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Abstract

This thesis investigates two-dimensional quantum antiferromagnets, with a focus on the spin- 1
2

antiferromagnetic easy-axis XXZ model on a square and a honeycomb lattice. Describing the
excitations and interactions of magnons in these models is of substantial interest, as magnons
are the fundamental quasiparticles and can thus explain experimental observations. Already for
the paradigmatic antiferromagnetic spin- 1

2 Heisenberg model on the square lattice, high-energy
features of the magnon dispersion are understood via strong magnon-magnon interactions. Besides
that, interesting high-energy features were recently observed in the honeycomb lattice, including a
possible decay of the single-magnon mode. The goal of this thesis is to obtain effective descriptions
of the aforementioned systems that capture the relevant features of the magnon excitations and
their interactions.

To study these features, this thesis employs continuous similarity transformations (CSTs), which
enables a systematic derivation of an effective quasiparticle picture via so-called flow equations.
The approach enables decoupling different magnon sectors and thus for investigating ground-state
properties, single-magnon excitations, and multi-magnon bound states. The magnon description is
derived from the non-Hermitian Dyson-Maleev representation, which describes fluctuations around
a long-range magnetically ordered ground state. The flow equations are set up in momentum
space, truncated by the scaling dimension, retaining only operators up to scaling dimension of two,
and solved numerically.

For the square lattice, a magnon-conserving effective Hamiltonian is obtained across the full
anisotropy range by interpolating between the Ising limit and the Heisenberg limit. The ground-
state energy, staggered magnetization, dispersion, and critical exponents are in excellent agreement
with the literature, supporting the validity of CST also for gapped phases. Two-magnon excitations
in the 𝑆𝑧 = 0 subspace comprise four bound states, which are tracked across the anisotropy
range. Their successive decay into the two-magnon continuum is determined by using the inverse
participation ratio.

For the honeycomb lattice, the magnon-conserving CST is reliable only up to 𝜆 ≲ 0.57; an
adapted CST scheme that decouples only the ground state while preserving couplings between
different higher-magnon sectors yields effective descriptions for all 𝜆 and confirms stable long-range
order. The low-energy properties determined in this way match the literature values. However,
in the Heisenberg limit, the adapted approach fails to capture high-energy features, such as the
experimentally observed decay into the multi-particle continuum at corners of the Brillouin zone.
A termination of the magnon-conserving flow equations at a finite flow parameter before the
divergence reveals a single-magnon decay at high energies, which is connected to a crossing of a
two-magnon bound state with the single-magnon mode. The observed energy dip qualitatively
agrees with Quantum Monte Carlo results, but magnon–magnon interactions are overestimated,
hindering a fully quantitative characterization of the single-magnon dispersion. Analyzing multi-
magnon bound states over the anisotropy range unveils that the crossing of a three-magnon bound
state with the single-magnon mode accounts for the breakdown of the magnon-conserving CST at
higher 𝜆.

This work demonstrates that CST with scaling-dimension truncation provides a powerful framework
for studying two-dimensional quantum magnets, capturing low-energy properties and bound states.
Nevertheless, challenges remain in accurately describing high-energy features arising from a
persistent overlap of magnon sectors due to strong binding effects.
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Kurzfassung

Diese Arbeit untersucht zweidimensionale Quantenantiferromagneten mit Fokus auf dem Spin- 1
2

Easy-Axis-XXZ-Modell auf Quadrat- und Honigwabengittern. Innerhalb dieser Modelle sind die kor-
rekte Beschreibung der Magnon-Anregungen und ihre Wechselwirkungen zentral für das Verständnis
dieser Systeme. Bereits für das paradigmatische antiferromagnetische Spin- 1

2 Heisenberg-Modell
auf dem quadratischen Gitter konnten die Hochenergieeigenschaften der Magnondispersion durch
starke Magnon-Magnon-Wechselwirkungen verstanden werden. Auch für das Honigwabengitter
wurden jüngst interessante Hochenergieeigenschaften beobachtet, etwa ein möglicher Zerfall der
Ein-Magnon-Mode. Das Ziel dieser Arbeit ist es, effektive Beschreibungen des Spin- 1

2 antiferromag-
netischen Easy-Axis-XXZ-Modells für beide Gitter zu erhalten, die die relevanten Eigenschaften
der Magnon-Anregungen und ihrer Wechselwirkungen erfassen.

Zur Untersuchung dieser Eigenschaften werden kontinuierliche Ähnlichkeitstransformationen (con-
tinuous similarity transformations (CSTs)) angewendet, welche über Flussgleichungen ein effektives
Quasiteilchenbild ableiten. So können verschiedene Magnon-Sektoren entkoppelt und Eigenschaften
des Grundzustandes, sowie Ein- und Multi-Magnon-Anregungen analysiert werden. Das zugrunde
liegende Magnonbild basiert auf der nicht-hermitischen Dyson-Maleev-Darstellung, die Fluktuatio-
nen um einen langreichweitig geordneten Zustand beschreibt. Die im Impulsraum formulierten
Flussgleichungen werden durch die Skalierungsdimension bis zu einer Skalierungsdimension von
zwei begrenzt und numerisch gelöst.

Für das quadratische Gitter ergibt sich über den gesamten Anisotropiebereich ein magnonerhal-
tender effektiver Hamiltonian, der zwischen dem Ising- und dem Heisenberg-Limes interpoliert.
Grundzustandsenergie, Untergittermagnetisierung, Dispersion und kritische Exponenten stimmen
hervorragend mit der Literatur überein und bestätigen die Anwendbarkeit der CST auch für Phasen
mit Energielücke. Im Zwei-Magnon-Unterraum mit 𝑆𝑧 = 0 treten vier gebundene Zwei-Magnon-
Zustände auf, deren suksessiver Zerfall in das Kontinuum durch das inverse Partizipationsverhältnis
bestimmt wird.

Für das Honigwabengitter konvergiert die Magnon-erhaltende CST nur bis zu 𝜆 ≲ 0.57. Eine
modifizierte CST, die lediglich den Grundzustand entkoppelt und Kopplungen zwischen höheren
Magnon-Sektoren beibehält, ermöglicht effektive Beschreibungen für alle 𝜆 und bestätigt eine stabile
langreichweitige Ordnung. Während die Niedrigenergieeigenschaften mit den Literaturwerten
übereinstimmen, kann der angepasste Ansatz im Heisenberg-Limit keine Hochenergiephänomene
wie den experimentell beobachteten Zerfall der Ein-Magnon-Mode erfassen. Eine Terminierung
der magnonerhaltenden CST vor der Divergenz zeigt hingegen einen Zerfall der Ein-Magnon-
Mode bei hohen Energien infolge einer Überschneidung eines Zwei-Magnon-Bindungszustands
mit der Ein-Magnon-Mode. Die beobachtete Energierenormalisierung stimmt qualitativ mit
Quanten-Monte-Carlo-Ergebnissen überein, jedoch wird die Ausdehnung der Magnon-Magnon-
Wechselwirkungseffekte überschätzt, wodurch eine quantitative Bestimmung der Ein-Magnon-
Mode verhindert wird. Die Analyse gebundener Mehrmagnon-Zustände über den gesamten
Anisotropiebereich zeigt, dass die Überschneidung eines Drei-Magnon-Bindungszustands mit
der Ein-Magnon-Mode für den Zusammenbruch der magnonerhaltenden CST bei höheren 𝜆
verantwortlich ist.

Diese Arbeit zeigt, dass die CST mit Skalierungsdimensions eine leistungsstarke Methode für die
Untersuchung zweidimensionaler Quantenmagnete bietet, die Niedrigenergieeigenschaften und
gebundene Zustände erfasst. Herausforderungen bleiben jedoch noch bestehen bei der genauen
Beschreibung von Hochenergieeigenschaften, die aus einer anhaltenden Überlappung von Magnon-
Sektoren aufgrund starker Bindungseffekte resultieren.
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1 | Motivation and Overview

Collective behaviors are found throughout the natural sciences, where simple interactions among
elementary constituents give rise to rich, often unexpected phenomena at macroscopic scales.
In fact, they are not even limited to natural sciences alone but can also be observed in social
systems, economics, and other complex systems. Such unexpected observations are called emergent
phenomena, and they cannot be easily inferred from the properties of individual components alone;
instead, the whole system must be considered [Lau99]. This seems to contradict the traditional yet
highly successful reductionist approach in physics, which aims to understand complex systems by
breaking them down into their simplest parts and studying their interactions. Anderson famously
summarized this apparent contradiction with his quote “More is Different” [And72]. For example,
in biology, swarm intelligence emerges from simple rules followed by individual organisms, leading
to complex group behaviors such as flocking in birds or schooling in fish [Wan+25]. Nevertheless,
drawing conclusions about swarm behavior from observing a single bird or fish alone would not reveal
the underlying principles of these collective behaviors. Similarly, in physics, the building blocks of
ordinary matter and the interaction between them are fully covered by the standard model [Eck19].
Considering many of these microscopic building blocks together, unexpected emergent phenomena
can arise that cannot be easily predicted from the properties of individual particles alone. The
field of condensed matter physics offers a particularly fertile ground for such unexpected emergent
phenomena. A typical condensed matter system consists of an enormous number of interacting
particles (𝑁 ≈ 𝒪(1023)) [AS23], where collective quantum mechanical interactions among electrons
or atoms lead to macroscopic quantum states with unique properties [KM17]. Famous examples
include superconductivity [BCS57; Che+24] and superfluidity [Str+18]. Therefore, particularly in
condensed matter physics, it is essential to balance the reductionist approach with considerations
of emergent behavior to effectively understand and model complex many-body systems.

The Concept of Quasiparticles

To understand such emergent phenomena, the interplay between theoretical methods and experi-
mental observations is crucial. Theoretical methods provide a solid foundation for understanding
and even predicting novel phenomena, while experiments either confirm theoretical predictions or
reveal new phenomena that require new theoretical methods to be understood. This thesis is of a
theoretical nature. In the theoretical description of emergent phenomena in condensed matter
physics, the concept of quasiparticles plays a central role. It replaces describing the behavior
of each particle individually and instead focuses on collective modes as elementary excitations
that behave like particles. The crucial difference to physical particles is that quasiparticles are
not elementary. They are excitations in the first place and consequently cease to exist outside
the medium they emerge from [AS23; Fal15], hence the prefix “quasi”. In condensed matter
physics, there exist a plethora of different types of quasiparticles, such as phonons (quantized
lattice oscillations), excitons (bonded electron-hole pairs), plasmons (quantized oscillations in a
plasma), and magnons (collective spin excitations), to name a few [Ven+16]. Quasiparticles even
interact with other particles or quasiparticles, as ordinary particles would do. Studying these
interactions often reveals new emergent phenomena, possibly described by new quasiparticles. In
superconductivity, for instance, the electron-phonon interactions give rise to Cooper pairs, which

1



1 Motivation and Overview

are the elementary excitations of the superconducting state [BCS57]. Another example is the
interaction between photons and excitons, which leads to the formation of polaritons [Hop58;
SK16]. Correctly capturing the essential low-energy excitations and their interactions is key to
obtaining theoretical descriptions and predictions. Thus, the introduction of quasiparticles in
condensed matter physics is a powerful concept to break down complex many-body systems into
simpler, more effective descriptions. It also reflects the balance required within the reductionist
approach necessary to understand emergent phenomena, as it focuses on the relevant collective
excitations rather than the individual particles themselves.

Quantum Magnetism and Magnons

The focus of this work lies on the description of quasiparticles called magnons, which describe
collective spin excitations in magnetic materials. Magnetic materials and magnetism itself have
a long history in applications by humankind, dating back to ancient times with the discovery
of naturally occurring magnets like lodestone [Mat81]. It completely revolutionized navigation
and trade by enabling compasses for orientation in the Earth’s magnetic field. Only with the
discovery of electromagnetism in the 19th century, magnetism again completely changed the
fate of humankind, enabling countless technological applications, such as the generator and the
electric motor [Rez20]. The understanding of the microscopic origin of magnetism itself did not
take as long as the two revolutions mentioned before. With the advent of quantum mechanics
in the early 20th century, it was understood that magnetism arises from the intrinsic angular
momentum of elementary particles, called spin. The concept of spin was formally derived from the
Dirac equation [Dir28], which merged quantum mechanics with special relativity. In conjunction
with the Schrödinger equation [Sch26], it enabled explanations of different phases of magnetic
materials, such as ferromagnetism, in which all spins in the material align parallel to each other,
leading to a strong overall magnetic moment, and antiferromagnetism, in which neighboring spins
align antiparallel, leading to a net zero magnetic moment [Née32]. With this understanding,
theoretical models to describe magnetic interactions were developed, such as the Heisenberg
model [Hei28]. Based on the Heisenberg model, the idea of collective excitations in magnetically
ordered materials, known as spin waves or magnons, started to emerge [Blo30; HP40; Dys56a]. In
recent years, the interest in collective excitations in quantum magnetism has increased due to the
emerging field of spintronics [Sta+14; San+17; Ved+20]. As the name suggests, in spintronics,
the spin is the decisive degree of freedom rather than the charge of the electron as in traditional
electronics. One subfield of spintronics is magnonics, where magnons are used to store, process, or
transport information [Chu+15; Rez20]. Magnonics has gained increasing attention in the past
few years due to promising features such as lower energy consumption, thanks to the absence of
Joule heating otherwise caused by charge currents, as well as integrability and compatibility with
existing semiconductor technology. Additionally, magnonics also has a huge potential for high-
speed operation due to its wide frequency range from GHz to THz combined with unprecedented
miniaturization of circuits [Bar+21; Fle+24].

A special interest of magnonics lies in antiferromagnetic materials. Contrary to the quote of Louis
Néel in his 1970 Nobel lecture that “They are extremely interesting from the theoretical standpoint
but do not appear to have any practical applications.” [Née71], antiferromagnetic materials actually
offer several advantages compared to ferromagnetic materials for applications in magnonics. The
absence of a net magnetization makes them robust against external magnetic-field perturbations.
It allows, if used for data storage, a higher density of stored information since neighboring bits do
not interact via stray fields [BKU23]. Additionally, antiferromagnetic materials exhibit ultrafast
spin dynamics in the THz regime compared to GHz in ferromagnets, and they are abundant in
nature [Jun+16; Bal+18].
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Two-Dimensional Antiferromagnetic Quantum Spin Systems

Two-dimensional antiferromagnetic quantum spin systems have been studied for a few decades by
now. This research is particularly motivated by the long-standing problem of high-temperature
superconductivity in cuprate materials, where the undoped parent compounds are well described
by the paradigmatic two-dimensional spin- 1

2 antiferromagnetic Heisenberg model (afHM) on a
square lattice [Man91]. Nevertheless, these systems are also interesting from a more general
point of view, as two-dimensional quantum antiferromagnets exhibit a wide variety of emergent
quantum phenomena due to the interplay of low dimensionality, strong quantum fluctuations, and
competing interactions [Wei+20; Ved+20]. In nature, realizations of two-dimensional quantum
antiferromagnets are found in layered antiferromagnetic materials, in which each layer is weakly
coupled to its neighbors. These weak couplings enable the experimental study of effective two-
dimensional systems. Additionally, advances in materials science, starting with the fabrication of
graphene [Nov+04], even opened the possibility of creating artificial, effective two-dimensional
magnetic materials by stacking different two-dimensional materials on top of each other, held
together by van der Waals forces. These so-called van der Waals materials enable precise tuning
of material properties [Nov+16; BMP18]. Moreover, ultracold atoms in optical lattices provide
a versatile platform for simulating two-dimensional quantum antiferromagnets, offering high
tunability and control [BDN12; GB17]. Altogether, experiments with these tunable artificial
materials provide a perfect test bed for various theoretical approaches for effectively describing
two-dimensional antiferromagnetic quantum spin systems.

An excellent example of a productive interplay between experiment and theory concerns an observed
high-energy feature in the magnon dispersion of the paradigmatic microscopic two-dimensional
spin- 1

2 afHM on the square lattice. Here, experimental measurements and numerical simulations
revealed a discrepancy from the predictions of conventional spin wave theory [Chr+04; SS01;
ZOH05]. This discrepancy led to an intense debate about the correct theoretical description of
this high-energy feature, where even other quasiparticles such as spinons rather than magnons
were considered as an explanation [Chr+07; Syr10; UM13; Dal+15]. However, in studies preceding
this thesis, the discrepancy could be traced back to strong magnon-magnon interactions, which
are inadequately captured by conventional spin-wave theory. By establishing an effective magnon
description accounting for strong magnon-magnon interactions, perfect agreement with experiments
was achieved [PUS15; Pow17; PSU18]. Such an effective model, which correctly captures the
strong magnon-magnon interactions, can be derived using the method of continuous similarity
transformation (CST).

Flow Equation Approach – Continuous Similarity Transformation

The CST approach provides a powerful, systematic framework for deriving effective quasiparticle
descriptions of complex many-body systems. It originates from the idea of the continuous unitary
transformation (CUT) approach, also known as the flow equation approach, first introduced
independently by Wegner [Weg94] and by Głazek and Wilson [GW93]. The key concept of CUT
embodies the same principle of energy-scale separation as other renormalization group approaches.
However, instead of reducing the degrees of freedom step by step, the flow equation approach
aims to retain the full Hilbert space while transforming the Hamiltonian into a more diagonal
form, i.e., eliminating first off-diagonal matrix elements between states which differ strongly in
energy and then progressing to smaller and smaller energy differences [Weg06]. Combined with
the quasiparticle concept, the flow equation approach provides a systematic way to derive effective
quasiparticle-conserving Hamiltonians, rendering the subsequent calculation of physical quantities
much easier [KSU03b]. The CST approach was developed as an extension of the CUT approach
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1 Motivation and Overview

for non-Hermitian Hamiltonians. In the case of the afHM, it is applied in the momentum space to
particularly capture gapless systems [PUS15; Pow17; PSU18]. It is precisely the ability to capture
processes at different energy scales that makes the flow equation approach such a powerful tool for
explaining emergent phenomena in many-body systems. For the spin- 1

2 afHM on a square lattice,
this attribute enabled the accurate description of strong magnon-magnon interactions at high
energies without losing the ability to describe the low-energy magnon excitations correctly. However,
the approach encounters limitations as well. Particularly, when dealing with systems where the
separation of energy scales is not well-defined and energetic overlap persists, the effectiveness of
the flow equation approach may be compromised. In Fig. 1.1 a metaphorical illustration of the
effect of the flow equation approach is shown, which will be discussed in detail at the beginning of
Chapter 3.

       

Flowq
Equation
Approach

   

Figure 1.1: Metaphorical depiction illustrating the effect of the flow equation approach on
the Hamiltonian of a many-body system. On the left-hand side of the image, a rough sea is
shown symbolizing the inherent complexity of many-body problems, which is explored by a
sailing boat. On the right-hand side, the sea is shown after applying the flow equation approach.
A green arrow represents the transformation induced by the flow equation approach. The
right-hand side is characterized by the classification of the sea into distinct regions after the
flow equation approach. These regions are defined by the number of drops (quasiparticles),
allowing a systematic and controlled exploration of the sea of the many-body problem by the
sailing boat.

   

Aim and Structure of This Thesis

This thesis aims to further investigate the description of magnon excitations and interactions in
two-dimensional quantum antiferromagnets through the CST method. A comprehensive theoretical
description of magnons is key for future applications in magnonics and spintronics. Up to this
point, the CST method has been successfully applied only to the afHM on a square lattice [PUS15;
Pow17; PSU18]. This thesis builds on a series of studies conducted with the CST. It started with
Refs. [Wal+23; Cac+24], which considered the spin- 1

2 easy-axis model on a square lattice, leading
to a gap in the magnon spectrum. The studies extended to models that exhibit a quantum phase

4



transition, i.e., the 𝐽1-𝐽2 model and the Heisenberg bilayer [Her+24]. These prior studies already
contributed to the doctoral thesis [Wal24]. Subsequently, studies were commenced on altermagnetic
systems [Wie+25] and different lattice geometries such as the honeycomb lattice [Krä+25]

Of all the studies mentioned, this thesis focuses on two specific aspects. First, this work considers
the spin- 1

2 easy-axis XXZ model on the square lattice, which, due to its anisotropy, leads to a
gap in the magnon spectrum. Thereby, a specific research question addressed is whether the CST
method can also be successfully applied to this extended case. It should be noted that there is
an inevitable overlap with the work presented in Ref. [Wal24], which also considers the same
model. Additionally, recent experiments [Sal+21; Sal+23] revealed intriguing high-energy features
in the magnon spectrum of the spin- 1

2 afHM on a honeycomb lattice. Therefore, another goal of
this thesis is to apply the CST method to the honeycomb lattice and investigate whether it can
accurately capture the observed high-energy features. This lattice is also studied with respect
to the spin- 1

2 easy-axis XXZ model. In Fig. 1.2 both studied lattices are shown in their Néel
configurations.

   
   

       

Figure 1.2: Both lattice configurations for the XXZ model are studied in this thesis. On
the left-hand side, a schematic of the square lattice is shown, and on the right-hand side, a
schematic of the honeycomb lattice is depicted. The blue and green arrows represent the two
spin orientations of the two sublattices in the classical Néel state.

   

The thesis is structured as follows: In Chapter 2, the theoretical foundation of spin-wave theory is
introduced, which serves as the starting point for the CST method. In Chapter 3 the CST method
is presented in detail, giving an overview of the general flow equation approach and subsequently
focusing on the implementation of the CST. Details on implementing the CST method, including
setting up the flow equations and incorporating symmetries to reduce computational effort, are
presented in Chapter 4. Furthermore, challenges with respect to the non-Hermitian nature of the
CST are addressed. Chapter 5 presents the main results of this thesis, namely, the extension of the
CST method to the anisotropic spin- 1

2 easy-axis XXZ model on a square lattice. Thereby, properties
of different particle sectors are discussed and compared to results from other theoretical methods.
In Chapter 6, the same model is adapted to the honeycomb lattice. Necessary modifications
to the CST method for the honeycomb lattice are discussed, and the results are compared to
other theoretical methods. Here, a specific focus is on the afHM on the honeycomb lattice, given
its relevance to recent experiments and numerical studies that indicate magnon decay at higher
momenta. Finally, conclusions are given in Chapter 7 containing a summary of the main findings
and an outlook on future research directions.
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2 | Spin-Wave Theory

This chapter establishes the theoretical foundation for describing spin excitations in the various
spin models discussed in this thesis. It introduces the concept of spin-wave theory (SWT), which
addresses the low-energy physics of magnetically ordered systems, resulting in a description of
the elementary excitations within these systems. The key idea is to express spin operators in
terms of bosonic operators. However, the exact representation of the spin operators in terms
of bosonic operators is not unique, leading to various SWT formulations. In this thesis, the
Dyson-Maleev representation (DM) representation is employed to describe the spin operators.
Although the bosonic representation is chosen, distinct variants of SWT exist. This chapter
provides a detailed overview of the SWT variants employed in this work, namely linear spin-wave
theory (L-SWT), mean-field spin-wave theory (MF-SWT), and self-consistent mean-field spin-wave
theory (scMF-SWT) as well as nonlinear spin-wave theory (NL-SWT) and self-consistent nonlinear
spin-wave theory (scNL-SWT). Furthermore, the nonlinear manifestations serve as the starting
point for the subsequent continuous similarity transformation.

The chapter is structured as follows. Initially, the concept of SWT is introduced, followed by
an in-depth discussion of some bosonic spin representations, all presented in the example of the
ferromagnetic Heisenberg spin- 1

2 model on a square lattice. Subsequently, the SWT variants based
on the DM are formulated for the antiferromagnetic easy-axis XXZ model on a square lattice.
Each step of their derivation is explained in detail, and the difference between the individual SWT
variants is highlighted.

Most of the chapter content has been discussed extensively in the literature, but to be self-contained,
all relevant steps are described here nonetheless. The chapter follows the structure of renowned
textbooks [Mat81; Aue94; Pir21] and reviews [Man91] regarding this topic.

2.1 General Spin-Wave Theory

The SWT was first developed by Bloch in 1930 [Blo30] to analyze the ferromagnetic Heisenberg
model (fHM) proposed by Heisenberg in 1928 [Hei28], which aimed to provide a theoretical model
for the emergence of ferromagnetism in solids. Generally, a Heisenberg Hamiltonian has the form

ℋ̂ = ∑
⟨𝑖,𝑗⟩

𝐽𝑖𝑗
̂𝑺𝑖 ⋅ ̂𝑺𝑗 (2.1)

with ⟨𝑖, 𝑗⟩ denoting a sum over all spins on nearest-neighbor sites ̂𝑺 which couple with an interaction
strength 𝐽𝑖𝑗 to each other. The notation ⟨𝑖, 𝑗⟩ also implies that each bond connecting two spins
is only counted once. The interaction strength 𝐽𝑖𝑗 can be either ferromagnetic (𝐽𝑖𝑗 < 0), where
the coupling favors a parallel alignment, or antiferromagnetic (𝐽𝑖𝑗 > 0), where the coupling favors
an antiparallel alignment. Initially, the Heisenberg model was derived from quantum mechanical
exchange interactions, leading to ferromagnetic interaction between localized spins. Nevertheless,
other mechanisms can yield an effective Heisenberg model. In the case of an antiferromagnetic
interaction, an effective Heisenberg model can be derived from the Hubbard model [Gut63; Hub63],
describing strongly correlated electrons on a lattice. At half-filling and in the limit 𝑈 ≫ 𝑡,
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2.2 Angular Momentum

where 𝑈 describes the Coulomb repulsion and 𝑡 the hopping amplitude between lattice sites, the
Hubbard model can be mapped onto an antiferromagnetic Heisenberg model (afHM) with 𝐽𝑖𝑗 = 4𝑡2

𝑈
[Tak77].

The fundamental idea underlying the SWT used in this thesis is to map small fluctuations around
the ground state of the Heisenberg Hamiltonian to bosonic excitations instead of using the spin
operators. For an adequate description of the system, it is essential to capture its quantum
mechanical nature. To this end, the following section revisits the fundamentals of general angular
momentum in quantum mechanics.

2.2 Angular Momentum

The spin-vector operators ̂𝑺𝑖 in Eq. (2.1) comprise the three components ̂𝑆𝑥, ̂𝑆𝑦 and ̂𝑆𝑧 which
obey the commutation relations

[ ̂𝑺2, ̂𝑆𝑎] = 0 , [ ̂𝑆𝑎, ̂𝑆𝑏] = i ∑
𝑐

𝜖𝑎𝑏𝑐
̂𝑆𝑐 with {𝑎, 𝑏, 𝑐} ∈ {𝑥, 𝑦, 𝑧} , (2.2)

where 𝜖𝑎𝑏𝑐 is the Levi-Civita symbol. Here and throughout the thesis ℏ is set to one. A possible
set of commuting operators is { ̂𝑺2, ̂𝑆𝑎}, defining a possible basis for a single spin state. The
corresponding basis is expressed as |𝑆, 𝑚𝑎⟩, where 𝑆 is the spin quantum number, which allows for
positiv half-integer or integer values and 𝑚𝑎 is the spin projection quantum number along the
𝑎-axis with 2𝑆 + 1 possible values in the range 𝑚𝑎 ∈ {𝑆, −(𝑆 − 1), … , 𝑆 − 1, 𝑆}. The eigenvalues
of the basis-defining operators are

̂𝑺2 |𝑆, 𝑚𝑎⟩ =𝑆(𝑆 + 1) |𝑆, 𝑚𝑎⟩ , ̂𝑆𝑎 |𝑆, 𝑚𝑎⟩ =𝑚𝑎 |𝑆, 𝑚𝑎⟩ . (2.3)

In this thesis, the 𝑧-direction (𝑎 = 𝑧) is chosen as the quantization axis. As a consequence, it is
convenient to combine the operators ̂𝑆𝑥 and ̂𝑆𝑦 into the spin-raising and spin-lowering ladder
operators

̂𝑆+ = ̂𝑆𝑥 + i ̂𝑆𝑦 ,   ̂𝑆− = ̂𝑆𝑥 − i ̂𝑆𝑦 . (2.4)

The action of these ladder operators on the previously defined basis states yields        

     ̂𝑆+ |𝑆, 𝑚𝑧⟩ = √𝑆(𝑆 + 1) − 𝑚𝑧(𝑚𝑧 + 1) |𝑆, 𝑚𝑧 + 1⟩ , (2.5a)
̂𝑆− |𝑆, 𝑚𝑧⟩ = √𝑆(𝑆 + 1) − 𝑚𝑧(𝑚𝑧 − 1) |𝑆, 𝑚𝑧 − 1⟩ .   (2.5b)

Raising |𝑚𝑧| to values larger than 𝑆 is not possible, as the prefactors are zero in case of ̂𝑆− |𝑆, −𝑆⟩
or ̂𝑆+ |𝑆, 𝑆⟩. This is important, since the physical Hilbert space of the basis is limited to the range
of 𝑚𝑧 ∈ {−𝑆, … , 𝑆} as discussed above. The commutation relations of the ladder operators are

[ ̂𝑆+, ̂𝑆−] = 2 ̂𝑆𝑧 and [ ̂𝑆𝑧, ̂𝑆±] = ± ̂𝑆± . (2.6)

Up to this point, only a single spin has been considered; however, a solid-state system inherently is a
many-particle problem. Already, coupling two spins, they form new states, with the superpositions
described by the Clebsch-Gordan coefficients. In the context of the discussed Heisenberg model
in Eq. (2.1), spins with nearest-neighbors coupling give rise to a large number of states, as for a
spin system of 𝑁 spin-𝑆 the Hilbert space grows exponentially with (2𝑆 + 1)𝑁, so that a general
solution is no longer analytically accessible. Therefore, extracting relevant physical properties
from a large system is a non-trivial task and requires sophisticated approximation methods. The
aforementioned SWT in its diverse manifestations achieves this to varying degrees of success
depending on the physical subject of interest. First, practical examples are studied.
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2 Spin-Wave Theory

2.3 Holstein-Primakoff Representation

The first representation presented here and commonly used in literature is the Holstein-Primakoff
representation (HP), which Holstein and Primakoff developed in 1940 [HP40]. They introduced
bosonic operators to describe the action of the spin operators discussed in Section 2.2 according
to

̂𝑆+
𝑙 = √2𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 ̂𝑎𝑙 , ̂𝑆−
𝑙 = ̂𝑎†

𝑙
√2𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 , ̂𝑆𝑧
𝑙 = 𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 . (2.7)

The operator ̂𝑎†
𝑙 creates and ̂𝑎𝑙 annihilates a spin excitations at site 𝑙. Effectively, the spins are

viewed as coupled harmonic oscillators with the operators having the usual effect on a given state,
with

̂𝑎𝑙 |𝑛𝑙⟩ = √𝑛𝑙 |𝑛𝑙 − 1⟩ , ̂𝑎†
𝑙 |𝑛𝑙⟩ = √𝑛𝑙 + 1 |𝑛𝑙 + 1⟩ , ̂𝑎†

𝑙 ̂𝑎𝑙 |𝑛𝑙⟩ = 𝑛̂𝑙 |𝑛𝑙⟩ = 𝑛𝑙 |𝑛𝑙⟩ . (2.8)

With the definition of Eq. (2.7), the ground state |0⟩ of a single harmonic oscillator is then
connected to a maximal alignment of the spin

|0⟩ =̂ |𝑆, 𝑚𝑧 = 𝑆⟩ . (2.9)

The occupation number 𝑛 of the harmonic oscillator is consequently connected to the magnetic
quantum number 𝑚𝑧 via

𝑛 = 𝑆 − 𝑚𝑧 . (2.10)

Through this connection, it is possible to derive the HP by comparing the effect of Eqs. (2.3)
and (2.5) with Eq. (2.8). The commutation rules of Eq. (2.6) are still satisfied in the bosonic
representation. Additionally, the commutator of two single-boson operators on site 𝑖 and 𝑗 is given
by

[ ̂𝑎𝑖, ̂𝑎†
𝑗] = 𝛿𝑖𝑗 , (2.11)

which eliminates the otherwise tedious work with the commutators of the spin operators. Note
that the mapping can also be defined with the roles of ̂𝑆+ and ̂𝑆− reversed, which is often used in
the context of antiferromagnetic systems.

Nevertheless, there are some caveats regarding this representation. The first apparent issue with
this mapping concerns the size of the different Hilbert spaces. For spin operators, the local Hilbert
space with 2𝑆 + 1 states is finite, whereas for bosons, it is infinite for a single site. To overcome
this difference, the condition

̂𝑆−
𝑖 |𝑛 = 2𝑆⟩ != 0 , (2.12)

must be fulfilled, separating the physical Hilbert space with 0 ≤ 𝑛 ≤ 2𝑆 from the unphysical
one with 𝑛 > 2𝑆. Figure 2.1 shows a schematic representation of a single site for both the spin
representation and the bosonic representation.

Equation (2.7) fulfills this condition; in practice, however, square root functions containing operators
need to be represented by a truncated power series. In the case of the HP, the square-root expansion
reads

√2𝑆 − ̂𝑎†
𝑙 ̂𝑎𝑙 =

√
2𝑆√1 −

̂𝑎†
𝑙 ̂𝑎𝑙
2𝑆

=
√

2𝑆 (1 −
̂𝑎†
𝑙 ̂𝑎𝑙
4𝑆

−
( ̂𝑎†

𝑙 ̂𝑎𝑙)2

32𝑆2 − … ) . (2.13)
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2.3 Holstein-Primakoff Representation

       

|−𝑠⟩
|−𝑠+1⟩

|+𝑠−1⟩
|+𝑠⟩

̂𝑆+

̂𝑆−

̂𝑆−

̂𝑆+
|0⟩
|1⟩

|2𝑠−1⟩
|2𝑠⟩
|2𝑠+1⟩

̂𝑎†

̂𝑎

̂𝑎
̂𝑎†

   

Figure 2.1: Schematic explanation of the basic states and the transitions at a single site. The
left figure shows the situation in spin representation. The right figure shows the situation for
the HP, i.e., in a bosonic language. In the bosonic case, the physical space (dark grey) and
unphysical space (light grey) are connected via the bosonic creation and annihilation operators.
However, the overlap between these two spaces is prevented by a suitable prefactor.

   

Truncating the series at any order renders the condition of Eq. (2.12) invalid and thus the decoupling
of the physical and unphysical Hilbert space. Furthermore, the commutation relations are only
fulfilled up to the corresponding order in 1

𝑆 . The truncation can still be justified if the ground-state
expectation value ⟨ ̂𝑎† ̂𝑎⟩ is small compared to 2𝑆(⟨ ̂𝑎† ̂𝑎⟩ ≪ 2𝑆) [Man91]. This assumption should
be explicitly verified for consistency.

Example — Two Dimensional Ferromagnetic Heisenberg Model with HP

In this example, the HP is applied to the spin- 1
2 fHM on a square lattice. The Hamiltonian for

this model is given by

  ℋ̂ = −𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑺𝑖 ⋅ ̂𝑺𝑗 = −𝐽
2

𝑁
∑
𝑖=1

∑
𝒅∈𝔇

[ ̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑖+𝒅 + 1

2
( ̂𝑆−

𝑖
̂𝑆+
𝑖+𝒅 + ̂𝑆+

𝑖
̂𝑆−
𝑖+𝒅)] (2.14)

where the interaction strength 𝐽 is isotropic with 𝐽 > 0. The sum over the nearest neighbors (NNs)
⟨𝑖, 𝑗⟩ can be replaced by a sum over all lattice sites 𝑁 in combination with a sum over a set of lattice
vectors 𝔇 = {𝒂1, −𝒂1, 𝒂2, −𝒂2}. A prefactor of 1

2 is introduced to compensate for the double
counting of bonds. The primitive translation vectors are 𝒂1 = (0, 𝑎)𝑇 and 𝒂1 = (𝑎, 0)𝑇 where 𝑎 is
the lattice constant. The ground state of the spin- 1

2 fHM on a square lattice is exactly understood
and is known to break SU(2) symmetry [Lan66]. In fact, all spins in the symmetry-breaking
ground state point in the same direction, resulting in a non-zero magnetization. The direction, on
the other hand, is arbitrary, and the ground state is therefore highly degenerate, precisely with a
factor of 2𝑆𝑁 + 1. The coordinate system is usually defined such that the z-axis is aligned with
the magnetization. Figure 2.2 shows a sketch of the ground state with the aforementioned vectors
and the primitive unit cell marked with an orange box.

Two renowned theorems are associated with this symmetry breaking. First, the Goldstone
theorem [Gol61; GSW62] states that within a system characterized by short-range interaction,
the breaking of a continuous symmetry gives rise to gapless bosonic excitations called Goldstone
bosons. Here, the breaking of the SU(2) symmetry is responsible for the emergence of gapless

9



2 Spin-Wave Theory

       

𝒂1

𝒂2

   

Figure 2.2: Sketch of a square lattice with ferromagnetic alignment of spins. The primitive
unit cell is marked as an orange square, and the corresponding lattice vectors 𝒂1 and 𝒂2 are
depicted.

   

Goldstone bosons called magnons. Consequently, the bosonic nature of these excitations is another
motivation for the bosonic representation of the spin operators.

Second, the Mermin-Wagner theorem [MW66] states that a spontaneously symmetry-broken phase
cannot exist at finite temperature with a continuous symmetry and short-range interactions for
systems with dimension 𝑑 ≤ 2. In such systems, thermal fluctuations forbid the existence of such an
ordered ground state. In this thesis, specifically systems with dimension 𝑑 = 2 are considered, but
all calculations are carried out for 𝑇 = 0 so that the implications of the Mermin-Wagner theorem
are ultimately avoided. Regarding two-dimensional materials at finite temperatures in reality, the
Mermin-Wagner theorem implies that no long-range magnetic order can exist. However, in practice,
magnetic anisotropies or interlayer couplings are present, which break the continuous symmetry
and can thus stabilize magnetic order even in two-dimensional systems at finite temperatures.

Having discussed the two apparent main theorems, the HP is applied to obtain the SWT result.
This is done by inserting the representation of Eq. (2.7) to the Hamiltonian of Eq. (2.14) resulting
in

ℋ̂ = −𝐽
2

𝑁
∑

𝑖
∑
𝒅∈𝔇

[ ̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑖+𝒅 + 1

2
( ̂𝑆−

𝑖
̂𝑆+
𝑖+𝒅 + ̂𝑆+

𝑖
̂𝑆−
𝑖+𝒅)] (2.15a)

  

   = −𝐽
2

𝑁
∑

𝑖
∑
𝒅∈𝔇

[(𝑆 − ̂𝑎†
𝑖 ̂𝑎𝑖)(𝑆 − ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅)

+ 𝑆 ̂𝑎†
𝑖
√1 − ̂𝑎†

𝑖 ̂𝑎𝑖
2𝑆

√1 −
̂𝑎†
𝑖+𝒅 ̂𝑎𝑖+𝒅

2𝑆
̂𝑎𝑖+𝒅

   + 𝑆 √1 − ̂𝑎†
𝑖 ̂𝑎𝑖
2𝑆

̂𝑎𝑖 ̂𝑎†
𝑖+𝒅

√1 −
̂𝑎†
𝑖+𝒅 ̂𝑎𝑖+𝒅

2𝑆
⎤
⎥
⎦

.  

(2.15b)

The next step is to use the series expansion of Eq. (2.13) and categorize the terms in the form of
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2.3 Holstein-Primakoff Representation

powers of 1
𝑆 , yielding

ℋ̂ = −𝐽𝑁𝑆2𝑍
2

+ 𝐽
2

𝑁
∑

𝑖
∑
𝒅∈𝔇

[𝑆 ( ̂𝑎†
𝑖 ̂𝑎𝑖 + ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅 − ̂𝑎†
𝑖 ̂𝑎𝑖+𝒅 − ̂𝑎𝑖 ̂𝑎†

𝑖+𝒅)   (2.16a)

 
      + ̂𝑎†

𝑖 ̂𝑎𝑖 ̂𝑎†
𝑖+𝒅 ̂𝑎𝑖+𝒅 − 1

4
̂𝑎†
𝑖 ̂𝑎†

𝑖+𝒅 ̂𝑎†
𝑖+𝒅 ̂𝑎𝑖+𝒅 − 1

4
̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖 ̂𝑎†

𝑖+𝒅

       −1
4

̂𝑎†
𝑖 ̂𝑎†

𝑖 ̂𝑎𝑖 ̂𝑎†
𝑖+𝒅 − 1

4
̂𝑎†
𝑖 ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅 ̂𝑎𝑖+𝒅 + 𝒪 ( 1
𝑆

)  ] ,
     (2.16b)

where 𝑍 is the number of nearest neighbors arising from ∑𝒅∈𝔇 1 = 𝑍 = 4. Explicitly at 𝑇 = 0
the condition ⟨ ̂𝑎† ̂𝑎⟩ ≪ 2𝑆 is fulfilled even for 𝑆 = 1

2 . This can be verified a posteriori by simply
calculating the expectation value. Hence, it is a good approximation to keep only terms of the
zeroth order of the expansion in Eq. (2.13), which are terms with 𝑆 and 𝑆2, and omit the rest.
As a consequence, the Hamiltonian boils down to Eq. (2.16a) with terms of Eq. (2.16b) being
neglected. Neglecting terms beyond quadratic operators such as Eq. (2.16b) corresponds to a
L-SWT. A Fourier transformation can straightforwardly diagonalize this remaining part according
to 

̂𝑎𝒌 = 1√
𝑁

𝑁
∑

𝑖
̂𝑎𝑖e−i𝒌𝒓𝑖 , ̂𝑎𝑖 = 1√

𝑁
∑

𝒌∈BZ
̂𝑎𝒌ei𝒌𝒓𝑖 , (2.17)

where 𝒌 is a reciprocal lattice vector taken from the first Brillouin zone (BZ). The basis vectors
𝒃1 and 𝒃2 of the reciprocal lattice are determined via the relation

𝒂𝑖𝒃𝑗 = 2𝜋𝛿𝑖𝑗 . (2.18)

For the square lattice, this implies

𝒃1 = 2𝜋
𝑎

(1
0) and 𝒃2 = 2𝜋

𝑎
(0

1) . (2.19)

Expressed by the ladder operators in momentum space, the Hamiltonian takes the diagonal form,

ℋ̂ = −𝐽𝑁𝑆2𝑍
2

+ ∑
𝒌∈BZ

𝜔𝒌 ̂𝑎†
𝒌 ̂𝑎𝒌 , (2.20)

where the dispersion of a single magnon reads

𝜔𝒌 ≔ 𝐽𝑆𝑍(1 − 𝛾𝒌) with  𝛾𝑘 ≔ 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝛿 = 2
𝑍

(cos (𝑘𝑥) + cos (𝑘𝑦)) . (2.21)

In fact, this dispersion is the exact solution for the fHM on a square lattice. Figure 2.3 shows the
dispersion for a specific path through the BZ. Undoubtedly, the effect of the Goldstone theorem is
evident in Fig. 2.3 due to the gapless energy spectrum, which closes quadratically at 𝒌 = (0, 0).

In summary, based on the HP, it is possible to express the spin Hamiltonian exactly by bosonic
excitations. In this representation, a square root of operators occurs, which needs to be expanded
and truncated. In the presented L-SWT, only quadratic terms, corresponding to the zeroth order
in the 1

𝑆 expansion, are considered, yielding a gapless spectrum agreement with the Goldstone
theorem. The truncation of the square root expansion is clearly a disadvantage, as it is only valid
if the prerequisite ⟨ ̂𝑎† ̂𝑎⟩ ≪ 2𝑆 is fulfilled. The next section presents a spin representation that
avoids this drawback.
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𝒃2

𝒃1

BZ
Path
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𝒌
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𝜔
𝒌

/𝐽

linear SWT

1

 
 

Figure 2.3: On the left-hand side, the reciprocal lattice for the spin- 1
2 fHM on a square lattice

is shown. The lattice constant 𝑎 is set to unity. The orange rectangle represents the edge of
the first BZ and the reciprocal lattice vectors 𝒃1,2 are indicated by black arrows. The green
triangle represents a specific path through the BZ. The dispersion 𝜔𝒌 associated with this path
is shown on the right-hand side.

   

2.4 Dyson-Maleev Representation

This section presents the DM, which forms another possibility to express the spin operator
by bosonic excitations in addition to the previously discussed HP. The generalized bosonic
representation [Faz99]

̂𝑆+
𝑙 =

√
2𝑆 (1 −

̂𝑎†
𝑙 ̂𝑎𝑙
2𝑆

)
𝛼

̂𝑎𝑙 , ̂𝑆−
𝑙 =

√
2𝑆 ̂𝑎†

𝑙 (1 −
̂𝑎†
𝑙 ̂𝑎𝑙
2𝑆

)
1−𝛼

, ̂𝑆𝑧
𝑙 = 𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 (2.22)

fulfills the important commutation relations in Eq. (2.6). For 𝛼 = 1
2 the HP is obtained and the

occurring square root is handled as discussed in Section 2.3. There are two limiting cases 𝛼 = 0
and 𝛼 = 1 where the representation takes the following form    

̂𝑆+
𝑙 =

√
2𝑆 (1 −

̂𝑎†
𝑙 ̂𝑎𝑙
2𝑆

) ̂𝑎𝑙 , ̂𝑆−
𝑙 =

√
2𝑆 ̂𝑎†

𝑙 , ̂𝑆𝑧
𝑙 = 𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 (2.23a)

for 𝛼 = 1 and for 𝛼 = 0

̂𝑆+
𝑙 =

√
2𝑆 ̂𝑎𝑙 , ̂𝑆−

𝑙 =
√

2𝑆 ̂𝑎†
𝑙 (1 −

̂𝑎†
𝑙 ̂𝑎𝑙
2𝑆

) , ̂𝑆𝑧
𝑙 = 𝑆 − ̂𝑎†

𝑙 ̂𝑎𝑙 . (2.23b)

Both cases are essentially equivalent and known as the DM, first introduced by Dyson [Dys56a;
Dys56b] and further developed by Maleev [Mal58a; Mal58b]. A crucial advantage of the DM is the
absence of fractional powers, eliminating the need for an expansion. This has several implications.
First and foremost, the representation is non-Hermitian, i.e., ( ̂𝑆+)

†
≠ ̂𝑆−. Second, while the HP

ensures that the physical and non-physical parts of the bosonic Hilbert space are disconnected
via Eq. (2.12), this separation is not apparent for the DM. Of course, using the low-order series
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2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

expansion in the HP also violates this decoupling. Therefore, as long as only L-SWT is considered,
i.e., take only terms up to a quadratic level into account, HP and DM lead to the same results as
shown in the following section.

Example — Two Dimensional Ferromagnetic Heisenberg Model with DM

Once again, the two dimensional spin- 1
2 fHM is considered and the DM from Eq. (2.23a) is inserted

yielding

ℋ̂ = −𝐽
2

𝑁
∑
𝑖=0

∑
𝒅∈𝔇

[ ̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑖+𝒅 + 1

2
( ̂𝑆−

𝑖
̂𝑆+
𝑖+𝒅 + ̂𝑆+

𝑖
̂𝑆−
𝑖+𝒅)] (2.24a)

= −𝐽
2

𝑁
∑
𝑖=0

∑
𝒅∈𝔇

[(𝑆 − ̂𝑎†
𝑖 ̂𝑎𝑖)(𝑆 − ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅)  

     + 𝑆 ̂𝑎†
𝑖 (1 −

̂𝑎†
𝑖+𝒅 ̂𝑎𝑖+𝒅

2𝑆
) ̂𝑎𝑖+𝒅 (2.24b)

     + 𝑆 (1 − ̂𝑎†
𝑖 ̂𝑎𝑖
2𝑆

) ̂𝑎𝑖 ̂𝑎†
𝑖+𝒅] .

This simplifies to           

ℋ̂ = −𝐽𝑁𝑆2𝑍
2

− 𝐽
2

𝑁
∑

𝑖
∑
𝒅∈𝔇

[𝑆 ( ̂𝑎†
𝑖 ̂𝑎𝑖 + ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅 − ̂𝑎†
𝑖 ̂𝑎𝑖+𝒅 − ̂𝑎𝑖 ̂𝑎†

𝑖+𝒅) (2.25a)

         + ̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅 − 1
2

̂𝑎†
𝑖 ̂𝑎†

𝑖+𝒅 ̂𝑎𝑖+𝒅 ̂𝑎𝑖+𝒅 − 1
2

̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖 ̂𝑎†

𝑖+𝒅 ] .     (2.25b)

   
As previously mentioned, the linear part in 𝑆 in Eq. (2.25a) is identical to the one in Eq. (2.16a).
Applying the Fourier transformation used in Section 2.3 yields the same single-particle dispersion
as in Eq. (2.21). Thus, the L-SWT remains consistent across both representations. However, for
the higher-order terms of Eq. (2.25b) and Eq. (2.16b), this equality no longer holds.

An essential advantage of the DM is that it is already exact when incorporating the quartic
terms. Of course, this happens at the expense of losing Hermiticity. Moreover, considering only a
single spin operator, a coupling to the non-physical bosonic Hilbert space arises, see Eq. (2.23).
Nevertheless, this problem is circumvented as the spin operators occur in pairs in the Hamiltonian,
see Eq. (2.25).

2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

In this section the spin- 1
2 antiferromagnetic easy-axis XXZ model on a square lattice is discussed

in the context of SWT. The model includes, as its limiting case, the afHM and the Ising model.
Compared to the ferromagnetic case, the antiferromagnetic case is more challenging. It is necessary
to carry out the DM in a modified way, considering the antiferromagnetic properties. The first step
in applying a SWT is to determine the ordered phase from which the small fluctuations deviate.

Compared to the ground state of the ferromagnetic case, where every spin is aligned in the same
direction for any lattice, the existence of an ordered phase for an antiferromagnetic interaction
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2 Spin-Wave Theory

is not so clear. For an antiferromagnetic interaction with 𝐽 > 0, two neighboring spins favor
an antiparallel alignment. To satisfy such alignment for an entire lattice, a bipartite lattice
is required, i.e., a lattice where a separation into two sublattices 𝛤𝐴 and 𝛤𝐵 is possible, such
that each site on sublattice 𝛤𝐴 is only connected to sites on sublattice 𝛤𝐵 and vice versa. In a
non-bipartite lattice, such alignment is not possible because interactions within the sublattices lead
to geometrical frustration. Figuratively speaking, if the lattice possesses loops with an odd number
of sites, it is impossible to arrange the spins such that all neighboring spins are antiparallel aligned.
Consequently, such configurations counteract this specific type of long-range order. Examples
of non-bipartite lattices include the triangular and Kagome lattice. The square lattice, on the
other hand, is bipartite, as it allows a separation into two sublattices 𝛤𝐴 and 𝛤𝐵, as shown with
the green and blue sites in Fig. 2.4. Nevertheless, finding the exact ground state is notoriously
difficult. The problem is easy to identify by looking at the Hamiltonian of the isotropic afHM and
introducing an anisotropy 𝜆 in the 𝑥𝑦 plane. This Hamiltonian describes a so-called XXZ model
and reads

  ℋ̂ = 𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆 ( ̂𝑆𝑥

𝑖
̂𝑆𝑥
𝑗 + ̂𝑆𝑦

𝑖
̂𝑆𝑦
𝑗 ) = 𝐽 ∑

⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆

2
( ̂𝑆−

𝑖
̂𝑆+
𝑗 + ̂𝑆+

𝑖
̂𝑆−
𝑗 )   .   (2.26)

Depending on the parameter range of 𝜆, it corresponds to either an easy-axis XXZ model for
(𝜆 < 1), or easy-plane XXZ model for (𝜆 > 1). This work focuses exclusively on the easy-axis
regime. Within this regime, the system continuously interpolates between the Ising limit at (𝜆 = 0)
and the isotropic Heisenberg limit at (𝜆 = 1). In the Ising limit, the ground state is exactly
known to be the classical Néel state, in which the lattice can be partitioned into two sublattices
with antiparallel spin alignment, either 𝛤𝐴 ∶↑;𝛤𝐵 ∶↓ or vice versa. Consequently, the ground state
exhibits a twofold degeneracy.
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1

 
 

Figure 2.4: The left-hand side shows a sketch of spins on the square lattice with lattice constant
𝑎 and an antiferromagnetic alignment of spins. The dashed blue lines mark the primitive unit
cell, and the orange lines mark the magnetic unit cell. Lattice vectors 𝒂1 and 𝒂2 correspond to
the magnetic unit cell. The right-hand side shows the reciprocal space; the first BZ is marked
with dashed blue lines and the first magnetic Brillouin zone (MBZ) is marked with orange lines.
The reciprocal lattice vectors associated with the magnetic Brillouin zone (MBZ) are shown,
with the lattice constant set to unity.

For finite 𝜆, the classical Néel state still corresponds to a relatively low energy, but does not
correspond to the true ground state. This becomes evident when considering the action of the
so-called exchange or flip-flop terms ( ̂𝑆±

𝑖
̂𝑆∓
𝑗 ), which appear in Eq. (2.26) for finite 𝜆. While in
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2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

the ferromagnetic case the action of these terms on the ground state is simply zero applied to
the ground state, they have a non-vanishing contribution and change the state if applied to the
classical Néel state. As a consequence, the classical Néel state is no longer an eigenstate of the
Hamiltonian. Therefore, the question of whether the ground state of the afHM still exhibits
long-range order, thus breaking the continuous symmetry and giving rise to massless Goldstone
bosons, cannot be answered straightforwardly. Nevertheless, based on the a priori assumption
that the ground state is adiabatically connected to the Néel state by a continuous change of
the parameter 𝜆, SWT calculations can be performed as has been done by Anderson [And51],
Kubo [Kub52] or Oguchi [Ogu60]. These predict a ground state with long-range order, but its
staggered magnetization is reduced by about 40 % with respect to the Néel state due to quantum
fluctuations [Man91]. Later, it was confirmed by numerical studies [LM89] that the assumption
of a long-range ordered ground state is correct. Although, so far, a rigorous proof for long-range
order on the square lattice was only possible for 𝑆 ≥ 1 [KLS88].

Nevertheless, it is reasonable to start with the classical Néel state as a reference state for the
derivation of a SWT and then later verify whether the long-range order still exists. As a consequence,
it is necessary to distinguish between the primitive unit cell and the primitive magnetic unit
cell, since the Néel state requires a two-atom basis. For the bipartite square lattice the primitive
magnetic unit cell is a diamond as marked in orange in the left of Fig. 2.4 containing effectively one
lattice site of each sublattice 𝛤𝐴 and 𝛤𝐵 with the primitive translation vectors being 𝒂1 = (𝑎, 𝑎)𝑇

and 𝒂1 = (𝑎, −𝑎)𝑇. It is twice the size of the primitive unit cell of the ferromagnet, shown as
a blue-dashed square. Thus the Néel order inflates the unit cell in real space and deflates the
reciprocal unit cell as shown in Fig. 2.4 on the right-hand side, with the reciprocal lattice vectors
being 𝒃1 = ( 2𝜋

𝑎 , 2𝜋
𝑎 )𝑇 and 𝒃2 = ( 2𝜋

𝑎 , − 2𝜋
𝑎 )𝑇. Hence, the BZ is smaller than that of the ferromagnetic

order. Of course, in the crystal, the atoms still have the same periodicity as in the ferromagnetic
case. Only the assumed magnetic order leads to this distinction and a change of the discrete
translation symmetry. Therefore, the BZ of the magnetic order is referred to as the magnetic
Brillouin zone (MBZ).

Starting from 𝛤𝐴, the set of nearest neighbors 𝔇 is still the same as in the ferromagnetic case, but
with the new primitive translation vectors, is given by

𝔇 = {−𝒂1 − 𝒂2
2

, 𝒂1 − 𝒂2
2

, −𝒂1 + 𝒂2
2

, 𝒂1 + 𝒂2
2

} . (2.27)

With these vectors Eq. (2.26) can be rewritten as

  ℋ̂ = 𝐽
𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

∑
𝒅∈𝔇

[ ̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑖+𝒅 + 𝜆

2
( ̂𝑆−

𝑖
̂𝑆+
𝑖+𝒅 + ̂𝑆+

𝑖
̂𝑆−
𝑖+𝒅)]    (2.28)

where the sum only runs over all sites 𝑁𝐴 of sublattice 𝛤𝐴 with 𝑁𝐴 = 𝑁
2 and 𝑁 is the total number

of all sites in 𝛤𝐴 and 𝛤𝐵 combined. The sum over 𝛤𝐴 counts each interacting once, unlike in
Eq. (2.14) where an additional factor of 1

2 is introduced to compensate for double counting. The
next step is to introduce the DM, which is suited to describe the antiferromagnetic alignment.

2.5.1 Dyson-Maleev Representation — Adaptations

For the sublattice 𝛤𝐴, where all spins point upwards, the representation of the ferromagnetic case
can be adopted. The situation for the sublattice 𝛤𝐵 differs. Here, all spins point downwards,
making the representation inappropriate. There are various ways to solve this issue. One way is to
introduce a sublattice rotation, rotating each spin on the sublattice 𝛤𝐵 around ̂𝑆𝑥 by 180° [Dus+10].
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Another way is to introduce a new boson flavor ̂𝑏 to describe fluctuations around the spin-down
direction. In this thesis, the latter approach is used. The first step is to adapt the DM for the
spin-down case. The 𝑏̂ bosons represent deviation around the −𝑆 direction and thus the following
modifications are necessary. The ̂𝑆𝑧 representation gains an additional minus for the sublattice 𝛤𝐵
and, in addition, the action of ̂𝑆+ and ̂𝑆− are interchanged compared to the spin-up case. Thus,

̂𝑆+ corresponds to a creation and ̂𝑆− to an annihilation of a ̂𝑏 boson. Instead of simply swapping
the operators and renaming ̂𝑎 → ̂𝑏, it is strategically preferable to change the representation used
beforehand. Consequently, instead of using Eq. (2.23a) with 𝛼 = 1, it is recommended to use
Eq. (2.23b) with 𝛼 = 0 on the sublattice 𝛤𝐵, which leads to the following representations                   

̂𝑆+
𝐴,𝑖 =

√
2𝑆 (1 − ̂𝑎†

𝑖 ̂𝑎𝑖
2𝑆

) ̂𝑎𝑖 , ̂𝑆−
𝐴,𝑖 =

√
2𝑆 ̂𝑎†

𝑖 , ̂𝑆𝑧
𝐴,𝑖 = 𝑆 − ̂𝑎†

𝑖 ̂𝑎𝑖 , (2.29a)

̂𝑆+
𝐵,𝑗 =

√
2𝑆 ̂𝑏†

𝑗 (1 −
̂𝑏†
𝑗

̂𝑏𝑗

2𝑆
) , ̂𝑆−

𝐵,𝑗 =
√

2𝑆 ̂𝑏𝑗 , ̂𝑆𝑧
𝐵,𝑗 = −𝑆 + ̂𝑏†

𝑗
̂𝑏𝑗 .     (2.29b)

   
The question remains as to why this presentation is preferable. It can be answered by examining
the initial Hamiltonian in Eq. (2.28), denoting the sublattices explicitly,

    ℋ̂ = 𝐽
𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

∑
𝒅∈𝔇

[ ̂𝑆𝑧
𝐴,𝑖

̂𝑆𝑧
𝐵,𝑖+𝒅 + 𝜆

2
( ̂𝑆−

𝐴,𝑖
̂𝑆+
𝐵,𝑖+𝒅 + ̂𝑆+

𝐴,𝑖
̂𝑆−
𝐵,𝑖+𝒅)] . (2.30)

With this choice, only quartic boson terms appear after inserting Eq. (2.29) into the Hamiltonian.
For the other choice, i.e., 𝛼 = 1 for sublattice 𝛤𝐵, additional hexatic terms appear, making the
calculations more complicated. Another important advantage of the representation in Eq. (2.29)
concerns the separation of physical and non-physical subspaces. As a reminder, the physical
subspace is defined by the condition that the number of bosons on each site may not exceed the
number of available spin states, i.e., 𝑛𝑎̂ , 𝑛𝑏̂ ≤ 2𝑆. One previously discussed disadvantage of the
DM is the lack of complete separation of these spaces. However, since Eq. (2.29a) prevents bosons
from entering the physical subspace and Eq. (2.29b) prevents bosons from leaving the physical
subspace, the combinations in the terms ̂𝑆−

𝐴,𝑖
̂𝑆+
𝐵,𝑗 and ̂𝑆+

𝐴,𝑖
̂𝑆−
𝐵,𝑗 have no such disadvantage. After

inserting the advantageous representation of Eq. (2.29) in Eq. (2.30), the Hamiltonian takes the
form   

                ℋ̂ =𝐽
𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

∑
𝒅∈𝔇

[(𝑆 − ̂𝑎†
𝑖 ̂𝑎𝑖) (−𝑆 + ̂𝑏†

𝑖+𝒅
̂𝑏𝑖+𝒅)

     +𝜆
2

(2𝑆 ̂𝑎†
𝑖

̂𝑏†
𝑖+𝒅 (1 −

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅
2𝑆

) + 2𝑆 (1 − ̂𝑎†
𝑖 ̂𝑎𝑖
2𝑆

) ̂𝑎𝑖
̂𝑏𝑖+𝒅)] (2.31)

= − 𝐽𝑁𝐴𝑆2𝑍 +  𝐽
𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

∑
𝒅∈𝔇

[𝑆 ̂𝑎†
𝑖 ̂𝑎𝑖 + 𝑆 ̂𝑏†

𝑖+𝒅
̂𝑏𝑖+𝒅 + 𝜆𝑆 ̂𝑎†

𝑖
̂𝑏†
𝑖+𝒅 + 𝜆𝑆 ̂𝑎𝑖

̂𝑏𝑖+𝒅 

     − ̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅 − 𝜆
2

̂𝑎†
𝑖

̂𝑏†
𝑖+𝒅

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅 − 𝜆
2

̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖

̂𝑏𝑖+𝒅 ] ,    (2.32)

with 𝑍 = 4 being the number of nearest neighbors and 𝑁𝐴 being the number of sites in the
sublattice 𝛤𝐴. The result is certainly different and more complex compared to the ferromagnetic
case. First, there are now two different types of bosons, ̂𝑎𝑖 and ̂𝑏𝑗, representing each a deviation
from the classical Néel state. Second, there are quadratic operator terms that consist only of pairs
of creation or pairs of annihilation operators. These terms are underlined in Eq. (2.32). Due to

16
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their presence, a simple Fourier transformation is no longer sufficient to calculate the single-particle
dispersion in L-SWT as in the ferromagnetic case. Instead, an additional Bogoliubov transformation
is necessary after the Fourier transformation, which is discussed in detail in Section 2.5.3. First,
however, the focus lies on the subtleties of the Fourier transformation encountered when dealing
with a non-Bravais lattice.

2.5.2 Fourier Transformation

Considering the ferromagnet on a square lattice, the primitive unit cell of the Bravais lattice
consists of a single atomic basis. All lattice sides can be reached by discrete translations given by
the unit vectors 𝒂1 and 𝒂2 with the length of the lattice constant 𝑎. Contrary, any antiferromagnet
that assumes a Néel ordering needs a basis of at least two atoms in its primitive unit cell to
describe the magnetic order. For the square lattice, a two-atomic basis is required as shown in
the left-hand side of Fig. 2.4, which leads to implications for the Fourier transformation of the
Hamiltonian. To be precise, for two atoms per unit cell, there exist various gauge options for the
Fourier transformation [BM09; DDM15]. Of course, the physical properties of the system do not
depend on the gauge. However, different gauges offer distinct advantages that can be exploited, or
they can be used to confirm results obtained with another gauge. In the following, the two gauges
used in this work are introduced. The key difference between the two gauges lies in the phase
factors acquired by the bosonic operators during the Fourier transformation.

Bloch gauge: In this gauge, the Fourier transformations of ̂𝑎𝑖 and ̂𝑏𝑖 are equivalent, and the
back and forth transformations read

̂𝑎𝑖 = 1
√𝑁𝔗

∑
𝒌∈MBZ

ei𝒌𝒓𝑖 ̂𝑎𝒌 ̂𝑎𝒌 = 1
√𝑁𝔗

∑
𝒓𝑖∈𝔗

e−i𝒌𝒓𝑖 ̂𝑎𝑖 (2.33a)

̂𝑏𝑖 = 1
√𝑁𝔗

∑
𝒌∈MBZ

ei𝒌𝒓𝑖 ̂𝑏𝒌
̂𝑏𝒌 = 1

√𝑁𝔗
∑
𝒓𝑖∈𝔗

e−i𝒌𝒓𝑖 ̂𝑏𝑖 (2.33b)

with 𝑁𝔗 being the number of magnetic unit cells, so that 𝑁𝔗 = 𝑁𝐴 = 𝑁𝐵 = 𝑁
2 holds. On the

left-hand side, the sum runs over the MBZ, which is only half of the BZ as discussed before. On
the right-hand side, the sum runs over all Bravais lattice points 𝔗 ≔ {𝑛1𝒂1 + 𝑛2𝒂2|𝑛1, 𝑛2 ∈ ℤ},
such that 𝒓𝑖 is placed in the center of unit cell 𝑖. Consequently, both ̂𝑎𝑖 and ̂𝑏𝑖 acquire a phase
only depending on 𝒓𝑖. Figuratively speaking, first a combination of the atomic wave function is
constructed within the unit cell and then a phase factor is attached to each cell to construct a
Bloch As a result, any nearest-neighbor interaction term on the square lattice can be rewritten
as

∑
⟨𝑖,𝑗⟩

̂𝑎𝑖
̂𝑏𝑗 = ∑

𝒓𝑖∈𝔗,𝒅∈𝔇
̂𝑎𝑖

̂𝑏𝑖+𝒅 , (2.34)

where 𝒅 represents the distance to a unit cell of the spin on sublattice 𝐵. It is important to note
that this distance is different from the distance in real space. So only the distance 𝒅 = 𝒓𝑖 − 𝒓𝑗
between two unit cells 𝑖 and 𝑗 matters and not the actual positions. This results in a different set
𝔇 ≔ {0, 𝒂1, 𝒂2, 𝒂1 + 𝒂2} which is also depicted in Fig. 2.5 where the reference unit cell 𝑖 in this
gauge is marked by an orange diamond around it. There is an interaction bond within a unit cell,
and three other interaction bonds connecting to other unit cells, where the corresponding three
unit cells are marked with transparent orange diamonds. In the example interaction of Eq. (2.34),
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𝒂2

𝒂1

𝒓𝑖

B A

Figure 2.5: Sketch of spins on a square lattice with lattice constant 𝑎 and an antiferromagnetic
coupling. The magnetic unit cell is marked in orange and chosen so that each lattice site can be
clearly assigned to a single cell. Neighboring cells that interact with the spin-up site are marked
with a transparent orange diamond and the corresponding interaction bonds are highlighted in
orange. The lattice vectors 𝒂1 and 𝒂2 correspond to the magnetic unit cell.

after the Fourier transformation is carried out, the following term results

∑
𝒓𝑖∈𝔗,𝒅∈𝔇

̂𝑎𝑖
̂𝑏𝑖+𝒅 = 1

𝑁𝔗
∑

𝒌1,𝒌2∈MBZ

𝑁𝔗𝛿𝑮(−𝒌1−𝒌2)

⏞⏞⏞⏞⏞⏞⏞∑
𝒓𝑖∈𝔗

e−i(−𝒌1−𝒌2)𝒓𝑖

𝑍𝛾B(−𝒌2)

⏞⏞⏞⏞⏞∑
𝒅∈𝔇

ei𝒌2𝒅 ̂𝑎𝒌1
̂𝑏𝒌2

=𝑍 ∑
𝒌1,𝒌2∈MBZ

𝛿𝑮 (−𝒌1 − 𝒌2) 𝛾B(−𝒌2) ̂𝑎𝒌1
̂𝑏𝒌2

(2.35)

with

𝛾B(𝒌) = 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝒅 = 1
𝑍

(1 + e−i𝒌𝒂1 + e−i𝒌𝒂2 + e−i𝒌(𝒂1+𝒂2)) , (2.36)

and the coordination number of the square lattice 𝑍 = 4. Further, the 𝛿-function in the reciprocal
space is used with

𝛿𝑮 (𝒌) = 1
𝑁𝔗

∑
𝒓𝑖∈𝔗

e−i𝒌𝒓𝑖 = 𝛿 (𝒌 − 𝑮) , (2.37)

where 𝑮 is any reciprocal lattice vector with 𝑮 = 𝑔1𝒃1 + 𝑔2𝒃2 and 𝑔𝑖 ∈ ℤ. Subsequently, in
Eq. (2.35) the evaluation of the 𝛿-function results in

∑
𝒓𝑖∈𝔗,𝒅∈𝔇

̂𝑎𝑖
̂𝑏𝑖+𝒅 =𝑍 ∑

𝒌∈MBZ
𝛾B(𝒌 + 𝑮) ̂𝑎𝒌

̂𝑏−𝒌−𝑮 (2.38)

The important property of the Bloch gauge is that any momentum 𝒌 can be shifted by a reciprocal
lattice vector 𝑮 without changing the prefactor

𝛾B(𝒌 + 𝑮) =1
4

(1 + e−i(𝒌+𝑮)𝒂1 + e−i(𝒌+𝑮)𝒂2 + e−i(𝒌+𝑮)(𝒂1+𝒂2))

=1
4

(1 + e−i𝒌𝒂1ei2𝜋𝑔1 + e−i𝒌𝒂2ei2𝜋𝑔2 + e−i𝒌(𝒂1+𝒂2)e−i2𝜋(𝑔1+𝑔2))

=𝛾B(𝒌) , (2.39)

where the relation 𝒂𝑖𝒃𝑗 = 2𝜋𝛿𝑖𝑗 has been used. Hence the name Bloch gauge, since, as in the Bloch
theorem, a shift of the momentum by a reciprocal lattice vector 𝑮 has no impact. As a result, it
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is reasonable to neglect any shifts by 𝑮 in the Fourier representation of the Hamiltonian in the
Bloch gauge, resulting in

ℋ̂ = −𝐽𝑁𝔗𝑆2𝑍 + 𝐽𝑆𝑍 ∑
𝒌

[ ̂𝑎†
𝒌 ̂𝑎𝒌 + ̂𝑏†

𝒌
̂𝑏𝒌 + 𝜆𝛾B(𝒌) ̂𝑎𝒌

̂𝑏−𝒌 + 𝜆𝛾∗
B(𝒌) ̂𝑎†

𝒌
̂𝑏†
−𝒌] (2.40a)

− 𝐽𝑍
𝑁𝔗

∑
𝒌1,𝒌2,
𝒌3,𝒌4

[ 𝛾B(𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

̂𝑏𝒌4

+𝜆
2

𝛾B(𝒌2 + 𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 + 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑏†
𝒌2

̂𝑏†
𝒌3

̂𝑏𝒌4

+𝜆
2

𝛾B(−𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 − 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑎𝒌3

̂𝑏𝒌4
] ,

(2.40b)

where all sums of momenta run over the first MBZ. The Hamiltonian in Eq. (2.40) consists of a
quadratic part (2.40a) and a quartic part (2.40b), where all coefficients depend on 𝛾B(𝒌) in various
forms. Later, it becomes evident that specific symmetries of an operator coefficient are contained
in 𝛾B(𝒌). Therefore, it makes sense to discuss the symmetries of 𝛾B(𝒌) in the Bloch gauge.

Figure 2.6 shows the real and the imaginary part of 𝛾B(𝒌) for the first MBZ and the adjacent zones.
The 𝑮 periodicity of Eq. (2.39) is clearly recognizable. Moreover, the point-group symmetries
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Figure 2.6: The figure depicts 𝛾B(𝒌) in the Bloch gauge on the square lattice. The real part of
𝛾B(𝒌) is shown on the left-hand side, and the imaginary part of 𝛾B(𝒌) is shown on the right-hand
side. In both cases, grey dashed lines mark the first MBZ and its extensions.

of 𝛾B(𝒌) can be seen from Fig. 2.6. It is reasonable to express the symmetries according to
components of the reciprocal lattice vectors 𝒃1 and 𝒃2 with

𝒌(𝑚1, 𝑚2) = 𝑚1𝒃1 + 𝑚2𝒃2 . (2.41)

With this representation, the point-group symmetries for the Bloch gauge are

𝛾B(𝒌(𝑚1, 𝑚2)) = 𝛾B(𝒌(𝑚2, 𝑚1)) = 𝛾∗
B(𝒌(−𝑚1, −𝑚2)) = 𝛾∗

B(𝒌(−𝑚2, −𝑚1)) . (2.42)

Of course, the symmetries can also be identified from Eq. (2.36). Compared to the bare square
lattice, which has a 𝐷4 point-group symmetry including 8 symmetry operations, the Bloch gauge
in the Fourier transformation leads to a loss of intrinsic system symmetries. This results in only
some symmetries remaining intact and necessitates complex conjugations, reducing the effective
symmetry operations from 8 to 4.

All in all, the Bloch gauge has both advantages and disadvantages. The first and the most relevant
advantage is the periodicity with respect to a reciprocal lattice vector 𝑮, stemming from the

19
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fact that all operators depend on 𝛾B(𝒌), which fulfills 𝛾B(𝒌) = 𝛾B(𝒌 + 𝑮). At first glance, this
advantage may not seem significant. However, throughout the thesis, there are cases where this
feature proves useful, particularly in connection with so-called Umklapp processes, i.e., when a
wave vector 𝒌 is folded back into the first MBZ. Contrary, the Bloch gauge also has drawbacks.
The first drawback is the loss of the full point-group symmetries of the initial lattice. Symmetries
can be useful to reduce the number of arithmetic operations. Thus, their absence can result in
significantly higher computational effort. The extent of this effect for the Bloch gauge depends
on the symmetry of the initial system. Another issue with the Bloch gauge is that it forces the
coefficients to have an imaginary part, which roughly doubles the computational effort.

Symmetric Gauge: The breaking of the point-group symmetry of the square lattice in the case
of the Bloch gauge motivates the symmetric gauge. Here, the Fourier transformation for each
boson ̂𝑎𝑖 and ̂𝑏𝑗 is carried out separately on its corresponding sub-lattice, resulting in

̂𝑎𝑖 = 1
√𝑁𝐴

∑
𝒌∈MBZ

ei𝒌𝒓𝑖 ̂𝑎𝒌 , ̂𝑎𝒌 = 1
√𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

e−i𝒌𝒓𝑖 ̂𝑎𝑖 , (2.43a)

̂𝑏𝑗 = 1
√𝑁𝐵

∑
𝒌∈MBZ

ei𝒌𝒓𝑗 ̂𝑏𝒌 , ̂𝑏𝒌 = 1
√𝑁𝐵

∑
𝒓𝑗∈𝛤𝐵

e−i𝒌𝒓𝑗 ̂𝑏𝑗 . (2.43b)

With 𝑁𝐴 = 𝑁𝐵 = 𝑁
2 being the number of sites in each sub-lattice 𝛤𝐴 and 𝛤𝐵. Therefore, it is

reasonable to shift the center of the unit cells either to the 𝛤𝐴 or 𝛤𝐵 lattice. Here, the sub-lattice
𝛤𝐴 is chosen as in Fig. 2.4. As a consequence, for the simple case of the nearest-neighbor example
interaction, which has already been discussed for the Bloch gauge, results in

∑
⟨𝑖,𝑗⟩

̂𝑎𝑖
̂𝑏𝑗 = ∑

𝒓𝑖∈𝛤𝐴,𝒅∈𝔇
̂𝑎𝑖

̂𝑏𝑖+𝒅 (2.44)

with now 𝔇 = { −𝒂1−𝒂2
2 , 𝒂1−𝒂2

2 , −𝒂1+𝒂2
2 , 𝒂1+𝒂2

2 }. The next step is to carry out the Fourier transfor-
mation of Eq. (2.43), yielding

∑
𝒓𝑖∈𝛤𝐴,𝒅∈𝔇

̂𝑎𝑖
̂𝑏𝑖+𝒅 = 1

𝑁𝐴
∑

𝒌1,𝒌2∈MBZ

𝑁𝐴𝛿𝑮(−𝒌1−𝒌2)

⏞⏞⏞⏞⏞⏞⏞⏞⏞∑
𝒓𝑖∈𝛤𝐴

e−i(−𝒌1−𝒌2)𝒓𝑖

𝑍𝛾S(−𝒌2)

⏞⏞⏞⏞⏞∑
𝒅∈𝔇

ei𝒌2𝒅 ̂𝑎𝒌1
𝑏̂𝒌2

=𝑍 ∑
𝒌1,𝒌2∈MBZ

𝛿𝑮 (−𝒌1 − 𝒌2) 𝛾S(−𝒌2) ̂𝑎𝒌1
𝑏̂𝒌2

(2.45)

which is almost the same as before, but with a subtle difference in 𝛾S(𝒌), which now reads

𝛾S(𝒌) = 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝒅 = 1
𝑍

(e− i
2 𝒌(𝒂1+𝒂𝟐) + e i

2 𝒌(𝒂1−𝒂𝟐) + e− i
2 𝒌(𝒂1−𝒂𝟐) + e i

2 𝒌(𝒂1+𝒂2))

= 1
𝑍

(e i
2 𝒌𝑎1 + e− i

2 𝒌𝑎1)⏟⏟⏟⏟⏟⏟⏟
2 cos( 1

2 𝒌𝒂𝟏)

(e i
2 𝒌𝑎2 + e− i

2 𝒌𝑎2)⏟⏟⏟⏟⏟⏟⏟
2 cos( 1

2 𝒌𝒂𝟐)

= 4
𝑍
cos(1

2
𝒌𝒂𝟏) cos(1

2
𝒌𝒂𝟐) . (2.46)

It is immediately apparent that 𝛾S(𝒌) is no longer imaginary in this gauge. Furthermore, if the
momentum 𝒌 is represented via its reciprocal lattice vectors as in Eq. (2.41), it yields

𝛾S(𝒌) = 𝛾S(𝒌(𝑚1, 𝑚2)) = 4
𝑍
cos(𝜋𝑚1) cos(𝜋𝑚2) (2.47)

20



2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

where, again, the relation 𝒂𝑖𝒃𝑗 = 2𝜋𝛿𝑖𝑗 is used to simplify the expression. Due to the simple
form with only two cosine terms, the symmetries under which 𝛾S(𝒌(𝑚1, 𝑚2)) remain the same are
straightforward to identify. They are

𝛾S(𝒌(𝑚1, 𝑚2)) = 𝛾S(𝒌(−𝑚1, 𝑚2)) = 𝛾S(𝒌(𝑚1, −𝑚2)) = 𝛾S(𝒌(−𝑚1, −𝑚2))
=𝛾S(𝒌(𝑚2, 𝑚1)) = 𝛾S(𝒌(−𝑚2, 𝑚1)) = 𝛾S(𝒌(𝑚2, −𝑚1)) = 𝛾S(𝒌(−𝑚2, −𝑚1)) , (2.48)

which preserves the 𝐷4 point-group symmetries with 8 symmetry operations, held by the square
lattice. So unlike the Bloch gauge, the symmetric gauge conserves the full point-group symmetry
of the lattice, hence the name symmetric gauge. The symmetries can also be identified in Fig. 2.7,
where 𝛾S(𝒌) is visualized for the first MBZ and adjacent zones.
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Figure 2.7: The figure depicts 𝛾S(𝒌) in the symmetric gauge on the square lattice. Since 𝛾S(𝒌)
is real, one panel is sufficient. Grey dashed lines mark the first MBZ and its extensions.

What is striking about Fig. 2.7 is that the MBZ does not retain the same value for 𝛾S when it is
shifted by a reciprocal lattice vector 𝑮, contrary to the Bloch gauge. More precisely, if a shift by
𝑮 is applied to 𝒌, 𝛾S(𝒌) results in

𝛾S(𝒌 + 𝑮) = 4
𝑍
cos(1

2
(𝒌 + 𝑮)𝒂1) cos(1

2
(𝒌 + 𝑮)𝒂2) (2.49a)

= 4
𝑍
cos(1

2
𝒌𝒂1) cos(1

2
𝑮𝒂1) cos(1

2
𝒌𝒂2) cos(1

2
𝑮𝒂2) (2.49b)

= 𝛾S(𝑮)𝛾S(𝒌) (2.49c)
= cos (𝜋𝑔1) cos (𝜋𝑔2) 𝛾S(𝒌) (2.49d)
= (−1)𝑔1+𝑔2𝛾S(𝒌) . (2.49e)

To obtain this relation, 𝑮 = 𝑔1𝒃1 + 𝑔2𝒃2 with 𝑔𝑖 ∈ ℤ and the relation 𝒂𝑖𝒃𝑗 = 2𝜋𝛿𝑖𝑗 are used.
Hence, in the symmetric gauge for the square lattice, shifting the momentum 𝒌 via a reciprocal
lattice vector 𝑮 can result in an additional minus sign, depending on whether the sum of 𝑔1 + 𝑔2
is even or odd. This is also the case for shifting the momentum of any ̂𝑏𝒌 by 𝑮, which becomes
clear upon looking at the definition of the Fourier transformation in Eq. (2.43). Starting with

̂𝑏𝒌+𝑮 = 1
√𝑁𝐵

∑
𝒓𝑗∈𝛤𝐵

e−i(𝒌+𝑮)𝒓𝑗 ̂𝑏𝑗 (2.50a)
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and changing the sum over the sub-lattice 𝛤𝐵 → 𝛤𝐴 with 𝑁𝐴 = 𝑁𝐵

= 1
√𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

e−i(𝒌+𝑮)(𝒓𝑖−𝒅0) ̂𝑏𝑖 (2.50b)

where 𝒅0 is only a single element of 𝔇 here 𝒅0 = 𝒂1+𝒂2
2 to reach all 𝛤𝐵 sites, the result is

= ei𝜋(𝑔1+𝑔2) ̂𝑏𝒌 = (−1)𝑔1+𝑔2 ̂𝑏𝒌 . (2.50c)

Accordingly, a shift by a reciprocal lattice vector 𝑮 is not as trivial as in the Bloch gauge, and it
is essential to keep track of the correct signs in both prefactors and operators in this gauge. Note
that the prefactor of a shift with 𝑮 stems from the 𝛾S(𝒌) function. Since 𝛾S(𝒌) depends on the
underlying lattice, it changes when the lattice is modified, resulting in a different prefactor that
may not be as simple as in the case of the square lattice.

The prefactor will receive more attention in the context of the application of flow equations in
Section 4.3.2, particularly when using symmetries both to reduce computational effort and to
enhance numerical stability during numerical calculations. When the symmetric gauge is applied
to the full Hamiltonian, it yields almost the same result as the Bloch gauge

ℋ̂ = −𝐽𝑁𝐴𝑆2𝑍 + 𝐽𝑆𝑍 ∑
𝒌

[ ̂𝑎†
𝒌 ̂𝑎𝒌 + ̂𝑏†

𝒌
̂𝑏𝒌 + 𝜆𝛾S(𝒌) ̂𝑎𝒌

̂𝑏−𝒌 + 𝜆𝛾S(𝒌) ̂𝑎†
𝒌

̂𝑏†
−𝒌] (2.51a)

− 𝐽𝑍
𝑁𝐴

∑
𝒌1,𝒌2,
𝒌3,𝒌4

[ 𝛾S(𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

𝑏̂𝒌4

+𝜆
2

𝛾S(𝒌2 + 𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 + 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑏†
𝒌2

̂𝑏†
𝒌3

̂𝑏𝒌4

+𝜆
2

𝛾S(−𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 − 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑎𝒌3

̂𝑏𝒌4
]

(2.51b)

Since 𝑁𝔗 = 𝑁𝐴, the only differences are that 𝛾B(𝒌) is replaced by 𝛾S(𝒌) and that no complex
conjugations are necessary. Effectively, the difference between the symmetric gauge and Bloch
gauge is simply that all ̂𝑏𝒌 operators gain an additional phase ei𝒌𝒅0 with 𝒅0 = 𝒂1+𝒂2

2 in the
symmetric gauge. This is also apparent when considering both functions 𝛾S(𝒌) and 𝛾B(𝒌) where

𝛾S(𝒌) = 1
𝑍

(e− i
2 𝒌(𝒂1+𝒂𝟐) + e i

2 𝒌(𝒂1−𝒂𝟐) + e− i
2 𝒌(𝒂1−𝒂𝟐) + e i

2 𝒌(𝒂1+𝒂2))

= 1
𝑍

(1 + e−i𝒌𝒂1 + e−i𝒌𝒂2 + e−i𝒌(𝒂1+𝒂2)) e i
2 𝒌(𝒂1+𝒂𝟐)

=𝛾𝐵(𝒌)ei𝒌𝒅

(2.52)

holds.

To summarize, for assuming an antiferromagnetic order on the square lattice, there are different
choices of Fourier transformations called gauges: The Bloch gauge, which remains unaffected by
adding a reciprocal lattice vector but necessitates calculations with complex numbers and does
not retain the full point-group symmetry of the system, and the symmetric gauge, which preserves
the full point-group symmetry of the system, but a shift by a reciprocal lattice vector can lead to
a change in sign. In the case of the antiferromagnetic spin- 1

2 easy-axis XXZ model on a square
lattice, the advantages of the symmetric gauge outweigh the disadvantages, rendering it superior
to the Bloch gauge. However, while the symmetric gauge may be superior in this case, for other
models or underlying lattices, this has to be reconsidered. Nevertheless, the consideration and
check of two different gauges makes it feasible to eliminate possible errors in the results, as the
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physical observables behave independently of the gauge. Therefore, the result of the Bloch gauge in
Eq. (2.40) is considered further since it represents the more general result that takes also complex
prefactors into account.

2.5.3 Bogoliubov Transformation

The final result in the Bloch gauge for the antiferromagnetic spin- 1
2 easy-axis XXZ model on a

square lattice, considering only quadratic operator terms, i.e., Eq. (2.40a), can be rewritten in a
general form

ℋ̂ = 𝐸0 + ∑
𝒌

[𝑔𝒌 ̂𝑎†
𝒌 ̂𝑎𝒌 + 𝑓−𝒌

̂𝑏−𝒌
̂𝑏†
−𝒌 + ℎ𝒌 ̂𝑎𝒌

̂𝑏−𝒌 + ℎ∗
𝒌 ̂𝑎†

𝒌
̂𝑏†
−𝒌] , (2.53)

where the order of ̂𝑏†
𝒌

̂𝑏𝒌 was changed with the help of the commutator ̂𝑏†
𝒌

̂𝑏𝒌= ̂𝑏𝒌
̂𝑏†
𝒌 − 1. The

additional term of − ∑𝒌 𝑓𝒌 arising from the commutator is absorbed into 𝐸0. Furthermore, in
̂𝑏𝒌

̂𝑏†
𝒌 the momentum is shifted 𝒌 → −𝒌 to match with the index of ̂𝑏(†) in off-diagonal parts ̂𝑎(†)

𝒌
̂𝑏(†)
−𝒌.

This allows the Hamiltonian to be rewritten in a compact matrix form

ℋ̂ = 𝐸0 + ∑
𝒌

𝜳†
𝒌𝑴𝒌𝜳𝒌 , with 𝑴𝒌 = (𝑔𝒌 ℎ∗

𝒌
ℎ𝒌 𝑓−𝒌

) and 𝜳𝒌 = ( ̂𝑎𝒌
̂𝑏†
−𝒌

) . (2.54)

In comparison to the ferromagnetic case, ℎ𝒌 is not zero, so that off-diagonal terms are present.
Therefore, the solution for the L-SWT cannot be directly inferred from 𝑔𝒌 and 𝑓−𝒌. Although in
the discussed Hamiltonian, 𝑔𝒌 and 𝑓−𝒌 are identical, they are continued to be treated as distinct
functions to preserve generality. To diagonalize the Hamiltonian, a general Bogoliubov-Valatin
transformation, also abbreviated as Bogoliubov transformation, is applied. This linear transforma-
tion finds application in many areas; notably, it was first used in the field of superfluidity [Bog47]
and superconductivity [Val58; Bog58]. The goal of this transformation is to express the operators
̂𝑎(†)
𝒌 and ̂𝑏(†)

−𝒌 as superpositions of new bosonic operators ̂𝛼(†)
𝒌 and ̂𝛽(†)

−𝒌. The new operators must
satisfy certain constraints. First, they must still obey the general bosonic commutation relations.
Furthermore, the action of each operator with respect to total 𝑆𝑧

tot must be preserved. Specifically,
̂𝛼† decreases the total 𝑆𝑧

tot, analogous to ̂𝑎†, whereas ̂𝛼 increases it in correspondence with ̂𝑎.
Likewise, ̂𝛽† increases the total 𝑆𝑧

tot, analogous to ̂𝑏†, while ̂𝛽 reduces it similarly to 𝑏̂. Thus, a
valid transformation can be expressed as

̂𝑎𝒌 = 𝑙(𝒌) ̂𝛼𝒌 + 𝑚∗(𝒌) ̂𝛽†
−𝒌 (2.55a)

̂𝑏†
−𝒌 = 𝑚(𝒌) ̂𝛼𝒌 + 𝑙∗(𝒌) ̂𝛽†

−𝒌 (2.55b)

This corresponds to a linear transformation represented in matrix notation as

𝜳𝒌 = 𝑻𝜱𝒌 , where 𝑻 = ( 𝑙(𝒌) 𝑚∗(𝒌)
𝑚(𝒌) 𝑙∗(𝒌) ) and 𝜱𝒌 = ( ̂𝛼𝒌

̂𝛽†
−𝒌

) . (2.56)

As a result, the Hamiltonian can be expressed as

ℋ̂ = ∑
𝒌

𝜱†
𝒌𝑻†𝑴𝒌𝑻𝜱𝒌 . (2.57)

Naively, one might think that it is enough to diagonalize the matrix 𝑻†𝑴𝒌𝑻 and thereby determine
the functions 𝑙(𝒌) and 𝑚(𝒌) that diagonalize the Hamiltonian. However, a naive diagonalization of
the Hamiltonian is not sufficient to determine the eigenvalues associated with the matrix 𝑻†𝑴𝒌𝑻,
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because such a solution does not necessarily satisfy the general bosonic commutation relations. To
ensure compliance with the relations

[𝛹𝑖,𝒌, 𝛹†
𝑗,𝒌] = [𝛷𝑖,𝒌, 𝛷†

𝑗,𝒌] = 𝜂𝑖𝑗 with 𝜼 = (1 0
0 −1) , (2.58)

the transformation matrix 𝑻 must be paraunitary [Col78], i.e., it must satisfy the condition

𝑻𝜼𝑻† = 𝜼 . (2.59)

By calculating the diagonal form of the effective matrix

𝑲𝒌 = 𝜼𝑴𝒌 , (2.60)

the transformation matrix 𝑻 is determined that also satisfies the paraunitary condition Eq. (2.59).
A detailed step-by-step procedure for calculating this diagonalization is omitted here but can be
found in the appendix of [Wal24]. For the Hamiltonian described in Eq. (2.53), the eigenvalues of
𝑴𝒌 are given by

𝜔𝛼(𝒌) = 𝛥𝒌 + √𝑅2
𝒌 − |ℎ𝒌|2 , 𝜔𝛽(−𝒌) = −𝛥𝒌 + √𝑅2

𝒌 − |ℎ𝒌|2 (2.61)

with

𝑅𝒌 = 𝑔𝒌 + 𝑓−𝒌
2

, 𝛥𝒌 = 𝑔𝒌 − 𝑓−𝒌
2

. (2.62)

The elements of the transformation matrix 𝑻 read

𝑙(𝒌) = − 𝜇𝒌

√|𝜇𝒌|2 − |ℎ𝒌|2
and 𝑚(𝒌) = ℎ𝒌

√|𝜇𝒌|2 − |ℎ𝒌|2
and 𝜇𝒌 = 𝜔𝛼(𝒌) + 𝑓−𝒌 . (2.63)

Eventually, the diagonalized Hamiltonian reads

ℋ̂ = 𝐸0 + ∑
𝒌

[𝜔𝛼(𝒌) ̂𝛼†
𝒌 ̂𝛼𝒌 + 𝜔𝛽(−𝒌) ̂𝛽−𝒌

̂𝛽†
−𝒌] . (2.64)

With the general procedure regarding a Bogoliubov transformation outlined, it is possible to
diagonalize Eq. (2.40a). The result is the L-SWT single-particle dispersion. To this end, the
Hamiltonian is transformed into the same form as in Eq. (2.53), which yields

ℋ̂ = − 𝐽𝑁𝔗𝑆2𝑍 − 𝐽𝑁𝔗𝑆𝑍

+ 𝐽𝑆𝑍 ∑
𝒌

[ ̂𝑎†
𝒌 ̂𝑎𝒌 + ̂𝑏−𝒌

̂𝑏†
−𝒌 + 𝜆𝛾B(𝒌) ̂𝑎𝒌

̂𝑏−𝒌 + 𝜆𝛾∗
B(𝒌) ̂𝑎†

𝒌
̂𝑏†
−𝒌] . (2.65)

Consequently, the coefficients are

𝑔𝒌 = 𝑓−𝒌 = 𝐽𝑆𝑍 and ℎ𝒌 = 𝐽𝑆𝑍𝜆𝛾B(𝒌) . (2.66)

Since |𝛾B(𝒌)|2 = |𝛾B(−𝒌)|2 and 𝑔𝒌 = 𝑓−𝒌, a degenerate dispersion

𝜔𝒌 = 𝜔𝛼,𝛽(𝒌) = 𝐽𝑆𝑍√1 − 𝜆2|𝛾B(𝒌)|2 (2.67)

is obtained for both ̂𝛼 and ̂𝛽 . Here it becomes evident that the different gauges do not influence
the physical observables, since the magnon dispersion is independent of the choice of gauge as the
different phases in 𝛾(𝒌) annul in the absolute square. Finally, the resulting diagonal Hamiltonian
in L-SWT for the antiferromagnetic spin- 1

2 easy-axis XXZ model on a square lattice is given by
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ℋ̂ = −𝐽𝑁𝔗𝑆2𝑍 − 𝐽𝑁𝔗𝑆𝑍 + ∑
𝒌

𝜔𝒌 + ∑
𝒌

𝜔𝒌 [ ̂𝛼†
𝒌 ̂𝛼𝒌 + ̂𝛽†

𝒌
̂𝛽𝒌] . (2.68)

Figure 2.8 illustrates the magnon dispersion for a given path through the MBZ obtained from
the L-SWT for different anisotropy parameters 𝜆. Expectedly, for the isotropic limit 𝜆 = 1, i.e.,
the afHM, the dispersion features massless Goldstone bosons. The dispersion closes linearly at
𝒌 = (0, 0) in contrast to the ferromagnetic case. In the anisotropic case 𝜆 < 1, the symmetry of
the Hamiltonian is no longer continuous but a discrete Z2 symmetry. As the Goldstone theorem
does not apply to discrete symmetries, the dispersion becomes gapped. For the Ising limit 𝜆 = 0,
the excitations are immobile. Consequently, the dispersion is constant and shows no 𝒌 dependence.
For increasing 𝜆, the gap starts to close. Nevertheless the dispersion features a plateau for all
values of 𝜆 which ranges from 𝒌 = (𝜋, 0)𝑇 to 𝒌 = ( 𝜋

2 , 𝜋
2 )𝑇 with the constant value of 𝜔𝒌 = 2𝐽.
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1
Figure 2.8: The left panel depicts the reciprocal lattice for the antiferromagnetic spin- 1

2
easy-axis XXZ model on a square lattice. The dashed blue square marks the first BZ, the
orange rhombus marks the first MBZ, and the reciprocal lattice vectors 𝒃1,2 belonging to the
MBZ are also depicted. The green line represents the path through the MBZ for which the
associated dispersion 𝜔𝒌 for various anisotropy parameter 𝜆 is shown in the right panel. The
lattice constant 𝑎 is set to unity.

Furthermore, from Eq. (2.68), it becomes apparent that the ground state energy corresponding
to the classical Néel state 𝐸0 = −𝐽𝑁𝔗𝑆2𝑍 is shifted by −𝐽𝑁𝔗𝑆𝑍 + ∑𝒌 𝜔𝒌, which accounts for
quantum fluctuations of the magnons. Additionally, it is possible to calculate the expectation value
of the density of the originally defined operators ̂𝑎𝒌 and ̂𝑏𝒌 in the ground state. This is achieved
by averaging, applying a Fourier transformation, and utilizing the Bogoliubov transformation. For
the isotropic case 𝜆 = 1 this results in

⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

= 1
𝑁𝔗

∑
𝒓𝑖∈𝛤𝔗

⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

= 1
𝑁𝔗

∑
𝒌

⟨ ̂𝑎†
𝒌 ̂𝑎𝒌⟩

0

= 1
𝑁𝔗

∑
𝒌

|𝑚(𝒌)|2⟨ ̂𝛽−𝒌
̂𝛽†
−𝒌⟩

0
= 1

𝑁𝔗
∑

𝒌
|𝑚(𝒌)|2 ≈ 0.19 .

(2.69)

The same result applies to ⟨ ̂𝑏†
𝑖

̂𝑏𝑖⟩0
, thus approximately 40 % of the spins in the classical Néel state

are flipped due to quantum fluctuations in the afHM, as aforementioned.

In summary, the Bogoliubov transformation enables the diagonalization of the quadratic part of a
Hamiltonian by superposing the original operators and thus creates new bosonic operators. In
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the Heisenberg limit 𝜆 = 1, this transformation yields a degenerate magnon dispersion relation
featuring massless Goldstone bosons and introduces a quantum correction to the classical Néel
state. However, all calculations up to this point neglected operator terms beyond quadratic order.
In the next section, a method is presented to partially incorporate these higher-order terms, at
least their single-particle contribution. This provides more accurate results for the dispersion
relation and ground-state energy of the system.

2.5.4 Nonlinear Spin-Wave Theory

The L-SWT provides a decent starting point for the analysis of the antiferromagnetic spin- 1
2 easy-

axis XXZ model on a square lattice. However, since the Bogoliubov transformation diagonalizes
only the quadratic part of the Hamiltonian, the L-SWT is insufficient to describe the system fully.
The next step toward a more accurate SWT involves incorporating single-particle contributions
from higher-order operators in Eq. (2.40b) but still neglecting their true higher-order contributions.
This approach is referred to as mean-field spin-wave theory (MF-SWT). One straightforward
approach to achieve a MF-SWT is to insert the result of the Bogoliubov transformation also in the
quartic terms. When this approach is applied, the first term of Eq. (2.40b) for example reads

̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

̂𝑏𝒌4
= (𝑙∗(𝒌1) ̂𝛼†

𝒌1
+ 𝑚(𝒌1) ̂𝛽−𝒌1

) (𝑙(𝒌2) ̂𝛼𝒌2
+ 𝑚∗(𝒌2) ̂𝛽†

−𝒌2
)

(𝑚(−𝒌3) ̂𝛼−𝒌3
+ 𝑙∗(−𝒌3) ̂𝛽†

𝒌3
) (𝑚∗(−𝒌4) ̂𝛼†

−𝒌4
+ 𝑙(−𝒌4) ̂𝛽𝒌4

) .
(2.70)

This transformation produces a total of 16 terms. After normal-ordering, i.e., placing all creation op-
erators left to annihilation operators, even more terms are generated due to the non-commutativity
of operators of the same flavor. These additional terms contribute to the ground-state energy and
to the quadratic part of the Hamiltonian. Notably, these additional terms may also contain off-
diagonal quadratic parts, which were initially rotated to zero with the Bogoliubov transformation
in the L-SWT. Consequently, this approach to obtain a MF-SWT Hamiltonian is impractical as it
is cumbersome to normal-order all quartic operators and generally does not lead to a Hamiltonian
that is diagonal on a quadratic level.

Instead, a general normal-ordering is applied to the Hamiltonian, which is a common technique
in many-body physics [Nol15]. The foundation of this method involves introducing a generalized
definition of the normal-ordering of operators, which is expressed as

̂𝐴 = ∶ ̂𝐴∶ + ⟨ ̂𝐴⟩
0

(2.71)

where ∶ … ∶ denotes the normal-ordering and ⟨… ⟩
0
represents the vacuum expectation value,

respectively. For a general quadratic operator term, this expression becomes

̂𝑎(†)
𝑖

̂𝑏(†)
𝑗 = ∶ ̂𝑎(†)

𝑖
̂𝑏(†)
𝑗 ∶ + ⟨ ̂𝑎(†)

𝑖
̂𝑏(†)
𝑗 ⟩

0
. (2.72)

The key distinction between this generalized normal-ordering and standard normal-ordering based
on commutators lies in the fact that the reference vacuum ⟨ ⟩

0
does not necessarily correspond

to the vacuum state of the bosons at hand. If the boson operators do not correspond to the
chosen reference vacuum, ∶ … ∶ and ⟨… ⟩

0
cannot be evaluated directly. Instead, these terms are

temporarily retained and evaluated at a later stage. Thus, under this definition of normal-order,
an operator can be decomposed into true fluctuations ∶ … ∶ and energy renormalizations ⟨… ⟩

0
around a renormalized vacuum ⟨ ⟩

0
. To clarify the distinction between retaining or changing the

reference vacuum, two simple examples are given below.
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The operator term

̂𝑎𝑖 ̂𝑎†
𝑗 = ∶ ̂𝑎𝑖 ̂𝑎†

𝑗 ∶ + ⟨ ̂𝑎𝑖 ̂𝑎†
𝑗⟩

0
(2.73)

can be explicitly evaluated when ⟨ ⟩
0
corresponds to the reference vacuum state of ̂𝑎(†), yielding

̂𝑎𝑖 ̂𝑎†
𝑗 = ∶ ̂𝑎𝑖 ̂𝑎†

𝑗 ∶ + ⟨ ̂𝑎𝑖 ̂𝑎†
𝑗⟩

0
= ̂𝑎†

𝑖 ̂𝑎𝑗 + 𝛿𝑖𝑗 . (2.74)

As expected, this result matches the standard commutator relation for bosonic operators. Similarly,
an already normal-ordered term yields

̂𝑎†
𝑖 ̂𝑎𝑗 = ∶ ̂𝑎†

𝑖 ̂𝑎𝑗∶ + ⟨ ̂𝑎†
𝑖 ̂𝑎𝑗⟩0

= ̂𝑎†
𝑖 ̂𝑎𝑗 . (2.75)

If ⟨ ⟩
0
does not correspond to the reference vacuum of ̂𝑎(†), both equalities = cannot be utilized.

In such cases, terms remain in their respective form of ∶ … ∶ and ⟨… ⟩
0
until the appropriate boson

representation is determined.

In this context, the renormalized reference vacuum corresponds to the Bogoliubov bosons. Therefore,
only after performing a Bogoliubov transformation, both ∶ … ∶ and ⟨… ⟩

0
can be explicitly evaluated.

Until now, only the behavior of quadratic operator terms under normal-ordering has been discussed.
For higher order terms, Wick’s theorem [Wic50; Nol15] is employed. For a general bosonic quartic
operator term, the normal-ordering reads

̂𝑎(†)
𝑖

̂𝑏(†)
𝑗 ̂𝑐(†)

𝑘
̂𝑑(†)
𝑙 = ∶ ̂𝑎(†)

𝑖
̂𝑏(†)
𝑗 ̂𝑐(†)

𝑘
̂𝑑(†)
𝑙 ∶ (2.76a)

+ ∶ ̂𝑎(†)
𝑖

̂𝑏(†)
𝑗 ∶⟨ ̂𝑐(†)

𝑘
̂𝑑(†)
𝑙 ⟩

0
+ ∶ ̂𝑎(†)

𝑖 ̂𝑐(†)
𝑘 ∶⟨ ̂𝑏(†)

𝑗
̂𝑑(†)
𝑙 ⟩

0
+ ∶ ̂𝑎(†)

𝑖
̂𝑑(†)
𝑙 ∶⟨ ̂𝑏(†)

𝑗 ̂𝑐(†)
𝑘 ⟩

0

+ ∶ ̂𝑏(†)
𝑗 ̂𝑐(†)

𝑘 ∶⟨ ̂𝑎(†)
𝑖

̂𝑑(†)
𝑙 ⟩

0
+ ∶ ̂𝑏(†)

𝑗
̂𝑑(†)
𝑙 ∶⟨ ̂𝑎(†)

𝑖 ̂𝑐(†)
𝑘 ⟩

0
+ ∶ ̂𝑐(†)

𝑘
̂𝑑(†)
𝑙 ∶⟨ ̂𝑎(†)

𝑖
̂𝑏(†)
𝑗 ⟩

0

(2.76b)

+⟨ ̂𝑎(†)
𝑖

̂𝑏(†)
𝑗 ⟩

0
⟨ ̂𝑐(†)

𝑘
̂𝑑(†)
𝑙 ⟩

0
+ ⟨ ̂𝑎(†)

𝑖 ̂𝑐(†)
𝑘 ⟩

0
⟨ ̂𝑏(†)

𝑗
̂𝑑(†)
𝑙 ⟩

0
+ ⟨ ̂𝑎(†)

𝑖
̂𝑑(†)
𝑙 ⟩

0
⟨ ̂𝑏(†)

𝑗 ̂𝑐(†)
𝑘 ⟩

0
. (2.76c)

Once again, the normal-order yields the fluctuations around the renormalized reference vacuum
state. The fluctuations consist both of a true quartic term in Eq. (2.76a) and a summation over
various quadratic terms in Eq. (2.76b). The remaining terms in Eq. (2.76c) are expectation values
contributing solely to the energy offset.

It is important to emphasize that the generalized normal-ordering is already applied to the real-
space representation of the Hamiltonian prior to performing both the Fourier and Bogoliubov
transformation, i.e., on the Hamiltonian of Eq. (2.32). The generalized normal-ordering of all
terms in the Hamiltonian is performed analogously to Eqs. (2.72) and (2.76). First, the quadratic
terms are considered

̂𝑎†
𝑖 ̂𝑎𝑖 = ∶ ̂𝑎†

𝑖 ̂𝑎𝑖∶ + ⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

,
̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑 = ∶ ̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑∶ + ⟨ ̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑⟩
0

,

̂𝑎𝑖
̂𝑏𝑖+𝑑 = ∶ ̂𝑎𝑖

̂𝑏𝑖+𝑑∶ + ⟨ ̂𝑎𝑖
̂𝑏𝑖+𝑑⟩

0
,

̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑 = ∶ ̂𝑎†

𝑖
̂𝑏†
𝑖+𝑑∶ + ⟨ ̂𝑎†

𝑖
̂𝑏†
𝑖+𝑑⟩

0
,

(2.77)

which gives rise to four different expectation values. At this stage, computing these expectation
values is not advantageous. However, they can be evaluated on the level of an unspecified
Bogoliubov transformation as shown in Eq. (2.55) using a similar approach as in Eq. (2.69). This
reduces the parameter to two constants. Alternatively, an equivalent reduction can be achieved by
invoking the 𝒫𝒯-symmetry of the Hamiltonian. The two introduced constants, also referred to as
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2 Spin-Wave Theory

mean-field parameters, are

𝑛mf ≔⟨ ̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑⟩
0

= ⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

= 1
𝑁𝔗

∑
𝒌

⟨ ̂𝑎†
𝒌 ̂𝑎𝒌⟩

0

= 1
𝑁𝔗

∑
𝒌

⟨(𝑙∗(𝒌) ̂𝛼†
𝒌 + 𝑚(𝒌) ̂𝛽−𝒌) (𝑙(𝒌) ̂𝛼𝒌 + 𝑚∗(𝒌) ̂𝛽†

−𝒌)⟩
0

(2.78a)

= 1
𝑁𝔗

∑
𝒌

|𝑚(𝒌)|2 ,

𝛥mf ≔⟨ ̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑⟩

0
= ⟨ ̂𝑎𝑖

̂𝑏𝑖+𝑑⟩
0

= 1
𝑁𝔗

∑
𝒌

𝛾B(𝒌)⟨ ̂𝑎𝒌
̂𝑏−𝒌⟩

0

= 1
𝑁𝔗

∑
𝒌

𝛾B(𝒌)⟨(𝑙(𝒌) ̂𝛼𝒌 + 𝑚∗(𝒌) ̂𝛽†
−𝒌) (𝑚∗(𝒌) ̂𝛼†

𝒌 + 𝑙(𝒌) ̂𝛽−𝒌)⟩
0

(2.78b)

= 1
𝑁𝔗

∑
𝒌

𝛾B(𝒌)𝑙(𝒌)𝑚∗(𝒌) .

Here, the Bloch gauge for the Fourier transformation is used, which is indicated by 𝛾B(𝒌). It is
crucial to avoid mixing different gauges when evaluating expectation values since both 𝑙(𝒌) and
𝑚(𝒌) also implicitly depend on the specific gauge. However, here the subscripts for 𝑙 and 𝑚 are
omitted for better readability.

In the next step, the three quartic terms of the Hamiltonian in Eq. (2.32) are treated utilizing the
general form of the normal-ordering in Eq. (2.76). For the first term, the result is

̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑 = ∶ ̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑∶ (2.79a)

+ ∶ ̂𝑎†
𝑖 ̂𝑎𝑖∶⟨ ̂𝑏†

𝑖+𝑑
̂𝑏𝑖+𝑑⟩

0
+ ∶ ̂𝑎†

𝑖
̂𝑏†
𝑖+𝑑∶⟨ ̂𝑎𝑖

̂𝑏𝑖+𝑑⟩
0

+ ∶ ̂𝑎†
𝑖

̂𝑏𝑖+𝑑∶⟨ ̂𝑎𝑖
̂𝑏†
𝑖+𝑑⟩

0
(2.79b)

+ ∶ ̂𝑎𝑖
̂𝑏†
𝑖+𝑑∶⟨ ̂𝑎†

𝑖
̂𝑏𝑖+𝑑⟩

0
+ ∶ ̂𝑎𝑖

̂𝑏𝑖+𝑑∶⟨ ̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑⟩

0
+ ∶ ̂𝑏†

𝑖+𝑑
̂𝑏𝑖+𝑑∶⟨ ̂𝑎†

𝑖 ̂𝑎𝑖⟩0
(2.79c)

+⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

⟨ ̂𝑏†
𝑖+𝑑𝑏̂𝑖+𝑑⟩

0
+ ⟨ ̂𝑎†

𝑖
̂𝑏†
𝑖+𝑑⟩

0
⟨ ̂𝑎𝑖

̂𝑏𝑖+𝑑⟩
0

+ ⟨ ̂𝑎†
𝑖

̂𝑏𝑖+𝑑⟩
0
⟨ ̂𝑎𝑖

̂𝑏†
𝑖+𝑑⟩

0
(2.79d)

= ∶ ̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑∶ + 𝑛mf( ∶ ̂𝑎†
𝑖 ̂𝑎𝑖∶ + ∶ ̂𝑏†

𝑖+𝑑
̂𝑏𝑖+𝑑∶) (2.79e)

+𝛥mf( ∶ ̂𝑎𝑖
̂𝑏𝑖+𝑑∶ + ∶ ̂𝑎†

𝑖
̂𝑏†
𝑖+𝑑∶) + 𝑛2

mf + 𝛥2
mf . (2.79f)

In the second step, all known expectation values are replaced by the constants 𝑛mf and 𝛥mf.
Additionally, any expectation values that yield zero, e.g.,

⟨ ̂𝑎𝑖
̂𝑏†
𝑖+𝑑⟩

0
= ⟨ ̂𝑎†

𝑖 𝑏̂𝑖+𝑑⟩
0

= 0 (2.80)

are omitted. These can be identified by rewriting them in terms of the Bogoliubov bosons or
also by recognizing that any expectation values violating conservation of the total spin 𝑆𝑧

tot must
vanish. Since the Hamiltonian commutes with ̂𝑆𝑧

tot, it follows that contributions from different
𝑆𝑧

tot-subspaces cannot appear in the ground state. Similarly, the other two quartic terms are
normal-ordered, resulting in

̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑

̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑 = ∶ ̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑

̂𝑏†
𝑖+𝑑

̂𝑏𝑖+𝑑∶

+ 2𝑛mf ∶ ̂𝑎†
𝑖

̂𝑏†
𝑖+𝑑∶ + 2𝛥mf ∶ ̂𝑏†

𝑖+𝑑
̂𝑏𝑖+𝑑∶ + 2𝑛mf𝛥mf ,

(2.81)

̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖

̂𝑏𝑖+𝑑 = ∶ ̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖

̂𝑏𝑖+𝑑∶

+ 2𝛥mf ∶ ̂𝑎†
𝑖 ̂𝑎𝑖∶ + 2𝑛mf ∶ ̂𝑎𝑖

̂𝑏𝑖+𝑑∶ + 2𝑛mf𝛥mf .
(2.82)

In addition to the expectation values in Eq. (2.80), terms such as

⟨ ̂𝑎†
𝑖 ̂𝑎†

𝑖 ⟩
0

= ⟨ ̂𝑏†
𝑖+𝑑

̂𝑏†
𝑖+𝑑⟩

0
= 0 (2.83)
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2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

appear and are omitted as they yield zero for the same reason discussed above. The normal-ordered
NL-SWT Hamiltonian for the antiferromagnetic spin- 1

2 easy-axis XXZ model on a square lattice
reads

ℋmf = − 𝐽𝑁𝔗𝑍 (𝑆2 + 𝑛2
mf + 𝛥2

mf − 2𝑆𝑛mf − 2𝜆𝑆𝛥mf + 2𝜆𝑛mf𝛥mf)

+ 𝐽 ∑
𝒓𝑖∈𝔗

∑
𝒅∈𝔇

[(𝑆 − 𝑛mf − 𝜆𝛥mf) ( ∶ ̂𝑎†
𝑖 ̂𝑎𝑖∶ + ∶ ̂𝑏†

𝑖+𝒅
̂𝑏𝑖+𝒅∶)

+ (𝜆𝑆 − 𝜆𝑛mf − 𝛥mf) ( ∶ ̂𝑎𝑖
̂𝑏𝒅+𝑖∶ + ∶ ̂𝑎†

𝑖
̂𝑏†
𝒅+𝑖∶)

− ∶ ̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅∶ − 𝜆
2

∶ ̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖

̂𝑏𝑖+𝒅∶ − 𝜆
2

∶ ̂𝑎†
𝑖

̂𝑏†
𝑖+𝒅

̂𝑏†
𝑖+𝒅𝑏̂𝑖+𝒅∶] .

(2.84)

Compared to the initial non-normal-ordered Hamilton in Eq. (2.32), the ground-state energy
𝐸0 = −𝐽𝑁𝔗𝑍𝑆2 is now modified by the mean-field parameters and reads

𝐸0,mf = 𝐸0 − 𝐽𝑁𝔗𝑍 (𝑛2
mf + 𝛥2

mf − 2𝑆𝑛mf − 2𝜆𝑆𝛥mf + 2𝜆𝑛mf𝛥mf) . (2.85)

Furthermore, the prefactors of the quadirlinear terms are also modified, resulting in (𝑆 − 𝑛mf − 𝜆𝛥mf)
and (𝑆 − 𝜆𝑛mf − 𝛥mf). Finally, all operators are now marked as normal-ordered, denoted by
∶ … ∶.

In the next step, the Fourier transformation is applied to the normal-ordered Hamiltonian in
Eq. (2.84). The procedure follows the same steps as those outlined in Section 2.5.2. Again, the
Bloch gauge is used. The resulting Hamiltonian reads

ℋmf = 𝐸0,mf + 𝐽𝑍 ∑
𝒌

[(𝑆 − 𝑛mf − 𝜆𝛥mf) ( ∶ ̂𝑎†
𝒌 ̂𝑎𝒌∶ + ∶𝑏̂†

𝒌
̂𝑏𝒌∶)

+ (𝜆𝑆 − 𝜆𝑛mf − 𝛥mf) (𝛾B(𝒌) ∶ ̂𝑎𝒌
̂𝑏−𝒌∶ + 𝛾∗

B(𝒌) ∶ ̂𝑎†
𝒌

̂𝑏†
−𝒌∶)]

(2.86a)

− 𝐽𝑍
𝑁𝔗

∑
𝒌1,𝒌2,
𝒌3,𝒌4

[ 𝛾B(𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 + 𝒌3 − 𝒌4) ∶ ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

̂𝑏𝒌4
∶

+𝜆
2

𝛾B(𝒌2 + 𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 + 𝒌2 + 𝒌3 − 𝒌4) ∶ ̂𝑎†
𝒌1

̂𝑏†
𝒌2

̂𝑏†
𝒌3

̂𝑏𝒌4
∶

+𝜆
2

𝛾B(−𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 − 𝒌3 − 𝒌4) ∶ ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑎𝒌3

𝑏̂𝒌4
∶] .

(2.86b)

The quadratic part of the normal-ordered Hamiltonian, see Eq. (2.86a), is nearly in the form
suitable for diagonalization via a Bogoliubov transformation. To transform it into the form similar
to Eq. (2.53), the term ∶ ̂𝑏†

𝒌
̂𝑏𝒌∶ is rewritten to ∶𝑏̂−𝒌

̂𝑏†
−𝒌∶, using the substitution 𝒌 → −𝒌. In this

context, the double dots ∶ … ∶ around the operators ensure that no additional terms arise from the
commutation, as these have already been accounted for within the generalized normal-ordering.
Consequently, the functions determining the solution of the Bogoliubov transformation can be
extracted from Eq. (2.86)

𝑓𝒌 = 𝑔𝒌 = 𝐽𝑍 (𝑆 − 𝑛mf − 𝜆𝛥mf) , (2.87a)
ℎ𝒌 = 𝐽𝑍 (𝑆 − 𝜆𝑛mf − 𝛥mf) 𝛾B(𝒌) . (2.87b)

The resulting MF-SWT single-particle dispersion for both ̂𝛼𝒌 and ̂𝛽𝒌 is given by

𝜔𝒌 = 𝜔𝛼,𝛽(𝒌) = 𝐽𝑍√(𝑆 − 𝑛mf − 𝜆𝛥mf)
2 − (𝑆 − 𝜆𝑛mf − 𝛥mf)

2 |𝛾B(𝒌)|2

= 𝐽𝑍 (𝑆 − 𝑛mf − 𝜆𝛥mf) √1 − ∣𝑆 − 𝜆𝑛mf − 𝛥mf
𝑆 − 𝑛mf − 𝜆𝛥mf

𝛾B(𝒌)∣
2

.
(2.88)
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It is once again degenerate as 𝑓𝒌 and 𝑔𝒌 are still equal, due to the 𝒫𝒯-symmetry of the Hamil-
tonian. Considering only the diagonalized quadratic part of the Hamiltonian seems like the
same approximation as for the L-SWT, i.e., neglecting the quartic terms. However, the mean-
field parameters 𝑛mf and 𝛥mf are now incorporated into the dispersion relation, leading to its
renormalization. Therefore, unlike in L-SWT, the MF-SWT dispersion effectively incorporates
single-particle contributions of the quartic terms.

At this point, the MF-SWT dispersion 𝜔𝒌 still depends on the unknown mean-field parameters 𝑛mf
and 𝛥mf. However, the mean-field parameters 𝑛mf and 𝛥mf themselves depend on the functions
𝑙(𝒌) and 𝑚(𝒌) of the Bogoliubov transformation, see Eq. (2.78), but also influence them, see
Eqs. (2.63) and (2.87). Consequently, the calculation of the mean-field parameters resembles a
“cat chasing its own tail”, which is also referred to as a self-consistent problem. Therefore, the
equations for the mean-field parameters, including their hidden dependencies, can be expressed as

𝑛mf(𝑛mf, 𝛥mf) = 1
𝑁𝔗

∑
𝒌

|𝑚(𝒌, 𝑛mf, 𝛥mf)|2 , (2.89a)

𝛥mf(𝑛mf, 𝛥mf) = 1
𝑁𝔗

∑
𝒌

𝛾B(𝒌)𝑙(𝒌, 𝑛mf, 𝛥mf)𝑚∗(𝒌, 𝑛mf, 𝛥mf) . (2.89b)

Here, the goal is to find a fixed point in the two-dimensional space of the mean-field parameters
(𝑛mf, 𝛥mf) that does not change the parameters when inserted on the right-hand side of Eq. (2.89).
If this condition is met, the self-consistent problem is solved and the quadratic part of the
Hamiltonian is truly diagonalized. The dispersion of this Hamiltonian is then referred to as the
scMF-SWT dispersion. To solve this self-consistent problem in practice, the mean-field parameters
are iteratively calculated by first solving the Bogoliubov transformation with initial mean-field
parameters, then determining the new mean-field parameters and repeating this loop until a
fixed point in the mean-field parameters is reached. Alternatively, the self-consistent problem
can also be formulated as a two-dimensional root-finding problem. Within this work, the former
approach is applied. In this calculation, the sums in Eq. (2.78) are evaluated in the thermodynamic
limit and the initial values are 𝑛mf = 𝛥mf = 0. Table 2.1 presents the calculated mean-field
parameters 𝑛mf and 𝛥mf for various values of the anisotropy parameter 𝜆. With these mean-field

Table 2.1: Self-consistent mean-field parameters 𝑛mf and 𝛥mf for varying values of the anisotropy
parameter 𝜆 in the antiferromagnetic spin- 1

2 easy-axis XXZ model on a square lattice. The
integrations are performed numerically with a Gauss-Kronrod quadrature with 600 points in
each dimension.

𝜆 0.0 0.3 0.6 0.9 1.0
𝑛mf 0.0 0.010 321 0.045 917 0.131 103 0.196 602
𝛥mf 0.0 −0.051 390 −0.112 802 −0.209 489 −0.275 576

parameters determined, it is possible to calculate the scMF-SWT dispersion relation for different
𝜆. The results are displayed in Fig. 2.9 alongside the results of the L-SWT for comparison. The
scMF-SWT dispersion is renormalized by the mean-field parameters relative to the L-SWT. This
renormalization manifests itself as a shift of the dispersion minimum towards lower values and
a shift of the dispersion maximum towards higher values. Nevertheless, the overall shape of
the dispersion remains unchanged. This behavior is plausible because the additional mean-field
parameters act as a constant correction without any momentum dependencies. As a result, the
overall shape continues to depend solely on |𝛾B(𝒌)|2. Accordingly, the plateau in the dispersion
between 𝒌 = (𝜋, 0)𝑇 to 𝒌 = ( 𝜋

2 , 𝜋
2 )𝑇 is still present. Compared to L-SWT, the value of the plateau
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1
Figure 2.9: On the left-hand side, the reciprocal lattice is shown for the antiferromagnetic
spin- 1

2 easy-axis XXZ model on a square lattice. The dashed blue rectangle marks the first BZ,
the orange rhombus marks the first MBZ, and the reciprocal lattice vectors 𝒃1,2 connected to
the MBZ are colored in grey. The green line represents the path through the MBZ for which
momentum 𝒌 and the associated dispersion 𝜔𝒌 for different anisotropy parameter 𝜆 is shown on
the right-hand side. Both the dispersion of linear spin-wave theory (L-SWT) and self-consistent
mean-field spin-wave theory (scMF-SWT) are displayed. The lattice constant 𝑎 is set to unity.

in the scMF-SWT solution now depends on the anisotropy parameter 𝜆 and increases for increasing
𝜆. It should be noted that to obtain the scMF-SWT solution for 𝜆 = 1, the self-consistent iteration
already converged after a single step since the terms 𝑆 − 𝜆𝑛mf − 𝛥mf and 𝑆 − 𝑛mf − 𝜆𝛥mf cancel
each other in the Bogoliubov transformation.

So far, only the quadratic part of the scNL-SWT Hamiltonian in the form of the scMF-SWT has
been considered. Thus, an additional step is to examine the operators again from the beginning of
Eq. (2.70), which are now normal-ordered in the Hamiltonian of Eq. (2.86b). Once again, applying
the Bogoliubov transformation results in

∶ ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

̂𝑏𝒌4
∶ = ∶ (𝑙∗(𝒌1) ̂𝛼†

𝒌1
+ 𝑚(𝒌1) ̂𝛽−𝒌1

) (𝑙(𝒌2) ̂𝛼𝒌2
+ 𝑚∗(𝒌2) ̂𝛽†

−𝒌2
) (2.90a)

(𝑚(−𝒌3) ̂𝛼−𝒌3
+ 𝑙∗(−𝒌3) ̂𝛽†

𝒌3
) (𝑚∗(−𝒌4) ̂𝛼†

−𝒌4
+ 𝑙(−𝒌4) ̂𝛽𝒌4

) ∶

= 𝑙∗(𝒌1)𝑙(𝒌2)𝑚(−𝒌3)𝑚∗(−𝒌4) ∶ ̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛼−𝒌3

̂𝛼†
−𝒌4

∶ (2.90b)

+ ⋯ + 𝑚(𝒌1)𝑚∗(𝒌2)𝑙∗(−𝒌3)𝑙(−𝒌4) ∶ ̂𝛽−𝒌1
̂𝛽†
−𝒌2

̂𝛽†
𝒌3

̂𝛽𝒌4
∶

= 𝑙∗(𝒌1)𝑙(𝒌2)𝑚(−𝒌3)𝑚∗(−𝒌4) ̂𝛼†
𝒌1

̂𝛼†
−𝒌4

̂𝛼𝒌2
̂𝛼−𝒌3

(2.90c)

+ ⋯ + 𝑚(𝒌1)𝑚∗(𝒌2)𝑙∗(−𝒌3)𝑙(−𝒌4) ̂𝛽†
−𝒌2

̂𝛽†
𝒌3

̂𝛽−𝒌1
̂𝛽𝒌4

.

The crucial difference compared to the non-generalized normal-ordering is that, to normal-order
the terms, the commutator is not necessary. Instead, ∶ … ∶ around operators is removed, and
creation operators are simply placed left to annihilation operators. As a result, after assessing
the general normal-ordering, only 16 quartic terms remain. In contrast, the normal-ordering by
commutation may additionally yield quadratic or constant contributions, but here they are already
considered in 𝑛mf and 𝛥mf.

Furthermore, with the self-consistent approaches, the Bogoliubov transformation is determined
such that all quadratic off-diagonal terms vanish in the complete scNL-SWT Hamiltonian. This
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cancellation of quadratic off-diagonal contributions does not necessarily occur when normal-ordering
is carried out using commutator relations. Nevertheless, within the framework of generalized
normal-ordering, it is possible to reproduce the case corresponding to normal-ordering based
on commutators, which is referred to as NL-SWT. In this scenario, the mean-field parameters,
𝑛mf and 𝛥mf, are evaluated only once and not determined iteratively. Accordingly, the solution
of the Bogoliubov transformation remains fixed and is not modified to incorporate additional
contributions stemming from these mean-field parameters. Therefore, the resulting Bogoliubov
transformation coincides with that employed in L-SWT. However, the evaluated mean-field
parameters lead to renormalizations of the ground-state energy and the single-particle dispersion.
In addition, they give rise to finite quadratic off-diagonal terms for 𝜆 ≠ 1, in contrast to the
L-SWT and scNL-SWT. Consequently, the NL-SWT Hamiltonian is not diagonal on a quadratic
level compared to the scNL-SWT Hamiltonian.

To analyze the complete set of quartic terms in the NL-SWT(scNL-SWT) Hamiltonian after
the Bogoliubov transformation, a useful approach is to determine all possible terms that satisfy
the constraint of 𝑆𝑧

tot conservation. The first step involves examining the terms present in the
quadratic Hamiltonian. All normal-ordered quadratic terms can be expressed as combinations
of single spin-lowering ( ̂𝛼†, ̂𝛽) and spin-raising ( ̂𝛼, ̂𝛽†) operators. These can be represented as a
normal-ordered outer product of these two vectors, forming a matrix

{𝑶̂2}=̂ ∶ ( ̂𝛼†

̂𝛽 ) ⊗ ( ̂𝛼 ̂𝛽†) ∶ = ( ∶ ̂𝛼† ̂𝛼∶ ∶ ̂𝛼† ̂𝛽†∶
∶ ̂𝛼 ̂𝛽∶ ∶ ̂𝛽† ̂𝛽 ∶

) (2.91)

containing all possible normal-ordered quadratic terms. This concept can be extended to obtain all
quartic operator terms. The process begins by identifying the vector that lowers the spin “𝑛 = 2”
times and the vector that raises the spin “𝑛 = 2” times. As before, the normal-ordered outer
product of these two vectors results in a matrix

{𝑶̂4}=̂ ∶ ⎛⎜⎜
⎝

̂𝛼† ̂𝛼†

̂𝛼† ̂𝛽
̂𝛽 ̂𝛽

⎞⎟⎟
⎠

⊗ ( ̂𝛼 ̂𝛼 ̂𝛼 ̂𝛽† ̂𝛽† ̂𝛽†) ∶

=̂ ⎛⎜⎜
⎝

∶ ̂𝛼† ̂𝛼† ̂𝛼 ̂𝛼∶ ∶ ̂𝛼† ̂𝛼† ̂𝛼 ̂𝛽†∶ ∶ ̂𝛼† ̂𝛼† ̂𝛽† ̂𝛽†∶
∶ ̂𝛼† ̂𝛼 ̂𝛼 ̂𝛽∶ ∶ ̂𝛼† ̂𝛼 ̂𝛽† ̂𝛽 ∶ ∶ ̂𝛼† ̂𝛽† ̂𝛽† ̂𝛽 ∶
∶ ̂𝛼 ̂𝛼 ̂𝛽 ̂𝛽∶ ∶ ̂𝛼 ̂𝛽† ̂𝛽 ̂𝛽∶ ∶ ̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽∶

⎞⎟⎟
⎠

(2.92)

in which all nine possible normal-ordered quartic terms are contained. Thus, the Hamiltonian of
the NL-SWT(scNL-SWT), after applying the Bogoliubov transformation, may be written as

ℋ̂ = 𝐶0 (2.93a)

+ ∑
𝒌1,𝒌2

[ 𝐶𝛼̂†𝛼̂
𝒌1,𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌2
+ 𝐶

̂𝛽† ̂𝛽
𝒌1,𝒌2

̂𝛽†
𝒌1

̂𝛽𝒌2

+ 𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
̂𝛼†
𝒌1

̂𝛽†
𝒌2

+ 𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

̂𝛼𝒌1
̂𝛽𝒌2

]
(2.93b)

+ ∑
𝒌1,𝒌2,𝒌3,𝒌4

[ 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛽†
𝒌3

̂𝛽†
𝒌4

+ 𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛼𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛽†
𝒌4

+ 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛽†
𝒌2

̂𝛽†
𝒌3

̂𝛽𝒌4
+ 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛼𝒌3

̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

+ 𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛽†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛽†
𝒌3

̂𝛽𝒌4
]

(2.93c)

32



2.5 Spin-Wave Theory for Two-Dimensional Antiferromagnets

with the coefficient functions 𝐶𝑖. The coefficient functions allow the Hamiltonian to be expressed
in a clearer and more compact form. To this end, it is necessary to rewrite the resulting terms
from the Bogoliubov transformation into a generic form.

First, as already shown in (2.93), all ̂𝛼(†) bosons are positioned to the left of the ̂𝛽(†) bosons, and
within each bosonic flavor, the operators are normal-ordered.

Second, their momentum indices are incremented sequentially according to this arrangement. In the
case of the given example of ∶ ̂𝑎†

𝒌1
̂𝑎𝒌2

̂𝑏†
𝒌3

̂𝑏𝒌4
∶, the momentum indices in the terms of Eq. (2.90c)

𝑙∗(𝒌1)𝑙(𝒌2)𝑚(−𝒌3)𝑚∗(−𝒌4) ̂𝛼†
𝒌1

̂𝛼†
−𝒌4

̂𝛼𝒌2
̂𝛼−𝒌3

+ ⋯ + 𝑚(𝒌1)𝑚∗(𝒌2)𝑙∗(−𝒌3)𝑙(−𝒌4) ̂𝛽†
−𝒌2

̂𝛽†
𝒌3

̂𝛽−𝒌1
̂𝛽𝒌4

(2.94)

are substituted to

= 𝑙∗(𝒌1)𝑙(𝒌3)𝑚(𝒌4)𝑚∗(𝒌2) ̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

+ ⋯ + 𝑚(−𝒌3)𝑚∗(−𝒌1)𝑙∗(−𝒌2)𝑙(−𝒌4) ̂𝛽†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

(2.95)

to comply with the defined order of Eq. (2.93).

Third, the coefficient function itself must exhibit the same symmetries regarding the permutations
of momentum indices. For example, the operator ̂𝛼†

𝒌1
̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

has four different permutations of
its momentum indices, which are

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

, ̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌4
̂𝛼𝒌3

, ̂𝛼†
𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌3
̂𝛼𝒌4

, ̂𝛼†
𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌4
̂𝛼𝒌3

. (2.96)

To ensure that all the coefficient functions 𝐶𝑖 fulfill the symmetries of the assigned operators, a
superposition with all permutations of the resulting coefficient after the Bogoliubov transformation,
here marked as ̃𝐶𝑖, is used as a coefficient. For example, this results in

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

= 1
4

( ̃𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

+ ̃𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌4,𝒌3

+ ̃𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌2,𝒌1,𝒌3,𝒌4

+ ̃𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌2,𝒌1,𝒌4,𝒌3

) .
(2.97)

With the above conventions, the Hamiltonian of Eq. (2.93) is now in a uniquely defined form.
The coefficient functions with all the dependencies on the mean-field parameters and Bogoliubov
functions, 𝑚(𝒌) and 𝑙(𝒌), can be found in the Appendix A.1.

Up to this point, many different transformations have been applied to the initial Hamiltonian
of the easy-axis spin- 1

2 XXZ model in Eq. (2.26) from the beginning of Section 2.5. With
all transformations executed one after the other, the Hamiltonian of Eq. (2.93) emerges. To
gain a better overview of the consecutive transformations, Fig. 2.10 provides a comprehensive
visualization of all transformations, including their main features. It is important to emphasize
that no approximations have been made up to this point, as each transformation is performed on an
analytical level without any truncation. Only the evaluation of the mean-field parameters is done
numerically. However, it is done in the thermodynamic limit without introducing any finite-size
effect. Therefore, the numerical error is negligible either in the scNL-SWT or in the NL-SWT.
Furthermore, besides the initial spin Hamiltonian, the same transformations can be applied to all
sorts of spin operators, which are needed to calculate physical observables. Therefore, Fig. 2.10
also implies the transformation of observables. In Appendix A.2, a comprehensive overview is
given, of how the transformations are applied to an observable instead of the Hamiltonian.
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In addition, the figure shows another transformation that has not yet been addressed, which is
applied to the final Hamiltonian or observable. This last transformation is the CST. Why is
this transformation necessary? Even if the scNL-SWT Hamiltonian of Eq. (2.93) is diagonal on
the quadratic level, due to the self-consistent solution of the Bogoliubov transformation, there
are still quartic terms coupling single particle states to higher particle spaces. Terms such as

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛽†
𝒌4

describe a scattering process, where a single magnon decays into three magnons, or
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛽†
𝒌3

̂𝛽†
𝒌4
, where four magnons are created out of the vacuum. All those terms are neglected

in the single-particle dispersion of the scMF-SWT. The CST is a powerful tool to incorporate
these terms in a sophisticated manner. The next chapter gives a broad overview of this method.
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ℋ = 𝐽 ∑
⟨𝑖,𝑗⟩

[ ̂𝑆𝑧
𝑖 ̂𝑆𝑧

𝑗 + 𝜆 ( ̂𝑆𝑥
𝑖 ̂𝑆𝑥

𝑗 + ̂𝑆𝑦
𝑖 ̂𝑆𝑦

𝑗 )]

spin Hamiltonian

̂𝑆𝑧
𝑸 = ∑

𝒓𝑖∈𝐴
̂𝑆𝑧
𝑖 e−i𝑸𝒓𝑖 + ∑

𝒓𝑗∈𝐵
̂𝑆𝑧
𝑗 e−i𝑸𝒓𝑗

observables

̂𝑆𝑧
𝐴,𝑖|𝐵,𝑗 = { 𝑆 − ̂𝑎†

𝑖 ̂𝑎𝑖
−𝑆 + ̂𝑏†

𝑗 ̂𝑏𝑗

̂𝑆+
𝐴,𝑖|𝐵,𝑗 = { (2𝑆 − ̂𝑎†

𝑖 ̂𝑎𝑖) ̂𝑎𝑖
̂𝑏†
𝑗 (2𝑆 − ̂𝑏†

𝑗 ̂𝑏𝑗)

̂𝑆−
𝐴,𝑖|𝐵,𝑗 = { ̂𝑎†

𝑖
̂𝑏𝑗

Dyson-Maleev
transformation

non-Herm
itia

n!

∶ ̂𝐴∶ = ̂𝐴 − ⟨ ̂𝐴⟩
0

⟹ ⟨ ̂𝑎†
𝑖 ̂𝑎𝑖⟩0

= ⟨𝑏̂†
𝑗 ̂𝑏𝑗⟩0

= 𝑛mf

⟨ ̂𝑎†
𝑖 ̂𝑏†

𝑗⟩
0

= ⟨ ̂𝑎𝑖 ̂𝑏𝑗⟩0
= 𝛥mf

general normal-order

̂𝑎(†)
𝑖 = 1√

𝑁
∑

𝒌
e±i𝒌𝒓𝑖 ̂𝑎(†)

𝒌

Bloch gauge ⇔ symmetric gauge

Fourier
transformation

( ̂𝑎†
𝒌̂𝑏−𝒌

) = ( 𝑙𝒌 𝑚𝒌
𝑚𝒌 𝑙𝒌

) ( ̂𝛼†
𝒌̂𝛽−𝒌

)

Bogoliubov
transformation

evaluate 𝑛mf and 𝛥mf
only once

NL-SWT
evaluate 𝑛mf and 𝛥mf

self-consistently

scNL-SWT
only up to quadratic terms
with 𝑛mf = 0 and 𝛥mf = 0

L-SWT

Continuous Similarity Transformation

Figure 2.10: A comprehensive visualization of all transformations is displayed, starting from
the initial Hamiltonian of the spin- 1

2 antiferromagnetic easy-axis XXZ model on a square lattice
together with observables. First, the Dyson-Maleev representation is inserted, followed by
general normal-ordering, which introduces the expectation values as mean-field parameters.
Afterwards, a Fourier transformation to momentum space is performed, considering two gauges.
Subsequently, a Bogoliubov transformation is carried out to diagonalize the quadratic part of the
Hamiltonian. With the solution of the Bogoliubov transformation, the mean-field parameters
are determined. Whether these parameters are calculated self-consistently or not leads to the
scNL-SWT or NL-SWT, respectively. Finally, the resulting Hamiltonian is transformed with
the continuous similarity transformation.
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This chapter introduces the method of continuous similarity transformation and discusses it in
detail, as it serves as the backbone of this work. In particular, the method provides a framework
for deriving effective models from the previously discussed class of spin Hamiltonians, extending
beyond the treatments already considered in Chapter 2. The method of CST, however, represents
only a subset within a broader field of research centered on the so-called flow equations approach.
Therefore, the chapter begins with a concise introduction to the approach in general. A discussion
of basis changes in the context of physics lays the foundation for the subsequent presentation
of the underlying principles of the flow equation approach. Next, the chapter provides a brief
overview of its various manifestations. This is followed by an in-depth presentation of the specific
manifestation used in this work, namely the so-called continuous similarity transformation in
momentum space with a truncation scheme based on scaling dimension. In this context, different
generator and truncation schemes that play a significant role in the flow equation approach are
examined.

       

Flowq
Equation
Approach

   

Figure 3.1: Metaphorical depiction illustrating the effect of the flow equation approach on
the Hamiltonian of a many-body system. On the left-hand side of the image, a rough sea is
shown symbolizing the inherent complexity of many-body problems, which is explored by a
sailing boat. On the right-hand side, the sea is shown after applying the flow equation approach.
A green arrow represents the transformation induced by the flow equation approach. The
right-hand side is characterized by the classification of the sea into distinct regions after the
flow equation approach. These regions are defined by the number of drops (quasiparticles),
allowing a systematic and controlled exploration of the sea of the many-body problem by the
sailing boat.

   

To provide an intuitive understanding of the effects of the flow equation approach as used in this
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thesis, a metaphorical illustration is shown in Fig. 3.1. On the left-hand side of the image, a
rough sea is depicted, symbolizing various complex many-body problems. A small sailing boat
is shown exploring this sea. It represents a physicist attempting to understand effects occurring
within such systems. Amidst so many waves, the sailing boat is at the mercy of the turbulent
sea and lacks control over its direction. Using the flow equation approach, illustrated by a green
arrow, it is possible to continuously transform the rough sea to a new arranged version. After
this transformation the sea is divided into distinct regions. First, there is a calm sea where the
sailing boat can safely moor in the harbor, representing the model’s ground state. From this
starting point, various regions of the sea can now be explored. In each region, the waves stem
only from varying numbers of water drops added to the sea. In this newly transformed, effective
sea, each wave can be traced back to its composition derived from a specific number of drops. By
selectively including or excluding specific drops, the physicist can systematically explore the ”sea”
of the complex many-body problem in a more controlled manner, thereby identifying the origins
of various phenomena.

3.1 Basis Transformations — General

In physics, the concept of basis transformations is a frequently used tool. Physics does not depend on
the chosen basis; however, there are symmetries or conservation laws that become more apparent in a
specific basis. Thus, a wide variety of different transformations exists, enabling the disentanglement
of complex problems and enabling deeper insights into the underlying physical phenomena.
Specifically within the domain of quantum mechanics, the range of available transformations is
substantial. Already in the previous Chapter 2, the concept of a basis transformation was utilized
in the form of a Fourier transformation along with a Bogoliubov transformation to diagonalize the
Hamiltonian of the Heisenberg model. Nevertheless, to introduce and motivate the method of flow
equations presented in the next section, it is necessary to first revisit the fundamental concepts
of basis transformations in quantum mechanics. These concepts are widely covered in various
textbooks [Gri17; Von96; Sch02] and are repeated here for the sake of completeness.

From a mathematical perspective, a basis transformation is defined as a linear transformation that
changes the basis of a vector space. In the context of quantum mechanics, the vector spaces of
interest are the Hilbert spaces. These spaces are characterized by an inner product ⟨⋅, ⋅⟩ which
serves to define a norm as well as distances and angles between different states. Within these
Hilbert spaces, orthonormal bases |𝜈𝑖⟩ are defined and used to represent the physical states of
the system. Quantum-mechanical observables are described by operators that act on these states;
in finite-dimensional Hilbert spaces, they can be expressed as matrices. In the Copenhagen
interpretation, the eigenvalues of these matrices define all possible measurement outcomes when
the wave function collapses into the corresponding eigenstate. Thus, they are invariant under basis
transformations. Observables are represented by Hermitian operators, which guarantees a real
eigenvalue spectrum. Nevertheless, different basis transformations can simplify the representation
of the operators and provide deeper insights into the underlying physics. For operators represented
in their diagonalonalized form, the eigenvalues can be easily identified. Thus, it becomes important
to determine a linear transformation denoted by the matrix 𝑼, via the eigendecomposition of an
operator

𝑶 = 𝑼−1𝑶𝐷𝑼 (3.1)

in an arbitrary basis. Here, 𝑶𝑫 represents a diagonal matrix containing the eigenvalues, while
𝑼−1 contains column-wise the corresponding eigenvectors expressed in terms of the original basis.
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The linear transformation to the new basis is given by

𝑶𝐷 = 𝑼𝑶𝑼−1 , (3.2)

and allows calculations of the operator’s measurement to be carried out in a more suitable basis.
In quantum mechanics, unitary basis transformations are fundamental because they preserve the
orthonormality of the states and the eigenvalues of the operators. For a transformation such as in
Eq. (3.2) to be unitary, the inverse matrix 𝑼−1 needs to correspond directly to its adjoint matrix
𝑼†. Moving beyond the matrix representation, an arbitrary unitary transformation in the operator
notation is defined as

ℋ̂′ = ̂𝑈ℋ̂ ̂𝑈† (3.3)

which transforms the Hamiltonian ℋ̂ of the system to a new basis. Additionally, the basis vectors
are mapped to their corresponding representation in the new basis |𝜈𝑖⟩ → ̂𝑈 |𝜈𝑖⟩ via application of
the unitary operator ̂𝑈.

Although transforming the Hamiltonian may initially seem a straightforward task, in general,
the Hilbert spaces, in which the physical operators act, are of high dimensionality or even
infinite, particularly in quantum many-body systems. Consequently, directly determining the
transformation into the Hamiltonian’s eigenbasis at once is nearly intractable. Nevertheless, general
approaches such as the Fourier or Bogoliubov transformations can provide solutions in certain
instances, as already demonstrated in Chapter 2. In general, however, these approaches do not
necessarily lead to a complete solution of the problem.

Nevertheless, a variety of alternative methods exist to address the remaining challenges. Most
of these methods rely on simplifications, approximations, and truncations. The following section
presents a systematic approach to derive a more tractable Hamiltonian. The key insight lies
in abandoning the attempts to diagonalize the Hamiltonian by a single unitary transformation.
Instead, infinitesimal continuous unitary transformations are applied iteratively, ultimately resulting
in a disentangled Hamiltonian.

3.2 Continuous Basis Transformations — Flow Equations

Generally, continuous unitary transformations in quantum mechanics are no novel concept. For
example, translations in time, rotations, and spatial translations can be described as continuous
unitary transformations with the corresponding continuous parameter being time 𝑡, rotation
angle 𝜙, or displacement 𝒙. In the context of time evolution, the operator responsible for the
transformation can be determined from the Schrödinger equation and is given by

̂𝑈(𝑡, 𝑡0) = 𝒯e− 𝑖
ℏ ∫𝑡

𝑡0
d𝑡′ℋ̂(𝑡′) (3.4)

with the time-ordering operator 𝒯 and a time-dependent Hamiltonian ℋ̂(𝑡). Accordingly, for a
time-dependent operator, the time evolution is given by

d
d𝑡

𝑂̂𝐻(𝑡) = i
ℏ

[ℋ̂𝐻(𝑡), 𝑂̂𝐻(𝑡)] + ∂𝑡𝑂̂𝑆 , (3.5)

which is the Heisenberg equation of motion, where the subscripts 𝐻 and 𝑆 refer to the Heisenberg
and Schrödinger picture, respectively. For a non-explicit time-dependent operator, the last term
vanishes1.

1Note that the resulting definition for the time evolution is exactly reversed, reading 𝑂̂𝐻(𝑡) = 𝑈̂†𝑂̂𝑆𝑈̂.
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These continuous unitary transformations are generally associated with an anti-Hermitian generator
̂𝜂. In the case of time evolution, the generator for translation in time contains the Hamiltonian

itself ̂𝜂 = i
ℏ ℋ̂. In contrast, for spatial translations or rotations, the generator is proportional to

either the linear momentum operator i ̂𝑝 or the angular momentum operator i𝐿̂ [Sch02]

More generally, a continuous unitary transformation involving an arbitrary continuous parameter
ℓ, applied infinitesimally by dℓ, can be expressed as    

𝑂̂(ℓ + dℓ) = ̂𝑈(ℓ + dℓ, ℓ)𝑂̂(ℓ)  ̂𝑈(ℓ + dℓ, ℓ)† (3.6a)

     = e𝜂̂(ℓ) dℓ𝑂̂(ℓ)e−𝜂̂(ℓ)dℓ with ̂𝜂†(ℓ) = − ̂𝜂(ℓ) . (3.6b)

The expansion of the exponential functions using Taylor’s series

𝑂̂(ℓ + dℓ) = (1 + ̂𝜂(ℓ)dℓ + … ) 𝑂̂(ℓ) (1 − ̂𝜂(ℓ)dℓ + … ) (3.6c)

     = 𝑂̂(ℓ) + [ ̂𝜂(ℓ), 𝑂̂(ℓ)] dℓ + 𝒪 (dℓ2)    (3.6d)

leads to the derivation of the so-called flow equation

∂ℓ𝑂̂(ℓ) = [ ̂𝜂(ℓ), 𝑂̂(ℓ)] , (3.7)

which has a form similar to the Heisenberg equation of motion. This equation determines the
continuous unitary transformation induced by the generator ̂𝜂.

To summarize, the primary objective is to transform the Hamiltonian of a given system into a
basis that provides deeper insight into the physical processes within the system. Since finding
an appropriate transformation in a single step is nearly impossible, the concept of a continuous
transformation was introduced. At this point, however, the flow equation merely describes an
arbitrary continuous unitary transformation for any operator 𝑂̂. It does not yet offer a clear way
to identify a basis that makes the system’s underlying physics more comprehensible. The key to
fully utilizing the continuous approach lies in selecting an appropriate generator ̂𝜂, which defines
a continuous transformation of the initial Hamiltonian ℋ̂(ℓ = 0) associated with the system of
interest, with the property

ℋ̂(ℓ) = ̂𝑈(ℓ)ℋ̂(ℓ = 0) ̂𝑈†(ℓ) for ℓ → ∞ ℋ̂(ℓ = ∞) = ℋ̂eff . (3.8)

Here, ℋ̂eff describes an effective Hamiltonian that is diagonal or significantly simpler than
the original Hamiltonian. In this context, the term flow will be used interchangeably with
transformation. The following section will explore the history of the flow equation approach,
highlighting challenges related to identifying a suitable generator and further emerging challenges.

3.2.1 Continuous Unitary Transformation

The development of the continuous unitary transformation (CUT) approach began in 1993/1994 and
was initially established independently in the field of physics by Wegner [Weg94] as well as Głazek
and Wilson [GW93; GW94]. Similar concepts had already been developed by mathematicians
specializing in control theory [CD90; Bro91]. However, Wegner, Głazek, and Wilson were unaware
of these mathematical developments at the time [Weg06]. For an in-depth introduction to the flow
equation approach, the textbook by Kehrein [Keh06] can also be consulted. To identify a suitable
generator Wegner’s solution was to choose a generator defined as

   ̂𝜂(ℓ) = [ℋ̂diag(ℓ), ℋ̂(ℓ)] , (3.9)
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which is given by the commutator between the diagonal part of the Hamiltonian ℋ̂diag(ℓ) and
the full Hamiltonian ℋ̂(ℓ). If the generator becomes zero, the derivative in the flow equation
of Eq. (3.7) vanishes, consequently describing a fixed point of the flow equation. Regarding the
Wegner generator, the diagonal Hamiltonian represents such a fixed point, since in this case the
commutator defined by Eq. (3.9) obviously vanishes. Determining whether a fixed point in this
sense is attracting or repelling within the framework of the flow equation approach is not always
possible. In the case of the Wegner generator, however, it can be demonstrated that a diagonal
effective Hamiltonian is achieved under certain conditions. This topic is discussed in greater
detail in Section 3.3. Furthermore, in Section 3.3, other generators such as the Mielke generator,
particle-conserving generator, and particle-block-separating generator are introduced.

Regardless of the explicit form of the generator, three critical caveats should always be considered
when applying the flow equation approach. First and foremost, an analytical solution to the
emerging flow equations is feasible only in a limited number of simple cases and toy models. In
most instances, solving the resulting flow equations requires numerical integration schemes. Since
integrating ℓ numerically to infinity is impractical, termination schemes must be established to
define an endpoint for integration.

Secondly, evaluating the commutator in the flow equation approach yields a closed set of differential
equations only when using a closed basis, such as in a matrix representation of a finite-dimensional
Hilbert space. However, in most problems in many-particle physics, this is not the case. As the
Hilbert spaces become infinitely large, problems are typically formulated using second quantization,
where commutators are evaluated with the help of a corresponding set of elementary commutators,
and evaluating such commutators generically results in a non-closed basis.

The following section examines how the flow equation approach is represented in second quantization.
To provide some context upfront, evaluating commutators involving terms beyond quadratic order
generates new terms of even higher order than initially present. In most cases, this process
causes the operator basis to expand infinitely, as newly generated terms must also be considered
recursively in subsequent commutators. Consequently, it becomes necessary to define a scheme
that determines which operators should be retained and which ones can be neglected. Henceforth,
this scheme is referred to as the truncation scheme. There are several established truncation
schemes, which are discussed in Section 3.4.

The final consideration combines aspects of the two previous points. In the most challenging
scenario, i.e., a non-feasible analytical solution and an infinite operator basis necessitating a
truncation scheme, the flow equation approach becomes prone to errors. These arise from
truncation errors that accumulate with each rotation step. Hence, it is advisable to perform only
small rotations in each step, as well as not attempting to achieve a fully diagonal Hamiltonian.
Striving for complete diagonalization increases the required rotations, thereby amplifying the
truncation error. To mitigate these issues, one can instead selectively decouple particular sectors
of the Hamiltonian, for example, by transforming it into a block-diagonal form. Subsequently,
complementary methods can be used to extract the relevant physical quantities. While truncation
errors remain unavoidable, they are significantly reduced under such circumstances. To utilize
these advantages, the transformations require generators other than Wegner’s generator. This
topic will be explored further in Section 3.3.

The selection of different generator schemes, combined with sophisticated truncation schemes,
has led to various realizations of the CUT approach. In the following, a list of the most common
methods of CUT realizations is provided below based on Refs. [Dre14; Sch22]. Additionally, an
overview of distinct applications of the CUT approach up to 2006 can be found in Refs. [Keh06;
Weg06].
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The self-similar CUT (sCUT) uses a finite basis of operators in second quantization, allowing for
a distinction of involved quasiparticles in the interaction. Typically, a truncation scheme is required
and applied to maintain a finite operator basis. A suitable truncation scheme can be based either on
the real-space range of the interaction [RMU04; FDU10] or a small perturbation parameter [Keh06;
Mie97]. The flow equations are integrated numerically, yielding a non-perturbative, renormalized
effective Hamiltonian.

The perturbative CUT (pCUT) was introduced by Knetter and Uhrig [KU00; UN98; KSU03a].
This implementation of the flow equation approach facilitates the calculation of perturbative
expansions up to very high orders. For its application, the unperturbed Hamiltonian must possess
a ladder spectrum, i.e., an equidistant energy spectrum. Then it generates model-independent flow
equations that can be integrated analytically. The analytical solution is subsequently employed to
compute matrix elements of the effective Hamiltonian in various orders of perturbation theory.

The enhanced perturbative CUT (epCUT) can be regarded as a combination of pCUT and
sCUT approaches. By combining second quantization and explicit numerical integration from
sCUT, in conjunction with the perturbative expansion of pCUT, the epCUT [KDU12] enables
the derivation of effective Hamiltonians for a broader range of models compared to pCUT, as
the prerequisite of a ladder spectrum is dropped. The coefficient monomials associated with an
operator are expanded perturbatively, and the flow equations are solved numerically for each order
separately.

The directly evaluated enhanced perturbative CUT (deepCUT) can be considered the
non-perturbative counterpart of the epCUT. Similar to epCUT, the deepCUT approach [KDU12;
Sch+22] utilizes perturbative expansion to identify relevant contributions for the coefficient
monomial. However, unlike in epCUT, the integration is carried out for the entire monomial
coefficient rather than for each order individually. This leads to a more efficient and accurate
approach that produces a non-perturbative effective Hamiltonian.

The graph-theory based CUT (gCUT) can be interpreted as a modification of CUT based
on the exact linked-cluster expansion [IH84], developed by Yang and Schmidt [YS11]. The
Hamiltonian’s action is decomposed into finite graphs, and the flow equations are solved numerically
at the matrix level for each graph. Subsequently, irreducible contributions from each graph are
then combined to yield a non-perturbative effective Hamiltonian. The accuracy of this method is
determined by the maximum graph size considered. Due to a model-independent effective pCUT
Hamiltonian, so-called white graphs can be used to significantly reduce the number of graphs that
need to be considered, thereby enabling the treatment of higher perturbation orders [CS15].

In this thesis, however, the focus is on the CST approach, which extends the CUT approach by
employing similarity transformations rather than unitary transformations. Why is this extension
necessary? Due to the non-Hermitian nature of the final Hamiltonian of Section 6.6, as a
consequence of the Dyson-Maleev representation (DM), the use of unitary transformations is not
suitable for the problem at hand. Nevertheless, the procedure of the CST closely resembles the
sCUT representation. In its representation, the CST approach also utilizes the second quantization.
Thus, after a brief examination of the second quantization representation within the flow equation
approach, the specifics of the CST approach are explored in detail in Section 3.2.3.

3.2.2 Continuous Unitary Transformation in second quantization

The numerical integration of flow equation for an operator in its matrix representation becomes
infeasible for large many-body systems, since the number of matrix elements ℎ𝑛𝑗(ℓ) = ⟨𝑛|ℋ̂(ℓ)|𝑗⟩
that need to be tracked throughout the flow grows exponentially with the system size. In this
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context, formulating the flow equation approach in second quantization provides a means to
mitigate the challenges posed by many-body systems [Weg94]. Instead of relying on the matrix
form of the operators, operators such as the Hamiltonian or the generator are expressed as

  ℋ̂(ℓ) = ∑
𝑖

ℎ𝑖(ℓ) ̂𝐴𝑖 and ̂𝜂(ℓ) = ∑
𝑖

𝜂𝑖(ℓ) ̂𝐴𝑖 . (3.10)

Here, the ̂𝐴𝑖 denotes normal-ordered operator monomials in second quantization, which are
elements of the operator basis ℌ ≔ { ̂𝐴𝑖}. The dependency on ℓ is shifted in the coefficients 𝜂𝑖 and
ℎ𝑖, while the operator basis remains constant throughout the flow. As a consequence, the number
of coefficients that must be tracked during the flow depends only on the size of the operator basis.
In fact, for certain generators the coefficient 𝜂𝑖(ℓ) is proportional to ℎ𝑖(ℓ) and can therefore be
expressed as 𝜂𝑖(ℓ) = 𝜂𝑖ℎ𝑖(ℓ) with 𝜂𝑖 ∈ {±1}. This further reduces the number of coefficients that
need to be tracked. One key advantage of the representation in second quantization is that each
monomial ̂𝐴𝑖 contributes to multiple matrix elements ℎ𝑛𝑗(ℓ) = ⟨𝑛|ℋ̂(ℓ)|𝑗⟩. By tracking only a few
operator monomials, it becomes possible to access a substantial portion of possible processes.

Nevertheless, it is crucial to recognize that truncating the operator basis may result in incomplete
matrix elements. For instance, a matrix element describing a two-particle process consists of
two irreducible operator contributions, i.e., a single-particle and a two-particle contribution. If
the genuine two-particle contribution is truncated, the corresponding matrix element will not be
accurately represented. The number of operator monomials grows rapidly if all contributions to
matrix elements describing multi-particle interactions are to be captured correctly. It is necessary
to find a trade-off between the accuracy of the result and its numerical feasibility. Consequently,
it is crucial to define a truncation scheme that does not significantly reduce the accuracy of the
results while ensuring manageable computational effort.

A direct comparison between matrix representation and different truncations in second quantization
with respect to the number of tracked coefficients is presented for the one-dimensional chain of 𝑁
localized spin- 1

2 -particles in Chapter 2.2 of Ref. [Sch22]. The comparison highlights the advantages
of second quantization by emphasizing that low-energy processes, i.e., processes involving 2 to 3
particles, are typically the primary focus. For such processes, the number of operator monomials
required in second quantization is substantially smaller than the coefficients to be tracked in a
matrix representation. Moreover, given the necessity of a description of the thermodynamic limit
𝑁 → ∞, it is highly beneficial to use second quantization over the matrix representation. For
instance, it allows translation symmetry to be implemented easily.

With the advantages of second quantization established, the adaptations to the flow equation
approach can now be described in greater detail following [KDU12]. By inserting Eq. (3.10) into
the flow equation Eq. (3.7) the expression

    ∂ℓ (∑
𝑖

ℎ𝑖(ℓ) ̂𝐴𝑖) = ∑
𝑗,𝑘

𝜂𝑗(ℓ)ℎ𝑘(ℓ) [ ̂𝐴𝑗, ̂𝐴𝑘] (3.11)

is obtained, which determines the flow of the Hamiltonian. The commutator between ̂𝐴𝑗 and ̂𝐴𝑘
can be rewritten as

[ ̂𝐴𝑗, ̂𝐴𝑘] = ∑
𝑖

𝐷𝑖𝑗𝑘
̂𝐴𝑖 , (3.12)

where the tensor 𝐷𝑖𝑗𝑘 quantifies the occurrence of ̂𝐴𝑖 in the result of the commutator [ ̂𝐴𝑗, ̂𝐴𝑘],
because the commutator itself generates again normal-ordered monomials ̂𝐴𝑖. Those monomials
are not necessarily part of the operator basis ℌ. Consequently, the operator basis needs to be
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expanded to include newly generated operator monomials. Even though for ℓ = 0 the coefficients
of these generated monomials are initially zero, their values can become non-zero during the flow
ℓ > 0. This necessitates calculating the commutators for the newly added monomials as well.
In most cases, this recursive process leads to an operator basis that proliferates indefinitely. To
address this issue, as mentioned above, a truncation scheme must be implemented to ensure a
finite base and thereby a closed set of differential equations for each monomial coefficient.

Given a closed monomial basis ℌ, a flow equation can be derived for each coefficient by comparing
the coefficient of each monomial ̂𝐴𝑖 on both sides of Eq. (3.11), which yields

    ∂ℓℎ𝑖(ℓ) = ∑
𝑗𝑘

𝐷𝑖𝑗𝑘𝜂𝑗(ℓ)ℎ𝑘(ℓ) . (3.13)

Similarly, it is possible to determine the form of the operators describing observables within the
effective system. In second quantization an arbitrary observable 𝑂̂ can be expressed as

𝑂̂ = ∑
𝑖

𝑜𝑖(ℓ)𝐵̂𝑖 , (3.14)

where the operator monomials 𝐵̂𝑖 belong to a basis 𝔒 ≔ {𝐵̂𝑖}. It is neither guaranteed nor
required that the basis 𝔒 coincides with the basis ℌ. Nevertheless, the basis 𝔒 is constructed
similarly to ℌ and the flow equation for the coefficient 𝑜𝑖(ℓ) of an observable is given by

  ∂ℓ𝑜𝑖(ℓ) = ∑
𝑗𝑘

𝐷̃𝑖𝑗𝑘𝜂𝑗(ℓ)𝑜𝑘(ℓ) . (3.15)

The tilde over the tensor accounts for cases in which the observable and the generator use different
operator bases. Despite a possible different basis for the observable, the generator is represented
in ℌ. In such cases, the commutator in the flow equation is decomposed in the form

[ ̂𝐴𝑗, 𝐵̂𝑘] = ∑
𝑖

𝐷̃𝑖𝑗𝑘
̂𝐵𝑖 . (3.16)

It is important to note that the flow of an observable must be evaluated simultaneously to the flow
of the Hamiltonian, since in each step the generator 𝜂𝑗(ℓ) depends implicitly on the coefficient of
the Hamiltonian ℎ𝑖(ℓ) itself.

3.2.3 Continuous Similarity Transformation

In the preceding sections, the flow equation approach was examined in the context of unitary
transformations. Interestingly, Wegner restricted his work to unitary transformations [Weg94],
whereas Głazek and Wilson did not explicitly impose this restriction, but only applied unitary
transformations in their work [GW93]. Nevertheless, the derivation of the flow equation presented
in Section 3.2 can also be extended to similarity transformations. Unitary transformations represent
a particular subclass of similarity transformations. Consequently, a CUT constitutes merely a
special case within the broader framework of CSTs. The key difference is that the generator 𝜂(ℓ)
is not necessarily anti-Hermitian for a CST. Despite this fact, the form of the flow equation for
the similarity transformation

    ∂ℓℋ̂(ℓ) = [ ̂𝜂(ℓ), ℋ̂(ℓ)] (3.17)

remains the same, since the transformation of the Hamiltonian is expressed as

ℋ̂(ℓ + dℓ) = ̂𝑆(ℓ + dℓ, ℓ)ℋ̂(ℓ) ̂𝑆−1(ℓ + dℓ, ℓ) (3.18a)

= e𝜂̂(ℓ) dℓℋ̂(ℓ)e−𝜂̂(ℓ)dℓ with ̂𝜂†(ℓ) ≠ − ̂𝜂(ℓ) (3.18b)
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and for

ℓ → ∞ ℋ̂(ℓ = ∞) = ℋ̂eff . (3.19)

In contrast to continuous unitary transformation, however, the conditions that ensure convergence
of the flow equation do not necessarily hold in the non-unitary similarity transformations [Pow17].
The implications of an anti-Hermitian generator will be discussed in detail in Section 3.3.

Although the extension to similarity transformations may seem superfluous given the Hermitian
nature of quantum-mechanical operators, it becomes essential in specific scenarios where non-
Hermitian representations provide meaningful physical insights.

One notable exception arises in the context of open quantum systems [Rot09; Vac24] For instance,
the dynamics of open quantum systems can be described by the Lindblad-master equations [BP07]

d
d𝑡

𝜌(𝑡)  = ̂ℒ [𝜌(𝑡)] . (3.20)

This equation describes the time evolution of a density matrix 𝜌(𝑡) which is governed by the
Lindbladian superoperator ̂ℒ. Within this framework, the Lindbladian is a non-Hermitian operator.
Unlike Hermitian operators, the eigenvalues of the Lindbladian can be complex. The real parts
correspond to energies that characterize oscillations within the system, while the imaginary parts
account for dissipation and relaxation processes.

Furthermore, another exception arises in models that exhibit 𝒫𝒯-symmetry. In such models, the
appearance of non-Hermitian operators is also possible. Remarkably, non-Hermitian operators
with 𝒫𝒯-symmetry possess a real eigenvalue spectrum, similar to Hermitian operators, as shown by
Bender and Boettcher in 1998 [BB98]. This has led to the emergence of an entire field of research
driven by these intriguing properties [Ben07; El-+18]. Furthermore, non-Hermitian Hamiltonians
have emerged as a subject of research within the broader context of topology. The Ref. [BBK21]
provides a thorough review of the existing research on this topic.

Aside from the aforementioned examples, a non-Hermitian representation is also encountered in
this work in the context of bosonic representations of spin operators. Hermitian spin operators
can be mapped to bosonic operators in the DM [Dys56b; Mal58b]. For details regarding the DM,
please refer to Section 2.4. Following the representation, the resulting Hamiltonian becomes non-
Hermitian. In contrast to the other examples mentioned above, the system’s initial representation
is Hermitian. Here, a non-Hermitian bosonic DM is preferred over a Hermitian bosonic Holstein-
Primakoff representation (HP) to circumvent the square-root expansion in the HP [HP40], as
introduced in Section 2.3. Nevertheless, the DM is a similarity mapping and thus conserves the
real spectrum of the original Hermitian Hamiltonian and is a valid representation of the physical
problem at hand. However, the resulting Hamiltonian and bosonic operators are self-adjoint with
respect to two different inner products [Jon13]. The Hamiltonian is not self-adjoint with respect
to the usual scalar product. Instead, one has to apply the appropriate adjoint operation defined
by the inner product of the original spin system and translated to the DM.

Treating observables and states in a non-Hermitian representation can be challenging. While
similarity transformations preserve the spectrum, they do not guarantee that the states remain
orthonormal after the transformation. As a result, extracting physical understanding from a
non-Hermitian representation is less straightforward than in the Hermitian case. The detailed
implications of working with a non-Hermitian representation are thoroughly examined in Sec-
tion 4.4.

In summary, extending the flow equation approach to non-Hermitian Hamiltonians via CSTs is
not merely a mathematical exercise; rather, it enables a range of applications across different fields
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of physics, particularly condensed matter physics. For dissipative systems, extensions to the flow
equation approach already exist that explore various types of generators when Lindbladians are
involved [Ros+20; SU22]. Regarding the application of non-unitary flow equations after the non-
Hermitian DM, advancements had already been made prior to this work. Concretely, the isotropic
spin- 1

2 antiferromagnetic Heisenberg model (afHM) on a square lattice, along with its associated
spin observables, was successfully analyzed using a non-unitary flow equation approach [PUS15;
Pow17; PSU18]. This thesis builds on these achievements. As noted earlier, the CST resembles a
sCUT approach. The CST approach is applied in second quantization in momentum space, with its
truncation scheme relying on arguments based on the scaling dimensions of operators. Furthermore,
a different generator scheme is applied that does not aim for a complete diagonalization but instead
focuses on separating distinct blocks of quasiparticle numbers. This generator scheme, along with
alternative schemes, is presented and discussed in the following section. Subsequently, various
truncation schemes are examined, including those based on scaling dimension arguments.

3.3 Generator Schemes

This section provides a comprehensive overview of various generator schemes employed in the
flow equation approach. The structure and properties of the resulting effective model depend
strongly on the specific choice of generator. Therefore, selecting an appropriate generator scheme is
important and depends on the specific physical problem to be solved. The resulting effective model
can be viewed as a fixed point of the flow equation associated with the selected generator scheme.
For the flow equation to converge successfully, an attractive fixed point in parameter space must
exist. The convergence behavior can be analyzed systematically for various generator schemes to
decide which generator scheme is most suitable for addressing a given physical problem.

The overview begins with the previously mentioned Wegner generator, followed by an introduction
to the Mielke generator. Since neither is applied in this thesis, both are examined solely within
the context of continuous unitary transformations. These two generators illustrate the advantages
and disadvantages associated with different generator schemes. Subsequently, two key generator
schemes employed in this thesis are introduced: the first is the so-called particle-conserving
generator, and the second is the particle-block-separating generator. Both are also discussed in
the context of a non-Hermitian representation, leading to CST.

Readers seeking a more detailed discussion or alternative applications of these generators may
consult the references that serve as a foundation for this section [Keh06; Dre14; Pow17; Sch22].

3.3.1 Wegner Generator

The generator scheme was suggested by Wegner in Ref. [Weg94]. A notable example of successful
application of this generator scheme is the sine-Gordon model [Keh01; Keh99]. The generator in
this scheme has the form

̂𝜂(ℓ) = [ℋ̂diag(ℓ), ℋ̂(ℓ)] = [ℋ̂diag(ℓ), ℋ̂off−diag(ℓ)] , (3.21)

where the Hamiltonian divided into a diagonal part ℋ̂diag(ℓ) and an off-diagonal part ℋ̂off−diag(ℓ),
so that ℋ̂(ℓ) = ℋ̂diag(ℓ) + ℋ̂off−diag(ℓ) holds. Contrary to their nomenclature, “diagonal” and
“off-diagonal” components should not be interpreted as too strictly limited categories. Within the
context of generators for flow equations, “diagonal” and “off-diagonal” are better understood as a
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classification of what terms should be kept (“diagonal”) and which should vanish (“off-diagonal”)
in the course of the flow.

The Wegner generator can alternatively be formulated in a matrix representation as

  𝜂Wegner
𝑛,𝑗 (ℓ) = (ℎ𝑛𝑛(ℓ) − ℎ𝑗𝑗(ℓ)) ℎ𝑛𝑗(ℓ) , (3.22)

where 𝑛, 𝑗 denote the row and column indices, respectively, of the matrix representation of the
Hamiltonian. Then, the flow equations associated with the Wegner generator read    

    
      ∂ℓℎ𝑛𝑗(ℓ) = ∑

𝑘
((ℎ𝑛𝑛(ℓ) − ℎ𝑘𝑘(ℓ)) ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ)

             − (ℎ𝑘𝑘(ℓ) − ℎ𝑗𝑗(ℓ)) ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ))       
(3.23a)

      
= − (ℎ𝑛𝑛(ℓ) − ℎ𝑗𝑗(ℓ))2 ℎ𝑛𝑗(ℓ)

        + ∑
𝑘∉{𝑛,𝑗}

(ℎ𝑛𝑛(ℓ) + ℎ𝑗𝑗(ℓ) − 2ℎ𝑘𝑘(ℓ)) ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ) ,            (3.23b)

where ℎ𝑛𝑗 represents an arbitrary matrix element of ℋ̂. Focusing on the diagonal elements
simplifies the flow equation to

  ∂ℓℎ𝑛𝑛(ℓ) = ∑
𝑘≠𝑛

2 (ℎ𝑛𝑛(ℓ) − ℎ𝑘𝑘(ℓ)) |ℎ𝑛𝑘(ℓ)|2 . (3.24)

This formulation enables making statements regarding convergence to a fixed point of the flow
equation. By examining the sum of the change in the squared diagonal elements of the Hamilto-
nian

∑
𝑛

∂ℓ (ℎ𝑛𝑛(ℓ)2) = 2 ∑
𝑛𝑗

(ℎ𝑛𝑛(ℓ) − ℎ𝑗𝑗(ℓ))2 |ℎ𝑛𝑗(ℓ)|2 ≥ 0 , (3.25)

it becomes evident that convergence must occur, as the norm of the diagonal part increases
throughout the flow but is bounded from above. As a consequence, fixed points of the effective ℋ̂
take the form

ℎ𝑛𝑗(ℓ = ∞) = 0 ∀𝑛 ≠ 𝑗 ∶ ℎ𝑛𝑛(ℓ = ∞) ≠ ℎ𝑗𝑗(ℓ = ∞) . (3.26)

In cases where ℎ𝑛𝑛(ℓ = ∞) = ℎ𝑗𝑗(ℓ = ∞), i.e., degenerate states, the Wegner generator does not
ensure that off-diagonal elements ℎ𝑛𝑗(ℓ = ∞) vanish. Even though a diagonal form is achieved in
non-degenerate cases, the convergence of the off-diagonal matrix elements ℎ𝑛𝑗 near the diagonal
form depends on the energy differences between diagonal matrix elements as

ℎ𝑛𝑗 ∝ exp(− (ℎ𝑛𝑛(ℓ = ∞) − ℎ𝑗𝑗(ℓ = ∞))2 ℓ) ≕ exp (−|𝛥𝐸𝑛𝑗|2ℓ) . (3.27)

Consequently, convergence becomes slow if energy differences are small.

Another issue is that the Wegner generator does not guarantee a block-band-diagonal structure
throughout the flow. This means that if the initial Hamiltonian is block-band-diagonal, i.e.,
ℎ𝑛𝑗 = 0 ∀ |𝑗 − 𝑛| > 𝛥 with the bandwidth 𝛥, the flow may generate finite matrix elements ℎ𝑛𝑗 for
|𝑗 − 𝑛| > 𝛥. While this might not initially appear to be a drawback, it can lead to both increased
computational effort and greater truncation errors than other generators presented in the following
sections. To provide an impression of the behavior of the flow induced by the Wegner generator,
Fig. 3.2 illustrates the flow at different stages. The initial form ℋ̂(ℓ = 0), an intermediate form
ℋ̂(ℓ > 0) and final from ℋ̂(ℓ → ∞) are shown for an arbitrary matrix. Thus far, as noted in the
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original publication [Weg94], the convergence is only proven for finite matrices. However, it is also
possible to prove this even for infinite systems [DU04].

       

ℋ̂ (ℓ = 0) ℋ̂ (ℓ > 0) ℋ̂ (ℓ → ∞)

   

Figure 3.2: Illustration of the effect of the flow on a matrix induced by the Wegner generator.
From left to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and after the
flow ℓ → ∞. Dark green squares stand for finite matrix elements that belong to ℋ̂diag, while
light green squares indicate elements belonging to ℋ̂off−diag. During the flow ℓ ≥ 0, previously
nonexistent elements may become finite due to lack of preserved band-diagonality. After the
flow, the matrix becomes diagonalized except for blocks with degeneracy.

   

3.3.2 Mielke Generator

An alternative generator scheme is the Mielke generator [Mie98], defined as

̂𝜂Mielke(ℓ) = ℋ̂(+)(ℓ) − ℋ̂(−)(ℓ) , (3.28)

where ℋ̂(+) represents the upper and ℋ̂(−) the lower triangular part of the Hamiltonian in matrix
representation. To analyze its convergence, the matrix representation of the Mielke generator

  𝜂Mielke
𝑛𝑗 (ℓ) = sign(𝑛 − 𝑗)ℎ𝑛𝑗(ℓ) (3.29)

is considered, where the sign explicitly depends on row and column indices 𝑛, 𝑗. The primary effect
of the Mielke generator is to diagonalize the matrix while simultaneously sorting the diagonal
elements in ascending order during the flow. In contrast to the Wegner generator, the flow induced
by the Mielke generator only vanishes when all non-diagonal matrix elements are zero, even in
the cases of degenerate eigenvalues. The flow equation for an arbitrary matrix element under the
Mielke generator scheme is expressed as    

    ∂ℓℎ𝑛𝑗(ℓ) = ∑
𝑘

(sign(𝑛 − 𝑘)ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ) − sign(𝑘 − 𝑗)ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ)) (3.30a)

=       − sign(𝑛 − 𝑗) (ℎ𝑛𝑛(ℓ) − ℎ𝑗𝑗(ℓ))  ℎ𝑛𝑗(ℓ) 

       + ∑
𝑘∉{𝑛,𝑗}

(sign(𝑛 − 𝑘) − sign(𝑘 − 𝑗)) ℎ𝑛𝑘(ℓ)ℎ𝑘𝑗(ℓ) .       (3.30b)

The convergence behavior of the Mielke generator can be examined by analyzing the diagonal
elements of the Hamiltonian [Mie98]. For a diagonal element, the flow equation from Eq. (3.30b)
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reduces to

  ∂ℓℎ𝑛𝑛(ℓ) =2 ∑
𝑘≠𝑛

sign (𝑛 − 𝑘) |ℎ𝑛𝑘(ℓ)|2 . (3.31)

When considering the sum of the 𝑟 lowest diagonal elements

  ∂ℓ (
𝑟

∑
𝑛=1

ℎ𝑛𝑛) =
𝑟

∑
𝑛=1

∑
𝑘>𝑟

−2|ℎ𝑛𝑘|2 ≤ 0 , (3.32)

it becomes evident that this sum can only decrease. If the Hamiltonian is bounded from below,
the sum has a lower limit. Namely, the sum cannot be smaller than the sum of the 𝑟 lowest
eigenvalues

  
𝑟

∑
𝑛=1

ℎ𝑛𝑛 ≥
𝑟

∑
𝑛=1

𝜆𝑛 . (3.33)

Consequently, the derivative of Eq. (3.31) must vanish as ℓ → ∞. The flow equation converges
to a fixed point where all off-diagonal elements vanish. Whether this fixed point is attractive is
determined by

  sign(𝑛 − 𝑗) = sign(ℎ𝑛𝑛(ℓ = ∞) − ℎ𝑗𝑗(ℓ = ∞)) , (3.34)

as the sign of the derivative in Eq. (3.30b), near the fixed point, is determined by the leading
order behavior. Thus, the energies are sorted in ascending order within the final Hamiltonian.
Additionally, the off-diagonal elements converge like

ℎ𝑛𝑗(ℓ = ∞) ∝ exp (−|ℎ𝑛𝑛(ℓ = ∞) − ℎ𝑗𝑗(ℓ = ∞)|ℓ) ≕ exp (−|𝛥𝐸𝑛𝑗|ℓ) , (3.35)

as the matrix approaches a diagonal form. As before, the energy difference 𝛥𝐸𝑛𝑗 determines the
convergence speed. Compared to the convergence of the Wegner generator, the energy difference
for the Mielke generator is linear rather than quadratic. This is advantageous for convergence
when minor energy differences are present. Additionally, the Mielke generator ensures that if the
initial matrix is band-diagonal, i.e., ℎ𝑛𝑗 = 0 ∀ |𝑗 − 𝑛| > 𝛥, the Hamiltonian remains band-diagonal
with the same bandwidth 𝛥 throughout the flow [Mie98]. This results in reduced computational
effort compared to the Wegner generator, because initial elements outside the bandwidth cannot
emerge and therefore do not need to be truncated. However, it should be noted that reordering
processes occur if diagonal elements of the matrix are not sorted at the beginning of the flow.
These processes can lead to an increase in off-diagonal elements and thus enhance truncation
errors [DU04]. An illustration of the flow induced by the Mielke generator scheme is shown in
Fig. 3.3.

3.3.3 Particle-Conserving Generator

It is possible to generalize the Mielke generator to the so-called particle-conserving generator or
quasiparticle-conserving generator (pc generator). This adaptation differs from the original Mielke
generator scheme by selectively including only certain off-diagonal elements into the generator,
which are intended to vanish in the effective model. Initially, this approach was formulated by
Knetter and Uhrig [KU00] to decouple subspaces associated with different particle numbers. This
modification to the generator can be denoted generally in the matrix representation as

    𝜂pc
𝑛𝑗(ℓ) = sign(𝑞𝑛𝑛 − 𝑞𝑗𝑗)ℎ𝑛𝑗(ℓ) , (3.36)
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ℋ̂ (ℓ = 0) ℋ̂ (ℓ > 0) ℋ̂ (ℓ → ∞)

   

Figure 3.3: Illustration of the effect of the flow on a matrix induced by the Mielke generator.
From left to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and after the
flow ℓ → ∞. Dark green squares stand for finite diagonal matrix elements, while light green
squares indicate off-diagonal matrix elements. During the flow ℓ ≥ 0, the two diagonal orange
lines illustrate the conservation of the band-diagonality as no new elements can become finite
beyond the orange lines. After the flow, the matrix is diagonalized, and the eigenvalues are
ordered according to energy.

   

where the matrix indices 𝑛, 𝑗 from the Mielke generator are replaced by diagonal elements 𝑞𝑛𝑛, 𝑞𝑗𝑗

of an arbitrary operator 𝑄̂. In the original articles [KU00; KSU03b], the operator 𝑄̂ counts the
number of quasiparticles in the system. The operator 𝑄̂ remains unchanged throughout the flow,
ensuring that its labeling with 𝑞𝑛𝑛, 𝑞𝑗𝑗 also remains fixed. For a successful convergence of the
flow equations, the operator 𝑄̂ will become a conserved quantity and thus [ℋ̂(ℓ = ∞), 𝑄̂] = 0
holds. Given the aforementioned fact, the name particle-conserving generator is appropriate. In
conclusion, the effective Hamiltonian ℋ̂eff resulting from the pc generator is only block-diagonal, in
contrast to the diagonal form achieved by the Mielke or Wegner generator. Each block corresponds
to a constant value of 𝑞𝑛𝑛 connected to the operator 𝑄̂. Henceforth, the operator 𝑄̂, associated
with the pc generator used in this work, is the quasiparticle counting operator. Specifically, the
operator 𝑄̂ counts the number of magnons in the system in this thesis.

As established in Section 3.2.2, using second quantization rather than a matrix representation
can be advantageous for expressing flow equations. The pc generator is expressed in second
quantization as

̂𝜂pc(ℓ) = ℋ̂+(ℓ) − ℋ̂−(ℓ) , (3.37)

where the (+) denotes terms that increase the number of particles, while (−) terms correspond to
terms that decrease the number of particles. Similar to how the Mielke generator preserves the band
diagonality, the pc generator conserves the block-band-diagonal structure of the Hamiltonian, i.e.,
if the initial Hamiltonian contains no terms that increase or decrease the number of quasiparticles
by 𝑛 or more, such terms will not emerge in the flow. This property reduces computational effort
for the pc generator. A schematic representation of a possible flow induced by the pc generator is
presented in Fig. 3.4.
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ℋ̂ (ℓ = 0) ℋ̂ (ℓ > 0) ℋ̂ (ℓ → ∞)

   

Figure 3.4: Effect of the flow on a matrix induced by the pc generator. From left to right, the
matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and after the flow ℓ → ∞. Dark green
squares stand for finite matrix elements that do not alter the quasiparticle number, whereas
light green squares do. Dark gray lines separate blocks corresponding to different effects on
the quasiparticle number. During the flow ℓ ≥ 0, the two diagonal orange lines illustrate the
conservation of the block-band-diagonality as no new elements can become finite beyond the
orange lines. After the flow, the matrix is block-diagonal.

   

Analogous to the Mielke generator, the convergence of the pc generator is guaranteed provided
that the spectrum of the Hamiltonian is bounded from below [KU00]. However, approximations
introduced into the flow equations through various truncation schemes can negatively impact
convergence, potentially leading to a non-converging flow despite the criterion being satisfied [DU04;
Rei06]. Further, the pc generator produces an energy ordering that closely resembles that of the
Mielke generator. The key difference lies in how the pc generator orders the energies ℎ𝑛𝑛. It sorts
them according to the eigenvalues of the operator 𝑄̂

sign(𝑞𝑛𝑛 − 𝑞𝑗𝑗) =  sign(ℎ𝑛𝑛(ℓ = ∞) − ℎ𝑗𝑗(ℓ = ∞)) . (3.38)

Consequently, after convergence of the flow, subspaces with higher eigenvalues correspond to higher
energies. Nevertheless, this condition does not hold in every case. Violations of this condition can
occur either initially or during the flow, e.g., one-particle dispersion decays into the two-particle
continuum at a specific momentum value. The Fig. 3.5 illustrates such a scenario where on
the right-hand side, the one-particle dispersion overlaps with the two-particle continuum. As a
consequence, the flow induced by the pc generator must rearrange the matrix elements. This
process leads to an increase in off-diagonal elements, which can pose numerical problems, especially
in conjunction with truncation, and ultimately lead to a divergent flow.

Thus far, only the Hermitian case for the pc generator has been considered. An application
of the pc generator is also possible in the non-Hermitian case, which is relevant for this work.
Even if ℋ̂+ ≠ (ℋ̂−)†, it remains possible to assign the individual operators to either ℋ̂+ or
ℋ̂− respectively, thereby setting up the corresponding flow equations that lead to a continuous
similarity transformation. However, conclusions about convergence cannot be drawn in the same
way as in the Hermitian case. In Ref. [Pow17], the convergence for the non-Hermitian case of the
pc generator is similarly analyzed as in Section 3.3.2 for the Mielke generator. By decomposing a
non-Hermitian Hamiltonian into its Hermitian and anti-Hermitian components, it becomes evident
that arguments supporting convergence of the flow cannot be applied in the same way as they are
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Figure 3.5: Schematic examples of a well-separated one-particle dispersion and two-particle
continuum on the left-hand side, and an overlapping one-particle dispersion with the two-particle
continuum on the right-hand side.

in the Hermitian case. The issue arises because the diagonal elements of a non-Hermitian matrix
are not bounded by its lowest and highest eigenvalues. Hence, it is not possible to make general
statements about the convergence of the pc generator in non-Hermitian cases due to the absence
of universal theorems providing a priori information to support such statements [Pow17]. However,
for non-Hermitian matrices with real eigenvalues, it is possible to derive convergence criteria similar
to those in the Hermitian case [Sch22]. It should be emphasized that the absence of a rigorous
proof for convergence does not rule out the existence of attractive fixed points in non-unitary flow
equations. In the non-Hermitian cases, convergent fixed points for the pc generator also possess a
block-diagonal structure.

To summarize, while the application of the pc generator is indeed possible in the non-Hermitian
cases, it does not guarantee that an effective model will be obtained. This issue is further
compounded by the fact that truncations can negatively affect the flow’s success, as in Hermitian
cases. For completeness, it is worth mentioning that the pc generator with specific adjustments can
also be applied to open quantum systems. For this extension, the generator scheme is expanded to
the generalized particle-conserving generator (gpc generator) where the sign function in Eq. (3.36)
is generalized and replaced by a complex phase factor [SU22; Sch22]. This modification enables
the gpc generator to address dissipative quantum systems described by Lindbladians [LSS23].
However, a detailed explanation is beyond the scope of this thesis.

3.3.4 Particle-Block-Separating Generator

For systems where the pc generator is not applicable, i.e., systems in which certain subspaces of
𝑄̂ overlap energetically and thus cause a divergent flow, it is possible to adopt a less ambitious
approach. Specifically, the goal is to decouple only those subspaces where this issue does not
arise. This is achievable using the so-called particle-block-separating generator (pbs generator)
scheme proposed by Fischer, Duffe, and Uhrig [FDU10]. The pbs generator scheme imposes
additional constraints compared to the pc generator, specifying which terms should be included in
the generator and consequently vanish in the effective Hamiltonian. When the operator 𝑄̂ is again
a particle counting operator, the pbs generator can be expressed in second quantization as

̂𝜂ps
𝑘∶𝑛(ℓ) = ∑

𝑗≤𝑘
∑
𝑖>𝑗

[ℋ̂𝑗→𝑖(ℓ) − ℋ̂𝑖→𝑗(ℓ)] , (3.39)

where the generator decouples and sorts the 𝑘 lowest subspaces according to the particle num-
ber [DU11; FDU10]. This is accomplished by including only those terms that couple the 𝑘 lowest
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particle subspaces to the higher ones, such as terms like ℋ̂𝑗→𝑖, which couple the 𝑗-th subspace to
the 𝑖-th subspace. In contrast to the pc generator, the pbs generator does not necessarily preserve
a block-band-diagonal structure of the Hamiltonian during the flow, and new elements can arise
during the flow [Fis12]. Nevertheless, due to the reduced number of operators in the pbs generator
compared to the pc generator, fewer commutators need to be evaluated. A schematic matrix
representation illustrating a potential flow induced by the pc generator is shown in Fig. 3.4.

       

ℋ̂ (ℓ = 0) ℋ̂ (ℓ > 0) ℋ̂ (ℓ → ∞)

   

Figure 3.6: Effect of the flow on a matrix induced by the pbs generator for 𝑘 = 1 decoupling
the ground state and a single excitation from the remainder of the Hilbert space. From left
to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and after the flow ℓ → ∞.
Dark green squares stand for finite diagonal matrix elements, while light green squares indicate
off-diagonal matrix elements. Blocks for different effects on the quasiparticle number are divided
by dark gray lines. During the flow ℓ ≥ 0, new elements may become finite. After the flow, the
matrix is block-diagonal up to the number of quasiparticles selected in the pbs generator.

   

If the application of the pc generator scheme fails to yield a converging flow because of energetic
overlaps between subspaces, the pbs generator can be used to determine a lower bound for subspaces
where such overlaps are absent. This procedure can be achieved by incrementally increasing 𝑘
until a non-converging flow equation is observed. For 𝑘 = 0, the pbs generator tries to decouple
the ground state from all excited states. If the flow fails to converge at this stage, it may indicate
that the presumed phase becomes unstable or breaks down, and that the assumed ground state
is evidently not the lowest-energy configuration. Instead, certain excitations within the particle
representation exhibit lower energies than the presumed ground state. This indicator can even be
used to analyze quantum phase transitions. Similar to the pc generator, it is also not possible to
make statements about the convergence of the pbs generator in non-Hermitian cases.

In the context of the pbs generator, it is worth noting that alternative approaches exist to
decouple the ground state from the excited states, one of which is formulated in matrix represen-
tation [DEO08]. However, since the present work employs the CST in second quantization, this
approach is not further discussed.

In this work, the pbs generator is used only for 𝑘 = 0 to decouple the ground state from higher
particle subspaces. Consequently, rather than referring to it as the particle-block-separating
generator with 𝑘 = 0 , it will henceforth be denoted simply as the 0𝑛 generator.

With the pc generator and pbs generator at hand, it is possible to set up flow equations for a
plethora of models in second quantization and derive their effective Hamiltonians. Nevertheless,
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as noted in Section 3.2.1, evaluating commutators in the flow equation, e.g., in Eq. (3.11), can
lead to an operator basis that proliferates indefinitely. This issue can be mitigated by employing a
truncation scheme, which is discussed in detail in the next section.

3.4 Truncation Schemes

The next necessary step is to examine truncation schemes in the context of the flow equation
approach. Truncation schemes are crucial to obtain a closed set of differential equations. Even if a
closed operator basis and thus a closed set of differential equations exists, the evaluation of these
equations in the form of numerical integration can still become computationally too demanding.
Thus, implementing a truncation scheme is also essential in such a case. Hence, both numerical
and analytical considerations underscore the significance of employing a truncation scheme.

Selecting an appropriate truncation scheme is non-trivial as it significantly impacts the resulting
effective model. For small systems, the impact of a truncation scheme can be analyzed explicitly,
as demonstrated in one of the earliest applications of the method [KM94]. In that work, only
terms present in the initial Hamiltonian were considered first. New terms were subsequently added,
and the effective models, with and without them, were compared. If neglecting specific terms did
not influence the effective model, the resulting truncation scheme was deemed justified. However,
for larger systems, this manual approach becomes impractical. Instead, the truncation scheme
should be physically justified a priori. Thus, the truncation scheme must be specifically tailored
to the system and its physics under consideration.

Accordingly, truncation schemes are closely linked to the different realizations of the flow equation
approach, as previously discussed in Section 3.2.1. A key distinction can be drawn between
perturbative and non-perturbative realizations. In perturbative truncations, errors are tied to the
order of the perturbation parameter, whereas in non-perturbative truncations, the errors stem solely
from the truncation scheme. Although the estimation of truncation errors in non-perturbative
approaches can sometimes be achieved analytically, this is often highly non-trivial [DFU11]. In most
cases, however, comparing resulting effective models obtained under varying degrees of strictness
in the truncation scheme provides valuable insights into possible truncation errors [Dre14].

The following section introduces three commonly used truncation schemes based on different
approaches: the perturbative expansion, the spatial extension, and the scaling dimensions in
momentum space. Since the first two schemes are not utilized in this thesis, they are only briefly
described here. For further details, the reader is referred to the literature [Dre14; Sch22].

3.4.1 Perturbative Expansion

To apply a truncation scheme based on a perturbative expansion, the initial Hamiltonian must
be expandable in order of a small perturbation parameter 𝑥. Realizations of the flow equation
approach that utilize this type of truncation scheme to varying degrees, include the pCUT, the
epCUT, and the deepCUT. In all these approaches, matrix elements or operators are tracked
according to their dependence on the perturbation parameter 𝑥. Consequently, their contributions
to the flow equations can be traced back to specific orders of the perturbation parameter. Given
this premise, the flow equations are truncated at a specified order of the perturbation parameter
𝑥, with all higher-order terms being neglected. Of course, there are subtle differences among the
different realizations pCUT, epCUT, and deepCUT in how the flow evaluations are set up and
evaluated. However, these differences will not be explored in this context. The emphasis should
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3 Continuous Similarity Transformation

instead be on the fact that, in specific systems, the perturbation parameter 𝑥 can serve as an
appropriate choice for a truncation criterion.

In the context of perturbative truncation, discrete lattice systems provide a natural transition
to another type of truncation scheme, the spatial extension, which will be discussed in the next
section. This connection arises because operators connecting different sites are often proportional
to the perturbation parameter 𝑥. Indeed, for models featuring only nearest-neighbor hopping
terms, higher orders generally incorporate larger and larger spatial extensions, which can also
be used to study critical behavior quantitatively [SWS24]. In such systems, the perturbative
truncation is often similar to a truncation scheme based on the spatial extension of the operators.

3.4.2 Real-Space Extension

In gapped quantum systems on discrete lattices, the energy gap 𝛥 is related to the correlation
length 𝜉 of the ground state of the system. Near the critical point, this relation takes the form

  𝛥 ∝ 𝜉−𝑧 , (3.40)

where 𝑧 is the dynamical critical exponent [Sac11]. The correlation length 𝜉 characterizes the length
scales over which physical correlations and processes extend within the system. As the energy
gap closes, the correlation length diverges. Away from this critical point, the correlation length
becomes finite; therefore, the range over which physical correlations and processes are relevant is
also finite. This observation provides a basis for justifying a truncation scheme based on the spatial
extent of the operators. Thus, operators should be represented in real space, as this allows their
spatial extension to be measured. Moreover, for systems with translation invariance, the absolute
position of an operator is irrelevant; instead, only its relative position to other operators matters.
In this context, the maximal taxi-cab distance 𝑑 between local creation or annihilation operators
becomes a suitable measure to define the spatial extension of operator monomials [RMU04]. Based
on their spatial extension, operators are either retained or truncated in the flow equations. It
is important to note that the truncation via real-space extension must be used with caution in
systems where the correlation length 𝜉 is large. In such cases, the truncation scheme takes into
account a minimal spatial extension 𝑑min. To ensure that all relevant processes are captured,

𝑑min
!
≳ 𝜉 (3.41)

should hold when applying the truncation scheme. Therefore, this truncation scheme is only
applicable to systems with a finite correlation length. The condition of Eq. (3.41) must be verified
when scanning different parameters. In systems where the energy gap closes, the correlation
length diverges, rendering this truncation scheme inappropriate. This limitation leads to the next
truncation scheme, the truncation according to scaling dimensions.

3.4.3 Scaling Dimensions

Contrary to the previous truncation scheme, which is applied in real space, the scaling dimension
truncation scheme is applied in momentum space. Early applications of this truncation scheme
were within the context of the sine-Gordon model [Keh99; Keh01]. However, the specific realization
of this truncation scheme, as presented below, has been successfully applied to spin-waves in the
two-dimensional spin- 1

2 antiferromagnetic Heisenberg model [PUS15; Pow17; PSU18]. The core
concept behind this truncation scheme is to classify the relevance of operator monomials by their
scaling behavior relative to an energy scale. The concept of scaling dimensions is not exclusive to
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3.4 Truncation Schemes

the flow equation approach. It also finds application in renormalization-group approaches [Car96]
and in conformal field theories [FQS84]. Generally speaking, the scaling dimension answers the
question of how important a contribution of a particular operator monomial is when zooming in
on increasingly smaller energies.

The physical reasoning justifying the utilization of scaling dimension as a suitable indicator for
assessing operator relevance in the flow equation approach for gapless systems unfolds as follows.
In a gapless system, multi-particle continua are positioned directly adjacent to the dispersion
connected to single particle excitations. For simplicity, in the following considerations, the energy
gap is assumed to close at 𝒌 = 0. Therefore, multi-particle states in the vicinity of the lower band
edges with a momentum 𝒒 consist of a single particle with 𝜔(𝒒), combined with other particles
with low-energy 𝜔(𝛿𝒌𝑖 ≈ 0) and correspondingly long wavelengths. This holds for all momenta
𝜔(𝒒), also for high momenta, as shown in the schematic in Fig. 3.7.

       
𝛿𝒌1 𝛿𝒌2

𝒒
𝒌

𝜔
𝒌

𝜔𝒒 + 𝜔𝛿𝒌1
+ 𝜔𝛿𝒌2

single-particle dispersion
multi-particle continuum

1

   

Figure 3.7: Schematic of a gapless single-particle dispersion with adjacent multi-particle
continuum. Multi-particle states with momentum 𝒒 close to the single-particle dispersion consist
of a single particle with momentum 𝒒 together with other particles with low-energy 𝜔(𝛿𝒌𝑖 ≈ 0).
They are shown for three particles, but this also applies to an arbitrary number of particles.

   

Accordingly, renormalizations occurring during the flow are significantly influenced by processes
associated with long wavelengths, even in regions where high energies and thus short wavelengths
occur. Hence, accurately capturing the physics close to 𝒌 ≈ 0 is essential. The use of scaling
dimensions allows for the classification of an operator monomial’s relevance when zooming in on
smaller momenta and, consequently, smaller energies. Thus, a truncation based on the scaling
dimension ensures that the most important contributions in the critical region near 𝒌 = 0 and,
thus, the relevant multi-particle processes close to the entire dispersion are captured correctly.

Since this specific truncation scheme is employed in the course of this work, a thorough derivation
to determine the scaling dimension of operator monomials in second quantization is provided
below. This derivation is adopted from the aforementioned works [PUS15; Pow17; PSU18].

The rescaling properties of a single bosonic creation and annihilation operator in momentum space
serve as a starting point. In a 𝐷-dimensional system, if the momentum is rescaled as

𝒌 → 𝜆𝒌 with 𝜆 < 1 , (3.42)
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3 Continuous Similarity Transformation

the corresponding bosonic operator scales as follows

   ̂𝑎†
𝜆𝒌 = 𝜆− 𝐷

2 ̂̃𝑎
†
𝒌 . (3.43)

This scaling property can be derived from the commutator since it must remain invariant under
momentum rescaling. Thus, the scaling property in Eq. (3.43) ensures that

[ ̂̃𝑎𝒌, ̂̃𝑎
†
𝒌′] != [ ̂𝑎𝒌, ̂𝑎†

𝒌′] = 𝛿(𝒌 − 𝒌′) (3.44)

is satisfied. Upon establishing the scaling property of a single bosonic operator, the following step
involves deriving the scaling property for a generic operator term

  𝒯 = ∫
𝒌1,…,𝒌𝑛∈BZ

𝛿 (±𝒌1 ± ⋯ ± 𝒌2) 𝐶 (𝒌1, … , 𝒌𝑛) 𝒪 (𝒌1, … , 𝒌𝑛) d𝐷𝒌1 … d𝐷𝒌𝑛 (3.45)

that occurs in the flow equations. In this context, 𝐶 (𝒌1, … , 𝒌𝑛) represents a generic coefficient
function. Furthermore, 𝒪 (𝒌1, … , 𝒌𝑛) denotes an operator monomial composed of 𝑛 bosonic
operators. The specific types of operators determine the signs in the delta function, conserving
total momentum: a positive sign for momenta of a creation operator and a negative sign for
momenta of an annihilation operator. All momenta 𝒌𝑖 are integrated over the first Brillouin zone
(BZ)(magnetic Brillouin zone (MBZ)).

The next step is to rescale all momenta. This is accomplished by zooming onto the low-energy
region, scaling down the integration area with BZ → 𝜆BZ where 𝜆 < 1. Thus, the infinitesimal
elements in the integral change to

𝐷𝒌 = d𝐷𝒌1 … d𝐷𝒌𝑛 (3.46)

       = 𝜆𝑛𝐷d𝐷𝒌̃1 … d𝐷𝒌̃𝑛 , (3.47)

where each momentum is rescaled as 𝒌𝑖 → 𝜆𝒌̃𝑖, corresponding to the adaptation of the integration
area. The full scaling behavior of 𝒯 is revealed by analyzing the effects of rescaling in each factor
of the integral in Eq. (3.45). Beginning with the delta function, it shows the following scaling
behavior

  𝛿 (±𝜆𝒌̃1 ± ⋯ ± 𝜆𝒌̃𝑛) = 𝜆−𝐷𝛿 (±𝒌̃1 ± ⋯ ± 𝒌̃𝑛) . (3.48)

For the operator monomial, the scaling property from Eq. (3.43) is applied, yielding

𝒪 (𝜆𝒌̃1, … , 𝜆𝒌̃𝑛) =
𝑛

∏
𝑖=1

𝜆− 𝐷
2 𝒪 (𝒌̃𝑖) = 𝜆− 𝑛𝐷

2 𝒪 (𝒌̃1, … , 𝒌̃𝑛) . (3.49)

Lastly, the general scaling behavior of the coefficient function 𝐶 (𝒌1, … , 𝒌𝑛) is not explicitly known.
A reasonable approach is to expand it in a Taylor series in 𝜆, centered around 𝒌̃𝑖 = 0, which
gives

𝐶 (𝜆𝒌̃1, … , 𝜆𝒌̃𝑛) = ∑
𝑚

𝑐𝑚 (𝜆𝒌̃1, … , 𝜆𝒌̃𝑛) 𝜆𝑚 . (3.50)

The leading order term in 𝑚 determines the dominant contribution to the scaling behavior and is
therefore used as the scaling dimension 𝑐 of the coefficient function, yielding

𝐶 (𝜆𝒌̃1, … , 𝜆𝒌̃𝑛) ≈ 𝜆𝑐𝐶 (𝒌̃1, … , 𝒌̃𝑛) . (3.51)
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3.5 Termination Scheme — Residual-Off-Diagonality

By combining these results, the overall scaling behavior of the generic operator term in Eq. (3.45)
can be expressed as

𝒯(𝜆) = 𝜆𝑛𝐷𝜆−𝐷𝜆− 𝑛𝐷
2 𝜆𝑐𝒯(1) = 𝜆𝐷( 𝑛

2 −1)+𝑐𝒯(1) , (3.52)

where the scaling dimension 𝑑 of a general term 𝒯 is defined by the exponent

𝑑(𝐷, 𝑛, 𝑐) ≔ 𝐷 (𝑛
2

− 1) + 𝑐 . (3.53)

Using this expression, terms appearing in the flow equation can be classified. Terms with
higher scaling dimensions are less significant for describing the system’s low-energy physics.
Therefore, terms with a scaling dimension 𝑑 exceeding a specified threshold 𝑑max are truncated
while still preserving an accurate description of the relevant low-energy physics. The number
of bosonic operators 𝑛 within the operator monomial plays a crucial role in determining its
relevance. For an increasing number of bosonic operators in the monomial, the relevance of the
monomial diminishes. This diminishing relevance becomes even more pronounced as the system’s
dimensionality 𝐷 increases. Terms involving a larger number of bosonic operators represent a
multitude of fluctuations and interactions. However, in higher dimensions, these processes are
suppressed or may even vanish entirely for 𝐷 → ∞. Similar effects are observed in mean-field
calculations, where results become exact in the infinite-dimensional limit due to the disappearance
of spatial quantum fluctuations [Geo+96; Vol12].

Concerning the influence of the coefficient function on the scaling behavior through the factor 𝑐,
this factor increases the scaling dimension if the coefficient function is assumed not to diverge, i.e.,
𝑐 ≥ 0. Consequently, a lower bound for the scaling dimension of a term can be defined as

  𝑑min(𝐷, 𝑛) = 𝐷 (𝑛
2

− 1) . (3.54)

At the start of the flow, ℓ = 0, the assumptions regarding the coefficient function can be verified
analytically; however, as the flow progresses, the analytical form is lost, and this verification
becomes impossible. Assuming that the coefficient function undergoes renormalization without
divergence throughout the flow, the leading contribution and thus the scaling dimension of a term
can only increase. As a result, the lower bound specified in Eq. (3.54) remains valid for all values
of ℓ.    

In previous works [PUS15; Pow17; PSU18], the truncation based on scaling dimension was applied
in two dimensions, with a maximal scaling dimension set to 𝑑max = 2. Accordingly, all terms
consisting of more than four bosonic operators were neglected, assuming 𝑐 ≥ 0. The truncation
scheme in this work is applied similarly. Section 4.1 provides detailed information on which terms
remain after applying the truncation scheme.

3.5 Termination Scheme — Residual-Off-Diagonality

In the evaluation of the flow equation of Eq. (3.17), integration up to ℓ → ∞ can be divided
into two cases, one where an analytical evaluation is possible and another where falling back to a
numerical evaluation becomes necessary. In the analytical case, integration up to the limit ℓ → ∞
is not an issue, for instance, in pCUT [KU00]. However, in the numerical case, this limit is not
achievable, requiring termination of the integration at some finite ℓ.
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3 Continuous Similarity Transformation

One well-established termination criterion is the residual-off-diagonality (ROD) [RMU04; SU06;
FDU10] which can be defined as

ROD[𝐻(ℓ)] = √ ∑
𝑖,𝑗;𝑖≠𝑗

|ℎ𝑖𝑗(ℓ)|2 (3.55)

in the matrix representation. The ROD for a matrix 𝐻 describing a 𝐷-dimensional system measures
the Euclidean norm of all off-diagonal terms ℎ𝑖𝑗, where 𝑖 ≠ 𝑗. An optional scaling factor 1

𝐷 can be
included in its definition to facilitate comparison across matrices of varying dimensions [Sch22].
Moreover, in earlier definitions, the square root was omitted [RMU04]. However, when the flow
equations do not require all off-diagonal elements to be rotated away, defining the ROD based on
the corresponding generator is more appropriate.

In second quantization, the ROD for an arbitrary generator can be defined as

  ROD[ℋ̂(ℓ)] = √∑
𝑖

|𝜂𝑖(ℓ)|2 , (3.56)

where 𝜂𝑖(ℓ) represents a prefactor of an operator monomial in the generator ̂𝜂. While exact
definitions may vary, in this thesis, the ROD is defined precisely as in Eq. (3.56), without any
normalization. Consequently, comparisons between flows of different system sizes are not feasible.
Instead, the ROD serves as a worst-case estimate for the absolute numerical error in each flow.

Notably, regardless of its exact definition, a vanishing ROD corresponds to a convergent flow.
Thus, if the ROD undercuts a specified threshold ROD[𝐻(ℓ)] < RODthres, numerical integration
is terminated and an effective model is obtained. However, in cases where a convergence of the
flow does not occur, a divergent ROD indicates that obtaining an effective model is impossible.
The reasons for such divergence were discussed in Section 3.3.
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4 | Methodical Details

This chapter provides an overview of applying the flow equation approach to the antiferromagnetic
spin- 1

2 easy-axis XXZ model on a square lattice. As outlined in the final part of Chapter 2,
linear spin-wave theory (L-SWT) and mean-field spin-wave theory (MF-SWT) reach their limits
in accurately describing the high-energy physics of the model. The objective is now to apply a
continuous similarity transformation (CST), since the final Hamiltonian is non-Hermitian due to
the Dyson-Maleev representation (DM), as described in Section 2.5.

Throughout this chapter, the necessary methods for applying the CST and obtaining an effective
model that describes emerging physical properties are presented. The primary emphasis will
be on techniques for solving the emerging flow equations efficiently and elegantly. That entails
exploring various discretization schemes, identifying applicable symmetries, and analyzing their
implications for the flow equation. Furthermore, as effective models remain non-Hermitian,
challenges associated with their non-Hermitian representation are addressed to enable the extraction
of physical observables.

4.1 Implementation — Example of a Flow Equation

Beginning with the final Hamiltonian from Chapter 2, the objective is to perform a CST using the
particle-conserving generator (pc generator) ̂𝜂pc alongside a truncation scheme based on the scaling
dimension threshold of 𝑑max = 2, in order to derive an effective model. Additionally, adaptations
are discussed for cases where the particle-block-separating generator with 𝑘 = 0 (0𝑛 generator)
̂𝜂pbs
0∶𝑛 is used instead of the pc generator. The first step is to identify terms in the Hamiltonian that

contribute to forming the generator 𝜂. For this purpose, the Hamiltonian of Eq. (2.93) is rewritten,
with terms highlighted in colors classifying the number of magnons involved in a term

ℋ̂ = 𝐶0 (4.1a)

+ ∑
𝒌1,𝒌2

[ 𝐶𝛼̂†𝛼̂
𝒌1,𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌2
+ 𝐶

̂𝛽† ̂𝛽
𝒌1,𝒌2

̂𝛽†
𝒌1

̂𝛽𝒌2

+ 𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
̂𝛼†
𝒌1

̂𝛽†
𝒌2

+ 𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

̂𝛼𝒌1
̂𝛽𝒌2

]
(4.1b)

+ ∑
𝒌1,𝒌2,𝒌3,𝒌4

[ 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛽†
𝒌3

̂𝛽†
𝒌4

+ 𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛼𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛽†
𝒌4

+ 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛽†
𝒌2

̂𝛽†
𝒌3

̂𝛽𝒌4
+ 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛼𝒌3

̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

+ 𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛽†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛽†
𝒌3

̂𝛽𝒌4
] .

(4.1c)
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For the application of both pc generator and 0𝑛 generator, it is crucial to classify further whether
terms result in a net creation or annihilation of particles. Terms that annihilate more particles
than they create are additionally highlighted by underlining. Focusing solely on the effects of the
operators, the Hamiltonian can be symbolically abbreviated to

ℋ̂ = 𝐸 + 𝛤1→1 + 𝛤0→2 + 𝛤2→0 + 𝒱0→4 + 𝒱4→0 + 𝒱1→3 + 𝒱3→1 + 𝒱2→2 . (4.2)

Here, 𝐸, 𝛤𝑎→𝑐, 𝒱𝑎→𝑐 represent the ground-state term, quadratic terms, and quartic terms, re-
spectively. The subscripts 𝑎 → 𝑐 denote the numbers of annihilation and creation operators of
magnons present in the labeled terms. Consequently, the pc generator ̂𝜂pc can be expressed in
this representation as

̂𝜂pc = 𝛤0→2−𝛤2→0 + 𝒱0→4−𝒱4→0 + 𝒱1→3−𝒱3→1 , (4.3)

where the underlined terms acquire an additional minus sign, as outlined in Section 3.3.3. Similarly,
the 0𝑛 generator ̂𝜂pbs

0∶𝑛 decoupling solely the ground state can be extracted and yields

̂𝜂pbs
0∶𝑛 = 𝛤0→2−𝛤2→0 + 𝒱0→4−𝒱4→0 . (4.4)

Here, terms that couple to particle subspaces higher than 𝑘 > 0 are omitted. To be precise, the
particle-block-separating generator (pbs generator) ̂𝜂ps

𝑘∶𝑛 with 𝑘 > 0 is identical to the pc generator
within the given truncation scheme, and thus it is not further discussed. With the generators
established, the next step involves determining the flow equation

∂ℓℋ̂(ℓ) = [ ̂𝜂pc(ℓ), ℋ̂(ℓ)] or ∂ℓℋ̂(ℓ) = [ ̂𝜂pbs
0∶𝑛 (ℓ), ℋ̂(ℓ)] (4.5)

in second quantization as described in Section 3.2.2. The initial step is to determine an operator
basis ℌ ≔ {𝐴𝑖} that complies with the truncation scheme. As previously discussed in Section 3.4.3,
the truncation scheme employed is based on the scaling dimension of the operators. For a maximum
scaling dimension of 𝑑max = 2, all operator monomials containing more than four bosonic operators
are truncated. In the initial Hamiltonian Eq. (4.1) only quartic terms or lower are present. Hence,
all operators from the initial Hamiltonian are included in the operator basis. Additional operators
may emerge during the evaluation of the commutator in the flow equation Eq. (4.5). However,
any newly emerging operators must comply with the truncation scheme. Since the Hamiltonian
already contains all possible spin-conserving permutations up to quartic order of monomials, as
outlined in Section 2.5.4, no new operators with a scaling dimension less than or equal to 𝑑 = 2
can arise in this specific case. As a result, the operator basis consists solely of the initial operator
monomials of Eq. (4.1). It is important to note that, with a truncation scheme allowing a higher
scaling dimension 𝑑 > 2, additional terms would be added to the operator basis and, consequently,
to the generator. In such cases, the pc generator ̂𝜂pc and pbs generator ̂𝜂ps

𝑘∶𝑛 with 𝑘 > 0 would no
longer be identical a priori. With all relevant terms identified, it becomes possible to illustrate the
effects of the two distinct flow equations in a similar manner previously depicted for the general
cases in Figs. 3.4 and 3.6. In Fig. 4.1, the different occurring terms are displayed according to
their actions within different particle subspaces.

In second quantization, the operator monomials remain constant during the flow, while only their
prefactors exhibit ℓ-dependence. Thus, in what follows, the flow equations for the coefficients
are derived by evaluating the commutator and matching corresponding coefficients. Rather than
showing all relevant flow equations for each coefficient, only an example is provided here. The
remaining flow equations are listed in Appendix B. The distinction between pc generator ̂𝜂pc and
0𝑛 generator ̂𝜂pbs

0∶𝑛 lies solely in the absence of the 𝒱1↔3 terms. Therefore, to keep it concise, terms
that exist in both flow equations are not colored, but terms only present in the 0𝑛 generator flow
equations are highlighted in blue, while terms only present in pc generator flow equations are
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𝐸 𝛤1→1 †

𝒱2→2 †

𝛤0→2 †

𝛤2→0

𝒱1→3 †

𝒱3→1 †

𝒱0→4 †
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ℋ̂ (ℓ = 0) ℋ̂ (ℓ → ∞) for ̂𝜂pc ℋ̂ (ℓ → ∞) for ̂𝜂pbs
0∶𝑛

Figure 4.1: The image consists of three matrix representations of different stages of a Hamil-
tonian, each showing all terms acting within a different particle subspace. The number of
creation operators in a term is represented by waves annotated with †, while the other waves
without annotation indicate annihilation operators. On the left panel, the initial Hamiltonian is
displayed, showing all present operators. In the middle panel, the effective Hamiltonian after
applying the flow with the pc generator is depicted. At this stage, only particle-conserving
terms remain. Finally, in the right panel, the effective Hamiltonian resulting from the flow with
the 0𝑛 generator ̂𝜂pbs

0∶𝑛 is depicted, with only the ground state decoupled.

highlighted in orange. Furthermore, there also exist terms that differ only by a prefactor between
the two flow equations. These terms are indicated by the notation {𝑥|𝑦}, which means that the
first value in blue 𝑥 is used in the 0𝑛 generator flow equations and the second value in orange 𝑦
in the pc generator flow equations. By evaluating the commutator with respect to the coefficient
functions, one part of the resulting expression may take the following form

[{ ̂𝜂pbs
0∶𝑛 (ℓ)| ̂𝜂pc(ℓ)} , ℋ̂(ℓ)] = … ( − 2𝐶𝛼̂ ̂𝛽

𝒌2,−𝒌2
(ℓ)𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌2
(ℓ)

∑
𝒌3

[ − {2|4} 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

(ℓ)𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌3
(ℓ)

− {2|4} 𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
(ℓ)𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌3
(ℓ)]

∑
𝒌3,𝒌4

[−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

(ℓ)𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌3,𝒌4,𝒌2,𝒌2−𝒌3−𝒌4
(ℓ)

− 16𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

(ℓ)𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4
(ℓ)])

𝛿 (𝒌1 − 𝒌2) ̂𝛼†
𝒌1

̂𝛼𝒌2
… .

(4.6)

For illustration purposes, only the contributions proportional to ̂𝛼†
𝒌1

̂𝛼𝒌2
are displayed here.

Comparing the coefficient proportional to ̂𝛼†
𝒌1

̂𝛼𝒌2
on both sides of Eq. (4.5), the flow equation for
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the coefficient function 𝐶𝛼̂†𝛼̂
𝒌1,𝒌2

, as defined in the end of Section 2.5.4, is obtained and reads

∂ℓ𝐶
𝛼̂†𝛼̂
𝒌1,𝒌2

= − 2𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌2

− {2|4} 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌3

− {2|4} 𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌3

−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌3,𝒌4,𝒌2,𝒌2−𝒌3−𝒌4

− 16𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4
.

(4.7)

For the sake of simplicity and enhanced readability, some aspects in the equation above have been
deliberately omitted. First, the ℓ-dependency is now represented implicitly within the coefficients.
Second, all explicit sums over momenta 𝒌𝑖 are omitted. Instead, any momentum not explicitly
appearing on the left-hand side is implicitly summed over. As before, all momenta are restricted
to the first Brillouin zone (BZ) or magnetic Brillouin zone (MBZ) depending on the model. The
flow equation for the pc generator ̂𝜂pc includes all terms, whereas in the flow equation for the
0𝑛 generator ̂𝜂pbs

0∶𝑛 , the colored term must be neglected.

At this point, a remark is necessary regarding the last momentum of each coefficient in the
right-hand side of the flow equations. The sum of different momenta stems from the combination
of commutations and evaluating delta functions during the setup of the flow equations. In contrast
to the other momenta, this last momentum is not guaranteed to fall within the first BZ(MBZ).
Before shifting this last momentum back into the first BZ(MBZ), it must be considered that, as
already discussed in Section 2.5.2, the periodicity of the coefficients can be altered by different
choices of gauges in the Fourier transformation. Thus, this shifting may introduce an additional
phase factor to the coefficient when the last momentum is shifted back into the first BZ(MBZ). In
the following, applying different symmetries can lead to subtle differences in the flow equations,
and if not handled properly, can even cause a divergent flow. In the following Section 4.3, this
issue is addressed in more detail.

Once all flow equations for the coefficients are determined, see Appendix B, along with their initial
values, see Appendix A, it becomes possible to carry out the CST for both the XXZ model on
a square lattice using either pc generator or 0𝑛 generator. However, one critical aspect remains
unaddressed up to this point. The flow equations include sums over momentum within the first
BZ(MBZ). Since the flow equations are solved numerically, it is important to examine different
discretization schemes for the first BZ(MBZ). The following section discusses in detail the different
discretization schemes for both BZ and MBZ, depending on the model.

4.2 Discretization Schemes

This section provides detailed insights into the discretization schemes of the momentum space
employed throughout this thesis. The primary aim is to discretize either the first BZ or the first
MBZ, depending on the model under investigation. The necessity of these discretization schemes
arises from the fact that the flow equations are numerically solved in the momentum space.

Generally, the objective is to derive results that correspond to the thermodynamic limit. To reach
this limit, the flow equations need to be considered in the continuum limit, wherein all momentum
sums are converted into integrals. Under these conditions, however, the flow equations are non-
linear integrable differential equations, for which obtaining an analytical solution is unattainable.
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Instead, discretizing the BZ(MBZ) is required to enable a numerical treatment of the corresponding
system of differential equations. To recover results in the thermodynamic limit from such discrete
calculations, it is necessary to perform a finite-size extrapolation of all relevant parameters.

Furthermore, it is important to note that subtle differences exist among various implementations
of discretization schemes, as discussed in the following. Nevertheless, all discretization schemes
share the property of ensuring the conservation of momentum as required by all delta functions
within any coefficient function. As a consequence, only discretization schemes with equidistant
spacing between discretization points are applicable.

4.2.1 Boundary Conditions — One-Dimensional Discretization

The applied discretization schemes can be divided into two categories based on the system’s
boundary conditions: periodic and antiperiodic. To better understand the two discretization
schemes, it is helpful to first consider a 1D chain with 𝐿 sites, where the lattice constant is set
to unity. For periodic boundary conditions, shifting the system by 𝐿 sites leaves it unchanged.
Thus, a bosonic operator ̂𝑎𝑖+𝐿 = ̂𝑎𝑖 maps directly onto itself. This behavior corresponds to the
Fourier transformation of a discretized system with the momenta 𝒌 = 2𝜋 𝑛

𝐿 , where 𝑛 only assumes
integer values. However, for antiperiodic boundary conditions, shifting the system by 𝐿 sites
induces a phase factor in the form of a minus sign. Consequently, for a shifted bosonic operator
̂𝑎𝑖+𝐿 = − ̂𝑎𝑖 applies, while for a shift of 2𝐿, it maps onto itself. In terms of the discretized Fourier

transformation, this corresponds to momenta 𝒌 = 2𝜋 𝑛
𝐿 where 𝑛 can only assume half-integer

values. From here onward, discretizations with periodic and antiperiodic boundary conditions will
be denoted as 𝑁p and 𝑁ap, respectively.

To achieve discretization of the first BZ(MBZ), the discretized 𝑘𝑖-points must satisfy 𝑘𝑖 ∈ 2𝜋𝑚 for
𝑚 ∈ [−0.5, 0.5). In this interval, the lower edge is included, and the upper edge is excluded to
ensure unambiguous assignment. The discretization of 𝑚 for an 𝐿-sized system can be expressed
for the two different cases as

𝑚𝑁p
(𝑙) = −𝐿 − (𝐿 mod 2)

2𝐿
+ 2𝑙

2𝐿
for 𝑙 ∈ {0, 1, 2, … , 𝐿 − 1} (4.8a)

𝑚𝑁ap
(𝑙) = −𝐿 − (1 − (𝐿 mod 2))

2𝐿
+ 2𝑙

2𝐿
for 𝑙 ∈ {0, 1, 2, … , 𝐿 − 1} . (4.8b)

Furthermore, each of these cases is further subdivided based on whether the system size 𝐿 is
even or odd. Altogether, this results in four different cases, as illustrated in Fig. 4.2. The key
distinction between the two boundary conditions is that, for both 𝑁p cases 𝑚 = 0 is included, and
consequently 𝑘 = 0 is as well. In contrast, for the 𝑁ap cases, 𝑚 = 0 is excluded, along with 𝑘 = 0.
Among the same boundary conditions, the distinction between even and odd system size lies in
whether the lower edge 𝑚 = −0.5 is included. As illustrated in Fig. 4.2, only 𝑁p with even 𝐿, and
𝑁ap with odd 𝐿, include the lower edge. Finally, the discretization points for two different system
sizes, 𝐿 = 4 and 𝐿 = 5, are explicitly calculated to illustrate the discretization points for each of
the four cases. In a system size of 𝐿 = 4 the 𝑁p and 𝑁ap discretization points are given by

𝑚𝐿=4
𝑁p

(𝑙) ∈ {−0.5, −0.25, 0, 0.25} and 𝑚𝐿=4
𝑁ap

(𝑙) ∈ {−0.375, −0.125, 0.125, 0.375} (4.9a)

and for 𝐿 = 5 the discretization points for both boundary conditions are

𝑚𝐿=5
𝑁p

(𝑙) ∈ {−0.4, −0.2, 0, 0.2, 0.4} and 𝑚𝐿=5
𝑁ap

(𝑙) ∈ {−0.5, −0.3, −0.1, 0.1, 0.3} (4.9b)
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1
Figure 4.2: Sketch of the four different discretization schemes for 𝑚 in one dimension. Circular
markers represent periodic boundary conditions, whereas square markers indicate antiperiodic
boundary conditions. Unfilled markers denote that the discretization scheme includes the lower
edge of the BZ. Green vertical lines indicate the boundaries of the first BZ.

4.2.2 Boundary Conditions — Two-Dimensional Discretization

Having discussed the one-dimensional discretization scheme, the next step is to extend it to two
dimensions. In a two-dimensional system, momentum within the first BZ(MBZ) can be expressed
as

𝒌 = 𝑚1𝒃1 + 𝑚2𝒃2 with 𝑚𝑖 ∈ [−0.5, 0.5) , (4.10)

where 𝒃𝑖 are reciprocal lattice vectors. Since both 𝑚𝑖 lie in the same range as before, the same
discretization schemes used for the one-dimensional case can be employed to discretize the values
of 𝑚𝑖. It is possible to apply distinct boundary conditions or varying discretization sizes 𝐿 for each
𝑚𝑖 separately. However, due to system symmetries, it is advantageous to use identical boundary
conditions and discretization sizes for both 𝑚𝑖. Figure 4.3 depicts the four different discretization
schemes in two dimensions, showing examples for even 𝐿 = 4 and odd 𝐿 = 5. Additionally, the
lower panels of Fig. 4.3 display the resulting discretization of a true first BZ(MBZ) for various
lattices, when the discretization scheme is translated via Eq. (4.10) into real momentum coordinates.
Manifestly, in two dimensions, a linear discretization size of 𝐿 yields 𝐿2 discretization points within
the first BZ(MBZ). However, in the following, references to system size exclusively pertain to the
linear size 𝐿.

Why is it necessary to distinguish between the different discretization schemes? Firstly, in certain
models, specific points such as the center of the BZ(MBZ), denoted by 𝒌 = (0, 0) and commonly
referred to as the 𝛤-point, exhibit divergent behavior in the analytical solution of specific coefficients.
In an analytical integration within the thermodynamic limit, this divergence does not pose a
problem since it is integrable. Ultimately, however, analytical integration of the flow equations is
not possible, and they are solved numerically. Nevertheless, numerical algorithms exist to address
singularities, e.g., the Tanh-sinh quadrature [TM73], by adapting the distance between interpolation
points. However, these methods are not applicable to the flow equations because maintaining
equidistant spacing between discretization points is mandatory to ensure momentum conservation.
Therefore, the solution to circumvent singularities is to either set all points with singularities
to zero or employ a discretization scheme that does not contain points with singularities. Here,
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Figure 4.3: Sketch of the four distinct discretization schemes in two dimensions. Two discretiza-
tion sizes 𝐿 are considered, one even 𝐿 = 4 and one odd 𝐿 = 5. The upper panels depict the
discretizations of 𝑚1 and 𝑚2. The lower panels illustrate possible resulting discretizations of 𝒌,
derived using the relation of Eq. (4.10). Circular markers indicate periodic boundary conditions
𝑁p, whereas square markers represent antiperiodic boundary conditions 𝑁ap. Unfilled markers
are used for discretization schemes that include the lower edges of the BZ(MBZ). Green lines
mark the boundaries of the first BZ(MBZ).
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both options are applicable. For an antiperiodic 𝑁ap discretization the 𝛤-point is simply excluded,
whereas for periodic 𝑁p discretization, coefficient containing the 𝛤-point are set to zero.

Additionally, other momenta in the BZ(MBZ), e.g., along specific high-symmetry paths, can be
included or excluded based on the chosen discretization scheme. For instance, this applies to the
edges of the BZ(MBZ) that contain high-symmetry points, such as the center of an edge or the
corner points of the BZ(MBZ). In the case of the square lattice as it will be discussed in Chapter 5,
only even 𝑁p and odd 𝑁ap discretization schemes include the 𝑅-point, the corner of the BZ(MBZ).
Meanwhile, solely even 𝑁p sample the 𝑀-point, a center of an edge.

Depending on the points of interest, the discretization scheme must be chosen accordingly to avoid
the necessity of interpolation. Furthermore, in a finite-size analysis, all subtle differences among
the discretization schemes must be accounted for, as they may lead to varying finite-size effects.
In summary, comparing different discretization schemes helps minimize biases introduced by a
single discretization scheme, which may negatively influence the results. It is also possible to trace
back occurring effects related to the inclusion or exclusion of specific points in the BZ(MBZ).

Another important aspect to consider when using different discretization schemes is the behavior of
momentum addition. When adding two momenta from a chosen discretization scheme for a given
system size, the resulting momentum is not guaranteed to belong to the same discretized set. In the
case of adding two momenta from a 𝑁p discretization, the resulting momentum also belongs to the
𝑁p discretization. Therefore, periodic boundary conditions 𝑁p do not impose any restrictions on
momentum addition for either the Hamiltonian or additional observables. Conversely, when adding
two momenta from a 𝑁ap discretization, the resulting momentum belongs to a 𝑁p discretization.
Consequently, when working with antiperiodic boundary conditions 𝑁ap, all momentum additions
in the flow equations need to be an uneven number of momenta from the 𝑁ap set. This ensures
that the resulting momentum remains within the 𝑁ap discretization, as the addition of a 𝑁ap
momentum with a 𝑁p momentum always yields a 𝑁ap momentum. In the previously discussed
Hamiltonian, only sums involving an odd number of momenta are present. As a consequence, all
momenta connected to bosonic operators must be chosen from 𝑁ap discretization scheme to ensure
momentum conservation. However, the situation changes for additional observables that include
an overall momentum 𝑸. In this case, using 𝑁ap momenta for all bosonic operators is only feasible
if the momentum 𝑸 is chosen from a 𝑁p discretization when the total number of bosonic operators
is even, and from a 𝑁ap discretization when the total number of bosonic operators is odd.

With the discretization schemes now established, attention can be refocused on evaluating the flow
equations. Any momentum sums in the flow equations can now be evaluated using the chosen
discretization scheme. To establish an understanding of the complexity of the set of differential
equations, the scaling of the number of parameters to track with the linear system size 𝐿 is first
discussed. For instance, the quadratic coefficient 𝐶𝛼̂†𝛼̂

𝒌1,𝒌2
from Eq. (4.7) contains 𝐿2 distinct entries,

as the last momentum is determined via conservation of momentum. Given the intrinsic periodicity
of all coefficients, it is sufficient to consider only a single representative of each coefficient. Thus,
the last momentum is always chosen to be within the first BZ(MBZ) in accordance with the
discretization of Eq. (4.10), to reach a unambiguous representation of a coefficient. Therefore,
whether it is negative or expressed as a sum in practice, it is always folded back into the first
BZ(MBZ), in accordance with the delta function associated with the coefficient. Nevertheless,
the parameters to be tracked in a quartic term remain significantly larger even with momentum
conservation. For an exemplary coefficient 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
, 𝐿6 distinct entries have to be considered.

In total, there are 14 different coefficients to track. Of these 14 coefficients, nine are quartic, four
are quadratic, and one is a constant representing the ground-state energy 𝐶0. Thus, the total size
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of the coefficient vector can be directly calculated, yielding

#elements = 9𝐿6 + 4𝐿2 + 1 (4.11)

depending on the linear system size 𝐿. Further, it is important to note that each coefficient is
governed by its own flow equation, and possible additional coefficients of observables are not taken
into consideration in this calculation. As a result, managing the system of flow equations, along with
all its coefficients, becomes numerically demanding even for coarse discretizations. System sizes
around 𝐿 = 12 already push the limits of current personal computers. High-performance computing
clusters become necessary to handle larger system sizes up to 𝐿 = 20, without delving into the
specifics of their configurations. As computational effort drastically increases with increasing
system size, it is crucial to employ all available simplifications to minimize computational demands.
As is often the case in physics, intrinsic symmetries provide also in this case remedy. The next
section introduces different symmetries that are employed to reduce the computational effort
required for solving the flow equations.

4.3 Symmetries

This section explores various symmetries that can be leveraged to reduce computational effort and
enhance numerical stability when solving the flow equations. Two specific categories of symmetries
are discussed below. The first category arises from the 𝒫𝒯-symmetry of the non-Hermitian
Hamiltonian emerging from the utilization of the DM. In this context, 𝒫 denotes parity-inversion
symmetry, while 𝒯 corresponds to time-reversal symmetry. The second category considers intrinsic
symmetries within individual coefficient functions arising from the model’s underlying lattice.

4.3.1 Symmetries — Hamiltonian

The Ref. [Wal24] provides an in-depth discussion of the 𝒫𝒯-symmetry of the non-Hermitian
Hamiltonian derived from the spin-wave theory (SWT) combined with the DM. Here, only the
key aspects are summarized.

The initial antiferromagnetic Heisenberg model (afHM) of Eq. (2.26) is inherently 𝒯-symmetric.
Since 𝒯-symmetry inverts the direction of time, momentum, and angular momentum, the spin
operators transform as

̂𝑆𝑧 𝒯
→ − ̂𝑆𝑧 and ̂𝑆∓ 𝒯

→ − ̂𝑆± (4.12)

leaving the Heisenberg Hamiltonian invariant, as they only occur in products of even numbers
of spins. However, the classical Néel state is not invariant under time-reversal 𝒯-symmetry. In
the employed nonlinear spin-wave theory (NL-SWT) or self-consistent nonlinear spin-wave theory
(scNL-SWT) based on the DM, the Néel state serves as the reference state around which bosonic
excitations are described. Consequently, the resulting Hamiltonian inherits this property of the
Néel state and is likewise not invariant under 𝒯-symmetry. Similarly, 𝒫-symmetry applied to the
Hamiltonian alone does not leave it invariant. Nevertheless, the combination of both symmetries,
𝒫 and 𝒯, leaves both the Hamiltonian and the ground state invariant. For the Néel state, it can be
visualized as follows. The 𝒯-symmetry flips the spins to the opposite direction, while 𝒫-symmetry
further inverts the position of the spins around the center of a bond, effectively mapping them
back to their original configuration in the initial Néel state.
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This leads to a non-Hermitian Hamiltonian exhibiting 𝒫𝒯-symmetry, which connects ̂𝑎(†) and ̂𝑏(†)

to each other. Following the Fourier transformation and the Bogoliubov transformation, the 𝒫𝒯-
symmetry remains valid, now connecting ̂𝛼(†) and ̂𝛽(†). This symmetry can be utilized to establish
relationships between different coefficients 𝐶𝑖, thereby eliminating the need for explicit calculation
of all coefficients, which significantly reduces computational cost. In general, a coefficient 𝐶𝑥̂ can
be related to another coefficient 𝐶 ̂𝑦, allowing only 𝐶𝑥̂ to be calculated explicitly. This relationship
is possible if the operator ̂𝑥 can be transformed into ̂𝑦 by reversing the order of operators and
converting them, such that ̂𝛼† ⇄ ̂𝛽 and ̂𝛼 ⇄ ̂𝛽†. Lastly, the order of momenta in the coefficient
must also be reversed, resulting in 𝐶 ̂𝑦

𝒌1…𝒌𝑛
= 𝐶𝑥̂

𝒌𝑛…𝒌1
. The application of this symmetry requires

establishing a rule for determining whether the operator is explicitly calculated or derived from the
symmetry relation. In this work, the rule is defined as follows: If there are two symmetry-equivalent
coefficients, the one with the highest number of ̂𝛼(†)

𝒌 in the related operator is chosen to be explicitly
calculated. If both coefficients contain the same number of ̂𝛼(†)

𝒌 in the operator, the coefficient
with more ̂𝛼†

𝒌 is chosen. The application of this rule leads to the following relations

𝐶
̂𝛽† ̂𝛽

𝒌1,𝒌2
= 𝐶𝛼̂†𝛼̂

𝒌2,𝒌1
, 𝐶𝛼̂ ̂𝛽

𝒌1,𝒌2
= 𝐶𝛼̂† ̂𝛽†

𝒌2,𝒌1
,

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂

𝒌4,𝒌3,𝒌2,𝒌1
, 𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
,

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1

, 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
,

(4.13)

where the operators on the left-hand sides of the equal signs are implicitly calculated through their
symmetry-equivalent counterparts.

At this point, it is necessary to revisit the different gauges used in the Fourier transformation,
as discussed in Section 2.5.2. The reason is that the relations above hold only in the Bloch
gauge for all momenta. In the symmetric gauge, switching between ̂𝛼(†) and ̂𝛽(†) bosons becomes
non-trivial because ̂𝛽(†) may acquire a phase relative to the ̂𝛼(†) if there are Umklapp processes
involved. Therefore, if the symmetric gauge is used instead, additional phase factors may arise in
the aforementioned relations. The rise of such a phase factor stems from the fact that, to ensure a
unique representation of each coefficient, as suggested in Section 4.2, all momenta are restricted
to the first BZ(MBZ), and thus Umklapp processes usually occur in the last momentum of the
coefficient. Due to these non-trivial Umklapp processes, the relations of Eq. (4.13) change in the
case of the symmetric gauge to

𝐶
̂𝛽† ̂𝛽

𝒌1,𝒌2
= 𝛾S (𝒌1−𝒌2) 𝐶𝛼̂†𝛼̂

𝒌2,𝒌1
,

𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

= 𝛾S (−𝒌1−𝒌2) 𝐶𝛼̂† ̂𝛽†

𝒌2,𝒌1
,

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= 𝛾S (𝒌1+𝒌2−𝒌3−𝒌4) 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂

𝒌4,𝒌3,𝒌2,𝒌1
,

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝛾S (−𝒌1−𝒌2−𝒌3−𝒌4) 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
,

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝛾S (𝒌1+𝒌2+𝒌3−𝒌4) 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1

,

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝛾S (−𝒌1+𝒌2−𝒌3−𝒌4) 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
.

(4.14)

To gain a clearer understanding of the phase factor 𝛾S(𝑮), the relation between coefficients
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
and 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌4,𝒌3,𝒌2,𝒌1
is analyzed as an example. First, the coefficient

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4+𝑮4,𝒌3+𝑮3,𝒌2+𝑮2,𝒌1+𝑮1

(4.15)
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is considered, where each momentum is split into a momentum within the first MBZ 𝒌𝑖 ∈MBZ
and a reciprocal lattice vector 𝑮𝑖. Next, the coefficient is brought back into the form of Eq. (4.14)
by considering Umklapp processes. In the symmetric gauge, the relation

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4+𝑮4,𝒌3+𝑮3,𝒌2+𝑮2,𝒌1+𝑮1

= 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1+𝑮1

= 𝛾S (−𝑮1) 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1

(4.16)

holds as the ̂𝑎(†) bosons are unaffected by Umklapp process, whereas ̂𝑏(†) bosons gain an additional
phase. Using the corresponding momentum-conserving 𝛿-function, the relation

𝑮1 = 𝒌4 − 𝒌3 − 𝒌2 − 𝒌1 (4.17)

is obtained. Inserting this relation into the previous equation while also applying the symmetry of
Eq. (4.14) leads to

𝛾S (−𝑮1) 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1

= 𝛾S (−𝒌4+𝒌3+𝒌2+𝒌1) 𝛾S (−𝒌1−𝒌2−𝒌3+𝒌4) 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

. (4.18)

Consequently, the additional phases on the right-hand side in Eq. (4.14) undo the possible obtained
phase of the ̂𝛽(†).

Regardless of the chosen gauge, exploiting the 𝒫𝒯-symmetry in the Hamiltonian is an effective
method to reduce the total number of coefficients to be tracked during the flow. Specifically, the
number of elements in the coefficient vectors is reduced as follows:

#elements = 9𝐿6 + 4𝐿2 + 1
𝒫𝒯-symmetry

⟶ #elements = 5𝐿6 + 2𝐿2 + 1 , (4.19)

which nearly corresponds to halving the total number of elements. In summary, employing the
𝒫𝒯-symmetry of the coefficients not only minimizes the computational costs associated with
solving the flow equation but also substantially lowers memory requirements. These quantities
are both limiting factors when studying larger system sizes, which emphasizes the importance of
utilizing the 𝒫𝒯-symmetry.

4.3.2 Symmetries — Coefficients

The 𝒫𝒯-symmetry is not the only symmetry that can be exploited when solving the flow equations.
In addition, each coefficient possesses its own set of symmetries. One of these addresses the
permutation of momenta in a coefficient corresponding to the same boson operators, e.g., the
relation for the coefficient

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

= 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌2,𝒌1,𝒌3,𝒌4

= 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌4,𝒌3

= 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌2,𝒌1,𝒌4,𝒌3

(4.20)

should remain valid throughout the flow, as 𝒌1 and 𝒌2, along with 𝒌3 and 𝒌4 correspond to the
same boson operators ̂𝑎(†). Before the flow, this symmetrization was applied for each coefficient by
calculating its respective superposition, as previously discussed in Section 2.5.4. Naturally, the flow
must preserve this symmetrization. Therefore, it is sufficient to calculate a single representation of
the coefficient and assign its symmetric counterparts accordingly. The impact of this symmetry on
computational effort varies since only coefficients involving identical boson types benefit from it.
Nevertheless, this symmetry also enhances the flow’s robustness.

Another applicable symmetry within a coefficient relates to potential point-group symmetries
associated with the momenta. In all coefficients, the momentum dependence is encapsulated
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in functions arising during the Fourier transformation. For the nearest-neighbor interaction,
the momentum dependence is exclusively contained within the function 𝛾 (𝒌), as introduced in
Section 2.5.2. The specific form and properties of this function are determined by both the lattice
symmetry and the choice of the Fourier gauge, as detailed in Section 2.5.2. In general, for an
arbitrary function 𝛾 (𝒌) there exists a set of symmetry transformations 𝛩 such that the following
relation holds:

𝛾(𝒌) = 𝛾(𝜃 (𝒌) ) with 𝜃 ∈ 𝛩 . (4.21a)

Depending on the specific symmetry, a complex conjugation may occur. It can be alternatively
expressed as

𝛾(𝒌) = 𝛾∗(𝜃 (𝒌) ) = 𝛾(−𝜃 (𝒌) ) with 𝜃 ∈ 𝛩 (4.21b)

with an additional minus sign instead of the complex conjugation due to the specific form of 𝛾(𝒌).
In the initial values of the coefficient, sums of different momenta appear within the 𝛾(𝒌) functions.
Using its distributive property, the point-group symmetry can be applied to each momentum
separately, yielding

𝛾 (𝒌𝑥 + 𝒌𝑦) = 𝛾(∗) (𝜃 (𝒌𝑥) + 𝜃 (𝒌𝑦)) . (4.22)

Overall, this leads to the following symmetry relation for an arbitrary coefficient

𝐶𝑥̂
𝒌1,…,𝒌𝑛

= (𝐶𝑥̂
𝜃(𝒌1),…,𝜃(𝒌𝑛))

(∗)
. (4.23)

At first glance, the application of this symmetry appears straightforward. However, the seemingly
simple form of Eq. (4.23) is misleading because a small yet significant detail is omitted. Namely,
with regards to the flow equations, only coefficients containing momenta exclusively within the
first BZ(MBZ) are selected as representations of a coefficient. On the contrary, the symmetry
transformation described in Eq. (4.23) does not account for this restriction. While 𝐶𝑥̂

𝒌1,…,𝒌𝑛
satisfies

𝒌𝑖 ∈BZ(MBZ), this condition may not hold for its symmetry-transformed counterpart 𝐶𝑥̂
𝜃(𝒌1),…,𝜃(𝒌𝑛).

Thus, to utilize this symmetry for the coefficient within the flow equations, additional considerations
and adaptations to Eq. (4.23) are required. Moreover, restricting momenta exclusively to the
first BZ(MBZ) introduces another caveat: When evaluating the momentum conservation, i.e., the
corresponding 𝛿-function of the coefficient, the total momentum can, in that case, be a reciprocal
lattice vector 𝑮. If the symmetry is applied to such a coefficient, the reciprocal lattice vector is
similarly transformed according to 𝜃(𝑮) ≠ 𝟎. Since 𝛾(𝜃(𝑮)) can introduce an additional phase, it is
sensible to only apply the symmetry transformation to coefficients with an overall total momentum
of 𝑮 = 𝟎. Thereby, 𝛾(𝟎) = 1 always holds and no additional phase is introduced. Naturally, issues
with additional arising phases do not occur in the Bloch gauge, as Umklapp processes introduce
no phase differences in this gauge. Consequently, Eq. (4.23) can be utilized by simply shifting back
momenta that fall outside the defined discretization of the first BZ(MBZ). The next paragraphs
address challenges associated with using a symmetric gauge, and each potential phase is carefully
broken down.

First, the coefficient is transformed to a representation in which the total momentum is zero.
Eventually, this may yield a coefficient containing a momentum 𝒌𝑖 outside the BZ(MBZ). In
this process, the discussed properties of the gauge play an important role. To gain a clearer
understanding, the transformation is demonstrated using an actual coefficient 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
in the

symmetric gauge. The total momentum is first determined using the 𝛿-function resulting in

𝑮 = 𝒌1 − 𝒌2 + 𝒌3 − 𝒌4 . (4.24)
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If the total momentum of the coefficient is not already zero, the last momentum can be used to
shift the total momentum to zero. This shift can be realized by writing the last momentum as

𝒌4 = 𝒌′
4 − 𝑮 (4.25)

where here and in the following, momenta potentially lying outside the BZ(MBZ) are labeled with
a prime as 𝒌′. Additionally, a phase shift is obtained as a result, since 𝒌4 is connected to a ̂𝛽
boson. The overall transformation to a coefficient with total momentum zero can be obtained via

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌′

4−𝑮 = 𝛾S(𝑮)𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌′

4
∣ ⋅ 𝛾S(−𝑮) (4.26a)

⇔ 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌′

4
= 𝛾S(−𝑮)𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
. (4.26b)

It is important to note that the final occurring 𝛾S(−𝑮) function is unaffected by the nature of the
last operator, whether it is a creator or an annihilator. In the case of a creator, the definition in
Eq. (4.25) would instead read 𝒌4 = 𝒌′

4 + 𝑮, which cancels with the additional phase of the creation
operator. Therefore, the sole criterion of relevance is that the last operator must correspond to a

̂𝛽(†) boson.

Second, with the coefficient’s total momentum set to zero, the symmetry outlined in Eq. (4.23)
can be applied. Additionally, the notation 𝜃(𝒌𝑖) = 𝒌̃𝑖 is introduced, resulting in

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃′

1,𝒌̃′
2,𝒌̃′

3,𝒌̃′
4

= 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝜃(𝒌1),𝜃(𝒌2),𝜃(𝒌3),𝜃(𝒌′

4) = (𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌′

4
)

(∗)
. (4.27)

Third, the resulting momenta must be folded back into the first BZ(MBZ). Accordingly, the
momenta are written as

𝒌̃′
𝑖 = 𝒌̃𝑖 + ̃𝑮𝑖 (4.28)

with a possible reciprocal lattice vector ̃𝑮𝑖 and a momentum 𝒌̃𝑖 in the BZ(MBZ), yielding

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃′

1,𝒌̃′
2,𝒌̃′

3,𝒌̃′
4

= 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1+𝑮̃1,𝒌̃2+𝑮̃2,𝒌̃3+𝑮̃3,𝒌̃4+𝑮̃4

. (4.29)

In the next step, all momenta ̃𝑮𝑖 are shifted to the last coefficient while ensuring that the total
momentum remains zero. This adjustment can be achieved by adding − ̃𝑮𝑖 to each operator,
except the last one. Of course, the additional momenta must be compensated in the last operator.
However, introducing this shift to a ̂𝑏(†) results in an additional phase. Regarding the example,
this can be written as

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃′

1,𝒌̃′
2,𝒌̃′

3,𝒌̃′
4

= 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1+𝑮̃1,𝒌̃2+𝑮̃2,𝒌̃3+𝑮̃3,𝒌̃4+𝑮̃4

(4.30a)

= 𝛾S (− ̃𝑮3) 𝛾S ( ̃𝑮1) 𝛾S (− ̃𝑮2) 𝛾S ( ̃𝑮3)

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1+𝑮̃1−𝑮̃1,𝒌̃2+𝑮̃2−𝑮̃2,𝒌̃3+𝑮̃3−𝑮̃3,𝒌̃4+𝑮̃4−𝑮̃1+𝑮̃2−𝑮̃3

(4.30b)

= 𝛾S ( ̃𝑮1) 𝛾S (− ̃𝑮2) 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃4+𝑮̃4−𝑮̃1+𝑮̃2−𝑮̃3⏟⏟⏟⏟⏟⏟⏟⏟⏟

=𝑮̃

. (4.30c)

Interestingly, in these equations, the phases of the ̂𝛽(†) cancel out, leaving only the phases resulting
from the momentum shift of ̂𝛼(†) bosons in the final expression. The signs of each resulting phase
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is determined whether it was a ̂𝛼† operator, contributing a phase factor 𝛾S ( ̃𝑮𝑖), or a ̂𝛼 operator,
contributing a phase factor 𝛾S (− ̃𝑮𝑖). As the equation is rearranged to

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃4+𝑮̃

= 𝛾S (− ̃𝑮1) 𝛾S ( ̃𝑮2) 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃′

1,𝒌̃′
2,𝒌̃′

3,𝒌̃′
4

, (4.31)

the signs in the phases are exactly reversed.

Lastly, the coefficient can be transformed in the same manner as in Eq. (4.26), yielding

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃4

= 𝛾S ( ̃𝑮) 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃′

4
with ̃𝑮 = 𝒌̃1 − 𝒌̃2 + 𝒌̃3 − 𝒌̃4 . (4.32)

Finally, all equations leading to 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃4

can be put together in reversed order resulting in

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌̃1,𝒌̃2,𝒌̃3,𝒌̃4

= 𝛾S ( ̃𝑮) 𝛾S (− ̃𝑮1) 𝛾S ( ̃𝑮2) (𝛾S(−𝑮)𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

)
(∗)

. (4.33)

Now, it is possible to calculate only a single element of a group of the coefficient 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

connected via different symmetry transformation 𝜃 ∈ 𝛩 and assign others with this expression.

After all, the goal is to utilize the symmetry in all coefficients. Consequently, by generalizing the
concepts derived from the given example, it is possible to write a general formula as

𝐶𝑥̂
𝒌̃1,…,𝒌̃𝑛

= 𝛾S ( ̃𝑮) ⎡
⎢
⎣

∏
𝑖 | 𝛼̂†

𝒌̃𝑖
∈𝑥̂

𝛾S (− ̃𝑮𝑖)
⎤
⎥
⎦

⎡
⎢⎢
⎣

∏
𝑗 | 𝛼̂

𝒌̃𝑗
∈𝑥̂

𝛾S ( ̃𝑮𝑗)
⎤
⎥⎥
⎦

(𝛾S (𝑮) 𝐶𝑥̂
𝒌1,…,𝒌𝑛

)
(∗ optional)

(4.34)

with

𝑮 =
𝑛

∑
𝑖=1

𝜎𝑖𝒌𝑖 , ̃𝑮 =
𝑛

∑
𝑖=1

𝜎𝑖𝒌̃𝑖 , 𝜎𝑖 = {
+1 if ̂𝛼†

𝒌𝑖
/ ̂𝛽†

𝒌𝑖
∈ ̂𝑥

−1 if ̂𝛼𝒌𝑖
/ ̂𝛽𝒌𝑖

∈ ̂𝑥
. (4.35)

Where the notation 𝑖 | ̂𝛼†
𝒌̃𝑖

∈ ̂𝑥 indicates that the product runs over all indices 𝑖 where the

operator ̂𝑥 contains ̂𝛼†
𝒌̃𝑖

bosons, and similarly for 𝑗 | ̂𝛼
𝒌̃𝑗

∈ ̂𝑥. As a reminder, 𝒌̃𝑖 = 𝒌̃′
𝑖 + ̃𝑮𝑖 is

the symmetry equivalent vector corresponding to 𝒌𝑖 with 𝒌̃′
𝑖 = 𝜃(𝒌𝑖) folded back by ̃𝑮𝑖 in the

discretization of the BZ(MBZ). The vectors 𝑮 and ̃𝑮 represent the total momentum of the
original and symmetry-transformed coefficients, respectively. The final complex conjugation is
only applied if the symmetry transformation 𝜃 requires it. Together with the relation introduced
between the different coefficients, utilizing the coefficients’ intrinsic symmetries further reduces both
computational effort and, consequently, the flow’s runtime. Because the impact of symmetries on
different coefficients varies, precisely quantifying the savings in computational resources is difficult.
Additionally, depending on the choice of gauge in the Fourier transformation, the computational
effort required to apply the symmetries varies.

Though in general the application of point-group symmetries is beneficial, strictly enforcing them
can lead to numerical issues. Namely, it was observed that an otherwise converged flow became
divergent when point-group symmetries of the coefficients were strictly enforced after each step of
the flow. This issue only arose when using the symmetric gauge in the Fourier transformation. In
contrast, when using the Bloch gauge, the flow remained stable even with symmetries enforced.
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In the case where 𝛾S(𝑮) takes only values of 1 and −1, the instability could be traced back to
processes where the symmetry maps a coefficient onto itself with an additional minus sign, e.g.,

𝐶𝛼̂† ̂𝛽†

𝒌̃1,𝒌̃2
= −𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
= −𝐶𝛼̂† ̂𝛽†

𝒌̃1,𝒌̃2

!= 0 . (4.36)

By explicitly setting those coefficients to zero, the instability was resolved. As a possible explanation,
numerical inaccuracies may lead to slight deviations from zero. In the non-symmetry-enforced
case, these numerical noises are evenly distributed between positive and negative values. However,
when symmetry is strictly enforced, a single representation of this noise is chosen and applied
to all other symmetry-equivalent coefficients, leading to a directional bias. This bias, which is
then amplified during the flow, ultimately leads to divergence of the flow. However, there are
also cases where 𝛾S(𝑮) can take complex values, e.g., in the case of the honeycomb lattice as
discussed in Chapter 6. In this case, Eq. (4.36) cannot occur as 𝛾S(𝑮) does not take the value −1.
Unfortunately, in these cases, the instability persists for some symmetries, and the exact cause
remains unclear. Nevertheless, the Bloch gauge can be used to avoid these issues entirely in the
first place, at the cost of not being able to utilize all the system’s intrinsic symmetries.

With all methodical detail and subtleties regarding efficient application of the flow equation
established, the following section focuses on the challenges that arise after a successful flow, when
the resulting effective Hamiltonian is to be analyzed. Explicitly, the non-Hermitian nature of the
Hamiltonian, which is still present after the flow, and how to extract physical observables from
it.

4.4 Challenges with Non-Hermitian Representations

As mentioned in Section 3.2.3, in particular physical contexts, it is beneficial, or even necessary,
to abandon the strictly Hermitian representation that is customary in quantum mechanics. In
this work, the use of the DM leads to a transformation of the initial Hermitian Hamiltonian
into a non-Hermitian one. This non-Hermitian nature is conserved throughout the application
of the CST. This persistent non-Hermitian representation necessitates becoming accustomed to
the ramifications of a non-Hermitian Hamiltonian, which are discussed in this section. The first
subsection is a summary of the discussion in Chapter 2.6.1 of Ref. [Pow17]. So, for a more detailed
discussion of this topic, the reader is referred to this reference. Afterwards, the implications of
the non-Hermitian representation in the context of a Lanczos tridiagonalization used to calculate
spectral density or extreme eigenvalues are discussed.

4.4.1 Biorthonormal Basis for Non-Hermitian Hamiltonians

Generally, quantum mechanical systems are described by states |𝜓⟩ which are elements of a Hilbert
space, and observables are represented as Hermitian operators 𝑂̂ acting on these states. For a
given operator 𝑂̂, it is possible to find a complete orthonormal basis of eigenstates |𝑛⟩ with real
eigenvalues 𝑜𝑛 fulfilling the eigenvalue equations

𝑂̂ |𝑛⟩ = 𝑜𝑛 |𝑛⟩ and ⟨𝑚| 𝑂̂ = ⟨𝑚| 𝑜𝑚 with ⟨𝑚|𝑛⟩ = 𝛿𝑚,𝑛 . (4.37)

The eigenvalues 𝑜𝑛 represent the possible outcomes of a single measurement of the observable 𝑂̂.
If the system is prepared in a state |𝜓⟩, the expectation values of a measurement of the observable
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𝑂̂ is given by

⟨𝜓| 𝑂̂ |𝜓⟩ = ∑
𝑛

𝑜𝑛 |⟨𝑛|𝜓⟩|2⏟
𝑃(𝑜𝑛)

, (4.38)

where 𝑃(𝑜𝑛) is the probability to measure the eigenvalue 𝑜𝑛.

Now, instead of a Hermitian operator 𝑂̂, a non-Hermitian operator ̂𝑂̃ is considered. However, it is
assumed to be similar to the Hermitian operator 𝑂̂ via a similarity transformation ̂𝑆 so that

̂𝑂̃ = ̂𝑆𝑂̂ ̂𝑆−1 . (4.39)

As the similarity transformation conserves the spectrum of the operator, the eigenvalues of ̂𝑂̃ are
still real, and the eigenvalue equations are modified by a multiplication either with ̂𝑆 or ̂𝑆−1 to

̂𝑆𝑂̂ |𝑛⟩ =

̂𝑂̃
⏞̂𝑆𝑂̂ ̂𝑆−1

|𝑅𝑛⟩

⏞̂𝑆 |𝑛⟩ = ̂𝑂̃ |𝑅𝑛⟩ = 𝑜𝑛 |𝑅𝑛⟩ (4.40a)

⟨𝑚| 𝑂̂ ̂𝑆−1 = ⟨𝑚| ̂𝑆−1⏟
⟨𝐿𝑚|

̂𝑆𝑂̂ ̂𝑆−1⏟
̂𝑂̃

= ⟨𝐿𝑚| ̂𝑂̃ = ⟨𝐿𝑚| 𝑜𝑚 . (4.40b)

Compared to the Hermitian case, there are now two distinct sets of eigenstates, the left and
right eigenstates with ⟨𝐿𝑚| = ⟨𝑚| ̂𝑆−1 and |𝑅𝑛⟩ = ̂𝑆 |𝑛⟩. By themselves, both sets are not an
orthonormal basis with respect to the usual scalar product on C

⟨𝐿𝑚 | 𝐿𝑛⟩ ≠ 𝛿𝑚,𝑛 and ⟨𝑅𝑚 | 𝑅𝑛⟩ ≠ 𝛿𝑚,𝑛 . (4.41)

Instead, together they form a biorthonormal basis fulfilling

⟨𝐿𝑚 | 𝑅𝑛⟩ = 𝛿𝑚,𝑛 . (4.42)

Compared to the Hermitian case, where a simple adjoint connects bra and ket states, here the
connection between left and right eigenstates is more intricate. They are connected via

⟨𝐿𝑛| = ⟨𝑛| ̂𝑆−1 = (( ̂𝑆−1)
†

|𝑛⟩)
†

= ⎛⎜
⎝

( ̂𝑆−1)
† ̂𝑆−1 ̂𝑆 |𝑛⟩⏟

|𝑅𝑛⟩

⎞⎟
⎠

†

(4.43a)

= (( ̂𝑆−1)
† ̂𝑆−1 |𝑅𝑛⟩)

†
= ⟨𝑅𝑛| ( ̂𝑆−1)

† ̂𝑆−1
⏟⏟⏟⏟⏟

𝐾̂

(4.43b)

effectively mapping the eigenvector with the help of the operator 𝐾̂ = ( ̂𝑆−1)
† ̂𝑆−1 to the opposite

part of the biorthonormal basis. With the Hermitian operator, it is possible to define a new scalar
product for which the right eigenstates |𝑅𝑛⟩ alone form an orthonormal basis with

(𝑅𝑚, 𝑅𝑛)𝐾̂ = ⟨𝑅𝑚| 𝐾̂ |𝑅𝑛⟩ = ⟨𝐿𝑚 | 𝑅𝑛⟩ = ⟨𝑚 | 𝑛⟩ = 𝛿𝑚,𝑛 . (4.44)

Regarding this new scalar product, the operator ̂𝑂̃ is again Hermitian.

As expectation values of an observable are preserved under a similarity transformation

⟨𝜓| 𝑂̂ |𝜓⟩ = ⟨𝜓| ̂𝑆−1 ̂𝑆𝑂̂ ̂𝑆−1 ̂𝑆 |𝜓⟩ = ⟨𝜓𝐿| ̂𝑂̃ |𝜓𝑅⟩ , (4.45)
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in the non-Hermitian representation, expectation values can be evaluated similarly by

⟨𝜓𝐿| ̂𝑂̃ |𝜓𝑅⟩ = ∑
𝑛

𝑜𝑛 ⟨𝐿𝑛 | 𝜓𝑅⟩ ⟨𝜓𝐿 | 𝑅𝑛⟩ . (4.46)

Where ⟨𝐿𝑛 | 𝜓𝑅⟩ ⟨𝜓𝐿 | 𝑅𝑛⟩ gives now the probability of measuring 𝑜𝑛 in the non-Hermitian repre-
sentation which is identical to 𝑃(𝑜𝑛) of the Hermitian case.

Overall, the main difference between a Hermitian and a non-Hermitian representation of a
quantum mechanical system lies in the treatment of the basis states. In the non-Hermitian
case, information of the system is encoded in two distinct sets of basis states, the left and right
eigenstates, which together form a biorthonormal basis. Despite this fundamental difference in
representation, expectation values and single-measurement results associated with an observable
remain invariant. In the context of this work, this implies that although the non-Hermitian
representation which arises from the DM contradicts the conventional Hermitian framework of
quantum mechanics, it is nevertheless possible to extract the same physical information from
it as from a Hermitian representation. However, it should be noted that the non-Hermitian
representation is more susceptible to numerical inaccuracies than the Hermitian representation.
Especially, in the application of the CST after the DM, where numerical inaccuracies or truncation
errors can lead, for example, to unphysical eigenvalues with non-vanishing imaginary parts or
small negative spectral weights. Nevertheless, these drawbacks do not outweigh the advantages,
particularly in the context of this work where the non-Hermitian DM allows the treatment of the
spin- 1

2 afHM Hamiltonian without the usual 1/𝑆 expansion as already discussed in Section 2.4.

4.4.2 Non-Symmetric Lanczos Tridiagonalization

After a successful flow, whether with the pc generator or 0𝑛 generator, different particle sectors
are decoupled from each other. Considering first the effective Hamiltonian of a flow with the
pc generator, physical properties like the ground-state energy or single-particle dispersion can be
straightforwardly extracted from the corresponding coefficients. The situation already differs if,
for example, two-particle properties are of interest. This difference stems from the fact that the
flow equations are solved in second quantization.

Thus, although the pc generator decouples the different particle sectors, matrix elements in the
two-particle space are not solely determined by the two-particle interaction coefficients. Instead,
to determine the correct two-particle matrix elements, contributions from one-particle coefficients
must also be considered. Similarly, one- and two-particle contributions must be taken into account
for the three-particle space even though true three-particle interactions are excluded, in agreement
with the truncation scheme used in this thesis. On the contrary, considering the ground-state
energy is not necessary for each particle sector, as it solely introduces a constant shift in each
diagonal matrix element.

To extract the relevant eigenenergies of these subspaces, the subspaces must be diagonalized.
Since numerical exact diagonalization is extremely computationally expensive, it is important to
reduce the size of the subspace by identifying additional blocks that can be diagonalized separately.
Therefore, as the Hamiltonian is momentum conserving, it is advisable to separate blocks of total
momenta 𝑸. Despite these considerations, exact diagonalization remains infeasible for large system
subspaces, like in the three-particle space.

For example, in the case of a converging flow with the 0𝑛 generator, which decouples only the
ground state, extracting an estimate for the single-particle dispersion requires diagonalizing the
one- and three-particle spaces, which remain connected via decay processes. It is important to
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note that determining the single-particle dispersion in such a way is only an approximation, as
the three-particle space also couples via the same decay processes to higher particle spaces that
are neglected. This approximation is necessary to keep the matrix size finite, as the coupling
to higher particle spaces would otherwise lead to an infinite-dimensional problem. On the other
hand, the necessity of this approximation for the 0𝑛 generator underlines the strength of the
pc generator as it decouples all particle spaces from each other, allowing for an exact calculation
of the single-particle dispersion within the considered truncation scheme.

As the interest solely lies in the lowest eigenvalues, a full diagonalization of the space with the
size 1 + 𝐿4 requires an unnecessary amount of computational effort. Instead, it is more efficient
to resort to algorithms such as the Lanczos method [Lan50], which can efficiently determine
extreme eigenvalues and corresponding eigenvectors. As the Hamiltonian is non-Hermitian, the
non-symmetric Lanczos algorithm is employed [Che+] to solve the non-Hermitian eigenvalue
problem

ℋ̂ |𝑅𝑖⟩ = 𝐸𝑖 |𝑅𝑖⟩ and ⟨𝐿𝑖| ℋ̂ = ⟨𝐿𝑖| 𝐸𝑖 . (4.47)

Compared to the symmetric Lanczos algorithm, the biorthonormal algorithm starts with two start
vectors | ̄𝑣0⟩ and |𝑤̄0⟩ which are biorthonormalized to ⟨𝑤0|𝑣0⟩ = 1. It builds a biorthonormal basis
of the two Krylov sequences

{𝑣0, ℋ𝑣0, ℋ2𝑣0, … } and {𝑤0, ℋ∗𝑤0, ( ℋ∗ )2𝑣0, … } (4.48)

resulting in the biorthonormal basis

𝒱𝑁−1 = {|𝑣0⟩ , |𝑣1⟩ , … , |𝑣𝑁−1⟩} and 𝒲𝑁−1 = {|𝑤0⟩ , |𝑤1⟩ , … , |𝑤𝑁−1⟩} . (4.49)

Thus, the corresponding matrices

𝑉𝑁−1 = ⎛⎜
⎝

| | |
|𝑣0⟩ |𝑣1⟩ ⋯ |𝑣𝑁−1⟩

| | |
⎞⎟
⎠

𝑊𝑁−1 = ⎛⎜
⎝

| | |
|𝑤0⟩ |𝑤1⟩ ⋯ |𝑤𝑁−1⟩

| | |
⎞⎟
⎠

(4.50)

fulfill 𝑊 †𝑉 = 𝟙 and tridiagonalize the Hamiltonian with the transformation

𝑊 †ℋ𝑉 = ℋ(𝑁−1)
tri =

⎛⎜⎜⎜⎜⎜⎜
⎝

𝛼0 𝛾1 0 ⋯ 0
𝛽1 𝛼1 𝛾2 ⋱ ⋮
0 𝛽2 𝛼2 ⋱ 0
⋮ ⋱ ⋱ ⋱ 𝛾𝑁−1
0 ⋯ 0 𝛽𝑁−1 𝛼𝑁−1

⎞⎟⎟⎟⎟⎟⎟
⎠

. (4.51)

A diagonalization of the tridiagonal matrix ℋ(𝑁−1)
tri yields eigenvalues ̃𝐸(𝑁−1)

𝑖 which give approxima-
tions for the extreme eigenvalues of ℋ. Additionally, the corresponding left and right eigenvectors
|𝑅̃(𝑁−1)

𝑖 ⟩ and ⟨𝐿̃(𝑁−1)
𝑖 | of ℋtri can be transformed back to the original space via

|𝑅(𝑁−1)
𝑖 ⟩ = 𝑉𝑁−1 |𝑅̃(𝑁−1)

𝑖 ⟩ and ⟨𝐿(𝑁−1)
𝑖 | = ⟨𝐿̃(𝑁−1)

𝑖 | 𝑊 †
𝑁−1 . (4.52)

The quality of the approximation can be checked via the residuals

|𝑟(𝑁−1)
𝑖 ⟩ = ℋ |𝑅(𝑁−1)

𝑖 ⟩ − ̃𝐸(𝑁−1)
𝑖 |𝑅(𝑁−1)

𝑖 ⟩ (4.53a)

and

⟨𝑙(𝑁−1)
𝑖 | = ⟨𝐿(𝑁−1)

𝑖 | ℋ − ̃𝐸(𝑁−1)
𝑖 ⟨𝐿(𝑁−1)

𝑖 | . (4.53b)

76



4.4 Challenges with Non-Hermitian Representations

As the calculation of the residuals as in Eq. (4.53) requires the application of the full Hamiltonian ℋ,
which is numerically expensive, it is more efficient to calculate them via

|𝑟(𝑁−1)
𝑖 ⟩ = 𝛽𝑁 |𝑣𝑁⟩ ⟨𝑒𝑁−1|𝑅̃(𝑁−1)

𝑖 ⟩ and ⟨𝑙(𝑁−1)
𝑖 | = 𝛾𝑁 ⟨𝑤𝑁| ⟨𝐿̃(𝑁−1)

𝑖 |𝑒𝑁−1⟩ , (4.54)

where |𝑒𝑁−1⟩ is simply a unit vector [Che+]. The squared absolute values of the residuals |𝑟(𝑁−1)
𝑖 |2

and |𝑙(𝑁−1)
𝑖 |2 can be used as a convergence criterion for the approximation of the eigenvalues and

eigenvectors. Another termination criterion can also be a fixed step size 𝑁 or that the values of
𝛽𝑗+1, 𝛾𝑗+1 ≈ 0. The non-symmetric Lanczos algorithm is summarized as follows. Here, the step 4ii)
is not mandatory and can lead to a computational bottleneck; however, it improves the numerical
stability of the algorithm significantly, as the biorthogonality deteriorates over iterations due to
finite precision arithmetic [Che+].

Non-Symmetric Lanczos algorithm:

1. Calculate 𝛽0 = √|⟨𝑤̄0| ̄𝑣0⟩| and 𝛾0 = ⟨𝑤̄0| ̄𝑣0⟩
𝛽0

from unnormalized start vectors ̄𝑣0, 𝑤̄0

2. Normalize start vectors

|𝑣0⟩ = | ̄𝑣0⟩
𝛽0

, ⟨𝑤0| = ⟨𝑤̄0|
𝛾0

(4.55)

3. Calculate first diagonal matrix entry

𝛼0 = ⟨𝑤0|ℋ|𝑣0⟩ (4.56)

4. Loop for 𝑗 = 0, 1, … , 𝑁 − 1 | until convergence
i)

| ̄𝑣𝑗+1⟩ = ℋ |𝑣𝑗⟩ − 𝛼𝑗 |𝑣𝑗⟩ − 𝛾𝑗 |𝑣𝑗−1⟩ (4.57a)
⟨𝑤̄𝑗+1| = ⟨𝑤𝑗| ℋ − 𝛼𝑗 ⟨𝑤𝑗| − 𝛽𝑗 ⟨𝑤𝑗−1| (4.57b)

where |𝑣−1⟩ = 0 and ⟨𝑤−1| = 0
ii) Re-biorthogonalization:

| ̄𝑣𝑗+1⟩ = | ̄𝑣𝑗+1⟩ − ∑
𝑖≤𝑗

|𝑣𝑖⟩ ⟨𝑤𝑖| ̄𝑣𝑗+1⟩ (4.58a)

⟨𝑤̄𝑗+1| = ⟨𝑤̄𝑗+1| − ∑
𝑖≤𝑗

⟨𝑤̄𝑗+1|𝑣𝑖⟩ ⟨𝑤𝑖| (4.58b)

iii)

𝛽𝑗+1 = √|⟨𝑤̄𝑗+1| ̄𝑣𝑗+1⟩| and 𝛾𝑗+1 =
⟨𝑤̄𝑗+1| ̄𝑣𝑗+1⟩

𝛽𝑗+1
(4.59)

iv)

|𝑣𝑗+1⟩ = 1
𝛽𝑗+1

| ̄𝑣𝑗+1⟩ and ⟨𝑤𝑗+1| = 1
𝛾𝑗+1

⟨𝑤̄𝑗+1| (4.60)
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v) Calculate next diagonal matrix entry

𝛼𝑗+1 = ⟨𝑤𝑗+1|ℋ|𝑣𝑗+1⟩ (4.61)

vi) Determine eigenvalues ̃𝐸(𝑗)
𝑖 and left and right eigenvectors |𝑅̃(𝑗)

𝑖 ⟩, ⟨𝐿̃(𝑗)
𝑖 | of ℋ(𝑗)

tri

vii) Calculate squared residuals |𝑟(𝑗)
𝑖 |2 and |𝑙(𝑗)

𝑖 |2 of interest to check for convergence

Evaluation of spectral densities

Moreover, the Lanczos algorithm provides an option for evaluating spectral densities. As this
work does not focus on special densities, only a summary is given, and the reader is referred to
Ref. [Pow17] for a more detailed discussion.

Generally, spectral densities are calculated from the resolvents in the form

𝑅(𝜔) = ⟨𝑣| 1
𝜔 − ℋ̂

|𝑣⟩ . (4.62)

In the Hermitian representation where ℋ̂ = ℋ̂†, the function 𝑅(𝜔) is determined with the
continued fraction

𝑅(𝜔) = ⟨𝑣 | 𝑣⟩
𝜔 − 𝑎0 − 𝑏2

1

𝜔−𝑎1− 𝑏2
2

…

(4.63)

whereby the coefficient 𝑎𝑖 and 𝑏𝑖 can be determined by the Hermitian Lanczos algorithm [VM94].

In the non-Hermitian case, the resolvent is modified to

𝑅(𝜔) = ⟨𝑣𝐿| 1
𝜔 − ℋ̂

|𝑣𝑅⟩ (4.64)

with ℋ̂ ≠ ℋ̂† and |𝑣𝐿⟩ ≠ |𝑣𝑅⟩. It is possible to show that the non-symmetric Lanczos algorithm
with the starting vectors | ̄𝑣0⟩ = |𝑣𝑅⟩ and ⟨𝑤̄0| = ⟨𝑣𝐿| results in the necessary coefficients to write
the resolvent as a continued fraction [Pow17]

𝑅(𝜔) = ⟨𝑣𝐿 | 𝑣𝑅⟩
𝜔 − 𝛼0 − 𝛽1𝛾1

𝜔−𝛼1− 𝛽2𝛾2
…

= 𝛽0𝛾0

𝜔 − 𝛼0 − 𝛽1𝛾1
𝜔−𝛼1− 𝛽2𝛾2

…

. (4.65)

Finally, the resolvent is connected to the spectral density via

𝐼(𝜔) = − 1
𝜋
Im𝑅(𝜔) =

𝑁
∑
𝑖=0

𝑊𝑖𝛿(𝜔 − 𝐸𝑖) . (4.66)

For a finite number of Lanczos iterations 𝑁, the spectral density consists of 𝑁 delta peaks at the
eigenvalues 𝐸𝑖 with the corresponding weights 𝑊𝑖. The weights 𝑊𝑖 can be obtained with the
corresponding eigenvectors |𝑅𝑖⟩ and ⟨𝐿𝑖| of ℋ̂, namely by

𝑊𝑖 = ⟨𝑣𝐿 | 𝑅𝑖⟩ ⟨𝐿𝑖 | 𝑣𝑅⟩ . (4.67)

As the Hamiltonian is only determined for a finite system, the spectral density consists of discrete
delta peaks. To obtain a smooth spectral density, the delta peaks can be broadened with a
Gaussian or the last coefficient in the continued fraction can be modified to introduce an artificial
imaginary part, resulting in a Lorentzian broadening. It is also possible to use more sophisticated
methods to terminate the continued fraction, like the square-root terminator [VM94].
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4.5 Numerical Methods and Used Software

The implementation of the CST applied in this work relies heavily on numerical methods and
open-source software. This section addresses the specific methods and software used to produce
the results presented in the following chapters of this work. In this work, all results were obtained
using a specially developed program [MHS] based on the CST method, which implements all the
steps previously described in Chapters 2 to 4. The program is written in C++, relying on C++20,
and is available upon reasonable request.

Within this program, solving the flow equations requires two types of numerical integrations. The
first integration occurs in the context of the evaluation of the general normal-ordering occurring
in the Hamiltonian to either determine the NL-SWT or scNL-SWT Hamiltonian, which serves
as the starting point for the flow. All mean-field parameters, as introduced in Section 2.5.4, are
evaluated in the thermodynamic limit as integrals over the first BZ(MBZ). On the computational
side, this is achieved by a standard Gauss-Kronrod integration method [Lau97] implemented by
the boost C++ libraries [Boo]. For each calculated integral, 601 evaluation points were used in
each dimension. With 𝑙(𝒌) and 𝑚(𝒌) possessing divergences at the 𝒌 = (0, 0)𝑇, a small area with
|𝒌| < 10−8 was as excluded from the integration to ensure numerical stability. If the mean-field
parameters are calculated self-consistently, the integration is performed iteratively until the change
in each parameter is smaller than 10−10.

After the initial Hamiltonian is set up, the flow equations are integrated numerically until the
residual-off-diagonality (ROD), as defined in Section 3.5, undercuts a predefined threshold of
10−6 or shows divergent behavior. The numerical integration method of choice is a standard
Dormand-Prince Runge-Kutta method of order 5(4) with adaptive step-size control [DP80]. The
implementation is used from the odeint C++ library [AM11] within the boost C++ libraries [Boo].
The error tolerance for the adaptive step-size control is set to 10−10 for the absolute error and to
10−6 for the relative error.

Subsequent numerical matrix operations, such as numerical matrix eigendecompositions, are carried
out with the help of the Eigen C++ library [Eig]. Additionally, the calculation of spectral densities
or energies, using a non-symmetric Lanczos tridiagonalization as discussed in Section 4.4.2, is
custom implemented with the help of the Eigen C++ library [Eig].

Results obtained after the flow equations are stored as JSON files using the nlohmann/json C++
library [Loh25]. Further data analysis and visualization are performed using Python. Precisely,
the libraries numpy [Har+20], matplotlib [Hun07; Mat24], scipy [Vir+20], pandas [Pan25] are
utilized.

The overview of numerical methods and software used is hereby completed, and the next chapter
presents the results obtained with the methods and implementations discussed so far. To conclude
the theoretical and methodological part of this work, Fig. 4.4 provides a comprehensive visualization
of all transformations, starting from the initial Hamiltonian of the spin- 1

2 antiferromagnetic easy-
axis XXZ model on a square lattice together with optional observables. The figure resembles the
extension of Fig. 2.10 with the focus on the key aspects of the CST instead of the transformations
before the CST.
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ℋ = 𝐽 ∑
⟨𝑖,𝑗⟩

[ ̂𝑆𝑧
𝑖 ̂𝑆𝑧

𝑗 + 𝜆 ( ̂𝑆𝑥
𝑖 ̂𝑆𝑥

𝑗 + ̂𝑆𝑦
𝑖 ̂𝑆𝑦

𝑗 )]

spin Hamiltonian

̂𝑆𝑧
𝑸 = ∑

𝒓𝑖∈𝐴
̂𝑆𝑧
𝑖 e−i𝑸𝒓𝑖 + ∑

𝒓𝑗∈𝐵
̂𝑆𝑧
𝑗 e−i𝑸𝒓𝑗

observables

Dyson-Maleev
transformationgeneral normal-order

Fourier
transformation

Bogoliubov
transformation

NL-SWT scNL-SWT L-SWT

∂ℓ𝑂̂(ℓ) = [ ̂𝜂(ℓ), 𝑂̂(ℓ)]

Flow equations for
Hamiltonian and observables

Second quantization
flow equations for coefficients
of the operator monomials

Generators
particle-conserving generator ̂𝜂pc (eliminate particle non-conserving terms)
0n generator ̂𝜂pbs

0∶𝑛 (eliminate all couplings to the ground state)
Truncation scheme
closed set of flow equations, here only terms with scaling dimension 𝑑 ≤ 2

Termination scheme
Residual-Off-Diagonality (ROD) terminate flow if ROD< 10−6

(Metric of the “off-diagonal” part of the Hamitonian )

Discretization schemes
discretization of the BZ(MBZ) for numerical integration of the flow equations
with periodic 𝑁p or antiperiodic 𝑁ap boundary conditions
(Center of BZ(MBZ) ∈ 𝑁p but ∉ 𝑁p )

Symmetries
reduce number of coefficients and numerical effort, here
𝒫𝒯-symmetry of Hamiltonian and point group symmetries

Continuous Similarity Transformation

effective Hamiltonian effective observables

Figure 4.4: A comprehensive visualization of all transformations is displayed, starting from
the initial Hamiltonian of the spin- 1

2 antiferromagnetic easy-axis XXZ model on a square lattice,
along with observables. All transformations before the CST are depicted with their different
results of either a NL-SWT or scNL-SWT. Both can be inserted in the CST to obtain the
final effective Hamiltonian or observable. The CST panel contains all its key aspects. Finally,
an effective Hamiltonian and observable are obtained, which can be used to extract physical
properties of the system.
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5 | XXZ Model on a Square Lattice

In the antiferromagnetic Heisenberg model (afHM) on a square lattice, achieving a quantitative
description of the magnon excitation spectrum requires a proper treatment of the magnon-
magnon interaction, which could be successfully accomplished using the continuous similarity
transformation (CST) [PUS15; Pow17; PSU18]. A natural next step is to ask whether CST
can still be applied when the model is modified away from the gapless Heisenberg point. The
easy-axis antiferromagnetic XXZ model on a square lattice is one such modification, as it can
be continuously tuned from the isotropic afHM to the classical Ising model, with local, gapped
magnon excitations. It has the advantage that the magnon excitation spectrum of the easy-axis
XXZ model has already been investigated by several methods, making it a suitable candidate for
assessing the performance and applicability, as well as possible limitations, of the CST method
in describing gapped phases. In particular, the easy-axis XXZ model on a square lattice was
already analyzed for example with high-order series expansion [WOH91; ZOH05; Dus+10; Dus+10],
diagrammatic spin wave theory [HZA92; Ham09], coupled cluster method [Bis+17], density matrix
renormalization group [Ver18; Kad+24], and quantum Monte Carlo simulations [San97; SS01].

In this and in the following chapter, the CST method as described in Chapter 3 is applied to
the antiferromagnetic spin- 1

2 easy-axis XXZ model. This chapter focuses on a square lattice,
whereas in the subsequent Chapter 6, the same model is analyzed on a honeycomb lattice. The
lattice-independent Hamiltonian of the easy-axis XXZ model is given by

  

ℋ̂ =𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆 ( ̂𝑆𝑥

𝑖
̂𝑆𝑥
𝑗 + ̂𝑆𝑦

𝑖
̂𝑆𝑦
𝑗 )

=𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆

2
( ̂𝑆−

𝑖
̂𝑆+
𝑗 + ̂𝑆+

𝑖
̂𝑆−
𝑗 ) ,

(5.1)

where 𝐽 > 0 is the exchange coupling between spins on neighboring sites. The sum over ⟨𝑖, 𝑗⟩
represents the sum over pairs of nearest neighbors on the lattice, where each bond is counted once.
A spin anisotropy is introduced by 𝜆 ∈ [0, 1] with the 𝑧-axis being the easy axis. All necessary
steps to transform this Hamiltonian in the case of the square lattice to a form suitable for the
application of the CST were already outlined in Section 2.5. The application of the CST itself
was discussed already in Chapter 3. For an overview of all transformations, the reader is referred
to Figs. 2.10 and 4.4, which visualize all transformations applied to the initial spin Hamiltonian
along with the observables before the CST and also list the key aspects of the CST.

Regarding the CST implementation, all flow equations are set up in momentum space and use
either the particle-conserving generator (pc generator) ̂𝜂pc of Section 3.3.3 or the particle-block-
separating generator with 𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 of Section 3.3.4. Resulting flow equations are
truncated according to the scaling dimension as introduced in Section 3.4.3, so that operators
in the flow equations under consideration are limited to a maximum scaling dimension of 𝑑 = 2.
Section 4.1 gives an example for this explicit implementation on how the flow equations are
determined in the context of the XXZ model.

The objectives of this chapter are twofold. First, it demonstrates that the CST method is generally
also applicable away from the afHM. The antiferromagnetic easy-axis XXZ model on a square
lattice serves this purpose perfectly as it also contains the afHM as a limiting case. Second, given
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5 XXZ Model on a Square Lattice

a converging flow, it should determine whether the results obtained with the CST can provide
a quantitative description of relevant physical quantities. Furthermore, this analysis enables a
detailed evaluation of the validity of the employed truncation scheme beyond gapless systems,
based on scaling dimensions.

Almost all results presented in this chapter have already been published in Refs. [Wal+23;
Cac+24], and significant portions of this chapter are adopted from these collaborative works. The
corresponding initial values of the coefficient of the flow equations, together with the flow equations
for each coefficient itself, are given in Appendix A.

The chapter is structured as follows. First, in Section 5.1, the convergence behavior of the different
generators is analyzed. Then, in Section 5.2, the relevant physical quantities are introduced and
classified according to the particle sectors in which they are found. In Section 5.3, the finite-size
effects stemming from the discretization schemes introduced in Section 4.2 are discussed, and an
extrapolation scheme to the thermodynamic limit is presented.

5.1 Convergence of the Generators

Prior to discussing relevant physical quantities, the convergence of the two generators, pc generator
and 0𝑛 generator, for the XXZ model on a square lattice must be examined. The presence or
the absence of convergence for each generator has substantial implications for the model at hand.
Thus, important insights for Sections 3.3.3 and 3.3.4 are reiterated.

A divergent flow with the pc generator ̂𝜂pc indicates that different quasiparticle sectors energetically
overlap, i.e., level crossings occur between modes with a different number of quasiparticles. Contrary
to this, the convergence of the flow indicates that the underlying quasiparticle picture is valid and
that there are no inter-block level crossings in the chosen truncation scheme.

A divergent flow with the particle-block-separating generator (pbs generator) ̂𝜂ps
(0∶𝑁) indicates that

the chosen quasiparticle picture breaks down and is inadequate to describe the underlying physics
correctly. Specifically, level crossings of excited states with the ground state, such as those induced
by a second-order phase transition, render the quasiparticle ground state insufficient. Accordingly,
parameter regions may exist where the pc generator flow diverges while the 0𝑛 generator flow
remains convergent. Hence, the description in terms of the chosen quasiparticles accurately reflects
the underlying physics.

The convergence analysis entails evaluating the behavior of the flow equations across the entire
parameter range 0 ≤ 𝜆 ≤ 1. Furthermore, the system size and the choice of discretization scheme,
as described in Section 4.2, influence convergence behavior.

For the XXZ model on a square lattice, convergence analysis reveals that the flow using the
pc generator converges for all values of 𝜆 with a specific restriction. As already addressed in
Section 4.2, the 𝒌 = (0, 0) point may introduce numerical artifacts. For 𝜆 ≈ 1, these artifacts result
in divergence when using the 𝑁p discretization scheme. Because the antiperiodic discretization
scheme 𝑁ap excludes the 𝒌 = (0, 0) point, convergence is maintained for all values of 𝜆 and system
sizes. As the 0𝑛 generator holds the same restriction as the pc generator and no parameter range
exists where the pc generator diverges while the 0𝑛 generator converges, all results are obtained
with the pc generator. The pc generator is to be preferred over the 0𝑛 generator, because it yields
a fully block-diagonal effective Hamiltonian, as discussed in Section 3.3.

In the analysis of the afHM 𝜆 = 1, the coefficients associated with 𝒌 = (0, 0) are set to zero,
thereby eliminating their contributions in the flow equations. This approach yields a convergent
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flow for the 𝑁p discretization for all values of 𝜆. If this modification is not applied, a convergent
flow for the 𝑁p discretization is observed only for 𝜆 ≲ 0.99925. However, this threshold exhibits
dependence on the system size. The impact of the numerical artifacts at 𝒌 = (0, 0) for 𝜆 ≈ 1 is
attenuated for higher system sizes, and the threshold moves closer to 𝜆 = 1. Here, a linear system
size of 𝐿 = 18 determines the threshold above.

5.2 Overview of Physical Quantities

With the flow of the pc generator showing convergence across the full parameter range, this section
sets the stage for analyzing the physical quantities of the XXZ model in the framework of the CST
and comparing them to other methods in the following sections. The effective model obtained from
the CST with the pc generator gives direct access to different particle sectors, as the flow with
the pc generator eliminates all couplings between different sectors. Restricting the analysis to the
zero-, single-, and two-particle sectors is sufficient, as the focus here is on low-energy excitations in
the XXZ model. In the following, the physical quantities of interest are introduced, together with
established results from the literature. Further, they are classified according to the particle sector
in which they are encountered.

Zero-Particle Sector

The ground-state energy per site 𝑒0 of the model is found in the zero-particle sector and serves
as a first testbed for our approach. For the XXZ model, the ground state in the Ising limit (𝜆 = 0)
is precisely the Néel state with a ground-state energy per site 𝑒0 = −𝐽/2 that spontaneously breaks
the discrete Z2 symmetry. In the other limiting case 𝜆 = 1, the ground state is that of the isotropic
afHM. In the thermodynamic limit, it spontaneously breaks the SU(2) symmetry. The ground-state
energy per site obtained from QMC takes the value 𝑒0

QMC = −0.669444(2)𝐽 [Cac+24]. Between
these two limits, also QMC results are available [Cac+24].

The staggered magnetization per site 𝑚𝑧, also referred to as sublattice magnetization, serves
also as an important quantity of the ground state. It measures the degree of antiferromagnetic order
in the system and serves as the order parameter for the magnetic symmetry-broken phase. In the
Ising limit, for the Néel state, the staggered magnetization per site takes its maximal value of 𝑚𝑧 =
1
2 . As quantum fluctuations increase with 𝜆, the staggered magnetization decreases continuously.
At the isotropic Heisenberg point, QMC simulations yield a value of 𝑚𝑧 = 0.3074(2) [Cac+24].
The staggered magnetization can be determined with the CST as a response of the ground-state
energy to a small staggered magnetic field or by introducing the observable ̂𝑆𝑧(𝑸).

Single-Particle Sector

The transversal correlation length 𝜉𝑥 characterizes the spatial decay of transversal spin
correlations in the ground state. Close to the isotropic Heisenberg point, 𝜉𝑥 diverges as the system
approaches the point where the symmetry of the Hamiltonian is enhanced, and the continuous
SU(2) symmetry is restored. The transversal correlation length is related to the single-particle
dispersion [Oku+01; Cac+24], which is used to determine 𝜉𝑥 here. Therefore, even though the
transversal correlation length is a ground-state property, thus a zero-particle quantity, it will be
discussed in the context of the single-particle sector.
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5 XXZ Model on a Square Lattice

The single-particle dispersion 𝜔(𝒌) is found in the single-particle sector of the effective
Hamiltonian. For 𝜆 = 0, the dispersion is completely flat 𝜔(𝒌) = 2𝐽 because the elementary
excitations, spin flips, are completely immobile. For 𝜆 > 0, more and more features emerge. In the
magnetic Brillouin zone (MBZ), the dispersion displays a minimum at 𝒌 = (0, 0) which defines
the spin gap 𝛥 ≔ 𝜔(𝒌 = 𝟎). It closes at the isotropic Heisenberg point 𝜆 = 1 according to
Goldstone’s theorem. The closure of the spin gap is expected to follow a square root power law
as in spin wave theory [WOH91], due to singularities stemming from Goldstone modes and not
critical fluctuations [Sin89]. Results of SE [ZOH05] and QMC simulations [Cac+24] are consistent
with this. Additionally, the dispersion along the line from 𝒌 = (𝜋, 0) to 𝒌 = ( 𝜋

2 , 𝜋
2 ) in the Brillouin

zone develops a distinct local minimum at 𝒌 = (𝜋, 0), called the roton minimum, and the global
maximum at 𝒌 = ( 𝜋

2 , 𝜋
2 ). The roton minimum occurs only in third-order spin wave theory [Syr10].

It is understood to be due to magnon-magnon interactions [PUS15; PSU18] and due to a peculiar
cancellation for motion along the diagonals [Ver18]. In summary, spin gap 𝛥, roton minimum,
and dispersion maximum are all physical quantities of interest contained in the one-particle block
of the effective Hamiltonian. The goal is to analyze with the CST their behavior as a function of
the anisotropy 𝜆 ∈ [0, 1] with a special focus on the critical behavior of 𝛥 for 𝜆 → 1.

Two-Particle Sector

Two-magnon bound states can occur in the two-particle sector of the effective Hamiltonian.
Generally, eigenstates that are built from two elementary excitations, i.e., two magnons, are
particularly interesting because they reflect the degree of magnon-magnon interaction. For strong
interaction relative to the kinetic energy of the magnons, bound states occur in the gapped phase.
The two-particle spectrum of the Ising model features degenerate bound states at 3𝐽 stemming
from adjacent pairs of spin flips. All other states of two magnons have energy 4𝐽 and are thus
highly degenerate. For finite 𝜆, these states evolve into energy continua of scattering states. The
four bound states also exist for finite 𝜆, but merge with the continuum for values 𝜆 close to but
smaller than one [OI73; Ham09; Dus+10] consistent with quantum Monte Carlo simulations of
coupled XXZ spin ladders [YSW19]. No bound states are known at the isotropic point, but the
attractive interaction between magnons leads to a considerable shift of spectral weight to lower
energies [PUS15; PSU18]. These bound states are tracked for all 𝜆 and determine at which values
of 𝜆 the bound states vanish in the two-magnon continuum by analyzing the locality of bound
states with the help of the inverse partition ratio (IPR) [KM93; MU19].

5.3 Extrapolation in the Linear System Size 𝐿

Even though the initial conditions are determined in the thermodynamic limit by evaluating the
mean-field parameters accordingly, the solution of the flow equations is performed on a finite lattice
with linear system size 𝐿, as discussed in Section 4.2. To get a grasp of the resulting physical
quantities in the thermodynamic limit 𝐿 → ∞, finite-size effects must be carefully analyzed.
Consequently, an extrapolation in 1/𝐿 → 0 is performed for all results shown in the following
sections. For small values of 𝜆 up to 𝜆 ≈ 0.8, the computed values do not show any relevant
finite-size effects. Furthermore, in this area, periodic 𝑁p or antiperiodic 𝑁ap boundary conditions
show no discernible difference in the results. Hence, all extrapolating schemes yield essentially the
same result, see panel (a) in Fig. 5.1. For 𝜆 > 0.8, two trends emerge for increasing 𝐿, see panels
(b) and (c) in Fig. 5.1. First, the values for 𝑁p discretization decrease monotonically while those
for 𝑁ap discretization increase monotonically. Second, the values from the 𝑁ap discretization show
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an almost linear relation as function of 1/𝐿 for 𝜆 ≲ 1. Values provided in the following sections
are the estimates of the extrapolation using monotonic quadratic fits

𝑥(1/𝐿) = 𝑎 + 𝑏(1/𝐿 + 𝑐)2 (5.2)

for the 𝑁ap discretization with 𝑐 ≥ 0, evaluated at 1/𝐿 = 0.

The error estimate results from the difference between the highest values from the discretizations
𝑁ap and 𝑁p, see Fig. 5.1. For the transversal correlation length 𝜉𝑥 a linear extrapolation in 1/𝐿
was used; the error estimate remains the same. Note that at the time of the analysis, only even
values of 𝐿 for 𝑁p and odd values of 𝐿 for 𝑁ap were considered. On the one hand, this choice is
reasonable, as in both cases the edge of the MBZ is sampled; on the other hand, the program used
at that time was not able to handle both boundary conditions for all values of 𝐿.
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1
Figure 5.1: Generic extrapolations in 1/𝐿 for 𝜆 = 0.7, 𝜆 = 0.96, and 𝜆 = 0.995. For small 𝜆,
calculations on the discretizations 𝑁ap, and 𝑁p converge, see panel (a). At higher values of 𝜆,
see panels (b) and (c), values from 𝑁ap are monotonically increasing while values from 𝑁p are
monotonically decreasing. For the whole range, a monotonic quadratic fit for the 𝑁ap data is
used to determine the values for 𝐿 → ∞. The error estimate depicted as a red bar results from
the difference between the values from 𝑁ap and 𝑁p for the highest reached value of 𝐿

5.4 Zero-Particle Sector

The zero-particle sector contains only the coefficient 𝐶0 of the effective Hamiltonian after applying
the CST. It corresponds to the system’s ground-state energy. Regardless of the convergent flow,
whether the pc generator or the 0𝑛 generator is used, the ground state is fully separated from all
excited states. Nevertheless, the ground state energy is not the only relevant physical quantity
in the zero-particle sector. Additionally, the staggered ground state magnetization per site 𝑚𝑧
and the transversal correlation length 𝜉𝑥 of the ground state are relevant. In the following, the
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ground-state energy per site 𝑒0 and the staggered magnetization per site 𝑚𝑧 are analyzed. The
transversal correlation length 𝜉𝑥, however, is only discussed in the context of the single-particle
sector, since it is determined from the single-particle dispersion.

5.4.1 Ground-state energy

The first quantity inspected is the ground-state energy per site 𝑒0(𝜆) = 𝐸0(𝜆)/(2𝐿2) of the XXZ
model. Where 𝐸0(𝜆) is the ground-state energy obtained from the zero-particle sector, with
the coefficient 𝐶0(𝜆) = 𝐸0(𝜆) of the effective Hamiltonian after applying the CST with the
pc generator. The ground-state energy per site 𝑒0(𝜆) is shown in Fig. 5.2 as computed by CST,
SE up to order 14 in 𝜆 [ZOH05], and QMC calculations [Cac+24]. Starting from the classical
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Figure 5.2: The upper panel shows the ground-state energy per site 𝑒0 as a function of 𝜆. The
CST data is compared to results of QMC calculations [Cac+24] and SE results [ZOH05]. As ex-
pected from second-order perturbation theory, the ground-state energy displays a monotonically
decreasing behavior with negative curvature. The inset of the upper panel shows the difference
of the ground-state energy per site 𝑒0 to the ground-state energy per site of the isotropic afHM
𝑒iso

0 in a double logarithmic plot close to the Heisenberg point. The dashed lines indicate the
corresponding power-law fits. The lower panel shows the absolute difference of the ground-state
energy per site 𝑒QMC

0 for both QMC and CST data as a function of 𝜆. Trivially, the difference
for QMC is zero, with the emphasis being more on the uncertainty of the QMC data.

Néel state in the Ising limit, increasing 𝜆 induces increasing quantum fluctuations, leading to a
ground-state energy that continuously decreases. The results of the CST are identical to the SE
results within line width for the whole 𝜆 range. For 𝜆 = 1, the CST result (𝑒0 = −0.669 38(1) 𝐽)
agrees well with QMC calculations (𝑒QMC

0 = −0.669444(2)𝐽), and the extrapolated SE results
(𝑒SE

0 = 0.6693(1) 𝐽). However, it should be noted that the self-consistent spin-wave theory at
𝜆 = 1 already yields 𝑒0 = −0.670 421 𝐽, which is relatively close to the above values despite its
mean-field character. This shows that the ground-state energy is a very robust quantity, accessible
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by many approaches. Furthermore, the inset of the upper panel of Fig. 5.2 shows the difference
of the ground-state energy per site 𝑒0 to the ground-state energy per site of the isotropic afHM
𝑒iso

0 in a double logarithmic plot close to the Heisenberg point. The resulting power-law fit with
𝑒0 − 𝑒iso

0 ∝ (1 − 𝜆)𝜎 yields an exponent of 𝜎CST = 0.992(1) for the CST data consistent with QMC
data 𝜎QMC = 0.988(3). Both values are close the connected mean-field exponent of 𝜎 = 1.

The lower panel of Fig. 5.2 shows the absolute differences between the QMC and CST data across
the whole 𝜆 range. The relative errors of the QMC data are of order 𝑂(10−6) and systematic error
of the finite-size extrapolation is negligible, i.e., much smaller than the statistical errors [Cac+24].
The error in the CST data is systematic, as no stochastic factors are involved. Two primary error
sources can be identified: (i) the truncation of the flowing Hamiltonian to quartic order and (ii)
the finite-size effect. The finite-size effect can be assessed by varying the extrapolations and the
boundary conditions, and is estimated to be 𝑂(10−5). The effect of truncation cannot be estimated
intrinsically; it can only be assessed by comparing results with those from other methods. For the
comparison of the CST data with the QMC data, it is found that above 𝜆 ≈ 0.4, the CST data
start to deviate from the QMC data. This deviation is systematic, since it does not change in
sign and evolves smoothly. The deviation becomes maximum around 𝜆 ≈ 0.9, where it is of order
𝑂(2 × 10−4). Still, the agreement is very good.

5.4.2 Staggered Magnetization

Because the total magnetization of an antiferromagnet is zero, the staggered magnetization 𝑀𝑧,
also called sublattice magnetization, is an important quantity for characterizing the magnetic
order of the ground state. Within the CST framework, 𝑀𝑧 can be computed in two distinct ways.
First, by introducing a staggered magnetic field in accordance with the magnetic order of the Néel
state to the Hamiltonian, resulting in the additional terms

ℋ̂(ℎalt) = ℋ̂𝑋𝑋𝑍 − ℎalt ∑
𝒓𝑖∈𝛤𝐴

𝑆𝑧
𝐴,𝑖 + ℎalt ∑

𝒓𝑗∈𝛤𝐵

𝑆𝑧
𝐵,𝑗 (5.3)

with the alternating magnetic field strength ℎalt. Where the first sum runs over the sublattice
𝛤𝐴 and the second sum runs over the sublattice 𝛤𝐵. Nevertheless, the modified Hamiltonian is
treated in the same way as described before. The additional staggered magnetic field, however,
enables the calculation of the staggered magnetization 𝑀𝑧 as the response of the ground-state
energy to this field

|𝑀𝑧| = ∣ 𝑑
𝑑ℎalt

𝐸0∣
ℎalt=0

∣ = ∣⟨∂ℋ̂(ℎalt)
∂ℎalt

⟩
0

∣ = ∣⟨ ∑
𝒓𝑖∈𝛤𝐴

𝑆𝑧
𝐴,𝑖 − ∑

𝒓𝑗∈𝛤𝐵

𝑆𝑧
𝐵,𝑗⟩

0

∣ , (5.4)

according to the Hellmann-Feynman theorem. In practice, the derivative is computed by the
ratio

|𝑀𝑧| = ∣ 𝑑
𝑑ℎalt

𝐸0∣
ℎalt=0

∣ ≈ ∣ (𝐸0(ℎalt) − 𝐸0(0))
ℎalt

∣ (5.5)

cite for small ℎalt ≈ 10−7𝐽.

An alternative way to compute the staggered magnetization 𝑀𝑧 is to evaluate the observable of
the longitudinal dynamic structure factor

̂𝑆𝑧(𝑸) = ∑
𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖)𝑆𝑧
𝐴,𝑖 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗)𝑆𝑧
𝐵,𝑗 . (5.6)
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5 XXZ Model on a Square Lattice

For the square lattice, 𝑀𝑧 is obtained if the observable is evaluated at the wave vector 𝑸 = (𝜋, 𝜋),
yielding

|𝑀𝑧| = ∣⟨ ∑
𝑖∈𝛤𝐴

𝑆𝑧
𝐴,𝑖 − ∑

𝑗∈𝛤𝐵

𝑆𝑧
𝐵,𝑗⟩

0

∣ . (5.7)

Comparing the two approaches to compute the staggered magnetization, of course, in an ideal
case, both should yield the same result. However, both are in their own way susceptible to
systematic and numerical errors. Additionally, both approaches require different adaptations in the
implementation. The first approach requires, besides the modification of the Hamiltonian, at least
two separate solutions of the flow equations for different values of ℎalt to compute the derivative
numerically. So, evaluating the staggered magnetization at least doubles the computational effort.
Additionally, the choice of ℎalt is also not trivial to minimize numerical errors.

The second approach requires implementing the flow equations for the observable. As a result,
additional coefficients must be tracked during the flow, increasing computational effort. Even
though the observable introduces no additional tunable parameter ℎalt, in the setup of the flow
equations of the observable, a truncation scheme is applied. So both truncation errors of the
Hamiltonian and of the observable may influence the final result.

Figure 5.3 shows the staggered magnetization per site 𝑚𝑧 = 𝑀𝑧/(2𝐿2) obtained with the two
different approaches discussed above as a function of the anisotropy 𝜆. Additionally, in Fig. 5.3 the
CST data is compared to results of QMC calculations [Cac+24], SE calculation up to an order of
𝑂(10) [HZA92] and DMRG calculations [Kad+24]. In the upper panel of Fig. 5.3, across the entire
range of 𝜆, the CST shows a good agreement with the QMC, SE, and DMRG results for both
approaches. Only close to the isotropic Heisenberg point 𝜆 = 1, the SE results deviate, indicating
limitations of the bare series expansion in this regime.

In the inset of the upper panel, the difference of the staggered magnetization per site 𝑚𝑧 to the
staggered magnetization of the isotropic afHM 𝑚iso

𝑧 is shown in a double logarithmic plot close
to the Heisenberg point. The critical behavior of the staggered magnetization is expected to
follow a power law 𝑚𝑧 − 𝑚iso

𝑧 ∝ (1 − 𝜆)𝜎. The QMC exponent 𝜎QMC = 0.50(5) confirm again
the mean-field behavior, which is 𝜎 = 0.5 for the staggered magnetization. However, both CST
approaches deviate slightly and underestimate the magnetization close to 𝜆 ≈ 1, as a result, the
exponent determined by CST is higher with 𝜎CST ≈ 0.7. Interestingly, both CST approaches yield
very similar results, even though they are obtained in completely different ways, suggesting that a
systematic error in the CST may be induced by the truncation scheme rather than by an error in
the calculation approach.

In the following discussion, only the results obtained via the response to a staggered magnetic field
are considered, as they are due to historical reasons1 calculated for higher systems sizes (𝐿 ≤ 22).
In the lower panel of Fig. 5.3, the difference between CST and QMC shows the same behavior as
for the ground-state energy per site. The statistical errors in the QMC calculations are of order
𝑂(10−4). In terms of the CST, the error of the finite-size effect and the effect of approximating a
derivative by a ratio in the CST data is estimated as 𝑂(10−3) The deviation between the data
from CST and QMC becomes maximal around 𝜆 ≈ 0.9 as well and is of the order of 𝑂(5 × 10−3).
Compared to the behavior of the deviation in the ground-state energy, it is not as smooth. This
fact may be a result of the additional calculation of the derivative, along with the finite-size effects.
However, this is also observed for the observable, where additional errors may be introduced by

1The calculation via the observable was at the point of publication of Ref. [Cac+24], not implemented and thus
not calculated with the highest feasible system sizes, as here it only serves as a comparison.
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Figure 5.3: The upper panel shows the staggered magnetization per site 𝑚𝑧 as a function of
𝜆. The CST data is calculated via the response to a staggered magnetic field ℎalt, and CST
data calculated via the flow of the observable are depicted. Both are compared to results of
QMC [Cac+24], SE [HZA92] and DMRG [Kad+24]. The inset of the upper panel shows the
difference of the staggered magnetization per site 𝑚𝑧 to the staggered magnetization of the
isotropic afHM 𝑚iso

𝑧 in a double logarithmic plot close to the Heisenberg point. The dashed
lines indicate the corresponding power-law fits. The lower panel shows the absolute difference
of the staggered magnetization per site 𝑚QMC

𝑧 for both QMC and CST data as a function of 𝜆.
Trivially, the difference for QMC is zero, with the emphasis being more on the uncertainty of
the QMC data. Note, higher uncertainties for the calculation via the observable with the CST
for 𝜆 ≈ 1 stem from the fact that smaller system sizes (𝐿 ≤ 18) were considered compared to
the calculation via the response (𝐿 ≤ 22), which leads also to higher uncertainties.

the truncation scheme used for the observable. Compared to the Hamiltonian, only terms up
to quadratic order are considered. For details on the observables, please refer to Appendix A.2.
Nevertheless, the comparison again showed a very good agreement between these two approaches
and also the QMC results.

5.5 Single-Particle Sector

In the single-particle sector of the effective Hamiltonian after applying the CST with the
pc generator, the single-particle dispersion 𝜔(𝒌) is obtained from the coefficients 𝐶𝛼̂†𝛼̂(𝒌) = 𝐶 ̂𝛽† ̂𝛽(𝒌)
directly as the dispersion in the XXZ model is degenerated. The Fig. 5.4 shows the results of
the CST for the dispersion along a high-symmetry path through the MBZ for various 𝜆 and a
linear system size of 𝐿 = 16 with periodic boundary conditions. Additionally, linear spin-wave
theory (L-SWT) results together with self-consistent mean-field spin-wave theory (scMF-SWT)
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5 XXZ Model on a Square Lattice

results based on the considerations in Section 2.5 are also shown to illustrate the effect of the
CST. At 𝜆 = 0, the XXZ model is reduced to the antiferromagnetic Ising model with a completely
flat dispersion 𝜔(𝒌) = 2𝐽. For 𝜆 = 1, the XXZ model coincides with the afHM, which was already
studied using the CST method in Refs. [PUS15; PSU18]. At this isotropic point, the dispersion
features gapless Goldstone bosons and a distinct minimum at 𝒌 = (𝜋, 0), called the roton minimum.
For 0 < 𝜆 < 1, a continuous evolution between these two limits takes place. It also becomes
evident that the CST produces stronger renormalization for higher 𝜆 compared to the mean-field
spin-wave theory (MF-SWT) results, especially for momenta connected to higher energies. In the
following, both the spin gap and the roton minimum are discussed in more detail.

However, first, another aspect has to be mentioned. Compared to the ground-state energy or the
staggered magnetization, given different discretization schemes, as introduced in Section 4.2, it is
possible that certain combinations of boundary conditions and linear system sizes exclude specific
momenta of interest in their discretization. For example, the gap at 𝒌 = (0, 0) is excluded in all
discretizations with antiperiodic boundary conditions 𝑁ap. To this end, the fit

𝜔(𝒌)2 =
𝑀

∑
𝑚=0

𝐴𝑚 cos (𝑚𝒌) (5.8)

is used, adapted from one dimension [Oku+01] to arbitrary dimensions [Cac+24], to interpolate the
dispersion along a given linear path and so determine missing momenta. A very fast convergence
of these coefficients is found for increasing 𝑀 so that the dispersion is interpolated very reliably in
the whole MBZ for both boundary conditions. Note that in Eq. (5.8) the square of the dispersion
is fitted, as L-SWT predicts a 𝜔(𝒌) containing a square root. This modification ensures a smooth
function and thus the capture of the correct dispersion behavior, even at the Heisenberg point.
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Figure 5.4: CST result of the dispersion 𝜔(𝒌) for 𝐿 = 16 with periodic boundary conditions
𝑁p for various 𝜆. For 𝜆 = 0, the XXZ model is the Ising model with a flat dispersion. At the
same time, it is the afHM for 𝜆 = 1 with a gapless spectrum and a distinct roton minimum at
𝒌 = (𝜋, 0) [PUS15; Ver18]. For 0 < 𝜆 < 1 the CST results interpolate smoothly between these
two limits. Additionally, L-SWT and scMF-SWT results are shown for each 𝜆.
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5.5.1 Spin Gap

The first quantity of interest for a detailed study in the single-particle dispersion is the spin gap
𝛥 ≔ 𝜔(𝒌 = 𝟎). Here, the aim is to track the evolution of the spin gap 𝛥 as a function of the
anisotropy 𝜆 from the Ising limit at 𝜆 = 0 to the isotropic Heisenberg point at 𝜆 = 1, where
the gap closes according to Goldstone’s theorem. Figure 5.5 shows the extrapolated CST results
for the single-magnon gap 𝛥 compared to other methods. For small 𝜆, it can be compared to
high-order SE calculation [ZOH05; Dus+10] and to data obtained by the CCM [Bis+17]. For
large 𝜆 ≲ 1, the asymptotic power law in the critical region derived from SE results [ZOH05] and
spin-wave theory (SWT) [HZA92] are presented. The CST results interpolate smoothly between
these two limits, capturing both limits quantitatively. The findings are further in agreement with
CCM results [Bis+17] and very recent DMRG studies [Kad+24]. Additionally, for comparison,
across the whole range of 𝜆, unbiased QMC results [Cac+24] are shown.

The last available data point with the CST is at 𝜆 = 0.9995. The reason is that, for even higher
values of 𝜆, no convergence of the flow equations was achieved at the highest system size 𝐿 = 22
with periodic boundary conditions 𝑁p, as required for the error estimate. This is attributed to the
fact that for values of 𝜆 even closer to the isotropic point, the cluster size 𝐿 is not large enough to
capture the relevant physics. In Section 5.5.2, this observation is further linked to the transversal
correlation length 𝜉𝑥.

In Fig. 5.5, the agreement between all approaches is perfect for almost all values of 𝜆. For smaller
values of 𝜆, the various approaches agree excellently. Only near the vanishing of the gap do the
CCM data deviate from the other results, which is likely linked to the attainable cluster sizes.
Especially, in the double-logarithmic plot in the inset of the upper panel in Fig. 5.5, the agreement
between the extrapolated SE, QMC and the CST results is remarkable since the latter are obtained
on a finite lattice of moderate size 𝐿 ≈ 20 and extrapolated to the thermodynamic limit without
imposing a specific power law.

Both data sets support the conclusion that the spin gap vanishes in a square root fashion ∝ (1 − 𝜆)𝜎

with 𝜎 = 0.5, as reported in Refs. [HZA92; ZOH05]. In the lower panel of Fig. 5.5, the absolute
difference between the CST and QMC data is shown. The relative statistical errors of the QMC
data are of order 𝑂(10−3) and near the isotropic Heisenberg point of order 𝑂(10−2). The relative
error estimate for the CST data yields 𝑂(10−4) and lower for 𝜆 < 0.9 and rises to 0.66% close to
the isotropic point. While there is a slight systematic deviation of the CST data, both approaches
agree very well. Remarkably, the absolute deviation between CST and QMC data, again, as for
the other quantities of Figs. 5.2 and 5.3, shows a decrease upon approaching the isotropic point.
This can be interpreted as a justification of the truncation based on the scaling dimension, which
allows finding the relevant effective model close to the isotropic point almost quantitatively. This
finding corroborates the applicability of CST in momentum space to describe phase transitions
with closing gaps.

However, the error estimate also grows for larger values of 𝜆, as the physical quantities develop
a stronger finite-size scaling, as also seen in Fig. 5.1, implying larger correlation lengths in the
vicinity of the isotropic point.
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Figure 5.5: The upper panel shows CST results for the one-magnon gap 𝛥 = 𝜔(𝒌 = 0) of
the XXZ model for 0 ≤ 𝜆 ≤ 1. They are compared to QMC data [Cac+24], third order
SWT [HZA92; Syr10], CCM data [Bis+17], DMRG data [Kad+24], results from SE about
the Ising limit [ZOH05; Dus+10], and the critical power law extracted from SE [ZOH05]. A
quantitative comparison of the critical behavior is shown in the inset, underlining excellent
agreement. The lower panel shows the absolute difference of the single particle gap 𝛥QMC for
both QMC and CST data as a function of 𝜆. Trivially, the difference for QMC is zero, with the
emphasis being more on the uncertainty of the QMC data.

5.5.2 Transversal Correlation Length

As mentioned in Section 2.5.4, the self-consistent nonlinear spin-wave theory (scNL-SWT) to
determine the initial conditions is performed in the thermodynamic limit. Nevertheless, the flow
equations are solved for a discretized lattice as discussed in Section 4.2. Hence, the CST results
combine elements of calculations in the thermodynamic limit with calculations on a finite lattice.
In order to judge if the discretization in the MBZ induces finite-size effects, the ground-state
transversal correlation length 𝜉𝑥 is calculated. Whenever it is significantly larger than the system’s
linear length scale, finite-size effects are likely to occur. The transversal correlation length 𝜉𝑥 is
expected to be the same in all directions for 𝜉𝑥 ≫ 𝑎 where 𝑎 is the lattice constant. For 𝜆 → 1, 𝜉𝑥

diverges. Thus, it is sufficient to perform the same one-dimensional fit for a single direction as in
Eq. (5.8) and calculate 𝜉𝑥 from the one-magnon dispersion 𝜔 via

𝜔(i𝜅) = 0 with Re(𝜅) = 1/𝜉𝑥 (5.9)

adapted from Ref. [Oku+01] in 1D to arbitrary dimensions [Cac+24].

Figure 5.6 shows the extrapolated inverse transversal correlation lengths 1/𝜉𝑥 along the used
fit-axes from 𝒌 = (0, 0) to 𝒌 = (𝜋, 0) for different values 𝜆. Note that 1/𝑎 = 1 is used as units,
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5.5 Single-Particle Sector

since the lattice constant 𝑎 is set to 1. Additionally, Fig. 5.6 shows a horizontal dashed line
for the relevant length scale of the largest used system 𝐿 = 22, namely the shortest occurring
wrap-around

√
2𝐿, in this case, in a diagonal direction. In the inset of Fig. 5.6, a zoom to the

domain 0.993 < 𝜆 < 0.9995 is shown. Figure 5.6 suggest that for 𝜆 ≤ 0.995, finite-size effects are
not expected. For 𝜆 ≥ 0.9985, the finite size of the system might play a noticeable role. The
error estimate from 𝜆 = 0 to 𝜆 = 0.95 lies below 0.1 %, below 1 % for 𝜆 ≤ 0.97 and below 5 % for
𝜆 ≤ 0.99, and it is larger than 10 % for 𝜆 ≥ 0.995. However, 𝜉𝑥 never exceeds these relevant length
scales dramatically. Additionally, the extrapolated results for closing of the gap are in agreement
with the literature, and the CST results for the afHM in Ref. [PUS15; PSU18] performed for
𝐿 = 16 are consistent with results in the literature. Hence, it appears that the influence of the
finite size is not severe in the CST approach.
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Figure 5.6: The upper panel shows CST results for the inverse ground-state correlation length
1/𝜉𝑥 for 0.8 ≤ 𝜆 ≤ 1 compared to QMC data [Cac+24]. A comparison of the correlation length
with the shortest wrap-around

√
2𝐿 in the largest cluster with 𝐿 = 22 is shown as a dashed line.

The lower panel shows the absolute difference of the inverse ground-state correlation length
(1/𝜉𝑥)QMC for both QMC and CST data as a function of 𝜆. Trivially, the difference for QMC is
zero, with the emphasis being more on the uncertainty of the QMC data.

Independent of the implications for the other quantities, the transversal correlation length 𝜉𝑥

determined from Eq. (5.9) can be compared with other methods. Thus, in Fig. 5.6, also results
from QMC calculations [Cac+24] are shown. As for the other quantities, the lower panel of
Fig. 5.6 shows the absolute difference between the CST and QMC data. Again, as with the
other quantities, the agreement is very good. The absolute deviation between the inverse of the
correlation lengths between CST and QMC data is of order 𝑂(10−3). However, the CST data, in
contrast to the QMC data, acquire larger errors close to the isotropic point because 𝜉𝑥 depends
inversely proportionally on the spin gap, so that tiny inaccuracies in the latter induce significant
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inaccuracies in the correlation length. Nevertheless, the results show that the CST together with
the Eq. (5.9) can capture the transversal correlation length 𝜉𝑥 quantitatively and thus estimate if
finite-size effects become relevant.

5.5.3 Roton Minimum

Another prominent feature of the single-particle dispersion in the case of the isotropic afHM is
the local minimum at momentum 𝒌 = (𝜋, 0), also called roton minimum or roton dip together
with the global maximum of the single-particle dispersion at momentum 𝒌 = (𝜋/2, 𝜋/2). Here,
the development of the roton minimum and dispersion maximum as a function of the anisotropy
𝜆 from the Ising limit at 𝜆 = 0 to the isotropic Heisenberg point at 𝜆 = 1 is studied. Figure 5.7
depicts the CST results for both the roton minimum and the dispersion maximum as a function of
𝜆. Additionally, results from high-order SE [ZOH05] and DMRG [Ver18] are shown. Also, QMC
data [SS01] are available for the isotropic point. First, the focus lies on the dispersion maximum at
𝒌 = (𝜋/2, 𝜋/2) which displays a monotonic increase in 𝜆 for CST, the SE, and the DMRG data. All
data agree very well. At the isotropic point, similar values are obtained: CST (2.369 72(5) 𝐽), SE
(2.385(1) 𝐽), QMC (2.39 𝐽), and DMRG (2.40 𝐽). For the roton minimum, CST, SE, and DMRG
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Figure 5.7: CST results for the roton minimum 𝒌 = (𝜋, 0) and the dispersion maximum
𝒌 = (𝜋/2, 𝜋/2) for 0 ≤ 𝜆 ≤ 1 compared to data from SE [ZOH05], DMRG [Ver18], and
QMC [SS01]. All methods agree well, given the maximum dispersion. For the roton minimum,
all methods predict an inflection point for 𝜆 ≳ 0.8. The values for the depth of the roton
minimum differ slightly.

show qualitatively similar results: first, the dispersion increases, and for larger 𝜆 ≳ 0.8 an inflection
point occurs. This inflection point is consistent with the observation in Ref. [PUS15; PSU18]
that the hybridization between the one-magnon state and the three-magnon scattering states
causes the dip due to level repulsion. This mechanism becomes increasingly important at higher
𝜆 as dispersion and the continuum approach each other. The numerical values for the roton dip
for 𝜆 = 1 are 2.211(3) 𝐽 for the CST, 2.18(1) 𝐽 for SE, 2.16 𝐽 for QMC, and 2.06(1) 𝐽 for DMRG.
Hence, these values are reasonably close but have a wider spread than the maximum values. It
can be assumed that the SE and QMC results reflect the actual value best, while the CST result
is marginally high due to truncation beyond the quartic monomials. The DMRG data result from
a cylindrical geometry with fixed linear extension 𝐿 = 10. A comprehensive finite-size scaling,
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therefore, could not be performed. All in all, it can be concluded that a consistent description for
the high-energy properties of the dispersion of the XXZ model is reached by CST except for a
slight deviation of about 2 % at the roton minimum.

5.6 Two-Particle Sector

This section focuses on the two-particle sector of the effective Hamiltonian obtained by CST.
In this sector, all possible two-magnon states are considered. For non-interacting magnons, all
possible energies of two-magnon states are straightforwardly given by the sum of the single-particle
dispersion of the two individual magnons. In the thermodynamic limit, this leads to a two-magnon
continuum, where the lower and upper band edges are determined by the minimum and maximum
of the sum of two single-particle dispersions for fixed center-of-mass momentum 𝑲 = 𝒌1 + 𝒌2.
Thus, in the non-interacting case, the two-particle sector is entirely determined by the terms of
the single-particle sector.

This, however, is not the case for the Hamiltonian under consideration. Instead, the Hamiltonian
of the XXZ model indeed features magnon-magnon interactions, which are also considered in the
CST approach and thus are renormalized during the flow. These interactions not only can shift
the two-magnon continuum relative to the non-interacting case but also can lead to the formation
of two-magnon bound states lying below the two-magnon continuum. Provided, of course, that the
two-particle continuum is not directly adjacent to the single-particle dispersion, as in the case with
a gapless spectrum. Consequently, the gapless afHM at 𝜆 = 1 does not feature two-magnon bound
states. However, taking the other extreme, the Ising limit at 𝜆 = 0, it is clear that two-magnon
bound states do exist in this limit.

These bound states can be understood in terms of the Ising limit, where two flipped spins generally
yield 8 broken bonds with their neighbors. This results in an energy cost of 4𝐽. However, if the
two flipped spins are nearest neighbors as shown in Fig. 5.8a, they only yield a total number of 6
broken bonds, thus having a lower energy of 3𝐽 compared to other two-particle excitations and
forming a bound state. Additionally, these bound states come with 4 different configurations on a
square lattice, depending on the orientation of the two flipped spins, as shown in Fig. 5.8b. So
altogether, in momentum space, four two-magnon bound states exist in the Ising limit.

In summary, in the Ising limit, there exist bound states below the two-magnon continuum, while
in the isotropic Heisenberg limit, no such bound states exist. In the following, the goal is to
determine the fate of these bound states as the anisotropy 𝜆 increases from 0 to 1, effectively
tuning from the Ising model to the isotropic afHM. As the bound states do not exist in the afHM,
it is of interest to determine critical values of 𝜆 where these bound states cease to exist and merge
with the two-particle continuum.

5.6.1 Inverse Participation Ratio

This merging into a continuum generically occurs slowly in the sense that the slope of the lower
band edge of the continuum and of the energy of the bound state are the same [US96; US98;
Zhi13] Hence, the parameters where the bound state ceases to exist are extremely difficult to
determine numerically. Therefore, another criterion is used, namely the locality of the bound state
in its relative coordinate. A true bound state is local in the sense that it has a finite extension. If
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(a)

   

                   
(b)

   

Figure 5.8: Sketches of bound states in the antiferromagnetic Ising model on a square lattice.
Figure 5.8a shows a possible realization of a bound state. White-filled circles mark the two
flipped spins, and orange lines mark the 6 broken bonds, yielding a total energy of 3𝐽. Figure 5.8b
displays all four possible orientations of the bound states in the antiferromagnetic Ising model
on a square lattice. All bound states are marked with dotted orange ellipses.

the extension is determined solely by the system size, no binding occurs. A good measure of the
locality of a state is the inverse partition ratio (IPR) [KM93; MU19]

𝐼 = ∑
𝒓

|𝛹(𝑟)|4 = ∑
𝒓

|𝜌(𝑟)|2. (5.10)

with density 𝜌(𝑟) at site 𝑟 of the normalized wave function 𝛹(𝑟). For an extended state, the IPR 𝐼
scales proportional to 1/𝐿2 = 1/𝑁 if 𝐿 is the number of sites in one direction in two dimensions.
This is easily seen in the limiting case of 𝜌(𝑟) = 1/𝑁 where 𝐼 = 1/𝑁 holds. The other limiting
case is an entirely local state with 𝜌(0) = 1 and zero elsewhere, so that 𝐼 = 1 holds. Hence, one
has to determine whether the IPR vanishes ∝ 1/𝑁 for 𝑁 → ∞ or stays finite in this limit. The
locality of bound states is measured by the IPR given in Eq. (5.10). This quantity is extrapolated
linearly in 1/𝑁, which works remarkably well, yielding positive values for bound states and values
near zero otherwise.

5.6.2 Bound states and two-magnon continuum

A particular asset of the systematic basis changes by means of CST is that bound states can be
directly addressed and computed. The conservation of particle number, here the magnon number,
is achieved through a basis change. It allows one to compute the bound states in the two-particle
sector for any center-of-mass momentum 𝑲 = 𝒌1 + 𝒌2 in a given discretization. Recently, even
three-particle bound states could be addressed in antiferromagnetic spin ladders, which are induced
by three-particle irreducible interactions, i.e., by hexatic terms in second quantization [Sch+22].
Here, two-magnon bound states are under consideration as established perturbatively for not too
large values of 𝜆 [Ham09; Dus+10].

For bound states to be infinitely long-lived, they may not decay into scattering states. Hence,
their energy may not overlap with the continuum; it should remain below the continuum’s lower
boundary. Here, the focus is on the bound states at rest, 𝑲 = (0, 0), because, generically, the
energetically lowest lying bound states occur at a center-of-mass momentum of zero. This is
confirmed by series expansions [Ham09; Dus+10]. In addition, the strongest binding occurs for
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zero total 𝑆𝑧, i.e., between an 𝛼- and a 𝛽-magnon living on the A- and B-sublattices, respectively.
Again, this is confirmed perturbatively.

It is mandatory to distinguish the four bound states and determine each corresponding wave
function correctly, as it is needed to compute the IPR. For degenerate states, a simple numerical
diagonalization does not yield the correct eigenstates; instead, arbitrary superpositions of the
degenerate states are obtained, which do not lead to the correct IPR. In order to resolve this, the
point-group symmetry of rotations 𝑅̂ by 90∘ about any site of the lattice is exploited; the effective
Hamiltonian is block-diagonal within each eigen subspace of 𝑅̂. Four eigenvalues of 𝑅̂ are possible
and do occur: ±1 and ±𝑖.

Since the XXZ model is time-reversal invariant, the imaginary eigenvalues are degenerate, and
their complex eigenvectors are complex conjugates. The numerical diagonalization within each
eigen subspace of 𝑅̂ yields the energies of the bound states as depicted in Fig. 5.9, which resolves
the degeneracy. Starting in the Ising limit, as expected, four bound states 𝜏𝑖 below the lower edge
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Figure 5.9: The upper panel shows the energies of the four magnon-magnon bound states 𝜏𝑖
calculated by CST as a function of the anisotropy 𝜆 and the corresponding lower edge 2𝛥 of
the two-magnon continuum. Triangle symbols depict the two degenerate states with rotation
eigenvalue ±𝑖. The inset compares data from truncated CST to data from pCUT up to terms
∝ 𝜆4 [Dus+10]. One discerns a certain slight deviation in quadratic order. In the lower panel, the
inverse participation ratio IPR of the four bound states is plotted; only three curves are shown
because the eigen wave functions of the two degenerate bound states are complex conjugates
with the same IPR 𝐼. The vertical dashed lines mark the decay points for the corresponding
bound state determined by a crossing of 𝐼 with the threshold 𝐼 = 10−4 (horizontal dashed line).

of the two-magnon continuum are found. For increasing 𝜆, they are absorbed in the continuum
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one after the other before the isotropic afHM is reached. The decay point where each bound state
merges with the continuum is determined by computing and extrapolating its IPR as described
in Section 5.6.1 and Section 5.3. Recall that a finite IPR indicates binding while its vanishing
indicates delocalization, i.e., the bound state ceases to exist. The results of the extrapolated IPR
for the four bound states are displayed in the lower panel of Fig. 5.9.

It is advantageous to determine the merging into the continuum from the vanishing of the IPR
because this vanishing occurs as a very rapid drop by many orders of magnitude. In contrast, the
crossing of the binding energies with the lower continuum edge is an intersection with a slight,
rigorously even vanishing angle. A numerical threshold of 10−4 is chosen for the IPR to distinguish
between a bound state and a delocalized state in the continuum; i.e., only for IPR > 10−4 a
binding is deduced. In these calculations, this value is the typical IPR for a generic state well
within the continuum, extrapolated to the infinite thermodynamic limit 𝑁 → ∞. The absorption
points are marked as dashed vertical lines.

The bound state 𝜏(−1) disappears for 𝜆 ≈ 0.565(5) which is a deviation of ≈ 5 % to 𝜆 ≈ 0.5401(1)
from the results determined by a perturbative CUT (pCUT) [Dus+10]. The merging of 𝜏(±𝑖)
occurs at 𝜆 ≈ 0.72(1) in CST; no results were given for these bound states in Ref. [Dus+10]. For
the curves for 𝜏(±𝑖) in the inset, the hopping amplitudes given in Ref. [Dus+10] were analyzed to
calculate the series up to order 𝜆4. For 𝜏(+1) a merging point at 𝜆 ≈ 0.975(5) is found with a
deviation of only ≈ 0.6 % to the extrapolated pCUT value of 𝜆 ≈ 0.97. It can be concluded that
for almost all values 𝜆 ∈ [0, 1] at least one bound state exists. But even the lowest bound state
𝜏(+1) dives into the continuum very close to the isotropic Heisenberg point. Note that this finding
is very similar to the decay of bound states in the XXZ model on coupled two-leg ladders. Here
QMC simulations reveal the decay of the lowest bound state at 𝜆 ≈ 0.96 for different inter-ladder
couplings [YSW19].

Comparing the CST result with the results from the perturbative series near the Ising limit (see
inset of Fig. 5.9), a sizable deviation in order of 𝜆2 for all bound states is discernible, in contrast
to what is found in the previously studied quantities in the zero- and single-particle sectors. These
deviations are a consequence of the truncation scheme neglecting hexatic operators. Indeed, one
finds that for a perturbative CST in second order of 𝜆 in position space, coefficients for quartic
interactions of the type ̂𝑎†

𝑖 ̂𝑎†
𝑖

̂𝑏†
𝑗

̂𝑏𝑗 are coupled to hexatic terms during the flow. Hence, these
contributions are not considered rigorously in the CST as implemented in this thesis. Therefore,
the quantitative analysis of properties at intermediate values of the anisotropy should be taken
with a grain of salt. Nevertheless, the series expansion and the CST results exhibit very similar
behavior. In particular, the results close to the Heisenberg point agree very well. Obviously,
the benefits of truncation based on the scaling dimension outweigh the caveat of not precisely
capturing all perturbative terms in the Ising limit. This observation holds an attractive promise
for the future application of the CST combined with a scaling-based truncation.

5.7 Summary and Outlook — XXZ Model on a Square Lattice

This chapter extended the systematic basis change by a CST as applied to the spin- 1
2 isotropic

afHM on a two-dimensional square lattice in Refs. [PUS15; PSU18] to the two-dimensional easy-
axis XXZ model on a square lattice. This model displays the transition from a spontaneously
broken discrete symmetry with a finite energy gap to a spontaneously broken continuous symmetry
with a vanishing energy gap. The starting point of this calculation was the Hamiltonian in
scNL-SWT based on the Dyson-Maleev representation (DM) of the spin operators. The calculation
is performed by numerically integrating the flow equations in the prefactors of terms in second
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quantization. To this end, the MBZ was discretized in various ways, and it was checked that the
results converged within small error bars. In addition, the proliferation of terms was limited by a
truncation based on the scaling dimension. All terms of quadratic and quartic form were kept, but
hexatic and higher terms that occurred in the flow equations were neglected after normal-ordering
them with respect to the self-consistently determined magnon vacuum.

It was verified that this approach can be applied to the paradigmatic transition of the easy-axis
XXZ model on a square lattice, including the vanishing of the spin gap. The ground-state energy
and the one-magnon dispersion, as well as the two-magnon interaction, were derived and computed.
The dispersion displays the expected appearance of the roton minimum and agrees well with all
available previous results.

Concerning the power laws upon approaching the isotropic Heisenberg point, the CST yields
results close to those from QMC [Cac+24]. Both strongly support the linear behavior of the
ground energy and square-root behavior for the staggered magnetization, the spin gap, and the
correlation length. The latter two power laws are not independent but are linked by 𝜉𝑥 ∝ 1/𝛥.
Only for the staggered magnetization determined by the CST, a slight deviation in the exponent is
observed. This deviation is attributed to systematic truncation errors, as both distinct approaches
that determine the staggered magnetization exhibit it. However, all these power laws agree with
the results of spin wave theory [HZA92], which may appear surprising. However, it should be
emphasized that approaching the isotropic point does not constitute an actual quantum phase
transition, as the system remains in the same long-range-ordered phase. The observed gap closure
does not indicate a second-order transition, but rather the restoration of the continuous symmetry
of spin rotation, which in turn implies the occurrence of Goldstone bosons. Since no critical
quantum fluctuations appear, the exponents remain the same as in mean-field theory.

Additionally, the two-magnon bound states at zero momentum of the center-of-mass in the
longitudinal channel, i.e., for vanishing total 𝑆𝑧 component, were successfully computed. Four
bound states are identified, of which two with complex eigen wave functions are degenerate.
Upon approaching the isotropic afHM, they merge successively with the two-magnon continuum.
The lowest bound state is rotationally invariant in space, i.e., with respect to rotations by 90°.
It vanishes only very close to the isotropic point in nice quantitative agreement with previous
perturbative results [Dus+10] within less than 1 %. This agreement is even more remarkable
because the energies of the bound states show a larger deviation of the order of 5 % to the
perturbative results for intermediate values of 𝜆. This effect is traced back to the truncations
beyond the quartic level. The degree of binding and the delocalization upon diving into the
continuum are determined reliably by the IPR.

The above sketched achievements hold the promise that the systematic CST with truncation based
on the scaling argument can be applied to many more models that have not been studied in great
detail to date. Therefore, it is worth emphasizing that with the help of the CST, closing and
opening of gaps can be captured as well as the occurrence of binding phenomena. With this
successful extension of the CST to the XXZ model, the following chapter addresses the question of
how robust the CST approach performs if the underlying lattice is changed. Precisely, the lattice
is changed from the square lattice to the honeycomb lattice.
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Following the analysis of the XXZ model on a square lattice, where the continuous similarity
transformation (CST) method demonstrated excellent quantitative agreement with complementary
theoretical approaches, a natural next step is to investigate its performance under a change of
the underlying lattice geometry while maintaining the interaction model. Therefore, this chapter
focuses on applying the CST to the XXZ model on a honeycomb lattice.

Compared to the square lattice, the honeycomb lattice possesses a lower coordination number
of 𝑍 = 3 instead of 𝑍 = 4. Consequently, quantum fluctuations are expected to be more
pronounced in systems defined on the honeycomb lattice. In general, the combination of the
honeycomb geometry with various types of magnetic interactions gives rise to a wide variety of
intriguing physical phenomena. A prominent example is the exactly solvable Kitaev model [Kit06],
which features anisotropic bond-dependent spin interactions and realizes a quantum spin-liquid
ground state. Hence, materials that exhibit strong spin-orbit coupling combined with significant
electron correlation on a honeycomb lattice are intensively investigated in recent years as potential
realizations of the Kitaev model [Tak+19]. However, beyond these exotic anisotropic interactions,
isotropic Heisenberg-type interactions on the honeycomb lattice are also of considerable interest
to describe various materials. In this context, next-nearest-neighbor or even next-next-nearest-
neighbor interactions are often included, leading to frustrated magnetic models. Such models
exhibit rich phase diagrams featuring multiple magnetically ordered phases alongside quantum
spin liquid phases [FSL01; OS11; Li+12; Reh+16; FB20].

Nevertheless, several materials have been identified that realize the spin- 1
2antiferromagnetic

Heisenberg model (afHM) on a honeycomb lattice, such as YbCl3 and YbBr3 [Her+25]. Recent
inelastic neutron scattering (INS) experiments on these compounds have revealed magnon-like
excitations. [Wes+20; Sal+21; Sal+23; Her+25] However, notable deviations from the predictions
of conventional spin-wave theory (SWT), analogous to those found for the afHM on the square
lattice, were observed. These discrepancies are most pronounced near the corners of the Brillouin
zone (BZ)(𝐾-points). At these points, even the INS intensity measurements reveal evidence of a
decay of the one-magnon mode [Wes+20; Her+25]. Consequently, an important question arises
as to whether the CST can adequately capture these experimentally observed phenomena on the
honeycomb lattice, analogous to its successful application on the square lattice. This issue will be
explored in greater detail in Section 6.6.

Before proceeding, certain prerequisites must be established to set up the CST for the honeycomb
lattice. First, it is important to note that the honeycomb lattice is still bipartite. Therefore,
the magnetic ordering associated with the Néel state naturally suits this lattice. Thus, in the
Ising limit 𝜆 = 0 of the XXZ model, the ground state corresponds once again to the classical
Néel state, as illustrated in Fig. 6.1. Second, unlike the square lattice, the honeycomb lattice
lacks inversion symmetry. The subsequent section provides a detailed discussion of the required
adaptations for implementing the CST on the honeycomb lattice, with a special focus on the
Fourier transformation.
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Figure 6.1: Antiferromagnetic order on the honeycomb lattice. The spins on the two sublattices
are aligned anti-parallel to each other, resulting in a classical Néel state for the Ising limit 𝜆 = 0.

   

6.1 Remarks on the Fourier Transformation

In order to set up the CST for the XXZ model on the honeycomb lattice, only a single step
discussed in Section 2.5 has to be revisited and adapted to the new lattice structure, namely the
Fourier transformation of Section 2.5.2. Before discussing the Fourier transformation, it is helpful
to revisit the resulting Hamiltonian after inserting the Dyson-Maleev representation (DM), which
reads   

ℋ̂ = − 𝐽𝑁𝐴𝑆2𝑍 + 𝐽
𝑁𝐴

∑
𝒓𝑖∈𝛤𝐴

∑
𝒅∈𝔇

[𝑆 ̂𝑎†
𝑖 ̂𝑎𝑖 + 𝑆 ̂𝑏†

𝑖+𝒅
̂𝑏𝑖+𝒅 + 𝜆𝑆 ̂𝑎†

𝑖
̂𝑏†
𝑖+𝒅 + 𝜆𝑆 ̂𝑎𝑖

̂𝑏𝑖+𝒅 

     − ̂𝑎†
𝑖 ̂𝑎𝑖

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅 − 𝜆
2

̂𝑎†
𝑖

̂𝑏†
𝑖+𝒅

̂𝑏†
𝑖+𝒅

̂𝑏𝑖+𝒅 − 𝜆
2

̂𝑎†
𝑖 ̂𝑎𝑖 ̂𝑎𝑖

̂𝑏𝑖+𝒅 ] .

   (6.1)

with 𝛤𝐴 being the set of all lattice sites of sublattice A, 𝑁𝐴 = 𝑁/2 the number of sites in
sublattice A, and 𝔇 the set of nearest neighbors on the honeycomb lattice. For simplicity, only the
Hamiltonian without the generalized normal-ordering is considered here. However, the same steps
apply when generalized normal-ordering is applied. Compared to the square lattice Hamiltonian of
Eq. (2.32), the main difference is the summation over the nearest neighbors 𝔇 of the honeycomb
lattice, which only contains three neighbors instead of four. As for the square lattice, the exact
definition of the nearest-neighbor set 𝔇 depends on the chosen gauge for the honeycomb lattice,
which is discussed in the following. Furthermore, the distinction between BZ and magnetic Brillouin
zone (MBZ) is not necessary for the honeycomb lattice, as the magnetic order fits on the lattice
without introducing a magnetic unit cell.

Bloch gauge: With the Bloch gauge, there is no phase difference between the operators ̂𝑎 and ̂𝑏
in the Fourier transformation of Eq. (2.33) and therefore only interactions connecting different
unit cells obtain a phase factor in the Fourier transformation. In Fig. 6.2, the unit cell of the
honeycomb lattice in Bloch gauge is shown, where interactions between neighboring unit cells
are marked as transparent orange rhombi. The unit cell is a rhombus with the lattice vectors
being 𝒂1 = ( 3

2 ,
√

3
2 )𝑇 and 𝒂2 = ( 3

2 , −
√

3
2 )𝑇, as shown in Fig. 6.2. In this case, the distance between

two neighboring sites is set to unity. The corresponding reciprocal lattice vectors are given by
𝒃1 = (2𝜋 1

3 , 2𝜋 1√
3 )𝑇 and 𝒃2 = (2𝜋 1

3 , −2𝜋 1√
3 )𝑇. Using this gauge, 𝔇 is defined as 𝔇 = {0, 𝒂1, 𝒂2}
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Figure 6.2: The unit cell of Bloch gauge on the honeycomb lattice marked by an orange
rhombus. Each atom is clearly assigned to one cell. Neighboring cells that interact are marked
as transparent orange rhombi. The lattice vectors 𝒂1 and 𝒂2 span the lattice marked as grey
dotted lines.

   

and the resulting Fourier transformation function 𝛾B (𝒌) reads

𝛾B (𝒌) = 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝒅 = 1
3

(1 + e−i𝒌𝒂1 + e−i𝒌𝒂2) . (6.2)

The function 𝛾B (𝒌) is visualized in Fig. 6.3. Again as in the square lattice, the expected feature
that 𝛾B (𝒌) = 𝛾B (𝒌 + 𝑮) holds is clearly visible, where 𝑮 is any reciprocal lattice vector with
𝑮 = 𝑔1𝒃1 +𝑔2𝒃2 and 𝑔𝑖 ∈ ℤ. Regarding the symmetry of the function 𝛾B (𝒌), the sixfold rotational
symmetry of the honeycomb lattice is not visible in Fig. 6.3 anymore; instead, the symmetries
reduce to the same as for the square lattice in the case of the Bloch gauge, which are

𝛾B(𝒌(𝑚1, 𝑚2)) = 𝛾B(𝒌(𝑚2, 𝑚1)) = 𝛾∗
B(𝒌(−𝑚1, −𝑚2))  = 𝛾∗

B(𝒌(−𝑚2, −𝑚1)) (6.3)

with 𝒌(𝑚1, 𝑚2) = 𝑚1𝒃1 + 𝑚2𝒃2 and 𝑚1,2 ∈ R.

Symmetric gauge: As an alternative to the Bloch gauge, the symmetric gauge can also be used
for the honeycomb lattice. In this gauge, the operator ̂𝑏 obtains an additional phase factor in the
Fourier transformation as the Fourier transformation is defined as in Eq. (2.43) on each sublattice.
In Fig. 6.4, the unit cell of the honeycomb lattice in the symmetric gauge is shown. The lattice
points coincide with the sublattice A sites, and the unit cell is again a rhombus spanned by the
same lattice vectors 𝒂1 and 𝒂2 as in the Bloch gauge. By expressing the interaction partners of
a single A site relative to the position in the lattice in terms of the lattice vectors, the set 𝔇 is
defined as 𝔇 = {− 1

3 (𝒂1 + 𝒂2), 1
3 (2𝒂1 − 𝒂2), 1

3 (−𝒂1 + 2𝒂2)}. The resulting Fourier transformation
function 𝛾S (𝒌) reads

𝛾S (𝒌) = 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝒅 = 1
3

(ei 𝒌(𝒂1+𝒂2)
3 + e−i 2𝒌𝒂1−𝒌𝒂2

3 + e−i −𝒌𝒂1+2𝒌𝒂2
3 ) . (6.4)

In Fig. 6.5 the function 𝛾S (𝒌) is visualized. Although the symmetric gauge is used, the function
is no longer real-valued, compared to the square lattice, similar to the Bloch gauge. However,
both the real and imaginary part of 𝛾S (𝒌) show the complete sixfold rotational symmetry of the
honeycomb lattice, as expected. The symmetry can be expressed as

𝛾S(𝒌) = 𝛾S(𝜃 𝜋
3
(𝒌))∗ =  𝛾S(𝜃 2𝜋

3
(𝒌)) =  𝛾S(𝜃𝜋(𝒌))∗ =  𝛾S(𝜃 4𝜋

3
(𝒌)) =  𝛾S(𝜃 5𝜋

3
(𝒌))∗ (6.5)
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Figure 6.3: The figure depicts 𝛾B(𝒌) in the Bloch gauge of the honeycomb lattice. The real
part of 𝛾B(𝒌) is shown on the left-hand side, and the imaginary part of 𝛾B(𝒌) is shown on the
right-hand side. In both cases, grey lines mark the first BZ and its extensions, Grey dotted
lines indicate the unit cells used for the discretization of the reciprocal space.
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Figure 6.4: Unit cell of symmetric gauge on the honeycomb lattice shown marked by an orange
rhombus. The lattice vectors 𝒂1 and 𝒂2 span the lattice marked as grey dotted lines. Lattice
points coincide with the sublattice A sites.
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6 XXZ Model on a Honeycomb Lattice

where 𝜃𝛼(𝒌) denotes the rotation of the vector 𝒌 by an angle 𝛼. By translating the rotational
symmetry, e.g., 𝛼 = 𝜋

3 , into the coordinates (𝑚1, 𝑚2) of the reciprocal lattice vectors

 𝜃 𝜋
3
(𝒌(𝑚1, 𝑚2)) = 𝒌(𝑚2, 𝑚2 − 𝑚1) , (6.6)

a problem arises with the implementation of these symmetries in the CST. With 𝑚1,2 are now
discretized values depending on the chosen boundary conditions, as discussed in Section 4.2. The
underlined part indicates that for an antiperiodic boundary condition, the resulting coordinate
(𝑚2 − 𝑚1) is not connected to any point of the discretization. Thus, only periodic boundary
conditions, as implemented in this work, can exploit the complete symmetry of the honeycomb
lattice in the symmetric gauge. Furthermore, the symmetric gauge comes with the cost that a shift
by a reciprocal lattice Vector 𝑮 leaves the function 𝛾S (𝒌) not invariant anymore, but introduces
an additional phase factor. In this case, the phase factor reads

𝛾S(𝒌 + 𝑮) = 𝛾S(𝑮)𝛾S(𝒌) , where 𝛾S(𝑮) = ei 2𝜋
3 (𝑔1+𝑔2) (6.7)

with 𝑮 = 𝑔1𝒃1 + 𝑔2𝒃2 and 𝑔𝑖 ∈ ℤ. Compared to the square lattice where the 𝛾S(𝑮) ∈ {1, −1},
here there exist three different phase factors being 𝛾S(𝑮) ∈ {1, −0.5 +

√
3

2 i, −0.5 −
√

3
2 i}, with two

of them are irrational complex values.
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Figure 6.5: The figure depicts 𝛾S(𝒌) in the symmetric gauge of the honeycomb lattice. The
real part of 𝛾S(𝒌) is shown on the left-hand side, and the imaginary part of 𝛾S(𝒌) is shown on
the right-hand side. In both cases, grey lines mark the first BZ and its extensions, Grey dotted
lines indicate the unit cells used for the discretization of the reciprocal space.

   

In comparison to the square lattice case, where the advantages of the symmetric gauge outweigh
the advantages of the Bloch gauge, the situation is less clear for the honeycomb lattice. The
symmetric gauge is no longer real-valued, and the additional possible complex phase factors when
shifting by reciprocal lattice vectors complicate the implementation of the CST. In particular,
the irrational complex phase factors in the symmetric gauge lead to numerical instabilities in the
CST implementation when all symmetries of Eq. (6.5) are exploited. Additionally, the complete
rotational symmetry can only be exploited for periodic boundary conditions. Conclusively, the
Bloch gauge is preferred over the symmetric gauge for the honeycomb lattice in this work.

After the Fourier transformation, the Hamiltonian reads
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ℋ̂ = − 𝐽𝑁𝔗𝑆2𝑍 (6.8a)

+𝐽𝑆𝑍 ∑
𝒌

[𝛿𝑮 (𝒌1 − 𝒌2) ( ̂𝑎†
𝒌1

̂𝑎𝒌2
+ ̂𝑏†

𝒌1
̂𝑏𝒌2

)

+𝛿𝑮 (𝒌1 + 𝒌2) (𝛾B(−𝒌2) ̂𝑎𝒌1
̂𝑏𝒌2

+ 𝛾B(𝒌2) ̂𝑎†
𝒌1

̂𝑏†
𝒌2

)  ]  
(6.8b)

− 𝐽𝑍
𝑁𝔗

∑
𝒌1,𝒌2,
𝒌3,𝒌4

[ 𝛾B(𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑏†
𝒌3

̂𝑏𝒌4

+1
2

𝛾B(𝒌2 + 𝒌3 − 𝒌4)𝛿𝑮 (𝒌1 + 𝒌2 + 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑏†
𝒌2

̂𝑏†
𝒌3

̂𝑏𝒌4

+1
2

𝛾B(−𝒌4)𝛿𝑮 (𝒌1 − 𝒌2 − 𝒌3 − 𝒌4) ̂𝑎†
𝒌1

̂𝑎𝒌2
̂𝑎𝒌3

̂𝑏𝒌4
] . 

(6.8c)

This Hamiltonian is similar to the square lattice Hamiltonian of Eq. (2.51), with the difference
being that the functions 𝛾B(𝒌), respectively 𝛾S(𝒌) for the symmetric gauge, are specific to the
honeycomb lattice. The coordination number is reduced to 𝑍 = 3 and the summation is over the
true BZ as MBZ and BZ are the same for the honeycomb lattice since the honeycomb can only be
realized with a two-atomic unit cell. Further, the delta functions of the quadratic parts are not
evaluated to underline that 𝛾B(𝒌) respectively 𝛾S(𝒌) are not real valued anymore.

Consequently, all following steps to set up the initial values before the CST are identical to the square
lattice, including the Bogoliubov transformation (Section 2.5.3) or a possible generalized normal-
ordering to obtain a self-consistent nonlinear spin-wave theory (scNL-SWT), see Section 2.5.4. The
same holds for the CST itself. All operators are the same, only their prefactors differ, and thus the
setup of the flow equation, as described exemplarily in Section 4.1, is identical to the square lattice.
To be even more generalized, the flow equations for each coefficient connected to an operator in
this magnon picture do not differ as long as the same truncation and generators are used. Only
the initial values of the coefficient are model-dependent and therefore have a tremendous influence
on the flow. Numerically, the initial values of the coefficients in the honeycomb lattice force a
calculation of the CST with complex numbers, doubling the memory consumption as well as
the computational cost. Additionally, fewer symmetries can be exploited, further reducing the
performance of the CST.

6.2 Nonlinear Spin-Wave Theory

Before discussing the results after the CST, it is beneficial to analyze the model only in the
different stages of SWT. Accessible quantities in this case are the ground-state energy, the
staggered magnetization, and the single-particle dispersion. At first, the results of the linear
spin-wave theory (L-SWT) are determined and compared to more sophisticated approaches such
as the mean-field spin-wave theory (MF-SWT) or self-consistent mean-field spin-wave theory
(scMF-SWT), as discussed in Section 2.5.4.

In Fig. 6.6 the ground-state energy per site 𝑒0, staggered magnetization per site 𝑚𝑧 and spin gap
𝛥 are shown for different anisotropy values 𝜆 for all aforementioned approaches. Interestingly,
the scMF-SWT on the honeycomb lattice is not able to provide solutions for the full anisotropy
range 0 ≤ 𝜆 ≤ 1 in contrast to the square lattice. Instead, beyond the anisotropy value around
𝜆 ≳ 0.7235(5), no self-consistent solution is found anymore, and only at the Heisenberg point 𝜆 = 1
a solution is found again. The explanation why scMF-SWT works again at 𝜆 = 1 lies in the fact
that for 𝜆 = 1 the self-consistent parameters cancel each other in the Bogoliubov transformation
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Figure 6.6: Ground-state energy per site 𝑒0, staggered magnetization per site 𝑚𝑧 and spin
gap 𝛥 for the honeycomb lattice XXZ model using different spin-wave theory approaches. The
L-SWT, MF-SWT, and scMF-SWT results are shown. A vertical dashed line indicates the
point beyond which the scMF-SWT does not yield a solution anymore. Only at the Heisenberg
point 𝜆 = 1 a solution is found again.

   

and thus only a single evaluation is required. However, a physical interpretation for the behavior in
the range 0.7235(5) ≲ 𝜆 < 1 is not yet fully formed. After the critical anisotropy, in the solution of
the self-consistency equations, the self-consistent parameters approach values where the radicand of
the square root in the Bogoliubov transformation becomes negative, leading to unphysical complex
expectation values. Additionally, near the critical anisotropy, the staggered magnetization and the
spin gap show unusually strong renormalizations for the scMF-SWT results.

Furthermore, the single-particle dispersion along a high symmetry path in the BZ is shown
in Fig. 6.7 for different anisotropy values 𝜆 using L-SWT, MF-SWT, and scMF-SWT. All
approaches show the expected behavior: as anisotropy 𝜆 increases, the spin gap at the 𝛤-point
closes. Furthermore, already for L-SWT the dispersion at the 𝑀-point 𝒌 = (− 𝜋

3 , 𝜋√
3 )𝑇 is reduced

for increasing anisotropy 𝜆 and develops a saddle point. The dispersion for L-SWT at the 𝐾-
point 𝒌 = ( 4𝜋

3
√

3 , 0)𝑇 develops a global maximum which remains constant at 1.50𝐽 for the whole
anisotropy range, matching the dispersion value associated with the Ising model. Considering
the more sophisticated MF-SWT and scMF-SWT, for both approaches, the dispersion is shifted
to higher values between the 𝑀- and 𝐾- point. Additionally, the maximum at the 𝐾-point is no
longer constant, but increases with increasing anisotropy 𝜆. Near the 𝛤-point 𝒌 = (0, 0)𝑇, the
dispersion values are even further reduced compared to L-SWT.

Conclusively, the scMF-SWT on the honeycomb lattice compared to the square lattice is not
able to provide solutions for all anisotropy values. Consequently, instead of the scNL-SWT, the
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Figure 6.7: Single-particle dispersion using different spin-wave theory approaches along a high
symmetry path in the BZ for the honeycomb lattice XXZ model. The path is shown on the
left-hand side. On the right-hand side, the dispersion is shown for L-SWT, MF-SWT, and
scMF-SWT. Results are shown for different anisotropy values 𝜆.

   

nonlinear spin-wave theory (NL-SWT) connected to the shown results of the MF-SWT is used as
a starting point for the CST in the following.

6.3 Convergence Behavior Continuous Similarity Transformation

Using the non-self-consistent NL-SWT as a starting point, the CST is applied to the XXZ model
on the honeycomb lattice. In the evaluation of the results, linear systems of size up to 𝐿 = 18
with both boundary conditions are considered. In the following, special focus is placed on periodic
boundary conditions, where the linear system’s size satisfies 𝐿 mod 3 = 0, as these discretizations
sample the edges of the hexagonal-shaped BZ. Further, periodic boundary conditions with
𝐿 mod 6 = 0 sample the 𝐾-points at the corner of the BZ. Thus, more substantial fluctuations in
the physical quantities for different 𝐿 can be expected in the extrapolation to the thermodynamic
limit compared to the square lattice. Focusing only on discretization with 𝐿 mod 3 = 0 extenuates
possible fluctuations in the extrapolation.

Strikingly, compared to the XXZ model on the square lattice, the particle-conserving generator
(pc generator) ̂𝜂pc does not lead to an effective model for the whole range of anisotropies 0 ≤ 𝜆 ≤ 1.
Instead, similar to the scMF-SWT, only up to a critical anisotropy around 𝜆 = 0.575(5) a converged
effective model is obtained. This point is stable across the considered system sizes and boundary
conditions. A divergence of the flow for the pc generator can be interpreted as a smoking gun for
an energetic crossing of states with a different number of magnons. Therefore, one goal for the
following sections is to analyze the nature of this breakdown of the pc generator in more detail.

However, the pc generator ̂𝜂pc is not the only generator that can be applied in the CST framework.
As discussed in Section 3.3.4, the particle-block-separating generator (pbs generator) can also
be used as a generator for the CST. In contrast to the pc generator, the pbs generator is less
ambitious and only decouples the 𝑘 lowest magnon subspaces from all other subspaces instead
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of decoupling all subspaces from each other. Here, the particle-block-separating generator with
𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 is considered, which only decouples the zero-magnon subspace, i.e.,
the ground state, from all other subspaces. A divergence of the flow for this generator would
indicate an energetic crossing of the ground state with an excited state, i.e., a second-order phase
transition, rendering the assumed long-range ordered Néel ground state invalid. This criterion was
already successfully applied to determine quantum phase transitions out of a long-range ordered
phase in the framework of the CST for the 𝐽1-𝐽2 model on a square lattice and the Heisenberg
bilayer [Her+24]. Here, the parameter for which the phase transition occurs is determined with
sufficient accuracy; however, extracting the correct critical exponents associated with such quantum
phase transitions proved difficult with the CST, as the known exponents for the bilayer could not
be reliably reproduced.

In the XXZ model on a honeycomb lattice, using the 0𝑛 generator ̂𝜂pbs
0∶𝑛 , no divergence in the flow

is observed across the entire range of anisotropy, from 0 ≤ 𝜆 ≤ 1. This finding aligns with existing
literature, which indicates that even at the Heisenberg point (𝜆 = 1), various methods predict
a sustained long-range order despite significant quantum fluctuations. Among them are series
expansion (SE) [OHZ92], second order spin-wave results [WOH91], exact diagonalization [OB78],
coupled cluster method (CCM) [BR98; Bis+15; BL16] and quantum Monte Carlo (QMC) [RRY89;
Cas+06]. The latter QMC study determined the remaining staggered magnetization in the afHM
as 𝑚qmc

𝑧 = 0.2677(6) [Cas+06], in accordance with other QMC studies [Löw09; Jia12]. The reduced
magnetization compared to the square lattice, where QMC observed a staggered magnetization of
𝑚qmc

𝑧 = 0.3070(3) [San97], demonstrates that quantum fluctuations are more substantial on the
honeycomb lattice. Thus, the quasiparticle picture of magnons on top of a long-range ordered Néel
state remains valid for the whole anisotropy range 0 ≤ 𝜆 ≤ 1 on the honeycomb lattice, even if
strong quantum fluctuations render the pc generator ̂𝜂pc inapplicable beyond a critical anisotropy
and instead the 0𝑛 generator ̂𝜂pbs

0∶𝑛 is used.

6.4 Comparison of Particle-Conserving Generator and
Particle-Sorting Generator

As established in the previous section, the pc generator is not applicable in the whole parameter
range of the XXZ model on the honeycomb lattice. In contrast, the 0𝑛 generator is applicable
for all anisotropies 0 ≤ 𝜆 ≤ 1. Compared to the square lattice case, where both generators were
applicable over the entire anisotropy range, a slightly different approach is required here. Of course,
the pc generator ̂𝜂pc is the superior generator, as its effective model is fully particle conserving.
Therefore, it is preferable to use pc generator ̂𝜂pc over the 0𝑛 generator ̂𝜂pbs

0∶𝑛 , whenever possible.
Thus far, only results using the pc generator have been presented. The question arises how well
the less ambitious 0𝑛 generator ̂𝜂pbs

0∶𝑛 performs compared to the pc generator ̂𝜂pc. To answer this
question, results from the square lattice case are revisited, where both generators are applicable
for the whole anisotropy range.

In Fig. 6.8 only the staggered magnetization per site 𝑚𝑧, spin gap 𝛥, roton minimum, and
dispersion maximum are shown for both generators. Concerning the ground state, as it is fully
decoupled for both the pc generator and the 0𝑛 generator, the ground-state energy per site 𝑒0
deviations are close to zero ≈ 10−5 and thus not further discussed, which is expected as in both
cases the ground state is fully decoupled. Since the staggered magnetization can also be derived
from the ground-state energy and is therefore assumed to be robust under changes of the generator,
here only results obtained via the observable flow are shown for the magnetization.
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In the case of the results of the 0𝑛 generator ̂𝜂pbs
0∶𝑛 for the single-magnon dispersion, the single-

magnon space is still coupled to the three-magnon space in accordance with the truncation scheme.
The three-magnon space itself, with the operator of the effective Hamiltonian, is coupled to the
higher five-magnon spaces, and so on. The single-magnon space is therefore indirectly coupled
in the effective model of the 0𝑛 generator ̂𝜂pbs

0∶𝑛 to all higher odd magnon spaces. However, in
the following, as an additional approximation, only the coupling to the three-particle space is
considered. Consequently, to obtain the single-magnon dispersion, the effective Hamiltonian is
diagonalized in the coupled single and three-magnon space. This approach differs significantly
from the pc generator ̂𝜂pc, where the single-magnon space is fully decoupled during the CST from
all higher magnon spaces in the effective model. This distinction must be kept in mind when
discussing the differences in results between the two generators. Independent of this, all results
are extrapolated to the thermodynamic limit, and the two different boundary conditions give an
error estimate as discussed in Section 5.3 for linear system sizes up to 𝐿 = 18.
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Figure 6.8: Comparison of results for the XXZ model on the square lattice using the
pc generator ̂𝜂pc and 0𝑛 generator ̂𝜂pbs

0∶𝑛 as generators in the CST. The upper panel shows
the staggered magnetization per site 𝑚𝑧 obtained via the corresponding observable flow. The
middle panel shows the spin gap 𝛥 and the lower panel the roton minimum at 𝒌 = (𝜋, 0)𝑇 and
the dispersion maximum at 𝒌 = ( 𝜋

2 , 𝜋
2 )𝑇.

   

Regarding the staggered magnetization per site 𝑚𝑧 in the upper panel of Fig. 6.8, both generators
yield identical results for the whole anisotropy range 0 ≤ 𝜆 ≤ 1. Astoundingly, the same holds for
the spin gap 𝛥 shown in the middle panel of Fig. 6.8. The first differences between both generators
occur in the lower panel of Fig. 6.8 where the roton minimum and dispersion maximum are
depicted. For lower anisotropies, both generators yield nearly identical results, but as 𝜆 increases,
deviations become visible. In this higher 𝜆 regime close to the Heisenberg point, the 0𝑛 generator
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̂𝜂pbs
0∶𝑛 yields higher values for both quantities compared to the pc generator ̂𝜂pc. Especially for the
roton minimum at 𝒌 = (𝜋, 0)𝑇, the deviations become significant for anisotropies close to the
Heisenberg point 𝜆 = 1. This obervation not only shows the limitations of the 0𝑛 generator ̂𝜂pbs

0∶𝑛
with an additional diagonalization of the coupled single and three-magnon space in extracting
the correct single-magnon dispersion, in particular, at high energy momenta, but also highlights
the superiority of the pc generator ̂𝜂pc. The pc generator can fully account for all interactions
with higher-magnon spaces, which are apparently significant for accurately capturing the roton
minimum, stemming from strong magnon-magnon interactions.

However, regarding low-energy properties such as ground-state energy, staggered magnetization,
and spin gap, both generators yield almost identical results within the numerical accuracy of the
CST. Consequently, for the honeycomb lattice where the pc generator ̂𝜂pc is not applicable for
the whole anisotropy range, the 0𝑛 generator ̂𝜂pbs

0∶𝑛 can be used as a reliable alternative to extract
low-energy properties of the system. Nevertheless, caution is advised when extracting high-energy
properties, such as the roton minimum, where significant deviations between the two generators
can occur.

6.5 Results of Continuous Similarity Transformation

In this section, the results of the CST using the 0𝑛 generator ̂𝜂pbs
0∶𝑛 as a generator for the XXZ

model on the honeycomb lattice are presented. Additionally, results of the pc generator ̂𝜂pc are
shown for anisotropies up to the critical anisotropy around 𝜆 = 0.575(5),up to where this generator
is still applicable.

It should be noted that compared to the square lattice case, the single-particle dispersion determined
by the pc generator or the 0𝑛 generator shows non-vanishing non-physical imaginary contribution
in the order of 10−4𝐽. Of course, the crucial difference between them is that the square lattice can
be calculated without complex numbers, using the symmetric gauge. However, using the Bloch
gauge for the square lattice, the resulting imaginary contributions are still significantly lower and
only in the order of 10−10𝐽. The difference in the magnitude of these imaginary contributions is
attributed to the more complicated structure of the honeycomb lattice. The associated complex-
valued functions 𝛾B(𝒌) or 𝛾S(𝒌) are more prone to numerical errors, which can accumulate during
the integration of the flow equations. Additionally, the approximation due to the re-diagonalization
of the coupled single- and three-magnon space is another factor. Nevertheless, the imaginary
parts are significantly smaller than the energy scales of interest and are therefore neglected in the
following discussions.

In Fig. 6.9 the ground-state energy per site 𝑒0, staggered magnetization per site 𝑚𝑧 and spin
gap 𝛥 are shown for different anisotropy values 𝜆. To capture the effect of the CST, the data is
compared to the MF-SWT results discussed in Section 6.2, which are connected to the NL-SWT
used as the starting point for the CST. Furthermore, the results are compared to results from
the literature obtained by SE [OHZ92], asymptotic SWT [WOH91], QMC [Löw09], CCM [BR98;
Bis+15], and density matrix renormalization group (DMRG) [Kad+24]. In the following, each
quantity is discussed in detail.

The ground-state energy per site 𝑒0 is shown in the upper panel of Fig. 6.9. Here, both
generators yield identical results across the whole anisotropy range where the pc generator ̂𝜂pc is
applicable. Regarding the results from the literature, the results from the 0𝑛 generator ̂𝜂pbs

0∶𝑛 are
in good agreement with all of them. May it be CCM results [BR98; BL16], SE calculation up to
an order of 𝑂(14) [OHZ92] and close to the isotropic point asymptotic SWT [WOH91] or at the
isotropic point also with available QMC results [Löw09]. For the isotropic point 𝜆 = 1, the CST
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Figure 6.9: Comparison of results for the XXZ model on the honeycomb lattice using the
pc generator ̂𝜂pc and 0𝑛 generator ̂𝜂pbs

0∶𝑛 as generators in the CST. The upper panel shows the
ground-state energy per site 𝑒0. The middle panel shows the staggered magnetization per site
𝑚𝑧 obtained via the corresponding observable flow. The lower panel shows the spin gap 𝛥. If
possible results are compared to literature data, i.e., SE [OHZ92], asymptotic SWT [WOH91],
QMC [Löw09], CCM [BR98; Bis+15] and DMRG [Kad+24]. The vertical dashed line marks
the boundary where the pc generator still converges.
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6 XXZ Model on a Honeycomb Lattice

with the 0𝑛 generator ̂𝜂pbs
0∶𝑛 yields a ground-state energy per site of 𝑒cst

0 = −0.545 736(2)𝐽, which is in
very good agreement with 𝑒QMC

0 = −0.5446(2)𝐽, 𝑒CCM
0 = −0.544 66(2)𝐽, and 𝑒SE

0 = −0.5443(3)𝐽.
However, compared to the MF-SWT starting point, the renormalizations are only moderate,
indicating that the MF-SWT already correctly captures a large part of the quantum fluctuations
affecting the ground-state energy. It is therefore not surprising that the 0𝑛 generator also shows
accurate results.

The staggered magnetization per site 𝑚𝑧 is shown in the middle panel of Fig. 6.9. Nevertheless,
before discussing the CST results, it is important to note that the staggered magnetization per site
𝑚𝑧 is here only calculated via an observable flow as shown in Section 5.4.2. In the square lattice
case, the staggered magnetization could be extracted from the flow of the longitudinal dynamic
structure factor evaluated at 𝑸 = (𝜋, 𝜋)𝑇 with the ground-state expectation value. However, this is
not possible for the honeycomb lattice due to its different geometry. Instead, a separate observable
flow for the staggered magnetization is implemented. The new observable reads

𝑀̂𝑧(𝑸) = ∑
𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖)𝑆𝑧
𝐴,𝑖 − ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗)𝑆𝑧
𝐵,𝑗 (6.9)

and is evaluated after the flow with the ground-state expectation value at 𝑸 = (0, 0). The
initial values are listed in Appendix A.2.1 and the corresponding flow equations are shown in
Appendix B.2.1. Both generators yield identical results up to the divergence of the pc generator

̂𝜂pc. Interestingly, the MF-SWT captures the ground-state energies well, but the renormalization
of the CST to the MF-SWT results are considerably larger for the staggered magnetization.
Though, the comparison to literature shows that the CST with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 yields
results in good agreement for the whole anisotropy range 0 ≤ 𝜆 ≤ 1 with SE [OHZ92] and DMRG
calculations [Kad+24]. Close to the isotropic point, the comparison with asymptotic SWT [WOH91]
shows that the second-order asymptotic SWT overestimates the quantum fluctuations, effectively
reducing the staggered magnetization too much. Compared to available QMC results [Löw09],
CCM data [Bis+15] and DMRG data [Kad+24] at the isotropic point 𝜆 = 1 the CST with
0𝑛 generator yields a staggered magnetization of 𝑚cst

𝑧 = 0.271(6), which is in very good agreement
with 𝑚QMC

𝑧 = 0.2681(8), 𝑚CCM
𝑧 = 0.271(1), and 𝑚DMRG

𝑧 = 0.276 37. Concluding, the CST with
the 0𝑛 generator ̂𝜂pbs

0∶𝑛 can capture the staggered magnetization per site 𝑚𝑧 qualitatively for the
whole anisotropy range 0 ≤ 𝜆 ≤ 1 which adequate accuracy.

The spin gap 𝛥 is shown in the lower panel of Fig. 6.9. Comparing the results of both generators,
the spin gap is the first quantity where deviations between both generators already become visible
before the divergence of the pc generator ̂𝜂pc. Where the pc generator is still applicable, the spin
gap is slightly lower compared to the 0𝑛 generator. This deviation is increasing with increasing
anisotropy 𝜆. Compared to the MF-SWT, the renormalization effect of the CST to lower spin
gap values is most significant for anisotropies in the middle around 𝜆 ≈ 0.5. Regarding the
comparison to literature, the CST results with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 are in good agreement with
DMRG [Kad+24] results for the whole anisotropy range 0 ≤ 𝜆 ≤ 1. Confirming the previous
findings of Section 6.4, that the 0𝑛 generator with only an additional diagonalization of the coupled
single and three-magnon space can capture low-energy properties of the system with adequate
accuracy.

Nevertheless, a comparison with SE results [OHZ92] up to order of 𝑂(10) shows that capturing
the correct behavior is challenging. For anisotropies greater than 𝜆 ≈ 0.4, the SE results deviate
significantly from the results obtained using CST and DMRG. This fact suggests that higher-order
terms are necessary in the series expansion to achieve accurate results for the spin gap, highlighting
the strong influence of quantum fluctuations on this quantity. However, close to the isotropic
point, the asymptotic SWT [WOH91] seems to capture the spin gap behavior quite well and
overestimates the spin gap only slightly.
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6.6 Antiferromagnetic Heisenberg Model

A detailed analysis of the high-energy regions of the dispersion, particularly at high-symmetry
points like the 𝐾-point and the 𝑀-point, similar to the roton minimum and dispersion maximum
in the case of the square lattice, is omitted here for the full anisotropy range. This omission is
partly due to a lack of comparable literature and partly because, for the square lattice, comparing
the pc generator and the 0𝑛 generator results showed that the 0𝑛 generator fails to capture the
high-energy regions of the dispersion accurately. Instead, the focus lies on the isotropic afHM
𝜆 = 1 in the following.

6.6 Antiferromagnetic Heisenberg Model

This section is particularly devoted to the isotropic Heisenberg limit 𝜆 = 1 of the XXZ model,
i.e., the afHM, on the honeycomb lattice. The results of this section are already published in
Ref. [Krä+25]. The primary motivation of this section is to understand the high-energy features
of the single-magnon dispersion of the afHM on the honeycomb lattice, especially at the 𝐾-point,
where QMC calculations [Krä+25] predict a roton-like local minima but with a vanishing single-
particle weight. This behavior is also observed by neutron scattering experiments and matrix
product state calculations [Her+25], which is contrary to the behavior predicted by MF-SWT, see
Section 6.2, where the global dispersion maximum is located at the 𝐾-point.

The goal of this section is to give a possible interpretation of this observation with the help of
CST. The absence of a single-particle weight at the 𝐾-point indicates that, in contrast to other
momenta in the Brillouin zone, there exists no intact single-magnon mode at the lower edge of the
spectrum. Instead, the single-magnon mode decays completely into the multi-magnon continuum.
As a consequence, the observation of the divergent flow of the pc generator ̂𝜂pc at the Heisenberg
point 𝜆 = 1 can be understood due to the persistent energetic overlap of the single-magnon mode
with the multi-magnon continuum.

As the 0𝑛 generator ̂𝜂pbs
0∶𝑛 converges also for 𝜆 = 1, the same approach used to extract the spin

gap is applied here to calculate the full dispersion. Even though previous findings of Section 6.4
suggest that the 0𝑛 generator with the re-diagonalization of the one and three-magnon space is
not able to capture high-energy features of the dispersion entirely correctly, at least for the afHM
on a square lattice.

In Fig. 6.10 the single-magnon dispersion along a high-symmetry path in the BZ is shown for the
afHM on the honeycomb lattice. For comparison, QMC results 𝜔QMC together with high-order
SE 𝜔SE calculated with linked-cluster expansions and a subsequent padé extrapolation, both
from Ref. [Krä+25] are shown as well. The QMC results clearly show a roton-like minimum
at the 𝐾-point; additionally, the high-order SE results are in good agreement with the QMC
data along the entire path. However, the determined uncertainties of 𝜔SE are especially close
to the 𝐾-point and the 𝛤-point quite significant, indicating that the padé extrapolation of the
single-magnon dispersion from the SE is challenging in these momentum regions. This finding
matches the observation of the other SE results shown in Fig. 6.9, where the spin gap behavior
is not straightforwardly captured for higher anisotropies. Apart from the literature results, the
single-particle dispersion calculated with MF-SWT 𝜔MF

Init and the re-diagonalized CST dispersion
𝜔̃𝜂̂pbs

0∶𝑛
, calculated using the 0𝑛 generator ̂𝜂pbs

0∶𝑛 for a linear system size of 𝐿 = 18 with periodic
boundary conditions, are shown as well. Note that for 𝜆 = 1 the initial values of scNL-SWT are
identical to NL-SWT and thus not further discussed. Unfortunately, the differences between 𝜔MF

Init
and 𝜔̃𝜂̂pbs

0∶𝑛
are marginal compared to the uncertainties of the SE results. Consequently, the CST

with the 0𝑛 generator ̂𝜂pbs
0∶𝑛 is not able to capture the roton-like minimum at the 𝐾-point, as the

resulting dispersion still shows a global maximum at the 𝐾-point.
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Figure 6.10: The right panel shows the single-particle dispersion along a high symmetry path
in the BZ, depicted on the left panel, for the afHM on a honeycomb lattice calculated with
different approaches, i.e., the MF-SWT, the CST 𝑁p, 𝐿 = 18 with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 , with
(𝜔̃) and without (𝜔) a re-diagonalization of the one and three-magnon space, SE [Krä+25],
QMC [Krä+25].

   

Apparently, the concerns that using the 0𝑛 generator ̂𝜂pbs
0∶𝑛 is not sufficient to describe the high-

energy properties of the dispersion also prove to be justified for the afHM on the honeycomb lattice.
A possible route to improve the description of this high-energy feature within the CST approach
is to resort to the pc generator ̂𝜂pc. However, a convergence of the pc generator for the afHM on
the honeycomb lattice due to the persistent energetic overlap of the single-magnon mode with
the multi-magnon continuum is not achievable. Instead, a different strategy is required. As the
transformation is continuous, it is still possible to stop the flow with the pc generator at any flow
parameter ℓ before the divergence occurs. Thus, the idea is to stop the flow of the pc generator
̂𝜂pc at a finite flow parameter ℓ∗ before an increased divergence is reached, and then to analyze the

resulting Hamiltonian ℋ̂(ℓ∗). At this stage, it is crucial to establish a criterion to determine the
termination point ℓ∗. As long as the residual-off-diagonality (ROD), see Section 3.5, is decreasing,
the rotation to an effective model is not anticipated to be influenced by diverging non-physical
terms. Of course, if the flow is terminated at a specific finite ℓ∗, off-diagonal terms will remain.
Nevertheless, the effective Hamiltonian is expected to contain more relevant interactions, stemming
from the rotation of the off-diagonal terms compared to the initial Hamiltonian. A logical point to
stop the flow may be where the ROD reaches a minimum before it begins to diverge. In Fig. 6.11
the ROD during the flow of the pc generator ̂𝜂pc for different system sizes with periodic 𝑁p but
also antiperiodic 𝑁ap boundary conditions is shown. It is possible to subdivide the ROD into
subsets connected to each specific type of off-diagonal operator coefficient

𝐶𝑥̂
ROD(ℓ) ≔ √ ∑

𝒌1,…,𝒌𝑛

∣𝐶𝑥̂
𝒌1,…,𝒌𝑛

(ℓ)∣
2
, (6.10)

with ̂𝑥 ∈ ̂𝜂pc. Here, already the subset 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

ROD (ℓ) shows a minimum around ℓ = 1.0 before the
full ROD does, see Fig. 6.11. Furthermore, all determined minima show almost no finite-size
scaling and also no sensitivity to different boundary conditions.

In conclusion, the flow of the pc generator ̂𝜂pc is terminated at the determined minimum of
𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

ROD (ℓ) around ℓ∗ = 1.0 for all different system sizes and boundary conditions, to ensure no
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Figure 6.11: The ROD in dependence of the flow parameter ℓ during the CST with the
pc generator for the afHM on a honeycomb lattice. Additionally, subsets of ROD only connected
to a specific type of off-diagonal operator coefficient 𝐶𝑥̂

ROD are shown, where the symmetry
between two coefficients is used so that only one of the symmetry equivalent coefficients is
considered. The local minima for each subset of ROD before divergence occur are highlighted
by a corresponding marker.

   

influence of the divergence are incorporated during the CST into the effective Hamiltonian. The
effective Hamiltonian is then handled in the same manner as for the 0𝑛 generator ̂𝜂pbs

0∶𝑛 , i.e., the
single-magnon dispersion is extracted by re-diagonalizing the coupled single and three-magnon
space. Thereby, it is important to note that also coefficients 𝐶𝛼̂† ̂𝛽† and 𝐶𝛼̂ ̂𝛽 have to be included
in the re-diagonalization as they are not fully rotated to zero at the termination point ℓ∗, as seen
in Fig. 6.11.

Figure 6.12 shows additionally to the results shown in Fig. 6.10 the resulting bare single-magnon
dispersion 𝜔𝜂̂pc extracted from 𝐶𝛼̂†𝛼̂ after terminating the flow of the pc generator ̂𝜂pc at ℓ = 1.0.
Furthermore, the re-diagonalized dispersion 𝜔̃𝜂̂pc of the coupled single and three-magnon space is
shown as well. Strikingly, the re-diagonalized dispersion 𝜔̃𝜂̂pc showed a significant renormalization
compared to both the bare dispersion 𝜔𝜂̂pc and also to the 0𝑛 generator results 𝜔̃𝜂̂pbs

0∶𝑛
. Namely, in

the high energy area, the dispersion 𝜔̃𝜂̂pc is broadly lowered to a value close to the minimum of
the QMC dispersion 𝜔QMC at the 𝐾-point. However, compared to the QMC results 𝜔QMC, the
dispersion rather forms a plateau between the 𝑀- and the 𝐾-point. Consequently, both dispersion
𝜔QMC and 𝜔̃𝜂̂pc show a rather significant difference at the 𝑀-point.

In order to understand the formation of the plateau in 𝜔̃𝜂̂pc significantly below the initial MF-SWT
dispersion 𝜔MF

Init, the two-magnon subspace is also considered. In particular, the subspace with
𝑆𝑧 = 0 is analyzed, as it comprises the strongest magnon-magnon interactions. Additionally,
Fig. 6.12 contains the two lowest eigenvalues 𝜖1,2 of this subspace. Evidently, the lowest eigenvalue
𝜖1 is connected to a bound state as it lies well below the bare dispersion 𝜔𝜂̂pc , whereas 𝜖2 matches
with 𝜔𝜂̂pc . Interestingly, the dispersion of the bound state coincides almost with the single-magnon
dispersion 𝜔̃𝜂̂pc , which gives a strong evidence that 𝜔̃𝜂̂pc in fact in the vicinity of 𝑀- and 𝐾-point
consist of excitations of three magnons instead of a single magnon.

The observation strongly indicates that the single-particle dispersion in this region decays into
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Figure 6.12: The right panel shows the single-particle dispersion along a high symmetry path in
the BZ, depicted on the left panel, for the afHM on a honeycomb lattice calculated with different
approaches, i.e., the MF-SWT, the CST with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 and the pc generator ̂𝜂pc,
with (𝜔̃) and without (𝜔) a re-diagonalization of the one and three-magnon space, SE [Krä+25],
QMC [Krä+25]. The tripod markers show the two lowest eigenvalues 𝜖1,2 of the two-magnon
subspace with 𝑆𝑧 = 0 for the same path, calculated after the CST with the pc generator ̂𝜂pc.

   

the multi-magnon continuum. This decay stands in contrast to the findings related to the afHM
on a square lattice, where the single-particle dispersion remains well-defined for all momenta.
Furthermore, this observation is consistent with the divergence of the pc generator, as it is not
possible to decouple the energetically overlapping particle subspaces, ultimately leading to a
divergent flow. When considering a terminated flow, it is observed that attempts to rotate the
non-particle-conserving terms, especially scattering terms with 1 ⇆ 3 magnons, to zero with the
pc generator lead to strong magnon-magnon interactions. If the flow is not terminated, these effects
ultimately lead to a divergent pc generator flow. However, these interaction effects are not captured
at all when considering a flow with the 0𝑛 generator and a subsequent re-diagonalization.

Nevertheless, the terminated CST with the pc generator captures the height and the building
of the local minima at the 𝐾-point with a vanishing single-particle weight at the edge of the
continuum quantitatively. The formation of the plateau between the 𝑀- and 𝐾-points remains
indecisive, as QMC predicts a notably higher maximum and a still-present single-particle weight
at the edge of the continuum at the 𝑀-point. A possible reason for this mismatched, unphysical
plateau may be errors stemming from the applied truncation scheme, consisting first of truncation
in the CST via the scaling dimension and second of the re-diagonalization of only the coupled
single- and three-magnon space by neglecting higher-magnon subspaces.

The plateau might be an artifact of the unachievable endeavor of the pc generator to untangle the
different particle spaces fully. Additionally, the behavior of this plateau is analyzed as a function
of the termination parameter ℓ∗. The plateau forms already for ℓ∗ = 0.5 and its height decreases
overall as ℓ∗ increases. It is particularly impressive that the height aligns well with the QMC
results at the 𝐾-point when the previously defined flow termination condition is used.

All in all, the observation of a vanishing single-particle weight in the QMC results at the 𝐾-point
perfectly fits the observation made within the CST framework. Thus, a bound state in the
two-magnon block may lead to this vanishing weight. It is precisely the correct treatment of
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the scattering 1 ⇆ 3 magnon terms that is responsible for the formation of this bound state,
since the bound state is not observable for the 0𝑛 generator. However, interaction terms might
be overestimated within the CST, leading to a bound state throughout the higher-energy sector,
i.e., close to the BZ boundaries. In contrast, the results of QMC and SE only see such effects
in the vicinity of the 𝐾-point. In the following section, as an addition to the Heisenberg point,
the behavior of bound states in the two and three-magnon subspace is analyzed for the whole
anisotropy range of the XXZ model.

6.7 Bound States and Multi-Magnon Continuum

For the XXZ model on a square lattice, the fate of the bound states in the two-magnon subspace
𝑆𝑧 = 0 with increasing anisotropy 𝜆 is already successfully discussed in Section 5.6.2. In this
section, the same analysis is performed for the honeycomb lattice. However, the focus differs from
that for the square lattice, where the goal was to determine the critical anisotropy using the inverse
partition ratio (IPR) at which the bound states vanish.

Here, the goal is more to understand the behavior of these bound states, especially since a bound
state is found for the terminated pc generator flow at the Heisenberg point for high momenta. In
addition, this analysis should provide further insights why a divergence flow is observed for the
pc generator at higher anisotropies, by also considering the lowest eigenvalue of the untangled
three-magnon block with 𝑆𝑧 = 1 for the pc generator ̂𝜂pc or the second-lowest eigenvalue of the one
three-magnon block for the 0𝑛 generator ̂𝜂pbs

0∶𝑛 , respectively. The starting point, as in the square
lattice case, is the Ising model at 𝜆 = 0 where the bound states are well understood. Figure 6.13
shows an exemplary bound state as well as sketches of possible configurations of bound states in
the antiferromagnetic Ising model on a honeycomb lattice.

Due to its lower coordination number for a bound state, only four broken bonds exist as shown in
Fig. 6.13a. Therefore, the energy of a bound state in the Ising limit on the honeycomb lattice
with 2𝐽 is already closer to the single-particle energy of 1.5𝐽 compared to the square lattice with
3𝐽 to 2𝐽. Compared to the square lattice, only a distinction of three orientations of the bound
states exists due to the different geometry of the honeycomb lattice, as shown in Fig. 6.13b.

Considering the continuum for two non-interacting magnons in the Ising limit, it starts at 3𝐽,
where for the square lattice it starts at 4𝐽. Already in the Ising limit, the two-magnon bound states
on the honeycomb lattice are further away from the continuum and closer to the single-magnon
energy compared to the square lattice, thus showing more substantial binding effects.

The same analysis is carried out for three-magnon spaces. Occurring energies are 2.5𝐽 for a
three-magnon bound state, 3.5𝐽 for a two-magnon bound state with an additional non-interacting
magnon, and 4.5𝐽 for three non-interacting magnons. Interestingly, possible three-magnon bound
states lie even below the two-magnon continuum. Consequently, already in the Ising limit,
the particle spaces overlap energetically, indicating that a divergence of the pc generator seems
inevitable. However, as the Hamiltonian conserves the total spin 𝑆𝑧, the two and three-magnon
spaces are not directly coupled, and transitions between these spaces are prohibited. As a result,
the pc generator still converges even if two- and three-magnon spaces overlap energetically in the
Ising limit. Hence, the comparison between the lowest eigenvalue of the three-magnon space with
𝑆𝑧 = 1 and the single-particle dispersion gives insights into whether the reason for the divergence
of the pc generator at higher anisotropies lies in energetic overlaps of these spaces.

In the following, the behavior of the bound states in the two- and three-magnon subspaces is
analyzed over the full anisotropy range 0 ≤ 𝜆 ≤ 1 at different high-symmetry points in the BZ.
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Figure 6.13: Sketches of bound states in the antiferromagnetic Ising model on a honeycomb
lattice. The Fig. 6.13a shows a possible realization of a bound state. White-filled circles
mark the two flipped spins, and orange lines mark the four broken bonds, yielding a total
energy of 2𝐽. The Fig. 6.13b displays all three possible orientations of the bound states in the
antiferromagnetic Ising model on a honeycomb lattice. All bound states are marked with dotted
orange ellipses.

       

Results with the pc generator ̂𝜂pc are shown up to the anisotropy where the flow diverges, whereas
results with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 are shown for the full anisotropy range. In the two-magnon
subspace with 𝑆𝑧 = 0, three bound states are expected and analyzed here. Where for the three-
magnon subspace with 𝑆𝑧 = 1 the focus lies only on the lowest three-magnon state. Results
obtained by the CST with the 0𝑛 generator ̂𝜂pbs

0∶𝑛 include the re-diagonalizing of the coupled one
and three-magnon space. The lowest eigenvalue corresponds to the single-particle dispersion, and
the second-lowest gives the three-magnon bound state energy, in this case. Figure 6.14 shows the
behavior of the single-particle energy together with bound states in the two- and three-magnon
subspace at different high-symmetry points in the BZ, i.e., 𝛤-, 𝐾-, and 𝑀-point, for both generators.
Additionally, the two- and three-magnon continua are shown as shaded areas. Their boundaries
are determined by calculating all possible combinations of non-interacting magnon energies that
satisfy the conservation of momenta for the given 𝒌-point. The minima and maxima of these
combinations yield the lower and upper boundaries of the respective continuum.

In Fig. 6.14 for the Ising limit at 𝜆 = 0, all energies match the expected values discussed above and
show no momentum dependencies as expected for the Ising limit. However, the picture changes
with increasing anisotropy 𝜆. The three-fold degeneracy of the two-magnon bound states at the
Ising limit is resolved for finite anisotropies, for both generators. To be precise, the degeneracy
is only for the 𝑀-point fully lifted, whereas at the 𝛤- and 𝐾-point, two bound states remain
degenerate, having a slightly higher energy compared to the third. This degeneracy is due to the
higher symmetry at these points in the BZ. There, the satisfied three-fold rotational symmetry
of the honeycomb lattice leads, similarly to the square lattice (see Section 5.6.2), to energetic
degenerate bound states.

When comparing both generators, the results for the single-particle dispersion at all 𝒌-points show
almost no differences. The first differences appear in the bound states of the two-magnon subspace.
Here, the pc generator ̂𝜂pc yields slightly lower energies, especially for the lowest bound state.
The differences increase with increasing anisotropy 𝜆. Interestingly, at the 𝐾-point, the lowest
two-magnon bound state crosses the single-particle dispersion around 𝜆 ≈ 0.55 for the pc generator
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Figure 6.14: Characteristic energies of the different magnon subspaces at high-symmetry
points in the BZ for the XXZ model on a honeycomb lattice. They are determined with the
CST either with the pc generator ̂𝜂pc or the 0𝑛 generator ̂𝜂pbs

0∶𝑛 . The upper panel shows the
energies at the 𝛤-point, the middle panel at the 𝐾-point, and the lower panel at the 𝑀-point.
Each panel itself shows the single-particle energy 𝜔, the two-magnon continuum 𝜔2mag with
𝑆𝑧 = 0, and the three-magnon continuum 𝜔3mag with 𝑆𝑧 = 1. Additionally, the bound states in
the two-magnon subspace 𝜖2mag

1,2,3 and the lowest energy in the three-magnon subspace 𝜖3mag
1 are

shown.
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̂𝜂pc. Contrary to the 0𝑛 generator ̂𝜂pbs
0∶𝑛 , no such crossing is observed for the whole anisotropy

range. Instead, similar to the square lattice, the bound states in the two-magnon subspace decay
into the continuum with increasing anisotropy 𝜆, at all 𝒌-points. With the 0𝑛 generator ̂𝜂pbs

0∶𝑛 , the
same behavior is observed for the lowest bound state in the three-magnon subspace. Its energy
stays for all considered 𝒌-points well above the two-magnon bound states until it finally decays
into the three-magnon continuum for higher anisotropies.

The picture for the pc generator ̂𝜂pc differs significantly. Here, the lowest three-magnon bound
state energy crosses the energies of the two higher bound states around 𝜆 ≈ 0.5. As the single-
magnon space is not connected directly to the two-magnon space, this crossing does not lead to a
divergence of the flow. However, at the last available anisotropy before the divergence of the flow,
i.e., 𝜆 = 0.57, the lowest three-magnon bound state even crosses the single-particle dispersion at
the 𝐾-point. This observation is significant as it confirms that the energetic overlap between the
single-particle dispersion and the three-magnon space is indeed a reason for the divergence of flow
with the pc generator ̂𝜂pc at higher anisotropies.

Although the crossing is initially observed only at the 𝐾-point, it also seems to occur at the
𝑀-point. This is because the lowest three-magnon bound state gets very close to the single-particle
dispersion there. So, for slightly higher anisotropies, the crossing might also happen at the
𝑀-point.

At the 𝛤-point, the lowest three-magnon bound state is also close to the single-particle dispersion.
However, unlike the other points, here the single-particle dispersion decreases together with the
bound-state energy as anisotropy increases, rendering a crossing unlikely.

Both predictions can be assessed by recalling the results of the Heisenberg point in Section 6.6,
where the terminated pc generator flow showed that the single-particle dispersion between the
𝑀- and 𝐾-point decays into the continuum, whereas at close to the 𝛤-point, the single-particle
dispersion remains well-defined. Thus, the predictions made here for higher anisotropies are
reasonable. Nevertheless, for the 𝑀-point this crossing behavior is unphysical, as no such behavior
is observed in QMC calculations for the afHM [Krä+25]. Therefore, the decay of the single-particle
dispersion into the continuum at the 𝐾-point for anisotropies 𝜆 < 1 is most likely a physical
behavior, whereas at the 𝑀-point it is rather an artifact of the applied truncation scheme within
the CST with the pc generator ̂𝜂pc.

All in all, the analysis of the bound states in the two- and three-magnon subspace for the XXZ model
on a honeycomb lattice confirms the previous assumption that the divergence of the pc generator
at higher anisotropies is due to energetic overlaps of the single-particle dispersion with the three-
magnon space. Furthermore, it shows that the 0𝑛 generator is not able to capture these energetic
overlaps resulting from magnon-magnon interactions, as no crossing of the single-particle dispersion
with the three-magnon bound state is observed for the whole anisotropy range. However, the
pc generator seems to overestimate these interaction effects, leading to unphysical crossings even at
the 𝑀-point instead of only at the 𝐾-point for anisotropies below the Heisenberg point. Whether
this first crossing at the 𝐾-point of the single-particle dispersion with a three-particle bound state
precisely occurs close to 𝜆 ≈ 0.57, cannot be answered definitely here. Nevertheless, it can give a
reasonable estimate for other methods analyzing the same model.

120



6.8 Summary and Outlook — XXZ Model on the Honeycomb Lattice

6.8 Summary and Outlook — XXZ Model on the Honeycomb
Lattice

Within this chapter, the systematic basis change by a CST as applied in Chapter 5 to the two-
dimensional XXZ model on a square lattice was extended to the two-dimensional XXZ model on
a honeycomb lattice. Identical to the square lattice, this model on a honeycomb lattice displays
the transition from a spontaneously broken discrete symmetry with a finite energy gap to a
spontaneously broken continuous symmetry with a vanishing energy gap.

First deviations compared to the procedure applied to the square lattice arise within the choice of
the SWT based on the DM of the spin operators. For the square lattice, as a starting point, a
scNL-SWT was used, whereas for the honeycomb lattice, it turned out that a scNL-SWT yields
no solution for higher anisotropies close to the isotropic point. Therefore, instead of a scNL-SWT,
only a NL-SWT without the self-consistency was used as the starting point of the CST.

Not only does the starting point differ compared to the square lattice, but also the behavior
of the pc generator ̂𝜂pc shows significant differences. For the square lattice, the pc generator
converges for all anisotropies, whereas for the honeycomb lattice, a divergence of the flow is
observed for anisotropies 𝜆 ≳ 0.57. This divergence is traced back to energetic overlaps between
the single-particle dispersion and the three-magnon space, as the analysis of bound states in the
two- and three-magnon subspaces revealed. In order to analyze the full range of anisotropies,
including the isotropic Heisenberg point, the 0𝑛 generator ̂𝜂pbs

0∶𝑛 was used instead. To approximate
the single-particle dispersion for the 0𝑛 generator results, a re-diagonalization of the coupled one
and three-magnon space is performed.

A comparison of the single-particle dispersion in the square lattice model, determined via
0𝑛 generator or via pc generator, showed almost no differences for low-energy properties such
as magnetization and spin gap. However, for high-energy properties, such as the single-particle
dispersion near the MBZ edges, significant differences were observed. The difference between the
roton minimum and dispersion maximum was underestimated by the 0𝑛 generator compared to
the pc generator. This finding Indicates that magnon-magnon interaction effects are not captured
sufficiently by the 0𝑛 generator.

The same analysis was performed for the honeycomb lattice. Of course, here, the comparison
can only be carried out up to the anisotropy where the pc generator diverges. Interestingly, the
dispersion determined by the 0𝑛 generator or the pc generator showed non-vanishing non-physical
imaginary contribution in the order of 10−4𝐽. These complex contributions are attributed to
numerical inaccuracies during the integration of the flow equations and to approximations arising
from the re-diagonalization of the coupled one- and three-magnon spaces. They are significantly
smaller than the energy scales of interest and are therefore neglected. Within the considered
anisotropy range, the differences between the two generators are marginal for low-energy properties
such as the ground-state energy and the spin gap. Additional comparisons with literature results
from DMRG, high-order SE calculations, and CCM showed good agreement for these low-energy
properties. However, a strict comparison over the full anisotropy range, including also the power law
behavior close to the Heisenberg point, as done for the square lattice with QMC results [Cac+24],
is still due.

Only for the Heisenberg limit, a comparison of the single-particle dispersion to literature results
from QMC and high-order SE calculations was carried out. Especially in the vicinity of the
𝐾-point, where a roton-like minimum is reported in the literature, significant differences between
the 0𝑛 generator results and the literature results were observed. In an attempt to capture this
roton-like minimum correctly, the pc generator flow was terminated at a finite flow parameter before
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the divergence occurs. The resulting effective Hamiltonian was then analyzed by re-diagonalizing
the coupled one and three-magnon space, similar to the 0𝑛 generator approach. The resulting
single-particle dispersion showed a significant renormalization and developed a plateau between
the 𝑀- and 𝐾-point energetically close to the roton minimum observed in QMC. This plateau is
traced back to a bound state in the two-magnon subspace that crosses the single-particle dispersion
for momenta close to the BZ edge. This finding underscores the decay of the single-particle
dispersion into the continuum in this area, attributed to strong magnon-magnon interactions
captured by the pc generator. However, interaction terms might be overestimated, as the plateau
extends throughout the whole higher-energy regime. These deviations are likely due to possible
truncation errors and the unattainable goal of untangling the different magnon subspaces. A
generator scheme that distinguishes the 1 ↔ 3 processes according to momentum suggests itself
for further exploration of the plateau with an improved flow. However, this exceeded the scope of
this thesis.

Finally, as for the square lattice, the behavior of bound states in the two-magnon subspace with
𝑆𝑧 = 0 was analyzed for the full anisotropy range. With an observed decay of the single-particle
dispersion in the higher-energy sector at the Heisenberg point, the bound states were not only
analyzed at the 𝛤-point but also at the 𝐾- and 𝑀-point. Furthermore, the lowest bound state
in the three-magnon subspace with 𝑆𝑧 = 1 was considered as well. Three distinct bound states
are observed in the two-magnon subspace, where the three-fold degeneracy of the Ising limit is
lifted for finite anisotropies. The behavior of these bound states differs significantly between
the two generators. The pc generator yields lower bound state energies, especially for the lowest
bound state. At the 𝐾-point, the lowest two-magnon bound state even crosses the single-particle
dispersion for anisotropies around 𝜆 ≈ 0.55. On the contrary, the 0𝑛 generator shows no such
crossing for the whole anisotropy range.

Remarkably, the behavior of the lowest bound state in the three-magnon subspace differs even more
between the two generators. With the 0𝑛 generator, the bound state decays into the three-magnon
continuum for higher anisotropies at all considered 𝒌-points. In contrast, the pc generator shows a
crossing of the lowest three-magnon bound state with the single-particle dispersion at the 𝐾-point
for anisotropies close to the divergence point around 𝜆 ≈ 0.57. This observation confirms that
energetic overlaps of the single-particle dispersion with the three-magnon space are indeed the
reason for the divergence of the pc generator at higher anisotropies.

The question whether this crossing at the 𝐾-point indeed occurs close to 𝜆 ≈ 0.57 cannot be
answered definitively here. However, it can provide a reasonable estimate for other methods that
analyze the same model. However, the divergence of the pc generator at higher anisotropies can
be definitely interpreted as a strong indication that the single-particle dispersion decays already
into the continuum at the 𝐾-point for anisotropies below the Heisenberg point.
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7.1 Summary

This thesis investigates two-dimensional quantum antiferromagnets, with a special focus on
the spin- 1

2 antiferromagnetic easy-axis XXZ model on both the square and the honeycomb
lattice. The objective is to correctly capture the excitations and interactions of magnons, the
fundamental quasiparticles of such systems. The method of choice for this investigation is the
continuous similarity transformation (CST), which allows for a systematic derivation of an effective
quasiparticle picture via flow equations.

To this end, the thesis begins with a systematic and consistent derivation of a nonlinear spin-wave
theory (NL-SWT) for the antiferromagnetic easy-axis XXZ model on a bipartite lattice, particularly
on the square lattice. In this context, two different bosonic representations of the spin operators
are discussed, and the non-Hermitian Dyson-Maleev representation (DM) is found to be the
most suitable, due to its closed form without the need for an expansion. An in-depth derivation,
including several standard analytical techniques such as Fourier and Bogoliubov transformations, is
carried out to obtain a NL-SWT Hamiltonian in momentum space. Additionally, a self-consistent
nonlinear spin-wave theory (scNL-SWT) is derived, leading to a Hamiltonian diagonal on the
mean-field level. Furthermore, two choices of gauge for the Fourier transformation, namely the
Bloch and symmetric gauge, are discussed, and their influence on the results is analyzed.

To analyze the full Hamiltonian, including quartic interaction terms that do not conserve particle
number, a crucial next step is necessary: a controlled change of basis in a continuous fashion
via the flow equation approach. A comprehensive overview of the general method is provided,
encompassing its different manifestations. In particular, various generators and truncation schemes,
central components of the flow equation approach, are discussed in detail. Ultimately, the CST
is identified as the most suitable flow equation scheme for the problem at hand. The reason for
this choice is due to the non-Hermitian nature of the DM and the resulting NL-SWT Hamiltonian.
The CST is applied in momentum space and second quantization. A truncation scheme based on
the scaling dimension 𝑑 is employed, retaining only operator terms satisfying 𝑑 ≤ 2. Moreover, two
different generator schemes are employed for the problem at hand, namely the particle-conserving
generator (pc generator) and the particle-block-separating generator with 𝑘 = 0 (0𝑛 generator).
The pc generator leads to an effective Hamiltonian conserving the number of quasiparticles. In
contrast, the 0𝑛 generator leads to an effective Hamiltonian in which the ground state is decoupled
from all excited states.

The exact methodical implementation of the CST is outlined. Thereby, an example of a coefficient’s
flow equation is given for both generators. Additionally, the numerical implementation of the CST
is discussed, including two different discretization schemes of the Brillouin zone (BZ) or magnetic
Brillouin zone (MBZ). The discretized meshes result from periodic (𝑁p) and antiperiodic (𝑁ap)
boundary conditions. The main difference between these two schemes is that 𝑁p includes the
center, i.e., the 𝛤-point, of the BZ(MBZ) and 𝑁ap excludes it.

Furthermore, a detailed analysis of possible exploitations of symmetries in the context of the CST is
presented. There are two types of distinguishable symmetries. First, there exist symmetries of the

123



7 Conclusions

different coefficients of the terms in second quantization to one another, based on 𝒫𝒯-symmetry of
the non-Hermitian Hamiltonian. Second, there are intrinsic symmetries of a single coefficient, based
on the point-group symmetries of the underlying lattice. Applying these symmetries significantly
reduces the computational effort required to solve the large set of coupled ordinary differential
equations arising in the flow equations of the CST.

Moreover, since the Hamiltonian is non-Hermitian even after the CST, special care must be taken
when evaluating physical observables. To this end, a biorthogonal basis of left and right eigenvectors
is introduced, which is used to determine physical observables. In this context, the non-symmetric
Lanczos algorithm is employed as a suitable numerical tool to compute the low-energy spectrum
of the effective Hamiltonian.

The antiferromagnetic easy-axis XXZ model on the square lattice is studied in detail, applying the
previously established theoretical and numerical framework. The XXZ model on the square lattice
is chosen as it is a straightforward extension of the paradigmatic antiferromagnetic Heisenberg
model (afHM), for which the CST has already been successfully applied before [PUS15; Pow17;
PSU18]. Compared to the Heisenberg model, the XXZ model introduces an additional anisotropy
parameter 𝜆, which allows interpolating between the gapped Ising limit at 𝜆 = 0 and the gapless
Heisenberg limit at 𝜆 = 1. A central aspect of this thesis is to analyze how the anisotropy, which
induces a gap, influences the results of the CST, especially given that the CST was initially
developed for the gapless, isotropic Heisenberg model.

With this objective in mind, effective Hamiltonians are derived by CST for various values of the
anisotropy parameter 𝜆. For the whole anisotropy range 0 ≤ 𝜆 ≤ 1, the flow of the pc generator
converges successfully, leading to effective Hamiltonians conserving the number of quasiparticles.
An application of the 0𝑛 generator is unnecessary. Different physical properties, including the
ground-state, single-magnon, and two-magnon properties, are determined. As these properties
depend on the considered system size and discretization scheme, a thorough finite-size analysis is
performed to extrapolate all the results to the thermodynamic limit.

First, ground-state properties are analyzed. The ground-state energy is compared to results from
quantum Monte Carlo (QMC) simulations [Her+24], showing excellent agreement for the whole
anisotropy range. Additionally, two approaches for determining the staggered magnetization are
presented. One method uses the response of the ground-state energy to an infinitesimal staggered
magnetic field as a measure, while the other calculates the expectation value of the staggered
magnetization observable directly in the basis transformation. Both calculations are consistent
with each other and with the QMC results, yielding almost perfect agreement over the entire
anisotropy range. Slight deviations to QMC occur near the isotropic point, indicating a systematic
error that hinders the correct determination of the critical exponent. The transversal correlation
length also shows excellent agreement with the QMC results. Through it, the sufficiency of the
analyzed system sizes near the divergence is validated.

Second, single-magnon properties are studied in detail. The single-magnon dispersion is analyzed
for different anisotropy parameters 𝜆. Increasing anisotropies lead to a closing of the spin gap
and the emergence of the roton minimum at the (𝜋, 0)𝑇 point as well as a dispersion maximum
at ( 𝜋

2 , 𝜋
2 )𝑇. A detailed analysis of the spin gap 𝛥 shows excellent agreement between various

methods, including QMC [Her+24], high-order series expansion (SE) [ZOH05], and density matrix
renormalization group (DMRG) [Kad+24]. Close to the isotropic point, the square-root behavior
𝛥 ∝

√
1 − 𝜆 is reproduced with very high accuracy. The anisotropy dependence of the roton

minimum and dispersion maximum is also analyzed. Both show almost excellent agreement with
the other methods, albeit with slight deviations near the roton minimum, due to truncation beyond
the quartic monomials.
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Third, a special advantage of the CST is that it also enables the analysis of two-magnon properties.
In particular, the decay of two-magnon bound states into the two-magnon continuum is studied.
Based on their locality of the bound state determined by the inverse partition ratio (IPR) the
decay points, i.e., where the bound state vanishes into the continuum, are determined to be
𝜆𝜏(−1) ≈ 0.565(5), 𝜆𝜏(±i) ≈ 0.72(1), and 𝜆𝜏(1) ≈ 0.975(5), which agree within a few percent with
results from high-order SE [Dus+10]. However, close to the Ising point, slight deviations to SE in
the second order of 𝜆 are observed, which are attributed to neglecting hexatic terms in the CST.

In summary, almost excellent agreement with other established methods is observed across the
entire anisotropy range for all analyzed properties of the different particle sectors. Even quantitative
agreement is achieved for the spin gap. These results support that the CST using the pc generator
is a robust and reliable method also for gapped systems. Even though the CST with a truncation
scheme based on scaling dimension was initially developed for the gapless systems. Only for the
two-magnon bound states, the truncation beyond the quartic monomials leads to slight deviations
caused by truncation errors for smaller 𝜆 close to the Ising point.

With the successful application of the CST to the antiferromagnetic easy-axis XXZ model on the
square lattice, a natural next step is to study a bipartite lattice with the same model but with a
lower coordination number, leading to stronger quantum fluctuations. This serves as a motivation
for applying the CST to the antiferromagnetic easy-axis XXZ model on the honeycomb lattice.
In this context, the main differences compared to the square lattice are highlighted, including
modifications to the Fourier transformation and different point-group symmetries that affect the
symmetries of the coefficients. Due to the inevitable occurrence of complex coefficients caused by
the lack of inversion symmetry around sites, the Fourier transformation is performed using the
Bloch instead of the symmetric gauge. This choice avoids irrational phase factors in the symmetric
gauge when considering Umklapp processes.

Initially, the results are obtained for linear spin-wave theory (L-SWT), mean-field spin-wave
theory (MF-SWT), and self-consistent mean-field spin-wave theory (scMF-SWT). Interestingly,
the scMF-SWT is not able to produce a self-consistent solution for anisotropies 0.7235(5) ≲ 𝜆 < 1.
Furthermore, scMF-SWT shows a strong renormalization close to the interval where no solution
could be found. However, it is also possible to start the CST from the NL-SWT, which does
not suffer from this issue. In the NL-SWT quadratic off-diagonal terms are not zero due to the
non-self-consistent Bogoliubov transformation.

No convergence of the pc generator on the honeycomb lattice is found for larger anisotropies
𝜆 ≳ 0.575(5), where the flow starts to diverge. This observation provides the first indication that
energetic crossing between different particle sectors occurs, which is detrimental to the convergence
of the pc generator. To circumvent this problem, the 0𝑛 generator is applied, resulting in converged
flows for all analyzed anisotropies 0 ≤ 𝜆 ≤ 1. Consequently, the ground state in the honeycomb
lattice is still antiferromagnetically ordered for the whole anisotropy range, but higher anisotropies
induce energetic overlaps between higher particle sectors.

To assess the difference in the results from both generators, the square lattice is revisited, and the
0𝑛 generator is applied there as well. Ground-state properties and single-magnon properties are
compared for both generators. To this end, the single-magnon dispersion for the 0𝑛 generator is
obtained by diagonalizing the one- and three-magnon subspace, neglecting the coupling to higher
particle sectors. Only for high-energy features of the single-magnon dispersion, slight deviations are
observed for higher 𝜆. However, for lower-energy properties or lower 𝜆 in general, both generators
yield consistent results.

In accordance with this assessment, the low-energy properties of the honeycomb lattice are analyzed.
The 0𝑛 generator is used for the whole anisotropy range and the pc generator for all 𝜆 for which
it converges. For both generators, good agreement of the ground-state energy, the staggered
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magnetization, and the spin gap is observed with the likes of DMRG [Kad+24], coupled cluster
method (CCM) [BR98; BL16], and high-order SE [OHZ92]. The only exception is the SE results
for the spin gap; here, higher-order terms appear to be necessary to reach agreement also for
higher 𝜆 compared to the other methods. This characteristic is not observed in the square lattice,
which underscores the influence of stronger quantum fluctuations on the honeycomb lattice. A
detailed comparison with QMC results, including critical exponents, as done for the square lattice,
is not possible due to the lack of available data. Future calculations in combination with QMC
results are therefore highly desirable.

For the afHM on the honeycomb lattice, QMC results are available from Ref. [Krä+25]. A
comparison with CST results using the 0𝑛 generator shows that the CST in this configuration is
not able to reproduce the high-energy features of the single-magnon dispersion. Especially, a possible
decay at the 𝐾 point, i.e., a corner point of the BZ, is not reproduced. To further investigate
this discrepancy, the CST is applied using the pc generator. The flow of the pc generator is
terminated to avoid the effects of the divergence that would occur otherwise. Persistent transitions
of different particle sectors, e.g., between the single-magnon and three-magnon subspaces, are
handled in the same way as for the 0𝑛 generator after the termination. Within this approach, a
two-magnon bound state is identified below the one-magnon dispersion for higher momenta. This
bound state serves as a possible explanation for the decay of the single-magnon dispersion, as
it can energetically overlap with the single-magnon dispersion and thus lead to a decay of the
single-magnon into the three-magnon continuum. Unfortunately, this bound state is observed not
only at the corner but also near the edges of the BZ, in contrast to the QMC results, where a
decay is observed only in the vicinity of BZ corners. However, it shows that the binding effects
between magnons can serve as a possible explanation for the occurring decay, even if the CST
with the terminated pc generator flow overestimates the extent of this effect.

Finally, an analysis of the two-magnon and three-magnon spaces on the honeycomb lattice over
the entire anisotropy range is presented. Due to the lower coordination number, only three bound
states are expected and found in the two-magnon sector. They are analyzed over the full anisotropy
range and at three different points of the BZ. Additionally, the lowest three-magnon bound state
is also studied. A comparison between pc generator and 0𝑛 generator reveals that the energy
renormalization of these bound states is much stronger for the pc generator. Directly related to
this strong renormalization, the divergence point of the pc generator can be linked to the energetic
overlap of the single-magnon dispersion with a three-magnon bound state. Compared to the
square lattice, such bound states are much closer to the single-magnon dispersion even for lower
𝜆. This stems from the honeycomb lattice’s lower coordination number. However, it remains
unclear whether the decay of the single-magnon dispersion already occurs at such a low anisotropy
𝜆 ≈ 0.575(5). Additional studies in the spirit of Ref. [Dus+10], which determined SE results
for the bound states in the case of the square lattice, specifically targeting this question for the
honeycomb lattice, would be highly desirable.

All in all, these findings indicate that for lattices with lower coordination numbers and thus
stronger quantum fluctuations, such as the honeycomb lattice, the CST with the pc generator can
face limitations due to the increased likelihood of energetic overlaps between different particle
sectors. However, low-energy properties are captured sufficiently well in such cases using the CST
with the 0𝑛 generator. Although the resulting high-energy features have to be taken with a grain
of salt.
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7.2 Conclusion

This thesis demonstrates that the application of the CST as implemented in this work leads to two
contrasting results, depending on the underlying lattice structure. For the spin- 1

2 antiferromagnetic
easy-axis XXZ model on the square lattice, the CST produces almost quantitatively correct
results for the entire anisotropy range 0 ≤ 𝜆 ≤ 1. Only small deviations are observed for the
two-magnon bound states near the Ising point, which can be attributed to truncation errors.
However, for the same model on the honeycomb lattice, the CST can only reproduce low-energy
properties accurately, while high-energy features are not fully captured. This dichotomy highlights
the strengths and limitations of the CST approach. While it excels at providing an effective
particle-conserving Hamiltonian when all particle sectors are energetically well separated, it fails to
capture certain high-energy phenomena when significant overlaps between different particle sectors
persist. These overlaps are more likely to occur in systems where binding effects are stronger than
the kinetic energy of the quasiparticles. This is the case with the honeycomb lattice. Due to its
lower coordination number compared to the square lattice, quantum fluctuations are enhanced,
leading to stronger binding effects. It is important to note that essentially the sole difference
between both cases lies in the initial values of the coefficients entering the CST, while the rest of
the apparatus, i.e., the truncation scheme and the general structure of the flow equations, remains
unchanged. Thus, already at the starting point of the CST, the specific lattice geometry and its
interaction parameters crucially influence the method’s effectiveness.

7.3 Outlook

Starting from this work, two different further research paths suggest themselves: On the one hand,
further investigations of alternative generator schemes or truncation methods in the CST framework
can be pursued to better handle systems with strong quantum fluctuations and overlapping particle
sectors. Generators that adeptly account for such overlaps, e.g., by rotating only non-critical
parts to zero and even considering specific momentum dependencies, might improve the results in
such challenging scenarios [FDU10; FDU11]. Advanced truncation schemes that involve specific
interactions with higher scaling dimensions could also improve the method’s ability to capture
high-energy features accurately.

On the other hand, another direction is the extension of the application of the CST to other
lattices and models with characteristics similar to those of the square lattice, while being aware of
its limitations. To this end, only new initial conditions for the coefficients are necessary, while
the rest of the method remains unchanged. It is also possible to calculate additional physical
observables, like the dynamic structure factors and spectral densities, as is done in the initial
works on the spin- 1

2 antiferromagnetic Heisenberg model on the square lattice [PUS15; Pow17;
PSU18], and compare them to experiment or other numerical calculations.

Especially for resonant inelastic x-ray scattering (RIXS) experiments [Ame+11], the calculation of
their corresponding spectral response observables via the CST would be rewarding. This direction
has already been initiated in the context of the flow equation approach with a continuous unitary
transformation (CUT) by Ref. [Sch+22], calculating RIXS spectra for an antiferromagnetic spin
ladder in terms of a triplon language. A first reasonable step in this direction is to calculate RIXS
spectra for the afHM on the square lattice [Pal+23] via the CST. Since RIXS measurements
focus on cuprates or iridates, an additional step beyond the observables is to extend the model
to more realistic Hamiltonians to reproduce experimental results accurately. This entails also
including next-nearest-neighbor and the ring-exchange terms [Col+01; MFU12] in the model.
Those additional terms can be derived from the 𝑡

𝑈 expansion of the Hubbard model at half
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filling [Tak77]. Of course, this could be done not only for the square lattice but also for the bilayer,
in view of recent RIXS measurements on such materials [Kim12; Maz+22; Mor+15].

Already in the course of Ref. [Her+24], the CST with the 0𝑛 generator was applied to the bilayer
afHM on the square lattice and to the 𝐽1-𝐽2 model on the square lattice in both its Néel and
collinear phase. These studies showed that the application is also possible with additional variation
compared to the plain square lattice afHM and the XXZ model. Where, however, the focus was
on capturing quantum phase transitions, not on physical observables, well within the magnetically
ordered phase.

Studying such quantum phase transitions further with the CST also entails exciting future research
directions. For example, with the help of the 0𝑛 generator, the phase boundaries of additional
magnetically ordered phases can be determined. The 𝐽1-𝐽2-𝐽3 model on the honeycomb lattice
with its various ordered phases [FSL01; OS11; Li+12] can be investigated.

Nevertheless, the results of Ref. [Her+24] draw limitations of the CST in capturing the critical
behavior close to such quantum phase transitions, regarding the critical exponents. To overcome
these limitations, an interesting approach could be to change the underlying spin representation
from a DM to a Schwinger boson representation [Aro88; Zha+22], which is capable of describing
both the magnetically ordered and unordered phase. Of course, a thorough analysis and comparison
to the established CST with DM would be necessary to validate such an approach.

In conclusion, the CST as implemented in this thesis has a promising future ahead. The CST
offers a wide scope for further investigation, both in terms of practical applications to various
quantum spin systems as well as in terms of methodological advancements.
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A | Initial Coefficient before the Continuous
Similarity Transformation

In this appendix, the initial coefficients of the continuous similarity transformation (CST) for the
XXZ model using the Dyson-Maleev representation (DM) are listed. The initial Hamiltonian in
this spin representation is given by     

        

ℋ̂ =𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆 ( ̂𝑆𝑥

𝑖
̂𝑆𝑥
𝑗 + ̂𝑆𝑦

𝑖
̂𝑆𝑦
𝑗 ) − ℎalt ∑

𝒓𝑖∈𝛤𝐴

𝑆𝑧
𝐴,𝑖 + ℎalt ∑

𝒓𝑗∈𝛤𝐵

𝑆𝑧
𝐵,𝑗

=𝐽 ∑
⟨𝑖,𝑗⟩

̂𝑆𝑧
𝑖

̂𝑆𝑧
𝑗 + 𝜆

2
( ̂𝑆−

𝑖
̂𝑆+
𝑗 + ̂𝑆+

𝑖
̂𝑆−
𝑗 ) − ℎalt ∑

𝒓𝑖∈𝛤𝐴

𝑆𝑧
𝐴,𝑖 + ℎalt ∑

𝒓𝑗∈𝛤𝐵

𝑆𝑧
𝐵,𝑗,     

(A.1)

 
where 𝐽 > 0 is the antiferromagnetic exchange coupling and 𝜆 the anisotropy parameter and
⟨𝑖, 𝑗⟩ denotes the sum over all nearest neighbor pairs. Additionally, a staggered magnetic field
ℎalt is included to access the staggered magnetization. In this form, the Hamiltonian is not
specific to a particular lattice structure. In the following, the initial coefficients should retain
a lattice-independent form. To achieve this, it is necessary to introduce certain functions and
constants that depend on the lattice structure but are kept general in the coefficient notation.
Afterwards, these are specified for the two lattices used in this work: the square and honeycomb
lattices.

Even if the lattice structure is not specified in the beginning, it has to fulfill specific prerequisites
in order even to be a candidate for the CST treatment as set up in this work. First and foremost,
the lattice must be bipartite, as the chosen DM relies on this property. With this asserted, the first
variables are the total spin per site, 𝑆, and the coordination number, 𝑍, of the lattice. Although in
this work only the case of spin 𝑆 = 1

2 is treated, the coefficients are kept general in this regard, as
the DM also allows for 𝑆 > 1

2 . The coordination number 𝑍 counts the number of nearest neighbors
of a lattice site, relevant for evaluating the sum over the nearest neighbors in Eq. (A.1).

Following Section 2.5, the DM is applied and, in the same manner as in Section 2.5.4, the mean-field
parameters can be introduced regardless of the lattice structure, by the general normal-ordering.
However, the evaluation of these parameters depends on the lattice structure, as they involve
momentum-space integrals over the Brillouin zone (BZ) or magnetic Brillouin zone (MBZ), which
are specified later. At this stage, the mean-field parameters are denoted as 𝑛mf and 𝛥mf.

In particular, the Fourier transformation and the subsequent Bogoliubov transformation depend on
the lattice structure. However, it is possible to keep the coefficient notation general by introducing
lattice-dependent functions that arise in these transformations. The first function is 𝛾X (𝒌) which
appears within the Fourier transformation of the Hamiltonian

𝛾X(𝒌) = 1
𝑍

∑
𝒅∈𝔇

e−i𝒌𝒅 (A.2)

with the set of nearest neighbor vectors 𝔇 and the coordination number 𝑍 = ∑𝒅∈𝔇 1. The set of
nearest neighbor vectors 𝔇 contains all vectors that connect a lattice site to its nearest neighbors,
where the lattice geometry and the choice of the gauge influence the exact form of 𝔇. Directly
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connected to the function 𝛾X(𝒌) is the solution of the Bogoliubov transformation. The solution
contains the functions 𝑙𝒌 and 𝑚𝒌 , which are defined in Section 2.5.4 as

𝑙(𝒌) = − 𝜇𝒌

√|𝜇𝒌|2 − |ℎ𝒌|2
and 𝑚(𝒌) = ℎ𝒌

√|𝜇𝒌|2 − |ℎ𝒌|2
and 𝜇𝒌 = 𝜔𝛼(𝒌) + 𝑓−𝒌 . (A.3)

Additionally, the following functions are introduced to keep the coefficient notation general

𝜔𝛼(𝒌) = 𝛥𝒌 + √𝑅2
𝒌 − |ℎ𝒌|2 , 𝜔𝛽(−𝒌) = −𝛥𝒌 + √𝑅2

𝒌 − |ℎ𝒌|2 (A.4)

with

𝑅𝒌 = 𝑔𝒌 + 𝑓−𝒌
2

, 𝛥𝒌 = 𝑔𝒌 − 𝑓−𝒌
2

. (A.5)

and    

𝑓𝒌 = 𝑔𝒌 = 𝐽𝑍 (𝑆 − 𝑛mf − 𝜆𝛥mf) + ℎalt , (A.6a)
ℎ𝒌 = 𝐽𝑍 (𝑆 − 𝜆𝑛mf − 𝛥mf) 𝛾X(𝒌) .   (A.6b)

The latter two functions are extracted from the general normal ordered and Fourier transformed
Hamiltonian before the Bogoliubov transformation is applied. For more details on the derivation of
these functions, please refer to Sections 2.5.2 to 2.5.4. Furthermore, it is assumed that 𝛾X(𝒌) can
be complex-valued for all 𝒌 in the BZ or MBZ, respectively. Consequently, the functions 𝑙𝒌 and
𝑚𝒌 are complex-valued as well. With these definitions, the mean-field parameters in the initial
coefficients of the CST can be expressed in a lattice-independent form        

𝑛mf = 1
𝑁𝔗

∑
𝒌

|𝑚(𝒌)|2 , (A.7a)

    𝛥mf = 1
𝑁𝔗

∑
𝒌

𝛾X(𝒌)𝑙(𝒌)𝑚∗(𝒌) .   (A.7b)

The specific spin-wave theory (SWT) treatment as described in Section 2.5.4 depends on how
these parameters are evaluated before the CST. For nonlinear spin-wave theory (NL-SWT), only
one evaluation is performed, while for self-consistent nonlinear spin-wave theory (scNL-SWT)
the parameters are calculated self-consistently until convergence is reached. It should be noted
that not only do the mean-field parameters change if they are evaluated self-consistently for the
scNL-SWT, but also the functions 𝑙𝒌 and 𝑚𝒌 depend on them via the functions defined previously.
However, the form of the initial coefficients as listed in the next section remains the same in both
cases.

In the following section, the initial values can be adjusted by specifying the introduced functions
and constants for a given lattice structure and gauge. For the square lattice, they are given by

𝛾X(𝒌)
square lattice 𝑍=4
============⇒

Bloch gauge
𝛾B(𝒌) = 1

𝑍
(1 + e−i𝒌𝒂1 + e−i𝒌𝒂2 + e−i𝒌(𝒂1+𝒂2)) , (A.8a)

𝛾X(𝒌)
square lattice 𝑍=4
============⇒

Symmetric gauge
𝛾S(𝒌) = 1

𝑍
(e− i

2 𝒌(𝒂1+𝒂𝟐) + e i
2 𝒌(𝒂1−𝒂𝟐) + e− i

2 𝒌(𝒂1−𝒂𝟐) + e i
2 𝒌(𝒂1+𝒂2))

= 4
𝑍
cos(1

2
𝒌𝒂𝟏) cos(1

2
𝒌𝒂𝟐) . (A.8b)

For the honeycomb lattice, they are given by

𝛾X(𝒌)
honeycomb lattice 𝑍=3
===============⇒

Bloch gauge
𝛾B(𝒌) = 1

𝑍
(1 + e−i𝒌𝒂1 + e−i𝒌𝒂2) , (A.9a)

𝛾X(𝒌)
honeycomb lattice 𝑍=3
===============⇒

Symmetric gauge
𝛾S(𝒌) = 1

𝑍
(ei 𝒌(𝒂1+𝒂2)

3 + e−i 2𝒌𝒂1−𝒌𝒂2
3 + e−i −𝒌𝒂1+2𝒌𝒂2

3 ) .     (A.9b)
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A.1 Coefficients of the Hamiltonian

After applying all the steps discussed in Section 2.5 to the Hamiltonian in Eq. (A.1), the result
can be expressed as

 

   

ℋ̂ = 𝐶0

+ ∑
𝒌1,𝒌2

[ 𝐶𝛼̂†𝛼̂
𝒌1,𝒌2

  ̂𝛼†
𝒌1

̂𝛼𝒌2
+ 𝐶

̂𝛽† ̂𝛽
𝒌1,𝒌2

̂𝛽†
𝒌1

̂𝛽𝒌2

+ 𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
̂𝛼†
𝒌1

̂𝛽†
𝒌2

+ 𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

̂𝛼𝒌1
̂𝛽𝒌2

]

   + ∑
𝒌1,𝒌2,𝒌3,𝒌4

[ 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛽†
𝒌3

̂𝛽†
𝒌4

+𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛼𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

+ 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛽†
𝒌4

+𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼𝒌1
̂𝛽†
𝒌2

̂𝛽†
𝒌3

̂𝛽𝒌4

   + 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛽†
𝒌2

̂𝛽†
𝒌3

̂𝛽𝒌4
+𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛼𝒌3

̂𝛽𝒌4

   + 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
̂𝛼𝒌4

+𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
̂𝛽†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3
̂𝛽𝒌4

   + 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛽†
𝒌3

̂𝛽𝒌4
] .

(A.10)

For readability the subscripts indicating the gauge for 𝑙𝒌 and 𝑚𝒌 are neglected in the following.
The initial coefficient functions corresponding to ℋ̂ for ℓ = 0 are given by

 𝐶0 =𝐽𝑍𝑁𝔗[𝑆𝑛mf + 𝜆𝑆𝛥mf − 𝜆𝑛mf𝛥mf − 𝑆2 − 𝑛2
mf − 𝛥2

mf]

+ 2ℎalt𝑁𝔗 (𝑛mf − 𝑆) ,
(A.11a)

 𝐶𝛼̂†𝛼̂
𝒌1,𝒌2

=𝛿 (𝒌1−𝒌2) [

ℎalt (𝑙𝒌2
𝑙∗𝒌1

+ 𝛾X (𝒌1−𝒌2) 𝑚𝒌2
𝑚∗

𝒌1
)

+𝐽𝑍 (𝑆−𝑛mf−𝜆𝛥mf) (𝑙𝒌2
𝑙∗𝒌1

+ 𝛾X (𝒌1−𝒌2) 𝑚𝒌2
𝑚∗

𝒌1
 )

+𝐽𝑍 (𝜆𝑆−𝜆𝑛mf−𝛥mf) (𝛾X (𝒌1) 𝑙𝒌2
𝑚∗

𝒌1
+ 𝛾X (−𝒌2) 𝑙∗𝒌1

𝑚𝒌2
) ] ,

(A.11b)

𝐶
̂𝛽† ̂𝛽

𝒌1,𝒌2
=𝛿 (𝒌1−𝒌2) [

ℎalt (𝛾X (𝒌1−𝒌2) 𝑙−𝒌2
𝑙∗−𝒌1

+ 𝑚−𝒌2
𝑚∗

−𝒌1
)

+𝐽𝑍 (𝑆 − 𝑛mf − 𝜆𝛥mf) ( 𝛾X (𝒌1−𝒌2) 𝑙−𝒌2
𝑙∗−𝒌1

+ 𝑚−𝒌2
𝑚∗

−𝒌1
)

+𝐽𝑍 (𝜆𝑆−𝜆𝑛mf−𝛥mf) (𝛾X (𝒌1) 𝑙∗−𝒌1
𝑚−𝒌2

+ 𝛾X (−𝒌2) 𝑙−𝒌2
𝑚∗

−𝒌1
) ] ,

(A.11c)

𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
=𝛿 (𝒌1+𝒌2) [

ℎalt (𝑙∗𝒌1
𝑚∗

−𝒌2
+ 𝛾X (𝒌1+𝒌2) 𝑙∗−𝒌2

𝑚∗
𝒌1

)

+𝐽𝑍𝛿 (𝑆 − 𝑛mf − 𝜆𝛥mf) (𝑙∗𝒌1
𝑚∗

−𝒌2
+ 𝛾X (𝒌1+𝒌2) 𝑙∗−𝒌2

𝑚∗
𝒌1

)

+𝐽𝑍𝛿 (𝜆𝑆 − 𝜆𝑛mf − 𝛥mf) (𝛾X (𝒌2) 𝑙∗𝒌1
𝑙∗−𝒌2

+ 𝛾X (𝒌1) 𝑚∗
𝒌1

𝑚∗
−𝒌2

) ] ,

(A.11d)
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𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

=𝛿 (−𝒌1−𝒌2) [

ℎalt (𝛾X (−𝒌1−𝒌2) 𝑙−𝒌2
𝑚𝒌1

+ 𝑙𝒌1
𝑚−𝒌2

)

+𝐽𝑍 (𝑆 − 𝑛mf − 𝜆𝛥mf) (𝛾X (−𝒌1−𝒌2) 𝑙−𝒌2
𝑚𝒌1

+ 𝑙𝒌1
𝑚−𝒌2

)

+𝐽𝑍 (𝜆𝑆 − 𝜆𝑛mf − 𝛥mf) (𝛾X (−𝒌2) 𝑙𝒌1
𝑙−𝒌2

+ 𝛾X (−𝒌1) 𝑚𝒌1
𝑚−𝒌2

) ] ,

(A.11e)

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 𝐽 1
𝑁𝔗

𝑍𝛿 (𝒌1−𝒌2+𝒌3−𝒌4) [

𝛾X (𝒌1−𝒌2) 𝑚𝒌2
𝑚−𝒌4

𝑚∗
𝒌1

𝑚∗
−𝒌3

+ 𝛾X (𝒌3−𝒌4) 𝑙𝒌2
𝑙−𝒌4

𝑙∗𝒌1
𝑙∗−𝒌3

+𝛾X (𝒌1+𝒌3) 𝑙𝒌2
𝑙∗−𝒌3

𝑚−𝒌4
𝑚∗

𝒌1
+ 𝛾X (−𝒌2−𝒌4) 𝑙−𝒌4

𝑙∗𝒌1
𝑚𝒌2

𝑚∗
−𝒌3

+𝛾X (𝒌1) 𝑙𝒌2
𝑚−𝒌4

𝑚∗
𝒌1

𝑚∗
−𝒌3

+ 𝛾X (−𝒌2+𝒌3−𝒌4) 𝑙−𝒌4
𝑙∗𝒌1

𝑙∗−𝒌3
𝑚𝒌2

+𝛾X (−𝒌4) 𝑙𝒌2
𝑙−𝒌4

𝑙∗𝒌1
𝑚∗

−𝒌3
+ 𝛾X (𝒌1−𝒌2+𝒌3) 𝑙∗−𝒌3

𝑚𝒌2
𝑚−𝒌4

𝑚∗
𝒌1

] ,

(A.11f)

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
= − 1

2
𝐽 1

𝑁𝔗
𝑍𝛿 (𝒌1+𝒌2−𝒌3+𝒌4) [

𝛾X (𝒌1−𝒌3) 𝑙∗𝒌2
𝑚𝒌3

𝑚∗
𝒌1

𝑚∗
−𝒌4

+ 𝛾X (𝒌2+𝒌4) 𝑙𝒌3
𝑙∗𝒌1

𝑙∗−𝒌4
𝑚∗

𝒌2

+𝛾X (𝒌1+𝒌4) 𝑙𝒌3
𝑙∗𝒌2

𝑙∗−𝒌4
𝑚∗

𝒌1
+ 𝛾X (𝒌2−𝒌3) 𝑙∗𝒌1

𝑚𝒌3
𝑚∗

𝒌2
𝑚∗

−𝒌4

+𝜆𝛾X (𝒌1) 𝑙𝒌3
𝑙∗𝒌2

𝑚∗
𝒌1

𝑚∗
−𝒌4

+ 𝜆𝛾X (𝒌2−𝒌3+𝒌4) 𝑙∗𝒌1
𝑙∗−𝒌4

𝑚𝒌3
𝑚∗

𝒌2

+𝜆𝛾X (𝒌2) 𝑙𝒌3
𝑙∗𝒌1

𝑚∗
𝒌2

𝑚∗
−𝒌4

+ 𝜆𝛾X (𝒌1−𝒌3+𝒌4) 𝑙∗𝒌2
𝑙∗−𝒌4

𝑚𝒌3
𝑚∗

𝒌1
] ,

(A.11g)

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 1
2

𝐽 1
𝑁𝔗

𝑍𝛿 (𝒌1−𝒌2+𝒌3+𝒌4) [

𝛾X (−𝒌1−𝒌3) 𝑙−𝒌3
𝑚𝒌1

𝑚−𝒌4
𝑚∗

−𝒌2
+ 𝛾X (𝒌2−𝒌4) 𝑙𝒌1

𝑙−𝒌4
𝑙∗−𝒌2

𝑚−𝒌3

+𝛾X (𝒌2−𝒌3) 𝑙𝒌1
𝑙−𝒌3

𝑙∗−𝒌2
𝑚−𝒌4

+ 𝛾X (−𝒌1−𝒌4) 𝑙−𝒌4
𝑚𝒌1

𝑚−𝒌3
𝑚∗

−𝒌2

+𝜆𝛾X (−𝒌1+𝒌2−𝒌3) 𝑙−𝒌3
𝑙∗−𝒌2

𝑚𝒌1
𝑚−𝒌4

+ 𝜆𝛾X (−𝒌4) 𝑙𝒌1
𝑙−𝒌4

𝑚−𝒌3
𝑚∗

−𝒌2

+𝜆𝛾X (−𝒌1+𝒌2−𝒌4) 𝑙−𝒌4
𝑙∗−𝒌2

𝑚𝒌1
𝑚−𝒌3

+ 𝜆𝛾X (−𝒌3) 𝑙𝒌1
𝑙−𝒌3

𝑚−𝒌4
𝑚∗

−𝒌2
] ,

(A.11h)

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
= − 1

4
𝐽 1

𝑁𝔗
𝑍𝛿 (𝒌1+𝒌2+𝒌3+𝒌4) [

𝛾X (𝒌1+𝒌3) 𝑙∗𝒌2
𝑙∗−𝒌3

𝑚∗
𝒌1

𝑚∗
−𝒌4

+ 𝛾X (𝒌2+𝒌4) 𝑙∗𝒌1
𝑙∗−𝒌4

𝑚∗
𝒌2

𝑚∗
−𝒌3

+𝛾X (𝒌1+𝒌4) 𝑙∗𝒌2
𝑙∗−𝒌4

𝑚∗
𝒌1

𝑚∗
−𝒌3

+ 𝛾X (𝒌2+𝒌3) 𝑙∗𝒌1
𝑙∗−𝒌3

𝑚∗
𝒌2

𝑚∗
−𝒌4

+𝜆𝛾X (𝒌1) 𝑙∗𝒌2
𝑚∗

𝒌1
𝑚∗

−𝒌3
𝑚∗

−𝒌4
+ 𝜆𝛾X (𝒌2+𝒌3+𝒌4) 𝑙∗𝒌1

𝑙∗−𝒌3
𝑙∗−𝒌4

𝑚∗
𝒌2

+𝜆𝛾X (𝒌2) 𝑙∗𝒌1
𝑚∗

𝒌2
𝑚∗

−𝒌3
𝑚∗

−𝒌4
+ 𝜆𝛾X (𝒌1+𝒌3+𝒌4) 𝑙∗𝒌2

𝑙∗−𝒌3
𝑙∗−𝒌4

𝑚∗
𝒌1

] ,

(A.11i)

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
= − 1

4
𝐽 1

𝑁𝔗
𝑍𝛿 (−𝒌1−𝒌2−𝒌3−𝒌4) [

𝛾X (−𝒌1−𝒌3) 𝑙𝒌2
𝑙−𝒌3

𝑚𝒌1
𝑚−𝒌4

+ 𝛾X (−𝒌2−𝒌4) 𝑙𝒌1
𝑙−𝒌4

𝑚𝒌2
𝑚−𝒌3

+𝛾X (−𝒌2−𝒌3) 𝑙𝒌1
𝑙−𝒌3

𝑚𝒌2
𝑚−𝒌4

+ 𝛾X (−𝒌1−𝒌4) 𝑙𝒌2
𝑙−𝒌4

𝑚𝒌1
𝑚−𝒌3

+𝜆𝛾X (−𝒌1−𝒌2−𝒌3) 𝑙−𝒌3
𝑚𝒌1

𝑚𝒌2
𝑚−𝒌4

+ 𝜆𝛾X (−𝒌4) 𝑙𝒌1
𝑙𝒌2

𝑙−𝒌4
𝑚−𝒌3

+𝜆𝛾X (−𝒌1−𝒌2−𝒌4) 𝑙−𝒌4
𝑚𝒌1

𝑚𝒌2
𝑚−𝒌3

+ 𝜆𝛾X (−𝒌3) 𝑙𝒌1
𝑙𝒌2

𝑙−𝒌3
𝑚−𝒌4

] ,   

(A.11j)
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A.1 Coefficients of the Hamiltonian

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

= − 1
4

𝐽 1
𝑁𝔗

𝑍𝛿 (𝒌1+𝒌2−𝒌3−𝒌4) [

𝛾X (𝒌1−𝒌3) 𝑙𝒌4
𝑙∗𝒌2

𝑚𝒌3
𝑚∗

𝒌1
+ 𝛾X (𝒌2−𝒌4) 𝑙𝒌3

𝑙∗𝒌1
𝑚𝒌4

𝑚∗
𝒌2

+𝛾X (𝒌1−𝒌4) 𝑙𝒌3
𝑙∗𝒌2

𝑚𝒌4
𝑚∗

𝒌1
+ 𝛾X (𝒌2−𝒌3) 𝑙𝒌4

𝑙∗𝒌1
𝑚𝒌3

𝑚∗
𝒌2

+𝜆𝛾X (𝒌1) 𝑙𝒌3
𝑙𝒌4

𝑙∗𝒌2
𝑚∗

𝒌1
+ 𝜆𝛾X (𝒌2−𝒌3−𝒌4) 𝑙∗𝒌1

𝑚𝒌3
𝑚𝒌4

𝑚∗
𝒌2

+𝜆𝛾X (𝒌2) 𝑙𝒌3
𝑙𝒌4

𝑙∗𝒌1
𝑚∗

𝒌2
+ 𝜆𝛾X (𝒌1−𝒌3−𝒌4) 𝑙∗𝒌2

𝑚𝒌3
𝑚𝒌4

𝑚∗
𝒌1

] ,   

(A.11k)

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= − 1

4
𝐽 1

𝑁𝔗
𝑍𝛿 (𝒌1+𝒌2−𝒌3−𝒌4) [

𝛾X (𝒌1−𝒌3) 𝑙−𝒌3
𝑙∗−𝒌1

𝑚−𝒌4
𝑚∗

−𝒌2
+ 𝛾X (𝒌2−𝒌4) 𝑙−𝒌4

𝑙∗−𝒌2
𝑚−𝒌3

𝑚∗
−𝒌1

+𝛾X (𝒌1−𝒌4) 𝑙−𝒌4
𝑙∗−𝒌1

𝑚−𝒌3
𝑚∗

−𝒌2
+ 𝛾X (𝒌2−𝒌3) 𝑙−𝒌3

𝑙∗−𝒌2
𝑚−𝒌4

𝑚∗
−𝒌1

+𝛾X (𝒌1+𝒌2−𝒌3) 𝑙−𝒌3
𝑙∗−𝒌1

𝑙∗−𝒌2
𝑚−𝒌4

+ 𝛾X (−𝒌4) 𝑙−𝒌4
𝑚−𝒌3

𝑚∗
−𝒌1

𝑚∗
−𝒌2

+𝛾X (𝒌1+𝒌2−𝒌4) 𝑙−𝒌4
𝑙∗−𝒌1

𝑙∗−𝒌2
𝑚−𝒌3

+ 𝛾X (−𝒌3) 𝑙−𝒌3
𝑚−𝒌4

𝑚∗
−𝒌1

𝑚∗
−𝒌2

] ,

(A.11l)

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 1
2

𝐽 1
𝑁𝔗

𝑍𝛿 (𝒌1−𝒌2−𝒌3−𝒌4) [

𝛾X (𝒌1−𝒌2) 𝑙𝒌3
𝑚𝒌2

𝑚−𝒌4
𝑚∗

𝒌1
+ 𝛾X (−𝒌3−𝒌4) 𝑙𝒌2

𝑙−𝒌4
𝑙∗𝒌1

𝑚𝒌3

+𝛾X (𝒌1−𝒌3) 𝑙𝒌2
𝑚𝒌3

𝑚−𝒌4
𝑚∗

𝒌1
+ 𝛾X (−𝒌2−𝒌4) 𝑙𝒌3

𝑙−𝒌4
𝑙∗𝒌1

𝑚𝒌2

+𝛾X (𝒌1) 𝑙𝒌2
𝑙𝒌3

𝑚−𝒌4
𝑚∗

𝒌1
+ 𝛾X (−𝒌2−𝒌3−𝒌4) 𝑙−𝒌4

𝑙∗𝒌1
𝑚𝒌2

𝑚𝒌3

+𝛾X (−𝒌4) 𝑙𝒌2
𝑙𝒌3

𝑙−𝒌4
𝑙∗𝒌1

+ 𝛾X (𝒌1−𝒌2−𝒌3) 𝑚𝒌2
𝑚𝒌3

𝑚−𝒌4
𝑚∗

𝒌1
] ,

(A.11m)

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 1
2

𝐽 1
𝑁𝔗

𝑍𝛿 (𝒌1+𝒌2+𝒌3−𝒌4) [

𝛾X (𝒌1+𝒌2) 𝑙∗−𝒌2
𝑚−𝒌4

𝑚∗
𝒌1

𝑚∗
−𝒌3

+ 𝛾X (𝒌3−𝒌4) 𝑙−𝒌4
𝑙∗𝒌1

𝑙∗−𝒌3
𝑚∗

−𝒌2

+𝛾X (𝒌1+𝒌3) 𝑙∗−𝒌3
𝑚−𝒌4

𝑚∗
𝒌1

𝑚∗
−𝒌2

+ 𝛾X (𝒌2−𝒌4) 𝑙−𝒌4
𝑙∗𝒌1

𝑙∗−𝒌2
𝑚∗

−𝒌3

+𝛾X (𝒌1+𝒌2+𝒌3) 𝑙∗−𝒌2
𝑙∗−𝒌3

𝑚−𝒌4
𝑚∗

𝒌1
+ 𝛾X (−𝒌4) 𝑙−𝒌4

𝑙∗𝒌1
𝑚∗

−𝒌2
𝑚∗

−𝒌3

+𝛾X (𝒌2+𝒌3−𝒌4) 𝑙−𝒌4
𝑙∗𝒌1

𝑙∗−𝒌2
𝑙∗−𝒌3

+ 𝛾X (𝒌1) 𝑚−𝒌4
𝑚∗

𝒌1
𝑚∗

−𝒌2
𝑚∗

−𝒌3
] .

(A.11n)

As discussed in Section 4.3.1, the number of coefficient functions can be reduced by exploiting
symmetries of the Hamiltonian. However, depending on the chosen gauge, the relations between
the coefficient functions differ slightly. In the following, the difference is indicated by {𝑿|𝒀} where
the first argument 𝑿 corresponds to the Bloch gauge marked in green and the second argument
𝒀 to the symmetric gauge marked in blue . They can be written as

  

𝐶
̂𝛽† ̂𝛽

𝒌1,𝒌2
= {1|𝛾X (𝒌1−𝒌2)} 𝐶𝛼̂†𝛼̂

𝒌2,𝒌1
,  

𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

  = {1|𝛾X (−𝒌1−𝒌2)} 𝐶𝛼̂† ̂𝛽†

𝒌2,𝒌1
,

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= {1|𝛾X (𝒌1+𝒌2−𝒌3−𝒌4)} 𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂

𝒌4,𝒌3,𝒌2,𝒌1
,  

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

  = {1|𝛾X (−𝒌1−𝒌2−𝒌3−𝒌4)} 𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
,

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= {1|𝛾X (𝒌1+𝒌2+𝒌3−𝒌4)} 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌4,𝒌3,𝒌2,𝒌1

,  

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= {1|𝛾X (−𝒌1+𝒌2−𝒌3−𝒌4)} 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌4,𝒌3,𝒌2,𝒌1
.

(A.12a)

133



A Initial Coefficient before the Continuous Similarity Transformation

So that only the coefficient functions on the right-hand side need to be stored and calculated
explicitly.

A.2 Coefficients of the Observable

In this section, the initial values of the observable’s coefficients are listed. They are derived by
transforming the observable in the same way as the Hamiltonian outlined in Section 2.5.4. The
main difference is that they are not truncated with respect to the scaling dimension; instead,
they are kept up to the terms that couple the ground state to the relevant magnon channels.
Here, the relevant magnon channels for evaluating an observable are the single-, two-, and three-
magnon channels. Even if, in this work only, the magnetization is considered as an observable,
the coefficients for the transversal and longitudinal dynamic structure factors are also listed for
completeness, in accordance with Ref. [Pow17]

Before listing the coefficients, a brief note on the influence of the additional phase factor depending
on the momentum transfer 𝑸 appearing in the observable is given. In the calculations of observable
terms like

… ∑
𝒓𝑗∈𝛤𝐴

e−i(𝑸𝒓𝑗) ̂𝑆(𝑧|−|+)
𝐴,𝑗 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ̂𝑆(𝑧|−|+)
𝐵,𝑗 + … (A.13)

occur initially. The steps for dealing with such terms are almost identical to those for the
Hamiltonian. At the beginning, the DM is inserted, leading to terms like

… ∑
𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖) ∏
𝑥

̂𝑎(†)
𝑥,𝑖 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ∏
𝑥

𝑏̂(†)
𝑥,𝑗 + … (A.14)

Afterwards, a general normal-ordering may be introduced, but the crucial step is the Fourier
transformation. Here, an additional phase factor is added to the momentum-conserving delta
functions appearing after the Fourier transformation. However, there is an additional subtlety to
consider regarding the two different gauges. As in the Bloch gauge the ̂𝑏(†)

𝑥,𝑗 does not obtain an
additional phase factor, the function

𝛤X (𝑸) = e−i𝑸𝒅 (A.15)

is introduced before all terms summed over 𝛤𝐵 according to

   ∑
𝒓𝑗∈𝛤𝐵

e−i𝑸𝒓𝑗 ⋯ = ∑
𝒓𝑖∈𝛤𝐴

e−i𝑸(𝒓𝑖+𝒅) ⋯ = e−i𝑸𝒅 ∑
𝒓𝑖∈𝛤𝐴

e−i𝑸(𝒓𝑖) ⋯ = 𝛤X (𝑸) ∑
𝒓𝑖∈𝛤𝐴

e−i𝑸(𝒓𝑖) … , (A.16)

with 𝒅 being the vector connecting the two sublattices. On the contrary, in the symmetric gauge,
the Fourier transformation of ̂𝑏(†)

𝑥,𝑗 contains a phase factor, so that the momenta of ̂𝑏(†)
𝒌𝑖

also have
the additional phase factor. Thus, in the symmetric gauge, the function 𝛤X contains the same
momentum sum as the corresponding momentum-conserving delta function. In the following, the
difference is indicated by {𝑿|𝒀} where the first argument 𝑿 corresponds to the Bloch gauge
marked in green and the second argument 𝒀 to the symmetric gauge marked in blue .

Additionally, the initial values can be adjusted by specifying the functions and constants introduced
above for a given lattice structure and gauge. For the square lattice, they are given by

𝛤X(𝒌)
square lattice 𝑍=4
============⇒

Bloch gauge
𝛤B(𝒌) = e−i 1

2 𝒌(𝒂1+𝒂2) , (A.17a)

𝛤X(𝒌)
square lattice 𝑍=4
============⇒

Symmetric gauge
𝛤S(𝒌) = 𝛾S(𝒌) . (A.17b)
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A.2 Coefficients of the Observable

For the honeycomb lattice, they are given by

𝛤X(𝒌)
honeycomb lattice 𝑍=3
===============⇒

Bloch gauge
𝛤B(𝒌) = e−i 1

3 𝒌(𝒂1+𝒂2) , (A.18a)

𝛤X(𝒌)
honeycomb lattice 𝑍=3
===============⇒

Symmetric gauge
𝛤S(𝒌) = 𝛾S(𝒌) .     (A.18b)

A.2.1 Coefficients — Magnetization

The coefficients for the magnetization observable

̂𝑆mag(𝑸) = ∑
𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖) ̂𝑆𝑧
𝐴,𝑖 − ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ̂𝑆𝑧
𝐵,𝑗 (A.19)

are determined in the same fashion as for the Hamiltonian, so that the observable can be expressed
as

    
̂𝑆mag(𝑸) = 𝑚0

𝑸 + ∑
𝒌1,𝒌2

[𝑚𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌2
+ 𝑚

̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2

̂𝛽†
𝒌1

̂𝛽𝒌2

    +𝑚𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
̂𝛼†
𝒌1

̂𝛽†
𝒌2

+ 𝑚𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

̂𝛼𝒌1
̂𝛽𝒌2

] .  
(A.20)

The initial values of the coefficient functions corresponding to ̂𝑆mag(𝑸) for ℓ = 0 are given by

𝑚0
𝑸 =𝑁𝛿 (𝑸) (𝑆 − 𝑛mf) (1 + 𝛤X (𝑸)) , (A.21a)

𝑚𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

= − 𝛿 (𝑸+𝒌1−𝒌2) [𝑙𝒌2
𝑙∗𝒌1

+ 𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) 𝑚𝒌2
𝑚∗

𝒌1
] , (A.21b)

𝑚𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
= − 𝛿 (𝑸+𝒌1+𝒌2) [𝑙∗𝒌1

𝑚∗
−𝒌2

+ 𝛤X ({𝑸|𝑸+𝒌1+𝒌2}) 𝑙∗−𝒌2
𝑚∗

𝒌1
] , (A.21c)

𝑚𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝛿 (𝑸−𝒌1−𝒌2) [𝑙𝒌1
𝑚−𝒌2

+ 𝛤X ({𝑸|𝑸−𝒌1−𝒌2}) 𝑙−𝒌2
𝑚𝒌1

] , (A.21d)

𝑚
̂𝛽† ̂𝛽

𝑸,𝒌1,𝒌2
= − 𝛿 (𝑸+𝒌1−𝒌2) [𝑚−𝒌2

𝑚∗
−𝒌1

+ 𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) 𝑙−𝒌2
𝑙∗−𝒌1

] . (A.21e)

The number of coefficient functions can be reduced by exploiting symmetries of the observable.
They can be written as

𝑚
̂𝛽† ̂𝛽

𝑸,𝒌1,𝒌2
= 𝑚𝛼̂†𝛼̂

−𝑸,𝒌2,𝒌1
𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) , (A.22a)

𝑚𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= 𝑚𝛼̂† ̂𝛽†

−𝑸,𝒌2,𝒌1
𝛤X ({𝑸|𝑸−𝒌1−𝒌2}) . (A.22b)

A.2.2 Coefficients — Longitudinal Dynamic Structure Factor

The observable for the longitudinal dynamic structure factor reads

̂𝑆𝑧
𝑸 = ∑

𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖) ̂𝑆𝑧
𝐴,𝑖 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ̂𝑆𝑧
𝐵,𝑗 . (A.23)

With the same procedure as for the magnetization observable, the initial coefficients read
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̂𝑆𝑧
𝑸 = 𝑠𝑧0

𝑸 + ∑
𝒌1,𝒌2

[𝑠𝑧𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

̂𝛼†
𝒌1

̂𝛼𝒌2
    + 𝑠𝑧 ̂𝛽† ̂𝛽

𝑸,𝒌1,𝒌2
̂𝛽†
𝒌1

̂𝛽𝒌2

   +𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
̂𝛼†
𝒌1

̂𝛽†
𝒌2

    + 𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

̂𝛼𝒌1
̂𝛽𝒌2

]  
(A.24)

The initial values of the coefficient functions corresponding to ̂𝑆𝑧
𝑸 for ℓ = 0 are given by    

𝑠𝑧0
𝑸 =𝑁𝛿 (𝑸) (𝑆 − 𝑛mf) (1 − 𝛤X (𝑸)) , (A.25a)

𝑠𝑧𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

= − 𝛿 (𝑸+𝒌1−𝒌2) [𝑙𝒌2
𝑙∗𝒌1

− 𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) 𝑚𝒌2
𝑚∗

𝒌1
] , (A.25b)

𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
= − 𝛿 (𝑸+𝒌1+𝒌2) [𝑙∗𝒌1

𝑚∗
−𝒌2

− 𝛤X ({𝑸|𝑸+𝒌1+𝒌2}) 𝑙∗−𝒌2
𝑚∗

𝒌1
] , (A.25c)

𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝛿 (𝑸−𝒌1−𝒌2) [𝑙𝒌1
𝑚−𝒌2

− 𝛤X ({𝑸|𝑸−𝒌1−𝒌2}) 𝑙−𝒌2
𝑚𝒌1

] , (A.25d)

𝑠𝑧 ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝛿 (𝑸+𝒌1−𝒌2) [𝑚−𝒌2
𝑚∗

−𝒌1
− 𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) 𝑙−𝒌2

𝑙∗−𝒌1
] . (A.25e)

The number of coefficient functions can be reduced by exploiting symmetries of the observable.
They can be written as

𝑠𝑧 ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2

= −𝑠𝑧𝛼̂†𝛼̂
−𝑸,𝒌2,𝒌1

𝛤X ({𝑸|𝑸+𝒌1−𝒌2}) , (A.26a)

𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= −𝑠𝑧𝛼̂† ̂𝛽†

−𝑸,𝒌2,𝒌1
𝛤X ({𝑸|𝑸−𝒌1−𝒌2}) . (A.26b)

A.2.3 Coefficients — Transversal Structure Factor

To determine the observable for the transversal structure factor, the operators

̂𝑆+
𝑸 = ∑

𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖) ̂𝑆+
𝐴,𝑖 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ̂𝑆+
𝐵,𝑗 (A.27)

and

̂𝑆−
𝑸 = ∑

𝒓𝑖∈𝛤𝐴

e−i(𝑸𝒓𝑖) ̂𝑆−
𝐴,𝑖 + ∑

𝒓𝑗∈𝛤𝐵

e−i(𝑸𝒓𝑗) ̂𝑆−
𝐵,𝑗 (A.28)

need to be considered, and, together with the Hamiltonian, transformed via the same CST. The
same steps as for the Hamiltonian are applied to derive the initial coefficients of both operators.
After that, the operators can be written as
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A.2 Coefficients of the Observable

    

̂𝑆−
𝑸 = ∑

𝒌1

[  𝑠−𝛼̂†

𝑸,𝒌1
̂𝛼†
𝒌1

   + 𝑠− ̂𝛽
𝑸,𝒌1

̂𝛽𝒌1
]

+ ∑
𝒌1,𝒌2,𝒌3

[𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛼𝒌3
+ 𝑠− ̂𝛽† ̂𝛽 ̂𝛽

𝑸,𝒌1,𝒌2,𝒌3
̂𝛽†
𝒌1

̂𝛽𝒌2
̂𝛽𝒌3

+𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛽𝒌3

+ 𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3

+𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
̂𝛼†
𝒌1

̂𝛼†
𝒌2

̂𝛽†
𝒌3

+ 𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼𝒌1
̂𝛽𝒌2

̂𝛽𝒌3
] ,

(A.29)

    

̂𝑆+
𝑸 = ∑

𝒌1

[𝑠+𝛼̂
𝑸,𝒌1

̂𝛼𝒌1
   + 𝑠+ ̂𝛽†

𝑸,𝒌1
̂𝛽†
𝒌1

]

+ ∑
𝒌1,𝒌2,𝒌3

[𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛼𝒌3

+ 𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛽†
𝒌1

̂𝛽†
𝒌2

̂𝛽𝒌3

+𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
̂𝛼†
𝒌1

̂𝛼𝒌2
̂𝛽†
𝒌3

+ 𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼𝒌1
̂𝛽†
𝒌2

̂𝛽𝒌3

+𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

̂𝛼𝒌1
̂𝛼𝒌2

̂𝛽𝒌3
+ 𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
̂𝛼†
𝒌1

̂𝛽†
𝒌2

̂𝛽†
𝒌3

] .

(A.30)

The initial values of the coefficient functions corresponding to ̂𝑆−
𝑸 for ℓ = 0 are given by

𝑠−𝛼̂†

𝑸,𝒌1
=√𝑁𝔗𝛿 (𝑸+𝒌1) [𝑙∗𝒌1

+ 𝛤X ({𝑸|𝑸+𝒌1}) 𝑚∗
𝒌1

] , (A.31a)

𝑠− ̂𝛽
𝑸,𝒌1

=√𝑁𝔗𝛿 (𝑸−𝒌1) [𝑚−𝒌1
+ 𝛤X ({𝑸|𝑸−𝒌1}) 𝑙−𝒌1

] , (A.31b)

𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

=0 , (A.31c)

𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

=0 , (A.31d)

𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

=0 , (A.31e)

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
=0 , (A.31f)

𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

=0 , (A.31g)

𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

=0 . (A.31h)

The corresponding symmetry relations read

𝑠− ̂𝛽
𝑸,𝒌1

= 𝑠−𝛼̂†

−𝑸,𝒌1
𝛤X ({𝑸|𝑸−𝒌1}) , (A.32a)

𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= 𝑠−𝛼̂†𝛼̂†𝛼̂
−𝑸,𝒌3,𝒌2,𝒌1

𝛤X ({𝑸|𝑸+𝒌1−𝒌2−𝒌3}) , (A.32b)

𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= 𝑠−𝛼̂†𝛼̂ ̂𝛽
−𝑸,𝒌3,𝒌2,𝒌1

𝛤X ({𝑸|𝑸+𝒌1+𝒌2−𝒌3}) , (A.32c)

𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= 𝑠−𝛼̂†𝛼̂† ̂𝛽†

−𝑸,𝒌3,𝒌2,𝒌1
𝛤X ({𝑸|𝑸−𝒌1−𝒌2−𝒌3}) . (A.32d)
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The initial values of the coefficient functions corresponding to ̂𝑆+
𝑸 for ℓ = 0 are given by

𝑠+𝛼̂
𝑸,𝒌1

=2√𝑁𝔗𝛿 (𝑸−𝒌1)  (𝑆 − 𝑛mf) (𝑙𝒌1
+ 𝛤X ({𝑸|𝑸−𝒌1}) 𝑚𝒌1

 ) , (A.33a)

  𝑠+ ̂𝛽†

𝑸,𝒌1
=2√𝑁𝔗𝛿 (𝑸+𝒌1) (𝑆 − 𝑛mf) (𝑚∗

−𝒌1
+ 𝛤X ({𝑸|𝑸+𝒌1}) 𝑙∗−𝒌1

 ) , (A.33b)

𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

= − 1
√𝑁𝔗

𝛿 (𝑸+𝒌1−𝒌2−𝒌3)

[𝑙𝒌2
𝑙𝒌3

𝑙∗𝒌1
+ 𝛤X ({𝑸|𝑸+𝒌1−𝒌2−𝒌3}) 𝑚𝒌2

𝑚𝒌3
𝑚∗

𝒌1
] ,

(A.33c)

𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 2
√𝑁𝔗

𝛿 (𝑸−𝒌1+𝒌2−𝒌3)

[𝑙𝒌1
𝑚−𝒌3

𝑚∗
−𝒌2

+ 𝛤X ({𝑸|𝑸−𝒌1+𝒌2−𝒌3}) 𝑙−𝒌3
𝑙∗−𝒌2

𝑚𝒌1
] ,

(A.33d)

𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

=   − 1
√𝑁𝔗

𝛿 (𝑸−𝒌1−𝒌2−𝒌3)

[𝑙𝒌1
𝑙𝒌2

𝑚−𝒌3
+ 𝛤X ({𝑸|𝑸−𝒌1−𝒌2−𝒌3}) 𝑙−𝒌3

𝑚𝒌1
𝑚𝒌2

] ,
(A.33e)

𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
=   − 2

√𝑁𝔗
𝛿 (𝑸+𝒌1−𝒌2+𝒌3)

[𝑙𝒌2
𝑙∗𝒌1

𝑚∗
−𝒌3

+ 𝛤X ({𝑸|𝑸+𝒌1−𝒌2+𝒌3}) 𝑙∗−𝒌3
𝑚𝒌2

𝑚∗
𝒌1

] ,
(A.33f)

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= − 1

√𝑁𝔗
𝛿 (𝑸+𝒌1+𝒌2+𝒌3)

[𝑙∗𝒌1
𝑚∗

−𝒌2
𝑚∗

−𝒌3
+ 𝛤X ({𝑸|𝑸+𝒌1+𝒌2+𝒌3}) 𝑙∗−𝒌2

𝑙∗−𝒌3
𝑚∗

𝒌1
] ,

(A.33g)

𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 1
√𝑁𝔗

𝛿 (𝑸+𝒌1+𝒌2−𝒌3)

[𝑚−𝒌3
𝑚∗

−𝒌1
𝑚∗

−𝒌2
+ 𝛤X ({𝑸|𝑸+𝒌1+𝒌2−𝒌3}) 𝑙−𝒌3

𝑙∗−𝒌1
𝑙∗−𝒌2

] .
(A.33h)

The corresponding symmetry relations read

𝑠+ ̂𝛽†

𝑸,𝒌1
= 𝑠+𝛼̂

−𝑸,𝒌1
𝛤X ({𝑸|𝑸+𝒌1}) , (A.34a)

𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= 𝑠+𝛼̂†𝛼̂𝛼̂
−𝑸,𝒌3,𝒌2,𝒌1

𝛤X ({𝑸|𝑸+𝒌1+𝒌2−𝒌3}) , (A.34b)

𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= 𝑠+𝛼̂†𝛼̂ ̂𝛽†

−𝑸,𝒌3,𝒌2,𝒌1
𝛤X ({𝑸|𝑸−𝒌1+𝒌2−𝒌3}) , (A.34c)

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= 𝑠+𝛼̂𝛼̂ ̂𝛽

−𝑸,𝒌3,𝒌2,𝒌1
𝛤X ({𝑸|𝑸+𝒌1+𝒌2+𝒌3}) . (A.34d)
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B | Flow Equations for the Coefficients

In this appendix, all flow equations for each coefficient discussed above are listed explicitly below.
For simplicity and readability, in the following, the ℓ dependence of all coefficients is omitted.
Furthermore, the sums over momenta are also omitted. The summation over momentum indices
either over the Brillouin zone (BZ) or magnetic Brillouin zone (MBZ), depending on the model,
is implied, such that momenta not present on the left-hand side of the equations are summed
over. Also, the momentum-conservation delta functions are omitted but can be easily determined
from the coefficients on the left-hand side. To distinguish between the flow equations connected
to the particle-conserving generator (pc generator) ̂𝜂pc or the particle-block-separating generator
with 𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 , the terms are color-coded. All terms existing in both flows are
not colored, but terms only present in the 0𝑛 generator flow equations are colored in blue, while
terms only present in the pc generator flow equations are colored in orange. However, there also
exist terms that differ only by a prefactor between the two flows. These terms are indicated by
the notation {𝑥|𝑦}, which means that the first value in blue 𝑥 is used in the 0𝑛 generator flow
equations and the second value in orange 𝑦 in the pc generator flow equations. Additionally, the
flow equations are further subdivided into flow equations of the Hamiltonian in Appendix B.1
and flow equations of the observables in Appendix B.2. Regarding the flow equations for the
observables, only the flow equation for the magnetization is used in this work. Nevertheless, the
others are listed for completeness in accordance with Ref. [Pow17].

B.1 Flow Equations of the Hamiltonian

The flow equations produced with the tool set of [MHS] of the Hamiltonian coefficients as listed in
Eq. (A.10) read as follows

∂ℓ𝐶0 = − 2𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1

− 8𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3
,

(B.1)

∂ℓ𝐶
𝛼̂†𝛼̂
𝒌1,𝒌2

= − 2𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌2

− {2|4} 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌3

− {2|4} 𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌3

−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌3,𝒌4,𝒌2,𝒌2−𝒌3−𝒌4

− 16𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4
,

(B.2)
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∂ℓ𝐶
𝛼̂† ̂𝛽†

𝒌1,𝒌2
= − 8𝐶𝛼̂ ̂𝛽

𝒌3,−𝒌3
𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌3

− 𝐶𝛼̂†𝛼̂
𝒌1,−𝒌2

𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2

− 𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2
𝐶

̂𝛽† ̂𝛽
𝒌2,𝒌2

− 𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,𝒌3,𝒌2,−𝒌3

− {4|8} 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌3,𝒌2,𝒌4,𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

− {4|8} 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌3,𝒌4,𝒌2,−𝒌2−𝒌3−𝒌4
,

(B.3)

∂ℓ𝐶
𝛼̂ ̂𝛽
𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
𝒌1,𝒌2

𝐶
̂𝛽† ̂𝛽

𝒌2,𝒌2

− 𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝐶𝛼̂†𝛼̂
−𝒌2,𝒌1

− 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌3,𝒌1,−𝒌3,𝒌2

− 8𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌3,𝒌2,−𝒌3

− {4|8} 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌3,𝒌4,𝒌2−𝒌3−𝒌4,𝒌2

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

− {4|8} 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌3,𝒌4,𝒌1,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌3,𝒌4,𝒌2,−𝒌2−𝒌3−𝒌4
,

(B.4)

∂ℓ𝐶
̂𝛽† ̂𝛽

𝒌1,𝒌2
= − 2𝐶𝛼̂ ̂𝛽

−𝒌2,𝒌2
𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌1

− {2|4} 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌3,𝒌1,−𝒌3,𝒌2

− {2|4} 𝐶𝛼̂† ̂𝛽†

𝒌3,−𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌3,𝒌1,𝒌2,−𝒌3

−4𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌3,𝒌1,𝒌4,𝒌2−𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌3,𝒌4,𝒌2−𝒌3−𝒌4,𝒌2

− 16𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌3,𝒌4,𝒌2,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌3,𝒌4,𝒌1,−𝒌2−𝒌3−𝒌4
,

(B.5)
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∂ℓ𝐶
𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌3,𝒌4

= − {1
2

|1} 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌4,−𝒌3

− {1
2

|1} 𝐶𝛼̂ ̂𝛽
𝒌4,−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,−𝒌4

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌1

−1
2

𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2−𝒌3−𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌2,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

−1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,𝒌1−𝒌3−𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌3,𝒌4,𝒌1−𝒌3−𝒌4

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌3,𝒌4,−𝒌2

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌5,𝒌1−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌5,𝒌4,𝒌1−𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌5,−𝒌2+𝒌4−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌5,𝒌4,−𝒌2+𝒌4−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌4,𝒌5,𝒌1−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌5,𝒌3,𝒌1−𝒌4−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌4,𝒌5,−𝒌2+𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌5,𝒌3,−𝒌2+𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌3,𝒌5,−𝒌1+𝒌4−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌4,−𝒌1+𝒌4−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌3,𝒌5,𝒌2−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌4,𝒌2−𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌4,𝒌5,−𝒌1+𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌3,−𝒌1+𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌4,𝒌5,𝒌2−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌3,𝒌2−𝒌4−𝒌5

− 4𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌3,𝒌4,𝒌5,−𝒌3−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌5,−𝒌3−𝒌4−𝒌5
,

(B.6)
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∂ℓ𝐶
𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
= − 4𝐶𝛼̂ ̂𝛽

𝒌3,−𝒌3
𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,−𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂
𝒌1,−𝒌2+𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,−𝒌2+𝒌3−𝒌4,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂
𝒌2,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,−𝒌1+𝒌3−𝒌4,𝒌3,𝒌4

+𝐶𝛼̂†𝛼̂
𝒌3,𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌1

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,𝒌3,𝒌4,−𝒌2

− 2𝐶𝛼̂† ̂𝛽†

−𝒌4,𝒌4
𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂

𝒌1,𝒌2,𝒌3,−𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌4,𝒌4
𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌4,−𝒌2+𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌5,𝒌3,−𝒌2+𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌2,𝒌5,𝒌4,−𝒌1+𝒌3−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌3,−𝒌1+𝒌3−𝒌5

− {2|4} 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌3,𝒌4,𝒌5,−𝒌3+𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌5,−𝒌3+𝒌4−𝒌5

− 4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌5,𝒌1−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌5,𝒌4,𝒌1−𝒌3−𝒌5

−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌5,−𝒌2−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌5,𝒌4,−𝒌2−𝒌4−𝒌5

−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌3,𝒌5,−𝒌1−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌4,−𝒌1−𝒌4−𝒌5

− 4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌3,𝒌5,𝒌2−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌4,𝒌2−𝒌3−𝒌5

− 2𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌5,𝒌3−𝒌4−𝒌5,𝒌3,𝒌4
𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂

𝒌1,𝒌2,𝒌5,𝒌3−𝒌4−𝒌5
,

(B.7)
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∂ℓ𝐶
𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4
= − 𝐶𝛼̂†𝛼̂

𝒌1,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,−𝒌2−𝒌3−𝒌4,𝒌3,𝒌4

− 𝐶𝛼̂†𝛼̂
𝒌2,−𝒌1−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,−𝒌1−𝒌3−𝒌4,𝒌3,𝒌4

−1
2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌1

−1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌3,𝒌4,−𝒌2

−1
2

𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,−𝒌3,𝒌4

−1
2

𝐶𝛼̂† ̂𝛽†

−𝒌4,𝒌4
𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,−𝒌4,𝒌3

− 𝐶
̂𝛽† ̂𝛽

𝒌3,𝒌3
𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4

− 𝐶
̂𝛽† ̂𝛽

𝒌4,𝒌4
𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,𝒌4

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌3,−𝒌2−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌5,𝒌4,−𝒌2−𝒌4−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌4,−𝒌2−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌5,𝒌3,−𝒌2−𝒌3−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌2,𝒌5,𝒌3,−𝒌1−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌4,−𝒌1−𝒌4−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌2,𝒌5,𝒌4,−𝒌1−𝒌3−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌3,−𝒌1−𝒌3−𝒌5

− 2𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,𝒌2,𝒌5,−𝒌3−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌5,−𝒌3−𝒌4−𝒌5,𝒌3,𝒌4

− 2𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌5,𝒌3+𝒌4−𝒌5
𝐶

̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽
𝒌3,𝒌4,𝒌5,𝒌3+𝒌4−𝒌5

,

(B.8)

∂ℓ𝐶
𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 1
2

𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌3,−𝒌2,𝒌4

− 1
2

𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,−𝒌3,𝒌4

− 2𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌1,−𝒌4,𝒌2,𝒌3

+𝐶𝛼̂†𝛼̂
𝒌1,𝒌2+𝒌3+𝒌4

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2+𝒌3+𝒌4,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂
𝒌2,𝒌2

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂
𝒌3,𝒌3

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

− 4𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌4,𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌2,𝒌2+𝒌4−𝒌5,𝒌4

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌5,𝒌2+𝒌4−𝒌5

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌3,𝒌3+𝒌4−𝒌5,𝒌4

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌5,𝒌3+𝒌4−𝒌5

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌5,𝒌2+𝒌3−𝒌5,𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌5,𝒌2+𝒌3−𝒌5,𝒌2,𝒌3

− {2|4} 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌5,−𝒌2−𝒌3−𝒌5,𝒌4

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌5,−𝒌2−𝒌3−𝒌5

− {4|8} 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌2,−𝒌3−𝒌4−𝒌5
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌3,𝒌5,𝒌4,−𝒌3−𝒌4−𝒌5

− {4|8} 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌3,−𝒌2−𝒌4−𝒌5
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌5,𝒌4,−𝒌2−𝒌4−𝒌5
,

(B.9)
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∂ℓ𝐶
𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − {2|4} 𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,−𝒌2,𝒌3,𝒌4

− {2|4} 𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,−𝒌4,𝒌2,𝒌3

− {2|4} 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌2+𝒌3−𝒌4
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌2+𝒌3−𝒌4

− {2|4} 𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,−𝒌3,𝒌4

−4𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌5,−𝒌2+𝒌3−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌5,−𝒌2+𝒌3−𝒌5,𝒌4

−8𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌3,𝒌4,𝒌3−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌5,𝒌2,𝒌3−𝒌4−𝒌5

−8𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌5,−𝒌3+𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌3,−𝒌3+𝒌4−𝒌5,𝒌4

−4𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌5,𝒌2−𝒌3−𝒌5,𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌5,𝒌2−𝒌3−𝒌5,𝒌2,𝒌3

− 32𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌5,𝒌4,−𝒌2−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌3,−𝒌2−𝒌4−𝒌5
,

(B.10)

∂ℓ𝐶
𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 4𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,−𝒌4,𝒌2,𝒌3

−𝐶𝛼̂†𝛼̂
𝒌1,−𝒌2−𝒌3+𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
−𝒌2−𝒌3+𝒌4,𝒌2,𝒌3,𝒌4

− 2𝐶𝛼̂† ̂𝛽†

𝒌1,𝒌2+𝒌3−𝒌4
𝐶

̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌4,𝒌2+𝒌3−𝒌4

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,−𝒌2,𝒌3,𝒌4

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽

𝒌1,−𝒌3,𝒌2,𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌2,𝒌2
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌3,𝒌3
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

+𝐶
̂𝛽† ̂𝛽

𝒌4,𝒌4
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌2,−𝒌3+𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌3,−𝒌3+𝒌4−𝒌5,𝒌4

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌3,−𝒌2+𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌2+𝒌4−𝒌5,𝒌4

− {4|8} 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌4,𝒌2−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌3,𝒌2−𝒌4−𝒌5

− {4|8} 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌3,𝒌4,𝒌3−𝒌4−𝒌5

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌5,𝒌2,𝒌3−𝒌4−𝒌5

− {2|4} 𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌5,−𝒌2−𝒌3−𝒌5,𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌5,−𝒌2−𝒌3−𝒌5,𝒌2,𝒌3

−2𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌5,𝒌2+𝒌3−𝒌5,𝒌4

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌2,𝒌3,𝒌5,𝒌2+𝒌3−𝒌5
,

(B.11)
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∂ℓ𝐶
𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

=−1
2

𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌2,−𝒌1,𝒌3,𝒌4

−1
2

𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,−𝒌2,𝒌3,𝒌4

−1
2

𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
−𝒌3,𝒌1,𝒌2,𝒌4

−1
2

𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
−𝒌4,𝒌1,𝒌2,𝒌3

− 𝐶𝛼̂†𝛼̂
−𝒌1−𝒌3−𝒌4,𝒌2

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,−𝒌1−𝒌3−𝒌4,𝒌3,𝒌4

− 𝐶𝛼̂†𝛼̂
−𝒌2−𝒌3−𝒌4,𝒌1

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,−𝒌2−𝒌3−𝒌4,𝒌3,𝒌4

− 𝐶
̂𝛽† ̂𝛽

𝒌3,𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
− 𝐶

̂𝛽† ̂𝛽
𝒌4,𝒌4

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌1,−𝒌2−𝒌3−𝒌5,𝒌4

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌5,𝒌3,−𝒌2−𝒌3−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌1,−𝒌2−𝒌4−𝒌5,𝒌3

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌2,𝒌5,𝒌4,−𝒌2−𝒌4−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌1−𝒌3−𝒌5,𝒌4

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌5,𝒌3,−𝒌1−𝒌3−𝒌5

− 𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌1−𝒌4−𝒌5,𝒌3

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌5,𝒌4,−𝒌1−𝒌4−𝒌5

− 2𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌5,𝒌3+𝒌4−𝒌5

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌5,𝒌3+𝒌4−𝒌5,𝒌3,𝒌4

− 2𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌5,−𝒌3−𝒌4−𝒌5,𝒌3,𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂𝛼̂
𝒌5,−𝒌3−𝒌4−𝒌5,𝒌1,𝒌2

,

(B.12)

∂ℓ𝐶
𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌4

= − 2𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌2+𝒌3+𝒌4

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌2,−𝒌2+𝒌3+𝒌4,𝒌3,𝒌4

− 1
2

𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
−𝒌3,𝒌1,𝒌2,𝒌4

− 1
2

𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
−𝒌4,𝒌1,𝒌2,𝒌3

−𝐶𝛼̂†𝛼̂
𝒌2−𝒌3−𝒌4,𝒌1

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌2−𝒌3−𝒌4,𝒌2,𝒌3,𝒌4

− 4𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,−𝒌2,𝒌3,𝒌4

+𝐶
̂𝛽† ̂𝛽

𝒌2,𝒌2
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌3,𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶
̂𝛽† ̂𝛽

𝒌4,𝒌4
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌1,𝒌2−𝒌3−𝒌5,𝒌4

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌3,𝒌2−𝒌3−𝒌5

−𝐶𝛼̂†𝛼̂ ̂𝛽† ̂𝛽
𝒌5,𝒌1,𝒌2−𝒌4−𝒌5,𝒌3

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌4,𝒌2−𝒌4−𝒌5

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌5,𝒌3+𝒌4−𝒌5

𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌5,𝒌3+𝒌4−𝒌5,𝒌3,𝒌4

− {4|8} 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌2+𝒌3−𝒌5,𝒌3

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌5,𝒌4,−𝒌2+𝒌3−𝒌5

− {4|8} 𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌2+𝒌4−𝒌5,𝒌4

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌5,𝒌3,−𝒌2+𝒌4−𝒌5

− {2|4} 𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌5,−𝒌3−𝒌4−𝒌5,𝒌1,𝒌2
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌5,−𝒌3−𝒌4−𝒌5,𝒌3,𝒌4
,

(B.13)
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∂ℓ𝐶
̂𝛽† ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌4
= − {1

2
|1} 𝐶𝛼̂ ̂𝛽

−𝒌3,𝒌3
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

−𝒌3,𝒌1,𝒌2,𝒌4

− {1
2

|1} 𝐶𝛼̂ ̂𝛽
−𝒌4,𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
−𝒌4,𝒌1,𝒌2,𝒌3

− {1
2

|1} 𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

−𝒌1,𝒌2,𝒌3,𝒌4

− {1
2

|1} 𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

−𝒌2,𝒌1,𝒌3,𝒌4

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌1,𝒌3,𝒌1−𝒌3−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,𝒌1−𝒌3−𝒌5,𝒌4

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌1,𝒌3,−𝒌2+𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌2+𝒌4−𝒌5,𝒌4

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌1,𝒌4,𝒌1−𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,𝒌1−𝒌4−𝒌5,𝒌3

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌1,𝒌4,−𝒌2+𝒌3−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌2,−𝒌2+𝒌3−𝒌5,𝒌3

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌3,−𝒌1+𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌1,−𝒌1+𝒌4−𝒌5,𝒌4

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌3,𝒌2−𝒌3−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌1,𝒌2−𝒌3−𝒌5,𝒌4

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌4,−𝒌1+𝒌3−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌1,−𝒌1+𝒌3−𝒌5,𝒌3

− 𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌5,𝒌2,𝒌4,𝒌2−𝒌4−𝒌5

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌5,𝒌1,𝒌2−𝒌4−𝒌5,𝒌3

− 4𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌5,−𝒌3−𝒌4−𝒌5,𝒌3,𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌5,−𝒌3−𝒌4−𝒌5,𝒌1,𝒌2
.

(B.14)
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B.2 Flow Equations of the Observables

The flow equations of the different observable coefficients produced with the tool set of [MHS] are
listed here.

B.2.1 Flow Equations — Magnetization

  The flow equations of the coefficients connected to the operators of Eq. (A.20) read as follows

  ∂ℓ𝑚0
𝑸 = − 𝐶𝛼̂ ̂𝛽

𝒌1,−𝒌1
𝑚𝛼̂† ̂𝛽†

𝑸,𝒌1,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑚𝛼̂ ̂𝛽

𝑸,𝒌1,−𝒌1
,

(B.15)

∂ℓ𝑚
𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑚𝛼̂† ̂𝛽†

𝑸,𝒌1,−𝒌2

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑚𝛼̂ ̂𝛽

𝑸,𝒌2,−𝒌1

−2𝑚𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1+𝒌2−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌1+𝒌2−𝒌3

−2𝑚𝛼̂† ̂𝛽†

𝑸,𝒌3,𝒌1−𝒌2−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3
,

(B.16)

∂ℓ𝑚
𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
= − 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑚

̂𝛽† ̂𝛽
𝑸,𝒌2,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑚𝛼̂†𝛼̂

𝑸,𝒌1,−𝒌2

− 4𝑚𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌1−𝒌2−𝒌3
,

(B.17)

∂ℓ𝑚
𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑚
̂𝛽† ̂𝛽

𝑸,−𝒌1,𝒌2

− 𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝑚𝛼̂†𝛼̂
𝑸,−𝒌2,𝒌1

− 4𝑚𝛼̂† ̂𝛽†

𝑸,𝒌3,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌3,𝒌2,−𝒌1−𝒌2−𝒌3
,

(B.18)

∂ℓ𝑚
̂𝛽† ̂𝛽

𝑸,𝒌1,𝒌2
= − 𝐶𝛼̂ ̂𝛽

−𝒌2,𝒌2
𝑚𝛼̂† ̂𝛽†

𝑸,−𝒌2,𝒌1

− 𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝑚𝛼̂ ̂𝛽

𝑸,−𝒌1,𝒌2

−2𝑚𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1+𝒌2−𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌3,𝒌1,−𝒌1+𝒌2−𝒌3,𝒌2

−2𝑚𝛼̂† ̂𝛽†

𝑸,𝒌3,𝒌1−𝒌2−𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌3,𝒌1,𝒌2,𝒌1−𝒌2−𝒌3
.

(B.19)

B.2.2 Flow Equations — Longitudinal Dynamical Structure Factor

The flow equations of the coefficients connected to the operator of the longitudinal dynamical
structure factor in Eq. (A.24) read as follows

∂ℓ𝑠𝑧0
𝑸 = − 𝐶𝛼̂ ̂𝛽

𝒌1,−𝒌1
𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌1,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠𝑧𝛼̂ ̂𝛽

𝑸,𝒌1,−𝒌1
,

(B.20)
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∂ℓ𝑠𝑧𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌1,−𝒌2

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠𝑧𝛼̂ ̂𝛽

𝑸,𝒌2,−𝒌1

−2𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1+𝒌2−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌1+𝒌2−𝒌3

−2𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌3,𝒌1−𝒌2−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3
,

(B.21)

∂ℓ𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2
= − 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠𝑧 ̂𝛽† ̂𝛽

𝑸,𝒌2,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑠𝑧𝛼̂†𝛼̂

𝑸,𝒌1,−𝒌2

− 4𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌3,𝒌2,−𝒌1−𝒌2−𝒌3
,

(B.22)

  ∂ℓ𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑠𝑧 ̂𝛽† ̂𝛽
𝑸,−𝒌1,𝒌2

− 𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝑠𝑧𝛼̂†𝛼̂
𝑸,−𝒌2,𝒌1

− 4𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌3,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌3,𝒌2,−𝒌1−𝒌2−𝒌3
,

(B.23)

∂ℓ𝑠𝑧 ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2

= − 𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝑠𝑧𝛼̂† ̂𝛽†

𝑸,−𝒌2,𝒌1

− 𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝑠𝑧𝛼̂ ̂𝛽

𝑸,−𝒌1,𝒌2

−2𝑠𝑧𝛼̂ ̂𝛽
𝑸,𝒌3,−𝒌1+𝒌2−𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌3,𝒌1,−𝒌1+𝒌2−𝒌3,𝒌2

−2𝑠𝑧𝛼̂† ̂𝛽†

𝑸,𝒌3,𝒌1−𝒌2−𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌3,𝒌1,𝒌2,𝒌1−𝒌2−𝒌3
.

(B.24)

B.2.3 Flow Equations — Transversal Dynamical Structure Factor

The flow equations of the coefficients connected to the operator of the transversal dynamical
structure factor in Eqs. (A.29) and (A.30) read as follows. First for the coefficients of the ̂𝑆−

𝑸
operator:

∂ℓ𝑠−𝛼̂†

𝑸,𝒌1
= − 2𝐶𝛼̂ ̂𝛽

𝒌2,−𝒌2
𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,−𝒌2

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠− ̂𝛽

𝑸,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠−𝛼̂†𝛼̂ ̂𝛽

𝑸,𝒌1,𝒌2,−𝒌2

− 4𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3
,

(B.25)

∂ℓ𝑠− ̂𝛽
𝑸,𝒌1

= − 𝐶𝛼̂ ̂𝛽
−𝒌1,𝒌1

𝑠−𝛼̂†

𝑸,−𝒌1

− 𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌2,−𝒌2,𝒌1

− 2𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠−𝛼̂ ̂𝛽 ̂𝛽

𝑸,𝒌2,𝒌1,−𝒌2

−2𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌2,𝒌3,𝒌1−𝒌2−𝒌3,𝒌1

− 4𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌3,𝒌1,−𝒌1−𝒌2−𝒌3
,

(B.26)
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∂ℓ𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

= − 𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,−𝒌3

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠−𝛼̂†𝛼̂ ̂𝛽

𝑸,𝒌2,𝒌3,−𝒌1

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠−𝛼̂†𝛼̂ ̂𝛽

𝑸,𝒌1,𝒌3,−𝒌2

−𝑠− ̂𝛽
𝑸,−𝒌1−𝒌2+𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2+𝒌3

−𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌4,−𝒌2+𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌4,𝒌3,−𝒌2+𝒌3−𝒌4

−𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌4,𝒌3,−𝒌1+𝒌3−𝒌4

− 2𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌3,𝒌4,−𝒌1−𝒌2−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌4,−𝒌1−𝒌2−𝒌4

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌3,𝒌4,𝒌1−𝒌3−𝒌4

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌2,𝒌4,𝒌1−𝒌3−𝒌4

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌2,𝒌3,𝒌4,𝒌2−𝒌3−𝒌4

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌4,𝒌2−𝒌3−𝒌4
,

(B.27)

∂ℓ𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= − 1

2
𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠−𝛼̂† ̂𝛽† ̂𝛽

𝑸,𝒌2,𝒌3,−𝒌1

− 1
2

𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠−𝛼̂† ̂𝛽† ̂𝛽

𝑸,𝒌1,𝒌3,−𝒌2

− 𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝑠−𝛼̂†𝛼̂†𝛼̂

𝑸,𝒌1,𝒌2,−𝒌3

+𝑠−𝛼̂†

𝑸,𝒌1+𝒌2+𝒌3
𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌2,𝒌1+𝒌2+𝒌3,𝒌3

− 2𝑠− ̂𝛽
𝑸,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

− 2𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌4,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌4,𝒌3,−𝒌2−𝒌3−𝒌4

− 2𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4

− 2𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,𝒌3,𝒌4,−𝒌1−𝒌2−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌2,𝒌4,−𝒌1−𝒌2−𝒌4
,

(B.28)

∂ℓ𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= − 𝐶𝛼̂ ̂𝛽

𝒌2,−𝒌2
𝑠−𝛼̂† ̂𝛽† ̂𝛽

𝑸,𝒌1,−𝒌2,𝒌3

− 2𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌1,−𝒌3,𝒌2

− 2𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠−𝛼̂ ̂𝛽 ̂𝛽

𝑸,𝒌2,−𝒌1,𝒌3

−2𝑠−𝛼̂†

𝑸,𝒌1−𝒌2−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌1−𝒌2−𝒌3,𝒌3

− 2𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌2,𝒌4,𝒌1−𝒌2−𝒌4

− 2𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌4,−𝒌1+𝒌3−𝒌4,𝒌3

− 4𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌4,𝒌3,−𝒌1+𝒌2−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌4,𝒌2,−𝒌1+𝒌2−𝒌4

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌4,𝒌1−𝒌3−𝒌4,𝒌3

𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌4,𝒌1−𝒌3−𝒌4,𝒌2

− 8𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌4,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌4,𝒌3,−𝒌2−𝒌3−𝒌4
,

(B.29)
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∂ℓ𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 2𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,−𝒌3,𝒌2

− 2𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠− ̂𝛽† ̂𝛽 ̂𝛽

𝑸,𝒌2,−𝒌1,𝒌3

− 𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑠−𝛼̂†𝛼̂ ̂𝛽

𝑸,𝒌1,−𝒌2,𝒌3

− 2𝑠− ̂𝛽
𝑸,−𝒌1−𝒌2+𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌2,−𝒌1−𝒌2+𝒌3,𝒌3

− 2𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌4,−𝒌2+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌2,−𝒌2+𝒌3−𝒌4,𝒌3

−4𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌4,𝒌2,𝒌3,𝒌2−𝒌3−𝒌4

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌1,𝒌4,𝒌2−𝒌3−𝒌4

− 8𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌4,𝒌3,−𝒌1−𝒌2−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌4,𝒌2,−𝒌1−𝒌2−𝒌4

−2𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌1,𝒌4,−𝒌1+𝒌3−𝒌4,𝒌3

−2𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1,𝒌4,𝒌1−𝒌3−𝒌4,𝒌3

𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌4,𝒌1−𝒌3−𝒌4,𝒌2
,

(B.30)

∂ℓ𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,−𝒌1,𝒌2,𝒌3

− 1
2

𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,−𝒌2,𝒌1,𝒌3

− 1
2

𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠−𝛼̂†𝛼̂ ̂𝛽
𝑸,−𝒌3,𝒌1,𝒌2

− 2𝑠−𝛼̂†

𝑸,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,−𝒌1−𝒌2−𝒌3,𝒌2,𝒌3

+𝑠− ̂𝛽
𝑸,𝒌1+𝒌2+𝒌3

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌1+𝒌2+𝒌3,𝒌2,𝒌3

− 2𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌4,−𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌4,𝒌2,−𝒌1−𝒌2−𝒌4

− 2𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌4,−𝒌1−𝒌3−𝒌4,𝒌2

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4

− 2𝑠−𝛼̂†𝛼̂†𝛼̂
𝑸,𝒌4,−𝒌2−𝒌3−𝒌4,𝒌1

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌4,−𝒌2−𝒌3−𝒌4,𝒌2,𝒌3

,

(B.31)

∂ℓ𝑠− ̂𝛽† ̂𝛽 ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 1
2

𝐶𝛼̂ ̂𝛽
−𝒌2,𝒌2

𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,−𝒌2,𝒌1,𝒌3

− 1
2

𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,−𝒌3,𝒌1,𝒌2

− 𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝑠−𝛼̂ ̂𝛽 ̂𝛽

𝑸,−𝒌1,𝒌2,𝒌3

−𝑠−𝛼̂†

𝑸,𝒌1−𝒌2−𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌1−𝒌2−𝒌3,𝒌1,𝒌2,𝒌3

−𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌4,𝒌1,𝒌2,𝒌1−𝒌2−𝒌4

−𝑠−𝛼̂† ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌1−𝒌3−𝒌4,𝒌2

𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌4,𝒌1,𝒌3,𝒌1−𝒌3−𝒌4

−2𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌4,𝒌2,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌1,−𝒌1+𝒌3−𝒌4,𝒌3

−2𝑠−𝛼̂ ̂𝛽 ̂𝛽
𝑸,𝒌4,𝒌3,−𝒌1+𝒌2−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌1,−𝒌1+𝒌2−𝒌4,𝒌2

− 2𝑠−𝛼̂†𝛼̂† ̂𝛽†

𝑸,𝒌4,−𝒌2−𝒌3−𝒌4,𝒌1
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌4,−𝒌2−𝒌3−𝒌4,𝒌2,𝒌3
.

(B.32)
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  ∂ℓ𝑠+𝛼̂
𝑸,𝒌1

= − 𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑠+ ̂𝛽†

𝑸,−𝒌1

− 𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌2,𝒌1,−𝒌2

− 2𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠+𝛼̂𝛼̂ ̂𝛽

𝑸,𝒌1,𝒌2,−𝒌2

− 4𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

−2𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌2,𝒌3,𝒌1,𝒌1−𝒌2−𝒌3
,

(B.33)

∂ℓ𝑠+ ̂𝛽†

𝑸,𝒌1
= − 2𝐶𝛼̂ ̂𝛽

𝒌2,−𝒌2
𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌2,𝒌1,−𝒌2

− 𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝑠+𝛼̂

𝑸,−𝒌1

− 𝐶𝛼̂† ̂𝛽†

𝒌2,−𝒌2
𝑠+𝛼̂ ̂𝛽† ̂𝛽

𝑸,𝒌2,𝒌1,−𝒌2

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌2,𝒌1,𝒌3,𝒌1−𝒌2−𝒌3

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3

− 4𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌2,𝒌3,𝒌1,−𝒌1−𝒌2−𝒌3
,

(B.34)

∂ℓ𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,𝒌1,𝒌2,𝒌3

= − 1
2

𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,𝒌3,−𝒌2

− 1
2

𝐶𝛼̂ ̂𝛽
𝒌3,−𝒌3

𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,𝒌2,−𝒌3

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠+𝛼̂𝛼̂ ̂𝛽

𝑸,𝒌2,𝒌3,−𝒌1

−𝑠+ ̂𝛽†

𝑸,𝒌1−𝒌2−𝒌3
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌1−𝒌2−𝒌3

−𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌4,𝒌2,𝒌1−𝒌3−𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌3,𝒌4,𝒌1−𝒌3−𝒌4

−𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌4,𝒌3,𝒌1−𝒌2−𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌4,𝒌1−𝒌2−𝒌4

− 2𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌4,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌3,𝒌4,−𝒌2−𝒌3−𝒌4

−2𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌4,𝒌3,−𝒌1+𝒌3−𝒌4

−2𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌3,𝒌4,−𝒌1+𝒌2−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌4,𝒌2,−𝒌1+𝒌2−𝒌4
,

(B.35)

∂ℓ𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= − 2𝐶𝛼̂ ̂𝛽

𝒌2,−𝒌2
𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,−𝒌2,𝒌3

− 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠+𝛼̂ ̂𝛽† ̂𝛽

𝑸,𝒌2,𝒌3,−𝒌1

− 2𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝑠+𝛼̂†𝛼̂𝛼̂

𝑸,𝒌1,𝒌2,−𝒌3

−2𝑠+𝛼̂
𝑸,−𝒌1+𝒌2−𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,−𝒌1+𝒌2−𝒌3,𝒌2,𝒌3

−2𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌3,−𝒌1+𝒌2−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌1,𝒌4,𝒌2,−𝒌1+𝒌2−𝒌4

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌2,𝒌3,𝒌4,−𝒌2+𝒌3−𝒌4

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌4,−𝒌2+𝒌3−𝒌4

−2𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,𝒌1,𝒌4,𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌4,𝒌2−𝒌3−𝒌4,𝒌2,𝒌3

−4𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌4,𝒌3,𝒌1−𝒌2−𝒌4
𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽

𝒌1,𝒌2,𝒌4,𝒌1−𝒌2−𝒌4

− 8𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌2,𝒌4,−𝒌1−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4
,

(B.36)
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B Flow Equations for the Coefficients

∂ℓ𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌1,𝒌2,𝒌3
= − 𝐶𝛼̂† ̂𝛽†

𝒌1,−𝒌1
𝑠+ ̂𝛽† ̂𝛽† ̂𝛽

𝑸,𝒌2,𝒌3,−𝒌1

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,−𝒌2,𝒌3

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌3,𝒌3
𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌1,−𝒌3,𝒌2

− 2𝑠+𝛼̂
𝑸,−𝒌1−𝒌2−𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,−𝒌1−𝒌2−𝒌3,𝒌2,𝒌3

+𝑠+ ̂𝛽†

𝑸,𝒌1+𝒌2+𝒌3
𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽

𝒌1,𝒌2,𝒌3,𝒌1+𝒌2+𝒌3

− 2𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌2,−𝒌1−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4

− 2𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌3,−𝒌1−𝒌2−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌1,𝒌4,𝒌2,−𝒌1−𝒌2−𝒌4

− 2𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,𝒌1,𝒌4,−𝒌2−𝒌3−𝒌4

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌4,−𝒌2−𝒌3−𝒌4,𝒌2,𝒌3
,

(B.37)

∂ℓ𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 1
2

𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌2,−𝒌1,𝒌3

− 1
2

𝐶𝛼̂ ̂𝛽
𝒌2,−𝒌2

𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌1,−𝒌2,𝒌3

− 𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠+𝛼̂†𝛼̂𝛼̂
𝑸,−𝒌3,𝒌1,𝒌2

+𝑠+𝛼̂
𝑸,𝒌1+𝒌2+𝒌3

𝐶𝛼̂†𝛼̂𝛼̂ ̂𝛽
𝒌1+𝒌2+𝒌3,𝒌1,𝒌2,𝒌3

− 2𝑠+ ̂𝛽†

𝑸,−𝒌1−𝒌2−𝒌3
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌1−𝒌2−𝒌3

− 2𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌4,𝒌1,−𝒌2−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌2,𝒌4,𝒌3,−𝒌2−𝒌3−𝒌4

− 2𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌4,𝒌2,−𝒌1−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4

− 2𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌4,−𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌4,−𝒌1−𝒌2−𝒌4

,

(B.38)

∂ℓ𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 2𝐶𝛼̂ ̂𝛽
𝒌1,−𝒌1

𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,−𝒌1,𝒌2,𝒌3

− 𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,−𝒌3,𝒌1,𝒌2

− 2𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑠+𝛼̂𝛼̂ ̂𝛽

𝑸,𝒌1,−𝒌2,𝒌3

−2𝑠+ ̂𝛽†

𝑸,−𝒌1+𝒌2−𝒌3
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌1,𝒌2,𝒌3,−𝒌1+𝒌2−𝒌3

−2𝑠+𝛼̂†𝛼̂ ̂𝛽†

𝑸,𝒌4,𝒌1,𝒌2−𝒌3−𝒌4
𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽

𝒌4,𝒌2,𝒌3,𝒌2−𝒌3−𝒌4

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌1,𝒌2,𝒌4,−𝒌1+𝒌2−𝒌4

𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌4,−𝒌1+𝒌2−𝒌4,𝒌3

− 8𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌4,𝒌2,−𝒌1−𝒌3−𝒌4
𝐶𝛼̂𝛼̂ ̂𝛽 ̂𝛽

𝒌1,𝒌4,𝒌3,−𝒌1−𝒌3−𝒌4

−4𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌2,−𝒌2+𝒌3−𝒌4,𝒌3

𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌1,𝒌4,−𝒌2+𝒌3−𝒌4

−2𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌4,𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂†𝛼̂†𝛼̂ ̂𝛽†

𝒌4,𝒌1−𝒌2−𝒌4,𝒌1,𝒌2
,

(B.39)

152



B.2 Flow Equations of the Observables

∂ℓ𝑠+ ̂𝛽† ̂𝛽† ̂𝛽
𝑸,𝒌1,𝒌2,𝒌3

= − 𝐶𝛼̂ ̂𝛽
−𝒌3,𝒌3

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,−𝒌3,𝒌1,𝒌2

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌1,𝒌1
𝑠+𝛼̂ ̂𝛽† ̂𝛽

𝑸,−𝒌1,𝒌2,𝒌3

− 1
2

𝐶𝛼̂† ̂𝛽†

−𝒌2,𝒌2
𝑠+𝛼̂ ̂𝛽† ̂𝛽

𝑸,−𝒌2,𝒌1,𝒌3

−𝑠+𝛼̂
𝑸,−𝒌1−𝒌2+𝒌3

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
−𝒌1−𝒌2+𝒌3,𝒌1,𝒌2,𝒌3

−𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌1,−𝒌2+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌2,−𝒌2+𝒌3−𝒌4,𝒌3

−𝑠+𝛼̂ ̂𝛽† ̂𝛽
𝑸,𝒌4,𝒌2,−𝒌1+𝒌3−𝒌4

𝐶𝛼̂† ̂𝛽† ̂𝛽† ̂𝛽
𝒌4,𝒌1,−𝒌1+𝒌3−𝒌4,𝒌3

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌4,𝒌1,𝒌3,𝒌1−𝒌3−𝒌4

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌4,𝒌2,𝒌1−𝒌3−𝒌4

−2𝐶𝛼̂ ̂𝛽† ̂𝛽 ̂𝛽
𝒌4,𝒌2,𝒌3,𝒌2−𝒌3−𝒌4

𝑠+𝛼̂† ̂𝛽† ̂𝛽†

𝑸,𝒌4,𝒌1,𝒌2−𝒌3−𝒌4

− 2𝑠+𝛼̂𝛼̂ ̂𝛽
𝑸,𝒌4,−𝒌1−𝒌2−𝒌4,𝒌3

𝐶𝛼̂†𝛼̂† ̂𝛽† ̂𝛽†

𝒌4,−𝒌1−𝒌2−𝒌4,𝒌1,𝒌2
.

(B.40)
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List of Figures

1.1 Metaphorical depiction illustrating the effect of the flow equation approach on
the Hamiltonian of a many-body system. On the left-hand side of the image, a
rough sea is shown symbolizing the inherent complexity of many-body problems,
which is explored by a sailing boat. On the right-hand side, the sea is shown after
applying the flow equation approach. A green arrow represents the transformation
induced by the flow equation approach. The right-hand side is characterized by the
classification of the sea into distinct regions after the flow equation approach. These
regions are defined by the number of drops (quasiparticles), allowing a systematic
and controlled exploration of the sea of the many-body problem by the sailing boat. 4

1.2 Both lattice configurations for the XXZ model are studied in this thesis. On the
left-hand side, a schematic of the square lattice is shown, and on the right-hand
side, a schematic of the honeycomb lattice is depicted. The blue and green arrows
represent the two spin orientations of the two sublattices in the classical Néel state. 5

2.1 Schematic explanation of the basic states and the transitions at a single site. The
left figure shows the situation in spin representation. The right figure shows the
situation for the Holstein-Primakoff representation (HP), i.e., in a bosonic language.
In the bosonic case, the physical space (dark grey) and unphysical space (light grey)
are connected via the bosonic creation and annihilation operators. However, the
overlap between these two spaces is prevented by a suitable prefactor. . . . . . . . 9

2.2 Sketch of a square lattice with ferromagnetic alignment of spins. The primitive unit
cell is marked as an orange square, and the corresponding lattice vectors 𝒂1 and 𝒂2
are depicted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 On the left-hand side, the reciprocal lattice for the spin- 1
2 ferromagnetic Heisenberg

model (fHM) on a square lattice is shown. The lattice constant 𝑎 is set to unity.
The orange rectangle represents the edge of the first Brillouin zone (BZ) and the
reciprocal lattice vectors 𝒃1,2 are indicated by black arrows. The green triangle
represents a specific path through the Brillouin zone (BZ). The dispersion 𝜔𝒌
associated with this path is shown on the right-hand side. . . . . . . . . . . . . . 12

2.4 The left-hand side shows a sketch of spins on the square lattice with lattice constant
𝑎 and an antiferromagnetic alignment of spins. The dashed blue lines mark the
primitive unit cell, and the orange lines mark the magnetic unit cell. Lattice vectors
𝒂1 and 𝒂2 correspond to the magnetic unit cell. The right-hand side shows the
reciprocal space; the first Brillouin zone (BZ) is marked with dashed blue lines and
the first magnetic Brillouin zone (MBZ) is marked with orange lines. The reciprocal
lattice vectors associated with the magnetic Brillouin zone (MBZ) are shown, with
the lattice constant set to unity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5 Sketch of spins on a square lattice with lattice constant 𝑎 and an antiferromagnetic
coupling. The magnetic unit cell is marked in orange and chosen so that each
lattice site can be clearly assigned to a single cell. Neighboring cells that interact
with the spin-up site are marked with a transparent orange diamond and the
corresponding interaction bonds are highlighted in orange. The lattice vectors 𝒂1
and 𝒂2 correspond to the magnetic unit cell. . . . . . . . . . . . . . . . . . . . . . . 18
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2.6 The figure depicts 𝛾B(𝒌) in the Bloch gauge on the square lattice. The real part
of 𝛾B(𝒌) is shown on the left-hand side, and the imaginary part of 𝛾B(𝒌) is shown
on the right-hand side. In both cases, grey dashed lines mark the first magnetic
Brillouin zone (MBZ) and its extensions. . . . . . . . . . . . . . . . . . . . . . . . 19

2.7 The figure depicts 𝛾S(𝒌) in the symmetric gauge on the square lattice. Since 𝛾S(𝒌)
is real, one panel is sufficient. Grey dashed lines mark the first magnetic Brillouin
zone (MBZ) and its extensions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.8 The left panel depicts the reciprocal lattice for the antiferromagnetic spin- 1
2 easy-axis

XXZ model on a square lattice. The dashed blue square marks the first Brillouin
zone (BZ), the orange rhombus marks the first magnetic Brillouin zone (MBZ),
and the reciprocal lattice vectors 𝒃1,2 belonging to the magnetic Brillouin zone
(MBZ) are also depicted. The green line represents the path through the magnetic
Brillouin zone (MBZ) for which the associated dispersion 𝜔𝒌 for various anisotropy
parameter 𝜆 is shown in the right panel. The lattice constant 𝑎 is set to unity. . . 25

2.9 On the left-hand side, the reciprocal lattice is shown for the antiferromagnetic spin- 1
2

easy-axis XXZ model on a square lattice. The dashed blue rectangle marks the first
Brillouin zone (BZ), the orange rhombus marks the first magnetic Brillouin zone
(MBZ), and the reciprocal lattice vectors 𝒃1,2 connected to the magnetic Brillouin
zone (MBZ) are colored in grey. The green line represents the path through the
magnetic Brillouin zone (MBZ) for which momentum 𝒌 and the associated dispersion
𝜔𝒌 for different anisotropy parameter 𝜆 is shown on the right-hand side. Both
the dispersion of linear spin-wave theory (L-SWT) and self-consistent mean-field
spin-wave theory (scMF-SWT) are displayed. The lattice constant 𝑎 is set to unity. 31

2.10 A comprehensive visualization of all transformations is displayed, starting from the
initial Hamiltonian of the spin- 1

2 antiferromagnetic easy-axis XXZ model on a square
lattice together with observables. First, the Dyson-Maleev representation is inserted,
followed by general normal-ordering, which introduces the expectation values as
mean-field parameters. Afterwards, a Fourier transformation to momentum space
is performed, considering two gauges. Subsequently, a Bogoliubov transformation is
carried out to diagonalize the quadratic part of the Hamiltonian. With the solution of
the Bogoliubov transformation, the mean-field parameters are determined. Whether
these parameters are calculated self-consistently or not leads to the self-consistent
nonlinear spin-wave theory (scNL-SWT) or nonlinear spin-wave theory (NL-SWT),
respectively. Finally, the resulting Hamiltonian is transformed with the continuous
similarity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1 Metaphorical depiction illustrating the effect of the flow equation approach on
the Hamiltonian of a many-body system. On the left-hand side of the image, a
rough sea is shown symbolizing the inherent complexity of many-body problems,
which is explored by a sailing boat. On the right-hand side, the sea is shown after
applying the flow equation approach. A green arrow represents the transformation
induced by the flow equation approach. The right-hand side is characterized by the
classification of the sea into distinct regions after the flow equation approach. These
regions are defined by the number of drops (quasiparticles), allowing a systematic
and controlled exploration of the sea of the many-body problem by the sailing boat. 36
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3.2 Illustration of the effect of the flow on a matrix induced by the Wegner generator.
From left to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and
after the flow ℓ → ∞. Dark green squares stand for finite matrix elements that
belong to ℋ̂diag, while light green squares indicate elements belonging to ℋ̂off−diag.
During the flow ℓ ≥ 0, previously nonexistent elements may become finite due to
lack of preserved band-diagonality. After the flow, the matrix becomes diagonalized
except for blocks with degeneracy. . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3 Illustration of the effect of the flow on a matrix induced by the Mielke generator.
From left to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0,
and after the flow ℓ → ∞. Dark green squares stand for finite diagonal matrix
elements, while light green squares indicate off-diagonal matrix elements. During
the flow ℓ ≥ 0, the two diagonal orange lines illustrate the conservation of the
band-diagonality as no new elements can become finite beyond the orange lines.
After the flow, the matrix is diagonalized, and the eigenvalues are ordered according
to energy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.4 Effect of the flow on a matrix induced by the particle-conserving generator (pc generator).
From left to right, the matrix is shown for different ℓ, at ℓ = 0, during ℓ ≥ 0, and
after the flow ℓ → ∞. Dark green squares stand for finite matrix elements that
do not alter the quasiparticle number, whereas light green squares do. Dark gray
lines separate blocks corresponding to different effects on the quasiparticle number.
During the flow ℓ ≥ 0, the two diagonal orange lines illustrate the conservation of
the block-band-diagonality as no new elements can become finite beyond the orange
lines. After the flow, the matrix is block-diagonal. . . . . . . . . . . . . . . . . . . 50

3.5 Schematic examples of a well-separated one-particle dispersion and two-particle
continuum on the left-hand side, and an overlapping one-particle dispersion with
the two-particle continuum on the right-hand side. . . . . . . . . . . . . . . . . . . 51

3.6 Effect of the flow on a matrix induced by the particle-block-separating generator
(pbs generator) for 𝑘 = 1 decoupling the ground state and a single excitation from
the remainder of the Hilbert space. From left to right, the matrix is shown for
different ℓ, at ℓ = 0, during ℓ ≥ 0, and after the flow ℓ → ∞. Dark green squares
stand for finite diagonal matrix elements, while light green squares indicate off-
diagonal matrix elements. Blocks for different effects on the quasiparticle number
are divided by dark gray lines. During the flow ℓ ≥ 0, new elements may become
finite. After the flow, the matrix is block-diagonal up to the number of quasiparticles
selected in the particle-block-separating generator (pbs generator). . . . . . . . . . 52

3.7 Schematic of a gapless single-particle dispersion with adjacent multi-particle contin-
uum. Multi-particle states with momentum 𝒒 close to the single-particle dispersion
consist of a single particle with momentum 𝒒 together with other particles with
low-energy 𝜔(𝛿𝒌𝑖 ≈ 0). They are shown for three particles, but this also applies to
an arbitrary number of particles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1 The image consists of three matrix representations of different stages of a Hamilto-
nian, each showing all terms acting within a different particle subspace. The number
of creation operators in a term is represented by waves annotated with †, while the
other waves without annotation indicate annihilation operators. On the left panel,
the initial Hamiltonian is displayed, showing all present operators. In the middle
panel, the effective Hamiltonian after applying the flow with the particle-conserving
generator (pc generator) is depicted. At this stage, only particle-conserving terms
remain. Finally, in the right panel, the effective Hamiltonian resulting from the
flow with the particle-block-separating generator with 𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 is
depicted, with only the ground state decoupled. . . . . . . . . . . . . . . . . . . . 61

171



List of Figures

4.2 Sketch of the four different discretization schemes for 𝑚 in one dimension. Circular
markers represent periodic boundary conditions, whereas square markers indicate
antiperiodic boundary conditions. Unfilled markers denote that the discretization
scheme includes the lower edge of the Brillouin zone (BZ). Green vertical lines
indicate the boundaries of the first Brillouin zone (BZ). . . . . . . . . . . . . . . . 64

4.3 Sketch of the four distinct discretization schemes in two dimensions. Two dis-
cretization sizes 𝐿 are considered, one even 𝐿 = 4 and one odd 𝐿 = 5. The upper
panels depict the discretizations of 𝑚1 and 𝑚2. The lower panels illustrate possible
resulting discretizations of 𝒌, derived using the relation of Eq. (4.10). Circular
markers indicate periodic boundary conditions 𝑁p, whereas square markers represent
antiperiodic boundary conditions 𝑁ap. Unfilled markers are used for discretization
schemes that include the lower edges of the Brillouin zone (BZ)(magnetic Bril-
louin zone (MBZ)). Green lines mark the boundaries of the first Brillouin zone
(BZ)(magnetic Brillouin zone (MBZ)). . . . . . . . . . . . . . . . . . . . . . . . . 65

4.4 A comprehensive visualization of all transformations is displayed, starting from
the initial Hamiltonian of the spin- 1

2 antiferromagnetic easy-axis XXZ model on a
square lattice, along with observables. All transformations before the continuous
similarity transformation (CST) are depicted with their different results of either a
nonlinear spin-wave theory (NL-SWT) or self-consistent nonlinear spin-wave theory
(scNL-SWT). Both can be inserted in the continuous similarity transformation
(CST) to obtain the final effective Hamiltonian or observable. The continuous
similarity transformation (CST) panel contains all its key aspects. Finally, an
effective Hamiltonian and observable are obtained, which can be used to extract
physical properties of the system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.1 Generic extrapolations in 1/𝐿 for 𝜆 = 0.7, 𝜆 = 0.96, and 𝜆 = 0.995. For small
𝜆, calculations on the discretizations 𝑁ap, and 𝑁p converge, see panel (a). At
higher values of 𝜆, see panels (b) and (c), values from 𝑁ap are monotonically
increasing while values from 𝑁p are monotonically decreasing. For the whole range,
a monotonic quadratic fit for the 𝑁ap data is used to determine the values for
𝐿 → ∞. The error estimate depicted as a red bar results from the difference
between the values from 𝑁ap and 𝑁p for the highest reached value of 𝐿 . . . . . . 85

5.2 The upper panel shows the ground-state energy per site 𝑒0 as a function of 𝜆.
The continuous similarity transformation (CST) data is compared to results of
quantum Monte Carlo (QMC) calculations [Cac+24] and series expansion (SE)
results [ZOH05]. As expected from second-order perturbation theory, the ground-
state energy displays a monotonically decreasing behavior with negative curvature.
The inset of the upper panel shows the difference of the ground-state energy per site
𝑒0 to the ground-state energy per site of the isotropic antiferromagnetic Heisenberg
model (afHM) 𝑒iso

0 in a double logarithmic plot close to the Heisenberg point. The
dashed lines indicate the corresponding power-law fits. The lower panel shows the
absolute difference of the ground-state energy per site 𝑒QMC

0 for both quantum
Monte Carlo (QMC) and continuous similarity transformation (CST) data as a
function of 𝜆. Trivially, the difference for quantum Monte Carlo (QMC) is zero,
with the emphasis being more on the uncertainty of the quantum Monte Carlo
(QMC) data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
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5.3 The upper panel shows the staggered magnetization per site 𝑚𝑧 as a function of 𝜆.
The continuous similarity transformation (CST) data is calculated via the response
to a staggered magnetic field ℎalt, and continuous similarity transformation (CST)
data calculated via the flow of the observable are depicted. Both are compared to
results of quantum Monte Carlo (QMC) [Cac+24], series expansion (SE) [HZA92]
and density matrix renormalization group (DMRG) [Kad+24]. The inset of the
upper panel shows the difference of the staggered magnetization per site 𝑚𝑧 to
the staggered magnetization of the isotropic antiferromagnetic Heisenberg model
(afHM) 𝑚iso

𝑧 in a double logarithmic plot close to the Heisenberg point. The dashed
lines indicate the corresponding power-law fits. The lower panel shows the absolute
difference of the staggered magnetization per site 𝑚QMC

𝑧 for both quantum Monte
Carlo (QMC) and continuous similarity transformation (CST) data as a function
of 𝜆. Trivially, the difference for quantum Monte Carlo (QMC) is zero, with the
emphasis being more on the uncertainty of the quantum Monte Carlo (QMC)
data. Note, higher uncertainties for the calculation via the observable with the
continuous similarity transformation (CST) for 𝜆 ≈ 1 stem from the fact that
smaller system sizes (𝐿 ≤ 18) were considered compared to the calculation via the
response (𝐿 ≤ 22), which leads also to higher uncertainties. . . . . . . . . . . . . . 89

5.4 continuous similarity transformation (CST) result of the dispersion 𝜔(𝒌) for 𝐿 =
16 with periodic boundary conditions 𝑁p for various 𝜆. For 𝜆 = 0, the XXZ
model is the Ising model with a flat dispersion. At the same time, it is the
antiferromagnetic Heisenberg model (afHM) for 𝜆 = 1 with a gapless spectrum
and a distinct roton minimum at 𝒌 = (𝜋, 0) [PUS15; Ver18]. For 0 < 𝜆 < 1 the
continuous similarity transformation (CST) results interpolate smoothly between
these two limits. Additionally, linear spin-wave theory (L-SWT) and self-consistent
mean-field spin-wave theory (scMF-SWT) results are shown for each 𝜆. . . . . . . 90

5.5 The upper panel shows continuous similarity transformation (CST) results for the
one-magnon gap 𝛥 = 𝜔(𝒌 = 0) of the XXZ model for 0 ≤ 𝜆 ≤ 1. They are
compared to quantum Monte Carlo (QMC) data [Cac+24], third order spin-wave
theory (SWT) [HZA92; Syr10], coupled cluster method (CCM) data [Bis+17],
density matrix renormalization group (DMRG) data [Kad+24], results from series
expansion (SE) about the Ising limit [ZOH05; Dus+10], and the critical power
law extracted from series expansion (SE) [ZOH05]. A quantitative comparison of
the critical behavior is shown in the inset, underlining excellent agreement. The
lower panel shows the absolute difference of the single particle gap 𝛥QMC for both
quantum Monte Carlo (QMC) and continuous similarity transformation (CST) data
as a function of 𝜆. Trivially, the difference for quantum Monte Carlo (QMC) is
zero, with the emphasis being more on the uncertainty of the quantum Monte Carlo
(QMC) data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.6 The upper panel shows continuous similarity transformation (CST) results for the
inverse ground-state correlation length 1/𝜉𝑥 for 0.8 ≤ 𝜆 ≤ 1 compared to quantum
Monte Carlo (QMC) data [Cac+24]. A comparison of the correlation length with
the shortest wrap-around

√
2𝐿 in the largest cluster with 𝐿 = 22 is shown as a

dashed line. The lower panel shows the absolute difference of the inverse ground-
state correlation length (1/𝜉𝑥)QMC for both quantum Monte Carlo (QMC) and
continuous similarity transformation (CST) data as a function of 𝜆. Trivially, the
difference for quantum Monte Carlo (QMC) is zero, with the emphasis being more
on the uncertainty of the quantum Monte Carlo (QMC) data. . . . . . . . . . . . 93
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5.7 continuous similarity transformation (CST) results for the roton minimum 𝒌 =
(𝜋, 0) and the dispersion maximum 𝒌 = (𝜋/2, 𝜋/2) for 0 ≤ 𝜆 ≤ 1 compared to
data from series expansion (SE) [ZOH05], density matrix renormalization group
(DMRG) [Ver18], and quantum Monte Carlo (QMC) [SS01]. All methods agree
well, given the maximum dispersion. For the roton minimum, all methods predict
an inflection point for 𝜆 ≳ 0.8. The values for the depth of the roton minimum
differ slightly. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.8 Sketches of bound states in the antiferromagnetic Ising model on a square lattice.
Figure 5.8a shows a possible realization of a bound state. White-filled circles mark
the two flipped spins, and orange lines mark the 6 broken bonds, yielding a total
energy of 3𝐽. Figure 5.8b displays all four possible orientations of the bound states
in the antiferromagnetic Ising model on a square lattice. All bound states are
marked with dotted orange ellipses. . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.9 The upper panel shows the energies of the four magnon-magnon bound states
𝜏𝑖 calculated by continuous similarity transformation (CST) as a function of the
anisotropy 𝜆 and the corresponding lower edge 2𝛥 of the two-magnon continuum.
Triangle symbols depict the two degenerate states with rotation eigenvalue ±𝑖. The
inset compares data from truncated continuous similarity transformation (CST)
to data from pCUT up to terms ∝ 𝜆4 [Dus+10]. One discerns a certain slight
deviation in quadratic order. In the lower panel, the inverse participation ratio
inverse partition ratio (IPR) of the four bound states is plotted; only three curves
are shown because the eigen wave functions of the two degenerate bound states
are complex conjugates with the same inverse partition ratio (IPR) 𝐼. The vertical
dashed lines mark the decay points for the corresponding bound state determined
by a crossing of 𝐼 with the threshold 𝐼 = 10−4 (horizontal dashed line). . . . . . . . 97

6.1 Antiferromagnetic order on the honeycomb lattice. The spins on the two sublattices
are aligned anti-parallel to each other, resulting in a classical Néel state for the
Ising limit 𝜆 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
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Each atom is clearly assigned to one cell. Neighboring cells that interact are marked
as transparent orange rhombi. The lattice vectors 𝒂1 and 𝒂2 span the lattice marked
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6.3 The figure depicts 𝛾B(𝒌) in the Bloch gauge of the honeycomb lattice. The real
part of 𝛾B(𝒌) is shown on the left-hand side, and the imaginary part of 𝛾B(𝒌) is
shown on the right-hand side. In both cases, grey lines mark the first Brillouin
zone (BZ) and its extensions, Grey dotted lines indicate the unit cells used for the
discretization of the reciprocal space. . . . . . . . . . . . . . . . . . . . . . . . . . 103
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6.5 The figure depicts 𝛾S(𝒌) in the symmetric gauge of the honeycomb lattice. The
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6.6 Ground-state energy per site 𝑒0, staggered magnetization per site 𝑚𝑧 and spin gap 𝛥
for the honeycomb lattice XXZ model using different spin-wave theory approaches.
The linear spin-wave theory (L-SWT), mean-field spin-wave theory (MF-SWT),
and self-consistent mean-field spin-wave theory (scMF-SWT) results are shown. A
vertical dashed line indicates the point beyond which the self-consistent mean-field
spin-wave theory (scMF-SWT) does not yield a solution anymore. Only at the
Heisenberg point 𝜆 = 1 a solution is found again. . . . . . . . . . . . . . . . . . . . 106

6.7 Single-particle dispersion using different spin-wave theory approaches along a high
symmetry path in the Brillouin zone (BZ) for the honeycomb lattice XXZ model. The
path is shown on the left-hand side. On the right-hand side, the dispersion is shown
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self-consistent mean-field spin-wave theory (scMF-SWT). Results are shown for
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6.8 Comparison of results for the XXZ model on the square lattice using the particle-
conserving generator (pc generator) ̂𝜂pc and particle-block-separating generator with
𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 as generators in the continuous similarity transformation
(CST). The upper panel shows the staggered magnetization per site 𝑚𝑧 obtained
via the corresponding observable flow. The middle panel shows the spin gap 𝛥 and
the lower panel the roton minimum at 𝒌 = (𝜋, 0)𝑇 and the dispersion maximum at
𝒌 = ( 𝜋

2 , 𝜋
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conserving generator (pc generator) ̂𝜂pc and particle-block-separating generator with
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0∶𝑛 as generators in the continuous similarity transformation
(CST). The upper panel shows the ground-state energy per site 𝑒0. The middle
panel shows the staggered magnetization per site 𝑚𝑧 obtained via the corresponding
observable flow. The lower panel shows the spin gap 𝛥. If possible results are
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wave theory (SWT) [WOH91], quantum Monte Carlo (QMC) [Löw09], coupled
cluster method (CCM) [BR98; Bis+15] and density matrix renormalization group
(DMRG) [Kad+24]. The vertical dashed line marks the boundary where the
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6.10 The right panel shows the single-particle dispersion along a high symmetry path
in the Brillouin zone (BZ), depicted on the left panel, for the antiferromagnetic
Heisenberg model (afHM) on a honeycomb lattice calculated with different ap-
proaches, i.e., the mean-field spin-wave theory (MF-SWT), the continuous similarity
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𝑘 = 0 (0𝑛 generator) ̂𝜂pbs

0∶𝑛 , with (𝜔̃) and without (𝜔) a re-diagonalization of the one
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lattice. Additionally, subsets of residual-off-diagonality (ROD) only connected
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6.12 The right panel shows the single-particle dispersion along a high symmetry path
in the Brillouin zone (BZ), depicted on the left panel, for the antiferromagnetic
Heisenberg model (afHM) on a honeycomb lattice calculated with different ap-
proaches, i.e., the mean-field spin-wave theory (MF-SWT), the continuous similarity
transformation (CST) with the particle-block-separating generator with 𝑘 = 0
(0𝑛 generator) ̂𝜂pbs

0∶𝑛 and the particle-conserving generator (pc generator) ̂𝜂pc, with
(𝜔̃) and without (𝜔) a re-diagonalization of the one and three-magnon space, series
expansion (SE) [Krä+25], quantum Monte Carlo (QMC) [Krä+25]. The tripod
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lattice. The Fig. 6.13a shows a possible realization of a bound state. White-filled
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yielding a total energy of 2𝐽. The Fig. 6.13b displays all three possible orientations
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2.1 Self-consistent mean-field parameters 𝑛mf and 𝛥mf for varying values of the anisotropy
parameter 𝜆 in the antiferromagnetic spin- 1

2 easy-axis XXZ model on a square lat-
tice. The integrations are performed numerically with a Gauss-Kronrod quadrature
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