤

y,[1,N ]), (26a)

with:

ˆ̄y⇤[1,N ] = Ô
⇤

Ay0 + T̂
⇤

A,Bu[0,N�1], (26b)

↵(v) = (1 + v>6̂
⇤

pv), (26c)

where v> = [y>0 ,u>
[0,N�1]].

Proof:We consider themulti-stepmodel in the form of (12)
and have noise disturbed independent variables from (13).
We have estimated parameters Ŵ

⇤
and 6̂

⇤

t from Theorem 1.
The posterior of the identified parameters is

p(Ŵ
⇤
|D, 6̂

⇤

t ) =
p(D|Ŵ

⇤
, 6̂

⇤

t )p(Ŵ
⇤
)

p(D|6̂
⇤

t )
. (27)

For the likelihood, we again consider the vectorized formula-
tion in (24).With the non-informative prior, i.e. p(Ŵ ) ⇠ 1, we
obtain the posterior distribution for the vectorized parameters
vec(Ŵ

⇤
):

p(vec(Ŵ )|D, 6̂
⇤

t ) = N (vec(Ŵ ), 6̂
⇤

t ⌦ 6̂
⇤

p). (28)

We then vectorize the linear model (10) for a single test point,
yielding:

t> = v>Ŵ + e>t
vec(·)
, t = vec

⇣
v>Ŵ

⌘
+ et

=

⇣
I ⌦ v>

⌘
vec

⇣
Ŵ

⌘
+ et .
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Considering the distribution of the vectorized parameters
in (28), we obtain a multivariate normal distribution for the
response variables with mean E[t] = Ŵ

>
v and covariance

Cov[t] = (I ⌦ v>)(6̂
⇤

t ⌦ 6̂
⇤

p)(I ⌦ v>)> + 6̂
⇤

t

= 6̂
⇤

t ⌦ v>6̂
⇤

pv+ 6̂
⇤

t .

The first equality stems from the properties of a linear
transformation of a normally distributed random variable
[18, 20.23 b], and the second equality follows from the mixed
product property of the Kronecker product [18, 11.11]. For
a single test point v, the term v>6̂

⇤

pv is a scalar and the
Kronecker product simplifies to a scalar multiplication:

Cov[t] = (v>6̂
⇤

pv)6
⇤
t + 6̂

⇤

t = (v>6̂
⇤

pv+ 1)6̂
⇤

t = ↵(v)6̂
⇤

t .

With mean and covariance, we thus have the distribution:

p(t|D, v) = N (Ŵ
⇤>
v, ↵(v)6̂

⇤

t ). (29)

From the definition of v, t and considering (16), we obtain the
distributed multi-step prediction in (26). ⇤

The distributed multi-step prediction including the para-
metric uncertainty is thus given in (26). We observe the
following behavior as the number of samples m used for the
identification increases. As shown in [21, 3.3.2], we have for
m ! 1 that ↵(v) ! 1. In the same limit, the identified
parameters and covariance matrix converge to their expec-
tation in (17) and we recover exactly the distribution (5).
We demonstrate this behavior in the numerical example in
Section VI.

IV. STOCHASTIC MPC WITH IDENTIFIED MULTI-STEP
MODEL
With the distribution in (26) we have the data-based
equivalent to (5) including the parametric uncertainty from
the identification task. The deterministic formulation of
the stochastic optimal control problem (9) with identified
multi-step model is given as:

min
u[0,N�1]2A

k ˆ̄y⇤[1,N ]k
2
Q + ku[0,N�1]k

2
R

+ trace
⇣
↵(v)Q6̂

⇤

y,[1,N ]

⌘
(30a)

s.t. a>
j

ˆ̄y⇤[1,N ]bj�cp(✏)kajk↵(v)6̂
⇤

y,[1,N ]
8j2I[1,nc]. (30b)

The weight matrices Q and R, constraint set A and the
chance constraints, defined with aj, bj 8j 2 I[1,nc] and ✏, are
analogous to (9). As a main difference between (9) and (30),
the mean ˆ̄y⇤[1,N ] and covariance 6̂

⇤

y,[1,N ] now stem from
distribution (26). The parametric uncertainty of the identified
model results in the factor ↵(v), introduced in (26c), where
v> = [y>0 , u>

[0,N�1]].
Due to the parametric uncertainty, and in contrast to (9),

the optimization problem in (30) is not a quadratic problem
anymore. We show in Appendix A that problem (30) consti-
tutes a convex second-order cone program [19]. In contrast
to previous work [8], where the parametric uncertainty is

included as an ellipsoidal uncertainty set, we propose to solve
problem (30) directly.

A. RECURSIVE APPLICATION
The stochastic optimal control problem in (30) is solved
repeatedly at each sampling time to yield closed-loop control
actions. This introduces the well known challenges to guar-
antee recursive feasibility and stability [14]. Additionally,
we have to consider a limitation of the identified multi-
step model. As shown in Theorem 1, the multi-step model
identifies the parameters and covariance matrix for the
distribution in (5). This distribution incorporates a Kalman
filter correction step, considering the prior distribution of the
initial state pprior(x0) and the current measurement. However,
this prior for the initial state distribution is not explicitly
formulated. Instead, it coincides with the distribution of the
initial state from the sampled data psamp.(x0), as required
for Theorem 1. In other words, the multi-step model always
considers the same prior distribution, that is, pprior(x0) =

psamp.(x0).
This has two important limitations. First, it is imperative

that the multi-step model is evaluated only for initial states
x0,eval that are reasonably probable in terms of the distribution
of the initial state from the sampled data. This is an intuitive
limitation, as it is detrimental to perform a Kalman filter
correction step with poorly selected prior state distribution.
It is, however, a limitation in the sense that data for the
identification task must be sampled in the same range that
is expected for the closed-loop operation.

The second limitation arises from the fact that with
identified multi-step model the prior state distribution is
not updated. Updating the prior distribution is typically
an important step of Kalman filtering and allows for
convergence to the true state distribution over multiple
iterations. In practice, this limitation increases the uncertainty
of the predicted future measurements and may lead to more
conservative control actions of the SMPC controller.

V. STATE-SPACE IDENTIFICATION
To have a comparative baseline for our proposed method,
we also employ a probabilistic state-space identification
approach. We consider the same data for the identification
task which stems from system (1) with unknown parameters
and process and measurement noise covariances. In particu-
lar, we have the data with individual samples:

vi =

h
y(i)>0 , u(i)>0

i>

, t i = y(i)1 8i 2 I[1,m]. (31)

A. CHALLENGES WITH STATE-SPACE IDENTIFICATION
We can identify a state-space model as a special case of the
described multi-step identification approach with N = 1.
In that case, it follows from (3) thatO(A) = A and T (A,B) =

B. Unfortunately, state-space identification poses two major
challenges which both stem from the requirement that the
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identified model must be recursively evaluated to obtain the
multi-step prediction.

The first challenge is related to the measurement noise of
the system. From Theorem 1, we obtain parameters Â

⇤
, B̂

⇤

and 6̂
⇤

y,1 with the properties:

E[Â⇤
] = AL,

E[B̂⇤
] = B,

E[6̂⇤

y,1] = 6y,1 + A(6x,0 + L6x,0)A>,

where

6y,1 = AEx6xE>
x A

>
+ Ey6yE>

y . (32)

In expectation, the identified parameters are thus identical to
the parameters in (6). With:

ˆ̄y⇤1 = Â
⇤
y0 + B̂

⇤
u0, (33)

we thus have the conditional distribution (5) for N = 1:

p(ŷ⇤1|y0,u0) = N ( ˆ̄y⇤1, 6̂
⇤

y,1). (34)

We can recursively evaluate (34) to obtain a distributed
multi-step prediction ŷ[1,N ]. Unfortunately, this will not yield
the correct multi-step prediction in (5) for N > 1. This is
due to the fact that (32) contains contributions from both
the process noise and the measurement noise. The recursive
evaluation of (34) thus propagates the measurement noise
which can significantly inflate the uncertainty of the multi-
step prediction.
The second challenge with state-space identification is the

parametric uncertainty discussed in Subsection III-C. This
uncertainty can be considered for a single-step prediction
with (26) and N = 1. However, there is no closed-form
solution for the recursive application of (34) if parametric
uncertainties are considered.

B. IDENTIFIED STATE-SPACE MODEL FOR SMPC
The distributed multi-step system response obtained from
the recursively evaluated state-space model is expected to
have significant shortcomings due to the challenges discussed
above. Regardless, we suggest an approach to formulate
the stochastic MPC problem with the identified state-space
model. The approach serves as an important comparative
baseline, as it is obtained under the same premises as for the
multi-step identification.
We formulate the stochastic MPC problem as in (9), using

the identified state-space model with parameters Â
⇤
, B̂

⇤

and covariance 6̂
⇤

y,1. The distributed multi-step prediction is
obtained by recursively evaluating (34) without considering
the parametric uncertainty.

VI. LINEAR CASE STUDY
In this and the following section, we investigate the proposed
method in two simulation studies. We first consider a linear
system with noisy state-feedback and investigate a nonlinear
system with noisy output-feedback in Section VII. For both

simulation studies, the complete code and our results are
available online.1

A. SYSTEM DESCRIPTION
We consider the linear building model previously presented
in [24]. The system has five states x = [T1, . . . , T4, Ta]>,
where Ti [�C] is the temperature in room i and Ta
[�C] the ambient temperature. The room temperatures are
controlled with combined heating and cooling units u =

[Q̇1, . . . , Q̇4]> [kW]. The dynamics are modeled as a
resistance network [25].We assume that an uncertain forecast
Tf [�C] of the ambient temperature is available, and model
this situation with Ṫa = ⌧a(Tf � Ta) + eT ,a, and significant
process noise. The model is parameterized as in [24],
including ⌧a = 1/72.000 and discretized with timestep
1t = 3600 s. Furthermore, we define the variances �>

x =

[0, 0, 0, 0, 0.5] and �>
y = 10�1 · [1, 1, 1, 1, 1] for the process

and measurement noise. The covariance matrices are then
obtained as 6x = diag(� 2

x ) and 6y = diag(� 2
y ).

B. SYSTEM IDENTIFICATION
In our first investigation, we seek to show that with the
proposed multi-step identification, we obtain a data-based
model that represents the distributed system response in (5).
We want to highlight, in particular, that this distribution
incorporates the effect of the state estimation as discussed in
Subsection II-B.
For the investigation, we first determine an initial state dis-

tribution according to Assumption 3. With standard deviation
�>
x,0 = [2, 2, 2, 2, 5] and mean x̄>

0 = [20, 20, 20, 20, 15],
we have:

x0 ⇠ N (x̄0, diag(� 2
x,0)). (35)

Two multi-step models, both with horizon N = 12, are
identified. We denote MSMa for the identified multi-step
model using m = 1000 sequences, and MSMb for the
identified multi-step model with m = 100 sequences. All
sequences start from a random initial state according to
distribution (35) and we normalize the data to achieve a
zero-mean as required for Assumption 3.

Additionally, we obtain the ground truth for the predictive
distribution. To this end, we consider the true system and
covariance matrices and evaluate distribution (5), which
includes the Kalman filter correction step for the prior
distribution in (35).

In Figure 1, we display the distributedmulti-step prediction
p(ŷ[1,N ]) over the prediction horizon. We show the mean
and the standard deviation for T1, T2 and Ta. The other
states are omitted from the plot to improve readability.
Furthermore, we show the joint distribution p(Ti,Tj) at t =

12 h. In comparison to the ground truth, MSMa yields almost
the identical predictive distribution. This is consistent with
our theoretical results presented in Theorem 1. Due to the
large number of samples the identified parameters are almost

1https://github.com/4flixt/2023_Stochastic_MSM
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FIGURE 1. Distributed multi-step prediction of the building system for an initial measurement y0 and random control sequence u[0,N�1] for N = 12.

Comparison of true distribution (5) and two identified multi-step models (MSM). The distribution of MSMa with m = 1000 samples and MSMb with

m = 100 samples are obtained according to (26).

identical to their expectation in (17), and we recover the
true distribution in (5) from data. On the other hand, MSMb
is identified with only m = 100 samples and therefore
experiences significant parametric uncertainty, according to
Theorem 2. However, while the obtained distribution is
broader and the mean is shifted, it still approximates the true
distribution in (5).

C. STOCHASTIC MPC
We formulate a stochastic MPC controller based on the
identifiedmulti-step model (MSM-SMPC). As a comparative
baseline, we also formulate a stochastic MPC controller
based on an identified state-space model (SSM-SMPC). Both
models are obtained from the same data as described in the
previous subsection.

For the control objective, we choose the cost function:

J (u[0,N�1]) =

N�2X

k=0

(5kukk22 + 10kuk+1 � ukk22) + kuN�1k
2
2.

The actuators (heating and cooling power) are limited to
�6 kW  Q̇i  6 kW for all rooms. We have the individual
chance constraints P(Ti � 18) � (1 � ✏), which can
be violated with probability ✏ = 10�3. The stochastic
optimal control problem is implemented and solved using
CasADi [26] with IPOPT [27].

In a first investigation, we compare the open-loop predic-
tions of both controllers. We define a scenario with initial
state x0 = [23, 20, 20, 20, 10]>�C and corresponding
noise disturbed measurement y0. We then solve the optimal
control problem in (30) for the multi-step model and (9) for
the state-space model. As discussed in Section V, the SMPC
controller based on the state-space model does not consider
the parametric uncertainty.

TABLE 1. Building system: Closed-loop performance over a period of 50h

with mean and standard deviation computed over 20 samples.

The resulting open-loop predictions are shown in Figure 2.
We display the predicted mean ŷ[1,N ] and standard deviation,
considering cp(✏) for the chosen violation probability. Fur-
thermore, we show 50 samples of the true system response for
the optimal open-loop input sequence, considering the same
initial state and randomly drawn process and measurement
noise. It can be seen in Figure 2 that the MSM-SMPC
controller yields a suitable sequence of inputs to minimize the
cost function while satisfying the chance constraints. While
the chance constraints are also satisfied for the SSM-SMPC
controller, the predicted uncertainty bounds are much larger
and overly conservative. In the investigated scenario, with
forecasted ambient temperature of Tf = 10 �C, this
leads to suboptimal controls action with unnecessarily high
energy consumption. This effect is expected, as discussed
in Section V, as the identified state-space model incorrectly
propagates the measurement noise.

In a second investigation, we compare the closed-loop
performance of the two controllers. To this end, we consider
the same initial state as in the previous section and recursively
control the system for a period of 50 h with either the
MSM-SMPCor SSM-SMPC controller. The samples differ in
the randomly drawn sequences of process and measurement
noise. Finally, we obtain the percentage of constraint
violations and the total energy consumption for each run and
compute mean and standard deviation of these values. The
performance metrics are shown in Table 1. The MSM-SMPC
controller yields on average 8.3% less energy consumption
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FIGURE 2. Building system: Comparison of open-loop prediction (mean and predicted standard deviation) of SMPC with multi-step model and SMPC

with state-space model for the same initial measurement. The standard deviation is scaled with cp introduced in (9). Using the open-loop control

inputs, 50 samples of the true system response are drawn.

than the SSM-SMPC controller. Both controllers satisfy the
chance constraints with no violations.

VII. NONLINEAR CASE STUDY WITH OUTPUT-FEEDBACK
The proposed multi-step identification approach is derived
for linear systems with noisy state-feedback. Additionally,
we explore its applicability to a nonlinear system with
output-feedback in this section. The application to nonlinear
systems is motivated by interpreting the process noise in (1a)
as an additive nonlinear term. While this interpretation
violates Assumption 2, that is, the process noise is not
normally distributed, we expect to identify amulti-stepmodel
where the identified uncertainty approximately encompasses
the nonlinearities.

As in the previous section, we compare the SMPC based
on an identified multi-step model with a variant based on
state-space identification.

A. SYSTEM DESCRIPTION
For the nonlinear case study, we consider the continuously
stirred tank reactor (CSTR) previously introduced in [28].
The reactor is modeledwith four states x> = [cA, cB,TR,Tk ],
with the concentrations cA [mol L�1] and cB [mol L�1] and
the temperatures TR [�C] of the reactor and TK [�C] of the
cooling jacket. As control inputs, we have the flow rate
V̇ [m3 s�1] which is normalized with the reactor volume
VR [m3], yielding F = V̇/VR, and the heat removed
from the jacket Q̇ [kJ h�1]. For the safe operation of the
CSTR, the states and inputs must lie within the bounds
shown in Table 2. In our investigated scenario, the nonlinear

TABLE 2. Bounds for the CSTR system.
1
Chance constraint for SMPC.

CSTR system experiences measurement noise with standard
deviation �>

y = [0.01, 0.01, 0.5, 0.5] but no additional
process noise.

The nonlinear model is created and simulated in do-
mpc [29] with a timestep of 18 s. The model equations and
parameters can be found in [28] or online.2

B. SYSTEM IDENTIFICATION
As in the previous section, we compare the identified
state-space model (SSM) and multi-step model (MSM).
Furthermore, we also investigate the effect of having full
state-feedback vs. output-feedback for system identification
and the successive control application. As in related data-
based approaches [5], [6], [9], [11], output-feedback can be
incorporated in the proposed methods by introducing the
state:

x>
k = [y>[k�l,k],u

>
[k�l,k�1]]. (36)

If the system is observable, and with l chosen larger than
the system lag, the introduction of state (36) allows to

2https://github.com/4flixt/2023_Stochastic_MSM
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FIGURE 3. Nonlinear CSTR system: Comparison of log-predictive density

for the identified state-space model (SSM) vs. the multi-step model

(MSM). The predictive density is computed for 100 test cases as shown

in (37). Representation as box-plot with filtered outliers, inter-quartile

range, minimum-maximum range and median.

reformulate the system with output-feedback in the form
of (1) [11] and satisfies Assumption 1. Unfortunately,
considering output-feedback, by introducing the state in (36),
violates Assumption 2 as the additive measurement noise on
the newly introduced state (36) is now correlated. While this
correlation is known to yield biased estimates [3, Sec. 5], we
show in the following example that the proposed method can
still lead to good results.

For the system identification, we gather m = 500 simu-
lated sequences of length L = N + l with N = 20 and
l = 1 for the models with state-feedback and l = 3 for
model with output-feedback. For both cases we also create
m = 100 sequences of test data. All sampled sequences are
created with uniformly random initial state, within the bounds
shown in Table 2, and with persistently exciting random
inputs.

In contrast to the linear case study in Section VI, there is no
ground-truth distribution to evaluate the performance of the
identified models. We therefore investigate the quality of the
obtained probabilistic models by computing the logarithm of
the predicted distribution, that is:

log p
⇣
y[1,N ] = y(i)[1,N ]|D, y(i)0 ,u(i)[0,N�1]

⌘
, (37)

for the test samples
⇣
y(i)[0,N ], u

(i)
[0,N�1]

⌘
8i 2 I[1,m]. The log-

predictive density is an expressive measure for the quality of
the identified probabilistic model. High values indicate high
confidence in correct predictions, while low values indicate
high confidence in incorrect predictions.

We display the log-predictive density in Figure 3 in the
form of a box-plot to visualize the median, the quartile
range, minimum and maximum as well as outliers. The
identified multi-step model shows clear advantages over
the recursively evaluated state-space model. Both, for
state-feedback and output-feedback, the median and quartile
ranges of the log-predictive density are significantly higher
for the multi-step model. We also see that the log-predictive
density obtained with the MSM is increased in the case of

FIGURE 4. Nonlinear CSTR: Output-feedback SMPC closed-loop results

and future prediction with uncertainty bounds. Comparison of SMPC and

prediction with identified multi-step model (MSM) and identified

state-space model (SSM) for an exemplary initial condition.

TABLE 3. Nonlinear CSTR system: Closed-loop SMPC performance over

50 experiments. Comparison of MSM and SSM models with state or

output-feedback.

state-feedback. The state-space model, on the other hand,
experiences more severe outliers for state-feedback, reducing
the overall log-predictive density. We reason that with
state-feedback the uncertainty in the predictive distribution is
reduced as more information is available. However, this only
benefits the log-predictive density of the MSM which yields
accurate predictions with high confidence in that case.

C. STOCHASTIC MPC
We proceed our investigation with an analysis of the stochas-
tic MPC controllers obtained with the multi-step model
(MSM-SMPC) and the state-spacemodel (SSM-SMPC). Fur-
thermore, we continue to investigate the differences between
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output-feedback and state-feedback for the identified systems
and the control application.

All investigated controller variants are implemented with
the control objective to maximize the production of compo-
nent B. Furthermore, we seek to penalize rapid changes of the
control inputs. To this end, we propose the cost function:

J (y[1,N ],u[0,N�1])

= �

NX

k=1

cB,k +

N�1X

k=1

⇣
10�21FK + 10�51Q̇k

⌘
,

with1Fk = Fk �Fk�1 and1Q̇k = Q̇k �Q̇k�1. The problem
is formulated with horizon N = 20 and must consider the
constraints in Table 2. Of those constraints, we formulate the
safety critical bound of the reactor temperature as a chance
constraint P(TR  135) � (1 � ✏), with probability of
violation ✏ = 10�3.

To illustrate the behavior of the MSM-SMPC and
SSM-SMPC controllers, we showcase an exemplary closed-
loop trajectory in Figure 4, for the case of output-feedback.
Both controllers run for 40 timesteps, corresponding to
12min of simulation time. Additionally, we display mean
and standard deviation, scaled with cp(✏), of the open-loop
prediction for the final timestep. Both controllers achieve
satisfactory control performance in the example, yielding a
high concentration of cB while safely avoiding the constraint
TR  135. However, we see in Figure 4 that the SMPC
controller with multi-step model can operate significantly
closer to the chance constraint for the reactor temperature.
This allows to realize a higher product concentration cB and
higher normalized flow rate F , which yields overall more
product.

To further quantify the performance of SSM-MPC and
MSM-SMPC, also for the case of state-feedback, we present
the results in Table 3. We display the amount of produced
component B and the maximum constraint violation of the
chance constraint TR  135 for all investigated controller
variants. These performance indicators are computed as
mean and standard deviation for 50 independent experiments
with different initial state sampled uniformly within the
bounds in Table 2. The table supports the qualitative finding
from Figure 4. MSM-SMPC outperforms SSM-SMPC in the
scenario with state-feedback and for the scenario with output-
feedback. For the output-feedback scenario, we also see that
SSM-SMPC leads to minor constraint violations. Finally,
we observe that both controllers have a better performance,
in terms of the obtained product, when state-feedback is
available. In the case of state-feedback the MSM-SMPC
controllers results, on average, in 16.4% more product than
the SSM-SMPC controller.

VIII. CONCLUSION
In this work, we propose a novel approach that com-
bines probabilistic multi-step system identification with
stochastic Model Predictive Control (SMPC). Our identifi-
cation procedure is derived for linear systems with noisy

state-feedback and with Gaussian process and measurement
noise. In contrast to previouswork, our proposedmethod does
not require knowledge of the noise covariance matrices.

As a main contribution, we derive that the identified
multi-step model yields, in expectation, the true distribution
of the future measurements. We show that evaluating our
identified model with noisy state-measurements is equivalent
to estimating the initial state distribution and propagating this
distribution with the known system dynamics. In this way,
the identified multi-step model performs an implicit state
estimation and can directly be used to formulate an SMPC
problem for noisy state-measurements.

We demonstrate the theoretical findings and the perfor-
mance of our proposed data-based SMPC controller in two
simulation studies. In comparison to a SMPC controller
based on an identified state-space model, we achieve signif-
icantly better performance and safer operation. Furthermore,
we showcase in the second simulation study that our proposed
method can also be applied to a nonlinear systemwith output-
feedback, despite not being originally derived for this context.

In future work, we seek to rigorously extend our method
to linear systems with output-feedback, by considering the
correlation of the measurement noise. Furthermore, we seek
to extend the method by updating the identified multi-step
model with new data in a recursive fashion.

APPENDIX
A. CONVEXITY OF SMPC PROBLEM WITH PARAMETRIC
UNCERTAINTY
We show that problem (30) is a convex optimization problem.
The last term in the objective function in (30a) can be
reformulated as:

trace
⇣
↵(v)Q6⇤

y,[1,N ]

⌘
=

⇣
1 + v>6̂

⇤

pv
⌘
trace

⇣
Q6⇤

y,[1,N ]

⌘
,

with positive definite matrix 6̂
⇤

p due to Assumption 4. Adding
the convex term to the overall objective function does not
change the convexity of the problem. The expression ˆ̄y⇤[1,N ]
in (26b) is linear in the optimization variables u[0,N�1].
It remains to show that the inequality constraint (30b) is
convex. To this end, we show in the following lemma
that (30b) represents a second order cone and is thus
convex [19].
Lemma 2: Let Assumption 4 hold. The constraint (30b)

has the form 8j 2 I[1,nc]:

gj(v)  0,

with:

gj(v) = ã>

j v+

q
v>6̂

⇤

pv+ 1 � b̃j, (38)

where:

ã>

j = a>
j [T̂

⇤

A,B, Ô⇤

A]cp(✏)
�1d�1/2

j , (39a)

b̃j = bjcp(✏)�1d�1/2
j , (39b)
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and:

dj = a>
j 6̂

⇤

y,[1,N ]aj. (40)

The constraint represents a second order cone.
Proof: To obtain the form in (38), we first insert (26b)

in (30b) and consider the definition of v:

a>
j [T̂

⇤

A,B, Ô⇤

A]v  bj � cp(✏)kajk↵6̂
⇤

y,[1,N ]
. (41)

We expand the term kajk↵6̂
⇤

y,[1,N ]
and obtain:

kajk↵6̂
⇤

y,[1,N ]
=

q
↵a>

j 6̂
⇤

y,[1,N ]aj =
p
dj

p
↵,

=
p
dj

q
1 + v>6̂

⇤

pv, (42)

with constant dj introduced in (40). We insert (42) in (41)
and divide by

p
djcp(✏). By introducing and substituting the

expressions (39), we obtain the desired expression (38). ⇤
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ABSTRACT Uncertainty quantification is an important task in machine learning - a task in which standard
neural networks (NNs) have traditionally not excelled. This can be a limitation for safety-critical applications,
where uncertainty-aware methods like Gaussian processes or Bayesian linear regression are often preferred.
Bayesian neural networks are an approach to address this limitation. They assume probability distributions
for all parameters and yield distributed predictions. However, training and inference are typically intractable
and approximations must be employed. A promising approximation is NNs with Bayesian last layer (BLL).
They assume distributed weights only in the linear output layer and yield a normally distributed prediction.
To approximate the intractable Bayesian neural network, point estimates of the distributed weights in all
but the last layer should be obtained by maximizing the marginal likelihood. This has previously been
challenging, as the marginal likelihood is expensive to evaluate in this setting. We present a reformulation
of the log-marginal likelihood of a NN with BLL which allows for efficient training using backpropagation.
Furthermore, we address the challenge of uncertainty quantification for extrapolation points. We provide a
metric to quantify the degree of extrapolation and derive a method to improve the uncertainty quantification
for these points. Our methods are derived for the multivariate case and demonstrated in a simulation study.
In comparison to Bayesian linear regression with fixed features, and a Bayesian neural network trained with
variational inference, our proposed method achieves the highest log-predictive density on test data.

INDEX TERMS Bayesian last layer, Bayesian neural network, uncertainty quantification.

I. INTRODUCTION
Machine learning tries to capture patterns and trends through
data. Both, the data and the identified patterns are subject
to uncertainty [1], [2]. For many applications, especially
those where machine learning is applied to safety critical
tasks, it is imperative to quantify the uncertainty of the
predictions. An important example is learning-based control,
where probabilistic system models are identified from data
and used for safe control decisions [3], [4], [5], [6], [7], [8].

Bayesian linear regression (BLR) [3], [4], [5], [6], [7] and
Gaussian processes (GPs) [7], [8] are prominent methods
for probabilistic system identification. Both assume that
a nonlinear feature space can be mapped linearly to the
outputs. As a main difference, BLR requires the features to
be explicitly defined, while for GPs the features are implicitly

The associate editor coordinating the review of this manuscript and

approving it for publication was Alba Amato .

defined through a kernel function [9]. This is an advantage
of GPs, as the most suitable features for BLR are often
challenging to determine. On the other hand, GPs scale poorly
with the number of data samples [10]. For big data problems
they are typically approximatedwith sparse GPs [11], and can
be further improved with deep kernel learning [12], [13].

Especially in recent years, neural networks (NNs) and
deep learning have gained significant popularity for a vast
variety of machine learning tasks [14]. NNs have also
been successfully applied for control applications [15], [16],
often to infer the system model from data [17], [18], [19].
A challenge with NNs is their tendency to overfit and their
inability to express uncertainty [1]. Bayesian neural networks
(BNNs), in which the weights and predictions are probability
distributions, are a concept to tackle this shortcoming.
In practice, BNNs can be intractable to train and query and
are often approximated [1], [2]. Most approximate BNN
approaches fall into one of two categories: Markov chain
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Monte Carlo (MCMC) and variational inference (VI) [1].
MCMCmethods do not require a classical training phase and
instead sample directly the posterior weight distribution of the
Bayesian neural network [20]. Unfortunately, MCMC scales
poorly to large models which limits their applicability [1].
Variational inference is a popular alternative to MCMC and
based on the idea of learning the parameters of a surrogate
posterior distribution of the weights [1], [2]. For neural
networks, variational inference is often implemented with the
Bayes by Backprop algorithm [21].

Unfortunately, even a BNN trained with VI requires
sampling to approximate the predictive distribution [1].
This can be a significant disadvantage in comparison to
GPs and BLR, which yield analytical results. A promising
compromise between tractability and expressiveness are NNs
with Bayesian last layer (BLL) [10], [22]. NNs with BLL
can be seen as a simplified BNN, where only the weights
of the output layer follow a Gaussian distribution, and the
remaining layers contain deterministic weights. At the same
time, they can be interpreted as a deep kernel learning
approach with linear kernel. NNs with BLL are also strongly
related to BLR in that they consider a nonlinear feature
space which is mapped linearly onto the outputs. Similarly to
GPs, BLR and other probabilistic models [9], [23], NNs with
BLL are trained by maximizing the marginal likelihood with
respect to the parameters of the probabilistic model. These
parameters include prior and noise variance and, importantly,
the weights of the deterministic layers. While the log-
marginal likelihood (LML) can be expressed analytically for
NNs with BLL, it contains expressions such as the inverse of
the precision matrix, making it unsuitable for direct gradient-
based optimization. Previous works, especially for control
applications, have therefore either assumed knowledge of
all parameters [3], [5], [19], including prior and noise
variance, or have maximized the LML after training a NN
with fixed features [4], [24]. In previous works that did
include the deterministic weights as parameters, maximizing
the LML required sampling the surrogate posterior during
training [22], or using an approximate precision matrix [12]
to enable gradient-based optimization.

As a main contribution of this work, we propose an
approach to maximize the exact LML of a NN with BLL that
does not require sampling and is suitable for gradient-based
optimization. Most importantly, we avoid the matrix inverse
in the LML by reintroducing the weights of the last layer,
which weremarginalized, as optimization variables.We show
that our reformulation of the LML satisfies the conditions of
optimality for the same solution as the original formulation.
In this way, we provide a simpler training procedure,
in comparison to training with variational inference, and can
outperform BLR with fixed features obtained from a NN.
Our second main contribution is an algorithm to improve
the uncertainty quantification for extrapolation points. To this
end, we relate the computation of the BLL covariance to an
intuitive metric for extrapolation, which is inspired by the
definition of extrapolation in [25]. Based on this relationship,

the proposed algorithm adjusts a scalar parameter to improve
the log-predictive density on additional validation data.
Our proposed methods are derived for the multivariate-
case, estimating individual noise-variances for each output.
This is in contrast to GP and BLR applications, where the
multivariate case is typically tackled by fitting an individual
model to each output [4], [7], [8] or by assuming i.i.d. noise
for all outputs [5]. The advantage of a single model for the
multivariate case is apparent for the application of system
identification for optimization-based control, as multiple
models may significantly increase computation times.

This work is structured as follows. In Section II, we intro-
duce NNs with BLL. The marginal likelihood, which is
maximized during training, is discussed in Section III.
In Section IV, we discuss interpolation and extrapolation
for NNs with BLL and present an algorithm to improve the
predictive distribution in the extrapolation regime.We discuss
the special considerations required for themultivariate case in
Section V. The Bayes by Backprop method is introduced in
Section VI. A simulation example to compare the proposed
method with BLR and Bayes by Backprop is presented in
Section VII. The paper is concluded in Section VIII.

II. BAYESIAN LAST LAYER
We investigate a datasetD = {X, t} consisting ofm data pairs
of inputs x 2 Rnx and targets t 2 R from which the matrices
X = [x1, . . . , xm]> 2 Rm⇥nx and t = [t1, . . . , tm]> 2 Rm⇥1

are formed. We assume a scalar output for ease of notation
and address the multivariate case in Section V. Regarding
the notation, lower case bold symbols denote vectors, upper
case bold symbols denote matrices, and regular lower case
symbols are scalars. For the regression task, we introduce a
feed-forward NN model with L hidden layers as

y = NN (x; WL+1) = gL+1 � hL+1 � · · · � g1 � h1(x), (1)

where � denotes function composition. At each layer, we
have a linear mapping hl(·) followed by a nonlinear activation
function gl(·), that is:

h>l = hl(al�1) =

h
a>l�1, 1

i
W l l 2 I[1,L+1], (2)

al = gl(hl) l 2 I[1,L+1]. (3)

The set I[1,L+1] denotes the set of integers from 1 to L + 1.
We have a0 = x, aL+1 = y, and al 2 Rna,l for all l 2 I[1,L].
The number of neurons in layer l is denoted as na,l , and we
have the weights W 2 Rna,l�1+1⇥na,l , which include the bias
term. The set of weight matrices with cardinality L + 1 is
denoted WL+1 = {W1, . . . ,WL+1}. As a requirement for
NNs with BLL, we state the following assumption.
Assumption 1: The NN (1) has a linear activation function

in the output layer, i.e. gL+1(hL+1) = hL+1.
With the linearmapping, the output of the last internal layer

is of particular importance and we introduce the notation:

�̃ = aL , and � = [a>L , 1]>, (4)
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where �̃ 2 Rn�̃ are referred to as linear features and � 2 Rn�

are the corresponding affine features with n� = n�̃ + 1.
With slight abuse of notation, we use �̃ = �̃(x; WL) and
� = �(x; WL) as both, the values of the features, and the
function, parameterized with WL . We require two additional
assumptions to state Lemma 1which formally describes a NN
with BLL.
Assumption 2: The NN (1) provides a feature space

�(x; WL) 2 Rn� from which the targets are obtained through
a linear mapping, according to Assumption 1:

t = � (X; WL)
> w+ ✏ = y+ ✏, (5)

where we introduce the set WL = {W1, . . . ,WL} for all
weights until layer L and have w = WL+1 the weights of
the output layer. The additive noise ✏ 2 Rm is zero-mean
normally distributed, that is, ✏ ⇠ N (0, 6E ).
Assumption 3: We have a prior belief for the weights of the

output layer w ⇠ N (0, 6W ).
We introduce the parameters of the probabilistic model (5) as:

2 = {WL , 6E, 6W } , (6)

and state the posterior distribution of the weightsw of the last
layer using Bayes’ law:

p(w|D, 2) =
p(D|w, 2)p(w|2)

p(D|2)
. (7)

A neural network with Bayesian last layer has deterministic
weights in all hidden layers and distributed weights in the
output layer. We obtain an analytical expression for the
distribution of the the predicted outputs as shown in
the following lemma [22].
Lemma 1: Assumptions 1-3 hold. The predicted outputs

are normally distributed with:

p(y|D, 2, x) = N (µNN
y (x), 6NN

y (x)), (8a)

µNN
y (x) = NN(x; WL+1), (8b)

6NN
y (x) = �>3�1p �, (8c)

where 8 = �(X; WL) is the feature matrix for the training
data, � = �(x; WL) is the feature matrix for the test data,
and with the precision matrix

3p = 8>6�1E 8 + 6�1W . (9)

Proof: The posterior p(w|D, 2) in (7) yields a normal
distribution in the weights:

p(w|D, 2) = N (w̄, 3�1p ), (10a)

with: w̄ = 3�1p 8>6�1E t, (10b)

as shown for the case of arbitrary features in [23]. Finally, the
predicted output y is a linear transformation of the random
variable w, yielding the distribution in (8). ⇤

We can also obtain a posterior distribution for the targets,
for which we consider (5) and obtain

p(t|D, 2, x) = N (µNN
y (x), 6NN

t (x)), (11a)

6NN
t (x) = 6NN

y (x) + 6E, (11b)

where µNN
y (x) and 6NN

y (x) stem from (8). We will revisit (11)
again for the definition of performance metrics.

III. MARGINAL LIKELIHOOD MAXIMIZATION
The posterior distribution of the weights of the last layer can
be obtained with (10) for given values of the parameters 2.
Determining suitable values of the parameters from prior
knowledge is often challenging. Instead, the parameters can
be inferred by maximizing the marginal likelihood in (7),
which is also known as empirical Bayes or type-2 maximum
likelihood [26]. In BLR, that is, for a fixed feature space, the
log-marginal likelihood (LML) can be maximized as shown
in [23]. Following this idea, the authors in [24] propose an
approach where a fixed feature space is obtained through
classical NN regression. After NN training, the LML is then
maximized with these fixed features. However, the LML is
also influenced by the weights of the deterministic layers
and the resulting feature space. It is therefore reasonable
to include the set of weights WL until the last layer
as parameters and train them by maximizing the LML.
Unfortunately, this poses significant challenges.

We proceed by introducing the LML and discuss the chal-
lenge of maximizing this expression in the next subsection.
Lemma 2 (Log-Marginal Likelihood): If Assumptions 1-3

hold, the negative LML of (7), denoted as J (2;D) =

� log(D|2)), results in:

J (2;D) =
m
2
log(2⇡) +

1
2
log det(6W ) +

1
2
log det(6E )

+
1
2
log det(3p) +

1
2
kt � yk2

6�1E
+

1
2
kw̄k2

6�1W
.

(12)

In this formulation, we have 3p from (9), w̄ from
(10b), y = 8w̄ and 2 from (6).

Proof: The proof for fixed features is shown in [23]. ⇤
For practical applications, the formulation in (12) is further

simplified by considering the following assumption, where
diag(A,B) denotes a block-diagonal matrix with A and B on
the diagonal.
Assumption 4: The additive noise introduced in

Assumption 2 is i.i.d. for all samples m, yielding6E = � 2
e Im.

The weight prior introduced in Assumption 3 is i.i.d. with a
flat prior for the bias, that is, 6�1w = ��2w diag(In�̃

, 0).
The assumption of a flat prior for the bias term will have a

negligible effect in practice but is important for the theoretical
results presented in Section IV. For ease of notation, we will
reuse J (2;D) and 2 in following results.
Result 1: Applying Assumption 4 to Lemma 2, we can

write the negative LML in (12) as:

J (2;D) =
m
2
log(2⇡) + n� log(�w) + m log(�e)

+
1
2
log det(3p) +

1
2� 2

e
kt � yk22 +

1
2� 2

w
kw̄k22.

(13)
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We introduce Ĩn� = diag(In�̃
, 0) and obtain simplified

expressions for (9) and (10b):

3p = ��2e 8>8 +
1
� 2
w
Ĩn� , (14a)

w̄ = ��2e 3�1p 8>t. (14b)

In this setting, we denote 2 = {WL , �e, �w}.

A. AUGMENTED LOG-MARGINAL LIKELIHOOD
MAXIMIZATION
To train a NN with BLL we seek to minimize the negative
LML:

min
2

J (2;D), (15)

with J (2;D) and 2 according to Result 1. This problem
excludes the weights in the last layer of the NN as they have
been marginalized. A result of this marginalization is the
expression (14b) which computes these weights explicitly.
Unfortunately, this creates a major challenge when iteratively
solving problem (15) for the optimal values 2⇤, as the
computational graph contains unfavorable expressions such
as the inverse of 3p, which are both numerically challenging
and computationally expensive. Furthermore, (14b) requires
leveraging the entire training dataset for the computation of
the gradient r2J (2;D).

The authors in [22] circumvent these issues by variational
inference, replacing the LML objective by the evidence
lower bound objective (ELBO). As the variational posterior
they choose a Gaussian distribution, parameterized with
mean and covariance. This is the obvious choice in the
BLL setting where the true posterior is Gaussian as shown
in (8) and, consequently, the ELBO objective is equivalent
to the LML [22]. Variational inference comes at the
cost, however, of introducing as optimization variables the
parameters to describe the variational posterior. Furthermore,
the variational inference training loop requires sampling this
variational posterior.

In this work, we present an alternative approach, which
simultaneously avoids parameterizing the variational poste-
rior and yields a computational graph with lower complexity
than (13). The resulting formulation is suitable for fast
gradient-based optimization. To obtain this result we refor-
mulate (15) as

min
2,w̄

J (2, w̄;D)

s.t. w̄ =
1
� 2
e

3�1p 8>t, (16)

with 2 = {WL , �e, �w}. Importantly, we introduce w̄
as an optimization variable and add an equality constraint
corresponding to (14b). The optimal solution 2⇤ of (16) is
thus identical to the optimal solution of (15). As a main
contribution of this work, we state the following theorem.
Theorem 1 (Augmented Log-Marginal Likelihood Maxi-

mization): The optimal solution (2⇤, w̄⇤) of problem (16)

is identical to the optimal solution obtained from the
unconstrained problem:

min
2,w̄

J (2, w̄;D), (17)

where, as the only difference to (15), w̄ is now an optimization
variable and, in comparison to (16), the equality constraint
has been dropped.

Proof: The Lagrangian of problem (16) can be writ-
ten as:

L(2, w̄, �;D) = J (2, w̄;D) + �>
✓

3pw̄�
1
� 2
e

8>t
◆

.

We then state the first-order condition of optimality for the
optimization variable w̄:

rw̄L(2, w̄, �;D) = rw̄J (2, w̄;D) + �>3p
!
= 0. (18)

Considering (13) and (5), that is, y = 8w̄, we obtain:

rw̄J (2, w̄;D)

= rw̄

✓
1

2� 2
e
kt �8w̄k22 +

1
2� 2

w
kw̄k22

◆
(19)

=
2

2� 2
e

⇣
w̄>8>8� t>8

⌘
+

2
2� 2

w
w̄> (20)

= w̄>
✓

1
� 2
e

8>8 +
1
� 2
w
Ĩn�

◆
�

1
� 2
e
t>8. (21)

Using (14a), we obtain:

rw̄J (2, w̄;D) = w̄>3p �
1
� 2
e
t>8. (22)

We substitute (22) into (18) and have:

�>3p = �w̄>3p +
1
� 2
e
t>8, (23)

, � = �3�1p 3pw̄+
1
� 2
e

3�1p 8>t, (24)

, � = �w̄+ w̄ = 0, (25)

where in (24) we have substituted (14b). From (25), we obtain
that � = 0 and the Lagrangian of problem (16) thus
simplifies to:

L(2, w̄, �;D) = J (2, w̄;D). (26)

This is exactly the Lagrangian of problem (17) and therefore
problem (16) and (17) yield the same optimal solution. ⇤

Theorem 1 enables us to maximize the LML (13) without
having to explicitly compute w̄ according to Equation (14b).
This means, in particular, that we are not required to compute
the inverse of 3p to express the LML. Consequentially,
we can use back-propagation and gradient-based optimiza-
tion to maximize the LML, which significantly simplifies
training NNs with BLL.
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B. CHANGE OF VARIABLES AND SCALING
With Theorem 1 we can state the LML as a function of
w̄ which is now included in the set of parameters 2 =

{WL , w̄, a, b} = {WL+1, a, b}. Furthermore, we propose
a change of variables and scale the objective function to
improve numerical stability. In particular, we introduce:

↵ =
� 2
w

� 2
e

, (27)

which can be interpreted as a signal-to-noise ratio and
optimize over log(↵) and log(�e) to ensure that �e > 0 and
�w > 0 without constraining the problem. These changes are
formalized in the following result.
Result 2: Considering the definition of ↵ in (27), we

reformulate (14a):

3p = ��2e 8>8 + ��2w Ĩn�

= ��2e

⇣
8>8 + ↵�1Ĩn�

⌘
= ��2e 3̄p, (28)

where

3̄p = 8>8 + ↵�1Ĩn� . (29)

The scaled negative LML from (13) can then be written as:

J (2;D)

=
1
2
log(2⇡ ) +

n�

2m
log↵ + log �e

+
1
2m

⇣
log det(3̄p) + ��2e kt � yk

2
2 + ↵�1��2e kw̄k

2
2

⌘
,

(30)

with 2 = {WL+1, ↵, �e}.
To train a NNwith BLL and univariate output, we consider

in the following the LML and parameters in the form of
Result 2. Additionally, the newly introduced parameter ↵

in (27) will play an important role in the following discussion
on interpolation and extrapolation and ultimately helps to
improve the extrapolative uncertainty.

IV. IMPROVING THE EXTRAPOLATIVE UNCERTAINTY
One of the main challenges of the BLL predictive distribu-
tion (8) is that for arbitrary extrapolation points the required
assumptions for Lemma 1 will not hold. In this section,
we discuss the behavior of the predictive distribution in
the interpolation and extrapolation regime and propose a
method to improve the performance of NNs with BLL for
extrapolation.

To formalize the notion of interpolation and extrapolation,
we follow the definition of interpolation described in [25], for
which we also need to define the convex hull.
Definition 1 (Convex Hull): The convex hull of a set of

samples X 2 Rm⇥nx is defined as the set:

CX =

n
X>⌫|⌫ 2 Rm,

X
⌫ = 1, ⌫ � 0

o
.

Definition 2 (Interpolation): A sample x is considered to
be an interpolation point of a set of samples X , given a

feature space 8̃(X; WL) which satisfies Assumption 1 and 2,
if: �̃(x) 2 C8̃(X;WL ).

Interpolation is an attribute of the input space but its
definition considers the learned feature space of the neural
network. Considering the feature space in Definition 2 may
seem counter-intuitive but applies well to reality, where
nonlinear features for regression can show arbitrary behavior
between data points, even for a univariate input. In this case,
interpolation points in the input domain are rightly classified
as extrapolation points by considering the feature domain.

Classifying a point as interpolation or extrapolation is a
binary decision. In reality this is a shortcoming, as different
degrees of extrapolation are possible. That is, a point “close”
to the convex hull might still lead to a trustworthy prediction.
The distance to a set, e.g. the convex hull, is defined below.
Definition 3 (Distance): For a set X ⇢ Rnx and a point

x 2 Rnx we define the distance d(x, X) as:

d(x, X) = inf
a2X
kx � ak22. (31)

A. QUANTIFICATION OF INTERPOLATION AND
EXTRAPOLATION
In the following, we seek to define a metric to quantify the
degree of extrapolation for a nonlinear regression model with
feature space. Intuitively, such a metric could be based on
the distance, according to Definition 3, to the convex hull
of the features. Unfortunately, the distance to the convex
hull results in an optimization problem that scales with the
number of samples and the feature dimension, which can be
a limitation for practical applications. Instead, we propose an
approximate metric for which we introduce the affine cost.
As related concepts of the affine cost, we define the well
known span and affine hull.
Definition 4 (Span): The span of a set of samples X 2

Rm⇥nx is defined as the set:

SX =

n
X>⌫|⌫ 2 Rm

o
.

Definition 5 (Affine Hull): The affine hull of a set of
samples X 2 Rm⇥nx is defined as the set:

AX =

n
X>⌫|⌫ 2 Rm,

X
⌫ = 1

o
.

Definition 6 (Affine Cost): The affine cost of a test point
x 2 Rnx and given the data X 2 Rm⇥nx is defined as the
optimal cost:

cAX (x) = minimize
⌫,e

k⌫k22 + � kek22 (32a)

subject to : X>⌫ + e = x, (32b)
X

⌫ = 1, (32c)

where the spanning coefficient ⌫ 2 Rm and the residual
variable e 2 Rnx are optimization variables and � 2 R is
a weighting factor for the residuals.

The affine cost naturally complements the definition of the
affine hull by computing the norm of the respective spanning
coefficients ⌫ from Definition 5. Importantly, test values
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FIGURE 1. Comparison of convex hull (Definition 1), span (Definition 4), affine hull (Definition 5) and affine cost (Definition 6) for two exemplary sets

of features 8̃ 2 R
m⇥n

�̃ , both with m = 3 and n
�̃

= 2.

x /2 AX also have a value assigned, for which the � -weighted
norm of the residuals e is considered.

The relationship of convex hull, span and affine hull as
well as the affine cost can be inspected in Figure 1. In this
figure, two exemplary sets of features 8̃ 2 Rm⇥n�̃ , both with
m = 3 and n�̃ = 2 are presented and we compare the
relationship of test to training samples.

By comparing, for example Figure 1a) and d), we can
see that the affine cost has a strong relationship with
the convex hull on which we have based the notion of
interpolation in Definition 2. In particular, we consider the
level set

LA8 = {�̃ 2 Rn�̃ |cA8̃
(�̃)  l},

obtained with the affine cost and suitable level l as a soft
approximation of the convex hull. Such level sets can be seen
in Figure 1 d) and h) as the contour lines of cA8̃

. It holds
that for a test point �̃, the affine cost grows with the distance
to the level set LA8 . In this sense, we consider the distance
d(�̃, LA8 ) and, more directly, the affine cost cA8 (�̃) itself as
the desired metric for the degree of extrapolation.

For the behavior of this metric we distinguish two
important cases. In the first case, small values of the affine
cost are achieved for test points that are within the affine
hull, i.e. �̃ 2 A8̃, and for small distances to the convex
hull. According to Definition 2, these include all interpolation
points and what we consider mild extrapolation. Both test
points in Figure 1 h) are examples for this case.

In the second case, a test point is not within the affine
hull �̃ /2 A8̃. The affine cost is now influenced primarily
through the parameter � . This can be seen by inspection of
(32), where the residuals e must be used if �̃ /2 A8̃. The cost

may then be dominated by the term kek22 which is weighted
with � . We argue that in the second case the test point can
be considered an extrapolation point and � can be interpreted
as a penalty for extrapolation. This case can be observed in
Figure 1 d) for the test point with higher affine cost.

B. RELATIONSHIP OF AFFINE COST AND COVARIANCE
As another main contribution of this work, we introduce
Theorem 2 to establish the relationship of the BLL covariance
and the previously presented affine cost.
Theorem 2 (BLL Affine Cost): If Assumption 4 holds, and

with � = ↵, the affine cost cA8̃
(�̃(x)), according to

Definition 6, is equivalent to the scaled BLL covariance (8c):

cA8̃
(�̃(x)) = ��2e 6NN

ŷ (x), (33)

where � and �̃ describe the features obtained at the last
internal layer of the neural network as defined in (4).

Proof:We reformulate the equality constraints of cA8̃
(�̃)

shown in (32):
"

8̃
>

In�̃

11,nm 01,n�̃

#
⌫
e

�
=


�̃
1

�
, (34)

where 0 and 1 denote matrices filled with zeros or ones
and their respective dimensions are given in the subscript.
Considering also (4), we then introduce:

8> =

"
8̃
>

11,nm

#

, M =

"
In�̃

01,n�̃

#

, p =


⌫
e

�
and � =


�̃
1

�
,

which allows to reformulate Equation (34) as:
⇥
8> M

⇤
p = �. (35)
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FIGURE 2. NN with BLL: Predicted mean and standard deviation (8) and feature space with n
�̃

= 2 for m = 3 training samples. The effect of parameter ↵

on the extrapolation uncertainty is shown by comparing the optimal ↵⇤
(maximization of LML (30)) with suggested improved ↵max

.

By further introducing D =
⇥
8> M

⇤
and W = diag

(Im, � In�̃
), Problem (32) can be stated as:

cAX (�̃) = minimize
p

kpk2W

subject to : Dp = �. (36)

We have a weighted least-squares problem in (36) for which
the solution can be obtained as:

p⇤ = �>(DW�1D>)�1DW�1. (37)

Substituting p⇤ from (37) into the cost function of (36) yields
the affine cost:

cAX (�̃) = �>(DW�1D>)�1�, (38)

where

DW�1D> =
⇥
8> M

⇤ Im
��1In�̃

� 
8

M>

�

= 8>8 + ��1Ĩn� . (39)

Considering that � = ↵, as stated in the theorem, and
(28)-(29), we have:

DW�1D> = 8>8 + ↵�1Ĩn� = 3̄p = � 2
e 3p, (40)

where Ĩn� = diag(In�̃
, 0). Substituting (40) in (38) yields:

cAX (�̃(x)) = ��2e �>3�1p � = ��2e 6NN
ŷ (x), (41)

which concludes the proof. ⇤
Theorem 2 establishes the theoretical relationship between

affine cost and BLL covariance. In the next subsection,
we discuss how this relationship can be used to improve the
extrapolative uncertainty of NNs with BLL.

C. IMPROVING THE UNCERTAINTY QUANTIFICATION
WITH THE AFFINE COST INTERPRETATION
The first practical implication of Theorem 2 is that a NN with
BLL should indeed be trained by maximizing the marginal
likelihood as discussed in Section III. Using the features of
a trained NN and then applying BLR, as previously shown
in [4] and [24] might lead to suboptimal performance. The
reason for this is the log det-regularization of the precision
matrix 3p which arises only in the marginal likelihood cost
formulation. This regularization encourages a low rank of
the feature matrix 8̃, resulting in a proper subspace for the
affine hull, that is, A8̃ ⇢ Rn�̃ . Only in this setting can
we potentially obtain test points with �̃(x) /2 A8̃, clearly
indicating extrapolation through high values of the affine
cost. The effect can be seen in Figure 1 by comparing subplot
d) and h). The application of log det-regularization to obtain
matrices with low rank is well known [27] and also applied
in other fields such as compressed sensing [28].
The second important implication of Theorem 2 is the

interpretation of the parameter ↵ (or � respectively) in the
context of the affine cost from Definition 6. The parameter
directly controls the affine cost and thus the variance for test
points �̃(x) /2 A8̃. This causes a dilemma: Naturally, we have
the situation that all training samples 8̃ are within the affine
hull of themselves. Therefore, extrapolation in the sense of
�̃(x) /2 A8̃ does not occur during training and ↵⇤, which
maximizes the LML, might not yield desirable results.
To illustrate the issue we present a simple regression

problem with nx = ny = 1 and m = 3 samples.
We investigate a NN with n�̃ = 2 which allows for a
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graphical representation of the feature space. The NN is
trained by maximizing the LML (30), yielding the optimal
parameters 2⇤, which includes ↵⇤. The predicted mean
and standard deviation for the trained model using ↵⇤ can
be seen in Figure 2 a). The predicted mean of the NN,
in light of the sparse training data, is suitable. However,
the variance shows that the prediction is overconfident.
We show in Figure 2 b) and c) that this overconfidence can
be tackled simply by increasing ↵ relative to the optimal
value ↵⇤.

The reason for this effect of ↵ on the extrapolation
uncertainty can be seen by inspecting Figure 2 d)-f), where
the features (recall n�̃ = 2) for the test (�̃) and the training
points (8̃) are displayed.

As desired, we have that A8̃ ⇢ Rn�̃ , that is, the
training features lie in a subspace of R2, which can be
seen in Figure 2 where the training samples in the feature
space could be connected by a straight line. This effect
can be attributed to the log det-regularization in the LML.
Extrapolation thus occurs for �̃ /2 A8̃ and for these
points the extrapolative uncertainty grows with increasing ↵.
Importantly, by considering Definition 2, we also have
extrapolation for test points that are within the convex hull
of the input space, i.e. x 2 CX . In this example, the
only true interpolation points are the training samples for
which increasing ↵ has no significant effect on the predicted
variance.

In Figure 3, we further investigate the effect of increasing
↵ for the same regression problem and NN architecture as
displayed in Figure 2. To quantify the quality of the predictive
distribution, we use the log-predictive density (LPD) [29]:

log p̄(t test) =
1
mtest

mtestX

i=1

log p(t = t testi |D, 2, xtest), (42)

which evaluates the logarithm of the posterior distribution of
the targets (11) for all test values and computes the average
thereof.

In Figure 3, we display log-predictive density (42) and
the negative LML (30) for the optimal parameters 2⇤

and as a function of ↵. As expected, ↵⇤ minimizes the
negative LML. We see, however, that the optimal value is
almost at a plateau and that increasing ↵ has only a minor
effect on the LML. We also see in the top diagram of
Figure 3 that the log-predictive density for the training points
remains independent of ↵. On the other hand, we see that
the log-predictive density for test points can be increased
significantly by setting ↵ = ↵max. Further increasing ↵ has a
negative effect as the predicted posterior distribution becomes
increasingly flat.

As a consequence of this investigation we propose
Algorithm 1 to obtain a NN with BLL, trained with LML
maximization, and enhanced extrapolation uncertainty.

The optimal value for the scalar parameter↵ in Algorithm 1
can be obtained with a simple bijection approach.

Algorithm 1LMLOptimizationWith Adapted Extrapolation
Penalty ↵ for Enhanced BLL
Require: Dtrain, Dval

Require: NN structure (L, nal , gl(·) 8l 2 I[1,L])
2⇤  argmin2 J (2;Dtrain) F solve (30)
↵max argmax↵ log p̄(tval) F solve (42)

FIGURE 3. Effect of log(↵) on the LML for a trained NN and the mean

log-predictive density (42). The same regression problem and NN as in

Figure 2 is considered.

V. THE MULTIVARIATE CASE
In general, we seek to investigate multivariate problems
where, in contrast to Section II, we now have that t 2 Rny .
As before, we consider a datasetD = {X,T} consisting of m
samples and introduce T = [t1, . . . , tm]> 2 Rm⇥ny .

To obtain the setting in which Lemma 1 holds, we
augment (5) for the multivariate case:

T = 8W + E, (43)

where E 2 Rm⇥ny is the matrix of residuals of the
regression model. We use the vec(·) operation as defined in
[30, Defn. 11.5] and vectorize (43):

vec(T ) = vec(8W ) + vec(E). (44)

Introducing⌦ as the Kronecker product, this equation can be
reformulated as [30, Prop. 11.16(b)]:

vec(T ) = (Iny ⌦8)vec(W ) + vec(E), (45)

and expressed as:

t̂ = 8̂ŵ+ ✏̂. (46)

In the form of (46), Lemma 1 directly applies to the
multivariate case where the prior and noise covariances from
Assumption 2 and 3 now refer to:

✏̂ ⇠ N (0, 6̂E ),

ŵ ⇠ N (0, 6̂W ),

and for which we need to consider the multivariate feature
matrix 8̂.
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A. SIMPLIFIED TRAINING
The multivariate settings adds significant complexity to the
marginal likelihood maximization introduced in Section III.
To reduce the computational complexity, we present Result 3
and two required assumptions in the following.
Assumption 5: Noise and prior, as introduced in Assump-

tion 2 and 3, are uncorrelated for all ny outputs and identical
for all m samples and all n� features, respectively. We denote
� e =

⇥
�e,1, . . . , �e,ny

⇤
and �w =

⇥
�w,1, . . . , �w,ny

⇤
and

obtain:

6̂E = diag(� e)⌦ Im, (47)

6̂W = diag(�w)⌦ In� . (48)

We introduce ↵ =
� 2
w

� 2
e
, similarly to (27), and assume the

following.
Assumption 6: For all predicted outputs yi, we have the

same parameter ↵, i.e.:

↵1 = · · · = ↵ny
!
= ↵. (49)

Result 3: Let Assumption 5 and 6 hold. The scaled
negative LML in (12) for the vectorized multivariate
case (46) is:

J (2;D) =
ny
2m

�
m log(2⇡) + n� log(↵) + log det(3̄p)

�

+

nyX

i=1

✓
log(�e,i) +

1
2m

��2e,i kt i � yik
2
2

◆

+

nyX

i=1

✓
1
2m

↵�1��2e,i kw̄ik
2
2

◆
, (50)

with 2 =
�
WL+1, ↵, �e,1, . . . , �e,ny

 
and 3̄p according to

(29). The full precision matrix 3̂p for the multivariate case
can be obtained as:

3̂p = diag(��2e )⌦ 3̄p. (51)
Proof: The result follows directly from the prop-

erties of the Kronecker product [30] applied to the
log-marginal likelihood in (12) with (46), as well as
Assumption 5 and 6. ⇤

Result 3 shows that the LML can be easily expressed
for the multivariate case, allowing for fast and efficient NN
training. This is only possible due to Assumption 5 and 6.
While Assumption 5 is a natural extension of Assumption 4
for the multivariate case, Assumption 6 might be questioned.
We argue againwith the interpretation of↵ as an extrapolation
penalty weight, as discussed in Section IV. Importantly,
extrapolation, as defined in Definition 2, is a property of
the feature space and occurs regardless of the number of
outputs.

Apart from simplifying the LML in (50), Assumption 5
and 6 also yield a simplified computation of the pre-
dictive distribution. The outputs are uncorrelated due to
Assumption 5 and we can obtain independent covariance
matrices:

6NN
ŷi
(x) = �>3�1p,i �, with: 3p,i = ��2e,i 3̄p, (52)

where we have the same 3̄p for all outputs due to
Assumption 6. Therefore, the complexity of evaluating the
predictive distribution scales negligibly with the number of
outputs. This is a major advantage of NNs with BLL, in
comparison to GPs, where it is common to fit an independent
model for each output.

VI. BAYES BY BACKPROP
As a comparative baseline to our proposed method, we also
employ variational inference with the Bayes by Backprop [1],
[21] method to train a full BNN, that is, a neural network in
which all weights follow a probability distribution.

A. BACKGROUND
For the formulation of the NN with BLL we require the
posterior distribution of the weights in the last layer in (7).
As a main difference, we now state the posterior distribution
for all weights of the NN, that is:

p(WL+1|D, 2) =
p(D|WL+1, 2)p(WL+1|2)

p(D|2)
. (53)

In contrast to NNs with BLL, the exact posterior distribution
is intractable and we resort to variational inference. To this
end, we introduce a surrogate distribution q(WL+1) and
minimize the Kullback-Leibler (KL) divergence between the
surrogate and the true posterior:

DKL(q(WL+1) k p(WL+1|D, 2))

= Eq(WL+1)


log

q(WL+1)
p(WL+1|D, 2)

�
. (54)

Minimizing the KL-divergence yields the surrogate distri-
bution of the weights that approximates the true posterior
distribution. As proposed in [21], we choose the surrogate
distribution as:

q(vec(W l)) = N (µw,l, diag(�
2
w,l)) 8l 2 I[1,L+1], (55)

with trainable parameters µw,l and �w,l . Consequently, each
weight of the neural network is now represented with two
parameters, which makes Bayes by Backprop a tractable
method even for larger models.

For the concrete implementation of training the BNN with
Bayes by Backprop, we refer to [1]. In particular, we use
Bayes by Backprop in combination with empirical Bayes
to obtain the optimal parameters 2 = {�w, � e} which,
similarly to the NN with BLL, include the prior variances
of the weights in the last layer, that is, �w and the noise
covariances � e. Following the discussion in [21], we assume
a fixed prior for the weights in the previous layers.

B. EVALUATION
The predictive distribution of the trained BNN can be
evaluated as:

p(t|D, 2, x) = Eq(WL+1) [p(t|x, WL+1)] . (56)

In contrast to predictive distribution of the NN with BLL
in (11), expression (56) has no analytical solution. Instead,
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FIGURE 4. Neural network with Bayesian last layer: Mean and standard

deviation for two outputs with unknown noise levels. Comparison of the

distributions with optimal ↵⇤
and ↵max

from Algorithm 1.

TABLE 1. Simulation study in Figure 4 and 5: Comparison of

log-predictive density (LPD) for a NN with BLL (minimized LML), BLR with

NN features (minimized MSE) and a BNN (trained with variational

inference).

we resort to Monte Carlo sampling of the weights from the
surrogate distribution and obtain the predictive distribution
by averaging over the samples, that is:

p(t|D, 2, x) ⇡
1
N

NX

i=1

p(t|x, W(i)
L+1)

=
1
N

NX

i=1

N (ȳ(i), 6E ), (57)

with W(i)
L+1 ⇠ q(WL+1). Equation (57) yields a Gaussian

mixture model and also allows for the computation of the log-
predictive density, similarly to (42).

VII. SIMULATION STUDY
In this section, we investigate our proposed method in
comparison to BLR with features from a trained NN, and
a full BNN trained with Bayes by Backprop. The code to
reproduce the presented results is available online1.

1https://github.com/4flixt/2023_Paper_BLL_LML

We investigate data from a function with nx = 1 input
and ny = 2 outputs, which is shown in Figure 4.
Both outputs exhibit non-linear behavior with different noise-
levels, in particular �1 = 0.05 and �2 = 0.2. Both noise
variances are assumed to be unknown.

We train a NN with BLL using our proposed Algorithm 1.
For the study, a suitable structure with L = 2, n�̃1

= n�̃2
=

n�̃3
= 20 and g1(·) = g2(·) = g3(·) = tanh(·) is determined

using trial and error. To maximize the LML, we use the
Adam [31] optimizer and employ early-stopping to avoid
overfitting.

The results of the simulation study are shown in Figure 4.
We visualize mean and standard deviation of the predicted
distribution obtained from the NN with BLL. A focus
of the investigation is the comparison of the distributions
obtained with optimal value ↵⇤ and ↵max. Both distributions
suitably describe the training data and capture the behavior
of the unknown function in the interpolation regime. The
estimated noise variance �1 = 0.051 and �2 = 0.17
is close to the true value. However, only the distribution
with tuned extrapolative uncertainty, that is, with ↵max, is
suitable to describe the extrapolation regime. To quantify
the improvement, we compute the log-predictive density of
the NN with BLL for ↵⇤ and ↵max, and present the results
in Table 1. For comparison, we train a NN with the same
structure by minimizing the mean-squared-error and then use
the learned features for BLR as in previous works [4], [24].
The second step of Algorithm 1, that is, updating ↵

subsequently with validation data, can also be applied in this
setting and the resulting performance metric is also shown in
Table 1.

The results in Table 1 show that updating ↵, as proposed
in Algorithm 1, significantly improves the log-predictive
density (42) of the test data, both for BLL and BLR.
We see that the NN with BLL, which is trained according to
Algorithm 1, achieves overall the best results with respect to
the log-predictive density.

A. COMPARISON TO BAYES BY BACKPROP
As a final step of our evaluation, we compare the NN with
BLL to a full BNN trained with Bayes by Backprop, as
described in Section VI. We investigate the same neural
network architecture as described in the previous subsection
and, as a main difference, now have distributed weights in all
layers. We determine a fixed prior distribution for the weights
in all but the last layer as:

p(vec(W l,0)) = N (0, 0.5I) 8l 2 I[1,L]. (58)

Setting the mean of the prior distribution to zero is justified
by employing batch normalization [32] after each variational
layer. As for the NN with BLL, the prior variance of the
weights in the last layer is also learned.

Training the BNN with Bayes by Backprop is performed
as outlined in Section VI and using the Adam optimizer.
The resulting predictive distribution is obtained by sampling
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FIGURE 5. Variational inference for a BNN with Bayes by Backprop.

Sampled (N = 100) predictive distribution with (57).

N = 100 weights from the surrogate distribution and
displayed in Figure 5. We show the mean values ȳ(i) that
are obtained with the sampled weights W(i)

L+1 ⇠ q(WL+1).
Additionally, we compute mean and variance of the resulting
Gaussian mixture model in (57) and display them in the
same figure. Qualitatively, the resulting distribution suitably
describes the training data. However, the predicted variance
does not increase significantly in the extrapolation regime.
For a quantitative comparison, we compute the log-predictive
density of the Gaussian mixture model and report the results
in Table 1. For test data, the BNN trained with Bayes by
Backprop achieves a higher LPD than the NN with BLL
and the BLR with NN features, both with optimal value ↵⇤.
However, the LPD of these methods significantly exceeds the
results of the BNN after tuning ↵ with additional validation
data, as proposed in Algorithm 1. With the resulting ↵max,
the overall highest LPD on test data is achieved with the
NN with BLL. For a BNN trained with Bayes by Backprop
it is not possible to modify ↵ to calibrate the extrapolation
behavior of the model. Furthermore, it is necessary to sample
weights from the surrogate posterior to obtain the predictive
distribution, adding significant complexity to this method.
This is in contrast to the NN with BLL, where the predictive
distribution can be computed analytically.

VIII. CONCLUSION
Neural networks with Bayesian last layer are an attractive
compromise between tractability and expressiveness in the
field of Bayesian neural networks. As a main contribu-
tion of this work, we propose an efficient algorithm for
training neural networks with Bayesian last layer, based
on a reformulation of the marginal likelihood. Importantly,
we show that our reformulation satisfies the conditions of

optimality for the same argument as the original formulation.
The reformulated marginal likelihood can be efficiently
minimized with gradient descent. In future work, we seek
to extend our method to also enable stochastic gradient
descent.

In comparison to Bayesian linear regression with features
from a previously trained neural network, we find that
training on the log-marginal likelihood shows advantages
in a presented simulation study. Our second contribution,
an algorithm to tune the extrapolative uncertainty also shows
excellent results in the simulation study. To derive this
algorithm, we contribute a discussion on the relationship of
the Bayesian last layer covariance and a proposed metric
to quantify extrapolation. This metric intuitively relates
to the definition of extrapolation which is based on the
convex hull. Our proposed method also compares favorably
to a full Bayesian neural network trained with Bayes by
Backprop. Important advantages are the overall ease of
implementation, the possibility to tune the extrapolative
uncertainty, and an analytical expression for the predictive
distribution.

Especially the last aspect is pivotal for our future work,
the identification of probabilistic dynamic systemmodels that
can be used for safe control decisions.
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