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1 Introduction
Expressions of type

∏
1≤i<j≤N

(xj − xi)
β
N∏
i=1

e−V (xi) (1.1)

appear in several mathematical and physical contexts with β > 0 and some
external potential function V : R → R. In the physical context, they appear
in Calogero-Mother-Sutherland models, which describe interacting particles on
the line. In these models, the term∏

1≤i<j≤N

(xj − xi)
β

can be interpreted as the repulsion of the particles among themselves, and the
term

N∏
i=1

e−V (xi)

is an external force that acts on all particles. The parameter β can be interpreted
as the inverse temperature. Therefore, the limit β → ∞ is known as the freezing
limit or the freezing regime.

In the mathematical context the eigenvalue density of certain random ma-
trix ensembles, such as the Gaussian ensemble, the Wishart ensemble and the
MANOVA ensemble, can be described with (1.1)[AGZ10; Dei99; Meh04; Tao12]
as well.
For those three classical ensembles, the densities of the eigenvalues appear with
the factors β = 1, 2, 4, depending on whether they are defined over the (screw-)
field of real, complex or quaternionic numbers. Furthermore, there exist tridi-
agonal matrix models for the Gaussian ensemble, the Wishart ensemble and the
the MANOVA ensemble [DE02; KN04], where the density of the eigenvalues of
these matrices can be expressed by (1.1) for any β > 0.

The main problem studied in this thesis is the behavior of densities involving
the term (1.1) in the limit β → ∞ for general convex potentials V. This includes
the three classical ensembles, the β-Hermite ensemble, the β-Laguerre ensemble,
the β-Jacobi ensemble and some of their edge cases.
Furthermore, for the classical cases, the behavior of these freezing regimes will
be studied when the numbers of particles N approaches infinity.
The thesis is organized as follows:

In the next section, some mathematical background is given. Classical ran-
dom matrix ensembles, such as the Gaussian ensemble, the Wishart ensemble
and the MANOVA ensemble, will be introduced. An important characteristic of
an random matrix is its set of eigenvalues. For the ensembles mentioned above,
the eigenvalues are the β-Hermite ensemble, the β-Laguerre ensemble and the
β-Jacobi ensemble. Furthermore, results for tridiagonal matrix models for these
three classical cases are summarized.
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In the third section, limit theorems for β → ∞ are derived. To do so,
the multivariate version of Laplace’s method is reformulated and extended into
a central limit theorem. This result is then applied to a certain class of β-
ensembles. This class contains the three classical ensembles and is associated
with orthogonal polynomials [Chi78; Sze75; Ism05]. Afterwards, the case where
the maximum of (1.1) is obtained at a boundary point of the domain will be
treated. The classical version of Laplace’s method no longer works here. Thus,
an extension of Laplace’s method as introduced in [Bre94; Foc54; FS61; Hsu51;
Won01] will be used, extended and rewritten to suit our stochastic point of view.
Depending on whether the gradient of (1.1) at its maximum is zero or not, this
leads to different types of limit theorems. Those limit theorems are similar and
related to central limit theorems. One resulting limit distribution is the normal
distribution projected onto a subspace and the other is the direct product of a
normal distribution and an exponential distribution.

In the fourth section, the central limit theorems from section three are ap-
plied to the three classical ensembles: The β-Hermite ensemble, the β-Laguerre
ensemble and the β-Jacobi ensemble. Additionally, some generalizations of the
Hermite and the Laguerre ensemble will be studied, where V (x) = x2 and
V (x) = x will be replaced with higher-order polynomials.
Moreover, the Laguerre ensemble depends on an additional parameter α > −1
besides β, and the Jacobi ensemble depends on two additional parameters.
When these parameters approach the value −1, the position of the maximum
of (1.1) approaches the boundary of its domain. In this setting, theorems for
boundary maxima from section three can be applied. This leads to (central)
limit theorems for the freezing regime of the edge cases of classical β-ensembles.

In the fifth section, which is based on the work [AV19] and [HV21], covari-
ance matrices from the central limit theorems in section four will be analyzed.
Explicit formulas for the corresponding eigenvalues and eigenvectors will be de-
rived. The eigenvectors are expressed with the help of some discrete orthogonal
polynomials. These polynomials will turn out to be the de Boor-Saff dual poly-
nomials of the classical Hermite, Laguerre and Jacobi polynomials. This duality
will be summarized and then used to express the covariance matrices in terms
of the Hermite, Laguerre and Jacobi polynomials themselves, instead of their
dual polynomials.

In the sixth section, the limit behavior for N → ∞ in the freezing regime will
be analyzed. For random variables Xβ,N with the densities (1.1) this is the limit
β → ∞ and thenN → ∞. With the formulas from section five, the limitN → ∞
of σN,N , the (N,N)-th entry of the covariance matrix, will be derived. For the
largest eigenvalue of the Hermite and Laguerre ensemble, methods of ordinary
differential equations are used to express the limit of σN,N as an integral over
the Airy function. Comparing these findings with the corresponding results in
[DE05; GK22] leads to interesting integral identities for the Airy function.
The limit result for σN,N is then restated as a limit theorem for the largest
component of (1.1) for β → ∞ and then N → ∞. Finally, for the smallest
eigenvalue of the Laguerre and Jacobi ensemble, similar results involving Bessel
functions and Whittaker functions are derived.
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2 Preliminaries and background

2.1 Random matrices
A random matrix is a real, complex or sometime quaternionic matrix whose
entries are all random variables, or equivalently a random variable into the
space of real, complex or quaternionic matrices. Of special interest are the
space of n× n-dimensional Hermitian matrices

Hn(C) = {A ∈ Cn×n : A
T
= A}

and the space of real symmetric matrices

Hn(R) = {A ∈ Rn×n : AT = A}.

When equipped with the scalar products

< A,B >Hn(C):= tr(AB
T
), and < A,B >Hn(R):= tr(ABT ),

they become Hilbert spaces and together with the associated Borel σ-algebra
they become measurable spaces. Furthermore they are real vector spaces with

dimR(Hn(C)) = n2 and dimR(Hn(R)) =
n(n+ 1)

2
.

Unless otherwise stated, every density is always with respect to the Lebesgue
measure. The Lebesgue measure on Hn(C) and Hn(R) is the push-forward mea-
sure of the standard Lebesgue measure on Rn

2

and R
n(n+1)

2 under the canonical
isomorphism. Integration with respect to the Lebesgue measure will be de-
noted with dA. For details on random matrices, see for example the textbooks
[AGZ10; Dei99; Meh04; Tao12] and references within.

2.1.1 Gaussian ensembles

Gaussian orthogonal ensemble (GOE)

Let (Xi,j)i,j=1,..,n be independent, identically distributed (i.i.d) random vari-
ables with X1,1 ∼ N (0, 2). Then, the random matrix Z with

Zi,j =
1

2
(Xi,j +Xj,i)

is called Gaussian orthogonal ensemble (GOE). Z is symmetric and has the
density

Ce−
1
2 tr(A2).

Here, C > 0 is the normalization constant such that

C

∫
Hn(R)

e−
1
2 tr(A2)dA = 1.
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All entries in the upper right triangle of Z are independent. The distributions
on the diagonal are given by N (0, 2) and those on the off-diagonal are given
by N (0, 1). Now, the ordered eigenvalues of Z form an n-dimensional random
variable with values on

Λ := {λ ∈ Rn : λ1 ≤ λ2 ≤ .... ≤ λn}. (2.1)

They have the density function

C2

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

e−
λ2
i
2 . (2.2)

Here, C2 > 0 is the normalization constant such that

C2

∫
Λ

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

e−
λ2
i
2 = 1.

The constants C,C2 can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the orthogonal ensemble and the unitary ensemble and
their eigenvalues for example [Dei99] Chapter 5.

Gaussian unitary ensemble (GUE)

Let (XR
i,j)i,j=1,..,n, (XI

i,j)i,j=1,..,n be i.i.d random variables with X1,1 ∼ N (0, 2).
Consider the complex random variables

Xi,j := XR
i,j + iXI

i,j .

Then, the random matrix Z with

Zi,j =
1

2

(
Xi,j +Xj,i

)
is called Gaussian unitary ensemble (GUE). Z is hermitian and has the density

Ce−
1
2 tr(A2).

Here, C > 0 is the normalization constant such that

C

∫
Hn(C)

e−
1
2 tr(A2)dA = 1.

Now, the ordered eigenvalues of Z form an n-dimensional random variable with
values in

Λ = {λ ∈ Rn : λ1 ≤ λ2 ≤ .... ≤ λn}.
They have the density function

C2

∏
1≤i<j≤n

(λj − λi)
2
n∏
i=1

e−
λ2
i
2 (2.3)
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with

C2

∫
Λ

∏
1≤i<j≤n

(λj − λi)
2
n∏
i=1

e−
λ2
i
2 = 1

The constants C,C2 can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the Gaussian unitary ensemble and its eigenvalues see for
example [AGZ10] Chapter 2, [Meh04] Chapter2/Chapter 3, [Dei99] Chapter 5

Orthogonal ensembles (OE) and unitary ensembles (UE)

The GOE and the GUE can be generalized as follows: Let Q be a polynomial
of even degree with a positive leading coefficient. A random symmetric matrix
with the density

Ce−tr(Q(A))

and C > 0 such that ∫
Hn(R)

e−tr(Q(A))dA = 1

is called orthogonal ensemble (OE). Its ordered eigenvalues form a random vari-
able with values in Λ (2.1) and have the density

C2

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

e−Q(λi) (2.4)

with

C2

∫
Λ

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

e−Q(λi) = 1.

A random hermitian matrix with the density

C3e
−tr(Q(A))

and C3 > 0 such that

C3

∫
Hn(C)

e−tr(Q(A))dA = 1

is called unitary ensemble (UE). Its ordered eigenvalues form a random variable
with values in Λ (2.1) and have the density

C4

∏
1≤i<j≤n

(λj − λi)
2
n∏
i=1

e−Q(λi) (2.5)

with

C4

∫
Λ

∏
1≤i<j≤n

(λj − λi)
2
n∏
i=1

e−Q(λi) = 1.
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β-Hermite ensembles

For β = 1, 2, the ordered eigenvalues of the Gaussian orthogonal ensemble and
the Gaussian uniform ensemble have values in

{λ ∈ Rn : λ1 ≤ λ2 ≤ .... ≤ λn}.

They have the densities

Cβ,n
∏

1≤i<j≤n

(λj − λi)
β

n∏
i=1

e−
λ2
i
2 (2.6)

with Cβ,n such that

Cβ,n

∫
Rn

∏
1≤i<j≤n

(λj − λi)
β

n∏
i=1

e−
λ2
i
2 = 1.

For arbitrary β > 0, random variables with the densities (2.6) are also known
as β-Hermite ensembles. It is known that the Gaussian symplectic ensemble
(GSE), a quaternionic analogy of the GOE and GUE, has eigenvalues with
densities according to (2.6) with β = 4 [Meh04]. For general β > 0, [DE02]
introduced a tridiagonal matrix model which has the β-Hermite ensemble as
eigenvalues. It is defined as follows:

Tridiagonal Gaussian ensembles

For r > 0, consider a chi-squared distributed random variable with r degrees of
freedom. Then the root of such a random variable has the density

21−
r
2

Γ( r2 )
xr−1e−

x2

2 .

Denote the associated measure with χr and for β > 0 let Y1, ..., Yn, Z1, ..., Zn−1

be independent random variables with

Yl ∼ N (0, 2) for l = 1, ..., n

and Zl ∼ χβl for l = 1, ..., n− 1.

Then the ordered eigenvalues of the symmetric random tridiagonal matrix
Y1 Z1

Z1 Y2 Z2

. . . . . . . . .
Zn−2 Yn−1 Zn−1

Zn−1 Yn


are distributed according to the β-Hermite ensemble. For details see [DE05].
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2.1.2 Wishart ensembles

For m,n ∈ N with m ≥ n and i = 1, ..., n, j = 1, ...,m, let Xi,j be i.i.d. random
variables with X1,1 ∼ N (0, 2). Then, the random matrix

Z =

 X1,1 . . . X1,m

...
...

Xn,1 . . . Xn,m

 ·

 X1,1 . . . Xn,1

...
...

X1,m . . . Xn,m


is called real Wishart ensemble. Z is symmetric and has the density

C det(A)
m−n−1

2 e−
1
2 tr(A).

Here, C > 0 is the normalisation constant such that

C

∫
Hn(R)

det(A)
m−n−1

2 e−
1
2 tr(A)dA = 1.

The ordered eigenvalues of Z form an n-dimensional random variable with values
in

Λ0 := {λ ∈ Rn : 0 ≤ λ1 ≤ λ2 ≤ .... ≤ λn}.

They have the density

C2

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

λ
1
2 (m−n−1)
i e−

λi
2 .

with

C2

∫
Λ0

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

λ
1
2 (m−n−1)
i e−

λi
2 = 1.

The constants C,C2 can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the Wishart ensemble and its eigenvalues see for example
[LNV18] Chapter 13.

β-Laguerre ensembles

For m ≥ n ∈ N and β = 1, the ordered eigenvalues of the real Wishart ensemble
have values in

Λ0 = {λ ∈ Rn : λ1 ≤ λ2 ≤ .... ≤ λn}

and have the density

Cβ,m,n
∏

1≤i<j≤n

(λj − λi)
β

n∏
i=1

λ
β
2 (m−n+1)−1
i e−

λi
2 (2.7)
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with Cβ,m,n such that

Cβ,m,n

∫
Λ0

∏
1≤i<j≤n

(λj − λi)
β

n∏
i=1

λ
β
2 (m−n+1)−1
i e−

λi
2 = 1.

For arbitrary β > 0, random variables with the densities (2.6) are also known as
β-Laguerre ensembles. It is known that complex and quaternionic analogies of
the real Wishart ensemble, the complex Wishart ensemble and the quaternion
Wishart ensembles have eigenvalues with densities according to (2.7) with β = 2
and β = 4. For general β > 0, [DE02] introduced a tridiagonal matrix model
which has the β-Hermite ensemble as eigenvalues. It is defined as follows:

Tridiagonal Wishart ensembles

For m ≥ n and r > 0, consider a chi-squared distributed random variable with
r degrees of freedom. Then, the root of such a random variable has the density

21−
r
2

Γ( r2 )
xr−1e

−x2

2 .

Denote the associated measure with χr and let Y1, ..., Yn, Z1, ..., Zn−1 be inde-
pendent random variables with

Yl ∼ χ(m−l+1)β for l = 1, ..., n

and Zl ∼ χβl for l = 1, ..., n− 1.

Then the random matrix

Lβ :=


Yn
Zn−1 Yn−1

. . . . . .
Z2 Y2

Z1 Y1

 ·



Yn Zn−1

Yn−1
. . .
. . . Z2

Y2 Z1

Y1


is symmetric and tridiagonal, and the ordered eigenvalues of Lβ are distributed
according to the β-Laguerre ensemble. For details see [DE02].

2.1.3 Real MANOVA ensembles

For m1,m2, n ∈ N with m1 ≥ n and m2 ≥ n, consider the random n×m1 matrix
X, where all entries are independent and N (0, 2)-distributed, and the random
n × m2 matrix Y , where all entries are independent and N (0, 2)-distributed.
Then, the random matrix

XXT + Y Y T

8



is symmetric and almost surely positive definite, and therefore the matrix

(XXT + Y Y T )−
1
2

exists. The random matrix

Z := (XXT + Y Y T )−
1
2XXT (XXT + Y Y T )−

1
2

is called the real MANOVA ensemble. Z is symmetric and has the density

C det(A)
m1−n−1

2 det(I −A)
m2−n−1

2 .

Here, C > 0 is the normalization constant such that

C

∫
Hn(R)

det(A)
m1−n−1

2 det(I −A)
m2−n−1

2 dA = 1.

The ordered eigenvalues of Z form an n-dimensional random variable with values
in

Λ0,1 := {λ ∈ Rn : 0 ≤ λ1 ≤ ... ≤ λn ≤ 1}.

It has the density

C2

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

λ
m1−n−1

2
i (1− λi)

m2−n−1
2

with

C2

∫
Λ0,1

∏
1≤i<j≤n

(λj − λi)

n∏
i=1

λ
m1−n−1

2
i (1− λi)

m2−n−1
2 = 1.

The constants C,C2 can be calculated explicitly, see for example [Meh04] Chap-
ter 17. For details on the MANOVA ensemble and its eigenvalues see for example
Section 3.3 of [Mui82].

β-Jacobi ensemble

For m1,m2, n ∈ N with m1,m2 ≥ n and for β = 1, the ordered eigenvalues of
the real MANOVA ensemble take values in

Λ0,1 = {λ ∈ Rn : 0 ≤ λ1 ≤ ... ≤ λn ≤ 1}

and have the density

Cβ,n,m1,m2

∏
1≤i<j≤n

(λj − λi)
β

n∏
i=1

λ
β
2 (m1−n+1)−1
i (1− λi)

β
2 (m1−n+1)−1 (2.8)
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with Cβ,n,m1,m2 such that

Cβ,n,m1,m2

∫
Λ0,1

∏
1≤i<j≤n

(λj − λi)
β

n∏
i=1

λ
β
2 (m1−n+1)−1
i (1− λi)

β
2 (m1−n+1)−1dλ = 1.

For arbitrary β > 0, and m1,m2 > 0 random variables with the densities
(2.8) are also known as β-Jacobi ensembles. It is known that the complex and
quaternionic analogies of the real MANOVA ensemble, the complex MANOVA
ensemble and the quarternion MANOVA ensemble, have eigenvalues with den-
sities according to (2.8) with β = 2 and β = 4. For β > 0, [KN04] introduced a
tridiagonal matrix model which has the β-Jacobi ensemble as eigenvalues. It is
defined as follows:

Tridiagonal MANOVA ensemble

Real-valued random variables are said to be beta-distributed with parameters
s, t > 0 if they have the densities

21−s−t
Γ(s+ t)

Γ(s)Γ(t)
(1− x)s−1(1 + x)t−11[−1,1](x).

Denote the associated measure with B(s, t). Let a = β
2 (m1 − n + 1) − 1, b =

β
2 (m1 − n+ 1)− 1, and for k = 0, ..., 2n− 2 let Xk be distributed as follows:

Xk ∼

{
B
(
2n−k−2

4 β + a+ 1, 2n−k−2
4 β + b+ 1

)
for k even ,

B
(
2n−k−3

4 β + a+ b, 2n−k−1
4 β

)
for k odd .

Let X2n−1 = X−1 = 0 and for k = 0, .., n− 1 define

Yk+1 = (1−X2k−1)X2k − (1 +X2k−1)X2k−2

Zk+1 =
√
(1−X2k−1)(1−X2

2k)(1 +X2k+1).

Consider the random matrix

Jβ =


Y1 Z1

Z1 Y2 Z2

. . . . . . . . .
Zn−2 Yn−1 Zn−1

Zn−1 Yn

 .

Then the ordered eigenvalues of the random matrix

1

4
(Jβ + 2In)

are distributed according to the β-Jacobi ensemble. For details see [KN04].
Note that the eigenvalues of 1

4 (Jβ +2In) range from −2 to 2 and therefore their
distribution is not exactly as in (2.8). This can be adjusted by a simple linear
transformation.
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3 Central limit theorems for β-matrix ensembles
in the freezing regime

In this section, we will derive a central limit theorem for general matrix β-
ensembles in the so-called freezing regime. The name originates from physical
contexts, where the parameter β can be interpreted as the inverse temperature.
To be consistent with other betas occurring later, we will however denote this
inverse temperature with the parameter k or κ, while still calling these objects
β-ensembles. We will postulate central limit theorems for different parametriza-
tions and edge cases of matrix β-ensembles.

3.1 Central limit theorems from Laplace’s method
In this subsection Laplace’s method will be rewritten and extended to a more
stochastic perspective. Therefore recall Laplace’s method:

Theorem 3.1 (Laplace’s method). Let Ω ⊂ RN be a domain and ϕ ∈ C2(Ω),
ψ ∈ C0(Ω) with ψ ≥ 0 such that for a z ∈ Ω it holds that

1. ϕ has a global maximum at z = (z1, ..., zN ) ∈ Ω

such that for every neighborhood V of z it holds that

sup{ϕ(x) : x ∈ Ω \ V } < max{ϕ(x) : x ∈ Ω} = ϕ(z),

2. ϕ has a negative definite Hessian Hϕ(z) in z,

3.
∫
Ω
ψ(x)ekϕ(x)dx <∞ for all k > 1,

4. ψ(z) ̸= 0.

Then ∫
Ω

ψ(x)ekϕ(x)dx ∼
(
2π

k

)N
2 ψ(z)ekϕ(z)√

det(−Hϕ(z))
.

Proof. The original proof goes back to Laplace [Sti86]. Other variants can be
found in, for example, [Hsu51] or [Foc54]. The proof for the particular version
stated above can be found in [Won01] Chapter IX, Section 5, Theorem 3 and
Chapter IX, Exercise 5 or in [Bre94] Theorem 41, together with Lemma 38.

Laplace’s method is a theorem about the asymptotic behavior of integrals.
It will now be extended to a theorem about the convergence of random variables
which have the integrands as densities.

Theorem 3.2. Let Ω ⊂ RN be a domain, ϕ ∈ C3(Ω) and ψ ∈ C0(Ω) with
ψ, ϕ > 0 such that

11



1. ϕ has a global maximum at z = (z1, ..., zN ) ∈ Ω such that for every neigh-
borhood V of z it holds that

sup{ϕ(x) : x ∈ Ω \ V } < max{ϕ(x) : x ∈ Ω} = ϕ(z),

2. ϕ has a negative definite Hessian matrix Hϕ(z),

3.
∫
Ω
ψ(x)ϕ(x)kdx <∞ for all k > 1,

4. ψ(z) ̸= 0.

Then for random variables Xk with densities given by

fk(x) := ckψ(x)ϕ(x)
k

with normalization constants

c−1
k :=

∫
Ω

ψ(x)ϕ(x)k,

it holds that √
k(Xk − z) → N (0,Σ)

weakly for k → ∞. The covariance matrix Σ is given by

Σ−1 = −Hlog ϕ(z) = −Hϕ(z)

ϕ(z)
. (3.1)

Proof. The Lebesgue densities f̃k(x) of
√
k(Xk−z) satisfy f̃k(x) = k−

N
2 fk(

x√
k
+

z) and therefore

f̃k(x) : = ckk
−N

2 ψ

(
z +

x√
k

)(
ϕ

(
z +

x√
k

))k
= ckk

−N
2 ψ

(
z +

x√
k

)
exp

(
k log

(
ϕ
(
z +

x√
k

)))
(3.2)

on
√
k(Ω− z) and zero elsewhere.

We can now use a Taylor approximation of log(ϕ) around z:

log

(
ϕ

(
z +

x√
k

))
= log(ϕ(z)) +

1

2

x√
k

T
Hlog ϕ(z)

x√
k
+R

(
x√
k

)
, (3.3)

where R denotes the remainder term of the Taylor approximation, which will
be estimated later. For now, it is sufficient to note that R

(
x√
k

)
= O(k−

3
2 ) for

fixed values of x. Inserting the Taylor approximation (3.3) into (3.2) gives

f̃k(x) = ckk
−N

2 ψ

(
z +

x√
k

)
ϕ(z)k exp

(
1

2
xTHlog ϕ(z)x+O(k−

1
2 )

)
. (3.4)

12



As ψ ∈ C0(Ω) is continuous, it is obvious that ψ(z+ x√
k
) converges pointwise to

ψ(z) for k → ∞. To approximate the limit of ck =
(∫

Ω
ψ(x)ϕ(x)k

)−1, we will
use Theorem 3.1 for the functions ψ and ϕ̃ = log (ϕ). The conditions (1),(2),(3)
and (4) carry over from ϕ to ϕ̃. Therefore, we have

lim
k→∞

ckk
−N

2 ϕ(z)k =

√
det(−Hlog ϕ(z))

ψ(z)(2π)
N
2

. (3.5)

We conclude from (3.5) and (3.4) that for k → ∞,

f̃k(x) →
det(−Hlog ϕ(z))

1
2

(2π)
N
2

exp

(
−1

2
xT (−Hlog ϕ(z))x

)
pointwise. This is the density of the normal distribution N (0, Hlog ϕ(z)

−1). Now
let g ∈ Cc(RN ). It remains to find an integrable upper bound for f̃k(x)g(x) to
show distributional convergence. As the support of g is compact, there exists an
M > 0 such that g(x) = 0 for x ∈ RN with |x| > M . By the Lagrange estimate
of the remainder term of the Taylor approximation, there exists a θ ∈ [0, 1] with

R

(
x√
k

)
=

1

6

∑
|α|=3

(
x√
k

)α
Dα log ϕ

(
z + θ

x√
k

)
.

Here the multi-index notation is used. For details, see for example 7.17 in [Ste24]
or similar Analysis textbooks. Because ϕ ∈ C3(Ω) and ψ ∈ C0(Ω), there exists
a C1 > 0 such that

|Dα log ϕ(z + y)| ≤ C1 and ψ(z + y) ≤ C1

for all y ∈ [−M,M ]N ∩ (Ω− z) and for all α ∈ NN0 with |α| = 3. Therefore we
have ∣∣∣∣g(x)ψ(z + x√

k

)
exp

(
R2

[
log ϕ; z +

x√
k
; z

])∣∣∣∣
≤
(

max
y∈[−M,M ]N

{g(y)}
)
C1 exp

1

6

∑
|α|=3

MαC1

 ≤ C2 (3.6)

for some C2 > 0, all k > 1 and all x ∈
√
k(Ω − z). Furthermore, from (3.5) it

follows that

ckk
−N

2 ϕ(z)k ≤ det(−Hlog ϕ(z))
1
2

ψ(z)(2π)
N
2

+ 1 =: C3 (3.7)

for k sufficiently large. If we combine (3.3) , (3.6) and (3.7), we obtain the
integrable upper bound

|g(x)f̃k(x)| ≤ C2C3 exp

(
1

2
xTHlog ϕ(z)x

)

13



for k sufficiently large. Now we can conclude vague convergence by

lim
k→∞

∫
√
k(Ω−z)

g(x)f̃k(x)dx =

∫
RN

lim
k→∞

1√
k(Ω−z)(x)g(x)f̃k(x)dx

=

∫
RN

g(x)
det(−Hlog ϕ(z))

1
2

(2π)
N
2

exp

(
−1

2
xT−Hlog ϕ(z)x

)
dx.

This also results in weak convergence because all measures are probability mea-
sures.

Typically, a limit theorem of the form
√
k(Xk −E(Xk)) → N (0,Σ) is called

a central limit theorem. In Theorem 3.2, the random variables are centered
around a given vector z instead of the expected value E(Xk). The following
corollary shows that it is still appropriate to call Theorem 3.2 a central limit
theorem.

Corollary 3.3. Let ϕ, ψ ∈ C∞ obey the assumptions of Theorem 3.2. Then it
holds that √

k(Xk − E(Xk)) → N (0,Σ)

weakly for k → ∞ with a covariance matrix Σ as in (3.1).

Proof. Because of the identity
√
k(Xk − E(Xk)) =

√
k(Xk − z)−

√
k(E(Xk)− z),

we only have to show that the deterministic sequence
√
k(E(Xk,i)−zi) converges

to 0 for i = 1, ..., N . We will therefore use higher-order terms of the asymptotic
expansion given in Theorem 3.1. From [Won01] Chapter IX, Section 5, Theorem
3, we obtain∫

Ω

ψ(x)ϕ(x)kdx ∼ ϕ(z)k

k
N
2

(
(2π)

N
2

ψ(z)√
det(−Hlog ϕ(z))

+O(k−1)

)

for ϕ, ψ ∈ C∞. For i = 1, ..., N , the mapping x = (x1, ..., xN ) 7→ xi is a an
element of C∞(Ω), so the same holds true for x 7→ xiψ(x). Therefore we have

E(Xk,i) =

∫
Ω
xiψ(x)ϕ(x)

kdx∫
Ω
ψ(x)ϕ(x)kdx

=

ϕ(z)k

k
N
2

(
(2π)

N
2

ziψ(z)√
det(−Hlog ϕ(z))

+O(k−1)

)
ϕ(z)k

k
N
2

(
(2π)

N
2

ψ(z)√
det(−Hlog ϕ(z))

+O(k−1)

) = zi +O(k−1).
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Note that in [Won01], asymptotic expansions for integrals of the above struc-
ture were derived. To achieve this, it is canonical and necessary to assume
ψ, ϕ ∈ C∞. However, we only use the first and second term of this asymptotic
expansion introduced in [Won01]. It is likely that Corollary 3.3 holds true for
weaker assumptions, such as ϕ ∈ C3 and ψ ∈ C1, as well.

In the following, we will apply the above central limit theorem to a special
type of β-ensembles. Let I = (a, b) ⊆ R be an interval with −∞ ≤ a < b ≤ ∞.
Consider the functions V ∈ C2(I) and ψ ∈ C0

b (I) with

V ′′ ≥ 0 and ψ > 0.

Furthermore assume that

lim
x→a

V (x) = lim
x→b

V (x) = ∞

if a and b are finite, and

lim inf
x→−∞

V (x)

log(−x)
≥ c > N, or lim inf

x→∞

V (x)

log(x)
≥ c > N (3.8)

if a = −∞ or b = ∞, respectively. Under the above conditions, we can apply
Theorem 3.2 to the N -dimensional random variables Xκ with densities

cκ
∏

1≤i<j≤N

(xj − xi)
κ
N∏
i=1

ψ(xi) exp (−κV (xi)) (3.9)

on Ω = {x ∈ IN : x1 < x2 < ... < xN} and normalization constants

cκ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
κ
N∏
i=1

ψ(xi) exp (−κV (xi)) dx

−1

.

The result is as follows.

Theorem 3.4. For κ > 1, consider the random variables Xκ with densities
given by (3.9), fulfilling the above conditions. Then, for κ→ ∞, it holds that

√
κ(Xκ − z) → N (0,Σ)

weakly. Here, z = (z1, ..., zN ) is the unique maximum of (3.9) and Σ is given
by

(Σ−1)i,j = (−Hlog ϕ(z))i,j =

{∑N
l=1,l ̸=i (zi − zl)

−2
+ V ′′(zi) for i = j

− (zi − zj)
−2 for i ̸= j.

(3.10)
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Proof. We will use Theorem 3.2 and will therefore show that all necessary con-
ditions hold. Consider the function

ϕ(x) :=
∏

1≤i<j≤N

(xj − xi)

N∏
i=1

exp (−V (xi)) .

One can see that

log(ϕ(x)) =
∑
i<j

log(xj − xi)−
N∑
i=1

V (xi)

is a strictly concave function: For 1 ≤ i < j ≤ N , the functions x 7→ xj , x 7→
−xi are concave functions. Clearly they are both convex and concave, but in
particular they are concave. Therefore the function x 7→ log(xj − xi) is strictly
concave, if considered only in two variables. Therefore x 7→

∑
i<j log(xj − xi)

is a strictly concave function, and so is x 7→ log(ϕ(x)). The strict concavity
together with the boundary condition (3.8) yields that log ϕ has a unique global
maximum, which implies conditions (1) and (2) of Theorem (3.2) for log ϕ.
This is equivalent to conditions (1) and (2) for ϕ because the logarithm is a
twice differentiable monotone function. The integrability condition (3) follows
from Equation (3.8). We will first show that ϕ itself is integrable. Because ϕ
is positive and measurable (ϕ is continuous), we can apply the Tonelli-Fubini
theorem and verify via integration by parts, see for example [Kön93] page 293.
To integrate ϕ with respect to xN , note that

ϕ(x) =
∏

1≤i<j≤N

(xj − xi)

N∏
i=1

exp (−V (xi))

= exp (−V (xN ))

N−1∏
i=1

(xN − xi)
∏

1≤i<j≤N−1

(xj − xi)

N−1∏
i=1

exp (−V (xi)) .

Hence, it is sufficient to show that exp (−V (xN ))
∏N−1
i=1 (xN − xi) is integrable

with respect to xN . Due to symmetry it is only necessary to consider one edge.
If b <∞, the integrability is obvious and if b = ∞, (3.8) gives that there exists
an M > 0 such that

V (x) ≥ c log(x)

for x ≥M . Now an integrable upper bound can be given on the interval [M,∞)
by

exp (−V (xN ))

N−1∏
i=1

(xN − xi) ≤ x−cN

N−1∏
j=1

(xN − x1) = xN−1−c
N−1∏
j=1

(
1− xi

xN

)
.

Integration with respect to xN−1, xN−2, ... follows by induction.
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Sometimes, a different parametrization can be useful. Therefore, in addition
to the assumptions of Theorem 3.4, consider a monotonically increasing function
d ∈ C1(I). We will consider the simple multivariate transformation, where
every component is transformed with the same function d. This means d(Xk) =
(d(Xκ,1), ..., d(Xκ,N )), i.e. d : RN → R is d : R → R applied component-wise.
The density of d(Xk) is then given by

cκ
∏

1≤i<j≤N

(d−1(xj)− d−1(xi))
κ
N∏
i=1

ψ(xi) exp
(
− κV (d−1(xi)

)
(3.11)

on Ω = {x ∈ RN |d(a) < x1 < x2 < ... < xN < d(b)} with normalization
constants

c−1
κ =

∫
Ω

 ∏
1≤i<j≤N

(d−1(xj)− d−1(xi))
κ
N∏
i=1

ψ(xi) exp
(
− κV (d−1(xi)

) dx.

Now, by the Delta method of [Vaa98] Theorem 3.1, these transformed random
variables obey the following central limit theorem.

Theorem 3.5. For κ > 1, consider the random variables Xκ with densities
given by (3.11), fulfilling the above conditions. Then, for κ→ ∞, there is

√
κ(Xκ − d(z)) → N (0, DΣD),

weakly. Here, D = diag(d′(z1), ..., d′(zN )) and z = (z1, ..., zN ) is the unique
maximum of (3.9) from Theorem 3.4. Thus, d(z) = (d(z1), ..., d(zN )) is the
unique maximum of (3.11). Furthermore, Σ−1 is given as in (3.10), which
yields

(
(DΣD)−1

)
i,j

=

{∑N
l=1,l ̸=i (d

′(zi)(zi − zl))
−2

+ (d′(zi))
−2
V ′′(zi) for i = j

−
(
d′(zi)d

′(zj)(zi − zj)
2
)−1 for i ̸= j.

(3.12)

Proof. This is a direct application of Theorem 3.1 of [Vaa98] and Theorem 3.4.
Note that to get ψ as above, ψ̃(·) = ψ(d(·))d′(·) > 0 has to be used in Theorem
3.4, as then the inverse function rule yields ψ(xi) = ψ̃(d−1(xi))(d

−1)′(xi).

Central limit theorems in the freezing regimes of the three classical β-ensembles
(the Hermite ensemble, the Laguerre ensemble and the Jacobi ensembles) can
be derived with Theorem 3.4. For this,

I = R and V (x) = x2

must be selected for the Hermite ensemble,

I = (0,∞) and V (x) = (α+ 1) log(x)
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must be selected for the Laguerre ensemble, and

I = (−1, 1) and V (x) = (α+ 1) log(1− x) + (β + 1) log(1 + x)

must be selected for the Jacobi ensemble. This is explained in more detail in
Section 3.
Each of these three ensembles is associated with a system of orthogonal polyno-
mials. It is therefore interesting to take a closer look at generalized β-ensembles
with a connection to orthogonal polynomials.

3.2 Freezing limits for β-ensembles associated with or-
thogonal polynomials

In this subsection, we will apply the above theorems to ensembles associated
with an orthogonal polynomials system. This will give us more information
about the location of the maximum.
Let I = (a, b) be an interval with −∞ ≤ a < b ≤ ∞. Consider a function
v ∈ C3((a, b)) and a probability measure µ with the density given by e−v(x).
Assume that

lim
x→a

e−v(x) = lim
x→b

e−v(x) = 0 (3.13)

and ∫ b

a

yne−v(y)dy <∞ (3.14)

is finite for all n ∈ N. Let {pn(x)}n∈N be the associated system of orthonormal
polynomials with respect to µ, i.e∫ b

a

pn(x)pm(x)e−v(x)dx = δmn.

This system then satisfies the three-term equation

p0(x) = 1, p1(x) = (x− b0)/a1

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x), n ≥ 1 (3.15)

for sequences (an)n∈N ⊆ (0,∞) and (bn)n∈N ⊆ R. For details see for example
[Ism05; Chi78; Sze75]. Furthermore, for n ∈ N the functions An, Bn, which are
defined by

An(x)

an
=

∫ b

a

v′(x)− v′(y)

x− y
p2n(y)e

−v(y)dy (3.16)

Bn(x)

an
=

∫ b

a

v′(x)− v′(y)

x− y
pn(y)pn−1(y)e

−v(y)dy,

18



satisfy

p′n(x) = −Bn(x)pn(x) +An(x)pn−1(x). (3.17)

For further details and proofs see [Ism05], Chapter 3.2 ff.
Now consider the function

Rn(x) := −
(
v′(x) +

A′
n(x)

An(x)

)
and assume that for all x ∈ I it holds that

v′′(x) > 0 and
d2

dx2

(
v(x) + log(AN (x))

)
= −R′

N (x) > 0. (3.18)

Then the function

ϕ(x) :=
∏

1≤i<j≤N

(xi − xj)
2
N∏
i=1

exp(−v(xi))aN
AN (xi)

(3.19)

has a unique maximum in Ω := {x ∈ (a, b)N : a < x1 < x2 < ... < xN < b} at
z = (z1, .., zN ). Here, z1 < ... < zN are the ordered zeros of pN . The Hessian
Hlog ϕ is negative definite and given by

(Hlog ϕ)i,j =

{
−2
∑N
l=1,l ̸=i (zi − zl)

−2
+R′

N (zi) for i = j

2 (zi − zj)
−2 for i ̸= j.

(3.20)

For further details and proofs, see Theorem 3.5.1 in [Ism05].
Thus, if we modify V from Theorem 3.4 to 1

2 (v + log(AN )), we get a central
limit theorem which is centered around the zeros z1 < ... < zN of the N -th
orthogonal polynomial pN . The result is as follows.

Theorem 3.6. Let µ, (pn(x))n∈N, v,An, Bn, Rn, Sn, ϕ,Ω, z be as described
above. In particular, v ∈ C3(a, b), (3.13), (3.14) and (3.18) are fulfilled. Fur-
thermore, let ψ : Ω → (0,∞) and let Xκ be a random variable with the densities

fk(x) := cκψ(x)ϕ(x)
κ

on Ω and normalization constants

c−1
κ :=

∫
Ω

ψ(x)ϕ(x)κdx.

Then √
κ(Xκ − z) → N (0,Σ)

weakly for κ→ ∞. Furthermore, the inverse covariance matrix Σ−1 is given by

Σ−1 = −Hlog ϕ(z),

with Hlog ϕ(z) as in (3.20).
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Proof. For this proof, we will apply Theorem 3.4 to the potential function

V (x) :=
1

2

(
v(x) + log

(
AN (x)

aN

))
.

Therefore, we need to show that all conditions hold for V . First, condition (3.18)
directly implies V ′′ ≥ 0. It remains to show the boundary condition (3.8). Note
that there exists a C > 0 such that for all x close to b, we have

AN (x) ≥ C if b <∞ and AN (x) ≥ C

x
if b = ∞.

This holds because v′ is a monotonically increasing function due to (3.18), and
for arbitrary a < w1 < w2 < w3 < x < b we can estimate

AN (x)

aN
=

∫ b

a

v′(x)− v′(y)

x− y
p2n(y)e

−v(y)dy

≥
∫ w2

w1

v′(x)− v′(y)

x− y
p2n(y)e

−v(y)dy

≥ v′(w3)− v′(w2)

x− w1

∫ w2

w1

p2n(y)e
−v(y)dy

≥

{
v′(w3)−v′(w2)

b−w1

∫ w2

w1
p2n(y)e

−v(y)dy ≥ C, for b <∞
C

x−w1
= C

x
1

1−w1
x

≥ C
x , for b = ∞.

If b < ∞, (3.13) gives that 0 = lim
x→b

e−v(x) = e−v(b) and we can thus use the
lower bound for AN to obtain

lim
x→b

V (x) = lim
x→b

1

2

(
v(x) + log

(
AN (x)

aN

))
= ∞.

Therefore, lim
x→b

e−V (x) = 0. In the case where b = ∞, the function y 7→ yne−v(y)

is monotonically decreasing for n ∈ N and y sufficiently large because

v′′ ≥ 0 ⇒ v′ monotonically increasing,
v(x) → ∞(x→ ∞) ⇒ v′(y) > 0 for y ≥ y0,

⇒(yne−v(y))′ = e−v(y) (n− yv′(y)) < 0 for y ≥ y0.

As
∫ b
a
yne−v(y)dy converges, we have

0 = lim
x→b

xne−v(x) ⇒ −∞ = lim
x→b

(n log(x)− v(x)) ⇒ lim inf
x→b

v(x)

log(x)
≥ n,

and thus

lim inf
x→b

v(x)

log(x)
= ∞ ⇒ lim inf

x→b

V (x)

log(x)
= lim inf

x→b

 v(x)

2 log(x)
+

log
(
AN (x)
aN

)
2 log(x)


≥ lim inf

x→b

(
v(x) + log(C)− log(x)

2 log(x)

)
= ∞.
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The boundary condition for x close to a can be shown similarly.
Hence, as all conditions are fulfilled, we can apply Theorem 3.4 to Xκ

2
∼

ψ(x)ϕ(x)
1
2 ·κ with according density, with a potential

V (x) =
1

2

(
v(x) + log

(
AN (x)

an

))
.

ϕ
1
2 still obtains its maximum at z and has the negative Hessian

−Hlog(
√
ϕ)(z) = −1

2
Hlog ϕ(z) =

1

2
Σ−1.

Therefore, for κ→ ∞ we have the weak convergence
√
κ(Xκ

2
− z) → N (0, 2Σ)

⇒
√
κ

2

(
Xκ

2
− z
)
→ N (0,Σ).

Replacing κ
2 by κ concludes the proof.

As already mentioned, Section 3 contains various example applications of
Theorem 3.4 and Theorem 3.6. In particular, the three classical cases and gen-
eralizations thereof. Another important question is what the behavior is when
the maximum is assumed at the boundary. This is what the next subsection
deals with.

3.3 Limit theorems for the freezing regime at edge cases
In this subsection we will show similar limit theorems for the case that the
maximizing point z is located at the boundary of the domain. We differentiate
between two cases: the gradient at z is zero and the gradient at z is not zero.
We will start with the case where the gradient at z is zero. For this, we will
need an extension of Laplace’s method. Let l ∈ N with 0 ≤ l ≤ N .
We will first consider the case where the maximum is located at 0 and the
domain is given by

Ω = {x ∈ RN : x1 ≥ 0, .., xl ≥ 0}.

In this setting, Laplace’s method is as follows:

Theorem 3.7. For Ω = {x ∈ RN : x1 ≥ 0, .., xl ≥ 0}, let ϕ ∈ C3(RN ),
ψ ∈ C0(RN ) such that

1. ϕ has a global maximum at 0 such that for every neighborhood V of 0 it
holds that

sup{ϕ(x) : x ∈ Ω \ V } < sup{ϕ(x) : x ∈ Ω} = ϕ(0),
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2. ϕ has a negative definite Hessian Hϕ(0),

3.
∫
Ω
ψ(x)ekϕ(x)dx <∞ for all k > 1,

4. ψ ≥ 0 and ψ(0) ̸= 0.

Then for k → ∞ it holds that∫
Ω

ψ(x)ekϕ(x)dx ∼ 1

2l

(
2π

k

)N
2 ψ(0)ekϕ(0)√

det(−Hϕ(0))
.

Proof. There are various proofs of the standard version of Laplace’s method,
see Theorem 3.1. Most of them can be extended to prove this theorem. For
l = 1, see for example [Won01] (5.15). We will now sketch a modification of the
proof given in [Bre94], Theorem 41.
Consider the function

hk(x) := ψ

(
x√
k

)
exp

(
k

(
ϕ

(
x√
k

)
− ϕ(0)

))
.

Then, for k → ∞ we have the pointwise convergence

hk(x) → ψ(0) exp

(
1

2
xTHϕ(0)x

)
.

Furthermore, an integrable upper bound for hk can be given, as for example in
[Bre94], proof of Theorem 41, Equation (5.32). Note that there, a compactifica-
tion argument is used and crucial. The same applies here, however we will skip
it here for simplicity. Now, the transformation formula yields

k
N
2

ekϕ(0)

∫
Ω

ψ(x)ekϕ(x)dx =

∫
Ω

hk(x)dx→ ψ(0)

∫
Ω

exp

(
1

2
xTHϕ(0)x

)
dx.

Due to symmetry we have∫
{x1≥0,....,xl≥0}

exp

(
1

2
xTHϕ(0)x

)
dx =

1

2l
(2π)

N
2√

det(−Hϕ(0))
,

which yields the claim.

Similar to Theorem 3.2, Laplace’s method can be used to proof a central
limit theorem. This will be the next theorem. Furthermore, the domain of inte-
gration is extended to arbitrary intersections of hyperplanes. Therefore consider
the following notations and conditions:

For a1, ..., am ∈ RN and b1, ..., bm ∈ R, define

Ω := {x ∈ RN : aT1 x+ b1 ≤ 0, ..., aTmx+ bm ≤ 0},

and let ψ ∈ C0(RN ), ϕ ∈ C3(RN ) such that
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• ϕ has a global maximum at z ∈ Ω such that for every neighborhood V of
z it holds that

sup{ϕ(x) : x ∈ Ω \ V } < sup{ϕ(x) : x ∈ Ω} = ϕ(z),

• There is an l ∈ {1, ...,m} such that

aTi z + bi = 0 for i = 1, ..., l

aTi z + bi < 0 for i = l + 1, ...,m,

• a1, .., al are linearly independent,

• ϕ has a negative definite Hessian Hϕ(z),

•
∫
Ω
ψ(x)ekϕ(x)dx <∞ for all k > 1.

Now, let Xk be random variables with densities given by

fk(x) := ckψ(x) exp (kϕ(x))1Ω(x)

on Ω and normalization constants

c−1
k :=

∫
Ω

ψ(x) exp (kϕ(x)) dx.

Theorem 3.8. Under the above notations and conditions
√
k(Xk − z)

converges weakly for k → ∞ to a random variable with a density given by

l∏
i=1

||ai||22
2l det(−Hϕ(z))

(2π)
N
2 detG

e
1
2x

THϕ(z)x1Ω∗(x). (3.21)

Here, Ω∗ = {x ∈ RN : aT1 x ≤ 0, ..., aTl x ≤ 0} and G = (aTi aj)i,j=1,...,l.

Note that
Hϕ̃(0) := (GI)

−1MTHϕ(z)MG−1
I

is negative definite and symmetric, and

2l
det(−Hϕ̃(0))

(2π)
N
2

e
1
2x

THϕ̃(0)x1{x∈RN :x1≥0,..,xl≥0}(x)

is the density of a normal distribution on the halfspace, quaterspace, etc., and
(3.21) is the density of the push-forward measure of this density under the
mapping x 7→M(GI)

−1x.
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Proof. Without loss of generality, it can be assumed that

||ai||2 = 1 for i = 1, ...,m.

Because a1, .., al are linearly independent, one can find vectors c1, ..., cN−l which
form an orthonormal basis of

span(a1, a2, ..., al)⊥.

The idea is to now transform the problem into the setting of Theorem 3.7.
Therefore consider the matrices M,GI , G0 ∈ RN×N with

M = (a1, a2, .., al, c1, c2, ..., cN−l), GI =

(
G 0
0 IN−l

)
and G0 =

(
G 0
0 0

)
.

Then

(Ω− z) =

x ∈ RN :

aTi x ≤ 0, i = 1, ..., l

aTi x ≤ −(aiz + bi)︸ ︷︷ ︸
=:ρi>0

, i = l + 1, ...,m

 ,

M−1(Ω− z) =

{
x ∈ RN :

aTi Mx ≤ 0, i = 1, ..., l

aTi Mx ≤ ρi, i = l + 1, ...,m

}

=

{
x ∈ RN :

(G0x)i ≤ 0, i = 1, ..., l

aTi Mx ≤ ρi, i = l + 1, ...,m

}
,

GIM
−1(Ω− z) =

{
x ∈ RN :

(G0(GI)
−1x)i ≤ 0, i = 1, ..., l

aTi M(GI)
−1x ≤ ρi, i = l + 1, ...,m

}

=

{
x ∈ RN :

xi ≤ 0, i = 1, ..., l

aTi M(GI)
−1x ≤ ρi, i = l + 1, ...,m

}
,

√
kGIM

−1(Ω− z) =

{
x ∈ RN :

xi ≤ 0, i = 1, ..., l

aTi M(GI)
−1x ≤ ρi

√
k, i = l + 1, ...,m

}
,

and

lim
k→∞

1√
kGIM−1(Ω−z)(x) = 1{x∈RN:xi≤0,i=1,...,l}(x).
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Now, for ϕ̃(x) := ϕ(MG−1
I x+z) and ψ̃(x) := ψ(MG−1

I x+z), it follows that

c−1
k =

∫
Ω

ψ(x) exp (kϕ(x)) dx

=
detM

detG

∫
√
kGIM−1(Ω−z)

ψ̃(x) exp(kϕ̃(x))dx

=
detM

detG

∫
{x∈RN :xi≤0, i=0,...,l}

ψ̃(x) exp(kϕ̃(x))dx

− detM

detG

∫
{x∈RN :xi≤0, i=0,...,l}\GIM−1(Ω−z)

ψ̃(x) exp(kϕ̃(x))dx.

From Theorem 3.7, there is∫
{x∈RN :xi≤0, i=0,...,l}

ψ̃(x) exp(kϕ̃(x))dx ∼ detM

detG

1

2l

(
2π

k

)N
2 ψ̃(0)ekϕ̃(0)√

det(−Hϕ̃(0))

and

k
N
2

ekϕ̃(0)

∫
{x∈RN :xi≤0, i=0,...,l}\GIM−1(Ω−z)

ψ̃(x) exp(kϕ̃(x))dx

converges pointwise to 0, because

sup{ϕ(x) : x ∈ Ω \GIM−1(Ω− z)} < ϕ̃(0)

and an integrable upper bound is given by Corollary 3.7. Thus there is

c−1
k ∼ detM

detG

1

2l

(
2π

k

)N
2 ψ̃(0)ekϕ̃(0)√

det(−Hϕ̃(0))
.

The densities of the random variables

X̃k :=
√
kGIM

−1(Xk − z)

are given by

ckk
−N

2 det(G−1
I ) det(M)ψ̃

(
x√
k

)
exp

(
kϕ̃

(
x√
k

))
1√

kGIM−1(Ω−z)(x). (3.22)

Like in the proof of Theorem 3.4, the Taylor expansion gives

ϕ̃

(
x√
k

)
= ϕ̃(0) +

1

2

x√
k

T
Hϕ̃(z)

x√
k
+O(k).

25



Together with the above calculations, (3.22) converges pointwise to

2l
(

1

2π

)N
2 √

det(−Hϕ̃(0)) exp

(
1

2
xTHϕ̃(0))x

)
1{x∈RN:xi≤0,i=1,...,l}(x). (3.23)

This is the density of a normal distribution with mean 0 and covariance matrix
(−Hϕ̃(0))

−1 restricted to {x ∈ RN : xi ≤ 0, i = 1, ..., l}. Now, as in the proof
of Theorem 3.4, we can estimate the remainder part of the Taylor expansion to
conclude that

√
kGIM

−1(Xk − z) converges vaguely for k → ∞ to a random
variable Z whose density is given by (3.23). Again, as all measure involved are
probability measures, weak convergence follows. Therefore

MG−1
I

√
kGIM

−1(Xk − z) =
√
k(Xk − z) →MG−1

I Z

weakly for k → ∞. Now, because Hϕ̃(0) = (MG−1
I )THϕ(z)MG−1

I , the density
of MG−1

I Z is given by (3.21), as was to be shown.

Next, we will consider the edge cases where the gradient at the maximum is
not zero. We again start with an extension of Laplace’s method, which can be
found in [Bre94] (Theorem 48).

Theorem 3.9. For m ∈ N let ϕ, g1, ..., gm ∈ C2(RN ) and ψ ∈ C0(RN ). The
functions g1, ..., gm define a compact set Ω = ∩mi=1{x ∈ RN : gi(x) ≤ 0}.
Assume that the following conditions are fulfilled:

a) The function ϕ achieves its global maximum with respect to Ω only at the
point z.

b) There is an l ∈ {1, ...,m} such that

gi(z) = 0 for i = 1, ..., l and
gi(z) < 0 for i = l + 1, ..,m.

c) The gradients ∇gi(z) with i = 1, .., l are linearly independent.

d) The gradient ∇ϕ(z) has a unique representation in the form

∇ϕ(z) =
l∑
i=1

γi∇gi(z)

with γi > 0 for i = 1, ..., k.

e) The matrix H∗(z) is regular. Here

H∗(z) = CT (z)H(z)C(z)

with

H(z) = Hϕ(z)−
l∑
i=1

γiHgi(z)
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and

C(z) = (c1(z), ..., cN−l(z)).

c1(z), ..., cN−l(z) form an orthonormal basis of the N− l-dimensional sub-
space of RN, which is orthogonal to the subspace span[∇g1(z), ...,∇gl(z)].

Then, the following asymptotic relation holds:∫
Ω

ψ(x)ekϕ(x) ∼ (2π)
N−l

2
ψ(z)√

detG · | detH∗(z)|
∏l
i=1 γi

ekϕ(z)k−
N+l

2 dx.

Here G = ((∇gi(z))T · ∇gj(z))i,j=1,...,l.

We can now formulate a limit theorem for this edge case. The idea is to
transform the random variable into directions where the gradient is zero and
directions where the gradient is not zero. The scaling is then dependent on the
direction. Unlike in Theorem 3.8, the transformation cannot be inverted after
scaling. The resulting limit theorem looks somewhat similar to a central limit
theorem, but the limit distribution is not a normal distribution. Consider the
following notations and conditions:

For a1, ..., am ∈ RN and b1, ..., bm ∈ R, define

Ω := {x ∈ RN : aT1 x+ b1 ≤ 0, ..., aTmx+ bm ≤ 0},

and let ψ ∈ C0(RN ),ϕ ∈ C3(RN ) such that

• ϕ|Ω, ψ|Ω > 0 and ϕ achieves its global maximum with respect to Ω only at
the point z ∈ ∂Ω.

• There is an l ∈ {1, ...,m} such that

aTi z + bi = 0 for i = 1, ..., l

aTi z + bi < 0 for i = l + 1, ...,m.

• a1, .., al are linearly independent. The gradient ∇ϕ(z) has a unique rep-
resentation of the form

∇ϕ(z) =
l∑
i=1

γiai

with γi > 0 for i = 1, ..., l.

• The matrix H∗(z) is negative definite. Here

H∗(z) = CTHϕ(z)C
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with

C = (c1, ..., cN−l).

c1, ..., cN−l form an orthonormal basis of the subspace of RN, which is or-
thogonal to the subspace span(a1, ..., al).

•
∫
Ω
ψ(x)ekϕ(x)dx <∞ for all k > 1.

Furthermore, let K = diag(k, .., k,
√
k, ..,

√
k), where k appears l times and

√
k

appears N− l times. Consider the random variables Xk with the densities given
by

fk(x) := ckψ(x) exp (kϕ(x))1Ω(x),

normalization constants

c−1
k :=

∫
Ω

ψ(x) exp (kϕ(x)) dx

and

M = (A,C) = (a1, a2, .., al, c1, c2, ..., cN−l),

G = (aTi aj)i,j=1,...,l, GI =

(
G 0
0 IN−l

)
.

Theorem 3.10. With the notations and conditions above, the random variable
KGIM

−1(Xk − z) converges weakly for k → ∞ to a random variable with a
distribution given by the density(

l∏
i=1

||ai||22γi

)
exp

(
((γ1, ..., γl) · x∗l )

⊤
)

·
√
|detH∗(z)|
(2π)

N−l
2

exp

(
1

2
x̄⊤N−lH

∗(z)x̄N−l

)
1Ω∗(x)

where Ω∗ = {x ∈ RN : x1 ≤ 0, ..., xl ≤ 0} and x = (x∗l , x̄N−l)
T ∈ Rl × RN−l =

RN .

Proof. Without loss of generality, it can be assumed that

||ai||2 = 1 for i = 1, ...,m.

Like in the proof of Theorem 3.8, we can see that

KGIM
−1(Ω− z) =

{
x ∈ RN :

xi ≤ 0, i = 1, ..., l

aTi M(GI)
−1x ≤ ρi

√
k, i = l + 1, ...,m

}
,
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where ρi := −(aiz + bi) > 0 for i = l + 1, ...,m.
Now write x = (x∗l , x̄N−l)

T ∈ Rl × RN−l = RN and define

ϕ̃(x) := ϕ(MG−1
I x+ z) and ψ̃(x) := ψ(MG−1

I x+ z).

Then

GIM
−1(Xk − z) ∼ ck

detM

detG
ψ̃(x) exp(kϕ̃(x))1GIM−1(Ω−z)(x)

and the Taylor expansion

ϕ̃(x) = ϕ̃(0) + xT∇ϕ̃(0) + 1

2
xTHϕ̃(0)x+O(1)

= ϕ(z) + x⊤(MG−1
I )⊤∇ϕ(z) + 1

2
x⊤(MG−1

I )⊤Hϕ(z)MG−1
I x+O(1)

= ϕ(z) + x⊤
l∑
i=1

γiG
−1
I M⊤ai +

1

2
x⊤(MG−1

I )⊤Hϕ(z)MG−1
I x+O(1)

= ϕ(z) +O(1)

+ x⊤
l∑
i=1

γiei +
1

2
(AG−1x∗l + Cx̄N−l)

⊤Hϕ(z)(AG
−1x∗l + Cx̄N−l)

= ϕ(z) +O(1)

+ ((γ1, ..., γl) · x∗l )
⊤
+

1

2
(AG−1x∗l + Cx̄N−l)

⊤Hϕ(z)(AG
−1x∗l + Cx̄N−l)

holds. Here, O(1) is locally uniform in x for k → ∞. Thus, it follows that the
density of KGIM−1(Xk − z) is given by

ck
detM

detG
k−

N+l
2 ψ̃(K−1x) exp

(
kϕ(z) + ((γ1, ..., γl) · x∗l )

⊤
)

· exp
(
1

2
x̄⊤N−lC

⊤Hϕ(z)Cx̄N−l +O(
√
k)

)

on KGIM−1(Ω− z). From Theorem 3.9 we know that

ck ∼ 1

(2π)
N−l

2

√
detG · | detH∗(z)|

∏l
i=1 γi

ψ(z)
e−kϕ(z)k

N+l
2 .

Therefore, as k → ∞, the density of KGIM−1(Xk − z) converges locally uni-
formly to∏l

i=1 γi

(2π)
N−l

2

√
|detH∗(z)| exp

(
((γ1, ..., γl) · x∗l )

⊤
+

1

2
x̄⊤N−lH

∗(z)x̄N−l

)

=

l∏
i=1

γi exp
(
((γ1, ..., γl) · x∗l )

⊤
) √|detH∗(z)|

(2π)
N−l

2

exp

(
1

2
x̄⊤N−lH

∗(z)x̄N−l

)
.
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As before, local uniform convergence and the fact that all measures involved are
probability measures together yield weak convergence.
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4 The freezing regimes of classical matrix models
and other examples

In this section, we will apply the limit theorems from the previous section to
three classical matrix ensembles: The Hermite, the Laguerre and the Jacobi
ensemble. Furthermore, we will investigate related ensembles and their so-called
edge cases.

4.1 Freezing regime of β-Hermite ensembles
Let (H̃n)n∈N be the Hermite polynomials orthonormalized with respect to the
measure with the density π− 1

2 e−x
2

, and let zN = (z1,N , ..., zN,N ) be the vector
of the ordered zeros of H̃N with z1,N < ... < zN,N .

Theorem 4.1 (Dumitriu, Edelmann(2005),Voit(2019)).
Let Xκ be N -dimensional random variables with the densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−
κ
2 x

2
i

on Ω := {x ∈ R : x1 ≤ x2 ≤ ... ≤ xN} with

c−1
κ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−
κ
2 x

2
i .

Then
√
κ(Xκ −

√
2zN ) → N (0,Σ)

weakly for κ→ ∞.
Here, the entries of the covariance matrix Σ =

(
Σi,j

)
i,j=1,...,N

are given by

∑N−1
l=0 H̃2

l (zi,N )H̃2
l (zj,N ) +

∑N−2
l=0 H̃l+1(zi,N )H̃l(zi,N )H̃l+1(zj,N )H̃l(zj,N )∑N−1

l=0 H̃2
l (zi,N ) ·

∑N−1
l=0 H̃2

l (zj,N )
.

(4.1)
Moreover, the entries of the inverse covariance matrix Σ−1 are given by

(Σ−1)i,j :=

{
1 +

∑
l ̸=i(zi,N − zl,N )−2 for i = j

−(zi,N − zj,N )−2 for i ̸= j.
(4.2)

Using their tridiagonal β-matrix model in [DE02], Dumitriu and Edelman
derived this limit theorem together with formula (4.2) for the covariance matrix.
For details, see Theorem 3.1 in [DE05] Furthermore, in [Voi19], this limit theo-
rem was proven in Theorem 2.2. A different method, which can be generalized
to Theorem 3.2 and Theorem 3.6, was used. Furthermore, it is a special case of
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Theorem 3.6 with v(x) = x2

2 . In this case, the orthonormal polynomials are the
orthonormal Hermite polynomials and, up to scaling, given by 2

1
4 H̃m(x2−

1
2 ) for

m ∈ N, x ∈ R. This means that the vector of ordered zeros is
√
2zN . Here

A′
N (x) = 0, which means that R′

N (zi,N ) = 1 so that the inverse covariance
matrix (4.2) matches the one given in (3.20) for v(x) = x2

2 . The fact that
A′
N (x) = 0 can easily be seen in Definition (3.16) or in [Ism05] (3.4.13)-(3.4.14).

4.2 Freezing regime of β-ensembles associated with Freud
weights

In this subsection we will take a look at the so-called Freud weights studied in
[Fre76]. Here, for m > 0, we have the weight function

w(x) = Ce−|x|m

with C > 0 fitting such that
∫
R
w(x)dx = 1. In the following, we will consider

the case where m
2 ∈ N. For m = 2 we have w(x) = 1√

π
e−x

2

and the situation
is, up to scaling, as in Theorem 4.1. Before we turn to the case for arbitrary m,
we take a look at another case, namely m = 4. Here we have

w(x) =
e−x

4

2Γ(5/4)
.

The aim is to apply Theorem 3.6 here. Therefore, we will look at the functions
and conditions occurring there. The polynomials (pn)n∈N, orthonormal with
respect to w, obey the three-term recurrence relation

xpn(x) = an+1pn+1(x) + anpn−1(x).

We have v(x) = x4 and v′(x) = 4x3. To get AN (x), we follow [Ism05] p. 57.
We have

AN (x)

aN
=

∫
R

v′(x)− v′(y)

x− y
(pN (y))2w(y)dy

= 4

∫
R

x3 − y3

x− y
(pN (y))2w(y)dy

= 4

∫
R
(x2 + xy + y2)(pN (y))2w(y)dy

= x2 +

∫
R
(ypN (y))2w(y)dy

= x2 + a2N+1 + a2N .

Therefore, in this case ∏
1≤i<j≤N

(xi − xj)
2
N∏
i=1

exp(−v(xi))aN
AN (xi)

κ
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becomes

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
4
i

(x2i + a2N + a2N+1)
κ
. (4.3)

Again, denote the zeros of pN by zN = (z1,N , ..., zN,N ). Then we can apply
Theorem 3.6 to get the following central limit theorem:

Theorem 4.2. Fix a sufficiently large N ∈ N and let Xκ be the N -dimensional
random variables with densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
4
i

(x2i + a2N + a2N+1)
κ

on Ω := {x ∈ R : x1 ≤ x2 ≤ ... ≤ xN} with

c−1
κ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
4
i

(x2i + a2N + a2N+1)
κ
dx.

Then
√
κ(Xκ − zN ) → N (0,Σ)

weakly for κ→ ∞. Here the covariance matrix Σ is given by

(Σ−1)i,j :=

2
∑
l ̸=i(zi,N − zl,N )−2 + 12z2i,N + 2

a2N+a2N+1−z
2
i,N

(a2N+a2N+1+z
2
i,N )2

for i = j

−2(zi,N − zj,N )−2 for i ̸= j.

(4.4)

Proof. The goal is to apply Theorem 3.6 for v(x) = x4 and hence

ϕ(x) =
∏

1≤i<j≤N

(xj − xi)
2
N∏
i=1

e−x
4
i

(x2i + a2N + a2N+1)

and ψ(x) ≡ 1. Thus we have to show that all conditions are fulfilled. The only
non-trivial condition is that d2

dx2 (v(x) + log(AN (x))) is positive. We have

−R′
N (x) =

d2

dx2
(v(x) + log(AN (x))) = 12x2 + 2

a2N + a2N+1 − x2

(a2N + a2N+1 + x2)2
.

For x ∈ [−
√
a2N + a2N+1,

√
a2N + a2N+1], we obviously have −R′

N (x) ≥ 0 and for
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x ̸∈ [−
√
a2N + a2N+1,

√
a2N + a2N+1], we can estimate

−R′
N (x) = 12x2 − x2

(x2 + a2N + a2N+1)
2
+

a2N + a2N+1

(x2 + a2N + a2N+1)
2

> 12x2 − x2

4(a2N + a2N+1)
2

!
≥ 0

⇔ 12 ≥ 1

4(a2N + a2N+1)
2
⇔ a2N + a2N+1 ≥

√
1

48
.

The latter can be assumed to be true because for large N , [Fre76] gives that

lim
N→∞

aN

N
1
4

=

√
Γ(2)Γ(3)

Γ(4)
.

Hence it follows that aN = O(N
1
4 ) and thus a2N+a2N+1 ≥

√
1
48 for N sufficiently

large.

Remark 4.3.

• Note that Theorem 4.2 may be correct for all N ∈ N, meaning that the
condition that N has to be large may be obsolete.

• In [Voi19; HV21] Selberg’s integral formula and related formulas were used
to calculate

lim
κ→∞

( κ
2π

)N
2

e−κϕ(z)
∫
Ω

∏
1≤i<j≤N

(xi − xj)
2κ

N∏
i=1

(
exp(−v(xi))aN

AN (xi)

)κ
=
√
det(Σ)

and derive a formula for the determinant of Σ. It is an interesting question
whether this is also possible for (4.4).

Next, we will consider a polynomial rm(x) =
∑m
k=0 ckx

k of degree m with
nonnegative coefficients ck ≥ 0 and a weight function

w(x) = Ce−rm(x2).

Here C > 0 is chosen such that
∫

R w(x)dx = 1. The aim is to apply Theorem
3.6. Therefore, we will look at the functions and conditions occurring there. For
rm(x) = x2 and rm(x) = x4, the situation is similar to that in Theorem 4.1 and
Theorem 4.2. Therefore, the resulting theorem can be seen as a generalization
of these two. Furthermore, up to the factor AN (zi)

aN
, this density is similar to the

density of the eigenvalues of the orthogonal ensemble and the unitary ensemble
2.1.1.
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Because w is symmetric, the polynomials (pn)n∈N, orthonormal with respect to
w, obey the three-term recurrence relation

xpn(x) = an+1pn+1(x) + anpn−1(x).

It holds that

v(x) = rm(x2) =

m∑
k=0

ckx
2k and v′(x) =

m−1∑
k=0

2(k + 1)ck+1x
2k+1.

To get AN (x), we proceed as in the proof of Theorem 4.2. Note that Exercise
3.1 in [Ism05] also addresses this idea. It holds that

AN (x)

aN
=

∫
R

v′(x)− v′(y)

x− y
(pN (y))2w(y)dy

=

m−1∑
k=0

2(k + 1)ck+1

∫
R

x2k+1 − y2k+1

x− y
(pN (y))2w(y)dy

=

m−1∑
k=0

2(k + 1)ck+1

∫
R

k∑
l=0

x2ly2(k−l)(pN (y))2w(y)dy

=

m−1∑
k=0

(
2(k + 1)ck+1

k∑
l=0

(
x2l
∫

R
y2(k−l)(pN (y))2w(y)dy

))
=: sm−1(x

2).

Therefore,  ∏
1≤i<j≤N

(xi − xj)
2
N∏
i=1

exp(−v(xi))aN
AN (xi)

κ

becomes

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x2
i )

(sm−1(xi2))κ
.

It is not easy to show that x 7→ rm(x2) + log sm−1(x
2) is a convex function.

There may even be some counterexamples. Therefore we will assume convexity,
i.e. for all x ∈ R assume that

rm(x) + log sm−1(x) > 0. (4.5)

Again, denote the zeros of pN by zN = (z1,N , ..., zN,N ). Now we can apply
Theorem 3.6 for v(x) = rm(x2) and ψ(x) ≡ 1 and get the following result:
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Theorem 4.4. Under the conditions mentioned above, let Xκ be the
N -dimensional random variables with densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x2
i )

(sm−1(xi2))κ

on Ω := {x ∈ R : x1 ≤ x2 ≤ ... ≤ xN} with

c−1
κ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x2
i )

(sm−1(xi2))κ
dx.

Then
√
κ(Xκ − zN ) → N (0,Σ)

weakly for κ→ ∞. Here, the inverse covariance matrix
(
Σ−1
i,j

)
i,j=1,...,N

is given
by

2
∑
l ̸=i

(zi,N − zl,N )−2 +
d2

dy2
(
rm(x2) + log(sm−1(x

2))
)∣∣∣∣
x=zi,N

for i = j,

− 2(zi,N − zj,N )−2 for i ̸= j.

4.3 Freezing regime of β-Laguerre ensembles and their
edge case

In this section, let (L̃(α)
n )n∈N be the Laguerre Polynomials for α > −1, orthonor-

malized with respect to 1
Γ(α+1)e

−xxα1[0,∞)(x) and with z
(α)
N = (z

(α)
1,N , ..., z

(α)
N,N )

the vector of ordered zeros z(α)1,N < ... < z
(α)
N,N . For a detailed description of the

Laguerre polynomials, see for example [Chi78; Ism05; Sze75]. The vector z(α)N

is the unique global maximum of the function

x 7→ 2
∑

1≤i<j≤N

log(xj − xi) +

N∑
i=1

(
(α+ 1) log(xi)− xi

)
1{x∈RN :0≤x1≤...≤xN}(x).

Therefore, the gradient of this function is zero at z(α)N , which leads to the identity

2

n∑
l=1

l ̸=i

1

zαi,N − zαl,N
= 1− α+ 1

z
(α)
i,N

. (4.6)

Theorem 4.5 (Dumitriu, Edelmann(2005),Voit(2019)). For α > −1, let Xκ be
N -dimensional random variables with a the densities

cκ,α
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1)κ−1
i e−xi
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on Ω = {0 ≤ x1 ≤ ... ≤ xN} with cκ,α given by

c−1
κ,α :=

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1)κ−1
i e−xi .

Then

√
κ

(
Xκ

κ
− z

(α)
N

)
→ N (0,Σ)

weakly for κ→ ∞. The inverse covariance matrix Σ−1
N is given by

(Σ−1
N )i,j :=

 2
∑
l ̸=i(z

(α)
i,N − z

(α)
l,N )−2 + α+1

(z
(α)
i,N )2

for i = j

−2(z
(α)
i,N − z

(α)
j,N )−2 for i ̸= j.

(4.7)

Proof. Using their tridiagonal β-matrix model in [DE02], Dumitriu and Edel-
man derived this limit theorem together with a rather complicated formula for
the covariance matrix, see Theorem 4.1 in [DE05]. Furthermore, it is a special
case of Theorem 3.2 and Theorem 3.6. If one chooses the weight function

w(x) =
1

Γ(α+ 1)
e−xxα

of the Laguerre polynomials, then, following [Ism05] (3.3.2), we obtain the fol-
lowing equations:

v(x) = x− α log(x),

AN (x)

aN
=

1

x
,

N∏
i=1

e−v(xi)aN
AN (xi)

=

N∏
i=1

x
(α+1)
i e−xi ,

R′
N (zi,N ) =

d2

dx2

(
−v(x)− log

(
AN (x)

aN

))∣∣∣∣
x=zi,N

=
α+ 1

(zi,N )2
.

Theorem 4.5 can be transformed using the Delta method of [Vaa98] Theorem
3.1, compare Theorem 3.5 above with d(x) =

√
x. The result is as follows:

Theorem 4.6 (Voit(2019),Dumitriu, Edelmann(2005)). For α > −1, let Xκ be
N -dimensional random variables with the densities

c̃κ,α
∏

1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

x
2(α+1)κ
i e−x

2
i

37



on Ω = {0 ≤ x1 ≤ ... ≤ xN} with cκ,α given by

c̃−1
κ,α :=

∫
Ω

∏
1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

x
2(α+1)κ
i e−x

2
i ,

and define rαN := (rα1 , r
α
2 , ..., r

α
N ) := (

√
z
(α)
1,N , ...,

√
z
(α)
N,N ). Then

√
κ

(
Xκ√
κ
− rαN

)
→ N (0,ΣN )

in distribution for κ→ ∞. The inverse covariance matrix Σ−1
N is given by

(Σ−1
N )i,j : =


8z

(α)
i,N

∑
l ̸=i

1

(z
(α)
i,N−z(α)

l,N )2
+ 4α+1

z
(α)
i,N

for i = j

−8

√
z
(α)
i,Nz

(α)
j,N

(z
(α)
i,N−z(α)

j,N )2
for i ̸= j.

(4.8)

=


4
∑
l ̸=i

z
(α)
i,N+z

(α)
l,N

(z
(α)
i,N−z(α)

l,N )2
+ 2α+1

z
(α)
i,N

+ 2 for i = j

−8

√
z
(α)
i,Nz

(α)
j,N

(z
(α)
i,N−z(α)

j,N )2
for i ̸= j.

(4.9)

A direct proof can be found in Theorem 3.3 of [Voi19]. Alternatively, it can
be obtained using the Delta method from [Vaa98] Theorem 3.1. Therefore, we
apply Theorem 3.5 for

v(x) = x− α log(x),

V (x) =
1

2

(
v(x) + log

(
AN (x)

aN

))
=

1

2
(x− (α+ 1) log(x)) ,

and d(x) =
√
x.

Note that if Theorem 3.5 is used as described above, the inverse covariance
matrix from (4.7) transforms into (4.8), and the matrix in (4.9) is in accordance
with the corresponding matrix in Theorem 3.3 of [Voi19]. The central limit
theorem there is scaled by a factor of 1√

2
and therefore the inverse covariance

matrix is scaled by a factor of 2. The two matrices (4.8) and (4.9) look different,
but are identical. To see this identity, Equation (4.6) gives

2

n∑
l=1

l ̸=i

1

z
(α)
i,N − z

(α)
l,N

= 2V ′(z
(α)
i,N ) = 1− α+ 1

zαi,N
,

which has to be used to simplify

n∑
l=1

l ̸=i

z
(α)
l,N

(z
(α)
i,N − z

(α)
l,N )2

= z
(α)
i,N

n∑
l=1

l ̸=i

1

(z
(α)
i,N − z

(α)
l,N )2

−
n∑

l=1

l ̸=i

1

z
(α)
i,N − z

(α)
l,N

.
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Afterwards, the equality of both matrices (4.8) and (4.9) is obvious.

If one considers the limit case α = −1, the situation for the Laguerre ensem-
ble given by

cκ,α
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1)κ−1
i e−xi

as in Theorem 4.5 is different from that for the "squared" Laguerre ensemble
given by

c̃κ,α
∏

1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

x
2(α+1)κ
i e−x

2
i

as in Theorem 4.6. For the latter, compare [Voi19] Section 5, or Corollary 5.5
in [Voi19]. The situation here is as follows:

Theorem 4.7 (Voit(2019)). Let Xκ be N -dimensional random variables with
the densities

c̃κ,−1

∏
1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

e−x
2
i

on Ω = {0 ≤ x1 ≤ ... ≤ xN} and let

r := (r1, .., rN ) := (0,

√
z
(1)
1,N−1,

√
z
(1)
2,N−1, ...,

√
z
(1)
N−1,N−1).

Then

√
κ

(
Xκ√
κ
− r

)
converges in distribution for κ → ∞ to the "one-sided normal distribution",
which is given by the density

2

(2π)
N
2 det((−H(r)−1)

e
1
2x

TH(r)x1{x∈RN :x1≥0}(x),

where H(r) is the Hessian of x 7→ 2
∑

1≤i<j≤N log(x2j − x2i ) −
∑N
i=1 x

2
i at the
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point x = r, i.e

(−H(r))i,j :=

{
4
∑
l ̸=i

r2i+r
2
l

(r2i−r2l )2
+ 2 for i = j

−8
rirj

(r2i−r2j )2
for i ̸= j.

=



4

N∑
l=2,l ̸=i

z
(1)
i−1,N−1 + z

(1)
l−1,N−1

(z
(1)
i−1,N−1 − z

(1)
l−1,N−1)

2

+2 +
4

z
(1)
i−1,N−1

for 2 ≤ i = j

−8

√
z
(1)
i−1,N−1z

(1)
j−1,N−1

(z
(1)
i−1,N−1−z

(1)
j−1,N−1)

2
for i ̸= j and i, j ≥ 2,

2 + 4
∑N−1
l=1

1

z
(1)
l,N−1

for i = j = 1

0 for i ̸= j and i = 1 or j = 1.

Proof. This theorem can be found (up to scaling) in Corollary 5.3 of [Voi19].
Note that the central limit theorem there is scaled by a factor of

√
2. Further-

more, after the rescaling Xκ√
κ
, we have a situation similar to that in Theorem

3.8. Here we have l = 1, m = N and

ϕ(x) = 2
∑

1≤i<j≤N

log(x2j − x2i )−
N∑
i=1

x2i , ψ(x) ≡ 1,

a1 = 0− e1, a2 = e1 − e2, a3 = e1 − e3, ..., aN = eN−1 − eN ,

b1 = b2 = ... = bN = 0,

Ω∗ = {x ∈ RN : x1 ≥ 0}.

Furthermore, r is the unique global maximum of ϕ, because ϕ is monotonically
decreasing in x1 and the maximum of

(x2, ..., xN ) 7→ ϕ(0, x2, ..., xN ) = 2
∑

2≤i<j≤N

log(x2j − x2i )−
N∑
i=2

(x2i − 4 log(xi))

is given by
(√

z
(1)
1,N−1,

√
z
(1)
2,N−1, ...,

√
z
(1)
N−1,N−1

)
. ϕ is a concave function be-

cause the Hessian is negative definite at every point. Thus, the first condition
of Theorem 3.8 is also fulfilled. Then, Theorem 3.8 yields the claim.

Now we turn to the edge case α = −1 for Laguerre ensembles with densities
given by

cκ,α
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1)κ−1
i e−xi , (4.10)

as in Theorem 4.5. Here, the gradient at the maximum is not zero and we
will apply Theorem 3.10. Note that the term

∏N
i=1

1
xi

causes some technical
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problems. For α > −1 in Theorem 4.5, this was irrelevant because for ψ(x) =∏N
i=1

1
xi

, it held that ψ(z) ̸= 0. This is no longer the case here. Therefore we
will investigate

cκ,α
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1),κ
i e−xi (4.11)

with cκ,α > 0 accordingly instead. Note that it is very likely that the behavior
for (4.10) and (4.11) is the same. There are several results which extend the
classical version of Laplace’s method to the case where ψ(z) = 0, see for example
[FS61; Bre94]. Similar results are available for boundary maxima. Those can be
used to extend Theorem 3.10 and apply it to (4.10). An example with similar
behavior are the Beta-Cauchy ensembles. For details see [Voi22]. For (4.11),
however, the situation is as follows:

Theorem 4.8. Let Xκ = (X1
κ, .., X

N
κ ) be N -dimensional random variables with

the densities

cκ,−1

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−xi .

on Ω = {0 ≤ x1 ≤ ... ≤ xN} and let z(−1)
N = (0, z

(1)
1,N−1, z

(1)
2,N−1, ..., z

(1)
N−1,N−1).

Then

√
κ

((
X1
κ√
κ
,
X2
κ

κ
, ...,

XN
κ

κ

)
− z

(−1)
N

)
=

(
X1
κ,
X2
κ√
κ
, ...,

XN
κ√
κ

)
−

√
κz

(−1)
N

converges in distribution for κ→ ∞ to a measure whose density is given by

exp (−γ1x1)
√

|detH∗(z)|
(2π)

N−1
2

exp

(
1

2
(x2, ..., xN )H∗(z)(x2, ..., xN )T

)
1{x1≥0}(x).

Here, γ1 :=
(
2
∑N
j=2

1
z1j,N−1

+ 1
)

and H∗(z) =
(
Hϕ(z)i,j

)
i,j=2,...,N

is given by

the submatrix of the Hessian of ϕ(x) = 2
∑

1≤i<j≤N log(xj − xi)−
∑N
i=1 xi, i.e

(−H∗(z))i,j =

 2
∑N−1
l=1,l ̸=i (z

(1)
i,N−1 − z

(1)
l,N−1)

−2 + 2

(z
(1)
i,N−1)

2
for i = j

−2(z
(1)
i,N−1 − z

(1)
j,N−1)

−2 for i ̸= j.

Proof. This theorem is an application of Theorem 3.10 for the rescaled variables
Xκ

κ with the densities

C
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κxi1Ω(x)
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and C > 0 fitting. Here, we have l = 1, m = N and

ϕ(x) = 2
∑

1≤i<j≤N

log(xj − xi)−
N∑
i=1

xi, ψ(x) ≡ 1,

a1 = 0− e1, a2 = e1 − e2, a3 = e1 − e3, ..., aN = eN−1 − eN ,

b1 = b2 = ... = bN = 0,

M = (−e1, e2, ..., eN ), GI = IN ,K = diag(k,
√
k,
√
k, ...,

√
k),

z = (z
(−1)
N )T ,

∇ϕ(z) = −

(
1 + 2

N∑
i=2

1

z
(1)
i,N−1

)
· (1, 0, 0..., 0)T = γ1a1,

Ω∗ = {x ∈ RN : x1 ≥ 0}.

Therefore it follows that KGIM
−1z = Kz =

√
z and KGM−1

(
Xκ

κ

)T
=(

−X1
κ,

X2
κ√
κ
, ...,

XN
κ√
κ

)T
. Furthermore, z ∈ δΩ, and ϕ attains its global maxi-

mum on Ω in z. This holds true because ϕ is monotonically decreasing in x1
and the only maximum of ϕ̃ : RN−1 → R,

ϕ̃(x2, ..., xN ) := ϕ(0, x2, ..., xN ) = 2
∑

2≤i<j≤N

log(xj − xi) +

N∑
i=2

(2 log(xi)− xi)

is given by
(
z
(1)
1,N−1, z

(1)
2,N−1, ..., z

(1)
N−1,N−1

)
. ϕ̃ is a strictly concave function and

hence H∗(z) is negative definite. Thus, all conditions of Theorem 3.10 are ful-
filled. This, together with applying the function (x1, ..., xN ) 7→ (−x1, x2..., xN )
on both sides, yields the claim.

4.4 Freezing regime of β-ensembles that generalize La-
guerre ensembles

Similar to Theorem 4.4, we can extend the Laguerre ensembles by considering
higher polynomial degrees in the weight function. For the Interval I = (0,∞),
consider a polynomial rm of degree m ∈ N, some α > 0, and C > 0 fitting such
that

∫
I
w(x)dx = 1 for the weight function

w(x) = Ce−rm(x)xα. (4.12)

We will first take a look at the case rm(x) = x2. The aim is to apply Theorem
3.6 here. Therefore, we will look at the functions and conditions occurring there.
The weight function becomes

w(x) =
2

Γ
(
α+1
2

)e−x2

xα
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and the associated orthonormal polynomials obey the three-term recurrence
relation

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x).

Thus, we have v(x) = x2 − α log(x) and v′(x) = 2x− α
x . To get AN (x), we can

proceed as in the Laguerre case, see [Ism05], Subsection 3.3. We have

AN (x)

aN
=

∫ ∞

0

v′(x)− v′(y)

x− y
(pN (y))2w(y)dy

=

∫ ∞

0

2x− α
x − 2y + α

y

x− y
(pN (y))2w(y)dy

= 2 +
α

x

2

Γ(α+1
2 )

∫ ∞

0

(pN (y))2e−y
2

yα−1dy.

Furthermore, using integration by parts and orthogonality, we get∫ ∞

0

(pN (y))2e−y
2

yα−1dy

=
yα

α
(pN (y))2e−y

2

∣∣∣∣∞
0

−
∫ ∞

0

yα

α
((pN (y))2e−y

2

)′dy

=
1

α

∫ ∞

0

2y(pN (y))2e−y
2

yαdy − 1

α

∫ ∞

0

2p′N (y)pN (y)e−y
2

yαdy

=
2

α

∫ ∞

0

(aN+1pN+1(y) + bNpN (y) + aNpN−1(y))pN (y)e−y
2

yαdy

=
2

α

Γ(α+1
2 )

2
bN .

Overall, we have

AN (x)

aN
= 2 +

2

x
bN =

2x+ 2bN
x

. (4.13)

Therefore,  ∏
1≤i<j≤N

(xi − xj)
2
N∏
i=1

exp(−v(xi))aN
AN (xi)

κ

becomes

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
2
i x

(α+1)κ
i

(2xi + 2bN )κ
. (4.14)

Again, denote the zeros of pN by zN = (z1,N , ..., zN,N ). Then we can apply
Theorem 3.6 to get the following central limit theorem:
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Theorem 4.9. Let Xκ be N -dimensional random variables with the densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
2
i x

(α+1)κ
i

(2xi + 2bN )κ

on Ω := {x ∈ R : 0 < x1 ≤ x2 ≤ ... ≤ xN} with

c−1
κ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κx
2
i x

(α+1)κ
i

(2xi + 2bN )κ
.

Then
√
κ(Xκ − zN ) → N (0,Σ)

weakly for κ→ ∞, where the covariance matrix Σ is given by

(Σ−1)i,j :=

{
2
∑
l ̸=i(zi,N − zl,N )−2 + 2 + α+1

z2i,N
− 1

(zi,N+bN )2 for i = j

−2(zi,N − zj,N )−2 for i ̸= j.

Proof. The goal is to apply Theorem 3.6 for ψ ≡ 1, v(x) = x2 − α log(x) and

ϕ(x) =
∏

1≤i<j≤N

(xj − xi)
2
N∏
i=1

e−x
2
i x

(α+1)
i

(2xi + 2bN )
.

We therefore verify all conditions. The only non-trivial condition is that
d2

dx2 (v(x) + log(AN (x))) is positive. Because bN =
∫∞
0
y(pN (y))2w(y)dy > 0

and α ≥ 0, we get that

d2

dx2
(v(x) + log(AN (x))) = 2 +

α+ 1

x2
− 1

(x+ bN )2
> 0.

Similar to Theorem 4.4 and Theorem 4.2, we can generalize Theorem 4.9.
We now turn to weight functions

w(x) = Ce−rm(x)xα

as given in 4.12. The aim is to apply Theorem 3.6 here. Therefore we will look
at the functions and conditions occurring there.
Consider the polynomial rm(x) =

∑m
k=0 ckx

k with only nonnegative coefficients
ck ≥ 0. The system of polynomials (pn)n∈N, orthonormal with respect to w,
obey the three-term recurrence relation

xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x).
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We have

v(x) = α log(x) +

m∑
k=0

ckx
k and v′(x) =

α

x
+

m−1∑
k=0

(k + 1)ck+1x
k.

To get AN (x), we proceed as in Theorem 4.9 and Theorem 4.4. Note that
Exercise 3.1 in [Ism05] addresses a similar issue. We have

AN (x)

aN
=

∫
R

v′(x)− v′(y)

x− y
(pN (y))2w(y)dy

=

m−1∑
k=0

(k + 1)ck+1

∫
R

xk − yk

x− y
(pN (y))2w(y)dy

+

∫
R

α
x − α

y

x− y
(pN (y))2w(y)dy.

Furthermore we have

m−1∑
k=0

(k + 1)ck+1

∫
R

xk − yk

x− y
(pN (y))2w(y)dy

=

m−1∑
k=0

(k + 1)ck+1

∫
R

k−1∑
l=0

xly(k−l−1)(pN (y))2w(y)dy

=

m−1∑
k=0

(
(k + 1)ck+1

k−1∑
l=0

(
xl
∫

R
y(k−l−1)(pN (y))2w(y)dy

))

and using integration by parts and orthogonality, we get∫
R

α
x − α

y

x− y
(pN (y))2w(y)dy

=− C
α

x

∫ ∞

0

(pN (y))2e−rm(y)yα−1dy

= −C 1

x
yα(pN (y))2e−rm(y)

∣∣∣∣∞
0

+ C
α

x

∫ ∞

0

yα

α
((pN (y))2e−rm(y))′dy

=
C

x

∫ ∞

0

r′m(y)(pN (y))2e−rm(y)yαdy − C

x

∫ ∞

0

2p′N (y)pN (y)e−rm(y)yαdy

=
1

x

∫ ∞

0

r′m(y)(pN (y))2w(y)dy

=
1

x

m−1∑
k=0

(
(k + 1)ck+1

∫ ∞

0

yk(pN (y))2w(y)dy

)
=:
M

x
.
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Hence, if we use the abbreviations

M :=

m−1∑
k=0

(
(k + 1)ck+1

∫ ∞

0

yk(pN (y))2w(y)dy

)
,

sm−2(x) :=

m−1∑
k=0

(
(k + 1)ck+1

(
k−1∑
l=0

(
xl
∫

R
y(k−l−1)(pN (y))2w(y)dy

)))
,

we get

AN (x)

aN
(x) = sm−2(x) +

M

x
.

Therefore,  ∏
1≤i<j≤N

(xi − xj)
2
N∏
i=1

exp(−v(xi))aN
AN (xi)

κ

becomes ∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x)xακi
(sm−2(x) +

M
x )κ

. (4.15)

It is not easy to show that x 7→ v(x) + logAN (x) is a strictly convex function.
There may even be some counterexamples. Therefore we will assume convexity,
i.e. for all x ∈ R assume that

d2

dx2

(
rm(x) + log

(
sm−2(x) +

M

x

))
> 0. (4.16)

Again, denote the zeros of pN by zN = (z1,N , ..., zN,N ). Then we can apply
Theorem 3.6 to get the following central limit theorem:

Theorem 4.10. Let the above conditions be fulfilled. In particular, let rm
have nonnegative coefficients and assume that 4.16 holds. Now, let xκ be N -
dimensional random variables with densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x)xακi
(sm−2(x) +

M
x )κ

on Ω := {x ∈ R : x1 ≤ x2 ≤ ... ≤ xN} with

c−1
κ =

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−κrm(x)xακi
(sm−2(x) +

M
x )κ

.

Then
√
κ(Xκ − zN ) → N (0,Σ)
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weakly for κ→ ∞. Here, the inverse covariance matrix
(
Σ−1
i,j

)
i,j=1,....,N

is given
by

2
∑
l ̸=i

(zi,N − zl,N )−2 +
d2

dy2

(
rm(x) + log(sm−2(x) +

M

x
)

)∣∣∣∣
x=zi,N

for i = j,

− 2(zi,N − zj,N )−2 for i ̸= j.

4.5 Freezing regime of β-Jacobi ensembles and their edge
cases

In this section, let (P̃
(α,β)
n )n∈N be the Jacobi polynomials for α, β > −1, or-

thonormalized with respect to

w(x) =
Γ(α− β + 2)

2α+β+1Γ(α+ 1)Γ(β + 1)
(1− x)α(1 + x)β1[−1,1](x). (4.17)

Further, denote with z
(α,β)
N = (z

(α,β)
1,N , ..., z

(α,β)
N,N ) the vector of ordered zeros

z
(α,β)
1,N < ... < z

(α,β)
N,N . For a detailed description of the Jacobi polynomials,

see for example [Chi78; Ism05; Sze75]. The vector z(α,β)N is the unique global
maximum of the function

x 7→ 2
∑

1≤i<j≤N

log(xj − xi) +

N∑
i=1

(
(α+ 1) log(1− xi) + (β + 1) log(1 + xi)

)
(4.18)

on Ω = {x ∈ RN : −1 ≤ x1 ≤ ... ≤ xN ≤ 1}. Therefore, the gradient of the
above function is zero at z(α,β)N , which leads to the identity

2

n∑
l=1

l ̸=i

1

z
(α,β)
i,N − z

(α,β)
l,N

=
α+ 1

1− z
(α,β)
i,N

− β + 1

1 + z
(α,β)
i,N

. (4.19)

Here, the limit behavior depends on multiple parameters α, β and, in some
cases, also on the parametrization of the Jacobi ensemble. There are two differ-
ent parametrizations frequently considered. First, there is the algebraic Jacobi
ensemble. Here, a central limit theorem for the so-called freezing regime is given
as follows.

Theorem 4.11 ([HV21]). For α, β > −1 let Xκ be N -dimensional random
variables with densities

cκ,α,β
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1− xi)
(α+1)κ− 1

2 (1 + xi)
(β+1)κ− 1

2
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on Ω = {−1 ≤ x1 ≤ ... ≤ xN ≤ 1} with

c−1
κ,α,β :=

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1− xi)
(α+1)κ− 1

2 (1 + xi)
(β+1)κ− 1

2 .

Then
√
κ
(
Xκ − z

(α,β)
N

)
→ N (0,Σ)

weakly for κ→ ∞. The inverse covariance matrix Σ−1
N = ((Σ−1

N )i,j)i,j=1,...,N is
given by

2
∑
l ̸=i

(
z
(α,β)
i,N − z

(α,β)
l,N

)−2

+ α+1

(1−z(α,β)
i,N )2

+ β+1

(1+z
(α,β)
i,N )2

for i = j

−2
(
z
(α,β)
i,N − z

(α,β)
j,N

)−2

for i ̸= j.

(4.20)

Proof. This theorem is, up to scaling, Theorem 2.6 in [HV21]. The theorem
there was proven directly, which leads to a nice formula for the determinant
of the covariance matrix. However, it can also be obtained as an example of
Theorem 3.6. If one chooses the weight w(x) according to (4.17) of the Jacobi
polynomials, then, as seen in [Ism05] (3.3.13), it holds that

v(x) = −α log(1− x)− β log(1 + x)

AN (x)

aN
=

(α+ β + 1 + 2N)

1− x2

N∏
i=1

e−v(xi)aN
AN (xi)

= (α+ β + 1 + 2N)N
N∏
i=1

(
(1− xi)

(α+1)(1 + xi)
β+1
)

R′
N (zi,N ) = − d2

dx2

(
v(x) + log

(
AN (x)

aN

))∣∣∣∣
x=zi,N

=
α+ 1

(1− z
(α,β)
i,N )2

+
β + 1

(1 + z
(α,β)
i,N )2

.

This completes the proof.

We will now state a central limit theorem for the so-called trigonometric
Jacobi ensemble. The algebraic Jacobi ensemble from Theorem 4.11 can be
transformed into the trigonometric ensemble with the mapping t 7→ cos(2t).
Applying the Delta method from [Vaa98] yields:

Theorem 4.12 (H.,Voit(2021)). For α, β > −1 let Xκ be N -dimensional ran-
dom variables with the densities

c̃κ,α,β
∏

1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

N∏
i=1

sin(ti)
2(α+1)κ cos(ti)

2(β+1)κ (4.21)
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on Ω = {0 ≤ tN ≤ ... ≤ t1 ≤ π
2 } with

c̃−1
κ,α,β :=

∫
Ω

∏
1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

N∏
i=1

sin(ti)
2(α+1)κ cos(ti)

2(β+1)κ.

Furthermore define

1

2
arccos(z

(α,β)
N ) :=

1

2

(
arccos z

(α,β)
1,N , ..., arccos z

(α,β)
N,N

)
and denote the matrix

8
∑
l ̸=i

1−(z
(α,β)
i,N )2(

z
(α,β)
i,N −z(α,β)

l,N

)2 + 4(α+ 1)
1+z

(α,β)
i,N

1−z(α,β)
i,N

+ 4(β + 1)
1−z(α,β)

i,N

1+z
(α,β)
i,N

for i = j

−8

√
1−(z

(α,β)
i,N )2

√
1−(z

(α,β)
j,N )2

(zαi,N−zαj,N )2 for i ̸= j

(4.22)

=


8
∑
l ̸=i

1−z(α,β)
i,N z

(α,β)
l,N

(z
(α,β)
i,N −z(α,β)

l,N )2
+ 4(α+1)

1−z(α,β)
i,N

+ 4(β+1)

1+z
(α,β)
i,N

for i = j

−8

√
1−(z

(α,β)
i,N )2

√
1−(z

(α,β)
j,N )2

(z
(α,β)
i,N −z(α,β)

j,N )2
for i ̸= j.

(4.23)

by Σ−1
N . Then

√
κ

(
Xκ −

1

2
arccos(z

(α,β)
N )

)
→ N (0,ΣN )

weakly for κ→ ∞.

Proof. Theorem 4.12 and Theorem 4.11 can be transformed into each other
using Theorem 3.3 of [Vaa98]. This means that this theorem can be obtained
applying Theorem 3.5 with

v(x) = −α log(1− x)− β log(1 + x),

V (x) =
1

2

(
v(x) + log

(
AN (x)

aN

))
=

1

2
(−(α+ 1) log(1− x)− (β + 1) log(1 + x)) ,

d(x) =
1

2
arccos(x),

d−1(t) = cos(2t),

and d′(x) =
−1

2
√
1− x2

.

Note that here, d is monotonically decreasing instead of increasing and therefore
the inequalities in Ω are inverted. The rest of Theorem 3.5 remains the same
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and we have

(d−1)′(t) = −2 sin(2t) = −2
√
1− x2,

1− d−1(t) = 1− cos(2t) = 2 sin2(t),

1 + d−1(t) = 1 + cos(2t) = 2 cos2(t).

Now, inserting the above into (3.11) and (3.12) from Theorem 3.5 yields the
formulas for the densities (4.21) and for the inverse covariance matrix (4.22),
respectively. We thus get the central limit theorem as introduced.

On the other hand, if one applies Theorem 3.2 directly to

ϕ(t) =
∏

1≤i<j≤N

(cos(2tj)− cos(2ti))
2
N∏
i=1

sin(ti)
2(α+1) cos(ti)

2(β+1),

we have

log(ϕ(t)) =2
∑

1≤i<j≤N

log (cos(2tj)− cos(2ti)) (4.24)

+ 2(α+ 1)

N∑
i=1

log(sin(ti)) + 2(β + 1)

N∑
i=1

log(cos(ti)),

d

dti
log(ϕ(ti)) = 4

∑
l ̸=i

sin(2ti)

cos(2tj)− cos(2ti)
(4.25)

+ 2(α+ 1)
cos(ti)

sin(ti)
− 2(β + 1)

sin(ti)

cos(ti)
,

(−Hlog ϕ(t))i,j =

{
8
∑
l ̸=i

1−cos(2tl) cos(2ti)
(cos(2tl)−cos(2ti))2

+ 2(α+1)
sin2(ti)

+ 2(β+1)
cos2(ti)

for i = j

−8
sin(2ti) sin(2tj)

(cos(2tj)−cos(2ti))2
for i ̸= j.

(4.26)

Inserting t = 1
2 arccos(z

(α,β)
N ) here yields the formula for the inverse covariance

matrix in the form of (4.23). Note that similar to Theorem 4.6, the equality of
the matrices can also be shown directly. To do so we use the identity (4.19):

2

N∑
l=1

l ̸=i

1

z
(α,β)
i,N − z

(α,β)
l,N

= 2V ′(z
(α,β)
i,N ) =

α+ 1

1− z
(α,β)
i,N

− β + 1

1 + z
(α,β)
i,N

and

2

N∑
l=1

l ̸=i

1− z
(α,β)
i,N z

(α,β)
l,N

(z
(α,β)
i,N − z

(α,β)
l,N )2

= 2

N∑
l=1

l ̸=i

1− (z
(α,β)
i,N )2

(z
(α,β)
i,N − z

(α,β)
l,N )2

+ 2z
(α,β)
i,N

N∑
l=1

l ̸=i

1

z
(α,β)
i,N − z

(α,β)
l,N

,
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which leads to

2

N∑
l=1

l ̸=i

1− z
(α,β)
i,N z

(α,β)
l,N

(z
(α,β)
i,N − z

(α,β)
l,N )2

=2

N∑
l=1

l ̸=i

1− (z
(α,β)
i,N )2

(z
(α,β)
i,N − z

(α,β)
l,N )2

+ z
(α,β)
i,N

(
α+ 1

1− z
(α,β)
i,N

− β + 1

1 + z
(α,β)
i,N

)
.

Note that in Equation (2.6) of [HV21], a factor of sin(2ti) instead of cos2(ti)
appears. This is the case because there, β ≥ α is assumed and the formula
2 sin(t) cos(t) = sin(2t) is used. Both notations have their benefits and de-
scribe the "repulsion" on the edges. The difference is that in one case one term,
namely sin(2t), describes the repulsion both edges have in common and the
other term describes how much stronger the repulsion is on one edge, whereas
in the other case each term describes the repulsion of one edge. For the edge
cases α, β → −1, the chosen notation seems most suitable.
As we have two parameters α and β, there are several edge cases to be consid-
ered. For the trigonometric Jacobi ensemble, the gradient at the maximum is
zero in the edge cases. The one-sided edge case in the trigonometric setting, if
−1 = α < β, is as follows:

Theorem 4.13. For β > −1 let Xκ be N -dimensional random variables with
densities

c̃κ,−1,β

∏
1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

N∏
i=1

cos(ti)
2(β+1)κ

on Ω = {0 ≤ tN ≤ ... ≤ t1 ≤ π
2 } with

c̃−1
κ,−1,β :=

∫
Ω

∏
1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

N∏
i=1

cos(ti)
2(β+1)κ.

Furthermore define

z
(−1,β)
N := (z

(−1,β)
1,N , z

(−1,β)
2,N , ..., z

(−1,β)
N,N ) = (z

(1,β)
1,N−1, ..., z

(1,β)
N−1,N−1, 1) and

z̃
(−1,β)
N := (z̃

(−1,β)
1,N , z̃

(−1,β)
2,N , ..., z̃

(−1,β)
N,N )

:=
1

2

(
arccos z

(1,β)
1,N−1, ..., arccos z

(1,β)
N−1,N−1, 0

)
.

Then
√
κ
(
Xκ − z̃

(−1,β)
N

)
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converges in distribution for κ → ∞ to the "one-sided normal distribution",
which is given by the density

2 det(−H(z̃
(−1,β)
N ))

(2π)
N
2

e
1
2x

TH(z̃
(−1,β)
N )x1{x∈RN :xN≥0}(x).

Here, H(z̃
(−1,β)
N ) is the Hessian matrix of

t 7→ 2
∑

1≤i<j≤N

log (cos(2tj)− cos(2ti)) + 2(β + 1)

N∑
i=1

log(cos(ti))

at the point x = z̃
(−1,β)
N , i.e. (−H(z̃

(−1,β)
N ))i,j is given by

8

N−1∑
l=1,l ̸=i

1− z
(1,β)
i,N−1z

(1,β)
l,N−1

(z
(1,β)
i,N−1 − z

(1,β)
l,N−1)

2

+
8

1− z
(1,β)
i,N−1

+
4(β + 1)

1 + z
(1,β)
i,N−1

for 1 ≤ i = j ≤ N − 1,

−8

√
1−(z

(1,β)
i,N−1)

2

√
1−(z

(1,β)
j,N−1)

2

(z
(1,β)
i,N−1−z

(1,β)
j,N−1)

2
for i ̸= j and i, j ≥ 2,

2(β + 1) + 8
∑N−1
l=1

1

1−z(1,β)
l,N−1

for i = j = 1,

0 for i ̸= j and i = 1 or j = 1.

Proof. The goal is to apply Theorem 3.8. Here we have l = 1, m = N + 1 and

ϕ(t) = 2
∑

1≤i<j≤N

log (cos(2tj)− cos(2ti)) + 2(β + 1)

N∑
i=1

log(cos(ti)), ψ(x) ≡ 1,

a1 = 0− eN , a2 = eN − eN−1, ..., aN = e2 − e1, aN+1 = e1,

b1 = b2 = ... = bN = 0, bN+1 = −π
2
,

Ω∗ = {t ∈ RN : tN ≥ 0}.

It remains to show that z̃(−1,β)
N is the unique global maximum of ϕ. First, observe

that ϕ is monotonically increasing in tN . The maximum of ϕ̃ : RN−1 → R with

ϕ̃(t1, ..., tN−1) = ϕ(t1, ..., tN−1, 0)

=2
∑

1≤i<j≤N−1

log(cos(2tj)− cos(2ti)) + (N − 1) log(2)

+

N−1∑
i=1

(2(β + 1) log(cos(ti)) + 4 log(sin(ti)))

with respect to

Ω̃ := {0 ≤ tN−1 ≤ ... ≤ t1 ≤ π

2
}
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is given by 1
2

(
arccos z

(1,β)
1,N−1, ..., arccos z

(1,β)
N−1,N−1

)
because ϕ̃ is, up to the correct

additive constant, just the logarithm of the density function (4.21) in Theorem
4.12 for α = 1 and β,N fitting. Furthermore, ϕ is a concave function because
the Hessian at every point is negative definite. This holds because −Hϕ(t) is
given by (4.26) for α = −1. Using the identity cos(x) cos(y) + sin(x) sin(y) =
cos(x− y) shows that this matrix is diagonally dominant with positive entries.
Thus −Hϕ(t) is positive definite. In particular, −Hϕ(z

−1,β
N ) is positive definite,

and therefore the first condition of Theorem 3.8 is also fulfilled. Now Theorem
3.8 yields the central limit theorem and the inverse covariance matrix is given
by

(−H(z̃
(−1,β)
N ))i,j :=

{
8
∑
l ̸=i

1−cos(2ti) cos(2tj)
(cos(2tj)−cos(2ti))2

+ 2(β+1)
cos2(ti)

for i = j

−8
sin(2ti) sin(2tj)

(cos(2tj)−cos(2ti))2
for i ̸= j

∣∣∣∣∣
t=z̃

(−1,β)
N

=


8
∑
l ̸=i

1−z(−1,β)
i,N z

(−1,β)
l,N

(z
(−1,β)
i,N −z(−1,β)

l,N )2
+ 4(β+1)

z
(−1,β)
i,N +1

for i = j

−8

√
1−(z

(−1,β)
i,N )2

√
1−(z

(−1,β)
j,N )2

(z
(−1,β)
i,N −z(−1,β)

j,N )2
for i ̸= j

=



8

N−1∑
l=1,l ̸=i

1− z
(1,β)
i,N−1z

(1,β)
l,N−1

(z
(1,β)
i,N−1 − z

(1,β)
l,N−1)

2

+
4(1 + 1)

1− z
(1,β)
i,N−1

+
4(β + 1)

1 + z
(1,β)
i,N−1

for 1 ≤ i = j ≤ N − 1

−8

√
1−(z

(1,β)
i,N−1)

2

√
1−(z

(1,β)
j,N−1)

2

(z
(1,β)
i,N−1−z

(1,β)
j,N−1)

2
for i ̸= j and i, j ≥ 2

2(β + 1) + 8
∑N−1
l=1

1

1−z(1,β)
l,N−1

for i = j = 1

0 for i ̸= j and i = 1 or j = 1.

The two-sided edge case for the trigonometric Jacobi ensemble if both α =
−1 and β = −1 is as follows:

Theorem 4.14. Let Xκ be N -dimensional random variables with densities

c̃κ,−1,−1

∏
1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

on Ω = {0 ≤ tN ≤ ... ≤ t1 ≤ π
2 } with

c̃−1
κ,−1,−1 :=

∫
Ω

∏
1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ.
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Furthermore define

z
(−1,−1)
N : = (z

(−1,−1)
1,N , z

(−1,−1)
2,N , ..., z

(−1,−1)
N,N ) = (−1, z

(1,1)
1,N−2, ..., z

(1,1)
N−2,N−2, 1) and

z̃
(−1,−1)
N : = (z̃

(−1,−1)
1,N , z̃

(−1,−1)
2,N , ..., z̃

(−1,−1)
N,N )

: =
1

2

(π
2
, arccos z

(1,1)
1,N−2, ..., arccos z

(1,1)
N−2,N−2, 0

)
.

Then
√
κ
(
Xκ − z̃

(−1,−1)
N

)
converges weakly for κ → ∞ to the "normal distribution on a quarterspace",
which is given by the density

4 det(−H(z̃
(−1,−1)
N ))

(2π)
N
2

e
1
2x

TH(z̃
(−1,−1)
N )x1{x∈RN :x1≤0,xN≥0}(x).

Here H(z̃
(−1,−1)
N ) is the Hessian of

t 7→ 2
∑

1≤i<j≤N

log (cos(2tj)− cos(2ti))

at the point x = z̃
(−1,−1)
N , i.e. (−H(z̃

(−1,−1)
N ))i,j is given by

4 + 8
∑N−2
l=1

1

1+z
(1,1)
l,N−1

for i = j = 1 or i = j = N

8

N−1∑
l=1,l ̸=i

1− z
(1,1)
i,N−2z

(1,1)
l,N−2

(z
(1,1)
i,N−2 − z

(1,1)
l,N−2)

2

+
8

1− z
(1,1)
i,N−2

+
8

1 + z
(1,1)
i,N−2

for 2 ≤ i = j ≤ N − 1

−8

√
1−(z

(1,1)
i,N−2)

2

√
1−(z

(1,1)
j,N−2)

2

(z
(1,1)
i,N−2−z

(1,1)
j,N−2)

2
for i ̸= j and 2 ≤ i, j ≤ N − 1

0 for i ̸= j and i = 1, N or j = 1, N.

Proof. The goal is to apply Theorem 3.8. Here we have l = 2, m = N + 1 and

ϕ(t) = 2
∑

1≤i<j≤N

log (cos(2tj)− cos(2ti)) , ψ(x) ≡ 1,

a1 = e1, a2 = 0− eN , a3 = eN − eN−1, ..., aN+1 = e2 − e1,

b1 = −π
2
, b2 = b3 = ... = bN+1 = 0,

Ω∗ = {t ∈ RN : t1 ≤ 0, tN ≥ 0}.

We will now show that z̃(−1,−1)
N is the unique global maximum of ϕ. First,

we see that ϕ is monotonically increasing in tN and monotonically decreasing
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in t1 and thus the global maximum of ϕ̃ : RN−2 → R with ϕ̃(t2, ..., tN−1) =
ϕ(π2 , t2, ..., tN−1, 0) needs to be determined. We have

ϕ̃(t2, ..., tN−1) = ϕ(
π

2
, t2, ..., tN−1, 0)

=2
∑

2≤i<j≤N−1

log (cos(2tj)− cos(2ti)) + 2

N−1∑
j=2

log (cos(2tj)− cos(2t1))

+ 2

N−1∑
i=2

log (cos(2tN )− cos(2ti)) + 2 log (cos(2tN )− cos(2t1))

and

2

N−1∑
j=2

log (cos(2tj)− cos(2t1)) + 2

N−1∑
i=2

log (cos(2tN )− cos(2ti))

+ 2 log (cos(2tN )− cos(2t1))

=2

N−1∑
j=2

log (cos(2tj) + 1) + 2

N−1∑
i=2

log (1− cos(2ti)) + 2 log (2) .

By (4.18) we see that the maximum of

2
∑

2≤i<j≤N−1

log(xj − xi) + 2

N−2∑
i=2

(
log(1− xi) + log(1 + xi)

)
with respect to

Ω̃ := {0 ≤ tN−1 ≤ ... ≤ t2 ≤ π

2
}

is achieved at z(1,1)N−2. Therefore, ϕ̃ has its maximum at z̃(1,1)N−2 = 1
2 arccos z

(1,1)
N−2,

and the maximum of ϕ is at z̃(−1,−1)
N = (π2 , zN−2, 0). This maximum is global

and unique with respect to Ω. ϕ is a concave function because the Hessian at
every point is negative definite. This holds because −Hϕ(t) is given by (4.26) for
α = β = −1. Using the identity cos(x) cos(y)+ sin(x) sin(y) = cos(x− y) shows
that this matrix is diagonally dominant with positive entries. Thus −Hϕ(t) is
positive definite. In particular, −Hϕ(z

−1,−1
N ) is positive definite, and therefore

the first condition of Theorem 3.8 is fulfilled. Now Theorem 3.8 yields the
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central limit theorem and the inverse covariance matrix is given by

(−H(z̃
(−1,β)
N ))i,j :=

{
8
∑
l ̸=i

1−cos(2ti) cos(2tj)
(cos(2tj)−cos(2ti))2

for i = j

−8
sin(2ti) sin(2tj)

(cos(2tj)−cos(2ti))2
for i ̸= j

∣∣∣∣∣
t=z̃

(−1,−1)
N

=


8
∑
l ̸=i

1−z(−1,−1)
i,N z

(−1,−1)
l,N

(z
(−1,−1)
i,N −z(−1,−1)

l,N )2
for i = j

−8

√
1−(z

(−1,−1)
i,N )2

√
1−(z

(−1,−1)
j,N )2

(z
(−1,−1)
i,N −z(−1,−1)

j,N )2
for i ̸= j

=



4 + 8
∑N−2
l=1

1

1+z
(1,1)
l,N−1

for i = j = 1 or i = j = N

8

N−1∑
l=1,l ̸=i

1− z
(1,1)
i,N−2z

(1,1)
l,N−2

(z
(1,1)
i,N−2 − z

(1,1)
l,N−2)

2

+
8

1− z
(1,1)
i,N−2

+
8

1 + z
(1,1)
i,N−2

for 2 ≤ i = j ≤ N − 1

−8

√
1−(z

(1,1)
i,N−2)

2

√
1−(z

(1,1)
j,N−2)

2

(z
(1,1)
i,N−2−z

(1,1)
j,N−2)

2
for i ̸= j and 2 ≤ i, j ≤ N − 1

0 for i ̸= j and i = 1, N or j = 1, N.

We will now treat the algebraic Jacobi ensembles and will investigate the
edge cases α, β → −1. The algebraic Jacobi ensemble is defined by the densities

cκ,α,β
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1− xi)
(α+1)κ− 1

2 (1 + xi)
(β+1)κ− 1

2 , (4.27)

compare Theorem 4.11. Here, the gradient at the maximum is not zero and
we will apply Theorem 3.10. Note that the term

∏N
i=1

√
(1− xi)(1 + xi) causes

some technical problems. For α > −1 and β > −1 in Theorem 4.5, this was
irrelevant because for ψ(x) =

∏N
i=1

√
(1− xi)(1 + xi) it held that ψ(z) ̸= 0.

This is no longer the case here. Therefore we will investigate

cκ,α,β
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1− xi)
(α+1)κ(1 + xi)

(β+1)κ, (4.28)

with cκ,α,β > 0 accordingly, instead. The behavior in the limit κ→ ∞ will very
likely be the same. As we have two parameters α and β, there are several edge
cases to be considered. The one-sided edge case for −1 = α < β in the algebraic
setting is as follows:

Theorem 4.15. For β > −1 let Xκ = (X1
κ, ..., X

N
κ ) be N -dimensional random

variables with the densities

cκ,−1,β

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1 + xi)
(β+1)κ
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on Ω = {−1 ≤ x1 ≤ ... ≤ xN ≤ 1} with

c−1
κ,−1,β :=

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1 + xi)
(β+1)κ

and define

z
(−1,β)
N := (z

(−1,β)
1,N , z

(−1,β)
2,N , ..., z

(−1,β)
N,N ) = (z

(1,β)
1,N−1, ..., z

(1,β)
N−1,N−1, 1).

Then (√
k(X1

κ − z
(1,β)
1,N−1), ...,

√
κ(XN−1

κ − z
(1,β)
N−1,N−1), κ(1−XN

κ )
)

converges in distribution for κ→ ∞ to a measure whose density is given by

exp (−γ1xN )

√
|detH∗(z

(−1,β)
N )|

(2π)
N−1

2

· exp
(
1

2
(x1, ..., xN−1)H

∗(z
(−1,β)
N )(x1, ..., xN−1)

T

)

on {(x1, ..., xn) ∈ R : xn ≥ 0}. Here, γ1 :=

(
β+1
2 + 2

∑N−1
j=1

1

1−z(1,β)
j,N−1

)
and

H∗(z
(−1,β)
N ) =

(
Hϕ(z

(−1,β)
N )i,j

)
i,j=1,...,N−1

is a submatrix of the Hessian of

ϕ(x) = 2
∑

1≤i<j≤N

log(xj − xi) + (β + 1)

N∑
i=1

(1 + xi)

at z(−1,β)
N , i.e

(−H∗(z
(−1,β)
N ))i,j

=

2
∑N−1
l=1,l ̸=i (z

(1,β)
i,N−1 − z

(1,β)
l,N−1)

−2 + β+1

1+z
(1,β)
i,N−1

+ 2

1−z(1,β)
i,N−1

for i = j

−2(z
(1,β)
i,N−1 − z

(1,β)
j,N−1)

−2 for i ̸= j.
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Proof. The goal is to apply Theorem 3.10. Here, we have l = 1, m = N +1 and

ϕ(x) = 2
∑

1≤i<j≤N

log (xj − xi) + (β + 1)

N∑
i=1

log(1 + xi), ψ(x) ≡ 1,

Ω = {−1 ≤ x1 ≤ ... ≤ xN ≤ 1},
a1 = eN , a2 = eN−1 − eN , ..., aN = e1 − e2, aN+1 = −e1,
b2 = b3 = ... = bN = 0, bN+1 = b1 = −1,

z = (z
(−1,β)
N )T ,

M = (eN , eN−1, ..., e1),M
−1 =M = (eN , eN−1, ..., e1),

GI = IN ,K = diag(κ,
√
κ, ...,

√
κ),

Ω∗ = {x ∈ RN : x1 ≤ 0},

∇ϕ(z) =

β + 1

2
+ 2

N−1∑
j=1

1

1− z
(1,β)
j,N−1



0
...
0
1

 = γ1a1.

Therefore we have

KGIM
−1XT

κ = (κXN
κ ,

√
κXN−1

κ , ..., X1
κ)
T and

KGIM
−1z =

(
κ,

√
κz

(1,β)
N−1,N−1, ...,

√
κz

(1,β)
1,N−1

)T
.

Furthermore z ∈ ∂Ω, and ϕ attains its global maximum on Ω in z. This holds
true because ϕ is monotonically increasing in xN , and the only maximum of
ϕ̃ : RN−1 → R,

ϕ̃(x1, ..., xN−1) := ϕ(x1, x2, ...xN−1, 1)

=2
∑

1≤i<j≤N−1

log(xj − xi)

+

N−1∑
i=1

(
(β + 1) log(1 + xi) + 2 log(1− xi)

)
+ (β + 1) log(2)

with respect to

Ω̃ := {x ∈ RN−1 : −1 ≤ x1 ≤ .... ≤ xN−1 ≤ 1}

is given by
(
z
(1,β)
1,N−1, z

(1,β)
2,N−1, ..., z

(1,β)
N−1,N−1

)
. ϕ̃ is a strictly concave function and

hence, for C = (eN−1, eN−2, .., e1) = (e1, ..., eN−1) · (eN−1,N−1, ..., e1,N−1), the
matrix

H̃∗(z
(−1,β)
N ) = CTHϕ(z

(−1,β)
N )C

=
(
eN−1,N−1, ..., e1,N−1

)
Hϕ̃

(
eN−1,N−1, ..., e1,N−1

)
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is negative definite. Thus all conditions of Theorem 3.10 are fulfilled. Therefore(
k(XN

κ − 1),
√
k(XN−1

κ − z
(1,β)
N−1,N−1), ...,

√
κ(X1

κ − z
(1,β)
1,N−1)

)
converges weakly to a random variable with the density

1{x1≤0}(x) exp (γ1x1)

√
|det H̃∗(z

(−1,β)
N )|

(2π)
N−1

2

· exp
(
1

2
(x2, ..., xN )H̃∗(z

(−1,β)
N )(x2, ..., xN )T

)
.

Now, calculating the push-forward measure under the mapping

(x1...., xN ) 7→ (xN , xN−1, .., x2,−x1)

yields the claim.

In the above theorem, the one-sided limiting edge case −1 = α < β was
considered, in which one parameter α takes the value -1. The other one-sided
limiting edge case −1 = β < α, in which β takes the value -1, is identical due to
symmetry. Next, the two-sided limiting edge case is considered, in which both
parameters α and β take the value -1.

Theorem 4.16. For α = β = −1 let Xκ = (X1
κ, ..., X

N
κ ) be N -dimensional

random variables with the densities

cκ,−1,−1

∏
1≤i<j≤N

(xj − xi)
2κ

on Ω = {−1 ≤ x1 ≤ ... ≤ xN ≤ 1} with

c−1
κ,−1,−1 :=

∫
Ω

∏
1≤i<j≤N

(xj − xi)
2κ,

and define

z
(−1,−1)
N := (z

(−1,−1)
1,N , z

(−1,−1)
2,N , ..., z

(−1,β)
N,N ) = (−1, z

(1,1)
1,N−2, ..., z

(1,1)
N−2,N−2, 1).

Then(
κ(X1

κ + 1),
√
k(X2

κ − z
(1,1)
1,N−2), ...,

√
κ(XN−1

κ − z
(1,1)
N−2,N−2), κ(1−XN

κ )
)

converges weakly for κ→ ∞ to a random variable with the density

e−γ1x1e−γNxN

√
|detH∗(z

(−1,−1)
N )|

(2π)
N−2

2

· exp
(
1

2
(x2, ..., xN−1)H

∗(z
(−1,−1)
N )(x2, ..., xN−1)

T

)
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on {x ∈ R : x1, xN ≥ 0}.
Here γ1 = γ2 := 2

∑N−1
j=2

1

1−z(1,1)j+1,N−2

+ 1, and

H∗(z
(−1,−1)
N ) =

(
Hϕ(z

(−1,−1)
N )i,j

)
i,j=2,...,N−1

is a submatrix of the Hessian of

ϕ(x) = 2
∑

1≤i<j≤N

log(xj − xi)

at z(−1,−1)
N , i.e

(−H∗(z
(−1,−1)
N ))i,j

=

2
∑N−1
l=2,l ̸=i (z

(1,1)
i,N−2 − z

(1,1)
l,N−2)

−2 + 2

1+z
(1,1)
i,N−2

+ 2

1−z(1,1)i,N−2

for i = j

−2(z
(1,1)
i,N−2 − z

(1,1)
j,N−2)

−2 for i ̸= j.

Proof. This goal is to apply Theorem 3.10. Here we have l = 2, m = N +1 and

ϕ(x) = 2
∑

1≤i<j≤N

log (xj − xi) , ψ(x) ≡ 1,

Ω = {−1 ≤ x1 ≤ ... ≤ xN ≤ 1},
a1 = eN , a2 = −e1, a3 = e1 − e2, ..., aN+1 = eN−1 − eN ,

b1 = b2 = −1, b3 = ... = bN+1 = 0,

z = (z
(−1,−1)
N )T ,

M = (eN ,−e1, e2, ..., eN−1),M
−1 =MT ,

GI = IN ,K = diag(κ, κ,
√
κ, ...,

√
κ),

Ω∗ = {x ∈ RN : x1 ≤ 0, xN ≤ 0},

∇ϕ(z) =

2

N−1∑
j=2

1

1− z
(1,1)
j+1,N−2

+ 1



−1
0
...
0
1

 = γ1a1 + γ2a2.

Therefore we have

KGIM
−1XT

κ = (κXN
κ ,−κX1

κ,
√
κX2

κ, ...,
√
κXN−1

κ )T and

KGIM
−1z = (κ, κ,

√
κz

(1,1)
1,N−2, ...,

√
κz

(1,1)
N−2,N−2)

T .

Furthermore, z ∈ ∂Ω and ϕ achieves its global maximum on Ω in z. This holds
true because ϕ is monotonically increasing in xN , monotonically decreasing in
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x1, and the only maximum of ϕ̃ : RN−1 → R,

ϕ̃(x2, ..., xN−1) = ϕ(−1, x2, .., xN−1, 1)

=2
∑

2≤i<j≤N−1

log(xj − xi) + 2

N−1∑
j=2

log(1 + xj) + +2

N−1∑
j=2

log(1− xj) + 2 log(2)

with respect to

Ω̃ := {−1 ≤ x2 ≤ ... ≤ xN−1 ≤ 1}

is given by (z
(1,1)
1,N−2, z

(1,1)
2,N−2, ..., z

(1,1)
N−2,N−2). Because we have C = (e2, e3, .., eN−1),

the matrix

H∗(z
(−1,−1)
N ) = CTHϕ(z

−1,−1
N )C = Hϕ̃(z

(1,1)
1,N−2, z

(1,1)
2,N−2, ..., z

(1,1)
N−2,N−2)

is negative definite. Thus all conditions of Theorem 3.10 are fulfilled and(
κ(XN

κ − 1),−κ(X1
κ + 1),

√
κ(X2

κ − z
(1,1)
1,N−2), ...,

√
κ(XN−1

κ − z
(1,1)
N−2,N−2)

)
converges weakly to a random variable with the density

eγ1x1eγ1x2

√
|detH∗(z

(−1,−1)
N )|

(2π)
N−2

2

exp

(
1

2
(x3, ..., xN )H∗(z

(−1,−1)
N )(x3, .., xN )T

)
on

{x1 ≤ 0, x2 ≤ 0}.

Now, calculating the push-forward measure under the mapping

(x1, .., xN ) 7→ (−x2, x3, .., xN−1,−x1)

yields the claim.
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5 Dual polynomials and diagonalization

5.1 Diagonalizations of covariance matrices
In this section we analyze some of the covariance matrices ΣN from the central
limit theorems in Section 4. Afterwards, we will use the theory of dual orthog-
onal polynomials of de Boor and Saff [BS86] to describe the eigenvectors of the
covariance matrices. Therefore we will first summarize some results from [AV19;
HV21; AHV21; DE05].

Theorem 5.1 (Andraus,Voit(2019)). Let zN = (z1,N , .., zN,N ) be the vector of
ordered zeros of the N -th Hermite polynomial, and let

(Σ−1
N )i,j :=

{
1 +

∑
l ̸=i(zi,N − zl,N )−2 for i = j

−(zi,N − zj,N )−2 for i ̸= j

be the inverse covariance matrix from Theorem 4.1. Then the eigenvalues of
Σ−1
N are given by λk = k for k = 1, ..., N . Moreover, denote the finite system of

polynomials, orthonormal with respect to the measure

1

N
(δz1,N + . . .+ δzN,N

) ∈M1(R) (5.1)

by (Q̃Hk,N )N−1
k=0 . Then the vector

(Q̃Hk−1,N (z1,N ), ..., Q̃Hk−1,N (zN,N ))T

is an eigenvector of Σ−1
N to the eigenvalue k.

In the Laguerre case, the situation is as follows:

Theorem 5.2 (Andraus,Voit(2019)). For α > −1 let

zαN = (zα1,N , ..., z
α
N,N )

be the vector of ordered zeros zα1,N < ... < zαN,N of the N -th Laguerre polynomial.
Furthermore denote the inverse covariance matrix from Theorem 4.6 by

(Σ−1
N )i,j : =

 8zαi,N
∑
l ̸=i

1
(zαi,N−zαl,N )2 + 4α+1

zαi,N
for i = j

−8

√
zαi,Nz

α
j,N

(zαi,N−zαj,N )2 for i ̸= j.

Then the eigenvalues of Σ−1
N are given by λk = 4k for k = 1, ..., N . Moreover,

let (Q̃Lk,N )N−1
k=0 be the finite system of polynomials orthonormal with respect to

the measure

1

N(N + α)

(
zα1,Nδzα1,N + ...+ zαN,NδzαN,N

)
. (5.2)

63



Then the vector

1√
N(N + α)

(√
zα1,N Q̃

L
k−1,N (zα1,N ), ...,

√
zαN,N Q̃

L
k−1,N (zαN,N )

)T
is an eigenvector of Σ−1

N to the eigenvalue 4k.

It is possible to derive similar results for the Jacobi case. See [HV21] for
details. One main Theorem there is as follows:

Theorem 5.3 (H.,Voit(2020)). For α, β > −1 let

z
(α,β)
N = (z

(α,β)
1,N , ..., z

(α,β)
N,N )

be the vector of ordered zeros z(α,β)1,N < ... < z
(α,β)
N,N of the N -th Jacobi polynomial.

Furhtermore, denote the inverse covariance matrix
8
∑
l ̸=i

1−(z
(α,β)
i,N )2(

z
(α,β)
i,N −z(α,β)

l,N

)2 + 4(α+ 1)
1+z

(α,β)
i,N

1−z(α,β)
i,N

+ 4(β + 1)
1−z(α,β)

i,N

1+z
(α,β)
i,N

for i = j

−8

√
1−(z

(α,β)
i,N )2

√
1−(z

(α,β)
j,N )2

(zαi,N−zαj,N )2 for i ̸= j.

from Theorem 4.12 by Σ−1
N . Then for k = 1, ..., N the eigenvalues of Σ−1

N are
given by

4k(2N + α+ β + 1− k) > 0.

Moreover, for

ζN,α,β :=
(2N + α+ β)2(2N + α+ β − 1)

4N(N + α)(N + β)(N + α+ β)

let (Q̃Jk,N )N−1
k=0 be the finite system of polynomials orthonormal with respect to

the measure

ζN,α,β

((
1− (z

(α,β)
1,N )2

)
δ
z
(α,β)
1,N

+ ...+
(
1− (z

(α,β)
N,N )2

)
δ
z
(α,β)
N,N

)
. (5.3)

Then the vector

√
(2N + α+ β)2(2N + α+ β − 1)

4N(N + α)(N + β)(N + α+ β)


√
1− (z

(α,β)
1,N )2Q̃Jk,N (z

(α,β)
1,N )

...√
1− (z

(α,β)
N,N )2Q̃Jk,N (z

(α,β)
N,N )


is an eigenvector of Σ−1

N for the eigenvalue 4k(2N + α+ β + 1− k).
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Proof. We will use the abbreviations

S̃ :=
1

2
Σ−1
N ,

zi := z
(α,β)
i,N ,

vk : =


√
1− z21z

k−1
1

...√
1− z2Nz

k−1
N

 .

First we will show that for k = 1, ..., N it holds that

S̃vk =

 (λkz
k−1
1 + pk−2(z1))

√
1− z21

...
(λkz

k−1
N + pk−2(zN ))

√
1− z2N

 , (5.4)

where λk = 2k(2N + α + β + 1 − k) and pk−2 is a polynomial of degree k − 2.
For k = 1 we use the convention p−1 ≡ 0.
We will start with k = 1. In this case, Equation (5.4) gives that v1 is an
eigenvector of S̃ to the eigenvalue λ1. By definition of S̃, the i-th component
(i = 1, . . . , N) of S̃v1 is given by

(S̃v1)i =4
∑
l ̸=i

1− z2i
(zi − zl)2

√
1− z2i + 2(α+ 1)

1 + zi
1− zi

√
1− z2i

+ 2(β + 1)
1− zi
1 + zi

√
1− z2i − 4

∑
l ̸=i

(1− z2l )
√
1− z2i

(zi − zl)2

=4
√
1− z2i

∑
l ̸=i

z2l − z2i
(zi − zl)2

+
α+ 1

2

1 + zi
1− zi

+
β + 1

2

1− zi
1 + zi

 .

Hence,

(S̃v1)i =4
∑
l ̸=i

1− z2i
(zi − zl)2

√
1− z2i + 2(α+ 1)

1 + zi
1− zi

√
1− z2i

+ 2(β + 1)
1− zi
1 + zi

√
1− z2i − 4

∑
l ̸=i

(1− z2l )
√
1− z2i

(zi − zl)2

=4
√
1− z2i

∑
l ̸=i

z2l − z2i
(zi − zl)2

+
α+ 1

2

1 + zi
1− zi

+
β + 1

2

1− zi
1 + zi


=4
√

1− z2i

∑
l ̸=i

−2zi + (zi − zl)

zi − zl
+
α+ 1

2

1 + zi
1− zi

+
β + 1

2

1− zi
1 + zi


=4
√
1− z2i

(N − 1)− 2zi
∑
l ̸=i

1

zi − zl
+
α+ 1

2

1 + zi
1− zi

+
β + 1

2

1− zi
1 + zi

 .
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Inserting Equation (4.19) now leads to

(S̃v1)i = 4
√

1− z2i

(
(N − 1) +

α+ 1

2
+
β + 1

2

)
(i = 1, . . . , N).

This proves that v1 is an eigenvector to eigenvalue λ1 as claimed.
We now consider the case k = 2. We now have

(S̃v2)i =4
∑
l ̸=i

1− z2i
(zi − zl)2

zi

√
1− z2i + 2(α+ 1)

1 + zi
1− zi

zi

√
1− z2i

+ 2(β + 1)
1− zi
1 + zi

zi

√
1− z2i − 4

∑
l ̸=i

zl(1− z2l )
√
1− z2i

(zi − zl)2
.

Hence,

(S̃v2)i

=4
√

1− z2i

∑
l ̸=i

(1− z2i )zi − (1− z2l )zl
(zi − zl)2

+
α+ 1

2

1 + zi
1− zi

zi +
β + 1

2

1− zi
1 + zi

zi


=4
√

1− z2i

∑
l ̸=i

1− z2l − zizl − z2i
zi − zl

+
α+ 1

2

1 + zi
1− zi

zi +
β + 1

2

1− zi
1 + zi

zi


=4
√

1− z2i

(∑
l ̸=i

1 + zl(zi − zl) + 2zi(zi − zl)− 3z2i
zi − zl

+
α+ 1

2

1 + zi
1− zi

zi +
β + 1

2

1− zi
1 + zi

zi

)

=4
√

1− z2i

(
(c− zi) + 2zi(N − 1) + (1− 3z2i )

∑
l ̸=i

1

zi − zl

+
α+ 1

2

1 + zi
1− zi

zi +
β + 1

2

1− zi
1 + zi

zi

)

with c :=
∑N
j=1 zj . Equation (4.19) and a short computation now lead to

(S̃v2)i = 4
√

1− z2i

(
(c− zi) + 2zi(N − 1) +

α+ 1

2
(2zi + 1) +

β + 1

2
(2zi − 1)

)
for i = 1, . . . , N . This proves that S̃v2 has the form as claimed in (5.4) with
some constant polynomial p2.

66



We now turn to the case k ≥ 3. Here we have

(S̃vk)i =4
∑
l ̸=i

1− z2i
(zi − zl)2

zk−1
i

√
1− z2i + 2(α+ 1)

1 + zi
1− zi

zk−1
i

√
1− z2i

+ 2(β + 1)
1− zi
1 + zi

zk−1
i

√
1− z2i − 4

∑
l ̸=i

zk−1
l (1− z2l )

√
1− z2i

(zi − zl)2

=4
√

1− z2i

(∑
l ̸=i

zk−1
i − zk+1

i − zk−1
l + zk+1

l

(zi − zl)2
+

+
α+ 1

2

1 + zi
1− zi

zk−1
i +

β + 1

2

1− zi
1 + zi

zk−1
i

)

with

zk−1
i − zk+1

i − zk−1
l + zk+1

l =

= (zi − zl)

(
zk−2
i + zk−3

i zl + . . .+ zk−2
l − zki − zk−1

i zl − . . .− zkl

)

= (zi − zl)

(
(zl − zi)

(
zk−3
l + 2zk−4

l zi + . . .+ (k − 2)zk−3
i

)
+ (k − 1)zk−2

i

− (zl − zi)
(
zk−1
l + 2zk−2

l zi + . . .+ kzk−1
i

)
− (k + 1)zki

)
.

We thus conclude that

(S̃vk)i
1

4
√
1− z2i

=
∑
l ̸=i

(
zk−1
l + 2zk−2

l zi + . . .+ kzk−1
i

− zk−3
l − 2zk−4

l zi − . . .− (k − 2)zk−3
i

+
∑
l ̸=i

(k − 1)zk−2
i − (k + 1)zki
zi − zl

+
α+ 1

2

1 + zi
1− zi

zk−1
i +

β + 1

2

1− zi
1 + zi

zk−1
i

)
.

With Equation (4.19), a suitable constant C, and with suitable polynomials
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rk, r
(1)
k , r

(2)
k , r

(3)
k , r

(4)
k of order at most k − 2, we thus obtain

(S̃vk)i
1

4
√
1− z2i

= C − zk−1
i − 2zk−1

i − . . .− (k − 1)zk−1
i

+ k(N − 1)zk−1
i + rk(zi)

+
α+ 1

2

zki + zk−1
i + (k − 1)zk−2

i − (k + 1)zki
1− zi

+
β + 1

2

zk−1
i − zki − (k − 1)zk−2

i + (k + 1)zki
1 + zi

.

Hence

(S̃vk)i =4
√

1− z2i

((
k(N − 1)− (k − 1)k

2

)
zk−1
i + r

(1)
k (zi)

+
α+ 1

2
(kzk−1

i + r
(2)
k (zi)) +

β + 1

2
(kzk−1

i + r
(3)
k (zi))

)

=
√
1− z2i

(
2k(2N + α+ β + 1− k)zk−1

i + r
(4)
k (zi)

)
.

This shows Equation (5.4) for k ≥ 3. Using (5.4) and an induction on k = 1, .., N
shows that there exist polynomials qk−1 of degree k − 1 such that qk−1(z1)

√
1− z21

...
qk−1(zN )

√
1− z2N


is an eigenvector of Σ−1

N to the eigenvalue 4k(2N + α+ β + 1− k).
Because Σ−1

N is a symmetric matrix and the eigenspaces are orthogonal, the
system (qk)k=0,..,N−1 is orthogonal with respect to the measure given in (5.3).
Therefore, for k = 0, ..., N −1, qk and Q̃Jk,N are identical up to some multiplica-
tive constant. Thus the vectors

√
1− (z1)2Q

J
k,N (z1)

...√
1− (zN )2QJk,N (zN )

 and

 qk−1(z1)
√

1− z21
...

qk−1(zN )
√

1− z2N


are in the same eigenspace.

Remark 5.4.

• The above results also yield the eigenvalues and vectors of appearing co-
variance matrices in the edge cases of the trigonometric Jacobi ensemble
(Theorem 4.13 and Theorem 4.14) and the squared Laguerre ensemble
(Theorem 4.7).
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• This proof does not seem to be transferable from the trigonometric Ja-
cobi ensemble to the algebraic Jacobi ensemble. The same holds true for
the Laguerre ensemble, where it does not seem to be transferable to the
parametrization of Theorem 4.5. The situation is similar for the edge cases
of the algebraic Jacobi ensemble (Theorem 4.15 and Theorem 4.16) and
the Laguerre ensemble (Theorem 4.8). Obviously, because the matrices
are positive definite and symmetric, those eigenvalues and vectors exist.
However, it seems more complicated to describe them.

5.2 De Boor-Saff duality
We will now use the de Boor-Saff [BS86] dual polynomials to describe the occur-
ring orthogonal polynomials. To explain this, we first review some theory from
[VZ04] and Section 2.11 of [Ism05]. This section follows Section 4 of [AHV21].
Let (P̂n)∞n=0 be a sequence of monic orthogonal polynomials, where the orthog-
onality measure is a probability measure µ on R which admits all moments,
i.e., ∫

R
P̂i(x)P̂j(x)dµ(x) = ξiδij (i, j = 0, 1, 2, . . .) (5.5)

with some constants ξi > 0 (i ≥ 0). We also have a three-term recurrence
relation

P̂0 = 1, P̂1(x) = x− b0, xP̂n(x) = P̂n+1(x) + bnP̂n(x) + unP̂n−1(x) (n ≥ 1)
(5.6)

with coefficients bn ∈ R and un > 0. We also consider the associated orthonor-
mal polynomials (P̃n := ξ

−1/2
n P̂n)

∞
n=0 with

∫
R P̃i(x)P̃j(x)dµ(x) = δij . For n ≥ 1

these polynomials then satisfy the three-term recurrence

P̃0 = 1, P̃1(x) = a−1
1 (x− b0), xP̃n(x) = an+1P̃n+1(x) + bnP̃n(x) + anP̃n−1(x).

(5.7)
Here, an = un

√
ξn−1/ξn =

√
ξn/ξn−1. In particular, we have

ξ0 = 1, ξn = unun−1 · · ·u1 and an =
√
un (n ≥ 1). (5.8)

Now fix N > 0 arbitrarily. Gauss quadrature implies that the finite set of
polynomials (P̃n)

N−1
n=0 obeys the discrete orthogonality relation

N∑
i=1

wiP̃m(zi,N )P̃n(zi,N ) = δmn, (5.9)

with the N ordered zeros z1,N < . . . < zN,N of P̃N and the Christoffel numbers

wi :=
1

aN P̃N−1(zi,N )P̃ ′
N (zi,N )

> 0 (i = 1, . . . , N), (5.10)

which satisfy the normalization
∑N
i=1 wi = 1.
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Definition 5.5. Let N > 0. The monic polynomials (Q̂k,N )N−1
k=0 are called

dual (in the de Boor-Saff sense) to (P̂n(x))
N−1
n=0 if they satisfy the three-term

recurrence

Q̂0,N = 1, Q̂1,N (x) = x− bN−1, (5.11)

xQ̂k,N (x) = Q̂k+1,N (x) + bN−k−1Q̂k,N (x) + uN−kQ̂k−1,N (x)

for k = 1, .., N − 2.

We now recall some consequences of this duality from [VZ04]:

Lemma 5.6. The dual monic polynomials (Q̂k,N )N−1
k=0 are orthogonal with re-

spect to the discrete measure
N∑
i=1

w∗
i δzi,N

with the dual Christoffel numbers

w∗
i =

P̃N−1(zi,N )

aN P̃ ′
N (zi,N )

> 0 (i = 1, . . . , N), (5.12)

which again satisfy

N∑
i=1

w∗
i = 1. (5.13)

In particular, by (5.8), the normalized dual polynomials (Q̃k,N )N−1
k=0 with

N∑
i=1

w∗
i Q̃m,N (zi,N )Q̃n,N (zi,N ) = δmn (m,n = 0, . . . , N − 1) (5.14)

satisfy

Q̃k,N (x) =
Q̂k,N

a2Na
2
N−1 · · · a2N−k

. (5.15)

In summary, we obtain from (5.15) and the three-term-recurrence in Definition
(5.5):

Lemma 5.7. The orthonormal dual polynomials (Q̃k,N )N−1
k=0 satisfy the three-

term-recurrence relation

Q̃0,N = 1, Q̃1,N (x) = a−1
N−1(x− bN−1), (5.16)

xQ̃k,N (x) = aN−k−1Q̃k+1,N (x) + bN−k−1Q̃k,N (x) + aN−kQ̃k−1,N (x)

for k = 0, ..., N − 2.
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Remark 5.8. The monic three-term-recurrence (5.11) is also available for k =
N − 1, i.e., we obtain a monic polynomial Q̂N,N . It can easily be seen (see
[VZ04] or Section 2.11 of [Ism05]) that Q̂N,N = P̂N holds. Moreover, if we
choose a0 = 0 in (5.16), then the recurrence (5.7) remains valid for k = N − 1,
arbitrary polynomials Q̃k+1,N , and x = zi,N for i = 1, . . . , N .

Lemma 5.9. The polynomials occurring in Theorem 5.1, Theorem 5.2 and The-
orem 5.3 are the dual polynomials of the Hermite, Laguerre and Jacobi polyno-
mials. In other words, the normalized eigenvectors of the corresponding inverse
covariance matrices Σ−1

N have the form(√
w∗

1Q̃1,N , ...,
√
w∗
N Q̃N,N

)T
, (5.17)

and the dual weights (w∗
i )
N
i=1 have the form

Hermite: w∗
i =

1

N
,

Laguerre: w∗
i =

zαi,N
N(N + α)

, and

Jacobi: w∗
i =

(2N + α+ β)2(2N + α+ β − 1)

4N(N + α)(N + β)(N + α+ β)
(1− (z

(α,β)
i,N )2).

Proof. Equation (5.14) implies that the vector (5.17) has length 1. Therefore it
remains to show that this vector is an eigenvector of the corresponding inverse
covariance matrix Σ−1

N .
We first consider the Hermite case. Here we have for the monic Hermite polyno-
mials ĤN by Section 5.5 of [Sze75] that Ĥ ′

N (x) = NĤN−1(x). Hence, by (5.12)
and (5.14), for the orthonormal dual Hermite polynomials Q̃Hk,N we have

N∑
i=1

1

N
Q̃Hk,N (zi,N )Q̃Hl,N (zi,N ) = δkl. (5.18)

This means that these polynomials are orthonormal with respect to the measure
given in (5.1). By Theorem 5.1 we now have that (5.17) is an eigenvector of the
corresponding covariance matrix Σ−1

N .
We now turn to the Laguerre case. By Section 4.6 of [Ism05], the monic

Laguerre polynomials satisfy

xL̂(α)′
n (x) = nL̂(α)

n (x) + n(n+ α)L̂
(α)
n−1(x). (5.19)

In particular, z(α)i,N L̂
(α)′
N (z

(α)
i,N ) = N(N + α)L̂

(α)
N−1(z

(α)
i,N ). This, (5.12), and (5.14)

yield

N∑
i=1

z
(α)
i,N

N(N + α)
Q̃

(α)
k,N (z

(α)
i,N ) · Q̃(α)

l,N (z
(α)
i,N ) = δkl (5.20)
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for the normalized dual Laguerre polynomials (Q̃
(α)
k,N )N−1

k=1 . This means that
these polynomials are orthonormal with respect to the measure given in (5.2).
By Theorem 5.2 we now have that (5.17) is an eigenvector of the corresponding
covariance matrix Σ−1

N .
Finally, the monic Jacobi polynomials R̂N := P̂

(α,β)
N satisfy

(1− (z
(α,β)
i,N )2)R̂′

N (z
(α,β)
i,N ) =

4N(N + α)(N + β)(N + α+ β)

(2N + α+ β)2(2N + α+ β − 1)
R̂N−1(z

(α,β)
i,N ).

This, (5.12), and (5.14) show that

N∑
i=1

(1− (z
(α,β)
i,N )2)(2N + α+ β)2(2N + α+ β − 1)

4N(N + α)(N + β)(N + α+ β)
Q̃

(α,β)
k,N (z

(α,β)
i,N )Q̃

(α,β)
l,N (z

(α,β)
i,N )

= δkl (5.21)

for the normalized dual Jacobi polynomials (Q̃(α,β)
k,N )N−1

k=1 . This means that these
polynomials are orthonormal with respect to the measure given in (5.3). By
Theorem 5.3 we now have that (5.17) is an eigenvector of the corresponding
covariance matrix Σ−1

N .

Remark 5.10. Note that by the proof of Lemma 5.9 in the Hermite, Laguerre,
and Jacobi case, the dual Christoffel numbers from (5.12) have the form

w∗
i =

P̂N−1(zi,N )

P̂ ′
N (zi,N )

=
π(zi,N )

κN
(5.22)

with suitable constants κN and polynomials π of degrees 0,1,and 2, respectively.
By [VZ04], such simple relations for the dual Christoffel numbers are available
only for the classical orthogonal polynomials. This also includes the Bessel poly-
nomials, which are limits of Jacobi polynomials; see [Ism05, p. 124, (4.10.10)
and (4.10.13)].

In the next step we use the preceding results on dual orthogonal polynomials
to compute the covariance matrices ΣN from their inverses. For this we write
the recurrence (5.7) for general orthonormal polynomials (P̃n)n≥0 for n ≤ N at
the N ordered zeros zi,N of P̃N as the eigenvalue equation

b0 a1
a1 b1 a2

a2
. . . . . .
. . . bN−2 aN−1

aN−1 bN−1




P̃0(zi,N )

P̃1(zi,N )

P̃2(zi,N )
...

P̃N−1(zi,N )

 = zi,N


P̃0(zi,N )

P̃1(zi,N )

P̃2(zi,N )
...

P̃N−1(zi,N )


of an N × N -dimensional matrix. The zeros {zi,N}Ni=1 are the eigenvalues of
this symmetric matrix and are distinct; this yields that the eigenvectors of this
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matrix are orthogonal and unique up to a constant coefficient. On the other
hand, Lemma 5.7 and Remark 5.8 show that

(Q̃N−1,N (zi,N ), . . . , Q̃0,N (zi,N ))T

is also an eigenvector of this matrix to the eigenvalue zi,N . It follows that
P̃0(zi,N )

P̃1(zi,N )

P̃2(zi,N )
...

P̃N−1(zi,N )

 = ci,N


Q̃N−1,N (zi,N )

Q̃N−2,N (zi,N )

Q̃N−3,N (zi,N )
...

Q̃0,N (zi,N )

 (5.23)

with a constant ci,N ̸= 0. The last row of this equation and Q̃0,N (x) = 1 give

ci,N = P̃N−1(zi,N ). (5.24)

We remark that ci,N usually has the sign (−1)N−i. This follows from the well-
known interlacing property of the zeros of P̃N−1(x) and P̃N (x) together with the
assumption that the leading coefficient of P̃N−1(x) is positive. This assumption
holds for the Hermite and Jacobi cases. In the Laguerre case, the leading coeffi-
cient of the classical Laguerre polynomial L(α)

N (x) has the sign (−1)N . However,
we stick to the convention

√
ξN L̃

(α)
N = L̂

(α)
N . Therefore, the leading coefficient

of L̃(α)
N−1 is positive. Multiplying (5.10) and (5.12) yields

c2i,N =
w∗
i

wi
,

compare [VZ04] (1.23) or [BS86]. Using the sign of ci,N above, we conclude that

ci,N = (−1)N−i
√
w∗
i

wi
. (5.25)

Now this can be used to rewrite Equation (5.23) for k = 0, ..., N − 1 to

(−1)N−i√wiP̃k(zi,N ) =
√
w∗
i Q̃N−k−1,N . (5.26)

This, together with the well-known fact that

1

wi
=

N−1∑
k=0

(P̃k(zi,N ))2, (5.27)

yields the following representation of ΣN :

Theorem 5.11 (Andraus,H.,Voit(2021)). For the Hermite, Laguerre and Ja-
cobi cases, the covariance matrices ΣN = (σNi,j)i,j=1,...,N are given with the
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notations of Lemma 5.9 and with the eigenvalues λk from the Theorems 5.1,
5.2, and 5.3 by

σNi,j =

√
w∗
iw

∗
j

P̃N−1(zi,N )P̃N−1(zj,N )

N−1∑
k=0

P̃k(zi,N )P̃k(zj,N )

λN−k

= (−1)i+j
N−1∑
k=0

√
wiP̃k(zi,N )

√
wjP̃k(zj,N )

λN−k

=
(−1)i+j√∑N−1

k,l=0 P̃
2
k (zi,N )P̃ 2

l (zj,N )

N−1∑
k=0

P̃k(zi,N )P̃k(zj,N )

λN−k
. (5.28)

Proof. In all cases,

TTNΣNTN = diag(λ−1
1 , . . . , λ−1

N ),

where the orthogonal matrix T has entries

[TN ]i,j =
√
w∗
i Q̃j−1,N (zi,N )

=
1

ci,N

√
w∗
i P̃N−j(zi,N )

= (−1)N−i√wiP̃N−j(zi,N ).

Hence,

σNi,j =

√
w∗
iw

∗
j

ci,Ncj,N

N−1∑
k=0

P̃N−1−k(zi,N )P̃N−1−k(zj,N )

λk+1
.

The substitution N − 1− k → k, (5.24), (5.25) and (5.27) yield the result.

Even though some results for the eigenvalues and eigenvectors are not given
in every case, compare remark 5.4, it is still possible to describe the entries
of the covariance matrix in a way similar to (5.28). In the following, we will
present these formulas as well as the formulas from Theorem 5.11 spelled out
for the concrete cases. Consider first the Hermite case:

Corollary 5.12. Consider the classical Hermite polynomials Hk =
√
2kk!H̃k,

the vector zN = (z1,N , ..., zN,N ) of its ordered zeros and random variables Xκ

with the densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−
κ
2 x

2
i .

Then the entries of the covariance matrix ΣHN = (σN,Hi,j )i,j=1,...,N from the limit

√
κ(Xκ −

√
2zN ) → N (0,ΣHN ), (κ→ ∞, in distribution)
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compare Theorem 4.1, are given by

σN,Hi,j = (−1)i+j

(
N−1∑
k=0

(Hk(zi,N ))2

2kk!

N−1∑
l=0

(Hl(zj,N ))2

2ll!

)−1/2 N−1∑
k=0

Hk(zi,N )Hk(zj,N )

2kk!(N − k)
.

Next, consider the formulation in the Laguerre case:

Corollary 5.13. Consider the classical Laguerre polynomials

L
(α)
k = (−1)kL̃k

√
Γ(k + α+ 1)

k!Γ(α+ 1)
,

the vector z(α)N = (z
(α)
1,N , ..., z

(α)
N,N ) of their ordered zeros and random variables

Xκ with the densities

c̃κ,α
∏

1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

x
2(α+1)κ
i e−x

2
i

Then the entries of the covariance matrix Σ̃LN = (σ̃N,Li,j )i,j=1,...,N from the limit

√
κ

(
Xκ√
κ
−
√
zαN

)
→ N (0, Σ̃LN ), (κ→ ∞, in distribution)

compare Theorem 4.6, are given by

σ̃N,Li,j =

(−1)i+j
∑N−1
k=0

(
k!Γ(α+1)
Γ(k+α+1)

Lk(z
(α)
i,N )Lk(z

(α)
j,N )

4(N−k)

)
√(∑N−1

k=0
k!Γ(α+1)
Γ(k+α+1) (L

(α)
k (zi,N ))2

)(∑N−1
k=0

k!Γ(α+1)
Γ(k+α+1) (L

(α)
k (zj,N ))2

) .
As mentioned before, for the covariance matrix in Theorem 4.5 and its in-

verse, the eigenvalue decomposition seems to be much harder to obtain. Nev-
ertheless, with the help of Theorem 5.11, one can derive nice formulas for the
covariance matrix. The result is as follows:

Corollary 5.14. Consider the classical Laguerre polynomials

L
(α)
k = (−1)kL̃k

√
Γ(k + α+ 1)

k!Γ(α+ 1)
,

the vector z(α)N = (z
(α)
1,N , ..., z

(α)
N,N ) of their ordered zeros and random variables

Xκ with the densities

cκ,α
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

x
(α+1)κ−1
i e−xi
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Then the entries of covariance matrix ΣLN = (σN,Li,j )i,j=1,...,N from the limit

√
κ

(
Xκ

κ
− z

(α)
N

)
→ N (0,ΣLN ), (κ→ ∞, in distribution)

compare Theorem 4.5, are given by

σN,Li,j =

(−1)i+j4
√
z
(α)
i,Nz

(α)
i,N

∑N−1
k=0

(
k!Γ(α+1)
Γ(k+α+1)

Lk(z
(α)
i,N )Lk(z

(α)
j,N )

4(N−k)

)
√(∑N−1

k=0
k!Γ(α+1)
Γ(k+α+1) (L

(α)
k (zi,N ))2

)(∑N−1
k=0

k!Γ(α+1)
Γ(k+α+1) (L

(α)
k (zj,N ))2

) .
Next, consider the formulation in the Jacobi case:

Corollary 5.15. Consider the classical Jacobi polynomials

P
(α,β)
k =

√
1

2k + α+ β

Γ(k + α+ 1)

Γ(α+ 1)

Γ(k + β + 1)

Γ(β + 1)

Γ(k + α+ β + 2)

Γ(α+ β + 1)
P̃

(α,β)
k

=: ζ
(α,β)
k P̃

(α,β)
k ,

the vector z(α,β)N = (z
(α,β)
1,N , ..., z

(α,β)
N,N ) of their ordered zeros and random variables

Xκ with the densities

c̃κ,α,β
∏

1≤i<j≤N

(cos(2tj)− cos(2ti))
2κ

N∏
i=1

sin(ti)
2(α+1)κ cos(ti)

2(β+1)κ.

Then the entries of covariance matrix Σ̃JN = (σN,Ji,j )i,j=1,...,N from the limit

√
κ

(
Xκ −

1

2
arccos(z

(α,β)
N )

)
→ N (0, Σ̃JN ), (κ→ ∞, in distribution)

compare Theorem 4.12, are given by

σ̃N,Ji,j = (−1)i+j

∑N−1
k=0

(
P

(α,β)
k (z

(α,β)
i,N )P

(α,β)
k (z

(α,β)
j,N )

ζ
(α,β)
k 4(N−k)(N+k+α+β+1)

)
√(∑N−1

k=0

(P
(α,β)
k (z

(α,β)
i,N ))2

ζ
(α,β)
k

)(∑N−1
k=0

(P
(α,β)
k (z

(α,β)
j,N ))2

ζ
(α,β)
k

) .
As mentioned before, for the covariance matrix in Theorem 4.11 and its

inverse, the eigenvalue decomposition seems to be much harder to obtain. Nev-
ertheless, with the help of Theorem 5.11, one can derive nice formulas for the
covariance matrix. The result is as follows:

Corollary 5.16. Consider the classical Jacobi polynomials

P
(α,β)
k =

√
1

2k + α+ β

Γ(k + α+ 1)

Γ(α+ 1)

Γ(k + β + 1)

Γ(β + 1)

Γ(k + α+ β + 2)

Γ(α+ β + 1)
P̃

(α,β)
k

=: ζ
(α,β)
k P̃

(α,β)
k ,

76



the vector z(α,β)N = (z
(α,β)
1,N , ..., z

(α,β)
N,N ) of their ordered zeros and random variables

Xκ with the densities

cκ,α,β
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

(1− xi)
(α+1)κ− 1

2 (1 + xi)
(β+1)κ− 1

2 .

Then the entries of covariance matrix ΣJN = (σN,Ji,j )i,j=1,...,N from the limit

√
κ
(
Xκ − z

(α,β)
N

)
→ N (0,ΣJN ), (κ→ ∞, in distribution)

compare Theorem 4.11, are given by

σN,Ji,j =

√
1− (z

(α,β)2

i,N )
√

1− (z
(α,β)2

j,N )
∑N−1
k=0

(
P

(α,β)
k (z

(α,β)
i,N )P

(α,β)
k (z

(α,β)
j,N )

ζ
(α,β)
k (N−k)(N+k+α+β+1)

)
(−1)i+j

√(∑N−1
k=0

(P
(α,β)
k (z

(α,β)
i,N ))2

ζ
(α,β)
k

)(∑N−1
k=0

(P
(α,β)
k (z

(α,β)
j,N ))2

ζ
(α,β)
k

) .

Remark 5.17. The formulas for the entries of the covariance matrices ΣN from
Theorem 5.11 should be compared with the corresponding results of Dumitriu
and Edelman [DE05] for the Hermite and Laguerre ensembles. In the Hermite
case, the entries of ΣHN in Corollary 5.12 must be equal to entries of Theorem
3.1 in[DE05]. Therefore, the following equation holds:

σN,Hi,j = (−1)i+j

(
N−1∑
k=0

(H̃k(zi,N ))2
N−1∑
l=0

(H̃l(zj,N ))2

)−1/2 N−1∑
k=0

H̃k(zi,N )H̃k(zj,N )

N − k

=

∑N−1
l=0 H̃2

l (zi,N )H̃2
l (zj,N ) +

∑N−2
l=0 H̃l+1(zi,N )H̃l(zi,N )H̃l+1(zj,N )H̃l(zj,N )∑N−1

l=0 H̃2
l (zi,N ) ·

∑N−1
l=0 H̃2

l (zj,N )
.

Unfortunately, a direct proof for arbitrary dimensions N is, to the best of the
authors knowledge, not available yet. In the Laguerre case we have a similar
situation. Here the formula from Corollary 5.14 equals the one given in Theorem
4.1 from [DE05]. However, Corollary 5.14 has the same structure as in the
Hermite case, while the corresponding formula in [DE05] is much more involved.

In the Jacobi case, there do not exist, as far as the author is aware of,
formulas for the entries of ΣN in the literature besides the ones from [AHV21],
which are summarized here.

Remark 5.18. The fact that in all three cases the eigenvectors are given by
(
√
w∗
i Q̃k,N (zi,N ))i=1,..,N and that there are central limit theorems for more gen-

eral polynomials, see Theorem 3.6, raises the question whether there exist more
polynomial-induced β-ensembles for which the covariance matrix of the central
limit theorem has similarly structured eigenvectors. Note that in the Laguerre
and Jacobi cases, a transformation to a different parametrization has been used,
compare Remark 5.4. We thus pose the following question: Is there a ’canonical’
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transformation d : I → R such that the covariance matrix of the central limit
theorem transformed by Theorem 3.5 has (

√
w∗
i Q̃k,N (zi,N ))i=1,..,N as eigenvec-

tors? In other words, is there a diagonal matrix D = diag(d1, ..., dN ) such that
DΣ−1D has (

√
w∗
i Q̃k,N (zi,N ))i=1,..,N as eigenvectors? The obvious guess, that

this holds true for D = diag(
√
w∗

1 , ...,
√
w∗
N ), is not correct in general. To sketch

a possible counterexample, consider v(x) = x2 + α log(x) on I = (0,∞) as in
Theorem 4.9. Here we have

(Σ−1)i,j :=

{
2
∑
l ̸=i(zi,N − zl,N )−2 + 2 + α+1

z2i,N
− 1

(zi,N+bN )2 for i = j

−2(zi,N − zj,N )−2 for i ̸= j

and therefore

(DΣ−1D)i,j =

2
∑
l ̸=i

w∗
i

(zi,N−zl,N )2 + w∗
i

(
2 + α+1

z2i,N
− 1

(zi,N+bN )2

)
for i = j

−2

√
w∗

iw
∗
j

(zi,N−zj,N )2 for i ̸= j.

Thus, for i = 1, ..., N we getDΣ−1D


√
w∗

1
...√
w∗
N



i

=2
∑
j ̸=i

√
w∗
iw

∗
i −

√
w∗
iw

∗
j

(zi,N − zj,N )2
+
√
w∗
iw

∗
i

(
2 +

α+ 1

z2i,N
− 1

(zi,N + bN )2

)

=
√
w∗
i

2
∑
j ̸=i

w∗
i − w∗

j

(zi,N − zj,N )2
+ w∗

i

(
2 +

α+ 1

z2i,N
− 1

(zi,N + bN )2

) .

(5.29)

By (5.12), (3.17) and (4.13) we get

w∗
i =

P̃N−1(zi,N )

aN P̃ ′
N (zi,N )

=
1

aNAN (zi,N )
=

zi,N
2zi,N + 2bN

1

a2N
. (5.30)

Because multiplicative constants are irrelevant for the question whether a vector
is an eigenvector or not, we will disregard them here and continue the calculation
with

w∗
i =

zi,N
zi,N + bN
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instead of (5.30). Thus, w∗
i − w∗

j becomes

w∗
i − w∗

j =

(
zi,N

zi,N + bN
− zj,N
zj,N + bN

)
=

(
zi(zj + bN )− zj(zi + bN )

(zi + bN )(zj + bN )

)
=

bN (zi − zj)

(zi + bN )(zj + bN )

= bN (zi − zj)
w∗
j

zj

w∗
i

zi
.

This yields

2
∑
j ̸=i

w∗
i − w∗

j

(zi,N − zj,N )2
= 2

w∗
i

zi

∑
j ̸=i

w∗
j

zj

1

(zi − zj)

= 2
∑
j ̸=i

w∗
j

zj
− w∗

i

zi

(zi − zj)
+ 2

w∗
i

zi

∑
j ̸=i

1

(zi − zj)
.

Now, by

w∗
j

zj
− w∗

i

zi
=

(
1

zj + bN
− 1

zi + bN

)
=

(
zi − zj

(zi + bN )(zj + bN )

)
= w∗

iw
∗
j (zi − zj),

we get

2
∑
j ̸=i

w∗
j

zj
− w∗

i

zi

(zi − zj)
= w∗

i 2
∑
j ̸=i

w∗
j

and

2
w∗
i

zi

∑
j ̸=i

1

(zi − zj)
=
w∗
i

zi

(
2zi −

α+ 1

zi
+

1

zi + bN

)

=
w∗
i

zi

(
2zi −

α+ 1

zi
+
w∗
i

zi

)
.

Overall, we have

2
∑
j ̸=i

w∗
i − w∗

j

(zi,N − zj,N )2
= w∗

i 2
∑
j ̸=i

w∗
j +

w∗
i

zi

(
2zi −

α+ 1

zi
+
w∗
i

zi

)

= w∗
i

2− α+ 1

z2i
+
w∗
i

z2i
+ 2

∑
j ̸=i

w∗
j

 .
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This leads to

2
∑
j ̸=i

w∗
i − w∗

j

(zi,N − zj,N )2
+ w∗

i

(
2 +

α+ 1

z2i,N
− 1

(zi,N + bN )2

)

=2
∑
j ̸=i

w∗
i − w∗

j

(zi,N − zj,N )2
+ w∗

i

(
2 +

α+ 1

z2i,N
−
(
w∗
i

zi

)2
)

=w∗
i

(
4 +

wi
z2i

− w2
i

z2i
+ 2(2a2N − wi)

)
=w∗

i

(
4 + 4a2N +

wi
z2i

− w2
i

z2i
− 2wi)

)
. (5.31)

A necessary condition for (
√
w∗

1 , ...,
√
w∗
N ) to be an eigenvalue of DΣ−1D is

that 5.31 is independent of i. This can be seen in Equation 5.29. Although
(5.31) simplifies the equation in a quite elegant way, it is not independent of i.
Thus it can be seen that the assumption described above does not hold here.
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6 Limit results for the largest eigenvalue for N →
∞

6.1 Limit results for the largest eigenvalue in the Hermite
case

In this section we discuss the soft edge statistics in the Hermite case in the
freezing regime. This means that we analyze the limit behavior of the largest
entry of the vector in the freezing regime in Theorem 4.1 for N → ∞. This will
be done on the basis of Theorem 5.11. We will follow Chapter 5 from [AHV21]
here. This problem is also discussed in [GK22], where similar results occur,
but viewpoint and method of proof are different. Furthermore, the problem is
discussed in [DE05]. However, the shown approach via Theorem 5.11 leads to a
limit with a different form from that in [DE05]. In this section let z1,N < ..., zN,N
be the the ordered zeros of the Hermite polynomial HN . Moreover, for each
N , let (Qk,N )k=0,..,N−1 be the dual polynomials associated with (Hk)k=0,...,N ,
normalized with

Qk,N =
√
w∗
i Q̃

H
k,N =

1√
N
Q̃Hk,N

where Q̃Hk,N are given as in Theorem 5.1. This means that

TN := (Qj−1,N (zi,N ))i,j=1,...,N

is an orthogonal matrix with TTNΣNTN = diag(1, ..., 1
N ) as in the proof of The-

orem 5.11. These polynomials satisfy the three-term-recurrence

xQk,N (x) =

√
N − k − 1

2
Qk+1,N (x) +

√
N − k

2
Qk−1,N (x) (k < N) (6.1)

with the initial conditions Q−1,N = 0 and Q0,N = 1√
N

.
We now derive a limit result for N → ∞ which involves the Airy function Ai.
For this, we recall some well-known facts about Ai; see e.g. Section 9 of [Olv+10]
or the monograph [VS04]. Ai is the unique solution of

y′′(z) = z · y(z) (z ∈ R) with lim
z→∞

y(z) = 0 (6.2)

and with y(0) = 1
32/3Γ(2/3)

= 0.355028 . . .. The Airy function Ai has a unique
largest zero at a1 = −2.338 . . . with Ai(z) > 0 for z > a1. Moreover, Ai has
infinitely many isolated, simple zeros in ] −∞, a1]. For r ∈ N, the r-th largest
zero ar of Ai satisfies

ar ≃ −
(3π

2
(r − 1/4)

)2/3
for r → ∞. (6.3)

In addition, we have the asymptotic behavior as z → −∞

Ai(−z) ≃ 1√
πz1/4

cos
(2
3
z3/2 − π

4

)
, (6.4)
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as well as

Ai′(ar) ≃
(−1)r−1

√
π

(3π
2
(r − 1/4)

)1/6
for r → ∞. (6.5)

The following Theorem is the central step for our limit results for N → ∞:

Theorem 6.1 (Andraus,H.,Voit(2021)). Consider the functions

fN (y) := N
1
6Q

⌊N
1
3 y⌋,N

(zN,N ) for y ∈ [0, N
2
3 [ (6.6)

and fN (y) = 0 otherwise. Then (fN )N≥1 tends for N → ∞ locally uniformly to

f(y) =
Ai(y + a1)

Ai′(a1)
for y ∈ [0,∞[.

We split the proof into three lemmas and use the abbreviation

qk := Qk,N (zN,N ),

where we suppress the dependency on N . We start with the following result:

Lemma 6.2. The functions fN satisfy the equation

fN (y) =

∫ y

0

∫ s

0

(t− |a1|)fN (t) dt ds+ y + err(y,N)

for y ∈ [0, N
2
3 [. The error term err(y,N) is specified in Equation (6.19) at the

end of the proof.

Proof. Let y ≥ 0. We divide the recurrence (6.1) by x := zN,N by
√
N and get√

1− k + 1

N
qk+1 =

2zN,N√
2N

qk −
√
1− k

N
qk−1 (k ≤ N) (6.7)

with q−1 = 0, q0 = N−1/2. We next observe that by the Lagrange remainder in
Taylor’s formula, for k = 0, ..., ⌊yN 1

3 ⌋,√
1− k

N
= 1− k

2N
− 1

8(1− ξk)
3
2

(
k

N

)2

with ξk ∈ (0,
k

N
). (6.8)

We now define

α(k,N) :=
1

8(1− ξk)
3
2

(
k

N

)2

and conclude from (6.8) that for k = 0, ..., ⌊yN 1
3 ⌋ it holds that

0 < α(k,N) <

(
N

N − k

) 3
2
(
k

N

)2

. (6.9)

82



Moreover, we obtain from the sharp Plancherel-Rotach theorem by Ricci [Ric95]
that

zN,N√
2N

= 1− |a1|
2N

2
3

+O(N−1). (6.10)

Using (6.10) we rewrite the recurrence (6.7) as

qk+1 − qk − (qk − qk−1) (6.11)

=
k + 1

2N
qk+1 −

|a1|
N

2
3

qk +
k

2N
qk−1 + α(k + 1, N)qk+1 + α(k,N)qk−1 +O(N−1)qk.

Summation over k = 0, ..., l now yields

ql+1 − ql −
1√
N

= ql+1 − ql − (q0 − q−1) =

l∑
k=0

(
qk+1 − qk − (qk − qk−1)

)
=

l∑
k=0

(k + 1

2N
qk+1 −

|a1|
N

2
3

qk +
k

2N
qk−1

)
+

+

l∑
k=0

(
α(k + 1, N)qk+1 + α(k,N)qk−1 +O(N−1)qk

)
.

A second summation over l = 0, ..., ⌊yN 1
3 ⌋ − 1 now leads to

q
⌊yN

1
3 ⌋

− ⌊yN 1
3 ⌋+ 1√
N

=

⌊yN
1
3 ⌋−1∑
l=0

(
ql − ql−1 −

1√
N

)
=

=

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

(
k + 1

2N
qk+1 −

|a1|
N

2
3

qk +
k

2N
qk−1

)
+ ρ(y,N)

with

ρ(y,N) :=

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

(
α(k + 1, N)qk+1 + α(k,N)qk−1 +O(N−1)qk

)
. (6.12)
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If we multiply this by N
1
6 , we get

fN (y)− ⌊yN 1
3 ⌋+ 1

N
1
3

−N
1
6 ρ(y,N)

=
1

N
1
3

⌊yN
1
3 ⌋−1∑
l=0

1

N
1
3

l∑
k=0

(
k + 1

2N
1
3

N
1
6 qk+1 − |a1|N

1
6 qk +

k

2N
1
3

N
1
6 qk−1

)

=
1

N
1
3

⌊yN
1
3 ⌋−1∑
l=0

1

N
1
3

l∑
k=0

(
N

1
6 qk

(
k + 1

2

N
1
3

− |a1|
))

+
1

N
2
3

⌊yN
1
3 ⌋−1∑
l=0

(
l + 1

2N
1
3

N
1
6 (ql+1 − ql)

)
. (6.13)

Note that the last equation was obtained from the shifts k+1 7→ k and k−1 7→ k.
We now compare the right-hand side of (6.13) with∫ y

0

∫ s

0

(x− |a1|)fN (t)dtds. (6.14)

For this we use the functions

gN (t) :=

N−1∑
k=0

tk,N1[
k

N
1
3

, k+1

N
1
3

](t) with tk,N := N
1
6 qk

(
k + 1

2

N
1
3

− |a1|
)
.

(6.15)

An elementary calculation yields∫ y

0

∫ s

0

gN (t) dtds =

∫ y

0

∫ s

0

N−1∑
k=0

tk,N1[
k

N
1
3

, k+1

N
1
3

](t) dt ds

=
1

2

(
yN

1
3 − ⌊yN 1

3 ⌋
N

1
3

)2

t
⌊yN

1
3 ⌋,N

+
1

N
2
3

⌊yN
1
3 ⌋−1∑

k=0

(⌊yN 1
3 ⌋ − k)tk,N

+
yN

1
3 − ⌊yN 1

3 ⌋ − 1
2

N
1
3

· 1

N
1
3

⌊yN
1
3 ⌋−1∑

k=0

tk,N .

Moreover,

L∑
l=0

l∑
k=0

tk,N =

L∑
k=0

(L− k + 1)tk,N (L ∈ N). (6.16)
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Hence,

∫ y

0

∫ s

0

gN (t)dtds− 1

N
2
3

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

tk,N (6.17)

=
1

2

(
yN

1
3 − ⌊yN 1

3 ⌋
N

1
3

)2

t
⌊yN

1
3 ⌋,N

+
yN

1
3 − ⌊yN 1

3 ⌋ − 1
2

N
1
3

· 1

N
1
3

⌊yN
1
3 ⌋−1∑

k=0

tk,N .

(6.13), (6.14), and (6.17) now show that

fN (y) =

∫ y

0

∫ s

0

fN (t)

(
⌊tN 1

3 ⌋+ 1
2

N
1
3

− |a1|

)
dtds+

⌊yN 1
3 ⌋+ 1

N
1
3

+ ẽrr(N, y)

(6.18)

with the error term

ẽrr(N, y) := N
1
6 ρ(y,N) +

1

N
2
3

⌊yN
1
3 ⌋−1∑
l=0

l + 1

2N
1
3

(ql+1 − ql)

−
yN

1
3 − ⌊yN 1

3 ⌋ − 1
2

N
1
3

1

N
1
3

⌊yN
1
3 ⌋−1∑

k=0

N
1
6 qk

(
k + 1

2

N
1
3

− |a1|
)

− 1

2

(
yN

1
3 − ⌊yN 1

3 ⌋
N

1
3

)2

N
1
6 q

⌊yN
1
3 ⌋

(
⌊yN 1

3 ⌋+ 1
2

N
1
3

− |a1|

)
.

As

⌊yN 1
3 ⌋+ 1

N
1
3

= y +O(N− 1
3 )

and

⌊tN 1
3 ⌋+ 1

2

N
1
3

= t+
⌊tN 1

3 ⌋ − tN
1
3 + 1

2

N
1
3

= t+O(N− 1
3 ),

we get

fN (y) =

∫ y

0

∫ s

0

(t− |a1|)fN (t)dtds+ y + err(y,N)
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with the error term

err(N, y) = N
1
6 ρ(y,N) +

1

N
2
3

⌊yN
1
3 ⌋−1∑
l=0

l + 1

2N
1
3

(ql+1 − ql)

−
yN

1
3 − ⌊yN 1

3 ⌋ − 1
2

N
1
3

1

N
1
3

⌊yN
1
3 ⌋−1∑

k=0

N
1
6 qk

(
k + 1

2

N
1
3

− |a1|
)

− 1

2

(
yN

1
3 − ⌊yN 1

3 ⌋
N

1
3

)2

N
1
6 q

⌊yN
1
3 ⌋

(
⌊yN 1

3 ⌋+ 1
2

N
1
3

− |a1|

)

+
⌊yN 1

3 ⌋ − yN
1
3 + 1

N
1
3

+

∫ y

0

∫ s

0

⌊tN 1
3 ⌋ − tN

1
3 + 1

2

N
1
3

fN (t)dtds. (6.19)

Lemma 6.3. The error term in (6.19) satisfies err(N, y) = O(N− 1
3 ) locally

uniformly in y ∈ [0,∞[.

Proof. Fix some M > 0 and consider y ∈ [0,M ]. We recall that the matrices
TN = (Qk−1,N (zi,N ))k,i=1,...,N are orthogonal, which implies that for all N ∈ N

1 =

N−1∑
k=0

(Qk,N (zN,N ))2 =
1

N
1
3

N−1∑
k=0

(N
1
6Qk,N (zN,N ))2 =

∫ ∞

0

f2N (t)dt. (6.20)

We next prove ∫ y

0

fN (t)dt = O(1) for N → ∞. (6.21)

For this we recall that by the definition of fN ,

fN (t) =

N−1∑
k=0

N
1
6Qk,N (zN,N )1[

k

N1/3
, k+1

N1/3

](t)
with Qk,N (zN,N ) > 0 for all k. This follows from the fact that the polynomials
Qk,N have a positive leading coefficient and are orthogonal with respect to
some measure with support {z1,N , . . . , zN,N}, which implies that their zeros are
contained in ]z1,N , zN,N [; see e.g. [Chi78]. We thus see that fN (t) ≥ 0 for t ≥ 0.
Hence, for y ∈ [0,M ],∫ y

0

fN (t)dt ≤
∫ M

0

fN (t)dt

=
1

N
1
3

⌊MN
1
3 ⌋−1∑

k=0

N
1
6 qk +

MN
1
3 − ⌊MN

1
3 ⌋

N
1
3

N
1
6 q

⌊MN
1
3 ⌋

≤ 1

N
1
3

⌊MN
1
3 ⌋∑

k=0

N
1
6 qk.

86



Hölder’s inequality and (6.20) now imply that for y ∈ [0,M ] and N ∈ N,

∫ y

0

fN (t)dt ≤ 1

N
1
3

⌊MN
1
3 ⌋∑

k=0

q2k


1
2
⌊MN

1
3 ⌋∑

k=0

N
1
3


1
2

(6.22)

≤ 1

N
1
3

√
N

1
3 (⌊MN

1
3 ⌋+ 1) ≤

√
M +

2

N
1
3

≤
√
M + 2.

This shows (6.21). In an analogous way we prove that for y ∈ [0,M ] and
θ ∈ [0, 1],

1

N
1
3

⌊yN
1
3 ⌋−1∑
l=0

l + θ

N
1
3

N
1
6 ql = O(1). (6.23)

For this we observe that

⌊yN
1
3 ⌋−1∑
l=0

l + θ

N
1
3

N
1
6 ql ≤

⌊MN
1
3 ⌋−1∑

l=0

MN
1
3 + 1

N
1
3

N
1
6 ql ≤ (M + 1)

⌊MN
1
3 ⌋−1∑

l=0

N
1
6 ql.

This together with (6.21) shows (6.23).
Moreover, (6.22) leads to the following estimate for the last term in (6.19):∣∣∣∣∣
∫ y

0

∫ s

0

⌊tN 1
3 ⌋ − tN

1
3 + 1

2

N
1
3

fN (t)dtds

∣∣∣∣∣ ≤ 1

2N
1
3

∫ y

0

√
M + 2ds

≤ M
√
M + 2

N
1
3

= O(N− 1
3 ). (6.24)

We now turn to the estimation ofN
1
6 ρ(y,N). For y ∈ [0,M ] and k = 0, ..., ⌊yN 1

3 ⌋,
we obtain that N/(N−k) remains bounded for large N . Therefore, (6.9) implies
that α(k,N) = O(N− 4

3 ) and thus, by (6.12),

|N 1
6 ρ(y,N)| (6.25)

≤
⌊yN

1
3 ⌋−1∑
l=0

l∑
k=0

(
|O(N− 4

3 )|N 1
6 qk+1 + |O(N− 4

3 )|N 1
6 qk−1 + |O(N−1)|N 1

6 qk

)

≤
⌊MN

1
3 ⌋−1∑

l=0

l∑
k=0

(
|O(N− 7

6 )|qk+1 + |O(N− 7
6 )|qk−1 + |O(N− 5

6 )|qk
)
.

If we use the summation formula (6.16) and Hölder’s inequality, we see that the
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third summand on the right-hand side of (6.25) satisfies

|O(N− 5
6 )|

⌊MN
1
3 ⌋−1∑

l=0

l∑
k=0

qk = |O(N−5/6)|
⌊MN

1
3 ⌋−1∑

k=0

(⌊MN
1
3 ⌋ − k)qk

≤|O(N− 5
6 )|

⌊MN
1
3 ⌋−1∑

k=0

q2k


1
2

⌊MN
1
3 ⌋−1∑

k=0

(⌊MN
1
3 ⌋ − k)2︸ ︷︷ ︸

≤M2N
2
3


1
2

≤|O(N− 5
6 )|
(
⌊MN

1
3 ⌋M2N

2
3

) 1
2

= O(N− 1
3 ).

If we keep in mind that q0 = 1√
N

, we can estimate the other two sums in the
same way. In summary, we conclude for the first term in (6.19) that

N
1
6 ρ(y,N) = O(N− 1

3 ).

Furthermore, the second term in (6.19) can be estimated by a corresponding
bound by (6.23) with θ = 1/2 and θ = 1 and with an index shift together with
Q0,N = 1√

N
. Moreover, the third term in (6.19) can be estimated in the same

way by splitting the sum there and using (6.23) for the first and (6.20) for the
second sum. Finally, the fourth and fifth term in (6.19) obviously have order
O(N− 1

3 ), while this follows for the last term from (6.24). This completes the
proof.

We now complete the proof of Theorem 6.1 by proving the following state-
ment:

Lemma 6.4. For N → ∞, |fN (y) − f(y)| = O(N− 1
3 ) locally uniformly for

y ∈ [0,∞[.

Proof. Again, fix M > 0, let y ∈ [0,M ], and assume that N
2
3 > M . The ordi-

nary differential equation (ODE) (6.2) yields that the function f(y) = Ai(y+a1)
Ai′(a1)

satisfies
f ′′(y) = (y + a1)f(y) with f(0) = 0, f ′(0) = 1. (6.26)

This ODE leads to the integral equation

f(y) =

∫ y

0

∫ s

0

(t− |a1|)f(t)dtds+ y =

∫ y

0

(t− |a1|)(y − t)f(t) dt+ y. (6.27)

Note that the second equality in (6.27) follows by partial integration. Moreover,
by Lemma 6.2,

fN (y) =

∫ y

0

(t− |a1|)(y − t)fN (t) dt+ y + err(y,N).
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We thus obtain

|f(y)− fN (y)| =
∣∣∣∣∫ y

0

(t− |a1|)(y − t)(f(t)− fN (t))dt− err(y,N)

∣∣∣∣
≤
∫ y

0

|t− |a1|| · |y − t| · |f(t)− fN (t)|dt+ | err(y,N)|,

where we know from Lemma 6.3 that there exists a constant M ′ =M ′(M) > 0
with

| err(y,N)| ≤ M ′

N
1
3

for y ∈ [0,M ]

and N sufficiently large.
As t 7→ |(t− |a1|)(y− t)| is the absolute value of a second-order polynomial,

we find a constant M ′′ > 0 with |(t − |a1|)(y − t)| < M ′′ for all t ∈ [0, y] and
y ∈ [0,M ]. Hence,

|f(y)− fN (y)| ≤
∫ y

0

M ′′|f(t)− fN (t)|dt+ M ′

N
1
3

.

Gronwall’s lemma now implies our claim that

|f(y)− fN (y)| ≤ M ′

N
1
3

eM
′′y ≤ M ′

N
1
3

eM
′′M = O(N− 1

3 ).

We now apply Lemma 6.4 to the (N,N)-entries of the covariance matrices
ΣN for β-Hermite ensembles in the freezing regime for N → ∞, which are
described in Theorem 5.11 and Corollary 5.12.

Theorem 6.5 (Andraus,H.,Voit(2021)). Consider the covariance matrices ΣN =:
(σi,j)i,j=1,...,N of β-Hermite ensembles in the freezing regime, i.e Theorem 4.1.
Then

lim
N→∞

N
1
3σN,N =

∫ ∞

0

Ai(x+ a1)
2

Ai′(a1)2x
dx = 0.834 . . . .

Proof. We recall that ΣN = TN diag(1, 1/2, ..., 1/N)TTN . Therefore,

σN,N =

N∑
k=1

1

k
(QNk−1(zN,N ))2 =

1

N
2
3

N−1∑
k=0

N
1
3

k + 1

(
N

1
6QNk (zN,N )

)2
.

Define the functions

hN (y) :=

N−1∑
k=0

N
1
3

k + 1
1[

k

N
1
3

, k+1

N
1
3

)(y),
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which are approximations of the function y 7→ 1
y with

0 ≤ 1

y
− hN (y) ≤ N

1
3

k(k + 1)
≤ 1

y

1

k
for k = ⌊yN 1

3 ⌋, y > 0. (6.28)

With this notation we have

N
1
3σN,N =

1

N
1
3

N−1∑
k=0

N
1
3

k + 1

(
N

1
6QNk (zN,N )

)2
=

∫ ∞

0

(fN (y))2hN (y)dy.

With fN as defined in 6.6.The statement of the theorem is now equivalent to

lim
N→∞

∫ ∞

0

(fN (y))2hN (y)dy =

∫ ∞

0

Ai(x+ a1)
2

Ai′(a1)2y
dy =

∫ ∞

0

f(y)2

y
dy.

To show this, we can equivalently show that

lim
N→∞

∫ 1

0

fN (y)2hN (y) dy =

∫ 1

0

f(y)2

y
dy (6.29)

and

lim
N→∞

∫ ∞

1

fN (y)2hN (y) dy =

∫ ∞

1

f(y)2

y
dy. (6.30)

For this, we first recall from (6.20) that∫ ∞

0

(fN (y))2 dy = 1. (6.31)

Furthermore, as f ′′(y) = (y − |a1|)f(y), we know that∫ ∞

0

f(y)2 dy =
[
(y − |a1|)f(y)2 + f ′(y)2

]∞
y=0

= 1. (6.32)

We next observe that Theorem 6.1 implies that the measures f2Ndλ with Lebesgue
densities f2N converge vaguely to the measure f2dλ on [0,∞[. As all measures
are probability measures by (6.31) and (6.32), we conclude from a standard re-
sult in probability (see e.g. [Bil99]) that these measures converge even weakly,
i.e, for all bounded continuous functions g : [0,∞[→ R we have

lim
N→∞

∫ ∞

0

g(y)fN (y)2 dy =

∫ ∞

0

g(y)f(y)2 dy. (6.33)

Moreover, as all probability measures have Lebesgue densities, we again con-
clude from a standard result in probability (see e.g. [Bil99]) that (6.33) remains
correct on [1,∞[, i.e., for the bounded continuous function g(y) := 1

y on [1,∞[
we have

lim
N→∞

∫ ∞

1

fN (y)2

y
dy =

∫ ∞

1

f(y)2

y
dy =: R. (6.34)
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On the other hand, (6.28) shows that for any ε > 0, there is some sufficiently
large N(ε) with ∣∣∣1

y
− hN (y)

∣∣∣ ≤ ε

y
for y ≥ 1, N ≥ N(ε).

Therefore, ∫ ∞

1

∣∣∣1
y
− hN (y)

∣∣∣ fN (y)2 dy ≤ ε

∫ ∞

1

1

y
fN (y)2 dy, (6.35)

where, by (6.34), the right-hand side converges for N → ∞ to εR. (6.35), (6.34),
and the triangle inequality now yield (6.30).

We lastly verify (6.29). We recall that

lim
N→∞

fN (y)2hN (y) =
(f(y))2

y
for y ∈ [0, 1[.

Note that this formula also holds for y = 0, as f is analytic in 0 with f(0) = 0.
Moreover, (6.28), the fact that hN (y) ≤ N1/3, and Lemma 6.4 show that for N
sufficiently large

|fN (y)2hN (y)| ≤ |fN (y)2 − f(y)2|hN (y) + f(y)2hN (y)

≤ (fN (y) + f(y))|fN (y)− f(y)|N 1
3 +

f(y)2

y

≤ (1 + 2f(y))O(1) +
f(y)2

y
.

As this is a bounded continuous function for y ∈ [0, 1], we conclude from domi-
nated convergence that (6.29) holds. This completes the proof.

If we combine Theorem 6.5 with Theorem 4.1, we finally obtain:

Theorem 6.6 (Andraus,H.,Voit(2021),Gorin,Kleptsyn(2021)).
Consider the Gaussian β-ensemble, i.e. random variables

XN
κ = (XN

κ,1, . . . , X
N
κ,N )

with densities

cκ
∏

1≤i<j≤N

(xj − xi)
2κ

N∏
i=1

e−
κ
2 x

2
i .

Then

lim
N→∞

(
lim
k→∞

N
1
6

√
2κ

(
XN
κ,N√
2κ

− zN,N

))
= G (6.36)

in distribution with some N (0, σ2
max)-distributed random variable G with vari-

ance

σ2
max :=

∫ ∞

0

Ai(x+ a1)
2

(Ai′(a1))2x
dx = 0.834 . . . . (6.37)
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Remarks. (1) If we combine Theorem 6.6 with the formula of Plancherel-
Rotach

zN,N√
2N

= 1− |a1|
2N

2
3

+ rN with rN = O(N−1),

we can state (6.36) as

lim
N→∞

(
lim
k→∞

(
N

2
3

(
XN
t,k,N√
tN

− 2
√
k

)
+ 2

√
k(|a1| −N

2
3 rN )

))
= G.

(6.38)
Please note that in this limit, the term 2

√
kN

2
3 rN cannot be neglected.

(3) Theorem 6.6 was stated by Dumitriu and Edelman (Corollary 3.4 in
[DE05]), where the numerical value of σ2

max contains a misprint and the
proof is sketched only. Moreover, the proof in [DE05] is based on the rep-
resentation of the covariance matrix ΣN in Theorem 3.1 in [DE05]. This
representation of ΣN with essentially the same proof as above also leads
to Theorem 6.6, where one then obtains the formula

σ2
max = 2

∫∞
0

Ai4(x+ a1)dx(∫∞
0

Ai2(x+ a1)dx
)2 = 2

∫ ∞

0

(
Ai(x+ a1)

Ai′(a1)

)4

dx (6.39)

with the aid of (6.32). A numerical computation shows that the value
of (6.39) seems to be equal to that in (6.37). Unfortunately, we are not
able to verify this equality in an analytical way, as our suggested identity
does not fit to identities for integrals of the Airy function in the literature,
as e.g. in [VS04]. The proof of [DE05] can also be extended to the r-th
largest eigenvalue, which then leads to the identity

2

∫ ∞

0

(
Ai(x+ ar)

Ai′(ar)

)4

dx =

∫ ∞

0

Ai(x+ ar)
2

(Ai′(ar))2x
dx.

(2) In [GK22], a similar result was obtained by using different methods. How-
ever, the formulas here match with those derived in [AHV21].

(4) In [RRV11], Ramirez, Rider, and Virag studied the largest eigenvalues of
β-Hermite ensembles where they first took the limit N → ∞ and then
β → ∞, i.e., k → ∞ here. From the results in [RRV11] one obtains that

lim
k→∞

(
lim
N→∞

(
N

2
3

(
XN
t,k,N√
tN

− 2
√
k

)
+ 2

√
k|a1|

))
= G (6.40)

in distribution, where G is N (0, σ2
max)-distributed with σ2

max as in (6.39).

Remark 6.7. Clearly, the preceding limit results for the largest eigenvalue in
the Hermite case can be transferred to the smallest eigenvalue by symmetry.
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We next use the following formula by Plancherel-Rotach

zN−r+1,N√
2N

= 1− |ar|
2N

2
3

+O(N−1), (6.41)

where ar is the r-th largest zero of the Airy function. This formula is derived
from the well-known relationship between Hermite and Laguerre polynomials
[Olv+10]

H2n(x) = (−1)n22nn!L(−1/2)
n (x2),

H2n+1(x) = (−1)n22n+1n!L(1/2)
n (x2),

and a corresponding Plancherel-Rotach formula for the Laguerre zeros given by
(5) in [Tri49]. This leads to the following result for the r-th largest eigenvalue:

Theorem 6.8. For r ∈ N consider the functions

fN (y) := N
1
6Q

⌊N
1
3 y⌋,N

(zN−r+1,N ) for y ∈ [0, N
2
3 [

and fN (y) = 0 otherwise. Then (fN )N≥1 tends locally uniformly to

f(y) :=
Ai(y + ar)

Ai′(ar)
for y ∈ [0,∞[

for N → ∞. Moreover, the covariance matrices ΣN =: (σi,j)i,j=1,...,N of the
freezing β-Hermite ensembles satisfy

lim
N→∞

N
1
3σN−r+1,N−r+1 = σ2

max,r,

with

σ2
max,r =

∫ ∞

0

Ai(x+ ar)
2

Ai′(ar)2x
dx =


0.582 . . . for r = 2

0.472 . . . for r = 3

0.407 . . . for r = 4
...

.

Proof. The proof is similar to those of Theorems 6.1 and 6.5, where fN and f
are now those in Theorem 6.8. In particular, for f we now have

f ′′(y) = (y + ar)f(y) with f(0) = 0, f ′(0) = 1.

Moreover, a1 has to be replaced by ar, and (6.10) by (6.41). We notice that
now fN (t) ≥ 0 for t ≥ 0 does not hold; we can however still estimate∣∣∣∣∫ y

0

fN (t)dt

∣∣∣∣ ≤ ∫ y

0

|fN (t)|dt

with triangle inequality. We can then proceed precisely as in (6.22).
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Remark 6.9. For the first few values of r, the integral∫ ∞

0

Ai(x+ ar)
2

Ai′(ar)2x
dx =

∫ ∞

ar

Ai(x)2

Ai′(ar)2(x− ar)
dx

seems to be decreasing in r. This is indeed the case as r → ∞. To see this,
we decompose the last integral into the regions [ar, ar−1[, [ar−1, a1[ and [a1,∞[,
and estimate it in each case. Let us first note that by (6.5),

Ai′(ar)
−2 =

(2π2

3

)1/3
r−1/3 +O(r−4/3).

Now, for the first region we use (6.4), (6.3), the substitution y = 2(−x)3/2/3π−
r + 3/4, and obtain for r → ∞ that∫ ar−1

ar

Ai(x)2

(x− ar)
dx =

( 2

3π

)4/3
r−1/3

∫ 1/2

−1/2

3 cos(πy)2

1− 2y
dy +O(r−4/3).

Because |Ai(x)| < 1, (6.3) leads to∫ a1

ar−1

Ai(x)2

(x− ar)
dx ≤ log

a1 − ar
ar−1 − ar

= log
(
r
(
1 +

( 2

3π

)2/3
a1r

−2/3 +O(r−5/3)
))

= log r +O(r−2/3).

Finally, Theorem 6.5 and ar < a1 yield the bound∫ ∞

a1

Ai(x)2

(x− ar)
dx ≤

∫ ∞

a1

Ai(x)2

(x− a1)
dx < 1.

Putting everything together, we see that for a sufficiently large r there exists a
constant C > 0 such that∫ ∞

0

Ai(x+ ar)
2

Ai′(ar)2x
dx ≤ Cr−1/3 log r.

This stresses the fact that r → ∞ means that we go from the edge into the
bulk, where repulsion interactions are stronger, i.e., all variances there are much
smaller than at the edge.

6.2 Limit results for the largest eigenvalue in the Laguerre
case

We now discuss the soft-edge statistics in the freezing Laguerre case similar
to Subsection 6.1 for the Hermite case. This means that we analyze the limit
behaviour of the largest entry of the vector in the freezing regime in Theorem
4.5 for N → ∞. This will be done on the basis of Theorem 5.11. We follow
[AHV21] Chapter 6 here. This problem is also discussed in [Ler23], where similar
results occur, but viewpoint and method of proof are different. We here again
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use the ordered zeros z(α)1,N < ..., z
(α)
N,N of the N -th Laguerre polynomial L(α)

N .

Moreover, for each N , let (Q
(α)
k,N )k=0,..,N−1 be the dual polynomials associated

with (L
(α)
k )k=0,...,N , normalized with

√
z
(α)
i,NQ

(α)
k,N (z

(α)
i,N ) =

√
w∗
i Q̃

L
k,N (z

(α)
i,N ) =

√
z
(α)
i,N

Q̃Lk,N (z
(α)
i,N )√

N(N + α)

where Q̃Hk,N are given as in Theorem 5.2. This means that the matrices

TN := (

√
z
(α)
i,NQ

(α)
j−1,N (z

(α)
i,N ))i,j=1,...,N

are orthogonal, with TTNΣNTN = diag(14 ,
1
8 , ...,

1
4N ) as in the proof of Theorem

5.11. The Q(α)
k,N have the three-term-recurrence

xQ
(α)
k,N (x) =

√
(N − k)(N − k + α)Q

(α)
k−1,N (x) + (2(N − k) + α− 1)Q

(α)
k,N

+
√

(N − k − 1)(N − k − 1 + α)Q
(α)
k+1,N (x) (k < N) (6.42)

with the initial conditions Q(α)
−1,N = 0 and Q(α)

0,N = 1√
N(N+α)

.

In the Laguerre case we have the following analogy of Theorem 6.1:

Theorem 6.10. Let α > −1 and define the functions

fN (y) := N
1
6

√
z
(α)
N,NQ⌊N

1
3 y⌋,N

(z
(α)
N,N ) for y ∈ [0, N

2
3 [

and fN (y) = 0 otherwise. Then (fN )N≥1 tends locally uniformly to

f(y) =
2

1
3Ai(2

2
3 y + a1)

Ai′(a1)
(y ∈ [0,∞[) (6.43)

for N → ∞.

Proof. We put q(α)k := Q
(α)
k,N (z

(α)
N,N ) for k = 0, . . . , N − 1. The Landau symbol

O will be always used for N → ∞ and will be locally uniform with respect to
y ∈ [0,∞[.

The sharp Plancherel-Rotach formula for the zeros z
(α)
N,N was studied in

[Tri49], see [Erd+81] for an english version or compare Theorem 1.2 in [Gat88].
It is as follows:

z
(α)
N,N

4N
= 1 +

a1

(2N)
2
3

+O(N−1). (6.44)

We will also use the Taylor expansion√
1 +

α

N − k
= 1 +

α

2(N − k)
+O(N−2) for 0 ≤ k ≤ yN

1
3 . (6.45)
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The recurrence relation (6.42) for x = z
(α)
N,N and a division by N yield(

z
(α)
N,N

N
− 2

(
1− k

N

)
+
α− 1

N

)
q
(α)
k =(

1− k + 1

N

)√
1 +

α

N − k − 1
q
(α)
k+1 +

(
1− k

N

)√
1 +

α

N − k
q
(α)
k−1.

Using (6.44) and (6.45), we obtain

q
(α)
k

(
2 +

2
4
3 a1

N
2
3

+
2k

N
+O(N−1)

)

=q
(α)
k−1

(
1− k

N
+

α

2(N − k)

(
1− k

N

)
+O(N−1)

(
1− k

N

))
+ q

(α)
k+1

(
1− k + 1

N
+

α

2(N − k − 1)

(
1− k + 1

N

)
+O(N−1)

(
1− k + 1

N

))
=q

(α)
k−1

(
1− k

N
+O(N−1)

)
+ q

(α)
k+1

(
1− k + 1

N
+O(N−1)

)
.

Hence,

q
(α)
k+1 + q

(α)
k−1 − 2q

(α)
k =

k + 1

N
q
(α)
k+1 +

k

N
q
(α)
k−1 +

(
2

4
3 a1

N
2
3

+
2k

N

)
q
(α)
k (6.46)

+O(N−1)q
(α)
k+1 +O(N−1)q

(α)
k +O(N−1)q

(α)
k−1.

Equation (6.46) is very similar to Equation (6.11), so we skip some details as
the calculation below will be very similar to Subsection 6.1. We sum (6.46)
over k = 0, ..., l and then over l = 0, ..., ⌊yN 1

3 ⌋ − 1. After multiplying with

N
1
6

√
z
(α)
N,N , we obtain from (6.44) that the left-hand side is equal to

fN (y)−
(1 + ⌊yN 1

3 ⌋)N 1
6

√
z
(α)
N,N√

N(N + α)

=fN (y)− (1 + ⌊yN 1
3 ⌋)N 1

6 2
√
N(1 +O(N−2/3))√

N(N + α)

=fN (y)− 2y +O(N−1/3)

and the right-hand side to

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

(
k + 1

N
N

1
6

√
z
(α)
N,Nq

(α)
k+1 +

k

N
N

1
6

√
z
(α)
N,Nq

(α)
k−1

+N
1
6

√
z
(α)
N,N

(
2

4
3 a1

N
2
3

+
2k

N

)
q
(α)
k

)
+O(N−1/3). (6.47)
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Note that in the second case, we used the estimation

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

(
O(N−1)q

(α)
k+1 +O(N−1)q

(α)
k +O(N−1)q

(α)
k−1

)
= O(N− 1

3 ),

which can be proven precisely as Equation (6.25) in the proof of Lemma 6.3.
We next use the index shifts k+1 7→ k and k− 1 7→ k in (6.47) and obtain that
the right-hand side above is

1

N
1
3

⌊yN
1
3 ⌋−1∑
l=0

1

N
1
3

l∑
k=0

(
N

1
6

√
z
(α)
N,Nq

(α)
k

(
k + 1

N
1
3

+
k

N
1
3

+ 2
4
3 a1 +

2k

N
1
3

))

+
1

N
2
3

⌊yN
1
3 ⌋∑

k=0

k

N
1
3

N
1
6

√
z
(α)
N,Nq

(α)
k − 1

N
2
3

⌊yN
1
3 ⌋−1∑

k=0

k + 1

N
1
3

N
1
6

√
z
(α)
N,Nq

(α)
k

=
1

N
1
3

⌊yN
1
3 ⌋−1∑
l=0

1

N
1
3

l∑
k=0

(
N

1
6

√
z
(α)
N,Nq

(α)
k

(
k + 1

N
1
3

+
k

N
1
3

+ 2
4
3 a1 +

2k

N
1
3

))
+O(N− 1

3 ),

where for the last equation an analogous estimation to that in (6.21) has been
used.

In summary, we have proven that

fN (y)− 2y +O(N−1/3) =
1

N
2
3

⌊yN
1
3 ⌋−1∑
l=0

l∑
k=0

(
N

1
6

√
z
(α)
N,Nq

(α)
k

(
4k + 1

N
1
3

+ 2
4
3 a1

))
.

If we use (6.17), we see that this leads to the integral equation

fN (y) =

∫ y

0

∫ s

0

fN (s)(4t+ 2
4
3 a1)dtds+ 2y +O(N− 1

3 ).

As the function f defined in (6.43) satisfies f(0) = 0, f ′(0) = 2 and f ′′(x) =

(4x+ 2
4
3 a1)f(x), we obtain from Gronwall’s lemma (see also Lemma 6.4) that

|fN (y)− f(y)| = O(N−1/3).

We now apply Theorem 6.10 to the (N,N)-entries of the covariance matrices
ΣN for β-Laguerre ensembles in the freezing regime for N → ∞, which are
described in Theorem 5.11 and Corollary 5.14.

Corollary 6.11. Consider the covariance matrices ΣN =: (σi,j)i,j=1,...,N of
β-Laguerre ensembles in the freezing regime. Then

lim
N→∞

N
1
3σN,N =

∫ ∞

0

Ai(x+ a1)
2

Ai′(a1)2x
dx = 0.834 . . . .
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Proof. The proof is completely analogous to the proof of Theorem 6.5.

Similar to Theorem 6.5 and Theorem 6.6, the above theorem can be com-
bined with Theorem 4.6to obtain:

Theorem 6.12 (Andraus,H.,Voit(2021)). Consider the Laguerre β-ensemble,
i.e. random variables

XN,α
κ = (XN,α

κ,1 , . . . , X
N,α
κ,N )

with densities

c̃κ,α
∏

1≤i<j≤N

(x2j − x2i )
2κ

N∏
i=1

x
2(α+1)κ
i e−x

2
i .

Then

lim
N→∞

(
lim
κ→∞

N
1
6
√
κ

(
XN,α
κ,N√
κ

−
√
z
(α)
N,N

))
= G

in distribution with some N (0, σ2
max)-distributed random variable G with the

variance

σ2
max :=

∫ ∞

0

Ai(x+ a1)
2

(Ai′(a1))2x
dx = 0.834 . . . .

6.3 Limit results for the smallest eigenvalue in the La-
guerre case

In this subsection, we consider the hard-edge statistics in the freezing Laguerre
case. Specifically, we analyze the limiting behavior of the smallest entry in the
vector within the freezing regime, as described in Theorem 4.5, for N → ∞.
This analysis is based on Theorem 5.11. The outlined approach is initially
presented in [And21] and will be rigorously proven here. The proof in that
work employs spline polynomials to transform the difference equation into a
differential equation. While this improves readability, it leaves some convergence
issues unresolved. Therefore, we will use integral equations and Gronwall’s
Lemma to address these concerns. Additionally, similar results are presented in
[Ler23], though the perspectives and proof techniques differ.
We will again use the ordered zeros z(α)1,N < · · · < z

(α)
N,N of the N -th Laguerre

polynomial L(α)
N . Furthermore, for each N , let {Q(α)

k,N}N−1
k=0 denote the dual

polynomials associated with {L(α)
k }Nk=0, normalized as follows:

√
z
(α)
i,NQ

(α)
k,N (z

(α)
i,N ) =

√
w∗
i Q̃

L
k,N (z

(α)
i,N ) =

√
z
(α)
i,N

Q̃Lk,N (z
(α)
i,N )√

N(N + α)
.
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Here Q̃Lk,N are given as in Theorem 5.2. This means that the matrices

TN :=

(√
z
(α)
i,NQ

(α)
j−1,N (z

(α)
i,N )

)
i,j=1,...,N

(6.48)

are orthogonal with TTNΣNTN = diag( 14 ,
1
8 , ...,

1
4N ) as in the proof of Theorem

5.11. The Q(α)
k,N have the three-term-recurrence

xQ
(α)
k,N (x) =

√
(N − k)(N − k + α)Q

(α)
k−1,N (x) + (2(N − k) + α− 1)Q

(α)
k,N

+
√

(N − k − 1)(N − k − 1 + α)Q
(α)
k+1,N (x) (k < N) (6.49)

with the initial conditions Q(α)
−1,N = 0 and Q

(α)
0,N = 1√

N(N+α)
. Note that here

the convention
√
ξN L̃

(α)
N = L̂

(α)
N from Section 5 is used. This means that L̃(α)

N

and Q(α)
k,N do not have alternating positive and negative leading coefficients. To

study the behavior of the hard-edge (smallest eigenvalue) case, it is however
useful to use the naturally occurring signs of the Laguerre polynomials for their
dual polynomials. Precisely, multiplying (6.49) with (−1)k yields

x(−1)kQ
(α)
k,N (x) =−

√
(N − k)(N − k + α)(−1)k−1Q

(α)
k−1,N (x)

+ (2(N − k) + α− 1)(−1)kQ
(α)
k,N

−
√

(N − k − 1)(N − k − 1 + α)(−1)k+1Q
(α)
k+1,N (x) (k < N)

(6.50)

with the initial conditions Q(α)
−1,N = 0 and Q(α)

0,N = 1√
N(N+α)

. The limit theorem

for N → ∞ that will be derived in this subsection involves the Bessel function
Jα of parameter α ∈ C. For this, recall some well-known facts about Jα, see e.g
[Mil45]. For a complex parameter α ∈ C the function z 7→ Jα(z) is defined by

Jα(z) :=

∞∑
m=0

(−1)m( z2 )
α+2m

m!Γ(α+m+ 1)

and solves the differential equation

z2
d2

dz2
y(z) + z

d

dz
y(z) + (z2 − α2)y(z) = 0. (6.51)

For α ∈ R, r ∈ N the function Jα has infinitely many positive zeros jα,r with

0 < jα,1 < jα,2 < ....

In analogy with Theorem 6.1 the following result can be stated:

Theorem 6.13. Let α > −1, N, r ∈ N and for y ∈ [0, 1) define

fN (y) :=

N−1∑
k=0

√
N

√
z
(α)
r,N (−1)kQ

(α)
k,N (z

(α)
r,N )1[ k

N ,
k+1
N )(y).
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Then the sequence (fN )N≥1 tends local uniformly to

f(y) = −Jα(jα,r
√
1− y)

J ′
α(jα,r)

(6.52)

for N → ∞.

Proof. The main idea of this proof is to rewrite the three-term recursion (6.50)
into an ordinary differential equation (ODE) of second order and apply Gron-
wall’s lemma. To avoid issues with ill-defined derivatives and other technical-
ities, the ODE will be written as an integral equation. Let y ∈ (0, 1) and
0 ≤ k ≤ ⌊yN⌋. Using the abbreviations

qk : = (−1)kQ
(α)
k,N (z

(α)
1,N ),

zr : = z
(α)
r,N

and setting x = zr in Equation (6.50), multiplied with 1
N , yields

1

N
zrqk =−

√
1− k

N

√
1− k

N
+
α

N
qk−1

+
(
2(1− k

N
) +

α− 1

N

)
qk

−
√
1− k + 1

N

√
1− k + 1

N
+
α

N
qk+1.

(6.53)

The asymptotic behavior for zr was studied in [Tri49], see [Erd+81] for an
English version or compare Theorem 1.1 in [Gat88]. It is as follows:

zr =
j2α,r

4N + 2(α+ 1)
+O(N−3) =

j2α,r
4N

+O(N−2). (6.54)

For 0 ≤ k ≤ ⌊yN⌋ there is

1 ≥ 1− k

N
≥ 1− y ⇒ 1

1− k
N

= O(1).
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Using the following three Taylor expansions for 0 ≤ k ≤ ⌊yN⌋√
1− k + 1

N
+
α

N
=

√
1− k + 1

N
+

α

2N

(
1− k + 1

N

)− 1
2

− α2

8N2

(
1− k + 1

N

)− 3
2

+O(N−3)√
1− k − 1

N
+
α− 1

N
=

√
1− k − 1

N
+
α− 1

2N

(
1− k − 1

N

)− 1
2

− (α− 1)2

8N2

(
1− k − 1

N

)− 3
2

+O(N−3)√
1− k − 1

N
− 1

N
=

√
1− k − 1

N
+

1

2N

(
1− k − 1

N

)− 1
2

− 1

8N2

(
1− k − 1

N

)− 3
2

+O(N−3)

yields√
1− k + 1

N

√
1− k + 1

N
+
α

N
=1− k + 1

N
+

α

2N

− α2

8N2

(
1− k + 1

N

)−1

+O(N−3)√
1− k

N

√
1− k

N
+
α

N
=1− k − 1

N
+
α− 2

2N

− α2

8N2

(
1− k − 1

N

)−1

+O(N−3).

(6.55)

Inserting the asymptotic expansions (6.55) and (6.54) into the three-term re-
currence relation (6.53) gives

qk

(
j2α,r
4N2

+O(N−2)

)

=− qk−1

(
1− k − 1

N
+
α− 2

2N
− α2

8N2

(
1− k − 1

N

)−1

+O(N−3)

)

+ qk

(
2

(
1− k

N

)
+
α− 1

N

)
− qk+1

(
1− k + 1

N
+

α

2N
− α2

8N2

(
1− k + 1

N

)−1

+O(N−3)

)
.
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The above equation can be rearranged to

qk+1

(
1− k + 1

N

)
− 2qk

(
1− k

N

)
+ qk−1

(
1− k − 1

N

)
(6.56)

=
α− 1

N
qk −

α− 2

2N
qk−1 −

α

2N
qk+1 (6.57)

+
α2

8N2

(
1− k − 1

N

)−1

qk−1 −
j2α,r
4N2

qk +
α2

8N2

(
1− k + 1

N

)−1

qk+1

(6.58)

+O(N−3)(qk−1 + qk+1 + qk−1). (6.59)

The left-hand side, line 6.56, is a second-order difference equation and thus
telescope summation over k = 0, ..., l − 1 gives

l−1∑
k=0

(
qk+1

(
1− k + 1

N

)
− 2qk

(
1− k

N

)
+ qk−1

(
1− k − 1

N

))

=

l−1∑
k=0

[
qk+1

(
1− k + 1

N

)
− qk

(
1− k

N

)
−
[
qk

(
1− k

N

)
− qk−1

(
1− k − 1

N

])]
=ql

(
1− l

N

)
− ql−1

(
1− l − 1

N

)
−
(
q0 −

(
1− 1

N

)
q−1

)
=ql

(
1− l

N

)
− ql−1

(
1− l − 1

N

)
− 1√

N(N + α)
.

(6.60)

For the summation of the right hand side, it is useful to study some estimations
of qk first. The Cauchy-Schwarz inequality, (6.54) and the orthogonality of
(6.48) can be used to obtain

N−1∑
k=0

qk ≤

√√√√N−1∑
k=0

q2k

√√√√N−1∑
k=0

1 =

√
1

zr

√
N = O(N). (6.61)

For a direct estimation of qk consider (6.54) and the orthogonality of (6.48) to
obtain

1 = zr

N−1∑
k=0

q2k

⇒zrq
2
k ≤ 1

⇒q2k ≤ CN for some C > 0

⇒|qk| ≤
√
C
√
N for some C > 0

⇒qk = O(
√
N). (6.62)
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The summation over the right-hand side will be split into three parts. Every
line ((6.57), (6.58), (6.59)) is one part. Summation over k = 0, ..., l of the second
line (6.57) gives

α− 1

N

l−1∑
k=0

qk −
α− 2

2N

l−1∑
k=0

qk−1 −
α

2N

l−1∑
k=0

qk+1

=
α− 1

N

l−1∑
k=0

qk −
α− 2

2N

l−2∑
k=0

qk −
α

2N

l∑
k=1

qk

=

l−1∑
k=0

qk

(
α− 1

N
− α− 2

2N
− α

2N

)
︸ ︷︷ ︸

=0

+
α− 2

2N
ql−1 −

α

2N
ql +

α

2N
q0

=
α− 2

2N
ql−1 −

α

2N
ql +

α

2N

1√
N(N + α)

=
α− 2

2N
ql−1 −

α

2N
ql +O(N−2).

(6.63)

The summation over k = 0, ..., l − 1 of the third line (6.58) gives

α2

8N2

l−1∑
k=0

qk−1

1− k−1
N

−
j2α,r
4N2

l−1∑
k=0

qk +
α2

8N2

l−1∑
k=0

qk+1(
1− k+1

N

)
=
α2

8N2

l−2∑
k=0

qk

1− k
N

−
j2α,r
4N2

l−1∑
k=0

qk +
α2

8N2

l∑
k=1

qk(
1− k

N

)
=

1

N2

l−1∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
− α2

8N2

(
ql−1

1− l−1
N

+
ql

1− l
N

− q0

)

=
1

N2

l−1∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
+O(N− 3

2 ).

(6.64)

The summation over k = 0, ..., l − 1 of the fourth line (6.59) gives

O(N−3)

l−1∑
k=0

(
qk−1 + qk + qk+1

)
= O(N−2). (6.65)

Note that the notation is difficult here (and in (6.59)), because Landau symbols
can generally not be factored out. The calculation above should be understood
in the way that (6.61) is applied to every term.
The combination of (6.60), (6.63), (6.64), (6.65) and q0 = 1√

N(N+α)
yields

ql

(
1− l

N

)
− ql−1

(
1− l − 1

N

)
− 1√

N(N + α)

=
α− 2

2N
ql−1 −

α

2N
ql +

1

N2

l−1∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
+O(N− 3

2 ).

(6.66)
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A second summation of (6.66) over l = 0, ...,m leads to the left-hand side

m∑
l=0

[
ql

(
1− l

N

)
− ql−1

(
1− l − 1

N

)
− 1√

N(N + α)

]

= qm

(
1− m

N

)
− m+ 1

N
+O(N−1)

(6.67)

and to the right-hand side

α− 2

2N

m∑
l=0

ql−1 −
α

2N

m∑
l=0

ql +
1

N2

m∑
l=0

l−1∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
+O(N− 1

2 )

=
1

N2

m−1∑
l=0

l∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
− 1

N

m∑
l=0

ql −
α− 2

2N
qm +O(N− 1

2 )

=
1

N2

m−1∑
l=0

l∑
k=0

qk
4

(
α2

1− k
N

− j2α,r

)
− 1

N

m∑
l=0

ql +O(N− 1
2 ).

(6.68)

The next step is to rewrite (6.67) and (6.68) into an integral equation for fN (y).
For fixed y ∈ (0, 1) consider the sequence of integers m = m(y,N) such that

m(y,N)

N
≤ y <

m(y,N) + 1

N
.

In the following the Landau symbol O(N−j) will be used with the limit N → ∞
and local uniform convergence with respect to y. With the help of (6.62) and
(6.54) the following estimations can be made:

m+ 1

N
= y +

(
m+ 1

N
− y

)
= y +O(N−1),

1− m

N
= 1− y + y − m

N
= 1− y +O(N−1),

1

N

m∑
l=0

√
Nzrql =

∫ y

0

fN (s)ds+ fN (y)

(
m+ 1− yN

N

)
=

∫ y

0

fN (s)ds+
fN (y)

N
O(1),

1

1− m
N

=
1

1− y +O(N−1)
=

1

1− y
+O(N−1).

(6.69)

√
N
√
zr =

jα,r
2

+O(N−1) (6.70)

If in Equation (6.15) the function

gN (t) :=

N−1∑
k=0

tk,N1[ k
N ,

k+1
N ](t) with tk,N :=

√
Nzrqk

(
α2

1− k
N

− j2α,r

)
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is considered, the calculations after (6.15) are the same and result in

1

N2

m−1∑
l=0

l∑
k=0

√
Nzrqk
4

(
α2

1− k
N

− j2α,r

)
−
∫ y

0

∫ s

0

fN (t)

4

(
α2

1− t
− j2α,r

)
dtds

=
1

2

(
yN − ⌊yN⌋

N

)2√
Nzrq⌊yN⌋

(
α2

1− ⌊yN⌋
N

− j2α

)

+
yN − ⌊yN⌋ − 1

2

N
· 1

N

⌊yN⌋−1∑
k=0

√
Nzrqk

(
α2

1− k
N

− j2α

)

−
∫ y

0

∫ s

0

fN (t)

4

(
α2

1− t
− α2

1− ⌊tN⌋
N

)
dtds

= O(N−1).

(6.71)

For the estimation in the last line (6.61), (6.62) and the fact that convergence
in O(N−1) is locally uniform with respect to y were used. It is now possible
to rewrite (6.67) and (6.68) into an integral equation. Therefore multiply both
sides, (6.67) and (6.68), with

√
N
√
zr and apply the error bounds (6.69) and

(6.71). This gives

fN (y)(1− y)− jα,r
2
y =

∫ y

0

∫ s

0

fN (t)

4

(
α2

1− t
− j2α,r

)
dtds−

∫ y

0

fN (t)dt+O(N− 1
2 ).

(6.72)

By partial integration it holds that

fN (y)(1− y)− jα,r
2
y =

∫ y

0

(
(y − t)

fN (t)

4

(
α2

1− t
− j2α,r

)
− fN (t)

)
dt+O(N− 1

2 ).

Proceeding similarly to Lemma 6.4 and applying Gronwall’s lemma then leads
to

|fN (y)− f(y)| = O(N− 1
2 ), (6.73)

where f is the solution of the integral equation

f(y)(1− y)− jα,r
2
y =

∫ y

0

(
(y − t)

f(t)

4

(
α2

1− t
− j2α,r

)
− f(t)

)
dt. (6.74)

Note that now (6.62) can be improved to

qk = O(1).

If the proof is repeated with this estimation, (6.73) can be improved to

|fN (y)− f(y)| = O(N−1). (6.75)
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The integral equation (6.74) corresponds to the differential equation

f ′′(y)(1− y)2 − (1− y)f ′(y) + f(y)
1

4
(j2α,r(1− y)− α2) = 0

with the initial values f(0) = 0 and f ′(0) =
jα,r

2 . From this point on we will
follow [And21] again. By Lemma 3.1 of [And21] the solution of this differential
equation is given by

f(y) =
2Jα(jα,r

√
1− y)

Jα+1(jα,r)− Jα−1(jα,r)
.

Now, after applying the identity 10.6.1 from [Olv+10], this becomes

f(y) = −Jα(jα,r
√
1− y)

J ′
α(jα,r)

,

which is exactly as given in (6.52).

It is now possible to apply Theorem 6.13 introduced above to the (N −
r,N − r)-entries of the covariance matrices ΣN for β-Laguerre ensembles in the
freezing regime for N → ∞, which are described in Theorem 5.11 and Corollary
5.14.

Corollary 6.14. Consider the covariance matrices ΣN =: (σi,j)i,j=1,...,N of
β-Laguerre ensembles in the freezing regime. Then for r ∈ N it holds that

lim
N→∞

NσN−r+1,N−r+1 =

∫ 1

0

(Jα(jα,r
√
1− y))2

(J ′
α(jα,r))

2
dy.

Proof. This proof is analogous to that of Theorem 6.5 above. This corollary was
also presented in [And21] as Theorem 1.3. Since the proof there left some ques-
tions about convergence open, it is presented in detail here, using the notations
of Theorem 6.13. Because

TTNΣNTN = diag

(
1

4
,
1

8
, ...,

1

4N

)
,

the covariance σN−r+1,N−r+1 can be written as

NσN−r+1,N−r+1 =

N∑
k=1

1

4k

(√
N

√
z
(α)
r,NQ

N
k−1(z

(α)
r,N )

)2

=
1

4N

N−1∑
k=0

N

k + 1
(fN (k/N))2.

This can be identified as integrals of step functions. According to Theorem 6.13,
fN (k/N) is a step function converging to the solution f of (6.52) and

hN (y) :=
N

(k + 1)
1[ k

N ,
k+1
N )(y)
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is a step function converging to 1
y .

Similar to (6.28) there is

0 ≤ 1

y
− hN (y) ≤ N

k(k + 1)
≤ 1

y

1

k
for k = ⌊yN⌋, 0 < y < 1.

Because fN converges locally uniformly, for every x ∈ [0, 1) there is a neighbor-
hood Vx of x and a constant Cx > 0 such that for all y ∈ Vx it holds that

|fN (y)| ≤ Cx(1 + f(y)).

Thus for every compact set [0,M ] ⊆ [0, 1) there is a CM > 0 such that

|fN (y)| ≤ CM (1 + f(y)).

Therefore, with (6.75), it holds that

|fN (y)2hN (y)| ≤ |fN (y)2 − f(y)2|hN (y) + f(y)2|hN (y)|

≤ (fN (y) + f(y))|fN (y)− f(y)|N−1 +
f(y)2

y

≤ (1 + 2f(y))O(1) +
f(y)2

y
.

Because f is continuously differentiable, this gives an integrable upper bound
for every compact set [0,M ] ⊆ [0, 1).
Next, an integrable upper bound for the interval [M, 1) is found. Due to the
orthogonality of (6.48),

∫ 1

0
(fN (y))2dy = 1 holds. Moreover,

∫ 1

0
(f(y))2dy = 1

also holds. This can be seen with a simple transformation of the identity∫ 1

0

y(Jα(jα,ry))
2dy =

1

2
(J ′
α(jα,r))

2,

which comes from [Olv+10] 10.22.37.
Theorem 6.13 implies that the measures f2Ndλ with Lebesgue densities f2N con-
verge vaguely to the measure fdλ on (0, 1). Since all measures are probability
measures, they also converge weakly. Because hN is a bounded function on
(1,M), the same argument as in Theorem 6.5 yields an integrable upper bound
on (1,M). Now, by dominated convergence, it holds that

lim
N→∞

NσN−r+1,N−r+1 = lim
N→∞

∫ 1

0

f2N (y)hN (y)dy =

∫ 1

0

(Jα(jα,r
√
1− y))2

(J ′
α(jα,r))

2
dy.
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6.4 Limit results for the largest eigenvalue in the Jacobi
case

In this section the hard-edge statistics in the freezing Jacobi case will be dis-
cussed. This means that we analyze the limit behavior of the smallest entry
of the vector in the freezing regime in Theorem 4.11 for N → ∞. For fixed β
the behavior of the largest eigenvalue is widely studied in the literature, see for
example [Joh08; DK08; For12; Jia13] and many more. This section can be seen
as an extension to the case β = ∞.
The used methods are similar to those used in the previous subsections, espe-
cially to those seen in the Laguerre hard-edge case, i.e., the limit results for
the smallest eigenvalue in the Laguerre case. We again use the ordered zeros
z
(α,β)
1,N < ... < z

(α,β)
N,N of the N -th Jacobi polynomial J (α,β)

N . Moreover, for each N ,

let (Q
(α,β)
k,N )k=0,..,N−1 be the dual polynomials associated with (J

(α,β)
k )k=0,...,N ,

normalized with√
1− (z

(α,β)
i,N )2Q

(α,β)
k,N (z

(α,β)
i,N ) =

√
w∗
i Q̃

J
k,N (z

(α,β)
i,N )

=

√
1− (z

(α,β)
i,N )2

(2N + α+ β)
√
2N + α+ β − 1√

4N(N + α)(N + β)(N + α+ β)
Q̃Jk,N (z

(α)
i,N )

where Q̃Jk,N are given as in Theorem 5.3. This means that the matrices

TN :=

(√
1− (z

(α,β)
i,N )2Q

(α,β)
j−1,N (z

(α,β)
i,N )

)
i,j=1,...,N

(6.76)

are orthogonal with

TTNΣNTN = diag

(
1

λ1
,
1

λ2
, ...,

1

λN

)
and

λk = 4k(2N + α+ β + 1− k)

as in the proof of Theorem 5.11. Consider the abbreviations

hN = hN,α,β : =
4N(N + α)(N + β)(N + α+ β)

(2N + α+ β)
2
(2N + α+ β − 1)

,

aN = aN,α,β : =

√
4N(N + α+ β)(N + α)(N + β)√

(2N + α+ β + 1)(2N + α+ β − 1)(2N + α+ β)
,

bN = bN,α,β : = − α2 − β2

(2N + α+ β)(2N + α+ β + 2)
.

Then, for k = 0, ..., N − 1, the three-term recurrence of Q(α,β)
k,N is given by

xQ
(α)
k,N (x) = aN−kQ

(α)
k−1,N (x) + bN−k−1Q

(α)
k,N + aN−k−1Q

(α)
k+1,N (x) (6.77)
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with the initial conditions Q(α)
−1,N = 0 and Q

(α)
0,N = 1√

hN,α,β

. The limit theorem

for N → ∞ that will be derived in this subsection involves the Bessel function
Jα of parameter α ∈ C. Some well-known facts about Jα are summarized in
Subsection 6.3. Let

0 < jα,1 < jα,2 < ....

be the positive zeros of Jα. In analogy with Theorem 6.1, the following result
can be stated:

Theorem 6.15. Let α, β > −1, N, r ∈ N and for y ∈ [0, 1) define

fN (y) :=

N−1∑
k=0

√
N

√
1− (z

(α,β)
N−r+1,N )2Q

(α,β)
k,N (z

(α,β)
N−r+1,N )1[ k

N ,
k+1
N )(y). (6.78)

Then for N → ∞ the sequence (fN )N≥1 tends locally uniformly to the solution
f of the differential equation

f ′′(y)(1− y)2 + f(y)

(
j2α,r(1− y)2 − α2 +

1

4

)
= 0 (6.79)

with the initial values f(0) = 0 and f ′(0) =
√
2jα,r.

Proof. The main idea of this proof is to rewrite the three-term recursion (6.77)
into an ordinary differential equation (ODE) of second order and apply Gron-
wall’s lemma. To avoid issues with ill-defined derivatives and other technical-
ities, the ODE will be written as an integral equation. Let y ∈ (0, 1) and
0 ≤ k ≤ ⌊yN⌋. The following abbreviations will be used:

qk : = Q
(α,β)
k,N (z

(α,β)
N−r+1,N ),

zr : = z
(α,β)
N−r+1,N .

The next step ist to find the Taylor expansion of aN−k, aN−k−1, bN−k−1, zr from
(6.77). The zeros

ϑ1,N < ϑ2,N < ...

of

P
(α,β)
N (cos(ϑ))

are studied for example in [Gat94]. The following result from there will be
useful: Let

ν =

√(
N +

α+ β + 1

2

)2

+
1− α2 − 3β2

12
= N +O(1),
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then by (1.9) of [Gat94] and for N → ∞ it holds that

ϑr,N =
jα,r
ν

+O(N−5).

Therefore, with the Taylor expansion of cos, it holds that

z
(α,β)
N−r+1,N = cos(ϑr,N ) = 1−

ϑ2r,N
2

+O(N−4)

= 1−
j2α,r
2ν2

+O(N−4)

= 1−
j2α,r
2N2

+O(N−3)

⇒ 1− (z
(α,β)
N−r+1,N )2 =

j2α,r
N2

+O(N−3)

⇒
√
1− z2r =

√
1− (z

(α,β)
N−r+1,N )2 =

jα,r
N

+O(N−2).

(6.80)

For 0 ≤ k ≤ ⌊yN⌋ it holds that

1 ≥ 1− k

N
≥ 1− y ⇒ 1

1− k
N

= O(1).

To analyze the asymptotic behavior of

aN−k =

√
4(N − k)(N − k + α+ β)(N − k + α)(N − k + β)√

(2(N − k) + α+ β + 1)(2(N − k) + α+ β − 1)(2(N − k) + α+ β)

=
1

2

√
1− k

N

√
1− k

N + α+β
N

√
1− k

N + α
N

√
1− k

N + β
N√

1− k
N + α+β+1

2N

√
1− k

N + α+β−1
2N

(
1− k

N + α+β
2N

) ,
some Taylor expansions will be used. For any x ∈ R it holds that√

1− k

N
+
x

N
=

√
1− k

N
+

x

2N
√
1− k

N

− x2

8N2
(
1− k

N

) 3
2

+O(N−3)

√(
1− k

N

)
+

x

2N
=

√
1− k

N
+

x

4N
√
1− k

N

− x2

32
(
1− k

N

) 3
2

+O(N−3).

(6.81)
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For x, y ∈ R this yields√
1− k

N
+
x

N

√
1− k

N
+

y

N

=1− k

N
+
x+ y

2N
+

xy

4N2
(
1− k

N

) − x2 + y2

8N2
(
1− k

N

) +O(N−3)

=1− k

N
+
x+ y

2N
− (x− y)2

8N2
(
1− k

N

) +O(N−3).

(6.82)

Furthermore, by the geometric series and Taylor’s formula (6.81), for any x ∈ R
the following holds true:

1√(
1− k

N

)
+ x

2N

=
1√

1− k
N

− x

4N
(
1− k

N

) 3
2

+
3x2

32N2
(
1− k

N

) 5
2

+O(N−3)

(6.83)

1

1− k
N + x

2N

=
1

1− k
N

− x

2N
(
1− k

N

)2 +
x2

4N2
(
1− k

N

)3 +O(N−3).

(6.84)

For x, y ∈ R this yields

1√(
1− k

N

)
+ x

2N

1√(
1− k

N

)
+ y

2N

=
1

1− k
N

− x+ y

4N
(
1− k

N

)2 +
3x2 + 3y2 + 2xy

32N2
(
1− k

N

)3 +O(N−3)

=
1

1− k
N

− x+ y

4N
(
1− k

N

)2 +
2(x2 + y2) + (x+ y)2

32N2
(
1− k

N

)3 +O(N−3).

(6.85)

Using (6.82) twice, for x = α, y = β and for x = 0, y = α + β, gives an
approximation of the nominator of aN−k. This is∏

i∈{0,α,β,α+β}

√
1− k

N
+

i

N

=

√
1− k

N

√
1− k

N
+
α+ β

N

√
1− k

N
+
α

N

√
1− k

N
+
β

N

=

(
1− k

N
+
α+ β

2N
− (α+ β)2

8N2
(
1− k

N

) +O(N−3)

)

·

(
1− k

N
+
α+ β

2N
− (α− β)2

8N2
(
1− k

N

) +O(N−3)

)

=

(
1− k

N

)2

+
α+ β

N

(
1− k

N

)
+

αβ

2N2
+O(N−3). (6.86)
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For an estimation of the denominator, use (6.85) for x = α+β−1, y = α+β+1
to get

1√(
1− k

N

)
+ α+β−1

2N

1√(
1− k

N

)
+ α+β+1

2N

=
1

1− k
N

− α+ β

2N
(
1− k

N

)2
+
2(α+ β − 1)2 + 2(α+ β + 1)2 + 4(α+ β)2

32N2
(
1− k

N

)3 +O(N−3)

=
1

1− k
N

− α+ β

2N
(
1− k

N

)2 +
2(α+ β)2 + 1

8N2
(
1− k

N

)3 +O(N−3)

(6.87)

and (6.84) for x = α+ β to get

1

1− k
N + α+β

2N

=
1

1− k
N

− α+ β

2N
(
1− k

N

)2 +
(α+ β)2

4N2
(
1− k

N

)3 +O(N−3). (6.88)

The combination of (6.87) and (6.88) gives an approximation for the denomi-
nator of aN−k, which is

1√(
1− k

N

)
+ α+β−1

2N

1√(
1− k

N

)
+ α+β+1

2N

1

1− k
N + α+β

2N

=
1(

1− k
N

)2 − α+ β

N
(
1− k

N

)3 +
2(α+ β)2 + 1 + 2(α+ β)2 + 2(α+ β)2

8N2
(
1− k

N

)4 +O(N−3)

=
1(

1− k
N

)2 − α+ β

N
(
1− k

N

)3 +
6(α+ β)2 + 1

8N2
(
1− k

N

)4 +O(N−3).

(6.89)

Combining (6.86) and (6.89) yields the follwing for aN−k:

2aN−k =

((
1− k

N

)2

+
α+ β

N

(
1− k

N

)
+

αβ

2N2

)

·

(
1(

1− k
N

)2 − α+ β

N
(
1− k

N

)3 +
6(α+ β)2 + 1

8N2
(
1− k

N

)4
)

+O(N−3)

= 1 + 0
1(

1− k
N

) + 6(α+ β)2 + 1− 8(α+ β)2 + 4αβ

8N2
(
1− k

N

)2 +O(N−3)

= 1− 2(α2 + β2)− 1

8N2
(
1− k

N

)2 +O(N−3).

(6.90)

Thus for aN−k−1 it holds that

2aN−k−1 = 1− 2(α2 + β2)− 1

8N2
(
1− k+1

N

)2 +O(N−3). (6.91)
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The asymptotic behavior of bN−k−1 can be described by using (6.84) for x =
α + β and for x = α + β − 2. Here only the first-order term is necessary. This
yields

2bN−k−1 = −α
2 − β2

2N2

1(
1− k

N

)2 +O(N−3). (6.92)

Combining (6.80),(6.90),(6.91) and (6.92) yields that the three-term recurrence
relation (6.77) at x = zr is given by

2

(
1−

j2α,r
2N2

+O(N−3)

)
qk = qk−1

(
1− 2(α2 + β2)− 1

8N2
(
1− k+1

N

)2 +O(N−3)

)

− qk

(
α2 − β2

2N2

1(
1− k

N

)2 +O(N−3)

)

+ qk+1

(
1− 2(α2 + β2)− 1

8N2
(
1− k+1

N

)2 +O(N−3)

)
.

Rearranging the terms in the equation above leads to

qk+1 − 2qk + qk−1 =
qk−1

8N2

2(α2 + β2)− 1(
1− k

N

)2 +
qk
2N2

α2 − β2(
1− k

N

)2
+
qk+1

8N2

2(α2 + β2)− 1(
1− k+1

N

)2 − qk
N2

j2α,r

+O(N−3)qk−1 +O(N−3)qk +O(N−3)qk.

(6.93)

The next step is to sum up (6.93) twice and transform it into an integral equa-
tion. Before this can be done, some estimations are necessary. The Cauchy-
Schwarz inequality, (6.80) and the orthogonality of (6.76) can be used to obtain

N−1∑
k=0

qk ≤

√√√√N−1∑
k=0

q2k

√√√√N−1∑
k=0

1 =
1√

1− z2r

√
N = O(N

3
2 ). (6.94)

For a direct estimation of qk consider (6.80) and the orthogonality of (6.76) to
obtain

1 =

N∑
i=1

(1− z2r )q
2
k

⇒(1− z2r )q
2
k ≤ 1

⇒q2k ≤ CN2 for some C > 0

⇒|qk| ≤
√
CN for some C > 0

⇒qk = O(N). (6.95)
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The estimation (6.94) yields

O(N−3)

l∑
k=0

(
qk−1 + qk + qk+1

)
= O(N− 3

2 ),

O(N−3)

m−1∑
l=0

l∑
k=0

(
qk−1 + qk + qk+1

)
= O(N− 1

2 ). (6.96)

Note that notation is difficult here (and in (6.93)), because Landau symbols can
generally not be factored out. The calculation above should be understood in
the way that (6.94) is applied to the absolute value of every term.
For 0 ≤ m ≤ ⌊yN⌋, a double summation over k = 0, ..., l and l = 0, ...,m − 1
afterwards yields the following left-hand side in (6.93):

m−1∑
l=0

l∑
k=0

(qk+1 − 2qk + qk−1) =

m−1∑
l=0

((ql+1 − ql)− (q0 − q−1))

= qm − (m+ 1)q0

= qm − (m+ 1)

√
2√
N

+O(1).

(6.97)

Before the right-hand side is summarized, note that by (6.84), it holds that

1(
1− k+1

N

)2 =
1(

1− k
N

)2 +O(N−1)

and therefore for 0 ≤ l ≤ ⌊yN⌋:

l∑
k=0

qk−1

8N2

2(α2 + β2)− 1(
1− k

N

)2
=

l∑
k=0

(
qk−1

8N2

2(α2 + β2)− 1(
1− k−1

N

)2 +O(N−2)

)

=

l∑
k=0

(
qk
8N2

2(α2 + β2)− 1(
1− k

N

)2
)

− ql
8N2

2(α2 + β2)− 1(
1− l

N

)2 +O(N−1)

=

l∑
k=0

(
qk
8N2

2(α2 + β2)− 1(
1− k

N

)2
)

+O(N−1).

(6.98)

114



Furthermore it holds that

l∑
k=0

qk+1

8N2

2(α2 + β2)− 1(
1− k+1

N

)2
=

l∑
k=0

qk
8N2

2(α2 + β2)− 1(
1− k

N

)2 +
ql+1

8N2

2(α2 + β2)− 1(
1− k+1

N

)2 − q0
8N2

2(α2 + β2)− 1(
1− 0

N

)2
=

l∑
k=0

qk
8N2

2(α2 + β2)− 1(
1− k

N

)2 +O(N−1).

(6.99)

With (6.96),(6.98) and (6.99) in mind, the double summation over k = 0, .., l
and l = 0, ...,m− 1 afterwards of (6.93) is given by

m−1∑
l=0

l∑
k=0

qk
8N2

2(α2 + β2)− 1(
1− k

N

)2 +

m−1∑
l=0

l∑
k=0

qk
2
N2 α

2 − β2(
1− k

N

)2
+

m−1∑
l=0

l∑
k=0

qk
8N2

2(α2 + β2)− 1(
1− k

N

)2 −
m−1∑
l=0

l∑
k=0

qk
N2

j2α,r +O(1)

=

m−1∑
l=0

l∑
k=0

qk
N2

(
α2 − 1

4(
1− k

N

)2 − j2α,r

)
+O(1).

(6.100)

To align the three-term recurrence relation (6.93) with (6.78), i.e., arranging the
appearing terms to have the same form as the values of the step function fN ,
the left-hand side (6.97) and the right-hand side (6.100) are multiplied with

√
N
√
1− z2r =

jα,r√
N

+O(N− 3
2 ),

compare (6.80). This results in

√
N
√
1− z2rqm − jα,r

√
2
m+ 1

N
+O(N− 1

2 )

=

m−1∑
l=0

l∑
k=0

√
N
√

1− z2rqk
N2

(
α2 − 1

4(
1− k

N

)2 − j2α,r

)
.

(6.101)

The next step is to rewrite (6.101) into an integral equation for fN (y). For
fixed y ∈ (0, 1) consider the sequence of integers m = m(y,N) such that

m(y,N)

N
≤ y <

m(y,N) + 1

N
.

In the following the Landau symbol O(N−j) will be used with the limit N → ∞
and local uniform convergence with respect to y. With the help of (6.95) the
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following estimations can be made:

m+ 1

N
= y +

(
m+ 1

N
− y

)
= y +O(N−1),

1− m

N
= 1− y + y − m

N
= 1− y +O(N−1),

1

1− m
N

=
1

1− y +O(N−1)
=

1

1− y
+O(N−1).

(6.102)

If in Equation (6.15) the function

gN (t) :=

N−1∑
k=0

tk,N1[ k
N ,

k+1
N ](t)

with

tk,N :=

√
N
√

1− z2rqk
N2

(
α2 − 1

4(
1− k

N

)2 − j2α,r

)

is considered, the calculations after (6.15) are the same and result in

1

N2

m−1∑
l=0

l∑
k=0

√
N
√
1− z2rqk
N2

(
α2 − 1

4(
1− k

N

)2 − j2α,r

)

=

∫ y

0

∫ s

0

fN (t)

(
α2 − 1

4

(1− t)2
− j2α,r

)
dtds+O(N−1).

(6.103)

With the error bounds (6.102) and (6.103), Equation (6.101) becomes the inte-
gral equation

fN (y)−
√
2jα,ry =

∫ y

0

∫ s

0

fN (t)

(
α2 − 1

4

(1− t)2
− j2α,r

)
dtds+O(N− 1

2 ). (6.104)

Proceeding similarly to Lemma 6.4 and applying Gronwall’s lemma then
leads to

|fN (y)− f(y)| = O(N− 1
2 ), (6.105)

where f is the solution of the integral equation

f(y)−
√
2jα,ry =

∫ y

0

∫ s

0

f(t)

(
α2 − 1

4

(1− t)2
− j2α,r

)
dtds. (6.106)

Note that now (6.95) can be improved to

qk = O(
√
N).
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If the proof is repeated with this estimation, (6.105) can be improved to

|fN (y)− f(y)| = O(N−1). (6.107)

The integral equation (6.106) corresponds to the differential equation

f ′′(y)(1− y)2 + f(y)

(
j2α,r(1− y)2 − α2 +

1

4

)
= 0 (6.108)

with the initial values f(0) = 0 and f ′(0) =
√
2jα,r.

Remark 6.16. • The shape of (6.108) looks similar to Bessel’s differen-
tial equation (6.51). However, the term containing the first derivative is
missing, and instead there is a shift of 1

4 . For the Laguerre hard-edge, the
differential equation of corresponding function f from Theorem 6.13 could
be transformed into Bessel’s differential equation. It is not clear whether
(6.108) can be transformed into Bessel’s differential equation.

• The calculations in the proof of Theorem 6.15 above are quite long and
susceptible to calculation errors. It makes sense to additionally verify
Theorem 6.15 numerically. Furthermore, by (5.6.3) in [Sze75], the Hermite
polynomials Hn can be written as the limit of Jacobi polynomials P (α,α)

n ,

Hn(x)

n!
= lim
α→∞

α−n
2 P (α,α)

n

(
x√
α

)
,

and by (5.3.4) of [Sze75] the Laguerre polynomials L(α)
n can be written as

the limit

L(α)
n = lim

β→∞
P (α,β)
n

(
1− 2x

β

)
.

It might be interesting to investigate what happens to Theorem 6.15 and
the following Theorem 6.17 when using these limits.

• For parameters µ, k, consider Whittaker’s equation

z2w′′(z) =

(
1

4
z2 + kz −

(
µ2 − 1

4

))
w(z),

see for example [WW21] Chapter 16. It looks promising to transform
(6.79), the differential equation for f , into Whittaker’s equation. After-
wards an investigation of the conjecture∫ 1

0

(f(y))2dy = 1 (6.109)

can be made. If the conjecture is true, it can be used to prove Theorem
6.17 introduced below.

Given the conjecture (6.109), it is possible to apply Theorem 6.15 introduced
above to the (N − r,N − r)-entries of the covariance matrices ΣN for β-Jacobi
ensembles in the freezing regime for N → ∞, which are described in Theorem
5.11 and Corollary 5.15.
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Theorem 6.17. Consider the covariance matrices ΣN =: (σi,j)i,j=1,...,N of
β-Jacobi ensembles in the freezing regime and let f be the solution of (6.79).
Then for r ∈ N

lim
N→∞

NσN−r+1,N−r+1 =
1

4

∫ 1

0

1

y(2− y)
f(y)2dy

Proof. This proof is analogous to that of Theorem 6.5 above. The notations of
Theorem 6.15 will be used here. Using the notations

λk = 4k(2N + α+ β + 1− k),

TN =

(√
1− (z

(α,β)
i,N )2Q

(α,β)
j−1,N (z

(α,β)
i,N )

)
i,j=1,...,N

,

ΣN = (σi,j)i,j=1,...,N ,

the statement
TTNΣNTN = diag

(
1

λ1
,
1

λ2
, ...,

1

λN

)
applies and the covariance σN−r+1,N−r+1 can be written as

N2σN−r+1,N−r+1 =

N∑
k=1

N

λk

(√
N

√
1−

(
z
(α,β)
N−r+1

)2
QNk−1(z

(α,β)
N−r+1)

)2

=
1

N

N−1∑
k=0

N2

λk+1

(
fN

(
k

N

))2

=
1

N

N−1∑
k=0

N2

4(k + 1)(2N + α+ β − k)

(
fN

(
k

N

))2

.

This can be identified as integrals of step functions. According to Theorem 6.15,
fN (k/N) is a step function converging to the solution f of (6.79) and

hN (y) : =
N2

4(k + 1)(2N + α+ β − k)
1[ k

N ,
k+1
N )(y)

=
1

4k+1
N

(
2 + α+β

N − k
N

)1[ k
N ,

k+1
N )(y)

is a step function converging to
1

4y(2− y)
.

Because k
N ≤ y < k+1

N and 0 ≤ k < N , the following estimations can be made:

|hN (y)| = 1

4k+1
N

(
2 + α+β

N − k
N

) ≤ N

4
,

|hN (y)| = 1

4k+1
N

(
2 + α+β

N − k
N

) ≤ 1

4y
.
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Because fN converges locally uniformly, for every x ∈ [0, 1) there is a neighbor-
hood Vx of x and a constant Cx > 0 such that for all y ∈ Vx it holds that

|fN (y)| ≤ Cx(1 + f(y)).

Thus for every compact set [0,M ] ⊆ [0, 1) there is a CM > 0 such that

|fN (y)| ≤ CM (1 + f(y)).

Therefore, with (6.107), it holds that

|fN (y)2hN (y)| ≤ |fN (y)2 − f(y)2|hN (y) + f(y)2|hN (y)|

≤ (fN (y) + f(y))|fN (y)− f(y)|N−1 +
f(y)2

y

≤ (1 + 2f(y))O(1) +
f(y)2

y
.

Because f is continuously differentiable, this gives an integrable upper bound
for every compact set [0,M ] ⊆ [0, 1). On the interval [M, 1) the function hN
is bounded and because of the conjecture (6.109), the measures with Lebesgue
densities f2N converge not only vaguely but weakly to the measure with Lebesgue
density f2. Thus an integrable upper bound is given and the above integrals
converge. This leads to

lim
N→∞

N2σN−r+1,N−r+1 =
1

4

∫ 1

0

1

y(2− y)
f(y)2dy.
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7 List of symbols
tr trace of a matrix
det determinant of a matrix
In n× n-dimensional identity matrix
⊥ orthogonal complement
Hf (x) Hessian of a function f at the point x
Hn(R) Hilbert space over R of n× n- dimensional symmetric matrices
Hn(C) Hilbert space over R of n× n- dimensional symmetric matrices
Cn(Ω) n-times continuously differentiable functions f : Ω → R
Cb(Ω) bounded functions f : Ω → R
Cc(Ω) functions f : Ω → R with a compact support
N {1, 2, ....}
N0 {0, 1, 2, ....}
f ∼ g f, g functions with lim

x→a

f(x)
g(x) = 1

X ∼ µ X random variable, µ measure with PX = µ
O(f(x)) g(x) = O(f(x)) for x→ x0

:⇔ ∃C, δ > 0 : |x− x0| < δ ⇒
∣∣∣ g(x)f(x)

∣∣∣ ≤ C

Ai Airy function
Jα Bessel function
Γ Gamma function
Hn Hermite polynomials
L
(α)
n Laguerre polynomials

J
(α,β)
n Jacobi polynomials
z
(α)
i,N i-th zero of the N -th Laguerre polynomial
z
(α,β)
i,N i-th zero of the N -th Jacobi polynomial
P̂n monic orthogonal polynomials
P̃n orthonormal polynomials
Qk,N dual polynomials, Section 5
Q̂k,N monic dual polynomials, Section 5
Q̃k,N orthonormal dual polynomials, Section 5
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