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Abstract

Automation is moving from operating in simple, closed contexts towards open and complex
situations – where one has little control over difficult-to-grasp environments involving
untrained individuals, leading to increased safety concerns. Automated driving systems
manifest as a notable example and serve as a motivation throughout this dissertation:
The automotive industry has agreed that some residual risk during operation is unavoid-
able, even if rigorous verification and validation activities are performed prior. In-field
observations of the system behavior are hence crucial for identifying an unreasonable
residual risk, allowing the manufacturer to intervene by means of suitable safety measures.
This requires in turn a thorough analysis as to what might be related to observed critical
situations. However, manually inspecting time-stamped data given as video streams
does not scale, especially since automated systems are anticipated to decrease economic
burdens. This necessitates means to automatically query data collected in both simulated
and real environments – the (aggregated) search results can then be passed to a safety
engineer for further evaluation.

The goal of this dissertation is to develop a query language that allows to efficiently
search in temporal data gathered from complex and open contexts to aid in safety-related
data analysis. We first deepen our understanding of the steps required to mitigate risk of
automated driving systems by structuring available methods. We find that a particular
challenge lies in the context: In-depth domain background knowledge is required for correct
data interpretation. Based on a thorough review of state-of-the-art, we argue that data
assessment methods currently proposed in the literature are lacking the required semantic
depth. A derivation of corresponding needs shows that Description Logics are a good fit
for representing and reasoning on such knowledge, as they have already been successfully
used for non-temporal ontology-based data access. The proposed query language then
adds features of Linear Temporal Logic over finite traces on top of Description Logic
ontologies.

The dissertation is the first to push temporal querying over expressive Description Logics
towards practical applicability. Performance is of specific importance, albeit challenging
given that the underlying problem is ExpTime-complete. We thus explore multiple
approaches and optimizations for enabling well-performing ontology-based temporal data
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access. While a first procedure compiles the temporal aspects into a finite automaton, we
observe that – even in an optimized version – inefficient disjunctive queries are sometimes
unnecessarily checked. A second, orthogonal algorithm therefore proposes to skip the
automaton and instead operate directly on the query by means of a normal form. We are
able to prove that on a non-trivial fragment, rewriting allows answering temporal queries
optimally w.r.t. disjunctions, whereas the automaton-based approach is unnecessarily
inefficient.

Pioneering algorithms for temporal querying over expressive Description Logic ontologies
necessitates the development of novel benchmarks. We present benchmark generators
for three different settings and use the resulting data for a thorough comparison of the
implemented systems. Results show adequate performance of both approaches; however,
using disjunctive checks more sparingly by rewriting into a normal form leads to order-of-
magnitude performance improvements.

As the goal is to establish practical applicability, we finally broaden the evaluation
towards embedding temporal querying into a third-party scenario-based test coverage
framework. Adding the Open World Assumption inherent to Description Logics into a
broader application context allows demonstrating the practical value of our language.
While the underlying coverage problem becomes more complex, we can still make useful
approximations under the intricacies of the real world.
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“Everything is connected.
Nothing is also connected.”

– Dirk Gently
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1 Introduction

Contents

1.1 A Reader’s Guide to the Dissertation . . . . . . . . . . . . . . . . . . . . . 4
1.2 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

The pursuit for automating tasks performed by humans appears as constant throughout
much of mankind’s technical progress. In recent decades, it culminated in advanced
cyber-physical systems aiming to reduce burdens on human operators, such as robots in
industrial plants or advanced farming equipment. A commonality of both examples is
their comparatively closed context, i.e., the automated systems operate on private property
in conjunction with trained personnel. In recent years, we observed a push towards more
open contexts, where systems are placed in uncontrolled environments in which, e.g., lay
persons can directly reach the vicinity of the machine. While progress has been made in
automating human tasks in open yet (comparatively) simple contexts, such as subway
autopilots, the issue of handling an open and complex context appears as a Herculean
task. Examples for the latter setting include automated systems for controlling maritime
vessels in ports, urban drone deliveries, home-assistant robots, and road vehicle driving.
This dissertation is particularly concerned with Automated Driving Systems (ADSs) for
road traffic, where naturally the context is complex – as anyone who has undergone a
practical driving exam can attest – as well as open – interactions with animals, unskilled
humans, and unexpected objects can occur at any time.

It is partially due to the open and complex context that ensuring safety of such systems
has proven to be a major roadblock to their public release; even a special term was
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coined for this: “approval trap” [WW16]. In a nutshell, it is not economically feasible to
demonstrate statistically acceptable safety prior to type approval by randomly testing the
machine in the field. Current industrial practices therefore employ a two-pillar approach:
maximizing the certainty on the estimation of risk introduced by the system before its
release based on a set of assumptions, and continuously validating the system’s behavior
and the assumptions in the field. Take, for example, Waymo, whose vehicle fleet has driven
a cumulative 56.7 million miles in public testing campaigns as of January 2025 [Kus+25]
as a contribution to the second pillar. In order to fully make use of data collected both
prior to and post deployment, we require in-depth data analysis methods: How many
critical events were there? Were they induced by hazardous behavior of the system? In
which type of situations does this behavior occur? These analyses are recommended
by ISO 21448 [Int22], which in turn forms the basis for an assessment compliant with
national and international homologation regulations, such as UNECE R157 [Uni21].

It must be concluded that a powerful means to analyze the produced data are required.
But how could such an instrument look like? Let us examine the task at hand. Each
sampling iteration, the system produces raw sensor data, which are processed to a more
abstract representation, e.g., three-dimensional bounding boxes of surrounding objects.
By repetition, milliseconds after milliseconds, a temporal sequence of states is assembled.
In case of a critical event (such as a near-miss encounter) or simply as a precaution, a
history of the recently recorded sequence is sent away for further investigation – to extract
factors from the temporal sequence that, if seen often enough, can point engineers to
implementation faults or unsafe specifications.

However, manual analysis efforts are bound to fail due to the sheer size of the records:
Waymo, for example, reportedly operated over 450 000 passenger trips a week as of
December 2025 [WB25]. Such data must be analyzed in an automated fashion. A
straightforward solution is to store data in an off-the-shelf time series database and
apply queries to find, for example, suspicious accumulations of certain factors in critical
situations. However, we are confronted with a complex context, meaning that implicit
background knowledge might be required for validly answering queries: If, for example,
the user asks for all critical situations in which a human was involved, then all instances
where the system’s classifier labeled objects as children as well as adult pedestrians shall
be returned. Standard query languages for time series databases do not offer such features
but instead interpret the query directly over the data.

An established solution to incorporating background knowledge (such as “children and
adult pedestrians are humans”) is executing the query not only over the data but also
an ontology – a formalized domain conceptualization. While many ways of formulating
ontologies have been proposed, so-called Description Logics (DLs) emerged in the 1980s
and established themselves as the predominant formalism since then [Baa+07]. Already
early on, in the 1990s, their potential for enhancing established techniques from the



3

database community was understood [Cal+98]. Specifically, Conjunctive Queries (CQs),
a first order language with conjunction and existential quantification, were found to strike
a balance between expressiveness and computational complexity [HT00]. This led to the
paradigm of Ontology-Based Data Access (OBDA), where data are retrieved under an
ontology, which was successfully used for querying non-temporal data over ontologies,
e.g., at Statoil [Kha+17].

When confronted with temporal data, it appears obvious that OBDA can be extended
by temporal features. The 2000s and 2010s gave birth to two major lines of research on
answering temporal queries over DL ontologies: First, since computational complexity
of query answering was deemed unsuitable for many practical applications, often, DL
fragments with restricted expressiveness were studied [AMO18]. Many efficient tools,
such as Ontop-temporal [Kal+18] and MeTeoR [Wan+22], have been implemented. The
second major line is concerned with highly expressive DL fragments and analyzed various
theoretical aspects of temporal querying [Lip14]. However, up to now, the setting of
temporal querying over expressive DLs has neither been examined from a practical
perspective nor been implemented.

This dissertation argues that the expressive setting is a valuable addition for applications
requiring extensive background knowledge in reasoning. In essence, the domain knowledge
required for correctly analyzing data is already complex in itself; consider, e.g., the legal
and regulatory details on the constituents of roads and intersections [Str06] and their
implications on traffic rules [Wes+22b]. Such domain knowledge must be preserved in the
data analysis process, otherwise results might be faulty and wrong conclusions are drawn.
This work thus looks only at expressive DLs and does not further examine temporal
querying under restricted DL expressiveness. For example, if we use a simple road network
model neglecting essential proportions of the rules as to what counts as a lowered curb, an
automated analysis of the right of way situations is deemed to yield wrong answers. This
can have severe downstream effects: The engineers might not be able to correctly link an
accumulation of critical scenarios to the underlying fault (for example, an incorrect right
of way implementation). This motivates the need for requiring expressive background
knowledge when temporally querying data for open and complex contexts; simultaneously,
this topic has – to the day of writing – only be examined from a theoretical perspective.
Therefore, the following central statement is the subject of this dissertation:

“Temporal querying in expressive DLs can be made practically applicable,
specifically for assessing safety-critical scenarios in road traffic.”
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1.1 A Reader’s Guide to the Dissertation

In order to argue in favor of the above statement, we first require an understanding of
“practically applicable.” As the dissertation title and the prior motivation suggests, this
work is embedded in a practical context for exactly that reason. In Chapter 2, we thus
examine how temporal data are currently analyzed for assessing ADSs. Here, ADSs act as
a representative instance of automated systems operating in open and complex contexts.
The chapter derives gaps on which data analysis mechanisms can aid practitioners in
raising the quality of their results but are currently unavailable in their toolbox.

These gaps are the basis for devising a solution in Chapter 3 – a formal language called
MTCQs – that aims to advance the support of practitioners in temporal data analysis. We
first dive into the foundations upon which MTCQs are built. An examination of existing
literature regarding related querying mechanisms enables us to delineate MTCQs from
the state-of-the-art and highlights why current approaches are insufficient as a theoretical
foundation for bridging the aforementioned gaps. This leads to the presentation of the
MTCQ formalism itself, including relevant problems.

The core of this dissertation lies in Chapter 4, which contributes novel methods to
tractably answering MTCQs over expressive DLs. We expand some of these ideas,
leading to a first, optimized algorithm based on Finite Automata (FAs). Since practical
observations show that it still does not behave ideal in some cases, we propose a second
algorithm. Here, instead of FAs, rewriting rules are employed as to avoid wasteful
behavior.

It remains for Chapter 5 to deliver evidence for the claim of practical applicability.
Both algorithms are implemented in a state-of-the-art DL reasoner, enabling an evaluation
based on the application domain of automated driving. The goal is to demonstrate two
essential properties of our approach: First, performance is reasonably sufficient under
realistic temporal data and background knowledge. Second, it provides value to the
practitioner.

The thesis is thus structured along four fundamental steps: extracting a meaning for
“practically applicable” (Chapter 2), devising a suitable temporal query language from
that (Chapter 3), showing how such queries can be tractably answered (Chapter 4), and
substantiating the claim of practicability (Chapter 5). What follows is a short guide
through each chapter with the intention to facilitate their navigation and deliver all
essential information to the reader.

Assessing Safety-Critical Scenarios in Road Traffic The dissertation at hand looks
at temporal querying through the lens of safeguarding ADSs – as one example of safety-
critical systems taking over demanding tasks while operating in open and complex contexts.
The purpose of this exercise is to anchor all subsequent delineations in the demands
of practitioners. Therefore, Chapter 2 assesses how temporal querying embeds into
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contemporary research on ADS safety. The goal of this chapter is to understand and, if
necessary, improve current industry practices by critically reviewing the state-of-the-art.

We start by assuming a broad view on ADS safety in Section 2.1, specifically, on what
has emerged as Safety of the Intended Functionality (SOTIF) in ISO 21448 [Int22]. The
central aspect of this standard is the absence of unreasonable risk originating from hazards
caused by the specified functionality. Section 2.1 explains the terminological framework
of ISO 21448 and, since several inconsistencies are present in the standard, constructively
provides improvements [Put+23]. The overall goal is to show that the system is safe.
For this, quantification is suggested in Annex C of ISO 21448, which is subsequently
delineated and for which again several improvements are made. Overall, this consistent
terminology, combined with a well-defined quantification approach, lays the foundation
for a feasible SOTIF assessment.

Two missing ingredients for conducting SOTIF risk quantification in practice are
discussed in Section 2.2. First, data must be generated, which is the topic of Section 2.2.1.
For this, scenario based testing has emerged as a promising technique. It recognizes that,
as systems operate over time, input streams of finite but essentially arbitrary lengths
make it difficult to effectively argue for safety. Instead, it proposes to break the inputs
down into smaller, more manageable chunks of temporal sequences – called scenarios
[Neu+20] (hence the name). They essentially present a sequence of actions in which a
specific task is to be performed by the system, such as crossing an intersection, overtaking
other cars, or simply driving straight for a while. After the task is concluded, the scenario
ends (and another might start). One can imagine scenarios as the “currency” used in
all safeguarding activities. Executing the system in a given scenario is referred to as
scenario-based testing. Many techniques for this exist, including various simulation-based
sampling methods, which are briefly presented to gain an understanding of how the
generated data are shaped [Neu+20].

The second required ingredient for SOTIF evaluation is examined in Section 2.2.2,
namely, how these data are analyzed. We differentiate between two kind of factors that
are desirable to assess: those approximating harm or severity, e.g., by measuring close
distances, and factors causally preceding harm, e.g., low visibility in a crowded traffic
situation.

The most prominent representatives of the first class are so-called criticality metrics,
which aim to quantify various aspects of risk within recorded scenarios. A plethora of
metrics were proposed since the 1970s, including the well-established Time To Collision
(TTC), Required Acceleration (areq), and Post Encroachment Time (PET) [Wes+23,
Section 5.2]. These act as proxies for harm or severity and hence possess the ability to
lower the burden on the amount of collected data (since critical events appear more often
than actual accidents). Yet, this shifts efforts towards assessing validity of these metrics;
and hence a critical review of the state-of-the-art is presented.
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The second class of factor analyzed in data for SOTIF evaluation concerns events in
road traffic preceding critical situations. These include hazardous behavior of the system
(such as violating the safety distance), but also conditions triggering this behavior (such
as low visibility) as well as any other factor increasing criticality (such as being behind a
vulnerable road user). While criticality metrics are heavily focused on physical quantities,
these factors are concerned with abstract relations between entities in traffic. By means
of formalization, such factors can be made determinable in data, with the advantage of
having an unambiguous semantics. Hence, various logic-based proposals were made in
recent years, many based on temporal logics [Hül+10; Luc+16; Els+20; Gel+20]. We
give an overview of this literature to conclude our review on the state-of-the-art.

Based on both state-of-the-art reviews – for criticality metrics and logics-based data
querying – we draw the following conclusion: Criticality metrics are already well-researched
due to its roots in traffic conflict analysis in the 1970s, and a plethora of proposed metrics
are readily available to the practitioner. However, logics-based data querying for purposes
of safety analysis is still under research and does not satisfy all practical needs. Specifically,
all logic-based approaches have in common that they employ no or only comparatively
inexpressive formalisms to model the system’s environment (such as propositional logic).
They therefore do not adequately account for the complexity of the environment. In
Section 2.3, we hence derive what is missing from the currently existing research. These
gaps in the current formalisms for specifying indirect criticality proxies allow us to identify
requirements on what a valuable addition for the practitioner’s toolbox might look like –
and, as we will later see, form the foundation for our custom temporal query language.
Essentially, the chapter concludes that we require logics-based searching in temporal data
enhanced by a formal representation of the rich domain knowledge available to engineers.

A Temporal Query Language An established solution for formalizing domain knowledge
are DLs, which, due to their popularity, will be the only ontology formalism examined
in this dissertation. Here, inclusion relations between axioms over a set of concepts
and roles describe valid states of the world. The simplest form of a DL ontology is a
taxonomy, where only inclusions like Pedestrian ⊑ Human (any pedestrian is a human)
are allowed. However, DLs also allow for more complex composite axioms like Driver ⊑
Human ⊓ ∃drives.Vehicle (any driver is a human and must drive some vehicle). Here,
Driver, Human, and Vehicle are concepts and drives is a role (a binary relation between
concepts). A set of such inclusion axioms forms a DL ontology, which we denote by O.

Rich feature sets have been proposed over the last decades, and the resulting DL
fragments were named accordingly. For example, ALC denotes the Attributive Language
with Complements, which allows for union, intersection, negation, and existential and
universal quantification along roles. The sophisticated DL SROIQ(D), which is a superset
of ALC, forms the basis of the World Wide Web Consortium (W3C) standard Web
Ontology Language Version 2 (OWL2) [Wor12], and is presented as the formal foundation
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of this work in Section 3.2.

As motivated earlier, a DL ontology can be used to reason over a set of data D. In
DLs, the data are modeled as assignments of concepts and roles to so-called individuals,
which are observable entities in the world. For example, we model a perceived driver d
as Driver(d) in the data. The combination of both ontology and data is a Knowledge
Base (KB) K = (O,D). While various reasoning services over KBs have been proposed
and examined (such as consistency, instance retrieval, or subsumption), this dissertation
is concerned with query answering. The idea is to allow the user to formulate queries,
comparable to standard database retrieval, which have to be answered. The answering
procedure returns lists of individuals from the data that satisfy the query’s constraints.
A standard query language is CQs, which enables the user to ask for individuals that
satisfy a set of membership constraints to concepts or roles, with an additional feature of
existential quantification. It has been found that CQ answering can be heavily optimized
in practice. In Section 3.2, we take a look at some of the state-of-the-art techniques
explaining why CQ answering is tractable, even when the underlying decision problem is
ExpTime-hard.

To extend querying from only a single set of data to time-stamped sequences of
data, temporal query languages were subsequently developed. They can, for example,
resemble Linear Temporal Logic (LTL) and use CQs in place of propositions [Lip14].
Typically, we assume a discrete, finite history of already gathered data for some time
points 0 to n, which, together with the ontology, form a Temporal Knowledge Base
(TKB) K = (O, (Di)i∈{0,...,n}). The ontology additionally restricts an infinite sequence of
possible future states – hence, the resulting logic is similar to LTL with past operators.
Besides Temporal Conjunctive Queries (TCQs), an array of different temporal querying
formalisms (also over different DLs fragments) were proposed [GK12; ÖM14]. A detailed
listing is provided in Section 3.3.

For the final part of the chapter, Section 3.4, we leverage this prior work to derive
a custom temporal query language (called MTCQs) specifically tailored towards the
previously sketched application context. It is distinct in two features: First, from the
practical perspective, it can be argued that analyzing the historical samples is already
sufficient, and we therefore interpret MTCQs solely over discrete, finite data. The
application context hence enables us to disregard, for the scope of this dissertation,
continuous or infinite data. The proposed language hence allows for the usual temporal
operators for finite sequences, such as until (U), eventually (♢), globally (□), as well as
weak and strong next ( , ). Second, it must be assumed that interval durations play
important roles , e.g., to decide whether an overtaking maneuver takes too long, which is
why MTCQs additionally allow metric operators, such as a time-bounded globally (□[a,b]).
With MTCQs, we can, for example, ask for every individual x that drives some vehicle
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for at least two time points by

Φ(x) = ♢□[0,1]∃v.drives(x, v).

We are mainly interested in query answering over MTCQs. Here, for a given TKB, we ask
for assignments from the individuals to the free variables of the query for which, when
acknowledging the ontology, we can find a match for the query in the data. Take, as an
example, a TKB over the already introduced driver axiom and these three observations:
first, we observe nothing and in the two subsequent time points, there is some driver.
Formally, this is expressed as

K =
(
{Driver ⊑ Human ⊓ ∃drives.Vehicle}, (∅, {Driver(d)}, {Driver(d)})

)
.

The single answer to the MTCQ Φ(x) assigns the individual d to the only free (answer)
variable x – since it matches the necessary existence of a driven vehicle through the
background knowledge of the ontology for the last two time points.

Tractable Temporal Querying over Expressive Description Logics Despite (or due
to) the practical relevancy of MTCQs, answering them is not easy. Even for MTCQs
without any variable, i.e., checking whether the given data matches the query under the
ontology, the problem is ExpTime-complete for ALC. The lower bound follows from the
foundational problem of checking consistency of a TKB, and luckily, the upper bound
coincides with this lower bound. However, ExpTime-complete problems are notoriously
intractable in practical settings, especially under real-world inputs. This holds specifically
in our case, algorithms can have an exponential dependency not only on the query and
ontology, but also on the data, which we must assume to be large. The main question of
Chapter 4 is therefore: How can we efficiently answer MTCQs? We present two different
approaches.

Up to now, no practical algorithm has been proposed for answering temporal queries over
expressive DLs. As mentioned earlier, the only work in this area examines a related setting
from a theoretical view [Lip14]. The upper bound proof yields a highly non-optimized,
exponential algorithm, which is based on Büchi automata. For the first approach, we
adopt this strategy and propose an FA-based algorithm [Wes+24a]. In its core, the
technique represents the temporal constraints as an automaton, where state transitions
are encoded by satisfiability checks of disjunctions of CQs, so-called Unions of Conjunctive
Queries (UCQs). For this algorithm, Section 4.1 provides proofs of correctness and run
time. Since a naïve implementation would not satisfy the requirements of the application
context, Section 4.1 proposes a foundational optimization that extracts information from
CQ answering to aid in the required satisfiability checks.

It turns out that by using a standard translation of Linear Temporal Logic over
Finite Traces (LTLf) into FAs, sometimes unnecessary UCQs are checked (even with the
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foundational CQ optimization). In these cases, checking the disjunction is, in fact, not
required, and it would suffice to simply answer CQs. Alas, answering UCQs in expressive
DLs is, in practice, more expensive and less optimizable than it is for CQs – it is therefore
advantageous to rely on CQ answering as much possible. In Section 4.1, we conclude that,
while the proposed algorithm shows theoretically optimal behavior, it does not behave
optimal in a practical sense.

For this reason, a second algorithm is proposed in Section 4.2. It relies on the observation
that unnecessary UCQs arise from the standard translation from LTLf to deterministic
FAs. We thus ditch the use of automata completely. The novel algorithm assumes a
rewriting framework instead. Here, the query is rewritten into a normal form that allows
inductively answering subqueries until a base case – a nontemporal query – is reached.
We again provide correctness and complexity proofs.

We continue with a theoretical examination of the difference in UCQ handling between
both algorithms. On an example, we can easily establish that the second algorithm
exhibits much more benign behavior w.r.t. CQ and UCQ answering. The question arises
whether we can generalize this issue. In Section 4.3, we are able to extract a non-trivial
fragment of MTCQs for which no UCQ checks are, in general, needed. This is not always
trivial to see: Consider, for example, the MTCQ

Φ(x) = ♢(Pedestrian(x) ∧ Human(x)).

Here, an implicit disjunction arises due to the combination of ♢ and – for the second
time point, it has to be checked whether Human(x) or Pedestrian(x) holds. Therefore,
UCQs are actually required for correctly answering Φ(x). Since this property is not
directly evident from a manual inspection, the final part of Chapter 4 gives a formal and
efficiently decidable characterization for queries in which no UCQ answering is required.
We will see that the second approaches operates, in fact, optimal w.r.t. UCQs on the
specified fragment. The first approach, on the other hand, induces UCQ checks on many
of the queries in this fragment. We conclude the chapter with a theoretical analysis on
the reasons behind this behavior. In essence, it is due to using deterministic FAs, as we
are able to show that, for each query in the fragment, there is always a nondeterministic
FA that allows answering the query without UCQs.

Demonstrating Practical Applicability The attentive reader will have noticed some
assertive claims in the previous paragraphs: The second algorithm is more frugal w.r.t.
UCQ answering; this to have practically observable effects on performance; and, in
general, that both algorithms can be used in practical settings. The evaluation presented
in Chapter 5 is hence in order. First, the software tool Topllet – implementing both
algorithms – is presented in Section 5.1 [Wes+24b]. It is integrated in the DL reasoner
Openllet and uses a custom extension of OWL2 to represent TKBs.
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The goal of the tool is to provide evidence for the aforementioned claims in Section 5.3.
Since Topllet is, to the best of our knowledge, the first implementation of any temporal
reasoning tool over expressive DL ontologies, no benchmark exists. Therefore, the first
task is to construct benchmarks serving two different purposes: One for lightweight,
efficient evaluation during development, and a large-scale benchmark that mimics valid
real-world data while allowing for scalability in the data size. We again retreat to our
example application of data analysis for automated driving. For the first benchmark, an
example from the German traffic act – giving right of way to two-wheelers – is formalized
in a lean ALCRQ ontology. The second benchmark uses the Automotive Urban Traffic
Ontology (A.U.T.O.) as an established SRIQ(D) ontology [Wes+22a], since the goal
is to be as close to real-world applications as possible. A.U.T.O. is based upon the
so-called 6-Layer Model, an industrially adopted scheme for categorizing urban road
traffic [Sch+21], and contains a wide array of concepts and relations between entities
relevant in traffic. The resulting benchmark set – called the Traffic Ontology Benchmark
(TOBM) [Wes+24a] – simulates traffic-participant behavior on two different intersections
in a two-dimensional setting.

Running Topllet on TOBM yields two major insights: First, both algorithms can
be applied in practically relevant offline analysis settings. Second, the rewriting based
approach performs approximately one order of magnitude better than the FAs-based
technique. The evaluation shows that it is mostly due to the more effective usage of CQ
answering, as claimed earlier. On top of this, for some queries, performance improvements
enable running Topllet in online settings, i.e., answering the query over a data stream.

While Section 5.3 evaluates performance, it remains to show that MTCQ answering
provides value in an applied sense, meaning that engineers can benefit from tools like
Topllet. It is not within the scope of this dissertation to conduct a large-scale, empirical
usability study. We will, however, demonstrate in Section 5.4 that Topllet can be suc-
cessfully integrated into a scenario-based test coverage framework, an example application
context in which temporal logics are widely used. Classical temporal logics, however,
assume a closed world, which is not always justifiable from a practical perspective. We
show that using the open world of MTCQs avoids this problematic assumption, but comes
with far-reaching effects: Rigorous adaptions of test coverage theory and implementation
are necessary. But, fortunately, even under the semantics of MTCQs, statements on
coverage can still be made, as we show in an evaluation on synthetic and real-world data.
This successful integration of Topllet into a broader SOTIF-context exemplifies that
the language and algorithms presented in this dissertation add practical value.
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1.2 Contribution

By now, the contribution of this dissertation should be apparent. To recapitulate, it embeds
temporal querying over expressive DLs in a practical context, gives novel algorithms for
tractably answering such queries, and demonstrates their practical applicability in the
embedded context. The following works were published in support of this contribution:

1. Using Ontologies for the Formalization and Recognition of Criticality for Auto-
mated Driving, Lukas Westhofen, Christian Neurohr, Martin Butz, Maike Scholtes,
Michael Schuldes, 2022, IEEE Open Journal of Intelligent Transportation Systems
[Wes+22a].

2. Criticality Metrics for Automated Driving: A Review and Suitability Analysis of the
State of the Art, Lukas Westhofen, Christian Neurohr, Tjark Koopmann, Martin
Butz, Barbara Schütt, Fabian Utesch, Birte Neurohr, Christian Gutenkunst, Eckard
Böde, 2023, Archives of Computational Methods in Engineering [Wes+23].

3. On Quantification for SOTIF Validation of Automated Driving Systems, Lina Putze,
Lukas Westhofen, Tjark Koopmann, Eckard Böde, Christian Neurohr, 2023, IEEE
Intelligent Vehicles Symposium (IV) [Put+23].

4. Answering Temporal Conjunctive Queries over Description Logic Ontologies for
Situation Recognition in Complex Operational Domains, Lukas Westhofen, Christian
Neurohr, Jean Christoph Jung, Daniel Neider, 2024, International Conference on
Tools and Algorithms for the Construction and Analysis of Systems (TACAS)
[Wes+24a].

5. Topllet: An Optimized Engine for Answering Metric Temporal Conjunctive
Queries, Lukas Westhofen, Christian Neurohr, Jean Christoph Jung, Daniel Neider,
2024, NASA Formal Methods Symposium (NFM) [Wes+24b].

6. Temporal Conjunctive Query Answering via Rewriting, Lukas Westhofen, Jean
Christoph Jung, Daniel Neider, 2025, Annual AAAI Conference on Artificial Intel-
ligence (AAAI) [WJN25].

7. Test Coverage of Automated Robotic Systems in Open World Environments, Lukas
Westhofen, Till Schallau, Dominik Schmid, Stefan Naujokat, Falk Howar, Daniel
Neider, 2026, International Symposium on Formal Methods (FM) [Wes+26].

Two published articles contain parts that additionally contributed to the dissertation at
hand:

1. Fundamental Considerations around Scenario-Based Testing for Automated Driving,
Christian Neurohr, Lukas Westhofen, Tabea Henning, Thies de Graaff,
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Eike Möhlmann, Eckard Böde, 2020, IEEE Intelligent Vehicles Symposium (IV)
[Neu+20].

2. 6-Layer Model for a Structured Description and Categorization of Urban Traffic and
Environment, Maike Scholtes, Lukas Westhofen, Lara Ruth Turner, Katrin Lotto,
Michael Schuldes, Hendrik Weber, Nicolas Wagener, Christian Neurohr, Martin
Herbert Bollmann, Franziska Körtke, Johannes Hiller, Michael Hoss, Julian Bock,
Lutz Eckstein, 2021, IEEE Access [Sch+21].

This dissertation incorporates selected content of all mentioned publications. At the
beginning of each chapter, appropriate references are given. The contribution of the
respective publication to the chapter is highlighted and put into the context of this
dissertation.

Doctoral regulations require explicating my own contribution to the above works. These
papers are a collaborative work of over three dozen authors from a variety of institutions.
I am very grateful for their provided efforts, inputs, improvements, and guidance. As it is
often the case, ideas are born in discussions, and exact attribution is not always possible
in hindsight. Moreover, the listing of an activity in this document does not exclude the
possibility that it was also performed by co-authors. Taking these notes into account, the
following paragraphs present an attempt to qualify my contributions to the mentioned
publications.

Fundamental Considerations around Scenario-Based Testing for Automated Driving
Shortly after starting my work at what was back then the transportation department
at OFFIS, my coworker Christian assembled a team to come to terms with common
yet implicit assumptions in scenario-based testing. Work on this paper was naturally a
team effort, and I was involved in many of the discussions on extracting and writing up
several fundamental challenges. My specific focus at that time concerned scenario and
requirement elicitation. While already having experience with scientific publishing in
formal methods thanks to my excellent bachelor and master theses supervisors Nils and
Jana, this work offered a great entry point to the domain of automated driving safety:
It allowed me to perform extensive literature reviews, some of which found their way
into the paper. The lively discussions and the refreshing approach to questioning widely
accepted assumptions strongly shaped my way of working.

6-Layer Model for a Structured Description and Categorization of Urban Traffic and
Environment My early work on this dissertation was heavily influenced by the publicly
funded research project VVMethods. One particularly thought-provoking topic was the
so-called “layer model,” which prior projects and publications used in various flavors. As
our ontological work in the project was ramping up, we decided that the layer model
should act as a semantic foundation. A unification of all previous proposals was required;
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otherwise, no common ontology could be achieved. I provided an initial draft to the
working group, but swiftly, the political dimension of the undertaking became apparent.
In order to integrate the views of all involved parties, Maike and Lara thankfully took
over the main lead on this activity. I continued to provide feedback on several drafts, and
accompanied Maike and Lara to the finish line.

Using Ontologies for the Formalization and Recognition of Criticality for Automated
Driving Having led the ontology working group in VVMethods, it was only reasonable
to polish our work for publication. The initial goal was to simply publish the ontology, for
which I acted as the lead developer. It became clear that a demonstration of its usefulness
was needed. Two components came together almost seamlessly: I was curious to test out
the applicability of available reasoning tools on the ontology. Our collaborators at the
Institute for Automotive Engineering at the RWTH Aachen were currently assembling data
in a rich domain model. Both combined resulted in what is presented in the publication:
I developed a software tool chain that is able to reason on our ontology and the provided
data to identify critical scenarios. The subsequent write-up and experiments were led by
me, and the paper kick-started this dissertation.

Criticality Metrics for Automated Driving: A Review and Suitability Analysis of
the State of the Art This publication is probably the most collaborative work I have
participated in yet. Christian and I originally collected several criticality metrics for
an internal presentation, and quickly noticed that no unified overview was available in
the literature. Dissatisfied with the situation, we decided to assemble a diverse team of
nine authors from the VVMethods and SET Level projects to address the issue. While I
acted as the organizational lead, structured the work, and guided the writing activities,
each contributor brought their own criticality metrics to the table. Putting these into a
combined framework was challenging and only possible with teamwork. The resulting
website has received positive feedback, and was set up by me based on an impulse by
Tjark, a coworker of mine.

On Quantification for SOTIF Validation of Automated Driving Systems After reading
a draft of the (back then) ISO/PAS 21448, it quickly became apparent that the upcoming
standard highly impacts this dissertation. My colleagues Christian, Tjark, and Lina
originally set out to conduct a hazard analysis and risk assessment according to the then
published ISO 21448. I provided support by specifying, together with Lina, a system
model to consider for further analysis. It quickly turned out that interpreting the standard
literally was impossible – were we the first to actually implement a standard-compliant
hazard analysis? We abandoned our hopes of executing the original plan and focused
on fixing the identified inconsistencies instead. This meant several exhausting group
sessions of reading the document and assembling a new, consistent mental model. I mainly
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focused on the terminological side, where I supported Lina in untangling the intertwined
definitions and coming up with improved examples and figures. During writing the paper,
I reviewed and refined several drafts for many of the sections.

Answering Temporal Conjunctive Queries over Description Logic Ontologies for
Situation Recognition in Complex Operational Domains My earlier work on using
ontologies on automotive data was driven by available tooling. Daniel (my advisor) and I
revisited it from a more foundational perspective. Based on a literature review conducted
by me, a promising framework emerged, for which, however, neither a practical algorithm
nor an implementation was available. I therefore immersed myself, for quite some time,
into the development of a custom temporal querying tool, guided by the theoretical
experience of Daniel and the practical view offered by Christian. Additional expertise
on the theory of DLs came in the form of Jean, thanks to whom we were able to clearly
work out several theoretical results. After multiple development iterations, the novel
benchmarks I created finally showed satisfying results. Writing was again a team effort,
for which I took the main responsibility under the extensive guidance of my co-authors.

Topllet: An Optimized Engine for Answering Metric Temporal Conjunctive Queries
As the above work described the temporal querying algorithm from a theoretical view,
the team of authors decided that a separate tool paper was in order, with the goal
of highlighting its inputs and usage as well as presenting insights into the practical
implementation. Due to me being the only developer of the software, I took over creating
and evaluating new benchmarks, coming up with easily understandable examples, and
large parts of writing the paper. All these activities were constantly guided and refined
by my collaborators.

Temporal Conjunctive Query Answering via Rewriting I spent quite some time trying
to iteratively improve the performance of the implemented querying algorithm, with mixed
results. A fresh approach was desperately needed. After trying out several possibilities,
I came up with a promising rewriting procedure. I quickly set out to implement a
rough version of the envisioned algorithm; first benchmarks showed drastic performance
improvements. Inspired by the promising results, I hastily assembled some slides, took
a train to Dortmund, and presented them to both Daniel and Jean, who gave valuable
feedback and several lines of improvement. I continued development until a publishable
state was reached, and the team of authors set out to write down the results. The writing
activities were again lead by me, including proofs for the theoretical results, but many
important revisions were made by Daniel and Jean.

Advancing Test Coverage of Automated Robotic Systems to Open World Environ-
ments During times when processors produced quite some heat just to run my software,
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I often questioned the use of it all: Is this high computational complexity even worth
it? What can be gained by using my tooling from a practical perspective, compared to
available temporal logic software? Gladly, an opportunity of investigating these questions
presented itself when I met Till, also a PhD student at the TU Dortmund University, in
California. We decided that a collaboration would be of great interest to both of us. The
weeks after, I started investigating the possible implications of integrating my work into
Till’s broader test coverage framework, and came up with the idea of having “unknowns”
in the scenario data. I presented the concept to Till and his colleagues, who showed keen
interest. A first prototype was implemented by me, but exhibited poor performance. This
did not deter us from exploring other options, and I started experimenting with MaxSAT-
and graph-based algorithms. These implementations finally showed success, and Dominik,
a coworker of Till, set out to implement these algorithms into their software, further
improving performance. Satisfied with the results, I took over the main responsibility
for writing and coordinating our efforts. Specifically, I formalized the novel coverage
framework, devised the two corresponding problems, and gave proofs for the theoretical
results. When time was ripe to evaluate our approach, Dominik used synthetic data to
put the algorithms through their paces, while I provided an analysis of inD to validate
our assumptions on the probabilities of “unknowns” in real-world data.
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2 Assessing Safety-Critical
Scenarios in Road Traffic
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We start our journey of pushing temporal querying over expressive ontologies towards
practical usability by analyzing an industrially relevant application context: safeguarding
automated driving. After a thorough revision of risk quantification proposed in ISO 21448,
one of the two central standards in ADS safety, (Section 2.1) we review contemporary
literature on methods that can support in this quantification (Section 2.2). From this,
we identify what is currently missing from the perspective of temporal querying in
Section 2.3. This not only grounds the language and algorithm development in Chapter 3
and Chapter 4 as well as the evaluation in Chapter 5 in practice, but also contributes to
the scientific state-of-the-art. The chapter is based on two published literature reviews
[Neu+20; Wes+23] and a study revisiting ISO 21448 [Put+23], all of which were one of
the first publications in their respective fields.

The first contribution of this chapter, given in Section 2.1, is a critical review and
revision of ISO 21448 [Int22], an essential standard in safeguarding ADSs. In contrast to
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established automation features, such as Adaptive Cruise Control (ACC), ADSs cannot
assume an alert human fallback operator available at any time. This missing supervision
makes having a safe specification imperative – after all, the system itself must handle
critical situations. This has been recognized with the introduction of SOTIF in the ISO
21448 standard, which has been published in 2022. It has since then become one of two
major normative pillars in ADS safety – the other one being ISO 26262 [Int18], which
complementarily assumes a safe specification and examines technical faults leading to
specification violations. While the preceding decade has shown that adhering to ISO
26262 on an industrial scale is technically feasible [Pal+11; Dar+12], demonstrating safety
– i.e., the absence of unreasonable risk – according to ISO 21448 remains challenging
[Ber+22; Wan+24b]. We hence make SOTIF the central motivation of this dissertation.
Its introduction is based on the work of Putze, Westhofen, Koopmann et al. [Put+23],
who, in 2023, spotted significant inconsistencies in the risk framework proposed in the
standard. Hence, this dissertation presents a revised, consistent perspective on SOTIF
and its quantification approach.

While ISO 21448 demands to demonstrate the achievement of SOTIF, e.g., by quan-
tification, it gives only abstract guidance on how to estimate the required quantities,
which is the topic of Section 2.2. In the past, the automotive industry has relied on
distance-based methods, where manufacturers drive a manageable distance on proving
grounds and in real world test drives. For ADSs, these methods are infeasible due to the
enormous driving distance that has to be covered [KP16; WW16]. Section 2.2.1 presents
an envisaged solution: Scenario-based testing, where the the system is executed in varying
environment conditions for some finite time. The review is based in parts on the work
by Neurohr, Westhofen, Henning et al. in 2020 [Neu+20], which has been one of the
earliest unifying literature analyses on the topic. In fact, the author is aware of no earlier
works and only two works in this area submitted for publication marginally after the
above-mentioned article [Rie+20; Nal+20], highlighting that gaining an overview of this
field is much-needed scientific contribution. As of spring 2020, Riedmaier et al. noticed
that “a comprehensive literature review, similar to the one included in the present paper,
is not provided” [Rie+20].

Scenario-based testing provides methods for generating the data required for assessing
SOTIF adherence. The next task is analyzing the data. Section 2.2.2 therefore presents
two popular means of scenario data analysis: Criticality metrics and logics-based data
querying. Criticality metrics provide a physical view on accident and severity proximity
and can hence be used in assessing harm-related quantities for SOTIF estimation. The
presentation is based on an extensive review by Westhofen et al. [Wes+23]. Published in
2023, it is, to the best of the author’s knowledge, the first in-depth literature assessment
on measuring criticality in data for automated driving applications. The second means for
data analysis concerns quantities in traffic significantly preceding harm, which may trigger
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hazardous behavior of the system. To allow querying for such environmental factors in
road traffic data, logic-based approaches were introduced, for which we give an overview
on the state-of-the-art.

The identified challenges in establishing SOTIF (cf. Section 2.1) together with the
improved understanding of applying state-of-the-art scenario data analysis for SOTIF
(cf. Section 2.2) leads to the specification of requirements on temporal querying from a
practical perspective in Section 2.3. For example, while many logic-based approaches
claim to be suitable for complex tasks such as traffic rule specification, none of these
incorporate formal ontologies into the temporal specification. However, ontologies aid in
unifying the extensive background knowledge provided by various stakeholders, such as
legal experts and engineers [Wes+22b; SWH26]. These derived gaps form the basis of the
query language presented and analyzed in the upcoming chapters.

2.1 Safety of the Intended Functionality

In December 2021, the first ADS gained type approval for operation on public German
roads: The Mercedes-Benz Drive Pilot is an Automated Lane Keeping System (ALKS), a
specific type of ADS with SAE Level 3 according to the taxonomy standard SAE J3016
[SAE21]. It takes over the driving task on highways under certain conditions, e.g., up
to a speed of 95 kilometers per hour with a lead vehicle being present. In Germany,
it has been approved on the basis of the United Nations Regulation No. 157 (UN157)
[Uni21], which the system fully complies with according to the approval authority [Ste21].
This regulation was introduced in March 2021 and contains requirements on developing,
releasing, and operating ALKSs [SAE21]. It was also adopted for the German Autonomous
Vehicles Approval and Operation Regulation (AFGBV) [Ver22a], which, published in
June 2022, additionally regulates the release of SAE Level 4 and 5 systems in Germany
and implements the amendments of the German Road Traffic Act (StVG) in 2017 and
2021.

According to these regulations, a type approval of ADSs necessitates a demonstration
of safety. Historically, the automotive industry considered mainly functional safety of
manually driven vehicles. Functional safety as defined per ISO 26262 [Int18] concerns
solely risks arising from non-compliance of items (systems with a sensor, controller, and
actuator implementing a function at the vehicle level) to their specification. Activities
within the scope of ISO 26262 contain, e.g., verification of the safety-critical software
components against their requirements [WBK20]. When moving towards higher automa-
tion levels, a fallback driver cannot be assumed anymore. Hence, risks arising from the
specification itself become more relevant – in case of unsafe specified behavior, no backup
is available to take corrective action for guiding the system towards a safe state. For this,
ISO 21448 proposes to complement ISO 26262 by considering the SOTIF, i.e., absence of
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unreasonable risks arising from the specification and technical capabilities [Int22]. ISO
21448 has rapidly gained relevance and is also referenced in the above-mentioned UN157:
“[Auditors/assessors] shall in particular be competent as auditor/assessor for [. . . ] ISO
21448” [Uni21]. Substantiating this relevance, the German AFGBV also considers compli-
ance with ISO 21448 as a sufficient criterion for adhering to the mandatory state-of-the-art
safety assessment [Ver22a, Annex 1, Section 7.2]. ISO 21448 must therefore be viewed as
a cornerstone in any safety activities around developing ADSs.

ISO 21448 was initiated in 2016, publicly available as a specification since 2019, and
finally released in June 2022. As such, ISO 21448 compliant safety cases can now be
conducted, which is, as delineated above, essential for compliance with the UN157 or
the German AFGBV. In the end, it must be possible to devise a validation strategy
implementing the standard’s requirements. This necessitates a rigorous investigation of
the ISO 21448. The work on which the subsequent elaboration is based on [Put+23] is,
to the best knowledge, the first to perform such an investigation as its main topic.

2.1.1 ISO 21448 Safety Framework

As a first step, we examine the proposed terminological framework around safety according
to ISO 21448. This allows comprehending the target, i.e., what achieving SOTIF means,
as well as the artifacts created during the process. Despite the regulatory necessity of
conducting SOTIF-compliant safety cases, the standard is unnecessarily inconsistent in
its terminology, as noticed by Zhu et al. in 2022 [Zhu+22] and expanded upon by Putze
et al. in 2023 [Put+23]. Therefore, before we dive into the proposed steps, we present a
revised notation that resolves many inconsistencies. Among other issues, these result in
the ill-definedness of the central term SOTIF in the ISO 21448.

The original terminological construct (of the most relevant terms) is given in Figure 2.1.
If not otherwise defined in ISO 21448, the standard demands that the definitions of ISO
26262 apply [Int22, Clause 3]. Terms of ISO 26262 required for a complete definition of
SOTIF are therefore included.

The central term is SOTIF, which is defined as “the absence of unreasonable risk due
to hazards resulting from functional insufficiencies of the intended functionality or its
implementation” [Int22, Definition 3.25]. Since SOTIF concerns only a subset of all
hazards that can lead to an unreasonable risk of the final product, the chain of recursive
definitions depicted in Figure 2.1 must be understood to fully comprehend above definition
(terms defined in one of the two standards are emphasized):

• Risk combines the probability of occurrence and the severity of a harm [Int22,
Definition 3.14].

– Harm means inflicting damage to the health of persons [Int18, Definition 3.74].
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– Severity is an estimate of the extent of this damage in a hazardous event [Int18,
Definition Definition 3.154].

∗ A hazardous event is a combination of a hazard and an operational situ-
ation [Int18, Definition 3.77]. Additionally, the more general term event
is defined by ISO 21448 as “occurrence at a point in time” [Int22, Defini-
tion 3.7].

· A hazard is a possible cause of harm due to hazardous behavior exhib-
ited by the vehicle [Int22, Definition 3.11], where the term hazardous
behavior is not further defined.

· An operational situation is a scenario encounterable by the vehicle
[Int18, Definition 3.104].

◦ While scenario is not further explicated in ISO 26262, ISO 21448
defines it as describing the temporal relations in a sequence of
scenes (added goals and values lead to situations), where scenes are
influenced by actions and events [Int22, Definition 3.26].

▷ A scene is representing the traffic at a fixed point in time [Int22,
Definition 3.27].

▷ An action is a specific event : an executable behavior of an actor
in a given scene [Int22, Definition 3.2].

• Risk is unreasonable if it is unacceptable by societal norms [Int18, Definition 3.176].

• Functional insufficiencies are divided into specification and performance insufficien-
cies [Int22, Definition 3.8]:

– Insufficiency of specification is a specification. When activated by a triggering
condition, this specification must contribute to a hazardous behavior or lead
to failure in preventing or mitigating reasonably foreseeable misuse [Int22,
Definition 3.12].

∗ A triggering condition is a condition in a scenario that causes hazardous be-
havior or leads to failure in preventing or mitigating reasonably foreseeable
misuse [Int22, Definition 3.30].

∗ Misuse refers to an unintended usage [Int22, Definition 3.17].

∗ While reasonably foreseeable is not defined in ISO 21448, ISO 26262 states
that it means to be “technically possible and with a credible or measurable
rate of occurrence” [Int18, Definition 3.120].

– Performance insufficiencies are limitations of technical capabilities, with the
same constraints as insufficiency of specification [Int22, Definition 3.22].
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• The intended functionality is simply equivalent to the specified functionality [Int22,
Definition 3.14].

Note that “implementation” is left undefined, but most likely acts as the subject of
performance insufficiencies. Despite this complex network of definitions, a possible inter-
pretation of above terminology is that ISO 21448 proposes to ensure that the probability
and extent of damage to persons caused by the vehicle’s behavior and originating from the
specification or the implementation’s technical capabilities are socially acceptable. This
is in contrast to the topic of ISO 26262, where risk is only considered when it originates
from malfunctioning behavior, i.e., where the system or its components fail to behave like
intended.

SOTIF

Functional
Insufficiency Hazard Risk

Intended
Functionality

Performance
Insufficiency

Insufficiency
of Spec-
ification

Harm Severity Occurrence

Reasonably
Foreseeable

Misuse
Triggering
Condition

Hazardous
Behavior

Scenario

Hazardous
Event

Operational
Situation

Action Scene Situation Event

T T exclusively defined in
ISO 21448

T
T defined in ISO 26262,
explicitly adopted in
ISO 21448

T
T defined in ISO 26262,
not explicitly referred to
in ISO 21448

T T defined neither in ISO
21448 nor in ISO 26262

Key

Figure 2.1: The terms used in the risk framework of ISO 21448, together with their
implicit references to ISO 26262, based on Putze et al. [Put+23]. If a term
uses another term in its definition, an arrow is drawn in that direction.

First, it is easy to note that this chain of definition is excessively complex, unnecessarily
obstructing the understanding of the central objective of ISO 21448. Second, several
technical issues arise from the terminology and are most likely caused by the high
complexity and implicit dependencies on other standards:
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1. The definition of harm explicitly excludes damage to property and is in violation with
the meta-standard ISO/IEC Guide 51 [Int14], which gives guidance and requirements
for risk standard developers. Even if this incompatibility with ISO/IEC Guide 51
has been a deliberate decision, no note with a rationale is attached.

2. Hazardous behavior is frequently used in above definitions (hazard, insufficiency
of specification, and triggering condition) but remains undefined. The most likely
reason is that giving a definition in above the framework would lead to circular
dependencies. Based on Figure 13 in ISO 21448, it is causally situated between
triggering conditions and hazards. Yet, it cannot be based on the definition of
hazard, e.g., defining it as “a behavior of the system leading to a hazard,” since
hazard itself is defined based on hazardous behavior. Similarly, it cannot be defined
as a cause of some triggering condition or functional insufficiency, as also triggering
condition is defined using the term hazardous behavior.

3. For references to hazardous event in ISO 21448, it is unclear whether the definition
of hazardous event from ISO 26262 or the definition of event from ISO 21448 shall
be applied. Both are inconsistent with each other: While ISO 26262 refers to
hazardous event as a scenario (where scenario is not further explicated in ISO 26262
but becomes defined as a temporal entity in ISO 21448), ISO 21448 views an event
simply as a point in time. These conflicting views leave the term hazardous event
unclear within ISO 21448. Since hazardous event is required to understand severity
and thereby risk as well as SOTIF, the implications are far-reaching. If we assume
that the more specific definition of ISO 26262 shall be applied, several terms used in
its definition break with the scope of ISO 21448. This includes hazard, which is, for
ISO 26262, restricted to malfunctioning behavior. Yet, malfunctioning behavior is
out of scope for ISO 21448. If we thus apply the definition of ISO 26262 of hazardous
event, any ISO 21448-compliant severity analysis must only consider malfunctioning
behavior and completely disregard unsafe specifications, which breaks with the
scope of SOTIF.

4. The definition of scenario uses the term situation, which is undefined in ISO 21448 –
most likely to avoid conflicts with the term operational situation from ISO 26262: An
operational situation must be a specific situation, by naming, and also a scenario, by
definition. Any definition of the term situation that does not allow certain scenarios
to also be situations would violate the above constraint. However, scenarios are
defined using situations, which makes it hard to avoid circular reasoning when
trying to incorporate scenarios into the definition of situation. On top of this
issue, the term does not occur in the referenced original definition by Ulbrich et al.
[Ulb+15], and the trouble could have been avoided had ISO 21448 simply included
the verbatim original definition.
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5. Intended functionality is equivalent to the specified functionality, and therefore
the question arises why a distinct term is even necessary. In fact, the specifiers’
intention might not even match the specification, and therefore the term intended
functionality can be misleading. This might raise false expectations regarding the
scope of ISO 21448.

These issues propagate transitively through the complex definition tree depicted in
Figure 2.1, leading to ill-definedness of the central term SOTIF.

The following definitions, mostly taken from Putze et al. [Put+23], remove the above-
mentioned issues and significantly improve understandability (however, they do not
resolve the issue of having an unnecessarily convoluted definition chain). First, we include
property damage in harm to comply with ISO 51.

Definition 2.1.1 (Harm [Int14])

“Injury or damage to the health of people, or damage to property or the environment.”

In order to be able to define hazardous behavior, we require removing a reference to
hazardous behavior from either triggering condition or hazard. We opt for the latter, as ISO
51 already gives a suitable definition without reference to hazardous behavior.

Definition 2.1.2 (Hazard [Int14])

“Potential source of harm.”

Then, hazardous behavior can be defined without circular dependencies.

Definition 2.1.3 (Hazardous Behavior [Put+23])

“Behavior of the functionality which can lead to a hazard.”

Regarding hazardous events, we delineated how implicitly relying on terms from ISO
26262 can destruct large parts of the framework built in ISO 21448 as the considered
categorizations of hazard are different. Hence, the proposal is to explicitly rely only on
definitions from ISO 21448 or our updated terminology:

Definition 2.1.4 (Hazardous Event [Put+23])

“Event [Int22, Definition 3.7] that is a combination of a hazard and a scenario containing
conditions in which the hazard can lead to harm.”

Similar issues are observable with the term scenario, where an implicit dependency on
the operational situation leads to inconsistencies. Therefore, we simply propose to rely
on the original definition of Ulbrich et al. [Ulb+15].
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Definition 2.1.5 (Scenario [Ulb+15])

“A scenario describes the temporal development between several scenes in a sequence
of scenes. Every scenario starts with an initial scene. Actions and events as well
as goals and values may be specified to characterize this temporal development in a
scenario. Other than a scene, a scenario spans a certain amount of time.”

We remark that several qualifications of the term scenario – most importantly, concrete,
logical, abstract, and functional – exist, which are used in the literature without clear
semantics. For further reference, the reader is referred to Neurohr et al., who provide a
formal framework for scenarios and define the qualifications [Neu+26].

The final issue concerns the term intended functionality, which is identified with
specified functionality. Since removing the term altogether means changing the name of
the standard itself, the easier (and more complete) solution is to simply include mismatches
between intention and actual specification to the scope of the standard.

Definition 2.1.6 (Intended Functionality)

“Functionality intended at time of specification.”

By this terminology, it becomes clear that SOTIF is concerned with ensuring societal
acceptance of the probability and extent of any damage caused by the vehicle’s behavior
which originates from the intended or written specification, or the implementation’s
technical capabilities. Moreover, the causal model underlying harm is now more precise.

Example 2.1.1

An example of the SOTIF causal model from functional insufficiencies to harm is given
in Figure 2.2. Here, two functional insufficiencies – one performance insufficiency and
one insufficiency of specification – can lead, together with a corresponding triggering
condition, to hazardous behaviors of the vehicle. The first insufficiency concerns the
technical capabilities of the employed sensors: A truck driving in front of the vehicle is not
recognized due to ice plates being on top, e.g., the image classifier was not trained on such
data, leading to an adjusted distance to the truck. The second insufficiency arises due to
an insufficient incorporation of falling loads into the specification. If the ice plates fall
onto the road, a wrong evasive maneuver can be hazardous. According to Definition 2.1.3,
hazards – i.e., possible causes of damage to the occupants, others, or property – can now
arise from this behavior. The first hazardous behavior (unadjusted distance) must become
inappropriate to be able to lead to harm. For example, the distance is too close to evade
falling ice plates, which forms the subsequent hazardous event. The second hazardous
behavior (evasive maneuver) can become a hazard if it is applied inappropriately, e.g., if
some vehicle is one the other lane. Alternatively, it can lead to swerving if the lateral jerk
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Figure 2.2: Example of causal factors underlying several harms, adapted from Putze et al.
[Put+23].

is too strong, which might in turn lead to the vehicle driving into the oncoming traffic or
rolling over.

Several conclusions can be drawn from this example:

1. Omission of behavior can also be a hazardous behavior itself, such as not adjusting
longitudinal distance.

2. There is no one-to-one relation between the elements of the causal model preceding
harm. For example, multiple functional insufficiencies and triggering conditions can
lead to the same hazardous behavior, which in turn can split up to into multiple
hazards only to be rejoined again into a single harm. Hence, it can only be assumed
that such a causal model is a directed acyclic graph (cycles would imply jumping
back in time).

3. Boundaries between elements in the causal model are fluid. In fact, Figure 2.2 shows
that falling ice plates can both be a scenario and a triggering condition. Putting a
causal factor in one of the categories is an engineering decision, as the next issue
shows distinctly.

4. It is often of little use to declare hazards as collisions (contrary to the example
given in Figure 13 of ISO 21448 [Int22]). When assessing the behavioral safety of
ADSs, we are interested in finding effective mitigation strategies. Hence, it makes
little sense to locate hazards at the very end of the causal model as otherwise,
countermeasures simply collapse to “avoid collisions” [Cle00, Sheet 84-3].
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This example shows how causes of harm are typically decomposed in ADS safety
analyses. The overall goal is twofold: Engineers can improve the specification to avoid
or mitigate the impact of these causes. For this reason, the causal analysis requires
traversing the chain of events backwards up the system specification or capability level,
i.e., functional insufficiencies. Additionally, decomposition eases risk quantification, which
is, in many areas, imperative for approval. Often, the likelihood of harm occurring is
impossible to estimate directly, and therefore it might be easier to combine an estimate
of the occurrence of its causes with an estimated harm in such hazardous events. The
concept of quantifying a risk decomposition is now further examined.

2.1.2 ISO 21448 Risk Quantification

Based on this revised and now well-defined safety framework, we can assess how ISO 21448
proposes to evaluate the achievement of SOTIF. As a contribution, we present a formula
derived from the work of Putze et al. for a SOTIF-compliant risk decomposition [Put+23].
It significantly improves upon what is proposed in Annex C.2 of ISO 21448 in several key
aspects and hence advances the implementability of ISO 21448-compliant safety cases.
As we will later see, scenario-based data analysis (including the tools proposed in this
dissertation) can aid in estimating the required quantities of this formula.

While ISO 21448 provides many process steps to increase chances of meeting SOTIF
(such as identifying relevant hazards in Clause 6 and modifying the functionality in
Clause 8), one of the main concerns is demonstrating that SOTIF actually holds. For
this, ISO 21448 proposes to rely on so-called acceptance criteria derived from the steps
of Clause 6 and attached to the collected hazardous behaviors. If fulfilled, acceptance
criteria prove that unreasonable risk is absent for a given hazard [Int22, Definition 3.1].
In the verification and validation activities of Clauses 9 and 10 it is checked whether these
criteria are actually met by the to-be-deployed system. This is done by deriving, for each
acceptance criterion, a validation target specifying a measurable quantity of evidence
required for confidently arguing that the acceptance criterion holds. Annex C.2 provides
an example of how an acceptance criterion AH for a harm H might be decomposed in
order to later derive a validation target for a fixed hazardous behavior HB :

AH = RHB · PE|HB · PC|E · PS|C , (2.1)

taken verbatim from the standard [Int22, Annex C.2.1], where RHB is the rate of the
hazardous behavior, PE|HB is the exposure, i.e., the probability of the hazardous behavior
leading to a hazardous event, PC|E is the controllability, i.e., the probability of the
hazardous event leading to a harm, and PS|C is the severity, i.e., the probability that
harm has a certain extent. Here, the idea is to compute the acceptable rate of hazardous
behavior RHB based on some previously socially agreed upon upper bound Hmax on
the rate of harm AH , e.g., AH ≤ Hmax = 10−8 per operating hour, and estimations of
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the quantities PE|HB , PC|E , and PS|C . This rate RHB can then be used for deriving
a validation target, which tells test engineers the to-be-covered distance in which no
hazardous behavior should occur [Int22, Annex C.3].

While the general idea is promising, several technical issues exist with above formula:

1. It uses unconventional probabilistic notation. Specifically, it omits existing condi-
tions. For example, PC|E must also be conditioned on the hazardous behavior, i.e.,
applying the same notation, it should be formulated as PC|E,HB .

2. It assumes a one-to-one relation between a single harm, a single hazardous event,
and a single hazardous behavior, which violates the second conclusion drawn from
the example of Figure 2.2. Rather, if the harm is fixed, an aggregation over all
hazardous events and behaviors leading to this harm must be performed, taking
into account that these might not be independent events. This assumption is not
explicitly mentioned in Annex C.2.1 of ISO 21448.

3. It does not consider the quantities PE|HB , PC|E , and PS|C to be system-dependent.
On the contrary, the standard mentions in an example that they can be taken “from
field data.” However, a well-founded estimation is impossible without running the
actual system, as even exposure to scenarios depends on strategic routing decisions
and the spatial and temporal distribution of origin and the destination of users. If
a prior estimation on these quantities is performed, assumptions on these strategic
variables must be articulated explicitly.

Putze et al. therefore present a revised version of Equation (2.1), which fixes these
issues and enables us to identify which kind of data analysis is required for estimating
SOTIF compliance [Put+23, Equation 3]. Assume the set of harms is H. For H ∈ H, we
define EH , BH , and TH as the sets of all known hazardous events, hazardous behaviors,
and triggering conditions that are linked to H. For each H ∈ H, E ∈ EH , B ∈ BH , and
T ∈ TH the corresponding events in the probability space are denoted by HH , EHE , BHB ,
and T H

T , respectively. These events are all dependent on the system’s behavior. Assuming
completeness of the underlying causal model, i.e., no factor leading to H was missed, a
bound on the probability of H with severity S of a given level S can be given as [Put+23]:

P (HH ,S = S) ≤
∑
E∈EH
B∈BH
T∈TH

P (T H
T )P (BHB |T H

T )P (EHE |BHB , T H
T )

P (HH |EHE ,BHB , T H
T )P (S = S|HH , EHE ,BHB , T H

T )
(2.2)

This improves the issues identified in Equation (2.1). Note that an equality can be
achieved by incorporating the inclusion-exclusion principle. However, we omit these terms,
as estimating probabilities for the intersection of events adds to the already high practical
burden. Additionally, other decompositions of risk are possible, e.g., by using Bayes’
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theorem to avoid estimating some of the quantities above [Bab+23, Equation 1]. However,
this section is solely concerned with improving the suggested Equation (2.1) of ISO 21448.

Annex C.2 continues with deriving a bound on the tolerable rate of a fixed hazardous
behavior that would satisfy previously agreed upon upper bound Hmax on the rate of
harm of a given severity. We revise this line of thought using our updated framework,
and thereby extending the work of Putze et al. [Put+23].

Two main issues arise from Annex C.2 in ISO 21448. First, the presented calculations
assume an equality, as given in Equation (2.1). Our updated Equation (2.2) uses instead
an inequality, due to the correct incorporation of the causal network preceding harm and
the impracticability of the inclusion-exclusion principle. We will hence show how SOTIF
can be proven under this inequality. Second, Equation (2.1) does not explicitly mention
any triggering condition preceding the fixed hazardous behavior. Yet, the idea behind
SOTIF is to analyze the hazardous behavior based on the occurrence of its triggering
conditions (as suggested by the scenario-based approach presented in Section 2.2.1). We
therefore add a fixed triggering condition T ∈ TH preceding the hazardous behavior
under analysis B ∈ BH . This allows being compliant with the proposed procedure of
Annex C.2, i.e., fixing B ∈ BH , while avoiding estimating the unconditional probability
of the hazardous behavior directly.

We now address both issues. Achieving SOTIF formally means that Risk(S,H) < Hmax .
Our goal is to derive a bound on the hazardous behavior that suffices to show that SOTIF
holds. For ease of presentation, we define the following abbreviations to be used in what
follows:

• Risk(S,H) := P (HH ,S = S),

• Behavior(H,B, T ) := P (BHB |T H
T ), and

• Remainder(S,H,B, T ) := P (T H
T )

∑
E∈EH P (EHE |BHB , T H

T )P (HH |EHE ,BHB , T H
T )

P (S = S|HH , EHE ,BHB , T H
T ).

Note that Remainder(S,H,B, T ) has an estimable value, whereas the probability of
hazardous behavior is still unknown – we aim to identify an upper bound for this quantity.
A sufficient criterion for SOTIF can be derived using the following steps:

1. SOTIF is violated iff Hmax ≤ Risk(S,H). From Equation (2.2), it follows that
Risk(S,H) ≤ Behavior(H,B, T )Remainder(S,H,E,B, T ).

2. This allows eliminating the term Risk(S,H), which is desired because determination
of this quantity is deemed infeasible in practice [KP16; WW16]. Hence, violation of
SOTIF implies Hmax ≤ Behavior(H,B, T ) Remainder(S,H,E,B, T ).

3. By contraposition, Hmax > Behavior(H,B, T )Remainder(S,H,E,B, T ) implies
the satisfaction of SOTIF.
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Since, in practice, we can estimate the probability of triggering conditions to a sufficient
degree, we can rearrange further to achieve

Behavior(H,B, T ) <
Hmax

Remainder(S,H,B, T )
. (2.3)

In contrast to what is presented in ISO 21448, we now have only a sufficient criterion for
SOTIF. It is thus a valid strategy for test engineers to demonstrate the satisfaction of the
bound on hazardous behavior (possibly under a predefined confidence level). In terms of
ISO 21448, Equation (2.3) is an acceptance criterion [Int22, Definition 3.1]. However, it
might also happen that the risk bound of Equation (2.1) is not tight enough for satisfying
the above sufficient condition – even if SOTIF actually holds. Then, an exact value for
Equation (2.2) must be computed using the inclusion-exclusion principle, resulting in an
equivalence between achieving SOTIF and Equation (2.3).

Example 2.1.2

Consider the harm “injuries to ADS-operated vehicle occupants” (Occ) from Figure 2.2
under a high severity, which we define as a score of 5 or 6 on the Maximum Abbreviated
Injury Scale (MAIS). MAIS is defined as the largest classified injury according to the
Abbreviated Injury Scale (AIS), where the AIS assigns the score 5 to “critical” and 6 to
“virtually unsurvivable” injuries [GMG85]. For simplicity, this example uses a harm with
only a single identified underlying causal chain.

As a first step, a bound on the probability of encountering the harm at the given severity,
i.e., the risk, must be agreed upon. In the example, consider it is desired to achieve
P̂ (HH ,S = S) ≤ 10−9 = Hmax . Since the probabilities of the events highly depend on
the ODD and system characteristics, our example analyzes a passenger car equipped with
a highway ALKS in the German city of Berlin. In order to derive a validation target
according to Annex C.3 of ISO 21448, the following estimates were obtained.

We start with the probability of encountering the triggering condition “ice plates falling
from truck in front” (Ice). As a rough approximation, consider that Berlin had an average
of 39.4 snowy days per year between 2000 and 20241. Assuming the system drives under
arbitrary weather conditions and always chooses the rightmost lane on the highway, it yet
remains to identify the probability of encountering a truck whose cargo was not cleared
from snow. While the probability of uncleared ice or snow on truck cargo is hard to
estimate, an e-mail-based survey of German terminal and trucking companies shows that
appropriate means to remove ice and snow from cargo are often missing, and 40% of the
companies responded to not remove snow or ice [Stu15]. For the example, we assume
that 50% is a conservative upper bound. Since the system drives on the rightmost lane,
the probability of having a truck as a lead vehicle is also considered to be roughly 50%.

1According to weatheronline.de, as accessed on 3rd of September 2025.

weatheronline.de
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Finally, the triggering conditions requires the ice to be slipping of, which we, conservatively,
estimate as 50% as well. Therefore, an estimation of the probability of encountering the
triggering condition might be given as P̂ (T Occ

Ice ) = 39.4
365.25 · 0.53 ≈ 1.35 · 10−2. Note that a

more specific behavior of the system influences this estimation, e.g., if the ALKS mostly
avoids driving on the rightmost lane, P̂ (TIce) will be significantly lower.

Since we later aim to check whether the estimated probability of an unsafe evasive
maneuver (the hazardous behavior), P̂ (BOcc

Evade |T Occ
Ice ), is low enough to comply with the

identified bound on harm, its quantification is postponed to a downstream process step.
The hazardous event “swerving with ice on road with multiple lanes” (Swerve) happens,

among the above scenarios, only in a few cases, as we use a modern vehicle equipped
with an electronic stability control system. Extensive tests in simulation and on specifi-
cally prepared proving grounds show this event to only take place with a rate of 10−4.
Furthermore, the road must be icy, which happens mostly at night and early morning
hours of snowy days, as the road is typically gritted in the morning, i.e., the time slot
for encountering icy roads is roughly 20% of the day. Taking into account a ten times
less likely operation of the ALKS at those times, the system encounters icy roads during
snowy days occur at a rate of 0.02. Overall, P̂ (EOcc

Swerve |BOcc
Evade , T Occ

Ice ) is given as 2 · 10−6.
The probability of the ADS occupants obtaining any injury when rolling over in

highway scenarios under is conservatively estimated as almost certain, and we define
P̂ (HOcc |EOcc

Swerve ,BOcc
Evade , T Occ

Ice ) = 1.
Finally, the chances of obtaining a score of 5 or 6 on the MAIS in a rollover accident

on German highways are roughly 5.1%, based on representative data from the German
In-Depth Accident Study (GIDAS) between 1994 and 2000 [OK05, Figure 5], and therefore
we put P̂ (S = High|HOcc , EOcc

Swerve ,BOcc
Evade , T Occ

Ice ) = 0.051.
The probabilities are summarized in Table 2.1. Note that this example is intentionally

incomplete: Many other causes can injure occupants as well, and hence the actual risk is
much higher.

Table 2.1: Estimated probabilities for the example harm “injuries to ADS-operated vehicle
occupants” for a severity score of 5 or 6 on the MAIS and the causal model of
Figure 2.2.

Quantity Value

P̂ (T Occ
Ice ) 2.7 · 10−2

P̂ (BOcc
Evade |T Occ

Ice ) Not yet estimated
P̂ (EOcc

Swerve |BOcc
Evade , T Occ

Ice ) 2 · 10−6

P̂ (HOcc |EOcc
Swerve ,BOcc

Evade , T Occ
Ice ) 1

P̂ (S = High|HOcc , EOcc
Swerve ,BOcc

Evade , T Occ
Ice ) 5.1 · 10−2

Hmax 10−9
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Continuing the example, we now derive an acceptable bound on the probability of
hazardous behavior as per Equation (2.3). Specifically, SOTIF can be considered achieved
if

Behavior(Occ,Evade, Ice) <
10−9

2.7 · 10−2 · 2 · 10−6 · 1 · 5.1 · 10−2
≈ 36.31 · 10−2.

If an unsafe evasive maneuver occurs in at most 36.31% of the cases where ice plates are
falling from a lead truck, SOTIF holds.

Example 2.1.2 assumed the probability of harm given the hazardous event to be validly
estimated. One of the reasons behind selecting a conservative upper bound is that
estimating the probability of harm in such events is often hard: We require data where the
hazardous event was observed many times, and sufficiently many cases of the hazardous
event lead to injury or damage. This can only be obtained using simulated or real accident
data. When relying on the latter, it is not always guaranteed that it is possible to identify
the hazardous event a-posterior based on the data collected from on-site personnel – in
an example study based on the GIDAS, only 70% of a large collection of critical events
were identifiable based on the collected data and the database scheme [Bab+23, p. 10].
Using simulation, on the other hand, requires a large amount of samples obtained from
highly valid behavior and collision models of the involved actors, which can make SOTIF
assessment economically infeasible.

A possible solution is to employ proxies for measuring closeness to accidents of a certain
severity – such as violating the safety distance with a high relative velocity – instead of
measuring harm directly. Accident proxy exceedance occurs at higher rates and therefore
can be used to either increase confidence or allow lowering the burden on data collection.
Additionally, defining how many injuries or deaths are acceptable while the system is
in operation can be a daunting task. Consider that we simply put 10−9 as a bound in
Example 2.1.2 – yet, why not put it at 10−10 or even 10−20? The decision inevitably
leads to evaluating the worth of human life on more or less subjective scales.

Agreeing upon an acceptable level of exceeding some accident proxy might be viewed
as a more agreeable option. If we assume that the exceedance of a valid accident and
severity proxy for a harm H is indicated by an event AH , we can change Equation (2.2)
to

P (AH) ≤
∑

E∈EH ,B∈BH ,T∈TH
P (T H

T )P (BHB |T H
T )P (EHE |BHB , T H

T )P (AH |EHE ,BHB , T H
T ) (2.4)

Note that the approach requires arguing for the accuracy of the selected accident proxies, a
topic we will further study when presenting criticality metrics in depth. Equation (2.4) can
now be used for downstream computation of validation targets for hazardous behaviors,
analogously to what has been done to derive Equation (2.3).
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Example 2.1.3

We continue Example 2.1.2. Instead of measuring harm directly, we now use an indicator
proxy I. In this case, we rely on Time Headway (THW) – measuring the time until
the current position of the truck is reached, assuming constant velocity, i.e., d

v – in
combination with a reciprocal speed factor to account for potential severity:

I(v, d) =
d

v
· 1
v
=

d

v2

Here, v denotes the vehicle speed and d its distance to the leading truck. An argument
can be made that THW offers a high sensitivity [Wes+23, Section 5.2.10] due to its use
in legislation such as the German Road Traffic Regulation (StVO) [Ver13, §4 (1)]. Speed,
obviously, is a proxy for the amount of energy that might need to be absorbed by the
car, its occupants, or other objects in the event of a potential collision. Additionally, we
require a sound target value below which this indicator considers the event to be critical.
For simplicity, we rely on the typical threshold of 1.8 seconds for THW [Wes+23] and
calibrate it using a reference speed of 25 meter per second, leading to a target value
of 0.072 seconds squared. Note that this value can also depend on the specifics of the
scenario, e.g., for THW, it was found that correlation of THW to (subjective) risk depends
on speed [RFA18]. As the final component, a discussion between stakeholders reveals that
an acceptable bound on the rate of violating I(v, d) ≥ 0.072 is 10−7.

Table 2.2: Estimated probabilities for the example harm “injuries to ADS-operated vehi-
cle occupants” of Example 2.1.2 under an indicator approximating accident
probability and severity.

Estimated Probability Value

P̂ (T Occ
Ice ) 2.7 · 10−2

P̂ (BOcc
Evade |T Occ

Ice ) Not yet estimated
P̂ (EOcc

Swerve |BOcc
Evade , T Occ

Ice ) 2 · 10−6

P̂ (AOcc |EOcc
Swerve ,BOcc

Evade , T Occ
Ice ) 0.5

Acceptable bound on P̂ (AOcc) 10−7

We now execute the ADS in a simulation representing the hazardous event and record
the proxy event AOcc as present if I(v, d) < 0.072. Note that we removed the burden of
incorporating highly valid collision models in the simulation. We find that in these events,
the proxy is violated in 50% of the cases. All probabilities are given in Table 2.2, where
the remaining values are taken from Example 2.1.2. Applying the same procedure as in
Example 2.1.2 to these values, we obtain an acceptable probability of hazardous behavior
in case of ice plates falling from a truck in front of 37.04%.
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To conclude, evaluating SOTIF achievement by estimating P (HH ,S = S) directly is
deemed uneconomical [KP16; WW16]. Hence, ISO 21448 proposes a decompositional
approach based on hazards, which we revised both in terminology and quantification
aspects. Based on the resulting Equation (2.2), we additionally derived Equation (2.4),
which can allow for an easier estimation of some involved components. If values for all
of them can be estimated, we can derive a bound on the rate of hazardous behavior,
to which adherence is then demonstrated during subsequent verification and validation.
While the given examples already gave hints on how to estimate the involved quantities,
a more thorough investigation is conducted in the next section.

2.2 Evaluating SOTIF: Selected State-of-the-Art

We have seen that one possible solution to assess SOTIF is estimating Equation (2.4)
based on data. Two steps are required for this: Methods for efficiently generating data to
estimate its components as well as measuring the presence of the events in the generated
data. We give an overview on the first issue in Section 2.2.1 and will take a deeper look
at the second component in Section 2.2.2.

2.2.1 Scenario-Based Testing for SOTIF Evaluation

In the examples given in Section 2.1, all quantities of Equation (2.4) require estimation,
except for the probability of the hazardous behavior (which must also be estimated, but
only during the subsequent verification and validation phase of ISO 21448). Recall that
all components of this formula are generally system-dependent, and therefore it must
either be argued why the system has little to no influence on the quantity, or the system
has to be incorporated while gathering data. Whereas the first option can certainly be
implemented in special circumstances, it is not generally applicable. Hence, testing plays
an important role in estimating said quantities, where testing is the “process of planning,
preparing, and operating or exercising an item or element to verify that it satisfies specified
requirements, to detect safety anomalies, to validate that requirements are suitable in
the given context, and to create confidence in its behavior” [Int18]. As ISO 21448 uses
scenarios to represent inputs to the system, for estimating the required quantities, we can
make use of the techniques developed in the field of scenario-based testing. The following
presents a brief presentation of state-of-the-art and accompanying challenges when using
scenario-based testing for estimating the quantities of Equation (2.4), which is loosely
based on the works of Neurohr et al. [Neu+20; Neu+26].

Scenarios The central subject of scenario-based testing are scenarios, as indicated by
its name. They are also a foundational concept in ISO 21448 [Int22, Definition 3.26].
A widely acknowledged definition has been given by Ulbrich et al. in 2015 [Ulb+15],
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who recognized the need for unifying the semantics of scenario and its constituents.
Their conceptualization was already presented in Definition 2.1.5. Intuitively, a scenario
describes the temporal relation of scenes, which in turn are snapshots of the traffic
environment. We remark that there are two ways of how scenarios can arise in practice:
First, by recording long-term data, e.g., by observing an intersection with a drone
[Boc+20], and subsequently divide these into smaller chunks, each then representing a
scenario. The second possibility is to define or constrain the shape of the scenario by
some specification language and use a data-generating process, such as a simulator or
proving ground setup, for instantiating the specification. We now take a closer look at
the second category, since understanding the employed scenario specification languages
allows for insights into the role of scenarios within scenario-based testing.

Historically, the first accounts of using languages to describe the temporal evolution
of traffic happenings for traffic simulations can be traced back to at least the 1990s.
Here, Kearny et al. have used scenarios to describe placement and behavior of objects
surrounding a vehicle used for driver training or studies [Kea+99]. Introduced in 2005,
SILAB similarly focuses on a scenario-based simulation in the same context [Kru+05].
With regard to examining driver assistance systems, the first written accounts date back
to 2007, where the software tool Virtual Test Drive (VTD) specified its inputs in the
form of “test scenarios” [NDW09]. Prior to that, in 2006, the domain openscenario.org
was registered. First discussions on the scenario language OpenSCENARIO XML has
taken place that year in the context of the OpenDRIVE language used for specifying road
networks [Gmb16]. The first OpenSCENARIO meeting has been held in October 2015,
with the eventual goal of achieving industry consensus towards standardization. The
resulting XML-based scenario description language for imperatively specifying placement
and behavior of actors has been continuously developed under the umbrella of Vires, the
company behind VTD, using an open-contribution model. OpenSCENARIO XML has
gained traction during the PEGASUS and ENABLE-S3 projects between 2016 and 2019.
The format has been handed over to the Association for Standardization of Automation
and Measuring Systems (ASAM) in 2020, leading to the first ASAM release of the
OpenSCENARIO XML standard.

Parallel to using scenarios as concrete step-by-step instructions for simulators, several
logics for specifying finite-time sequences of traffic happenings were proposed, with the
purpose of safety analysis of driving automation features. These include the Multi-Lane
Spatial Logic in 2011 [Hil+11], Visual Logic in 2013 [KE13], and Traffic Sequence Charts
in 2017 [Dam+17]. Scenarios in this category are also called abstract scenarios [Neu+21],
which use a declarative, logics-based approach, in contrast to the imperative style of
OpenSCENARIO XML [ASA24d], and include most prominently OpenSCENARIO DSL
[ASA24c], being based, among others, on a domain specific language used within CARIAD
[Boc+19] and the Measurable Scenario Description Language by Foretellix [Ltd20]. To

openscenario.org
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correspondingly widen the scope of these imperative specifications as well, these so-called
concrete scenario languages were extended towards logical scenarios [MBM18], which
additionally allow for parameters in the scenario description (such as taking speeds from
a given interval). For example, OpenSCENARIO XML has added parameter functionality
in 2021 [ASA21]. We refer to Neurohr et al. for a detailed account of the historical
developments in scenario descriptions as well as a formal investigation of the differences
between the above scenario qualifications [Neu+26].

Testing Process As already suggested at above, there are two possible paths to perform
scenario-based testing:

• implicitly , by continuously operating the system in its environment and creating
scenarios by cutting the recording into chunks, and

• explicitly , by first specifying scenarios and then operating the system solely in that
scenario.

Regarding the first strategy, we briefly remark that possible ways of continuously
operating the ADS in its environment include real-world test drives, e.g., with a qualified
test driver or in public beta phases without on-scene supervision [Kus+25], and simulating
traffic of a complete road network, such as the diverse maps available in some nanoscopic
traffic simulators like Carla [Dos+17], or by coupling it with a microscopic road network
simulation like SUMO [Kra+02]. These implicit techniques of operating the system in its
context have the advantage of potentially greater validity while not requiring an explicit
enumeration of all possible inputs prior to execution. On the other hand, this implicitness
often comes at the expense of higher economic burdens, as it lacks effective strategies to
guide the system into critical input spaces, and testing duration increases.

Explicit scenario-based testing on the other hand allows for a more directed operation
of the system in its input space. An abstract workflow is shown in Figure 2.3, adapted
from Neurohr et al. [Neu+20, Figure 1] to fit in the scope of SOTIF. First, scenarios
must be derived from the triggering and scenario conditions identified in the course of
SOTIF evaluation. These conditions are typically described only informally in natural
language and are afterward converted into a machine-understandable, and sometimes
formal, language. This step often involves making the vague informal description more
concrete, which can be based on logical or abstract scenarios. Both options have been
introduced above, and currently several industrially proven scenario description languages
exist and remain under active standardization efforts [ASA24d; ASA24c]. All approaches
have in common that an underlying ontology provides access to a formal and shared
conceptual model of the road traffic domain (containing, e.g., a definition for what
encompasses a vulnerable road user). Making the description more concrete for purposes
of machine-understandability can lead to an omission of scenarios that were included
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Figure 2.3: Scenario-based testing workflow in the context of SOTIF evaluation, where
scenarios are defined explicitly prior to execution in the initial step of SOTIF
triggering condition identification (highlighted with a dashed border). The
excerpt is taken from Neurohr et al. [Neu+20, Figure 1]. Boxes with straight
corners represent process steps, whereas rounded corners denote artifacts.

in the original natural language specification. In this case, it must be argued that the
formal version represents the original scenario’s intention adequately, as included in the
challenge “SE4” mentioned by Neurohr et al. [Neu+20].

Both abstract and logical scenarios often encompass an infinite (or finite but im-
practicably large) set of concrete, i.e., executable, scenarios. We require techniques for
instantiation, i.e., sampling a finite subset of concrete scenarios. Logical scenarios lend
themselves naturally for such a task [Neu+26], and sampling can be based on established
methods, including discretization of parameter spaces [AW19b; WFE20], Monte-Carlo
methods [Aka+19], or optimization of target functions [PGD19]. Sampling abstract
scenarios is typically harder [Neu+26], and a natural choice is using Satisfiability Modulo
Theories (SMT) solvers to generate valid solutions to the specified constraint systems
[Sch+19; Bor+25]. In any case, care has to be taken: Omitting chunks of the state space
has to be accompanied by evidence that the selected finitely many test cases sufficiently
represent the omitted scenarios. Even in case of more sophisticated probability-based
approaches, Weber et al. note that usefulness depends on whether the “probability of
occurrence of a scenario correlates with its relevance in terms of the safety argumentation”
[WFE20]. It might even be contrarily argued that particularly the unlikely scenarios
exhibit a higher criticality (due to an increased chance of them not being considered
during development). Hence, a systematic exploration of the critical subspace is necessary.
Neurohr et al. refer to these challenges as “TD1” and “TD4” [Neu+20, Table 1].

The sampled, concrete scenarios can now be executed using a plethora of options
[Hua+16]. As with any method, there is a trade-off between validity and cost – typically,
increased realism comes at the expense of higher economic burden, or, alternatively, a
reduced number of test runs [Böd+18]. The cheapest option is often to solely rely on
computer simulation. Validity can be increased by using mixed virtual-physical testing,
where some components of the simulated system or the environment are replaced by its
physical counterpart [KH24]. Highly realistic results can be achieved in real-world test
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drives, including purposefully constructed proving ground setups [Lin+22] and weather
chambers that allow for fine-grained control of environmental factors such as rain [Hei+19].
However, these are costly, and therefore simulation-based methods are widely adopted.
In this case, scenario-based test engineers must ensure sufficient validity of the simulated
models [Neu+23] (denoted by “TX1” by Neurohr et al. [Neu+20]).

The generated test data must be stored for subsequent evaluation. For simulation, data
exchange formats such as ASAM Open Simulation Interface [ASA24a] can be used. For
real-world data, a variety of custom data models exist, including the OMEGA format
[Sch+22] or Robot Operating System (ROS) messages (the corresponding file format
is called ROS bag) [Mac+22]. All of them have in common that they typically model
time-stamped events on the entities under consideration, sampled at a given rate (such
as 20 Hertz). Static map data can be stored using ASAM OpenDRIVE (an XML-based
format) [ASA24b] or Lanelet2 (which relies on the Open Street Maps XML file format)
[Pog+18]. Hence, storing the resulting test data does not pose a significant hurdle to
scenario-based testing.

Finally, the collected data are evaluated, an objective this dissertation is concerned with.
While scenario-based testing can also be used to assess adherence to requirements (such
as always keeping a safe distance), the earlier presented use case of SOTIF quantification
encompasses the computation of criticality metrics as well as factors present in the
environment of the vehicle. Note that the occurrence of some of these factors might
already be constrained as part of the input scenarios; however, applying simulation
models can lead to violating the input constraints, which then requires re-evaluation,
e.g., if the desired triggering condition is actually present in the test data. We afterward
require a statistical aggregation to achieve the desired estimations of the quantities
involved in Equation (2.4). While statistical estimation is out of scope, it is mentioned for
understanding the broader context of the topic of the dissertation. The main challenge of
statistical aggregation lies in a sound argumentation to achieve the desired confidence
(referred to as “TE2” by Neurohr et al. [Neu+20]).

To conclude, we have seen that using scenario-based testing for SOTIF evaluation
requires careful consideration before application. Specifically, the following fundamental
considerations around scenario-based testing as presented by Neurohr et al., adapted to
the context presented in Section 2.1, must be considered:

“SE4” During formalization of natural language scenarios into logical or abstract scenarios,
an argument must be provided when omitting parts of the intended state space due
to concretization.

“TD1” When sampling a representative set of test cases from logical or abstract scenarios,
it must be argued why these offer a suitable representation of the original state
space.
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“TD4” Sampling methods should pay increased attention to the critical subspace of logical
and abstract scenarios, and ideally explore it systematically.

“TX1” The validity of the employed simulation models must suffice for the required degree
of confidence in simulation results.

“TE2” Sound statistical methods must be in place when estimating the required quantities
of Equation (2.4).

2.2.2 Scenario Data Analysis for SOTIF Evaluation

We have established how data for SOTIF assessment can be generated. We now examine
how the data can be analyzed regarding the presence of the events contained in Equa-
tion (2.4) – this refers to the last process step depicted in Figure 2.3 above. There are
two broad categories of events that have to be evaluated: Accident and severity proxies
(as a replacement for estimating harm and severity probability) as well as factors present
in traffic scenarios (the hazardous events, hazardous behaviors of the vehicle, and its
triggering conditions). We begin our analysis of the state-of-the-art with proxy measures
in the first half of this section and continue showing how temporal logics allow for data
analysis of traffic scenarios in the second half.

Criticality Metrics

The first category of data analysis in the context of SOTIF concerns accident and severity
proxies. In the domain of automated driving, these are commonly referred to as criticality
metrics. These aim to quantify criticality in a concrete scenario, i.e., recorded temporal
data from, e.g., simulation or the real world. Criticality can be defined as the probability
of an immediate accident of a given severity in a specific traffic constellation. Metric,
in this context, does not refer to the mathematical term, but rather originates from
(software) engineering. An appropriate definition can be given as “a measure of the extent
[. . . ] to which a product [. . . ] possesses and exhibits certain [. . . ] characteristics” [BBL76].
Transferring this to our setting, criticality metrics measure the extent to which a traffic
constellation exhibits a probability of an accident of a certain severity occurring. As
exemplified in Section 2.1, since critical events occur more often than actual accidents,
they can reduce the required amount of collected data. The trade-off is that valid metrics
are required in order for Equation (2.4) (which uses criticality metrics instead of harm)
to be a valid approximation of risk quantification based solely on harm and severity
(Equation (2.2)). We hence look at several options in this chapter and review their validity,
based on what has been researched by Westhofen et al. [Wes+23]. Here, validity can
be understood as the “closeness of the metrics’ measurement to representing the actual
accident probability and severity” [Wes+23] (often, within a specific type of scenario).
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While these tools are used in various contexts throughout automated driving (and traffic
safety in general) [Wes+23, Section 3], we focus here on assessing SOTIF. For completeness,
however, we give a short overview of their historical development. Initially, they were
introduced for studying traffic conflicts, with applications in civil engineering and vehicle
safety. The idea of studying accident probability by means of traffic conflicts (similar to
what has been done for Equation (2.4)) has been brought forward by General Motors
in 1968 [PH68]. Under the name of safety surrogate indicators, such tools have quickly
become popular in the 1970s, including works by Hayward [Hay72], Hydén [Hyd75], and
Allen et al. [ASC78]. Several studies have provided overviews on the field’s development
since then [Van90; Sve98; Arc05; Mah+17].

These indicators also became popular for ADS assessment due to their general appli-
cability for assessing the safety of traffic scenarios. Westhofen et al. have published, to
the best knowledge, the first extensive literature review on the topic for the domain of
automated driving in 2023 [Wes+23]. An excerpt is presented in the following.

Before diving into the literature review, a remark on the literature collection strategy
is in order. Criticality metrics have been used under various names and in a multitude of
fields (such as traffic accident research, psychological behavior analysis, driver assistance
systems, and automated driving). Therefore, the standard method of devising a query
scheme that is plugged into search engines is not deemed useful. Rather, we have assembled
a diverse team of researchers and practitioners working on the topic. This combined
expertise leads us to believe that the field can, in fact, be sufficiently covered.

The resulting list of criticality metrics is given in Table 2.3, along with their popularity
as indicated by a search of references in OpenAlex [PPO22], conducted on 20th of March
2025. For the popularity assessment, the queries ask for

a) “advanced driver assistance system,” “advanced driver assistance systems,” “auto-
mated driving,” “automated vehicle,” “automated vehicles,” “autonomous vehicle,”
“autonomous vehicles,” “self-driving,” “driverless car,” “robotaxi,” “robotic car,” or
“robo-car” in the title and abstract, and

b) the full name or the abbreviation of the metric (if applicable) in the full text.

Note that the generated ranking is not perfectly exact – for example, for Time To Brake,
some works simply refer to a measured duration instead of the predictive criticality metric.
However, Table 2.3 can still serve as a rough approximation for popularity.



2.2 Evaluating SOTIF: Selected State-of-the-Art 41

Table 2.3: 36 criticality metrics of Westhofen et al. [Wes+23], ranked by popularity in
automated driving according an OpenAlex search as of 20th of March 2025.

Metric No. of Results (OpenAlex)

Time To Collision (TTC) 819
Responsibility Sensitive Safety (RSS) 153
Longitudinal Jerk (LongJ) 117
Post Encroachment Time (PET) 113
Lateral Jerk (LatJ) 110
Time Headway (THW) 109
Delta-v (∆v) 49
Headway (HW) 41
Time To React (TTR) 30
Time To Brake (TTB) 21
Deceleration to Safety Time (DST) 20
Required Acceleration (areq) 18
Brake Threat Number (BTN) 17
Time To Steer (TTS) 13
Required Lateral Acceleration (alat ,req) 13
Proportion of Stopping Distance (PSD) 12
Time Exposed TTC (TET) 10
Crash Potential Index (CPI) 10
Time Integrated TTC (TIT) 10
Required Longitudinal Acceleration (along,req) 10
Steer Threat Number (STN) 8
Worst Time To Collision (WTTC) 6
Conflict Severity (CS) 6
Time To Zebra (TTZ) 5
Conflict Index (CI) 5
Time To Closest Encounter (TTCE) 4
Time To Maneuver (TTM) 4
Time To Kickdown (TTK) 3
Accepted Gap Size (AGS) 3
Distance of Closest Encounter (DCE) 3
Pedestrian Risk Index (PRI) 3
Potential Time To Collision (PTTC) 2
Predictive Encroachment Time (PrET) 2
Aggregated Crash Index (ACI) 2
Space Occupancy Index (SOI) 2
Trajectory Criticality Index (TCI) 2
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We now present the ten most popular metrics, as given by Westhofen et al. [Wes+23],
including their properties. For further details on the remaining metrics, consult the work
of Westhofen et al. [Wes+23] or the corresponding web page2. The description of the
metrics uses the mathematical notation given in Table 2.4. Additionally, ∥ · ∥2 denotes
the Euclidean norm.

Table 2.4: Mathematical notation used in the presented criticality metrics, taken from
Westhofen et al. [Wes+23].

Identifier Meaning

Contextual information

A Set of all actors in a scene or scenario
Ai Actor i
t Point in time
CA Conflict area

Entity- and time-dependent information

pO(t) Position of object O at time t
pi(t) Position of actor i at time t
pi,m(t, t

′) Position of actor i at time t when conducting maneuver m at time
t′

d(p1(t), p2(t)) Euclidean distance of p1(t) and p2(t)
dlat(p1(t), p2(t)) Lateral distance between p1(t) and p2(t), measured perpendicular

to the heading direction of A1

dlong(p1(t), p2(t)) Longitudinal distance between p1(t) and p2(t), measured along the
heading direction of A1

vi(t) Velocity of actor i at time t
ji,lat(t) Lateral jerk of actor i at time t
ji,long(t) Longitudinal jerk of actor i at time t
mi Mass of actor i

We distinguish between two main dimensions for classifying criticality metrics, their
prediction and run time capabilities (note that more have been identified [Wes+23,
Section 4]). For the first dimension, some metrics do not assess future developments
and hence rely only on the current physical quantities, whereas others rely on prediction
models for assessing possible future developments. The characteristics of predictive metrics
highly depend on the employed prediction model. For the purpose of this dissertation, we
abstract from these models and refer to Westhofen et al. for an introduction [Wes+23,

2https://criticality-metrics.readthedocs.io

https://criticality-metrics.readthedocs.io
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Section 5.1]. In Table 2.4, the prediction model is incorporated by pi(t) if t refers to
a future time point. The second dimension concerns whether the metric can only be
computed after all data has been fully recorded (which we then call an a-posterior metric)
or whether an on-the-fly computation is possible (which we denote as an online metric).

Time To Collision TTC is an online, prediction-based, and arguably the most popular
criticality metric [Hay72]. It is defined as the minimal time until an actor A1 collides
with another actor A2 in the employed prediction model, if a future collision is predicted.
Otherwise, it returns infinity. In the general case, at a given time t, it is formally defined
as

TTC (A1, A2, t) = min ({t̃ ≥ 0 | d(p1(t+ t̃),p2(t+ t̃)) = 0} ∪ {∞}). (2.5)

In the simplest case of a constant velocity prediction model for A1 following A2 with a
higher speed, it reduces to

TTC const(A1, A2, t) =
d(p1(t),p2(t))

∥v1(t)∥2 − ∥v2(t)∥2
. (2.6)

Several validity studies on TTC have been conducted [JLD18]. First, note that validity
depends on the employed prediction model, where most works assume the constant velocity
model employed in Equation (2.6). Additionally, as a rule of thumb, a more spatially
distant predicted collision lowers the chance of a valid assessment. Equation (2.6) has
been designed for car-following scenarios, and hence it has been found to provide an
adequate representation of temporal and spatial collision characteristics along highway
segments [Ozb+08].

For intersection scenarios, validity of Equation (2.5) can be reduced, as collisions have
a low probability of being predicted [Wes+23, Figure 1]. Nevertheless, some works still
apply Equation (2.6) to intersection settings, where it has been found that it can be
used for predicting collision frequency [ES13]. TTC can also adequately represent an
expert-based safety ranking of intersections with bicycle and vehicle right-turn lanes in
Denmark and the Netherlands [JLD21] (however, this property does not hold for target
values other than 3 and 4 seconds). However, Wang and Stamatiadis found that “TTC
only identifies correctly 6 out of 18 cases [of the varying volume conditions within a
simulated left turn scenario] showing that the traditional TTC indicator is far from
accurate in correctly identifying the safer traffic treatment under most of the volume
conditions tested” [WS14]. Additionally, Tageldin et al. have showed that TTC has not
been suitable to reproduce an expert-based severity ranking of 20 motorcycle-motorcycle
intersection conflicts [TSW15]. Finally, a validation has been performed on the 100-car
naturalistic driving study [Din+06], which contains diverse (including urban and highway)
near-miss scenarios where strong evasive maneuvers are present. Lu et al. have sorted
these critical scenarios into two severity groups and selected the target value for TTC
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that minimizes false positives and maximizes true positives, which was, in this case, 4.5
seconds [Lu+21]. Based on this target value, TTC has exhibited a precision of 35.9%,
which can be regarded as rather low considering that the above-mentioned target value
calibration method favors precision.

Responsibility Sensitive Safety Whereas TTC is popular due to its simple interpretation
and straightforward implementation, the RSS takes an orthogonal direction [SSS17]. Here,
a complex situational analysis is performed (incorporating factors such as road geometry)
to derive safe lateral and longitudinal distances dlatmin and dlongmin . It has been originally
designed to formally guarantee safety during operation of an ADS. Formally,

RSS (A1,A, t) =


1, if there exists Ai ∈ A \ {A1} with dlat(p1(t),pi(t)) < dlatmin or

dlong(p1(t),pi(t)) < dlongmin ,

0, otherwise.

Different prediction models for intersections, highways, and unstructured roads are
employed for determining dlatmin and dlongmin , which, for the sake of brevity, are not recapitu-
lated here. We remark that RSS relies heavily on parameters for which suitable values
have to be identified before implementation. Certain cases have not been considered in
the original version, such as varying road surfaces and slopes [KOW19].

A relative notion of validity for RSS has been examined for car-following and cut-in
scenarios [Xu+21; Liu+21]. Here, critical events have been collected based on other
criticality metrics, e.g., TTC and recorded acceleration, as well as human annotation.
The studies found that RSS with parameters calibrated to such events is able to increase
safety performance of a simulated ACC system, delivering some evidence on the validity
of RSS relative to the employed safety performance measurements. Moreover, formal
safety proofs can be done for RSS, which might serve as an additional indicator of its
sensitivity [SM23].

Longitudinal and Lateral Jerk Jerk is the third derivative of position and hence the
rate of change in acceleration. It can indicate maneuver abruptness, which can again
serve as a proxy for the criticality of the current situation. It hence does not require
a prediction model and can be computed online. The longitudinal and lateral jerk are
simply defined as

LatJ (A1, t) = j1,lat(t), LongJ (A1, t) = j1,long(t).

Severe collisions can be accompanied by a high jerk. LongJ has applications in assessing
ACC systems. LatJ, on the other hand, indicates criticality for steering maneuvers and is
therefore useful for ALKSs. As of 2018, Johnsson et al. have stated that “no previous
validation studies were found for deceleration-based [including jerk] indicators” [JLD18].
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We remark that the above-mentioned motorcycle-motorcycle intersection conflict study of
Talgedin et al. has included, besides TTC, also jerk-based measures, which have been
more consistent with the expert-based severity ranking than TTC [TSW15].

Post Encroachment Time PET is an offline, non-predictive metric and hence requires
all data to be present [ASC78]. It measures the duration between an actor leaving and
another actor entering a designated conflict area (CA). Here, CA can be a fixed zone
(such as an intersection) or dynamically determined (such as the intersection of the paths
of both actors). Under the assumption that A1 leaves CA before A2, it is defined as

PET (A1, A2,CA) = tentry(A2,CA)− texit(A1,CA),

where tentry and texit is the time of entrance and exit of CA, respectively.
Validity of PET has been examined in various works [JLD18]. For example, the above-

mentioned study comparing car-bicyclist right-turn scenarios on intersections in Denmark
and the Netherlands has found that, in contrast to TTC, “the PET indicator fails to agree
with the ground truth at any threshold value” [JLD21]. Adding to this rather negative
validity result, Lord has found in 1996 that PET did not exhibit a correlation with the
estimated number of accidents between pedestrians and left-turning vehicles on four T-
and four X-crossings in Canada [Lor96]. An analysis of left-turn data has revealed that
the actual number of collisions of 18 intersections in the United States correlates with the
amount of PET occurrences only at target values below 1.5 seconds [PHR13].

Headway and Time Headway THW is defined for car-following scenarios and measures
the time until the current position of the lead vehicle will be reached [Jan05]. It hence
employs a prediction model in an online setting. Assuming that A1 follows A2, it can be
written as

THW (A1, A2, t) = min{t̃ ≥ 0 | p1(t+ t̃) = p2(t)}.

THW can be interpreted as a special case of PET, where the conflict area is simply the
current position of the back of the lead vehicle. Similar to TTC, a constant velocity
prediction model yields

THW const(A1, A2, t) =
d(p1(t),p2(t))

∥v1(t)∥2
.

THW is related to TTC in the sense that it is equivalent to TTC under zero speed of
the lead vehicle, i.e., ∥v2(t)∥ = 0. It thus represents a partial worst-case TTC (note
that constant velocity of the following vehicle is still a non-worst-case assumption). This
highlights its potential for higher sensitivity compared to TTC. Another indication of
its validity is given by its use in legislation, where THW can be used for imposing fines
[Vog03; Lüt+25].



46 2 Assessing Safety-Critical Scenarios in Road Traffic

HW is a related metric used in several traffic regulations and is simply the distance to
the lead vehicle [Jan05]:

HW (A1, A2, t) = d(p1(t),p2(t)).

As it disregards dynamic information, its validity compared to THW is reduced.

Delta-v While the above metrics approximated mainly collision probability, ∆v on the
other hand is a severity-focused criticality metric. It measures the change in speed that
happens during a collision [Car79; She11]. In the classical sense, it is an a-posterior metric
(using accident data) without a prediction model. However, an online version can be
devised by means of a post-collision velocity prediction model (in the simplest case, it
always predicts a velocity of zero). Formally, it is given as

∆v(A1) = ∥v1(taftercol )− v1(tbeforecol )∥2,

where taftercol and tbeforecol are the times directly after and before collision, respectively.
The core idea is to relate the dissipated energy to the severity of obtained injuries. In
fact, it was found that the probability P of fatality for actor A1 in two-vehicle collisions
can be expressed using ∆v as [Jok93]

P (A1) ≈
(

∆v

31.74m/s

)4

.

While other severity proxies exist, this model has been found surprisingly valid for two-
vehicle collisions, given its simple computation [She11]. An extended version additionally
takes masses into account [She11].

Time To Brake and Time To React TTB can be seen as a special case of the more
general TTM metric [HSK06; TDB11]. TTM is defined as the latest future time point up
to TTC for which a given maneuver m conducted by A1 would still avoid a collision with
A2. If collision is unavoidable, it returns −∞. Formally,

TTM (A1, A2, t,m) = max ({t̃ ∈ [0, TTC(A1, A2, t)] |
d(p1,m(t+ s, t+ t̃),p2(t+ s)) > 0 ∀ s ≥ t̃} ∪ {−∞}).

TTB is then defined as TTM under the maneuver “brake,” i.e., the latest time an emergency
braking maneuver can prevent a collision. To the best knowledge, no studies concerning
the validation of TTB exist. However, comparing TTB to other TTM-based metrics, it
has to be noted that braking is often a natural human emergency reaction [Ada94], and
hence TTB can offer valuable insights into the criticality of human-driven vehicles. For
ADSs however, it has to be remarked that non-braking evasive maneuvers can successfully
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avoid critical situations even if there is no time left to brake, i.e., TTB is zero [Ada94].
Maneuvers besides braking should thus be considered for increased validity when assessing
ADSs.

TTR [HSK06] extends TTM by aggregation over a set of possible maneuvers M :

TTR(A1, A2, t,M) = max
m∈M

TTM(A1, A2, t,m) .

The original work has examined example scenarios as initial evidence for the validity of
TTR and claims it to be “an adequate metric to assess the criticality of traffic situations
since it directly relates to the driver’s possible actions” [HSK06]. However, there appears
to be no work that assesses its validity on diverse data, and it generally depends on the
employed maneuvers and prediction models [Wes+23].

Logics-Based Data Querying

Besides computing criticality metrics as proxies for harm and severity used in Equa-
tion (2.4), we also require an estimate of the identified SOTIF triggering conditions,
hazardous behaviors, and hazardous events. In the given Example 2.1.2, these factors
include “ice plates falling from truck in front,” an “unsafe evasive maneuver,” as well as
“swerving with ice on road with multiple lanes.” In contrast to the above-introduced
criticality metrics, these factors relate to more abstract happenings in traffic, such as
weather conditions, road network configurations, and spatio-temporal evolutions of actors
within these networks. The physics-focused view of criticality metrics offers a solid
foundation when referring to the quantities mentioned in Table 2.4 (such as positions
and velocities), but behaves cumbersome when trying to formalize more abstract traffic
relations.

In what follows, we show that for the task of identifying such abstract conditions in
recorded traffic data, logics have proven to be a valuable tool. Based on the identified
related work, Table 2.5 lists over 20 publications from five broad categories of logic-based
frameworks: formal languages (such as context-free grammars), temporal logics (including
LTLf), logic programming, e.g., Horn clauses, DLs, and semiformal approaches. Generally,
the earliest listed work in the area has been conducted on logic programming, DLs, and
formal languages. The first identified article on applying temporal logics in the subject
area has been published only in 2017.
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Table 2.5: Related work on logic-based data querying for automated driving, including
whether it allows for ontological background knowledge (Ont. Know.) and
incorporates the Open World Assumption (OWA).

Reference Temporal
Formalization Means

Nontemporal
Formalization Means

Ont.
Know. OWA

Semiformal

[Gel+20] Sequences Computable functions ✗ ✗

[Gel+22] Sets of sequences
with event triggers

OpenSCENARIO XML
conditions ✓ ✗

Formal Languages

[Hül+10] Probabilistic FA Fuzzy Control Language ✓ ✗

[Luc+16] Context-free grammars Terminal symbols ✗ ✗

[Els+20] Regular expressions Propositions ✗ ✗

Temporal Logics

[Riz+17] LTL (finite semantics) HOL ✗ ✗

[Aré19] STL (robust semantics) Nonlinear real arithmetic ✗ ✗
[Mai+20],
[MMA22]

Discrete-time MTL
(finite intervals) FOL ✗ ✗

[GA21] STL (past only,
robust semantics) FOL ✗ ✗

[Est22] LTLf Propositions ✗ ✗

[Mat+22] LTL with past Modal metric spaces ✗ ✗

[Sch+24b] Extended MFOTL Computable functions ✗ ✗

[Tol+24] LTLf Propositions (derived
from scene graphs) ✗ ✗

[Ste+25] First-order multi-sorted
real-time logic

First-order
linear real arithmetic ✗ ✗

Logic Programming

[NR03] (Fuzzy) Horn clauses (Fuzzy) Horn clauses ✓ ✗

[MN12] SWRL SWRL ✓ ✓
[Zha+16] ✗ SWRL ✓ ✓
[KD20] ASP ASP ✓ ✗

Description Logics

[Hum09] ✗ SHIQ ✓ ✓
[HZW11] ✗ SHIQ(D) ✓ ✓
[AFI14] SROIQ(D) SROIQ(D) & SWRL ✓ ✓
[Bue+17] ✗ SROIQ(D) & SWRL ✓ ✓
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Some works approach the topic in an informal or semiformal manner, where not all
aspects of the data querying language are formalized. This dissertation focuses on fully
formal frameworks for reasons discussed in Section 2.3. We thus consider such approaches
out of scope, but shortly mention the work of Gelder et al. [Gel+20; Gel+22] as two
prominent examples. In their first work, they have queried data for the occurrence of
tag sequences, where the data are annotated by tags which are defined via arbitrary
computable functions. This idea has been generalized to sets of sequences, where each
sequence can be triggered by events implemented as OpenSCENARIO XML conditions
[Gel+22]. However, in both works, no formalism underlying the semantics of sequences
has been given, but the second line of work allows for specifying ontological background
knowledge within the provided object-oriented domain model.

A natural choice for enabling a formal semantics for the temporal part of the query
language is the use of formal languages. The main idea is to represent the finite, discrete
data traces as words over a suitable alphabet, which enables using the standard formalisms
for encoding formal languages. These include probabilistic FAs [Hül+10], context-free
grammars [Luc+16], and regular expressions [Els+20], formalisms with varying degrees
of expressiveness. Besides expressiveness, practical considerations are often taken into
account – such as efficiency and software availability. Regular expressions (or, equivalently,
FAs), as used by Elspas et al. [Els+20], offer low computational complexity while users
might already be familiar with the framework. Luccetti et al. have leveraged the more
general formalism of context-free grammars [Luc+16], however, all the provided example
grammars appear to be right-linear and hence specifiable as regular expressions, too. The
mentioned approaches have in common that basic events are extracted from the data first,
and the temporal formalism is evaluated afterward. For example, Hülnhagen et al. have
relied on the so-called Fuzzy Control Language – a rule-based logic system – to derive
propositions from the given data signals [Hül+10]. Such rules can also be used to specify
background knowledge; however, they are interpreted under a Closed World Assumption
(CWA).

A related line of work examines the use of temporal logics such as LTL, Signal Temporal
Logic (STL), and Metric Temporal Logic (MTL) in place of directly employing formal
grammars and automata. Similarly to the frameworks above, these logics are typically
interpreted over finite words. The first approach was proposed by Rizaldi et al. in 2017
[Riz+17], who have used Higher Order Logic (HOL) (which captures their employed
variant of LTL) and the Isabelle theorem prover to derive software code representing the
specified traffic scenarios. Subsequently, many works investigated extensions or derivatives
of LTL. For example, Maierhofer et al. have relied on discrete-time MTL formulae, where
predicates are defined by First Order Logic (FOL) expressions [Mai+20; MMA22]. The
first identified work employing a spatio-temporal logic for automated driving data analysis
have been published in 2022 [Mat+22], where, instead of the usual predicates, spatial
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constraints can be expressed in LTL subformulae. However, both LTL and discrete-time
MTL are typically interpreted over infinite traces. Since traffic scenarios are of finite
duration, Rizaldi et al. have modified LTL semantics, Maierhofer et al. have restricted
MTL syntax to finite intervals, and Pedro et al. have incorporated past operators into
LTL.

Alternatively, one can directly rely on a finite-trace temporal logic, including STL,
which syntactically extends LTL by interval constraints and inequalities over real-valued
signals, and LTLf, which corresponds with star-free regular expressions [GV13]. For
example, Arechiga have employed STL, and, to specify nontemporal constraints, added
nonlinear real arithmetic to the default setting of propositions and inequalities over signals
[Aré19]. Similarly, Gressenbuch and Althoff have relied on FOL-like expressions to define
predicates for STL formulae in order to represent traffic rules [GA21]. An early use of
LTLf for the examined application domain is identifiable in 2022, where Esterle has used
it for specifying traffic rules [Est22, Chapter 4]. Whereas Esterle has given only a natural
language definition for each predicate, Toledo et al. have proposed to derive the presence
of LTLf predicates from scene graphs [Tol+24].

There furthermore exist custom temporal logics specifically designed for the demands
of traffic scenario specification and data querying. These include the Counting Metric
First-Order Temporal Binding Logic (CMFTBL) as defined by Schallau et al. [Sch+24b],
an extension of Metric First-Order Temporal Logic (MFOTL) devised for scenario clas-
sification with the goal of measuring test coverage. Another example concerns Traffic
Sequence Charts (TSCs), which are semantically defined as a first-order multi-sorted
real-time logic [Ste+25]. As a spatio-temporal logic, TSCs allow for first-order linear real
arithmetic constraints to define spatial invariants, however, as defined by Stemmer et al.,
do not allow the user to specify ontological background knowledge. In general, none of
the above introduced approaches to using temporal logics offer means to incorporate such
knowledge, and, additionally, a closed world interpretation is made in all cases.

An orthogonal research direction concerns the use of knowledge representation and rea-
soning systems, specifically, logic programming and DLs. Since knowledge representation
is a primary goal in these formalisms, all the subsequently introduced works in this area
allow incorporating an ontology, and many make the OWA. Rule systems, such as Horn
clauses and the Semantic Web Rule Language (SWRL), are common tools used in logic
programming. Already in 2003, Nigro and Rombaut have proposed the IDRES system to
recognize traffic situations (such as overtaking maneuvers) [NR03]. It uses fuzzy Horn
clauses to derive from sensor data a set of states, which is then passed into a second set of
rules representing temporal connectives. Using the same formal framework for temporal
and nontemporal specification is also employed by Morignot and Nashashibi [MN12]; here,
SWRL is used. SWRL works on top of DLs and thus assumes an open world. This has
been leveraged by the authors to specify a background taxonomy. Similarly, Zhao et al.
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have used SWRL for real-time situation assessment, but do not incorporate special means
to handle temporal specifications [Zha+16]. In both works, the reasoner Pellet is relied
upon, which is also the foundation of the software tool presented in this dissertation. A
different route is taken by Karimi and Duggirala, who have proposed the use of Answer
Set Programming (ASP) to specify and evaluate traffic rules [KD20]. Since ASP does
not include temporal aspects by default, Karimi and Duggirala have manually encoded
temporal axioms in ASP, which corresponds to what has been done by Morignot and
Nashashibi for SWRL as well.

The final category in Table 2.5 concerns DLs as a formalization tool. This dissertation
also argues for DLs to specify nontemporal knowledge. But, in contrast, the subsequently
presented works either provide no temporal reasoning mechanism or employ DLs also for
this task. One of the earliest identifiable works on using DLs for situation recognition for
automated driving has been published by Hummel in 2009, who has focused on spatial and
road network reasoning [Hum09]. The ontology has been successfully used for classification
and consistency checking of data from the AnnieWAY vehicle, a finalist in the 2007 DARPA
Urban Challenge. Hülsen et al. have used a leaner approach (without extensive spatial
reasoning) to query driving data for various relations between traffic participants and road
infrastructure [HZW11]. In their experiments, they have achieved reasoning frequencies
below one Hertz, which did not meet their desired real-time frequency of two Hertz. Both
Hummel and Hülsen et al. have not incorporated temporal reasoning. In contrast, Armand
et al. have shown how SROIQ(D) axioms and SWRL rules can be used for situation
recognition in real-time while also including temporal knowledge [AFI14]. Buechel et
al. have showcased how such a DL-based formalization approach can be leveraged for
encoding rich legal background knowledge on traffic regulations and evaluate these rules
on data [Bue+17]. By this, they have provided a strong argument in favor of incorporating
ontologies into data querying. Note that all the referenced approaches have used highly
expressive DLs, a setting that is also assumed in the dissertation at hand. While Hummel
and Hülsen have taken the then popular RacerPro system, Armand et al. and Büchel
et al. have transitioned to the DL reasoner Pellet. DLs apparently provide expressive
means to handle background knowledge in the traffic domain, but it appears that the
identified related work misses practicable mechanisms to specify temporal aspects.

In conclusion, the above-sketched research proposes a plethora of options for logic-
based situation recognition and data querying in automated driving applications. Still, it
currently appears that no option combines the three facets argued for in the following
Section 2.3: a built-in temporal logic mechanism, means to specify ontological background
knowledge, and employing an OWA.
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2.3 The Gap – Advancing Logics-Based Scenario Data
Analysis

In Section 2.1, we have seen that central regulations reference ISO 21448, which has the
assessment of SOTIF as its main concern. A possible way of estimating SOTIF involves
generating data using scenario-based testing and subsequently applying criticality metrics
and temporal logics for data analysis. A review of the state-of-the-art showed that a
plethora of metrics exists readily available for the practitioner. While novel criticality
metrics are still being developed, the existence of software tools and frameworks provide
evidence for maturity of the field [LA23; Lüt+25]. Logic-based analysis of traffic data,
on the other hand, is comparatively novel. Taking into account the state-of-the-art on
logic-based data analysis, we now devise requirements on what is missing for a thorough
logics-based scenario data analysis in the context of SOTIF, on the grounds of the research
initiated by Westhofen et al. [Wes23b; Ste24; Wes+24a]. We do so by systematically
analyzing the task at hand. In all brevity, we are confronted with relational, temporal,
and possibly incomplete data that has to be interpreted under extensive background
knowledge for correct analysis, and desire a logic-based approach for traceable and
consistent specifications.

Data Section 2.2.1 already gave indications towards the shape of generated data: It
consists of a finite sequence of time-stamped snapshots of the system and its environment.
Each snapshot contains a possibly different set of entities (or individuals) present in
the currently observable environment. Concrete physical data can be attached to these
individuals, such as geometries and velocity vectors. Additionally, individuals are often
annotated with abstract information, including their type, state, condition, and material.
Information can not only be attached to individuals but also exists between individuals,
e.g., whether an individual is occluded for another observing entity, which lane a traffic
sign or light legally applies to, or how roads and lanes are connected to each other. For
an industrially relevant case study containing such information, consider the OMEGA
data format [Sch+22]. It has been successfully used to analyze real-world drone data
[Wes+22a] but can also be employed to represent simulation results [SGE24].

In case of real-world data recordings, we are confronted with the additional issue of
imperfect sensor hardware. Even if sensors had no faults, the physical reality (such as
occlusions or inferences in the electromagnetic spectrum) implies that the data might not
catch all information present in the real world. Hence, any perception is only partial w.r.t.
the actual state of the world. Despite partial information, we still aspire correct data
analysis without incorrect conclusions. For this, the data must be interpreted under the
OWA: If something is not explicitly stated in the data, it cannot be inferred to not exist.
On the contrary, if we are sure that something cannot exist, this fact must be modeled in
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the data or at least be derivable from background assumptions.
Finally, we are interested in querying the data, i.e., fetching a list of individuals

satisfying the constraints, as opposed to merely checking whether the Boolean constraint
holds. It is often relevant to assess which individuals in the data contribute to a critical
situation in order to establish a causal link between identified events. Consider the
example hazard model of Figure 2.2, where a connection was drawn between ice plates
being on a truck (a triggering condition) and an inappropriate distance (a hazardous
event). Both conditions are modeled as separate queries, however, we must check if they
refer to the same individuals for validly determining risk.

Background Knowledge The above explanation of the OWA already hints towards
another required component: relying on background knowledge to correctly interpret the
data. In-depth background knowledge must be included since situations may otherwise
not be correctly recognized in the data and a test evaluation produces false results. For
this, ontologies are a popular tool in automated driving applications, see, e.g., ASAM
OpenXOntology [ASA22] for an international standardization project as well as Westhofen
et al. [Wes+22a] and Zipfl et al. [ZKZ23] for non-systematic reviews. In computer science,
an ontology refers to a formalized conceptualization of a domain of discourse [LÖ18].
These can range from simple subsumption axioms up to highly involved relations extracted
from legal texts. As written above, we do not assume that the data are complete in the
sense that we can comprehensively observe all facts about all individuals. Instead, we
assume to have rich knowledge about the relations used in the situation descriptions.
An example for such knowledge is to assert that humans mounted on vehicles (such
as bicycles) can never be pedestrians, and pedestrians have right of way on pedestrian
crossings. In this way, if a bicyclist appears on a pedestrian crossing, it can be inferred
that right of way does not have to be granted.

Another demand concerns iterative specifications: For example, assume that an engineer
specified a sufficient condition for parking vehicles based on dynamical objects, albeit
there may be parking vehicles that are no dynamical objects. However, at the time of
specification we can safely ignore this matter, as, per the OWA, an individual cannot
be inferred to not be a parking vehicle just because it cannot be inferred that it is one.
Axioms such as the inclusion of broken vehicles might be added in later development
phases, e.g., based on discussions with legal experts. These additional axioms should not
break with inferences over data obtained from earlier versions of the specification, i.e.,
we require monotonicity. Otherwise, upstream data analysis results cannot be re-used
downstream in the development process. A formal definition of monotonicity in our
context is given in Section 3.2.1.

Logics The final requirement concerns a logic-based specification. While not strictly
necessary, using logics has several advantages over informal specification languages:
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• the formal semantics allows for an unambiguous specification of background knowl-
edge across stakeholders from multiple domains and serves as a unifying basis for
all involved tooling,

• created formulae can be automatically checked, e.g., for consistency, allowing to
detect modeling errors more easily, and

• it can be formally proven that the returned data analysis results correctly reflect
the input specification.

Many of the logic-based approaches presented above specifically incorporated aspects of
temporal logics. For these, additional requirements can be gathered: As SOTIF evaluation
allows us to simply record temporal data and analyze them retrospectively, we are not
in a run-time context. This means that neither real-time nor streaming capabilities are
necessary and, in general, operating under restricted computational resources is not a
primary concern. Moreover, such an offline analysis setting does not demand the use of
past-time operators. This is in contrast to using data querying for implementing run-time
situation awareness capabilities into the system, where mixed past- and future-time
operators might be of value. On the other hand, duration constraints are often required
during specification, e.g., to distinguish actions of certain lengths (such as giving upper
bounds on the legal duration of an overtaking maneuver). Therefore, we require metric
temporal operators.

Requirements To conclude, we desire a logic-based mechanism that incorporates complex
background knowledge to query for the presence of specified situations in temporal,
relational data under the OWA. By this, we arrive at the following required (non-)features
for a query language that can be used for identifying SOTIF-relevant factors in recorded
traffic scenarios:

1. The data model must allow representing temporal data of finite duration and consists
of finitely many time-stamped snapshots. Each snapshot contains a finite amount
of information on individuals, properties, and their relations.

2. Interpretation of this data must consider the data to be incomplete, due to inherent
properties of the employed sensors.

3. Data must be queried – a Boolean result is often not enough.

4. We require expressiveness in the background knowledge modeling language, as we
benefit from strong inferences on the domain model and have loose computational
constraints.

5. The model used for background knowledge must permit adding to existing specifica-
tions without invalidating already inferred facts (monotonicity).
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6. A logic-based approach allows benefiting from the many advantages of formal rigor,
including semantic preciseness and consistency analyses.

7. We require only future-time temporal operators, and, as we are not in a streaming
setting, past-time operators can be ignored. On the other hand, metric operators
are necessary for specifying constraints on durations.

8. The queries will be computed offline, and hence run-time or streaming capabilities
are not required.

These requirements lay the foundation of the query language presented in Chapter 3.
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This chapter defines a novel solution for recognizing relevant situations in temporal
data, derived from the applied perspective delineated above. The framework is built on
existing work: specifically, research on expressive DL ontologies and CQs, which are both
introduced in Section 3.2 after some preliminaries in Section 3.1. Despite these sections
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not presenting novel developments but rather existing formalisms and works, they form the
necessary foundation for the remainder of this chapter. As an advancement over existing
literature, Section 3.2 adds a review of CQ answering from a theoretical and practical
perspective, explaining in a condensed manner how tractability was achieved. Moreover,
an extended overview of the state-of-the-art in temporal ontology-based querying in
Section 3.3 is provided as a minor contribution.

The main contribution of this chapter is the temporal query language presented in
Section 3.4, based on the work of Westhofen et al. published in 2024 [Wes+24a]. A related
setting has been examined by Baader et al. [BBL13], however, their work is concerned
with theoretical aspects, such as decidability. The dissertation focuses on formulating
a practical query language over expressive DLs for which efficient algorithms can be
developed. To the best of knowledge, such a language has not been proposed in the
literature.

3.1 Preliminaries

Before we dive into the technical part of this dissertation, we discuss some preliminaries
the reader should be familiar with, specifically pertaining to automata theory and
computational complexity.

3.1.1 Notation

Throughout this dissertation, we use several notation conventions. For natural numbers
m and n, i.e., m,n ∈ N = {0, 1, . . . }, a finite sequence (ai)i∈{m,...,n} = (am, . . . , an) is an
ordered enumeration of n −m+ 1 elements. If n < m, we obtain the empty sequence.
The Cartesian product of two sets A and B is denoted by A×B = {(a, b) | a ∈ A, b ∈ B},
and its n-fold application on A is given by An = A× · · · ×A. The disjoint union of two
sets is defined as A ·∪B = {(a, 0) | a ∈ A} ∪ {(b, 1) | b ∈ B}. For a function π : A → B,
Im(π) refers to the image {π(a) | a ∈ A} of π. A labeled graph G is a tuple G = (V,E, L)

where V is a set of vertices, L a set of labels, and the edges E ⊆ V × L× V . Note that
we only consider directed, labeled graphs. If two formulae φ and ψ are semantically (but
not necessarily syntactically) equivalent, we sometimes write φ ≡ ψ.

For clarity, we rely on some specific notation for KBs and queries. Sets related to both
formalisms are written in sans-serif font, e.g., the set of answer variables of a query Φ,
Var(Φ), or the set of individuals of a KB K, Ind(K). We denote possible answers to a
query by using vector notation, e.g., a⃗ ∈ Ind(K)|Var(Φ)|. Analogously, query variables are
– when ordered as a tuple – written as x⃗. Individual, concept, and role names of a KB
are rendered in monospaced font, e.g., Joe, Driver, or drives. In general, non-temporal
queries are represented by lowercase letters, e.g., φ and ψ. We use uppercase for temporal
queries, e.g., Φ and Ψ.
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Finally, names of software tools are written in capital letters, e.g., Topllet, and
classes, modules, and terminal commands of software in monospaced font, e.g., topllet
help.

3.1.2 Formal Languages and Automata

An alphabet Σ is a non-empty, finite set of letters. We can build a finite word w =

a1a2 . . . an of length n ∈ N by concatenation of letters. The length of a word is denoted
by |w| ∈ N, where for the empty word ϵ ̸∈ Σ it holds that |ϵ| = 0. We express the number
of occurrences of a letter a ∈ Σ in a word w as |w|a. Note that for two words u, v, it holds
that |u|a + |v|a = |uv|a. Similarly to letters, two words u and v can be concatenated as
uv.

A (formal) language L over Σ is a subset of Σ∗, which denotes the set of all finite
words one can construct from Σ. Here, the Kleene operator ·∗ is defined for a language
L as L∗ =

⋃
i∈N L

i where L0 = {ϵ} contains only the empty word ϵ, Li+1 = L · Li, and
L1 · L2 = {uv | u ∈ L1, v ∈ L2}. Similarly, for a word w ∈ Σ∗ and n ∈ N, we define
wn = wwn−1 if n > 0 and w0 = ϵ.

Sometimes, we will use regular expressions to concisely represent a language over an
alphabet Σ. Regular expressions are built from the constants of Σ for which the language
of the regular expression is simply the letter itself: L(a) = {a} for a ∈ Σ. Two regular
expressions r and s can be concatenated as rs, where L(rs) = {uv | u ∈ L(r), v ∈ L(s)},
and alternated as r ∨ s, where L(r ∨ s) = L(r) ∪ L(s). Similar to above, we define the
Kleene operator on regular expressions as r∗ to denote the language L(r)∗.

A (deterministic) Finite Automaton (FA) is a tuple A = (Q,Σ, q0, δ, F ) where Σ an
alphabet, Q is a finite set of states, δ : Q× Σ → Q is a transition function, q0 ∈ Q the
initial state, and F ⊆ Q the final states. The language accepted by a deterministic FA A

is defined as L(A) = {τ ∈ Σ∗ | δ∗(q0, τ) ∈ F}, where δ∗ : Q× Σ∗ → Q with δ∗(q, ϵ) = q

and δ∗(q, wa) = δ(δ∗(q, w), a) for w ∈ Σ∗ and a ∈ Σ. A path of length n is a sequence
q0

a0→ q1 . . . qn−1
an−1→ qn where for each qi, qi+1 ∈ Q, 0 ≤ i < n, and ai ∈ Σ it holds that

δ(qi, ai) = qi+1. We write q0 →n qn if there exists a path of length n from q0 to qn. A is
minimal if there is no other deterministic FA A′ = (Q′,Σ, q0, δ

′, F ′) with |Q′| < |Q|. The
minimal deterministic FA is unique and can be computed in polynomial time [HMU07].

A nondeterministic FA uses a transition relation δ ⊆ Q× (Σ ∪ {ϵ})×Q instead of a
function, where we also allow the empty word ϵ in transitions. A path of length n through
a nondeterministic FA is a sequence q0

a0→ q1 . . . qn−1
an−1→ qn where (qi, ai, qi+1) ∈ δ

for any qi, qi+1 ∈ Q, 0 ≤ i < n, and ai ∈ Σ ∪ {ϵ}. Analogously to deterministic FA,
L(A) = {τ ∈ Σ∗ | δ∗(q0, τ) ∩ F ≠ ∅}, where δ∗ : Q × Σ∗ → 2Q with δ∗(q, wa) =⋃
p∈δ∗(q,w),(p,a,p′)∈δ δ

∗(p′, ϵ). To account for ϵ-transitions, we define the ϵ-closure δ∗(q, ϵ) =
{p ∈ Q | there is a path q = q0

ϵ→ . . .
ϵ→ qn = p, n ≥ 0} . It is known that for any

nondeterministic FA A, there is a deterministic FA A′ s.t. L(A) = L(A′) [HMU07].
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3.1.3 An Introduction to Computational Complexity

Computational complexity is concerned with the time and space resources of algorithms
that solve a particular problem. There are two general views on computational complexity:
First, examining algorithms themselves, and second, the analysis of the underlying problem,
i.e., the inherent complexity of the problem regardless of the employed algorithm. We
will adopt the first view in Chapter 4, where we analyze the performance of the presented
algorithms, and sometimes use the Big O notation to denote asymptotic run time. In
all brevity, we define, for a function f : N → R≥0, O(f(n)) = {g(n) : N → R≥0 | ∃c >
0, n0 ≥ 0. ∀n ≥ n0. g(n) ≤ c · f(n)}, i.e., the set of all functions whose infinite behavior
is bounded by f(n) when ignoring constant factors. To avoid confusion with ontologies –
which are denoted by O – we stick with the plain symbol O for asymptotic run time in
this dissertation.

For Chapter 3, we focus on the more abstract, second view on computational complexity.
Here, we often assess complexity classes, where problems with comparable resource
demands are bundled. We typically examine decision problems for this, which require
computing a binary decision (“yes” or “no”) given some input. These problems can be
characterized in terms of lower and upper bounds on their complexity class: the lower
bound states that one cannot devise a better algorithm with time or space constraints
described by the class; the upper bound can simply be given by an algorithm that runs
within the specified resource constraints. In the latter case, we assign the given decision
problem into the complexity class. An example of a complexity class is P, which contains
all problems that can be deterministically solved in polynomial time, or, more formally,
for which a deterministic algorithm with a run time in O(p(n)) for an input of size n
and a polynomial p(n) exists. Several other complexity classes appear throughout this
dissertation. For an input size n and polynomial p(n), we define

• NP as the set of all decision problems that can be solved by a nondeterministic
algorithm using a run time in O(p(n)),

• ExpTime as the set of all decision problems that can be solved by a deterministic
algorithm using a run time in O(2p(n)),

• 2ExpTime as the set of all decision problems that can be solved by a deterministic
algorithm using a run time in O(2(2

p(n))),

• PSpace as the set of all decision problems that can be solved by a deterministic
algorithm using memory of size O(p(n)), and

• NSpace(O(n)) as the set of all decision problems that can be solved by a nondeter-
ministic algorithm using memory of size O(n).
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The set of hard problems of a given complexity class is especially relevant – they are
defined as those problems for which a polynomial-time reduction from any problem in the
complexity class exists. We say that a decision problem is complete w.r.t. a complexity
class if it is both hard and contained in this class. There exist natural complements of
the complexity classes, e.g., co-NP, which is just the set of all decision problems whose
complement is in the specific complexity class, e.g., NP. A special class, which will later
be used, is Dp, whose problems can be represented as the intersection of an NP- and
co-NP-problem. Formally, Dp = {L1 ∩ L2 | L1 ∈ NP, L2 ∈ coNP}.

In the field of querying data, an additional distinction is made between combined
complexity – which has been described above – and data complexity [Var82]. Data
complexity assumes that only the data component is part of the input size n and sets all
other components, such as they query and ontology, as constant. For example, answering
CQs in the expressive DL SHIQ is co-NP-complete w.r.t. data complexity [Gli+08]. This
allows a more realistic description of the behavior in cases where very large data are
given. However, this assumption is hard to make in the examined practical setting of this
dissertation, as the size of in-depth domain ontologies might outweigh a couple of seconds
of temporal data sampled with ten Hertz. This dissertation is therefore mainly concerned
with combined complexity.

3.2 Querying in Description Logics

The temporal query language introduced in this dissertation is based on DLs, a knowledge
representation formalism with roots in the 1980s, which originated from the desire to give
formal semantics to frames and semantic networks [BHS08]. We start by presenting the
standard syntactical and semantical description of what has emerged as the expressive
DLs ALC and SROIQ(D), as well as its relevant decision problems. The latter DL
has been successfully put into practice by the OWL2 standard, for which we also give
a brief introduction. CQ answering over DLs – an established means for OBDA – is
introduced subsequently both from a theoretical and practical perspective. This section
hence merely collects and presents existing work, which will form the foundation for our
custom temporal query language presented in Section 3.4.

3.2.1 Syntax and Semantics of Description Logics

Fundamentals of Description Logics

We start by introducing the syntax and semantics of DLs. The following definitions
are all based on a standard reference from the DL literature [Baa+07, Chapter 2.2]. In
DLs, we can describe the relationship of roles and concepts in an ontology O and assert
individuals to these concepts and roles in a database D. A prototypical DL fragment is
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ALC, which stands for Attributive Language with Complements. This fragment will serve
as a prototype for the majority of our formal introduction. For the remainder, we fix
countably infinite supplies NC,NR,NI of concept, role, and individual names, respectively.
In what follows, we write elements of these supplies in typewriter font, e.g., C ∈ NC.
Moreover, sets and functions mapping to sets are denoted in sans-serif, e.g., NC.

We begin with ALC concepts, which form the backbone of formalizing abstract domain
knowledge over the given concept, role, and individual names. Later, we will introduce
more expressive DL fragments.

Definition 3.2.1 (ALC-Concept)

An ALC-concept C adheres to the grammar

C ::= A | ¬C | C ⊓ C | C ⊔ C | ∀r.C | ∃r.C

where A ∈ NC and r ∈ NR.

We can thus compose new concepts using negation, intersection, and union. For a role r,
we allow for universal (enforcing a concept to only have r-successors in C) and existential
quantification (enforcing a concept to have an r-successor in C). Syntactically, we define
symbols for the special concepts of all things ⊤ := A ⊔ ¬A for some A ∈ NC and nothing
⊥ := ¬⊤.

Example 3.2.1

A very basic ALC-concept is Pedestrian, which can, for example, be used in compound
concepts such as Driver ⊔ Pedestrian, referring to any individual that is a driver or
pedestrian.

The central mechanism for modeling knowledge in ALC are concept inclusions, i.e., the
subsumption relation between concepts.

Definition 3.2.2 (Concept Inclusion)

A concept inclusion has the form C ⊑ D for ALC-concepts C and D.

As a shorthand notation, we write C ≡ D (concept equivalence) for C ⊑ D and D ⊑ C.

Example 3.2.2

The knowledge that humans are exactly pedestrians or drivers can be expressed as the
concept equivalence Human ≡ Driver ⊔ Pedestrian. Other example knowledge is crowd
members being humans next to other humans, and crowd members never being drivers:
CrowdMember ≡ Human ⊓ ∃next_to.Human and CrowdMember ⊑ ¬Driver.
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An ontology (also called a TBox ) is just a collection of such concept inclusions and
thus forms a partial order w.r.t. its concepts.

Definition 3.2.3 (ALC-Ontology)

An ALC-ontology O is a finite set of concept inclusions.

In this case, we have fixed the DL fragment ALC. However, if the fragment is unspecified,
we refer to O as just an ontology.

Example 3.2.3

The above introduced knowledge that humans are exactly drivers or pedestrians, crowd
members are humans next to other humans, and crowd members are never drivers can be
formalized in an ALC-ontology Oh = {Human ≡ Driver ⊔ Pedestrian, CrowdMember ≡
Human ⊓ ∃next_to.Human, CrowdMember ⊑ ¬Driver}.

Besides modeling abstract domain knowledge, DLs also have a data component over
which the knowledge is evaluated. Each datum is also called a fact.

Definition 3.2.4 (ALC-Fact)

An ALC-fact is of the form A(a) and r(a, b) for A ∈ NC, a, b ∈ NI, and r ∈ NR.

Any given number of facts then makes up a database (also called an ABox ).

Definition 3.2.5 (ALC-Database)

An ALC-database D is a finite set of facts.

A database hence assigns individuals to concepts and roles. In the following, both facts
and concept inclusions are also referred to as axioms. We denote the set of individuals that
occur in D by Ind(D). Finally, an ontology and database together form a KB.

Definition 3.2.6 (ALC-Knowledge Base)

An ALC-Knowledge Base K is a tuple (O,D) of an ontology O and a database D.

Example 3.2.4

For two individuals Jon and Jane, we create the database Dh = {Human(Jon), Human(Jane),
next_to(Jon, Jane), next_to(Jane, Jon)}, stating that both humans are next to each
other. Finally, we can use the ontology from Example 3.2.3 to assemble a KB: Kh =

(Oh,Dh).
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The semantics of ontologies and data is founded in model theory and defined via
interpretations. As a first step, we form a basis for defining a semantics on concept, role,
and individual names.

Definition 3.2.7 (Interpretation)

An interpretation I is a tuple (∆I , ·I) of a domain ∆I and a mapping ·I that assigns
a set AI ⊆ ∆I to every A ∈ NC, a binary relation rI ⊆ ∆I ×∆I to every role name
r ∈ NR, and an element aI ∈ ∆I to every a ∈ NI.

The restriction that if a ≠ b then aI ̸= bI is called the Unique Name Assumption (UNA)
(meaning that if two individuals have distinct names they must be treated as different
in the interpretation as well). Throughout this dissertation, we will not make the UNA.
Specifically, it is possible that two individuals with different names are represented by
the same domain element in an interpretation.

As to incorporate ALC-concept descriptions as well, the interpretation function is
extended inductively.

Definition 3.2.8 (ALC-Interpretation)

An ALC-interpretation I is an interpretation with the interpretation function extended
by the following operations on ALC-concepts C and D as well as role names r:

(¬C)I := ∆I \ CI

(C ⊓D)I := CI ∩DI

(C ⊔D)I := CI ∪DI

(∀r.C)I := {c ∈ ∆I | ∀d ∈ ∆I . (c, d) ∈ rI → d ∈ CI}
(∃r.C)I := {c ∈ ∆I | ∃d ∈ ∆I . (c, d) ∈ rI ∧ d ∈ CI}

Interpretations form the basis for defining the semantics of ALC-axioms, i.e., concept
inclusions and facts.

Definition 3.2.9 (Semantics of ALC-Axioms)

An interpretation I is a model of a concept inclusion, written I |= C ⊑ D, if CI ⊆ DI .
I is a model of the facts A(a) and r(a, b) if aI ∈ AI and (aI , bI) ∈ rI , respectively,
for which we write I |= A(a) and I |= r(a, b).

This definition of semantics for single axioms can now easily be lifted to ontologies,
databases, and KBs.
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Definition 3.2.10 (Semantics of ALC-Knowledge Bases)

An interpretation I is a model of an ontology O, written I |= O, if for all C ⊑ D ∈ O
it holds that I |= C ⊑ D. I is a model of a database D, written I |= D, if for
all A(a), r(a, b) ∈ D it holds that I |= A(a) and I |= r(a, b), respectively. Given a
Knowledge Base K = (O,D), I is a model of K, denoted by I |= K, if I |= O and
I |= D.

Example 3.2.5

The KB Kh of Example 3.2.4 has infinitely many models (∆I , ·I), however, all ∆I must
state that for any a ∈ ∆I with a ∈ JonI or a ∈ JaneI that a ∈ PedestrianI , i.e., any
model asserts both individuals to be pedestrians.

We can leverage these formalisms to define entailment of ALC-axioms α by a KB K
(written K |= α) to hold if all models of K are also models of α. Note that this semantics
implies ALC to be a monotonic logic, i.e., adding new axioms to the KB does not lead to
the invalidation of previously entailed (but not necessarily explicitly asserted) axioms.
Formally, monotonicity refers to the fact that if an axiom α is entailed by K = (O,D),
i.e., K |= α, then for all extensions K′ = (O′,D′) of K with O ⊆ O′ and D ⊆ D′ it holds
that K′ |= α.

For syntactic convenience, instead of using only concept names A ∈ NC for facts in
the database, we also allow arbitrary concepts to be used in facts, e.g., (¬A)(a) ∈ D.
Semantically, any KB (O,D) with such a complex database fact C(a) ∈ D can be
transformed into an equivalent KB, i.e., a KB having the same models, (O ∪ {F ≡
C},D ∪ {F(a)}) that only uses concept names for facts, where F ∈ NC is a fresh concept
name.

Relevant Problems in Description Logics

The literature examines many decision problems for DLs. Consistency is one of the central
ones, which we present in the following. Consistency intuitively asks whether the axioms
in some ontology and database are satisfiable, i.e., if they have a model. If this is not the
case, there must be some contradiction within a single axiom or between two or more
axioms. Again, all formal definitions are based on the standard reference of Baader et al.
[Baa+07].

Definition 3.2.11 (Consistency)

A Knowledge Base K is consistent if there exists an interpretation I with I |= K.
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Example 3.2.6

Adding the fact Driver(Jon) to the KB Kh of Example 3.2.4 makes the KB inconsistent,
as Jon is a crowd member, who cannot be drivers.

For ALC-KBs, deciding consistency is ExpTime-complete [Sch91; Fab00]. Tableau
methods have established themselves for proving consistency of a KB K in the area of
DLs [Baa+07], where the idea is to create (an abstraction of) a satisfying interpretation
I. This constructed model is often called completion graph in the literature, and is a
directed, labeled graph acting as the central data structure of tableau methods. More
specifically, each vertex and edge is labeled with a set of concepts role names, respectively.
The data structure is initialized with a vertex for each individual i ∈ Ind(K) with label
{i} ∪ {C | C(i) ∈ A}, and an edge for each fact r(i1, i2) labeled with {r}. If there is no
individual present, we initialize an anonymous individual and label it with ⊤. The graph is
iteratively completed during the algorithm by applying so-called expansion rules (creating
or merging new vertices, labels, or edges in the graph) based on a Negation Normal Form
(NNF) representation of the ontology (all negations are pushed inwards using De Morgan’s
law and duality of ∀ and ∃). To avoid an infinite expansion of the graph, standard tableau
algorithms for ALC rely on blocking of nodes, and thereby creating a finite representation
of an infinite interpretation. Here, a node x in the completion graph is blocked by another
node y iff it is not an individual and x can be reached from y and the labels of x are
contained in the labels of y. Due to nondeterministic choices induced by disjunctions,
the tableau algorithm requires nondeterministic branching into two copies of possible
completion graphs. The expansion rules for ALC are:

1. if C ⊓D is in the label of a non-blocked node and one of C or D are not in its label,
add C,D to its label,

2. if C ⊔D is in the label of a non-blocked node and neither C nor D are in its label,
create two branches: one where C and one where D is added to its label,

3. if ∃r.C is in the label of a non-blocked node x and there is no r-successor of x with
label C, create a fresh node y with label {C} and an edge from x to y labeled {r},

4. if ∀r.C is in the label of a non-blocked node x and there is an r-successor y of x
without label C, add C to the label of y, and

5. if C ⊑ D is in the ontology and ¬C ⊔D is not in the label of a non-blocked node,
add ¬C ⊔D in NNF to its label.

Note that the nondeterminism of the second rule causes an exponential blow-up in run
time. These rules are applied to the graph until no rule can be fired anymore.
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For deciding whether the generated completion graph represents an abstraction of a
model of the KB, one usually checks whether a clash is present in the graph, i.e., both C
and ¬C exists in some label. The overall procedure returns that K is consistent iff there
is a clash-free completion graph on which no more expansion rules can be fired.

Example 3.2.7

For the KB Kh of Example 3.2.4, a clash-free completion graph after applying all expansion
rules for ALC is given in Figure 3.1.

Jon

Jane

{Human,
¬CrowdMember ⊔ ¬Driver,

¬Driver,
¬CrowdMember ⊔ (Human ⊓ ∃next_to.Human),

Human ⊓ ∃next_to.Human,

∃next_to.Human,

(¬CrowdMember ⊔ ∀next_to.¬Human) ⊔ CrowdMember,

∀next_to.¬Human ⊔ CrowdMember,

CrowdMember,

¬Human ⊔ (Driver ⊔ Pedestrian),

Driver ⊔ Pedestrian,

Pedestrian,

(¬Driver ⊓ ¬Pedestrian) ⊔ Human}
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Figure 3.1: Clash-free completion graph for the example KB Kh, where the labels on the
left apply to both nodes, with the algorithm’s selection of subaxioms indicated
by indentation.

No expansion rule is applicable on the completion graph anymore. We can, for example,
read from the graph that both Jon and Jane must be a Pedestrian.

When working with DLs, consistency can be a central question to which related problems
are reducible. Two of these related problems are:

1. Subsumption: A concept D subsumes C in a Knowledge Base K if for all interpreta-
tions I |= K it holds that CI ⊆ DI (written K |= C ⊑ D).

2. Instance checking : An individual a is an instance of a concept C in a Knowledge
Base K if for all interpretations I |= K it holds that aI ∈ CI (written K |= C(a)).

Their reduction to consistency is straightforward [Baa+07]. For subsumption, K =

(O,D) |= C ⊑ D iff (O ∪ {C ⊓ ¬D},D) is inconsistent. For instance checking, K =

(O,D) |= C(a) iff (O,D ∪ {(¬C)(a)}) is inconsistent.
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Moreover, there are function problems over KBs, i.e., problems where the solution
space is not binary [Baa+07]. For example, instance retrieval asks for all individuals a
satisfying K |= C(a) and the realization problem asks for the most specific concept names
C for which K |= C(a) holds.

Expressive Description Logics

Evidently, ALC is a rather simple DL. To combat this, even more expressive fragments were
introduced for increasing expressiveness, especially on roles, while retaining decidability.
One of the practically most relevant DLs is SROIQ(D), as originally defined by Horrocks
et al. [HKS06]. It additionally allows for:

• constrained complex role inclusions and assertions on roles (symmetry, asymmetry,
transitivity, reflexivity, irreflexivity, and disjointness) (R),

• nominals (O),

• inverse roles (I),

• qualified cardinality restrictions (Q), and

• concrete datatypes ((D)).

S is just an abbreviation for ALC with transitive roles. We also sometimes refer to H,
which restricts R to only role hierarchies, as, e.g., used in the DL SHIQ. The later
presented algorithms for temporal querying operate over SRIQ(D) KBs and thus do
not allow for nominals. For completeness, we still include nominals in the upcoming
presentation. Moreover, this will later enable us to understand why nominals can be
problematic for the proposed algorithms.

We now introduce the syntax and semantics of these additional operators as presented
in the literature [HS01; HKS06]. First, we extend expressiveness on roles. For this, we
allow an inverse role for any role in NR, i.e., we redefine the supply of role names as
NR

− = NR ∪ {r− | r ∈ NR}. We can use both role assertions and role hierarchies. Role
hierarchies are similar to concept inclusions and allow – with some restrictions – modeling
composition and inclusion of roles.

Definition 3.2.12 (Role Inclusion)

A role inclusion has the form r0 ◦ · · · ◦ rk ⊑ s for roles r0, . . . , rk, s ∈ NR
−, k ∈ N.

Example 3.2.8

We can employ role inclusions to model transitivity for spatial roles used to describe



3.2 Querying in Description Logics 69

relative positioning in road traffic, e.g., right_of ◦ right_of ⊑ right_of (if a is right
of b and b is right of c, then a is right of c).

We cannot allow arbitrary role inclusions of the introduced pattern, as cycles in role
chains – such as r ◦ s ⊑ t and t ◦ u ⊑ s – lead to undecidability. To remain decidable,
Horrocks et al. introduce the notion of regular role inclusions [HS04].

Definition 3.2.13 (Regular Role Inclusions [HS04])

A set of role inclusions is regular if there exists a relation ≺ ⊆ NR
− × NR

− that is
irreflexive and transitive as well as satisfies s ≺ r iff s− ≺ r, and each role inclusion
r0 ◦ · · · ◦ rk ⊑ s adheres to one of the following constraints:

1. k = 0 and r0 = s− (symmetry),

2. k = 1 and r0 = r1 = s (transitivity),

3. ri ≺ s for all i ∈ {0, . . . , k},

4. r0 = s and ri ≺ s for all i ∈ {1, . . . , k}, or

5. rk = s and ri ≺ s for all i ∈ {0, . . . , k − 1}.

Note that the constraint of irreflexivity and transitivity effectively forbids cycles in ≺. If
we also add assertions such as role disjointness, avoiding cycles in role chains is, however,
not enough for retaining decidability. For this, we furthermore introduce the concept of
simple roles.

Definition 3.2.14 (Simple Role [HS04])

For a given set of role inclusions, a role r ∈ NR
− is simple if

1. there is no role inclusion r0 ◦ · · · ◦ rk ⊑ r,

2. there are only role inclusions s ⊑ r with s being a simple role, or

3. r = s− with s being a simple role.

We also call non-simple roles complex. For our example role inclusions r ◦ s ⊑ t and
t ◦ u ⊑ s we find that u, r, u−, and r− are simple (as u and r do not occur on the
right hand side of a role inclusion) and s, t, s−, and t− are complex (as s and t occur
on the right hand side of a role inclusion whose left hand side is not a single role).
Based on this definition, role assertions allow safely modeling properties of roles, such as
symmetry.
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Definition 3.2.15 (Role Assertion)

For a role r ∈ NR and simple roles s, s′ ∈ NR, a role assertion is one of the following
expressions: Sym(r), Asy(s), Tra(r), Ref(r), Irr(s), or Dis(s, s′).

Note that some of these assertions are restricted to simple roles.

Example 3.2.9

The role inclusion of Example 3.2.8 can be abbreviated to Tra(right_of).

Besides increasing expressiveness of axioms on roles, SROIQ(D) also extends the
concept descriptions from ALC, allowing qualified cardinality restrictions, nominals, and
self-reference [HKS06], as well as datatypes [HS01]. We now summarize the existing
definitions from the literature. For datatypes, we assume that we have a global, concrete
domain ∆D that is disjoint from any interpretation domain, and a supply D of concrete
datatypes, including a datatype representing ∆D. Each of these datatypes d ∈ D can
take values from its domain dD ⊆ ∆D. For each datatype, a corresponding datatype
representing its negation must exist. To retain decidability, we additionally require that
checking for emptiness of intersections of datatypes is decidable [HS01]. For incorporating
datatypes into the ontology, they have to be used with a special set of roles ND, so-called
concrete roles, with ND ∩ NR = ∅.

Definition 3.2.16 (SROIQ(D)-Concept)

An SROIQ(D)-concept C is an ALC-concept C that additionally adheres to the gram-
mar

C ::= ≤n s.C | ≥n s.C | {a0, . . . , ak} | ∃s.Self | ∃t.d | ∀t.d

where s ∈ NR and simple, a0, . . . , ak ∈ NI with k ∈ N, t ∈ ND, d ∈ D, and n ∈ N.

An SROIQ(D)-ontology now allows both role assertions and inclusions to be added to
its ontologies.

Definition 3.2.17 (SROIQ(D)-Ontology)

An SROIQ(D)-ontology O is a finite set of concept inclusions over SROIQ(D)-
concepts, role assertions, and regular role inclusions.

Finally, SROIQ(D) also extends the expressiveness in the database facts by allowing
negated assertions over simple roles.
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Definition 3.2.18 (SROIQ(D)-Fact)

An SROIQ(D)-fact is of the form A(a), r(a, b), ¬s(a, b), t(a, d), or ¬t(a, d) for A ∈ NC,
a, b ∈ NI, r ∈ NR, s ∈ NR and simple, and t ∈ ND, d ∈ D.

An SROIQ(D)-KB is syntactically defined analogously to ALC.

Example 3.2.10

The following axioms can extend the ALC KB Kh of Example 3.2.4 to an SROIQ(D)

KB:

• Sym(next_to) additional role axioms (R)

• ValidDrivingTrafficLight ⊑ ∃has_color.{Green, Yellow} nominals (O)

• ∃drives.(∀occupies−.Passenger) ⊑ Chauffeur inverse roles (I)

• ≥2 drives.Vehicle ⊑ IllegalDriver qualified cardinality restrictions (Q)

• Driver ⊑ ∃drives.(Vehicle ⊓ ∃has_speed.Q>0), concrete datatypes ((D))
with the datatype Q>0 = {x ∈ Q | x > 0}

We are now ready to define the semantics of SROIQ(D) based on the works of Horrocks
et al. [HS01; HKS06].

Definition 3.2.19 (SROIQ(D)-Interpretation)

An SROIQ(D)-interpretation I = (∆I , ·I) is an ALC-interpretation with ∆I∩∆D = ∅,
extended by the following operations on an SROIQ(D)-concept C, role names
r, r0, . . . , rj with j ∈ N, individual names a0, . . . ak with k ∈ N, concrete role t,
datatype d, and n ∈ N:

(≥n r.C)I := {c ∈ ∆I | |{d ∈ ∆I | (c, d) ∈ rI ∧ d ∈ CI}| ≥ n}
(≤n r.C)I := {c ∈ ∆I | |{d ∈ ∆I | (c, d) ∈ rI ∧ d ∈ CI}| ≤ n}

({a0, . . . , ak})I := {a0I , . . . , akI}
(∃r.Self)I := {c ∈ ∆I | (c, c) ∈ rI}

(r−)I := {(c, d) ∈ ∆I ×∆I | (d, c) ∈ rI}
(r0 ◦ · · · ◦ rj)I := r0

I ◦ · · · ◦ rjI

(∀t.d) := {c ∈ ∆I | ∀x ∈ ∆D. (c, x) ∈ tI → x ∈ dD}
(∃t.d) := {c ∈ ∆I | ∃x ∈ ∆D. (c, x) ∈ tI ∧ x ∈ dD}
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We again use interpretations for defining models of axioms in SROIQ(D). We assume
the already defined semantics of ALC axioms to also hold for SROIQ(D).

Definition 3.2.20 (Semantics of SROIQ(D)-Axioms)

Let I be an SROIQ(D)-interpretation. The semantics of I on SROIQ(D)-axioms is,
additional to the semantics of ALC-axioms, defined as:

• I |= ¬r(a, b) if (aI , bI) ̸∈ rI .

• I |= r0 ◦ · · · ◦ rk ⊑ s if (r0 ◦ · · · ◦ rk)I ⊆ sI .

• I |= Sym(r) if (c, d) ∈ rI implies (d, c) ∈ rI .

• I |= Asy(r) if (c, d) ∈ rI implies (d, c) ̸∈ rI .

• I |= Tra(r) if (c, d) ∈ rI and (d, e) ∈ rI implies (c, e) ∈ rI .

• I |= Ref(r) if (d, d) ∈ rI for all d ∈ ∆I .

• I |= Irr(r) if (d, d) ̸∈ rI for all d ∈ ∆I .

• I |= Dis(r, s) if rI ∩ rI = ∅.

The semantics of SROIQ(D)-KBs is equivalent to the case of ALC-KBs, with the extension
that an interpretation I models a database if also I |= ¬r(a, b) holds for all negated role
assertions in the database.

Allowing such expressive constructs in a DL results in increased complexity of the deci-
sion procedures. More specifically, deciding consistency of an SROIQ-KB is N2ExpTime-
complete [Kaz08]. Expressiveness does not only influence complexity, but also leads to
loss of (desirable) properties of the DL. For example, ALC has the finite-model property,
i.e., if an ALC-KB has a model, there is also a finite model. For SROIQ(D), however,
this property is lost, and not even a tree-shape of the models can be guaranteed [Tob00].

Description Logics and OWL2 DL

The introduced DL fragment SROIQ(D) has the same expressiveness as OWL2 DL, a
widely used ontology engineering language. In Chapter 5, we use OWL2 DL to evaluate our
algorithms, and thus a short introduction is in order. OWL2 DL, as a successor of the first
Web Ontology Language, has initially been published as a World Wide Web Consortium
(W3C) Recommendation in 2009 and its current stable version is dated to 2012. While
it supports various syntaxes, such as an XML serialization of an RDF graph, this work
relies solely on the so-called functional syntax (a prefix notation). All core axioms in
OWL2 DL functional-style syntax can be translated to an equivalent in SROIQ(D), as
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shown in Table 3.1, and hence no new features are introduced here. Note that OWL2 DL
allows for various additional syntax that is syntactic sugar to the operators described in
Table 3.1. This includes, e.g., the expression EquivalentClasses(A B) which just stands
for SubClassOf(A B) and SubClassOf(B A).

OWL2 is used as an input language by reasoners, software tools that perform the
reasoning tasks introduced above. Many major reasoners support OWL2 DL, which is
equivalent to the full expressiveness of SROIQ(D). Other fragments (both less and more
expressive), such as OWL2 EL and OWL2 Full, are included in OWL2, too.
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Table 3.1: A syntactical translation between SROIQ(D) and OWL2 DL.

SROIQ(D) OWL2 DL

Axioms
A(b) ClassAssertion(A b)
r(a, b) ObjectPropertyAssertion(r a b)
¬r(a, b) NegativeObjectPropertyAssertion(r a b)
t(a, d) DataPropertyAssertion(t a d)
¬t(a, d) NegativeDataPropertyAssertion(t a d)
A ⊑ B SubClassOf(A B)
r0 ◦ · · · ◦ rk ⊑ s SubObjectPropertyOf(ObjectPropertyChain(r0 ...rk) s)
Sym(r) SymmetricObjectProperty(r)
Asy(r) AsymmetricObjectProperty(r)
Tra(r) TransitiveObjectProperty(r)
Ref(r) ReflexiveObjectProperty(r)
Irr(r) IrreflexiveObjectProperty(r)
Dis(r, s) DisjointObjectProperties(r s)
Concept Descriptions
¬A ObjectComplementOf(A)
A ⊓B ObjectIntersectionOf(A B)
A ⊔B ObjectUnionOf(A B)
∀r.A ObjectAllValuesFrom(r A)
∃r.A ObjectSomeValuesFrom(r A)
≤n r.A ObjectMaxCardinality(n r A)
≥n r.A ObjectMinCardinality(n r A)
{a0, . . . , ak} ObjectOneOf(a0 ...ak)
∃r.Self ObjectHasSelf(s)
∃t.d DataSomeValuesFrom(t d)
∀t.d DataAllValuesFrom(t d)
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3.2.2 Conjunctive Query Answering over Description Logics

We have already introduced various problems over DLs. In this dissertation, the central
problem of interest over DLs is query answering. Specifically CQ answering has been
of interest to the research community due to its balance between applicability and
performance [Pog+08]. As they will be the foundation of the novel temporal query
language proposed in Section 3.4, we now take a deeper look into existing literature and
standard definitions for CQs over expressive DL KBs. This subsection compiles a curated
overview of techniques established in the literature, which is imperative for understanding
our results presented in Chapter 4 and Chapter 5.

Formal Foundations of Conjunctive Query Answering

In a nutshell, CQs are equivalent to the SELECT-FROM-WHERE-fragment of SQL and
allow asking for individuals in the database that fulfill a conjunct of concept and role
constraints. A standard way of defining CQs is to view them as a restricted variant of
first-order logic formulae with free (answer) variables [Baa+07, Chapter 16].

Definition 3.2.21 (Conjunctive Query)

A Conjunctive Query over supplies of variable names NV, individual names NI, concept
names NC, role names NR, concrete roles ND, and datatypes D adheres to the grammar

φ ::= ∃ξ.ψ | ψ
ξ ::= ξ, ξ | v
ψ ::= ψ ∧ ψ | α
α ::= C(x) | r(x, x) | t(x, d)

with v ∈ NV, x ∈ NI ∪ NV, d ∈ D, C ∈ NC, r ∈ NR, and t ∈ ND. We call α a query
atom and the set of all atoms Atoms(φ). The quantified variables in φ are denoted by
QVar(φ). The answer variables in φ, i.e., all x ∈ NV that occur in φ but are not in
QVar(φ), are denoted by AVar(φ). To denote a query over answer variables, we also
write φ(x⃗). If AVar(φ) = ∅, we call φ Boolean.

We sometimes make the answer variables explicit by denoting a non-Boolean query as
φ(x⃗), where x⃗ is an ordered version of AVar(φ). We introduce the special sets Ind(φ) ⊆ NI

to denote the individuals in φ and Var(φ) := QVar(φ) ∪ AVar(φ). To avoid confusion
between variable and individual names, we use the convention that Var(φ) ∩ Ind(φ) = ∅
and QVar(φ) ∩ AVar(φ) = ∅.

Example 3.2.11

The non-Boolean CQ ∃y.Driver(x) ∧ next_to(x, y) ∧ Human(y) has one quantified
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variable (y) and one answer variable (x), and asks for all drivers that are next to some
human. It does not contain references to individuals.

The semantics of Boolean CQs is defined in terms of matches into interpretations, as
usually done in the literature [HT00; Gli+08; CGL08].

Definition 3.2.22 (Semantics of Boolean Conjunctive Queries)

For a Boolean Conjunctive Query φ and an interpretation I, I |= φ iff there exists a
function π : Var(φ) ∪ Ind(φ) → ∆I with

1. π(a) = aI for all a ∈ Ind(φ),

2. π(x) ∈ CI for all atoms of the form C(x) in φ, and

3. (π(x), π(x′)) ∈ rI for all atoms of the form r(x, x′) in φ.

Hence, an interpretation satisfies a Boolean CQ if the interpretation can respect its
constraints.

We consider two standard problems for CQs based on the above definition. The first is
CQ entailment, a well-examined decision problem asking whether a given KB guarantees
the query to hold [Gli+08].

Definition 3.2.23 (Conjunctive Query Entailment)

A Knowledge Base K entails a Boolean Conjunctive Query φ, written K |= φ, if for
all interpretations I with I |= K it holds that I |= φ.

Note this definition works in any fragment of DLs, as long I |= K is well-defined. Deciding
CQ entailment can be reduced to consistency, for which we will later show a standard
procedure from the literature for a large subclass of CQs.

Example 3.2.12

We have already seen that in the example KB Kh from Example 3.2.4 both Jane and Jon

must be pedestrians, i.e., Kh |= Pedestrian(Jane) ∧ Pedestrian(Jon), as in all models
of Kh it is guaranteed that both individuals are pedestrians: crowd members cannot be
drivers and thus both must be pedestrians. For the models I of Kh, the implied matching
function π (cf. Definition 3.2.22) then satisfies π(Jane) = JaneI ∈ PedestrianI and
π(Jon) = JonI ∈ PedestrianI .

In practice, however, we are concerned not only with Boolean CQs but want to fetch
answers to non-Boolean queries, similar to the standard database setting as, e.g., in an
SQL query. For this, the CQ answering problem over DL ontologies has been introduced
and thoroughly examined [Gli+08; CGL08].
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Definition 3.2.24 (Conjunctive Query Answering)

For a Knowledge Base K and a Conjunctive Query φ(x⃗), the Conjunctive Query an-
swering problem asks to compute the set of certain answers certK(φ(x⃗)) = {a⃗ ∈
Ind(D)|x⃗| | K |= φ(⃗a)}, where φ(⃗a) denotes the Boolean Conjunctive Query where each
variable xi in x⃗ has been replaced by its corresponding individual ai in a⃗.

Note that the special case of answering a Boolean CQ φ is handled in above definition by
using the empty answer to represent entailment, i.e., ∅ ∈ certK(φ) iff K |= φ. Naïvely,
CQ answering can be (exponentially) reduced to CQ entailment by just iterating through
all possible candidates in Ind(K)|x⃗|.

Example 3.2.13

For the example KB Kh of Example 3.2.4, we can use non-Boolean CQs to ask for the
set of certain answers in the data under the axioms of Oh. Take the (very simple) CQ
φ1(x) = Pedestrian(x), which has certKh(φ1(x)) = {Jane, Jon}. Existentially quantified
variables allow us to refer to anonymous individuals implied by the ontology, e.g., asking
for any driver that is next to another human using the CQ φ2(x) = ∃y.Driver(x) ∧
next_to(x, y) ∧ Human(y) (which is the CQ already introduced in Example 3.2.11).
However, this query never has a certain answer on Kh, as drivers are humans, but humans
next to other humans are crowd members, which in turn cannot be drivers. Hence, the
anonymous individual y cannot exist.

CQ entailment has shown to be decidable for SROIQ (given that the CQ contains
only simple roles). This result holds even for UCQs, a generalization of CQs that allows
for disjunctions of CQs [RG10]. The computational complexity of CQ answering ranges
from ExpTime-completeness for ALC up to 2ExpTime-completeness for DLs between
ALCI and SHIQ [Lut08].

Answering is often implemented only for tree-shaped Conjunctive Queries (tCQs). The
usual definition in the literature does not allow such queries to have, w.r.t. the quantified
variables, cycles in their roles (regardless of direction) and not more than one incoming
role per quantified variable [HT00; Gli+08].
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Definition 3.2.25 (Tree-shaped Conjunctive Query)

A Conjunctive Query φ is called tree-shaped if for all y ∈ QVar(φ)

• it holds that |{z ∈ QVar(φ) | r(z, y) ∈ Atoms(φ)}| ≤ 1, i.e., there are no colliders,
and

• there is no sequence (y, y0)(y0, y1) . . . (yk−1, yk)(yk, y) with yi, yi+1 ∈ QVar(φ),
and r(yi, yi+1) ∈ Atoms(φ) or r(yi+1, yi) ∈ Atoms(φ) for i ∈ {0, . . . , k − 1}, i.e.,
there are no undirected cycles.

All CQs given in the above examples are tree-shaped. With this subclass of CQs,
the established rolling-up technique becomes applicable and the query can effectively
be represented by a single axiom. This has been leveraged to reduce query answering
to instance retrieval [HT00]. While theoretical considerations of full query answering
have been made in expressive DLs, we are currently not aware of an implementation. On
the other hand, the practical benefits gained by reducing query answering to instance
retrieval lead to the ability of offering highly optimized algorithms [Sir06], and we hence
focus on tree-shaped CQs in the following.

Deciding Tree-Shaped Conjunctive Query Entailment

We now describe the established procedure for checking entailment of a Boolean tCQ φ via
rolling up [HT00], as this efficient algorithm forms the foundation of our later presented
novel temporal query answering procedures. From now on, we assume that K is consistent,
which can be checked by the previously described tableau method. Otherwise, all queries
are trivially entailed. In the simplest case, we have φ = C(a), i.e., we are confronted with
the already introduced instance check. Then, K = (O,D) |= φ iff (O,D ∪ {¬C(a)}) is
inconsistent. This holds because of the following equivalences:

(O,D ∪ {¬C(a)}) is inconsistent iff

there is no interpretation I s.t. I |= K and I |= ¬C(a) iff

for all interpretations I it holds that I ̸|= K or I |= C(a) iff

for all interpretations I it holds that if I |= K then I |= C(a),

which is the definition of CQ entailment. A similar pattern can be applied to existentially
quantified variables: Here, K = (O,D) |= ∃y.C(y) iff (O ∪ {⊤ ⊑ ¬C},D) is inconsistent.

Therefore, if we are able to transform the tCQ into a single atom of the form C(v) with
v being an answer of existentially quantified variable, we can check entailment easily by a
consistency check. The rolling up procedure, described by Horrocks and Tessaris, can
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be used for this transformation [HT00]. Here, we interpret the query as a graph, where
vertices are individuals and variables, labeled with their concept constraints, and edges
are roles between them.

Definition 3.2.26 (Query Graph)

For a Boolean Conjunctive Query φ, the (labeled) query graph is defined as Gφ :=

(Vφ, Eφ, Lφ) with Vφ := Ind(φ) ∪ Var(φ), Eφ := {(x, r, y) | r(x, y) ∈ Atoms(φ)}, and,
for Atoms(v) := {α ∈ Atoms(φ) | there is some C ∈ NC. α = C(v)},

Lφ(v) :=



⊔C(v)∈Atoms(v) C ⊓ {v} if v ∈ Ind(φ) and not root and Atoms(v) ̸= ∅,
⊤ ⊓ {v} if v ∈ Ind(φ) and not root and Atoms(v) = ∅,

⊔C(v)∈Atoms(v) C if (v ̸∈ Ind(φ) or root) and Atoms(v) ̸= ∅,
⊤ if (v ̸∈ Ind(φ) or root) and Atoms(v) = ∅.

We hence label the nodes according to their concepts appearing in the query (if there any,
otherwise we use ⊤). If the atom refers to an individual, we put that constraint on the
label as well – except for the root node, for which the possible individual will be handled
separately later on.
Lφ requires nominals to be available in the DL. If the DL under consideration does

not support that, we can equivalently use a fresh concept Pv ∈ NC in place of {v}
and additionally assert Pv(v) ∈ D [HT00]. Moreover, in Gφ, we call any v ∈ Vφ with
{v′ ∈ Vφ | (v, r, v′) ∈ Eφ} = ∅ and |{v′ ∈ Vφ | (v′, r, v) ∈ Eφ}| ≥ 1 a leaf.

In what follows, we assume w.l.o.g. that we have a single root node, i.e., one tree, in
a non-empty graph. If the query contains multiple trees w.r.t. its roles, it can just be
split up and examined separately. The algorithm RollUp(Gφ) for rolling up a tCQ φ is
defined recursively. For this, we first define the label that is created by rolling a single
edge as RollUpEdge((v, r, v′)) := Lφ(v)⊓∃r.(Lφ(v′)). For the base case Eφ = {(v, r, v′)},
RollUp(Gφ) returns the concept RollUpEdge(e). Otherwise, there are two possibilities:

1. If Gφ has a leaf v ∈ Vφ, define ER := {(v′, r, v) ∈ Eφ}.

2. Else, Gφ must have a cycle (v0, r0, v1)(v1, r1, v2) . . . (vk−1, rk−1, vk)(vk, rk, v0) with
some i ∈ {0, . . . , k} for which vi ̸∈ QVar(φ). Then, define ER := {(v′, r, vi) ∈ Eφ}.

The procedure returns RollUp((Vφ, Eφ \ ER, L′
φ)) with

L′
φ(v) :=

{
RollUpEdge((v′, r, v)) for all (v′, r, v) ∈ ER,

Lφ(v) otherwise.

Once the concept RollUp(Gφ) = C is computed, we need to transform the given KB K
into a KB K′ s.t. K |= φ iff K′ is consistent. For this, we distinguish two cases; the single
root node v either refers to an existentially quantified variable or to an individual:
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1. If v ∈ QVar(φ), then K′ := (O ∪ {⊤ ⊑ ¬C},D).

2. If v ∈ Ind(φ), then K′ := (O,D ∪ {(¬C)(v)}).

Example 3.2.14

Consider the CQ ∃x, y, z.Pedestrian(Jane) ∧ next_to(Jane, x) ∧ Human(x) ∧ next_to

(Jane, y) ∧ next_to(y, z). The initial query graph and subsequent roll up steps are
depicted in Figure 3.2.
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Figure 3.2: Step-by-step rolling up of ∃x, y, z.Pedestrian(Jane) ∧ next_to(Jane, x) ∧
Human(x)∧ next_to (Jane, y)∧ next_to(y, z), with the selected edge to roll
up in the current step being dashed.

This leads to an instance check of Jane for the concept C = Pedestrian⊓ (∃next_to.

∃next_to.⊤) ⊓ ∃next_to.Human, which can be achieved on our example KB Kh by
checking consistency of (Oh,Dh ∪ {¬C(Jane)}). If the KB is inconsistent – which is the
case as Jane is a pedestrian and next to the human Jon who again is next to Jane – the
Boolean query is entailed.

Horrocks and Tessaris note that the tree-shape constraint on CQs can be dropped for
DLs exhibiting the tree model property, i.e., if the KB has a model it also has a model
that is a tree w.r.t. the interpretation of roles. Leveraging the restrictiveness of role
assertions, cycles and colliders in existentially quantified variables can then be broken
up by replacing one of the quantified variables nondeterministically with an individual
[HT00]. Many expressive DLs, such as ALC and SRIQ, exhibit the tree model property
[BBP17]. In contrast, SROIQ does not have the tree model property [Tob00].
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Tree-Shaped Conjunctive Query Answering in Practice

The above summarized rolling-up technique provides a sound and complete procedure for
checking entailment of Boolean tCQs, which can be directly leveraged for query answering:
Simply iterate through all answer candidates and check entailment for each resulting
Boolean tCQ by rolling it up. However, this can be inefficient as there are exponentially
many answer candidates. Therefore, state-of-the-art reasoners use techniques to avoid
consistency checks of rolled-up Boolean tCQs as much as possible. We now describe the
major practical optimizations that were leveraged for an efficient implementation by the
contributors of the reasoner Pellet [SP06; KK11]. Again, we present only established
results from the literature. Specifically, it was found that it is not required to use rolling-up
in case of a CQ not containing an existentially quantified variable. And even in queries
with such variables, the set of possible candidates to iterate through can be – in practice –
drastically decreased.

Let us first consider the case without any quantified variables, as described by Sirin
and Parsia [SP06]. For this, the authors note that it is comparatively cheap to compute
instances of the named concepts and roles used in the query – which is the previously
introduced task of instance retrieval. It sometimes can be done even without an additional
consistency check. Details on state-of-the-art methods to efficiently compute instances
are presented below, but let us first assume that such a tractable method exists. Then, a
query of the form φ(x0, x1) = C(x0) ∧ r(x0, x1) ∧ D(x1) can, in theory, be examined as
follows:

1. compute Ind(C,K) = {a ∈ Ind(K) | K |= C(a)},

2. compute Ind(r,K) = {(a, b) ∈ Ind(K)2 | K |= r(a, b)},

3. compute Ind(D,K) = {a ∈ Ind(K) | K |= D(a)}, and

4. return {(a, b) ∈ Ind(r,K) | a ∈ Ind(C,K) ∧ b ∈ Ind(D,K)}.

With the naïve technique rolling up and iterating over all answer candidates, a large
amount of consistency checks has to be performed (Ind(K)2 many). With the above
sketched optimization, it is possible to reduce the number of consistency checks to those
that are required for instance retrieval, which, due to their practical optimizations outlined
below, are significantly fewer.

Note that the above procedure answers the query atom by atom. For atom number
i, it does not use knowledge gained when answering atoms 0 to i − 1. In practice, the
sets returned by instance retrieval are rather small, which we can exploit for further
optimization. Therefore, after computing Ind(C,K), it can be more efficient to not compute
Ind(r,K) over the whole KB, but rather, for the comparatively few i0 ∈ Ind(C,K), the
set Ind(∃r−.{i0},K). This also leaves us with even fewer candidates for x1, namely those
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who have an r-predecessor in C. Therefore, instead of computing Ind(D,K), we just check
for which candidates i1 it holds that K |= D(i1).

The above sketched procedure relies, however, on efficient methods to fetch Ind(C,K)

for some concept C. For this, binary instance retrieval (in contrast to the brute-force
linear version) has been proposed in the literature [MHW06], which we now summarize
shortly. Here, the basic idea is to check whether a set of candidates Can (instead of a
single individual) is guaranteed to not be within the concept C for some KB K = (O,D).
This can be done by checking consistency of (O,D∪{(¬C)(c) | c ∈ Can}), which holds iff
(O,D) ̸|= C(c) for all c ∈ Can. If this is the case, we can exclude the set. Otherwise, there
must be some member of C in Can, and we split in two parts – similar to binary search.
The same procedure is applied to both parts until |Can| = 1. Typically, we start with
the set of all individuals Ind(K), and ideally exclude those for which membership can be
guaranteed a-priori. Such exclusions have high potential for improving efficiency of binary
instance retrieval, as they reduce the chance of encountering members in a partition
(and thus, having to partition again). The basic idea is to inspect the completion graph
generated by the initial consistency check. If the graph labels an individual i with C and
the label C does not come from a nondeterministic choice during expansion or all other
nondeterministic choices were examined and closed with a clash, then we can infer that
this individual must belong to the concept in all models. The idea of statically inferring
membership can be extended by more involved syntactic analyses [Sir06]. Note that even
with binary instance retrieval, if Can contains at least one member of C, one will have to
check K |= C(i) eventually. Here, the pseudo model merging technique can be employed
to reject K |= C(i) for non-members of C without checking consistency [SP06; HMT01].

By using the atom-by-atom approach sketched above, Sirin remarks that we often
encounter fetching individuals for roles of the form r(x, i), r(i, x), or r(x, y) [Sir06].
Hence, we have the special case to retrieve individuals for the concept C = ∃r.{i},
C = ∃r−.{i}, or both, which can also be optimized. The basic idea is similar to checking
the membership of a concept by using the generated completion graph. Let us assume we
examine r(x, i). We then have three cases: If the completion graph asserts the role r

between an individual a and i and no nondeterminism lead to this fact in the completion
graph, a can be returned with certainty. If, however, some nondeterminism lead to this
fact in the completion graph, we must confirm K |= r(a, i) with a consistency check (a is
thus a potential candidate). Lastly, if there is no such edge in the completion graph, it
can be shown that the role r cannot hold [Sir06, Section 5.4.1].

Sirin also proposes to make use of the query reordering optimization [Sir06, Section
6.4]. Here, the aim is to prune as early as possible in the atom iteration. Take, for
example, φ(x0, x1) = C(x0) ∧ r(x0, x1) ∧ D(x1). Let us assume that |Ind(C,K)| = 1000,
|Ind(D,K)| = 4, and r connects ten individuals in C to any of the four individuals in D. If we
iterate through φ(x0, x1) in the given order, we first do one instance retrieval on Ind(C,K),
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which yields 1 000 candidates i to retrieve r-successors for, i.e., 1 000 instance retrieval
calls of the form Ind(∃r−.{i},K). These retrievals are, however, often unnecessary, as
only 1% of them is a member of D. If we rather started with retrieving all i ∈ Ind(D,K)

first and then fetching Ind(∃r.{i},K), only one instance retrieval for D and four instance
retrievals for r would have been necessary. Therefore, query order matters drastically
in practical settings, but requires determining a good order without knowing both the
time required for retrieving Ind(·) and the size of the returned set beforehand. The
latter can be estimated by examining a sample of all individuals to find guarantees for
(non-)membership to the concept or role in the completion graph, and extrapolating a size
from that. The first can be estimated by checking for how many individuals a guarantee
can be given by the completion graph alone (if this ratio is high, the computational
effort for Ind(·) is likely to be low). Moreover, some general, heuristic principles of query
reordering can be applied, e.g., to examine roles first as the number of connections between
individuals is often low.

All these techniques are predestined when we are confronted with a query that contains
at least one answer and no existentially quantified variable, which means we do not need
to roll up the query and can examine it atom-by-atom. However, three other cases need
to be considered, which can also be practically optimized according to Sirin, Křemen, and
Kouba [Sir06; KK11]:

1. We have no answer variable. In this case, the Boolean result is generated by a single
consistency check against the rolled-up query.

2. We have exactly one answer variable and at least one quantified variable. In this
case, a set of candidates for the variable is generated with the above techniques,
the query is rolled up to the answer variable, and the candidates are checked using
binary instance retrieval against the rolled-up concept.

3. We have more than one answer variable and at least one quantified variable (the
most general case). Here, we can separate the query into multiple parts: one part
that has no quantified variables at all, and multiple parts that contain connected,
quantified variables (so-called “cores” [KK11]). For the first part, the optimized
atom-by-atom method can be applied, pruning large parts of the search space
already. By this strategy, query reordering becomes applicable again. Finally,
the connected parts with quantified variables are evaluated on the pruned search
space. First, a set of candidates for each of the answer variables is generated by
treating all other variables as quantified and rolling up the query to the remaining
answer variable. This set is intersected with the candidates generated for the first,
non-quantified query part. This yields a space of possible answers, which can be
evaluated by checking the Boolean query as in case 1.
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In total, all four cases yield an optimized CQ answering framework, which is implemented
in software tools like Pellet [Sir+07].

3.3 Temporal Querying: State-of-the-Art

The main motivation of this dissertation is to query scenarios, which means that we are
inherently confronted with time traces. For a nontemporal query setting, the previously
introduced standard CQ answering over expressive DLs is already a good fit, but does not
provide means for accessing discrete temporal data. Naturally, extensions of queries with
temporal operators over KBs have been proposed starting from the early 2000s [Art+02],
with software prototypes being presented as early as 2009 [Bar+09].

3.3.1 Temporal Querying in Expressive Description Logics

For temporally querying expressive DLs, an important line of work has theoretically
examined answering a temporal extension of conjunctive queries – essentially infinite-time
LTL with past operators and CQs – over ALC to SHOIQ KBs [BBL13; Lip14; BBL15b;
BBL15a]. They have given complexity analyses showing that answering temporal queries
over these KBs is ExpTime-complete. In a nutshell, the provided decision procedure is a
reduction to non-temporal query answering. The idea is to compile the temporal aspects
of the query into an FA whose transitions are checked for satisfiability by answering
UCQs. Moreover, the authors allow a part of the roles and concepts to optionally be
defined as rigid, i.e., not changing over time. Allowing rigidity increases complexity in
some DLs (such as from ExpTime-complete to 2ExpTime-complete for ALC [BBL13]) and
hence it is not considered further in this work. The language has overall been examined
from a complexity-theoretic point of view and comparatively hard to implement, as it is
defined over infinite traces and allows for mixed past- and future-time operators. As of
yet, no query language appears to combine practical implementability with the required
expressiveness.

Directly related work on temporally querying expressive DLs – apart from the work
of Baader et al. [BBL13; Lip14; BBL15b; BBL15a] as well as the works published in
the course of this dissertation [Wes+24a; Wes+24b; WJN25] – is sparse. A proposal
by Gutiérrez-Basulto and Klarman offers a broader view on temporal queries over DLs
[GK12]. Specifically, they have considered a combination of CQs and the first-order
monadic language of order (which subsumes many linear temporal logics). In this modular
formalism, called T QL, they have not fixed the DL and put only mild assumptions on the
shape of the temporal logic, and have hence obtained complexity results dependent on the
choice of formalisms. They have observed that this can lead to Boolean combinations of
CQs (BCQs) (queries of the form Φ ::= φ | ¬φ | Φ∧Φ for CQs φ), where entailment might
be intractable or even undecidable in very expressive DLs. Note that Baader et al. have
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subsequently shown that BCQ entailment is decidable for SHIQ, SHOQ, and SHOI
by reduction to UCQ entailment [BBL15a], which can be extended to SROIQ if only
simple roles occur in the query [RG10]. As to ease handling BCQs, Gutiérrez-Basulto and
Klarman have introduced the autoepistemic K operator, which essentially allows a closed-
world examination of negated CQs, which in turn paves the way for a straightforward
reduction to CQ answering. Using their epistemic semantics, it is easy to see that T QL
inherits complexity from CQ answering if it is PSpace-hard in the given DL, as is, e.g.,
the case for ALC (ExpTime-complete). While the assumption of (partially) relying on a
CWA might be justified in certain practical settings, this dissertation views the option
as a last resort, especially since it counteracts the built-in OWA of DLs. First, other
techniques for achieving tractability in answering temporal queries over expressive DLs
should be investigated – such as those presented in Chapter 4. If further improvements
are required, one can still fall back to a partial CWA. In Section 5.4, we will see why a
broad OWA can be desirable.

3.3.2 Temporal Querying in Lightweight Description Logics

A second line of related work examines the case of restricted expressiveness in the DL. As
argued in Chapter 2, our setting often requires a higher expressiveness. For completeness,
we present the most important related works for the lightweight DLs DL-Lite and EL,
which are fragments of ALC. The advantage of lightweight DLs is that the temporal
queries and ontology can often be rewritten into standard query languages (without
ontologies) [BLT15; Art+22; Art+13], hence allowing to use (temporal) databases.

DL-Lite is a family of DLs optimized for querying large amounts of data and is
implemented in the OWL2 QL profile [Art+09]. DL-Litecore restricts heavily the shape of
concept inclusions: the left-hand side allows only for concepts of the form ⊥, A, ∃r.⊤,
or ∃r−.⊤, and the right-hand side additionally allows for negation. The advantage of
DL-Lite is that core reasoning tasks are polynomial in the size of the KB [Cal+07]. More
specifically, CQs over DL-Litecore KBs can be answered in AC0 – a complexity class
contained in P – w.r.t. data complexity. Algorithms for temporally querying DL-Lite KBs
have been examined by Borgwardt et al. [BLT13], where, among others, an approach is
presented where the temporal query and ontology are rewritten into a temporal database
query.
EL is another lightweight DL with the purpose of allowing efficient, i.e., polynomial

time, reasoning in large ontologies [BBL05]. It allows for conjunctions and existential
quantification and is the foundation for the OWL2 EL profile. Similar to DL-Lite, temporal
queries have been studied by Borgwardt and Thost [BT15], with the result that entailment
is polynomial w.r.t. data complexity (when considering neither rigid concepts nor roles).
As satisfiability of the underlying temporal formalism (LTL) is PSpace-complete, querying
in these lightweight DLs is often also PSpace-complete w.r.t. combined complexity – the
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task of querying the KB becomes insignificant.
On the practical side of querying lightweight DLs, reports on first implementations

were published. For example, Thost et al. have described QuAnTOn [THÖ15], an
implementation of the aforementioned algorithms for temporal queries over DL-Lite
[BLT13]. It relies on rewriting into standard SQL, as the authors found the temporal
extensions of SQL (at that time) to be insufficiently supported by existing systems.
Ontop-temporal extends the existing Ontop reasoner for temporal data and a temporal
query language adjacent to SPARQL and SWRL with the usual future and past-time
temporal operators [Kal+18]. Similar to QuAnTOn, the input is rewritten into an SQL
query and executed on the temporal database.

3.3.3 Temporal Querying in Logic Programming

Combinations of temporal logics with knowledge representation formalisms based on logic
programming have also been pursued. A prominent example is Datalog, a subset of the
logic programming language Prolog. For example, the OWL2 RL profile can be translated
to Datalog. Datalog allows representing facts (data based on predicates) and rules
(knowledge in form of definite Horn clauses over the predicates, which is a disjunction with
exactly one positive literal). Reasoning in Datalog is P-complete w.r.t. data complexity and
ExpTime-complete for combined complexity [Mai+18]. Research on querying temporal
logic programming databases based on Datalog has started around 1990 with Datalog1S

[Cho90], where Datalog predicates are extended by a special argument for temporal
information. More recently, integrations of MTL with Datalog (DatalogMTL) have
been examined [Bra+17], also over discrete time [Wał+20] (which subsumes Datalog1S).
Answering DatalogMTL queries is ExpSpace-complete; this drops to PSpace-completeness
when considering only data complexity. However, for this setting, the software tool
MeTeoR provides an efficient implementation also for recursive DatalogMTL based on
the standard procedure of materialization (which computes consequences of Datalog
programs) in combination with an automaton-based procedure [Wan+22].

Instead of relying on Datalog, it is also possible to rely directly on Prolog, as, e.g.,
ETALIS does for stream reasoning [Ani+12]. In contrast to other works, ETALIS does
not use LTL or MTL but instead leverages Allen’s interval logic for temporal queries
[All83], which can, for discrete time, be represented by equivalent LTL formulae [RB06].

3.3.4 Temporalization of Knowledge Bases

Besides temporal querying, a plethora of DLs with directly integrated temporal formalisms
have been introduced [AF00; LWZ08; Art+14], also on finite traces [AMO18]. In general,
two options are possible: to add temporal operators around concept inclusions or inside
of DL axioms. An example of the first route is ALC-LTL, where concept inclusions act
in place of atomic propositions inside LTL formulae [BGL12], e.g., ♢□(A ⊑ B) (at some
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point, B will always subsume A). In fact, this formalism can be seen as a special case of the
temporal query formalism proposed by Baader et al. [BBL13], as concept inclusions can be
modeled using a set of special axioms in the ontology together with a modified temporal
query. In LTLALC , on the other hand, temporal constructors can be used alongside the
standard ALC operators [LWZ08]. An example is the formula A ⊑ □A (membership to A

cannot be revoked over time). Moreover, extensions including metric operators have been
proposed, such as MTLALC [GJO16; Baa+20], as well as considerations for lightweight
DLs [GJK16]. These classical combinations were not conceived in a query answering
context, so more recently, several frameworks for addressing that have been introduced
[Art+17].

3.4 Metric Temporal Conjunctive Queries

This section introduces the employed temporal formalisms as well as MTCQs, which is
the core temporal query language of this dissertation and based on the above introduced
CQs. The core idea is to use an extension of LTLf with metric operators in combination
with CQs in place of atomic propositions, which are interpreted over a temporalized DL
KB.

The next subsection gives all formal details, i.e., syntax and semantics. For an intuitive
overview, we start by referencing back to the requirements derived in Section 2.3. Recall
that the language shall

1. be based on a logic that models temporal data with finite duration and finitely
many time points,

2. make use of expressive background knowledge,

3. assume incomplete specification and data as well as monotonicity of the inferences,

4. rely on future-time and metric operators, and

5. allow querying the data.

The above sketched idea of using a metric version of LTLf over CQs defined on
temporalized DL KBs satisfies these constraints. For this, the subsequently delineated
language

1. combines DLs with a temporal formalism, where the temporal data are represented
as a finite sequence of nontemporal DL data,

2. allows relying on expressive DL fragments, as long as no nominals are used and
UCQ entailment is decidable,

3. retains the usual DL semantics under which the OWA and monotonicity holds,
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4. leverages LTLf, which operates solely over future-time operators, and adds a metric
version of each temporal operator, and

5. uses the set of certain answers semantics, modeling a behavior akin to searching in
classical databases.

3.4.1 Syntax and Semantics of Metric Temporal Conjunctive Queries

We first require extending the definition of classical KBs, as given above in Definition 3.2.6,
to a temporal one. Many temporal extensions of KBs exists, e.g., allowing to use temporal
operators in concepts. Based on the requirements derived in Section 2.3, we opt for
a standard extension based on the literature [BBL13], where we keep the modeling
capabilities of classical ontologies but extend the data to be temporal. For this, Baader
et al. model a TKB by an ontology O and a finite sequence of assertions that describe
the data over time.

Definition 3.4.1 (Temporal Knowledge Base [BBL13])

A Temporal Knowledge Base of length n ∈ N is a tuple K = (O, (Di)i∈{0,...,n}) where
O is an ontology, and each Di is a database over the same set of individuals, i.e.,
Ind(D0) = · · · = Ind(Dn) =: Ind((Di)i∈{0,...,n}).

Note that we have not fixed an ontology language, but can, for now, assume to have at
least the expressivity of ALC. For brevity, we sometimes denote the i-th non-temporal KB
of a TKB by Ki = (O,Di). The semantics of TKBs is defined by temporal interpretations
using the non-temporal case as its basis.

Definition 3.4.2 (Temporal Interpretation [BBL13])

A temporal interpretation I is a finite sequence I = (Ii)i∈{0,...,m} of interpretations
over a fixed domain ∆, i.e., Ii = (∆, ·Ii), and m ∈ N s.t. aIi = aIj , for all a ∈ NI and
0 ≤ i, j ≤ m.

Here, we make the constant domain assumption, i.e., all interpretations share a com-
mon domain. The semantics of TKBs is now defined in terms of temporal interpreta-
tions.

Definition 3.4.3 (Semantics of Temporal Knowledge Bases [BBL13])

A temporal interpretation I is a model of a Temporal Knowledge Base K with
K = (O, (Di)i∈{0,...,n}), written I |= K, if m = n and for all i ∈ {0, . . . , n} it holds
that Ii |= Ki.
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Example 3.4.1

Consider a temporal extension of the KB Kh introduced in Example 3.2.4, i.e., Kt =

(Oh,Dt) with

Dt = ({Human(Jon), Human(Jane)},
{Human(Jon), Human(Jane), next_to(Jon, Jane), next_to(Jane, Jon)}).

At both time points, Jon and Jane are humans, however, they are only next to each
other in the last step. Note that we simply kept the original (non-temporal) ontology.
Therefore, both Jon and Jane must be pedestrians in the second time point in any model
I of Kt. Formally, for any I with I |= Kt it holds that any a ∈ ∆I1 with a ∈ JonI1 or
a ∈ JaneI1 must satisfy a ∈ PedestrianI1 . For I0, only a ∈ HumanI0 is guaranteed for
a ∈ JonI0 and a ∈ JaneI0 .

We continue with defining the language of MTCQs that we use to query TKBs. It is a
combination of standard CQs with temporal operators inspired by Mission-Time Linear
Temporal Logic (MLTL) [LVR19].

Definition 3.4.4 (Syntax of Metric Temporal Conjunctive Queries
[Wes+24a])

Let NV be a countably infinite set of variable names. MTCQs adhere to the grammar

Φ ::= φ | ¬Φ | Φ ∧ Φ | ΦUΦ | ΦU[a,b]Φ

with φ being a CQ and a, b ∈ N.

Here, we allow for the standard Boolean operators as well as an unbounded until (U) and
a bounded until (U[a,b]). We define the same sets as already done for CQs, e.g., Ind(Φ)
(the set of individuals) and Var(Φ) (the set of variables). CQ(Φ) additionally denotes the
set of CQs used in Φ, and Atoms(Φ) = {Atoms(φ) | φ ∈ CQ(Φ)}. An MTCQ Φ is Boolean
if AVar(Φ) = ∅. Otherwise, we also write Φ(x⃗) to denote a non-Boolean query Φ with its
list of answer variables x⃗. An MTCQ of the form Φ ::= φ | φ ∨ Φ, i.e., a disjunction of
CQs, is also called a UCQ.

Boolean CQs form the basis for the semantics of Boolean MTCQs.
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Definition 3.4.5 (Semantics of Boolean Metric Temporal Conjunctive
Queries [Wes+24a])

Let I = (Ii)i∈{0,...,m} be a temporal interpretation and i ∈ {0, . . . ,m}. The semantics
of Boolean Metric Temporal Conjunctive Queries is given by structural induction:

• I, i |= Φ iff Ii |= Φ, if Φ is a Boolean CQ;

• I, i |= ¬Φ iff I, i ̸|= Φ;

• I, i |= Φ1 ∧ Φ2 iff I, i |= Φ1 and I, i |= Φ2;

• I, i |= Φ1 U[a,b]Φ2 iff there is a k ∈ [a, b] with i+ k ≤ m s.t. I, i+ k |= Φ2 and
I, i+ j |= Φ1, for all j ∈ [a, k);

• I, i |= Φ1 UΦ2 iff there is a k ∈ [i,m] s.t. I, k |= Φ2 and I, j |= Φ1, for all
j ∈ [i, k).

We hence use the expected semantics for CQs and the Boolean operators. Unbounded
until requires the second subformula to eventually hold at some point in the future and the
first subformula to hold at all preceding time points. Its bounded version demands both
constraints to hold in the given interval (which diverges slightly from the semantics of
bounded until in MTL where this constraint is only put on the right subformula [Koy90]).

We also write I |= Φ for I, 0 |= Φ and allow the typical abbreviations Φ1 ∨ Φ2 for
¬(¬Φ1 ∧ ¬Φ2), false for ∃x.A(x) ∧ ¬∃x.A(x) for some A ∈ NC, true for ¬false, ♢[a,b]Φ
for trueU[a,b]Φ, ♢Φ for trueUΦ, □[a,b]Φ for ¬♢[a,b]¬Φ, and □Φ for ¬♢¬Φ. The release
operator Φ1RΦ2 is defined as ¬(¬Φ1 U¬Φ2), with its bounded version Φ1R[a,b]Φ2 denoting
¬(¬Φ1 U[a,b]¬Φ2). The strong next operator is defined as Φ ≡ ♢[1,1]Φ and its dual weak
next as Φ ≡ □[1,1]Φ. To avoid having a special case for last or weak next as temporal
operators in proofs, we assume an auxiliary predicate last which is true only at the last
time point, e.g., by the CQ ∃x.Last(x) and adding a fresh individual l with Last(l) to
the last database.

The unconstrained until operator is an extension to the original semantics of MLTL,
which adds expressiveness assuming an upper bound on the trace length is not given
a-priori. For example, even the simple property □a cannot be expressed in MLTL if we
are given traces of arbitrary but finite lengths. In the original work on MLTL, this is
avoided by assuming that an upper bound t̂ of trace lengths can always be derived at
time of specification, e.g., traces are at most one hour long. Then, □a can be expressed
as □[0,t̂]a. However, in what follows, we do not make such an assumption. Furthermore,
note that the finite trace semantics of MTCQs exhibits some non-obvious behaviors, e.g.,
♢□Φ is equivalent to □♢Φ [GV13].
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3.4.2 Relevant Problems over Metric Temporal Conjunctive Queries

Similar to what is established in the literature for Boolean CQs, the central problem over
Boolean MTCQs is entailment.

Definition 3.4.6 (Metric Temporal Conjunctive Query Entailment
[Wes+24a])

A Temporal Knowledge Base K entails a Boolean Metric Temporal Conjunctive Query
Φ, written K |= Φ, if for all temporal interpretations I |= K it holds that I, 0 |= Φ.

We are again interested in not only entailment of Boolean MTCQs but also giving answers
to non-Boolean MTCQs.

Definition 3.4.7 (Metric Temporal Conjunctive Query Answering
[Wes+24a])

For a Temporal Knowledge Base K = (O, (Di)i∈{0,...,n}) and a Metric Temporal Con-
junctive Query Φ(x⃗), the Metric Temporal Conjunctive Query answering problem asks
to compute the set of certain answers certK(Φ(x⃗)) = {a⃗ ∈ Ind((Di)i∈{0,...,n})

|x⃗| | K |=
Φ(⃗a)}, where Φ(⃗a) denotes the Boolean Metric Temporal Conjunctive Query where
the variables in x⃗ have been uniformly replaced by the individual names in a⃗.

Similar to what holds for CQs, above definition implies that a Boolean MTCQ is entailed
iff the empty tuple is a certain answer.

Example 3.4.2

We can now define an MTCQ to query the temporal data given in Kt of Example 3.4.1.
Take, for example, the query Φex (x) = □Human(x) ∧ ♢Pedestrian(x), which asks for all
individuals that are always human and at some point a pedestrian. As already alluded to
in Example 3.2.13, Jane and Jon can both inferred to be pedestrians at the second time
point, and therefore certKt(Φ(x)) = {Jane, Jon}.

A more sophisticated MTCQ involving existentially quantified variables is

Φ∃(x, y) =

□
(
∃r. Vehicle(x) ∧ 2_Lane_Road(r) ∧ on(r, x) ∧ Parking_Vehicle(?y)

)
∧

♢
(
in_front_of(y, x) ∧

(
is_to_the_side_of(y, x)U is_behind(y, x)

))
Note that the existentially quantified variables are only valid in the local scope of their
CQ and cannot be re-used in other parts of the MTCQ. For example, if we were to replace
y with an existentially quantified variable in the first CQ, a different parking vehicle might
be referred to in the other CQs. Recall that nesting finite trace linear temporal operators
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can be tricky; in fact, had we left out the conjunct in_front_of(y, x), the formula would
have reduced to □(∃r.Vehicle(x)∧2_Lane_Road(r)∧on(r, x)∧Parking_Vehicle(?y))∧
♢ is_behind(y, x). The collapse of U and the CQ is_to_the_side_of(y, x) origi-
nates from the missing “delimiter” in_front_of(y, x) at the point in time where the
♢-subformula is beginning to become satisfied. Without this delimiter, the ♢-formula
simply checks whether is_behind(y, x) holds at some point, as the left subformula of U
cannot be distinguished from arbitrary data.

3.4.3 Computational Complexity

This dissertation is mostly concerned with bringing an expressive querying language to
practical applicability by means of algorithmic advances. Experience, especially in the
area of DLs, shows that the computational complexity class of the underlying problem can
be predictive of the empirically observed algorithmic performance in some cases. Thus,
before we dive into the algorithmic aspects in Chapter 4, we close the introduction to the
formal foundations with a discussion on computational complexity.

From here on, we assume that any MTCQ has been transformed into an equivalent TCQ
without metric operators (but with ) by using the following recursive transformation τ ,
assuming a ≤ b [LVR19]:

τ(Φ1 U[a,b]Φ2) = τ(Φ1 U[a−1,b]Φ2) if a > 0,

τ(Φ1 U[0,b]Φ2) = Φ2 ∨ (Φ1 ∧ τ(Φ1 U[0,b−1]Φ2)) if b > 1,

τ(Φ1 U[0,0]Φ2) = Φ2.

Note that this leads to an exponential blow-up of the query (essentially, the integer
bounds are now encoded unary). As we will show next, an exponential run time can
generally not be avoided and the transformation therefore does not introduce additional
computational complexity. For the theoretical considerations in this section as well
as Chapter 4, we are hence concerned solely with TCQs and omit metric operators
for readability and conciseness, e.g., in proofs and algorithms. The implementations
described in Section 5.1 includes metric operators again, as they will be part of the
practical evaluation of Chapter 5. Therefore, from Section 5.1 on, we again refer to
MTCQs.

Let us focus on the prototypical expressive DL ALC first. Here, both entailment
checking and answering of TCQs is ExpTime-complete, and answering does not introduce
additional complexity. Observe that query entailment is a lower bound to TCQ answering:
Definition 3.4.7 yields, for a Boolean TCQ Φ, either certK(Φ) = {∅} (in which case
K |= Φ) or ∅ (in which case K ̸|= Φ). Moreover, an upper bound to TCQ answering is
provided by an exponential reduction to TCQ entailment. We can just iterate through
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all possible answer candidates a⃗ (of which we have exponentially many in |x⃗|) and ask
whether K |= Φ(⃗a), thus having exponentially many ExpTime entailment checks, which is
again in ExpTime.

We now show ExpTime-completeness of TCQ entailment over ALC-TKBs, which can
be done by a reduction to the closely related temporal querying setting by Baader et
al. [BBL13]. As introduced in Section 3.3, they use mixed past- and future-time LTL
operators over infinite words, and hence allow for the following syntax for their queries
(denoted TCQBBL in what follows): Ψ ::= φ | ¬Ψ | Ψ ∧Ψ | ΨUΨ | Ψ | ΨSΨ | −Ψ

for CQs φ. Here, S (since) and − (previous) are the past-time equivalents of U and .
Their semantics, denoted here by |=BBL, is defined using infinite instead of finite

temporal interpretations [BBL13]. Such a sequence of interpretation (Ih)h≥0 at time
i is a model of Ψ, written (Ih)h≥0, i |=BBL Ψ, if one of the following statements holds.
First, for formulae Ψ of the form φ, ¬Ψ, Ψ1 ∧ Ψ2, and , the same rules apply as in
Definition 3.4.5. Moreover,

• (Ih)h≥0, i |=BBL Ψ1 UΨ2 iff there is a k ≥ i with (Ih)h≥0, k |=BBL Ψ2 and (Ih)h≥0, j

|=BBL Ψ1 for any j with i ≤ j < k,

• (Ih)h≥0, i |=BBL −Ψ′ iff i > 0 and (Ih)h≥0, i− 1 |=BBL Ψ′, and

• (Ih)h≥0, i |=BBL Ψ1 SΨ2 iff there is a k ≤ i with (Ih)h≥0, k |=BBL Ψ2 and (Ih)h≥0, j

|=BBL Ψ1 for any j with k < j ≤ i.

We say that a TKB K = (O,D) of length n+1 entails a TCQBBL Ψ, written K |=BBL Ψ, iff
all infinite sequences of interpretations (Ih)h≥0 with (Ih)h∈{0,...,n} |= K and (Ih)h>n |= O
also satisfy (Ih)h≥0, n+1 |=BBL Ψ. As Baader et al. have shown that deciding K |=BBL Ψ

is ExpTime-complete, we can embed TCQs into the queries introduced above to achieve
an ExpTime upper bound. Additionally, an ExpTime lower bound is given through the
ExpTime-completeness of checking consistency of ALC-TKBs, which can be reduced to
TCQ answering. The proof extends the sketch presented by Westhofen et al. [Wes+24a].

Theorem 3.4.1

For a Boolean TCQ Φ and an ALC-TKB K, deciding whether K |= Φ is ExpTime-
complete.

Proof 3.4.1 (of Theorem 3.4.1)

Let K = (O, (Di)i∈{0,...,n}) be an ALC-TKB and Φ a Boolean TCQ.
Deciding K |= Φ can be reduced to checking K̂ |=BBL Φ̂, where K̂ = (O, (Dn−i)i∈{0,...,n}),

and for any TCQ Φ, Φ̂ replaces any occurrence of U by S and by −. We now show
that K |= Φ iff K̂ |=BBL Φ̂. Since Φ̂ does not contain future time operators, this amounts
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to showing that for any model (Ii)i∈{0,...,n} of K it holds that (Ii)i∈{0,...,n}, 0 |= Φ iff for any
infinite sequence (Jj)j≥0 with (Jj)j∈{0,...,n} |= K̂ it holds that (Jj)j≥0, n+ 1 |=BBL Φ̂. As
(Jj)j∈{0,...,n} |= K̂ is equivalent to (In−i)i∈{0,...,n} |= K̂ by definition of K̂ and there are no
future time operators in Φ̂, it remains to show that (Ii)i∈{0,...,n} |= Φ iff (In−i)i∈{0,...,n} |=
Φ̂. The operators ¬ and ∧ are not affected by the order of interpretations. The remaining
cases are (Ii)i∈{0,...,n}, i |= Φ′ iff (Ii)i∈{0,...,n}, n − i |= −Φ̂′ and (Ii)i∈{0,...,n}, i |=
Φ1 UΦ2 iff (Ii)i∈{0,...,n}, n− i |= Φ̂1 SΦ̂2, for which the statement holds by definition of
the operators and − as well as S and U . Thus, checking |= is at most as complex as
it is for |=BBL, which is ExpTime-complete for ALC [BBL13].

ExpTime is also a lower bound for TCQ entailment over ALC, as checking consistency
of a KB K can be reduced to deciding K |= false (which is the case iff K is inconsistent).
Therefore, deciding TCQ entailment is ExpTime-complete. □

In general, complexity can shift upwards if we consider more expressive DLs than ALC,
such as ALCI and SHIQ, where query entailment is 2ExpTime-complete [Lut07; Gli+08].
As we will see with both approaches presented in the next sections, TCQ entailment
can be decided by exponentially many calls to a CQ engine. Thus, TCQ entailment in
a given DL fragment inherits the complexity of CQ entailment, given that the latter is
ExpTime-hard.
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We now move towards algorithms for computing the set of certain answers for a given
TCQ and TKB with an ontology formulated in an expressive DL. For motivation, consider
a naïve approach to computing certK(Φ): One might assume that it is sufficient to
answer all CQ(Φ) at time i and simply combine the answers inductively according to the
semantics of Φ. However, this is not possible due to the interplay of disjunctions in our
query language and expressiveness of the ontology language. An example is the TCQ
Φ∨(x) := B(x)∨C(x) over the TKB K∨ := (A ⊑ B⊔C, ({A(a)})), where certK∨(Φ∨) = {(a)}.
A separate check of B(x) and C(x) returns no answer, and inductive combination falsely
yields no answer as well. This issue explains the restriction to conjunctions in existing
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CQ answering implementations over expressive DLs, as complexity is reduced and various
optimizations can be employed (cf. Section 3.2.2). Therefore, and in contrast to CQs or
LTLf over propositional atoms, we require more involved procedures for checking TCQs.

Two novel procedures tackling the problem are proposed in Section 4.1 and Section 4.2;
one based on a translation of the query into finite automata and one relying on rewrit-
ing into a normal form. The first approach was presented by Westhofen et al. in 2024
[Wes+24a], the latter was published in 2025 [WJN25]. Both publications are frontiers
on the field of temporally querying expressive DLs, where, to the date of writing, only
theoretical considerations have been made [BBL13; BBL15b]. The question of the funda-
mental differences between the frameworks arises naturally; therefore, both algorithms
are compared in Section 4.3. In a nutshell, relying on deterministic FA leads to un-
necessary checks of UCQs. The discussion extends what is presented by Westhofen et
al. [WJN25] by a formal proof that, in fact, the determinization procedure is at fault
– however, from a practical perspective, deterministic FAs are hardly avoidable. For
this proof, we define TCQCQ∗ , a syntactic fragment of TCQ in which only CQs can be
used for answering. We show that within this fragment rewriting does not use UCQs,
whereas the automaton-based approach uses UCQs that could have been avoided under a
nondeterministic FA.

Both frameworks operate on arbitrary expressive DL fragments, as long as UCQ
entailment is decidable and nominals are not allowed. We require the latter as nominals
can force interpretation domains to be of finite but different cardinality. In that case, we
cannot guarantee independence of query entailment checks at different time points which
renders using established non-temporal query answering procedures difficult. We hence
do not fix any DL fragment in what follows but allow for an expressiveness between ALC
and SRIQ(D). The latter is equivalent to the above introduced SROIQ(D) but misses
the possibility to use nominals in ontology axioms.

4.1 An Automaton-Based Approach

We start with an approach that uses FAs for answering TCQs. The essential idea is
to compile the TCQ into an FA and perform a reachability check of its final states
on the given temporal data. Formal details are presented later, but for an intuitive
understanding, consider the example Boolean TCQ (B(i) ∧ D(i)) ∨ C(i) over the TKB
({A ⊑ B ⊔ C}, ({A(i)}), {D(i)}), which is entailed. Figure 4.1 shows an FA that matches
the temporal structure of the TCQ, where the single CQs are interpreted as atomic
propositions on the edges, e.g., B(i) is depicted as the proposition pB(i).

The next step is to traverse the FA under the given data using a suitable acceptance
condition. However, this has to be done with care: the usual way of traversing FAs is not
directly applicable here as we are combining the standard semantics of FA with UCQ
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q0 q1 q2
pB(i)

pC(i)

pD(i)

true

Figure 4.1: The FA for (B(i) ∧ D(i)) ∨ C(i), without sink and accepting states.

entailment in expressive DLs. Specifically, when computing successor states during a
reachability check, one cannot simply check query entailment for each FA edge. The
reason is that usual FAs model disjunctions as transitions into different states (if the
two disjuncts require a different behavior of the FA later on). However, as motivated
in the introduction to Chapter 4, entailment in expressive DLs does generally not allow
the separate examination of disjuncts. For illustration, consider again the example from
above. Standard FA semantics demands checking the edges from q0 to q1, which is not
entailed, and from q0 to q2, which is again not entailed. Thus, the query might falsely be
rejected as not entailed.

A possible solution is to instead check satisfiability when computing the successor states
at a given time point. What is different when considering satisfiability? Here, inversely
to entailment, we require evaluating conjunctions together, but can check disjunctions
separately. This fits the disjunctive shape of FA naturally, where conjunctions are
represented by edge labels and disjunctions are modeled using different successor states.
The following presents a framework for TCQ answering based on FAs that uses satisfiability
checks and is closely aligned with the standard approach to FA traversal.

4.1.1 Formal Framework

The formal framework is related to the work of Baader et al. [BBL13], whose results we
already leveraged for showing ExpTime-completeness of TCQ entailment in Section 3.4.3.
The authors made first theoretical considerations on automaton-based temporal query
answering over expressive DLs, and, among others, establish an ExpTime upper bound in
their setting. For this, they give an algorithm that decides temporal query entailment for
the case of infinite trace semantics with mixed past- and future time operators. Due to
its theoretical nature, the algorithm is not suitable for practical application. Specifically,
for the finite history of the given data of length n+ 1, the approach explicitly checks for
each answer candidate and each of the 2|CQ(Φ)|·(n+1) possible words whether it is valid
according to the temporal constraints and satisfies the CQs under the given data. The
contribution of this section is to transfer their framework to our setting of finite traces
and make it practically applicable. The approach of Baader et al. has two principal steps:
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1. it reduces TCQ entailment to satisfiability (for reasons explained above), which
then allows to

2. separate the problem into DL and temporal checks, where the latter can be naturally
implemented by relying on automata.

For the first step, the essential observation made by Baader et al. is that TCQ entailment
is just the inverse of TCQ satisfiability due to the language being closed under negation,
i.e.,

Φ satisfiable w.r.t. K iff there is an I s.t. I |= K and I, 0 |= Φ (4.1)

iff not for all I it holds that not I |= K or not I, 0 |= Φ

iff K ̸|= ¬Φ.

Example 4.1.1

The TCQ Φex (Jon) = □Human(Jon) ∧ ♢Pedestrian(Jon) derived from Example 3.4.2 is
entailed by Kt of Example 3.4.1 as ¬Φex (Jon) = ♢¬Human(Jon) ∨ □¬Pedestrian(Jon)
is unsatisfiable w.r.t. Kt.

The second step of Baader et al. is to split this satisfiability check into separate DL
and temporal components: one where we must check query satisfiability at a given time
point and one where we lift these results to the temporal level (for which we can leverage
FA). We now adapt this principle to our setting, but introduce two important changes:
While Baader et al. use several copies of Büchi automata to decide the temporal problem,
we can (more efficiently) rely on a single FA. For the DL component, instead of guessing
a sequence of satisfied nontemporal queries, of which there are exponentially many, we
traverse the automaton to constructively identify valid sequences.

Let us first introduce some preliminary notation. The propositional abstraction PA(Φ)

of Φ is the replacement of each φ ∈ CQ(Φ) with a propositional variable pφ. Note that the
propositional abstraction of a TCQ is an LTLf formula, which is the underlying temporal
formalism [GV13] and adheres to the grammar ψ ::= P | ¬ψ | ψ ∧ ψ | ψ Uψ | ψ. This
logic is interpreted over finite words of subsets of the propositional variables P , i.e., words
of the form w = w0 · · ·wn where each wi ⊆ P specifies the propositional variables that are
satisfied at time point i. It is defined analogously to Definition 3.4.5 but uses propositional
variables in place of CQs. An LTLf formula ψ is satisfied by some w ∈ (2P)∗ with length
n+ 1, written w |= ψ, if w, 0 |= ψ, where

• w, i |= A, for A ∈ P, iff A ∈ wi,

• w, i |= ¬ψ iff w, i ̸|= ψ,
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• w, i |= ψ1 ∧ ψ2 iff w, i |= ψ1 and w, i |= ψ2,

• w, i |= ψ1 Uψ2 iff there is a k ∈ [i, n] s.t. w, k |= ψ2 and w, j |= ψ1 for all j ∈ [i, k),
and

• w, i |= ψ iff i < n and w, i+ 1 |= ψ.

We define syntactic sugar analogous to Definition 3.4.5, including the operators ♢ and □.

Example 4.1.2

The LTLf formula ¬PA(Φex (Jon)) = ♢¬p1 ∨□¬p2 is a propositional abstraction for the
TCQ ¬Φex (Jon) from Example 4.1.1 using the propositions P = {p1, p2} as a replacement
for the CQs Human(Jon) and Pedestrian(Jon). Its models w ∈ (2P)∗ must contain ∅ or
{p2} at least once or {p1} at any point. Note that this includes the empty word ϵ.

We are now ready to transfer the splitting technique proposed by Baader et al. [BBL13,
Lemma 3.4] to our problem of deciding TCQ satisfiability, namely by two separate DL
and LTLf tasks which are connected by the sets of CQs X0, . . . , Xn.

Lemma 4.1.1 ([Wes+24a])

For a Boolean TCQ Φ and a TKB K = (O, (Di)i∈{0,...,n}) over a DL between ALC and
SRIQ(D), Φ is satisfiable w.r.t. K iff there is a sequence X0, . . . , Xn of subsets of CQ(Φ)
s.t.:

1. there are interpretations I0, . . . , In s.t. for all i ∈ {0, . . . , n} we have Ii |= Ki and
Ii |= φ for every φ ∈ Xi, and Ii ̸|= φ for every φ ∈ CQ(Φ) \Xi, and

2. ({pφ | φ ∈ Xi})i∈{0,...,n} |= PA(Φ).

Example 4.1.3

For the Boolean TCQ ¬Φex (Jon) from Example 4.1.1 and the TKB Kt from Exam-
ple 3.4.1, there can be no sequence X0, X1 of CQs that satisfies the constraints of
Lemma 4.1.1. By satisfying ¬PA(Φex (Jon)) as per Example 4.1.2, X0, X1 must contain
∅ or {Pedestrian(Jon)} at least once or {Human(Jon)} at any point. Now consider
interpretations I0, I1. In case that X0, X1 contains ∅ or {Pedestrian(Jon)}, Point 2
requires for some i ∈ {0, 1} that Ii ̸|= Human(Jon) holds, which cannot be satisfied due
to the assertions in the data of Kt. If, on the other hand, {Human(Jon)} always holds,
Point 2 demands that Ii ̸|= Pedestrian(Jon) for all i ∈ {0, 1}. This can again not be
satisfied: For the second data point, as described in Example 3.2.13, Jon is inferred to
always be a Pedestrian. Hence, ¬PA(Φex (Jon)) is unsatisfiable w.r.t. Kt and thus, by
Equation (4.1), Kt |= Φex (Jon).
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The following proof of Lemma 4.1.1 extends the sketch originally given by Westhofen
et al. [Wes+24a].

Proof 4.1.1 (of Lemma 4.1.1)

For the proof, we first show that we can safely assume that I0, . . . , In are over the same
domain. More specifically, we can combine I0, . . . , In witnessing Point 1 in Lemma 4.1.1
but with potentially different domains into I ′

0, . . . , I ′
n with the same domain using a

standard argument, cf. the proof of Theorem 5.21 by Lippmann [Lip14]. Since DLs between
ALC and SRIQ(D) (without the universal role) cannot enforce finite models [Rud11], we
can assume that each Ii is infinite. By the downward Löwenheim-Skolem theorem, we can
assume that the Ii are countably infinite and thus have the same domain. Had we allowed
nominals, the ontology can control the finiteness of their domains, e.g., by using the axiom
⊤ ⊑ {a} for some individual a, and hence the assumption that all interpretations are over
the same domain breaks. For example, the TKB ({⊤ ⊑ {a, b}, A ⊑ {a}}, (∅, {A(a), A(b)}))
has only models where the first interpretation has a cardinality of at most two, i.e., it
is allowed that aI0 ̸= bI0 , whereas the domain of the second interpretation must be a
singleton, i.e., aI1 = bI1 . For constructing I ′

0, . . . , I ′
n, the final step is to identify all

individual names in the domains.
The remainder of the proof is similar to what has been shown by Lippmann for the case

of infinite words [Lip14, Lemma 5.18]. For this, we define the propositional abstraction of
a temporal interpretation I of length m as PA(I) = ({pφ | φ ∈ CQ(Φ), Ii |= φ})i∈{0,...,m}.
From the similarities in the semantics of LTLf and TCQs it follows that

I, i |= Φ iff PA(I), i |= PA(Φ) (4.2)

for any i ∈ {0, . . . ,m} and TCQ Φ, which can be shown by induction: For a CQ ψ,
PA(ψ) = pψ, and hence I, i |= ψ iff pψ ∈ {pφ | φ ∈ CQ(Φ), Ii |= φ} = PA(I)i iff
PA(I), i |= PA(ψ). For the induction step, consider a TCQ Φ. For TCQs Φ1 and Φ2, the
followings cases must be considered:

• I, i |= ¬Φ1 iff I, i ̸|= Φ1 and, by the induction hypothesis, PA(I), i ̸|= PA(Φ1) iff
PA(I), i |= PA(¬Φ1),

• I, i |= Φ1 ∨ Φ2 iff I, i |= Φ1 or I, i |= Φ2 and, by the induction hypothesis,
PA(I), i |= PA(Φ1) or PA(I), i |= PA(Φ2) iff PA(I), i |= PA(Φ1 ∨ Φ2),

• I, i |= Φ1 iff i < m and I, i+ 1 |= Φ1 and, by the induction hypothesis, PA(I), i+
1 |= PA(Φ1) iff i < m and PA(I), i+ 1 |= PA(Φ1) iff PA(I), i |= PA( Φ1), and

• I, i |= Φ1 UΦ2 iff there is a k ∈ [i,m] s.t. I, k |= Φ2 and I, j |= Φ1 for all j ∈ [i, k)

and, by the induction hypothesis, PA(I), k |= PA(Φ2) and PA(I), j |= PA(Φ1) iff
there is a k ∈ [i,m] s.t. PA(I), k |= PA(Φ2) and PA(I), j |= Φ1, for all j ∈ [i, k) iff
PA(I), i |= PA(Φ1 UΦ2).
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From Equation (4.2), it follows that Points 1 and 2 of Lemma 4.1.1 imply satisfiability
of Φ w.r.t. K: Consider I = (Ii)i∈{0,...,n} with Ii given by Point 1, which asserts I to be
a model of K. For this, the introductory assumption of each Ii having the same domain
must hold. By Point 2, PA(I) |= PA(Φ). Equation (4.2) then yields I |= Φ.

It remains to show the other direction, i.e., satisfiability of Φ w.r.t. K implies ex-
istence of the mentioned sequence X0, . . . , Xn of subsets of CQ(Φ). Let I be a tem-
poral interpretation with I |= K and I |= Φ, and i ∈ {0, . . . , n}. Consider now
Xi = {φ ∈ CQ(Φ) | Ii |= φ}. Point 1 is satisfied by the non-temporal interpreta-
tions contained in I: Ii |= Ki holds by the assumption that I is a model of K, and Ii |= φ

for every φ ∈ Xi holds by construction of Xi. Additionally, Ii ̸|= φ for φ ̸∈ Xi is given,
as otherwise, i.e., in case Ii |= φ, φ would have been in Xi. Point 2 follows from the
construction of Xi and Equation (4.2). □

We now show how we implement the check of Point 1 of Lemma 4.1.1, similarly to what
has been done by Lippmann [Lip14, Theorem 5.10]. We first remark that Lemma 4.1.1
does not enforce a connection between the interpretations I0, . . . , In, meaning that the
checks at different time points are independent of each other. By the natural connection
between satisfiability and entailment, we can leverage an engine for answering disjunctions
of CQs over non-temporal ALC KBs checking Point 1, i.e., computing certK(Φ) for
K = (O,D) and Φ a disjunction of CQs. For doing so, we associate with every Boolean
CQ φ its canonical database Dφ, which is the set of all conjuncts that occur in φ, i.e.,
Dφ := {v(α) | α ∈ Atoms(φ)}, where v(α) replaces in α any quantified variable name of
φ with a unique, fresh individual name w.r.t. K. Then, Point 1 of Lemma 4.1.1 can be
reduced to UCQ checks in conjunction with canonical databases. Note that we do not
make the UNA – Lippmann additionally shows how to incorporate the UNA in such a
setting, if desired [Lip14, Theorem 5.10].

Lemma 4.1.2 ([Wes+24a])

Let X be a set of Boolean CQs and K = (O,D) a KB over a DL between ALC and
SRIQ(D). The following two statements are equivalent for every subset Z ⊆ X:

(a) There is a model I of K s.t. I |= φ for every φ ∈ Z, and I ̸|= φ for every φ ∈ X \Z.

(b) (O,D′) ̸|=
∨
φ∈X\Z φ where D′ is the union of D with Dφ for each φ ∈ Z (with

variables across different Dφ suitably renamed).

Example 4.1.4

Assume the example set of CQs X = {Human(Jon), Pedestrian(Jon)}. If we desire
checking satisfiability of the overall TCQ ¬Φex (Jon) w.r.t. (Oh,Dh) from Example 3.2.4
via Lemma 4.1.1, we might encounter the subset X0 = {Human(Jon)} ⊂ X. We can
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now use Lemma 4.1.2 to check Point 2 of Lemma 4.1.1 by assessing whether (Oh,Dh ∪
{Human(Jon)}) ̸|= Pedestrian(Jon). The query is, however, entailed, as Jon must be a
pedestrian in (Oh,Dh), and hence X0 does not satisfy Point 2 of Lemma 4.1.1.

Proof 4.1.2 (of Lemma 4.1.2)

Let X be a set of Boolean CQs, Z ⊆ X, and K = (O,D) a KB as mentioned in the
Lemma. We first show that Point (b) is equivalent to there being an interpretation J with
(i) J |= K, (ii) J ̸|= φ for all φ ∈ X \Z, and (iii) J |= Dφ for all φ ∈ Z: By definition of
entailment, Point (b) holds iff there is no interpretation J for which (O,D′) ̸|= J or J |= φ

for some φ ∈ X \Z, which in turn holds iff there is an interpretation J with J |= (O,D′)

and J ̸|= φ for all φ ∈ X \ Z. Additionally, J |= (O,D′) iff J |= K and J |= Dφ for all
φ ∈ Z.

The proof of Lemma 4.1.2 is split in two directions. Let us first assume Point (b), i.e.,
the existence of an interpretation J with the mentioned properties (i) to (iii). Point (a)
requires, besides properties (i) and (ii), also J |= φ for every φ ∈ Z. By definition,
J |= Dφ iff for all atoms α ∈ Atoms(φ) it holds that J |= v(α) where v replaces any
quantified variable with a fresh individual name. Consider π : Var(φ)∪ Ind(φ) → ∆J with
π(a) = aJ for any individual a and π(x) = (v(x))J for any variable x. As J |= Dφ, it holds
that π(x) ∈ CJ for all C(x) ∈ Atoms(φ) and (π(x), π(x)′) ∈ rJ for all r(x, x′) ∈ Atoms(φ),
which is equivalent to J |= φ. Thus, J satisfies all requirements of Point (a).

For the other direction, assume Point (a), i.e., there is an interpretation I with I |= K,
I |= φ for every φ ∈ Z, and I ̸|= φ for every φ ∈ X \ Z. Proving Point (b) amounts
to showing properties (i) to (iii) hold, where (i) and (ii) are trivially satisfied by any
interpretation that extends I by fresh individual names only. For property (iii), we hence
define J as an extension of I. Recall that I |= φ iff π : Var(φ) ∪ Ind(φ) → ∆I with
π(a) = aI for all individuals a, π(x) ∈ CI for all C(x) ∈ Atoms(φ), and (π(x), π(x)′) ∈ rI

for all r(x, x′) ∈ Atoms(φ). We define J = (∆I ∪ {v(x) | x ∈ Var(φ), φ ∈ Z}, ·I ∪
{(v(x), π(x)) | x ∈ Var(φ), φ ∈ Z}). Let φ ∈ Z and α ∈ Atoms(φ). If α = C(x), it follows
from the assumption that π(x) ∈ CI and hence (v(x))J = π(x) ∈ CJ , i.e., J |= C(v(x)).
The case of α = r(x, x′) is analogous and therefore J is a model of all axioms in the
canonical database of φ, i.e., J |= Dφ, implying Point (b). □

Lemma 4.1.2 hence gives us a way to use UCQ answering algorithms for Point 1 of
Lemma 4.1.1.

For Point 2 of Lemma 4.1.1, we can rely on the established means of checking the
LTLf word problem by translation to an FA and a reachability check w.r.t. its final
states. Recall that Point 2 amounts to checking whether the sequence of propositions
corresponding to the satisfied queries (a finite word) satisfies the propositional abstraction
of the TCQ (an LTLf formula). Such an LTLf formula ψ over propositional variables P
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can be represented by a deterministic or nondeterministic FA Aψ over the alphabet 2P

s.t. for any τ ∈ (2P)∗ it holds that τ |= ψ iff τ ∈ L(Aψ) [GV13].

The transformation of LTLf to nondeterministic FAs is worst-case exponential – any
LTLf formula can be linearly translated into an equivalent Alternating Finite Automaton
(AFA), for which a corresponding nondeterministic FA with exponentially many states
can be created. For deterministic FA, we contrarily have a worst-case doubly-exponential
transformation [GF21]. For example, we can again linearly convert an LTLf formula
to an AFA, which can then be converted to a deterministic FA with worst-case doubly-
exponential state space [CKS81]. There is, in general, no efficient conversion of LTLf

formulae to FAs. Despite that, several viable implementations were proposed [Zhu+17;
Ban+20; GF21]. All of them have in common that they rely on deterministic instead of
nondeterministic FA, as they make heavy use of intermediate minimization steps to achieve
adequate performance – or, in some cases, even timely termination [KMS02, Section 4.3].
Since minimization of nondeterministic FA is PSpace-complete [JR93], state-of-the-art
algorithms perform a preliminary determinization step prior to minimization. Due to this
reason, our practical implementation presented later will rely on deterministic FA as well.

The subsequently presented TCQ answering algorithm, however, assumes the general
case of having a nondeterministic FA with a transition relation. This implies that it can
also be directly used with deterministic FAs (by simply encoding the transition function
as a relation). In the following, we thus refer simply to FAs. To conclude, Point 2 of
Lemma 4.1.1 can be checked by means of a reachability check of the final states in the
FA Aψ under the sequence of the CQs X0, . . . , Xn identified in Point 1 of Lemma 4.1.1.

Example 4.1.5

Figure 4.2 shows the FA for the LTLf formula PA(¬Φex (x)), i.e., APA(¬Φex (x)). The
transitions are labeled using a symbolic encoding, where Boolean formulae over the
propositions indicate a transition for each model of the formula. For example ¬pHuman(x)
represents the transitions ∅ and Pedestrian(x). This encoding can be exponentially
more succinct than the explicit one assumed by the definitions above and is subsequently
used for ease of presentation.
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q0 q1 q2

pHuman(x) ∧ ¬pPedestrian(x)

pHuman(x) ∧ pPedestrian(x)

¬pHuman(x)

pHuman(x)

¬pHuman(x)

true

Figure 4.2: An FA representing the temporal structure of PA(¬(□Human(x) ∧
♢Pedestrian(x))).

The language of APA(¬Φex (x)) contains exactly the words described in Example 4.1.2.
Note that the given automaton is already deterministic and minimal – there is no
deterministic FA with two states accepting L(APA(¬Φex (x))).

4.1.2 Automaton-Based Algorithm

We now present an algorithm that computes the set of certain answers by using the
introduced indirection through satisfiability. A direct implementation of the adapted
framework of Baader et al. (given in Lemma 4.1.1) is, however, highly impractical, as
it involves guessing possible sequences of CQs and, for each, checking whether Points 1
and 2 are satisfied. We hence contribute a novel, practical approach to implementing
Lemma 4.1.1, namely, by a constructive technique for building the sequence X0, . . . , Xn

that relies in each step on the already identified subsequence X0, . . . , Xi−2 to find the
new Xi−1, for i ∈ {1, . . . , n+ 1}.

Our basic procedure for computing certK(Φ(x⃗)) is depicted in Algorithm 1, taken from
Westhofen et al. [Wes+24a]. Intuitively, it identifies an abstraction of all possible “runs”
X0, . . . , Xn in a step-by-step fashion by using FA states and checks Points 1 and 2 of
Lemma 4.1.1 in each step. For this, the algorithm first constructs the FA APA(¬Φ(x⃗)) for the
negated propositional abstraction of Φ(x⃗) in order to reduce entailment to satisfiability as
described earlier. The core data structure is the function S : Ind(K)|x⃗|×{0, . . . , n+1} → Q,
where S(⃗a, i) contains all states of the FA we can reach after i steps for each answer
candidate a⃗. At time i > 0, we put a state q in S (⃗a, i) iff there is a sequence X0, . . . , Xi−2

that satisfies Point 1 of Lemma 4.1.1 and it can be extended by Xi−1 s.t. it satisfies Point 2
as well. For this, the algorithm initializes S with q0 for all candidates a⃗. It then computes
S(⃗a, i) by checking for which previously reachable states q ∈ S(⃗a, i− 1) – behind which
lies a valid sequence X0, . . . , Xi−2 – there is a predicate P for which Xi−1 = {φ | pφ ∈ P}
completes the sequence. Note that it is not necessary to store the sequences X0, . . . , Xi−1

explicitly, as it suffices to work only on the states that generated the sequences.
The newly identified subset Xi−1 ⊆ CQ(Φ(x⃗)) has two properties: First, it satisfies

Point 1 of Lemma 4.1.1, which is done by the central test Sat
Ki−1

¬Φ(a⃗)(·) in Line 7. This
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Algorithm 1 Computing certain answers to TCQs [Wes+24a].
Input: TCQ Φ(x⃗), TKB K = (O, (D)i∈{0,...,n})

Output: certK(Φ(x⃗))

1: (Q,Σ, q0,∆, F ) := APA(¬Φ(x⃗))

2: Initialize S(⃗a, 0) := {q0} for all a⃗ ∈ Ind(D)|x⃗|

3: for i := 1 to n+ 1 do
4: for a⃗ ∈ Ind(D)|x⃗| do
5: S(⃗a, i) := ∅
6: for q ∈ S(⃗a, i− 1) do
7: S(⃗a, i) := S(⃗a, i) ∪ {q′ ∈ Q | (q, P, q′) ∈ ∆ and Sat

Ki−1

¬Φ(a⃗)({φ | pφ ∈ P})}
8: end for
9: end for

10: end for
11: return {a⃗ ∈ Ind(D)|x⃗| | S(⃗a, n+ 1) ∩ F = ∅};

requires checking a condition of shape (a) in Lemma 4.1.2, which we do by using its
reformulation as shape (b). This allows us to use a non-temporal query engine for UCQs.
Note that this is more involved than answering each disjunction separately, a problem
already known to the DL community. For correctly answering UCQs, we require a
reformulation of the disjunction into Conjunctive Normal Form (CNF) and then answer
each conjunct separately as described by Horrocks et al. [HT00]. For a Boolean TCQ Φ

and set Z ⊆ CQ(Φ), we define SatKΦ(Z) as true iff K and Z pass the test in Point (b) of
Lemma 4.1.2 and thus Point 1 of Lemma 4.1.1.

The second required property of Xi−1 is to allow a completion of X0, . . . , Xi−2 into
what eventually becomes the sequence X0, . . . , Xn that satisfies the temporal constraint
of Point 2 of Lemma 4.1.1. The algorithm ensures this by taking only valid successor
states (q, P, q′) ∈ ∆ in the FA. Note that the algorithm must use a nondeterministic
interpretation even when given a deterministic FA, as DLs allow two different subsets
of CQs Xk and Xl to be satisfiable under the same data. Therefore, for a given time,
data point, and state, multiple states might be reachable even in a deterministic FA; we
therefore simply assume a transition relation in Line 1.

Finally, the algorithm returns all a⃗ for which no final state is reachable after n+1 steps.
This means that there is a sequence of transitions (q0, P0, q1) ∈ ∆, . . . , (qn, Pn, qn+1) ∈ ∆

with qn+1 ̸∈ F for which the induced sequence of CQ subsets {φ | pφ ∈ P0}, . . . , {φ |
pφ ∈ Pn+1} satisfies Points 1 and 2 Lemma 4.1.1. It therefore follows that the algorithm
accepts exactly those candidates a⃗ not satisfying the negated query and thus a⃗ ∈ certK(Φ).

We can apply some standard improvements on Algorithm 1. For example, one can
work directly on a minimal FA or remove a⃗ from the candidates if S(⃗a, i) contains an
accepting sink, i.e., an accepting state for which no other state is reachable, which means
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that a⃗ must always satisfy the negated TCQ. Additionally, in practice, we of course rely
on symbolically instead of explicitly encoded transitions.

Example 4.1.6

Let us again consider the example TCQ Φex (x), for which the FA of its negated proposi-
tional abstraction is given in Figure 4.2. The algorithm identifies a candidate (a, b) as a
certain answer iff the FA ends up in state q1 in all possible runs, according to the TKB.
Recall that multiple transitions might be satisfiable at any given time, e.g., the empty KB
satisfies the transitions ¬pHuman(x) and pHuman(x) ∧ ¬pPedestrian(x) of state q0. Therefore, it
is not sufficient to search for a run of the FA that ends up in q1; rather, all runs have to
finish there. The only way to achieve this is for the FA to not stay in q0 or q2. For this, it
has to eventually change from q0 to q1 by having neither Human(a)∧¬Pedestrian(a) nor
¬Human(a) but Human(a) ∧ Pedestrian(a) satisfiable. The FA shall then stay solely in
q1 with only Human(a) satisfiable for the remainder. It can then be concluded that (a, b)

must be a certain answer to Φex (x).

The correctness of the overall formal approach to answering TCQs via FAs has been
already shown in Lemma 4.1.1. It remains to show that Algorithm 1 does, in fact,
implement the framework sketched in Lemma 4.1.1, for which correctness has already
been shown in Proof 4.1.1.

Theorem 4.1.1 (Correctness of Algorithm 1)

For a TCQ Φ(x⃗) and TKB K = (O, (Di)i∈{0,...,n}) over a DL between ALC and SRIQ(D),
Algorithm 1 returns certK(Φ(x⃗)).

Proof 4.1.3 (of Theorem 4.1.1)

Let Φ(x⃗) be a TCQ and K = (O,D) a TKB. For a candidate a⃗ ∈ Ind(D)|x⃗|, a⃗ ∈ certK(Φ(x⃗))

is equivalent to ¬Φ(⃗a) not being satisfiable w.r.t. K, which again is equivalent to APA(¬Φ(a⃗))

having no path q0
P0→ q1 . . . qn

Pn→ qn+1 with qn+1 ∈ F and, for any i ∈ {0, . . . , n},
SatKi¬Φ(a⃗)({φ ∈ CQ(Φ(⃗a)) | pφ ∈ Pi})}. The first equivalence is asserted by Equation (4.1).
The second equivalence holds as Points 1 and 2 of Lemma 4.1.1 are respected: Since
any Pi on the path satisfies SatKi¬Φ(a⃗)({φ ∈ CQ(Φ(⃗a)) | pφ ∈ Pi})} by assumption and Sat

implements the check defined in Point (b) of Lemma 4.1.2, the sequence X0, . . . , Xn with
Xi = {φ ∈ CQ(Φ(⃗a)) | pφ ∈ Pi} satisfies Point 1 of Lemma 4.1.1. Moreover, Point 2 of
Lemma 4.1.1 is directly implied by the correctness of APA(¬Φ) [GV13], i.e., for any path

in q0
P0→ q1 . . . qn

Pn→ qn+1 with qn+1 ∈ F , P0 . . . Pn |= ¬PA(Φ(⃗a)).
It hence remains to show that Algorithm 1 checks wether no such path q0

P0→ q1 . . . qn
Pn→

qn+1 with the constraints mentioned above exists. For convenience, we assume that the
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iteration over all candidates a⃗ ∈ Ind(D)|x⃗| (Line 4) is given as an outermost loop and
hence the algorithm examines a Boolean query Φ(⃗a). Consider the sequence of states
q0 ∈ S (⃗a, 0), . . . , qn+1 ∈ S (⃗a, n+ 1). For any pair qi, qi+1, i ≤ n, it holds that there exists
some Pi s.t. (qi, Pi, qi+1) ∈ ∆ by the correct selection of qi in Lines 3 and 6 and the check
of the transition relation ∆ in Line 7. The call to Sat in Line 7 ensures that any such
Pi satisfies SatKi¬Φ(a⃗)({φ ∈ CQ(Φ(⃗a)) | pφ ∈ Pi})}. Finally, the acceptance condition in
Line 11 corresponds to rejecting any path which does not adhere to the above construction
or for which qn+1 ∈ F . Hence, Algorithm 1 checks whether no path through the FA
with the mentioned constrains exists. The preliminary equivalences hence assert that
Algorithm 1 returns exactly any candidate for which a⃗ ∈ certK(Φ(x⃗)) holds. □

4.1.3 Computational Complexity

We conclude the discussion of Algorithm 1 by showing that it uses exponential time over
TKBs with ALC-ontologies when used with nondeterministic FAs. As TCQ entailment
is ExpTime-complete for ALC, Algorithm 1 can offer optimal run time. Optimality
here refers to the fact that the run time of Algorithm 1 matches the proven lower
bound for the complexity of the underlying entailment problem. In practice, however,
deterministic FAs are often a more feasible choice (for reasons discussed above), and
therefore, software implementations might exhibit a doubly-exponential dependency on
the LTLf formula due to its conversion into a deterministic FA. In theory, this can be
avoided with nondeterministic FAs, which is hence what the following discussion assumes.

Theorem 4.1.2

For a TCQ Φ(x⃗) and an ALC-TKB K = (O, (Di)i∈{0,...,n}), Algorithm 1 runs in exponential
time.

Proof 4.1.4 (of Theorem 4.1.2)

Algorithm 1 first constructs APA(¬Φ(x⃗)), which can be done in exponential time if the
automaton is nondeterministic [GV13]. Subsequently, given the assumed explicit transition
encoding, it executes the automaton under the data, thereby checking, for each of the
n+ 1 time points and |Ind(D)|x⃗|| many individuals, a transition from any state in Q to
some other state in Q labeled with some subset of propositions. Note that the set of
reachable states is bounded by the automaton’s state space and hence at most exponential
in the size of the query: |S(⃗a, i)| ≤ |Q| ∈ O(2|¬Φ(x⃗)|) for any i ≤ n + 1. Formally, this
leads to, at most,

(n+ 1) · |Ind(D)|x⃗|| · |Q|2 · 2|CQ(Φ(x⃗))|

calls to Sat
Ki−1

¬Φ(a⃗).
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We can show that Sat
Ki−1

¬Φ(a⃗)({φ | pφ ∈ P}) for a given transition (q, P, q′) ∈ ∆ and
i ∈ {1, . . . , n+ 1} has an exponential run time: Recall that this function tests whether
(O,D) and Z = {φ ∈ CQ(Φ(⃗a)) | pφ ∈ P} pass Point (b) of Lemma 4.1.2, i.e., checking
whether (O,D′) ̸|=

∨
φ∈CQ(Φ(a⃗))\Z φ, where D′ is the union of D with the canonical

database Dφ for each φ ∈ Z (with variables across different Dφ suitably renamed).
Note that |D′| ≤ |D|+ |CQ(Φ(⃗a))| · |Atoms(Φ(⃗a))| and |

∨
φ∈CQ(Φ(a⃗))\Z φ| ≤ |CQ(Φ(⃗a))| ·

|Atoms(Φ(⃗a))|, i.e., the input to the UCQ entailment problem is polynomial w.r.t. K and
Φ(⃗a). For ALC, UCQ entailment is ExpTime-complete [Ort10, Theorem 6.5.1], and hence
Sat

Ki−1

¬Φ(a⃗)({φ | pφ ∈ P}) runs in exponential time as well. □

Note that UCQ entailment can become 2ExpTime-complete for more complex DLs, such
as ALCHI [Ort10, Theorem 6.5.2] or SHIQ [Gli+08, Corollary 33]. The computational
complexity of Algorithm 1 is therefore influenced by the underlying DL.

4.1.4 Leveraging Conjunctive Query Answering

In the above specified version, Algorithm 1 has practical applicability, but still leaves
open the question of how to efficiently handle the many answer candidates. Of these,
in practice, only few are entailed. Any of the candidates is considered individually by
Algorithm 1, for which then a similar task (checking query satisfiability) is performed. To
avoid this, we can leverage existing systems that implement efficient algorithms specifically
tailored towards answering CQs over standard (non-temporal) KBs in order to avoid
expensive UCQ checks. They are often able to operate on large sets of candidates instead
of considering each candidate separately by using the techniques described in Section 3.2.2,
such as binary instance retrieval [SP06].

As a motivation, consider again the FA in Figure 4.2, where q2 ∈ S (⃗a, i) for all a⃗, i for
which ¬Human(⃗a) is satisfiable w.r.t. (O,Di−1). This is, however, equivalent to checking
(O,Di−1) ̸|= Human(⃗a). As q2 is an accepting sink, we can hence simply identify the certain
answers to the CQ Human(x) using the efficient systems described in Section 3.2.2 and then
instantly reject all candidates that are not within the set of certain answers. In practice,
many candidates will satisfy this requirement, as entailment requires strong axiomatization
of the ontology or data. This allows us to (ideally) filter out many candidates early on
and therefore greatly reduce the run time of Algorithm 1.

The concept of extracting certain (non-)answers by answering the CQs occurring in
the edges has been generalized by Westhofen et al. [Wes+24a]. We directly see that some
satisfiability checks of Algorithm 1 can be fully replaced by a call to a CQ engine, e.g.,
checking satisfiability of ¬Human(x) as above. This is obviously not possible for all checks.
But even for more complicated queries, such as ¬Human(x)∧Pedestrian(x), it is possible
to use CQ answering to extract information on satisfiability. Let us assume a succinctly
encoded edge α =

∧
pφ∈P0

¬pφ ∧
∧
pφ∈P1

pφ for P0, P1 ⊆ P (as in Figure 4.2). At a given



4.1 An Automaton-Based Approach 109

time i, a CQ engine can then compute certKi(φ) for all φ ∈ {ψ | pψ ∈ P0} ∪ {
∧
pψ∈P1

ψ}.
This allows us to conclude the following on satisfiability:

1. for all a⃗ ̸∈ certKi(φ): ¬φ(⃗a) is satisfiable w.r.t. Ki (by duality of non-entailment
and satisfiability);

2. for all a⃗ ∈ certKi(φ): φ(⃗a) is satisfiable (as entailment implies satisfiability) and
and ¬φ(⃗a) is unsatisfiable w.r.t. Ki (again by duality).

Subsequently, we can transfer this newly gained satisfiability information to the satisfia-
bility of the overall edge α as per Table 4.1. Similar to the function Sat

Ki−1

¬Φ(a⃗) for checking

Table 4.1: Transferability of the satisfiability information of a candidate a⃗ and CQ φ to
the satisfiability of a⃗ for an edge α containing φ. ✓ indicates satisfiability, x
unsatisfiability, and ? no transfer being possible.

Shape of edge α φ(⃗a) unsatisfiable φ(⃗a) satisfiable

α = φ ✗ ✓

α = ¬φ ✓ ✗

φ ∈ α ✗ ?
¬φ ∈ α ✓ ?

satisfiability of an explicitly encoded edge, we call the function that returns the values
described in Table 4.1 SatApprox

Ki−1

¬Φ(a⃗)(α, a⃗) for a symbolically encoded edge α and an
answer candidate a⃗.

It remains to incorporate SatApproxKi−1

¬Φ(a⃗)(α, a⃗) into Algorithm 1. For this, the main idea
is to perform a prior, under-approximating traversal of the FA. Whereas Algorithm 1 uses
the central data structure S (⃗a, i) to store the set of reachable states for candidate a⃗ after
i steps, we now use sets R(⃗a, i) ⊆ S(⃗a, i) and U (⃗a, i) ⊆ Q \ S(⃗a, i) to under-approximate
the reachable and unreachable states, respectively.

Algorithm 2 shows how the sets R and U are constructed prior to running Algorithm 1.
While the principle for constructing R based on satisfiability knowledge in Line 9 is similar
to how Algorithm 1 builds S in Line 7, unsatisfiability knowledge requires adaptations.
Firstly, we can only add q′ to U (⃗a, i) if all states q with edges to q′ also agree on
unsatisfiability of a⃗ at time i (Lines 16 to 20). Secondly, unsatisfiability generates new
satisfiability information: for a reachable state and candidate we know that if all but one
of its successor states are unreachable, the single state on which no information is present
must be reachable (Lines 22 to 26).

When implementing Algorithm 2, further optimizations can be added: Sinks, i.e., states
where the only successor state is the state itself, must not be checked; (un)reachability
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Algorithm 2 Computing the reachable and unreachable states R and U .
Input: TCQ, TKB K = (O, (D)i∈{0,...,n})

Output: functions R,U : Ind(K)|x⃗| × {0, . . . , n} → Q

1: (Q,Σ, q0,∆, F ) := APA(¬Φ)

2: C := Ind(D)|x⃗|

3: Initialize R(⃗a, 0) := {q0} and U (⃗a, 0) := Q \ {q0} for all a⃗ ∈ C

4: for i := 1 to n+ 1 do
5: for a⃗ ∈ C do
6: ▷ Computes reachable states and unsatisfied transitions
7: R(⃗a, i), U ′(q, a⃗, i) := ∅
8: for q ∈ R(⃗a, i− 1) do
9: R(⃗a, i) := R(⃗a, i) ∪ {q′ ∈ Q | (q, α, q′) ∈ ∆ and SatApprox

Ki−1

¬Φ(a⃗)(α, a⃗) = ✓}
10: U ′(q, a⃗, i) := {q′ ∈ Q | (q, α, q′) ∈ ∆ and SatApprox

Ki−1

¬Φ(a⃗)(α, a⃗) = ✗}
11: end for
12: ▷ Computes unreachable states:
13: ▷ a) by being “too far away” and thus trivially unreachable
14: U (⃗a, i) := {q ∈ Q | there is no path q0 →j q with j ≤ i}
15: ▷ b) by unreachability based on unsatisfiability agreement of all valid transitions
16: for q′ ∈ Q do
17: if q′ ∈ U ′(q, a⃗, i) for all q with (q, ·, q′) ∈ ∆ and q0 →j q for some j < i then
18: U (⃗a, i) := U (⃗a, i) ∪ {q′}
19: end if
20: end for
21: ▷ Bonus: Adds state as reachable if there is a transition from a reachable state

for which all other transitions lead to an unreachable state
22: for q ∈ R(⃗a, i− 1) do
23: if there is a q′ s.t. (q, ·, q′) ∈ ∆ and all q′′ ̸= q′ with (q, ·, q′′) ∈ ∆ satisfy

q′′ ∈ U (⃗a, i) then
24: R(⃗a, i) := R(⃗a, i) ∪ {q′}
25: end if
26: end for
27: end for
28: end for
29: return R,U ;

information can simply be copied from the last time point. For clarity and comparability
with Algorithm 1, the candidate iteration is made explicit in Algorithm 2. When using a
CQ answering engine for implementing SatApprox, the algorithm can be restructured to
more efficiently operate on candidate sets instead of using an explicit iteration. While
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the above proposal stores (un)satisfiabiltiy information for FA states, practical implemen-
tations may opt to also store this information for the constraints on the edges of the FA,
further alleviating the burden on the subsequent full traversal.

Algorithm 1 can now be adapted to incorporate the returned reachable and unreachable
states R and U from Algorithm 2. First, it can already extract some certain answers from
U and some certain non-answers from R, namely the sets {a⃗ ∈ C | U (⃗a, n+ 1) ⊇ F} and
{a⃗ ∈ C | R(⃗a, n+ 1) ⊆ F}, respectively. These candidates are not considered anymore
during the main iteration of Algorithm 1. Second, the algorithm can re-use cached answers
to CQs in the first traversal: Instead of initializing S (⃗a, i) with ∅ in Line 5 of Algorithm 1,
we set S(⃗a, i) to R(⃗a, i). Then, in Line 7, we do not require checking reachability of
the successor states q′ ∈ Q that are already contained in S(⃗a, i) or for which we have
unreachability information, i.e., are in U (⃗a, i).

Example 4.1.7

Consider again the example Boolean TCQ Φex (Jon) over the TKB Kt. The corresponding
FA of the negated TCQ is given in Figure 4.2. We now demonstrate that the CQ
optimization can avoid some (but not all) UCQs checks. The optimized algorithm first
computes the sets R(Jon, 1) = ∅, U(Jon, 1) = {q2}, R(Jon, 2) = U(Jon, 2) = ∅. We
gained the information U(Jon, 1) = {q2} as Jon is guaranteed to be a Human at any time
point and hence cannot satisfy the sink state. The information that q2 is not reachable in
the first iteration is not sufficient to conclude entailment yet, and a full run is required.
This full run can now reuse the information that q2 is unreachable in iteration i = 1, and
thus a lower number of query entailment checks are required. However, during the full
run, we still need to check whether q0 and q1 are valid successors to q0, as acceptance of
the given data differs between both states.

4.2 A Rewriting-Based Approach

While the FA-based algorithm has theoretically optimal run time, we cannot expect
nondeterministic FAs to be available in software implementations (as discussed above).
In practice, we therefore must assume the traversed FA to be deterministic. Alas, even in
its optimized variant, Algorithm 1 in combination with deterministic FAs still exhibits
inefficient behavior: Despite the aim of avoiding UCQs, it unnecessarily relies on UCQ
checks, which are, in practice, more expensive to answer than CQs.

These unnecessary UCQ checks can be exemplified using the above Example 4.1.7.
Note that the deterministic FA of Figure 4.2 contains two conjunctions of CQs on the
edges outgoing from q0. Indeed, satisfiability of both conjunctions must be checked on
Kt, even when using the CQ optimization. While the algorithm was able to conclude
that q2 is unreachable from q0 and q1, a full run was required to assess whether to accept
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the given data or not, i.e., whether q0 or q1 are reachable from q0. For this, the full
run requires checking the satisfiability of the queries Human(Jon) ∧ ¬Pedestrian(Jon)
and Human(Jon) ∧ Pedestrian(Jon), which both entail UCQ checks. The latter, e.g.,
is translated per Lemma 4.1.1 to non-entailment of ¬Human(Jon) ∨ ¬Pedestrian(Jon),
which is a UCQ.

Yet, it can be proven that, in fact, no UCQ checking is required for answering the given
TCQ and TKB, as the following equivalence holds:

Kt |= □Human(Jon) ∧ ♢Pedestrian(Jon) ⇐⇒
Kt |= (Human(Jon) ∧ Human(Jon)) ∧ (Pedestrian(Jon) ∨ Pedestrian(Jon))

Note that the only disjunction within the equivalent formula, namely Pedestrian(Jon)∨
Pedestrian(Jon), is not a UCQ as both disjuncts refer to different time points. Their

results can hence be safely combined without the interaction between disjuncts that is
possible in expressive DLs.

Using the equivalent query from above, a correct procedure for checking □Human(Jon)∧
♢Pedestrian(Jon) over Kt can be devised:

1. Translate □Human(Jon) ∧ ♢Pedestrian(Jon) to (Human(Jon) ∧ Human(Jon)) ∧
(Pedestrian(Jon) ∨ Pedestrian(Jon)),

2. check if (Kt)0 |= Human(Jon) (true) and (Kt)0 |= Pedestrian(Jon) (false),

3. check if (Kt)1 |= Human(Jon) (true) and (Kt)1 |= Pedestrian(Jon) (true),

4. substitute these results in (Human(Jon) ∧ Human(Jon)) ∧ (Pedestrian(Jon) ∨
Pedestrian(Jon)), leading to (true ∧ true) ∧ (false ∨ true), and

5. evaluate the LTLf formula; which yields an “entailed” overall.

This shows that Kt |= □Human(Jon)∧♢Pedestrian(Jon) can be decided without answer-
ing UCQs. Yet, as demonstrated above, the optimized automaton-based approach of
Section 4.1 checks UCQs when traversing the deterministic FA.

4.2.1 Rewriting Algorithm

Practical experience with Algorithm 1 shows that UCQ checks are more expensive than
the highly optimized CQ answering procedure presented in Section 3.2.2. This is also
the rationale behind the improvement given by Algorithm 2. However, on the example
above, even this optimized version used UCQ checks despite them being not required for
answering the query. Therefore, a novel algorithm for answering TCQs that uses UCQs
more sparingly is in order. For this, we generalize the rewriting approach used in the
example above.
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Rewriting

As demonstrated in Step 1 of the above example, it is straightforward to translate the
temporal operators in the query step-by-step into / -sequences. Care has to be taken,
however, to ensure that it is possible to combine the answers to subformulae (as done in
Step 4 of the example above). The expressiveness of the employed DLs can lead to cases
where, e.g., disjuncts interfere with each other, and checking both disjuncts separately
leads to incorrect results. As a motivation, take the query A(a) ∨ B(a) over the TKB
(C ⊑ A ⊔ B, (∅, {C(a)})). Since it contains only -operators, it does not require further
temporal expansion. Yet, for the second data point, it holds that (C ⊑ A⊔B, {C(a)}) ̸|= A(a)

and (C ⊑ A ⊔ B, {C(a)}) ̸|= B(a) and hence the overall result would yield “not entailed” as
well. This is, however, wrong, as the query is entailed. The correct way is to instead
rewrite the TCQ to (A(a) ∨ B(a)) first and then check (C ⊑ A ⊔ B, {C(a)}) |= A(a) ∨ B(a)

for the second data point. In that way, we can safely use inductive combination also for
disjunctions involving temporal operators.

Moreover, instead of completely rewriting the TCQ in one pass (as done in Step 1 of
the motivating example), we propose a step-by-step method of rewriting to an equivalent
TCQ for which the current database can be checked fully, and subsequently advancing to
the next time point. For each subformula, the rewriting procedure can be repeated. In
this way, no unnecessary rewriting is performed. For example, encountering a conjunct
with no certain answers allows discarding the other conjunct completely.

The presented rewriting procedure, called Transform(Φ), hence relies on two sets of
rules: the standard expansion laws [BK08] and rules to correctly distribute over ∨.
Through both, we establish the following shape of the TCQ: Temporal formulae are
wrapped into -formulae and disjunctions have at most one temporal disjunct. This
normal form ensures that for any disjunction that is referring to the current time point
we can just inductively combine answers to its disjuncts (if it is temporal) or must only
answer a query, possibly with disjunctions and negations, over a single database (if it is
non-temporal). We call the latter queries Unions of Possibly Negated Conjunctive Queries
(UnCQs).

Definition 4.2.1 (Union of Possibly Negated Conjunctive Query)

A Union of Possibly Negated Conjunctive Queries is a Temporal Conjunctive Query
of the form

∨
i=1,...,k φi ∨

∨
j=k+1,...,l ¬φj for Conjunctive Queries φi and φj .

As a preliminary step for rewriting, we assume the input Φ to Transform to be in NNF,
where negations appear only in front of CQs. This enables us to consider negations
only when checking non-temporal queries. An NNF can be achieved in linear time by
exploiting the duality of operators. Due to this, our transformation rules must, besides
the primitives ∧, , and U , also consider their dual operators ∨, , and R.
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To achieve the normal form, Transform(Φ) applies the rules of Figure 4.3 to any
subformula in Φ not occurring within a temporal operator ( , , U , or R), until no
more rule can be fired. Rule 1 distributes next over disjunctions (as motivated earlier),
Rule 2 uses distributivity of ∨ over ∧ to establish a CNF over non-temporal and next
formulae, and Rules 3 and 4 apply the expansion law. Rule 5 allows to disregard
using last, for simplifying further operations. In general and for the transformation rules
specifically, we assume commutativity and associativity of ∨, i.e., Φ1 ∨ Φ2 = Φ2 ∨ Φ1 and
(Φ1 ∨Φ2)∨Φ3 = Φ1 ∨ (Φ2 ∨Φ3). For example, Rule 1 on A(x)∨B(x)∨ C(x) results
in B(x) ∨ (A(x) ∨ C(x)).

1. Φ1 ∨ Φ2 ⇝ (Φ1 ∨ Φ2)

2. Φ1 ∨ (Φ2 ∧ Φ3)⇝ (Φ1 ∨ Φ2) ∧ (Φ1 ∨ Φ3)

3. Φ1 UΦ2 ⇝ Φ2 ∨ (Φ1 ∧ (Φ1 UΦ2))

4. Φ1RΦ2 ⇝ Φ2 ∧ (Φ1 ∨ (Φ1RΦ2))

5. Φ⇝ last ∨ Φ

Figure 4.3: Transformation rules used by Transform(Φ) on all subformulae not wrapped
in a temporal operator [WJN25].

Transform(Φ) has two central properties that are necessary for a correct TCQ answering
algorithm. First, Lemma 4.2.1 states that the original semantics are preserved. Second,
Lemma 4.2.2 establishes a correct way of inductively computing certK≥j (Φ).

Lemma 4.2.1 ([WJN25])

I, 0 |= Φ iff I, 0 |= Transform(Φ) for any TCQ Φ and temporal interpretation I.

Lemma 4.2.2 ([WJN25])

Let Φ be a TCQ and Φ′ := Transform(Φ). Then Φ′ takes the form of a conjunction∧
k∈{1,...,u}Φk ∧

∧
l∈{u+1,...,v}Φl ∧

∧
m∈{v+1,...,w}Φm,

where each Φk is a UnCQ, each Φl = Φ′
l, and each Φm = Φ1

m ∨ Φ2
m, with Φ2

m being a
UnCQ. Moreover,

certK≥j (Φ
′) =

⋂
k∈{1,...,u} certKj (Φk) ∩⋂

l∈{u+1,...,v} certK≥j+1
(Φ′

l) ∩⋂
m∈{v+1,...,w}

(
certK≥j+1

(Φ1
m) ∪ certKj (Φ

2
m)

)
.
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Here, for a TKB K = (O, (Di∈{0,...,n})) and j ≤ n, we define K≥j := (O, (Di∈{j,...,n})). If
j > n, K≥j is undefined, and we use the convention that certK≥j (Φ) = ∅. Recall as well
that Kj := (O,Dj). We begin with proving Lemma 4.2.1, which is done by showing the
statement separately for each rewriting rule of Figure 4.3.

Proof 4.2.1 (of Lemma 4.2.1 [WJN25])

We show that applying any of the five rules does not change semantics for any temporal
interpretation I = (Ii)i∈{0,...,n}. Let i ∈ {0, . . . , n}.

1. I, i |= Φ1 ∨ Φ2 iff I, i |= Φ1 or I, i |= Φ2 iff i < n and (I, i + 1 |= Φ1 or
I, i+ 1 |= Φ2) iff i < n and I, i+ 1 |= Φ1 ∨ Φ2 iff I, i |= (Φ1 ∨ Φ2).

2. I, i |= Φ1 ∨ (Φ2 ∧ Φ3) iff I, i |= Φ1 or (I, i |= Φ2 and I, i |= Φ3) iff I, i |=
(Φ1 ∨ Φ2) ∧ (Φ1 ∨ Φ3).

3. I, i |= Φ1 UΦ2 iff there is a k ∈ [i, n] s.t. I, k |= Φ2 and I, j |= Φ1 for all j ∈ [i, k)

iff I, i |= Φ2 or
(
I, i |= Φ1, i < n, and there is a k ∈ [i + 1, n] s.t. I, k |= Φ2 and

I, i |= Φ1 and I, j |= Φ1 for all j ∈ [i+ 1, k)
)

iff I, i |= Φ2 ∨ (Φ1 ∧ (Φ1 UΦ2)).

4. I, i |= Φ1RΦ2 iff I, i |= Φ2 ∧ (Φ1 ∨ (Φ1RΦ2)) follows from the above case for U
and the definitions of R and , i.e., Φ1RΦ2 ≡ ¬(¬Φ1 U¬Φ2) ≡ ¬(¬Φ2 ∨ (¬Φ1 ∧
(¬Φ1 U¬Φ2))) ≡ Φ2 ∧ (Φ1 ∨ (Φ1RΦ2)).

5. I, i |= Φ iff i = n or (i < n and I, i + 1 |= Φ) iff I, i |= last or I, i |= Φ iff
I, i |= last ∨ Φ.

Hence, any arbitrary number of applications of the above transformation rules to a TCQ
Φ and any of its subformulae always results in a TCQ Φ′ s.t. I, 0 |= Φ iff I, 0 |= Φ′. □

It remains to show that Transform(Φ) achieves the desired normal form, and that, in
fact, the inductive combination of answers to subformulae is possible. In the subsequent
proof of Lemma 4.2.2, we show both statements.

Proof 4.2.2 (of Lemma 4.2.2 [WJN25])

Let Φ be a TCQ and Φ′ = Transform(Φ). The proof has two parts.

Part 1 – Normal Form We first show that Φ′ =
∧
k∈{1,...,u}Φk ∧

∧
l∈{u+1,...,v}Φl ∧∧

m∈{v+1,...,w}Φm where each Φk is a UnCQ, each Φl = Φ′
l, and each Φm = Φ1

m ∨Φ2
m,

with Φ2
m being a UnCQ.

First, note that Rule 2 transforms Φ′ into a conjunction of disjunctions (since Φ is
already in NNF). Moreover, Rules 3 and 4 wrap any temporal operator in some -formula,
i.e., all subformulae of Φ′ are either non-temporal or are contained in some . We thus
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have a conjunction of a) non-temporal disjunctions, i.e., UnCQs, b) temporal formulae
(that are wrapped in some -formula), or c) disjunctions that contain a temporal formula
somewhere. Cases a) and b) directly comply with the above normal form.

It remains to show for the disjunctions of case c) to always be the form Ψ′
1 ∨Ψ2 with

Ψ2 being a UnCQ (given the commutativity of ∨, we disregard the case Ψ2 ∨ Ψ′
1).

For this, let Ψ1 ∨ Ψ2 be a subformula of Φ′ not occurring in some -formulae and
containing a temporal operator. We assume w.l.o.g. the temporal operator to be in Ψ1

and below show that Ψ1 = Ψ′
1 for some TCQ Ψ′

1. By this, we directly infer that Ψ2

cannot be temporal: If Ψ2 were temporal, by above argumentation, Ψ2 = Ψ′
2, and Rule

1 would have been applicable, contradicting that Ψ1 ∨Ψ2 is a subformula of Φ′. By Rule
2, this non-temporal formula must be a UnCQ. We must hence now show that Ψ1 = Ψ′

1

for a TCQ Ψ′
1.

Since Ψ1 is in NNF and contains a temporal operator, it can neither be a negation nor
a CQ. First, consider the following possibilities on the shape of Ψ1: Ψ′

1 ∧Ψ′′
1, Ψ′

1 UΨ′′
1,

or Ψ′
1RΨ′′

1. In all cases, Φ′ has applicable rewriting Rules (2, 3, or 4, respectively),
contradicting the premise.

It remains to show that if Ψ1 = Ψ′
1 ∨Ψ′′

1, then Ψ′
1 = Ψ̂′

1. In this case, associativity of
∨ can be used to rewrite Ψ1 ∨Ψ2 to Ψ̂′

1 ∨ (Ψ′′
1 ∨Ψ2), showing the statement.

We do a proof by structural induction. Let Ψ1 be of the form Ψ′
1 ∨ Ψ′′

1 and contain
a temporal operator (which we assume w.l.o.g to be in Ψ′

1). For the base case, Ψ′
1 can

have the shape φ1, φ1 Uφ2, or φ1Rφ2 for CQs φ1, φ2. For the latter two cases, Rule 3
and 4 are still applicable, respectively, which contradicts that Ψ1 is a subformula of Φ′.
Thus, Ψ′

1 = φ1. For the induction step, Ψ′
1 cannot be of the form Θ1 ∧Θ2, Θ1 UΘ2,

or Θ1RΘ2, for TCQs Θ1,Θ2, as this contradicts that Ψ1 ∨ Ψ2 is a subformula of Φ′

(Rules 2, 3, or 4 are applicable, respectively). Hence, Ψ′
1 = Θ1, in which case the

statement is shown, or Ψ′
1 = Θ1 ∨Θ2, in which case we apply the induction hypothesis

and associativity of ∨ to transform Ψ1 to Θ′
1 ∨ (Θ2 ∨Ψ′′

1) for a TCQ Θ′
1.

Part 2 – Inductive Combination Based on the now proven normal form, it remains to
show that

certK≥j (Φ
′) =

⋂
k∈{1,...,u}certKj (Φk) ∩⋂

l∈{u+1,...,v}certK≥j+1
(Φ′

l) ∩⋂
m∈{v+1,...,w}certK≥j+1

(Φ1
m) ∪ certKj (Φ

2
m).

For the first two conjunctions, this amounts to applying semantics of ∧ and to the
previously established shape of Φ′. Note that the semantics of requires j < n for
satisfaction, which coincides with our convention that certK≥j+1

(·) = ∅ if j ≥ n. For the
last conjunction, certK≥j+1

(Φ1
m) ∪ certKj (Φ

2
m), we can safely combine answers to both

disjuncts, as they refer to disjoint times j and j+1, . . . , n. Therefor, we require respecting
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the constant domain assumption of Definition 3.4.2, i.e., ensuring answers to different time
points to be over the same domain. As shown in Proof 4.1.1, this holds up to SRIQ(D).□

Answering Unions of Possibly Negated CQs

After showing how Step 1, i.e., the rewriting step, of the motivating example can be
provably correctly generalized, it remains to compute the base case, i.e., answering non-
temporal queries (Steps 2 and 3 of the motivating example). Recall that we must answer
UnCQs of the form

∨
i=1,...,k φi ∨

∨
j=k+1,...,l ¬φj over a non-temporal KB K as the base

case. The algorithm for this, called AnswerUnCQ(K,Ψ), is defined via the established
way of reduction to UCQ entailment [BBL13]. As entailment of UnCQs is equivalent
to satisfiability of conjunctions of possibly negated CQs, we can reuse the results of
Lemma 4.1.2 (b). Specifically, Section 4.1 introduced the function SatKΦ(Z) that returns
true iff there is a model I of K s.t. I |= φ for every φ ∈ Z, and I ̸|= φ for every
φ ̸∈ Z. For answering a UnCQ Ψ(x⃗) =

∨
i=1,...,k φi ∨

∨
j=k+1,...,l ¬φj , we can hence define

AnswerUnCQ(K,Ψ(x⃗)) := {a⃗ ∈ Ind(K)|x⃗| | SatKΨ(a⃗)({φk+1(⃗a), . . . , φl(⃗a)}) is false}, with
φh ̸∈ Z iff h ∈ {1, . . . , k}. The following shows this to be correct.

Lemma 4.2.3 ([WJN25])

For a KB K and a UnCQ Ψ(x⃗) it holds that AnswerUnCQ(Ψ(x⃗),K) = certK(Ψ(x⃗)).

Proof 4.2.3 (of Lemma 4.2.3 [WJN25])

The Lemma follows directly from the definitions above and Lemma 4.1.2.

AnswerUnCQ(K,Ψ(x⃗)) = {a⃗ ∈ Ind(K)|x⃗| | SatKΨ(a⃗)({φk+1(⃗a), . . . , φl(⃗a)}) is false}

(per Lemma 4.1.2) = {a⃗ ∈ Ind(K)|x⃗| | there is no I s.t. I |= K,
I ̸|= φ1(⃗a), . . . , I ̸|= φk (⃗a),

I |= φk+1(⃗a), . . . , I |= φl(⃗a)}

= {a⃗ ∈ Ind(K)|x⃗| | for all I it holds that if I |= K then one of

I |= φ1(⃗a), . . . , I |= φk (⃗a),

I ̸|= φk+1(⃗a), . . . , I ̸|= φl(⃗a) holds}

= {a⃗ ∈ Ind(K)|x⃗| | K |= Ψ(⃗a)}
= certK(Ψ(x⃗)) □

Main Algorithm

We are now ready to derive the main algorithm for answering TCQs based on the
introduced rewriting. For this, Algorithm 3 – originally presented by Westhofen et al.
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[WJN25] – implements the recursive formula of Lemma 4.2.2. Recall that the Lemma
allows a safe decomposition of the set of certain answers for a given TCQ in NNF.

Algorithm 3 AnswerTCQ(K,Φ(x⃗), i) [WJN25]
Input: a TKB K = (O, (D)i∈{0,...,n}), a TCQ Φ(x⃗) in NNF, i ∈ N
Output: certK≥i(Φ(x⃗))

1: if i > n then return ∅ end if
2: C := Ind(K)|AVar(Φ(x⃗))|

3: Φ′ := Transform(Φ(x⃗)) // Φ′ in CNF

4: for all conjuncts Ψ in Φ′ do
5: if Ψ = Ψ′ then
6: D := AnswerTCQ(K,Ψ, i+ 1)

7: else if Ψ = Ψ1 ∨ Ψ2 or Ψ = Ψ2 ∨Ψ1 then
8: D := AnswerUnCQ(Ki,Ψ1) ∪ AnswerTCQ(K,Ψ2, i+ 1) // Ψ1 non-temporal

9: else
10: D := AnswerUnCQ(Ki,Ψ) // Ψ non-temporal

11: end if
12: C := C ∩D
13: end for
14: return C

We start by rewriting the query in Line 3, which results in a TCQ Φ′ in CNF. This
allows iterating over all conjuncts Ψ in Line 4 and combining their answers later in
Line 12. Per Lemma 4.2.2, each Ψ is either a -formula – in which case we advance to
the next time point in Line 6 – a disjunction with one disjunct being non-temporal and
the other a -formula – in which case we can combine the answers to both disjuncts as
per Lemma 4.2.2 in Line 8 – or a UnCQ – in which case we determine certKi(Ψ) by the
procedure given for Lemma 4.2.3 in Line 10. Since Algorithm 3 allows computing the set
of certain answers for a given time point i ∈ N, we must invoke the algorithm for i = 0 to
compute certK(Φ).

Example 4.2.1

For illustration of our procedure, we use the running example Φex (x) = □Human(x) ∧
♢Pedestrian(x) ≡ falseRHuman(x) ∧ trueUPedestrian(x), for which the set of certain
answers is certKt(Φ) = {Jon, Jane}. Algorithm 3 starts by applying Rules 3 and 4 on
trueUPedestrian(x) and falseRHuman(x), continues to resolve the resulting disjunctions
by Rule 2, and finally uses Rule 5 to eliminate . The result is Φ′ = Human(x) ∧
( (falseRHuman(x)) ∨ last) ∧ ( (trueUPedestrian(x)) ∨ Pedestrian(x)).

We can now safely combine answers to the non-temporal UnCQs from AnswerUnCQ,
as both temporal disjunctions (falseRHuman(x)) ∨ last and (trueUPedestrian(x)) ∨
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Pedestrian(x) adhere to the normal form Φ1 ∨ Φ2 with Φ2 being non-temporal. For
this, we compute cert(Kt)0(Human(x)) = {Jane, Jon}, cert(Kt)0(Pedestrian(x)) = ∅, and
cert(Kt)0(last) = ∅. Advancing to (Kt)1 recursively descends into the -subformulae
of Φ′, i.e., falseRHuman(x) and trueUPedestrian(x), for which the above steps are
repeated, with the difference that cert(Kt)1(Pedestrian(x)) = {Jane, Jon}. The inductive
combination in Line 12 leads to the result certKt(Φ) = {Jane, Jon}.

For proving the correctness of Algorithm 3 as stated in Theorem 4.2.1, Lemma 4.2.2
and Lemma 4.2.3 serve as the central building blocks.

Theorem 4.2.1 (Correctness of Algorithm 3 [WJN25])

For a TCQ Φ(x⃗) and TKB K = (O, (Di)i∈{0,...,n}) over a DL between ALC and SRIQ(D),
it holds that AnswerTCQ(K,Φ(x⃗), 0) = certK(Φ(x⃗)).

Proof 4.2.4 (of Theorem 4.2.1 [WJN25])

Let K = (O, (D)i∈{0,...,n}) be a TKB and Φ be a TCQ. We show the more general
statement that, for some j ≤ n, AnswerTCQ(K,Φ, j) = certK≥j(Φ). Recall that the base
case of Algorithm 3 is defined for k > n as AnswerTCQ(K,Φ, k) = ∅.

If j ≤ n, Transform(Φ) =: Φ′ ensures that Φ ≡ Φ′ and that Φ′ is in the normal form
given in Lemma 4.2.2. Since Lemma 4.2.2 also yields that

certK≥j (Φ
′) =

⋂
k∈{1,...,u}

certKj (Φk) ∩
⋂

l∈{u+1,...,v}

certK≥j+1
(Φ′

l) ∩
⋂

m∈{v+1,...,w}

(
certK≥j+1

(Φ1
m) ∪ certKj (Φ

2
m)

)
,

it remains to show that Algorithm 3 applies this recursive definition. However, this is
straightforward: First, it loops through all conjuncts and intersects their answers. Second,
for each conjunct, the following equivalences hold. For any

1. UnCQ Φk, AnswerUnCQ(Kj ,Φk) = certKj (Φk),

2. Φ′
l, AnswerTCQ(K,Φ′

l, j + 1) = certK≥j+1
(Φ′

l) if j < n or else ∅, and

3. Φ1
m ∨ Φ2

m,

a) AnswerTCQ(Φ1
m) = certK≥j+1

(Φ1
m) if j < n or else ∅, and

b) AnswerUnCQ(Φ2
m) = certKj (Φ

2
m).

Cases 1. and 3. (b) are directly implied by Lemma 4.2.3. Cases 2. and 3. (a) follow
inductively from the recursive definition of Algorithm 3, including the above-mentioned
base case, and the correctness of the previous cases. Therefore, AnswerTCQ(K,Φ′, j) =

certK≥j (Φ
′), and, as Φ ≡ Φ′, AnswerTCQ(K,Φ, j) = certK≥j (Φ). □
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4.2.2 Computational Complexity

While this new approach has now shown to be correct, it remains to determine its
computation complexity. As Theorem 3.4.1 has shown, TCQ entailment over ALC is
ExpTime-complete. As Theorem 4.2.2 states, the rewriting-based algorithm runs in
exponential and hence optimal time.

Theorem 4.2.2 ([WJN25])

For a TCQ Φ and an ALC-TKB K, Algorithm 3 runs in exponential time.

Proof 4.2.5 (of Theorem 4.2.2 [WJN25])

From the Proof of Lemma 4.2.2, we know that Transform(Φ) produces a TCQ of the
form Φ′ =

∧
k∈{1,...,u}Φk ∧

∧
l∈{u+1,...,v}Φl ∧

∧
m∈{v+1,...,w}Φm where each Φk is a UnCQ,

each Φl = Φ′
l, and each Φm = Φ1

m ∨ Φ2
m, with Φ2

m being a UnCQ. Φ′ contains at
most exponentially many conjuncts. Specifically, w ≤ 23n, where n is the number of
subformulae of Φ: Rule 1 does not increase the number of subformulae. Rules 3 and 4
can only be applied once on each subformula (as afterwards, the temporal formula is
wrapped in a next operator and will not be considered further) and create, at worst, three
new subformulae. Rule 5 introduces an additional disjunction, but is also limited to one
application as last is atomic and the other disjunct is temporal. Since none of these rules
can be applied twice to the same formula, after applying rules 1, 3, 4, and 5 until none of
them is applicable anymore, we have only linearly increased the number of subformulae
in Φ. Additionally, it is known that rule 2 creates a CNF (recall that we assume NNF),
which can be at most exponential in size. It follows that w ≤ 23n.

For each i ∈ {1, . . . , w}, the algorithm now handles Φi by calling AnswerUnCQ on
Φi (i ∈ {1, . . . , u}), advancing to the next time point (i ∈ {u + 1, . . . , v}), or both
(i ∈ {v + 1, . . . , w}). As each Φi is linear in the size of Φ, at each time, we do, in the
worst case, exponentially many checks of linearly sized UnCQs.

It remains to show that, for a Boolean UnCQ Ψ =
∨
i=1,...,k φi ∨

∨
j=k+1,...,l ¬φj and an

ALC-KB K, AnswerUnCQ(Ψ,K) runs in exponential time as well. In the Boolean case,
AnswerUnCQ(Ψ,K) amounts to checking SatKΨ({ϕk+1, . . . , ϕl}). For this procedure, an
exponential run time has already been shown in Proof 4.1.4. We can hence conclude that
AnswerTCQ runs in exponential time as well. □

The optimality also holds for more expressive DLs such as ALCI, where query entailment
is 2ExpTime-complete [Lut07] and hence AnswerTCQ(K,Φ, 0) runs in double-exponential
time. Essentially, as Algorithm 3 performs an exponential number of entailment checks,
it inherits the complexity of the underlying query entailment problem, if this problem
is ExpTime-hard. We now consider a case where this does not hold, i.e., where query
entailment has a lower complexity.
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While the rewriting-based algorithm is optimal w.r.t. computational complexity, Al-
gorithm 3 has another notable advantage over Algorithm 1: If Algorithm 3 is adapted
accordingly, it can offer optimal run time in Horn DLs. Horn DLs are the intersection of
DLs with the Horn fragment of first-order logic (where only Horn clauses are allowed).
They form a popular class of DLs as standard reasoning tasks often become more tractable
[KRH13]. In this class, expressiveness is reduced by disallowing arbitrary disjunctions and
negations. An example is DL-Litehorn: Here, only axioms of the form ⊔i∈{0,...,n}Bi ⊑ B

are allowed in the ontology, where Bi and B can be formed according to ⊥ | C | ≥ qr, for
C ∈ NC, q ∈ N, and r ∈ NR.

These restrictions allow inductively combining the answers to disjuncts, i.e., certK(φ1 ∨
φ2) = certK(φ1) ∪ certK(φ2). To adapt Algorithm 3 for this setting, we can disregard
Rules 1, 2, and 5 and use only the expansion laws of Rules 3 and 4. Since the conjunction
of disjunctions is no longer given (since the removed rules establish a CNF), we can simply
implement the recursive semantics of Definition 3.4.5 instead of the main loop over all
conjuncts. By this, we achieve an algorithm that uses only polynomially many calls to
the query engine, since, at each time point, the produced formula is linear in the size of
the TCQ Φ. For each of the linearly many CQs, we require one answering operation. For
DL-Litehorn, this is an NP-complete problem [Art+09]. Hence, with the above approach
for TCQ answering over DL-Litehorn we get an algorithm with a polynomial run time as
well, i.e., temporal operators can be added “for free.” In contrast, the automaton-based
approach is, independent of the expressiveness of the underlying DL, exponential due to
the FA construction [GV13].

4.3 Comparison of Both Approaches

It remains to further analyze the foundational difference between both algorithms. An
empirical evaluation follows in Chapter 5; this section provides a theoretical analysis for an
improved understanding of the practical differences obtained in the subsequent evaluation.
We earlier argued that software implementations will very likely rely on deterministic FA
due to eager minimization during intermediate construction steps. In order to be able to
later on explain the observed differences of the implemented algorithms, this examination
must therefore assume Algorithm 1 to rely on deterministic FA.

The essential difference between the algorithms based on rewriting and deterministic
FA lies in the emergence of UCQs. To understand this closer, consider the example query
Φex (x) = □Human(Jon)∧♢Pedestrian(Jon) over the TKB Kt given in Example 3.4.1, for
which the introduction to Section 4.2 already showed that Algorithm 1 uses unnecessary
UCQs if used in combination with deterministic FA. UCQ checks have no implications
on theoretical complexity, but CQ answering is highly optimizable, e.g., through “atom-
by-atom” examination relying on syntactical analyses of the completion graph obtained
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by the initial consistency check [Sir06]. CQ answering must therefore be preferred, if
possible. Recall that we were able to perform the following translation, which shows that
no UCQs must be checked on the example:

Kt |= □Human(Jon) ∧ ♢Pedestrian(Jon) ⇐⇒
Kt |= (Human(Jon) ∧ Human(Jon)) ∧ (Pedestrian(Jon) ∨ Pedestrian(Jon))

However, the resulting deterministic FA for □Human(Jon) ∧ ♢Pedestrian(Jon) (de-
picted in Figure 4.2) introduces two UCQs: It asks for satisfiability of Human(Jon) ∧
¬Pedestrian(Jon) and Human(Jon)∧ Pedestrian(Jon). This translates to checking non-
entailment of ¬Human(Jon) ∨ Pedestrian(Jon) and ¬Human(Jon) ∨ ¬Pedestrian(Jon).

To understand the origin of these UCQs deeper, let us from here on consider only
the case of KBs of length two, meaning that we can expand the example query to
Φ = (Human(Jon)∧ Human(Jon))∧ (Pedestrian(Jon)∨ Pedestrian(Jon)). Then, the
automaton APA(¬Φ), given in Figure 4.4 encodes checking satisfiability of

¬
((

(Human(Jon) ∧ Pedestrian(Jon)) ∧ Human(Jon)
)
∨(

(Human(Jon) ∧ ¬Pedestrian(Jon)) ∧ (Human(Jon) ∧ Pedestrian(Jon))
))

.

The problematic satisfiability checks of conjunctions of CQs are from here on underlined.

q0 q2 q4

q3

q1
pHuman(Jon) ∧ pPedestrian(Jon)

pHuman(Jon) ∧ ¬pPedestrian(Jon)

p¬Human(Jon)

pHuman(Jon)

¬pHuman(Jon)

pHuman(Jon)∧Pedestrian(Jon)

¬pHuman(Jon)∨
¬pPedestrian(Jon)

ptrueptrue

Figure 4.4: Deterministic FA created for the satisfiability check
of ¬((Human(Jon) ∧ Human(Jon)) ∧ (Pedestrian(Jon) ∨
Pedestrian(Jon))), representing its malignant but equivalent re-

formulation ¬(((Human(Jon) ∧ Pedestrian(Jon)) ∧ Human(Jon)) ∨
((Human(Jon) ∧ ¬Pedestrian(Jon)) ∧ (Human(Jon) ∧ Pedestrian(Jon)))).

By examining the deterministic FA, the origin of the UCQs becomes evident: During
deterministic FA construction, additional conjuncts must be introduced to uniquely
distinguish between the first and second disjunct of Φ. In that way, it is not possible
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for both disjuncts to be satisfied at the same time, and, in the propositional case, the
successor for q0 is always unique. Note that this property does not hold for DLs, but, for
reasons explained in Section 4.1.1, the approach of Section 4.1 is based on FA that are
deterministic in the propositional case.

Let us now compare these insights to the rewriting approach. In fact, the formula
represented by the automaton (which has UCQs) is equivalent – except for the outmost
negation – to Φ, which is the formula checked by the rewriting approach (which does not
have UCQs):

¬
((

(Human(Jon) ∧ Pedestrian(Jon)) ∧ Human(Jon)
)
∨(

(Human(Jon) ∧ ¬Pedestrian(Jon)) ∧ (Human(Jon) ∧ Pedestrian(Jon))
))

≡
(
¬Human(Jon) ∨ ¬Pedestrian(Jon) ∨ ¬ a(Jon)

)
∧(

¬Human(Jon) ∨ Pedestrian(Jon) ∨ ¬ Human(Jon) ∨ ¬ Pedestrian(Jon)
)

≡
(
¬Human(Jon) ∨ ¬ Human(Jon)

)
∨(

¬Pedestrian(Jon) ∧ (Pedestrian(Jon) ∨ ¬ Pedestrian(Jon))
)

≡
(
¬Human(Jon) ∨ ¬ Human(Jon)

)
∨
(
¬Pedestrian(Jon) ∧ ¬ Pedestrian(Jon)

)
≡ ¬

((
Human(Jon) ∧ Human(Jon)

)
∧
(
Pedestrian(Jon) ∨ Pedestrian(Jon)

))
= ¬Φ

To show the equivalence, we push the outmost negation inwards by de Morgan’s laws,
and are then able to factor out the common disjunction ¬Human(Jon) ∨ ¬ Human(Jon).
Finally, the negation can be pushed outward again, leading to ¬Φ.

It is therefore possible to find benign reformulations of ¬Φ for which satisfiability check-
ing does not require UCQ answering. For example, an automaton could be constructed to
represent the satisfiability check of (¬Human(Jon)∨¬ Human(Jon))∨(¬Pedestrian(Jon)∧
¬ Pedestrian(Jon)), which has no UCQs. In fact, it is possible to represent this benign
query by a nondeterministic FA, as depicted in Figure 4.5.

We must therefore conclude that, in the analyzed example, the additional UCQs are
introduced because of the dependency on deterministic FA. This unfortunately leads to
entailment checks of UCQs in the DL setting.

The canonical question is whether the example of Figure 4.5 can be generalized: Is it
always due to determinization that unnecessary UCQs checks are performed? Or, more
formally: For queries where the rewriting approach does not require UCQ answering on a
given TKB, is there a corresponding nondeterministic FA without conjunctions on its
edges that can be used on the TKB instead?
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q0 q2

q1

q3

ptrue

¬pHuman(Jon)

¬pPedestrian(Jon)

¬pHuman(Jon)

¬pPedestrian(Jon)

ptrue

Figure 4.5: Nondeterministic FA created for the satisfiability check of ¬((Human(Jon) ∧
Human(Jon)) ∧ (Pedestrian(Jon) ∨ Pedestrian(Jon))), representing its

benign and equivalent reformulation (¬Human(Jon) ∨ ¬ Human(Jon)) ∨
(¬Pedestrian(Jon) ∧ ¬ Pedestrian(Jon)).

4.3.1 TCQCQ: A UCQ-Free Fragment

For answering whether UCQs arise due to determinization, we start by characterizing the
class of queries for which UCQ answering is not required. Note that, in general, avoiding
UCQ answering is not possible for expressive DLs. Yet, there are some queries which
can be answered by using only CQs, e.g., the example query Φex (x) = □Human(x) ∧
♢Pedestrian(x), as demonstrated previously. In fact, this is possible for a range of
TCQ classes, including “safety” (□φ1), “liveness” (♢φ1), “one-off until” (( φ1)Uφ2), and
conjunctions thereof, for CQs φ1, φ2.

However, it is not always directly evident whether a query is checkable by only CQs. For
example, the seemingly benign query Φb = ♢(A(a)∧ B(a)) must involve UCQ answering.
Consider Kb = ({⊤ ⊑ A ⊔ B}, ({A(a)}, ∅, {B(a)})) for which, counter-intuitively, Kb |= Φb.
Essentially, A(a) ∨ B(a) has to be checked at the second time point originating from
combining ♢ and . While it is easy to see that a reduction to CQ answering is possible
for non-trivial queries, Φb highlights that this does not have to be immediately obvious.

We start by giving a generic formal characterization of the subset of all TCQs that can
be answered by CQs.

Definition 4.3.1 (TCQCQ [WJN25])

A TCQ Φ is in TCQCQ if there is an algorithm that answers Φ over arbitrary TKBs
K and whose only access to the data is provided by a CQ answering oracle for the
non-temporal KBs Kj .

Note that Definition 4.3.1 is a semantic one, and it is not obvious how TCQs in this
fragment might be shaped. It is thus unclear how (and whether) an algorithm can be
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devised for deciding membership to TCQCQ. TCQCQ is surely not obviously decidable,
given that Rice’s theorem implies that checking whether an algorithm acts as the “witness”
mentioned in Definition 4.3.1 is undecidable.

A detailed examination of the decidability of TCQCQ is gladly not required. Our goal
is to identify a nontrivial fragment of TCQs with two properties:

1. Algorithm 3 does not use UCQ checks on the fragment, and

2. queries in this fragment are syntactically characterized, allowing us to generate a
nontrivial set of examples on which the deterministic FA induces UCQ checks.

The semantic nature of Definition 4.3.1 impedes these two goals: It is unclear whether
Algorithm 3 shows indeed optimal behavior w.r.t. UCQs on all TCQs (which is what has
to be shown for the first property). For the second property, no syntactic characterization
appears to be immediately derivable from Definition 4.3.1. We therefore instead identify a
syntactic fragment TCQCQ∗ of TCQCQ for which membership can be decided purely based
on the syntax of the query. This allows us to easily generate a list of many practically
relevant example queries for which UCQ checks are not required, but the corresponding
deterministic FA implies them anyway.

For specifying the desired syntactic fragment, for a TCQ Φ, we define T(Φ) – the time
points the query refers to – as

• T(true) = T(false) = T(last) = ∅,

• T(φ) = {0} for any CQ φ,

• T(Φ1 ∨ Φ2) = T(Φ1 ∧ Φ2) = T(Φ1) ∪ T(Φ2),

• T( Φ′) = T( Φ′) = 1 + T(Φ′), and

• T(Φ1RΦ2) = T(Φ1 UΦ2) = N+ (T(Φ1) ∪ T(Φ2)).

Here, 1 + A := {1 + a | a ∈ A} and A + B := {a + b | a ∈ A, b ∈ B} for sets
A,B ⊆ N.

Definition 4.3.2 (TCQCQ∗ [WJN25])

Φ is in TCQCQ∗ if it does not contain negations and for all subformulae of the form

1. Φ1 UΦ2 we have T(Φ2) ∩ (T(Φ1) ∪ (1 + T(Φ1 UΦ2))) = ∅,

2. Φ1RΦ2 we have T(Φ1) ∩ (1 + T(Φ1RΦ2)) = ∅,

3. Φ1 ∨ Φ2 we have T(Φ1) ∩ T(Φ2) = ∅.
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Example 4.3.1

The following queries are members of TCQCQ∗ , for CQs φ1, φ2, and φ3:

1. φ1 ∨ φ2 (temporally disjoint disjunctions),

2. □φ1 (safety),

3. ♢φ1 (liveness),

4. φ1Rφ2 (release),

5. φ1R(φ2Rφ3) (right-hand nested release),

6. ( φ1)Uφ2 (one-off until),

7. φ1R(( φ2)Uφ3) (release of one-off until),

8. □♢φ1 (last data entails φ1),

9. □(φ1 ∧ □φ2) (offset of two global constraints), and

10. conjunctions of all of the above.

Membership to TCQCQ∗ can be verified by computing the time points the subformulae
refer to. For example, for one-off until, T( φ1) = {1} and T(φ2) = {0}, which satisfies
Constraint 1 of Definition 4.3.2: T(φ2) ∩ (T( φ1) ∪ (1 + N + (T( φ1) ∪ T(φ2)))) =

{0} ∩ ({1} ∪ {n ∈ N | n ≥ 1}) = ∅.
Of the nine specified queries, only the first example and those with only one CQ induce

no UCQ checks in their corresponding deterministic FA, as verified with Lydia, a software
tool for translating LTLf formulae to deterministic FA [GF21]. Additionally, on all 36
possible conjunctions of above queries (assuming different CQs), UCQs arise. In total,
these sum up to 41 out of 45 nontrivial properties in TCQCQ∗ that require UCQ checks
by Algorithm 1. This corresponds to over 90% of the example queries. Of the remaining
four, only one query contains more than one CQ. These examples highlight that the
automaton-based algorithm does not behave optimally on TCQCQ∗ .

Before showing that TCQCQ∗ is in fact a fragment of TCQCQ, we need a supplementary
statement.

Lemma 4.3.1 ([WJN25])

Let Φ ∈ TCQCQ∗ and Ψ = Transform(Φ). Any subformula of Ψ is again in TCQCQ∗ .
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Proof 4.3.1 (of Lemma 4.3.1 [WJN25])

For showing that TCQCQ∗ is closed under Transform, let Φ ∈ TCQCQ∗ . We have the
following cases when applying Transform on Φ (note that any subformula of Φ is also in
TCQCQ∗):

1. Φ = Φ1 ∨ Φ2 thus Ψ = (Φ1 ∨ Φ2): As Φ1,Φ2 ∈ TCQCQ∗ and (1 + T(Φ1)) ∩
(1 + T(Φ2)) = ∅, it follows that T(Φ1) ∩ T(Φ2) = ∅, and thus Ψ ∈ TCQCQ∗ .

2. Φ = (Φ2 ∧ Φ3) ∨ Φ1 or Φ = Φ1 ∨ (Φ2 ∧ Φ3) thus Ψ = (Φ1 ∨ Φ2) ∧ (Φ1 ∨ Φ3): As
Φ1,Φ2,Φ3 ∈ TCQCQ∗ and (T(Φ2) ∪ T(Φ3)) ∩ T(Φ1) = ∅, it follows that T(Φ1) ∩
T(Φ2) = ∅ and T(Φ1) ∩ T(Φ3) = ∅ and thus Ψ ∈ TCQCQ∗ .

3. Φ = Φ1 UΦ2 thus Ψ = Φ2 ∨ (Φ1 ∧ (Φ1 UΦ2)): As Φ1,Φ2 ∈ TCQCQ∗ and T(Φ2) ∩
(T(Φ1) ∪ (1 + T(Φ1 UΦ2))) = ∅, it follows that T(Φ2) ∩ T(Φ1) = ∅ and T(Φ2) ∩
T( (Φ1 UΦ2)) = T(Φ2) ∩ (1 + T(Φ1 UΦ2)) = ∅ and thus Ψ ∈ TCQCQ∗ .

4. Φ = Φ1RΦ2: Analogous to the above case.

5. Φ = Φ′ thus Ψ = last ∨ Φ′: As Φ′ ∈ TCQCQ∗ and T(last) ∩ T( Φ′) = ∅, it
follows that Ψ ∈ TCQCQ∗ . □

We can now prove Theorem 4.3.1 – stating the correctness of the syntactic TCQCQ
fragment – by showing that for Φ ∈ TCQCQ∗ , AnswerTCQ(Φ,K, i) uses only CQ answering
for KB reasoning, i.e., when applying AnswerUnCQ.

Theorem 4.3.1 ([WJN25])

TCQCQ∗ ⊊ TCQCQ.

Proof 4.3.2 (of Theorem 4.3.1 [WJN25])

AnswerTCQ(K,Φ, i) encounters only CQs in AnswerUnCQ if we do not consider recursive
calls: As per Lemma 4.3.1, TCQCQ∗ is closed under Transform and thus Transform(Φ) ∈
TCQCQ∗ . As there is no negation present, and, by Constraint 3 in Definition 4.3.2,
Transform(Φ) cannot contain a nontemporal disjunction of two CQs, Lines 8 and 10 only
encounter CQs. Due to Lemma 4.3.1, the inputs to AnswerTCQ in Lines 6 and 8 satisfy
again the assumption that the query is in TCQCQ∗ and thus the above argument is also
applicable to the recursive calls at time i+ 1. Therefore, TCQCQ∗ ⊆ TCQCQ.

Finally, it is easy to see that TCQCQ∗ does not cover the whole class of TCQCQ, e.g.,
♢(φ1 Uφ2) for two CQs φ1, φ2 can be answered using a CQ engine (as it is equivalent to
♢φ2) but is not in TCQCQ∗ . Hence, TCQCQ∗ ⊊ TCQCQ. □
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Our main goal with TCQCQ∗ is to identify reasons behind the differences in UCQ
handling between Algorithm 1 and Algorithm 3, which we will continue in Section 4.3.2.
However, the fragment can also be leveraged for guiding users towards efficient query
fragments during specification. For such practical scenarios, it is desirable that syntactic
membership in TCQCQ∗ can be efficiently decided before answering (which is, in general,
exponential). Fortunately, membership to the syntactical fragment can be computed in
polynomial time and linear space.

Theorem 4.3.2 ([WJN25])

Syntactic membership in TCQCQ∗ , i.e., Φ ∈ TCQCQ∗ , is decidable in polynomial time
and linear space.

Intuitively, calculating t requires one traversal of the formula’s syntax tree with operations
that take polynomial time on the specific shapes of the induced sets. The constraints of
Definition 4.3.2 can be checked in polynomial time as well, which is formally shown in
the following proof of Theorem 4.3.2.

Proof 4.3.3 (of Theorem 4.3.2 [WJN25])

We first show that computing ∪ and + over t can be done in polynomial time and linear
space. Note that t can only produce sets of the form S ∪Nk, where S ⊂ N is finite and
Nk = {n ∈ N | n ≥ k} for some k ∈ N. These sets can be symbolically represented by
simply storing its integer k. Then, (S1 ∪Nk1) ∪ (S2 ∪Nk2) = (S1 ∪ S2) ∪Nmin(k1,k2) and
(S1 ∪Nk1)+ (S2 ∪Nk2) = (S1+S2)∪Nmin(k1+min(S2),k2+min(S1),k1+k2). Both cases require
only operations that can be computed in polynomial time and linear space, as A ∪ B
can be computed in time O(|A| · |B|) and space O(|A|+ |B|). As constraints 1. to 3. of
Definition 4.3.2 require, at worst, computing t for all subformulae, we require one traversal
of the syntax tree of Φ using a bounded number of operations with linear space and
polynomial time complexity per node. It remains to check (S1 ∪Nk1) ∩ (S2 ∪Nk2) = ∅,
which we do for

• Nk1 and Nk2 non-empty by returning false,

• Nk1 and Nk2 empty by returning S1 ∩ S2 = ∅, which can be done in O(|S1| · |S2|)
time and O(|S1|+ |S2|) space, and

• Nk1 non-empty andNk2 empty (or vice versa) by checking S1∩S2 = ∅ and s2 < k1 for
all s2 ∈ S2 (or vice versa), which can be done in O(|S1| · |S2|) time and O(|S1|+ |S2|)
space).

Combining all steps shows the polynomial time and linear space complexity of deciding
membership in TCQCQ∗ . □
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As a corollary, Theorem 4.3.2 implies that deciding Φ ∈ TCQCQ∗ is in NSpace(O(n)),
i.e., it can be decided by a nondeterministic Turing machine using linear space. As
NSpace(O(n)) is equivalent to the class of context-sensitive languages, TCQCQ∗ is context-
sensitive as well.

It is, however, not possible to give a context-free grammar for TCQCQ∗ : Consider the
regular expression r = ( ∗φ ∨ ∗φ) ∨ ∗φ for some CQ φ, where L(r) ⊂ TCQ. If we
assume that TCQCQ∗ is context-free, then TCQCQ∗ ∩ L must also be context-free (since
context-free languages are closed under intersection with regular languages). However,
TCQCQ∗ ∩ L is not context-free, as it is equivalent to L̸= = {( n1φ ∨ n2φ) ∨ n3φ |
n1 ̸= n2 ̸= n3 − n1}, which is not context-free.

For the proof, we denote n1 as the first, n2 as the middle, and n3 as the third
part of a word in L̸=. Let p be the constant given by Odgen’s lemma for context-free
languages [Ogd68]. Then, s = ( p+p!φ∨ pφ)∨ 2p+2p!φ ∈ L ̸= and assume markers are
put onto the middle part. By Odgen’s lemma, there is a decomposition s = uvwxy with
vx having a marked letter, vwx having at most p marked letters, and uvnwxny ∈ L ̸= for
all n ∈ N. If v or x contains a b, it directly follows that uv0wx0y ̸∈ L ̸=, and therefore v
and x must contain only . Combining this with the fact that v or x contains a marked
letter, we have only two cases: First, v is fully contained in the middle part of s (and
hence neither v nor x cover the first part of s). Let i = p!

q + 1 ∈ N where q = |vx| if
x is also contained in the middle part of s and q = |v| otherwise. Then, uviwxiy still
contains p! + p times in the first part and p+ q · (i− 1) = p+ q · p!q = p! + p times in
the middle part, violating L̸=. In the second case, v is fully contained in the first and x is
fully contained in the middle part of s (and hence neither v nor x cover the third part of
s). Let i = p!

|xv| + 1 ∈ N. Then, the constraint n1 + n2 ̸= n3 is violated by uviwxiy since

n1 + n2 = p! + p+ |v| · (i− 1) + p+ |x| · (i− 1)

= p! + 2p+ |xv| · p!

|xv|
= 2p! + 2p = n3.

In all cases, uviwxiy ̸∈ L̸= and L ̸= is not context-free. Hence, TCQCQ∗ cannot be
context-free as well.

4.3.2 Unnecessary Automaton-Induced UCQ Checks in TCQCQ∗

We are now able to show that the unnecessary UCQs of Algorithm 1 are introduced by
determinization of the automaton – not only on the example query of the introduction
to this section, but on the substantial class of queries in TCQCQ∗ . The proof is done
by giving a nondeterministic FA that can replace the deterministic FA when computing
certK(Φ) for a query Φ ∈ TCQCQ∗ in Algorithm 1. When checking satisfiability of Φ
w.r.t. K using this nondeterministic FA, no UCQs have to be answered. Any UCQ check
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induced by the deterministic FA is hence “unnecessary” in the sense that they do not
occur when using its nondeterministic replacement.

We construct the nondeterministic FA A¬PA(Φ),n+1 for a given TCQ Φ ∈ TCQCQ∗

and TKB K of length n+ 1 that can replace A¬PA(Φ) created in Line 1 of Algorithm 1.
The core idea is to leverage the nondeterminism to encode the recursive structure of
Algorithm 3 in the automaton. Intuitively, we can apply the rewriting rules up to the
required depth n+1, negate the query, and encode the resulting Disjunctive Normal Form
(DNF) using nondeterministic choices in the automaton. Recall that Transform(Φ) =∧
k∈{1,...,u}Φk ∧

∧
l∈{u+1,...,v}Φl ∧

∧
m∈{v+1,...,w}Φm, where each Φk is a UnCQ, each

Φl = Φ′
l, and each Φm = Φ1

m ∨ Φ2
m, with Φ2

m being a UnCQ. More specifically, as
Proof 4.3.2 has shown, if Φ ∈ TCQCQ∗ , we can safely assume that Φk and Φ2

m are CQs.
Transform only applies the rewriting rules for the current depth, i.e., it does not apply to
formulae wrapped into -operators. For creating the automaton later on, we need the
fully transformed, negated query up to depth n+1. For this, we create Ψ = FTN(Φ, n+1)

with

FTN(Φ, i) =


∨

k∈{1,...,u}

¬Φk ∨
∨

l∈{u+1,...,v}

FTN(Φ′
l, i− 1) ∨

∨
m∈{v+1,...,w}

(
FTN(Φ1

m, i− 1) ∧ ¬Φ2
m

)
if i > 1,

∨
k∈{1,...,u} ¬Φk ∨

∨
m∈{v+1,...,w} ¬Φ2

m if i = 1,

where Φk,Φ
′
l,Φ

1
m,Φ

2
m are given according to Transform(Φ). For a TCQ Ψ arising from

applying FTN, we recursively define its nondeterministic FA APA(Ψ) = (QΨ,Σ, qΨ0 , δ
Ψ, FΨ)

over Σ = 2{pφ|φ∈CQ(Ψ)} as

APA(Ψ) =



({q0, q1, q2} ·∪QΨ1 ·∪QΨ2 ,Σ, q0, {(q0, ϵ, q1), (q0, ϵ, q2)} ·∪ δΨ1

q0|q1
·∪ δΨ2

q0|q2 , ∅)
if Ψ = Ψ1 ∨Ψ2,

({q0, q1} ·∪QΨ1 ,Σ, q0,∆(q0,¬Ψ2, q1) ∪∆(q1, true, q1) ·∪ δΨ1

q0|q1 , {q0, q1})
if Ψ = Ψ1 ∧ ¬Ψ2 for a UnCQ Ψ2,

({q0, q1} ·∪QΨ′
,Σ, q0,∆(q0, true, q1) ·∪ δΨ′

q0|q1 , {q0, q1}) if Ψ = Ψ′,

({q0, q1},Σ, q0,∆(q0,¬Ψ′, q1) ∪∆(q1, true, q1), {q0, q1})
if Ψ = ¬Ψ′ for a UnCQ Ψ′.

We use ∆(q0,¬Ψ, q1) for a UnCQ Ψ =
∨
g=1,...,k φg ∨

∨
h=k+1,...,l ¬φh as a shorthand

notation for the set of transitions {(q0, {pψ | ψ ∈ (Z∪{φk+1, . . . , φl})\{φ1, . . . , φk}}, q1) |
Z ⊆ CQ(Ψ)} and ∆(q0, true, q1) for {(q0, {pψ | ψ ∈ Z}, q1) | Z ⊆ CQ(Ψ)}. Moreover,
δΨ

′

q0|qj is δΨ′ where q0 ∈ QΨ′ is substituted by qj ∈ QΨ, i.e., qj replaces the initial state of
APA(Ψ′) when merging it into APA(Ψ).

Example 4.3.2

The nondeterministic replacement FA for the example query Φex (Jon) over a TKB of
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length two is given in Figure 4.6. For this, we first determine

FTN(Φex (Jon), 2)

≡¬Human(Jon) ∨ FTN(□Human(Jon), 1)∨
( FTN(♢Pedestrian(Jon), 1) ∧ ¬Pedestrian(Jon))

≡¬Human(Jon) ∨ ¬Human(Jon)∨
( ¬Pedestrian(Jon) ∧ ¬Pedestrian(Jon)).

Subsequently, we are able to encode the disjunctive structure of this formula in the
transitions of Figure 4.6.

q0

q1

q2

q3

q4

q5

q6 q7

q8 q9

ϵ

ϵ

ϵ

ϵ

p¬Human(Jon)

ptrue p¬Human(Jon)

p¬Pedestrian(Jon) p¬Pedestrian(Jon)

true

true

true

Figure 4.6: The nondeterministic replacement FA APA(FTN(Φex (Jon),2)).

If we remove ϵ-transitions and join the sink states q5, q7, and q9, it is homomorphic to
the already introduced FA of Figure 4.5.

APA(Ψ) does, in fact, not induce UCQ checks, as it contains transitions only of the form
ϵ, ∆(q0, true, q1), or ∆(q0,¬φ, q1). For the first two, no access to the data is required, and
for the latter, according to Lemma 4.1.2, the satisfiability of ∆(q0,¬φ, q1) can simply be
determined in iteration i by checking Ki ̸|= φ. It remains to show that APA(Ψ) is a correct
replacement for APA(¬Φ) used in Line 1 of Algorithm 1.

Theorem 4.3.3 (Correctness of APA(FTN(Φ,i)))

For a TCQ Φ, i > 0, and w ∈ {pφ | φ ∈ CQ(Φ)}i, it holds that w ∈ L(APA(¬Φ)) iff
w ∈ L(APA(FTN(Φ,i))).

Note that i = 0 is excluded above as Definition 3.4.1 does not allow for databases of zero
length and thus any word considered by Algorithm 1 must be non-empty.
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Proof 4.3.4 (of Theorem 4.3.3)

Our first task is the correctness of the automaton construction APA(FTN(Ψ,i)). The second
step is proving that for any temporal interpretation I of length i > 0 and TCQ Φ,
I, 0 |= ¬Φ iff I, 0 |= FTN(Φ, i). From this, Lemma 4.1.1, and the correctness of both
automaton constructions – APA(FTN(Ψ,i)) and the standard construction for LTLf formulae
[GV13] – the statement of Theorem 4.3.3 follows.

We now prove correctness of APA(FTN(Ψ,i)), i.e., for a TCQ Φ, i > 0, and w ∈ {pφ | φ ∈
CQ(Φ)}i, w ∈ L(APA(FTN(Ψ,i))) iff w |= PA(FTN(Ψ, i)), which we do by induction over
i. For the base case, FTN(Φ, 1) =

∨
k∈{1,...,u} ¬Φk ∨

∨
m∈{v+1,...,w} ¬Φ2

m for UnCQs Φk
and Φ2

m, and therefore any w |= PA(FTN(Ψ, 1)) is either w = ϵ or w ⊆ {pφ | φ ∈ CQ(Φ)}
not satisfying the constraints of some UnCQ Φj with j ∈ {1, . . . , u} ∪ {v + 1, . . . , w}. By
definition, APA(FTN(Ψ,1)) can reach an accepting state for words of length one only by a
sequence of ϵ-transitions optionally followed by a transition from ∆(·,¬Φj , ·) for a UnCQ
Φj with j ∈ {1, . . . , u} ∪ {v + 1, . . . , w}, which concludes the base case.

For the induction step, consider a word w = P1 . . . Pi of length i > 1. By LTLf

semantics, w |= PA(FTN(Φ, i)) iff

a) P1 ̸|= Φk for some k ∈ {1, . . . , u}, or

b) P2 . . . Pi |= FTN(Φ′
l, i− 1) for some l ∈ {u+ 1, . . . , v}, or

c) P2 . . . Pi |= FTN(Φ1
m, i− 1) and P1 ̸|= Φ2

m for some m ∈ {v + 1, . . . , w}

(by considering only words of the same length i > 1, can be treated as ). On the other
hand, by definition, w ∈ L(APA(FTN(Ψ,i))) iff there is an accepting sequence of ϵ-transitions
optionally followed by

i) a transition in ∆(·,¬Φk, ·) optionally followed by transitions in ∆(·, true, ·), or

ii) a transition in ∆(·, true, ·), optionally followed by a sequence of transitions to an
accepting state in APA(FTN(Φ′

l,i−1)), or

iii) a transition in ∆(·,¬Φ2
m, ·), optionally followed by transitions in ∆(·, true, ·) followed

by a sequence of transitions to an accepting state in APA(FTN(Φ1
m,i−1)).

for k ∈ {1, . . . , u}, l ∈ {u + 1, . . . , v}, and m ∈ {v + 1, . . . , w}. As cases i), ii), and iii)
correspond exactly to the models of the LTLf formula described in the cases a), b), and
c) above, using the induction hypothesis for i− 1 yields the correctness of APA(FTN(Φ,i)).

It remains to show the satisfiability equivalence of ¬Φ and FTN(Φ, i) w.r.t. interpreta-
tions of length i. First, note that in Lemma 4.2.1, we have established that Transform(Φ)

preserves the semantics of Φ. By this and the duality of ∧ and ∨ as well as and , we
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postulate the following prerequisite equivalences:

I, 0 |=¬Φ iff I, 0 |= ¬Transform(Φ) iff

I, 0 |=
∨

k∈{1,...,u}

¬Φk ∨
∨

l∈{u+1,...,v}

¬Φ′
l ∨

∨
m∈{v+1,...,w}

¬Φ1
m ∧ ¬Φ2

m

with Φk,Φ
2
m UnCQs.

It remains to show that I, 0 |= ¬Φ iff I, 0 |= FTN(Φ, i), which we do by induction over i.
For the base case, i.e., a temporal interpretation I of length i = 1, using our prerequisite
equivalences, we need to show

I, 0 |=
∨

k∈{1,...,u}

¬Φk ∨
∨

m∈{v+1,...,w}

¬Φ2
m = FTN(Φ, 1) iff

I, 0 |=
∨

k∈{1,...,u}

¬Φk ∨
∨

l∈{u+1,...,v}

¬Φ′
l ∨

∨
m∈{v+1,...,w}

¬Φ1
m ∧ ¬Φ2

m.

This amounts to showing that I, 0 |= ¬Ψ′
l and I, 0 |= ¬Ψ1

m is always true, which holds
as I is a sequence of length one. For the induction step, consider a temporal interpretation
I of length i > 1. Then, by the prerequisite equivalences,

I, 0 |= ¬Φ iff I, 0 |=
∨

k∈{1,...,u}

¬Φk ∨
∨

l∈{u+1,...,v}

¬Φ′
l ∨

∨
m∈{v+1,...,w}

¬Φ1
m ∧ ¬Φ2

m and

I, 0 |= FTN(Φ, i) iff I, 0 |=
∨

k∈{1,...,u}

¬Φk ∨
∨

l∈{u+1,...,v}

FTN(Φ′
l, i− 1) ∨

∨
m∈{v+1,...,w}

FTN(Φ1
m, i− 1) ∧ ¬Φ2

m.

Thus, showing that I, 0 |= ¬Φ iff I, 0 |= FTN(Φ, i) amounts to showing that I, 0 |=
FTN(Φ′

l, i− 1) iff I, 0 |= ¬Φ′
l and I, 0 |= FTN(Φ1

m, i− 1) iff I, 0 |= ¬Φ1
m, which is given

by the induction hypothesis. □

This proves that the superfluous UCQs on the 41 queries identified in Example 4.3.1
arose from relying on deterministic FAs. As argued earlier, this can hardly be avoided
in implementations. Due to the practical implications of UCQ answering, the above
considerations yield the hypothesis that Algorithm 3 likely performs better on some
queries. Specifically, when using the deterministic FA, unnecessary UCQs not only arise
on the introductory example of □Human(Jon)∧♢Pedestrian(Jon), but also on the simple
queries like φ1 ∧ φ2, for two CQs φ1 and φ2. The deterministic FA APA(¬(φ1∧φ2)) has
two symbolically encoded transitions: ¬pφ1 ∨ ¬pφ2 to an accepting state and pφ1 ∧ pφ2

to a sink. Note that the latter satisfiability check induces UCQ answering. Using a
nondeterministic FA, we could encode the transition to the sink as true, thereby avoiding
conjunctions of CQs on the transition. It appears that the deterministic FA does not
encode what would informally be described as “if ¬φ1 ∨ ¬φ2 . . . else . . . ,” but rather
describes “if ¬φ1 ∨ ¬φ2 . . . if φ1 ∧ φ2 . . . ,” i.e., the “else” condition explicitly. In practice,
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this can be avoided during the traversal of Algorithm 1 by performing the disjunctive
satisfiability check first. If the query is satisfiable, we must advance to an accepting state
and reject the overall TCQ; if the query is not satisfiable, we must advance to the sink
and accept the overall TCQ.

However, this trick is not possible if we are presented with at least three successor
states in which two transitions induce UCQ checks. This situation appears on many of
the queries given in Example 4.3.1, like □φ1 ∧ ♢φ2, ( φ1)Uφ2, ♢φ1 ∧ ♢φ2, φ1Rφ2, and
φ1R(φ2Rφ3), all of which are in TCQCQ∗ . In this case, just like in state q0 of Figure 4.4,
if the non-UCQ-inducing transition is not satisfiable, it is impossible to determine which
of the other successor states should be taken without checking the transitions (to q1 and
q3 in the example). The subsequent evaluation in Chapter 5 shows that avoiding UCQ
checks is desirable also from an empirical perspective.
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5 Demonstrating Practical
Applicability
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The main statement of the dissertation is that temporal querying in expressive DLs
can be made practically applicable, specifically for assessing safety-critical scenarios in
road traffic. While we have already theoretical examined the computational complexity of
both proposed algorithms, practical contexts often require efficient behavior on realistic
inputs; on the other hand, unreasonable edge cases can be discarded.
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It is therefore imperative to measure how the algorithms perform in the field. For
this, we first require an implementation of both techniques: Topllet, as presented in
Section 5.1 and originally published by Westhofen et al. [Wes+24b].

Second, we need realistic, industrially relevant, and controllable benchmarks, which
are introduced in Section 5.2. For this, the dissertation introduces the A.U.T.O., which
has been developed in a large publicly funded research project together with industry
partners: first, as a conceptual model by Scholtes, Westhofen, Turner et al. [Sch+21] and
subsequently formalized by Westhofen et al. [Wes+22a] based on artifacts systematically
created during a criticality analysis as described by Neurohr, Westhofen, Butz et al.
[Neu+21]. While many ontologies have been proposed before, an independent review
found that A.U.T.O. is more feature-complete than many competitors proposed in the
scientific literature [ZKZ23, Table I]. The employed benchmarks based on A.U.T.O. were
first presented in 2024 by Westhofen et al. [Wes+24a].

Results of the experiments with Topllet on the benchmarks, as given in the works
presenting both algorithms [Wes+24a; WJN25], are discussed in Section 5.3. Here, a
special focus is put on a comparison of the two techniques, as Section 4.3 already gave some
hints towards a more greedy behavior of the FA-based approach w.r.t. UCQ answering.

The claim of “practical applicability” not only encompasses measures of performance,
but also requires showing that the software is actually useful for practitioners. This
topic is examined in Section 5.4, where Topllet is integrated into STARS [Sch+24a],
a scenario-based testing framework for measuring test coverage, an essential concept in
demonstrating SOTIF. The integration has first been introduced as part of a work on
advancing scenario coverage towards an OWA by Westhofen et al. [Wes+26]. It shows
that profound implications arise when transitioning from standard temporal logics (which
make the CWA) to the OWA of MTCQs. Even under the OWA setting, useful statements
on coverage can be computed efficiently. By this, we demonstrate that temporal DL
queries provide value also in a broader SOTIF application context.

To summarize, this chapter contributes the following aspects to the scientific state-of-
the-art:

• the first publicly available implementation of a temporal querying engine for expres-
sive DL ontologies,

• a large ontology formulated in an expressive DL based on an industrially relevant
conceptual model,

• the first publicly available benchmark generator for temporal queries over expressive
DL ontologies, and

• evidence for the claim that temporal querying over expressive DLs can, in fact, be
made practically applicable, from a performance and usability perspective.
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5.1 Topllet: An Implementation

We begin with an overview of the tool developed for answering MTCQs in Section 5.1.1, in-
cluding the user interface and procedures required by both algorithms under consideration.
The implementation details of the automaton- and rewriting-based approaches – such as
employed optimizations – are subsequently presented in Section 5.1.2 and Section 5.1.3.

5.1.1 Overview

We implemented Topllet on top of Openllet version 2.6.6, a non-temporal DL reasoner
written in Java. Openllet is itself a continuation of the established Pellet reasoner,
which was first presented by Parsia and Sirin in 2004 [SP04]. It gained popularity due to
its extensive feature set and is used in almost all the related work on DLs presented in
Section 2.2.2. Development of Pellet was discontinued in 2017 when focus was shifted
to the proprietary knowledge graph platform Stardog. In contrast, Openllet continues
to be maintained by community efforts.

Openllet supports various reasoning tasks over OWL2 ontologies [Sir+07]. This
includes consistency checking, tCQ answering, explanation generation, and ontology
realization. For Topllet, we are specifically interested in the consistency and tCQ
features, as they offer the desired foundation for the temporal querying mechanisms. Both
algorithms were integrated as a novel module into Topllet, accessing functionality of
other modules containing the basic reasoning services.

The software tool runs on any host machine capable of executing a Java Virtual Machine
(JVM) and is compatible with JVMs of version 17 and above. To assure quality of the
software, a test suite for the novel implementations is distributed alongside, consisting of
over 140 individual test cases. A copy of the tool can be found online [Wes26e].

Usage

The main task of Topllet is to answer an MTCQ over a user-supplied TKB, i.e., ontology
and data. It can be conveniently accessed via the command line:

topllet [-c CATALOG] <QUERY> <TKB>

QUERY is a plain text file containing an MTCQ, and TKB is a plain text file consisting
of a list of file paths to non-temporal OWL2-files. Optionally, CATALOG can point to an
OASIS XML catalog, allowing for custom mappings between ontology Unique Resource
Identifiers (URIs) and file locations. This can aid in referencing local file copies in order
to reduce loading times. Upon completion, Topllet prints a tabular result overview
with query variables as columns and answers as rows.

Topllet also offers a streaming mode, which can be invoked similar to the default
offline setting:
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topllet [-c CATALOG] <QUERY> <ONTOLOGY>

Through a ZeroMQ port, data can be sent or updated as the application produces it.
After concluding a time point by a corresponding message, Topllet will compute the set
of certain answers and return a completion notice. Data updates sent during computation
will be discarded (Topllet does not buffer them). The application can finally ask for the
query results, if desired. Here, instead of a TKB, a non-temporal ontology (OWL2-file) is
given. This ontology can then be filled and updated by data sent via the ZeroMQ port.
Currently, MTCQ answering over expressive DLs does not lend itself well for complex
real-time settings, and it is therefore advised to use only small ontologies and data for
the streaming mode.

As introduced above, Topllet has two major inputs: a query and a TKB. For
representing MTCQs, the software implements an extension of a previously published
standard grammar for LTLf [Fav20], which is simply a textual representation of the
temporal operators, e.g., □ becomes G. In place of atomic propositions, the input language
then allows for CQs of the form :C(?x) & ... & :r(?x,y), where answer variables (like
x) are prefixed by a question mark. Existentially quantified variables (such as y) do
not have a trailing question mark. We allow users to employ SPARQL-like prefixes
to differentiate between ontology namespaces given as URIs. In the notation above, :
denotes the default, empty namespace.

Any MTCQ input has to be tree-shaped, as we rely on the integrated tCQ answering
engine of Openllet. In a nutshell, if we view each CQ in the MTCQ as a graph with
the relations being edges and variables being nodes, the graph must be tree-shaped (cf.
Definition 3.2.25). This subclass of MTCQs is – from a practical point of view – sufficient
for most of the relevant properties, as violations of the tree-shape have to occur in the
existentially quantified variables. Practical observations show that such variables play
only a supplementary role and are used sparingly. Additionally, for many DLs, including
SRIQ, a tree-shape violation can simply be resolved by replacing one of the conflicting
variables by an individual, as described in Section 3.2.2.

TKBs are represented using a custom format, as no prior proposals exist for combining
expressive OWL2 ontologies with temporal data. To keep compatibility with OWL2,
Topllet implements a straightforward mechanism: Any TKB is represented as a list
of paths to OWL2-files, where list positions correspond to discrete time points. Each
OWL2-file contains the database of that time point. All files must contain the same
imports, i.e., the non-temporal ontologies, which are again OWL2-files.

Besides the command line interface, Topllet also provides an Application Program-
ming Interface (API), which can be used for integration into other tools. We use this
API in Section 5.4 to add MTCQ answering to a third-party scenario-based testing
framework. An example of the API for solving the simple MTCQ □A(x) on the TKB
({B ⊑ A}, ({B(a)}, {B(a)})) is given in the following:
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1 // TKB
2 TemporalKnowledgeBase tkb = new InMemoryTemporalKnowledgeBaseImpl ();
3 tkb.add(new KnowledgeBaseImpl ());
4 tkb.add(new KnowledgeBaseImpl ());
5 // Ontology
6 for (KnowledgeBase kb : tkb)
7 {
8 kb.addClass(term("A"));
9 kb.addClass(term("B"));

10 kb.addSubClass(term("B"), term("A"));
11 }
12 // Data
13 for (KnowledgeBase kb : tkb)
14 {
15 kb.addIndividual(term("a"));
16 kb.addType(term("a"), term("B"));
17 }
18

19 // MTCQ
20 String formula = "G(A(?x))";
21 MetricTemporalConjunctiveQuery mtcq =
22 MetricTemporalConjunctiveQueryParser.parse(formula , tkb);
23

24 // Answering
25 System.out.println("Answering MTCQ " + formula);
26 MTCQNormalFormEngine eng = new MTCQNormalFormEngine (); // Use the rewriting engine
27 QueryResult res = eng.exec(mtcq);
28 System.out.println(res); // Prints "[{ FunVar(x)=a}]"

Architecture and Shared Components

Topllet extends Openllet by an additional module – openllet-mtcq – which im-
plements the core functionality required for Algorithm 1 and Algorithm 3, such as the
MTCQ parser and data model, TKB and FA data classes, and the required query engines.
Various existing (partially modified) modules are required by openllet-mtcq, especially:

• openllet-cli: Adds the above described command line interfaces of Topllet.

• openllet-owlapi: For loading KBs, while enabling incorporation of OASIS XML
catalogs.

• openllet-query: Offers highly efficient CQ answering as well as a custom UCQs
engine. The query result data class has been modified for increased efficiency. The
query model was completely rewritten with generics to enable different query types
with low code redundancy.

• openllet-core: Access to the consistency check interface for UCQ entailment, which
has been modified to allow concept membership checks for multiple individuals at
once.
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Together with external dependencies, these modules are part of the general architecture
of Topllet shown in Figure 5.1.

openllet-mtcq

openllet-cli openllet-query openllet-owlapi openllet-core

openllet-modularity openllet-explanation openllet-jena openllet-shared

automatalib
automatalib-wrapper

lydia
lydia-wrapper

mltl2ltlf
mltl2ltlf-wrapper

MTCQ
answering

conversion to LTLf

conversion to FA

FA operations

query data class
& CQ engine loading TKBs consistency checks

Figure 5.1: Essential modules of Topllet, with external dependencies (gray), new de-
velopments (dashed), and modified modules of Openllet (blue). Not all
modules are shown.

For the automaton-based approach, Topllet adds three dependencies also depicted in
Figure 5.1. First, MLTL2LTLf, a custom Python tool developed for translating MLTL
to LTLf. It implements the translation described in Section 3.4.3 and is available online
[Wes25a]. Additionally, Lydia offers a translation from LTLf into FAs [GF21]. We finally
require AutomataLib for representing and iterating over the resulting FA [IHS15], which
has been extended by a custom class offering convenience methods.

Two changes to Openllet mandate further discussion: how UCQ answering has been
implemented and the way query result operations were made more efficient.

UCQ Answering Both MTCQ algorithms require a procedure for answering UCQs,
which is not available in Openllet. We hence implemented the algorithm described by
Horrocks and Tessaris [HT00] (for UCQs containing tCQs). This engine transforms any
UCQ into a CNF, which is then answered one-by-one through transformation to data
assertions. To handle undistinguished variables for tree-shaped queries, it relies on the
rolling-up procedure, which is already implemented in Openllet. Several optimizations
lead to practically applicability: We can inform the UCQ engine about results from
the MTCQ engine s.t. it must only answer over a subset of the whole search space.
Additionally, the CQ engine is used whenever possible. For example, when CQs of the
UCQ operate over disjoint variables, the UCQ can be answered be combining the results
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from the CQ engine. A similar consideration can be made for entailment: if the CQ engine
finds some disjunct entailed, no expensive UCQ entailment check is required. Otherwise,
the CNF is built, where we can similarly terminate early if we find one conjunct not to
be entailed.

Query Results While temporal query answering often requires many operations on
intermediate query results, optimizations can have drastic effects. In Openllet, a
query result is a set of so-called bindings, where a binding is a map from variables to
individuals. Several operations are possible: (batch) adding and removing elements,
inversion, intersection, membership and equality check, and size computation.

We improved efficiency mainly by adding two features: symbolic inversion and partial
bindings. Inversion is often performed when leveraging the duality between entailment and
satisfiability, and expensive considering that in practice only few individuals are entailed.
All mentioned operations regard symbolic inversion information. Partial bindings are
required when examining CQs that contain only parts of all variables of the MTCQ. Here,
explicitly enumerating all satisfiable bindings for non-constrained variables of a CQ too
early would be needlessly wasteful. Hence, we allow storing bindings that only map a part
of the variables to individuals and avoid early expansion. This helps, for example, when
checking for membership of bindings referring to the same subset of all variables – as
done, e.g., in determining whether the first run of the automaton-based implementation
excluded some (partial) binding. The Cartesian product of the remaining variables is
only computed when necessary, e.g., on iteration, adding, or removal.

Without the above explained methods, a large share of run time was spent on query
result operations on our benchmarks. While several other improvements could be made
(such as using decision diagrams for fully symbolic representation), we found that the two
improvements made query result operations negligible overall.

5.1.2 Automaton-Based Algorithm

The automaton-based algorithm implements the following, abstract workflow:

a) parse the MTCQ and build the propositional abstraction of its negation,

b) convert the output of a) to an LTLf formula using MLTL2LTLf,

c) convert the LTLf formula to an FA using Lydia,

d) parse the FA using AutomataLib,

e) parse the TKB,

f) perform an under-approximating first traversal of the FA using solely the CQ engine,
and
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g) if necessary, perform a full run where checking edge satisfiability involves b UCQ
answering.

The FA is traversed by reading the current data and computing the satisfiable answers
to each edge of each currently active state. A candidate that has an accepting run is a
counterexample to entailment, i.e., the algorithm returns all answers to which no accepting
run was found.

In Section 4.1, we have seen that the algorithm runs in doubly exponential time for
deterministic FAs. To achieve adequate run time in practice, the implementation uses the
CQ engine in a first traversal as follows. The class EdgeConstraintChecker can answer
FA edges for satisfiability, which has a toggle for performing either an under-approximating
or a full check. Internally, it uses a SatisfiabilityKnowledgeManager, which globally
manages satisfiability knowledge for queries obtained from checking FA edges. Recall
that we are confronted with BCQs, i.e., conjunctions of possibly negated CQs. In order
to avoid redundant query answering, the manager computes and caches both satisfiable
(and unsatisfiable, if under-approximating) answers for queries at each time point and
BCQ. Knowledge is propagated according to Table 4.1: After generating certain answers
to a CQ, the manager checks whether the answers can be used as satisfiability results for
any of the managed BCQs (and not only the currently checked FA edge).

5.1.3 Rewriting-Based Algorithm

The workflow of the rewriting-based implementation can be described similarly. Instead of
the recursive formulation made in Section 4.2, Topllet implements an iterative version
(for practical performance reasons) as follows:

a) parse the MTCQ,

b) parse the TKB,

c) iterate over each time point and

i) transform the MTCQ into normal form,

ii) reorder the resulting CNF,

iii) answer each non-temporal MTCQ,

iv) mark temporal MTCQs for the next iteration, and

d) combine all answers.

Note that the iterative procedure differs slightly from the recursive Algorithm 3: It requires
keeping a list of MTCQs that have to be examined in the next iteration. Additionally,
query results must be stored in a tree-like data structure during iteration for final assembly.
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Besides relying on CQ answering wherever possible, we again implement several tech-
niques to further improve performance: First, the CNF is reordered s.t. non-temporal
queries which can be answered by the CQ engine appear first, followed the remaining
non-temporal and finally temporal queries. Note that more powerful query reordering
techniques can be applied [Sir06, Section 6.4], which Topllet does not yet make use of
on the level of MTCQs. Reordering allows generating candidate sets while examining
conjuncts, and we need to examine only the possible answers returned for the previous
conjuncts. For the first query in the CNF, the candidate set is inherited from its parent
formula. A query cache similar to what has been implemented for the automaton-based
algorithm stores intermediate results; however, it now also must respect candidate sets.
These can be passed when querying the cache, which then delivers cached results even if
it just contains information on a part of the candidates. Only the remaining candidates,
as returned by the query cache, need to be checked. As a further optimization, observe
that we might descend into -subformulae containing the same MTCQ at different places.
The iterative approach allows merging those engine calls into one (possibly by extending
an already existing candidate set). Finally, we re-use already combined results as much
as possible and attach them to the parse tree of the MTCQ. A lazy evaluation of the
gathered query results is performed only at the very end.

An important yet separate optimization aspect concerns simplification of the formulae
resulting from rewriting. In contrast to the automaton-based procedure, we do not operate
on a guaranteed minimal temporal structure. Indeed, practical observations showed
that without simplification formulae can grow excessively large, impeding performance
specifically due to establishing a CNF. Take, for example, the formula

Φ = (♢φ1) ∨
(
♢(φ2 ∧ ♢φ1)

)
.

By strictly applying the rewriting rules of Figure 4.3, the resulting transformed formula is

Φ′ = (φ1 ∨ φ2 ∨ Φ) ∧ (φ1 ∨ Φ),

now containing Φ twice. Iteratively repeating this procedure on Φ′ for each time point
i ∈ {0, . . . , n} leads to an exponential blow up: If we unroll Φ to depth i+ 1, this yields
3 ·

∑i
j=0 2

j = 3 · (2i+1 − 1) leaf nodes in the resulting rewritten formula (counting only
leafs containing φ1 or φ2).

As a first measure, query results are cached and re-used whenever possible. Still, this
leads to an exponential size of the data structure storing the intermediate query results,
which later must be collapsed into a single set. While caching can also be applied here, it
is often more efficient to avoid superfluous – especially exponential – formula sizes in the
first place. The following simplification rules are implemented in Topllet:

• Idempotence
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(Id1) Φ ∧ Φ⇝ Φ

(Id2) Φ ∨ Φ⇝ Φ

• Self inverse

(In) ¬¬Φ⇝ Φ

• Tautology

(Ta1) Φ ∨ true⇝ true

(Ta2) Φ ∨ ¬Φ⇝ true

• Contradiction

(Co1) Φ ∧ false⇝ false

(Co2) Φ ∧ ¬Φ⇝ false

• Absorption

(Ab1) Φ ∧ true⇝ Φ

(Ab2) Φ ∨ false⇝ Φ

(Ab3) (Φ1 ∧ Φ2) ∨ Φ1 ⇝ Φ1

(Ab4) (Φ1 ∨ Φ2) ∧ Φ1 ⇝ Φ1

• Next aggregation

(Ne1) Φ1 ∧ Φ2 ⇝ (Φ1 ∧ Φ2)

(Ne2) ( Φ1 ∨ Φ2) ∧ ( Φ3 ∨ Φ2)⇝ (Φ1 ∧ Φ3) ∨ Φ2 (if formula is in normal form)

(Ne3) ( Φ1 ∨ Φ2) ∧ ( Φ1 ∨ Φ3)⇝ Φ1 ∨ (Φ2 ∧ Φ3) (if formula is in normal form)

These rules are applied until no rule can be fired anymore (under consideration of
commutativity and associativity), after any intermediate step of the rewriting procedure.
A necessary remark concerns (Ne2) and (Ne3). While a more general formulation can be
made, e.g., (Φ1 ∨Φ2)∧ (Φ3 ∨Φ2)⇝ (Φ1 ∧Φ3)∨Φ2 for (Ne2), this would establish a DNF
which counteracts the required CNF. However, (Ne2) and (Ne3) collapse two disjuncts
already in the required normal form into one disjunct of the same shape, thus retaining
the normal form.

Topllet correctly reduces the example Φ′ to φ1∨ Φ by applying rule (Ab4), avoiding
the exponential blow up. Since Φ is equivalent to ♢φ1, we could have also added
(♢φ1)∨

(
♢(φ2 ∧♢φ1)

)
⇝ ♢φ1 as a separate simplification rule, however, the more general

rules above handle this case on the rewritten query.
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5.2 Benchmarks

Ideally, we would be able to use controlled real-world data for the experimental performance
evaluation. In Section 5.4, we use drone data from German intersections [Boc+20] in
our experiments. For the systematic evaluation of this section, such real world data
unfortunately do not offer the required scalability. This calls for synthetic yet realistic
benchmark data that can be randomized, scaled in size, and are freely available for
replicability. Ideally, we would have two categories of benchmarks: One that can be
examined easily and is ideal for investigating technical hyptoheses in a controlled manner
and allows for efficient experimentation of how specific configurations affect performance
during development. Second, a benchmark that is complex and transfers well to real-world
settings and thereby allowing an evaluation of whether Topllet can handle practical
performance demands.

We are currently not aware of any public benchmark data on querying TKBs. The same
was noted by the developers of MeTeoR [Wan+22], where data of the Lehigh University
Benchmark [GPH05] are extended with random intervals to enable an evaluation on
the OWL2 RL fragment of the benchmark. Unfortunately, a random extension of a
non-temporal benchmark might not reflect actual temporal data, e.g., in continuity of
concepts over time, and thus might not transfer to real-world applications. This section
hence presents two benchmarks:

• the two-wheeler benchmark, which is a lightweight yet scalable temporal querying
benchmark for efficient evaluation, and

• the TOBM, a large-scale benchmark generator for scenarios of automated driving
applications that closely mimics real-world data.

Additionally, the first benchmark will guide us throughout an easily understandable set
of example inputs to Topllet as well as its results.

5.2.1 The Two-Wheeler Benchmark

The two-wheeler benchmark is concerned with a single query Φ0 for granting right of way
to two wheelers and provides TKBs with just three time points with scaling parameter
N denoting the number of two-wheelers [Wes+24b]. The benchmark is available online
under an MIT license [Wes26f].

We will use this very simple benchmark to ease into using Topllet by means of an
example. A typical use case for Topllet is to specify challenging situations for ADSs
and check for their presence in data. Of specific interest are traffic rules. Therefore, the
two-wheeler benchmark is concerned with the correctly granting right of way to bicyclists
or mopeds on crossings. Three inputs to Topllet are required: a) an OWL2 ontology,
b) temporal data as a list of references to the data points, and c) a temporal query file.
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Ontology

For formalizing the traffic rule, we first gather relevant domain knowledge. As we aim to
keep the benchmark lean, we assume only the following three facts:

1. Crossings are equivalent to everything that connects at least three lanes.

2. Every two-wheeled vehicle is a bicycle or moped.

3. Everything that is left of something is also to the side thereof.

In the OWL2 functional-style syntax, our example ontology is formalized as:

1. EquivalentClasses(Crossing ObjectMinCardinality(3 connects Road))

2. SubClassOf(TwoWheeledVehicle ObjectUnionOf(Bicycle Moped))

3. SubPropertyOf(toTheLeftOf toTheSideOf)

This ontology uses qualified cardinality restrictions (Q) and role hierarchies (R), and is
therefore contained in the DL ALCRQ. It moreover uses a disjunction on the right-hand
side of a concept inclusion (the second axiom) and is hence prone to the issues arising
from disjunctions discussed in Chapter 4. Note that trikes are a good example as to why
this inclusion may not hold in the other direction – there are mopeds that might not be
two-wheeled vehicles.

Data

For the data, operation of the ADS yields a finite time trace of non-temporal data. Each
element in the sequence represents a discrete time point by assigning classes to and binary
relations between individuals.

The perception of the ADS identified five individuals: the system s, a two-wheeled
vehicle t, and a space c connecting the distinct roads r0, r1, and r2, with r1 being
orthogonal and to the right of r0. Note that the ADS only perceived a TwoWheeledVehicle
– possibly, the object classification was not trained on more specific classes. Over three
time points t0, t1, and t2, the following relations hold:

t0: s is to the left of and parallel to t, s and t intersect r0;

t1: s intersects r0, t intersects c;

t2: s intersects r1.

In short, s lets t move onto the crossing before turning right onto r1.
In order to gain scalability for our experiments later on, we add a parameter N , where

the above case is N = 1, and each additional increment of N probabilistically adds
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another two-wheeler by taking a seed S as input. With a configurable probability (by
default, 90%), the two-wheeler show the same behavior as above. Otherwise, it always
stays on r0. For example, N = 30 with seed S = 0 has, on average, 115 assertions per
time point.

Query

The final component is the query, representing a traffic rule: “Anyone who intends to
turn on a crossing shall let bicycles or mopeds enter the intersection first if they drive
parallel to them,” which is adapted from section 9 paragraph 1 sentence 2 of the German
traffic act. Intuitively, the behavior described in the data above is in accordance with this
rule; however, if a two-wheeler stays on r0 (which can happen with a probability of 10%),
the traffic rule is violated. In Topllet, we use an MTCQ with four answer variables to
represent this behavior as an implication, which we call Φ0

1 G # fixes the global types of the answers
2 (
3 (: System (?x) & :Road(?q) & :Road(?p) & :orthogonal (?q, ?p))
4 &
5 ((: Moped(?y)) | (: Bicycle (?y)))
6 )
7 &
8 (
9 F

10 (
11 (: intersects (?x,?p) & :toTheSideOf (?x,?y) & :parallel (?x,?y))
12 &
13 F_[0,20] (: intersects (?x,?q))
14 ) # if, somewhen , x turns from p to q with y being parallel to it before
15 ->
16 ( # then , x has to be on p until y is on the crossing (grant right of way)
17 (: intersects (?x,?p))
18 U
19 (: intersects (?y,c) & :Crossing(c) & :connects(c,?p) & :connects(c,?q))
20 )
21 )

The query asks for individuals x and y in the data s.t. x is a system that, if it is in a
crossing situation with a two-wheeler y being parallel and to the side of x, grant right of
way to y before turning. In the given data from above, the set of certain answers returned
by Topllet contains only one mapping assigning s to x, r0 to p, r1 to q, and t to y.

5.2.2 The Traffic Ontology Benchmark

The second benchmark family, TOBM [Wes+24a], models pedestrians, bicyclists, and
vehicles over 200 time points on an X- and a T-crossing with four MTCQs using the
A.U.T.O., a large SRIQ(D) ontology. In contrast to the two-wheeler benchmark, the goal
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here is to match a real-world application context as closely as possible. The benchmark is
available online under an MIT license [Wes26d].

The Automotive Urban Traffic Ontology

The A.U.T.O. [Wes+22a, Section 5] has been created as part of a large publicly funded
research project in a scientific-industrial collaboration. It is a conglomerate of SRIQ(D)

ontologies for the traffic domain and related fields, and currently consists of 1 449 axioms
over 676 concepts and 213 roles. A.U.T.O. was already successfully used for analyzing
real-world traffic data from drone recordings [Wes+22a, Section 8]. It has been found to
outperform a large share of the competition in terms of modeling options [ZKZ23, Table I].
It has also been acknowledged in recent literature [MP25; Mar+25]. Two independent
lines of work also extend the ontology: Researchers at Oxford used an adapted version to
derive scene graphs on the ROAD dataset [Pan+25]. A group at the Tianjin University
extended A.U.T.O. with additional domain knowledge [Zha+24].

Conceptually, A.U.T.O. is based on the Six-Layer Model (6LM) [Sch+21]. The 6LM
categorizes traffic entities and their properties into six individual layers:

• Layer 1: road network and traffic guidance objects, which encompasses road structure
(roads, lanes, intersections, etc.) and objects designated for guiding traffic (signs,
markings, traffic lights, etc.).

• Layer 2: roadside structures, where objects near the road network yet not relevant
for guiding traffic are contained (such as buildings and vegetation).

• Layer 3: temporary modifications of the former, describing intentional or uninten-
tional alterations of static objects, e.g., construction elements or alterations due to
destructive forces such as storms.

• Layer 4: dynamic objects, including all traffic participant and their vehicles, but
also animals and inanimate moving objects.

• Layer 5: environmental conditions, such as weather, time, and illumination informa-
tion.

• Layer 6: digital information, specifically, traffic light states and digital messages
between vehicles or infrastructure elements.

It can function as a well-structured foundation for traffic ontologies such as A.U.T.O.;
essentially, it offers the ontology developer a guidance on the relevance of possible roles
and concepts. The 6LM provides the additional advantage that it has been unified in an
integrated effort between industrial and scientific stakeholders lead by Scholtes [Sch+21]
and has been repeatedly applied as a structuring scheme [Sch+24b; Sch+23; Wan+24a].
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It is also referenced in the Official Gazette of the German Federal Ministry of Digital
and Transport for the systematic description of traffic when applying for an operational
domain permit [Dig24], which is required for operating ADSs on public roads in Germany.
While the 6LM gives a top-level categorization for the environment, an ontology details
and formalizes concepts and roles.

A.U.T.O. is an integrated set of ontologies specifically developed to represent the
6LM as well as various other domains necessary to reason about traffic: For each of the
layers described above, there are OWL files containing their respective concepts and roles.
Axioms have been incrementally added to the ontology when formalizing a catalog of
factors influencing criticality, as described by Westhofen et al. [Wes+22a]. The catalog of
factors itself – containing, among others, passing of parking vehicles – was systematically
created in a large publicly funded research project involving industry participation. During
creation, we have relied on an expert-based brainstorming approach, taking sources such
as accident reports and driving school questionnaires into account [Neu+21, Section V A],
and also considered possible underlying causal mechanisms [Koo+25]. An example set
of A.U.T.O. axioms used in formalizing passing of parking vehicles, given in OWL2
functional-style syntax while ignoring prefixes, is:

1 SubClassOf(Vehicle Dynamical_Object)
2 EquivalentClasses(Driver ObjectSomeValuesFrom(drives Vehicle))
3 SubClassOf(
4 ObjectIntersectionOf(
5 Vehicle
6 Non_Moving_Dynamical_Object
7 ObjectSomeValuesFrom(
8 intersects
9 ObjectUnionOf(Parking_Lane Parking_Space)

10 )
11 )
12 Parking_Vehicle
13 )
14 EquivalentClasses(
15 Non_Moving_Dynamical_Object
16 ObjectIntersectionOf(
17 Dynamical_Object
18 DataHasValue(has_velocity "0.0"^^xsd:double)
19 )
20 )

In a nutshell, these axioms formalize that any vehicle is a dynamical object, drivers
must drive some vehicle, non-moving vehicles on a parking lane or space as a sufficient
condition for parking vehicles, and non-moving as having zero speed. For more examples,
refer to the Appendix of the corresponding work by Westhofen et al. (note that temporal
properties have since been moved out of the DL axioms into MTCQs) [Wes+22a].

A.U.T.O. additionally detaches concepts semantically spanning over multiple layers of
the 6LM. This modularity enables separation of concerns and re-use of concepts, therefore
mitigating complexity issues. For example, spatial properties, such as heights or distances,
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are prerequisite for entities among almost all layers of the 6LM. Moreover, standardized
ontologies for spatial concepts already exist and can therefore be re-used. Here, we opt for
the Open Geospatial Consortium’s GeoSPARQL ontology, which gives access to DE-9IM
and RCC8 vocabularies for representing spatial relations. This enables compatibility of
A.U.T.O. to a wide range of available tooling, such as GraphDB1. This leads to a lean
overall ontology structure, where individual, re-usable domain ontologies are imported, as
displayed in Table 5.1. The union of the domain ontologies representing the 6LM and

Table 5.1: Traffic-related ontologies detached from the 6LM for their use in A.U.T.O.

Ontology Competency Example Concepts Example Roles

Geometry Geometries & shapes Geometry, Rectangle Contain, Disjoint
Physics Physical properties Dynamical object Speed, Acceleration
Act Activities over time Actor, Event, Activity Conduct, Participate
Communication Message exchange Sender, Receiver Transmit, Receive
Perception Perceiving Entities Observer, Occlusion Is Occluded For

traffic-related ontologies of Table 5.1 yields the A.U.T.O. Moreover, a Python wrapper
around A.U.T.O., called PyAuto [Wes26b], offers an easy creation of scenes, scenarios,
placement of traffic participants and road layouts, as well as a basic simulation and
visualization framework. This interface is also used for creating the TOBM temporal data
and is based on Owlready2 [Lam17].

In practice, we are often confronted with concrete physical data that we require
abstracting from. For this, a custom-written library has been integrated into PyAuto,
where the user can easily specify definitions for arbitrary concepts and roles using Python
code [Wes26a]. For example, defining the concrete semantics of within – a role defined
in the GeoSPARQL ontology – can be based on Python’s Shapely library:

1 from shapely import wkt
2 with physics:
3 class Spatial_Object:
4 @augment(AugmentationType.OBJECT_PROPERTY , "within")
5 def within(self , other: physics.Spatial_Object):
6 return wkt.loads(self.hasGeometry [0]. asWKT [0]).
7 within(wkt.loads(other.hasGeometry [0]. asWKT [0]))

The library provides a high level interface enabling users to initiate an augmentation for
each individual of a KB.

Data

TOBM includes a benchmark generator to create temporal data for A.U.T.O. with
1https://graphwise.ai/components/graphdb

https://graphwise.ai/components/graphdb
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a number of individuals scaling linearly to some N > 0. Similar to the two-wheeler
benchmark, a seed S is used for pseudo-randomization. From both parameters, it
generates scenarios of a certain length (by default, 20 seconds). These can be sampled
from two settings:

1. A T-crossing setup with parking vehicles, a pedestrian crossing, bikeway lanes,
pedestrians, bicyclists, and passenger cars (cf. Figure 5.2). A bicyclist from the
southern arm is specifically programmed to appear behind parking vehicles and
subsequently drive over the pedestrian crossing on the western arm without granting
right of way. It has 8N + 22 individuals (including static infrastructure).

2. An X-crossing of two urban roads with traffic signs and dysfunctional traffic lights
(cf. Figure 5.3). Compared to the T-crossing, there are only passenger cars and
pedestrians but no bicyclists. In total, we obtain 5N + 69 individuals.

Figure 5.2: A scene of the T-crossing scenario sampled from TOBM for N = 3, S = 0.
Six drivers, three pedestrians, and three bicyclists are present. Three vehicles
are parking on the western arm in proximity to a pedestrian walkway. Bicycle
lanes are colored red.

The scenarios are created based on behavior models for pedestrians, bicyclists, and
passenger cars. The latter two drive up to a speed limit if the area in front is free,
otherwise they use a following mode. Vehicles yield on a predicted intersecting path if
they are second to reach the intersection point. Moreover, a random successor lane is
selected when turning at intersections, giving a turning signal with a probability of 3%
each time point. Pedestrians follow their walkway, but can randomly initiate road crossing
with a probability of 0.7%. A visualization of an example scenario for each intersection
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Figure 5.3: A scene of the X-crossing scenario sampled from TOBM for N = 2, S = 0.
Four drivers and two pedestrians are present, as well as traffic lights and
pedestrian fords on each arm of the intersection.

can be found in the linked repository of TOBM. Geometrical data are abstracted to
spatial predicates, e.g., within, using PyAuto.

Figure 5.4 shows the number of data assertions in TOBM for N ∈ {1, . . . , 5} and
S = 0 contained in each TKB. For N = 3, and 20 seconds sampled with 10 Hertz on the
T-crossing setting, this results in a data sequence with 46 individuals and approximately
2 830 facts per time point with constant assertions only counted once, leading to 566 061

assertions over all time points. The largest benchmark, N = 5 on the X-crossing, contains
1 027 244 total assertions. Note that the data size is not exactly linear in N , as the
probabilistic simulation of additional traffic participants can lead to different spatial
configurations. However, as described above, the number of individuals scales linearly
with the benchmark size.

Queries

Four queries Φ1 to Φ4 are contained in TOBM. Φ1 has two answer variables and asks for
intersecting vulnerable road users for some significant duration.

1 PREFIX l4c: <http :// purl.org/auto/l4_core#>
2 PREFIX l4d: <http :// purl.org/auto/l4_de#>
3 PREFIX phy: <http :// purl.org/auto/physics#>
4

5 G (l4c:Vehicle (?x) ^ l4d:Vulnerable_Road_User (?v))
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Figure 5.4: Number of total assertions in the TOBM X- and T-crossing data for N ∈
{1, . . . , N} and S = 0, sampled with 10 Hertz and 20 seconds. Static assertions
(such as road infrastructure) are counted only once.

6 &
7 F
8 (
9 (phy:is_in_proximity (?x,?v)) U_[5,10] (phy:has_intersecting_path (?x,?v))

10 )

Φ2 (with again two answer variables) addresses the already mentioned passing of parking
vehicles on two-lane roads.

1 PREFIX l1c: <http :// purl.org/auto/l1_core#>
2 PREFIX l1d: <http :// purl.org/auto/l1_de#>
3 PREFIX l4d: <http :// purl.org/auto/l4_de#>
4 PREFIX l4c: <http :// purl.org/auto/l4_core#>
5 PREFIX phy: <http :// purl.org/auto/physics#>
6 PREFIX geo: <http :// www.opengis.net/ont/geosparql#>
7

8 G (phy:Moving_Dynamical_Object (?x) & l4c:Vehicle (?x) & l1d:2 _Lane_Road(r) & geo:
sfIntersects(r,?x) & l4d:Parking_Vehicle (?y))

9 &
10 F
11 (
12 (phy:is_in_front_of (?y,?x))
13 &
14 X[!]
15 (
16 (phy:is_in_proximity (?x,?y) & phy:is_to_the_side_of (?y,?x))
17 U
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18 (phy:is_behind (?y,?x))
19 )
20 )

Φ3 formalizes a right turn with two answer variables.
1 PREFIX l1c: <http :// purl.org/auto/l1_core#>
2 PREFIX l1d: <http :// purl.org/auto/l1_de#>
3 PREFIX l4c: <http :// purl.org/auto/l4_core#>
4 PREFIX geo: <http :// www.opengis.net/ont/geosparql#>
5

6 F (l4c:Vehicle (?x) & l1c:Driveable_Lane(l1) & geo:sfIntersects(l1 , ?x) & l1d:
is_lane_right_of (?l2,l1))

7 &
8 F (geo:sfIntersects (?x, ?l2))

Φ4 has three answer variables and concerns a lane change without a signal.
1 PREFIX l1c: <http :// purl.org/auto/l1_core#>
2 PREFIX l1d: <http :// purl.org/auto/l1_de#>
3 PREFIX l4c: <http :// purl.org/auto/l4_core#>
4 PREFIX l6d: <http :// purl.org/auto/l6_de#>
5 PREFIX com: <http :// purl.org/auto/communication#>
6 PREFIX geo: <http :// www.opengis.net/ont/geosparql#>
7

8 G (l4c:Vehicle (?x) & l1c:Driveable_Lane (?l1) & l1c:Driveable_Lane (?l2))
9 &

10 F
11 (
12 (geo:sfWithin (?x,?l1))
13 &
14 X[!]
15 (
16 (!( com:delivers_signal (?x,s) & l6d:Left_Turn_Signal(s)))
17 U
18 (geo:sfIntersects (?x,?l2))
19 )
20 )

5.3 Performance Evaluation

Both benchmarks introduced above yields in total 70 possible inputs to Topllet, i.e.,
combinations of TKBs and MTCQs, on which the performance of both approaches
presented in Chapter 4 can now be tested. For this, we pose several questions that we
aim to answer by the evaluation.

(Q1) Are the sketched algorithms for MTCQs able to deliver a performance satisfiable
for practical applications and how do both compare?

For the automaton-based approach,

(Q2) is the CQ answering optimization for the automaton-based approach described in
Section 4.1.4 effective for increasing performance?
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(Q3) how much satisfiability knowledge can be gained by the CQ answering run, both
locally, i.e., pertaining only to certain time points, and globally, i.e., valid at all
times?

(Q4) are there certain answers not found during the second (full) run, or does an under-
approximating run suffice in practice?

For the rewriting-based approach,

(Q5) can we find empirical evidence for the theoretically proven statement that it uses
UCQ answering more sparingly than the automaton-based algorithm?

(Q6) how much of the performance improvements are due to reducing the dependency on
UCQ answering?

Here, practical applicability refers to offline analysis settings as motivated in Chapter 2,
where temporal data are queried after collection (in contrast to online monitoring, where
results are needed on-the-fly).

5.3.1 Setup and Experimental Design

Three experiments have been conducted. The host system is a Windows 10 machine with
an Intel® Core® i9-13900K, 64 GB RAM, and a ten hours time limit per run. The time
limit was chosen based on the maximum amount of time that still allowed to execute both
algorithms on all benchmarks in a practically feasible duration. Note that determinism of
both implementations makes deviations negligible, and therefore a single execution per
input combination is deemed sufficient. Code, data, and reproducibility instructions are
provided online for each implementation [Wes23a; Wes24].

In the first experiment, we aim to mainly answer Q1 but also collect data for Q5 and
Q6. Both Algorithm 1 and Algorithm 3 (with all optimizations enabled) are executed
on TOBM S = 0 and N ∈ {1, . . . , 5} as well as the two-wheeler benchmark for S = 0

and N ∈ {1, . . . , 30}. To answer the questions posed above, the experimental setup has
measured wall clock run times for query answering (called “run time” from here on) for
both algorithms. Parsing and loading of queries and TKBs have been excluded, as the
goal is to only evaluate the query answering algorithm. Moreover, information on the
number of UCQ entailment checks and calls to the CQ answering engine, as well as run
time spent in both have been collected.

For answering Q2, we have performed an ablation study where we turn off the CQ
optimization of Algorithm 3 in a second experiment, in which we only examine the TOBM
T-crossing instance S = 0, N = 3. Here, we also address Q3 and Q4, for which we
additionally measure run times for both the first (under-approximating) and second (full)
run when the optimization is enabled. We have also collected the number of answer
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candidates for which satisfiability knowledge has been gained at each time point as well
as the amount of answers already returned in the first run.

For additional insights into Q5 and Q6, a third experiment on the two-wheeler bench-
mark for N ∈ {1, . . . , 30} and a query of the form □φ1 ∧ ♢φ2 allows to empirically assess
the relation of superfluous UCQ checks and run time, which we previously motivated
from a theoretical perspective using a query of the same form Section 4.3.

5.3.2 Results and Discussion
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Figure 5.5: Log-scaled scatter plot of the wall clock run times for the automaton-based
Algorithm 1 against the rewriting-based Algorithm 3 on TOBM (X and T,
circles) and the two-wheeler benchmark (2W, crosses). Colors indicate the
membership of scaled benchmarks to the same type. Dashed lines represent
orders of magnitude.

Q1 The run times measured in the first experiment are depicted in Figure 5.5. Memory
exceedance has not been observed on the benchmark inputs. Already the automaton-based
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approach offers an adequate performance: For the average benchmark size of N = 3 on
the TOBM T-crossing, run times were 2.9 minutes (Φ1), 13.3 minutes (Φ2), 12.1 minutes
(Φ3), and 100.4 minutes (Φ4). The rewriting algorithm beats these numbers significantly
on all benchmarks. On the mentioned examples, it requires instead only 0.2 minutes, 0.8
minutes, 7.9 minutes, and 34.4 minutes. We achieve an average speedup of 19.09 over
all benchmarks, that is, over an order of magnitude, with a standard deviation of 45.79.
Hence, the rewriting-based approach offers satisfiable performance on realistic input sizes
sufficient for offline data analysis, considering that the experiments were performed on
consumer-grade desktop hardware. It has to be remarked that all queries contained
at most four answer variables; it is likely that a greater number impacts performance
negatively – evidence for that is Φ4, which has three answer variables and requires more
run time compared to the other TOBM queries containing only two variables.

The performance does not suffice for online monitoring. Only small data and ontologies,
such as the two-wheeler benchmark, can be handled by the engines under sufficient time
constraints. For N = 15 on the two-wheeler benchmark (which contains 45 assertions
per time point, on average), the rewriting algorithm required 164 ms per time point.
This allows for an input frequency of roughly six Hertz, which can suffice in some online
settings.

Run times do not always scale strictly exponential with input size for both algorithms,
as, e.g., evident for Φ2 and Φ4 on the T-crossing. This is due to relying on efficient, i.e.,
in practice often non-exponential, CQ answering for a significant portion of the search
space. Especially for the automaton-based algorithm, however, some queries induce, in
fact, an exponential relationship. An example is Φ1 on the X-crossing, where the time
spent on CQ answering is constant over the benchmark size.

A timeout was observed on three benchmarks on the FA-based implementation (Φ4

on the X-crossing for N ≥ 3). We will see later that many candidates could be excluded
on these benchmarks by the CQ optimization; however, the remaining checks still put
a heavy burden on the UCQ engine. For these three timeouts, with rewriting, we can
answer the queries in 3.52, 5.72, and 7.88 hours.

Q2 We now compare the run time when enabling Algorithm 2 to the basic version of
Algorithm 1 without the CQ answering optimization in Figure 5.6. Wall clock times of
both the CQ answering run t1 (“first run”) and the full-semantics run t2 (“second run”)
are also depicted. The results show that the naïve automaton-based approach does not
offer adequate performance on the TOBM T-crossing for N = 3, even for queries with
two answer variables. On average, run times are increased by a factor of 111.3, i.e., two
orders of magnitudes.

In the optimized version, a significant duration is still spent using the expensive, full
semantics check despite iterating only through a fraction of all candidates (cf. Table 5.2).
Therefore, the high run times of the naïve algorithm do not surprise; it appears that the
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Figure 5.6: Log-scaled run times of Algorithm 1 with and without the CQ answering
optimization enabled for the TOBM T-crossing S = 0, N = 3. Run times
without the optimization are extrapolated after one hour. The times spent
in the first (t1) and second run (t2) are additionally given for the optimized
implementation.

UCQ engine is vastly less efficient than its CQ counterpart. Hence, leveraging the CQ
engine makes MTCQ answering practically feasible. However, some queries may trigger
special cases in the optimizations of the CQ engine, leading to higher run times, e.g., role
inclusion axioms for Φ3 where already the CQ engine requires 14.6 minutes.

Q3 and Q4 The canonical question regards where the performance improvements of
the optimized version are generated, as the effect of using CQ answering can be twofold:
Firstly, a set of candidates can be excluded globally: for a candidate, the CQ checks
sufficed to either arrive at a final state after or show that no final state is reachable.
Secondly, even if a candidate was not globally excluded, it generates “local” (non-)answers
that can be cached for subsequent checks of Point 1 of Lemma 4.1.1. We thus report
both exclusions, averaged over all time points and checked edges at each time point,
in Table 5.2 for the same benchmark used for Q2. Q4 asks whether the second run is
actually worthwhile. Table 5.2 reports how many certain answers (called certK) were
already found in the first run (called cert1K).

Table 5.2: Effects of the CQ answering optimization on Algorithm 1 for the TOBM
T-crossing S = 0, N = 3.

Query Φ1 Φ2 Φ3 Φ4

Globally excluded candidates (%) 97.88 99.29 97.88 99.71

Globally and locally excluded candidates (%) 98.73 99.55 99.54 99.80

|cert1K|/|certK| 1 1 1 1

The results show CQ answering to aid mainly by excluding candidates globally. In
practice, few combinations are entailed, and hence most of these candidates violate the
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global type constraints, which leads to being stuck in an accepting sink (and therefore, the
candidate will be rejected overall). Local exclusion has minor but non-negligible effects,
e.g., avoiding on average 42 additional candidates for Φ3. Moreover, all certain answers
were already found in the first run, indicating suitability of using solely the incomplete
first run if no formal guarantees are required.

Leveraging CQ answering has its limitations. For Φ4 on the X-crossing and N = 2, the
first run excluded the majority of the candidates, but performance was still suboptimal.
Specifically, exclusion occurred to 99.83% of candidates, which took 2.38 minutes, leaving
960 candidates for the second run. As alluded to when discussing the timeouts of
Figure 5.5, this is no small task: for 200 time points in the data this leaves 180 seconds
per time point to finish within the time limit of 10 hours. Hence, each candidate must
not take up more than 0.1875 seconds per time point on average, which requires checking
multiple edges in multiple states. Experiments indicate each edge check to take a two-digit
millisecond duration. Thus, the automaton-based implementation is not able to handle
large candidate sets in the second run of the automaton-based approach efficiently. A
possible mitigation for the UCQ engine involves using approaches similar to what has
been done for CQ answering (such as binary instance retrieval). However, it is not directly
clear how to do so as disjunctions cannot be rolled-up or examined “atom-by-atom.”

Q5 and Q6 For Q1, we showed that the rewriting-based approach has improved run
times on all benchmarks. The theoretical analysis of Section 4.3 hinted that one underlying
reason might be the more effective use of CQ and UCQ answering. We now evaluate this
hypothesis by assessing the calls to both non-temporal query engines and the time spent
there, which allows us to attribute time savings to more efficient use of UCQs. Table 5.3
and Table 5.4 show the number of UCQ entailment checks, calls to the CQ engine, and
their run times on the largest data of the TOBM X- and T-crossing settings as well as
the two-wheeler benchmark.

In the data, UCQ answering takes up most of the time in the automaton-based approach,
indicating that decreasing the number of UCQ entailment checks promises large benefits.
In four cases, the rewriting-based approach eliminated superfluous UCQ checks altogether,
leading to improved overall performance. In general, even a few UCQ entailment checks
entail high run times, which can be explained by UCQ answering being less optimizable
in comparison to CQ engines.

For the final question, Q6, we are interested in how much of the improvements are
due to more efficient UCQ answering, which is presented in Table 5.5 for the largest
data of each benchmark. There is an overall 86% reduction in run time, of which, on
average, 70% is due to better UCQ handling. On six of the nine benchmarks, run times
are improved largely, i.e., over 80%, solely by saving time spent answering UCQs. Three
exceptions exist in Table 5.5: For Φ2 on the TOBM X-crossing, no reduction is present as
already the automaton-based implementation did not require UCQ checks. Second, Φ3 on
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Table 5.3: Number of UCQ entailment and CQ answering calls, their run times, and
overall run times (in seconds) for Algorithm 1 on the largest benchmark of
each benchmark family where no timeout occurred.

TKB Query UCQs tUCQ (s) CQs tCQ (s) t (s)

TOBM T-Crossing

Φ1 94 720 590.61s 593 35.70s 626.31s
Φ2 59 061 2 407.80s 1 203 530.42s 2 938.23s
Φ3 17 299 115.29s 603 1 304.76s 1 420.05s
Φ4 962 613 12 812.79s 1 203 595.79s 13 408.60s

TOBM X -Crossing

Φ1 27 824 392.27s 593 64.74s 457.02s
Φ2 0 0s 1 203 350.72s 350.73s
Φ3 16 780 329.33s 603 1 879.35s 2 208.70s
Φ4 1 697 010 31 606.45s 1 203 126.68s 31 733.18s

2-Wheeler Φ0 5 232 17.51s 45 2.66s 20.19s

Table 5.4: Number of UCQ entailment and CQ answering calls, their run times, and
overall run times (in seconds) for Algorithm 3 on the largest benchmark of
each benchmark family where no timeout occurred.

TKB Query UCQs tUCQ (s) CQs tCQ (s) t (s)

TOBM T-Crossing

Φ1 0 0s 397 17.03s 17.17s
Φ2 7 037 92.42s 602 40.58s 133.23s
Φ3 0 0s 402 904.00s 904.20s
Φ4 136 732 4 793.19s 602 177.03s 4 970.80s

TOBM X-Crossing

Φ1 0 0s 397 23.77s 23.88s
Φ2 0 0s 1 1.20s 1.46s
Φ3 0 0s 402 1 500.09s 1 500.33s
Φ4 204 800 7 188.71s 602 17.58s 7 206.80s

2-Wheeler Φ0 357 0.27s 8 2.21s 2.53s

both X- and T-crossing, the CQ engine takes up most of the time (roughly 85% and 92%,
respectively) in Algorithm 1. Reducing UCQ answering has limited potential in overall
performance improvements in these cases. Still, Algorithm 3 offers a significant speedup
on those benchmarks as well by decreasing the time spent on CQ answering. Recall that
the initial run checks various CQs in hope to extract some satisfiability information – not
all of these checks are strictly required for answering the query. The experimental data
show that rewriting-based approach seems to use CQs more sparingly as well.
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Table 5.5: The percentage of the overall saved run time of Algorithm 3 that is due to
savings in UCQ entailment checks compared to Algorithm 1, measured on the
largest data of each benchmark where no timeout occurred.

TKB Query Run Time Saved (s) Saved by UCQs (%)

TOBM T-Crossing

Φ1 609.14 96.96

Φ2 2 805.00 82.55

Φ3 515.85 22.35

Φ4 8 437.80 95.04

TOBM X-Crossing

Φ1 433.14 90.56

Φ2 349.27 0.00

Φ3 708.37 46.49

Φ4 24 526.38 99.56

2-Wheeler Φ0 17.66 97.62

Section 4.3 gave a class of queries where UCQs are not required on any TKB at all –
namely TCQCQ∗ . Of the queries introduced above, only Φ3 is in TCQCQ∗ , on which no
UCQ checks were performed by the automaton-based approach. Since UCQ checks were
reduced on all other queries as well, it can be deduced that the rewriting-based algorithm
has advantages also when being applied outside TCQCQ∗ .

It remains to empirically analyze the behavior of both algorithms in TCQCQ∗ . For this,
we use the query

□TwoWheeledVehicle(x) ∧ ♢System(x) ∈ TCQCQ∗ ,

for which Section 4.3 showed that there is a TKB where the automaton-based approach
uses UCQs. In contrast, Algorithm 3 solves it solely by CQ answering. The query was
executed on the two-wheeler benchmark while measuring the number of UCQ checks.
The results are shown in Figure 5.7. We confirm the theoretical analysis that Algorithm 3
does not require UCQs, whereas Algorithm 1 must, in fact, check disjunctive queries.
As the query has only one variable and UCQ checks increase linear with the size of the
benchmark (proportional to the number of two-wheeled vehicles), the observed linear run
time of Algorithm 1 is to be expected. Moreover, Figure 5.7 highlights the effectiveness
of the employed CQ engine: The performance is essentially constant, despite the fact
that N = 30 contains over six times the assertions of N = 1. A likely explanation is that
the answers can already be returned by information gathered from the completion graph
generated during the initial consistency check, which in turn can be done efficiently due
to the small number of axioms in the ontology.

A noteworthy caveat of the analyses is their specificity to the employed non-temporal
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Figure 5.7: Wall clock run times of the rewriting-based Algorithm 3 vs. the automaton-
based Algorithm 1 and its number of UCQ entailment checks for the two-
wheeler benchmark on the MTCQ □TwoWheeledVehicle(x) ∧ ♢System(x) ∈
TCQCQ∗ . Algorithm 3 uses no UCQ checks.

query engines on which both implementations rely. Currently, no other UCQ engines
for expressive DLs are known. Hence, the experiments have been restricted to what has
been implemented in Topllet. In general, the performance improvements attributable
to better UCQ handling might be lower for more efficient UCQ engines, or even higher
for those that are less optimized. However, since UCQ answering is practically more
challenging than CQ answering, it can be conjectured that the number of calls to a query
engine, as assessed for Q5 and Q6, is a reasonably generalizable proxy.

5.4 Integration into Scenario Coverage

The application context of this dissertation is assessing SOTIF achievement by using
collected field data, as described in Chapter 2. For this, it is first required to assess the
quality of said data. We are specifically interested in checking whether we have enough
data for the identified causal chains preceding a harm. Recall the example in Figure 2.2:
During virtual and real-world test drives, it must be ensured that the data cover all
triggering conditions (ice plates existing and falling from truck), the subsequent hazardous
behaviors and hazards (concerning distance, lane keeping, and lane changing behavior),
as well as additional scenario conditions (such as ice on road and vehicle being on other
lanes). In what follows, these conditions are referred to as scenario classes, which is
simply a constraint representing a set of concrete scenarios.
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Coverage of scenario classes by recorded data aims at quantifying the quality of
the matching between the data records and specified scenario constraints. Historically,
coverage has been well-established in software engineering, including concepts like branch,
statement, and MC/DC coverage [ZHM97]. In automated driving, covering all relevant
scenarios with data currently forms one of the fundamental safety challenges [Neu+20;
Rie+20]. In Germany, proving adequate coverage is even required for approval, as per the
applicable regulation: “Test cases must provide sufficient test coverage for all scenarios,
test parameters, and environmental influences. The coverage must be justified [. . . ]”
[Ver22b]. It can be argued that coverage should not be blindly followed as the sole
indicator in software engineering [HT90; Gay+14]. However, for complex, automated
systems, if metrics are of high quality, it can be a valuable asset in the practitioner’s
toolbox [AHR15], especially for guiding data collection efforts.

The most straightforward way of implementing coverage for automated driving appli-
cations has been coined “tag-based coverage” [GBO24; Sch+24b], which is simply the
proportion of scenario classes for which an instance was observed in the data. More
involved coverage metrics exist in our assessed domain [Gel+25, Section 3.3]; among these
are

• tree-based coverage, which removes implausible combinations by constraints along
a tree structure [Sch+24b],

• time-based coverage, which measures the recorded duration for which no scenario
class is applicable [GBO24],

• probabilistically-bounded coverage, by counting only combinations exhibiting a
certain likelihood [AHR15],

• t-wise coverage, with the assumption that many harms are triggered by at most t
scenario classes, and hence considering only t-combinations [Sun+22],

• quantitative k-projection coverage, which extends t-wise coverage by weights and
rules [CHY18], and

• concrete scenario coverage, where each of the (finitely many) concrete scenarios
forms a unique scenario class [AW19a].

For reasons of simplification, we use tag-based coverage as a canonical foundation for
showing how MTCQs and hence the OWA can be incorporated into coverage frameworks.
By this, we put MTCQs into a larger context and highlight the implications of transitioning
from a CWA to an OWA in automated driving applications.

Evaluating any of the aforementioned metrics requires recognizing scenario classes
in data, for which temporal logics are a natural choice. These include MTL, STL,
LTL, and CMFTBL, as presented in Chapter 2. All these approaches make the CWA.
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This has several downsides: First, the CWA assumes a perfect ground truth. However,
data incompleteness stemming from perception imperfections (think: occlusion or false
calibration) can occur. Second, classification under CWA settings requires a complete
specification to be available. Complexities of the Operational Design Domain (ODD),
such as a wide array of possible objects to encounter, and vagueness of their definitions,
e.g., due to fuzzy legal texts, can invalidate this assumption.

A possible solution to handling incomplete data and specifications is the OWA, as
already introduced in Chapter 2. The OWA allows incorporating absence of knowledge
into coverage by inferring no additional facts from missing information. After classification,
observed scenarios can either belong to exactly one scenario class, or, due to the OWA,
the actual class could not be determined exactly and hence multiple possible classes must
be considered. Take as an example a recorded scenario in which rain is present, where
sensor imperfections allow determining neither the presence nor absence of a lead vehicle.
It is thus not clear if the hazardous behavior “safety distance violated” is given.

This example makes clear that real-world coverage computation must regard data
records for which the actual scenario class is unknown. Currently, no formalism for
incorporating ambiguity into scenario coverage exists. Based on what has been proposed
by Westhofen et al. [Wes+26], this section advances the state-of-the-art by

1. extending the standard coverage problem with an OWA,

2. defining corresponding problems for lower and upper bounds on coverage within
this novel framework,

3. analyzing complexity of these problems and giving tractable algorithms for comput-
ing both bounds, and

4. showing that adequate computations of OWA coverage with Topllet are possible
using synthetic and real-world data.

In addition to what is presented in the original work [Wes+26], this dissertation extends
the experiments on real world data from one to four MTCQs while also reporting run
time of Topllet, enabling more comprehensive conclusions about the applicability of
the tool.

5.4.1 Formal Framework

As motivated above, we assume finitely many data traces (d1, . . . , dn) as a result of
field data collection. Each data trace di can be simply represented as a TKB, i.e.,
di = (O, (Dj)j∈{0,...,m}) for an ontology O and nontemporal databases Dj . The set D
denotes all possible nontemporal databases. As we adopt tag-based coverage, we assume
to have a finite set of tags T and finitely many possible values Vt for each tag t ∈ T . The



5.4 Integration into Scenario Coverage 165

set of all values is V =
⋃
t∈T VT . We can now represent the data simply in terms of its

tag assignments, i.e., for each data trace di we assume that there is a scenario represented
as a function si : T → V that assigns each tag its value (depending on what has been
observed in the data). Converting data to scenarios can be implemented as a function
from all data traces to tag evaluations: ΛT,V :

⋃
h>0Dh → V T for tags T and values V ,

with V T = {f : T → V }. We will later see how MTCQs can be used for defining ΛT,V ,
but leave the subsequent discussion on coverage deliberately independent of MTCQs.
The translation via ΛT,V finally yields a list of scenarios (s1, . . . , sn) from the data traces
(d1, . . . , dn).

Example 5.4.1

Assume four tags T = {t1, . . . , t4} with Boolean values V = {0, 1} (denoting absence and
presence of the tag, respectively). We use examples of potential triggering conditions and
hazardous behaviors for the definition of the example tags:

t1: Proximity to a bicycle (which possibly triggers hazardous behavior of the ADS due
to difficult-to-predict movements).

t2: Passing of parking vehicles (a potential triggering condition due to opening doors
and occlusion of other traffic participants).

t3: Violation of the safety distance (a hazardous behavior by the ADS).

t4: Bicycles driving from a walkway onto the road surface in proximity to the system
(a triggering condition in case such behavior is not anticipated correctly or timely).

Then, the scenario s1 : t1 7→ 0, t2 7→ 0, t3 7→ 0, t4 7→ 1 encodes the ADS encountering a
walkway-road-changing bicycle without any of the three other conditions being present.

Tag-based coverage, in its standard CWA definition [Sch+24b], is the ratio between
observed and all possible scenario classes for scenarios (s1, . . . , sn):

κ(T, V, s1, . . . , sn) =
|{si | i ∈ {1, . . . , n}}|

|T|
. (5.1)

Here, T denotes the set of all possible scenarios. While the size of T can be computed
based on dependencies between tags [Sch+24b], the simplest case is T = V T , which is
also assumed from here on.

When advancing coverage from a CWA to the OWA, it can occur that the value of
some tags might be unknown for a given data trace. As motivated above, this can be
caused by specification fuzziness or perception issues. We model this behavior by allowing
for a unique symbol ∗ in the values Vt of any tag t that shall be interpreted under the
OWA. Note that not all tags require an OWA, and we hence still allow some tag values
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to not contain ∗. Then, si(t) = ∗ implies that si(t) is ambiguous and any value from
Vt \ {∗} is applicable. Only one value could have actually been valid. Hence, a set of
possible options for a scenario si opens up:

Options(si) =

{
o : T → V

∣∣∣∣∣ ∀t ∈ T. si(t) ̸= ∗ → o(t) = si(t) ∧
si(t) = ∗ → o(t) ∈ Vt \ {∗}

}
.

In the worst case, this creates an exponential set of entries for each scenario (|V ||T | many
to be precise). This implies that the subsequently examined problems are exponential
in the number of tags. Since collected field data can grow excessively over the course of
testing and operation, we are specifically interested in the dependency of coverage on
the data. This is comparable to what has been proposed as data complexity [Var82].
We therefore operate directly on Options(si) from here on and formulate all problems in
terms of S = (S1, . . . , Sn) = (Options(s1), . . . ,Options(sn)) as inputs. This prevents the
problems from being trivially exponential and allows us to identify subtleties in complexity
later on.

Example 5.4.2

Take the first tag: Proximity to a bicycle. In case of an extremely high speed of the
perceived vehicle, e.g., 12 meters per second, it must be questioned whether the given
information is correct. It might well be a motorcycle, however, it is surely possible to
achieve such speeds without any motorization. At such speeds, the tag value can be
considered unclear. Due to this perception impreciseness, we interpret the tag under an
OWA.

An OWA can be made for the other tags as well: For t2, specification vagueness arises:
it is not always clear how “parking vehicles” are defined. For example, we can surely say
that any non-moving vehicle on a parking spot is parking; contrarily, any non-moving
vehicle cannot be parking. A gray zone arises for non-moving vehicles that are not within
parking spots (which could obviously be narrowed further). For illustration purposes, we
use the rather naïve definition above.

The third tag is afflicted with (intentional) legal fuzziness in the definition of safety
distance. Note that an exact safety distance depends on many, often unknown factors
of both the leading and following vehicle, such as tire and brake temperatures, the
coefficient of friction between road and tires, and the vehicle’s mass. As a simplifying
assumption, engineers might first consider the well-known “half-speedometer” rule as
a safe over-approximation of the actual safety distance (as also indicated by its use in
German jurisdiction). For the scope of this example, the limits of the UN regulation 157
act as an under-approximation [Uni21]. The resulting gray zone is depicted in Figure 5.8.
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Figure 5.8: Safety distances according to the “half-speedometer” rule and the UN regula-
tion 157, with the gray zone highlighted in between.

The final tag, t4, can be interpreted under an OWA due to perception uncertainties,
similar to t1: Bicycles and road infrastructure might not be correctly identified. We
conservatively correct for this by including, for the positive tag value, only bicycles with
speeds between two and seven meters per second. If a bicycle is too slow, it might be
the case that the driver dismounted. In case of high-speed bicycles on walkways, the
perception results can be questioned. We certainly exclude bicycles that are either never
in proximity or always behind the system. This leaves a gray zone for those bicycles that
are eventually close to the front of the vehicle but the transition from a walkway could
not be observed, as well as having a too low or high speed.

Formally, we add an OWA by extending the values of all tags i ∈ {1, . . . , 4}, Vti , from
{0, 1} to {0, 1, ∗}. Here, ∗ means that the tag value could not be determined. For a given
scenario s with s(ti) = ∗ for i ∈ {1, . . . , 4} (no tag value was determinable), 16 options
arise., i.e., Options(s) = {o1, . . . , o16}. For instance, the first option is to set any tag value
to zero: o1(ti) = 0 for all i ∈ {1, . . . , 4}.

5.4.2 Definition of Lower and Upper Coverage Bounds

If we assume the OWA for a list of scenario options (S1, . . . , Sn), we cannot retrospectively
compute the exact coverage value – as there are many possibilities. We must therefore
rely on identifying lower and upper bounds on the generally indeterminable κ:

κmin

|T|
≤ κ(T, (s′1, . . . , s′n)) ≤

κmax

|T|
.

Here, s′i ∈ Si denotes the “actual” i-th scenario. Intuitively, to determine the values of
both κmin and κmax , we must select an element from each Si s.t. the number of overall
selected elements is minimal and maximal, respectively. This is formalized in the following
two problems representing the lower and upper bound.



168 5 Demonstrating Practical Applicability

Definition 5.4.1 (MinCover)

For a list of non-empty finite sets S = (S1, . . . , Sn) over a universe U =
⋃
i∈{1,...,n} Si,

find κmin which is the smallest k ≤ n s.t. there is a function π with |Im(π)| = k

assigning each index i an element of Si, i.e., π : {1, . . . , n} → U where π(i) ∈ Si for
all i ∈ {1, . . . , n}.

Definition 5.4.2 (MaxCover)

For a list of non-empty finite sets S = (S1, . . . , Sn) over a universe U =
⋃
i∈{1,...,n} Si,

find κmax which is the largest k ≤ n s.t. there is a function π with |Im(π)| = k

assigning each index i an element of Si, i.e., π : {1, . . . , n} → U where π(i) ∈ Si for
all i ∈ {1, . . . , n}.

We call the corresponding decision problems IsMinCover and IsMaxCover. They ask
whether some given k ∈ N equals κmin and κmax , respectively.

Example 5.4.3

Take again the tags from Example 5.4.1. We will use (si(t1), . . . , si(t4)) to concisely
denote the function si, e.g., (1, 0, 0, 1). For better presentation, we also refer to the
scenario as its induced list of tags with value 1, e.g., (t1, t4). We are presented with four
scenarios (s1, s2, s3, s4) extracted from the recorded data: s1 = (0, 0, 0, 1), s2 = (1, 0, 0, 1),
s3 = (∗, 0, 0, 1), and s4 = (∗, ∗, 0, 1).

For the first two data points, the bounds κmin and κmax coincide with κ due to missing
ambiguity. In the third record, the first tag (proximity to a bicycle) was indeterminable,
but this does not change coverage as any possible option has already been observed before.
Finally, the fourth scenario (where also passing of parking vehicles is unknown) leads to a
divergence of the lower and upper bound. The possible options for all scenarios are:

Options(s1) = {s1} = {(0, 0, 0, 1)} = {(t4)}
Options(s2) = {s2} = {(1, 0, 0, 1)} = {(t1, t4)}

Options(s3) =

{
(0, 0, 0, 1) = (t4),

(1, 0, 0, 1) = (t1, t4)

}

Options(s4) =


(0,0, 0, 1) = (t4),

(0,1, 0, 1) = (t2, t4),

(1,0, 0, 1) = (t1, t4),

(1,1, 0, 1) = (t1, t2, t4)


Values originating from unknown entries are bold-faced. Based on the enumeration of
all options, we can determine the worst and best case assignment for coverage: For the
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first, we can simply assign s3 and s4 one of s1 or s2 (this minimizes coverage to two
unique scenarios). The best case is to select a novel scenario for s4, but, in any case,
s1, s2 ∈ Options(s3) and hence coverage cannot reach four unique scenarios.

5.4.3 Computing the Lower and Upper Coverage Bound

The naïve option for computing both bounds is to simply compute coverage for all possible
combination of options, which has an exponential dependency on n, the number of data
traces. Preliminary experiments show that this brute-force algorithm is infeasible already
on small datasets. We specified seven tags. Three of them are interpreted under the
OWA, where for the OWA tags a 10% chance leads to a ∗-entry. For both CWA and
OWA tags, a fair coin flip is performed to get the Boolean value of the tag (if required,
i.e., if the entry is not already chosen to be ∗). For this setup, the brute-force algorithm
did not terminate within one hour on 102 scenarios on a standard consumer notebook.

Intuitively, one might be tempted to formulate the problem as input to highly optimized
SMT solvers instead. For encoding the bound computation in SMT, we represent the i-th
scenario Si by introducing a variable ti for each tag t ∈ T and define the constraint

ζi =
∧
t∈T

ti ∈ Si(t),

enforcing the observations of the i-th scenario, i.e., ti can be either a constant value (if
not ∗) or take any of the tag’s values (if ∗). We can then encode uniqueness of the i-th
scenario with an if-then-else (ite) operator as

ιi = ite(
∧

j∈{1,...,i}

∨
t∈T

ti ̸= tj , 1, 0),

i.e., ιi is 1 if the i-th scenario is unique to all previous scenarios, and 0 otherwise. Assume
we have computed the lower and upper bounds for iteration i − 1 as ki−1

max and ki−1
min

(starting with 0 for the first iteration). To check whether we can stay at the lower bound,
i.e., kimin = ki−1

min, we check for satisfiability of∧
i∈{1,...,n}

ζi ∧
∑

i∈{1,...,n}

ιi = ki−1
min.

Similarly, for testing whether to increase the upper bound, i.e., kimin = ki−1
min + 1, we can

check ∧
i∈{1,...,n}

ζi ∧
∑

i∈{1,...,n}

ιi = ki−1
max + 1.

This iterative approach is able to re-use information from previous runs, which is especially
useful when data are gathered incrementally by continuous field tests. Additional practical
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optimizations can be implemented, such as not running the solver if no ∗ are present in
the given scenario.

As SMT solvers are highly optimized, this technique performs better than the brute-
force algorithm. Yet, SMT solving is still an NP-hard problem. Our experiments with
the Z3 solver [MB08] on the same setup mentioned above show non-termination of this
approach within one hour already for 103 scenarios, even if bounds from the prior iteration
are reused.

Thorough theoretical examinations of both problems are thus in order. As we will
see, IsMinCover is not efficiently solvable: it is Dp-complete (recall that any problem
in Dp can be represented as the intersection of an NP- and co-NP-problem). However,
there is a practically tractable problem in which MinCover can be encoded. This enables
computing the lower bound on larger data sizes. IsMaxCover, on the other hand, is in P.
Theoretically, both brute-force and SMT are therefore suboptimal for the upper bound.

MinCover

As stated above, IsMinCover is a Dp-complete problem. Membership in Dp can be
intuitively derived from the observation that it requires checking whether there is a
function with the mentioned constraints (an NP problem) and checking whether there
is no such smaller function (a coNP problem). Hardness can be shown by a reduction
from SAT-UNSAT, which is a standard Dp-complete problem [PY82]. For this, we will
use a set-based notion of Boolean CNF formula as follows: Let X = {x1, . . . , xu} be a
set of variables and X = {¬x | x ∈ X} their negations. A CNF, in the context of this
section, is viewed a set of clauses C = {C1, . . . , Cv} where each clause is a finite set of
literals from X ∪X. A solution to a CNF C is a function that satisfies all of its clauses,
i.e., α : X → {0, 1} where for all Cj ∈ C there is some l ∈ Cj s.t. α(l) = 1 if l ∈ X or
α(x) = 0 if l ∈ X.

Theorem 5.4.1 ([Wes+26])

IsMinCover is Dp-complete.

Proof 5.4.1 (of Theorem 5.4.1 [Wes+26])

IsMinCover is the intersection of an NP- and coNP-problem: IsMinCover = {L1 ∩ L2 |
L1 ∈ NP, L2 ∈ coNP} with

L1 =
{(

(S1, . . . , Sn), k
)
| exists π : {1, . . . , n} → U s.t. |Im(π)| = k and

π(i) ∈ Si for i ∈ {1, . . . , n}
}
,
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which can be decided by polynomially verifying both constraints given a certificate function
π and

L2 =
{(

(S1, . . . , Sn), k
)
| not exists π : {1, . . . , n} → U s.t. |Im(π)| < k and

π(i) ∈ Si for i ∈ {1, . . . , n}
}
,

whose complement can be decided analogously to L1 and is thus in coNP.
Hardness is shown via reduction from SAT-UNSAT, which is Dp-complete [PY82]. SAT-

UNSAT asks whether for a pair C1 = {C1
1 , . . . , C

v1
1 } and C2 = {C1

2 , . . . , C
v2
2 } of Boolean

formulae in CNF over variables XCi = {xi1, . . . , xini} for i ∈ {1, 2}, C1 is satisfiable and
C2 is unsatisfiable. We w.l.o.g. assume that XC1 ∩XC2 = ∅. Let

SCi := ({xj ,¬xj})j∈{1,...,ni} + (Cki ∪ {pCi})k∈{1,...,vi},

with + denoting tuple concatenation.
As a supplementary statement, we show that the size of the MinCover πCi of SCi

(denoted as kSCimin) to be equal to ni if Ci is satisfiable and ni + 1 otherwise. For the proof,
we first remark that ni ≤ kS

Ci

min ≤ ni + 1. The lower bound follows from SCi containing
ni pairwise disjoint sets (of the form {x,¬x | x ∈ XCi}), and the upper bound can be
achieved by covering t ∈ {ni+1, . . . , ni+ vi} via π(t) = pCi . Assume that Ci is satisfiable.
Then, there exists by definition an α : XCi → {0, 1} where for all C ′ ∈ Ci there is some
l ∈ C ′ s.t. α(l) = 1 if l ∈ XCi or α(x) = 0 if l ∈ XCi . We define

πCi(t) =


xt if 1 ≤ t ≤ ni and α(xit) = 1,

¬xt if 1 ≤ t ≤ ni and α(xit) = 0, and

l if ni + 1 ≤ t ≤ ni + vi for some l ∈ Cti s.t.

α(l) = 1 if l ∈ XCi or α(x) = 0 if l ∈ XCi .

This function satisfies πCi(t) ∈ St for t ∈ {1, . . . , ni+ vi} and |Im(πCi)| = ni and is hence,
due to the established lower bound, a MinCover. If Ci is unsatisfiable, kSCimin ̸= ni as
otherwise there must exist a MinCover π s.t. π(t) ∈ {xt,¬xt} for t ∈ {1, . . . , ni} and
π(ni + t) ∈ Cti for t ∈ {1, . . . , vi}. Note that pCi ̸∈ Im(π), as π always selects ni literals
and hence it would hold that |Im(π)| ≠ ni. We can now construct a satisfiable assignment
for Ci by α(xt) = 1 iff π(t) = xt which contradicts unsatisfiability of Ci and hence
kS

Ci

min ̸= ni. From the established upper bound, it follows that kSCimin = ni + 1.
We now define the polynomial-time reduction from CNFs C1 and C2 of SAT-UNSAT to

MinCover as S := SC1 ∪ SC′
1 ∪ SC2 , where C ′

1 a copy of C1 with disjoint variables. Then,
kSmin = 2n1 + n2 + 1 iff C1 is satisfiable and C2 is unsatisfiable: Since all elements of SC1 ,
SC

′
1 , and SC2 are disjoint, it holds that if

• C1 unsatisfiable and C2 unsatisfiable, the MinCover of S has size 2n1 + n2 + 3,
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• C1 unsatisfiable and C2 satisfiable, the MinCover of S has size 2n1 + n2 + 2,

• C1 satisfiable and C2 unsatisfiable, the MinCover of S has size 2n1 + n2 + 1,

• C1 satisfiable and C2 satisfiable, the MinCover of S has size 2n1 + n2,

which shows the equivalence. □

While Theorem 5.4.1 shows that IsMinCover is computationally hard, there still exists
a natural encoding into a problem for which optimized algorithms exist. Namely, we can
rely on identifying minimal hitting sets for computing MinCover. A typical solution to
minimal hitting set is via unweighted partial MaxSAT, where it is asked to find a solution
to two CNFs (given in the notion of Boolean CNF introduced above):

1. Ch, the hard clauses that must be satisfied by the solution, and

2. Cs, the soft clauses, for which the number of satisfied clauses must be maximized
by the solution.

We can now leverage a MaxSAT solver to generate a solution to MinCover by setting

Ch = S, Cs =
{
{¬s} | s ∈ U

}
.

Intuitively, the soft clauses force the solver to maximally exclude elements of U (ensuring
that the solution is minimal), while the hard clauses enforce to hit each set at least
once. Then, κmin = |{s ∈ U | α(s) = 1}|, i.e., we return simply the number of satisfied
variables.

In practice, MaxSAT solvers can offer satisfactory run time, despite the problem being
NP-hard (specifically, OptP-complete [Kre88]). A worst-case complexity of O∗(1.2886n)

has been achieved by optimized MaxSAT algorithms [Xia22]. This offers a significant
improvement over the brute-force approach to MinCover with a worst-case complexity of
O(2n).

Example 5.4.4

For our running example of Example 5.4.3, we generate the following CNFs from our four
scenarios s1 to s4:

Ch =
{
{(t4)}, {(t1, t4)}, {(t4), (t1, t4)}, {(t4), (t2, t4), (t1, t4), (t1, t2, t4)}

}
,

Cs =
{
{¬(t4)}, {¬(t1, t4)}, {¬(t2, t4)}, {¬(t1, t2, t4)}

}
.

We can see that the maximal solution must be α((t4)) = α((t1, t4)) = 1, α((t2, t4)) =

α((t1, t2, t4)) = 0. Thus, we satisfy two of the four soft clauses, which confirms κmin = 2.
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We now show correctness of the sketched translation procedure.

Theorem 5.4.2 (Correctness of reducing MinCover to MaxSAT [Wes+26])

For a given MinCover instance (S1, . . . , Sn) over the universe U =
⋃
i∈{1,...,n} Si, kmin =

|{s ∈ U | α(s) = 1}| where α is a solution of the MaxSAT instance Ch = S and
Cs = {{¬s | s ∈ U}}.

Proof 5.4.2 (of Theorem 5.4.2 [Wes+26])

We are given a list of sets (S1, . . . , Sn) over the universe U =
⋃
i∈{1,...,n} Si. For the first

direction, let π be a MinCover of S with |Im(π)| = kmin . Then, define

απ(s) =

{
1 if s ∈ Im(π),

0 otherwise.

απ is a solution to the CNF Ch = S as π(i) ∈ Si for all i ∈ {1, . . . , n}. Hence, for all
optimal solutions α to the MaxSAT problem Ch = S and Cs = {{¬s | s ∈ U}} it must
hold that |{s ∈ U | α(s) = 1}| ≤ |{s ∈ U | απ(s) = 1}| = |Im(π)| = kmin , as the soft
clauses in Cs enforce minimization of the number of s ∈ U s.t. α(s) = 1.

Conversely, let α be a solution to the MaxSAT problem Ch = S and Cs = {{¬s |
s ∈ U}}. Then, for all i ∈ {1, . . . , n}, define πα(i) = si for some si ∈ Si with α(si) = 1

(which exists as α satisfies the hard clauses S). Then, πα is a cover of S since for each
i ∈ {1, . . . , n} it holds that πα(i) ∈ Si. It follows that kmin ≤ |Im(πα)| ≤ |{s ∈ U | α(s) =
1}|.

Combining both inequalities kmin ≤ |{s ∈ U | α(s) = 1}| and |{s ∈ U | α(s) = 1}| ≤
kmin yields kmin = |{s ∈ U | α(s) = 1}|. □

MaxCover

MaxCover is efficiently solvable, i.e., in polynomial time. This can be shown by reducing
MaxCover to the problem of finding maximum matchings in bipartite graphs [HK71]. An
undirected graph G = (V,E) is bipartite if there exists a partition of V into V1 and V2
s.t. E = {{v1, v2} | v1 ∈ V1, v2 ∈ V2}. A maximum matching is then a maximal set of
edges Emax ⊆ E s.t. for all {v1, v2}, {v3, v4} ∈ Emax with {v1, v2} ≠ {v3, v4} it holds that
v1 ̸= v3 and v2 ̸= v4. Hence, we are searching for a maximal edge set without adjacent
edges. This problem – which we call MaxMatch – is in P. For instance, the Hopcroft-Karp
algorithm has a worst-case run time of O(

√
V E) [HK71]. Note that there are even more

optimized approaches [CK24].
For the reduction of MaxCover to MaxMatch, the sets can be encoded as a graph

GS = ({1, . . . , n} ∪ U, {{i, s} | i ∈ {1, . . . , n}, s ∈ Si}),
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with partitions {1, . . . , n} and U . Then, the cardinality of a maximal matching in GS
is the desired κmax , or, formally, κmax = |Emax |. Intuitively, the matching maximally
selects elements from each set (based on the membership constraints encoded as edges)
and ensures that at least one element is chosen for each set while “blocking” already
selected elements as choices for other sets (by disallowing adjacent edges). In terms of
the inputs to MaxCover, the Hopcroft-Karp algorithm achieves a worst-case complexity
of O(

√
n+ |U |

∑
Si∈S |Si|). This implies IsMaxCover to be in P. We hence improve over

both the brute-force and SMT-based procedure in theoretical complexity. It remains to
show correctness of the reduction.

Theorem 5.4.3 (Correctness of reducing MaxCover to MaxMatch [Wes+26])

For a given MaxCover instance (S1, . . . , Sn) over the universe U =
⋃
i∈{1,...,n} Si, kmax =

|Emax | where Emax is a maximum matching in the bipartite graph GS = ({1, . . . , n} ∪
U, {{i, s} | i ∈ {1, . . . , n}, s ∈ Si}).

Proof 5.4.3 (of Theorem 5.4.3 [Wes+26])

We are given a list (S1, . . . , Sn) of sets over the universe U =
⋃
i∈{1,...,n} Si. For the first

direction, let π be a MaxCover of S with |Im(π)| = kmax . Then, Eπ = {{is, s} | s ∈
Im(π)} with is an arbitrary element from π−(s) is a matching in the bipartite graph
GS = ({1, . . . , n} ∪ U,E) with E = {{i, s} | i ∈ {1, . . . , n}, s ∈ Si}: First, Eπ ⊆ E.
Second, for two different edges {is1 , s1} ∈ Eπ and {is2 , s2} ∈ Eπ it holds that is1 ̸= is2
(as π is a function) and s1 ≠ s2 (as we selected only one element from π−(s) for each
s ∈ Im(π)). Thus, Eπ is a matching of size kmax and hence for any maximum matching
Emax it must hold that kmax = |Eπ| ≤ |Emax |.

Conversely, let Emax be a maximum matching in the bipartite graph GS = ({1, . . . , n}∪
U, {{i, s} | i ∈ {1, . . . , n}, s ∈ Si}). Then, πEmax : {1, . . . , n} → U with

πEmax (i) =

{
s such that {i, s} ∈ Emax if such s exists,

any s ∈ Si otherwise,

is a cover of S since for each i ∈ {1, . . . , n} it holds that π(i) ∈ Si. Note that |Im(πEmax )| ≥
|Emax | and hence for any MaxCover π it must hold that |Emax | ≤ |Im(πEmax )| ≤ |Im(π)| =
kmax .

Combining both inequalities kmax ≤ |Emax | and |Emax | ≤ kmax yields kmax = |Emax |.□

Example 5.4.5

Figure 5.9 shows the bipartite graph for the four scenarios given in Example 5.4.3. The
maximal matching is represented as dashed lines.
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Figure 5.9: The bipartite graph GS for the four scenarios of Example 5.4.3. The left
partition represents the sets S1 to S4, and the right partition contains their
elements. The maximum matching is given as dashed lines.

Note that the third set does not require a custom entry in the matching, as all its
elements are already covered by some other match (namely, by the first and second set).

5.4.4 Evaluation

Synthetic Data

The main purpose of integrating MTCQs into coverage computation is to answer whether
MTCQs and their implied OWA can offer benefits in a practical context. We have seen
above that this OWA has profound theoretical implications. Two urgent questions arise:

SQ1 Can both bounds even be computed under realistic data sizes and tag configurations,
and

SQ2 do they offer meaningful improvements on naïve bound approximations?

If this were not the case, MTCQ-based coverage would offer little advantages to safety
engineers. The claim of this dissertation would then not be supported by this section.

The nature of these two questions demands controlled, synthetic data, allowing us to
assess the impact of different variables onto the outcomes of interest. We rely on the data
publicly provided by Schmid and Westhofen [SW25], which were created by generating
data for nt ∈ [1, 15] tags and Boolean values distributed fairly. Initially, these traces do
not contain ∗-entries. For an amount nowa ≤ nt of OWA tags, the original values were
overwritten by ∗ with a random chance p∗ ∈ {0.05, 0.1, 0.15, 0.2}. The remaining CWA
tags (ncwa = nt − nowa many) were unchanged. This enables reporting the “real coverage”
in the following. For larger nt, the data are generated batch-wise for efficiency reasons,
and the batch size grows correspondingly to the number of assessed total tags (the largest
batch for nt ≥ 13 contains 10 000 scenarios). An example of the generated data is shown
in Figure 5.10.

All computations on the synthetic data were performed on an Intel® Xeon® Gold
6342 CPU (single-threaded). The experiment data contain only a single run for each
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Figure 5.10: Real coverage, MinCover, MaxCover, and naïve bounds for nowa = 3, ncwa =

4, and p∗ = 0.1.

configuration, as experience showed results to not differ meaningfully. MinCover was
implemented using Z3 [MB08] and the above described reduction to MaxSAT. Our
MaxCover implementation relies on Edmonds’ blossom or the Hopcroft-Karp algorithms
for maximum cardinality (bipartite) matching [Mic+20], one of which has to be selected
by the user.

For question SQ1 – concerning run time – we assess the dependency of the size of
the dataset on the wall clock run time of both MinCover and MaxCover in Figure 5.11
at the largest configuration for which all values of p∗ delivered results (nowa = 13,
ncwa = 0) without having to be aborted due to excessive run time. Almost all of the
time is spent solving MinCover: MaxCover is only computed up to, at most, 5 · 104

scenarios, with a negligible computing time of, on average, 248.5 ms at its last iteration
(for Edmond’s blossom). In general, a sublinear dependency is evident from the results.
This answer positively question SQ1 – even on large datasets, coverage approximations
can be computed efficiently, and we successfully avoided an exponential dependency on the
data (in contrast to the above presented brute-force approach). Spikes at the beginning
of Figure 5.11 are likely originating from solver initialization.

An additional concern is the dependency of run time on the number of tags, for which
we hypothesized an exponential relation. Figure 5.12 shows the wall clock run time of
MinCover over different numbers of OWA tags over the four probability configurations
in the final iteration. Note that MaxCover reached 100% well before that point and its
run time is therefore zero at that iteration. The exponential dependency is obvious from
Figure 5.12. The most likely explanation relates to the number of scenarios that have to
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Figure 5.11: Wall clock run time of MinCover and MaxCover for nowa = 13 and ncwa = 0.

be considered at 100% coverage: At worst, if all tags are interpreted under an OWA, there
can be (|V | + 1)|T | many different hard clauses (in the experiments, this translates to
3nt). Therefore, we can hypothesize that the exponential dependency of run time on the
number of tags is caused by adding a new hard clause to the MaxSAT problem for each
new scenario. For example, at nowa = 15 the solver can, at worst, consider 315 different
hard clauses. In our experiments, the computation terminated at an order of magnitude
of 106 hard clauses.

The second question, SQ2, is concerned with the approximation quality of MinCover
and MaxCover. For this, we define naïve lower and upper bounds on coverage: The
upper bound (bu) assumes that all options of the scenario happened, which is obviously
impossible. For the lower bound (bl), we throw out all scenarios with ∗-entries. We
report how much MinCover and MaxCover reduce the error from the naïve bounds to
real coverage r in Figure 5.13. For MinCover, this error reduction is defined as

κmin − bl
r − bl

.

The error for MaxCover is given analogously.
We can see that, on average, meaningful error reductions are made by MinCover and

MaxCover, which is stronger in the first half: The error is reduced by 55.92% (MinCover)
and 59.68% (MaxCover). In the second half, this regresses to an average error reduction of
27.89% (MinCover) and 16.46% (MaxCover). Overall, these results indicate that MinCover
and MaxCover can meaningfully improve coverage estimations. While MaxCover has
its best performance at lower data sizes (thus, at earlier development stages), MinCover
also shows nontrivial error improvements at later phases. Fortunately, this is in line with
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Figure 5.12: Log-scaled wall clock run time of the last iteration for computing MinCover
at different amounts of OWA tags. For p∗ = 0.2 and nowa > 13, experiments
had to be aborted early due to excessive run time.

our interpretation of their practical utilization: MaxCover can be seen most useful in
supporting engineers during short-lived, early development cycles (where real coverage is
typically low): It allows quantifying the definitely still required testing efforts, on which
engineers can base decisions regarding future test campaigns, e.g., to increase simulative
testing or change the circumstances of public test drives. MinCover, on the other hand,
gives worst-case guarantees and can therefore be used as an argument towards approval
authorities, as required in Germany [Ver22b]. Hence, the role of MinCover becomes more
significant as the test campaign progresses. Our results show that MinCover is still able
to deliver a meaningful approximation also at that stage.

Real-World Data

The previous analysis used solely synthetic data which were created independent of
MTCQs. We used it to positively answer questions on quality and performance of the
presented OWA coverage algorithms. However, it did not rely on MTCQs but rather
assumed ∗-entries being present in the data. As a final step, we next evaluate the extent
to which MTCQs support the assumed OWA coverage setting:

RQ1 Can Topllet (which answers MTCQs) be integrated into a state-of-the-art coverage
software?

RQ2 Can MTCQs be efficiently computed on real-world data to induce gray zones in tag
values?
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Figure 5.13: Mean error reduction of all experiments with nowa ≥ 5 and p∗ = 0.05 over
the achieved real coverage, with the standard deviation depicted as a colored
area.

RQ3 Do these gray zones imply similar ∗-entry distributions assumed in the above
synthetic experiments?

For RQ1, we provide a publicly available integration of Topllet into STARS, a
software tool to classify scenario data and compute coverage on the resulting values.
STARS offers functionality to represent recorded scenarios in user-definable data models,
evaluate (temporal) formulae on it, and compute several metrics, including coverage,
over the results. Its default CWA logic for scenario classification is CMFTBL, a metric
first-order temporal logic. In its core, however, STARS can be seen independent of
CMFTBL, as it allows for arbitrary computable functions to determine values for each
tag given the data. To now incorporate unknown tag values into STARS, exclusion and
inclusion criteria were added for each tag, as described by Westhofen et al. [Wes+26]. The
custom module stars-logic-mtcq then integrates MTCQs by the mechanism present in
the following [Wes25b].

We now show how MTCQs are formally integrated into STARS. Recall that we are
tasked with deriving from data d a scenario possibly containing unknown information, i.e.,
implementing the function ΛT,V ∪{∗} :

⋃
h>0Dh → (V ∪ {∗})T that was introduced above.

In order to enable DL reasoning, each data trace d is given as a TKB d = (O, (Dj)j∈{0,...,m}).
This means that an additional ontology O must be provided by the user. We can now
formulate ΛT,V ∪{∗} in terms of positive and negative (possibly non-Boolean) MTCQs
Φ−
t and Φ+

t representing answers that safely satisfy and violate a tag t ∈ T , respectively.
While answers to the negative formula provide a verdict on the safe violation of the tag,
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answers to the positive formula represent a guaranteed tag satisfaction. An additional
third query Φ◦

t allows restricting the search space to a subset of individuals in d. This
allows the user to specify relevant individuals for the tag (such as vehicles for a tag
concerned with passing of parking vehicles). Otherwise, the gray zone might be too large
and, in practice, ∗ can be assigned too liberally. Formally, we define ΛT,V ∪{∗} as

ΛT,V ∪{∗}(d) = t 7→


0, if certd(Φ−

t ) = certd(Φ
◦
t ),

1, if certd(Φ+
t ) ∩ certd(Φ

◦
t ) ̸= ∅,

∗, otherwise.

(5.2)

Intuitively, if all individuals in the search space are guaranteed to satisfy the exclusion
criterion, 0 can be assigned with certainty. If there is some individual for which a tag
satisfaction (w.r.t. the search space) can be inferred, the tag value is 1. Otherwise, there
must be some individual in the search space for which neither the exclusion nor the
inclusion criterion is satisfied, and we assign ∗. In the special case of Boolean queries, Φ◦

t

can be set to true achieve the desired semantics (since certd(true) = {∅}). As a simplifying
assumption in the above formalism, we set V = {0, 1} and can therefore count multiple
occurrences of a tag in a given data record only once.

The above formalism was implemented as a custom module stars-logic-mtcq in the
STARS framework [Wes25b]. Its general workflow is shown in Figure 5.14. The module
allows converting arbitrary data models in STARS via OWLAPI into the TKB data
model of Topllet, either via annotation (@DLConvertible) of the to-be-converted classes
or by explicit enumeration. Additionally, the user must specify an ontology file that is
read via OWLAPI. The ontology axioms are then considered during reasoning. After
all three queries (search space, inclusion, and exclusion criteria) are answered, the tag is
evaluated according to Equation (5.2). An example is provided in the referenced artifact.
Our module provides evidence for the fact that Topllet can be used in combination
with a state-of-the-art coverage framework (RQ1).

For RQ2, we require evaluating the efficacy of using MTCQs on real-world data
resembling a realistic ODD. We rely on the four example tags from Example 5.4.1
representing potential triggering conditions and hazardous behaviors. For the ontology,
we employ a reduced and slightly adapted version of the already introduced A.U.T.O.
It contains as formal axioms what has been intuitively described in Example 5.4.2. We
use the inD dataset to compute the tag values. The data encompass 7 538 scenarios at
four intersections in Aachen, Germany, taken by a drone camera [Boc+20]. Trajectories
and traffic participant classifications are extracted by means of neural networks and
enriched with high definition road network information. The data stream is split into
single scenarios by considering each passenger car as the unique ego vehicle during its
presence within the camera frame. We sampled it with two Hertz and converted it to
OWL2-files corresponding to the TKB input format of Topllet.
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Figure 5.14: Workflow of the stars-logic-mtcq module.

We have executed the analysis of inD on a virtual machine with access to 20 cores
of an AMD EPYC™ 7542 with 128 GB of memory. The evaluation artifact is available
online [Wes26c], and also contains the employed queries and ontology. Unfortunately,
for reproduction, an individual copy of the data must be obtained due to licensing. We
have measured total wall clock run time of Topllet configured with the rewriting-based
algorithm (which includes JVM and tool initialization, parsing, loading of TKBs, query
rewriting and execution, as well as result output).

On average, for the 7 538 scenarios of inD, answering each query has taken 6.11 seconds
with the median being 4.44 seconds. Note that each tag implies executing three MTCQs,
i.e., in the experiments, we have run Topllet 90 456 times. While a minority of selected
scenarios have induced a comparably high run time on some queries (showing that edge case
optimization is still possible), overall, 95% of the queries could be answered within 11.22

seconds. Similarly, the 90th and 99th percentiles are 8.41 and 23.54 seconds, respectively.
This highlights that MTCQs can be answered efficiently on inD, and positively answers
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Table 5.6: Average answering times for the search space, negative, and positive queries for
each tag on inD as well as the average for each tag and query (∅), in seconds.

Ψ

t
t1 t2 t3 t4 ∅

Ψ◦
t 4.66s 4.65s 4.64s 4.65s 4.65s

Ψ−
t 5.03s 9.08s 5.36s 5.12s 6.15s

Ψ+
t 5.62s 6.11s 5.24s 13.12s 7.52s

∅ 5.10s 6.61s 5.08s 7.63s 6.11s

Q2 – Topllet can be used on real-world data.
The final question, RQ3, regards the implied tag value distribution, which we present

in Table 5.7. The results indicate that ∗ entries of the four example tags occur with a

Table 5.7: Distributions for the OWA example tags on inD.

Vt

t
t1 t2 t3 t4

0 69.49% 46.46% 61.95% 72.19%

1 29.99% 39.59% 29.01% 0.34%

∗ 0.52% 13.96% 9.03% 27.46%

probability between 0.52% to 27.46%. This provides evidence for the validity of above-
made assumptions, where, for the synthetic data, values for p∗ in {0.05, 0.1, 0.15, 0.2}
were used. While higher probabilities than p∗ = 0.2 are certainly possible (cf. t4), the
selection appears to match the general trend extractable from Table 5.7.

In summary, we have examined integrability of MTCQs into a broader domain context,
namely, scenario-based coverage. We have highlighted the profound theoretical and
practical implications of transitioning from the typical CWA to the underlying OWA of
MTCQs. This has opened up challenging new perspectives on scenario coverage, for which
we hope to spark interest in the research community. Our practical demonstration has
included an integration of Topllet into STARS as well as an application of Topllet
on real-world drone data. While the current state of Topllet can be seen as a promising
step towards industrial application of temporal querying, the next section delineates
several lines of work which can yield further improvements in performance and usability.
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6 Conclusion

Summary

In overall terms, the objective of this dissertation was to show that

“temporal querying in expressive DLs can be made practically applicable,
specifically for assessing safety-critical scenarios in road traffic.”

Through various chapters, we have systematically analyzed the application context, devised
a suitable query language, developed algorithms to answer these queries, and demonstrated
practical applicability by means of custom benchmarks and implementations.

We started with a thorough examination of automated driving safety, specifically,
SOTIF. An improvement of the corresponding standard, ISO 21448, and a literature
review on scenario-based testing enabled us to derive a practically relevant ontology-based
temporal query language. This language is based on answering CQs over expressive DLs.
We delineated how state-of-the-art tools can offer a highly optimized performance despite
ExpTime-completeness of the associated decision problems.

We devised two optimized algorithms to efficiently answer such queries, showed cor-
rectness, and analyzed their computational complexity. While the first algorithm relies
on FAs, the second operates directly on the formulae via rewriting into a normal form.
A theoretical analysis revealed that, on a nontrivial fragment of queries, no UCQs are
required for answering. When using deterministic FAs, this is not always the case. This
behavior, however, is avoided by the rewriting-based algorithm.

Both algorithms were implemented in a software tool, and we provided a custom
benchmark generator for our application setting of automated driving. The evaluation
confirmed the above theoretical hypothesis by showing roughly an order of magnitude
performance improvement by the rewriting-based algorithm, mostly originating from
fewer UCQ checks. Besides performance, we also considered the implications of using a
DL-based temporal logic in a practical setting. We have seen that replacing standard
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temporal logics with MTCQs in scenario-based test coverage, an important concept in
SOTIF, enables assumptions more akin to those required in real-world environments. The
theoretical implications on coverage were profound; fortunately, useful approximations
were still possible.

Future Research Directions

Future research roughly follows the three possible perspectives on the topic of this
dissertation: Practice, performance, and theory.

Improving usability We devised our language with practical applicability in mind, and
it is therefore only natural to further explore topics related to usability. Specifically, the
following endeavors can be fruitful:

• Whereas this dissertation focused on adding temporal capabilities to DL querying,
its practical importance could be further enhanced by widening the scope to spatial
reasoning. This includes, for example, features akin to those of the Region Connec-
tion Calculus. While work exists on adding spatial capabilities to DLs, we are not
aware of an expressive DL querying mechanism that integrates both temporal and
spatial inference.

• In practice, the recursive structure of LTL-based logics can be confusing to engineers.
A possible solution is the use of a domain-specific language that can be internally
translated into MTCQs. Ideally, this would be combined with a possibility for
visual specification in a graphical user interface, and extensive empirical user testing.
Similarly, additional features (like the prevalence operators of CMFTBL) can further
enhance usefulness of the query language.

• In industrial settings, temporal data are often stored in time series databases, such
as InfluxDB or TimescaleDB. An integration of MTCQs into such tooling could
offer an easy entrance to DL-based temporal querying for practitioners.

• Adding past temporal operators to MTCQs widens their use towards online moni-
toring applications. This allows running them on the automated system itself, e.g.,
for situation understanding or diagnostic purposes. While a trivial solution is to
convert such formulae to pure future-time ones, it is not directly apparent how the
rewriting approach can be adapted to formulae with nested past- and future-time
operators.

• A minor point concerns the employed OWL2-based TKB file format. Such files can
grow excessively large as each timestamp contains all required information. A more
efficient approach would be to only store a delta to the previous timestamp, or
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use a single file containing data axioms annotated with intervals. Both approaches
will, however, break with existing tooling around OWL2, requiring additional
implementation effort.

Optimizing performance While we observed adequate performance on our benchmarks,
more involved settings (such as the mentioned online monitoring) will most likely require
even further improvements.

• The most obvious area for performance improvements concerns incremental temporal
reasoning. However, first experiments with the incremental reasoning capabilities
currently implemented in Openllet showed discouraging results, where computing
the axiom difference between two input ontologies took away more time than what
was gained through avoiding additional reasoning steps. This line of future work
is closely linked with transitioning towards a delta-based file format, which could
alleviate the observed issue.

• CQ answering has been made highly efficient. We have seen at several points
that UCQs act as the performance bottleneck, and, even in the rewriting-based
algorithms, they cannot always be avoided. It is therefore imperative to further
improve UCQ answering from a practical perspective, similar what has been done for
CQs. In general, established techniques like query reordering should be transferrable.

Advancing theory Lastly, we left some theoretical questions open that were out of scope
for this dissertation. Their pursuit might offer deeper insights in the behavior of temporal
queries over expressive DLs.

• Can we be even more sparingly with UCQ checks than the rewriting-based algorithm?
It can easily be seen that some UCQs that are answered by the algorithm can be
collapsed into a CQ (such as A(a) ∨ A(a)), however, a general procedure for doing
so appears to be unknown. If we employed such a hypothetical UCQ-collapsing
procedure, could we prove the rewriting-based approach to be optimal w.r.t. the
UCQ checks it performs?

• While the definition of TCQCQ∗ has fully served its purpose in the context of
this dissertation (uncovering unnecessary UCQ checks), some theoretical details
remain subject to further investigation. First, more classes of queries can be added
to TCQCQ∗ , e.g., by allowing a safe form of negation. How far can we broaden
the syntactic fragment? The question arises whether it is possible to cover, in a
semantical sense, TCQCQ with such a syntactic definition (meaning that there is for
each query in TCQCQ a semantically equivalent query in the syntactic fragment)?
On a related note, we have shown that deciding membership in TCQCQ∗ is efficiently
decidable. Does the same hold for TCQCQ?
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These possible future endeavors highlight that we have just begun exploring temporal
querying in expressive DLs, and much can be gained from further promoting the topic of
this dissertation.
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