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1 Introduction

Expressions of type

N
I @-z)J]e V) (1.1)

1<i<j<N

appear in several mathematical and physical contexts with § > 0 and some
external potential function V' : R — R. In the physical context, they appear
in Calogero-Mother-Sutherland models, which describe interacting particles on
the line. In these models, the term

I (@)

1<i<j<N

can be interpreted as the repulsion of the particles among themselves, and the

term
N

H e~V (@i)

i=1
is an external force that acts on all particles. The parameter 3 can be interpreted
as the inverse temperature. Therefore, the limit 8 — oo is known as the freezing
limit or the freezing regime.

In the mathematical context the eigenvalue density of certain random ma-

trix ensembles, such as the Gaussian ensemble, the Wishart ensemble and the
MANOVA ensemble, can be described with IAGZIO; Dei99; Meh04; [ Taol2]
as well.
For those three classical ensembles, the densities of the eigenvalues appear with
the factors 5 = 1,2, 4, depending on whether they are defined over the (screw-)
field of real, complex or quaternionic numbers. Furthermore, there exist tridi-
agonal matrix models for the Gaussian ensemble, the Wishart ensemble and the
the MANOVA ensemble |[DE02; [KN04|, where the density of the eigenvalues of
these matrices can be expressed by for any 5 > 0.

The main problem studied in this thesis is the behavior of densities involving
the term in the limit 8 — oo for general convex potentials V. This includes
the three classical ensembles, the S-Hermite ensemble, the S-Laguerre ensemble,
the -Jacobi ensemble and some of their edge cases.

Furthermore, for the classical cases, the behavior of these freezing regimes will
be studied when the numbers of particles N approaches infinity.
The thesis is organized as follows:

In the next section, some mathematical background is given. Classical ran-
dom matrix ensembles, such as the Gaussian ensemble, the Wishart ensemble
and the MANOVA ensemble, will be introduced. An important characteristic of
an random matrix is its set of eigenvalues. For the ensembles mentioned above,
the eigenvalues are the S-Hermite ensemble, the S-Laguerre ensemble and the
[B-Jacobi ensemble. Furthermore, results for tridiagonal matrix models for these
three classical cases are summarized.



In the third section, limit theorems for 3 — oo are derived. To do so,
the multivariate version of Laplace’s method is reformulated and extended into
a central limit theorem. This result is then applied to a certain class of (-
ensembles. This class contains the three classical ensembles and is associated
with orthogonal polynomials |[Chi78} |Sze75; Ism05|. Afterwards, the case where
the maximum of is obtained at a boundary point of the domain will be
treated. The classical version of Laplace’s method no longer works here. Thus,
an extension of Laplace’s method as introduced in |[Bre94}; [Foc54; FS61; Hsub1}
Won01| will be used, extended and rewritten to suit our stochastic point of view.
Depending on whether the gradient of at its maximum is zero or not, this
leads to different types of limit theorems. Those limit theorems are similar and
related to central limit theorems. One resulting limit distribution is the normal
distribution projected onto a subspace and the other is the direct product of a
normal distribution and an exponential distribution.

In the fourth section, the central limit theorems from section three are ap-
plied to the three classical ensembles: The S-Hermite ensemble, the S-Laguerre
ensemble and the -Jacobi ensemble. Additionally, some generalizations of the
Hermite and the Laguerre ensemble will be studied, where V(z) = 22 and
V(x) = x will be replaced with higher-order polynomials.

Moreover, the Laguerre ensemble depends on an additional parameter a@ > —1
besides 8, and the Jacobi ensemble depends on two additional parameters.
When these parameters approach the value —1, the position of the maximum
of approaches the boundary of its domain. In this setting, theorems for
boundary maxima from section three can be applied. This leads to (central)
limit theorems for the freezing regime of the edge cases of classical S-ensembles.

In the fifth section, which is based on the work [AV19]| and [HV21], covari-
ance matrices from the central limit theorems in section four will be analyzed.
Explicit formulas for the corresponding eigenvalues and eigenvectors will be de-
rived. The eigenvectors are expressed with the help of some discrete orthogonal
polynomials. These polynomials will turn out to be the de Boor-Saff dual poly-
nomials of the classical Hermite, Laguerre and Jacobi polynomials. This duality
will be summarized and then used to express the covariance matrices in terms
of the Hermite, Laguerre and Jacobi polynomials themselves, instead of their
dual polynomials.

In the sixth section, the limit behavior for N — oo in the freezing regime will

be analyzed. For random variables Xg y with the densities this is the limit
8 — oo and then N — co. With the formulas from section five, the limit N — oo
of on, N, the (N, N)-th entry of the covariance matrix, will be derived. For the
largest eigenvalue of the Hermite and Laguerre ensemble, methods of ordinary
differential equations are used to express the limit of o n as an integral over
the Airy function. Comparing these findings with the corresponding results in
|IDEO05; (GK22| leads to interesting integral identities for the Airy function.
The limit result for oy, is then restated as a limit theorem for the largest
component of for § — oo and then N — oo. Finally, for the smallest
eigenvalue of the Laguerre and Jacobi ensemble, similar results involving Bessel
functions and Whittaker functions are derived.



2 Preliminaries and background

2.1 Random matrices

A random matrix is a real, complex or sometime quaternionic matrix whose
entries are all random variables, or equivalently a random variable into the
space of real, complex or quaternionic matrices. Of special interest are the
space of n x n-dimensional Hermitian matrices

MH.(C)={AecCrm . A = A}

and the space of real symmetric matrices
Hn(R) = {A e R™" . AT = A}
When equipped with the scalar products
<A, B>y, c)= tr(AET)7 and < A, B >y, (r):= tr(ABT),

they become Hilbert spaces and together with the associated Borel o-algebra
they become measurable spaces. Furthermore they are real vector spaces with
. . n(n+1
dimg(H,(C)) = n? and dimg(H,(R)) = %
Unless otherwise stated, every density is always with respect to the Lebesgue

measure. The Lebesgue measure on H,,(C) and H,,(R) is the push-forward mea-
sure of the standard Lebesgue measure on R and R™™ under the canonical

isomorphism. Integration with respect to the Lebesgue measure will be de-
noted with dA. For details on random matrices, see for example the textbooks
[AGZ10} |Dei99; Meh04; Taol2] and references within.

2.1.1 Gaussian ensembles
Gaussian orthogonal ensemble (GOE)
Let (Xj;)ij=1,..n be independent, identically distributed (i.i.d) random vari-
ables with X7 ; ~ N(0,2). Then, the random matrix Z with
1
Zij =5 (Xij + Xji)
is called Gaussian orthogonal ensemble (GOE). Z is symmetric and has the
density
Cefétr(AQ)'

Here, C' > 0 is the normalization constant such that

C e 3 (AN g4 — 1,
Hn(R)



All entries in the upper right triangle of Z are independent. The distributions
on the diagonal are given by A(0,2) and those on the off-diagonal are given
by A (0,1). Now, the ordered eigenvalues of Z form an n-dimensional random
variable with values on

A={AeR": A\ <X <. <Ak (2.1)

They have the density function

n

e ] (Aj—Ai)He—%?. (2.2)

1<i<j<n i=1
Here, C5 > 0 is the normalization constant such that
n \2
CQ/ H ()\j—)\i>1_[€_T =1.
i=1

M<ici<n

The constants C, Cy can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the orthogonal ensemble and the unitary ensemble and
their eigenvalues for example [Dei99] Chapter 5.

Gaussian unitary ensemble (GUE)

Let (X[%)ij=1,..n, (X];)ij=1,..n be i.i.d random variables with X1 ; ~ N(0,2).
Consider the complex random variables

Xij =X +iX];.
Then, the random matrix Z with
Zij = % (X + Xj.)
is called Gaussian unitary ensemble (GUE). Z is hermitian and has the density
Ce—3tr(A%)

Here, C' > 0 is the normalization constant such that

c/ e 3t g4 = 1,
Hn(C)

Now, the ordered eigenvalues of Z form an n-dimensional random variable with
values in

They have the density function

o I o -a[[e ¥ (23)



with

The constants C, Cy can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the Gaussian unitary ensemble and its eigenvalues see for
example [AGZ10] Chapter 2, [Meh04] Chapter2/Chapter 3, [Dei99] Chapter 5

Orthogonal ensembles (OE) and unitary ensembles (UE)

The GOE and the GUE can be generalized as follows: Let @ be a polynomial
of even degree with a positive leading coefficient. A random symmetric matrix
with the density

Ce—tr(Q(4)

and C' > 0 such that

/ @A g4 — 1
Hn(R)

is called orthogonal ensemble (OF). Its ordered eigenvalues form a random vari-
able with values in A (2.1) and have the density

n

02 H ()\] - /\z) H GiQ(/\i) (24)

1<i<j<n i=1
with
n
OQ/ H (/\j — )\1) HBiQ(Ai) =1.
A<icj<n i=1
A random hermitian matrix with the density

Cae Q)
and C3 > 0 such that

o / QAN g4 — 1
H.(C)

is called unitary ensemble (UE). Its ordered eigenvalues form a random variable
with values in A (2.1) and have the density

04 H ()\] — )\2)2 H e_Q()‘i) (25)
1<i<j<n i=1
with

04/ H ()\J — )\1)2 ﬁe_Q(’\") =1.

Micici<n i=1



[-Hermite ensembles

For g = 1,2, the ordered eigenvalues of the Gaussian orthogonal ensemble and
the Gaussian uniform ensemble have values in

They have the densities

with Cj, such that

Cﬁ,n/ T o —/\i)ﬂﬁe_ﬁ
i=1

R™ 1<i<j<n

|
=

For arbitrary 8 > 0, random variables with the densities are also known
as [J-Hermite ensembles. It is known that the Gaussian symplectic ensemble
(GSE), a quaternionic analogy of the GOE and GUE, has eigenvalues with
densities according to with 8 = 4 |[Meh04]. For general 8 > 0, [DE02]
introduced a tridiagonal matrix model which has the 8-Hermite ensemble as
eigenvalues. It is defined as follows:

Tridiagonal Gaussian ensembles

For r > 0, consider a chi-squared distributed random variable with r degrees of
freedom. Then the root of such a random variable has the density

Denote the associated measure with y, and for 5 > 0let Y1,....Y,,, Z1,...., Z,n_1
be independent random variables with

Y, ~ N(0,2) forl=1,..,n
and Z; ~ xa1 fori=1,....,n—1.

Then the ordered eigenvalues of the symmetric random tridiagonal matrix

i Z
Z1 Y, Zo

are distributed according to the S-Hermite ensemble. For details see [DEO5].



2.1.2 Wishart ensembles
For m,ne Nwithm >nandi=1,...n,j=1,..,m, let X;; beiid. random

variables with X 1 ~ N(0,2). Then, the random matrix

)

X171 Xl,m Xl,l an

Xpi o Xom Xim o Xom

3 )

is called real Wishart ensemble. Z is symmetric and has the density

C det(A)“F ¢ 30,

Here, C > 0 is the normalisation constant such that

—n—1

o/ det(A) "= e 7 ga = 1.
H.n(R)

The ordered eigenvalues of Z form an n-dimensional random variable with values
in

Ap:={NER":0< N\ <X <. <\ )
They have the density

with
C, IT -2 Ve =1
Ao 1<i<j<n i=1

The constants C, Cy can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the Wishart ensemble and its eigenvalues see for example
[LNV18] Chapter 13.

S-Laguerre ensembles

For m > n € N and 8 = 1, the ordered eigenvalues of the real Wishart ensemble
have values in

AOZ{/\GRnAlgAggg)\n}
and have the density

B (ment1)—1 _ N
Comm [[ v XPT[rT "V e ® (2.7)

1<i<j<n i=1



with Cj3 p,n such that

Cg,m,n/ H (A _)‘i)ﬂH)‘f (m—n+1) 16_% _1

Ao 1<ici<n i=1

For arbitrary $ > 0, random variables with the densities are also known as
[B-Laguerre ensembles. It is known that complex and quaternionic analogies of
the real Wishart ensemble, the complex Wishart ensemble and the quaternion
Wishart ensembles have eigenvalues with densities according to with § =2
and § = 4. For general § > 0, [DE02] introduced a tridiagonal matrix model
which has the g-Hermite ensemble as eigenvalues. It is defined as follows:

Tridiagonal Wishart ensembles

For m > n and r > 0, consider a chi-squared distributed random variable with
r degrees of freedom. Then, the root of such a random variable has the density

1-z 2
277 | ==

xT e 2 .
I'(3)

Denote the associated measure with x, and let Y7,....Y,,, Z1, ..., Z,_1 be inde-
pendent random variables with

Y~ X(m-141)8 forl=1,...,n
and Z; ~ xgai fori=1,....,n—1.

Then the random matrix
Yn Yn anl
Zn-1 Yno1 Y, .
. . Z

Zy Yo O
Z1 Y Y,

is symmetric and tridiagonal, and the ordered eigenvalues of Lg are distributed
according to the S-Laguerre ensemble. For details see [DE02].

2.1.3 Real MANOVA ensembles

For mq1, mg,n € N with m; > n and mo > n, consider the random n x m; matrix
X, where all entries are independent and N (0, 2)-distributed, and the random
n X mo matrix Y, where all entries are independent and A(0, 2)-distributed.
Then, the random matrix

xxT +yy?



is symmetric and almost surely positive definite, and therefore the matrix
(XXT +yYT)~ 2
exists. The random matrix
Z:=(XXT+yY") i xXT(XXT +YYT)"2

is called the real MANOVA ensemble. Z is symmetric and has the density

7n2 n—1

C det(A) det(I A)

Here, C' > 0 is the normalization constant such that

C det(A) det(I A)
Hn(R)

—dA=1.
The ordered eigenvalues of Z form an n-dimensional random variable with values
in
A071 :{)\ER”OSMSS)\”SI}
It has the density

my—n—1

< | I H)\ 2 (1)

1<i<j<n

with
LS | g —n—1
02/ N=M [N 7 a=-xTr o =1
Ao 1<z<]<n i=1

The constants C, Cy can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the MANOVA ensemble and its eigenvalues see for example
Section 3.3 of [Mui82].

B-Jacobi ensemble

For my,mgo,n € N with my,mo > n and for g = 1, the ordered eigenvalues of
the real MANOVA ensemble take values in

Ao,lz{)\ERnOS)\lgg)\ngl}

and have the density

B i —nt1)—
Commims [ v = AP TAZ™ 7 1 — A 30m—ntD=1 (28)

1<i<j<n i=1



with C3.5,m,,m, such that

L By —nt1)—
Chonmy ms /A H (Aj _ )\i)ﬁ H)\iz( 1—n+1) 1(1 _ )\i)%(ml_n+1)—1d)\ -1
i=1

0,1 1<i<j<n

For arbitrary 8 > 0, and mj,ms > 0 random variables with the densities
are also known as (-Jacobi ensembles. It is known that the complex and
quaternionic analogies of the real MANOVA ensemble, the complex MANOVA
ensemble and the quarternion MANOVA ensemble, have eigenvalues with den-
sities according to with § =2 and § = 4. For 8 > 0, [KN04| introduced a
tridiagonal matrix model which has the S-Jacobi ensemble as eigenvalues. It is
defined as follows:

Tridiagonal MANOVA ensemble

Real-valued random variables are said to be beta-distributed with parameters
s,t > 0 if they have the densities

2178715 F(S + t)

()T (t) (1=2)" (1 +2)" Ly ().

Denote the associated measure with B(s,t). Let a = g(ml —-n+1)—1,b=
g(ml —n+1)—1,and for k =0,...,2n — 2 let X}, be distributed as follows:

Yon {B(Wﬂ+a+l,Wﬂ+b+l) for k even ,
B (=284 a+ b, 22=F=1p) for k odd .
Let X5,_1 = X_1 =0and for k=0,..,n — 1 define
Yipr = (1 — Xog—1)Xog — (1 + Xog—1) Xor—2
Zpr = \/(1 = Xop-1)(1 = X5) (1 + Xopp1).

Consider the random matrix

Yi Zi
VAR CRNA)

J,B = .. ..
Zn72 Ynfl anl
anl Yn

Then the ordered eigenvalues of the random matrix
1

are distributed according to the S-Jacobi ensemble. For details see [KNO04].
Note that the eigenvalues of 1(J + 2I,,) range from —2 to 2 and therefore their
distribution is not exactly as in . This can be adjusted by a simple linear
transformation.

10



3 Central limit theorems for S-matrix ensembles
in the freezing regime

In this section, we will derive a central limit theorem for general matrix f-
ensembles in the so-called freezing regime. The name originates from physical
contexts, where the parameter 5 can be interpreted as the inverse temperature.
To be consistent with other betas occurring later, we will however denote this
inverse temperature with the parameter k or k, while still calling these objects
[B-ensembles. We will postulate central limit theorems for different parametriza-
tions and edge cases of matrix S-ensembles.

3.1 Central limit theorems from Laplace’s method

In this subsection Laplace’s method will be rewritten and extended to a more
stochastic perspective. Therefore recall Laplace’s method:

Theorem 3.1 (Laplace’s method). Let Q C RN be a domain and ¢ € C?(1),
1 € CO(Q) with 1 > 0 such that for a z € Q it holds that

1. ¢ has a global mazimum at z = (21,...,2n) € Q
such that for every neighborhood V' of z it holds that

sup{o(z) : z € Q\ V} < max{¢(z) : € Q} = ¢(2),

2. ¢ has a negative definite Hessian Hy(z) in z,
3. Jq Y(x)ek*®de < 0o for all k> 1,

4. ¥(2) # 0.
Then

N

w(l‘)ew(m)dx N <2ﬂ'> 2 yh(z)eko=)
Q k

Vdet(—Hy(2))

Proof. The original proof goes back to Laplace [Sti86]. Other variants can be
found in, for example, [Hsub1| or [Foc54]. The proof for the particular version
stated above can be found in [Won0O1| Chapter IX, Section 5, Theorem 3 and
Chapter IX, Exercise 5 or in [Bre94| Theorem 41, together with Lemma 38. O

Laplace’s method is a theorem about the asymptotic behavior of integrals.
It will now be extended to a theorem about the convergence of random variables
which have the integrands as densities.

Theorem 3.2. Let Q C RN be a domain, ¢ € C3(Q) and ¢ € C°(Q) with
¥, ¢ > 0 such that

11



1. ¢ has a global mazimum at z = (z1,...,zn) €  such that for every neigh-
borhood V' of z it holds that

sup{o(z) : z € Q\ V} < max{g(z) : € Q} = ¢(2),

2. ¢ has a negative definite Hessian matriz Hy(2),
3. [q(x)p(x)rde < oo for all k> 1,
4 0(z) £ 0.
Then for random variables X with densities given by
fu(@) = cxtp(@) ()"

with normalization constants

it holds that
VE(X), — 2) = N(0,%)

weakly for k — oo. The covariance matriz ¥ is given by

B Hy(2)

1_ _ _ 9

% = H10g¢(2) (,ZS(Z) . (31)
Proof. The Lebesgue densities fi,(z) of Vk(Xj —z) satisfy fi,(x) = k_%fk(—jz—i—

z) and therefore

fulz) i = cxk™ %y <Z + %) ((b (z+ &))k
= ek %y <z + &) exp <klog ((;S(z n %))) (3.2)

on Vk(Q — z) and zero elsewhere.
We can now use a Taylor approximation of log(¢) around z:

log (¢ <z + &)) = log(6(2)) + %%THIOM(Z)% +R <5E> . (3.3)

where R denotes the remainder term of the Taylor approximation, which will
be estimated later. For now, it is sufficient to note that R (%) = O(k™ %) for
fixed values of z. Inserting the Taylor approximation ([3.3)) into (3.2]) gives

Fiolx) = cuk™2 0 (z + \;%) d(2)F exp (;xTHIOM(z)x + O(k-%)> . (34)

12



As ¢ € CY(Q) is continuous, it is obvious that ¥(z + %) converges pointwise to

Y(z) for k — co. To approximate the limit of ¢ = ([, ¥(z)p(x)") 1, we will

use Theorem (3.1 for the functions ¢ and ¢ = log (¢). The conditions (1),(2),(3)
and (4) carry over from ¢ to ¢. Therefore, we have

tim ek (o)t = YT Hoso(2)) (3.5)
koo ¥(z)(2m)=
We conclude from (3.5 and (3.4]) that for k¥ — oo,

7 det(—Hiog¢(2))2
fo@) = =0 0%

exp (~ 5" (Hg (2

pointwise. This is the density of the normal distribution N'(0, Hiog ¢(2)*). Now
let g € C.(RN). It remains to find an integrable upper bound for fi(z)g(x) to
show distributional convergence. As the support of g is compact, there exists an
M > 0 such that g(z) = 0 for z € RY with |z| > M. By the Lagrange estimate
of the remainder term of the Taylor approximation, there exists a 6 € [0,1] with

R (\%) - % alz_3 (&)aDalog¢<z+6’5E>.

Here the multi-index notation is used. For details, see for example 7.17 in [Ste24]
or similar Analysis textbooks. Because ¢ € C3(2) and ¢ € C°(Q), there exists
a C7 > 0 such that

|DYlog ¢(z +y)| < Cy and ¢(z +y) < Cy
for all y € [-M, M]™ N (2 — z) and for all & € N¥ with |a| = 3. Therefore we

have
’g(x)w (z + \%) exp (1%2 [logqﬁ;z + ;EZD ’

1 (03
< (ye[max N{g(y)}) C1 exp 8 Z M*Cy | <Cy (3.6)

— M, M|
|a|=3
for some C > 0, all k > 1 and all z € Vk(Q — 2). Furthermore, from (3.5) it
follows that
det(*Hlogfﬁ(Z))%
Y(z)(2m) %

for k sufficiently large. If we combine (3.3) , (3.6) and (3.7), we obtain the
integrable upper bound

ek~ T o(2)F <

+1=:C; (3.7)

9001 < CaCaep (o Hiog o) |

13



for k sufficiently large. Now we can conclude vague convergence by

lim gxkad;v:/ lim 1 _(@)g(x) fr(x)dx
fim [ @@= [l e @) fele)

B . det(—Hiog 4(2))? < _le_ 2)z | dx
_/RNg() (271-)% ep( 5 Hlogtb())d.

This also results in weak convergence because all measures are probability mea-
sures. O

Typically, a limit theorem of the form k(X — F(X:)) — N(0,%) is called
a central limit theorem. In Theorem the random variables are centered
around a given vector z instead of the expected value E(Xj). The following
corollary shows that it is still appropriate to call Theorem a central limit
theorem.

Corollary 3.3. Let ¢,1) € C* obey the assumptions of Theorem[3.3 Then it
holds that
VE(X), — E(Xy)) > N(0,5)

weakly for k — oo with a covariance matriz ¥ as in (3.1)).

Proof. Because of the identity
\/E(Xk — E(Xk)) = \/E(Xk - Z) - \/E(E(Xk) - Z)’

we only have to show that the deterministic sequence v/k(E(Xy ;) —z;) converges
to 0 for i = 1,..., N. We will therefore use higher-order terms of the asymptotic
expansion given in Theorem From |Won01] Chapter IX, Section 5, Theorem
3, we obtain

S OO .
/Q vla)o(e)de ~ 5 ((2) = +O(k >>

2

—Hiog (2))

for ¢, € C*. For ¢ = 1,..., N, the mapping z = (z1,...,on) + x; iS a an
element of C*°(Q), so the same holds true for = — x;¢(z). Therefore we have

| Jpml@)o@)ids
) = ooy s
2 (en¥ 2 v o)

det(—Hiog ¢ (2))

¢>(z%)’c ((QW)QVWZ) +O(k—1))

dEt(_Hlog ¢(z))

14



Note that in [Won01|, asymptotic expansions for integrals of the above struc-
ture were derived. To achieve this, it is canonical and necessary to assume
¥, ¢ € C*°. However, we only use the first and second term of this asymptotic
expansion introduced in [Won0O1|. It is likely that Corollary holds true for
weaker assumptions, such as ¢ € C? and ¢ € C, as well.

In the following, we will apply the above central limit theorem to a special
type of B-ensembles. Let I = (a,b) C R be an interval with —oo < a < b < 0.
Consider the functions V € C?(I) and ¢ € CY(I) with

V" >0 and ¢ > 0.
Furthermore assume that

lim V(z) = lim V(z) = oo

r—a r—b
if @ and b are finite, and
liminfM20>N, or liminfM20>N (3.8)
z——oc log(—x) z—oo log(z)
if a = —oco0 or b = oo, respectively. Under the above conditions, we can apply

Theorem [3:2] to the N-dimensional random variables X, with densities
N
e I (=) [T exp(=wV (@) (3.9)
1<i<j<N i=1

on Q= {recIV:x; <y <..<ay}and normalization constants
-1
N

o= | [T @ o [Tt exp (- @) de
Q1<i<j<N i=1

The result is as follows.

Theorem 3.4. For k > 1, consider the random variables X, with densities
given by (3.9), fulfilling the above conditions. Then, for k — oo, it holds that

VE(X, —2) = N(0,%)

weakly. Here, z = (z1,...,2n) is the unique maximum of (3.9) and X is given
by

S (i — 2) 2V (2) fori = j

(E7)i = (—Hiog(2))iy = {_ (zi — 2) "2 fori 3.

(3.10)
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Proof. We will use Theorem and will therefore show that all necessary con-
ditions hold. Consider the function

N
$):= [ (2—=) Hexp(*

1<i<j<N
One can see that
N
log(¢ Z log(x Z V()
1<j =1

is a strictly concave function: For 1 < i < j < N, the functions z — z;,2 —
—x; are concave functions. Clearly they are both convex and concave, but in
particular they are concave. Therefore the function x — log(z; — ;) is strictly
concave, if considered only in two variables. Therefore z — >, _ j log(z; — ;)
is a strictly concave function, and so is @ — log(¢(z)). The strict concavity
together with the boundary condition yields that log ¢ has a unique global
maximum, which implies conditions (1) and (2) of Theorem for log ¢.
This is equivalent to conditions (1) and (2) for ¢ because the logarithm is a
twice differentiable monotone function. The integrability condition (3) follows
from Equation . We will first show that ¢ itself is integrable. Because ¢
is positive and measurable (¢ is continuous), we can apply the Tonelli-Fubini
theorem and verify via integration by parts, see for example [K6n93| page 293.
To integrate ¢ with respect to z, note that

N
d@)= [ (@—=z)[[exp(=
=1

1§i<j<N
-1 N-1
= exp ( H (N — i) H (zj — ;) H exp (=V (i) .
i=1 1<i<j<N—1 i=1
Hence, it is sufficient to show that exp (—V (zy)) Hfi_ll(mN — x;) is integrable
with respect to x. Due to symmetry it is only necessary to consider one edge.

If b < oo, the integrability is obvious and if b = oo, (3.8) gives that there exists
an M > 0 such that

V(x) > clog(x)

for £ > M. Now an integrable upper bound can be given on the interval [M, oo)

by
N-1 e N— " N—-1 =
exp ( il;[lzjv z;) < 1;[ TN —21) H( xN).
Integration with respect to xy_1,Tn_32, ... follows by induction. O

16



Sometimes, a different parametrization can be useful. Therefore, in addition
to the assumptions of Theorem consider a monotonically increasing function
d € CY(I). We will consider the simple multivariate transformation, where
every component is transformed with the same function d. This means d(X}) =
(d(Xu1)s - d(Xun)), ie. d:RY — Risd:R — R applied component-wise.
The density of d(X}) is then given by

N

e TI @) —d @)y [[e)esn (- xV@ (@)  (311)

1<i<j<N i=1

on Q = {z € RN|d(a) < 71 < 22 < ... < zy < d(b)} with normalization
constants

N

ol = /Q H (d=Hw;) —d™ ()" H¢($z> exp ( — f@V(d_l(Jci)> dx.

1<i<j<N i=1

Now, by the Delta method of [Vaa98| Theorem 3.1, these transformed random
variables obey the following central limit theorem.

Theorem 3.5. For k > 1, consider the random variables X, with densities
giwen by (3.11), fulfilling the above conditions. Then, for k — oo, there is

VE(X,. — d(z)) = N(0, DSD),

weakly. Here, D = diag(d'(z1),....,d'(2n)) and z = (z1,...,2N) is the unique
mazimum of (3.9) from Theorem [3.4) Thus, d(z) = (d(z1),...,d(2n)) is the

unique mazimum of (3.11). Furthermore, X=1 is given as in (3.10), which
yields

N -2 -2 S

(DED)1) = Tt @)= 2) 2+ @) V() Jori =
W = () (2)(zi = 2)?) T fori # .

(3.12)

Proof. This is a direct application of Theorem 3.1 of [Vaa98| and Theorem

Note that to get 1) as above, ¥ (-) = ¢ (d(-))d’(-) > 0 has to be used in Theorem

as then the inverse function rule yields v (z;) = ¥(d~ 1 (x;))(d™) (z).
O

Central limit theorems in the freezing regimes of the three classical g-ensembles
(the Hermite ensemble, the Laguerre ensemble and the Jacobi ensembles) can
be derived with Theorem [3:4] For this,

I =Rand V(z) = 2?
must be selected for the Hermite ensemble,

I=(0,00) and V(z) = (o + 1) log(z)
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must be selected for the Laguerre ensemble, and
I=(-1,1)and V(z) = (o + 1) log(1 — z) + (B + 1) log(1 + x)

must be selected for the Jacobi ensemble. This is explained in more detail in
Section Bl

Each of these three ensembles is associated with a system of orthogonal polyno-
mials. It is therefore interesting to take a closer look at generalized S-ensembles
with a connection to orthogonal polynomials.

3.2 Freezing limits for [-ensembles associated with or-
thogonal polynomials

In this subsection, we will apply the above theorems to ensembles associated
with an orthogonal polynomials system. This will give us more information
about the location of the maximum.

Let I = (a,b) be an interval with —oo < @ < b < oco. Consider a function
v € C3((a,b)) and a probability measure p with the density given by e~v(*),
Assume that

lim e @ = lim e 7*(®) =0 (3.13)
r—a r—b
and
b
/ yhe "W dy < oo (3.14)

is finite for all n € N. Let {p,(z)}nen be the associated system of orthonormal
polynomials with respect to u, i.e

b
/ pn(:z:)pm(x)efv(x)d:c = Omn-
a
This system then satisfies the three-term equation

po(z) = 1,p1(x) = (x — bo)/a1
rpn(z) = an+1pn+1(x) + bppn(z) + anpp-1(z), n>1 (3-15)
for sequences (an)nen C (0,00) and (by)nen € R. For details see for example

[Ism05}; |Chi78} |SzeT5|. Furthermore, for n € N the functions A,,, B, which are
defined by

b, —

Az(ac) _ / v (:2_ . () 22 (y)e" Wy (3.16)
b, —

BZ(x) - / : (miy ) -1 ()W ay,
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satisfy

Pn(x) = =By (2)pn(2) + A (2)pn-1(2). (3.17)

For further details and proofs see [Ism05|, Chapter 3.2 ff.
Now consider the function

and assume that for all € I it holds that

v"(z) > 0 and % (v(m) v log(AN(a:))) = —Rly(z) > 0. (3.18)

Then the function

oayim T[ (wayp [ (3.19)

1<i<j<N

has a unique maximum in  := {z € (a,b)Y :a < 21 < 79 < ... < zy < b} at
z = (z1,..,2n). Here, z1 < ... < zy are the ordered zeros of py. The Hessian
Hyog ¢ is negative definite and given by

—2 leil,l;éi (20 —21) "> + Riy(z) fori = j

2(z — z;) 2 fori # j. (3.20)

(Hiog ¢)i,j = {

For further details and proofs, see Theorem 3.5.1 in [Ism05].

Thus, if we modify V from Theorem [3.4] to (v + log(An)), we get a central
limit theorem which is centered around the zeros z; < ... < zy of the N-th
orthogonal polynomial py. The result is as follows.

Theorem 3.6. Let p, (pn(T)),ens Vs Ans By Ry Sny 0,80, 2 be as described
above. In particular, v € C3(a,b), (3.13), (3.14) and (3.18) are fulfilled. Fur-
thermore, let 1 : Q@ — (0,00) and let X, be a random variable with the densities

fr(x) = cutp(z)p()"

on Q and normalization constants

Then
VE(X, —2) = N(0,%)

weakly for k — co. Furthermore, the inverse covariance matriz X1 is given by
57 = —Hiog 4(2),

with Hiog ¢(2) as in (3.20).
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Proof. For this proof, we will apply Theorem to the potential function

V(x) = % <U(x) +log (Agy)» .

Therefore, we need to show that all conditions hold for V. First, condition (3.18)
directly implies V" > 0. It remains to show the boundary condition (3.8]). Note
that there exists a C' > 0 such that for all = close to b, we have

AN(x)zCifb<ooandAN(a:)Z%ifb:oo

This holds because v’ is a monotonically increasing function due to (3.18)), and
for arbitrary a < wi; < ws < w3z < x < b we can estimate

An () _/b v'(z) —v'(y) o

—o(y) g
. pr—y pn(y)e Y

= / o L(y)pi(y)e’”(”)dy

wq =Yy
v'(ws) — v (w w2 —
> (w3) (w2) / pi(y)e (y)dy
Tr — Wi w1

bw1

£ =g >C forb—

T—w1 x 17

Y

{v (ws)—v' (w2) fu)z 2 _U(y)dy > C, for b < 0o
If b < oo, (3.13) gives that 0 = lim e~ *(®) = ¢7¥(®) and we can thus use the

z—b
lower bound for Ay to obtain

lim V() = lim % (v(x) +log <AZ(“””))> .

r—b r—b N

Therefore, lin%)e V(#) = 0. In the case where b = oo, the function y — y"e=*®)
T—

is monotonically decreasing for n € N and y sufficiently large because

"> 0 = v/ monotonically increasing,
v(z) = oo(x — o) = v'(y) > 0 for y > yo,
:>(y"e_”(y))’ ='W (n—yv'(y)) <0 for y > yo.

As f y"e "W dy converges, we have

— —v(x) _ (J,‘) >
0= ilg})x e = —00 = hn}) (nlog(x) — v(x)) :>hm1nf M e = n,
and thus
log ( AxLz)
lim inf (z) 00 = liminf Viz) = liminf v(z) ( )
a—b 1og(a:) z—b  log(w) z—b | 2log(z) 2log()
> liminf ((20) +1og(C) —log(x) ) _
a—b 2log(x)
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The boundary condition for x close to a can be shown similarly.
Hence, as all conditions are fulfilled, we can apply Theorem to Xg ~

w(x)qb(x)%"" with according density, with a potential

V(z) = % (v(az) +log (Azix))>.

#? still obtains its maximum at z and has the negative Hessian

1 1_
~Hiog(vp)(2) = =5 Hiog o) = 5%
Therefore, for kK — oo we have the weak convergence

—z) = N(0,2%)

:>\/> = —z) = N(0,%).

Replacing 5 by s concludes the proof.
O

As already mentioned, Section [3| contains various example applications of
Theorem [3.4] and Theorem [3.6] In particular, the three classical cases and gen-
eralizations thereof. Another important question is what the behavior is when
the maximum is assumed at the boundary. This is what the next subsection
deals with.

3.3 Limit theorems for the freezing regime at edge cases

In this subsection we will show similar limit theorems for the case that the
maximizing point z is located at the boundary of the domain. We differentiate
between two cases: the gradient at z is zero and the gradient at z is not zero.
We will start with the case where the gradient at z is zero. For this, we will
need an extension of Laplace’s method. Let [ € N with 0 < < N.

We will first consider the case where the maximum is located at 0 and the
domain is given by

Q:{xERN:xl >0,..,2; >0}
In this setting, Laplace’s method is as follows:

Theorem 3.7. For Q = {x € RN : 2y > 0,..,2; > 0}, let ¢ € C3(RVN),
Y € CORYN) such that

1. ¢ has a global mazimum at O such that for every neighborhood V' of O it
holds that

sup{p(z) : x € D\ V} <sup{o(z) : x € 2} = ¢(0),
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2. ¢ has a negative definite Hessian Hy(0),
3. [ ()b @ dr < oo for all k> 1,

4. ¥ >0 and ¥(0) # 0.
Then for k — oo it holds that

N

¥(0) ek#(0)

/Qz/;(x)e’“b(””)dx ~ % (T) i NSO

Proof. There are various proofs of the standard version of Laplace’s method,
see Theorem [3:I] Most of them can be extended to prove this theorem. For
I =1, see for example [Won01| (5.15). We will now sketch a modification of the
proof given in [Bre94|, Theorem 41.

Consider the function

i () o) )

Then, for k& — oo we have the pointwise convergence

hi(z) = ¥(0) exp (;xTHCﬁ(O)x) .

Furthermore, an integrable upper bound for h; can be given, as for example in
|Bre94], proof of Theorem 41, Equation (5.32). Note that there, a compactifica-
tion argument is used and crucial. The same applies here, however we will skip
it here for simplicity. Now, the transformation formula yields

K .
k9 (0) /Qw(x)e’”( )dx:/ghk(x)dxﬁw(o)/

1
exp (xTH¢(O)x> dx.
Q

2

Due to symmetry we have

1 1 o)z
/ exp (acTH¢(0)x) dx = —l&,
{21>0,....,2,>0} 2 2" \/det(—Hy(0))
which yields the claim. U

Similar to Theorem Laplace’s method can be used to proof a central
limit theorem. This will be the next theorem. Furthermore, the domain of inte-
gration is extended to arbitrary intersections of hyperplanes. Therefore consider
the following notations and conditions:

For ay,...,am € RY and by, ..., b, € R, define
Q:={zeRY :aTz+b, <0,..,alz+b, <0},

and let ¢ € CO(RY), ¢ € C3(RY) such that
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e ¢ has a global maximum at z € Q such that for every neighborhood V' of
z it holds that

sup{o(z) : z € Q\ V} <sup{od(z) : x € Q} = ¢(z),
e Thereis anl € {1,...,m} such that
alz+b;=0fori=1,..,1

aZ-Tz+bi<Ofori:l—|—1,...,m

® ai,..,a; are linearly independent,
e ¢ has a negative definite Hessian Hy(2),
o [oU(x)eb*@dy < oo for all k> 1.
Now, let X} be random variables with densities given by
fr(x) = cxip(x) exp (ko (x)) La(x)

on {2 and normalization constants
ol / () exp (ko(2)) da
Theorem 3.8. Under the above notations and conditions
VE(X) — 2)

converges weakly for k — oo to a random variable with a density given by

2l det 7xT 2z
H|| T t(G” o1 (2). (3.21)

Here, 0* ={z e RN : {2 <0,....,af 2 <0} and G = (ala;); j—1

Note that
Hy(0) := (Gr) "' M" Hy(2) MG *

is negative definite and symmetric, and

det( 0) 1275 (01
7§62 H¢(O) 1{m€RN:x120,..,leO}(z)

is the density of a normal distribution on the halfspace, quaterspace, etc., and
(3.21) is the density of the push-forward measure of this density under the
mapping = — M (Gr) la.
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Proof. Without loss of generality, it can be assumed that
[laill2=1fori=1,...,m.

Because aq, .., a; are linearly independent, one can find vectors ¢y, ..., cy—; which
form an orthonormal basis of

span(ay, ag, ..., a;)"

The idea is to now transform the problem into the setting of Theorem
Therefore consider the matrices M, G, Go € RV*V with

G 0 G 0
M = (a1,a2,..,a;,¢1,¢C2,...,cn—1),Gr = <0 IN—l> and Gy = (O O)'

Then
a?x S 07 1= 1, ,l
(Q-2)=(reRY ialo < —(aiz+b;), i=I1+1..,m,
%,_/
=:p;>0
T .
Ml(Q—z): xERN:aiMirgo, 1—17...71
T N
aj Mz <p;, i=1+1,...m
RN (Gox); <0, i=1,..,1
=4TEC : ,
al Mz < p;, i=1+1,...,m
G M—I(Q_Z) — = RN . (GO(GI)_lx)i SO, 7/: 1,...,l
' Al MG e <py, i=l+1.m
RN SCZSO, lil,,l
=4 € : ,
al M(Gr) 'z <p;, i=1+1,..,m
J%,SO, Zzl,,l
VEGIM T (Q—z) =z eRY: ) ’
al M(Gr) "'z < pVk, i=1+1,...m

and

Jm L re w102 () = L{perniz; <0,i=1,....1} (T).
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Now, for ¢(z) := (MG x4+ 2) and 9(z) := (MG x + 2), it follows that

&l = /Q (z) exp (k(a)) da
_ det M - -

B w x)exp k;¢ z)dz
det G J /i -1 (s (z) exp(ko(z))
det M ) ]

- 1/) X ) exp k¢ \dx
det & J{zern ai<0,i=0,...1) (z) exp(ke(z))
det M )

() exp(ko(x))d.

det G J{2erN i, <0, i=0,... .1 }\G1 M~ (Q—2)

From Theorem there is

|2

GO
det(—H(0))

~ ~ det M 1 (27
z)exp(ko(x))dxr ~ — ( >
/{IGRN:mSO,i_O,...,l} Vi) (ke(x)) detG 2! \ k

and
[
ek (0) /{xeRN:azigo,i=0,...,l}\G1M1(Q—z)

(z) exp(kg(x))dx
converges pointwise to 0, because

sup{p(z) 1z € Q\ G M~ — 2)} < ¢(0)
and an integrable upper bound is given by Corollary Thus there is

o1 deM L (%)N $(0)ek?)
e —_—_—
det G 2 k det(—Hq;(O))
The densities of the random variables

Xk = \/EG]Mﬁl(Xk — Z)

are given by
_N _ ~( x - x
Ck;k 2 det(GI 1) det(M)¢ (\/E> exp (kd) (\/E>) 1\/EG1M_1(Q—Z)(Z‘)' (322)
Like in the proof of Theorem [3.4] the Taylor expansion gives

~( x ~ 1 2T T
¢(\/E>_¢(O)+2 - Hd;(z)ﬁvLO(k‘).



Together with the above calculations, (3.22)) converges pointwise to

N

# (57 ) Vet H ) exp (5aTH0)e ) Lisemr,coimr,r (@) (329

This is the density of a normal distribution with mean 0 and covariance matrix

(—H(Z;(O))_1 restricted to {z € RN : ; < 0,5 = 1,...,1}. Now, as in the proof

of Theorem we can estimate the remainder part of the Taylor expansion to
conclude that vAG; M~ (X, — z) converges vaguely for k — oo to a random
variable Z whose density is given by . Again, as all measure involved are
probability measures, weak convergence follows. Therefore

MGTWVEGIM ™Y (X}, — 2) = VE(Xy — 2) = MG;'Z

weakly for k — oo. Now, because H(0) = (MGTHTHy(2)MG7!, the density
of MG;IZ is given by (3.21), as was to be shown. O

Next, we will consider the edge cases where the gradient at the maximum is
not zero. We again start with an extension of Laplace’s method, which can be
found in |Bre94] (Theorem 48).

Theorem 3.9. For m € N let ¢,g1,...,gm € C?*(RY) and ¢p € C°(RYN). The
functions g1, ..., gm define a compact set Q =N, {z € RN : g;(z) < 0}.
Assume that the following conditions are fulfilled:

a) The function ¢ achieves its global mazimum with respect to Q only at the
point z.

b) There is anl € {1,...,m} such that
gi(z) =0 fori=1,...1 and
9i(2) <0 fori=1+1,.,m.
¢) The gradients Vg;(z) with i = 1,..,1 are linearly independent.

d) The gradient V¢(z) has a unique representation in the form

l
Vo(z) = Z%‘Vgi(z)

with v; > 0 fori=1,... k.
e) The matriz H*(z) is reqular. Here
H*(2) = CT(2)H(2)C(2)

with
!

H(z) = Hy(z) = ) 7iHy, (2)

i=1
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and

C(z) = (c1(2),...,en—1(2)).

c1(2), ..., cn—1(2) form an orthonormal basis of the N —I-dimensional sub-
space of RN, which is orthogonal to the subspace span[Vgy(z), ..., Vgi(2)].

Then, the following asymptotic relation holds:

w(x)ek“b(‘"”) ~ (277)% ¥(2) ; RO =5 e,
Q Vdet G - |det H*(2)] ], i

Here G = ((Vgi(2))" - Vg;(2))ij=1...0-

We can now formulate a limit theorem for this edge case. The idea is to
transform the random variable into directions where the gradient is zero and
directions where the gradient is not zero. The scaling is then dependent on the
direction. Unlike in Theorem the transformation cannot be inverted after
scaling. The resulting limit theorem looks somewhat similar to a central limit
theorem, but the limit distribution is not a normal distribution. Consider the
following notations and conditions:

For ay,...,am € RY and by, ..., b, € R, define
Q:={zeRY :alz+b,<0,...,alz+b, <0},
and let ¢ € CO(RY),¢ € C3(RY) such that

® 9|0, Yo > 0 and ¢ achieves its global maximum with respect to {2 only at
the point z € 99Q.

e There is an ! € {1,...,m} such that

a;fpz—l—bi:()fori: 1,...,1
al z4+b; <0fori=1+1,..,m.

® ay,..,a; are linearly independent. The gradient V¢(z) has a unique rep-
resentation of the form

l
Vé(z) =D via
i=1

with v >0 fori=1,..., L.
e The matrix H*(z) is negative definite. Here

H*(2) = CTHy(2)C
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with
C = (Cl, ...,CN,Z).
C1,...,cn—; form an orthonormal basis of the subspace of RN, which is or-
thogonal to the subspace span(ay, ..., a;).
o Jot(z)eb* @ dr < oo for all k > 1.

Furthermore, let K = diag(k, .., k, vk, .., Vk), where k appears [ times and vk
appears N —[ times. Consider the random variables X}, with the densities given
by

fi(@) = e (z) exp (ko(z)) 1a(z),
normalization constants
L= /Qw(m exp (ko (x)) da
and

M = (Aa C) = (alaa2>-~aal;61;027"',cN—l),
G 0
G = (af aj)ij=1,..1,G1 = (O IN—l) .

Theorem 3.10. With the notations and conditions above, the random variable
KGiM~Y (X — 2) converges weakly for k — oo to a random variable with a
distribution given by the density

l
(H ||ai|§w> exp (1, 1) ) )
Videt H ()] (;x;lH*(z)le> 1o (z)

N—1

(2m) 5

where Q* = {z € RN 1 21 < 0,...,2; <0} and x = (z],2y_)T € RE xRN =
RN

Proof. Without loss of generality, it can be assumed that

[lailla =1fori=1,..,m.

Like in the proof of Theorem [3.8, we can see that

x; <0, i=1,..1 }

KGIM™*(Q—2)=xeRY:
! ( ) { aZTM(Gl)flxgp,;\/E, i=1l+1,....m
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where p; == —(a;z+b;) >0fori=1+1,....,m.
Now write z = (z},Zy_;)T € R x RN ~! = RN and define

o(x) :== p(MG7 x + 2) and P(z) := (MG 'z + 2).
Then

GIM (X}, —2) ~ ck%d}(@ exp(k(ﬁ(;v))l(;IM—l(Q_z)(m)

and the Taylor expansion

() = 3(0) + 27V H(0) + %xTHd;(O)z +0(1)

8(2) +2 (MG TVo(z) + 5o (MGT) T Hy() MGy +0(1)

!
1
=¢(z)+ 2" Z%GI_lMTai + §xT(MGI_1)TH¢(z)MGI_1x +0(1)
i=1

= ¢(2) +0(1)

l
1
+a' ) vei + i(AG‘le‘ +CZn_) " Hy(2)(AG™ 2} 4+ CZn_y)
=1
= ¢(2) + O(1)
1
+ (s esm) - 2) T + 5 (AG e} + Cin_1) Hy(2)(AG 2} + Cin_y)

holds. Here, O(1) is locally uniform in = for k¥ — co. Thus, it follows that the
density of KG M~ (X} — 2) is given by

det M _~nti -~
o'k O ) exp (K6() + () - 27) )

- exp (;i;_ZCTHqg(Z)CJEN_l + O(\/E))

on KGrM~1(Q — 2). From Theorem [3.9 we know that

1 /detG-[det H* () Tlicy % (o) 22
C ~ N1 € b
(27{-)7 QZ)(Z)

Therefore, as k — oo, the density of KGrM~1(X} — z) converges locally uni-
formly to

l
i=1 Vi " N 1_ N
(1;[71_)}\7211 |detH (Z)|exp (((717"‘7’71) 'xl)T + ixN,lH (Z)SIJNl)

= li[%‘ exp (((71, ) 'x?‘)T) Mexp <1 o

—z H*(2)xn—1 | .-
2n) 5N ()Nz)
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As before, local uniform convergence and the fact that all measures involved are
probability measures together yield weak convergence. O
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4 The freezing regimes of classical matrix models
and other examples

In this section, we will apply the limit theorems from the previous section to
three classical matrix ensembles: The Hermite, the Laguerre and the Jacobi
ensemble. Furthermore, we will investigate related ensembles and their so-called
edge cases.

4.1 Freezing regime of S-Hermite ensembles

Let (Hp)nen be the Hermite polynomials orthonormalized with respect to the
measure with the density T e 2, and let zy = (z1,N, -.-, 2N, N) be the vector
of the ordered zeros of Hy with z; v < ... < znN.

xT

Theorem 4.1 (Dumitriu, Edelmann(2005),Voit(2019)).
Let X,. be N-dimensional random variables with the densities

_Eg2
Cr H (zj — ) [ [e 2%
1<i<j<N i=1

onQ:={reR:x; <xs <...<zpy} with

Then
VE(X. —V2zy) = N(0,%)

weakly for k — oo.
Here, the entries of the covariance matriz 3 = (Ew-)i 1. 0re given by

l]igl le(zi,N)ﬁzZ(zj,N) + 25162 -Hl+1(zi,N)-Hl(Zi,N)ﬁl+1(Zj,N)Ij.’l(Zj’N)

ot HR (zin) - oyt HE (2.n)

(4.1)
Moreover, the entries of the inverse covariance matriz X~ are given by
_ 1+ (2zi,N — 2I,N =2 for i=4j
(271 = g 2N T B Sor (1.2
—(zi.8 = 2N) for i#j.

Using their tridiagonal S-matrix model in [DE02|, Dumitriu and Edelman
derived this limit theorem together with formula for the covariance matrix.
For details, see Theorem 3.1 in [DEO05| Furthermore, in [Voil9], this limit theo-
rem was proven in Theorem 2.2. A different method, which can be generalized
to Theorem and Theorem was used. Furthermore, it is a special case of
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Theorem with v(z) = ””—22 In this case, the orthonormal polynomials are the
orthonormal Hermite polynomials and, up to scaling, given by Z%I;Tm (a:2_%) for
m € N, z € R. This means that the vector of ordered zeros is v/2zy. Here
A’y (z) = 0, which means that R}y (z; n) = 1 so that the inverse covariance
matrix matches the one given in for v(z) = “"—; The fact that
A’y (z) = 0 can easily be seen in Definition or in [Ism05| (3.4.13)-(3.4.14).

4.2 Freezing regime of -ensembles associated with Freud
weights

In this subsection we will take a look at the so-called Freud weights studied in
[Fre76]. Here, for m > 0, we have the weight function

w(z) = Ce~l*I"

with C' > 0 fitting such that [, w(z)dz = 1. In the following, we will consider

the case where % € N. For m = 2 we have w(z) = ﬁe‘“z and the situation
is, up to scaling, as in Theorem [4.1] Before we turn to the case for arbitrary m,

we take a look at another case, namely m = 4. Here we have

4
67I

w(xr) = ——~.
(z) 2I'(5/4)
The aim is to apply Theorem [3.6] here. Therefore, we will look at the functions
and conditions occurring there. The polynomials (p,)nen, orthonormal with
respect to w, obey the three-term recurrence relation

wpn(x) = an+1pn+1(x) + anpnfl(l')'

We have v(z) = z* and v'(z) = 423. To get An(x), we follow [[sm05| p. 57.
We have

23—y
—1 [ = ()l
R £—VY

4 / (22 + 2y + 12) (on (9)) 2w(y)dy
R

=a® + /R (ypn () *w(y)dy
:x2+a?\,+1 +a?v.

Therefore, in this case

N
v )2 exp(—v(z;))an
H (@ = ;) ]';[1 Ay (z;)

1<i<j<N
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becomes

N 71€m4

H 2n H + aN n aNJrl) (43)

1<i<j<N 1:1

Again, denote the zeros of py by 2y = (21,n,...,28,n5). Then we can apply
Theorem [3.6] to get the following central limit theorem:

Theorem 4.2. Fiz a sufficiently large N € N and let X,; be the N -dimensional
random variables with densities

1<i<j<N i=1 i Nt a§v+1
onQ:={zeR:xz; <xzy <..<zny} with
)2 e
/Q H (@2 + a2 + a2 )" de.

1<1<]<N =1

Then
VE(X, —zn) = N(0,%)

weakly for k — oco. Here the covariance matrix ¥ is given by

2 2 2
_92 2 ayt+ayi1—% N .
(271)” — 2Zz¢i(2i,N —2N) 77+ 1227 y + 2—(a?v+a?v:11+z?,zv)2 for i=j
—2(z; N — ,ZJ-J\/)*2 for i #j.

(4.4)
Proof. The goal is to apply Theorem for v(x) = 2* and hence
ot

N
o) = H -_xZQH ac +aN+aN+1)

1§i<j§N i=1

and ¥ (x) = 1. Thus we have to show that all conditions are fulfilled. The only

non-trivial condition is that -2 (v(x) + log(An(z))) is positive. We have

dz?

—Ry(z) = ﬁ (v(x) +log(An(x))) = 1222 + 2 ay +ay, — 27 '
dz? (aN+aN+1_|_x )2

For z € [f\/a%\, + a3 44, \/a?v + a% ], we obviously have — R/ (x) > 0 and for
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T d [—\/a?\, + a3, \/a%, + a3, we can estimate

x2 a% +a¥
—Riy(z) = 122% - +1
R S A CRR a B
> 122° — zx—gu >0
4(a + aN+1)
1 1
S12> —— & g2 2 >\ —.
~ 4(a} + aRryq)? ON t N 2 48

The latter can be assumed to be true because for large N, [Fre76| gives that

N NOING)
Nooo Ni r4) °

Hence it follows that ay = O(N#) and thus a3 +a% 1 = /15 for N sufficiently
large. O

Remark 4.3.

e Note that Theorem [£.2] may be correct for all N € N, meaning that the
condition that N has to be large may be obsolete.

e In [Voil9; HV21] Selberg’s integral formula and related formulas were used
to calculate

ﬂ
lim ( e /
k—o00 \ 277 Q

det(X)

)

1<z<]<N =1

and derive a formula for the determinant of . It is an interesting question
whether this is also possible for (4.4).

Next, we will consider a polynomial 7,,(z) = > - cka® of degree m with
nonnegative coefficients ¢ > 0 and a weight function

w(z) = Ce~mm ),

Here C' > 0 is chosen such that fR x)dx = 1. The aim is to apply Theorem
[B:6] Therefore, we will look at the functlons and conditions occurring there. For
Tm(r) = 2% and 7,,,(x) = 2*, the situation is similar to that in Theorem [4.1|and
Theorem [£.2] Therefore, the resulting theorem can be seen as a generalization
of these two. Furthermore, up to the factor AN An(z) , this density is similar to the
density of the eigenvalues of the orthogonal ensemble and the unitary ensemble

an
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Because w is symmetric, the polynomials (p,)nen, orthonormal with respect to
w, obey the three-term recurrence relation

xpn(x) = an+1pn+1(x) + anpnfl(x)
It holds that

v(x) = chm and v’ ( Z (k+ Depy N sAans

To get An(z), we proceed as in the proof of Theorem Note that Exercise
3.1 in [Ism05| also addresses this idea. It holds that

An(z) / v'(z) —v'(y) 2
= = & w(y)d
. Ty (pn () w(y)dy

m—1 p2k+1 y2k+1 5

= 3 2+ Do [ = o ) Pty
k=0 Y
m—1

=37 20k + Dewnr / >y (ox () w(y)dy
k=0 Ri=0
m—1

_ ( (k + 1) cmZ( / 200 (y))2w(y)dy)>
k=0

= Sm—l(CCZ)

Therefore,
exp(—v(z;))an
H (.’IJ QH—
1<i<j<N =1 AN( )
becomes
N m‘m(L )
[I @2l —amr
1§vt<j§N =1 (sm-1(@?)

It is not easy to show that x + 7, (2?) + log s,,—1(2?) is a convex function.
There may even be some counterexamples. Therefore we will assume convexity,
i.e. for all z € R assume that

rm(x) +10g Spm—1(x) > 0. (4.5)

Again, denote the zeros of py by zxy = (z1,n,...,2n,n). Now we can apply
Theorem for v(x) = r,,(2%) and ¥(x) = 1 and get the following result:

35



Theorem 4.4. Under the conditions mentioned above, let X, be the
N-dimensional random variables with densities

—mm(m )
e [ (zj—w) H e
1<i<j<N i=1 "M i?
onQ:i={reR:x; <y <...<zpy} with
N K (235)
—1 2K € "
c. = T T dz
K /Q ( J l) H (Sm—l(sz»H

Then
\/E(XK — ZN) — ./\/(0, E)

1

weakly for k — oo. Here, the inverse covariance matriz (E i ) izl N s given
by , )
2, & 2 2
22(22-,1\[ —2,N) T+ pe (rm(2?) + log(sm—1(z%))) for i=j,
I#1 Yy T=2i N
—2(zi,n — 2j,N) 7 Jor i #j.

4.3 Freezing regime of p-Laguerre ensembles and their
edge case

In this section, let (f/%a))neN be the Laguerre Polynomials for & > —1, orthonor-

malized with respect to ﬁe’wxal[o o) (z) and with zg\?) = (zio}z,,. oy zg\?)N)

the vector of ordered zeros zﬁz, <. < zj(\?)N For a detailed description of the

Laguerre polynomials, see for example [Chi78; Ism05; [Sze75]. The vector zj(\?)

is the unique global maximum of the function

N
T2 Z log(a:j — JJZ) + Z ((a =+ 1) log(xz) — xi)l{xeRN:()leSmeN}(a:).
1<i<j<N i=1

Therefore, the gradient of this function is zero at ZJ(\?), which leads to the identity

a+1
2§ T =1- (4.6)
1=1 Zi zN
l#1

Theorem 4.5 (Dumitriu, Edelmann(2005),Voit(2019)). For a > —1, let X,; be
N -dimensional random wvariables with a the densities

N
2K (a+D)k—1 —g;
Cra H (x; — ;) qu e
i=1

1<i<j<N
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on Q={0<xz <..<zn} with ¢y given by

N
-1 ._ 2K (a+1)r—1 —g;
Cror i = / H (xj — ;) Hzi e i,
Q i=1

1<i<j<N
Then

- z](\?)) = N(0,%)
weakly for k — oco. The inverse covariance matrix E]_Vl s given by

(@) (@)y—2 atl S

2 (220 — =

(Z]_Vl)i,j = Zz;m(%N ZZ,N()) + ((Z%TX]\)])Q Jor i=j (47)
_Q(Zi,ozlv - zj:);\,)_2 for i3

Proof. Using their tridiagonal S-matrix model in [DE02], Dumitriu and Edel-
man derived this limit theorem together with a rather complicated formula for
the covariance matrix, see Theorem 4.1 in [DE05|. Furthermore, it is a special
case of Theorem and Theorem If one chooses the weight function

1
Tlat+1)©

-, .

w(x) = x

of the Laguerre polynomials, then, following [Ism05| (3.3.2), we obtain the fol-
lowing equations:

v(z) =z — alog(x),

An(z) 1
ay oz
11_\/[ e~ @) g ﬁ (a+1) g,
—— =] = e ",
i Av(@)
d? An(x a+1
RN('Z’L,N) ﬁ (_’U(‘T) — log ( alf] >)> B = (Zi N)Q.

Theorem [4.5]can be transformed using the Delta method of [Vaa98] Theorem
3.1, compare Theorem above with d(z) = v/x. The result is as follows:

Theorem 4.6 (Voit(2019),Dumitriu, Edelmann(2005)). For a > —1, let X,; be
N -dimensional random wvariables with the densities

N

~ 2 2\2k 2(a+1)k —gz?

Cr,a H (xj - xz) Hxi e
1<i<j<N i=1
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on Q={0<xz <..<zn} with ¢y given by

N
~—1 . 2 2\2k 2(a+1)k  —g2
b= [ T1 @ e Later e,
Q

1<i<j<N i=1
and define r% = (r{, rg, ..., r%) == (\/zf;z[, ey ZE\%\,) Then

vr (iﬁ - r;vv> N0, 5)

i distribution for kK — oco. The inverse covariance matrix E]_Vl is given by

82%) s 4% or i=j
LN i o —? + = I J

(@) (@ (4.8)

Zi N?j N f . .
—O @ (a3 or i #j.
B
(@) ()
z Ntz 1 . .
45, —N LN gatl 4 9 for i=3j
P an)? A

= () (@) (4.9)

z

S8 VILNTN o £

(N —75n)?

(Sn)i =

A direct proof can be found in Theorem 3.3 of [Voil9]. Alternatively, it can
be obtained using the Delta method from [Vaa98| Theorem 3.1. Therefore, we
apply Theorem for

v(z) = x — alog(x),
Viz) = % <U(JL‘) + log (
and d(z) = v/x.

Note that if Theorem [3.5 is used as described above, the inverse covariance
matrix from transforms into , and the matrix in is in accordance
with the corresponding matrix in Theorem 3.3 of [Voil9|. The central limit
theorem there is scaled by a factor of % and therefore the inverse covariance

matrix is scaled by a factor of 2. The two matrices (4.8)) and (4.9) look different,
4.6)

AN (x)
an

>) :%(z— (a+1)log(x)),

but are identical. To see this identity, Equation ( gives
< 1 a+1
— o' ()Y =
2> o w = VEN) =1
1=1 %N ~ AN N
I#i
which has to be used to simplify
(@) (a)\o _ ~i,N (@) (o (@) ()
=1 (21(3\)7 - 21(7(2)2 =1 (Zz(j(\)/ - 21(7(7\;)2 =1 Zz(,olt\)[ - 25(7013
I#i I#i I#i
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Afterwards, the equality of both matrices (4.8) and (4.9) is obvious.

If one considers the limit case a = —1, the situation for the Laguerre ensem-
ble given by

N

2% (a+1)k—1 g,

Cra H (xj — ;) sz e T
1<i<j<N i=1

as in Theorem is different from that for the "squared" Laguerre ensemble
given by

N
=~ 2 212k 2(a+1l)k —z?
P I R | B ¢
1<i<j<N i=1

as in Theorem [4.6] For the latter, compare [Voil9| Section 5, or Corollary 5.5
in [Voil9]. The situation here is as follows:

Theorem 4.7 (Voit(2019)). Let X, be N-dimensional random variables with
the densities

1 J] @ =2 [[e™

onQ={0<2z <..<zxy} and let

1 1 1
r:=(ry,.,ry) = (0, zij)\,_l, zé,])\,_l,..., \/zj(\,)_l,N_l).

Then

converges in distribution for k — oo to the "one-sided normal distribution”,
which is given by the density

2
(2m) ¥ det(—H(r) 1)

e%xTH(r)xl{zeRN:wlzo} (CL‘),

where H(r) is the Hessian of © QZngjgNlog(:E? —2?) — Zfil x? at the
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point x =1, i.e

r24r2 . .
i GitE £2 Jor i=
8oy for i#

N ey (1)
4 Z ZiZ1N—1 T 251 N—1
(2 (1 _,M )2 .
1=2,1#1 lel I-1,N—1 for 2§sz
+2 4 B
— i—1,N—1
e )
-8 (1)11N1]1N12 for i#jandi,j > 2,
(z;~ 1N 1 ZJ 1N 1)
2+4Zl:1 for i=5=1
zl,N—l
0 for i£jandi=1o0rj=1.

Proof. This theorem can be found (up to scaling) in Corollary 5.3 of [Voil9).
Note that the central limit theorem there is scaled by a factor of v/2. Further-
more, after the rescaling ﬁg, we have a situation similar to that in Theorem
Here we have I =1, m = N and

o(x) =2 Z logx—m waw

1<i<j<N

a1 =0—e1,a0 =€1 —e€2,a3 = €1 — €3,...,AN = EN_1 — €N,
by =by = ... — by =0,
Q= {z eRY :2; >0}.

Furthermore, r is the unique global maximum of ¢, because ¢ is monotonically
decreasing in ;7 and the maximum of

N
(z2,..c,xn) —= &(0,29,...,xN) =2 Z log(x? —a?) - Z(mf — 4log(x;))
i=2

2<i<j<N

is given by <\/z1 N1 \/zélj)\, Lreees \/Z](\})—I,N—1>' ¢ is a concave function be-

cause the Hessian is negative definite at every point. Thus, the first condition

of Theorem [3.8]is also fulfilled. Then, Theorem [3.8 yields the claim. U
Now we turn to the edge case a = —1 for Laguerre ensembles with densities
given by

N
K at+1)k—1 —g;
Ck,a H (.’173 - -Ti)2 ng ) e’ s (410)
i=1

1<i<j<N

as in Theorem [£.5] Here the gradient at the maxnnum is not zero and we
will apply Theorem Note that the term HZ 1 f causes some technical
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problems For o > —1 in Theorem this was irrelevant because for ¢(z) =

va 1 7> it held that +(z) # 0. This is no longer the case here. Therefore we
will 1nvest1gate

N
K atl),k —z;
Cra H (zj — x:)? Harg )Re (4.11)
i=1

1<i<j<N

with ¢, o > 0 accordingly instead. Note that it is very likely that the behavior
for and is the same. There are several results which extend the
classical version of Laplace’s method to the case where ¥(z) = 0, see for example
[FS61}; Bre94]. Similar results are available for boundary maxima. Those can be
used to extend Theorem and apply it to (£.10). An example with similar
behavior are the Beta-Cauchy ensembles. For details see [Voi22|. For ,
however, the situation is as follows:

Theorem 4.8. Let X,, = (X}, .., XY) be N-dimensional random variables with
the densities

N
Cro—1 H (x; — z;)%" He_’”.
1<i<j<N i=1
on Q={0<z; <..<zn} and let zj(v_l) = (O,ZS])V , élj)v 1,...,25\})_171\,_1).

Then

x! x2  xV X2 XV _
f((f n,:> — 2 1>> = (X;\/% ﬁz) — VR

converges in distribution for kK — oo to a measure whose density is given by

| det H*(2)] 1 . T
We){p (Q(xz,...,xN)H (2)(x2,y ooy N) >1{m1>0}($).

exp (—71331)

Here, v 1= (22] 2, —|—1) and H*(z) = (H¢,( )i, )U o N Us given by

.....

the submatriz of the Hessmn of p(x) =23 i jen log(zj — i) — Zil Xy, Qe

(1 1 _ . .
22[11;&1(1,)—1 Zl(]\)] 1) 2++ fOT’ 1=

2
ORI} S o
*Q(Zi,N—1 Zj,N— 1) for i # .

Proof. This theorem is an application of Theorem [3.10] for the rescaled variables

% with the densities

(=H"(2))ij =

N

C H — ;) H e "Tilg(x)

1<Z<]<N =1

41



and C > 0 fitting. Here, we have [ =1, m = N and

o(z) =2 Z log(z; — x;) sz,’L/}

1<i<j<N
a1 =0—ej,a3 =€1 —e€2,a3 =€1 —€3,...,aN = EN_1 — EN,
by=by=..=by =0,
M = (_ela €2,y .ny eN)v GI = IN; K= dlag(ka \/Ea \/Ea teey \/E)7
—1
2= (2 ( ))T7

<1+2Z o ) (1,0,0...,0)7 = yya4,

=2 zN 1
Q= {zeRY :2; >0}.

Vo(z)

Therefore it follows that KG;M ™'z = Kz = /z and KGM™! (%)T =

NN\NT
( XY )}, . )\(/z . Furthermore, z € 02, and ¢ attains its global maxi-
mum on {2 in z. This holds true because ¢ is monotonically decreasing in x;

and the only maximum of ¢ : R¥N~1 = R,

N
G2, ) 1= G0, 29, wn) =2 > log(z; —x) + Y _(2log(w:) — i)
2<i<j<N i—2

is given by (Z:(Llj)v 1 zélz)v s ooy z](\})fl,Nfl). 6 is a strictly concave function and

hence H*(z) is negative definite. Thus, all conditions of Theorem are ful-
filled. This, together with applying the function (z1,...,zx5) — (=21, Z2...,zN)
on both sides, yields the claim. O

4.4 Freezing regime of [-ensembles that generalize La-
guerre ensembles

Similar to Theorem [{.4] we can extend the Laguerre ensembles by considering
higher polynomial degrees in the weight function. For the Interval I = (0, c0),
consider a polynomial 7, of degree m € N, some a > 0, and C > 0 fitting such
that [, w(x)dz =1 for the weight functlon

w(z) = Ce (@) g, (4.12)

We will first take a look at the case 7,,(x) = 22. The aim is to apply Theorem
[3-6 here. Therefore, we will look at the functions and conditions occurring there.
The weight function becomes



and the associated orthonormal polynomials obey the three-term recurrence
relation

TPn (Jf) = a)n-l—lpn-&-l(x) + bnpn (x) + anpn—l(x)-
Thus, we have v(z) = z? — alog(z) and v'(x) = 22 — 2. To get Ay(z), we can
proceed as in the Laguerre case, see [Ism05|, Subsection 3.3. We have

A](;[Jf]!E) _ /000 U’(.’L‘; : ;’(y) (PN(y))2w(y)dy
“uwogoyeg
:/0 vy (pn (1)) w(y)dy
a 2

Furthermore, using integration by parts and orthogonality, we get

/ooo(PN(y))Qe‘yzy“‘ldy

« o0

<

B /°° %((I’N(y))%_y2)’dy

0 0

2 o 1 [ _? a
2y(pn (y))e ¥y dy — E/ 20y (y)pN (y)e ™y dy
0

I
R |
=
z
S
=

S~
8

3

2
(an+1pN+1(y) + bnpn(y) + anpy-1(y))pn (v)e ™ ydy

0
(*35)
2

—

Dl 20 Q|

bn.

Overall, we have

Agl(f) —924 ;bN = @ (4.13)
Therefore,
)2 exp(—v(z;))an
1§i1;][§N(x ) zl_[l An (i)
becomes
2 =Rt (a-&-l)f@
[T oo™ o (419

1<i<j<N i=1

Again, denote the zeros of py by 2y = (21,n,...,2n,n5). Then we can apply
Theorem [3.6] to get the following central limit theorem:
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Theorem 4.9. Let X,, be N-dimensional random wvariables with the densities

N ,,W:I?x’goz-&-l)n

AL et ey

1<i<j<N i=1

onQ:={reR:0<z <axs <..<ay} with

N a? (at1)s
el = / H (z; —x;)%" e
o (

1<i<j<N i=1 22 + 2by)"
Then
VE(X, —zn) = N(0,%)

weakly for k — oo, where the covariance matrix 3 is given by

(=, {221#(%7N —aN) P2+ H -y for =
,] T ’

72(2'1‘7]\7 - Zj7N)72 fO’I‘ 7 7& ]
Proof. The goal is to apply Theorem for ¢ =1, v(z) = 2® — alog(z) and

el platD

N
oo = I o= Sy

1<i<j<N

We therefore verify all conditions. The only non-trivial condition is that

2 o0
4 (v(z) +log(An(z))) is positive. Because by = I ylon () 2w(y)dy > 0
and a > 0, we get that

d? (v(x) + log(An(2))) = 2 + at+l 1

da? 22 (z +by)? > 0.

O

Similar to Theorem [£.4] and Theorem .2 we can generalize Theorem [£.9]
We now turn to weight functions

w(z) = Cem(@) g

as given in The aim is to apply Theorem [3.6] here. Therefore we will look
at the functions and conditions occurring there.

Consider the polynomial 7, (z) = >, crx® with only nonnegative coefficients
¢k > 0. The system of polynomials (p,)nen, orthonormal with respect to w,
obey the three-term recurrence relation

l‘pn(l‘) = @n+1pn+1($) + bnpn(x) + anpn—l(x)-
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We have

= al d =— (k+1)
v(z) = alog(x Jrkzock:c and v'( . ; + 1)cpqrz”.

To get An(x), we proceed as in Theorem and Theorem Note that
Exercise 3.1 in [Ism05| addresses a similar issue. We have

= — (pv (1) w(y)dy
ay R r—y
m—1 .Ik* k
=3k e / - (p(v)wly)dy

Furthermore we have

el ab —yk 2
(v Ve [ (pv () w(y)dy
k=0 R 7Y
m—1
= (k+1) C]c+1/ aly=o Y (pN(y))2w(y)dy
k=0 Ri=o
m—1

<k+ Ck+12( / et 1)(pzv(y))zw(y)dy>)

and using integration by parts and orthogonality, we get

k=

O

o 6

/R =TV (s () P(y)dy

r—y
a [ _ _
= 0% [Ty 0yt
0

1
:_(j;ya(p N (y))2e W) —1—0/ y)2e W)Y dy
0

C o C - o
¢ y)2emWyR dy / 2 (y)pw (y)e Oy dy
o 0 x Jo

! / N () 2win)dy

0

) ( Dext /OOO yk(pzv(y))%(y)dy)

=0

&M—* H

e{\'s
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Hence, if we use the abbreviations

m—1 0o
M=) ( (k+1) Ckﬂ/ yk(pzv(y))zw(y)dy>,
k=0 0
m—1 k—1
Sm—2(z) == ( (k+ 1)cky1 ( ( / (k_l_l)(pN(y))Qw(y)dy>>> )
k=0 1=0
we get
AN(JC)
an (37) - 3m—2(33) + -
Therefore,
N K
exp(—v(z;))an
H (zi — ])2H
1<i<j<N i=1 An ()
becomes
H 2;-@ ﬂ —nrm(x)xan (4 15)
1<i<j<N i=1 Snz 2 )+ I)K

It is not easy to show that x — v(x) + log Ax () is a strictly convex function.
There may even be some counterexamples. Therefore we will assume convexity,
i.e. for all z € R assume that

- (rm(a:) +log (sm_g(x) 4 ]f)) >0. (4.16)

Again, denote the zeros of py by 2y = (#1,n, ..., 25~ ). Then we can apply
Theorem [3.6] to get the following central limit theorem:

Theorem 4.10. Let the above conditions be fulfilled. In particular, let r,,
have nonnegative coefficients and assume that [{.16 holds. Now, let x, be N-
dimensional random variables with densities

—Hr,n(:v om

Cr H H + JM)

1§i<j§N i1 (8m—a( z

onQ:i={reR:x; <z <...<zy} with

e~ KTm (»L):ch@

N
-1 _ 2&
n ‘/Q I @ H (5m_2(x) + L)

1<i<j<N i=1

Then
\/E()(M — ZN) — N(O, Z)
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weakly for k — co. Here, the inverse covariance matriz (E;jl)i i=L N 18 given
by '
_ d? M .
2 Z(le —2N) 2+ el <rm(x) + log(sm—2(z) + )) for i=j,
’ Y x —
1#£1 T=2i,N
= 2(zi,n — 2j,N8) 7 for i # .

4.5 Freezing regime of $-Jacobi ensembles and their edge
cases

In this section, let (ﬁéa’ﬂ))neN be the Jacobi polynomials for «, 8 > —1, or-
thonormalized with respect to

_ I(a—pB+2)
~ 208 (a+ DT(B+ 1)

w(z) (I—2)*(1+ x)Bl[_M] (z). (4.17)

Further, denote with z](\?’m = (zf‘]{[ﬁ), ,z](\?]\ﬁ,)) the vector of ordered zeros
zia](,’@ )« < 25\(;‘16) For a detailed description of the Jacobi polynomials,

see for example [Chi78} [Ism05; [Sze75|. The vector z](\?’ﬁ ) is the unique global
maximum of the function

N
T2 Z log(z; — x;) + Z ((a+1)log(l — ;) + (B + 1) log(1 + ;)

1<i<j<N i=1

(4.18)

on Q={r RV : 1< <..<axy <1} Therefore, the gradient of the
above function is zero at z](\?’ﬁ ), which leads to the identity

n
2 (a,) : (a,8) a+(a1ﬂ> B BJr(alm' (4.19)
-1 %N T AN -2z N L+2 N
1#i
Here, the limit behavior depends on multiple parameters «, and, in some
cases, also on the parametrization of the Jacobi ensemble. There are two differ-
ent parametrizations frequently considered. First, there is the algebraic Jacobi
ensemble. Here, a central limit theorem for the so-called freezing regime is given
as follows.

Theorem 4.11 (|HV2l|). For o, > —1 let X,, be N-dimensional random
variables with densities

(1= 2y)(@tDr=3 (1 4 g,)(BHDm—3
1

Coos || (5 — )

N
1<i<j<N i=
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onQ={-1<x; <..<ay <1} with

N

e — )2 TT( = ap) @t Vr=3 (1 4 ,)B+Dr—3
E /Q 11

1<l<]<N i=1
Then
NG (XK - zj‘;"ﬂ)) = N(0,%)

weakly for k — co. The inverse covariance matriz Yy = ((Z;,l)i,j)i,j:l’,,,,]v 18
given by

2
(e:B) (e, 8) 1 B+1 .
221;&2 ( za;v (3‘\7 ) + (1_3&3))2 + (P2 for i=j

)
_2< (e.f) _ (i{iﬁ)) for i3
(4.20)

Proof. This theorem is, up to scaling, Theorem 2.6 in [HV21]. The theorem
there was proven directly, which leads to a nice formula for the determinant
of the covariance matrix. However, it can also be obtained as an example of
Theorem If one chooses the weight w(z) according to of the Jacobi
polynomials, then, as seen in [Ism05| (3.3.13), it holds that

v(z) = —alog(l — ) — Blog(1l + x)
An(z) (a4 pB+1+2N)

an 1—22
N e~ v(wi )CLN N N 1 1
i=1 N\ i=1
d2 AN(I‘)
ot == g (o os (59)) |
_ a+1 B+1
(1—z£3‘\’,ﬁ))2 (1+z( ’ﬁ))
This completes the proof. O

We will now state a central limit theorem for the so-called trigonometric
Jacobi ensemble. The algebraic Jacobi ensemble from Theorem can be
transformed into the trigonometric ensemble with the mapping t — cos(2t).
Applying the Delta method from [Vaa98| yields:

Theorem 4.12 (H.,Voit(2021)). For a, 8 > —1 let X,, be N-dimensional ran-
dom variables with the densities

N
e | (cos(2t;) — cos(2t;))>" [ [ sin(t:) > TV" cos(t;)*PH1% (4.21)
i=1

1<i<j<N
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on Q={0<ty <..<t; < T} with

;la FE —/ (cos(2t;) — cos(2t;) Hsm Y2t DR cog(t;) 2+ DR,
Q1<i<j<N

Furthermore define

[e3 1 (0%
3 arccos(zj(v ”8)) =g (arccos Z%,Nﬁ)a <+e, ATCCOS zg\, 16))
and denote the matrix
1— (Z(OL /3))2 1+Z( ,B) 1— Z(C" ,B8) . .
SZZ¢ZW+4(Q+1) ((,,[3) +4(5+1)W fO?"Z:j
i,N Z,N
1— (20272, [1— (2 P))2
g oy R fori#j
i\N %j N
(4.22)
12850 20 Mol M(B+1 o
SZl;éz BT B)N (i e T : ga#g) + H(fga]\,,ﬁ)) fori=j
= CENY C ’ (4.23)
\/1 (%) \/1 %) o
= (aﬁ) (am)2 fori#j.

by E;,l. Then

N <XK - ;arccos(zg\?’ﬁ))) — N(0,Xn)

weakly for k — oo.

Proof. Theorem and Theorem can be transformed into each other
using Theorem 3.3 of [Vaa98|. This means that this theorem can be obtained
applying Theorem with

v(z) = —alog(l —z) — Blog(1l + ),

Vo) = 5 (v +10g (2220}
_ % (—(a+ 1)log(1 — ) — (B+ 1) log(1 + z)),
d(z) = %arccos(az),
d~1(t) = cos(2t),
and d' () -

Note that here, d is monotonically decreasing instead of increasing and therefore
the inequalities in ) are inverted. The rest of Theorem remains the same
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and we have

(d71)(t) = —2sin(2t) = —2/1 — 2,
1 —d '(t) =1 — cos(2t) = 2sin’(t),
1+d ' (t) =1+ cos(2t) = 2cos*(t).

Now, inserting the above into and from Theorem yields the
formulas for the densities and for the inverse covariance matrix ,
respectively. We thus get the central limit theorem as introduced.

On the other hand, if one applies Theorem [3.2] directly to

o(t) = H (cos(2t;) — cos(2t;))? Hsm 2ot 1) cog(t;)2BFD)

1<i<j<N i=1
we have
log((t)) =2 > log (cos(2t;) — cos(2t;)) (4.24)
1<i<j<N
N N
+2(a+1) Zlogsm (t)+2(8+1) Zlogcos( i))s
i=1 i=1
d B sin(2t;)
dt; log(¢(t:)) = 4 ; cos(2t;) — cos(2t;) (425)
cos(t;) sin(t;)
+2a+) sin(t;) 208+ )cos(tl-)’

1-cos(2t) cos(2t;) | 2(a+l) | 2(f+1) .
8 Zl#l Cosc(zstl) lcg;)(s% ))? sin?(t;) + cos?(t;) for i = j

] bm(2t ) sin(2t;) for i # _7

(—Hiog6(1))i.; {
(cos(2t;)—cos(2t;))?
(4.26)

Inserting ¢t = %arccos(zj(\?”g )) here yields the formula for the inverse covariance

matrix in the form of (4.23). Note that similar to Theorem the equality of
the matrices can also be shown directly. To do so we use the identity (4.19):

a+1 B+1
2 =2V’ (2\%) =
?;f%g eCT) : 1— 5P 14250
I#£i
and
N (c,6) (@) N (c5)y2 N
L=z N 2N 1-(5y")?
QE:Qmm mﬁ)'_z oD ey +255 Y o &P Zam’
= iN ;7&11 %N :; I,N
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which leads to

NEECUNCEY
22 o f) _ )
l 1 ’LN

(a B)\2
_22 ( ) +Z(o¢,6) a+1 b+1
(@ B8) (a /3))2 N 1_ Z_((}é\}ﬁ) 1+ Z(Otﬂ)

O

Note that in Equation (2.6) of [HV21], a factor of sin(2t;) instead of cos?(%;)

appears. This is the case because there, § > « is assumed and the formula
2sin(t) cos(t) = sin(2¢t) is used. Both notations have their benefits and de-
scribe the "repulsion" on the edges. The difference is that in one case one term,
namely sin(2t), describes the repulsion both edges have in common and the
other term describes how much stronger the repulsion is on one edge, whereas
in the other case each term describes the repulsion of one edge. For the edge
cases a, 8 — —1, the chosen notation seems most suitable.
As we have two parameters o and 3, there are several edge cases to be consid-
ered. For the trigonometric Jacobi ensemble, the gradient at the maximum is
zero in the edge cases. The one-sided edge case in the trigonometric setting, if
—1=a < g, is as follows:

Theorem 4.13. For 8 > —1 let X,; be N-dimensional random variables with
densities

Cri,—1,3 H (cos(2t;) — cos(2t;) HCOb )2B+ )=
1<i<j<N

5;171’[3 :/ H (cos(2t;) — cos(2t;) Hcos t;)2(A+ D,
Q1<i<j<N

Furthermore define

1,@ 1,8) _(=1,8) -1B 1,8 (1,8)
) (ZEN )7 Z9,N 7"'7ZJ(\/',N )) = (ZiNzlv“"zN—l,N—lvl) and
~(~1 1,8) ~(—1 ~(—1,
( ) = (2 E,N ), é ) '-7ZJ(V,NB))
1
=3 (arccosz§ J’\'?)l,.. arccosz](\,’ﬁl)N 1,0) .

Then

R (5o 5°)
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converges in distribution for k — oo to the "one-sided normal distribution”,
which is given by the density

~(—1,
2det(—H(zy ") 1o

(=1,8)
)T
(27]_)% {zeRN: zN>0}( )

Here, H(Z)y o 5)) is the Hessian matriz of

N
t 2 Z log (cos(2t;) — cos(2t;)) +2(8+ 1) Zlog(cos(ti))

1<i<j<N i=1

at the point x = 25\;1,@} i.e. (—H(Z;{l’ﬁ)))i,j is given by

N-1 (1]\?)121(11\[)1
8 Z (16) S(LA) )2
1= ,l7$7, Zi,N—1 ~ AI,N—-1 for 1<i=j<N-1,
8 4B+ 1)
+ +

1 _Zz( )1 1"’22(11\/[3)1

JRE:) BOe)
zi 1)y 1= 21)? . .
_8\/ o (ivﬁ)l \/(1 . )2 for i#£jandi,j > 2,
J

0 for i#£jandi=1o0rj=1.

Proof. The goal is to apply Theorem [3.8] Here we have [ =1, m = N + 1 and

N
o(t) =2 Z log (cos(2t;) — cos(2t;)) +2(8 + 1) Zlog(cos(ti)),w(a:) =1,
1<i<j<N i=1
ap=0—en,a0 =€enxy —enN_1,...,aN = €2 — €1,aN+]1 = €1,
bi=by=..=by=0,byy = —g,
Q" ={teRY :ty >0}

It remains to show that 2](\71’6 ) is the unique global maximum of ¢. First, observe

that ¢ is monotonically increasing in ¢. The maximum of ¢ : RN~ 4 R with

é(th "'7tN—1) = ¢(t17 "'atN—17O)

=2 Z log(cos(2t;) — cos(2t;)) + (N — 1) log(2)
1<i<j<N-1
N-1

Z (B8 + 1) log(cos(t;)) + 4log(sin(t;)))

with respect to
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is given by % (arccos zgll’\?ll, ..., QrCCOS z](\, Bl) N_ 1) because (j~> is, up to the correct

additive constant, just the logarithm of the density function in Theorem
for « = 1 and 3, N fitting. Furthermore, ¢ is a concave function because
the Hessian at every point is negative definite. This holds because —Hy(t) is
given by for @« = —1. Using the identity cos(x) cos(y) + sin(z)sin(y) =
cos(x — y) shows that this matrix is diagonally dominant with positive entries.
Thus —H,(t) is positive definite. In particular, 7H¢(z;,1’ﬁ) is positive definite,
and therefore the first condition of Theorem [3.8 is also fulfilled. Now Theorem
yields the central limit theorem and the inverse covariance matrix is given
by

1—cos(2t;) cos(2t;) 2(B8+1) .
(*H(g(—l,ﬁ)))_ . SZH& (cos(2t;)—cos(2t;))2 + cos? (L) for i = j
N i,j +— _8 sin(2t;) sin(2t;) for i #J

(cos(2t)—cos(2t:))? t=5( 18
1, 1
B SZz;éz BF 1([1) B;Z(I\}Nﬁf))z + z;—ff,;)lll for i =j
= 1 T
\/1 ((z(( 1‘*[3)))2:/11[3;)2 )z for i #
N-1 LB (L,6)
8 2 (w)m ;(f%; o
T(J 11)11\7 1(,3—l|-]\£)l for 1<i=j<N-1
- 1_21(1&[9)1 ' 14"31(1Nﬂ)1
\/1 ((Zi(livi)l \/& ﬁ)(zj; i)’ for i#jandi,j>2
2(8 + )+82' W for i=j=1
0 for i£jandi=1orj=1.
O

The two-sided edge case for the trigonometric Jacobi ensemble if both a =
—1 and 8 = —1 is as follows:

Theorem 4.14. Let X,. be N-dimensional random variables with densities

Cr—1,-1 H (cos(2tj)—cos(2ti))2“

1<i<j<N

on Q={0<ty <..<t; < T} with

71_1 = / (cos(2t;) — cos(2t;))*"
Q

1<i<j<N
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Furthermore define

1,-1 1,— 1,1 1,1 1,1 1,1
AT = Gy T A T 2T = (LA 20 1) and
S(=1,-1)  _ =(=1,-1) z(-1,-1) S(—=1,-1
ZN p= (% Z1,N 2”2 N 7"'721(\7,1\/ ))
_ Ly (1.1) ay g
=5 (grarccos 2§, arccoszyla 5,0
Then

\/E(X —z](\,lfl))

converges weakly for k — oo to the "normal distribution on a quarterspace”,
which is given by the density

ddet(—H(Z,Y))
(2m) %

1,—-1)
etaTHETTY)

Il{zERN:zl <0,zx>0} (1’)

Here H(éj(v_l’_l)) is the Hessian of

t— 2 Z log (cos(2t;) — cos(2t;))
1<i<j<N

at the point x = 2](\,_1’_1), i.e. (—H(éﬁl’_l)))i,j is given by

4"‘82[1\[7 71_"_ (11N1)1 fOT‘ Z:J:]_ ori:j:N
N-1 (1,1) _(1,1)
8 1—- i,N—271,N-2

(1,1) (1,1)
l=1,l;éi8(zi,N—2 - Zz,z\éfz)Q for 2<i=j<N-1

+

+
LD 1,1
1-2057,  1+:257,

1= )2 1= () ,)2 . o
\/ (m) \{1]#)2;;”2 for i#jand2<i,j <N -1
gl

0 for i#jandi=1,N orj=1,N.

Proof. The goal is to apply Theorem Here we have [ =2, m = N + 1 and
o(t) =2 Z log (cos(2t;) — cos(2t;)), ¥(z) = 1,
1<i<j<N
a; =ej,a2=0—en,a3 =€N —€N_1,...,AN+] = €2 — €1,
by = —g,b2 —by= .. =byp =0,
Q" ={teRN:t; <0,ty >0}.
(=1,-1)

We will now show that Zj is the unique global maximum of ¢. First,
we see that ¢ is monotonically increasing in ¢y and monotonically decreasing
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in ¢; and thus the global maximum of ¢ : RN=2 — R with ¢(ta,...,tx_1) =
(5, t2,...,tn—1,0) needs to be determined. We have

7r
¢(t2a ceey tN—l) = ¢(§7 t2a ceey tN—17 0)
N-1
=2 Z log (cos(2t;) — cos(2t;)) + 2 Z log (cos(2t;) — cos(2t1))
2<i<j<N—1 j=2
N-1
+2 Z log (cos(2tn) — cos(2t;)) + 21og (cos(2ty) — cos(2t1))
i=2
and
N-1 N-1
2 Z log (cos(2t;) — cos(2t1)) + 2 Z log (cos(2tn) — cos(2t;))
i=2 =2
+ 2log (cos(2tn) — cos(2t1))
N-1 N-1
=2 Z log (cos(2t;) + 1)+ 2 log (1 — cos(2t;)) + 2log (2) .
j=2 i=2
By (4.18) we see that the maximum of
N—2
2 > log(w;—xi)+2 Y (log(l— ;) +log(1 + ;)
2<i<j<N—-1 =2

with respect to

Q::{ogtN_lg...gtzgg}

. . (1,1) ~ . . ~(1,1) 1 (1,1)
is achieved at z) 5. Therefore, ¢ has its maximum at Zy5 = 5 arccos 2 s,

and the maximum of ¢ is at 21(\,_1’_1) = (%,2n-2,0). This maximum is global
and unique with respect to €. ¢ is a concave function because the Hessian at
every point is negative definite. This holds because —Hy(t) is given by for
a = = —1. Using the identity cos(z) cos(y) + sin(z) sin(y) = cos(z — y) shows
that this matrix is diagonally dominant with positive entries. Thus —H(¢) is
positive definite. In particular, 7H¢(z;,1’71) is positive definite, and therefore
the first condition of Theorem [3.8 is fulfilled. Now Theorem [3.§] yields the
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central limit theorem and the inverse covariance matrix is given by

1 (2t;) cos(2t .
(—H(g(*l’ﬁ))) . {8 > it M fori=j
N i,J

8 sin(2t; )blﬂ(QtJ) for i #]

(cos(2t;)—cos(2t;))? t:2§v71771>

(—1,—-1) ( 1,—-1)
1=z, v an

8217&1 & = T = ( T, 71)) fori=j
- z( 1 ,—1)y2 ( 1 —1)
\/1 ( ) \/1 = fori#j

1 —1 1—1
(2 ( ) _ ( ))2

4+82l:1 ﬁ fOI' Z=j:10rz:j:N
(171) (1,1)
8 Z 1_Zi,N72Zl,N—2
1,1 1
(Z( : ( 32)

=t (FiN =2 = for 2<i=j<N-1
)t +

(1,1) (1,1)

L=zl 14257

(LD (LD

sV (zqiﬂf %11)(22* for i#jand2<ij<N-1

(#i NZ2=%) N —2)
0 for i#jandi=1,Norj=1,N.

O

We will now treat the algebraic Jacobi ensembles and will investigate the
edge cases a, 8 — —1. The algebraic Jacobi ensemble is defined by the densities

N

Crop || (i —x)? [ z) etV E Q4w PR (427)

1<i<j<N i=1

compare Theorem ere, the gradient at the maximum is not zero and

we will apply Theorem [3.10} Note that the term Hiv 1V (1 —x;)(1+ z;) causes
some technical problems. For « > —1 and B > —1 in Theorem [£.5] this was

irrelevant because for ¢ (x HZ 1V (1 —a;)(1 4 x;) it held that ¥(z) # 0.

This is no longer the case here Therefore we will investigate

N
Cha, B H (zj —x)*" H(l — ;)@ R(] 4 ) (BHDR (4.28)
1<i<j<N i=1

with ¢, > 0 accordingly, instead. The behavior in the limit x — oo will very
likely be the same. As we have two parameters a and (3, there are several edge
cases to be considered. The one-sided edge case for —1 = « < 3 in the algebraic
setting is as follows:

Theorem 4.15. For B> —1 let X,, = (X}, ..., X) be N-dimensional random
variables with the densities

(14 2;)BFD~

=

ce1s ] (-2

1<i<j<N i

Il
=
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onQ={-1<x; <..<ay <1} with

N
nflﬁ_/ H 2”1_[ 14 ;)B+e
Ql<1<]<N i=1

and define

-1,8 -1,8 -1,B 1,B 1,8 1,8
Z](V )= (Z§N )’Zé,N )7 “ ](VN )) ((N)N""Z](V—l),N—l?l)‘

Then

(VRO = 2030, o VRN = 207 ) k(1 = X))

converges in distribution for Kk — oo to a measure whose density is given by

VI det H* (=)

exp (—nx —
( 1 N) (27‘(’) N21
1 e
- exp <2(x1, e n—1)H (z](v 1’5))(m1, ...,ach)T)

on {(x1,....,zn) € R : z, > 0}. Here, 711 = <’8+1 +2ZJ 1 1(115)> and
N—-1

H*(zn I ﬁ)) (Hy(zy — ﬁ)) 7j)i,j:17_“7N_1 is a submatriz of the Hessian of

N
o(x) =2 Z log(z; — B—l—lZl—i—x
i=1

1<i<j<N

at zgv_lﬁ), i.e

(—H ()i

)

(1,6) (1,8) B+1 2 L
221 1l7£z( iNo1 T AN +1+2411,V521 ‘*‘1_2(11@1 for i=j

1, S,
—2( z(le1 - 5,]\76)1) for i #£j.
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Proof. The goal is to apply Theorem [3 Here, we have [ = 1, m = N +1 and

¢z)=2 Y log(w;—zi)+ (B+1)) log(l+mi),¢(z) =1,

1<i<j<N i=1
Q:{—lgxlggmNSI},
a1 = €N,A2 = EN-1 —EN,...,AN = €1 — €2,AN+1 = —€1,
bo =bs=..=by =0,byy1 =b = —1,

(=LANT
Z _( N ) ’

M = (en,en—1,...,e1), M " =M = (en,en_1, ..., 1),
Gr= INa K= diag(/{a \/Ea ey \/E)a

O ={z RN :2; <0},

0
N-1
[ B+1 1 o
j=1 3,N—1 1

Therefore we have

KGM'XT = (kXY ,VeXY71 ., XHT and
T
KGIM_lz:< leﬁl)Nfl,.. lelﬁ) ) )

Furthermore z € 0f), and ¢ attains its global maximum on 2 in z. This holds
true because ¢ is monotonically increasing in xy, and the only maximum of

é:RN-1 4R,

(Z;(l'l, ...,xN_l) = (ﬁ(.’L‘l,J?Q, e TN—1, 1)

=2 Z log(xz; — ;)

1<i<j<N—1
Z ( 1)log(l + =;) + 2log(1 — xz)> + (8+1)log(2)

with respect to

Q:={zeRVN 1. _1<p <..<zy_ <1}

is given by zgll\f) 13 zélj\f) Ly eees 5\} 61) N1 é is a strictly concave function and

hence, fOI‘ C = (eN_l,eN_g,..,el) = (61,...,6]\[_1) . (eN_l,N_l,...,eLN_l), the
matrix

H* (e 7)) = CTHy (2 )0

= (6N71,N71, veey 61,N71) Hj (€N71,N—1, cey 61,N71)
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is negative definite. Thus all conditions of Theorem are fulfilled. Therefore
(k;(X}j — ) VRN =20 ), e VR(XE - zf;@l))

converges weakly to a random variable with the density

| VI det (=574

1 - _
- exp (2(952, ,xN)H*(zj(v 1’ﬁ))($2, ...,:EN)T> .

1{z,<0y(®) exp (1171

Now, calculating the push-forward measure under the mapping

(ZEl....,ZZ?N) = (ZEN,xN—la ..,SC27—CC1)
yields the claim. -

In the above theorem, the one-sided limiting edge case —1 = a <  was
considered, in which one parameter a takes the value -1. The other one-sided
limiting edge case —1 = 8 < «, in which § takes the value -1, is identical due to
symmetry. Next, the two-sided limiting edge case is considered, in which both
parameters « and ( take the value -1.

Theorem 4.16. For a = 3 = —1 let X,, = (X},..., X) be N-dimensional
random variables with the densities

ot ] (=)™

1<i<j<N

onQ={-1<uz; <..<ay <1} with

Q1<i<j<N
and define
(=1,-1) _ ( (-1,=-1) _(=1,-1) (=1.8)y _ (1,1) (1,1)
ZN = (3171\1 » %9 N s AN, N ) = (_173171\/—27 o EN—2 N-21 1).
Then

(WOXE + 1), VR(X2 = 20500 0), o VRXET! = 208 o) (1 = X))

converges weakly for kK — oo to a random variable with the density

ey (—1,—1
e Vet )
e N-—-2

(2m)

1 .
- exp (2(x2,...,xN1)H (ZJ(V L D)(mz,...,le)T)

e
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on{x €R:x1,zNn >O}

Here v1 = v *223 o 1TJrl and
Zit1,N—2

o (—1,—1 1,1
H (z](V )) = (H¢(Z](V ))iaj)i,j:Q,...,N—l

is a submatriz of the Hessian of

oz)=2 ) log(w; — i)

1<i<j<N
at z](\,_l’_l), i.e
1,—1
(—H" (25 ")
(1,1) 1,1) \_ .
B 221 2l7é7,( zN—2_Zl(,N22) 2+ 1+Zg21,1>2 + - <21N1>2 for i=j
- 1,1 1,1) \_ o N .,
—2( fN)Q Zj(',N)—Z) 2 for i 7.

Proof. This goal is to apply Theorem [3 Here we have I =2, m = N 41 and

(b(l’) =2 Z log (xj - x’L) aw(x) 13

1<i<j<N
Q={-1<z<..<zy <1}

= —€1,a3 = €1 —€2,...,AN4+1 = EN—_-1 — EN,

a; = €en,as
by = by = —1, b3:...:bN+1:O,
—1,—-1

M = (en,—e1, €2, ..ren—1), Mt = M7,
Gi = Iy, K = diag(k, &, VK, ..., VK),
Q*:{xERNihﬁ(),xNgo}’

-1
N_ 0
Z T 1) +1 © | =ma1+ a2
j=2 + 2 j+1,N—2 0
1

Therefore we have
—k X} VEXE L VEXYTHT and

KGM'XT = (XN,
)T

KGiM~ 'z = (k, K, \/EZEIJ\})_Qa o \/EZ](\} 1% N—2

Furthermore, z € 9 and ¢ achieves its global maximum on  in z. This holds
true because ¢ is monotonically increasing in xy, monotonically decreasing in
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21, and the only maximum of ¢ : RN~ - R,

o(x2, .., xn—1) = ¢(—1,z2,..,xn_1,1)

N-1 N—1
=2 Z log(z; — x;) + 2 Z log(1+ z;) + +2 Z log(1 — z;) + 2log(2)
2<i<j<N-1 j=2 =2

with respect to
Q={-1<a2<..<zy_, <1}

. 1,1 1,1 11
is given by (Z§’N)_2, zé)N)_? - zj(v_%7N_2). Because we have C' = (eg, e3,..,en_1),

the matrix
wi (—1,—1 -1, 1,1 1,1 1,1
H (Zz(v )) = CTHdJ(ZNl l)C = H@(Zi]v),y Zé,Nlm e Z§V7%,N72)
is negative definite. Thus all conditions of Theorem [3.10] are fulfilled and
N 1 2 (1,1) N-1 (1,1)
(WOXY = 1), =h(XE+ 10 VR(X2 = 2000 VR(X T = 201 )

converges weakly to a random variable with the density

\/detH* P 1
LT | Gy ) exp ((:c37...,xN)H*(z](\,_l’_l))(mg,..,xN)T>

(2m) "> 2

on
{.Tl S O,.’L‘Q S 0}

Now, calculating the push-forward measure under the mapping
(w1, ., 2N) = (—22, 3, .., TN 1, —T1)

yields the claim. O
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5 Dual polynomials and diagonalization

5.1 Diagonalizations of covariance matrices

In this section we analyze some of the covariance matrices ¥y from the central
limit theorems in Section [d] Afterwards, we will use the theory of dual orthog-
onal polynomials of de Boor and Saff [BS86] to describe the eigenvectors of the
covariance matrices. Therefore we will first summarize some results from |[AV19;
HV21} [AHV21; DE05|.

Theorem 5.1 (Andraus,Voit(2019)). Let zy = (#1,n, .-, 2N,N) be the vector of
ordered zeros of the N-th Hermite polynomial, and let

(S = L+ Zl;&i(zi,N —zN)"2 for =73
Mo —(zi,v — 2j.n) 77 for i+#j

be the inverse covariance matriz from Theorem [[.1 Then the eigenvalues of
Ex,l are given by \p, =k for k =1,..., N. Moreover, denote the finite system of
polynomials, orthonormal with respect to the measure

1

N((szl,N +"'+5ZN,N) € Ml(R) (51)

by (QF \)iso'- Then the vector

Q1 N (21N QF N (zvn)) T

s an eigenvector of Z;,l to the eigenvalue k.
In the Laguerre case, the situation is as follows:

Theorem 5.2 (Andraus,Voit(2019)). For a > —1 let

2y = (27N - 2N N)

be the vector of ordered zeros z1' y < ... < 2§ x of the N-th Laguerre polynomial.
Furthermore denote the inverse covariance matriz from Theorem [].6 by

82N El;ﬁi m 4+ 4odl for i=j

@
i, N

271 i - = /Lo qy
(Ex i _g VILNEN for i# 7.

(szN zj‘.‘iN)2

Then the eigenvalues of E;,l are given by A\ = 4k for k = 1,..., N. Moreover,
let (QﬁN)iV;Ol be the finite system of polynomials orthonormal with respect to
the measure

1 «a «a
m <leN5Z(1)‘,N + ...+ ZN,Néz%YN) . (52)
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Then the vector

1

~ ~ T
(O ) R @ ()
N(N + o) ( LNk v (1) N,N%k 1.v (23 )
s an eigenvector of 21}1 to the eigenvalue 4k.

It is possible to derive similar results for the Jacobi case. See [HV21| for
details. One main Theorem there is as follows:

Theorem 5.3 (H.,Voit(2020)). For o, 8 > —1 let

20 = (%P, )

21N s NN
be the vector of ordered zeros zg x| < z(aﬁ) of the N-th Jacobi polynomial.

Furhtermore, denote the inverse covariance matrizc

(Lo 1200 —ew o

82#{@ﬁﬁizﬁ7+4a+n‘4bm+4w+ L+@m Jori=j
()2, 1 (272

78\/ oy \/ () fori #£ 3.

(21 N % N)2

from Theorem by E;\,l. Then for k = 1,...,N the eigenvalues of 2;\,1 are
given by
4k(2N +a+ B+ 1—k) > 0.

Moreover, for

¢ _ @2N+4a+p8)?@2N+a+6-1)
Nl ZUN(N + a)(N + B)(N + a+ B)

let (Qk N) L be the finite system of polynomials orthonormal with respect to
the measure
(vt (L= IR0 4ot (1= RN e0) - (53)

Then the vector

1 (24 ;f)) Qi N (%)

2N +a+B)22N+a+8-1)
AN(N + a)(N + B)(N + a + B)
1- (ng fv”) Qk,N(Zz(\?,}g))

s an eigenvector of Ej_vl for the eigenvalue 4k(2N + a4+ 8+ 1 — k).
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Proof. We will use the abbreviations

~ 1

S = 7271
2 b
(a0, 8)

Z = Zﬁv ,

\/1—,21211C !
\/lszzfv !

First we will show that for £k = 1, ..., NV it holds that

()\sz_l +pk_2(21))\/ 1-— Z%
Azl + pr—a(an)) V1 — 2%

where A\ = 2k(2N + a4+ 8+ 1 — k) and pi_» is a polynomial of degree k — 2.
For k = 1 we use the convention p_; = 0.

We will start with & = 1. In this case, Equation gives that v; is an
eigenvector of S to the eigenvalue A;. By definition of S, the i-th component
(i=1,...,N) of 5'7)1 is given by

1+Zl 2
Sv“_4z T S\ 1— 22 +2(O‘+1)1—zi 1— 2

1 1—2
1 —4 —e vy 3
R e Ny z bl
/ 22— 22 a+114+2z B+11—2
—4./1 — 2 1 i i 7
Zi Z( 2+ 2 + 2

(R

Sy, = , (5.4)

o zi — 21) 1—2z 142
Hence,
14+ 2 9
(Sv1); —42 p—— s\/1— 27 —&—2(0(—}—1)1_21_ 1—2
l;éz
1-— \/1—z
1 \/1 —4 —_— %
(6+ )1+Z7, Z '—Zl
1#4
22— 22 a+1142z B+11—2z
=44/1— 22 Lo - -
% ;(zi—zl)Q—'_ 2 1—zi+ 2 1+z
—221 +(zi—z) a+1ll4z pB+11-—z
=44/1 — 22
Vi ; a2 i-s 2 1ta
1 a+11l4+2z pB+11—2
=44/1 =22 | (N —1) -2z
ZL ( ) ZZZZ'—ZZ+ 2 1—2:1‘+ 2 1+Zz

1#£i
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Inserting Equation (4.19) now leads to

(Smp—4w1—z§ON—¢y+a;1+ﬁ;1> (i=1,...,N).

This proves that vy is an eigenvector to eigenvalue \; as claimed.
We now consider the case k = 2. We now have

172’ / 1+ 2z
E 2 ¢ 2
(S'UQ i =4 — 21)22’1' 1-— e + 2(Oé + 1)1_72121 1-— Z5

l;éz
1— 2z zi(1 l—z
2(6+1 i1/ 1 —4 .
(8 )1+Zi ; i —21)?
Hence
(SUQ)Z
1—2)2—(1—28)z  a+11+2 B+11—z
=4\/1 — 2} ( ' ; ;
; ; (z; — z1)? * 2 1—22‘ZZ+ 2 1+Z¢Z
1—22 —zim— 22 a+11+z B+11—2z
—4./1 — 1 i i i i
‘ %; s L S R B B
_4 /1_212 Z1+Zl(2i_Zl)+2zi(zi_zl)_3zz‘2
12 %A

a+11+ 2z B+11—z
Zi Z;
2 1—2z 2 14z

24m<(0 — )+ 22(N = 1)+ (132> - i >

1#£i

a+11+ 2z B+11—z
Zi Zq
2 11—z 2 1+ z

with ¢:= Zjvzl zj. Bquation (4.19) and a short computation now lead to

(Svg); = 44/1 — 22 ((czl) +2z;(N—-1)+ Oz;rl(2 1)+ &(227 — 1))

for i = 1,...,N. This proves that Sv, has the form as claimed in (5.4) with
some constant polynomial po.
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We now turn to the case k > 3. Here we have

& -2 1 Ttz g
(Svk); 4;(%—2’2)22i 1—zi2+2(a+1)1_ZZzi 1— 27
3
1—2i g 2FT (1 = 22)/1 = 22
+2(8+1 2 1—22—4) = :
B+ Do 14 g )
k=1 _ _k+1 _ k=1, _k+1
_ 2 zZ, T —z o —z t27
=44/1 — 2 <Z . 1(% ) +
1£i
+a+11+zizk_1 ﬂJrll*Zizk_l
2 1_2 ¢ 2 142
with
zi“1 - zf“ — ,zlk*1 + zlkJr1 =
=(z; — 2) <zf2 I I IR iy’ I zf)

= (z; — 21) ((zl —z;) (zlk*?’ + 22t (k- 2)2573) + (k—1)zF2

— (21 — 2) (zlk_l + 22772 4+ + sz_l) — (k+ 1)2!“)

We thus conclude that

~ 1 _

(Svk)ii2 Z(zlkfl + 2zlk72zi +...+ szfl
4y/1 — 2; 1
— T 2y — = (k= 2)2f
E—1)2F"2 - (k+1)2F
+Z ( ) 7 ( ) 7
12 Zi — 21

11 i 11—2;
n o+ +Z7,Zk_1 ﬁ+ lel_f—l
2 ]-_Zz ¢ 2 1+Zz v

With Equation (4.19)), a suitable constant C, and with suitable polynomials
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Tk, rlgl), rl(f), r,(cg), r,(f) of order at most k — 2, we thus obtain

1

Svp)i— = = C — 2t — 2 (k= 1)k
( k) 4 1_212 i i ( ) %
+ k(N — 1)25_1 + ri(z)
a+12F 42 (k= 1)2F 2 — (k+ 1))
2 1-— Zi
BH1z207t =2k (k= 1)2F 2 4 (k+1)2F
Hence
Sur); = /1 — 22 o DRy
(Sui)s =44/1 — 23 ((k(N ) R HE
+1 _ +1 _
+ (ke P () + BT(sz Lt r,(f)(zi))>

=4/1— 22 <2k(2N +a+B+1—k)1 4 ’I“](:L)(Zi)).

This shows Equation (5.4) for £ > 3. Using (5.4) and an inductionon k =1, .., N
shows that there exist polynomials ¢;_1 of degree k — 1 such that

qr—1(z1)\/1 — 22
Qe—1(zn)/1 — 2%

is an eigenvector of £ ' to the eigenvalue 4k(2N + o+ 8+ 1 — k).

Because Z&l is a symmetric matrix and the eigenspaces are orthogonal, the
system (g )k=o0,..,N—1 is orthogonal with respect to the measure given in .
Therefore, for kK =0,..., N —1, g and QiN are identical up to some multiplica-
tive constant. Thus the vectors

V1= (21)2Q] y(21) qr1(21)V/1— 23

: and :
V1= (28)2Q] y(2n) gr—1(2n)\/1 — 2%
are in the same eigenspace. O

Remark 5.4.

e The above results also yield the eigenvalues and vectors of appearing co-
variance matrices in the edge cases of the trigonometric Jacobi ensemble

(Theorem and Theorem [4.14]) and the squared Laguerre ensemble
(Theorem [4.7)).
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e This proof does not seem to be transferable from the trigonometric Ja-
cobi ensemble to the algebraic Jacobi ensemble. The same holds true for
the Laguerre ensemble, where it does not seem to be transferable to the
parametrization of Theorem[f.5] The situation is similar for the edge cases
of the algebraic Jacobi ensemble (Theorem and Theorem and
the Laguerre ensemble (Theorem [4.8)). Obviously, because the matrices
are positive definite and symmetric, those eigenvalues and vectors exist.
However, it seems more complicated to describe them.

5.2 De Boor-Saff duality

We will now use the de Boor-Saff [BS86| dual polynomials to describe the occur-
ring orthogonal polynomials. To explain this, we first review some theory from
[VZ04] and Section 2.11 of [Ism05|. This section follows Section 4 of [AHV21].
Let (P,)2%, be a sequence of monic orthogonal polynomials, where the orthog-
onality measure is a probability measure x4 on R which admits all moments,
ie.,

| ) Pi@lduta) = €85 (i =0.1,2....) (5.5)

with some constants § > 0 (¢ > 0). We also have a three-term recurrence
relation

By =1, Pi(x) =z — by, 2Py (x) = Pryr () + b Po() + unPr_1(z) (n>1)

(5.6)
with coefficients b,, , € R and un > 0. We also cons1der the associated orthonor-
mal polynomials (P, = & '/*P,)2, with Jg Pi(x) Pj(z)dp(z) = 6;5. Forn > 1

these polynomials then satlbfy the three-term recurrence

Py =1, 151(33) = afl(x —bo), xpn(x) = an+115n+1(x) + anBn(gc) + anlsn,l(x).

(5.7)
Here, a,, = un\/fn_l/fn = \/fn/fn_l. In particular, we have
So=1,& =upup_1---u; and a, =+ u, (n>1). (5.8)

Now fix N > 0 arbitrarily. Gauss quadrature implies that the finite set of
polynomials (Pn)ffgol obeys the discrete orthogonality relation

Z wz m Zz N (Zi,N) = 5mn7 (59)

with the IV ordered zeros z;,ny < ... < zy,n Of Py and the Christoffel numbers

1
w; = _ >0 (i=1,...,N), (5.10)
anPn_1(zi,n)Py(2i,N)

which satisfy the normalization Zivzl w; = 1.
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Definition 5.5. Let N > 0. The monic polynomials (Qk’N)iV;Ol are called

dual (in the de Boor-Saff sense) to (P, (z))N= if they satisfy the three-term
recurrence

Qon =1, Qin(z) =z —by_1, (5.11)
2QuN () = Qa1 n (@) + by—r—1Qrn (2) + un—1Qr—1,n(2)
fork=1,..,.N —2.
We now recall some consequences of this duality from [VZ04]:

Lemma 5.6. The dual monic polynomials (Qk,N)va:_ol are orthogonal with re-
spect to the discrete measure

N

Z w0z,

i=1

with the dual Christoffel numbers

* prl(Zi,N)

W = >0 (i=1,...,N), (5.12)
an Py (zi,n)

which again satisfy

> wr=1. (5.13)
. . . ~ N—1 .

In particular, by (5.8)), the normalized dual polynomials (Qx, ~);_, with

N
Zw;Qm,N(zi,N)Qn,N(Zi}N) =0mn (myn=0,...,.N—1) (5.14)
i=1

satisfy

Qr(@) = — Qr,N

2 2
aANaON_—1 AN _k

(5.15)

In summary, we obtain from (5.15)) and the three-term-recurrence in Definition

(5.5):

Lemma 5.7. The orthonormal dual polynomials (Qk7N),1€V:_01 satisfy the three-
term-recurrence relation

Qon =1, Qin(z)=ay" (z —by_1), (5.16)

QN () = an k- 1Qri1.n (%) + bk 1Qrn(2) + an_1Qr_1.n(2)

fork=0,..,N —2.
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Remark 5.8. The monic three-term-recurrence is also available for k =
N — 1, i.e., we obtain a monic polynomial QN,N. It can easily be seen (see
\ or Section 2.11 of [Ism05|) that QNyN = Py holds. Moreover, if we
choose ag = 0 in ,~ then the recurrence remains valid for k = N — 1,
arbitrary polynomials Qx41,n, and z = z; y fori=1,..., V.

Lemma 5.9. The polynomials occurring in Theorem[5.1, Theorem[5.2 and The-
orem[5.3 are the dual polynomials of the Hermite, Laguerre and Jacobi polyno-
mials. In other words, the normalized eigenvectors of the corresponding inverse
covariance matrices E]_Vl have the form

(\/M;TQLN,..W\/?U}KVQN’N)T, (517)

and the dual weights (w})N_, have the form

1
Hermite: ==
ermite wi = 5
25N
Laguerre: w} = m, and
2N 2(2N -1
Jacobi: w; = @N+a+ ) 2N +a+p )(1—(ZE%B))2).

i T AN(N +a)(N + B8)(N + a+ f8) )

Proof. Equation implies that the vector has length 1. Therefore it
remains to show that this vector is an eigenvector of the corresponding inverse
covariance matrix val.

We first consider the Hermite case. Here we have for the monic Hermite polyno-
mials Hy by Section 5.5 of that HYy(z) = NHy_1(z). Hence, by

and |i for the orthonormal dual Hermite polynomials QkH N We have

N
S QW)@ i) = G (5.18)

This means that these polynomials are orthonormal with respect to the measure
given in (5.1). By Theorem [5.1] we now have that (5.17) is an eigenvector of the

corresponding covariance matrix Z]_Vl.
We now turn to the Laguerre case. By Section 4.6 of |[Ism05|, the monic
Laguerre polynomials satisfy

2L () = nL ) (2) + n(n + o) LY (2). (5.19)
In particular, zfi\),lig\?)/(zﬁv) = N(N + a)ﬁgﬁll(zﬁ\),) This, 1) and 1)
yield

N (@)

N A@) (@) Ale)(a
Zm kN(ZU\)f) l,N(Zz(,N):(Sk:l (5.20)

i=1
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for the normalized dual Laguerre polynomials (~,(€aj)\,)f€v;11 This means that

these polynomials are orthonormal With respect to the measure given in (5.2)).
By Theorem [5.2| we now have that ( is an eigenvector of the corresponding

covariance mat rix 2

(o, 3)

Finally, the monic Jacobi polynomials Ry = PN satisfy

4N(N+O‘)(N+B)(N+Q+B)R (z(a [3))
2N +a+B2@N+a+p—1) "N

This, (5.12), and (5.14) show that

(1 - PRy (S =

N (04 B)\2 2
—(EN NN+t AN +a+8-1) e (@p) s, @p)
; 4N N +a)(N+B)(N +a+p) N Gin QLN (N )
= Ol (5.21)

for the normalized dual Jacobi polynomials ( ~,(€a]\? ))ka:—ll. This means that these
polynomials are orthonormal With respect to the measure given in . By
Theorem |5 - we now have that (| is an eigenvector of the correspondlng
covariance matrix Xy O

Remark 5.10. Note that by the proof of Lemma in the Hermite, Laguerre,
and Jacobi case, the dual Christoffel numbers from (5.12)) have the form

« pN—l(zi,N) 7r(Zz',N)
P = %, = (5.22)
PN(Zi,N) RN

with suitable constants xx and polynomials 7 of degrees 0,1,and 2, respectively.
By [VZ04], such simple relations for the dual Christoffel numbers are available
only for the classical orthogonal polynomials. This also includes the Bessel poly-
nomials, which are limits of Jacobi polynomials; see |Ism05| p. 124, (4.10.10)
and (4.10.13)].

In the next step we use the preceding results on dual orthogonal polynomials
to compute the covariance matrices ¥ from their inverses. For this we write
the recurrence . ) for general orthonormal polynomials ( n)n>0 forn < N at
the N ordered zeros z; ny of PN as the eigenvalue equation

by a1 ]?O(Zi,N) PZO(Zi,N)
ar b1 a 1?1 (zi,N) ]f1 (zi,N)
as .. Py(zi,n) =zN Py(zi,n)

)

by—o an—1 . .
an—1 by_1 Pn_1(ziN) Prn_1(zi,n)

of an N x N-dimensional matrix. The zeros {z; y}}\, are the eigenvalues of
this symmetric matrix and are distinct; this yields that the eigenvectors of this
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matrix are orthogonal and unique up to a constant coefficient. On the other
hand, Lemma [5.7] and Remark [5.8 show that

(@Qn-1,5(ziN), -, Qon(2i,n))T

is also an eigenvector of this matrix to the eigenvalue z; y. It follows that

]?O(ZLN) C?NA,N(ZLN)

Pi(zi,n) Qn-2,n(2i,N)

Py(zin) =cin | @n-3n(zin) (5.23)
pN71.(Zi,N) QO,N-(ZZ',N)

with a constant ¢; 5 # 0. The last row of this equation and QO, n(z) =1 give

CiN = PN—I(Zi,N)- (5.24)

We remark that ¢; x usually has the sign (—1)~%. This follows from the well-
known interlacing property of the zeros of Py_;(z) and Py (z) together with the
assumption that the leading coefficient of JBN,l(x) is positive. This assumption
holds for the Hermite and Jacobi cases. In the Laguerre case, the leading coeffi-

cient of the classical Laguerre polynomial Lg\?) (x) has the sign (—1)". However,
we stick to the convention /& I~/ @) ﬁg?) Therefore, the leading coefficient

of st) | is positive. Multiplying (5.10)) and ( - yields
w
C?,N = )

compare [VZ04] (1.23) or [BS86|. Using the sign of ¢; y above, we conclude that

*

e = (~1)N 7 [ (5.25)

w;

Now this can be used to rewrite Equation ([5.23)) for £ =0,...., N — 1 to

()N wi Pe(zin) = VWi QN—k—1,N- (5.26)
This, together with the well-known fact that
N-1
Z’L N 7 (5.27)

w;
v k:O

yields the following representation of ¥ :

Theorem 5.11 (Andraus,H.,Voit(2021)). For the Hermite, Laguerre and Ja-
cobi cases, the covariance matrices Xy = (aij)M:L_“,N are given with the
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notations of Lemma and with the eigenvalues A\ from the Theorems

and[53 by

(=) b
—
\/Zkllop (i) PP (2.5) &

Proof. In all cases,

(208 Pr (25 3) .

5.28
Y (5.28)

Il
=]

TEENTN = diag(A\[h, .., AR,
where the orthogonal matrix 7" has entries
[Tnli; = \/7@] 1,8 (zi,N)
= \ﬁPN i(zin)

Ci,N

= (-1 /w; Py (zi.n)-

Hence,

%% N—1 7 D
N N wiwg Z Pyn_1-x(2in)PN-1-1(2jN)

g, .. =
]
’ Ci,NCj,N

A
o k+1

The substitution N — 1 — k — k, (5.24]), (5.25)) and (5.27)) yield the result. O

Even though some results for the eigenvalues and eigenvectors are not given
in every case, compare remark it is still possible to describe the entries
of the covariance matrix in a way similar to . In the following, we will
present these formulas as well as the formulas from Theorem spelled out
for the concrete cases. Consider first the Hermite case:

Corollary 5.12. Consider the classical Hermite polynomials Hy, = V/2FE\H,,
the vector zy = (21N, ..., 2N,N) of its ordered zeros and random variables X,
with the densities

N
e I (ej—a) [[e?
i=1

1<i<j<N

Then the entries of the covariance matriz & = (U;Y]?H)i,j:17,,,)]v from the limit

V(X —V2zy) = N(0,55), (k — oo, in distribution)
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compare Theorem [{.1], are given by

N-1 N-1 12N
o = (—1y (3 (Hi(zin))? 3 (Hi(z,n))* 3 Hy (2 n)Hi(2,n)
& 2R & i 2 TORM(N k)

Next, consider the formulation in the Laguerre case:

Corollary 5.13. Consider the classical Laguerre polynomials

(e _ (—1)k Tk+a+1)
ET(a+1) ’
the vector z&,}) = (ziajzf, ,zg\%%v) of their ordered zeros and random wvariables

X,. with the densities

N
~ 2 2\2k 2(a+1)k  —z?
Ck,a H (IJ - l‘z) sz e

1<i<j<N i=1
Then the entries of the covariance matriz L — (5'£YJ7L)1‘,]‘:1,..4,N from the limit
Xi =L e .
N T 2% ) = N(0,2%), (k — o0, in distribution)
K

compare Theorem[].6, are given by
i N-1 [ kD(a+1) Lr(z ) Li(2(%)
( )“Z (F(k+a+1) 4(N k)

0. ‘
N-1 KT(at1) /7 (e) N—1 EIT(a+1) /1 (a)
\/(Zk 0 F(k+a+1)) (Ly (ZiN))2) ( k=0 r(kiaﬂ)) (Ly (Zj,N))2>

~N,L _

As mentioned before, for the covariance matrix in Theorem and its in-
verse, the eigenvalue decomposition seems to be much harder to obtain. Nev-
ertheless, with the help of Theorem [5.11] one can derive nice formulas for the
covariance matrix. The result is as follows:

Corollary 5.14. Consider the classical Laguerre polynomials

I'k+a+1)

L = (—1)F Ly | e
e = (S kT (a+1)

the vector ZJ(\?) = (zﬁz,, ,z](\?)N) of their ordered zeros and random variables

X,. with the densities

N
(a+1 K— 1 —x;
GO VSR | "

1§i<j§N
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N,L

Then the entries of covariance matriz L% = (oi,j )Z-,jzlw,N from the limit

XK/ « . . . .
N ( - Z](V)> — N(0,2%), (k — o0, in distribution)
K

compare Theorem[].5, are given by

i+ @) (@) ~N—1 [ kT(a+1) LeGELe(z%)
(_1)Z+j4 Zz(J\)sz(]\)f k=0 (F(ki(fpﬂ)) - 4évN,];c)JN

)

s

N,L

Y :
N—1 kIl(a+1) ;7 (a N—1 KkIl(a+1 o
\/(Ek—o r(kJ(raﬂ))’(Lk )(zz‘,N))2> ( k=0 F(k-(&-a-&-l)) (Ll(c )(Zj,N))Q)

Next, consider the formulation in the Jacobi case:

Corollary 5.15. Consider the classical Jacobi polynomials

P]gaaﬁ)

1 TPhta+DI(E+B+1)T(k+a+8+42) 5
2%k+a+f Lla+l) TL@B+1) Tlatp+1l) *
. Céa’ﬁ)pk(;a’ﬁ)?

the vector z](\?’ﬁ) = (zifx]{,ﬁ), cees z](\?]\ﬁ,)) of their ordered zeros and random variables
X,. with the densities

N

Erap | (cos(2t;) — cos(2t:))>" ] [ sin(t:)* D" cos(t;) P+~
1<i<j<N i=1

Then the entries of covariance matriz Z'J{, = (UiVJ?J)Z',j=17,__7N from the limit

1 a = e
N (X,.i ~5 arccos(z](\, "8))) — N(0,2%), (k — o0, in distribution)

compare Theorem[].13, are given by

No1 [ P () Bed (L)
k=0 \ ¢(*P4(N—k)(N+k+a+B8+1)

N-1 (PP )2 TN (P ()2
k=0 C,ia’ﬁ) k=0 7(:!'5)

As mentioned before, for the covariance matrix in Theorem and its
inverse, the eigenvalue decomposition seems to be much harder to obtain. Nev-
ertheless, with the help of Theorem [5.11] one can derive nice formulas for the
covariance matrix. The result is as follows:

_N.J L
i.j :(_1)1+J

Corollary 5.16. Consider the classical Jacobi polynomials

P}sa,ﬁ):\/ I Tli+a+ DI+ 5+ D) T(h+a+8+2) 50

2k+a+pB TI(a+1l) TB+1) Tla+p+1) F

. Clg:avﬁ)ﬁk(:awg)’

76



the vector z](\, ) = (25 j{fﬁ), “es 21(\?1\61))

X,. with the densities

of their ordered zeros and random variables

N

1§i<j§N i=

—

Then the entries of covariance matriz 4, = (vajf‘])i,j:17,__7N from the limit

N (X - z](\? ﬁ)) — N(0,2%), (k — o0, in distribution)

compare Theorem[{.11], are given by
V- O oy PP R P (55
NI k=0 \ ¢(*P)(N—k)(N+k+a+pB+1)

2%
1)iti N-1 (PP () N-1 (PP ()2
(7 ) k=0 Cl(ca,ﬁ) Zk:o C}(ﬂaﬁ)

Remark 5.17. The formulas for the entries of the covariance matrices Xy from
Theorem [5.11] should be compared with the corresponding results of Dumitriu
and Edelman |[DEO05| for the Hermite and Laguerre ensembles. In the Hermite
case, the entries of & in Corollary [5.12| must be equal to entries of Theorem
3.1 in|DEO05|. Therefore, the following equation holds:

N—-1 N—1 _1/2N_1 ~ ~
it Hy(zin)Hi(2,n)
NH i k(2 N)Hi (25,8
o = (07 (X ) X GGt Y PG
k=0 =0 k=0
1ot HR (2 n)HE (2,3) + Ez:o Hyr (zi8) Hi (25 N ) Hig1 (25,8 Hi (2, n)
N—-1 7 N—-1 7 .
=0 Hi(zin) - >20 HE(2n)

Unfortunately, a direct proof for arbitrary dimensions N is, to the best of the
authors knowledge, not available yet. In the Laguerre case we have a similar
situation. Here the formula from Corollary [5.14]equals the one given in Theorem
4.1 from |[DE05|. However, Corollary has the same structure as in the
Hermite case, while the corresponding formula in [DE05| is much more involved.

In the Jacobi case, there do not exist, as far as the author is aware of),
formulas for the entries of ¥ in the literature besides the ones from [AHV21],
which are summarized here.

Remark 5.18. The fact that in all three cases the eigenvectors are given by
(\/@Qk,N(zi’N))i:L“,N and that there are central limit theorems for more gen-
eral polynomials, see Theorem raises the question whether there exist more
polynomial-induced B-ensembles for which the covariance matrix of the central
limit theorem has similarly structured eigenvectors. Note that in the Laguerre
and Jacobi cases, a transformation to a different parametrization has been used,
compare Remark[5.4f We thus pose the following question: Is there a ’canonical’
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transformation d : I — R such that the covariance matrix of the central limit
theorem transformed by Theorem has (\/uTZ*Qk ~N(zi,N))i=1,. N as eigenvec-
tors? In other words, is there a diagonal matrix D = diag(dy, ...,dy) such that
DY71'D has (\/’lT;Qk,N(ZLN))Z‘:L“’N as eigenvectors? The obvious guess, that
this holds true for D = diag(\/qu s e \/@), is not correct in general. To sketch
a possible counterexample, consider v(z) = 2% + alog(x) on I = (0,00) as in
Theorem [£.91 Here we have

(271). o {2Zl¢z(ziszlvN)2+2+?;§ 7m fOI' ’l,:j
,] ’

—2(ziN —2jN) 72 for i#£j

and therefore

w; +1 1 S
zzl#mﬂLw?(?ijgN—m) for i=j

‘/QULU}J

2 for i #J.

(DX7'D),; ;=

Thus, for i =1, ..., N we get

*

wy
DY 'D
wy/ /),
\/710 \/710 a+1 1
—9 /w 9 (5.29)
; (zi,N — 2j,N) Vi < * ZZn (Zi,N+bN)2>

—/w? 222%;%+w;‘ <2+O‘j1— L )

ziy  (zin +0n)?

By (5.12)), (3.17) and (4.13)) we get

Py_1(z 1 ; 1
wr = DvoaGan) SR —— (5.30)
anPi(zin)  anvAn(zin) 22N +2bn afy

Because multiplicative constants are irrelevant for the question whether a vector
is an eigenvector or not, we will disregard them here and continue the calculation
with

x_ _ RN
ziN + by

8



instead of (5.30). Thus, w} — w} becomes

W —wt = < LN %N >
! I ziNn +by  zZjN+bn
_ <Z¢(Zj +0n) — z(z + bN)>
o (Zi-f—bN)(Zj +bN)
bN(Z,; — Zj)
(Zi + bN)(Zj + bN)
w5 uf

— ba(z — ) Wi
N (2 ZJ)Z]_ 2

This yields

w w} 1
22 :2224

= Gin =2, N) A C)

Now, by

wi wi 11
Zj 2 - Zj+bN zi + by

B <(zi + ;N)zgj+ bN))

= wfw;(zl —z),

we get

and

Overall, we have

QZ le —w —wQZw —I—( az_1_|_wi*>

. ; 2
i BN T A N) j#i ¢ ¢

1 *
= w? 2,& U;sz*
% J#i
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This leads to

a+1 1
2 +w |2+ -
; Z?,N)Q ( ZZN (Zi,N +bN)2>
2
wi —wy 1 *
*QZ — 2+O‘2+ <w)
j#i (zinv = ZJ)N) 2N 2

=w; <4+ 22 +2(2a%, — wi))

%

w2
(4 + 4a’ + — = 5 — 2w1)> . (5.31)
A necessary condition for (y/wf,...,\/w}y) to be an eigenvalue of DL 'D is
that [5.31] is independent of . This can be seen in Equation [5.29] Although
@ simplifies the equation in a quite elegant way, it is not independent of 3.
Thus it can be seen that the assumption described above does not hold here.
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6 Limit results for the largest eigenvalue for N —
00

6.1 Limit results for the largest eigenvalue in the Hermite
case

In this section we discuss the soft edge statistics in the Hermite case in the
freezing regime. This means that we analyze the limit behavior of the largest
entry of the vector in the freezing regime in Theorem [{.1] for N — co. This will
be done on the basis of Theorem We will follow Chapter 5 from |[AHV21|
here. This problem is also discussed in [GK22|, where similar results occur,
but viewpoint and method of proof are different. Furthermore, the problem is
discussed in [DE05|. However, the shown approach via Theorem leads to a
limit with a different form from that in [DEO5|. In this section let 21 x < ..., 28N
be the the ordered zeros of the Hermite polynomial Hy. Moreover, for each
N, let (Qk,N)k=0,...n—1 be the dual polynomials associated with (Hy)k=o,... N
normalized with
~ 1
Qr.N = \/“Tf QkH,N = ﬁ

where QkH y are given as in Theorem This means that

NH
QN

Tn = (Qj-1,n(2i,N))ij=1,...N

is an orthogonal matrix with THYXNTy = diag(1, ..., %) as in the proof of The-
orem These polynomials satisfy the three-term-recurrence

ka,N@):,/%QkH,N@H NT_ka_LN(x) (k<N) (61)

with the initial conditions Q_1 5y =0 and Qo ny = ﬁ
We now derive a limit result for N — oo which involves the Airy function Ai.
For this, we recall some well-known facts about Ai; see e.g. Section 9 of [Olv+10)|

or the monograph [VS04]. Ai is the unique solution of

y'(2)=z2-y(z) (2€R) with lim y(z)=0 (6.2)

Z—r00
and with y(0) = W@/i’)) = 0.355028.... The Airy function Ai has a unique
largest zero at a; = —2.338... with Ai(z) > 0 for z > a;. Moreover, Ai has
infinitely many isolated, simple zeros in | — 0o, a1]. For » € N, the r-th largest

zero a, of Ai satisfies

2/3
ar ~ —(%r(r - 1/4)) for r— oo. (6.3)
In addition, we have the asymptotic behavior as z — —oo
. 1 2 539 T
AI(_Z) ~ WCOS (gz 2 _ Z), (64)
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as well as

Ai'(a,) ~ (_\1/);_ (3%(7“ - 1/4)) e for r— oo. (6.5)

The following Theorem is the central step for our limit results for N — oo:

Theorem 6.1 (Andraus,H.,Voit(2021)). Consider the functions

fnly) = N3Q (znn) for ye[0,N3[ (6.6)

IN3y|,N
and fn(y) = 0 otherwise. Then (fn)n>1 tends for N — oo locally uniformly to

_ Ay +a1)

f(y> = Ai'(al) for ye [07 OO[

We split the proof into three lemmas and use the abbreviation
Q= Qr,N(2N,N),
where we suppress the dependency on N. We start with the following result:

Lemma 6.2. The functions fn satisfy the equation

fn(y) = /Oy /Os(t —la1])fn(t) dt ds + y + err(y, N)

fory € [O,N% [. The error term err(y, N) is specified in Equation at the
end of the proof.

Proof. Let y > 0. We divide the recurrence li by z := zn N by V/N and get

k+1 2ZN.N k
1= gy = 2N 1 - g <N .
N e+ \/ﬁ% N k-1 (k<N) (6.7)

with g_; = 0, go = N~/2. We next observe that by the Lagrange remainder in
Taylor’s formula, for k =0, ..., \_yN%L

k k 1 EN? . k
1_N:1_2N_8(1_§k)2<N) with gke(o,ﬁ). (6.8)

We now define

o= A ()

and conclude from that for k =0, ..., [yN 3] it holds that
N O\ (k)
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Moreover, we obtain from the sharp Plancherel-Rotach theorem by Ricei |[Ric95|
that

ZN,N |1
— =1- + 0 6.10
V2N 2N3 (N ) ( )
Using (6.10)) we rewrite the recurrence as
Qo1 — Qe — (qe — Qr—1) (6.11)
k‘ +1 |a1| k
L Sy L U 1+ alk+1,N)grsr + a(k, N)gi—1 + O(N ™)y

Summation over k = 0, ...,1 now yields

!
1
Q1 — G — —F—==Q+1 — @ — (90 — q-1) (QkJrl_Qk_(Qk_QIcfl))
Vo -2
zl:(kﬂ wl, k- )+
IN dk+1 — qulc 2qu 1

k=0

l
+3 (alh+1,N)gess +alk, Nar—1 + O(N g ).
k=0

A second summation over [ =0, ..., LyN%J — 1 now leads to

1
N3 41 MR
9 yni) JN £ q —qi-1 Nod A
1
lyN3]—-1 |
k+1 | k
- Z(ZN Qk+1 — NZ N2kt o k- 1>+P(yaN)
I=0 k=0
with
lyN3 -1 |
ply, N) = 3 (a(k +1,N) g1 + ok, N)gr_y + O(Nfl)qk). (6.12)
1=0 k=0
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If we multiply this by NV 5, we get

fN(y)— LyN§j+1 1

— Nsp(y, N
N3 p(y, N)

: —a1|)>
k=0 N
1
lyN3]-1
1 [+1
+ <+1Né
N§ =0 2N§

(@1 — QI)) :

(6.13)
Note that the last equation was obtained from the shifts k+1 — kand k—1 — k
We now compare the right-hand side of with

:
/Oy /05(33 — |ax|) fn (t)dtds.

For this we use the functions

(6.14)

_k k
)

+

1

1 E+1
](t) with te N ::Nﬁqk( +

2
— |a .
N3 | 1|>

ZtkNl[

T
2
ool

An elementary calculation yields

(6.15)
s N—1
/ / gN dtds—/ /O Ztk N]- T’%}( )dtds
3 N3
lyN3 |—1
1 [yNs — LyN?J 1
=5 <N§ tLyNSJ Nt e Z:: yN3J — k)ten
gNE - lpNE -3 1 UL
+ 1 1 tk,N
Ns N3 =
Moreover,
L 1 L
S ten=> (L—k+Utpn  (LEN).
1=0 k=0 k=0

(6.16)
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Hence,

y s UJN%'J 1
| [ antoaas - — % I (6.17)
0 /o =0 k=

2
_ L (yNS - N +yN%*Ly
T2 N3 lyN'3 N N

(6.13)), (6.14), and (6.17) now show that

|tN Ns|+1
/ / ( 3Jl+ 2 a1|> dtds + % + err(NV,y)
3 3

W= 2
=
[E
[
N[
—
—
<
=
W=
[
|
Jun

(6.18)
with the error term
LyN%J—1l+1
eit(N,y) == N5 p(y, N _
err( 7y) p(ya )+ N% - QN% (QI+1 QI)
1
yN%—LyN%j—% | sl . kel
- T 1 N g = — |ai
N3 NS N3
k=0
1 1 2 1
1 Ns — |yN3 1 N3|+1
LYy |1_y 3 | Nég ly Jl 2—|a1\
2 N3 lyNs | N
As
1
yNs | +1 1
I o)
and
tN3 | +1 tN3| —tN3 + 1
OGP S G 2 = t+O(NTH),
N3 N3
we get

= /Oy /Os(t —la1]) fn (t)dtds + y + err(y, N)
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with the error term

1
lyN3 -1
1 1 l+1
N = N& N — . — _
err(N,y) Py, )+N§ 2 SN? (@41 — @)

1

yNt —[yNE L WY )

- T 1 N3 gy, = — |ai]
N3 N3 o N3

2 1
1 (yNs N3 Ni|+1
L(gNe—LyNel ) e (NP I+s
2 N3 lyN'3 | Ns
|

: Fn(t)dtds. (6.19)

O

Lemma 6.3. The error term in satisfies err(N,y) = O(N~3) locally
uniformly in y € [0, ool.

Proof. Fix some M > 0 and consider y € [0, M]. We recall that the matrices
Tn = (Qr—1,N(2i,N))k,i=1,...n are orthogonal, which implies that for all N € N

N-1 N-1
1
L= (Qen(ann)’ = — > (NeQkn(2nn)) / fZ(t)dt.  (6.20)
k=0 N3 3
We next prove
y
/ fn(@)dt=0(1) for N — oo. (6.21)
0

For this we recall that by the definition of fy,
N—-1

= Z NéQk,N(ZN,N)l[ K k1 }(t)

=0 N1/3°N1/3

with Qg n(zn,n) > 0 for all k. This follows from the fact that the polynomials
Qr,~n have a positive leading coefficient and are orthogonal with respect to
some measure with support {z1 n, ..., zn,~}, which implies that their zeros are
contained in ]z1 n, 2y n[; see e.g. |[Chi78]. We thus see that fy(¢) > 0 for ¢ > 0.
Hence, for y € [0, M],

1
[MN3|-1 1 1
1 MN3 — I_MN3J 1
= Z\]6 N
N% P wr N3 Harnh
) [MNF |
1
< — N5 gy
Ns 15
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Holder’s inequality and (6.20) now imply that for y € [0, M] and N € N,

) 5 ; 3
fnt)dt < — a N3 (6.22)
0 N3 k=0 k=0
1 n n 2
gNl\/Ns(LMstJrl)g M+—F<VM+2
3 3

This shows (6.21). In an analogous way we prove that for y € [0, M] and
6 € [0,1],

lyN§]-1
1 I+6 _ 1
Nsg = 0O(1). 6.23
N3 N1 Ve =00) (6.23)
1=0
For this we observe that
lyN -1 |MNF |1 1 IMN3 -1
l+0 MN 1
+1 Nig < #N%CHS(M-FU Nig.
= N 1=0 N3 1=0

This together with (6.21]) shows (6.23).
Moreover, (6.22]) leads to the following estimate for the last term in (6.19):

v s [tN3| —tNs + 1 g
// NS ZINS 45 b t)dtds| < 11/ VM ¥ 2ds
o Jo N3 2N3 Jo
MV +2
< T2 o). (6.24)
N3

We now turn to the estimation ofNép(y7 N). Fory € [0, M]and k =0, ..., LyN%J ,
we obtain that N/(N —k) remains bounded for large N. Therefore, implies
that a(k, N) = O(N~3) and thus, by (6.12),

[N p(y, V)| (6.25)
lyN3 | -1
< S (100 )Nt grar + 0N )| Nbges +[O(N )N g
=0 k=0
|MN3 |1
< (100 =8)lgiss + 108 s + [O(N~H)lgy ) -

=0 k=0

If we use the summation formula (6.16)) and Holder’s inequality, we see that the
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third summand on the right-hand side of (6.25)) satisfies

IMN3 -1 |MNF -1
5 1
|O(N™s) > g =0V (LMN3| = k)ar
=0 k=0 k=0
|MN3 | -1 2 [ MNE -1 ’
_5 1
<[O(N"%) a; ([MN3] k)
k=0 k=0
<M2N3

S\O(N_%)|<LMN§JM2N§> _ O(N"}).

If we keep in mind that ¢o = ﬁ, we can estimate the other two sums in the
same way. In summary, we conclude for the first term in (6.19) that

Nép(y, N) = O(N~3).

Furthermore, the second term in (6.19) can be estimated by a corresponding
bound by (6.23) with § = 1/2 and 8 = 1 and with an index shift together with

Qo.n = \/% Moreover, the third term in G) can be estimated in the same
way by splitting the sum there and using (6.23]) for the first and (6.20]) for the

second sum. Finally, the fourth and fifth term in (6.19) obviously have order
O(N *é), while this follows for the last term from (|6.24). This completes the
proof. O

We now complete the proof of Theorem by proving the following state-
ment:

Lemma 6.4. For N — oo, |fn(y) — f(y)| = O(N_%) locally uniformly for
y € [0, 00].

Proof. Again, fix M > 0, let y € [0, M], and assume that N3 > M. The ordi-
nary differential equation (ODE) 1) yields that the function f(y) = AA(i?,’(Z?;)
satisfies

") = +a)fly) with f(0)=0, f/(0)=1 (6.26)
This ODE leads to the integral equation

fy) = / ’ / (b — |aa) f()dtds +y = / "t~ o)y — 0F(0) dt +y. (6.27)

Note that the second equality in (6.27)) follows by partial integration. Moreover,
by Lemma [6.2]

In(y) = /Oy(t —la1])(y — t) fn (t) dt +y + err(y, N).
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‘We thus obtain
) = )] = \ / "= Ja)w - D) - Fa(O)dt - ere(y, N)
s/oy 1t = Jaull - Jy — € - 1F(6) — Fw(®)ldt + | err(y, V),

where we know from Lemma [6.3] that there exists a constant M’ = M'(M) > 0
with

-~

M

err(y, N)| <
[ err(y, V)| ~

for ye[0,M]

ol

and N sufficiently large.

Ast— |(t —|a1])(y —t)| is the absolute value of a second-order polynomial,
we find a constant M > 0 with |(t — |a1|)(y — t)| < M” for all t € [0,y] and
y € [0, M]. Hence,

/

1)~ xl < [ M150) - fulolet + 1

Gronwall’s lemma now implies our claim that

M/ " M/ " _1
|f(y) — In()] < EGM v < FeM M=0(N"3).

3

O

We now apply Lemma to the (N, N)-entries of the covariance matrices
3y for B-Hermite ensembles in the freezing regime for N — oo, which are
described in Theorem [5.11] and Corollary [5.12}

Theorem 6.5 (Andraus,H.,Voit(2021)). Consider the covariance matrices ¥ =:
(Um-)ij:1 _n of B-Hermite ensembles in the freezing regime, i.e Theorem ,
Then

Az +a)?

Proof. We recall that Xy = Ty diag(1,1/2,...,1/N)T%. Therefore,

Noq 1 N
_ 2
UN’N_kZ: EQ’“ 1(2n.n) T N2 Zk+1

Define the functions

(zv%cg,gv(zw))2 .




which are approximations of the function y — i with

1 Ns 11 1
—h < —= 1 k=|yNs . 2
0 —hv) < i S pp P R=bNELy>0 69
With this notation we have
N—-1 1
1 1 N3 1 2 o
N3 =— N&Qy = 2 .
o = r 3 g (VPO Gr) | w2ty

With fx as defined in [6.6] The statement of the theorem is now equivalent to

lim Oo(fN(y))QhN(y)dy:/o AI(Hal / e

N —oc0 0 AI

To show this, we can equivalently show that

Jim_ / I ()2 () dy = / ! ?j” dy (6.29)
and
o (e%e] 2
Jim. /1 P ()?h (y) dy = /1 f(;’)dy. (6.30)

For this, we first recall from (6.20) that

/0 T () dy = 1. (6.31)

Furthermore, as f”(y) = (y — |a1]) f(y), we know that

| 1P dy= [ D w? + £ WP =1 (6.32)

We next observe that Theoremimplies that the measures fxd\ with Lebesgue
densities fZ converge vaguely to the measure f?d\ on [0,00[. As all measures
are probability measures by and (6.32)), we conclude from a standard re-
sult in probability (see e.g. [Bil99]) that these measures converge even weakly,
i.e, for all bounded continuous functions ¢ : [0, c0o[— R we have

[e )

lim 9(W)fn(y)? dy = /0 N 9() f(y)* dy. (6.33)

N—oo Jg

Moreover, as all probability measures have Lebesgue densities, we again con-
clude from a standard result in probability (see e.g. |Bil99]) that (6.33)) remains
correct on [1,00], i.e., for the bounded continuous function g(y) := 5 on [1, 00|

we have
NW/ fN d _/ fy — R. (6.34)
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On the other hand, (6.28)) shows that for any & > 0, there is some sufficiently
large N(e) with
o)

Q_hN(y) <

< for y>1, N> N(e).
Y
Therefore,

[m‘;hN(y)‘fN(y)z dygf/looifzv(y)2 dy, (6.35)

where, by (6.34]), the right-hand side converges for N — oo to e R. (6.35)), (6.34]),
and the triangle inequality now yield (6.30)).
We lastly verify (6.29). We recall that

(f())?
y

NILIHOO In®)?hn(y) = for ye[0,1].

Note that this formula also holds for y = 0, as f is analytic in 0 with f(0) = 0.
Moreover, (6.28), the fact that hy(y) < N'/3, and Lemma [6.4] show that for N
sufficiently large

[fn @)y ()] < 1) = F@)1hn(y) + f(y)*hn (y)
< () + F@)Iin () — F@ING + 1

fy)?
S

(y)?
y

< (1+2f(y)O1) +

As this is a bounded continuous function for y € [0, 1], we conclude from domi-
nated convergence that (6.29)) holds. This completes the proof. O

If we combine Theorem with Theorem we finally obtain:

Theorem 6.6 (Andraus,H.,Voit(2021),Gorin,Kleptsyn(2021)).
Consider the Gaussian B-ensemble, i.e. random variables

XY= (X2 Xy)

with densities

1<i<j<N i=1
Then
. N XN
1\}51100 klgrolo N©s+2k \/2)75 — ZN.N =G (6.36)

in distribution with some N (0,02, ,..)-distributed random variable G with vari-
ance _
9 < Ai(x + a1)?

e ::/0 (A (ar))?e

o dr =0.834.... (6.37)
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Remarks. (1) If we combine Theorem with the formula of Plancherel-
Rotach

M:].— |a1|2 +ry with TNZO(Nil),

V2N 2N3
we can state (6.36]) as

. . 2 (Xen 2
Jim_ (klgrolo <N3 ( Vo —2Vk | +2VE(la1| — N3ry) | | = G.

(6.38)
Please note that in this limit, the term 2WEN §7"N cannot be neglected.

(3) Theorem was stated by Dumitriu and Edelman (Corollary 3.4 in
IDE05|), where the numerical value of 02,,, contains a misprint and the
proof is sketched only. Moreover, the proof in [DE05| is based on the rep-
resentation of the covariance matrix Xy in Theorem 3.1 in [DE05]. This
representation of X with essentially the same proof as above also leads

to Theorem where one then obtains the formula

sy I A At
mm_2(f0°°Ai2(x+a1)dx)2_2/0 ( AT (1) > d

(6.39)

with the aid of . A numerical computation shows that the value
of seems to be equal to that in . Unfortunately, we are not
able to verify this equality in an analytical way, as our suggested identity
does not fit to identities for integrals of the Airy function in the literature,
as e.g. in [VS04]. The proof of [DEO05| can also be extended to the r-th
largest eigenvalue, which then leads to the identity

oo . 4 o A 2
[ (Bl [l s,
0 Ai (ar) 0 (AI (ar))zx
(2) In |GK22|, a similar result was obtained by using different methods. How-

ever, the formulas here match with those derived in [AHV21|.

(4) In [RRV11], Ramirez, Rider, and Virag studied the largest eigenvalues of
[B-Hermite ensembles where they first took the limit N — oo and then
B — 00, i.e., k — oo here. From the results in [RRV11] one obtains that

. . 2 XtJYk,N
Jim <N15noo <N3 <\/W —2Vk | +2VEla| | | =G (6.40)

in distribution, where G is N'(0,02,,, )-distributed with o2 .. as in (6.39).

Remark 6.7. Clearly, the preceding limit results for the largest eigenvalue in
the Hermite case can be transferred to the smallest eigenvalue by symmetry.
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We next use the following formula by Plancherel-Rotach

ZN—r+1,N |ar| _1
N FO(NY, 6.41
VaN g TON (o4

where a, is the r-th largest zero of the Airy function. This formula is derived
from the well-known relationship between Hermite and Laguerre polynomials
[Olv-+10]
Hop(z) = (=1)"22"nI L2 (2?),
H2n+1(l‘) _ (_1)n22n+1n!L§ll/2)(372)7

and a corresponding Plancherel-Rotach formula for the Laguerre zeros given by
(5) in [Tri49]. This leads to the following result for the r-th largest eigenvalue:

Theorem 6.8. For r € N consider the functions
1 2
In(y)=NeQ 3 (eN—riin)  for y € [0, N3

and fn(y) =0 otherwise. Then (fn)n>1 tends locally uniformly to

Ai(y + a,
pl) o= ARGy e o,
Ai'(a,)
for N — oo. Moreover, the covariance matrices Xy =: (am-)l.}j:lw’N of the

freezing B-Hermite ensembles satisfy

1
: 5 2
lim N30N7T+1,N7T+1 = Omaz,rs
N—o00

with
0.582...forr =2
.2 B /OO Ai(z + a,)? 0.472...forr =3
0

AT (a2 ©0 7 Y0407, forr =4

mazx,r

Proof. The proof is similar to those of Theorems and where fy and f
are now those in Theorem [6.8] In particular, for f we now have

f"(y) = (+ar)f(y) with f(0)=0, f(0)=1

Moreover, a; has to be replaced by a,, and (6.10) by (6.41). We notice that
now fn(t) > 0 for ¢ > 0 does not hold; we can however still estimate

\ [ fN<t>dt\ < [ iretoia

with triangle inequality. We can then proceed precisely as in (6.22). O
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Remark 6.9. For the first few values of r, the integral

< Ai(z + a,)? . o Ai(x)? .
_/0 Ai'(a, )2z d _/a Ai'(a,)2(z far)d

r

seems to be decreasing in r. This is indeed the case as r — oco. To see this,
we decompose the last integral into the regions [a,, ar—1][, [ar—1, a1[ and [a;, o],
and estimate it in each case. Let us first note that by (6.5)),

2712\ 1/3
Ai'(a,)"? = (%) Y3 L O(rm3),

Now, for the first region we use (6.4)), (6.3)), the substitution y = 2(—z)3/2 /3 —
r + 3/4, and obtain for r — oo that

=1 Ai(x)? 2\4/3 | /2 3 cos(my)?
— Y dr=(— - /3/ Rt A 9] —4/3 )
/ar (x —a;) x (371') " —12 =2y y+0(r )

Because |Ai(z)| < 1, (6.3) leads to

/al Ai(x)z)dac <log e log (r(l + (1)2/3%7“_2/3 + O(r_5/3)))

(x —a, Ar_1 — Gy 37

=logr 4 O(r=2/3).

ar—1

Finally, Theorem and a, < a; yield the bound
00 Ai 2 ee} Ai 2
/ &dx < / ﬂdm < 1.

L (—ar) T J,, (—ay)

Putting everything together, we see that for a sufficiently large r there exists a
constant C' > 0 such that

< Ai(z + a,)? 1
AT g < Or— Y31 :
/0 Ai'(a,)2x v 0BT

This stresses the fact that »r — oo means that we go from the edge into the
bulk, where repulsion interactions are stronger, i.e., all variances there are much
smaller than at the edge.

6.2 Limit results for the largest eigenvalue in the Laguerre
case

We now discuss the soft-edge statistics in the freezing Laguerre case similar
to Subsection [6.1] for the Hermite case. This means that we analyze the limit
behaviour of the largest entry of the vector in the freezing regime in Theorem
M35l for N — oo. This will be done on the basis of Theorem EI11l We follow
[AHV21| Chapter 6 here. This problem is also discussed in [Ler23|, where similar
results occur, but viewpoint and method of proof are different. We here again
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use the ordered zeros zﬁz, <. z](\?)N of the N-th Laguerre polynomial Lg\?‘).

Moreover, for each N, let ( 2»0[])\])]6:0,.., ~N_1 be the dual polynomials associated

with (L](Ca))k:())m’N, normalized with

) QF N (1)

QD) = VwF Ok n (2)
20
“N wi Qi NN + )

where QkH N are given as in Theorem ﬂ This means that the matrices

Tn = ( Q] 1 N( (a)))i,jzl,“.,N
are orthogonal, with TJEZNTN = diag(i, éa e ﬁ) as in the proof of Theorem

The Q,(ca])v have the three-term-recurrence

2Q (@) =/ (N —k)(N — k + ) ;“>1N<x>+ (2(N — k) + a—1)Q")
+\/<N —k—1)(N— )Qk+1 (@) (E<N) (6.42)

with the initial conditions @ a)N =0 and QO N = \/ﬁ

In the Laguerre case we have the following analogy of Theorem

Theorem 6.10. Let a > —1 and define the functions

1 o a 2
In(y) = NoJ200Q (o) for y e [0,NF]

and fn(y) =0 otherwise. Then (fn)n>1 tends locally uniformly to

25 Ai(25y + ay)

f(y) = Ai'(al)

(y €[0,00]) (6.43)

for N — oco.

Proof. We put q(a) : ;Ca])v(zg\(;‘gv) for k =0,...,N — 1. The Landau symbol
O will be always used for ‘N — oo and will be locally uniform with respect to
y € [0, 00].

The sharp Plancherel-Rotach formula for the zeros Z](\?)]V was studied in
[Tri49), see [Erd+81] for an english version or compare Theorem 1.2 in [Gat8g].
It is as follows:

(@)
ZN,N ay 1
=14+ —5 +O(N). 6.44
4N (2N)3 ( ) ( )

We will also use the Taylor expansion

(07 [0 1
14+ —=14— N2 f <k<yNs. A4
t N7 +2(N—k)+0( ) or 0<k<yNs (6.45)
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The recurrence relation li for x = z](\?)N and a division by N yield

(o)
ZN.N k a—1Y) (w

N _of1- = —
( N < N>+ N >qk

k+1 « (@) k o (a)
A [ | I 1- =), /1 .
< N> RS e v R VA vy o

Using (6.44)) and (6.45)), we obtain

4
(a) 2§a1 2k _1
2 — 4+ O(N

_w [,k a _k -1 (1_F
i (1- 5+ g (1-w) o (- 1))

() 1_/€+1 « 1_k+1 N1 1_@
+qk+1( N AN k-1 N ) ToNT) N
a k _ a kE+1 _

:ql(cjl (1—N+O(N 1)) +ql(€+)1 (1_N+O(N 1)>.
Hence,

k+1 k 2%a; 2k
ql(gc_:_)l + q;goi)l - QQ;(C(X) = 7(]](;.:_)1 + = () + ( 21 + ) q’(fa) (646)

N N k-1 NZ N
+O(N Vg + O(N g™ + O(N g™,

Equation ([6.46]) is very similar to Equation (6.11]), so we skip some details as
the calculation below will be very similar to Subsection We sum (6.46])
over k = 0,...,] and then over [ = 0,..., LyN%J — 1. After multiplying with

N& zj(\?)N, we obtain from (|6.44) that the left-hand side is equal to

(1+ lyN3 NG /200

In(y) — NTo)
=fn(y) — (1+ LyN%J)N%2\/N(1+O(N72/3))
=In(y —

=fn(y) =2y + O(N~/?)
and the right-hand side to

l
k+1_ 1 k1
> (vt e+ ot
o238 2%\ (a i
+Né\/z§v7)N<NC§1 +N>q,§ )> +ONTY3.  (647)
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Note that in the second case, we used the estimation

1

l
5™ (01, + OVl + O gl)) = o),

which can be proven precisely as Equation (6.25)) in the proof of Lemma
We next use the index shifts k+1+— k and kK —1 +— k in (6.47)) and obtain that
the right-hand side above is

l
1 1 (@ (fk+1 k 4 2k
> R nps
N3 1=0 Nék_0< Nk N3 +N§ a1+N§
lyN 3 | lyN3 |1
1 kot @ () 1 k+1o1 [(a) (o
+t—3 T N© AN NQ T T 2 —N© ZN, N
N3 = N3 N3 G NE
lyN3 |—1 l
1 1 1 (@) (o) kE+1 k 4 2k
= E Ns 23
5 1=0 N k_0< NN N3 +N%+ alJrNé
+O(N™3),

where for the last equation an analogous estimation to that in (6.21]) has been
used.
In summary, we have proven that

1 lyN 3|1

3

fn(y) — 2y + O(N~V3) =

1 l
o (o) 4k +1 4
3 (v bl (2 21 ).
=0 k=0 N
If we use (6.17)), we see that this leads to the integral equation

In(y) = /Oy /O I (s)(4t 4 23ay)dtds + 2y + O(N~3).

As the function f defined in (6.43)) satisfies f(0) = 0, f'(0) = 2 and f"(x) =
(42 + 23a;) f(z), we obtain from Gronwall’s lemma (sce also Lemma that
[fx(y) = fy)l = O(N 7).

O

We now apply Theorem to the (IV, N)-entries of the covariance matrices
Y.y for p-Laguerre ensembles in the freezing regime for N — oo, which are
described in Theorem [5.11] and Corollary [5.14]

Corollary 6.11. Consider the covariance matrices Yy =: (O’i,j)ijzl Ny of
B-Laguerre ensembles in the freezing regime. Then
< Ai(z + ay)?

lim N%UMN:/ dr =0.834....
0

N —o00

Ai'(ay)2x
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Proof. The proof is completely analogous to the proof of Theorem O

Similar to Theorem and Theorem the above theorem can be com-
bined with Theorem E.6ko obtain:

Theorem 6.12 (Andraus,H.,Voit(2021)). Consider the Laguerre B-ensemble,
i.e. random variables
X = (e X

with densities

N

- 2(a+1)k g2
n T (st Tt
1<i<j<N i=1
N,«
X )
. . 1 N
lim [ lim N5k B ZJ(\(;)N =G
N—oo \ k—o0 \/E ,

in distribution with some N(0,02,,.)-distributed random variable G with the
variance

Then

oo A 2
Tmaz = / GRS
o (Ai'(a1))?z

6.3 Limit results for the smallest eigenvalue in the La-
guerre case

In this subsection, we consider the hard-edge statistics in the freezing Laguerre
case. Specifically, we analyze the limiting behavior of the smallest entry in the
vector within the freezing regime, as described in Theorem for N — oo.
This analysis is based on Theorem [5.11} The outlined approach is initially
presented in [And21| and will be rigorously proven here. The proof in that
work employs spline polynomials to transform the difference equation into a
differential equation. While this improves readability, it leaves some convergence
issues unresolved. Therefore, we will use integral equations and Gronwall’s
Lemma to address these concerns. Additionally, similar results are presented in
|[Ler23|, though the perspectives and proof techniques differ.

We will again use the ordered zeros zﬁz, < e < zj(\’,l)N of the N-th Laguerre

polynomial LS\?). Furthermore, for each N, let {QI(CO‘])V kN;Ol denote the dual

polynomials associated with {L,(j‘)}szo, normalized as follows:

(o) A(@) /() = AL (o) (a) Qf,N(Zﬁ\)/)
Zi N k,N(zi,N) =V w; Qk,N(Zi,N) =\ N

N NN +a)
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Here Q,E N are given as in Theorem ﬂ This means that the matrices
Ty = ( WO, N (= <a))> (6.48)
ij=1,.,N

are orthogonal with TESNTy = d1ag(47 §ro ,ﬁ) as in the proof of Theorem

The Q P N have the three-term-recurrence

x@%(m) =V/(N = KN —k+ a)Q) y(x) + 2N — k) +a — QI

VN —k-DN -k -1+ a)Q, y@) (k<N) (6.49)
with the initial conditions Q(_O‘I),N =0 and Q(()CR, = \/ﬁ Note that here

the convention VE i(a) = ﬁ(a) from Section I is used. This means that E(a)

and Q do not have alternating positive and negative leading coeflicients. To
study the behavior of the hard-edge (smallest eigenvalue) case, it is however
useful to use the naturally occurring signs of the Laguerre polynomials for their
dual polynomials. Precisely, multiplying with (—1)* yields

e(~1)FQN (@) = — VIN — k) (N — k + a)(-1)* QY y(2)
+ 2N — k) +a - D(-1)FQ\%

VN =k =1)(N =k =1+a)(~1)*1Q{%), y(x) (k<N)
(6.50)

with the initial conditions Q(f‘l), ~ =0and Qéag, = \/ﬁ The limit theorem

for N — oo that will be derived in this subsection involves the Bessel function
Jo of parameter o € C. For this, recall some well-known facts about J,, see e.g
[Mil45]. For a complex parameter « € C the function z — J,(z) is defined by

St (_1)’m(%)a+2m
Jo(2) = -
() mz::O m!iT(a+m+1)
and solves the differential equation

2
zZ%y(z) + ziy(z) + (2% = a?)y(z) = 0. (6.51)

dz
For o € R,7 € N the function J, has infinitely many positive zeros j, , with
0<Ja1 <Jaz <.
In analogy with Theorem [6.1] the following result can be stated:

Theorem 6.13. Let « > —1, N,r € N and for y € [0,1) define

Z VN3 N e (1)-
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Then the sequence (fn)n>1 tends local uniformly to

Jo(Jo,r VI —y)

fly) = EACSEE

(6.52)

for N — oco.

Proof. The main idea of this proof is to rewrite the three-term recursion
into an ordinary differential equation (ODE) of second order and apply Gron-
wall’s lemma. To avoid issues with ill-defined derivatives and other technical-
ities, the ODE will be written as an integral equation. Let y € (0,1) and
0 <k < |yN]. Using the abbreviations

g 1 = (—1)FQLR (1),

and setting x = z, in Equation (6.50)), multiplied with %, yields

1
NZqu:_\/l_\/1_+ -1

a—1
_ 6.53
+ (201 N)+ N)qzC (6.53)
k+1 E+1 «
e

The asymptotic behavior for z, was studied in |Tri49|, see [Erd+81] for an
English version or compare Theorem 1.1 in |Gat88]. It is as follows:

.2 .2
Ja,r -3 JQ,T —2
= Jar L o(NH) = N72). 6.54
TS IN Ty TOWT) =gy oW (6:54)
For 0 < k < |yN| there is
k 1
1>1——2>1-— =0(1).
>1- yél_% (1)
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Using the following three Taylor expansions for 0 < k < |yN |

8N?2 N
yields
k+1 k+1 o E+1 @
\/1‘ N VIS Pyl faw
a? k+1)\ "
S I [ -3
8N2( N) +O(N7?)

Inserting the asymptotic expansions ((6.55)) and (6.54) into the three-term re-
currence relation (6.53) gives

2
]a,r -2
Qk<4N2+O(N ))
k-1 a—-2 a2 k—1\"" s
Qk—1<1 Nt on 8N2(1 N) +O(N ))
k a—1
o l2(ox) )

kE+1 @ o? E+1\" 3
- A R S T N7,
q’““( N Tan 8N2< N) +OWT)
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The above equation can be rearranged to

k+1 k k—1
1——— -2 1—— 11— 6.56
Qk+1( N > Qk< N>+Qk 1( N ) ( )
a—1 a—2 «
TN qr — W(]k—l - ﬁ%-&-l (6-57)
a? E—1\" j2 . a? E4+1\ "
— (1= 2 1—
+ N2 ( N > qk—1 4N2q;f+ SN2 < N > Qk+1
(6.58)
+ ON"?) (k-1 + Qrs1 + qr—1)- (6.59)

The left-hand side, line is a second-order difference equation and thus
telescope summation over k = 0, ...,1 — 1 gives

5 (e (- 57) 2 () e (- 55)
2 o (=57) e () [ (=) s (0]
ugm (-5 (o (o))

(1 ll) 1
-1 N N(N—&—a).

(6.60)

For the summation of the right hand side, it is useful to study some estimations
of g first. The Cauchy-Schwarz inequality, (6.54) and the orthogonality of
(6.48) can be used to obtain

(6.61)

For a direct estimation of g, consider (6.54) and the orthogonality of (6.48]) to
obtain

N-1
1=z Z qZ
k=0
:>qu,% <1
=qi < ON for some C' >0
=qr| < VCV'N for some C > 0
=q = O(VN). (6.62)
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The summation over the right-hand side will be split into three parts. Every
line ((6.57)), (6.58)), (6.59)) is one part. Summation over k = 0, ..., of the second

line (6.57)) gives

o1t o9t o 1
TN gy 2t gy e
k=0 k=0 k=0
a— 1A o—2 2 a <
N LWy Ly
k=0 k=0 k=1
1-1
_ a—1 a-—2 « a—2 « «Q (6.63)
T < N 2N ZN) oN U1 TN U T oy
=0
a—2 a o 1
= B-1— ol T o e
2N 2N 2N \/N(N + «)
a—2 «a
=N U1 T 5N T +O(N7?)
The summation over k =0, ...,I — 1 of the third line (6.58)) gives
o2 Lt . 2 Q2 Lt ”
k—1 a,r +1
2 E—1  AN2 qu T Nz Z ki1
8N s AN k=0 8N k=0 (1 - T)
o2 22 . j2 1t 5 1 .
o k _ Jar k
SN2 1_ &k 4AN?2 qu+8N2Z(l ﬁ)
k=0 N k=0 k=1 N (6 64)
-1 ’
1 qr < a? 2 > o? < qr—1 qQ >
N2 2o & Jar | T 1 . 9
N2kZ:O4 -5 SN2 \1-F  1-%
1 -1 o N , -
m Z Z 1— % ja,r + ( )
k=0
The summation over k = 0,...,I — 1 of the fourth line (6.59)) gives
-1
O(N~%) Z (qk—1 + ar + 1) = O(N?). (6.65)
k=0

Note that the notation is difficult here (and in (6.59))), because Landau symbols
can generally not be factored out. The calculation above should be understood
in the way that (6.61)) is applied to every term.

. . o 1 .
The combination of (6.60)), (6.63)), (6.64), (6.65) and go = W) yields

o(ox) 0 (- F) - e

-1
a—2 « 1 qk a? 9 _3
= —Qj_1 — — _— —_— — O N 2).
oN U1 TN U T e kZ:O 1 (1_1@ Jar | +ONTE)

(6.66)
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A second summation of over [ = 0,...,m leads to the left-hand side

Sl (%) (-5 -

(6.67)
m m+1
g (1) L oy
an (1= %) = +ONTY
and to the right-hand side
a 2 m m 1 m [—1 q a
k 2 1
SOWEEE IR DI (L P
= =0 1=0 k=0 N
m—1 1 m
1 qr a? 1 a _
- 4<1 - Ji,r>—N G =~ @m + O(N7?)
1=0 k=0 N 1=0
1 m—1 1 an Oé2 m
N2 1 (1 % ]i,r) NZC]H‘O(N ?)
1=0 k=0 N 1=0
(6.68)

The next step is to rewrite (6.67) and (6.68)) into an integral equation for fy (y).
For fixed y € (0,1) consider the sequence of integers m = m(y, N) such that

m(y.N) __m(y.N) +1
N N '

In the following the Landau symbol O(N ~7) will be used with the limit N — oo
and local uniform convergence with respect to y. With the help of (6.62) and
(6.54) the following estimations can be made:

1 1

N
1_%:1—y+y—%=1—y+0(f\7_1)»
m Yy —yN
;;VN*ZTQz :/o fn(s)ds + fn(y) (W) (6.69)
:/Ony(s)ds+fJ§V(w0(1),
1 _ 1 _ 1 _|_O(N_1).

1-m " 1-y+O(N-Y) 1-y
VN zrz%wouv—l) (6.70)

If in Equation (6.15)) the function

1_7 a,T

. (&% .
gn(t) := E tk,Nl[%’kltl](t) with  tr N == v/ Nzrqi (k —j2 )
k=0 N
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is considered, the calculations after (6.15]) are the same and result in

EE (5] [
2( ) \/]TZT(][yNj< —N] ji)

N

- \

[yN]|-1
yN — |[yN| — 5 2
+ # Z V Nzrqk _7N —Ja

In(t o? a2
// 1 g ) dtds
N

(6.71)

For the estimation in the last line 7 and the fact that convergence
in O(N~1') is locally uniform with respect to y were used. It is now possible
to rewrite (6.67) and (6.68)) into an integral equation. Therefore multiply both
sides, (6.67) and (6.68)), with v N V/Zr and apply the error bounds and
(6.71). This gives

fN(y)(l—y)— //fN (f_t ,T)dtds—/oyfzv(t)dt—i—O(N_é).

(6.72)

By partial integration it holds that

- =22y = [ (-0 20 ({2 2) - o)) ar oy

Proceeding similarly to Lemma [6.4] and applying Gronwall’s lemma then leads
to

[fn(y) — fy)] = O(N~3), (6.73)

where f is the solution of the integral equation

rwa-n-2my = [ (-0l (- ) - sw) e o

Note that now (6.62)) can be improved to

If the proof is repeated with this estimation, (6.73]) can be improved to

[fn(y) = fy)l = O(NT). (6.75)
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The integral equation ((6.74) corresponds to the differential equation
1.
WA=y =0 =y)f () + ) 0a,0—-y) —a®) =0

with the initial values f(0) = 0 and f'(0) = j”Q’T. From this point on we will

follow [And21] again. By Lemma 3.1 of [And21] the solution of this differential
equation is given by

2Ja(ja,7'v 1-— y) ]
Ja+1(ja,r> - Jafl(joz,r)

fly) =

Now, after applying the identity 10.6.1 from [Olv+10|, this becomes

) =~ el )

which is exactly as given in (6.52]). O

It is now possible to apply Theorem introduced above to the (N —
r, N — r)-entries of the covariance matrices ¥y for 8-Laguerre ensembles in the
freezing regime for N — oo, which are described in Theorem and Corollary
LI

Corollary 6.14. Consider the covariance matrices Xy =: (055); i_y _n Of
B-Laguerre ensembles in the freezing regime. Then for r € N it holds that

1 - 2
. _ (Ja(Jo,r vVI—y))
N NON-ra1,N—rs1 = /0 RATRRIE

Proof. This proof is analogous to that of Theorem above. This corollary was
also presented in [And21] as Theorem 1.3. Since the proof there left some ques-
tions about convergence open, it is presented in detail here, using the notations
of Theorem Because

11 1
TIS Ny = di e
N~NLN lag(4787 74N>a

the covariance on_,+1 N—r+1 can be written as

N

2
1 a a
NoN_ry1,N—rt1 = Z i (V N ZﬁJ%QkNl(zil\)»)

k=1

N-1
= v 2 o (/)
k=0

This can be identified as integrals of step functions. According to Theorem [6.13]
fn(k/N) is a step function converging to the solution f of (6.52)) and

hy(y) = (k+1) 1[%’%)@)
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is a step function converging to %

Similar to (6.28) there is

1 N 1
Oég—hw(y)<7§ -

1
22 for k= |yN| 0 1.
SkkrD gk [N, 0<y<

Because fy converges locally uniformly, for every x € [0, 1) there is a neighbor-
hood V, of x and a constant C, > 0 such that for all y € V,, it holds that

[N )] < Ca(1+ f(y)).

Thus for every compact set [0, M] C [0,1) there is a Cjs > 0 such that

vl < Cur(+ Fw).
Therefore, with (6.75), it holds that
v @) hn )] < [fn()? = F()?hn (y) + f(y)? ha (y)]
< () + T@)inG) ~ JIN" + T

(y)?
=

~

< (1+2f(y)O(1) +

Because f is continuously differentiable, this gives an integrable upper bound
for every compact set [0, M] C [0,1).
Next, an integrable upper bound for the interval [M,1) is found. Due to the

orthogonality of (6.48)), fol(fN(y))2dy = 1 holds. Moreover, fol(f(y))zdy =1
also holds. This can be seen with a simple transformation of the identity

| 0GPy = 5o
0

which comes from [Olv+10] 10.22.37.

Theorem implies that the measures f%d\ with Lebesgue densities fZ con-
verge vaguely to the measure fdX on (0,1). Since all measures are probability
measures, they also converge weakly. Because hy is a bounded function on
(1, M), the same argument as in Theorem yields an integrable upper bound
on (1, M). Now, by dominated convergence, it holds that

1 1 . 2
. T 2 _ (Jalda,rv1—y))
i Noy—p1,N—rt1 = ngréo/o In@Whn(y)dy —/0 T Gar))? dy.

O
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6.4 Limit results for the largest eigenvalue in the Jacobi
case

In this section the hard-edge statistics in the freezing Jacobi case will be dis-
cussed. This means that we analyze the limit behavior of the smallest entry
of the vector in the freezing regime in Theorem for N — oo. For fixed 3
the behavior of the largest eigenvalue is widely studied in the literature, see for
example [JohO08} [DKO08; [For12; \Jial3] and many more. This section can be seen
as an extension to the case § = oc.

The used methods are similar to those used in the previous subsections, espe-
cially to those seen in the Laguerre hard-edge case, i.e., the limit results for
the smallest eigenvalue in the Laguerre case. We again use the ordered zeros

(. 9) (ac.) @)

2y 5 < ...<zyy of the N-th Jacobi polynomlal . Moreover, for each IV,

.....

normahzed with

1- (2 (o]zvm) (@B) (aﬁ = i Ol y( A0y
Y (aﬁ)) (2N+a+ﬂ)\/2N+a+5 1 5 (Z(Q))
VAN(N + a)(N + B)(N + a + B) oN

where Q,{ y are given as in Theorem H This means that the matrices

Ty o= (V1 GO GE)) (6:76)
j=1 N

are orthogonal with

1 1 1
TNENTN = diag <)\1 )\2 /\N>

and
Ao = 4k(2N + a+ B +1— k)
as in the proof of Theorem [5.11] Consider the abbreviations

AN(N +a)(N 4+ B)(N + a + j)
2N +a+B)P2N+a+5-1)
VAN(N +a+ B)(N + ) (N + 5)
VeN+a+B+1)2N+a+B8-1)@2N+a+p)’
a2—,6’2
(2N +a+B)2N +a+B+2)

hN = hN,a,ﬁ L=

GN = AaN,a,B8 -+ =

bN = bN,oc,ﬁ L=
Then, for £ =0, ..., N — 1, the three-term recurrence of Q(a 2 s given by

2Q\ (@) = an— 1 Q) (@) + by k1 QN + an—k—1Q y(2)  (6.77)
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with the initial conditions Q(f‘l) ~ =0 and Q((Jajz, = \/hli The limit theorem
’ ’ N,o,B

for N — oo that will be derived in this subsection involves the Bessel function
Jo of parameter a € C. Some well-known facts about .J, are summarized in
Subsection Let

0< ja,l < jo“z < ....

be the positive zeros of J,. In analogy with Theorem [6.1} the following result
can be stated:

Theorem 6.15. Let o, > —1, N,r € N and for y € [0,1) define

N-1
() =Y VN L= G0 PO G s ke (). (6.78)
k=0

N>

Then for N — oo the sequence (fn)n>1 tends locally uniformly to the solution
f of the differential equation

PO o) (2002 -at e 1) =0 61

with the initial values f(0) =0 and f'(0) = v/2ja.r-

Proof. The main idea of this proof is to rewrite the three-term recursion
into an ordinary differential equation (ODE) of second order and apply Gron-
wall’s lemma. To avoid issues with ill-defined derivatives and other technical-
ities, the ODE will be written as an integral equation. Let y € (0,1) and
0 <k < |yN]. The following abbreviations will be used:

. @B (a,8)

Qe =Qp N (ZN7T+1,N)’
. (a,B)

Zr =280 N

The next step ist to find the Taylor expansion of ay_x, aN—k—1,bN—k—1, 2 from
(6.77). The zeros
791,N < ’19271\/ < ...

of
P (cos (1))

are studied for example in [Gat94]. The following result from there will be
useful: Let

1\* 1-—a2—3p2
u:\/(N+O‘+§+ ) + O‘12 35 _ N+ o),
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then by (1.9) of |[Gat94] and for N — oo it holds that

Oy = JQT +O(N7?).

s

Therefore, with the Taylor expansion of cos, it holds that

2

Ny = cos(Pny) = 1 S+ O(NTY
-2
Ja
=1- 22 (N
ja
— 1 Jar (6.80)

]a,r —
;»1—<Z<N’€?+1 N =5 0N

1= = /1= ()2 = 555 + OV ).

For 0 < k < |yN| it holds that

k 1
IZIfNZIfyé — =0(1).
N
To analyze the asymptotic behavior of
VAN — k)N —k+a+B)(N—k+a)(N—k+p)

Nk \/(Q(N—k)+oz+ﬁ+1)( (N—k)+a+B-1)2N -k)+a+p5)

1\/1_*\/1 N+a+ﬂ\/1_ﬁ+N\/l_N+
) a+ﬁ+1 a+51 atp
Vi-E+ Ji-E+ (1-%+52)

some Taylor expansions will be used. For any x € R it holds that

(6.81)
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For =,y € R this yields

ko y
1— — 1— =4+ L
N

k T+ x2 4 92
:1_N+2Ny+ 2yk_ dhd'
AN? (1-§) 8N2(1-g%)
E x4y (x —y)?

:]_——
NN T sNI(1- )

+O(N7?) (6.82)

+O(N73).

Furthermore, by the geometric series and Taylor’s formula (6.81)), for any x € R
the following holds true:

1 1
= - 3+ §+O(N_3)
Ja-5+% Ji-F ava-£)° s (-f)
(6.83)
1 1 T x?
- - +O(N?
l-x+skv l-% 2N(1-£)" 4N2(1- &) )
(6.84)
For =,y € R this yields
1 1
V=8 + a0 8) +
1 2 249
_ - x+yk 2+31: 4;3y +kx§/+O(N*3) (6.85)
-N AN(1-%) 32N2(1-%)
1 2 2 2 2
LN x+yk 4 (z +y)+(i+3y) +O(N7?).
=% 4N(1-%) 32N2 (1—- %)

Using (6.82)) twice, for x = «,y = § and for x = 0,y = a + (3, gives an
approximation of the nominator of ay_x. This is

II ’“‘%J“N

1€{0,a,8,a+8}

NS v e T
:<1_Jlif a;J_vﬁ_sz\(f(;(ji))*O( >>
' (1 _% a2JJFVB - 8]\(73(_1?1«) +O(N_3)>
:<1_Z’;>2+O‘;B (1 N>+2]§2+0(N—3). (6.86)
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For an estimation of the denominator, use (6.85)) forx = a+ -1,y = a+4+1
to get

—_

% NG k)
20+ B —-1)24+2(a+B+1)2+4(a + B)?

(6.87)

+ 5 +O(N™3)
32N2(1- &)
1 + 20+ B2 +1 _
:1 —_— « Bk - (Oé 6) n 3+O(N 3)
-N 2N(1-£)" 8N2(1- %)
and (6.84)) for x = o+ 5 to get
1 1 2
= — - ath (@+5) ~+O(N73). (6.88)
l-x+%v 1=~ 2N(-g) 4N2(1-3)

The combination of and (6.88]) gives an approximation for the denomi-
nator of ay_g, which is

—_
—_

1

VOB o o ) e 1=+ 5
2 2 2
_ lk . a+ﬂk 3+2(a+5) +1+22(a+kﬂ)4+2(a+[3) Lo
1-%) N(1-%) 8NZ (1 — &)
_3).

1 a+p +6(0‘+6)2+i+0(z\f

(1-4%)° NO-%) sN2(1-%)

(6.89)
Combining (6.86)) and (6.89)) yields the follwing for ay _g:

2
e (4 v (8- 2)

1 6 241

_ - a+p - (a+pB) +4 + OV
1-%)" NQ@Q-%)" 8N2(1-y)

1 241- 244

140 i +6(a+ﬂ) + 8(ak+2ﬂ) + a6+

(1-%) SN2 (1- %)

_2(042—&—52)—1

N2 (1 %)’

Thus for ay_j—_1 it holds that

(6.90)

O(N73)

O(N—3).

22+ 5% -1

-3
VT (L ) +O(N7?). (6.91)

2aN_p—1=1~—
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The asymptotic behavior of by_r_1 can be described by using (6.84) for x =
a+ (B and for z = o+ § — 2. Here only the first-order term is necessary. This
yields

a? — 32 1

2 2
W (- $)

20N _jp—1 = — +O(N3). (6.92)

Combining ((6.80)),(6.90)),(6.91)) and (6.92)) yields that the three-term recurrence
relation (6.77) at x = 2, is given by

2 2 2
_ Jar -3y g4 = _ 2+ B -1 s
2 (1 SN2 + O(N )) Tk = Qr—1 (1 SN2 (1- k]—cl)Q +O(N™)

a2_62 1 B
(T o)

+ Gr1 (1 - ;Jifo; (+ﬁ :)12 + O(N_3)> .

Rearranging the terms in the equation above leads to

G120+ B%) -1 q o —p?

Qr+1 — 2Qk + Q-1 =

2 2
W- ) - h)
Qi1 2(?+ 5% -1 qp o (6.93)

+O(N")gp_1 + O(N*)gi, + O(N ).

8N?2 (1 k+1)2 N2Ter

The next step is to sum up (6.93)) twice and transform it into an integral equa-
tion. Before this can be done, some estimations are necessary. The Cauchy-
Schwarz inequality, (6.80) and the orthogonality of (6.76)) can be used to obtain

7). (6.94)

For a direct estimation of g consider (6.80) and the orthogonality of (6.76]) to
obtain

N

1= (1-2))q;

i=1
=(1-2)gp <1
:”]13 < C'N? for some C' > 0
=|qr] < VCON for some C' > 0
=qr = O(N). (6.95)
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The estimation (6.94)) yields

!
O(N~™3) Z (gk—1+ gk + qrt1) = O(N ™

5,
k=0
m—1 1
(qk—-1 + ak + qr1) = O(N 7). (6.96)
1=0 k=0

Note that notation is difficult here (and in ), because Landau symbols can
generally not be factored out. The calculation above should be understood in
the way that is applied to the absolute value of every term.

For 0 < m < |yN|, a double summation over k = 0,...,l and | = 0,....,m — 1
afterwards yields the following left-hand side in :

m—1 1 m—1
> (e =2 +ae-1) = Y (@1 — @) = (90 — 1))
1=0 k=0 1=0
= gm — (m+ 1)go (6.97)
V2
=q¢m — (Mm+1)—= + O(1).
Gm — ( )\/N (1)
Before the right-hand side is summarized, note that by (6.84)), it holds that
1 1
= +O(NT)
(1-55° (1-%)°
and therefore for 0 <! < [yN]:
ZQk 12a +5%) -1
8N? (11— k)?
N
!
_ qrk—1 2(04 +5%) -1 2
fz <8N2 i ﬁ)2 +O(N7?)
o N (6.98)
g 202+ B2) — ) g 2(a?+8%) -1 .
= +O(N7Y)
2 2
()
! 2 2
g 2(0” +5?) - > S
= O(N7Y)
2 2
= <8N (1-%)
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Furthermore it holds that

ZQk+12 o + %) — 1
8N?2 1 M)

Q1 2(e* +5%) —1 g0 2(e*+p%) —1

Z ar 2(a® + B2
2 2 2
8N (1-54) 8N 1-%)

8N?

k.
N

O(N7).

2

) —
)
q 2a2+ﬂ2)
Z:Esj\kf? ( )

2\?

(6.99)

With 1' and in mind, the double summation over k = 0, ..,
and [ =0,...,m — 1 afterwards of (6.93) is given by

m—1 1 m—1 1

e 2 +pB%) -1 Qi o 02— 32
> 225N
e R R R e A (R
m—1 1 m—1 1

2(a?+6%) -1
LYy (o + ﬁk )—1_ g2 o) (6.100)

1=0 k=0 (1 - ﬁ) =0 k=0
m—1 1

To align the three-term recurrence relation (6.93) with (6.78)), i.e., arranging the
appearing terms to have the same form as the values of the step function fy,

the left-hand side (6.97)) and the right-hand side (6.100]) are multiplied with
VN l—zzzja’r—i—ON*%,
V==L ow)

compare ((6.80). This results in

N
_m 1 \/* 1 Z2Qk aQ _ i - (6101)
- Z Z N2 k 2 ]a,r .
=0 k=0 (1 - ﬁ)

The next step is to rewrite (6.101) into an integral equation for fx(y). For
fixed y € (0,1) consider the sequence of integers m = m(y, N) such that

N N)+1
m(y, )§y< m(y,N) + '
N N

In the following the Landau symbol O(N ~7) will be used with the limit N — oo
and local uniform convergence with respect to y. With the help of (6.95) the
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following estimations can be made:

1 1
mtl_ +<m+_y> —y+O(NY,

N N
m m
1l——=1- - —=1- O(N~! 102
N vty - y+O(NT), (6.102)
1 1 1
= +O(NT1).

-2 1-y+O(N-1) 1-y

If in Equation (6.15)) the function

k) (1)

k
N

N-1
gN(t) = Z tk,Nl[
k=0

with

tk,N =

VN 1—z$qk<a2—}1 ,2>
(1-

N2 52 _ja,r
~)

is considered, the calculations after (6.15]) are the same and result in

(6.103)

With the error bounds (6.102)) and (6.103)), Equation (6.101f) becomes the inte-

gral equation

IN®) = V2jary = /Oy /0 fn(t) <(O{__t)42 - ]§> dtds + O(N~2). (6.104)

Proceeding similarly to Lemma and applying Gronwall’s lemma then
leads to

[N

lfn(y) — fly)| = O(N™

where f is the solution of the integral equation

1) ~Vai= [ [ 50 (f{t) -2 dias. (6.106)

), (6.105)

Note that now (6.95) can be improved to

ax = O(VN).
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If the proof is repeated with this estimation, (6.105) can be improved to
[fn(y) = Fly)l = 0N (6.107)
The integral equation ((6.106)) corresponds to the differential equation

") =y + f(y) (jim(l —y)? —a®+ i) =0 (6.108)
with the initial values f(0) = 0 and f'(0) = v/2jj.,- O

Remark 6.16. e The shape of looks similar to Bessel’s differen-
tial equation . However, the term containing the first derivative is
missing, and instead there is a shift of %. For the Laguerre hard-edge, the
differential equation of corresponding function f from Theorem [6.13]could
be transformed into Bessel’s differential equation. It is not clear whether
(6.108)) can be transformed into Bessel’s differential equation.

e The calculations in the proof of Theorem [6.15] above are quite long and
susceptible to calculation errors. It makes sense to additionally verify
Theorem numerically. Furthermore, by (5.6.3) in [Sze75|, the Hermite

polynomials H,, can be written as the limit of Jacobi polynomials P,Sa’a),
Hn(z) = lim a~ 2 pP(®® (:v) ,
n! a—oo Va
()

and by (5.3.4) of [Sze75| the Laguerre polynomials Ly~ can be written as
the limit

L) = lim P{®#) <1 - %> .
n Br00 n 5

It might be interesting to investigate what happens to Theorem [6.15] and
the following Theorem [6.17] when using these limits.

e For parameters u, k, consider Whittaker’s equation

2u(z) = (if ke (,ﬂ - i)) w(z),

see for example [WW21| Chapter 16. It looks promising to transform
(6.79), the differential equation for f, into Whittaker’s equation. After-
wards an investigation of the conjecture

1
/0 (f(y))*dy =1 (6.109)

can be made. If the conjecture is true, it can be used to prove Theorem
introduced below.
Given the conjecture , it is possible to apply Theoremintroduced
above to the (N —r, N — r)-entries of the covariance matrices Xy for -Jacobi
ensembles in the freezing regime for N — oo, which are described in Theorem

and Corollary
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Theorem 6.17. Consider the covariance matrices Xy =: (04;), ig=1, of
B-Jacobi ensembles in the freezing regime and let f be the solution of (6.79 -
Then forr € N

lim N i/ TS

im Noy_, ” _

R VON—r+LN-—r+1 = ¥ y y(2—9) y)ay
Proof. This proof is analogous to that of Theorem [6.5 above. The notations of
Theorem [6.15] will be used here. Using the notations

A =4k(2N +a+ B+ 1—k),

my = (Vi- GROPQIDGED)
i,j=1,....N

LN = (aivj)i,j:l,.,.,N’

1 1 1

the statement
N NLiN = i g (>\1 )\ ’ >\N>

applies and the covariance o _r41,N—r+1 can be written as
N

N o ’
Neow-raneran = 30 5 (VI G0 G

k=1

;Vifzm( (+)

N-1 2 2
v 2 TN iy
TN Akt D)2N+a+ 8-k UN\N)) -
This can be identified as mtegrals of step functions. According to Theorem [6.15]
fn(k/N) is a step function converging to the solution f of (6.79) and
N2
h T= 1
N = R TDEN fa s B = k)
- 1
R

%)(i‘/)

)1[}3,’“#)(?/)

is a step function converging to

1
y(2-y)
Because = <y< k“ and 0 < k < N, the following estimations can be made:
1 N
|hN(y)| = < —,
k+1 a+p k 4
45 (2 N~ N)
1 1
h = < —.
v ()] = — <

|
~—

k atp
457 (2+ N~
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Because fy converges locally uniformly, for every = € [0, 1) there is a neighbor-
hood V,, of x and a constant C, > 0 such that for all y € V,, it holds that

lfn(y)] < Ca(1+ f(y))-

Thus for every compact set [0, M] C [0,1) there is a Cjs > 0 such that

v < Cu(1+ f(y)
Therefore, with (6.107)), it holds that

@) h )] < v ()? = F)?1ha () + F()* A ()]

< (Un@) + FW)IIn) - F@)IN T + f<1y4>

fy)?
-

< (1+2f(y)O(1) +

Because f is continuously differentiable, this gives an integrable upper bound
for every compact set [0, M] C [0,1). On the interval [M,1) the function hy
is bounded and because of the conjecture (6.109)), the measures with Lebesgue
densities f% converge not only vaguely but weakly to the measure with Lebesgue
density f2. Thus an integrable upper bound is given and the above integrals
converge. This leads to

1

1
. 1
lim N20N—yi1,N—rp1 = */

o Y(

i 1), wz gl W
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7 List of symbols

trace of a matrix
determinant of a matrix
n X n-dimensional identity matrix
orthogonal complement
Hessian of a function f at the point x
Hilbert space over R of n x n- dimensional symmetric matrices
Hilbert space over R of n x n- dimensional symmetric matrices
n-times continuously differentiable functions f : 2 — R
bounded functions f: 2 — R
functions f : 2 — R with a compact support
{1,2,...}
{0,1,2,....}
f(z)

f, g functions with lim == =1
z—a 9()

X random variable, ;1 measure with Px = p
g(x) = O(f(z)) for x — x¢
= 3C0>0: |z —29| <=
Airy function

Bessel function

Gamma function

Hermite polynomials

g(x)

| =C

Laguerre polynomials

Jacobi polynomials

i-th zero of the N-th Laguerre polynomial
i-th zero of the N-th Jacobi polynomial
monic orthogonal polynomials
orthonormal polynomials

dual polynomials, Section 5

monic dual polynomials, Section 5
orthonormal dual polynomials, Section 5
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