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Cattaneo–Christov double diffusion model for the entropy 
analysis of a non-Darcian MHD Williamson nanofluid
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ABSTRACT 
This research is carried out to observe the fluid flow across a stratified 
sheet in the presence of non-linear thermal radiation. Through the process 
of similarity transformations, the partial differential equations (PDEs) gov
erning the flow model are transformed into ordinary differential equations 
(ODEs), which are then numerically solved using the shooting method. This 
study comprehensively examines the influence of various flow parameters, 
including the inertial coefficient, magnetic parameter, Brownian motion 
parameter, radiation parameter, Prandtl number, thermophoresis param
eter, and Brinkman number, on key thermophysical characteristics, such as 
the skin friction coefficient, and the rates of heat, mass, and entropy gener
ation. Notably, the relative difference in the skin-friction coefficient 
increases with the Weissenberg number, ranging from approximately 1.8 
to 2.5. The results indicate that reducing the Cattaneo–Christov tempera
ture parameter decreases the temperature profile while increasing the con
centration profile, whereas entropy generation initially rises with increasing 
Weissenberg number, but decreases near the surface.
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1. Introduction

Fluids, encompassing liquids, gases, and plasma, represent a fundamental phase of matter that 
undergoes deformation or flow when subjected to external forces [1]. These substances lack a 
shear modulus, rendering them unable to withstand shear forces. Given their vital role in 
daily life and natural processes, researchers worldwide are diligently exploring the dynamics 
of fluid movement. Fluid dynamics investigates fluid flow and its underlying causes, shedding 
light on phenomena, such as the evolution of stars, ocean currents, tectonic plates, and blood 
circulation [2]. The practical applications of fluid dynamics are diverse, ranging from wind 
turbines and oil pipelines to rocket engines and air conditioning systems [3]. The founda
tional principles of fluid dynamics trace back to Archimedes, who developed the Archimedes 
principle governing the motion of objects. Fluid mechanics as a field has been under system
atic study since the early fifteenth century. Classifying fluids based on the relationship 
between stress and strain, they are characterized as either Newtonian or non-Newtonian. 
Non-Newtonian fluids defy Newton’s viscosity law, exhibiting nonlinear correlations between 
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shear stress and deformation rate. Examples of non-Newtonian fluids include ketchup, paint, 
blood, shampoo, and mud.

Williamson fluids are distinguished among non-Newtonian fluids for their versatile applica
tions across scientific, technological, and engineering disciplines. These fluids play pivotal roles in 
material processing, nuclear and chemical industries, bioengineering, and geophysics. They are 
particularly valuable in scenarios where thermal radiation influences their behavior, enhancing 
applications in areas such as solar energy capture, advanced material manufacturing, and heat 
transfer systems. Industries engaged in oil recovery, filtration, polymer engineering, ceramic pro
duction, and petroleum extraction rely on sophisticated mathematical models to accurately pre
dict and optimize the complex interplay between Williamson fluid dynamics and thermal 
radiation effects. The foundational work by Williamson [4] played a pivotal role in understanding 
the flow characteristics of pseudoplastic materials. In a study conducted by Nadeem et al. [5], the 
observation was made that the dimensionless velocity decreases as the Williamson fluid parameter 
increases in the context of flow across a stretched surface. Shaheen et al. [6] utilized the differen
tial transform method to discuss heat transmission in Williamson fluid flow through a ciliated 
channel, considering magnetic fields and a porous medium. Furthermore, Obalalu et al. [7] 
employed the Galerkin weighted residual method to explore the effects of chemical reaction, acti
vation energy, and solar radiation on 3-D non-Newtonian fluid flow past an inclined stretching 
sheet.

Choi [8] introduced the term “nanofluid” to characterize a novel type of fluid formed by com
bining traditional low thermal conductivity fluids with nanoparticles of sizes smaller than 100 nm. 
Alternatively, nanofluids can be described as “tiny-sized particles suspended in a base fluid”. 

Nomenclature 

u, v Velocity components 
q Density 
N2, N3 Temperature Ratio 
k Porosity constant 
� Kinematic viscosity 
a Thermal diffusivity 
Nb Brownian motion parameter 
qcp Heat capacity 
K� Absorption constant 
K Thermal conductivity 
l0 Zero shear rate viscosity 
R Universal gas constant 
T1 Ambient temperature 
k� Permeability of porous medium 
B0 Magnetic field constant 
s1 Dimensionless temperature gradient 
s2 non-dimensional concentration difference 
Le Lewis number 
Pr Prandtl number 
k1 Chemical reaction parameter 
T Temperature 
C Concentration 
Ec Eckert number 
Rd Thermal radiation parameter 
f Dimensionless parameter 
r� Satefan Boltzmann constant 
M Magnetic field parameter 

N1 Solutal Stratification parameter 
r Electrical conductivity 
s Stress tensor 
b Stretching constant 
We Weissenberg number 
g Similarity variable 
k1, k2 Time relaxation constant 
DT Thermophoresis mass diffusivity 
DB Brownian motion mass diffusion 
CF Drag coefficient 
C1 Ambient concentration 
c Fluid relaxation time 
Br Brinkman number 
L Diffusion parameter 
Xr, Xb Cattano-Christov double diffusion 

parameters 
Fr Inertial coefficients 
Nt Thermophoresis parameter 
M Magnetic field parameter 
kt Cattaneo–Christov temperature parameter 
kd Cattaneo–Christov concentration 

parameter 

Subscript 
s Solid particle 
f Fluid 
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Commonly used nanoparticles include carbon nanotubes, carbides, metals, and oxide nanofluids, 
engineered synthetically to exhibit superior thermal conductivity compared to the conventional 
fluids. The enhancement of thermal conductivity in nanofluids has been a subject of investigation, 
with Buongiorno [9] contributing insights into the factors influencing this property. He observed 
that changes in thermal conductivity result from both the thermophoresis effect and Brownian 
motion. Nanofluids, owing to their improved thermal properties, find applications as coolants in 
industries such as heavy vehicles and information technology. Rashid et al. [10] analyzed nano
fluid behavior in the presence of non-identically shaped nanoparticles within a porous medium 
subjected to the velocity slip effect. Waqas et al. [11] analyzed the combined effects of thermal 
radiation and an exponential heat source on the flow of a 3-D pseudoplastic nanofluid over a 
Riga surface. Acharya et al. [12] explored the behavior and thermal changes in unsteady radiative 
nanofluid flow around a spinning magnetized disk, employing a Runge–Kutta–Fehlberg numerical 
scheme. Ma et al. [13] numerically examined laminar nanofluid flow and convective heat transfer 
within microtubes, utilizing a multiphase Eulerian-Lagrangian approach. Bhatti et al. [14] focused 
on the influence of a magnetic dipole on nanofluids flowing over a stretching surface, investigat
ing the impact of variable viscosity and thermal conductivity.

Magnetohydrodynamics (MHDs) delves into the fascinating world of how fluids behave 
under the influence of external magnetic fields [15]. Introduced by Swedish physicist Alfv�en, 
this branch of mechanics has found diverse applications in engineering, impacting fields like 
the petroleum industry, power generation, and even crystal formation [15]. Researchers have 
explored a wide range of MHD applications in fluid flow analysis. Attia investigated heat 
transfer in dusty fluids subjected to MHD, revealing intriguing temperature fluctuations in 
both the fluid and particles [16]. Mbeledogu and Ogulu studied the impact of MHD on rotat
ing fluid flow through porous materials, considering the effects of radiation and heat transfer. 
Their findings highlighted modifications in the boundary layer structure, influencing fluid 
flow direction [17]. Beyond research, MHD plays a pivotal role in industrial processes like 
material production and metal casting. Chauhan and Agrawal analyzed MHD flow and heat 
transfer, uncovering that variables like magnetic field strength and suction rate govern the 
cooling process [18]. Zheng et al. explored heat transfer in 2-D MHD fluid flow on a perme
able surface, observing an increase in the thermal boundary layer with adjustments to the sys
tem’s shrinking parameter [19]. Yazdi et al. further demonstrated MHD’s potential by 
studying nanofluid flow, a promising application in various industries [20]. The core of MHD 
lies in the intricate interaction between the equations governing fluid dynamics and those 
describing electromagnetism. When a conducting fluid encounters an external magnetic field, 
an electric current arises, generating a force that interacts with the flow and modifies the 
magnetic field itself. This complex interplay makes MHD invaluable for understanding and 
manipulating diverse flow phenomena across various scientific and engineering disciplines 
[15]. Recent studies by Mirzaei et al. and Sagheer et al. exemplify the continued exploration 
of MHD’s potential [21, 22]. By investigating heat and mass transfer in complex systems and 
studying intricate fluid properties, these researchers contribute to our expanding knowledge 
of MHD and its diverse applications. This ongoing exploration promises to unlock further 
advancements in numerous fields, solidifying MHD as a powerful tool for the future.

Heat transfer, driven by the temperature differences between objects or within a single object, 
underpins various technological, and industrial applications like cooling atomic reactors, power 
generation, and overall energy production. Fourier’s Law [23] has been the cornerstone for ana
lyzing heat transfer, but limitations led Cattaneo [24] to introduce a relaxation time term address
ing the paradox of instantaneous heat conduction. Christov [25] further refined this theory by 
incorporating the Oldroyd upper-convected derivative, resulting in the Cattaneo–Christov heat 
flux theory [25]. Computational methods play a crucial role in studying complex heat transfer 
scenarios. Recent research exemplifies this trend. Chen et al. [26] employed the shooting method 
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with a Maxwell fluid model to demonstrate that an induced magnetic field can lead to lower tem
peratures and concentrations at a stagnation point. Lone et al. [27] investigated the combined 
effects of thermal radiation, Joule heating, and Cattaneo–Christov double diffusion on a Casson 
fluid flow over a stretching surface using the homotopy analysis method within the Buongiorno 
model framework. Chandan et al. [28] analyzed double diffusion convection in a Williamson fluid 
model considering the influence of a porous medium, utilizing the bvp4c function. Thabet et al. 
[29] explored the influence of Hall current and ion slip within a double-diffusive convective 
model using the Lobatto IIIA technique.

Entropy, the system’s inability to fully utilize available energy, results from factors like heat 
transfer irreversibility, fluid friction, and mass transfer irreversibility. This cumulative entropy is 
the sum of these elements, emphasizing the significance of irreversible processes within a system. 
The increase in entropy over time, dictated by the second law of thermodynamics, is irreversible, 
particularly in systems involving fluid viscous force, flow-driven force, Joule heating, and thermal 
management, where heat transfer is inherently irreversible. The scientific and technical commun
ities increasingly recognize entropy generation’s importance. Past analyses using various fluid 
models where aimed to reduce entropy generation in specific systems. Scholars have conducted 
numerical investigations into entropy generation in convective heat transfer scenarios. Abu-Hijleh 
et al. [30] explored the numerical prediction of entropy generation due to natural convection, 
while Abu-Nada [31] employed a finite volume approach to study entropy generation arising 
from reattachment, recirculation, separation, and heat transfer. It was observed that the total 
entropy generation number increased with increasing Reynolds number. Chen et al. [32] utilized 
the Lattice Boltzmann method to solve the reacting flow model, highlighting that low Reynolds 
number conditions lead to entropy formation due to the irreversibility of chemical reactions. 
Non-Newtonian fluid models play a crucial role in simulating the behavior of nanofluids. Ellahi 
et al. [33] applied the Brinkman nanofluid model using the optimal homotopy analysis method. 
Their findings revealed that the velocity of a shear-thinning fluid decreases with increasing par
ticle volume concentration and size. Hussain et al. [34] adopted the Galerkin finite element 
approach to examine entropy generation resulting from flow induced by upper wall movement 
and buoyancy forces. Afridi and Qasim [35] observed that the Bejan number decreases with 
increasing thermal radiation parameter in the boundary layer flow over a thin needle moving in a 
parallel stream, using a numerical shooting technique. Nayak et al. [36] conducted numerical 
computations using the bvp4c algorithm to study entropy production in the Cattaneo–Christov 
double diffusion model over a stretched cylinder. Khan et al. [37] explored that the Bejan number 
decays for higher estimations of Weissenberg number in a tangent hyperbolic nanomaterial flow 
by adopting the homotopy method. More recently, Hussain et al. [38] investigated entropy gener
ation in the natural convection of Casson fluid within a porous medium, employing a higher- 
order Galerkin finite element method. Tanveer et al. [39] highlight the significance of analyzing 
entropy generation to grasp irreversibility in heat transfer. However, the exploration of the spe
cific effects of temperature-dependent viscosity on curved surfaces, especially in the presence of 
convective conditions.

This research article aims to delve into the intricacies of entropy generation in Catteno– 
Christov double diffusion MHD Darcy–Forchheimer Williamson fluid flow over a stretchable sur
face. The primary objective is to enhance system efficiency by minimizing entropy generation, 
considering influential factors, such as effective Prandtl number, heat generation, thermal radi
ation, and the Weissenberg number. The study specifically focuses on elucidating the impact of 
temperature difference and concentration difference on entropy generation. Flow dynamics are 
induced by a stretching surface, and an orthogonal magnetic field further complicates the system. 
Numerical solutions are obtained through the shooting technique and Range–Kutta method. 
The concluding section discusses results, with a particular emphasis on how variations in 
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temperature and concentration differentials contribute to entropy generation, providing valuable 
insights for optimizing system performance.

2. Mathematical analysis

The behavior of the Cattaneo–Christov double diffusion model for non-Darcian MHD Willia- 
mson nanofluid on the rate of entropy production has been investigated using a stratified sheet. 
The generation of entropy is examined using the impact of thermal conductivity, Joule dissipa
tion, and the Ohmic effects. The sheet is expected to be stretching in the direction of the x-axis 
with a velocity u ¼ UwðxÞ ¼ bx, where b is a positive constant. The physical flow model is shown 
in Figure 1, where the y-axis is taken perpendicular to the stretching velocity and the x-axis is 
taken toward the stretching velocity. The ambient temperature is represented by T1 ¼ T0 þ Bx, 
and the ambient concentration is represented by C1 ¼ C0 þ Ex: Temperature andoconcentration 
at the wall are denotedoby Tw ¼ T0 þ Ax and Cw ¼ C0 þ Dx, respectively. With these norms, the 
governing equations of proposed model are [40]:

ux þ vy ¼ 0, (1) 

uux þ vuy ¼ �uxx þ
ffiffiffi
2
p

�cuyuyy −
r

q
B2

0u −
�

k�
u −

CF
ffiffiffiffiffi
k�
p u2, (2) 

qCpð Þf uTx þ vTy
� �

þ k1 uux þ vuyð ÞTx þ uvx þ vvyð Þ þ u2Txx þ v2Tyy þ 2uvTxy
� �

¼ k 1þ
16r � T3

1

3k�K

� �

Tyy þ qCpð Þs DBTyCy þ
DT

T1
Ty
� �2

� �

þrB2
0u2 þ l0ðuyÞ

2
þ l0c uyð Þ

3

(3) 

Figure 1. Geometry of physical model.
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uCx þ vCy þ k2 uux þ vuyð ÞCx þ uvx þ vvyð ÞCy þ u2Cxx þ v2Cyy þ 2uvTxy
� �

¼ DBCyy þ
DT

T1
Tyy − k1 C − C1ð Þ

(4) 

The associated boundary conditions are as follows [40]:

y ¼ 0 : u ¼ UwðxÞ, v ¼ 0, C ¼ Cw, T ¼ Tw,
y!1 : u! 0, T ! T1, C! C1:

�

(5) 

In the above model, x is the direction around the sheet, the direction perpendicular to the 
sheet is y, u, and v are the xy-direction horizontal and vertical velocity. Where r� is the Stefan– 
Boltzman constant and k� is the absorption coefficient. The momentum equation, incorporating 
term for viscous diffusion (�), includes additional effects such as magnetic field interaction (rB2

0), 
damping (�=k�), and nonlinear drag (CF=

ffiffiffiffiffi
k�
p

). The energy equation governs heat transfer within 
the fluid, accounting for convective transport, thermal conductivity (K), thermophoresis (DT), 
joule heating (rB2

0), and viscous dissipation (l0). Lastly, the concentration equation describes the 
distribution of a chemical, considering Brownian diffusion (DB), thermophoretic diffusion (DT), 
and chemical reaction constant (k1).

Non-dimensional similarity variables have been introduced, transforming the above model into 
a system of nonlinear ODEs, as follows:

u ¼ bx
@f
@g

, v ¼ −ðb�Þ
1
2f ðgÞ, g ¼

b
�

� �1
2

y,

hðg, yÞ ¼
T − T1

Tw − T1
, gðg, yÞ ¼

C − C1
Cw − C1

:

9
>>>=

>>>;

(6) 

The substitution of Eq. (6) into Eqs. (2)–(4) leads to the derivation of the following system of 
nonlinear ODEs:

@3f
@g3 −

@f
@g

� �2

þ
@f
@g

@2f
@g2 þWe

@2f
@g2

@3f
@g3 − M

@f
@g

− k
@f
@g

− Fr
@f
@g

� �2

¼ 0,

1 − kt
@f
@g

� �2

þ
4
3

Rd 1þ B3
1h

3 þ 3B2
1h

2 þ 3B1h
� �

" #
@2h

@g2 − kt

 

N2
@f
@g

� �2

−f
@2f
@g2 þ

@f
@g

� �2

h − f
@2f
@g2 h − f

@f
@g

@h

@g

!

þ Pr

"

f
@h

@g
− N2

@f
@g

−
@f
@g

h

þNb
@h

@g

@g
@g
þ

Nt
Nb

@h

@g

� �2
 !

þMEc
@f
@g

� �2

þ Ec
@2f
@g2

� �2

þ
WeEc
ffiffiffi
2
p

@2f
@g2

� �3
#

(7) 

þ
4
3

Rd 3B2
1h

2 @h

@g

� �2

þ 3B1
@h

@g

� �2

þ 6B2
1h

@h

@g

� �2
 !

¼ 0, (8) 

1 − kdf 2
� � @2g

@g2 − LePr g
@f
@g
þ N1

@f
@g
þ f

@g
@g
þ kg

� �

þ
Nt
Nb

@2h

@g2

−kd N1
@f
@g

� �2

− N1f
@f

@g2 þ g
@f
@g

� �2

− 3f
@f
@g

@g
@g

 !

¼ 0:
(9) 
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Under the similarity transformation, the original boundary conditions take the following form:

f ¼ 0,
@f
@g
¼ 1, g ¼ 1 − N1, h ¼ 1 − N2 at g ¼ 0,

@f
@g
! 0, g ! 0, h! 0 as g!1:

9
>>=

>>;

(10) 

To analyze the problem, the following non-dimensional quantities are introduced:

Pr ¼
�ðqCPÞf

k
, Ec ¼

b2x2

CPðAxÞ
, We ¼

ffiffiffiffiffiffiffi
2b3

�

r

cx,

M ¼
rB2

0
qb

, N2 ¼
B
A

, Nt ¼
ðqCPÞSDTðTw − T0Þ

�ðqCPÞf T1
,

Nb ¼
ðqCPÞSDBðCw − C0Þ

�ðqCPÞf
, kd ¼

b�k2

DB
, kt ¼

�bk1

k
:

Le ¼
a

DB
, N1 ¼

E
D

, k ¼
�

ak�
, Rd ¼

4r�T3
1

k�K
,

Fr ¼
xCF
ffiffiffiffiffi
k�
p , N3 ¼

T0

Bx
, kt ¼

�ak1

k
, B1 ¼

1
N2 N3 þ 1ð Þ

:

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(11) 

3. Solution framework

The numerical solutions are computed using the shooting method as described through the flow
chart in Figure 2, which involves the utilization of the Runge–Kutta technique. A crucial aspect 
of this method is establishing a suitable finite value far-field boundary condition. This condition 

Figure 2. Flowchart of shooting method.
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is denoted as g!1 and specified as g1 ¼ 8 In order to solve the system of ODEs (7)–(9), the 
following notations have been considered, as an initial step:

f ¼ V1, f 0 ¼ V2, f 00 ¼ V3, h ¼ V4, h0 ¼ V5, g ¼ V6, g0 ¼ V7:

V 01 ¼ V2,
V 02 ¼ V3,

V 03 ¼
1

1þWeV3
V2

2 − V1V3 þMV2 þ kV2 þ FrV2
2

� �

V 04 ¼ V5,

V 05 ¼
1

1 − kdV2
1 þ

4
3 Rd 1þ B3

1V3
4 þ 3B2

1V2
4 þ 3B1V4

� �

(

ktN2V2
2 − ktN2V1V2

3 þ ktV2
2 V4

−ktV1V3V4 − ktV1V2V5 − Pr

"

V1V5 − N2V2 − V2V4 þ Nb V5V7 þ
Nt
Nb

V2
7

� �

þMEcV2
2

þEcV2
3 þ

WeEc
ffiffiffi
2
p V3

3

#

−
4
3

Rd 3B2
1V2

4 V2
5 þ 3B1V2

5 þ 6B2
1V4V2

5

#2

4

9
=

;
,

V 06 ¼ V7,

V 07 ¼
1

1 − kdV2
1

"

LePr V2V6 þ N1V2 þ V1V7 þ KV6ð Þ −
Nt
Nb

V 05 þ kdN1V2
2 − kdN1V1V2

3

þkdV2
2 V6 − 3kdV1V2V7

#

Initial conditions:

V1 ¼ 0, V2 ¼ 1, V3 ¼ d1, V4 ¼ 1 − N2,
V5 ¼ d2, V6 ¼ 1 − N1, V7 ¼ d3:

Upon setting the initial values for d1, d2, and d3, the problem is resolved using the shooting 
technique. To enhance the accuracy of these initial conditions, the Newton method is iteratively 
applied according to the following scheme:

d1

d2

d3

2

6
4

3

7
5

nþ1ð Þ

¼

d1

d2

d3

2

6
4

3

7
5

ðnÞ

−

@V2
@d1

@V2
@d2

@V2
@d3

@V4
@d1

@V4
@d2

@V4
@d3

@V6
@d1

@V6
@d2

@V6
@d3

2

6
6
6
4

3

7
7
7
5

−1
V2

V4

V6

2

6
4

3

7
5

0

B
B
B
B
@

1

C
C
C
C
A

ðnÞ

: (12) 

This iterative process continues until the satisfaction of the predefined criterion:

max V2 g1, d1, d2, d3ð Þj j, V5 g1, d1, d2, d3ð Þj j, jV7ðg1, d1, d2, d3Þjg < 10−5:
�

(13) 

Furthermore, the validation of the numerical approach is established by comparing the values 
of skin friction coefficient reported by Khan et al. [37] with those computed by the present code, 
as shown in Table 1.
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4. Physical quantities of interest

The physical parameters, including the skin friction, Nusselt number, and Sherwood number, are 
defined by as:

Cfx ¼
−2ðswÞy¼0

qu2
wðxÞ

, Nux ¼
xqw

kðTw − T1Þ
Shx ¼

xqm

DBðCw − C1Þ
: (14) 

Here, sw denotes the shear stress, qw signifies the wall heat flux, and qm represents the concen
tration flux from the surface. These parameters are mathematically expressed as:

sw ¼ l
@v1

@y
þ

c
ffiffiffi
2
p

@v1

@y

� �2
" #

y¼0

, qw ¼ − kþ
16T3

1r�

3k�

� �

ðAx b
�

� �1=2
h0ðgÞÞg¼0,

qm ¼ −DBðDx b
�

� �1=2
g0ðgÞÞg¼0:

By substituting Eq. (6) into Eq. (14) and simplifying each term, we derive the dimensionless 
parameters in the following form:

CfxðRexÞ
1
2 ¼ − 2f 00ð0Þ þWef 002ð0Þ

� �
, ShxðRexÞ

−1
2 ¼

−g0ð0Þ
ð1 − N1Þ

,

NuxðRexÞ
−1

2 ¼
h0ð0Þ þ 4

3 Rd h0ð0Þ
ðN2 − 1Þ

:

5. Entropy generation

The rate of entropy generation EG for Cattaneo–Christov double diffusion model has been dis
cussed briefly in Chu et al. [41]. The dimensional form of EG is given below.

EG ¼
1

T2
1

K Ty
� �2

þ
16r�T3

3KK�
K Ty
� �2

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Heat Transfer Irreversibility

þ
RDB

C1
Cyð Þ

2

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Mass Transfer Irreversibility

þ
r

T1
B2

0u2 RDw

C1
CyTy

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Joul Heating Irreversibility    

þ
1

T1
l0 uyð Þ

2 þ l0c uyð Þ
3 þ a1 uuyuxy þ vuyuyyð Þ þ 2a2 uyð Þ

4
h i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fluid Friction Irreversibility

: (15) 

By using similarity transformation (6), we can achieve the dimensionless form of entropy gen
eration as:

Table 1. Results of Cf ðRexÞ
1
2 for various parameters.

We M Khan et al. [37] Present result

0.1 0.1 2.05608 2.05613
0.2 2.01101 2.01106
0.3 1.96124 1.96135

0.2 2.14587 2.14589
0.3 2.23184 2.23185
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NG ¼
T1�

k Tw − T0ð Þa
¼ s1 1þ

4
3

Rd
h

N2 N3 þ 1ð Þ

� �3
" #

h2 þ L
s2

s1

@g
@g

� �2

þ L
@h

@g

@g
@g

þBr
@2f
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(16) 

where Br ¼ b2l0x2

kðTw−T0Þ
denotes the Brinkman number, s1 ¼

Tw−T0
T1 is dimensionless temperature gra

dient, L ¼ RDAðCw−C0Þ

k represents the diffusion parameter, Xr ¼ b3x2a1
KðTw−T0Þ

and Xb ¼
2b2x4a2

KðTw−T0Þ�
are 

Cattaneo-Christov double diffusion entropy parameters and s2 ¼
Cw−C0

C1 is the non-dimensional 
concentration difference parameter.

Table 2. Results of Cf ðRexÞ
1
2 for various parameters.

M We k Fr Cf ðRexÞ
1
2 If DCf

0.3 0.3 0.2 0.1 2.30701 [−1,4]
0.5 2.43594 [0,4] 5.6
0.7 2.55552 [−1,5] 4.9
0.9 2.66702 [−1,6] 4.4

0.35 2.26569 [−1,6] 1.8
0.40 2.21929 [0,5] 2.0
0.45 2.16399 [−1,7] 2.5

0.3 2.37274 [−1,4] 2.4
0.4 2.43594 [−1,4] 2.7
0.5 2.49681 [−1,4] 2.5

0.2 2.34984 [−1,5] 1.8
0.3 2.39166 [−1,4] 1.8
0.4 2.43251 [−2,4] 1.7

Table 3. Results of NuðRexÞ
−1

2 and ShðRexÞ
−1

2 when N1 ¼ 0:8, N2 ¼ 0:8, N3 ¼ 1:0, Pr ¼ 0:7, Le ¼ 1:0, and We ¼ 0:3:

k M kt kd Rd Nt NuðRexÞ
−1

2 ShðRexÞ
−1

2 Ih Ig DNu DSh

0.1 0.3 0.1 0.1 0.3 0.5 1.70985 1.74825 [−0.5, 0.2] [−0.5, 0.3] – –
0.2 1.70945 1.77680 [−0.3, 0.1] [−0.4, 0.1] 0.02 1.6
0.3 1.70904 1.80501 [−0.4, 0.1] [−0.3, 0.2] 0.02 1.6
0.4 1.70865 1.83263 [−0.4, 0.1] [−0.5, 0.2] 0.02 1.5

0.4 1.60433 1.75192 [−0.5, 0.2] [−0.5, 0.3] 6.2 0.2
0.5 1.50437 1.75673 [−0.5, 0.2] [−0.5, 0.3] 6.2 0.3
0.6 1.40946 1.76246 [−0.5, 0.1] [−0.4, 0.3] 6.3 0.3

0.98 3.89998 0.51412 [−0.4, −0.1] [−0.4, −0.1] 128.1 70.6
0.96 3.85151 0.54140 [−0.5, −0.1] [−0.5, −0.2] 1.2 5.3
0.94 3.80296 0.56872 [−0.5, −0.1] [−0.5, −0.1] 1.3 5.0

0.98 1.66548 4.04724 [−0.4, 0.1] [−0.4, 0.2] 2.6 131.5
0.96 1.66638 3.99659 [−0.4, 0.1] [−0.4, 0.3] 0.1 1.3
0.94 1.66727 3.94585 [−0.4, 0.2] [−0.4, 0.2] 0.05 1.3

0.4 0.21654 0.36098 [−0.5, 0.2] [−0.4, 0.3] 87.3 79.4
0.5 0.20227 0.37353 [−0.5, 0.2] [−0.5, 0.3] 6.6 3.5
0.6 0.19032 0.38401 [−0.5, 0.2] [−0.4, 0.3] 5.9 2.8

0.6 1.70587 1.58473 [−0.4, 0.2] [−0.4, 0.4] 0.2 9.3
0.7 1.70191 1.42209 [−0.5, 0.1] [−0.5, 0.2] 0.2 10.3
0.8 1.69797 1.26035 [−0.3, 0.2] [−0.4, 0.3] 0.2 11.4
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6. Results and discussions

The ongoing segment consists of the discussion related to the numerical solution of the system of 
ODEs that governs the flow problem in the dimentionless form. With the aid of tables and 
graphs, the numerical data for the non-Darcian MHD Williamson Nanofluid with Cattaneo– 
Christov double diffusion model has been presented. This includes the temperature profile hðgÞ
and concentration profile gðgÞ, as well as the previously discussed physical parameters.

Table 2 illustrates the impact of various dimensionless parameters on the skin friction coeffi
cient, denoted as ðRexÞ

1=2Cf : The table indicates that an increase in the magnetic parameter (M), 
porosity parameter (k), and inertial coefficient (Fr) results in a increase in the skin friction 

Figure 4. f
0

ðgÞ for increasing value of We.

Figure 3. f
0

ðgÞ for different values of M.
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coefficient. Likewise, a rise in the Weissenberg number (We) correlates with a reduction in the 
skin friction coefficient. Furthermore, Table 2 provides an interval labeled as If , which assists in 
selecting initial guess conditions for the momentum equation, and DCf shows the absolute per
centage change in the skin friction coefficient.

Table 3 examines the influence of various dimensionless parameters on the Nusselt and 
Sherwood numbers. It presents the values of these numbers corresponding to changes in the 
chemical reaction parameter, magnetic parameter, Cattaneo–Christov temperature parameter (kt), 
Cattaneo–Christov concentration parameter (kd), thermal radiation parameter, and thermophore
sis parameter. Intervals labeled as Ih and I/ are included for selecting missing conditions for the 
energy and concentration equations, respectively. An increase in the chemical reaction parameter 

Figure 5. f
0

ðgÞ for different values of Fr.

Figure 6. f
0

ðgÞ for various value of k.
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(k) leads to a gradual decrease in the Nusselt number and an increase in the Sherwood number. 
The Sherwood number exhibits a gradual increase, while the Nusselt number experiences a rapid 
decrease with an increase in the magnetic parameter. A rise in the Cattaneo–Christov temperature 
parameter (kt) results in an increase in the Nusselt number but a decrease in the Sherwood 

Figure 7. The effect of M on hðgÞ:

Figure 8. The effect of porosity constant k on hðgÞ:
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number. Conversely, an increase in the Cattaneo–Christov concentration parameter (kd) causes a slow 
decrease in the Nusselt number and a slight increase in the Sherwood number. Moreover, an increase 
in the thermal radiation parameter leads to a decrease in the Nusselt number and an increase in the 
Sherwood number. Finally, an increase in the thermophoresis parameter results in a modest decrease 

Figure 9. The effect of inertial coefficients Fr on hðgÞ:

Figure 10. The effect of kt on hðgÞ:
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in the Nusselt number and a significant decrease in the Sherwood number, where DNu and DSh show 
the absolute percentage change in the Nusselt and Sherwood numbers, respectively.

6.1. Velocity profile

An increment in the value of the magnetic parameter results a decline in the velocity profile and this 
phenomenon can be visulized from Figure 3. As the parameter M physically induces a resistive force 
in the conductive fluid that’s why in Figure 3, a drop in the fluid velocity is seen as a result of this 
produced resistive force. Similarly, as the value of Weissenberg number increases, a decline in the 
velocity profile is notable and this can be seen through Figure 4. The Weissenberg number, which 

Figure 11. The effect of Pr on hðgÞ:

Figure 12. The effect of Nt on hðgÞ:
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describes the relationship between the relaxation time and the time scale of fluid flow, states that as 
We increases, the relaxation period lengthens, allowing for greater flow resistance. As a result, the 
thickness of the associated boundary layer grows, causing the fluid’s velocity to decline. Figure 5
depicts that due to an increasing value of the inertial coefficient, the velcoity profile decreases and a 
similar phenomenon can be seen for the porosity parameter through Figure 6.

6.2. Temperature profile

Here, a thorough discussion on the impact of several dimensionless characteristics on the tem
perature profile has been conducted. In this comprehensive study, we have thoroughly examined 

Figure 13. The effect of Nb on hðgÞ:

Figure 14. The effect of Ec on hðgÞ:
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how various characteristics affect the temperature profile. A small increment in the magnetic 
number leads to a higher temperature distribution due to a resistive force created in the fluid’s 
flow direction (Figure 7). Additionally, as the porosity parameter increases, indicating more space 
in the material, the temperature profile also rises (Figure 8). A clear relationship is observed 
between the temperature profile and the inertial coefficient, with a higher inertial coefficient asso
ciated with a larger thermal boundary layer (Figure 9). Conversely, higher values of the 
Cattaneo–Christov temperature parameter result in a decrement in the temperature profile 
(Figure 10). Elevating the Prandtl number leads to a lower temperature field, reflecting a reduced 
rate of heat transmission (Figure 11). Furthermore, the temperature profile shows an increasing 
trend with a rise in the thermophoresis parameter, where nanoparticles move from hotter to 

Figure 15. The effect of N1 on hðgÞ:

Figure 16. The effect of Rd on hðgÞ:
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cooler regions, amplifying the overall temperature distribution (Figure 12). An increment in the 
Brownian motion parameter corresponds to an escalating temperature profile, because higher 
Brownian motion intensifies fluid motion and kinetic energy (Figure 13). Moreover, the tempera
ture distribution rises with an increase in the Eckert number, indicating heightened kinetic energy 
of fluid particles and an expanded thickness of the thermal boundary layer (Figure 14). The solu
tal stratification parameter N1 also effect the temperature profile, with an ascending trend 
depicted in Figure 15. The temperature profile rises concomitantly with the thermal radiation 
parameter, facilitating enhanced heat delivery to the fluid and increasing the temperature distri
bution hðgÞ (Figure 16).

Figure 17. The effect of N1 on gðgÞ:

Figure 18. The effect of Le on gðgÞ:
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6.3. Concentration profile

This section provides a brief overview of the behavior of the concentration profile subjected to a 
various dimensionless parameters. The concentration profile has been observed to respond to 
changes in distinct dimensionless parameters as summarized from the plotted graphs.

An upward variation in the solutal stratification parameter corresponds to a downward shift in 
the concentration profile, as depicted in Figure 17. This behavior highlights the influence of 
stratification in limiting solute diffusion, creating a more pronounced gradient within the bound
ary layer. Similarly, the concentration profile increases with the escalation of the Lewis number, 
as illustrated in Figure 18. The enhanced mass diffusivity relative to thermal diffusivity suggests 
more efficient solute diffusion compared to heat transfer.

Figure 19. The effect of Pr on gðgÞ:

Figure 20. The effect of Nt on gðgÞ:
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Elevated Prandtl numbers, on the other hand, lead to a decline in the concentration profile, as 
seen in Figure 19. Higher Prandtl numbers indicate dominant momentum diffusivity over ther
mal diffusivity, resulting in a thinner thermal boundary layer and reduced solute concentration. 
The behavior of the concentration profile responds inversely to the rising values of the thermo
phoresis parameter, displaying a decreasing pattern in Figure 20. The increase in the thermopho
resis parameter, which reflects the movement of particles in response to temperature gradients, 
suggests a stronger thermophoretic force driving particles away from the hot region, thereby low
ering the local solute concentration.

Likewise, an increase in the Brownian motion parameter results in a decrease in the concentra
tion profile, as observed in Figure 21. Brownian motion, indicative of particle diffusion due to 

Figure 21. The effect of Nb on gðgÞ:

Figure 22. The effect of kd on gðg).
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random thermal fluctuations, enhances mixing and reduces solute concentration gradients. Lastly, 
a decreasing trend in the concentration distribution is evident with an increment in the 
Cattaneo–Christov concentration parameter, kd, as depicted in Figure 22. This parameter 
accounts for relaxation time effects in concentration diffusion, and its increase suggests a delay in 
the diffusion process, resulting in lower solute concentration near the boundary.

6.4. Entropy analysis

This section discusses the impact of various non-dimentional parameters on the entropy gener
ation. The following points illsutrate the implications of different graphs presented in this section.

Figure 23. Entropy profile for higher value of Br.

Figure 24. The effect of M on NG:
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Figure 23 displays the impact of the Brinkman number on entropy generation. The Brinkman 
number attributes viscous heating to molecular absorption, leading to a reduction in the rate of 
heat transfer. The accumulation of a significant amount of heat within the layers of the non- 
Newtonian fluid is the primary contributor to the observed rise in entropy generation, indicating 
the role of viscous dissipation in enhancing thermal disorder within the fluid. In Figure 24, the 
gradual effect of the magnetic parameter on entropy generation is depicted. The entropy pro
duced in the system shows a direct correlation with the strength of the magnetic field, particularly 
away from the surface, with a slightly decreasing pattern observed in proximity to the surface. 
This suggests that the magnetic field’s influence on Lorentz force contributes to increased irrever
sibilities in the flow system, affecting the entropy generation distribution.

Figure 25. The effect of We on NG:

Figure 26. The effect of s1 on NG:
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The rate of entropy generation with respect to the Weissenberg number We is discussed in 
Figure 25. As the Weissenberg number rises, the entropy generation rate increases away from the 
surface and then shows a decreasing behavior near the surface. This indicates that elasticity in the 
fluid, characterized by the Weissenberg number, enhances entropy production due to increased 
molecular interactions and deformation rates. Furthermore, the entropy generation displays an 
increasing pattern when the value of the temperature difference parameter increases, as seen 
through Figures 26 and 27. Higher temperature differences amplify thermal gradients, thereby 
increasing the rate of heat transfer irreversibility and consequently the entropy generation.

Figure 27. The effect of s2 on NG:

Figure 28. The effect of L on NG:
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The entropy production also displays an increasing pattern as the diffusion parameter’s value 
increases, as shown in Figure 28. This reflects the effect of mass diffusion processes on entropy 
generation, where greater diffusion leads to higher mass transfer irreversibilities. Finally, Figures 
29 and 30 illustrate the effect of the Cattaneo-Christov double diffusion parameters on entropy 
generation. The increase in entropy generation with these parameters suggests that the relaxation 
times for heat and mass fluxes introduce delays in the diffusion processes. This behavior results 
in greater molecular disorder and irreversibilities in the system, enhancing the overall entropy 
production.

Figure 29. The effect of Xr on NG:

Figure 30. The effect of Xb on NG:
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7. Conclusion

This study examined the entropy generation in Williamson fluid flow over a stretching sheet, 
incorporating viscous dissipation, inclined magnetic field, and Cattaneo–Christov heat flux effects. 
Such insights advance understanding beyond previous studies, offering significant implications 
for diverse applications in solar engineering, polymer extrusion, electronic components, and bio
medicine. Numerical results are acquired through the shooting method. The numerical code is 
validated against existing literature, demonstrating strong agreement. Key physical parameters are 
elucidated graphically. Our findings highlight:

� The fluid velocity diminishes with elevated values of k, Fr, and We.
� The temperature profile rises with increasing N1, Nb, Nt, and Rd, but declines with greater kt 

and Pr.
� The concentration profile reduces with higher Nb, Le, and N1, but enhances with increas

ing Nt.
� Due to the ascending values of the relaxation time parameter c1, the values of Nux are 

increased while Shx is decreased.
� The Brinkman number reduces the heat transfer rate, leading to increased entropy generation 

within the fluid.
� Entropy generation initially rises with increasing Weissenberg number (We) and magnetic 

field parameter (M), but decreases near the surface.
� The lowest entropy generation values, NG, are observed for the magnetic field parameter M ¼

0:9 and for the Weissenberg number We ¼ 0:35:
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