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Abstract

Motivation

This cumulative dissertation is about multivariate and multiple testing methods
which are applicable for data beyond normality. In medicine, psychology, and biology,
there is a need for testing procedures that are applicable in complex factorial designs
and have robust properties at the same time. Most established approaches are less
robust in the sense that they rely on strong assumptions such as normality and
homogeneity, which cannot be justified in many quantitative research studies. Apart
from single testing problems, which underlie anova and manova, multiple testing
problems are equally relevant. The more complex the underlying factorial design,
the more realistic it is that a multiple testing problem is of interest. Therefore,
easy-interpretable and powerful solutions for single and multiple testing problems
are of interest.

To have robust methods at hand, there is a recent trend to resampling-based alterna-
tives to classical analysis-of-variance (anova) and multivariate analysis-of-variance
(manova), which rely on fewer assumptions. While there already exist robust alterna-
tives for well-known and even complexer mean-based factorial designs, the situation
is different for estimands beyond the mean. Inference regarding quantiles, especially
regarding the median, is a potentially robust and powerful alternative to mean-based
inference, especially in context of skewed and heavy-tailed data. Another issue, where
the use of resampling methods can be feasible, is the presence of covariates. For
example in medicine and psychology, there is often is the desire or even a requirement
to adjust for covariates. In this situation, the covariate-adjusted means can be an
adequate estimand.

All research questions are motivated by real data examples from psychology or
biology. They exemplify the high applicability of and the need for the respective
methods.

Methods

This dissertation fills some gaps in the methodology for robust inference in multi-
variate analyses and multiple testing. The contributions are described as follows:
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The first article introduces a manova with quantiles as estimands for general factorial
designs by implementing resampling tests based on quadratic form-type statistics.
The asymptotic theory is based on empirical processes.

The second article includes a general comparison of one- and two-sided quantile-based
simultaneous multiple testing procedures and extends some existing methods for
quantile-based multiple testing to one-sided testing problems. An extensive Monte
Carlo simulation was carried out, which provides a detailed view of the behaviour of
the testing procedures under the null hypothesis and under the alternative.

In the third article, simultaneous multiple testing on covariate-adjusted means was
made available through the implementation of multiple contrast test procedures in a
semiparametric model for multivariate analysis-of-covariance (mancova).

Results

In all three articles, it has been shown that the new methods are asymptotically
valid and consistent resampling tests. To reach this conclusion, aspects of asymptotic
statistics and empirical process theory have been applied. Apart from that, Monte
Carlo simulations have been used to analyse the performance of the methods under
the null hypothesis and under the alternative. This allows an insight into the
behaviour of the new methods, especially on small sample sizes. For the first and
the third article, the simulations allow an initial evaluation of the performance of
the new methods. In the second article, the comparative simulation studies enable a
deeper insight in which scenarios the behaviour of the methods is satisfactory and in
which it is less good. In that context, some surprising results have been obtained.
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Part I.

Introduction and
Statistical Background

525,600 minutes
525,000 moments so dear

525,600 minutes
How do you measure, measure a year?

Seasons of Love, Larson (1996a)
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1. Introduction and Motivation
In daylights, in sunsets, in midnights, in cups of coffee

In inches, in miles, in laughter, in strife
In 525,600 minutes

How do you measure a year in the life?
How about love?
Measure in love
Seasons of love

Seasons of Love, Larson (1996a)

In various fields of science, testing problems can be structured as factorial designs. A
common example would be the situation, where the effect in an intervention group
should be distinguished from the effect in a control group. This situation occurs for
example in psychology, when the effect of a certain therapy has to be investigated. In
many cases, more than two groups have to be compared. For example, if in medicine
the effect of several treatments has to be investigated against a control. Sometimes,
different factors and their interactions are of interest, e.g. gender and age categories
of patients. Moreover, in some cases, multivariate models have to be applied, because
several endpoints are of interest or a quantity of interest is measured over a vector
of attributes. All these testing problems can be understood as complex factorial
designs, e.g. as a design with two-factors or as a multivariate model. Having powerful
multiple testing procedures at hand is as much as important as the possibility to
test in general factorial designs, because in more complex designs it is natural that
questions regarding more than one hypothesis occur. For instance, in the situation
of more than two groups or if the factorial design is multivariate, certain pairwise
comparisons are of interest.

As research questions like these have to be answered in any quantitative science, it is
essential that robust methods are available for empirical scientists. If a closer look
is taken at these research questions, it becomes clear that the classic methods to
handle factorial designs, analysis-of-variance (anova) (Fisher, 1919) and multivariate
analysis-of-variance (manova) (Wilks, 1932) are not sufficient in their performance
as they rely on strong assumptions such as normality and certain types of variance
homogeneity. For example, Konietschke et al. (2015) point out that the assumption
of a multivariate normal distribution is almost never fulfilled and White (1980) name
various problems of homoscedasticity-assuming estimators that are used in context
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of heteroscedastic data. Tu sum it up, these assumptions are plainly not realistic for
many research questions. If they were used anyway, this would lead to non reliable
testing decisions in the end.

To overcome these difficulties, it has been shown that resampling tests can be an
essential key. A resampling-based critical value allows to mimic the real distribution
of the test statistics without using an asymptotic distribution. Under certain
circumstances, with an asymptotic distribution, it is often not possible to mimic the
real distribution of the test statistics well. This situation can also occur in simple
models in context of small sample sizes. Resampling can improve the performance of
statistical tests in terms of type I error control and power on small and unbalanced
samples, see e.g. Konietschke et al. (2015). Apart form that, with resampling, it can
be handled a wider class of testing problems. The underlying theory of resampling
tests is usually characterised by arguments of asymptotic statistics (e.g. Lehmann
& Romano, 2022, Part II), which allows to develop valid testing procedures with less
assumptions. Certain assumptions of a specific distribution class like normality or
the homogeneity of the variance and covariance structure do not have to be made,
which results in more robust testing procedures. Janssen and Pauls (2003) proved
the underlying theory for general bootstrap and permutation testing procedures.
This theory and the possibility to carry out resampling procedures easily due to fast
computers make it possible to develop resampling testing procedures for a wider
class of testing problems. Apart from asymptotic statistics, the theory of empirical
processes (van der Vaart & Wellner, 2000) is useful to analyse the asymptotic
behaviour of resampling test statistics. In the end, the methodological development
has lead to powerful resampling alternatives for anova (e.g. Pauly et al., 2015) and
manova (e.g. Konietschke et al., 2015).

The fact that theory for resampling-based testing is available has two other advantages.
Firstly, there is the possibility to consider estimands beyond the mean. Secondly,
resampling techniques allows to mimic the distribution of more general test statistics.
Consequently, with resampling it has been possible to develop testing procedures on
relative effects (Neubert & Brunner, 2007) and on linear combinations of quantiles
(Ditzhaus et al., 2021) as well as test statistics that allow for singularity of the
limiting covariance matrix (Friedrich & Pauly, 2018). To handle covariate-adjusted
means instead of means, it is also appropriate to consider a general model with fewer
assumptions by adapting ideas of White (1980). The standard methods of Fisher
(1919) and Wilks (1932) are applicable, because the adjustment for covariates leads
only to another kind of linear model. But the generality of this methods and the
small sample performance can also be improved by the use of resampling, which was
done in Zimmermann et al. (2019) for the univariate case and in Zimmermann et al.
(2020) for the multivariate one.
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Apart from that, resampling methods allow for multiple testing in various complex
factorial designs. In context of simultaneous multiple testing procedures, which
produce coherent and consonant testing decisions (Bretz et al., 2011), the method of
multiple contrast testing procedures (mctps) has turned out to be useful. (Bretz et
al., 2001) introduced mctps by considering critical values from theoretic distributions.
Similarly to the single testing procedures, the method can be extended to other
scenarios and estimands beyond the mean by using resampling procedures. This has
been done, e.g., for univariate covariate-adjusted means (Becher et al., 2025) and for
quantiles (Segbehoe et al., 2022).

This cumulative dissertation contributes to the expansion of methodological variety
for inference in single and multiple simultaneous factorial designs by developing and
systematically comparing methods in different factorial designs. All considered testing
procedures are resampling-based, which substantially improves the test’s behaviour
in terms of type I error control and statistical power. The dissertation consists of
three articles. The first publication Baumeister et al. (2024) introduces a quantile-
based manova. The method can be understand as the multivariate extension of the
quantile-based anova of Ditzhaus et al. (2021). Empirical process theory is used
to prove that the method is theoretically valid. The second publication Baumeister,
Munko, et al. (2025a) includes a systematic comparison of univariate quantile-based
simultaneous multiple testing procedures by a Monte Carlo simulation. It gives a broad
overview about the methodology of simultaneous multiple testing also for one-sided
hypotheses. A motivational data example exemplifies that quantiles as estimands are
highly applicable on animal data. The third Preprint Baumeister, Thiel, Matits, Zim-
mermann, et al. (2025) implements the concept of multiple contrast test procedures in
a semiparametric mancova. This allows to infer multivariate multiple testing prob-
lems on covariate-adjusted means and is highly relevant as more than one correlated
endpoints occur frequently in medicine and psychology, e.g. in intervention studies.

The structure of this dissertation is as follows. In Chapter 2, the statistical background
of the considered methods is briefly explained. Global and local testing problems are
introduced in general in Section 2.1. For this purpose, two versions of test statistics
(Section 2.1.1 and 2.1.2) as well as single and multiple test problems are considered
in a common framework (Section 2.1.3 and 2.1.4). In the end of this chapter, existing
testing procedures are contextualized within this framework. This reveals that there
are methodological gaps that still need to be filled in the world of general factorial
designs. The statistical models that are considered in the three articles are briefly
introduced in Section 2.2. A quantile-based model on factorial designs is presented in
Section 2.2.1 and a semiparametric mancova model is given in Section 2.2.2. How
the three included articles intend to fill some of these gaps based on the models in
Chapter 2.2 is briefly described in Chapter 3. The dissertation closes with a discussion
and an outlook in Chapter 4. In Part II, the three articles are given in full.
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2. Statistical Background
525,600 minutes

525,000 journeys to plan
525,600 minutes

How do you measure the life of a woman or man?
In truths that she learned, or in times that he cried

In bridges he burned, or the way that she died
Seasons of Love, Larson (1996a)

2.1. Global and Local Testing Problems

The aim of this chapter is to explain general concepts of building test statistics
that infer local and global statistical hypotheses in factorial designs. This requires
a general framework. Assume independent realizations of group-wise identical
distributed random variables Yi1, . . . , Yini

, i ∈ {1, . . . , k}, in k ∈ N groups. The
model allows to consider multivariate data. In that case, Yij = (Yij1, . . . , Yijd)′ is
a vector of realizations of d-dimensional identical distributed multivariate random
variables, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}. Here and throughout, ni ∈ N represents the
sample size of group i ∈ {1, . . . , k} and n := ∑k

i=1 ni denotes the total sample size,
cf. the List of Symbols. All in all, the realisations of random variables can be pooled
to the vector Y = (Y′

11, . . . , Y′
knk

)′ ∈ Rnd. Many quantitative research questions
of interest can be translated into hypotheses formulated in terms of estimands ρ.
Here, ρ can, e.g. be a median, quantile or mean. In that general setting, a
population estimand ρi for each group i ∈ {1, . . . , k} is considered separately. In the
multivariate case, the estimand can be considered component-wise, then a vector
ρi = (ρi1, . . . , ρid)′ for every group i ∈ {1, . . . , k} is of interest. Furthermore, it may
be interesting to consider u ∈ N estimands in one model instead of one estimand,
as it is the situation in the univariate quantile-based model, compare Section 2.2.1.
Then, the different estimands have to be defined separately and can be pooled in a
vector ρi = (ρi1, . . . , ρiu)′ for every group i ∈ {1, . . . , k}. As both situations can be
combined, it is assumed that ρ ∈ Rkdu. In general, the following assumption is used
throughout this thesis. Here and subsequently, all limits are defined for n → ∞.

Assumption 1. The groups do not vanish, i.e. ni/n → κi > 0, i ∈ {1, ..., k}.
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In order to make inference about the estimand ρ, it is presupposed that there exists
ρ̂, a consistent estimator for ρ, for which a corresponding central limit theorem
holds:

√
n (ρ̂ − ρ) d−→ N ∼ N (0, Σ) . (2.1)

Here, N is a multivariate normal random vector with expectation E(N) = 0 and lim-
iting covariance Cov(N) := Σ ∈ Rkdu, which is assumed to be estimated consistently
by an estimator Σ̂.

Let α ∈ (0, 1) be the level of significance. To define hypotheses of interest, choose
a matrix H ∈ Rr×kdu, r ∈ N, and a vector of constants e = (e1, . . . , er)′ ∈ Rr, that
jointly encode the underlying research question using the subsequent notation. A
general hypothesis can then be formulated as

H0 : Hρ = e vs. H1 : Hρ ̸= e. (2.2)
Various testing problems are covered by this representation. For example, the one-
way anova hypothesis of no group effect of estimands ρi, i ∈ {1, . . . , k}, is obtained
by selecting the projection matrix H = Pk and d = 1:

H0 : Pkρ = 0 ⇔ H0 : ρ1 = · · · = ρk.

Turning a univariate testing problem into a multivariate one usually works by using
the Kronecker product with the corresponding hypothesis matrix of the univariate
testing problem and Id. For example, a manova hypothesis of no group effect for
d dimensions H0 : ρ1 = · · · = ρk can be obtained by H = Pk ⊗ Id. The Kronecker
product of the hypothesis matrix H and a suitable adjustment matrix can be used
to infer linear combinations of more than one estimand together. Complexer layouts,
for example a two-way layout (Pukelsheim, 2006, Section 1.27) can be realized by
splitting up the group index i into i = (i1, i2) for i1 ∈ {1, . . . , a} and i2 ∈ {1, . . . , b}
resulting in k = a·b (sub-)groups. Then, two factors A and B with a respective b levels
can be inferred. The estimand per group ρi can be decomposed into a general effect
ρµ that applies to all groups, main effects ρα

i1 , ρβ
i2 and an interaction effect ραβ

i1i2 as

ρi = ρ(i1,i2) = ρµ + ρα
i1 + ρβ

i2 + ραβ
i1i2 ,

assuming the usual side conditions
a∑

i1=1
ρα

i1 =
b∑

i2=1
ρβ

i2 =
a∑

i1=1
ραβ

i1i2 =
b∑

i2=1
ραβ

i1i2 = 0

to ensure identifiability (Pukelsheim, 2006, Section 3.9). Then, null hypotheses for
main effects can be formulated for d = 1 and u = 1 as follows:

H0(A) :
(

Pa ⊗ 1
b
Jb

)
ρ = 0 ⇔ ρ̄1· = · · · = ρ̄a· ⇔ ρα

i1 = 0, ∀i1 ∈ {1, . . . , a},

H0(B) :
(1

a
Ja ⊗ Pb

)
ρ = 0 ⇔ ρ̄·1 = · · · = ρ̄·b ⇔ ρβ

i2 = 0, ∀i2 ∈ {1, . . . , b}.
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Higher-way layouts and also hierarchical designs with nested factors can be realized
in a similar way, see e.g., Friedrich and Pauly (2018) and Pauly et al. (2015).

Furthermore, the hypothesis H0 can be interpreted as a global hypothesis of a
multiple testing problem. In this situation the matrix H is split in meaningful
rows hs, s ∈ {1, . . . , r} ∈ Rkdu: H = (h1, . . . , hr)′ ∈ Rr×kdu corresponding to the
local hypotheses. In fact, every vector hs, s ∈ {1, . . . , r}, itself characterises a
hypothesis of interest:

H0,s : h′
sρ = es vs. H1,s : h′

sρ ̸= es. (2.3)

Building the intersections of the local hypotheses leads to the global hypothesis:
r⋂

s=1
H0,s = {∀s ∈ {1, . . . , r} : h′

sρ = es} = {Hρ = e} = H0.

The hypothesis H0, understood as a family of local hypotheses, covers various
multiple testing problems of interest. For a single estimand ρ (u = 1), we can
formulate hypotheses that are well known for vectors of means, compare Bretz et al.
(2011) and Konietschke et al. (2013). For example, it is possible to consider the
following test problems: all-pairs comparisons can be incorporated by choosing u = 1
and the Tukey-type matrix (Tukey, 1994) as contrast matrix H. This leads to the
hypotheses

H0,s1s2 : ρℓ1 − ρℓ2 = ϵs1s2

of all-pairs comparisons in one-way layouts, where s1, s2 ∈ {1, . . . , k}, s1 > s2.
Similarly, choosing the Dunnett-type matrix (Dunnett, 1955) gives the hypotheses

H0,s : ρs − ρ1 = ϵs

of many-to-one comparisons, s ∈ {2, . . . , k}. Choosing the Grand-mean-type matrix
(Djira & Hothorn, 2009) and ϵ = 0 instead leads to the hypotheses

H0,s : ρs = ρ̄,

where the estimand is compared to the mean ρ̄ := k−1∑k
i=1 ρi of all group-wise

estimands in one-way layouts, s ∈ {1, . . . , k}.

In this framework, two different types of test statistics turned out to be feasible to
infer the testing problems. The first one is the general t-type test statistic and the
second one is the quadratic form-type statistic. Both are going to be explained in
general in the next two sections.



10 2. Statistical Background

2.1.1. t-Type Test Statistics

Consider the vectors hs and the constants e, s ∈ {1, . . . , r}. Then, a test statistic
can be defined as follows:

An(hs, es) =
√

n
h′

sρ̂ − es√
h′

sD̂hs

, (2.4)

where D̂ is some symmetric matrix. For inference the following condition on these
matrix can be useful.

Assumption 2. The matrix D̂ estimates consistently some positive definite and
symmetric matrix D.

Usually, the estimator D̂ is set to the estimator D̂ = Σ̂, that consistently estimates
the covariance matrix Σ. For a more general framework, it can be set to D̂ = Σ̂0.
If the test statistic in (2.4) is calculated for the matrix H, the result is a vector of
r test statistics:

An(H, e) =
(
HD̂H

)−1/2

0

√
n (Hρ̂ − e) = (An(h1, e1), . . . , An(hr, er))′ .

Its asymptotic behaviour is analysed in the following theorem:

Theorem 3. With the Central Limit Theorem (2.1) and under the Assumption 2, it
holds:

1. Under H0 : Hρ = e the vector of test statistics An(H, e) converges in distribu-
tion to a multivariate normal distribution, i.e.

An(H, e) = (An(h1, e1), . . . , An(hr, er))′ d−→ A,

where the random vector A = (A1, . . . , Ar) is r-dimensional and has the expec-
tation E(A) = 0 and the covariance matrix

R := Cov (A) = (HDH′)− 1
2

0 HΣH′ (HDH′)− 1
2

0 .

2. Under H1 : Hρ ̸= e, An(H, e) converges in probability to ∞.

Proof. Under H0, it can be argued by Slutzky’s (e.g. van der Vaart & Wellner, 2000,
Example 1.4.7) and the Continuous Mapping (e.g. van der Vaart & Wellner, 2000,
Thm. 1.11.1) Theorem, that

An(H, e) = (HD̂H′)−1/2
0

√
n (Hρ̂ − e)

= (HD̂H′)−1/2
0 H

√
n (ρ̂ − ρ) d−→ (HDH′)−1/2

0 HN =: A.
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From the distribution of the random variable N it follows that A = (A, . . . , Ar) has
a multivariate normal distribution with expectation E(An(H)) = 0 and covariance
matrix

R := Cov (An(H, e)) = (HDH′)− 1
2

0 HΣH′ (HDH′)− 1
2

0 .

This is the first assertion. Let s ∈ {1, . . . , r} be arbitrary and fixed. Then, An(hs, es)
is already under H0,s asymptotically distributed like As. In general, it can be argued
that |An(hs, es)| /

√
n converges in probability:

1√
n

|An(hs, es)| = |h′
sρ̂ − es|√
h′

sD̂hs

p−→ |h′
sρ − es|∣∣∣√h′

sDhs

∣∣∣ .
Under H1,s, this limiting value is greater than zero. From this we can conclude
that, under H1,s, the test statistics An(hs, e) converges in probability to ∞ for all
s ∈ {1, . . . , r}, which is the second assertion.

It is a consequence of Theorem 3 that the limiting random variables As, s ∈ {1, . . . , r},
are normally distributed:

As ∼ N
(

0,
h′

sΣhs

h′
sDhs

)
. (2.5)

Therefore, the limiting distribution of An(hs, es) can have a variance that is unequal
to 1 using a general matrix D̂. If D̂ = Σ̂ is chosen, the random variables As are
asymptotically standard normally distributed and a critical value form the standard
normal distribution can be used for testing. The advantage of this is explained
in Section 2.1.4. In the general case (2.5), it is also possible to use appropriate
resampling methods to determine the critical value for a test decision.

2.1.2. Quadratic Form-Type Statistics

Another possibility to infer the hypotheses H0 and H0,s is through quadratic form-
type test statistics, which can be generally defined as

Un(H, e) = n (Hρ̂ − e)′ Ξ
(
H, Σ̂

)
(Hρ̂ − e) . (2.6)

Here, Ξ is a function of H and Σ̂ and can be set to different forms. A classic version
is the Wald-type statistic (wts) (Wald, 1943):

Ξ
(
H, Σ̂

)
WTS

=
(
HΣ̂H′

)+
,
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where inferring it usually requires that the covariance matrix Σ is non-singular.
Two quadratic form-type statistics without that assumption are the anova-type
statistic (ats) (Brunner et al., 1997) and the modified anova-type statistic (mats)
(Friedrich & Pauly, 2018):

Ξ
(
H, Σ̂

)
ATS

= Ir/tr
(
HΣ̂H′

)
, Ξ

(
H, Σ̂

)
MATS

=
(
HΣ̂0H′

)+
.

For the latter, only the diagonal elements of the covariance matrix Σ needs to be
positive. In principle the function Ξ can be chosen as an arbitrary function, where
the resulting matrix has to be r × r-dimensional and symmetric, e.g.

Ξ
(
H, Σ̂

)
= Ξ

(
H, Σ̂

)′
.

To get a useful test statistic, but not for technical reasons, the resulting ma-
trix Ξ(H, Σ̂) has to be positive semidefinite. Moreover, the following assumption
has to be made:

Assumption 4. The function Ξ
(
H, Σ̂

)
is consistent for Ξ(H, Σ).

This assumption is usually concluded from the consistency of Σ̂ for Σ. Apart from
that, one can observe that it holds An(hs, es)2 = Un(hs, es) for Ξ(hs, D̂) = 1/(h′

sD̂hs),
which highlights the similarities of the two approaches. In Section 2.1.3 and 2.1.4,
the advantages of the different respective test statistics will be made clear. To prove
the behaviour of the test statistic Un(H, e) under the alternative, the following
assumption is needed:

Assumption 5. Under H1 : Hρ ̸= e, it holds (Hρ − e)′ Ξ (H, Σ) (Hρ − e) > 0.

The following can be stated about the asymptotic distribution of the test statis-
tic Un(H, e).

Theorem 6. Assume the central limit theorem (2.1) and Assumptions 4 and 5.

1. Under the null hypothesis H0 : Hρ = e the test statistic Un(H, e) converges in
distribution to a weighted sum of χ2

1-distributed random variables, i.e.

Un(H, e) d−→ U =
r∑

s=1
λsUs,

where Us
iid∼ χ2

1 and the weights λs ≥ 0, s ∈ {1, . . . , r}, are the eigenvalues of
the matrix (HΣH′)1/2Ξ(H, Σ)(HΣH′)1/2.
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2. Under H1 : Hρ ̸= e the test statistic Un(H, e) converges in probability to ∞.

Proof. To start with the first statement: under H0 and by the Continuous Mapping
Theorem (van der Vaart & Wellner, 2000, Theorem 1.11.1), it follows from the clt
(2.1)

√
n(Hρ̂ − e) =

√
n
[
(Hρ̂ − e) − (Hρ − e)

]
= H

√
n (ρ̂ − ρ) d−→ HN ∼ N (0, HΣH′)

Due to Assumption 4, the consistency of the mid term Ξ
(
H, Σ̂

)
, and a combination of

Slutzky’s theorem and the Continuous Mapping Theorem (van der Vaart & Wellner,
2000, Example 1.4.7), it follows

Un(H, e) = n
(
Hρ̂ − e

)′
Ξ
(
H, Σ̂

)(
Hρ̂ − e

)
=

√
n
(
Hρ̂ − e

)′
Ξ
(
H, Σ̂

)√
n
(
Hρ̂ − e

)
d−→ (HN)′ Ξ (H, Σ) HN.

By Mathai and Provost (1992, p. 90), this has the same distribution as the random
variable U. The second statement follows immediately. It can be argued that
n−1Un(H, e) always converges in probability to (Hρ − e)′ Ξ (H, Σ) (Hρ − e). From
this, the assertion can be concluded with Assumption 5.

If the wts is considered, the quadratic form-type statistic has a simpler limiting
distribution than the weighted sum of χ2

1-distributed random variables stated in
Theorem 6. As the whole covariance estimator Σ̂ is used in the function Ξ, it
can be argued, that the wts converges in distribution to a χ2-distribution with
rank(H) degrees of freedom: WTS(H, e) d−→ UWTS ∼ χ2

rank(H). In contrast, the
general limiting distribution of Un(H, e) includes unknown parts. Therefore, for
arbitrary choices of the function Ξ, it is not possible to consider a limiting distribution
for the calculation of critical values. For this reason, resampling methods are generally
utilized to determine the critical values for quadratic form-type statistics. In general,
the choice of the hypothesis matrix H is not unique, several matrices leads to the
same testing problem. Having only the global hypothesis in mind, and if e = 0, there
is the convention to use the unique projection matrix T = H′(H′H)+H ∈ Rkdu×kdu

of H, which is symmetric, unique, and idempotent. If e ̸= 0, the choice of the
hypothesis matrix is not unique, see Sattler and Zimmermann (2024) and Sattler
and Rosenbaum (2025) for a discussion on appropriate choices.

2.1.3. Global Testing Procedures

In this section, the aim is to infer a single hypothesis as given in Equation (2.2).
In general, t-type and quadratic form-type statistics can be applied in this context.
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Firstly, assume that the hypothesis matrix H has only one row (r = 1). Then, the
t-type test statistic An(H, e) = An(h, e) can be used. For an appropriate critical
value wA(α), which depends in some way on the global level α, the test would be

φn = 1
{
|An(h, e)| > wA(α)

}
.

If the critical value wA
1−α is chosen in line with the asymptotic distribution of the test

statistic An(h, e) under H0, e.g. it is a (1 − α)-quantile of an asymptotic distribution
or of a resampling distribution under H0, it can be argued that φn is an asymptotic
level-α test, i.e. EH0(φn) → α. From Theorem 3.2. it can be also concluded that
φn is consistent for the alternative H1 : h′ρ ≠ e. For further details, compare the
results of Janssen and Pauls (2003).

Examples for t-Type Tests In the following, it is explained that some existing
testing procedures are special cases of the testing procedure φn. In general, single
estimands (u = 1) with one dimension (d = 1), and one or two groups (k ∈ {1, 2})
can be considered by φn. An important example of φn is the standard t-test (Student,
1908), which considers quantiles of t-distributions as critical values. In fact, any
versions of asymptotic t-tests can be understood as special cases of φn. In the one-
sample case (k = 1) of a t-test the one-dimensional mean µ is considered, what leads
to the hypothesis H0 : µ = e. In the two-sample case (k = 2), the hypothesis would
be H0 : µ1 = µ2. Inferring the latter hypothesis, while at the same time allowing
unequal variances in the two groups, is called the Behrens-Fisher problem (Fisher,
1935) and was for example solved by the Welch-Test (Welch, 1938). While the
mentioned tests assume normally distributed data, the following tests do not assume
any distribution class. Konietschke and Pauly (2014) consider resampling-based
critical values in a mean-based paired hypotheses. There are also further testing
procedures with estimands beyond the mean, which can be understood as special
cases of the test φn. The Mann-Whitney U test (Deuchler, 1914) and the Brunner-
Munzel test (Brunner & Munzel, 2000) as well as the version for paired samples
(Munzel, 1999) are a nonparametric equivalent to the mean-based two-sample t-tests
and consider the relative effect. For this estimand, there are also resampling-based
versions available (Konietschke & Pauly, 2012; Neubert & Brunner, 2007). Bonett
and Price (2002) describe tests like φn for linear combinations of medians m, e.g.
they consider the hypothesis H0 : h′m = e, and Chung and Romano (2013) discuss
resampling methods for median-based tests.

If a hypothesis matrix H is considered (r > 1), the use of the test statistic An(H, e)
leads to a vector of test statistics, as explained in Section 2.1.1. That the matrix H
has more than one row occurs concretely, if more than two estimands are compared,
e.g. if k > 2, d > 1, or u > 1 holds. In these situations, quadratic form-type statistic
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Un(H, e) can be used to create a single test:

Φn = 1
{
Un(H, e) > wU(α)

}
.

With the same arguments as for the testing procedure φn, it can be argued that the
test Φn is an asymptotic level-α test and consistent for the alternative, if the critical
value wU(α) mimics the asymptotic distribution of the test statistics.

Examples for Univariate Testing with Quadratic Forms Firstly, I want to refer to
univariate testing problems that are special cases of the testing procedure Φn, where
it holds d = 1 and possibly more than one comparison has to be made. This means
especially, that with the test Φn, it is possible to compare estimands of more than
two groups (k > 2), e.g. it is possible to consider hypotheses like H0 : ρ1 = · · · = ρk.
These hypotheses and more complex univariate layouts, as stated at the beginning
of Section 2.1, are covered by the often-used analysis-of-variance (anova), which
was originally developed on means by Fisher (1919). There, normally distributed
data is assumed, the critical value is taken from an F -distribution and a quadratic
form-type statistic similar to the wts (see Fahrmeir et al., 2013, Section 3.3) is
considered. Therefore, these tests are versions of the test Φn. To infer the wts
as defined in Section 2.1.2, Wald (1943) introduced a quadratic form-type test for
large samples, which uses a critical value from the χ2-distribution. In principle, any
meaningful hypothesis matrix H can be considered with this methodology. Pauly
et al. (2015) also used the wts and made it available for small sample sizes by
developing a permutation approach. Ditzhaus et al. (2021) chose the wts and a
permutation approach to develop a quantile-based anova in the univariate framework
of Section 2.2.1. As explained there, the methods consider hypotheses with general
linear combinations of more than one quantile. A nonparametric alternative to the
anova was introduced by Brunner et al. (1997). This method infers hypotheses
regarding the distribution functions Fi, considers the relative effect and uses the
ats with an asymptotic approximation. The authors discuss also possibilities to
infer a mean-based ats and compare both approaches. Thinking of the F-test in
linear models, it is possible to consider both factorial and regression parts together
in one model. This has the advantage, that means in factorial designs can be
adjusted by metric covariables, which is named as analysis-of-covariance (ancova).
In the end, such a model allows to do testing on covariate-adjusted means. This is
explained for vectors of adjusted means in Section 2.2.2. Zimmermann et al. (2019)
investigated bootstrap methods for a testing procedure based on the wts for that
situation. Bathke and Brunner (2003) created a nonparametric model for testing
on covariate-adjusted estimands that uses a quadratic form-type test statistic and
Thiel et al. (2024) improved the small-sample performance of this method through
bootstrapping.



16 2. Statistical Background

Examples for Multivariate Testing with Quadratic Forms Apart from that,
with quadratic form-type statistics, it is possible to infer factorial designs on a
multivariate estimand ρi ∈ Rd, i ∈ {1, . . . , k}. The multivariate version of a two-
sample t-test (d > 1, k = 2) is Hotelling’s T 2 (Hotelling, 1931) with the mean-based
hypothesis H0 : µ2 = µ2. It uses a quadratic form as test statistic and the Hotelling’s
T2-distribution for the calculation of the critical values. To realise that normally
distributed data is assumed. The generalizations of this method for more than two
groups (k > 2) are Hotelling-Lawley Trace (Hotelling, 1951; Lawley, 1938), Pillai-
Barlett Trace (Bartlett, 1939; Pillai, 1955), Roy’s Largest Root (Roy, 1953; Roy,
1945) and Wilk’s Lambda (Wilks, 1932), which are based on quadratic form-type
statistics as well. General multivariate factorial designs are as well considered by
Konietschke et al. (2015). They used a semiparametric model, similar to the model
considered in Section 2.2.2, investigated the wts as test statistic and several bootstrap
procedures as resampling techniques. Friedrich and Pauly (2018) generalized this
model for singular data and considered the mats and bootstrapping. Sattler and
Pauly (2018) investigated the use of quadratic form-type statistics in the situation
of high-dimensional data. Zimmermann et al. (2020) implemented the mats in
the semiparametric multivariate analysis-of-covariance (mancova) model that is
stated in Section 2.2.2. Thereby they generalized the methods of Friedrich and
Pauly (2018) in a way that it is applicable for covariate-adjusted means. A solution
for the multivariate nonparametric Behrens-Fisher problem is discussed in Brunner
et al. (2002) and wts and ats as well as asymptotic critical values are used. A
nonparametric manova on general factorial designs in presented in Dobler et al.
(2020), where they consider an ats and several bootstrap techniques.

2.1.4. Simultaneous Multiple Testing Procedures

Apart from that, it is also possible to consider simultaneous multiple testing pro-
cedures within that framework. For an appropriate family of hypotheses ⋂r

s=1 H0,s

with corresponding hypothesis vectors hs, s ∈ {1, . . . , r}, the resulting matrix
H = (h1, . . . , hr) ∈ Rr×kdu and the vector of constants e, it is possible to consider
a multiple testing problem by using the test statistics An(hs, es) for the local hy-
potheses. For appropriate critical values wA

s (α), s ∈ {1, . . . , r}, the following test
decisions for the multiple testing problem is received:

1. for each s ∈ {1, ..., r}, H0,s is rejected if and only if |An(hs, es)| > wA
s (α),

2. the global hypothesis H0 = ⋂r
s=1 H0,s is rejected if and only if at least one H0,s

is rejected, i.e. if maxs∈{1,...,r} |An(hs, es)|/wA
s (α) > 1.
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Equivalently, for every local hypothesis H0,s, s ∈ {1, ..., r}, the test

φM
n,s = 1

{
|An(hs, es)| > wA

s (α)
}

can be defined and for the global hypothesis H0 the test would be

φM
n = max

s∈{1,...,r}
1

 |An(hs, es)|
wA

s (α) > 1

.

Similarly to the single testing procedures, for an appropriate choice of the criti-
cal value wA

s (α) it can be argued that the local tests are asymptotic level-α tests,
which are consistent for the alternative. Thereby, the idea of this simultaneous
testing procedure is to redefine the rejection of the global hypothesis: the global
hypothesis is rejected simultaneously if at least one of the local hypotheses is re-
jected. Then, it is possible to define the critical value in a way that the multiple
testing procedure controls the family-wise type I error rate (fwer). Furthermore,
it is transparent by construction, which of the local tests are responsible for the
global rejection and both local and global test decisions are coherent and con-
sonant, see Bretz et al. (2011). Other approaches, e.g. other type of post hoc
t-tests, do not have these advantages. Konietschke et al. (2013) pointed out that
mctps provide more information about the process of rejecting the hypotheses.
All in all, this testing problem complies with the union-intersection principle in-
troduced by Roy (1953). The test φM

n is in fact a so-called max-t tests (Bretz
et al., 2001) for an arbitrary estimand, see Pigeot (2000) for a methodologically
overview about multiple testing. It is characteristic for simultaneous testing proce-
dures that it is possible to define equivalent simultaneous confidence intervals for
the vectors h′

sρ:[
h′

sρ̂ −
√

h′
sD̂hs

wA
s (α)√

n
, h′

sρ̂ +
√

h′
sD̂hs

wA
s (α)√

n

]
, s ∈ {1, ..., r}.

There are several options to determine a critical value for answering the testing
procedures φM

n and φM
n,s. An intuitive and well-known method is the Bonferroni

correction (Dunn, 1961), where each individual hypothesis is tested at a smaller local
level of α/r. The fact that this method controls the fwer can be derived from the
Bonferroni inequality. In the framework of this dissertation, one must consider the
(1 − α/(2r))-quantile of the limiting distribution |As| of the test statistics |An(hs, es)|
for every local hypothesis s ∈ {1, . . . , r}. An advantage of this method is that it
can be easily combined with various critical values in any kind of model, but by
construction it is also clear that it leads to conservative test decisions when a large
number of tests is inferred (r ≫ 1). Another disadvantage can be that dependencies
between local tests are not leveraged with the Bonferroni correction.
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The concept of multiple contrast test procedures (mctps) overcomes these problems
by exploiting the joint distribution of the vector of test statistics An(H, e). One
strategy to do this was introduced by Gabriel (1969) giving a general introduction
of simultaneous testing procedures and was made numerically available by Bretz
et al. (2001). As explained in Section 2.1.1, if D = Σ is chosen, the local test
statistics An(h1, e1), . . . , An(hr, er) have the same marginal limit distribution, and
it is possible to consider the same critical value for all local hypotheses. To take
the correlation of the local test statistics into account, the multivariate limiting
distribution A of the test statistics An(hs, es), s ∈ {1, . . . , r} in Theorem 3 is used.
Precisely, the (1 − α)-quantile of the conditional distribution of maxs∈{1,...,r}|As| is
denoted as equicoordinate quantile of |A| and can be considered as critical value.

Examples for Multiple Contrast Test Procedures The concept of mctps has
been implemented in various methods and all of them can be understood as special
cases of the testing procedure φM

n . In Bretz et al. (2001), the mean is considered as
estimand and, apart from the normal distribution, a comparison with the multivariate
t-distribution is discussed. Hasler and Hothorn (2008) extended the method for
heteroscedastic data. There are methods for high dimensional and functional scenarios
with metric outcomes (Konietschke et al., 2021; Munko et al., 2023). Hasler and
Hothorn (2011) and Hasler (2014) introduced mctps for multiple endpoints, while
Becher et al. (2025) introduced covariate-adjusted mctps for univariate outcomes.
Moreover, there are even rank-based mctps for univariate (Konietschke et al., 2012;
Noguchi et al., 2020), repeated measures (Umlauft et al., 2019) and other complex
designs (Rubarth et al., 2022). Segbehoe et al. (2022) introduced mctps for quantiles.
If a multiple testing problem containing vectorized hypotheses as local ones has to
be considered, the union intersection principle can be applied to quadratic form-type
statistics, which is discussed in Sattler et al. (2025).

2.2. Statistical Models

The three articles contained in this dissertation are based on two different models,
a quantile-based model and a semiparametric multivariate analysis-of-covariance
(mancova) model. The quantile-based model is considered in its multivariate version
in the first article (Baumeister et al., 2024) and in the second second article in its
univariate version (Baumeister, Munko, et al., 2025a). The third article (Baumeister,
Thiel, Matits, Zimmermann, et al., 2025) refers to the semiparametric mancova
model. In the following two subsections, the models are explained in detail. Compare
the List of Symbols for details about the notation.
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2.2.1. A Model for Inferring (Multivariate) Quantiles in Factorial
Designs

Univariate Model Assume k ∈ N mutually independent samples Yi1, . . . , Yini
∼ Fi,

i ∈ {1, . . . , k}, where Fi are distribution functions and the corresponding density is
denoted by fi. In the univariate quantile-based model it is possible to consider more
than one quantile of interest at a time. To this end, let 0 < p1 < . . . < pu < 1 denote
u ∈ N pre-specified quantile levels with corresponding quantiles

qiv := F −1
i (pv) = inf {t ∈ R | Fi(t) ≥ pv} , i ∈ {1, . . . , k}, v ∈ {1, . . . , u}.

This means in particular that this model considers potentially one or more percentiles.
Typical statistical questions of interest correspond to p = 0.5 and u = 1 for the
median or to p1 = 0.25, p2 = 0.75 with u = 2 for the inter quartile range (iqr). The
pooled quantile vector is denoted by q := (q11, . . . , q1u, q21, . . . , qku)′. For asymptotic
analyses with empirical quantiles, the following is assumed:

Assumption 7. The group-wise distribution function Fi is continuously differentiable
at qiv with positive derivatives fi(qiv) > 0 for all i ∈ {1, . . . , k}, v ∈ {1, . . . , u}.

Then, an estimator for the quantile qiv is given by the empirical quantile

q̂iv := F̂ −1
i (pv) = inf

{
t ∈ R

∣∣∣ F̂i(t) ≥ pv

}
= Y

(i)
⌈nip⌉:ni

,

where F̂i = n−1
i

∑ni
j=1 1{Yij ≤ t} denotes the empirical distribution function and

Y
(i)

1:ni
≤ . . . ≤ Y (i)

ni:ni
denotes the group-wise ordered random variables. For this

estimator, Serfling (1980) proved a central limit theorem:

Proposition 8. Under Assumptions 1 and 7, the following convergence in distribution
holds:

√
n (q̂iv − qiv)v∈{1,...,u}

d−→ Nq
i ∼ N

(
0, Q(i)

)
(2.7)

for all i ∈ {1, . . . , k}, where the group-wise covariance matrix Q(i) =
(
Q(i)

vw

)
v,w∈{1,...,u}

is given by the entries

Q(i)
vw := κ−1

i

1
fi(qiv)fi(qiw) (min{pv, pw} − pvpw) . (2.8)

A proof based on empirical process theory is given in Ditzhaus et al. (2021). There,
the assertion is deduced from a central limit theorem for distribution functions with
the functional delta-method for empirical processes (van der Vaart & Wellner, 2000,
Thm. 3.9.4). Working with empirical processes has the advantage that corresponding
results for resampling procedures can be obtained more easily.
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Multivariate Model To adapt this model for more than one dimension, consider
mutually independent d-dimensional observation vectors Y = (Y′

11, . . . , Y′
knk

)′ for
individuals from k different (sub-)groups. In detail, the jth observation vector in
group i is denoted by

Yij = (Yij1, . . . , Yijd)′ ∼ Fi, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}.

Then, Fi is a multivariate distribution function. According to that, the marginal
distribution functions Fiℓ of Yi1ℓ are assumed to be continuous with existing density
function fiℓ, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d}. The joint distribution function of
two entries Yijm and Yijℓ is denoted by Fiℓm, i ∈ {1, . . . , k}, m, ℓ ∈ {1, . . . , d}.
In a multivariate quantile-based factorial design, a vector of marginal quantiles
qi = (qi1, . . . , qid)′ is considered (Babu & Rao, 1988), where

qiℓ = F −1
iℓ (p) = inf {t ∈ R | Fiℓ(t) ≥ p} , i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d},

for a pre-specified quantile level p ∈ (0, 1). In the multivariate model, the number
of quantile levels is set to one (u = 1), therefore, d quantiles are considered per
group. In line with the consideration of the marginal distribution function in the
multivariate model, the Assumption 7 has to be adapted for that:

Assumption 9. Let the group-wise distribution function of the ℓth component Fiℓ

be continuously differentiable at qiℓ with positive derivative fiℓ(qiℓ) > 0 for every
ℓ ∈ {1, . . . , d} and i ∈ {1, . . . , k}.

Equivalently to the univariate model, the marginal quantiles are estimated via the
empirical quantiles

q̂iℓ = F̂ −1
iℓ (p) = inf

{
t ∈ R

∣∣∣ F̂iℓ(t) ≥ p
}

= Y
(iℓ)

⌈nip⌉:ni
, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d},

where Y
(iℓ)

1:ni
≤ · · · ≤ Y (iℓ)

ni:ni
are the ordered random variables of the ℓth component

within group i and

F̂iℓ(t) = 1
ni

ni∑
j=1

1{Xijℓ ≤ t}

is the respective marginal empirical distribution function. Additionally, there is also
a central limit theorem for the marginal quantiles:

Proposition 10 (Theorem 2.1 of Babu and Rao (1988)). Under Assumptions 1 and
9, there is convergence in distribution

√
n (q̂iℓ − qiℓ)ℓ∈{1,...,d}

d−→ Ñq
i , i ∈ {1, . . . , k},
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where Ñq
i is a zero-mean, multivariate normal distributed random vector with covari-

ance matrix G(i) = (G(i)
ℓm)ℓ,m∈{1,...,d} given by the entries

G(i)
ℓm =


1
κi

1
f 2

iℓ(qiℓ)
(p − p2) , ℓ = m,

1
κi

1
fiℓ(qiℓ)fim(qim)

{
Fiℓm

(
F −1

iℓ (p), F −1
im (p)

)
− p2

}
, ℓ ̸= m.

(2.9)

This has been proven by Babu and Rao (1988) without the use of empirical processes.
For the sake of exposition, in Baumeister et al. (2024, summarised in Section 3.1)
colleagues and I present an empirical processes-based proof. Within this theory, it is
possible to prove a clt for the multivariate distribution function and then, identically
to the approach in the univariate situation (Ditzhaus et al., 2021), the assertion can be
deduced by the functional delta method (van der Vaart & Wellner, 2000, Thm. 3.9.4).
Resampling procedures can also be obtained by empirical process theory.

2.2.2. A Semiparametric MANCOVA Model

In order to infer covariate-adjusted means, a general mancova set-up is presented
in the following. Consider again a vector of realisations of d-dimensional random
variables Yij = (Yij1, . . . , Yijd)′ representing the outcome of individual j ∈ {1, . . . , ni}
in group i ∈ {1, . . . , k}. In contrast to the quantile-based models in Section 2.2.1,
there is a c-dimensional individual-specific covariate vector zij = (zij1, . . . , zijc)′

attached to each outcome vector. All outcomes and covariate vectors are pooled in the
n-dimensional vector Y = (Y′

11, . . . , Y′
knk

)′ and the n × c matrix Z = (z11, . . . , zknk
)′.

Having a linear model (e.g. Stapelton, 1995) in mind, the following quantities have
to be defined: a vector of n error variables ϵ = (ϵ′

11, . . . , ϵ′
knk

)′, ϵij = (ϵij1, . . . , ϵijd)′,
a vector of k adjusted means µ = (µ′

1, . . . , µ′
k)′, µi = (µi1, . . . , µid)′ and a vector

of c regression coefficients ν = (ν ′
1, . . . , ν ′

c)′, νa = (νa1, . . . , νad)′, i ∈ {1, . . . , k},
j ∈ {1, . . . , ni}, a ∈ {1, . . . , c}. Then the semiparametric mancova (cf. Zimmermann
et al., 2020) model is given by

Y = M̃µ + Z̃ν + ϵ, (2.10)

where M̃ = ⊕k
i=1(1ni

⊗ Id) and Z̃ = Z ⊗ Id. Thereby, X̃ = (M̃, Z̃) is the design
matrix of a linear model, where the matrix M̃ characterises the factorial part
and matrix Z̃ the regression part. The covariance of random vector ϵ is given
by S = Cov(ϵ) = ⊕k

i=1(Ini
⊗ Si). In the model equation (2.10), the regression

coefficients in the vector ν depend on the dimension ℓ ∈ {1, . . . , d} but not on
the group i ∈ {1, . . . , k}. Therefore, the model does not allow unequal regression
coefficients for different groups. Allowing for unequal regression coefficients leads
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to non-interpretable coefficients as the magnitude of the treatment effect is not the
same at different levels of the matrix of covariates Z (Huitema, 2011). The following
assumptions represent the semiparametric mancova model and are similarly assumed
in Zimmermann et al. (2020).

Assumption 11. Let the following statements hold:

(M1) The errors ϵij are independent and identically distributed in every group i with
E(ϵij) = 0, Cov(ϵij) = Si, and E(∥ϵij∥4) < ∞ for all i ∈ {1, . . . , k} and
j ∈ {1, . . . , ni}.

(M2) The marginal variances are positive, i.e. σ2
iℓ := Var(ϵijℓ) > 0 for all i ∈

{1, . . . , k} and ℓ ∈ {1, . . . , d}.

(M3) The matrix of covariates Z has full column rank, i.e. the columns of Z are
linearly independent of each other, and they should be independent of the
columns of ⊕k

i=1 1ni
.

(M4) 1/ni
∑ni

j=1 zija → γia ∈ R for all i ∈ {1, . . . , k} and a ∈ {1, . . . , c}.

(M5) 1/ni
∑ni

j=1 zijz′
ij → Γi ∈ Rc×c for all i ∈ {1, . . . , k}.

From (M1) it follows that the observations in Y are assumed to be independent
and identically distributed per group, but no specific distribution class (such as
normality) is assumed. In particular, the distributions can differ between groups
and components. The singularity of the covariance matrix S is allowed through
(M2). Assumption (M3) avoids collinearity and (M4) and (M5) have other technical
reasons.

As suggested in Zimmermann et al. (2020), the vector µ can be estimated by the
ordinary least squares (ols) estimator µ̂ = (µ̂′

1, . . . , µ̂′
k)′, that is

µ̂i = Ȳi. − (z̄i. ⊗ 1′
d) ν̂. (2.11)

The vector ν̂ = (ν̂ ′
1, . . . , ν̂ ′

c)′ is the ols estimator of ν, where ν̂a = (ν̂a1, . . . , ν̂ad)′

for every a ∈ {1, . . . , c}. To define the estimator ν̂ in matrix notation, the matrices
M = ⊕k

i=1 1ni
, PM := M(M′M)−1M′ and W := (In −PM )Z are used. Consequently,

the estimator is given by ν̂ := [(W′W)−1W′ ⊗ Id]Y, where (In − PM) adjusts the
covariates Z in such a way that they are correctly multiplied with the factorial part
and the multivariate ols estimator is calculated by W. The connection with the
traditional formulation in linear models becomes clear, if one realizes that the ols
estimator for β = (µ′, ν ′)′ may also be written as

β̂ = (µ̂′, ν̂ ′)′ =
(
X̃′X̃

)−1
X̃′Y.
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Nevertheless, statistical inference of µ is of further interest. In Zimmermann et al.
(2020), the following central limit theorem for the ols estimator β̂ is stated and
proven:

Proposition 12. Let β = (µ′, ν ′)′ and β̂ = (µ̂′, ν̂ ′)′. Then, under (M1), (M3),
(M4), (M5), and Assumption 1 it holds

√
n
(
β̂ − β

)
d−→ Nµ ∼ N (0, Λ),

where Λ := limn→∞ n
(
X̃′X̃

)−1
X̃′SX̃

(
X̃′X̃

)−1
.
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3. Summary of the Articles
It’s time now to sing out

Though the story never ends
Let’s celebrate, remember a year

In the life of friends
Seasons of Love, Larson (1996a)

3.1. Quantile-based MANOVA: A New Tool for
Inferring Multivariate Data in Factorial Designs

The aim of the Paper Baumeister et al. (2024) has been to introduce a quantile-based
alternative to infer general multivariate factorial designs. The recent trend to more
general and flexible manova methods, as mentioned in Section 2.1.3, is extended to
multivariate quantiles as estimands. Considering quantiles in statistical analyses, in
particular considering the median, poses a robust alternative to mean-based analyses
in many situations. Especially for heavy-tailed distributions and in case of outliers,
the median is the preferred statistical estimand (Maronna et al., 2006). Bonett
and Price (2002) pointed out: “Every student of introductory statistics is taught
that the population median may be more meaningful than the population mean
when the distribution is skewed.” This has been a motivation for the development of
quantile-based inference, furthermore, it is a known fact that inference on quantiles
leads to more powerful test decisions in context of heavy-tailed data (cf. Ditzhaus
et al., 2021). The method has been realized in the multivariate model stated in
Section 2.2.1; consequently, it does not assume normality and allows for potential
heterogeneity. As this model assumes the existence of differentiable densities, it is
appropriate in situations, where metric data can be assumed.

In fact, the method applies the theory of quadratic from-type statistics (Section 2.1.3)
on Proposition 10 and the multivariate quantile-based model in Section 2.2.1 in
terms of the multivariate quantiles

√
n(q̂ − q). For this purpose, an appropriate

estimator for the unknown limiting covariance matrix G := ⊕k
i=1 G(i) is needed.

Three approaches that were introduced in Ditzhaus et al. (2021) have been adapted
for the consistent estimation of G: a kernel-based approach by Nadaraya (1965), a
bootstrap approach by Chung and Romano (2013) using classic Efron’s bootstrap
(Efron, 1979) and an interval-based approach by Price and Bonett (2001). For the
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sake of simplicity, Ĝ denotes any consistent estimator among the three mentioned
options. As explained at the beginning of Section 2.1 the resulting qmanova is
applicable for all kind of factorial designs, where the model follows the common
practice to reformulate the Hypothesis (2.2) with the unique projection matrix
T = H′ (HH′)+ H ∈ Rdk×dk to H0 : Tq = 0. The limiting unknown covariance
matrix G is not necessarily non-singular. Therefore, it is in general not possible to
consider the wts in this framework. Instead, the ats and mats are proposed as
instances as versions of the test statistic in (2.6):

ATSn(T) = n
(Tq̂)′Tq̂
tr
(
TĜT

) , MATSn(T) = n(Tq̂)′
(
TĜ0T

)+
Tq̂.

Since it can be argued that the respective functions Ξ
(
T, Ĝ

)
for ats and mats

are consistent for Ξ(T, G), Theorem 6 is applicable and bootstrapping has to
be used to approximate the unknown limiting distribution of ats and mats as
explained in Section 2.1.2. Here, a group-wise nonparametric bootstrap approach
is considered. A d-dimensional bootstrap sample {Y∗

i1, . . . , Y∗
ini

} is drawn with
replacement from the original observation vectors {Yi1, . . . , Yini

} for every group
i ∈ {1, . . . , k}. The (conditional) asymptotic behaviour of the bootstrap counterparts
of the test statistics ATS∗

n(T) and MATS∗
n(T), is investigated by proving a bootstrap

equivalent of Proposition 10 by empirical processes and combine this result with
further bootstrap techniques of van der Vaart and Wellner (2000). From this, it can be
concluded that, under H0, given the data, the bootstrap test statistics ATS∗

n(T) and
MATS∗

n(T) have asymptotically the same distribution as the test statistics ATSn(T)
and MATSn(T), respectively. The proposed resampling tests use the empirical
(1 − α)-quantile b∗

α(Y) of the conditional distribution function y 7→ P (U∗
n(T) ≤ y | Y)

as critical values. This leads to the tests Φ∗
n = 1{Un(T) > b∗

α(Y)}. As explained
in Section 2.1.3, it can be argued that Φ∗

n is an asymptotic level-α test, which is
consistent for the alternative.

The theoretical results of the qmanova are complemented by an extensive simula-
tion study for small and moderate sample sizes, which also compares mean-based
methods with the new median-based approach. In the article, the simulation is
focussed on data that fulfils the null hypothesis of a median-based one-way layout.
Further simulations results are presented in the supplementary material, which can
be found online. From the simulations, it is apparent that the bootstrap covariance
estimator has the best performance regarding the type I error control. With the
other covariance estimators, ats and mats show a quite conservative type I error
control. As both considered test statistics have a similar type I error control, it can
be recommended to use the ats and mats combined with the bootstrap covariance
estimator. These two favourable qmanova methods, have been compared with the
mean-based mats of Friedrich and Pauly (2018) with two different bootstrap ver-
sions. This comparison is only possible on symmetric data, such that the mean-based
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hypothesis H0 : µ1 = µ2 and the median-based hypothesis H0 : m1 = m2 coincide.
From this, it can be observed that the mean- and median-based methods have a
comparable type I error control. For the median-based methods, the ats tends to
a more conservative behaviour than the mats.

In context of power the methods of the qmanova can have one advantage. In
the power simulations, it can be observed that the median-based tests are more
powerful in simulations scenarios, where t2-distributed data is considered, while the
exact opposite occurs with the normal distribution. This may happen, because the
sample median is the better location estimator in case of heavy-tailed data like the
t2-distribution, but for normally distributed data the situation is reversed. This
observation is in line with the power simulation results in Ditzhaus et al. (2021) and
leads to the conclusion that median-based estimation and inference is recommended
in context of heavy-tailed data. This was also made clear by the illustrative data
example, where a multivariate data set about Egyptian skulls in a three-way manova
setting is analysed. It contains four measures of the skulls that characterise their
basic shape with considerably heavy-tailed data. Consequently, the median-based
test is able to detect differences in this data set, while the mean-based based methods
does not, which exemplifies also the high applicability of quantiles in skewed data.

3.2. Early and Late Buzzards: Comparing Different
Approaches for Quantile-based Multiple Testing
in Heavy-Tailed Wildlife Research Data

In the Paper Baumeister, Munko, et al. (2025a), different possibilities to infer quantile-
based multiple testing procedures in general factorial designs have been compared.To
incorporate this, the univariate model for more than one quantile from Section 2.2.1
has been considered. This model explicitly includes inference regarding the median,
the iqr, or both together. The motivation for a comparison on methods for quantile-
based multiple testing has been that in medical, ecological and psychological research,
multiple testing problems occur as often as heavy-tailed and skewed data. To illus-
trate the advantages of quantiles as estimands, colleagues and I have considered a
real data example of wild life animals, where heavy-tails can be observed. As already
explained in the summary of the qmanova (Section 3.1), for this kind of data, the
median is the preferred measure of location and the iqr is an adequate alternative
to the variance as a measure of dispersion.The aim of the data example is to identify
years between 2006 and 2022 with an earlier and a later hatching phenology, which
is important to compare weather conditions and population characteristics between
years with early and late breedings. In context of increasing temperatures and



28 3. Summaries

extreme weather events due to climate change, it is of general interest to understand
these connections. In the end, this ecological question leads to a non-inferiority
multiple testing procedure. That is why, additionally, non-inferiority testing problems
have been considered in the Monte Carlo simulations.

To be able to compare different methods reasonably well, the hypotheses in (2.3) and
the simultaneous testing problems from Section 2.1.4 are defined in the univariate
quantile-based model in Section 2.2.1. The two-sided quantile-based multiple testing
problem can be formulated as follows:

H0,s : h′
sq = ϵs vs. H1,s : h′

sq ̸= ϵs, s ∈ {1, . . . , r}. (3.1)

A one-sided non-inferiority multiple testing problem can be defined as follows:

HI
0,s : h′

sq ≤ ϵs vs. HI
1,s : h′

sq > ϵs, s ∈ {1, . . . , r}. (3.2)

Then, the corresponding global hypotheses are H0 : Hq = ϵ and HI
0 : Hq ≤ ϵ,

respectively. The motivation to consider both types of hypotheses has been that they
have widely different interpretations despite the similar methodology. Furthermore,
possibilities to infer equivalence hypotheses (Hauck & Anderson, 1984) for quantiles
are stated but not discussed in detail. To infer the testing problem in (3.1), the
testing procedure

φq
n = max

s∈{1,...,r}
1

 |Aq
n(hs, es)|
wq

s(α) > 1

 (3.3)

is used for appropriate critical values wq
s(α), where the one-sided version (3.2) uses

another appropriate critical value wqI
s (α) in the test decisions:

φqI
n = max

s∈{1,...,r}
1

Aq
n(hs, es)
wqI

s (α)
> 1

. (3.4)

The in the simulation study compared methods are based on Bonferroni-corrections
with an asymptotic and a permutation critical value as well as an mctp approach with
bootstrap and asymptotic critical values. As stated in Theorem 3, it can be argued,
that the vector of quantile-based t-type test statistics Aq

n(H, e) is asymptotically
multivariate normally distributed for a consistent estimator Σ̂ for Σ and a single test
statistic Aq

n(hs, es) is standard normally distributed for every s ∈ {1, . . . , r}. Then,
the (1−α/(2r))-quantile of the standard normal distribution wq

s(α) = z1−α/(2r) for the
two-sided multiple testing problem or wqI

s (α) = z1−α/r for the non-inferiority multiple
testing problem, is the suitable critical value for the asymptotic Bonferroni-adjusted
procedure. To yield a potentially better small sample performance the permutation
approach considered in Ditzhaus et al. (2021) is adapted for t-type test statistics.
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Here, the idea is to draw the permuted samples Y π
i1 , . . . , Y π

ini
, i ∈ {1, . . . , k}, without

replacement from the pooled sample Y11, . . . , Y1n1 , Y21, . . . , Yknk
. The permutation

Bonferroni-adjusted approach is derived by using permutation-based critical values
instead of the standard normal quantiles. The theory behind this is adapted from
the permutation approach in Ditzhaus et al. (2021) and is based on empirical process
theory, similar to the theory of the qmanova (Section 3.1). The mctp approach is
an extension of the method in Segbehoe et al. (2022), which introduced mctps for
one quantile. In the article, we extend the method to be feasible for more than one
quantile of interest and to one-sided testing problems. For the asymptotic approach,
the main idea is to consider the asymptotic multivariate distribution of the test
statistics in the way that is explained in Section 2.1.4. For the limiting random
variables Aq of Aq

n(H, e), it holds Aq = (Aq
1, . . . , Aq

r)′ ∼ N (0, Rq) with

Rq = (HQH′)− 1
2

0 HQH′ (HQH′)− 1
2

0

and Q := ⊕k
i=1 Q(i). The limiting covariance matrix Q can be replaced by an

appropriate consistent estimator Q̂ and the equicoordinate (1 − α)-quantiles q1−α

and qI
1−α of the resulting distributions limiting |Aq| and Aq are used as critical values.

Equivalently to the qmanova (Baumeister et al., 2024, summarised in Section 3.1),
a group wise nonparametric bootstrap is considered for a better small sample perfor-
mance. As explained above, a nonparametric bootstrap sample Y ∗

i1, . . . , Y ∗
ini

is drawn
with replacement from the original i-th sample Yi1, . . . , Yini

. From this, bootstrap
test statistics Aq∗

n (H, e) are calculated and q∗
1−α as well as qI∗

1−α, the empirical equi-
coordinate (1 − α)-quantiles of |Aq∗

n (H, e)| respective Aq∗
n (H, e), are used as critical

values. All approaches have been simulated combined with the three consistent
covariance estimators (kernel, interval, and bootstrap-based), which were also used
in the qmanova in Section 3.1 and in the qanova by Ditzhaus et al. (2021).

To investigate, which method is appropriate to answer the multiple testing problems
(3.3) and (3.4), the explained methods formulated in terms of medians or iqrs
are compared in an extensive simulation study. Details of the simulation study,
especially additionally plots and tables as well as the R-scripts can be found online
at TUDOdata (Baumeister, Munko, et al., 2025b). One part of the simulation study
investigates the tests’ performances on small sample sizes (15 per group on average)
and k = 4 groups. Here, it can be observed that the fwer-control highly depends
on the choice of the covariance estimator and on the testing problem for all methods
excepted the Bonferroni-adjusted permutation approach. While the latter approach
has a stable fwer-control in this scenarios, the Bonferroni-adjusted asymptotic
testing procedures tend to be too conservative and the two mctp appraches show
a conservative or a liberal behaviour depending on the tetsing problem and the
covariance estimator. This is surprising in some way, as the Bonferroni correction is
known for a conservative behaviour and the fwer-control of mctps is usually better.
As expected, the Bonferroni-corrected approaches show a conservative behaviour in

https://doi.org/10.17877/TUDODATA-2025-M6TDKFDE
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the simulation study, where r = 17 tests and larger sample sizes are considered. Here,
the data was generated similarly to the data example. In this simulation scenarios,
the bootstrap mctp with bootstrap covariance estimator shows the most stable
fwer-control. The power is in general very similar for all methods, if the significance
level under the null hypothesis is maintained. The paper concludes with a data
analysis of the motivating example. As there are many tests and moderate sample
sizes considered, the bootstrap mctp with bootstrap covariance estimator is, based
on the simulation results, the recommended method to infer the testing problem.

3.3. Multivariate and Multiple Contrast Testing in
General Covariate-adjusted Factorial Designs

In the Paper Baumeister, Thiel, Matits, Zimmermann, et al. (2025), the concept of
mctps (Section 2.1.4) has been applied to the semiparametric mancova model in
2.2.2. Especially for multivariate outcomes, there is a need of statistical methods that
can deal with multiple testing and covariate adjustment, which is underscored by a
data example, where all three issues occur together. A synthetic dataset (Thiel et al.,
2025) based on original data from the intervention-based HypnoTreat study (Karrasch,
Matits, et al., 2023; Karrasch, Mavioğlu, et al., 2023; Karrasch et al., 2022) poses
this example. The study examined chronically stressed individuals and analysed
the effects of a single relaxation hypnosis session on heart rate variability, which
is a set of stress related physiological variables measured on different scales. The
intervention-induced changes in the heart rate variability are observed in 5 variables
measuring the same physiological construct. Consequently, an overall global effect
and specific local effects are of interest, which requires testing of multiple hypotheses.
Furthermore, joint modelling of these outcomes may be beneficial for statistical
analyses, as the outcomes are correlated. This requires a multivariate approach.
Additionally, the confounding covariates chronic stress and suggestibility (ability to
be hypnotised) should be considered to explain some of the variability in the data.
In the end, this leads to multivariate multiple testing on covariate adjusted means.
For k = 2 groups and d = 5 dimensions, the adjusted means µi,ℓ for every endpoint
ℓ ∈ {1, . . . , 5} can be compared: H0,ℓ : µ1ℓ = µ2,ℓ.

This example illustrates that it is beneficial to model more than one covariate-
adjusted endpoint together while having the possibility to test specific problems
therein. The use of mctps seems to be appropriate to infer these testing problems
as they are a appropriate simultaneous multiple testing procedure, which was also
a result of Baumeister, Munko, et al. (2025a, summarised in Section 3.2). In the
end, the aim of this article was to implement powerful multivariate multiple contrast
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testing procedures on covariate-adjusted means that can deal with various multiple
testing problems, see Section 2.1.

To reach this goal, the semiparametric mancova model explained in Section 2.2.2
has been considered. As stated in Section 2.1.3, Zimmermann et al. (2020) developed
global hypothesis tests in this model by using quadratic form-type statistics. In fact,
the implementation of mctps in this model extends their method to the multiple
testing problem

Ω =
{
H0,s : h′

sµ = 0
∣∣∣ s ∈ {1, . . . , r}

}
, (3.5)

where µ denotes the adjusted mean defined in Section 2.2.2. The family Ω corresponds
to the global hypothesis H0 : Hµ = 0, which is a version of the null hypothesis in (2.2)
on covariate-adjusted means. As a consequence of the model assumptions, the matrix
with the diagonal elements of the limiting covariance matrix Λ0 and its estimator Λ̂0
are used as the matrices D and D̂ in Section 2.1.1. Additionally, as the semiparametric
mancova model allows for heteroscedasticity, a heteroscedasticity-consistent adjust-
ment is applied on the squared residuals S (see Section 2.2.2). The resulting covariance
estimator for the upper left block matrix Λ11,0 of Λ0 is named as Λ̂11,0. In contrast
to the quantile-based mctps in Section 3.2, the test statistics (see Equation 2.6)

Aµ
n(hs) =

√
n

h′
sµ̂√

h′
sΛ̂11,0hs

,

are not standard normally distributed for every s ∈ {1, . . . , r}. In fact, their limiting
distribution is

Aµ
s ∼ N

(
0,

h′
sΛ11hs

h′
sΛ11,0hs

)
.

Therefore, it is not possible to apply equicoordinate quantiles of the limiting dis-
tribution as critical values directly. To overcome this problem, colleagues and I
have considered resampling techniques and a generalized determination of local
levels. A parametric and a wild bootstrap were proven and theoretically founded
in Zimmermann et al. (2020) and are also suitable for the use in these methods. For
ease of notation, both shall be described by ◦ here.

The idea of the generalised determination of the local levels is as follows. The vector
of test statistics, calculated on the bth bootstrap sample, b ∈ {1, . . . , B}, is named by(
Aµ,◦,b

n (h1), . . . , Aµ,◦,b
n (hr)

)
and the (1 − γ)-quantile of |Aµ,◦,1

n (hs)|, . . . , |Aµ,◦,B
n (hs)|

by q◦
s,1−γ. Munko et al. (2024) introduced multiple contrast test procedures for the

rmst by using a wts and, based on ideas by Bühlmann (1998), they adjust the
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significance level γ for each local test such that the level α is controlled globally. To
realise this, for γ ∈ [0, 1] the estimated fwer has to be defined:

FWER◦
n(γ) := 1

B

B∑
b=1

1
{
∃ s ∈ {1, . . . , r} : |Aµ,◦,b

n (hs)| > q◦
s,1−γ

}
.

Then, the adjusted level γn(α) can be defined as:

γn(α) := max
{

γ ∈
{

0,
1
B

, . . . ,
B − 1

B

} ∣∣∣∣∣ FWER◦
n(γ) ≤ α

}
. (3.6)

To give an intuition, γn(α) is chosen as the largest value such that FWER◦
n(γ) is

bounded by the global level of significance α. The adjusted level γn(α) allows to
define critical values for an appropriate testing procedure: for every s ∈ {1, . . . , r},
the testing problem in (3.5) can be inferred by

φµ,◦
n,s = 1

{
|Aµ

n(hs)| > q◦
s,1−γn(α)

}
,

and in line with the testing procedure defined in Section 2.1.4 the global hypothesis
H0 is rejected, if and only if at least one H0,s is rejected:

φµ,◦
n = max

s∈{1,...,r}
1

 |Aµ
n(hs)|

q◦
s,1−γn(α)

> 1

.

This formulation incorporates the different distributions of Aµ
n(hs), s ∈ {1, . . . , r}, by

considering individual quantiles q◦
s,1−γn(α) as critical values, but uses the same level

of significance γn(α) for all tests. In the paper, colleagues and I have shown that
this testing procedure controls asymptomatically the family-wise type I error rate of
Ω. Moreover, a theoretically valid calculation of local and global p-values that can
be compared with the adjusted levels γn(α) respective the global level α is presented.
It is shown that the tests φµ,◦

n,s and φµ,◦
n are consistent asymptotic level-α tests.

The paper includes an extensive simulation study regarding type I error and power,
were φµ,◦

n,s and φµ,◦
n are compared with the Bonferroni-corrected tests of Zimmermann

et al. (2020) and an asymptotic mctp, which considers D = Σ and requires a
stronger assumption as (M2) in Assumption 11. Further details of the simulation
study, especially additional plots and the results of further simulation results as
well as the R-scripts can be found online at TUDOdata (Baumeister, Thiel, Matits,
Pauly, et al., 2025). To get a broad overview about the performance of the testing
procedures, small and moderate, balanced and unbalanced sample sizes as well as
various distributions, covariance structures, and singular data is considered. The
latter is considered to take the advantage of the semiparametric mancova model
into account. In the simulation study, the Bonferroni-corrected tests show the often

https://doi.org/10.17877/TUDODATA-2025-MANOBADL
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observed conservative behaviour, especially for testing problems with a large number
of individual tests. The tests φµ,◦

n,s and φµ,◦
n show an overall good small sample

performance and an fwer-control even on singular data, were the asymptotic mctps
cannot be applied. In settings with negative pairing, a highly liberal behaviour
occurs across all methods, which is an already described problem in mean-based
semiparametric models (e,g. Konietschke et al., 2015). The power simulations include
settings under shift, one-point, and trend alternatives. In each of these settings, the
behaviour under the alternative is relatively similar for the compared methods that
maintain the level of significance under the null hypothesis. It can be observed that
the power in the singular settings is lower than for other settings, but φµ,◦

n,s and φµ,◦
n

have an improved power in comparison to the other methods.

As an illustration of the developed methods, the synthetic HypnoTreatSynth data set
(Thiel et al., 2025) is analysed by the methods that were compared in the simulation
study. Here, the advantage of the simultaneous testing procedure of producing
coherent and consonant local and global testing decisions is illustrated. Despite the
fact that most methods are able to detect the added effect in the synthetic dataset,
together with the simulation study it becomes clear that the developed resampling
mctps are most reliable in the considered semi-parametric model.
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4. Concluding Discussion and Outlook
Remember the love

Oh, you got to, you got to remember the love
Remember the love

You know that love is a gift from up above
Remember the love

Share love, give love, spread love
Measure in love

Measure, measure your life in love
Seasons of love

Seasons of Love, Larson (1996a)

4.1. Discussion

This dissertation includes three contributions to methodology for inference in general
factorial designs. All contributions are motivated by the observation that there is a
need of more generalised testing procedures in quantitative sciences. That is why
none of the presented methods contain assumptions of normality or homoscedastic
covariance structures and extends general concepts of single and multiple testing
to more complex relevant testing problems. The developed methods have been
proven through asymptotic statistics and empirical process theory and consider a
resampling-based critical value, which substantially improves the general applicability
of this methods. Furthermore, all methods have been examined in their behaviour
under the null hypothesis and under the alternative and have been compared with
existing methods by Monte Carlo simulations. Additionally, the applicability of the
new methods is illustrated by data examples.

In the first article Baumeister et al. (2024) colleagues and I have implemented a
quadratic form-type statistic to infer multivariate quantiles. This has made the use
of resampling necessary. Resampling procedures for a broad class of estimands can
be proven by empirical process theory and have turned out to be successful in that
multivariate quantile-based framework. The availability of robust quantile-based
testing procedures may increases the use of quantile-based analyses in medicine,
psychology and biology, where skewed and heavy-tailed data occurs frequently,
especially in experimental studies. In the included simulation study, it turned out
that the introduced method is a robust and on heavy-tailed data a more powerful
alternative to classical mean-based manova. Therefore quantile-based testing can
lead to more powerful testing procedures on an easy interpretable estimand.
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That quantiles define highly applicable estimands has also been a motivation for the
systematic comparison of quantile-based multiple testing procedures in the second
article Baumeister, Munko, et al. (2025a). There, the well established concepts of
Bonferroni-correction and mctps have been adapted and compared in a general
quantile-based framework. The extension of the quantile-based anova (Ditzhaus
et al., 2021) to multiple testing also makes quantile-based testing more applicable in
quantitative sciences and the existing method of Segbehoe et al. (2022) is checked
for its applicability in certain scenarios. The simulation study has shown that
the behaviour of the compared methods depends highly on the sample size of the
simulated data. On small samples with a few compared tests, it turned out that
mctps are not superior to the Bonferroni correction, while the situation is vice
versa for bigger sample sizes and more tests. That the methodology of mctps is
not applicable on smaller sample sizes in context of quantiles has been surprising,
because this phenomenon was not observable on mctps with other estimands. Based
in this observations, colleagues and I were able to give some recommendations for
the use of quantile-based multiple testing procedures of certain scenarios. This can
provide orientation for quantitative scientists while choosing the right statistical
method for their research.

In the third paper, colleagues and I have implemented the concept of mctps in
a semiparametric mancova, which extends the methods of Zimmermann et al.
(2020) to multiple testing problems. A motivating example has shown the practical
relevance of the method as intervention studies can be modelled all-encompassing in a
multivariate model that allows coherent and consonant multiple testing. Additionally,
having valid methods at hand that allow for inclusion of covariates is very important
in many fields of research. In general, the paper highlights the practical advantages
of mctps to infer multiple endpoints simultaneously. To realise that, colleagues and
I have implemented a generalized calculation of critical values inspired by Munko
et al. (2024), which was necessary because we have considered a general model that
allows certain types of singularity. This made also the consideration of resampling
procedures necessary. As the article Baumeister, Munko, et al. (2025a) has shown
that a systematic comparison with other simultaneous testing procedures is important
to assess the methods performance, we have compared the new approaches with the
Bonferroni-adjusted methods of (Zimmermann et al., 2020) and naive asymptotic
mctps. The simulation study shows a good level-α control of the proposed method
even on small samples and on singular data. The behaviour under the alternative
is very similar for all methods that hold the level of significance in the respective
scenario, this is why the mctps seems to be a suitable approach.
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4.2. Outlook

Even though the three articles included in this dissertation have somewhat expanded
the existence of factorial designs, there are many more gaps to fill in the world of
factorial designs. These gaps are not exclusively interesting from a methodological
point of view; on the contrary, there are still many research questions involving
factorial designs and testing problems for which there is no methodological solution.
In particular, solutions are missing if the statistical analysis has to deal with non
normal, skewed, and heteroscedastic data at the same time.

To give some examples, it could be of interest to investigate how some multivariate
extension of the considered multiple testing procedures in Baumeister, Munko, et al.
(2025a) perform. The development of covariate-adjustment on quantiles could be
a further extension of the world of quantile-based inference. This is of potential
interest in uni- and multivariate models as well as in context of multiple testing.

To ensure that people can actually use the methods included in this thesis, R implemen-
tations are necessary. Together with a colleague, an R implementation of the methods
to infer the semiparametric mancova model of Zimmermann et al. (2020) including
the mctps therein is in preparation. An R implementation of the quantile-based
methods is also of interest.

In order to make the developed statistical methods truly applicable for scientists in
the quantitative sciences, it is also necessary to investigate in further competitive
simulation studies how the methods behave in realistic situations. Heinze et al.
(2024) developed a model of four phases that a statistical method must have passed
through before it is really usable in quantitative sciences. Analysing the behaviour
of a method in competitive simulation studies plays an important role therein. Such
an analysis as Baumeister, Munko, et al. (2025a) produced some surprising results
that would not have been uncovered without the comparison made there. It may
therefore be interesting to carry out further systematic simulation-based comparisons,
particularly in the context of multiple testing problems. There is also a lack of a
paper that systematically compares the performance of established current methods
in the field of multiple testing. One comparative overview of concepts for multiple
testing was given in Pigeot (2000), but does not include simulations. Konietschke
et al. (2013) focus on the differences in methodology between mctps and anova.
To reach that, they explain the methodologically differences and compare the global
power on theoretically aspects and in simulations, but they do not systematically
compare different version of max-t tests.



38 4. Conclusion

To come to another area of testing problems, it would also be interesting to investigate
the performance of different manova methods in such a comparative simulation
study similarly to the comparison on univariate two-sample problems that was done
in Noguchi et al. (2021). This is motivated by the observation that there are lots of
robust alternatives to the classical manova methods (e.g. Anderson, 2001; Dobler
et al., 2020; Friedrich & Pauly, 2018; Konietschke et al., 2015), but it seems that
they are only used with hesitation. Reasons for this could be a low popularity of the
new methods or limited knowledge about the benefits of them. A discussion of the
method’s benefits based on comparative simulations could resolve this matter.
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Part II.

Publications and Preprints

In diapers, report cards
In spoke wheels, in speeding tickets

In contracts, dollars
In funerals, in births

In five hundred twenty-five thousand six hundred
minutes

How do you figure our last year on earth?
Figure in love

Measure in love
Seasons of love

Seasons of Love B, Larson (1996b)
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a b s t r a c t

Multivariate analysis-of-variance (MANOVA) is a well established tool to examine
multivariate endpoints. While classical approaches depend on restrictive assumptions
like normality and homogeneity, there is a recent trend to more general and flexible
procedures. In this paper, we proceed on this path, but do not follow the typical mean-
focused perspective. Instead we consider general quantiles, in particular the median, for
a more robust multivariate analysis. The resulting methodology is applicable for all kind
of factorial designs and shown to be asymptotically valid. Our theoretical results are
complemented by an extensive simulation study for small and moderate sample sizes.
An illustrative data analysis is also presented.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In various fields, e.g., biology, ecology, medicine, or psychology, several outcome variables are of simultaneous interest
leading to multivariate data. For example, an ecologist may study the aggression against predators and the relative
reproductive success (fitness) of birds grouped by sex and colour morph [5]. Other examples are psychological tests or
different medical quantities, e.g., heart rate, blood pressure, weight, or height of a patient. As pointed out by Warne
[51], multivariate analysis-of-variance (MANOVA) is ‘‘one of the most common multivariate statistical procedures in
the social science literature’’. However, classical MANOVA [2,9,28,39,52] relies on restrictive assumptions as normality
and homogeneity of covariances. But the ‘‘normality assumption becomes quasi impossible to justify when moving from
univariate to multivariate observations’’ [26] and, similarly, homogeneity is often implausible. To overcome these, several
remedies have been suggested for tackling at least one of both issues. Thereby solutions have been developed for specific
layouts, e.g., one- or two-way [3,27,53,54] as well as for general factorial designs [18,26,46]. As common in statistical
inference, all these proposals focus on the expectation (vector) and thus infer means or contrasts thereof. For heavy-tail
distributions and in case of outliers the mean is not the appropriate statistical estimand [cf. 31]. Therefore, the present
paper aims to introduce

∗ Corresponding author at: Department of Statistics, TU Dortmund University, Germany.
E-mail address: baumeister@statistik.tu-dortmund.de (M. Baumeister).
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0047-259X/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).
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(i) a robust, quantile-based counterpart to mean-based MANOVA procedures
(ii) without assuming a specific distribution class (such as normality or sphericity)
(iii) while allowing for potential heterogeneity
(iv) in the framework of general factorial designs, including, e.g., higher-way layouts.

To achieve these aims, we extend the recently proposed QANOVA [quantile-based analysis-of-variance, 10] approach
for univariate endpoints to multivariate settings. The QANOVA procedure is a powerful alternative to the commonly
established quantile regression [24,25] and allows ‘‘the simple incorporation of interaction effects without a loss in
power’’ [10]. Thus, it remains to answer the question how to extend QANOVA as there exists several possibilities to define
multivariate quantiles, see, e.g., Small [47], Serfling [44] and Becker et al. [4]. For example, the R-Package MNM [35] allows
for MANOVA analyses based on the spatial median by [36] and its affine equivariant version, the Hettmansperger–Randles
median. MNM covers tests equivalent to Hotelling’s T 2-Test for more than two samples and tests regarding randomized
block designs [37].

Different to MNM, our method is based on the vector of marginal quantiles [1]. The marginal quantiles have the
advantage, that they are computational more efficient and easier to interpret. In particular, it allows for compatible
post hoc analyses on univariate components with the QANOVA. The proposed method will be established within a fully
heterogeneous model and can be used for any quantile, not only for the median. For proofing correctness of our method we
employ refined results on empirical quantile processes [10,49], and combine them with strategies and ideas from Friedrich
and Pauly [18] for mean-based MANOVA.

The paper is structured as follows. The model and the estimators for the population quantiles are presented in Section 2
together with a brief introduction to general factorial designs. Section 3 presents the statistical methods. First (Section 3.1),
the test statistics are constructed and their mathematical foundation is explained. Thereafter, covariance estimators based
on kernel density estimators [34], bootstrapping [8,12] and an interval-based strategy [40] are proposed (Section 3.2).
Finally, a (group-wise) bootstrap strategy is considered (Section 3.3) to estimate the unknown limit distribution of the
test statistics. All proofs and some technical details are presented in the Appendix. To investigate the method’s small
sample properties and compare it with existing methods, an extensive simulation study is carried out in Section 4. An
illustrative data analysis of Egyptian skulls complements our investigation (Section 5). The paper closes with a discussion
and an outlook.

2. Motivation and set-up

We consider a general, multivariate model based on mutually independent d-dimensional observation vectors for
individuals from k different (sub-)groups, e.g., representing different treatments or different epochs of antique objects
as in Section 5. In detail, the jth observations vector in group i is denoted by

Xij =
(
Xij1, . . . , Xijd

)T
∼ Pi, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}.

Here, Pi denotes the joint distribution with corresponding multivariate distribution function Fi. Furthermore, let Fiℓ be
the continuous marginal distribution function of Xi1ℓ , i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d} with existing density function fiℓ. The
joint distribution function of two entries Xijm and Xijℓ is denoted by Fiℓm, i ∈ {1, . . . , k}, m, ℓ ∈ {1, . . . , d}. Throughout
this paper, we like to infer the vector of marginal quantiles [cf. 1] qi = (qi1, . . . , qid)T , where

qiℓ = F−1
iℓ (p) = inf {t ∈ R|Fiℓ(t) ≥ p} , i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d},

for a pre-specified quantile level p ∈ (0, 1), e.g., p = 0.5 for medians. This means in particular that we consider all
percentiles in this framework. Within this setting, we want to develop testing procedures for the general null hypothesis

H0 : Hq = 0r , q = (qT
1, . . . , q

T
k )

T , (1)

where H ∈ Rr×dk is a contrast matrix, i.e., H1dk = 0r , and 1r and 0r are the r-dimensional vectors of 0’s and 1’s,
respectively. The concrete choice of H depends on the underlying research question and is similar to classical mean-based
MANOVA. For example, the one-way MANOVA hypothesis of no group effect is obtained by selecting H = Pk ⊗ Id, where
⊗ denotes the Kronecker product of matrices:

H0 : (Pk ⊗ Id) q = 0dk ⇔ H0 : q1 = · · · = qk.

Turning to a two-way layout with factors A having a levels and B possessing b levels, we split up the group index i into
i = (i1, i2) for i1 ∈ {1, . . . , a} and i2 ∈ {1, . . . , b} resulting in k = a · b (sub-)groups. In a more lucid way, the multivariate
quantile qi can be decomposed into a general effect qµ, main effects qα

i1
, qβ

i2
and an interaction effect qαβ

i1 i2
as

qi = q(i1,i2) = qµ
+ qα

i1 + qβ

i2
+ qαβ

i1 i2
,

assuming the usual side conditions
a∑

i1=1

qα
i1 =

b∑
i2=1

qβ

i2
=

a∑
i1=1

qαβ

i1i2
=

b∑
i2=1

qαβ

i1 i2
= 0d

2
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to ensure identifiability. Then, null hypotheses for main and interaction effects can be formulated as follows:

H0(A) :

(
Pa ⊗

1
b
Jb ⊗ Id

)
q = 0dk ⇔ q̄1· = · · · = q̄a· ⇔ qα

i1 = 0, i1 ∈ {1, . . . , a},

H0(B) :

(
1
a
Ja ⊗ Pb ⊗ Id

)
q = 0dk ⇔ q̄·1 = · · · = q̄·b ⇔ qβ

i2
= 0, i2 ∈ {1, . . . , b},

H0(AB) : (Pa ⊗ Pb ⊗ Id) q = 0dk ⇔ q̄·· − q̄i1· − q̄·i2 + qi1 i2 ≡ 0d, i1 ∈ {1, . . . , a}, i2 ∈ {1, . . . , b}

⇔ qαβ

i1 i2
= 0, i1 ∈ {1, . . . , a}, i2 ∈ {1, . . . , b}.

Here, Pd = Id −
1
d Jd is the d-dimensional centring matrix, Id is the d-dimensional identity matrix and Jd = 1T

d1d is the
d × d matrix consisting of 1’s only. The q̄i1·, q̄·i2 and q̄·· are the means over the dotted indices. Higher-way layouts and
also hierarchically designs with nested factors can be incorporated in a similar way, see e.g., [16,18,38] for mean-based
testing strategies.

We like to stress that different matrices H can describe the same null hypotheses but may affect the statistic’s
outcome [43]. In the sequel we therefore follow the common practice to reformulate (1) as Tq = 0dk with the unique
projection matrix T = HT

(
HHT )+ H ∈ Rdk×dk, where A+ denotes the Moore–Penrose inverse of the matrix A. It is easy to

check that H and T lead to equivalent null hypotheses while the matrix T has the advantage of being unique, symmetric and
idempotent [3,15,26,38]. To infer (1) based on real-data, the marginal quantiles are estimated via the empirical quantiles

q̂iℓ = F̂−1
iℓ (p) = inf{t ∈ R|F̂iℓ(t) ≥ p} = X (iℓ)

⌈nip⌉:ni
, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d},

where X (iℓ)
1:ni

≤ · · · ≤ X (iℓ)
ni:ni are the order statistics of the ℓ-th component within group i and

F̂iℓ(t) =
1
ni

ni∑
j=1

1{Xijℓ≤t}

is the respective marginal empirical distribution function evaluated at time t ∈ R. Together with the pre-chosen contrast
matrix and respective covariance estimators (discussed in the next section), they are used in quadratic form-type test
statistics to infer (1).

3. Statistical methods

3.1. Construction of tests

As we want to develop an (at least) asymptotically valid method, we first recall the central limit theorem for marginal
quantiles [1]. It relies on the following two standard regularity assumptions on the sample sizes and the distribution
functions. Here and subsequently, all limits are meant as n → ∞.

Assumption 1. The groups do not vanish, i.e., (ni/n) → κi > 0.

Assumption 2. Let Fiℓ be continuously differentiable at qiℓ with positive derivative fiℓ(qiℓ) > 0 for every ℓ ∈ {1, . . . , d}
and i ∈ {1, . . . , k}.

Proposition 1 (Theorem 2.1 of Babu and Rao [1]). Under Assumptions 1 and 2 we have convergence in distribution
√
n
(
q̂iℓ − qiℓ

)
ℓ∈{1,...,d}

d
−→ Zi, i ∈ {1, . . . , k},

where Zi is a zero-mean, multivariate normal distributed random vector with covariance matrix Σ(i)
= (Σ(i)

ℓm)ℓ,m=1,...,d given
by the entries

Σ
(i)
ℓm =

⎧⎪⎪⎨⎪⎪⎩
1
κi

1
f 2iℓ(qiℓ)

(
p − p2

)
, ℓ = m,

1
κi

1
fiℓ(qiℓ)fim(qim)

{
Fiℓm

(
F−1
iℓ (p), F−1

im (p)
)
− p2

}
, ℓ ̸= m.

(2)

This was also proven by [1] without the use of empirical processes. For ease of convenience we present an empirical
processes based proof for Proposition 1 in A.2. There, a central limit theorem for multivariate quantiles is deduced from
Proposition 4 with the functional delta-method for empirical processes [49, Thm. 3.9.4]. In principle, Proposition 1 and
the group’s independence allow us to construct quadratic form test statistics in terms of the vector

√
n(q̂ − q). For this

purpose, we only require an appropriate estimator for the unknown limiting covariance matrix Σ :=
⨁k

i=1 Σ
(i). Consistent

3
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proposals are discussed in Section 3.2. Let us suppose for a moment, that Σ̂ consistently estimates Σ. Then we propose a
so-called ANOVA-type statistic (ATS) [7] and a modified ANOVA-type statistic (MATS) [18] to infer Tq = 0dk:

ATSn(T) = n
(Tq̂)TTq̂
tr

(
TΣ̂T

) , MATSn(T) = n(Tq̂)T
(
TΣ̂0T

)+ Tq̂.

Here, Σ0 and Σ̂0 denote the matrices containing only the diagonal elements of Σ and Σ̂, respectively. As described
in Sattler et al. [43], both test statistics can be unified into the following general form

Sn(T) = n(Tq̂)TΞ
(
T, Σ̂

)
Tq̂,

where Ξ (T, Σ̂) = tr(TΣ̂T)−1Idk for the ATS and Ξ (T, Σ̂) = (TΣ̂0T)+ for the MATS. In contrast to the QANOVA the limiting
unknown covariance matrix Σ is not necessarily non-singular. This complicates working with Ξ (T, Σ̂) = (TΣ̂T)+ as
in common Wald-type statistics [50]. In particular, the corresponding Moore–Penrose inverse is in general no longer
consistent, hampering the usual χ2-inference. We therefore do not consider Wald-type statistics in our paper. For the
following Proposition we need another technical assumption:

Assumption 3. The diagonal elements of Σ (i) are positive, i.e. Σ (i)
ℓℓ > 0, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d}.

Proposition 2. For a consistent estimator Σ̂ of Σ and under Assumption 3 the versions of Ξ (T, Σ̂) in the ATS and the MATS
are consistent for Ξ (T,Σ). Thus,

(i) tr
(
TΣ̂T

)−1 Idk
P

−→ tr (TΣT)−1 Idk;
(ii)

(
TΣ̂0T

)+ P
−→

(
TΣ̂0T

)+.

This technical result is used in the following theorem, which summarizes the asymptotic distribution of Sn(T).

Theorem 1. Let Σ̂ be a consistent covariance matrix estimator of Σ and assume that Assumption 1, 2 and 3 hold.

(i) Under H0 : Tq = 0dk, the test statistic Sn converges in distribution to a weighted sum of χ2
1 distributed random variables,

i.e.,

Sn(T)
d

−→ B =

dk∑
i=1

λiBi, (3)

where Bi
iid
∼ χ2

1 and λi ≥ 0, i ∈ {1, . . . , dk}, are the eigenvalues of (TΣT)
1
2 Ξ (T,Σ) (TΣT)

1
2 .

(ii) Under H1 : Tq ̸= 0dk, Sn converges in probability to ∞.

Let bα be the (1 − α)-quantile of B in (3). From Theorem 1 we can deduce that the test ϕn = 1{Sn(T) > bα} is of
asymptotic level α for H0 : Tq = 0. Furthermore, it is consistent for any alternative H1 : Tq ̸= 0dk. However, the
distribution of B depends on unknown parameters through Σ. Thus, bα is in general unknown and we consider a bootstrap
procedure to approximate it, which we discuss in Section 3.3. But first we address the pending question regarding to the
estimation of Σ.

3.2. Estimation of the covariance matrix

Variance estimation of the median or general quantiles is not easy in the univariate setting and various strategies can
be found in the literature [6,8,30,33]. At a first glance, the situation becomes even more complicated in the multivariate
set-up. However, a careful observation of (2) yields a simple relationship between the diagonal and off-diagonal elements:

Σ
(i)
ℓm =

√
Σ

(i)
ℓℓΣ

(i)
mm

Fiℓm(qiℓ, qim) − p2

p − p2
, ℓ ̸= m.

Thus, the known univariate strategies to estimate the variances Σ
(i)
ℓℓ, ℓ ∈ {1, . . . , k}, can be combined with an estimator

for Fiℓm(qiℓ, qim). For the latter, let us first introduce the joint empirical distribution function F̂iℓm defined by

F̂iℓm(t1, t2) =
1
ni

ni∑
j=1

1(−∞,t1]×(−∞,t2](Xijℓ, Xijm)

for i ∈ {1, . . . , k}, ℓ,m ∈ {1, . . . , d} and t1, t2 ∈ R. Under the following regularity assumption, consistency of F̂iℓm(q̂iℓ, q̂im)
for Fiℓm(qiℓ, qim) holds:

Assumption 4. For every i ∈ {1, . . . , k} and every ℓ,m ∈ {1, . . . , d}, the joint distribution function Fiℓm is continuous at
(qiℓ, qim) = (F−1

iℓ (p), F−1
im (p)).

4
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Proposition 3 (Theorem 2.2 of [1]). Under Assumption 1 and 4, the estimator F̂iℓm(q̂iℓ, q̂im) converges in probability to
Fiℓm(qiℓ, qim).

Because Babu and Rao [1] proved this, we present a proof with empirical processes in Appendix A.5. Consequently, we
obtain a general form of estimators for Σ(i):

Σ̂
(i)
ℓm =

⎧⎪⎪⎨⎪⎪⎩
n
ni

σ̂ 2
iℓ(p), ℓ = m,

n
ni

σ̂iℓ(p)σ̂im(p)
F̂iℓm(q̂iℓ, q̂im) − p2

p − p2
, ℓ ̸= m,

where σ̂ 2
iℓ(p) is a consistent estimator for the asymptotic variance σ 2

iℓ(p) = κiΣ
(i)
ℓℓ of the marginal, centred empirical

quantiles
√
n(̂qiℓ − qiℓ). We follow Ditzhaus et al. [10] and study three different choices for σ̂ 2

iℓ(p) considered in the
univariate case. All approaches produce consistent estimators under the respective assumptions for Σ̂(i) [10].

3.2.1. Kernel estimator
The kernel-based approach uses the strong consistent kernel density estimator by Nadaraya [34] to estimate the

densities fiℓ. It is given by

f̂K ,i,ℓ(x) =
1

nihniℓ

ni∑
j=1

Kiℓ

(
x − Xijℓ

hniℓ

)
, i ∈ {1, . . . , k}; ℓ ∈ {1, . . . , d},

where Kiℓ is a kernel and hniℓ is a bandwidth, i ∈ {1, . . . , k}; ℓ ∈ {1, . . . , d}. For its strong consistency we require:

Assumption 5. Suppose for every i ∈ {1, . . . , k}; ℓ ∈ {1, . . . , d} that Kiℓ is of bounded variation, fi is uniformly continuous
and the series

∑
∞

m=1 exp(−γmh2
niℓ

) converges for every choice of γ > 0.

This leads to the following consistent estimator for σ 2
iℓ(p):

σ̂ 2
iℓ,K (p) =

1

f̂ 2K ,i,ℓ(q̂iℓ)
(p − p2).

3.2.2. Bootstrap estimator
The bootstrap approach was originally proposed by [8], who borrowed the idea from [12]. To introduce it, consider

the bootstrap samples X∗

i1ℓ, . . . , X
∗

iniℓ
, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d}, drawn mutually independent and with replacement

from the observations Xi1ℓ, . . . , Xiniℓ. We denote all estimators based on the bootstrap sample by a ∗, e.g., q̂∗. Then, the
bootstrap sample quantile estimator q̂∗

iℓ can be calculated and its conditional mean squared error, given data, is given by(
σ̂ ∗

iℓ(p)
)2

= ni

ni∑
j=1

(
X (iℓ)
j:ni

− q̂iℓ
)2

Pr∗

(
X (iℓ)∗

⌈nip⌉:ni
= X (iℓ)

j:ni
|Xiℓ

)
  

:=P∗
ijℓ

. (4)

As explained by Efron [12], P∗

ijℓ can be rewritten for every ℓ ∈ {1, . . . , d} as

P∗

ijℓ = Pr
(
Bni,

j−1
ni

≤ ⌈nip⌉ − 1
)

− Pr
(
Bni,

j
ni

≤ ⌈nip⌉ − 1
)

,

where Bn,p denotes a binomial distributed random variable with size parameter n and success probability p. Ghosh et al.
[20] proved that the estimator

(
σ̂ ∗

iℓ(p)
)2 is consistent for σ 2

iℓ(p) under the following moment condition.

Assumption 6. For some δ > 0 we have maxi∈{1,...,k}, ℓ∈{1,...,d} E
(
|Xi1ℓ|

δ
)

< ∞.

3.2.3. Interval-based estimator
An interval-based approach was initially suggested by McKean and Schrader [33] and later modified by Price and Bonett

[40] for the median. The methodology can easily be adapted to handle general quantiles [6,10]. The principle idea is to
start with the asymptotic confidence interval (X (iℓ)

li(p):ni
, X (iℓ)

ui(p):ni
) for qiℓ. Its length (asymptotically) depends on the (unknown)

standard deviation σiℓ(p). Basic calculation yields the following estimator:

σ̂ 2
iℓ,PB(p) =

⎛⎝√
ni

X (iℓ)
ui(p):ni

− X (iℓ)
li(p):ni

2zα∗
niℓ

(p)/2 + 2n−1/2
i

⎞⎠2

,

where li(p) = max{1, ⌊nip−zα/2
√
nip(1 − p)⌋} is the lower and ui(p) = min{ni, ⌊nip+zα/2

√
nip(1 − p)⌋} is the upper limit

of the binomial interval, and zα/2 denotes the (1 − α/2)-quantile of the standard normal distribution. Note that li(p) and

5
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ui(p) are independent of the dimension ℓ ∈ {1, . . . , d}, and typically α = 0.05 is chosen for their computation. Price and
Bonett [40] set

α∗

niℓ(p) =

⎧⎪⎪⎨⎪⎪⎩
αniℓ(p) = 1 −

ui(p)−1∑
j=li(p)+1

(
ni

j

)
pj(1 − p)ni−j, ni ≤ 100,

0.05, ni > 100

in the denominator of σ̂ 2
iℓ,PB(p). The case distinction is motivated by the computation time of αniℓ(p) which becomes quite

demanding for larger sample sizes. Since we have αniℓ(p) −→ α by the central limit theorem, the use of αniℓ(p) is only
necessary for small to moderate sample sizes.

3.3. Bootstrapping the test statistic

Having one of the presented estimators for the covariance matrices at hand, we are able to calculate the respective
ATS or MATS. However, the limiting distribution of B from Theorem 1 remains unknown and the (1 − α)-quantile bα

of B cannot be computed. That is why we consider a group-wise nonparametric bootstrap approach to approximate
it. This resampling strategy was already applied by Friedrich and Pauly [18] for their mean-based MANOVA procedure
and is known to be effective for various testing problems [11,26,29]. As in Section 3.2.2, we consider a d-dimensional
bootstrap sample {X∗

i1, . . . ,X
∗

ini
} drawn with replacement from the original observation vectors {Xi1, . . . ,Xini} for every

group i ∈ {1, . . . , k}. Moreover, we add a ∗ to all statistics which are calculated from the bootstrap sample, e.g., q̂∗ denotes
the bootstrap quantile vector. Note that under the null hypothesis H0 : Tq = 0dk the test statistic can be written as

Sn(T) = n
[
T
(
q̂ − q

)]T
Ξ

(
T, Σ̂

)
T
(
q̂ − q

)
.

For its bootstrap counterpart, the estimators q̂ and Σ̂ are replaced by their bootstrap versions q̂∗ and Σ̂∗ and the unknown
quantile vector q is substituted by its the empirical counterpart q̂. Consequently, we obtain the bootstrap statistic

S∗

n (T) = n
[
T
(
q̂∗

− q̂
)]T

Ξ
(
T, Σ̂∗

)
T
(
q̂∗

− q̂
)
. (5)

We can derive the (conditional) asymptotic behaviour of S∗
n (T ) by slightly adopting the argumentation for Proposition 1

and combine that with the bootstrap results of van der Vaart and Wellner [49] to get an equivalent result to Theorem 1:

Theorem 2. Let Σ̂ be a consistent estimator for Σ and let Σ̂∗ denote its consistent bootstrap version. Then, the bootstrap test
statistic S∗

n (T) given in (5) converges always, conditionally given the data, in distribution to a real-valued random variable B∗,
i.e., we have under H0 : Tq = 0dk as well as under H1 : Tq ̸= 0dk

sup
x∈R

⏐⏐Pr (
S∗

n (T) ≤ x|X
)
− P

(
B∗

≤ x
)⏐⏐ P

−→ 0.

Hereby, the distribution of B∗ depends on the underlying setting and can be expressed by B∗
=

∑dk
i=1 λ∗

i Bi where λ∗

i ≥ 0 and
Bi ∼ χ2

1 . Under H0, the distribution of B∗ coincides with the limit null distribution of Sn(T), i.e., B
d
= B∗.

Our proposed resampling test use b∗
α(X), the empirical (1 − α)-quantile of the conditional distribution function

x ↦→ P(S∗
n (T) ≤ x|X) as critical value. This leads to the test ϕ∗

n = 1{Sn(T) > b∗
α(X)}. Under H0, Theorem 2 implies that

b∗
α(X) converges in probability to bα given the data. Thus, combining Lemma 1 of Janssen and Pauls [23], Theorems 1 and

2, we obtain that the resampling test ϕ∗
n is asymptotically exact, i.e., EH0 (ϕ

∗
n ) → α. Moreover, ϕ∗

n is even consistent for
general alternatives H0 : Tq ̸= 0dk. To accept this, we first deduce from Theorem 2 that b∗

α(X) converges in probability to
some b̃ ∈ R given the data under H1. Combining this observation with Theorem 1(ii) and Theorem 7 of Janssen and Pauls
[23] yields the desired consistency.

4. Simulations

To assess the tests’ performances for small and moderate sample sizes, we conducted a simulation study. The idea
of the data generation is as follows. We generate median-centred data eij =

(
eij1, . . . , eijni

)T
, eijℓ = Yijℓ − median(Yijℓ)

and choose for Yijℓ the following five different distributions to cover symmetric and skewed scenarios: (a) the standard
normal distribution Y (1)

ijℓ ∼ N0,1, (b) the Student’s t-distribution with 2 degrees of freedom Y (2)
ijℓ ∼ t2, (c) the Student’s

t-distribution with 3 degrees of freedom Y (3)
ijℓ ∼ t3, (d) the standard log-normal distribution Y (4)

ijℓ ∼ LN0,1 and (e) the Chi-
square distribution with 3 degrees of freedom Y (5)

ijℓ ∼ χ2
3 . Certain homoscedastic and heteroscedastic covariance settings

are realized by multiplying the square root of different covariance matrices to this data. Furthermore, we considered six
different covariance matrices representing homoscedastic and heteroscedastic scenarios, which are displayed below for
d = 4:

(i) Σ(1)
= Id −

1
2 (Jd − Id) = Σ(2), (ii) Σ(1)

=
(
0.6|a−b|

)d
a,b=1 = Σ(2),

6
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Fig. 1. Type I error in % of the six versions of the QMANOVA divided into two types (ATS, MATS) and three covariance estimator (boot, int, ker).
The results are divided by the sample size factor K ∈ {1, 2, 4, 8}, i.e., n = Kn(r) , r ∈ {1, 2, 3}.

(iii) Σ(1)
= Id +

1
2 (Jd − Id) , Σ(2)

= 3 Id +
1
2 (Jd − Id), (iv) Σ(1)

=
(
0.6|a−b|

)d
a,b=1 , Σ(2)

=
(
0.6|a−b|

)d
a,b=1 + 2 Id,

(v) Σ(1)
=

⎛⎜⎝ 1 0.6 0.36 0.18
0.6 1 0.6 0.3
0.36 0.6 1 0.5
0.18 0.3 0.5 0.25

⎞⎟⎠ , Σ(2)
= Σ(1)

+ 0.5 Jd,

(vi) Σ(1)
=

⎛⎜⎝1 0 0 0
0

√
2 0 0

0 0 2 1
0 0 1 0.5

⎞⎟⎠ , Σ(2)
= Σ(1)

+ 0.5 Jd.

Here, the fifth covariance setting is a modification form the second, where the elements σ1dd, σ1(d−1)d and σ1d(d−1) of
Σ(1) are modified as described. The sixth setting is based on diag(

√
2s) for s ∈ {0, . . . , d − 1}, where the dth row and

column is replaced by half the row or rather the column before. To create data which is median centred, we calculate the
empirical median Mij of (Σ(i))

1
2 eij from an extra sample with the size n = 107 and withdraw Mij from the data. Therefore,

our simulated data can be described by the following model:

Xij = (Σ(i))
1
2 eij − Mij ∼ Fi, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}.

The aforementioned data generating process and the choice of the different settings is adapted from the one-way layout
simulation in Friedrich and Pauly [18, Sec. 5]. To consider small and large sample scenarios, we chose balanced and
unbalanced small samples n(1)

= (10, 10)T , n(2)
= (10, 20)T and n(3)

= (20, 10)T as well as its multiples K · n(r) for
K ∈ {2, 4, 8}. As a benchmark, we compare our method with the mean-based resampling MATS proposed by Friedrich and
Pauly [18]. This method is implemented in the R-package MANOVA.RM [17] as the functions MANOVA() or MANOVA.wide()
(same tests for different data formats). We simulated two versions of the mean-based MATS, one is characterized by a
parametric bootstrap and the other by a wild bootstrap with Rademacher weights, which are both implemented in the
aforementioned package. All simulations are calculated with the computing environment R [48], Version 4.0.0, for nsim
= 5000 simulation runs and nboot = 2000 bootstrap iterations. As in Ditzhaus et al. [10], we used the classical Gaussian
kernel for the kernel density estimation and calculate the bandwidth h by Silverman’s rule-of-thumb [45, Eq. 3.31] with
the R-function bw.rnd0(). The R-Code for the simulations as well as the data analysis script can be found in the following
git-repository: https://gitlab.com/charlienriesz/qmanova.
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Table 1
Type-I error rate in % (nominal level α = 5%) for testing H0 : m1 = m2 in an one-way layout. We present all settings with the sample size (10, 10)
of MATS and ATS combined with the bootstrap covariance estimator. The two comparing meanMATS models are named with meanMATS-p for a
parametric bootstrap and with meanMATS-w for the wild bootstrap approach. The results inside the binomial interval for α [4.4, 5.6] are printed in
bold.
Σ Distr d = 4 d = 8

median meanMATS median meanMATS

MATS ATS param wild MATS ATS param wild

1

N0,1 2.4 2.0 3.2 4.0 2.4 2.8 3.2 4.0
t2 1.6 4.4 2.0 4.0 4.0 6.0 4.0 6.8
t3 4.8 5.6 4.0 4.4 4.4 3.6 3.6 4.4
LN0,1 3.2 3.6 – – 4.8 4.4 – –
χ2
3 2.0 2.0 – – 4.8 4.0 – –

2

N0,1 4.8 3.2 3.2 4.4 4.4 2.8 2.8 3.2
t2 4.4 4.4 4.8 7.6 4.8 4.8 2.8 5.2
t3 4.4 3.6 3.6 4.4 1.2 4.4 3.6 4.4
LN0,1 6.0 6.4 – – 3.6 5.2 – –
χ2
3 5.2 4.4 – – 3.6 4.0 – –

3

N0,1 3.6 1.2 3.2 4.0 3.2 2.8 4.8 7.2
t2 4.0 4.8 3.2 6.4 3.6 3.2 3.2 5.2
t3 2.8 2.8 3.6 5.6 3.2 2.4 3.6 6.8
LN0,1 1.6 2.0 – – 3.2 4.0 – –
χ2
3 6.0 3.6 – – 4.0 2.4 – –

4

N0,1 1.6 1.6 2.4 3.6 2.8 2.8 4.8 6.4
t2 4.0 2.4 2.4 5.6 2.8 3.6 1.2 3.6
t3 3.6 3.2 1.2 1.6 2.8 2.0 2.8 5.6
LN0,1 4.8 4.8 – – 3.6 2.0 – –
χ2
3 5.2 5.6 – – 2.4 1.6 – –

5

N0,1 8.8 8.4 8.8 9.6 4.4 4.8 4.8 6.0
t2 3.6 3.6 5.6 6.0 1.2 2.4 2.8 3.6
t3 7.6 8.4 6.0 6.0 4.0 3.2 5.2 6.0
LN0,1 3.2 3.6 – – 6.4 8.0 – –
χ2
3 8.4 6.4 – – 4.8 4.0 – –

6

N0,1 7.2 6.4 4.8 5.6 1.6 2.4 1.6 2.8
t2 4.8 3.6 1.6 4.0 2.4 3.2 2.0 4.0
t3 4.0 4.4 3.2 4.4 2.8 4.4 2.4 6.0
LN0,1 5.6 6.8 – – 3.2 2.8 – –
χ2
3 5.2 3.2 – – 4.0 6.4 – –

4.1. Type I error

In this subsection, we discuss the type I error control of all procedures in a one-way layout and present further results
for a 2 × 2-design in the supplement. In detail, we considered a multivariate set-up with k = 2 groups and d = {4, 8}
dimensions. Moreover, we restricted to the median mi, i ∈ {1, 2}, (p = 0.5), because it is the most relevant quantile
for statistical analysis and is comparable to the mean. This lead us to the null hypothesis H0 : m1 = m2 for the layout
matrix T = P2 ⊗ I4 and in all to 720 different scenarios. In Fig. 1, the different tests are named by a combination of
the used test statistic and its covariance estimator. It is apparent that the bootstrap covariance estimator has the best
performance regarding the type I error control. Overall, the MATS and the ATS test statistic have a similar type-one-error
control. However, the MATS with the bootstrap covariance estimator performs the best as one can observe from the close
position of the boxes to the binomial interval [4.4, 5.6]. With the other covariance estimators, ATS and MATS show a
quite conservative type I error control. In general, the observed type I error rates comes closer to the 5%-benchmark for
larger K . This is in line with the theoretical findings from Section 3.1. All in all, we can only recommend the ATS and
MATS combined with the bootstrap covariance estimator.

In the next step, we compare the two favourable QMANOVA methods, from now denoted by medMATS and medATS,
with the mean-based MATS of [18] denoted by meanMATS-p and meanMATS-w to differentiate between the parametric
(p) and wild (w) bootstrap versions. For a fair and appropriate comparison, we restrict ourselves to the symmetric
distributions such that the mean-based hypothesis H0 : µ1 = µ2 and the median-based hypothesis H0 : m1 = m2
coincide. Note that a comparison of mean- and median-based hypotheses is not meaningful otherwise. The type I error
rates for all four tests are summarized in Table 1 for n(1)

= (10, 10) and in the supplement for n(2) and n(3). For
completeness reasons, we also include the error rates for two QMANOVA strategies for the nonsymmetric distributions
(LN0,1, χ

2
3 ). The results inside the binomial interval [4.4, 5.6] for the significance level α = 5% are printed in bold. A

detailed study of Table 1 exhibits that the MATS performs slightly better than the ATS since the simulated type I errors
are more frequent in [4.4, 5.6] for the MATS (17 times) than for the ATS (14 times). To further judge the performance for

8
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Fig. 2. Type I error in % of the QMANOVA with bootstrap covariance estimator and the mean-based MATS by Friedrich and Pauly [18] with parametric
(p) and wild (w) bootstrap for the one-way layout, the symmetric distributions (N0,1 , t2 , t3), all covariance settings (1)–(6) as well as for balanced
and unbalanced sample sizes n = K · n(r) for K ∈ {1, 2, 4, 8}.

larger sample sizes, we summarized the type I error rates for all symmetric distributions and all different sample sizes
Kn(r), r ∈ {1, 2, 3}, in boxplots displayed in Fig. 2 divided into the different choices of the scaling factor K ∈ {1, 2, 4, 8}.
In Fig. 2, the medMATS tends to be more conservative (empirical type I error smaller than 4.4) and the meanMATS-w
tends to be more liberal (empirical type I error larger than 5.6). In case of small sample sizes (K = 1), the medATS and
both MATS approaches exhibit a conservative type I error control for almost all settings. In settings with d = 8 and the
covariance choices (4) or (6), a conservative type I error control can even be found for larger samples (K ∈ {2, 4, 8}),
see Table 1. Additionally, a liberal behaviour most often occurs for the covariance setting (5) in combination with the
dimension d = 4 (Table 1). For all sample sizes, the MATS tends to be more liberal than the ATS, because more scenarios
have a far too liberal behaviour (type I error larger than 7) regarding MATS (74) than ATS (56). The liberal behaviour
occurs often in combination with the normal distribution or t-distribution with three degrees of freedom and with d = 4
dimensions. For further details on the influence of the simulation scenarios’ aspects we refer to the Supplement. There,
we explain that the choice of the covariance setting influences the performance most while the QMANOVA method is
mostly robust.

4.1.1. More investigations under the null hypothesis
Beyond the presented results, we analysed various another settings and also other methods to calculate critical values

in the supplement. We shortly summarize our findings here. All details can be found in the Supplement.

Using Monte Carlo critical values instead of resampling. As suggested by a reviewer it is also tempting to compute critical
values from the limiting distribution as in Sattler et al. [43]. In this method, the eigenvalues λi in the limiting distribution
B in Formula (3) are estimated by the eigenvalues λ̂i of (TΣ̂T)

1
2 Ξ

(
T, Σ̂

)
(TΣ̂T)

1
2 and B̂ =

∑dk
i=1 λ̂iBi is used for the

computation of critical values, i.e. 1−α-quantiles from B̂. We tested the behaviour of this approach for the QMANOVA. To
do this we additionally simulated some small-sample scenarios. As with the bootstrap we used nboot = 2000 iterations.
From our simulation results we can see, that the tests with the Monte-Carlo-resampling has a very conservative behaviour
in the sense that the tests rejected almost never. This shows that bootstrapping, though more time-consuming, is the
preferred method for computing critical values.

Non continuous distributions. As the assumption of continuous densities is substantial for the proof of the method we
simulated some Poisson data and saw that the tests performance is still good in these scenarios. Here, medATS as well as
medMATS has a similar performance (median of type I error rate 4.4 for both tests) and tend to be a bit too conservative
in their behaviour. From this result it seems that the violation of the assumption has no great influence on the test. The
data generation process and detailed results are presented in the Supplement.

9
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Fig. 3. Empirical Power in Percent of the QMANOVA and the mean-based MATS by Friedrich and Pauly [18] for normal distributed (N) and
t2-distributed (t2) data, the small sample size (10, 10) and the covariance settings 1 − 4.

Other designs. Moreover, we also present type I error simulations study for a two-way layout and for a one-way layout
for four groups in the supplement. For the two-way layout, we simulated scenarios for a 2 × 2 design with dimension
d = 4 for similar covariance settings. For the one-way layout we used the first four covariance settings, some balanced
and unbalanced samples and otherwise the same aspects as in the simulations for two groups. The corresponding findings
are similar to the one-layout.

4.2. Power

For the power comparison, we restrict to a representative subset of the settings from the previous section, namely
to d = 4, the covariance settings (1)–(4), the samples Kn(1) and Kn(3) for K ∈ {2, 4} while we still consider all five
distributions. To obtain alternative settings, we shift the data from the first group by δ ∈ {0.5, 1, 1.5, 2, 3, 4}, i.e., X1j =

δ+

(
(Σ(1))

1
2 e1j − M1j

)
, j ∈ {1, . . . , ni} Moreover, we restrict to a representative subset of the settings, namely to d = 4, the

covariance settings (1)–(4), the samples Kn(1) and Kn(3) for K ∈ {2, 4} while we still consider all five distributions. We again
compare the two favourable QMANOVA methods with the mean-based MATS for symmetric distributions. Fig. 3 includes
the empirical power of the four methods for the normal and the t2-distribution and all simulated covariance settings.
Studying Fig. 3 one can observe, that the mean-based tests are more powerful in the cases with the normal distribution,
but for the t2-distribution we can see the exact opposite. This observation fits to the power simulation results in Ditzhaus
et al. [10]. There, an explanation for this is also given: mean and median are as location estimators asymptotically different
efficient in the distributional scenarios. The sample median is the better location estimator in case of heavy-tailed data
like the t2-distribution, but for normal distributed data the situation is reversed. For all distributions the power increases
faster for bigger sample sizes and again, the unbalanced designs do not seem to have any influence on this.

5. Illustrative data analysis

To illustrate the new methods on real data, we re-analyse the Egyptian skulls data set from Everitt and Hothorn [13]
available in the R-Package HSAUR [14]. For 90 skulls, there are four variables (d = 4) measured in mm and denoted
by mb (maximal breadth), bh (basibregmatic height), bl (basialveolar length) and nh (nasal height). The skulls can be
divided into three groups (k = 3) which are characterized by time periods in years around 4000 BC (i = 1), around 3300
BC (i = 2) and around 1850 BC (i = 3) [37]. The data is balanced with 30 skulls per group [14]. All four measurements
together characterize the skulls in their basic shape. We are interested in inferring whether there are differences between

10
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Fig. 4. Kernel density estimates [34] based on Gaussian kernels of the four (d = 4) characteristics of the skulls mb (maximal breadth), bh
(basibregmatic height), bl (basialveolar length) and nh (nasal height) divided by three epochs (k = 3) around 4000 BC, around 3300 BC and
around 1850 BC. The bandwidth of the kernel densities is chosen by Silverman’s rule-of-thumb [45, Eq. 3.31].

Table 2
p-values for the different null hypotheses and the tests medMATS (quantile-based MATS with bootstrap covariance
estimator) and meanMATS-w (mean-based MATS with wild bootstrap resampling).
Test Hypothesis

H123
0 : H12

0 : H23
0 : H13

0 :

m1 = m2 = m3 m1 = m2 m2 = m3 m1 = m3

medMATS 0.038∗ 0.726 0.042∗ 0.007∗

meanMATS-w 0.062 0.756 0.061 0.038

The p-values marked with a ∗ indicate the rejected hypotheses at multiple level 5%.

the three epochs. Fig. 4 shows kernel density plots for each univariate measurement. We observe that the data is rather
heavy-tailed and potentially heteroscedastic in each of the four measures. Thus, a median-based approach is reasonable
leading to the multivariate null hypothesis H123

0 : m1 = m2 = m3. Due to its convincing type I error control in our
simulation study, we choose the quantile-based MATS combined with the bootstrap covariance estimator and compare it
with the mean-based MATS [18] using wild bootstrap critical values. Similar to the simulation study, all tests are computed
based upon 2000 bootstrap iterations. The resulting p-values are given in Table 2.

It can be seen, that the medMATS rejects the null hypothesis at significance level 0.05 whereas the mean-based
meanMATS-w does not. A probable reason for this is that the data is nearly symmetric and heavy-tailed in all dimensions
(cf. Fig. 4). In such settings the medMATS exhibit a better power performance compared to meanMATS-w. After rejecting
this global null hypothesis, it is intuitive to perform group-wise post hoc analyses. Consequently, one can formulate all
pairs hypotheses: H12

0 : m1 = m2, H23
0 : m2 = m3 and H13

0 : m1 = m3. The tests’ p-values are displayed in Table 2.
Altogether, the considered hypotheses form a closed testing procedure [19] and thus do not need adjustment. That is why
the multiple meanMATS-w and medMATS tests control the family-wise-error-rate without an extra adjustment of the p-
values. We obtain different test results from both methods: The multiple medMATS test rejects the global null and detects
a difference in the 3300 BC and the 1850 BC skulls at the 5% level. In comparison, the multiple mean-based meanMATS-w
test does not reject the global null hypothesis H123

0 at the 5% level. Thus, it would also not detect the difference between
the 3300 BC and the 1850 BC skulls as no pairwise posthoc comparisons would have been performed.

11
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6. Conclusion and outlook

We have introduced six statistical tests in a general MANOVA-set-up (QMANOVA) regarding marginal quantiles. These
are based on different test statistics: an ANOVA-type statistic (ATS) and a modified ATS (MATS), both in combination
with three different covariance estimators (based on a kernel, bootstrap and interval-based approach). All statistics are
quadratic forms in the normalized vector of pooled quantiles and can be seen as a generalization of the univariate QANOVA
presented in Ditzhaus et al. [10]. As all test statistics are no asymptotic pivots, we propose a non-parametric bootstrap
approach to calculate critical values. We analyse the corresponding limit behaviour and prove that the resulting tests
are asymptotic exact and consistent. In fact, the methods are asymptotically valid in general factorial designs and do
not postulate homoscedasticity or a specific distribution. In an extensive simulation study focusing on the median, it
turned out that the MATS with the bootstrap covariance estimator performs the best among the six proposed QMANOVA
methods. In particular, it is robust against various aspects of data and performs well on heavy-tailed and skewed data with
equal, unequal and singular covariance structures. We additionally compared its performance with the mean-based MATS
proposed by Friedrich and Pauly [18] as benchmark method. In-line with theoretical properties of means and medians, our
power simulation study showed that the median-based QMANOVA performs better than the corresponding mean-based
approach in terms of power. This has also been confirmed in an illustrative data analyses with symmetric and heavy-tailed
data in a three-way MANOVA setting. The test results suggest that using the QMANOVA instead of an mean-based method
is an added value in this application.

Apart from the illustrative data analyses, the focus of the paper was on deriving global test procedures. Having rejected
a global null, post-hoc analyses on the components or factor levels are of interest and multiplicity may become an issue.
In the three-way MANOVA setting of the data example this was no issue. But it would be for more complex situations.
Thus, we plan to derive multiple contrast tests (MCTs) for contrasts of marginal medians and quantiles in the future. Here,
concepts from Gunawardana and Konietschke [21] could be adapted. As the derived methods can directly be inverted in
confidence regions we would also like to derive simultaneous confidence regions and intervals that are compatible to the
MCTs decisions. This would allow a deeper insight into the behaviour of the estimates. Moreover, similar to mean-based
MANCOVA [55], we plan to derive QMANCOVAs that allow for covariate adjustments. Finally, as suggested by a reviewer,
studying other quantiles such as equi-coordinate quantiles within a similar MANOVA setting is of future interest.
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Appendix A. Technical details and proofs

In the following Section we present technical details of the test construction and the proofs of the paper.

A.1. Mathematical foundation of Proposition 1 through empirical processes

To get a complete picture and to present consistent proofs we show a central limit theorem for the marginal
empirical distribution functions and its foundation with empirical processes. Furthermore, this has the advantage, that
we can construct the bootstrap procedure from it. First, we have to consider the set of group-specific marginal empirical
distribution functions:⎛⎜⎝F̂i1(t1)

...

F̂id(td)

⎞⎟⎠ =
1
ni

ni∑
j=1

⎛⎜⎝1(−∞,t1](Xij1)
...

1(−∞,td](Xijd)

⎞⎟⎠ =
1
ni

ni∑
j=1

⎛⎜⎝1(−∞,t1]×Rd−1 (Xij1, . . . , Xijd)
...

1Rd−1×(−∞,td](Xij1, . . . , Xijd)

⎞⎟⎠ . (A.1)
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For t ∈ R and ℓ, r ∈ {1, . . . , d}, set Atℓr = (−∞, t] if ℓ = r and Atℓr = R else. Then, the functions

1⨂d
r=1 Atℓr

: Rd
→ R,

(x1, . . . , xd)T ↦→ 1⨂d
r=1 Atℓr

(x1, . . . , xd) =

{
1, xℓ ∈ Atℓℓ = (−∞, t],
0, xℓ ̸∈ Atℓℓ = (−∞, t],

characterize the marginal empirical distribution functions and they form a set:

E :=

{
1⨂d

r=1 Atℓr
|Atℓℓ = (−∞, t] ∧ Atℓr = R : r ̸= ℓ; r, ℓ ∈ {1, . . . , d} ∧ t ∈ R

}
.

Lemma 1. The set of measurable functions E is a VC-class.

Proof. Due to Problem 9 in Section 2.6 of van der Vaart and Wellner [49, p. 151] it remains to show that

C =

{
d⨂

r=1

Atℓr |Atℓℓ = (−∞, t] ∧ Atℓr = R : r ̸= ℓ ∈ {1, . . . , d} ∧ t ∈ R

}
is a VC-class. We use the fact that the d-dimensional cells

D =

{
d⨂

r=1

Ar |Ar = (−∞, tr ] : r ∈ {1, . . . , d} ∧ tr ∈ R

}
form a VC-class with VC-index d + 1 [cf. 49, Ex. 2.6.1]. To prove that C is a VC-class, let us suppose for a moment that C
shatters the subset {x1, . . . , xm} ⊂ Rd for some m ∈ N, e.g. every subset X of {x1, . . . , xm} can be written as an intersection
between {x1, . . . , xm} and an element C ∈ C: X = {x1, . . . , xm}∩C . DefineM = max {xsr |s ∈ {1, . . . ,m}; r ∈ {1, . . . , d}}+1.
Thus, M is larger than any component of x1, . . . , xm. Then it is clear that

C′
=

{
d⨂

r=1

Atℓr |Atℓℓ = (−∞, t] ∧ Atrℓ = (−∞,M] : r ̸= ℓ ∈ {1, . . . , d} ∧ t ∈ R

}
shatters {x1, . . . , xm} ⊂ Rd as well. Since C′ is clearly a subset of D, C′ is for m ≤ d+1 also a VC-class with VC-index d+1
or smaller. This is a contradiction. Thus, C does not shatter the subset {x1, . . . , xm} ⊂ Rd and it can finally be deduced
that C is a VC-class with a VC-index smaller or equal to d + 1. □

Categorizes the set E as a VC-Class amounts to apply the theory of empirical processes on the marginal empirical
distribution functions and yields the central limit theorem about them:

Proposition 4. The Skorokhod Space D(R) contains all right-continuous functions G : R → R with left limits [49, p. 3]. Then,
we have convergence in distribution in D(R)d:

√
ni

(
F̂iℓ − Fiℓ

)
ℓ∈{1,...,d}

d
−→ Gi in D(R)d, i ∈ {1, . . . , k}. (A.2)

Proof. Applying Theorem 2.6.7 in van der Vaart and Wellner [49], Lemma 1 yields that E satisfies the uniform entropy
condition (2.5.1) in van der Vaart and Wellner [49, p. 127]. The function

1Rd : Rd
→ R, (x1, . . . , xd) ↦→ 1,

is an envelope function for E and it holds for every distribution P on
(
Rd,B

(
Rd

))
, that ∥1Rd∥2 < ∞. From these three

conditions it can be concluded that E is P-Donsker [49, p. 141]. Consequently:
√
ni

(
F̂iℓ − Fiℓ

)
ℓ∈{1,...,d}

d
−→ Gi in ℓ∞(E), i ∈ {1, . . . , k}.

By construction the limit process Gi : E → R, f ↦→ Gif is a empirical process in ℓ∞(E) for every i ∈ {1, . . . , k} and it is
furthermore a zero-mean Gaussian process [49, p. 81 f.] with covariance

Cov(Giftℓ,Gifsm) =

{
Fiℓ (min(t, s)) − Fiℓ(s)Fiℓ(t), ℓ = m,

Fiℓm(s, t) − Fiℓ(t)Fim(s), ℓ ̸= m,

A calculation of this can be found in the supplement. By Lemma 1.5.3 in van der Vaart and Wellner [49] this characterizes
Gi in ℓ∞(E) completely. For a fixed ℓ ∈ {1, . . . , d} any function ftℓ ∈ E can be identified with t ∈ R, and thus, ℓ∞(E)
with [ℓ∞ (R)]d [49, Example 2.1.3]. When the space is equipped with the supremum norm ∥G∥ = supt∈R |G(t)|, the weak
convergence in D(R)d follows from the weak convergence in [ℓ∞ (R)]d [49, Example 2.1.3]. □
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A.2.

Proof of Proposition 1. In contrast to the proof of Babu and Rao [1], this one works with empirical processes. Consider
A.1 for the technical foundation. Applying the delta-method for metrizable topological vector spaces [cf. 49, Theorem
3.9.4] to Eq. (A.2) yields the assertion. Let D = {G : R → R |nondecreasing, right-continuous}, it holds D ⊂ D(R) [cf. 10,
Supplement, p. 10]. The function applied in the delta-method is the inverse mapping [cf. 49, p. 385]:

φp : D ⊂ D(R) → R, φp(G) = G−1(p) = inf{t ∈ R|G(t) ≥ p}, p ∈ (0, 1). (A.3)

For a fixed ℓ ∈ {1, . . . , d} the function Fiℓ is in D and by Assumption 2 of the paper Fiℓ is differentiable at qiℓ = F−1
iℓ (p)

with positive derivative fiℓ(qiℓ). Thus, by Lemma 3.9.20 of van der Vaart and Wellner [49, p. 385] the function φp is for
every p ∈ (0, 1) Hadamard differentiable at Fiℓ tangentially to the space Dqiℓ ⊂ D(R), which contains all function α ∈ D(R)
that are continuous at qiℓ. The Hadamard derivative is calculated by

φ′

p,Fiℓ (α) = −
α(qiℓ)
fiℓ(qiℓ)

.

It holds
√
ni

ni→∞

−−−→ ∞ and Gi is separable. Otherwise the separable version of Gi is chosen as described in van der Vaart
and Wellner [49, Section 2.2.3]. Thus, the requirements of Theorem 3.9.4 in van der Vaart and Wellner [49] are fulfilled
and it follows that

√
ni

(
φp(F̂iℓ) − φp(Fiℓ)

)
=

√
ni

(
F̂−1
iℓ (p) − F−1

iℓ (p)
)

=
√
ni

(
q̂iℓ − qiℓ

)
converges for every ℓ ∈ {1, . . . , d} weakly to

φ′

Fiℓ (Gi) = −
Gi (qiℓ)
fiℓ(qiℓ)

.

For a, b ∈ {1, . . . , d} it holds

E
(

−
Gi (qia)
fia(qia)

)
= −

1
fia(qia)

E (Gi (qia)) = 0

and

Cov
(

−
Gi (qia)
fia(qia)

, −
Gi (qib)
fib(qib)

)
=

1
fia(qia)fib(qib)

Cov (Gi (qia) ,Gi (qib))

=

⎧⎪⎪⎨⎪⎪⎩
1

f 2ia(qia)
[Fia (min(qia, qia)) − Fia(qia)Fia(qia)] , a = b,

1
fia(qia)fib(qib)

[Fiab(qia, qib) − Fia(qia)Fib(qib)] , a ̸= b,

=

⎧⎪⎪⎨⎪⎪⎩
1

f 2ia(qia)

[
Fia

(
F−1
ia (p)

)
− Fia

(
F−1
ia (p)

)
Fia

(
F−1
ia (p)

)]
, a = b,

1
fia(qia)fib(qib)

[
Fiab

(
F−1
ia (p), F−1

ib (p)
)
− Fia

(
F−1
ia (p)

)
Fib

(
F−1
ib (p)

)]
, a ̸= b,

=

⎧⎪⎪⎨⎪⎪⎩
1

f 2ia(qia)

[
p − p2

]
, a = b,

1
fia(qia)fib(qib)

[
Fiab

(
F−1
ia (p), F−1

ib (p)
)
− p2

]
, a ̸= b.

(A.4)

Consequently, this means
√
ni

√
n

√
n
(
q̂iℓ − qiℓ

)
=

√
ni

(
q̂iℓ − qiℓ

) d
→

√
κi Zi and with the assumption of non-vanishing groups

the assertion follows. □

A.3.

Proof of Proposition 2. The estimator Ξ (T, Σ̂) = tr(TΣ̂T)−1Idk is consistent for tr (TΣT)−1 Idk as a continuous function of
the consistent estimator Σ̂ for Σ. Instead of the classical inverse, the Moore–Penrose inverse is not a continuous function.
That is why there is more to do to prove the consistency of Ξ (T, Σ̂) = (TΣ̂0T)+. The consistency of Σ̂0 follows from the
consistency of Σ̂. And by the Continuous Mapping Theorem [49, Thm. 1.11.1] it holds TΣ̂0T

P
→ TΣ0T and Σ̂0 has full rank.

Consequently, there is no rank jump in TΣ̂0T and from Theorem 4.2 in Rakočević [41] it follows the assertion. □
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A.4.

Proof of Theorem 1.

(i) The statement from Proposition 1 is for every i ∈ {1, . . . , k}:
√
n
(
q̂i − qi

) d
−→ Zi ∼ N (0d,Σi)

and from the independent distributed groups i ∈ {1, . . . , k} it follows
√
n
(
q̂ − q

) d
−→ Z ∼ N (0dk,Σ) .

Under H0 and by the Continuous Mapping Theorem [49, Thm. 1.11.1] the following is also true:
√
nTq̂ =

√
n
(
Tq̂ − Tq

)
= T

√
n
(
q̂ − q

) d
−→ TZ ∼ N (0dk, TΣT) .

Therefore, due to the consistency of Ξ (T, Σ̂) and by Slutzky’s theorem [cf. 49, Example 1.4.7] it follows

Sn(T) = n(Tq̂)′Ξ
(
T, Σ̂

)
Tq̂ = (

√
nTq̂)′Ξ

(
T, Σ̂

) (√
nTq̂

) d
→ (TZ)′Ξ (T,Σ) (TZ) .

By Mathai and Provost [32, S. 90] this has the same distribution as the random variable
∑dk

i=1 λiBi with Bi
iid
∼ χ2

1 , i ∈

{1, . . . , dk}, and λi are the eigenvalues of (TΣT)
1
2 Ξ (T,Σ) (TΣT)

1
2 .

(ii) Proposition 1 is not restricted to the null hypothesis. Thus, it can be concluded from the Continuous Mapping
Theorem [49, Thm. 1.11.1] that n−1Sn(T) always converges in probability to (Tq)′Ξ (T,Σ) Tq. That is why it remains
to prove that from H1 : Tq ̸= 0dk it always follows that (Tq)′Ξ (T,Σ) Tq > 0. Let Tq ̸= 0dk. We need to consider
the two versions of Ξ (T,Σ) separately. The proof of the ATS follows immediately with

Tq ̸= 0dk ⇒ (Tq)′Tq > 0 ⇒
(Tq)′Tq
tr(TΣT)

> 0

The proof of the MATS follows analogously to the proof of Theorem 2 in Ditzhaus et al. [10]. The covariance
matrix Σ is positive semidefinite and symmetric by definition. Thus, the square root Σ

1
2 exists and is also positive

semidefinite and symmetric [22, Thm. 7.2.6]. As a consequence, the square root Σ
1
2
0 exists as well. Moreover, there

is some q̃ ∈ Rdk such that q = Σ
1
2
0 q̃. From the preceding and the non-singularity of Σ0 it follows

TΣ
1
2
0

[(
TΣ

1
2
0

)+

Tq

]
= TΣ

1
2
0

[(
TΣ

1
2
0

)+

TΣ
1
2
0 q̃

]
= TΣ

1
2
0 q̃ = TΣ

1
2
0

(
Σ

1
2
0

)+

q = Tq ̸= 0dk.

And with the well known properties
(
A′

)+
=

(
A+

)′ and
(
A′A

)+
= A+

(
A′

)+ of Moore–Penrose inverses [cf. 42,
p. 67] we conclude

(Tq)′ (TΣ0T)+ Tq = (Tq)′
[(

Σ
1
2
0 T

)′

Σ
1
2
0 T

]+

Tq = (Tq)′
(
Σ

1
2
0 T

)+ (
TΣ

1
2
0

)+

Tq = (Tq)′

[(
TΣ

1
2
0

)+
]′ (

TΣ
1
2
0

)+

Tq

=

[(
TΣ

1
2
0

)+

Tq

]′ [(
TΣ

1
2
0

)+

Tq

]
> 0. □

A.5.

Proof of Proposition 3. Even if Babu and Rao [1] proved this, the result can be easily shown with the theory of empirical
processes. By Example 2.1.3 in van der Vaart and Wellner [49] the 2-dimensional empirical distribution functions Fiℓm can
be identified with the empirical measure indexed by F = {1(−∞,tℓ]×(−∞,tm]|(tℓ, tm) ∈ R2

}, which forms a Donsker-Class
for i ∈ {1, . . . , k}, ℓ,m ∈ {1, . . . , d}. Thus, the set F is also a Glivenko–Cantelli-Class [cf. 49, Lemma 2.4.5]:

sup
(t1,t2)∈R2

⏐⏐⏐F̂iℓm(t1, t2) − Fiℓm(t1, t2)
⏐⏐⏐ a.e.
−→ 0.

From the continuity of Fimℓ at (qiℓ, qim) and (q̂iℓ, q̂im)
a.e.

−→ (qiℓ, qim) it follows from this analogous to Babu and Rao [cf. 1,
p. 18]:

F̂iℓm
(
q̂iℓ, q̂im

) a.e.
−→ Fiℓm(qiℓ, qim).

This yields the assertion. □
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A.6.

Proof of Theorem 2. The proof is analogous to the proof of Theorem 1. The bootstrap version of (A.2) follows from
Theorem 3.6.2, Chapter 1.12 in van der Vaart and Wellner [49] and from Lemma 1:

√
ni

(
F̂∗

iℓ − F̂iℓ
)

ℓ∈{1,...,d}

d
−→ Gi in D(R)d, i ∈ {1, . . . , k}, (A.5)

given the data in probability. Here, F̂∗

iℓ describes the empirical distribution function calculated with the bootstrap sample,
e.g. F̂∗

iℓ(t) =
1
ni

∑ni
j=1 1{X∗

ijℓ≤t}. The delta-method for bootstrapping [49, Theorem 3.9.11] yields analogous to Proposition 1
under Assumption 1:

√
n
(
q̂∗

iℓ − q̂iℓ
)
ℓ∈{1,...,d}

d
−→ Zi, i ∈ {1, . . . , k}, (A.6)

given the data in probability, where q̂∗

iℓ = F∗−1
iℓ (p) is the empirical bootstrap quantile and Zi is as in Proposition 1. As a

result, the bootstrap version of the central limit theorem gives us the same limit process Zi, i ∈ {1, . . . , k} as the regular
one. That is why the covariance of the limit process is again Σ =

⨁k
i=1 Σ

(i) and it is needed to estimate Σ with the
bootstrap sample. By (A.6) it holds:

√
n
(
q̂∗

− q̂
) d

−→ Z ∼ N (0dk,Σ) .

From the Continuous Mapping Theorem [49, Thm. 1.11.1] it follows
√
nT

(
q̂∗

− q̂
) d

−→ TZ ∼ N (0dk, TΣT) .

The consistency of Ξ (T, Σ̂∗) follows from Proposition 2. Identical to the proof of Theorem 1, this yields the assertion. □

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2023.105246.
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ABSTRACT
In medical, ecological, and psychological research, there is a need for methods to handle multiple testing, for example, to consider
group comparisons with more than two groups. Typical approaches that deal with multiple testing are mean- or variance-based
which can be less effective in the context of heavy-tailed and skewed data. Here, the median is the preferred measure of location
and the interquartile range (IQR) is an adequate alternative to the variance. Therefore, it may be fruitful to formulate research
questions of interest in terms of the median or the IQR. For this reason, we compare different inference approaches for two-sided
and noninferiority hypotheses formulated in terms of medians or IQRs in an extensive simulation study. We consider multiple
contrast testing procedures combined with a bootstrap method as well as testing procedures with Bonferroni correction. As an
example of amultiple testing problem based on heavy-tailed data, we analyze an ecological trait variation in early and late breeding
in a medium-sized bird of prey.

1 Introduction

In this paper, we systematically compare possibilities to handle
quantile-based multiple testing procedures in general factorial
designs. This comparison is motivated by a testing problem
involving the hatching dates of a population of common buzzards
(Buteo buteo) (cf. Figure 6). In the context of species protection,

it is necessary to analyze the behavior of animals to understand
how animals deal with environmental change and to develop
strategies to protect them effectively (Halupka and Halupka
2017). It is well-known that the hatching dates are influenced by
the weather in general (Lehikoinen et al. 2009), but in context
of increasing temperatures and weather extreme events due to
climate change it is interesting to understand which aspects of
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are today.
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weather influence the hatching dates in detail. Hence, we want
to identify years between 2006 and 2022 with an earlier and a
later hatching phenology, which could be used in future studies
to compare weather conditions and population characteristics
between years with early and late breedings. In the end, this
ecological question leads to a noninferiority multiple testing
procedure. There is the often observed phenomenon in the
context of human or animal behavior that data is skewed and
heavy-tailed and therefore substantially deviates from normality.
Established multiple testing procedures are mean-based and
reach their limitations in case of skewed or heavy-tailed data,
because they are sensitive to outliers. Bonett and Price (2002)
pointed out: “Every student of introductory statistics is taught
that the population median may be more meaningful than the
populationmean when the distribution is skewed.” That is why it
can be fruitful to consider quantile-based statistical concepts such
as themedian or the interquartile range (IQR) instead ofmean- or
variance-based approaches. Another issue is the consideration of
multiplicity, because it is natural to formulate further hypotheses
regarding post hoc comparisons after rejecting a global hypothesis
(Ruxton and Beauchamp 2008). In factorial designs like ours,
multiple hypotheses are of potential interest and inferring all of
them lead to the problem of the type I error cumulation.

There are some quantile-based methods for statistical inference.
A quantile-based regression was already introduced by Koenker
and Bassett (1978) and these methods are available in the R-
Package quantreg (Koenker 2024). Quantile-based testing of
global hypotheses in factorial designs has been successfully
developed byChung andRomano (2013) andDitzhaus et al. (2021)
(univariate), and Chung and Romano (2016) and Baumeister
et al. (2024) (multivariate). Moreover, Segbehoe et al. (2022)
tackle the multiple testing problem regarding quantiles with
the development of quantile-based multiple contrast testing
procedures (MCTPs). In general, MCTPs are useful in many
situations because they overcome themultiple testing problem by
redefining the rejection of the global hypothesis: it is simultane-
ously rejected if any of the individual comparisons are rejected.
The general concept of MCTPs was introduced, for example, in
Mukerjee et al. (1987). Furthermore,MCTPs are known to be often
more powerful than methods with classical 𝑝-value adjustment
like the Bonferroni procedure (Bretz et al. 2011; Konietschke
et al. 2013). Because of these advantages, there are many different
adaptations of MCTPs (e.g., Bretz et al. 2001; Hasler and Hothorn
2008; Konietschke et al. 2013; Hasler 2014; Umlauft et al. 2019;
Noguchi et al. 2020; Rubarth et al. 2022).

For our approach, the method of Segbehoe et al. (2022) appears to
be most suitable. Among others, they introduced MCTPs regard-
ing differences of quantiles for two-sided statistical hypotheses,
but not yet for the noninferiority testing problem. Their method
is based on an asymptotic approach, which means that the test
statistic is compared with a theoretical quantile of a multivariate
distribution, and a bootstrap approach, where the test statistic
is compared to an empirical bootstrap quantile. The method is
included in the R-Package mratios (Djira et al. 2020). Segbehoe
et al. (2022) compare the type I error performance of these
two approaches in a Monte-Carlo simulation study, which takes
into account only scenarios with balanced, predominantly large
samples and, most importantly, only three groups. In a multiple
pairwise comparison with three groups, however it follows from

the closing testing procedure (Marcus et al. 1976) that there is
no need to adjust the levels for the local hypotheses of pairwise
comparisons to control the family-wise error rate (FWER) if the
global hypothesis can be rejected. Because of the simplicity of
the closing test for three groups, it is to be expected that every
testing procedure that controls the FWER will perform relatively
well in this setting. The reason for this is that the closing testing
procedure works in principle and set-theoretically for every type
of test. See Goeman and Solari (2022) for a discussion of the
closing test procedure especially for three groups. Furthermore,
the simulation of Segbehoe et al. (2022) does not include a com-
parison with other multiple testing procedures, for example, with
Bonferroni-adjusted multiple tests (Dunn 1961). It is therefore
impossible to get a broader overview about the performance of
the tests. Because our ecological problem regarding the hatch data
contains a much larger number of comparisons the simulation
study of Segbehoe et al. (2022) cannot help us to decide if
this method is adequate for our problem. More generally, it
is not possible to decide for one multiple testing procedure to
handle multiple testing problems in skewed and heavy-tailed
data. This is our motivation to consider a more comprehensive
and competitive simulation study.

In particular, our aim is to compare the performance of different
statistical testing procedures that deal with quantile-based multi-
ple hypotheses. Beyond the multiple testing problem, statistical
questions do not only arise with two-sided hypotheses, as we
have seen in our example with regard to buzzards. To give a
broader overview of the methodological possibilities and capa-
bilities of different multiple testing procedures, we study three
commonly important versions of hypotheses: noninferiority, two-
sided, and equivalence hypotheses. An intuitive way to deal with
the multiple testing problem is to define permutation tests in
the framework of the QANOVA by Ditzhaus et al. (2021) and to
adjust them with the well-known Bonferroni correction (Dunn
1961). It is a new approach to define tests in this framework that
can be applied in one- and two-sided testing problems. We also
extend the method of Segbehoe et al. (2022) to noninferiority
testing. Similar to their work, we consider two ways of deriving
critical values: from the asymptotic distribution or via groupwise
bootstrapping. Besides, we explain that the considered methods
are theoretically valid and their inference works without any
restrictive distributional assumption and allows for potential
heteroskedasticity. We compare all these quantile-based multiple
testing procedures for one- and two-sided hypotheses through
an extensive simulation study regarding type I error and power.
In particular, we consider various testing problems (Dunnett,
Tukey, and Grand Mean), varying sample sizes, distributions,
as well as homo- and heteroskedastic settings. Through our
comparison, we come to the result that the MCTP methods are
not in general superior to the QANOVA permutation approaches
with Bonferroni correction regarding empirical FWER control
and power.

The paper is structured as follows. We state models and hypothe-
ses in Section 2. Afterward, we introduce different statistical
testing procedures (Section 3) including explanations of the
asymptotic Bonferroni-adjusted QANOVA tests and their permu-
tational version (Section 3.1, details of the permutation approach
in Section A.2 in the Appendix), as well as quantile-basedMCTPs
and a bootstrap version (Section 3.2). An extensive simulation
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study (Section 4) gives an overview of the performances of all
methods for various scenarios. Section 5 analyzes the data exam-
ple with these methods. There, we also explain our motivational
data example on buzzards and how it fits to our statistical model.
Section 6 concludes the results.

2 Model and Hypotheses

Suppose we have 𝑘 ∈ ℕ mutually independent samples𝑋𝑖1, … , 𝑋𝑖𝑛𝑖 ∼ 𝐹𝑖, 𝑖 ∈ {1, … , 𝑘}, where 𝐹𝑖 are distribution
functions. Here, 𝑛𝑖 represent the sample sizes per group
and 𝑛 ∶= ∑𝑘𝑖=1 𝑛𝑖 denotes the total sample size. To define the
quantity of interest, let 0 < 𝑝1 < … < 𝑝𝑚 < 1 denote 𝑚 ∈ ℕ
probabilities of interest with corresponding quantiles𝑞𝑖𝑗 ∶= 𝐹−1𝑖 (𝑝𝑗)= inf {𝑢 ∈ ℝ ∣ 𝐹𝑖(𝑢) ≥ 𝑝𝑗},𝑖 ∈ {1, … , 𝑘}, 𝑗 ∈ {1, … ,𝑚}.
The pooled quantile vector is denoted by 𝐪 ∶=(𝑞11, … , 𝑞1𝑚, 𝑞21, … , 𝑞𝑘𝑚)′. For our asymptotic derivations,
we need the following assumption throughout this paper.

Assumption 2.1. We assume that 𝐹𝑖 is continuously differ-
entiable at 𝑞𝑖1, … , 𝑞𝑖𝑚 with positive derivatives 𝑓𝑖(𝑞𝑖𝑗) > 0 for all𝑖 ∈ {1, … , 𝑘}, 𝑗 ∈ {1, … ,𝑚}. Moreover, we assume 𝑛𝑖∕𝑛 → 𝜅𝑖 > 0
as 𝑛 → ∞ for all 𝑖 ∈ {1, … , 𝑘}.
In practice, the assumption of a continuous derivative at𝑞𝑖1, … , 𝑞𝑖𝑚 cannot really be checked because usually neither 𝐹𝑖
nor 𝑞𝑖1, … , 𝑞𝑖𝑚 are known. However, if there are (many) ties in
the data, this is at least an indicator that 𝐹𝑖 is not continuous
and, thus, not differentiable at the tie points making the previous
assumption less plausible. Let𝐇 = [𝐡1, … , 𝐡𝑟]′ ∈ ℝ𝑟×𝑘𝑚 denote a
matrix of vectors 𝐡𝓁 = (ℎ𝓁11, … , ℎ𝓁1𝑚, ℎ𝓁21, … , ℎ𝓁km)′ ∈ ℝkm, 𝓁 ∈{1, … , 𝑟} with the contrast property ∑𝑘𝑖=1 ℎ𝓁𝑖𝑗 = 0 for all 𝑗 ∈{1, … ,𝑚}. This contrast property means that only contrasts over
the different groupsmay be considered and is actually also needed
in Ditzhaus et al. (2021). The property can easily be checked for a
knownmatrix𝐇 and all examples given below fulfill the contrast
property. Moreover, let 𝜺 = (𝜀1, … , 𝜀𝑟)′ ∈ ℝ𝑟 denote a vector of
constants. Then, we aim to infer the multiple testing problem

0,𝓁 ∶ 𝐡′𝓁𝐪 = 𝜖𝓁 vs.1,𝓁 ∶ 𝐡′𝓁𝐪 ≠ 𝜖𝓁, for 𝓁 ∈ {1, … , 𝑟}. (1)

These hypotheses follow the usual definition of hypotheses that
can be answered throughmultiple contrast tests, see, for example,
Hothorn et al. (2008) andKonietschke et al. (2013). In addition,we
consider a multiple one-sided noninferiority problem:

𝐼0,𝓁 ∶ 𝐡′𝓁𝐪 ≤ 𝜖𝓁 vs.𝐼1,𝓁 ∶ 𝐡′𝓁𝐪 > 𝜖𝓁, for 𝓁 ∈ {1, … , 𝑟}. (2)

The corresponding global hypotheses are given by 0 ∶ 𝐇𝐪 = 𝝐
and 𝐼0 ∶ 𝐇𝐪 ≤ 𝝐 , respectively. Our motivation to consider both
types of hypotheses is that they have widely different inter-
pretations despite the methodological similarity. Interpreting
noninferiority tests is grounded in another research question than
the approach of two-sided tests. Testing noninferioritymeans that
someone has the aim to show that one treatment/group is not
unacceptably worse compared to one other group (Schumi and

Wittes 2011). What unacceptably worse means, is characterized
in the vector of constants 𝝐 . If the directed deviation in 𝐼0,𝓁
is smaller than 𝜖𝓁 something seems to be unacceptably worse
and 𝐼0,𝓁 is not rejected. The constant can be identified with the
maximal directed deviation in which a significant difference or
improvement is not indicated. Regarding the testing problem and
the question of interest, differences smaller than the constant𝜖𝓁 are not indicated as differences. We refer to Scott (2009) and
Schumi and Wittes (2011) for the idea of noninferiority tests
and the interpretation and meaning of 𝝐 . Moreover, within this
framework it is possible to infer equivalence hypotheses. To this
end, we can adapt the equivalence testing approach of Hauck
and Anderson (1984) for quantiles. Let [−𝛿𝓁, 𝛿𝓁] be equivalence
intervals for every 𝓁 ∈ {1, … , 𝑟}. Then, the multiple equivalence
hypotheses problem has the form:

𝐸0,𝓁 ∶ |𝐡′𝓁𝐪| ≥ 𝛿𝓁 vs.𝐸1,𝓁 ∶ |𝐡′𝓁𝐪| < 𝛿𝓁, for 𝓁 ∈ {1, … , 𝑟}. (3)

This hypotheses lead to a TOST procedure (Schuirmann 1987)
for quantiles, where the statistical question is answered by two
one-sided tests with the halved level of significance. Thus, the
methodological treatment of (3) follows from that in (2). We want
to point out that it is possible to consider far different statistical
questions with similar methodology, but in the following we
focus on the two-sided and the noninferiority hypotheses only.
Below we give some concrete examples of covered multiple
testing problems.

Examples of covered hypotheses.

The hypotheses 0 and 𝐼0 cover various local and multi-
ple testing problems of interest. For a single quantile 𝐪 =(𝑞1, … , 𝑞𝑘)′, 𝑚 = 1, we can formulate hypotheses that are well-
known for vectors ofmeans (cf. Bretz et al. 2011; Konietschke et al.
2013) in terms of medians, quantiles, or more general quantile
contrasts. This explicitly includes

i. All-pairs comparisons for medians.Choosing 𝑝1 = 0.5,𝑚 = 1, and the Tukey-type (Tukey 1994) matrix as contrast
matrix 𝐇 leads to the one- and two-sided hypotheses0,𝓁1𝓁2 ∶ 𝑚𝓁1 − 𝑚𝓁2 = 𝜖𝓁1𝓁2 and𝐼0,𝓁1𝓁2 ∶ 𝑚𝓁1 − 𝑚𝓁2 ≤ 𝜖𝓁1𝓁2 ,
where 𝓁1, 𝓁2 ∈ {1, … , 𝑘}, 𝓁1 > 𝓁2 of all-pairs comparisons for
medians𝑚𝑖 ∶= 𝐹−1𝑖 (0.5), 𝑖 ∈ {1, … , 𝑘}, in one-way layouts.

ii. Many-to-one comparisons formedians. Similarly, choos-
ing the Dunnett-type (Dunnett 1955) matrix gives the one-
and two-sided hypotheses 0,𝓁 ∶ 𝑚𝓁 − 𝑚1 = 𝜖𝓁 and 𝐼0,𝓁 ∶𝑚𝓁 − 𝑚1 ≤ 𝜀𝓁, 𝓁 ∈ {2, … , 𝑘}, ofmany-to-one comparisons for
medians.

iii. Grand-mean comparisons. Choosing the Grand-mean-
type matrix (Djira and Hothorn 2009) instead leads to
the one- and two-sided hypotheses 0,𝓁 ∶ 𝑚𝓁 − 𝑚̄ = 𝜖𝓁 and𝐼0,𝓁 ∶ 𝑚𝓁 − 𝑚̄ ≤ 𝜀𝓁, 𝓁 ∈ {1, … , 𝑘}, of median comparisons to
the mean 𝑚̄ ∶= 𝑘−1 ∑𝑘𝑖=1 𝑚𝑖 of all groupwise medians in
one-way layouts.

iv. Multiple testing problems in general quantiles or IQR.
In the above hypotheses, the medians 𝑚1,… ,𝑚𝑘 can be
substituted by any quantile or linear contrast of inter-
est. Thus, we can even infer multiple hypotheses about
IQRs 𝐼𝑄𝑅𝑖 ∶= 𝐹−1𝑖 (0.75) − 𝐹−1𝑖 (0.25) leading to hypotheses
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of the form 0,𝓁1𝓁2 ∶ 𝐼𝑄𝑅𝓁1 − 𝐼𝑄𝑅𝓁2 = 𝜖𝓁1𝓁2 and 𝐼0,𝓁1𝓁2 ∶
IQ𝑅𝓁1 − IQ𝑅𝓁2 ≤ 𝜀𝓁1𝓁2 , 𝓁1, 𝓁2 ∈ {1, … , 𝑘}, 𝓁1 > 𝓁2 in the all-
pairs comparison setting and similar for the Dunnett- or the
Grand-mean-type matrix.

v. Simultaneous inference for medians and IQRs. Our
test scenario is even more general and also allows for the
simultaneous treatment of more than one effect parameter
of interest. For example, it would be possible to compare
the medians and IQRs simultaneously across the groups by
setting 𝑝1 = 0.25, 𝑝2 = 0.5, 𝑝3 = 0.75,𝑚 = 3 and choosing a
hypothesis matrix

𝐇 ⊗ [ 0 1 0
−1 0 1]

with 𝐇 being one of the Tukey-type, Dunnett-type, or
Grand-mean-type matrix, respectively, and ⊗ denoting the
Kronecker product. Here, the Tukey-type matrix leads to
all-pairs comparisons of themedians and IQRs, respectively,
with local null hypotheses0,𝓁1𝓁2,med ∶ 𝑚𝓁1 −𝑚𝓁2 = 𝜀𝓁1𝓁2,med,0,𝓁1𝓁2,IQR ∶ IQ𝑅𝓁1 − IQ𝑅𝓁2 = 𝜀𝓁1𝓁2,IQR, 𝓁1, 𝓁2∈{1, … , 𝑘}, 𝓁1>𝓁2 for the two-sided testing problem. If 𝝐 is the zero
vector, the global null hypothesis that all medians and
IQRs are equal is 0 ∶ 𝑚1 = ⋯ = 𝑚𝑘, 𝐼𝑄𝑅1 = ⋯ = 𝐼𝑄𝑅𝑘 .
Analogously, the hypotheses can be formulated for the one-
sided testing problem as well as for the Dunnett-type matrix
for many-to-one comparisons and the Grand-mean-type
matrix for comparisons of the medians and IQRs to the
mean of medians and IQRs, respectively.

Even multiple hypotheses on quantiles in more general factorial
designs are covered by splitting up indices as in classical ANOVA
(Pauly et al. 2015).

3 Statistical Methods

In the following section, we present four testing procedures
that all correspond to the hypotheses in Equations (1) and (2),
respectively, and are compared in Section 4 by using simulations.
An estimator for the quantile 𝑞𝑖𝑗 is given by the empirical
quantile, that is,

𝑞𝑖𝑗 ∶= 𝐹̂−1𝑖 (𝑝𝑗),
where 𝐹̂𝑖 denotes the empirical distribution function. Under
Assumption 2.1, Serfling (1980) proved convergence in distribu-
tion

√𝑛(𝑞𝑖𝑗 − 𝑞𝑖𝑗)𝑗∈{1,…,𝑚} 𝑑4→ 𝐙𝑖 ∼  (𝟎, 𝚺(𝑖)) (4)

as 𝑛 → ∞ for all 𝑖 ∈ {1, … , 𝑘}, where
𝚺(𝑖)𝑎𝑏 ∶= 𝜅−1𝑖 1𝑓𝑖(𝑞𝑖𝑎)𝑓𝑖(𝑞𝑖𝑏) (min{𝑝𝑎, 𝑝𝑏} − 𝑝𝑎𝑝𝑏) (5)

for all 𝑎, 𝑏 ∈ {1, … ,𝑚}. Let 𝚺 ∶= ⊕𝑘𝑖=1𝚺(𝑖) denote the direct sum
(i.e., block diagonal matrix) of the covariance matrices. Since
we are also interested in directional hypotheses, we consider the

family of test statistics

𝑇𝑛(𝐡𝓁, 𝜖𝓁) ∶= √𝑛 𝐡′𝓁𝐪 − 𝜖𝓁√𝐡′𝓁𝚺̂𝐡𝓁 , 𝓁 ∈ {1, … , 𝑟}, (6)

instead of the two-sided QANOVA Wald-type test statistic that
was discussed in Ditzhaus et al. (2021). We note that for a single
contrast 𝐡𝓁, we obtain the QANOVA Wald-type test statistic of
Ditzhaus et al. (2021) as 𝑇2𝑛(𝐡𝓁, 0).
For appropriate critical values 𝑞𝓁, we receive the following test
decisions for the two-sided multiple testing problem:

i. for each 𝓁 ∈ {1, … , 𝑟}, 0,𝓁 is rejected if and only if
|𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞𝓁,

ii. the global hypothesis0 = 𝑟⋂𝓁=10,𝓁 is rejected if and only if at
least one0,𝓁 is rejected, that is, if max𝓁∈{1,…,𝑟} |𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞𝓁.

Corresponding simultaneous two-sided confidence intervals for𝐡′𝓁𝐪, 𝓁 ∈ {1, … , 𝑟}, can be obtained as
[𝐡′𝓁𝐪 −

√𝐡′𝓁𝚺𝐡𝓁 𝑞𝓁√𝑛 , 𝐡′𝓁𝐪 +
√𝐡′𝓁𝚺̂𝐡𝓁 𝑞𝓁√𝑛

], 𝓁 ∈ {1, … , 𝑟}.
Alternatively, there is the ability to formulate simultaneous tests𝟏{|𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞𝓁} for every Hypothesis 0,𝓁, 𝓁 ∈ {1, … , 𝑟} and
a test 𝟏{max𝓁∈{1,…,𝑟} |𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞𝓁} for the global Hypothesis0. Analogously the test decisions for the noninferiority multiple
testing problem are

i. for each 𝓁 ∈ {1, … , 𝑟}, 𝐼0,𝓁 is rejected if and only if𝑇𝑛(𝐡𝓁, 𝜖𝓁) > 𝑞𝓁,
ii. the global hypothesis𝐼0 = 𝑟⋂𝓁=10,𝓁 is rejected if and only if at

least one𝐼0,𝓁 is rejected, that is, if max𝓁∈{1,…,𝑟} (𝑇𝑛(𝐡𝓁, 𝜖𝓁)) > 𝑞𝓁
with appropriate critical values 𝑞𝓁 and the corresponding simul-
taneous one-sided confidence intervals for 𝐡′𝓁𝐪, 𝓁 ∈ {1, … , 𝑟}, are
given by

[𝐡′𝓁𝐪 −
√𝐡′𝓁𝚺̂𝐡𝓁 𝑞𝓁√𝑛 ,∞), 𝓁 ∈ {1, … , 𝑟}. (7)

This testing problem can also be formulated in short test
notation as 𝟏{𝑇𝑛(𝐡𝓁, 𝜖𝓁) > 𝑞𝓁} for the simultaneous hypothe-
ses 𝐼0,𝓁, 𝓁 ∈ {1, … , 𝑟}, and for the global Hypothesis 𝐼0 as𝟏{max𝓁∈{1,…,𝑟} (𝑇𝑛(𝐡𝓁, 𝜖𝓁)) > 𝑞𝓁}. Note that both testing problems
comply with the union-intersection principle introduced by Roy
(1953) and that they are in fact quantile-based versions of so-called
max-t tests (Bretz et al. 2001).

Of note, an application of a stepwise procedure as the closed-
testing procedure (Gabriel 1969), thewell-knownHolmprocedure
(Holm 1979), or Shaffer’s method (Shaffer 1986) may increase the
power of the proposed multiple tests but lacks the obtainment
of corresponding simultaneous confidence regions. However, we
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focus on multiple testing procedures that come along with cor-
responding simultaneous confidence intervals in the following.
See Pigeot (2000) for a methodologically overview about multiple
testing and Gabriel (1969) for the foundation of simultaneous
testing procedures.

In order to determine appropriate critical values, we first need to
investigate the joint asymptotic behavior of the test statistics. Due
to (4), it follows that we have convergence in distribution

(𝑇𝑛(𝐡1, 𝜖1), … , 𝑇𝑛(𝐡𝑟, 𝜖𝑟))′ 𝑑4→  (𝟎,𝐃𝐇𝚺𝐇′𝐃) (8)

as 𝑛 → ∞ under the null hypotheses in (1), where

𝐃 ∶= diag
((𝐡′1𝚺𝐡1)−1∕2, … , (𝐡′𝑟𝚺𝐡𝑟)−1∕2). (9)

Note that the covariance matrix in (9) in the limit is a correlation
matrix, that is, has a diagonal of ones, and, thus, each test statistic𝑇𝑛(𝐡𝓁, 𝜖𝓁) is asymptotically standard normally distributed. Since𝚺 is usually unknown, the joint limiting distribution is unknown.
To get a consistent estimator 𝚺̂ for 𝚺, we use three different
approaches as discussed in Ditzhaus et al. (2021): a kernel
estimator, a bootstrap estimator, and an interval-based approach.
In Ditzhaus et al. (2021), there was no clear recommendation for
one of them. We thus analyze all of them. The concrete forms
are given in Section A.1 in the Appendix. It should be noted that
further technical assumptions are needed for the consistency of
the covariance estimator 𝚺̂ for 𝚺 (see Ditzhaus et al. 2021 for
details). With each of the three consistent estimators, we are
able to obtain an approximation for the critical values. In the
following subsections, we elaborate on different asymptotic- and
resampling-based choices of 𝑞𝓁 and 𝑞𝓁.
3.1 Bonferroni-Adjusted QANOVA

Let 𝛼 ∈ (0, 1) represent the level of significance. An intuitive and
well-known method to deal with multiple testing problems is
the Bonferroni correction (Dunn 1961), where each individual
hypothesis is tested at a smaller local level of 𝛼∕𝑟. To realize this
for our statistical question, recall that 𝑇𝑛(𝐡𝓁, 𝜖𝓁) is asymptotically
standard normal distributed. This motivates to consider standard
normal quantiles as critical values. Let 𝑧𝛽 denote the 𝛽-quantile
of the standard normal distribution. Then, choosing 𝑞𝓁 = 𝑧1−𝛼∕(2𝑟)
for the two-sided multiple testing problem or 𝑞𝓁 = 𝑧1−𝛼∕𝑟 for the
noninferiority multiple testing problem, respectively, yield the
Bonferroni-adjusted asymptotic testing procedures.

Regarding (8), this method is expected to work well for large
sample sizes. However, resampling methods have proven useful
in several different statistical fields if the sample sizes are small
(Pauly et al. 2015; Dobler and Pauly 2018; Dobler et al. 2020;
Sattler et al. 2022; Ditzhaus et al. 2023; Munko et al. 2024;
Baumeister et al. 2024). This particularly holds for permutation
tests that even are finitely exact under exchangeability (Hemerik
and Goeman 2018; Lehmann and Romano 2022). Ditzhaus et al.
(2021) already proposed permutation tests for the QANOVA. In
our model, exchangeability means that the distribution functions
are equal across the groups, that is, 𝐹1 = ⋯ = 𝐹𝑘 . The idea of
the permutation approach is to draw the permuted samples

𝑋𝜋𝑖1, … , 𝑋𝜋𝑖𝑛𝑖 , 𝑖 ∈ {1, … , 𝑘}, without replacement from the pooled
sample 𝑋11, … , 𝑋1𝑛1 , 𝑋21, … , 𝑋𝑘𝑛𝑘 . Statistics and estimators based
on the permuted data 𝑋𝜋𝑖1, … , 𝑋𝜋𝑖𝑛𝑖 , 𝑖 ∈ {1, … , 𝑘}, are denoted here
and throughout with a 𝜋 in the superscript. The permutation
QANOVA approach is derived by using permutation-based criti-
cal values instead of the standard normal quantiles. Therefore, let𝑞𝜋𝓁,𝛽 and 𝑞𝜋𝓁,𝛽 denote the 𝛽-quantiles of the conditional distribution
of the permutation test statistics given the data for all 𝓁 ∈{1, … , 𝑟}. By Equation (A2) in the Appendix A.2, the quan-
tiles are converging in probability to quantiles of the standard
normal distribution or its absolute value, respectively. That is
why we set 𝑞𝓁 = 𝑞𝜋𝓁,1−𝛼∕2𝑟 and 𝑞𝓁 = 𝑞𝜋𝓁,1−𝛼∕𝑟, respectively, for the
Bonferroni-adjusted permutation testing procedure. The concrete
computation of these critical values and necessary assumptions
for the asymptotic validity can be found in Section A.2 (see
also Ditzhaus et al. 2021). Note that if exchangeability is given,
that is, if 𝐹1 = ⋯ = 𝐹𝑘 holds, the permutation test is finitely
exact. However, we do not need the exchangeability assumption
for proving the asymptotic validity of the permutation test.
Hence, the permutation approach also works asymptotically
under nonexchangeable data.

3.2 Multiple Contrast Test Procedures

In this section, we first extend the asymptotic approach of
Segbehoe et al. (2022) to inference settings with more than one
quantile of interest and to allow for one-sided testing problems.
For the asymptotic MCTP, the main ideas are to replace 𝚺 by𝚺̂ in the limit distribution in (8) to consider the asymptotic
multivariate distribution of the test statistics. Since the local
test statistics 𝑇𝑛(𝐡1, 𝜖1), … , 𝑇𝑛(𝐡𝑟, 𝜖𝑟) all have the same marginal
limit distribution, we may choose the same critical value for
all local hypotheses. Then, rejecting the global null hypothesis
whenever a local hypothesis is rejected translates into comparing
the maximum of the test statistics to the critical value. Hence, in
order to determine the critical value for the asymptotic approach,
let (𝑌1, … , 𝑌𝑟)′ ∼  (𝟎, 𝐃̂𝐇𝚺̂𝐇′𝐃̂) given the data with

𝐃̂ ∶= diag
((𝐡′1𝚺̂𝐡1)−1∕2, … , (𝐡′𝑟𝚺̂𝐡𝑟)−1∕2).

Moreover, denote by 𝑞1−𝛼 the (1 − 𝛼)-quantile of the conditional
distribution of max𝓁∈{1,…,𝑟} 𝑌𝓁 and by 𝑞1−𝛼 the (1 − 𝛼)-quantile of
the conditional distribution of max𝓁∈{1,…,𝑟} |𝑌𝓁| given the data.
Due to the consistency of the covariance estimators, 𝑞1−𝛼 and𝑞1−𝛼 are converging in probability to the (1 − 𝛼)-quantiles ofmax𝓁∈{1,…,𝑟} 𝑍𝓁 and max𝓁∈{1,…,𝑟} |𝑍𝓁|, respectively, under Assump-
tion 2.1, see Section A.3 in the Appendix for details. This ensures
the asymptotic control of the FWER under Assumption 2.1 by
using 𝑞𝓁 = 𝑞1−𝛼 for the Asymptotic MCTP for the two-sided prob-
lem and 𝑞𝓁 = 𝑞1−𝛼 for the Asymptotic MCTP for the noninferiority
testing problem, respectively.

For a better small sample performance in the MCTP approach,
we also consider a groupwise bootstrap similar to the bootstrap
proposed by Segbehoe et al. (2022) to approximate the limiting
distribution. This approach is identical to the bootstrap approach
in Baumeister et al. (2024). To realize this, we draw a nonpara-
metric bootstrap sample 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 with replacement from the
original 𝑖-th sample𝑋𝑖1, … , 𝑋𝑖𝑛𝑖 as in Section 2.4 of Segbehoe et al.
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(2022). In detail, 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 ∼ 𝐹̂𝑖 are independent identically
distributed given the data 𝑋𝑖1, … , 𝑋𝑖𝑛𝑖 . Note that this is simply
the adoption of Efron’s bootstrap in the context of MCTPs. In
the following, the estimators based on the bootstrap samples are
denoted with a superscript ∗, respectively. Then, we define the
groupwise bootstrap counterpart of the test statistics by

𝑇∗𝑛(𝐡𝓁) ∶= √𝑛𝐡′𝓁(𝐪∗ − 𝐪)
√𝐡′𝓁𝚺̂∗𝐡𝓁 , 𝓁 ∈ {1, … , 𝑟}.

Note that in comparison to Segbehoe et al. (2022), we consider the
counterpart of our studentized test statistics (6). Let 𝑞∗1−𝛼 and 𝑞∗1−𝛼
denote the (1 − 𝛼)-quantiles of the conditional distribution of the
max-test statistics max𝓁∈{1,…,𝑟} 𝑇∗𝑛(𝐡𝓁) and max𝓁∈{1,…,𝑟} |𝑇∗𝑛(𝐡𝓁)|,
respectively, given the data. In Section A.4, we prove that
choosing 𝑞𝓁 = 𝑞∗1−𝛼 and 𝑞𝓁 = 𝑞∗1−𝛼 results in asymptotically valid
groupwise bootstrap MCTPs under Assumption 2.1 whenever the
kernel- or interval-based covariance estimator is used. Explicit
algorithms for the bootstrap MCTP can be found in Section A.5.

4 Simulations

Having discussed some asymptotic properties of the different
multiple testing approaches, we now evaluate their finite sample
performance in various settings. To this end, we did an intensive
simulation study using the statistical software R version 4.2.1 (R
Core Team 2024). The complete material of the simulation study
can be found in the Supporting Information.

4.1 Simulation for Small Sample Sizes

In this section, we consider 𝑘 = 4 groups and compare the
medians, that is, 𝑝1 = 0.5,𝑚 = 1. Therefore, we use the Dunnett-
type, Tukey-type, and Grand-mean-type hypothesis matrix as 𝐇,
respectively, and 𝜖1 = ⋯ = 𝜖𝑟 = 0 for the two-sided and nonin-
feriority hypotheses. Further simulations that focused on the
comparison of medians and IQRs simultaneously can be found
in the Supporting Information and are summarized at the end of
this section. For the data generation, we consider the same setup
as in Ditzhaus et al. (2021), that is, we simulate groupwise data
from the model𝑋𝑖𝑠 = 𝜎𝑖(𝜂𝑖𝑠 − 𝑚𝑖) + 𝜇𝑖 ∼ 𝐹𝑖, 𝑖 ∈ {1, … , 𝑘}, 𝑠 ∈ {1, … , 𝑛𝑖}. (10)

Here, we consider different variance settings given by 𝝈1 =(𝜎1, 𝜎2, 𝜎3, 𝜎4) = (1, 1, 1, 1), 𝝈2 = (1, 1.25, 1.5, 1.75), and 𝝈3 =(1.75, 1.5, 1.25, 1) and two different sample size allocations given
by 𝐧1 = (𝑛1, 𝑛2, 𝑛3, 𝑛4) = (15, 15, 15, 15), 𝐧2 = (10, 10, 20, 20). This
leads to balanced (𝐧1) and unbalanced (𝐧2) homo- (𝝈1) and
heteroskedastic (𝝈2 and 𝝈3) scenarios. In the case of 𝐧2, these can
be further divided into heteroskedastic settings with positive (𝝈2)
and negative (𝝈3) pairing similar to Pauly et al. (2015). The ran-
dom variables 𝜂11, … , 𝜂1𝑛1 , 𝜂21, … , 𝜂𝑘𝑛𝑘 are drawn independently
from five different distributions:  (0, 1),  (0, 1), 𝜒23, 𝑡2, and𝑡3. Here,  (0, 1) denotes the log-normal distribution with
parameters 0 and 1, 𝜒23 denotes the 𝜒2-distribution with 3 degrees
of freedom, and 𝑡𝑚 denotes the 𝑡-distribution with 𝑚 degrees
of freedom. The constants 𝑚𝑖 in Equation (10) represent the

medians of the corresponding distribution. We set 𝜇1 = ⋯ =𝜇𝑘 = 0 under the null hypothesis. For power simulations, a
shift parameter 𝛿 is added to the fourth group as in Ditzhaus
et al. (2021), that is, 𝜇4= 𝛿 ∈ {0.5, 1, 1.5}. We run 𝑁𝑠𝑖𝑚 = 5000
simulation runs for each setting and use 𝐵 = 2000 resampling
(permutation, respectively, bootstrap) iterations. The global level
of significancewas set to𝛼 = 5%. Furthermore, the three different
covariance matrix estimators as described in Ditzhaus et al.
(2021) are considered for all approaches. For the kernel estimator,
we used the gaussian kernel and determined the bandwidth by
using the following nrd0 method implemented in the R (R Core
Team 2024) function bw.nrd0, which is a version of Silverman’s
rule-of-thumb (Silverman 1998, p. 48): The bandwidth is chosen
as 0.9𝑛−1∕5 min{𝑆𝐷, 𝐼𝑄𝑅∕1.34}, where 𝑆𝐷 denotes the standard
deviation, 𝐼𝑄𝑅 the interquartile range, and 𝑛 the sample size,
if 𝐼𝑄𝑅 > 0. This ensures that the densities are well estimated
which in turn ensures that the kernel estimator for the covariance
works well. The multiple testing procedures that we compare are
the asymptotic MCTP, the bootstrap MCTP, and the Bonferroni-
adjusted (abbreviated as B.) asymptotic and permutation-based
QANOVA tests of Ditzhaus et al. (2021), as explained in Section 3.
This leaves us with 12 different methods which are compared in
120 simulation scenarios. We first discuss their performance in
terms of FWER control.

Control of the FWER. In Figures 1–3, the empirical FWERs
across all different scenarios are illustrated. The empirical FWERs
for the asymptoticMCTP and the asymptotic Bonferroni-adjusted
test vary more across the different settings. These tests tend
to be too conservative for the bootstrap and interval-based
variance estimator, where the Bonferroni adjustment leads to
slightly more conservative results than the asymptotic MCTP of
Section 3.2. Such a conservative behavior can also be observed
in many scenarios for the bootstrap MCTP with interval-based
or kernel variance estimator. However, by using the bootstrap
MCTP in combination with the bootstrap variance estimator,
the type I error of the tests seem to increase and exceeds the
desired level of 5% in most of the scenarios for the Dunnett-
and Tukey-type contrasts. In contrast, the Bonferroni-adjusted
permutation test has a most accurate FWER control across
all scenarios. It only exhibits a slight liberality in case of
the noninferiority testing for the Grand mean multiple testing
family.

Power results. The simulation results for the empirical global
and local power can mainly be found in the Supporting Infor-
mation (Figures 2–10). Here, the empirical global power denotes
the rejection rate for a false global hypothesis, while the empirical
local power is the rejection rate for a false local hypothesis. It is
observable that tests that performed too liberal in terms of type
I error control generally also lead to a higher empirical global
and local power (as expected). Moreover, the empirical global
and local power is always comparable between the asymptotic
MCTP and the Bonferroni-adjusted asymptotic and permutation
test. In Figure 4, exemplary empirical global power curves
are shown for noninferiority Dunnett-type contrast tests in the
unbalanced heteroskedastic design with positive pairing (𝐧2 and𝝈2). It can be seen that the bootstrap MCTP with the bootstrap
covariance estimator has generally the highest empirical global
power. However, the procedure is also often too liberal as we have
seen before. By considering the other methods, we observe that
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FIGURE 1 Empirical FWERs for Dunnett-type contrasts with different hypotheses (top: two-sided and bottom: noninferiority) and variance
estimators (from left to right: bootstrap, interval-based, or kernel). The dashed line represents the desired level of 𝛼 = 5% and the dotted lines represent
the Binomial interval [0.044,0.0562] for 𝑁𝑠𝑖𝑚 = 5000 repetitions.

FIGURE 2 Empirical FWERs for Tukey-type contrasts with different hypotheses (top: two-sided and bottom: noninferiority) and variance
estimators (from left to right: bootstrap, interval-based, or kernel). The dashed line represents the desired level of significance of 𝛼 = 5% and the dotted
lines represent the Binomial interval [0.044,0.0562] for 𝑁𝑠𝑖𝑚 = 5000 repetitions.
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FIGURE 3 Empirical FWERs for Grand-mean-type contrasts with different hypotheses (top: two-sided and bottom: noninferiority) and variance
estimators (from left to right: bootstrap, interval-based, or kernel). The dashed line represents the desired level of significance of 𝛼 = 5% and the dotted
lines represent the Binomial interval [0.044,0.0562] for 𝑁𝑠𝑖𝑚 = 5000 repetitions.

FIGURE 4 Empirical power for noninferiority Dunnett-type contrast tests in the unbalanced (𝐧2) heteroskedastic (𝝈2) designwith positive pairing
under different distributions and variance estimators (from left to right: bootstrap, interval-based, or kernel).
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the Bonferroni-adjusted permutation test is usually one of the
methods with the highest global and local power or at least with a
comparable power to themethodwith the highest global and local
power, respectively. This is also the case for the other variance
estimators. Especially for the interval-based estimator and the
standard normal and 𝑡-distributions, the Bonferroni-adjusted
permutation test clearly outperforms the other methods in terms
of empirical global power. Furthermore, it is observable that the
Bonferroni-adjusted asymptotic test is slightly less powerful than
the asymptotic MCTP in all scenarios. All in all, regarding the
local and global power one cannotmake a clear recommendation,
but the power of the Bonferroni-adjusted methods is in general
not worse than the MCTP methods.

Other effect parameters. The results of the additional simu-
lation study in the Supporting Information, where medians and
IQRs are inferred simultaneously, are similar: The Bonferroni-
adjusted permutation test performs quite accurate in terms of
FWERcontrolwhile the asymptotic approaches and the bootstrap
MCTP tend to be conservative in most scenarios. Regarding
the empirical power, the Bonferroni-adjusted permutation test is
comparable and in some scenarios even more powerful than the
other approaches.

4.2 Simulation Motivated by the Data Example

We also conducted an additional simulation study with 𝑟 = 16
tests and larger sample sizes of 58–549 individuals per group as
in the data example in Section 5. We consider a modification of
the simulation study in Section 4.1 to analyze the performance
of the methods in a framework that is closer to the considered
data example in Section 5. Therefore, we considered 𝑘 = 17
groups and used the Dunnett-type contrast matrix as 𝐇 with
group 17 as base. Furthermore, the constants are set to 𝜖1 =⋯ = 𝜖16 = 0. For the data generation, we used the model as in
Section 4.1. The sample sizes are set to n = (59, 175, 98, 78,
280, 176, 351, 128, 368, 403, 240, 376, 278, 549, 428, 379, 250),
which is similarly heterogeneous as the number of individuals
in the 17 groups of the hatch data in Section 5 (see Figure 7).
The variance setting is motivated by the data example as the
parameters 𝜎1, … , 𝜎17 are chosen such that the variances of 𝑋𝑖𝑠
match the empirical variances in group 𝑖 for the hatch data of Sec-
tion 5. This yields a heteroskedastic variance setting. The random
variables 𝜂11, … , 𝜂1𝑛1 , 𝜂21, … , 𝜂𝑘𝑛𝑘 are drawn independently from
four different distributions:  (0, 1),  (0, 1), 𝜒23 , and 𝑡3. The
reason why we exclude the 𝑡2-distribution is that the variances
of𝑋𝑖𝑠 would not exist in this case. Hence, it would not be possible
to choose the parameters 𝜎1, … , 𝜎17 such that the variances of𝑋𝑖𝑠 equal the empirical variances. The constants 𝑚𝑖 represent
the medians of the corresponding distribution. We set 𝜇1 = ⋯ =𝜇17 = 0 under the null hypothesis. For power simulations, we set𝜇𝑖 to the empiricalmedian of group 𝑖 for the hatch data of Section 5
for all 𝑖 ∈ {1, … , 16} and 𝜇17 to the empirical median of group 17
for the hatch data minus 7 (which is the constant 𝜖𝓁 in the data
analysis). All other parameters are set as in Section 4.1.

Control of the FWER. The empirical FWERs under the null
hypothesis across all scenarios are illustrated in Figure 5.Here,we
see that the results are not as surprising as for smaller sample sizes
and less groups. Particularly for the bootstrap variance estimator,

the empirical FWERs of the MCTPs are quite close to the desired
level 𝛼 = 0.05, while the interval and kernel estimators still show
an observable deviance from 𝛼 = 0.05 The Bonferroni-adjusted
tests tend to be too conservative. This might be explained by
the large number of tests, that is 16. The asymptotic MCTP
with interval-based estimator performs slightly too liberal in the
considered simulation settings.

Power results. The empirical global power, which is the rejec-
tion rate of the global null hypothesis under the alternative, has
been exactly 1 for all scenarios. This means that the global null
hypothesis could be rejected in all simulation runs for all settings
under the alternative.

4.3 Discussion of the Results

The simulation results are quite surprising in several ways. There
are two well-known and often discussed problems with the
Bonferroni adjustment in general: a loss of power (e.g., Holm
1979; Olejnik et al. 1997) and a rather conservative behavior (e.g.,
Westfall and Young 1989; Gordon et al. 2007; Chen et al. 2017).
From the method’s definition, it is clear that the conservative
behavior occurs if a large number of hypotheses is simultaneously
tested or the hypotheses are highly correlated. The situation that
is described in other articles is vice versa for MCTPs. Hasler
and Hothorn (2008) and many others (e.g., Bretz et al. 2001;
Hasler and Hothorn 2008; Konietschke et al. 2013; Hasler 2014;
Umlauft et al. 2019; Noguchi et al. 2020; Rubarth et al. 2022)
showed in simulation studies that MCTPs hold their level of
significance quite satisfactorily. Furthermore, Konietschke et al.
(2013) showed that the power of the global test decision of
some mean-based MCTPs is comparable to the power of an
ANOVA-𝐹-test. In fact, this is exactly what we could observe
in the simulation study of Section 4.2 with larger sample sizes
and many hypotheses. From these observations, one would
assume that the MCTPs are the preferred method compared to
Bonferroni-adjusted procedures. However, the simulation results
of Section 4.1 with smaller sample sizes are in favor of the
Bonferroni-adjusted permutation approach.We point out that the
good behavior of the Bonferroni adjustment can only be observed
for small sample sizes in combination with the permutation
approach, the standard asymptotic version was often observed to
be too conservative.Moreover, it is important to note that the Bon-
ferroni correction cannot really be improved by anMCTP for large
negative correlations between the test statistics. However, this
situation mainly occurs for the noninferiority tests with Tukey-
and Grand-mean-type matrix in our simulations (cf. Section A.6
for details). For highly positive correlated tests, it is well-
known that the Bonferroni correction performs too conservative,
which is simply a consequence of the Bonferroni inequality.
In our simulation settings, we can observe the highest positive
correlation in Dunnett-type tests with noninferiority hypothesis
(median correlation 0.524with bootstrap covariance estimator, cf.
Section A.6), but cannot observe that the Bonferroni correction
Permutation approach behaves very conservative. It should also
be emphasized that most MCTPs and corresponding simulations
or analyses use means and not quantiles as an estimand. Further-
more, VanderWeele and Mathur (2019) stated that there are still
many testing problems where the behavior is not or only a little
bit conservative and the tests are still rejecting even if they are
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FIGURE 5 Empirical FWERs for Dunnett-type contrasts with different hypotheses (top: two-sided and bottom: noninferiority) and variance
estimators (from left to right: bootstrap, interval-based, or kernel).

less powerful than other tests that control the FWER. Moreover,
the Bonferroni-adjusted QANOVA permutation approach and
the MCTPs are not directly comparable as they use different
techniques to derive critical values. In particular, the estimation
of the covariance matrix is more crucial for the MCTPs than for
the QANOVA as the latter may have a balancing effect through
the studentized permutation approach. As the estimation of the
underlying covariance structures is much more complex in the
case of quantiles compared to classical mean-based approaches,
this could be one reason for our results. In context of the
simulation study of Segbehoe et al. (2022), our simulation
results lead to the conclusion, that MCTPs regarding quantiles
do not perform well for smaller sample sizes and more than
three groups, especially less well than the Bonferroni-adjusted
permutation test.

Recommendation. To conclude, we recommend to use the
Bonferroni-adjusted permutation test for small sample sizes
and few hypotheses due to a quite accurate FWER control
and comparable power to other methods. The simulations
indicate that the choice of the variance estimator has no
big impact on the permutation tests decision. All methods
are expected to perform similarly well for larger sample
sizes regarding the FWER control. However, if the number
of tests increases, the Bonferroni adjustment may lead to
conservative test results. This observation is not surprising
and refers to the well-known disadvantages of the Bonferroni
correction. In order to ensure more powerful test decisions, we
recommend to use the bootstrap MCTPs with bootstrap variance
estimator in the case of many hypotheses and large sample
sizes.

5 Data Example: Early and Late Buzzards

Birds living in temperate climates have to cope with changing
seasons during the year; they have to adapt to different weather
conditions, temperatures, and length of daytimes (Begon and
Townsend 2021). Parental care is probably one of the most
important activities of birds regulated by the seasons due to the
strong connection to reproduction and fitness (Caro 2005). For
this energy-demanding task, most birds must rely on sufficient
resources to feed their young and thus are dependent on a small
time frame during the year, when enough of these resources are
available (Verhulst and Nilsson 2007). To do so, most birds rely
on hints from temperature or length of daylight (Verhulst and
Nilsson 2007) to time hatching in the best possible way. Since
human-induced climate change alters weather conditions as well
as temperature developments through the year way faster than
during earlier decades and centuries (Sippel et al. 2020), birds
relying on these influences to time their reproductionwere shown
to change their reaction accordingly (Halupka andHalupka 2017).
At first glance, this might seem positive as climate change leads
in general to warmer temperatures and hence the reproductive
period during the year should potentially increase (McDermott
andDeGroote 2016). However, not all organisms react in the same
way and at the same pace to these changes, leading to potential
mismatches in the food web (Drever and Clark 2007).

Common buzzards (Buteo buteo, Figure 6) are medium-sized
birds of prey and feed mostly on small mammals and birds (Walls
and Kenward 2020). As being predators, they are dependent
on the performance of many other organisms, not only their
prey, but also their prey’s food resources (Mittelbach and McGill
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FIGURE 6 Adult common buzzard during flight (left) and buzzard nestlings in the nest (right). © O. Krüger, N. Chakarov.

2019). It is known that buzzards have higher breeding success
under certain weather conditions (Kostrzewa and Kostrzewa
1990; Krüger 2002, 2004). Their main prey, field voles (Microtus
arvalis), often shows fluctuating population densities between
years (Frank 1957) caused by different factors like predation
pressure or snow level during winter (Boyce and Boyce 1988),
also influencing breeding success in buzzards (Lehikoinen et al.
2009). In their study, Lehikoinen et al. (2009) showed as well that
common buzzards in Finland started breeding earlier and shifted
their rangemore toward the north because of thewarmer climate.

Data were collected from 2006 to 2022 by the Department of
Animal Behaviour in a study area in northwest of Germany
(see Chakarov et al. 2013 for a description of the study area
and sampling procedure). We only consider the age of the
first-hatched nestling of each brood for this analysis to avoid
dependencies between siblings. With the relationship between
the age of the chicks and their wing length observed by Bijlmsa
(1999), we are able to calculate the hatch dates of the chicks.
We use R 4.4.2 (R Core Team 2024) and the implementation in
R by Ottensmann (2022) for the calculation. Here, we use as a
scaling the day of the year, where 32 means 1st February and
120 means 30th April in nonleap years. From this, the hatch
dates are calculated by the day of observation minus the age in
days. Therefore, the considered hatch dates are the result of a
polynomial model and accordingly metric. This data are shown
in Figure 7 as kernel density estimators with gaussian kernels
and a bandwidth determined by the nrd0 method as explained
in Section 4.1. The complete material of this analysis as well as
the data can be found in the Supporting Information.

In Figure 7, there is a high variability between years regarding the
hatch dates of common buzzard nestlings. Biologists who study
these animals often have the impression of particular early and
late years, especially if the behavior of the buzzards differs from
the years before. As this is also observable in the kernel density
estimators in Figure 7, it is a motivation to search for possible
reasons. In the years from 2019 onward, this pattern seemed to
be changing as the years 2019, 2020, and 2021 tended to be earlier
in contrast to the year 2022. This is ourmotivation to take 2022 as a
reference year for late years. There are potentially several reasons
for this phenomenon which are difficult to measure, but the
division into two groups (early and late years) is a simplification
that makes it possible to get a more accurate view. For that, we
do a multiple testing procedure that identifies similar years. In
context of a directed scenario, the multiple testing procedure

that identifies similar years can be understood as a multiple
noninferiority testing problem as described in (2). Regarding
the structure of the data, heavy-tailed distributions appear quite
frequently (Figure 7). The simulation studies of Ditzhaus et al.
(2021) show that median-based tests have a higher power than
mean-based tests in the context of heavy-tailed data. So if one
wants to identify similar years to investigate possible reasons, it
is in this case most suitable to use a median-based approach. The
sample sizes of the 𝑘 = 17 groups are shown in Figure 7. From
this, it can be seen that the groups are highly unbalanced. This
is no problem because from the simulation study we observed
that all methods can deal with high variation in sample sizes
between samples. As this behavior can also be observed in the
simulations of Ditzhaus et al. (2021) and Baumeister et al. (2024),
this seems to be a useful property of testing regarding quantiles.
Consider Figure 1 in the Supporting Inforamtion for an analysis of
that property in our simulation study. Since the simulation setup
of Section 4 does not perfectly fit to the data example, we have
conducted a further simulation motivated by the data example.
The detailed description of the scenarios and the results can be
found in Section 5 in the Supporting Information.

We use the median 𝑚𝓁 of the year 𝓁 ∈ {06, 07, 08, … , 19, 20, 21}
(𝑚 = 1, 𝑝1 = 0.5, 𝑘 = 17 groups) of the hatch dates and 𝜖𝓁 = 7
for all 𝓁 regarding to the intuitive observations of the ecologists.
Hatches 1 week (7 days) later do not lead to the conclusion that a
year is late. This situation leads to a Dunnett’s test ormany-to-one
procedure and has the concrete form:

𝐼0,𝓁 ∶ 𝑚22 − 𝑚𝓁 ≥ 7 vs. 𝐼1,𝓁 ∶ 𝑚22 − 𝑚𝓁 < 7,𝓁 ∈ {06, 07, 08, … , 19, 20, 21}. (11)

To realize these hypotheses of interest, we use the Dunnett-type
hypothesis matrix

𝐇 = [Diag(𝟏16), −𝟏16].
Note that this framework assumes independent groups, which
means in terms of content that the years are assumed to be
independent. This is a plausible assumption because of the high
fluctuation of the buzzards in the data sample. As the data
collection is based on the defined area and not on the individual
buzzard, the sample size differs through the years (see Figure 7),
every year birds migrate to the area, some leave it and other
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FIGURE 7 Kernel density estimators of hatching dates (in days) for the years 2006–2022 with the sample sizes for every year. The black vertical
line marks the median.

change their nest within the area. Therefore, the data are not
collected as a paired sample.

In the context of the not entirely clear simulation results, we
consider the four presented testing methods (cf. Section 3) with
the bootstrap covariance estimator as the simulation results
for larger sample sizes indicates the best performance for that
covariance estimator in the bootstrap MCTP while this does not
seems to be relevant in other situations and for othermethods.We
used 1999 iterations for both resampling methods. The results for
the selected test decisions are given as 𝑝-values and as confidence
intervals in Table 1 (cf. Section 3.) Here, all testing methods
indicate that the null hypotheses 𝐼0,06, 𝐼0,08, 𝐼0,09, 𝐼0,11, 𝐼0,13,𝐼0,16, 𝐼0,18, and 𝐼0,20 are rejected to a significance level of 𝛼 =0.05. In line with the noninferiority multiple testing problem, the
global hypothesis𝐼0 = ⋂𝑟𝓁=1 0,𝓁 is also rejected. Thismeans that
the hatch days in the years 2006, 2008, 2009, 2011, 2013, 2016, 2018,
and 2020 are identified as at least as late as the year 2022 because
the difference of the median hatch days between these years is
not significantly bigger as 1 week. These late years can be used for
further investigation of reasons for different hatching dates. Here,
the most interesting result is that the year 2020 is still categorized
as an late year, although the density plots in Figure 7 suggest
a seemingly high similarity of the years 2019, 2020, and 2021.
However, the tests indicate that 2020 is at least as late as 2022,
while 2019 and 2021 could not be identified as at least late as 2022,
which is an important information to look for possible reasons.
This is a good motivation for using the median as estimand

because it is not sensitive to the heavy-tailed data. In line with the
simulation results for bigger sample sizes, the testing procedures
perform similarly. In the sense of the simulation study, special
attention should be paid to the MCTP with bootstrap.

6 Conclusion and Outlook

We have compared different approaches to solve one- and two-
sided multiple testing problems regarding one or more quantiles
simultaneously. To this end, we have presented and extended two
Bonferroni-adjusted methods, an asymptotic and a permutation
approach, and an asymptotic and a bootstrap MCTP in a compa-
rablemultiple testing framework for two-sided andnoninferiority
hypotheses. As a motivation for this kind of testing problems,
we gave a noninferiority example from ecology, which deals
with hatch dates in context of climate change. To investigate
the behavior of the methods, we have conducted an intensive
simulation study. Here, our main motivation was to compare
Bonferroni adjustment andMCTPs in context of testing regarding
quantiles. In line with VanderWeele and Mathur (2019), we have
found out that the Bonferroni adjustment can be conservative,
but when combinedwith a permutation approach in the situation
of small sample sizes it performs better than its reputation.
The often-read claim that the Bonferroni method is in general
too conservative (Gordon et al. 2007), cannot be confirmed
when inferring quantiles. We also wanted to ask the question
whether the MCTPs are less conservative and have more power
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TABLE 1 Test results of the four testing procedures (from left to the right: asymptoticMCTP, bootstrapMCTP, Bonferroni asymptotic, and Bonferroni
permutation, cf. Section 3) with bootstrap covariance estimator regarding the testing problem given in Equation 11. The test results are given as 𝑝-value
and as the right value of the one-sided confidence interval (−∞, ⋅ ] for 𝑚22 − 𝑚𝓁 (cf. Equation 7). Interpretation: Rejecting local null hypotheses 𝐼0𝓁
means that we can rule out that the median hatch date of year 𝓁 is at least 7 days later than for year 2022. The 𝑝-values for the bootstrap MCTP and
the Bonferroni permutation consider the number of resampling iterations and are calculated by eq. (17.7) in Lehmann and Romano (2022). This testing
problem uses Dunnett-type contrasts, the median hatch date of the year 2022 is compared with the median hatch dates from the years 2006 to 2021. The
first column contains the differences of the empirical medians between the year 2022 and the respective other years.

Asymp. MCTP Boot. MCTP B. asymp. B. perm.
Test 𝒑-Value SCI 𝒑-Value SCI 𝒑-Value SCI 𝒑-Value SCI𝑚̂22 − 𝑚̂06 = − 8.19 <0.0001 −5.01 <0.0005 −4.93 <0.0001 −4.83 <0.0006 −4.94𝑚̂22 − 𝑚̂07 = 10.11 1.0000 14.15 1.0000 14.25 1.0000 14.37 1.0000 14.04𝑚̂22 − 𝑚̂08 = − 1.83 <0.0001 2.71 <0.0006 2.83 <0.0001 2.97 <0.0006 2.87𝑚̂22 − 𝑚̂09 = − 0.11 <0.0001 3.77 <0.0006 3.87 <0.0001 3.99 <0.0006 4.35𝑚̂22 − 𝑚̂10 = 8.08 0.9998 10.11 1.0000 10.17 1.0000 10.23 1.0000 10.05𝑚̂22 − 𝑚̂11 = 1.90 <0.0001 4.82 <0.0006 4.90 <0.0001 4.98 <0.0006 5.08𝑚̂22 − 𝑚̂12 = 12.39 1.0000 14.94 1.0000 15.01 1.0000 15.09 1.0000 15.04𝑚̂22 − 𝑚̂13 = − 10.09 <0.0001 −7.51 <0.0006 −7.44 <0.0001 7.36 <0.0006 −7.31𝑚̂22 − 𝑚̂14 = 10.82 1.0000 13.44 1.0000 13.51 1.0000 13.59 1.0000 13.91𝑚̂22 − 𝑚̂15 = 7.51 0.9930 9.97 0.9990 10.03 1.0000 10.10 1.0000 10.41𝑚̂22 − 𝑚̂16 = − 0.05 <0.0001 2.95 <0.0006 3.02 <0.0001 3.12 <0.0006 3.23𝑚̂22 − 𝑚̂17 = 10.14 1.0000 13.01 1.0000 13.08 1.0000 13.17 1.0000 13.10𝑚̂22 − 𝑚̂18 = − 2.58 <0.0001 0.16 <0.0006 0.23 <0.0001 0.31 <0.0006 0.21𝑚̂22 − 𝑚̂19 = 13.64 1.0000 16.01 1.0000 16.07 1.0000 16.15 1.0000 16.12𝑚̂22 − 𝑚̂20 = 2.56 <0.0001 4.91 <0.0006 4.97 <0.0001 5.05 <0.0006 5.09𝑚̂22 − 𝑚̂21 = 7.80 0.9967 10.43 0.9990 10.50 1.0000 10.59 1.0000 10.66

than Bonferroni-adjusted approaches. Our clear answer in this
quantile-based setting with small samples is: no. This is because
of the behavior of the Bonferroni-adjusted permutation approach,
which is very stable. Independently from the considered distribu-
tions, the covariance structure or the sample sizes, its empirical
FWER control was quite accurate and there was almost no
power loss compared to the MCTPs. In contrast to the asymptotic
and resampling-basedMCTP approaches, the permutation-based
method does not seem to need bigger sample sizes to work well.
For both small and large samples, the resampling-based methods
show a clear improvement in the test performance.

We also want to point out that hypotheses formulated in terms of
quantiles can be useful in lots of situations. This is particularly
important in the context of data that refers to animal and human
behavior, as this situations are known to be rather skewed and
can be rarelymodeled as homoskedastic and normally distributed
(e.g., Gardiner et al. 2014). As multiple testing problems occur
very often in this field of science (Farcomeni 2008), our analyses
can be helpful in the selection of the appropriate method.

For future research, it remains to create an implementation in
R for the presented methods as well as for other quantile-based
methods for factorial designs, for example, Ditzhaus et al. (2021)
and Baumeister et al. (2024). In addition, it can be investigated
how multiple testing regarding multivariate quantiles can be
realized by extending the QMANOVA of Baumeister et al. (2024).
Furthermore, it would be interesting to have more systematic

comparisons between MCTPs and other multiple testing pro-
cedures like the Bonferroni adjustment for other estimands of
interest. Especially for mean-based methods, it would be inter-
esting to investigate if a similar simulation-based comparison
comes to the same conclusion as our simulation does. Then a
general statement could be made about whether this relationship
between the behavior of the Bonferroni correction and sam-
ple size occurs systematically. As Besag et al. (1995, Sec. 6.3)
introduced quantile-based simultaneous credible regions, there
are also Bayesian approaches that could be compared with the
methods presented in this paper in further comparisons. From
this, we hope to gain a better overview of the behavior of MCTPs
in relation to FWER control, power, and further concepts.
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Appendix A
A.1 Covariance Estimators
Let 𝚺(𝑖) = (𝚺(𝑖)𝑎𝑏)𝑎,𝑏∈{1,…,𝑚} denote the covariance matrix of group 𝑖 ∈{1, … , 𝑘}. In our analysis, we consider the following three different
covariance estimators for 𝚺(𝑖)𝑎𝑏, 𝑎, 𝑏 ∈ {1, … ,𝑚}, as discussed in Ditzhaus
et al. (2021):
i. Kernel estimator. The main idea of the kernel estimator is to

replace the unknown densities in (5) by kernel density estima-
tors. Therefore, let 𝐾𝑖 ∶ ℝ → [0,∞) with ∫ℝ 𝐾𝑖(𝑥) d𝑥 = 1 denote a
Lebesgue density, ℎ𝑛𝑖 → 0 as 𝑛 → ∞ a bandwidth, and

𝑓𝐾𝑖 ,𝑖(𝑥) = (𝑛𝑖ℎ𝑛𝑖)−1 𝑛𝑖∑
𝑖=1 𝐾𝑖(𝑥 − 𝑋𝑖𝑗ℎ𝑛𝑖

)

the kernel density estimator for 𝑓𝑖 for all 𝑖 ∈ {1, … , 𝑘}. Then, the
kernel estimator for 𝚺(𝑖)𝑎𝑏 is given by𝚺̂(𝑖),𝐾𝑎𝑏 = 𝑛𝑛𝑖 min{𝑝𝑎, 𝑝𝑏} − 𝑝𝑎𝑝𝑏𝑓𝐾𝑖 ,𝑖 (𝑞𝑖𝑎)𝑓𝐾𝑖 ,𝑖(𝑞𝑖𝑏) .

ii. Bootstrap estimator. For the bootstrap estimator, we use the fact
that the mean squared error of the bootstrapped sample quantile,
which can be calculated as

𝜎̂∗𝑖 (𝑝𝑟) ∶= (𝑛𝑖 𝑛𝑖∑
𝑗=1 (𝑋(𝑖)𝑗∶𝑛𝑖 − 𝑞̂𝑖𝑟)2𝑃𝑖𝑗𝑟)1∕2

for all 𝑟 ∈ {1, … ,𝑚}
converges in probability to the asymptotic standard deviation of

the corresponding sample quantile
√𝜅𝑖𝚺(𝑖)𝑟𝑟 =

√𝑝𝑟 − 𝑝2𝑟 ∕𝑓𝑖(𝑞𝑖𝑟)
(Ditzhaus et al. 2021), where 𝑋(𝑖)𝑗∶𝑛𝑖 denote the 𝑗th smallest element
of the ordered 𝑖th sample and𝑃𝑖𝑗𝑟 ∶= 𝐵𝑛𝑖 ,(𝑗−1)∕𝑛𝑖 ((−∞, ⌈𝑛𝑖𝑝𝑟⌉ − 1]) − 𝐵𝑛𝑖 ,𝑗∕𝑛𝑖 ((−∞, ⌈𝑛𝑖𝑝𝑟⌉ − 1])
for 𝐵𝑛𝑖 ,𝑝 denoting the binomial distribution with size parameter 𝑛𝑖
and success probability 𝑝. Furthermore, eq. (8) in Ditzhaus et al.
(2021) shows that 𝚺(𝑖)𝑎𝑏 only depends on 𝚺(𝑖)𝑎𝑎 , 𝚺(𝑖)𝑏𝑏 , 𝑝𝑎 and 𝑝𝑏 through𝚺(𝑖)𝑎𝑏 =

√𝚺(𝑖)𝑎𝑎𝚺(𝑖)𝑏𝑏 min{𝑝𝑎, 𝑝𝑏} − 𝑝𝑎𝑝𝑏√(𝑝𝑎 − 𝑝2𝑎)(𝑝𝑏 − 𝑝2𝑏) . (A1)

Thus, the bootstrap estimator for 𝚺(𝑖)𝑎𝑏 is given by𝚺̂(𝑖),𝐵𝑎𝑏 = 𝑛𝑛𝑖 𝜎∗𝑖 (𝑝𝑎)𝜎∗𝑖 (𝑝𝑏) min{𝑝𝑎, 𝑝𝑏} − 𝑝𝑎𝑝𝑏√(𝑝𝑎 − 𝑝2𝑎)(𝑝𝑏 − 𝑝2𝑏) .
iii. Interval-based estimator. For the interval-based estimator, we use

the extended estimator for the standard deviation of the 𝑝th sample
quantile (Ditzhaus et al. 2021), which is motivated by an estimator
of McKean and Schrader (1984) based on a standardized confidence
interval. The extended estimator of Ditzhaus et al. (2021) is given by

𝜎𝑃𝐵𝑖 (𝑝) ∶= 𝑛1∕2𝑖 𝑋(𝑖)𝑢𝑖 (𝑝)∶𝑛𝑖 − 𝑋(𝑖)𝑙𝑖 (𝑝)∶𝑛𝑖2𝑧1−𝛼∗𝑛𝑖 (𝑝)∕2 + 2𝑛−1∕2𝑖 for all 𝑝 ∈ (0, 1),
where 𝑙𝑖(𝑝) ∶= max{1, ⌊𝑛𝑖𝑝 − 𝑧1−𝛼∕2√𝑛𝑖𝑝(1 − 𝑝)⌋}, 𝑢𝑖(𝑝) ∶=min{𝑛𝑖, ⌊𝑛𝑖𝑝 + 𝑧1−𝛼∕2√𝑛𝑖𝑝(1 − 𝑝)⌋}, 𝑧1−𝛼∕2 denotes the(1 − 𝛼∕2)-quantile of the standard normal distribution and

𝛼∗𝑛𝑖 (𝑝) ∶= 1 − 𝑢𝑖 (𝑝)−1∑
𝑗=𝑙𝑖 (𝑝)+1

(𝑛𝑖𝑗 )𝑝𝑗(1 − 𝑝)𝑛𝑖−𝑗 .
In Ditzhaus et al. (2021), it is shown that 𝜎𝑃𝐵𝑖 (𝑝𝑎) is consistent for the
asymptotic standard deviation of the corresponding sample quantile

√𝜅𝑖𝚺(𝑖)𝑎𝑎 . By using (A1), we obtain the interval-based estimator for𝚺(𝑖)𝑎𝑏 𝚺̂(𝑖),𝑃𝐵𝑎𝑏 = 𝑛𝑛𝑖 𝜎𝑃𝐵𝑖 (𝑝𝑎)𝜎𝑃𝐵𝑖 (𝑝𝑏) min{𝑝𝑎, 𝑝𝑏} − 𝑝𝑎𝑝𝑏√(𝑝𝑎 − 𝑝2𝑎)(𝑝𝑏 − 𝑝2𝑏) .
A.2 Details on the Bonferroni-Adjusted Permutation

QANOVA
Here, we want to explain the details of the QANOVA permutation
approach. Draw the permuted samples 𝑋𝜋𝑖1, … , 𝑋𝜋𝑖𝑛𝑖 , 𝑖 ∈ {1, … , 𝑘}, without
replacement from the pooled sample 𝑋11, … , 𝑋1𝑛1 , 𝑋21, … , 𝑋𝑘𝑛𝑘 . As in
Ditzhaus et al. (2021), let 𝐹 ∶= ∑𝑘𝑖=1 𝜅𝑖𝐹𝑖 denote the pooled cumulative
distribution function and assume the following.
Assumption A.1. We assume that 𝐹 is differentiable with uniformly
continuous derivative 𝑓 and that 𝑓(𝐹−1(𝑝𝑗)) > 0 for all 𝑗 ∈ {1, … ,𝑚}.
Moreover, we assume |𝑛𝑖∕𝑛 − 𝜅𝑖| = 𝑂(𝑛−1∕2) as 𝑛 → ∞ for all 𝑖 ∈{1, … , 𝑘}.
Note that the latter assumption equals Assumption 4 in Ditzhaus et al.
(2021). Similarly as Assumption 2.1, this assumption cannot really be
checked in practice because usually 𝐹 is not known. However, ties in
the pooled data indicate that 𝐹 cannot be continuous and, thus, not
differentiable. The assumption |𝑛𝑖∕𝑛 − 𝜅𝑖| = 𝑂(𝑛−1∕2) guarantees that
the group fractions converge sufficiently fast to their limits. Then, the
permutation counterpart of the test statistics are defined as

𝑇𝜋𝑛 (𝐡𝓁) ∶= √𝑛 𝐡′𝓁𝐪𝜋
√𝐡′𝓁𝚺̂𝜋𝐡𝓁 , 𝓁 ∈ {1, … , 𝑟}.

By Lemmas S.1, S.2, and S.3 in the Supplement of Ditzhaus et al. (2021),
we have 𝑇𝜋𝑛 (𝐡𝓁) 𝑑∗44→  (0, 1) (A2)

as 𝑛 → ∞ for each 𝓁 ∈ {1, … , 𝑟} under |𝑛𝑖∕𝑛 − 𝜅𝑖| = 𝑂(𝑛−1∕2) for all 𝑖 ∈{1, … , 𝑘} whenever the kernel or interval-based covariance estimator is
used, where here and throughout

𝑑∗44→ denote conditional convergence in
distribution in probability given the data 𝑋11, 𝑋12, … , 𝑋21, … , 𝑋𝑘1, … . For
the bootstrap estimator, we need the stronger assumption that |𝑛𝑖∕𝑛 −𝜅𝑖| = 𝑜(𝑛−1) holds, which means that the group fractions converge
sufficiently fast to their limits. To show the consistency of the bootstrap
estimator in this case, we first note that 𝑋𝜋11, … , 𝑋𝜋𝑘𝑛𝑘 ∼ ∑𝑘𝑖=1 𝑛𝑖∕𝑛𝐹𝑖
(unconditionally) independent and identically distributed. Hence, we can
construct random variables 𝑌11, … , 𝑌𝑘𝑛𝑘 ∼ 𝐹 independent and identi-
cally distributed with P(𝑌𝑖𝑗 ≠ 𝑋𝜋𝑖𝑗) ≤ |𝑛𝑖∕𝑛 − 𝜅𝑖| for all 𝑖 ∈ {1, … , 𝑘}, 𝑗 ∈{1, … , 𝑛𝑖}. Thus, we get

P(∃𝑗 ∈ {1, … , 𝑛𝑖} ∶ 𝑌𝑖𝑗 ≠ 𝑋𝜋𝑖𝑗) ≤ 𝑛𝑖∑
𝑗=1 |𝑛𝑖∕𝑛 − 𝜅𝑖| → 0

as 𝑛 → ∞ for all 𝑖 ∈ {1, … , 𝑘}. Since the bootstrap estimator based on𝑌11, … , 𝑌𝑘𝑛𝑘 is consistent as discussed in Ditzhaus et al. (2021), it easily
follows that the permutation counterpart of the bootstrap estimator is
consistent as well. Mathematically, (A2) meanssup𝑥∈ℝ |||P(𝑇𝜋𝑛 (𝐡𝓁) ≤ 𝑥 ∣ 𝑋11, … , 𝑋1𝑛1 , 𝑋21, … , 𝑋𝑘𝑛𝑘 ) − Φ(𝑥)||| 𝑃4→ 0
as 𝑛 → ∞, where Φ denotes the standard normal distribution function.
Thus, each test statistic 𝑇𝜋𝑛 (𝐡𝓁) can mimic the distribution of 𝑇𝑛(𝐡𝓁, 𝜖𝓁)
asymptotically. However, the joint distribution of the whole vector of
test statistics (𝑇𝜋𝑛 (𝐡1), … , 𝑇𝜋𝑛 (𝐡𝑟)) turns out to converge to a centered
normal distribution with different covariance matrix than in (8) in
general. Hence, this approach is not able to mimic the joint distribution
asymptotically and a correcting procedure for multiple testing, for
example, a Bonferroni correction, needs to be applied. Therefore, let 𝑞𝜋𝓁,𝛽
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and 𝑞𝜋𝓁,𝛽 denote the 𝛽-quantiles of the conditional distribution of 𝑇𝜋𝑛 (𝐡𝓁)
and |𝑇𝜋𝑛 (𝐡𝓁)|, respectively, given the data for all 𝓁 ∈ {1, … , 𝑟}. By (A2),
the quantiles are converging in probability to quantiles of the standard
normal distribution or its absolute value, respectively. The Bonferroni-
adjusted permutation tests can be obtained by setting 𝑞𝓁 = 𝑞𝜋𝓁,1−𝛼∕𝑟 and𝑞𝓁 = 𝑞𝜋𝓁,1−𝛼∕𝑟 in Section 3.

A.3 Details on the Asymptotic Multiple Contrast Testing
Procedures (MCTPs)

In this section, we prove that the critical values in Section 3.2 con-
verge in probability to the (1 − 𝛼)-quantiles of max𝓁∈{1,…,𝑟} 𝑍𝓁 andmax𝓁∈{1,…,𝑟} |𝑍𝓁|, respectively, for (𝑍1, … , 𝑍𝑟)′ ∼  (0, 𝐃𝐇𝚺𝐇′𝐃). There-
fore, we first state an auxiliary lemma.
LemmaA.1.Let (𝑍1, … , 𝑍𝑟) ∼ 𝐹, where𝐹 ∶ ℝ𝑟 → [0, 1]denotes a continu-
ous distribution function, and (𝑌𝑛1, … , 𝑌𝑛𝑟) be a sequence of randomvectors

with (𝑌𝑛1, … , 𝑌𝑛𝑟) 𝑑∗→ (𝑍1, … , 𝑍𝑟) as 𝑛 → ∞ conditionally on a random
variable 𝐗. Moreover, denote by 𝐺𝑛 the conditional distribution function
of max𝓁∈{1,…,𝑟} 𝑌𝑛𝓁 or max𝓁∈{1,…,𝑟} |𝑌𝑛𝓁| given 𝐗 and by 𝐺 the distribution
function of max𝓁∈{1,…,𝑟} 𝑍𝓁 or max𝓁∈{1,…,𝑟} |𝑍𝓁|, respectively. If 𝐺 is strictly
increasing on [𝑎, 𝑏] ⊂ ℝ with 𝐺(𝑎) < 1 − 𝛼 < 𝐺(𝑏) for 𝛼 ∈ (0, 1), we have𝐺−1𝑛 (1 − 𝛼) 𝑃4→ 𝐺−1(1 − 𝛼).
Proof. By the conditional convergence in distribution, we getmax𝓁∈{1,…,𝑟} 𝑌𝑛𝓁 𝑑∗44→ max𝓁∈{1,…,𝑟} 𝑍𝓁 and max𝓁∈{1,…,𝑟} |𝑌𝑛𝓁| 𝑑∗44→max𝓁∈{1,…,𝑟} |𝑍𝓁| as 𝑛 → ∞ conditionally on 𝐗 by the continuous
mapping theorem. Since 𝐹 is continuous, 𝐺 is continuous. Hence, it
follows sup𝑡∈ℝ |𝐺𝑛(𝑡) − 𝐺(𝑡)| 𝑃4→ 0. By Lemma S3 in the Supplement of
Munko et al. (2024) together with the subsequence criterion, we obtain𝐺−1𝑛 (1 − 𝛼) 𝑃4→ 𝐺−1(1 − 𝛼). □

In Section 3.2, the conditional convergence in distribution follows
from the consistency of the covariance estimators. Hence, 𝑞1−𝛼 and𝑞1−𝛼 are converging in probability to the corresponding quantiles ofmax𝓁∈{1,…,𝑟} 𝑍𝓁 andmax𝓁∈{1,…,𝑟} |𝑍𝓁|, respectively.
A.4 Details on the Bootstrap MCTPs
For the groupwise bootstrap MCTP, Theorem 3.6.1 in van der Vaart

and Wellner (1996) implies
√𝑛𝑖(𝐹∗𝑖 − 𝐹𝑖) 𝑑∗44→ 𝐵◦𝐹𝑖 on 𝐷(ℝ) as 𝑛 →

∞ for all 𝑖 ∈ {1, … , 𝑘}, where 𝐷(ℝ) denotes the Skorohod space onℝ equipped with the sup-norm and 𝐵 denotes a Brownian bridge on[0, 1]. By the delta method (van der Vaart and Wellner 1996, Theo-
rem 3.9.11), it follows thatwe have conditional convergence in distribution√𝑛 (𝑞∗𝑖𝑗 − 𝑞𝑖𝑗)𝑗∈{1,…,𝑚} 𝑑∗44→ 𝐙𝑖 as 𝑛 → ∞ for all 𝑖 ∈ {1, … , 𝑘} similarly as
in the proof of Proposition 1 in the Supplement of Ditzhaus et al. (2021).
Moreover, the consistency of the groupwise bootstrap counterpart of the
kernel and interval-based covariance estimator follows as in Lemmas S.2
and S.3 in the Supplement of Ditzhaus et al. (2021) by just replacing 𝐹𝜋𝑖 by𝐹∗𝑖 and 𝑓 by 𝑓𝑖 . Hence, combining everything with Slutsky’s lemma and
the continuous mapping theorem yields

(𝑇∗𝑛(𝐡1), … , 𝑇∗𝑛(𝐡𝑟))′ 𝑑∗44→  (𝟎,𝐃𝐇𝚺𝐇′𝐃)
as 𝑛 → ∞ whenever the kernel or interval-based covariance estimator is
used. Hence, even the joint limit distribution in (8) can be approximated
by the groupwise bootstrap. By Lemma A.1, 𝑞∗1−𝛼 and 𝑞∗1−𝛼 are converging
in probability to the corresponding quantiles of max𝓁∈{1,…,𝑟} 𝑍𝓁 andmax𝓁∈{1,…,𝑟} |𝑍𝓁|, respectively, whenever the kernel or interval-based
covariance estimator is used.

A.5 Algorithms for the Bootstrap MCTP (Algorithms 1 and 2)

ALGORITHM 1 Bootstrap MCTP algorithm for the two-sided testing problem.

1: Input: Original samples 𝑋𝑖1, … , 𝑋𝑖𝑛𝑖 for 𝑖 ∈ {1, … , 𝑘}, probabilities 𝑝1, … , 𝑝𝑚, contrasts 𝐡1, … , 𝐡𝑟, constants 𝜀1, … , 𝜀𝑟, global
significance level 𝛼, and number of bootstrap samples 𝐵.

2: Calculate 𝐪 and 𝚺.
3: for 𝓁 = 1, … , 𝑟 do
4: Calculate the original test statistic 𝑇𝑛(𝐡𝓁, 𝜖𝓁) ∶= √𝑛 𝐡′𝓁𝐪−𝜖𝓁√𝐡′𝓁𝚺̂𝐡𝓁 .
5: end for
6: Bootstrap Procedure:
7: for 𝑏 = 1, … , 𝐵 do
8: Draw bootstrap samples 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 ∼ 𝐹̂𝑖, 𝑖 ∈ {1, … , 𝑘} , independently conditionally on the data.
9: Calculate 𝐪∗ and 𝚺̂∗ based on 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 , 𝑖 ∈ {1, … , 𝑘}.
10: for 𝓁 = 1, … , 𝑟 do
11: Calculate the bootstrap test statistic 𝑇∗𝑛(𝐡𝓁) ∶= √𝑛 𝐡′𝓁(𝐪∗−𝐪)√𝐡′𝓁𝚺̂∗𝐡𝓁 .
12: end for
13: Compute 𝑀̃𝑏 ∶= max𝓁∈{1,…,𝑟}|𝑇∗𝑛(𝐡𝓁)|.
14: end for
15: Estimate the quantile 𝑞∗1−𝛼 as empirical (1 − 𝛼)-quantiles of 𝑀̃1, … , 𝑀̃𝐵.
16: Test Decisions:
17: for 𝓁 = 1, … , 𝑟 do
18: Reject0,𝓁 if and only if |𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞∗1−𝛼 .
19: end for
20: Reject the global hypothesis0 = ⋂𝑟𝓁=1 0,𝓁 if and only ifmax𝓁∈{1,…,𝑟} |𝑇𝑛(𝐡𝓁, 𝜖𝓁)| > 𝑞∗1−𝛼 .
21: Output:Multiple test decisions of the bootstrap MCTP for the two-sided testing problem.
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ALGORITHM 2 Bootstrap MCTP algorithm for the noninferiority testing problem.

1: Input: Original samples 𝑋𝑖1, … , 𝑋𝑖𝑛𝑖 for 𝑖 ∈ {1, … , 𝑘}, probabilities 𝑝1, … , 𝑝𝑚, contrasts 𝐡1, … , 𝐡𝑟, constants 𝜀1, … , 𝜀𝑟, global
significance level 𝛼, and number of bootstrap samples 𝐵.

2: Calculate 𝐪 and 𝚺.
3: for 𝓁 = 1, … , 𝑟 do
4: Calculate the original test statistic 𝑇𝑛(𝐡𝓁, 𝜖𝓁) ∶= √𝑛 𝐡′𝓁𝐪−𝜖𝓁√𝐡′𝓁𝚺̂𝐡𝓁 .
5: end for
6: Bootstrap Procedure:
7: for 𝑏 = 1, … , 𝐵 do
8: Draw bootstrap samples 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 ∼ 𝐹𝑖, 𝑖 ∈ {1, … , 𝑘}, independently conditionally on the data.
9: Calculate 𝐪∗ and 𝚺̂∗ based on 𝑋∗𝑖1, … , 𝑋∗𝑖𝑛𝑖 , 𝑖 ∈ {1, … , 𝑘}.
10: for 𝓁 = 1, … , 𝑟 do
11: Calculate the bootstrap test statistic 𝑇∗𝑛(𝐡𝓁) ∶= √𝑛 𝐡′𝓁(𝐪∗−𝐪)√𝐡′𝓁𝚺̂∗𝐡𝓁 .
12: end for
13: Compute𝑀𝑏 ∶= max𝓁∈{1,…,𝑟}𝑇∗𝑛(𝐡𝓁).
14: end for
15: Estimate the quantiles 𝑞∗1−𝛼 as the empirical (1 − 𝛼)-quantile of𝑀1,… ,𝑀𝐵.
16: Test Decisions:
17: for 𝓁 = 1, … , 𝑟 do
18: Reject𝐼0,𝓁 if and only if 𝑇𝑛(𝐡𝓁, 𝜖𝓁) > 𝑞∗1−𝛼 .
19: end for
20: Reject the global hypothesis𝐼0 = ⋂𝑟𝓁=1 𝐼0,𝓁 if and only ifmax𝓁∈{1,…,𝑟}𝑇𝑛(𝐡𝓁, 𝜀𝓁) > 𝑞∗1−𝛼 .
21: Output:Multiple test decisions of the bootstrap MCTP for the non-inferiority testing problem.

A.6 Correlation Between the Test Statistics in Our
Simulations

For a better understanding and investigation of the behavior of the
different test procedures in our simulation study of Section 4, we report
summaries of the correlations between the test statistics in this section.
Therefore, we calculated the empirical correlations for the 𝑁𝑠𝑖𝑚 = 5000
test statistics resulting from the 5000 data sets used in the simulation for
each setting. The same is done for the absolute values of the test statistics,
which are used for the two-sided multiple testing problem (cf. Section 3).
In order to get a broad overview over the correlations, theminimal (Min.),

maximal (Max.), median, and minimal absolute (min abs.) correlations
are reported in Table A1.
TheBonferroni correction is known to perform too conservative for a large
positive correlation. The largest negative correlations are realized for the
noninferiority tests for Tukey- andGrand-mean-type contrastmatrix with
correlations less than −0.52. For the Grand-mean-type contrast matrix,
we do not observe a visible difference of the asymptotic MCTP compared
to the Bonferroni-adjusted asymptotic test for the noninferiority testing
problem in Figure 3. This is a consequence of the rather negative
correlations between the test statistics for this scenario which yield a good
performance of the Bonferroni correction.
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TABLE A1 Correlation summary between the different test statistics in our simulation study across all settings under the null hypothesis for the
different scenarios.

Contrast matrix Testing problem Variance estimator Min. Max. Median Min. abs.

Dunnett Two-sided Bootstrap 0.067 0.666 0.276 0.067
Dunnett Two-sided Interval-based 0.063 0.653 0.263 0.063
Dunnett Two-sided Kernel 0.068 0.695 0.272 0.068
Dunnett Noninferiority Bootstrap 0.259 0.820 0.524 0.259
Dunnett Noninferiority Interval-based 0.258 0.814 0.520 0.258
Dunnett Noninferiority Kernel 0.256 0.823 0.513 0.256
Tukey Two-sided Bootstrap −0.029 0.666 0.203 0.000
Tukey Two-sided Interval-based −0.033 0.653 0.203 0.000
Tukey Two-sided Kernel −0.030 0.695 0.205 0.001
Tukey Noninferiority Bootstrap −0.593 0.820 0.247 0.000
Tukey Noninferiority Interval-based −0.589 0.814 0.249 0.000
Tukey Noninferiority Kernel −0.589 0.823 0.241 0.000
Grand-mean Two-sided Bootstrap 0.008 0.249 0.116 0.008
Grand-mean Two-sided Interval-based 0.006 0.256 0.122 0.006
Grand-mean Two-sided Kernel 0.007 0.308 0.133 0.007
Grand-mean Noninferiority Bootstrap −0.525 0.130 −0.321 0.097
Grand-mean Noninferiority Interval-based −0.532 0.131 −0.319 0.092
Grand-mean Noninferiority Kernel −0.524 0.137 −0.322 0.096
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Abstract

Evaluating intervention effects on multiple outcomes is a central research goal in a wide
range of quantitative sciences. It is thereby common to compare interventions among each
other and with a control across several, potentially highly correlated, outcome variables.
In this context, researchers are interested in identifying effects at both, the global level
(across all outcome variables) and the local level (for specific variables). At the same time,
potential confounding must be accounted for. This leads to the need for powerful multi-
ple contrast testing procedures (MCTPs) capable of handling multivariate outcomes and
covariates. Given this background, we propose an extension of MCTPs within a semipara-
metric MANCOVA framework that allows applicability beyond multivariate normality,
homoscedasticity, or non-singular covariance structures. We illustrate our approach by
analysing multivariate psychological intervention data, evaluating joint physiological and
psychological constructs such as heart rate variability.

∗Corresponding author: e-mail: baumeister@statistik.tu-dortmund.de
1Department of Statistics, TU Dortmund University, Germany
2Research Center Trustworthy Data Science and Security, UA Ruhr, Germany
3Research Program Biomedical Data Science, Paracelsus Medical University Salzburg, Austria.
4Clinical & Biological Psychology, Institute of Psychology and Education, Ulm University, Ulm, Germany
5Sports and Rehabilitation Medicine, Department of Medicine, Ulm University Hospital, Ulm, Germany
6Team Biostatistics and Big Medical Data, IDA Lab Salzburg, Paracelsus Medical University, Salzburg,

Austria
7Department of Artificial Intelligence and Human Interfaces, Paris Lodron University, Salzburg, Austria



1. Introduction Multiple Contrast Testing in MANCOVA

Keywords: Multiple Testing, Covariate Adjustment, Multivariate Factorial Design, In-
terventional Study, Bootstrap.

1. Introduction

In biological, medical, and psychological research, there is a strong need for multiple testing
methods, as such questions often arise in factorial design that are common for these fields.
Typically, post hoc tests are considered after rejecting a global hypothesis when comparing
more than two groups. This occurs, e.g., in clinical studies, or in ecological studies. An
example of the latter is the comparison of the relative reproductive success (fitness) of birds
grouped by sex and colour morph (Boerner & Krüger, 2009). On the other hand, in psy-
chological intervention studies, there are often only two groups (intervention and control),
but multiple, often highly correlated outcomes are measured. Indeed, correlated outcomes
are inherent in the structure of intervention studies: in particular, if several related mea-
sures are taken from the same individual at a single time point, it is natural to assume
a (strong) dependency between these outcome variables. In such settings, joint modelling
of these outcomes is more suitable, and statistical testing usually becomes more reliable
when it accounts for the underlying dependencies. Warne (2014) explicitly recommends
using a multivariate model in such situations to avoid type I error inflation.

To exemplify the practical issues, we consider a synthetic dataset (Thiel et al., 2025) based
on original data from the intervention-based HypnoTreat study conducted at the University
of Ulm (Karrasch, Matits, et al., 2023; Karrasch, Mavioğlu, et al., 2023; Karrasch et al.,
2022). The study examined the effects of a single relaxation hypnosis session on psychologi-
cal and biological variables in chronically stressed individuals, such as heart rate variability.
Here, the intervention-induced changes are observed in multiple variables measuring the
same physiological construct. Consequently, we are interested in an overall global effect
("Does hypnosis influence HRV?") and specific local effects ("Does hypnosis influence a
single specific parameter?"). This requires testing of multiple hypotheses. Moreover, mod-
elling and inferring these questions jointly in one model, requires a multivariate approach.
Additionally, the data set contains confounding covariates such as perceived chronic stress
and suggestibility (ability to be hypnotised), which have to be accounted for. In fact,
including covariates in a statistical analysis usually leads to an increase in power as pre-
dictive covariates can explain variability in the outcomes, which improves detection of
factorial effects (Thiel et al., 2024). Therefore, it is recommended to adjust for covariates
if they are of predictive character (Kahan et al., 2014). In line with this, also regulatory
authorities (European Medicines Agency (EMA), 2015; U.S. Department of Health and
Human Services Food and Drug Administration, 2023) recommend covariate-adjustment
in randomized clinical trials.
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1. Introduction Multiple Contrast Testing in MANCOVA

The co-occurences of multivariate outcomes, predictive covariates, and multiple testing
problems, motivate the adaption of multiple contrast testing procedures (MCTPs) to a
semiparametric MANCOVA framework. MCTPs are a powerful solution for multiple test-
ing as they redefine the rejection of the global hypothesis: the global hypothesis is rejected
simultaneously if one of the local hypotheses is rejected. By construction, it is transparent
which of the local tests are responsible for the global rejection and both local and global test
decisions are coherent and consonant (Bretz et al., 2011). Traditional approaches, such as
ANOVA followed by adjusted post hoc t-tests, do not have these advantages. Konietschke
et al. (2013) pointed out that MCTPs provides more information about the process of
rejecting the hypotheses. This is because the testing principle of MCTPs complies with
the union-intersection principle introduced by Roy (1953). Moreover, as MCTPs are si-
multaneous testing procedures, they allow for the construction of compatible confidence
intervals.

Furthermore, in many situations MCTPs turn out to be more powerful than methods of
classical p-value adjustment like the Bonferroni procedure (Bretz et al., 2011). Because
of this, MCTPs are known to be effective for many models and estimands. There are
different methods for various univariate (Baumeister et al., 2025; Bretz et al., 2001; Hasler
& Hothorn, 2008; Konietschke et al., 2013), multivariate (Hasler, 2014; Sattler et al., 2024)
and even high dimensional and functional scenarios with metric outcomes (Konietschke et
al., 2021; Munko et al., 2023). Moreover, there are even rank-based MCTPs for univariate
outcomes (Konietschke et al., 2012; Noguchi et al., 2020), repeated measures (Umlauft
et al., 2019), and other complex designs (Rubarth et al., 2022). Hasler and Hothorn
(2011) and Hasler (2014) where the first to introduce MCTPs for multiple endpoints,
but they did not allow for covariate adjustment and assume a parametric model. More
recently, Becher et al. (2025) introduced covariate-adjusted MCTPs, but only allow for
one univariate outcome. To reach our goal, we consider a more general semiparametric
MANCOVA model, as studied in Zimmermann et al. (2020). The method allows for
global testing in factorial designs and considers a covariate-adjusted mean as estimand.
As it allows for covariance heteroscedasticity and some types of singularity, the model is
very flexible. However, multiple testing was not considered so far. We close this gap, by
proposing a MCTP for this general framework. In particular, our contribution is an MCTP
for multivariate covariate-adjusted means

i. that is asymptotically valid in general semiparametric models without assuming nor-
mality, while

ii. allowing for potential covariance heteroscedasticity and singularity,

iii. that covers various local and global testing problems such as multivariate Dunnett-
or Tukey-type hypotheses, especially in intervention designs.
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2. Statistical Model and Set-Up Multiple Contrast Testing in MANCOVA

To improve small sample performance, we consider two resampling approaches: parametric
and wild bootstrapping. Both have demonstrated accurate performances, not only in
Zimmermann et al. (2020), but also in other multivariate factorial designs (Friedrich &
Pauly, 2018; Friedrich et al., 2017; Konietschke et al., 2015), and also in multiple testing
(Munko et al., 2023, 2024; Umlauft et al., 2019).

The paper is structured as follows. In Section 2 we present the semiparametric MANCOVA
model and state central limit theorems. All statistical methods are given in Section 3,
including singularity-robust covariance estimator, the general multiple testing problem, and
specific cases for concrete testing problems. In addition, we state and explain asymptotic
guarantees for the bootstrap, the determination of proper critical values, and the resulting
MCTP including local p-values. In Section 4, we evaluate the method’s small-sample
properties via extensive simulation. We thereby examine family-wise type I error rate
(FWER) control and power of the MCTP in comparison with existing methods. Then,
we present an illustrative data analysis based on the HypnoTreat study in Section 5. The
paper closes with a discussion in Section 6.

2. Statistical Model and Set-Up

We consider a general MANCOVA set-up with d-dimensional random variables Yij =

(Yij1, . . . , Yijd)
′ representing the outcome of individual j ∈ {1, . . . , ni} in group i ∈

{1, . . . , k}. Attached to each outcome vector there is a c-dimensional individual-specific
covariate vector zij = (zij1, . . . , zijc)

′ and we pool all outcome and covariate vectors in the
n-dimensional vector Y = (Y′

11, . . . ,Y
′
knk

)′ and the n×c matrix Z = (z11, . . . , zknk
)′, where

n :=
∑k

i=1 ni. In the following, let Id denote the d-dimensional identity matrix, 1d a d-
dimensional vector and Jd a d-dimensional quadratic matrix containing only 1s. Moreover,
⊕ denotes the direct sum and ⊗ denotes the Kronecker product of matrices. Additionally,
we introduce a vector of n error variables ϵ = (ϵ′11, . . . , ϵ

′
knk

)′, ϵij = (ϵij1, . . . , ϵijd)
′, a vec-

tor of k adjusted means µ = (µ′
1, . . . ,µ

′
k)

′, µi = (µi1, . . . , µid)
′ and a vector of c regression

coefficients ν = (ν ′
1, . . . ,ν

′
c)

′, νm = (νm1, . . . , νmd)
′, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}, m ∈

{1, . . . , c}. Then our general semiparametric MANCOVA model is given by

Y = M̃µ+ Z̃ν + ϵ,

where M̃ =
⊕k

i=1(1ni⊗Id) and Z̃ = Z⊗Id. Thereby, X̃ = (M̃, Z̃) is the design matrix of a
linear model, where M̃ characterises the factorial part and Z̃ the regression part. As usual
for a regression model, we assume that the errors in ϵij are independent with E(ϵ) = 0

and that a group-specific covariance matrix Σi := Cov(ϵij), i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}
exists. These assumptions will later be part of Assumption (M1). From this it follows that
the observations in Y are assumed to be independent and identically distributed per group.
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2. Statistical Model and Set-Up Multiple Contrast Testing in MANCOVA

As the regression coefficients in the vector ν depends on the dimension ℓ, ℓ ∈ {1, . . . , d},
but not on the group i, i ∈ {1, . . . , k}, they do not allow unequal regressions coefficients
for different groups. Allowing for unequal regression coefficients leads to uninterpretable
coefficients as the magnitude of the treatment effect is not the same at different levels of
Z (Huitema, 2011). We also refer to Figure 11.1 in Huitema (2011). The covariance of ϵ is
given by Σ := Cov(ϵ) =

⊕k
i=1(Ini ⊗Σi). As suggested in Zimmermann et al. (2020), the

vector µ can be estimated by the ordinary least squares (OLS) estimator µ̂ = (µ′
1, . . . ,µ

′
k)

′,
that is

µ̂i = Ȳi. −
(
z̄i. ⊗ 1′d

)
ν̂, (1)

where the dot notation means averaging over all subjects in group i. The vector ν̂ =

(ν̂ ′
1, . . . , ν̂

′
c)

′ is the OLS estimator of ν, where ν̂m = (ν̂m1, . . . , ν̂md)
′ for every m ∈

{1, . . . , c}. To define ν̂ in matrix notation we use the matrices M =
⊕k

i=1 1ni , PM :=

M(M′M)−1M′ and W := (In − PM )Z and define ν̂ = [(W′W)−1W′ ⊗ Id]Y , where
(In −PM ) adjusts the covariates Z in such a way that they are correctly multiplied with
the factorial part and the classical multivariate OLS estimator is calculated by W. To
see the connection with the classical formulation of linear models, the OLS estimator for
β = (µ′,ν ′)′ may also be written as β̂ = (µ̂′, ν̂ ′)′ = (X̃′X̃)−1X̃′Y.

In order to show the asymptotic behaviour of this estimator and to derive asymptotic
MCTPs based thereon, the following assumptions are made (Zimmermann et al., 2020),
where here and throughout all convergences are understood as n → ∞.

(M1) The errors ϵij are independent and identically distributed in every group i ∈ {1,
. . . , k} with E(ϵij) = 0, Cov(ϵij) = Σi and E(∥ϵij∥4) < ∞ for all i ∈ {1, . . . , k} and
j ∈ {1, . . . , ni}.

(M2) The variance is positive, i.e. σ2
iℓ := Var(ϵijℓ) > 0 for all i ∈ {1, . . . , k} and ℓ ∈

{1, . . . , d}.

(M3) The groups do not vanish, i.e. ni/n → κi > 0.

(M4) The matrix of covariates Z has full column rank, i.e. the columns of Z are lin-
early independent of each other, and they should be independent of the columns of⊕k

i=1 1ni .

(M5) 1/ni
∑ni

j=1 zijm → πim ∈ R for all i ∈ {1, . . . , k} and m ∈ {1, . . . , c}.

(M6) 1/ni
∑ni

j=1 zijz
′
ij → Πi ∈ Rc×c for all i ∈ {1, . . . , k}.

Note that (M1) does not postulate a specific distribution class (such as normality). In
particular, the distributions can differ between groups. Singularity of the covariance matrix
Σ is allowed through (M2). Assumption (M3) is a standard assumption in asymptotic
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3. Statistical Methods Multiple Contrast Testing in MANCOVA

frameworks with several groups while (M4) avoids collinearity. As stated in Zimmermann
et al. (2020), (M5) and (M6) have technical reasons.

We need the following central limit theorem, to derive the asymptotic behaviour of test
statistics. It is proven in the Appendix of Zimmermann et al. (2020), see (A1) in the Proof
of Theorem 1 therein. We state it here as a separate theorem.

Proposition 1. Let β = (µ′,ν ′)′ and β̂ = (µ̂′, ν̂ ′)′. Then, under (M1), (M3), (M4), (M5)
and (M6) it holds

√
n
(
β̂ − β

)
d−→ N ∼ N (0d (c+k),Λ),

where Λ := limn→∞ n(X̃
′
X̃)−1X̃

′
ΣX̃(X̃

′
X̃)−1.

3. Statistical Methods

3.1. Heteroscedasticity- and Singularity-robust Estimation of Λ

For statistical inference we are not only interested in an estimator for β, but also in an
estimator for Λ, the limiting covariance matrix of β. Consider the vector of residuals
ϵ̂ = (ϵ̂′1, . . . , ϵ̂

′
k)

′ = Y−M̃µ̂− Z̃ν̂ and, more precisely, for subject j in group i the residual
ϵ̂ij = Yij − µ̂i − (z′ij ⊗ Id)ν̂ ∈ Rd. We then define the squared residuals as

Σ̂ij = ϵ̂ij ϵ̂
′
ij . (2)

We now use the multivariate generalisation of the classical regression covariance estimator
by Eicker (1963), i.e. we consider an adjusted block diagonal matrix of the matrices (2) as
the mid part of a sandwich covariance estimator. As our model allows for heteroscedasticity,
we adjust the sandwich estimator for that. Classical adjustments for heteroscedasticity are
adaptable for multivariate outcomes and do not influence the statistical inference of this
model as they converge to 1, see Welz et al. (2023) and Zimmermann et al. (2020).

Therefore, all of them are applicable in this framework. To follow the recommenda-
tion of Zimmermann et al. (2020), we propose a multivariate generalization of the HC4-
adjustment (Cribari-Neto, 2004), which means that (1− pij)

−δij/2 is multiplied with every
squared residual Σ̂ij , where pij is the (i, j)-th diagonal element of the matrix X(X′X)−1X′,
i ∈ {1, . . . , k}, j ∈ {1, . . . , ni} with δij := min{4, pij/(n−1

∑k
r=1

∑nr
s=1 prs}. In the gen-

eral ANCOVA model studied in Zimmermann et al. (2019), the HC4-adjusted covariance
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3. Statistical Methods Multiple Contrast Testing in MANCOVA

estimator was shown to be most effective compared to other heteroscedasticity-consistent
approaches. Therefore, we consider the adjusted squared residuals

Σ̂
H
ij = (1− pij)

−δijΣ̂ij

and the block diagonal matrix Σ̂ =
⊕k

i=1

⊕ni
j=1 Σ̂

H
ij for all i ∈ {1, . . . , k} and j ∈

{1, . . . , ni}. If this matrix is used as the center matrix of a sandwich covariance estimator
(Eicker, 1963), the upper left dk × dk dimensional matrix block of

Λ̂ = n(X̃′X̃)−1X̃′Σ̂X̃(X̃′X̃)−1 (3)

is a consistent estimator for Λ11, the upper left block of Λ, and is defined as Λ̂11. To
be robust against singularity, we follow the idea of Friedrich and Pauly (2018), and only
use the diagonal elements of (3) as covariance matrix estimator and zeros otherwise. We
combine both ideas to get an heteroscedasty and singularity robust covariate adjusted
covariance estimator by

D̂ :=
(
Λ̂11

)
0
,

where the subscript zero means that only the diagonal elements are kept while all other
matrix elements (on the off-diagonal) are set to zero. Combining Eicker (1963) with the
Assumptions (M1)- (M6) implies that the estimators µ̂ and ν̂ are consistent for µ and
ν, respectively. With the same argument it follows that the sandwich estimator Λ̂ is
consistent for Λ. Applying the Continuous Mapping Theorem, it thus follows that the
covariance estimator D̂ is also consistent for D = (Λ11)0, see also Theorem 1 and 2 in
Zimmermann et al. (2020) for similar results.

3.2. Multiple Testing Problem

Within this framework we are able to formulate multiple testing problems consisting of r
tests regarding the vector of adjusted means µ. To this end we consider r contrast vectors
hs = (h′

s1, . . . ,h
′
sk)

′ ∈ Rkd, hsi = (hsi1, . . . , hsid)
′ for all s ∈ {1, . . . , r}. The vector hs

is a contrast vector iff
∑k

i=1

∑d
ℓ=1 hsiℓ = 0, and we combine all of them in the contrast

matrix H = (h1, . . . ,hr)
′ ∈ Rr×kd. Then, the local hypotheses are H0,s : h′

sµ = 0 for all
s ∈ {1, . . . , r}, defining a family of local null hypotheses

Ω =
{
H0,s : h

′
sµ = 0, s ∈ {1, . . . , r}

}
. (4)

This family corresponds to the global hypothesis H0 : Hµ = 0. That hs has to be a
contrast vector is not necessary for mathematical reasons, but contrast vectors characterise
the questions of interest.
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3. Statistical Methods Multiple Contrast Testing in MANCOVA

Examples for Covered Multiple Testing Problems. The chosen family of hypotheses Ω

covers various multiple testing problems of interest. In fact, we are able to consider the
multivariate and covariate adjusted versions of well-known multiple testing problems (cf.
Bretz et al., 2011; Konietschke et al., 2013) by choosing different matrices H. To build
a hypothesis matrix for a multivariate testing problem from the respective univariate one
Hu we simply use the Kronecker product of Hu and Id, that is H = Hu⊗ Id. For example,
there can be realized the following multivariate testing procedures with this technique:

1. Multiple testing in a multivariate two-sample problem. For k = 2 groups and
an arbitrary dimension d we can compare the adjusted means µi,ℓ for every endpoint:
H0,ℓ : µ1ℓ = µ2,ℓ, ℓ ∈ {1, . . . , d}. This multiple testing problem occurs if multiple
correlated endpoints have to be analysed and the dimension-wise hypotheses are of
interest. The hypothesis can be defined by the matrix H = (1,−1)⊗ Id. This testing
problem is considered in the data example in Section 5.

2. Multivariate many-to-one comparison. For arbitrary k and d the Kronecker
product of the Dunnett-type matrix (Dunnett, 1955) and Id leads to the hypotheses
H0,iℓ : µ1ℓ = µiℓ, i ∈ {2, . . . , k}, ℓ ∈ {1, . . . , d}, which compares component-wise the
adjusted means of group 1 with the adjusted mean of all other groups.

3. Multivariate all-pair comparison. The equivalent use of the Tukey-type matrix
(Tukey, 1994) gives the family of hypotheses including all pair-wise comparisons:
H0,i1i2ℓ : µi1ℓ = µi2ℓ, i1, i2 ∈ {1, . . . , k}, i1 ̸= i2, ℓ ∈ {1, . . . , d}.

4. Multivariate grand-mean comparison. The choose of the Grand-mean-type ma-
trix introduced by Djira and Hothorn (2009) leads to a component-wise comparison
of the adjusted group means with the overall mean of the group-wise adjusted means
µ̄ℓ := k−1

∑k
i=1 µiℓ: H0,i : µiℓ = µ̄ℓ, i ∈ {1, . . . , k}, ℓ ∈ {1, . . . , d}.

To infer the local null hypothesis H0,s, we consider the local test statistics

An(hs) =
√
n

h′
sµ̂√

h′
sD̂hs

. (5)

For simultaneously testing (4) while adjusting for multiplicity, we must analyse the joint
distribution of these statistics, i.e. the distribution of the vector (An(h1), . . . , An(hr))

′ =

(HD̂H)
−1/2
0

√
nHµ̂ = An(H). Its asymptotic distribution is given in the following theo-

rem:

Theorem 2. Under the Assumption of the semiparametric MANCOVA model (M1)-(M6),
it holds:

8



3. Statistical Methods Multiple Contrast Testing in MANCOVA

1. Under H0 : Hµ = 0 the vector of test statistics An(H) converges in distribution to
a multivariate normal distribution, i.e.

An(H) = (An(h1), . . . , An(hr))
′ d−→ B,

where B = (B1, . . . , Br) is r-dimensional and has the expectation E(B) = 0 and the
covariance matrix

R := Cov (B) =
(
HDH′)− 1

2
0

HΛ11H
′ (HDH′)− 1

2
0

. (6)

2. Under H1 : Hµ ̸= 0, An(H) converges in probability to ∞.

The proof of Theorem 2 and all other proofs can be found in the Appendix A. It is a
consequence of Theorem 2 that Bs, s ∈ {1, . . . , r}, are normally distributed:

Bs ∼ N
(
0,

h′
sΛ11hs

h′
sDhs

)
. (7)

If we would follow the traditional approach of constructing MCTPs, we would use the
asymptotic distribution of B to derive multivariate equicoordinate quantiles, and to define
local and global test decisions. This idea follows from the union-intersection principle (Roy,
1953) and was made numerically available by Bretz et al. (2001). Due to standardization
of the individual test statistics, a multivariate equicoordinate quantile, with equal values
qγ in all dimensions can be defined. Thereby, qγ is the γ-quantile of the maximum tests
statistic maxs∈{1,...,r} |An(hs)| at the same time. However, this technique is not feasible
in our framework since the test statistics An(hs) have limiting distributions depending on
hs, s ∈ {1, . . . , r}. Consequently, it is not possible to compute equicoordinate quantiles.
To overcome this problem we consider the idea of Munko et al. (2024) to adjust the level
of significance for local tests such that the global level is controlled and the different
distributions are taken into account. It is based on the concept of simultaneous confidence
bands of Bühlmann (1998). For the adaption of this approach, we additionally consider
asymptotically correct bootstrap methods presented in the following section.

We note, that it is possible to consider asymptotically valid MCTPs with equicoordinate
quantiles for the covariate-adjusted mean by using Λ̂11 instead of D̂. In the Supplementary
Material we explain this in detail, and also discuss that this can be seen as an extension of
the MCTPs from Hasler (2014) to multiple endpoints. However, these asymptotic MCTPs
have the disadvantage, that they additionally require positive definite covariances Λi, i ∈
{1, . . . , k}, which is a stronger assumption than (M2). As described in Friedrich and Pauly
(2018) and Zimmermann et al. (2020) singularity can occur in multivariate data if the
outcome vector has strong linear dependencies. That is why we opted to focus on this
more general framework.
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3.3. Bootstrapping

To obtain suitable resampling methods we adapt the two bootstrap methods of Zimmer-
mann et al. (2020), wild and a parametric bootstrap. The idea of the wild bootstrap is to
produce variation by multiplying random variables to the residuals. This is why we first
have to generate n independent identically distributed random variables Tij independently
from the data with E(T11) = 0, Var(T11) = 1 and supi,j E(T

4
ij) < ∞ for i ∈ {1, . . . , k} and

j ∈ {1, . . . , ni}. Methodologically, we can consider some Tij which fulfils this conditions,
but practically we have to decide for some specific ones. As they turned out to be suc-
cessful in Zimmermann et al. (2020) and the choice of weights do not seem to have much
influence on the methods performance, we choose Rademacher random variables for Tij ,
which means that P(T11 = −1) = P(T11 = 1) = 1/2. Then, the elements of the wild
bootstrap sample are defined as

Y∗
ij :=

Tij√
1− pij,ij

ϵ̂ij

for every i ∈ {1, . . . , k} and j ∈ {1, . . . , ni}. This process is carried out for every subject and
does not depends on the component ℓ ∈ {1, . . . , d}, which receives the dependence structure
within the subjects. With the bootstrap sample we can generate the wild bootstrap OLS
estimator β̂

∗
:= (µ̂∗′, ν̂∗′)′ = (X̃′X̃)−1X̃′Y∗ and the wild bootstrap covariance estimator

D̂∗ :=
(
Λ̂

∗
11

)
0
=

(
n(X̃′X̃)−1X̃′Σ̂

∗
X̃(X̃′X̃)−1

)
0
,

where Σ̂
∗
=

⊕k
i=1

⊕ni
j=1 Σ̂

∗H
ij and Σ̂

∗H
ij are the heteroscedasticity-robust squared residuals

calculated with the wild bootstrap data for every i ∈ {1, . . . , k} and j ∈ {1, . . . , ni}. From
the second part of Theorem 2 in Zimmermann et al. (2019) the consistency of D̂∗, i.e.,
D̂∗ P→ D can be concluded, because they argue that the wild bootstrap residuals ϵ̂∗ij are
consistent. To define a wild bootstrap version of the test statistic A∗

n(hs) we simply use
the wild bootstrap estimators µ∗ and D̂∗ instead of the original estimators in formula (5),
s ∈ {1, . . . , r}:

A∗
n(hs) =

√
n

h′
sµ̂

∗
√
h′
sD̂

∗hs

. (8)

Note that the s test statistics are calculated with the same bootstrap sample. The following
Theorem states that the asymptotic distribution of the wild bootstrap test statistic A∗

n(hs)

is the same as the distribution of An(hs) under H0,s.

Theorem 3. Let s ∈ {1, . . . , r}. The wild bootstrap test statistic A⋆
n(hs) given in (8)

converges conditionally given the data in distribution to the real-valued random vector B,
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which characterises also the asymptotic distribution of An(hs) under H0,s (see Theorem
2), i.e.,

sup |P (A∗
n (hs) ≤ x|Y)− P (B ≤ x)| p−→ 0. (9)

The idea of the parametric bootstrap approach is to estimate the group-wise covariance
and use these estimators to generate independent d-dimensional observation vectors from
the normal distribution:

Y⋆
ij ∼ N

(
0, Σ̂i

)
,

for every group i ∈ {1, . . . , k} and every subject j ∈ {1, . . . , ni}, where

Σ̂i =
1

ni − c− 1

ni∑

j=1

ϵ̂ij ϵ̂
′
ij

for every group i ∈ {1, . . . , k}. Analogously to the wild bootstrap approach we can calculate
the parametric bootstrap versions β̂

⋆
and D̂⋆ of the estimators and the test statistic

A⋆
n(hs) =

√
n

h′
sµ̂

⋆

√
h′
sD̂

⋆hs

. (10)

for s ∈ {1, . . . , r}. Again, the s test statistics are calculated from the same bootstrap
sample. In the Proof of Theorem 4 of Zimmermann et al. (2020), it is shown that D̂⋆ is
a consistent estimator for D. And similar to the wild bootstrap approach we are able to
state that the asymptotic distribution of the parametric bootstrap test statistic A⋆

n(hs) is
the same as the distribution of An(hs) under H0,s.

Theorem 4. Let s ∈ {1, . . . , r}. The parametric bootstrap test statistic A⋆
n(hs) given in

(10) converges conditionally given the data in distribution to the real-valued random vector
B, which characterises also the asymptotic distribution of An(hs) under H0,s (see Theorem
2), i.e.,

sup |P (A⋆
n (hs) ≤ x|Y)− P (B ≤ x)| p−→ 0. (11)

3.4. Determination of Critical Values

To get suitable critical values for the test decision in the semiparametric MANOVA model
we draw B bootstrap samples with one of the methods above. Consider for every sample
b ∈ {1, . . . , B} the vector of test statistics (A◦,b

n (h1), . . . , A
◦,b
n (hr)), ◦ ∈ {∗, ⋆}. Define

q◦s,1−γ , the (1 − γ)-quantile of |A◦,1
n (hs)|, . . . , |A◦,B

n (hs)|, s ∈ {1, . . . , r}, ◦ ∈ {∗, ⋆}. The

11
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idea of Munko et al. (2024) is to adjust the significance level γ for each local test such that
the level α is controlled globally. For that, define the estimated family-wise type I error
rate with the critical value q◦r,γ :

FWER◦
n(γ) :=

1

B

B∑

b=1

1
{
∃ s ∈ {1, . . . , r} : |A◦,b

n (hs)| > q◦s,1−γ

}

for ◦ ∈ {∗, ⋆} and γ ∈ [0, 1]. Then, Munko et al. (2024) define the adjusted level γn(α)
as:

γn(α) := max

{
γ ∈

{
0,

1

B
, . . . ,

B − 1

B

}
|FWER◦

n(γ) ≤ α

}
, (12)

which means that γn(α) is the largest value such that FWER◦
n(γ) is bounded by the global

level of significance α. Here, the maximum is evaluated over the set {0, 1/B, . . . , (B −
1)/B}, because the quantiles can only take B different values. With the adjusted level
γn(α) we are able to formulate some decision rules regarding the local and global hypothe-
ses for the two different bootstrap approaches. For every s ∈ {1, . . . , r} and ◦ ∈ {∗, ⋆}
the hypothesis H0,s of Ω is rejected if and only if |An(hs)| > q◦s,1−γn(α)

or equivalently
|An(hs)|/q◦s,1−γn(α)

> 1, i.e. we can define tests

φ◦
n,s = 1{|An(hs)| > q◦s,1−γn(α)

}.

It is possible to construct simultaneous confidence intervals from the multiple testing pro-
cedure for h′

sµ with the global confidence level 1− α:


h′

sµ̂± q◦s,1−γn(α)

√
h′
sD̂hs√
n


 .

In line with the classic MCTPs the global hypothesis H0 is rejected, if and only if at least
one H0,s is rejected. This leads to the global test

φ◦
n = max

s∈{1,...,r}
1

{
|An(hs)|
q◦s,1−γn(α)

> 1

}
, ◦ ∈ {∗, ⋆}.

This formulation incorporates the different distributions of An(hs), s ∈ {1, . . . , r} by con-
sidering individual quantiles q◦s,1−γn(α)

as critical values, but uses the same level of signif-
icance γn(α) for all tests. To ensure, that the level of significance of the global test and
the family-wise type I error rate of Ω is controlled asymptotically we state the following
Theorem:

Theorem 5. Let T ⊂ {1, . . . , r} denote the subset of true hypotheses H0,s of Ω. Then,
φ◦
n, ◦ ∈ {∗, ⋆} is an asymptotic level-α test, i.e. with B = B(n) → ∞ as n → ∞, it holds

12
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that

lim
n→∞

P
(
∃ s ∈ T : |An(hs)| > q◦s,1−γn(α)

)
≤ α,

where equality holds, if T = {1, . . . , r}.

Theorem 3 and Theorem 4 state that the conditional distributions of A◦
n(hs), ◦ ∈ {∗, ⋆}

are asymptotically the same as the distribution of An(hs) under H0,s. Under H1,s we have
the situation that the test statistic An(hs) is divergent and and A◦

n(hs), ◦ ∈ {∗, ⋆} has still
the same normal distribution. Therefore, the tests φ◦

n,s and φ◦
n are consistent.

We considered also a version of this tests where we do not assume that the test statistics
A◦

n(hs), ◦ ∈ {∗, ⋆}, are symmetrically distributed and therefore do not use the absolute
value of the test statistics, but two asymmetric critical values from an optimized local level
that takes the asymmetry into account. It turns out that this method is not superior to
the symmetric version. That is why we state the methodology and some simulation results
in the Supplementary Material.

3.5. P-Values

In this section, we are going to introduce local and global p-values for the bootstrap
MCTPs. For the asymptotic MCTPs sketched in Section 3.2, we refer to the Supplementary
Material. Moreover, we are going to show that the comparison of these p-values against
an adjusted significance level provides an equivalent way of expressing both the local test
φ◦
n,s and the global test φ◦

n. Comparing p-values with an adjusted level of significance
comes with a noteworthy advantage: while the test decision of φ◦

n,s through the critical
values is based on a different value q◦s,1−γn(α)

for each test s ∈ {1, . . . r}, p-value-based test
decisions require only one adjusted significance level for all tests. In case of the bootstrap
MCTPs, this adjusted significance level is defined as γn(α). In contrast to classical p-
values, it has to be calculated dependently from α. Notably, the consideration of an
adjusted level of significance is conceptually analogous to Bonferroni-adjustment (Dunn,
1961), where an adjusted significance level is obtained by dividing the global significance
level α by the number of tests. This local level can be used to get a test decision, either it
is used to calculate a critical value or a p-value. This analogy eases comparability between
MCTPs and Bonferroni, and therefore, will subsequentially help us illustrating MCTPs
(cf. Section 5).

We use the definition of Munko et al. (2024) to introduce local p-values for bootstrap

13
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MCTPs as follows:

pn,s :=
1

B

B∑

b=1

1
{
|A◦,b

n (hs)| ≥ |An(hs)|
}

(13)

To give an intuition, pn,s is the fraction of bootstrap runs, for which the bootstrap test
statistic A◦,b

n (hs) is at least as large as An(hs) in absolute values. Recall from Theorem 3
and Theorem 4 that A◦,b

n (hs) asymptotically mimics the distribution of An(hs) under H0,s.
Therefore, it is easy to see that the definition of pn,s is in line with the well-established
interpretation of p-values as the probability that the test statistic assumes a value at
least as extreme as the one observed when the null hypothesis holds (e.g. Woodward,
2013). Eventually, a global p-value is obtained by pn := min{pn,1, . . . , pn,r}. The following
proposition shows equivalence to the tests defined above:

Proposition 6.

(i) For each s ∈ {1, . . . r}, it holds pn,s ≤ γn(α) if and only if φ◦
n,s = 1,

(ii) It holds that pn ≤ γn(α) if and only if φ◦
n = 1.

4. Simulations

In order to analyse the small sample performance of the developed testing procedures we
did an extensive simulation study on the Linux HPC cluster of TU Dortmund University
(LiDo3) via the computing environment R, version 4.2.1 R Core Team (2022). For each
simulation scenario we considered 5000 simulation runs, 2000 bootstrap iterations and the
level of significance α = 0.05. We chose a simulation set-up similarly to Zimmermann et al.
(2020), accordingly, the basis of our simulations is the following data-generation process:

Yi = µi + Ziν + ϵi, ϵi = Σ
1
2
i Xi, i ∈ {1, . . . , k}.

Here, Xi ∈ Rni×d is a matrix of standardized random data from different distributions:
standard normal distribution (N), t-distribution with 3 degrees of freedom (t3), χ2- distri-
bution with 3 degrees of freedom (χ2

3), logarithmic standard normal distribution (LN) and
double exponential distribution (DExp). We chose the balanced and unbalanced sample
sizes n(1) = (10, . . . , 10)′ ∈ Rk, n(2) = (20, 10, . . . , 10)′ ∈ Rk, n(3) = (10, . . . , 10, 20)′ ∈ Rk

and its multiples K · n(t), t ∈ {1, 2, 3}. The matrix Σ
1
2
i ∈ Rd×d is the square-root of a

certain covariance matrix. We consider different scenarios:

1. Homoscedastic covariance: Σi = Id + 0.5 · (Jd − Id), i ∈ {1, . . . , k}.

14
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2. Heteroscedastic covariance: Σi = Id + 0.5 · (Jd − Id) for i ∈ {1, . . . , k − 1} and
Σk = 2 · Id + 0.5 · (Jd − Id).

3. Singular covariance: Σi =






 1 0.5

0.5 0.25


 , d = 2




6 3 3

3 2 3

3 3 6


 , d = 3




6 3 3 3

3 6 3 3

3 3 2.5 3

3 3 3 6




, d = 4

, i ∈ {1, . . . , k}.

If the second covariance setting is combined with the sample sizes K ·n(2) and K ·n(3) the
situations of negative respective positive pairing occur, where the group with the smaller
sample size has the bigger respective the smaller variance. The number of covariates is set
to c = 2 for all simulations and the matrix of covariates Zi = (zi1, zi2) ∈ Rn×c is drawn
from uniform distributions separately: zi1 ∼ U((−10, 10)) and for zi2 the first half is drawn
from U((0, 5)) and the second half from U((−2,−1)). Additionally, we accept the generated
covariates only under certain conditions of dispersion, see the R-script covariates.R in
the Supplementary Material for further details. The regression coefficients ν ∈ Rc×d are set
to ν = (−0.5,1′d−2,−1|1.5, 2 · 1′d−2, 3). This choice is in line with the simulation set-up in
Zimmermann et al. (2020). For d = 2 they did a small simulation to ensure the association
between the covariates and the selected outcomes with that choice of ν. Additionally, we
did a similar simulation for dimensions d ∈ {3, 4} by fitting univariate models and checking
if the covariates are significant at the level of 5%. We chose a sample size of 40 per group
and did 1000 simulation runs. Especially, this choice of ν ensures the linear relationship
between the components 1 and d of the outcomes in the singular covariance setting.

In all simulation runs, we compare the method of multiple contrast test procedures with
wild (MCTP-wild) and parametric (MCTP-param) bootstrap with the asymptotic mul-
tiple contrast test procedure explained in Section 3.2 (MCTP-norm, MCTP-t) and with
the MANCATS by Zimmermann et al. (2020). The latter is also considered with wild
(MANCATS-wild) and parametric (MANCATS-param) bootstrap and we made it compa-
rable in our multiple testing problem by simply using the Bonferroni-adjustment (Dunn,
1961). Note that the asymptotic MCTPs are not defined in the singular covariance setting
(3). Therefore, we compare six methods in this simulation study. We simulated also the
asymmetric MCTPs explained in Section 3.4 in all scenarios. These methods are not con-
sidered throughout this paper but there are some analyses in the Supplementary Material.
All simulation results can be found in the Supplementary Material.
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Testing Problem Groups Dimensions

Two-sample 2 2, 3, 4
Dunnett 3 2, 3, 4
Dunnett 4 2, 3
Tukey 3 2, 3
Tukey 4 2

Table 1: Combinations of considered testing problems, groups k and dimensions d in the
simulation study regarding FWER-control. For the testing problems, see the
explanation in Section 3.2.

4.1. Simulation Results Under the Null Hypothesis

For simulations under the null hypothesis we ensure that our data fulfils the global null
hypothesis H0 and set µi = 0 for all groups i ∈ {1, . . . , k}. In the analysis of the control
of the family-wise type I error rate (FWER) we consider small and moderate sample
sizes, consequently, the choice of the sample size multiplier K is widely and the sample are
multiplied with K ∈ {1, 2, 3, 4} as explained above. To get a comprehensive overview about
the FWER-control of the testing procedures, we considered various numbers of groups and
dimensions as well as different testing problems. In Table 1, we present the combinations we
included in our simulation study. As an example we present in the paper plots regarding the
simulations settings considering Dunnett’s testing problem and d ∈ {2, 3, 4} dimensions and
k = 3 groups. In Figure 1 this simulations results are presented as boxplots (from R-package
ggplot2, see Wickham, 2016) split by the sample size multiplier K. Here, it is observable
that the empirical FWER of the resampling MCTPs is in the 95% binomial interval [4.4, 5.6]
for most simulation settings even for the smaller samples. The MCTP with parametric
bootstrap tends to be a little bit more conservative than the alternative with wild bootstrap
in most settings. The asymptotic MCTPs tend to be liberal for smaller sample sizes, this
effect is stronger for the asymptotic MCTPs with multivariate normal distribution. The
Bonferroni-adjusted MANCATS tend to a conservative behaviour as expected. For all
methods, there are a few settings with a highly liberal behaviour. In Figure 2 the subgroup
of settings with negative pairing are plotted as bee swarms (Eklund & Trimble, 2021) split
by the distributions and we can see that liberal behaviour occurs in settings with negative
pairing and the χ2

3- or the logarithmic normal distribution. A moderately liberal behaviour
can also be observed in the plot for the normal distribution. Here, the resampling MCTPs
are less liberal than the asymptotic one with t-distribution. This liberal behaviour is not
surprising as it is also observed in other multivariate semiparametric models for factorial
designs that negative pairing can be a problem, see for example Konietschke et al. (2015).
In the logarithmic normal and in the t3-distributed settings of the presented data in Figure
1, the resampling MCTPs tend to a conservative behaviour (empirical FWER smaller than
4.4). As the MCTP with parametric bootstrap tends to be a bit more conservative than
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K = 3 K = 4

K = 1 K = 2

(a) (b) (c) (d) (e) (f) (a) (b) (c) (d) (e) (f)

2.5
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7.5

10.0

2.5

5.0

7.5

10.0

Method

F
W

E
R

(a): MCTP−wild

(b): MCTP−param

(c): MCTP−norm

(d): MCTP−t

(e): MANCATS−wild

(f): MANCATS−param

Figure 1: Empirical family-wise type error rate in % for Dunnett’s testing problem with
k = 3 and d ∈ {2, 3, 4} split by the sample size multiplier K ∈ {1, 2, 3, 4}, i.e.,
n = K · n(t), t ∈ {1, 2, 3}.
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(a): MCTP−wild

(b): MCTP−param

(c): MCTP−norm

(d): MCTP−t

(e): MANCATS−wild

(f): MANCATS−param

Figure 2: Empirical family-wise type I error rate in % for Dunnett’s testing problem with
k = 3 and d ∈ {2, 3, 4} for the settings with negative pairing (the bigger covari-
ance occurs in the smaller sample size for a heteroscedastic unbalanced setting)
split by the distributions: standard normal distribution (N), t-distribution with
3 degrees of freedom (t3), χ2-distribution with 3 degrees of freedom (χ2

3), loga-
rithmic standard normal distribution (LN) and double exponential distribution
(DExp).
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the MCTP with wild bootstrap the MCTP with parametric bootstrap produced more
settings with an FWER lower than 4.4. In the Supplemental Material, we present all
simulation results split by the distribution and the covariance settings as bee swarm plots
(Eklund & Trimble, 2021). From this plots, it can be observed that the FWER-control of all
methods is not really stable for the logarithmic normal distribution with the heteroscedastic
covariance. This phenomenon is more pronounced if the dimension d is higher. It has to be
pointed out that the asymptotic MCTP with multivariate t-distribution performs similarly
well as the resampling MCTPs especially for the bigger sample sizes. But a problem of this
method is that it is not defined for singular covariance scenarios and can not be applied
in these settings. It turns out that the simulations results are not much different for
other testing problems or numbers of groups and dimensions. Nevertheless, further plots
regarding simulation results can be found in the Supplementary Material.

All in all, the simulation study regarding FWER leads to a recommendation of the two
resampling MCTPs. These methods allow potential singularity and work also for small
samples and in heterogeneous data, which is an advantage compared to the asymptotic
MCTPs. Here, the asymptotic MCTP with t-distribution can be recommended for non-
singular data with moderate sample sizes. As the version with parametric bootstrap tends
to be a bit conservative in comparison to the approach with wild bootstrap, this method
can be recommended if someone is interested in more conservative test decisions or in
the situation of moderate negative pairing. Here the phenomena that lead to liberal and
conservative behaviour counteract each other.

4.2. Simulation Results Under the Alternative Hypothesis

For further insights we also performed simulations under the alternative. As the power
is known to be higher for bigger sample sizes we consider in our power simulations the
smaller sample sizes with multiplier K ∈ {1, 2}. And we consider only settings with d = 3

dimensions, k = 3 groups and Dunnett’s testing problem. To ensure that the data does not
fulfil the null hypothesis we add δ ∈ {0.5, 1, 1.5, 2, 3} in three ways to µi, i ∈ {1, 2, 3}:

1. Shift alternative: µ1 = µ2 = 0, µ3 = δ · 1nid,

2. One-point alternative: µ1 = µ2 = 0, µ3 = (δ, 0, . . . , 0),

3. Trend alternative: µ1 = µ2 = 0, µ3 = (δ, δ/2, . . . , δ/d).

As the asymptotic MCTP with multivariate normal distribution has a liberal behaviour
under the null hypothesis we exclude this method from our power analysis. The results for
this method can still be found in the Supplementary Material.
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Figure 3: Empirical power in % through a shift alternative for Dunnett’s testing problem
with k = 3 and d = 3, for the sample 1 · n(1)

3 = (10, 10, 10) and the covariance
settings: homoscedastic (1), heteroscedastic (2) and singular (3), and distribu-
tions: standard normal distribution (N), t-distribution with 3 degrees of freedom
(t3), χ2-distribution with 3 degrees of freedom (χ2

3), logarithmic standard normal
distribution (LN) and double exponential distribution (DExp).
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In Figure 3, the power of the shift alternative of the 12 settings with the sample 1 · n(1)
3 =

(10, 10, 10) is plotted. Here, it can be observed that the five presented methods have a
similar power. For the singular covariance setting (3) the power is smaller in comparison
to the other covariance settings for all methods and the resampling MCTPs have a better
performance than the other methods. For some heteroscedastic settings (χ2

3-and normal
distribution) the MCTP with multivariate t-distribution has a little better power than
the other methods. This is not surprising because of the liberal behaviour of the tests
in these settings. As expected the power simulations with the multiplier K = 2 show a
faster increase of the power than for multiplier K = 1, which is in line with the proven
asymptotic behaviour of the methods. In the Supplementary Material, there are power
plots for all settings with sample factor K = 1, especially for the different ways to create
data under the alternatives. As the one-point alternative is more difficult to detect for
a statistical test, the power increases much slower for this alternative, especially for the
singular covariance setting (3). The increase of the power under the trend alternative is
between the shift and the one-point alternative, which is not surprising. In the settings
with negative pairing (sample size 1 · n(2)

3 = (20, 10, 10), heteroscedastic covariance (2)), it
is observable for all considered alternatives that the power increases very slowly, especially
for δ = 0.5 the power is very small compared to other settings. This phenomenon occurs
in all considered methods, similarly to the bad performance for negative pairing regarding
the FWER-control. The power results for K = 2 can be found in the Supplementary
Material. To conclude, when considering the power, there is no reason not to continue
recommending the resampling MCTPs. In general, these methods have a high power, even
in singular settings. Especially, the power is higher than the power of the Bonferroni-
corrected MANCATs.

5. Data Analysis

In this section, we illustrate the practical application of our MCTPs.

Hypnosis interventional study. Our analysis is motivated from a real interventional
study, the HypnoTreat study, conducted at Ulm University (Karrasch, Matits, et al., 2023;
Karrasch, Mavioğlu, et al., 2023; Karrasch et al., 2022). As the data from the HypnoTreat
is not published, we generated a synthetic dataset that preserves key characteristics of
the HypnoTreat study, including design, sample sizes, range, skewness, and dependency
structures. The resulting dataset is published in Thiel et al. (2025). HypnoTreat examined
the effects of a single relaxation hypnosis session on several heart rate variability (HRV)
parameters in chronically stressed individuals. HRV refers to the variability in the inter-
val between successive heartbeats (inter-beat intervals), reflecting the heart’s capacity to
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respond to internal and external stimuli and maintain homeostasis under varying environ-
mental demands (Rajendra Acharya et al., 2006). HRV is influenced by both acute and
chronic stress (Kim et al., 2018), and therefore, serves as a non-invasive marker of auto-
nomic nervous system function and the dynamic interaction between its sympathetic and
parasympathetic branches.

In HypnoTreat, a total of 45 participants was randomly assigned to either an intervention
group (listening to a 20-minute relaxation hypnosis via headphones) or a control group
(watching a 20-minute documentary about the universe). HRV was assessed using five stan-
dard time- and frequency-domain parameters, assessed at baseline and at post-intervention
(Kim et al., 2018; Sammito et al., 2012; Shaffer & Ginsberg, 2017):

SDNN: standard Deviation of Normal-to-Normal Intervals (measured in ms); reflects over-
all HRV and indicates both sympathetic and parasympathetic activity.

RMSSD: root Mean Square of Successive Differences (measured in ms); primarily reflects
short-term HRV and serves as a reliable marker of parasympathetic activity.

HF: high Frequency (measured in ms2); mainly associated with parasympathetic activity.

LF: low Frequency (measured in ms2); predominantly reflects sympathetic activity.

VLF: very Low Frequency, (measured in ms2); less well understood, but linked to other
stress-regulating systems such as the endocrine and immune systems.

Besides these HRV parameters, two important confounding variables have been observed
at baseline: suggestibility and perceived chronic stress. Chronic stress was assessed using
the German translation of the Perceived Stress Scale-14 (Cohen et al., 1983), which is
a sum of 4-point Likert scales and ranges from 0 to 56 (PSS). Suggestibility, defined as
an individual’s responsiveness to hypnotic procedures, was measured using the German
version of the Harvard Group Scale of Hypnotic Susceptibility (HGSHA) (Bongartz, W.,
1982; Shor & Orne, 1963), where a total score was calculated based on the sum of responses
to 12 items.

Data modelling. To analyse this longitudinal dataset, we first calculate the change from
baseline of all HRV parameters, that is, we subtract the baseline value from the post-
intervention values. We now consider the newly gained change from baseline variables as
the dependent variables of our analysis. Note that using change from baseline is a simple
way of correcting for baseline imbalances between subjects. Figure 4 displays the change
from baseline for all HRV parameters in boxplots. Visual investigation suggests possible
treatment effects in some variables. In the synthetic dataset, we introduced an artificial
shift effect in the hypnosis group in two variables SDNN and VLF (Thiel et al., 2025).
Consequently, we are interested in whether the statistical inference tools proposed in this
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Figure 4: Change from baseline of five heart rate variability (HRV) parameters.

manuscript are able to detect these effects at a significance level of α = 0.05, especially
when controlling for multiplicity, which is clearly required for separate investigation of the
five variables. In fact, we are interested in an overall effect and in specific local effects, which
leads to a multiple multivariate two-sample testing problem as explained in Section 3.2. It
can be realized by the hypothesis matrix Hd := (1,−1)⊗ I5. Then, the global hypothesis
is characterized as Hd

0 : Hdµ = 0 ⇔ µ1 = µ2. Moreover, the local hypotheses are defined
by the rows of Hd and are consequently given by Hd

0,ℓ : µ1ℓ = µ2,ℓ, ℓ ∈ {1, . . . , 5}.

Before using an inferential tool, we inspect the correlation structure in the dataset in
Figure 5. We observe a high correlation between the HRV parameters. For instance,
SDNN shows correlations of 0.76 – 0.87 with the other HRV parameters, and the correlation
between RMDSS and HF is even 0.95. The high level of linear dependency reflected by
these values suggests a multivariate modelling approach for the HRV parameters. The
subsequently presented approach offers such an advantage: when applied to our data, it
models the joint distribution of test statistics for covariate-adjusted means of the HRV
parameters (cf. Theorem 2). Importantly, the resampling MCTPs are also capable of
leveraging information from the baseline covariates HGSHA and PSS. Figure 5 shows
small to medium correlation coefficients of HGSHA and PSS with several HRV parameters,
which suggests that precision of group comparisons may be improved by controlling for
these covariates. For the considered methods, this is done in Equation 1, where the mean
estimators of HRV parameters are corrected for a linear dependency on the covariates.

Estimators. We consider covariate-adjusted means as estimands. With the notation from
Section 3, we have µ̂ = (µ̂′

1, µ̂
′
2)

′, where µ̂i = (µ̂iℓ)
′
ℓ=1,...5 for treatment groups i ∈ {1, 2}.

Here, ℓ ∈ {1 . . . , 5} denotes the individual change from baseline HRV parameters. Using
the hypothesis matrix Hd, we obtain the vector of covariate-adjusted mean differences
µ̂1 − µ̂2 between the two treatment groups. Table 2 displays the absolute values of these
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Figure 5: (Pearson) correlation matrix of two baseline covariates (HGSHA, PSS) and
change from baseline of five HRV parameters (SDNN, RMSSD, HF, LF, VLF).

SDNN RMSSD HF VLF LF
unadjusted 12.95 9.80 157.23 115.96 100.38

covariate-adjusted 17.03 11.43 167.89 156.93 103.14

Table 2: Absolute value of unadjusted and covariate-adjusted mean differences of change
from baseline HRV parameters between the two treatment groups.

covariate-adjusted mean differences as well as unadjusted mean differences for comparison.
We observe that covariate adjustment leads to larger absolute mean differences. Note that
for the two parameters SDNN and VLF, for which we know that there exists a treatment
effect, the absolute mean difference is even increased by approximately 1/3.

Adjusted significance levels & p-values. We now apply the MCTPs proposed in Sec-
tion 3 and Section 4: (i) a wild and (ii) a parametric bootstrap MCTP, as well as (iii) a
normally-distributed, and (iv) a t-distributed asymptotic MCTP as explained in Section
3.2. Moreover, we compare these MCTPs with (v) a wild and (vi) a parametric bootstrap
MANCATS-based test. For each of these tests, we compute local p-values for each contrast
µ̂1ℓ− µ̂2ℓ, ℓ ∈ {1, . . . , 5}. Alongside with these local p-values, we compute adjusted signifi-
cance levels γ to compare all p-values. For the bootstrap MCTPs, local p-values are defined
in Equation (13) and γ is defined in Equation (12), see Section 3.5 for the methodology.
For the asymptotic MCTPs, local p-values are defined in the Supplementary Material and
γ is obtained by plugging in the numerical value of the equicoordinate quantile into the
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γ SDNN RMSSD HF VLF LF

(i) MCTP-wild 0.0145 0.0050 0.1270 0.3475 0.0110 0.5905
(ii) MCTP-param 0.0150 0.0155 0.2180 0.4390 0.0075 0.6275
(iii) MCTP-norm 0.0157 0.0025 0.1228 0.3603 0.0072 0.5923
(iv) MCTP-t 0.0162 0.0043 0.1302 0.3654 0.0102 0.5950
(v) MANCATS-wild 0.0100 0.0040 0.1180 0.3540 0.0080 0.6100
(vi) MANCATS-param 0.0100 0.0075 0.1445 0.3640 0.0115 0.5720

Table 3: Local p-values for covariate-adjusted mean differences of five change from baseline
HRV parameters and adjusted significance levels γ for various testing methods.
Significant test decisions are marked by p-values in bold. The number of bootstrap
runs was set to 2000 and the significance level for the global hypothesis (= at least
one local hypothesis is rejected) was set to α = 0.05.

(univariate) standard normal- or t-distribution function. For the MANCATS-based tests,
γ is obtained by standard Bonferroni adjustment.

All approaches aim to control the global FWER α while providing coherent local and
global test decisions. As we have investigated in Section 4, the individual methods differ
in their capability of actually controlling α. Nevertheless, the representation in terms
of local p-values and adjusted significance levels γ guarantees comparability between the
methods. Table 3 displays this representation for each method (i) – (vi). Here, we observe
that the adjusted significance level γ obtained from Bonferroni is with 0.0100 smaller
than all other adjusted levels. The largest levels γ can be observed with the asymptotic
MCTPs (iii) and (iv), where the levels of the bootstrap MCTPs (i) and (ii) are only slightly
below. This represents the conservative behaviour of the Bonferroni-adjustment and the
advantage of the MCTPs: they produce moderate adjusted levels while still controlling
the FWER by leveraging dependencies between local test statistics. Note that a more
conservative behaviour of the Bonferroni-adjusted methods is expected in case of more
than 5 local hypotheses. The order of the levels γ displayed in Table 3 are also in line
with our simulation results from Section 4, which attested (iii) and (iv) a somewhat liberal
behaviour and (v) and (vi) a rather conservative behaviour. Notably, all methods (i) – (vi)
reject at least one local hypothesis and 4 out of 6 methods correctly detect both effects in
SDNN and in VLF.

6. Discussion

We extended the framework of multiple contrast testing procedures (MCTPs) to a general
semiparametric MANCOVA model, enabling multivariate multiple comparisons based on
covariate-adjusted means. The proposed approach allows for heteroscedastic data, singular
covariance matrices, and deviations from multivariate normality. This makes it particularly
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suited for complex interventional studies with multiple outcomes. In this context, the main
advantage of the model is the possibility to analyse several highly correlated outcomes
together in one model. Moreover, our model covers further multivariate testing problems
like many-to-one and all-pair comparisons.

From a technical point of view, we considered a generalized calculation of critical values
to comply with the flexible semiparametric model. This is different to traditional MCTPs
that make use of equicorrdinate quantiles, and also necessitates resampling-based inference
approaches. For the latter, we followed Friedrich and Pauly (2018) and Zimmermann et
al. (2020), and studied parametric and wild bootstrap approaches. Both are theoretically
justified within our model framework and yield favourable small-sample performance, as
confirmed by extensive simulation studies. In particular, our findings from the simulation
study are in line with the theoretical results and demonstrate reliable type-I-error control
and competitive power, even on small sample sizes and on singular data. The illustrative
data analysis, based on a synthetic dataset mimicking a psychological intervention study,
highlights the practical relevance of the presented methods. It exemplifies how multivariate
group comparisons can benefit from simultaneous covariate adjustment and multiplicity
control.

For the future, several methodological extensions are promising: the recent preprint by
Sattler et al. (2024) provides multivariate MCTPs based on quadratic form type statistics
instead of linear ones, which allows multiple testing on a vector of group-wise means. This
procedure could also be adapted for covariate-adjusted vectors of means. Thinking ahead,
covariate-adjusted multiple testing of other estimands beyond the mean, e.g. based on
quantiles or nonparametric relative effect, are of high interest: in particular, an extension
of the quantile based (M)ANOVA approaches of Baumeister et al. (2024) and Ditzhaus et al.
(2021) to allow for covariate-adjustments is tempting. Similarly, a combination of covariate-
adjustments (Bathke & Brunner, 2003; Thiel et al., 2024) and MCTPs (Konietschke et
al., 2012; Noguchi et al., 2020) for nonparametric relative effects would be interesting.
Both, quantile- and rank-based approaches, could be an opportunity to overcome the bad
performance on skewed data, which was observed in the simulation study for log-normal
data. An R implementation of our proposed MCTPs and those by Zimmermann et al.
(2020) is currently in preparation. Until then, the software implementation we used for
the data analysis is provided in the Supplementary Material.
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A. Proofs

A.1. Proof of Theorem 2

To derive the asymptotics of An(H) and An(hs), s ∈ {1, . . . , r}, we can deduce the follow-
ing statements from Proposition 1. To extract the vectors µ and µ̂ from β and β̂ we use
the vector h̃′

s = (h′
s,0

′
c)

′ ∈ Rdk+c and the zero-inflated covariance estimator

ˆ̃D = D̂⊕ 0c,c

for all s ∈ {1, . . . , r}. The matrix D̃ is obtained from D in the same way. The zero-inflated
contrast matrix H̃ = (h̃1, . . . , h̃r)

′ ∈ Rr×(dk+c) is consequently built with the zero-inflated
contrast vectors. Then, it holds H0,s : h̃sβ = hsµ = 0, H0 : H̃β = Hµ = 0 and
h̃′
sD̃h̃s = h′

sD̂hs. Under H0, by Slutzky’s and the Continuous Mapping Theorem we can
describe the distribution of the vector of test statistics:

An(H) = (HD̂H′)−1/2
0

√
nHµ̂ = (H̃ ˆ̃DH̃′)−1/2

0

√
nH̃β̂

= (H̃ ˆ̃DH̃′)−1/2
0 H̃

√
n
(
β̂ − β

)
d−→ (H̃D̃H̃′)−1/2

0 H̃Z =: B,

From the distribution of Z it follows that B = (B1, . . . , Br) has a multivariate normal
distribution with expectation E(An(H)) = 0 and covariance matrix

R := Cov (An(H)) =
(
HDH′)− 1

2
0

HΛ11H
′ (HDH′)− 1

2
0

.

This is the first assertion. Furthermore, An(hs) is for every s ∈ {1, . . . , r} already un-
der H0,s asymptotically distributed like Bs. In general, we can argue that |An(hs)|/

√
n

converges in probability:

1√
n
|An(hs)| =

|h′
sµ̂|√

h′
sD̂hs

p−→ |h′
sµ|∣∣√h′
sDhs

∣∣ .

Under H1,s this limiting value is greater than zero. From this we can conclude that under
H1,s the test statistics An(hs) converges in probability to ∞ for all s ∈ {1, . . . , r}, which
is the second assertion.

A.2. Proof of Theorem 3

In Zimmermann et al. (2020) statement (C1) in the proof of Theorem 3 is a Central Limit
Theorem for the wild bootstrap:

√
nβ̂

∗ d−→ N ∼ N (0,Λ) given the data.
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From this and from the consistency of D̂∗ (Zimmermann et al., 2020, Proof of Theorem 3)
it follows similarly to the original test statistic:

A∗
n(hs) =

√
n

h′
sµ̂

∗
√
h′
sD̂

∗hs

= h̃′
s

√
nβ̂

∗
√
h̃′
s
ˆ̃D∗h̃s

d−→ h̃′
s

N√
h̃′
sD̃h̃s

= B.

This is close to the assertion.

A.3. Proof of Theorem 4

In the Proof of Theorem 4 in Zimmermann et al. (2020) there is the following statement
given the data:

√
nβ̂

⋆ ∼ N
(
0, Λ̂n

)
,

where Λ̂n = Cov(
√
nβ̂

⋆|Y) is the conditional covariance estimator of β̂
⋆
, which converges

in probability to Λ. From this it follows the assertion.

A.4. Proof of Theorem 5

It is stated in the proof of Theorem 6 in Munko et al. (2024), that Lemma S5 and S6 in
the Supplement of Munko et al. (2024) imply q◦s,1−γn(α)

P−→ qs,FWER−1
n (α), s ∈ {1, . . . , r}.

The two Lemmas are applicable because of the identical framework in Munko et al. (2024).
Let T ⊂ {1, . . . , r} be the set of true hypotheses. By Slutzky’s Theorem and Equation (7)
it follows

(
An(hs), q

◦
s,1−γn(α)

)
s∈T

d−→
(
B, qs,FWER−1

n (α)

)
s∈T

.

Analogously to the proof of Theorem 6 in Munko et al. (2024) we show that

Pr
(
max
s∈T

An(hs) > q◦s,1−γn(α)

)
= 1− Pr

(
∀s ∈ T : An(hs) ≤ q◦s,1−γn(α)

)

−→ 1− Pr
(
∀s ∈ T : B ≤ qs,FWER−1

n (α)

)

≤ 1− Pr
(
∀s ∈ {1, . . . , r} : B ≤ qs,FWER−1

n (α)

)
(14)

= FWERn

(
FWER−1

n (α)
)
= α.

Note that there is an equality in (14) if T = {1, . . . , r}.
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A.5. Proof of Proposition 6

For (i), let s ∈ {1, . . . , r} be fixed. Firstly, assume pn,s ≤ γn(α) and for a proof by
contradiction φ◦

n,s = 0, which is equivalent to |An(hs)| ≤ q◦s,1−γn(α)
. Then,

pn,s =
1

B

B∑

b=1

1
{
|A◦,b

n (hs)| ≥ |An(hs)|
}
≥ 1

B

B∑

b=1

1
{
|A◦,b

n (hs)| ≥ q◦s,1−γn(α)

}
= γn(α) +

1

B
,

where the last equality holds by the definition of the quantile q◦s,1−γn(α)
. From this, it

follows the contradiction γn(α) ≥ γn(α) + 1/B. Secondly, we assume φ◦
n,s = 1. Then,

|An(hs)| > q◦s,1−γn(α)
. From this, with the definition of the quantile q◦s,1−γn(α)

, it can be
concluded

pn,s =
1

B

B∑

b=1

1
{
|A◦,b

n (hs)| ≥ |An(hs)|
}
≤ 1

B

B∑

b=1

1
{
|A◦,b

n (hs)| ≥ q◦s,1−γn(α)

}
≤ γn(α).

To prove (ii), we argue that pn = min{pn,1, . . . , pn,r} ≤ γn(α) if and only if there exist
s ∈ {1, . . . , r} such that pn,s ≤ γn(α). Due to (i), this is equivalent to the situation that
there exist s ∈ {1, . . . , r} with φ◦

n,s = 1, which is the same as φ◦
n = 1. Compare also

Proposition 1 in Munko et al. (2024).
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