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Zusammenfassung

Die vorliegende Arbeit behandelt die Modellierung und numerische Simulation von ani-
sotropen Materialien, deren mechanisches bzw. elektromechanisches Verhalten mafigeb-
lich von ihrer Mikrostruktur beeinflusst wird. Um solche mikrostrukturellen Effekte
zu beriicksichtigen werden generalisierte Kontinuumsansdtze sowie die isogeometrische
Analyse verwendet. Die isogeometrische Analyse wird im ersten Teil dieser Arbeit mit
besonderem Fokus auf ihre Anwendung auf Gradientenkontinua behandelt. Im zwei-
ten Teil wird eine gradientenerweiterte Elastizitédtstheorie fiir die Simulation von fa-
serverstiarkten Verbundwerkstoffen untersucht, bei der die Biegesteifigkeit der Fasern
durch die Einbeziechung des Gradienten des Faservektors in die zugrunde liegende Ener-
giedichtefunktion beriicksichtigt wird. Dabei werden sowohl infinitesimal kleine als auch
finite Deformationen untersucht. Im letzten Teil der Arbeit wird ein Modellierungs-
ansatz fiir das gradientenbasierte elektromechanische Phédnomen der Flexoelektrizitit
vorgestellt, um flexoelektrisch induzierte Knochenumbauprozesse sowie Heilungsprozes-
se von Mikrorissen in kortikalem Knochen zu analysieren. Unter Beriicksichtigung von
chemo-elektro-mechanischer Kopplung wird Flexoelektrizitéit zusammen mit anisotropen
Zelldiffusionsprozessen und Oberflichenwachstum behandelt.

Abstract

This thesis deals with the modelling and numerical simulation of anisotropic materials
whose mechanical, respectively electromechanical behaviour is significantly influenced by
their microstructure. From a modelling point of view, generalised continuum approaches
are adopted in order to account for these microstructural effects and isogeometric anal-
ysis is employed for their numerical treatment. Accordingly, isogeometric analysis is
addressed in the first part of this work with special focus on the application to gradient
continua. In the second part, a gradient elasticity approach for the modelling and sim-
ulation of fibre-reinforced composites is investigated in which the fibre bending stiffness
is accounted for by incorporation of the gradient of the fibre vector in the underlying
stored energy density function. An isogeometric analysis framework is established for
a small strain as well as finite strain setting. In the last part of this thesis, a mod-
elling approach for the gradient-based electromechanical phenomenon flexoelectricity is
proposed for the simulation of flexoelectricity-induced bone remodelling processes and
microcrack healing in cortical bone. Accordingly, chemo-electro-mechanical coupling is
considered and a computational framework which captures flexoelectricity together with
anisotropic cell diffusion processes and surface growth is established.
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Notation

In this thesis, the meaning of any employed scalar-valued or tensor-valued variable is
generally described in the corresponding sections. However, the notation conventions
used throughout this work are provided in the following for the reader’s convenience.

Tensors For the three-dimensional Euclidean space R? which is spanned by the Carte-
sian basis vectors {e;} with i € {1, 2, 3}, first-order tensors, respectively vectors, are
expressed as

u = u; €;

following Einstein’s summation convention. Tensors of higher order follow analogously
as

T="T,e ®e;,

R=Rij.e Qe;® ey,
S=Sjue ®e; Ve, ey,
C=Cjiume ®ejRe, Qe e,,

including tensors of up to fifth order, in particular. Accordingly, non-bold letters are
used for scalars, bold-face lower-case italic letters for vectors and bold-face upper-case
italic letters are employed for second-order and third-order tensors. Bold-face upper-case
sans-serif letters represent tensors of fourth or higher order. Besides, tensors are also
represented by bold-face lower-case italic letters in this thesis when Greek symbols are
employed.

Tensor transpositions Different kinds of transpositions of tensors are used through-
out this work depending on the order of the tensor. As tensors of any order can be
constructed by dyadic products of first-order tensors, respectively vectors, the transpo-
sitions are defined in the following under the use of arbitrary vectors a, b, ¢ and d. The
transposition of a second-order tensor T' accordingly reads

T' =[a®b]'=bxa. (0.1)

xiil



Notation

For a fourth-order tensor S, minor and major transpositions can be distinguished. In
this work, they are defined as

S'=abrcad' ' =ba®cxd|,
ST —[aeb®c®d =lcod®a®bl. (0.3)

Additionally, a special type of transposition for fourth-order tensors is used in this work,
ie.

S =lavboced  =[dea®b®d. (0.4)

Similarly, for a third-order tensor R, additional non-standard transpositions are intro-
duced as

R =[a®bac' =bRa®d, (0
‘R:i="'a®@b®cl=[a®c®b], (0.
R' =[a®bod =[c®axb], 0
TR="a®bc=[boc®al. 0

Inner tensor products Let A and B denote tensor-valued quantities of arbitrary order
in the Cartesian basis system. The inner tensor products between the tensors are denoted
by dots, i.e.

A-B=[A; neej--- e, e Bun. oplm®@ ey, Q e, e

=Aij i Bin.pei@ej Qe De, - Qe,® ey, (0.9)
A B=[Aj ne®e e, €]l [ Bun.opem@e€, - Re,R e

=Aij 1 Br.opei®e; - Re,® e, (0.10)
A:B=[Aj imei e Qe, e Qe [Bup.gen@e, e, - e, e,

= Aij._kim Brim..qr€i @ €5+ @ €4 ® €y, (0.11)

where the number of dots clearly corresponds to the number of contractions. For the
double and triple contraction, tensors A and B need to be of at least second, respectively
third order. The inner tensor products also give rise to the definition of the norm, i.e.

lull = vVa-u, |T|=VT:T (0.12)

for first-order and second-order tensors, respectively.

Outer tensor products The standard outer product of two tensors A and B of suitable
order is defined as

Xiv



A® B= [Awkl e X €;--- Xer® el] X [an...op en®e, - ¥e, ep]
=Aij. ki Bun.opei®ej Qe ReRe, e, - Qe,R e, (0.13)

Additionally, two non-standard dyadic products are introduced, accordingly

ARB=[Ajj ne.Re; e, ®el®[Bun.opem@e,...e, e

=Aij imBin.pei@e; Qe Qe Qe, e, - Q e, e, (0.14)
A@B - ['Aljkl e;® € ®er® el] @ [an...op en®e,...e ep]
= Az]kn Blm...op € ® (S e, e e, e, --Re,® €p. (015)

Identity tensor The Kronecker delta symbol 6;; gives rise to the second-order identity
tensor

1 ifi=j,

0 ifi##j. (0.16)

I:5ijei®ej with 5ij:ei'ej:{

Permutation tensor The third-order permutation tensor, also referred to as Levi-
Civita symbol, is defined as

1 if (ijk) is even permutation of (123),
€E=¢jreRe; ®e, with €5, = ¢ —1 if (ijk) is odd permutation of (123),
0  if at least two indices are identical.
(0.17)

Vector products For first-order tensors w and v, the vector product is denoted under
the use of the permutation tensor so that

U X UV = U; Vj €5k €. (018)
For a second-order tensor T', the product reads

T xv= ﬂj Vg €5kl €4 X e;. (019)

Gradient operations Gradient operations are denoted as V, e or Vx e, depending on
whether the gradient operation is performed with respect to the spatial or reference
configuration. In this thesis, the gradient and corresponding derived operations are
right-gradients. Accordingly, the gradient of a tensor A of arbitrary order yields

OAij. ki

0T,

Ve A =

eRe Qe R e R en,. (0.20)
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Notation

The divergence and curl operators can be written in terms of the gradient operator and
result in

0A;;
Ve A=V, A: I = “2;"“ e Qe ® ey, (0.21)
!
ou
Vw XU = Eijka—x,; €;. (022)

Taking both the gradient and divergence operator into account, the Laplace operator
with respect to the spatial configuration is defined as A, e =V, -V, e and includes
second-order derivatives of a tensorial quantity e.

For the application of the gradient and divergence operators in a polar coordinate
system in the two-dimensional space, the derivatives of the basis vectors e,, e, must be
considered. For a scalar field @(r, ¢) and a vector field ¥(r, ), the operations yield

0P 1 09

de5(r, QD) = EGT + ; %6@, (023)
v, 109, ¥,
Vw¢<r7 ()0) or € e + |:_ % + r :| €y ® €y
10 ov,
; — - :| T®e¢—|— WGQO@@T, (024)
10 1 0%,
Ve - O(r, @) = . 87“ —l— R (0.25)

Application of the Laplace operator to the scalar and vector fields ¢ and ¥ in polar
coordinates results in

¢ 100 1 9°P

A @(7“ 90) 87~2 + - , 87”‘ =+ ﬁ 8_@2’ (026)
v, 2 0V, v, 2 0V,
AW (r,p) = |Ag¥, — 230, ] e+ {Ax% - T—“; +3 e (0.27)
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1 Introduction

1.1 Motivation and state of the art

Within the field of material modelling, the overall objective is to establish models which
most accurately capture the behaviour of real materials. This thesis particularly deals
with the modelling of materials possessing a characteristic microstructure which con-
tributes to the macroscopic mechanical or electromechanical material response and in-
troduces size effects. The following sections present the state of the art in the realm
of such advanced modelling approaches including continuum theories as well as analyt-
ical and numerical solution methods along with the underlying experimental findings.
Sect. 1.1.1 provides a general basis on the modelling of materials with microstructure,
whereas the subsequent sections focus on specific (anisotropic) materials in particular.
To be precise, Sect. 1.1.2 deals with fibre-reinforced solids under consideration of the
fibre bending stiffness, and Sect. 1.1.3 addresses flexoelectricity in dielectric materials
and its particular role in the cortical bone remodelling process.

1.1.1 Materials with microstructure

Many materials and structures show a behaviour as described by a classic continuum
theory. There are, however, several classes of materials which yield a different response
upon loading, meaning that they behave stiffer, respectively softer than classically ex-
pected. This is particularly the case when the size of the loaded structure is on a
similar scale as the microstructural elements of the material it is made of. Since such
a behaviour can be beneficial in many applications, research on artificial materials with
microstructures designed to exhibit these effects has become increasingly relevant in the
last years. Moreover, size effects have also been observed in naturally occurring mate-
rials such as bones so that appropriate modelling approaches are required in order to
correctly describe their physical behaviour.

Experimental findings The experimental investigation of microstructural effects in
solids is a challenging task since these effects are only observable on small scales. This
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not only makes the experimental setup more difficult but might also promote inaccu-
racies in measurements by, e.g., surface damage induced while preparing specimens or
applying loads. In [87], these challenges are discussed in detail and different experimen-
tal methods for generalised continua are proposed. In the so-called Method of size effects
in particular, specimens of different dimensions are analysed experimentally in order to
study the size-dependent rigidity response.

In [32], cortical bone specimens are investigated by such a procedure. More specifi-
cally speaking, 88 specimens of varying heights ranging from 100 um to 550 um but with
constant height-to-length-ratio are studied in terms of three-point bending tests on a
microscope stage. From the slope of the resulting load-displacement curve, the elastic
modulus is calculated by using a Timoshenko beam theory. Fig. 1.1a presents the cor-
responding results in dependence on the ratio between surface area and volume which
is directly related to the specimen size. A "smaller is stiffer”-type size effect is clearly
observable for small samples, whereas a convergence to a constant value is obtained for
larger specimens.

In contrast to this behaviour, Fig. 1.1b reveals a "smaller is softer”-type size effect
resulting from the compression of aluminium cell foams [9]. Both open-cell and closed-
cell foams are investigated in terms of mm-sized samples with a constant ratio of height
to cross sectional diameter, respectively edge length. Multiple samples of different sizes
are loaded on a testing machine with a compressive load. In order to disregard effects of
localised plasticity, the unloading modulus is calculated from the slope of the unloading
stress-strain curve. In Fig. 1.1b, the modulus is normalised with respect to the Young’s
modulus of the bulk material and plotted over the ratio between specimen size and
cell size. With decreasing dimensions, the observed modulus takes smaller values for
both open-cell and closed-cell foams. In [158], the size-dependent behaviour of metallic
foams is discussed in more detail for different loading conditions. It is concluded that
for bending and uniaxial compression, foams exhibit a softening effect with decreasing
ratio between specimen size and cell size, whereas a stiffening effect is observed in shear
and indentation tests.

Generalised continuum approaches In order to account for the experimentally ob-
served size effects in continuum models, several distinct theories have been proposed
which can be divided into higher-order theories and higher-gradient theories. Within
higher-order theories, additional degrees of freedom are introduced which are associated
with the microstructure. The most general approach in this regard is the micromorphic
theory [56, 106, 157] in which a microdeformation tensor is attached to each material
point. Accordingly, nine degrees of freedom are introduced in addition to the three
translational degrees of freedom accounted for in a classic Cauchy continuum. The mi-
cromorphic theory can be reduced to other generalised continuum theories which only
consider specific parts of the microdeformation tensor. Accordingly, Cosserat continua
[39] are obtained by including three rotational and three translational degrees of freedom
at each material point. An extension of this approach with respect to micro-inertia terms
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Figure 1.1: Experimentally observed size effects in materials with different microstructure.

yields micropolar continua [54], whereas for the static case both terms are used inter-
changeably. Moreover, microstretch continua [55] are obtained by considering not only
microrotations and translations but also a stretch-related degree of freedom, whereas
dilatational continua account for a single dilatational degree of freedom [119] in addition
to the translations at each material point.

By coupling the microdeformation to the macrodeformation of the continuum un-
der investigation, gradient theories can also be derived from the micromorphic theory.
Gradient theories are, accordingly, not based on additional degrees of freedom but on
the incorporation of higher gradients of existing fields. In elasticity, second gradients of
the displacement vector are typically employed. More specifically speaking, the strain-
gradient theory is based on the gradient of the strain tensor [106], whereas the couple-
stress theory in the form proposed in [108] incorporates the gradient of the rotation
vector, i.e. the gradient of the curl of the displacement field. In [106, 161], a more
general form of these gradient approaches is additionally addressed which includes all
components of the second displacement gradient, respectively the material gradient of
the deformation gradient when finite deformations are considered. For linear elasticity,
the relation between these different gradient approaches is discussed in detail in [109].
In the context of coupled problems, gradients of other field variables can similarly be
incorporated such as polarisation gradients in the case of electromechanical coupling
[107]. The introduction of gradients of stresses, however, leads to a different continuum
approach which has been introduced in [61, 136]. This stress gradient theory accounts
for negative size effects in the sense "smaller is softer”, whereas classic (strain) gradient
theories are associated with positive size effects of "smaller is stiffer”-type.
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Numerical approaches to gradient continua Various numerical frameworks have been
proposed in order to study generalised continua and the related size effects. Within the
scope of this thesis, the focus lies on gradient continua in particular. When dealing with
gradient continua, a numerical challenge is the treatment of the fourth-order partial dif-
ferential equations (PDEs) which result from the incorporation of higher gradients in the
underlying energy functions. More specifically speaking, the basis functions used within
finite element discretisations must exhibit square integrable second-order derivatives.

There are generally two options to deal with this issue, which are either choosing
higher-order elements which satisfy this condition or avoiding the higher-continuity re-
quirements by dividing the fourth-order PDE into two PDEs of second order. The
latter can be achieved by introducing additional kinematic variables. In, e.g., [7] the
displacements and displacement gradients are used as independent degrees of freedom,
and Lagrange multipliers are incorporated in order to enforce their kinematic relation
by side constraints. A similar procedure is employed in [59] by treating the gradient
continuum as a constrained micromorphic continuum.

In order to deal with fourth-order PDEs directly, mesh free methods can be adopted
since they can be formulated on the basis of highly continuous basis functions, see, e.g.,
[11]. Discontinuous Galerkin methods are another possible choice in the context of gra-
dient continua. In, e.g., [50, 51] these are employed in the context of gradient plasticity,
in particular. Alternatively, higher-order finite elements can be used such as Hermite
elements as proposed in [17] or other specific C''-continuous elements as introduced in,
e.g., [123] for three-dimensional gradient elasticity problems. Another method which
has been employed in order to deal with the higher continuity requirements on the basis
functions is isogeometric analysis (IGA). This approach is based on highly continuous
non-uniform rational B-splines (NURBS) basis functions. In, e.g., [60, 167] an isogeomet-
ric analysis framework for gradient elasticity has been proposed. Isogeometric analysis
is also the basis for the investigations of gradient continua and related applications in
this thesis.

1.1.2 Fibre-reinforced solids with fibre-bending stiffness

Fibre-reinforced solids In many industrial applications, fibre-reinforced composites are
in high demand because of their advantageous properties compared to non-reinforced ma-
terials. Specifically speaking, a reinforcement by certain types of fibres can enhance the
stiffness, durability and strength-to-weight ratio of materials to name only a few benefits
[34, 73, 85, 131]. Apart from these mechanical characteristics of fibre-reinforced compos-
ites, the electrical and thermal properties of solids can also be manipulated through the
use of specific fibre reinforcements [5, 169]. This high level of flexibility leads to a broad
spectrum of materials being reinforced, or used as reinforcement, as illustrated by the
scanning electron microscope (SEM) images in Fig. 1.2, showcasing diverse engineering
applications. To be precise, Fig. 1.2a presents a steel fibre-reinforced concrete mate-
rial with a fibre diameter of 220 um used in construction, whereas in Fig. 1.2b a brittle
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ceramic-matrix composite (CMC) for high temperature applications is shown which is
reinforced with short fibres of 13um diameter. In Fig. 1.2c, the microstructure of a
structural capacitor is revealed. In this particular application, carbon fibres of a few
um thickness serve as electrodes and are separated by glass fibres. Finally, Fig. 1.2d
presents a carbon fibre-reinforced polymer with an additional reinforcement by silver
nanowires which enhances the electrical conductivity of the material and thereby makes
it attractive for the use in electronic devices [75].

(a) Steel fibre-reinforced reactive powder concrete (b) Short fibre-reinforced ceramic-matrix composite
(RPC). Reprinted from [179], copyright (2013), with per-  (CMC). Reprinted from [156], copyright (2001), with per-
mission from Elsevier. mission from Elsevier.

- oy

(C) Carbon fibres in a structural capacitor. Reprinted (d) Carbon fibre-reinforced polymer with silver
from [160] under the terms of the Creative Commons At- nanowires. Reprinted from [142] under the terms of the
tribution 4.0 International License (CC BY 4.0). Creative Commons Attribution License (CC BY).

Figure 1.2: Scanning electron microscope (SEM) images of fibre-reinforced materials on the micro and
nano scale.

Classic modelling approaches Due to the high popularity of fibre-reinforced com-
posites, efficient simulation methods are required to predict the behaviour of these ma-
terials. A broad range of modelling approaches already exists in which the fibres are
assumed to be perfectly flexible. This implies that they solely exhibit a tensile stiff-
ness, whereas a resistance of the fibres against bending or torsion is neglected. From
a modelling point of view, this leads to a classic structural tensor approach as in, e.g.,
[25, 103, 104, 151, 152, 178]. Therein, the fibre direction vector is introduced as addi-
tional argument of the underlying energy function such that this originally anisotropic
tensor function is reformulated as an isotropic tensor function in the extended list of
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arguments. Accordingly, the energy function depends on five independent invariants, in
general, assuming a constant structural tensor.

Although the concept of modelling fibre-reinforced solids by solely accounting for the
fibre tensile stiffness yields accurate results for many applications, it cannot account for
size effects that follow from particular fibre properties such as their diameter or spacing.
Moreover, it does not exclude deformation patterns which yield fibre slope discontinuities
since there is no energy contribution associated with a change in fibre direction from
one material point to another [150].

Experimental findings on size effects and fibre-bending stiffness In contrast to the
results obtained by classic modelling approaches for fibre-reinforced solids which con-
sider the fibres to be perfectly flexible, i.e. infinitesimally thin, size effects which are
related to the fibre dimensions have been observed in several experiments as presented
in Fig. 1.3. In particular, Fig. 1.3a, shows the effective bending modulus obtained from
three-point bending tests performed in [82] on silver nanowires which are, e.g., used as
reinforcement in polymers as shown in Fig. 1.2d. By employing contact atomic force
microscopy (C-AFM), a bending load is applied to nanowires with diameters ranging
from 20 — 140 nm, and the elastic modulus is calculated from the slope of the measured
load deflection curves by means of a classic Euler-Bernoulli beam theory. As revealed in
Fig. 1.3a, a significant size effect is obtained, i.e. wires of smaller size behave stiffer. In
accordance with these results which have been observed for structurally isolated fibres,
experiments on fibrous composites exhibit a similar size-dependency. Accordingly, sev-
eral samples of ultra-high-performance hybrid fibre-reinforced concrete (UHP-HFRC)
are studied in [116] in terms of four-point bending tests, whereas three different speci-
men sizes with equal fibre volume fractions and equal aspect ratios are considered. To
be precise, the incorporated edge lengths of the samples with square cross section are
50 mm, 100 mm and 150 mm. Fig. 1.3b presents the equivalent bending stress as a func-
tion of the observed deflection for all specimens. Focussing on the elastic regime before
plastic deformation and cracking occur, the experimental results reveal generally higher
stiffnesses for smaller-sized samples, i.e. for specimens in which the relative size of the
fibres is rather large with respect to the macroscopic dimensions.

Extended modelling approach accounting for the fibre bending stiffness Motivated
by the experimental findings on the size-dependent behaviour of fibre-reinforced com-
posites, an extended approach for the modelling of such materials has been presented in
[153]. It drops the assumption of perfectly flexible fibres and instead allows the incorpo-
ration of the fibre bending stiffness into the model. Amongst others, this new material
parameter is associated with the gradient of the fibre direction vector which enters the
energy function as additional argument and thereby introduces a length scale to the
model. In a finite strain setting, the energy can be expressed as an isotropic tensor func-
tion of, e.g., the right Cauchy-Green tensor, the fibre direction vector and its gradient,
accordingly. This leads to a dependence on, in general, 33 independent invariants. As
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Figure 1.3: Experimentally observed size effects in individual fibres as well as in fibre-reinforced com-
posites.

a special case, however, only the derivative of the fibre vector in the fibre direction is
considered to exclusively account for fibre curvature and fibre stretch gradient effects.
Effects from fibre twist or splay, on the other hand, are thereby excluded and the num-
ber of invariants reduces to eleven. In [153], a linear version of the proposed theory is
additionally derived and a reduction to a plane strain state is presented. Overall, the
modelling approach is based on the couple-stress theory introduced in [108] and thus
leads to non-symmetric stresses and couple-stresses.

An alternative modelling approach for fibre-reinforced solids with fibre bending stiff-
ness has been proposed in [154, 155] on the basis of a Cosserat continuum theory and
accounts for fibre twisting in addition to stretching and bending. Therein, fibres are
modelled in terms of continuously distributed Kirchhoff rods, and an orthonormal triad
field is introduced which is associated with the unit tangent vector and cross section of
the embedded fibres. The change in space of the triad field is accounted for by intro-
duction of a rotation tensor and describes the fibre curvature and twist. Similar to the
model proposed in [153], a length scale is introduced.

Analytical solutions The modelling approach proposed in [153] for fibre-reinforced
composites with fibre bending stiffness has been used to derive analytical solutions to
particular boundary value problems in which fibre bending is expected to have a signif-
icant impact on the material response. To be precise, a cylindrical tube subject to an
azimuthal shear deformation has been studied in a two-dimensional, plane strain setting
in [44] by employing the linear version of the modelling approach. For this particular
boundary value problem, it can be shown that radial compression and azimuthal shear
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become uncoupled deformations when the fibres are assumed to be initially straight and
radially aligned. Accordingly, a pure azimuthal shear load would not yield any fibre
resistance if perfectly flexible fibres were accounted for. By incorporation of a fibre
bending stiffness, however, a resistance of the fibres against the shear deformation is
observed leading to a physically more meaningful response for fibres with non-negligible
thickness. The boundary value problem is studied under different assumptions on the
compressibility of the bulk material and on the extensibility of the fibres. The results
are shown to be identical in the linear framework with straight, radially aligned fibres
due to the uncoupling of radial compression and azimuthal shear.

In [45, 150], the finite strain version of the modelling approach presented in [153] is
adopted in order to investigate the same boundary value problem in a more general,
non-linear setting. In contrast to the linearised version of the problem, pure azimuthal
shear deformations are not applicable in this case when the tube is made of an ideal
fibre-reinforced material, i.e. of an incompressible matrix material including inextensi-
ble fibres. Accordingly, extensible fibres are considered in [45], whereas in [150] area-
preserving shear is instead investigated in combination with inextensible fibres which
allows changes of the inner and outer tube radii.

Numerical approaches The modelling approach for fibre-reinforced solids with fibre
bending stiffness proposed in [153] is based on the couple-stress continuum theory in-
troduced in [108]. Accordingly, the theory poses higher continuity requirements on the
basis functions when a finite element scheme is employed. In order to deal with this
issue, a multi-field finite element approach with mixed elements has been proposed in
[14]. Therein, the deformation map and the skew-symmetric part of the stress tensor
are considered as independent fields together with an additional field variable coupled to
the deformation gradient by a constraint equation. This finite element approach fulfils
the continuity requirements in weak sense, accordingly. The framework is applied to
two-dimensional as well as three-dimensional boundary value problems in order to study
size effects and the influence of the fibre direction on the mechanical behaviour of beam-
like structures. In [12], the framework is adopted for the azimuthal shear deformation
of a cylindrical tube and the numerical results are compared to the analytical solutions
provided in [44]. In addition, an application to nano composites is carried out in [13].
A mixed finite element formulation is also employed in [74] for the analysis of dynam-
ically loaded, viscoelastic fibre bundles which possess a resistance against bending and
twisting as proposed in [154, 155]. In this computational framework, rotational degrees
of freedom are considered in order to account for the higher-order contributions, and
micro inertia is incorporated. Accordingly, a constrained micropolar continuum theory
is adopted.

An alternative numerical method used to account for fibre bending stiffness effects in
fibre-reinforced solids is isogeometric analysis. A major advantage of this approach is the
possibility of solving the underlying fourth-order partial differential equation directly as
opposed to the multi-field method where the problem is split into two partial differential
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equations of second order. Due to the omission of additional fields, the number of
degrees of freedom can be significantly reduced in this way which, in general, lowers
the computational effort. Moreover, the continuity requirements are fulfilled in a strong
sense by using IGA. In this thesis, an isogeometric analysis framework is established for
the modelling of fibre-reinforced solids with fibre bending stiffness on the basis of the
derivations in [153] with restriction to one single family of fibres and on fibre bending
and fibre stretching as active deformation modes. Besides taking one single family of
fibres into account, woven fibre structures embedded in thin sheets of matrix material
are elaborated by means of isogeometric analysis in [141]. Therein, a Kirchhoff-Love
shell formulation is employed on the basis of [154, 155] for the investigation of in-plane
and out-of-plane flexural fibre resistance in a hyperelastic regime. By comparison with
experimental measurements, it is shown that the numerical calculations which account
for fibre bending stiffness contributions yield more accurate results than those obtained
by classic continuum approaches without the consideration of higher gradients.

1.1.3 Flexoelectricity-induced remodelling processes in cortical bone

Flexoelectricity in solids The phenomenon of flexoelectricity has gained increasing in-
terest in the last decades in the context of electromechanical coupling. Although at first
the effect was assumed to be related to a particular form of piezoelectricity, researchers
later regarded flexoelectricity as an independent phenomenon with different coupling
properties, see [16] and references cited therein. To be precise, the direct flexoelectric
effect describes the coupling between strain gradient and electric polarisation. Con-
verse flexoelectricity, on the other hand, accounts for (homogeneous) stresses induced
by an external electric field gradient, whereas an inhomogeneous strain field induced
by electric polarisation is captured by the inverse flexoelectric effect [49]. In contrast
to piezoelectricity, flexoelectricity is a property of all dielectrics and not restricted to
non-centrosymmetric structures. By exploiting the flexoelectric effect, the dependency
on piezoelectric materials is consequently reduced which is a major advantage for the
construction of electromechanical devices such as sensors and actuators. Fig. 1.4 shows
such a flexoelectricity-based sensor developed in [91] for curvature measurements. A
thin-film cantilever actuator, on the other hand, is presented in [23] on the basis of the
inverse flexoelectric effect. Besides sensing and actuating, many different areas of appli-
cation for flexoelectric devices have been revealed up to the current date such as energy
harvesting, thin-film technology as well as biomedical applications to name but a few
[49, 147, 163, 180].

Experimental findings on flexoelectricity in solids Since (direct) flexoelectricity oc-
curs in the presence of strain gradients, experimental settings are designed in a way that
inhomogeneous strain fields arise. This can be accomplished by either applying a load
that results in non-uniform strains and stresses such as a bending load or by choosing
a geometric structure which yields strain gradients for other load cases such as tension
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Figure 1.4: Flexoelectricity-based curvature sensor made of poly(3,4-ethylene dioxythiophene)
polystyrene sulfonate (PEDOT:PSS) polymer films. Reproduced from [91], copyright (2023), with
permission from American Chemical Society.

and compression as well. Typical examples are the bending of beam structures as well
as the compression of truncated pyramids [42]. In Fig. 1.5, representative results are
presented and the corresponding experimental setup is illustrated. In Fig. 1.5a, the
bending-induced polarisation observed in polyvinylidene fluoride (PVDF) films is plot-
ted over the corresponding strain gradient. In this experiment, 13.5um-thick PVDF
films are glued to the top of a cantilever beam and an electrode is added to both the top
and bottom surface of the PVDF films [16]. The bending deformation is induced by a
dynamic loading tester (DLT) and the resulting strain and electric current are measured
by using a MicroStrain DVRT probing sensor and a lock-in amplifier (LIA), respectively.
The induced polarisation is calculated from the measured current and the effective flexo-
electric coefficient finally results from the slope of the curve shown in Fig. 1.5a. In order
to investigate other flexoelectric coefficients, experiments on a truncated pyramid have
been carried out in [81]. Electrodes are attached to each side of the pyramid made
of PVDF material. The compressive load is applied to the top surface by a material
testing system. A charge amplifier measures the electric charge induced in the specimen
by flexoelectricity and converts it to a voltage signal. The flexoelectric coefficients are
calculated from the measured values and yield the fitting curves in Fig. 1.5b which are
related to measurements in three different spatial directions.

Since large strain gradients can be also found in the vicinity of cracks, flexoelectricity
measurements around defects in Rb-doped KTiOPO4 (RKTP) single crystals have been
conducted in [38]. This ferroelectric material is studied in terms of indentation tests
using an atomic force microscope (AFM), and the interplay between piezoelectricity and
flexoelectricity is studied in the context of crack propagation. In addition to the exper-
iments regarding the direct flexoelectric effect, experiments for converse flexoelectricity
have been conducted in [2] by using piezoresponse force microscopy (PFM). A voltage is
induced to the surface of SrTiO3 crystals via an atomic force microscope with an elec-
trically conducting tip, and an effective piezoelectric response in the centrosymmetric,
and thus non-piezoelectric material is observed.

Overall, experiments to characterise flexoelectricity are difficult to conduct since they
have to be performed on very small scales due to the size dependency of this electrome-
chanical phenomenon. Moreover, a clear distinction between bulk flexoelectricity and
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other effects such as bulk and surface piezoelectricity can be challenging, and appro-
priate experimental setups must be found which allow the determination of particular
flexoelectric coefficients [49]. Consequently, computational models in combination with
appropriate analytical and numerical methods are highly relevant in order to study flex-
oelectricity in more detail.
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Figure 1.5: Experimentally observed polarisation, respectively electric charge due to flexoelectricity.

Modelling approaches Flexoelectricity in solid structures was first identified in a the-
oretical framework in [101] and the first phenomenological theory for this higher-order
electromechanical effect was introduced in [84]. In the context of continuum theories,
a model for converse flexoelectricity was proposed in [107] by extending the theory of
linear dielectrics from [162]. Therein, the polarisation gradient is taken into account
as additional argument of the energy function in order to account for electromechan-
ical coupling in centrosymmetric dielectrics and, in particular, for crystals with cubic
symmetry. More recently, several distinct modelling approaches have emerged based on
different flexoelectric couplings. More specifically speaking, direct or converse flexoelec-
tricity or both effects can be explicitly incorporated in the underlying energy function.
In [36], these options are discussed in detail and it is shown that they yield the same
equations of motion. Accordingly, both direct and converse contributions are generally
included in the formulations, regardless of the choice of coupling which is explicitly in-
corporated in the energy function. However, different natural boundary conditions are
obtained and the flexoelectric coefficients are, in general, not equal. Moreover, energy
functions considering flexoelectricity can be formulated on the basis of different argu-
ments. To be precise, the electric field or the dielectric displacements can be employed
instead of the polarisation vector together with different flexoelectricity, respectively
flexocoupling tensors. In most works, either the polarisation is employed as primary

11



1 Introduction

variable [95, 98, 143] or the electric field is considered [1, 69, 115]. A relation between
the distinct formulations can be made in terms of Legendre transforms [36, 143].

Analytical solutions An analytical solution to flexoelectricity in solids has been de-
rived in [97] for a small strain setting and linear constitutive relations. By assuming an
isotropic material, the fourth-order tensor characterising the direct flexoelectric effect
is based on two independent constants in the proposed model. The underlying energy
function is formulated in terms of the strain tensor and its gradient as well as on the elec-
tric polarisation vector. Apart from flexoelectricity, contributions from piezoelectricity
and strain gradient elasticity (SGE) are additionally accounted for in this formulation.
The governing set of equations which is based on the strain gradient theory [106] is
solved for different boundary value problems in [97]. Amongst others, a cylindrical tube
is analysed subject to in-plane pressure as well as to in-plane shear. Analytical solutions
are derived by exploiting the axisymmetry of these boundary value problems and by
employing modified Bessel functions of the first and second kind.

Moreover, the bending deformation of a flexoelectric, slender beam is studied in [97]
based on the Euler-Bernoulli beam theory and on one effective flexoelectric coefficient
which relates the beam curvature to the electric polarisation. By comparison of the
results for two different sets of boundary conditions which invoke direct, respectively
inverse flexoelectricity, the consistency between the two effects is shown. The bending
deformation of a nano-sized slender beam is also discussed in [95] by considering flexo-
electric and piezoelectric effects, and a comparison with atomistic simulations is carried
out.

Another analytical approach to flexoelectricity in solids has been provided in [145] on
the basis of Kirchhoff’s plate theory. In particular, the electromechanical behaviour of
thin hybrid graphene-reinforced piezoelectric composite (GRPC) plates subject to bend-
ing deformations is studied therein. The resulting fourth-order PDE is solved by means
of a Fourier series expansion with respect to different mechanical loading conditions, and
the influence of varying flexoelectric coefficients on the deflection of the mechanically
loaded plate is studied. It can be observed that, with increasing flexoelectricity coeffi-
cients, the deflection decreases since a greater amount of elastic energy is transformed
into electric energy. Accordingly, a flexoelectric stiffening effect is obtained.

Numerical approaches During the last two decades, various numerical approaches
have been proposed for the investigation of flexoelectric effects in solids. Several re-
searchers have investigated the flexoelectric effect in the context of small strains [1, 95, 98]
and, especially for soft materials, by using a finite strain setting [35, 48, 115, 159, 177].
In order to deal with the incorporation of gradient contributions in the energy function
and with the resulting PDE of, in general, fourth order, researchers have for example
used mesh-free methods [1], B-spline immersed boundary approaches [37], C%interior
penalty methods [165] or a finite element scheme on the basis of C! triangular Argyris
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elements [177]. Moreover, isogeometric analysis is typically employed due to the un-
derlying higher-order NURBS basis functions [69, 94, 115, 144, 159] and is also used in
this thesis in order to deal with the flexoelectric coupling. Alternative numerical meth-
ods which avoid the treatment of the fourth-order PDE include mixed finite element
methods [47, 98] and micromorphic approaches [102]. A compact overview on numerical
frameworks in the context of flexoelectricity is also provided in recent review articles
[49, 147, 163, 180].

Experimental findings on flexoelectricity-induced bone remodelling The process of
bone remodelling is concerned with the healing of cracks that frequently occur in bones
under cyclic mechanical load [77]. It is important for maintaining the structural integrity
of bones and, accordingly, it has been investigated intensively in the literature such as
in [53, 64, 83, 96]. One key aspect in this regard is the initiation of bone remodelling
which is attributed to different phenomena. Apart from streaming potentials and matrix
piezoelectricity which are investigated in, e.g., [130] and [65], it was recently found that
flexoelectricity acts as a trigger for remodelling in cortical bone [120]. In their prior
work, the authors have demonstrated the general capability of flexoelectricity to induce
electric fields in bone, which are high enough to cause osteocyte apoptosis [164]. Based on
this finding and by excluding other possible effects through an appropriate experimental
setting, evidence is provided in [120] that flexoelectricity indeed causes osteocytes to
undergo apoptosis and thus initiate bone remodelling. Fig. 1.6 shows the experimental
results including the flexoelectricity-induced electric field in a pre-cracked specimen of
bone mineral as well as the dead osteocytes in the vicinity of the crack.

The bone remodelling process itself has been analysed in many experimental studies
in vivo as well as in vitro. In [18, 41], experimental findings on osteocyte-driven bone re-
modelling are discussed in particular. Studies in vivo enable the investigation of cellular
processes in their natural environment. The regulation of bone formation by osteocytes
is studied in, e.g., [93] by targeted deletion of the SOST gene in mice which produces
the protein sclerostin. Sclerostin is expressed by osteocytes and possesses an inhibitory
effect on bone formation [18]. Accordingly, an increased bone mass is observed in the
experiments, whereas on the other hand, low bone mass is obtained in genetically mod-
ified mice with an overexpression of SOST [132]. In order to avoid animal testing, in
vitro studies are also frequently performed for the investigation of the bone remodelling
process and its regulating factors. In [86], an in vitro method is established in which
osteocytes are locally damaged and their impact on the activation and differentiation of
osteoclast precursors is analysed. More specifically speaking, osteocytes are cultured and
subjected to local damage by scratching. A secretion of the macrophage colony stimulat-
ing factor (M-CSF) and the receptor activator of nuclear factor-xB ligand (RANKL) is
obtained as a result of the induced damage. Moreover, by culturing osteoclast precursor
cells on top of the damaged osteocytes, tartrate-resistant acid phosphatase (TRACP)
is observed which is a marker of mature osteoclasts. Besides the cellular regulation,
the spatial and temporal progression of the targeted remodelling process has been ex-
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1 Introduction

perimentally investigated in, e.g., [20, 64] and gives insight into the joint remodelling
activity of the bone cells in form of Basic Multicellular Units (BMUs). A review on
modern visualisation techniques such as micro-computed tomography (micro-CT) which
can be used to investigate the BMU activity is provided in [76]. Fig. 1.7 shows a CT
image of microcracks in a cortical bone specimen as well as a BMU travelling through
cortical bone during the remodelling process.

Al

Electric Field (V/m)
1.0x 10

1.0x 10°

20 ”

-20 -16-12 -8 -4 0 4 8 12 16 20 1.0x10°
X(pm)
Figure 1.6: Impact of flexoelectricity in a pre-cracked sample of bone mineral, i.e. hydroxyapatite
(HA). (A1) Flexoelectricity-induced electric field in the vicinity of the crack. (A2) Live/Dead staining
of osteocytes cultured on the pre-cracked HA sample. (A3) Image of microcracks in the HA sample
before cell culture. Reprinted from [120] under the terms of the Creative Commons Attribution 4.0
International License (CC BY 4.0).

(a) CT image of microcracks in the mid-diaphyseal, cor- (b) Image of a BMU travelling through cortical bone.
tical cross section of a mouse femur. The cracks occurred  In front of the cutting cone, osteoclasts (1) resorb old

in consequence of compressive loading in an experimen-  bone. Around the central capillary (2), pre-osteoblasts
tal setup in vitro. Reprinted from [166], copyright (2009),  and osteoblasts (3) follow and form new bone material.
with permission from Elsevier. Reprinted from [138], copyright (1964), with permission

from Springer.

Figure 1.7: Microcracks and the corresponding remodelling process in cortical bone.

Modelling approaches for bone remodelling Various numerical modelling approaches
exist for the simulation of bone remodelling induced by streaming potentials and piezo-
electricity. In [29, 127], Biot’s theory of poroelasticity is employed within finite element
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1.1 Motivation and state of the art

frameworks in order to study the fluid flow pattern and the induced streaming potentials
in a remodelling osteon. In, e.g., [15, 57, 58] on the other hand, different finite element
approaches for piezoelectricity in bones are proposed and reviewed in [111]. The impact
of piezoelectricity-induced electric fields on bone resorption as well as formation is stud-
ied therein to predict bone density distributions after mechanical or electromechanical
stimulation.

In contrast to streaming potentials and piezoelectricity, flexoelectricity as a possible
trigger mechanism for bone remodelling has not been investigated quite as thoroughly
due to the novelty of the underlying experimental findings. In [67], flexoelectricity has
in fact been considered in a computational frame to predict growth processes in bone
material. However, the approach is not embedded in a finite element context which
would allow the simulation of complex bone structures, but simplified (rather academic)
boundary value problems are studied for which analytical solutions can be derived. More
specifically speaking, the flexoelectric effect is taken into account within a framework of
Kirchhoff’s plate theory and is employed to investigate bone density growth during the
remodelling process. The authors also study combined volumetric and surface growth
phenomena in bones based on Eshelby stresses as the main driving force for growth,
whereas flexoelectric effects are not included in these works, see also [66, 70].

Regarding the cellular processes during bone remodelling and microcrack healing,
mathematical models have been developed in, e.g., [27, 28, 72]. Therein, cells and
signalling proteins are modelled as continuous populations which are connected by in-
tercellular mechanisms. More specifically speaking, cells undergo production, apoptosis
and differentiation in response to various signals and reactions between the chemical
constituents. On this basis, the evolution of the chemical concentrations is investigated
and the resulting changes in bone mass [72] respectively the formation of new bone ma-
terial at the boundaries [27, 28] are evaluated. A two-dimensional model to account for
the diffusion of bone cells and regulating species in addition to their temporal evolution
has been proposed in [134, 135] by employing a set of spatio-temporal PDEs with time
delay. The model is used to simulate the remodelling of microfractured bone tissues. In
[10], an alternative model is introduced which includes simplified signalling mechanisms
and an explicit incorporation of osteoclastic and osteoblastic precursor cells. A simula-
tion of bone remodelling is carried out on the basis of an initially prescribed osteocyte
apoptosis event.

In order to capture the cellular processes of bone remodelling in a unified framework
with the mechanical behaviour of bone on the macroscale, multiscale approaches have
been established [68, 126]. Accordingly, a distinction is made between organ level (whole
bone), tissue level (cortical and trabecular structure), cell level (cells and intercellular
connections) and molecular level (individual proteins). One key aspect therein is the
connection between the different scales along with the transfer of variables and effective
material properties among them.
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1 Introduction

1.2 Objective and outline of this thesis

The objective of this thesis is the modelling and numerical investigation of particular
materials which exhibit size effects as a result of their underlying microstructure. In
order to account for these microstructural effects in numerical simulations, a gradient
continuum theory is considered and isogeometric analysis is employed in this work.
Accordingly, isogeometric analysis will be introduced in Chapter 2 with special focus on
the application to higher-gradient continua. Afterwards, the focus lies on materials with
anisotropies and under electromechanical coupling. More specifically speaking, effects
from the fibre bending stiffness in fibre-reinforced materials are studied in Chapter 3,
whereas flexoelectric effects in dielectric solids are under investigation in Chapter 4
and, in particular, a modelling approach for flexoelectricity-induced bone remodelling is
proposed. In the following, more details on the contents of each chapter are provided.
Fig. 1.8 illustrates the connection between the individual topics.
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Figure 1.8: Overview of the contents of this thesis.

Chapter 2 Chapter 2 introduces the method of isogeometric analysis and thereby pro-
vides the basis for the numerical simulations in this work. In Sect. 2.1, the formulation
of non-uniform rational B-splines which serve as basis functions in isogeometric analysis
is presented as well as their derivatives up to arbitrary order. Moreover, characteristic
properties of these basis functions are pointed out and a comparison to Lagrangian basis
functions which are mostly used in classic finite element approaches is performed. Sect.
2.2 provides details on the isogeometric finite element framework including coordinate
mappings, refinement techniques and the special treatment of inhomogeneous boundary
conditions. In addition to this fundamental framework, several important procedures
are presented in Sect. 2.3 which are relevant when dealing with higher-gradient continua
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in particular. These include knot removal techniques as well as special procedures for
the connection of multiple patches in order to ensure sufficient continuity within the
isogeometric analysis framework. This chapter is supplemented by Appendix A.

Chapter 3 Chapter 3 deals with a computational framework for the modelling of fibre-
reinforced composite materials in which effects from the bending stiffness of the fibres
are accounted for. The modelling approach is based on the derivations in [153] includ-
ing an extended energy formulation which takes the gradient of the fibre vector in fibre
direction into account. The framework in [153] has been derived for the general case
of finite deformations and the reduction to a linearised setting under the assumption of
small strains has been presented therein. Accordingly, a computational framework to
simulate the behaviour of fibre-reinforced materials with fibre-bending stiffness is pre-
sented in Sect. 3.1 for small strains, whereas the non-linear setting is studied in Sect. 3.2.
In both cases, the kinematic relations as well as the balance equations in the context
of the couple-stress theory are presented. Afterwards, a weak form of the governing
equation is derived and discretised by using NURBS basis functions to obtain an isogeo-
metric finite element formulation. The constitutive relations are obtained from a stored
energy function which constitutes an isotropic part accounting for the bulk material
and an anisotropic part containing the fibre contributions including, in particular, the
higher-order terms stemming from the fibre bending stiffness. For validation purposes,
an academic example is investigated by the presented computational frameworks. To be
precise, a fibre-reinforced cylindrical tube subject to a pure azimuthal shear deformation
is studied, whereas the fibres are assumed to exhibit a bending stiffness. The numerical
results are compared to analytical solutions provided in [44]. In order to further analyse
the influence of the fibre bending stiffness on the material behaviour, two additional
boundary value problems are studied. In the small strain framework, the bending of a
fibre-reinforced beam is investigated, whereas different values for the parameter charac-
terising the fibre bending stiffness are employed and the orientation of the fibres within
the beam is varied. Moreover, size effects are examined by comparing beams with dif-
ferent height-to-length-ratios. For the finite strain approach, a notched plate is analysed
in terms of a uni-axial tensile test. In analogy to the bending beam, the influence of the
fibre bending stiffness and of the initial fibre direction is studied in various numerical
simulations. Supplementary material to this chapter is provided in Appendix B.

Chapter 4 Chapter 4 addresses flexoelectric effects in dielectric materials and, in par-
ticular, the role of such effects in the process of cortical bone remodelling. Accordingly,
the working principle of flexoelectricity in dielectric solids is elaborated and the balance
equations are derived for the electromechanical coupling. Moreover, different choices on
thermodynamic potentials are discussed and accounted for in the formulation of the dis-
sipation inequality in terms of Legendre-(Fenchel-)transformations. Subsequently, the
governing set of balance equations is transferred into its weak form and the discretisa-
tion is carried out by employing NURBS basis functions within an isogeometric analysis
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framework. A validation is performed by revisiting the cylindrical tube example from the
previous chapter subject to a radial compressive load. An analytical solution is derived
on the basis of [97] and compared to the numerical results obtained by the isogeometric
analysis.

Since flexoelectricity has been found in [120, 164] to act as an initiating factor in the
process of cortical bone remodelling, the fundamentals of this process are provided in
Sect. 4.2. The focus lies on targeted remodelling of bone microcracks, in particular. In
Sect. 4.3, a modelling approach for the initiation of bone remodelling by flexoelectricity
is proposed. To this end, the electromechanical framework derived for flexoelectricity is
extended towards chemical contributions accounting for the diffusion, production and
apoptosis of bone cells included in the remodelling process, i.e. osteocytes, osteoclasts
and osteoblasts as well as corresponding messenger substances. The resulting chemo-
electro-mechanically coupled model is investigated within a globally C'*'-continuous isoge-
ometric finite element framework. The discretised weak forms of the governing equations
are derived and a constitutive model is presented which considers different anisotropies
in the mechanical as well as electromechanical material behaviour. Numerical simula-
tions are carried out with respect to a pre-cracked cortical bone specimen, whereas the
influence of flexoelectricity on the initiation of bone remodelling is studied and compared
to piezoelectricity for different specimen sizes. In Sect. 4.4, the modelling approach is
extended towards the entire remodelling process, from the previously investigated flexo-
electric initiation up to the formation of new bone material by surface growth with
the purpose of crack healing. In analogy to the previous section, the resulting chemo-
electro-mechanical model is presented and all balance equations are derived. The specific
modelling approach for surface growth is furthermore discussed. For the simulation of
the bone remodelling process, a computational framework is proposed which includes
isogeometric analysis for the simulation of the flexoelectric initiation of bone remodelling
and a classic finite element scheme for the subsequent diffusion processes and the growth
mechanism. Both frameworks as well as their coupling are elaborated in detail and the
discretised weak forms of the governing equations are derived. Finally, a numerical
simulation is carried out for the pre-cracked sample of cortical bone in order to inves-
tigate the flexoelectricity-induced crack healing process. This chapter is supplemented
by Appendix C.
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2 lIsogeometric analysis for
higher-gradient continua

Isogeometric analysis (IGA) was first introduced in 2005 [80] and serves as an alter-
native to classic finite element methods. It has been developed with the aim of closing
the gap between the disciplines of geometric design and finite element analysis (FEA)
which had, until then, evolved rather independently. In the subsequent years, several
additional advantages of IGA over classic FEA approaches have been identified such as
the exactness of geometric descriptions, the possibility of advanced refinement strategies,
and the higher continuity of the underlying basis functions [40]. The latter is of partic-
ular importance in the context of higher-gradient continua which are the main focus of
this thesis. In this chapter, the fundamentals of isogeometric analysis are presented and
particular aspects regarding its application to higher-gradient continua are addressed.
Accordingly, the main contents of this chapter are:

e higher-order derivatives of basis functions in IGA
e continuity properties of basis functions in IGA

e strategies to ensure global C'-continuity in a (multi-patch) IGA framework

2.1 Fundamentals of isogeometric analysis

The fundamentals of isogeometric analysis are provided in [40, 80]. The most impor-
tant feature of this method are the underlying basis functions which originate from
the research field of computational geometry. Typically, non-uniform rational B-Splines
(NURBS) are used, but also other functions such as T-Splines are suitable choices for
basis functions in IGA. In this thesis, NURBS are employed which are discussed in detail
in [129]. In the following sections, NURBS are addressed with a special focus on higher-
order derivatives as well as on their continuity properties which are relevant within the
analysis of higher-gradient continua.
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2 Isogeometric analysis for higher-gradient continua

2.1.1 Knot vectors, B-Splines and NURBS

B-Splines are defined on a parametric space which is spanned by knot vectors such as

= = {51 = ... = §p+17€p+23 .. 7§n7§n+1 — ... = §n+p+1}' (21)

This format refers to a so-called open knot vector, since the first and last knot appear p+1
times, where p represents the polynomial degree of the corresponding basis functions.
In the two-dimensional case, one knot vector is required for each of the two parametric
directions £ and 7).

B-Spline basis functions are calculated from knot vectors in a recursive manner de-
pending on their polynomial degree. For p = 0, the expression for the one-dimensional
B-Spline functions reads

I for & <& <&
N (&) = ’ 2.2
i) {O otherwise. (22)
For all higher degrees, the basis functions are constructed recursively following
NP(¢) = L&szﬂ(@ + MNf;11(5)7 (2.3)
Sivp — &i Citpr1 — &i
whereas the fractions are set to zero if their denominator is zero, ie. &y, = & or

§ivpr1 = &ir1, respectively [40].

Although B-Splines could be employed as basis functions in a finite element frame-
work, using their rational counterpart provides some advantages such as the possibility
of accurately modelling circular structures. The difference between the two formulations
is the consideration of weights w;, so that the one-dimensional NURBS basis functions
result in

oo NP(©Ow, R
BO = NM©ew — W 24)

and for the two-dimensional case the expression can be extended to

NI M) wi; —_ RE(&m)
2 o N M (mywy;  — W(Em)

R7H(&m) = (2.5)

Therein, n and m denote the number of B-Spline basis functions N} and M} in the
respective parametric directions ¢ and 7 with polynomial degrees p and ¢. Following the
tensor product structure that becomes apparent from (2.4) and (2.5), the basis func-
tions for the three-dimensional case are obtained by further expansion towards a third
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2.1 Fundamentals of isogeometric analysis

parametric direction (. Within the scope of this thesis, however, only two-dimensional
examples are investigated.

With the NURBS basis functions (2.5) at hand, a NURBS surface can be constructed
by taking a number of so-called control points into account. As there are n,, =n-m
control points in the two-dimensional case, the control points can be stored in a matrix
of dimension [ng, X ngp|, i.e.

B:}?l
B

B— :1,2 with [B%]] = |::g;:| E i:l,...,n, jzl,...,m (26)
B "

where By and By are the coefficients of the control point vector in Cartesian coordinates
belonging to indices i and j. Analogously, the NURBS basis functions (2.5) are stored
in a matrix R of dimension [ne, x 1]. The spatial coordinates & = [v; )" of a point
on the corresponding NURBS surface then follow as

z(¢,n) = B' - R(&,n). (2.7)

A NURBS surface in R? can also be interpreted as the projective transformation of a
B-Spline surface in R3. To this end, the projective control points

B,
[B})] = wi; | B (2.8)
1], .
17]
are introduced in analogy to (2.6) and the coordinate vector of a point on the related
NURBS surface can be expressed as

1 :quu . w - o P q w
o) = ey ] Wit e =SSN OB (29

i=1 j=1

Therein, the weighting function W (&, n) introduced in (2.5) has been employed to obtain
the projective transformation, cf. [40, 129]. This projective viewpoint is, e.g., important
for the derivation of knot insertion in the context of mesh refinement which will be
discussed in detail in Sect. 2.2.2.

2.1.2 Derivatives of NURBS basis functions

The derivatives of the two-dimensional NURBS basis functions (2.5) with respect to the
parametric coordinates £ and 7 are derived in [129] as
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K L
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This general formulation yields the K (L") derivative with respect to ¢ (n) and includes
the expressions

p(K.L) d® P d" q
iy = wis qae NI (&) M) (2.11)

and
k,l) dl
WD =SSy Ge V@) M), (2.12)
=1 j=1

The derivatives of the one-dimensional B-Spline functions N} therein follow from

dk
GO = g e 219

with the coeflicients
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for j=1,...,k—1 (2.14)

ak7' =
’ 5i+p+j—k+1 - £i+j
specified from the corresponding knot vector. For the B-Spline basis functions M ]‘-1 , the
derivatives with respect to the second parametric direction 7 are obtained analogously.

2.1.3 Properties of NURBS

NURBS basis functions possess several distinctive properties in comparison with classic
Lagrangian basis functions which are traditionally used within the finite element method.
These mostly originate from the properties of B-Splines from which NURBS are built
and are especially important when dealing with higher-gradient continua. In Fig. 2.1,
exemplary basis functions of NURBS as well as Lagrangian type are shown for a one-
dimensional domain consisting of three elements. Lagrangian basis functions are defined
individually on each element and fulfil the Kronecker delta property at the element
edges. NURBS basis functions, on the other hand, are defined over the whole patch
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©
=
3 13
(a) Quadratic NURBS basis functions R2(¢) for the knot (b) Quadratic Lagrangian basis functions L2(¢). The
vector = = {0.0,0.0,0.0,0.25,0.5,0.75,0.75,1.0,1.0,1.0}.  continuity is C° across all element boundaries.

The double knot at £ = 0.75 leads to reduced continuity.

Figure 2.1: Quadratic NURBS basis functions and quadratic Lagrangian basis function on the interval
[0.0, 1.0] spanning three finite elements in both cases.

which consists of multiple elements. The continuity between adjacent elements is CP~*
where £ is the multiplicity of the knot which defines the respective element edge. NURBS
are, accordingly, only interpolatory at the ends of the parameter interval spanned by
their corresponding knot vectors, but, in general, not at interior knots. These continuity
properties make NURBS excellent candidates for basis functions within the analysis
of, e.g., second-gradient continua since the requirement of global C'-continuity can, in
general, be fulfilled by choosing at least quadratic NURBS as basis functions along with
a multiplicity k = 1 for interior knots. Special techniques for maintaining C'-continuity
for higher knot multiplicities as well as over the boundaries of patches are discussed in
detail in Sect. 2.3.

The support of NURBS basis functions is local to p + 1 knot spans which do not
necessarily have to be non-zero. In the example presented in Fig. 2.1a, the quadratic
basis functions are active over three knot spans, accordingly. In comparison to the
Lagrangian basis functions presented in Fig. 2.1b, fewer functions are thus required for
the discretisation of the domain with the same number of elements which may result in an
increased computational efficiency. Fig. 2.1 also reveals that NURBS are pointwise non-
negative which is a general property of NURBS in contrast to Lagrangian polynomials
which can take negative values. Thereby, mass matrix entries are ensured to be positive a
priori in the context of dynamic problems. The partition of unity property is fulfilled for
both types of basis functions. For NURBS curves this attribute, together with the non-
negativity and local support of the basis functions, yields a strong convex hull property
which can analogously be deduced for NURBS surfaces and solids. Further details on
the characteristics of NURBS, also in comparison with B-Splines, Bernstein polynomials
and Lagrangian polynomials can be found in [4, 40, 80, 129].
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2 Isogeometric analysis for higher-gradient continua

2.2 Isogeometric analysis framework

Since isogeometric analysis can be regarded as a generalisation of classic FEA, cf. [40],
the computational frameworks for both methods are similar to a large extent. The
major differences, however, lie in the preprocessing and postprocessing procedures, i.e.
construction of the geometry, mesh refinement, prescription of boundary conditions and
output of nodal values, as well as in the incorporation of multiple patches and additional
coordinate mappings which come along with the introduction of NURBS as basis func-
tions. In the following, these distinct features of isogeometric analysis frameworks are
addressed. Further implementation details are also discussed in [4].

2.2.1 Computational domains and coordinate mappings

Within the traditional finite element method, the geometry of the structure under in-
vestigation is contained by a so-called physical space, whereas numerical integration is
performed on a master element, respectively parent element. Consequently, a mapping
between the two domains is necessary. In isogeometric analysis, two different mappings
are required for this purpose since an additional domain, denoted as parameter space,
arises on which the underlying NURBS basis functions are defined. In addition, the
mapping between the control mesh and the actual physical mesh needs to be taken into
account [40, 80]. Fig. 2.2 visualises the different computational domains and correspond-
ing mappings within the IGA framework.
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Figure 2.2: Computational domains and coordinate mappings within IGA. Reproduced from [170] under
the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

In order to establish a relation between parent element and parameter space, an
element 2. = [§;, §41] ® [1;,n41] of the latter is considered. Elements are, in general,
defined by non-zero knot spans in the knot vectors and are represented by quadrilaterals
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in the physical mesh. For the two-dimensional element under consideration, the Jacobian
matrix J; is obtained as

% ;] _ [% [§i1 — &l 0 (2.15)

J. =
o2 0 3 M1 — 1j]

~ ~ t
and relates the parametric coordinates & = [£ n]t to the coordinates & = [5 ﬁ} in the

parent element. Secondly, a mapping between the parametric and the physical space is
established by taking the relation between the control mesh and the physical mesh into
account. From the definition of a NURBS surface in (2.7), the mapping between the
coordinate vectors & and & can directly be obtained as

_ oz _
- 5 -

OR

t._
B €

Js (2.16)

The final form of the Jacobian determinant, which is used to map between physical
space and parent element within the IGA framework, includes the contributions of both
(2.15) and (2.16) which yields

det(J) = det(J;) det(J2), (2.17)

cf. [40].

Applying the mapping (2.16) to the derivatives of the NURBS basis functions deter-
mined in (2.10), the respective derivatives with respect to the physical domain can be
computed. Applying the chain rule, the first-order and second-order derivatives of the
NURBS basis functions with respect to the physical coordinates follow as

OR OR 0t

> =0 B (2.18)
and

PR OR ¢ 0e1" T*R1" oe]

Jzdz  0F  owdw | ”%} ' {agag} '%] ‘ (2.19)

The expression for the third-order derivatives is obtained analogously and is denoted
in Appendix A.1. In this thesis, the third-order derivatives are not directly necessary
for the analysis but are employed for postprocessing purposes. In Appendix A.1, all
derivatives included in (2.18)-(2.19) and not yet specified, are derived as well.
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2.2.2 Refinement

As stated before, the number of non-zero knot spans in the knot vectors specifies
the number of elements in the underlying finite element mesh. The multiplicity of
reoccurring knots, on the other hand, affects the continuity of the basis functions at
the corresponding inter-element locations. Consequently, the knot vectors need to be
adjusted in order to obtain the desired mesh and basis function characteristics. In [129],
different refinement procedures are presented for this purpose. In analogy to their coun-
terparts in classic FEA, they are referred to as knot insertion, respectively h-refinement,
order elevation, respectively p-refinement, and k-refinement which is unique for isogeo-
metric analysis. The latter two methods aim at enhancing the order of the basis functions
while either keeping the continuity fixed or increasing it at the same time. Within the
scope of this thesis, these two procedures are not employed and, accordingly, will not be
further elaborated. However, it shall be noted that especially k-refinement might be a
useful tool in the context of analysing higher-gradient continua, in general.

In the following, knot insertion will be addressed in more detail. During knot inser-
tion, new knots & € [&,&rp1) are subsequently inserted into the knot vector =, thus
leading to an increased number of elements and possibly to more accurate analysis re-
sults. When a knot vector is expanded due to knot insertion, the control polygon has to
be adjusted accordingly. To this end, each one-dimensional NURBS curve, e.g. as part
of a two-dimensional surface, shall be treated individually. For the calculation of the
new control points and weights of the j* curve, the two-dimensional projective control
points introduced in (2.8) are considered, whereas index j is omitted in the following
for simplicity. The new set of projective control points is calculated on the basis of the
updated knot vector according to

B =aBY +[1 -] B, (2.20)
where
1 for 1<1<k—p,
ai={ S8 o k—p+1<i<k, (2.21)
Si-i-p_gi
0 for k+1<i<n+p+2.

For a two-dimensional NURBS surface, the algorithm is applied to each of the m NURBS
curves. The same procedure is followed when inserting a knot into the knot vector for
the second parametric direction 7.

2.2.3 Inhomogeneous boundary conditions

Unlike Lagrange polynomials, NURBS basis functions are, in general, not interpolatory
at the entire boundary of the computational domain. Accordingly, a specific technique is
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2.3 Isogeometric analysis for higher-gradient continua

required to accurately impose inhomogeneous boundary conditions. In [46], two possible
ways of prescribing inhomogeneous Dirichlet boundary conditions have been introduced.
The procedures are based on relation (2.7) between the control points and respective
points of the physical mesh. Considering the ny, control points on the outer boundary
of the control mesh only, and by choosing a number of ny, interpolating surface points
on the boundary of the physical mesh, the relation is reformulated as

~ o~

i-R-B (2.22)

with matrices

1 Rnbcp
t t Ry ... Ry
N 5 ~ B; ~ _ . _
r = s B = . s R = : . : (223)
. : 1 nbcp
t t Rnbsp M Rnbsp
Npsp Npep

representing the chosen surface point coordinates, the control point coordinates on the
corresponding boundary curve and the NURBS basis functions, respectively. Since iso-
geometric analysis traditionally comprises the isoparametric concept, the same structure
holds for the displacements u that are associated with either the control points or the
mesh points of the considered boundary, i.e.

Tpsp = R - Tipep. (2.24)

For the direct solution of equation system (2.24), matrix R must be quadratic and
invertible. To this end, the number of interpolating points on the mesh must be chosen
to be equal to the number of control points, and an adequate distribution of the mesh
points has to be ensured [46]. The calculated displacement values Uy, are then imposed
to the respective control points as inhomogeneous Dirichlet boundary conditions and
will lead to the desired displacements U, of the actual boundary points of the body.

2.3 lIsogeometric analysis for higher-gradient continua

In the context of (second-)gradient continua, second-order derivatives of the basis
functions are required within the finite element framework. Consequently, global C°-
continuity, as possessed by traditional Lagrangian basis functions, is not sufficient from
a mathematical point of view since square-integrability must be ensured not only for the
first, but also for these second-order derivatives of the basis functions. Using NURBS as
basis functions ensures continuity up to C?~! across element boundaries. This motivates
the use of isogeometric analysis for boundary value problems including higher-gradient
contributions. In comparison to other established methods of dealing with fourth-order
PDEs, such as multi-field methods or micromorphic approaches, IGA inherits the ad-

27



2 Isogeometric analysis for higher-gradient continua

vantage that no additional degrees of freedom are introduced for the incorporation of
higher-order derivatives of field variables. The CP~!-continuity which makes NURBS
excellent candidates for the approximation of such higher-order derivatives is, however,
decreased at the location of knots with multiplicity £ > 1 as well as at repeated control
points, cf. Sect. 2.1.3. By additional procedures which are presented in the following
sections, at least C'-continuity is obtained at these locations which is sufficient for the
solution of the problems under investigation in this thesis. Special focus also lies on the
continuity between adjacent patches.

2.3.1 Knot removal

The issue of a decreased basis function continuity at the locations of repeated knots is
addressed by the procedure of knot removal. In general, a knot of multiplicity k& yields
CP~*_continuity of the underlying NURBS basis functions. The aim of knot removal
is the re-increase of continuity by removing one or more repeated knots from the knot
vector and thereby decreasing the multiplicity k.

The process of knot removal is derived in [129] by reversing the procedure of knot
insertion which has been discussed in detail in Sect. 2.2.2. If a knot € being the rth knot
in the knot vector, i.e. £ = & # &.41, of initial multiplicity s is removed ¢ times, the new
control points in the tth removal step can be found as

B, = &i [BY_, —(1-a;)BY",,]
for r—p—t+1<i<i[2r—p—s—1 (2.25)
and
—w 1
gt = T—a; [BYi 1 — a;Bjy ]
for 1[2r—p—s+t+1]<j<r—s+t—1 (2.26)

with the constant coefficients

E-¢& o £— §imt41

J

a; = (2.27)

£i+p+t - gi’ £j+p+1 - €j7t+1 .

Due to the local support of NURBS, the remaining control points are not affected by
the removal process and do, as a consequence, not change.

Remark 2.1. It is, in general, not known a priori if a knot is removable from the knot
vector without changing the geometry. In every step of the knot removal process, this

has to be examined individually. Detailed information on this procedure is provided in
[129, Sect. 5.4].
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2.3 Isogeometric analysis for higher-gradient continua

2.3.2 C'-continuity over multiple patches

As open knot vectors are typically employed within IGA, this specifically means that the
knot vectors are interpolatory at the ends of the parameter space interval where knots are
repeated p+1 times. In the case of multiple patches, it is thus of particular importance to
obtain the required C*-continuity across the patch boundaries which naturally coincide
with the ends of the parameter space intervals.

Various approaches for the enforcement of C'-continuity across patches exist in lit-
erature. In [30], a strong multipatch C'-coupling method is proposed which imposes
constraints on the underlying basis functions and their derivatives. Other approaches,
which result in a weak coupling between the patches, are mortar methods [26] or Nitsche’s
method [118]. On the other hand, continuity constraints are imposed on the vector of
unknowns in the global system of equations in [40, 80]. In this thesis, the latter idea is
employed so that Cl-constraints are directly applied to the field variables and a strong
patch coupling is enforced as a consequence. In accordance with the detailed derivations
in [129], the C° as well as C'-condition are determined in terms of the control points of
two connected patches. Assuming that these patches are connected in ¢-direction, these
conditions are

B? = B4, for C°-continuity, (2.28)
B} - BP =k [Bﬁ - BI/?A_J for C'-continuity, (2.29)

and hold for the control points B € {B?, B, ..., B:%} and B? € {BY B} ... BY;
of each curve in 7-direction of connected patches A and B, see also [60] and Fig. 2.3.
Therein, scalar k is dependent on the knot vectors =4 and Z®, on the corresponding
polynomial degrees p* and p® as well as on the control point weights w and w?. To
be precise, the scalar is calculated according to

A B, A
. P_ pr+2 Wy Wya_q

A

2.30
pB I an wQB wnA ( )

when  considering normalised and open knot vectors of the form
Z={0,0,...,0,&42,...,&,1,...,1,1}. Constant k as defined in (2.30) ensures
equality of the derivatives of the boundary NURBS curves belonging to the connected
patches with respect to parametric direction &, see [129, (4.9)-(4.10)]. It is assumed
in this regard that patch A is located on the left of patch B as illustrated in Fig. 2.3.
For the special scenario in which the two patches contain basis functions of the same
polynomial degree, i.e. p* = pB, knot vectors which are symmetric over the interface in
the sense {,5,9 — 0 = 1 — &,a, and control point weights which are as well symmetric
over the interface, i.e. wP = wﬁA and w} = wlf;\A_l, the parameter takes the value k = 1.
Following the isoparametric concept, constraints (2.28) and (2.29) can straightforwardly
be applied to the field variables, such as displacement vector u, so that combining both
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2 Isogeometric analysis for higher-gradient continua

conditions yields

]13 = 1—|——kj [UZB + k"U,ﬁA_l] .

(2.31)

The relations in this form are incorporated into the global system of equations in terms
of linear constraints following the procedure established in [168].

(a) In this example, the C'-continuity condition (2.29)
with k& = 1 is directly fulfilled with respect to the control
points.

BY =B,
A~ ~nB
N BnA—l B2 72
I L o] 1
. &
I |
! ! &
I |
0 1

(b) In this example, the C'-continuity condition (2.29)
with k& = 1 is not fulfilled with respect to the control points
since they are neither collinear nor equally spaced over the
patch boundary.

Figure 2.3: Multipatch domain including two patches A and B with one connecting boundary.
C'-continuity shall be enforced with respect to the &;-direction. Reproduced from [174] under the
terms of the Creative Commons Attribution License (CC BY).
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A Appendix

A Appendix
A.1 Higher-order NURBS derivatives

The first-order and second-order derivatives of NURBS basis functions with respect to
the physical coordinates have been derived in Sect. 2.2.1 by employing the corresponding
coordinate mappings. The third-order derivative of a NURBS basis function R analo-
gously follows as

PR OR 0% 061" R 0% 0e1" R 0% |
dxdxdxr 06 Oxdxdx [a_m] ' DE0E  Omom [8_33} 9E0E dxox
T
oe1" 9*R 0% o¢l" PR [0€ _ 0¢
{%1 'aﬁas'awaw] +{ } [_‘8_1' (282)

ox

+ ' ootoe | oz © on

Therein, the mapping between the physical coordinates  and the parametric coordinates
& is required. The first-order mapping 0&/0x is obtained by inversion of the Jacobian
matrix J specified in (2.16). The second-order mapping can be derived as

0’6 9 [0€] _ 0 ., _0Jy' Od, (2.33)
oxdx Ox |0x| 0x %2  0Jy Ox '
with
0J;* e OJy O |
_ 9J2 _ gL 2.34
57, = T2 @dr G50 = Geae (2:34)

Similarly, the third-order mapping follows as

e 02 23 _82J2_1 _(‘3J2_1 . 0?%¢ +82J2_1 ' %gg (2.35)
dxdxdx Oxdx |0x| Oxdx  0€ OJxdx  IEIE |0z = Ox '
with
oJy'  0Jy;t 9dy,  0Jy' = (2.36)
o6  0Jy, 06 0J, 0L0E’ '
O*Jyt  oJyt 9*Jy  9Jy' Ox (2.37)
0E0E — 0Jy 0€0E  OJ, OEOEOE’ '
The derivatives
2 2 3 3
8w:Bt_8R, 0°x _gt. 0°R (2.38)
080§ 080§ 0LOEOE 2]32/32/3

are obtained in analogy to (2.16).
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3 Fibre-reinforced solids with
fibre-bending stiffness

In classic modelling approaches for fibre-reinforced solids, the fibres are solely charac-
terised by a unit vector representing the fibre direction. As a natural consequence, these
models only account for the tensile stiffness of the fibres, whereas their resistance with
respect to, e.g., twisting or bending is neglected. However, experiments have revealed
that the latter may become significant on the micro and nano scale. In this chapter,
the modelling approach proposed in [153] for fibre-reinforced solids with fibre bending
stiffness is adopted and isogeometric analysis is employed for its numerical treatment.
In Sect. 3.1, the framework for a small strain setting is established and in Sect. 3.2 an
extension to the more general case including finite deformations is presented in order to
enable the simulation of more complex boundary value problems.

The key contributions of this chapter are:

e globally C'-continuous IGA frameworks for the simulation of fibre-reinforced solids
with fibre bending stiffness in a small and finite strain setting

e validation of both frameworks by comparison with analytical solutions

e investigation of size effects and analysis of the impact of the fibre bending stiffness
and of the initial fibre direction

3.1 Modelling approach for a small strain setting

The proposed modelling approach for fibre-reinforced composites is presented in this
section under the assumption of small strains. It is further assumed that the fibres
are convected with the matrix material and that they possess a bending stiffness. The
focus lies on composites with reinforcement by one single family of fibres, and these
fibres are assumed to be initially straight. The governing equations have been derived
in [153] which serves as a basis for the work presented here. Originally, the derivations
therein correspond to the general case of finite strains but a consistent linearisation has
additionally been performed in order to enable a small strain formulation. The latter is
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3 Fibre-reinforced solids with fibre-bending stiffness

under investigation in this section while the framework for finite strains will be studied
in Sect. 3.2.

3.1.1 Small strain kinematics

For the purpose of studying fibre bending stiffness effects, a generalised continuum ap-
proach, particularly gradient elasticity, is considered. In the case of a small strain theory,
it takes into account not only the first but also the second gradient of the unknown dis-
placement field w. As in standard elasticity theory, the analysis requires the small strain
tensor

1
e=5|h+h] with h=V,u (3.1)

as the symmetric part of the first gradient of the displacement field. For the linearised
theory, all terms of order O(¢™) with ¢ = ||e|| < 1 and n > 2 are neglected. Moreover, all
partial derivatives of the displacement field are supposed to be of order O(ge). Considering
these properties, the vector

B=a+V,u-a (3.2)

is introduced [153]. It incorporates the fibre direction which is described by the vector
a with ||a|| = v/a-a = 1. The gradient of vector 3 is obtained as

¥ =V =[VaVeul-a=k-a (3.3)

under the assumption that the fibres are initially straight and homogeneously dis-
tributed. It becomes evident that this second-order tensor ~ includes, amongst others,
the fibre curvature as well as the gradient of the fibre stretch in dependence of second
gradients of the displacement field.

3.1.2 Balance equations

The consideration of second-order gradients of the displacement field in the modelling
approach, cf. (3.3), motivates the employment of a generalised continuum theory, such
as the couple-stress theory. The corresponding balance equations have been derived in
[108] and will be summarised in the following sections.

3.1.2.1 Balance of mass

For a body 2 C R3, as sketched in Fig. 3.1, the total mass is preserved under the
assumption that (2 represents a closed system. Consequently, the balance of mass in
integral form reads
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3.1 Modelling approach for a small strain setting

d
— [ pdv=0 3.4
at /.7 (3.4)

with mass density p. Application of Reynold’s transport theorem leads to the local form
which can be denoted as

P+ pVg-v=0 (3.5)

with velocity vector v = w and with e representing the time derivative of e.

u
to
52

t
€9

€

Figure 3.1: Two-dimensional domain (2 in the linear couple-stress theory. Employed vectors: coordinate
vector @, body force vector b, body couple vector ¢, vector of tractions t; acting on the surface 02,
vector of couples to acting on the surface 02, vector of displacements w prescribed on the surface 0f2.
Reproduced from [170] under the terms of the Creative Commons Attribution 4.0 International License
(CC BY 4.0).

3.1.2.2 Balance of linear and angular momentum

The balance of linear momentum takes body forces b, that act within the considered
domain 2, as well as tractions £, on its surface 92 into account. The sum of these force
contributions equals the rate of change of linear momentum, such that the integral form
of the balance equation follows as

d

— pvdv:/ tlda—i—/pbdv. (3.6)
dt Jo o0 7

The boundary tractions can be rewritten in terms of Cauchy’s theorem, accordingly
t, = 0't - n, (37)

where n represents the surface outward normal unit vector and where o is the stress
tensor. Applying the divergence theorem to the integral form (3.6), the corresponding
local form of balance of linear momentum is obtained as

pv =V, o'+ pb. (3.8)
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3 Fibre-reinforced solids with fibre-bending stiffness

In analogy to the balance of linear momentum, the rate of change of angular momen-
tum equals the sum of all couples that act on (2. This can be expressed in integral form
as

d

— p[rxv]dv:/ [rxt1+t2]da+/,o[r><b+c]dv, (3.9)
dt Jo le; Q

where r = x — x, is the distance between the spatial position & and a reference position
x, and where vector ¢ represents the body couples. Similar to the surface tractions ¢,
the couples that act on the surface of domain (2 are introduced as

ty=m'-n (3.10)

with couple-stress tensor m. Application of the divergence theorem yields the local form
of the balance equation as

0=V, m'+pct+e:o (3.11)

including the permutation tensor €. A general outcome of the balance of angular mo-
mentum for higher-gradient continua is that the skew-symmetric part of the stress tensor
is non-zero and can be derived by using (3.11). Accordingly, it can be expressed in terms
of the divergence of the couple-stress tensor, i.e.

1
o = §I x [Vz-m'+pc] (3.12)
and the stress tensor follows as
o =0V 4 o™, (3.13)

Inserting this relation into the local form of balance of linear momentum (3.8) leads to
a partial differential equation of fourth order which can be denoted as

1
piJ:Vm'asym—irpb—irﬁme [Ve-m'+pc]. (3.14)

This expression represents the governing equation for the couple-stress theory in the
format that is also employed in [108]. As this work proceeds, a quasi-static version of
(3.14) is considered and all body forces, body couples and couples that may act on the
boundary of domain (2 are neglected, i.e. b =0, ¢ =0, t = 0. The reduced form of the
fourth-order PDE accordingly is

0=V, o' (3.15)
1
= Ve - 0™ 4+ 5V, X [V -m']. (3.16)
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3.1 Modelling approach for a small strain setting

Remark 3.1. The couple-stress tensor m has been introduced in (3.10) as a second-
order tensor. In gradient theories in general, the higher-order stresses are, however, often
characterised by a third-order tensor w denoted as hyper-stress or double-stress tensor
[109]. The stress tensor in (3.13) can then alternatively be defined as

oc=0"" -V, . (3.17)

With this definition at hand, the couple-stress tensor can be interpreted as the skew-
symmetric part of such a hyper-stress tensor, so that

m'=e:m (3.18)

under consideration of balance equation (3.15).

3.1.2.3 Balance of energy

Finally, the balance of mechanical energy is considered, whereas contributions associated
with the thermal energy are neglected. With internal energy U, the corresponding
balance equation reads

d 1 1
T Qp[§v-v+U]dv:/aQ {tl-v—l—EtQ-wav}da

+/p{b-v+%c~vmxv}dv. (3.19)
Q

The local form is obtained by using the balance equations of momentum in the form of
(3.8) and (3.11), so that

. 1
pU =0 : Vv + émt : VeV X v. (3.20)

It becomes evident that the skew-symmetric part of the stress tensor does not occur
in the balance equation. Similarly, as further elaborated in [108], the spherical part of
the couple-stress tensor does not contribute to the energy balance due to the identity
I:V,V, xv=0. As a consequence, the spherical part of m remains indeterminate.
As this work proceeds, the term couple-stress tensor will refer to the deviatoric part

m=m — %tr(m)I (3.21)

of the tensor for the sake of simplicity, whereas its spherical part is assumed to be zero.
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3 Fibre-reinforced solids with fibre-bending stiffness

3.1.3 Isogeometric finite element formulation

Within the finite element analysis, a discretised weak form of the fourth-order partial
differential equation (3.15) is derived. In the following sections, the respective weak form
is presented, and the discretisation is performed with the use of discretised kinematic
quantities including the second derivative of the displacement field. For the discretisa-
tion NURBS basis functions are employed in the context of isogeometric analysis. In
particular, the IGA formulation proposed in [172] is recapitulated.

3.1.3.1 Weak form of the governing equation

In order to obtain a weak formulation, the balance of linear momentum in the reduced
form (3.15) is multiplied by a test function ) and integrated over the domain {2. Therein,
the stress decomposition (3.13) is accounted for along with the skew-symmetric stresses
(3.12) obtained from the balance of angular momentum. After applying the divergence
theorem twice, the weak form results in

0= / Ven 1 o™ do —/ n-t; da — / [% €: Vwan} -m® dv. (3.22)
Q a0 Q

It can be observed that the last term in (3.22) includes the scalar product of two second-
gradient quantities. More specifically speaking, the couple-stress tensor contains second-
gradient contributions in terms of 4 in the model proposed in [153] as will be discussed
later on. In (3.22) this tensor is multiplied by the second gradient of test function n be-
fore integration is performed. Accordingly, square-integrability of the second derivatives
of the basis functions must be ensured for an appropriate finite element discretisation.
NURBS basis functions used in isogeometric analysis fulfil this property as discussed in
detail in Sect. 2.1.3 and in [40, 80, 129] and are thus employed in the following.

3.1.3.2 Discretised weak form

The discretisation of the weak form (3.22) is performed by means of NURBS basis
functions R. In accordance with the isoparametric concept and with a Bubnov-Galerkin
interpolation scheme, all fields and their corresponding test functions as well as the
geometry are discretised by the same basis functions. Accordingly, the discretisation of
the test function and of the kinematic quantities for an element e follows as

Nen Nen Nen

n° = ZnARA, h¢ = ZU,A ® VR4, k°= ZuA ® VpVaR4, (3.23)
A=1 A=1 A=1

where n., is the number of basis functions that have support on the particular element.
Inserting the first relation into (3.22) and taking into account an assembly over the
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3.1 Modelling approach for a small strain setting

elements related to {2 by the assembly operator A, the discretised weak form of the
governing equation results in

Del  nen

o=A> [ v.r* asymdu+/ e V,VoR'] :m'do— | Rt da
6:1 A:1 .QE e 896
(3.24)
where the first two terms resemble the internal force contributions
Nel  nep
=AY | VB o du+ / [le V,V,RY] :m'dv (3.25)
e=1 A=1 e e
and the last term in (3.24) represents the external force vector
el nep
fho= AZ/ R4t da. (3.26)
e=1 4_qJOne

Therein, the total number of elements is denoted as ng. The corresponding tangent
contributions and all relevant sensitivities are derived in Appendix B.1.1.

3.1.4 Validation by an analytical solution

For validation purposes, a cylindrical tube subject to a pure azimuthal shear deformation
is analysed within a linearised, plane strain setting. In [44], the boundary value problem
has been presented in detail and a (semi-)analytical as well as a numerical solution has
been provided for different properties of the fibre-reinforced material. To be precise,
a compressible or incompressible matrix material is considered along with fibres with
or without the ability to extend and compress. For the particular application to a
cylindrical tube, it is further assumed that the fibres are aligned with the radial direction.
For this case it has been found in [44] that azimuthal shear strain and radial stretching
become uncoupled. This observation holds regardless of the assumptions made on the
extensibility of the fibres and on the compressibility of the matrix.

In this contribution, the problem of pure azimuthal shear on a cylindrical tube is
addressed in terms of the proposed isogeometric analysis framework with global C-
continuity. In the following, the employed constitutive model is presented and the geom-
etry model for the cylinder is discussed. After specification of the boundary conditions,
representative simulation results are evaluated and compared to the solution provided
in [44].
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3 Fibre-reinforced solids with fibre-bending stiffness

3.1.4.1 Specification of the constitutive model

In the theory of fibre-reinforced composites with fibre bending stiffness, the stored energy
takes into account not only the strain and the fibre direction vector, as in a classic
structural tensor approach in transverse isotropy. It additionally considers the tensor
v, as defined in (3.3) for the linearised setting, that incorporates the fibre curvature. A
representation of the stored energy density function in terms of ny invariants I;, that are
dependent on {e, a,~}, is possible, i.e.

W (1 (e, a,v)). (3.27)

As proposed in [14], an additive decomposition of the stored energy density function
according to

W =WHe L e L= (3.28)

is considered in this thesis. For the isotropic part, resembling the matrix material, a
quadratic form in the small strain tensor is adopted. More specifically speaking,

Wm:%Aﬁ+Mb (3.29)
is employed with invariants

I =tr(e), I, =tr(e?) (3.30)
and Lamé parameters A and p which are specified as

A=1.037 x 10°Nmm™2, p = 4.444 x 10* Nmm 2 (3.31)

for the examples in this thesis, cf. [14]. The second part W?*e describes the transversely
isotropic behaviour of the material reinforced by a single family of fibres. However,
this part is assumed to be constant unless otherwise stated because focus lies on the
examination of the fibre curvature and fibre bending stiffness. These properties are
considered in the last part of the stored energy density function given above. In [153],
a set of seven invariants associated with the higher-gradient contributions is provided
after consistent linearisation from the invariants for the general, non-linear case. Under
additional assumptions such as consideration of only those invariants which do not inherit
any coupling between the kinematic quantities € and ~, the set of invariants can be
further reduced. Within the scope of this work, only one invariant is incorporated as
proposed in [14, 172] so that the higher-gradient energy contribution reads

W = ¢l (3.32)

with fibre bending stiffness parameter ¢, and with invariant
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3.1 Modelling approach for a small strain setting

le=|y-a]-[v-a (3.33)

which includes the fibre curvature and the fibre stretch gradient as the projection of
~ onto the fibre direction. Fibre splay and fibre twist, on the other hand, are not
incorporated in (3.33). In particular, this formulation is also consistent with the model
employed in [44] for the analytical solutions which are used for validation in this section.
Comparing the different material parameters included in the energy contributions (3.29)
and (3.32), it can be observed that the Lamé parameters possess the unit Nmm™2
whereas the unit of the fibre bending stiffness parameter ¢ is N. This parameter is
clearly associated with a length scale and, as a consequence, the model can capture
size effects as will be elaborated in the numerical simulations later on. In view of the
cylindrical tube under investigation, parameter ¢ has been specifically related to an

intrinsic length [ in [44] which represents the fibre thickness.

On the basis of the stored energy density function (3.27), it follows from the deriva-
tions in [153] that the symmetric part of the stress tensor takes the form

— OW 0Ol
sym __ -n .34
7 oI, e (3:34)
which yields
oV = Atr(e) I +2pe (3.35)

for the particular energy function (3.28). Together with its skew-symmetric counterpart
specified in (3.12), the total stress tensor follows from (3.13). The couple-stress tensor is
derived from the stored energy density function in a similar manner. It can be expressed
as

2 = OW oI,  [0I,]
mt 2 Zn -_n
m —3e.n:1 A [’B®87+[87} ® B (3.36)
which yields
m' = gce a®[VaVeu] : [a®a]l] ®a (3.37)

for the energy function specified in (3.28) and under consideration of the assumptions
made on higher-order terms in Sect. 3.1.1.

In the latter expression, the fibre curvature is included and contributes to the couple-
stress tensor. On the contrary, fibre stretch gradients do not exhibit any contribution
to the couple-stresses since they are associated with zero coefficients of the permutation
symbol. This results from the particular choice of the energy function together with the
assumption of small strains and holds despite the fact that fibre stretch gradients are
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3 Fibre-reinforced solids with fibre-bending stiffness

generally included in the underlying kinematic quantity - introduced in (3.3) and in
invariant /g in (3.33).

Remark 3.2. Although the vector 3 does not occur explicitly in the parameter list of
the stored energy density function (3.27), it is included in the general expression (3.36)
for the couple-stress tensor m. The related derivation is presented in [153, (9.9)], in
analogy to the finite strain version, and a linear form is proposed [153, (9.12)].

3.1.4.2 Boundary value problem

For the solution of the fourth-order partial differential equation (3.15) applied to a two-
dimensional cylindrical tube, two different sets of boundary conditions are presented
in [44]. They are associated with a pure azimuthal shear deformation of the tube. In
both cases, the inner radius of the cylinder is kept fixed while the points on the outer
radius are subjected to a circumferential displacement resulting in a shear deformation.
Besides these Dirichlet boundary conditions, the couple-stress is forced to vanish on the
outer boundary. On the inner boundary, either the same assumption is employed or the
fibre slope is set to zero. For the results that will be presented in the following section,
the first option is considered, so that the complete set of boundary conditions for the
tube with inner radius r; and outer radius r, can be summarised as

gl

u(r=r;) =0, uy(r=r, =y, (3.38)

, (3.39)

)

mT’Z(r = ri) = Oa mrz(r =To) =

using a cylindrical base system {e,, e,, e.}. The latter two conditions are in accordance
with the assumption of vanishing surface couple-stresses from Sect. 3.1.2.2. In the present
example, the prescribed azimuthal displacement is specified to %, = 0.025mm and is
prescribed by means of Dirichlet boundary conditions following the procedure in Sect.
2.2.3. The boundary conditions as well as the discretisation of the tube are presented
in Fig. 3.2. The geometry is discretised by ne = 6912 finite elements, whereas the
underlying polynomial degree is p = ¢ = 4. The radii of the tube under investigation
are r; = 1.0mm and r, = 2.5mm. Further details on the geometry and discretisation
of the tube are provided in Appendix B.2.1 with particular focus on the enforcement of
C!-continuity by knot removal as discussed in Sect. 2.3.1.

3.1.4.3 Results and comparison

The numerical results obtained by the IGA framework proposed in this work are com-
pared to the (semi-)analytical solution provided in [44] in order to evaluate the accuracy
of the isogeometric analysis approach. The solution in [44] is obtained by means of a
power series method. For the comparison of the resulting stresses and couple-stresses
as well as of the fibre slope in response to mechanical shear loading, dimensionless
quantities are provided. In particular, scalar ¢ in (3.32), which represents the fibre
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Figure 3.2: Boundary conditions and discretisation of the tube including n, = 6912 elements. Re-
produced from [170] under the terms of the Creative Commons Attribution 4.0 International License
(CC BY 4.0).

bending stiffness, correlates with the material parameter dy defined in [44] through the
relation dy = 8¢/3. The conversion factors used in the following to derive associated

non-dimensional quantities are also employed in [12]. Accordingly, the dimensionless
parameter

dy

Ne=—-L
2purre — 1

(3.40)
is defined for the fibre bending stiffness. It becomes evident once again that a length
scale is introduced since the inner and outer radii r; and r, of the cylinder occur in the

definition of this non-dimensional material parameter which is related to the curvature
of the fibres. Using the ratio

To

¢(=—, (3.41)

T

the dimensionless stress contributions follow as

.o (2—1 PSS S

o= — o, S E—
Upft G Upft G

m. (3.42)
From the dimensionless expressions of the radius and azimuthal displacement

rt=—, ul=—2 (3.43)
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3 Fibre-reinforced solids with fibre-bending stiffness

the respective form of the fibre slope [u,]" can be derived, so that

*
o Qe _ i Ouy

7 Ot my, Or

[u (3.44)
In the present work, the simulation is performed for different values of the non-
dimensional quantity A* introduced in (3.40), namely A* € {0.0,0.005,0.03,0.1, 7}, and
the influence of this fibre bending stiffness parameter on the fibre deformation as well
as on the stress and couple-stress distributions is examined.

Fibre deformation and slope Focussing first on the fibre deformation pattern, Fig. 3.3
shows how a radial fibre that was initially aligned with the horizontal direction deforms
under the influence of the azimuthal shear loading. It becomes evident that an increase
in the parameter \*, which is associated with the fibre bending stiffness, leads to less
bending of the fibres. In fact, for rather large values such as A\* = m, the fibres almost
remain straight. In Table 3.1, the fibre slope at the inner boundary, i.e. r = r; = 1.0 mm,
is examined. The values corresponding to the analytical solution are taken from [44] for
comparison. It is found that the deviation is smaller than 0.4% for all considered values
of A* so that the isogeometric analysis yields accurate results in this regard.
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Figure 3.3: Deformation of a radial fibre. Reproduced from [170] under the terms of the Creative

Commons Attribution 4.0 International License (CC BY 4.0).

Table 3.1: Fibre slope at the inner tube boundary r = r;. Analytically obtained values are taken from
[44] for comparison.

A* 0.0 0.005 0.03 0.1 m

0.952 0.887 0.825 0.771 0.674
rumlo_,, 0.954 0.886 0.823 0.768 0.674
% deviation 0.21  0.11 024 0.39  0.04

*

[ucp]:ana ’T:ri

[w
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3.1 Modelling approach for a small strain setting

Stress and couple-stress distributions Regarding the stress and couple-stress distri-
butions for the two-dimensional boundary value problem at hand, the relevant (dimen-
sionless) coefficients under investigation are [0,,]", [0,,]" and [m,,]" with respect to a
cylindrical coordinate system where e, points in the out-of-plane direction. In addition
to the coefficients of the total stress tensor, the values for its symmetric part, specif-
ically [aﬁfom]* = [aj,yrm}*, are analysed in this section and shown in Fig. 3.4a together
with the couple-stress coefficients. Comparing the results of the IGA simulation against
the analytical values, taken from [44] and presented in Fig. 3.4b, no significant difference
can be observed. Accordingly, a high accuracy of the isogeometric approach can be de-
duced for the particular boundary value problem studied. A more detailed view on the
couple-stress coefficient [m,..]" is given in Fig. 3.5. For A* = 0, the couple-stress remains
zero, because the higher-order terms are not activated. For all other values of \*, the
couple-stress coefficient increases with increasing values of the non-dimensional material
parameter. Due to the particular boundary conditions discussed in Sect. 3.1.4.2, couple-
stresses vanish at the boundaries of the tube which is in accordance with the results for
(M)

Focussing on the total stress tensor which includes not only the symmetric but also
a skew-symmetric part, Fig. 3.6a shows how the resulting stress coefficients [o,.,]" and
lor]" are distributed over the radius of the cylinder. In Fig. 3.6b, the respective results
from [44] are employed. When comparing the plots, a similar profile along the radius
can be observed. Both figures show that the stress coefficient [0,,]|" is rather similar
for all fibre bending stiffness values. For [o,,]" on the contrary, a monotonous decrease
is obtained for perfectly flexible fibres and very small values of \*, whereas for higher
values, a parabolic shape is observable near the inner boundary. In further comparison
of Fig. 3.6a and 3.6b, slightly different values occur especially at the inner radius of
the cylinder. Since the deviation is smaller than 5% this might be caused by numerical
errors. It is further noted in [45], that one term is missing in the expression of the
skew-symmetric stresses in [44]. However, the results presented therein are considered
to be very accurate.

3.1.5 Simulation of curvature effects in a fibre-reinforced beam

A beam subject to a bending deformation is studied as second representative numerical
example. The beam is made of an isotropic matrix material which is reinforced by fibres
possessing bending stiffness. By this example, the influence of the fibre bending stiffness
is again studied but the fibre direction is additionally investigated and size effects are
analysed in more depth.

3.1.5.1 Boundary value problem

A two-dimensional cantilever beam, as shown in Fig. 3.7, is bent under the action of a
constant traction at its free end. As in the previous example, the beam is reinforced
by a single family of fibres under the assumption that the fibres are embedded in the
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3 Fibre-reinforced solids with fibre-bending stiffness
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Figure 3.4: Comparison of the results for the dimensionless stress coefficient [077,"]* and couple-stress
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Figure 3.5: Distribution of the dimensionless couple-stress coefficient [m,..]*.

radius r

Reproduced from [170]

under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

46



3.1 Modelling approach for a small strain setting
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tional License (CC BY 4.0). lished by Mathematical Sciences Publishers [44].

Figure 3.6: Comparison of the results for the dimensionless stress coefficients [o,,]* and [o,,]*.

matrix material and that they resist bending. Overall, a linearised setting and a plane
strain state are assumed. The height of the beam is determined to A~ = 10mm and a
length [ = 100 mm is considered, so that the ratio of its dimensions is 1/10. Details on
the geometry in the context of IGA, such as knot vectors, control points and weights are
provided in Appendix B.2.2. The chosen polynomial degree is p = ¢ = 4. In Fig. 3.7,
the discretisation including n, = 1000 elements is presented which has been obtained by
means of knot insertion, cf. Sect. 2.2.2.

20
10

[l
8

0

~10 s s s \ \

Figure 3.7: Boundary conditions and discretisation of the beam with ne; = 1000 elements. Reproduced
from [170] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

As shown in Fig. 3.7, the beam under consideration is fixed on its left end. More
precisely speaking, the displacements as well as the couple-stresses on this surface are
assumed to be zero. Changes in the fibre slope are, however, enabled, i.e. the beam is
simply supported. Accordingly, no Dirichlet boundary conditions are prescribed with
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3 Fibre-reinforced solids with fibre-bending stiffness

respect to the normal displacement gradients. On the opposite side, the beam is loaded
by a traction ||£;]] =30 Nmm~2 which is uniformly distributed over the right surface
and accounted for in the analysis by means of Neumann boundary conditions.

The constitutive model as well as the values of material parameters are adopted from
the previous example, cf. Sect. 3.1.4.1.

3.1.5.2 Results and discussion

The purpose of studying the bending deformation of a fibre-reinforced beam in the
proposed IGA framework is to elaborate the influence of the particular fibre properties
such as their direction and bending stiffness. In a first step, the fibres are assumed
to be aligned with the beam’s axis, i.e. the fibre angle @ = arccos(a - e;) describing
the angle between fibre vector a and the horizontal axis, is zero. For this setting, the
fibre bending stiffness is varied. In a second step, a constant value of the fibre bending
stiffness parameter is chosen while different values for the fibre angle are examined.

Influence of the fibre bending stiffness The fibre bending stiffness is represented by
parameter ¢ in the part of the energy function (3.32) that is related with the curvature
of the fibres. For the limiting case ¢ = 0, the underlying model coincides with the case of
perfectly flexible fibres. In Fig. 3.8a, the vertical displacement u5 of the tip of the beam,
represented by point P in Fig. 3.7, is depicted with a logarithmic scale for parameter
c. It is observed that the displacement takes its maximum value for a vanishing fibre
bending stiffness. By variation of ¢ in the range of ¢ € [O0N,1 x 107 N|, an S-shaped
curve is obtained. With an increasing bending stiffness of the fibres, the bending of
the beam decreases monotonously. Moreover, it is observed that the slope of the curve
decreases for high values of ¢ and that a second limiting value is approached.

Influence of the fibre direction Complementing the previous setting, different fibre
directions are analysed while the fibre bending stiffness parameter is kept at ¢ = 1x10° N.
In particular, the fibre angle takes values in the range o € [0,7/2]. A monotonous
increase of the vertical tip displacement can be observed when the fibre angle is increased,
cf. Fig. 3.8b. Similar to the results with varying fibre bending stiffness, an S-shaped curve
is obtained. The minimum resistance against bending is found for o = 7/2 so that the
fibres lie vertically in the beam, i.e. in the direction of the applied force. On the other
hand, when the fibres are aligned with the beam’s axis, the impact of the fibre bending
stiffness is most noticeable. In particular, a reduction of the vertical displacement at
point P of approximately 18 % is observed, compared to a beam that is reinforced with
fibres in vertical direction.

Size effect The geometry of the beam is now modified with respect to different height-
to-length ratios in order to investigate how bending stiffness parameter c is related to size
effects. To be precise, [ = 150 mm is chosen for the beam length and its height is varied
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(a) Tip displacement in dependence of the fibre bending (b) Tip displacement in dependence of the fibre angle a.
stiffness parameter c.

Figure 3.8: Results for the tip displacement of the fibre-reinforced beam. Reproduced from [170] under
the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

in the range h € [5mm, 25 mm|. The fibres are aligned with the beam’s axis, i.e. « = 0 is
kept fixed, whereas for parameter ¢ different values are employed for comparison. More
specifically speaking, c is either set to zero, such that perfectly flexible fibres are present,
or a value of ¢ € {1 x 10N, 1 x 105N, 1 x 105N} is considered. In order to study the
impact of different sample sizes, the beams with different height-to-length-ratios h/l are
simulated subject to a prescribed vertical force F' at the tip of the beam. In accordance
with the Euler-Bernoulli beam theory, cf. [99, 181], the force is scaled by the cube of the
beam height such that the analytically calculated maximum displacement

FI3

max — o 4 7 3.45
tmex = 3, (3.45)

remains constant, independently of the slenderness where I, ~ h*® holds for the area
moment of inertia. Accordingly,

_ h?
Pl 4 |1 (3.46)
0

is considered for the prescribed force with reference beam height hy = 10 mm adopted
from Sect. 3.1.5.1 and with Ay = hgb being the corresponding cross-sectional area
with unit width b = 1 mm for the two-dimensional setting. For the Young’s modulus
FE* ~ 1.2 x 10° Nmm™? of the underlying material, derived from the Lamé parameters
in (3.31), the correction

E*
F—
1—12

(3.47)
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3 Fibre-reinforced solids with fibre-bending stiffness

with v =~ 0.35 is used in the analytical calculations in order to account for the plane
strain state in the simulations.

In Fig. 3.9, the simulation results for height-to-length ratios h/l € {(a) 0.04, (b) 0.06,
(c) 0.08} are presented. Fig. 3.9a shows that, for a vanishing fibre bending stiffness,
the deflection of the beam is hardly affected by its slenderness. A small deviation from
the analytically obtained constant value, however, can be observed in Fig. 3.10. This is
due to the increasing discrepancy with the assumption of slim beams when the h/l-ratio
increases. If the bending resistance of the fibres is activated by setting ¢ > 0, a stiffer
response is observed, see Fig. 3.9b and Fig. 3.10. This effect is most prominent for slim
beams and vanishes if the beam height increases. For a fibre bending stiffness value
of ¢ = 1 x 10*N, a convergence towards the non-reinforced beam can be observed in
particular. For higher bending stiffness a similar convergence behaviour is expected if
even larger beams were studied. It can be deduced that the proposed method is capable
of reproducing size effects that occur as a consequence of variable fibre bending stiffness
values or different geometric dimensions.

(a) Initial and deformed configuration of a fibre-reinforced (b) Deformed configuration of a fibre-reinforced beam with
beam with ¢ =0 and h/l € {(a) 0.04, (b) 0.06, (c) 0.08}. c¢=10°N and h/l € {(a) 0.04, (b) 0.06, (c) 0.08}.

Figure 3.9: Deformed configuration of the fibre-reinforced beam with and without fibre bending stiffness.

Reprinted from [173] under the terms of the Creative Commons Attribution-NonCommercial License
(CC BY NC).

In addition to these investigations, a comparison with transversely isotropic effects in
fibre-reinforced solids is carried out. For this purpose, the transversely isotropic energy
contribution W?e introduced in (3.28) is revisited, but instead of assuming it to be
constant as in Sect. 3.1.4.1, the function

1
Whe =l +2 [y —p] Is + 55 2 (3.48)
with invariants
IL=a-€-a, Iz=a-€-a (3.49)

is adopted from [152]. The material constants for the isotropic and transversely isotropic
energy contributions are taken from [152] as
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3.1 Modelling approach for a small strain setting

A=564x 10 Nmm™2, p =246 x 10°Nmm™?,
) =5.66 x 10°Nmm™?, o= —1.27x 10 Nmm™?,
B =12273 x 10° Nmm™2, (3.50)

With these considerations at hand, the bending beam is studied once more with and
without accounting for the tensile stiffness of the fibres in addition to their bending
stiffness. Moreover, the corresponding size effect is investigated by scaling the sample size
as well as the prescribed force along with a constant height-to-length ratio h/l = 1/15.
The prescribed force is F' = 2N for the reference sample with height » = 10 mm and
length [ = 150mm. In Fig. 3.11, the corresponding results are presented in terms of
the beam deflection which is normalised with respect to the beam height and plotted
in dependence of the size of the body. For the results in Fig. 3.11a, transverse isotropy
is not activated, i.e. the tensile stiffness of the fibres is not accounted for, whereas Fig.
3.11b includes these contributions. The plots show the characteristic S-shaped curves
similar to Fig. 3.8 when the bending stiffness of the fibres is non-zero. This indicates
once more that the fibre bending stiffness incorporates a length scale since varying either
the sample size or this particular material parameter yields similar characteristics. By
comparing Fig. 3.11a and Fig. 3.11b, it can be observed that this behaviour is obtained
regardless of the activation of the transversely isotropic material properties. However,
the effects of both stiffness contributions clearly add up, see Fig. 3.11b, which is in
line with the expectations for the particular boundary value problem at hand. For the
material constants chosen in (3.50) together with the maximum employed fibre bending
stiffness parameter ¢ = 1 x 10° N, the tensile stiffness of the fibres dominates over the
bending stiffness for all sample sizes studied. For different material parameters and
even smaller geometric dimensions, however, the resistance against bending may be
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Figure 3.10: Maximum deflection of the fibre-reinforced beam in dependence of its slenderness h/l and
fibre bending stiffness ¢. Reprinted from [173] under the terms of the Creative Commons Attribution-
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3 Fibre-reinforced solids with fibre-bending stiffness

dominated by the gradient-related contributions since the resulting deflections for ¢ # 0
and without tensile fibre stiffness are already of similar magnitude as the deflections for

¢ = 0 which consider the tensile stiffness of the fibres, see Fig. 3.11a.
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(a) Results without fibre tensile stiffness. For ¢ = 0 the (b) Results including fibre tensile stiffness.

results including fibre tensile stiffness are additionally em-
ployed for direct comparison and marked by ().

Figure 3.11: Normalised deflection of the fibre-reinforced beam in dependence of its size. Results are
plotted for different values of the fibre bending stiffness ¢ and for simulations with and without fibre
tensile stiffness, i.e. transversely isotropic energy contributions.

3.2 Modelling approach for a finite strain setting

An isogeometric analysis framework for the numerical simulation of fibre-reinforced com-
posites with fibre bending stiffness has been presented in Sect. 3.1 under the assumption
of small strains. Therein, the linearised version of the modelling approach presented
in [153] has been employed. In the present section, the model is considered in a more
general, finite strain setting. Along with the extension to finite strains, kinematic quan-
tities in terms of the fibre stretch gradient as well as the fibre curvature contribute to
the material response.

3.2.1 Finite strain kinematics

For a body 2 C R? undergoing finite deformations, two configurations may be consid-
ered, namely a reference configuration at time ¢y, as well as the current configuration
which inherits the deformation of the body at time t. As shown in Fig. 3.12, the non-
linear function ¢ : {2y — (2; describes the mapping of the position of a material point
X in the reference configuration to its position x in the current configuration. The
deformation gradient F' = Vx¢ with J = det(F') > 0 is the gradient of this mapping
with respect to the reference position X. The deformation gradient describes a linear
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€1

Figure 3.12: Two-dimensional domain (2 in the reference configuration ({2y) and current configuration
(£2;) assuming a couple-stress theory. Employed vectors and tensors: vector of coordinates in the refer-
ence configuration & and in the current configuration X, placement function ¢, deformation gradient
F'| referential surface outward normal unit vector IN, current surface outward normal unit vector n,
referential fibre direction vector ag, current fibre direction vector a;, body force vector b, body couple
vector ¢, vector of tractions t; acting on the surface 0f2;, vector of couples t5 acting on the surface
082, vector of displacements @ prescribed on the surface 92;. Reproduced from [171] under the terms
of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

relation between line elements da in the current configuration and dX in the refer-
ence configuration while its cofactor and determinant relate infinitesimal area as well as
infinitesimal volume elements in a similar manner, i.e.

de=F - -dX, nda=cof(F)- NdA, dV =JdV. (3.51)

Vectors IN and n denote the surface outward normal unit vectors in the reference and in
the current configuration and the cofactor is defined as cof(F) = J F~". For the specific
modelling approach presented in [153] and adopted in this work, the second gradient of
the placement function is considered further, so that

Y = VxF = VXVX(P (352)

is introduced.

Within the scope of modelling fibre-reinforced composites, a unit vector field ag is
commonly incorporated into the model as an additional directional quantity. It describes
the fibre direction in the reference configuration for a material which is reinforced by a
single family of fibres. Under the assumption that the fibres are embedded in the matrix
material and convected with the deformation, the fibre direction vector in the deformed
configuration is obtained as

a; — )\aﬁt =F. ag with HEtH =1. (353)

Since not only the direction but also the length of the fibres changes as a consequence
of the deformation, the fibre stretch A, occurs in (3.53).
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3 Fibre-reinforced solids with fibre-bending stiffness

Assuming that the embedded fibres are not perfectly flexible but instead exhibit a cer-
tain bending stiffness, the gradient of the fibre direction vector is incorporated into the
enhanced material model. With respect to the reference configuration, this gradient
takes the form

A=F'"-G with G=Vxa,=ay VxF'+ F-Vxa,, (3.54)

cf. [153]. As discussed in detail in [14], the stress and energy contributions related to
this gradient term do, in general, not vanish in the initial state. In order to obtain an
initially stress-free and energy-free condition, the fibres are assumed to be straight in
the reference configuration, i.e. Vxay = 0.

3.2.2 Balance equations

For the consideration of higher gradients of the placement function, an enhanced contin-
uum model is required. In the present contribution, the couple-stress theory presented in
[108] is applied. The spatial versions of the local balance equations will be summarised
in the following for the quasi-static case and under the assumption of vanishing body
forces and body couples, accordingly b = 0 and ¢ = 0, cf. [14, 153]. Since the derivations
of the spatial balance equations are analogous to the derivations for the small strain case
discussed in detail in Sect. 3.1.2, only the final formulations are denoted in the following
which already include all assumptions mentioned above.

3.2.2.1 Balance of mass
Considering a closed system, the local form of the balance of mass reads
P+pVy =0 (3.55)

with spatial mass density p.

3.2.2.2 Balance of linear and angular momentum

The local form of balance of linear momentum in the absence of mechanical body forces
can be expressed as

pp =V, o' (3.56)
and, for the quasi-static case, reduces to

0=V, o (3.57)
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with an, in general, non-symmetric Cauchy-type stress tensor o. From the local form of
balance of angular momentum

0=V, m'+te: o (3.58)

under vanishing body couples, the skew-symmetric part of o can be directly obtained
as a function of the divergence of the couple-stress tensor m, to be specific

1
o = 51 % [Va-m]. (3.59)

Within the isogeometric analysis framework proposed in this work, the balance equations
of linear and angular momentum are combined into one partial differential equation
which is of fourth order since the couple-stress tensor may, in general, contain second-
order derivatives of the placement function. Retaining the assumptions mentioned above
and considering the additive decomposition of the stress tensor

o =0 4 o™, (3.60)

expression (3.59) can be inserted into (3.57) which yields

0=V, o™+ %v@. x [Va-m'] . (3.61)

3.2.2.3 Balance of energy

By using balance equations (3.56) and (3.58), the balance of energy in local form follows
as

pU =™ : Vyp + %mt : Ve Ve X ¢ (3.62)
where U denotes the (mass specific) internal energy. As discussed in detail in [108] and
typical for the couple-stress theory, only the deviatoric part m = m — %tr(m) I of the
couple-stress tensor contributes to the energy balance (3.62) because I : V,V, X ¢ =0
holds. The same applies to the partial differential equation (3.61), where the spherical
part of the couple-stress tensor similarly vanishes as a result of the curl and divergence
operation. Consequently, the spherical part of the couple-stress tensor does not have
any impact on the balance equations relevant for the proposed simulation approach and
accordingly remains undetermined as this work proceeds. This is in accordance with the
derivations for the small strain setting as discussed in Sect. 3.1.2.3.
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3 Fibre-reinforced solids with fibre-bending stiffness

3.2.3 Isogeometric finite element formulation

For the solution of the fourth-order partial differential equation in the simulation of fibre-
reinforced composites with fibre bending stiffness, isogeometric analysis is employed.
Since NURBS basis functions used within IGA provide CP~!-continuity everywhere,
except for the locations of repeated knots or control points, global continuity higher
than CY can be realised, cf. Sect. 2.3. Accordingly, NURBS basis functions are used in
the discretised weak form of the governing equation (3.61) which will be derived in the
following sections. For the solution of this non-linear equation within a finite element
scheme, a linearisation is performed afterwards so that the globally assembled system of
equations can be solved by means of the Newton-Raphson method.

3.2.3.1 Weak form of the governing equation
With regard to a finite element formulation of the governing equation (3.61), a weak

form is derived. To this end, the quasi-static balance of linear momentum (3.57) is
multiplied by a test function 1 and integrated over the spatial domain (2, accordingly

0= / n- Ve -o'] do. (3.63)
02
Application of the divergence theorem and of integration by parts yields
O:/ V$n:a'tdv—/ n-o'-nda. (3.64)
2 o

Considering an additive decomposition of the stress tensor in the form of (3.60) and
by using the definition of the skew-symmetric stress part from the balance of angular
momentum (3.59) with o = — [O'Skw}t, (3.64) can be rewritten as

0= / Vem : o dv —/ n-t da +/ Ven : [% [Vw . mt} -e] dv. (3.65)
o) G o)

Therein, Cauchy’s theorem is employed so that the traction vector £; = o' - n is intro-
duced.

For the last term in (3.65), integration by parts as well as the divergence theorem are
applied a second time so that

O:/ an:asymdv—/ n-tida
2 oxon

_/Q %[6 : vam'rﬂ mbdv + /(;Q %Vw’r’ : [t2 . E] da (366)
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is obtained and represents the weak form of (3.61). Vector t; = m' - n constitutes the
couples acting on the surface of the domain such as the previously introduced vector ¢,
accounts for the surface tractions.

The terms which are related to the couple-stress tensor in (3.66) can be rewritten
by using the definition of the curl operator, so that an alternative representation of the
weak form reads

O:/ an:asymdv—/ n-tida
2 EIo

+/ IV, [V, x 7] :mtdv—/ 1V, x 1] - ta da. (3.67)
24 082

This format allows an interpretation of the specific occurrences of the test function from
the perspective of the principle of virtual power. The test function 7 itself may be
regarded as a virtual velocity field which is related to the classic tensorial quantities in
(3.67). In analogy, the term %Vg} x 1), which corresponds to the higher-gradient terms
in (3.67), may be interpreted as a virtual spin vector, cf. [14].

From the weak form (3.66) that has been derived for the deformed configuration, the
respective formulation in the reference configuration is obtained by making use of the
relations specified in (3.51). From the third term on the right-hand side in (3.66), which
includes the second-order gradient of the test function, two separate terms follow from
the pull-back operation. The weak form in the reference configuration accordingly reads

0= [ Vxn:[o™™ . cof(F)| dV — n-o'- cof(F)- NdA
2 992

-/ 1VxVxn:-[[e-m'] : [F ' @cof(F)]] &V

_ QO%VX"?3 {[e-mt-cof(F)] : [H—Ft@Fl] Tl [I@I]H v

+/ 1Vxn: [[e-m'] : [cof(F)@F~*]] - N dA. (3.68)
IO

It becomes evident that in (3.68), products of second-gradient contributions are present
in the integrals similarly as in (3.22). This leads to enhanced continuity requirements in
the sense that global C%-continuity, as provided by classic Lagrangian basis functions,
is not sufficient. Accordingly, NURBS basis functions exhibiting enhanced continuity
properties are used for the discretisation in the isogeometric analysis scheme.

3.2.3.2 Discretised weak form

In analogy to the discretisation procedure in Sect. 3.1.3.2, the geometry as well as
test function 1 and placement function ¢ are approximated by using the same basis
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3 Fibre-reinforced solids with fibre-bending stiffness

functions. Within the scope of this work, NURBS basis functions R are employed so
that the discretised quantities for one element e are

Nen Nen

n =) n'RY ¢t =) 'R (3.69)
A=1 A=1

with the number of active basis functions on the element denoted as ng,. Inserting
both relations into the referential weak form (3.68), a representation is obtained which
includes derivatives of the basis functions up to second order. Accordingly, the internal
force vector takes the discretised form

int —

Nel nep
no=AY / o™ . cof(F) - Vx RAdV
e=l g1 /5

—/ [le-m' F']: [cof(F) [VxVxR"]]dV

0

_/e [Le-m' cof(F)] : |[[-F'@F '] :7]: [IoI)| - VxR*dV

(3.70)

where ng denotes the total number of elements. The external force vector is respectively

Nel  nep

fho= AZ/@Q o' - cof(F) - N R4 dA

e=1 A=1

_ / [Le-m' F]: [cof(F) - VxR* @ N] dA. (3.71)

3.2.3.3 Linearisation

The solution of equation system (3.68) within the isogeometric analysis framework is
obtained by using a Newton-Raphson scheme. The residuum is determined by the
internal and external force vectors derived in Sect. 3.2.3.2, i.e.

rh = f?nt - f]gxt- (3-72)

In the kth iteration step, the linearised form of the residuum reads

rh =1+ Art, (3.73)
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3.2 Modelling approach for a finite strain setting

Due to the particular dependencies of the residual function 7" = 7" (F(@), Y*(®)), two
contributions are considered for the increment Ar®, to be specific

drh AG — {37‘11 _8Fh orh . or®"

T L A= KA 3.74
aF" 0 | ot 890} v v (3:74)

with the global list of degrees of freedom ¢, tangent stiffness matrix K and with the
partial derivatives

Nel  TNen h Del  nep
AZI VxR, l = AZ [I®VxVxR']: [I®]1 (3.75)
e=1 A=1 890 e=1 A=1

in the discretised form. Under the assumption of dead loads, only the sensitivities of
the internal force contributions need to be considered. The global system of equations
is finally obtained as

—[r"], = K], - [AQ),. (3.76)

The general form of the tangent stiffness matrix K is derived in Appendix B.1.2.

3.2.4 Validation by an analytical solution

Similar to the validation of the linearised framework in Sect. 3.1.4, the numerical results
obtained by the proposed IGA approach to finite deformations of fibre-reinforced solids
are compared in this section with the (semi-)analytical solution provided in [44]. A plane
strain condition is considered and the constitutive model is based on an energy function
of similar type as (3.28) in order to maintain consistency with the analytical derivations
in [44] subject to small strains.

3.2.4.1 Specification of the constitutive model

The constitutive model for fibre-reinforced composites including fibre bending stiffness
has been derived in [153] on the basis of an extended list of invariants for the stored
energy density function. Within a non-linear setting, it is formulated as an isotropic
function of invariants I; including the three main kinematic quantities introduced in
Sect. 3.2.1 as arguments, i.e.

W(I:(C, A, a)). (3.77)

This purely referential representation is based on the Cauchy-Green tensor C = F* - F,
the referential fibre direction vector ay and on the gradient A of the deformed fibre
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3 Fibre-reinforced solids with fibre-bending stiffness

vector. In order to reduce the number of invariants, additional assumptions are made in
[153] and adopted in this work. By employing only the directional projection

Ko = A- QAo (378)

of the fibre gradient, effects from fibre splay are neglected in addition to effects from
fibre twist. Apart therefrom, the sense of the fibre orientation is not relevant from a
physics point of view so that the fibre vector may appear in the stored energy only in
even powers.

For the particular examples presented in this contribution, the energy takes an addi-
tive decomposition and, as in [14] as well as in the small strain model presented in Sect.
3.1.4.1, specifically consists of three parts, namely

W = WS 4 Whe 4 WHo, (3.79)

The isotropic part captures the behaviour of the matrix material without taking into
account the reinforcement by fibres. It takes the form

. ILi—1 [A
Wiso = ) =2 T {5 + u} In(\/I3) + g [I; — 3] (3.80)
with
]1 =C: I7 Ig = det(C) (381)

For the examples in this section, the Lamé-type constants take the same value as in
(3.31). The second part W= corresponds to the classic fibre stretch-related transversely
isotropic contributions of the fibre-reinforced material which are not in the focus of the
present contribution. As this work proceeds, W?e is thus assumed to be constant and
will not be further specified. The last contribution

WHo = ¢ I (3.82)
with
[6 = [A : ao] : [A : ao] = Ko ' Ko (383)

incorporates the energy related to the higher-gradient terms that are specific for the
material model proposed in [153]. This formulation is based on one invariant only, which
has been discussed in detail in Sect. 3.1.4.1. From the particular form of the referential
gradient of the fibre direction vector (3.54), it follows that invariant /4 in (3.83) includes
the gradient of the fibre stretch as well as the fibre curvature, see the discussion in
[13]. In accordance with the latter, parameter c is associated with a bending stiffness
of the fibres. In the examples presented in this contribution, this fibre bending stiffness
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3.2 Modelling approach for a finite strain setting

parameter as well as the fibre direction will take different values in order to examine
their influence on the simulation results.

From the general form of the stored energy density function in (3.77), the stress and
couple-stress tensor are derived in [153] by taking the particular dependencies of the
invariants into account. Accordingly, the symmetric part of the stress tensor follows as

oW oW oW
v — L 2F . — . F" Ne—| -F'+F - — - G" 84
o J [ 9C +G {8/1} + 8AG (3.84)
and the deviatoric part of the couple-stress tensor takes the form
__ 2 __ ow _
mt:_g‘] le. [F.a_A.[Ft@)at%—Ft@at]}. (3.85)

Considering the stored energy density function specified in (3.79), the derivations yield

oV = J'F . B I3 —1)C '+ p[I— C‘l]] - F*
+2¢J7 G [ag@A-ag)- F'+ F-[A-ay®ag]-G'] (3.86)
and
m' = —%cJ_le : [F [A-ay® ap) - [Ft®at + F* ®atﬂ . (3.87)

Recapitulating the structure of the stored energy density function (3.79), the first term in
the above given form of the symmetric stress tensor resembles the isotropic energy part,
whereas the second term and the contributions of the couple-stress tensor correspond
to the energy contribution that incorporates the fibre properties. For vanishing fibre
bending stiffness, i.e. ¢ = 0, the model reduces to a classic neo-Hookean solid.

In the small strain version of the model that has been discussed in detail in Sect.
3.1, contributions from the fibre stretch gradient are neglected in the specific form of
the couple-stress tensor (3.37) because they are of higher order. In contrast thereto,
fibre stretch gradients are included in addition to fibre curvature contributions in the
non-linear forms of the stress and couple stress tensor (3.86)-(3.87).

In order to obtain the specific form of the tangent stiffness matrix for the considered
energy function, the sensitivities of the stress and couple-stress tensor are derived and
presented in Appendix B.1.2.

3.2.4.2 Boundary value problem

The pure azimuthal shear deformation of a cylindrical tube with radially aligned fibres
is considered in order to compare the numerical results with the analytical solution
provided in [44]. Moreover, the results are compared to those obtained by the small
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3 Fibre-reinforced solids with fibre-bending stiffness

strain framework presented in Sect. 3.1.4.3, as well as by the multi-field method in [12].
For an accurate comparison of the results, the dimensionless versions of the stress and
couple-stress tensor (3.42) are considered.

The isogeometric model for the cylindrical tube with radii 7; = 1 mm and r, = 2.5 mm
is adopted from the simulations in Sect. 3.1.4 and details on the geometry and on the
discretisation within IGA are provided in Appendix B.2.1. In particular, the use of knot
removal as well as linear constraints for the location and displacement of repeated knots
and control points leads to global C'-continuity which is sufficient for the fulfilment of
the integrability condition posed by (3.68).

In accordance with the calculations in [44] and in analogy to the boundary value
problem in Sect. 3.1.4.2, the tube is analysed under a pure azimuthal shear deformation
which is prescribed on the outer radius by means of Dirichlet boundary conditions,
whereas the inner radius is fixed. The azimuthal displacement is chosen in such a
way that the outer surface undergoes a rotation of 7/9 around the tube’s middle axis.
The outer radius of the tube is not changed by this deformation so that the applied
boundary conditions yield the total volume of the tube to be conserved. Along with
this observation, extensible fibres are assumed in order to obtain pure azimuthal shear
in the finite deformation setting, cf. [45]. Surface couples are assumed to vanish at the
inner and outer cylinder radius such that t2 = 0. The discretised model of the tube
including the particular boundary conditions is shown in Fig. 3.13. The finite element
mesh contains ne = 832 elements and is based on n., = 1260 control points.

Figure 3.13: Boundary conditions and discretisation of the tube with n, = 832 elements. Reprinted
from [171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

3.2.4.3 Results and comparison

In the present example, the fibre bending stiffness is represented by the non-dimensional
parameter A* defined in (3.40). Within the simulations performed by means of the pro-
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3.2 Modelling approach for a finite strain setting

posed isogeometric approach, different values for this parameter are considered, namely
A* € {0.0,0.005,0.03,0.1}. In all cases, the fibres are initially straight and aligned in
radial direction.

Fibre deformation and slope In Fig. 3.14, the deformation pattern of the tube is
shown. In the case where \* = 0 the fibres behave perfectly flexible which, together
with the neglected tensile stiffness of the fibres, means that the fibres do not have any
impact on the deformation. On the other hand, as the energy contributions belonging
to the fibres become active by employing non-zero values for the fibre bending stiffness
parameter, a resistance against bending can be observed. This resistance becomes more
prominent with increasing values of A* so that, by choosing A* large enough, fibres which
remain almost straight during deformation can be obtained.

(a) Deformation pattern of the cylindrical tube. (b) Detail view on the deformation of a fibre with initial
alignment in ej-direction.

Figure 3.14: Deformation plots of the cylindrical tube for A* € {0.0,0.005,0.03,0.1}. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

Stress and couple-stress distributions In Fig. 3.15a, the results for the dimensionless
stress coefficients [0,,]* and [o,,]* are presented as a function of the cylinder radius.
Fig. 3.15b shows the respective results for the symmetric stress part [o77"]* as well as
for the only non-zero couple-stress coefficient [m,.,]*. The presented solutions for the
finite strain setting are not only in accordance with the results from [12] produced by a
multi-field method by using the same constitutive model, but also with those obtained
by the linearised formulation documented in Sect. 3.1.4.3. For a prescribed rotation up
to m/9, as employed in this contribution, both formulations show quantitatively coin-
ciding results. Also the analytical solution, which has been obtained in [44] from the
application of a power series method, is in quantitative agreement with the results as
shown in Sect. 3.1.4.3. Whereas these observations hold for the prescribed rotation of
up to 7/9 of the outer tube radius, a deviation from the small strain results is observable
when significantly larger deformations are considered. In Fig. 3.16, simulation results
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3 Fibre-reinforced solids with fibre-bending stiffness

corresponding to rotations of /9, 7/6 and 27/9 around the tube’s middle axis are pre-
sented for A* = 0.03. With an increasingly large deformation, the difference between the
linearised and the non-linear modelling approach becomes more pronounced in all stress
and couple-stress contributions considered.
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(a) Distribution of [or,]* and [oyr]*. (b) Distribution of [73,"]* and [m.]*.

Figure 3.15: Distribution of the dimensionless stress coefficients [07,]*, [0,r]", [070"]* and couple-stress

coefficient [m,.,]* for A* € {0.0,0.005,0.03,0.1}. Reproduced from [171] under the terms of the Creative
Commons Attribution 4.0 International License (CC BY 4.0).

Remark 3.3. As discussed in this section, the numerical results obtained by the pro-
posed IGA formulation are in accordance with the results obtained in [12] based on a
multi-field method. In Table 3.2, a comparison is provided between the governing equa-
tions and the degrees of freedom in this reference and in the IGA approach presented
in this thesis. The main advantages of IGA in this regard are the lower number of de-
grees of freedom and the direct solution of the fourth-order PDE along with the strong
enforcement of C''-continuity.

3.2.5 Simulation of curvature effects in a fibre-reinforced notched
plate

A more complex example for studying fibre bending stiffness effects is represented by
the fibre-reinforced notched plate shown in Fig. 3.17. By employing an offset between
the notches, a bending deformation mode is activated as a tensile test is performed. The
influence of the fibre bending stiffness parameter ¢ as well as of the initial fibre direction
is elaborated for this boundary value problem.
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Table 3.2: Comparison of the isogeometric approach with the multi-field method in [12].

Multi-field method in [12] IGA approach
0=V, ot
Equations 0=V, m'—e:o%kv 0=V, o+ %Vw X [Vx . mt]
0=plF-06)]

Fulfilment of
continuity requirements

Weak fulfilment

Strong fulfilment

dof
#dof in 2D
#dof in 3D

{go, o.skw, @}
7
15

{¢}
2

3
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3 Fibre-reinforced solids with fibre-bending stiffness

3.2.5.1 Specification of the boundary value problem

In Fig. 3.17, the mesh for the notched plate under investigation is shown and the dimen-
sions of the model are presented. The width of the inner part of the plate is w = 12mm
and the total length is [ = 120 mm. Between the centre points of the circular notches
with radii r = gw = 4.5mm, an offset of d = %w = 18 mm is present. The discretisation
of the notched plate is obtained by ng = 990 elements. For the approximation of the
placement field and the test function, NURBS basis functions with polynomial degree
p = q = 4 are employed in accordance with the previous example. The control mesh thus
consists of n., = 1410 control points as discussed in detail in Appendix B.2.3. Within
the whole domain, a global continuity of CP~!, accordingly C?, is ensured due to the
characteristic properties of NURBS.

In analogy to a uni-axial tensile test, the plate is clamped at both ends, meaning that
displacements in es-direction of the left and right boundary nodes are prevented. In
ei-direction, a uniform displacement is prescribed on both sides. The total elongation
of the plate is set to 1/5 of its length so that ||@| = 12mm. Similar to the previous
example, it is assumed that no surface couples are present, i.e. t, = 0.

d
8 Y T - l - T Y
14 . TR, A\ .
ii? O H :, HIFFHTH ‘: u
4 , il
-8 % ! * | K>
I I I I I I I
—60 —40 —20 0 20 40 60
x1

Figure 3.17: Boundary conditions and discretisation of the notched plate including ne; = 990 elements.
Reprinted from [171] under the terms of the Creative Commons Attribution 4.0 International License
(CC BY 4.0).

3.2.5.2 Results and discussion

Within the IGA simulations of the notched plate, two distinct values are employed for the
fibre bending stiffness parameter and two different initial fibre directions are considered.
Specifically speaking, a reinforcement with fibres that are aligned in e;-direction as well
as diagonally aligned fibres are taken into account for fibre bending stiffness parameters
c € {2 x 10*N,3 x 10*N}. In the case of diagonally aligned fibres, the fibre direction
vector exhibits an angle of &« = m/4 to the e;j-direction.
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3.2 Modelling approach for a finite strain setting

Deformation In Fig. 3.18, the deformed configuration of the notched plate is shown
after the analysis under the above mentioned boundary conditions without the presence
of fibres. Due to the particular boundary conditions discussed in Sect. 3.2.5.1, the plate
is stretched in e;-direction and the notches change their shape significantly. The middle
part of the plate undergoes a bending deformation in consequence of the offset between
the two notches. Fig. 3.19 provides a more detailed view on the deformed mesh and
compares the deformation pattern for ¢ = 0 and ¢ = 3 x 10* N for fibres aligned with the
e;-direction, i.e. @ = 0. The largest influence of the fibres on the overall deformation
is obtained in the region of the notches. Due to the bending deformation, the fibre
curvature part in the energy contribution (3.82) is activated. For the different fibre
orientations, Fig. 3.20 presents the deformed mesh in more detail. It is shown that for
fibres which are aligned with the e;-direction in the initial configuration, the deformation
of the vertical element edges is rather similar to the case of a non-reinforced material.
However, if the fibre angle is @ = 7/4 in the initial state, a different deformation pattern
is obtained in the region of the circular notches. In particular, the vertical element edges
are bent into one preferred direction near the lower boundary, cf. Fig. 3.20b.

Stress and couple-stress distributions The distribution of the couple-stresses for the
current example is presented in Fig. 3.21-3.24. Due to the two-dimensional setting, the
only non-zero couple-stress coefficients are my3 and mso3. The highest values of these two
quantities are concentrated in the region of the notches. In addition, non-zero couple-
stresses occur in the transition zones between the middle and end sections of the plate
and at the boundary nodes on the left and on the right ends where the displacement in es-
direction is prevented. Regarding the different fibre directions studied in the simulation,
a varying distribution of the couple-stresses can be observed. In the case of an initial
fibre alignment in e;-direction, couple-stresses especially appear in the region of the
notches throughout the whole width of the plate. The absolute values of coefficient m3
are significantly larger than those of mo3. If, on the other hand, the fibres are initially
aligned diagonally in the material, the stresses are more localised at the notches and
decrease over the width of plate. Besides, mi3 and mo3 show similar distributions.

The distribution of the shear stress coefficient o5 is shown in Fig. 3.25 together with
its symmetric and skew-symmetric parts exemplary for the case of fibres initially aligned
in e;-direction. Similar to the couple-stresses, the stresses take their maximum values in
the inhomogeneously deforming regions close to the notches. In the presented example,
the skew-symmetric stresses take values of the same order as their symmetric counter-
parts so that both contributions possess a significant impact on the total stress values.
This relation, however, depends on the prescribed fibre bending stiffness parameter.
For rather small values, the symmetric part of the stress tensor becomes more promi-
nent in comparison to the skew-symmetric part, whereas for an increasing fibre bending
stiffness, the skew-symmetric stresses exceed the symmetric contributions. Considering
¢ =3 x 10*N, as employed for the results shown in Fig. 3.25, the skew-symmetric part

oS5V is dominant.
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Figure 3.18: Deformed configuration of the notched plate without fibres. Reprinted from [171] under
the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.19: Detailed view on the deformed configuration of the notched plate without fibres (solid
lines) and with fibres initially aligned in e;-direction (dashed lines) with ¢ = 3 x 10* N. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).

(a) Detailed view on the deformed configuration of the (b) Detailed view on the deformed configuration of the
notched plate without fibres (solid lines) and with fibres notched plate without fibres (solid lines) and with di-
initially aligned in e;-direction (o = 0, dashed lines) with agonally aligned fibres (o« = m/4, dashed lines) with
c=3x10*N. c=3x10*N.

Figure 3.20: Detailed views on the deformed configurations of the notched plate. Reprinted from [171]
under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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3.2 Modelling approach for a finite strain setting

Integrated reaction force Fig. 3.26 presents the integrated reaction force in e;-
direction over the prescribed displacement value for the different cases of initial fibre
alignment and fibre bending stiffness. It can be observed that the curvature of the
graphs, which show an overall non-linear behaviour, is slightly different depending on
the initial fibre direction and fibre bending stiffness. Especially in the region of large
prescribed deformations an alignment in e;-direction yields the highest reaction force.
For higher values of the fibre bending stiffness parameter, the material response becomes
stiffer and increasingly distinguishable from the case of a non-reinforced material.

Remark 3.4. In Sect. 3.2.4.1, the energy contribution belonging to a transversely
isotropic material behaviour has been assumed to be constant in order to examine the
influence of the higher-gradient contributions, respectively of the fibre bending stiffness,
exclusively. If the influence of this energy part had additionally been taken into ac-
count instead, a more significant difference in the deformations and in the reaction force
would have been expected when comparing the non-reinforced with the fibre-reinforced
material, in analogy to the results presented in Sect. 3.1.5.2 within the small strain
regime.
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Figure 3.21: Distribution of the couple-stress coefficient m3 for the notched plate with fibres aligned
in e;-direction (top) and with diagonally aligned fibres (bottom) with ¢ = 2 x 10* N. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.22: Distribution of the couple-stress coefficient m3 for the notched plate with fibres aligned
in e;-direction (top) and with diagonally aligned fibres (bottom) with ¢ = 3 x 10* N. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.23: Distribution of the couple-stress coefficient mog for the notched plate with fibres aligned
in e;-direction (top) and with diagonally aligned fibres (bottom) with ¢ = 2 x 10* N. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.24: Distribution of the couple-stress coefficient mog for the notched plate with fibres aligned
in e;-direction (top) and with diagonally aligned fibres (bottom) with ¢ = 3 x 10* N. Reprinted from
[171] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.25: Distribution of the stress coefficients o12, 073" and o55" for the notched plate with fibres
aligned in e;-direction with ¢ = 3 x 10*N. Reprinted from [171] under the terms of the Creative
Commons Attribution 4.0 International License (CC BY 4.0).
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Figure 3.26: Integrated reaction force in ej-direction in dependence of the prescribed displacement
on the right boundary of the notched plate. Reproduced from [171] under the terms of the Creative
Commons Attribution 4.0 International License (CC BY 4.0).
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B Appendix

B.1 Tangent contributions

In the following sections, all tangent contributions are presented which are employed in
the proposed small strain as well as finite strain IGA framework for the simulation of
fibre-reinforced solids with fibre bending stiffness.

B.1.1 Small strain modelling approach

Based on the material model described in Sect. 3.1.4.1, the tangent operators for the
isogeometric finite element analysis can be derived as proposed in [172]. Recapitulating
the assumption on higher-order terms made in Sect. 3.1.1, a linear relation between the
tensors o™™ and € as well as m and k is obtained. This results from the derivations
in [153, (9.9), (9.12)] where, in particular, the higher-order terms that follow from the
dyadic products in (3.36) are neglected. The tangent operators accordingly read

d osy™ dmt

E, = )
! de ’ 2 dk (3.88)
and result in

E, = MNIQI+pu[IRI+1IRI], Egz—gc[ea]@[a@a]@a (3.89)

for the particular form of the stored energy density function (3.28). With these formula-
tions at hand, the symmetric part of the stress tensor as well as the couple-stress tensor
can be expressed as

o =E;:e, m=E;:'K (3.90)

which reflects the assumption of linear constitutive relations.

Considering that, for the small strain setting, the internal force vector is a linear function
of the displacement field, these relations can be used directly in the discretised weak form
(3.24) together with the expressions in (3.23), specifically

Nel nNepn Nen

AZZUQEVQCRA-El-VmRBdU

e=l 4—1B=1

+/ [% € - VwVwRA] : E2 : Va:va:RB dv| - ueB = fext' (391)
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3 Fibre-reinforced solids with fibre-bending stiffness

B.1.2 Finite strain modelling approach

The tangent stiffness matrix which is used in the iterative solution scheme (3.76) of the
finite strain framework is derived as

Del nen Nen

~A> S Ken (3.92)

e=l 4—1 B=1

with
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+ [e- [F'®cof(F)] : VxVxR"] : %T; : VxVxRP V. (3.93)

The sensitivities of the symmetric part of the stress tensor as well as of the couple-stress
tensor which are included in this representation of the tangent stiffness matrix are based
on the stored energy density function (3.79) and read

D™ ~ ~ oJ !
T 3—1F-C'+uF-[I-C7']] - F' o
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%mrt =—5cJ e: {[F®at]‘ [I@ [ [aO'Ft®a°H}

oA

®
+[Foa F: 1219 [atmoﬂﬂ o

(3.97)

Therein, the sensitivities of the kinematic quantities with respect to the deformation
gradient as well as to the second gradient of the placement function are

oc™'  oc' ac

OF — 9C " OF (3.98)
with
oC L[l -1 -1 -1 oC t t =
o = ilCTeCT+CcecT], o =IgF +FBI (3.99)
as well as
A
oF — 1@lao IR T]: [IQ]]
+1 [[F-Vxao: [I@1]] + F'® [Vxaq', (3.100)
oG
oF = 1@ [Vxao]', (3.101)
—1 [
aGJF =—J7F, % =2LF, % =1 ay, (3.102)
oC oG A o
7 -0 a—T:I®I®aO, a—T:Ft®I®a0. (3.103)

B.2 Aspects on geometry and discretisation in IGA

All geometric representations in Sect. 3.1 and Sect. 3.2 are based on NURBS, respectively
B-Splines. In the subsequent sections, the underlying knot vectors and control points are
denoted and information on the polynomial degrees of the basis functions is provided.

B.2.1 Cylindrical tube

In contrast to the representation with non-rational B-Splines, a circle can be exactly
constructed by using NURBS. The main idea is to select a set of control points and to
calculate the corresponding weights by ensuring that the requirement

x] + a5 =1r" (3.104)

is fulfilled for every point (x1,z9) of the circle with radius r. A full circle can be
constructed from a quarter or half circle representation by connecting either four quarter-
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(a) Control mesh with n¢p = 85. (b) Coarsest physical mesh with ne = 4.

Figure 3.27: Control mesh and coarsest physical mesh of the cylindrical tube.

or two half circle curves by means of multiply occurring knots [128]. For the cylindrical
tube model employed in Sect. 3.1.4.2 and Sect. 3.2.4.2, a polynomial degree of p =4 is
chosen such that the (open) knot vector for the complete circle follows as

E = {070707 0?07 4%7 4117 4_]];7 i7 %7 %7 %7 %7 %7 4%7 %7 %7 17 17 17 17 1} (3105)

For the two-dimensional isogeometric analysis, the knot vector for the second parametric
direction is added on the basis of the same polynomial degree ¢ = 4, accordingly

# ={0,0,0,0,0,1,1,1,1,1}. (3.106)

The number of control points for the coarsest mesh of the cylindrical tube is
N, = n-m = 85 since the control mesh consists of m = 5 curves containing n = 17
control points each. The control points [B;]; in the j™ curve are given by

. 1.0 1.0 0823 0354 0.0 -0.354 -0.823 -1.0
- 7100 —-0.354 —-0.823 —-1.0 —-1.0 —-1.0 —0.823 —0.354

~1.0 —1.0 —0.823 —0.354 0.0 0.354 0.823 1.0 1.0]'
0.0 0.354 0.823 1.0 1.0 1.0 0.823 0.354 0.0

[BJ;
(3.107)

with ¢; € {1.0,1.375,1.75,2.125,2.5} and j = 1,...,m. The corresponding weights are

[w]; = [1.0 1.0 0943 1.0 1.0 1.0 0.943 1.0
1.0 1.0 0943 1.0 1.0 1.0 0.943 1.0 1.0]' (3.108)

and are the same for every curve.
With these quantities at hand, the control mesh in Fig. 3.27a is obtained for the
two-dimensional tube. The physical mesh results from application of the NURBS basis
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3 Fibre-reinforced solids with fibre-bending stiffness

functions according to (2.7) and is shown in Fig. 3.27b. While this figure represents the
coarsest mesh for the geometry under investigation, strategies for mesh refinement, cf.
Sect. 2.2.2, and increase of continuity, cf. Sect. 2.3.1, are applied in order to obtain the
models based on which the simulations in this thesis are carried out. In particular, knot
removal is performed in order to increase the continuity at locations of repeated knots in
the knot vector (3.105). Thereby, the multiplicity of each of the inner knots is reduced
by 1. Moreover, knot insertion is applied with the purpose of mesh refinement. In order
to obtain accurate results near the inner and outer radii of the cylinder, a small mesh
size is chosen particularly for these areas, see Fig. 3.2 and Fig. 3.13.

B.2.2 Cantilever beam

For the isogeometric model of the beam under investigation in Sect. 3.1.5.1, the poly-
nomial degree of the underlying NURBS basis functions is chosen to be p = ¢ = 4. The
corresponding knot vectors = and H are the same for both parametric directions and
given by

= =% =1{0,0,0,0,0,1,1,1,1,1}. (3.109)

Since only two distinct knot values are considered, the coarsest mesh for the beam simply
consists of one finite element. In consistency with these knot vectors, the geometry
model for the beam contains n = m = 5 control points in each direction so that the total
number of control points is n., = n-m = 25. The control point coordinates are

10,0 25 50 75 100 0.0 25 50 75 100 0.0 25 50 75
~10.0 0.0 0.0 0.0 00 25 25 25 25 25 50 50 50 5.0

100 00 25 50 75 100 0.0 25 50 75 100]'
50 75 75 75 7.5 7.5 10.0 10.0 10.0 10.0 10.0

B

(3.110)

and all weights are equal to 1.0. Accordingly, the underlying NURBS basis functions
become B-Splines, i.e. piecewise polynomials [40, 80]. The resulting control mesh and
physical mesh are presented in Fig. 3.28. The refined mesh in Fig. 3.7 which is employed

20 20
Y Q 8 2 R 9 o 10
& |8 : 2 : : | |
0 g & & 2 3 0
—10 L L L L L L —10 L L L L L L
0 20 40 60 80 100 0 20 40 60 80 100
1 T
(a) Control mesh with ncp = 25. Reproduced from [170] (b) Coarsest physical mesh with ne = 1.

under the terms of the Creative Commons Attribution 4.0
International License (CC BY 4.0).

Figure 3.28: Control mesh and coarsest physical mesh of the beam.
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for the simulations carried out in this work, is obtained by means of knot insertion in
both parametric directions according to the procedure described in Sect. 2.2.2.

B.2.3 Notched plate

The two-dimensional notched plate introduced in Sect. 3.2.5.1 is based on NURBS basis
functions with polynomial degree p = ¢ = 4. The knot vectors for this model can be
written as

= =1{0,0,0,0,0,0.0303,0.0606,0.0909, 0.1212, 0.1515, 0.1818, 0.2121, 0.2424,
0.2727,0.3030, 0.3333, 0.3636, 0.3939, 0.4242, 0.4545, 0.4848, 0.5152,
0.5455,0.5758,0.6061, 0.6364, 0.6667, 0.6970, 0.7273, 0.7576, 0.7879,
0.8182,0.8485, 0.8788, 0.9091, 0.9394, 0.9697, 1, 1,1, 1,1}, (3.111)

H = {0,0,0,0,0,1,1,1,1,1}. (3.112)

Accordingly, the coarsest mesh of the plate includes n., = n-m = 185 control points
where n = 37 and m = 5. The control points [B]; for the first curve with j =1 read

_ |—60.0 =50.0 —40.0 -35.0 —-34.0 -30.0 —25.0 —15.0 —13.7
| -80 —-80 -80 -80 -60 —-60 —-6.0 -6.0 —6.0

—-13.5 —11.909 —-9.795 —-9.0 —-8.205 —-6.091 —-45 —4.3
—4.409 -2.295 -—-15 -—-15 —1.5 —=2.295 —4.409 -6.0

-30 00 30 43 45 6.091 8205 9.0 9.795 11.909
-60 -6.0 -6.0 -6.0 -6.0 —-60 —-6.0 —-6.0 —6.0 —6.0

135 13.7 150 250 30.0 340 350 400 50.0 60.0]
-6.0 -60 -60 -6.0 -60 -6.0 —-80 —-80 —-80 -8.0

[Bl,

(3.113)

whereas the last curve with 7 = 5 is represented by the control points

—60.0 —-50.0 —40.0 —-35.0 —-34.0 —-30.0 —25.0 —15.0 —13.7

[3]5 ~ | 80 8.0 8.0 8.0 6.0 6.0 6.0 6.0 6.0
—13.5 —11.909 —-9.795 —9.0 —&8.205 —6.091 —4.5 —4.3
6.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0
—-3.0 0.0 3.0 43 45 6.091 8205 9.0 9.795 11.909
6.0 6.0 6.0 6.0 4409 2295 15 15 15 2.295
13.5 13.7 150 25.0 30.0 34.0 35.0 40.0 50.0 60.0]" (3.114)
4409 6.0 6.0 6.0 60 6.0 80 80 &80 &0 ’
For 7 = 2,...,4 the remaining controls points are obtained using
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3 Fibre-reinforced solids with fibre-bending stiffness

B — —60.0 —-50.0 —40.0 —-35.0 —34.0 -30.0 —-25.0 —-15.0 —-13.7

! Qj Qj j Qj Qj j j j j
135 —11.909 —9.795 —9.0 —8.205 —6.091 —4.5 —4.3
Oéj CY]' Oéj Oéj Oéj Olj Oéj OZ]'
—-3.0 0.0 3.0 43 45 6.091 8205 9.0 9.795 11.909
Qo QoG Gy Q; Qi QO Q; QO
13.5 13.7 15.0 25.0 30.0 34.0 35.0 40.0 50.0 60.0 ‘ (3.115)
I B e B 7 B B O N T ‘
with constants as = —0.5,a3 = 0.0 and ay = 0.5. The corresponding control point

weights are all 1.0 except for [wy1]; = [wis]; = [waes]s = [war]; = 0.9428 where the first
index correlates with the i curve in ¢-direction and the second index represents the j*
curve in n-direction in consistency with the definitions in (2.6) and (2.8). In Fig. 3.29,
the resulting control mesh for the notched plate is shown together with the coarsest
physical mesh. By application of knot insertion, cf. Sect. 2.2.2, the refined mesh in Fig.
3.17 is obtained.

10 5 10 ¢
I aqf
o1 ¢ @ op VT D 1 1]
~10 & . ! . © ~10 n . . . n
—60 —40 —20 0 20 40 60 —60 —40 —20 0 20 40 60
T x
(a) Control mesh with n¢p, = 185. (b) Coarsest physical mesh with ne = 33.

Figure 3.29: Control mesh and coarsest physical mesh of the notched plate.

B.3 Convergence study

The results for the cylindrical tube, presented in Sect. 3.1.4.3 for the proposed small
strain IGA framework, are obtained with a discretisation based on ng = 6912 elements.
The corresponding physical mesh is shown in Fig. 3.2. In order to investigate the conver-
gence behaviour of the isogeometric finite element method with regard to the particular
boundary value problem under consideration, two additional discretisations are taken
into account. In Fig. 3.30a, the mesh consists of n, = 1856 elements with an element
size that is approximately twice as large in both parametric directions compared to the
original mesh in Fig. 3.2. In Fig. 3.30b, an even coarser mesh with n. = 272 elements
is considered. Similar to the results from Fig. 3.4a and 3.6a, the respective stress and
couple-stress coefficients obtained from simulations with the discretisation containing
ne = 1856 elements are shown in Fig. 3.31. Analogously, Fig. 3.32 presents the results
for the mesh including ne = 272 elements. For a direct comparison, the results for the
dimensionless stress coefficient [o,,]* are additionally provided in Fig. 3.33 for all three
discretisations in one plot. The dimensionless material parameter which is related to the
length scale is chosen to be A* = 0.1 in this case. By comparing the different graphs, it
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can be concluded that the solution converges for a sufficiently fine discretisation. From
Fig. 3.33 it can be observed that the graphs for the two finer meshes almost coincide
while the results for the mesh with n, = 272 elements differ slightly in the boundary
regions of the domain. For this discretisation, a non-smooth behaviour can be noted
especially at the inner radius, which vanishes as the mesh size decreases. In the interior
of the cylindrical tube, the analysis yields an accurate solution already for a coarse mesh.

g o g o
I
f L
SRR MR
TR AL
] it .
N S
NR 2227, 4
2 4 2
-3 . . . . . . . -3
-3 -2 —1 0 1 2 3

(a) Refined mesh with nep = 2442 and no) = 1856. (b) Refined mesh with nep = 572 and ng = 272.

Figure 3.30: IGA discretisation of the cylindrical tube with 272 respectively 1856 elements. Reproduced
from [170] under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
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(a) Distribution of the dimensionless stress coefficient (b) Distribution of the dimensionless stress coefficients
sym

[orp ' ]* and couple-stress coefficient [m;.]*, ne = 1856. [ore]™ and [opr]*, ne = 1856.

Figure 3.31: Distribution of the dimensionless stress and couple-stress coefficients for the discretisation

containing 1856 elements. Reproduced from [170] under the terms of the Creative Commons Attribution
4.0 International License (CC BY 4.0).
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2.0
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(a) Distribution of the dimensionless stress coefficient (b) Distribution of the dimensionless stress coefficients
sym

[o7%]* and couple-stress coefficient [m,.]*, ne = 272. [orp]* and [opr]*, ne = 272.

Figure 3.32: Distribution of the dimensionless stress and couple-stress coefficients for the discretisation
containing 272 elements. Reproduced from [170] under the terms of the Creative Commons Attribution
4.0 International License (CC BY 4.0).
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Figure 3.33: Distribution of the dimensionless stress coefficient [o,,,]* for different discretisations and for
A* = 0.1. Reproduced from [170] under the terms of the Creative Commons Attribution 4.0 International
License (CC BY 4.0).
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4 Flexoelectricity-induced bone
remodelling and microcrack healing

In experimental studies on cortical bone, evidence has been provided that flexoelec-
tricity acts as an initiator for bone remodelling processes and thereby promotes crack
healing [120, 164]. Due to its size dependency, the flexoelectric effect is most relevant
on the micro and nano scale and accordingly, a significant impact of this electromechan-
ical phenomenon is expected on the healing of microcracks in bones. In this chapter,
a numerical framework for the investigation of flexoelectricity is presented in Sect. 4.1
and applied to a representative numerical example in order to compare the results with
an analytical solution for validation purposes. In Sect. 4.2, the process of bone re-
modelling is discussed in detail with particular focus on its flexoelectric initiation. A
modelling approach for the initiation of bone remodelling is presented in Sect. 4.3. To
be precise, the model accounts for the flexoelectric and piezoelectric properties of the
cortical bone material and for the diffusion of bone cells in a numerical framework with
chemo-electro-mechanical coupling. In Sect. 4.4, this framework is extended towards the
complete flexoelectricity-induced bone remodelling process including crack healing.

The main features of this chapter are summarised in the following:

a globally C'-continuous IGA framework for the simulation of (piezoelectric and)
flexoelectric effects in solids in a small strain setting

e validation by comparison with an analytical solution

e a chemo-electro-mechanically coupled modelling approach for the initiation of bone
remodelling by flexoelectricity-induced osteocyte apoptosis

e incorporation of non-linear diffusion equations to account for the anisotropic dif-
fusion of bone cells towards crack surfaces

e a cell flux-driven surface growth mechanism to simulate crack healing

e successive regeneration of the osteocyte field during the healing process

83



4 Flexoelectricity-induced bone remodelling and microcrack healing

4.1 Flexoelectricity

From a physics point of view, flexoelectricity describes the electric polarisation of dielec-
tric materials due to strain gradients. The flexoelectric contribution to the polarisation
vector p can thus be expressed as

Pfiecxo = M *- Vwe (41)

when linear relations are considered, see [1]. Therein, € denotes the small strain tensor
and p is the so-called flexoelectricity tensor which is of fourth order. In accordance with
the symmetries of the strain gradients Ve, the flexoelectricity tensor possesses symme-
try on the second and third index. Accordingly, 54 non-zero, independent coefficients
remain present for this fourth-order tensor, in general. Depending on the particular
symmetries of the underlying material, the number of relevant flexoelectric coefficients
can be further reduced. A detailed discussion on the symmetries of the flexoelectricity
tensor in crystalline solids is provided in [146].

As a direct consequence of the gradient contributions, particularly the strain gra-
dients in relation (4.1), it becomes apparent that flexoelectricity is a size-dependent
phenomenon. To be precise, its relevance increases on small scales. Since piezoelectri-
city, on the other hand, is not size-dependent, the influence of flexoelectricity in devices
which are also piezoelectric becomes dominant on the micro and nano scale, whereas at
larger scales the piezoelectric effect generally exceeds the flexoelectric one.

Besides the direct flexoelectric effect, which causes strain gradients to evoke electric
polarisation and accordingly induce an electric field, inverse and converse effects also
exist. They describe the generation of strain gradients due to a prescribed polarisation,
and of stresses due to an external electric field gradient, respectively [37]. It is noted that
the distinction between the direct and converse effect is not trivial as discussed in detail
in, e.g., [36, 143]. More specifically speaking, the converse effect may be included in the
formulation for direct flexoelectricity by considering different flexoelectric coefficients
and additional higher-order boundary conditions.

Whereas relation (4.1) has been introduced for a small-strain theory, an extension
to finite strains has been studied intensively in the literature as well, see, e.g., [35, 48,
115, 159, 177]. These investigations are particularly important for the analysis of soft
dielectrics. In the present contribution, however, small strains are considered.

4.1.1 Balance equations

In order to simulate flexoelectric effects in solid materials, a modelling approach includ-
ing electromechanical coupling is taken into account. In this section, the thermodynamic
framework is established including the relevant balance equations as well as the dissipa-
tion inequality. Particular focus lies on different choices of thermodynamic potentials.

84



4.1 Flexoelectricity

4.1.1.1 Electromechanical coupling

The balance equations for the electromechanical coupling under consideration are the
(static form of) balance of linear momentum and Gauss’s law for dielectrics, i.e. in the
absence of free charges. Accordingly,

OZVw'O'tOt—i—pb in (2 (42)
0=V,-d in 2

hold in the domain (2 with mass density p. With the polarisation vector (4.1) at hand,
the dielectric displacement vector in (4.3) takes the form

d:p+€0€ (44)

where the second term includes the electric field vector e and the permittivity of free
space specified as €y ~ 8.854 x 1072 Fm™". In the balance of linear momentum (4.2),
mechanical body forces b are neglected as this works proceeds. Moreover, the total stress
tensor o, contains contributions from the standard Cauchy-type stress tensor o which
is the dual quantity to strain tensor € and from the so-called hyper-stress tensor m which
is dual to the strain gradient tensor V,e. The latter originates from the strain gradient
theory and is also referred to as double stress tensor [106, 109]. The total stress tensor
accordingly follows as

Oiot = 0 — Vp - 7. (4.5)

As a consequence, (4.2) is a partial differential equation of up to fourth order, in general,
depending on the particular constitutive model at hand. The underlying kinematic
relations concern the strains

1
e =5 [Vou+ [Vaul'] (4.6)
derived from the displacement field w, and the electric field
e=—Vio (4.7)

as a function of the electric potential ¢.

4.1.1.2 Balance of energy
The integral form of the balance of energy states that the total rate of internal and kinetic

energy equals the sum of all external power contributions. For the electromechanical
coupling considered in this work, a formulation including the electric enthalpy instead of
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4 Flexoelectricity-induced bone remodelling and microcrack healing

the internal energy as thermodynamic potential is adopted, so that the balance equation
reads

H + IC - 7Dmech + 7)elec + cherm‘ (48)

Therein, the rate of electric enthalpy

: d
H—E/Qpﬂdv (4.9)

is employed with the (mass-specific) electric enthalpy density H.
The rate of kinetic energy in balance equation (4.8) can be expressed as

1d

K==-— 1 ud 4.10
oat J,” (4.10)
with velocity .

For the external mechanical power, different contributions are considered which are
in line with strain-gradient theories as derived in [106, 109], i.e.

Pmech:/u'pbdv—i-/ u~tda—i—/ [Vmu'n]'rda—i-fu-[[‘r]]ds (4.11)
0 20 20 c

with the jump operator [] and with three different surface- and line-distributed forces,
namely

t=0c-n—[Vy 7w - n+[Vy njr:[nen|| -V, |7 nl, (4.12)
r=mw:nenl, (4.13)
T=m7:mn]|. (4.14)

These include the surface outward normal unit vector n and the corresponding co-normal
vector m = n - [s - €]. Vector s is the tangent vector to the boundary curve C and € is
the third-order permutation tensor. The surface divergence in (4.12) is defined as

Ve -(0)=Vi(e): I =[Vye—n®[n- Vel :I. (4.15)

By using the divergence theorem on the surface integrals as well as Stoke’s theorem on
the line integral in (4.11), the external mechanical power can be expressed in the form

Pmech:/u-[pb—i—Vw-[O'—Vw-ﬂ']]dv
Q

+/ Vmu:adv—l-/vmvmu:'ﬂ'dv. (4.16)
7 Q
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4.1 Flexoelectricity

More details on these derivations are provided in [106, (9.16)-(9.21)].
The external electrical power in (4.8) can be written as

Pelec = — Qﬁw da (417)
o0

with w = —d - n representing the electric charge density at the boundary. Application
of the divergence theorem yields

Pelec = ¢[dn] da = / ¢[Vm d] dU+/ qubddv (418)
o0 2 2

For the external thermal power, the heat flux vector q,;, = — ki Vi0 with absolute
temperature @, thermal conductivity kg, and with ¢, = — g, -  is considered at the
surface of the domain together with volume-specific heat sources ry,, i.e.

Qtrerms — / ran v + / don dat = / Fas = Vs - @y o = / Qun du. (4.19)
(4 ofn (] (P4

Recapitulating (4.8) together with the above derived expressions, and using the (dy-
namic version of the) balance of linear momentum (4.2) as well as Gauss’s law (4.3), the
global form of the balance of energy takes the representation

/QpHdv:/Q[un]:0'd11+/Q[Vwun] cmdo
+/vag'b~ddu+/Qchdv. (4.20)

Taking into account that the stress tensor o is symmetric and that the hyper-stress
tensor 7 exhibits symmetry on the first two indices, use of the kinematic relation (4.6)
and the irrotationality of e (4.7) stipulates the corresponding local form

pH=¢:0+Vé:-m—é-d+ Qu. (4.21)

4.1.1.3 Thermodynamic potentials

In Sect. 4.1.1.2, the electric enthalpy density H (e, V€, e, s) has been employed in the
balance of energy (4.8). However, other choices regarding the thermodynamic potential
are possible for the (thermo-)electro-mechanical coupling under consideration. All dif-
ferent potentials are reasonable to work with and can be transformed to each other by
appropriate Legendre(-Fenchel) transformations. Specifically speaking, the free electric
enthalpy density H* is obtained from the relation

H*(e,Vge,e,0) = min{H (e, Ve, e,s) — 0 s} (4.22)
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4 Flexoelectricity-induced bone remodelling and microcrack healing

including temperature # as primary variable instead of its dual quantity, i.e. the mass-
specific entropy density s.

Furthermore, the free energy densities 1) and {Z; are related to the free electric enthalpy
density according to

pH* (e, Ve, e, 0) = mgn{p (e, Vge,d,0) — e - d} (4.23)
— min{p¢(e, Ve, p,0) — e - p} — lee-e (4.24)
p

and take the dielectric displacements or the polarisation as arguments, respectively.
The equality of the two formulations on the right-hand side of (4.23)-(4.24) can be
verified using relation (4.4). In most literature on flexoelectricity, either the polarisation
is employed as primary variable, see [95, 98, 143], or the electric field is considered
such as in [1, 69, 115] and in the present contribution. Further details on the different

thermodynamic potentials in the context of electromechanical coupling can be found in,

g., [149].

4.1.1.4 Dissipation inequality

With the different thermodynamic potentials in mind, the dissipation inequality is de-
rived in the following considering the full coupling of mechanical, thermal and electrical
contributions. Starting with the classic inequality in form of

S —Rext >0 (4.25)

with

S = / psdu, (4.26)

Rext = /—d +/ T da:/Rmdv, (4.27)
2

Qwn + che' Vz In(0) ’ (4.28)

Rext = ] [Tth Ve  Qin + Qi - Va ln(Q)] =

it is provided that the total rate of entropy S is larger than or equal to the external
entropy supply Rex induced by heat sources and fluxes. Localising (4.25) gives rise to
the Clausius-Duhem inequality
p0s—Qum—qy - Valn(d) > 0. (4.29)
—D

Under the use of the local form of balance of energy (4.21), it is observed that Q, can
be expressed as
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chsz—é:a—Vmé:~7r+é~d. (4.30)

By applying a Legendre(-Fenchel) transformation with respect to temperature 6 and
entropy density s according to (4.22), the time derivative of the electric enthalpy density
in (4.30) can be expressed as

. OH* . OH” . OH* _  OH*

H = CE+ Vg€ + —— e+
Oe

Ve 5o 50 0+05+s6. (4.31)

The Clausius-Duhem inequality (4.29) accordingly takes the form

OH* . OH* . OH* . OH* . .
D——p[ae '€+8sz'.vw€+¥.e+ 50 0] —psb
+é:0+Vee:-m—€é-d—gqy - ViIn(d) > 0. (4.32)
Rearranging terms yields
oH*| . OH* . oH*] .
'D—|:0'—p e ] D€+ {ﬂ'—pavms] - Vg€ + {—d—p e ] - e
H*] .
+ [—ps—paae }Q—ch'vmln(G) > 0. (4.33)

Following the procedure of Coleman and Noll, the constitutive relations are obtained as

OH* OH* OH* OH*
P e °T o0

P oe “:pavwe’ B

(4.34)

4.1.2 Isogeometric finite element formulation

For the numerical solution of the governing equations (4.2) and (4.3), a globally C'-
continuous isogeometric analysis framework is employed in order to deal with the conti-
nuity requirements that flexoelectricity sets on the underlying finite element scheme. In
the following, the corresponding weak forms are derived and discretised by using NURBS
as basis functions.

4.1.2.1 Weak form of the governing equations

In order to obtain a weak form of the balance of linear momentum (4.2), this equation is
multiplied by virtual displacements, respectively test functions, du and integrated over
the domain (2. Neglecting mechanical body forces, the corresponding weak form reads

O:/Qéu-[Vm~a]dv—/Qéu~[Vm~[Vm-7r]]dv. (4.35)
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4 Flexoelectricity-induced bone remodelling and microcrack healing

Integration by parts and twice application of the divergence theorem, together with the
surface- and line-distributed forces introduced in (4.12)-(4.14), yields

O:/Vggéuzadv—f—/VwVw&u:-ﬂ'dv
2 Q

—/5‘9(5u-tda—/89[vw6u-n]-rda—j{{&u-[[Tﬂds. (4.36)

In the following, the last two terms are neglected in the sense that homogeneous Neu-
mann boundary conditions are incorporated. Accordingly, only the surface integral
including the ”standard” mechanical tractions t is considered in the derivations as this
work proceeds. The scalar product in the second integral term on the right-hand side of
(4.36) clearly includes second-order derivatives. Accordingly, a globally C°-continuous
approximation, as performed in classic finite element approaches with Lagrangian basis
functions, is not sufficient for this product with regard to the integrability condition.
However, isogeometric analysis overcomes the restriction to C° inter-element continuity
as discussed in detail in Sect. 2.3.

The weak form of Gauss’s law (4.3) is obtained by employing the virtual electric
potential, respectively test function, §¢. Similar to the derivation in (4.36), integration
by parts and use of the divergence theorem result in

o_/&p [V, -d]d /v 5¢-ddv— | Spwda. (4.37)

a1

4.1.2.2 Discretised weak forms

For the spatial discretisation of the weak forms (4.36)-(4.37), NURBS basis functions R
are employed. Following an isoparametric Bubnov-Galerkin approach, the same basis
functions are used for the approximation of the geometry as well as for all field variables
and test functions. Accordingly, the discretised test functions read

Nen Nen

out =Y Su’R*, §¢° =) 0¢'R* (4.38)
A=1 A=1

with ne, denoting the number of local NURBS basis functions with support on element
e. The discrete residual vectors follow as

ro=AY [ o VeR'dv+ | 7:V,VuR'dv— | tR'da (4.39)
e=1 A=1 e € o8¢

nel l’lcn

ro = A / d-V, RAdv+/ wR*da (4.40)
e 896

e=1 g
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4.1 Flexoelectricity

with the total number of elements in the finite element scheme referred to as ng and with
operator /A indicating the assembly of local contributions on element level to the global
system. The symbol 2¢ denotes the part of the domain {2 associated with element e.

4.1.3 Validation by an analytical solution

A validation of the proposed isogeometric analysis framework for flexoelectric effects
in solids is performed by comparison with an analytical solution for a representative
boundary value problem. In particular, a two-dimensional cylindrical tube is studied
subject to mechanical and electrical loading. The constitutive model includes flexoelec-
tricity and is presented in the following section before the boundary value problem is
discussed.

4.1.3.1 Specification of the constitutive model

The simulations performed in this section are based on a free electric enthalpy density
formulated in the set of arguments {e,V,e, e} as introduced in (4.22). The chosen
form of the free electric enthalpy density is based on the electromechanical contributions
proposed in [1]. Under the assumption of isothermal conditions, the function reads

pH*(s,Vms,e):%s:E:e—%e-x-e—e-u:-Vggs. (4.41)
From the last term in (4.41) it is clear that the direct flexoelectric effect is explicitly
accounted for. However, it can be shown that this formulation implicitly includes con-
tributions from converse flexoelectricity as well. A detailed derivation can be found in,
e.g., [36] as well as in [1, 69] based on a free electric enthalpy density as in (4.41).

For the validation purpose in this section, isotropic, linear elasticity is assumed for
simplicity so that only two material parameters, specifically Lamé parameters A and
i, are considered in the elasticity tensor E. Similarly, a simple structure is assumed
for permittivity tensor x and flexoelectricity tensor p by considering only one non-zero
material parameter for each of these material tensors, namely scalars y and . For the
flexoelectricity tensor a cubic symmetry structure is adopted in particular, whereas shear
coefficients are neglected. This is in accordance with the derivations in [1] where this
assumption is based on a lack of experimental data for the flexoelectric shear coefficients.
With these considerations at hand, the free electric enthalpy density reduces to

1 1
pH*(e,Vze, e) = 3 A tr(e)® + p tr(e?) — SXxe-e- pe- Vytr(e). (4.42)

From this expression, the constitutive relations can be derived by using (4.34), i.e.

o=\r(e)I +2pue, (4.43)
r— ilse, (4.44)
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d=xe+ puVytr(e). (4.45)
Accordingly, the total stress tensor defined in (4.5) takes the form
Ot = Atr(e) I +2pue+[Vy-e|I (4.46)

and contains contributions from the strain tensor as well as from the divergence of the
electric field. The dielectric displacement vector (4.45), on the other hand, is a function of
the electric field and of a strain gradient contribution. Accordingly, direct and converse
effects are generally included in the formulation as discussed in Sect. 4.1. Moreover,
these particular constitutive relations result in the balance of linear momentum (4.2)
as well as Gauss’s law (4.3) being third-order PDEs. However, if classic strain gradient
elasticity (SGE) contributions were accounted for in the free electric enthalpy density
function (4.42), balance equation (4.2) would result in a PDE of fourth order. In this
work, SGE is not incorporated in order to exclusively investigate flexoelectric effects
similar to the approach in [1].

4.1.3.2 Boundary value problem

A flexoelectric, cylindrical tube with inner radius r; = 0.lmm and outer radius
ro = 0.2mm is studied subject to pure radial compression in a two-dimensional set-
ting. The boundary value problem is visualised in Fig. 4.1. A movement of the inner
boundary of the tube is prevented whereas a radial displacement u, = —0.01 mm is pre-
scribed on the outer boundary of the tube which leads to a compressive deformation. In
addition, a voltage is prescribed in terms of a potential difference A¢ between the outer
boundary, where ¢ = £1.5V is prescribed, and the inner boundary, where the potential
is set to zero, i.e. Ap = ¢ = +£1.5V. Accordingly, a closed-circuit setting is adopted.
The geometry model for the tube is constructed as described in Appendix B.2.1 under
consideration of the different radii in comparison to the model discussed therein. Knot
refinement is employed in order to obtain a fine discretisation with ne = 25000 elements
and equally spaced knots in both parametric directions.

4.1.3.3 Derivation of an analytical solution

For the boundary value problem described in Sect. 4.1.3.2, an analytical solution is
provided in [97]. However, the underlying constitutive model differs from the one used
in this thesis and introduced in Sect. 4.1.3.1 since the energy function is formulated
in a different set of arguments and contains additional strain gradient terms as well
as piezoelectric contributions. Moreover, the employed flexoelectricity tensor possesses
different symmetry properties. To this end, the analytical solution is derived in the
following for the model particularly used in this thesis, whereby it is shown that the
results are in accordance with the derivations in [97].
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Figure 4.1: Boundary value problem for the flexoelectric cylindrical tube.

Starting with balance equation (4.3), respectively Gauss’s law, the insertion of con-
stitutive relation (4.45) yields

X Vs - e+ 7V, - [V [tr(e)] = 0. (4.47)

Together with the kinematic relations (4.6)-(4.7) and the definition of the Laplace op-
erator, the balance equation can be rewritten as

Aulx— iV -u] = 0. (4.48)

Similarly, inserting constitutive relations (4.43)-(4.44) into the balance of linear mo-
mentum (4.2) under vanishing body forces and reformulating the divergence and gradient
operators yields

Ve [Atr(e)] + Vo - 2pe] + Vi [Ve - 11€] = 0. (4.49)

By taking the kinematic relations (4.6)-(4.7) for the strain tensor as well as the electric
field vector into account, it follows that

Ve [AVg - u] + V- [,u [Vmu + [Vmu]tﬂ — Vi Ve Ve =0 (4.50)
which can be rewritten under the use of V, - [Vgcu]t = Vg [Ve - ul, accordingly
N+ 1] Vi [V - u]l + 1 Vi - [Veu] — 1V [V - V] = 0. (4.51)

By inserting balance equation (4.48) into (4.51), the latter can be further reformulated
in sole dependence of the displacement field u, i.e.
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AN+ ] Vg [V -u] + pAgu — 1V, {gAw (Ve - u]] =0. (4.52)

Considering the interchangeability of the gradient operations in the last term on the
left-hand side, the balance equation finally results in

Ve [V - u] [N+ 1] + Ag {,uu - %Vcc (Vi - u]} = 0. (4.53)

The two derived equations (4.48) and (4.53) are to be solved for the specific boundary
value problem introduced in Sect. 4.1.3.2, i.e. for a cylindrical tube subject to pure radial
compression. Due to the axisymmetric characteristic of the two-dimensional boundary
value problem, a polar base system {e,, e, } is employed and all partial derivatives with
respect to ¢ vanish, i.e. 0 ® /0 = 0. Moreover, u, = 0 holds for the azimuthal displace-
ment as a consequence of the boundary conditions. Based on these considerations, the
gradient operations in (4.53) can be derived for the polar base system as

[0%u, 10u, 1
Ve [V - u] = oz T ﬁur} e, (4.54)
[0%u 10u, wu
Agu = L —— e, 4.
v | Or? + r Or 7’2} (4.55)
(0%, 203 3 0%u 3 Ou 3
Aw x x == - - - — - = - = r r. 4.
Ve [Ve - u] L ort  rord r2or2 3 or r4u € (4.56)

Since all terms in (4.54)-(4.56) refer to the same basis vector, a scalar-valued version of
(4.53) is obtained, i.e.

*u 10%u 17 0%u
2 LT} P | 12— .
O o R r Or3 [ 30 7"2] or?

1, 170w [1 .1

Therein, the definition 12 := 112 /[x [\ + 2 u]] is considered such that this ordinary differ-
ential equation (ODE) is equivalent to the equation derived in [97, (49)] where a different
constitutive model is used. Accordingly, the solution

u(r) = ar+ 2+ o) +dKi (o), abed€R (4.58)
T

proposed in [97, (50)] can be adopted. Therein, [; and K are the modified first-order
Bessel functions of the first and second kind and A := [; .

Regarding Gauss’s law in the form (4.48), use of the divergence operator in the polar
base system as well as of the definition fy := 1/ directly yields
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ou 1
Apd = fo Ay | — + ~u, |, 4.
o= fo {87“ + r“} (4.59)

which is in accordance with [97, (51)] on the basis of different material parameters. The
solution to (4.59) as proposed in [97, (52)] reads

o(r) = fol2a+ cholo(Mor) — d N Ko(Xo7)] + g+ hIn(r), a,b,d,g,h € R (4.60)

with the modified zeroth-order Bessel functions I, Ky of the first and second kind. The
derivative of the electric potential follows as

0 h
%0 X B0 AN ()] + (a6)
since ]6 = [, and K(/) = —K; hold for the derivatives of the Bessel functions, see [3,
(9.6.27)]. The radial electric field can directly be obtained from (4.61) as
99
y=——. 4.62
c or (462)

For the unknown constants a, b, ¢,d, g, h in (4.58) and (4.60), six boundary conditions
are formulated for the boundary value problem at hand, accordingly

u(r=mr;) =0, u(r =r,) = Uy, (4.63)
T (T =13) =0,  Tppr(r =1,) =0, (4.64)
P(r =r;) =0, o(r=r,) = ¢. (4.65)
These yield a set of six coupled equations, i.e.
b
ari+;+cll()\0r,~)+dK1()\ori):O (466)
b
a’r‘o—l—T——i—cll()\oro)—i—dKl()\oro) =, (4.67)
h
h
fo e X Li(Moro) + dXG Ki(Xoro)] + —= 0 (4.69)
fo [2@ + C)\Q Io<>\0 7“7;) - d)\o K()()\o Tz)] + g + h ln(ri) =0 (470)
f() [2& + C)\O Io()\o 7’0) — d)\o KU()\() 7"0)] + g + h ln(ro) = 5 (471)
which can be solved as
b c d
a = _7“_? - T—ih()\o ri) — T—iKl()\o ri) (4.72)
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po Lot [m+c[’”—?fl(xm) —Il(Aoro)}%—dK—jKl()\on) —Kl(Aoro)H (4.73)

r? —or2 r;
To Kl()\o 7"0) - K1()\0 Ti)

c=d i Ly (Ao i) — 1o I (Ao 7o) (4.74)
_ 9

d= (4.75)

g = —fo [2(1 =+ C)\o I()()\Q ’f’i) — d)\o Ko()\o T'l)] — h ln(ri) (476)

h = —fo T [C)\(Q) [1(/\() Ti) + d)\(z) Kl()\g T‘l)} (477)

with scalar

A Ki(Xo7o) —1i Ki(Ao74)
B 7“1'[1()\07“1)—7"0[1()\07’0)
ToKl()\oTo) — T Kl()\oﬁ‘)
7”1‘—71(/\07"1') —7”0]1()\07“0)

[Io()\o TO) — [0()\() ’I"Z)] + Ko()\o Ti) — KQ(/\O 7“0>

— 1 Ao In(ry/1;)

Il<)\07’i) +K1(>\0TZ‘) . (478)

For comparison, the case without flexoelectricity, i.e. & = 0, is additionally considered.
The analytical solutions for the radial displacement and electric potential can be directly
derived from (4.58) and (4.60) by neglecting flexoelectric contributions, which yields

b

u(r)=ar+-, a,beR, (4.79)
r

o(r) =c+dln(r), cdeR. (4.80)

By adopting the boundary conditions (4.63) and (4.65) for the mechanical displacement
and electric potential at the inner and outer tube radius, respectively, the four constants
in (4.79)-(4.80) follow as

To To T2 — In(ry) o
S N L S SV P Y |
“ Y r2 —r2 Y r2 —r2 ¢ In (r,/r;) In (r,/r;) (4.81)

4.1.3.4 Results and comparison

As a result of the applied compressive loading, Fig. 4.2 shows the radial displacement
over the tube radius resulting from the analytical calculations derived in the previous
section as well as from the numerical simulations by means of isogeometric analysis.
In order to investigate the flexoelectric influence on the material behaviour, the results
are presented for the case with and without activation of flexoelectric effects and for
prescribed voltages of different sign. By comparison it can be observed that a positive
prescribed voltage, respectively potential difference A¢ > 0 induces tensile strains in
the interior of the tube superimposed to the mechanically-induced compressive strains,
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cf. Fig. 4.2a. For A¢ < 0, on the other hand, an electrically-induced compression is
observed in addition to the compressive load prescribed by means of %,., see Fig. 4.2b.

Focussing on the electric potential as presented in Fig. 4.3, a change in curvature is
observable in the resulting graphs when flexoelectric energy contributions are activated.
In the non-flexoelectric case, on the contrary, the calculations yield almost linearly in-
creasing, respectively decreasing graphs. In accordance with this behaviour, the dis-
tribution of the electric field over the radius of the cylindrical tube is revealed in Fig.
4.4. The resulting graphs are monotonously increasing, respectively decreasing in r for
it = 0 whereas a convex, respectively concave parabolic shape is obtained for non-zero
values of the flexoelectric coefficient. This can be attributed to the particular choice
of higher-order boundary conditions in (4.64). To be precise, the radial electric field e,
vanishes at the boundaries along with the radial hyper-stresses m,,, upon activation of
flexoelectricity.

In all results shown in Fig. 4.2-4.4 analytically and numerically obtained values are
indistinguishable for the case without flexoelectricity and a good agreement is also ob-
served when flexoelectric effects are present. Differences in the results with 1z # 0 could
be due to numerical errors in the isogeometric analysis or related to the employment of
Bessel functions in the analytical derivations.

4.2 Bone remodelling

The process of bone remodelling is highly important for maintaining the structural in-
tegrity of bones by, e.g., the healing of microcracks within the bone material. Before
going into detail on the remodelling processes occurring in damaged bone, three impor-
tant distinctions shall be made. Firstly, this refers to the terms bone modelling and
bone remodelling. Bone modelling is associated with skeletal development and growth
i.e. changes of bone in shape and size, whereas bone remodelling leads to a change in
the material properties of bone rather than in its geometry and is the process under in-
vestigation in this work, cf. [57, 64]. Secondly, it is important to distinguish whether the
respective bone remodelling processes take place in cancellous ("spongy”) or in cortical
(compact) bone since these processes are not equal, see [53, 96]. Finally, targeted and
non-targeted remodelling shall be distinguished. Targeted remodelling occurs in response
to microdamage, e.g. microcracks, and the associated death of osteocytes. This process
aims for the repair of the damaged bone region, whereas non-targeted remodelling is
not directed towards a particular location and is regulated by changes in hormones, cf.
[53, 83]. In Fig. 4.5 the cortical and cancellous parts of a bone, particularly of a human
femur, are shown and the distinct remodelling processes are illustrated.

In the present contribution, the focus lies on targeted bone remodelling in cortical
bone. Within this process, three main cell types are involved, namely osteocytes (OY),
osteoclasts (OC) and osteoblasts (OB). They work together in temporary units which
have been first introduced in [64] as Basic Multicellular Units (BMUs). The most im-
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Figure 4.2: Radial displacement along the radius of the cylindrical tube. Results with and without
flexoelectric effects are shown. Comparison between analytical and numerical (IGA) results.
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Figure 4.3: Electric potential along the radius of the cylindrical tube.
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Figure 4.4: Radial electric field along the radius of the cylindrical tube. Results with and without
flexoelectric effects are shown. Comparison between analytical and numerical (IGA) results.
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portant characteristics of these cells are discussed in detail in [41, 96, 110]. Osteocytes
are mature bone cells embedded in the mineralised bone matrix and make up more than
90 % of cellular bone content. In the context of bone remodelling, osteocytes are of major
importance due to their function as mechanosensory cells and their ability to commu-
nicate not only with each other but also with cells of a different kind. Osteoclasts are
multinucleated cells which originate from haematopoietic stem cells in the bone marrow
and migrate to remodelling sites in order to resorb old bone. The lifespan of osteoclasts
is approx. two weeks in human bone. Osteoblasts have their origin in mesenchymal stem
cells in the bone marrow. Throughout their lifespan of approx. three months in human
bone, they are responsible for the formation of new bone material.
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Figure 4.5: Anatomy and physiology of a human femur. (A) Illustration of the internal structure of
a femur reproduced from [88]. (B1)-(B2) Microscopy image of the cross section of a femur reproduced
from [176] which reveals the cortical and cancellous bone microstructure. (C1)-(C2) Sketch of the
remodelling process in cancellous (C1) and cortical (C2) bone reproduced from [121]. All images are
reproduced under the terms of the Creative Commons Attribution License (CC BY).

Targeted remodelling processes in cortical bone The process of remodelling in cor-
tical bone is described in detail in, e.g., [53, 64, 83, 96]. One significant question which is
not fully answered, is how the remodelling process in bones is initiated. In the literature,
the initiation is attributed to different phenomena such as streaming potentials [130],
matrix piezoelectricity [65] and, most recently, flexoelectricity [120, 164] which is the
main focus of this work.

In the case of a flexoelectricity-induced initiation, the bone remodelling process starts
in response to signals, or rather substances, that are secreted by osteocytes undergoing
apoptosis due to the induced electric field [53, 120]. In fact, it has been argued in [137]
that it might as well be the neighbouring osteocytes and not (only) the dying cells them-
selves which release substances such as M-CSF and RANKL, that promote osteoclast
differentiation and migration. In addition, the decreased number of living osteocytes
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4 Flexoelectricity-induced bone remodelling and microcrack healing

decreases the production level of the protein sclerostin which inhibits bone formation
[33, 53]. The dense osteocyte network plays an important role in the context of these
signalling activities because it enables the communication between individual osteocytes
as well as between osteocytes and bone lining cells. These can be found at the bone
surfaces, e.g. the endosteal and periosteal surfaces, and are able to communicate with
the network of osteocytes in the bone matrix. By transmission of the osteocytic signals
to these surfaces, the bone cells for remodelling, namely osteoclasts and osteoblasts are
recruited from the vascular system or, to be more precise, from the central capillary of
a Haversian or Volkmann’s canal near the remodelling site [31, 124, 125]. In the liter-
ature, these cells are often summarised in terms of BMUs, as proposed in [64]. Within
the scope of this work, however, both cell types are considered individually in order to
account for their distinct roles in the remodelling process. Accordingly, the osteocyte
signalling leads to the recruitment of osteoclasts which move towards the remodelling
site in the form of a so-called cutting cone by excavating a tunnel through the bone
matrix and thereby removing old and damaged bone [83]. During this activity of matrix
dissolution, growth factors which serve as attractants for osteoblasts are released from
the bone matrix. Together with factors secreted by the osteoclasts themselves, they
recruit osteoblasts to the remodelling site. However, this coupling between osteoclastic
resorption and osteoblastic formation is complex and different explanations are pro-
posed in the literature [53, 83, 148]. The recruited osteoblasts start migrating towards
the remodelling site by using the tunnel previously built by the osteoclasts as a pathway
through the bone. During the formation phase, they form new bone material in order to
repair all damaged regions, including the initial crack as well as the tunnel itself [53, 96].
More specifically speaking, they accumulate at the damaged surfaces and thereby form
new bone material such that, in particular, the crack gradually closes. After their re-
modelling activity, osteoblasts can transform into lining cells, undergo apoptosis or are
embedded (approx. 10 - 20 %) in the new bone matrix and steadily differentiate into
osteocytes while the material mineralises [63, 96]. Due to the respective re-increase of
the osteocyte concentration, the remodelling process terminates as the level of sclerostin
also re-increases [33, 83].

The timeline of the entire remodelling process depends on multiple factors such as
location, width and length of the crack as well as age, gender and health of the organism,
to name only a few. However, some reference values can be found in the literature. For
the resorption phase, the values vary between 14 and 30 days and for the formation
phase between 3 and 4 months [83, 148].

4.3 IGA modelling approach for flexoelectricity-induced
initiation of bone remodelling

An isogeometric finite element model is proposed for the simulation of the flexoelectric
initiation of cortical bone remodelling in the presence of microcracks. Starting with
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flexoelectricity as a trigger mechanism for bone remodelling, signalling mechanisms are
incorporated and the subsequent migration of osteoclasts and osteoblasts towards the
remodelling site is accounted for. Accordingly, a chemo-electro-mechanically coupled
model is established. Due to the complexity of biochemical activities that take place
in bones during remodelling, several simplifications are made such that the process is
modelled according to the following steps which are illustrated and further described in
Fig. 4.6:

1. Flexoelectricity results in an electric field in response to mechanical loading in
the fractured bone.

2. The electric field exceeds a critical value in the vicinity of the crack tip so that
osteocyte apoptosis occurs.

3. In consequence of osteocyte apoptosis biochemical signals, respectively messen-
ger substances are sent out which initiate the work of BMUs.

4. Osteoclasts migrate through the cortical bone matrix and towards the crack tip
to start the remodelling process.

5. Osteoblasts follow in the same direction as osteoclasts towards the remodelling
site.

Especially the complex signalling mechanisms are summarised in the proposed modelling
approach for the sake of simplicity. Specifically speaking, so-called messenger substances
(ME) carry out the signalling tasks entirely, whereas in real bones various signalling
mechanisms occur such as secretion of particular proteins such as RANKL and M-CSF
[53]. Moreover, the tunnels which are excavated by osteoclasts are not resolved in detail
in this work. Instead, the migration of the cells through the bone matrix is modelled
without the removal of bone material by taking into account effective field quantities,
i.e. the osteoclast and osteoblast concentrations. Overall, a continuum approach is
employed for all considered cell types, accounting for the respective cell concentrations
instead of individual particles. This is a common assumption for diffusion models at the
macroscopic scale, see, e.g., [113]. It is noted, however, that also discrete models exist
for the modelling of cell populations [113]. Moreover, it has been stated in [43] that
cortical bone fails at strains of approximately 2%. With this background in mind, a
small-strain theory is considered suitable for the modelling of cortical bone, even though
it is mentioned that, under certain conditions, bone may exhibit larger strains.

Remark 4.1. In the proposed modelling approach, osteoclasts and osteoblasts are ac-
counted for by independent field variables. Another reasonable choice would be the
combination of both cell types in form of BMUs such that one field variable for the
BMU concentration would be incorporated into the model. In this work, the separate
consideration of the cell types allows a detailed simulation of the behaviour of the main
participants during remodelling processes. This makes the model expandable with re-
gard to the spatial and temporal separation of osteoclasts and osteoblasts.
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(a) Initial state: Osteocytes (OY) are homoge-
neously distributed throughout the bone, whereas the
surfaces are covered by bone lining cells. A dense com-
munication network is provided.

(b) Osteocyte apoptosis and signalling: In con-
sequence of mechanical loading together with the flex-
oelectric effect, osteocytes undergo apoptosis in the
vicinity of the crack tip. Messenger substances (ME)
are sent out by the apoptotic osteocytes (marked in
red), respectively by their neighbours, and transmitted
towards the cells at the surfaces. Arrows indicate the
origin and direction of this signalling mechanism.

(C) Osteoclast recruitment and diffusion: In re-
sponse to the biochemical signalling, osteoclasts (OC)
are recruited to the remodelling site. The cells mi-
grate through the bone matrix towards the crack while
preferably moving in direction of osteon alignment.

(d) Osteoblast recruitment and diffusion: Os-
teoblasts (OB) follow in the same direction as the os-
teoclasts through the cortical bone matrix in order to
form new bone material. Throughout the remodelling
process, a continuous supply of new osteoclasts and os-
teoblasts from the vasculature is provided.

Figure 4.6: Simplified, schematic illustration of a bone remodelling process in the presence of a crack.
The involved cell types are osteocytes (OY, blue), bone lining cells (green), osteoclasts (OC, orange) and
osteoblasts (OB, green, filled). The process takes place in a cracked sample of cortical bone with the
horizontal axis being aligned with the osteons. Reproduced from [174] under the terms of the Creative
Commons Attribution License (CC BY).
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4.3.1 Balance equations

The modelling approach for the flexoelectricity-induced initiation of bone remodelling
stipulates chemo-electro-mechanical coupling in terms of a coupled set of partial differen-
tial equations. In the subsequent sections, these PDEs are presented and the thermody-
namic framework of the model is discussed in detail. Concerning the electromechanical
parts of the model, the derivations provided in Sect. 4.1 serve as a basis for the following
considerations.

4.3.1.1 Chemo-electro-mechanical coupling

For the simulation of flexoelectricity-induced bone remodelling processes in a two-
dimensional setting, the set of degrees of freedom dof = {wu,¢,coy,cmE, coc, cos}
is taken into account, containing the displacement vector, the electric potential and
the concentrations of osteocytes, messenger substances and (active) osteoclasts and os-
teoblasts, respectively. With these field variables at hand and with e denoting the time
derivative of a quantity e, the set of balance equations in local form for the chemo-
electro-mechanical coupling is given as

0=V, Ot in {2 (4.82a)
0=V, -d in 2 (4.82D)
coy = sov(|lell, coy) in (2 (4.82¢)
éME = — Vi - Que + Sue(coy) in 2 (4.82d)
¢oc = —Vz * Qoc in 2 (4.82¢)
¢os = —Va - Qop in 0 (4.82f)

for the domain (2 under consideration. To be precise, equation (4.82a) represents the
balance of linear momentum for the quasi-static case without the presence of body forces.
Therein, the total stress tensor o, can be decomposed into the classic stress tensor o
and a contribution of the hyper-stress tensor 7 according to (4.5).

Balance equation (4.82b) is a reduced form of the first Maxwell equation, also termed
Gauss’s law, without the presence of free charges. Accordingly, the divergence of dielec-
tric displacements d vanishes.

The remaining equations (4.82c)-(4.82f) determine the time derivatives of the con-
centrations of bone cells and messenger substances in the domain {2 by source terms
and by diffusion. The source term soy for the osteocytes in (4.82c¢) is assumed to be a
function of the norm of the electric field as well as of the osteocyte concentration itself.
It captures that in consequence of mechanical loading, the flexoelectricity-induced elec-
tric field eventually exceeds a predefined critical value for osteocyte apoptosis. In [120]
and references cited therein, this threshold value is determined to 10 Vmnm ™', whereas
a lower electric field magnitude such as 1 Vmm™" can already lead to osteocyte damage
and to the death of individual cells. Accordingly, the source, or rather sink term for
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the osteocytes is incorporated into the model which considers a critical value eq as
argument of an exponential function, together with the local electric field magnitude
and the current osteocyte concentration, i.e.

soy = — koy.1 [1 — exp (_!e” ]:OOY )] . (4.83)
crit KOY,2

By this saturation-type format it is ensured that, if the critical electric field value is
reached and the osteocyte concentration is rather high — e.g. in the initial state — a high
number of osteocytes undergoes apoptosis as it has been observed in the experiments
performed in [120]. If, on the other hand, an electric field below the threshold value is
present or if the osteocyte concentration is low — e.g. when a huge number of osteocytes
had already died — the sink term decreases, see Fig. 4.7. More specifically speaking, it
can be shown analytically that by using formulation (4.83) negative cell concentrations,
which would be unphysical, are avoided, see Appendix C.3.1. The constant parameters
koy, and koy 2 help to further adjust the apoptosis behaviour of the osteocytes accord-
ing to the experimental findings. With eqy = 5 Vmm ™' and the remaining parameters
provided in Table 4.3 in Sect. 4.3.3.2, it becomes apparent from Fig. 4.7 that, by ap-
proaching |le|| = 10 Vmm ™, an immediate death of a large number of osteocytes takes

place in the state where the bone cells have not previously been damaged, i.e. coy = c3it.

As a consequence of osteocyte apoptosis, chemical signals are released which cause
bone remodelling processes to begin. The complex signalling mechanisms are accounted
for in this work by messenger substances. Consequently, the source term

init

(0)'

is employed in (4.82d) which leads to the production of messenger substances at lo-
cations where the current osteocyte concentration has decreased in comparison to its
initial value. The magnitude of messenger substance production can be adjusted by the
constant parameter kyg.

The movement or, specifically speaking, diffusion of the bone cells and messenger
substances in (4.82d)-(4.82f) is accounted for by the flux vectors

avie = —Dwig Vzcue, (4.85)
doc = —Doc - Vo, (4.86)
dos = —Dog - Vecos, (4.87)

i.e. by the negative concentration gradients of the considered species together with dif-
fusion coefficients or tensors, respectively. A constant diffusion coefficient Dy is used
to describe the movement of messenger substances, whereas for the osteoclast and os-
teoblast cells evolving diffusion tensors are employed which account for anisotropic or, in
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other words, directionally dependent diffusion. Accordingly, the directional dependency
is accounted for in the diffusion tensors

Doc = Doc A (4.88)
Dog = A(coc) Do A (4.89)

with structural tensor
A= Us [ag X ag] + 77|| [ab X ab] + nL [I — ap & a,b] . (490)

Therein, the first term describes a targeted cell movement in the direction of the gradient
of the messenger substance concentration by considering the normalised vector

VzeME

- TV 4.91
[Voene] (4.91)

ag
and the constant parameter 7. Since messenger substances are produced at the locations
where osteocyte apoptosis takes place, i.e. in the vicinity of the crack tip, the migration
of osteoclasts and osteoblasts is accordingly directed by the microdamage as is the
case in real bones as discussed in detail in [100]. However, the bone structure itself
also influences the path of the bone cells. In particular, new osteons result from bone
remodelling processes so that, as a consequence, BMUs mostly move parallel to existing
osteons [31]. In Fig. 4.8, this coincides with the longitudinal bone axis (ej-axis) which
is typically the principal loading direction in the bone. Thus, the second and third term
in (4.90) include the diffusion in bone axis direction on the one hand, and in the plane
perpendicular to that axis on the other hand, with different constant scaling factors
n and 7. Vector ay accordingly represents the unit normal vector in z;-direction
which is aligned with the longitudinal bone axis, i.e. a;,, = e;. By a proper choice of
the three parameters 7y, n and 7., the model can capture the preferred movement of
BMUs in direction of osteon alignment in addition to the targeted BMU steering by
the crack event, accordingly. Furthermore, the diffusion tensors in (4.88)-(4.89) ensure
that osteoclasts and osteoblasts move in the same direction, or, in other words, that the
latter move through the tunnels that would in reality have been excavated by osteoclasts
beforehand. However, the coefficients Doc and Dop are, in general, not equal so that
the two cell types can have different diffusion velocities. In addition, the diffusion tensor
for osteoblasts includes the function

1 if coc >0,
Alcoc) = { ¢ (4.92)

0 otherwise

in order to ensure that osteoblasts can only travel through bone when osteoclasts are
already present to clear the path. In the physical process considered, this behaviour
incorporates a time delay, i.e. the migration of osteoblasts does not follow immediately
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after the start of osteoclast movement. A time delay has not yet been captured in the
proposed model. However, introduction of the function A(coc) allows extensions in this
regard, e.g. by including cell concentrations of previous time steps. An alternative is the
introduction of separate signalling mechanisms for the osteoclast and osteoblast cells.
This will be discussed in detail in Sect. 4.4.1.1.

A summary of the governing equations in the proposed modelling approach as well
as of all source and flux terms is provided in Table 4.1.
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Figure 4.7: Sink term for the osteocyte concen-  Figure 4.8: Structure of the cortical bone layer
tration as a function of the electric field mag-  of a human femur. The e;-axis of the chosen co-
nitude and of the cell concentration itself. In  ordinate system is aligned with the longitudinal
the initial state in which coy = 2.5 x 10*mm™3  axis of the bone which coincides with the main di-
holds, the magnitude of the sink term increases  rection of osteon progression. Reproduced from
rapidly when the electric field approaches a mag-  [88] under the terms of the Creative Commons
nitude of 10 Vmm™*. Reproduced from [174] un-  Attribution License (CC BY).

der the terms of the Creative Commons Attribu-

tion License (CC BY).

Remark 4.2. An alternative approach for the structural tensor A is
A =1y lay ®ap] + 11 [I —a, @ ay] (4.93)

in which 7 and 77, are not constant parameters but rather functions of the gradient of
messenger substances, i.e.

= llag@ag]: [a,®@an]], 7L=n1lla;@ay:[I —ay,®ay]]. (4.94)

Thereby, a projection of this gradient onto the directions predefined by the bone struc-
ture is incorporated. However, this approach is not considered in the following since it
leads to a physically less reasonable behaviour for the particular boundary value problem
studied in Sect. 4.3.3.2 — steep concentration profiles are encountered in the vicinity of
the crack tip and, moreover, diffusion of bone cells into the right part of the considered
domain is suppressed.
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Table 4.1: Governing balance equations, source terms and flux terms.

Balance equations

0= Vw * Otot, in 2
0=Vg-d in 2
¢oy = soy(|le];coy) in £
éME = — Ve - qup + sme(coy)  in 2
éOC = —Vm . qOC n Q
éOB:_m'qOB 11’10
Source terms Flux terms
ell ¢ _
soy = —kov1 [1 — exp <—HHOY)] ave = —Due Vecue
€crit kOY,Q
qdoc = —Doc - Vzcoc
S =kMme |1 — COY
ME 8{5 qo = —DoB - VzcoB
Doc = Doc A

4.3.1.2 Balance of energy

In Sect. 4.1.1.2, the balance of energy has been derived for an electromechanically coupled
framework including flexoelectricity. In this section, these derivations are extended
with respect to the chemical contributions from the bone cell concentrations while the
electrical and mechanical contributions are equal. Accordingly, the integral form of the
balance of energy reads

H + IC = Pmech + Pelec + Qchem + cherm (495)

with the (mass-specific) electric enthalpy density H as thermodynamic potential. A
detailed discussion on alternative choices for the thermodynamic potential can be found
in Sect. 4.1.1.3. In Sect. 4.1.1.2, the rates of electric enthalpy and kinetic energy, # and
fC, as well as the mechanical and electrical powers Ppecn and Pee. have been specified.
In order to incorporate the activity of bone cells into the model proposed in this work,
external chemical contributions are additionally considered including the source terms
(4.83)-(4.84) per unit volume as well as the chemical fluxes introduced in (4.85)-(4.87),
ie.

Qchem,OY = / ME)Y Soy dv =: / QOY dv (496)
(7 2
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Qchem ME = / pe QuE da + / Hnig Sme dv
00 17,

[ % b a) v+ [ g smdo= [ Quede (4.97)
0 Q 0

Qchem,0C = / Hoc qoc da = —/ Ve - [11Oc Qoc] dv =: / Qoc dv (4.98)
20 17 o

Qchem,0B = / 1oR o da = —/ Vz - 6B Qo) dv =: / Qop dv (4.99)
00 0 0

with the chemical potentials py, uim, oo and udg, respectively, cf. [8, 133]. In
addition, the relations

gvME = —4quvg "M, Joc = —qoc M, (JoB = —qgop M (4.100)

are used therein with n the surface outward normal unit vector.

Taking these derivations into account together with the (dynamic version of the)
balance of linear momentum (4.82a) and Gauss’s law (4.82b), the balance of energy
(4.95) can be rewritten as

/pHdv—/[Vu] adv+/[VVu]: 7rdv+/Vq§ ddv

/Qoydv+/QMEdv+/rodv+/QOde

+/ Qun dv (4.101)
0
and the local form results in

pH=¢:0+Ve:-m—é-d+ Qoy + Que + Qoc + Qo + Qun. (4.102)

4.3.1.3 Dissipation inequality

In Sect. 4.1.1.4, the Clausius-Duhem inequality (4.29) has been derived for the elec-
tromechanical coupling under consideration. In the context of bone remodelling, chem-
ical contributions are additionally taken into account so that the thermal power can be
expressed as

Qu=pH—-¢:0-Veeg: m+eé-d— Qoy — Qur — Qoc — Qon (4.103)

by rearranging the local form of balance of energy (4.102). Therein, the chemical powers
Q. with @ € {OY, ME, OC, OB} can be specified by using the diffusion equations (4.82¢)-
(4.82f) together with the definitions (4.96)-(4.99) such that
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remodelling
Qo = f1gSe — Va - [1e u] = pra 8¢ — 11g Va - qu — Q4 - Vapig
= fig Co
= figCe — qq - Vajly (4.104)

with the chemical potential S describing the change of energy in response to a change
of concentration ¢, of the respective species.

The time derivative of the electric enthalpy density in (4.103) is obtained by using a
Legendre(-Fenchel) transformation in form of (4.22) with respect to temperature ¢ and
mass-specific entropy density s, accordingly
oH* . OH” oH* . O0H*

Et o Vee+—— €+

= OV, e de 00

. OH* . . .
9+Za—c.c.+9$—l—39. (4.105)

Inserting (4.103) and (4.105) into the Clausius-Duhem inequality (4.29) and rearranging
terms, the inequality takes the form

OH*| . OH* ) oOH*| .
D:{a—p as}.s+[7r—pavws}.-vme+[—d—p ae}-e
OH*] . . OH*] . .
+ [—ps—p 50 ]9+ZHM.—/J ac.}c‘_q"vf“”']
—qy, - VzIn(0) >0 (4.106)

and the constitutive relations result in

OH* OH* OH* OH* . OH*
C=P W—pavwe, d=—p 56’ = " ag ,u,—pac.. (4.107)

The remaining expression in (4.106) is referred to as "reduced dissipation inequality”
and reads

> [-q. - Vapl — gy, - Vo In(9) >0, (4.108)

which includes thermal and chemical contributions only, cf. [8, 133]. In [6, 133], further
details are provided on chemical thermodynamics in particular.

4.3.2 lIsogeometric finite element formulation

[sogeometric analysis is used in this work in order to solve the governing system of
partial differential equations (4.82). Since flexoelectricity couples electric polarisation
with strain gradients, cf. (4.1), and (in general) leads to a partial differential equation
of fourth order, global C!'-continuity is at least required within the underlying finite
element scheme, see the discussion in Sect. 4.1.2.1. The weak form of the governing
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equations is derived in the following and the discretisation is performed by means of
C!'-continuous NURBS basis functions.

4.3.2.1 Weak form of the governing equations

The weak form of the balance of linear momentum and Gauss’s law including flexo-
electricity has been derived in Sect. 4.1.2.1. Analogously, the weak formulation of the
rate equations (4.82c)-(4.82f) is obtained by introducing test functions for the chemical

concentrations. Accordingly, multiplying (4.82c) with a virtual osteocyte concentration,
respectively test function, dcoy and integrating over the domain 2 yields the weak form

O:/éCoyéoydU—/(SCOYsoydU. (4109)
07 N

For the rate equation of messenger substances (4.82d), the virtual concentration, respec-
tively test function, dcyg is employed and leads to

0 :/ 5CME CME dv + / 5CME Vw *dVE dv — / (5CME SME dv
2 N 9]
:/ 5CME CME dv — / Va;CSCME 9y E dv
2 02

—/ 5CMEqMEda—/5CMESMEdU (4110)
o2 2

where integration by parts as well as the divergence theorem have been used. Similarly,
(4.82¢) and (4.82f) which refer to the osteoclast and osteoblast concentrations are trans-
ferred into their corresponding weak formulations by using the virtual concentrations,
respectively test functions, dcoc and dcog which yields

0= / 5000 éoc dv — / Vmécoc *doc dv — / (5COC qoc da (4111)
2 0 of?
and

0 :/ dcop Cop dv — / Vzocon - qop dv — / dcoB qo da. (4.112)
Q Q 0

4.3.2.2 Discretised weak forms

The spatial discretisation of the weak forms derived in Sect. 4.3.2.1 is performed un-
der the use of NURBS basis functions R and by employing an isoparametric Bubnov-

110



4.3 IGA modelling approach for flexoelectricity-induced initiation of bone
remodelling

Galerkin approach. The discretised test functions for the unknown mechanical, electrical
and chemical fields follow as

out => u'RY, ¢ =) 6¢"R*, ocg =) 6c!R (4.113)
A=1 A=1 A=1

with e € {OY,ME, OC, OB}.
For the time discretisation, a Backward-Euler scheme is applied so that the time
derivative of the concentration ¢, is approximated by

s Co7n+1 - Co,n
e A (4.114)
with time increment At and with index n denoting the respective time step. In the
following, all quantities corresponding to this time step are marked with subscript n
while all other (non-marked) quantities correspond to the time step n + 1.
Considering the discretisation in both space and time, the discretised weak forms lead
to the discrete residual vectors

Nel  nep
TUZAZ/EU-VmRAdv—i—/ETr:VwVwRAdv—/aQetRAda (4.115)

Nel  nep
r¢:AZ/Ed-VwRAdU+/MEwRAda (4.116)

e=1 4=1
Nel  nep
_ A oY — CoYn A
Toyé;/eR Tdv—/eR soy dv (4.117)
Nel  nep
TME:AZ/ RAMd'U— VwR‘AqMEde
e=1 A:l e At e
. A . A
895 e
Nel  mnep c —c
roc= A / RACC_ 0 gy _ [ VR g du
e=1 A=1 e At e
— R goc da (4.119)
a0e
Nel  nep
TOB:AZ/ RACOB — COBn g V.R* - qop dv
671 A:l e At _Qe
—/ R* qop da. (4.120)
o0e

The corresponding tangent contributions are provided in Appendix C.1.1.
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4.3.3 Simulation of flexoelectricity-induced initiation of bone
remodelling

The proposed modelling approach is applied to bone remodelling processes within cor-
tical bone. The specific constitutive model including the particular structure of the
piezoelectricity as well as flexoelectricity tensors used therein is discussed in the fol-
lowing. Afterwards, the initial boundary value problem addressed within the scope of
this work is described in detail and the finite element discretisation of the cortical bone
specimen under investigation is presented.

4.3.3.1 Specification of the constitutive model

The chosen form of the free electric enthalpy density is based on the electromechanical
contributions proposed in Sect. 4.1.3.1 together with additional chemical terms. Under
isothermal conditions, this stipulates the formulation

1 1 1
pH*:§€:E:E—§€'X'6—e~e:€—€'H3'vm€+Z§’YoC%‘ (4.121)

Therein, E denotes the fourth-order elasticity tensor, x is the second-order permittivity
tensor and e represents the third-order piezoelectricity tensor which couples mechanical
strains with the electric field. The flexoelectricity tensor p is of fourth order as intro-
duced in (4.1). The constants 7, relate the respective chemical potentials to the concen-
trations of the corresponding species @ € {OY ,ME,OC,0B}. In virtue of (4.107)-(4.108)
and (4.85)-(4.87), choosing v, > 0 results in thermodynamically consistent relations for
the diffusion processes considered. As this work proceeds, the parameters v, will, how-
ever, remain unspecified since they do not appear in the governing equations (4.82) or
in the corresponding weak forms and stiffness contributions, see Sect. 4.3.2.

The constitutive relations can be derived from the free electric enthalpy density func-
tion (4.121) by following (4.107) and result in

c=E:e—e-e, (4.122)
T=—e€e-Wu, (4.123)
d=x-et+e:e+p: Ve, (4.124)
[l = Ve Co- (4.125)

As a direct consequence of (4.123) together with (4.5), the electric field gradient con-
tributes to the total stress tensor o, through the divergence of the hyper-stress tensor,
ie.

owt=E:e—e-e+V,-[e-pl. (4.126)
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As discussed in Sect. 4.1.3.1, the constitutive model includes contributions from both
direct and converse flexoelectric effects, accordingly.

The material tensors incorporated in the free electric enthalpy density function (4.121)
are specified in the following with regard to the characteristics of cortical bone material.
In this context, a Voigt-type notation is employed so that the stress and hyper-stress
tensor, as well as the strain tensor and its gradient are written as

Voilo] = [01170227033,023,013,012]t, (4.127)

Voi o
[71'] = [77111,7T11277T113,7T22177T222,7T22377T331,7T33277T333,
t
231, 1232, T233, M131, 132, T133, 121, 7122, 7T123} ) (4.128)

[€]V°i = [e11, €22, €33, 2 €23, 2 €13, 2€19)°, (4.129)

Voi
[Vze]™ = [811,1, 11,2, €11,3, €221, €22,2, £22.3, €33,1, €33,2, €33,3, 2 €23 1,

t
2€9392,2€933,2€131,2€132,2€133,2€12,1,2€12,2, 2 812,3] : (4.130)

Cortical bone is mainly composed of an inorganic phase, more precisely the mineral
hydroxyapatite [Cajo(PO4)s(OH)s], and an organic matrix primarily formed by type I
collagen, see [83, 110]. Transversely isotropic properties have been found in terms of the
elastic behaviour of this material with the longitudinal bone axis, i.e. the direction of
osteon alignment, as the preferred direction, cf. Fig. 4.8. In [52], different elastic moduli
have been observed in experiments with femur bone samples depending on the loading
direction, namely longitudinal or transverse. Accordingly, a transversely isotropic ma-
terial behaviour is considered for the cortical bone material investigated in the present
contribution. The elasticity tensor can thus be written as

[Fi111 Fiioe  Frio 0 0 0
Ei120 Eazon  Eaozs 0 0 0
: E E E 0 0 0
Voirg] 1122 192233 [9922
0 0 0 0 0 Eig13
with
1— 12 [ I/ﬁ |
E1111:D{ L} ; Esy99 = D — 5|
Y? _YJ_ Y YII
[1+VL]V||:| v, l/ﬁ
E =D |—"], E =D |—+ 1],
1122 { Y. Y, 2233 _YJ_ Y, Y”2
Fagoz = G, Eiz13 =G,
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Y2yp?
oy D= =l (4.132)

2G, v |[L—va] V) —202ve ]

vy

and with the zj-axis being the longitudinal bone axis, cf. Fig. 4.8 and [114]. The five
independent material parameters therein are, in general, dependent on the porosity of
the bone material which has been investigated in detail in [52]. Within the scope of this
work, mean values are employed, see Table 4.2.

In accordance with [15, 57, 58, 62], the permittivity tensor as well as the piezoelec-
tricity tensor take the form

xut 0 0
M=]0 x» 0 (4.133)
0 0 X2
and
_ eir ez €2 0 0 0
VOI[E]: 0 0 0 0 €213 €212 (4134)

0 0 0 0 egs —egs

considering a hexagonal symmetry structure. The piezoelectric behaviour of bone is
attributed to the collagen fibres which are arranged in spiral structures along the bone
axis, cf. [15, 57, 65]. It is noted that the matrices (4.133) and (4.134) correspond to a
setting where this axis coincides with the first coordinate axis, which differs from the
forms given in the mentioned references. As a consequence of the entries in the third
row of the piezoelectricity tensor, out-of-plane polarisation can, in general, occur.

For the flexoelectricity tensor, cubic symmetry is assumed in accordance with the
underlying experimental studies in [120, 164]. The tensor can be written in Voigt-type
notation as

Hi111 0 0 1221 0 0 H1221 0 0

,u] = 0 H1221 0 0 Hi1111 0 0 H1221 0
0 0 g2 O 0 pior O 0 pimn
0 0 0 0 piszs 0 pisg O

0
0 0 gz 0 0 0 pnzz O Of, (4.135)
0 p1133 0 piizz 0 0 0 0 0

Voi [

see [146]. In this reference as well as in [89, 90], detailed investigations on the symmetry
of the flexoelectricity tensor have been carried out. Since the flexoelectricity tensor
relates a third-order tensor to a tensor of first order, the symmetry properties are not as
intuitive as for other well-known fourth-order tensors such as the elasticity tensor. In the
experimental works in [120, 164], only the coefficients pi1111 = f11201 are considered non-
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zero, whereas 1133 = 0 is assumed in consistency with the assumptions made in Sect.
4.1.3.1. Since the simulations in the present contribution are based on the experimental
evidence from [120], the same assumption is employed for the flexoelectric coefficients in
(4.135). However, it shall be noted that further research on the flexoelectric coefficients
for bone material might eventually lead to more information on the shear components
and could straightforwardly be incorporated into the proposed model. Together with the
two-dimensional setting considered, the assumption of vanishing shear coefficients yields
that only the top left block of the flexoelectricity tensor in form of (4.135), including the
first two rows and the first five columns, contributes to the electromechanical coupling in
the simulations in this work. For the calculation of the respective value 1111 = pt1201 =
Lefr, the relation

Heft = feff€ - feff €0 €r (4136)

is used with feg = 11V, cf. [120], and with the relative dielectric constant chosen as
¢» = 10 in accordance with [164]. The complete set of material parameters is summarised
in Table 4.2.

Table 4.2: Material parameters for cortical bone.

Y) Yl G| G Y
value 1.661 x 10* 9.55 x 10° 4.74 x 10> 3.28 x 10> 0.37
unit N mm 2 N mm 2 N mm 2 N mm 2 -
X11 X22 M1111 = H1221 11133
value 106.248 x 1073 8.854 x 1072 9.739 x 10~* 0.0
unit nCV=lmm=! nCV'mm! nCmm™! nCmm ™!
€111 €122 €213 €212
value 1.872 1.507 0.0 3.576

2 2 2

unit nCmm~2 nCmm 2 nCmm 2 nCmm™

4.3.3.2 Initial boundary value problem

The process of bone remodelling is addressed in this work on the basis of flexoelectricity-
induced electric fields which lead to osteocyte apoptosis. Since flexoelectricity converts
mechanical energy into electrical energy by coupling strain gradients to electric polar-
isation, the effect is particularly relevant in the vicinity of cracks where large strain
gradients occur. For this reason, a small excerpt of cortical bone including a narrow
radial crack is investigated in this section. The bone excerpt is assumed to be located
in a femur with the x;-axis being the longitudinal bone axis, see Fig. 4.8. Specifically
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speaking, the sample is taken from the cortical bone layer in the diaphysis of the bone,
i.e. the bone shaft as illustrated in Fig. 4.9. The crack is extended in radial direction,
respectively xo-direction with respect to the underlying coordinate system.

coc =0
T w }<_ (7033 =0
T
e

|

0.008

omg =0
0.006

0.6 mm

0.004

|[z|] in mm

h

0.002

e =0

AN AN A 0000 20 ) 50 ) 100 120

0C,0B( pME ime in s
fpm (fmn > time in s
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7///; Cancellous bone
T
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IIT  Diaphysis

|
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I 1T I 1T I
|
L ~ 402 — 436 mm ‘

Figure 4.9: Sketch of a human femur including its average length measured by [112]. The cortical bone
sample under investigation in this work is located in the diaphysis of the bone. The initial boundary
value problem in the IGA simulations is shown and the load curve which characterises the tensile load
prescribed on the left and right boundaries of a cracked domain is presented. Reproduced from [174]
under the terms of the Creative Commons Attribution License (CC BY).

Fig. 4.9 also presents the geometry of the specimen under investigation as well as
the prescribed boundary conditions. In particular, a two-dimensional setting and plane
strain conditions are employed. The specimen is subjected to a mechanical load in terms
of Dirichlet boundary conditions. To be precise, a displacement is prescribed in direction
of the longitudinal bone axis and leads to tensile loading. This setting can be associated
with the end of the crack event. The corresponding load curve is shown in Fig. 4.9. The
load is prescribed in terms of one pulse over a time period of 5s. Thereafter, the bone is
left at rest while the diffusion processes associated with the bone remodelling take place.
For the higher-order mechanical tractions (4.12)-(4.14) stemming from flexoelectricity,
homogeneous Neumann boundary conditions are chosen at all boundaries of the domain.
The same applies to higher-order electromechanical boundary conditions that may be
included in the context with combined direct and converse flexoelectric contributions
as discussed in Sect. 4.1. The electric potential is fixed to zero at the lower left-hand
corner of the sample. Under the presented loading conditions it is expected to take its
maximum value at the crack tip. At all boundaries, except for the crack flanks, the
concentration cyg is fixed to zero throughout the whole simulation assuming that the
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messenger substances leave the domain in order to communicate with the cells at the
bone surfaces. As a consequence of these homogeneous Dirichlet boundary conditions,
a flux of messenger substances through the boundaries occurs. In dependence of this
outflux of messenger substances over the domain boundaries, or, in the finite element
approach rather of the corresponding ”generalised reaction forces” fi\gf resulting from
the solution of the global system of equations at the corresponding Dirichlet nodes,
a flow of osteoclasts and osteoblasts in opposing direction is prescribed, cf. Fig. 4.9.
Accordingly, the prescribed generalised forces read

FOS = — koo fFMEif || fNE)| > fME (4.137)

pre rea rea rea,min

pe = —kos frew I [ Fre |l 2 fretmin (4.138)
with constant parameters koc and kog. More details on the numerical implementation
are provided in Appendix C.2.1. These boundary conditions are employed for the left
and bottom surface of the domain under consideration. From a physics point of view, it
is accordingly assumed that for this particular boundary value problem BMUs originate
either in a Volkmann’s canal parallel to the crack and next to the left-hand boundary
of the specimen or in a Haversian canal perpendicular to the crack and next to the
bottom boundary of the specimen. More specifically speaking, the cells will migrate
from the surface nearest to the crack, where the magnitude of the messenger substance
flux exceeds the predefined threshold value. This is in line with the information provided
in [31, 124, 125], stating that a new BMU originates from the nearest Haversian or
Volkmann’s canal depending on the crack location. According to [96], new osteoclasts
and osteoblasts steadily differentiate from their precursor cells in the bone marrow and
migrate through the vasculature towards the remodelling site since their life span is lower
than the duration of a remodelling cycle, cf. Sect. 4.2. Consequently, a continuous cell
flux over the boundary is provided in the proposed model after the initiation by osteocyte
apoptosis. In analogy to the homogeneous Dirichlet boundary conditions applied to the
messenger substances, the cell concentrations of osteoclasts and osteoblasts are forced to
vanish at the crack flanks indicated by a dashed line in Fig. 4.9. Thereby, an outflux of
these bone cells is enabled with the underlying assumption being that the cells leave the
domain over the crack flanks for the purpose of remodelling. This boundary condition is
a starting point for the modelling of osteoblast accumulation at the crack surface and,
eventually, crack healing as will be discussed in Sect. 4.4.

The model parameters and initial values are summarised in Table 4.3 and Table 4.4,
respectively. For the bone cell concentrations, data from [110] is used in which the
concentration of osteocytes in bones is given as 2.5 x 10* cells per mm?®. Regarding the
number of osteoblasts and osteoclasts, it is estimated that the osteoblast concentration
is smaller approximately by a factor of 10 than the osteocyte concentration and that
there are significantly more osteoblasts than osteoclasts, see [63, 96] and references cited
therein. The model parameters and initial conditions are chosen on the basis of this
information.
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Table 4.3: Model parameters.

b h le We €crit rl\élfmin kOY,l kOY,Q
value 0.8 0.6 0.175 0.008 5.0 0.05 1.0 x 10* 2.5 x 10*
unit mm mm mm mm me_1 g1 mm_35_1 mm 3

kve koc ko  Dwme Doc Do m nm2  m
value 2.0 x 10° 0.5 1.0 2.0 0.02 0.01 0.2 0.02 0.78
unit mm g1 - - mm?2s~!  mmZs! mm?2s! - -

Table 4.4: Initial conditions.

init init init init

coy CME €oc €oB
value 25x10* 0 0 0
unit mm 3 mm> mm? mm?

The geometry and finite element discretisation of the bone sample under investigation
are presented in Fig. 4.10. After mesh refinement in both parametric directions by knot
insertion, cf. Sect. 2.2.2, the physical mesh contains 16 008 elements. The number of
control points is 16 732 which leads to 117 124 degrees of freedom in total. A convergence
study with respect to the discretisation is provided in Appendix C.6. The geometry is
obtained in the framework of isogeometric analysis by employing two patches which
are connected along the vertical symmetry line of the domain, indicated by the dotted
line in Fig. 4.9. Since a globally C'-continuous IGA framework is used, prescribing
C'-continuity across this patch boundary is of particular importance and is discussed
in detail in Sect. 2.3.2. In Appendix C.4.1, more details on the construction of the IGA
geometry as well as on the employment of C'-continuity are provided.

4.3.3.3 Purely flexoelectric initiation

The initial boundary value problem presented in Sect. 4.3.3.2 is solved within the pro-
posed IGA framework in order to investigate the flexoelectric initiation of cellular diffu-
sion processes during remodelling in cortical bone. In this section, the focus lies exclu-
sively on the flexoelectric effect as a trigger mechanism for bone remodelling whereas in
Sect. 4.3.3.4 piezoelectricity is additionally taken into account in order to compare the
impact of both effects on osteocyte apoptosis near microcracks. Overall, the simulations
are performed within a time span of 120s so that the initiation of bone remodelling as
well as the beginning of the cell diffusion processes, which can take several months in
total, are captured. For the time increment At = 1/8s is employed whereas different
choices are investigated in the convergence study in Appendix C.6.
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(a) Discretisation of the cracked domain including (b) Detail view on the mesh near the crack tip.

16 008 elements.

Figure 4.10: IGA discretisation of the cracked domain. Reproduced from [174] under the terms of the
Creative Commons Attribution License (CC BY).

Considering the model parameters, initial values as well as material parameters from
Sect. 4.3.3.1 and Sect. 4.3.3.2 and disregarding piezoelectricity at first, the simulation
results are presented in Fig. 4.11-4.16. From Fig. 4.11 it is apparent that the applied
mechanical load leads to a non-uniform strain field in the vicinity of the crack tip.
The relevant strain gradient coefficients which contribute to the flexoelectric response
are €11,1,€11,2,€22,1 and €999 for the two-dimensional boundary value problem under
consideration. The figure reveals their distributions near the crack tip at maximum load
which is prescribed between ¢ = 2s and ¢ = 3s, cf. Fig. 4.9. For the coefficients €17 ; and
€921, a change in sign is observable at the crack tip, whereas the coefficients €, 2 and
€929, 1.€. the gradient contributions with respect to the xs-axis, take extremal values at
this location.

As a consequence of the strain gradients together with the flexoelectric effect, an
electric field of maximum magnitude ||e|| = 11.6 Vmm™" can be observed near the crack
tip, see Fig. 4.12. Interestingly, this maximum value is not observed exactly at the crack
tip but slightly next to it at the crack flanks. At the crack tip itself, the magnitude of the
electric field vector is zero since the x1- and xo-component both vanish at this location.
As discussed in detail in Sect. 4.3.1.1, an electric field of the magnitude observed in Fig.
4.12 causes osteocyte apoptosis in cortical bone. This behaviour is reflected by Fig. 4.13.
In this particular case, the osteocyte concentration has locally decreased by up to 85 %
due to the induced electric field over a pulse of 5s, cf. Fig. 4.9. At a distance from the
crack, however, the electric field does not reach the critical value for osteocyte apoptosis
so that the bone cell concentration remains unchanged in comparison to the initial state.

At the locations where osteocytes have died, messenger substances are produced as
shown in Fig. 4.14. The figure presents the concentration as well as the flux of messenger
substances in the cortical bone specimen. According to their uniform diffusive behaviour,

119



4 Flexoelectricity-induced bone remodelling and microcrack healing

€11,1 in 104 mm~! €112 in 104 mm~!

—1.4 J ‘0‘.0J . 1.4 —0.9 J ‘1‘.OJ . 2.8
(a) Strain gradient coefficient €11,1. (b) Strain gradient coefficient €11,2.
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(C) Strain gradient coefficient €22,1. (d) Strain gradient coefficient €22 2.

Figure 4.11: Distribution of the strain gradient coefficients €11,1,€11,2,€22,1 and €22 2 at maximum load
[|pre|]| = 0.004 mm at time ¢ = 3s. The distribution near the crack tip is shown. Reprinted from [174]
under the terms of the Creative Commons Attribution License (CC BY).
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le|| in Vmm™! coy in 10' mm™
i " Owo‘“””g“r’o

Figure 4.12: Electric field magnitude |e|| at Figure 4.13: Osteocyte concentration coy af-
maximum load ||upre|| at time ¢ = 3s near the  ter mechanical loading at time ¢ = 5s near the
crack tip. Reprinted from [174] under the terms  crack tip. Reprinted from [174] under the terms
of the Creative Commons Attribution License of the Creative Commons Attribution License

(CC BY). (CC BY).
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(a) Messenger substance concentration cyg. (b) Messenger substance flux qy;g.

Figure 4.14: Messenger substance concentration ¢y and flux gy at time t = 5s. In (b), the contour
plot indicates the magnitude of the flux, whereas the glyphs show the flux directions. Reprinted from
[174] under the terms of the Creative Commons Attribution License (CC BY).
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they start migrating through the bone matrix and towards the domain surfaces. Due
to the Dirichlet boundary conditions prescribed as indicated in Fig. 4.9, an outflux of
messenger substances over the boundaries occurs.

In response to this outflux, osteoclastic and osteoblastic cells enter the domain through
the boundaries. In particular, these cells enter the domain over the left surface which
means that the respective threshold value of the messenger substance outflux has been
reached there. The concentration as well as the flux of the bone cells is presented in
Fig. 4.15-4.16 for two different points of time, namely directly after mechanical loading
at time t = 5s as well as at the end of the simulation, i.e. ¢ = 120s. The contour
plots and glyph representations show that the diffusion of osteoclasts and osteoblasts
within the bone excerpt is mainly directed towards the crack tip. In addition, it becomes
apparent that a migration in the direction of osteon alignment, i.e. in the direction of
the longitudinal bone axis, is preferred in comparison to the diffusion process in the
plane perpendicular to that axis. This results from the particular choice of parameters
), 1 and ny for the diffusion tensors, see Table 4.3. Moreover, the outflux of the bone
cells through the crack flanks is observable from the simulation results. A comparison
between Fig. 4.15¢ and 4.16¢ additionally yields that the cell concentration of osteoblasts
is generally larger than the concentration of osteoclasts, whereas the concentration of
both of the two BMU-forming cell types is significantly smaller than the initial number
of osteocytes. This is in accordance with the literature on bone remodelling as discussed
in detail in Sect. 4.3.3.2.

Size effect Since flexoelectricity is a size-dependent phenomenon, specimens of various
sizes are investigated in the following and the results are studied with regard to the
electric field magnitude as well as to the apoptosis behaviour of osteocytes. In particular,
the size of the specimen under investigation has been reduced by a factor of 2.0 and
increased by the same factor, respectively. The results are presented in Fig. 4.17. As
expected from the general property of flexoelectricity, the electric field in response to the
(scaled) mechanical load decreases on larger scales, whereas it takes higher values when
the size of the domain is reduced. With regard to osteocyte apoptosis, which is primarily
dependent on the magnitude of the electric field, the highest impact can be found on
the smallest bone excerpt as well. To be precise, the concentration of osteocytes in this
sample has locally decreased by up to 92 % in the vicinity of the crack tip where cell
apoptosis is most prominent, as shown in Fig. 4.17b. In comparison, the decrease in the
largest sample takes a maximum value of approx. 74 %, cf. Fig. 4.17f. Interestingly, not
only the magnitude but also the distribution of the electric field differs slightly at the
different scales. More specifically speaking, the electric field is rather focussed on the
crack tip in the large specimen in Fig. 4.17e, whereas it spreads more towards the crack
flanks as well as towards the region below the crack tip in the small specimen in Fig.
4.17a. This directly affects the apoptosis behaviour of osteocytes as well, see Fig. 4.17b
and 4.17f.
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coc in 10 mm 3 laoc| in 10' mm=2s~1
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(a) Osteoclast concentration coc, t = 5s. (b) Osteoclast flux goc, t = 5s.
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(C) Osteoclast concentration coc, t = 120s. (d) Osteoclast flux goc, t = 120s.

Figure 4.15: Osteoclast cell concentration coc and flux gg after mechanical loading at time ¢ = 55
and at the end of the simulation, i.e. t = 120s. In (b) and (d), the contour plot indicates the magnitude
of the flux, whereas the glyphs show the flux directions in the most relevant region. Reprinted from
[174] under the terms of the Creative Commons Attribution License (CC BY).
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cop in 102mm~3 llgog|l in 10! mm—2s~!
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(a) Osteoblast concentration cog, t = 5s. (b) Osteoblast flux gop, t = 5s.
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(C) Osteoblast concentration cop, t = 120s. (d) Osteoblast flux qop, t = 120s.

Figure 4.16: Osteoblast cell concentration cop and flux gy after mechanical loading at time ¢ = 55
and at the end of the simulation, i.e. ¢ = 120s. In (b) and (d), the contour plot indicates the magnitude
of the flux, whereas the glyphs show the flux directions in the most relevant region. Reprinted from

[174] under the terms of the Creative Commons Attribution License (CC BY).
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(a) Electric field magnitude ||e|| at time ¢ = 35 near the (b) Osteocyte concentration coy at time t = 5s near
crack tip. Scale factor: 0.5 the crack tip. Scale factor: 0.5
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(C) Electric field magnitude ||e|| at time ¢ = 3 s near the (d) Osteocyte concentration coy at time ¢ = 5s near
crack tip. Scale factor: 1.0 the crack tip. Scale factor: 1.0
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(e) Electric field magnitude ||e|| at time ¢ = 3's near the (f) Osteocyte concentration coy at time ¢ = 5s near
crack tip. Scale factor: 2.0 the crack tip. Scale factor: 2.0

Figure 4.17: Electric field magnitude and osteocyte concentration for simulations with varying specimen
size. The geometric dimensions as well as the applied mechanical load are scaled by a factor of 0.5, 1.0
and 2.0 with respect to the original values specified in Sect. 4.3.3.2. Reprinted from [174] under the
terms of the Creative Commons Attribution License (CC BY). 195
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Influence of the diffusion directions The results presented in Fig. 4.18 have been
obtained by simulations in which different parameters for the diffusivity of osteoclasts
and osteoblasts have been chosen in order to investigate their influence on the cellular
behaviour within the proposed model. Specifically speaking, the constants 7, n, and
7+ have been varied including settings where some of them were set to zero so that the
respective contribution to the diffusion tensor vanished. The combinations investigated
in this context are summarised in Table 4.5 and the corresponding results regarding the
behaviour of osteoclasts are presented in Fig. 4.18. Since the same directional dependen-
cies are employed for the diffusion of osteoclasts and osteoblasts, the simulation results
for the latter are not explicitly shown.

The straightforward approach in which it is assumed that BMUs migrate directly to
the remodelling site, is accounted for in the first simulation (I). The diffusion direction
of osteoclasts and osteoblasts is accordingly determined by the gradient of messenger
substances only. As a consequence, the cell flux is targeted towards the crack tip as
revealed in Fig. 4.18b and leads to the distribution of osteoclastic cells presented in
Fig. 4.18a. A strong localisation at the crack tip can be observed, since a diffusion
in directions other than the one determined by vector a, is strictly excluded. If, on
the contrary, the gradient-controlled diffusion term is neglected such that the direction
of bone cell diffusion is solely dependent on the transversely isotropic bone structure
(IT), a significant increase in cell density is observable in the right half of the domain,
see Fig. 4.18¢-4.18d. From a physics point of view, this means that the BMUs do not
necessarily reach the remodelling site where they are required for crack healing. Both
approaches, (I) and (II), can thus not model the movement of osteoclasts and osteoblasts
sufficiently accurate. Taking both contributions into account instead (III), as it has been
done for the simulation results that have been presented in Fig. 4.15 and which are shown
again for reasons of comparison in Fig. 4.18e-4.18f, a more reasonable behaviour of the
bone cells is obtained. Specifically speaking, their migration is directed towards the
crack while a preferred movement in direction of osteon alignment is observable.

Table 4.5: Variations of the parameters 7,7, and 7, for the diffusion tensors (4.88)-(4.89).

No.| »m nmo  m

I 0.0 00 1.0
IT | 098 0.02 0.0
Imr | 0.2 0.02 0.78

4.3.3.4 Combined flexoelectric and piezoelectric initiation

As discussed in Sect. 4.2, cortical bone also exhibits piezoelectric properties besides
flexoelectricity. Accordingly, non-zero values for the piezoelectric coefficients, as denoted
in Table 4.2, are taken into account in the following. In particular, the purely flexoelectric
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coc in 10> mm™—? lgoc|l in 10* mm~2s~1
(a) I: Osteoclast concentration coc, t = 120s. (b) I: Magnitude of osteoclast flux ||go¢l|, ¢ = 120s.

coc in 10" mm~3 laoc| in 10t mm~—2s~!
0.0 18 3.7 0.0 95 5.0
(c) II: Osteoclast concentration coc, t = 120s. (d) II: Magnitude of osteoclast flux ||goc]l, t = 120s.

coc in 10" mm~? llgoc|l in 10 mm—2s~!
0.0 2.2 4.4
L T O'iO\HHHHZTS 5i‘0
(e) III: Osteoclast concentration coc, t = 120s. (f) III: Magnitude of osteoclast flux ||goc||, t = 120s.

Figure 4.18: Osteoclast cell concentration coc and magnitude of the flux ||goc|| at the end of the
simulation, i.e. ¢ = 120s, for the different parameter sets defined in Table 4.5. Reprinted from [174]
under the terms of the Creative Commons Attribution License (CC BY). 197



4 Flexoelectricity-induced bone remodelling and microcrack healing

or piezoelectric response as well as the combination of both is investigated. By comparing
Fig. 4.19a and 4.19c, it is apparent that the electric field induced by piezoelectricity is not
only higher in terms of its magnitude but also less focussed on the crack tip in comparison
to the flexoelectric response for the boundary value problem under consideration. This is
due to the coupling between electric polarisation and mechanical strains activated by the
piezoelectric effect. Thereby, an electric field is induced in a larger part of the domain,
including regions further away from the crack where an increasingly homogeneous strain
field can be found. With regard to the apoptosis behaviour of osteocytes, Fig. 4.19d
indicates that, in the case of pure piezoelectricity, the regions to the left and right of the
lower crack flanks are most critical for cell death.

If both, piezoelectricity and flexoelectricity, are activated, an unsymmetrical pattern
arises with regard to the electric field distribution, see Fig. 4.19e. In addition, it is
observable that its maximum magnitude is lower in comparison with the purely piezo-
electric result. This behaviour, which seems unintuitive at first, can be attributed to the
different underlying physical mechanisms that manifest themselves in the specific form
of the flexoelectricity and piezoelectricity tensors. In order to obtain a deeper under-
standing of this behaviour, the individual coefficients e; and ey of the electric field are
presented in Fig. 4.20 and supplementary plots combining both the information on the
magnitude and on the direction of the electric field are provided in Appendix C.5.1. Fig.
4.21 additionally presents the strain coefficients 11, €99 and €15 which are responsible for
the electromechanical coupling in the purely piezoelectric model. According to the form
of the piezoelectricity tensor defined in (4.134), the normal strain components contribute
to the electric field in x;-direction, whereas the shear components contribute to the com-
ponent in xs-direction. Consequently, the change in sign in Fig. 4.21c is reflected by the
ey coefficient in Fig. 4.20d whereas the distribution of £1; and €99 in Fig. 4.21a-4.21b is
reflected by the coefficient e;, see Fig. 4.20b. In a similar manner, the strain gradient
contributions presented in Fig. 4.11 can be evaluated together with the particular form
of the flexoelectricity tensor from (4.135). Thereby, the distributions e; and ey presented
in Fig. 4.20a and 4.20c are obtained which show the opposite behaviour compared to
their counterparts derived for pure piezoelectricity. These characteristics finally lead to
the unsymmetrical pattern observed in the magnitude of the electric field. Regarding
the apoptosis of osteocytes, see Fig. 4.19f, this effect is also observable since the de-
crease of the osteocyte concentration is directly related to the electric field magnitude,
as discussed in Sect. 4.3.1.1.

Finally, the size effect shall be studied together with combined flexoelectric and piezo-
electric mechanisms. In contrast to flexoelectricity, piezoelectricity is not a size depen-
dent phenomenon. This means that the latter is expected to play a less significant role
on small scales but to dominate on larger scales. In order to investigate this behaviour
by the simulations, the size and the loading of the cracked domain are scaled by factors
of 0.5 and 2.0, analogously to the studies in Sect. 4.3.3.3 and the results are presented in
Fig. 4.22. The unsymmetrical distribution of the electric field is found to be more notice-
able with decreasing specimen size. For the larger sample in Fig. 4.22c, the piezoelectric
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lell in Vmm™? coy in 10* mm~3

: L ‘5~‘SJ L 11.6 0.37 140, 250
(a) Electric field magnitude ||e|| at time ¢ = 3 s near the (b) Osteocyte concentration coy at time t = 5s near
crack tip. Pure flexoelectricity. the crack tip. Pure flexoelectricity.

el in Vmm~* coy in 10 mm~3

0.0 13.9 27.2 0.03 1.27 2.50
ﬁ L1l ‘ (S \H “ I T B |
(C) Electric field magnitude ||e|| at time ¢ = 3 s near the (d) Osteocyte concentration coy at time ¢ = 5s near
crack tip. Pure piezoelectricity. the crack tip. Pure piezoelectricity.

1

3

coy in 10* mm~

le|l in Vmm™

0.0 10.2 20.4 0.12 1.31 2.50
(e) Electric field magnitude ||e|| at time ¢ = 35 near the (f) Osteocyte concentration coy at time ¢ = 55 near the
crack tip. Combined flexoelectricity and piezoelectricity. crack tip. Combined flexoelectricity and piezoelectricity.

Figure 4.19: Electric field magnitude ||e|| and osteocyte concentration coy for simulations considering
pure flexoelectricity, pure piezoelectricity and both effects combined. Reprinted from [174] under the
terms of the Creative Commons Attribution License (CC BY).
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4 Flexoelectricity-induced bone remodelling and microcrack healing

effect clearly exceeds the flexoelectric one such that the results regarding the electric field
distribution are rather similar to those obtained previously by setting all flexoelectric
coefficients to zero, see Fig. 4.19c. However, at increasingly small scales, the flexoelectric
effect gains importance. Since the piezoelectricity-induced electric field does not change
with the sample size, flexoelectricity will generally exceed piezoelectricity when small
enough scales are considered.

1

€1 in Vmm™! e1 in Vmm ™
—11.2 J ‘O‘Oj N 11.2 —8.9 ‘—12.12‘ . 4.6
(a) Electric field coefficient e; near the crack tip. (b) Electric field coefficient e; near the crack tip.
Pure flexoelectricity. Pure piezoelectricity.

ey in Vmm™! e in Vmm™!
-89 —-038 7.3 —27.7 0.0 27.7
L B [ A o
(C) Electric field coefficient es near the crack tip. (d) Electric field coefficient es near the crack tip.
Pure flexoelectricity. Pure piezoelectricity.

Figure 4.20: Electric field coefficients e; and ey at time ¢ = 5 for simulations considering either pure
flexoelectricity or pure piezoelectricity. Reprinted from [174] under the terms of the Creative Commons
Attribution License (CC BY).
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€11 £92
—0.03 ‘ J(‘).‘317J J 0.77 —0.43 “_p.‘l‘4J ‘ 0.16
(a) Strain coefficient 11. (b) Strain coefficient €95.

€12

—0.41 [ \00\ 1L 041
et i

(C) Strain coefficient €12.

Figure 4.21: Strain coefficients €11, €22 and €12 at maximum load |[upre|| at time ¢ = 3s. Pure piezo-
electricity is considered in the simulations. The distribution near the crack tip is shown. Reprinted
from [174] under the terms of the Creative Commons Attribution License (CC BY).
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1 1 1

le]| in Vmm™ |le]] in Vmm™ lle]] in Vmm™
0.0 [ \1\1\'5\ [ 23,0 0.0 - \1\1"5x [ 23.0 0.0 [ \1\1[5\ [ 23,0

(a) Scale factor: 0.5 (b) Scale factor: 1.0 (C) Scale factor: 2.0

Figure 4.22: Electric field magnitude ||e]| for simulations with varying specimen size and with combined
flexoelectricity and piezoelectricity. The geometry parameters as well as the applied mechanical load
are scaled by a factor of 0.5, 1.0 and 2.0 with respect to the original values specified in Sect. 4.3.3.2.
The results are shown at time ¢ = 3s near the crack tip. Reprinted from [174] under the terms of the
Creative Commons Attribution License (CC BY).

4.4 IGA-FEA modelling approach for
flexoelectricity-induced bone remodelling and
microcrack healing

The modelling approach proposed in Sect. 4.3 captures the initiation of bone remodelling
by flexoelectricity, i.e. osteocyte apoptosis and subsequent signalling mechanisms which
lead to the recruitment of osteoclasts and osteoblasts towards the remodelling site. The
bone-forming activity of the bone cells in the subsequent remodelling process, however, is
not included in that model and will be the focus of this section. The governing equations
as well as the numerical aspects are thus similar to a certain extent whereas an extension
with respect to surface growth is made and more detailed signalling mechanisms as well
as the regeneration of the global osteocyte field during crack healing are incorporated.
Moreover, crack evolution is captured in a discretised manner so that osteocyte apoptosis
is accounted for along the entire crack length and not only near the crack tip at the final
state of cracking. From a numerics point of view, the computational framework is not
fully embedded in isogeometric analysis as in Sect. 4.3 but in a combined IGA-FEA
scheme and a separation of time scales between the fast crack event and the comparably
slow cell diffusion processes together with the crack healing is employed.

The modelled process is illustrated in Fig. 4.23 with detailed captions summarising the
main information on the modelling approach which will be presented in the subsequent
sections. In particular, the following steps are included:
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1. Flexoelectricity-induced electric fields occur during crack evolution in the me-
chanically loaded, cortical bone structure.

2. Osteocytes undergo apoptosis in locations where the induced electric field
exceeds a critical value.

3. Messenger substances are produced in consequence of osteocytes apoptosis
which initiates the remodelling process.

4. Osteoclasts are recruited from the vasculature by the messenger substances
and migrate through the bone matrix towards the crack tip while producing,
respectively releasing new messenger substances.

5. These messenger substances recruit osteoblasts which subsequently migrate
towards the remodelling site similar to the osteoclasts.

6. Osteoblasts which reach the open crack surfaces form new bone material by
means of surface growth.

7. During bone formation, osteoblasts differentiate into osteocytes so that the
osteocyte concentration successively regenerates.

Due to the complexity of the biochemical processes taking place during bone remod-
elling, several simplifications are considered which are consistent with the assumptions
made in Sect. 4.3. To be precise, cells are not accounted for individually but in form
of "smeared” concentration fields as is a common assumption for diffusion models, see,
e.g., [113, Chapter 11]. Moreover, the complex biochemical signalling mechanisms which
regulate the remodelling process are represented by the activity of different messenger
substances. The (lower-scale) tunnels excavated by osteoclasts are not explicitly re-
solved. Besides, new bone material which is produced by the remodelling activity of
osteoblasts is considered intact and mineralised, such that the mineralisation process
itself is not modelled and osteoblasts transform into osteocytes instantaneously.

4.4.1 Balance equations

In the following sections, the multiphysics modelling approach proposed for the investi-
gation of the bone remodelling process including crack healing is presented in extension
of the model established in Sect. 4.3.1. For the sake of completeness, the entire set of
partial differential equations as well as all source and flux terms are provided in Sect.
4.4.1.1 whereas in the subsequent sections only new contributions are discussed.

4.4.1.1 Chemo-electro-mechanical coupling

Being an extension of the model presented in Sect. 4.3.1, the bone remodelling process
illustrated in Fig. 4.23 gives rise to a chemo-electro-mechanically coupled modelling ap-
proach in order to account for flexoelectric effects and their impact on bone cell migration
and crack healing. The diffusion equations for the bone cells and messenger substances,

133
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(a) Initiation of bone remodelling by osteocyte
apoptosis: During crack evolution, high strain gradi-
ents can be found in the vicinity of the crack tip. As
a result of the flexoelectric effect, local electric fields
occur accordingly, which lead to osteocyte (OY) apop-
tosis. In the schematic, the crack at the end of the
fracture event is shown and dead osteocytes, indicated
by the red colour, are found in the vicinity of the crack.
Signals, respectively substances, that are sent out by
dying osteocytes and their neighbouring cells are trans-
mitted through the dense osteocyte network and to-
wards the lining cells on the surfaces. They are ac-
counted for in terms of messenger substances (MC) in
the model and indicated by black arrows.

(b) Osteoclast recruitment and activity: Osteo-
clasts (OC) are recruited for the remodelling process
as a consequence of the osteocyte signalling. Under
a steady supply from the vasculature, they enter the
domain and migrate through the bone matrix. Their
movement is directed towards the crack or, in other
words, steered by the microdamage [100]. In addition,
the main direction of osteon alignment influences the
diffusion direction of these bone cells. During the activ-
ity of osteoclasts, growth factors are produced as well
as released from the matrix and serve as attractants for
osteoblasts as they diffuse through the bone. They are
accounted for as a second type of messenger substances
(MB), as indicated by black arrows.

(C) Osteoblast recruitment and activity: The
produced messenger substances (MB) steadily recruit
osteoblasts (OB) in a similar manner as osteoclasts
have priorly been recruited. Osteoblasts subsequently
enter the domain and follow the osteoclasts through the
bone matrix, i.e. they move with the same anisotropic
diffusion direction towards the crack. Throughout the
remodelling process, osteoblasts are steadily supplied
from the vasculature.

(d) Crack healing and regeneration of the osteo-
cyte field: When osteoblasts reach the crack surfaces,
they form new bone material by surface growth, and
thereby gradually heal the crack. During this process,
osteoblasts transform to osteocytes while they become
embedded in the new bone matrix. For the sake of
simplicity, the mineralisation process is neglected in
this context or, in other words, it is assumed that the
newly produced bone material is fully mineralised in-
stantaneously at the time of apposition.

Figure 4.23: Sketch of a targeted remodelling process in cortical bone in the presence of an initial crack.
The illustration shows the simplified process which is considered in the proposed modelling approach.
The main cell types involved are osteocytes (OY, blue), osteoclasts (OC, orange) and osteoblasts (OB,
green, filled). Bone lining cells (green, not filled) are also included in the sketch although they do
not act as an independent field in the modelling approach but are implicitly accounted for through
appropriate boundary conditions. All messenger substances (MC, MB) are indicated by black arrows.
In the presented setting, the horizontal axis is the longitudinal bone axis. Reprinted from [175] under
the terms of the Creative Commons Attribution License (CC BY).
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in combination with the balance equations for the electromechanical continuum under
investigation, form a set of coupled balance equations which can be written as

0=V, T in 0 (4.139a)

0=V, d in 0 (4.139b)
coy = —sovyye(|lell, coy) + soyos(cov, cos) in 2 (4.139¢)
e = —Va - Qe + SMc(Coy> in 2 (4.139d)
coc = —Vz - goc in (2 (4.139¢)
ém = —Va - @up + svs(coc) in 2 (4.139f)
¢oB = —Va - gop — Sov/o(Coy, coB) in 2 (4.139¢)

and is to be solved for the mechanical displacements w, the electric poten-
tial ¢ as well as all involved chemical concentrations as degrees of freedom, i.e.
dof = {u, ¢, coy, cnme, coc, B, Co }, in the domain 2. In comparison to the model
proposed in Sect. 4.3.1, additional messenger substances (MB) are introduced, which
contribute to the reversal from the osteoclastic resorption phase to the osteoblastic for-
mation phase, and a new source term (soy,/og) is added to account for the differentiation
of osteoblasts into osteocytes.

In the quasi-static balance of linear momentum (4.139a), mechanical body forces
are neglected in this work which yields a divergence-free total stress tensor oi,:. As
shown in (4.5), this tensor contains higher-gradient contributions through the hyper-
stress tensor 7 (energetically conjugate to V&) in addition to the Cauchy-type stress
tensor o (energetically conjugate to €).

The second balance equation (4.139b) states Gauss’s law of electricity with the as-
sumption of no free charges since a dielectric material is considered. Accordingly, the
dielectric displacement vector d is also divergence-free.

The evolution of the osteocyte concentration coy in time (4.139c) is modelled in
terms of a source term as well as a sink term with different coupling properties. More
specifically speaking, the sink term

soy/e = kov, |1 —exp —M% (4.140)
Ecrit COy

models the apoptotic behaviour of the bone cells as revealed by the experiments per-
formed in [120]. As shown in Fig. 4.24, the sink term increases rapidly when the norm
of the electric field reaches a value of 10 Vmm ™' which has been found to be a critical
value for immediate cell death. However, cell damage and apoptosis already start at
values of 1 Vmm ™, cf. [120]. Further details on this sink term can be found in Sect.
4.3.1.1. The second term on the right-hand side of (4.139¢) governs the differentiation
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4 Flexoelectricity-induced bone remodelling and microcrack healing

of osteoblasts into osteocytes during the formation of new bone material as discussed in
detail in Sect. 4.2. Accordingly, the source term is defined as

init
COB [COY - COY]
crit init

CoB Coy

soy/oB = kov2 |1 —exp | — (4.141)

It possesses a similar saturation-type structure as the sink term (4.140) in order to ensure
that the concentration of osteocytes increases due to the presence of osteoblasts but does
not exceed the reference value of ¢ = 2.5 x 10* mm ™3, cf. Fig. 4.25. In Appendix C.3.2
this issue is addressed in terms of a numerical study.

Soy/e in 10* mm—3s~!
soy/0B in 10* mm—3d~!

1o 00

10

50 20
: J 30 s 0 3.0

2. 25 10 20 ) “., 25 50 40 3

e
[le]] in Vmm™ cop in 10> mm

Figure 4.24: Sink term sgyse for the osteo-

cyte concentration as a function of the elec-
tric field magnitude and of the osteocyte con-
centration itself. In the initial state in which
et = 2.5 x 10*mm~3 holds, the magnitude of
the sink term increases rapidly when the electric

field approaches a magnitude of 10 Vmm ™. Re-

Figure 4.25: Sink term sgy,/op for the osteocyte
concentration as a function of the osteoblast con-
centration and of the osteocyte concentration.
Within the bone remodelling process, osteoblasts
differentiate into osteocytes while becoming em-
bedded in the bone matrix. Consequently, the
osteocyte concentration increases with the num-

produced from [175] under the terms of the Cre-

ber of active osteoblasts until the initial os-
ative Commons Attribution License (CC BY).

teocyte concentration ¥ = 2.5 x 10*mm=2 in
healthy bone is regained. Reprinted from [175]
under the terms of the Creative Commons Attri-
bution License (CC BY).

Diffusion equation (4.139d) describes the migration of messenger substances which are
produced in consequence to osteocyte apoptosis and subsequently transmitted through
the bone matrix in order to recruit osteoclasts to the remodelling site. These represent
"active” signalling mechanisms in terms of osteoclastic secretion of, e.g., M-CSF and
RANKL on the one hand, and ”passive” signalling mechanisms by the decreased level of

sclerostin on the other hand, cf. Sect. 4.2. Accordingly, the corresponding source term
reads

init

sme = kuc {1 — CO—Y}
oY

(4.142)
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equally as in (4.84) and takes positive values as soon as the local osteocyte concentration
has decreased with respect to the initial value ¢5¥. The diffusive behaviour of the
messenger substances is isotropic such that the flux term in (4.139d) reads

dvic = —Dwuc Vaone (4.143)

with the constant diffusion coefficient Dyc, cf. (4.85).

The recruitment of osteoclasts by the messenger substances is incorporated into the
model through boundary conditions under the assumption that the bone excerpt under
investigation is connected to the surrounding vascular system. Specifically speaking, it
is assumed that Haversian and Volkmann’s canals are located at the boundaries of the
considered domain. As soon as the flux of messenger substances exceeds a predefined
threshold at these boundaries or, more physically speaking as soon as enough signals
have been detected, osteoclasts enter the domain. For the finite element model, this
means that the osteoclast flux at each surface node S is prescribed by coupling the
corresponding entry f5¢ . in the global generalised surface force vector to the respective
generalised reaction force value f{ic c,s 1-€.

_ ) —kocquc if quc = qmCmin
doc =
0 else

S : S S
- kOC fMC,rea if fMC,rea 2 fMC,min

4.144
0 else ( )

such that fgc?pre = {
with

for= A N4 q,.da, e c {OC, MC}, x* € {pre,rea,min}. (4.145)

e=1 A=1 69;

Therein, constant koc specifies the linear relation between the coefficients of the gen-
eralised force contributions and gycmin > 0 is the prescribed threshold value for the
outflux of messenger substances at the boundary 0(25. The respective threshold value
fﬁqmin at node S is calculated from gyicmin by using the ne, basis functions N4 on
each of the ng, surface elements, assembling the local contributions on element level to
their global counterparts by operator A, and extracting the nodal value corresponding
to node S. After osteoclasts have entered the domain, the diffusive term in (4.139) de-
scribes their migration through the bone. As discussed in [100], osteoclasts are steered
by the microdamage in order to perform targeted bone remodelling at the damaged site.
Moreover, these bone cells move preferably in the direction of osteon alignment, see Sect.
4.3.1.1. Based on these two characteristics, the modelling approach for the osteoclast
cell flux is assumed to take the form
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doc = —Doc - Vzcoc (4.146)
with the anisotropic diffusion tensor
Doc = Doc A (4.147)

based on structural tensor A which has been introduced in (4.90).

The coupling between osteoclastic and osteoblastic activity is accounted for by a
second type of messenger substances in the present modelling approach. These include,
e.g., matrix-derived growth factors such as TGF-£ and IGPs as well as osteoclast-derived
coupling factors like BMP-6 and Wnt10b, see [148] and the discussion in Sect. 4.2. The
production and diffusion of these messenger substances is described by diffusion equation
(4.139f). Therein, the source term

smB = kmB Coc (4.148)

describes the increase of the messenger substance concentration cyg in response to the
presence of osteoclasts in terms of a linear relation with scalar factor kyg. In analogy to
the diffusive behaviour of the messenger substances for the osteoclast recruitment, the
flux term

qvs = —Dup Veous (4.149)

is determined by the constant diffusion coefficient Dyg.

Finally, the diffusion of the osteoblasts is considered in (4.139g). The recruitment
of osteoblasts by their messenger substances is incorporated by the prescription of in-
flux boundary conditions by analogy with (4.144)-(4.145). Accordingly, the influx of
osteoblasts is prescribed by using a constant factor kog which yields

_ ) —kosqus i guB = qMBmin
doB =
0 else

S : S S
- kOB fMB,rea if fMB,rea > fMB,min

4.150
0 else ( )

such that ngmre = {

i.e. an influx is activated as soon as the threshold for the outflux of messenger substances
is reached at the surface node S under consideration. The diffusion of osteoblasts is
modelled similarly to the osteoclast diffusion such that the flux

qdop — _DOB . vaOB (4151)
is governed by the anisotropic diffusion tensor

DOB = DOB A. (4152)
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Since in the cortical bone remodelling process, osteoclasts excavate tunnels through
which osteoblasts migrate, the diffusion direction of the osteoblast field in the proposed
modelling approach is the same as the direction for the osteoclast diffusion, see (4.147).
The remaining term in (4.139g) is the sink term stemming from the differentiation of
osteoblasts to osteocytes during the formation of new bone and subsequent mineralisa-
tion. It is the direct counterpart to source term (4.141) for the osteocyte concentration
in (4.139¢), such that the transformation between the two cell types is modelled consis-
tently. The governing set of equations including the definition of all source terms and
flux terms is summarised in Table 4.6.

Table 4.6: Governing balance equations, source terms and flux terms.

Balance equations

0=Vg Ot in 2
0=V, -d in 2
¢oy = —soyy/elllell; coy) + soy,oB(coy, cop) in 2
éMce = —Vg - gqyc + SMc(Coy) in 2
éoc = —Vx *qoc in Q
éMB = —Vz - qup + smB(coc) in {2
¢oB = —Va " qop — SOY/OB(COYa coB) in {2
Source terms Flux terms
el C _
soy/e = kOY,l |:1 — exp <— H H 1?1?;>:| anic = —Dwic Vzemc
Ccrit Coy
el ] qoc = —Doc - Vzcoc
CoB [Coy — €Oy
soy/oB = kovz2 |1 —exp | —— init gy = —Dus Veeus
COB coy D -
sme = ke |1 — X 9o = —HOB* VaCOB
B Doc = Doc A
sMB = kmB coc Do = Do A

4.4.1.2 Balance of energy

The balance of energy for the chemo-electro-mechanical coupling in this work has been
derived in Sect. 4.3.1.2. The chemical contributions in the global form (4.95) are refor-
mulated in the following for the particular modelling approach proposed in Sect. 4.4.1.1.
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Taking into account contributions from the osteocytes, osteoclasts and osteoblasts as
well as from the different types of messenger substances, the chemical powers are

Qchem,0Y = —/ 1oy Soy e dv + / Koy Soy/os dv =: / Qoy dv, (4.153)
I7; Q I7;
Qchem,MC = / ,ulti/[c gmMc da + / ,ulc\/[C SMC dv
o0 0
= —/ Ve - [tic @uc) dv —I—/ Hyie Sme dv =: / Qe dv, (4.154)
I7; I7; I7;
Qchem,0C = / Hoc qoc da = —/ Ve * 10 Goc) dv =: / Qoc dv, (4.155)
o0 Q Q
Qchem,MB = / Hys @us da + / tyis Sms dv
a0 I7;
—/ Va - [y gus] dv +/ fing S dv =: / Qup dv, (4.156)
I7; I7) I7;
Qchem,0B = / Hop gos da — / HoB Soy o dv
o0 Q
= —/ Ve - 165 Qop) dv — / Wop Soy o dv =: / Qog dv, (4.157)
I7; I7; I7;

with the chemical potentials p&y, t5cs KOs Mups Hop and with the surface fluxes

gMc = —qyc 1, doc = —qopc ' 1N,
quB = —qyB "N, (JoB = —(qopp - MN. (4-158)

Under the use of the (dynamic version of the) balance of linear momentum (4.139a)
and Gauss’s law (4.139b), the global form of the balance of energy thus results in

/pHdv—/[Vu] adv+/[VVu]: 7rdv+/V¢ ddv

/QOYdU+/QMCdU+/QOCdU

+/QQMBdU+/QQOBd'U+/Qchd'U (4.159)

and the corresponding local form is

pH=¢:0+Ve:-m—eé-d
+ Qoy + @uc + Qoc + Qus + Qos + Q- (4.160)
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4.4.1.3 Dissipation inequality

In Sect. 4.3.1.3, the dissipation inequality, respectively Clausius-Duhem inequality has
been derived for the chemo-electro-mechanical coupling proposed in this work. The
results therein can be adopted for the present section. Accordingly, the dissipation
inequality (4.106) holds whereas the considered chemical contributions therein must be
specified as @ € {OY,MC, OC, MB, OB}. The same applies to the constitutive relations
(4.107) derived by following the procedure of Coleman and Noll.

4.4.2 Modelling of bone cell-driven surface growth

The targeted diffusion of osteoblasts towards the crack surface, as described in Sect.
4.4.1.1, is the starting point for crack healing since these cells form new bone material
on the open surfaces. From a modelling point of view, this means that the outflux of
osteoblasts —qop = qop - ™ over these surfaces can be regarded as the driving force
for surface growth. Within the scope of the present contribution, growth is modelled
in discrete time steps, denoted as spurts, as will be discussed in more detail in Sect.
4.4.5.3. Accordingly, the outflux of cells is integrated over the time interval between two
distinct growth spurts and determines the prescribed growth in normal direction of the
considered growing surface. The expansion of the outer surface (in one growth spurt)
can then be described by a displacement

u; =u® n=ky Y [—qos); At; (4.161)

%

for each individual surface node. Therein, At; are the time increments used in the
simulation whereas AtY = Y. At; is the time between two adjacent growth spurts.
The constant factor kg, (flt: form, lifetime) represents an estimate for the volume of
osteoid produced by one osteoblast cell over its entire lifetime. Since this factor is
dependent on several characteristic values such as the radius of the resorption cavity and
the surface curvature, the value employed in this work is based on average values from the
literature. More specifically speaking, the average lifetime of active osteoblasts is taken
from [96] as 3 months ~ 90 days (d) and the produced bone volume by one osteoblast per
day is estimated on the basis of [27, 28] as kform = 150 um® d ™! per cell. Consequently,
kae =~ 1.35 x 1075 mm? per cell is used. For the simulations performed within the scope
of this work, a smoothing of the pointwise prescribed normal displacement (4.161) is
incorporated by averaging over a set of five neighbouring surface nodes.

4.4.3 Computational framework

Due to the different time scales of the fast crack event (seconds) with the resulting os-
teocyte apoptosis on the one hand, and the slow diffusion processes of bone cells as well
as the successive healing process (days up to months) on the other hand, a separation
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of time scales is employed in the proposed computational framework. Moreover, the
higher-order PDEs resulting from the incorporation of flexoelectric effects, cf. (4.139a)-
(4.139b), require an at least C''-continuous discretisation, whereas the subsequent diffu-
sion processes can be solved via a classic finite element method with C°-continuous basis
functions. For the flexoelectric calculations, isogeometric analysis is thus a reasonable
choice since higher-order PDEs can be solved directly without resorting to mixed-type
multi-field formulations. On the other hand, the prescription of growth as discussed in
Sect. 4.4.5.3 is more intuitive in a finite element framework since typical FEA basis func-
tions are interpolatory in contrast to NURBS-based IGA discretisations. These different
aspects motivate a framework in which the crack event and resulting flexoelectricity-
induced osteocyte apoptosis are implemented by using isogeometric analysis with global
C'-continuity and a time scale of seconds, whereas the diffusion equations as well as the
surface growth mechanisms are incorporated in a classic finite element scheme with a
time scale of days. The coupling between the two parts of the simulation is performed by
projection of nodal values as indicated in the flowchart presented in Fig. 4.26. In order
to simplify the transfer of nodal values from the IGA simulation to the FEA simulation,
the same physical mesh is used in both frameworks. However, the nodal points in the
mesh are, unlike in the classic finite element scheme, not the degrees of freedom in IGA.
Consequently, a projection of the field variables to the nodal points in the mesh via the
basis functions is required before the transfer can be carried out. Both frameworks are
treated in more detail in the following sections.

o> >

- Mesh update
| Mechanical impulse | | Reference geometry |'—

l Flexoelectricity l Osteoblast
differentiation
| Local electric field | —'| Osteocyte distribution |~—
| Osteocyte apoptosis | Production of messenger substances
‘ for osteoclast recruitment

Final osteocyte distribution

Osteoclast influx and migration

Production of messenger substances
for osteoblast recruitment

| Osteoblast influx and migration }7

I

| Surface growth |

Figure 4.26: Combined IGA-FEA scheme for bone remodelling simulations including flexoelectricity
and surface growth. Reproduced from [175] under the terms of the Creative Commons Attribution
License (CC BY).
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4.4.4 IGA framework

Within the IGA framework, the electromechanical response to mechanical loading as well
as the apoptosis of osteocytes as a consequence of induced electric fields is captured.
The set of degrees of freedom for this part of the simulation is {u, ¢, coy}. For the
approximation of these fields, quadratic NURBS basis functions are employed which
possess advantageous continuity properties as discussed in detail in Sect. 2.1.3. Within
the scope of this work, a multipatch IGA framework is established such that the required
C'-continuity of the basis functions needs to be retained at the patch interfaces in
particular. This is accomplished by the use of appropriate linear constraints as discussed
in detail in Sect. 4.3.3.2 and corresponding Appendix C.4.1.

As indicated in Fig. 4.26, the overall aim of the IGA simulation is the calculation
of the osteocyte distribution after apoptosis has been induced by a crack event. In the
present contribution, the crack evolution is simulated in discrete time steps and the
final osteocyte concentration along the entire crack is obtained by interpolation. More
details on this procedure will be given in Sect. 4.4.6.3 together with the corresponding
simulation results for a representative numerical example.

4.4.4.1 Weak form of the governing equations

In the IGA framework, the governing equations are the balance of linear momentum
(4.139a), Gauss’s law (4.139b) and the rate equation of the osteocyte concentration
(4.139¢). In the latter, however, only the sink term with respect to the electric field
(4.140) is active whereas the source term (4.141), which incorporates the differentiation
of osteoblasts into osteocytes, is neglected since osteoblasts are not accounted for in the
IGA framework. The weak form of the governing equations is obtained as

O:/Vwéu:adan/Vmeéu:-ﬂ'dv—/ du-tda (4.162)
0 Q o0
O:—/ Vw(5¢-ddv—/ dpwda (4.163)
2 002
0= / 5CQY éOY dv +/ 5CQY Soy/e dv (4164)
2 Q

by following the procedure discussed in Sect. 4.1.2.1 and Sect. 4.3.2.1.

4.4.4.2 Discretised weak forms

With the discretised test functions specified in (4.113) and under the use of a Backward-
Euler integration scheme, cf. (4.114), the discretised forms of (4.162)-(4.164) result in

el nep

ruzAZ/ea-VwRAdv+/e7r:VmeRAdv—/amtRAda (4.165)

e=l A=1

143



4 Flexoelectricity-induced bone remodelling and microcrack healing

Del  nNep

o= AZ/ d-VfcRAdv—l—/ wR*da (4.166)
e=1 41 e o8¢
Del  nep
roy = A1 Z/ RA W dv + / R4 soy/e dv. (4.167)
e=l g1 /¢ ¢

These contribute to the residual vector r = [r,,, T, roy]" with respect to the vector of
degrees of freedom ¢ = [u, ¢, coy]' in the IGA simulations. The tangent contributions
corresponding to the residual vectors in the underlying Newton-Raphson scheme are
derived in Appendix C.1.2.

4.4.5 FEA framework

The second part of the simulation takes place within a finite element framework with
Lagrangian basis functions. In particular, 4-noded quadrilateral elements are employed
for the discretisation of the geometry and unknown fields which, for this second part,
read {x, coy, cme, oo, cmB, cop - In this list of degrees of freedom, vector @ representing
the geometry in terms of nodal coordinates has been added, since these coordinates may
change due to the mesh update procedure which is incorporated for the handling of
surface growth as will be discussed in detail in Sect. 4.4.5.3. The initial mesh, however,
originates from the IGA framework such that the nodal coordinates coincide in both
simulations before growth occurs.

4.4.5.1 Weak form of the governing equations

Complementing (4.162)-(4.164), the weak form of the governing equations (4.139c)-
(4.139g) in the FEA scheme is derived in the following. Regarding the rate equation for
the osteocyte concentration, the coupling between osteocytes and electric contributions
is not part of the FEA framework but has been incorporated into the IGA framework.
The source term which models the differentiation of osteoblasts into osteocytes during
remodelling is, however, considered in the weak form for the finite element analysis which
results in

O:/écoyéoydv—/ 5CQYsoy/OBdU. (4168)
) 0

The weak form of the rate equation of messenger substances (4.139d) which are re-
sponsible for osteoclast recruitment, is obtained by employing the virtual concentration,
respectively test function, dcyc, accordingly
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0 :/ 6CMC éMC dv + / 5CMC Vm gnic dv — / 5CMC SMC dv
9] n N
:/ deyic ey dv — / Vzocme - g e dv
2 2

— deme guc da — / denvc sy du. (4.169)
a0 Q

Analogously, the weak form of the rate equations (4.139¢)-(4.139g) is derived by using
the virtual concentrations, respectively test functions, dcoc, deyp and dcop so that

0 _/ 5Coc éQC dv — / Vwécoc ‘oo dv — / 5CQC qoc da (4.170)
9} N on
0 :/ 6CMB éMB dv — / VmécMB ‘9B dov
2 [0}
- / 5CMB aqMB da — / 5CMB SMB dv (4171)
a12 2
0 :/ dcop Cop dv — / VzdcoB - qop dv
9} (9}

— / 5CQB qoB da + / (560]3 S0Y /0B dv. (4172)
of? 2

4.4.5.2 Discretised weak forms

Within the FEA framework, the weak forms (4.168)-(4.172) are discretised by using La-
grangian basis functions L. Similar to the IGA discretisation in this work, an isoparamet-
ric Bubnov-Galerkin approach is employed so that the discretisation of the test functions
for the concentration fields ¢, with @ € {OY, MC, OC, MB, OB} follows as

Nen

ocg =Y oLt (4.173)
A=1

where ng, is the number of Lagrangian basis functions per element. For derivatives in
time, the Backward-Euler method is used as in (4.114).

In the FEA framework, the global residual vector for the global vector of unknowns
» = [coy, tme, Coc, CMB, cOB}t is r = [rov, "y, Toc, TMB, TOB]t. The individual contri-
butions to the global residual vector can be written as

Nel nep
Toy = A Z/ LA W d’U _ / LA SOY/OB dU (4174)
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Nel  Nep
rve =AY / [AMET MO gy [ YLt gy do
e=1 A=1 e At e
- / LA ()Y (e} da — / LA SMC dv (4175)
ane Qe
Del  mnep
Coc — COC,n A
= LA 2Ry — =L d
ToC AAZ:l/ A7 v /EV goc dv
— / LA qoc da (4176)
one
Del  nep
"'MB:AZ/ JACMB — CMBm g VoL - gy dv
e=1 A:l e At Qe
—/ L qup da —/ LA syp do (4.177)
ane Qe
el nep
COB — COB,n A
TOoB A;/ At v /EV qop dv
— / L gop da + / LA s0y/oB dv. (4.178)
ane e

In C.1.2, the corresponding tangent contributions are derived.

4.4.5.3 Moving mesh approach

A main feature of the finite element framework established in this contribution is the
surface growth algorithm. The numerical implementation of surface growth follows the
approach proposed in [21] based on an evolving reference configuration. However, the
algorithm has been developed for a finite deformation setting but is employed for small
deformations within the scope of this work.

The general idea of the algorithm is a mesh update in prescribed growth intervals At
in which a movement of the outer domain boundaries is applied instantaneously. For
the sake of consistency, At < At“ has to hold for the time increment in the simulation.
In each of these growth spurts the updated domain (2 results from the union of the
previously existing domain {2 and the newly grown domain G, ie. 2 = 2 U G, as
indicated in Fig. 4.27. On the growing boundary 92, the nodal points of the finite
element mesh are displaced according to the prescribed growth uS. In order to avoid large
mesh distortions, the locations of all interior nodes as well as the tangential placements of
the boundary nodes are also updated. For this purpose, a linear elastic boundary value
problem is solved with respect to the unknown nodal displacements u® of the finite
element mesh. Therein, isotropic Hooke elasticity is employed with Young’s modulus
Yinesh = 210000 N mm~2 and Poisson’s ratio fimesn = 0.3. It shall be emphasised that
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Figure 4.27: Domain before (!~2) and after (£2) one growth spurt. Growth is applied on the growth
surface 992¢ by a prescribed growth displacement ﬂs in surface outward normal direction determined
by unit vector n. The coordinate vector of a point in domain 2 is denoted as # and in the updated
domain 2 = 2 UG as . Reprinted from [175] under the terms of the Creative Commons Attribution
License (CC BY).

these mesh displacements are not related to any displacement of material points in the
overall simulation. The corresponding boundary conditions read

u® - -n =70’ on 902% (4.179)
u -n =0 on 902\ 90°, (4.180)

i.e. the displacement in surface normal direction is set to zero at all boundaries except
for the growing boundary where, in the present contribution, the amount of growth is
not known a-priori as assumed in [21], but results from the outflux of osteoblasts over
the growing surface, see (4.161). Details on the prescription of the growth boundary
conditions in surface normal direction are provided in Appendix C.2.2. After solving the
boundary value problem, the nodal coordinates can be updated according to

x=2x+u". (4.181)

These updated coordinates define the reference mesh for subsequent simulation steps
until a new growth spurt occurs. Such new reference mesh includes all material points
that exist after the growth has taken place, i.e. all material points in the pre-existing
domain as well as all points in the grown region. For the latter, initial conditions have
to be prescribed for the field and state variables. The particular choices made in the
present contribution are discussed in Sect. 4.4.6.4, whereas Appendix C.2.3 deals with
the projection of nodal values in the pre-existing domain. Since the growth surface 9£2¢
is not necessarily aligned with an element edge after the mesh has been updated, some
of the new elements may partly lie in both, the pre-existing domain (2 and the grown
domain G. This may produce small errors which are decreased by choosing a sufficiently
small element size in the growing regions and by decreasing the time increment, see [21].
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4.4.6 Simulation of flexoelectricity-induced bone remodelling and
crack healing

The initial boundary value problem addressed within the scope of this work, is described
in more detail in the following after a brief recapitulation of the constitutive model em-
ployed for the cortical bone material under consideration. For the simulation of the
entire remodelling process, from flexoelectric initiation to crack healing, the proposed
IGA framework is adopted to capture the evolution of a microcrack in a small bone
excerpt in a discretised manner as discussed in Sect. 4.4.4. Thereafter, the FEA simula-
tion is carried out in order to investigate cell diffusion processes and surface growth as
proposed in Sect. 4.4.5. Representative simulation results are presented for each step of
the remodelling process.

4.4.6.1 Specification of the constitutive model

The constitutive model for the cortical bone material under investigation in this work has
been introduced in Sect. 4.3.3.1. For the simulations in the present section, the constitu-
tive relations as well as the material tensors specified therein are adopted. Accordingly,
transverse isotropy is considered for the elastic material properties whereas a hexagonal
symmetry structure is employed for the permittivity tensor. The flexoelectricity tensor
possesses cubic symmetry. For the chemical potentials u$ and the corresponding mate-
rial constants 7, in relation (4.125), the set of chemical variables is redefined in terms
of e € {OY,MC, OC, MB, OB}.

4.4.6.2 Initial boundary value problem for the IGA simulation

In the first part of the bone remodelling simulations, the proposed IGA framework is
applied to a small, rectangular sample of cortical bone. The sample of width b = 0.8 mm
and height h = 0.6 mm features an initial crack in the size of a few micro metres, see
Fig. 4.28. To be precise, the width of the crack opening is w = 0.008 mm and its length
[ takes different values representing different discrete time steps during crack evolution.
In accordance with the simulation scheme presented in Sect. 4.4.3 and visualised in Fig.
4.26, the IGA simulation is carried out several times in order to calculate the osteocyte
apoptosis behaviour during these discrete time steps of a crack event. Afterwards, the
results are interpolated in order to obtain a smooth distribution of osteocytes in the
vicinity of the crack at the end of the crack event. A constant time increment At = 1/8s
is used in the simulations in consistency with the choice made in Sect. 4.3.3.2.

As visualised in Fig. 4.28, the cortical bone sample is loaded mechanically, with a
tensile load on the left and right which is prescribed in terms of Dirichlet boundary
conditions. The corresponding load curve is also given in Fig. 4.28 and shows a ramped
loading and unloading characteristic over a time of 5s. Additional Dirichlet boundary
conditions are prescribed on the bottom face which cannot move in vertical direction,
and on the bottom left corner where the electric potential is set to zero, cf. Fig. 4.28.
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For the osteocyte concentration, only initial conditions are required with a value of
et = 2.5 x 10" mm ™2 being employed [110]. The parameters accounted for in the sink
term soy/e (4.140) are chosen as ey = 5Vmm ' and koy, = 10 mm 3s~!. In order to
accurately represent the crack evolution, a total number of 33 simulations are carried
out, each considering a different time step in the evolution of the crack or, in other
words, a different crack length [. Based on the final length [, = 0.175mm at the
end of the crack event, the minimum crack length considered is [y = é lmax, Whereas
all other investigated crack lengths can be described by l; = 35 lmax wWith i =1,...,32.
The width w of the crack opening on the top surface is kept constant. In Appendix
C.4.2, details on the IGA geometry of the cracked plate with different crack lengths are
provided. The final discretisation for [ = [, is exemplary shown in Fig. 4.32 since it is
also the basis for the FEA calculations which will be carried out subsequently.
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Figure 4.28: Initial boundary value problem in the IGA simulations and corresponding load curve
which characterises the tensile load prescribed on the left and right boundaries of a cracked domain.
Reproduced from [175] under the terms of the Creative Commons Attribution License (CC BY).

4.4.6.3 Crack evolution and osteocyte apoptosis

The presence of a mechanical load on the pre-cracked bone sample under investigation
leads to an electric field in the vicinity of the crack tip due to the flexoelectric prop-
erties of the cortical bone material. This has been found experimentally in [164] and
has been shown by the simulation results presented in Sect. 4.3.3.3. In Fig. 4.29, the
electric field induced at different discrete time steps during crack evolution is shown for
the initial boundary value problem studied in the present section. In particular, this
flexoelectricity-induced electric field exceeds the value of 1 Vmm™" in the vicinity of the
crack tip and thus leads to osteocyte apoptosis [120]. Accordingly, Fig. 4.30c shows a
non-homogeneous osteocyte concentration after mechanical loading, at time ¢t = 5s. In
addition, the results for two intermediate steps during crack evolution are presented in
Fig. 4.30a and 4.30b. In all three cases, the concentration of osteocytes has decreased
significantly, namely by up to 70 % compared to the initial concentration near the crack
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Figure 4.29: Electric field magnitude at time ¢ = 2.5s for different crack lengths, respectively different
time steps during crack evolution. Detail view on the crack. Reprinted from [175] under the terms of
the Creative Commons Attribution License (CC BY).

tip. Osteocyte apoptosis qualitatively occurs in an approximately elliptic region in front
of the evolving microcrack.

Taking into account multiple simulations, each corresponding to one specific crack
length or, in other words, to one time step during crack evolution, the osteocyte concen-
trations shown in Fig. 4.31a and 4.31b are obtained, when 16 (crack lengths [; = % U max
with j = 1,...,16) and 33 (crack lengths [; as determined in Sect. 4.4.6.2) of these time
steps are considered, respectively. Therein, the resulting osteocyte concentrations coy
have been projected to the crack flanks of the final geometry with [ = [,,.x by mapping
values to the same spatial coordinate in es-direction and with the same distance rela-
tive to the crack flanks. It can be observed that an increasingly smooth distribution is
obtained with increasing number of simulated intermediate time steps. Consequently, it
is reasonable to interpolate these values in order to obtain a smooth final solution which
represents a setting where the crack evolution would have been continuously tracked in
time. The result after interpolation is presented in Fig. 4.31c. It shall be noted that the
interpolation has been extended towards the upper surface of the domain where results
are not available due to the minimal simulated crack length [y. The resulting osteocyte
distribution is used for the initialisation of the finite element analysis discussed in the
following sections.

4.4.6.4 Initial boundary value problem for the FEA simulation

Based on the osteocyte concentration as a result of the IGA simulation, the proposed
FEA framework is used to simulate the subsequent bone remodelling process, cf. Fig.
4.26. The initial osteocyte concentration is directly incorporated in terms of nodal
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(a) Crack length [ = %lmax. (b) Crack length | = % Imax- (C) Crack length | = lmax.

Figure 4.30: Osteocyte concentration at time ¢ = 5s for different crack lengths, respectively different
time steps during crack evolution. Detail view on the crack. Reproduced from [175] under the terms of
the Creative Commons Attribution License (CC BY).
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based on 16 time steps. based on 33 time steps. tion after interpolation.

Figure 4.31: Convergence and interpolation of the osteocyte concentration at time ¢ = 5s for the
final crack length. Detail view on the crack. Reproduced from [175] under the terms of the Creative
Commons Attribution License (CC BY).

values determined from the interpolated data shown in Fig. 4.31c. This transfer is
straightforward since the finite element discretisation of the cracked domain follows
directly from the physical mesh of the IGA simulation with | = [,.y, see Fig. 4.32. In
the FEA framework, the time increment is At = 1/4d and growth spurts are chosen to
occur in discrete time steps At¢ = 1d.
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Figure 4.32: Discretisation of the bone sam-  Figure 4.33: Initial boundary value problem in the
ple including ne = 34986 elements. Re- FEA simulations. Reprinted from [175] under the

produced from [175] under the terms of terms of the Creative Commons Attribution License
the Creative Commons Attribution License (CC BY).
(CC BY).

The initial boundary value problem for the FEA simulation of bone remodelling is
presented in Fig. 4.33. The messenger substance concentrations cyc and cyp are set to
zero at all boundaries except for the crack flanks, in order to enable an outflux of these
substances over the boundaries for signalling purposes (”infinite reservoirs”). Similarly,
homogeneous Dirichlet boundary conditions are employed for the concentration of os-
teoclasts and osteoblasts at the crack flanks. In particular the outflux of osteoblasts is
important for the prescription of surface growth. On the left-hand surface, the reaction
forces of the messenger substance fields (MC, MB) are used to prescribe boundary con-
ditions for the osteoclast and osteoblast influx according to (4.144) and (4.150). These
conditions are incorporated into the finite element programme by modification of the
global tangent matrix and force vectors after assembly as described in Appendix C.2.1.

Regarding the initial conditions for the simulation, all concentrations are set to zero,
except for those of the osteocytes which are incorporated from the IGA results as dis-
cussed in Sect. 4.4.6.2. Moreover, additional conditions are required for the initial con-
centrations after each growth step, cf. Sect. 4.4.5.3. To be precise, the values of all
degrees of freedom need to be initialised in the growth region where new bone material
is formed. The chosen initial conditions are presented in Table 4.7. The concentration
of osteocytes is set to the value of healthy bone material with c%‘{}’G = 2.5 x 10*mm™3
being assumed in this work. Accordingly, the newly produced material is considered
to be fully developed and intact. In line with this assumption, the concentrations of
osteoclasts and osteoblasts are initialised to zero in the growth region since it is deduced
that all of these bone cells are fully consumed by the remodelling process. For the mes-
senger substances of both osteoclasts and osteoblasts, the concentration of their nearest

neighbour in the pre-existing region is adopted after a growth spurt. The underlying
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assumption is that signals are not emitted locally in a particular material point but,
e.g., also by neighbouring cells.

The model parameters employed for the simulations in this work are shown in Table
4.8. Due to a lack of sufficient experimental data, these have been chosen in accordance
with the knowledge regarding the underlying physical process as discussed in Sect. 4.2.

Table 4.7: Initial conditions in the newly grown material.

init,G init,G init,G init,G init,G

Coy Me ‘MB Coc CoB
value 2.5 x10*  Euc CMB 0 0
unit mm 3 mm > mm > mm? mm?

Table 4.8: Model parameters employed in the FEA simulation.

qMC,min gMB,min kov 2 kmvc kv koc  kom

value 0.423 248 223 5000 20 80 0.3
unit mm2d™! mm2d™' mm3d! mm=3d"! d7! - -

ciit it Dwic Dns Doc Dog moonmL M
value 2.5 x 10* 7.5 x 102 0.03 0.03 0.03 0.03 0.3 0.2 0.5
unit mm 3 mm 3 mm2d~' mm2?d~! mm2d™! mm?2d—! - - -

4.4.6.5 Bone cell diffusion and microcrack healing

Testing of the surface growth algorithm Before discussing the fully coupled problem
including anisotropic bone cell diffusion, the surface growth algorithm is demonstrated
in a simplified setting in which a constant osteoblast outflux is prescribed at the crack
flanks and the respective surface displacement is obtained according to (4.161). Fig.
4.34 presents the results for a constant osteoblast outflux —Gog = 5mm~2d™*. Over a
time span of 32d, the crack width is gradually reduced and the crack tip moves upwards
in each growth spurt, cf. Fig. 4.34a-4.34b. Due to the constant prescribed flux driving
the surface growth, the crack is reduced evenly from all sides. For severe growth this
leads to element penetrations in the vicinity of the crack tip, as exemplarily shown in
Fig. 4.34c. At this healing stage, a ”classic” remeshing step (possibly including surface
smoothing) is required and the moving mesh algorithm is to be re-initialised. Such an
(automated) procedure will be in the focus of future work.

Numerical results with anisotropic diffusion and growth In this section, the fully
coupled problem depicted in Fig. 4.33, including anisotropic diffusion of bone cells which
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(a) Detail view after 16 days of (b) Detail view after 32 days of
growth. growth. growth.

Figure 4.34: Surface growth in response to a constant prescribed outflux of osteoblasts over the crack
flanks. The mesh after 16 and 32 days of growth is presented in detail views on the crack tip. The
grey-coloured domain without element edges represents the initial domain before growth. Reprinted
from [175] under the terms of the Creative Commons Attribution License (CC BY).

drives the surface growth algorithm, is studied. As a consequence of the apoptotic be-
haviour of osteocytes, which has been investigated by means of the isogeometric analy-
sis framework, the finite element simulation first captures the production of messenger
substances for the recruitment of osteoclasts. Fig. 4.35 reveals that these messenger
substances are produced in the area of apoptosis, i.e. along the crack, and that they
diffuse isotropically. At time ¢t = 5d, as shown in Fig. 4.35b, the outflux of messenger
substances over the left-hand surface reaches the threshold for osteoclast recruitment.
As a consequence, osteoclasts enter the domain and start migrating towards the re-
modelling site. Fig. 4.36 presents the concentration of osteoclasts and the correspond-
ing cell flux direction for two different time steps. It is observable that the anisotropic
diffusion tensor leads to a targeted migration towards the damaged region. The activity
of osteoclasts leads to the production of new messenger substances which eventually
recruit osteoblasts for further progression of the remodelling process. Fig. 4.37 presents
the concentration as well as flux direction of these messenger substances at time ¢t = 5d
and t = 36 d respectively. It can be observed that they are produced in locations where
osteoclasts are active and that they diffuse isotropically towards the domain boundaries.
The flux of messenger substances governs the recruitment of osteoblasts which enter
the domain at t = 36d. Afterwards, osteoblasts directly migrate towards the remod-
elling site due to the anisotropic diffusion tensor employed in the modelling approach.
Fig. 4.38 shows the concentration and flux direction of the osteoblasts at time t = 36d
and t = 41d. In comparison with Fig. 4.36, it is observable that osteoblasts follow
osteoclasts on their path to the remodelling site which is due to the equal anisotropic
diffusion directions in the modelling approach. Since osteoblasts are responsible for the
formation of new bone material, the outflux of the bone cells over the crack surfaces
leads to surface growth which can be observed in Fig. 4.39. The growth mostly occurs
in the region of the crack tip since a large amount of osteoblasts migrate to this area, in
which osteocyte apoptosis has been most prominent. It can be observed that, in these
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regions, the surface growth leads to a significant reduction of the crack area and that this
reduction occurs in surface normal direction. However, similar to the academic problem
discussed previously in this section, surface penetration is observed for severe growth
and motivates the extension by means of a classic remeshing algorithm in future works.

For further investigation of the cell diffusion and growth behaviour within the bone
sample, Appendix C.5.2 provides additional simulation results including the simultane-
ous recruitment of BMUs from different spatial origins. It is shown how the healing of
the microcrack is influenced by the resulting changes in the cellular processes.

3 eve in mm~?

cye in mm™
0 1 2 3 4 5 6 6.8 0 2 4 6 8 10 12 14

— | ocl— —

(a) Messenger substance (MC) concentration and flux after (b) Messenger substance (MC) concentration and flux after
6 hours. 5 days.

Figure 4.35: Concentration and flux of the messenger substances for osteoclast recruitment. The contour
plot presents the concentration of messenger substances cyc and the glyphs indicate the direction of the
corresponding flux qy;o. Reprinted from [175] under the terms of the Creative Commons Attribution
License (CC BY).

Remark 4.3. In the proposed framework, the source term (4.141) incorporates the dif-
ferentiation of osteoblasts into osteocytes so as to re-increase the osteocyte concentration,
i.e. to consider internal healing. Although this healing is activated in the simulations
performed in this work, the influence of the source term is rather small on the time
scale considered in the simulation. In order to demonstrate the impact of the source
term, an academic, quasi one-dimensional example is studied. To be precise, an ini-
tially non-homogeneous concentration coy is prescribed at time ¢ = 0d in a beam of
length L = 10mm. A constant influx gop = 3 x 10> mm~2d ™" is prescribed at the left-
hand boundary and an isotropic diffusion coefficient Dog = 1.0mm?2d ™" is assumed. On
the right-hand boundary of the beam, homogeneous Neumann boundary conditions are
considered. As the source term soy,op in the form of (4.141) (and with the constant
parameters specified in Table 4.8) is activated, osteoblasts transform into osteocytes
and the concentration coy approaches a homogeneous distribution at time ¢ = 100d, see
Fig. 4.40.
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3

coc in mm 3 coc in mm™
0 5 10 15 20 25 30 36 0 20 40 60 80 100 120 150
| — | —
(a) Osteoclast concentration and flux after 5 days. (b) Osteoclast concentration and flux after 36 days.

Figure 4.36: Concentration and flux of osteoclasts. The contour plot presents the concentration of
osteoclasts coc and the glyphs indicate the direction of the corresponding flux qg¢ in the region of
interest. Reprinted from [175] under the terms of the Creative Commons Attribution License (CC BY).

3

enp in mm 3 cevp in mm~
0 1 2 3 4 5 6 0 100 200 300 400 500 600 670
— | — — | o—
(a) Messenger substance (MB) concentration and flux after (b) Messenger substance (MB) concentration and flux after
5 days. 36 days.

Figure 4.37: Concentration and flux of the messenger substances for osteoblast recruitment. The con-
tour plot presents the concentration of messenger substances cyp and the glyphs indicate the direction
of the corresponding flux qyp in the region of interest. Reprinted from [175] under the terms of the
Creative Commons Attribution License (CC BY).
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cop in mm™? cop in mm~3

0 10 20 30 40 50 60 70 78 0 50 100 150 200
| os—— — ‘ ! —
(a) Osteoblast concentration and flux after 36 days. (b) Osteoblast concentration and flux after 40 days.

Figure 4.38: Concentration and flux of osteoblasts. The contour plot presents the concentration of
osteoblasts cop and the glyphs indicate the direction of the corresponding flux gop in the region of
interest. Reprinted from [175] under the terms of the Creative Commons Attribution License (CC BY).
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(a) Detail view on the mesh for (b) Detail view on the mesh for (C)
t=40d. t=42d.

=

nlarged detail view for t = 42d.

Figure 4.39: Surface growth in response to the outflux of anisotropically diffusing osteoblasts over
the crack flanks. The mesh at time t = 40d and ¢t = 42d is presented. Detail views on the crack
tip region are shown. The grey coloured domain without element edges represents the initial domain

for comparison. Reprinted from [175] under the terms of the Creative Commons Attribution License
(CC BY).
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coy in 10* mm—3

soyso =0

0.0 2.5 5.0 7.5 10.0
r in mm

(a) Concentration of osteocytes in the beam over time.
Initially, the concentration coy is constant in the left half
of the beam and decreases linearly in the right half. To-
wards the end of the simulation, the concentration ap-
proaches a homogeneous distribution when source term
soy/oB is activated. In the case of soy,op = 0, the
concentration does not change over time.

coB in 104 mm—3

z in mm

(b) Concentration of osteoblasts in the beam over time.
Cells enter over the left boundary and diffuse isotropically
towards the right-hand side of the beam. When source
term soy,oB is activated, cells partly transform into os-
teocytes so that cop is decreased in comparison to the case
with S0Y/OB = 0.

Figure 4.40: Concentration of osteocytes and osteoblasts over the length of the beam at times
t€{0d,25d,50d,75d,100d}. Reprinted from [175] under the terms of the Creative Commons At-

tribution License (CC BY).
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C.1 Tangent contributions

In the following sections, the tangent contributions for both the IGA framework proposed
in Sect. 4.3 as well as the combined IGA-FEA approach presented in Sect. 4.4 are derived.

C.1.1 IGA modelling approach

In the modelling approach for flexoelectric effects in cortical bone remodelling, which
has been established in Sect. 4.3, the, in general, non-linear set of equations is solved
monolithically by using a Newton-Raphson scheme. Accordingly, the residuals (4.115)-
(4.120) are considered in a global residual vector

7 = [T, T4, POy, "B, TOC, TOB] - (4.182)
Together with the increment of the vector of unknowns

¢ = [u, ¢, coy, cme, coc; cos)' (4.183)
and iteration index k, the global system of equations takes the form

K- Ap, = —ry. (4.184)

The global stiffness matrix is obtained as

Kuu Ku¢ 0 0 0 0
Ko Koy 0 0 0 0
0 K K 0 0 0
K = coy o COYCOY 4.185
0 0 K CMECOY K CMECME 0 0 ( )
0 0 0 KCocCME KCocCoc 0
L 0 0 0 KCOBCME 0 KCOBCOB_

which clearly indicates the interactions between the different field variables. Considering
the symmetry of o, the individual contributions to the global stiffness matrix result in

Nel n n
en en da da
Kuu: :rA'_' mB mA' : mmB
AIZZ/ Vel D VRBP4 VR (S VLR
A=1 B=1
dT
+ VY, VR4 d—; -V, RP (4.186)
dMr
VR4 - V,V.RP|d
+ VY,V R Vv,V v
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Del n n,
en en da
Ku - - x A x B
=AY [ -|vert S ovr
A=1 B=1
dT
+V, VR S v, RE | dw
de
Del n n,
en en dd
Ky, = / {VwRA-d— V. RP
e=1 g4—1B=17%" €
dd
R4 Ve R?|d
+ V. IV.e Ve V. } v
el n n
en en dd
K,y = ZZ/ ~V, R4 o V. R? dv
e=1 g=1B=1"1°
Del nep Nen dS
KCOY¢ = ZZ/ RA dZY VmRBdU
e=l g=1 p=171*
el n n
€ en en d RA RB
K ooy = j{:j{:n/m {_fyidSOY RB At 1 dv
e=14_) g=1 /¢ Coy
Del Nep Nen A dSME 5
KCMECOY: ZZ -R —dC R” dv
e=1 A=1 B=1 e oY
Nel n n,
en en dq RA RB
K, o = / {—vaA ME . V,RP + }dfu
MECME M AZ:1 BZ:1 o AV, cne At
K _A Z / _v,pt. Yo g po g,
COCCME i, 0 x dvaME x
A=1 B=1
Del n n,
en en dq RA RB
Ko oo = / {—VwRA ¢ . V,RP + ]dv
ocroe e—1 Azzl BZ=1 e dvaOC At
Koo = ZZ / _v,pt. Yo g pi g,
e=1 34— =1 /¢ dVgene
Nel n n
e en en d RA RB
KCOBCOB — / |:_ VwRA . quOB VwRB 4 N ‘|dU
e=1 4—1 =1 /¢ zCOB

with the sensitivities

dsoy
e — kov,1 exp
e
dSOY
q = - kOY,l €xp
Coy
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el Coy) { 1 COY} e
Ecrit k?OY,2 Ecrit kOY,2 HGH ’

e Coy) {IIEH 1 1
Ecrit kOY,2 Ecrit kOY,2 ’

(4.187)

(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

(4.198)

(4.199)
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j‘zfj _— % (4.200)
d‘;?cﬁ;E — — Durl, (4.201)
d(é(iigc — — Do, (4.202)
ddv‘i_i(l; —  Dop. (4.203)
t
;Vii—(zhcw =— { dg:f;} - VaCoc, (4.204)
t
ddVZCC’EE - - [;vlz—fhl] Vo (4.205)
The derivatives of the diffusion tensors included in (4.204)-(4.205) are
ddvlz ESE = Doc {m [I® Vyeng + Veene @ I
- m [Vzeme @ Vaene ® VmCME]l (4.206)
and analogously
ddvl: (?;E = A(coc) Dos {m I ® Vaenis + Vacur @ 1]
~ [ V=oue ® Veoun ® Voo | (4200

The sensitivities of the stress tensors and of the dielectric displacement vector can be
derived from (4.122)-(4.124) and result in

do

do

do T

49 _E _ 4o _ _ 42
e B e ¥ % (4.208)
dm dm dm T

dm _ _ am _ _ 42
de 0, dV,e 0, de i (4.209)
dd dd dd

dd _ _ dd _ 421
e @ avee M de X (4.210)

C.1.2 IGA-FEA modelling approach

In the combined IGA-FEA modelling approach, proposed in Sect. 4.4 for flexoelectricity-
induced bone remodelling and crack healing, the system of equations is solved in two
separate calculations based on the Newton-Raphson method. To be precise, the resid-
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4 Flexoelectricity-induced bone remodelling and microcrack healing

ual vectors (4.165)-(4.167) are accounted for in the proposed IGA framework whereas
(4.174)-(4.178) are considered in the FEA framework that has been established for the
incorporation of surface growth. The tangent contributions are thus derived separately
in the following.

The tangent matrix in the global Newton scheme of the IGA simulations is obtained

as
Kyu Ko 0
K= |K;, K 0 (4.211)
0 K coy® K coycoy
with
Nel nep Nen do’ da'
Ky = / VR — - V,R® + V,R*- . Vo Vo R?
e=1 S5 Jae de dV,e
dT
LV, VR4 ST v, RE
de
VR LT R o (4.212)
e dV,e = 7 °° '
Nel n n,
en en d
K= / —|V.r* -2 v, RP
e=1 g=1 B=171* de
dT
+VwV$RA~d—7T V. RE|dv (4.213)
e
el n n
e dd
Ky, = / {VwRA-— V. RP
e=l A=1 B=17%" de
Rt -4y v, R (4.214)
* dV,e = * 77 '
Nel nNen Nen dd
Ky = ZZ/ ~V.R" — - V,REdv (4.215)
e=l g1 B=1"/%" de
Nel n n
en en d
Koo = ZZ/ _pA 2 g, RBdy (4.216)
e=1 A=1 Bp=1"%" de
Nel n n
A L e d A pB
Keoyveoy = / {RAMRB+R B . (4.217)
e=1 41 51 e dCOY At

Therein, symmetry of the stress tensor o has been considered. The derivatives of the
osteocyte sink term are
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dsoy/e lell coy 1 coy | e
— L _ 4.218
de oy, 5P Earit KoY 2 eerit kov,2 | | €]l ( )
dSOy/e HeH coy ”6” 1
— _ 4.219
deoy ov. &3P Cerit KOv,2 /) | Earit KoY 2 ( )

and the non-zero sensitivities of stresses and dielectric displacements read

do dm e dd dd

—=E - = — = —
) 2 deE K, de

=Y. 4.22
de de X ( 0)

In general, special integration techniques as well as lumping techniques, including
modifications of basis functions, might be necessary for dynamic contributions such
as in (4.217), see e.g. [79, 117]. This similarly applies to further tangent contributions
as this work proceeds. For the particular approximations chosen within the numerical
examples in the present work, however, such modifications are not required.

Regarding the FEA framework, the global tangent matrix includes only chemical
contributions and follows as

KCOYCOY 0 0 0 KCOYCOB
KCMCCOY KCMCCMC 0 O 0
K = 0 K. cone Keoocoo 0 0 (4.221)
0 0 KCI\IBCOC KCIV[BCMB 0
KCOBCOY KCOBCMC 0 O KCOBCOB
with
Nel n n
en en dSOY/OB LA LB
Ko oo = A2 B — 1 d 4.222
ooy é;;/e[ dcoy + At Y ( )
Nel n n,
en en d
Keoveon = > / —LA SdOCY/ OB LBdy (4.223)
e= 1 —1 B=1 e OB
Nel n,
en en d
Keyceor = R D / —1* % L dv (4.224)
e=1 g=1 p=17/%° oY

Nel n n,
en en d LA LB
KCMCCMC = Z Z / [ - VmLA dnc va;LB + }dv (4.225)
e=1 A—=1 B—1 e deCMC At
_ tele 4 dqoc B
Keoowe = ADD | —Vol? 9% -V, LP du (4.226)
e=1 A—1 B=1 e dva:CMC
Nel  n, n
en en d LA LB
Kcoceoc = / |: — Va:LA . Sdoc_ | VwLB + }dv (4_227)
e=1 4 g1 /¢ dV;cCQC At
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el  mep nen
K -A> / _pAadse g,

CMBCOC
e=1 A = dCoc
Nel n n
en en dq LA LB
A MB B
KCMBCMB = A / |: Ve L dV - Ve L™ + At dv
e=1 A 1 B=1 e xzCMB
Nel n n
en en dS
A OB/OY B
KCOBCOY = A / L de L~dv
e=1 A 1B=17%° oY

Nel nNep Nen d
Keopeno = I ZZ/ —V, LA dv‘igzc -V, LB dv

e=l 4—1B=1

dsos/oy dq
K, ... = JapteciAy LR v A s 1R VA
oo = ALY [ [ ot

LALP
d
At } !

and with the additional sensitivities

init
dsoy/oB Foy 3 €xp ( COB COY — COY) {COB 1 }
= — RhOY,3 ;

crit init crit .init
deoy coB  Covy CoB €Oy
dsoyjop i _ CoB CBY — Cov 1 g% — coy
d = Foy,3 €Xp crit init crit init ’
coB coB  Coy coB  Coy
dsye  kve dsus i
- -5 — hMB
dCOY Clcl)l%v ’ dCOc ’
dq d
MC dvB
———— = —Dycl, ———— =—-Dugnl,
deCMC decMB
dgqoc - _D dqop - _D
- (e]6F) 1 . — = OB)
deCOC dvaOB
t
dgoc dA
= —Doc - Vzcoc,
deCMC dszMC
t
dgop dA
= —Dog - VzCoB
dvaMC dvaMc

The derivative of structural tensor A used therein is

dA 1 _
L | e IEV weno ® I
deCMC T]T |:||V:nCMC||2 [ ® v Me i v Me ® ]
2
- m [Veerme ® Veene ® Vgenc]
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C.2 Numerical aspects

C.2.1 Reaction force-driven influx boundary conditions

As discussed in Sect. 4.3.3.2 and Sect. 4.4.1.1, an influx of osteoclasts and osteoblasts
is prescribed at certain boundaries in dependence of an outflux of messenger cells over
the same boundaries. In the finite element scheme, this is implemented by considering
linear constraints in the global equation system such that the prescribed generalised
forces _fgre of the "Follower” (F) degrees of freedom are determined by the generalised

reaction forces fr. of the "Leader” (L) degrees of freedom in terms of linear relations

including a constant factor IC, i.e.

fr =K f- (4.241)

pre rea*

From the linearisation of the global residual vector
Pip AT+ AP =0 (4.242)

with 7% = fagnr + Fintk — [Fvolk + Fsurp) including, in general, all dynamic, internal,
volumetric and surface forces, the ”Leader” and ”Follower” rows can be extracted as

fgyn+f§1t_f\I/‘ol_f%ea_’_KL'ASO_Af?ea:O; (4243)
Fhn+ Pl = Foo = Fhe + K" - A — Af} = 0. (4.244)

Therein, the iteration index k is omitted for simplicity. Additionally, the equations
consider the fact that in the present case, the ”Leader” degrees of freedom are of
Dirichlet-type, i.e. the corresponding surface force vectors are reaction forces ffea, and
the ”Follower” degrees of freedom are of Neumann-type, i.e. the corresponding surface
force vectors are prescribed forces fgre. Rearranging (4.243) and using (4.241) yields

an expression for fgre +A fgre = K [f1a + Afra] which can be inserted into (4.244) so
that

K" Ap = —fo — i + Fra + K [K" - A+ fipn + Fio — Foa]  (4.245)

And [KF_ICKL} A‘p: _fgyn_filjlt—'—f\ljol—'—lc [fgyn+f§1t_f\%01} : (4246)

To assign the constraints in the global equation system, the generalised forces in the
"Follower” row are replaced by the right-hand side of (4.246) and the corresponding

contributions to the stiffness matrix are replaced by the left-hand side of (4.246), re-
spectively.
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C.2.2 Growth in surface normal direction

The growth algorithm described in Sect. 4.4.5.3 requires the calculation of the surface
outward normal vector of each node of the growing boundary. Since a normal vector can
only be determined for a surface rather than for an individual node, the normal vectors of
the adjacent element edges are calculated instead, and an averaged sum thereof is taken
as reference for the nodal normal vector. This procedure is based on the derivations by
[22, 92] as well as [139] where it is applied to a three-dimensional mesh.

In the two-dimensional case, the normal vectors of the two surface element edges
which are connected to a point P are calculated according to

n; =7r; X es, 1€ {1,2} (4247)
with the out-of-plane direction es, and with the vectors
TN =Tp— Xy, T2=Tr— Tp, (4.248)

which connect the neighbouring nodes ) and R with reference node P on the surface.
The normalised sum of the two resulting normal vectors n; and n., i.e.

ny + Ny

= = 4.249
T+ mal (4.249)

USD)

is then considered such that the lengths of the vectors, respectively the element edge
sizes, are taken into account. Finally, an arbitrary node P.s from the inside of the
domain is chosen to see whether the calculated normal vector points towards the outside
of the domain. If this is not the case, the orientation of the vector is switched such that
the normal vector for node P reads

np = sgn (n12 . [mp — mref]) 9, (4250)

see Fig. 4.41.

In order to prescribe a growth boundary condition at node P in the calculated normal
direction mp, a reparametrisation is carried out in the finite element framework. This
enables the assignment of boundary conditions defined in a basis system which is spanned
by the surface normal and tangent vectors in the underlying Cartesian basis system. To
this end, the growth-related displacements of a node on 9% are decomposed into a
normal and tangential contribution as

u =uSn+uls (4.251)

n

with normal vector n calculated from (4.250) and corresponding tangent vector s. In this
representation, coefficient uS is the prescribed growth displacement in normal direction,
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whereas u$ remains as unknown degree of freedom and enters the global system of

equations through the linear constraints resulting from (4.251).

P, ref

Figure 4.41: Sketch of the identification of vector np as the surface outward normal unit vector for
node P. Reprinted from [175] under the terms of the Creative Commons Attribution License (CC BY).

C.2.3 Mapping of nodal values after growth

As discussed in Sect. 4.4.5.3, a mapping of nodal values is required between the mesh
before each growth step, in the following referred to as old mesh, and the updated mesh
after the growth. In this regard, it is of utmost importance to decide whether a node of
the updated mesh lies in the growth region G of the current time step or in the region
{2 which already existed before the growth occurred.

For this purpose, a node P is identified for each node P of the updated mesh,
representing the nearest neighbour of P in the old mesh. Identification of the nearest
neighbour is carried out by using a k-d-tree as introduced in [19]. The k-d-tree algorithm
will, however, not be further elaborated since an open-source C++ code available in the
ALGLIB library, see [24], has been employed in the present work. The detected nearest
neighbour P is then used to identify elements of the old mesh in which the new node
P may be located. Accordingly, all elements (2; which are connected to node P are
extracted based on the connectivity list of the old mesh. These neighbouring elements
and, possibly, further neighbours, e.g. in the second or third row, form the search region
for the element in which the new point P may lie.

Subsequently, barycentric coordinates are used to find this particular element and to
specify the precise location of point P therein. Fundamentals on barycentric coordinates
can be found in [71, 140] in the context of geometric modelling and computer graphics,
and a procedure to find node locations based on these coordinates has been proposed
in [122, Sect. 5.2] for triangular meshes in particular. For the linear quadrilateral mesh
employed in the present contribution, an algorithm based on these works is adopted
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15¢ step:

S 2nd step:

25 2

Figure 4.42: Sketch of the search algorithm for the location of points P and S of the updated mesh
(red dashed lines) in the old mesh (black solid lines). 1% step: Nearest neighbour search. 2°¢ step:
Identification of the element in the old mesh in which the new point P lies and determination of the
particular location of P within this element. Reprinted from [175] under the terms of the Creative
Commons Attribution License (CC BY).

by splitting each quadrilateral element into two triangles, see Fig. 4.42. The three
barycentric coordinates for each of these triangles are computed as

AN Y] _ A
M=F = =3 (4.252)
with
Ao = ||[zg —zp] x [zz—=p]|, A= ||[zz —z5] x [zr —2g]],
Dy = |[zp —zg] x [xp —zz]||, As=|[zg—zp] x [zp —zp]|.  (4.253)

The cross products in (4.253) indicate that the barycentric coordinates relate the area
of the original triangle {]5, Q, é} to the area of the triangles that would be formed by
replacing each of the corner points by point P, see Fig. 4.42. Depending on the resulting
values of \;, it can be decided whether

P lies in the triangle {13, Q, E} it \; >0 Vi,

P lies on an edge of the triangle {ﬁ, Q, ﬁ} if one \; = 0,

P lies on a corner of the triangle {P,Q, R} if two \; =0,

P lies outside of the triangle {ﬁ, @, E} if at least one \; < 0.

When the element containing point P has been found, the exact location of the point is
calculated by using the classic interpolation rule

Nen

Tp = Z LA(&p) x? (4.254)
A=1
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to solve for the coordinates & p identifying the location of P in the old mesh. The mapping
of nodal values between the two meshes is also performed via (4.254) by replacing the
spatial coordinate vectors with the field variables and by using the computed value of
&p. If, however, P lies outside of all elements in the search region, no projection is
carried out but initial conditions are prescribed instead since the node is assumed to
belong to the growth region in this case.

C.3 Proofs and analytical derivations
C.3.1 Analytical proof of non-negative osteocyte concentration

The sink term (4.83), respectively (4.140) has been proposed for the modelling of osteo-
cyte apoptosis through flexoelectricity-induced electric fields. In order to be consistent
with the physics of the underlying process, the osteocyte concentration shall not become
negative which is to be ensured by this sink term, accordingly. It can be analytically
shown that the proposed formulation for the sink term satisfies this requirement. For this
purpose, the evolution of the osteocyte concentration in time is studied in dependence
of the sink term, i.e.

d
éoy = ZiY = —kl [1 — exXp ( — k’g Coy):| (4255)
with scalars k; = koy1 and ky = |le||/ [eait Koy 2] introduced for abbreviation of the

constant expressions. In particular, [|e]| is assumed to be constant in time since the
electromechanical part is considered quasi-static in this work. Moreover, the electric
field is not dependent on coy in the proposed model. With these considerations at
hand, the ODE (4.255) can equivalently be written as

k
ar— o leeoy) (4.256)

k1 [1 — exp (]{72 Coy)]

by separation of variables, and integration on both sides of the equation yields
—k1 k2 [t + C] = In (1 — exp(k2 coy))- (4.257)

Successive application of the exponential function and the natural logarithm results in

1
coy = - In(1 — exp(—ky ko [t + C1)) (4.258)
2
and integration constant C' can be obtained from the initial condition coy(t = 0) = chit
taken from Table 4.4 such that

In(1 — exp(—ky ky C)) = ky chi, (4.259)
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Again, the exponential function and the natural logarithm are applied successively on
both sides of the equation so that the integration constant results in

-1
ki ks

C In(1 — exp(ky ci)). (4.260)

The solution of the ODE accordingly reads

1 .
coy = o In (1 — exp ( — ki ko t) [1 — exp (k:2 cgl{})} > (4.261)

where exp®™® = exp®exp® has been considered. With k;, ks > 0, it can be shown that
the right-hand side of (4.261) is non-negative, i.e. coy > 0 holds.

C.3.2 Numerical evidence for bounded osteocyte and osteoblast concentrations

Analogously to the derivations in Appendix C.3.1, the non-negativity of the osteoblast
concentration with respect to the sink term sgy,op is shown in this section as well as the
boundedness of the osteocyte concentration with respect to the same term which acts as
a source in this case. However, since this source term, respectively sink term, contains
a coupling between the concentrations of osteoblasts cop and osteocytes coy, it is not
straightforward to provide an analytical derivation. Instead, the equation system will be
solved numerically by using a Backward-Euler scheme as in the framework proposed in
Sect. 4.4.5.2, in order to show that this numerical framework produces physically sound
results for the osteoblast and osteocyte concentrations with respect to soy,oB.

The evolution of the osteoblast concentration in time is reformulated from (4.139g)
by introducing constants ki = koy, and ky = 1/ [c3% ¢BY], and by considering the
dependence on sgy,/op only, i.e.

d .
CoB = ZC;B = —ki [1 —exp (— ka2 con [cB¥ — cov] )] (4.262)

or, after rearranging terms,

deop _ ki [1 — exp (k2 cop [¢B — coy] )]

1 (4.263
dt exp (k2 cop [cBt — coy] ) )

By employing the Backward-Euler scheme to approximate the time derivative of the
osteoblast concentration on the left-hand side, the equation takes the form

dcop ~ cg}gl — OB _ k1 [1 — €Xp (k2 ngl [Cicr)l% — CgJ{Kl} )} (4.264)
d At exp (kz i [eBY — ebi']) |
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and can be rewritten as
0= [ — cdp + Atk ] exp (ka BE' [cdy — 4] ) — Atky =:ry. (4.265)
By a similar procedure, the evolution of the osteocyte concentration in time (4.139c)
is studied whereby the dependence on the term soy,op is considered exclusively, i.e.

d ,
oy = Z(;Y = k1 [1 —exp (= kacon [c5y — cov] )], (4.266)

respectively

deoy k1 [exp (k‘z COB [Ciél% - COY} ) — 1}

dt exp (/{:2 coB [¢B — coy] ) (4.267)
Application of the Backward-Euler scheme yields
deoy _ iyt —dby _ b [exp (b e — cip']) — 1] .
dt At exp (ka gl [l — 4]
which can be rewritten in order to obtain a residual function, hence
0= [ — by — Atki] exp (ko 35 [0 — %] ) + Atky =: 7. (4.269)

Since (4.265) and (4.269) are non-linear and coupled equations in the unknown con-

centrations ¢35' and cfii!, they are solved simultaneously by using a Newton-Raphson

scheme with residual vector

r— [rl} | = oy — Atk ] exp (ke e’ 8y — ciy'] ) + Atk (4.270)
2 (5" — b + At k] exp (ko cioh' [eB — 4] ) — Atk
and corresponding Jacobian matrix
Ju Ji
J = 4.271
{Jm J22} ( )
with
dr
Jn = d—nil = [1— ko cph! [end! — ey — Atky]]
oy N
exp (k2 ¢ty [coy — cov']) (4.272)
dr .
Ji2 = d—"‘l” = ky [coy — cov' ] [coy — coy — Atk
¢oB
exp (k2 G [0y — c&d']) (4.273)
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d .
Jo1 = W:il = —ky CT(L)—El [C?)—]Sl —cop + At kl} €xXp (k2 Cg—]gl [Cl(g% - Cg—{(l} ) (4.274)
oY
d .
Jog = d—:il o [1 + ko [Cl(% - Cg{(l] [C?;]%l — cop + At kl“
CoB

exp (k2 g [0y — b)) (4.275)

Fig. 4.43 presents the numerical results of this system of equations by showing the
concentrations of osteoblasts and osteoclasts over time. Two different initial osteocyte
concentrations are considered since the initial osteocyte concentration is an outcome of
the preceding IGA simulations and can vary, accordingly. In particular ¢ = 7500 mm 3
and ¢ = 22000 mm ™~ are chosen since these are realistic values available in the results
presented in Sect. 4.4.6.3 at different spatial locations. Moreover, different values for
the osteoblast concentration at time step n are included since this value can vary in the
simulations depending on the considered time step and on the model parameters. The
latter are chosen as denoted in Table 4.8 in accordance with the simulations performed
in Sect. 4.4.6. From Fig. 4.43a-4.43b it is observed that for ¢gi¥ = 7500 mm™2, i.e. at
locations of maximum osteocyte apoptosis in the IGA results shown in Fig. 4.30-4.31,
osteoblasts differentiate into osteocytes until they approach a zero concentration. The
osteocyte concentration accordingly increases, whereas a convergence to a limiting value
is obtained when the availability of osteoblasts is no longer provided. Focussing on Fig.
4.43c-4.43d, a similar behaviour can be observed for ¢ = 22000 mm ™3, whereas in this
case, the osteocyte concentration saturates earlier as it approaches the value of healthy
bone material coy = 25000mm™3. For rather high osteoblast concentrations such as
A =1x10"mm™ and ¢z = 5 x 10> mm 3, the differentiation of these bone cells into
osteocytes is limited by the saturation of the osteocyte concentration. From a physics
point of view, not all osteoblasts become embedded in the bone material in the form of
osteocytes, accordingly. Instead, the remaining bone cells can still transform into bone
lining cells or undergo apoptosis, which is not captured in the modelling approach.

C.4 Aspects on geometry in IGA
C.4.1 Cracked bone sample within the IGA approach

Fig. 4.44a shows the control mesh which serves as a basis for the IGA geometry of the
cracked domain under consideration in Sect. 4.3.3. It is constructed using two patches
which interfere at the vertical symmetry line of the domain. In Fig. 4.9, the separation
of the patches is indicated by a dotted line. For each patch, a unique set of control
points is defined together with corresponding weights, which are all equal to 1.0 in this
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Figure 4.43: Osteocyte and osteoblast concentration over time in dependence on the source, respectively
sink term sgy,/oB- The results include different initial osteocyte concentrations cBY as well as different

osteoblast concentrations cgjy of the previous time step.

particular case. The number of control points is n,, =n-m = 12 with n = 4, m = 3 for
both of the two patches A and B. The control point coordinates are chosen as

BA _ 00 0.0 00 04 02 02 03 04 039 039 0399 04 ]
~ 106 0.0 0.0 0.0 0.6 04 025 025 0.6 0475 0425 0.425|°

04 08 08 08 04 05 06 06 04 0401 0.404 0.404]°
0.0 0.0 0.0 0.6 025 025 04 0.6 0425 0425 0475 06 |-
(4.276)

B? =

By repetition of the second control point in each patch the sharp corners on the lower
left and right are constructed. The knot vectors are equal for both patches and read

5 =10,0,0,0.5,1,1,1], H=1[0,0,0,1,1,1] (4.277)
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considering a polynomial degree of p = ¢ = 2 within a two-dimensional setting. The
resulting physical mesh is presented in Fig. 4.44b and consists of two elements in each
patch. By refinement through knot insertion, cf. Sect. 2.2.2, the number of elements is
increased for the simulations carried out in Sect. 4.3.3 and the mesh shown in Fig. 4.10
is obtained.

The connection between the two patches is enabled by the coinciding control points
at z; = 0.4 in (4.276). Accordingly, the condition (2.28) for C°-continuity between the
patches is ensured by this choice of control points. For the simulations in this work,
however, global C!-continuity is required. Accordingly, (2.29) must be fulfilled. Due
to the collinearity and equal distancing of control points across the patch interface in
the geometry under consideration, cf. Fig. 4.44a, this condition is directly fulfilled with
respect to the control points with the constant in (2.29) specified as k = 1. For the
unknown fields, on the other hand, the conditions (2.28) and (2.29) are incorporated by
linear constraints as described in Sect. 2.3.2.

0.6 . 0.6
0.5} | 0.5}
0.4+ 0.4+
0.3}F 0.3}F
0.2} 0.2}
0.1 0.1+
0.0 ‘ ‘ ‘ ‘ ‘ ‘ 0.0 ‘ ‘ ‘ ‘ ‘ ‘
00 01 02 03 04 05 06 07 08 00 01 02 03 04 05 06 07 08
&1 Ty
(a) Control mesh with n¢p = 24. (b) Coarsest physical mesh with ne = 4.

Figure 4.44: Control mesh and coarsest physical mesh of the cracked bone sample.

C.4.2 Cracked bone sample within the IGA-FEA approach

In the following, the geometric data for the IGA model is summarised for all crack
lengths considered in the simulations in Sect. 4.4.6.3. The two-dimensional geometry
of the cracked rectangular domain is constructed based on NURBS and consists of two
patches in analogy to the geometry described in Appendix C.4.1. For the coarsest mesh,
the knot vectors in the two parametric directions read

5 =10,0,0,0.5,1,1,1], H=1[0,0,0,1,1,1] (4.278)
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for polynomial degrees p = ¢ = 2 and are identical for both patches. The control points
for each of the patches are

BA _ 00 0.0 00 04 02 02 03 04 0395 0395 03975 04 ]
~ (0.6 0.0 0.0 0.0 0.6 0.4 0.25 0.25 0.6 0475 0425 0.425]|°

pe_ [04 08 08 08 04 05 06 06 04 04025 0.405 0405]'
~10.0 00 00 0.6 025 025 04 0.6 0425 0425 0475 0.6 |
(4.279)

These correspond to the geometry of the plate with maximum crack length
lmax = 0.175 mm.

Within this work, the employed crack lengths are Iy = 1/64 ljax and l; = i Ly /32
with ¢ = 1,...,32. For these particular geometries, the xs-coordinates of the con-
trol points Béz, Bés, B?A and Bgl, Bgz, Bgs are adapted in comparison with (4.279)
whereas the indices are based on the numbering defined in (2.6). The modified control
points are calculated as

B?’Q s €9 = 0.6 — % lmaX7 Bé?) €y = B?A s €9 = 0.6 — ﬁj [06 — BgAQ . 62}

ng €9 = 0.6 — % lma)n Bgl € = B?]i2 s €9 = 0.6 — ,Bj [06 — BBBiB . 62}
(4.280)

for j = 0,...,32. Therein, scalars a; and j3; are specified as ag = 1/64, By = [1 + 4 ] /7
and oy =1/32, 8; = [1 + 4 ;] /7. The remaining control point coordinates are identical
for all crack lengths. In Fig. 4.45, the corresponding control meshes are presented
for the crack lengths | € {%lmax,glmax,lmax} and Fig. 4.46 shows the corresponding
physical meshes without refinement. By means of knot insertion, cf. Sect. 2.2.2, the final
discretisations, as presented in Fig. 4.32 for the maximum crack length, are obtained.
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(a) Crack length | = %lmax. (b) Crack length [ = % Imax- (C) Crack length | = Imax-

Figure 4.45: Control meshes for different crack lengths, respectively different time steps during crack
evolution with nc, = 24. Reprinted from [175] under the terms of the Creative Commons Attribution
License (CC BY).
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Figure 4.46: Coarsest physical meshes for different crack lengths, respectively different time steps during
crack evolution with ng = 4.

C.5 Additional results
C.5.1 Combined flexoelectric and piezoelectric remodelling initiation

In Fig. 4.19a, 4.19c and 4.19e, the electric field magnitude near the crack tip at time
t = 3sis presented for the purely flexoelectric, the purely piezoelectric and the combined
initiation of bone remodelling. In Fig. 4.21, the individual components of the electric
field vector, i.e. e; and ey, are shown for pure flexoelectricity and pure piezoelectricity in
order to help explain the behaviour of the combined response. In the following, Fig. 4.47
provides a more detailed view on the results for all three cases so that the magnitude as
well as the direction of the electric field can be observed in one plot each.

C.5.2 Simultaneous bone remodelling from two sides

In the bone remodelling simulations in Sect. 4.4.6.5, the boundary conditions and model
parameters have been chosen in such a way that bone cells are recruited from the sur-
rounding vasculature on the left boundary of the cracked cortical bone specimen under
consideration. Active osteoclasts and osteoblasts accordingly enter the domain over the
left boundary and move towards the remodelling site, i.e. to the crack to perform remod-
elling, respectively crack healing. Complementing these studies, additional simulations
have been carried out in which the simultaneous action of bone cells from different spatial
origins is considered. For this purpose, the reaction-force driven boundary conditions
(4.144) and (4.150) are additionally prescribed on the right-hand surface of the cracked
domain. In order to obtain a similar osteoblast outflux over the crack surfaces and,
accordingly, a comparable growth behaviour with respect to the simulations in Sect.
4.4.6.5, the constant factor scaling the influx of osteoblasts is set to kop = 0.15 within
the simulations. In Fig. 4.48, the corresponding simulation results are presented in terms
of the osteoclast and osteoblast diffusion. It can be observed that these cells enter from
both sides of the domain and migrate towards the crack in terms of anisotropic diffu-
sion. By this simultaneous diffusion from the left and right, the resulting osteoblast
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outflux over the crack surfaces and, consequently, the growth behaviour are significantly
affected. As shown in Fig. 4.49, the growth is rather symmetric in contrast to the bone
formation by the one-sided bone remodelling.

1

le]| in Vmm™? lle]] in Vmm™
0.0 . ‘5‘8‘ . 11.6 0.0 J ‘1‘3‘.9 . 27.2
(a) Electric field at time ¢t = 3's near the crack tip for (b) Electric field at time t = 3 s near the crack tip for
pure flexoelectricity. pure piezoelectricity.

1

le|l in Vmm™
0.0 102 204

(C) Electric field at time ¢t = 3's near the crack tip for combined flexoelectricity and piezoelectricity.
Figure 4.47: Electric field at time ¢t = 3 s near the crack tip. The plots show the results for simulations
considering pure flexoelectricity, pure piezoelectricity and both effects combined. The contour plots

indicate the magnitude of the electric field, whereas the glyphs show its direction. Reprinted from [174]
under the terms of the Creative Commons Attribution License (CC BY).
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(a) Osteoclast concentration and flux from two sides. (b) Osteoblast concentration and flux from two sides.

Figure 4.48: Concentration and flux of bone cells in the simultaneous bone remodelling from two sides.
The contour plots present the concentration of osteoclasts coc, respectively osteoblasts cog and the
glyphs indicate the direction of the corresponding fluxes go and gop in the region of interest.

C.6 Convergence study

Due to the spatial as well as temporal dependency of the calculations performed for
the investigation of bone remodelling in this thesis, the convergence with respect to
both mesh size and time increment are investigated. In particular, the IGA framework
presented in Sect. 4.3 is under consideration and shall also be representative for the
framework in Sect. 4.4 where an even finer mesh and the same time increment At is
employed in the simulations.

In Fig. 4.50, the maximum magnitude of electric field present in the cortical bone
specimen at maximum mechanical load (t = 3s, cf. Fig. 4.9) is shown for different
finite element discretisations. More specifically speaking, the number of elements in the
finite element mesh is varied according to ne € {6156, 7564, 11 840,16 008}, whereas a
constant time increment At = 1/8s is considered. Analogously, the minimum osteocyte
concentration after apoptosis at time t = 5s is presented in dependence on the employed
number of elements. A clear convergence can be observed in both figures with a deviation
of less than 1% between the discretisations with 11840 and 16 008 elements.

Regarding the time increment in the numerical simulations, Fig. 4.51 in-
cludes the resulting electric field, respectively osteocyte concentration values for
At € {1s,1/2s,1/4s,1/8s,1/16s}. For the spatial discretisation, the finest mesh in-
cluding 16 008 elements is used. The maximum electric field magnitude remains almost
constant in all simulations, whereas a convergence behaviour can be observed for the
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minimum osteocyte concentration when sufficiently small time increments are consid-
ered. In particular, the difference between the concentration values obtained from the

simulations with At = 1/8s and At = 1/165s is smaller than 1 %.

V|

(a) Mesh after four growth steps. One-sided remodelling. (b) Mesh after four growth steps. T'wo-sided remodelling.

AN

(d) Mesh after five growth steps. Two-sided remodelling.

(C) Mesh after five growth steps. One-sided remodelling.

Figure 4.49: Comparison of the surface growth behaviour in simulations with BMU progression from
one, respectively two sides. Detail views on the crack tip region are shown. The grey coloured do-
main without element edges represents the initial domain for comparison. Arrows indicate the vertical

symmetry line of the initial domain.
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Figure 4.50: Convergence behaviour of the results for simulations considering pure flexoelectricity. Four
different mesh sizes are considered.
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Figure 4.51: Convergence behaviour of the results for simulations considering pure flexoelectricity. Five
different time step sizes At are considered.
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5 Concluding remarks

This thesis dealt with the modelling and numerical simulation of higher-gradient
effects in anisotropic solids as a result of their particular microstructure. It has been
shown that, within the theory of gradient continua, the incorporation of such higher-
gradient effects leads to partial differential equations up to fourth order and, accordingly,
to higher continuity requirements on the basis functions in the underlying finite element
scheme. Consequently, isogeometric analysis has been employed in order to fulfil these
requirements by using NURBS basis functions. In Chapter 2, a globally C!-continuous
IGA framework has been presented for this purpose. Therein, special techniques for
imposing C'-continuity also for complex geometries including multiple patches and re-
peated knots, respectively control points, are addressed. On this basis, the impact of
the fibre bending stiffness on the mechanical behaviour of fibre-reinforced solids has
been investigated in Chapter 3, and flexoelectricity has been studied in Chapter 4 as an
initiator of remodelling and microcrack healing in cortical bone. Concluding remarks as
well as an outlook to future research are subsequently provided for both topics.

Modelling of fibre-reinforced solids with fibre-bending stiffness In extension to clas-
sic structural tensor approaches for the modelling of fibre-reinforced solids which account
for the tensile stiffness of the embedded fibres, a modelling approach considering the fi-
bre bending stiffness has been investigated. On the basis of the couple-stress theory, the
gradient of the fibre direction field has been incorporated as additional argument of the
underlying stored energy density function. It has been shown that the resulting stresses
and couple-stresses exhibit contributions from the fibre curvature within a small strain
regime, whereas the fibre stretch gradient is additionally included under consideration
of finite strains. As a further result of the employed couple-stress theory, a fourth-order
partial differential equation is obtained.

By means of the globally C'-continuous isogeometric analysis framework established
in this work, this fourth-order PDE has been solved for different two-dimensional
boundary value problems. For the validation of the proposed framework, a cylindri-
cal tube subject to pure azimuthal shear has been studied since analytical solutions are
available for this example. It has been shown that the numerical results obtained by
isogeometric analysis are in qualitative and quantitative agreement with the analytical

181



5 Concluding remarks

solutions for both the linear and the non-linear framework up to a certain amount of
deformation. In particular, an increasingly stiff material response has been observed
upon activation of the fibre bending stiffness contributions. In the limiting case, the
radial fibres in the cylindrical tube remain almost straight during deformation.

Two additional boundary value problems have been addressed by means of the pro-
posed IGA frameworks for small, respectively finite strains in order to further examine
the fibre properties. From the investigation of a bending beam as well as a notched plate
under tensile load, the fibre bending stiffness has been shown to significantly affect the
material response, especially when the geometric dimensions are small. Accordingly, the
size effect included in the underlying gradient continuum theory exhibits a substantial
impact on the simulation results. Moreover, the influence of the fibre direction has been
studied, whereas the maximum resistance against bending has been obtained for fibres
being aligned with the longitudinal axes of the beam-like structures under investigation.
Regarding the stresses induced by the inhomogeneous deformations in the simulations,
it has been found that, depending on the employed value of fibre bending stiffness, the
symmetric and skew-symmetric stress contributions are of similar magnitude. Thus,
both parts contribute significantly to the total stress response of the fibre-reinforced
material.

In future works, the proposed framework shall be used for advanced constitutive mod-
elling, such as for materials with initially curved fibres, and extended by consideration
of additional deformation modes like fibre twist. Complex three-dimensional structures
shall also be analysed with the proposed method.

Modelling of flexoelectricity-induced bone remodelling and microcrack healing
Targeted remodelling in cortical bone has been investigated by considering the underly-
ing chemo-electro-mechanically coupled mechanisms contributing to the initiation as well
as progression of this cell-regulated process. In particular, flezoelectricity has been ac-
counted for by the incorporation of strain gradients into the underlying electric enthalpy
density function in the proposed modelling approach. A thermodynamically consistent
framework for flexoelectricity has been established and validated by comparison with
an analytical solution for a representative boundary value problem including mechanical
and electrical loading. It has been shown that the numerical simulations by the proposed
isogeometric analysis scheme yield accurate results.

As a key component of the modelling approach presented in this thesis, the
flexoelectricity-induced electric fields are coupled to osteocyte apoptosis which is known
to initiate cortical bone remodelling processes. The subsequent bone cell diffusion as
well as the biochemical signalling mechanisms during remodelling have been additionally
accounted for in terms of (anisotropic) diffusion equations including specific source and
sink terms that capture the physics of the underlying process.

Within the scope of this work, the initiation of bone remodelling has first been anal-
ysed in a multi-patch isogeometric analysis framework with global C*-continuity and has
been applied to a pre-cracked specimen of cortical bone. The simulation results have
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revealed that the flexoelectricity-induced electric field in the vicinity of the crack tip
exceeds the experimentally observed critical value for osteocyte apoptosis. Moreover,
the relevance of flexoelectricity in comparison with piezoelectricity has been shown to
increase on small scales due to the size-dependency of the flexoelectric effect. As a con-
sequence of the electromechanical material response, cell diffusion processes are initiated
through the particular modelling assumptions. To be precise, the flexoelectricity-induced
osteocyte apoptosis is coupled to the production of messenger substances by a source
term. These messenger substances recruit osteoclastic and osteoblastic cells from the sur-
rounding vasculature through boundary conditions. By employing a threshold value for
the influx of these bone cells, the proposed model further considers that new BMUs are
most likely to originate in the Haversian or Volkmann’s canal closest to the crack. After
recruitment, the targeted migration of the bone cells towards the crack is accounted for
by diffusion equations including anisotropic evolving diffusion tensors. More specifically
speaking, a combination of the direct movement towards the crack as well as in direction
of osteon alignment, i.e. a direction predetermined by the bone structure itself, has been
found to be reasonable in order to imitate the migration of BMUs in real bones.

An extension of this modelling approach has additionally been presented in this the-
sis which captures the entire remodelling process including flexoelectric effects during
crack evolution as well as the bone-forming activity of the involved bone cells under the
use of a combined IGA-FEA framework. In the first part of the proposed framework,
isogeometric analysis is employed in order to capture the flexoelectric initiation of bone
remodelling. It is shown that the distribution of osteocytes within the considered bone
sample changes during crack propagation due to apoptosis in the vicinity of the crack
tip. Using this distribution of osteocytes as the initial osteocyte field which initiates the
remodelling process, the remodelling itself is studied by the second part of the proposed
framework, i.e. the finite element simulation. By using generalised Robin-type boundary
conditions, the osteocyte signalling in response to the apoptosis event enables an influx
of osteoclasts which migrate towards the crack in terms of anisotropic diffusion. During
the resorption activity of osteoclasts, new messenger substances are released and, as
they reach the domain boundaries, cause an influx of osteoblasts which similarly diffuse
towards the crack. These individual signalling mechanisms control the timing of the
process as observed in experiments. A main contribution of the proposed finite element
scheme is the surface growth algorithm which is coupled to the diffusion of osteoblasts.
A moving mesh-type approach is adopted for this purpose, and an internal healing,
i.e. the differentiation of osteoblasts into osteocytes, is naturally accounted for by the
appropriate coupling of the field equations. From the simulation results, a significant
reduction of the crack width has been observed accordingly.

Overall, the proposed model provides a basis for the incorporation of the higher-
order phenomenon flexoelectricity into a numerical framework for bone remodelling sim-
ulations. As experiments with bone material, especially on the micro scale and nano
scale, are highly complex and difficult to conduct, this computational approach enables
further investigations on the flexoelectric properties of bone and their impact on bone
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remodelling processes via representative simulations. This includes, for instance, further
studies on the flexoelectric coefficients and on the symmetry class of the flexoelectric-
ity tensor in the context of cortical bone material. Besides, the proposed framework is
capable of capturing the entire process of bone remodelling, from crack evolution and
flexoelectricity-induced osteocyte apoptosis, to diffusion-driven crack healing. However,
in order to simulate the complete closure of bone microcracks, future work shall include
the consideration of further numerical techniques for severe surface growth, such as com-
plete remeshing and additional smoothing. Moreover, appropriate contact algorithms
are required in this case to avoid element penetrations. In the long run, the framework is
to be extended to investigate malfunctions in the bone remodelling process which cause
bone diseases such as osteoporosis.
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