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Abstract: We consider systems of wave equations such as the time-
dependent Lamé system or elasticity. When the coefficients are periodic
in space, the classical task in homogenization theory is to describe limits
of solutions when the periodicity tends to zero. The effective equation is
a system with constant coefficients, typically of the same structure as
the original system. Instead, when long time intervals are considered,
new dispersive terms can appear in the effective system. We derive such
dispersive effective systems of wave equations using the Bloch method of
homogenization. The method yields approximate representation formu-
las for solutions in Fourier space. These also allow to describe solutions
as superpositions of ring waves, expanding with constant speed, with
profiles that change on a slow time scale according to the dispersive terms.

MSC: 35L05, 74J20, 35B27

1 Introduction
We study wave systems of the form
Otuf (x,t) = V - (A(x/e)Vu (z,1)) (1.1)

with initial data u®(z,0) = ug(x) and dyu®(z,0) = uy(x). The independent variables
are (r,t) € R? x [0,00) for an arbitrary dimension d € N, the solution is a map
uf : RY x [0,00) — RP for some p € N. We are interested in the description of
solutions in the limit ¢ — 0. When solutions are studied on fixed time intervals
t € [0, 7o), this is the classical task of homogenization theory, [1, 7, 9, 17]. The
result is essentially that solutions u® converge to the solution u of the limit problem
which is defined with the classically homogenized elliptic operator. To obtain strong
homogenization limits, one has to be careful with initial conditions, we mention [10]
for an analysis.

New effects appear when large time intervals ¢t € [0,Tye 2] are studied, the
effective system then is a dispersive wave equation. While such large time effects
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2 Homogenization of systems of wave equations and ring solutions

are well understood for scalar equations, systems are more complicated and we are
only aware of the large time homogenization results of [6, 14]; we compare the results
below.

Our two main results are Theorem 2.1 and Theorem 3.3. The first is a homog-
enization result for large times: We derive an approximate representation formula
in Fourier space, the approximation is valid for small £ > 0, uniformly in time on
time-intervals of the form [0,7,/¢?]. In our second result, we conclude that waves
expand in the form of p rings. In the special case of the two-dimensional Lamé
system, we observe two rings, a larger ring of a pressure wave and a smaller ring of
a shear wave. We quantify how dispersion affects the wave profiles in a slow time
scale.

Let us clarify the notation that is used in the wave system (1.1). The spatial
gradient of the solution is a map Vu® : R? x [0,00) — RP*4. Accordingly, the co-
efficient of the elliptic operator is tensor-valued, A : R? 3 y +— A(y) € RIXxPxp,
for every point y, the tensor A(y) is a linear map RP*? — RP*4. We assume that
y — A(y) is 2m-periodic in every direction, further symmetry and coercivity as-
sumptions are specified after (2.1). With indices ¢ < p, the system can be written
as 02u§(z,t) = ijzl Y ohet ai(AZ”j];(l‘/€)ajui($,t)). Another interesting case with
p = d is the Lamé system.

1.1 Main results

Theorem 2.1 is concerned with the wave system (1.1) and its solution u® on large
time scales, ¢ € [0,7y/¢?]. We provide a function U that is described with an
explicit formula in Fourier space. We show that [[u®(:,t) — U*(-, )| r2ra) is small for
small & > 0, independent of ¢t € [0,Ty/e?], see (2.5).

This first result can be compared with [16], it is a Bloch-expansion homogeniza-
tion result. While [16] deals with the elliptic elasticity problem, we are interested
in the wave equation. Related, but more relevant is a second difference: While only
leading order terms are included in [16], we include corrections of order £2. This
allows to derive also dispersive long-time effects. We note that a more classical two
scale approach to long-time homogenization of systems of wave equations has been
performed recently, see [5] and [6].

Our second main result is formulated in Theorem 3.3. This theorem deals with
an analysis of the function U® that is described in Fourier space with an effective
dispersion relation w¥,, compare (2.4). We show that U® can be described as a
superposition of rings. Those rings expand with speed ¢, (where m is the index
for the m-th ring). In this result, we must assume that ¢, is independent of the
direction in space. The dispersion of the profile function of the m-th ring is dictated
by the function b,,(q), which is the next term in the expansion of w,. This dispersive
effect may depend on the direction, ¢ € S9! is a direction in space. Constructing
a multiple ring solution w®(z,t), we find that ||w(-,t) — U*(-,?)||r2(ra) is small for
small € > 0 and for large times of order 1/?, see (3.11).

When the two theorems are combined, they yield the following. Let u® be the
solution of (1.1). Let § > 0 be an arbitrary error quantifier. A function w®(z,t) can
be constructed as a superposition of rings, using the initial data uy and the system
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tensor A = A(y), such that, for any 0 <ty < Ty < 0o, there holds
limsup  sup  [Ju(-,t) —w (-, 1)|| p2ray <. (1.2)

e—=0  tefto/e?,Tn/e2]

Theorem 3.3 requires that the speeds ¢,, are direction independent; we verify this
property in Appendix C for a two-dimensional Lamé system where, for simplicity,
we assume that only the second Lamé coefficient is periodically oscillatory in space.
Therefore, a function w® can be defined as in (A.9)-(A.11) with profiles V, and
Vs such that w® approximates the solution u® of the oscillatory Lamé system as
specified in (1.2). For non-constant coefficients, the profiles V,, and V, will depend
on the rescaled time variable 7 = ¢%. The dependence is given by the dispersive
terms which can be calculated from the fourth order derivatives of the dispersion
relation in k = 0, see (3.2) for b,, and (3.6)-(3.7) for V,,.

1.2 Literature

Rigorous homogenization with the help of Bloch wave expansions started with [3, 4,
9, 11, 22]. The essential observation is that homogenized coefficients can be obtained
from the dispersion relation of the Floquet-Bloch description. Even simpler: The
second derivatives of the eigenvalue A\(k = 0) = 0 yield the homogenized coefficients.
In the case of systems, one has a multiple eigenvalue A = 0 and one must study
additionally the eigenvectors of this reduced problem, see [16]. A comparison of the
Bloch method with more classical methods was given in [2].

Regarding the analysis of long time spans in the context of homogenization, the
theory started with [23], again based on a formal Bloch analysis. A first rigor-
ous proof for dispersive effects in long-time homogenization of the wave equation
appeared in [20], treating the one-dimensional case, and in [12, 13| for arbitrary
dimension. The long-time homogenization was extended to an analysis of equations
on a discrete lattice in [24] and to a stochastic scalar setting in [8, 14]. Even though
this is not explicitly carried out, the approach of [14] is capable of treating also wave
systems provided that the initial data vanish.

Except for [20], all the above approaches are based on Bloch waves (obviously
with deep adaptations in the stochastic setting), it is also possible to obtain disper-
sive effects in the more classic framework by a derivation of higher correctors in the
analysis of the elliptic operator. This was performed in [5] for equations and in [6]
for systems. We note that [6] considers wave systems with vanishing initial data,
whereas the initial value problem is studied here. Another difference with [6] is the
error norm. In [6], classical energy methods were used to obtain L2-estimates of
the spatial and temporal gradients, while this article is based on spectral methods
resulting in L2-estimates of the functions themselves.

Regarding our second main result, namely the approximation of the solution
with rings, we mention [24] for such a result in space dimension d = 2 and [21] for a
result in d < 3. Both of these results treat only the scalar case. To the best of our
knowledge, so far, there are no results on multiple ring solutions as they appear in
systems of wave equations.

[lustrations of our results on ring solutions for the Lamé system (with constant
coefficients) are given in Appendix A. The calculations clearly show that solutions
exhibit a multiple ring structure for large times.
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2 Approximation in Fourier space
We consider the wave system 9?u® = —L.u® of (1.1), with the elliptic operator
Lou(z,t) := =V - (A(z/e)Vu'(x,t)) . (2.1)

The coefficient A : R? > y — A(y) € R*P*P s assumed to be 2m-periodic in every
direction y;, j = 1,...,d. We may also say that A is Y-periodic for the periodicity
cell Y := [0,2m)¢. We demand that, for every y, the map A(y) : RP*? — RP*9 is
self-adjoint in the sense that ¢ : A(y)é = A(y)¢ : € for matrices (,& € R™>*P. We
furthermore assume the coercivity ¢ : A(y)¢ > 7|/¢||* with v > 0 independent of
y € R? and independent of ¢ € R¥*P.

To cover also the system of elasticity, we introduce also a weaker coercivity
requirement in the case d = p. We say that A is coercive in the sense of elasticity
when A(y)¢ = 0 holds for every y and every skew-symmetric matrix ¢ (i.e.: (T =
—(), and for some vy > 0 and every y € R? holds ¢ : A(y)¢ > 7|[¢]|? for symmetric
matrices (i.e.: (T = ().

Our analysis is based on the Fourier transform. We use the following notation:
For u € L*(R™, CP), the Fourier transform and its inverse are given by

]:(U)(k) = W /Rd u(;p)e—ikm dxr and u(x) = W g J’:(u)(lf)e’“ dk .

The factor is chosen to have the isometry property ||ullz2racry = [|F ()| L2(ra,cr)-

Our aim is to find an approximate representation formula for the solution u® of
(1.1). To simplify formulas, we restrict ourselves to the following initial data:

u®(z,0) = up(x), Ou(z,0)=0. (2.2)

Furthermore, it is convenient to assume that uy € L'(R? RP) N L%(RY, RP) has a
Fourier transform that has a compact support K C R% This assumption allows to
write

1 ik-x
() = /K F (o) (k) dc (2.3)

We note that, under this assumption, ug € H*(R?,RP) holds for every ¢ € N, and
the Fourier transform F(ug) is bounded.

Our aim is to define a function U such that the difference u®* — U® vanishes in
the limit ¢ — 0, uniformly in ¢. We construct U¢ as an inverse Fourier transform
of a finite sum. The construction of U is completed with formula (2.37), which
provides

Us(x,t) == (2m)Y2F 1 (ZB ) Re (exp (iw;, (k )t/s))) . (2.4)

Here, the inverse Fourier transform is applied to the given function with the argu-
ment k € RY. Two terms of the formula, &, and w},, are obtained from the coeffi-
cient function A of the elliptic operator L. of (2.1). The p functions k — w;, (k) are
constructed from the Taylor expansion of the dispersion relation corresponding to
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A. The p functions (§,,)m<, are approximations of Bloch functions, the argument
k = k/|k| is the direction of the wave-vector k and is defined almost everywhere.
The coefficient functions (B,,(k))m<, are constructed from the initial data ug (using
projections that depend on the vectors &,,).

Theorem 2.1 (Homogenization). Let uy € L'(R* RP) N L?(R? RP) have compact
support K in Fourier space and let Ty > 0 be fized. Let L. be as in (2.1) with
the properties listed there, and let u® be the solution of O}u® = —L.u® with initial
condition (2.2). Let U be defined by the Fourier representation formula (2.4). Then
there holds, as € — 0,

sup [u*(-,1) = U (-, )l 2wy = 0. (2:5)

te[0,To /2]

It is quite restrictive to demand that the initial data have a compact support in
Fourier space. We therefore comment on two possible generalizations.

Remark 2.2 (More general initial data). For arbitrary initial data uy € L?(R?)
one can choose a sequence ugs — ug in L*(R?) as § — 0 such that every Fourier
transform F(ugs) has compact support. The corresponding solutions us to the ini-
tial data wys are close to the original solution u®, at least in energy morms, e.g.:
supy [|0sus(-,t) — Opus (-, )| 2ay — O for 6 — 0, uniformly in . Theorem 2.1 pro-
vides a function U§ with an explicit formula such that us— Uy is small for fized 6 > 0
as € — 0. These two results provide smallness of u* — U5 in appropriate function
spaces.

It remains to discuss the term sup, ||(U® — U§)(-,t)||L2ray. We have to inspect
formula (2.4) which is used to define U® from uy and to define U§ from ugs. The
functions & (k) and Wi, (k), introduced in (2.15) and (2.36), are independent of ug.
The function B, (k), by its definition in (2.31), is a projection of F(ug). When
[to,5 — tol| L2(ray is small, the corresponding difference || B, — Bu||r2ra) is also small
and we find the desired result, smallness of u® — U°®.

We note that the above post-processing of the result requires to use different
metrics to study the errors. Another approach would be to perform the entire proof
for more general initial data ug. Even though formulas (2.27), (2.29) and (2.30) are
not valid for general initial data, we expect them to be true up to small error terms,
at least for ug in the Schwartz class.

In this contribution, in order to avoid excessive technicalities, we restrict our-
selves to the proof of the result as stated in Theorem 2.1.

2.1 Floquet-Bloch expansion of the solution

We use the Floquet-Bloch transformation to analyze the elliptic operator L. with
periodic coefficients. We use the periodicity cell €Y and the quasiperiodicity param-
eter ek € Y’ := [-1/2,1/2)<.

2.1.1 Floquet-Bloch transformation

For an arbitrary function u = u(z) for z € R? (with sufficient decay), we can define
its periodic Floquet transformation. The variables for the transformed functions are
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x € €Y for the position in the periodicity cell and k € Y'/e for the dual variable.
For fixed € > 0, for an arbitrary function v € L?(R?), we define

a(z, k) = ele " Z u(x 4 2mez)e” 2mheE (2.6)

z€74

We use this periodic version of the Floquet-Bloch transformation. It has the prop-
erty that a(-, k) is a periodic function on €Y. The scaling is chosen such that, for
a smooth function v and for small ¢ > 0, the transformation is like the Fourier
transform: @(x, k) ~ (27)"%2F(u)(k) independent of 2 € €Y. When the sup-
port of F(u) is bounded, then, for sufficiently small ¢ > 0, there even holds
i(z, k) = (2m)~¥2F(u)(k) by the Nyquist-Shannon sampling theorem, see Lemma
2.7 below. The following lemma collects the standard properties of the periodic
Floquet-Bloch transform.

Lemma 2.3 (Floquet-Bloch transform). The transformation u — @ of (2.6) has
the following properties.

a) The function u(-, k) is €Y -periodic: For every j < d, almost every z € €Y
and every k € Y'/e holds

u(x + 2meej, k) = u(x, k).
b) The transformation is an L*-isometry in the sense that

1
T / (e k)P do dk = / / ey WP dydk.  (27)
€% Jyr/e Jey Y'/e JY

The transformation is also unitary up to the same multiplicative factor.
¢) The inverse transformation is given by

u(zx) = / a(x, k)e** dk (2.8)
Y’ /e
where 4 is identified with its €Y -periodic extension to RY.

2.1.2 Bloch eigenvalues

The transformed function (-, k) is periodic and can therefore be expanded in the
periodic eigenfunctions of the elliptic operator L.. This is the main idea of the
Floquet-Bloch expansion. With the space Hﬁ1 (Y, CP) of periodic functions of class
H' on the cube Y we consider eigenfunctions ¢ € Hﬁ1 (Y, CP) and eigenvalues A € C
of the problem

—(V +iek) - (A(y)(V +ick)d(y,ek)) = Nek)d(y, k) . (2.9)

The left-hand side is a family of self-adjoint elliptic operators, indexed by the param-
eter ek € RY. We therefore find, for every parameter ek € R?, a family of eigenvalues
tm(ek) € R, m € N and eigenfunctions ¢,,(-,¢k) € R, m € N. When we denote
eigenvalues with 1, we always assume that they are ordered, ji,,(¢k) < p41(ck) for
all m € N.

Our first observation is that there is a spectral gap between the first p eigenvalues
and the higher Bloch eigenvalues.



G. Allaire, A. Lamacz-Keymling and B. Schweizer 7

Lemma 2.4 (Spectral gap for Bloch eigenvalues). Let eigenvalues p,, and eigen-
functions ¢,, for the tensor field A be as described above. Let K C R? be a compact
set. Then, there exist constants C| p.,9 > 0 such that, for every 0 < € < ¢¢ and
every k € K,

L (gk) > s form >p, (2.10)
(k) < CE2k* form <p. (2.11)

Proof. We use the Courant-Fisher characterization of eigenvalues. With the notation
|v|?4(y) := v : A(y)v for matrices v € C¥*P| it provides

Sy [V +iek)u(y)l%,) dy

U (ek) = § er{lfycp sup T (2.12)
;mué:’m ) ueV\{0} L2(Y,CP)

It is well known that (2.12) implies the Lipschitz-continuity of the eigenvalues fi,y,.
Moreover, for k = 0, it provides that the first p eigenvalues vanish (one can use a
space V' of constant functions), and that j,41(0) > 0 is satisfied (Poincaré estimate
for periodic functions with vanishing average).

We set 1, == pp4+1(0)/2 > 0. Using the Lipschitz-continuity of the eigenvalues,
we can choose gy > 0 such that, for all 0 < ¢ < g and k € K: (i) pp1(ek) > pa,
and (ii) p,(ek) < fu/2.

To show the upper bound (2.11), we exploit once more the Courant-Fisher char-
acterization. For m < p, we consider V,, := span{ey,...e,}, where e; denotes the
constant function with value corresponding to the i-th canonical basis vector of C.
Then dim V,,, = m and Vu = 0 for every u € V,,,. By the boundedness of A(-),
(2.12) provides, for all m < p,

V +ick)uly, d
ftm(ek) < sup ual i

> < C2|k]?.
u€Vin\{0} HUHLQ(Y,CP)

This was the claim. O

2.1.3 Eigenvalues with smooth dependence

For the subsequent analysis it is important that eigenvalues depend smoothly on
e (in full generality they cannot be expected to be smooth in the vector-valued
parameter k). In order to have smooth dependence, it might be necessary to number
the eigenvalues in a new way. We denote the eigenvalues with new index as \,,(ek),
but we will not change the set of the first p eigenvalues: Our construction will imply
that

{pa(ek), .. pp(ek)} = {Ma(ek), ..., Aplek)} (2.13)

for every small € > 0 and every k € K. We still denote eigenfunctions by ¢,, even
though the selection might now be different.

We construct the smooth eigenvalues A, as follows. The higher eigenvalues are
copied, we set A, (ek) := (k) for every m > p. As observed above, the eigenvalue
A = 0 for £ = 0 has the multiplicity p. For each direction k € S1 c RY, we consider
the eigenvalue problem with the real parameter ¢ € R. By a theorem of Rellich,
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there are p analytic eigenvalue branches ¢ — A, (¢k) that branch from the multiple
eigenvalue A = 0, labeled with m € {1,...,p}. We choose the same branches for k
and —k. The corresponding eigenfunctions ¢, (-, 5k) can also be chosen as analytic
functions in € and as an orthonormal basis of L2 (Y, CP). Of course, this new labelling

depends on the chosen direction k.

Our construction implies (2.13), at least after an appropriate choice of g5 > 0.
Indeed, when Ce?|k|? < . holds for all k € K, there is a gap in the two conditions
(2.10) and (2.11). All the functions ¢ — A, (k) for m < p satisfy A,,,(0) = 0 by
construction and hence (2.11) for ¢ = 0. Since they do not have jumps, they must
remain below pi,.

The above facts on eigenvalues and eigenfunctions have also been exploited in [15,
16]. The facts are classical, we refer to [18], Theorem II, 6.1 for the formulation in the
finite-dimensional case, to the subsequent discussion (starting on page 121) regarding
analytic families of orthonormal basis of eigenfunctions, and the explanations in [18],
VII Paragraph 3 on page 386 regarding the case of general Hilbert spaces. It is used
that the operator is self-adjoint and holomorphic, it is important that the family of
operators depends only on a single real parameter (this is why we keep k fixed and
let only e vary). We also refer to the appendix of [19], where the case of self-adjoint
Fredholm operators is reduced to the finite-dimensional case.

2.1.4 Bloch eigenfunctions

The smallness of the first p eigenvalues implies that the first p Bloch eigenfunctions
¢1(-,€k), ..., ¢p(-, €k) are approximately constant. This is shown in the next lemma.
As a preparation, we define the limiting objects.

We fix k € Y'/e with k # 0 and m < p. We introduce the average

) e 1 p
€ (k) = W/yqjm(y,ek) dy € C. (2.14)

For k € S9-1 we introduce the direction-dependent limits
Em (k) = lim & (k). (2.15)
e—0

For every ke gi-1 , the limit exists by continuity of ¢, in €. Since we have chosen
the same branch for the two directions k and —Fk, there holds &, (k) = &n(—k) and
the limit ¢ — 0 in (2.15) exists for arbitrary sequences ¢ — 0 (independent of the
sign). Due to the L?-normalization of ¢,,, the averages &, and the limits &, are
uniformly bounded.

Lemma 2.5 (Convergence of the lowest Bloch eigenfunctions). Let the situation be
as in Lemma 2.4. We consider 0 7§ ke K, m<p and§&,(k) as defined in (2.15).

a) There holds ¢m(-, k) — &n(k k) in L2(Y,CP) as e — 0.
b) The vectors & (k),...,& (k) form an orthogonal basis of CP. They are nor-
malized as |&n (k)2 = [V = (270)~¢ for every m < p.

Proof. We multiply the Bloch eigenvalue problem (2.9) with ¢,,(-,ek). Using that A
is coercive with constant v > 0 and exploiting the normalization ¢y, r2¢v,cr)y = 1,
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we find

VIV + iek)dm (- k) Tver) < /Y |(V +ick)dm (y, €k) 4y dy
= A (k)| Gm (-, €k 12 (v ooy = Am(ek) < C¥[R7

(2.16)

where the last inequality follows from Lemma 2.4. The normalization implies
|ickom (-, ek)||r2(v,icry = €lk|; together with (2.16), this yields V¢, (-, ke) — 0 in
L*(Y,CP). The averages &, from (2.14) converge to &,. This allows to apply
Poincaré’s inequality for functions with vanishing average with constant C'p > 0

to find

16m(- k) = En(B) | L2vier) < Dm (- €k) = & ()l 2even + 1165, (k) = &m(B) |l 2(ven
< CplIVom (- ek)ll2very + VIYIIE(R) = &m(R)] = 0
as € — 0. This proves a).

The claims of b) follow easily from a) and the fact that, for every ¢ > 0 and
every k € K, the Bloch basis functions ¢,, (-, €k) are orthonormal in L*(Y,CP),

Omi = /chm(y,ek) iy, ek) dy = [Y|Em(k) - &(k) ase—0.

This yields orthogonality of the fm(l;:) and the claimed normalization.

The same proof can be performed also when A is coercive in the sense of elasticity.
We use a symmetrization in the calculation (2.16) and Korn’s inequality in the L*-
estimate. [

2.1.5 Ordinary differential equations for the coefficients

Let u®(z,t) be the solution to the wave system 0?u® = —L.u®, with L. as in (2.1).
For every t, we can perform the Floquet transformation for z € ¢Y and k € Y'/e,

G (x, k,t) = edeihe Z uf(x + 2mez, t)e ke R (2.17)
2€7%

For fixed k and ¢, the function = — u°(x, k,t) is €Y -periodic; it can therefore be
expanded in rescaled Bloch eigenfunctions. We write it as

(k) = > 05, (k. t) pm(z/e, k) . (2.18)
meN

Our next aim is to derive an ordinary differential equation for the coefficients 0, .
Time derivatives commute with the transformation, hence

O (b, t) = 20 (v, k. t) = 3 025, (K, t) dm (]2, ). (2.19)
meN

Spatial gradients transform differently. The product rule implies for spatial gradients
that

V. (b (x/e, k)e™ ™) = %ek (V, + ike) bl /2, k)
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The elliptic operator commutes with the transformation only up to a multiplica-
tion with the spatial phase factor. Using (2.18) and the product rule in the second
equality, we find, by the eigenfunction property (2.9),

Low(x,k,t) = e ™ Lo(@5e™) = 37 05, (k. t) e 2An(ek)dm(z/e,ck) . (2.20)

meN

The original equation (1.1) implies that the expressions in (2.19) and (2.20)
coincide up to their sign. Comparing factors of ¢,, yields the ordinary differential
equation for the coefficients b7,. Taking into acount the initial condition dyu(z,0) =
0 we find, for every m € N and every k € Y'/e:

0262 (k,t) = —e 2 M\ (ek) bE (K, 1), (2.21)
0:,(k,0)=0. (2.22)
The fact that all eigenvalues of the elliptic eigenvalue problem are real-valued and

non-negative allows to introduce w,, (k) := v/ Am(k). As solutions of (2.21)—(2.22),
the coefficients b5, have the form

b, (K, t) = Re (exp (iwnm (k)t /<)) b, (K, 0) . (2.23)

Inserting (2.23) into (2.18), we obtain an expansion of the solution 4°:

u(z, k,t) = Z b, (k,0) Re (exp (iwn, (ek)t/e)) pm(x /e, k) . (2.24)

meN

The function U® of Theorem 2.1 is obtained by a simplification of the right-
hand side of (2.24). Accordingly, the goal of the next subsections is to simplify this
expression.

The following remark is included to illustrate the above theory. We determine
the newly introduced functions for a system with constant coefficients.

Remark 2.6 (Constant coefficient two-dimensional Lamé system). Let us consider
the Lamé system with constant coefficients in dimension p = d = 2, Aly) = Ao for
constants A and p. Then, for every k and k = k/|k|, there exists a basis (v (k))m<a
such that Ao(k‘ @ vn) = Ak ® Um. Indeed, we can choose vo(k) = k and vy (k) =
ket with 2 =2u+ A\ and ¢t = 2u. The eigenfunctions are constant functions,

Om(y, k) == v (k). They satisfy
— (V +ick) - <A( WV +ick)pnm(y, 5/%)) = —(V +ick) - Agick @ vy (k)
= —ick - ¢ ick @ v (k) = &, |ek|? vm (k) = &, |ek|? pm(y, k) .

We therefore have the homogeneity Ay, (ek) = €2\, (k) = 22 |k|? and find w,,(ek) =
ecmlk|. The formula for b5, reads

b: (k,t) = Re (exp (icm|k|t)) b;, (K, 0) . (2.25)

The number c,, is the speed of the m-th wave form, m =1 for shear waves, m = 2
for pressure waves.
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2.2 Simplification of expansion (2.24)

In this subsection, we make two simplifications: 1. We express the initial data
b, (k,0) with the Fourier transform of ug. 2. We determine the limit B, (k) =
lim._, 0%, (k, 0), exploiting that eigenfunctions are approximately constant.

Initial data for the coefficients b5,. We evaluate the Bloch expansion (2.18) in
the time instance ¢ = 0, in which the transformed initial values u°(x, k,0) = G (z, k)
appear on the left-hand side. We have

do(x, k) = b5, (k, 0) (/2. ke) . (2.26)

meN

This relation determines the initial values b¢, (k,0) of the coefficients.

We assumed that ug has compact support K C R? in Fourier-space. As indi-
cated before, in this case, the transform (-, k) can be compared with the Fourier
transform F(ug) (k). More precisely, for ¢ > 0 sufficiently small, the two quantities
coincide up to a prefactor. This follows by the Nyquist-Shannon sampling theorem.
For the sake of completeness we provide a proof of this well-known result, applied
to the Floquet-Bloch transform.

Lemma 2.7 (Variant of Nyquist-Shannon). Let u € L*(R¢,CP) be such that its
Fourier transform has compact support in Br(0) with R > 0 and let ¢ > 0 satisfy
e < 1/(2R). The choice guarantees F(u)(k) = 0 for every k with |k| > 1/(2¢).
Then, the Floquet-Bloch transform and the Fourier transform of u coincide in the
sense that, for all k € Y' /e and almost all x € €Y,

a(x, k) = (2m) "2 F(u)(k). (2.27)

Proof. We keep the function u with Fourier transform F(u) fixed and choose ¢ >
0 with the properties of the lemma. We consider the restriction of the Fourier

transform F(u) to the cube K. := (—4, %)d. This function can be written as a
Fourier series,

Fu)(k) = Z C_Ze—zm'sm'
z€Z4
We can calculate the Fourier coefficients c_,, exploiting that F(u)(k) vanishes for

k& K.:

.=t [ Fu)(k)er = dk =t | Fu)(k)e?™ %= dk = (2m)¥ %t u(2mez) .
K. Rd
Inserting above, we obtain
@2m) P F(u)(k) = (2m) "> " e_eMHRE = et Y " u(2mez)e R = a(0, k).

2€7Z4 2€74

(2.28)

This proves the claim for x = 0.
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We now fix a non-vanishing z € R?. We consider the shifted function v(-) :=
u(z + +). The Fourier transform of v satisfies F(v)(k) = e**F(u)(k) and the
Floquet-Bloch transform of v satisfies

(0, k) = & Z v(2mez)e 2mike

ze74

= ik | gdg—ikx Z u(z + 2mez)e R = T2, k) .

z2€74

We can apply (2.28) to v and obtain
R 2m) TP F(u) (k) = 2m) Y2 F (v) (k) = 0(0,k) = e**a(x, k).
This provides the claim, @(x, k) = (27)~%2F (u)(k). O

Lemma 2.7 implies for the expansion (2.26) that, for small £ > 0, the left-hand
side coincides with the Fourier transform of wy (up to a factor): The initial data
b, (k,0) are characterized by

(2m) 2 F(uo) (k) = Y b5, (K, 0) b (/2 k). (2.29)

meN

We use this to find an approximation for the coefficients b5, (k,0).

Approximation of eigenfunctions in the initial data. In what follows, for any
k € Y'/e with k # 0, we denote the corresponding direction by k := k/|k| € S9!

Our next aim is to find, starting from (2.29), for arbitrary index [ < p, a formula
for the initial datum b7(k,0). With this aim, we multiply (2.29) with the complex
conjugate of ¢,(z/e, k) and integrate over x € €Y. We obtain

) ) ) [ Gy k) dy = 3 6, (8.0) ( [ Gnty <ty 20 dy) |

meN

Since Bloch eigenfunctions ¢,,(-, k) are orthonormal in L?(Y"), this simplifies to
bi(k,0) = Fuo)(k) - (2m)"* & (k). (2.30)

By the convergence & (k) — fl(l%) as ¢ — 0, we conclude, for every 0 # k € Y'/e,

lim 85, (k.0) = (27)"°Flug)(k) - £, () = B(k). (2.31)
Loosely speaking, the functions B,,(k) are projections of the Fourier transform of
the initial data. Formula (2.31) ensures that they are a good approximation of the
initial values b%,(k,0).
Relation (2.30) has another important consequence regarding the support and
boundedness of the coefficients b,,.
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Remark 2.8 (Support of b ). Let the Fourier transform of ug have compact support
K C R™. For sufficiently small ¢ > 0 (depending only on K ), (2.30) implies that
each coefficient b5, (-, 0) is also supported in K. By the evolution equation (2.23),
also for every t > 0 and every m € N holds:

b. (k,t) =0  foreveryk ¢ K . (2.32)

Moreover, for ug € LY(RYRP) N L2(RY,RP), the function F(ug) is bounded; this

implies that also the coefficients b5, and B, are uniformly bounded.

The results of this section are the basis for the construction of the approximation
U¢ used in Theorem 2.1.

2.3 From Floquet-Bloch to a Fourier representation

Theorem 2.1 makes a comparison of u® = u®(x,t) with U® = U®(z,t). In order
to structure the proof, we introduce two intermediate approximations, namely the
functions v® = v°(x,t) and Ve = V=(x,t).

e The function u® is the solution of problem (1.1) with oscillatory coefficient
A = A(x/e). It has the Floquet-Bloch representation (2.18), the coefficients
are given by (2.23).

e We define a function v® by neglecting terms with m > p in the sum: The
Floquet-Bloch transformation of v° is given, for x € €Y and k € Y'/e, by

0 (x, k,t) = Z b: (k,0)om(z /e, ek) Re (exp (iwy,(ck)t/e)) . (2.33)

m=1

e We define a function V¢ with a Fourier transform. By (2.31) for every k € Y’ /e
with & # 0 one has that 0:,(k,0) — B,,(k) as € — 0. Moreover, by Lemma
2.5, the first p Bloch eigenfunctions are approximately constant, ¢,,(z /e, ek) ~

Em(k) for m € {1,...,p}. Taking into account the formula for the inverse
transformation (2.8), we define V¢ as the function with the Fourier transform

F(VE)(k,t) := (2m)%2 Y " By (k)& (k) Re (exp (iwm (ek)t/€)) - (2.34)

m=1

The formula for V¢ leads to the following definition of the final function U¢. The
remaining step is to perform a Taylor expansion of the dispersion relation w,,. We
use speeds cm(l%) € R and dispersive factors bm(l;;) € R. They are given by the
Taylor expansion of the dispersion relation w,, for a fixed direction k € 5941 in the

single parameter ¢ € (0, &),
Wi (ek) = win(e|k|k) = com (k) [ek] + b (k) [ek]> + O(|ek]?) . (2.35)

We emphasize that the error term is depending on the direction; the meaning of
(2.35) is: For every k € S471, there exist b,,(k), c,n(k), C(k) € R such that, for all k €



14 Homogenization of systems of wave equations and ring solutions

Rk, there holds ‘wm(sk) — (k) |ek| — b () [ek[3| < C(k)|ek|®. The truncated
Taylor expansion is A .
wr (ek) == e (k) |ek| + b (k) |ek]? (2.36)

and we use it in the definition of U* as in (2.4),
F(U9)(k, (2m) /2 Z By, ) Re (exp (i’ (ek)t/e)) . (2.37)

In the formula appears the argument w, (ek)/e = ¢ (k k) || +€2by, (K k)|k|3. The leadlng
order term ¢, (k) encodes the effective wave speed in direction k, while the £2-term
characterizes a weak dispersive effect.

From now on we will always assume that € > 0 is sufficiently small to satisfy the
assumptions of Lemma 2.4 and Lemma 2.7. Step by step, we show that all functions
are close to each other.

2.3.1 Contributions of high modes

We compare u® and v°. We have to analyze the contribution from modes m > p.
Smallness of their contributions relies on the spectral gap estimate in Lemma 2.4.

Lemma 2.9 (Comparison of u® with v®). There exists a constant C' > 0 such that
sup |lut(-,t) —v°(-, )| 2may < Ce. (2.38)
te(0,00)

Proof. We consider an arbitrary ¢ > 0. As derived in (2.18), the Floquet-Bloch
transform of u® is
(k) = > 05, (k. t) (/2. 2k) . (2.39)
meN
The Floquet-Bloch transform of v* is, by its definition in (2.33),

(2, k,t) be k,t) dm(z /e, k) . (2.40)

In order to prove the lemma, we have to show smallness of terms with m > p.

Step 1: Estimate for the coefficients. The first step is to derive an estimate for
the higher mode coefficients (b5,),,~,. An energy estimate for u®(z,t) is obtained
by multiplying the evolution equation (1.1) with d,u(z,t), integrating over z € R?
and over t € (0,tp) with arbitrary ¢y > 0. Denoting the arbitrary time instance ¢,
again by ¢, we find an L?(R%)-bound for d,u°(-,t) and the energy estimate

/ Loz, ) - (2, 1) da < Co, (2.41)
R‘i

where Cj depends only on uy. We now use that the Floquet-Bloch transform is a
unitary isometry (compare (2.7)), express u® with its Floquet-Bloch representation,
exploit the eigenfunction property of the basis functions ¢,, and their orthonormal-
ity, and apply (2.20):

Co > /Lu( t)-u(z,t)de

:—// Lu (z,k,t) -0z, k, t) dk d
//E.
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/ /,/ m(ER)BE, (K, 1) bl /e, ek)b5 (K, t) dy(x /e, ek) dk dx

m,lEN

=2 Z/ A (k) |0, (K, )| dE .
Y’ /e

meN

Lemma 2.4 provides \,,(ek) > p, for every m > p and every k € K. We obtain for
the higher modes the estimate

e Co
Z 165, ||L2 (v1/e) = ﬂ_62 (2.42)

m>p

Step 2: Calculation of the norm of the difference. We can now calculate the norm
of the error. Once more, we use that the Floquet-Bloch transform is an isometry
and the orthogonality of the basis functions:

1
uf (-, ) — v (-, ) |2 :—//
o) =Dl = g | [

_/ SO0 1) dk < S0
Y’ /e

m>p Fho

2
> b5 (ko t) (/e k)| dkda

m>p

Since t was arbitrary, we obtain (2.38) with C := /Cpy/ . ]

2.3.2 Simplification of the initial data
The next goal is to compare v* with V¢, based on the approximation of initial data.

Lemma 2.10 (Comparison of v* with V¢). As e — 0, the following convergence
holds:
sup [[v*(-, 1) = V(- 1)|| 2may = 0. (2.43)

te(0,00)

Proof. The coefficient B,, has compact support K C R", see (2.31) and (2.32).
Accordingly, also V¢ has compact support K in Fourier space and, by Lemma 2.7,
has the Floquet-Bloch transform

f/e(:t, kot) = (27) d/2]_- Ve( Z B,, k) Re (exp (iwm(ck)t/e)) .

We use the isometry property (2.7) of the Floquet-Bloch transform to estimate the
L2-error between v° and Ve:

60 = Ve ay = 23 [ [ 18k t) = V(o kO o

//

Y [, 1l 00008 = B 1) Py

p 2

Z (6, (k, 0) b (y, €k) — B (k)& (k) Re (exp (iwm (ck)t/e))| dy dk
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independent of ¢. In order to show (2.43), it remains to verify, for every m < p, that
Fioim [ Wtk 0)6(020) = BB (D) dy k=0
as ¢ — 0. Adding and subtracting b2, (k, 0)&, (k), we find
F <2 /K /Y V50 Ok, 0) b (1, £k) — Em(R)[* + (85, (K, 0) = Bun (k) P (k) dy dk
9 /K(Fj(k) + P (R)) dk.

We now argue with dominated convergence. For a given k£ # 0, Lemma 2.5 yields
| (-, k) — & (k) | z2(vy = 0. The factors b5, are uniformly bounded by Remark 2.8.
These two properties imply that the first error term converges pointwise: For almost
every k, there holds F§(k) — 0. Moreover, the &, are bounded and there holds
|F5 (k)| < Cy, where the constant Cy does not depend on k or . The dominated
convergence theorem yields [, F'§(k) dk — 0 (we use that the support is bounded,
independent of €).

The function F§ is treated similarly. For fixed k # 0, by (2.31), the coefficient
be,(k,0) converges to By, (k), which implies F5(k) — 0. Morover, all involved quan-
tities are uniformly bounded, which yields |F5(k)] < Cp for some constant Cp,
independent of ¢ and k. We obtain [, F5(k)dk — 0 and thus (2.43). O

2.3.3 Taylor expansion of the dispersion relation

We finally compare V¢ and U*® using that the dispersion relation is well approxi-
mated by its Taylor expansion. We recall that (2.35) provided |w,, (k) — w},(ek)| <
C(k) |ek]>. Even though the error is depending on the direction, we will obtain
strong convergence.

Lemma 2.11 (Comparison of V¢ with U¢). For fized Ty > 0, there holds

wp VA1) — U 8) sy = 0. (244
t€[0,Tp/e?]

Proof. The two functions V¢ and U* are defined with the help of k — By, (k)& (k)
which is a bounded function with compact support K, the other factors in the defi-
nition are also bounded. This implies that both functions F(U¢)(-, t) and F(V*)(-,t)
are bounded in L?(R%). We calculate the L*difference between V¢ and U°® using
the isometry property of the Fourier transform with the constant C; = (27)%? and
a further constant C' that is independent of ¢ and t:

IVEC ) = UG p2magey = IF (V1) = FUDC O 2 any

< 1Y || Bk} () [Re (exp (wm (k)t/2)) — Re (exp (i} (kt/2))|

L2(R4,dk)

<O llexp (iwm(ek)t/e) — exp (iw), (k) /)| gc.any -

m=1
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It remains to show that the supremum sup,c( r, /-2 of the right-hand side vanishes
in the limit ¢ — 0.

For a contradiction argument, we assume that, for some m < p and along two
sequences ¢ — 0 and t. € [0,Ty/e%], the norm on the right-hand side remains
larger than n > 0. We consider the corresponding sequence of functions h.(k) :=
exp(iwn, (ek)t./e) — exp(iw}, (ek)t. /€).

For fixed k # 0, the sequence h.(k) of complex numbers converges to zero as
e — 0 by the Taylor expansion in (2.35). This is the pointwise convergence h. — 0.
On the other hand, the functions h. are bounded by 2, which is an integrable
function over the compact domain K. By Lebesgue’s dominated convergence, we
obtain convergence in L?(RY, dk). O

Proof of Theorem 2.1. The triangle inequality yields

[ (1) = U (5 Ol poay < (5 8) = 07 D) L2 ey
07 1) = VEC )| oy + IVEC D) = USC D 2y -

Lemmas 2.9, 2.10 and 2.11 provide smallness of these three expressions. O

2.4 Bounds for the Taylor expansion

We will need boundedness properties of the function w?, (¢k) in order to approximate
by a smooth function. Boundedness properties can be obtained from the defining
relations for eigenvalues A, (k) near k = 0.

Lemma 2.12 (Boundedness of derivatives of \,,,). For a fized index m < p, a fized
direction k € S4 ' and a fized g > 0, we consider the function A : (—&g,e0) 2
e — An(ek). As noted before, this function is analytic with A(0) = 0. There holds:
The odd derivatives in € = 0 vanish, 0-A(0) = 2A(0) = 9°A(0) = 0. The even
derivatives 92A(0) and O*A(0) are bounded, independent of m and k € S4'. There
ezists a lower bound ¢y > 0 such that 92A(0) > ¢y holds independent of m and k.

Proof. We start from the eigenvalue problem (2.9),
—(V +ick) - (A(W)(V + ick)bm(y,ek)) = An(ek)dm(y,ck). (2.45)
Differentiating, for fixed k # 0, with respect to € € R, we find

— ik - (A(Y)(V +ick)on(y,ek)) — (V +ick) - (A(y)(ik)dm(y, €k))
—(V +ick) - (A(y)(V + ick)0-0m(y, €k))
= 0 (k)P (y, €k) + A\ (ek)0-0pm(y, €k) . (2.46)

Evaluating in € = 0, using V¢,,,(+,0) = 0 and \,,,(0) = 0, we find

Integrating over the periodicity cell, we find 0.\,,(0) = 0.
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Differentiating (2.46) with respect to ¢ € R, we find

— 2ik - (A(y) (ik)Pm (y, €k)) — 2ik - (A(y)(V + iek) 0= pm (y, £k))

—2(V +ick) - (A(y)(ik)0-0m(y, €k))
— (V +ick) - (A(y)(V +ick)D2pm(y, ck))
= A (k) (y, €k) + 20 M (€K) Db (y, €K) + A (ek) PP (y, k) . (2.48)

Evaluating in € = 0, using 0:A,(0) = A\, (0) = 0 and V¢,,(-,0) = 0, we find

— 2ik - (A(y)(1k) i (y, 0)) — 2ik - (A(y)VO:0m(y,0))
-2V (A y)( ) agbm(yv )) V- (A(y)V@fgbm(y,O)) (2'49)
= A (0)dm(y,0).

A multiplication with the constant function ¢,,(y,0) and integrating by parts some
of the terms, we find

2 /Y (A(y)krn(y.0)) : kn(y,0) — 2 /Y (A(Y) V060 (5,0) : (iK)Fm(y.0)

= &\n / |Gm(y, 0

The second integral can be replaced with the help of (2.47) (which has a vanishing
right-hand side), using the self-adjointness of A(y):

(2.50)

2 /Y (AY)V0-bn(5,0)) : (i) (y.0) = 2 /Y (A(Y) V00 (9,0) : Vethn(y,0)

From (2.50), we obtain the lower bound 92),,(0) > co|k|?> > 0. Furthermore, since
O-¢m(y, 0) is characterized as the solution of (2.47), we obtain a bound for |92\, (0)|
that is uniform in the direction k. This shows boundedness of ¢,, on the sphere S41

Continuing the calculations, one obtains formulas for higher derivatives 9\, (0)
and 9%¢,,(y,0). These formulas imply boundedness of the derivatives. O

2.5 An approximate representation

As a preparation for the next section, we formulate a corollary to Theorem 2.1,
which allows to approximate the function F(U*®) of (2.37).

We use the functions k — &, (k) from S91 — CP from (2.15). We recall that
these functions are bounded and e-independent, but there is no information about
smoothness, we do not even have continuity guaranteed. We furthermore use the
functions B,, : R — CP of (2.31). They do not depend on ¢, they are bounded,
they depend on the initial data wug, they have a compact support, but we have no
smoothness property.

In the exponential function, we have the functions w, : R¢ — C of (2.36), which
depend on the two functions cm(l%) and bm(l%) on the sphere. We have no smoothness
property for ¢, and b,,. However, by Lemma 2.12, we do have the information that
the two functions are bounded on the sphere.
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Upon approximating B,,, &, and b,, with smooth functions B , £ and ° , and
defining w*?? with these approximations (and the original non-smooth function ¢,,),
we can define another approximation:

Ut (z,t) := (2m) Y2 F! (Z B (k ) Re (exp (iw}; (ek)t/e))> . (2.51)

We assume that the approximations are chosen such that, for T; > 0 fixed,

limsup sup [|U°(-,t) — U5 (-, )|l 2may
e—=0  te€[0,To/e?] (2 52)
=limsup sup ||[FU(-,t) — FU;(-,t)| 2may < 9. '

e—0  te[0,To/e?]

This can be achieved by approximating B,,, &, and b,, in sufficiently high LP-spaces.
Note that the approximation of B,, can be chosen in such a way that 0 is not
contained in the support of B2 .

Corollary 2.13 (Homogenization). Let ug € L'(R?, RP) N L*(R?, RP) have compact
support K in Fourier space and let Ty be fized. Let u® be the solution of (1.1). Let
Us be defined by (2.51) where the approzimations imply (2.52). Then there holds,
for any sequence € — 0,

limsup sup |[u(-,t) — Us(-, 1) 2may < 9. (2.53)
e—=0  t€0,Tp/e?]

Proof. We use the triangle inequality and Theorem 2.1 to find

limsup sup ||u€(‘,t>—Ug('7t)||L2(Rd)
e—0  t€[0,Tp/e?]

<limsup sup |Ju®(-,t) — U(:,?)| L2(ma
e—=0  t€[0,Tp/e?]
+limsup sup ||U5(-,t)—U§(-,t)||L2(Rd)
e—=0  t€[0,Tp/e?]

=limsup sup ||U°(-,t) = Us (-, t)|| 2y < 6.
e—=0  t€[0,Tp/e?]

This was the claim. O

3 Approximating Fourier representations with
multiple ring solutions

In the previous section, we considered the solution u of a partial differential equation
with oscillatory coefficients. We approximated u¢ in L?(R?), uniformly in time on
time intervals [0, Ty/e?], with the function U® of (2.37). Another approximation is
given with the function U (z,t) of (2.51), see Corollary 2.13.

Our next goal is to find an approximation of Uj in physical space. The new
approximation is denoted as w®, we construct it as a superposition of ring solutions.
Every ring has, in each direction, a different profile. The profile is determined by
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the initial data, but it is changing slowly in time as a result of the weak dispersion
effects.

In comparison to the last section, we change the notation slightly. We suppress
the index 0 in the following and write U*® instead of U;. We do not use the Floquet-
Bloch transform any more, which gives us the freedom to denote Fourier-transformed
functions with a hat. We therefore write, e.g., U¢(k,t) = FU¢(k,t). In the function
U ¢, we do not take the real part of the exponentials. This is no loss of generality,
since all results hold also for the opposite sign in the exponents. Finally, we change
the function u° in the sense that we suppress the prefactor (27)%2.

With this new notation, our interest is to analyze a function U¢ = U¢(z,t) that
has the Fourier transform

U(k,t) = > Bu(k)&m (k) exp (iw), (ek)t/e) . (3.1)

=1
We use the approximated dispersion relation, namely, with k = k 1k,
W, (ek) = e (k)|ek| 4 Do (K)|ek]? . (3.2)

We can assume that the functions B,,, &, and b,, are smooth functions, that B,,
has a compact support and that 0 is not contained in the support of B,,.

The aim of this section is to show that the function U€ is close to a function that
is constructed as the superposition of p rings. Closeness is measured uniformly in
time on intervals [ty/e?, Tp/e?] with 0 < ¢y < Ty and in the sense of L*(R?) in space.
We will define p profile functions (V,,)1<m<p

Vi : R x S % (0,00) — CP. (3.3)

With the profile V,,, the single ring function is defined as

€ o 1 T 2

A reconstruction with p rings is obtained with the superposition

w(x,t) := Z w (z,t) . (3.5)

In general, the speed ¢, = ¢,,(z/]z|) in (3.4) may depend on the direction x/|z|. We
actually have to assume that the principal speeds ¢, do not depend on the direction.

Our main result is that w® of (3.5) provides a good approximation of U¢ of (3.1).
A related statement for a single ring approximation has been derived in [21].

We next construct the profile functions. We start by introducing functions G
that represent one part of the function U (k,t). We do not include the phase factor
exp(ic,, |k|t) and we consider time instances t = 7/¢2. Because of ib,, (k)|ek|>T /e =
iby (k) |k[T, we obtain an e-independent expression. We set

Gk, 7) i= By (k) En(k) exp (z’bm(l%)|k|3r) . (3.6)
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With the help of @m(k’, 7), we define the functions V,, and Vi, where the latter
is the one-dimensional Fourier trarlsform of V,, in the first variable. We use the
complex factor z, := (i){@V/2 set V,,(£,q,7) := 0 for £ <0 and

N 1 A
Vin(€,0,7) = — ||V Gn(8q,7) (37)

for € > 0. We recall that V,, is a function in £ € R, ¢ € S% ! and 7 > 0. The
one-dimensional inverse Fourier-transform in the variable £ € R defines the function
Vin(z, ¢, 7), where we denote by z the variable that is dual to .

We need a decay property of the profiles.

Assumption 3.1 (Decay of the profile functions). For Ty > 0 we demand that every
function V,, satifies: There exist C,a > 0 such that, for every z € R, 7 € (0,Tp)
and q € ST

Vin(2z,q,7)] < C(1L+ |2])~4 . (3.8)

Additionally, we assume for the derivatives
10-Vin (2,4, T+ 10Vin (2, ¢, 7)] < C(1+ [2]) 747 (3.9)

We note that the approximation of Section 2.5 satisfies this condition. Indeed,
for Gy, having a compact support that does not contain £ = 0, it is sufficient to
demand uniform boundedness of G,,, € H?(R?) for some 3 > d (uniform with respect
to 7). Under these conditions, Assumption 3.1 is satisfied.

As a starting point for the subsequent considerations, we observe that the con-
struction (3.4) provides L?(R%)-bounded ring functions.

Lemma 3.2 (L?*-boundedness). We consider m < p and Ty > 0. Let V,, satisfy
Assumption 3.1 and let wt, be given by (3.4). Then there exists C' > 0 such that,
for every t € (1/cy,, Ty/e?), there holds

lws, (-, 1)l p2ey < C- (3.10)

Proof. Condition (3.8) allows to calculate with polar coordinates x = r¢ and the
1

substitution z = r — ¢, t:
. 2
€ 2 _ 2
||wm('7t)||L2(le) = /d W (|$| mt,m,€ t)

/ / n WW —cut,q,%t)|" dS(q) dr
t
<02/ / (emt + 2)° (emt +2)"7 )22 g (g) d
—cmt Sd 1

Ctdl

dx

< 02/(1 + |Z|)—2d—2a+d—1 dz < 02.
R

This was the claim. O

Lemma 3.2 provides uniform L?*-boundedness for w® for ¢t € (1/c*,Ty/e?) with
¢* :==min{cy,...,c,}. The subsequent theorem is the main result of this section. It
states that the function U¢ is approximated well by the ring solution w® in L?-sense.



22 Homogenization of systems of wave equations and ring solutions

Theorem 3.3 (Approximation with rings). Let p € N be the number of rings and
let the dimension be d = 2 or d = 3, Ty > 0. We assume that the speeds ¢,,(q) =
cm are independent of q and different from each other, ¢,, # ¢y for m # (. Let
Ue : R? x (0,00) — CP have the Fourier-transform (3.1) with w?, of (3.2) and let
Gy be given by (3.6). We assume that all coefficients G (-,7) € C41(RY) have
compact support, O not contained in the support, and such that Assumption 3.1 is
satisfied. Let V,, be as constructed in (3.7) and let w® : R x (0, 00) — CP be given by
(3.4)~(3.5). Then, for an arbitrary sequence € — 0 and an arbitrary time sequence
t. € (0,Ty/e?) with liminf,_,qe%t. > 0, there holds

[w® (2, to) = U (2, to)]| f2ga gy — O (3.11)

3.1 Fourier transform of ring functions and convergence

In order to show Theorem 3.3, we analyze the convergence of w*® when multiplied
with the oscillatory prefactor e’nlFl*. The convergence relies on a stationary phase
result. Essentially, we can use the stationary phase result of [21], but we need
additionally some uniform bounds. In order to have this article self-contained, we
provide the proof in Appendix B.

Proposition 3.4 (Approximation by p rings). Let d € {2,3}, T, > 0, p € N,
em(q) = ¢m > 0 and Gy, - R X (0,00) — CP for m € {1,....p} be so that all
requirements of Theorem 8.8 hold. Let the function w® : R? x (0,00) — CP be
constructed as in (3.4)—(3.5) from the profile functions V,,. Let t. € (0,Ty/e?] be a
time sequence with T := lim._,o%t. > 0. Then:

a) For every 0 # k € R? holds

efemllte i (k. t.) — Gk, 7). (3.12)

b) The convergence (3.12) is also a strong convergence in L?(RY, dk).

c) For the combined ring solution w®, weak convergence holds when the phase
factor selects a specific ring: For arbitrary m < p, there holds the following weak
convergence in L*(RY, dk):

etenlklte i (k,t) — Gk, 7). (3.13)
We cannot expect strong convergence in (3.13), see Lemma 3.5 below.

Proof of Proposition 3.4. Our assumption lim,_,o ¢, > 0 implies . — oo as € — 0.
In the following, we drop the subscript € in the time variable and write ¢ instead of ¢..
All calculations are first done for dimension d = 2, then the necessary modifications
for d = 3 are indicated.

Step 1: Calculation of the Fourier transform of w;,. We have to calculate the
d-dimensional Fourier transform of w},. In the following calculation we use, in this
order: (i) The definition of w;, in (3.4) and a Fourier transform with the variables
x = rq and ¢ € S (ii) For every ¢ € S% !, the one-dimensional parameter
transformation from the variable r to the variable z by setting r = ¢,,t + 2. An error
term E°(k,e,t) appears, since we replace an integration over z € (—¢,t,00) by an
integration over z € (—o00,00); furthermore, in dimension d = 2 we replace r by
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¢mt under the integral. The approximation in dimension d = 3 is slightly different,
see (3.14) below. (iii) We exploit that there appears the one-dimensional Fourier
transform of V;, with integration variable z and re-write the expression with V.

(iv) The definition of V,, in (3.7) and z := (2m)@~1D/2 = (27)d=D/25,

ne 1 = —ik-qr Td_l

i) = s [ | Vi (= et ) drdS(y

- o / [T Y, (2, 4) d ) + B
Gd—1

(27]_)((1_1)/2 /Sdl e—qucmt(c 75)((1! 1)/2V (k q,q, ¢ ) dS( ) + Es(k‘,t)

1 , R
=— emhaemt (e YD\ |G (K- qq,%) dS(q) + E°(k,t),

Sd=1nH,

where Hj, == {qg € R?| ¢ - k > 0} is the half-space in which ¢ — V,, (k- q,q,£%t) is
supported. The error term E¢(k,t) = Ef(k,t) + E5(k,t) can be written, with the
exponent := (d —1)/2, as

—cmt
€ .__ 7zk g(emttz) \"m> T ~) (Cmt + Z) 2
Ej = d/2/5d1/ el Vin (2,4,€%) dzdS(q),

i t+2)%
Bim L atents) [t 22T sl (o g ) dzdS(a).
LT // [ (epp (ont) | Vi (200,50) 0 4S(0)

We next show that both error terms are of order (c,,t)™” uniformly in k and e.
We exploit the decay condition (3.8) of Assumption 3.1 and the identity —d — o =
—(d—1)—=(a+1)=—-28 — (a+ 1) to obtain

(2m)~4/2 —omt 23 2
1E5<k,t>|s—5 / [ lent ol 1V (z,q,et)rdzds<q>
gd—1

—d/2 [emt + 2’ <1+,z‘) @+ 72 dS(q)
/Sd 1/ ( 1+ 2| -

< (ant)ﬁ (C(27r)—d/2 2% /Sd_l /:mt(1+|z|)—<a+1> dzdS(q)) = (C;)ﬁ.

In the last inequality we have used that |z| > ¢,,t, hence

lemt + 2| Cmt || <9
L+1]z] — 14ent 142 —

and in the last line we exploited that (1 + |z|)~@*Y is integrable over z € R. This
shows that E is of order (c,,t)~* uniformly in k and .

In the error Ej, the term in squared brackets is [(cmt + 2)%?/(cmt)® — (cmt)?]
= [(cmt + 2)% — (emt)?] /(cmt)?; in two space dimensions, i.e., 28 = d—1 =1, the
term is simply z/(c,,t)?. Again by integrability of z (1 + \z|) (2,4, &%) from
(3.8), E5 is of order (c,,t)~? uniformly in k and e.

Modifications in dimension d = 3. In the calculation of w¢, (k,t) we replace, in
the second equality, r¢~! = r? = (c,,t + 2)? by the approximation (c,,t)? + 2z¢,t to
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obtain
(ks ) (3.14)
= (27r1)d/2 /Sdl /Reik-qcmteik-qz [(Cmt)(d—l)ﬂ + 22} v, (z,q,g2t) dzdS(q)
+ E°(k,t)
— (27?)(+1)/2 /Sdleik-qcmt(cmt)(dl)/z {Vm + (Cmtiﬁaévm] (k- q,q,%) dS(q)
+ Ef(k,t),

where E°(k,t) = E5(k,t) + E5(k,t) with Ef as in dimension d = 2 and
E5(k,t)

271' d/2/ / —ik-q(cmt+z) |:(Cmt+ Z) (Cmt+ 22):| Vm (Z,q,52t) dZdS(Q) )
gd—1 (Cmt)

In dimension d = 3, the term in the squared brackets is

mt 2 2 2
(C<—+t—>z) ~(ent +22) = — = =
Cm

et (Cmt)?’
since 8 = (d —1)/2 = 1. By integrability of z — (1 + |2])*V,u(2, q,€t) from (3.8),
Es is of order (¢,,t)™? uniformly in k and e.
Step 2: Pointwise convergence of Claim a). Our aim is to prove (3.12). We

therefore analyze the function w;, with a phase factor. Using the result of Step 1
we find, for d = 2,

emF e (k,t) = O(1/(cnt)”) +

1 . N
+ . eZCTn|k|(1_k'q/|k|)t(|k . q|cmt>(d_1)/2Gm(k . qq’ 52'[;) dS(q) .

Sd_lﬁ'Hk

(3.15)

For later use we note that the error term O(1/(c,,t)?) is bounded and small for
t — oo, independent of k and ¢ in compact sets.

The stationary phase result of Proposition B.1 in the appendix provides, for
d <3,

1

AY = N-D/2 i=a0)N 500) dS(q) — ¢ () (3.16)

SA=1NH,,
as N — oo for test-functions ¢ € C*(S%!). We use this relation with the large
number N = c|k|t for the wave-speed ¢ = ¢,,, with the direction x = k/|k|, and the
test-function ¢(q) = (|q- k|/|k|) @ V/2G,, (k- qq,£%t). We note that the pre-factor of
G does not effect the smoothness ¢ € C1(S971), since G, has a support that does
not contain k& = 0. The application of stationary phase convergence (3.16) to the
expression in (3.15) yields

elemlfltpe (k) — Gk, 7).

We have obtained the pointwise convergence (3.12).
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Modifications in dimension d = 3. In dimension d = 3 one has

eenliig, (k1) = O(1/(cut)?)
1 )
icm |k|(1—k-q/|k|)t (d—1)/2
+ — e Cnt X
20 Sd—1MH,, ( ) (317)
- 21 ~ 9
X |:Vm + Wagvm (k 4,9, ¢ t) dS(q) -

¢)@=D/2G, (€, 7) is of class 09! = C2. The
stationary phase result is applicable to the C'-functions V,, and O0¢Vy,. The first
term in the squared brackets generates the same limit as in d = 2, while the second

term vanishes in the limit ¢ — oo due to the small prefactor 1/(c,,t)@1/2,
2

By our assumptions, V,,(£,¢q,7) = =

A note on the above argument: For sequences t = 7e~* with fixed 7 > 0, one can
directly apply (3.16) above, the test function is ¢(q) = (|g-k|/|k|)@D/2C(k-q q, 7).
For a more general sequence t — oo, one has to use a triangle inequality after
inserting a term containing G’m(k; qq, &%) — G’m(k; -qq, 7). This latter term is small
by the fact that G, is of order C* and by the uniform bound (B.3) of the stationary
phase result.

Step 3: Strong convergence of Claim b). The following proof for d = 2 requires
only one adaptation for dimension d = 3: We have to replace (3.15) by (3.17).

In order to show the strong convergence, we divide R? into three different domains
of integration using radii 0 < p < R < co. We will show that, by choosing p small,
the integral over k € B,(0) is small. Furthermore, by choosing R large, the integral
over k € R?\ Bg(0) is small. Finally, for fixed p < R, we have strong convergence
for k € Br(0) \ B,(0).

Step 3a: The domain B,(0). For small p > 0, the functions Gm(k: - qq,T) are
vanishing for all m, ¢ and 7 by the assumption on the support of G.. Hence the
second term in (3.15) vanishes, while the O(1/(c,t)?)-term is integrated over the
small ball B,(0) and vanishes in the limit ¢ — oco.

Step 3b: The domain Bgr(0) \ B,(0). We use dominated convergence. Since
pointwise convergence is already verified, it is sufficient to show uniform boundedness
of the integrand.

A uniform bound for e®m*lte (K t) for such k follows from (3.15)-(3.16) and
the uniform boundedness statement of Proposition B.1. We note that Proposition
B.1 provides uniform boundedness only for all k& with |k| = 1, but scaling k& with a
factor in the compact interval [p, R| leaves the expression in (3.16) bounded.

Pointwise convergence together with uniform boundedness for k € Bg(0) \ B,(0)
implies strong L2-convergence on this set.

Step Sc: The domain R?\ Br(0). We claim that, for an arbitrary error quantifier
n > 0, we can choose R large such that

/ |e¢Cm|k|tw;(k7t)|2 dk — / [ (k, t)[*dk <n (3.18)
R4\ B (0) RABR(0)

is satisfied for all € and all . With (3.18), the strong convergence in (3.12) is shown.
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We choose a small radius o > 0 and a C'-cut-off function y, : R? — [0,1] that
is identical to 1 on B, /2(0) and that is supported in B,(0). Upon choosing o small,
we achieve that

[ e kora s [ @) @oPd <y, (319)
R\ B (0) R

since w;, is uniformly bounded by Assumption 3.1 and, effectively, the domain of
integration is a small ball.

The remaining part is [wg,(1—x,)](x, ). This function is bounded in L?(R¢) since
wt, is bounded, compare Lemma 3.2. Furthermore, V[wg, (1—x,)](z, t) is bounded in

L%(R?). Indeed, the radial derivative of w, is (c,,t)~4~1/20,V,, <|x| — ety & 52t),

) m;
and the calculation in the proof of Lemma 3.2 with the decay assumption (3.9) pro-

vides boundedness. The g-derivative is (c,,t)~@V/2|z|~19,V}, (\:c[ — Cpit, ﬁ,e%).
Because of the cut-off function (1 — x,)(x,t), we do not consider small values of
z. The calculation of Lemma 3.2 with the decay assumption (3.9) provides L*-
boundedness for all derivatives.

Switching from physical space with independent variable x to Fourier space with
independent variable k, we find that the functions (1+|k|) Flws,(1—x,)](k, t) satisty
uniform L?(R%)-bounds. This guarantees that the L:-norm of F[we, (1 — x,)](k,t)
on the domain k& € R?\ Bg(0) is smaller than /2 for R > 0 large. Together with

(3.19), we obtain (3.18).

Step 4: Selection and Claim c¢). We turn to the weak convergence of (3.13).
It treats a sum of rings on the left-hand side, the oscillatory pre-factor selects one
profile. The claim follows from

eicm\k|tws(k7 t) _ €icm|k|tﬁ)fn(k, t) + Z ei(cmfce)|k|teicz\k\tw;(k’ t) N ém(k, 7') .
L#m

The last convergence is obtained as follows: The strong convergences of the first term
(with the "right” phase factor) was observed in the last step. The other terms are
products of one strongly convergent sequence and one weakly convergent bounded
sequence. This implies the weak convergence of the product. O

3.2 Strong convergence for separated rings

In this subsection we prove our main result Theorem 3.3 starting with an auxiliary
statement about the convergence of the norm of w®.

Lemma 3.5 (Separation of profiles). Let the setting be that of Proposition 3.4. Then
there holds:

p
1" (K, te) |72 gy = D I Gm (ks T2 any - (3.20)
m=1

Proof. Without loss of generality we can assume that the wave-speeds are ordered,
c1 < ¢ < ... < ¢p, and we can choose real numbers o; in each interval,

1 <01 <C<02<3<...<0p1 <Cp.
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We calculate the norms with Plancherel, using oy := 0 and o, := +o00, writing ¢
instead of .,

“ws(kat)H%Q(Rd,dk) = st<x7t)|’%2(Rd,dx)

p
:Z/ w® (z, t)[? da
Bto‘ \Btn' 1(0)

p
Z/ / lw® (rq, t)|* "t dr dS(q)

/Sd / lem (T — cmt, q, 62t) 1279t dr dS(q)
1 t0'71 m

/ / o)1 | Vi (1 = cmt, q,€t) [Pr?~" dr dS(q)
Sd 1 tom—1 Cm
+ Z / /w } Vi (r = cmt, g, %) [P drdS(q).

Regarding the sum over j # m, we exploit that V,, is small whenever the argument
r — ¢yt is large in absolute value, see (3.8). More precisely, for j # m and r €
(toj_1,to;), the quantity |r — ¢,,t| is bounded from below by a positive multiple of ¢.
The decay assumption (3.8) implies |V,,|> < Ct72972% and |V,,,|?> < Cr=2?=2%, This
implies smallness of the last sum in the limit ¢ — oo.

With the same argument, we can extend the integral in the other term to find

o° (B, )72 e

:Z/ / it Vi (= ety g, %) [Pr drdS(q) + o(1)
me1 /541 wfl (cmt)
p 0o 1

=3 [ ] Ve eata ) P s + o)
m=1 m
p

=3 [ iR+ o).
m=1 R4

The strong convergence e“mlFlt e (k. t) — G (k,7) of (3.12) implies the con-
vergence of the norms, by Plancherel also the convergence ||wj,(z,1)| r2®d 4 —
|G (K, 7)|| L2(ra,qx)- This yields the claim of (3.20). O

Il
= M@ I

Lemma 3.6 (S‘Erong multiple-ring approximation). Let the setting be that of Propo-
sition 3.4. Let U® be defined by (3.1), i.e

p
Us(k,t) ==Y e Hent G, (k%) . (3.21)

m=1

The function U® is obtained by inverse Fourier transform. Then there holds

(@, t2) = U%(a 1) | gy — 0 (3.22)
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We note that the convergence (3.22) coincides with (3.11) of Theorem 3.3.

Proof. The result can be obtained with a direct calculation. We calculate the
squared norm using (i) Plancherel, (ii) relation (3.21) defining U¢, exploiting with
the term o(1) that 7 — Gy (-, 7) is a continuous map into L2(R%) because of the C''-
requirement and the bounded support in k, (iii) formulas for calculating the scalar
product of sums, (iv) the norm convergence (3.20), the weak convergence relations
(3.13), the weak convergence of the exponential where the other factor is a fixed
function. We find, as ¢ — 0,

2

st(‘xa tE) - Ua(wa tE)”iﬁ(Rd,dx) = ws(k7t£) - UEUfata)

L2(R4,dk)
P 2
N —t|k|lemT 2 A
= o2k, 20) = 37 emen & 1. 7) + o(1)
m=1 L2(R4,dk)

p -
= [[d" ( to) |72 gy — 2> Re /Rd W (k, 1) een/= G 1) di
m=1

p
a —i|k|(cm—ce)T/e2 A A 1N
+Z/Rd]Gm(k,T)\2dk+22Re/ e IMllem=et/ G (K, 7) Gk, 7) dk
m=1

-~y R
+ o(1)
LTI 2
N mz::l HGm<k,T> ot (1-2+1) = 0.
This verifies (3.22). O

Proof of Theorem 3.3. Lemma 3.6 provides the statement of the theorem for time
sequences t. with limit 7 := lim._,oe?*. > 0. For arbitrary time sequences t. €
(0, Tp/e%) with lim inf._,o £%t. > 0 one exploits that there exists a subsequence t. (not
relabeled) such that lim, .o e*. = 7 > 0. This follows directly from the boundedness
of £2t, and the assumption on the liminf. Lemma 3.6 provides convergence for all
such subsequences and thus the statement of Theorem 3.3. O

A Ring solutions for the Lamé system

Our main results treat questions of periodic homogenization, which means, in the
Lamé system, to treat the coefficients p = p(z/e) and A = A(x/e). But, even when
constant coefficients are studied, our results yield interesting characterizations.

For an illustration of the results of Section 3, we consider the Lamé system with
constant coefficients in two space dimensions, d = 2. For constant coefficients, we
cannot observe dispersion, but rings will appear in the description of solutions wu.
For every t > 0, the solution is a map u(-,t) : R — R%, it solves

Otu=—Lu with L:=—-2uA—\Vdiv. (A.1)

In order to understand L, we apply it to plane waves. For arbitrary v € R? and
arbitrary k& € R%, we calculate for u(z) := v e*®

Lu(z) = 2u|kPu(z) + Me @ k - u(z) . (A.2)
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ki G (K, 1) ks (K, t)

a

Figure 1: Fourier transform of the solution to the Lamé system, calculated with
(A.8). The two (real valued) components @; (left) and g (right) of the function
k— u(k) = F(u)(k, to).

In two space dimensions we use, for £ = (£,&) € R?, the rotated vector £+ :=
(=&, &) € R% For every k € R?, we can define two special plane waves:

up(@) = ke, Lupl(e) = 2+ N kfuy(a), (4.3
ug(x) = ke, Lug(x) = 2u|k|*us(z) .

With w?(k) := /2u + A|k| and w®(k) := \/2u|k| we find two solutions to the time-
dependent Lamé system:

up(x,t) = kek*e W B ug(x, ) = ktekwemiw B (A.5)

Fourier-representation of the general solution. Taking into account (A.2)
we may write the equation 9?u = —Lu in Fourier space as

OPF (u)(k,t) = —2ulk|PF(u)(k,t) — Mk @ k - F(u)(k,t) . (A.6)
For k # 0, there are two projections IT,(k), Il (k) : R* — R?
IL(k)v:=kl?k®k-v, Ik)v:=_>d-|k|k®k)- v. (A7)
They allow to find solutions of (A.6) for fixed k # 0:
F(u)(k,t) = Re (e "8 IL,(k) F(uo) (k) + Re (e ™) T (k) F(uo)(k). (A.8)

By taking the real part of the exponential function, (A.8) provides solutions to
arbitrary initial data a(k,0) = 4o(k) and 0,u(k,0) = 0.

Profile approximation. Our second main result applies to any function that
has a representation in Fourier space as in (A.8) (compare the characterization of
U(k,t) in (3.1)). We show that the solution can be approximated, for large times
t, as a superposition of rings, see (3.4) and (3.5). In order to describe large times,
we proceed as follows: We fix a value T, > 0 and consider a rescaled time variable
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Figure 2: The solution u to the Lamé system, calculated by applying the inverse
Fourier transform to 4. The absolute values of the two real components u; (left)
and uy (right) of the solution = +— wu(z,ty) in physical space. The pressure wave is
concentrated along the outer ring, the shear wave along the inner ring.

€ [0,Ty]. The original time variable is written as ¢t = 7/¢% such that a small
parameter € > 0 allows to investigate large ¢.
In the case of the Lamé system, the approximation is

w(x,t) == wy(z,t) + ws(x,t) (A.9)
with
. 1 AN
U}p(l’,t) = (Cpt)(—)/2 |I’| t, m,g t s (AlO)
1 x
ws(m,t) = m <|l’| t m,€2t> . (Al]_)

The fact that constant coefficients are treated leads to profile functions V), and Vj
that are independent of the last parameter, the rescaled time.

Numerical illustration. For an illustration of the ring superposition result, we
calculated an approximate solution of the Lamé system with constant coefficients.
We used the initial values (k) := (1+k|?) 72 ¢; in Fourier-space, the time instance
to = 40, the elasticity parameters p = 0.5 and A = 3.0 such that the speeds are
¢s = 1 and ¢, = 2. We evaluated the initial values on the square M := (-5, 5)%,
the independent variable k was discretized with 5122 points. The result for the two
components of k — u(k,t) is plotted in Figure 1. The inverse Fourier-transform
of this function provides x — u(x,ty), the two components are plotted in Figure 2.
The profile map in diagonal direction r — wu(r(1,1)/v/2,ty) is shown in Figure 3.
We can see that the solution is a superposition of two rings. The profiles V; and
V, can be determined from the initial data, see the constructions leading to (3.7).
In the present example of the Lamé system with constant coefficients, there is no
dispersion, the profiles do not even change slowly in time. On the other hand, the
profiles do depend on the direction x/|x| as can be seen clearly in Figure 2.
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Figure 3: Numerically determined profiles in a 45°-direction, showing the first and
the second component of the solution u. Left: The map r + uy(r(1,1)/v/2,t).
Right: The map 7 — uy(r(1,1)/v/2,t). The profile of the shear-wave is centered at
csto = 40, we see essentially a shifted version of V;, the profile of the pressure-wave
is centered at c,ty = 80, we see a shifted version of V,.

B The stationary phase result
We recall a result of [21] and extend it with some uniform estimates.

Proposition B.1 (A singular integral over oscillatory functions). Let the dimension
be d € {1,2,3}. Let k € S41 be a point on the sphere and let ¢ € C1(S41 R) be
supported in {q € S| q-k > 0}. We investigate the expression

AY = (2mi) (@02 - NV 029N 6(q) dS(q) .- (B.1)

There holds, as N — o0,
AY = o(r). (B.2)

Furthermore, the expression Ag 15 uniformly bounded: There exists C' > 0 such that
145 | < Clidllersiry s (B.3)
independently of N, k and ¢.

In the following, we recall the proof of (B.2) in dimension d = 2 and extend it
by the estimates. Extending the proof of [21] for d = 3 by the bound (B.3) can be
done along the same lines.

Proof of Proposition B.1. Consider d = 2. By radial symmetry it is sufficient to
consider the case k := e;.

We use the coordinates ¢(0) := (cos(6),sin(f)) with 6 € (—m, ), the line element
is J = 1. The expression of (B.1) can be written, using that ¢ is supported on
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{q| q-e; >0} C S,

A = (@mi) V2 | V200N 6(q) dS(q)

/2
_ (27Ti)_1/2 / N1/2 ei(l—cos(e))Né(q(e))dg
—7/2
w/2 ‘ 5
— (27_(_?:)71/2 N1/2 ez(lfcos(H))N¢(9> do
0

where ¢(0) := ¢(q(0)) + ¢(q(—0)) denotes a symmetrized version of ¢. We split the
integral into two parts, # € (0,0) and § € (6, 7), where the small parameter ¢ is
chosen N-dependent, § := N—# with 5 = 3/10.

First integral. We treat the first part of Ag , the integral over 6 € (§, 7). We do
a trivial rewriting and then use an integration by parts:

/2
/ N1/2 6i(lfcos(e))N é(e) do

N—3/10
1 /2

" VN Jaso

~ /2 -
_ L ei(l—cos(@))N ¢<9) . L /2 o i(1—cos(0)) N d9¢<9)
\/N isin(6) o310 VN Jn-s/10 zsm(&)

/ i(1—cos( N¢( ) cos(f )
N- 3/10 isin?(6)

Sin(@)iNei(l—cos(e))N ﬂ "

isin(0)

= In+ 1N+ Iy.
The terms Iy, Il 5 vanish in the limit as N — oco. Indeed, as N — oo,

N3 /10
7 Iellorisen

_ 1 7 AT—3/10
|IN| - Sin(Nfg/lO)\/Nkb(N )|

= CN*1712 ]| o ga-1) = 0

and, since the sine-function is monotonically increasing in (0,7/2), as N — oo,

¢ 9 N3/10 w/2 d -
Iyl < — 492~ <C / —o(0)| db
’ Nl /J;f 3/10 sm 8 - \/N N-—3/10 do ( )

< (C 3/10 1/2||¢||Cl($’d 1) — 0.

These calculations also show that || and |II y| satisfy the uniform bound (B.3).
To treat I, we re-write the term and integrate by parts once more:

7T/2 . 7 9 9
Iy = _N—3/2/ iN@Z(l_COS(O))NSin(H) ¢( ) §OS( ) 0
N—3/10 S1n (9)
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w/2

_ 302 | iticostoy w 9(6) cos(6)
sin®(0)
g=N-3/10

N2 /“/2 i(1—cos(e)) N ag(8) cos(68) — &(8) sin(6) "

e (
N-—3/10 sm3(9)

/2 1
_ Ns/z/ i(1—cos(e)) v 308 (0)(0) a0

N-—3/10 ‘ sin4(9)
Since 1/ sin®(N=3/10) < ON9/10, the first term is of order N=32N%10|||| o1 (ga-1) =
N=35)¢|lcr(sa-1y — 0 as N — oco. For the integral expressions we note that
1/sin*(N—3/10) < CN%/5 and by assumption ¢ € C([0,7]). We conclude that the
last integral scales as N~*2N%?(|¢||o1(ga-1) = N=10||¢[|c1(ga-1) — 0 as N — oc.
The first integral is of lower order, namely N3/ 5”¢||Cl(5d—1). This proves that
Iy — 0. The calculations also show that |IIly| satisfies the uniform bound (B.3).

Second integral. We now treat the other part of Ag , the integral over 6 €
(0, N=3/10) We first note that, since ¢ is Lipschitz-continuous, for 6 € (0, N—3/10),
one has

16(6) — $(0)| < Clldllcr(sa-1)0 < Cl¢llor(sa-1yN 310 (B.4)
and thus

N-—3/10

N—3/10
/ N1/2 ei(lfcos(H))NQ;(0> de_/ N1/2 i(1—cos(0)) N (b(()) de
0

< Cl¢ller(say NYVENTHONT0 = C || cr a1y N7/

This integral is uniformly bounded in the sense of (B.3) and it vanishes in the limit
as N — oo.
It remains to investigate the integral

N—3/10
¢(0) (2mi) ="/ / N2 e OIN g (B.5)
0

Using Lemma B.2 below and recalling that ¢(0) = 2¢(e;), we obtain boundedness
in the sense of (B.3) and, as N — oo,

N—3/10
. ~ 1
$(0)(2mi)~1/? / N2 gill=cosODN g9 ¢(0)(2m')*1/22(2m)1/2 b(er) .
0
This shows the claims (B.2) and (B.3) in dimension d = 2. O

An oscillatory one-dimensional integral. It remains to treat the integral that
appeared in (B.5). The following lemma was already shown in [21]; its proof is
omitted here.

Lemma B.2 (One dimensional integral). Let 8 € (1/6,1/2). Then, as N — oo,

N—B
. 1 1
Iyi= [ NURU Oy s o R (1) = (emi) . (B)
0
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C Homogenization of a Lamé system

This appendix provides a non-trivial example to which our main theorems can be
applied. We consider a 2-dimensional Lamé system with periodically oscillatory
second Lamé constant . We study 0?u®(z,t) = —L.u®(x,t) for the elliptic operator

Leut(z,t) == —2uAu(z,t) + V(A(x/e) divu(x,t)) . (C.1)

As the notation indicates, ;> 0 is a constant. The second parameter is given by
A R? — [N, 00) with A\g > 0. We assume that X is 27-periodic in every direction.

Our aim is to show that the homogenized system is again a Lamé system with
an effective Lamé constant A\*. This implies that, as demanded in Theorem 3.3,
the effective speeds ¢1 (k) and co(k) of (2.35) are independent of the direction & and
different from each other. As a consequence, the Lamé system with the operator
(C.1) permits the approximation of solutions with two rings for large times.

To obtain the homogenized system (at least formally), one makes the classical
two-scale-ansatz

UE(J;’t) = UO(I,? Y t) + €u1(1‘7 Ys t) + 82U2(17,y7t) T (02)

where, for every ¢ € Ny, the functions u’ : R? x R? x [0,00) — R? are smooth and

Y-periodic in the second variable y. Using the ansatz (C.2) in the Lamé system

provides, at order 72,

2ul u’(x,y,t) + V,(A(y) div, u’(z,y,t)) =0, (C.3)

where the subscript y indicates that derivatives are taken with respect to the y-
variable. This yields that u° does not depend on the fast variable y, i.e. u°(z,y,t) =
a°(x,t).

At order ¢! one finds, exploiting that V,, - (V,u’) =0,

2ul ut (x,y,t) + V,(A(y)(div, @°(z, 1) + div, u' (z,9,1))) = 0. (C.4)

The solution u! to the above cell problem depends linearly on div, @°(x,t) and can
thus be written as

ut(z,y,t) = div, @°(z, 1)V (y) + 41 (z, 1), (C.5)
where y — U(y) € R? is periodic and solves the cell problem
28, W(y) + V,(A(y)(1 + div, ¥(y)) = 0. (C6)
In particular, for a fixed time instance ¢,

Vut (z,t) = Vi (2,t) + div, @°(z,t)V,¥(z/e) + O(e) ,
divu®(z,t) = div, @ (z,t) + div, @°(x, t) div, U(z/e) + O(e),

and the following weak convergence results hold in L*(R* x (0,7)) for arbitrary
T >0:

Vus(z,t) = Vi (z,t) + (div, @°(x, t))/ V,¥(y)dy = V,i°(z,t),
Y

Mz /e)divus(z,t) — (div, @"(z,1)) /Y My) (1 + div, U(y)) dy =: X\*div, @%(x,t) .
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This provides the homogenized system for @°,

OFi%(w,t) = 2uAT°(z,t) + N*Vdiva’(x,t) = —L*u"(z,t). (C.7)

This is a Lamé system with the constant coefficients p and A\*. As noted above, this
system has two different speed values for pressure and shear waves, and both wave
speeds are independent of the direction.
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