U N I V E R S I T Y OF D O R T M U N D

REIHE COMPUTATIONAL INTELLIGENCE

COLLABORATIVE RESEARCH CENTER 531

Design and Management of Complex Technical Processes and Systems by means of Computational Intelligence Methods

On Closure Operators in Fuzzy Algebras and Fuzzy Deductive Systems

Helmut Thiele

No. CI-34/98

Technical Report ISSN 1433-3325 April 1998

Secretary of the SFB 531 ⋅ University of Dortmund ⋅ Dept. of Computer Science/XI 44221 Dortmund ⋅ Germany

This work is a product of the Collaborative Research Center 531, ŞComputational IntelligenceŤ, at the University of Dortmund and was printed with ^nancial support of the Deutsche Forschungsgemeinschaft.

On Closure Operators in Fuzzy Algebras and Fuzzy Deductive Systems^∗

Helmut Thiele

The starting point of this paper is the classical well-known theorem due to G. BIRKHOFF, P. HALL, and J. SCHMIDT which establishes a one-to-one correspondence between compact closure operators, inductive closure operators, inductive closure systems, and closure operators generated in universal algebras (and generated in deductive systems, respectively). In the paper presented we make őrst steps in order to generalize this important theorem to the fuzzy set theory and fuzzy algebra (and fuzzy deductive systems, respectively).

Keywords Compact Closure Operators, Inductive Closure Operators, Inductive Closure Systems, Universal Algebras, Deductive Systems, Fuzziőcation

1 Introduction

For arbitrary crisp sets A and B by A∩B, A∪B, and A∖B we denote the usual intersection, union, and difference of A and B, respectively, furthermore A � B means that A is a subset of B. For an arbitrary system A of sets by ∩A and ∪A we denote the intersection and the union of all sets of A, respectively. If we have a family (A_i i ∈ I) of sets A_i, then we write

∩i∈I^Ai^{and} ∪i∈I^Ai^{. The cardinal number of A is denoted by cardA, the power set of A}

by P(A), the empty set by ∅, and the empty sequence of elements of a set by e. Hence we deőne A^0 =_{def} kep. A^n =_{def} the set of all sequences of elements of A with the length n where n is an integer with n ≧ 1. Finally, we deőne A^∗ =_{def} ∪_{n∈}N A^n where N = k0,1,⋅⋅⋅p.

For compact denotation in the following we shall use sometimes the symbolic of predicate calculus, i. e. ∀x as łfor every xž, ∃x as łthere is an xž, ∧ as łandž, ∨ as łorž, → as łif - thenž, ↔ as łif and only ifž, ¬ as łnotž.

Remember the deőnition of a complete lattice

L = [L, ⋅∧, ⋅∨,0,u]

with the domain L, the intersection operator ⋅∧, the union operator ⋅∨, the zero element 0, and the unit element u.

Remember that by the deőnition

x ≺= y =_{def} x ⋅∧y = x (x,y ∈ L)

there is introduced a partial order on L. For K � L by infK and supK we denote the inőmum and the supremum of K with respect to ≺=, respectively. A set C � L is said to be a chain of L if and only if

∀x∀ycx,y ∈ C → x ≺= y ∨ y ≺= xh .

Let ≦ be the natural ordering of real numbers. For an arbitrary set S of real numbers by InfS and SupS we denote the inőmum and the supremum of S with respect to ≦, respectively. By 〈0,1〉 we denote the set of all real numbers r with 0 ≦ r ≦ 1.

Let U be an arbitrary non-empty set called universe. A fuzzy set F on U is a mapping F : U → 〈0,1〉, i. e. we do not distinguishbetween a fuzzy set F and its membership function μ_F . The set of all fuzzy sets on U is denoted by FP(U).

∗Long version of a paper originally published in 28th International Symposium on Multiple-Valued Logic (ISMVL ’98), Fukuoko, Japan, May 27ś29, 1998

We introduce the empty fuzzy set /◯ onU and the universal fuzzy set /U onU, respectively, for every x ∈ U deőned by /^◯(x) = 0 and /U(x) = 1 .

As usual we deőne the support supp(F) of a fuzzy set F on U by supp(F) = lx x ∈ U ∧ F(x) > 0q .

A fuzzy set F is said to be őnite and a singleton if and only if supp(F) is őnite and cardsupp(F) = 1, respectively.

For F,G ∈ FP(U) as usual we put F ⊑ G =_{def} ∀xcx ∈ U → F(x) ≦ G(x)h and for x ∈ U we deőne

(F ⊓ G)(x) =_{def} minaF(x),G(x)f (F ⊔ G)(x) =_{def} maxaF(x),G(x)f .

Furthermore, for arbitrary F � FP(U),x ∈ U we put (INFF)(x) =_{def} InflF(x) F ∈ Fq (SUPF)(x) =_{def} SuplF(x) F ∈ Fq .

Remark The operations ⊓,⊔,INF,SUP are deőned in the łstandard sensež and used throughout the paper presented. In a forthcoming paper we shall discuss the case if min and max are replaced by an arbitrary t-norm τ and an s-Norm (t-conorm) σ, respectively. Furthermore, INF and SUP should be replaced by the quantiőer Q_τ and Q_σ, respectively (see [16ś19]).

Finally, remember the following Theorem 1

L = [P(U),∩,∪,∅,U] and L = [FP(U),⊓,⊔, /◯, /U] are complete lattices.

In the following chapters 2 and 3 we repeat some facts more or less well-known from lattice theory and universal algebra.

2 A Bijection between Closure Operators and Closure Systems of Complete Lattices

Let L = [L, ⋅∧, ⋅∨,0,u] be a complete lattice. Assume that φ : L → L and C � L. De�nition 1

1. φ is said to be monotone on L =_{def} ∀x∀y(x,y ∈ L ∧ x ≺= y → φ(x) ≺= φ(y)) 2. φ is said to be embedding on L =_{def} ∀x(x ∈ L → x ≺= φ(x)) 3. φ is said to be closed on L =_{def} ∀x(x ∈ L →φ(φ(x)) ≺= φ(x)) 4. φ is said a closure operator of L =_{def} φ fulőls the conditions 1, 2, and 3.

De�nition 2 C is said to be a closure system of L =_{def} ∀D(D � C →infD ∈ C) De�nition 3

1. SET(φ) =_{def} mc c ∈ L ∧ φ(c) ≺= cr 2. FCT(C)(x) =_{def} infmy x ≺= y ∧ y ∈ Cr Lemma 2 If φ is monotone on L, then SET(φ) is a closure system of L. Proof Assume D � SET(φ),i. e. (1) ∀d(d ∈ D →φ(d) ≺= d) (2) We have to prove φ(infD) ≺= infD. (3) In order to prove (3) it is sufőcient to show ∀d(d ∈ D →φ(infD) ≺= d) (4) From d ∈ D we get infD ≺= d (5) hence by monotonicity of φ φ(infD) ≺= φ(d) (6) hence by (2) we obtain (4). ■ Lemma 3 If φ is embedding and closed on L, then ∀x(x ∈ L → FCT(SET(φ))(x) ≺= φ(x))

Proof By deőnition 3 we have FCT(SET(φ))(x) = infmy x ≺= y ∧ y ∈ SET(φ)r = infmy x ≺= y ∧ φ(y) ≺= y ∧ y ∈ Lr (1)

In order to prove lemma 3 it is sufőcient to show ∃y_0(y_0 ∈ L ∧ x ≺= y_0 ∧ φ(y_0) ≺= y_0). (2) We put y_0 =_{def} φ(x). (3) Then we get φ(x) ∈ L, (4) x ≺= φ(x) by embedding of φ, (5) φ(φ(x)) ≺= φ(x) by closedness of φ, (6) hence lemma 3 holds. ■ Lemma 4 If φ is monotone on L, then ∀x(x ∈ L → φ(x) ≺= FCT(SET(φ))(x)) Proof For every x ∈ L we have to prove φ(x) ≺= infmy y ∈ L ∧ x ≺= y ∧ φ(y) ≺= y)r . (1) In order to prove (1) it is sufőcient to show ∀y(y ∈ L ∧ x ≺= y ∧ φ(y) ≺= y →φ(x) ≺= y) (2) From x ≺= y by monotonicity of φ we get φ(x) ≺= φ(y), hence φ(x) ≺= y because of φ(y) ≺= y. ■ Theorem 5 If φ is a closure operator of L, then FCT(SET(φ)) = φ Proof By lemma 3 and lemma 4 ■ Corollary 6 SET is an injectionfrom the set of all closure operators of L intothe set of all closure systems of L. Proof By lemma 2 and theorem 5 ■

Lemma 7 For every subset C � L,

1. FCT(C) is embedding and 2. FCT(C) is monotone.

Proof Trivially on the basis of deőnition 3 ■ Lemma 8 For every subset C � L, if C is a closure system of L, then

1. FCT(C) is a closure operator and 2. SET(FCT(C)) � C.

Proof ad 1 Because of lemma 7 it is sufőcient to show that FCT(C) is closed, i. e. ∀x(x ∈ L → FCT(C)(FCT(C)(x)) ≺= FCT(C)(x). (1) On the basis of deőnition 3 it is sufőcient to show

infmy FCT(C)(x)^≺= y ∧ y ∈ Cr^≺= FCT(C)(x) (2) In order to prove (2) it is sufőcient to show ∃y(|FCT(C)(x) ≺= y ∧ y ∈ C ∧ y ≺= FCT(C)(x)) (3) We put y =_{def} FCT(C)(x) . (4) In order to prove (3) it is sufőcient to show FCT(C)(x) ∈ C . (5) But, (5) holds because C is a closure system.

ad 2 We have to show ∀x(x ∈ L ∧ x ∈ SET(FCT(C)) →x ∈ C) (6) For x ∈ L we assume x ∈ SET(FCT(C)), (7) hence by deőnition of SET FCT(C)(x) ≺= x (8) Because of lemma 7, FCT(C) is embedding, i. e. x ≺= FCT(C)(x), (9) hence from (8) and (9) we get FCT(C)(x) = x .

(10)

Furthermore, by deőnition 3 we have FCT(C)(x) = infmy x ≺= y ∧ y ∈ Cr

(11) Now, we assumed that C is a closure system, hence

infmy x^≺= y ∧ y ∈ Cr ∈ C,

(12) hence by (10) we get x ∈ C. ■ Lemma 9 For every subset C � L, C � SET(FCT(C)) .

Proof Assume x ∈ C (1) In order to prove x ∈ SET(FCT(C)), (2) using the deőnition of SET it is sufőcient to show FCT(C)(x) ≺= x, (3) hence by deőnition of FCT it is sufőcient to show

infmy x^≺= y ∧ y ∈ Cr^≺= x . (4) But (4) holds because of x ∈ C. ■ Theorem 10 If C is a closure system of L, then SET(FCT(C)) = C. Proof By lemma 8 and lemma 9 ■ Corollary 11

1. SET is a bijection from the set of all closure operators of L onto the set of all closure systems of L.

2. FCT is the inversion of the mapping SET. Proof By theorem 5 and theorem 10 ■ Now, we are going to add some concepts of topology.

De�nition 4

1. φ is said to be a a topological mapping on L

=_{def} ∀x∀y(x,y ∈ L →φ(x ∨ y) ≺= φ(x) ∨ φ(y)) 2. C is said to be a topological set of L

=_{def} ∀X(X � C ∧ X is őnite ∧ X is not empty →SupX ∈ C)

Lemma 12 If φ is a topological mapping on L, then SET(φ) is a topological set of L. Proof Let X be an arbitrary non-empty őnite subset of L. Because φ is a topological mapping, we get φ(supX) ≺= suplφ(x) x ∈ Xq (1) Now, we assume additionally that X � SET(φ), i. e. ∀x(x ∈ X → φ(x) ≺= x), (2) hence we get

suplφ(x) x ∈ Xq^≺= supX, (3) consequently (1) and (3) imply φ(supX) ≺= supX, i. e. supX ∈ SET(φ) (4) ■ Lemma 13 If C is a closure system of L and C is a topological set of L, then FCT(C) is a topological mapping on L. Proof We have to prove ∀x∀ycx,y ∈ L →FCT(C)(x ⋅∨y) ≺= FCT(C)(x) ⋅∨FCT(C)(y)h (1) In order to prove (1) it is sufőcient to show

infmz x ⋅∨y^≺= z ∧ z ∈ Cr^≺= infmz x^≺= z ∧ z ∈ Cr ⋅∨infmz y^≺= z ∧ z ∈ Cr (2) Because C is a closure system of L, we have

infmz x^≺= z ∧ z ∈ Cr ∈ C (3) and infmz y^≺= z ∧ z ∈ Cr ∈ C, (4) hence, because C is a topological set of L, we get

infmz x^≺= z ∧ z ∈ Cr ⋅∨infmz y^≺= z ∧ z ∈ Cr ∈ C (5) Thus, in order to prove (2), it is sufőcient to show x ⋅∨z ≺= infmz x ≺= z ∧ z ∈ Cr ⋅∨infmz y ≺= z ∧ z ∈ Cr (6) But (6) follows from x ≺= infmz x ≺= z ∧ z ∈ Cr (7) and y ≺= infmz y ≺= z ∧ z ∈ Cr . (8) ■

Theorem 14 If φ is a closure operator of L, then φ is a topological mapping on L if and only if SET(φ) is a topological set of L. Proof ad 1 (E) Trivial by lemma 12 ad 2 (D) By theorem 5 we have φ = FCT(SET(φ)) . (1) Hence by lemma 13 it is sufőcient to show that SET(φ) is a closure system of L (2) and SET(φ) is a topological set of L . (3) But, (2) holds because of lemma 2. Furthermore, (3) is an assumption in case considered. ■ Theorem 15 If C is a closure system, then C is a topological set of L if and only if FCT(C) is a topological mapping of L. Proof ad 1 (E) Trivially by lemma 13 ad 2 (D) Because C is a closure system, by theorem 10 we get C = SET(FCT(C)), (1) hence by lemma 12, it is sufőcient to show that FCT(C) is a topological mapping of L . (2) But, (2) holds by assumption in case considered. ■ 3 On Compactness of Classical Closure Operators.

Algebraic Closure Operators. The Theorem of G. BIRKHOFF, P. HALL, and J. SCHMIDT.

We continue with the formulation of the fundamentel theorem due to G. BIRKHOFF, P. HALL, and J. SCHMIDT which is important in many branches of algebra and which gives an algebraic characterization of the (classical) monotonic reasoning (see [9], also [6]). In particular, by this theorem the range of applicability of ZORNs lemma is well deőned (see [9]).

In order to formulate this theorem, we őx an arbitrary non-empty set U and consider the complete lattice L = [P(U),∩,∪,∅,U] where P(U) is the power set of U, ∩ and ∪ are the set-theoretical intersection and union of subsets of U, respectively. Furthermore, ∅ denotes the empty set, and the set U plays the role of the unit element of L.

Because L is a complete lattice all the considerations, concepts, and results of chapter 2 can be applied to L.

For a mapping Φ : P(U) → P(U) and a system C � P(U) of subsets of U we deőne the following well-known fundamental concepts: De�nition 5

1. Φ is said to be compact on L

=_{def} ∀X∀ydX � U ∧ y ∈ Φ(X) → ∃X_{őn}(X_{őn} � X ∧ X_{őn} is őnite ∧ y ∈ Φ(X_{őn}))i

2. Φ is said to be strongly compact on L

=_{def} ∀X∀yFGH

X � U ∧ y ∈ X ∧ y ∈ Φ(X) → ∃X_{sing}(X_{sing} � X ∧ cardX_{sing} ≦ 1 ∧ y ∈ Φ(X_{sing})) IJ K 3. Φ is said to be inductive on L

=_{def} ∀KFHK � P(U) ∧ K /= 0 ∧ K is a chain → Φ(∪K) � ∪lΦ(K) K ∈ KqIK

4. C is said to be inductive on L =_{def} ∀KFHK � C ∧ K /= 0 ∧ K is a chain →∪K ∈ CIK

In order to describe the generation of closure operators by universal algebras and deductive systems, respectively, we introduce the followingnotions. Let n be an integer with n ≧ 0 and assume that X � U. De�nition 6

1. ω is said to be a (total) n-ary operation on U if and only if ω is a mapping ω : U^n → U (n ≧ 0) .

If n is not speciőed, we will speak of a őnitary operation on U.

2. A = [U,Ω] is said to be a (total) algebra on U if and only if Ω is a set of őnitary operations on U.

3. For given X � U we put

Ω(X) =_{def} RSTy there exists an integer n ≧ 0, an n-ary operation ω ∈ Ω and x_1, … , x_n ∈ X such that y = ω(x_1 , … , x_n) UV W 4. X � U is said to be Ω-closed if and only if Ω(X) � X.

De�nition 7

1. Φ_C(X) =_{def} ∩mC X � C ∧C ∈ Cr 2. Φ_Ω(X) =_{def} ∩oC X � C � U ∧ Ω(C) � Ct 3. C_Φ =_{def} mC C � U ∧ Φ(C) � Cr

4. C_Ω =_{def} oC C � U ∧ Ω(C) � Ct

For many applications, in particular in logic, it is convenient to generalize the notion of determininistic őnitary operation introduced by deőnition 6 to the concept of őnitary nondeterministic, partial operation (see [9]). With respect to applications in logic, we prefer the term deduction rule in this case. De�nition 8

1. d is said to be an n-ary deduction rule on U if and only if d � U^n ×U (n ≧ 0) .

If n is not speciőed, then d is called a őnitary deduction rule on U. 2. ϑ = [U,D] is said to be a deductive system on U if and only if D is a set of őnitary deduction rules on U, i. e. if D � U^∗ ×U.

3. For given X � U we put

D(X) =_{def} RSTy there exists a natural number n ≧ 0,n-ary deduction rule d ∈ D and x_1, … , x_n ∈ X such that [x_1, … , x_n;y] ∈ d UV W^.

4. X � U is said to be D-closed if and only if D(X) � X. 5. Φ_D(X) =_{def} ∩nC X � C � U ∧ D(C) � Cs 6. C_D(X) =_{def} nC C � U ∧ D(C) � Cs

Remark The deőnitions of Φ_C, Φ_Ω, and Φ_D correspond to the deőnition of FCT(C) (see deőnition 3). Analogously, the deőnitions of C_Φ, C_Ω, and C_D correspond to the deőnition of SET(C)) (see deőnition 3).

Now, we are able to formulate the theorem due to G. BIRKHOFF, P. HALL, and J. SCHMIDT: Theorem 16 If Φ is a closure operator on L, then the following propositions 1, 2, 3, 4, and 5 are pairwise equivalent:

1. Φ is compact on L. 2. Φ is inductive on L. 3. C_Φ is inductive on L.

4. there exists a set Ω of őnitary operations on U such that Φ = Φ_Ω. 5. there exists a set D of őnitary deduction rules on U such that Φ = Φ_D.

Remarks 1. Concerning history, we want to mention that the role of compactness in studying logical consequence operators was discovered and investigated by A. TARSKI in [11ś13] and emphasized by K. SCHR ÈOTER in [10]. A. MALCEV introduced the model theoretic version of compactness and established its applicability in several branches of algebra (see [8]).

2. The equivalence of 3 and 4 was őrst proved by J. SCHMIDT in [9], but according to P. COHN in [6], page 81, is an unpublished result of P. HALL, and probably G. BIRKHOFF knew this result (at least part of it) even eearlier (see [1ś4]).

3. The equivalence of 1 and 3 was also discovered by J. SCHMIDT and őrst proved in [9].

He also pointed out the importance of inductive systems of sets for applying ZORN’s lemma, where it should be mentioned that the notion of inductiveness can already be found in [5].

4. A proof for the equivalence of 3 and 5 can also be found in [9], with the only difference that the term łőnitary deduction rulež is not used there.

5. The equivalence of 2 and 3 is added in this paper. A proof can be carried out easily by using the methods developed in [9].

6. Using the concept of Clone (see [6], for instance) we can prove the following modiőcation of theorem 16: In proposition 4 and 5 Ω and D can be taken to be clones of operations and deduction rules, respectively, where a clone of deduction rules is deőned in the same way as a clone of operations. If we intend to construct a clone of operations (or deduction rules) by a given compact closure operator Φ, we shall see that the existance of the projection operations follows from the reŕexivity of Φ, whereas the monotonicity and the closedness of Φ together imply that the system of operations (deduction rules) is closed with respect to compositions.

Starting with a closure system, we can prove the following Theorem 17 If C is a closure system of L, then the following propositions 1, 2, 3, 4, and 5 are pairwise equivalent:

1. C is inductive on L 2. Φ_C is inductive on L 3. Φ_C is compact on L 4. there exists a set Ω of őnitary operations on U such that C = C_Ω 5. there exists a set D of őnitary deduction rules on U such that C = C_D.

Combining the algebraic with the topological concept we obtain the following (possibly not very well-known) theorems: Theorem 18 If Φ is a closure operator on L, then the following propositions 1, 2, 3, 4, 5, and 6 are pairwise equivalent:

1. Φ is compact and topological on L; 2. Φ is strongly compact on L; 3. Φ is inductive and topological on L; 4. C_Φ is inductive and topological on L;

5. there exists a set Ω of 1-ary operations on U such that Φ = Φ_Ω; 6. there exists a set D of 1-ary deduction rules of U such that Φ = Φ_D.

Theorem 19 If C is a closure system of L, then the following propositions 1, 2, 3, 4, and 5 are pairwise equivalent:

1. C is inductive and topological on L 2. Φ_C is inductive and topological on L

3. Φ_C is strongly compact on L

4. there exists a set Ω of 1-ary operations on U such that C = C_Ω

5. there exists a set D of 1-ary deduction rules on U such that C = C_D.

4 On Closure Operators generated in Fuzzy Algebras and in Fuzzy Deductive Systems

Now, we intend to łfuzzifyž the concepts and results of chapter 3.

We remember that

L = [FP(U),⊓,⊔, /◯, /U]

is a complete lattice where FP(U) is the set of all fuzzy sets on U, furthermore, ⊓ and ⊔ denote the intersection and union of fuzzy sets based on the minimum and maximum function, respectively, and őnally, /◯ and /U are the empty and the universal fuzzy set on U, respectively.

Thus, all considerations of chapter 2 can be applied to the complete lattice L.

For formulating the following deőnition we assume that Ψ : FP(U) → FP(U), ϑ � FP(U), and I is a prime minimum-ideal from 〈0,1〉.

De�nition 9

1. Ψ is said to be compact on L

=_{def} ∀F∀y F G GH F ∈ FP(U) ∧ y ∈ U

→ ∃F_{őn} FGHF^{őn} ∈ FP(U) ∧ F^{őn} ⊑ F ∧ F^{őn} is őnite ∧ Ψ(F)(y) ≦ Ψ(F_{őn})(y) I JK I J JK 2. Ψ is said to be strongly compact on L

=_{def} ∀F∀y FG G H F ∈ FP(U) ∧ y ∈ U

→ ∃F_{sing} FGHF^{sing} ∈ FP(U) ∧ F^{sing} ⊑ F ∧ F^{sing} is a singleton ∧ Ψ(F)(y) ≦ Ψ(F_{sing}(y) I JK IJ J K 3. Ψ is said to be inductive on L

=_{def} ∀KcK � FP(U) ∧ K /= 0 ∧ K is a chainΨ(SUPK) ⊑ SUPlΨ(K) K ∈ Kqh

4. ϑ is said to be inductive on L

=_{def} ∀KcK � C ∧ K /= 0 ∧ K is a ⊑ -chain → SUPK ∈ Ch

Now, we are going to deőne the concept of an n-ary fuzzy operation on U and of an n-ary fuzzy deduction rule on U.

De�nition 10

1. π is said to be a (total) n-ary I-fuzzy operation on U

=_{def} a) π : U^n ×U → 〈0,1〉 and b) ∀x_1 ⋅⋅⋅∀x_n (x_1, … , x_n ∈ U → ∃y(y ∈ U ∧ π(x_1, … , x_n,y) ∈ I) c) ∀x_1 ⋅⋅⋅x_n∀y∀y′FGH x^1, … , x^n,y,y′ ∈ U ∧ π(x_1, … , x_n,y) ∈ I ∧ π(x_1, … , x_n,y′) ∈ I → y = y′ I JK If n is not speciőed we will speak of a (total) őnitary I-fuzzy operation on U with respect to I.

2. F = [U,Π] is said to be a (total) I-fuzzy operation on U

=_{def} Π is a set of (total) őnitary I-fuzzy operations on U. 3. For a given fuzzy set F ∈ FP(U) we put

Π(F)(y) =_{def} SupRSTmin(F(x^1), … , F(x^n),π(x^1, … , x^n;y)) n ∈ N ∧ x_1, … , x_n,y ∈ U ∧ π ∈ Π ∧ π is n-ary UV W 4. F is said to be Π-closed

=_{def} Π(F) ⊑ F 5. Ψ_Π(F) =_{def} INFoG G ∈ FP(U) ∧ F ⊑ G ∧ Π(G) ⊑ Gt

Now, we are going to fuzzify the concept of deduction rule. De�nition 11

1. δ is said to be an n-ary fuzzy deduction rule on U =_{def} δ : U^n ×U → 〈0,1〉 .

2. If n is not speciőed, we will speak of a őnitary fuzzy deduction rule on U. If x_1, … , x_n,y ∈ U, then we interpret the real number δ(x_1, … , x_n,y) as the logical value that the fuzzy deduction rule δ has the output y for the inputs x_1, … , x_n.

3. ϑ = [U,Δ] is said to be a fuzzy deductive system on U

=_{def} Δ is a set of őnitary fuzzy deduction rules on U. 4. For a given fuzzy set F ∈ FP(U) we put

Δ(F)(y) =_{def} SupRSTmin(F(x^1), … , F(x^n),δ(x^1, … , x^n;y)) n ∈ N ∧ x_1, … , x_n;∈ U ∧ δ ∈ Δ ∧ δ is n-ary UV W 5. F is said to be Δ-closed

=_{def} Δ(F) ⊑ F 6. Ψ_Δ(F) =_{def} INFoG G ∈ FP(U) ∧ F ⊑ G ∧ Δ(G) ⊑ Gt

Because every n-ary I-fuzzy operation can be considered as a special case of an n-ary fuzzy deduction rule, we formulate the following deőnitions, lemmata, and theorems only for őnitary fuzzy deduction rules. Lemma 20 The mapping Δ : FP(U) → FP(U) is monotone on L.

Proof For F,G ∈ FP(U) assume F ⊑ G . (1) We have to prove Δ(F) ⊑ Δ(G), i. e. (2) ∀yey ∈ U → Δ(F)(y) ≦ Δ(G)(y)j . (3) By deőnition of Δ we have

Δ(F)(y) = SupRST

minbF(x1), … , F(xn),δ(x1, … , xn,y)g

n ∈ N ∧ δ ∈ Δ ∧ δ is n-ary ∧ x_1, … , x_n ∈ U UV W (4) hence by monotonicity of min and Sup from (1) we get (3). ■ Theorem 21

1. The set oF F ∈ FP(U) ∧ Δ(F) ⊑ Ft of all Δ-closed fuzzy sets F on U is a closure system of the lattice L.

2. Ψ_Δ is a closure operator of the lattice L. Proof ad 1 By theorem 1, lemma 20, and lemma 2. ad 2 By theorem 1, theorem 21, and lemma 8. ■ De�nition 12

1. Δ^{[0]}(F) =_{def} F 2. Δ^{[k+1]}(F) =_{def} Δ^{[k]}(F) ⊔ Δ(Δ^{[k]}(F)) 3. Δ^{[∗]}(F) =_{def} SUPoΔ^{[k]}(F) k ∈ Nt

The following concepts of modality of a set Δ of fuzzy deduction rules is sufőcient that some of the following theorems can be proved. De�nition 13

1. Δ is said to be submodal with respect to L

=_{def} ∀y∀F FG G H y ∈ U ∧ F ∈ FP(U) →∃n∃δ∃x_1 ⋅⋅⋅x_n F GH^{n ∈ N ∧ δ ∈ Δ ∧ δ is n-ary ∧ x1, … , xn ∈ U ∧}

Δ(F)(y) = minbF(x_1), … , F(x_n),δ(x_1, … , x_n,y)g I JK IJ J K 2. Δ is said to be strongly submodal with respect to L

=_{def} 2.1. Δ is submodal with respect to U and 2.2. ∀y∀F FHy ∈ U ∧ F ∈ FP(U) →∃kek ∈ N ∧ Δ^{[∗]}(F)(y) = Δ^{[k]}(F)(y)jIK

Lemma 22 If Δ is strongly submodal with respect to L, then Ψ_Δ(F) ⊑ Δ^{[∗]} (F) .

Proof In order to prove the inclusion above, it is sufőcient to show F ⊑ Δ^{[∗]}(F) (1) and Δ(Δ^{[∗]}(F)) ⊑ Δ^{[∗]} (F) . (2) Proposition (1) holds trivially by deőnition of Δ^{[∗]}(F) (see deőnition 12). In order to prove (2) it is sufőcient to show ∀yF H^{y ∈ U → ∃k}e^{k ∈ N ∧ Δ(Δ[∗](F))(y) ≦ Δ(Δ[k](F)(y))}j I K (3) By deőnition of Δ and the assumption of submodality for Δ we obtain that there are n ∈ N,x_1, … , x_n ∈ U,δ ∈ Δ such that δ is n-ary and Δ(Δ^{[∗]}(F))(y) = mineΔ^{[∗]}(F)(x_1), … , Δ^{[∗]}(F)(x_n),δ(x_1, … , x_n,y)j (4) Because of the strong submodality of Δ there are k_1, … , k_n ∈ N such that Δ^{[∗]} (F)(x_1) = Δ^{[k1 ]}(F)(x_1) . . . . Δ^{[∗]} (F)(x_n) = Δ^{[kn ]}(F)(x_n) , (5)

hence

Δ(Δ^{[∗]}(F))(y) = mineΔ^{[k1 ]}(F)(x_1), … , Δ^{[kn ]}(F)(x_n),δ(x_1, … , x_n,y)j . (6) Because we have Δ^{[k]}(F) ⊑ Δ^{[l]}(F) if k ≦ l, there exists a natural number m ∈ N Δ^{[k1]}(F)(x_1) ≦ Δ^{[m]}(F)(x_1) . . . . Δ^{[k1]}(F)(x_n) ≦ Δ^{[m]}(F)(x_n) , (7)

hence by 6

Δ(Δ^{[∗]}(F))(y) ≦ mineΔ^{[m]}(F)(x_1), … , Δ^{[m]} (F)(x_n),δ(x_1, … , x_n,y)j, (8) hence Δ(Δ^{[∗]}(F))(y) ≦ Δ(Δ^{[m]}(F))(y), (9) i. e. (3) holds. ■ Lemma 23

Δ^{[∗]}(F) ⊑ Ψ_Δ(F)

Proof By deőnition of Δ^{[∗]} it is sufőcient to prove Δ^{[k]}(F) ⊑ Ψ_Δ(F) for every k ∈ N . (1) By deőnition of Ψ_Δ(F) it is sufőcient to prove for G ∈ FP(U) and k ∈ N F � G ∧ Δ(G) ⊑ G → Δ^{[n]}(F) ⊑ G . (2) But (2) will be proved by induction on n. The basic step n = 0 is trivial. The induction step n is also trivial if we apply lemma 20, i. e. F ⊑ G →Δ(F) ⊑ Δ(G) (3) where F,G ∈ FP(U). ■ Theorem 24 If Δ is strongly submodal with respect to L, then

∀F eF ∈ FP(U) →ΨΔ(F) = Δ^{[∗]}(F)j .

Proof By lemma 22 and 23. ■

Now, we are going to prove the compactness of Ψ_Δ. Therefore we start with the following lemma expressing the compactness of the mapping Δ^{[k]} where k ∈ N and k is őxed. Lemma 25 If Δ is submodal with respect to L, then

∀k∀y∀F FGH k ∈ N ∧ y ∈ U ∧ F ∈ FP(U) → ∃F_{őn} eF_{őn} ∈ FP(U) ∧ F_{őn} ⊑ F ∧ F_{őn} is őnite ∧ Δ^{[k]}(F)(y) ≦ Δ^{[k]}(F_{őn})(y)j I JK Proof By induction on k. Basic step. k = 0 Then Δ^{[0]}(F) = F, hence we put for x ∈ U,

F_{őn}(x) =_{def} RST F(x) if x = y 0 if x /= y . (1) Consequently, F_{őn} ∈ FP(U), F_{őn} ⊑ F, F_{őn} is őnite, (2)

őnally F(y) ≦ F_{őn}(y) . (3)

Induction step.

Assume that lemma 25 holds for őxed k ∈ N, every F ∈ FP(U), and every y ∈ U.

By deőnition of Δ^{[k+1]} we have Δ^{[k+1]}(F) = Δ^{[k]}(F) ⊔ Δ(Δ^{[k]}(F)), (4) i. e. for every y ∈ U, Δ^{[k+1]}(F)(y) = maxFHΔ^{[k]}(F)(y),ΔeΔ^{[k]}(F)j(y)IK .

By induction assumption we get a fuzzy set F_{őn} with F_{őn} ∈ FP(U), F_{őn} ⊑ F, F_{őn} is őnite, (5)

Δ^{[k]}(F)(y) ≦ Δ^{[k]}(F_{őn})(y) . (6) Furthermore, because Δ is submodal with respect to L, we get an n ∈ N, elements x_1, … , x_n ∈ U, and an n-ary fuzzy deduction rule δ ∈ Δ such that

ΔeΔ^{[k]}(F)j(y) = mineΔ^{[k]}(F)(x1), … , Δ^{[k]}(F)(xn),δ(x1, … , xn,y)j . (7) Now, by induction assumption for every i ∈ k1, … , np we have an F^i_{őn} such that F^i_{őn} ∈ FP(U), F^i_{őn} ⊑ F, F^i_{őn} is őnite and Δ^{[k]}(F)(x_i) ≦ Δ^{[k]} eF^i_{őn}j(x_i).

We deőne F^∗_{őn} =_{def} SUP{F^i_{őn} i ∈ k1, … , np}.

Then we have F^∗_{őn} ∈ FP(U), F^i_{őn} ⊑ F^∗_{őn} ⊑ F F^∗_{őn} is őnite (8) and Δ^{[k]}(F)(x_i) ≦ Δ^{[k]} eF^i_{őn}j(x_i) ≦ Δ^{[k]} eF^∗_{őn}j(x_i) (9) for every i ∈ k1, … , np.

From (7) and (9) we obtain

ΔeΔ^{[k]}(F)j(y) ≦ minFHΔ^{[k]} eF^∗őnj(x1), … , Δ^{[k]} eF^∗őnj(xn),δ(x1, … , xn,y)IK .

(10) We put F^{∗∗}_{őn} =_{def} F_{őn} ⊔ F^∗_{őn} .

hence by (5) and (8) we get F^{∗∗}_{őn} ∈ FP(U) F_{őn} ⊑ F^{∗∗}_{őn} ⊑ F F^∗_{őn} ⊑ F^{∗∗}_{őn} ⊑ F F^{∗∗}_{őn} is őnite.

(11)

By (6) we obtain Δ^{[k]}(F)(y) ≦ Δ^{[k]} dF_{őn}i(y) ≦ Δ^{[k]} eF^{∗∗}_{őn} j(y).

(12) Furthermore by (10) and (11)

ΔeΔ^{[k]}(F)j(y)

≦ minFHΔ^{[k]} eF^∗_{őn}j(x_1), … , Δ^{[k]} eF^∗_{őn}j(x_n),δ(x_1, … , x_n,y)IK ≦ minFHΔ^{[k]} eF^{∗∗}_{őn} j(x_1), … , Δ^{[k]} eF^{∗∗}_{őn} j(x_n),δ(x_1, … , x_n,y)IK

≦ ΔFH_Δ[k] e_F ∗∗_{őn} jIK_{(y)}

(13)

Finally, by (4), (12), and (13) we get Δ^{[k+1]}(F)(y) ≦ Δ^{[k+1]} eF^{∗∗}_{őn} j(y) .

(14) Thus, the induction step is őnished. ■ Theorem 26 If Δ is strongly submodal, then Ψ_Δ is compact, i. e.

∀F∀y F G H^{F ∈ FP(U) ∧ y ∈ U → ∃Főn} F GH^{Főn ∈ FP(U) ∧ Főn ⊑ F ∧ Főn is őnite}

∧ Ψ_Δ(F)(y) ≦ Ψ_Δ dF_{őn}i(y) I JK I J K Proof Because Δ is strongly submodal by theorem 24 we get Ψ_Δ(F)(y) = SUPoΔ^{[k]}(F)(y) k ∈ Nt, (1) because Δ is strongly submodal, by deőnition 13 we have

∃kek ∈ N ∧ ΨΔ(F)(y) = Δ^{[k]}(F)(y)j, (2) thus, by lemma 25 we őnish the proof of theorem 26. ■ Consider a mapping Ψ : FP(U) → FP(U) .

We are going to investigate the problem under which conditions for Ψ there exists a set Δ of fuzzy deduction rules on U such that Ψ = Ψ_Δ .

We start with the following lemma Lemma 27

∀y∀F ey ∈ U ∧ F ∈ FP(U) →Δ(F)(y) ≦ Ψ_Δ(F)(y)j

Proof By deőnition of Ψ_Δ we have Ψ_Δ(F)(y) =_{def} InfoG(y) F ⊑ G ∧ Δ(G) ⊑ G ∧ G ∈ FP(U)t (1) hence by deőnition of Inf it is sufőcient to prove

∀GeG ∈ FP(U) ∧ F ⊑ G ∧ Δ(G) ⊑ G →Δ(F)(y) ≦ G(y)j (2) From F ⊑ G by monotonicity of Δ (lemma 20) we get Δ(F) ⊑ Δ(G), hence by Δ(G) ⊑ G we obtain Δ(F) ⊑ G, i. e. Δ(F)(y) ≦ G(y) for every y ∈ U.

Now, by using Ψ we construct a set Δ_Ψ of fuzzy deduction rules as follows. Therefore we őx an n ∈ N. and an x ∈ U^n. Let SET_x be the set of elements of U belonging to x. For and arbitrary y ∈ U and F ∈ FP(U) we deőne

F_x(y) =_{def} RST

F(y) if y ∈ SET_x 0 if y ∉ SET_x .

Hence F_x is őnite and F_x ⊑ F. Furthermore supp(F_x) = SET_x. ■ De�nition 14

1. δ^{n,F}_Ψ (x,y) =_{def} Ψ(F_x)(y) where x ∈ U^n and y ∈ U 2. Δ_Ψ =_{def} oδ^{n,F}_Ψ n ∈ N ∧ F ∈ FP(U)t Lemma 28 If Ψ is compact then

∀F dF ∈ FP(U) →Ψ(F) ⊑ ΨΔ_Ψ (F)i .

Proof We have to prove that for every y ∈ U and F ∈ FP(U), Ψ(F)(y) ≦ Ψ_{ΔΨ}(F)(y) . (1) By compactness of Ψ we have

∃F_{őn} eF_{őn} ∈ FP(U) ∧ F_{őn} is őnite ∧ F_{őn} ⊑ F ∧ Ψ(F)(y) ≦ ΨdF_{őn}i(y)j (2) Assume cardsuppdF_{őn}i = n. We deőne δ^{n,Főn}_Ψ (x,y) =_{def} ΨFHdF_{őn}i_xIK(y) .

Then we get for x_0 = kx_1, … , x_np = suppdF_{őn}i

ΨdFőni(y) = ΨF

Hd^{Főn}ix0 I K^{(y)}

= δ^{n,Főn}_Ψ bx_0g(y) ≦ SupRSTδ^{n,Főn}_Ψ (x)(y) x ∈ U^nUVW

= δ^{n,Főn}_Ψ dF_{őn}i(y) ≦ Δ_Ψ dF_{őn}i(y) ≦ Δ_Ψ(F)(y) by lemma 20 ≦ Ψ_{ΔPsi} (F)(y) by lemma 27

(3)

Thus, lemma 28 holds. ■

For proving the following lemma 29 we need the concept of strong submodality of an operator Ψ.

De�nition 15 Ψ is said to be strongly submodal on U =_{def} For every y ∈ U,F ∈ FP(U) there exist n^0 ∈ N, x^0_1, … , x^0_{n0} ∈ U such that

Sup R| S| T mineΨ(F)(x1), … , Ψ(F)(xn),ΨdH[x1, … , xn]i(y)j

n ∈ N ∧ H ∈ FP(U) ∧ x_1, … , x_n ∈ U U| V| W = minFGHΨ(F)(x^0_1), … , Ψ(F)(x^0_{n0} ),ΨFHΨ(F)_{[x}0_{1 , … , x}0_{n0 ]}IK(y)IJK

Lemma 29 If Ψ is a closure operator on L and Ψ is strongly submodal, then

∀F dF ∈ FP(U) →ΨΔ_Ψ ⊑ Ψ(F)i .

Proof For every y ∈ U and every F ∈ FP(U) we have to prove

Ψ_{ΔΨ} (F)(y) ≦ Ψ(F)(y) . (1) By deőnition of Ψ_{ΔΨ} we have

Ψ_{ΔΨ}(F)(y) = InfoG(y) F ⊑ G ∧ Δ_Ψ(G) ⊑ Gt, (2) hence

∀GeF ⊑ G ∧ ΔΨ(G) ⊑ G →ΨΔ_Ψ (F)(y) ≦ G(y)j . (3) Put G =_{def} Ψ(F) (4) Hence it is sufőcient to prove

F ⊑ Ψ(F) (5) and Δ_Ψ bΨ(F)g ⊑ Ψ(F) . (6) The condition (5) holds trivially because Ψ is embedding.

Now, we are going to show (6), i. e. we have to prove

∀yey ∈ U → ΔΨ bΨ(F)g(y) ≦ Ψ(F)(y)j (7) By deőnition of Δ_Ψ we have

Δ_Ψ bΨ(F)g(y) = Sup R| S| T mineΨ(F)(x1), … , Ψ(F)(xn),δ^{n,H}_Ψ (x1, … , xn,y)j

n ∈ N ∧ H ∈ FP(U) ∧ x_1, … , x_n ∈ U U| V| W (8)

Now, by deőnition of δ^{n,H}_Ψ we have

δ^{n,H}_Ψ (x,y) =_{def} ΨcH_xh(y) where x ∈ U^n and y ∈ U (9) hence from (8),

Δ_Ψ bΨ(F)g(y) = Sup R| S| T mindΨ(F)(x1), … , Ψ(F)(xn),ΨcHxh(y)i

n ∈ N ∧ H ∈ FP(U) ∧ x ∈ U^n ∧ x = [x_1, … , x_n] U| V| W (10)

Hence, because Ψ is strongly submodal, there are n^0,x^1_0, … , x^0_{n0} ∈ U such that

Δ_Ψ bΨ(F)g(y) = minFGHΨ(F)(x^0_1), … , Ψ(F)(x^0_n),ΨFHΨ(F)_{[x}0_{1, … , x}0_{n0 ]}IK(y)IJK .

(11)

Now, we have

Ψ(F)_{[x}0_{1, … , x}0_{n0 ]} ⊑ Ψ(F)

(12)

hence by monotonicity of Ψ ΨF H^{Ψ(F)[x0}1^{, … , x0}_n0^] I K^{⊑ Ψ}b^{Ψ(F)}g^,

(13)

hence by closedness of Ψ ΨF H^{Ψ(F)[x0}1^{, … , x0}_n0^] I K^{⊑ Ψ(F),}

(14)

hence by 11 we get

Δ_Ψ bΨ(F)g(y) ≦ Ψ(F)(y)

(15)

for every y ∈ U.

Thus, (6) holds, i. e. lemma 29 is proved. ■

Theorem 30 If Ψ is a strongly submodal compact closure operator, then

∀F dF ∈ FP(U) →Ψ(F) = ΨΔ_Ψ (F)i

Proof By lemma 28 and lemma 29. ■

5 Concluding Remarks

Because of restricted space in chapter 4 we could not develop a fuzziőcation of the whole theorems 16, 17, 18, and 19. In a forthcoming paper we shall continue the investigations started in the paper presented.

Acknowledgement The author likes to thank Radko Mesiar for fruitful scientiőc discussions and Mario Thalheim for his help in preparing the manuscript.

References

[1] G. BIRKHOFF. On the combination of subalgebras. In: Proc. Cambridge Phil. Soc., volume 23, pages 441ś464, 1933.

[2] G. BIRKHOFF. On the structure of abstract algebras. In: Proc. Cambridge Phil. Soc., volume 31, pages 433ś454, 1935.

[3] G. BIRKHOFF. Universal algebra. In: Proc. Canad. Math. Cong., pages 310ś326, Montreal, 1946.

[4] G. BIRKHOFF. Lattice Theory. In: American Mathematical Society Colloquium Publications, volume 25, New York, 1948. Rev. ed.

[5] N. BOURBAKI. Theorie des essembles. Actual. sci. industr. 846, 1939.

[6] P. M. COHN. Universal algebra. Harper and Row (New York, Evanston and London) and John Weatherhill, Inc. (Tokyo), 1965. 333 pages.

[7] G. GERLA. Closure Operators for Fuzzy Logics. In: D. DUBOIS, E. P. KLEMENT and H. PRADE (editors), Fuzzy Sets, Logics, and Artiőcial Intelligence, Linz, Austria, February 1996.

[8] A. MALCEV. Untersuchungen aus dem Gebiet der mathematischen Logik. Mat.

Sbornik 2 pages 323ś336, 1936.

[9] J. SCHMIDT. ÈUber die Rolle der transőniten Schluûweisen in einer allgemeinen Algebra. Mathematische Nachrichten 7, 165ś182, 1952.

[10] K. SCHR ÈOTER. Was ist eine mathematische Theorie? Jahresberichte der Deutschen Mathematiker-Vereinigung 53, 69ś82, 1943.

[11] A. TARSKI. Fundamentale Begriffe der Methodologieder deduktiven Wissenschaften.

Monatshefte Math. Phys 37, 360ś404, 1930.

[12] A. TARSKI. Remarques sur les notions fondamentales de la mÂethodologie des mathÂematiques. Ann. Soc. Polon. Math. 7, 270ś272, 1930.

[13] A. TARSKI. ÈUber einige fundamentale Begriffe der Metamathematik. C. r. Soc. Sci.

Varsovie 23, 22ś29, 1930.

[14] H. THIELE. On Cumulative Logics (On generations of cumulative inference operators by default deduction rules). Paper on the 1st International Workshop on Nonmonotonic and Inductive Logic, University of Karlsruhe, December 1990. In: Lecture Notes in Computer Science 543(1991), pages 100ś137.

[15] H. THIELE. Regulated Algebras ś A Class of New Algebraic Structures for Characterizing Default Reasoning. In: Arbeitspapiere der GMD, volume 443, pages 85ś131, May 1990.

[16] H. THIELE. On Fuzzy Quantiőers. In: Proceedings: Fifth International Fuzzy Systems Association World Congress ’93, volume I, pages 395ś398, Seoul, Korea, July 4ś9 1993.

[17] H. THIELE. Zum Aufbau einer systematischen Theorie von Fuzzy-Quantoren. In:

13. Workshop žInterdisziplinÈare Methoden in der Informatikł Ð Arbeitstagung des Lehrstuhls Informatik I, Forschungsbericht Nr. 506, pages 35ś55. Fachbereich Informatik der UniversitÈat Dortmund, September 1993.

[18] H. THIELE. On T-Quantiőers and S-Quantiőers. In: The Twenty-Fourth International Symposium on Multiple-Valued Logic, pages 264ś269, Boston, Massachussets, May 25ś27 1994.

[19] H. THIELE. On Fuzzy Quantiőers. In: Z. BIEN and K. C. MIN (editors), Fuzzy Logic and its Applications, Information Sciences, and Intelligent Systems, pages 343ś352. Kluwer Academic Publishers, 1995.