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Abstract
One-dimensional interacting particle models of
Calogero–Moser–Sutherland type with 𝑁 particles
can be regarded as diffusion processes on suitable
subsets of ℝ𝑁 like Weyl chambers and alcoves with
second-order differential operators as generators of
the transition semigroups, where these operators are
singular on the boundaries of the state spaces. The
most relevant examples are multivariate Bessel pro-
cesses and Heckman–Opdam processes in a compact
and noncompact setting where in all cases, these
processes are related to special functions associated
with root systems. More precisely, the transition prob-
abilities can be described with the aid of multivariate
Bessel functions, Jack and Heckman–Opdam Jacobi
polynomials, and Heckman–Opdam hypergeometric
functions, respectively. These models, in particular,
form dynamic eigenvalue evolutions of the classical
randommatrix models like 𝛽-Hermite, 𝛽- Laguerre, and
𝛽-Jacobi, that is, MANOVA, ensembles. In particular,
Dyson’s Brownian motions and multivariate Jacobi
processes are included. In all cases, the processes
depend on so-called coupling parameters. We review
several freezing limit theorems for these diffusions
where, for fixed 𝑁, one or several of the coupling
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parameters tend to∞. In many cases, the limits will be
𝑁-dimensional normal distributions and, in the process
case, Gauss processes. However, in some cases, normal
distributions on half spaces and distributions related
to some other ensembles appear as limits. In all cases,
the limits are connected with the zeros of the classical
one-dimensional orthogonal polynomials of order 𝑁.

KEYWORDS
Dyson Brownian motion, freezing, Heckman–Opdam processes,
𝛽-Hermite ensembles, Jacobi ensembles, Jacobi processes, 𝛽-
Laguerre ensembles, MANOVA ensembles, multivariate Bessel
processes, time-dependent random matrix models, zeros of clas-
sical orthogonal polynomials

1 INTRODUCTION

In this survey, we present several freezing limit theorems for interacting particle models of
Calogero–Moser–Sutherland type with 𝑁 particles in some one-dimensional space 𝐼. After some
linear transform,wemay restrict our attention to 𝐼 = ℝ, [0,∞[, [−1, 1], and the torus 𝐼 = 𝕋. More-
over, we assume that the order of the particles in 𝐼 remains fixed, that is, we use the state spaces

𝐶 ∶= {𝑥 ∈ 𝐼𝑁 ∶ 𝑥1 ≥ 𝑥2 ≥ … ≥ 𝑥𝑁} (𝐼 = ℝ, [0,∞[, [−1, 1]) (1)

and

𝐶 ∶= {𝑧 = (𝑧1 ∶= 𝑒
𝑖𝑥1 , … , 𝑧𝑁 ∶= 𝑒

𝑖𝑥𝑁 ) ∶ 𝑥1 ≥ 𝑥2 ≥ … ≥ 𝑥𝑁 ≥ 𝑥1 + 2𝜋} (𝐼 = 𝕋) (2)

for the time-homogeneous diffusions (𝑋𝑡)𝑡≥0 of the particle models. In all cases, the genera-
tors of the transition semigroups are second-order differential operators that are singular on the
boundary 𝜕𝐶 of 𝐶. These operators have the form

𝐿𝑓 ∶=
1

2
Δ𝑓 + 𝐷𝑓 with a first-order drift part 𝐷𝑓 = 𝐷1𝑓 + 𝑘𝐷2𝑓, (3)

where Δ is the usual Laplacian, 𝐷1, 𝐷2 are fixed first-order drift operators (which are singular on
𝜕𝐶), 𝑓 ∶ ℝ → ℂ is a 2-function satisfying certain symmetry conditions regarding 𝜕𝐶, and where
𝑘 > 0 is some constant. The symmetry conditions on 𝑓 correspond to the fact that we assume
reflecting boundaries. In most situations, we have 𝐷1 ≡ 0, but the case 𝐷1 ≢ 0may also appear.
In this survey, we discuss several limit results for 𝑘 → ∞. For this reason, we write the genera-

tors and processes as 𝐿𝑘 and (𝑋𝑡,𝑘 ∶= (𝑋1𝑡,𝑘, … , 𝑋
𝑁
𝑡,𝑘
))𝑡≥0 to emphasize the dependence from 𝑘. For

many concrete examples relevant in physics, the transition densities of the processes (𝑋𝑡,𝑘)𝑡≥0
are explicitly known and have the form of partition functions of one-dimensional log-gases
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1232 VOIT

(see Refs. 5, 35, 44, 61, 65, 67) where the parameter 𝑘 > 0 carries the meaning of an inverse
temperature in the Boltzmann stationary case, that is, the limit 𝑘 → ∞ corresponds to a
freezing limit.
These freezing limits will be derived by two different approaches.
In the first approach, we write the transition probabilities of the processes (𝑋𝑡,𝑘)𝑡≥0 in terms of

special functions associated with root systems, which are eigenfunctions of 𝐿𝑘. In particular, for
multivariate Bessel processes, the transition probabilities can be written in a simple way in terms
of the associated Bessel functions. Even nicer, if one starts in these cases in 0 ∈ 𝐶 ⊂ ℝ𝑁 , then no
Bessel functions appear, and the distributions of the 𝑋𝑘𝑡 for the root systems of types A and B are
simply the eigenvalue distributions of the classical 𝛽-Hermite and 𝛽-Laguerre ensembles.
The situation is more complicated in the Heckman–Opdam case. Here, in the compact cases of

types A and BC, the diffusions have the alcoves 𝐶 ⊂ 𝕋𝑁 from (2) and 𝐶 ⊂ [−1, 1]𝑁 from (1) with
𝐼 = [−1, 1], respectively, as state spaces, and the transition densities can be described in terms of
series w.r.t. Jack polynomials and Heckman–Opdam Jacobi polynomials, respectively. Similarly,
in the noncompact case, the transition densities are integrals w.r.t. Heckman–Opdam hypergeo-
metric functions. Due to these complicated representations of the transition densities, this direct
approach is of limited interest only in view of freezing limits.
Anyway, in all these cases, one can try to use limits for the special functions for 𝑘 → ∞ in order

to derive limit theorems for the distributions of the 𝑋𝑡,𝑘. For instance, it is known that in some
cases, the special functions tend to exponential functions, and in some cases for types B and BC, to
the corresponding functions of type A (up to some transformed arguments). In fact, this approach
works in several cases; see Section 3.
The second approach to limit theorems for 𝑘 → ∞ is based on the fact that for a start in the inte-

rior of 𝐶 and under additional restrictions (like that all parameters are large enough), (𝑋𝑡,𝑘)𝑡≥0 is
the unique solution of the stochastic differential equation (SDE) associatedwith the generators𝐿𝑘,
where the processes never meet the singular boundary. In several cases, where the starting points
depend on 𝑘, SDE techniques then lead to limit theorems; see Section 5 for more details. Due
to the different starting conditions, these SDE-based results are different from those of the first
approach.Moreover, the SDE approach leads to stronger limit results like almost sure convergence
that is locally uniform w.r.t. 𝑡. The basic idea here is the observation that 1√

𝑘
𝐿𝑘 is the generator of

(𝑋
𝑡∕
√
𝑘,𝑘
)𝑡≥0, and that one can expect that, for deterministic starting points, (𝑋𝑡∕√𝑘,𝑘)𝑡≥0 tends for

𝑘 → ∞ to the deterministic solution (𝑋𝑡,∞)𝑡≥0 of the ordinary differential equation (ODE)

𝑑

𝑑𝑡
𝑋𝑡,∞ =

(
𝑔1(𝑋𝑡,∞), … , 𝑔𝑁(𝑋𝑡,∞)

)
(4)

when the drift part 𝐷2 in (3) has the form 𝐷2𝑓(𝑥) =
∑𝑁

𝑗=1
𝑔𝑗(𝑥)

𝜕

𝜕𝑥𝑖
𝑓(𝑥) on the interior of 𝐶.

To illustrate both approaches, we now briefly discuss the simplest example, namely, the Bessel
processes of type A and 𝛽-Hermite ensembles. Here, for 𝑘 > 0, the generators 𝐿𝑘 have the form

𝐿𝑘𝑓 ∶=
1

2
Δ𝑓 + 𝑘

𝑁∑
𝑖=1

(∑
𝑗≠𝑖

1

𝑥𝑖 − 𝑥𝑗

)
𝜕

𝜕𝑥𝑖
𝑓 (5)

for

𝑓 ∈ 𝐷(𝐿𝑘) ∶= {𝑓 ∈ 2(ℝ𝑁), 𝑓 invariant under all permutations of coordinates}.
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Please notice that we here use a time normalization that fits to that of classical Brownianmotions
as usual in probability. The (𝑋𝑘𝑡 )𝑡≥0 then are just Dyson’s Brownian motions (see Ref. 38 and
textbooks like Ref. 3) with the Weyl chambers

𝐶𝐴𝑁 ∶=
{
𝑥 ∈ ℝ𝑁 ∶ 𝑥1 ≥ 𝑥2 ≥ … ≥ 𝑥𝑁}

of type A as state spaces. By Ref. 75 (see also the surveys10,77,80,81), the associated transition
probabilities are given for 𝑡 > 0, 𝑥 ∈ 𝐶𝐴𝑁 , 𝐴 ⊂ 𝐶

𝐴
𝑁 a Borel set, by

𝐾𝑘𝑡 (𝑥, 𝐴) = 𝑐
𝐴
𝑘 ∫

𝐴

1

𝑡𝛾𝐴+𝑁∕2
𝑒−(‖𝑥‖2+‖𝑦‖2)∕(2𝑡)𝐽𝐴

𝑘

(
𝑥√
𝑡
,
𝑦√
𝑡

)
⋅ 𝑤𝐴

𝑘
(𝑦) 𝑑𝑦 (6)

with

𝑤𝐴
𝑘
(𝑥) ∶=

∏
𝑖<𝑗

(𝑥𝑖 − 𝑥𝑗)
2𝑘, 𝛾𝐴 = 𝑘𝑁(𝑁 − 1)∕2, (7)

and

𝑐𝐴
𝑘
∶=

(
∫
𝐶𝐴𝑁

𝑒−‖𝑦‖2∕2 ⋅∏
𝑖<𝑗

(𝑦𝑖 − 𝑦𝑗)
2𝑘 𝑑𝑦

)−1
=

𝑁!

(2𝜋)𝑁∕2
⋅

𝑁∏
𝑗=1

Γ(1 + 𝑘)

Γ(1 + 𝑗𝑘)
; (8)

see, for example, Ref. 63 for the constant. Moreover, 𝐽𝐴
𝑘
is a multivariate Bessel function of type

𝐴𝑁−1 withmultiplicity 𝑘; see, for example, Refs. 75, 77 and references there.We do not needmuch
details about 𝐽𝐴

𝑘
here. We only recapitulate that 𝐽𝐴

𝑘
is analytic on ℂ𝑁 × ℂ𝑁 and invariant under

all permutations in both arguments with 𝐽𝐴
𝑘
(𝑥, 𝑦) > 0, 𝐽𝐴

𝑘
(𝑥, 𝑦) = 𝐽𝐴

𝑘
(𝑦, 𝑥), and 𝐽𝐴

𝑘
(0, 𝑦) = 1 for

𝑥, 𝑦 ∈ ℝ𝑁 . For further properties, see Subsection 2.3. Therefore, if the process starts in 0 ∈ 𝐶𝐴𝑁 ,
then 𝑋𝑡,𝑘 has the density

𝑐𝐴
𝑘

𝑡𝛾+𝑁∕2
𝑒−‖𝑦‖2∕(2𝑡) ⋅ 𝑤𝑘(𝑦) 𝑑𝑦 (9)

on 𝐶𝐴𝑁 for 𝑡 > 0. In particular, for 𝑘 = 1∕2, 1, 2, the distributions of the ordered eigenvalues of
Gaussian orthogonal, unitary, and symplectic ensembles (see, e.g., Ref. 24) appear in this way.
Furthermore, the Bessel processes of type A with generators (5) and transition probabilities (6)
describe the time evolutions of the eigenvalues of Brownian motions on the vector spaces ℍ𝑁(𝔽)
of all Hermitian 𝑁 ×𝑁-matrices over ℝ,ℂ and the quaternions with real dimensions 𝑑 = 1, 2, 4
for 𝑘 = 𝑑∕2 = 1∕2, 1, 2.
Moreover, for general 𝑘 > 0, the distributions (9) belong to the 𝛽-Hermite ensembles that are

the eigenvalue distributions of well-known tridiagonal random matrix models of Dumitriu and
Edelman.34 It is an interesting task whether the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 for general 𝑘 > 0 also
admit such tridiagonalmatrix representations. It seems that up to now this problem does not have
a sufficiently nice solution that can be applied to freezing limits. For possible approaches in this
direction, see Refs. 1, 53, 104.
We point out that also the Bessel processes of type B admit corresponding connections

to random matrix models like 𝛽-Laguerre ensembles and to Wishart processes on the cones
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ℙ𝑁(𝔽) ⊂ ℍ𝑁(𝔽) of all positive semidefinite matrices; see Section 3 and in particular Remark 4
for more details.
We next turn to the limit 𝑘 → ∞ in the first approach according to [4, 5, 7-9, 35, 43]. If we start

in 0 ∈ 𝐶𝐴𝑁 , we write the densities of 𝑋𝑡,𝑘∕
√
𝑡𝑘 as

𝑐𝑜𝑛𝑠𝑡.(𝑘) ⋅ exp

(
𝑘

(
2
∑
𝑖,𝑗∶𝑖<𝑗

ln(𝑦𝑖 − 𝑦𝑗) − ‖𝑦‖2∕2)) =∶ 𝑐𝑜𝑛𝑠𝑡.(𝑘) ⋅ exp (𝑘 ⋅ 𝑊𝐴(𝑦)). (10)

By a classical result of Stieltjes (see Section 6.7 of Ref. 90), the exponent𝑊𝐴 has a unique maxi-
mumon𝐶𝐴𝑁 that appears for 𝑦 =

√
2 ⋅ 𝐳where 𝐳 ∈ 𝐶𝐴𝑁 is the vector whose coordinates are ordered

zeros of the classical Hermite polynomial𝐻𝑁 , where, as in Ref. 90, the polynomials (𝐻𝑁)𝑁≥0 are
orthogonal w.r.t. the density 𝑒−𝑥2 . More precisely, by Refs. 8, 97:

Lemma 1. For 𝐳 = (𝑧1, … , 𝑧𝑁) ∈ 𝐶𝐴𝑁 , the following statements are equivalent:

(1) The function 𝑥 ↦
∑
𝑖,𝑗∶𝑖<𝑗

ln(𝑥𝑖 − 𝑥𝑗) − ‖𝑥‖2∕2 has in 𝐳 its unique maximum in 𝐳 ∈ 𝐶𝐴𝑁 .

(2) For 𝑖 = 1, … ,𝑁, 𝑧𝑖 =
∑
𝑗∶𝑗≠𝑖

1

𝑧𝑖−𝑧𝑗
.

(3) 𝑧1 > … > 𝑧𝑁 are the ordered zeros of𝐻𝑁 .

This characterization and a Taylor expansion of the logarithmic terms in 𝑊𝐴 lead to the fol-
lowing central limit theorem (CLT); see Subsection 3.1 below for more details on the proof and
Theorem 2.2 in Ref. 97 (please notice that the limit 𝑁(0, 𝑡 ⋅ Σ𝑁) in Ref. 97 must be replaced by
𝑁(0, Σ𝑁)).

Theorem 1. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 on 𝐶𝐴𝑁 for 𝑘 > 0 with start in 0 ∈ 𝐶𝐴𝑁 . Then, for
each 𝑡 > 0,

𝑋𝑡,𝑘√
𝑡
−
√
2𝑘 ⋅ 𝐳

converges in distribution for 𝑘 → ∞ to the centered 𝑁-dimensional normal distribution 𝑁(0, Σ𝑁)
with the regular covariance matrix Σ𝑁 with Σ−1𝑁 = 𝑆𝑁 = (𝑠𝑖,𝑗)

𝑁
𝑖,𝑗=1

and

𝑠𝑖,𝑗 ∶=

{
1 +

∑
𝑙≠𝑖(𝑧𝑖 − 𝑧𝑙)−2 for 𝑖 = 𝑗

−(𝑧𝑖 − 𝑧𝑗)
−2 for 𝑖 ≠ 𝑗 . (11)

The CLT 1 can be extended to arbitrary starting points 𝑥 ∈ 𝐶𝐴𝑁 by using the densities (6) and an
asymptotic result for the Bessel functions 𝐽𝐴

𝑘
. As the root systems 𝐴𝑁−1 are not reduced on ℝ𝑁 ,

the statement of this result needs some preparation. If we consider the vector 𝟏 ∶= (1, … , 1) ∈ ℝ𝑁 ,
then ℝ𝑁 decomposes into ℝ ⋅ 𝟏 and its orthogonal complement

𝟏⟂ =

{
𝑥 ∈ ℝ𝑁 ∶

∑
𝑖

𝑥𝑖 = 0

}
⊂ ℝ𝑁.

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



VOIT 1235

The associated Weyl group, that is, the symmetric group 𝑆𝑁 , acts on both spaces separately. We
denote the orthogonal projections from ℝ𝑁 onto ℝ ⋅ 𝟏 and 𝟏⟂ by 𝜋𝟏 and 𝜋𝟏⟂ , respectively. Then
𝜋𝟏(𝑥) = 𝑥̄𝟏 for the center of gravity 𝑥̄ ∶=

1

𝑁

∑𝑁

𝑖=1
𝑥𝑖 of the particles. This decomposition of ℝ𝑁

appears also on the level of the Bessel functions 𝐽𝐴
𝑘
; see, for example, Ref. 15.

Lemma 2. For all 𝑥, 𝑦 ∈ ℝ𝑁 ,

𝐽𝐴
𝑘
(𝑥, 𝑦) = 𝑒⟨𝜋𝟏(𝑥),𝜋𝟏(𝑦)⟩ ⋅ 𝐽𝐴

𝑘
(𝜋𝟏⟂(𝑥), 𝜋𝟏⟂(𝑦)) = 𝑒

𝑁𝑥̄𝑦̄ ⋅ 𝐽𝐴
𝑘
(𝜋𝟏⟂(𝑥), 𝜋𝟏⟂(𝑦)). (12)

In particular, the 𝐽𝐴
𝑘
are quite simple on the center-of-gravity partℝ ⋅ 𝟏. Moreover, by (6), Bessel

processes of type A can be decomposed into stochastically independent parts, namely, the center
of gravity part and the part on 𝟏⟂, where the distances of the particles are encoded. On the other
hand, the following limit appears on 𝟏⟂; see Corollary 8 of Ref. 7 or Theorem 2.5 in Ref. 9:

Theorem 2. Locally uniformly, for 𝑥, 𝑦 ∈ 𝟏⟂,

lim
𝑘→∞

𝐽𝐴
𝑘
(
√
2𝑘 ⋅ 𝑥, 𝑦) = exp

(‖𝑥‖2‖𝑦‖2
𝑁(𝑁 − 1)

)
. (13)

A combination of (13) and (12) with the ideas of the direct proof of the CLT 1 then leads to a
CLT for arbitrary starting points 𝑥 ∈ 𝐶𝐴𝑁 . For this, one observes that by the transition densities (6),
the kernels 𝐾𝑘𝑡 of type A admit the same space-time-scaling as Brownian motions, that is, we can
assume 𝑡 = 1w.l.o.g. Moreover, by (12), the kernels𝐾𝑘𝑡 of type A are partially translation invariant,
that is,

𝐾𝑘𝑡 (𝑥 + 𝑐𝟏, 𝑆 + 𝑐𝟏) = 𝐾
𝑘
𝑡 (𝑥, 𝑆) for 𝑐 ∈ ℝ, , 𝑡 > 0, 𝑥 ∈ 𝐶𝐴𝑁, 𝑆 ⊂ 𝐶

𝐴
𝑁. (14)

Thus, again w.l.o.g., we assume 𝑥 ∈ 𝟏⟂. Under these assumptions, Theorem 2 and a Taylor
expansion of the logarithmic terms in𝑊𝐴 lead to the following CLT; see Ref. 9.

Theorem 3. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type𝐴𝑁−1 on𝐶𝐴𝑁 for 𝑘 ≥ 0with starting point
𝑥 ∈ 𝐶𝐴𝑁 . Then, for 𝑡 > 0,

𝑋𝑡,𝑘√
𝑡
−
√
2𝑘 ⋅ 𝐳

converges for 𝑘 → ∞ to the 𝑁-dimensional normal distribution 𝑁(𝜋𝟏(𝑥∕
√
𝑡), Σ𝑁) with the

covariance matrix Σ𝑁 in Theorem 1.

More details on these results and in particular on the covariancematrices Σ𝑁 and their inverses
𝑆𝑁 from Refs. 4, 9, 35, 43 will be discussed in Sections 3 and 4. We point out that Theorem 2 with
some explicit formulas for 𝑆𝑁 was proved first by Dumitriu and Edelman34,35 via their classical
tridiagonal matrix models for 𝛽-Hermite ensembles.
In the next step, we review the SDE approach; for the background, see, for example, Refs. 69,

74. Having the generators (5) inmind, we now describe the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type𝐴𝑁−1
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1236 VOIT

as solutions of the SDEs

𝑑𝑋𝑖
𝑡,𝑘
= 𝑑𝐵𝑖𝑡 + 𝑘

∑
𝑗≠𝑖

1

𝑋𝑖
𝑡,𝑘
− 𝑋

𝑗

𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁), (15)

with an 𝑁-dimensional Brownian motion (𝐵1𝑡 , … , 𝐵
𝑁
𝑡 )𝑡≥0. For this, we recapitulate that initial

value problems associated with (15) with start in the interior of 𝐶𝐴𝑁 have unique strong solutions;
see, for example, Section 4.3 of 3. The theory developed in Ref. 22 implies that SDEs as in (15) even
admit unique solutions for initial values on the singular boundaries; see, for example, Refs. 45, 88
We now assume 𝑘 ≥ 1∕2. In this case, the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 never meet the boundary

for 𝑡 > 0 a.s.; see Ref. 25 or Section 4.3 of Ref. 3.
Clearly, by (15), the renormalized processes (𝑋̃𝑡,𝑘 ∶= 𝑋𝑡,𝑘∕

√
𝑘)𝑡≥0 are the unique solutions

of

𝑑𝑋̃𝑖
𝑡,𝑘
=

1√
𝑘
𝑑𝐵𝑖𝑡 +

∑
𝑗≠𝑖

1

𝑋̃𝑖
𝑡,𝑘
− 𝑋̃

𝑗

𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁). (16)

In the next step, we observe that in the limit 𝑘 = ∞, the SDEs (16) degenerate into the ODEs

𝑑𝑥

𝑑𝑡
(𝑡) = 𝐻(𝑥(𝑡)), with 𝐻(𝑥) ∶=

(∑
𝑗≠1

1

𝑥1 − 𝑥𝑗
, … ,

∑
𝑗≠𝑁

1

𝑥𝑁 − 𝑥𝑗

)
. (17)

It is known that for all initial values 𝑥(0) = 𝑥 ∈ 𝐶𝐴𝑁 , these ODEs have unique solutions in
𝐶𝐴𝑁 in the sense that 𝑥(𝑡) is in the interior of 𝐶𝐴𝑁 and a solution of (17) for 𝑡 > 0, where 𝑡 →
𝑥(𝑡) is continuous in 𝑡 = 0; see Ref. 102. The ODE (17) is closely related to the vector 𝐳 con-
sisting of the zeros of 𝐻𝑁 . In fact, Part (2) of Lemma 1 implies that (17) has the particular
solutions

𝑥(𝑡) =
√
2𝑡 + 𝑐2 ⋅ 𝐳 for 𝑐 ≥ 0, 𝑡 ≥ 0, (18)

which again shows the close connection between our Bessel processes and the zeros of𝐻𝑁 .
We now use the solutions 𝑥(𝑡) of (17) for arbitrary starting points in𝐶𝐴𝑁 in order to describe limit

results for the processes (𝑋̃𝑡,𝑘)𝑡≥0 for 𝑘 → ∞. We start with the following strong limit law, which
follows from a comparison of (17) and (16); see Theorem 2.4 of Ref. 8.

Theorem 4. Let 𝑥0 be a point in the interior of 𝐶𝐴𝑁 . For 𝑘 ≥ 1, let (𝑋̃𝑡,𝑘)𝑡≥0 be a Bessel process of type
A starting in

√
𝑘 ⋅ 𝑥0, and 𝜙 the solution of (17) starting in 𝑥0. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥1

‖𝑋𝑠,𝑘 −√𝑘𝑥(𝑠)‖ < ∞ 𝑎.𝑠. (19)

In particular, locally uniformly in 𝑡 a.s., 𝑋𝑡,𝑘∕
√
𝑘 → 𝑥(𝑡) for 𝑘 → ∞.

We now turn to a functional central limit theorem that improves (19). We again fix 𝑥0 in the
interior of 𝐶𝐴𝑁 and 𝑥(𝑡) as above. We consider the 𝑁-dimensional process (𝑊𝑡)𝑡≥0 with𝑊0 = 0,
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VOIT 1237

which is the unique solution of the inhomogeneous linear SDE

𝑑𝑊𝑖
𝑡 = 𝑑𝐵

𝑖
𝑡 +

∑
𝑗≠𝑖

𝑊
𝑗
𝑡 −𝑊

𝑖
𝑡

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
𝑑𝑡 (𝑖 = 1, … ,𝑁), (20)

that is, in matrix notation, 𝑑𝑊𝑡 = 𝑑𝐵𝑡 + 𝐴(𝑡)𝑊𝑡𝑑𝑡 with the matrices 𝐴(𝑡) ∈ ℝ𝑁×𝑁 with

𝐴(𝑡)𝑖,𝑗 ∶=
1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
, 𝐴(𝑡)𝑖,𝑖 ∶= −

∑
𝑗≠𝑖

1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
(𝑖, 𝑗 = 1, … ,𝑁, 𝑖 ≠ 𝑗), (21)

where the Brownian motion (𝐵𝑡)𝑡≥0 from (16) is used. By the theory of linear SDEs, (𝑊𝑡)𝑡≥0 is
Gaussian and has the following form in terms of matrix-valued exponentials:

𝑊𝑡 = 𝑒
∫ 𝑡
0
𝐴(𝑠)𝑑𝑠 ∫

𝑡

0

𝑒− ∫ 𝑠
0
𝐴(𝑢)𝑑𝑢𝑑𝐵𝑠 (𝑡 ≥ 0). (22)

In particular, (𝑊𝑡)𝑡≥0 is centered. We have the following functional CLT from.100 Details of the
proof will be given in Subsection 5.1 below.

Theorem 5. Let 𝑥0 be a point in the interior of 𝐶𝐴𝑁 . For 𝑘 ≥ 1, consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0
of type 𝐴𝑁−1 starting at

√
𝑘 ⋅ 𝑥0 and let 𝑥(𝑡) as above. Then, for 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥1

√
𝑘 ⋅ ‖𝑋𝑠,𝑘 −√𝑘𝑥(𝑠) −𝑊𝑠‖ < ∞ 𝑎.𝑠. (23)

In particular, locally uniformly in 𝑡 a.s., 𝑋𝑠,𝑘 −
√
𝑘𝑥(𝑠) −𝑊𝑠 → 0 for 𝑘 → ∞.

A weaker version of Theorem 5 can be found in Ref. 43.
Let us compare Theorem 5 with the static CLT 1, and consider the particular solution 𝑥(𝑡) =√
2𝑡 ⋅ 𝐳 of (17) as in (18) for 𝑐 = 0. If we could apply Theorem 5 here (notice that we would start

on the boundary!), we would obtain that 𝑋𝑠,𝑘 −
√
2𝑡𝑘 ⋅ 𝐳 tends in distribution to𝑊𝑡 for 𝑡 > 0 and

𝑘 → ∞. It can be see from (22) that this, in fact, fits perfectly with the CLT 1; see Ref. 100 and also
Section 5 below. This continuity appears also in other connected situations and may be regarded
as natural at a first glance. On the other hand, we shall see below that in some degenerate cases,
such a continuity is not available; see, for instance, Remark 3.
Besides the Bessel processes of type A and the associated 𝛽-Hermite ensembles, we discuss in

this survey Bessel processes of type B (and D) and the associated 𝛽-Laguerre ensembles as well as
multivariate Jacobi processes on compact alcoves (which belong to Heckman–Opdam theory of
type BC) and the associated 𝛽-Jacobi ensembles more closely. For the further classes of examples
like Heckman–Opdam processes in the noncompact setting, we only present a few facts.
This survey is organized as follows. In Section 2, we recapitulate some facts on root systems

and the associated special functions like Bessel functions and Heckman–Opdam hypergeometric
functions.We there also introduce the associated diffusions. Section 3 is devoted to freezing limits,
which can be derived via explicit formulas of the transition densities like Theorems 1 and 3 above.
In these CLTs, there appear interesting covariance matrices and their inverses that are closely
related to the classical one-dimensional orthogonal polynomials (Hermite, Laguerre, Jacobi) and
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1238 VOIT

their dual polynomials in the sense of de Boor and Saff; see Refs. 4, 43. We explain this connection
briefly in Section 4. Finally, in Section 5, we show how SDEs lead to freezing limits in several
situations like in Theorems 4 and 5 above.

2 SPECIAL FUNCTIONS AND DIFFUSIONS ASSOCIATEDWITH
ROOT SYSTEMS

Wepresent a short review on the special functions related to Calogero–Moser–Sutherlandmodels,
and we introduce the associated diffusions. Regarding multivariate special functions, we restrict
our attention to facts that are needed for the transition probabilities and freezing.
We first recapitulate some basic notations on the three classical families of one-dimensional

orthogonal polynomials, which will be needed in this survey. For details, see themonographs.55,90

2.1 The classical one-dimensional orthogonal polynomials

As already mentioned above, the Hermite polynomials (𝐻𝑁)𝑁≥0 are orthogonal w.r.t. the density
𝑒−𝑥

2 .
Moreover, for 𝛼 > −1, the Laguerre polynomials (𝐿(𝛼)𝑁 )𝑁≥0 are orthogonal w.r.t. the density

e−𝑥𝑥𝛼 on ]0,∞[. They have the explicit form

𝐿
(𝛼)
𝑁 (𝑥) =

𝑁∑
𝑗=0

(𝑁 + 𝛼
𝑁 − 𝑗

) (−𝑥)𝑗
𝑗!

(𝑁 ∈ ℕ) (24)

(see (5.1.6)90). By (24), we may form 𝐿
(−1)
𝑁 for 𝑁 ≥ 0 where, by (5.2.1) of Ref. 90,

𝐿
(−1)
𝑁 (𝑥) = −

𝑥

𝑁
𝐿
(1)
𝑁−1(𝑥) (𝑁 ≥ 1). (25)

If 𝑧1 > … > 𝑧𝑁−1 are the𝑁 − 1 zeros of 𝐿
(1)
𝑁−1, we obtain the𝑁 zeros 𝑧1 > … > 𝑧𝑁−1 > 𝑧𝑁 ∶= 0 of

𝐿
(−1)
𝑁 . We shall need the polynomials 𝐿(−1)𝑁 for some degenerate case in Subsections 3.3, 5.4, and
5.5 below.
We finally recapitulate that the Jacobi polynomials (𝑃(𝛼,𝛽)𝑁 )𝑁≥0 with 𝛼, 𝛽 > −1 are orthogonal

polynomials w.r.t. the weights (1 − 𝑥)𝛼(1 + 𝑥)𝛽 on ] − 1, 1[.
We next consider some special functions associatedwith root systems, namely, Bessel functions

related to Dunkl theory and Heckman–Opdam hypergeometric functions. The material is taken
from Refs. 10, 36, 37, 48, 49, 75, 80, 81 and references therein. As we are interested in concrete
examples, we keep the algebraic background to a minimum. We start with root systems.

2.2 Root systems andWeyl chambers

We equip ℝ𝑁 with the usual scalar product ⟨ . , . ⟩, the associated 2-norm ‖.‖, and the standard
basis 𝑒1, … , 𝑒𝑁 . Let 𝑅 ⊂ ℝ𝑁 ⧵ {0} be a possibly not reduced root system on ℝ𝑁 with associated
finite reflection group𝑊, that is, 𝑅 is a finite set of vectors 𝛼, such that the reflections 𝜎𝛼 on the
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VOIT 1239

hyperplanes orthogonal to 𝛼 with

𝜎𝛼(𝑥) = 𝑥 −
2⟨𝛼, 𝑥⟩‖𝛼‖2 𝛼 (𝑥 ∈ ℝ𝑁, 𝛼 ∈ 𝑅)

generate a finite group𝑊 of orthogonal transformations onℝ𝑁 , where for each 𝛼 ∈ 𝑅, 𝜎𝛼(𝑅) = 𝑅.
We here only consider the following crystallographic root systems in ℝ𝑁 :

𝐴𝑁−1 = {±(𝑒𝑖 − 𝑒𝑗); 1 ≤ 𝑖 < 𝑗 ≤ 𝑁},
𝐵𝑁 = {±𝑒𝑖, ±(𝑒𝑖 ± 𝑒𝑗); 1 ≤ 𝑖, 𝑗 ≤ 𝑁, 𝑖 < 𝑗}, (26)

𝐵𝐶𝑁 = {±𝑒𝑖, ±2𝑒𝑖, ±(𝑒𝑖 ± 𝑒𝑗); 1 ≤ 𝑖, 𝑗 ≤ 𝑁, 𝑖 < 𝑗},
𝐷𝑁 = {±(𝑒𝑖 ± 𝑒𝑗) ∶ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁}.

For 𝑅 = 𝐴𝑁−1, the Weyl group𝑊 is just the symmetric group 𝑁 permuting all coordinates, and
for 𝐵𝑁 and 𝐵𝐶𝑁 , the Weyl group𝑊 is the hyperoctahedral group, where in addition sign changes
may appear in all coordinates.
We next fix some positive subsystem 𝑅+ ⊂ 𝑅where we only take the roots in (26) where instead

of the first ±-signs, only the+-signs appear. Moreover, we fix some multiplicity function 𝑘 ∶ 𝑅 →
[0,∞[, that is, a function that is invariant under the action of𝑊 on 𝑅. For the root systems 𝐴𝑁−1
and𝐷𝑁 , we have a single parameter 𝑘 ∈ [0,∞[.Moreover, for𝐵𝑁 , 𝑘 is described by two parameters
(𝑘1, 𝑘2) where 𝑘1, 𝑘2 are the values on the roots ±𝑒𝑖, 𝑒𝑖 ± 𝑒𝑗 , respectively. Finally, for 𝐵𝐶𝑁 , 𝑘 is
described by three parameters (𝑘1, 𝑘2, 𝑘3)where 𝑘1, 𝑘2, 𝑘3 are the values on the roots±𝑒𝑖, ±2𝑒𝑖, 𝑒𝑖 ±
𝑒𝑗 , respectively.
We next fix a Weyl chamber, that is, a closed convex set 𝐶𝑁 ⊂ ℝ𝑁 consisting of representatives

of the orbits under the action of𝑊 onℝ𝑁 . In the case of our examples, we choose these chambers
as

𝐶𝐴𝑁 = {𝑥 ∈ ℝ
𝑁 ∶ 𝑥1 ≥ 𝑥2 ≥ … ≥ 𝑥𝑁}, (27)

𝐶𝐵𝑁 = 𝐶
𝐵𝐶
𝑁 = {𝑥 ∈ ℝ𝑁 ∶ 𝑥1 ≥ 𝑥2 ≥ … ≥ 𝑥𝑁 ≥ 0},
𝐶𝐷𝑁 = {𝑥 ∈ ℝ

𝑁 ∶ 𝑥1 ≥ … ≥ 𝑥𝑁−1 ≥ |𝑥𝑁|}.
Wenow fix𝑅,𝑅+,𝑊, 𝑘, and the associatedWeyl chamber𝐶𝑁 ⊂ ℝ𝑁 and consider the associated

Dunkl and Heckman–Opdam theories.

2.3 Dunkl operators, Bessel functions, and Bessel processes

The Dunkl operators associated with 𝑅 and 𝑘 are defined as

𝑇𝜉(𝑘)𝑓(𝑥) = 𝜕𝜉𝑓(𝑥) +
1

2

∑
𝛼∈𝑅

𝑘(𝛼) ⋅ ⟨𝛼, 𝜉⟩ 1⟨𝛼, 𝑥⟩ (𝑓(𝑥) − 𝑓(𝜎𝛼(𝑥)) (28)

for 𝜉 ∈ ℝ𝑁 and directional derivatives 𝜕𝜉 . The 𝑇𝜉(𝑘) form a commuting family of operators that
are homogeneous of degree −1 on the space of all polynomials in𝑁 variables. Moreover, for each
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1240 VOIT

𝑤 ∈ ℂ𝑁 , the joint eigenvalue problem

𝑇𝜉(𝑘)𝑓 = ⟨𝜉, 𝑤⟩𝑓 (𝜉 ∈ ℂ𝑁) with 𝑓(0) = 1

has a unique holomorphic solution 𝑓(𝑧) = 𝐸𝑘(𝑧, 𝑤) that is called the Dunkl kernel. The kernel 𝐸𝑘
is symmetric in 𝑧, 𝑤 and satisfies

𝐸𝑘(𝑟𝑧, 𝑤) = 𝐸𝑘(𝑧, 𝑟𝑤) for 𝑟 ∈ ℂ and 𝐸𝑘(𝑔𝑧, 𝑔𝑤) = 𝐸𝑘(𝑧, 𝑤) for 𝑔 ∈ 𝑊. (29)

The Bessel function

𝐽𝑘(𝑧, 𝑤) ∶=
1|𝑊| ∑

𝑔∈𝑊

𝐸𝑘(𝑧, 𝑔𝑤)

then is 𝑊-invariant in both arguments, and for 𝑤 ∈ ℂ𝑁 , 𝑔(𝑧) ∶= 𝐽𝑘(𝑧, 𝑤) is the unique
holomorphic solution of the “Bessel system”

𝑝(𝑇𝑒1(𝑘), … , 𝑇𝑒𝑁 (𝑘))𝑔 = 𝑝(𝑤)𝑔 ∀𝑝 ∈ 𝑊 with 𝑔(0) = 1, (30)

where 𝑊 is the algebra of 𝑊-invariant polynomials in 𝑁 variables. Restricted to sufficiently
smooth, 𝑊-invariant functions on ℝ𝑁 , the operators 𝑝(𝑇𝑒1(𝑘), … , 𝑇𝑒𝑁 (𝑘)) are differential oper-
ators. In particular, for 𝑝(𝑥) = 𝑥21 +⋯+ 𝑥2𝑁 , one obtains the Dunkl–Laplacian Δ𝑘 that can be
written explicitly (see, e.g., Ref. 37) as

Δ𝑘𝑓(𝑥) = Δ𝑓(𝑥) + 2
∑
𝛼∈𝑅+

𝑘(𝛼)

(⟨∇𝑓(𝑥), 𝛼⟩⟨𝛼, 𝑥⟩ −
‖𝛼‖2
2

𝑓(𝑥) − 𝑓(𝜎𝛼𝑥)⟨𝛼, 𝑥⟩2
)
. (31)

Note that for𝑊-invariant functions, the reflection parts at the end of this formula disappear. These
symmetric parts will be used in the next section for the root systems 𝐴𝑁−1, 𝐵𝑁, 𝐷𝑁 as generators
of transition semigroups of Feller diffusions on the associated closed Weyl chambers 𝐶𝑁 .
We briefly summarize some properties of the Bessel functions.

Proposition 1. For 𝑥, 𝑦 ∈ ℂ𝑁, 𝜆 ∈ ℂ and 𝑤 ∈ 𝑊,

(1) 𝐽𝑘(𝑥, 𝑦) = 𝐽𝑘(𝑦, 𝑥).
(2) 𝐽𝑘(𝜆𝑥, 𝑦) = 𝐽𝑘(𝑥, 𝜆𝑦) and 𝐽𝑘(𝑥, 𝑤𝑦) = 𝐽𝑘(𝑥, 𝑦).
(3) 𝐽𝑘(𝑥, 𝑦) = 𝐽𝑘(𝑥, 𝑦).
(4) 𝐽𝑘(𝑥, 𝑦) > 0 and |𝐽𝑘(𝑥, 𝑖𝑦)| ≤ 1 for 𝑥, 𝑦 ∈ ℝ𝑁 .
Part (4) follows from the existence of an abstract positive integral representation of 𝐽𝑘 in terms of

exponential functions in Ref. 76. For the root systems𝐴𝑁−1, there exist explicit recursive formulas
for these integral representations that follow from such representations for Jack polynomials; see
Refs. 2, 67, 86 for details. This leads to the following sharp estimate in Ref. 46.

Proposition 2. On 𝐶𝑁 × 𝐶𝑁 ,

𝐽𝐴
𝑘
(𝑥, 𝑦) ∼

𝑒⟨𝑥,𝑦⟩(∏
1≤𝑖<𝑗≤𝑁(1 + (𝑥𝑖 − 𝑥𝑗)(𝑦𝑖 − 𝑦𝑗))

)𝑘 ,
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VOIT 1241

where 𝑓 ∼ 𝑔means that there exist constants 𝑐1, 𝑐2 > 0 (depending on 𝑘) with 𝑐1 ⋅ 𝑓 ≤ 𝑔 ≤ 𝑐2 ⋅ 𝑔.
There are conjectures about such estimates for general root systems in Ref. 46. However, up to

some singular cases for type B in Ref. 78, no explicit integral representations are known; see also
Refs. 82, 84 for related integral representations for type B. Moreover, related estimates for the heat
kernels in the Dunkl setting can be found in Ref. 39.
We also remark that the estimate in Proposition 2 is an exact equality for 𝑥 ∈ ℝ𝟏 or 𝑦 ∈ ℝ𝟏

with 𝟏 = (1, … , 1), whereas this estimate is not in accordance with Theorem 2 for 𝑥, 𝑦 ∈ 𝟏⟂ and
𝑘 → ∞, that is, the dependence of the constants on 𝑘 in Proposition 2 in essential.
We next turn to limits for the Bessel functions for large multiplicities, where these limits

are needed for freezing limits below, and where these limits can be derived from explicit series
representations of these functions in terms of Jack polynomials. We first recapitulate from5:

Theorem 6. For 𝑥, 𝑦 ∈ ℝ𝑁 and 𝑘 ≥ 0,
𝐽𝐴
𝑘
(𝑥, 𝑦) = 𝑒⟨𝜋𝟏(𝑥),𝜋𝟏(𝑦)⟩ ⋅ 𝐽𝐴

𝑘
(𝜋𝟏⟂(𝑥), 𝜋𝟏⟂(𝑦)) = 𝑒

𝑁𝑥̄𝑦̄ ⋅ 𝐽𝐴
𝑘
(𝜋𝟏⟂(𝑥), 𝜋𝟏⟂(𝑦)), (32)

and locally uniformly, for 𝑥, 𝑦 ∈ 𝟏⟂,

lim
𝑘→∞

𝐽𝐴
𝑘
(
√
2𝑘 ⋅ 𝑥, 𝑦) = exp

(‖𝑥‖2‖𝑦‖2
𝑁(𝑁 − 1)

)
. (33)

For the Bessel functions 𝐽𝐵
(𝑘1,𝑘2)

of type 𝐵𝑁 , we have the following limits; see Refs. 6, 7, 9.

Theorem 7.

(1) For all 𝑥, 𝑦 ∈ 𝐶𝐵𝑁 and 𝜈 ≥ 0, locally uniformly,

lim
𝛽→∞

𝐽𝐵
(𝜈⋅𝛽,𝛽)

(
√
𝛽 ⋅ 𝑥, 𝑦) = exp

( ‖𝑥‖2‖𝑦‖2
4𝑁(𝜈 + 𝑁 − 1)

)
.

(2) Let 𝑘1 > 0. Then also locally uniformly for 𝑥, 𝑦 ∈ 𝐶𝐵𝑁 ,

lim
𝛽→∞

𝐽𝐵
(𝑘1,𝛽)

(
√
𝛽 ⋅ 𝑥, 𝑦) = exp

( ‖𝑥‖2‖𝑦‖2
4𝑁(𝑁 − 1)

)
.

(3) Let 𝑘2 > 0. Then,

lim
𝑘1→∞

𝐽𝐵
(𝑘1,𝑘2)

(√
𝑘1𝑥, 𝑦

)
= 𝐽𝐴

𝑘2
(𝑥2∕2, 𝑦2∕2)

locally uniformly in 𝑥, 𝑦 ∈ 𝐶𝐵𝑁 where 𝑥
2 ∶= (𝑥21, … , 𝑥

2
𝑁) ∈ 𝐶

𝐵
𝑁 .

We remark that Theorem 7(3) was derived for 𝑥, 𝑦 ∈ 𝑖 ⋅ ℝ𝑁 with precise estimates for the rate
of convergence in Ref. 82. We expect that such explicit rates are also available for the limits in
Theorems 6 and the further ones in Theorem 7 for 𝑥, 𝑦 ∈ 𝑖 ⋅ ℝ𝑁 .
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1242 VOIT

We next return to the Dunkl–Laplacian in (31) and consider, up to a multiplication by 1∕2 as
usual in probability, its𝑊-invariant part

𝐿𝑘𝑓(𝑥) =
1

2
Δ𝑓(𝑥) +

∑
𝛼∈𝑅+

𝑘(𝛼)
⟨∇𝑓(𝑥), 𝛼⟩⟨𝛼, 𝑥⟩ (34)

on the associated Weyl chamber 𝐶𝑁 where 𝑓 is a Weyl-group invariant 2-function on ℝ𝑁 . It is
well known (see Ref. 75 and also Refs. 80, 81) that 𝐿𝑘, in fact, is the generator of Feller diffusions
(𝑋𝑡,𝑘)𝑡≥0 on 𝐶𝑁 with reflecting boundaries and with the transition probabilities

𝐾𝑘𝑡 (𝑥, 𝐴) = 𝑐𝑘 ∫
𝐴

1

𝑡𝛾+𝑁∕2
𝑒−(‖𝑥‖2+‖𝑦‖2)∕(2𝑡)𝐽𝑘

(
𝑥√
𝑡
,
𝑦√
𝑡

)
⋅ 𝑤𝑘(𝑦) 𝑑𝑦 (35)

for 𝑡 > 0, 𝑥 ∈ 𝐶𝑁 , and 𝐴 ⊂ 𝐶𝑁 a Borel set where the weight function

𝑤𝑘(𝑥) ∶=
∏
𝛼∈𝑅

|⟨𝛼, 𝑥⟩|𝑘(𝛼), (36)

is Weyl-group invariant onℝ𝑁 and homogeneous of degree 2𝛾 with 𝛾 ∶=
∑
𝛼∈𝑅+

𝑘(𝛼), and where
𝑐𝑘 > 0 is a known suitable normalization. The processes (𝑋𝑡,𝑘)𝑡≥0 are called (multivariate) Bessel
processes (or also Dunkl–Bessel processes or invariant Dunkl processes in some references).
For the root system 𝑅 = 𝐴𝑁−1, (34) and the transition data correspond to Equations (5)–(7)

above. Moreover, for the root systems of types B and D, these data will be made explicit in the
Subsections 3.2 and 3.3 below.
The theory of diffusion processes and the generators (34) suggests that the Bessel processes

(𝑋𝑡,𝑘)𝑡≥0 are the strong unique solutions of the SDEs

𝑑𝑋𝑖
𝑡,𝑘
= 𝑑𝐵𝑖𝑡 + 𝑘

∑
𝑗≠𝑖

1

𝑋𝑖
𝑡,𝑘
− 𝑋

𝑗

𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁) (37)

for given initial data with an 𝑁-dimensional Brownian motion (𝐵1𝑡 , … , 𝐵
𝑁
𝑡 )𝑡≥0. In fact, the theory

developed in Ref. 22 implies that for all 𝑘 ≥ 0 and initial data in𝐶𝑁 (even on the boundary), initial
value problems associated with (37) admit unique strong solutions with reflecting boundaries; see
Ref. 45. We also remark that for 𝑘 ≥ 1∕2, the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 never meet the boundary
for 𝑡 > 0 a.s.; see Ref. 25 or Section 4.3 of Ref. 3.
We collect some general facts about Bessel processes.

Proposition 3.

(1) For 𝑦 ∈ ℂ𝑁 , the functions 𝑥 → 𝐽𝑘(𝑥, 𝑦) are eigenfunction of 𝐿𝑘 and thus of the transition
operators 𝑒𝑡𝐿𝑘 with the eigenvalues (𝑥21 +⋯+ 𝑥2𝑁)∕2 and 𝑒

𝑡(𝑥2
1
+⋯+𝑥2𝑁)∕2, respectively.

(2) For each Bessel process (𝑋𝑡,𝑘)𝑡≥0 and each 𝑐 > 0, the process (𝑋√𝑐⋅𝑡,𝑘∕𝑐)𝑡≥0 is also a Bessel
process.

(3) For each Bessel process (𝑋𝑡,𝑘)𝑡≥0 with an arbitrary root system and 𝑘 ≥ 0, the process (‖𝑋𝑡,𝑘‖)𝑡≥0
on [0,∞[ is a classical Bessel process, that is, of type 𝐵1, where the parameter 𝑘2 does not appear,
and where 𝑘1 = 𝛾 + (𝑁 − 1)∕2 holds.
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VOIT 1243

In fact, part (1) is obvious by construction, (2) is clear by the explicit transition probabilities in
(35), and for (3), we refer to Ref. 80 for an analytic proof. We mention that (2) and (3) also follow
from the SDE (37); see, for example, Refs. 23, 46.
We next consider the theory of Heckman and Opdam; cf. Refs. 48, 49, 88.

2.4 Heckman–Opdam hypergeometric functions and associated
diffusions

The Cherednik operators associated with some positive root system 𝑅+ and multiplicity 𝑘 ≥ 0 are

𝐷𝜉(𝑘)𝑓(𝑥) = 𝜕𝜉𝑓(𝑥) +
∑
𝛼∈𝑅+

𝑘(𝛼)⟨𝛼, 𝜉⟩
1 − 𝑒−⟨𝛼,𝑥⟩ (𝑓(𝑥) − 𝑓(𝜎𝛼(𝑥)) − ⟨𝜌(𝑘), 𝜉⟩𝑓(𝑥) (38)

for 𝜉 ∈ ℝ𝑁 , with the weighted half-sum of positive roots 𝜌(𝑘) ∶= 1

2

∑
𝛼∈𝑅+

𝑘(𝛼)𝛼. The𝐷𝜉(𝑘), 𝜉 ∈
ℝ𝑁 , commute, and for each 𝜆 ∈ ℂ𝑁 , there is a unique analytic function 𝐺(𝜆, 𝑘; . ) on some 𝑊-
invariant tubular neighborhood of ℝ𝑁 in ℂ𝑁 , the so-called Opdam–Cherednik kernel, which
satisfies

𝐺(𝜆, 𝑘; 0) = 1 and 𝐷𝜉(𝑘)𝐺(𝜆, 𝑘; . ) = ⟨𝜆, 𝜉⟩𝐺(𝜆, 𝑘; . ) for all 𝜉 ∈ ℝ𝑁. (39)

The hypergeometric function associated with 𝑅 is defined by

𝐹(𝜆, 𝑘; 𝑧) =
1|𝑊| ∑

𝑤∈𝑊

𝐺
(
𝜆, 𝑘; 𝑤−1𝑧

)
. (40)

In contrast to𝐺, the function 𝐹 does not depend of the choice of 𝑅+. The hypergeometric function
has the following properties:

Proposition 4.

(1) For 𝑧 ∈ ℂ𝑁 , 𝐹(−𝜌(𝑘), 𝑘; 𝑧) = 1.
(2) For 𝑧, 𝜆 ∈ ℝ𝑁 , 𝐹(𝜆, 𝑘; 𝑧) > 0.
(3) |𝐹(𝜆, 𝑘; 𝑧)| ≤ 1 for 𝑧 ∈ ℝ𝑁 and 𝜆 ∈ 𝑖 ⋅ ℝ𝑁 ∪ [0, 1] ⋅ 𝜌(𝑘).
Part (3) can be considerably improved; we refer to Refs. 64, 79, 88 and references there. In par-

ticular, similar to the 𝐴𝑁−1-Bessel case, integral representations for 𝐹(𝜆, 𝑘; 𝑧) in the case 𝐴𝑁−1
(see Refs. 67, 86) lead to sharp estimates for 𝐹(𝜆, 𝑘; 𝑧) that correspond to Proposition 2; see Ref.
47. Such integral representations are also available for some 𝐵𝐶𝑁-cases; see Refs. 83, 87.
Moreover, Theorem 7(3) also has the following analog; see Theorem 5.1 of Ref. 79.

Theorem 8. For 𝑡 ∈ ℝ𝑁 and locally uniformly for 𝜆 ∈ ℂ𝑁 ,

lim
𝑘1+𝑘2→∞

𝑘1∕𝑘2 →∞

𝐹𝐵𝐶(𝜆 + 𝜌𝐵𝐶(𝑘), 𝑘; 𝑡) =

𝑁∏
𝑖=1

(
cosh

2 𝑡𝑖
2

)𝜋𝟏(𝜆)
⋅ 𝐹𝐴

(
𝜋𝟏⟂(𝜆) + 𝜌𝐴(𝑘3), 𝑘3; 𝜋𝟏⟂

(
ln cosh

2 𝑡

2

))
,

where all occurring functions are applied in all components.
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1244 VOIT

It is an interesting question whether the other limits in Theorems 6 and 7 have also analogs for
Heckman–Opdam hypergeometric functions.
We next consider the Heckman–Opdam Laplacian

Δ𝑘𝑓 ∶=

𝑁∑
𝑗=1

𝐷𝜉𝑗 (𝑘)
2𝑓 − ‖𝜌(𝑘)‖2𝑓 (41)

with some orthonormal basis 𝜉1, … , 𝜉𝑁 ofℝ𝑁 where Δ𝑘 is independent of the choice of this basis.
By Ref. 88, the restriction 𝐿𝑘 of Δ𝑘 to𝑊-invariant functions is the differential operator

𝐿𝑘𝑓(𝑥) = Δ𝑓(𝑥) +
∑
𝛼∈𝑅+

𝑘(𝛼) coth

(⟨𝛼, 𝑥⟩
2

)
⋅ 𝜕𝛼𝑓(𝑥). (42)

𝐿𝑘 is the generator of a Feller diffusion on the associated closed Weyl chamber 𝐶𝑁 ⊂ ℝ𝑁 with
reflecting boundaries as in the Bessel cases. These diffusions are called noncompact Heckman–
Opdam diffusions. Notice that by construction, for all 𝜆 ∈ ℂ𝑛, the functions 𝐹(𝜆, 𝑘; . ) are
eigenfunctions of 𝐿𝑘 with eigenvalues

𝑁∑
𝑗=1

⟨𝜆, 𝜉𝑗⟩2 − ‖𝜌(𝑘)‖2.
Explicit formulas for the transition densities are more involved than in the Bessel case. We

here follow Refs. 88, 89 and write these densities by using an integral representation in terms of
the eigenfunctions 𝐹(𝑖𝜆, 𝑘; . ) (𝜆 ∈ ℝ𝑁) and the associated Plancherel measure

𝑑𝜈𝑘(𝜆) = 𝑐𝑘 ⋅
∏
𝛼∈𝑅+

Γ
(⟨𝜆, 𝛼∨⟩ + 𝑘(𝛼) + 1

2
𝑘(𝛼∕2)

)
⋅ Γ
(
−⟨𝜆, 𝛼∨⟩ + 𝑘(𝛼) + 1

2
𝑘(𝛼∕2)

)
Γ
(⟨𝜆, 𝛼∨⟩ + 1

2
𝑘(𝛼∕2)

)
⋅ Γ
(
−⟨𝜆, 𝛼∨⟩ + 1

2
𝑘(𝛼∕2)

) 𝑑𝜆 (43)

with 𝛼∨ ∶= 2𝛼⟨𝛼,𝛼⟩ and some constant 𝑐𝑘 > 0 where we agree that 𝑘(𝛼∕2) = 0 for 𝛼∕2 ∉ 𝑅. The
transition probabilities of the Heckman–Opdam diffusions are then given by

𝐾𝑘𝑡 (𝑥, 𝐴) = ∫
𝐴

(
∫
𝑖𝐶𝑁

𝑒−𝑡(‖𝜆‖2+‖𝜌(𝑘)‖2)∕2𝐹(𝜆, 𝑘; 𝑥)𝐹(𝜆, 𝑘; −𝑦) 𝑑𝜈𝑘(𝜆)
)
𝑤𝑘(𝑦) 𝑑𝑦 (44)

with the weight function

𝑤𝑘(𝑥) ∶=
∏
𝛼∈𝑅+

|||2 sinh
(⟨𝛼, 𝑥⟩

2

)|||2𝑘(𝛼). (45)

This representation of the transition probabilities via an inverse spherical Fourier transform is
complicated and does not seem to be very useful for freezing limits. However, this representation
and Theorem 8 can be used for a CLT for Heckman–Opdam processes of type BC with the distri-
butions of Heckman–Opdam processes of type A as limits in special situations that are connected

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



VOIT 1245

with noncompact Grassmannmanifolds. The details are omitted here; we refer to Section 5 of Ref.
12. A similar and simpler result for Bessel processes will be given in Theorem 15 below.
We next turn to the compact Heckman–Opdam case where the associated special functions are

trigonometric polynomials, the so-called Heckman–Opdam polynomials. To introduce them, we
need the weight lattice and the set of dominant weights associated with 𝑅+, that is,

𝑃 = {𝜆 ∈ ℝ𝑁 ∶ ⟨𝜆, 𝛼∨⟩ ∈ ℤ ∀𝛼 ∈ 𝑅 }, 𝑃+ = {𝜆 ∈ 𝑃 ∶ ⟨𝜆, 𝛼∨⟩ ≥ 0 ∀𝛼 ∈ 𝑅+ } ⊃ 𝑅+,
where 𝑃+ is equipped with the dominance order, that is, 𝜇 ≤ 𝜆 means that 𝜆 − 𝜇 ∈ spanℤ+(𝑅+).
Let

 ∶= spanℂ{𝑒𝑖𝜆, 𝜆 ∈ 𝑃}

be the space of trigonometric polynomials associated with 𝑅. The orbit sums

𝑀𝜆(𝑥) =
∑
𝜇∈𝑊𝜆

𝑒𝑖⟨𝜇,𝑥⟩ , 𝜆 ∈ 𝑃+

form a basis of the subspace  𝑊 of𝑊-invariant polynomials in  . For 𝑄∨ ∶= spanℤ{𝛼∨, 𝛼 ∈ 𝑅},
consider the compact torus 𝑇 = ℝ𝑁∕2𝜋𝑄∨ with the weight function

𝑤̂𝑘(𝑥) ∶=
∏
𝛼∈𝑅+

|||||2 sin
(⟨𝛼, 𝑥⟩

2

)|||||
2𝑘(𝛼)

. (46)

The Heckman–Opdam polynomials associated with 𝑅+ and 𝑘 are now defined by

𝑃𝜆(𝑘; 𝑧) = 𝑀𝜆(𝑧) +
∑
𝜈<𝜆

𝑐𝜆𝜈(𝑘)𝑀𝜈(𝑧) (𝜆 ∈ 𝑃+ , 𝑧 ∈ ℂ
𝑁), (47)

where the coefficients 𝑐𝜆𝜈(𝑘) ∈ ℝ are uniquely determined by the condition that 𝑃𝜆(𝑘; . ) is
orthogonal to 𝑀𝜈 in 𝐿2(𝑇, 𝑤̂𝑘) for all 𝜈 ∈ 𝑃+ with 𝜈 < 𝜆. It is known that {𝑃𝜆(𝑘, . ), 𝜆 ∈ 𝑃+ } is
an orthogonal basis of the space 𝐿2(𝑇, 𝑤̂𝑘)𝑊 of all𝑊-invariant functions in 𝐿2(𝑇, 𝑤𝑘). Then, by
Ref. 49, the normalized polynomials

𝑅𝜆(𝑘, 𝑧) ∶= 𝑃𝜆(𝑘; 𝑧)∕𝑃𝜆(𝑘; 0)

can be expressed in terms of the hypergeometric function as

𝑅𝜆(𝑘, 𝑧) = 𝐹(𝜆 + 𝜌(𝑘), 𝑘; 𝑖𝑧). (48)

Note that our notion slightly differs from Refs. 48, 49 where the 𝑃𝜆 are defined as exponential
polynomials on the torus 𝑖ℝ𝑁∕2𝜋𝑖𝑄∨. We now take the factor 𝑖 in (48) into account and consider
the “compact” Heckman–Opdam Laplacian

𝐿̂𝑘𝑓(𝑥) ∶= Δ𝑓(𝑥) +
∑
𝛼∈𝑅+

𝑘(𝛼) cot

(⟨𝛼, 𝑥⟩
2

)
⋅ 𝜕𝛼𝑓(𝑥). (49)
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1246 VOIT

𝐿̂𝑘 generates a Feller diffusion on any fixed compact fundamental alcove ⊂ ℝ𝑁 associated with
the affine Weyl group𝑊𝑎𝑓𝑓 = 𝑊 ⋉ 2𝜋𝑄∨, where we again assume reflecting boundaries. The 𝑅𝜆
and 𝑃𝜆 have the following properties:

Proposition 5.

(1) For all 𝜆, 𝜈 ∈ 𝑃+, the coefficients 𝑐𝜆𝜈(𝑘) in the representation (47) of 𝑃𝜆 are rational in 𝑘(𝛼) and
nonnegative for 𝑘 ≥ 0.

(2) |𝑅𝜆(𝑥)| ≤ 𝑅𝜆(0) = 1 for all 𝜆 ∈ 𝑃+ and 𝑥 ∈ ℝ𝑁 .
(3) 𝑅𝜆 is an eigenfunction of 𝐿̂𝑘 with eigenvalue −⟨𝜆, 𝜆 + 2𝜌(𝑘)⟩ ≤ 0 for 𝜆 ∈ 𝑃+.
In fact, (1) is shown in Ref. 62, (1) implies (2), and (3) is clear by construction. We point out that

the 𝑐𝜆𝜈(𝑘) as well as the usual 𝐿2-norms of the polynomials 𝑃𝜆 and 𝑅𝜆 in 𝐿2(, 𝑤̂𝑘) are explicitly
known; see, in particular, Ref. 48 and also Section 2 of Ref. 71. The 𝐿2-norms of the𝑅𝜆 appear in the
series representation of the transition densities of the Feller diffusions associated with 𝐿̂𝑘. More
precisely, by Section 3 of Ref. 71, we have the following transition probabilities that are analog to
the noncompact case in (44):

𝐾̂𝑘𝑡 (𝑥, 𝐴) = ∫
𝐴

∑
𝜆∈𝑃+

1‖𝑅𝜆‖2 𝑒−⟨𝜆,𝜆+2𝜌(𝑘)⟩𝑡𝑅𝜆(𝑥)𝑅𝜆(−𝑦) ⋅ 𝑤̂𝑘(𝑦) 𝑑𝑦 (50)

for 𝑡 > 0, 𝑥 ∈ , and a Borel set 𝐴 ⊂  where the series in the integral converges absolutely and
uniformly. Moreover, the probability measure 1

∫ 𝑤̂𝑘(𝑥) 𝑑𝑥
⋅ 𝑤̂𝑘(𝑦)𝑑𝑦 on is the unique stationary

measure associated with these transition probabilities, and the kernels in (50) converge uniformly
for 𝑡 → ∞ to that of the stationary measure, that is, we in particular have weak convergence here.
All data of the preceding equations can be made explicit for the root systems of type A and BC.

In particular, in the BC-case, the 𝑃𝜆 are multivariate Jacobi polynomials, the associated Feller dif-
fusions are multivariate Jacobi processes as studied, for example, in Refs. 14, and the stationary
measures belong to 𝛽-Jacobi ensembles after some transformation. For some discrete parameters,
these Jacobi processes have an interpretation in terms of Brownian motions on compact Grass-
mannmanifolds overℝ,ℂ, and the quaternionsℍ. Moreover, like for MANOVA ensembles in the
stationary case, they are related to Brownian motions on unitary groups over ℝ,ℂ,ℍ; see Ref. 33
for details. More details on Jacobi processes will be given in Subsections 3.4 and 5.8.
For the root system𝐴𝑁−1, the 𝑃𝜆 are symmetric Jack polynomials. As this case involves particle

processes on the torus, freezing limits here have a different form. For this reason, we skip this case
in this paper. For some related results here, see, for example, Ref. 73.
We finally remark that the limit result (Theorem 8) can be specialized for the corresponding

Heckman–Opdam polynomials 𝑅𝜆. We refer to Ref. 60 and Theorem 4.2 of Ref. 79.

3 FREEZING LIMITS VIA THE DISTRIBUTIONS OF THE
PROCESSES

In this section, we derive freezing limits for Bessel processes of types A, B, and D as well as for the
compact stationary BC-case, that is, for 𝛽-Jacobi ensembles, by using the explicit distributions.
We first turn to Bessel processes of type A that were already presented in the introduction.
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VOIT 1247

3.1 Freezing limits for Bessel processes of type A

Let (𝑋𝑡,𝑘)𝑡≥0 be a Bessel process of type A starting in 0 ∈ 𝐶𝐴𝑁 . Then the densities of 𝑋𝑡,𝑘 in (9) and
(10) in combination with Lemma 1 on the unique maxima of these densities imply readily that

lim
𝑘→∞

𝑋𝑡,𝑘√
2𝑡𝑘

= 𝐳 (𝑘 → ∞) (51)

with the vector 𝐳 = (𝑧1, … , 𝑧𝑁) consisting of the ordered zeros of𝐻𝑁 ; cf. Ref. 5. This result may be
seen as a first step to the CLT 1. We next turn to the proof of this CLT in Ref. 97 where w.l.o.g. we
may assume 𝑡 = 1. The random variables 𝑋1,𝑘 −

√
2𝑘 ⋅ 𝐳 have the density

𝑓𝐴
𝑘
(𝑦) = 𝑐𝐴

𝑘
⋅ exp

(
−‖𝑦‖2∕2 −√2𝑘⟨𝑦, 𝐳⟩ − 𝑘‖𝐳‖2 + 2𝑘∑

𝑖<𝑗

ln
(√

2𝑘(𝑧𝑖 − 𝑧𝑗)
))

(52)

× exp
⎛⎜⎜⎝2𝑘

∑
𝑖<𝑗

ln
⎛⎜⎜⎝1 +

𝑦𝑖 − 𝑦𝑗√
2𝑘(𝑧𝑖 − 𝑧𝑗)

⎞⎟⎟⎠
⎞⎟⎟⎠

=∶ 𝑐𝐴
𝑘
⋅ ℎ𝑘(𝑦) (53)

on the shifted cone 𝐶𝐴𝑁 −
√
2𝑘 ⋅ 𝐳 with 𝑓𝐴

𝑘
(𝑦) = 0 otherwise on ℝ𝑁 where by the Taylor formula

for ln(1 + 𝑥), and by Lemma 1(2),

ℎ𝑘(𝑦) = exp
⎛⎜⎜⎝−‖𝑦‖2∕2 −

√
2𝑘⟨𝑦, 𝐳⟩ + 2𝑘∑

𝑖<𝑗

ln
⎛⎜⎜⎝1 +

𝑦𝑖 − 𝑦𝑗√
2𝑘(𝑧𝑖 − 𝑧𝑗)

⎞⎟⎟⎠
⎞⎟⎟⎠ (54)

=exp

(
−‖𝑦‖2∕2 − 1

2

∑
𝑖<𝑗

(𝑦𝑖 − 𝑦𝑗)
2

(𝑧𝑖 − 𝑧𝑗)2
+ 𝑂(𝑘−1∕2)

)
. (55)

This yields that these densities tend locally uniformly to the densities of the normal distributions
in Theorem 1 up to the positive multiplicative normalization constants. To handle the normaliza-
tions, one has to use (8), Stirling’s formula, and a dominated convergence argument that finally
lead to weak convergence of probability measures. It was recently remarked in Ref. 50 that the
weak convergence can be also obtained from the following well-known result on the Laplace
method in asymptotic analysis; see Ch. IX of Ref. 103 or Theorem 41 and Lemma 38 in Ref. 19.

Theorem 9. Let 𝜙 ∈ 𝐶2(𝐷) and 𝜓 ∈ 𝐶0(𝐷) be functions with 𝜙, 𝜓 ≥ 0 on some domain 𝐷 ⊂ ℝ𝑁
with the following properties:

(1) 𝜙 has a unique global maximum at 𝑧 ∈ 𝐷 such that for every neighborhood 𝑉 of 𝑧,

sup{𝜙(𝑥) ∶ 𝑥 ∈ 𝐷 ⧵ 𝑉} < 𝜙(𝑧).

(2) 𝜙 has a negative definite Hessian matrix𝐻𝜙(𝑧) in 𝑧.
(3) The Lebesgue integrals ∫

𝐷
𝜓(𝑥)𝜙(𝑥)𝑘 𝑑𝑥 (𝑘 ∈ ℕ) exist and converge for 𝑘 → ∞.

(4) 𝜓(𝑧) > 0.
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1248 VOIT

Then,

lim
𝑘→∞∫

𝐷

𝜓(𝑥)𝜙(𝑥)𝑘 𝑑𝑥 ⋅

(
2𝜋

𝑘

)−𝑁∕2
⋅
det(−𝐻ln𝜙(𝑧))

1∕2

𝜓(𝑧)𝜙(𝑧)𝑘
= 1.

The approach above to the CLT 1 implies in addition that the inverse covariancematrices satisfy
det 𝑆𝑁 = 𝑁!. This observation was the motivation to derive the eigenvalues and eigenvectors of
𝑆𝑁 in Ref. 9. For this, consider the finite orthogonal polynomials {𝑄(𝑁)𝑛 }𝑁−1𝑛=0 that are orthogonal
w.r.t. the empirical measures

𝜇𝑁 ∶=
1

𝑁
(𝛿𝑧1 +⋯+ 𝛿𝑧𝑁 ) ∈ 𝑀

1(ℝ) (56)

of the zeros of 𝐻𝑁 where these polynomials are determined uniquely up to multiplicative con-
stants; for the theory of (finite) orthogonal polynomials, see, for example, Ref. 55. We then have
the following result by Theorem 3.1 of Ref. 9 and Proposition 2.4 of Ref. 4.

Theorem 10. The matrix 𝑆𝑁 from Theorem 1 has the eigenvalues 𝜆𝑛 = 𝑛 with the eigenvectors(
𝑄
(𝑁)
𝑛−1(𝑧1), … , 𝑄

(𝑁)
𝑛−1(𝑧𝑁)

)𝑇
for 𝑛 = 1,… ,𝑁. Moreover, the monic orthogonal polynomials {𝑄̂(𝑁)𝑛 }𝑁−1𝑛=0 satisfy the three-term
recurrence

𝑄̂
(𝑁)
0 = 1, 𝑄̂

(𝑁)
1 (𝑥) = 𝑥, 𝑄̂

(𝑁)
𝑛+1(𝑥) = 𝑥𝑄̂

(𝑁)
𝑛 (𝑥) −

(
𝑁 − 𝑛

2

)
𝑄̂
(𝑁)
𝑛−1(𝑥) (𝑛 = 1,… ,𝑁 − 2). (57)

These results were used in Ref. 4 to compute the entries of the matrices Σ𝑁 from Theorem 1;
see also Section 4 for a systematic approach.

Theorem 11. The covariance matrices Σ𝑁 = (𝜎2𝑖,𝑗)𝑖,𝑗=1,…,𝑁 from Theorem 1 satisfy

𝜎2
𝑖,𝑗
= (−1)𝑖+𝑗

∑𝑁−1

𝑘=0

𝐻𝑘(𝑧𝑖)𝐻𝑘(𝑧𝑗)

2𝑘𝑘!(𝑁−𝑘)√∑𝑁−1

𝑘=0

(𝐻𝑘(𝑧𝑖))2

2𝑘𝑘!

∑𝑁−1

𝑙=0

(𝐻𝑙(𝑧𝑗))2

2𝑙𝑙!

. (58)

Remark 1.

(1) The CLT 1.2 was proved earlier by Dumitriu and Edelman35 via their tridiagonal random
matrix models in Ref. 34 for 𝛽-Hermite ensembles, where in the diagonal iid 𝑁(0, 1)-
distributed and on the second diagonal suitable gamma-distributed independent random
variables appear. Here the well-known convergence of gamma distributions to normal dis-
tributions after normalization leads to Theorem 1.2 where the entries of Σ𝑁 = (𝜎2𝑖,𝑗)𝑖,𝑗=1,…,𝑁
satisfy

𝜎2
𝑖,𝑗
=

∑𝑁−1

𝑙=0
𝐻̃2
𝑙
(𝑧𝑖)𝐻̃

2
𝑙
(𝑧𝑗) +

∑𝑁−2

𝑙=0
𝐻̃𝑙+1(𝑧𝑖)𝐻̃𝑙(𝑧𝑖)𝐻̃𝑙+1(𝑧𝑗)𝐻̃𝑙(𝑧𝑗)∑𝑁−1

𝑙=0
𝐻̃2
𝑙
(𝑧𝑖) ⋅

∑𝑁−1

𝑙=0
𝐻̃2
𝑙
(𝑧𝑗)

(59)
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VOIT 1249

with the orthonormal Hermite polynomials

𝐻̃𝑛(𝑥) =
1

2𝑛∕2
√
𝑛!
𝐻𝑛(𝑥) (𝑛 ≥ 0) (60)

w.r.t. the probability measure 𝜋−1∕2𝑒−𝑥2 on ℝ. For small dimensions 𝑁, numerical computa-
tions confirm (59) = (58), but to the knowledge of the author, there is no analytic direct proof
for this identity for general 𝑖, 𝑗, 𝑁 at present.

(2) Theorem 1 is also proved in a different way by Gorin and Kleptsyn.43 They also obtain (58)
by induction on the dimension𝑁 and by classical formulas for the distributions of 𝛽-Hermite
ensembles w.r.t. Gelfand–Tsetlin bases; see also Ref. 48.

(3) The approaches to (58) in Refs. 4 and 43 are based on the orthogonal polynomials {𝑄(𝑁)𝑛 }𝑁−1𝑛=0 .
It turns out that these polynomials are just the dual polynomials of the Hermite polynomials
in the sense of de Boor and Saff16 that are also studied in Refs. 55, 95. It turns out that this
duality is a tool that also works for Bessel processes of type B and for 𝛽-Jacobi ensembles,
where the classical Laguerre and Jacobi polynomials, respectively, appear instead of Hermite
polynomials. We explain this in Section 4.

Equations (59) and (58) can be used in combination with the classical formula of Plancherel–
Rotach on the largest zeroes of Hermite polynomials to derive limits for 𝑁 → ∞ in the freezing
case; see Refs. 4, 35, 43. For this, consider the Airy function 𝖠𝗂 that satisfies 𝑦′′(𝑥) = 𝑥 ⋅ 𝑦(𝑥) and
lim𝑥→∞ 𝖠𝗂(𝑥) = 0. All zeros of 𝖠𝗂 are negative. For details on 𝖠𝗂, we refer to Ref. 93.
Let 𝑎𝑟 < 0 be the 𝑟th largest zero of 𝖠𝗂 (𝑟 ∈ ℕ). Then, by a classical formula of Plancherel–

Rotach (see, e.g., Ref. 91),

𝑧𝑁−𝑟+1√
2𝑁

= 1 −
|𝑎𝑟|
2𝑁

2

3

+ 𝑂(𝑁−1) (𝑁 → ∞). (61)

Then the following holds.

Theorem 12. Let 𝑟 ∈ ℕ. For𝑁 ≥ 𝑟, consider the Bessel processes
(𝑋𝑁
𝑡,𝑘
)𝑡≥0 = (𝑋𝑁𝑡,𝑘,1), … , 𝑋𝑁𝑡,𝑘,𝑁))𝑡≥0

of type 𝐴𝑁−1 with start in 0 ∈ ℝ𝑁 . Then, for 𝑡 > 0,

lim
𝑁→∞

(
lim
𝑘→∞

𝑁
1

6

√
2𝑘

(
𝑋𝑁
𝑡,𝑘,𝑁−𝑟+1√
2𝑘𝑡

− 𝑧𝑁−𝑟+1

))
= 𝐺𝑟 (62)

in distribution with some𝑁(0, 𝜎2𝑚𝑎𝑥,𝑟)-distributed random variable 𝐺𝑟 with variance

𝜎2𝑚𝑎𝑥,𝑟 = ∫
∞

0

𝖠𝗂(𝑥 + 𝑎𝑟)
2

𝖠𝗂′(𝑎𝑟)2𝑥
𝑑𝑥 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0.834… for 𝑟 = 1
0.582… for 𝑟 = 2
0.472… for 𝑟 = 3
0.407… for 𝑟 = 4
… .

(63)
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1250 VOIT

In particular, the variances 𝜎2𝑚𝑎𝑥,𝑟 tend to 0 for 𝑟 → ∞.

A corresponding result for 𝑟 = 1was stated in Corollary 3.4 of Ref. 35 based on the covariances
(59), where there

𝜎2𝑚𝑎𝑥,1 = 2
∫ ∞
0
𝖠𝗂4(𝑥 + 𝑎1)𝑑𝑥(∫ ∞

0
𝖠𝗂2(𝑥 + 𝑎1)𝑑𝑥

)2 = 2∫ ∞

0

(
𝖠𝗂(𝑥 + 𝑎1)

𝖠𝗂′(𝑎1)

)4
𝑑𝑥 (64)

appears. A numerical computation confirms (63)=(64) for 𝑟 = 1, but we have no direct analytic
proof for this.
Theorem 12 should also be compared with the freezing results in Ref. 70, where first 𝑁 → ∞

and then the freezing limit is taken.
We next turn to Bessel processes of type B and 𝛽-Laguerre ensembles.

3.2 Freezing limits for Bessel processes of type B

We here start with somemultiplicity 𝑘 = (𝑘1, 𝑘2), theWeyl chamber 𝐶𝐵𝑁 ∶= {𝑥 ∈ ℝ
𝑁 ∶ 𝑥1 ≥ 𝑥2 ≥

… ≥ 𝑥𝑁 ≥ 0} of type B as state space, and the generators

𝐿𝑓 ∶=
1

2
Δ𝑓 + 𝑘2

𝑁∑
𝑖=1

∑
𝑗≠𝑖

(
1

𝑥𝑖 − 𝑥𝑗
+

1

𝑥𝑖 + 𝑥𝑗

)
𝜕

𝜕𝑥𝑖
𝑓 + 𝑘1

𝑁∑
𝑖=1

1

𝑥𝑖

𝜕

𝜕𝑥𝑖
𝑓. (65)

The transition probabilities are given by

𝐾𝑡,𝑘(𝑥, 𝐴) = 𝑐
𝐵
𝑘 ∫

𝐴

1

𝑡𝛾𝐵+𝑁∕2
𝑒−(‖𝑥‖2+‖𝑦‖2)∕(2𝑡)𝐽𝐵

𝑘

(
𝑥√
𝑡
,
𝑦√
𝑡

)
⋅ 𝑤𝐵

𝑘
(𝑦) 𝑑𝑦 (66)

with

𝑤𝐵
𝑘
(𝑥) ∶=

∏
𝑖<𝑗

(
𝑥2
𝑖
− 𝑥2

𝑗

)2𝑘2
⋅

𝑁∏
𝑖=1

𝑥
2𝑘1
𝑖
, (67)

𝛾𝐵 = 𝑘2𝑁(𝑁 − 1) + 𝑘1𝑁, and with the Macdonald–Mehta–Opdam-type normalization

𝑐𝐵
𝑘
∶=

(
∫
𝐶𝐵𝑁

𝑒−‖𝑦‖2∕2𝑤𝐵
𝑘
(𝑦) 𝑑𝑦

)−1
(68)

=
𝑁!

2𝑁(𝑘1+(𝑁−1)𝑘2−1∕2)
⋅

𝑁∏
𝑗=1

Γ(1 + 𝑘2)

Γ(1 + 𝑗𝑘2)Γ
(
1

2
+ 𝑘1 + (𝑗 − 1)𝑘2

) .
Please notice that for 𝑥 = 0, the densities in (66) are the well-known densities for 𝛽-Laguerre
ensembles that can be realized via the tridiagonal random matrix models of Dumitriu and
Edelman.26
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VOIT 1251

Our first freezing limit concerns the case (𝑘1, 𝑘2) = (𝜈 ⋅ 𝛽, 𝛽)with 𝜈 > 0 fixed and 𝛽 → ∞where
the limits are described in terms of the Laguerre polynomial 𝐿(𝜈−1)𝑁 . We start with the following
facts about the zeros of 𝐿(𝜈−1)𝑁 , which is analog to Lemma 1; see Section 6.7 of Ref. 90 or 6.

Lemma 3. Let 𝜈 > 0. For 𝑟 ∈ 𝐶𝐵𝑁 , the following statements are equivalent:

(1) The function𝑊𝐵(𝑦) ∶= 2
∑
𝑖<𝑗
ln(𝑦2

𝑖
− 𝑦2

𝑗
) + 2𝜈

∑
𝑖
ln 𝑦𝑖 − ‖𝑦‖2∕2 is maximal at 𝑟 ∈ 𝐶𝐵𝑁 .

(2) For 𝑖 = 1, … ,𝑁, the vector 𝑟 = (𝑟1, … , 𝑟𝑁) satisfies

1

2
𝑟𝑖 =

∑
𝑗∶𝑗≠𝑖

2𝑟𝑖

𝑟2
𝑖
− 𝑟2

𝑗

+
𝜈

𝑟𝑖
=
∑
𝑗∶𝑗≠𝑖

(
1

𝑟𝑖 − 𝑟𝑗
+

1

𝑟𝑖 + 𝑟𝑗

)
+
𝜈

𝑟𝑖
(𝑖 = 1, … ,𝑁).

(3) If 𝑧(𝜈−1)1 ≥ … ≥ 𝑧(𝜈−1)𝑁 are the ordered zeros of 𝐿(𝜈−1)𝑁 , then

2
(
𝑧
(𝜈−1)
1 , … , 𝑧

(𝜈−1)
𝑁

)
=
(
𝑟21, … , 𝑟

2
𝑁

)
. (69)

Lemma 3 and Theorem 7(1) lead to the following CLT with arbitrary starting points similar to
Theorem 3 where here the statement is even simpler, as no direct product situation appears. For
the proof, see Ref. 97 where some details can be simplified by the Laplace method in Theorem 9.

Theorem 13. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐵𝑁 on 𝐶𝐵𝑁 for 𝑘 = (𝑘1, 𝑘2) = (𝜈 ⋅ 𝛽, 𝛽)
with 𝜈 > 0 fixed and with some fixed starting point 𝑥 ∈ 𝐶𝐵𝑁 . Then, for each 𝑡 > 0, and for the vector
𝑟 ∈ 𝐶𝐵𝑁 from Lemma 3,

𝑋𝑡,(𝜈⋅𝛽,𝛽)√
𝑡

−
√
𝛽 ⋅ 𝑟

converges for 𝛽 → ∞ to the 𝑁-dimensional normal distribution 𝑁(0, Σ𝑁) where Σ−1𝑁 =∶ 𝑆𝑁 =

(𝑠𝑖,𝑗)𝑖,𝑗=1,…,𝑁 satisfies

𝑠𝑖,𝑗 ∶=

{
1 +

2𝜈

𝑟2
𝑖

+ 2
∑
𝑙≠𝑖(𝑟𝑖 − 𝑟𝑙)−2 + 2

∑
𝑙≠𝑖(𝑟𝑖 + 𝑟𝑙)−2 for 𝑖 = 𝑗

2(𝑟𝑖 + 𝑟𝑗)
−2 − 2(𝑟𝑖 − 𝑟𝑗)

−2 for 𝑖 ≠ 𝑗 . (70)

Moreover, 𝑑𝑒𝑡 𝑆𝑁 = 𝑁! ⋅ 2𝑁 .

Again, the eigenvalues and eigenvectors of 𝑆𝑁 can be determined via finite orthogonal
polynomials; see Ref. 9. For this, we introduce the measures

𝜇𝑁,𝜈 ∶=
1

𝑁(𝑁 + 𝜈 − 1)

(
𝑧
(𝜈−1)
1,𝑁 𝛿

𝑧
(𝜈−1)
1,𝑁

+⋯+ 𝑧
(𝜈−1)
𝑁,𝑁 𝛿

𝑧
(𝜈−1)
𝑁,𝑁

)
. (71)

As
∑𝑁

𝑘=1
𝑧
(𝜈−1)
𝑘,𝑁

= 𝑁(𝑁 + 𝜈 − 1) by Appendix C of Ref. 6, these measures are probability mea-

sures. We now define the unique associated orthogonal polynomials (𝑄(𝑁,𝜈)𝑛 )𝑛=0,…,𝑁−1 with
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1252 VOIT

deg 𝑄
(𝑁,𝜈)
𝑛 = 𝑛, positive leading coefficients, and normalization

𝑁∑
𝑖=1

𝑧
(𝜈−1)
𝑖,𝑁

𝑄
(𝑁,𝜈)
𝑘

(
𝑧
(𝜈−1)
𝑖,𝑁

)2
= 1 (𝑘 = 0,… ,𝑁 − 1). (72)

Then, by Ref. 9, the matrices 𝑇𝑁 ∶= (𝑟𝑖 ⋅ 𝑄
(𝑁,𝜈)
𝑛 (𝑟2

𝑖
))𝑖=1,…,𝑁,𝑛=0,…,𝑁−1 are orthogonal, and we get

the following.

Theorem 14. For 𝑁 ≥ 2, the matrix 𝑆𝑁 in Theorem 13 has the eigenvalues 𝜆𝑛 = 2(𝑛 + 1) with the
eigenvectors

(
𝑟1𝑄

(𝑁,𝜈)
𝑛 (𝑟21), … , 𝑟𝑁𝑄

(𝑁,𝜈)
𝑛 (𝑟2𝑁)

)𝑇
, 𝑛 = 0, 1, … ,𝑁 − 1.

In particular, 𝑆𝑁 = 𝑇𝑁 ⋅ diag(2, 4, … , 2𝑁) ⋅ 𝑇𝑇𝑁 .

The three-term recurrence relations of these polynomials (𝑄(𝑁,𝜈)𝑛 )𝑛=0,…,𝑁−1 and the entries of
Σ𝑁 can now be determined. We here skip details and present a unifying approach in the next
section via dual orthogonal polynomials; see in particular Theorem 22.

Remark 2.

(1) Theorem 13 can be used to derive a limit result for𝑁 → ∞ for the largest particles for the root
systems 𝐵𝑁 that is analog to Theorem 12; see Ref. 4. Results on the hard edge, that is, for the
smallest particles, are different.

(2) Subordinations of Bessel processes of types A and B starting in 0 ∈ ℝ𝑁 by the classical con-
volution semigroup of inverse Gaussian measures on [0,∞[ lead to Feller processes with
Cauchy-type distributions of the form

𝑐𝑘 𝑡 Γ(𝛾𝑘 + (𝑁 + 1)∕2)√
4𝜋

⋅

(
4

𝑡2 + 2‖𝑦‖2
)𝛾𝑘+(𝑁+1)∕2

⋅ 𝑤𝑘(𝑦) (73)

on the Weyl chambers 𝐶𝑁 of types A and B with explicit constants 𝑐𝑘 > 0 and the weight
functions 𝑤𝑘 from (36); see Section 5 of Ref. 80 with a slightly different 𝑡-scaling. In these
cases, there exist also freezing limits that are connected with the CLTs 3 and 13 for Bessel
processes of types A and B; see Ref. 99. We expect that similar freezing CLTs hold for the
Hua–Pickrell measures in Refs. 11, 13, 18, 68 (see also Ref. 54) that are similar to those for the
distributions (73).

We next turn to a further freezing limit for Bessel processes of type B where now in the mul-
tiplicity 𝑘 = (𝑘1, 𝑘2), the parameter 𝑘2 > 0 is fixed and 𝑘1 → ∞ holds. In this case, we obtain the
following limit result where the limit is not longer a normal distribution as here the part of the
densities in (66) that concerns 𝑘2 remains unchanged. Moreover, in the proof, one has to use
Theorem 7(3) in order to handle arbitrary starting points; see Ref. 97 for details.
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VOIT 1253

Theorem 15. For any fixed starting point 𝑥 ∈ 𝐶𝐵𝑁 , consider the Bessel processes (𝑋𝑡,(𝑘1,𝑘2))𝑡≥0 of type
𝐵𝑁 on 𝐶𝐵𝑁 . Then, for 𝑘2 > 0, 𝑡 > 0, and the vector 𝟏 ∶= (1, … , 1) ∈ ℝ

𝑁 ,

𝑋𝑡,(𝑘1,𝑘2) −
√
2𝑡𝑘1 ⋅ 𝟏

converges for 𝑘1 → ∞ in distribution to 𝑋𝐴
𝑡∕2,𝑘2

, where (𝑋𝐴
𝑠,𝑘2
)𝑠≥0 is a Bessel process of type A starting

in the origin.

Remark 3. Theorem 15 for the starting point 𝑥 = 0 should be compared with the CLT 28 below for
𝑘2 fixed, 𝑘1 → ∞, and for the starting points of the form

√
𝑘1 ⋅ 𝑥0 with 𝑥0 in the interior on 𝐶𝐵𝑁 ,

where in Theorem 28, an 𝑁-dimensional normal distribution appears. As this is quite different
from the limit in Theorem 15 for 𝑥0 = 0, this means that Theorem 28 cannot be extended “contin-
uously” from the interior of 𝐶𝐵𝑁 to the origin. This is also clear by simple geometric considerations
about the support of the limit measure.

For 𝑘2 = 1∕2, 1, 2, Theorem 15 has a matrix-theoretic background:

Remark 4. Fix one of the (skew-)fields𝔽 = ℝ,ℂ,ℍwith the real dimension 𝑑 = 1, 2, 4 respectively.
For integers 𝑝 ∈ ℕ, consider the vector spaces𝑀𝑝,𝑁(𝔽) of all 𝑝 × 𝑁-matrices over 𝔽 with the real
dimension 𝑑𝑝𝑁. Choose the standard bases on these vector spaces such that we have 𝑑 basis
vectors in each entry. Consider the 𝑑𝑝𝑁-dimensional associated Brownian motion (𝐵𝑝𝑡 )𝑡≥0 on
𝑀𝑝,𝑁(𝔽) starting in the origin. If we write 𝐴∗ ∶= 𝐴

𝑇
∈ 𝑀𝑁,𝑝(𝔽) for matrices 𝐴 ∈ 𝑀𝑝,𝑁(𝔽) with

the usual conjugation on 𝔽, then the process (𝑍𝑝𝑡 ∶= (𝐵
𝑝
𝑡 )
∗𝐵

𝑝
𝑡 )𝑡≥0 becomes a Wishart process on

the closed cone Π𝑁(𝔽) of all 𝑁 ×𝑁 positive semidefinite matrices over 𝔽 with shape parameter
𝑝; see Refs. 20, 21, 32 and references there for details on Wishart processes.
Consider the spectral mapping 𝜎𝑁 ∶ Π𝑁(𝔽) → 𝐶𝐵𝑁 that assigns to each matrix in Π𝑁(𝔽) its

ordered spectrum. It is well known that then (
√
𝜎𝑁(𝑍

𝑝
𝑡 ))𝑡≥0 is a Bessel process on 𝐶𝐵𝑁 of type

𝐵𝑁 with multiplicities

(𝑘1, 𝑘2) ∶= ((𝑝 − 𝑁 + 1) ⋅ 𝑑∕2, 𝑑∕2),

where the symbol
√
.means taking square roots in each component.

Therefore, Theorem 15 for 𝑘2 = 1∕2, 1, 2 corresponds to a CLT for Wishart distributions on
Π𝑁(𝔽)with fixed time parameters where the shape parameters 𝑝 tend to∞. To explain this on the
level of matrices, recall that the distributions 𝜇𝑝𝑡 ∶= 𝑃𝑍𝑝𝑡 ∈ 𝑀

1(Π𝑁(𝔽)) of 𝑍
𝑝
𝑡 satisfy 𝜇

𝑝1
𝑡 ∗ 𝜇

𝑝2
𝑡 =

𝜇
𝑝1+𝑝2
𝑡 for 𝑝1, 𝑝2 ∈ ℕ with the usual convolution of measures on the vector space ℍ𝑁(𝔽) of all
𝑁 ×𝑁 Hermitian matrices over 𝔽 by the construction of the random variables 𝑍𝑝𝑡 . Moreover, this
convolution relation even remains valid for all 𝑝 ∈]0,∞[, which are sufficiently large. Thus, the
classical CLT for sums of iid random variables on finitely dimensional vector spaces leads to a
CLT for Wishart distributions for 𝑝 → ∞. A computation in this setting shows that here the cen-
tering onℍ𝑁(𝔽) occurs with a multiple of the identity matrix. Also the covariance matrices of the
associated centered limit normal distributions onℍ𝑁(𝔽) can be determined explicitly. For this, we
notice that the Gaussian limit onℍ𝑁(𝔽) (before or after centering) is invariant under all conjuga-
tions with matrices in 𝑈𝑁(𝔽) as this is the case for the Wishart distributions above. Moreover, by
Theorem 15, the image measures of the centered limit normal distributions on ℍ𝑁(𝔽) under the
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spectral map 𝜎𝑁 ∶ ℍ𝑁(𝔽) → 𝐶𝐴𝑁 are just the distributions with densities

𝑐(𝑘, 𝑡, 𝑁) ⋅ 𝑒−‖𝑦‖∕𝑡 ⋅ 𝑤𝐴
𝑘
(𝑦) 𝑑𝑦 (74)

of type A on 𝐶𝐴𝑁 as in Theorem 15 above with some normalizations 𝑐(𝑘, 𝑡, 𝑁) > 0. As these mea-
sures are the spectral distributions of Gaussian orthogonal/unitary/symplectic ensembles up to
time scaling, it follows that up to this scaling, the centered Gaussian limits on ℍ𝑁(𝔽) are just the
distributions of Gaussian orthogonal/unitary/symplectic ensembles on the matrix level.
In summary, for 𝑘2 = 1∕2, 1, 2, Theorem 15 corresponds to a classical CLT for Wishart

distributions on ℍ𝑁(𝔽) where the shape parameters tend to∞.

With these comments, we complete the case 𝑘2 > 0 fixed with 𝑘1 → ∞. We next study the case
𝑘1 > 0 fixed with 𝑘2 → ∞ that is related to limits for Bessel processes of type 𝐷𝑁 :

3.3 Freezing limits for Bessel processes of type D and a connection to
type B

Consider the root system 𝐷𝑁 = {±(𝑒𝑖 ± 𝑒𝑗) ∶ 1 ≤ 𝑖 < 𝑗 ≤ 𝑁} and the associated closed Weyl
chamber

𝐶𝐷𝑁 = {𝑥 ∈ ℝ
𝑁 ∶ 𝑥1 ≥ … ≥ 𝑥𝑁−1 ≥ |𝑥𝑁|}.

𝐶𝐷𝑁 may be seen as a doubling of 𝐶𝐵𝑁 w.r.t. the last coordinate. We have a one-dimensional
multiplicity 𝑘 ≥ 0 with the generator

𝐿𝑘𝑓 ∶=
1

2
Δ𝑓 + 𝑘

𝑁∑
𝑖=1

∑
𝑗≠𝑖

(
1

𝑥𝑖 − 𝑥𝑗
+

1

𝑥𝑖 + 𝑥𝑗

)
𝜕

𝜕𝑥𝑖
𝑓, (75)

of the transition semigroup of the Bessel process (𝑋𝑡,𝑘)𝑡≥0 where we again assume reflecting
boundaries. By Section 2, we have the transition probabilities

𝐾𝑡,𝑘(𝑥, 𝐴) = 𝑐
𝐷
𝑘 ∫

𝐴

1

𝑡𝛾𝐷+𝑁∕2
𝑒−(‖𝑥‖2+‖𝑦‖2)∕(2𝑡)𝐽𝐷

𝑘

(
𝑥√
𝑡
,
𝑦√
𝑡

)
⋅ 𝑤𝐷

𝑘
(𝑦) 𝑑𝑦 (76)

with

𝑤𝐷
𝑘
(𝑥) ∶=

∏
𝑖<𝑗

(
𝑥2
𝑖
− 𝑥2

𝑗

)2𝑘
, 𝛾𝐷 ∶= 𝑘𝑁(𝑁 − 1);

see Ref. 26 for further details. By the normalization (68) for 𝑘2 = 𝑘, 𝑘1 = 0, we obtain the
normalization

𝑐𝐷
𝑘
∶=

(
∫
𝐶𝐷𝑁

𝑒−‖𝑦‖2∕2𝑤𝐷
𝑘
(𝑦) 𝑑𝑦

)−1
(77)

=
𝑁!

2𝑁(𝑁−1)𝑘−𝑁∕2+1
⋅

𝑁∏
𝑗=1

Γ(1 + 𝑘)

Γ(1 + 𝑗𝑘)Γ
(
1

2
+ (𝑗 − 1)𝑘

) .
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VOIT 1255

We now proceed similarly to the first B-case above with 𝜈 = 0 and use the Laguerre polynomial
𝐿
(−1)
𝑁 from Subsection 2.1. Motivated by (25) and Lemma 3, we consider the 𝑁 − 1 ordered zeros
𝑧
(1)
1 , … , 𝑧

(1)
𝑁−1 of 𝐿

(1)
𝑁−1 and the vector 𝑟 = (𝑟1, … , 𝑟𝑁) ∈ 𝐶

𝐷
𝑁 with

2 ⋅
(
𝑧
(1)
1 , … , 𝑧

(1)
𝑁−1, 0

)
=
(
𝑟21, … , 𝑟

2
𝑁

)
. (78)

We then have the following analog of the CLTs 1 and 13.

Theorem 16. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐷𝑁 on 𝐶𝐷𝑁 with 𝑘 > 0 that start in 0.
Then,

𝑋𝑡,𝑘√
𝑡
−
√
𝑘 ⋅ 𝑟

converges for 𝑘 → ∞ to the centered𝑁-dimensional distribution𝑁(0, Σ)with the regular covariance
matrix Σ with Σ−1 = (𝑠𝑖,𝑗)𝑖,𝑗=1,…,𝑁 with

𝑠𝑖,𝑗 ∶=

{
1 + 2

∑
𝑙≠𝑖(𝑟𝑖 − 𝑟𝑙)−2 + 2

∑
𝑙≠𝑖(𝑟𝑖 + 𝑟𝑙)−2 for 𝑖 = 𝑗

2(𝑟𝑖 + 𝑟𝑗)
−2 − 2(𝑟𝑖 − 𝑟𝑗)

−2 for 𝑖 ≠ 𝑗 . (79)

Let (𝑋𝐷
𝑡,𝑘
)𝑡≥0 be a Bessel process of type D with 𝑘 ≥ 0. Then the process (𝑋𝐵

𝑡,𝑘
)𝑡≥0 with

𝑋𝐵,𝑖
𝑡,𝑘
∶= 𝑋𝐷,𝑖

𝑡,𝑘
(𝑖 = 1, … ,𝑁 − 1), 𝑋𝐵,𝑁

𝑡,𝑘
∶=

|||𝑋𝐷,𝑁𝑡,𝑘 |||
is a Bessel process of type B with the multiplicity (𝑘1, 𝑘2) ∶= (0, 𝑘). This follows easily from a
comparison of the corresponding generators; see Ref. 8. Theorem 16 thus leads to the following
“one-sided CLT” for Bessel processes of type B with the multiplicities (0, 𝑘2) for 𝑘2 → ∞.

Corollary 1. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐵𝑁 on 𝐶𝐵𝑁 with 𝑘 = (0, 𝑘2), which start
in 0. Then, for the vector 𝑟 from (78),

𝑋𝑡,𝑘√
𝑡
−
√
𝑘 ⋅ 𝑟

tends for 𝑘 → ∞ in distribution to the “one-sided normal distribution” on the half space

𝐻𝑁 ∶= {𝑥 ∈ ℝ
𝑁 ∶ 𝑥𝑁 ≥ 0},

which appears as image of the centered 𝑁-dimensional distribution 𝑁(0, Σ) with the regular
covariance matrix Σ of Theorem 16 under the mapping

ℝ𝑁 ⟶𝐻𝑁, (𝑥1, … , 𝑥𝑁) ↦ (𝑥1, … , 𝑥𝑁−1, |𝑥𝑁|).
This result can be extended to Bessel processes of type B with multiplicities 𝑘 = (𝑘1, 𝑘2) with

𝑘1 > 0 fixed for 𝑘2 → ∞; see Ref. 97.
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1256 VOIT

Theorem 17. Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐵𝑁 on 𝐶𝐵𝑁 with multiplicities (𝑘1, 𝑘2)
that start in some 𝑥 ∈ 𝐶𝐵𝑁 . Let 𝑘1 ≥ 0, 𝑡 > 0, and 𝑟 as in (78). Then, for 𝑘2 → ∞,

𝑋𝑡,(𝑘1,𝑘2)√
𝑡

−
√
𝑘2 ⋅ 𝑟

converges in distribution to the one-sided normal distribution in Corollary 1.

We next turn to the 𝛽-Jacobi ensembles, that is, the stationary compact BC-case.

3.4 Freezing limits for Jacobi ensembles

𝛽-Jacobi ensembles are usually described in an algebraic way by the distributions 𝜇(𝑘1,𝑘2,𝑘3) with
the Lebesgue densities

𝑐𝑘1,𝑘2,𝑘3

∏
1≤𝑖<𝑗≤𝑁

(
𝑥𝑗 − 𝑥𝑖

)𝑘3 𝑁∏
𝑖=1

(1 − 𝑥𝑖)
𝑘1+𝑘2
2

−
1

2 (1 + 𝑥𝑖)
𝑘2
2
−
1

2 (80)

for 𝑘1, 𝑘2, 𝑘3 ≥ 0 on the alcoves 𝐴𝑁 ∶= {𝑥 ∈ ℝ𝑁 ∶ −1 ≤ 𝑥1 ≤ … ≤ 𝑥𝑁 ≤ 1} with some Selberg
constants 𝑐𝑘1,𝑘2,𝑘3 > 0 (see, e.g., the survey

41 for explicit formulas) where often other parameters
for the powers are used, and where sometimes, a linear transformation is used that transforms
[−1, 1] into [0,1]; see Refs. 40, 56, 58, 59, 63. Our notation for the parameters 𝑘 = (𝑘1, 𝑘2, 𝑘) is
motivated by the connection to the Heckman–Opdam theory of type BC in trigonometric form in
Subsection 2.4. By Ref. 51, it turns out that the trigonometric version has some advantage in view
of the covariance matrices of the CLT below. We thus use the transformation

(𝑡1, … , 𝑡𝑁)⟶ (cos(𝑡1), … , cos(𝑡𝑁))

such that the distributions 𝜇(𝑘1,𝑘2,𝑘3) are the transform of the distributions 𝜇̃(𝑘1,𝑘2,𝑘3) with the
densities

𝑐𝑘 ⋅
∏

1≤𝑖<𝑗≤𝑁
(
cos 𝑡𝑗 − cos 𝑡𝑖

)𝑘3 𝑁∏
𝑖=1

(
sin

𝑘1 𝑡𝑖
2
⋅ sin

𝑘2 𝑡𝑖

)
(81)

on the trigonometric alcove

𝐴̃𝑁 ∶= {𝑡 ∈ ℝ
𝑁 ∶ 𝜋 ≥ 𝑡1 ≥ … ≥ 𝑡𝑁 ≥ 0}

with some normalizations 𝑐𝑘 > 0. This fits to the densities (46) for type BC in Subsection 2.4 and
differs slightly from the notation in Ref. 51. We now present a CLT for

(𝑘1, 𝑘2, 𝑘3) = 𝜅 ⋅ (𝑎, 𝑏, 1) for 𝑎 ≥ 0, 𝑏 > 0 fixed and 𝜅 → ∞,

which corresponds to the CLTs 1, 13, and 16. For this, we need the ordered zeros 𝑧1 ≤ … ≤ 𝑧𝑁 of
the Jacobi polynomials 𝑃(𝛼,𝛽)𝑁 with

𝛼 ∶= 𝑎 + 𝑏 − 1 > −1, 𝛽 = 𝑏 − 1 > −1.
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VOIT 1257

Define the vector 𝑧 ∶= (𝑧1, … , 𝑧𝑁) ∈ 𝐴𝑁 . The following CLT is shown in Ref. 51:

Theorem 18. Let 𝑎 ≥ 0, 𝑏 > 0. Let 𝑋̃𝜅 be 𝐴̃𝑁-valued random variables with the distributions
𝜇̃𝜅⋅(𝑎,𝑏,1) for 𝜅 > 0. Then, for 𝜅 → ∞,√

𝜅

2
(𝑋̃𝜅 − 𝑧̃) with 𝑧̃ ∶= (arccos 𝑧1, … , arccos 𝑧𝑁) ∈ 𝐴̃𝑁

converges in distribution to𝑁(0, Σ̃𝑁) where Σ̃−1𝑁 =∶ 𝑆𝑁 = (𝑠𝑖,𝑗)𝑖,𝑗=1,…,𝑁 satisfies

𝑠𝑖,𝑗 =

⎧⎪⎨⎪⎩
4
∑
𝑙≠𝑗

1−𝑧2
𝑗

(𝑧𝑗−𝑧𝑙)2
+ 2(𝑎 + 𝑏)

1+𝑧𝑗

1−𝑧𝑗
+ 2𝑏

1−𝑧𝑗

1+𝑧𝑗
𝑓𝑜𝑟𝑖 = 𝑗

−4
√
(1−𝑧2

𝑗
)(1−𝑧2

𝑖
)

(𝑧𝑖−𝑧𝑗)2
𝑓𝑜𝑟𝑖 ≠ 𝑗

.

The eigenvalues and eigenvectors of 𝑆𝑁 can again be determined via finite orthogonal
polynomials that here are orthogonal w.r.t. the measures

𝜇𝑁,𝛼,𝛽 ∶= (1 − 𝑧
2
1)𝛿𝑧1 +⋯+ (1 − 𝑧2𝑁)𝛿𝑧𝑁 . (82)

If we use the associated orthonormal polynomials (𝑄(𝛼,𝛽,𝑁)
𝑙

)𝑙=0,…,𝑁−1 with positive leading
coefficients and the normalization

𝑁∑
𝑖=1

𝑄
(𝛼,𝛽,𝑁)

𝑙
(𝑧𝑖)𝑄

(𝛼,𝛽,𝑁)

𝑘
(𝑧𝑖)(1 − 𝑧

2
𝑖
) = 𝛿𝑙,𝑘 (𝑘, 𝑙 = 0, … ,𝑁 − 1), (83)

we obtain the following result; see Ref. 51.

Theorem 19. The matrix 𝑆𝑁 has the eigenvalues 𝜆𝑘 = 2𝑘(2𝑁 + 𝛼 + 𝛽 + 1 − 𝑘) > 0 (𝑘 = 1,… ,𝑁)
with the eigenvectors

𝑣𝑘 ∶=

(
𝑄
(𝛼,𝛽,𝑁)

𝑘−1
(𝑧1)

√
1 − 𝑧21, … , 𝑄

(𝛼,𝛽,𝑁)

𝑘−1
(𝑧𝑁)

√
1 − 𝑧2𝑁

)𝑇
.

In particular, with the orthogonal matrix 𝑇𝑁 ∶= (𝑣1, … , 𝑣𝑁),

𝑆𝑁 = 𝑇𝑁 ⋅ diag(2(2𝑁 + 𝛼 + 𝛽 + 1 − 1), … , 2𝑁(2𝑁 + 𝛼 + 𝛽 + 1 − 𝑁)) ⋅ 𝑇
𝑇
𝑁.

As in the preceding Bessel cases, we can now determine the three-term recurrence of the
polynomials (𝑄(𝛼,𝛽,𝑁)

𝑘
)𝑘=0,…,𝑁−1 as well as the entries of Σ̃𝑁 ; see the next section.

We point out that Theorems 18 and 19 were stated in trigonometric form as only here the eigen-
values and eigenvectors of the (inverse) covariance matrices of the limit are known. Clearly, these
trigonometric results can be easily transferred back to the classical 𝛽-Jacobi ensembles with the
distributions 𝜇(𝑘1,𝑘2,𝑘3) on 𝐴𝑁 . In these coordinates, Theorem 18 then has the following form by
the so-called Delta-method for CLTs of transformed random variables; see Section 3.1 of Ref. 94.

Theorem 20. Let 𝑎 ≥ 0 and 𝑏 > 0. Let 𝑋𝜅 be random variables with the distributions 𝜇𝜅⋅(𝑎,𝑏,1)
as above. Then

√
𝜅(𝑋𝜅 − 𝑧) converges for 𝜅 → ∞ to the normal distribution 𝑁(0, Σ𝑁) with the
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1258 VOIT

covariance matrix Σ𝑁 where Σ−1𝑁 =∶ 𝑆𝑁 = (𝑠𝑖,𝑗)𝑖,𝑗=1,…,𝑁 satisfies

𝑠𝑖,𝑗 =

⎧⎪⎨⎪⎩
∑
𝑙=1,…,𝑁;𝑙≠𝑗

1

(𝑧𝑗−𝑧𝑙)2
+
𝑎+𝑏

2

1

(1−𝑧𝑗)2
+
𝑏

2

1

(1+𝑧𝑗)2
𝑓𝑜𝑟𝑖 = 𝑗

−1

(𝑧𝑖−𝑧𝑗)2
𝑓𝑜𝑟𝑖 ≠ 𝑗 .

In fact, the matrices Σ̃−1𝑁 and Σ−1𝑁 from Theorems 18 and 20 are related by 𝑆 = 𝐷𝑆𝐷 with the
diagonal matrix

𝐷 = diag

(
−2
√
1 − 𝑧21,𝑁, … ,−2

√
1 − 𝑧2𝑁,𝑁

)
by Ref. 51. Hence, Theorem 22 from the next section implies in the nontrigonometric Jacobi case:

Theorem 21. The covariance matrix Σ𝑁 = (𝜎𝑁𝑖,𝑗)𝑖,𝑗=1,…,𝑁 in Theorem 20 has entries

𝜎𝑁
𝑖,𝑗
=

(−1)𝑖+𝑗4
√
1 − 𝑧2

𝑖,𝑁

√
1 − 𝑧2

𝑗,𝑁√∑𝑁−1

𝑘,𝑙=0

(
𝑃̃
(𝛼,𝛽)

𝑘
(𝑧𝑖,𝑁)𝑃̃

(𝛼,𝛽)

𝑙
(𝑧𝑗,𝑁)

)2
𝑁−1∑
𝑘=0

𝑃̃
(𝛼,𝛽)

𝑘
(𝑧𝑖,𝑁)𝑃̃

(𝛼,𝛽)

𝑘
(𝑧𝑗,𝑁)

𝜆𝑁−𝑘
, (84)

where the 𝑃̃(𝛼,𝛽)
𝑘

are the orthonormal Jacobi polynomials.

Remark 5.

(1) The freezing limits above for 𝛽-Jacobi ensembles, that is, the compact stationary BC-case, fit
to the corresponding limits for Bessel processes of types A, B, and D. Moreover, the CLT 15 in
the Bessel-case of type B can also be stated for 𝛽-Jacobi ensembles. More precisely, if we fix
constants 𝑎, 𝑏, 𝑘3 ∈ ℝ with 𝑘3, 𝑏, 𝑎 + 𝑏 > 0, and if we consider random variables 𝑋𝜅 with the
distributions 𝜇(𝜅𝑎,𝜅𝑏,𝑘3) on the alcove 𝐴𝑁 , then√

𝜅
(
𝑋𝜅 −

−𝑎

𝑎 + 2𝑏
𝟏
)

converges for 𝜅 → ∞ in distribution to the distribution of a Bessel process of type A as
described in (9) with the weight function 𝑤𝐴

𝑘3
from (7) with time parameter

𝑡 =
8(𝑎 + 𝑏)𝑏

(𝑎 + 2𝑏)3
> 0.

(2) It is also possible to state freezing limits for the root system 𝐴𝑁−1 in the compact stationary
case with 𝑁 particles on the torus {𝑧 ∈ ℂ ∶ |𝑧| = 1}. Here, however, due to the torus, the
geometric details are more technical; see Ref. 85 for some more details.

(3) It is an interesting task to study freezing limits for Jacobi processes for arbitrary starting
points and their dependence on the time 𝑡. It is clear by the comments on the transition
probabilities (50) in the end of Section 2 that Theorem 20 is still available for the random vari-
ables 𝑋𝑡(𝜅),𝜅⋅(𝑎,𝑏,1) of Jacobi processes (𝑋𝑡,𝜅⋅(𝑎,𝑏,1))𝑡≥0 with multiplicities 𝜅 ⋅ (𝑎, 𝑏, 1) for 𝜅 → ∞
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VOIT 1259

whenever the time parameters 𝑡(𝜅) are large enough, where this “large enough” can be made
precise. Clearly, the situation is more involved for general time parameters.
For instance, in the case 𝐵𝐶1, that is, for classical Jacobi processes on [−1, 1] with classi-

cal beta distributions as stationary distributions, there exist several limit theorems where the
time 𝑡 has to be renormalized by the freezing constants 𝜅; see, for example, Ref. 96 and ref-
erences there. These limit theorems have one-dimensional normal and Gamma distributions
as limits; they are related with the cutoff phenomenon of Diaconis for series of randomwalks
(or Markov processes) on compact (or even finite) state spaces and the question, how close
the distributions of these processes are to their stationary distributions for large time param-
eters with respect to the total variation norm. We do not know whether the explicit analytic
methods in Ref. 96 and references there can be transferred to 𝑁 ≥ 2. On the other hand, we
sketch an approach via SDEs in Subsection 5.8 below.

(4) In the non-compact Heckman–Opdam case, there are only a very few freezing limits. For
instance, in Ref. 12, some freezing limit is given on the basis of Theorem 8 where the BC-case
tends to the A-case. These limits are interesting from a geometric point of view, as here for
some parameters, there are connections to Brownian motions on noncompact Grassmann
manifolds over ℝ,ℂ,ℍ.

(5) The freezing limits in Theorems 1, 13, and 20 for the classical 𝛽-ensembles (Hermite, Laguerre,
Jacobi) are connected with results in Refs. 29, 30 where the corresponding distributions of the
ensembles for finite parameters are compared with the freezing limits.

4 DE BOOR–SAFF DUALITY AND THE COVARIANCEMATRICES

In this section,we followRef. 4 and showhowdual orthogonal polynomials in the sense of de Boor
and Saff16 can be used to compute the covariancematricesΣ𝑁 of the preceding section fromΣ−1𝑁 in
a unifying way. This is motivated by the observation that the finite monic orthogonal polynomials
(𝑄̂
(𝑁)
𝑘
)𝑘=0,…,𝑁−1 in (57) are, in fact, the dual polynomial of the Hermite polynomials in this sense.

To explain this, we follow Ref. 95 and Section 2.11 of Ref. 55. Let (𝑃̂𝑛)∞𝑛=0 be monic orthogonal
polynomials where the orthogonality measure is a probability measure 𝜇 on ℝ with

∫
ℝ

𝑃̂𝑖(𝑥)𝑃̂𝑗(𝑥)𝑑𝜇(𝑥) = 𝜉𝑖𝛿𝑖𝑗 (𝑖, 𝑗 = 0, 1, 2, …) (85)

with constants 𝜉𝑖 > 0. We have a three-term recurrence

𝑃̂0 = 1, 𝑃̂1(𝑥) = 𝑥 − 𝑎0, 𝑥𝑃̂𝑛(𝑥) = 𝑃̂𝑛+1(𝑥) + 𝑎𝑛𝑃̂𝑛(𝑥) + 𝑢𝑛𝑃̂𝑛−1(𝑥) (𝑛 ≥ 1) (86)

with 𝑎𝑛 ∈ ℝ, 𝑢𝑛 > 0. We also consider the orthonormal polynomials (𝑃̃𝑛 ∶= 𝜉
−1∕2
𝑛 𝑃̂𝑛)

∞
𝑛=0 with

𝑃̃0 = 1, 𝑃̃1(𝑥) = 𝑏
−1
1 (𝑥 − 𝑎0), 𝑥𝑃̃𝑛(𝑥) = 𝑏𝑛+1𝑃̃𝑛+1(𝑥) + 𝑎𝑛𝑃̃𝑛(𝑥) + 𝑏𝑛𝑃̃𝑛−1(𝑥) (𝑛 ≥ 1) (87)

with 𝑏𝑛 = 𝑢𝑛
√
𝜉𝑛−1∕𝜉𝑛 =

√
𝜉𝑛∕𝜉𝑛−1 for 𝑛 ≥ 1. In particular,

𝜉0 = 1, 𝜉𝑛 = 𝑢𝑛𝑢𝑛−1 ⋯𝑢1 and 𝑏𝑛 =
√
𝑢𝑛 (𝑛 ≥ 1). (88)
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1260 VOIT

Now fix 𝑁 > 0. Gauss quadrature (see, e.g., Ref. 55) implies that (𝑃̃𝑛)𝑁−1𝑛=0 has the discrete
orthogonality relation

𝑁∑
𝑖=1

𝑤𝑖𝑃̃𝑚(𝑧𝑖,𝑁)𝑃̃𝑛(𝑧𝑖,𝑁) = 𝛿𝑚𝑛, (𝑛,𝑚 = 0,… ,𝑁 − 1) (89)

with the 𝑁 ordered zeros 𝑧1,𝑁 < … < 𝑧𝑛,𝑁 of 𝑃̃𝑁 and the Christoffel numbers

𝑤𝑖 ∶=
1

𝑏𝑁𝑃̃𝑁−1(𝑧𝑖,𝑁)𝑃̃
′
𝑁(𝑧𝑖,𝑁)

> 0 (𝑖 = 1, … ,𝑁) (90)

with the normalization
∑𝑁

𝑖=1 𝑤𝑖 = 1.

Definition 1. The monic polynomials (𝑄̂𝑘,𝑁)𝑁−1𝑘=0
are called dual (in the de Boor–Saff sense) to

(𝑃̂𝑛(𝑥))
𝑁−1
𝑛=0 if

𝑄̂0,𝑁 = 1, 𝑄̂1,𝑁(𝑥) = 𝑥 − 𝑎𝑁−1, (91)

𝑥𝑄̂𝑘,𝑁(𝑥) = 𝑄̂𝑘+1,𝑁(𝑥) + 𝑎𝑁−𝑘−1𝑄̂𝑘,𝑁(𝑥) + 𝑢𝑁−𝑘𝑄̂𝑘−1,𝑁(𝑥) (𝑘 = 1,… ,𝑁 − 2).

In the case of theHermite polynomials (𝑃𝑛 ∶= 𝐻𝑛)𝑛≥0, this definition and the three-term recur-
rence of the Hermite polynomials ensure that the polynomials (𝑄̂(𝑁)

𝑘
)𝑘=0,…,𝑁−1 from (57) are, in

fact, dual to the monic Hermite poynomials.
We now recall the following consequences of this duality from Ref. 95.

Lemma 4. The dual monic polynomials (𝑄̂𝑘,𝑁)𝑁−1𝑘=0
are orthogonal w.r.t. the discrete measure

𝑁∑
𝑖=1

𝑤∗
𝑖
𝛿𝑧𝑖,𝑁

with the dual Christoffel numbers

𝑤∗
𝑖
=
𝑃̃𝑁−1(𝑧𝑖,𝑁)

𝑏𝑁𝑃̃
′
𝑁(𝑧𝑖,𝑁)

> 0 (𝑖 = 1, … ,𝑁), (92)

which again satisfy
∑𝑁

𝑖=1 𝑤
∗
𝑖
= 1.

In particular, by (88), the normalized dual polynomials (𝑄̃𝑘,𝑁)𝑁−1𝑘=0
with

𝑁∑
𝑖=1

𝑤∗
𝑖
𝑄̃𝑚,𝑁(𝑧𝑖,𝑁)𝑄̃𝑛,𝑁(𝑧𝑖,𝑁) = 𝛿𝑚𝑛 (𝑚, 𝑛 = 0,… ,𝑁 − 1) (93)

satisfy

𝑄̃𝑘,𝑁(𝑥) =
𝑄̂𝑘,𝑁

𝑏2𝑁𝑏
2
𝑁−1 ⋯𝑏2

𝑁−𝑘

. (94)

In summary, (94) and the three-term recurrence of the dual polynomials yield:
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VOIT 1261

Lemma 5. The orthonormal dual polynomials (𝑄̃𝑘,𝑁)𝑁−1𝑘=0
satisfy

𝑄̃0,𝑁 = 1, 𝑄̃1,𝑁(𝑥) = 𝑏
−1
𝑁−1(𝑥 − 𝑎𝑁−1), (95)

𝑥𝑄̃𝑘,𝑁(𝑥) = 𝑏𝑁−𝑘−1𝑄̃𝑘+1,𝑁(𝑥) + 𝑎𝑁−𝑘−1𝑄̃𝑘,𝑁(𝑥) + 𝑏𝑁−𝑘𝑄̃𝑘−1,𝑁(𝑥) (𝑘 ≤ 𝑁 − 2).
Remark 6. Themonic three-term recurrence (91) is also available for 𝑘 = 𝑁 − 1, that is, we obtain a
monic polynomial 𝑄̂𝑁,𝑁 . It can be easily seen (see Ref. 95 or Section 2.11 of Ref. 55) that 𝑄̂𝑁,𝑁 = 𝑃̂𝑁
holds. Moreover, if we choose 𝑏0 = 0 in (95), then the recurrence (5) remains valid for 𝑘 = 𝑁 − 1,
arbitrary polynomials 𝑄̃𝑘+1,𝑁 , and 𝑥 = 𝑧𝑖,𝑁 for 𝑖 = 1, … ,𝑁.

We now use finite dual orthogonal polynomials for the computation of the covariance matri-
ces Σ𝑁 in the cases of the preceding section where 𝑆𝑁 = Σ−1𝑁 is known in terms of the Hermite
polynomials𝐻𝑛, Laguerre polynomials𝐿

(𝛼)
𝑛 with𝛼 = 𝜈 − 1, and the Jacobi polynomials𝑃(𝛼,𝛽)𝑛 with

𝛼 = 𝑎 + 𝑏 − 1, 𝛽 = 𝑏 − 1. For fixed𝑁, we use the associated orthonormal dual polynomials which
we denote by (𝑄𝑘,𝑁)𝑁−1𝑘=0

, (𝑄(𝛼)
𝑘,𝑁
)𝑁−1
𝑘=0

, and (𝑄(𝛼,𝛽)
𝑘,𝑁

)𝑁−1
𝑘=0

, respectively, In all cases, let 𝑧1,𝑁 < … < 𝑧𝑁,𝑁
be the ordered zeros of the 𝑁th polynomial. With these notations, the following was shown in
Ref. 4:

Lemma 6. In the Hermite, Laguerre, and Jacobi cases, orthonormal eigenvectors of 𝑆𝑁 = Σ−1𝑁 are
given by

1√
𝜅𝑁

(√
𝜋(𝑧1,𝑁)𝑄̃𝑗−1,𝑁(𝑧1,𝑁), … ,

√
𝜋(𝑧𝑁,𝑁)𝑄̃𝑗−1,𝑁(𝑧𝑁,𝑁)

)𝑇
, 1 ≤ 𝑗 ≤ 𝑁, (96)

where the coefficients 𝜅𝑁 and functions 𝜋 are given by

𝜋(𝑥) = 1, 𝜋(𝛼)(𝑥) = 𝑥, 𝜋(𝛼,𝛽)(𝑥) = 1 − 𝑥2, and (97)

𝜅𝑁 = 𝑁, 𝜅
(𝛼)
𝑁 = 𝑁(𝑁 + 𝛼), 𝜅

(𝛼,𝛽)
𝑁 =

4𝑁(𝑁 + 𝛼)(𝑁 + 𝛽)(𝑁 + 𝛼 + 𝛽)

(2𝑁 + 𝛼 + 𝛽)2(2𝑁 + 𝛼 + 𝛽 − 1)
,

respectively.

These results can be used to compute Σ𝑁 from their inverses. For this, we write (87) for general
orthonormal polynomials (𝑃̃𝑛)𝑛=0,…,𝑁 at the 𝑁 zeros 𝑧𝑖,𝑁 of 𝑃̃𝑁 as

⎛⎜⎜⎜⎜⎜⎜⎝

𝑎0 𝑏1

𝑏1 𝑎1 𝑏2

𝑏2 ⋱ ⋱

⋱ 𝑎𝑁−2 𝑏𝑁−1

𝑏𝑁−1 𝑎𝑁−1

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

𝑃̃0(𝑧𝑖,𝑁)

𝑃̃1(𝑧𝑖,𝑁)

𝑃̃2(𝑧𝑖,𝑁)

⋮

𝑃̃𝑁−1(𝑧𝑖,𝑁)

⎞⎟⎟⎟⎟⎟⎟⎠
= 𝑧𝑖,𝑁

⎛⎜⎜⎜⎜⎜⎜⎝

𝑃̃0(𝑧𝑖,𝑁)

𝑃̃1(𝑧𝑖,𝑁)

𝑃̃2(𝑧𝑖,𝑁)

⋮

𝑃̃𝑁−1(𝑧𝑖,𝑁)

⎞⎟⎟⎟⎟⎟⎟⎠
,

that is, the 𝑧𝑖,𝑁 are the eigenvalues of this symmetric matrix, where the eigenvectors of this matrix
are orthogonal anduniqueup to constants. As (𝑄̃𝑁−1,𝑁(𝑧𝑖,𝑁), … , 𝑄̃0,𝑁(𝑧𝑖,𝑁))𝑇 is also an eigenvector
of this matrix for the eigenvalue 𝑧𝑖,𝑁 by Lemma 5 and Remark 6, it follows that

(𝑃̃0(𝑧𝑖,𝑁), … , 𝑃̃𝑁−1(𝑧𝑖,𝑁)) = 𝑐𝑖,𝑁 ⋅ (𝑄̃𝑁−1,𝑁(𝑧𝑖,𝑁), 𝑄̃𝑁−2,𝑁(𝑧𝑖,𝑁), … , 𝑄̃0,𝑁(𝑧𝑖,𝑁))
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1262 VOIT

with 𝑐𝑖,𝑁 = 𝑃̃𝑁−1(𝑧𝑖,𝑁). The constants 𝑐𝑖,𝑁 usually have the sign (−1)𝑁−𝑖 by the well-known inter-
lacing property of the zeros of 𝑃̃𝑁−1(𝑥) and 𝑃̃𝑁(𝑥) together with the assumption that the leading
coefficient of 𝑃̃𝑁−1(𝑥) is positive. This holds, for example, for the Hermite and Jacobi cases.
The 𝑐𝑖,𝑁 can also be computed from an eigenvalue equation for 𝑆𝑁 = Σ−1𝑁 , as the vectors in

Lemma 6 form an orthogonal matrix in each of the cases considered there, we see that all rows
and all columns of that matrix are orthogonal. Hence,

√
𝜋(𝑧𝑖,𝑁)𝜋(𝑧𝑘,𝑁)

𝜅𝑁𝑐𝑖,𝑁𝑐𝑘,𝑁

𝑁−1∑
𝑗=0

𝑃̃𝑗(𝑧𝑖,𝑁)𝑃̃𝑗(𝑧𝑘,𝑁) = 𝛿𝑖,𝑘 for all 1 ≤ 𝑖, 𝑘 ≤ 𝑁.

In particular, for 𝑖 = 𝑘, and with the sign of 𝑐𝑖,𝑁 above, we obtain

𝑐𝑖,𝑁 = (−1)
𝑁−𝑖

√√√√√𝜋(𝑧𝑖,𝑁)

𝜅𝑁

𝑁−1∑
𝑗=0

𝑃̃2
𝑗
(𝑧𝑖,𝑁). (98)

Moreover, as the leading coefficient of 𝐿(𝛼)𝑁−1(𝑥) has the sign (−1)
𝑁−1, we here obtain

𝑐
(𝛼)
𝑖,𝑁
= (−1)𝑖−1

√√√√√𝜋(𝛼)
(
𝑧
(𝛼)
𝑖,𝑁

)
𝜅
(𝛼)
𝑁

𝑁−1∑
𝑗=0

(
𝐿̃
(𝛼)
𝑗
(𝑧𝑖,𝑁)

)2
. (99)

These observations now lead to the following result on Σ𝑁 in the three cases; see Ref. 4.

Theorem 22. For the Hermite and Laguerre case, Σ𝑁 = (𝜎𝑁𝑖,𝑗)𝑖,𝑗=1,…,𝑁 is given with the notations of
Lemma 6 and with the eigenvalues 𝜆𝑘 from the Theorems 10, 14, and 19 by

𝜎𝑁
𝑖,𝑗
=

√
𝜋(𝑧𝑖,𝑁)𝜋(𝑧𝑗,𝑁)

𝜅𝑁𝑃̃𝑁−1(𝑧𝑖,𝑁)𝑃̃𝑁−1(𝑧𝑗,𝑁)

𝑁−1∑
𝑘=0

𝑃̃𝑘(𝑧𝑖,𝑁)𝑃̃𝑘(𝑧𝑗,𝑁)

𝜆𝑁−𝑘

=
(−1)𝑖+𝑗√∑𝑁−1

𝑘,𝑙=0
𝑃̃2
𝑘
(𝑧𝑖,𝑁)𝑃̃

2
𝑙
(𝑧𝑗,𝑁)

𝑁−1∑
𝑘=0

𝑃̃𝑘(𝑧𝑖,𝑁)𝑃̃𝑘(𝑧𝑗,𝑁)

𝜆𝑁−𝑘
. (100)

Moreover, a corresponding result holds in the trigonometric Jacobi case for Σ̃𝑁 = (𝜎̃𝑁𝑖,𝑗)𝑖,𝑗=1,…,𝑁 .

Remark 7. The formulas for the entries of the covariance matrices Σ𝑁 in (100) should be com-
pared with the corresponding results of Dumitriu and Edelman35 for the Hermite and Laguerre
ensembles. In fact, the Hermite case was already discussed in Remark 1(1). In the Laguerre case,
we have a corresponding picture, that is, a direct proof of the equality of the entries for general
𝑁 seems to be unknown. We point out that due to our general approach, our formula (100) has
the same structure as in the Hermite case, whereas the corresponding formula in Ref. 35 is more
involved and completely different from the Hermite case there.
In the Jacobi case, there do not exist other formulas for the entries of Σ𝑁 as far as we are aware.
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VOIT 1263

5 FREEZING LIMITS FOR BESSEL PROCESSES VIA STOCHASTIC
DIFFERENTIAL EQUATIONS

In this section, we consider freezing limits with the aid of SDEs similar to Theorems 4 and 5 for
Bessel processes of type A. The approach and the type of results are similar in all cases. How-
ever, the analytic details for the limits are partially quite different. For this reason, we discuss the
different cases step by step.
We start with Bessel processes of type A and discuss some details skipped in the introduction.

Then we turn to Bessel processes of types B and D similar to Section 3. The Heckman–Opdam
processes are discussed briefly in the end.

5.1 Freezing limits for Bessel processes of type A

As in Section 1, we consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 and their renormalizations (𝑋̃𝑡,𝑘 ∶=
𝑋𝑡,𝑘∕

√
𝑘)𝑡≥0 of type A with 𝑘 ≥ 1∕2, that is, (𝑋̃𝑡,𝑘)𝑡≥0 is the unique solution of

𝑑𝑋̃𝑖
𝑡,𝑘
=

1√
𝑘
𝑑𝐵𝑖𝑡 +

∑
𝑗≠𝑖

1

𝑋̃𝑖
𝑡,𝑘
− 𝑋̃

𝑗

𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁) (101)

with some fixed starting point in the interior of 𝐶𝐴𝑁 . Moreover, for the degenerate case 𝑘 = ∞, we
consider the associated (unique) deterministic solutions 𝑥(𝑡) of the ODE

𝑑𝑥

𝑑𝑡
(𝑡) = 𝐻(𝑥(𝑡)), with 𝐻(𝑥) ∶=

(∑
𝑗≠1

1

𝑥1 − 𝑥𝑗
, … ,

∑
𝑗≠𝑁

1

𝑥𝑁 − 𝑥𝑗

)
. (102)

We collect some features of the solutions of (102) that were skipped in the introduction. For this,
we consider the vector 𝐳 from Lemma 1 consisting of the ordered zeros of the Hermite polynomial
𝐻𝑁 . Lemma 1 implies that for each 𝑐 ≥ 0, 𝑥(𝑡) ∶=

√
2𝑡 + 𝑐2 ⋅ 𝐳 is the solution of (102) with 𝑥(0) =

𝑐𝐳. These solutions are typical in some way, and it is possible to decompose all solutions of (102)
into an easy radial part and a more complicated spherical; see Refs. 100, 102.

Lemma 7. For each solution 𝑥(𝑡) of (102) with start in the interior of 𝐶𝐴𝑁 ,

‖𝑥(𝑡)‖2 = 𝑁(𝑁 − 1)𝑡 + ‖𝑥(0)‖2. (103)

Moreover, 𝑥(𝑡) can be written as

𝑥(𝑡) =
√
𝑁(𝑁 − 1)𝑡 + ‖𝑥(0)‖2 ⋅ 𝜙(𝑡) (𝑡 ≥ 0)

with ‖𝜙(𝑡)‖ = 1 where the spherical part 𝜙 satisfies
𝑑

𝑑𝑡
(𝜙𝑖(𝑡)) =

1

𝑁(𝑁 − 1)𝑡 + ‖𝑥(0)‖2
(∑
𝑗≠𝑖

1

𝜙𝑖(𝑡) − 𝜙𝑗(𝑡)
−
𝑁(𝑁 − 1)

2
𝜙𝑖(𝑡)

)
, (104)
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1264 VOIT

and

lim
𝑡→∞

𝜙(𝑡) =

√
2

𝑁(𝑁 − 1)
⋅ 𝐳. (105)

We point out that (104) can be transformed by a time change into a gradient system such that
(105) then follows from standard result on gradient systems in Section 9.4 of Ref. 52; see Lemma 2.3
of Ref. 102.We also remark that the simple separation of the solution in Lemma 7 into a radial and
spherical part in the freezing case depends heavily on the simple explicit radial part. For Bessel
processes (𝑋𝑡,𝑘)𝑡≥0, this decomposition is more involved, as here the radial part (‖𝑋𝑡,𝑘‖)𝑡≥0 is a
one-dimensional Bessel process, which has some influence on the spherical part; see some SDE
computations in Ref. 23 in this direction.
We cannot describe explicitly all solutions 𝑥(𝑡) of (102). However, it is possible to compute

𝑡 ↦ 𝑝(𝑥(𝑡)) for symmetric polynomials 𝑝 in 𝑁 variables in an iterative way. For this, we use the
elementary symmetric polynomials 𝑒𝑘 (𝑘 = 0,… ,𝑁) in 𝑁 variables that satisfy

𝑁∏
𝑘=1

(𝑧 − 𝑥𝑘) =

𝑁∑
𝑘=0

(−1)𝑁−𝑘𝑒𝑁−𝑘(𝑥)𝑧
𝑘 (𝑧 ∈ ℂ, 𝑥 = (𝑥1, … , 𝑥𝑁)). (106)

In particular, 𝑒0 = 1, 𝑒1(𝑥) =
∑𝑁

𝑘=1
𝑥𝑘, … , 𝑒𝑁(𝑥) =

∏𝑁

𝑘=1
𝑥𝑘. As each symmetric polynomial 𝑞 in

𝑁 variables is a polynomial in 𝑒1, … , 𝑒𝑁 by a classical result, the following lemma shows that here
𝑞(𝑥(𝑡)) is a polynomial in 𝑡 that can be computed for each initial condition; see Ref. 102.

Lemma 8. Let 𝑥 be a solution of (102). Then, for 𝑘 = 0,… ,𝑁, 𝑡 ↦ 𝑒𝑘(𝑥(𝑡)) is a polynomial in 𝑡 of
degree at most ⌊𝑘

2
⌋. More precisely, for 𝑡 ≥ 0,

𝑒0(𝑥(𝑡)) ≡ 𝑁, 𝑒1(𝑥(𝑡)) ≡ 𝑥(0),
𝑑

𝑑𝑡
𝑒𝑙(𝑥(𝑡)) = −

1

2
(𝑁 − 𝑙 + 2)(𝑁 − 𝑙 + 1)𝑒𝑙−2(𝑥(𝑡)) (𝑙 = 2, … ,𝑁). (107)

This transformation of (102) into the system (107) via 𝑒0, … , 𝑒𝑁 can be used to show that (102)
has also a unique solution for starting points on the singular boundary of 𝐶𝐴𝑁 ; see Ref. 102. This
result may be seen as the deterministic analog of the corresponding stochastic results in Ref. 45
mentioned in the introduction.

Theorem 23. Let 𝑁 ≥ 2. Then, for each starting point 𝑥0 ∈ 𝐶𝐴𝑁 , (102) has a unique solution for all
𝑡 ≥ 0 in the following sense: For each𝑥0 ∈ 𝐶𝐴𝑁 , there is a unique continuous function𝑥 ∶ [0,∞[→ 𝐶𝐴𝑁
with 𝑥(0) = 𝑥0 such that for 𝑡 > 0, 𝑥(𝑡) is in the interior of 𝐶𝐴𝑁 and satisfies (102).

We now turn to the functional CLT 5. Fix some starting point 𝑥0 in the interior of 𝐶𝐴𝑁 and study
the processes (𝑋̃𝑡,𝑘)𝑡≥0 of type 𝐴𝑁−1 and the associated solution 𝑥(𝑡) of (102). We also use the
centered Gaussian process (𝑊𝑡)𝑡≥0 with𝑊0 = 0 that satisfies

𝑑𝑊𝑡 = 𝑑𝐵𝑡 + 𝐴(𝑡)𝑊𝑡𝑑𝑡 (108)
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VOIT 1265

with the matrices 𝐴(𝑡) ∈ ℝ𝑁×𝑁 with

𝐴(𝑡)𝑖,𝑗 =
1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
, 𝐴(𝑡)𝑖,𝑖 = −

∑
𝑗≠𝑖

1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
(𝑖, 𝑗 = 1, … ,𝑁, 𝑖 ≠ 𝑗), (109)

as in the introduction. By Theorem 5, the processes (𝑋𝑡,𝑘)𝑡≥0 starting at
√
𝑘 ⋅ 𝑥0 then satisfy

sup
0≤𝑠≤𝑡,𝑘≥1

√
𝑘 ⋅ ‖(𝑋𝑠,𝑘 −√𝑘𝑥(𝑠) −𝑊𝑠‖ < ∞ 𝑎.𝑠. (𝑡 > 0). (110)

Proof of the CLT 5. We use the SDEs (15) and (108) and the ODE for 𝑥(𝑡) and study

𝑅𝑖
𝑡,𝑘
= 𝑘 ∫

𝑡

0

∑
𝑗≠𝑖

(
1

𝑋𝑖
𝑠,𝑘
− 𝑋

𝑗

𝑠,𝑘

−
1√

𝑘(𝑥𝑖(𝑠) − 𝑥𝑗(𝑠))

−
𝑊
𝑗
𝑠 −𝑊

𝑖
𝑠(√

𝑘(𝑥𝑖(𝑠) − 𝑥𝑗(𝑠))
)2
)
𝑑𝑠

for 𝑖 = 1, … ,𝑁. A Taylor expansion for 𝑥 ↦ 1∕𝑥 with Lagrange remainder, that is,

1

𝑥
=
1

𝑥0
−
𝑥 − 𝑥0

𝑥20
+
(𝑥 − 𝑥0)

2

𝑥̃3

with some 𝑥̃ between 𝑥 and 𝑥0, then yields

𝑅𝑖
𝑡,𝑘
= −∫

𝑡

0

(∑
𝑗≠𝑖

(𝑋𝑖
𝑠,𝑘
−
√
𝑘𝑥𝑖(𝑠) −𝑊

𝑖
𝑠) − (𝑋

𝑗

𝑠,𝑘
−
√
𝑘𝑥𝑗(𝑠) −𝑊

𝑗
𝑠 )

(𝑥𝑖(𝑠) − 𝑥𝑗(𝑠))2
+ 𝐻𝑖

𝑠,𝑘

)
𝑑𝑠

= −∫
𝑡

0

(∑
𝑗≠𝑖

𝑅𝑖
𝑠,𝑘
− 𝑅

𝑗

𝑠,𝑘

(𝑥𝑖(𝑠) − 𝑥𝑗(𝑠))2
+ 𝐻𝑖

𝑠,𝑘

)
𝑑𝑠

with the error terms

𝐻𝑖
𝑠,𝑘
= 𝑘

∑
𝑗≠𝑖

(
(𝑋𝑖
𝑠,𝑘
−
√
𝑘𝑥𝑖(𝑠)) − (𝑋

𝑗

𝑠,𝑘
−
√
𝑘𝑥𝑗(𝑠))

)2
(√

𝑘(𝑥𝑖(𝑠) − 𝑥𝑗(𝑠)) + 𝐷𝑖,𝑗(𝑠)
)3

where, by the Lagrange remainder,

|𝐷𝑖,𝑗(𝑠)| ≤ |(𝑋𝑗
𝑠,𝑘
−
√
𝑘𝑥𝑗(𝑠)) − (𝑋

𝑗

𝑠,𝑘
−
√
𝑘𝑥𝑗(𝑠))|.

By Theorem 4, this can be bounded by some a.s. finite random variable 𝐷 that only depends
on 𝑥, 𝑦, 𝑡. Hence, |𝐻𝑖

𝑠,𝑘
| ≤ 𝐻∕√𝑘 for 𝑘 ≥ 𝑘0, 𝑠 ∈ [0, 𝑡], 𝑖 = 1, … ,𝑁 with some a.s. finite random

variable 𝐻. Hence,

𝑅𝑡,𝑘 = −∫
𝑡

0

(𝐴(𝑠, 𝑥)𝑅𝑠,𝑘 + 𝐻𝑠,𝑘) 𝑑𝑠, 𝑅0,𝑘 = 0,
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1266 VOIT

and for 𝑢 ∈ [0, 𝑡],

‖𝑅𝑢,𝑘‖ ≤ 𝐴 ∫
𝑢

0

‖𝑅𝑠,𝑘‖ 𝑑𝑠 + 𝑡 ⋅ ‖𝐻‖√
𝑘

with 𝐴 ∶= sup𝑠∈[0,𝑡] ‖𝐴(𝑠, 𝑥)‖ < ∞. Hence, by the classical lemma of Gronwall,

‖𝑅𝑢,𝑘‖ ≤ 𝑡‖𝐻‖√
𝑘
𝑒𝑡𝐴

for all 𝑢 ∈ [0, 𝑡]. This yields (110) as claimed. □

It is an interesting task to compute the covariancematrices Σ𝑡 ∈ ℝ𝑁×𝑁 of𝑊𝑡 for 𝑡 > 0. This can
be done easily for the special starting points 𝑥0 = 𝑐 ⋅ 𝐳 with 𝑐 > 0 and the vector 𝐳 = (𝑧1, … , 𝑧𝑁)
consisting of the zeros of the Hermite polynomial 𝐻𝑁 . In this case, 𝑥(𝑡) =

√
2𝑡 + 𝑐2 ⋅ 𝐳 for 𝑡 ≥ 0,

that is, we consider the matrices 𝐴 ∈ ℝ𝑁×𝑁 with

𝐴𝑖,𝑖 ∶= −
∑
𝑗≠𝑖

1

(𝑧𝑖 − 𝑧𝑗)2
, 𝐴𝑖,𝑗 ∶=

1

(𝑧𝑖 − 𝑧𝑗)2
for 𝑖 ≠ 𝑗. (111)

Hence, in this case, by a straightforward computation,

Σ𝑡 =

(
𝑡 +

𝑐2

2

)
(𝐸 − 𝐴)−1

⎛⎜⎜⎝𝐸 − 𝑒
(
ln

𝑐2

2𝑡+𝑐2

)
(𝐸−𝐴)⎞⎟⎟⎠ (112)

with the identity matrix 𝐸 ∈ ℝ𝑁×𝑁 ; see Ref. 100. Moreover, as the matrix 𝐸 − 𝐴 has the
eigenvalues 1, 2, … ,𝑁 by Theorem 10, the matrix Σ𝑡 has the eigenvalues

𝜆𝐴
𝑗
(𝑡, 𝑐) =

1

2𝑗

(2𝑡 + 𝑐2)𝑗 − 𝑐2𝑗

(2𝑡 + 𝑐2)𝑗−1
(𝑗 = 1,… ,𝑁),

where, in particular, 𝜆𝐴1 (𝑡, 𝑐) = 𝑡.
Notice that thematrix (𝐸 − 𝐴)−1 also appears in the CLT 1 where the process starts in the origin

0 ∈ 𝐶𝐴𝑁 , and that the limit 𝑐 → 0 of Equation (112) yields Σ𝑡 = 𝑡(𝐸 − 𝐴)−1, that is, we here obtain
a continuous dependence of the covariance matrices Σ𝑡 in our CLTs at 𝑐 = 0.
We next turn to freezing limits for Bessel processes of type B.

5.2 Some freezing limits for Bessel processes of type B

We now study Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐵𝑁 with multiplicities 𝑘 = (𝑘1, 𝑘2) = (𝜈 ⋅ 𝛽, 𝛽)
with 𝜈 > 0 fixed and 𝛽 → ∞. The degenerated case 𝜈 = 0 will be considered in Subsection 5.5.
Here, the SDE has the form

𝑑𝑋𝑖
𝑡,𝑘
= 𝑑𝐵𝑖𝑡 + 𝛽

∑
𝑗≠𝑖

⎛⎜⎜⎝
1

𝑋𝑖
𝑡,𝑘
− 𝑋

𝑗

𝑡,𝑘

+
1

𝑋𝑖
𝑡,𝑘
+ 𝑋

𝑗

𝑡,𝑘

⎞⎟⎟⎠𝑑𝑡 +
𝜈 ⋅ 𝛽

𝑋𝑖
𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁) (113)
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VOIT 1267

with an 𝑁-dimensional Brownian motion (𝐵1𝑡 , … , 𝐵
𝑁
𝑡 )𝑡≥0. The renormalized processes (𝑋̃𝑡,𝑘 ∶=

𝑋𝑡,𝑘∕
√
𝛽)𝑡≥0 then satisfy

𝑑𝑋̃𝑖
𝑡,𝑘
=

1√
𝛽
𝑑𝐵𝑖𝑡 +

∑
𝑗≠𝑖

⎛⎜⎜⎝
1

𝑋̃𝑖
𝑡,𝑘
− 𝑋̃

𝑗

𝑡,𝑘

+
1

𝑋̃𝑖
𝑡,𝑘
+ 𝑋̃

𝑗

𝑡,𝑘

⎞⎟⎟⎠𝑑𝑡 +
𝜈

𝑋̃𝑖
𝑡,𝑘

𝑑𝑡 (𝑖 = 1, … ,𝑁). (114)

The SDE (114) degenerates for 𝛽 = ∞ into the ODE

𝑑𝑥

𝑑𝑡
(𝑡) = 𝐻(𝑥(𝑡)), with (115)

𝐻(𝑥) ∶=

(∑
𝑗≠1

(
1

𝑥1 − 𝑥𝑗
+

1

𝑥1 + 𝑥𝑗

)
+
𝜈

𝑥1
, … ,

∑
𝑗≠𝑁

(
1

𝑥𝑁 − 𝑥𝑗
+

1

𝑥𝑁 + 𝑥𝑗

)
+
𝜈

𝑥𝑁

)
.

We now collect several features of the solutions of (115) for 𝜈 > 0 and 𝑁 ≥ 2 from Refs. 100, 102
that are analog to the preceding results:

Theorem 24. For each starting point 𝑥0 ∈ 𝐶𝐵𝑁 , the ODE (115) has a unique solution for all 𝑡 ≥ 0 in
the sense of Theorem 23.

For the next results, we use the ordered zeros 𝑧(𝜈−1)1 , … , 𝑧
(𝜈−1)
𝑁 of 𝐿(𝜈−1)𝑁 and the vector 𝑦 ∈ 𝐶𝐵𝑁

with

2
(
𝑧
(𝜈−1)
1 , … , 𝑧

(𝜈−1)
𝑁

)
= (𝑦21, … , 𝑦

2
𝑁). (116)

Lemma 9. For each 𝑐 ≥ 0, 𝑥(𝑡) ∶=√
𝑡 + 𝑐2 ⋅ 𝑦 is a solution of (115).

Moreover, for each starting point 𝑥0 in the interior of 𝐶𝐵𝑁 , the solution 𝑥 of (115) has the form

𝑥(𝑡) =
√
2𝑁(𝑁 + 𝜈 − 1)𝑡 + ‖𝑥0‖2 ⋅ 𝜙(𝑡) (𝑡 ≥ 0)

with ‖𝜙(𝑡)‖ = 1. Furthermore, lim𝑡→∞ 𝜙(𝑡) = 𝑦√
2𝑁(𝑁+𝜈−1)

.

We remark that the spherical part 𝜙 in Lemma 9 satisfies some ODE similar to (104) in the
A-case; see the proof of Lemma 3.4 in Ref. 102.
As in the preceding subsection, we need the solutions of (115) for limit theorems for 𝛽 → ∞. In

fact, the following strong limit law from Ref. 8 is analog to Theorem 4:

Theorem25. Let 𝜈 > 0 and𝑥0 be a point in the interior of𝐶𝐵𝑁 . Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0
of type B with 𝑘 = (𝑘1, 𝑘2) = (𝛽 ⋅ 𝜈, 𝛽) and start in

√
𝛽 ⋅ 𝑥0 as well as the solution 𝑥(𝑡) of the ODE

(115) with start in 𝑥0. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝛽≥1

‖𝑋𝑠,𝑘 −√𝛽𝑥(𝑠)‖ < ∞ a.s.

In particular, 𝑋𝑡,(𝜈⋅𝛽,𝛽)∕
√
𝛽 → 𝑥(𝑡) for 𝛽 → ∞ locally uniformly in 𝑡 a.s.
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1268 VOIT

For an associated functional CLT, we again use the solution 𝑥(𝑡) of the ODE (115) and use the
centered Gaussian process (𝑊𝑡)𝑡≥0 that is the unique solution of the inhomogeneous linear SDE

𝑑𝑊𝑖
𝑡 = 𝑑𝐵

𝑖
𝑡 +

(∑
𝑗≠𝑖

(
𝑊
𝑗
𝑡 −𝑊

𝑖
𝑡

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
−

𝑊
𝑗
𝑡 +𝑊

𝑖
𝑡

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2

)
−
𝜈 ⋅ 𝑊𝑖

𝑡

𝑥𝑖(𝑡)2

)
𝑑𝑡 (117)

for 𝑖 = 1, … ,𝑁 with𝑊0 = 0. Hence, in matrix notation, 𝑑𝑊𝑡 = 𝑑𝐵𝑡 + 𝐴𝜈(𝑡)𝑊𝑡𝑑𝑡 with

𝐴𝜈(𝑡)𝑖,𝑗 ∶=
1

(𝑥𝑖(𝑡, 𝑥) − 𝑥𝑗(𝑡, 𝑥))2
−

1

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2
(𝑖 ≠ 𝑗),

𝐴𝜈(𝑡)𝑖,𝑖 ∶=
∑
𝑗≠𝑖

(
−1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
−

1

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2

)
−

𝜈

𝑥𝑖(𝑡)2
(𝑖, 𝑗 = 1, … ,𝑁). (118)

Moreover,

𝑊𝑡 = 𝑒
∫ 𝑡
0
𝐴𝜈(𝑠,𝑥)𝑑𝑠 ∫

𝑡

0

𝑒− ∫ 𝑠
0
𝐴𝜈(𝑢,𝑥)𝑑𝑢𝑑𝐵𝑠 (𝑡 ≥ 0). (119)

The functional CLT is now as follows; see Ref. 100:

Theorem 26. Let 𝜈 > 0 and 𝑥0 a point in the interior of 𝐶𝐵𝑁 . Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0
of type 𝐵𝑁 with 𝑘 = (𝜈𝛽, 𝛽) starting at

√
𝛽 ⋅ 𝑥. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝛽≥1

√
𝛽 ⋅ ‖𝑋𝑠,𝑘 −√𝛽𝑥(𝑠) −𝑊𝑠‖ < ∞ 𝑎.𝑠., (120)

that is, 𝑋𝑡,𝑘 −
√
𝛽𝑥(𝑡)⟶𝑊𝑡 for 𝛽 → ∞ locally uniformly in 𝑡 a.s. with rate 𝑂(1∕

√
𝛽).

We now calculate the covariance matrices of𝑊𝑡 for starting points of the form 𝑥0 = 𝑐 ⋅ 𝑦 with
𝑐 > 0. Motivated by Lemma 9, we define the matrices 𝐴𝜈 = (𝐴𝜈,𝑖,𝑗)𝑖,𝑗 ∈ ℝ𝑁×𝑁 with

𝐴𝜈,𝑖,𝑗 ∶=
1

(𝑦𝑖 − 𝑦𝑗)2
−

1

(𝑦𝑖 + 𝑦𝑗)2
, 𝐴𝜈,𝑖,𝑖 ∶=

∑
𝑗≠𝑖

(
−1

(𝑦𝑖 − 𝑦𝑗)2
−

1

(𝑦𝑖 + 𝑦𝑗)2

)
−
𝜈

𝑦2
𝑖

(121)

for 𝑖, 𝑗 = 1, … ,𝑁, 𝑖 ≠ 𝑗 and 𝑦 as in (116). By Theorem 14, 𝐸 − 2𝐴𝜈 has the eigenvalues 2, 4, … , 2𝑁
that are independent of 𝜈. With these notations, we obtain (see Ref. 100) that for 𝑡 > 0, the
covariance matrices Σ𝜈,𝑡 ∈ ℝ𝑁×𝑁 of𝑊𝑡 satisfy

Σ𝜈,𝑡 = (𝑡 + 𝑐
2)(𝐸 − 2𝐴𝜈)

−1

(
𝐸 − 𝑒

ln
𝑐2

𝑡+𝑐2
(𝐸−2𝐴𝜈)

)

with the eigenvalues 𝜆𝐵
𝑗
(𝑡, 𝑐) =

1

2𝑗

(𝑡+𝑐2)2𝑗−𝑐4𝑗

(𝑡+𝑐2)2𝑗−1
with 𝑘 = 1,… ,𝑁.

Remark 8. The eigenvalues of Σ𝑡 in the cases 𝐴2𝑁−1 and 𝐵𝑁 satisfy

𝜆𝐵
𝑖
(𝑡, 𝑐) = 𝜆𝐴

2𝑖
(𝑡, 𝑐 ⋅

√
2) (𝑖 = 1, … ,𝑁)
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VOIT 1269

independent of 𝜈. This is related to the classical relation 𝐻2𝑁(𝑥) = 𝑐𝑁 ⋅ 𝐿
(−1∕2)
𝑁 (𝑥2) for Hermite

and Laguerre polynomials with suitable normalizations 𝑐𝑁 .

5.3 A further freezing limit for Bessel processes of type B

We now turn to freezing limits for Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type B with multiplicities 𝑘 =
(𝑘1, 𝑘2) with 𝑘2 > 0 fixed and 𝑘1 → ∞. We again consider the normalized processes (𝑋̃𝑡,𝑘 ∶=
𝑋𝑡,𝑘∕

√
𝑘1)𝑡≥0 with

𝑑𝑋̃𝑖
𝑡,𝑘
=

1√
𝑘1
𝑑𝐵𝑖𝑡 +

𝑘2
𝑘1

∑
𝑗≠𝑖

⎛⎜⎜⎝
1

𝑋̃𝑖
𝑡,𝑘
− 𝑋̃

𝑗

𝑡,𝑘

+
1

𝑋̃𝑖
𝑡,𝑘
+ 𝑋̃

𝑗

𝑡,𝑘

⎞⎟⎟⎠𝑑𝑡 +
1

𝑋̃𝑖
𝑡,𝑘

𝑑𝑡 (122)

for 𝑖 = 1, … ,𝑁. In the limit 𝑘1 = ∞, we obtain

𝑑𝜙𝑖
𝑑𝑡
(𝑡) = 1∕𝜙𝑖(𝑡) (𝑖 = 1, … ,𝑁), (123)

that is, the solutions with start in 𝜙(0) = 𝑥 ∈ 𝐶𝐵𝑁 are

𝜙(𝑡) =

(√
2𝑡 + 𝑥21, … ,

√
2𝑡 + 𝑥2𝑁

)
.

A comparison of (122) and (123) leads to the following strong limit result; see Ref. 8.

Theorem 27. Let 𝑘1, 𝑘2 > 0, and let 𝑥 be a point in the interior of 𝐶𝐵𝑁 . Let (𝑋𝑡,𝑘)𝑡≥0 be the associated
Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐵𝑁 with 𝑘 = (𝑘1, 𝑘2) starting in

√
𝑘1 ⋅ 𝑥, and let 𝜙 the solution of

(123) starting in 𝑥. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘1≥1∕2

‖𝑋𝑠,𝑘 −√𝑘1𝜙(𝑠)‖ < ∞ 𝑎.𝑠.

In particular, 𝑋𝑡,(𝑘1,𝑘2)∕
√
𝑘1 → 𝜙(𝑡) for 𝑘1 → ∞ locally uniformly in 𝑡 a.s.

Again, this can be extended to a functional CLT; see Ref. 8.

Theorem 28. Fix some 𝑥 in the interior of 𝐶𝐵𝑁 . For 𝑘1, 𝑘2 > 0, consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0
of type B with 𝑘 = (𝑘1, 𝑘2), which start in

√
𝑘1 ⋅ 𝑥. Then, for all 𝑘2 > 0 and 𝑡 > 0,

𝑋𝑡,(𝑘1,𝑘2) −
√
𝑘1 ⋅

(√
2𝑡 + 𝑥21, … ,

√
2𝑡 + 𝑥2𝑁

)
tends in distribution for 𝑘1 → ∞ to the normal distribution

𝑁

(
0, diag

(
𝑡2 + 𝑡𝑥21

2𝑡 + 𝑥21
, … ,

𝑡2 + 𝑡𝑥2𝑁

2𝑡 + 𝑥2𝑁

))
.
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1270 VOIT

In the next step, we turn to freezing limits for 𝑘 = (0, 𝑘2) for 𝑘2 → ∞, that is, the case of Sub-
section 5.2 for 𝜈 = 0. As in Section 3, we handle this case by using results for the root systems of
type 𝐷 that are analog to Subsections 5.1 and 5.2.

5.4 Freezing limits for Bessel processes of type D

We here have a multiplicity 𝑘 ∈ [0,∞[, and the SDE for the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐷 is

𝑑𝑋𝑖
𝑡,𝑘
= 𝑑𝐵𝑖𝑡 + 𝑘

∑
𝑗≠𝑖

⎛⎜⎜⎝
1

𝑋𝑖
𝑡,𝑘
− 𝑋

𝑗

𝑡,𝑘

+
1

𝑋𝑖
𝑡,𝑘
+ 𝑋

𝑗

𝑡,𝑘

⎞⎟⎟⎠𝑑𝑡 (𝑖 = 1, … ,𝑁). (124)

The renormalized processes (𝑋̃𝑡,𝑘 ∶= 𝑋𝑡,𝑘∕
√
𝑘)𝑡≥0 thus satisfy

𝑑𝑋̃𝑖
𝑡,𝑘
=

1√
𝑘
𝑑𝐵𝑖𝑡 +

∑
𝑗≠𝑖

⎛⎜⎜⎝
1

𝑋̃𝑖
𝑡,𝑘
− 𝑋̃

𝑗

𝑡,𝑘

+
1

𝑋̃𝑖
𝑡,𝑘
+ 𝑋̃

𝑗

𝑡,𝑘

⎞⎟⎟⎠𝑑𝑡 (𝑖 = 1, … ,𝑁). (125)

This SDE degenerates for 𝑘 = ∞ into the ODE

𝑑𝑥

𝑑𝑡
(𝑡) = 𝐻(𝑥(𝑡)), with (126)

𝐻(𝑥) ∶=

(∑
𝑗≠1

(
1

𝑥1 − 𝑥𝑗
+

1

𝑥1 + 𝑥𝑗

)
, … ,

∑
𝑗≠𝑁

(
1

𝑥𝑁 − 𝑥𝑗
+

1

𝑥𝑁 + 𝑥𝑗

))
.

We now collect several features of the solutions of (126) from Refs. 100, 102 where most of them
are analogs to the preceding results. For this, we use the𝑁 zeros 𝑧1 > … > 𝑧𝑁−1 > 𝑧𝑁 = 0 of 𝐿

(−1)
𝑁

where 𝑧1, … 𝑧𝑁−1 are the zeros of 𝐿
(1)
𝑁−1; see Subsection 2.1. Moreover, let 𝑟 ∈ 𝐶𝐷𝑁 be the vector

defined in (78).

Proposition 6.

(1) For each starting point 𝑥0 ∈ 𝐶𝐷𝑁 , the ODE (126) has a unique solution 𝑥(𝑡) for 𝑡 ≥ 0 in the sense
of Theorem 23 where 𝑥(𝑡) is in the interior of 𝐶𝐷𝑁 for 𝑡 > 0.

(2) For 𝑐 ≥ 0 and 𝑥0 = 𝑐𝑟, this solution is 𝑥(𝑡) ∶=
√
𝑡 + 𝑐2 ⋅ 𝑟.

(3) For all starting points 𝑥0 ∈ 𝐶𝐷𝑁 , the solution of (126) satisfies

𝑥(𝑡) =
√
2𝑁(𝑁 − 1)𝑡 + ‖𝑥0‖2 ⋅ 𝜙(𝑡) (𝑡 ≥ 0)

with some function 𝜙 with

‖𝜙(𝑡)‖ = 1 and lim
𝑡→∞

𝜙(𝑡) =
𝑟√

2𝑁(𝑁 − 1)
for 𝑡 ≥ 0.

(4) If 𝑥0 = (𝑥0,1, … , 𝑥0,𝑁) with 𝑥0,𝑁 = 0, then the solution 𝑥(𝑡) satisfies 𝑥(𝑡)𝑁 = 0 for all 𝑡, and
(𝑥(𝑡)1, … , 𝑥(𝑡)𝑁−1) solves (115) with dimension 𝑁 − 1 and 𝜈 = 2. In particular, if 𝑥0,𝑁 > 0 or
< 0, then for all 𝑡, 𝑥(𝑡)𝑁 > 0 or < 0, respectively.
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VOIT 1271

The following strong limit law from Ref. 8 is analog to Theorems 4 and 25:

Theorem 29. Let 𝑥0 be in the interior of 𝐶𝐵𝑁 . Consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type D with
start in

√
𝑘 ⋅ 𝑥0 as well as the solution 𝑥(𝑡) of (126) with start in 𝑥0. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝛽≥𝛽0

‖𝑋𝑠,𝑘 −√𝛽𝑥(𝑠)‖ < ∞ a.s.

For an associated functional CLT, we again use the solution 𝑥(𝑡) of the ODE (126) and use the
centered Gaussian process (𝑊𝑡)𝑡≥0 that is the unique solution of the inhomogeneous linear SDE

𝑑𝑊𝑖
𝑡 = 𝑑𝐵

𝑖
𝑡 +

∑
𝑗≠𝑖

(
𝑊
𝑗
𝑡 −𝑊

𝑖
𝑡

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
−

𝑊
𝑗
𝑡 +𝑊

𝑖
𝑡

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2

)
𝑑𝑡 (𝑖 = 1, … ,𝑁) (127)

with𝑊0 = 0, that is, in matrix notation, 𝑑𝑊𝑡 = 𝑑𝐵𝑡 + 𝐴𝜈(𝑡)𝑊𝑡𝑑𝑡 with

𝐴(𝑡)𝑖,𝑗 ∶=
1

(𝑥𝑖(𝑡, 𝑥) − 𝑥𝑗(𝑡, 𝑥))2
−

1

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2
(𝑖 ≠ 𝑗),

𝐴(𝑡)𝑖,𝑖 ∶=
∑
𝑗≠𝑖

(
−1

(𝑥𝑖(𝑡) − 𝑥𝑗(𝑡))2
−

1

(𝑥𝑖(𝑡) + 𝑥𝑗(𝑡))2

)
(128)

for 𝑖, 𝑗 = 1, … ,𝑁. The functional CLT is now as follows; see Ref. 100.

Theorem 30. Let 𝑥0 be in the interior of 𝐶𝐷𝑁 . For 𝑘 ≥ 1, consider the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of
type D starting at

√
𝑘 ⋅ 𝑥0, and let 𝑥(𝑡) be the solution of (126) starting in 𝑥0. Then, for 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥1

√
𝑘 ⋅ ‖𝑋𝑠,𝑘 −√𝑘𝑥(𝑠) −𝑊𝑠‖ < ∞ 𝑎.𝑠. (129)

We next consider the covariance matrix of𝑊𝑡 for the special solutions 𝑥(𝑡) ∶=
√
𝑡 + 𝑐2 ⋅ 𝑦. For

this, let 𝐴 ∈ ℝ𝑁×𝑁 with

𝐴𝑖,𝑗 ∶=
1

(𝑟𝑖 − 𝑟𝑗)2
−

1

(𝑟𝑖 + 𝑟𝑗)2
, 𝐴𝑖,𝑖 ∶=

∑
𝑗≠𝑖

(
−1

(𝑟𝑖 − 𝑟𝑗)2
−

1

(𝑟𝑖 + 𝑟𝑗)2

)
(130)

for 𝑖, 𝑗 = 1, … ,𝑁, 𝑖 ≠ 𝑗 with 𝑟 as in (78). Then 𝐸 − 2𝐴 has the eigenvalues 2, 4, … , 2𝑁. Hence:

Lemma 10. Assume that the Bessel processes (𝑋𝑡,𝑘)𝑡≥0 of type 𝐷𝑁 start in the points
√
𝑘 ⋅ 𝑐𝑟 with

𝑐 > 0 and the vector 𝑟 above. Then, the covariance matrices Σ𝑡 of𝑊𝑡 are

Σ𝑡 = (𝑡 + 𝑐
2)(𝐸 − 2𝐴)−1

(
𝐸 − 𝑒

ln
𝑐2

𝑡+𝑐2
(𝐸−2𝐴)

)
.

Remark 9. Assume that in the situation of Theorem 30, the𝑁th coordinate of the starting point 𝑥0
satisfies 𝑥0,𝑁 = 0. Then, 𝑥(𝑡)𝑁 = 0 for all 𝑡 ≥ 0, that is, the matrices 𝐴(𝑡) in Equation (128) satisfy
𝐴(𝑡)𝑁,𝑗 = 𝐴(𝑡, 𝑥)𝑗,𝑁 = 0 for 𝑗 ≠ 𝑁 and 𝑡 > 0. This means that the𝑁th component of (𝑊(𝑁)

𝑡 )𝑡≥0 is
independent from (𝑊

(1)
𝑡 , … ,𝑊

(𝑁−1)
𝑡 )𝑡≥0.
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1272 VOIT

This situation appears in particular in the setting of Lemma 10.

We now apply Subsection 5.4 to the B-case for 𝑘 = (0, 𝑘2) for 𝑘2 → ∞.

5.5 A further freezing limit in the B-case

We recapitulate from Section 3 that for 𝑘2 ≥ 0 and a Bessel process (𝑋𝐷
𝑡,𝑘2
)𝑡≥0 of type D with

multiplicity 𝑘 ≥ 0 on 𝐶𝐷𝑁 with starting point 𝑥 ∈ 𝐶𝐷𝑁 , the process (𝑋
𝐵
𝑡,𝑘
)𝑡≥0 with

𝑋𝐵,𝑖
𝑡,𝑘
∶= 𝑋𝐷,𝑖

𝑡,𝑘
(𝑖 = 1, … ,𝑁 − 1), 𝑋𝐵,𝑁

𝑡,𝑘
∶= |𝑋𝐷,𝑁

𝑡,𝑘
|

is a Bessel process of type B with 𝑘 = (0, 𝑘2) with starting point (𝑥1, … , 𝑥𝑁−1, |𝑥𝑁|) ∈ 𝐶𝐵𝑁 with
𝑥1 > … > 𝑥𝑁−1 > |𝑥𝑁| ≥ 0. where (𝑋𝐵𝑡,𝑘)𝑡≥0 is a diffusion with reflecting boundaries where now
the boundary parts with the 𝑁th coordinate equal to zero are attained.
We now translate the results of Subsection 5.4 and consider the solutions 𝑥(𝑡) of the ODE (126)

with start in 𝑥 in the following two particular cases:

(1) If 𝑥 is in the interior of 𝐶𝐵𝑁 , then 𝑥(𝑡) will be also in the interior of 𝐶𝐵𝑁 for all 𝑡 ≥ 0 by
Proposition 6(4).

(2) If 𝑥1 > … > 𝑥𝑁−1 > 𝑥𝑁 = 0, then we have 𝑥(𝑡)1 > … > 𝑥(𝑡)𝑁−1 > 𝑥(𝑡)𝑁 = 0 for all 𝑡 ≥ 0.
Case (2) appears in particular for the special solutions 𝑥(𝑡) =

√
𝑡 + 𝑐2 ⋅ 𝑟 for 𝑐 > 0 and the vector

𝑟 from (78) with 𝑟𝑁 = 0.
Theorem 29 now reads as follows for the B-case with (𝑘1, 𝑘2) = (0, 𝑘) for 𝑘 → ∞:

Theorem 31. Let 𝑥 be a point as described above in (1) or (2). For 𝑘 ≥ 1∕2, consider the Bessel
processes (𝑋𝑡,(0,𝑘))𝑡≥0 of type 𝐵𝑁 starting in

√
𝑘 ⋅ 𝑥. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥1∕2

‖𝑋𝑠,𝑘 −√𝑘𝑥(𝑠)‖ < ∞ 𝑎.𝑠..

We next use the Gaussian processes (𝑊𝑡)𝑡≥0 satisfying (127). Theorem 30 now leads to func-
tional CLTs where the cases (1) and (2) have to be treated separately for geometric reasons. For
the case (1), we have the following result; see Ref. 100.

Theorem32. Let𝑥 be a point in the interior of𝐶𝐵𝑁 . For𝑘 ≥ 1∕2, consider Bessel processes (𝑋𝑡,(0,𝑘))𝑡≥0
of type B starting at

√
𝑘 ⋅ 𝑥. Then, for all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥𝑘0

√
𝑘 ⋅ ‖𝑋𝑠,(0,𝑘) −√𝑘𝑥(𝑠) −𝑊𝑠‖ < ∞ 𝑎.𝑠. (131)

Theorem 32 corresponds to Theorem 26 for 𝜈 = 0. We finally turn to case (2); see Ref. 100.
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VOIT 1273

Theorem 33. Let 𝑥 ∈ 𝐶𝐵𝑁 with 𝑥1 > … > 𝑥𝑁−1 > 𝑥𝑁 = 0. For 𝑘 ≥ 1∕2, consider Bessel processes
(𝑋𝑡,(0,𝑘))𝑡≥0 of type B starting at

√
𝑘 ⋅ 𝑥. Then, with the process

(𝑊̃𝑡 ∶= (𝑊
(1)
𝑡 , … ,𝑊

(𝑁−1)
𝑡 , |𝑊(𝑁)

𝑡 |))𝑡≥0,
and all 𝑡 > 0,

sup
0≤𝑠≤𝑡,𝑘≥1

√
𝑘 ⋅ ‖𝑋𝑠,(0,𝑘) −√𝑘𝑥(𝑠) − 𝑊̃𝑠‖ < ∞ 𝑎.𝑠. (132)

In the end of this section, we briefly discuss some freezing limits in the Heckman–Opdam
case. As this is still work in progress, we only discuss a few ideas. We begin with the noncompact
Heckman–Opdam case of type A.

5.6 Freezing limits for the noncompact Hockman–Opdam case of
type A

Following Subsection 2.4, we here start with the𝑊-invariant Heckman–Opdam Laplacians

𝐿𝑘𝑓(𝑥) = Δ𝑓(𝑥) + 𝑘

𝑁∑
𝑗=1

∑
𝑙≠𝑗
coth

(
𝑥𝑗 − 𝑥𝑙

2

)
𝜕

𝜕𝑥𝑗
𝑓(𝑥) (133)

on the Weyl chamber 𝐶𝐴𝑁 for 𝑘 ∈ [0,∞[. As in the preceding section, we also consider the
renormalized generators 𝐿̃𝑘 ∶=

1

𝑘
𝐿𝑘 that degenerate for 𝑘 → ∞ into

𝐿̃∞ =

𝑁∑
𝑗=1

∑
𝑙≠𝑗
coth

(
𝑥𝑗 − 𝑥𝑙

2

)
𝜕

𝜕𝑥𝑗
.

The process (𝑋𝑡,𝑘 ∶= 𝑋𝑡∕𝑘,𝑘)𝑡≥0 for 𝑘 ∈]0,∞[ then solves the SDE

𝑑𝑋𝑡,𝑘,𝑗 =

√
2√
𝑘
𝑑𝐵𝑡,𝑗 +

∑
𝑙≠𝑗
coth

(
𝑋𝑡,𝑘,𝑗 − 𝑋𝑡,𝑘,𝑙

2

)
𝑑𝑡 (𝑗 = 1,… ,𝑁), (134)

which degenerates for 𝑘 = ∞ into the ODE

𝑑𝑥𝑗

𝑑𝑡
(𝑡) =

∑
𝑙≠𝑗
coth

(
𝑥𝑗(𝑡) − 𝑥𝑙(𝑡)

2

)
(𝑗 = 1,… ,𝑁). (135)

Again, for initial data in the interior of the chamber𝐶𝐴𝑁 , the solution (𝑋𝑡,∞)𝑡≥0 of these differential
equations exists for all 𝑡 ≥ 0 in the interior of 𝐶𝐴𝑁 .
Like Bessel processes of type A (see the comments after Lemma 2), the diffusions 𝑋𝑘 can be

decomposed into the center-of-gravity process 𝑋𝑐𝑔
𝑘
∶= (𝑋

𝑐𝑔

𝑡,𝑘
)𝑡≥0 with

𝑋
𝑐𝑔

𝑡,𝑘
∶=

1

𝑁
(𝑋𝑡,𝑘,1 +⋯ + 𝑋𝑡,𝑘,𝑁) ⋅ 𝟏
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1274 VOIT

and the process𝑋𝑑𝑖𝑓𝑓
𝑘

∶= 𝑋𝑘 − 𝑋
𝑐𝑔

𝑘
on𝐶𝐴𝑁,0 ∶= {𝑥 ∈ 𝐶

𝐴
𝑁 ∶ 𝑥1 +⋯+ 𝑥𝑁 = 0}, which describes the

distances of the particles. The processes 𝑋𝑑𝑖𝑓𝑓
𝑘

and 𝑋𝑐𝑔
𝑘
are stochastically independent.

Using the ideas of the proof of Theorem 2.4 and related results in Ref. 8, it is easy to transfer
Theorem 4 as follows:

Theorem 34. Let 𝑥0 be a in the interior of 𝐶𝐴𝑁 . For 𝑘 ≥ 1, let (𝑋̃𝑡,𝑘)𝑡≥0 be a normalized Heckman–
Opdam process of type A satisfying (134) with start in 𝑥0, and 𝜙 the solution of (135) starting in 𝑥0.
Then, locally uniformly in 𝑡, 𝑋̃𝑡,𝑘 → 𝑥(𝑡) for 𝑘 → ∞ a.s.

Unfortunately, no solutions of the ODEs (134) are known except for 𝑁 = 2, 3. It is likely that
there exists an associated CLT similar to Theorem 5.
Notice that Theorem 34 is concerned with time rescalings of Heckman–Opdam processes, and

that limit theorems concerning space rescalings here have a different form.

5.7 Freezing limits for the noncompact Hockman–Opdam case of
type BC

Wehere start with the nonreduced root system 𝐵𝐶𝑁 as in (26) with 𝑘 = (𝑘1, 𝑘2, 𝑘3), where 𝑘1, 𝑘2 ≥
0, 𝑘3 > 0 are the values on the roots 𝑒𝑖, 2𝑒𝑖, 𝑒𝑖 ± 𝑒𝑗 . We now follow28,85,98 and reparameterize the
multiplicity 𝑘 via

𝜅 = 𝑘3, 𝑞 = 𝑁 − 1 +
1 + 2𝑘1 + 2𝑘2

2𝑘3
, 𝑝 = 𝑁 − 1 +

1 + 2𝑘2
2𝑘3

(136)

with 𝜅 > 0, 𝑞 ≥ 𝑝 ≥ 𝑁 − 1 + 1∕2𝜅, and

𝑘 = (𝑘1, 𝑘2, 𝑘3) = 𝜅 ⋅
(
𝑞 − 𝑝, 𝑘0,2, 1

)
with 𝑘0,2 ∶= 𝑝 − (𝑁 − 1) −

1

2𝜅
. (137)

We now fix 𝑝, 𝑞 and consider 𝜅 → ∞. For this, we write the multiplicity 𝑘 in (137) by 𝑘𝜅. The
associated Heckman–Opdam Laplacian (42) is

𝐿𝜅 = Δ +

𝑁∑
𝑖=1

𝜅

(
(𝑞 − 𝑝) coth

(𝑥𝑖
2

)
+ 2𝑘0,2 coth(𝑥𝑖)

+
∑
𝑗∶𝑗≠𝑖

(
coth

(
𝑥𝑖 − 𝑥𝑗

2

)
+ coth

(
𝑥𝑖 + 𝑥𝑗

2

)))
𝜕𝑖 (138)

on the Weyl chamber 𝐶𝐵𝑁 . The operators 𝐿𝜅 are the generators of diffusions (𝑋𝑡,𝜅)𝑡≥0 on 𝐶𝐵𝑁 , and
the renormalized operators

𝐿̃𝜅 ∶=
1

𝜅
𝐿𝜅
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VOIT 1275

then are the generators of the diffusions (𝑋𝑡,𝜅 ∶= 𝑋𝑡∕𝜅,𝜅)𝑡≥0 that may be seen as solutions of the
SDEs

𝑑𝑋𝑡,𝜅,𝑗 =

√
2√
𝜅
𝑑𝐵𝑡,𝑗 +

∑
𝑙≠𝑗

(
coth

(
𝑋𝑡,𝜅,𝑗 − 𝑋𝑡,𝜅,𝑙

2

)
+ coth

(
𝑋𝑡,𝜅,𝑗 + 𝑋𝑡,𝜅,𝑙

2

))
𝑑𝑡

+

(
(𝑞 − 𝑝) coth

(
𝑋𝑡,𝜅,𝑗

2

)
+ 2𝑘0,2 coth(𝑋𝑡,𝜅,𝑗)

)
𝑑𝑡 (𝑗 = 1,… ,𝑁). (139)

For 𝜅 → ∞, these SDEs degenerate into the ODE

𝑑𝑥𝑗

𝑑𝑡
(𝑡) =

∑
𝑙≠𝑗

(
coth

(
𝑥𝑗(𝑡) − 𝑥𝑙(𝑡)

2

)
+ coth

(
𝑥𝑗(𝑡) + 𝑥𝑙(𝑡)

2

))
(140)

+ (𝑞 − 𝑝) coth

(
𝑥𝑗(𝑡)

2

)
+ 2(𝑝 − (𝑁 − 1)) coth 𝑥𝑗(𝑡) (𝑗 = 1,… ,𝑁).

Again, for initial data in the interior of the chamber 𝐶𝐵𝑁 , the solutions (𝑋𝑡,𝜅)𝑡≥0 and ((𝑥(𝑡))𝑡≥0 of
(139) and (140) exist for 𝑡 ≥ 0 in the interior of 𝐶𝐵𝑁 .
It is now possible to restate Theorem 34 in this setting. We point out that also an analog of

Theorems 23 and 24 is available; see Ref. 14.

Theorem 35. For each starting point 𝑥0 ∈ 𝐶𝐵𝑁 , the ODE (140) has a unique solution for all 𝑡 ≥ 0 in
the sense of Theorem 23.

It is likely that a corresponding result holds in the A-case in Subsection 5.6.
In the end of the article, we briefly consider the compact BC-case, that is, Jacobi processes.

5.8 Freezing limits for the compact Hockman–Opdam case of type BC

For the multiplicity 𝑘 = (𝑘1, 𝑘2, 𝑘3), the trigonometric Heckman–Opdam Laplacian (49) here has
the form

𝐿̂𝑘𝑓(𝑡) ∶= Δ𝑓(𝑡) +

𝑁∑
𝑖=1

(
𝑘1 cot

(
𝑡𝑖
2

)
+ 2𝑘2 cot(𝑡𝑖) (141)

+𝑘3
∑
𝑗∶𝑗≠𝑖

(
cot

(
𝑡𝑖 − 𝑡𝑗

2

)
+ cot

(
𝑡𝑖 + 𝑡𝑗

2

)))
𝜕𝑖𝑓(𝑡).

We now follow Refs. 14, 28, 98 and use the transformation 𝑥𝑖 = cos 𝑡𝑖 (𝑖 = 1, … ,𝑁) from
Subsection 3.4, which transforms this into the algebraic Heckman–Opdam Laplacian

𝐿𝑘𝑓(𝑥) ∶=

𝑁∑
𝑖=1

(1 − 𝑥2
𝑖
)𝑓𝑥𝑖,𝑥𝑖 (𝑥) +

𝑁∑
𝑖=1

(
−𝑘1 − (1 + 𝑘1 + 2𝑘2)𝑥𝑖 + 2𝑘3

∑
𝑗∶𝑗≠𝑖

1 − 𝑥2
𝑖

𝑥𝑖 − 𝑥𝑗

)
𝑓𝑥𝑖 (𝑥),

(142)
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1276 VOIT

which is the generator of a Feller diffusion on the alcove

𝐴𝑁 ∶= {𝑥 ∈ ℝ
𝑁| − 1 ≤ 𝑥1 ≤ … ≤ 𝑥𝑁 ≤ 1}.

As before, the associated diffusions (𝑋𝑡)𝑡≥0 can also be seen as solutions of the SDEs

𝑑𝑋𝑡,𝑖 =
√
2(1 − 𝑋2

𝑡,𝑖
) 𝑑𝐵𝑡,𝑖 +

(
−𝑘1 − (1 + 𝑘1 + 2𝑘2)𝑋𝑡,𝑖 + 2𝑘3

∑
𝑗∶𝑗≠𝑖

1 − 𝑋2
𝑡,𝑖

𝑋𝑡,𝑖 − 𝑋𝑡,𝑗

)
𝑑𝑡, (143)

for 𝑖 = 1, … ,𝑁 and an 𝑁-dimensional Brownian motion (𝐵𝑡)𝑡≥0. For freezing limits, we again
follow Refs. 14, 28, 98 and change the parameters by

𝜅 = 𝑘3, 𝑞 = 𝑁 − 1 +
1 + 2𝑘1 + 2𝑘2

2𝑘3
, 𝑝 = 𝑁 − 1 +

1 + 2𝑘2
2𝑘3

. (144)

The SDE (143) then has the form

𝑑𝑋𝑡,𝑖 =
√
2(1 − 𝑋2

𝑡,𝑖
) 𝑑𝐵𝑡,𝑖 + 𝜅

(
(𝑝 − 𝑞) + (2(𝑁 − 1) − (𝑝 + 𝑞))𝑋𝑡,𝑖

+2
∑
𝑗∶ 𝑗≠𝑖

1 − 𝑋2
𝑡,𝑖

𝑋𝑡,𝑖 − 𝑋𝑡,𝑗

)
𝑑𝑡.

The transformed diffusions (𝑋̃𝑡 ∶= 𝑋𝑡∕𝜅)𝑡≥0 with the generators 𝐿̃𝑘 ∶= 1

𝜅
𝐿𝑘 then satisfy

𝑑𝑋̃𝑡,𝑖 =

√
2√
𝜅

√
1 − 𝑋̃2

𝑡,𝑖
𝑑𝐵̃𝑡,𝑖 +

(
(𝑝 − 𝑞) − (𝑝 + 𝑞)𝑋̃𝑡,𝑖 + 2

∑
𝑗≠𝑖

1 − 𝑋̃𝑡,𝑖𝑋̃𝑡,𝑗

𝑋̃𝑡,𝑖 − 𝑋̃𝑡,𝑗

)
𝑑𝑡 (145)

for 𝑖 = 1, … ,𝑁. For the freezing case 𝜅 = ∞, (145) degenerates into the ODE

𝑑𝑥𝑖
𝑑𝑡
(𝑡) = (𝑝 − 𝑞) − (𝑝 + 𝑞)𝑥𝑖(𝑡) + 2

∑
𝑗≠𝑖

1 − 𝑥𝑖(𝑡)𝑥𝑗(𝑡)

𝑥𝑖(𝑡) − 𝑥𝑖(𝑡)
(𝑖 = 1, … ,𝑁). (146)

By Ref. 14, this ODE has the following properties that correspond to Theorems 23 and 24 and
Proposition 6.

Proposition 7.

(1) The ODE (146) has a unique stationary solution in the interior of 𝐴𝑁 . This solution is given by
the vector 𝑧 with the ordered zeros of the classical Jacobi polynomial 𝑃(𝑞−𝑁,𝑝−𝑁)𝑁 as entries.

(2) For each starting point 𝑥0 ∈ 𝐴𝑁 , the ODE (146) has a unique solution 𝑥(𝑡) for 𝑡 ≥ 0 in the sense
of Theorem 23 with 𝑥(𝑡) in the interior of 𝐴𝑁 for 𝑡 > 0. Moreover, lim𝑡→∞ 𝑥(𝑡) = 𝑧.

Also Theorem 34 can be stated in this context.
We finally consider a further limit that is connected with Remark 5(1). We fix constants

𝑎, 𝑏, 𝑘3 ∈ ℝ with 𝑘3, 𝑏, 𝑎 + 𝑏 > 0, and study for 𝜅 > 0, diffusions (𝑋𝑡,𝜅)𝑡≥0 that solve (143) for the
parameter (𝑘1, 𝑘2, 𝑘3) with 𝑘1 = 𝜅𝑎, 𝑘2 = 𝜅𝑏. A short computation yields that then the processes
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VOIT 1277

(𝑋̂𝑡,𝜅)𝑡≥0 with

𝑋̂𝑡,𝜅 ∶=
√
𝜅
(
𝑋𝑡∕𝜅,𝜅 −

−𝑎

𝑎 + 2𝑏
𝟏
)

(147)

satisfy

𝑑𝑋̂𝑡,𝜅,𝑖 =
√
2

√√√√√1 −

(
−𝑎

𝑎 + 2𝑏
+
𝑋̂𝑡,𝜅,𝑖√
𝜅

)2
𝑑𝐵𝑡,𝑖 (148)

+

⎛⎜⎜⎜⎜⎝
𝑎√

𝜅(𝑎 + 2𝑏)
−

(
1

𝜅
+ 𝑎 + 2𝑏

)
𝑋̂𝑡,𝜅,𝑖 + 2𝑘3

∑
𝑗∶𝑗≠𝑖

1 −

(
−𝑎

𝑎+2𝑏
+
𝑋̂𝑡,𝜅,𝑖√
𝜅

)2
𝑋𝑡,𝜅,𝑖 − 𝑋𝑡,𝜅,𝑗

⎞⎟⎟⎟⎟⎠
𝑑𝑡,

which degenerates for 𝜅 = ∞ into

𝑑𝑋̂𝑡,∞,𝑖 =
√
2

√
1 −

𝑎2

(𝑎 + 2𝑏)2
𝑑𝐵𝑡,𝑖 +

(
−(𝑎 + 2𝑏)𝑋̂𝑡,∞,𝑖 + 2𝑘3

∑
𝑗∶𝑗≠𝑖

1 −
𝑎2

(𝑎+2𝑏)2

𝑋𝑡,∞,𝑖 − 𝑋𝑡,∞,𝑗

)
𝑑𝑡. (149)

The solutions of (149) are Ornstein–Uhlenbeck-type asymptotically stationary versions of Bessel
processes of type A (see, e.g., Refs. 80, 101) with transition densities of the form (6) (after suitable
transformations of all parameters). This fits to Remark 5(1) where in the limit 𝜅 → ∞ andwith the
transformations in (147), the stationarymeasures of our Jacobi processes tend to the stationary dis-
tributions of these Ornstein–Uhlenbeck-type Bessel processes of type A. This idea also works for
other limits, and in this way, this SDE approach offers a method to derive several limit theorems.
In general, the SDE approach to particle processes is quite powerful. In fact, in this article, we

discussed exclusively limits for fixed numbers𝑁 of particles except for Theorem 12 on the largest
particles in the freezing regime for 𝑁 → ∞. The SDE techniques and the underlying symmetries
can also be used to derive almost sure limit theorems for the empirical measures

1

𝑁
(𝛿𝑋̃1𝑡

+⋯ + 𝛿𝑋̃𝑁𝑡
) (150)

of possibly suitably transformed particle processes (𝑋̃𝑡 = (𝑋̃1𝑡 , … , 𝑋̃
𝑁
𝑡 ))𝑡≥0 for 𝑁 → ∞ under suit-

able assumptions on the starting configurations for 𝑡 = 0 where then free convolutions (see,
e.g., NS) and distributions like Wigner and Marchenko–Pastur distributions appear. Results in
this directions can be found in Refs. 3, 14, 24, 27, 101 and references there.

ACKNOWLEDGEMENT
Open access funding enabled and organized by Projekt DEAL.

F INANCIAL DI SCLOSURE
None reported.

CONFL ICT OF INTEREST STATEMENT
The authors declare no potential conflict of interests.

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1278 VOIT

DATA AVAILAB IL ITY STATEMENT
No data used.

REFERENCES
1. Allez R, Guionnet A. A diffusive matrix model for invariant 𝛽-ensembles. Electron J Probab. 2013;18:1-30.
2. Amri B. Note on Bessel functions of type 𝐴𝑁−1. Integral Transforms Spec Funct. 2014;25:448-461.
3. Anderson GW, Guionnet A, Zeitouni O. An Introduction to Random Matrices. Cambridge University Press;

2010.
4. Andraus S, Hermann K, Voit M. Limit theorems and soft edge of freezing random matrix models via dual

orthogonal polynomials. J Math Phys. 2021;62:083303.
5. Andraus S, Katori M, Miyashita S. Interacting particles on the line and Dunkl intertwining operator of type
𝐴: application to the freezing regime. J Phys A Math Theor. 2012;45:395201.

6. Andraus S, Katori M,Miyashita S. Two limiting regimes of interacting Bessel processes. J Phys AMath Theor.
2014;47:235201.

7. Andraus S, Miyashita S. Two-step asymptotics of scaled Dunkl processes. J Math Phys. 2015;56:103302.
8. Andraus S, Voit M. Limit theorems for multivariate Bessel processes in the freezing regime. Stoch Proc Appl.

2019;129:4771-4790.
9. Andraus S, Voit M. Central limit theorems for multivariate Bessel processes in the freezing regime II: the

covariance matrices. J Approx Theory. 2019;246:65-84.
10. Anker J-P. An introduction to Dunkl theory and its analytic aspects. In: Filipuk G, Haraoka Y, Michalik S,

eds. Analytic, Algebraic and Geometric Aspects of Differential Equations. Birkhäuser; 2017:3-58.
11. Arista J, Demni N. Explicit expressions of the Hua-Pickrell semi-group. arXiv:2008.07195.
12. Artykov M, Voit M. Central limit theorems for random walks associated with hypergeometric functions of

type BC. Colloq Math. 2021;163:89-112.
13. Assiotis T. Hua-Pickrell diffusions and Feller processes on the boundary of the graph of spectra. Ann Inst

Henri Poincaré (B). 2020;56:1251-1283.
14. Auer M, Voit M, Woerner J. Wigner- and Marchenko-Pastur-type limit theorems for Jacobi processes.

Preprint, 2022, arXiv:2203.07797.
15. Baker TH, Forrester PJ. The Calogero-Sutherland model and generalized classical polynomials. CommMath

Phys. 1997;188:175-216.
16. de Boor C, Saff EB. Finite sequences of orthogonal polynomials connected by a Jacobi matrix. Linear Algebra

Appl. 1986;75:43-55.
17. Borodin A, Gorin V. General beta Jacobi corners process and the Gaussian Free Field. Commun Pure Appl

Math. 2015;68:1774-1844 (2015).
18. BorodinA,OlshanskiG. Infinite RandomMatrices andErgodicMeasures.CommMathPhys. 2001;223:87-123.
19. Breitung K. Asymptotic Approximations for Probability Integrals. Lecture Notes in Mathematics, Vol 1592.

Springer; 1994.
20. Bru M. Wishart processes. J Theoret Probab. 1991;4:725-751.
21. Capitaine M, Casalis M. Asymptotic freeness by generalized moments for Gaussian and Wishart matrices.

Application to beta random matrices. Indiana Univ Math J. 2004;53:397-432.
22. Cepa E, Lepingle D. Diffusing particles with electrostatic repulsion. Probab Theory Relat Fields. 1997;107:429-

449.
23. ChybiryakovO,GallardoL, YorM.Dunkl processes and their radial parts relative to a root system. In:Graczyk

P et al., eds. Harmonic and Stochastic Analysis of Dunkl Processes. Hermann; 2008:113-197.
24. Deift P. Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Approach. American Mathemat-

ical Society; 2000.
25. Demni N. A guided tour in the world of radial Dunkl processes. In: Graczyk P et al., eds. Harmonic and

Stochastic Analysis of Dunkl Processes. Hermann; 2008:199-226.
26. Demni N. Generalized Bessel function of type D. SIGMA. 2008;4:075, 7 pages, arXiv:0811.0507.
27. Demni N. Free Jacobi process. J Theor Probab. 2008;21:118-143.
28. Demni N. 𝛽-Jacobi processes. Adv Pure Appl Math. 2010;1:325-344.

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



VOIT 1279

29. Dette H, Nagel J. Some asymptotic properties of the spectrum of the Jacobi ensemble. SIAM J Math Anal.
2009;41:1491-1507.

30. Dette H, Studden WJ. Some new asymptotic properties for the zeros of Jacobi, Laguerre, and Hermite
polynomials. Constructive Approx. 1995;11:227-238.

31. van Diejen JF, Vinet L. Calogero-Sutherland-Moser Models. CRM Series in Mathematical Physics. Springer;
2000.

32. Donati-Martin C, Doumerc Y, Matsumoto H, Yor M. Some properties of the Wishart processes and a matrix
extension of the Hartman-Watson law. Publ Math RIMS Kyoto. 2004;40:1385-1412.

33. Doumerc Y.Matrix Jacobi Process. Ph.D. Thesis, Paul Sabatier University; 2005.
34. Dumitriu I, Edelman A. Matrix models for beta-ensembles. J Math Phys. 2002;43:5830-5847.
35. Dumitriu I, Edelman A. Eigenvalues of Hermite and Laguerre ensembles: large beta asymptotics. Ann Inst

Henri Poincare (B). 2005;41:1083-1099.
36. Dunkl C. Dunkl operators and related special functions. In: Koornwinder TH, Stokman JV, eds.Encyclopedia

of Special Functions, Part II: Multivariable Special Functions. Cambridge University Press; 2021.
37. Dunkl C, Xu Y. Orthogonal Polynomials of Several Variables. Cambridge University Press; 2014.
38. Dyson FJ. A Brownian-motion model for the eigenvalues of a random matrix. J Math Phys. 1962;3:1191-1198.
39. Dziubański J, Hejna A. Upper and lower bounds for the Dunkl heat kernel. Calc Var Partial Differ Equ.

2023;62(1):Paper No. 25, 18 p.
40. Forrester P. Log Gases and RandomMatrices. London Mathematical Society; 2010.
41. Forrester P, Warnaar S. The importance of the Selberg integral. Bull Amer Math Soc. 2008;45:489-534.
42. Gallardo L, Yor M. Some remarkable properties of the Dunkl martingale. In: Seminaire de Probabilites

XXXIX, dedicated to P.A. Meyer, Vol 1874. Lecture Notes in Mathematics. Springer; 2006:337-356.
43. Gorin V, Kleptsyn V. Universal objects of the infinite beta random matrix theory. J European Math Soc. to

appear, arXiv:2009.02006. doi:10.4171/JEMS/1336
44. Gorin V, ShkolnikovM. Multilevel Dyson Brownianmotions via Jack polynomials. Probab Theory Rel Fields.

2015;163:413-463.
45. Graczyk P, Malecki J. Strong solutions of non-colliding particle systems. Electron J Probab. 2014;19:21 pp.
46. Graczyk P, Sawyer P. Sharp estimates for W-invariant Dunkl and heat kernels in the An case. Preprint,

arXiv:2111.13529.
47. Graczyk P, Sawyer P. Sharp estimates for the hypergeometric functions related to root systems of type A and

of rank 1. Preprint, arXiv:2203.10025.
48. Heckman G, Opdam E. Jacobi polynomials and hypergeometric functions associated with root systems.

In: Koornwinder TH, Stokman JV, eds. Encyclopedia of Special Functions, Part II: Multivariable Special
Functions. Cambridge University Press; 2021.

49. Heckman G, Schlichtkrull H. Harmonic Analysis and Special Functions on Symmetric Spaces, Part I.
Perspectives in Mathematics, Vol 16. Academic Press; 1994.

50. Hermann K. Freezing Limits for General Random Matrix Models and Applications to Classical 𝛽-Ensembles.
Ph.D. Thesis, 2023, in preparation.

51. Hermann K, Voit M. Limit theorems for Jacobi ensembles with large parameters. Tunisian J Math. 2021;3-
4:843-860.

52. Hirsch MW, Smale S. Differential Equations, Dynamical Systems, and Linear Algebra. Academic Press; 1974.
53. Holcomb D, Paquette E. Tridiagonal models for Dyson Brownian motion. Preprint 2017, arXiv 1707.02700v1.
54. Hua LK.Harmonic Analysis of Functions of Several Complex Variables in the Classical Domains. Translations

of Mathematical Monographs, Vol. 6. American Mathematical Society (AMS); 1979:186 p.
55. Ismail M.Classical andQuantumOrthogonal Polynomials in one Variable. Cambridge University Press; 2005.
56. Jiang T. Approximation of Haar distributed matrices and limiting distributions of eigenvalues of Jacobi

ensembles. Probab Theory Rel Fields. 2009;144:221-246.
57. Katori M. Bessel Processes, Schramm-Loewner Evolution, and the Dyson Model. Springer; 2015.
58. Killip R. Gaussian fluctuations for 𝛽 ensembles. Int Math Res Not. 2008(8):Art. ID rnn007, 19 pp.
59. Killip R, Nenciu I. Matrix models for circular ensembles. Int Math Res Not. 2004;50:2665-2701.
60. Koornwinder T. Jacobi polynomials of type BC, Jack polynomials, limit transitions and𝑂(∞).ContempMath.

1995;190:283-286.

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1280 VOIT

61. Lapointe L, Vinet L. Exact operator solution of the Calogero-Sutherland model. Comm Math Phys.
1996;178:425-452.

62. Macdonald I. Orthogonal polynomials associated with root systems. Sem Lothar Combin. 2000/01;45:Art.
B45a, 40 pp. (electronic).

63. Mehta M. RandomMatrices. 3rd ed. Elsevier/Academic Press; 2004.
64. Narayanan EK, Pasquale A, Pusti S. Asymptotics of Harish-Chandra expansions, bounded hypergeometric

functions associated with root systems, and applications. Adv Math. 2014;252:227-259.
65. Neretin YA. Matrix beta-integrals: an overview. In: P Kielanowski et al., eds. Geometric Methods in Physics.

Trends in Mathematics. Birkhäuser/Springer; 2015:257-272.
66. Nica A, Speicher R. Lectures on the Combinatorics of Free Probability Theory. Cambridge University Press;

2006.
67. Okounkov A, Olshanski G. Shifted Jack polynomials, binomial formula, and applications. Math Res Lett.

1997;4:69-78.
68. Pickrell D. Measures on infinite dimensional Grassmann manifolds. J Funct Anal. 1987;70:323-356.
69. Protter PE. Stochastic Integration and Differential Equations. A New Approach. Springer; 2003.
70. Ramirez JA, Rider B, Virag B. Beta ensembles, stochastic Airy spectrum, and a diffusion. J Am Math Soc.

2011;24:919-944.
71. RemlingH, RöslerM. The heat semigroup in the compact Heckman-Opdam setting and the Segal-Bargmann

transform. Int Math Res Not. 2011;18:4200-4225.
72. Remling H, Rösler M. Convolution algebras for Heckman-Opdam polynomials derived from compact

Grassmannians. J Approx Theory. 2015;197:30-48.
73. Rogers LCG, Shi Z. Interacting Brownian particles and theWigner law. Probab Theory Rel Fields. 1993;95:555-

570.
74. Rogers LCG, Williams D. Diffusions, Markov Processes and Martingales, Vol. 1 Foundations. Cambridge

University Press; 2000.
75. Rösler M. Generalized Hermite polynomials and the heat equation for Dunkl operators. Comm Math Phys.

1998;192:519-542.
76. Rösler M. Positivity of Dunkl’s intertwining operator. Duke Math J. 1999;98:445-463.
77. Rösler M. Dunkl operators: theory and applications. In: Orthogonal Polynomials and Special Functions,

Leuven 2002. Lecture Notes in Math. Springer; 2003;1817:93-135.
78. Rösler M. Convolution algebras on matrix cones. Compos Math. 2007;143:749-779.
79. Rösler M, Koornwinder T, Voit M. Limit transition between hypergeometric functions of type 𝐵𝐶 and type

𝐴. Compos Math. 2013;149:1381-1400.
80. Rösler M, Voit M. Markov processes related with Dunkl operators. Adv Appl Math. 1998;21:575-643.
81. Rösler M, Voit M. Dunkl theory, convolution algebras, and related Markov processes. In: Graczyk P et al.,

eds. Harmonic and Stochastic Analysis of Dunkl Processes. Hermann; 2008:1-112.
82. Rösler M, Voit M. Positivity of Dunkl’s intertwining operator via the trigonometric setting. Int Math Res Not

IMRN. 2004;63:3379-3389.
83. Rösler M, Voit M. Integral representation and uniform limits for some Heckman-Opdam hypergeometric

functions of type 𝐵𝐶. Trans Amer Math Soc. 2016;368:6005-6032.
84. Rösler M, Voit M. Beta distributions and Sonine integrals for Bessel functions on symmetric cones. Stud Appl

Math. 2018;141:474-500.
85. Rösler M, Voit M. Elementary symmetric polynomials and martingales for Heckman-Opdam processes.

Contemp Math. 2022;780:243-262.
86. Sawyer P. A Laplace-type representation of the generalized spherical functions associated with the root

systems of Type A.Mediterr J Matt. 2017;14:1-17.
87. Sawyer P. A Laplace-type representation for some generalized spherical functions of type BC. Colloq Math.

2019;155:31-49.
88. Schapira B. The Heckman-OpdamMarkov processes. Probab Theory Rel Fields. 2007;138:495-519.
89. Schapira B. Contribution to the hypergeometric function theory of Heckman and Opdam: sharp estimates,

Schwarz space, heat kernel. Geom Funct Anal. 2008;18:222-250.
90. Szegö G. Orthogonal Polynomials. American Mathematical Society; 1939.

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



VOIT 1281

91. Tricomi F. Sul comportamento asintotico dell’n-esimo polinomio di Laguerre nell’intorno dell’ascissa 4n.
Comment Math Helv. 1949;22:150-167.

92. TrinhHD, Trinh KD. Beta Jacobi ensembles and associated Jacobi polynomials. J Stat Phys. 2021;185(1):Paper
No. 4, 15 p.

93. Vallee O, Soares M. Airy Functions and Applications to Physics. World Scientific; 2004.
94. van der Vaart AW. Asymptotic Statistics. Cambridge University Press; 1998.
95. Vinet L, Zhedanov A. A characterization of classical and semiclassical orthogonal polynomials from their

dual polynomials. J Comput Appl Math. 2004;172:41-48.
96. VoitM. Asymptotic behavior of heat kernels on spheres of large dimensions. JMultivariate Anal. 1996;59:230-

248.
97. Voit M. Central limit theorems for multivariate Bessel processes in the freezing regime. J Approx Theory.

2019;239:210-231.
98. VoitM. Somemartingales associatedwithmultivariate Jacobi processes andAomoto’s Selberg integral. Indag

Math. 2020;31:398-410.
99. Voit M. Freezing limits for beta-Cauchy ensembles. SIGMA. 2022;18:069, 25 pages, arXiv:2205.08153.
100. Voit M, Woerner JHC. Functional central limit theorems for multivariate Bessel processes in the freezing

regime. Stoch Anal Appl. 2021;39:136-156.
101. Voit M, Woerner JHC. Limit theorems for Bessel and Dunkl processes of large dimensions and free

convolutions. Stoch Proc Appl. 2022;143:207-253.
102. VoitM,Woerner JHC. The differential equations associatedwithCalogero-Moser-Sutherland particlemodels

in the freezing regime. Hokkaido Math J. 2022;51:153-174.
103. Wong R. Asymptotic Approximations of Integrals. SIAM; 2001.
104. Yabuoku S. Eigenvalue processes of symmetric tridiagonalmatrix-valued processes associated with Gaussian

beta ensemble. Preprint, arXiv:2204.00736.

How to cite this article: Voit M. Freezing limits for Calogero–Moser–Sutherland
particle models. Stud Appl Math. 2023;151:1230–1281. https://doi.org/10.1111/sapm.12628

 14679590, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12628 by T
echnische U

niversitaet D
ortm

und D
ezernat Finanzen und B

eschaffung, W
iley O

nline L
ibrary on [18/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://doi.org/10.1111/sapm.12628

	Freezing limits for Calogero-Moser-Sutherland particle models
	Abstract
	1 | INTRODUCTION
	2 | SPECIAL FUNCTIONS AND DIFFUSIONS ASSOCIATED WITH ROOT SYSTEMS
	2.1 | The classical one-dimensional orthogonal polynomials
	2.2 | Root systems and Weyl chambers
	2.3 | Dunkl operators, Bessel functions, and Bessel processes
	2.4 | Heckman-Opdam hypergeometric functions and associated diffusions

	3 | FREEZING LIMITS VIA THE DISTRIBUTIONS OF THE PROCESSES
	3.1 | Freezing limits for Bessel processes of type A
	3.2 | Freezing limits for Bessel processes of type B
	3.3 | Freezing limits for Bessel processes of type D and a connection to type B
	3.4 | Freezing limits for Jacobi ensembles

	4 | DE BOOR-SAFF DUALITY AND THE COVARIANCE MATRICES
	5 | FREEZING LIMITS FOR BESSEL PROCESSES VIA STOCHASTIC DIFFERENTIAL EQUATIONS
	5.1 | Freezing limits for Bessel processes of type A
	5.2 | Some freezing limits for Bessel processes of type B
	5.3 | A further freezing limit for Bessel processes of type B
	5.4 | Freezing limits for Bessel processes of type D
	5.5 | A further freezing limit in the B-case
	5.6 | Freezing limits for the noncompact Hockman-Opdam case of type A
	5.7 | Freezing limits for the noncompact Hockman-Opdam case of type BC
	5.8 | Freezing limits for the compact Hockman-Opdam case of type BC

	ACKNOWLEDGEMENT
	FINANCIAL DISCLOSURE
	CONFLICT OF INTEREST STATEMENT
	DATA AVAILABILITY STATEMENT

	REFERENCES


