U N I V E R S I T Y OF D O R T M U N D

REIHE COMPUTATIONAL INTELLIGENCE

COLLABORATIVE RESEARCH CENTER 531

Design and Management of Complex Technical Processes and Systems by means of Computational Intelligence Methods

On Interpreting Fuzzy IF-THEN Rule Bases by Concepts of Functional Analysis

Stephan Lehmke, Bernd Reusch, Karl-Heinz Temme, and Helmut Thiele

No. CI-19/98

Technical Report ISSN 1433-3325 February 1998

Secretary of the SFB 531 ⋅ University of Dortmund ⋅ Dept. of Computer Science/XI 44221 Dortmund ⋅ Germany

This work is a product of the Collaborative Research Center 531, “Computational Intelligence”, at the University of Dortmund and was printed with financial support of the Deutsche Forschungsgemeinschaft.

Abstract

Starting with ZADEH’s fundamental paper łThe Calculus of Fuzzy IF-THEN Rulesž we mention őve possible interpretations of a Fuzzy IF-THEN Rule Base. The interpretation of a given Fuzzy IF-THEN Rule Base strongly depends on the area where it is to be applied. In the paper presented we restrict this area to fuzzy control and approximate reasoning. Consequently, we interpret a Fuzzy IF-THEN Rule Base as a system of functional equations for determining a special functional operator. Then using the concepts of functional analysis and metric spaces we introduce the principles FATI and FITA and study their correctness and equivalence.

Contents

1 Introduction 2

2 The Special Case of One IF-THEN Rule 8 2.1 The Compositional Rule of Inference . . . . . . . . . . . . . . . . . . . . . 8 2.2 Fuzzy Approximate Reasoning . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Interpretation of Fuzzy IF-THEN Rules . . . . . . . . . . . . . . . . . . . 12 2.4 Concepts of Correctness for Interpreted Fuzzy IF-THEN Rules. Criteria for Local Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.5 Criteria for Global Correctness. Concepts of Continuity for Functional Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 IF-THEN Rule Bases 27 3.1 Fundamental Concepts and Notations . . . . . . . . . . . . . . . . . . . . 27 3.2 On some Concepts of Correctness for Rule Bases . . . . . . . . . . . . . . 33 3.2.1 The Rule-wise Correctness of a Rule Base . . . . . . . . . . . . . . 33 3.2.2 The Local Correctness of FATI and FITA . . . . . . . . . . . . . . 35 3.2.3 Versions of the Global Correctness of FATI and FITA . . . . . . . . 35 3.3 Criteria for Local Correctness of FITA and FATI . . . . . . . . . . . . . . . 35 3.3.1 On the Local Correctness of FITA . . . . . . . . . . . . . . . . . . 35 3.3.2 On the Local Correctness of FATI . . . . . . . . . . . . . . . . . . 37 3.4 On the Continuity of FATI and FITA . . . . . . . . . . . . . . . . . . . . . 40 3.4.1 Discussing the Operator FATI . . . . . . . . . . . . . . . . . . . . 40 3.4.2 Discussing the Operator FITA . . . . . . . . . . . . . . . . . . . . 41 3.5 On the Equivalence of FATI and FITA . . . . . . . . . . . . . . . . . . . . 42

Chapter 1

Introduction

In a łSpecial Lecturež held on the congress łFuzzy Engineering toward Human Friendly Systemsž (November 13ś15, 1991, Yokohama, Japan) under the title łThe Calculus of Fuzzy IF-THEN Rulesž L. A. ZADEH developed a program for studying this őeld of problems [48, 49]. We put this program at the beginning of the report presented. The principal questions addressed in the calculus of fuzzy IF-THEN rules are:

1. What is the meaning of a fuzzy IF-THEN rule expressed as a joint or conditional possibility distribution?

2. What is the meaning of a collection of fuzzy IF-THEN rules? 3. How can blocks of fuzzy IF-THEN rules be combined? 4. How can a collection of fuzzy IF-THEN rules be interpolated? 5. How can algebraic operations on a collection of fuzzy IF-THEN rules be carried out? 6. How can fuzzy IF-THEN rules be inferred from observations? 7. How can fuzzy IF-THEN rules be compressed?

With respect to the numerous applications of IF-THEN rules, for instance to fuzzy control, to fuzzy approximate reasoning, to fuzzy expert systems, to fuzzy pattern recognition and fuzzy clustering, to fuzzy decision making, etc., the importance of such investigations cannot be overestimated.

In the literature one can őnd numerous approaches and attempts to investigate this őeld of problems. Many of these are carried out only heuristically for special cases, others try to develop general and systematic concepts to study the area of IF-THEN rules (see References). The starting point of our investigations is the concept of an IF-THEN rule base RB on a universe U.

In order to deőne this concept, by IR and 〈0,1〉 we denote the set of all real numbers r and the set of all real numbers r with 0 ≤ r ≤ 1, respectively. For an arbitrary subset S ⊆ 〈0,1〉 by SupS we denote the supremum of S with respect to 〈0,1〉 and the usual ordering ≤ of real numbers. Note that Sup〈0,1〉 = 1 and Sup∅ = 0 where ∅ denotes the empty set. A fuzzy set F on U is a mapping F : U → 〈0,1〉, i. e. we do not distinguish between a fuzzy set and its membership function because there is no reason for making such a distinction.

In the following we use the height hgt(F) of a fuzzy set F on U usually deőned by hgt(F) =_{def} Sup{F(x) x ∈ U}.

Furthermore, if G is another fuzzy set on U we use the subset relation F ⊆ G deőned by F ⊆ G =_{def} ∀x(x ∈ U → F(x) ≤ G(x)).

We recall that τ : 〈0,1〉 × 〈0,1〉 → 〈0,1〉 is said to be a t-norm if and only if τ is monotone, commutative, associative, and fulőlls the condition τ(r,1) = r for every r ∈ 〈0,1〉. For a őxed natural number n ≥ 1, let F_1,… ,F_n and G_1,… ,G_n be fuzzy sets on U. Deőnition 1.1 A scheme of the form IFF_1 THEN G_1 RB : . . IFF_n THEN G_n is said to be a fuzzy IF-THEN rule base on U, shortly, an IF-THEN rule base.

Remark With respect to other more general deőnitions of an IF-THEN rule base we could say that RB is an IF-THEN rule base in normal form. We underline that IF-THEN rule bases in normal form are much more suitable for the following theoretical investigations while in applications more general forms are used, for instance, applying the and connective or other connectives in formulating the premises or the conclusions of IF-THEN rules. But we point out that the restriction to normal form does not mean a loss of generality because by suitable operations on fuzzy sets and by the construction principle of cylindrical extension one can transform an IF-THEN rule base used in applications into an IF-THEN rule base in normal form.

At őrst glance, an IF-THEN rule base in the sense deőned above must be considered only as a syntactical object, i. e. without interpretation and without semantics. We take the view that there are several possibilities to deőne an interpretation and to develop a semantics for an IF-THEN rule base RB. And, furthermore, which interpretation and semantics we introduce depends on the őeld where we want to apply the given IF-THEN rule base.

We can immediately see the following őve areas where IF-THEN rule bases can be applied:

1. Fuzzy Control 2. Fuzzy Approximate Reasoning 3. Fuzzy Cluster Analysis 4. Fuzzy Decision Making 5. Fuzzy Computing.

Because of restricted space we cannot discuss all these aspects of applying IF-THEN rule bases and possible further aspects which we have not mentioned here. In the following we shall discuss the őeld of Fuzzy Control and shall develop an interpretation and a semantics for IF-THEN rule bases with respect to their applications in this őeld. We mention that this semantics can also be used for applying IF-THEN rule bases in the őeld of Fuzzy Approximate Reasoning.

In order to develop a semantics of an IF-THEN rule base for its application in Fuzzy Control we start with a (rough) description of a classical control circuit. It has the structure

x Classical Controller cont y

Process

We assume that the time is described by the set IR of all real numbers and the starting point of our control circuit is 0. Therefore the input x and the output y of the controller are functions deőned on the set 〈0,∞) of all non-negative real numbers. For simpliőcation we assume that for t ∈ 〈0,∞) the values x(t) and y(t) are real numbers. (In general, one has to admit that x(t) and y(t) are elements from suitable linear spaces or even metric spaces.) The output function y is determined by a deterministic functional operator cont using the input function x as argument, i. e. y = cont(x). The functional operator cont can be deőned by methods of classical analysis as the example of the PID-controller shows, i. e. the function y is deőned by x using the addition, multiplication, integration, and differentiation as follows

y(t) = a ⋅ x(t) + b ⋅ t ⌠ ⌡_0 x(τ)dτ + c ⋅ dx(τ) dτ (t)

where t ∈ 〈0,∞) and a,b,c ∈ IR. Obviously, this description of cont fails if the function x is not integrable or not differentiable. These difőculties will be overcome by fuzzy controllers as follows. For simpliőcation we assume that the functional operator cont works łcombinatoricallyž, i. e. that there exists a real function f : IR → IR such that for every t ∈ 〈0,∞) the equation

y(t) = f (x(t))

holds. More general cases, for example, taking into consideration the łpastž {x(τ) 0 ≤ τ < t} of x(t) or the speed^{dx}_{dt} of the change of x, have hardly been considered and applied up to now in the őeld of fuzzy control. See, for instance, [12, 13, 35, 45].

For the following, we őx a time point t ∈ 〈0,∞). Then the computation of the output y(t) starting with the input x(t) can be described by the following three steps.

x(t)

Fuzzy Controller

Fuzziőer

F(t)

IF-THEN Rule Base

Inference Machine G(t)

Defuzziőer y(t)

Process

Step 1. We have őxed a certain universe U and consider the set FP(U) of all fuzzy sets on U. The block łFuzziőerž deőnes a mapping φ which assigns to the real number x(t) ∈ IR a fuzzy set F(t) = φ(x(t)) on U called the fuzziőcation of x(t).

Step 2. The łInference Machinež deőnes a mapping Φ which transforms the input fuzzy set F(t) into an output fuzzy set G(t) = Φ(F(t)). The Inference Machine uses the given IF- THEN rule base via a certain inference mechanism. To deőne the mapping Φ which is a functional operator Φ : FP(U) → FP(U) will be the main problem of the report presented.

Step 3. The block łDefuzziőerž deőnes a mapping δ : FP(U) → IR. Using the concepts of functional analysis one can say that δ is a real functional deőned on the set FP(U).

Summarizing the three steps above one can state that the mapping f can be factorized in the form

f (x(t)) = δ(Φ(φ(x(t)))) = (δ ° Φ ° φ)(x(t)) (x(t) ∈ IR, t ∈ 〈0,∞)),

where φ : IR → FP(U), Φ : FP(U) → FP(U), δ : FP(U) → IR.

Now, for the following investigations we formulate our

Working Hypothesis

For studying classical control circuits, classical analysis, in particular the theory of differential equations including classical numerical mathematics, is a well-tried useful semantic instrument.

But for studying fuzzy control circuits this instrument fails, in general. Starting with the discussed factorization we think that modern functional analysis is a suitable mathematical framework and useful apparatus in order to investigate fuzzy control circuits.

Because of space restrictions we cannot investigate all of the mappings φ, Φ and δ, so in the following we shall study only the functional operator Φ. For investigations of the mappings φ and δ see [5, 25, 29] and [4, 21, 24, 31ś34, 43, 44], respectively, for instance. Further references regarding defuzziőcation procedures can be found in e. g. [21, 44].

In the spirit of the fuzzy control approach described we interpret a given IF-THEN rule base

IFF_1 THEN G_1

RB : . . IFF_n THEN G_n

as a łpartial deőnitionž of a functional operator Φ : FP(U) → FP(U) fulőlling the functional equations

Φ(F_1) = G_1 . . (1) Φ(F_n) = G_n.

In other words one can interpret RB as a system of functional equations for the unknown functional operator Φ.

To this approach we have to add two important remarks.

Remark 1. Up to now in publications one can őnd the following approach: Let S be a binary fuzzy relation on U, i. e. S : U ×U → 〈0,1〉. Then for an arbitrary fuzzy set F : U → 〈0,1〉 on U a product F ° S is deőned such that F ° S is a fuzzy set on U. Very often the so-called łstandardž product is used, deőned by (F ° S)(y) =_{def} Sup{min(F(x),S(x,y)) x ∈ U}.

Now, we know the interpretation of an IF-THEN rule base RB as a system of relational equations, i. e. as the problem of őnding a binary fuzzy relation S such that all the equations F_1 ° S = G_1,… ,F_n ° S = G_n are satisőed.

Then using S the operator Φ is deőned by Φ(F) =_{def} F ° S for every F ∈ FP(U).

As we shall see later in section 3 the principle łFATIž can be subordinated to the łrelationalž approach described above whereas the principle łFITAž is more general and requires the investigation of systems of functional equations.

Remark 2. The system (1) of functional equations has a lot of solutions Φ, in general. Therefore restricting principles are necessary.

One of the most important restricting principles is the following: If we have a solution Φ of (1) then we want to have: If F,F′ : U → 〈0,1〉 and F is similar to F′ then Φ(F) is similar to Φ(F′). This heuristic formulation leads to the continuity of functional operators. Hence, in order to make this formulation more precise we need a topology in FP(U). Assume we generate the considered topology in FP(U) by a function ρ : FP(U) × FP(U) → 〈0,1〉 where ρ is restricted as follows (see [3, 41]): Deőnition 1.2

1. ρ is said to be a (fuzzy) co-tolerance relation on FP(U) =_{def} 1.1. For every F : U → 〈0,1〉, ρ(F,F) = 0 (Co-Reŕexivity).

1.2. For every F,G : U → 〈0,1〉, ρ(F,G) = ρ(G,F) (Symmetry). 2. ρ is said to be a semi metric on FP(U)

=_{def} ρ satisőes 1.1 and 1.2 and

2.1. For every F,G,H : U → 〈0,1〉, ρ(F,H) ≤ ρ(F,G) + ρ(G,H) (Triangle Inequality).

3. ρ is said to be a metric on FP(U)

=_{def} ρ satisőes 1.1, 1.2, 2.1 and

3.1. For every F,G : U → 〈0,1〉, if ρ(F,G) = 0 then F = G.

For more information concerning metrics on FP(U) see [3], for instance. Now, using a co-tolerance relation ρ on FP(U) we deőne for F ⊆ FP(U), F ∈ F and Φ : F → FP(U):

Deőnition 1.3

1. Φ is said to be continuous in F with respect to ρ and F =_{def} For every real number ε > 0 there exists a real number δ > 0 such that for every G ∈ F, if ρ(F,G) < δ then ρ(Φ(F),Φ(G)) < ε.

2. Φ is said to be continuous in F with respect to ρ =_{def} For every F ∈ F, Φ is continuous in F with respect to ρ and F.

Example 1.1 For arbitrary F,G : U → 〈0,1〉 we deőne

ρ_C(F,G) =_{def} Sup{|F(x) − G(x)| x ∈ U}.

Hence, ρ_C is a metric on FP(U). It is called CHEBYSHEV metric.

Example 1.2 Assume U is not empty but őnite, p is a őxed real number with p > 0, F,G : U → 〈0,1〉.

ρ_p(F,G) =_{def} ∑_{x∈U}^{|F(x) − G(x)|p} 1 p .

Obviously, ρ_p is a metric on FP(U). ρ_1 is called HAMMING-distance and ρ_2 is the well-known EUCLIDian distance. Finally, the CHEBYSHEV metric can be generated by lim_{p→∞} ρ_p(F,G).

Chapter 2

The Special Case of One IF-THEN Rule

2.1 The Compositional Rule of Inference

Let F and G be őxed fuzzy sets on U, i. e. F,G : U → 〈0,1〉. We consider the IF-THEN rule R =_{def} IFF THEN G. In section 1 we have stated that with respect to fuzzy control an IF-THEN rule deőnes a functional equation, i. e. we have to construct a functional operator Φ^R : FP(U) → FP(U) such that the equation Φ^R(F) = G holds where the choice of Φ^R is restricted by additional conditions, for instance by a certain version of continuity. A fundamental approach to construct such an operator is the Compositional Rule of Inference introduced by L. A. ZADEH in [47] which can be described as follows: Deőnition 2.1.1 (Compositional Rule of Inference)

1. We deőne a binary fuzzy relation S on U by S(x,y) =_{def} min(F(x),G(y)) (x,y ∈ U).

2. For an arbitrary F′ : U → 〈0,1〉 we deőne the inferred set G′ : U → 〈0,1〉 by G′(y) =_{def} Sup{min(F′(x),S(x,y)) x ∈ U} (y ∈ U).

3. Φ^R(F′) =_{def} G′.

The compositional rule of inference can be motivated and justiőed by the following mapping concept of crisp set theory. Assume A ⊆ U and T ⊆ U ×U. Deőnition 2.1.2 The T -image A ° T of the set A is deőned as A ° T =_{def} {y ∃x(x ∈ A ∧ [x,y] ∈ T )}.

Let us recall that for F : U → 〈0,1〉 and S : U ×U → 〈0,1〉 the kernels Ker(F) and Ker(S) are deőned by Ker(F) =_{def} {x x ∈ U ∧ F(x) = 1} Ker(S) =_{def} {[x,y] x,y ∈ U ∧ S(x,y) = 1}.

Then the compositional rule of inference is justiőed by the following compatibility theorem:

Theorem 2.1.1 If 1. G′(y) = Sup{min(F′(x),S(x,y)) x ∈ U} for every y ∈ U

2. ∀y(y ∈ U → ∃x(x ∈ U ∧ G′(y) = min(F′(x),S(x,y)))) then Ker(G′) = Ker(F′) ° Ker(S). Proof By deőnition of Ker we have to show y ∈ Ker(G′) ↔ y ∈ (Ker(F′) ° Ker(S)). (1) By deőnition of ° we have y ∈ Ker(F′) ° Ker(S) ↔ ∃x(x ∈ Ker(F′) ∧ [x,y] ∈ Ker(S)), (2) hence by deőnition of Ker it is sufőcient to show G′(y) = 1 ↔ ∃x(F′(x) = 1 ∧ S(x,y) = 1) (3) I. (→) Assume G′(y) = 1, (4) hence by deőnition of G′ Sup{min(F′(x),S(x,y)) x ∈ U} = 1. (5) Because of assumption 2 there exists an x ∈ U such that min(F′(x),S(x,y)) = 1, (6) hence F′(x) = 1 and S(x,y) = 1. (7) II. (←) Assume there exists an x ∈ U such that F′(x) = 1 and S(x,y) = 1, (8) hence min(F′(x),S(x,y)) = 1, (9) hence Sup{min(F′(x),S(x,y)) x ∈ U} = 1,

(10) i. e. G′(y) = 1. ■ Finally, we interpret the compositional rule of inference as a procedure for deőning a functional operator Φ^R by

Φ^R(F′)(y) =_{def} Sup{min(F′(x),min(F(x),G(y))) x ∈ U} (y ∈ U) for a given (őxed) IF-THEN rule R : IFF THEN G and for arbitrary F′ : U → 〈0,1〉.

2.2 Fuzzy Approximate Reasoning

Now, we discuss a second application of the Compositional Rule of Inference. In the framework of Fuzzy Approximate Reasoning the so-called Generalized Modus Ponens is introduced as a łfuzzy deduction schemež of the following form Rule: IF F THEN G Premise: F′ Conclusion: G′ where F,F′,G,G′ are fuzzy sets on U.

Obviously, the Generalized Modus Ponens coincides with the usual Modus Ponens if we assume F′ = F and G′ = G, i. e. IF F THEN G F G .

But the use of the Generalized Modus Ponens differs from the (usual) Modus Ponens with respect to some essential features.

The application of the Modus Ponens is very clear. Assume that L is a logical system with a certain concept of łtheoremž where theorems are deőned łmodel-basedž or łrule-basedž, for instance.

The use of the Modus Ponens is correct (and permitted) if the following justiőcation (or soundness) lemma holds in L: If łIFF THEN Gž and łFž are theorems then łGž is a theorem. The conclusion G can be obtained by the trivial syntactic operation of detaching the premise łFž of the implication łIFF THEN Gž.

The application of the Generalized Modus Ponens is much more complicated and is not comparable with the application of the (usual) Modus Ponens. The reason is that the Generalized Modus Ponens cannot be used as a rule of detachment in the sense of a logical system with a certain concept of łtheoremž.

A semantics for a sensible application of the Generalized Modus Ponens can be developed by the following two steps.

Step 1 Assume that the fuzzy sets F and G on U are fuzzy descriptions of states of a given system. Using the well-known łtomato examplež we put F =_{def} the tomato t is red G =_{def} the tomato t is ripe.

Then we interpret the expression IFF THEN G, i. e.

IF the tomato t is red THEN the tomato t is ripe, as a description of the fact that G is a logical (or, possibly, a causal) consequence of F. On the basis of this interpretation we call a functional operator Φ : FP(U) → FP(U) which fulőlls the equation Φ(F) = G an interpretation of the expression IFF THEN G.

Step 2 Following the łphilosophyž of the Compositional Rule of Inference for an arbitrary fuzzy set F′ on U (interpreted as a łgeneralizedž premise) we deőne the conclusion G′ by G′ =_{def} Φ(F′).

So, we can say that using a (őxed) interpretation Φ of the expression IFF THEN G we have deőned the (semantic) function of the Generalized Modus Ponens.

Remark The proposed concept of interpretation Φ is very general. Using our tomato example we derive the monotony as a further condition which must be fulőlled by an interpretation of IFF THEN G. Deőnition 2.2.1 Φ is said to be monotone =_{def} ∀H∀H′(H,H′ ∈ FP(U) ∧ H ⊆ H′ → Φ(H) ⊆ Φ(H′)) We put F′ =_{def} the tomato t is dark red G′ =_{def} the tomato t is very ripe.

Then interpreting the words łdark redž and łvery ripež we have F′ ⊆ F and G′ ⊆ G. This holds on the basis of the following statement: If Φ is an interpretation of IFF THEN G, Φ is monotone, and F′ ⊆ F then G′ ⊆ G.

Proof From F′ ⊆ F by monotonicity of Φ we get Φ(F′) ⊆ Φ(F). (1) Because Φ is an interpretation of IFF THEN G, we get Φ(F) = G. (2) By deőnition we have G′ =_{def} Φ(F′). (3) But (1), (2), and (3) imply G′ ⊆ G. (4) ■

2.3 Interpretation of Fuzzy IF-THEN Rules

We underline that the construction of a functional operator with the properties described above is a new problem.

To illustrate this problem we consider the following łclassicalž construction (see deőnition 2.1.1)

Φ^R(F′)(y) =_{def} Sup{min(F′(x),min(F(x),G(y))) x ∈ U}

where R =_{def} IFF THEN G.

Obviously, Φ^R is a monotone functional operator because min and Sup are monotone. The equation Φ^R(F) = G only holds if F and G fulőll certain suppositions (see corollary 2.4.3).

We have to state that by the compositional rule of inference deőned in deőnition 2.1.1 we cannot construct enough solutions which are necessary in applications and for developing a good and rich theory. Therefore we generalize the concept of interpretation and the concept of the compositional rule of inference as follows:

Deőnition 2.3.1 J = [π,κ,Q] is said to be an interpretation (of a single IF-THEN rule) =_{def} 1. π,κ : 〈0,1〉^2 → 〈0,1〉, i. e. π and κ are binary real functions from 〈0,1〉^2 into 〈0,1〉.

2. Q : P〈0,1〉 → 〈0,1〉, i. e. Q is a mapping from the power set P〈0,1〉 of the closed unit interval 〈0,1〉 into this interval; Q is also called real quantiőer.

Deőnition 2.3.2 (Generalized Compositional Rule of Inference)

1. The function π, called łimplication functionž, interprets the rule R = IFF THEN G by deőning the binary fuzzy łimplication relationž S on U as

S(x,y) =_{def} π(F(x),G(y)) (x,y ∈ U).

2. For an arbitrary F′ : U → 〈0,1〉 the image G′ : U → 〈0,1〉 is inferred using S, κ and Q as follows:

G′(y) =_{def} Q({κ(F′(x),S(x,y)) x ∈ U}) (y ∈ U).

3. Analogous to the deőnition of the operator Φ^R (see deőnition 2.1.1) on the basis of the given interpretation J = [π,κ,Q] we deőne

Φ^R_J(F′)(y) =_{def} Q({κ(F′(x),π(F(x),G(y))) x ∈ U}) (y ∈ U)

for every F′ : U → 〈0,1〉 in coincidence with point 2 above.

2.4 Concepts of Correctness for Interpreted Fuzzy IF- THEN Rules. Criteria for Local Correctness

For the formulation of the following theorems of this chapter we need the following deőnition, where ρ is a co-tolerance relation on FP(U), F ⊆ FP(U) and F ∈ F.

Deőnition 2.4.1

1. Φ^R_J is said to be locally correct

=_{def} Φ^R_J(F) = G

2. Φ^R_J is said to be weakly globally correct with respect to ρ and F =_{def} Φ^R_J is locally correct and Φ^R_J is continuous in F with respect to ρ and F.

3. Φ^R_J is said to be globally correct with respect to ρ and F =_{def} Φ^R_J is locally correct and Φ^R_J is continuous in all łpointsž F ∈ F with respect to ρ and F.

Theorem 2.4.1 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. κ and π are t-norms 2. Q = Sup then for every y ∈ U, Φ^R_J(F)(y) ≤ G(y). Proof Because π and κ are t-norms, we have for every r,s ∈ 〈0,1〉, π(r,s) ≤ min(r,s) and κ(r,s) ≤ min(r,s), (1) hence for every x,y ∈ U, π (F(x),G(y)) ≤ min(F(x),G(y)), (2) From (1) and (2) for every x,y ∈ U, we obtain κ (F(x),π (F(x),G(y))) ≤ min(F(x),π (F(x),G(y))) ≤ min(F(x),min(F(x),G(y))) because min is monotone = min(F(x),G(y)) ≤ G(y), (3)

hence Φ^R_J(F)(y) =_{def} Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≤ G(y). (4) ■

Remark For the validity of theorem 2.4.1 we do not need the complete assumption 1, i. e. that π and κ are t-norms. As the above proof shows the condition (1) is sufőcient. Theorem 2.4.2 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. κ and π are t-norms 2. Q = Sup 3. At least one of the following three conditions is satisőed 3.1. hgt(F) ≥ hgt(G) and π = κ = min or 3.2. hgt(F) = 1 and π,κ are continuous or 3.3. there is an x ∈ U such that F(x) = 1 then for every y ∈ U, G(y) ≤ Φ^R_J(F)(y).

Proof Case 3.1 By assumption we have hgt(F) ≥ hgt(G) and π = κ = min.

The operator Φ^R_J is deőned by Φ^R_J(F)(y) =_{def} Sup{min(F(x),min(F(x),G(y))) x ∈ U}, (1) hence by ∀r∀s(r,s ∈ 〈0,1〉 → min(r,min(r,s)) = min(r,s)),

Φ^R_J(F)(y) = Sup{min(F(x),G(y)) x ∈ U}. (2) Because min is continuous, we get Sup{min(F(x),G(y)) x ∈ U} ≥ min(Sup{F(x) x ∈ U},G(y)). (3) From the assumption hgt(F) ≥ hgt(G) we get ∀y(y ∈ U → Sup{F(x) x ∈ U} ≥ G(y)), (4) hence ∀y(y ∈ U → min(Sup{F(x) x ∈ U},G(y)) = G(y)), (5) hence by (2), (3), and (5) we get Φ^R_J(F)(y) ≥ G(y).

Case 3.2 By assumption we have that hgt(F) = 1 and π,κ are continuous.

Because π and κ are continuous

the function φ deőned by φ(r,s) =_{def} κ (r,π(r,s)) (r,s ∈ 〈0,1〉) is also continuous. (6) From (6) we obtain Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≥ κ (Sup{F(x) x ∈ U},π (Sup{F(x) x ∈ U},G(y))) . (7) Because of the deőnition hgt(F) =_{def} Sup{F(x) x ∈ U} and the assumption hgt(F) = 1 and κ and π are t-norms, we obtain κ (Sup{F(x) x ∈ U},π (Sup{F(x) x ∈ U},G(y))) = κ (hgt(F),π (hgt(F),G(y))) = κ (1,π (1,G(y))) = κ (1,G(y)) = G(y), (8)

hence by (7) and deőnition of Φ^R_J(F)(y) Φ^R_J(F)(y) ≥ G(y). (9) Case 3.3 By assumption there exists an x_0 ∈ U such that F(x_0) = 1.

By deőnition of Φ^R_J we have to show Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≥ G(y),

(10) hence it is sufőcient to prove ∃x(x ∈ U ∧ κ (F(x),π (F(x),G(y))) ≥ G(y)).

(11) We choose x =_{def} x_0.

Because π and κ are t-norms we obtain κ (F(x_0),π (F(x_0),G(y))) = κ (1,π (1,G(y))) = κ (1,G(y)) = G(y).

(12)

■ Corollary 2.4.3 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. κ and π are t-norms 2. Q = Sup 3. At least one of the following three conditions is satisőed 3.1. hgt(F) ≥ hgt(G) and π = κ = min or 3.2. hgt(F) = 1 and π,κ are continuous or 3.3. there exists an x ∈ U such that F(x) = 1 then Φ^R_J(F) = G, i. e. Φ^R_J is locally correct.

Proof By applying theorem 2.4.1 and 2.4.2. ■

By analyzing the proofs of theorem 2.4.1 and 2.4.2 we realize that both theorems are valid under essentially weaker assumptions.

In particular, we shall see that the concept of norm is irrelevant because the above mentioned theorems hold without using t-norms.

Theorem 2.4.4 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. ∀r∀s(r,s ∈ 〈0,1〉 → π(r,s) ≤ min(r,s) ∧ κ(r,s) ≤ min(r,s)) 2. Q = Sup then for every y ∈ U, Φ^R_J(F)(y) ≤ G(y).

Proof See the proof of theorem 2.4.1. It is not necessary that κ and π are t-norms. ■ Another generalization of theorem 2.4.1 is the following Theorem 2.4.5 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. π and κ satisfy the łboundary conditionž

∀s(s ∈ 〈0,1〉 → π(1,s) ≤ s ∧ κ(1,s) ≤ s)

2. π and κ are monotone with respect to their őrst arguments, i. e.

∀r∀r′∀t (r,r′,t ∈ 〈0,1〉 ∧ r ≤ r′ → π(r,t) ≤ π(r′,t) ∧ κ(r,t) ≤ κ(r′,t)) 3. Q = Sup then for every y ∈ U, Φ^R_J(F)(y) ≤ G(y).

Proof By deőnition of Φ^R_J we have to show Φ^R_J(F)(y) =_{def} Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≤ G(y), (1) hence it is sufőcient to prove ∀x(x ∈ U → κ (F(x),π (F(x),G(y))) ≤ G(y)). (2) Now by assumption 1 and the monotonicity of κ in its őrst argument, we obtain κ (F(x),π (F(x),G(y))) ≤ κ (1,π (F(x),G(y))) ≤ π (F(x),G(y)), (3) furthermore, by assumption 1 and the monotonicity of π in its őrst argument, we obtain π (F(x),G(y)) ≤ π (1,G(y)) ≤ G(y), (4) hence (3) and (4) imply (2). ■ Now, we generalize theorem 2.4.2. Theorem 2.4.6 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. Q = Sup 2. At least one of the following three conditions is satisőed

2.1. hgt(F) ≥ hgt(G) and

∀r∀s(r,s ∈ 〈0,1〉 → min(r,s) ≤ π(r,s) ∧ min(r,s) ≤ κ(r,s)) 2.2. hgt(F) = 1, π is continuous in its őrst argument, κ is continuous, and

∀s(s ∈ 〈0,1〉 → π(1,s) = κ(1,s) = s)

2.3. ∃x(x ∈ U ∧ F(x) = 1) and ∀s(s ∈ 〈0,1〉 → π(1,s) = κ(1,s) = s) then for every y ∈ U, G(y) ≤ Φ^R_J(F)(y).

Proof See the proof of theorem 2.4.2. ■

With respect to assumption 2.1 of theorem 2.4.6 we can modify this theorem as follows. Theorem 2.4.7 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. hgt(F) ≥ hgt(G) 2. ∀r∀s(r,s ∈ 〈0,1〉 → π(r,s) ≥ s ∧ κ(r,s) ≥ s) 3. κ is monotone in its őrst argument 4. the function φ deőned by φ(r,s) =_{def} κ (r,π(r,s)) (r,s ∈ 〈0,1〉) is continuous in its őrst argument 5. Q = Sup then for every y ∈ U, G(y) ≤ Φ^R_J(F)(y).

Proof From the assumption hgt(F) ≥ hgt(G) we get for every y ∈ U, hgt(F) ≥ G(y), (1) hence by assumption 2 for π π (hgt(F),G(y)) ≥ G(y), (2) hence by assumption 3 κ (hgt(F),π (hgt(F),G(y))) ≥ κ (hgt(F),G(y)), (3) hence by assumption 2 for κ κ (hgt(F),π (hgt(F),G(y))) ≥ G(y). (4) By assumption 4 we obtain Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≥ κ (Sup{F(x) x ∈ u},π (Sup{F(x) x ∈ U},G(x))), (5) consequently by (4) and the deőnition of Φ^R_J we obtain G(y) ≤ Φ^R_J(F)(y). (6) ■

Corollary 2.4.8 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. ∀r∀s(r,s ∈ 〈0,1〉 → π(r,s) ≤ min(r,s) ∧ κ(r,s) ≤ min(r,s)) 2. Q = Sup 3. At least one of the following three conditions is satisőed 3.1. hgt(F) ≥ hgt(G) and

∀r∀s(r,s ∈ 〈0,1〉 → min(r,s) ≤ π(r,s) ∧ min(r,s) ≤ κ(r,s)) 3.2. hgt(F) = 1, π is continuous in its őrst argument, κ is continuous, and

∀s(s ∈ 〈0,1〉 → π(1,s) = κ(1,s) = s)

3.3. ∃x(x ∈ U ∧ F(x) = 1) and ∀s(s ∈ 〈0,1〉 → π(1,s) = κ(1,s) = s) then Φ^R_J(F) = G, i. e. Φ^R_J is locally correct.

Proof See theorem 2.4.4 and 2.4.6. ■ Corollary 2.4.9 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. ∀s(s ∈ 〈0,1〉 → π(1,s) = κ(1,s) = s) 2. π and κ are monotone in their őrst arguments 3. Q = Sup 4. at least one of the following conditions is satisőed 4.1. hgt(F) ≥ hgt(G) and

∀r∀s(r,s ∈ 〈0,1〉 → min(r,s) ≤ π(r,s) ∧ min(r,s) ≤ κ(r,s)) 4.2. hgt(F) = 1, π is continuous in its őrst argument, and κ is continuous 4.3. ∃x(x ∈ U ∧ F(x) = 1) then Φ^R_J(F) = G, i. e. Φ^R_J is locally correct.

Proof Applying theorem 2.4.5 and 2.4.6 ■

Remark By combining

1. theorem 2.4.4 and 2.4.7 and 2. theorem 2.4.5 with 2.4.7 we obtain two further corollaries expressing the local correctness of Φ^R_J under sufőcient conditions.

Formulating these corollaries is left to the reader. Theorem 2.4.10 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. π is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 and κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉

2. κ is continuous in its second argument 3. Q = Sup then for every y ∈ U, Φ^R_J(F)(y) ≤ G(y). Proof By deőnition of π we have π (F(x),G(y)) =_{def} Sup{t t ∈ 〈0,1〉 and κ (F(x),t) ≤ G(y)}, (1) hence κ (F(x),π (F(x),G(y)))

= κ (F(x),Sup{t t ∈ 〈0,1〉 and κ (F(x),t) ≤ G(y)}) . (2) Because κ is continuous with respect to its second argument we get

κ (F(x),Sup{t t ∈ 〈0,1〉 and κ (F(x),t) ≤ G(y)})

≤ Sup{κ (F(x),t) t ∈ 〈0,1〉 and κ (F(x),t) ≤ G(y)}. (3) Furthermore, we have

Sup{κ (F(x),t) t ∈ 〈0,1〉 and κ (F(x),t) ≤ G(y)} ≤ G(y), (4) hence by (2), (3) and (4) κ (F(x),π (F(x),G(y))) ≤ G(y), (5) hence Sup{κ (F(x),π (F(x),G(y))) x ∈ U} ≤ G(y), (6) hence by deőnition of Φ^R_J Φ^R_J(F)(y) ≤ G(y) (7) holds. ■ Theorem 2.4.11 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. hgt(F) > hgt(G) or (hgt(F) ≥ hgt(G) and ∃x(x ∈ U ∧ F(x) = hgt(F))) 2. ∀r (r ∈ 〈0,1〉 → κ(r,0) = 0 ∧ κ(r,1) = r) 3. the function κ is monotone and continuous in its second argument 4. the function π is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉 5. Q = Sup then for every y ∈ U, G(y) ≤ Φ^R_J(F)(y). Proof By deőnition of Φ^R_J we have to show G(y) ≤ Sup{κ (F(x),π (F(x),G(y))) x ∈ U}, (1) hence by deőnition of π it is sufőcient to prove

G(y) ≤ Sup{κ (F(x),Sup{t t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)}) x ∈ U}. (2)

Because κ is monotone in its second argument it is sufőcient to show

G(y) ≤ Sup{Sup{κ (F(x),t) t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)} x ∈ U}, (3) hence it is sufőcient to show ∃x∃t (x ∈ U ∧ t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y) ∧ G(y) ≤ κ (F(x),t)) . (4) i. e.

∃x∃t (x ∈ U ∧ t ∈ 〈0,1〉 ∧ κ (F(x),t) = G(y)). (5) Assumption 1 implies ∀y(y ∈ U → ∃x(x ∈ U ∧ F(x) ≥ G(y))). (6) Let x_0 be an element from U such that G(y) ≤ F(x_0). (7) Then by assumption 2 we obtain 0 = κ (F(x_0),0) ≤ G(y) ≤ κ (F(x_0),1) = F(x_0). (8) By assumption 3, the function κ is continuous in its second argument, hence by the intermediate value theorem there exists a t_0 ∈ 〈0,1〉 such that F(x_0,t_0) = G(y). (9) Put x =_{def} x_0 and t =_{def} t_0, then (5) holds. ■

Remark If we weaken the assumption

hgt(F) > hgt(G) or (hgt(F) ≥ hgt(G) and ∃x(x ∈ U ∧ F(x) = hgt(F))) to hgt(F) ≥ hgt(G) then the proof above will not work. The reason is that the assumption hgt(F) ≥ hgt(G) does not imply the conclusion (6).

Therefore, we have to strengthen other assumptions and to modify the proof as the following theorem shows. Theorem 2.4.12 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. hgt(F) ≥ hgt(G) 2. ∀r (r ∈ 〈0,1〉 → κ(r,0) = 0 ∧ κ(r,1) = r) 3. the function κ is monotone and continuous in the őrst as well as in the second argument 4. the function π is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉

5. Q = Sup then for every y ∈ U, G(y) ≤ Φ^R_J(F)(y).

Proof By assumption 1 we have hgt(F) ≥ hgt(G), (1) hence ∀y(y ∈ U → hgt(F) ≥ G(y)). (2) Now, let y be a őxed element from U. Then by assumption 2 we obtain 0 = κ (hgt(F),0) ≤ G(y) ≤ κ (hgt(F),1) = hgt(F). (3) Assumption 3 implies the continuity of κ in its second argument, hence by the intermediate value theorem there exists a real number t_0 ∈ 〈0,1〉 such that κ (hgt(F),t_0) = G(y). (4) Assumption 3 implies the monotonicity of κ in its őrst argument, hence ∀x(x ∈ U → κ (F(x),t_0) ≤ G(y)). (5) Futhermore, assumption 3 implies the continuity of κ in its őrst argument, hence from (4) we get Sup{κ (F(x),t_0) x ∈ U} ≥ G(y). (6) Because of (5) we have Sup{κ (F(x),t_0) x ∈ U} = Sup{κ (F(x),t_0) x ∈ U ∧ κ (F(x),t_0) ≤ G(y),} (7) hence by (6) G(y) = Sup{κ (F(x),t_0) x ∈ U ∧ κ (F(x),t_0) ≤ G(y)}, (8) hence

G(y) ≤ Sup{Sup{κ (F(x),t) x ∈ U ∧ κ (F(x),t) ≤ G(y)} t ∈ 〈0,1〉} . (9) Because of the łcommutativityž of Sup we have

Sup{Sup{κ (F(x),t) x ∈ U ∧ κ (F(x),t) ≤ G(y)} t ∈ 〈0,1〉}

= Sup{Sup{κ (F(x),t) t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)} x ∈ U}.

(10)

Because of assumption 3, the function κ is monotone in its second argument, we get

Sup{κ (F(x),t) t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)} ≤ κ (F(x),Sup{t t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)}),

(11)

hence because of monotonicity of Sup and deőnition of π

Sup{Sup{κ (F(x),t) t ∈ 〈0,1〉 ∧ κ (F(x),t) ≤ G(y)} x ∈ U}

≤ Sup{κ (F(x),π (F(x),G(y))) x ∈ U},

(12)

From (9), (10), (12), and the deőnition of Φ^R_J(F)(y) we obtain G(y) ≤ Φ^R_J(F)(y) ■

Corollary 2.4.13 If R = IFF THEN G and J = [π,κ,Q] is an interpretation of R such that

1. hgt(F) > hgt(G) or (hgt(F) ≥ hgt(G) and ∃x(x ∈ U ∧ G(x) = hgt(G))) 2. ∀r (r ∈ 〈0,1〉 → κ(r,0) = 0 ∧ κ(r,1) = r) 3. the function κ is monotone and continuous in its second argument 4. the function π is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉.

5. Q = Sup then Φ^R_J(F) = G, i. e. Φ^R_J is locally correct.

Proof By applying theorem 2.4.10 and 2.4.11. ■ Corollary 2.4.14 If R = IFF THEN G and J = [π,κ,Q] is an interpretation such that

1. hgt(F) ≥ hgt(G) 2. ∀r (r ∈ 〈0,1〉 → κ(r,0) = 0 ∧ κ(r,1) = r) 3. the function κ is monotone and continuous as well as in its őrst and in its second argument 4. the function π is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉 5. Q = Sup then Φ^R_J(F) = G, i. e. Φ^R_J is locally correct.

Proof By applying theorem 2.4.10 and 2.4.12. ■

2.5 Criteria for Global Correctness. Concepts of Continuity for Functional Operators

Now, we turn over to investigate the weakly global correctness and the global correctness of Φ^R_J.

We state that the global correctness of Φ^R_J implies its weakly global correctness. Therefore in the following we shall study only the global correctness. The problem whether there exists a Φ^R_J such that Φ^R_J is weakly global correct but not global correct remains open. Because of the above theorems it is sufőcient to study the continuity of Φ^R_J with respect to a co-tolerance relation ρ and a set F ⊆ FP(U).

In order to have simple assumptions we start our considerations with the well-known CHEBYSHEV metric ρ_C (see example 1.1). Obviously, the metric ρ_C satisőes the following

Lemma 2.5.1 For every x ∈ U, every F,G ∈ FP(U) and every real number c ≥ 0, ρ_C(F,G) ≤ c if and only if for every x ∈ U, |F(x) − G(x)| ≤ c.

We underline that the relation between the metric ρ_C and the absolute value of real numbers expressed by this lemma will play an important role in proving theorem 2.5.3 further down. In the proof of the following theorem we still need Lemma 2.5.2 For every F,G ∈ FP(U),

|Sup{F(x) x ∈ U} − Sup{G(x) x ∈ U}| ≤ Sup{|F(x) − G(x)| x ∈ U}. Proof Without loss of generality we can assume that Sup{F(x) x ∈ U} > Sup{G(y) y ∈ U}. (1) First, we show (2) ∀x(x ∈ U ∧ F(x) ≥ Sup{G(y) y ∈ U} → F(x) − Sup{G(y) y ∈ U} ≤ Sup{|F(y) − G(y)| y ∈ U}).

Assume F(x) ≥ Sup{G(y) y ∈ U}. (3) Then we obtain

F(x) − Sup{G(y) y ∈ U} ≤ F(x) − G(y) because of Sup{G(y) y ∈ U} ≥ G(y) for every y ∈ U ≤ F(x) − G(x) for y =_{def} x = |F(x) − G(x)| ≤ Sup{|F(x) − G(x)| x ∈ U}. (4)

Furthermore, we state

Sup{F(x) − Sup{G(y) y ∈ U} x ∈ U} = Sup{F(x) − Sup{G(y) y ∈ U} x ∈ U ∧ F(x) ≥ Sup{G(y) y ∈ U}}. (5) The inequation ≥ of (5) is trivial. In order to prove the inequation ≤ of (5) it is sufőcient to show

∀x(x ∈ U → ∃x′(x′ ∈ U ∧ F(x′) ≥ Sup{G(y) y ∈ U} ∧ F(x′) ≥ F(x))). (6) Case 1 Sup{G(y) y ∈ U} ≥ F(x). Because of (1) there exists an x′ ∈ U such that F(x′) ≥ Sup{G(y) y ∈ U}, (7) hence (6) holds.

Case 2 F(x) ≥ Sup{G(y) y ∈ U}. Put x′ =_{def} x, hence (6) holds trivially.

Now, from assumption (1) we obtain

|Sup{F(x) x ∈ U} − Sup{G(y) y ∈ U}| = Sup{F(x) x ∈ U} − Sup{G(y) y ∈ U} (8) By continuity of the subtraction r − s for real numbers we get

Sup{F(x) x ∈ U} − Sup{G(y) y ∈ U} ≤ Sup{F(x) − Sup{G(y) y ∈ U} x ∈ U}, (9) hence by (4), (5), (8), and (9) we obtain

|Sup{F(x) x ∈ U} − Sup{G(y) y ∈ U}| ≤ Sup{|F(x) − G(x)| x ∈ U}. ■

Remark Using the deőnition of hgt and ρ_C, the above lemma says that for every F,G ∈ FP(U), |hgt(F) − hgt(G)| ≤ ρ_C(F,G).

Theorem 2.5.3 If R = IFF THEN G and J is an interpretation of R such that

1. κ is continuous 2. Q = Sup then Φ^R_J is continuous with respect to ρ_C and FP(U), i. e. Φ^R_J is globally correct with respect to ρ_C and FP(U).

Proof We have to prove ∀ε(ε > 0 → ∃δ(δ > 0 ∧ ∀H∀H′(H,H′ ∈ FP(U) ∧ ρ_C(H,H′) ≤ δ → ρ_C(Φ^R_J(H),Φ^R_J(H′)) ≤ ε))). (1) Assume ε > 0. Then we want to show ρ_C (Φ^R_J(H),Φ^R_J(H′)) ≤ ε. (2) Because of lemma 2.5.1 it is sufőcient to prove | |Φ^{RJ}(H)(y) − Φ^{RJ}(H′)(y) | | ≤ ε for every y ∈ U. (3) Hence by deőnition of Φ^R_J it is sufőcient to show

|Sup{κ (H(x),π (F(x),G(y))) x ∈ U} − Sup{κ (H′(x),π (F(x),G(y))) x ∈ U}| ≤ ε for every y ∈ U, (4) hence by lemma 2.5.2 it is sufőcient to prove

Sup{|κ (H(x),π (F(x),G(y))) − κ (H′(x),π (F(x),G(y)))| x ∈ U} ≤ ε for every y ∈ U, (5) hence by deőnition of Sup it is sufőcient to prove

|κ (H(x),π (F(x),G(y))) − κ (H′(x),π (F(x),G(y)))| ≤ ε for every x,y ∈ U. (6)

Because κ is continuous, we have (7) ∀ε(ε > 0 → ∃δ(δ > 0 ∧ ∀r∀r′∀s∀s′(r,r′,s,s′ ∈ 〈0,1〉 ∧ |r − r′| ≤ δ ∧ |s − s′| ≤ δ → |κ(r,s) − κ(r′,s′)| ≤ ε))). Put r =_{def} H(x)

r′ =_{def} H′(x) s =_{def} s′ =_{def} π (F(x),G(y)).

Then there is a δ > 0 such that the condition |H(x) − H′(x)| ≤ δ for every x ∈ U (8) implies (6).

Now, (1) gives the assumption ρ_C(H,H′) ≤ δ, (9) hence by lemma 2.5.1, (9) implies (8). ■

For investigating the continuity of operators Φ : FP(U) → FP(U) in more detail for F ⊆ FP(U) we deőne Deőnition 2.5.1

1. Φ is said to be point-wise continuous in F

=_{def} ∀ε∀x(ε > 0 ∧ x ∈ U →

∃δ (δ > 0 ∧ ∀F∀G(F,G ∈ F ∧ |F(x) − G(x)| ≤ δ → |Φ(F)(x) − Φ(G)(x)| ≤ ε))). 2. Φ is said to be uniformly point-wise continuous in F

=_{def} ∀ε(ε > 0 → ∃δ(δ > 0 ∧ ∀x∀F∀G(x ∈ U ∧ F,G ∈ F ∧ |F(x) − G(x)| ≤ δ → |Φ(F)(x) − Φ(G)(x)| ≤ ε))).

3. Φ is said to be CHEBYSHEV-continuous in F

=_{def} Φ is continuous in F with respect to the CHEBYSHEV metric ρ_C .

We have the following Lemma 2.5.4

1. Φ is uniformly point-wise continuous in F if and only if

Φ is CHEBYSHEV-continuous in F 2. The CHEBYSHEV-continuity of Φ in F implies its point-wise continuity in F. 3. If U is őnite then the point-wise continuity of Φ in F implies its CHEBYSHEVcontinuity in F 4. If U is inőnite then the point-wise continuity of Φ in F does not imply its CHEBYSHEV-continuity of Φ, in general.

Proof ad 1 Obvious by deőnitions. ad 2 Obvious by deőnitions.

ad 3 By assumption for every ε > 0 and every x ∈ U there exists a δ_{ε,x} such that ∀F∀G(F,G ∈ F ∧ |F(x) − G(x)| < δ_{ε,x} → |Φ(F)(x) − Φ(G)(x)| < ε) .

δ_ε =_{def} Sup{δ_{ε,x} x ∈ U}.

Because U is őnite, δ_ε is a őnite real number, furthermore we have δ_{ε,x} ≤ δ_ε for all x ∈ U, hence δ_ε can be used to prove the CHEBYSHEV-continuity of Φ in F.

ad 4 By analyzing the following remark, deőnition and theorem we get a method to construct an operator which is point-wise continuous in F(U) but not CHEBYSHEV-continuous in F(U). ■

Remark The proof of theorem 2.5.3 shows that this theorem is still valid if the function κ is only continuous in its őrst argument, but uniformly continuous with respect to its second argument.

For deőniteness we repeat

Deőnition 2.5.2

1. κ is said to be continuous in its őrst argument =_{def} ∀ε∀s(ε > 0 ∧ s ∈ 〈0,1〉 → ∃δ(δ > 0 ∧ ∀r∀r′(r,r′ ∈ 〈0,1〉 ∧ |r − r′| < δ → |κ(r,s) − κ(r′,s)| < ε)))

2. κ is said to be uniformly continuous in its őrst argument with respect to its second argument =_{def} ∀ε(ε > 0 → ∃δ(δ > 0 ∧ ∀r∀r′∀s(r,r′,s ∈ 〈0,1〉 ∧ |r − r′| < δ → |κ(r,s) − κ(r′,s)| < ε))).

Then, by analyzing the proof of theorem 2.5.3 we get

Theorem 2.5.5 If R = IFF THEN G and J is an interpretation of R such that

1. κ is continuous in its őrst argument

2. Q = Sup

then Φ^R_J is point-wise continuous with respect to FP(U).

Remark The continuity of operators of the form Φ^R_J is investigated for special J and special F in [11].

Chapter 3

IF-THEN Rule Bases

3.1 Fundamental Concepts and Notations

We consider a őxed IF-THEN rule base IFF_1 THEN G_1 RB : . . IFF_n THEN G_n where n ≥ 1 and F_1,… ,F_n,G_1,… ,G_n are fuzzy sets on U, i. e. for every i ∈ {1,… ,n} we have F_i : U → 〈0,1〉 and G_i : U → 〈0,1〉.

For interpreting RB we őx a (3n + 4)-tuple J of the form

J = [π1,… ,πn,κ0,κ1,… ,κn,Q0,Q1,… ,Qn,α,β]

where

1. π_1,… ,π_n,κ_0,κ_1,… ,κ_n : 〈0,1〉^2 → 〈0,1〉 2. Q_0,Q_1,… ,Q_n : P〈0,1〉 → 〈0,1〉 3. α,β : 〈0,1〉^n → 〈0,1〉.

In generalization of the terminology introduced in section 2 we call π_1,… ,π_n łimplication functionsž, κ_0,κ_1,… ,κ_n łcombination functionsž, Q_0,Q_1,… ,Q_n (real) łquantiőersž, and α,β łaggregation functionsž.

The deőnition of an interpretation for an IF-THEN rule base is done in three steps.

Step 1. Interpretation of the rules IFF_i THEN G_i. For every i ∈ {1,… ,n} we deőne a binary fuzzy relation on U by S_i(x,y) =_{def} π_i(F_i(x),G_i(y)) (x,y ∈ U).

We say that the implication function π_i interprets the rule IFF_i THEN G_i. The corresponding relation S_i is called łimplication relationž generated by the rule IFF_i THEN G_i and the implication function π_i.

We underline that every rule has its own interpretation. Of course, this general approach covers the case of a universal interpretation (i. e. π_1 = ⋅⋅⋅ = π_n) as well as the case that the rule base RB contains łweighted rulesž, for instance.

Note that at this stage of discussion we do not assume any special properties of π_i. This will be done later for proving theorems and in considering examples.

Step 2 and step 3 depend on the principle FATI or FITA which will be used for an interpretation of the rule base being considered [7, 8, 37, 40, 46].

We deőne FATI =_{def} First Aggregation Then Inference.

Step 2 (FATI)

This step 2 consists of aggregating the deőned binary fuzzy relations S_1,… ,S_n on U to a binary fuzzy łsuperrelationž S_0 on U as follows

S_0(x,y) =_{def} α(S_1(x,y),… ,S_n(x,y)) (x,y ∈ U).

As in step 1 we do not make any assumptions about the real function α. In several publications (see, for instance, [46]) one can őnd the opinion that α must be the function max or the function min. But we do not share this opinion because we think that in this way the approach is too strongly restricted.

Step 3 (FATI)

For an arbitrary łargumentž F, where F is a fuzzy set on U, we infer from F and the aggregated implication relation S_0 by Q_0-κ_0-composition the fuzzy set H on U where for every y ∈ U, H_0(y) is deőned by H_0(y) =_{def} Q_0({κ_0(F(x),S_0(x,y)) x ∈ U}).

Now with respect to the interpretation J we deőne the functional operator FATI^{RB}_J , which is a mapping FATI^{RB}_J : FP(U) → FP(U), as follows where F : U → 〈0,1〉 and y ∈ U:

Deőnition 3.1.1 (FATI) FATI^{RB}_J (F)(y) =_{def} H_0(y) .

Consequently, we have

FATI^{RB}_J (F)(y) = Q_0 ({κ_0 (F(x),S_0(x,y)) x ∈ U}) = Q_0({κ_0(F(x),α(π_1(F_1(x),G_1(y)),… ,π_n(F_n(x),G_n(y)))) x ∈ U})

Now, we deőne FITA =_{def} First Inference Then Aggregation.

In order to deőne the corresponding functional operator FITA^{RB}_J we exchange step 2 with step 3, i. e. for a given fuzzy set F : U → 〈0,1〉 we infer from F and the łlocalž implication relation S_i by Q_i-κ_i-composition the fuzzy set H_i and after this we aggregate the łlocalž results H_1,… ,H_n to the global result H by the aggregation function β.

That means

Step 2 (FITA) H_i(y) =_{def} Q_i({κ_i(F(x),S_i(x,y)) x ∈ U}) (y ∈ U).

Step 3 (FITA) H(y) =_{def} β(H_1(y),… ,H_n(y)) (y ∈ U). Like in case of FATI^{RB}_J we deőne Deőnition 3.1.2 (FITA) FITA^{RB}_J (F)(y) =_{def} H(y) .

Consequently, we have FITA^{RB}_J (F)(y) = β (H_1(y),… ,H_n(y)) = β(Q_1({κ_1(F(x),π_1(F_1(x),G_1(y))) x ∈ U}),… ,Q_n({κ_n(F(x),π_n(F_n(x),G_n(y))) x ∈ U}))

Example 3.1.1 In many applications so-called łcrispž inputs play an important role. We deőne for F : U → 〈0,1〉 and x_0 ∈ U: Deőnition 3.1.3 F is said to be an x_0-crisp fuzzy set on U =_{def} F(x_0) = 1 and F(x) = 0 for every x ∈ U with x ≠ x_0.

Because an x_0-crisp fuzzy set on U is uniquely determined by x_0, we denote this set by F_{x0} . For crisp inputs we get the following theorem. Theorem 3.1.1 If 1. κ_0,κ_1,… ,κ_n are t-norms and

2. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup and 3. α = β then for every x_0,y ∈ U,

1. FATI^{RB}_J (F_{x0} )(y) = α(S_1(x_0,y),… ,S_n(x_0,y)) 2. FITA^{RB}_J (F_{x0} )(y) = β(S_1(x_0,y),… ,S_n(x_0,y)) 3. FATI^{RB}_J (F_{x0} )(y) = FITA^{RB}_J (F_{x0} ).

Proof ad 1. By deőnition of FATI^{RB}_J we have FATI^{RB}_J (F_{x0} ) = Q_0 ({κ_0(F_{x0} (x),α(S_1(x,y),… ,S_n(x,y))) x ∈ U}) = Sup({κ_0(1,α(S_1(x_0,y),… ,S_n(x_0,y)))} ∪ {κ_0(0,α(S_1(x,y),… ,S_n(x,y))) x ∈ U ∧ x ≠ x_0}) = α(S_1(x_0,y),… ,S_n(x_0,y)) because κ_0(1,s) = s, κ_0(0,s) = 0, Sup{r,0} = r.

ad 2. Analogously to assertion 1.

ad 3. Immediately from assertions 1 and 2. ■

Note that this result is independent of the interpretation of the rules IFF_i THEN G_i, i. e. the interpreting functions π_i can be chosen without any restrictions (i ∈ {1,… ,n}). By analyzing the proof of theorem 3.1.1 we obtain the following generalizations of this theorem.

Theorem 3.1.2

1. If ∀s(s ∈ 〈0,1〉 → κ_0(0,s) = 0 ∧ κ_0(1,s) = s) and ∀r (r ∈ 〈0,1〉 → Q0{0,r} = r)

then for every x_0,y ∈ U, FATI^{RB}_J (F_{x0} )(y) = α (S_1(x_0,y),… ,S_n(x_0,y))

2. If for every i ∈ {1,… ,n},

∀r (r ∈ 〈0,1〉 → κi(0,s) = 0 ∧ κi(1,s) = s) and ∀r (r ∈ 〈0,1〉 → Qi{0,r} = r)

then for every x_0,y ∈ U, FITA^{RB}_J (F_{x0} )(y) = β (S_1(x_0,y),… ,S_n(x_0,y))

3. If for every i ∈ {0,1,… ,n},

∀r (r ∈ 〈0,1〉 → κi(0,s) = s ∧ κi(1,s) = s) and ∀r (r ∈ 〈0,1〉 → Qi{0,r} = r)

then for every x_0 ∈ U, FATI^{RB}_J (F_{x0} ) = FITA^{RB}_J (F_{x0} ).

Remark In the past the applications of IF−THEN rule bases were restricted to crisp inputs of the form F_{x0} (see deőnition 3.1.3), also called łsingletonž inputs.

For a crisp input F_{x0} the relations S_1,… ,S_n have the form

S_i(x_0,y) = π_i (F_i(x_0),G_i(y)).

Now, in some applications the vector [F_1(x_0),… ,F_n(x_0)] is called łfuzziőcationž of the crisp value x_0.

We underline that this term is very misleading with respect to using łfuzzy inputsž or łnonsingletonž inputs (see [5, 25, 29], for instance) which newly play an increasing role in applications. But this means that a crisp value x_0 will be fuzziőed by assigning a fuzzy set F = φ(x_0) on U to x_0 where φ is deőned by the block łfuzziőerž of a fuzzy controller (see page 4).

Hence, by fuzzifying in the second sense we indeed obtain a fuzzy set F = φ(x_0). In contrast to this concept in the őrst sense the vector [F_1(x_0),… ,F_n(x_0)] is no fuzzy set in any sense, so using the term łfuzziőcationž in this case is very confusing.

Theorem 3.1.1 and 3.1.2 give occasion to deőne for F ⊆ FP(U):

Deőnition 3.1.4 FATI^{RB}_J and FITA^{RB}_J are equivalent with respect to F =_{def} For every F ∈ F, FATI^{RB}_J (F) = FITA^{RB}_J (F).

Remarks to deőnition 3.1.4 This deőnition is very important both in theory and in applications. Implementations of the inference procedure Q_i({κ_i(F(x),S(x,y)) x ∈ U}) tend to have a very high computational complexity depending on the cardinal number cardU of U.

So, with respect to FATI we have the advantage that FATI requires only one inference procedure. In contrast to this, FITA requires n such procedures, i. e. its computational complexity is much higher, in general. But as we will see later, FITA has the advantage that it is much easier to check important properties, for instance, the correctness.

Example 3.1.2 Now, we discuss the łclassicalž MAMDANI controller. For this purpose we assume

1. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 2. κ_0 = κ_1 = ⋅⋅⋅ = κ_n = min 3. α = β = max 4. π_1 = ⋅⋅⋅ = π_n = min.

Then theorem 3.1.1 holds and for a crisp fuzzy set F_{x0} we obtain

FATI^{RB}_J (F_{x0} )(y) = FITA^{RB}_J (F_{x0} )(y) = max(min(F_1(x_0),G_1(y)),… ,min(F_n(x_0),G_n(y))). For illustration we consider the rule base T =_{def} Temperature RB :

IFF_1 THEN G_1 IFF_2 THEN G_2 where NG =^{def} Natural Gas (vol/sec) x_0 =_{def} 45 and the sets F_1, G_1, F_2 and G_2 are deőned by the following őgures.

0

1

0 50 100 T x_0

F_1(x_0)

F_1

0

1

0 50 100 NG

G_1

min(F_1(x_0), G_1(y))

0

1

0 50 100 T x_0

F_2(x_0)

F_2

0

1

0 50 100 NG

G_2

min(F_2(x_0),G_2(y))

Then we get

0

1

0 50 100 NG min(F_1(x_0),G_1(y)) 0

1

0 50 100 NG min(F_2(x_0),G_2(y))

and őnally FITA^{RB}_J (F_{x0} )(y) = G(y) = max(min(F_1(x_0),G_1(y)),min(F_2(x_0),G_2(y)))

0

1

0 50 100 NG

FITA^{RB}_J (F_{x0} ) = G

Example 3.1.3 The LARSEN controller Assumption

1. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 2. κ_0 = κ_1 = ⋅⋅⋅ = κ_n = min 3. α = β = max 4. π_1 = ⋅⋅⋅ = π_n = prod where prod(r,s) = r ⋅ s.

Then theorem 3.1.1 holds and for a crisp fuzzy set F_{x0} we obtain FATI^{RB}_J (F_{x0} )(y) = FITA^{RB}_J (F_{x0} )(y) = max(prod(F_1(x_0),G_1(y)),… ,prod(F_n(x_0),G_n(y))).

For illustration we choose the same rule base RB as in example 2. Then we get

0

1

0 50 100 T x_0

F_1(x_0)

F_1

0

1

0 50 100 NG

G_1

prod(F_1(x_0), G_1(y))

0

1

0 50 100 T x_0

F_2(x_0)

F_2

0

1

0 50 100 NG

G_2

prod(F_2(x_0),G_2(y))

0

1

0 50 100 NG prod(F_1(x_0),G_1(y)) 0

1

0 50 100 NG prod(F_2(x_0),G_2(y))

and őnally FITA^{RB}_J (F_{x0} )(y) = G(y) = max(prod(F_1(x_0),G_1(y)),prod(F_2(x_0),G_2(y)))

0

1

0 50 100 NG

FITA^{RB}_J (F_{x0} ) = G

3.2 On some Concepts of Correctness for Rule Bases

3.2.1 The Rule-wise Correctness of a Rule Base

We recall that for the given IF-THEN rule base IFF_1 THEN G_1 RB : . . IFF_n THEN G_n and the given interpretation

J = [π1,… ,πn,κ0,κ1,… ,κn,Q0,Q1,… ,Qn,α,β]

of RB we have deőned S_i(x,y) =_{def} π_i(F_i(x),G_i(y)) for x,y ∈ U. Now, for arbitrary F : U → 〈0,1〉 and y ∈ U we put Deőnition 3.2.1 (F^{i◯} S_i)(y) =_{def} Q_i({κ_i(F(x),S_i(x,y)) x ∈ U})

Using this łproductž^{i◯} we deőne Deőnition 3.2.2 RB is said to be rule-wise correct with respect to J =_{def} For every i ∈ {1,… ,n}, F_i^{i◯} S_i = G_i.

Obviously, deőnition 3.2.2 is a generalization to rule bases of the correctness of one rule (see deőnition 2.4.1).

The following őve theorems state the rule-wise correctness of IF-THEN rule bases with respect to J under sufőcient assumptions. Theorem 3.2.1 If for every i ∈ {1,… ,n},

1. π_i and κ_i are t-norms 2. Q_i = Sup 3. at least one of the following conditions is fulőlled 3.1. hgt(F_i) ≥ hgt(G_i) and π_i = κ_i = min or 3.2. hgt(F_i) = 1 and π_i and κ_i are continuous or 3.3. there is an x ∈ U with F_i(x) = 1 then RB is rule-wise correct with respect to J.

Proof Application of corollary 2.4.3. ■ Theorem 3.2.2 If for every i ∈ {1,… ,n},

1. ∀r∀s(r,s ∈ 〈0,1〉 → π_i(r,s) ≤ min(r,s) ∧ κ_i(r,s) ≤ min(r,s)) 2. Q_i = Sup 3. at least one of the following three conditions is satisőed

3.1. hgt(F_i) ≥ hgt(G_i) and

∀r∀s(r,s ∈ 〈0,1〉 → min(r,s) ≤ π_i(r,s) ∧ min(r,s) ≤ κ_i(r,s)) 3.2. hgt(F_i) = 1, π_i is continuous in its őrst argument, κ_i is continuous, and

∀s(s ∈ 〈0,1〉 → πi(1,s) = κi(1,s) = s)

3.3. ∃x(x ∈ U ∧ F_i(x) = 1) ∧ ∀s(s ∈ 〈0,1〉 → π_i(1,s) = κ_i(1,s) = s) then RB is rule-wise correct with respect to J.

Proof Application of corollary 2.4.8. ■ Theorem 3.2.3 If for every i ∈ {1,… ,n},

1. ∀s(s ∈ 〈0,1〉 → π_i(1,s) = κ_i(1,s) = s) 2. the functins π_i and κ_i are monotone in their őrst argument 3. at least one of the following three conditions is satisőed

3.1. hgt(F_i) ≥ hgt(G_i) and

∀r∀s(r,s ∈ 〈0,1〉 → min(r,s) ≤ π_i(r,s) ∧ min(r,s) ≤ κ_i(r,s)) 3.2. hgt(F_i) = 1, π_i is continuous in its őrst argument, and κ_i is continuous 3.3. ∃x(x ∈ U ∧ F_i(x) = 1) then RB is rule-wise correct with respect to J.

Proof By applying corollary 2.4.9. ■ Theorem 3.2.4 If for every i ∈ {1,… ,n},

1. hgt(F_i) > hgt(G_i) or (hgt(F_i) ≥ hgt(G_i) and ∃x(x ∈ U ∧ G_i(x) = hgt(G_i))) 2. ∀r (r ∈ 〈0,1〉 → κ_i(r,0) = 0 ∧ κ_i(r,1) = r) 3. the function κ_i is monotone and continuous in its second argument 4. π_i is deőned by π(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ(r,t) ≤ s} for every r,s ∈ 〈0,1〉 5. Q_i = Sup then RB is rule-wise correct with respect to J.

Proof Application of corollary 2.4.13. ■ Theorem 3.2.5 If for every i ∈ {1,… ,n},

1. hgt(F_i) ≥ hgt(G_i) 2. ∀r (r ∈ 〈0,1〉 → κ(r,0) = 0 ∧ κ(r,1) = r) 3. the function κ_i is monotone and continuous in its őrst as well as in its second argument 4. the function π_i is deőned by π_i(r,s) =_{def} Sup{t t ∈ 〈0,1〉 ∧ κ_i(r,t) ≤ s} for every r,s ∈ 〈0,1〉.

5. Q_i = Sup then RB is rule-wise correct with respect to J.

Proof By applying corollary 2.4.14. ■

3.2.2 The Local Correctness of FATI and FITA

Independently of the question whether FATI^{RB}_J and FITA^{RB}_J are equivalent with respect to a set F ⊆ FP(U) we deőne for Φ ∈ {FATI^{RB}_J ,FITA^{RB}_J }: Deőnition 3.2.3 Φ is said to be locally correct =_{def} For every i ∈ {1,… ,n}, Φ(F_i) = G_i.

3.2.3 Versions of the Global Correctness of FATI and FITA

Let ρ be a co-tolerance relation on FP(U). We assume that we have an F ⊆ FP(U) with F_1,… ,F_n ∈ F. As in section 3.2.2 independently of the equivalence of FATI^{RB}_J and FITA^{RB}_J (in F) for Φ ∈ {FATI^{RB}_J ,FITA^{RB}_J } we deőne: Deőnition 3.2.4

1. Φ is said to be weakly globally correct with respect to ρ in F

=_{def} 1.1. Φ is locally correct 1.2. Φ is continuous in F_1,… ,F_n with respect to ρ and F.

2. Φ is said to be globally correct with respect to ρ in F

=_{def} 2.1. Φ is locally correct 2.2. Φ is continuous in all łpointsž of F with respect to ρ and F.

3.3 Criteria for Local Correctness of FITA and FATI

3.3.1 On the Local Correctness of FITA

Referring to our remarks to deőnition 3.1.4 we start our considerations with the principle FITA because the investigation of FITA^{RB}_J with respect to local correctness is easier and more successful than the studying of the same question for FATI^{RB}_J . Theorem 3.3.1 If 1. RB is rule-wise correct with respect to J

2. β = max

3. for every i, j ∈ {1,… ,n}, F_i^{j◯} S_j ⊆ F_i^{i◯} S_i then FITA^{RB}_J is locally correct.

Proof By deőnition of FITA^{RB}_J we have for i ∈ {1,… ,n} and y ∈ U: FITA^{RB}_J (F_i)(y) = β((F_i^{1◯} S_1)(y),… ,(F_i^{n◯} S_n)(y)).

By assumption 3 we get for every i, j ∈ {1,… ,n} where y ∈ U (F_i^{j◯} S_j)(y) ≤ (F_i^{i◯} S_i)(y), hence by assumptions 2 and 1 FITA^{RB}_J (F_i)(y) = (F_i^{i◯} S_i)(y) = G_i(y). ■ Remark The assumptions 2 and 3 are sufőcient but not necessary. Instead of these assumptions even the following assumption is sufőcient:

β((F_i^{1◯} S_1)(y),… ,(F_i^{n◯} S_n)(y)) = (F_i^{i◯} S_i)(y) (i ∈ {1,… ,n}, y ∈ U). łDualž to theorem 3.3.1 the following theorem holds: Theorem 3.3.2 If 1. RB is rule-wise correct with respect to J

2. β = min 3. for every i, j ∈ {1,… ,n}, F_i^{i◯} S_i ⊆ F_i^{j◯} S_j then FITA^{RB}_J is locally correct.

Proof As for theorem 3.3.1. ■

Remark In theorem 3.3.2 the assumptions 2 and 3 are again sufőcient but not necessary. Instead of these assumptions even the same assumption

β((F_i^{1◯} S_1)(y),… ,(F_i^{n◯} S_n)(y)) = (F_i^{i◯} S_i)(y) (i ∈ {1,… ,n}, y ∈ U) as for theorem 3.3.1 is sufőcient. Theorem 3.3.3 If 1. the assumptions of one of the theorems 3.2.1, 3.2.2, 3.2.3, 3.2.4, and 3.2.5 are satisőed 2. for every i, j ∈ {1,… ,n}, F_i^{j◯} S_j ⊆ F_i^{i◯} S_i 3. β = max then FITA^{RB}_J is locally correct.

Proof By applying theorem 3.3.1 and the theorems quoted above under 1. ■ Theorem 3.3.4 If 1. the assumptions of one of the theorems 3.2.1, 3.2.2, 3.2.3, 3.2.4, and 3.2.5 are satisőed 2. for every i, j ∈ {1,… ,n}, F_i^{i◯} S_i ⊆ F_i^{j◯} S_j 3. β = min then FITA^{RB}_J is locally correct.

Proof By applying theorem 3.3.2 and the theorems quoted above under 1. ■

Remark Analogous to theorems 3.3.1 and 3.3.2 we can state that in theorems 3.3.3 and 3.3.4 the assumptions 4 and 5 are sufőcient but not necessary. In both theorems we can replace these assumptions by the assumption

β((F_i^{1◯} S_1)(y),… ,(F_i^{n◯} S_n)(y)) = (F_i^{i◯} S_i)(y) (i ∈ {1,… ,n}, y ∈ U) which is also sufőcient.

3.3.2 On the Local Correctness of FATI

Once more referring to the remarks to deőnition 3.1.4 we shall see that the investigation whether FATI^{RB}_J is locally correct or not is much harder than for FITA^{RB}_J . Theorem 3.3.5 If 1. RB is rule-wise correct with respect to J

2. α = max 3. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm 4. Q_0 = Sup 5. for every i, j ∈ {1,… ,n}, F_i^{0◯} S_j ⊆ F_i^{0◯} S_i then FATI^{RB}_J is locally correct. Proof We get FATI^{RB}_J (F)(y) = Q_0({κ_0(F(x),α(S_1(x,y),… ,S_n(x,y))) x ∈ U}) by deőnition, hence by assumptions 2 and 4 = Sup{κ_0(F(x),max(S_1(x,y),… ,S_n(x,y))) x ∈ U}.

Because κ_0 is a t-norm we have for every r,s_1,… ,s_n ∈ 〈0,1〉, κ_0(r,max(s_1,… ,s_n)) = max(κ_0(r,s_1),… ,κ_0(r,s_n)).

Consequently we obtain

FATI^{RB}_J (F)(y) = Sup{max(κ_0(F(x),S_1(x,y)),… ,κ_0(F(x),S_n(x,y))) x ∈ U}. Now, because we can exchange Sup for max we get FATI^{RB}_J (F)(y) = max(Sup{κ_0(F(x),S_1(x,y)) x ∈ U},… ,Sup{κ_0(F(x),S_n(x,y)) x ∈ U}) and = max((F^{0◯} S_1)(y),… ,(F^{0◯} S_n)(y)) by deőnition, hence for F = F_i FATI^{RB}_J (F_i)(y) = max((F_i^{0◯} S_1)(y),… ,(F_i^{0◯} S_n)(y)) thus by assumptions 5, 3 and őnally 1 = (F_i^{0◯} S_i)(y) = (F_i^{i◯} S_i)(y) = G_i(y). ■

Remarks

1. Theorem 3.3.5 also holds if we replace assumption

3. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm by 3′. κ_0 is a t-norm and replace assumption

5. for every i, j ∈ {1,… ,n}, F_i^{0◯} S_j ⊆ F_i^{0◯} S_i by 5′. for every i, j ∈ {1,… ,n}, F_i^{0◯} S_j ⊆ F_i^{i◯} S_i.

2. We can state that the assumptions 2 and 5 in theorem 3.3.5 are sufőcient but not necessary. We can even replace these assumptions by α((F_i^{0◯} S_1)(y),… ,(F_i^{0◯} S_n)(y)) = (F_i^{0◯} S_i)(y) for every i ∈ {1,… ,n} and y ∈ U which is also sufőcient.

3. If we have replaced assumption 3 by 3′ and assumption 5 by 5′ then we can together replace 3′ and 5′ by

α((F_i^{0◯} S_1)(y),… ,(F_i^{0◯} S_n)(y)) = (F_i^{i◯} S_i)(y). (i ∈ {1,… ,n}, y ∈ U).

Now, we shall discuss the case that the aggregation function α is the minimum function. Before we shall formulate and prove the theorem in question we prove the following theorem on the comparability of FATI^{RB}_J with FITA^{RB}_J . Theorem 3.3.6 If 1. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm

2. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 3. α = β = min then FATI^{RB}_J (F) ⊆ FITA^{RB}_J (F) for every F : U → 〈0,1〉. Proof Because κ_0 is a t-norm we have for every r,s_1,… ,s_n ∈ 〈0,1〉, κ_0(r,min(s_1,… ,s_n)) = min(κ_0(r,s_1),… ,κ_0(r,s_n)).

Then we get by deőnition of FATI^{RB}_J and by assumptions 1 and 3

FATI^{RB}_J (F)(y) = Sup{κ_0(F(x),min(S_1(x,y),… ,S_n(x,y))) x ∈ U} , thus = Sup{min(κ_0(F(x),S_1(x,y)),… ,κ_0(F(x),S_n(x,y))) x ∈ U}

because κ_0 is a t-norm, so ≤ min(Sup{κ_0(F(x),S_1(x,y)) x ∈ U},… ,Sup{κ_0(F(x),S_n(x,y)) x ∈ U}) because of

Sup{min(F(x),G(x)) x ∈ U} ≤ min(Sup{F(x) x ∈ U},Sup{G(x) x ∈ U}) where F and G are arbitrary fuzzy sets on U, hence FATI^{RB}_J (F)(y) ≤ min((F^{0◯} S_1)(y),… ,(F^{0◯} S_n)(y)).

Because of assumptions 1, 2 and 3 we have F^{0◯} S_i = F^{i◯} S_i for every i ∈ {1,… ,n}, thus for every y ∈ U

min((F^{0◯} S_1)(y),… ,(F^{0◯} S_n)(y)) = min((F^{1◯} S_1)(y),… ,(F^{n◯} S_n)(y)) = FITA^{RB}_J (F)(y), hence FATI^{RB}_J (F) ⊆ FITA^{RB}_J (F). ■ Theorem 3.3.7 If 1. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm

2. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 3. α = β = min 4. RB is rule-wise correct with respect to J 5. for every i, j ∈ {1,… ,n}, F_i^{i◯} S_i ⊆ F_i^{j◯} S_j then FATI^{RB}_J (F_i) ⊆ G_i.

Proof From assumptions 1, 2 and 3 we get by theorem 3.3.6 FATI^{RB}_J (F_i) ⊆ FITA^{RB}_J (F_i) for every i ∈ {1,… ,n}.

From assumptions 3, 4 and 5 we get for every i ∈ {1,… ,n}, FITA^{RB}_J (F_i) = G_i, hence theorem 3.3.7 holds. ■ If we can replace the conclusion FATI^{RB}_J (F_i) ⊆ FITA^{RB}_J (F_i) in theorem 3.3.6 by FATI^{RB}_J (F_i) = FITA^{RB}_J (F_i) for every i ∈ {1,… ,n} then we get a further correctness theorem for FATI^{RB}_J . Now, let us prove FATI^{RB}_J (F_i) = FITA^{RB}_J (F_i) for every i ∈ {1,… ,n}. Theorem 3.3.8 If 1. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm

2. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 3. α = β = min 4. for every i ∈ {1,… ,n} and every y ∈ U there is a j ∈ {1,… ,n} such that for every x ∈ U, κ_0(F_i(x),S_j(x,y)) ≤ Sup{min(κ_0(F_i(x),S_1(x,y)),… ,κ_0(F_i(x),S_n(x,y))) x ∈ U} then FATI^{RB}_J (F_i) = FITA^{RB}_J (F_i) for every i ∈ {1,… ,n}. Proof We start the proof as the one for theorem 3.3.6. Then we have for every i ∈ {1,… ,n},

FATI^{RB}_J (F_i)(y) = Sup{min(κ_0(F_i(x),S_1(x,y)),… ,κ_0(F_i(x),S_n(x,y))) x ∈ U}.

Now, assumption 4 implies for certain j ∈ {1,… ,n} that

Sup{κ0(Fi(x),S j(x,y)) x ∈ U}

≤ Sup{min(κ_0(F_i(x),S_1(x,y)),… ,κ_0(F_i(x),S_n(x,y))) x ∈ U}, hence

min(Sup{κ_0(F_i(x),S_1(x,y)) x ∈ U},… ,Sup{κ_0(F_i(x),S_n(x,y)) x ∈ U}) ≤ Sup{min(κ_0(F_i(x),S_1(x,y)),… ,κ_0(F_i(x),S_n(x,y))) x ∈ U}.

The rest of the proof follows the proof of theorem 3.3.6, hence we get FATI^{RB}_J (F_i) = FITA^{RB}_J (F_i) for every i ∈ {1,… ,n}. ■ Theorem 3.3.9 If 1. κ_0 = κ_1 = ⋅⋅⋅ = κ_n and κ_0 is a t-norm

2. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup 3. α = β = min 4. RB is rule-wise correct with respect to J 5. for every i, j ∈ {1,… ,n} F_i^{i◯} S_i ⊆ F_i^{j◯} S_j 6. for every i ∈ {1,… ,n} and every y ∈ U there is a j ∈ {1,… ,n} such that for every x ∈ U, κ_0(F_i(x),S_j(x,y)) ≤ Sup{min(κ_0(F_i(x),S_1(x,y)),… ,κ_0(F_i(x),S_n(x,y))) x ∈ U} then for every i ∈ {1,… ,n}, FATI^{RB}_J (F_i) = G_i, i. e. FATI^{RB}_J is locally correct. Proof Application of theorems 3.3.7 and 3.3.8. ■

3.4 On the Continuity of FATI and FITA

3.4.1 Discussing the Operator FATI

Remember that FATI^{RB}_J is deőned by FATI^{RB}_J (H)(y) =_{def} Q_0 ({κ_0 (H(x),S_0(x,y)) x ∈ U}) where S_0(x,y) =_{def} α (π_1 (F_1(x),G_1(y)),… ,π_n (F_n(x),G_n(y))).

Because the łsuperrelationž S_0 does not depend on F the operator FATI^{RB}_J has the same form as the operator Φ^R_J deőned by a single rule, i. e. Φ^R_J(h)(y) = Q({κ (H(x),π (F(x),G(y))) x ∈ U}).

Therefore we can adopt the corresponding results from chapter 2, in particular the theorems 2.5.3 and 2.5.5.

Theorem 3.4.1 If RB is a rule base and J is an interpretation of RB such that

1. κ_0 is continuous 2. Q_0 = Sup then FATI^{RB}_J is CHEBYSHEV-continuous with respect to FP(U).

As in theorem 2.5.3 we can generalize the assumption łκ is continuousž to łκ is uniformly continuous in its őrst argument with respect to its second argumentž. Furthermore, we obtain Theorem 3.4.2 If RB is a rule base and J is an interpretation of RB such that

1. κ_0 is continuous in its őrst argument 2. Q_0 = Sup then FATI^{RB}_J is point-wise continuous with respect to FP(U).

3.4.2 Discussing the Operator FITA

Remember that FITA^{RB}_J is deőned by FITA^{RB}_J (H)(y) =_{def} β (H_1(y),… ,H_n(y)) where for every i ∈ {1,… ,n} H_i(y) =_{def} Q_i ({κ_i (H(x),π_i (F_i(x),G_i(y))) x ∈ U}).

Obviously, each H_i is deőned by a single rule R_i = IFF_i THEN G_i, hence we can apply theorem 2.5.3 and 2.5.5 to each operator Φ^{Ri}_J . Assuming additionally the continuity of β, we get the following theorems. Theorem 3.4.3 If RB is a rule base and J is an interpretation of RB such that

1. for every i ∈ {1,… ,n}, κ_i is continuous 2. for every i ∈ {1,… ,n}, Q_i = Sup 3. β is continuous then FITA^{RB}_J is CHEBYSHEV-continuous with respect to FP(U).

As in theorem 2.5.3 and 3.4.1 we can weaken assumption 1 to łκ is uniformly continuous in the őrst argument with respect to its secondž. Theorem 3.4.4 If RB is a rule base and J is an interpretation of RB such that

1. for each i ∈ {1,… ,n}, κ_i is continuous in the őrst argument 2. for each i ∈ {1,… ,n}, Q_i = Sup 3. β is continuous then FITA^{RB}_J is point-wise continuous with respect to FP(U).

3.5 On the Equivalence of FATI and FITA

We generalize theorem 3.3.6 as follows: Theorem 3.5.1 If 1. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup

2. for every r,s_1,… ,s_n ∈ 〈0,1〉, κ_0(r,α(s_1,… ,s_n)) ≤ β(κ_1(r,s_1),… ,κ_n(r,s_n)) 3. β is monotone then for every F : U → 〈0,1〉, FATI^{RB}_J (F) ⊆ FITA^{RB}_J (F). Proof We obtain

FATI^{RB}_J (F)(y) = Q_0({κ_0(F(x),α(S_1(x,y),… ,S_n(x,y))) x ∈ U}) by deőnition of FATI^{RB}_J , hence ≤ Sup{β(κ_1(F(x),S_1(x,y)),… ,κ_n(F(x),S_n(x,y))) x ∈ U} by assumptions 1, 2 and the monotonicity of Sup. Furthermore, because β is monotone by assumption 3 and Sup fulőlls

F(x) ≤ Sup{F(x) x ∈ U} and Sup{F(x) x ∈ U} ≤ c if F(x) ≤ c for every x ∈ U for an arbitrary F : U → 〈0,1〉, we get

Sup{β(κ1(F(x),S1(x,y)),… ,κn(F(x),Sn(x,y))) x ∈ U}

≤ β(Sup{κ_1(F(x),S_1(x,y)) x ∈ U},… ,Sup{κ_n(F(x),S_n(x,y)) x ∈ U}) = FITA^{RB}_J (F)(y) because of assumption 1, hence, we get FATI^{RB}_J (F) ⊆ FITA^{RB}_J (F). ■

Remark Theorem 3.5.1 can be interpreted in the form that łFATI^{RB}_J is more speciőc than FITA^{RB}_J or is equivalent to FITA^{RB}_J .ž The following theorem will express that łFITA^{RB}_J is more speciőc than FATI^{RB}_J or equivalent to FATI^{RB}_J .ž Theorem 3.5.2 If 1. Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup

2′. for every r,s_1,… ,s_n ∈ 〈0,1〉, β(κ_1(r,s_1),… ,κ_n(r,s_n)) ≤ κ_0(r,α(s_1,… ,s_n)) 3′. for every H_1,… ,H_n : U → 〈0,1〉,

β(Sup{H_1(x) x ∈ U},… ,Sup{H_n(x) x ∈ U}) ≤ Sup{β(H_1(x),… ,H_n(x)) x ∈ U} then for every F : U → 〈0,1〉, FITA^{RB}_J (F) ⊆ FATI^{RB}_J (F). Proof We obtain

FITA^{RB}_J (F)(y) = β(Q_1 {κ_1(F(x),S_1(x,y)) x ∈ U},… ,Q_n {κ_n(F(x),S_n(x,y)) x ∈ U}) by deőnition of FITA^{RB}_J , hence

= β(Sup{κ_1(F(x),S_1(x,y)) x ∈ U},… ,Sup{κ_n(F(x),S_n(x,y)) x ∈ U}) by assumption 1, thus ≤ Sup{β(κ_1(F(x),S_1(x,y)),… ,κ_n(F(x),S_n(x,y))) x ∈ U} by assumption 3′, so ≤ Sup{κ_0(F(x),α(S_1(x,y),… ,S_n(x,y))) x ∈ U} by assumption 2′ and the monotonicity of Sup = FATI^{RB}_J (F)(y) by deőnition of FATI^{RB}_J . Consequently, we get FATI^{RB}_J (F)(y) ≤ FITA^{RB}_J (F)(y) for every y ∈ U, i. e. FATI^{RB}_J (F) ⊆ FITA^{RB}_J (F). ■ Now, we formulate the following theorem on the equivalence of FATI^{RB}_J and FITA^{RB}_J . Theorem 3.5.3 If the assumptions 1, 2, 3 and 2′, 3′ of theorems 3.5.1 and 3.5.2 are fulőlled then for every F : U → 〈0,1〉, FATI^{RB}_J (F) = FITA^{RB}_J (F), i. e. FATI^{RB}_J and FITA^{RB}_J are equivalent with respect to the set of all fuzzy sets on U (see deőnition 3.1.4).

Example 3.5.1 (Generalized MAMDANI Case) We assume Q_0 = Q_1 = ⋅⋅⋅ = Q_n = Sup κ_0 = κ_1 = ⋅⋅⋅ = κ_n = min α = β = max.

Then the assumptions 1, 2, 3, 2′ and 3′ are fulőlled, hence FATI^{RB}_J and FITA^{RB}_J are equivalent with respect to the set of all fuzzy sets on U.

Note that this result holds without any restrictions of the functions π_1,… ,π_n which interpret the rules IFF_1 THEN G_1,… ,IFF_n THEN G_n.

Acknowledgement

The authors wish to thank Ulrich Fieseler for useful scientiőc discussions on the subject and Mario Thalheim for his help in preparing the manuscript.

Bibliography

[1] BAUER, P., E. P. KLEMENT, A. LEIKERMOSER, and B. MOSER: Interpolation and approximation of real input-output functions using fuzzy rule bases. In KRUSE, R., J. GEBHARDT, and R. PALM (editors): Fuzzy Systems in Computer Science, pages 245ś254. Vieweg, 1994.

[2] BUCKLEY, JAMES J. and YOICHI HAYASHI: Can approximate reasoning be consistent? Fuzzy Sets and Systems, 65:13ś18, 1994. (Further references may be found in the bibliography of this paper.).

[3] DIAMOND, PHIL and PETER KLOEDEN: Metric Spaces of Fuzzy Sets. World Scientiőc Publishing, Singapore, 1994.

[4] DRIANKOV, D., H. HELLENDOORN, and M. REINFRANK: An Introduction to Fuzzy Control. Springer-Verlag, Berlin, Heidelberg, New York, 1993.

[5] DRIANKOV, D., R. PALM, and H. HELLENDOORN: Fuzzy control with fuzzy inputs:

The need for new rule semantics. In FUZZ-IEEE94 [10], pages 13ś21.

[6] DUBOIS, DIDIER, R. MARTIN-CLOUAIRE, and HENRI PRADE: Practical computing in fuzzy logic. In GUPTA, M. M. and Y. YAMAKAWA (editors): Fuzzy Computing, pages 11ś34. North-Holland, Amsterdam, 1988.

[7] DUBOIS, DIDIER and HENRI PRADE: Fuzzy logics and the generalized modus ponens revisited. Cybernetics and Systems, 15:293ś331, 1984.

[8] DUBOIS, DIDIER and HENRI PRADE: The generalized modus ponens under sup-min-compositionÐa theoretical study. In GUPTA, MADAN M., ABRAHAM KANDEL, W. BANDLER, and J. B. KISZKA (editors): Approximate Reasoning in Expert Systems, pages 217ś232. North-Holland, Amsterdam, 1985.

[9] Proceedings of the Second IEEE International Conference on Fuzzy Systems, San Francisco, California, March 28śApril 1, 1993.

[10] FUZZ-IEEE ’94 Ð Third IEEE International Conference on Fuzzy Systems, Orlando, Florida, June 26ś29, 1994.

[11] JENEI, S ÂANDOR: Continuity in Zadeh’s compositional rule of inference. In DUBOIS, DIDIER, ERICH PETER KLEMENT, and HENRI PRADE (editors): Proceedings of Linz ’96 Ð Fuzzy Sets, Logics, and Artiőcial Intelligence, Abstracts, pages 109ś110, Linz, Austria, February 20ś24, 1996.

[12] KAHLERT, J ÈORG und HUBERT FRANK: Fuzzy-Logik und Fuzzy-Control Ð Eine anwendungsorientierte EinfÈuhrung. Informatik & Computer. Vieweg, Braunschweig/Wiesbaden, 1993.

[13] KIENDL, HARRO: Fuzzy Control methodenorientiert. R. Oldenbourg Verlag, MÈunchen Wien, 1997.

[14] KLAWONN, F. and R. KRUSE: Equality relations as a basis for fuzzy control. Fuzzy Sets and Systems, 54:147ś156, 1993.

[15] KLAWONN, F. and R. KRUSE: Fuzzy control as interpolation on the basis of equality relations. In FUZZ-IEEE93 [9], pages 1125ś1130.

[16] K ÂOCZY, L. T.: Approximate reasoning and control with sparse and/or inconsistent fuzzy rule bases. In REUSCH, BERND [30], pages 42ś65.

[17] K ÂOCZY, L. T.: Compression of fuzzy rule bases by interpolation. In First Asian Fuzzy Systems Symposium, Singapore, November 23ś26, 1993. Institute of Systems Science, National University of Singapore. Proceedings.

[18] K ÂOCZY, L. T.: On the calculus of fuzzy rules. In Proceedings: Fifth International Fuzzy Systems Association World Congress ’93, volume I, pages 1ś2, Seoul, Korea, July 4ś9, 1993.

[19] KRUSE, R., J. GEBHARDT, and F. KLAWONN: Foundations of Fuzzy Systems. Wiley, Chichester, 1994.

[20] LARSEN, P. M.: Industrial application of fuzzy logic control. International Journal of Man Machine Studies, 12:3ś10, 1980.

[21] LEEKWIJCK, WERNER VAN and ETIENNE E. KERRE: Defuzziőcation: criteria and classiőcation. Fuzzy Sets and Systems. To appear.

[22] LEHMKE, STEPHAN, KARL-HEINZ TEMME, and HELMUT THIELE: Reducing the number of inference steps for multiple-stage fuzzy if-then rule bases. In IFSA ’97 Ð Seventh International Fuzzy Systems Association World Congress, pages 172ś177, Prague, Czech Republic, June 25ś29, 1997.

[23] MAMDANI, E. H. and B. R. GAINES (editors): Fuzzy Reasoning and its Applications.

Academic Press, London, 1981.

[24] MEIERDREESS, THOMAS: Untersuchungen zur Korrektheit von Fuzzy-Controllern.

Diplomarbeit, UniversitÈat Dortmund, Fachbereich Informatik, Lehrstuhl I, 1998.

[25] MENDEL, JERRY M. and GEORGE C. MOUZOURIS: Non-singleton fuzzy logic systems. In FUZZ-IEEE94 [10], pages 456ś461.

[26] NOLA, A. DI, W. PEDRYCZ, and S. SESSA: An aspect of discrepancy in the implementation of modus ponens in the presence of fuzzy quantities. International Journal of Approximate Reasoning, 3:259ś265, 1989.

[27] NOLA, A. DI, W. PEDRYCZ, and S. SESSA: Reduction procedures for rule-based expert systems as a tool for studies of properties of expert’s knowledge. In KANDEL, ABRAHAM (editor): Fuzzy Expert Systems, chapter 5, pages 70ś79. CRC Press, 1992.

[28] NOV ÂAK, VIL ÂEM: Fuzzy control from the logical point of view. Fuzzy Sets and Systems. To appear.

[29] PALM, R. and D. DRIANKOV: Fuzzy inputs. Fuzzy Sets and Systems, 70:315ś335, 1995.

[30] REUSCH, BERND (Herausgeber): Fuzzy Logic Ð Theorie und Praxis. 2. Dortmunder Fuzzy-Tage, Dortmund, 9./10. Juni 1992. Springer-Verlag.

[31] RUNKLER, T. A. and M. GLESNER: Defuzziőcation as crisp decision under fuzzy constraints. new aspects of theory and improved defuzziőcation algorithms. In Fuzzy- Systeme ’93. Management unsicherer Informationen. Workshop. Proceedings, pages 156ś164, Braunschweig, Germany, October 20ś22 1993.

[32] RUNKLER, T. A. and M. GLESNER: Defuzziőcation with improved static and dynamic behavior: Extended center of area. In EUFIT ’93 Ð First European Congress on Fuzzy and Intelligent Technologies, volume 2, pages 845ś851, Aachen, Germany, September 7ś10, 1993.

[33] RUNKLER, T. A. and M. GLESNER: A set of axioms for defuzziőcations strategies.

towards a theory of rational defuzziőcation operators. In FUZZ-IEEE93 [9], pages 1161ś1166.

[34] RUNKLER, THOMAS A.: Extended defuzziőcation methods and their properties. In FUZZ-IEEE ’96 Ð Fifth IEEE International Conference on Fuzzy Systems, volume 1, pages 694ś700, New Orleans, USA, September 8ś11, 1996.

[35] SCH ÈAFERS, ELMAR: Dynamische Fuzzy-Systeme zur qualitativen Prozeûmodellierung: Eine neue Systemtheorie. Dissertation, UniversitÈat Karlsruhe, FakultÈat Elektrotechnik, erscheint 1999.

[36] SUGENO, M.: An introductory survey of fuzzy control. Information Sciences, 36:59ś 83, 1985.

[37] TEMME, KARL-HEINZ and HELMUT THIELE: On the correctness of the principles FATI and FITA and their equivalence. In IFSA ’95ÐSixth International Fuzzy Systems Association World Congress, volume II, pages 475ś478, SÄao Paulo, Brazil, July 22ś 28, 1995.

[38] THIELE, HELMUT: Zur strukturellen Analyse von IF-THEN-Regelbasen mit Methoden der Mathematischen Logik. In: REUSCH, BERND (Herausgeber): Fuzzy Logic Ð Theorie und Praxis. 4. Dortmunder Fuzzy-Tage, Seiten 41ś49, Dortmund, 6.ś8. Juni 1994. Springer-Verlag.

[39] THIELE, HELMUT: Investigation of IF-THEN rule bases by methods of mathematical logic. In FUZZ-IEEE ’95ÐFourth IEEE International Conference on Fuzzy Systems, volume III, pages 1391ś1396, Yokohama, Japan, March 1995.

[40] THIELE, HELMUT: On the calculus of fuzzy if-then rules. In ZIMMERMANN, HANS- J ÈURGEN, MIRCEA GH. NEGOITË ÏA, and DAN DASC ÏALU (editors): Real World Applications of Intelligent Technologies, pages 91ś111, Mangalia, Romania, September 1995. Black Sea University, Editura Academiei RomÃane.

[41] THIELE, HELMUT: Investigating approximate reasoning and fuzzy control by concepts of functional analysis. In First International Conference on Conventional and Knowledge-Based Intelligent Electronic Systems. Proceedings, volume 2, pages 493ś 500, Adelaide, Australia, May 21ś23, 1997.

[42] THIELE, HELMUT: Investigating the Logical Structure of Fuzzy IF-THEN Rule Bases Using Concepts of Mathematical Logic and of Functional Analysis. Accepted Paper, 28th World Automation Congress 1998 (WAC ’98), Anchorage, Alaska, USA, May 1998.

[43] THIELE, HELMUT: Towards axiomatic foundations for defuzziőcation theory. In Second International Conference on Knowledge-Based Intelligent Electronic Systems Ð Proceedings, volume 2, pages 243ś250, Adelaide, Australia, April 21ś23, 1998. Extended Version in [44].

[44] THIELE, HELMUT: Towards axiomatic foundations for defuzziőcation theory. Technical Report CI-31/98, University of Dortmund, Collaborative Research Center 531 (Computational Intelligence), April 1998. Extended Version of [43].

[45] TONG, R. M.: Some properties of fuzzy feedback systems. IEEE Transactions on Systems, Man and Cybernetics, 10:327ś331, 1980.

[46] T ÈURKSË EN, I. B. and Y. TIAN: Combination of rules or their consequences in fuzzy expert systems. Fuzzy Sets and Systems, 58:3ś40, 1993.

[47] ZADEH, LOTFI A.: Outline of a new approach to the analysis of complex systems and decision processes. IEEE Trans. on Systems, Man and Cybernetics, 3(1):28ś44, 1973.

[48] ZADEH, LOTFI A.: The calculus of fuzzy If-Then rules. In Fuzzy Engineering toward Human Friendly SystemsÐProceedings of the International Fuzzy Engineering Symposium ’91, volume 1, pages 11ś12, Yokohama, Japan, November 13ś15, 1991.

[49] ZADEH, LOTFI A.: The calculus of fuzzy if/then rules. In REUSCH, BERND [30], pages 84ś94.