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ABSTRACT
Many clinical trials assess time-to-event endpoints. To describe the difference between groups in terms of time to event, we often
employ hazard ratios. However, the hazard ratio is only informative in the case of proportional hazards (PHs) over time. There
exist many other effect measures that do not require PHs. One of them is the average hazard ratio (AHR). Its core idea is to utilize
a time-dependent weighting function that accounts for time variation. Though propagated in methodological research papers,
the AHR is rarely used in practice. To facilitate its application, we unfold approaches for sample size calculation of an AHR test.
We assess the reliability of the sample size calculation by extensive simulation studies covering various survival and censoring
distributions with proportional as well as nonproportional hazards (N-PHs). The findings suggest that a simulation-based sample
size calculation approach can be useful for designing clinical trials with N-PHs. Using the AHR can result in increased statistical
power to detect differences between groups with more efficient sample sizes.

1 Background

Time-to-event endpoints are common outcomes of interest, for
example, in oncological trials. When two or more groups are
compared, proportional hazards (PH) are often assumed. Under
this assumption, hazard ratios are meaningful effect measures
and the log-rank test is optimal in terms of power. Even when the
assumption of PH is violated, the log-rank test and corresponding
sample size calculation approaches (e.g., Schoenfeld 1981; Freed-
man 1982) are often used, even though the Schoenfeld formula
has only been derived under PH settings. The violation of the
PH assumption can influence the power of the test severely for
detecting a difference (Lin et al. 2020).One reason for the popular-
ity of the log-rank test under nonproportional hazards (N-PHs),

however, is its easy application due to its implementation in
various software (R, Stata, etc.). There are multiple reasons for
non-PH. In terms of treatment analysis, they can occur when
the treatment effects depend on time. A classic example of such
a pattern is immunotherapy, which is known for high risk in
the early stages but a long-term benefit (Alexander, Schoenfeld,
and Trippa 2018; Ananthakrishnan et al. 2021; Mick and Chen
2015). For example, Trinquart et al. (2016) analyzed 54 phase III
oncology studies published in five journals. They found that in
almost 25% of the studies the PH assumption did not hold.

There are multiple other effect measures that stay interpretable
under deviations of the assumption of PH such as the restricted
mean survival, the Mann–Whitney effect, the relative time or the
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average hazard ratio (AHR) (Royston and Parmar 2011; Mann
and Whitney 1947; Phadnis and Mayo 2021; Kalbfleisch 1981).
The restricted mean survival time (RMST) describes the average
event-free survival up to a specific time point (Royston and
Parmar 2013). More precisely, the difference between two groups
is evaluated by the difference of the areas under the respective
Kaplan–Meier curves up to that specific time point. The Mann–
Whitney effect for right-censored data (e.g., Koziol and Jia 2009)
describes the probability that a randomly drawn subject of one
group survives longer than a randomly drawn subject of another
group. Phadnis andMayo (2021) suggested the concept of relative
time in the N-PHs setting. The relative time describes the ratio of
times of the intervention and control group where, in each group,
the same specific percentage of individuals has experienced an
event. Another effect measure is the AHR (Kalbfleisch 1981),
which can be seen as an extension of the Mann–Whitney effect.
Its core is to extend the idea of hazard ratios by using a time-
dependent flexible weighting function. Unlike the nonweighted
hazard ratios, the AHRs stay interpretable under non-PH since
they incorporate the influence of time through their weighting
function. Uno and Horiguchi (2023) and Phadnis and Mayo
(2021) provide a detailed overview of recent approaches regarding
sample size calculation under non-PH.

For practical application with regard to clinical trials, it is
essential to have reasonable statistical methods and software to
plan and evaluate the respective trial. This especially includes
a corresponding statistical test and sample size calculation
approach. Currently, the sample size calculation approach by
Lakatos (1986) is mostly used under the assumption of non-PH.
The approach, however, does require a good knowledge of the
survival curves under the alternative (Phadnis and Mayo 2021).

Regarding different effect measures, there have been some devel-
opments focusing on sample size calculation. Tests based on the
restricted mean survival time (Royston and Parmar 2016; Tian
et al. 2018; Uno et al. 2014) have been provided with a sample
size calculation approach (Royston 2018). A function to calculate
sample sizes for the RMST for superiority and noninferiority
testing problems is provided in the R package SSRMST (Horiguchi
and Uno 2017; Uno et al. 2015). Also, the relative time approach is
accompanied by a sample size calculation approach (Phadnis and
Mayo 2021). In this approach, Weibull distributed survival times
are used and the relative time refers to the ratio of times for which
a prespecified percentage of samples in each of the groups has had
the event of interest.Macros for SAS exist according to the authors
(Phadnis and Mayo 2021) but the approach cannot be applied in
cases of crossing survival functions. We would also like to point
out that the R package npsurvSS (Yung and Liu 2019) provides a
variety of codes for sample size and power calculations in regard
to t-year survival, pth percentile survival (Yung and Liu 2020),
restricted mean survival time and the weighted log-rank test.
Similarly, there exists the Wilcoxon–Mann–Whitney test for the
Mann–Whitney effect as well as extended test versions for time-
to-event data (Brückner and Brannath 2017; Dobler and Pauly
2018, 2020; Rauch et al. 2018), which can also be used to test the
AHR in special cases. In general, Kalbfleisch (1981), Schemper,
Wakounig, andHeinze (2009), and Brückner and Brannath (2017)
suggested test statistics for the AHR. To our knowledge, other
than with regard to the log-rank test (Cortés Martínez et al. 2021;
Hasegawa 2014), no generally applicable sample size calculation

approach was suggested for the AHR so far. This could be the
main reason why the AHR is not frequently applied (Rauch et al.
2018). A PubMed study in March for AHRs resulted in only
four clinical trials reporting the effect measure. However, already
Schemper (1992) reviewed alternatives to the Cox PH model and
emphasized the advantages of the AHR as an effect measure. Its
application by a weighted Cox regression is analyzed in detail
in Schemper, Wakounig, and Heinze (2009). For its application,
the R package coxphw (Dunkler et al. 2018) may be used, which
consists of the implementation of the AHR and provides a
sample size calculation approach based on Schoenfeld’s formula
(Schoenfeld 1981) for PH. Moreover, Rauch et al. (2018) compare
the twomost common estimators for AHRs with the log-rank test
in a Monte Carlo simulation with various settings. It was shown
that both approaches outperform the log-rank test in terms of
power for N-PH scenarios and that the classical hazard ratio is
not always well defined.

Our aim is to provide guidance for sample size calculation in
a clinical trial that employs the AHR as the primary endpoint.
We assess the effectiveness of these methods by comparing
their required sample sizes and resultant statistical power under
variations from the original assumptions. Therefore, we first
describe the setup, the utilized standardized test statistic as well
as a simulation-based sample size calculation and an asymptotic
sample size calculation approach. Afterwards, we provide exten-
sive simulation studies where we evaluate different survival time
and censoring distributions as well as group allocation ratios.
Finally, we illustrate the sample size calculation approaches
based on a data example and discuss our findings.

2 Methods

We consider the standard two-sample survival setupwith survival
times 𝑇𝓁 and censoring times 𝐶𝓁 (𝓁 = 1,. . . , 𝑛). The survival
function is given by 𝑆𝑖(𝑡) = ℙ(𝑇𝓁 > 𝑡|𝑍𝓁 = 𝑖), and the survival
function of the respective censoring times in group 𝑖 is given
by 𝐾𝑖(𝑡) at time 𝑡, 𝑖 ∈ {0, 1}. The observed time is denoted by
𝑌𝓁 = min(𝑇𝓁, 𝐶𝓁) with the corresponding censoring indicator
𝛿𝓁 = 𝟙𝑇𝓁≤𝐶𝓁 for individual 𝓁. Let 𝑍𝓁 ∈ {0, 1} indicate the group
association of individual 𝓁 and 𝑛 = 𝑛0 + 𝑛1 be the total sample
size. We are interested in comparing the two groups with respect
to their survival times. In the following, we assume 𝑛0 = 𝑛1
with 𝑛1∕𝑛 → 𝜂 ∈ (0, 1). Next, we briefly present the AHR and a
resulting test statistic. Based on these quantities, we then derive
a simulation-based and an asymptotic sample size calculation
approach. In what follows, we do not require the PH assumption.

2.1 The AHR and a Corresponding Test Statistic

The AHR extends the idea of the well-known hazard ratio by
using a time-dependent flexible weighting function. To introduce
it, recall that the hazard rate in each group 𝑖 is defined as

𝜆𝑖(𝑠) = lim
ℎ→0

𝑃(𝑠 ≤ 𝑇𝓁 < 𝑠 + ℎ|𝑇𝓁 ≥ 𝑠, 𝑍𝓁 = 𝑖)

ℎ
,

and describes the instantaneous risk of experiencing an event
at a time 𝑠 knowing individual 𝓁 did not experience an event
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before. With the hazard rates of the two groups, we then define
the weighted AHR as Kalbfleisch (1981)

𝜃𝑖(𝐺) = −∫
∞

0

𝜆𝑖
𝜆0 + 𝜆1

(𝑡) 𝐺(𝑑𝑡), (1)

where 𝐺 is a decreasing weight function and the integral is
defined as generalized Lebesgue–Stieltjes integral for signed
measures. Here, we simply have − ∫ …𝐺(𝑑𝑡) = ∫ …𝐻(𝑑𝑡) for
𝐻 = −𝐺. In order to obtain time-dependent weights, we consider
a class of weight functions depending on the shape of the survival
time distributions 𝑆0 and 𝑆1 in the two groups:

𝐺𝛼(𝑡) = 𝑆𝛼0 (𝑡)𝑆
𝛼
1 (𝑡), 𝑡 > 0, 𝛼 > 0.

The function 𝐺𝛼 is decreasing in 𝑡 and fulfills ∫ ∞

0
𝑑𝐺𝛼(𝑡) = −1.

As 𝜃0(𝐺𝛼) + 𝜃1(𝐺𝛼) = 1, it suffices to consider one of the two
hazard ratios (𝜃1 or 𝜃0) (Brückner and Brannath 2017). In the
following, we set 𝛼 = 1 since then Equation (1) equals the well-
known Mann–Whitney effect 𝑃(𝑇1 > 𝑇0). Note that we can only
estimate the survival functions 𝑆𝑖 consistently up to a finite time
point. Therefore, the weight function 𝐺 is truncated at a constant
time point

𝐿 < sup{𝑢 ∶ 𝑆𝑖(𝑢)𝐶𝑖(𝑢) > 0},

where the right-hand side describes the supremum of the support
of survival function 𝑆𝑖 and censoring function 𝐶𝑖 in group 𝑖. With
consistent estimators up to 𝐿, the truncated weight function is
given by

𝐺𝐿(𝑡) =
𝐺(𝑡)

1 − 𝐺(𝐿)
𝟙𝑡≤𝐿.

The denominator 1 − 𝐺(𝐿) is a normalization factor, which
ensures ∫ ∞

0
𝑑𝐺𝐿(𝑡) = −1. The truncation time point 𝐿 is chosen

in advance. The truncated AHR is then defined as

𝜃1(𝐺𝐿) =
𝑥1

1 − 𝐺(𝐿)
, (2)

where

𝑥1 = ∫
𝐿

0

𝜆1(𝑡)𝐺(𝑑𝑡) = −∫
𝐿

0

𝑆0(𝑡)𝑆1(𝑑𝑡).

Estimators 𝜃̂𝑖(𝑡), 𝑖 ∈ {0, 1}, for the AHR at time 𝑡 ≤ 𝐿, are given by

𝜃̂1(𝑡) =
− ∫ 𝐿

0
𝑆̂0(𝑡, 𝑠)𝑆̂1(𝑡, 𝑑𝑠)

1 − 𝐺̂(𝑡, 𝐿)
. (3)

The estimators 𝑆̂𝑖 of the survival functions are chosen appro-
priately, for example, by Kaplan–Meier estimators, and the
estimators 𝐺̂ for the weight function are given by

𝐺̂(𝑡, 𝐿) = 𝑆̂0(𝑡, 𝐿)𝑆̂1(𝑡, 𝐿).

Note that the notation 𝑆̂𝑖(𝑡, 𝐿) indicates that the observed time 𝑡
that is supposed to be smaller or equal to the constant 𝐿.

In this setting, we are interested in comparing two groups with
respect to their survival, that is, we consider the testing problem

𝐻0 ∶ 𝜃1 = 0.5 versus𝐻1 ∶ 𝜃1 ≠ 0.5.

To explain the form of the test statistic, We note that√
𝑛(𝜃̂1(𝑡) − 𝜃1(𝑡)) ∼ 𝑁(0, 𝑣𝜃). (4)

holds as, for example, shown by Brückner and Brannath (2017). It
thus seems natural to consider the test statistic

𝑍 =
√
𝑛(𝜃̂1 − 𝜃1)√

𝑣𝜃
∼  (0, 1). (5)

Note that the dependence of 𝑡 was omitted for readability aspects.
A formula for the variance 𝑣𝜃 is given in Equation (1) in
the Supporting Information. Dobler and Pauly (2018) provide
a representation of the variance formula based on counting
processes.

2.2 Asymptotic Sample Size Calculation

One strategy for calculating the sample size is to take advantage
of the asymptotic normality of the test statistic from Equation (5).
Let us, therefore, consider a test problemof the null hypothesis𝐻0

against the alternative hypothesis𝐻1 with a (an approximatively)
standard normally distributed test statistic under 𝐻0. In general,
the goal is to determine a sample size such that for an alternative
hypothesis𝐻𝑔 at a given effect 𝑔 a power of 1 − 𝛽 is attained while
the type I error rate is controlled by 𝛼. In case the difference
between the two groups is described by a normally distributed test
statistic with expected value 𝜅 and variance of 1, it follows from
the definition of type I and type II error rates that

𝜅 = 𝑧1−𝛼∕2 + 𝑧1−𝛽, (6)

for a two-sided level 𝛼 test with 𝑧𝛼 denoting the 𝛼-quantile of the
standard normal distribution (cf. Kieser 2020).

Assume we can infer a minimal clinically relevant effect size 𝜃̃
together with a variance estimate 𝑣𝜃 based onmedical knowledge
and/or literature. Note that in certain cases, especially the
variance estimates need to be inferred from simulation studies.
Then, 𝜅 =

√
𝑛 ⋅ (𝜃̃ − 0.5)∕

√
𝑣𝜃 . Consequently, the required total

number of patients is set to the smallest integer fulfilling

𝑛 ≥
(
(𝑧1−𝛼∕2 + 𝑧1−𝛽) ⋅

√
𝑣𝜃

𝜃̃ − 0.5

)2

. (7)

We obtain 𝜃̃ and 𝑣𝜃 by simulating 10,000 datasets using the
assumed survival distribution. Then, we estimate the parameters
for each dataset by plugging in their mean in the sample
size formula. This sample size approach will be referred to as
AHRasymp as it depends on the asymptotic normality of the
standardized estimator stated in Equation (5).
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2.3 Simulation-Based Sample Size Calculation

While analytical approaches for calculating the sample size donot
always lead to a solvable problem, a simulation-based approach
can always be applied. This is especially advantageous if a com-
plex study design or data distribution is present. Rauch, Schüler,
and Kieser (2017) presented such an approach for a specific
Weibull setting. Our simulation-based sample size calculation,
called AHRsim, generalizes their work with respect to arbitrary
data distributions and is computationally more efficient and
robust. Schematically, AHRsim can be described as follows:

1. Decide on a true event data distribution (e.g.,
𝐹1(𝑡) = Weibull(0.6, 8) and 𝐹2(𝑡) = Weibull(0.6, 4) or
𝐹1(𝑡) = Lognormal(1.2, 1.7) and 𝐹2(𝑡) = Lognormal(2.4, 1.3),
accrual duration, minimal follow-up time and censoring
distribution and generate the underlying data.

2. Specify the number of simulation runs 𝑛𝑠𝑖𝑚. For every
simulated dataset, we provide the calculation of the AHR and
corresponding test statistic.

3. The power is then given by 𝑛𝑠𝑖𝑔∕𝑛𝑠𝑖𝑚, where 𝑛𝑠𝑖𝑔 is the num-
ber of corresponding p values falling below a prespecified
significance-level threshold 𝛼.

4. This leads us to the actual sample size calculation procedure:
For a given event-time distribution with specified accrual
time and minimal follow-up time, starting values for the
sample sizes in the intervention and control group and cen-
soring time distribution, calculate the corresponding power
as stated above. We start with sample size values that do not
exceed the desired power value 1 − 𝛽 (e.g., 80%). We enlarge
the sample sizes per group in a stepwise manner, and we stop
the sample size increase when a power of at least 1 − 𝛽 is
reached for the first time.

To reduce the run time of theAHRsimapproach, a smart choice of
the starting value for the sample size in step four is crucial. Since
we calculate the sample size based on Schoenfeld (SF) and the
approximation approach anyway, we decided to use this informa-
tion. After observing noticeable differences between these sample
sizes, we implemented a more robust approach for the starting
value. For details, we refer to the Supporting Information.

3 Simulation Study

For the evaluation of the two suggested sample size approaches
and a comparison with Schoenfeld’s (1983) formula as well as
a simulation-based log-rank approach, we performed extensive
simulation studies for different scenarios. In the subsequent
sections, our focus is exclusively directed toward event-time-
driven analyses. As such, our simulations involve the generation
of event times and censoring times, excluding the consideration
of enrollment. Furthermore, we evaluate the power of the
AHR-based and log-rank tests, respectively.

The simulation study is structured into two different parts with
two distinct goals:

(G1) Calculation of simulation-based sample sizes as well as
asymptotically derived sample sizes and their compar-

ison, also with respect to sample sizes obtained from
Schoenfeld’s formula and the simulation-based log-rank
approach. To this end, we simulate different survival time
distributions and censoring time distributions.

(G2) Evaluation of misspecified survival time distributions for
all four sample size approaches. Here, data of the deter-
mined sample sizes with other survival and censoring
time distributions are generated (for an overview of the
variations, see Tables S1–S12 in the Supporting Informa-
tion), and the respective power values are calculated and
compared to the initially intended value 1 − 𝛽.

3.1 Scenarios and Parameter Values

In the following, we set the target power to 1 − 𝛽 = 0.8 and the
type I error to 𝛼 = 0.05. The simulation was performed with the
software R (version 4.1.2) R Core Team (2022) and 𝑛𝑠𝑖𝑚 = 10, 000.
For the simulation-based sample size calculation, we set 𝐿 to 90%
of the minimum of the highest censored or uncensored event
times in both groups (Tian et al. 2020). The AHR is calculated
using the R package AHR (Brueckner 2018). We consider six
settings: two with proportional, two with nonproportional but
noncrossing, and two with crossing hazards (see Table 1). Each
scenario is divided into two censoring categories, denoted by an
additional “a” and “b.” Here, “a” represents a lower level (20%
in each group), and “b” is a higher level of nonadministrative
censoring (20% in group one and 40% in group two). These
settings represent the initial assumptions wemake about our data
in order to derive the sample size. Based on these assumptions,we
derive the required parameters for each of the four sample sizes
approaches. To quantify the robustness of the methods in terms
of power, we examine various deviations from these assumptions,
ranging from simple deviations for only one parameter up to com-
binations of deviations for several parameters. The alternative
survival distributions were chosen to have the same hazard ratio
as the initial curves (see Table 2). Note that the hazard ratio has
no meaningful interpretation as an effect measure under N-PHs
and is only used as an easy comparison criterion for scenario
selection. The concrete details on the deviations are displayed in
Tables S1–S12 of the Supporting Information.

3.2 Results

We discuss the results individually for the different hazard
relationships under consideration in terms of the two simula-
tion goals.

3.2.1 G1: Comparison of Different Sample Size Calcula-
tion Approaches

The calculated sample sizes according to the four approaches
(Schoenfeld, simulation-based log-rank as well as asymptotic
and simulation-based AHR approaches) among all scenarios
can be found in Table 3. As expected in the PH settings
(S1a, S1b, S2a, S2b), we observe that sample sizes retrieved
via the classical Schoenfeld approach are smaller than sam-
ple sizes based on the other three approaches. Moreover, we
observe that the calculated sample sizes obtain rather similar

4 of 10 Biometrical Journal, 2024
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TABLE 1 Simulation scenarios and the alternative distribution considered. The hazard ratio (HR) given is the mean based on 100 datasets with
𝑛0 = 𝑛1 = 150. The alternative scenario (alt) was chosen to have the same HR as the initial scenario.

values only within some specific PH settings (S1a and S1b)
but they can also deviate drastically (n_AHRsim and n_SF
in S2b). Across all considered scenarios, the LRsim obtains
larger sample sizes than the SF approach. Furthermore, the
LRsim approach comes along with computational limitations
in S6b.

In the N-PHs setting, the crossing hazard scenarios (S5a, S5b,
S6a, S6b) tend to have larger sample sizes than the noncrossing
hazard scenarios (S3a, S3b, S4a, S4b) when considering n_SF and
n_LRsim. For the other two sample size calculation approaches
that observation does not hold. Furthermore, in almost all N-
PHs scenarios, the sample sizes retrieved from the AHRsim

5 of 10
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TABLE 2 Simulation scenarios and the alternative cumulative density function (CDF) considered. The hazard ratio (HR) given is the mean based
on 100 datasets with 𝑛0 = 𝑛1 = 150. The alternative scenario (alt) was chosen to have the same HR as the initial scenario..

sample size calculation approach are smaller than those from the
AHRasymp approach. It is notable that the sample sizes in the
crossing hazards settings S6a and S6b are of very different scales
compared to the Schoenfeld and LRsim-based sample sizes (i.e.,
up to a factor of∼40when comparing the sample sizes through SF
and AHRsim in S6b). Moreover, we note that in some cases (e.g.,
S4 forAHRsimandAHRasymp), the sample sizes become smaller
even though the censoring rate increases (compare the lowerwith
upper scenario in each of the scenario boxes). One explanation

is that censoring can distort the estimated (average) hazard
form.

3.2.2 G2: Assessing the Influence ofMisspecifiedDistri-
butional Assumptions in Terms of Statistical Power

The obtained power for all deviations from the initial
assumptions can be found in the Supporting Information
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TABLE 3 Total sample sizes according to the different calculation
approaches for each simulation scenario. SF (Schoenfeld approach),
LRsim (simulation-based log-rank approach), AHRsim (simulation-based
average hazard ratio approach), and AHRasymp (asymptotic average
hazard ratio approach); — indicates that simulations were not executed
due to computational limitations.

Scenario n_SF n_LRsim n_AHRasymp n_AHRsim

S1a 48 54 52 54
S1b 48 56 52 56
S2a 216 236 260 334
S2b 214 312 320 414
S3a 78 80 48 38
S3b 70 78 48 36
S4a 136 160 368 432
S4b 146 202 348 224
S5a 356 360 382 342
S5b 292 324 382 330
S6a 2034 — 264 228
S6b 12,826 — 350 310

(see Tables S1–S12).We here only summarize our findings. First, it
needs to be noted that the power values in the original settings (cf.
A1 in Tables S1–S12 in the Supporting Information) are not always
equal to 0.8, and hence, the power values for the deviating settings
(A2–A23) are to be considered deviations from those power
starting values. Especially the AHRasymp approach deviates
more often from the 0.8 in scenario A1 than the other sample size
calculation approaches (e.g., 0.66 in S2a and S2b as well as 0.86
in S3a and S3b). Moreover, there are scenarios (S6a and S6b) in
which the power simulations for SF and LRsim were not possible
due to computational limitations. For AHRasymp and AHRsim,
it was always possible to retrieve the respective power values. In
specific alternative settings, the simulations yielded no results
due to too early censoring. However, this was always consistent
across all four approaches within one setting. Regarding
the power performance under misspecified distributional
assumptions for the survival time, none of the approaches seems
to be robust across all deviations (e.g., power values of 0.40–0.80
compared to 0.66 (AHRasymp), 0.51–0.81 compared to 0.69 (SF),
0.61–0.91 compared to 0.80 (LRsim), and 0.55–0.91 compared to
0.81 (AHRsim) in scenario S2b). However, specific approaches
in certain scenarios seem relatively stable regarding power
performance under misspecified distributional assumptions
(e.g., LRsim and AHRsim in S1a, AHRsim in S2a). Furthermore,
it can be noted that under most PH (S1–S2a), the alternative
scenarios do not influence the power values as much as in the
N-PH scenarios (e.g., 0.78–0.99 (SF), 0.77–0.98 (LRsim), 0.63–0.87
(AHRasymp), 0.53–0.81 (AHRsim) in S3b). Larger censoring rates
have the most considerable impact on the power decrease of the
SF and LRsim sample size calculation approach for several PH
settings (cf. A11 in S1a–S2a). Also, under exponentially distributed
censoring times, the alternative scenarios do not influence the
power values considerably in S1a–S2a. In the following, we
focus on the N-PHs scenarios and first restrict ourselves to the
noncrossing hazards scenarios (S3a, S3b, S4a, S4b). Here, themis-

FIGURE 1 Reconstructed individual patient data based on the UC
study by Fradet et al. (2019).

specifications in survival time distributions have a big impact on
the power values of all four sample size calculation approaches,
such as 0.25 for AHRasymp in S4b, 0.51 for AHRsim in S3b, 0.38
for SF in S4b, and 0.42 for LRsim in S4b. Overall, there is a poor
performance regarding misspecifications in S4a and especially
in S4b for all four sample size calculation approaches. Under
crossing hazards (S5a, S5b, S6a, S6b), it firstmust be noted that the
SF and LRsim approachwas not calculated in all settings (i.e., S6a
and S6b) due to computational limitations. In the other crossing
hazards settings, the two AHR-based sample size calculation
approaches tend to be more robust (S5a: power range of 0.75–0.87
for SF, 0.76–0.89 for LRsim, 0.78–0.82 for AHRsim, 0.81–0.85 for
AHRaysmp; S5b: 0.62–0.87 for SF, 0.58–0.85 for LRsim, 0.61–0.81
for AHRsim, 0.66–0.85 for AHRasymp). Also, in scenarios where
the sample sizes cannot be calculated for the SF and LRsim
approaches, the two AHR-based sample size approaches seem
relatively stable regarding deviations from the prespecified
assumptions.

4 Illustrative Data Example

When planning clinical trials, one often has preliminary studies
that allow for more detailed planning of the new trial. We
consider a trial to evaluate the long-term safety and efficacy out-
comes of pembrolizumab compared to chemotherapy in patients
with advanced urothelial cancer (UC) that progressed after
platinum-based chemotherapy (Fradet et al. 2019). We assume
that Figure 1 shows the survival time curves of such a preliminary
study.

Since the figure alone is not sufficient to compute sample sizes,
we have reconstructed the individual patient data from the
original publication figure using the reconstruction algorithm
by Guyot et al. (2012) and webPlotDigitizer (Rohatgi 2019). The
algorithm does result in time-to-event data including event time
and a censoring indicator. From these reconstructed patient data,
we then estimated the hazard ratio and AHR as well as the
variance. Using SF, the LRsim, the AHRsim, and the AHRasymp
approach, we computed the required sample size based on the
given values. When using SF and LRsim we imply PH. In the
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TABLE 4 Sample sizes obtained by SF (Schoenfeld formula) and
AHRsim (simulation-based AHR approach) based on reconstructed
patient data from Fradet et al. (2019).

Sample size
approach Pembrolizumab Chemotherapy

SF 2761 2964
LRsim 2777 2798
AHRsim 462 465
AHRasymp 514 552

TABLE 5 p values obtained by the two-sided log-rank test and the
AHR (average hazard ratio) test as well as the corresponding hazard ratio
or AHR, respectively, based on reconstructed patient data from Fradet
et al. (2019).

Test statistic p value Effect

log-rank 0.400 0.924
AHR 0.041 1.269

Significant values are given in bold.

methods section, we described how to generate data based on
distributional assumptions, in order to calculate the required
sample size. To avoid relying on assumed survival distributions
in this example, we utilized case resampling with 1000 iterations
for censored data (Thurow et al. 2023). The given example shows a
case of crossing survival curves; hence, the implied assumption of
PH is not correct. Thus, one could expect a large necessary sample
size using the Schoenfeld formula and the LRsim approach,
which is not recommended for non-PH settings. The AHR-based
approaches, on the other hand, do not require this assumption
and are, hence, suitable for the underlying survival distributions.
This results in higher power for this illustrative example and,
hence, a smaller required sample size. The obtained sample sizes
are listed in Table 4. We recalculated the p value for the log-
rank test and the AHR-based test using the reconstructed data of
sample site 542 (cf. Table 5).

It can be seen that the reconstructed data reflects the p value of the
log-rank test quite well (p value of 0.31 in the original publication
by Fradet et al. 2019) and is not significant. In comparison,
the AHR-based test yields a significant result. Furthermore, the
corresponding effect measures point in different directions: while
the AHR indicates an increased risk of Prembrolizumab, the
log-rank test suggests a small favorable effect. This shows that
the choice of the testing procedure matters especially in non-
PH situations. It should be noted that even though the original
study does not reach the required sample sizes for a power
of 0.8, the AHR-based test can reject the null hypothesis. To
investigate this further, we did a small simulation using case
resampling with 1000 iterations regarding the power of the test
with the given sample sizes (Davison and Hinkley 1997; Thurow
et al. 2023). From the 1000 sampled datasets and corresponding
test decisions, we could derive a power of 0.58 for the given
sample sizes. The R-code for this data example is provided in the
Supporting Information.

5 Discussion

The objective of our work was to offer guidance on deter-
mining an appropriate sample size for a clinical trial utilizing
the AHR as the primary endpoint. We evaluated the effective-
ness of the simulation-based sample size calculation approach
(AHRsim) and the asymptotic sample size calculation approach
(AHRasymp) together with the Schoenfeld formula (SF) as well
as the log-rank (LR) simulation-based approach (LRsim) by com-
paring their required sample sizes and resulting statistical power,
considering potential deviations from the original assumptions.
To accomplish this, we initially presented the setup involving
the test statistic, along with simulation-based and asymptotic
approaches for sample size calculation. Subsequently, we con-
ducted extensive simulation studies to assess different survival
time and censoring distributions as well as variations in group
allocation ratios. Finally, we applied the four different sample size
calculation approaches to a specific data example and deliberated
on our findings.

One limitation of our work is that we solely focused on one
specific weight function of the AHR. However, the suggested
approach can also be applied to other weight functions of the
same family (for details, see the Methods section). Another
limitation of our study relates to the specific scenarios considered
for each category (proportional, nonproportional, and crossing
hazards), where the results did not always coincide. While we
observed certain tendencies, it is important to emphasize that
conducting extensive simulation studies is still recommended.
Such studies would enable the exploration of specific behaviors
and rules regarding power and sample size. Furthermore, it is
crucial to acknowledge that a high percentage of censorship
can obscure the true behavior of hazard rates and consequently
potentially result in underestimations of the required sample size.
Therefore, cautious interpretation of sample size estimations is
warranted, particularly in cases where a substantial proportion
of censorship is anticipated.

The Schoenfeldmethod exhibits several downsides under scenar-
ios with N-PHs. One of them is that the SF method has been
derived under PH settings. In detail, it is particularly nonrobust
when hazards cross, resulting in the requirement for hugely
enlarged sample sizes compared to the alternative approaches
relying on the AHR. However, the SFmethod can still be valuable
for obtaining starting values in simulation approaches, when
dealing with N-PHs.

Even though the AHRsim method demonstrates sometimes less
power in certain settings of the PH settings, it should be kept
in mind that not every sample size approach is applicable in
every situation and the AHRsim approach provides flexibility
in this regard. Overall, across various scenarios, the violation of
distributional assumptions results in a slightly smaller loss of
power for the AHRsim method compared to the SF and log-
rank methods in many nonproportional and crossing hazard
situations. Also, in scenarios where the SF and LRsim approaches
cannot be applied any longer due to computational limitations,
the AHR-based sample size approaches are still applicable. More-
over, the real-world example illustrates that in certain situations,
the AHR-based test exhibits more power than the log-rank test.
Consequently, employing the simulation-based approach would
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lead to significantly smaller sample sizes for follow-up studies.
In comparison, the asymptotic approach of the AHR method
(AHRasymp) faces problems in certain scenarios, as previously
observed in studies by Dobler and Pauly (2020), including low
power even when distributional assumptions are met.

Both the simulation study and the real data example emphasize
that different sample size calculation approaches yield widely
varying results depending on the data situation. Hence, this step
in the planning of clinical trials holds substantial relevance in
terms of both statistical and economic outcomes. These findings
underscore the importance of conducting preliminary simulation
studies to enable the selection of the appropriate sample size
calculation approach as well as inference method. This especially
holds when N-PHs are assumed, where no generally recom-
mended effect measure exists. Overall, it is recommended to
consider different approaches while incorporating all available
information. In future work, it could be of interest to also
incorporate Bayesian approaches (Chen, Ibrahim, and Chu 2011;
Chen et al. 2015; Chi and Ibrahim 2006; Kim, Park, and Kim 2011;
Xu, Psioda, and Ibrahim 2022) in order to exploit more of the
available information.
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