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Introduction

Cointegration regression techniques and inference based on them provide a useful toolkit when
analyzing relationships between integrated time series, as for example in macroeconomics, finance
or environmental economics. While many methods estimate linear relationships, this assumption
might be too restrictive for certain applications. One way of modeling nonlinearities is to consider
transformations such as logarithms or powers of integrated regressors in a linear regression model.
Such a model which includes integer powers of integrated processes as explanatory variables is
called in the terminology of Wagner and Hong (2016) cointegrating polynomial regression (CPR).
As pointed out by Wagner (2015), treating powers of integrated processes simply as integrated
processes themselves, is conceptually wrong. To appropriately handle such situations, Wagner
and Hong (2016) provide theory and extend the fully-modified OLS estimator of Phillips and
Hansen (1990) to CPRs. As typical in the cointegrating literature, the regressors are allowed to
be endogenous and the stationary errors are allowed to be serially correlated. In such cases, the
estimator of Wagner and Hong (2016) has a zero mean Gaussian mixture limiting distribution and

thus standard inference can be performed.

This cumulative dissertation contributes to the nonlinear cointegrating regression literature and
provides new tools and comparisons of existing procedures. In Chapters [I| and [3| we consider
the mentioned CPRs to model nonlinear relationships and resort to similar modifications when
developing estimators as Wagner and Hong (2016). Our primary motivation is the analysis of
the environmental Kuznets curve (EKC). The EKC hypothesis postulates an inverted U-shaped
relationship between the level of economic development and pollution or emissions. The term EKC
refers by analogy to the inverted U-shaped relationship between the level of economic development
and the degree of income inequality postulated by Kuznets (1955). Since the seminal contributions
of, e.g., Grossman and Krueger (1995) or Shafik and Bandyopadhyay (1992), the literature has
become voluminous and continues to grow rapidly. Surveys discussing the links between economic
growth and the environment are provided by Brock and Taylor (2005) or Kijima et al. (2010). In
our analyses, we consider the relationship between logarithms of per capita GDP, as a proxy for
economic development, and carbon and sulfur dioxide (CO2 and SO3) emissions, also in logarithms

of per capita terms.

In Chapter [I] we develop a residual-based monitoring procedure to detect structural change in

CPRs. There are two ways of structural change detectable by our procedure: The relationship



may turn into a spurious relationship and the parameters of the relationship may change. Our
developed monitoring statistics extend those of Wagner and Wied (2017) in two dimensions. First,
in addition to the detector studied in that paper, we consider a number of detectors that consider
two aspects in more detail: Self-normalization and moving window detectors. Second, the approach
is extended from cointegrating linear to cointegrating polynomial regressions (CPRs). The starting
point for the monitoring statistics is the extension of the Shin (1994) test statistic for the null
hypothesis of linear cointegration to the CPR setting (see, e.g. Wagner, 2023). Inspired by Chu et
al. (1996), the considered monitoring statistics are based on parameter estimation on a calibration
period, which is assumed to be free of structural change. These parameter estimates are then used
to compute fitted values on the remaining sample. Parameter estimation is based on modified OLS
estimators, to be precise, FM-OLS, D-OLS and IM-OLS, in their versions adapted to the CPR
setting to allow for the construction of nuisance parameter free monitoring statistics by scaling out
a scalar long-run variance. A structural break is then detected if residuals become too large, which
is evaluated by calculating the monitoring statistics and comparing them with critical values based
on their limiting distributions. We perform a simulation study to assess null rejection probabilities,
size-corrected power and delay in detection of the monitoring statistics. It turns out, that self-
normalization in combination with a moving window approach leads in many cases to the best
performance. With self-normalization, where we calculate the ratio of two terms, we avoid the
issue of long-run variance estimation. Finally, we use our monitoring procedures to assess for 12
industrialized countries whether — and if so when — the relationship between emissions and economic
activity has changed after the first oil price shock in 1973. Chapter [1]is a joint work together with
Martin Wagner and Maximilian Grupe and has been published in a slightly modified version in

Econometrics, Volume 9, Issue 12, pp. 1-35.

Chapter [2] is dedicated to nonparametric cointegrating regressions and specification tests for
nonlinear cointegrating relationships. The finding of Wang and Phillips (2009b) that conventional
kernel estimators can provide standard limiting distributions in nonparametric cointegrating re-
gressions with the presence of error serial correlation and regressor endogeneity has accelerated
the development and attention for nonparametric cointegrating regressions. In addition to the
development of asymptotic theory for nonparametric estimators in cointegrating regressions, var-
ious specification tests for testing on functional forms in nonlinear cointegrating regressions have
been developed. The clear advantage of nonparametric regression compared to the parametric

counterpart is that no functional form needs to be specified. On the other hand, parametric esti-



mation exhibits faster convergence rates, which renders specification tests useful to test on certain
parametric functional forms and rely on parametric estimation if the null hypothesis of a particular
functional form is not rejected. In Chapter [2] we compare the performance of several nonparametric
and specification tests for nonlinear cointegrating regressions in a large scale simulation study. As
performance measures for the estimators we consider bias and root mean squared error and for the
specification tests null rejection probabilities and size-corrected power. Within that study we use
several regression functions and consider different combinations of regressor endogeneity and error
serial correlation. Furthermore, we assess the impact of necessary user choices, which need to be
made for almost all considered estimators and specification tests. For the kernel based estimators
and tests, kernel and bandwidth rule need to be chosen. For other estimators or tests truncation
parameters or weighting functions need to be selected. We vary those choices to assess their impact
on estimation and test performances. With the simulation study, we want to provide practitioners
with a guidance to help them select a suitable estimator or test for their situation, taking into
account additional parameters to be selected. It turns out, that the Dong et al. (2021) estimator
without any weighting works best in our simulations. From the specification tests, the subresidual
based test of Choi and Saikkonen (2010), using residuals from leads and lags regression, performs
overall best. All estimators and specification tests have been implemented by ourselves in MATLAB

and procedures are available on request. Chapter [2]is a joint work together with Martin Wagner.

In Chapter [3| we develop fully modified-type estimators for seemingly unrelated cointegrating
polynomial regressions, including common — across equations — integrated regressors and integer
powers of them. The chapter thus extends the results of Wagner et al. (2020) to systems with
common integrated regressors and furthermore provides the general multiple regressors formulation
in contrast to the stylized system with only one integrated regressor. The formulation provides great
flexibility in that sense that the degree of the deterministic trend, numbers of integrated regressors
and common integrated regressors, as well as their powers, are allowed to differ across equations.
This flexibility is also covered by the MATLAB code for the proposed estimators. Zero-mean Gaussian
mixture limiting distributions are provided for the two estimators and form the basis for asymptotic
standard inference. In addition to hypothesis tests, RESET-type specification tests are provided.
One major advantage of the proposed system estimators compared to single equation estimation is
the possibility to test for group-wise pooling and — if supported by the test results — perform group-
wise pooled estimation which reduces the number of estimated parameters and increases estimation

precision. We assess the performance of estimators and tests in finite sample simulations and then



apply the procedures for analyzing the EKC and material Kuznets curve (MKC) hypotheses, with
the latter postulating an inverted U-shaped relationship between economic development and the
use of materials. For the MKC, we consider relationships between GDP and the use of the three
metals aluminum, lead and zinc. We estimate systems of equations on both country level and
substance level, i.e., emission or material use. Similarities in the estimated parameters can be
found along both levels. Based on those indications and backed by tests on poolability, we perform
group-wise pooling for certain materials and countries. Chapter [3|is a joint work together with

Martin Wagner.
The bibliographic details of the three chapters are as follows:

1. Knorre, F., M. Wagner and M. Grupe (2021). Monitoring Cointegrating Polynomial Regres-
sions: Theory and Application to the Environmental Kuznets Curves for Carbon and Sulfur
Dioxide Emissions. A slightly modified version has been published in Fconometrics, Volume

9, Issue 12, pp. 1-35, https://doi.org/10.3390/econometrics9010012.

2. Knorre, F. and M. Wagner (2025). Comparison of Nonparametric Estimators and Specifica-
tion Tests for Nonlinear Cointegrating Regressions: Results from a Large Scale Simulation

Study. Unpublished manuscript.

3. Knorre, F. and M. Wagner (2025). Fully Modified OLS Estimation and Inference for Seem-
ingly Unrelated Cointegrating Polynomial Regressions with Common Integrated Regressors.

Unpublished manuscript.

All simulations and empirical illustrations have been performed using MATLAB. The respective

code is available upon request.



1 Monitoring Cointegrating Polynomial Regressions: Theory and
Application to the Environmental Kuznets Curves for Carbon
and Sulfur Dioxide Emissions

1.1 Introduction

This paper develops residual-based monitoring procedures for structural change in cointegrating
polynomial regressions (CPRs), using the terminology of Wagner and Hong (2016). CPRs are
regression models that include as explanatory variables deterministic terms, integrated processes
and integer powers of integrated processes. The regressors are allowed to be endogenous and the
stationary errors are allowed to be serially correlated. Structural change — at an unknown point
in time — can occur in two facets: First, the relationship may turn into a spurious relationshipE]
Second, the parameters of the relationship may change. The developed monitoring statistics extend
those of Wagner and Wied (2017) in two dimensions. First, a variety of monitoring statistics is
considered, including self-normalized versions and moving window detectorsE] Second, the approach

is extended from cointegrating linear to cointegrating polynomial regressions.

All considered monitoring statistics are based on parameter estimation for the CPR relationship
over a calibration period known to be — or at least assumed to be — free of structural change, an
approach to monitoring inspired by Chu et al. (1996). With regressors that are potentially en-
dogenous and errors that are potentially serially correlated, appropriately modified least squares
estimators have to be employed to allow for the construction of nuisance parameter free limiting
distributions of the detectors obtained by scaling out a scalar long-run variance parameter. We
consider the CPR-versions of three well-known estimators: Fully Modified OLS (FM-OLS) consid-
ered in the CPR context in, e. g., Wagner and Hong (2016), Dynamic OLS (D-OLS) considered for
more general functions in Choi and Saikkonen (2010), and IM-OLS considered in Vogelsang and
Wagner (2014b)E] In the general CPR case, however, even the usage of the mentioned modified

least squares estimators is not sufficient for nuisance parameter free limiting distributions and the

'In the CPR setting the concept of spurious regression has to be interpreted a bit wider than in cointegrating
linear regression settings. If, e.g., the polynomial degree of a CPR relationship increases at a certain point in time
but one continues to consider a CPR relationship with an unchanged polynomial degree, then the error term of this
spurious relationship contains higher order powers of an integrated process and is thus not integrated, as in the usual
form of spuriousness considered in linear cointegration.

2Some of these possibilities have been mentioned in Wagner and Wied (2017, Footnote 4), but have not been
explored in full detail and systematically.

3The settings considered in Choi and Saikkonen (2010) and Vogelsang and Wagner (2014b) are discussed in a bit
more detail in Footnote



assumption of full design, using the terminology of Vogelsang and Wagner (2014b), is required.
Full design means that the limiting distributions of the modified estimators can be written as
the product of a regular non-random matrix and a functional of standard Brownian motions and
deterministic components. This allows to construct monitoring statistics, based on the residual
limit processes, which are proportional up to a scalar long-run variance to functionals of standard
Brownian motions and deterministic components. Scaling out the long-run variance, either by self-
normalization or by standardization, then leads to nuisance parameter free limiting distributions
of the monitoring statistics. Note that full design, albeit not generally prevalent in the CPR case,
holds in a variety of empirically relevant settings, including cointegrating linear regressions, coin-
tegrating polynomial regressions where only one of the integrated regressors occurs as regressor
also with higher order powers, and Translog-type relationships (see, e.g. Christensen et al., 1971).
Environmental Kuznets curves (EKCs), which are the focus of our paper, typically include only

one integrated regressor and its powers and are, therefore, of full design.

We perform a detailed simulation study of the five considered variants of the monitoring proce-
dure in combination with the three mentioned parameter estimation methods. The performance
dimensions considered include null rejection probabilities, (empirical) size-corrected power as well
as detection delays. It turns out that the combination of self-normalization and a moving window
leads almost throughout to the best performance in terms of lowest over-rejections, whilst exhibit-
ing very favorable size-corrected power properties and short delays. The choice of the estimator,
FM-, D-, or IM-OLS, affects the results in particular for small samples. IM-OLS mostly leads to
smaller over-rejections under the null hypothesis than FM-OLS, which in turn outperforms D-OLS.
With respect to size-corrected power IM-OLS is outperformed, as expected, by both FM-OLS and
D-OLS. Also, the delays are often a bit smaller for FM-OLS than for IM-OLS. Since the differences

are often relatively small, there is no clear choice between IM-OLS and FM-OLS.

We use the developed monitoring tools to assess the stability of environmental Kuznets curves
(EKCs) for CO2 and SO emissions for twelve countries using a calibration period 1946-1973 and
a monitoring period 1974-2016. The EKC hypothesis postulates an inverted U-shaped relationship

between the level of economic development and pollution or emissionsﬁ Brock and Taylor (2005)

4The term EKC refers by analogy to the inverted U-shaped relationship between the level of economic development
and the degree of income inequality postulated by Kuznets (1955) in his 1954 presidential address to the American
Economic Association. Since the seminal contributions of, e. g., Grossman and Krueger (1991; 1993; 1995) or Shafik
and Bandyopadhyay (1992), the literature — both theoretical as well as empirical — has become voluminous and
continues to grow rapidly. Already early survey papers like Yandle et al. (2004) count more than 100 refereed
publications on the subject.



or Kijima et al. (2010) provide survey discussions of the links between economic activity or growth
and the environment ] We thus use our monitoring tools to assess whether and if so when the
relationship between emissions and economic activity has changed after the first oil price shock,
which has led to fundamental changes in economic activity triggered not least by changing energy
prices, but also by changes in environmental legislation that has been put in place in the 197OSE|
Taking into account that the polynomial functional form should probably be interpreted more as an
approximation to an underlying relationship of unknown form rather than as a true relationship, of
course, implies a trade-off (at least in-sample) between finding structural breaks and approximation
with a higher polynomial degreeﬂ Against this background it may be interesting to use monitoring
tools to study whether and at which point in time, the EKC relationship needs to be modelled with
more curvature: Over the calibration period 1946-1973 for most countries (as minimum polynomial
degree) a cointegrating linear relationship prevailsﬁ This is not a too big surprise, since about until
the mid 1970s, economic activity expanded roughly in line with emissions in many countries. Only
thereafter and triggered — as mentioned — by price, technical and legislative changes the economic
activity and pollution start to be decoupled to a certain extent. From a CPR perspective this could
mean either a structural change in the parameters of a relationship of given degree or a change to
a relationship with a higher polynomial degree, e.g., from a linear to a quadratic relationship. For
both CO5 and SO emissions for nine of the twelve countries structural breaks are detected. The
detected break points are in some cases quite late, which most likely reflects the delays inherent in
monitoring procedures. The evidence, when considering also the full sample, is mixed with respect
to structural change in the parameters but unchanged polynomial degree or structural change also
with respect to the polynomial degree. The monitoring decisions lead to, as a simple empirical
cross-check, good results in the following sense: For those country-pollutant combinations where

no structural break is detected, using the specification and parameter values from the calibration

5The long list of theory contributions presenting specific models that lead to EKC-type behavior under certain
assumptions includes Andreoni and Levinson (2001), Arrow et al. (1995), Brock and Taylor (2010), Cropper and
Griffiths (1994), Jones and Manuelli (2001), Selden and Song (1995) or Stokey (1998).

5This means that we use our monitoring tools for an ex-post analysis rather than “true” online monitoring.

"This is obvious, since one can achieve perfect fit with a polynomial of degree sample size minus one. There is an
ongoing discussion in the EKC literature concerning appropriate functional form and estimation strategies (see, e.g.
Bertinelli and Strobl, 2005; Millimet et al., 2003; Schmalensee et al., 1998). Inverted U-shaped relationships are also
considered, e. g., in the intensity of use or material Kuznets curve (MKC) literature that investigates the potentially
inverted U-shaped relationship between GDP and energy or metals use per unit of GDP (see, e.g. Grabarczyk et
al., 2018; Guzman et al., 2005; Labson and Crompton, 1993; Stuermer, 2018) for which the tools developed in this
paper may also be useful.

8A cointegrating linear relationship implies tautologically that CPRs with higher polynomial degrees are also
present, albeit with (theoretically) zero coeflicients to the higher order powers.



period leads to good fit also for the full period until 2016, with obviously even better fit when

re-estimating the relationship over the full sample.

The paper is organized as follows: Section [1.2] contains the setting, assumptions, monitoring
statistics and asymptotic results. Section discusses finite sample simulation results. Section
presents the monitoring application to CO2 and SOz emissions data. Section [L.5]briefly summarizes
and concludes. Appendix[I.6.1]contains all proofs. Appendix discusses local asymptotic power
properties. Appendix contains additional finite sample simulation results and Appendix
presents additional empirical results. There is a Supplementary Appendix available upon request
(of around 400 pages) which contains tables with critical values for the detectors for a broad variety
of specifications relevant for EKC-type analysis. MATLAB code — including the critical values for the
mentioned variety of specifications — for the monitoring statistics developed in this paper is available

upon requestﬂ

We use the following notation: Definitional equality is signified by := and = denotes weak
convergence. |z| denotes the integer part of x € R and diag(:) denotes a diagonal matrix. For a

vector € R™ we use ||z]|? = Y1, 22 and for a matrix M € R™*" we use || M|| = sup, ”ﬁﬁ“. E(-)

denotes the expected value and L is the backward-shift operator, i.e., L{x}1ez = {xt—1}1ez. The
first-difference operator is denoted with A :=1 — L. We denote the k-dimensional identity matrix
with I. A Brownian motion with covariance matrix specified in the context is denoted by B(r)

and W (r) denotes a standard Brownian motion.

1.2 Theory

1.2.1 Model, Assumptions and Parameter Estimation

We consider monitoring — using the terminology of Wagner and Hong (2016) — a cointegrating

polynomial regression (CPR), i.e., a regression of the form:

1
D£0D71+X£9X71+ut, t = LTTJ +1,...,T, ( )
Ty = Ty—1 + Vg, t=1,...,T, (2)

{Dgﬂp-f—Xé@X—l-ut, t=1,...,[r7T],
Yt =

with 2 == [214, ..., 2] € R¥ and X; == [azg,xit, ..., 21%]" € RP with p = k—1+py, the deterministic

trend function D; € R?, the parameter vectors 0p,0p 1 € R? and 6x,0x 1 € RP. Furthermore we

9The MATLAB code can be straightforwardly modified to other specifications to obtain additional critical values;
under the assumption of full design.



define the combined parameter vectors 6 = [0}, 0%]', 61 = [0, |, 0" ;]" € RIFP.

Under the null hypothesis no structural change occurs, that is 6; = 6 and {ut}iez is an 1(0)
process, with detailed assumptions specified below, throughout. Under the alternative hypothesis,
either some parameters change or the relation turns spurious, i.e., {u;}tcz turns into an I(1)
process for every 0 € RITP or both at a sample fraction |r7T'| that has to be — as discussed in the

introduction — larger than |mT'| for some 0 < m < IH In formal terms:

6 =0V relm,l)and
H()Z
up is I(0) fort =1,...,T

Jrem,1):0; #6 or

Hi: 93, ¢ [m,1): ug,t =1,...,[rT] is I(0) and
ug, t = [rT]+1,...,T, is I(1).

Remark 1 Note that the regression model given in is a special case of the CPR model con-
sidered in Wagner and Hong (2016), since only one of the integrated regressors, w.l.o.g. Ty, is
allowed to enter the regression model with powers larger than one. Whilst this is, obviously, re-
strictive compared to the case where higher order powers of all elements of x; can be present as
regressors, this special case covers environmental and material Kuznets curves and similar applica-
tions. The mathematical reason for considering this special case is that it allows for — potentially
up to a scalar nuisance parameter that can be consistently estimated and scaled out — nuisance
parameter free limiting distributions of the considered detectors that can be simulated. In the ter-
minology of Vogelsang and Wagner (2014b) a cointegrating polynomial regression needs to exhibit
full design to allow for asymptotic standard inference by scaling out a scalar long-run variance.
This is the case for EKC-type relationships with only one integrated regressor present with powers
larger than one, but also for some other economically relevant more general cases of CPRs, e.g.,
Translog functions (see, e.g. Christensen et al., 1971). Given our focus on EKCs we abstain from
formulating the results here in the most general form; the required extensions are straightforward.
For even more general specifications that do not exhibit full design, a sub-sampling approach may be
considered relying upon similar arguments as discussed in Wagner and Hong (2016, Proposition 6).
The performance of sub-sampling based procedures, however, suffers particularly from short sample

periods; as also illustrated by the simulations reported in Wagner and Hong (2016). Consequently,

YEffectively, {us}iez being an I1(0) process in this paper means that it satisfies Assumption An I(1) process is
a process that does not fulfill Assumption [2| but where the first difference does.



a sub-sampling based approach cannot be expected to perform well in a monitoring context.

The results developed below rest upon the following assumptions:
Assumption 1 There exists a sequence of qxq scaling matrices Gp(T') and a q-dimensional vector
of functions D(z), with [j D(z)D(z)'dz < oo for 0 <'s <1, such that for 0 < s <1 it holds that:

lim VTGN T)D\yr| = D(s). (3)

T—o00

If, e.g., Dy = (1,6,42,...,t971Y, then Gp(T) == diag(T/2,T3/2, 752 ... T9"Y2) and D(z) =
(1,2,22%,...,2971). In relation to the integrated regressors and the powers we need a scaling matrix

Gx(T) == diag(T x Iy, T¥2,..., T ) later.

Assumption 2 The process {n}iez = {[ut, vi) hez is generated under the null hypothesis as:

o
m=C(L) =Y Ci&y, teL, (4)
3=0
with C; € REFDXEHD) 5 — 0 1. and the conditions:
det(C(1)) 0, S JIC I < 00 and |IColl < oo, %)
§=0

Furthermore, we assume that the process {& }iez is a strictly stationary and ergodic martingale
difference sequence with natural filtration Fy = o({&} o), E(&&)| Fi—1) = Zee > 0 with in addition

sup;>q E([|&]|%|Fi-1) < 00 a.s. for some a > 4.

The assumptions on the deterministic components, the regressors and error terms are similar
to the assumptions used in Wagner and Hong (2016) and, more implicitly, in Wagner and Wied

(2017). In particular Assumption [2]is sufficient for a functional central limit theorem to hold for

{nt}tezi
1 |sT| B (3)
Nii ; m = B(s) = [B:(S)] = QW (s), 0<s<I, (6)

with the positive definite long-run covariance matrix Q := 37 E(n—;m;) and W (s) = [Wy.(s), Wy(s)]’
a (k + 1)-dimensional vector of standard Brownian motions. We also define the half long-run co-
variance matrix A = 377 E(n;—;7;). The matrices © and A are partitioned according to the

partitioning of B(s), i.e.,

az [l Q] afhu dw] -



Using, e.g., the Cholesky decomposition of Q2 yields:

w’l,L'U )\’LLU

1/2
=10 ol

, (8)

2

where wZ,U = Quu — QWQ;}QW and Ay = Quo (Q},{,Q)_l. The conditional long-run variance w,.,,

is a key quantity that needs to be estimated for all but the two self-normalized detectors.

Where needed, consistent long-run covariance estimation is performed non-parametrically, re-
quiring the choice of both a kernel function and a bandwidth parameter. The inputs in the non-
parametric estimation are the OLS residuals from estimating over the calibration period and
the first difference of x; over the same period. For consistent long-run covariance estimation it

suffices to assume (following, e.g., Jansson, 2002):
Assumption 3 The kernel function k(-) satisfies:

(i) k(0) =1, k(-) is continuous at 0 and k(0) = sup, |k(z)| < oo,

(ii) [;° k(z)dz < oo, where k(z) = Sup,>, [k(y)|-
Assumption 4 The bandwidth parameter My C (0,00) satisfies limTﬁoo(Mji1 + T—1/2MT) =0.

All our monitoring statistics discussed in the following subsection are based on consistent pa-

rameter estimators that are required to lead to limiting distributions that are nuisance parameter
2

free up to a scalar parameter, the conditional long-run variance w;.,,,

that can (asymptotically) be
scaled out, either by scaling by a consistent estimator, which we refer to later as standardized, or

by self-normalization.

As indicated, estimation takes place on the calibration sample ¢t = 1,..., |[mT']| for some 0 < m <
1 that is known to be generated under the null hypothesis. This approach to monitoring, based
on parameter estimation on a calibration sample known to be — or at least assumed to be — free
of structural change has been popularized in the econometrics community by the seminal work of

Chu et al. (1996).

The cointegration literature provides a variety of modified ordinary least squares estimators of 0
with the required asymptotic properties, see, e. g., Wagner (2018) for a survey. All these estimators
commence from the fact that the OLS estimator of # is consistent with — in case of regressor

endogeneity and error serial correlation — a limiting distribution that is contaminated by second
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order bias terms. These second order bias terms are removed, one way or another, by the various
modifications of OLS. In this paper we consider three modified OLS estimators: Fully Modified
OLS (FM-OLS), Dynamic OLS (D-OLS) and Integrated Modified OLS (IM-OLS). These three
estimators have originally been developed for cointegrating linear regressions: FM-OLS in Phillips
and Hansen (1990), D-OLS in Saikkonen (1991), Phillips and Loretan (1991) or Stock and Watson
(1993) and IM-OLS in Vogelsang and Wagner (2014a). The extensions to the CPR setting are
discussed for FM-OLS in Wagner and Hong (2016), for D-OLS in Choi and Saikkonen (2010) and
for IM-OLS in Vogelsang and Wagner (2014b)lE|

Our brief discussion of the three estimators first necessitates the definition of a few more quan-
tities, i.e., Z; = [D}, X{)" and v, =y — Al’tQm}vau’m, with the second subscript m indicating
that estimation of the long-run covariances is — as mentioned — also based on the calibration sample

t=1,...,|mT|. Furthermore, define:

mT
qul 2 Zthl Vg
Ajn = LmTJ vu m | = AQJ)F;Cu m > (9)

~

with Ajum = Aw 2l Ayy,m and Avkum = Avku 2L Avor,m

vv,m vv,m

Long-run covariance estimation uses the OLS residuals of from estimation over the calibration

period t = 1,...,|mT] in conjunction with the first differences of the integrated regressors, i.e.,
Tt,m = [Ut,m, v;)', with Gt denoting the OLS residuals here:
) |mT|—1 N o
do= gy 2 k() 3 A (10)
LmTJ
S = mTJ Z Tty am» (11)
Q= Ay + A;n — 3. (12)

In both the finite sample simulations as well as the application we use for long-run covariance
estimation, in line with Assumptions [3|and [4] the Bartlett kernel with bandwidth chosen according

to Newey and West (1994).

1To be precise, Choi and Saikkonen (2010) propose an extension of the dynamic regression approach, adding leads
and lags of the first differences of the integrated regressors, to a more general setting than CPRs. Given that the
CPR model is linear in parameters, D-OLS can be extended relatively straightforwardly, without the need to resort to
modified nonlinear least squares type estimators. Vogelsang and Wagner (2014b) consider an extension of IM-OLS to
general multivariate polynomials allowing also for arbitrary cross-products of powers of integrated regressors. Stypka
and Wagner (2020) extend the FM-OLS estimation principle to this more general polynomial-type setting.
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With all required quantities defined, the FM-OLS estimator computed over the calibration sample

is given by:
|mT| [ Im7)
o =1\ 27 > Zwt, - AL |- (13)
t=1 t=1

While FM-OLS is based on a two-part nonparametric transformation to remove endogeneity
and serial correlation related bias terms from the limiting distribution of the OLS estimator, D-
OLS is based on a more “classical projection and orthogonalization” argument by performing OLS
estimation in an augmented version of the CPR regression , with leads and lags of the first
differences of x; added as regressors to “clean the limiting distribution”. The D-OLS regression —
estimated by OLS over the calibration sample — is given by:

da
ye=2Z10+ Y Az, ;0;+u, (14)
Jj=—d1

with the number of leads (d;) and lags (d2) chosen to ensure consistent parameter estimation of
f with a limiting distribution that is — up to a scalar — nuisance parameter free. In general this
requires that di,ds — oo at suitable rates. More specifically, in our finite sample simulations
and the application, we choose leads and lags using the AIC-type criterion of Choi and Kurozumi

(2012). The resultant OLS estimators of 6 and @j from estimated over the calibration sample

D

o respectively.

are referred to as 9}‘% and ©

The third estimation principle addresses endogeneity correction by partial summation. Define
for a sequence 2z, t = 1,...,T, the partial summed variable by S;7 = 2;21 zj,t =1,...,T. Then
the IM-OLS regression — estimated by OLS over the calibration sample — is given by:

Sy = S70 + xp + Si. (15)

The OLS estimators of 8 and ¢ from estimated over the calibration sample are referred to
as é,ln and @), respectively. Note that endogeneity correction in the IM-OLS estimator does not
require any lead-lag or kernel-bandwidth choices, as it suffices to simply add the original integrated

regressor vector x; to the partial summed regression.

The key input for the monitoring statistics discussed in the following subsection are the resid-
ual (processes) obtained with these three estimators. In particular, the asymptotic null behav-

ior of the residual (partial sum) processes is the key ingredient to derive asymptotic properties
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of any of our variance-ratio type monitoring statistics. This result is formalized in the follow-
ing lemma, whose formulation requires to define some additional (asymptotic) quantities first,
wv<s> = [Wm(s) Was(s), . W, <s> W2 (s), .. Wff(s)]', J(s) = [D(s), W(s)], f(s) =
[fy D(2)dz, [§ Wy(2)'dz, Wy(s)') and F(s) = [ f(

Lemma 1 Let the data be generated according to and with Assumptions cmd in place.
Furthermore, let long-run covariance estimation be performed under Assumptions[3 and[{] and let
lead-lag choices be made as discussed in Choi and Kurozumi (2012).

Based on estimation over the calibration period t = 1,...,|mT| — with the estimators 0%, 0 and

é{n as discussed before — denote the FM-OLS residuals by:

W =Yg — Z100, (16)
the D-OLS residuals by:
do
ﬁf,m =Y Z{gﬁl - Z Al‘;_]@ﬁm (17)
j=—d1
and the IM-OLS residuals by:
S'Z“”n[l =S5y — StZ’éfn — Tl . (18)

For T — oo it holds under the null hypothesis for m < s <1 thatE

|sT|

\} = Z 0l = W (Wu.v(s) - /0 " () dz < /O " J(z)J(z)’dz) - /0 " J(z)qu.v(z)>

= Wy Waeo,m (5) (19)

min{|sT'|,T—d1}

T S m = T Yo i, = Wue Wi m(s) (20)
t=do+2

=Sy = LSZTJAW :ww( 1 ([ mf(Z)f(Z)’dZ>_1 / m[F(m)—F(z)]qu.v(z)>

—wuv uvm (21)

12For the asymptotic results the lower bounds of the summations could all be set equal to t = 1. We, however, start
the sums with the first residual actually available for computations, at the expense of potentially making matters
appear overly complicated, at least in terms of notation, but replicable for implementation by the reader.
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The lemma shows that indeed all three partial sum processes of the residuals converge to processes
that are (i) functionals of standard Brownian motions, W, (r) and W,,.,(r), and (ii) proportional to
Wy, & scalar nuisance parameter that can be consistently estimated and hence scaled out from the
limit processes or that can be eliminated by self-normalization. The limiting null distributions of
test statistics based on the (normalized) limit processes consequently can be obtained by simulating
the corresponding functionals of standard Brownian motions. Note that the FM-OLS and D-OLS
residual partial sum processes converge to the same limiting process, which is a consequence of

these two estimators having identical limiting distributions.

1.2.2 The Monitoring Statistics

Similarly to Wagner and Wied (2017) the starting point of our monitoring statistics is to combine
the approach of Chu et al. (1996) with variance-ratio statistics that diverge under the alternative.
More specifically, the underlying variance-ratio (full sample) statistic motivating the construction of
our monitoring statistics is the Kwiatkowski et al. (1992) stationarity test, respectively the related

Shin (1994) cointegration testH Using our notation, the (full sample) Shin-statistic is given by:

&1 )
Tsnin 1:g TZ<TZUZ> (22)

with @; denoting the residuals from (full sample) estimation with, e. g., FM-OLS or D-OLS. In case
that IM-OLS is used for estimation, the resultant residuals are already partial summed quantities,
i.e., one immediately obtains (by construction) quantities to insert into the expression in the second
line of . The test statistic given above converges under the null hypothesis to a functional of
standard Brownian motions, which is as expected when considering , where convergence to
the squared integral of a standard Brownian motion follows immediately from our assumptions if
instead of ; the errors u; were used (and scaling would take place by a consistent estimator of
w?2). Using 4 instead of u; leads to a similar result, but with a different (specification dependent)

functional of standard Brownian motions after scaling out w?., rather than w2. To be precise, when

13For completeness note that the Shin (1994) test has been considered in the CPR setting in Wagner and Hong
(2016). In principle, of course, also other variance-ratio type statistics for the null hypothesis of stationarity — or
cointegration — could serve as building blocks, e.g., the test statistic of Busetti and Taylor (2004) or Kim (2000)
more or less directly leads, when extended and considered for monitoring, to a self-normalized detector similar to
H.
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using FM-OLS or D-OLS for parameter estimation the limiting null distribution will be a function
of Wu.v,m (r). When using IM-OLS for parameter estimation the limiting null distribution will be

a function of Igulv,m (r), see Proposition |1| below.

The above test statistic can be easily seen to diverge under the alternative hypothesis of a
structural break occurring after the calibration period. Consider, e.g., the FM-OLS residuals (with

the argument entirely analogous for all estimators) using our already established notation:

f = Y — Z100, (23)
= vilmgvum_Dzlf(é%m_e )_Xé(ég(m_ex)
NG t,m vt 'Uvm vum - Dt QD m ) (24)
VT
LSTJ

ZX eXm_ )

Now, suppose that at some time point [77'| > |mT| a structural change occurs. If, e.g., {us}iez
turns from being 1(0) to I(1), then the first term in diverges for s > r. Similarly, the third or
fourth term (or both) diverge in case of change in the parameter vector, i.e., when 6 # 6, as of

course 0f, — 0, because of parameter estimation on the calibration sample.

We consider for each of the three considered estimators — neglecting for notational brevity the

dependence of the residuals and thus the test statistics on the estimation method — five monitoring

statistics:
[sT] 2
. 1 1 1 -
= (L% ( m) (25)
Wiurv,m Ti:LmTJ+1 \/T
|sT| 2 [T 2
R 1 1 1 - 1 1 -
s = (L % ( m) EERS ( m) (26)
Wuv,m Ti:LmTJ—&-l VT Ti:l VT
2
Yy (5%
A (s) = 1 (1) (27)

s (5,)°
[sT]

o=z (x Y (o) (29)

u-v,m T
i=max{1,|sT|—|nT|+1}

A (s) = Ziigaxg |sT|—|nT|+1} <Szum>2
mov,sn ZLmTJ (su )
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The monitoring statistic H "(s) given in is of the same form as the monitoring statistic used in
Wagner and Wied (2017) considered here in the CPR context. The monitoring statistic FI&“(S) given
in — with a term calculated only over the calibration sample subtracted — is of a similar form
as used in Chu et al. (1996). The third variant H (s) given in is a self-normalized statistic,
for which under the null hypothesis both the numerator and denominator converge (appropriately
scaled) to functionals of standard Brownian motions proportional to wy,.,,, which is hence scaled out
in the ratio. Long-run covariance estimation is known to be a notoriously problematic aspect in
unit root and cointegration analysis and therefore test statistics that do not require this step may
exhibit better performance. The fourth considered variant is a moving window statistic ISI,,”JOZ(S)
given in (28)) with n denoting the moving window (sample fraction or) length. The key difference
between the moving window detector and the ezpanding window detectors is that Hymn(s) is based
on a constant number of residual partial sums for all values of s. This construction increases,
under the alternative hypothesis, the impact of post-break residuals on the test statistic, which is
ex ante expected to lead to faster detection of structural breaks. The performance of the fourth
variant will depend on the length of the moving window, to be chosen in applications. Finally, the
fifth monitoring statistic Hﬂgﬁsn(s) given in combines self-normalization and moving window
estimation, with the performance as for the fourth variant expected to depend upon the moving
window lengthE The following proposition summarizes the asymptotic behavior of the monitoring

statistics under the null hypothesis.

Proposition 1 Let the data be generated according to and with Assumptions and m
place. Furthermore, let long-run covariance estimation be performed under Assumptions[3 and [{)
and let lead-lag choices be made as discussed in Choi and Kurozumi (2012).

In case parameter estimation is performed with FM-OLS or D-OLS the limiting process Qvu.v,m(s)
below equals Wu.um(s) and in case parameter estimation is performed by IM-OLS it equals ﬁu.v,m(s).

The defined monitoring statistics converge under the null hypothesis for T — oo, in particular it

1476 be precise, only when using FAI;'}L(S) or f[}ﬁﬁysn (s) in conjunction with D-OLS or IM-OLS no long-run covariance
estimators are required, whereas estimated long-run covariances are required for FM-OLS estimation. For D-OLS still
lead-lag length choices have to be made and only when using A7 (s) or ffﬁg,ﬁsn(s) in conjunction with the IM-OLS
estimator no kernel/bandwidth or lead-lag choices have to be made. In this case, the only choice to still be made
when using H" (s) is the length of the calibration sample, a choice required throughout. In case of ﬁﬁ;fj, sn(8) both
the calibration sample length m and the moving window length n have to be chosen.
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holds that:

7(5) = [ G 2z = H" Qo (30)
7) = [ GrumGz = [ Qo) = H Qus) (31)
A (s) = fOQZZ’; WG ) (3)
A(s) = 32 ()2 = H2 (B ) (33)

max{0,s—n} N
rflax ,85—"n Q%“) 1M z dZ

mov 81T
fo u v m dZ

It is widely-used practice in monitoring to base the decision not on monitoring statistics as just

= H%ﬁ,sn(@m,m, s) (34)

defined, but on monitoring statistics divided by a weighting function, g(s) say. For chosen weighting
function g(s) — with 0 < g(s) < oo — the null hypothesis is rejected, if the weighted monitoring

statistic ‘%‘ is larger than a critical value c¢ for the first time. We denote this point in time as

} | (35)

with H (s) short-hand notation for any of the considered detectors. In case no structural change is

s)
g(s)

a structural break but also contains information about the location of the potential break point.

detection time Ty, i.€.:
H(s)
9(s)

Tm —

min
s:mT |+1<|sT|<T {

detected, i.e.,

= 00. A finite value of 7,, not only indicates

Weighting function and critical value have to be chosen so that under the null hypothesis it holds

> c} < oo)
= IP’( sup () >c> =,
m<s<l

that:
H(s)
9(s)
= Ilim P sup Hs)

T—00 s:[mT)+1<[sT|<T g(s)

lim P(7, <oo) = lim P( min {
T—o0 T—o0 s:mT+1<[sT|<T

> c) (36)
9(s)

with « denoting the chosen significance level, and H(s) short-hand notation for the limit corre-

sponding to the considered monitoring statistic. Considering only positive and bounded weighting
functions, see also Aue et al. (2012, Assumption 3.6), allows to derive the required result given above
based on the developed asymptotic null behavior of the monitoring statistics and the continuous

mapping theorem.
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Proposition 2 Let the data be generated according to and with Assumptions (md mn
place. Furthermore, let long-run covariance estimation be performed under Assumptions[3 and [
and let lead-lag choices be made as discussed in Choi and Kurozumi (2012). In addition assume
that the weighting function g(s) is continuous and bounded. Then there exist critical values ¢ =

c(a, H,g, m) such that for any 0 < a < 1 it holds that:

jlgr;OP (Tm(H,g,c) < oo> =« (37)

Clearly, the choice of a weighting function g(s) impacts the performance of monitoring procedures
and has to combine two opposing goals: (i) small size distortions under the null hypothesis and (ii)
small delays under the alternative hypothesis, that is, detection of a break as soon as possible after
the break. The discussion in Chu et al. (1996, Section 3) makes clear that it is in general, even
in more standard regression models, impossible to derive analytically tractable optimal weighting

functions (from a certain class of functions), e. g., with respect to minimal expected delayE

Given the lack of analytical results concerning optimal choices of weighting functions we have
performed a large number of preliminary simulations using a range of candidate weighting func-
tionsm The starting point of these considerations is Wagner and Wied (2017), who choose

the weighting function in relation to the expected value of the monitoring statistics, resulting

3 5

in g(s) = s° in case D; = 1 (intercept only) and g(s) = s° in case D; = (1,t) (intercept

and linear trend). In case of a linear trend we have in addition experimented with g(s) €

{1, 50, §5(0:54m) 55(0'85"‘”)2, vm(l 4+ =0, ﬁ (%)1/2}, with the last two functions inspired by

Horvéth et al. (2004)@ It turns out that no weighting, i.e., g(s) = 1 does not lead to favorable

3 1

performance compared to g(s) = s or s°. The function s'° is chosen by “extrapolation” of the fact
that s® works better than s° = 1. The idea of the third and fourth functions is — merely the result of
some experimentation and heuristics — to make the detector more sensitive by increasing the value

of the statistic whilst at the same leaving the critical values effectively unchanged. The effects are

5Aue et al. (2009) derive the limiting distributions of the delay time for a one-time parameter change in a linear
regression model with stationary errors for a simple class of weighting functions depending only upon a single (tuning)
parameter. The situation is much more involved in our context and any result concerning asymptotic distributions of
delay times will depend upon intricate crossing-probability calculations involving complicated functions of Brownian
motions. Results in this direction therefore appear to be very hard to obtain, for us at least.

16We have performed the type of simulations reported in Section investigating the performance with respect to
null rejection probabilities, size corrected power and detection times for all weighing functions discussed here. The
simulations in Section report the results based on the overall best performing weighting function, s* (intercept
only) and s° (intercept and linear trend).
""In the intercept onl ification the set of functi idered is given b, 6, 3(0:54m) | G3(0.85+m)*
pt only specification the set of functions considered is given by {1, s°, s , S ,v/m(1+

g ()

}. The observations are similar for both specifications of the deterministic component.
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to a certain extent as expected, without, however, leading to overall better performance. Taking
58 = (5%)? or s'0 = (5°)? as weighting functions does indeed lead, e.g., to earlier detection times,
however, often also to detections in cases when there is no structural change, i.e., these functions
lead to larger over-rejections under the null hypothesis. The two functions s(©-5+m) 85(0'85””)2,
where we have also experimented with other powers and values, try to strike a balance between
earlier rejections and size distortions. Altogether, however, the simple functions s and s® perform
most stably over a variety of configurations, in terms of comparably low over-rejections under the
null as first priority and short delays in the detection timesﬁ Finally, the two functions inspired
by Horvéath et al. (2004), where we have also experimented with different powers, lead to essentially
the same null rejection probabilities and size corrected power as, e. g., s> or s, but lead to partly
substantially bigger delays than the other weighting functions. Therefore, we stick to the weighting
functions already used also in Wagner and Wied (2017), i.e., the end point of the considerations is
the starting point. As mentioned, it remains an open challenge to make progress on finding optimal

weighting functions for the monitoring problem and detectors considered in this paper, or more

generally when monitoring cointegrating relationships.

It remains to characterize the asymptotic behavior of the proposed monitoring procedures under
the relevant alternatives in our setting: First, the error process {u;}iez changes its behavior from
I(0) to I(1), i.e., it changes to being an integrated process and second, there are breaks in (some
of) the parameter values. For both cases we consider the asymptotic behavior against fixed and
local alternatives, with the local alternatives having to be specified, as always, in line with the

convergence rates of parameter estimation.

Proposition 3 Let the data be generated for t = 1,...,|rT| according to and with As-
sumptions [1] and [3 in place. Furthermore, let long-run covariance estimation be performed under
Assumptions[3 and[4) and let lead-lag choices be made as discussed in Choi and Kurozumi (2012). In
addition assume that the weighting function g(s) is continuous, positive and bounded. Furthermore,

I:I(s) denotes again any of the considered monitoring statistics.

(a) Let

(i) {ui}iez be an I(1) process from |rT |+ 1 onwards, or

8More specifically, the simpler functions lead to the lowest over-rejections almost throughout, the “race” in terms
of size-corrected power is relatively even, and in some cases the more complicated weighting functions, in particular
s )2 5 2 .
§3(0-85+m)% () G5(0-85+m)% 1644 to slightly smaller delays.
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(ii) 61 # 6, with the condition
1 T
lim — Y Dj(6p —0p,) = %00 (38)
oo VT t=[rT |41

Fulfilled.

Then the monitoring procedures are consistent, i. e., for any 0 < ¢ < oo it holds that

lim P(7,(H,g,¢c) < o0) = 1. (39)

T—o0
(b) Let

(i) {uitiez = {ud ez for all t < |rT], with {ud}iez satisfying Assumptz'on@ and
P
UtZU?Jrf > (40)
i=|rT)+1
for allt > |rT|, where {ul}iez and {vi}iez are independent processes and where {7 }iez
fulfills an invariance principle with long-run variance wg >0 and d > 0;

(ii) Op1 = O0p + GHT)Ag,, from [vT| + 1 onwards with Gp(T) as in Assumption and
Ay, fulfilling

1
/ D(2)d=Ag,, + 0; (41)
or
(iii) Ox1 = Ox + G (T)Agy from |rT| + 1 onwards with Ag,, # 0.

Then for any 0 < e <1 — « and the critical value 0 < ¢ < oo from Proposition [9 there exists

ad=10(c,g), Doy, =Dy, (c,9) or Do, = Dy, (c,g) such that

lim P(7,(H,g,¢) <o0) >1—e. (42)
T—o00

The local asymptotic power (LAP) properties of the procedures with respect to break type, esti-
mation method, self-normalization and window size of the moving window detectors, are discussed
in some detail in Appendix The LAP results carry over by and large to similar relative
performance findings in the finite sample simulations presented in Section e.g., in case of I(1)

breaks a small moving window leads to both highest LAP as well as highest size-corrected finite

Figures |10| to |16{in Appendix display corresponding LAP results.
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sample power. Another example are power differences across estimation methods, with IM-OLS
dominated by FM-/D-OLS in terms of LAP and also in finite sample size-corrected power for large

sample sizes.

The critical values depend on the specification in several ways: on the specification of the de-
terministic component, the number of I(1) regressors, the highest power of the single integrated
regressor that enters the CPR with higher order powers, the estimation method and — as indi-
cated by Proposition [2| — the detector and for the moving window detectors the window size, the
weighting function and the calibration fraction. The Supplementary Appendix, which is available
on request, provides tables containing critical values for the usual deterministic components, i.e.,
an intercept only and intercept and linear trend, and up to four integrated regressors, of which
one regressor enters the model with up to power three. Furthermore, the critical values are avail-
able for all considered detectors, FM-/D-OLS and IM-OLS estimation and significance levels of
0.01,0.025,0.05,0.1. The weighting function g(s) is set to s> and s°, depending on the determinis-
tic specification. Critical values are available for a fine grid of the calibration fraction m ranging
from 0.1,0.11,...,0.9. For the moving window detectors, critical values are available for the window

sizes equal to 10%,20% and 30% of the sample size[]

It remains to clarify the “meaning” of m and T for the monitoring procedures (see also p. 967
in Wagner and Wied, 2017). It is convenient to interpret T as the sample size including the out-
of-sample monitoring period. Let Ty denote the length of the actually available sample — in our
application in Section|[1.4|Ty = 71 with annual data from 1946-2016. Then, denote T' = Ty+H, with
H > 0 indicating that out of sample monitoring is intended and H = 0 indicating that monitoring
takes place on a historic data set, as in Section [I.4] The fact that the critical values depend on
m, and the moving detectors on n, means that a decision has to be made about the length of
the calibration period, potentially the length of the moving window and about the out-of-sample
monitoring period H prior to the analysis. The latter necessity renders our procedure a closed-end

monitoring procedure. The calibration period will be chosen as large as possible (as a sub-sample

1,...,T¢c of 1,...,Tp) to increase the precision of the parameter estimates while avoiding the risk
of having a structural break in the calibration period. Now, m is given by m = TOTfH. Thus,

choosing H larger implies that m is smaller, which in turn implies that the critical values are larger

(since they are decreasing in m). This decreases ceteris paribus, despite asymptotic size control,

20 Altogether this makes for more than 400 pages of tables. However, of course these are embedded in the available
MATLAB code.
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the empirical rejection probabilities under both the null and the alternative. This is the reason

why one should choose the monitoring period as short as possible, a calibration period as large as

possible and an out-of-sample monitoring period as short as possible.

Finally, similar as in Wagner and Wied (2017), the procedures are consistent also against a variety

of other forms of structural changes, with all results following more or less straightforwardly from

the construction principle. Of course, the finite sample performance may be relatively poor in some

cases.

Remark 2 The developed monitoring procedures are, in addition to the results provided in Propo-

sition[3, also consistent against the following types of structural change:

(i)

(i)

(iii)

(iv)

The process {u; }1ez, changes its behavior from I(0) to being a near-integrated process, compare
Phillips (1987), from |rT| + 1 onwards. In this case, effectively, under the alternative func-
tionals of Wiener processes will be replaced by functionals of Ornstein-Uhlenbeck processes.

The rates of divergence are the same as for the I(1) alternative.

Similarly, consistency also prevails in case {u; }1cz, changes its behavior from |rT|+1 onwards
to being fractionally integrated, compare Davidson and de Jong (2000), with fractional inte-
gration parameter 0 < f < 1/2. In this case, contrary to item (i) the divergence rate under
the alternative changes and depends upon f, since under this alternative ﬁ Ztiﬁﬂﬂ o

converges to a fractional Brownian motion. Thus, the smaller f, the more difficult it will be

be to detect this form of structural change.

The approach can also be employed for detecting bubbles. In the recent literature, a bubble is
often characterized as a period where the behavior of a time series has switched to explosive
behavior, compare, e. g., Phillips et al. (2011), Phillips et al. (2015a; 2015b) and Phillips and
Shi (2018). Thus, our procedure allows to detect (the beginning of ) a bubble by considering the
first difference of the series, since in the absence of a bubble the first differences are stationary,

whereas in case of explosive behavior also the first differences exhibit explosive behavior.

In relation to the previous item, with bubbles typically considered to be temporary rather than
permanent phenomena, it has to be noted that our procedures will be consistent in detecting
episodes of I(1) or explosive behavior, as long as these episodes have asymptotically positive

length. FE.g., in the case of only one period under the alternative it has to hold that this
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period occurs over a sub-sample of the form |riT|, ..., |roT| with r < ro. It is immediate

that consistency generalizes to multiple periods of this form.

1.3 Finite Sample Performance

Under the null hypothesis of no structural change we consider the same data generating process
as Wagner and Hong (2016, Section 3), i.e., we consider a quadratic cointegrating polynomial

regression model:
Yr = HDO +9D1t+0X1,1$t+9X1,2$% + Uy, (43)

with the errors u; and Axy = v; generated as:

up = prug—1 + €1 + p2ear,  ug =0,
(44)
vy = ezt + 0.5e211,
where (e14,e2+) ~ N(0,I). The parameter p; controls the extent of serial correlation in {ut}ez
and is set to p; = 1 after [rT'| under the alternative of I(1) errors, whereas pa controls the extent
of regressor endogeneity. The parameter values are 0p, = 0p, = 1, 0x,, = 5 and 0x, , = —0.3,

with the values for x, ; and fx, , inspired by the FM-OLS EKC coefficient estimates for Austria
(see Wagner, 2015) PT]

We present simulation results for 7' € {200,500} and p; = p2 € {0,0.3,0.6,0.9}. For the moving
window and self-normalized moving window detectors we use window sizes n € {0.1,0.2,0.3}. As
indicated in the previous section, long-run covariance estimation is performed with the Bartlett
kernel with bandwidth chosen according to Newey and West (1994). For D-OLS estimation leads
and lags choices are performed using the AIC-type criterion of Choi and Kurozumi (2012). The
number of replications is 10,000 throughout. All monitoring decisions are performed at the nominal

5% significance level.

We start the analysis by considering empirical null rejection probabilities. In doing so, we vary
the calibration fraction over a grid of 81 values in the range m = 0.1,0.11,...,0.9. Two main
observations that allow to zoom in subsequently mostly on the self-normalized detectors emerge.
Figure [I] clearly shows that with respect to null rejection probabilities, the detectors are separated

in two groups, with the better performance offered by self-normalization. Figure [2] shows that

2IThe results are, of course, invariant with respect to the values chosen for the parameters 0p,, 0p,, 0x,, and
O0x, ,-
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Figure 1: Empirical null rejection probabilities for a grid of values of m, with T = 200 and
pP1 = P2 = 0.3.

when using moving window detectors, the choice of the window size has no visible impact on null

rejection probabilities”?]

To assess the performance improvement that can be realized by self-normalization in some detail,
Figures (3| and [4| compare ﬁgfg%l and ﬁ,’;%%lsn for T'= 200 and T = 500, respectively. These two
figures illustrate also other more generally observed patterns: First, using IM-OLS for parameter
estimation leads to the smallest over-rejections under the null hypothesis. Often, and in particular
for small values of m, D-OLS estimation leads to the largest over-rejections. The differences across
estimation methods widen for increasing p1, p2, with D-OLS most strongly negatively affected. Also,
with the exception of D-OLS, self-normalization attenuates the detrimental impact of increasing

p1, p2. An increasing sample size, of course, reduces over-rejections by and large.

We turn to size-corrected power@ For brevity the main text focuses on size-corrected power
against I(1) breaks, i.e., the situation where {ut}icz changes its behavior from I(0) to I(1) after

|7T'|. The other two breaks dealt with in Proposition [3| trend and slope breaks, with changes

22The null rejection probability differences between the standardized and self-normalized detectors increase with
increasing p1, p2. The null rejection probability results for 7 = 500 are contained in Figures [I7] and [I8] in Ap-

pendix As expected, over-rejections are smaller than for 7' = 200, especially for small values of m, and also the
differences between the detectors decrease.

23We focus on size-corrected power because of the potential over-rejection problems under the null hypothesis.
This allows us to see power differences across detectors while holding null rejection probabilities constant at 0.05.

Clearly, this is useful for theoretical power comparisons, but it has to be kept in mind that such size-corrections are
not feasible in practice.
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Figure 2: Empirical null rejection probabilities for a grid of values of m, with T = 200 and

pP1 = P2 = 0.3.
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in fp or Ox, respectively, are discussed in Appendix Size-corrected power simulations
are performed for m,r € {0.25,0.5,0.75}, which includes, therefore, cases where r < m, i.e.,
where a break occurs in the calibration period. We report results for all nine detectors considered,
for all three estimation methods and p; = p2 = 0.3 until |[r7T"| in Table [1] for 7" = 200 and
Table |2 for T = 500@ The following observations emerge: Grosso modo highest size-corrected
power is achieved by the moving window detector with n = 0.1, either with or without self-
normalization; with as reported above self-normalization leading to smaller over-rejections under
the null hypothesis. The differences in size-corrected power are typically relatively or even very
small. This, in conjunction with the performance improvement of self-normalization under the null
hypothesis, makes the case in favor of self-normalization clear. In line with standard asymptotic
theory concerning estimator efficiency, size-corrected power is typically lower for IM-OLS than
for FM-/D-OLS, with the difference between the latter two often rather small, also in line with
asymptotic theorym These results, of course, have to be seen in conjunction with the smaller

over-rejections of IM-OLS under the null hypothesis.

Next, consider the impact of m and r on size-corrected power. In case r < m, i.e., when a break
occurs in the calibration period, size-corrected power is often low, which is related to inconsistency
of parameter estimation due to the structural break in the calibration period. It turns out that
in this case the self-normalized detectors lead to lower size-corrected power than the standardized
detectors, see Tables [If (7" = 200) and |2 (T = 500). For m < r size-corrected power behavior
is as expected, i.e., for fixed m size-corrected power decreases with increasing r and for fixed r
size-corrected power increases with increasing calibration period m. The case m = r leads to the
highest size-corrected power. Also, as expected increasing T leads to higher size-corrected power,
whereas increasing pi, p2 leads to lower size-corrected power. For trend breaks — investigated in
some more detail in Appendix [1.6.3]— many observations are qualitatively similar. One difference is
that in case of trend breaks the detectors H™ or f[&” lead to highest size-corrected power in some
configurations. This finding, however, has to be considered in light of the larger over-rejections
exhibited by these two detectors under the null. Slope breaks lead to very similar results as I(1)

breaks.

24Gee Figures [19|to in Appendix for size-corrected power results in case of trend and slope breaks.
25Tables |9[ to |14 in Appendix [1.6.3|display corresponding size-corrected power results for p1 = pa € {0,0.6,0.9}.

26The main motivation for developing IM-OLS in Vogelsang and Wagner (2014a) was to develop an estimator that
allows to perform fixed-b inference, which is an alternative asymptotic theory that captures the impact of kernel and
bandwidth choices. These aspects are not covered by standard asymptotic theory.
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p1=p2=0.3 m = 0.25 m = 0.5 m = 0.75
025 05 0.75 025 05 0.75 025 05 0.75
FM 0.19 0.07 0.05 0.32 064 0.14 0.34 046 0.80
qHm D 0.13 0.06 0.05 0.30 059 0.11 0.34 0.46 0.76
IM 0.09 0.06 0.05 0.26 047 0.07 0.32 041 0.66
FM 0.19 0.07 0.05 0.32 064 0.14 0.33 045 0.79
HT D 0.13 0.06 0.05 0.30 059 0.11 0.33 045 0.76
M 0.09 0.06 0.05 0.26 047 0.07 0.32 041 0.66
FM 0.20 0.07 0.05 0.17 061 0.14 0.16 0.26 0.77
H™ D 0.14 0.06 0.05 0.20 056 0.11 0.19 0.30 0.73
M 0.11 0.05 0.05 0.19 0.49 0.08 0.21 0.31 0.66
FM 0.18 0.07 0.05 0.32 066 0.17 0.34 046 0.80
Hm01 D 0.12 0.06 0.05 029 0.61 0.13 0.34 046 0.77
IM 0.09 0.05 0.05 0.25 0.48 0.09 0.31 0.40 0.67
FM 0.18 0.07 0.05 0.32 065 0.15 0.34 046 0.80
Hm0-2 D 0.13 0.06 0.05 0.30 0.60 0.12 0.34 046 0.76
IM 0.09 0.06 0.05 0.26 0.48 0.08 0.32 041 0.66
FM 0.18 0.07 0.05 0.32 064 0.14 0.34 0.46 0.80
Hm03 D 0.13 0.06 0.05 0.30 059 0.11 0.34 0.46 0.76
M 0.09 0.06 0.05 0.26 047 0.08 0.32 041 0.66
FM 0.20 0.07 0.05 0.17 0.63 0.18 0.16 0.26 0.77
O D 0.14 0.06 0.05 0.20 0.58 0.13 0.20 0.30 0.74
IM 0.10 0.05 0.05 0.18 0.49 0.10 0.20 0.30 0.66
FM 0.20 0.07 0.05 0.17 0.62 0.15 0.16 0.26 0.77
H2 D 0.14 0.06 0.05 0.20 0.57 0.11 0.19 0.30 0.73
M 0.10 0.05 0.05 0.19 0.49 0.09 0.21 0.31 0.66
FM 0.20 0.07 0.05 0.17 0.62 0.14 0.16 026 0.77
HO3 D 0.14 0.06 0.05 0.20 0.56 0.11 0.19 0.30 0.73
IM 0.10 0.05 0.05 0.19 0.49 0.08 021 0.31 0.66

Table 1: Size-corrected power against I(1) breaks for 7' = 200 and p; = p2 = 0.3.
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p1=p2=0.3 m = 0.25 m = 0.5 m = 0.75
0.25 0.5 0.75 0.25 0.5 0.75 025 0.5 0.75
FM 0.67 0.24 0.06 0.44 093 0.46 0.45 057 0.97
H™ D 0.62 0.21 0.06 0.42 0.92 0.42 0.46 0.58 0.96
IM 0.42 0.11 0.05 0.34 0.82 0.25 0.43 052 0.91
FM 0.67 0.24 0.06 0.44 093 0.46 0.45 0.58 0.97
HT D 0.62 0.21 0.06 042 092 042 0.45 0.57 0.96
M 0.42 0.11 0.05 0.34 0.82 0.25 0.43 052 0.91
FM 0.65 0.25 0.06 0.21 0.91 0.44 0.18 0.30 0.96
HT D 0.59 0.20 0.06 0.21 0.89 0.40 0.20 0.32 0.95
M 0.43 0.12 0.05 0.23 0.83 0.28 0.24 0.36 0.91
FM 0.70 0.25 0.06 0.44 094 0.53 0.45 057 0.97
A0 D 0.66 0.22 0.06 0.42 093 0.49 0.47 0.58 0.96
M 0.43 0.11 0.05 0.33 0.84 0.31 0.43 0.52 0091
FM 0.68 0.25 0.06 0.44 093 0.48 0.45 057 0.97
H7:02 D 0.64 022 0.06 0.42 0.92 0.44 0.46 0.58 0.96
IM 0.42 0.11 0.05 0.34 0.83 0.27 0.43 052 0.91
FM 0.67 0.25 0.06 0.44 0.93 047 0.45 0.57 0.97
A3 D 0.63 0.22 0.06 0.42 0.92 0.42 0.46 0.58 0.96
M 0.42 0.11 0.05 0.34 0.82 0.26 0.43 052 0.91
FM 0.68 0.26 0.06 0.21 0.93 051 0.18 0.30 0.96
O D 0.63 021 0.06 0.21 091 047 0.20 0.32 0.95
M 0.45 0.12 0.05 0.22 0.85 0.34 0.24 0.36 0.91
FM 0.66 0.26 0.06 0.21 0.92 047 0.18 0.30 0.96
H02, D 0.60 0.20 0.06 021 0.90 0.42 020 0.32 0.95
M 0.44 0.12 0.05 0.23 0.83 0.30 0.24 0.36 0.91
FM 0.65 0.26 0.06 021 091 0.45 0.18 0.30 0.96
=SS D 0.60 0.20 0.06 0.21 0.89 0.40 020 0.32 0.95
IM 0.43 0.12 0.05 0.23 0.83 0.28 0.24 0.36 0.91

Table 2: Size-corrected power against I(1) breaks for 7' = 500 and p; = p2 = 0.3.
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It remains to investigate the detection times and delays. We consider again the case of I(1) breaks
in the main text; for T'= 200 and 7" = 500 for p; = p2 = 0.3 in Figure [5| With respect to m and r
we only display results for m = 0.5 and r = 0.5; additional configurations leading to qualitatively
very similar results are displayed in Figures - in Appendix The figures display the
results in the form of box-whiskers plots — for completeness — for all nine considered detectors.
The numbers below the detector labels indicate the corresponding null rejection probabilities, i.e.,
size-corrected power, given in Tables [I] and [2} Thus, the different box-whiskers plots are based on
different numbers of replications because of different numbers of rejections across different detectors,

sample sizes and p values.

One relatively clear observation that emerges from the figures, both in the main text and in
Appendix is that the choice of the estimation method does not exhibit major impacts on
detection times and delays. Given the standard asymptotic properties of the estimators, as expected
IM-OLS leads to slightly larger delays than FM-OLS and D-OLS in many cases. The moving
window detectors lead to the shortest delays, both standardized and self-normalized, with the best
performance achieved with n = 0.1. One interesting observation is that for the delay, the choice
of the window size does matter and in fact exerts bigger influence on the results than the choice
of standardizing or self-normalizing. Furthermore, an increasing sample size leads to a — ceteris
paribus — more concentrated distribution of the estimated detection times (based on a larger number

of observations), but does not throughout lead to smaller average delays.

The results of the finite sample simulations can essentially be summarized as follows: First, when
comparing self-normalized monitoring statistics with their standardized versions, self-normalization
leads to smaller over-rejections, without having any systematic or sizeable negative impacts on
size-corrected power (for m < r); and without leading to larger delays when compared to standard-
ization. Second, within the group of self-normalized detectors, the moving window detector with
n = 0.1 leads almost throughout to highest size-corrected power without detrimental effects on
null rejection probabilities. For the moving window detectors size-corrected power decreases with
increasing window size. For all moving window detectors, size-corrected power is at least as good
or higher than for the expanding window detector. Some exceptions occur in case of trend breaks,
in which case the expanding window detector sometimes outperforms the moving window detectors
in terms of size-corrected power. In addition, the window size exhibits some impact on the delays,
with the moving window detector with n = 0.1 leading to the shortest delays. Third, with respect
to estimator choice the usual trade-off between IM-OLS on the one hand and FM-/D-OLS on the
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Figure 5: Detection times against I(1) breaks for m = 0.5, r = 0.5 and p; = p2 = 0.3.
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other occurs. IM-OLS leads to lower over-rejections at the cost of lower size-corrected power and
slightly larger delays than FM-OLS, with D-OLS outperformed by FM-OLS in terms of larger over-
rejections by D-OLS under the null hypothesis. Size-corrected power and detection times based on
D-OLS are by and large very similar compared to those based on FM-OLS. Self-normalization in
conjunction with IM-OLS is particularly beneficial for small samples, as in this case no long-run
covariance estimates are required. The poor performance of FM-OLS compared to IM-OLS for
small samples can be traced back to long-run covariance estimation required for FM-OLS param-
eter estimation, even when using self-normalized detectors. For larger sample sizes, with better
properties of long-run covariance estimation the asymptotic efficiency advantage of FM-OLS over

IM-OLS becomes visible, in particular with respect to higher size-corrected power.

Altogether, we recommend to use the self-normalized moving window detector with n = 0.1, i.e.,
ﬁf%?,lsn The choice of the estimator is dictated by the trade-off between null rejection probabilities

on target and high size-corrected power.

1.4 The Environmental Kuznets Curves for Carbon and Sulfur Dioxide Emis-
sions

We now apply the developed monitoring procedures to EKCs for carbon and sulfur dioxide (COq
and SO2) emissions. We commence from a sample of 18 industrialized countries, listed in Table
over the period 194672016@ The highest polynomial degree we consider is the cubic cointegrating

polynomial relationship, i.e.:
Y = 9D0 + HDlt + eXl,lmt + 9)(1‘233? + 9X1,3x§ + u, (45)

with z; the logarithm of real per capita GDP and y; the logarithm of per capita COs or SOs
emissions. As will be seen below, over the calibration period 1946-1973 for many countries in fact

a cointegrating quadratic or even cointegrating linear relationship prevails, i.e., is not rejected.

The GDP and CO3 emissions data are similar to those used in Wagner et al. (2020). The main
difference is the extension of the sample period from 2013 to 2016, additionally there are some
marginal changes in the GDP data in the newer vintage. More precisely, the GDP (in 2011 prices)
and population data stem from the Maddison project database (in the 2018 version of Bolt et

al., 2018). The CO2 emissions data — which cover CO2 emissions from fossil fuel usage — are taken

2"0nly for twelve of these 18 countries, as discussed below, is the unit root null hypothesis not rejected for the
logarithm of real per capita GDP. This, of course, reduces the number of countries for which monitoring is performed
in this section to twelve countries.
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Australia Austria Belgium Canada Denmark Finland
France Germany ltaly Japan New Zealand Norway
Portugal  Spain Sweden Switzerland United Kingdom United States

Table 3: List of countries included in the empirical analysis. The sample range is 1946-2016. [talic
country names indicate that the augmented Dickey-Fuller test rejects the unit root null hypothesis
for log GDP per capita on the calibration period (1946-1973) at the 10% level and bold country
names indicate rejections at the 5% level. Intercept and linear trend are included.

from the Carbon Dioxide Information and Analysis Center (CDIAC) of the US Department of
Energy, see Boden et al. (2018). The SO emissions have been combined from two sources. The
data for 1946-2005 are from the NASA Socioeconomic Data and Applications Center (SEDAC),
see Smith et al. (2011). The data for the period 20062016 are from the OECD (2020)@

With the developed methods resting upon a calibration period, a corresponding choice has to be
made. We choose the calibration period 1946-1973, reflecting that the first oil price shock of 1974
is considered a major event for changes in energy consumption patterns@ In our notation this
amounts to m = 28/71 ~ 0.4. Given this choice, the first step is to perform the CPR modelling

cycle for the calibration period.

The augmented Dickey and Fuller (1981) test results for the calibration period for the null
hypothesis of a unit root in log real per capita GDP against the alternative of trend stationarity
with a linear trend are contained in the country list Table These results lead to the following
twelve countries being included in the subsequent analysis (based on a 5% significance level):

Australia, Belgium, Canada, Denmark, Finland, Italy, Japan, Portugal, Spain, Sweden, the United

28Note that the combination of these two data sources using growth rates rests upon the assumption that the share
of SOz in SO, is constant at about 98% also over the period 2006 onwards, as the OECD data comprise all SO,
emissions and not only SO2 emissions.

2In addition and preceding the oil price shock, many countries have put more stringent environmental legislation
in place in the late 1960s or early 1970s, e. g., the United States introduced Clean Air Acts in 1963 and 1970, Canada
introduced a similarly named law 1971 and Sweden introduced its Environmental Protection Act in 1969.

30The detailed unit root test results using both the augmented Dickey-Fuller and the Phillips and Perron (1988)

tests are contained in Appendix in Tablefor the calibration period and in Table [16|for the full sample period.
With the exception of Germany and the augmented Dickey-Fuller test and Austria, Germany and New Zealand and
the Phillips-Perron test, the unit root null hypothesis is not rejected over the full sample period. Thus, for the full
sample period the evidence for I(1) behavior of log real per capita GDP is, as expected, much stronger. We could, in
principle, also consider a larger set of countries in the subsequent analysis, based on the probably more precise unit
root test results obtained from a longer period.
Zooming in a bit more by using a modified Phillips-Perron test of Perron and Vogelsang (1993) leads, e.g., for
Austria to a non-rejection of the unit root null hypothesis when allowing for breaks in the intercept and trend slopes.
Investigating such issues further, i. e. , allowing for breaks in the regressors is despite its importance beyond the scope
of the present paper.

34



Polynomial degree
Country COy SOy

Australia 1
Belgium 1
Canada 1
Denmark 1
Finland 2
Ttaly 1
Japan 1
1
1
1
1
2

Portugal

Spain

Sweden

United Kingdom
United States

WHNRFEFEFNFENDND ==

Table 4: Minimal polynomial degrees for cointegrating EKCs over the calibration period 1946-1973.

Kingdom (UK) and the United States (US).

The next step is to test for the prevalence of a CPR relationship over the monitoring period —
for both CO2 and SOg emissions for the countries with I(1) log real per capita GDP. Given that
the polynomial degree is ex ante unclear, we perform a testing sequence with polynomial degrees
ranging from three (the cubic specification) to one (linear cointegration)ﬂ The deterministic
specification consists of intercept and linear trend throughout. The lowest degree polynomial for
which a CPR relationship is not rejected is considered as starting point for monitoring in the

following subsections, see Table [4

The most striking feature of Table [4]is that in most countries — for CO2 even more than for SOg —
a cointegrating linear relationship appears to be present over the period 1946-1973. This seems to
be at odds at first sight with the EKC hypothesis of an inverted U-shaped relationship. However,
these results reflect the fact that until the early 1970s per capita GDP and per capita emissions
developed very similarly on a “log-linear extension path”, see the scatter plots in Figures|35| and
in Appendix Only starting in the mid 1970s the oil price shock as well as environmental

legislation — in particular with respect to SOs and “acid rain” — lead to a decoupling of the two

31For linear cointegration we consider also the Johansen (1995) test in addition to the Shin (1994) test. For the
higher order polynomial degrees we use the extension discussed in Wagner and Hong (2016) or Wagner (2023). The
detailed test results are available in Tables [17| and in Appendix

35



rrm,0.1
Hmov,sn

Country p FM-OLS IM-OLS
Australia 1 1993 2001
Belgium 1 1988 1992
Canada 1 00 o0
Denmark 1 1991 2011
Finland 2 1989 1990
Ttaly 1 1981 1982
Japan 1 1982 1980
Portugal 1 1998 00
Spain 1 00 00
Sweden 1 1982 1983
United Kingdom 1 1984 1987
United States 2 1988 1992

Table 5: Detection times when monitoring COg emissions using the detector ﬁlﬁo%n and both
FM-OLS and IM-OLS. The column p indicates the polynomial degree, the calibration period is
1946-1973, the monitoring period is 1974-2016. The nominal significance level is 5%.

quantities, to a certain extent, in many countries@

Given these preliminary results we turn in the following two subsections to monitoring, using the

. . Am,0l . . . .
moving window detector Hyoy sn with window size n = 0.1, i.e., seven years

1.4.1 Results for Carbon Dioxide Emissions

The detection times for the twelve considered countries using, with the exceptions of Finland and the
United States where the quadratic specification is estimated, the linear specification are displayed

in Table Bl

With the exception of Canada and Spain for all countries the linear relationship found over the
calibration period appears to break down. Furthermore, Portugal is a “mixed” case, with unsur-

prisingly similar behavior to Spain in many ways, as discussed below. In line with the simulation

32Tt is probably a philosophical question whether we observe in these cases a “straight-looking” line segment of an
actually inverted U-type relationship or “really” a linear relationship. From an econometric perspective the evidence
is in favor of a linear relationship in a number of countries and it thus is an interesting question to detect and date
structural breaks based on monitoring a cointegrating linear relationship. We could alternatively also monitor for
these countries, e. g., over-specified cubic relationships, where we would be also bound to find structural change for
those countries where the data after the calibration period are changing from a linear towards an inverted U-shaped
CPR relationship with a polynomial degree larger than one.

33The full sets of results including detection times for all detectors and estimators are available in Appendix ,
in Table 22| for CO; emissions and in Table[23]for SO emissions. Given the performance advantages of FM-OLS over
D-OLS we exclude the D-OLS results from the discussion in the main text and discuss only FM-OLS and IM-OLS
results here.
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Figure 6: Monitoring results for CO9 emissions of Finland using H;”O%gn with both FM-OLS and
IM-OLS in the quadratic specification. The lower panel shows the detectors, the critical values and
the detection times for FM-OLS on the left hand side and for IM-OLS on the right hand side.

results, the detection times are — with the exception of Japan — earlier with FM-OLS than with
IM-OLS, with the differences often just a few years. Mostly, breaks are dated in the 1980s or
early 1990s, with a few exceptions: Australia (IM-OLS: 2001), Denmark (IM-OLS: 2011), Portugal
(FM-OLS: 1998; IM-OLS: no break, which is the only difference in finding a break point or not
between the two methods). This can be interpreted, admittedly unsurprisingly, as strong evidence
against a continued log-linear co-movement, i.e., aligned expansion, of log per capita GDP and
COy emissions from the — given the delays seen in the simulation section at latest — early 1990s
onwards. Or, the other way round, these findings are indicative of curvature picking up in COq
EKC-type relationships in the 1980s in most of the considered countries, with the exception of

Canada, potentially Portugal and Spain, discussed further below@

As an illustration, Figure [6] displays the mechanics of the monitoring procedure for Finland.The

34Considering a quadratic specification over the full sample period, see Table in Appendix for details,
confirms this. For all countries except Canada, Portugal and Spain, the coefficients to log per capita GDP squared
are (significantly) negative, whereas they show a positive sign for these three countries. The coefficient is, however,
only significantly positive for Portugal, underlining the “borderline case” behavior of Portugal.
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Figure 7: FM-OLS estimation results for a cointegrating quadratic relationship between log per
capita GDP and log per capita CO9 emissions for Finland. The figure shows pairs of observations
of log per capita GDP and log per capita COg emissions, for 19461973 (blue circles), 1974-1988
(turquoise squares) and 1989-2016 (yellow diamonds). The lines display fitted values over time
obtained using different samples for parameter estimation: the dashed red line 1946-1973, the
dotted black line 1946-1988 and the dash-dotted blue line 1946-2016.

upper graph displays the FM- and IM-OLS residuals over both the calibration and the monitoring
period. By definition, since an intercept is included, the residuals have zero mean over the calibra-
tion period, and then turn systematically (more and more) negative thereafter on the monitoring
period. This, by definition, means that the estimated — in case of Finland quadratic — relationship
systematically over-predicts actual log per capita CO9 emissions, i.e., the slope of an actual rela-
tionship between output and emissions is estimated as too high, see also Figure[7] The statistical
monitoring procedures need to collect enough signals until a break is detected, in this example this
takes until 1989 for FM-OLS and until 1990 for IM-OLS, which is clearly too late. Nevertheless,
it may be interesting to note that Finland was severely adversely affected by the collapse of the
Soviet Union in the early 1990s, which in fact for Finland led to a deeper recession than the Great

Depression in the 1930s.

Figure [7] shows the fitted values obtained when estimating the quadratic EKC with FM-OLS
over the calibration sample, the sample ending prior to the detected break-point 1988 and when
estimation takes place over the full Sampleﬁ The dashed red line shows that in fact more or less
immediately after the oil price shock the relationship between GDP and CO;y emissions appears

to have changed, with the detector taking about 15 years to collect enough signals to declare the

35Gee Figure [37)in Appendix for analogous — and very similar — IM-OLS results.
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1946-1973 1946-2016

0D1 9X1,1 9D1 0X1,1
Canada
FM-OLS -0.056 2.841 -0.027 1.661
IM-OLS -0.059 2.990 -0.028 1.714
Portugal
FM-OLS 0.000 1.003 -0.008 1.341
IM-OLS 0.008 0.869 0.001 1.156
Spain
FM-OLS -0.023 1.519 -0.033 1.818
IM-OLS -0.039 1.789 -0.036 1.911

Table 6: FM-OLS and IM-OLS estimation results for a cointegrating linear relationship between log
per capita GDP and log per capita CO4 emissions for Canada, Portugal and Spain for the calibration
period 1946-1973 (left panel) and the full sample period 1946-2016 (right panel). Italic entries
indicate significance of coefficients at the 10% level and bold entries significance of coefficients at
the 5% level.

null hypothesis rejected at the 5% significance level@ Parameter estimation until 1988 “catches
the turn” of the mid 1970s and leads to good fit. However, using the full sample for parameter
estimation of the quadratic EKC leads to the best fit, in particular for the period after 1989. This
leads to some support for the interpretation that maybe the relationship is after all quadratic and
one needs to have a sample that is (i) larger and (ii) covers the inverted U behavior to be able to

estimate the relationship with sufficient precision, compare Footnote [32/°‘}

To complete the analysis for CO2 emissions we now turn to the countries for which no structural
change is indicated by the monitoring procedure, Canada, the mixed case Portugal and Spain.
Table [6] displays the estimated coefficients for these three countries when the cointegrating (linear)
relationships between log per capita GDP and log per capita CO4y emissions are estimated over the

calibration sample and over the whole sample period.

The results reported in Table [6] are a bit mixed and no uniform pattern across all three countries
emerges, with some of the smoke clearing when considering Figure [§| below. For Canada, the slope

coefficient corresponding to log per capita GDP becomes much smaller when estimated over the

36Clearly, this is a long delay — in particular when looking at Figure|7, but it has to be taken into account that the
estimation sample comprises only 28 observations, which is an rather small sample for cointegration analysis.

3"This appears to be the case indeed. The coefficients to squared log per capita GDP are very small but positive
and borderline significant when estimated over the calibration sample and are significantly negative when estimated
over the full sample.
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full sample, but also the trend coefficient becomes less negative. For Portugal the trend coefficient
is not significant in both periods, but turns from non-negative point estimates in the calibration
period to smaller, and for FM-OLS negative, values in the full period. The slope coefficient,
however, is bigger, when estimated over the full sample. For Spain, the trend coefficient does
become more negative and significant when estimated over the full sample period and the slope
coefficient becomes bigger. Thus, qualitatively the results are similar for the two countries on the
Iberian peninsula, which not only share many economic similarities but also political similarities,

with the end of the Franco and Salazar regimes in these countries in the mid 1970s.

Probably more informative, Figure [8| displays similar results for these three countries as displayed
for Finland in Figure Eﬂ The message is clear, in particular in comparison with Figure |7} In case
no structural break is detected, estimation over the larger sample does lead — unsurprisingly — to
better fit, but the differences in fit are, compared to the differences observed in Figure 7] minor.
From a standard inverted U quadratic EKC perspective the excellent fit obtained for these three
countries with the linear specification is to a certain extent surprising — and, which might be bad

news, of course there is no turning point.

Note that when considering the full sample period 1946-2016 we find a cointegrating EKC re-
lationship for all nine countries for which monitoring detects a structural break@ For about a
third of the countries the polynomial degree of the EKC appears to be larger for the full sample
than for the calibration period, supporting the notion of more curvature. For most countries the
evidence, with an unchanged minimal polynomial degree, points, however, more towards structural
change of the parameters for a given form of the relationship. For Finland and the US it appears
that the polynomial degree is lower over the full sample than for the calibration period, albeit the
coefficients to squared log per capita GDP are significant when estimated over the full sample,
which leads to an unclear picture. Altogether, the results in this CO4 subsection indicate that the
procedures work even on such small samples, albeit of course for many applications the sizeable

delay is most certainly problematic.

38Figure in Appendix shows the corresponding results obtained with IM-OLS.
19

39Table (19| in Appendix [1.6.4| contains similar results concerning the minimal polynomial degrees of a CPR rela-
tionship for the full sample period as Table El for the calibration period.
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Figure 8: FM-OLS estimation results for a cointegrating linear relationship between log per capita
GDP and log per capita CO9 emissions for Canada, Portugal and Spain. The figure shows pairs of
observations of log per capita GDP and log per capita CO2 emissions, for 1946-1973 (blue circles)
and 1974-2016 (yellow diamonds). The lines display fitted values over time obtained using different
samples for parameter estimation: the dashed red line 1946-1973 and the dash-dotted blue line
1946-2016.
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Country p FM-OLS IM-OLS
Australia 1 00 %)
Belgium 1 1985 1985
Canada 1 1980 1981
Denmark 2 1997 2006
Finland 2 1988 1991
Italy 1 1982 1982
Japan 2 1991 2004
Portugal 1 2015 00
Spain 1 2005 2012
Sweden 2 1985 1988
United Kingdom 1 1983 1983
United States 3 00 00

Table 7: Detection times when monitoring SO9 emissions using the detector flf,}o?,}gn and both
FM-OLS and IM-OLS. The column p indicates the polynomial degree, the calibration period is
1946-1973, the monitoring period is 1974-2016. The nominal significance level is 5%.

1.4.2 Results for Sulfur Dioxide Emissions

We now turn to monitoring the EKC for SO2 emissions, with the results displayed in Table [7] for
the detector Hymsn for both FM-OLS and IM-OLS.

Qualitatively, the results for SOy are similar to the results for CO9 discussed in the previous
subsection. With the exception of Australia, the United States and the mixed case (as for COq
emissions) Portugal monitoring indicates structural breaks. Again, in line with the simulation
findings, the FM-OLS break points are in no case later than the IM-OLS break points, with equal
break dates from both estimators for three countries. This similarity of detected break points can
be tentatively interpreted as evidence for underlying structural changes in the relation between
economic activity and emissions in — or due to the delays prior to — the 1980s, potentially as a

consequence of tighter environmental legislation@

Table[§displays the estimation results for Australia, Portugal and the US, i. e., the three countries
where no structural break was detected, or — to be precise — where for Portugal only FM-OLS

estimation leads to a break being detected. The results lead to some interesting observations.

40This finding again indicates the potential gains to be reaped by considering pooling, across countries, or pollutants
or both. Compare Wagner et al. (2020) for a discussion of pooling issues and options in the context of EKC analysis.
This suggests that a worthwhile extension to be considered could be combining Wagner et al. (2020) with the
monitoring ideas pursued in this paper. Such an extension, beyond the scope of this paper, could potentially lead to
smaller delays.
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1946-1973 1946-2016

9D1 0X1,1 9X1,2 0X1,3 0D1 9X1,1 0X1‘2 0X1,3
Australia
FM-OLS 0.043 -0.819 -0.042 2.541
IM-OLS 0.042 -0.770 -0.043 2.550
Portugal
FM-OLS -0.005 1.047 -0.104 3.491
IM-OLS 0.002 0.873 -0.092 3.215
United States
FM-OLS -0.018 -1831.120 183.982 -6.158 -0.133 -305.981 31.361 -1.052
IM-OLS -0.005 -2190.198 220.246 -7.380 -0.133 -61.963 7.512 -0.275

Table 8: FM-OLS and IM-OLS estimation results for a cointegrating linear relationship between log
per capita GDP and log per capita SOy emissions for Australia and Portugal, and a cointegrating
cubic relationship for the United States, for the calibration period 1946-1973 (left panel) and the
full sample period 1946-2016 (right panel). Italic entries indicate significance of coefficients at the
10% level and bold entries significance of coefficients at the 5% level.

For Australia, estimation on the calibration period leads to (with all coefficients not significantly
different from zero) positive trend coefficient and negative slope coefficient in a cointegrating linear
relationship@ This is surprising to a certain extent, as a negative trend slope is typically considered
to capture autonomous energy efficiency increases, admittedly more important for COy emissions
rather than SO, emissions. The expected signs, with the trend coefficient negative and the slope
coefficient positive (and significant), emerge only over the full sample. For Portugal, the coefficient
signs are as expected, with the trend coefficient only significant for the full sample. The slope
coefficient to log per capita GDP becomes much larger when estimated over the full sample. The
results for the cubic specification estimated for the US are hard to interpret with the enormous
fluctuations in the coefficient values. However, the implied turning points do change in expected
ways, meaning that the first one becomes smaller and the second one larger, e. g. , for FM-OLS and
estimation over the short sample the two turning points are at about 16,000 and 27,000 US dollars,
whereas full sample estimation leads to turning points at about 5,400 and 79,000 US dollars.

The results in Figure [0] however, indicate that indeed the relationship specified over the calibra-
tion period, when estimated over the full sample, leads to very good fit, either with a cointegrating

linear relationship for Australia and Portugal or with a cubic relationship for the USE

411t is in all likelihood mere coincidence that the trend coefficients are of more or less same magnitude over both
sample periods with, effectively, only the sign changing.

42Pigure [39in Appendix shows similar results when using IM-OLS for parameter estimation.
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Figure 9: FM-OLS estimation results for a cointegrating linear relationship between log per capita
GDP and log per capita CO2 emissions for Australia and Portugal, and a cointegrating cubic
relationship for the United States. The figure shows pairs of observations of log per capita GDP
and log per capita SO2 emissions, for 1946-1973 (blue circles) and 1974-2016 (yellow diamonds).
The lines display fitted values over time obtained using different samples for parameter estimation:

the dashed red line 19461973 and the dash-dotted blue line 1946—2016.
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Considering the full sample period leads — similar to COs emissions — to a CPR relationship for
all nine countries where a structural break has been detected. Also similar to COs the evidence
is mixed with respect to either change in the parameters or a change in the minimal polynomial

degree of a cointegrating EKC for SO» emissions@

1.5 Summary and Conclusions

The paper extends the residual-based monitoring procedure for cointegrating relationship developed
in Wagner and Wied (2017) in two dimensions. First, in addition to the detector studied in that
paper, we consider a number of detectors that consider two aspects not considered in detail in the
earlier paper: self-normalization and moving window detectors. Second, the approach is extended

from cointegrating linear to cointegrating polynomial regressions (CPRs).

The starting point is the extension of the Shin (1994) test statistic for the null hypothesis of
linear cointegration to the CPR setting (see, e.g. Wagner, 2023). The full sample test statistic is
then used as the basis for developing monitoring procedures, similar to Wagner and Wied (2017) for
the case of cointegrating linear regressions. As also usual in the cointegrating regression literature,
the regressors are allowed to be endogenous and the stationary errors are allowed to be serially cor-
related. Consequently, parameter estimation is based on modified OLS estimators, to be precise,
FM-OLS, D-OLS and IM-OLS, in their versions adapted to the CPR setting to allow for the con-
struction of nuisance parameter free monitoring statistics by scaling out a scalar long-run variance.
However, even the usage of suitably modified least squares regressors is not, in the general case,
sufficient to arrive at nuisance parameter free monitoring statistics. In the CPR case, as mentioned
in Remark [I] additionally full design is required to arrive at nuisance parameter free test statistics;
either by standardization or by self-normalization. By construction, and as in the cointegrating
linear case, the limiting distributions of the monitoring statistics coincide for FM-OLS and D-OLS,

whilst IM-OLS leads to different limiting distributions for the monitoring statistics.

Both, self-normalization as well as the consideration of moving window detectors turns out to be
beneficial. The combination of these two new elements leads to the grosso modo best performance.
More precisely, this means that self-normalization leads to smaller over-rejections under the null,
without leading to strong disadvantages in terms of either size-corrected power or detection delays.

The performance differences between a standardized and a self-normalized detector reflect the (well-

43Gee Table|19|in Appendix for the minimal polynomial degrees on the full sample.
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known small-sample) problems associated with long-run covariance estimation. Using a moving
window rather than an expanding window also contributes positively to performance. The idea
behind moving window detectors is to reduce the impact of pre-break observations on the monitoring
statistics in the post-break period and the simulation evidence indicates that this is indeed what
happens. The finite sample performance differs to a certain extent across the three estimators.
IM-OLS leads to, with the differences more pronounced for small samples, smaller over-rejections
under the null hypothesis than FM-OLS, which in turn leads to lower over-rejections than D-OLS.
This, however, comes in conjunction with slightly smaller size-corrected power and slightly bigger
delays of IM-OLS compared to FM-OLS. The evidence is a bit mixed and the differences are often
a bit too small to give an unequivocal recommendation concerning the usage of either FM-OLS or

IM-OLS.

The monitoring statistics, to be precise (in the main text only) the best performing variant using
self-normalization in conjunction with a short moving window, are then used to investigate the
stability of cointegrating (polynomial) environmental Kuznets curves for both carbon and sulfur
dioxide emissions for a sample of twelve countries over the period 1946-2016, with a calibration
period ranging from 1946-1973, i.e., until prior to the first oil price shock. One interesting obser-
vation is that over the calibration period especially for CO4 for the majority of countries in fact a
cointegrating linear relationship is present, in line with effectively “balanced” growth of economic
activity and emissions (from burning fossil fuel) until the mid 1970s. The monitoring procedures
indicate, for both COs and SOs, structural changes in nine out of twelve countries. Of course,
especially for the cases where a linear cointegrating relationship prevails over the calibration period
this may not be too big a surprise. No structural break is detected for Canada, Portugal and Spain
for CO9 emissions and Australia, Portugal and the US for SO9 emissions. For the country-pollutant
combinations where no structural break is detected, the type of cointegrating relationship specified
over the calibration period leads to very good fit also over the full sample period, and of course
even better fit when the parameters are estimated over the full sample. This is not the case for
countries where breaks are detected, indicating that structural breaks are indeed detected when
present. Altogether, with the caveat of in some cases late detection times, remember the delays
illustrated in the simulation study, the monitoring procedures lead to “plausible” findings in our

application.

Future work needs to address inter alia the following issues left open in this paper: First, of

course, large delays are problematic, even in an ex-post exercise one would want to date the breaks
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as precisely as possible, e.g., to gauge the time it takes until behavioral or legislative changes
translate into changes in the economic activity-emissions nexus. For certain applications (when,
e.g., legislation comes into place in a group of countries at the same time) it may be possible
to rely also upon the cross-sectional dimension to date break points. The seemingly unrelated
cointegrating polynomial regression analysis put forward in Wagner et al. (2020) or the classical
panel EKC analysis of de Jong and Wagner (2018) might serve as starting points for developing
monitoring statistics for small and large cross-sectional dimension, respectively. Second, if one
wants to use the monitoring procedures in a real time manner — rather than for a historical analysis
as in this paper — it may be important to consider extending end-of-sample cointegrating break
point tests to the setting considered here (one such test for the cointegrating linear case is discussed
in Andrews and Kim, 2006). Extensions to more general settings are, however, not obvious. Third,
it may be interesting to monitor and detect structural breaks in the other direction, i.e., from
a spurious regression to a cointegrating polynomial regression. This could be achieved, e.g., by
suitably extending the results of Sakarya et al. (2015) from cointegrating linear to cointegrating

polynomial regressions.

1.6 Appendix

1.6.1 Proofs

Proof of Lemma [1k

The lemma follows with straightforward changes essentially from available full sample results:
For FM-OLS see Wagner and Hong (2016, Proof of Proposition 5) and for D-OLS see Choi and
Saikkonen (2010, Lemma A.2). For IM-OLS the result follows with two changes from the results
in Vogelsang and Wagner (2014b). First, again a change from a full sample result to a calibration
(sub-)sample result and second, the results in that paper are all formulated only under the null
hypothesis of a true linear relationship nested in a CPR-type relationship; a few results have to be

correspondingly — and straightforwardly — modified. O

Proof of Proposition
Using the results from Lemma the continuous mapping theorem (see, e. g., Hall and Heyde, 1980,
Theorem A.3.) and the assumption of consistent long-run covariance estimation leads to the stated

asymptotic distributions under the null hypothesis. U
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Proof of Proposition

The result follows from Proposition [I| in conjunction with the continuous mapping theorem, since
the limit #(s) of H(s), using short-hand notation also for the limit quantities, is well defined for
all considered monitoring statistics. The same holds true for |%], since 0 < g(s) < oo is assumed

to be continuous. OJ

Proof of Proposition
The proof of the proposition is similar in spirit and follows from similar arguments as the proof of
Proposition 2 of Wagner and Wied (2017, Supplementary Appendix A) for monitoring in the linear

cointegration case.

To show consistency against fixed alternatives for part (a) of the proposition, the limiting behavior
of the residual partial sum processes is key. Consider here the FM-OLS residual partial sum process,
with the results being similar for both D-OLS and IM-OLS (without partial summing due to the

partial summed regression). For 0 < m <r < s < 1 it holds that:

! j—
= vim vu,m
VT = \F rTjJrl \Ft LrT|+1
1 Lszﬂ A B
- TS Dzlt(e%,m - HD) N Xz‘{(ggf,m - HX) (46)
\/T t=rT]+1 \/T t=rT]+1
e D£(9 HD 1 GX Ox 1)
\/T t=|rT]+1 f t=|rT]+1

The first term converges to wu.qu.v,m(r) according to Lemma Depending upon which case
considered, at least one of the other terms diverges in case of a fixed alternative. In case (i) the
second term diverges at rate 7', since in this case {u;} is an I(1) process for ¢ > |rT'| + 1. Similarly,
in cases (ii) or (iii) either the next to last or last term diverges — or both in case breaks occur in

both 6p and Ox.

Therefore, for any of the considered fixed alternatives the partial summed residual process or —
in case of IM-OLS — the residual process diverges. The result stated in (a) follows immediately

from the definitions of the considered monitoring statistics.

We now turn to part (b) of Proposition [3| and consider local asymptotic power. For item (i) it

follows for the residual partial sum processes of FM-OLS, D-OLS and IM-OLS residuals that:
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\/1T AfsTJ,m = wu-v@wum(s) + ‘50"7/ (Wy(z) = Wy(r)) dz, (47)

with @u.vvm(s) denoting the corresponding limiting process as in Proposition For item (ii) it

follows that:

1 . _ s
ﬁSﬁSTJ m= Wiy Quiv,m () —i—/ D(2)'dzAy,,. (48)

It remains to consider the asymptotic behavior of the residual partial sum process appearing in the
third item of part (b) of the proposition. The partial sum process of the residuals converges to the

following limiting process:

1 . _ s
— S = WyvQuaom(s) + / B, (2) dzAg
|sT]|,m ) X
vE ) : (19)
= WuwQuowm(s) + / W, (2) dzQY% Ay,
with Q},{,Z = diag(Q}){?, w,%, .. ,wzk) and wy, the lower right hand corner element of Q},{? correspond-

ing to the k-the element of v;. Equations to show that in case of local alternatives the
limiting processes differ from the limiting processes derived under the null hypothesis by an extra
term, depending upon the case considered equal to dw,, [7 (W (2) — W,(r))dz, [’ D(z)'dzAg, and
[PW,(2) dzﬂ},{,Q’Agx. These terms can be made arbitrarily big (in mean square sense) by choos-
ing 0, Ay, or Ag, which translates in the detectors also becoming arbitrarily large. To illustrate
the mechanics consider flﬁnnéﬁsn and the case of a local I(1) break, in which case one obtains for

O<m<r<s<Il:
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~ 2
Joastosny (wu-qu-vw + 0y [ IW(0) = W5 (1)) d

i o(s) =
fO uvm dZ
friax{Os n} é%v m(Z)dZ
fO uvm dZ
. 2065 [ as(0.5-n) Queom(2) [Z Wo(C) — Wy (r)dCdz
wuvfo qum ) (50)
+ (5(")7)2 frflax{()s n} (f W - ’Y(r)dg)2dz

fO u v m Z
o~ 20w fmax{(],s n} Qu-v,m (2 f: W (¢) — Wy (r)d(dz
= Hmbv,sn(Qu-v,mv s) +
Wy-v fO u v m( )dZ
(5(“07)2 fnslax{(] s— n} (fz W - 7(T>d§)
fO u v m dZ ’

+

with frz W, () — Wy (r)d¢ = 0 for r > z. Equation shows that, as expected, the extra term in
the residual process translates (upon squaring) into two additional terms in the limiting process in
comparison to the behavior under the null hypothesis. The third term, being a squared expression,
can be made arbitrarily large and positive by choosing § large enough and is of larger order than the
second (non-squared) term. The result follows analogously for all detectors and all three considered

local alternatives. OJ

1.6.2 Local Asymptotic Power

In this appendix we consider local asymptotic power (LAP) in models of the form in in the
main text with the following specifications: Intercept and intercept plus linear trend, up to four
integrated regressors and consecutive powers of up to order three of one of the integrated regressors.
Denote as in the main text, w.l.o.g., xx; as the I(1) regressor considered to enter the regression model
with powers larger than one. The LAP results are based on 10,000 replications using time series
of length 1,000 of i.i.d. standard normals to approximate the limiting distributions. The limiting
distributions underlying LAP, as discussed in Proposition (b), are based on the functional central
limit theorems for the scaled partial sum residual processes under the local alternatives discussed

in Appendix In particular these FCLTs are given in:

e Local I(1) breaks ({u:} changes its behavior from I(0) to I(1)): Equation in Appendix
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e Local trend breaks: Equation in Appendix

e Local slope breaks: Equation in Appendix

For local I(1) breaks the limiting distribution depends, in addition to the break magnitude pa-

rameter d, on the ratio of the long-run variance wg of the additional error component {v;} and

the conditional long-run variance w?w We set this ratio to w%i = 1. Similarly, the limiting
distribution in case of local slope breaks depends on the long-run covariance matrix €2, of the
regressors. We set Q,,, := I;. The parameter § determines the magnitude of a local I(1) break and
varies in 1001 equidistant steps over the interval [0,10000]. The value § = 0 corresponds to the
null hypothesis. Similarly, Ag, indicates the magnitude of a local break in the coefficient of the
linear trend@ The parameter Ay, varies in 751 equidistant steps over the interval [0,1500], with
Ap,, = 0 corresponding to the null hypothesis. In case of local slope breaks, the magnitude of a
local break in the slope parameter is given by A@X.@ We consider 1001 equally spaced values of
Ay, in the interval [0,10000], with Ay, = 0 corresponding to the null hypothesis. For local slope

breaks we consider a local break either in the coefficient corresponding to xy; or in the coefficient

corresponding to x%t. All simulations are performed at the 5% significance level.

With respect to the stochastic regressors, LAP depends upon k, the number of I(1) regressors,
and pg, the highest power of xy;. Figure[I0] displays for different values of k and p, LAP against
local I(1) breaks in the intercept and linear trend case using H™. As expected, LAP decreases
when further I(1) regressors or higher powers are included. With this observation in mind, for the
sake of brevity all other LAP results are presented only for the case including a single I(1) regressor
and its square (i.e., k = 1 and py = 2), considering both deterministic specifications, intercept
and intercept and linear trend. This case also covers the quadratic EKC model, which we use in

addition to the linear and cubic model in the empirical application in Section [I.4]in the main text.

In most considered settings the two detectors H™ and ﬁ;” lead to nearly identical LAP. In a few

cases, however, LAP of flg‘ is considerably lower than that of H™, Therefore, we neglect f[g” in

“Note: The limiting distribution underlying LAP in case of local I(1) breaks in Equation (30) of Wagner and Wied
(2017) contains a typo. The long-run variance w® must be replaced by the conditional long-run variance w?.,. This
also holds for the corresponding discussion in the main text and in Appendix B, where we/w must be replaced by
We [Wyv-

45In Proposition b) Ay, refers to a vector defining changes of all elements of p € R?, with A, € R?. In the
LAP analysis only a single element of p changes. To avoid overloaded notation, Ag,, denotes in the LAP analysis
only the change in a single element, thus Ag,, € R.

“The parameter Ag, refers in the LAP analysis — in a similar fashion as Ag, — to a scalar value, in contrast to
Proposition b) where Ap, € RP.
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Figure 10: Local asymptotic power against I(1) breaks in the intercept and linear trend case for
H"™. The upper two plots correspond to FM-/D-OLS and the lower plots to IM-OLS. Calibration
and break fraction are set to m = 0.5 and r = 0.75, respectively.
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Figure 11: Local asymptotic power against I(1) breaks in the intercept only case for FM-/D-OLS
and IM-OLS using H™, H Hﬁf&%‘l and H%?,lm Calibration and break fraction are set to m = 0.5

sn)

and r = 0.75, respectively.

our LAP analysis and focus on H™, ﬁ%, H™ and ﬁﬂ(ﬁ’sn, for n =0.1,0.2,0.3.

We start with local I(1) breaks and compare LAP with respect to the estimation method. Fig-
ure displays LAP against local I(1) breaks in the intercept only case for FM-/D-OLS and
IM-OLS using the four detectors H™, H™

s8N

are set to m = 0.5 and r = 0.75, respectively. For each of the four detectors FM-/D-OLS leads to

Arm,0.1 m,0.1 . . )
A9 and Hgfg%sn. Calibration and break fraction

higher LAP than IM-OLS. This result is independent of the choice of the window size, determin-
istic specification, calibration and break fraction and is in line with standard asymptotic theory
concerning estimator efficiency. The next aspect considered is the impact of the window size on
LAP and in addition the comparison to a detector without moving window. Figure displays
LAP against local I(1) breaks in the intercept only case for H™ and HJBY and their corresponding
self-normalized counterparts ﬁg;; and ﬁn"fg,ﬁsn, for n = 0.1,0.2,0.3. Calibration and break fraction
are set to m = 0.5 and r = 0.75, respectively. LAP is highest for the smallest window size n = 0.1,

decreases with increasing window size and is lowest for the detector without moving window. This

result is independent of estimator choice, self-normalization and also the choices of calibration and
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Figure 12: Local asymptotic power against I(1) breaks in the intercept only case for H™ HSTL,

Hmm, and Hmov sn, for n =0.1,0.2,0.3. The upper two plots correspond to standardized detectors
the lower two plots correspond to self-normalized detectors. Calibration and break fraction are set
to m = 0.5 and r = 0.75, respectively.

break fraction. However, the differences in LAP between the detectors are sometimes very small.
Including a linear trend in the model does not cause any qualitative changes in the above results.
The last aspect we consider for LAP against local I(1) breaks is the impact of self-normalization in
comparison to standardization. Figure shows the results for H ™ and Hmov sn, each compared
to its standardized counterpart H™ and ngw' , respectively, in case of local I(1) breaks with in-
tercept only. Calibration and break fraction are set to m = 0.5 and r = 0.75. Self-normalization
by and large reduces LAP for FM-/D-OLS and increases LAP for IM-OLS. Figure [14] displays the
corresponding results if additionally a linear trend is included in the model. In this case, when
using IM-OLS the advantage of self-normalization over standardization disappears. Changes in the
window size or calibration and break fraction have no qualitative influence on the differences in

LAP between standardized and self-normalized detectors.

We now turn briefly to LAP against local slope breaks. The results are qualitatively the same

as in case of local I(1) breaks with respect to the estimation method, self-normalization, window

54



FM-/D-OLS IM-OLS

1 1
08
0.6
04r
02 —}— A" (standardized) | |
-A- H™ (self-normalized)
0 . . .
0 500 1000 1500 0 500 1000 1500
0 d
FM-/D-OLS IM-OLS
1 1
08
0.6
04r
02 —— A1 (standardized) 1
- A - I:I;'L’ég‘in (self-normalized)
0 . \ 0 . .
0 500 1000 1500 0 500 1000 1500
1) §

Figure 13: Local asymptotic power against local I(1) breaks in the intercept only case. The upper
two plots correspond to H" and H[!. The lower two plots correspond to ,771”59,'1 and Hﬁé%',gn.
Calibration and break fraction are set to m = 0.5 and r = 0.75, respectively.
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Figure 14: Local asymptotic power against local I(1) breaks in the intercept and linear trend case.
For further explanations see notes for Figure
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size and deterministic specification and are independent of the calibration and break fraction.

Corresponding LAP figures are available upon request.

Finally, we consider LAP in case of local trend breaks. The overall results are very similar to both
cases, local I(1) and local slope breaks, but with two major differences: The first difference is that
now calibration and break fraction influence which detector leads to the highest LAP. Figure [I5]
displays LAP for standardized detectors for m = 0.5 and r € {0.5,0.75}, with either H™ or A
leading to the highest LAP, depending on the choice of m and r. We obtain similar results for self-
normalized detectors, with either flgﬁ or f]ﬁ(}?j‘;n leading to the highest LAP. The second difference
in case of local trend breaks is the impact of self-normalization compared to standardization on
LAP for IM-OLS. Figure displays LAP in case of local trend breaks for H m, ﬁ;’fz, ﬁfnng,%'l and
ffﬁ%%én, with m = 0.5 and r = 0.75. For IM-OLS, the two self-normalized detectors, each compared
to its standardized counterpart, lead to higher LAP at smaller break magnitudes at the expense
of lower LAP at larger break magnitudes. In contrast, in case of local I(1) or local slope breaks,
self-normalization either leads to higher or nearly the same LAP as standardization for IM-OLS,

regardless of the break magnitude. For FM-/D-OLS, standardization still leads to higher LAP than

self-normalization, as is the case with local I(1) or local slope breaks.

In conclusion, the LAP results can be summarized as follows: First, given a certain detector, break
type, calibration and break fraction, LAP is higher for FM-/D-OLS than for IM-OLS. This stems
from the fact that for the linear case FM-/D-OLS is asymptotically conditionally more efficient
than IM-OLS from a standard asymptotic theory point of view (see Vogelsang and Wagner, 2014a,
Proposition 2). A similar result can be obtained for the CPR case. Second, moving window
detectors with n = 0.1 are the best choice in case of local I(1) and local slope breaks. In case of
local trend breaks there is no clear ranking. Third, self-normalization by and large reduces LAP for
FM-/D-OLS. In contrast, for IM-OLS self-normalization is by and large advantageous, in case of
local trend breaks at least for small break magnitudes. Fourth, local slope breaks lead, as expected,
to almost identical LAP patterns as local I(1) breaks. Wagner and Wied (2017, p. 967) explain for
the cointegrating linear regression model that the asymptotic behavior in case of slope breaks is
similar to the case of I(1) breaks. The same holds for the CPR model when there is only a (local)
break in the coefficient corresponding to one I(1) regressor: The slope coefficient after the break,
0x 1, can be separated into x and 0x 1 — fx. The additional post break term X/(fx 1 — 6x) is an
I(1) process — since the coefficient corresponding to one I(1) regressors changes — and thus leads to

similar asymptotic behavior as in case of local I(1) breaks, where {u;} changes its behavior from
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Figure 15: Local asymptotic power against local trend breaks for H™ and H:" in the intercept
and linear trend case. The upper two plots correspond to m = r = 0.5. The lower two plots
correspond to m = 0.5 and r = 0.75.
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Figure 16: Local asymptotic power against local trend breaks in the model with intercept and
linear trend. The upper two plots correspond to H™ and H}. The lower two plots correspond to

Aﬁg,ﬁ’;l and Afnlg,%'}m. Calibration and break fraction are set to m = 0.5 and r = 0.75, respectively.
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1(0) to I(1). Fifth, H™ is preferable to H, since H™ performs either better or at least as good
as ft[c’ln in all considered cases. Finally, regardless of the choice of estimation method and detector,

the LAP results suggest to choose the calibration fraction m as large as possible.

The LAP analysis reveals indications about the behavior of the monitoring procedures in finite

samples. In fact, we find by and large very similar relative performance results in the finite sample

simulations in Section [I.3]in the main document as in the LAP analysis.

1.6.3 Additional Finite Sample Performance Results

Null Rejection Probabilities

FM-OLS, p; = p» = 0.3
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Figure 17: Empirical null rejection probabilities for a grid of values of m, with T" = 500 and
pP1 = P2 = 0.3.

Size-Corrected Power — I(1) Breaks

In addition to Section [1.3| in the main text, Table [2| displays the size-corrected power results

in case of I(1) breaks for py = p2 = 0.3 and T = 500. Furthermore, Tables [J] to [14] display the
corresponding results for p; = pa € {0,0.6,0.9} and T' € {200,500}. The findings are similar as for

p1 = p2 = 0.3 in the main text: Size-corrected power is by and large highest for f[fnn,g%l or I:LT,QLO%én
and lower for IM-OLS than for FM-OLS and D-OLS.
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Figure 18: Empirical null rejection probabilities for a grid of values of m, with T" = 500 and
pP1 = pP2 = 0.3.
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p1=p2=0.0 m = 0.25 m = 0.5 m = 0.75
025 05 0.75 025 05 0.75 025 05 0.75
FM 0.26 0.08 0.05 0.37 0.76 0.21 0.38 0.51 0.87
qHm D 0.19 0.06 0.05 0.37 0.71 0.17 0.39 051 0.85
IM 0.15 0.06 0.05 0.32 061 0.11 0.38 047 0.77
FM 0.26 0.08 0.05 0.37 0.76 0.21 0.37 0.50 0.87
HT D 0.19 0.06 0.05 0.37  0.71 0.17 0.39 0.51 0.85
M 0.15 0.06 0.05 0.32 061 0.11 0.38 047 0.77
FM 0.28 0.08 0.05 0.18 0.73 0.21 0.17 0.27 0.85
H™ D 0.20 0.07 0.05 0.23 0.69 0.17 0.22 0.33 0.83
M 0.18 0.06 0.05 0.22 062 0.12 0.23 0.34 0.77
FM 0.26 0.07 0.05 0.37  0.77 0.26 0.38 0.51 0.87
Hm01 D 0.18 0.06 0.05 0.36  0.73 0.22 0.39 0.51 0.85
M 0.14 0.06 0.05 0.32 0.63 0.14 0.37 046 0.78
FM 0.26 0.08 0.05 0.37 0.76 0.23 0.38 0.51 0.87
Hm0-2 D 0.18 0.07 0.05 0.36  0.72 0.19 0.39 051 0.85
IM 0.15 0.06 0.05 0.32 062 0.12 0.38 047 0.77
FM 0.26 0.08 0.05 0.37 0.75 0.21 0.38 0.51 0.87
Hm03 D 0.18 0.06 0.05 0.36  0.71 0.17 0.39 051 0.85
M 0.15 0.06 0.05 0.32 061 0.11 0.38 047 0.77
FM 0.20 0.08 0.05 0.18 0.75 0.26 0.17 0.28 0.86
O D 0.21 0.07 0.05 023 071 0.21 0.22 0.33 0.84
IM 0.17 0.06 0.05 0.21 0.63 0.15 0.22 0.33 0.77
FM 0.20 0.08 0.05 0.18 0.74 0.23 0.17 0.27 0.85
H2 D 0.21 0.07 0.05 0.23 0.69 0.18 0.22 0.33 0.83
M 0.17 0.06 0.05 0.22 0.63 0.14 0.23 0.34 0.76
FM 0.20 0.08 0.05 0.18 0.73 0.22 0.17 0.27 0.85
HO3 D 0.21 0.07 0.05 0.23 069 0.17 0.22 0.33 0.83
IM 0.17 0.06 0.05 022 062 0.13 0.23 0.34 0.77

Table 9: Size-corrected power against (1) breaks for 7' = 200 and p; = py = 0.0.
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p1=p2=0.6 m = 0.25 m =0.5 m = 0.75
r 025 05 0.75 025 05 0.75 025 05 0.75

FM 0.11 0.06 0.05 0.24 044 0.08 0.27 0.36 0.64
H™ D 0.09 0.05 0.05 0.23 0.40 0.07 0.29 0.38 0.61
IM 0.07 0.05 0.05 0.19 0.27 0.06 0.26 0.32 0.48
FM 0.11 0.06 0.05 0.24 044 0.08 0.27 0.36 0.64
HT D 0.09 0.05 0.05 0.23 0.40 0.07 0.28 0.37 0.61
M 0.07 0.05 0.05 0.19 0.27 0.06 0.26 0.32 0.48
FM 0.12 0.06 0.05 0.15 0.42 0.08 0.14 0.23 0.62
H™ D 0.10 0.06 0.05 0.17 0.38 0.07 0.17 0.25 0.58
M 0.07 0.05 0.05 0.15 0.29 0.06 0.18 0.27 0.48
FM 0.10 0.06 0.05 0.23 0.45 0.09 0.27 0.36 0.64
Hm01 D 0.09 0.05 0.05 0.22 0.41 0.08 0.29 0.38 0.62
IM 0.06 0.05 0.05 0.18 0.26 0.06 0.25 0.31 0.48
FM 0.10 0.06 0.05 0.24 0.45 0.08 0.27 0.36 0.64
Am02 D 0.09 0.05 0.05 0.22 0.40 0.07 0.29 0.38 0.61
IM 0.07 0.05 0.05 0.19 0.27 0.06 0.26 0.32 0.48
FM 0.11 0.06 0.05 0.24 044 0.08 0.27 0.36 0.64
A3 D 0.09 0.05 0.05 0.22 0.40 0.07 0.29 0.38 0.61
M 0.07 0.05 0.05 0.19 0.27 0.06 0.26 0.32 0.48
FM 0.12 0.06 0.05 0.15 0.43 0.10 0.15 0.23 0.62
O D 0.10 0.06 0.05 0.17 0.39 0.08 0.17 0.25 0.59
M 0.07 0.05 0.05 0.14 0.27 0.06 0.18 0.26 0.49
FM 0.12 0.06 0.05 0.15 0.42 0.09 0.14 0.23 0.62
H2 D 0.09 0.06 0.05 0.17 0.38 0.08 0.17 0.25 0.58
M 0.07 0.05 0.05 0.15 0.28 0.06 0.18 0.26 0.48
FM 0.12 0.06 0.05 0.15 0.42 0.08 0.14 0.23 0.62
H03 D 0.09 0.06 0.05 0.17 0.38 0.07 0.17 0.25 0.58
IM 0.07 0.05 0.05 0.15 0.28 0.06 0.18 0.27 0.48

Table 10: Size-corrected power against (1) breaks for 7' = 200 and p; = p2 = 0.6.
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p1=p2=0.9 m = 0.25 m =0.5 m = 0.75
r 025 05 0.75 025 05 0.75 025 05 0.75

FM 0.06 0.05 0.05 0.10 0.10 0.05 0.13 0.13 0.17
qHm D 0.06 0.05 0.05 0.10 0.10 0.06 0.14 0.15 0.16
IM 0.05 0.05 0.05 0.08 0.06 0.05 0.12 0.12 0.11
FM 0.06 0.05 0.05 0.10 0.10 0.05 0.13 0.13 0.17
HT D 0.06 0.05 0.05 0.10 0.10 0.06 0.14 0.15 0.16
M 0.05 0.05 0.05 0.08 0.06 0.05 0.12 0.12 0.11
FM 0.06 0.05 0.05 0.08 0.09 0.05 0.08 0.10 0.15
H™ D 0.06 0.05 0.05 0.08 0.10 0.05 0.10 0.11 0.15
M 0.05 0.05 0.05 0.07 0.07 0.05 0.11 0.11 0.12
FM 0.06 0.05 0.05 0.09 0.09 0.05 0.13 0.13 0.17
Hm01 D 0.06 0.05 0.05 0.10 0.10 0.06 0.14 0.15 0.16
IM 0.05 0.05 0.05 0.08 0.06 0.05 0.12 0.12 0.11
FM 0.06 0.05 0.05 0.10 0.10 0.05 0.13 0.13 0.17
Hm0-2 D 0.06 0.05 0.05 0.10 0.10 0.06 0.14 0.15 0.16
IM 0.05 0.05 0.05 0.08 0.06 0.05 0.12 0.12 0.11
FM 0.06 0.05 0.05 0.10 0.10 0.05 0.13 0.13 0.17
Hm03 D 0.06 0.05 0.05 0.10 0.10 0.05 0.14 0.15 0.16
M 0.05 0.05 0.05 0.08 0.06 0.05 0.12 0.12 0.11
FM 0.06 0.05 0.05 0.08 0.10 0.06 0.09 0.10 0.15
O D 0.06 0.05 0.05 0.09 0.10 0.06 0.10 0.11 0.15
IM 0.05 0.05 0.05 0.07 0.07 0.05 0.11 0.11 0.12
FM 0.06 0.05 0.05 0.08 0.09 0.05 0.08 0.10 0.15
H2 D 0.06 0.05 0.05 0.09 0.10 0.06 0.10 0.11 0.15
M 0.05 0.05 0.05 0.07 0.07 0.05 0.11 0.11 0.12
FM 0.06 0.05 0.05 0.08 0.09 0.05 0.08 0.10 0.15
H03 D 0.06 0.05 0.05 0.08 0.10 0.05 0.10 0.11 0.15
IM 0.05 0.05 0.05 0.07 0.07 0.05 0.11 0.11 0.12

Table 11: Size-corrected power against (1) breaks for 7' = 200 and p; = p2 = 0.9.
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p1=p2=0.0 m = 0.25 m =0.5 m = 0.75
r 025 05 0.75 025 05 0.75 025 05 0.75

FM 0.78 0.36 0.06 0.48 0.97 0.59 0.49 0.61 0.99
H™ D 0.75 0.33 0.06 0.47 0.96 0.56 0.50 0.62 0.98
IM 0.58 0.19 0.05 0.38 0.89 0.38 0.48 0.57 0.95
FM 0.78 0.36 0.06 0.48 0.97 0.59 0.51 0.65 0.99
HT D 0.75 0.33 0.06 0.47 0.96 0.56 0.50 0.62 0.98
M 0.58 0.19 0.05 0.38 0.89 0.38 0.47 0.57 0.95
FM 0.76 0.36 0.06 0.21 0.95 0.57 0.18 0.31 0.98
HT D 0.74 0.32 0.06 0.23 0.95 0.54 0.21 0.34 0.98
M 0.60 0.20 0.05 0.24 0.90 041 0.25 0.38 0.95
FM 0.82 0.38 0.07 0.49 0.98 0.65 0.49 0.61 0.99
Hm01 D 0.79 0.34 0.07 0.48 0.97 0.62 0.50 0.62 0.98
IM 0.61 0.18 0.06 0.38  0.92 045 0.47 0.57 0.96
FM 0.80 0.37 0.06 0.48 0.97 0.61 0.49 0.61 0.99
Hm0-2 D 0.77 0.34 0.06 0.47 0.96 0.58 0.50 0.62 0.98
IM 0.60 0.19 0.05 0.38 0.90 0.40 0.47 0.57 0.95
FM 0.79 0.37 0.06 0.48 0.97 0.59 0.49 0.61 0.99
A3 D 0.76 0.33 0.06 0.47 0.96 0.57 0.50 0.62 0.98
M 0.58 0.19 0.05 0.38 0.89 0.38 0.48 0.57 0.95
FM 0.80 0.38 0.07 0.21 0.96 0.63 0.19 0.31 0.98
O D 0.78 0.34 0.07 0.22 096 0.59 0.21 0.33 0.98
IM 0.63 0.20 0.05 0.23 0.92 047 0.25 0.38 0.96
FM 0.77 0.37 0.07 0.21 0.96 0.59 0.18 0.31 0.98
H2 D 0.76 0.33 0.06 0.22 0.95 0.56 0.21 0.34 0.98
M 0.61 0.21 0.05 0.23 0.90 0.43 0.25 0.38 0.95
FM 0.76 0.36 0.06 0.21 0.95 0.58 0.18 0.31 0.98
H03 D 0.74 0.33 0.06 0.23 0.95 0.55 0.21 0.34 0.98
IM 0.60 0.20 0.05 0.24 0.90 041 0.25 0.38 0.95

Table 12: Size-corrected power against (1) breaks for 7' = 500 and p; = p2 = 0.0.
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p1=p2=0.6 m = 0.25 m =0.5 m = 0.75
r 025 05 0.75 025 05 0.75 025 05 0.75

FM 0.44 0.13 0.05 0.40 0.82 0.27 0.42 0.53 0.91
qHm D 0.40 0.11 0.05 0.38 0.80 0.24 0.43 0.54 0.89
IM 0.21 0.07 0.05 0.31 0.66 0.13 0.40 0.49 0.80
FM 0.44 0.13 0.05 0.40 0.82 0.27 0.41 0.53 0.90
HT D 0.40 0.11 0.05 0.38 0.80 0.24 0.41 0.53 0.89
M 0.21 0.07 0.05 0.31 0.66 0.13 0.40 0.49 0.80
FM 0.43 0.13 0.05 0.19 0.79 0.26 0.17 0.28 0.88
H™ D 0.39 0.12 0.05 020 0.78 0.24 0.18 029 0.87
M 0.23 0.07 0.05 0.21 0.67 0.15 0.23 0.34 0.79
FM 0.46 0.13 0.05 0.40 0.85 0.34 0.42 0.53 0.91
Hm01 D 0.42 0.11 0.05 0.38 0.83 0.30 0.43 0.54 0.90
IM 0.21 0.07 0.05 0.30 0.67 0.16 0.40 0.48 0.81
FM 0.45 0.13 0.05 0.40 0.83 0.29 0.42 0.53 0.90
Hm02 D 0.42 0.12 0.05 0.38 0.81 0.26 0.43 0.54 0.89
IM 0.21 0.07 0.05 0.30 0.66 0.14 0.40 0.49 0.80
FM 0.44 0.13 0.05 0.40 0.82 0.28 0.42 0.53 0.91
A3 D 0.41 0.11 0.05 0.38 0.80 0.24 0.43 0.54 0.89
M 0.21 0.07 0.05 0.31 0.66 0.13 0.41 0.49 0.80
FM 0.46 0.14 0.06 0.20 0.82 0.32 0.18 0.28 0.89
O D 0.41 0.12 0.06 0.20 0.80 0.29 0.18 0.29 0.88
IM 0.23 0.07 0.05 0.21 0.69 0.18 0.23 0.34 0.81
FM 045 0.14 0.05 0.20 0.80 0.28 0.17 028 0.88
H2 D 0.40 0.12 0.05 0.20 0.79 0.25 0.18 0.29 0.87
M 0.23 0.07 0.05 0.21 0.68 0.16 0.23 0.34 0.79
FM 0.44 0.14 0.05 0.19 0.80 0.26 0.17 0.28 0.88
HO3 D 0.39 0.12 0.05 0.20 0.78 0.24 0.18 029 0.87
IM 0.23 0.07 0.05 0.21 0.67 0.15 023 0.34 0.79

Table 13: Size-corrected power against (1) breaks for "= 500 and p; = pa = 0.6.
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p1=p2=0.9 m = 0.25 m =0.5 m = 0.75
r 025 05 0.75 025 05 0.75 025 05 0.75

FM 0.09 0.06 0.05 0.23 0.30 0.07 0.27 0.33 047
H™ D 0.09 0.06 0.05 0.24 0.30 0.06 0.29 0.34 0.46
IM 0.06 0.05 0.05 0.17 0.16 0.05 0.29 0.30 0.33
FM 0.09 0.06 0.05 0.23 030 0.07 0.27 0.32 047
oy D 0.09 0.06 0.05 0.24 0.30 0.06 0.28 0.33 0.46
M 0.06 0.05 0.05 0.17 0.16 0.05 0.29 0.30 0.33
FM 0.09 0.06 0.05 0.15 028 0.07 0.13 0.18 0.42
o, D 0.09 0.06 0.05 0.15 0.28 0.07 0.14 0.19 041
M 0.06 0.05 0.05 0.13 0.17 0.05 0.18 0.23 0.33
FM 0.09 0.06 0.05 0.22 0.30 0.07 0.28 0.32 047
HO! D 0.09 0.06 0.05 0.23 0.30 0.07 0.29 0.34 047
IM 0.06 0.05 0.05 0.16 0.15 0.05 0.28 0.30 0.33
FM 0.09 0.06 0.05 0.23 0.30 0.07 0.27 0.33 047
H? D 0.09 0.06 0.05 0.23 0.30 0.07 0.29 0.34 0.46
IM 0.06 0.05 0.05 0.16 0.16 0.05 0.29 0.30 0.33
FM 0.09 0.06 0.05 0.23 0.30 0.07 0.27 0.33 047
93 D 0.09 0.06 0.05 0.23 0.30 0.06 0.29 0.34 0.46
M 0.06 0.05 0.05 0.17 0.16 0.05 0.29 0.30 0.33
FM 0.09 0.06 0.05 0.14 028 0.07 0.13 0.18 0.42
O D 0.09 0.06 0.05 0.15 0.28 0.08 0.14 0.19 041
IM 0.06 0.05 0.05 0.13 0.17 0.06 0.18 0.23 0.33
FM 0.09 0.06 0.05 0.14 0.28 0.07 0.13 0.18 0.42
H02, D 0.09 0.06 0.05 0.15 0.28 0.07 0.14 0.19 041
M 0.06 0.05 0.05 0.13 0.17 0.06 0.18 023 0.33
FM 0.09 0.06 0.05 0.14 0.28 0.07 0.13 0.18 0.42
Hos D 0.09 0.06 0.05 0.15 0.28 0.07 0.14 0.19 0.41
IM 0.06 0.05 0.05 0.13 0.17 0.05 0.18 0.23 0.33

Table 14: Size-corrected power against (1) breaks for 7' = 500 and p; = p2 = 0.9.
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Size-Corrected Power — Trend Breaks

The size-corrected power results in case of trend breaks complement the results for the case of I(1)
breaks from Section in the main text. The parameter 0p, varies in 101 equidistant steps over
the interval [1, 1.5, including the corresponding null hypothesis value p, = 1. Figure [19| displays

size-corrected power against trend breaks using H m ﬁ;’fl, H}}'Zg?,’l and ﬁﬁ(;%}m. The sample size is
T = 200, calibration and break fraction are set to m = 0.5 and r = 0.75 with p; = po = 0.3. FM-
OLS leads to the highest size-corrected power and IM-OLS to the lowest, with D-OLS in between.
Figure [20] displays the corresponding results for 7" = 500. Size-corrected power increases with
increasing sample size T'. Differences in size-corrected power between FM-OLS and D-OLS become
very small for T' = 500 compared to T" = 200, reflecting the asymptotic equivalence between FM-
OLS and D-OLS. The size-corrected power ranking with respect to FM-OLS, D-OLS and IM-OLS
remains unchanged for larger window sizes and other combinations of m and r. Next, consider
the impact of different window sizes and in addition the comparison to one expanding window
detector. Figure displays size-corrected power for H™, H™O1 A2 and HZ0? in case of
trend breaks. The sample size is T' = 200 with p; = po = 0.3, m = 0.5 and r = 0.75. Size-corrected
power is highest either for H™ or ﬁ;nng)%'l. The same holds for other combinations of m and r.
Figures and display size-corrected power against trend breaks using ffﬂé%l and ffnnfo%}m and
focus on the effect of self-normalization for several combinations of m and r with p; = py = 0.3.
Self-normalization leads, compared to standardization, by and large to higher size-corrected power
for small breaks in 8p, and to lower size-corrected power for large breaks in 0p,. For small breaks

in fp, the differences in size-corrected power between self-normalization and standardization are

larger for IM-OLS than for FM-OLS and D-OLS.
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Figure 19: Size-corrected power against trend breaks for 7" = 200, m = 0.5, r = 0.75 and p; =
p2 = 0.3.
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Figure 21: Size-corrected power against trend breaks for 7" = 200 and p; = p2 = 0.3.
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Figure 22: Size-corrected power
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Size-Corrected Power — Slope Breaks We next consider size-corrected power in case of
slope breaks, where either 6x, , or fx,, changes. The parameter 0y, , varies in 26 equidistant
steps over the interval [5,10] and 0x, , varies in 27 equidistant steps over the interval [—-0.3,1].
The two intervals each include the corresponding null hypothesis value fx, , =5 and 0x, , = —0.3,
respectively. Figures [24] (slope break in x, ,) and [25] (slope break in 0, ,) display size-corrected
power for H™, HP2 A2 and HIZS0?. The sample size is T = 200 with pr=p2=03 m=05
and r = 0.75. Similar to the case of I(1) breaks, size-corrected power is by and large highest for
the moving window detector with n = 0.1. To assess the impact of self-normalization, Figures
(m = 0.25) and (m = 0.5) display size-corrected power against slope breaks in fy, , using At
and f[;%%'én, for T'= 200, p1 = p2 = 0.3 and r € {0.5,0.75}. In case of m = 0.25, self-normalization
leads for small breaks in fx, , to slightly higher size-corrected power than standardization, especially
for IM-OLS. In case of m = 0.5, standardization leads for FM-OLS and D-OLS to slightly higher
size-corrected power than self-normalization, with the exception of very small break magnitudes
(i.e., 0x,, < 5.5) where both standardization and self-normalization lead to equal size-corrected
power. For IM-OLS, size-corrected power is almost equal for standardization and self-normalization
when m = 0.5. The observed results are qualitatively similar for larger sample sizes and other values

of p1, po and are available upon request.

As expected and already mentioned in the main text, the finite sample size-corrected power

results are in line with the results from the LAP analysis in Appendix
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Figure 24: Size-corrected power against slope breaks (in f, ;) for T'= 200 and p; = p2 = 0.3.
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Figure 25: Size-corrected power against slope breaks (in f, ,) for T'= 200 and p; = p2 = 0.3.
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Detection Times

We close Appendix with some additional detection time figures. Figures 29 - B3] here in
Appendix display the results for p; = p2 = 0.3, T' € {200,500} and all other combinations
of m,r € {0.25,0.5,0.75}, with m < r. In addition, Figure displays detection times for p; =
p2 = 0.9, with m = 0.5 and r = 0.5. As expected, increasing p1, p2 leads to larger delays. Further

results, e. g., for p; = py = 0, are available upon request.
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Figure 28: Detection times against I(1) breaks for T'= 500, m = 0.5, » = 0.5 and p; = pa = 0.3.
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80



FM-OLS, T = 200 FM-OLS, T = 500

T T T T T
[ [ et e i s
1
s s benee e EREEE s s
1
: : bommees o  —
1
s bemee Ammmmee- CT—----
1
s ben e beemeeo- . i R
1
1
. bosoo- beoooo--- CT—F---
1
s s bom e Femn e T~
1
s bom e oo [ i
Calibration period m 1
= = =Bk i+ bemmee- R o —
'
I I I I I I ! I I T I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
D-OLS, T' = 200 D-OLS, T' = 500
A T T T T T T T T T T T T
[ b A i n— U AR i s S
(0.06)
o 1 1
iy L bom e S R I G AEEEEEEE T+
(0.06) 1 1
i L bomm e ) i bomeee oo i
(0.06)
Fym.0.1 ) 1
ol | bom e — — | AL bom e s i o R
(0.06)
/AI' 1,0.2 ! !
2L bom e o — y ben e beemoee- .
(0.06) 1 1
gm0
ot | bom e A i m— ben e o [
(0.06) 1 1
fm0 1 1
il | bom e e —E { bemee A T
(0.06 | |
Fym.0.2
gl | bom e S e — R y =g L ben e bemmoee- i
(0.06 ' \
A 1 1
T s oy i R eo--- beoooo-- T+
I I I I ! T T T I I I I I ! I I T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
IM-OLS, T = 200 IM-OLS, T' = 500

m T m

o f bo-lo-- T —+----9 If oo 3---1--
o , o

o R A e m— R N boo-- SEERRRS:
u , K ,

m 1 m 1

o R ] e m— T N R R LR
u o

moL

fpg g

1
Frm 0.1 1
. R —— TR | R eee T 1---
o o :
O i . L N [ T . | [ -
& - S —— o - , T t---
Frm.0.3 Frm.0.3
g R ¥ S— — R 1 bomm o e ——
(0.06; 1 (0.11) 1
1

Fym.0.1 Fym.0.1
s L R  —— R g R Fe-o- T —F---
o &

o2

o
i SRETEEE o S— — R e bo--e- 4---1-- E——
& o

fmos fymo3

2 e C— T —+----- 1 ke s et e ——
(0.05) ! (0.12) !

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 30: Detection times against I(1) breaks for m = 0.25, r = 0.5 and p; = p2 = 0.3.

81



FM-OLS, T = 200 FM-OLS, T = 500
A
(0.05) [ (0.06)

o Fommoooo-  E— —— T T Fonmooo-- —— T
005) 008)

T Fo------ — T T 3----- 1 et Fo--m-- - T/ F---
(006)
Hyp!

CREEEEE  — — T T 1 Fomoo-- I [ F----

Fommm--- — T t------ 1 T Fommm--- T ----
005)

Fommoooo- — —— T 4 oo oo ——— R
005)

o

------ o — R i et W LY
o
fym.0.3

------- e ——— T R e aa S— — T
o

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

Calibration period m
= = =Break point r
I I

D-OLS, T' = 200 D-OLS, T' = 500
] ar I

(0.06)

bomom oo ——— o R ——
i
e e ————— TR R e L— 1T —+---
i
R —— TP 4 R | [ }----
(0.06) 1
o
Fe—mee—e T T F=-ece=--- 4 Hyg® | [ [ —
i
o
R  — ——— R -+ bononn- S E——
i
F,Hr 0.1 F{m 0.1
i PR —— P — oo | r—EEE

(0.05,

Azt | boooooos S — ;
&

0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 05 06 0.7 0.8 0.9
IM-OLS, T = 200 IM-OLS, T = 500
T T

frm T T | T frm
o f o-lo--- — —— iont R T —+----
o

(0.05,

o e — T ++----- S boommo-- — —— R
o i
7 L ;\:

(05)
rm.0.1
e | boocee C—T—------- -
& |
Frm.0.2 gm.
e | e T t------ 1 booiee- T -
& o
Frm.0.3 Frm.0.3
s | e T t--:--- 1 O T —+-----

(0.05,

Fym.0.1 Fym.0.1
s L R T —------- 4 R —Tr——+------

(0.05)

Fym.0.2 Fym.0.2

s L R s — —— A 1 boomm oo — —— LR
o o

Fym.0.3 Fym.0.3

= booooo-- g — —— 4 boom---- S —— T

0.05)
( Il Il Il Il Il I I I Il Il Il Il Il Il I I I Il

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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Figure 32: Detection times

against (1) breaks for m = 0.5, » = 0.75 and p; = p2 = 0.3.
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Figure 33: Detection times against I(1) breaks for m = 0.75, r = 0.75 and p; = p2 = 0.3.
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Figure 34: Detection times against I(1) breaks
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1.6.4 Additional Empirical Results

In(GDP)

Country ADF PP

Australia -1.217  -1.245
Austria -7.171 -5.324
Belgium -0.408  -0.485
Canada -1.182 -1.044
Denmark -2.422  -2.629
Finland -2.178  -2.420
France -6.102 -3.880
Germany -6.498 -5.337
Italy -8.288 -4.295
Japan -1.724  -1.885
New Zealand -5.436 -6.237
Norway -5.173 -5.221
Portugal -0.558 2.010
Spain -2.415  -2.603
Sweden -2.460 -2.775
Switzerland -5.356 -6.322
United Kingdom  -3.221 -3.38/
United States -2.301  -2.547

Table 15: Results of the augmented Dickey and Fuller (1981) and Phillips and Perron (1988) unit
root tests for log per capita GDP for the calibration period 1946-1973. The test equation includes
intercept and linear trend. For the ADF test, we choose the lag length using the AIC criterion and
the maximum lag length is three. Italic entries indicate rejection of the null hypothesis at the 10%
level and bold entries rejection at the 5% level.
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In(GDP)

Country ADF PP

Australia -1.146 -1.392
Austria -2.457  -5.292
Belgium 0.123 0.046
Canada -0.351 -0.377
Denmark -0.429 -0.440
Finland -1.151 -0.199
France -2.069 -2.061
Germany -6.960 -32.623
Italy -0.670 -2.278
Japan -1.143 -0.878
New Zealand -2.757 -3.581
Norway 1.198 0.733
Portugal 0.089 0.391
Spain 0.505 0.974
Sweden -1.900 -1.999
Switzerland -2.154 -1.101
United Kingdom  -1.999 -1.197
United States -1.303 -1.484

Table 16: Results of the augmented Dickey and Fuller (1981) and Phillips and Perron (1988) unit
root tests for log per capita GDP for the full sample period 1946-2016. For further explanations
see notes to Table

p=1 p=2 p=3
Shin Johansen CcT CT

Country r=20 r=1
Australia 0.075 73.986 5.418 0.079 0.055
Belgium 0.035 25.83483 2.296 0.024 0.028
Canada 0.072  23.197 7.070 0.091 0.048
Denmark 0.056  21.761  3.702 0.057 0.056
Finland 0.147 12.999 3.362 0.058 0.040
Italy 0.076 25.899  5.211 0.065 0.025
Japan 0.045 37.190 3.672 0.021 0.025
Portugal 0.052 43.125 7.614 0.049 0.036
Spain 0.099 25.045 10.510 0.061 0.049
Sweden 0.044 24.478 6.706 0.034 0.033

United Kingdom  0.072 30.967 9.082 0.079 0.053
United States 0.149 26.274 5.105 0.057 0.049

Table 17: Results of the Shin (1994), Johansen (1995) and CT (Wagner, 2023) tests for log per
capita CO2 emissions and log per capita GDP. The (calibration) period is 1946-1973. For the
Johansen test the number of lags is determined using the AIC and the maximum lag length is
three. [Italic entries indicate rejection of the null hypothesis at the 10% level and bold entries
rejection at the 5% level.
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Shin Johansen CT CT

Country r=20 r=1

Australia 0.060 38.564 11.952 0.059 0.055
Belgium 0.100 11.945 2.082 0.104 0.022
Canada 0.047 29.940 5.195 0.046 0.022
Denmark 0.137 17.271 4.976  0.086 0.033
Finland 0.132 23.552 5.571  0.063 0.031
Italy 0.111 35.603 5.176  0.091 0.028
Japan 0.145 14.479 5.003 0.059 0.049
Portugal 0.085 29.134 3.959 0.064 0.068
Spain 0.099  25.004 4.024 0.082 0.076
Sweden 0.178 25.901 8.170  0.053 0.050

United Kingdom  0.095 26.260 4.719 0.054 0.046
United States 0.142 38.707 13.683 0.113 0.047

Table 18: Results of the Shin (1994), Johansen (1995) and CT (Wagner, 2023) tests for log per
capita SO9 emissions and log per capita GDP. The (calibration) period is 1946-1973. For further
explanations see notes to Table

Polynomial degree
Country CO9 SOy

Australia
Belgium
Canada
Denmark
Finland

Ttaly

Japan
Portugal
Spain

Sweden
United Kingdom
United States

I I S e N R e = )
=W RN W

Table 19: Minimal polynomial degrees for cointegrating EKCs over the full sample period 1946—
2016. The detailed cointegration test results are available in Tables [20| and
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Shin Johansen CT CT

Country r=0 r=1

Australia 0.165 55.183 9.001 0.047  0.048
Belgium 0.087 22.624 7421  0.073  0.058
Canada 0.057 22.511 3.539  0.055  0.053
Denmark 0.039 30.477 10.229 0.030 0.033
Finland 0.068 31.796 14.518 0.051  0.056
Italy 0.121 27.923 4.408 0.082 0.089
Japan 0.111 28.798 7.611 0.073  0.049
Portugal 0.129 9.548 3.273  0.057  0.067
Spain 0.055 23.116 6.730  0.056  0.052
Sweden 0.050 29.520 10.818 0.076  0.054

United Kingdom 0.200 35.167 7.089 0.068 0.041
United States 0.102  20.504 5.966  0.067  0.065

Table 20: Results of the Shin (1994), Johansen (1995) and CT (Wagner, 2023) tests for log per
capita COy emissions and log per capita GDP. The (full sample) period is 1946-2016. For further
explanations see notes to Table .

p=1 =2 p1=3
Shin Johansen CT CT

Country r=20 r=1
Australia 0.064 20.417 3.540  0.047  0.036
Belgium 0.116  20.564 4.520  0.062  0.033
Canada 0.105 29.641 12.067 0.060  0.071
Denmark 0.084 28.038 4.788 0.107  0.057
Finland 0.109  14.953 5.029  0.096 0.100
Italy 0.101 40.453 3.823  0.070  0.050
Japan 0.127 40.635 9.440  0.064  0.066
Portugal 0.100 13.291 5.239  0.068  0.077
Spain 0.089  18.603 8.650 0.088  0.070
Sweden 0.067  25.999 8.783  0.097  0.071
United Kingdom 0.213 33.910 9.928 0.122 0.065
United States 0.080 32.551 14.114 0.041 0.041

Table 21: Results of the Shin (1994), Johansen (1995) and CT (Wagner, 2023) tests for log per
capita SO9 emissions and log per capita GDP. The (full sample) period is 1946-2016. For further
explanations see notes to Table

89



In(CO,)

In(COy)

In(CO»)

Figure 35: The scatter plots show pairs of observations of log per capita GDP and log per capita

Australia Belgium Canada Denmark
3 3 3 00000 3
> f 3 2 .w - S 2 3 2 ~M
1 © O IS
E ] E]
0 0 0 0
-1 -1 -1 -1
94 96 98 10 9 9.5 10 94 96 98 10 9.2 94 9.6 9.8 10 10.2
In(GDP) In(GDP) In(GDP) In(GDP)
Finland Italy Japan Portugal
3 3 3 3
oo® | = =
2 8 2 8 2 8 2
1 =1 =1 =1
3 ) ) ) / °
0 o 0 0 0
-1 -1 -1 -1
85 9 9.5 10 8.5 9 9.5 10 8 9 10 8 85 9 9.5
In(GDP) In(GDP) In(GDP) In(GDP)
Spain Sweden United Kingdom United States
3 3 3 3 @Rpwooe®P
— — QOB 0 | &o
2 52 e (5 S 2
: ..-"'/ g1 e g1 g1
A A A
0 0 0 0
-1 -1 -1 -1
8.5 9 9.5 9.5 10 9.2 9.4 9.6 9.8 96 938 10 10.2
In(GDP) In(GDP) In(GDP) In(GDP)

COs emissions for the calibration period 1946-1973 for the considered twelve countries.

In(SO,)

In(SO,)

In(SO2)

Figure 36: The scatter plots show pairs of observations of log per capita GDP and log per capita
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fan oy an ot ? mh? e i i
Country p FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D M
Australia 1 1993 1993 2001 1993 1993 2001 1997 2001 2006 1990 1990 1997 1992 1992 1999 1993 1992 2001 1993 1997 2001 1995 1999 2003 1996 2000 2005
Belgium 1 1993 1992 2001 1993 1992 2001 1991 1990 1998 1989 1989 1993 1992 1991 1997 1993 1992 1999 1988 1988 1992 1990 1989 1995 1991 1990 1997
Canada 1 o 00 00 00 00 00 oo 1986 oo 00 00 00 00 00 00 00 00 00 oo 1982 oo oo 1985 oo oo 1986 oo
Denmark 1 1993 1991 2006 1993 1991 2006 1996 1992 2014 1989 1988 2003 1992 1990 2004 1993 1991 2005 1991 1988 2011 1994 1990 2012 1995 1991 2013
Finland 2 1990 1997 1992 1990 1997 1992 1992 2000 1993 1988 1994 1989 1989 1996 1991 1990 1997 1991 1989 1996 1990 1991 1998 1992 1992 1999 1993
Italy 1 1982 1982 1983 1982 1982 1983 1983 1982 1984 1980 1981 1981 1981 1982 1982 1981 1982 1983 1981 1980 1982 1983 1981 1983 1983 1981 1983
Japan 1 1985 1984 1985 1985 1984 1985 1985 1982 1982 1982 1981 1982 1984 1983 1984 1985 1983 1984 1982 1980 1980 1984 1981 1981 1985 1981 1982
Portugal 1 2000 oo oo 2000 oo oo 2002 oo oo 1996 oo oo 1998 oo oo 1999 oo oo 1998 oo oo 2000 oo oo 2001 oo o0
Spain 1 o 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 0 00 00 00 00 00 00
Sweden 1 1983 1982 1985 1984 1982 1985 1983 1983 1985 1982 1981 1983 1983 1982 1984 1983 1982 1985 1982 1981 1983 1983 1982 1985 1983 1982 1985
United Kingdom 1 1984 1988 1988 1984 1988 1988 1986 1985 1991 1982 1986 1985 1983 1987 1987 1984 1988 1988 1984 1983 1987 1985 1985 1989 1986 1985 1991
United States 2 1989 1989 1992 1989 1989 1992 1990 1990 1995 1987 1987 1990 1988 1988 1992 1988 1989 1992 1988 1988 1992 1989 1990 1994 1990 1990 1994

Table 22: Detection times when monitoring CO emissions using all nine detectors and all three estimation methods FM-OLS, D-OLS
and IM-OLS. The column p indicates the polynomial degree, the calibration period is 1946-1973, the monitoring period is 1974-2016.

The nominal significance level is 5%.
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o oy H H! H? H? H ks His, His,
Country p FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D IM FM D M
Australia 1 0 0 0 0 o0 o0 o0 00 00 00 00 00 0 0 0 0 0 o0 o0 o0 00 00 00 00 00 00 0
Belgium 1 1984 1984 1985 1984 1984 1985 1987 1986 1988 1983 1982 1983 1984 1983 1984 1984 1984 1985 1985 1984 1985 1986 1985 1987 1987 1986 1987
Canada 1 1981 1981 1982 1981 1981 1982 1981 1982 1982 1980 1980 1980 1981 1981 1981 1981 1981 1982 1980 1981 1981 1981 1982 1982 1981 1982 1982
Denmark 2 1994 1999 2007 1994 1999 2007 1999 1990 2009 1991 1997 2005 1993 1998 2006 1993 1999 2006 1997 1987 2006 1998 1989 2008 1999 1990 2008
Finland 2 1988 1987 1991 1988 1987 1991 1990 1987 1993 1986 1985 1989 1988 1987 1990 1988 1987 1990 1988 1986 1991 1989 1987 1992 1990 1987 1993
Italy 1 1981 1981 1982 1981 1981 1982 1984 1984 1984 1980 1979 1980 1981 1980 1981 1981 1981 1982 1982 1982 1982 1983 1983 1983 1984 1983 1984
Japan 2 1991 2005 2004 1991 2005 2004 1993 2007 2007 1989 2002 2002 1991 2004 2003 1991 2004 2004 1991 2005 2004 1992 2007 2006 1993 2007 2007
Portugal 1 2015 2013 oo 2015 2013 oo 00 00 oo 2013 2012 2015 2014 2013 oo 2015 2013 oo 2015 2015 oo 2016 oo 00 00 00
Spain 1 2003 2002 2011 2003 2002 2011 2007 2007 2013 1983 1983 1984 1986 2002 1987 2003 2002 2011 2005 2005 2012 2007 2007 2013 2007 2007 2014
Sweden 2 1986 1986 1989 1986 1986 1989 1987 1988 1990 1984 1984 1987 1985 1986 1988 1986 1986 1989 1985 1986 1988 1986 1988 1989 1986 1988 1990
United Kingdom 1 1982 1983 1984 1982 1983 1984 1985 1989 1985 1981 1981 1982 1982 1982 1983 1982 1983 1983 1983 1985 1983 1984 1987 1984 1985 1988 1985
United States 3 o 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00

Table 23: Detection times when monitoring SO emissions using all nine detectors and all three estimation methods FM-OLS, D-OLS

and IM-OLS. The column p indicates the polynomial degree, the calibration period is 1946-1973, the monitoring period is 1974-2016.

The nominal significance level is 5%.
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Figure 37: IM-OLS estimation results for a cointegrating quadratic relationship between log per
capita GDP and log per capita CO5 emissions for Finland. The figure shows pairs of observations
of log per capita GDP and log per capita COg emissions, for 1946-1973 (blue circles), 1974-1989
(turquoise squares) and 1990-2016 (yellow diamonds). The lines display fitted values over time
obtained using different samples for parameter estimation: the dashed red line 1946-1973, the
dotted black line 1946-1989 and the dash-dotted blue line 1946-2016.
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19462016 1946-2016

0p, Ox, 0x, 0p, Ox, Ox,
Australia Japan
FM-OLS 0.004 16.542 -0.786 FM-OLS  -0.009 3.323 -0.123
IM-OLS 0.007 15.218 -0.729 IM-OLS -0.004 5.070 -0.222
Belgium Portugal
FM-OLS -0.022 3.355  -0.125 FM-OLS -0.021 -3.283 0.272
IM-OLS -0.017 4.869  -0.213 IM-OLS -0.025 -4.487 0.343
Canada Spain
FM-OLS -0.029 0.624 0.056 FM-OLS -0.034 1.488 0.019
IM-OLS -0.027 2.256  -0.030 IM-OLS -0.036 1.856 0.003
Denmark Sweden
FM-OLS -0.053 8.091 -0.265 FM-OLS -0.052 14.870 -0.621
IM-OLS -0.051 8.548 -0.291 IM-OLS -0.066 10.487 -0.373
Finland United Kingdom
FM-OLS -0.032 13.660 -0.593 FM-OLS -0.032 9.229 -0.399
IM-OLS -0.029 15.157 -0.674 IM-OLS -0.033 7.205 -0.295
Italy United States
FM-OLS -0.022 5.892 -0.207 FM-OLS -0.030 5.733 -0.204
IM-OLS -0.014 11.367 -0.500 IM-OLS -0.023  8.414 -0.350

Table 24: FM-OLS and IM-OLS estimation results for a cointegrating quadratic relationship be-
tween log per capita GDP and log per capita CO4 emissions for the full sample period 1946—2016.
Italic entries indicate significance of coefficients at the 10% level and bold entries significance of
coefficients at the 5% level.
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Figure 38: IM-OLS estimation results for a cointegrating linear relationship between log per capita
GDP and log per capita COs emissions for Canada, Portugal and Spain. For further explanations
see notes to Figure [§|in the main text.
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Figure 39: IM-OLS estimation results for a cointegrating linear relationship between log per capita
GDP and log per capita SOs emissions for Australia and Portugal, and a cointegrating cubic
relationship for the United States. For further explanations see notes to Figure |§| in the main text.
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2 Comparison of Nonparametric Estimators and Specification Tests
for Nonlinear Cointegrating Regressions: Results from a Large
Scale Simulation Study

2.1 Introduction

When estimating a nonlinear relationship between integrated time-series the usage of nonparamet-
ric estimators seems to be a convenient choice, since the crucial decision of a specific parametric
function does not need to be made. Nevertheless, asymptotic theory for nonparametric regres-
sion with integrated time-series has only been established recently in contrast to the case with
stationary time-series. For nonparametric regression in the stationary case, see, e.g., Hardle and
Linton (1994) and for nonlinear parametric regression with integrated time-series, see, e.g., Park
and Phillips (2001). Going back to nonparametric regression, Karlsen and Tjgstheim (2001) were
among the first and developed the theory for nonparametric estimation with kernel based estima-
tors in a nonstationary environment. They considered null recurrent Markov chains as a regressor,
to which also random walks belong. Building on that work, Karlsen et al. (2007) developed theory
for nonparametric estimation of nonlinear cointegrating relationships. Since then, the nonpara-
metric cointegrating literature has grown quite a lot. The finding of Wang and Phillips (2009b)
that conventional kernel estimators can provide standard limiting distributions for cointegrating
nonparametric regressions in the presence of error serial correlation and regressor endogeneity was
quite striking. Wang and Phillips (2016) even more generalized the results for kernel based estima-
tors and Linton and Wang (2016) proposed estimator versions to explicitly handle autoregressive
error terms. For a more depth reading, Wang (2015) provides limit theorems, their derivations
and far more details for kernel based estimation in nonlinear cointegrating regressions. Dong et al.
(2016) followed a different route and perform nonparametric estimation using an orthogonal series
expansion to approximate the unknown function. Dong and Linton (2018) and Dong et al. (2021)

further extended and generalized that model

With nonparametric estimation being a convenient choice, parametric estimation has — in case
of correct specification — the advantage of faster convergence rates compared to nonparametric
estimation. Specification tests for nonlinear cointegrating regressions are of particular interest if,
for example, after a nonparametric estimation, you want to check whether a certain functional
form correctly describes the cointegrating relationship, which would lead to more precise results in

a following parametric estimation, or if you want to conduct hypothesis tests for certain parame-
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ters. Specification tests for nonlinear cointegrating regressions would also be of interest if certain
functional forms are tested first and then a nonparametric estimation is performed for the cases in
which the respective functional form was rejected. Along with the development of estimators for
nonlinear and nonparametric cointegrating regressions, there has also been progress on specification
tests for nonlinear cointegrating relationships. These tests are usually based on residuals from para-
metric nonlinear estimation using the parametric form in questions. Choi and Saikkonen (2010)
build on residuals from their developed leads and lags estimator, next to residuals from nonlinear
least squares estimation, where most of other tests, e.g., those from Wang and Phillips (2012),
Wang and Phillips (2016), Dong and Gao (2018), Wang et al. (2018) and Wang and Zhu (2020)
only consider the latter residuals. However, this is not intended to homogenize all these tests, how
the residuals are used and especially weighted, is based on very different approaches with different
assumptions about the nonlinear cointegrating model, with more to less strict requirements on the

error term and the integrated regressor.

Given the variety of estimators and specification tests, the question naturally arises which one to
choose and how they perform under different circumstances. We attempt to answer these questions
in this paper by first reviewing the estimators and tests and comparing whether their underlying
assumptions, which we have thoroughly studied, allow for error serial correlation and regressor
endogeneity, two typical problem that arise in cointegrating regressions. We then continue with
a large scale simulation study to assess the performance of estimators and tests in finite samples,
for a variety of functional forms, covering integrable and nonintegrable functions, and with varying
degrees of error serial correlation and regressor endogeneity. Most of the considered estimators and
tests rely on tuning parameters as bandwidths choices for the kernel based methods or truncation
parameters and so on. The impact of varying these choices is also evaluated in this paper. All this
gives guidance for practitioners which methods are useful in which situations and how crucial the

choices of the specific tuning parameters are.

The paper is organized as follows: In Section we present the setting, some assumptions and
define further quantities. In Section [2.3] we present the considered estimators and in Section [2.4]the
specification tests. Section provides the simulation setup and presents the results. Section [2.6]

briefly summarizes and concludes.

We use the following notation: Weak convergence is signified by = for T" — oo, the integer part

of x € R is denoted by |z| and E(:) denotes the expected value. The backward-shift operator is
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denoted by L, i.e., L{z}tcz = {zt-1}tez and A := 1 — L signifies the first-difference operator.

Brownian motions are denoted with B(r), with covariance matrices specified in the context.

2.2 Model and Assumptions

We consider a cointegrating regression model of the form

yt = f(oe) + t=1,2,...,T,
(51)
Ty = Tg—1 + Vg,
with z; a nonstationary one-dimensional regressor and u; and vy zero mean stationary error terms.
The real function f(x) is unknown and the aim is to estimate f(x) using nonparametric estimators,
based on the observation pairs {yt,wt}thl. Nonparametric estimation compared to parametrics
estimation has the advantage, that no functional form needs to be specified and thus, there is no
risk of misspecification. On the other hand, if correctly specified, parametric estimation has the
advantage of faster convergence rates. To test whether more structure ca be put on f(z) and thus
to allow for estimating a parametric model instead, we consider specification tests for nonlinear
cointegrating regressions. Therefore, we test the regression function on specific parametric func-
tional forms. Given a real function g(z, 6), with a vector of unknown parameters 6 = [0y, ..., 0,,]" in
the compact parameter space g C R™, and a cointegrating regression model as in equation ,

we are interested in testing the parametric null hypothesis

Ho : f(z) = g(z, bo), (52)

for 6y € ©g and z € R.

Before we get to the considered estimators and specification tests, we introduce a few concepts
and quantities. Some of the tests and estimators use local time processes in their asymptotic
distribution. We denote with Ly (1,0) the local time process up to time 1, at point 0, of a standard
Brownian motion W (r). The local time can be defined as

1 1
Lw(l,()) = lim / ]1{|W(r)|§€}(’l“)d7", (53)
0

e—0 2¢
(see, e.g., Wang and Phillips, 2009a) and can be interpreted as the time spent in a vicinity of 0
by W(r), within the time interval [0,1]. The cumulative distribution function of the local time
process Ly (1,0) is given by (2FN(071)(:1:) — 1) X Lyz>0y(z) (see, e.g., Wang and Phillips, 2016),

with Fyr(,1)(z) being the cumulative distribution function of the standard normal distribution.
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Some estimators and tests allow for error serial correlation and regressor endogeneity and require
long-run variance estimation, for which we define some further quantities. Assume that for the

stacked process {w; }iez = {[ut, v¢]' }ez it holds that
1
—Zwt:>B(s) =QY2W(s), 0<s<1, (54)

with B(s) = [Buy(s), By(s)'] a vector of Brownian motions, the positive definite long-run covariance

matrix
o

Quu Q’LL’U
Q - |:Qvu va:| = Z E (wtwg_j)’

j=—o00
and W (s) = [Wy.u(s), Wy(s)']" a vector of standard Brownian motions. Using, e.g., the Cholesky
decomposition of 2 yields:

u-v )\’LL’U
Q2 = [“’ : (55)

0

1/2

where w Qi — Q05 Q and Ay == Qo (i) L. For later usage, we define wy, == Q},{,Q

L=
One estimator is based on Hermite polynomials. Let the Hermite orthogonal polynomial sequence

{H¢(z)}ren, be defined as

df

Hy(z) = (—1)* exp(a:Q)W exp(—xz?), £>0. (56)

The inner product is given by (g1, g2) = [ g1(x)g2 (z)e~*" dz with the induced norm ||g||? = (g, g).
For the Hermite polynomials it follows that [ Hi(:n)Hj(x)e_”zdaj = /m27416;;. Furthermore,
define

he(x) = (Vr2'0) V2 Hy(), (57)
which forms an orthonormal polynomial basis in L?(R, er) (see, e.g., Dong et al., 2021).

The individual assumptions of estimators and specification tests are provided in Appendix

2.3 Estimators

We consider the following estimators for nonparametric cointegrating regressions. The first two
sets of estimators consists of kernel based estimators. The first set includes the Nadaraya-Watson
estimator and the local linear estimator. The second set includes estimators proposed by Linton and
Wang (2016), which originate from the Nadaraya-Watson estimator and adjust for auto regressive

error structures. The next estimator is proposed by Dong et al. (2021) and based on an orthogonal
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expansion using Hermite polynomials. In the finite sample simulations in Section [2.5] we compare
the performance of these estimators for different functional forms. Since in the simulations, the
underlying regression functions are known by construction, we can evaluate the performance of
those estimators against a parametric estimator using the known function f(z). For this benchmark

purpose serves the parametric D-OLS estimator of Choi and Saikkonen (2010).
“Conventional” Kernel Estimators

We start with two well known kernel estimators for f(z), the Nadaraya-Watson estimator and the
local linear estimator. Both estimators are widely used for nonparametric estimation of regres-
sion functions with stationary regressors. For cointegrating regressions, e.g., Wang and Phillips
(2016) and Wang (2015) provide asymptotic results for both estimators and show that even in case
of regressor endogeneity and error serial correlation the self-normalized estimators converge to a

standard normal distribution.

Define K,(s) := h™'K(s/h), where K(-) is a kernel function and the parameter h a bandwidth
parameter with h := hp — 0 for T — oo. The Nadaraya-Watson estimator approximates f(x)

locally by a constant and is given by

M=

ytKh(xt - ﬂU)

Il
—

Frw(@) =1 (58)

M=

Kp(xy — )

~~
Il

1
The local linear estimator models f(x), as the name already indicates, approximates f(z) locally

by a linear fit and is given by

M=

Kp(zt — 2)(St2 — (2t — 2)ST1) 08

fn(z) =1 , (59)

|~

Ky(xt — x)(St2 — (¢ — x)S1,1)

o~
Il

1

with S7; = S Kj (xr — ) (2, — x)J. The Sy terms stem from a locally weighted least squares
regression. More details to both estimators can be found in, e.g., Fan and Gijbels (1996). The
Nadaraya-Watson estimator and local linear estimator are both consistent estimators for the un-
known function f(x). More precisely, for h satisfying v/Th — oo and vTh!T2Y — 0, with 0 < y < 1
from Assumption [8] for T — oo it holds under Assumptions that

1/2
(ﬁh> (fNW(x) _ f(m)) —q Ly 2(1,0) N (0, 72). (60)

Wyp
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The self-normalized limit form is given by

T 1/2
(hZKh(:vt -~ 1:)) ( Faw(z) — f(x)) —a N(0,7%), (61)
t=1

with 72 := E(ud) [ K?(s)ds (see Wang and Phillips, 2016, Theorem 2.1). The stated assump-
tions allow for regressor endogeneity and error serial correlation. For slightly stronger smoothness
conditions on f(z) and the kernel K (-), Wang and Phillips (2016) provide limit theory incorporat-
ing an asymptotically vanishing explicit bias term. Under Assumptions for any h satisfying
VTh — oo and VTh*2P+1) 5 0, the limiting distribution is given by

1z, P @) () [
<ﬁh> (wa(ﬁ) - f($) - hf()/ ypK(y)dy> —d LI;/l/Q(lv 0) N(0772)’ (62)

Wyy p! —0o0

and the self-normalized limit form by

p! o

T v PE0) (p) [0
<hZKh<xt—x>) (wa<x>—f<x>—hf“ / yﬁK(y)dy) SaNO,7).  (63)

and (for p = 2) with the local linear estimator fLL (x) leading to the same limiting distribution as the
Nadaraya-Watson estimator (see Wang and Phillips, 2016, Theorem 2.2). The Nadaraya-Watson
estimator and local linear estimator having the same explicit bias term in case of nonparametric
cointegrating regression is of interest, since in the stationary case the Nadaraya-Watson estimator
exhibits an additional linear bias term making the the local linear estimator advantageous over
the Nadaraya-Watson estimator. This advantage of the local linear estimator is lost in case of
nonparametric cointegrating regression with x; being nonstationary (see, e.g., Wang and Phillips,

2011).

If we choose h = T?, then it has to hold that —% <b< —% (the upper bound might be smaller
than —% depending on v in Assumption .

Linton and Wang (2016)

Linton and Wang (2016) propose three estimators for nonparametric cointegrating regressions for
the special case with an autocorrelation structure in the error term, e.g., uy = prug—1 + -+ +
ppui—p + (. These estimators account for AR(1) and AR(p) type error serial correlation and are in
those cases more efficient — in terms of smaller asymptotic variances — than the Nadaraya-Watson

estimator. As a starting point for the Linton and Wang (2016) estimators serve the residuals from
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Nadaraya-Watson estimation, i.e., @ = y; — fuw(2¢), while assuming that fuw(z) is a consistent

estimator for f(z). The first estimator of Linton and Wang (2016) is based on
p=== (64)

in combination with a Cochrane-Orcutt transformation to obtain an error process without serial

correlation and is defined as

f (z) = Z?:Q [?/t — pYi—1 + ﬁwa(ﬂftfl)) K((x; —x)/h)
e S, K((w —x)/h)

Under Assumptions [2[(a), [12(b), [L3(a) and >3 il¢;| < oo the limiting distribution of
fowi(z) is given by

(65)

T 1/2
<hz K (e — x)> (fows(@) = F(@)) —a N0, 73), (66)
t=1

for any h satisfying Th?t%% — 0, T*h?% — 0, with 0 < f < 1 from Assumption [13{a), and
T'=%h? — oo for some & > 0, with 73 = o2 75 K?(s)ds and E(v§) = o2 (see Linton and
Wang, 2016, Theorem 2.2). The assumptions of Linton and Wang (2016) allow for error serial
correlation but not for regressor endogeneity. When choosing, e.g., h = T?, then it has to hold
that —% <b< —% (the upper bound might be smaller than —% depending on « and S in
Assumption [I3). For slightly stronger smoothness conditions on f(z) and the kernel K(-), also
Linton and Wang (2016) provide limit theory incorporating an asymptotically vanishing explicit
bias term which we omit here. In the described case with AR(1) errors, the Nadaraya-Watson
estimator leads to a similar limiting distribution with 77 := (1 — p*)~1o? [* K?(s)ds instead
of 77 in (66]), and thus 73 < 7¢ for 0 < |p| < 1. Similar in spirit, Linton and Wang (2016)
propose an estimator with a Cochrane-Orcutt type transformation for the case of AR(p) errors,
ie., u = prug—1 + -+ pput—p + G, with ¢j,j € Z, i.i.d. random variables with E({y) = 0 and

E(¢3) = 02 and (; are independent of x;. The estimator for the case of AR(p) errors is given by

f (2) = Z?:kﬂ [yt - 2?21 P (Yr—j — fNW(:ct_j))] K((zt —x)/h)
wal(x) = Z?:k—&-l K((z¢ —x)/h) ,

with (p1,...,px) the OLS estimator of (p1,...,pr)" in the model 4y = p1tiz—1 + -+ + prly— + €.

(67)

The lag length k has to be chosen if p is unknown, e. g., by using information criteria. The limiting

distribution of fiw.(x) in case of AR(p) errors is the same as the limiting distribution of fiw, ()
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in case of AR(1) errors, and given in with fows(z) replacing fiw:(z). Linton and Wang (2016)
furthermore propose a third estimator, inspired by the method of Linton and Mammen (2008),

which accounts for AR(1) errors and is more efficient than fL\m- This estimator is given by

A LS k(- a)/n)
Jiwe () = 5 t:_ ; (68)
VS K- )

with 5 = Z; (p) — pZ;1(p), where Z; (p) = yp — pye—1+ pf (ze-1) and Z;" (p) =y — pyu—1 — f (x1),
with f(x) and p being initial consistent estimators of f(z) and p. Under Assumptions (a)

12(b), [13{(a) and >~ 4|¢s| it holds that

. 1/2
(hz Kp(xy — x)) (fLWeﬂ(a:) - f(x)) —q N(0,73), (69)
t=1

for any h satisfying Th?*4% — 0, T*h?% — 0 and T'%h%? — oo for some &y > 0, with TS =

(1+p*) 1 [ K?(s)ds. Under the assumption of AR(1) errors it holds that 7§ < 7§ < 7{.
Dong, Linton and Peng (2021)

Dong et al. (2021) propose an estimator based on an orthogonal expansion rather than on kernel
estimation, a weighted sieve estimator for nonparametric cointegrating regression functions. The
general model includes a deterministic component, a stationary process and an integrated process

as regressors and is given by

yr = f(re, ze, 2¢) + uy, (70)

with deterministic component r; := t/T', stationary process z; and integrated process x;. Further-
more, 7; is defined on [0, 1], the support of z; is V, (either bounded or unbounded support) and z;
has unbounded support. This model is larger than the one-dimensional what we used so far. From

this model, we consider a special case with only an integrated process x; as single regressor.

We start with some technicalities. Similar to Dong et al. (2021), we assume that f(r,z,z) €
L2([0,1] x V, xR, ¢(z, 7)) = {g(r, 2, 2) : fff[o,l]xvszf(T’ z,x) XP(z,x)drdzdr < co}, with ¢(z, )
a density function defined on V, x R. Let ¢(z,z) := m(z) exp(—2?), with m(z) given by Assump-
tion As a basis in L?([0, 1] x V, x R, ¢(z,x)) we use the tensor product of the bases chosen
from L2[0,1] = {u(r) fo r)dr < oo}, L2(V,,m(z)) = s fy PP z)dz < oo} and
L2(R,e ") = {g(x) : 1= g2(:c)e_$ dr < oo}. We start with a basis in the Hilbert space L?[0,1].
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Define @go(r) == 1 and ¢;(r) == v/2cos(mir) for i > 1. Then, {;(r)}icn, is an orthonormal basis
in L2[0,1]. The inner product is given by (uj,us) = fol up (r)ug(r)dr for any ui(+),us(-) € L?[0,1],
with the induced norm ||ul|? = (u,u) for any u(-) € L?0,1]. It follows that (p;(r), ¢;(r)) = d;; the
Kronecker delta. The orthogonal function sequence {p;(z)};jen, from Assumption [L5|serves as an
orthonormal basis of LQ(VZ,m(z))@ The Hermite orthogonal polynomial sequence {Hy(z)}sen,,
defined by p

Hy(z) = (—1)* exp(a:g)w exp(—z?), £>0, (71)

forms a basis in L2(R,e~*"). The inner product is given by (g1, g2) = =0 (2)g2(z)e~" da with
the induced norm [|g||* = (g, g). For the Hermite polynomials it follows that [~ H;(z)H; (z)e " dx =
V727 j16;;. Define
he(x) = (V720" V2 Hy (), (72)
which is an orthonormal polynomial basis in L2(R,e™*"). The tensor product {pi(r) }ien, ®
{pj(2)}jeny ® {he(r)}een, is an orthonormal basis in L?([0,1] x V, x R, ¢(z,x)). Then, the un-
known function f(r, z,x) can be represented by an orthogonal expansion
oo
flrz,z) = Z cijipi(r)p;(2) () (73)
i,j,l=0

(see Dong et al., 2021). To obtain a nonparametric estimate for f(r, z, ), the orthogonal expansion
is truncated and the parameters c;j, are estimated using weighted least squares. The truncation
parameters ki, ko, k3 are positive integers, with k = (ki, ka2, k3) and K = kjkoks. Defining the
quantities

Go(T¢)po(zt)ho(z¢) Zp(m1,21,11)
¢o(1e)po(zt)hi(x Zi (12, 22, 22)’
Zy (Tt 2ty 0t) = ) (. o)1) ERE, Zry:= ( ' ) e RT*K,

Oley—1(Tt) Phy—1(2¢) Py —1(2¢) Zy(r, 21, x7)’

(74)
y = (y1,...,yr), and the weighting matrix Wy = diag(¢ (21, 1), ..., ¢(zr, 7)), then the weighted

least squares estimator given by
¢ = (Zp xkWrZrx) " 2k Wry, (75)
leads to an estimation of the nonparametric function f(r, z,z), which is then given by

fDLP(r, z,x) = Zp(r,z,x) ¢ (76)

47Since we consider the special case without a stationary regressor in our simulations and application, we do not
discuss the choice of the density function m(z) and orthogonal functions p;(z) further here and refer to Dong et al.
(2021) for a detailed discussion.
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Under Assumptions and [16] the limit of the self-normalized estimator is given by
E;l(r,z,x) (fDLp(r,z,x) — f(r,z,a;)) —q4 N(0,1) (77)
with
ST (r,z,@) = 0n Zi(r, 2, @) (Zp g Wr Zr,x) " 20 kWi 2k (Zp g WrZrk) ™ Zi(r, z,2). (78)

The estimator 62, , accounts for the weighted least squares approach and is a consistent estimator

for O'?L under Assumptions and [16{ and given by

_1T

T
&IQDLP = (Z ¢(Zt,.%’t)) Z@?Lp(b(zt?xt)v (79)
t=1 t=1

with 49" =y — fDLp(rt, zt, z¢). The assumptions of Dong et al. (2021) do not allow for regressor

endogeneity neither for error serial correlation.

In their simulation study, Dong et al. (2021) minimize a generalized cross validation function to

select the truncation parameters ki, ko, k3:

~ ~ ~ _ Z A\ _ Z ~
(K1, k2, k3) = arg min (y = Zr.x ) Wrly T,KC)‘

80
k1,k2,k3 T(l — %)2 ( )

In our simulations and application, we use a special case of the general model in , considering
only an integrated process x;, without any deterministic component r; and any stationary process
zt, and thus we consider in the weighting matrix Wp only functions ¢(x). Dong et al. (2021) use in
their simulation study special cases considering only subsets of the three proposed regressors r, z, x

as well.

Dynamic Ordinary Least Squares

As last estimator, we consider the estimator of Choi and Saikkonen (2010), who propose a version
of their dynamic ordinary least squares (D-OLS) estimator for nonlinear cointegrating regressions.
This estimator is in contrast to the other considered estimators a parametric estimator and serves
as a benchmark in the finite sample simulations in Section [2.5, where by design the parametric
functions behind the data generating processes are known, i.e., f(x;) = g(z¢,0) for some function
g(+,+). The idea behind the D-OLS estimator is to include leads and lags of the first differences of the
regressor in the regression equation, which leads to a nuisance parameter free limiting distribution

even in case of regressor endogeneity and error serial correlation.
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The D-OLS estimator of Choi and Saikkonen (2010) is a two-step estimator, with the first step
estimating 6 in

yr =g(x,0) +ue, t=1,...,T. (81)

using nonlinear least squares (NLLS). Expressing the error term as u; = Z?O:_OO o

jUt—j + €,

where ¢, is a stationary zero mean process and with defining e; == ¢; + ZjGZ:jg{_,Q ok} 71'91),5_]‘,

Equation can be written as leads and lags augmented regression by

k1
yt:g<mt76)+ Z W}Axt_j+€t, t:k1+27"'7T_k27 (82)
Jj=—ka
and in a more compact fashion as
y=9g@,0)+V/m+e, t=k+2,....,T — ko, (83)

with V; = [AxéJrk?, .. ,Axg_kl]/, and ™ = [7T/_k2, .. ,W;ﬂ]/. Using the NLLS estimator 6 as an
initial estimator, the D-OLS two-step estimator is defined by

é(l) é T—ko T—ko
t=k1+2 t=k1+2

- - Y ! - .
with 4 = ¥ — ¢ (mt,ﬁ), pr = [K (xt,9> ,Vt'} and K (xtﬁ) = W‘g:é' Furthermore, the

residuals obtained by using the two-step estimator are defined as é; = y;—g (a:t, é(l)) -V 70, =
ki4+2,...,T — ko.

Properties Estimators

The estimators are based on different assumptions with respect to the error term and potential cor-
relation with the regressor, for which their proposed limiting distributions hold. With exception of
the DLP estimator, all considered estimators allow for error serial correlation in their assumptions.
The estimators’ assumptions with respect to regressor endogeneity are more restrictive. Only the
Nadaraya-Watson estimator and local-linear estimator allow for regressor endogeneity. Table
summarizes whether the estimators’ assumptions allow for error serial correlation and for regressor
endogeneity. Furthermore, the table shows necessary user choices which have to be made prior to
estimation. We did not include the D-OLS estimator in Table [25] which serves as benchmark, and

allows for both error serial correlation and regressor endogeneity.
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Correlation Endogeneity User Choices

Frw v v kernel, bandwidth

JiocLin v v kernel, bandwidth

fiwn v X kernel, bandwidth

fiws v X kernel, bandwidth, AR order
Fuwes v X kernel, bandwidth

f DLP X X weighting function, approximation order

Table 25: The checkmarks indicate whether the specific assumptions of the estimators allow for
error serial correlation and regressor endogeneity.

Bandwidth Selection

The kernel based estimators and specification tests require the choice of a bandwidth parameter.
To overcome the problem of how to choose the bandwidth parameter h, Wang and Phillips (2023)
propose two rules for optimal bandwidth selection for kernel based estimators and specification
tests in nonlinear cointegrating regressions. One rule provides an optimal pointwise bandwidth,
thus returning h(z) for values of z, and the other rule provides an optimal weighted bandwidth,
giving a single value h. In our finite sample simulations, we compare for kernel based estimators
and tests their performance with respect to these optimal bandwidth selections and deterministic
bandwidth selections as, e.g., h = T° with b being a constant in the range —% < b < —%.

Optimality of the bandwidth selections refers to the conditional MSE criterion, applied on the local

linear estimator:
R 2
E|:<fLL<m)_f<m)) ‘xla"'vxT:l ) (85)

and the conditional weighted average MSE:
o0 . 2
|8 |(fu) - £@)" L1, ar | m(ada (56)
—o0
where 7(x) is a weighting function with compact support. Conditional expectations are used here,
since unconditional expectations are undefined in the nonstationary case. The optimal pointwise

and weighted bandwidths are given by

o2 () [ K?(t)dt] R

hOpt(x) = [ [Tf”(ﬂ?)]Q AT (87)
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and
7 o (z)W (z)dz [ K*(z)dx 1/ 15

o0

J25 1" (@) m(2)da 72 T

with Ay = Y7 K(x;) (see Wang and Phillips, 2023). An estimator for the error variance o?(z)

hopt = (88)

is given by .
> (ye — f () K — @)
5% (x) = S , (89)
t; Kp(zy — )

see, e. g., Wang and Wang (2013). Both bandwidths can also be calculated using A7, = % Ethl K(
(x¢—x)/h) (see Wang and Phillips, 2023) and we consider both versions in our simulations, labeling
the ones using A7y as hopp(2) and hepep. For the optimal bandwidth selection, the second
derivative of the regression function f(x) is needed. In our simulation study, we calculate the
optimal bandwidths once with the true second derivative of the known regression function and
once with an estimate of the second derivative of the unknown regression function, which is done

using the method of Mack and Miiller (1989).

For the specification tests which require bandwidth choices, we do not consider optimal pointwise
bandwidths in our simulation study. For one of the later described tests, integration over x from
—oo to +oo takes place and thus a pointwise bandwidth would need to be calculated at each value

of x used in the numerical integration.
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2.4 Specification Tests

There has been a lot of development in the area of specification testing for nonlinear cointegrating
relationships in recent years. We consider tests for the null hypothesis Hy : f(z) = g(x,60p) in
nonlinear cointegrating regressions. The first one we consider is the test of Choi and Saikkonen
(2010) which is based on the residuals of their two-step estimator described above. The test of
Dong and Gao (2018) is based on an integral of the difference of a nonparametric estimation of
f(z) and a parametric estimation of g(x,#). In this case, the nonparametric estimation is based on
Hermite polynomials, similar to the Dong et al. (2021) estimator. The test of Wang and Phillips
(2012) goes into a different direction and uses a normalized, kernel-weighted sum of the cross
products of the residuals from parametric estimation. In a similar fashion works the test of Wang
and Phillips (2016) but using the integral of a weighting function and the kernel-weighted residuals
from parametric estimation. Wang et al. (2018) use as test statistic the supremum of a marked
empirical process of the residuals from parametric estimation. The test of Wang and Zhu (2020)

uses a portmanteau test statistic of autocorrelation-corrected residuals from parametric estimation.

Choi and Saikkonen (2010)

Choi and Saikkonen (2010) propose several tests for testing nonlinear cointegration. The test
statistics are based on either the residuals #; from NLLS estimation of or the residuals é; from
the two-step DOLS estimation of (see Section . The first test statistic we consider from
Choi and Saikkonen (2010) is given by

2
T—ko t

Cro=T -k —k-D"02 > | > &,

t=k14+2 \j=k1+2

with @2 a consistent estimator of the long-run variance w?2.,. Let ki, ks — oo such that k3 /T, k3 /T —
0 and T'/2 > ojez: je¢{—kn,. 3 ITill — 0. Under Assumptions and with consistent long-run

variance estimation, it holds under the null hypothesis that

2
CLL=>w;12}/ [ /K Ho)drx( 8,90)] ds,

with x (BY,60) = (fy K (BY(2),00) K ( g(z>,90)'dz) JER (BY(2),600) dByo(z) and By, =
Wy Waw, with Wi, mdependent of BY (see Choi and Saikkonen, 2010). In case of, e.g., a poly-

nomial regression model, the limiting distribution is nuisance paramter-free up to a scalar variance
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parameter, which can be consistently estimated and thus scaled out (see Choi and Saikkonen, 2010,

p. 690).

The second and third test statistics we consider from Choi and Saikkonen (2010) are based on
subsamples of residuals, denoted as subresiduals, of block size b, which is dependent on the sample
size. The motivation behind using subresiduals with a certain block size is the following: A block
size b, that increases with a slower rate than the sample size, results in a limiting distribution of
the test statistic independent of the regressors (see Choi and Saikkonen, 2010, p. 691). That result
for the limiting distribution holds for both test statistic versions, one based on subresiduals from
nonlinear least squares estimation and the other based on subresiduals from the two-step estimation

as described in Section [2.3] The subresidual based test statistics are given by

. 2
i+b—1 t
byi o 3—2~-2 -
Cnpps =077, Z uj | (90)
t=i \ j=i
and )
i+b—ko t

Crp=0b—k -k =1)7%G 7, > >ooe (91)

t=i+k1+2 j=i+k1+2

with ¢ denoting the starting point of the subresiduals and b denoting the block size. Suppose that
Assumptions hold and let d)?u be a consistent estimator of w2 = Q. If b — oo and b/T — 0
as T — oo, for any ¢ with 1 <7 < T — b, it holds under the null hypothesis that

‘ 1
C]VLLS:>/0 W?(s)ds,

where W (s) is a standard Brownian motion (see Choi and Saikkonen, 2010). A similar result holds
for the test statistic based on residuals from the two-step estimation. Suppose that Assumptions[36]-

hold and that ki, ks — oo in such a way that k3/T, k3 /T — 0 and T"/? > i {—ko, ket Tl = 0.

2
T,UV

for any ¢ with 1 <1¢ < T — b, it holds under the null hypothesis that

Furthermore, assume that &2, is a consistent estimator of w? . If b — oo and b/T — 0 as T — oo,

A 1
cht = / W2(s)ds.
0
Choi and Saikkonen (2010) suggest to jointly consider multiple of one of the above test statistics,

using different starting points ¢, together with a Bonferroni procedure, as the individual tests are

likely to have lower power compared tests using the full residuals, i. e., not subresiduals. For a joint

. . by b,i
test statistic, select M statistics C/ g, .., CN[ g and define
Ob,max . Cb,il Cb7i1\/j 92
NLLs — MaX\Cnprs s UNLLS ) (92)
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and similarly, for M statistics C’Z’E, A CZ’zM , define
b,max . b,il b,i}y[
Cp™ == max (CLL,...,CLL > . (93)

For each version, the M test statistics have the same block size but use different starting points,

w.l.o.g., i1 <ig... <ips. It holds that

) b,

Jim P [CNTE?; < Ca/M} >1-a, (94)
. b,max

Jim P |CP™ < o] 21— (95)

where c,/p is the a/M-level critical value from the distribution of fol W?2(s)ds. For detailed
suggestions how to choose the number of subresidual tests statistics M, starting points i1, ..., i,
and block size b by the minimum volatility rule, see Choi and Saikkonen (2010). For further usage,

we relabel the considered test statistics as Tesy, = CrLr, Tesmaxt = C’%Elax and Teg maxy = Cﬁ,?i’;

Dong and Gao (2018)

Dong and Gao (2018) propose two specification tests for the null hypothesis in based on an
orthogonal series. Omne version of the test covers integrable regression functions and the other
version accounts for a function space of nonintegrable regression functions. Both tests allow for
regressor endogeneity. The test statistics are based on Hermite polynomials as defined in ([71)).

Furthermore, define
- 1
Hi(z) = (Va2 i) Y2 H;(z) exp <—2x2> , (96)

and thus H;(z) = hj(z)exp(—32?), with h;(z) as defined in . The sequence {H;(x)}tez is
a complete orthonormal basis in L*(R) = {g(z) : [ g*(z)dz < oo}. Any function f(z) €
L?(R) can be represented using an orthogonal expansion, i.e., f(x) = > 50 Bitj(x) with B; =
J7% f(z)Hi(z)dz. The truncated series fi(z) = Zf;é BjH;(x) with truncation parameter k € N
approximates the function f(z), with fx(z) — f(z) in L? sense as k — oo (see, e.g., Dong and
Gao, 2018, p. 759). First, we consider the case with an integrable function, i.e., where f(x) € L*(R).
Denote Zp(z) = (Ho(x),...,Hp_1(z)) and B = (Bo,...,Bk—1), leading to fr(z) = Z(z)'B.
Furthermore, denote Z := (Zy(x1), ..., Zx(zr)). Then, the OLS estimator 3 := (Z'Z) 12"y of
leads to a nonparametric estimation of f(z), with f(z) = Zj(x)'3. The underlying idea of the test
is to compare the estimation f (x), based on Hermite polynomials, with the parametric estimation

g(z, éT) when considering a specific functional form. To overcome theoretical and computational
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difficulties when relying on the inverse of Z’Z, Dong and Gao (2018) propose to use B:=27Z B
instead of 8 and correspondingly replace f(:n) = Zk(:n)’B by f(z) = Z(x)' B, which leads to f(z) =
Zthl Zy(xy) Zy(x)ys. A similar transformation is performed for g(x,0) and we obtain g(z,6) =
Z;le Zi () Zi(2)g (21, 0). Now, instead of comparing f(z) with g(x, 07), the test statistic is based

on the distance between f(x) and §(z, éT) and given by

2
Ly = / (f(x) — §(z, éT))z dx = / (ZT: (Zk (1) Z1 () (?Jt —g(@t, éT))) dz, (97)

which simplifies by [*_ Zj(x)Z} (z)dz = I} to

T T
Ly =Y Zi(w) Zi(ws) s, (98)

t=1 s=1
with 4, =y, — g(ay, éT) and 7 nonlinear least squares estimator of 6y in g(x,6p). Under the null
hypothesis and Assumptions [20] and [21] it holds that

Y

TlTk‘UQLT —q Lw (1,0), (99)

with ¢ = wsy, (can be seen from Assumption . The unknown parameters can be replaced by

consistent estimates and it holds that

~

Y

foo = Tipga

Ly —q LW(LO)? (100)

with o2 = ZtT:o @? (see Dong and Gao, 2018).

The second test of Dong and Gao (2018) covers the case where f(z) € L2(R,e ") = {g(z) :
ffooo g° (az)e‘f"’2 dx < oo} and thus includes a wide range of regression functions, such as polynomials,
flog|z| and fe”/(1 + e¥). The idea of this second version is, starting from a function f(z) €
L3(R, e*“2), to define f(z) == f(x)e_%“”Q, with f(z) € L2(R). Defining ¢, = yte_%“”g, iy = uge 2%

leads to the transformed model

G = fle) + i, (101)

which is equivalent to . Furthermore, we define g(z,6y) = g(m,@o)e_%“'j. The hypothesis

v

H| : f(z) = g(x,6p) is equivalent to . This leads to the test statistic

T T

Ly = Zi(w1) Zi(as)tigils, (102)

t=1 s=1
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with 4; = ﬁte_%x? = (yr — g(xt,éT))e_%x? = — g(xt,éT) and 07 a consistent estimator of .
Under Hy, with g(z,0) € L*(R, e_IQ), and Assumptions [20| and it holds that

Y

with F(x) = %\/4 — x2]l[_272] (z). Again, replacing the unknown parameters by consistent estima-

tors leads to a feasible test statistic and in holds that

Y

WET —q F(x)e ™ dz - Ly (1,0) (104)

Thas =

(see Dong and Gao, 2018).
Wang and Phillips (2012)

Wang and Phillips (2012) propose a specification test for nonlinear cointegrating regressions, based

on a kernel-weighted U-statistic. Denote with @; = vy — g(xy, éT)

T
Sr= Y yisK((x —x)/h), (105)

s,t=1,s#t
with éT a consistent parametric estimator of 8y € ©¢ under the null hypothesis. Furthermore,

define
T

Vi= Y K ((x — xs)/h). (106)
s,t=1,s#t

Under the null hypothesis and with Assumptions in place, it holds that

N

S
Twpr2 = \@7:/
T

Under the stated assumptions, the proposed test does not allow for an endogeneous regressor or

—q N(0,1). (107)

serially correlated errors.
Wang and Phillips (2016)

Wang and Phillips (2016) propose a specification test based on an integral of kernel weighted
residuals from nonlinear least squares estimation. In contrast to the test of Wang and Phillips
(2012), this test allows for an endogeneous regressor and serially correlated errors. Having the
nonlinear least squares estimator O of 6y in g(x,6p), we can test the null hypothesis in with

a normalized version of the statistic

Tr = 7 (z:f{ <~Tt ; w) (yt N g(xt,éT))>27T(:p)daz, (108)

—00
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with 7(z) denoting a positive integrable function (i.e., [ |7 (z)|dz < c0). With Assumptions
and in place, it holds under the null hypothesis that

Wyy
Tro ==

0= sy T~ 7o L (1,0), (109)

for any h satisfying vVTh?logT — 0 and T'~%h2 — oo, where

T = E(ug)/ KQ(S)dS/ 7(x)dx, (110)
and dy can be as small as required. The error variance E(u3) can be estimated by

S (ye — gl 7)) K (w — )
Z?:l Kh(xt - 95)

. . . . . ~9 2 . 00
and the combination with a consistent estimator &7, —) wi, = > e —oo

67 = (111)

E (vi—jvt) delivers a feasible
test statistic Tywpig = 7},0. If we choose h = T?, then it has to hold —% <b< —%. Gao et
al. (2012, p. 9), who use the same test for nonlinear cointegrating models but without allowing for
endogeneity, suggest to choose the Gaussian kernel function as 7(x), if the partial derivatives of

g(x,0p) with respect to 6y are of polynomial forms.

Wang, Wu and Zhu (2018)

Wang et al. (2018) propose a test on parametric specification in nonlinear cointegrating regressions,

based on a marked empirical process. More precisely, they test the null hypothesis
Hy : E (y: — g(x¢,0p)|zt) = 0, (112)

for some 0y € Oy with ©y C R being a compact space. Denote with 7 the nonlinear least squares
estimator of fy. Define d2 = var(Yi_ovk) ~ w2, T. First, we consider the case of integrable

regression functions g(z, ). Define the marked empirical process ap(x) as

T
1 R
ar(r) = ﬁ Z(yt —g(t, 9T))]1(m/dT§x), (113)
t=1

where 0 < dr — o0 is a sequence of constants. The test statistic for the null hypothesis in (112)) is

then defined by

St = suplar|(z) (114)
z€R
T
=sup |— Z g(xs, 67))1 (z:<z) | > (115)
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where the last equality does not depend anymore on dr, which simplifies the calculation of St in

practice. Let {B(t), Ba(t) }+>0 be a 2-dimensional Brownian motion with covariance matrix

)= (; 5) , (116)

with p € [—1, 1] being the asymptotic correlation coefficient between 7~ 1/2 23:1 ¢ and (To?)~1/2 Zthl Ut
and with o2 > 0 being the asymptotic variance of 7~1/2 Zthl ut. Under the null hypothesis and
Assumptions it holds that

St —q osupla(z)], (117)

z€R

2

where a(z) = fol 1B, (t)<x)@B2(t). Under Hy, the variance o can be consistently estimated by

62 = %Zthl a2, with @ =y — (s, 07) (see Wang et al., 2018).

Next, we consider the case of nonintegrable regression functions. Define W(t) := h(Bi(t), 6p).

Under the null hypothesis and Assumptions and it holds that

St —q o sup|B(z)], (118)
zeR

1 1 1 -1

B(a) = /0 10, (10 ABa(£) — /0 1, (o)) (5)ds ( /0 ‘Ill(u)\Illl(u)du> /0 U, (1)dBa(t). (119)
Wang et al. (2018) provide critical values for Sp when considering integrable functions and in
addition for g(0,x) = 01 + bz, g(0,2) = 01 + Osx + 0322, g(0,2) = 61 + Ozlogx and g(0,x) =
0e®/(1 4+ €*), in case of certain error structures. For both cases, integrable and nonintegrable

regression functions, denote Tywwy == St.
Wang and Zhu (2020)

Wang and Zhu (2020) propose a portmanteau test for specification testing in nonlinear cointegrating
regression models with serially correlated errors and an endogenous regressor. Wang and Zhu (2020)
assume that the errors have the form u; = pus—1 + 4. Define 4, = y — g(ay, éT) with 9T being a

consistent estimator of fy. Denote with oy = 4y — ptiy—1 the residual of v;. Let

T A A
et (120)
D=2 Uiy

be the least squares estimator of p based on the autoregression 4y = pty—1 +1v4. If p =0 set Iy = Uy

b=

for all £. The portmanteau test statistic is then defined as

. M o 2
Urp(M) :=T(T +2) ; T & - (121)
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for some integer M > 1, where
T PNEDN
G = Zt:k—H Uili—k
k= ST 52
t=1Y¢

is the sample autocorrelation of ; at lag k. The aim of the portmanteau test statistic ﬁT(M ) is to

(122)

detect the autocorrelation of the residual of 1, at the first M lags. Under the null hypothesis and
Assumptions and it holds for integrable regression functions that the limiting distribution
of Up(M) can be approximated by X3, for large M (see Wang and Zhu, 2020). In case of
nonintegrable regression functions, it holds under the null hypothesis and Assumptions [33] and
with || Dy, (6 — 6o|| = Op(log? T) for some § > 0 with Dy = diag(v/Tv1(d7), . .., VTvm(dr)), where
d% = var(zr), that the limiting distribution of [?T(M ) can be approximated by x3, ; for large
M (see Wang and Zhu, 2020). For both integrable and nonintegrable regression functions denote
Twz = Up(M).

Properties Specification Tests

Similar to the described estimators, the described tests differ in their assumptions under which
their test statistics converge under the null hypothesis towards the stated limiting distributions.
Again, our main focus is on whether the assumptions allow for error serial correlation and regressor
endogeneity, as well as which choices need to be made. Furthermore, we are interested whether
long-run variance estimation is required to compute the test statistic. Despite the tests of Wang
and Phillips (2012) and Wang et al. (2018), the other tests allow for error serial correlation and
regressor endogeneity. On the other hand, those two tests and additionally the Wang and Zhu
(2020) test do not require long-run variance estimation. Furthermore, the Wang et al. (2018) does
not require any user choices at all. Table shows which specification test allows in its specific
assumptions for error serial correlation and regressor endogeneity. Furthermore, Table lists

necessary user choices and whether long-run variance estimation is required.

2.5 Large Scale Simulation Study

In this section we compare the performance of the considered estimators and specification tests
for a variety of settings. As performance criteria serve average root mean squared error (ARMSE)
for the estimators and null rejection probabilities and size-corrected power for the specification

tests. We are particularly interested in the effects on performance related to variation in the

480nly the subsample-based test requires the choice of a block size.
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Correlation Endogeneity User Choices LR Var

Tes v v leads and lags, block sizd®] v
The v approximation order

Twei2 X X kernel, bandwidth X
Twrie v v kernel, bandwidth, weighting v
Twwz X X X X
Twz v v AR order of errors X

Table 26: The checkmarks indicate whether the specific assumptions of the tests allow for error
serial correlation and endogeneity, and if long-run variance estimation is required.

following dimensions: Regression function (integrable and nonintegrable, as well as different types),
regressor endogeneity and error serial correlation. The degree of endogeneity and error serial
correlation (or their presences at all) is naturally unknown in many applications. Therefore, it is
of particular interest to which extent endogeneity and error serial correlation influence estimation
and test performances. Furthermore we vary estimator and test specific choices, such as kernel,

bandwidth and truncation. We generate data according to:

yt:f(:ct)—’_utv t:17"'aT7
(123)
r=x4-1 + v, 20 =0,
with:
U = pout—1 + €1t + p1e1—1 + p2eay,
(124)
vy = egt +0.5e94_1.
and [eq 4, e2¢]" ~ N(0,2) (and iid) for ¢ € N. For the simulations, we obtain w; and v; by using

e1,1,e1,0,€2,1, €2,0, Up, whereby eq g, e20 and ug are drawn from the joint distribution

(1+2pop1+pT)o? +p302, o

2
) 0 1-p? Oe; P20¢,
€10 ~ N 0 s 0.31 031 0 . (125)
€2,0 0 p202, 0 o2

with 0., = 0¢, = 1 in our simulations. We do this in order to obtain the desired covariances
between wu; and [e14,e2;]) even for very small values of ¢ and to avoid the need for a settling

period. Given the DGP above, the long-run variance w2, in the Choi-Saikkonen test is given by
wir.y = 0z, (14 p1)?/(1 = po).
Tables shows the general parameter choices and Table shows estimator and test specific

choices. We perform 5,000 replications and all tests are performed at a nominal level of 5%. For
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some regression functions it is necessary, that there are observations in a certain area. For example,
for the function f5, the function value is recognizable above zero only in a domain around zero.
Thus, if we have most observations way larger than zero, we only observe function values close
to zero and estimating such a function is not what we intend to estimate. Therefore, in each
replication, the draw of random numbers for e;; and ex; will be repeated until zg25 < 0 < xg.75
applies for the resulting observations, with x, being the p-quantile of {z1,...,z7r}. The RMSE is
calculated using 100 equidistant grid point between xg g5 and xg.g5. This is to ensure that the grid
on which we calculate the RMSE is actually covered by observations, which is not necessarily given
with a fixed grid. Additionally, when calculating the function value of kernel based estimators at
a specific grid point, the bandwidth for this point is increased, if necessary, in such a way that at
least two observations that lead to nonzero kernel values are taken into account. This is to ensure,
that each grid point is locally covered by observations. In the finite sample simulations we use for
long-run covariance estimation the Bartlett kernel with bandwidth chosen according to Newey and
West (1994). To eliminate the detrimental impact of long-run variance estimation, we also run the
simulations using the true long-run covariances instead of their estimates estimate. For the optimal
bandwidth procedure of Wang and Phillips (2023) we use the Gaussian kernel and for the variance
estimation there the bandwidth h = 7-/6. We use the BIC to determine the AR order of the error
term for calculating the test statistic of Wang and Zhu (2020). For calculating the test statistic of
the Choi and Saikkonen (2010) tests, lead and lag length choices are performed using the BIC-type
criterion of Choi and Kurozumi (2012). Let us now turn the regression functions from Table
We consider two integrable and five nonintegrable functions. The first one is the sum of sinus
functions, which we truncate at j = 4, similar to Wang and Phillips (2016) in their simulations.
The second function is an exponential function. Coming to the nonintegrable functions, we have
a quadratic function being a representative of cointegrating polynomial functions in our case with
an integrated regressor, furthermore a smooth transition function and an exponential function.
These three functions are covered by the assumptions of most of the nonparametric estimators.
The next two types of function are not covered by the assumptions of all estimators, namely the
power function with one parameter as exponent and the jump function, which is not a real jump
in our choice of parameters, but still nondifferentiable. The parameters chosen in our simulations
are shown in the third column of Table 27 and the function abbreviations used in our result tables
are listed in the fourth column. Figure [40] shows us the shape of the functions given the parameter

choices we made. The space of AR and MA coefficients is chosen in such a way, that we do not
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obtain pg + p1 = 0. Otherwise, if additionally p = 0, this would lead to u; = e1, a pure iid
process, even if pg # 0 and p; # 0. As an illustration of the scale of the simulation study, we ran
with seven regression functions, four MA, AR and endogeneity parameters each and five sample
sizes, in total 2,240 simulation setups for the ARMSE simulations with 5,000 iterations each. For

size-corrected power, it was even three times as much, due to the three alternative DGPs.

Regression functions

filz) =3072, M integrable (truncated at j = 4) (sinc)

fo(xt) = Og exp(—6122) integrable =160 =1 (intexp)

fa(xy) = O + Oy + OG22 nonintegrable 6y =1,0; = 2,0, = —0.5 (cpr)

fa(zt) = 0 + b1 + ngtm nonintegrable 6y =1,0; =1,0, =—1.5,03 =1 (stc)

f5(xy) = %ﬁg” nonintegrable 6y =—1,0; =1 (exp)

fo(ws) = 0y + 01 |x4]%2 nonintegrable 6y =1,0; = —1,0, =2 (pow)
(1) (

=6y + 0121 (2 > 0) nonintegrable 6y =1,0; =1

Error serial correlation (through AR and MA components)

AR coefficient: pg € {0,0.3,0.6,0.9}
MA coefficient: p; € {—0.8,—0.4,0,0.4,0.8}.

Endogeneity

p2 € {0,0.3,0.6,0.9}

Sample sizes

T € {50,100, 200, 500, 1000}

Table 27: General specifications and parameter choices.

Table |28| shows the sets of choices we consider in the estimators and specification tests in the
simulation study. As kernel functions, we use three different kernels of which the Gaussian kernel
has no compact support. For the related bandwidths, we consider values for b in such a fashion
that the requirements on h given in the definition of the estimators are met, i.e., h = T® with
be{—-1/3,-1/4,—1/5,—1/6}. Furthermore, we consider for the choice of h optimal pointwise and
weighted bandwidths, determined by the procedures of Wang and Phillips (2023). This is done in
two ways, once using Ar and once with A7, leading in total to the four optimal bandwidth rules
hopt () (pointwise, with A7), hop (Weighted, with A7), hope p(2) (pointwise, with Ar ) and hop b
(weighted, with A ). For the Dong et al. (2021) estimator, a weighting function ¢(x) is required.
We follow their suggestion and use as one possibility ¢(z) = exp(—x?). Since this function leads
to very poor results in our simulations for large values of x, we also consider variations in which x

is scaled in different ways. Additionally, we also consider no weighting, i.e., ¢(z) = 1. The Wang
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and Phillips (2016) specification test requires a weighting function too. In addition to the proposed
Gaussian kernel, we also consider a centered version. For the Dong et al. (2021) estimator and the
Dong and Gao (2018) specification test, a truncation parameter k is necessary, which is defined by
Dong and Gao (2018) as k = |c-T*]. Close to their choices and following the restriction 0 < r < 3,
we consider k € {1/5,1/4,1/3} and ¢ = 2. For the generalized cross validation approach to select k,
We Use Kmaz = 1/3 and ¢z = 2.5. For the Wang and Zhu (2020) specification test, the considered
maximum amount of lags needs to be specified. Here we consider some fixed values as in Wang and
Zhu (2020) and additionally two sample size dependent rules. Two of the described test statistics
from Choi and Saikkonen (2010) require a block size, which we choose by the minimum volatility
rule as described in their paper. For this, we use a minimum block size of by, = [T%7] and a
maximum block size of bpa: = |T%?], as in Choi and Saikkonen (2010). For the fsz estimator
of Linton and Wang (2016) the AR order needs to be specified. We use the Bayesian information
criterion (BIC) with a maximum number of lags of ppmee = |4(T/100)Y/4].

Kernel functions

Bartlett, Epanechnikov, Gaussian (no compact support)

Bandwidths

h=T"and be {-1/3,-1/4,-1/5,—1/6}
hopt(2), hopt, Ropt,n (), hopt,h, optimal bandwidth selection of Wang and Phillips (2023),

Weighting functions

¢(x) € {exp(—a?), exp(—(2/10)?), exp(—(2/x4)?), exp(—(2/Tpmaz)?), 1}
with z, = % Z;l |z¢| and Ty = mazi=1, _ 7|T¢]

7(x) (positive integrable function): 7(x) = exp(—22/2)//(27) and 7(x) = exp(—(z — % Zthl x¢)2/2)//(27)

Truncation parameters

k=l|c-T"| withc=2and sk € {1/5,1/4,1/3}

kmaz = | Cmaz - T"me= | for generalized cross validation, with ¢,q. = 2.5 and ke = 1/3

Number of lags for sample autocorrelation

M = 4,6,12,18, as in Wang and Zhu (2020), additionally [4(7/100)'/*] and [12(T/100)'/*]

Block size

Using the minimum volatility rule with by, = [T%7] and bye. = [T]

Number of lags for fsz

Lag length selection using BIC, with a maximum number of lags p,a. = [4(T/100)1/4]

Table 28: Estimator and test specific choices.
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Sum of sinus functions Exponential function (integrable)
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Quadratic function Smooth transition function

Exponential function (nonintegrable) Power function

-5 0 5 -5 0 5

Jump function

-5 0 5

Figure 40: Overview of the used regression functions.
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2.5.1 Estimators — Average Root Mean Squared Error

We now turn to the results of the simulation study. For the estimators, we measure their per-
formance for a single simulation run in terms of root mean squared error (RMSE). The RMSE is
calculated based on the difference between estimation and function value at 100 equidistant grid
points. This is done for each replication. Having 5,000 replications, the resulting 5,000 RMSE

values are then averaged, leading to a single average root mean squared error (ARMSE).

Before comparing the different estimators, we look into the results of each individual estimator
with their respective parameter choices. The aim is to first identify for each estimator a set
of parameters that works best across the different regression functions, since in applications the
regression function will be likely unknown. Afterwards, we combine the different estimators each
with one set of parameters. In practice, we often have to deal with error serial correlation and
regressor endogeneity in cointegrating regressions, or at least, we cannot be sure that they are not
present. Thus, we directly compare the ARMSE of estimators in a scenario with non-zero error
serial correlation, also including a moving average error component, and regressor endogeneity, i. e. ,

with pg = 0.6, p1 = 0.4, and ps = 0.6.

We start with the the Nadaraya-Watson estimator and display the results for 7' = 200 and
T = 500 in Table The estimator works best in many scenarios with a bandwidth rule
considering the estimated variance of the regressor x;. Sometimes, however, the performance is
very poor compared to other considered rules, which is why we refrain from using this bandwidth
rule. In many cases either the weighted optimal bandwidth rule with A,; or the bandwidth rule
with the estimated variance of v; times T~/6 perform best, with the other one being close by. Since
the weighted optimal bandwidth rule with A, often performs better compared to the bandwidth
rule with the estimated variance of v; in cases where the bandwidth rule with the estimated variance
of x; performs best, this is our choice for bandwidth selection. With respect to the kernel choice,
there is no clear winner. When choosing the weighted optimal bandwidth rule with A, the
Gaussian kernel leads in most scenarios to the smallest ARMSE, with the other two kernels being
usually only just behind. In cases where the Gaussian kernel performs worse than the Bartlett
and Epanechnikov kernel, the differences are substantially larger and the Bartlett kernel performs
best. Considering the trade-off between being only slightly behind in many cases, but well ahead

in some cases, compared to the exact opposite cases, we select the Bartlett kernel as our favorite,

4Results for T = 50, 100, 1000 have not been included here for the sake of space and are available on request.
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in combination with the weighted optimal bandwidth rule with A, i.e., hop p-

For the local linear estimator, with results for 7" = 200 and 7" = 500 in Table most of the
times a bandwidth rule in combination with the Gaussian kernel leads to the smallest ARMSE.
For those cases, in which another kernel leads to the smallest ARMSE, a kernel-bandwidth rule
combination with the Gaussian kernel is very close by. Additionally, we observe situations in which,
independent from the bandwidth rule, the Bartlett kernel and Epanechnikov kernel lead to much
higher ARMSE values. This behavior renders the Gaussian kernel as our favorite kernel choice for
the local linear estimator. Focusing on the bandwidth rule with restricting to the Gaussian kernel
gives us the following picture: Often, a bandwidth rule considering the estimated variance of the
regressor x; leads to the smallest ARMSE but sometimes, these bandwidth rule choices lead to very
high ARMSE values. In those cases, the bandwidth rules with and without including the estimated
variance of v, i.e., the first differences of x;, and also the optimal bandwidth rules lead to very
good results, which are also quite good when the rules with the variance of z; deliver the best
results. Since the results are often very close and with the variance of x; rules sometimes leading to
very bad results, our favorite choice is the weighted optimal bandwidth rule with A, i.e., hoptp,

as a kind of “uniformly second best” bandwidth choice.
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qel

7Y T4 s pTl6 gpml/s g2pol/a s g2pl/s gpml/6 g2pml/s g2pml/4 g2l G226 p hepin hopt(T)  hopin()
T = 200
sinc bartlett  1.339  1.239  1.172  1.129  1.294 1.185 1.120 1.081 0.837 0.810 0.798 0.792 1.021 1.018 1.043  1.025
epa 1.311  1.212  1.148 1.107  1.266 1.160 1.099 1.065 0.834 0.806 0.794 0.789 1.025 1.027 1.041 1.030
gaussian  0.986  0.956  0.951 0.958  0.971 0.951 0.961 0.977 0.794 0.784 0.781 0.780 0.952 0.968 0.956  0.961
intexp  bartlett 1.301 1.197 1.126 1.077 1.254 1.139 1.066 1.018 0.424 0.379 0.358 0.347 0.859 0.832 0.906  0.852
epa 1.270  1.167 1.097 1.049  1.223 1.110 1.039 0.991 0.416 0.373 0.353 0.344 0.856 0.826 0.892  0.834
gaussian 0.891 0.840 0.805 0.780  0.868 0.812 0.775 0.749 0.351 0.334 0.330 0.328 0.782 0.743 0.786  0.740
cpr bartlett ~ 1.897 1.812 1.756 1.720  1.859 1.767 1.714 1.683 17.520 27.613 33.342 36.386 1.659 1.650 1.764  1.724
epa 1.9004 1.824 1.773 1.743  1.868 1.784 1.739 1.716 20.622 31.931 37.716 40.531 1.707 1706 1.806  1.799
gaussian 2.138  2.117 2118 2134  2.127 2.119 2.145 2.189 35.635 41.451 43.455 44.361 2.118 2.132 2.189  2.181
ste bartlett  1.305 1.201  1.130  1.081  1.258 1.144 1.071 1.022 1.482 2.265 2.745 3.013 0.880 0.850 0.951  0.881
epa 1.274 1.172  1.101 1.054 1.228 1.115 1.044 0.997 1.704 2.604 3.105 3.363 0.876 0.844 0939  0.865
gaussian  0.903  0.853 0.818 0.793  0.881 0.825 0.788 0.763 2.933 3.455 3.639 3.722 0.804 0.765 0.818  0.778
exp bartlett ~ 1.300 1.197 1.125 1.076  1.254 1.139 1.066 1.017 0.463 0.500 0.552 0.595 0.860 0.832 0.906  0.850
epa 1.270  1.167 1.096 1.048  1.223 1.110 1.038 0.991 0.477 0.541 0.610 0.662 0.856 0.825 0.892  0.831
gaussian 0.888  0.838 0.802 0.776  0.866 0.809 0.771 0.744 0.579 0.697 0.756 0.787 0.780 0.739 0.782  0.735
pow bartlett — 2.872  2.805 2.764 2.743  2.842 2.773 2.741 2.730 34.615 54.341 65.331 71.095 2734 2755 2.877  2.901
epa 2928 2.869 2.840 2.830 2.901 2.847 2.832 2.836 40.765 62.799 73.827 79.096 2.842 2.882 2976  3.077
gaussian 3.778 3.791  3.836 3.900 3.781 3.828 3.928 4.055 69.693 80.598 84.255 85.881 3.788 3.848 3.909  3.933
jump bartlett  1.304  1.200 1.129  1.080  1.257 1.142 1.069 1.021 1.206 1.921 2.418 2.726 0.894 0.860 0.942  0.873
epa 1.273  1.170  1.100 1.052  1.226 1.113 1.042 0.994 1.393 2.236 2.779 3.096 0.890 0.853 0.929  0.856
gaussian 0.897 0.847 0.812 0.786  0.875 0.819 0.781 0.754 2.635 3.276 3.535 3.661 0.807 0.765 0.806  0.762
T =500
sinc bartlett ~ 1.261  1.127  1.041  0.988  1.207 1.066 0.984 0.937 0.775 0.762 0.758 0.756 0.874 0.871 0.901  0.886
epa 1.230 1.099 1.016 0966 1.177 1.040 0.963 0.920 0.773 0.761 0.757 0.755 0.877 0.878 0.898  0.892
gaussian 0.891  0.840 0.824 0.829  0.869 0.826 0.830 0.852 0.758 0.754 0.754 0.753 0.825 0.842 0.835  0.845
intexp  bartlett  1.237  1.100 1.011 0952  1.182 1.037 0.948 0.892 0.285 0.257 0.247 0.243 0741 0.711 0.782  0.725
epa 1.205 1.070 0982 0925 1.151 1.008 0.921 0.867 0.281 0.255 0.246 0.242 0.738 0.706 0.770  0.709
gaussian 0.830 0.761 0.716 0.685  0.803 0.729 0.683 0.653 0.248 0.240 0.239 0.238 0.686 0.643 0.691  0.640
cpr bartlett ~ 2.062 1.958 1.897 1.863  2.020 1.915 1.861 1.838 51.761 81.461 93.965 99.491 1.836 1.838  1.929 1.921
epa 2077 1.981 1.928 1.903 2.037 1.943 1.903 1.892 61.008 92.483 1.04-10° 1.08-10> 1.896 1.910 1.975  2.020
gaussian  2.464 2447 2463 2501  2.454 2.456 2.507 2.588 94.673 1.07-10> 1.11-10° 1.12-10%> 2448 2473 2496  2.488
ste bartlett ~ 1.240 1.103 1.013 0.955 1.185 1.040 0.951 0.895 2.634 4.180 4.892 5.217 0.767 0.732 0.843  0.761
epa 1.208 1.073 0985 0.928 1.154 1.011 0.925 0.870 3.076 4.751 5.423 5.691 0.764 0.727 0.833  0.747
gaussian 0.839  0.771  0.725  0.695  0.812 0.739 0.693 0.663 4.908 5.640 5.855 5.942 0.710 0.666 0.730  0.683
exp bartlett ~ 1.237  1.100 1.010 0.952  1.182 1.037 0.948 0.892 0.423 0.548 0.640 0.697 0.743 0.713 0.783  0.724
epa 1.205 1.070 0.982 0.925 1.151 1.007 0.921 0.867 0.460 0.613 0.715 0.772 0.740 0.707 0.771  0.708
gaussian 0.829 0.761  0.715 0.684  0.802 0.729 0.682 0.651 0.640 0.774 0.826 0.849 0.687 0.643 0.690  0.638
pow bartlett  3.339  3.262 3.226 3.214  3.306 3.236 3.215 3.224 1.03-10° 1.62-10° 1.86-10° 1.97-10®° 3.220 3.258 3.328  3.439
epa 3.407 3.346 3.328 3.335  3.380 3.332 3.338 3.371 1.21-10° 1.83-10> 2.06-10> 2.14-10>° 3.342 3.405 3.427  3.659
gaussian 4.531  4.565  4.648  4.760  4.537 4.619 4.775 4.972 1.88-10° 2.12-10° 2.19-10° 2.21-10> 4.543 4.618 4.619  4.648
jump bartlett  1.239  1.102 1.013 0.954 1.184 1.039 0.950 0.894 2.196 3.765 4.606 5.035 0.782 0.743 0829  0.751
epa 1.207 1.072 0984 0.927 1.153 1.010 0.924 0.869 2.588 4.338 5.185 5.580 0.779 0.738 0.818  0.735
gaussian 0.835 0.766 0.720 0.690  0.807 0.734 0.688 0.657 4.614 5.575 5.898 6.038 0.717 0.669 0.718  0.667

Table 29: ARMSE for the Nadaraya-Watson estimator (faw) with pg = 0.6, p; = 0.4, and po

bandwidth choices for h.

= 0.6. The columns indicate the
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T7YS pTys pml/s o pl6 G2pml/s gipmla g2pl/s g2pol/6 s2pl/s g2pel/a g2pml/s o G2pml/6 o hepin hopt(®) Roprn(T)
T = 200
sinc bartlett  33.525 23.679 15.591 9.789  27.694 16.487 9.341 7.387 0.861 0.845 0.839 0.836 3216 2456 1.622 1.249
epa 33.520 23.671 15.580 9.777  27.687 16.477 9.330 7.376 0.860 0.844 0.838 0.835 3.737 2731  1.861 1.271
gaussian 1.020  0.976  0.963  0.966  0.998 0.965 0.969 0.983 0.836 0.831 0.830 0.829 0.964 0.975 0.969  0.971
intexp  bartlett  33.517 23.668 15.575 9.769  27.684 16.472 9.319 7.356 0.463 0.438 0.429 0.424 2437 2.025 1.376 1.135
epa 33.512 23.660 15.564 9.756  27.678 16.462 9.305 7.342 0.458 0.436 0.428 0.424 2.873 2.185 1.602 1.145
gaussian  0.940 0.877  0.836  0.808  0.911 0.844 0.802 0.774 0.424 0.418 0.417 0.417 0.810 0.768 0.815  0.768
cpr bartlett  33.517 23.669 15.576 9.770  27.685 16.473 9.320 7.358 11.722 16.375 18.645 19.949 5.639 3.800 13.713  3.025
epa 33.512 23.660 15.565 9.757  27.678 16.463 9.307 7.343 13.295 18.304 20.674 22.002 6.225 4.299 14.561  3.373
gaussian 1.070  1.011  0.972  0.947 1.043 0.980 0.942 0.920 19.790 22.751 24.051 24.720 1.007 0.958 1.075 1.026
ste bartlett  33.517 23.668 15.575 9.769  27.684 16.473 9.319 7.356 1.023 1.344 1.535 1.657 2.828 2229 8.939 1.653
epa 33512 23.660 15.564 9.756  27.678 16.462 9.305 7.342 1.127 1.489 1.697 1.827 3.147 2.617 9.493 1.833
gaussian  0.940  0.877  0.836  0.808  0.911 0.844 0.802 0.773 1.645 1.928 2.060 2.129 0.819 0.775 0.830  0.785
exp bartlett  33.517 23.668 15.575 9.769  27.684 16.473 9.319 7.356 0.467 0.465 0.472 0.478 2.499 2.081 1.640 1.161
epa 33512 23.660 15.564 9.756  27.678 16.462 9.305 7.342 0.469 0.475 0.486 0.493 2931 2270 2.126 1.189
gaussian 0939 0.876  0.834  0.806  0.910 0.842 0.800 0.771 0.478 0.496 0.504 0.508 0.810 0.766 0.812  0.764
pow bartlett  33.519 23.671 15.579 9.773  27.687 16.476 9.324 7.362 23.390 32.727 37.275 39.886 6.943 4.535 15.849  3.784
epa 33.514 23.662 15.568 9.760  27.680 16.465 9.310 7.348 26.546 36.589 41.336 43.994 7.841 5.303 16.374  3.878
gaussian 1.314  1.259  1.225  1.206  1.289 1.232 1.204 1.196 39.567 45.493 48.094 49.432 1.270  1.226  1.420 1.377
jump bartlett  33.517 23.668 15.576 9.769  27.684 16.473 9.319 7.357 0.748 0.924 1.034 1.106 3.106 2.165 3.978 1.851
epa 33.512 23.660 15.564 9.756  27.678 16.462 9.306 7.342 0.804 1.008 1.131 1.209 3.445 2526 4.261 2.003
gaussian 0.940  0.877  0.836  0.808  0.911 0.844 0.802 0.773 1.099 1.268 1.348 1.390 0.831 0.785 0.820  0.782
T = 500
sinc bartlett  27.236 14.093 10.049 8.010  22.412 11.061 7.823 5.624 0.788 0.780 0.778 0.777 3.715 3.159 1.664 1.128
epa 27.231 14.083 10.037 7.997  22.405 11.049 7.810 5.613 0.787 0.780 0.777 0.776 3.979 3.266 1.764 1.286
gaussian 0924  0.857 0.833  0.834  0.894 0.838 0.835 0.854 0.778 0.776 0.776 0.776 0.833 0.844 0.843  0.850
intexp  bartlett  27.232 14.087 10.040 7.996  22.408 11.053 7.809 5.604 0.314 0.299 0.294 0.292 2999 2423 1.527  0.971
epa 27.227 14.077 10.027 7.982  22.400 11.041 7.795 5.589 0.311 0.298 0.294 0.293 3.128 2.838  1.649 1.122
gaussian 0.874  0.792  0.740  0.706  0.840 0.755 0.704 0.672 0.294 0.292 0.292 0.292 0.707 0.661 0.713  0.659
cpr bartlett  27.233 14.087 10.040 7.997  22.408 11.053 7.810 5.605 33.632 46.021 51.690 54.839 5.684 4.217 10.692  3.960
epa 27.227 14.077 10.027 7.983  22.401 11.041 7.796 5.589 38.023 51.172 56.913 59.928 6.468 4.486 11.272  4.134
gaussian 0.960  0.880  0.831  0.800  0.927 0.845 0.798 0.771 52.476 60.030 62.902 64.217 0.887 0.826 0.957  0.894
ste bartlett  27.232 14.087 10.040 7.996  22.408 11.053 7.809 5.604 1.602 2.249 2.594 2.797 3.245 2718 5479  2.638
epa 27.227 14.077 10.027 7.982  22.400 11.041 7.795 5.589 1.808 2.510 2.871 3.076 3.494 3.041 5923  2.757
gaussian 0.874  0.792  0.740  0.706  0.840 0.755 0.704 0.671 2.640 3.112 3.208 3.384 0.723 0.674 0.742  0.690
exp bartlett  27.232 14.087 10.040 7.996  22.408 11.053 7.809 5.604 0.379 0.415 0.438 0.451 3.046 2431 1.384  0.975
epa 27.227 14.077 10.027 7.982  22.400 11.041 7.795 5.589 0.395 0.437 0.461 0.474 3.245 2859 1.933 1.053
gaussian 0.874  0.791  0.739  0.705  0.840 0.754 0.703 0.671 0.443 0.473 0.483 0.487 0.709 0.662 0.712  0.658
pow bartlett  27.233 14.088 10.041 7.999  22.409 11.055 7.812 5.607 67.255 92.037 1.03-10> 1.10-10> 7.059 4.908 12.723  4.426
epa 27.228 14.078 10.029 7.985  22.402 11.043 7.798 5.592 76.037 1.02-10®> 1.14-10®> 1.20-10> 7.650 5.185 13.040  4.498
gaussian 1.124  1.048 1.004 0.979  1.092 1.016 0.978 0.962 1.05-10®> 1.20-10>° 1.26-10> 1.28-10> 1.081 1.020 1.197 1.134
jump bartlett  27.232 14.087 10.040 7.996  22.408 11.053 7.809 5.604 1.063 1.470 1.691 1.822 3.556 3.044 4.873  2.532
epa 27.227 14.077 10.027 7.982  22.400 11.041 7.795 5.589 1.192 1.638 1.871 2.003 3.972 3205 5.143  2.600
gaussian 0.874  0.792  0.740  0.706  0.840 0.755 0.704 0.671 1.721 2.027 2.147 2.203 0.736 0.684 0.737  0.683

Table 30: ARMSE for the local linear estimator ( fLoch) with pp = 0.6, p1 = 0.4, and ps = 0.6. The columns indicate the bandwidth
choices for h.



The observations with respect to ARMSE are very similar for the estimators fmu, fLW2 and
fLWeﬂ from Linton and Wang (2016) to those of the Nadaraya-Watson estimator (see Tables
to in Appendix . It is no big surprise as these three estimators are modifications of the
Nadaraya-Watson estimator to account for error serial correlation. Similarly to our choice for
the Nadaraya-Watson estimator, we select the Bartlett kernel together with the weighted optimal
bandwidth rule with A, i.e., hoppn, as our favorite combination for the estimators fqu fsz and

fLWeff-

We continue with the results of the estimator fop from Dong et al. (2021) (see Table [31] in
Appendix. Despite Dong et al. (2021) propose to use ¢(z) = exp(—2z?) as weighting function,
it works out very poorly in our simulations with leading to very high ARMSE values. That was
also the motivation for us to look for other weightings. Weighting functions with a normalization
of z, such as ¢(z) = exp(—(z/z,)?) lead to way lower ARMSEs. Nevertheless, estimation without
any weighting, i.e., having a weighting function given by ¢(z) = 1, leads in most cases to the best
results in our simulation setup, independent of the regression function. The choice of the truncation
parameter k, which determines for a given 1" the number of used Hermite polynomials, has some
but rather minor impact on the ARMSE. In most cases, k = 1/5 leads to the smallest ARMSE,
with only a few exceptions. Nevertheless, the other choices of k and the generalized cross-validation

approach are often only slightly behind.
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8¢I

é(x) = exp(—=?) é(x) = exp(—(2/10)?) ¢(x) = exp(—(x/za)?) o(z) = exp(—(z/@maz)”) P(z) =1

K 1/5 1/4 1/3 GCV 1/5 1/4 1/3 GCV 1/5 1/4 1/3 GCV  1/5 1/4 1/3 GCV  1/5 1/4 1/3 GCV
T =50

sinc 1.64-10° 1.23-10° 1.14-10° 1.23-107  1.139 1.188 1.265 1.173 1.814 2.160 3.099 1.542 1.132 1.183 1.262 1.167 1.125 1.176 1.255 1.178
intexp 1.10-10> 1.01-10®  1.03-10° 1.17-107  0.852 0.906 0.992 0.912 1.584 2.065 2.347 1.547 0.845 0.901 0.988 0.906 0.836 0.891 0.979 0.913
cpr 1.09-10> 9.54-10>  1.03-10° 1.19-107  0.814 0.877 0.975 0.895 1.484 1.833 2172 1.439 0.808 0.873 0.971 0.890 0.798 0.863 0.963 0.892
stc 1.09-10%> 9.55-10°  1.03-10° 1.19-10"  0.886 0.908 0.983 0.966 1.641 1.966 2.275 1.729 0.874 0.902 0.977 0.961 0.865 0.892 0.968 0.959
exp 1.09-10> 9.54-10>  1.03-10° 1.19-107  0.832 0.885 0.976 0.905 1.519  1.849 2.198 1.380 0.825 0.879 0.972 0.902 0.813 0.870 0.963 0.899
pow 1.09-10> 9.54-10> 1.03-10° 1.19-107  0.814 0.877 0.975 0.895 1.484 1.833 2172 1.428 0.808 0.873 0.971 0.890 0.798 0.863 0.963 0.892
jump 1.10-10%>  9.58-10>  1.03-10° 1.19-107  0.846 0.894 0.979 0.939 1.557 1.909 2.187 1.591 0.838 0.889 0.976 0.934 0.830 0.879 0.968 0.932
T =100

sinc 4.10-10° 7.77-10*  3.88-10°  2.07-10'" 1.101 1.164 1.279 1.104 1.732  2.025 2.745 1.360 1.014 1.047 1.127 1.046 1.008 1.041 1.124 1.057
intexp 3.36-10° 4.27-10*  3.78.10%  2.44-10° 0.789 0.871 0.991 0.818 1.647 1.839 2,943 1.229 0.695 0.735 0.827 0.759 0.686 0.726 0.821 0.766
cpr 3.21-10° 4.24-10* 3.80-10°  2.52-10'° 0.750 0.831 0.987 0.814 1.390  1.626 2.648 1.295 0.657 0.703 0.809 0.726 0.647 0.694 0.803 0.734
ste 3.22-10° 4.25-10* 3.80-10°  2.51-10'° 0.873 0.931 0.988 0.917 1.818 1.864 2.633 1.825 0.753 0.752 0.817 0.817 0.746 0.744 0.811 0.815
exp 3.21-10° 4.25-10* 3.80-10%  2.51-10'° 0.789 0.848 0.990 0.843 1.441 1.662 2.641 1.318 0.675 0.712 0.810 0.755 0.666 0.703 0.804 0.756
pow 3.21-10° 4.24-10* 3.80-10°  2.53-10'° 0.750 0.831 0.987 0.814 1.390 1.626 2.648 1.295 0.657 0.703 0.809 0.726 0.647 0.694 0.803 0.734
jump 3.27-10° 4.23-10*  3.81-10%  242-10° 0.807 0.853 1.006 0.899 1.634  1.750 2.635 1.950 0.697 0.726 0.815 0.783 0.688 0.717 0.809 0.784
T = 200

sinc 1.25-10* 4.61-10° 1.03-10? 1.19-10% 1.472 2.894 14.445 7.115 1.421 1.951 2,906 1.289 0.904 0.948 1.022 0.963 0.900 0.944 1.020 0.976
intexp 1.08-10* 4.34-10° 9.69-10'' 1.01-10'° 1.147 2.607 28.115 4.207 1.292  1.589 3.112 1.893 0.534 0.596 0.690 0.640 0.527 0.589 0.686 0.648
cpr 9.95-10° 4.23-10° 9.61-10"" 1.02-10" 1.080 2.603 18.479 6.524 1.072  1.493 2461 1.014 0.490 0.563 0.671 0.601 0.483 0.556 0.667 0.612
ste 9.95-10° 4.23-10° 9.61-10"" 1.02-10'° 2.256 4.343 29.074 10.820 2,184 1.970 2960 2.139 0.731 0.650 0.686 0.702 0.729 0.645 0.682 0.701
exp 9.94-10° 4.23-10° 9.61-10"" 1.02-10' 1.290 3.151 17.961 4.026 1.223  1.647 2583 1.398 0533 0577 0.673 0.646 0.527 0.571 0.669 0.648
pow 9.95-10° 4.23-10° 9.61-10"" 1.02-10'° 1.080 2.603 18.479 6.524 1.072  1.493 2461 1.014 0.490 0.563 0.671 0.601 0.483 0.556 0.667 0.612
jump 1.02-10*  4.22.10°  9.46-10""  1.00-10'° 1.504 3.600 17.104 28.208 1.600 1.789 2.294 1.769 0.590 0.598 0.679 0.672 0.587 0.592 0.675 0.672
T = 500

sinc 3.71-10° 3.52-10" 4.00-10" 5.23.10°° 15.006 7.54-10° 7.33-10° 215-107 1.228 1228 1.267 1.072 0.824 0858 0916 0.879 0822 0.856 0.916 0.888
intexp 1.36-10° 3.26-10'° 5.05-10° 1.83-10% 15.784 7.70-10%> 5.86-10° 8.22-10° 0.910 0.961 1.043 0.814 0.388 0.445 0.535 0.499 0.384 0.442 0.533 0.506
cpr 1.35-10°  3.18-10'° 4.99-10° 1.83-10%° 14.954 7.21-10*° 7.24-10° 1.00-10" 0.804 0.874 0.885 0.732 0.345 0.414 0517 0460 0340 0411 0515 0.471
ste 1.36-10° 3.18-10' 4.99-10'° 1.83-10%° 36.509 1.38-10° 1.08-10° 1.93-10° 2124 1456 1.055 1.154 0.741 0.560 0.542 0.556 0.742 0.558 0.541 0.554
exp 1.35-10% 3.18-10'° 4.99-10'° 1.83-10% 22.330 9.10-10> 7.26-10° 1.25-107 1.148 0.919 0.911 0.942 0.411 0437 0521 0.509 0.408 0.434 0.520 0.511
pow 1.35-10°  3.18-10'° 4.99-10'° 1.83-10%° 14.954 7.21-10% 7.24-10° 1.00-107  0.804 0.874 0.885 0.732 0.345 0.414 0.517 0.460 0.340 0.411 0.515 0.471
jump 1.35-10° 3.25-10'° 4.76-10'° 1.84-10% 24.178 9.22-10%> 9.43-10° 1.43-107 1.368 1.206 0.924 1.087 0.521 0.470 0.528 0.532 0.520 0.468 0.526 0.532
T = 1000

sinc 3.58-10° 1.26-10" 1.32.10%® 47110 3.15-10° 225-10° 3.43.10'° 1.05-10 1193 1.737 1.398 1.002 0.790 0.816 0.894 0.832 0.789 0.815 1.071 0.838
intexp 2.81-10% 1.13-10° 1.34-10%® 1.50-10%¢ 3.35-10®> 2.13-10° 5.32-10'° 5.40-10'2 0.825 1.321 1.589 0.954 0.309 0.363 0.480 0.407 0.307 0.361 0.583 0.413
cpr 2.74-10%  1.15-10° 1.34.10%® 1.50-10% 3.04-10> 220-10° 2.32-10'° 4.09-10" 0.743 1.181 1.018 0.609 0.269 0.334 0.458 0.372 0.266 0.332 0.623 0.381
stc 2.74-10%  1.15-10'° 1.34-10%® 1.50-10%¢ 1.39-10° 3.48-10° 6.89-10' 7.38-10'% 3.339 3.528 3.469 1.336 0.783 0.526 0.537 0.467 0.788 0.525 0.644 0.465
exp 2.74-10% 1.15-10'° 1.34-10%® 1.50-10%¢ 4.22.10° 2.77-10° 3.16-10'° 1.04-10'? 1.181 1.118 2.014 1.184 0.353 0.364 0.470 0.419 0.351 0.362 0.591 0.418
pow 2.74-10°  1.15-10" 1.34-10®® 1.50-10°® 3.04-10° 220-10° 2.32-10'° 4.09-10"" 0.743 1.181 1.018 0.609 0.269 0334 0458 0.372 0266 0.332 0.623 0.381
jump 2.86-10% 1.18-10' 1.27-10%® 1.49-10%¢ 8.20-10> 3.94-10° 5.67-10'° 3.25-10'' 2115 1.862 1.718 1.236 0.514 0.411 0.501 0.438 0.516 0.410 0.789 0.437

Table 31: ARMSE for the estimator fnpp of with pg = 0.6, p1 = 0.4, and py = 0.6.



Having examined the results of all the considered estimators for a case with a larger degree of
error serial correlation and regressor endogeneity, we will now have a look on results in absence of
those properties, i.e., having pp = p1 = p2 = 0. In this case without error serial correlation and
regressor endogeneity, we get a very similar picture, with the following differences: For the kernel
based estimators, the cases where the bandwidth rule using the estimated variance of x; performs
best have become fewer and the other bandwidth rules have caught up. This behavior supports
our choice of bandwith rule with chosing the weighted optimal bandwidth rule (for the Nadaraya-
Watson estimator, see Table Tables for the other estimators are available upon request). For
the fDLP estimator which makes use of Hermite polynomials, there is a trend to generalized cross-
validation for choosing the truncation parameter. The weighting function ¢(x) = exp(—(z/Tmaz)?)

in combination with the generalized cross-validation leads to the smallest ARMSE.

Table [32| shows the user choices from our discussion above, which we propose for each estimator.
They are based on the ARMSE results from our simulation study and consider the case under error

serial correlation and regressor endogeneity.

Estimator Proposed user choices

wa Kernel: Bartlett,
Bandwidth rule: weighted optimal with Az, (i.e., hopt.n),

fLocLin Kernel: Gaussian,
Bandwidth rule: weighted optimal with A7, (i.e., hopt.n),

fown Kernel: Bartlett,
Bandwidth rule: weighted optimal with A7, (i.e., hoptn),

Frwa Kernel: Bartlett,
Bandwidth rule: weighted optimal with A7, (i.e., hopt.n),
AR order: using BIC,

Frwver Kernel: Bartlett,
Bandwidth rule: weighted optimal with A7, (i.e., hoptn),

foue Weighting function: ¢(z) =1,
Truncation parameter: x = 1/5.

Table 32: Proposed user choices for estimators, based on ARMSE values from our simulation study.

Now we come to the part where we compare the different estimators with each other. Table
shows the results of the described estimators including fD,OLS, the parametric D-OLS estimator of
Choi and Saikkonen (2010), which serves as a benchmark. First of all, in our setup, fD,OLS seems

to have issues with the integrable exponential function, and for small T" values also for the smooth
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transition function and the power function, leading to very high ARMSE values. These high values
are due to problems with the nonlinear least squares estimation, which forms the basis for the
fD,OLS estimator, and we have not yet been able to resolve them completely. For all functions,
with exception of the sinus curves function, in most cases the fDLp estimators works best, leading
to the smallest ARMSE values. The fDLP estimator also works surprisingly well in comparison to
our benchmark estimator fD_OLS, especially for small values of T, of course only looking on the
results where fD_OLS produces a reasonable output. For larger values of the, the ARMSE of fDLP
compared to fD_OLS is two to three times higher, but still, fD_OLS is calculated knowing the regression
function. The kernel based estimators seem to have issues with the cointegrating polynomial
regression function and the power function, with average ARMSE values even increasing with
increasing sample size T. One exception of the kernel based estimators is the local linear estimator,
which is for those two functions worse than for the other functions, but ARMSE is decreasing with
sample size and reasonable small. The local linear estimator is from the kernel based estimators
in our setup the on average best working estimator. When excluding the cointegrating polynomial
regression function and the power function, the LW-efficient estimator works best from the kernel

based estimators.

The impact of regressor endogeneity and error serial correlation on ARMSE can be seen when
comparing Table [33] with the results from simulations where pg = p1 = p2 = 0, which are shown in
Table |41]in Appendix In general, ARMSE reduces quite substantially in absence of regressor
endogeneity and error serial correlation. For the functions intexp, stc, exp and jump, reduction
in ARMSE can be up to about two thirds, across estimators. For the kernel based estimators,
reduction is smaller for the sinc, cpr and pow functions. The local linear estimator also works
best in the setup without regressor endogeneity and error serial correlation among the kernel based
estimators. For the Hermite polynomial based estimator fDLp, reductions are smaller for the sinc
function and larger for the cpr and pow functions, with reductions up to 85%. The observation
of such large reductions in ARMSE also reflects that the assumptions of the fDLp do not allow for
error serial correlation nor regressor endogeneity. For the scenario without error serial correlation
and regressor endogeneity, the fDLP estimator comes for the cpr and pow functions particularly

close to the fD_OLS estimator, which highlights the potential of nonparametric estimation.

In summary, the following can be said: The forp estimator of Dong et al. (2021) with using no
weighting performs best in terms of ARMSE. If it is desired to choose a kernel-based estimator, we

recommend the fLOCLm the local linear estimator in conjunction with the Gaussian kernel and the
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weighted optimal bandwidth selection hp j,.

faw froctin fiwi fiwe  fiwer  fop fpoous

T =50
sinc 1.244 1.176 1.194 1.244 1.179 1.178 -

intexp 1.024 0.949  0.953 1.025 0936 0.913 2.53-107°
cpr 1.480 1.178  1.450 1.491 1.455 0.892 0.783

stc 1.041 0.952  0.972 1.041 0.953 0.959 4.18-102
exp 1.018 0.938  0.945 1.018 0.925 0.899 0.672

pow 2.144 1563  2.144 2.155 2.205 0.892 2.59-10°
jump 1.048 0.957  0.975 1.048 0.953 0.932 -

T =100

sinc 1.124 1.068 1.061 1.124 1.037 1.057 -

intexp 0.920 0.849  0.839 0.920 0.813 0.766 1.45-10'4°
cpr 1.552  1.065 1.509 1.552 1.501 0.734 0.527

ste 0.937 0855  0.857 0.937 0.830 0.815 78.978

exp 0.917 0.844  0.834 0.917 0.807 0.756 0.453

pow 2448 1.396 2440 2454 2470 0.734 0.497
jump 0.945 0.861 0.861 0.945 0.829 0.784 -

T = 200

sinc 1.018 0.975  0.949 1.018 0.922 0.976 -

intexp 0.832 0.768  0.749 0.832 0.720 0.648 8.70-10%7
cpr 1.650 0.958  1.609 1.648 1.602 0.612 0.372

ste 0.850 0.775  0.767 0.850 0.736 0.701  0.443

exp 0.832 0.766  0.748 0.832 0.718 0.648 0.321

pow 2,755 1.226 2742 2758 2.767 0.612 0.356
jump 0.860 0.785  0.772 0.860 0.737 0.672 -

T = 500

sinc 0.871 0.844  0.801 0.871 0.775 0.888 —

intexp 0.711 0.661 0.630 0.711 0.603 0.506 1.00-10'?
cpr 1.838 0.826 1.800 1.834 1.789 0.471 0.233

ste 0.732 0.674  0.648 0.732 0.618 0.554 0.277

exp 0.713 0.662  0.630 0.713 0.603 0.511 0.200

pow 3.258 1.020  3.241 3.254 3.246 0.471 0.228
jump 0.743 0.684  0.655 0.743 0.622 0532 -

T = 1000

sinc 0.780 0.758  0.711 0.780 0.687 0.838 —

intexp 0.638 0.594  0.561 0.638 0.536 0.413 7.48.10''?
cpr 2.046 0.758  2.009 2.041 1.997 0.381 0.164

ste 0.664 0.612  0.582 0.664 0.553 0.465 0.195

exp 0.640 0596  0.562 0.640 0.537 0.418 0.141

pow 3.733 0925  3.716 3.727 3.718 0.381 0.162
jump 0.674 0.622  0.588 0.674 0.556 0.437 -

Table 33: ARMSE for all considered estimators with their respective parameter choices, with
po = 0.6, py = 0.4, and py = 0.6.
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2.5.2 Specification Tests — Null Rejection Probabilities and Size-corrected Power

We now turn to comparing the specification tests in terms of null rejection probabilities and size-
corrected power. Starting with null rejection probabilities, we test for the regression functions from
Table 27| which include 6 parameters, i.e., fa,..., f7, the null hypothesis Hy : f(z) = g(z,00)
from . The DGP under the null hypothesis is given by

yo,thi(.%'t)—i-ut, t=1,...,7, 1=2,...,7

Ty =1 +v, x9=0,

as in Equation , and we consider three data generating processes (DGPs) under the alternative.
Those are given by

Y1t = fi(ze) + e,

you = filze) + V]| +w,

yse = fi(xe) + 0.1t + uy,

(126)

Ty =1 +v, x9=0,

with u; and v; defined in Equation . For y1+, we added with 7; a random walk component,
i.e., an integrated process, which eliminates the cointegration relationship. With y2;, we have a
misspecified though still cointegrating model, with including the additional stochastic term \/m .
In y3¢, we also have a misspecified model but now with an additional deterministic component, in

contrast to the additional stochastic component in 2 ;.

Before comparing the different specification tests, we look into the null rejection probabilities
and size-corrected power results of each individual specification test with its respective parameter
choices. Similar to the estimators, the aim is to first identify for each specification test a test
statistic version or a set of parameters which works best across the different regression functions.
Again, we mainly focus our comparison on a case with non-zero error serial correlation and regressor
endogeneity, i.e., with pg = 0.6, p1 = 0.4, and py = 0.6 but also comparing with the results for the

case without error serial correlation and regressor endogeneity.

For the Choi and Saikkonen (2010) specification test, the statistic 77" is our favorite choice.
It is leading in all scenarios to the smallest null rejection probabilities with being closest to the
nominal 5% level in almost all cases, compared to the Cr;, and C'Jb\,rgzg statistics (see Table 43| in

Appendix . At the same time, size-corrected power of C’%zwx is in some cases highest and in
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the other cases most of the time only slightly behind, especially for 7' < 200 (compare Table [57|in
Appendix . We observe, that size-corrected power is lowest across regression functions and
sample sizes for DGP 2, where we added the square root of the absolute value of the regressor. For
cases without error serial correlation and regressor endogeneity, C?\’;leg leads for T = 50 to quite

high size-corrected power for DGP 1 and DGP 3, while having very small null rejection probabilities
(compare Tables [42| and [56|in Appendix [2.7.2)).

For the Dong and Gao (2018) specification test, null rejection probabilities using the asymptotic
critical values are easily above 30%, even in the absence of error serial correlation and regressor
endogeneity (see Table in Appendix and going above 50% otherwise (see Table in
Appendix . Additionally, null rejection probabilities are increasing with sample size for the
asymptotic critical Valueﬂ Dong and Gao (2018) also propose a bootstrap simulation procedure
which we use with a block bootstrap and a wild bootstrap. The block boostrap leads — independent
of the choice of kK — to the smallest size-distortions in case of error serial correlation and regres-
sor endogeneity. In absence of error serial correlation and regressor endogeneity, both bootstrap
methods are about the same in terms of null rejection probabilities. The impact of the truncation
parameter x seems to be rather negligible. When looking on the size-corrected power results in
Tables [58| and [59| there is no clear winner, sometimes £ = 1/5 is ahead, sometimes x = 1/3. To
make a choice, we select k£ = 1/5 for the performance comparison with the other specification tests.
For k = 1/5, the truncation parameter k is smallest and thus uses the least amount of Hermite

polynomials in the test statistic.

Let us now turn to the Wang and Phillips (2012) specification test. Going through the results,
the bandwidth rule 7-1/3 together with the Bartlett kernel seems to be a reasonable choice across
regression functions and extent of error serial correlation and regressor endogeneity, which are
both usually unknown in practice (compare for null rejection probabilities Table and for size-
corrected power Tablesto in Appendix EL In those cases, the null-rejection probabilities
are often rather at the lower end while size-corrected power usually being not far behind the leading
bandwidth-kernel pairs. In contrast, the Gaussian kernel leads frequently to substantially larger
size distortions across bandwidth rules compared to the Bartlett kernel. One exception are the
bandwidth rules using the estimated variance of x;. For those, null rejection probabilities are

usually smallest for the Gaussian kernel. For the integrable regression function in our scenario, the

50This might point on some flaws in our implementation or the validity of the stated limiting distribution.

51For the sake of brevity, we only show the results for 7' = 200. The remaining tables are available on request
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bandwidth rule using the estimated variance of z; with 7-'/¢ performs well in both terms, null
rejection probabilities and size-corrected power, for pg = 0.6, p1 = 0.4, and po = 0.6, and might
be a considered choice if error serial correlation and regressor endogeneity are assumed to be high.
The optimal bandwidth selection procedures lead to null rejection probabilities often twice or three

times as high as for the other bandwidth rules and is therefore not really an option for us.

We next turn to the simulation results of the Wang and Phillips (2016) specification test.
For this, we have as an additional dimension the weighting function, which shall be a posi-
tive integrable function. We use the Gaussian kernel m(x) = exp(—22/2)/+/(27), which is the
weighted by \/@ version of the proposed weighting function of Wang and Phillips (2016).
Additionally, we also consider a version centered around the mean of the observations xz, i.e.,
m(z) = exp(—(z — 7 Z;le 2)?/2)/+/(27), which performed better in preliminary simulations. We
observe, that using the centered weighting function reduces null rejection probabilities in many
cases for all bandwidth rules with the exception of those based on the sample variance of x;. At
the same time, size-corrected power is often only slightly reduced compared to the Gaussian kernel
as weighting function. Thus, for those bandwidth rules the centered weighting function is our rec-
ommended choice. Nevertheless, for the Wang and Phillips (2016) specification test, the Gaussian
kernel as weighting function together with the bandwidth rule based on &Q%T_l/ 3 and the Bartlett
kernel is our recommendation. Null rejection probabilities are usually in the same range of the
other combination triples and sometimes even way lower with being close to zero (see Tables
to in Appendix . At the same time, size-corrected power is often the largest. These ob-
servations hold in many cases across regression functions (integrable and nonintegrable), sample

sizes, and extent of error serial correlation and regressor endogeneity (compare Tables [66| to [71] in
Appendix [2.7.2)).

The specification test of Wang et al. (2018) has no user choices to be made and will be directly

compared with the other specification tests.

Finally, we turn the the Wang and Zhu (2020) specification test. For this test, we need to
make a decision about the lag length M. For the simulations, we chose M = 4,6,12,18, as in
Wang and Zhu (2020), and additionally two sample size dependent choices [4(7/100)'/*] and
|12(T/100)'/4|. For the case pg = p1 = pa = 0, null rejection probabilities are for all lag lengths,
regression functions and sample sizes close to the nominal level of 5%. For pg = 0.6, p; = 0.4, and

pa = 0.6, null rejection probabilities are increasing with 7" and reaching values of 1 or close to 1.
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The driver behind seems to be pi, the parameter of the moving average error component in the
error term in . If we set p; = 0, while keeping pp = 0.6 and po = 0.6, we observe null rejection
probabilities close to 5% across sample sizes, regression functions and lag lengths (see Tables
to in Appendix . The impact of the lag lengths on null rejection probabilities is very small
and we do not identify a particular favorite. For size-corrected power, in most cases it is either
M =4 or M = |4(T/100)"/4] leading to the highest values, with M = 4 being slightly ahead for
DGP 1 and DGP 3, and M = |4(7/100)'/*| being slightly ahead for DGP 2 (compare Tables
to[74]in Appendix . With this slight edge in our setups, we choose the lag length M = 4 for

comparison across specification tests.

Table [34] shows the user choices from our discussion above, which we propose for each specification
test. They are based on the null rejection probabilities and size-corrected power results from our

simulation study.

Specification Test Proposed user choices

Tes Test statistic: CZ’ZLM

Toc Truncation parameter: x = 1/5,
Critical values: Block bootstrap,

Twpi2 Kernel: Bartlett,
Bandwidth rule: 7-1/3
Tweis kernel: Bartlett,

Bandwidth rule: 271/3,
Weighting function: Gaussian kernel,

TWWZ

Twz Lag length: M = 4.

Table 34: Proposed user choices for specification tests based on null rejection probabilities and
size-corrected power from our simulation study.

We now turn to the comparison of null rejection probabilities and size-corrected power across
the specification tests, each with our preferred parameter choices from our analysis above. First,
we look on null rejection probabilities in Table [35] for the case pg = 0.6, p1 = 0, and p2 = 0.6,
to have meaningful results for the Wang and Zhu (2020) test too with choosing p; = 0 instead
of p1 = 0.4. Across regression functions and sample sizes, it is indeed the specification test of
Wang and Zhu (2020) with null rejection probabilities closest to the nominal level of 5%. Not as
good but with reasonable results are the tests of Choi and Saikkonen (2010) and Dong and Gao
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(2018), with the Choi and Saikkonen (2010) having null rejection probabilities above 5% for the
integrable regression function and below 5% for the nonintegrable regression functions. This result
holds in our study across sample sizes. For the nonintegrable regression functions, null rejection
probabilities are increasing with the sample size and coming closer to 5%. For the Dong and Gao
(2018) test, there is not such a clear distinction between integrable and nonintegrable regression
functions visible. Null rejection probabilities are a bit too high for T' = 50, with values between 6%
and 13%, and then coming down closer down to 5% with increasing sample size T. The Wang and
Phillips (2012) test works quite well for the nonintegrable regression functions for 7' = 50, but null
rejection probabilities are then increasing for all regression functions with increasing sample size.
with results being quite similar across regression functions for the group of nonintegrable functions.
The Wang and Phillips (2016) works worse for the nonintegrable regression functions compared
to the Wang and Phillips (2012) test, with null rejection probabilities varying a lot more across
regression functions for a fixed sample size, e.g., with values between 0.5% and 16% for T' = 200.
For the integrable regression function, the null rejection probabilities are quite stable around 13%-
14%. The Wang et al. (2018) test, which does not allow for power functions and jump functions, has
null rejection probabilities close to zero or even zero for T' = 50 and then increasing especially for
both the integrable and nonintegrable exponential regression functions. For the smooth transition
cointegration regression function and the cointegrating polynomial regression function, the null
rejection probabilities for the Wang et al. (2018) test are increasing with sample size but remain
below the nominal level of 5%. Let us have a brief look on the null rejection probabilities for the case
without error serial correlation and regressor endogeneity, i.e., pop = p1 = p2 = 0. The specification
tests show similar patterns with respect to variability of null rejection probabilities across regression
functions but the levels itself are way smaller and barely exceeding the nominal level of 5% or often
even below (compare Table [53|in Appendix , which illustrates the detrimental effect of error
serial correlation and regressor endogeneity. Introducing a moving average error component by
setting p;1 = 0.4, leads only to slight increases in null rejection probabilities for all but one of
the specification tests. For the Wang and Zhu (2020) test null rejection probabilities are heavily
increasing and reaching values of around 69% for T' = 200 and 99% for T' = 500 (compare Table
in Appendix . This is purely driven by the moving average error component and not due to
an interaction with the error serial correlation and regressor endogeneity, as we observe those high
null rejection probabilities for the Wang and Zhu (2020) test also for the case pg = 0, p; = 0.4,
and p2 = 0 (compare Table in Appendix . Summarizing our observations from the null
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rejection probability simulations, the tests of Choi and Saikkonen (2010) and Dong and Gao (2018)
lead to the most satisfactory results across regression functions and sample sizes for the different
extents of regressor endogeneity and error serial correlation, potentially including a moving average

error Component .

Tcs Tba Twpiz Twpie Twwz Twz
T =50
intexp 0.064 0.131 0.113 0.111 0.022 0.050
cpr 0.023 0.081 0.045 0.018 0.000 0.059
stc 0.029 0.067 0.040 0.003 0.000 0.061
exp 0.026  0.080 0.060 0.084 0.033 0.056
pow 0.042 0.102 0.063 0.022 - 0.056
jump - 0.092 0.064 0.111 — 0.055
T = 100
intexp 0.076 0.033 0.138 0.135 0.044 0.050
cpr 0.032 0.072 0.065 0.049 0.001 0.052
stc 0.028 0.067 0.054 0.005 0.002 0.055
exp 0.041 0.075 0.086 0.133 0.075 0.049
pow 0.049 0.076 0.078 0.026 - 0.053
jump - 0.076  0.089 0.145 - 0.048
T =200
intexp 0.069 0.033 0.180 0.141 0.075 0.047
cpr 0.029 0.060 0.087 0.059 0.005 0.050
stc 0.027 0.057 0.069 0.005 0.005 0.049
exp 0.037 0.063 0.102 0.160 0.125 0.049
pow 0.046 0.062 0.098 0.019 - 0.050
jump — 0.067 0.112 0.161 — 0.048
T = 500
intexp 0.068 0.090 0.235 0.145 0.109 0.052
cpr 0.034 0.056 0.125 0.068 0.014 0.048
stc 0.030 0.050 0.099 0.012 0.017 0.048
exp 0.042 0.057 0.141 0.164 0.189 0.047
pow 0.047 0.056 0.129 0.010 - 0.047
jump - 0.060 0.148 0.156 - 0.048
T = 1000
intexp 0.078 0.036 0.282 0.131 0.135 0.047
cpr 0.045 0.051 0.138 0.065 0.030 0.048
stc 0.042 0.048 0.115 0.011 0.030 0.049
exp 0.047 0.052 0.150 0.144 0.250 0.049
pow 0.051 0.049 0.142 0.010 - 0.048
jump - 0.055 0.157 0.138 - 0.048

Table 35: Null rejection probabilities for the specification tests with pg = 0.6, p1 = 0.0, and
p2 = 0.6.

Nevertheless, null rejection probabilities have to be seen in conjunction with size-corrected power
results, to which we turn now. The term size-corrected refers to using empirical critical values
instead of theoretical critical values, such that null rejection probabilities are exactly at 5% under
the null hypothesis. This is to make null rejection probabilities under the alternative hypothesis,
i.e., power, more comparable. Table shows the results for pg = 0.6, p1 = 0, and ps = 0.6.

Under alternative DGP 1, which reflects with the random walk error term a spurious regression,
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the Choi and Saikkonen (2010) test leads the ranking in terms of size-corrected power, followed
the closest but with some distance by the Wang et al. (2018) test. All the other tests are in many
cases considerably further behind, except in a few cases. For alternative DGP 2, where we included
the square root of the absolute value of the regressor in the regression function, size-corrected
power is much lower compared to the DGP 1 case, which is not a surprise since there we added a
random walk and here we only have a misspecified model. We observe for some tests differences
in size-corrected power between the integrable and nonintegrable regression functions. For the
integrable regression function, size-corrected power is rather low, going up to 22% for the Wang
and Phillips (2016) test, for sample sizes up to T' = 200. This changes for sample sizes T = 500
and T = 1000, with size-corrected power reaching values of up to 96% by the Wang and Phillips
(2012) test, closely followed by the Wang et al. (2018) and Wang and Phillips (2016) tests. The
Choi and Saikkonen (2010) test exhibits some size-corrected power, up to 42%, while the Dong
and Gao (2018) and Wang and Zhu (2020) tests are far behind, reaching values of only around
18%. For the nonintegrable regression functions, the picture changes slightly, now with the four
specification tests Dong and Gao (2018), Wang and Phillips (2012), Wang and Phillips (2016) and
Wang et al. (2018) leading to the highest size-corrected power with values often quite close to each
other. Nevertheless, the Dong and Gao (2018) test stands out somewhat and delivers by far the
best results for the smooth transition cointegration function and the power function, for which the
size-corrected power is generally significantly lower across the specification tests. The Choi and
Saikkonen (2010) and Wang et al. (2018) tests are mostly quite far behind. Finally, we examine
the size-corrected power results for alternative DGP 3, where we added a deterministic trend. For
the integrable regression function, the Choi and Saikkonen (2010) test delivers the highest size-
corrected power, leading for 7" = 100 already to 86%. The Wang et al. (2018) follows with some
distance and then the Wang and Phillips (2012) test slightly behind. The Wang and Zhu (2020)
leads to comparable size-corrected power for 7' < 500 but not for smaller samples. Again, for the
integrable regression function, the Dong and Gao (2018) test is far behind, whereby the Wang and
Phillips (2016) reaches at least half the size-corrected power of the other leading tests. For the
nonintegrable regression functions, the Choi and Saikkonen (2010) test delivers the highest size-
corrected power as well, again followed by the Wang et al. (2018) test, but now with the Dong and
Gao (2018) test on the third place for 7" < 200 with one excemption, for the power function the
Wang and Phillips (2012) leads to the third highest size-corrected power for T' < 200. For T' > 500,
the Wang and Zhu (2020) often leads to the third highest size-corrected power. The Wang and
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Phillips (2016) test is sometimes more and sometimes less far behind the other tests. For the case
without error serial correlation and regressor endogeneity, i. e. with pg = p1 = pa = 0, size-corrected
power is substantially elevated across all tests, without changing the orders (compare Table [75|in
Appendix . Introducing a moving average error component additionally to the error serial
correlation and regressor endogeneity for which we discussed the results in detail above, i.e. having
po = 0.6, p1 = 0.4, and po = 0.6, the size-corrected power slightly worsens with exception of the
Wang and Zhu (2020) test under alternative DGP 3, where we can observe a more pronounced

decline in size-corrected power (compare Table [76|in Appendix [2.7.2)).

Now, with all the results we observed, there is no uniformly best specification test in terms of
size-corrected power. The Choi and Saikkonen (2010) test performs best for DGP 1 and DGP 3,
but for DGP 2 there are others ahead. Nevertheless, our recommended specification test is the
Choi and Saikkonen (2010) test with null rejection probabilities very close to the nominal level
of 5%, even under error serial correlation and regressor endogeneity, combined with very strong
size-corrected power in at least two out of three DGPs in our setup. As a reminder, we used the
C’%gmx test statistic from Choi and Saikkonen (2010). The Dong and Gao (2018), which also had
very good null rejection probabilities, works quite well for the nonintegrable regression functions
under all three DGPs and is especially recommended for large sample sizes. The null rejection
probabilities of the Wang and Phillips (2012) and Wang et al. (2018) tests were not as good but
still reasonable, for the Wang and Phillips (2012) at least for the nonintegrable regression functions,

and performed also uniformly quite well in the size-corrected power simulations.
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oVl

Hy: DGP 1 Hy: DGP 2 Hy: DGP 3
M Tcs Toac  Twpiz Twprpie Twwz Twz Tos Toe Twrpiz Twprie Twwz Twz Tcs Toc Twrpiz Twpie Twwz Twz
T =50
intexp 0.280 0.060 0.233 0.125 0.253 0.082 0.035 0.016 0.051 0.028 0.028 0.057 0.281 0.027 0.145 0.047 0.167  0.069
cpr 0.263 0.157  0.092 0.118 0.204 0.089 0.047 0.129 0.084 0.132 0.110 0.053 0.286 0.104 0.069 0.090 0.118  0.058
stc 0.253 0.141 0.066 0.105 0.171 0.084 0.053 0.077 0.050 0.078 0.056  0.049 0.279 0.101 0.053 0.086 0.091 0.057
exp 0.289 0.203 0.161 0.210 0.235 0.078 0.064 0.284 0.212 0.387 0.246  0.054 0.311 0.156 0.114 0.168 0.169  0.057
pow 0.304 0.170 0.214 0.151 — 0.083 0.051 0.068 0.060 0.059 — 0.050 0.390 0.129 0.163 0.134 — 0.063
jump - 0.223 0.205 0.226 - 0.085 - 0.135 0.134 0.200 - 0.048 - 0.147  0.149 0.177 - 0.057
T =100
intexp 0.550 0.063 0.376 0.173 0.418 0.127 0.043 0.020 0.077 0.075 0.053 0.049 0.857 0.023 0.441 0.138 0.516  0.156
cpr 0.501 0.226 0.182 0.166 0.313 0.158 0.051 0.210 0.147 0.242 0.221 0.052 0.704 0.224 0.157 0.164 0.280 0.100
stc 0.494 0.194 0.126 0.146 0.265 0.150 0.049 0.085 0.051 0.067 0.065 0.046 0.704 0.179 0.100 0.135 0.187  0.094
exp 0.491 0.304 0.305 0.311 0.409 0.137 0.095 0.503 0.448 0.702 0.561 0.050 0.694 0.358 0.317 0.382 0.449  0.138
pow 0.560 0.199 0.342 0.180 - 0.145 0.053 0.089 0.072 0.063 - 0.049 0.867 0.211 0.406 0.206 - 0.133
jump - 0.304 0.334 0.318 - 0.156 - 0.292 0.285 0.432 - 0.051 — 0.353 0.359 0.376 - 0.146
T =200
intexp 0.748 0.083 0.514 0.213 0.586 0.202 0.082 0.033 0.170 0.217 0.136  0.054 0.993 0.036 0.640 0.232 0.716  0.514
cpr 0.684 0.326 0.306 0.236 0.512 0.274 0.071 0.435 0.293 0.415 0.460 0.050 0.889 0.398 0.331 0.268 0.559 0.285
stc 0.684 0.294 0.236 0.225 0.405 0.294 0.052 0.123 0.065 0.100 0.111 0.050 0.900 0.330 0.197 0.215 0.402  0.289
exp 0.709 0.462 0.481 0.456 0.606 0.249 0.223 0.815 0.781 0.921 0.905 0.069 0.884 0.574 0.541 0.584 0.667 0.424
pow 0.736  0.235 0.483 0.223 - 0.278 0.046 0.150 0.098 0.082 - 0.055 0.982 0.257 0.595 0.292 - 0.403
jump - 0.434 0.500 0.405 - 0.222 - 0.594 0.534 0.649 - 0.067 — 0.531 0.554 0.494 - 0.440
T = 500
intexp 0.903 0.135 0.738 0.311 0.767 0.312 0.243 0.122 0.632 0.710 0.524 0.064 1.000 0.151 0.811 0.400 0.852  0.791
cpr 0.872  0.440 0.558 0.299 0.765 0.447 0.161 0.802 0.706 0.619 0.898 0.060 0.980 0.560  0.589 0.353 0.799  0.654
stc 0.876 0.417 0.467 0.261 0.655 0.547 0.083 0.300 0.167 0.194 0.316 0.051 0.977 0.580 0.517 0.409 0.757 0.697
exp 0.880 0.577 0.718 0.597 0.828 0.423 0.497 0.955 0.994 0.982 1.000 0.167 0.983 0.726 0.775 0.723 0.864  0.870
pow 0.897 0.307 0.704 0.299 — 0.459 0.057 0.337 0.215 0.125 — 0.050 0.998 0.358 0.789 0.377 — 0.747
jump - 0.533 0.726 0.515 - 0.352 - 0.880 0.889 0.820 - 0.153 - 0.651 0.781 0.598 - 0.733
T = 1000
intexp 0.962 0.149 0.855 0.383 0.876  0.420 0.418 0.176 0.956 0.861 0.912 0.163 1.000 0.162 0.900 0.474 0.920  0.951
cpr 0.953 0.533 0.755 0.356 0.886 0.580 0.295 0.953 0.962 0.714 0.995 0.100 0.997 0.653 0.776 0.406 0.915  0.921
stc 0.953 0.522 0.673 0.317 0.818 0.722 0.116 0.616 0.372 0.309 0.617 0.051 0.995 0.640 0.699 0.448 0.869  0.951
exp 0.961 0.682 0.876 0.685 0.937 0.572 0.717 0.983 1.000 0.993 1.000 0.518 0.998 0.814 0.894 0.779 0.944  0.985
pow 0.961 0.370 0.855 0.361 - 0.586 0.083 0.650 0.457 0.206 - 0.051 0.999 0.421 0.894 0.450 - 0.951
jump - 0.602 0.864 0.597 — 0.444 - 0.967  0.987 0.882 - 0.417 — 0.722 0.891 0.670 - 0.908

Table 36: Size-corrected power for the specification tests with pg = 0.6, p1 = 0.0, and p2 = 0.6.



2.6 Summary and Conclusion

This paper compares several nonparametric estimators and nonlinear specification tests for nonlin-
ear cointegrating regressions by means of a simulation study. From the nonparametric estimators,
the Dong et al. (2021) estimator without any weighting works best in our simulations. Compared
to parametric estimation with knowing the functional form, the results are in some cases only
slightly worse. The negative impact from error serial correlation and regressor endogeneity does
not come as a surprise, since the assumptions of the Dong et al. (2021) estimator do not allow
for such properties. In that sense, an estimator based on orthogonal series expansion, such as this
one, with additional corrections for error serial correlation and regressor endogeneity could be a
possible avenue for further research and beneficial for practitioners. From the specification tests,
the subresidual based test of Choi and Saikkonen (2010), using residuals from leads and lags re-
gression, performs overall best in our simulations. For two of the three alternative data generation
processes, this test performed exceptionally well in terms of null rejection probabilities and size-
corrected power, even in case of error serial correlation and regressor endogeneity. Overall, these
observations lead us to the conclusion that nonparametric estimation offers a reasonable alternative
for nonlinear cointegration relationships when the functional form is unknown, and the knowledge

that tests are available which can detect misspecifications with sufficient accuracy.

2.7 Appendix

2.7.1 Assumptions

Here we brought together all the assumptions of the considered estimators and specification tests
to give the reader the opportunity to directly see each underlying assumptions without going into
the original article. In an earlier version of the paper we used a merged set of assumptions, some
of which were much more restrictive than in the individual assumptions (for example, assuming iid
errors for all estimators and tests), but this obscures the restrictions of the individual estimators
or tests, and so we have refrained from doing so again. The assumptions presented here may differ
slightly from the original assumptions in that we have excluded some special cases that are not
covered here. For example, if not only integrated but also fractionally integrated processes were
covered, we have removed this part of the assumptions to improve comprehensibility. In addition,
we have renamed some of the error terms and regressors as well as other parameters or functions

in order to standardize them and facilitate the comparison of assumptions between the estimators
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or the tests.

Assumption 5 (short memory case only) x; = Z;Zl v, with v; =Y 77 Cy kEj—k, Where ¢y # 0

and Y ;2o |cp ] < 00 and wyy = > 22 Co i # 0.

Assumption 6 u; = Y72 Cujni—j, with Cuj = (Cuy j, Cus j) satisfying 3520 74 (|euy 5] + |Cus 5)
and 3 72 Cyj # 0.
It follows that
oo
1 E(eo¢o)
E(ul) = Cy;2C! ., where ¥ == < ) 127
(1) = 3 CusDCL E(eo)  E(G) 27

Assumption 7 K(x) is a nonnegative bounded continuous function satisfying ffooo K(z)dz =1
and ffooo \K(x)\dw < 0o, where R’(x) = f_oooo e K (t)dt.

Assumption [7] is satisfied for, e.g., the normal kernel and kernels with compact support.

Assumption 8 For given z, there exists a real positive function fi(s,x) and v € (0,1] such that,
when 6 is sufficiently small, | f(0y +x) — f(x)| < 67 fi(y,x) for ally € R and [*_ K(s)(fi(s,z) +
f2(s,x))ds < co.

Assumption includes for example regression functions f(z) = |z|® or f(z) = 1/(14 |z|?) for some

8> 0.
Assumption 9 For some p > 2
(i) K(z) satisfies [* K(y)dy =1,
/ypK(y)dy +0, /y"K(y)dy =0, i=12,...,p—1; (128)
(i) K(x) has compact support and is twice countinuously differentiable on R;

(ii) for given fired x, f(x) has continiuous p + 1 derivatives in a small neighborhood of x.

Assumption 10 z; = 22:1 vj, with v; = > 27 CykEj—k, where cuo # 0, D prolewr] < 0o and
Wow = Dopeo Cok # 0 and {e;}jez is a sequence of i.i.d. random variables with E(go) = 0, E(e}) =1
and E(|go|*T°) < oo for some § > 0, and the characteristic function o(t) of o satisfies [+

It)]o(8)]dt < 0o [

5 . . . . . .
52We only consider the case where x; is an integrated process and omit the case x; is a near integrated process.
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Assumption 11 u; = pus—1+¢ with |p| < 1 and vy = ug = 0, where Fro = (¢, C1y- -5 Gty T15 - ., TT)

and {Ctaft,T}thl forms a martingale difference sequence satisfying, as T — oo first, and then

m — 0o,
Jmax [E( | Fiorr) = 0°] =as. 0, (129)
where o® is a given constant, and sup,<;<rr>1 B([1]? | Fim1,7) < 00 a.s. for some q > 2.

Assumption 12 (a) [* K(s)ds =1 and K(-) has compact support;
(b) For any x,y € R, |(K(z) — K(y)| < C|z — y|, where C is a positive constant;
(c) Forp>2,
/ypK(y)dy # 0, /yiK(y)dy =0, i=12,...,p—1L (130)
Assumption 13 (a) There exist 0 < 8 <1 and o > 0 such that
(@ +y) = f@)] < OO+ 2"yl (131)
for any x € R and |y| sufficiently small, where C is a positive constant;
(b) For given fized x, f(x) has continiuvous p+ 1 derivatives in a small neighborhood of =, where

p > 2 is defined as in Assumption (c)

Dong et al. (2021) make use of the following assumptions:

Assumption 14 (i) Let {ej, —00 < j < oo} be a scalar sequence of independent and identically
distributed random variables having an absolutely continuous distribution with respect to the
Lebesgue measure and satisfying E(go) = 0, E(e3) = 1, E(|eo|9!) < oo for some q1 > 4. The

characteristic function of ey satisfies that [*°_|t|[E(exp(iteg))|dt < oo;
(ii) Let vy =Y 5 Cok€t—k, Where Y 1o o k|cy k| < 00 and wyy = Y 5o Co ke 7# 0;
(iii) Fort>1, vy = x4—1 + v, and 9 = Op(1).
Assumption 15 (i) Suppose that zy = o(ey, . .., €t—aqt1; V) with fived nonnegative integer d and
measurable function o : R4 s R, where the sequence {v;} is independent of {¢;}, and z has

finite second moment; moreover, suppose that {1} is a strictly stationary a-mizing process

with mizing coefficients o(i) such that > ;2 a(i) < oo.
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(ii) Suppose that m(-) is a density function on V., and if V, is a bounded interval it is continuous
in the interior of V, and satisfies additionally m(z) > ¢ > 0 for some constant c. Suppose
also that there exists an orthonormal function sequence {p;(2)}ien, in the space L*(Vy,m(z))

such that sup,cy, supizo|pi(z)m1/2(z)| < 00.

(iii) Suppose that uy and the filtration Fyr = o(zj41u4,j < tixi,...,x7) form a martingale
difference sequence such that almost surely E(u? | Fi17) = 02 and maxi<i<r E(Jug|? |

Fio1,r) < C < oo for some qa > 4 and constant C.

Define some more quantities for Assumption[I6] Denote with ¥ and Zx matrices which approx-

AY XS and A\

min’? max’/‘min max

imate ZT kWrZr k and Z{F KWTZT K, respectlvelyl Let \Y denote the
minimum and maximum eigenvalues of ¥V and =g, respectively. The relation Ar =< Brp indicates,

that there exist positive absolute constants ¢y, ¢, such that ¢; < Ap/Br < cs.

Assumption 16 (i) Suppose that f(r,z,x) € L*([0,1] x V, x R, ¢(2,)) and f(r,z,x) is differ-

entiable with respect to v, z and x, respectively, up to the orders of s1, s2 and ss3.

(ii) Suppose that ki, ko and ks are divergent as T — oo, and that )\mm = K=, )\%ax = K2,
A =< K4 and \E

min max

that:

= K*'2, in probability uniformly in T ¢ > 0 and t; > 0, i = 1,2 such

(a) KAt2(ate)+u ks = o(T).
(b) K2t /Tmax(ky 2 log?(k1), ky *2, k3*8) = o(1).

(¢) K220 y/Tmax(k; > log?(k1), ky 27 k3T = o(1).

Assumption 17 K(z) has compact support, [* K(x)dz = 1 and |K(z) — K(y)| < Clz — y|

whenever |x — y| is sufficiently small.

53The two matrices Uk and =x are square matrices with dimension K. The elements of ¥k are given by

E (pj(zt)pjr (ze)m(zt)) Zqﬁl t/T) i (t)T)hy (24 ) hyr () exp(—a7),

t=1

and the elements of Zx are given by
d T
T
E (p; (z0)py (= ) 7 D it/ T)bir (t/T)ha(we) hur (we) exp(—227),
t=1

with (17]31)?(Zla]lal,) EIC: {0?7k171} X{077k271}x{077k371}
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Assumption 18 (i) There exist gi(x) and go(x) such that, for each 6,6y € Q,

lg(x,0) — g(x,00)] < C[|0 — Oo||g1(x),

and for some 0 < B <1,

lg1(z + ) — g1(2))| < Clyl’ga(x),

whenever y is sufficiently small;

(it) [7oo (L + g7 (@) + g3 (2))m(2)dw < oo.
R ~1/2
Assumption 19 Under Hy, ||07 — 60|| = op ((\/Th) )

Assumption 20 (i) Fort > 1, let xy = ;1 + vy with xy = Op(l)ﬂ

(it) Suppose that {vi}iez is a linear process defined by vy = W(L;po)er = D720 j(po)et—;,
where py € E is a p-dimensional vector of unknown parameters and = is compact, V(s; p) =
>0 Vi(p)s?, in whicho(p) = 1, W(s; p) is continuous in s, and 1 = V(1; py) = > 20 ¥i(po) #
0. Also, U(s;p) satisfies

(a) for all p# po and p € =2 C RP, on a set S C {s:|s| =1} of positive Lebesgue measure,
we have [9(s; p)| # [¥(5: p0)];

(b) for all p, W(e™; p) is differentiable in v € R with derivative in Lip(s) for s > 1/2, that is,
\U(v15p) — U(va; p)| < clp)lvr — val* for any v1,v9 € R where U(v; p) = 0V (e; p)/Ov;

(c) for allv € R, W(e; p) is continuous in p;

(4) for all p € Z, [(s: )| £0, |s] < 1.
(iii) The error process {us}iez is generated by

(a) up = Z]oio Cu,jCt—j, where ¢y = 1, im0 j70¢, ; exists with vo > 3/2, and wy, =
S ey £ 0, or

(b) Ut = p(@t, o 7€t—m0+1;<-t7 o 7Ct—m1+1) where min<m07m1) Z 1; {Ct}tEZ 5 a sequence
of i.i.d.(0,1) continuous variables independent of {e;}iez, and the function p(...) is a
measurable mapping from R™FT™ sy R such that E(u;) = 0 and E(u}) < oo for all

t > max(mg, m1); we define uy = 0 for t < max(mg, my).

®We only consider the case where z; is an integrated regressor, even though Dong and Gao (2018) allow for
fractionally integrated regressors.
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Assumption 21 (i) Let k= |c-T*] for some £:0 < k < 3 and constant ¢ > 0.

(ii) Under Hy, there exists a consistent estimator 6 of 0y such that P(|0 — 6y > MCr) < eo for
any €0 > 0 and M = M (o), where (r4/ % = O(1). This, moreover, holds as well under Hy

with Oy replaced by 6.

(i4i) Suppose that g(z,0) is twice differentiable with respect to 6 and g(x,0) € L*(R) for every
fized 0 € ©. Let ly(x,0) = %g(z,@) and la(x,0) = 8989, g(z,0). Suppose further that
11 (z, )|, la(z, )| € L*(R) N L2(R), and that there exists a positive function I(z) € L*(R) N
L?(R) such that ||la(z, )| < I(z).

Assumption 22 (i) Let k satisfy Assumption[21](i).

(ii) Under Hy, (with g(z,0) € L*(R,e™®")), there exists a consistent estimator hatf of 6y such
that P(||0 — 6o|| > M(r) < eo for any eo > 0 and M = M(gg), where CTH% = O(1). This,

moreover, holds as well under Hy with 6y replaced by 0.

(iii) Suppose that g(x,0) is twice differentiable with respect to 6 and g(z,0) € L2(R,e™*") for
every fized 6 € ©. Let l1(z,0) = %g(x,@) and lo(x,0) = 8380’ (z,0). Suppose further
2

that |[l1(z, )|, |ll2(z, )| € L2(R,e~"), while |[lz(z,-)| < I(x) uniformly over 6 with positive
function I(z) € L2(R, e™*").

Assumption 23 (i) {e;}iez is a sequence of independent and identically distributed (i.i.d) con-
tinuous random variables with E(gg) = 0, E(e3) = 1, and with the characteristic function p(t)
of eo satisfying |t||o(t)] — 0, as |t| — oc.

(i) xp = x4—1 + vy, 2o =0, for 1 <t < T, and vy = Z;io Cyj€t—j, where wy, = Z;’;O Coj # 0

and Z?.;Oj1+5‘cv,j| < 0o for some § > 0.

Assumption 24 (i) {u, Fi}i>1, where F; is a sequence of increasing o-fields which is indepen-
dent of e, k >t + 1, forms a martingale difference satisfying E(u?, | | F;) —vq.s. 0> > 0 as

t — 00 and sup;>4 E(|ug1]* | Fp) < oo.

(ii) x¢ is adapted to Fy, and there exists a correlated vector Brownian motion (B, Ba) such that

|7t] |7t]

\fz 7 \fl Z“JH (Bi(1), B2(1)), (132)

on D[0,1]? as T — oc.
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Assumption 25 K(z) is a nonnegative real function satisfying sup, K (x) < oo and [~ K (x)dz <

Q.

Assumption 26 (i) There is a sequence of positive real numbers 1 satisfying o7 — 0 asT — oo

such that supaE@OHé — 0ol = op(67), where ||-|| denotes the Euclidean norm.

2 ~
(ii) There exists some ey > 0 such that 9 g(;;’@) s continuous in both x € R and 0 € ©q, where

(:)0 = {0 : HG — 00” < 60,90 € @0}

(11i) Uniformly for 6y € Oy,
‘89(96, 0) 9%g(,0)

06?

< O(1+ |z|?), (133)

89 0:00

6=0¢
for some constants B > 0 and C > 0.

(iv) Uniformly for 6y € O, there exist 0 < v <1 and max{0,3/4 — 28} <~ <1 such that

'ag(:n+y,eo> 9@ 80)| gy I B> 0,
900 Mo |~ 14 |z 1, if B =0,

(134)

for any z,y € R.

Assumption 27 Th? — oo, 6%T1+5\/E — 0 and Th*log?(T) — 0, where 3 and 62. are defined as
in Assumption |26, Also, [ (14 |z[** 1)K (z)dz < oo and E(|eg|**T?) < oo.

o0

Assumption 28 z; = x;_1 + v¢, where g = 0.

Assumption 29 (i) For each t > 1, E(uy | Fi—1) = 0 and supysy E(Jug[*T" | Fim1) < oo for

some n > 0, where F; is a sequence of increasing o-fields, so that xy € Fi_1;

(ii) we have
LT LT LT

|
\}TZ%,\%Za_k,\/lT up | = (Bi(t), Bo(t), Bs(t), on Dgal0,00),  (135)
k=1 k=1

k=1

where {B(t), Ba(t), B3(t) }+>0 is a 3-dimensional Brownian motion with covariance matric

Q.

Assumption 30 (i) There exist a bounded real function h(x) satisfying h(xz) | h(0) = 0, as
x 1 0, and a bounded and integrable real function N(x) such that, for each 6 € ©g, |g(x,0) —
9(x,00)] < h([|0 — bol[) N (z);
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(it) [ (g(s,0) — g(s,60))%ds > 0 for all § # 6.

Assumption 31 Let p(x,0) be one of g, and §;j,1 < i,j < m. There exists a real function
Np : R = R such that

(1) |p(z,8) — p(x,00)] < Ap(||0 — Ool|)Np(z), for each § € ©g, where A,(x) is a real function
satisfying A,(t) | Ap(0) =0, ast ] 0;

(ii) for any bounded x,

510 [Pz, 6) = vy Wiy, 6)| /Ny ) = (1) (136)

as A — oo, where, for each § € Oq, hy(x,0) is a locally bounded function, and vy(X) is a

positive real function bounded away from zero as X\ — oo;

(111) Np(Az) < C vp(AN)(1+ |z|7) as |A\x| — oo for some v > 0.

Assumption 32 We have
vg(dr)vg,, (dr)
vy, (dr)vy, (dr)

for some & > 0, with h(s,00) = ((hs(5,600);-- -, hg,, (5,600)) .

sup
1<ij<m

< oo and / h(s,00)h(s,0p) ds > 0, (137)
B

Assumption 33 Let z; = 22:1 &, where &, for j > 1, is a linear process defined by &§; =
> re o Pr€j—k, with coefficients ¢y, for k > 0, satisfying ¢o # 0 and Y o2y |ox| < oo and ¢ =
Ziio o1 7 0.

Assumption 34 For each 0,60y € Qq, there exists a bounded and integrable real function T'(x) such
that
|g(x,60) — g (2,00)| < h(||6 — 6o]]) T(x) (138)

where h(z) is a bounded real function satisfying h(z) — 0 as || — 0 .

Assumption 35 For each 0,0y € Qq, there exist positive real functions T'(x), v(x), and v;j(zx), for

j=1,...,m, such that, for any A > 0
(i) T(ha) < v(N) (1+ |2]7) (99 (z,60)) / (90;)] < T(x), for j=1,...,m, and

%(@.80)] g gy 1+ 7(a), (139)

g($79)_g($700)_2(9j_90j) 06,

Jj=1

for some o > 0 and B > 0;
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(ii) whenever x and y are in a compact set, for each 1 < j < m,

0g (Az, 6 g (\y, 0
aif.00) _09OVR) < oy (3 o~y + s O0) 4 ResO) (140
06, 00;
where R1;(2) and Ry;(2) are bounded and integrable functions;
(iit) as K — 00,SUp|y|> g maxi<j<m v(x)/vj(z) < oo.

Assumption 36 Assume x; = x4_1 + v, t = 1,2,..., where vy is a zero-mean stationary process

and the initial value To may be any random variable with the property E||xo|/*< co.

. ! - . ..
Assumption 37 For some r > 4, wy = [u,v)]' is a stationary, zero-mean, strong mizing sequence

with mizing coefficients of size —4r/(r —4) and E |Jw||” < oo

Assumption 38 The spectral density matrix fuw(\) is bounded away from zero:

fuw(A) = elpy1, €>0. (141)

Assumption 39 (i) The parameter space © of 6 is a compact subset of R¥ and the true param-

eter value 0y € OV, where O denotes the interior of ©.

(ii) Here, g(x,0) is three times continuously differentiable on RP x ©*, where ©* is an open set

containing ©.

Assumption 40 For some s € [0,1] and all 6 # 6y,

9(By(5),0) # g (B)(5),60) (as.), (142)

with BY(s) = VT B,(s).

Assumption 41
1
/ K (BY(s),00) K (BS(S),H())/CZS >0 (a.s.), (143)
0

where f((m,@o) — %‘9 .
=bo

149



2.7.2 Additional Finite Sample Performance Results
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161

7Y TV pmls ptl6 gpml/s e g2pol/4 s g2t/ gpml/6 o g2pml/s g2pml/a g2/ s2p/6 b hepin hopt(T)  hopin()
T = 200
sinc bartlett ~ 1.220  1.114  1.050  1.012  1.170 1.062 1.005 0.974 0.821 0.799 0.789 0.785 0.942 0.949 0.971 0.968
epa 1.183  1.083 1.025 0.992 1.135 1.036 0.986 0.961 0.819 0.796 0.787 0.784 0.947 0.960 0.973  0.979
gaussian  0.901  0.881  0.885  0.899  0.890 0.884 0.904 0.926 0.787 0.781 0.780 0.780 0.887 0.914 0902  0.920
intexp  bartlett 1.177  1.066  0.997 0.952  1.125 1.010 0.943 0.901 0.393 0.356 0.341 0.334 0.771 0.749 0.806  0.767
epa 1.136  1.031  0.966 0.924  1.087 0.978 0.915 0.876 0.386 0.351 0.338 0.333 0.767 0.743  0.793  0.752
gaussian  0.789  0.748  0.720  0.700  0.770 0.726 0.696 0.675 0.336 0.329 0.327 0.327 0.702 0.670  0.701 0.667
cpr bartlett ~ 1.807  1.719  1.667 1.637  1.766 1.677 1.632 1.610 24.680 35.740 40.742 42.964 1.600 1.609 1.707 1.686
epa 1.814  1.734  1.690  1.667  1.776 1.699 1.665 1.651 27.672 38.576 42.863 44.568 1.654 1.671  1.756 1.771
gaussian  2.152 2146 2166  2.204  2.147 2.162 2.223 2.312 42.398 45.487 46.160 46.382 2150 2.195  2.230 2.244
stc bartlett ~ 1.181  1.071  1.002  0.957  1.130 1.015 0.948 0.906 1.931 2.838 3.301 3.524 0.790 0.767 0.849  0.796
epa 1.141  1.036 0.971  0.929  1.092 0.983 0.921 0.882 2.158 3.086 3.504 3.687 0.787 0.762 0.839  0.783
gaussian 0.805 0.765 0.737  0.719  0.787 0.743 0.715 0.696 3.463 3.793 3.870 3.896 0.727 0.698 0.740  0.713
exp bartlett  1.177  1.066  0.996  0.951  1.125 1.009 0.942 0.900 0.478 0.564 0.644 0.698 0.771 0.748 0.805  0.764
epa 1.136  1.030 0.965 0.923  1.086 0.977 0.914 0.875 0.496 0.606 0.693 0.748 0.767 0.741 0.792  0.748
gaussian 0.787  0.745 0.716  0.696  0.768 0.722 0.691 0.669 0.682 0.792 0.832 0.848 0.699 0.665 0.696  0.660
pow bartlett — 2.818  2.748  2.712  2.697 2.785 2.720 2.696 2.693 48.682 69.978 79.371 83.464 2.703 2742 2.851 2.890
epa 2.879  2.822  2.798 2795  2.851 2.804 2.798 2.811 54.542 75.388 83.345 86.428 2.819 2.877  2.958 3.075
gaussian  3.871  3.901  3.973  4.075  3.879 3.960 4.118 4.322 82.414 87.969 89.112 89.475 3.895 3.993 4.026  4.073
jump bartlett ~ 1.180  1.069  1.000  0.955  1.128 1.013 0.946 0.904 1.636 2.564 3.097 3.381 0.800 0.772 0.837  0.785
epa 1.139  1.034 0.969 0.927  1.090 0.981 0.919 0.879 1.857 2.838 3.344 3.591 0.795 0.766 0.825  0.770
gaussian 0.798  0.757  0.729  0.709  0.779 0.735 0.705 0.684 3.308 3.766 3.891 3.938 0.726 0.693 0.722  0.691
T = 500
sinc bartlett ~ 1.124  0.987  0.908 0.863  1.066 0.930 0.861 0.824 0.768 0.758 0.755 0.754 0.792 0.801 0.825  0.829
epa 1.085 0.956 0.884 0.844  1.030 0.904 0.842 0.812 0.767 0.757 0.755 0.754 0.796 0.810 0.827  0.841
gaussian 0.788  0.753  0.751  0.767  0.771 0.749 0.769 0.801 0.755 0.754 0.753 0.753 0.753 0.786  0.775  0.803
intexp ~ bartlett 1.097 0.956 0.872 0.821  1.038 0.896 0.818 0.771 0.268 0.247 0.241 0.239 0.653 0.630 0.680  0.640
epa 1.056  0.922  0.843  0.795  1.000 0.865 0.792 0.748 0.264 0.245 0.241 0.239 0.649 0.625 0.670  0.628
gaussian 0.714  0.659 0.625 0.602  0.692 0.635 0.601 0.578 0.241 0.238 0.238 0.238 0.603 0.570  0.601 0.565
cpr bartlett ~ 1.966  1.864  1.812  1.787  1.922 1.826 1.786 1.774 72.155 1.01-10* 1.09-10* 1.12-10> 1.779 1.800 1.867 1.881
epa 1.981  1.892  1.852  1.837  1.942 1.862 1.837 1.838 80.055 1.06-10*> 1.12-10° 1.14-10> 1.843 1.877 1.919 1.988
gaussian 2466  2.466  2.505  2.571  2.462 2.490 2.580 2.712 1.09-10*> 1.14-10* 1.15-10> 1.15-10%7 2467 2.522 2519 2.530
stc bartlett  1.100  0.959  0.875 0.824  1.041 0.899 0.821 0.774 3.543 5.136 5.692 5.891 0.674 0.648 0.736  0.674
epa 1.059 0925 0.847 0.799  1.003 0.869 0.796 0.752 3.941 5.450 5.889 6.022 0.671 0.644 0.727  0.663
gaussian 0.725 0.671  0.637 0.615 0.703 0.647 0.614 0.593 5.688 6.040 6.095 6.109 0.627 0.594 0.642  0.610
exp bartlett ~ 1.097  0.956  0.872  0.821  1.038 0.896 0.818 0.771 0.481 0.650 0.750 0.800 0.654 0.630  0.681 0.639
epa 1.056  0.922  0.843  0.795  1.000 0.865 0.792 0.748 0.518 0.703 0.798 0.842 0.651 0.625 0.670  0.627
gaussian  0.713  0.659  0.624  0.601  0.691 0.634 0.599 0.576 0.750 0.851 0.877 0.886 0.603 0.569 0.599  0.563
pow bartlett  3.282  3.208 3.181  3.177  3.249 3.188 3.178 3.196 1.43-10*° 1.99-10° 2.16-10> 2.21-10> 3.188 3.241 3.297  3.423
epa 3.358  3.303 3.294 3.309 3.331 3.295 3.312 3.354 1.59-10% 2.10-10° 2.22-10° 2.25-10° 3.318 3.394 3.405 3.652
gaussian  4.600  4.651 4.761 4914  4.611 4.721 4.933 5.217 2.16-10% 2.25-10%7 2.26-10%° 2.27-10® 4.621 4.722 4.704 4.748
jump bartlett  1.099  0.958  0.874  0.823  1.040 0.898 0.820 0.773 3.130 4.919 5.647 5.940 0.685 0.655 0.720  0.662
epa 1.058 0924 0.846 0.798  1.002 0.868 0.795 0.751 3.545 5.307 5.919 6.134 0.681 0.650 0.710  0.650
gaussian 0.720 0.666  0.631  0.609  0.698 0.642 0.607 0.584 5.647 6.179 6.280 6.309 0.629 0.593 0.627  0.591

Table 37: ARMSE for the estimator fqu with pg = 0.6, p1 = 0.4, and ps = 0.6.



GSl1

7Y T4 s pTl6 gpml/s g2pol/a s g2pl/s gpml/6 g2pml/s g2pml/4 g2l G226 p hepin hopt(T)  hopin()
T = 200
sinc bartlett  1.337  1.239  1.172 1.129  1.293 1.185 1.120 1.081 0.837 0.810 0.798 0.792 1.021 1.018  1.043 1.025
epa 1.305 1.212  1.148 1.107 1.264 1.160 1.099 1.065 0.834 0.806 0.794 0.789 1.025 1.027 1.041 1.030
gaussian  0.976  0.954  0.950 0.957  0.966 0.950 0.961 0.977 0.794 0.784 0.781 0.780 0.951 0.968 0.956  0.961
intexp  bartlett 1.298 1.197 1.126 1.077  1.253 1.139 1.066 1.018 0.424 0.379 0.358 0.347 0.859 0.832 0.906  0.852
epa 1.265 1.167 1.097 1.049 1.222 1.110 1.039 0.991 0.416 0.373 0.353 0.344 0.856 0.826 0.892  0.834
gaussian 0.886  0.840 0.805 0.780  0.867 0.812 0.775 0.749 0.351 0.334 0.330 0.328 0.782 0.743 0.786  0.740
cpr bartlett ~ 1.880  1.802 1.748 1.714  1.846 1.759 1.708 1.678 17.520 27.613 33.342 36.386 1.655 1.648 1.760 1.722
epa 1.878 1.807 1.760 1.732  1.847 1.770 1.729 1.708 20.622 31.931 37.716 40.531 1.702 1.704 1.802 1.797
gaussian 2.168  2.162 2.178 2.209  2.163 2.176 2.225 2.287 35.635 41.451 43.455 44.361 2.165 2.199  2.240 2.247
ste bartlett  1.302 1.201  1.130 1.081 1.258 1.144 1.071 1.022 1.482 2.265 2.745 3.013 0.880 0.850 0.951 0.881
epa 1.269 1.171  1.101 1.054 1.226 1.115 1.044 0.997 1.704 2.604 3.105 3.363 0.876 0.844 0.939  0.865
gaussian 0.897 0.853 0.818 0.793  0.878 0.825 0.788 0.763 2.933 3.455 3.639 3.722 0.804 0.765 0.818  0.778
exp bartlett ~ 1.298  1.197 1.125 1.076  1.253 1.139 1.066 1.017 0.463 0.500 0.552 0.595 0.860 0.832 0.906  0.850
epa 1.265 1.166 1.096 1.048 1.221 1.110 1.038 0.991 0.477 0.541 0.610 0.662 0.856 0.825 0.892  0.831
gaussian 0.883  0.838 0.802 0.776  0.864 0.809 0.771 0.744 0.579 0.697 0.756 0.787 0.780 0.739 0.782  0.735
pow bartlett  2.855 2.792 2754 2.736  2.826 2.763 2.736 2.727 34.615 54.341 65.331 71.095 2.733 2758  2.877  2.902
epa 2907 2.854 2.830 2.825 2.882 2.836 2.828 2.837 40.765 62.799 73.827 79.096 2.843 2.889 2.978 3.081
gaussian 3.888  3.917 3.987  4.079  3.896 3.974 4.115 4.279 69.693 80.598 84.255 85.881 3.911 4.001 4.036  4.081
jump bartlett  1.301  1.200 1.129 1.080 1.256 1.142 1.069 1.021 1.206 1.921 2.418 2.726 0.894 0.860 0.942  0.873
epa 1.268 1.170 1.100 1.052 1.225 1.113 1.042 0.994 1.393 2.236 2.779 3.096 0.890 0.853 0.929  0.856
gaussian 0.892  0.847 0.811 0.786  0.873 0.818 0.781 0.754 2.635 3.276 3.535 3.661 0.807 0.765 0.806  0.762
T = 500
sinc bartlett  1.260  1.127  1.041  0.988  1.207 1.066 0.984 0.937 0.775 0.762 0.758 0.756 0.874 0.871  0.901 0.886
epa 1.228 1.099 1.016 0.966 1.177 1.040 0.963 0.920 0.773 0.761 0.757 0.755 0.877 0.878 0.898  0.892
gaussian 0.886  0.840 0.824 0.829  0.867 0.826 0.830 0.852 0.758 0.754 0.754 0.753 0.825 0.842 0.835  0.845
intexp  bartlett 1.237 1.100 1.011 0.952  1.182 1.037 0.948 0.892 0.285 0.257 0.247 0.243 0.741 0.711 0.782  0.725
epa 1.204 1.070 0.982 0.925 1.151 1.008 0.921 0.867 0.281 0.255 0.246 0.242 0.738 0.706 0.770  0.709
gaussian 0.828 0.761 0.716 0.685  0.802 0.729 0.683 0.653 0.248 0.240 0.239 0.238 0.686 0.643  0.691 0.640
cpr bartlett  2.041 1.945 1.887 1.854  2.003 1.904 1.853 1.831 51.761 81.461 93.965 99.491 1.830 1.834 1.926 1.920
epa 2.040 1.957 1.910 1.889  2.007 1.923 1.889 1.882 61.008 92.477 1.04-10®> 1.08-10° 1.885 1.905 1.971 2.019
gaussian 2475 2475 2512 2572 2471 2.497 2.580 2.688 94.673 1.07-10> 1.11-10®> 1.12-10> 2475 2526 2.529 2.535
stc bartlett  1.239  1.103 1.013 0.955 1.185 1.040 0.951 0.895 2.634 4.180 4.892 5.217 0.767 0.732 0.843  0.761
epa 1.206 1.073 0.985 0.928  1.154 1.011 0.925 0.870 3.076 4.751 5.423 5.691 0.764 0.727 0.833  0.747
gaussian 0.836  0.771 0.725 0.695 0.811 0.739 0.693 0.663 4.908 5.640 5.855 5.942 0.710 0.666 0.730  0.683
exp bartlett  1.236  1.100 1.010  0.952  1.182 1.037 0.948 0.892 0.423 0.548 0.640 0.697 0.743 0.713 0.783  0.724
epa 1.203 1.070 0982 0925 1.151 1.007 0.921 0.867 0.460 0.613 0.715 0.772 0.740 0.707 0.771 0.708
gaussian 0.827 0.761  0.715  0.684  0.802 0.729 0.682 0.651 0.640 0.774 0.826 0.849 0.687 0.643 0.690  0.638
pow bartlett  3.313  3.242 3.210 3.203  3.282 3.219 3.204 3.217 1.03-10> 1.62-10®> 1.86-10®> 1.97-10> 3.211 3.254 3.328 3.440
epa 3.378 3.324 3.313 3.326  3.352 3.315 3.329 3.368 1.21-10®> 1.83-10®> 2.06-10> 2.14-10> 3.334 3.405 3.431 3.663
gaussian 4.609  4.659  4.769  4.915  4.620 4.729 4.933 5.186 1.88-102 2.12-10% 2.19-10®> 2.21-10>° 4.629 4.729 4.712  4.755
jump bartlett  1.238  1.102 1.013 0.954 1.184 1.039 0.950 0.894 2.196 3.765 4.606 5.035 0.782 0.743 0.829  0.751
epa 1.205 1.072 0.984 0.927 1.153 1.010 0.924 0.869 2.588 4.338 5.185 5.580 0.779 0.738 0.818  0.735
gaussian 0.832 0.766 0.720 0.690  0.807 0.734 0.688 0.657 4.614 5.575 5.898 6.038 0.717 0.669 0.718  0.667

Table 38: ARMSE for the estimator fiws, with po = 0.6, p; = 0.4, and py = 0.6.
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T =200
sinc bartlett ~ 1.147  1.046 0.989  0.956  1.098 0.999 0.951 0.926 0.820 0.798 0.789 0.785 0.910 0922 0.943  0.949
epa 1.106  1.014 0964 0.937 1.061 0.973 0.933 0.915 0.819 0.796 0.787 0.784 0.914 0933 0.947  0.962
gaussian 0.868  0.857 0.865 0.882  0.861 0.863 0.887 0.912 0.787 0.781 0.780 0.779 0.867 0.899 0.889  0.913
intexp  bartlett  1.101  0.995 0.932 0.892  1.050 0.943 0.884 0.848 0.395 0.358 0.343 0.336 0.739 0.720 0.771  0.740
epa 1.056  0.958  0.900 0.864  1.009 0.911 0.857 0.824 0.388 0.353 0.340 0.334 0.734 0.714 0.760  0.727
gaussian  0.751  0.718  0.695 0.678  0.735 0.699 0.675 0.657 0.338 0.329 0.328 0.327 0.680 0.653 0.680  0.653
cpr bartlett ~ 1.764 1.679 1.632 1.606  1.723 1.641 1.603 1.586 25.088 36.105 41.037 43.208 1.585 1.602 1.694  1.680
epa 1771 1.697 1.659 1.640 1.735 1.666 1.639 1.631 28.073 38.890 43.084 44.731 1.640 1.668 1.746  1.770
gaussian 2.161  2.164 2.196 2249  2.160 2.191 2.272 2.385 42.661 45.629 46.249 46.443 2170 2.234 2.256  2.283
ste bartlett ~ 1.106  1.000 0.937 0.897  1.055 0.948 0.889 0.853 2.010 2.916 3.366 3.578 0.756 0.736  0.809  0.764
epa 1.061  0.964 0906 0.870 1.014 0.917 0.863 0.830 2.235 3.152 3.552 3.722 0.751 0.730 0.799  0.753
gaussian  0.767  0.734  0.712  0.696  0.752 0.717 0.693 0.678 3.522 3.825 3.891 3.911 0.703 0.680 0.718  0.697
exp bartlett ~ 1.101  0.994  0.931 0.891  1.050 0.942 0.883 0.847 0.482 0.574 0.657 0.713 0.738 0.718 0.768  0.735
epa 1.055 0.957 0.899  0.863  1.008 0.910 0.856 0.822 0.501 0.614 0.704 0.758 0.732 0711 0.756  0.721
gaussian  0.747  0.714  0.690 0.673  0.732 0.695 0.669 0.650 0.697 0.806 0.842 0.857 0.675 0.646 0.673  0.643
pow bartlett ~ 2.813  2.746 2713  2.701  2.780 2.719 2.701 2.702 49.469 70.684 79.940 83.934 2717  2.767  2.869  2.912
epa 2877 2.824 2804 2804 2.850 2.808 2.808 2.826 55.317 75.995 83.769 86.737 2.837 2905 2981  3.102
gaussian 3.915  3.958 4.051 4.179  3.928 4.033 4.230 4.483 82.922 88.238 89.276 89.587 3.949 4.075  4.086  4.150
jump bartlett ~ 1.104  0.998  0.935 0.895  1.053 0.946 0.887 0.850 1.698 2.635 3.161 3.438 0.761 0.737 0.794  0.750
epa 1.059  0.961 0904 0.867 1.012 0.914 0.860 0.826 1.919 2.901 3.396 3.634 0.755 0.730 0.783  0.737
gaussian  0.757  0.724  0.700  0.683  0.742 0.705 0.679 0.660 3.369 3.804 3.918 3.958 0.697 0.668 0.695  0.667
T = 500
sinc bartlett ~ 1.040 0.911 0.842 0.804  0.984 0.861 0.802 0.774 0.768 0.758 0.755 0.754 0.760 0.775 0.796  0.810
epa 0.997 0.879 0.818 0.787  0.946 0.835 0.785 0.764 0.767 0.757 0.755 0.754 0.763 0.785 0.800  0.825
gaussian  0.746  0.723  0.728  0.749  0.734 0.725 0.751 0.787 0.755 0.754 0.753 0.753 0.730 0.771 0.759  0.795
intexp  bartlett  1.011  0.878  0.803  0.759  0.954 0.824 0.756 0.717 0.270 0.248 0.242 0.240 0.621 0.603 0.645  0.615
epa 0.966 0.843 0.774 0.734  0.913 0.793 0.732 0.696 0.266 0.246 0.241 0.239 0.617 0.598 0.636  0.604
gaussian  0.667  0.624  0.597  0.579  0.649 0.605 0.578 0.560 0.242 0.239 0.238 0.238 0.580 0.553 0.578  0.550
cpr bartlett ~ 1.912  1.817 1773 1.754  1.870 1.785 1.754 1.748 72.582 1.01-10® 1.09-10® 1.12-10®> 1.757 1.789 1.841  1.868
epa 1.920 1.848 1.817 1.808  1.892 1.825 1.809 1.818 80.457 1.06-10° 1.12-10®° 1.14-10®> 1.823 1.869 1.896  1.979
gaussian 2.474 2485 2538 2622 2473 2.518 2.633 2.798 1.09-10° 1.14-10> 1.15-10%® 1.15-10> 2485 2.559 2539  2.562
ste bartlett ~ 1.014 0.881  0.806 0.762  0.957 0.827 0.760 0.721 3.633 5.200 5.734 5.922 0.640 0.618 0.692  0.642
epa 0.969 0.846 0.778 0.738  0.916 0.797 0.736 0.700 4.024 5.498 5.914 6.038 0.636 0.614 0.682  0.632
gaussian  0.678  0.636  0.610  0.592  0.661 0.617 0.591 0.574 5.731 6.058 6.105 6.115 0.601 0575 0.615  0.591
exp bartlett ~ 1.011  0.877  0.803  0.759  0.954 0.824 0.756 0.717 0.494 0.670 0.770 0.819 0.622 0.603 0.644  0.612
epa 0.965 0.842 0.774 0.734  0.913 0.793 0.732 0.696 0.530 0.719 0.812 0.853 0.618 0.597 0.635  0.602
gaussian  0.666  0.623  0.596 0.578  0.649 0.604 0.576 0.557 0.770 0.864 0.886 0.893 0579 0.551 0.576  0.547
pow bartlett ~ 3.260 3.191  3.169  3.169  3.228 3.174 3.171 3.195 1.44-10° 2.00-10° 2.16-10> 2.21-10®> 3.184 3.246 3.295  3.428
epa 3.340  3.291 3.288 3.307 3.315 3.287 3.310 3.358 1.60-10% 2.10-10%2 222-10®> 2.25-10° 3.317 3.403 3.407  3.661
gaussian  4.642  4.705 4.837 5021  4.657 4.789 5.043 5.389 2.16-10% 2.25-10% 2.26-10% 2.27-102 4.669 4.790 4.756  4.814
jump bartlett ~ 1.013  0.880 0.805 0.761  0.956 0.826 0.758 0.719 3.216 4.988 5.697 5.979 0.646 0.622 0.676  0.629
epa 0.968 0.845 0.777 0.736  0.915 0.796 0.734 0.698 3.626 5.362 5.954 6.158 0.642 0.616 0.666  0.618
gaussian 0.672  0.629 0.601 0.582  0.654 0.609 0.581 0.561 5.697 6.203 6.295 6.319 0.599 0.569 0.597  0.568

Table 39: ARMSE for the estimator fLWeH, with pg = 0.6, p1 = 0.4, and ps = 0.6.
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7Y T4 s pTl6 gpml/s g2pol/a s g2pl/s gpml/6 g2pml/s g2pml/4 g2l G226 p hepin hopt(T)  hopin()
T = 200
sinc bartlett ~ 0.749  0.687  0.647 0.624  0.721 0.656 0.621 0.605 0.743 0.741 0.740 0.740 0.605 0.626 0.612  0.633
epa 0.733 0.673 0.636 0.616  0.706 0.644 0.614 0.604 0.747 0.742 0.741 0.741 0.613 0.640 0.617  0.651
gaussian  0.579  0.577 0.600 0.632  0.575 0.595 0.641 0.683 0.741 0.740 0.740 0.740 0.589 0.638 0.593  0.636
intexp  bartlett  0.676  0.607 0.557 0.523  0.645 0.567 0.516 0.481 0.215 0.222 0.226 0.228 0.366 0.345 0.401  0.360
epa 0.655 0.586 0.537 0.503  0.625 0.547 0.496 0.462 0.223 0.230 0.233 0.234 0.363 0.340 0.390  0.347
gaussian 0.396 0.358 0.331 0.312  0.379 0.336 0.308 0.289 0.228 0.233 0.234 0.235 0.315 0.287 0.320  0.287
cpr bartlett ~ 1.461  1.416 1.388 1.372  1.441 1.395 1.370 1.360 17.277 27.513 33.303 36.374 1.362 1.366 1.446  1.447
epa 1.487 1446 1424 1.415  1.469 1.430 1.415 1.414 20.357 31.848 37.695 40.535 1.416 1.430 1.498  1.537
gaussian 1.892  1.895 1.917 1.950  1.892 1.913 1.964 2.030 35.598 41.456 43.473 44.384 1.893 1.919 1.963  1.976
ste bartlett  0.684 0.615 0.567 0.533  0.653 0.577 0.526 0.492 1.414 2.247 2.741 3.013 0.401 0.378 0.465  0.408
epa 0.664 0596 0547 0.514  0.634 0.557 0.507 0.474 1.648 2.592 3.104 3.365 0.400 0.376 0.459  0.400
gaussian  0.429  0.393  0.368 0.351  0.413 0.373 0.348 0.334 2.932 3.457 3.640 3.722 0.365 0.339 0.387  0.364
exp bartlett  0.676  0.606 0.557 0.522  0.645 0.567 0.515 0.481 0.310 0.429 0.517 0.577 0.365 0.344 0403  0.359
epa 0.655 0.586 0.537 0.503  0.624 0.547 0.496 0.461 0.343 0.484 0.584 0.647 0.362 0.339 0.393  0.345
gaussian 0.396 0.357 0.330 0.310  0.379 0.335 0.306 0.286 0.558 0.689 0.746 0.775 0.314 0.283 0318  0.284
pow bartlett — 2.548 2,517 2501 2497  2.534 2.505 2.499 2.505 34.123 54.125 65.292 71.137 2503 2530 2.618  2.683
epa 2.621 2599 2595 2603  2.610 2.598 2.608 2.631 40.226 62.632 73.848 79.196 2.613 2658 2.722  2.868
gaussian 3.610 3.643 3.704 3.781  3.621 3.693 3.810 3.951 69.678 80.710 84.407 86.052 3.622 3.681 3.727  3.763
jump bartlett  0.681  0.612 0.564 0.529  0.651 0.574 0.522 0.488 1.155 1.929 2.446 2.759 0.419 0.390 0450  0.394
epa 0.661 0.593 0544 0.510 0.631 0.554 0.504 0.470 1.356 2.251 2.808 3.127 0.417 0.386 0443  0.384
gaussian 0.419  0.383  0.357 0.340  0.403 0.362 0.336 0.320 2.667 3.305 3.558 3.680 0.366 0.336 0.366  0.338
T =500
sinc bartlett  0.700  0.618  0.567 0.538  0.667 0.582 0.537 0.516 0.738 0.737 0.737 0.737 0.510 0.530 0.523  0.548
epa 0.682 0.602 0555 0.529  0.650 0.568 0.528 0.513 0.739 0.737 0.737 0.737 0516 0541 0.526  0.565
gaussian  0.506  0.489  0.508  0.543  0.496 0.499 0.546 0.600 0.737 0.737 0.737 0.737 0.498 0.548 0.508  0.557
intexp  bartlett  0.654 0.567 0.508 0.468  0.620 0.526 0.466 0.428 0.177 0.182 0.184 0.185 0.320 0.298 0.352  0.309
epa 0.634  0.547 0489  0.450  0.600 0.506 0.448 0.410 0.183 0.186 0.188 0.188 0.318 0.294 0.342  0.296
gaussian 0.387  0.338  0.305 0.282  0.368 0.315 0.281 0.259 0.185 0.187 0.188 0.188 0.283 0.253 0289  0.252
cpr bartlett ~ 1.685 1.634 1.608 1.598  1.664 1.616 1.599 1.600 51.858 81.268 93.745 99.291 1.600 1.614 1.663 1.707
epa 1.716  1.673 1.657 1.657 1.697 1.661 1.658 1.673 61.030 92.194 1.04-10° 1.08-10> 1.661 1.687 1.713 1817
gaussian 2.231 2244 2286 2.342  2.232 2.270 2.349 2.449 94.469 1.07-10> 1.11-10° 1.12-10> 2235 2.268 2278  2.291
ste bartlett  0.659 0.572  0.513  0.474  0.625 0.531 0.472 0.434 2.622 4.163 4.871 5.197 0.361 0.334 0424  0.357
epa 0.639 0.552  0.495 0.457  0.605 0.512 0.455 0.418 3.064 4.728 5.396 5.665 0.360 0.331 0.418  0.349
gaussian 0.406  0.359  0.327  0.307  0.388 0.337 0.306 0.287 4.889 5.618 5.831 5.918 0.328 0.296 0.349  0.319
exp bartlett ~ 0.654 0.567 0.508  0.468  0.620 0.525 0.466 0.427 0.375 0.543 0.645 0.702 0.324 0301 0.354  0.308
epa 0.634  0.547 0489 0.450  0.600 0.506 0.448 0.410 0.421 0.611 0.718 0.774 0.321 0.297 0.345  0.296
gaussian 0.387  0.338  0.304 0.281  0.368 0.314 0.280 0.257 0.645 0.777 0.825 0.846 0.285 0.253 0.289  0.251
pow bartlett  3.066  3.036  3.029 3.038  3.052 3.030 3.040 3.069 1.03-10° 1.61-10°> 1.86-10° 1.97-10> 3.037 3.073 3.120  3.279
epa 3.148 3.134 3.145 3.172  3.139 3.141 3.176 3.230 1.21-10° 1.83-10> 2.05-10> 2.14-10> 3.1564 3.215 3.237  3.508
gaussian  4.346  4.405 4.508  4.632  4.361 4.471 4.646 4.855 1.87-10% 2.12-10° 2.18-10° 221-10° 4.356 4.425 4.440  4.481
jump bartlett  0.658 0.571 0.512  0.473  0.624 0.530 0.471 0.433 2.200 3.785 4.632 5.062 0.379 0.347 0407  0.344
epa 0.638 0.551 0.494 0.455  0.604 0.511 0.453 0.416 2.592 4.357 5.209 5.605 0.377 0.343  0.400  0.335
gaussian 0.403  0.355 0.324  0.302  0.384 0.333 0.301 0.282 4.638 5.600 5.921 6.060 0.336  0.301 0.335  0.301

Table 40: ARMSE for the Nadaraya-Watson estimator with pg = 0.0, p; = 0.0, and p2 = 0.0.



fyw frocLin  fuwi fsz fiwer  forp  fp-oLs

T = 50

sinc 0.774 0750  0.782 0.774 0.789 0.792 -

intexp 0.421 0.365  0.427 0.422 0432 0.372 8.39-10'%8
cpr 1.061 0.713  1.081 1.070 1.118 0.265 0.230

ste 0.454 0.374  0.460 0.454 0.466 0.377 0.804

exp 0.411 0.351  0.416 0.411 0.421 0.322 0.189

pow 1.796 1.191 1.834 1.817 1.911 0.265 0.225
jump 0.463 0.375  0.469 0.463 0475 0.363 —

T =100

sinc 0.700 0.690  0.705 0.700 0.709 0.767 —

intexp 0.381 0.331  0.384 0.381 0.387 0.309 1.51.10''°
cpr 1.233  0.666  1.243 1.240 1.271 0.189 0.153

stc 0.414 0.339  0.417 0.414 0.420 0.319 0.190

exp 0.376  0.324  0.379 0.376 0.382 0.273 0.130

pow 2,214 1.090 2237 2235 2294 0.189 0.154
jump 0.426 0.347  0.429 0.426 0432 0306 -

T = 200

sinc 0.626 0.625  0.628 0.626 0.630 0.751 —

intexp 0.345 0.302  0.346 0.345 0.348 0.256 2.12-10'%°
cpr 1.366  0.571  1.372 1.371 1.388 0.133 0.106

stc 0.378 0.313  0.380 0.378 0.381 0.269 0.132

exp 0.344  0.299  0.345 0.344 0.347 0.230 0.089

pow 2,530 0.891 2543 2.546 2.578 0.133  0.106
jump 0.390 0.324  0.392 0.390 0.393 0256 -

T = 500

sinc 0.530 0536  0.530 0.530 0.531 0.741 -

intexp 0.208 0264 0299 0.298 0.300 0.200 1.35-10'3!
cpr 1.614 0.477  1.618 1.619 1.630 0.084 0.067

stc 0.334 0.283  0.335 0.334 0.335 0.217 0.082

exp 0.301 0.265  0.301 0.301 0.302 0.182 0.057

pow 3.073 0.699  3.083 3.087 3.109 0.084 0.067
jump 0.347 0.294  0.347 0.347 0.348 0202 -

T = 1000

sinc 0.470 0.477  0.470 0.470 0.470 0.738 -

intexp 0.271 0.241 0.271 0271 0271 0.165 1.48-10**7
cpr 1.840 0.437  1.844 1.846 1.851 0.059 0.047

ste 0.311 0.266  0.311 0.311 0.311  0.209 0.058

exp 0.274 0.243 0275 0.274 0.275 0.152 0.040

pow 3.539 0.622  3.550 3.554 3.566 0.059 0.047
jump 0.320 0275  0.321 0.320 0.321 0.175 -

Table 41: ARMSE for all considered estimators with their respective parameter choices, with
po = 0.0, p1 = 0.0, and p2 = 0.0.
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b,mazx b,mazx
CLr Crr CNLLs

T =50

intexp 0.183 0.010 0.019
cpr 0.055 0.002 0.007
stc 0.082 0.003 0.008
exp 0.052  0.003 0.007
pow 0.081 0.005 0.009
jump - - -

T =100

intexp 0.185 0.014 0.014
cpr 0.054 0.002 0.002
stc 0.056  0.002 0.003
exp 0.055 0.003 0.004
pow 0.071  0.004 0.006
jump - - -

T =200

intexp 0.195 0.017 0.017
cpr 0.055 0.003 0.005
stc 0.060  0.002 0.003
exp 0.061  0.004 0.006
pow 0.072  0.005 0.005
jump - - -

T =500

intexp 0.222 0.024 0.021
cpr 0.056  0.007 0.007
stc 0.061  0.008 0.007
exp 0.066  0.010 0.009
pow 0.076  0.009 0.010
jump - - -

T = 1000

intexp 0.225 0.038 0.034
cpr 0.052 0.011 0.011
stc 0.056  0.010 0.010
exp 0.059 0.013 0.013
pow 0.069 0.014 0.014
jump - - -

Table 42: Null rejection probabilities for the Teg specification test with pg = 0.0, p; = 0.0, and
p2 = 0.0.
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b,mazx b,mazx
CLr Crr CNLLs

T =50

intexp 0.293 0.077 0.176
cpr 0.179  0.028 0.140
ste 0.239 0.033 0.132
exp 0.194 0.038 0.134
pow 0.290 0.057 0.164
jump - - -

T =100

intexp 0.310 0.087 0.141
cpr 0.205 0.042 0.091
ste 0.211  0.040 0.082
exp 0.223  0.051 0.092
pow 0.270  0.064 0.113
jump - -

T =200

intexp 0.279 0.074 0.118
cpr 0.194 0.038 0.067
stc 0.198 0.032 0.058
exp 0.211  0.047 0.074
pow 0.241 0.052 0.094
jump - - -

T = 500

intexp 0.253 0.072 0.102
cpr 0.169 0.041 0.061
stc 0.177 0.038 0.057
exp 0.195 0.047 0.063
pow 0.201  0.055 0.080
jump - - -

T = 1000

intexp 0.230 0.081 0.101
cpr 0.146  0.050 0.069
stc 0.147 0.047 0.063
exp 0.160 0.055 0.072
pow 0.176  0.059 0.087
jump - -

Table 43: Null rejection probabilities for the T¢g specification test with pg = 0.6, p; = 0.4, and
p2 = 0.6.
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CVs Asymptotic Block bootstrap Wild bootstrap

K /5 1/4 1/3  1/5 1/4 1/3 1/5 1/4 1/3
T =50

intexp 0.999 1.000 1.000 0.029 0.021 0.026 0.030 0.020 0.019
cpr 0.179 0.176 0.163 0.061 0.059 0.060 0.048 0.046 0.041
stc 0.093 0.100 0.103 0.061 0.064 0.063 0.055 0.056 0.050
exp 0.189 0.187 0.172 0.056 0.057 0.053 0.048 0.044 0.040
pow 0.168 0.165 0.160 0.061 0.062 0.061 0.049 0.048 0.044
jump 0.201 0.200 0.184 0.057 0.059 0.052 0.046 0.041 0.037
T = 100

intexp 1.000  1.000 1.000 0.013 0.025 0.028 0.019 0.026 0.020
cpr 0.254 0.256 0.251 0.056 0.058 0.058 0.044 0.046 0.045
stc 0.160 0.168 0.181 0.059 0.059 0.060 0.050 0.053 0.051
exp 0.262 0.262 0.257 0.052 0.054 0.054 0.044 0.046 0.043
pow 0.237  0.246 0.249 0.052 0.057 0.056 0.045 0.047 0.044
jump 0.279 0279 0.273 0.049 0.051 0.053 0.041 0.043 0.044
T = 200

intexp 1.000 1.000 1.000 0.017 0.021 0.031 0.023 0.025 0.030
cpr 0.305 0.311 0.323 0.055 0.054 0.052 0.048 0.047 0.041
ste 0.189 0215 0.251 0.056 0.054 0.053 0.053 0.049 0.046
exp 0.312 0.312 0.322 0.055 0.055 0.052 0.047 0.044 0.043
pow 0.279 0.289 0.304 0.053 0.053 0.054 0.048 0.047 0.043
jump 0.314 0.322 0.333 0.053 0.055 0.052 0.047 0.046 0.043
T = 500

intexp 1.000 1.000 1.000 0.026 0.026 0.036 0.029 0.030 0.035
cpr 0.365 0.384 0407 0.050 0.050 0.047 0.046 0.044 0.041
stc 0.264 0.301 0.344 0.052 0.051 0.047 0.048 0.047 0.044
exp 0.368 0.384 0.405 0.049 0.050 0.047 0.046 0.045 0.038
pow 0.340 0.362 0.395 0.055 0.050 0.050 0.048 0.045 0.043
jump 0.371 0.387 0.417 0.050 0.049 0.050 0.046 0.045 0.038
T = 1000

intexp 1.000 1.000 1.000 0.022 0.034 0.044 0.025 0.032 0.038
cpr 0.392 0.410 0.438 0.057 0.053 0.052 0.051 0.049 0.046
stc 0.306 0.346 0.392 0.058 0.053 0.053 0.054 0.049 0.049
exp 0.396 0.413 0.438 0.054 0.050 0.054 0.051 0.048 0.048
pow 0.372  0.399 0431 0.057 0.054 0.051 0.052 0.048 0.045
jump 0.400 0.419 0.445 0.058 0.054 0.053 0.053 0.047 0.046

Table 44: Null rejection probabilities for the Ty specification test with pg = 0.0, p; = 0.0, and
p2 = 0.0.
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CVs Asymptotic Block bootstrap Wild bootstrap

K /5 1/4 1/3  1/5 1/4 1/3 1/5 1/4 1/3
T =50

intexp 0.998 0.999 1.000 0.119 0.048 0.053 0273 0.129 0.101
cpr 0312 0.307 0.301 0.099 0.097 0.096 0.135 0.130 0.122
stc 0.162 0.167 0.171 0.081 0.082 0.090 0.093 0.092 0.087
exp 0.379 0.362 0.343 0.103 0.097 0.092 0.170 0.157 0.143
pow 0.353 0.337 0.344 0.119 0.114 0.121 0.184 0.171 0.166
jump 0421 0399 0.38 0.112 0.110 0.105 0.191 0.170 0.163
T = 100

intexp 1.000 1.000 1.000 0.036 0.079 0.052 0.159 0.242 0.132
cpr 0.465 0.467 0.447 0.090 0.091 0.093 0.176 0.170 0.161
stc 0.277 0280 0.285 0.075 0.075 0.081 0.119 0.111 0.110
exp 0.502 0.497 0.479 0.090 0.090 0.088 0211 0.203 0.191
pow 0428 0448 0.448 0.090 0.097 0.099 0.184 0.186 0.179
jump 0.522 0.519 0.512 0.092 0.094 0.091 0220 0.214 0.198
T = 200

intexp 1.000 1.000 1.000 0.031 0.038 0.049 0.181 0.183 0.187
cpr 0.535 0.543 0.535 0.074 0.078 0.072 0214 0.214 0.200
ste 0.343  0.356 0.389 0.066 0.066 0.070 0.142 0.145 0.133
exp 0.565 0.566 0.549 0.076 0.080 0.073 0.239 0.242 0.221
pow 0.480 0.506 0.526 0.071 0.079 0.078 0.199 0.202 0.204
jump 0.579 0.585 0.574 0.079 0.078 0.074 0248 0.247 0.228
T = 500

intexp 1.000 1.000 1.000 0.078 0.056 0.071 0.303 0.236 0.246
cpr 0.627 0.627 0.631 0.065 0.067 0072 0264 0257 0.252
stc 0.442 0.468 0.519 0.059 0.059 0.066 0.176 0.172 0.180
exp 0.627 0.633 0.635 0.070 0.068 0.069 0.274 0.263 0.262
pow 0.570 0.581 0.603 0.068 0.067 0.073 0.243 0.239 0.244
jump 0.636 0.640 0.644 0.071 0.070 0074 0281 0272 0.276
T = 1000

intexp 1.000 1.000 1.000 0.038 0.052 0.063 0.229 0.264 0.275
cpr 0.645 0.653 0.647 0.067 0.065 0.061 0.272 0.281 0.276
stc 0.506 0.530 0.557 0.055 0.059 0.059 0.194 0.198 0.211
exp 0.652 0.646 0.645 0.062 0.066 0.063 0.289 0.291 0.283
pow 0.613 0.624 0.619 0.062 0.064 0062 0252 0.258 0.260
jump 0.657 0.664 0.655 0.064 0.064 0.061 0292 0294 0.293

Table 45: Null rejection probabilities for the Ty specification test with pg = 0.6, p1 = 0.4, and
p2 = 0.6.
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091

T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' &iT—l/ZS 633T_1/4 a_iT—l/5 &ET—I/G hopt hopt,h

T =200
intexp bartlett ~ 0.071  0.077  0.085 0.086  0.073 0.084 0.088 0.090 0.018 0.007 0.004 0.002 0.103  0.106
epa 0.072  0.081  0.085 0.088  0.077 0.085 0.089 0.094 0.013 0.004 0.002 0.003 0.100 0.104
gaussian 0.085  0.096  0.099  0.101  0.090 0.098 0.101 0.101 0.003 0.002 0.002 0.002 0.100 0.103
cpr bartlett ~ 0.047  0.043  0.041  0.038  0.047 0.042 0.037 0.035 0.000 0.000 0.000 0.000 0.035 0.030
epa 0.048 0.042 0.039 0.037  0.047 0.040 0.038 0.033 0.000 0.000 0.000 0.000 0.033 0.031
gaussian 0.039  0.034 0.032  0.028  0.035 0.030 0.027 0.024 0.000 0.000 0.000 0.000 0.035 0.031
stc bartlett ~ 0.048  0.048 0.046 0.043  0.048 0.046 0.044 0.042 0.000 0.000 0.000 0.000 0.037  0.035
epa 0.049  0.048 0.045 0.043 0.047 0.046 0.043 0.042 0.000 0.000 0.000 0.000 0.033  0.038
gaussian 0.044  0.042 0.038 0.037  0.042 0.039 0.036 0.036 0.000 0.000 0.000 0.000 0.038 0.036
exp bartlett ~ 0.048  0.043  0.042 0.039  0.047 0.042 0.039 0.035 0.001 0.000 0.000 0.000 0.027  0.025
epa 0.046 0.043 0.038 0.035 0.045 0.039 0.035 0.031 0.001 0.000 0.000 0.000 0.025 0.023
gaussian 0.041  0.033  0.030 0.029 0.036 0.031 0.026 0.023 0.000 0.000 0.000 0.000 0.027  0.024
pow bartlett ~ 0.049  0.045 0.043 0.042  0.048 0.044 0.040 0.036 0.001 0.000 0.000 0.000 0.038 0.036
epa 0.049 0.043 0.042 0.040 0.047 0.042 0.037 0.036 0.001 0.000 0.000 0.000 0.037  0.035
gaussian 0.041  0.036  0.033  0.029  0.036 0.033 0.028 0.026 0.000 0.000 0.000 0.000 0.038 0.034
jump bartlett ~ 0.048  0.045 0.043 0.039  0.047 0.043 0.037 0.036 0.002 0.001 0.000 0.000 0.034 0.030
epa 0.048 0.043 0.039 0.037  0.046 0.040 0.035 0.033 0.001 0.000 0.000 0.000 0.031 0.030
gaussian 0.040  0.035 0.033  0.028  0.036 0.032 0.028 0.025 0.000 0.000 0.000 0.000 0.033  0.027

Table 46: Null rejection probabilities for the Typ, specification test with pg = 0.0, p1 = 0.0, and p2 = 0.0.
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T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' &iT—l/ZS 633T_1/4 a_iT—l/5 &ET—I/G hopt hopt,h

T = 200
intexp bartlett  0.216  0.274 0.313  0.343  0.246 0.302 0.351 0.377 0.281 0.186 0.144 0.116 0.489  0.505
epa 0.228 0.288  0.327  0.361 0.258 0.320 0.365 0.397 0.231 0.147 0.105 0.080 0.495 0.511
gaussian 0.338  0.412  0.456  0.485  0.372 0.445 0.490 0.515 0.119 0.064 0.039 0.029 0.490 0.521
cpr bartlett  0.120 0.151  0.185  0.203  0.133 0.179 0.212 0.227 0.052 0.010 0.002 0.001 0.249  0.266
epa 0.124 0.162 0.193 0.214 0.141 0.188 0.218 0.236 0.033 0.005 0.001 0.000 0.251 0.273
gaussian 0.199  0.249  0.274  0.293  0.222 0.268 0.294 0.307 0.001 0.000 0.000 0.000 0.247 0.283
stc bartlett ~ 0.090 0.110 0.128 0.137  0.101 0.125 0.140 0.151 0.014 0.002 0.000 0.000 0.190 0.197
epa 0.093 0.118 0.133  0.144  0.106 0.128 0.146 0.158 0.006 0.001 0.000 0.000 0.194 0.201
gaussian 0.136  0.163  0.181 0.193  0.147 0.178 0.195 0.203 0.000 0.000 0.000 0.000 0.190 0.203
exp bartlett  0.145  0.193  0.226  0.249  0.165 0.219 0.255 0.280 0.143 0.054 0.023 0.013 0.371  0.386
epa 0.156  0.208 0.239 0.264  0.178 0.233 0.272 0.292 0.103 0.031 0.011 0.004 0.376  0.394
gaussian 0.246  0.310 0.344 0.366  0.274 0.338 0.370 0.391 0.016 0.001 0.000 0.000 0.369 0.397
pow bartlett  0.132  0.166  0.194  0.211  0.147 0.189 0.218 0.242 0.148 0.102 0.076 0.061 0.250 0.275
epa 0.141  0.174 0.205 0.228  0.159 0.200 0.234 0.253 0.128 0.080 0.058 0.043 0.253  0.280
gaussian 0.212  0.264 0.299  0.319  0.237 0.291 0.321 0.335 0.065 0.029 0.015 0.009 0.251  0.296
jump bartlett ~ 0.156 ~ 0.207 0.244  0.267  0.178 0.233 0.271 0.295 0.174 0.088 0.051 0.032 0.371  0.392
epa 0.164 0.217 0.256 0.281  0.188 0.248 0.288 0.311 0.137 0.056 0.029 0.014 0.376  0.401
gaussian 0.265  0.326  0.367  0.388  0.293 0.359 0.392 0.415 0.036 0.008 0.002 0.001 0.371  0.408

Table 47: Null rejection probabilities for the Typ, specification test with pg = 0.6, p1 = 0.4, and ps = 0.6.
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T71/3 T71/4 T71/5 T71/6 &3T71/3 &3T71/4 a_ngl/S a.ngl/G &§T71/3 a,szl/él 63T71/5 &§T71/6 hopt hopth
T =200 7(x)=-exp(—x2/2)/+/(27)
intexp bartlett  0.142  0.165 0.178  0.185  0.153 0.176 0.188 0.195 0.051 0.023 0.018 0.013 0.221  0.222
epa 0.147  0.171  0.182  0.189  0.157 0.181 0.192 0.199 0.036 0.017 0.014 0.013 0.221 0.223
gaussian  0.184  0.203  0.212  0.218  0.193 0.214 0.218 0.219 0.014 0.014 0.013 0.011 0.221  0.223
cpr bartlett ~ 0.086  0.091  0.090 0.089  0.087 0.091 0.090 0.091 0.010 0.001 0.000 0.000 0.093 0.094
epa 0.087  0.092 0.090 0.091  0.089 0.091 0.090 0.091 0.008 0.001 0.000 0.000 0.093 0.093
gaussian 0.088  0.091  0.092 0.088  0.089 0.091 0.090 0.085 0.000 0.000 0.000 0.000 0.092  0.092
stc bartlett ~ 0.072  0.072  0.070  0.065  0.072 0.069 0.066 0.061 0.001 0.000 0.000 0.000 0.052  0.046
epa 0.072  0.071  0.068 0.064 0.071 0.068 0.062 0.059 0.000 0.000 0.000 0.000 0.052  0.045
gaussian  0.066  0.055 0.048 0042 0062 0050 0040 0034 0000 0000 0000  0.000 0050 0.041
exp bartlett ~ 0.085  0.090 0.093 0.093  0.088 0.091 0.094 0.096 0.028 0.011 0.003 0.001 0.104 0.103
epa 0.086 0.092 0.095 0.097  0.089 0.093 0.097 0.098 0.023 0.007 0.002 0.000 0.104 0.101
gaussian  0.092  0.098  0.097  0.098  0.095 0.096 0.099 0.094 0.002 0.000 0.000 0.000 0.104 0.098
pow bartlett ~ 0.078  0.082  0.080  0.079  0.081 0.079 0.078 0.077 0.001 0.000 0.000 0.000 0.080 0.077
epa 0.079  0.080  0.079  0.079  0.082 0.079 0.078 0.076 0.000 0.000 0.000 0.000 0.081 0.077
gaussian  0.079  0.074  0.067  0.063  0.076 0.070 0.062 0.055 0.000 0.000 0.000 0.000 0.079  0.075
jump bartlett ~ 0.087  0.090 0.091 0.092  0.087 0.092 0.093 0.093 0.023 0.008 0.003 0.001 0.099  0.100
epa 0.087  0.091 0.094 0.094 0.088 0.093 0.093 0.094 0.018 0.005 0.002 0.001 0.100  0.099
gaussian  0.092  0.095 0.095 0.095  0.093 0.097 0.093 0.092 0.002 0.000 0.000 0.000 0.098 0.097
T =200 m(zx)=exp(—(z— &>/, x)%/2)//(2)
intexp bartlett ~ 0.081  0.094 0.098 0.104  0.087 0.095 0.105 0.108 0.052 0.029 0.022 0.019 0.120  0.120
epa 0.084 0.094 0.103 0.106  0.091 0.101 0.108 0.110 0.043 0.024 0.019 0.019 0.119 0.121
gaussian 0.103  0.111  0.116  0.117  0.109 0.116 0.117 0.119 0.020 0.019 0.015 0.013 0.119 0.120
cpr bartlett ~ 0.070  0.073  0.075  0.076  0.070 0.075 0.075 0.074 0.010 0.002 0.000 0.000 0.075 0.074
epa 0.072  0.074 0.075 0.075 0.071 0.075 0.075 0.072 0.007 0.001 0.000 0.000 0.076  0.074
gaussian  0.075  0.073  0.073  0.070  0.074 0.073 0.070 0.065 0.000 0.000 0.000 0.000 0.075  0.072
stc bartlett  0.062  0.063  0.064 0.060 0.060 0.063 0.059 0.055 0.001 0.000 0.000 0.000 0.047 0.044
epa 0.061  0.063 0.062 0.058  0.060 0.061 0.056 0.053 0.001 0.000 0.000 0.000 0.047  0.042
gaussian  0.059  0.051  0.046  0.041  0.055 0.046 0.040 0.034 0.000 0.000 0.000 0.000 0.046  0.039
exp bartlett ~ 0.073  0.077  0.078  0.080  0.074 0.079 0.080 0.079 0.032 0.008 0.002 0.001 0.086  0.083
epa 0.073  0.078 0.080 0.081  0.075 0.079 0.079 0.080 0.023 0.005 0.001 0.000 0.085 0.082
gaussian  0.080  0.081  0.084 0.082  0.079 0.085 0.081 0.081 0.001 0.000 0.000 0.000 0.086  0.082
pow bartlett ~ 0.068  0.070  0.071  0.072  0.066 0.072 0.070 0.071 0.009 0.001 0.000 0.000 0.071  0.069
epa 0.068 0.072 0.072 0.070  0.068 0.073 0.071 0.069 0.005 0.001 0.000 0.000 0.071  0.069
gaussian  0.071  0.067  0.065 0.061  0.071 0.066 0.061 0.057 0.000 0.000 0.000 0.000 0.070  0.069
jump bartlett ~ 0.075  0.077  0.079  0.081  0.076 0.080 0.081 0.082 0.025 0.006 0.002 0.001 0.084  0.085
epa 0.075 0.078 0.081 0.082  0.076 0.079 0.081 0.083 0.019 0.004 0.001 0.001 0.084 0.084
gaussian  0.081  0.083  0.083  0.084  0.082 0.083 0.085 0.082 0.001 0.000 0.000 0.000 0.084  0.082

Table 48: Null rejection probabilities for the Tiypis specification test with pg = 0.0, p1 = 0.0, and p2 = 0.0.
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T71/3 T71/4 T71/5 T71/6 &3T71/3 &3T71/4 a_ngl/S a.ngl/G &§T71/3 a,szl/él 63T71/5 &§T71/6 hopt hopt,h
T =200 7(x)=-exp(—x2/2)/+/(27)
intexp bartlett  0.197  0.242  0.273  0.291  0.218 0.266 0.296 0.311 0.159 0.092 0.061 0.042 0.371  0.377
epa 0.208 0.257 0.287  0.301  0.229 0.280 0.306 0.322 0.131 0.067 0.041 0.029 0.374  0.379
gaussian 0.289  0.331  0.355  0.365  0.308 0.350 0.367 0.370 0.049 0.024 0.018 0.014 0.370  0.376
cpr bartlett ~ 0.130  0.154  0.172  0.181  0.139 0.165 0.186 0.196 0.081 0.020 0.005 0.001 0.213 0.229
epa 0.135 0.158 0.179  0.189  0.145 0.173 0.192 0.203 0.057 0.011 0.002 0.001 0.217  0.233
gaussian 0.180  0.213  0.235 0.249  0.193 0.230 0.250 0.263 0.002 0.000 0.000 0.000 0.212  0.241
stc bartlett ~ 0.094  0.102  0.111  0.115  0.098 0.110 0.115 0.122 0.011 0.001 0.000 0.000 0.135 0.136
epa 0.094 0.107 0.112 0.116  0.099 0.114 0.118 0.124 0.006 0.000 0.000 0.000 0.137  0.137
gaussian 0.115  0.123  0.129  0.131  0.120 0.128 0.131 0.129 0.000 0.000 0.000 0.000 0.134 0.134
exp bartlett ~ 0.140  0.167 0.186 0.203  0.153 0.181 0.206 0.222 0.202 0.108 0.056 0.031 0.286  0.296
epa 0.147 0.174 0.196 0.212  0.161 0.192 0.216 0.230 0.178 0.075 0.036 0.016 0.289  0.299
gaussian 0.200  0.240 0.266  0.283  0.220 0.261 0.285 0.300 0.040 0.007 0.001 0.000 0.285 0.304
pow bartlett ~ 0.104  0.122  0.133  0.139  0.113 0.131 0.139 0.152 0.024 0.009 0.004 0.002 0.152  0.162
epa 0.109 0.125 0.137  0.147  0.117 0.135 0.147 0.155 0.018 0.007 0.003 0.002 0.155 0.164
gaussian 0.138  0.160  0.169  0.175  0.149 0.167 0.177 0.180 0.003 0.001 0.000 0.000 0.154  0.169
jump bartlett ~ 0.140  0.172  0.195 0.209  0.155 0.188 0.212 0.227 0.191 0.100 0.058 0.035 0.279  0.296
epa 0.146  0.182  0.202 0.220 0.161 0.198 0.222 0.236 0.165 0.075 0.035 0.019 0.284 0.301
gaussian  0.206  0.247  0.279  0.296  0.224 0.271 0.297 0.309 0.042 0.009 0.002 0.001 0.279  0.307
T=200 n(z)=exp(—(z— 730, 2)%/2)/V/(20)
intexp bartlett  0.133  0.162  0.186 0.203  0.144 0.181 0.207 0.223 0.193 0.114 0.075 0.055 0.285 0.294
epa 0.137 0.171  0.194 0.213  0.150 0.190 0.218 0.232 0.169 0.087 0.053 0.040 0.288  0.296
gaussian 0.199  0.240 0.266  0.280  0.219 0.259 0.280 0.295 0.063 0.031 0.020 0.017 0.284 0.301
cpr bartlett ~ 0.108  0.125  0.142  0.149  0.116 0.137 0.152 0.165 0.068 0.016 0.004 0.002 0.176  0.192
epa 0.112 0.131  0.146  0.157  0.121 0.143 0.160 0.173 0.050 0.007 0.002 0.000 0.179  0.195
gaussian  0.147  0.176  0.197  0.209  0.162 0.191 0.206 0.215 0.002 0.000 0.000 0.000 0.175  0.203
stc bartlett ~ 0.085  0.092  0.099 0.104  0.087 0.096 0.103 0.109 0.013 0.002 0.000 0.000 0.126  0.128
epa 0.087  0.096 0.100 0.106  0.089 0.100 0.105 0.113 0.008 0.000 0.000 0.000 0.127 0.128
gaussian  0.101  0.117  0.121  0.123  0.106 0.120 0.124 0.124 0.000 0.000 0.000 0.000 0.124 0.125
exp bartlett  0.118  0.144 0.161  0.176  0.130 0.159 0.180 0.191 0.207 0.107 0.055 0.031 0.253  0.263
epa 0.123  0.151  0.169 0.184  0.136 0.167 0.186 0.204 0.182 0.075 0.033 0.015 0.256  0.269
gaussian  0.173  0.213  0.237  0.250  0.190 0.233 0.253 0.271 0.040 0.007 0.001 0.000 0.251 0.273
pow bartlett ~ 0.100 0.119 0.134  0.144  0.109 0.130 0.148 0.159 0.099 0.045 0.020 0.013 0.166  0.178
epa 0.105 0.126  0.138  0.151  0.115 0.138 0.153 0.165 0.081 0.031 0.014 0.007 0.168 0.181
gaussian 0.142  0.171  0.192  0.203  0.156 0.188 0.204 0.213 0.016 0.002 0.001 0.000 0.165 0.189
jump bartlett  0.118  0.143  0.165 0.183  0.128 0.161 0.183 0.198 0.204 0.106 0.054 0.032 0.246  0.262
epa 0.123 0.153 0.176  0.188  0.136 0.170 0.192 0.207 0.179 0.076 0.033 0.018 0.249  0.266
gaussian 0.181  0.218  0.241  0.262  0.196 0.237 0.263 0.277 0.041 0.007 0.001 0.000 0.246 0.272

Table 49: Null rejection probabilities for the Tiypis specification test with pg = 0.6, p1 = 0.4, and p2 = 0.6.



M 4 6 12 18 [4(T/100)/*]  |12(T/100)'/*]

T = 50

intexp 0.052  0.051 0.059 0.066 0.056 0.059
cpr 0.071  0.069 0.074 0.080 0.079 0.069
ste 0.072  0.071 0.075 0.081 0.084 0.074
exp 0.059 0.059 0.071 0.075 0.070 0.067
pow 0.061 0.060 0.071 0.075 0.069 0.066
jump 0.058 0.059 0.069 0.073 0.069 0.065
T =100

intexp 0.049 0.046 0.054 0.056 0.049 0.054
cpr 0.060  0.060 0.064 0.071 0.060 0.064
ste 0.063 0.062 0.069 0.070 0.063 0.069
exp 0.054 0.051 0.059 0.065 0.054 0.059
pow 0.058 0.055 0.060 0.066 0.058 0.060
jump 0.053 0.052 0.059 0.064 0.053 0.059
T = 200

intexp 0.049 0.049 0.052 0.056 0.049 0.051
cpr 0.058 0.057 0.060 0.064 0.058 0.059
stc 0.060  0.057 0.063 0.068 0.060 0.060
exp 0.053 0.052 0.055 0.061 0.053 0.055
pow 0.057  0.053 0.058 0.063 0.057 0.057
jump 0.051  0.052 0.055 0.060 0.051 0.056
T = 500

intexp 0.053 0.047 0.049 0.052 0.047 0.051
cpr 0.052  0.048 0.051 0.053 0.050 0.053
ste 0.054  0.049 0.052 0.055 0.052 0.055
exp 0.051  0.046 0.050 0.053 0.047 0.052
pow 0.053 0.048 0.052 0.053 0.050 0.054
jump 0.052  0.046 0.051 0.052 0.049 0.052
T = 1000

intexp 0.051 0.052 0.050 0.053 0.051 0.053
cpr 0.053 0.051 0.053 0.052 0.051 0.054
ste 0.053 0.052 0.054 0.054 0.053 0.055
exp 0.052  0.050 0.050 0.051 0.051 0.052
pow 0.053 0.052 0.052 0.051 0.051 0.053
jump 0.053  0.050 0.051 0.051 0.051 0.053

Table 50: Null rejection probabilities for the Ty, specification test with pg = 0.0, p; = 0.0, and
p2 = 0.0.
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M 4 6 12 18 |4(T/100)Y*]  [12(T/100)/4]

T =50

intexp  0.050 0.053 0.065 0.074 0.054 0.061
cpr 0.059 0.059 0.068 0.076 0.059 0.065
ste 0.061 0.055 0.069 0.077 0.058 0.067
exp 0.056 0.056 0.067 0.077 0.053 0.064
pow 0.056 0.055 0.066 0.077 0.053 0.062
jump 0.055 0.057 0.069 0.078 0.055 0.064
T =100

intexp  0.050 0.049 0.057 0.064 0.050 0.057
cpr 0.052 0.056 0.060 0.066 0.052 0.060
ste 0.055 0.054 0.057 0.067 0.055 0.057
exp 0.049 0.054 0.058 0.066 0.049 0.058
pow 0.053 0.052 0.061 0.067 0.053 0.061
jump 0.048 0.052 0.057 0.066 0.048 0.057
T = 200

intexp  0.047 0.055 0.055 0.055 0.047 0.056
cpr 0.050 0.058 0.059  0.060 0.050 0.059
ste 0.049 0.058 0.057  0.060 0.049 0.058
exp 0.049 0.056 0.058 0.059 0.049 0.058
pow 0.050 0.060 0.056  0.060 0.050 0.060
jump 0.048 0.056 0.056  0.060 0.048 0.058
T = 500

intexp  0.052 0.048 0.048 0.049 0.046 0.051
cpr 0.048 0.050 0.049  0.050 0.050 0.052
ste 0.048 0.049 0.050 0.052 0.048 0.052
exp 0.047 0.048 0.048 0.048 0.049 0.051
pow 0.047 0.050 0.049  0.049 0.049 0.051
jump 0.048 0.049 0.046 0.048 0.049 0.050
T = 1000

intexp  0.047 0.050 0.045 0.047 0.050 0.051
cpr 0.048 0.050 0.045 0.049 0.048 0.052
ste 0.049  0.049 0.044 0.050 0.048 0.052
exp 0.049 0.049 0.045 0.049 0.048 0.051
pow 0.048 0.049 0.046 0.049 0.048 0.050
jump 0.048 0.049 0.044 0.049 0.048 0.049

Table 51: Null rejection probabilities for the Ty, specification test with pg = 0.6, p; = 0.0, and
p2 = 0.6.
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M 4 6 12 18 |4(T/100)Y*]  [12(T/100)/4]

T =50

intexp 0.193 0.181 0.158 0.159 0.205 0.162
cpr 0239 0.227 0.194 0.196 0.260 0.201
stc 0.224 0.209 0.182 0.187 0.250 0.186
exp 0226 0.217 0.187 0.189 0.253 0.195
pow 0213  0.198 0.171 0.182 0.235 0.175
jump 0224 0212 0.182 0.186 0.250 0.191
T =100

intexp 0.354 0.305 0.240 0.222 0.354 0.240
cpr 0.407 0.364 0.282  0.260 0.407 0.282
ste 0.395 0.355 0272 0.252 0.395 0.272
exp 0.388 0.342 0.268 0.250 0.388 0.268
pow 0.393  0.353 0.268 0.254 0.393 0.268
jump 0.391 0.342 0.269 0.245 0.391 0.269
T = 200

intexp 0.657 0.580 0.449 0.384 0.657 0.425
cpr 0.696 0.624 0.496 0.422 0.696 0.466
ste 0.696 0.619 0.486 0.422 0.696 0.462
exp 0.688 0.611 0.482 0.409 0.688 0.455
pow 0.690 0.621 0.488 0.414 0.690 0.464
jump 0.689 0.612 0.482 0.411 0.689 0.458
T = 500

intexp 0.982 0.961 0.894 0.826 0.970 0.835
cpr 0.986 0.970 0.914 0.847 0.977 0.859
stc 0.986 0.970 0.913 0.851 0.977 0.857
exp 0.985 0.968 0.909 0.844 0.976 0.852
pow 0.986 0.968 0.913 0.847 0.977 0.858
jump 0.985 0.968 0.909 0.843 0.976 0.852
T = 1000

intexp 1.000 1.000 0.999  0.996 1.000 0.994
cpr 1.000 1.000 0.999  0.998 1.000 0.996
ste 1.000 1.000 0.999 0.998 1.000 0.995
exp 1.000 1.000 0.999  0.998 1.000 0.995
pow 1.000 1.000 0.999  0.998 1.000 0.996
jump 1.000 1.000 0.999  0.998 1.000 0.996

Table 52: Null rejection probabilities for the Ty, specification test with pg = 0.6, p; = 0.4, and
p2 = 0.6.
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Tcs Tpc Twpi2 Twrpie Twwz Twz

T =50

intexp 0.010 0.029 0.044 0.036 0.001 0.052
cpr 0.002 0.061 0.036 0.007 0.000  0.071
stc 0.003 0.061 0.042 0.002 0.000  0.072
exp 0.003 0.056 0.032 0.018 0.001 0.059
pow 0.005 0.061 0.035 0.004 - 0.061
jump - 0.057  0.032 0.018 - 0.058
T =100

intexp 0.014 0.013 0.057 0.048 0.001 0.049
cpr 0.002 0.056 0.044 0.011 0.000  0.060
stc 0.002 0.059 0.045 0.001 0.000  0.063
exp 0.003 0.052 0.042 0.031 0.004  0.054
pow 0.004 0.052 0.041 0.003 - 0.058
jump - 0.049 0.044 0.025 - 0.053
T =200

intexp 0.017 0.017 0.071 0.051 0.002  0.049
cpr 0.003 0.055 0.047 0.010 0.000  0.058
stc 0.002 0.056 0.048 0.001 0.000  0.060
exp 0.004 0.055 0.048 0.028 0.002  0.053
pow 0.005 0.053 0.049 0.001 - 0.057
jump - 0.053 0.048 0.023 - 0.051
T =500

intexp 0.024 0.026 0.081 0.054 0.006  0.053
cpr 0.007 0.050 0.052 0.009 0.000  0.052
stc 0.008 0.052 0.052 0.000 0.000  0.054
exp 0.010 0.049 0.050 0.028 0.006  0.051
pow 0.009 0.055 0.051 0.001 - 0.053
jump - 0.050 0.049 0.019 - 0.052
T = 1000

intexp 0.038 0.022  0.099 0.066 0.006  0.051
cpr 0.011  0.057 0.051 0.008 0.000  0.053
stc 0.010 0.058 0.050 0.001 0.000  0.053
exp 0.013 0.054 0.053 0.030 0.005  0.052
pow 0.014 0.057 0.051 0.000 - 0.053
jump - 0.058 0.053 0.023 - 0.053

Table 53: Null rejection probabilities for the specification tests with pg = 0.0, p; = 0.0, and
p2 = 0.0.
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Tcs Tpc Twpi2 Twrpie Twwz Twz

T =150

intexp  0.020 0.041 0.062  0.065 0.003  0.132
cpr 0.003 0.075 0.041 0.015 0.000 0.176
ste 0.007 0.079 0.039 0.0l  0.000 0.177
exp 0.005 0.071 0.043 0.045 0.007  0.156
pow 0.008 0.074 0.046  0.008 - 0.155
jump - 0.071 0.043  0.045 - 0.154
T =100

intexp  0.021  0.018 0.087 0.08L 0.006  0.210
cpr 0.006 0.071 0.049  0.025 0.000 0.243
ste 0.005 0.069 0.047 0.002 0.001  0.246
exp 0.007 0.069 0.056 0.076  0.017  0.224
pow 0.009 0.064 0.053 0.009 - 0.235
jump - 0.065 0.060  0.063 - 0.226
T =200

intexp  0.023 0.017 0.111  0.090 0.008 0.377
cpr 0.007 0.061 0.057 0.025 0.000 0.411
ste 0.005 0.061 0.053 0.004 0.000  0.422
exp 0.008 0.060 0.063 0.076 0.027  0.394
pow 0.010 0.063 0.058  0.004 -~ 0.410
jump - 0.060 0.064  0.060 - 0.395
T =500

intexp  0.028 0.033 0.139 0088 0.018  0.802
cpr 0.011 0.058 0.067 0.024 0.001 0.824
ste 0.010 0.054 0.061 0.003 0.001 0.825
exp 0.014 0.057 0.070 0.067 0.039 0.816
pow 0.014 0.056 0.068 0.002 - 0.823
jump - 0.057 0.072  0.056 - 0.815
T = 1000

intexp  0.041 0.022 0175 0.102  0.023  0.985
cpr 0.015 0.062 0.076 0.021  0.002  0.988
ste 0.013 0.061 0.069 0.003 0.003 0.988
exp 0.017 0.059 0.081 0.069 0.049  0.987
pow 0.019 0.060 0.076 0.001 - 0.987
jump - 0.060 0.080  0.054 - 0.986

Table 54: Null rejection probabilities for the specification tests with pg = 0.0, p1 = 0.4, and
p2 = 0.0.
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Tcs Tpc Twpi2 Twrpie Twwz Twz

T =50

intexp 0.077 0.119 0.125 0.125 0.029 0.193
cpr 0.028 0.099 0.053 0.029 0.000 0.239
ste 0.033 0.081 0.043 0.005 0.001  0.224
exp 0.038 0.103 0.078 0.119 0.053  0.226
pow 0.057 0.119 0.074 0.026 - 0.213
jump - 0.112 0.085 0.138 - 0.224
T = 100

intexp 0.087 0.036 0.170 0.150 0.052  0.354
cpr 0.042 0.090 0.091 0.071  0.004  0.407
ste 0.040 0.075 0.061 0.008 0.004 0.395
exp 0.051 0.090 0.118 0.175 0.111  0.388
pow 0.064 0.090 0.104 0.032 - 0.393
jump - 0.092 0.131 0.178 - 0.391
T = 200

intexp 0.074 0.031 0.216 0.159  0.085  0.657
cpr 0.038 0.074 0.120 0.081 0.013  0.696
ste 0.032 0.066 0.000 0.011 0.012  0.696
exp 0.047 0.076 0.145 0202 0.177  0.688
pow 0.052 0.071 0.132 0.024 - 0.690
jump - 0.079 0.156 0.191 - 0.689
T = 500

intexp 0.072 0.078 0.296 0.155 0.125  0.982
cpr 0.041 0.065 0.184 0.088 0.036  0.986
ste 0.038 0.059 0.146 0.017 0.032  0.986
exp 0.047 0.070 0.211  0.204 0.275  0.985
pow 0.055 0.068 0.190 0.014 - 0.986
jump - 0.071 0.221 0.180 - 0.985
T = 1000

intexp 0.081 0.038 0.337 0.136 0.154  1.000
cpr 0.050 0.067 0.211  0.078  0.060  1.000
ste 0.047 0.055 0.177 0.016 0.056  1.000
exp 0.055 0.062 0.232 0.178 0.340  1.000
pow 0.059 0.062 0.218 0.012 - 1.000
jump - 0.064 0239 0160 - 1.000

Table 55: Null rejection probabilities for the specification tests with pg = 0.6, p1 = 0.4, and
p2 = 0.6.
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H: DGP 1 Hy: DGP 2 H,: DGP 3

b,max b,max b,max b,max b,max b,mazx
Crr Crr Cyrrs  Crr Crr Cyrrs Crr Crr CNLLs

T =50

intexp 0.366  0.499 0.715 0.004 0.028 0.046 0.600 0.740 0.949
cpr 0.470 0475 0.726 0.056 0.055 0.060 0.664 0.590 0.853
stc 0.447 0.472 0.711 0.059 0.059 0.052 0.668 0.603 0.809
exp 0.549 0.527 0.718 0.189 0.150 0.160 0.788 0.639 0.830
pow 0.612 0.574 0.696 0.051 0.050 0.050 0.878 0.824 0.886
jump — — — - — - - - —

T =100

intexp 0.651 0.720 0.827 0.030 0.082 0.102 0.971 0.982 1.000
cpr 0.728 0.696 0.835 0.084 0.089 0.096 0.934 0.870 0.977
stc 0.737  0.690 0.827 0.060 0.057 0.067 0.953 0.879 0.966
exp 0.797 0.716 0.831 0.443 0.315 0.345 0.997 0.870 0.955
pow 0.822 0.767 0.835 0.056 0.055 0.054 0.989 0.975 0.972
jump — — — — — - - - -

T = 200

intexp 0.771  0.855 0.881 0.132 0.229 0.241 0.999 0.998 1.000
cpr 0.884 0.832 0.883 0.191 0.178 0.184 0.993 0.964 0.994
stc 0.879 0.829 0.874 0.075 0.091 0.091 0.995 0.967 0.989
exp 0.917 0.844 0.889 0.679 0.516 0.532 1.000 0.951 0.980
pow 0.913 0.869 0.893 0.061 0.062 0.063 0.999 0.995 0.993
jump - - - - - - - - -

T = 500

intexp 0.901 0.946 0.957 0.351 0.488 0.502 1.000 1.000 1.000
cpr 0.973 0.946 0.957 0.484 0.401 0.409 1.000 0.994 0.999
stc 0.971 0.947 0.949 0.214 0.202 0.208 0.998 0.994 0.964
exp 0.983 0.953 0.964 0.891 0.796 0.793 1.000 0.996 0.999
pow 0.976  0.958 0.964 0.111  0.110 0.105 1.000 0.999 0.994
jump - - - - - - - - -

T = 1000

intexp 0.959 0.979 0.984 0.561 0.658 0.671 1.000 1.000 1.000
cpr 0.994 0.984 0.988 0.725 0.585 0.597 1.000 1.000 1.000
stc 0.993 0.987 0.983 0.422 0.349 0.352 0.998 0.997 0.975
exp 0.997 0.987 0.990 0.971 0.897 0.894 1.000 1.000 1.000
pow 0.994 0.985 0.988 0.219 0.196 0.194 1.000 1.000 0.997
jump - - - — - - - - -

Table 56: Size-corrected power for the Tig specification test with pg = 0.0, p1 = 0.0, and p2 = 0.0.
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H: DGP 1 Hy: DGP 2 H,: DGP 3

b,max b,max b,max b,max b,max b,mazx
Crr Crr Cyrrs  Crr Crr Cyrrs Crr Crr CNLLs

T =50

intexp 0.238 0.262 0.339 0.023  0.040 0.049 0.183 0.193 0.279
cpr 0.265 0.240 0.328 0.051  0.050 0.050 0.250 0.195 0.249
stc 0.223 0.239 0.300 0.053  0.060 0.046 0.251 0.201 0.223
exp 0.293 0.257 0.309 0.058 0.058 0.051 0.276 0.210 0.262
pow 0.313 0.266 0.278 0.052 0.051 0.047 0.388 0.250 0.251
jump — — — - — - - - —

T =100

intexp 0.535 0.532 0.591 0.029 0.043 0.054 0.814 0.777 0.883
cpr 0.503  0.461 0.526 0.048 0.050 0.048 0.675 0.607 0.755
stc 0.492 0.463 0.532 0.054 0.054 0.051 0.693 0.614 0.730
exp 0.554  0.460 0.525 0.101  0.074 0.062 0.778 0.614 0.726
pow 0.589 0.531 0.531 0.053  0.050 0.049 0.866 0.784 0.795
jump - - - - - - - - -

T = 200

intexp 0.720 0.739 0.739 0.044 0.065 0.061 0.995 0.990 0.997
cpr 0.703  0.665 0.684 0.060 0.058 0.063 0.924 0.868 0.914
stc 0.702 0.667 0.687 0.054 0.052 0.048 0.925 0.873 0.914
exp 0.763  0.681 0.685 0.221 0.154 0.129 0.990 0.861 0.889
pow 0.762 0.727 0.710 0.051  0.049 0.047 0.979 0.974 0.965
jump - - - - - - - - -

T =500

intexp 0.878 0.901 0.887 0.138 0.178 0.160 1.000 1.000 1.000
cpr 0.898 0.864 0.855 0.103 0.114 0.109 0.996 0.975 0.983
stc 0.901  0.865 0.845 0.061  0.068 0.058 0.993 0.974 0.941
exp 0.925 0.871 0.863 0.525 0.398 0.366 1.000 0.980 0.986
pow 0.919 0.889 0.873 0.053  0.050 0.057 0.999 0.998 0.992
jump - - - - - - - - -

T = 1000

intexp 0.955 0.962 0.957 0.321 0.344 0.320 1.000 1.000 1.000
cpr 0.969 0.947 0.943 0.203 0.212 0.192 1.000 0.995 0.996
stc 0.970 0.950 0.936 0.085 0.081 0.081 0.997 0.994 0.975
exp 0.982 0.954 0.948 0.765 0.627 0.578 1.000 0.997 0.998
pow 0.975 0.954 0.942 0.063 0.064 0.063 1.000 0.999 0.995
Jump - - - - - - - - -

Table 57: Size-corrected power for the Tig specification test with pg = 0.6, p1 = 0.4, and p2 = 0.6.
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H,: DGP 1 H,: DGP 2 H:: DGP 3

K /5 1/4  1/3  1/5  1/4  1/3  1/5  1/4  1/3
T =50

intexp 0.103 0.055 0.066 0.012 0.020 0.053 0.073 0.017 0.054
cpr 0.234 0229 0.226 0.242 0.220 0.200 0.178 0.173 0.170
stc 0.172  0.169 0.171 0.092 0.089 0.082 0.126 0.122 0.118
exp 0.323 0317 0.301 0.601 0.552 0.504 0.287 0.279 0.261
pow 0.305 0.297 0.324 0.095 0.095 0.090 0.256 0.259 0.276
jump 0.368 0.362 0.359 0.469 0.435 0.401 0.359 0.346 0.324
T = 100

intexp 0.078 0.092 0.078 0.040 0.078 0.088 0.038 0.091 0.092
cpr 0.340 0.342 0.343 0465 0.418 0398 0.384 0.378 0.376
stc 0.259 0.252 0.244 0.132 0.122 0.110 0.258 0.249 0.255
exp 0.470 0.464 0.451 0.882 0.866 0.815 0.546 0.549 0.526
pow 0.336  0.364 0.377 0.169 0.150 0.136 0.361 0.403 0.421
jump 0.494 0.498 0.486 0.736 0.710 0.663 0.568 0.574 0.568
T = 200

intexp 0.098 0.104 0.094 0052 0.112 0.097 0.048 0.112 0.100
cpr 0.478 0.486 0.483 0.823 0.779 0.698 0.573 0.595 0.584
ste 0.395 0.384 0.353 0.263 0.231 0.175 0.454 0.443 0.432
exp 0.605 0.608 0.598 0.974 0.969 0.959 0.730 0.728 0.734
pow 0.378 0.413 0438 0.353 0.343 0.269 0.409 0.457 0.498
jump 0.590 0.599 0.592 0931 0.917 0.877 0.688 0.705 0.710
T = 500

intexp 0.166 0.126 0.091 0.183 0.160 0.108 0.186 0.146 0.105
cpr 0.616 0.635 0.635 0979 0.975 0.955 0.735 0.754 0.771
stc 0.534 0.519 0.513 0.677 0.579 0.482 0.692 0.685 0.691
exp 0.726  0.744 0.748 0992 0.993 0.993 0.843 0.854 0.863
pow 0.476 0.491 0.533 0.734 0.684 0.616 0.529 0.542 0.594
jump 0.696 0.710 0.728 0.990 0.990 0.987 0.794 0.812 0.836
T = 1000

intexp 0.153 0.122 0.084 0219 0.153 0.098 0.175 0.140 0.093
cpr 0.690 0.697 0.700 0.991 0.991 0987 0.784 0.804 0.818
stc 0.634 0.615 0.589 0.905 0.850 0.753 0.742 0.746 0.744
exp 0.793 0.800 0.798 0.996 0.995 0.994 0.890 0.896 0.899
pow 0.531 0.538 0.553 0924 0.881 0.817 0.571 0.593 0.613
jump 0.739  0.751 0.760 0.993 0.994 0994 0.828 0.837 0.854

Table 58: Size-corrected power for the T specification test with pg = 0.0, p; = 0.0, and p2 = 0.0.
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H,: DGP 1 H,: DGP 2 H:: DGP 3

K /5 1/4 1/3  1/5 1/4 1/3 1/5 1/4  1/3
T =50

intexp 0.055 0.042 0.055 0.014 0.015 0.039 0.024 0.015 0.038
cpr 0.112  0.121 0.120 0.092 0.091 0.085 0.078 0.082 0.081
stc 0.105 0.108 0.104 0.069 0.069 0.063 0.082 0.084 0.076
exp 0.155 0.150 0.149 0.176 0.165 0.158 0.106 0.107 0.102
pow 0.147 0.145 0.159 0.062 0.064 0.063 0.104 0.105 0.114
jump 0.185 0.179 0.176 0.106 0.097 0.095 0.110 0.106 0.101
T =100

intexp 0.059 0.072 0.066 0.017 0.045 0.056 0.020 0.061 0.069
cpr 0.173 0.178 0.170 0.141 0.131 0.126 0.159 0.162 0.165
stc 0.154 0.153 0.144 0.069 0.068 0.062 0.133 0.141 0.133
exp 0.254 0.256 0.243 0.342 0.324 0.294 0.280 0.283 0.269
pow 0.167 0.187 0.209 0.071 0.068 0.068 0.163 0.188 0.206
jump 0.258 0.261 0.256 0.200 0.191 0.175 0.286 0.288 0.276
T = 200

intexp 0.077 0.085 0.081 0.024 0.064 0.071 0.030 0.086 0.088
cpr 0.266 0.282 0.288 0.285 0.267 0.225 0.318 0.338 0.342
ste 0.241 0236 0.234 0.082 0.075 0.073 0.265 0.257 0.274
exp 0.398 0.399 0408 0.651 0.622 0578 0.506 0.522 0.530
pow 0.192 0219 0.255 0.103 0.104 0.091 0.210 0.241 0.293
jump 0.381 0.388 0.387 0.434 0.399 0.350 0.476 0.486 0.488
T = 500

intexp 0.125 0.100 0.082 0.095 0.106 0.086 0.137 0.124 0.097
cpr 0.384 0.400 0427 0.641 0.596 0.529 0.502 0.530 0.557
stc 0.365 0.363 0.364 0.182 0.157 0.134 0.518 0.533 0.537
exp 0.535 0.561 0.578 0.909 0.909 0.892 0.684 0.710 0.736
pow 0.265 0.276 0.334 0226 0.206 0.185 0.311 0.338 0.397
jump 0.488 0.512 0.542 0.771 0.754 0.717 0.612 0.642 0.668
T = 1000

intexp 0.141 0.102 0.076 0.152 0.109 0.080 0.152 0.117 0.083
cpr 0.480 0.517 0.520 0.893 0.872 0.812 0.602 0.650 0.663
stc 0.475 0.468 0441 0428 0.356 0.258 0.596 0.609 0.616
exp 0.637 0.665 0.679 0.967 0.968 0.964 0.780 0.808 0.820
pow 0.331 0.346 0.381 0.476 0.400 0.329 0.375 0.407 0.449
jump 0.556  0.585 0.613 0929 0.921 0.902 0.680 0.715 0.741

Table 59: Size-corrected power for the Ty specification test with pg = 0.6, p; = 0.4, and p2 = 0.6.
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VLT

T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' &iT—l/ZS 633T_1/4 a_iT—l/5 &ET—I/G hopt hopt h

T =200
intexp bartlett 0.661 0.716  0.740 0.755  0.689 0.737 0.757 0.775 0.851 0.790 0.748 0.721 0.811 0.821
epa 0.674 0.723 0.746 0.764 0.700 0.745 0.765 0.785 0.808 0.719 0.655 0.604 0.815 0.823
gaussian 0.753  0.794  0.812  0.821 0.774 0.809 0.824 0.834 0.704 0.593 0.512 0.450 0.813 0.828
cpr bartlett 0.382 0.468 0.515 0.547 0.421 0.506 0.555 0.583 0.385 0.156 0.070 0.037 0.638 0.660
epa 0.406  0.489 0.535 0.562  0.442 0.524 0.569 0.597 0.306 0.169 0.138 0.116 0.642 0.666
gaussian 0.542  0.613  0.653  0.670  0.578 0.646 0.673 0.691 0.041 0.006 0.006 0.007 0.634 0.675
stc bartlett 0.263 0.327 0.363 0.392 0.293 0.355 0.395 0.420 0.225 0.099 0.057 0.035 0.481 0.493
epa 0.278 0.340 0.380 0.404 0.310 0.367 0.403 0.434 0.156 0.064 0.041 0.034 0.485 0.497
gaussian  0.388 0.445 0.475 0.491 0.415 0.472 0.493 0.507 0.032 0.011 0.011 0.012 0.479 0.504
exp bartlett 0.563  0.640 0.687 0.717  0.598 0.678 0.724 0.746 0.731 0.615 0.515 0.450 0.803 0.815
epa 0.584  0.661 0.707  0.729 0.621 0.695 0.732 0.756 0.647 0.454 0.320 0.231 0.807 0.820
gaussian  0.713 0.765 0.793 0.811 0.741 0.791 0.813 0.824 0.422 0.213 0.110 0.061 0.802 0.824
pow bartlett 0.565 0.630 0.666 0.689  0.593 0.656 0.696 0.721 0.696 0.627 0.590 0.562 0.759  0.781
epa 0.580 0.646 0.682 0.705 0.612 0.675 0.711 0.733 0.649 0.570 0.508 0.465 0.761 0.785
gaussian  0.687  0.749  0.775 0.790 0.716 0.771 0.794 0.805 0.545 0.446 0.366 0.314 0.758 0.794
jump bartlett 0.594  0.671 0.712  0.738  0.637 0.704 0.747 0.771 0.767 0.651 0.569 0.511 0.825 0.834
epa 0.616 0.689 0.731 0.755 0.655 0.721 0.762 0.784 0.695 0.529 0.414 0.334 0.830 0.840
gaussian 0.737  0.792  0.821 0.834  0.766 0.815 0.837 0.849 0.488 0.314 0.206 0.143 0.824 0.845

Table 60: Size-corrected power for the Tywp,, specification test with pg = 0.0, p1 = 0.0, and po = 0.0, for DGP 1 under the alternative

hypothesis.



QLT

T-1/3 p-1/4  p-1/5 p-1/6 &?)T_l/3 s2r-1/4 &3T‘1/5 &3T—1/6 &iT_1/3 G214 &chT—1/5 &gch—l/e Bopt Ropt.h

T = 200
intexp bartlett 0.409 0.485 0.532 0.559 0.447 0.523 0.564 0.593 0.819 0.624 0.450 0.338 0.643 0.662
epa 0.424 0.503 0.544 0.575 0.464 0.541 0.582 0.611 0.717 0.406 0.225 0.156 0.647 0.666
gaussian  0.553 0.625 0.650 0.667  0.593 0.647 0.677 0.700 0.327 0.092 0.042 0.031 0.647 0.681
cpr bartlett 0.537  0.655 0.718 0.762 0.591 0.704 0.771 0.801 0.669 0.317 0.140 0.067 0.819 0.849
epa 0.567  0.682 0.747  0.783 0.619 0.731 0.787 0.814 0.549 0.341 0.283 0.274 0.821 0.854
gaussian  0.757  0.831 0.867 0.884  0.797 0.859 0.887 0.902 0.093 0.006 0.002 0.005 0.816 0.869
stc bartlett 0.071 0.086 0.094 0.103 0.080 0.090 0.103 0.108 0.045 0.022 0.023 0.022 0.122 0.125
epa 0.076 0.090 0.101 0.106 0.084 0.096 0.105 0.114 0.040 0.044 0.050 0.049 0.125 0.129
gaussian  0.097 0.115 0.120 0.126 0.107 0.121 0.127 0.132 0.025 0.032 0.037 0.040 0.122 0.129
exp bartlett 0.983 0.995 0.998 0.998 0.989 0.997 0.999 0.999 1.000 0.999 0.994 0.985 1.000 1.000
epa 0.986 0.996 0.998 0.999 0.991 0.997 0.999 1.000 0.993 0.905 0.764 0.623 1.000 1.000
gaussian  0.998 1.000 1.000 1.000 0.999 1.000 1.000 1.000 0.946 0.732 0.485 0.295 1.000 1.000
pow bartlett 0.119 0.148 0.171 0.188 0.133 0.166 0.194 0.214 0.037 0.021 0.020 0.021 0.204 0.232
epa 0.122 0.162 0.181 0.198 0.141 0.178 0.204 0.220 0.064 0.091 0.085 0.069 0.200 0.230
gaussian  0.188 0.237  0.255 0.265 0.207 0.251 0.266 0.274 0.029 0.041 0.043 0.046 0.208 0.244
jump bartlett 0.856 0.906 0.932 0.942 0.880 0.925 0.945 0.954 0.937 0.883 0.847 0.813 0.965 0.975
epa 0.867 0.916 0.939 0.950 0.890 0.934 0.952 0.958 0.899 0.807 0.719 0.644 0.966 0.975
gaussian  0.940 0.962 0.974  0.981 0.953 0.971 0.980 0.984 0.801 0.659 0.534 0.437 0.964 0.980

Table 61: Size-corrected power for the Tywp,, specification test with pg = 0.0, p1 = 0.0, and po = 0.0, for DGP 2 under the alternative

hypothesis.



9.1

T-1/3 p-1/4  p-1/5 p-1/6 &?)T_l/3 s2r-1/4 &3T‘1/5 &3T—1/6 &iT_1/3 G214 &chT—1/5 &gch—l/e Bopt Ropt.h

T = 200
intexp bartlett 0.745 0.783 0.803 0.813 0.763 0.797 0.817 0.828 0.909 0.882 0.850 0.827 0.846 0.853
epa 0.753 0.791 0.807 0.817 0.771 0.805 0.822 0.834 0.890 0.827 0.769 0.726 0.848 0.857
gaussian  0.812 0.840 0.851 0.857  0.827 0.849 0.859 0.867 0.817 0.717 0.628 0.536 0.848 0.859
cpr bartlett 0.401 0.487  0.525 0.558 0.440 0.517 0.567 0.597 0.438 0.190 0.087 0.043 0.655 0.679
epa 0.420 0.504  0.547 0.574  0.459 0.539 0.582 0.610 0.330 0.192 0.134 0.115 0.657 0.686
gaussian  0.553 0.628 0.664  0.687  0.593 0.656 0.691 0.706 0.051 0.007 0.006 0.006 0.654 0.695
stc bartlett 0.238 0.292 0.330 0.361 0.265 0.321 0.364 0.387 0.215 0.088 0.041 0.022 0.444  0.460
epa 0.246 0.306 0.350 0.374  0.275 0.340 0.377 0.400 0.145 0.050 0.029 0.027 0.447  0.466
gaussian  0.353 0.410 0.444 0.461 0.382 0.441 0.466 0.482 0.021 0.006 0.007 0.008 0.441 0.476
exp bartlett 0.630 0.699 0.734  0.756 0.662 0.730 0.761 0.785 0.806 0.716 0.642 0.585 0.829 0.839
epa 0.646 0.711 0.751 0.769 0.680 0.742 0.775 0.799 0.751 0.575 0.438 0.341 0.832 0.845
gaussian  0.755 0.809 0.829 0.842 0.784 0.826 0.844 0.854 0.556 0.344 0.207 0.121 0.830 0.848
pow bartlett 0.659 0.716 0.746 0.767  0.685 0.735 0.771 0.790 0.800 0.750 0.716 0.697 0.830 0.840
epa 0.672 0.729 0.758 0.776 0.699 0.751 0.784 0.800 0.762 0.691 0.635 0.595 0.831 0.842
gaussian  0.765 0.811 0.830 0.842 0.789 0.827 0.846 0.856 0.679 0.583 0.500 0.441 0.829 0.851
jump bartlett 0.647  0.714  0.749 0.767  0.682 0.739 0.776 0.798 0.809 0.721 0.656 0.608 0.835 0.846
epa 0.665 0.728 0.761 0.784 0.696 0.756 0.792 0.808 0.762 0.630 0.516 0.439 0.839 0.848
gaussian  0.765 0.817  0.840 0.851 0.794 0.839 0.853 0.863 0.594 0.434 0.319 0.234 0.833 0.855

Table 62: Size-corrected power for the Tywp,, specification test with pg = 0.0, p; = 0.0, and po = 0.0, for DGP 3 under the alternative

hypothesis.



LLT

Y3 pey4 s pel/s pel/6 G218 g2pel/d g2pe1/5 G2pe1/6 g2pe1/3 0 G214 g2pe1/5 2p-1/6 hopt hopt,h

T = 200
intexp bartlett 0.486 0.509 0.527 0.536 0.497 0.526 0.534 0.542 0.594 0.557 0.525 0.512 0.551 0.562
epa 0.488 0.519 0.532 0.540 0.501 0.531 0.540 0.550 0.569 0.498 0.452 0.427 0.554  0.565
gaussian  0.533 0.557 0.569 0.576 0.544 0.563 0.577 0.582 0.498 0.443 0.395 0.355 0.553 0.570
cpr bartlett 0.266 0.290 0.314 0.323 0.281 0.309 0.330 0.335 0.297 0.170 0.085 0.047 0.385 0.386
epa 0.272 0.297 0.319 0.332 0.288 0.318 0.333 0.345 0.244 0.150 0.111 0.087 0.385 0.386
gaussian  0.320 0.347 0.357 0.359 0.338 0.359 0.360 0.362 0.050 0.013 0.011 0.013 0.381 0.385
stc bartlett 0.204 0.237 0.250 0.256 0.223 0.249 0.253 0.259 0.234 0.120 0.069 0.046 0.269 0.275
epa 0.213 0.239 0.250 0.253 0.227 0.248 0.254 0.264 0.162 0.067 0.047 0.035 0.272 0.281
gaussian  0.256 0.274 0.282 0.288 0.260 0.279 0.287 0.292 0.039 0.018 0.016 0.017 0.274 0.284
exp bartlett 0.425 0.459 0.477 0.486 0.445 0.479 0.498 0.506 0.521 0.505 0.500 0.460 0.498 0.504
epa 0.432 0.467 0.481 0.492 0.452 0.480 0.498 0.504 0.481 0.407 0.311 0.229 0.497  0.505
gaussian  0.486 0.503 0.515 0.516 0.502 0.515 0.520 0.524 0.425 0.230 0.124 0.069 0.500 0.511
pow bartlett 0.448 0.471 0.490 0.506 0.457 0.487 0.504 0.512 0.508 0.472 0.453 0.444 0.553 0.558
epa 0.452 0.474 0.495 0.507 0.460 0.492 0.507 0.515 0.482 0.420 0.402 0.385 0.556  0.557
gaussian  0.504 0.519 0.525 0.530 0.509 0.525 0.534 0.536 0.431 0.406 0.366 0.317 0.551 0.553
jump bartlett 0.441 0.469 0.489 0.499 0.455 0.485 0.501 0.508 0.521 0.494 0.473 0.466 0.527  0.535
epa 0.451 0.474 0.494 0.498 0.458 0.492 0.505 0.510 0.492 0.421 0.374 0.317 0.526  0.533
gaussian  0.497 0.517 0.524 0.526 0.508 0.525 0.526 0.531 0.439 0.333 0.221 0.151 0.529 0.535

Table 63: Size-corrected power for the Twpi, specification test with pg = 0.6, p; = 0.4, and po = 0.6, for DGP 1 under the alternative
p p p

hypothesis.



8LT

T-1/3 p-1/4  p-1/5 p-1/6 &?)T_l/3 s2r-1/4 &3T‘1/5 &3T—1/6 &iT_1/3 G214 &chT—1/5 &gch—l/e Bopt Ropt.h

T = 200
intexp bartlett 0.121 0.133 0.143 0.147 0.128 0.145 0.145 0.151 0.162 0.104 0.077 0.066 0.164 0.168
epa 0.121 0.139 0.145 0.147 0.129 0.146 0.151 0.153 0.135 0.078 0.056 0.051 0.165 0.172
gaussian 0.146  0.157  0.166  0.173  0.153 0.163 0.172 0.178 0.068 0.047 0.030 0.023 0.162 0.177
cpr bartlett 0.192  0.218 0.240 0.251 0.212 0.236 0.257 0.263 0.270 0.145 0.069 0.039 0.278  0.283
epa 0.197 0.224 0.243 0.253 0.219 0.241 0.261 0.267 0.223 0.145 0.119 0.119 0.276  0.286
gaussian  0.247  0.270  0.276  0.277  0.263 0.277 0.278 0.279 0.049 0.021 0.026 0.032 0.271 0.286
stc bartlett 0.059 0.067 0.069 0.069 0.063 0.070 0.068 0.070 0.069 0.056 0.046 0.046 0.073 0.073
epa 0.062 0.066  0.067 0.067  0.065 0.069 0.067 0.075 0.062 0.053 0.053 0.051 0.075 0.075
gaussian  0.070 0.077 0.077 0.075 0.072 0.074 0.072 0.072 0.046 0.044 0.046 0.046 0.075 0.074
exp bartlett 0.582  0.645 0.672  0.691 0.618 0.669 0.695 0.709 0.857 0.844 0.829 0.779 0.735 0.737
epa 0.592 0.655 0.679  0.699  0.628 0.673 0.702 0.713 0.832 0.702 0.520 0.359 0.727  0.736
gaussian  0.687  0.718 0.734 0.738  0.706 0.732 0.740 0.748 0.743 0.388 0.172 0.077 0.733 0.744
pow bartlett 0.081 0.081 0.089  0.094 0.082 0.089 0.095 0.097 0.058 0.055 0.051 0.049 0.095 0.097
epa 0.083 0.083 0.090 0.092 0.079 0.092 0.095 0.096 0.057 0.048 0.048 0.048 0.097  0.096
gaussian  0.093  0.093  0.092 0.092 0.096 0.096 0.094 0.091 0.048 0.048 0.050 0.048 0.097 0.094
jump bartlett 0.382 0.416 0.443 0.456  0.397 0.437 0.459 0.465 0.551 0.540 0.530 0.521 0.465 0.473
epa 0.390 0.426 0.453 0.455 0.403 0.447 0.463 0.467 0.541 0.497 0.447 0.388 0.461 0.472
gaussian  0.453 0.472 0.482 0.482 0.463 0.481 0.482 0.490 0.511 0.395 0.269 0.182 0.466 0.478

Table 64: Size-corrected power for the Tywp,, specification test with pg = 0.6, p1 = 0.4, and po = 0.6, for DGP 2 under the alternative

hypothesis.



6LT

T-1/3 p-1/4  p-1/5 p-1/6 &?)T_l/3 s2r-1/4 &3T‘1/5 &3T—1/6 &iT_1/3 G214 &chT—1/5 &gch—l/e Bopt Ropt.h

T = 200
intexp bartlett 0.615 0.632 0.646 0.650 0.622 0.644 0.650 0.656 0.717 0.691 0.669 0.655 0.652 0.661
epa 0.616 0.641 0.649 0.652 0.624 0.649 0.654 0.658 0.694 0.625 0.556 0.516 0.653 0.663
gaussian  0.650 0.661 0.669 0.678 0.656 0.668 0.678 0.682 0.632 0.545 0.470 0.416 0.650 0.667
cpr bartlett 0.278 0.307  0.323 0.334 0.296 0.319 0.338 0.345 0.323 0.186 0.090 0.047 0.397 0.397
epa 0.284  0.310 0.330 0.342 0.302 0.327 0.343 0.352 0.256 0.148 0.109 0.082 0.398 0.398
gaussian  0.332 0.352 0.358 0.362 0.345 0.361 0.362 0.364 0.052 0.013 0.013 0.013 0.395 0.398
stc bartlett 0.165 0.198 0.209 0.219 0.183 0.208 0.219 0.229 0.200 0.090 0.044 0.028 0.229 0.236
epa 0.176 0.198 0.212 0.219 0.186 0.209 0.221 0.237 0.140 0.053 0.032 0.025 0.233 0.239
gaussian  0.215 0.242 0.250 0.249 0.228 0.246 0.249 0.251 0.029 0.014 0.014 0.015 0.234 0.246
exp bartlett 0.483 0.516 0.535 0.545 0.505 0.534 0.548 0.557 0.608 0.603 0.599 0.566 0.548 0.555
epa 0.485 0.525 0.540 0.551 0.510 0.537 0.553 0.559 0.579 0.507 0.401 0.306 0.542  0.555
gaussian  0.543 0.563 0.574  0.575 0.554 0.569 0.576 0.579 0.533 0.322 0.184 0.102 0.549 0.561
pow bartlett 0.556 0.579 0.599 0.612 0.568 0.597 0.609 0.619 0.644 0.610 0.591 0.587 0.674 0.670
epa 0.561 0.584 0.604 0.614 0.571 0.601 0.616 0.624 0.619 0.559 0.531 0.515 0.674 0.668
gaussian  0.611 0.626 0.632 0.636 0.617 0.630 0.637 0.639 0.569 0.538 0.497 0.437 0.674 0.666
jump bartlett 0.498 0.524  0.543 0.551 0.510 0.537 0.555 0.561 0.595 0.571 0.550 0.542 0.558 0.566
epa 0.503 0.531 0.548 0.551 0.513 0.546 0.558 0.560 0.577 0.515 0.462 0.401 0.556  0.568
gaussian  0.550 0.565 0.570 0.572 0.558 0.567 0.573 0.580 0.528 0.422 0.303 0.227 0.558  0.569

Table 65: Size-corrected power for the Tywp,, specification test with pg = 0.6, p1 = 0.4, and po = 0.6, for DGP 3 under the alternative

hypothesis.



08T

T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopth
T =200 m(x)=exp(—z/2)/\/(27)
intexp bartlett  0.144  0.145 0.146 0.148  0.138 0.137 0.139 0.137 0.432 0.349 0.261 0.205 0.130 0.138
epa 0.145 0.144 0.148 0.149  0.137 0.137 0.139 0.137 0.433 0.276 0.179 0.133 0.133 0.141
gaussian  0.147  0.142  0.147 0.149 0.138 0.140 0.149 0.159 0.227 0.116 0.084 0.071 0.131  0.150
cpr bartlett  0.135 0.154  0.162  0.167  0.144 0.154 0.161 0.166 0.791 0.596 0.390 0.245 0.158 0.185
epa 0.139 0.154 0.165 0.170  0.145 0.157 0.165 0.169 0.718 0.396 0.181 0.083 0.164 0.189
gaussian  0.167  0.174  0.196 0.215  0.166 0.189 0.217 0.252 0.299 0.047 0.007 0.001 0.164 0.214
stc bartlett 0.121 0.130 0.130 0.129 0.117 0.122 0.126 0.124 0.533 0.402 0.264 0.176 0.108 0.121
epa 0.121  0.129 0.130 0.132  0.118 0.123 0.124 0.125 0.522 0.281 0.138 0.067 0.112  0.125
gaussian 0.129  0.133  0.142 0.149 0.124 0.134 0.147 0.161 0.206 0.041 0.009 0.002 0.109 0.136
exp bartlett  0.255 0.296 0.312  0.324  0.270 0.302 0.327 0.346 0.428 0.305 0.254 0.251 0.393 0.415
epa 0.261  0.303 0318 0.334 0.277 0.315 0.336 0.355 0.367 0.220 0.156 0.124 0.398  0.420
gaussian 0.325  0.369  0.407 0.435  0.347 0.399 0.442 0.460 0.228 0.170 0.146 0.136 0.393 0.442
pow bartlett  0.618  0.717  0.761  0.788  0.663 0.745 0.792 0.823 0.772 0.586 0.523 0.545 0.838 0.870
epa 0.641  0.738 0.778 0.806  0.686 0.767 0.809 0.836 0.624 0.369 0.246 0.178 0.842 0.876
gaussian 0.787  0.850  0.883  0.903  0.822 0.875 0.903 0.916 0.423 0.303 0.256 0.238 0.838 0.893
jump bartlett  0.345  0.395 0.414 0.429  0.365 0.404 0.434 0.453 0.479 0.332 0.274 0.276 0.505 0.528
epa 0.353  0.406 0422 0442  0.376 0.417 0.447 0.462 0.394 0.222 0.155 0.115 0.508 0.529
gaussian 0.430 0475 0.515 0.535  0.454 0.502 0.538 0.556 0.237 0.172 0.146 0.138 0.507 0.541
T=200 n(x)=exp(—(z— 33, 2)°/2)//(2m)
intexp bartlett  0.187  0.217  0.240  0.250  0.203 0.232 0.252 0.269 0.502 0.397 0.309 0.244 0.300 0.315
epa 0.196 0.228 0.245 0.259  0.206 0.238 0.261 0.278 0.477 0.329 0.223 0.167 0.304 0.318
gaussian 0.248  0.289  0.308 0.326  0.270 0.300 0.325 0.336 0.268 0.135 0.088 0.072 0.301 0.322
cpr bartlett  0.117  0.141  0.162 0.168  0.129 0.154 0.174 0.185 0.466 0.293 0.165 0.092 0.217 0.228
epa 0.122  0.147 0.165 0.174  0.132 0.159 0.180 0.192 0.417 0.195 0.075 0.032 0.218  0.232
gaussian 0.166  0.206  0.223  0.242  0.187 0.221 0.243 0.261 0.119 0.009 0.001 0.000 0.216  0.243
stc bartlett  0.197  0.232  0.260 0.271  0.214 0.254 0.275 0.289 0.578 0.445 0.321 0.223 0.307 0.324
epa 0.205 0.246 0.265 0.277  0.217 0.259 0.281 0.298 0.545 0.349 0.196 0.118 0.308 0.329
gaussian 0.268  0.312  0.331  0.353  0.290 0.323 0.352 0.368 0.259 0.072 0.021 0.006 0.307 0.339
exp bartlett  0.214  0.234  0.253  0.274  0.228 0.253 0.280 0.299 0.369 0.272 0.235 0.236 0.355 0.374
epa 0.221  0.241  0.264 0.289  0.229 0.263 0.291 0.317 0.331 0.199 0.142 0.109 0.357  0.378
gaussian 0.272  0.329 0370 0.393  0.299 0.357 0.400 0.422 0.213 0.157 0.141 0.132 0.355 0.391
pow bartlett  0.220 0.266 0.295 0.319  0.244 0.292 0.322 0.347 0.528 0.392 0.336 0.345 0.360 0.391
epa 0.232 0.279 0310 0.334  0.253 0.303 0.336 0.366 0.471 0.273 0.180 0.131 0.366  0.399
gaussian 0.316  0.376  0.421  0.447  0.346 0.412 0.453 0.483 0.302 0.223 0.195 0.180 0.363 0.418
jump bartlett  0.259  0.284  0.307 0.330  0.272 0.306 0.336 0.358 0.403 0.285 0.242 0.248 0.411  0.430
epa 0.266 0.294 0320 0.342 0.274 0.317 0.349 0.373 0.346 0.193 0.134 0.099 0.415 0.434
gaussian 0.328  0.383  0.426  0.444  0.357 0.415 0.452 0.471 0.212 0.155 0.137 0.129 0.413  0.445

Table 66: Size-corrected power for the Tipis specification test with pg = 0.0, p; = 0.0, and po = 0.0, for DGP 1 under the alternative

hypothesis.



181

T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopth
T =200 m(x)=exp(—z/2)/\/(27)
intexp bartlett  0.144  0.145 0.146 0.148  0.138 0.137 0.139 0.137 0.432 0.349 0.261 0.205 0.130 0.138
epa 0.145 0.144 0.148 0.149  0.137 0.137 0.139 0.137 0.433 0.276 0.179 0.133 0.133 0.141
gaussian  0.147  0.142  0.147 0.149 0.138 0.140 0.149 0.159 0.227 0.116 0.084 0.071 0.131  0.150
cpr bartlett  0.135 0.154  0.162  0.167  0.144 0.154 0.161 0.166 0.791 0.596 0.390 0.245 0.158 0.185
epa 0.139 0.154 0.165 0.170  0.145 0.157 0.165 0.169 0.718 0.396 0.181 0.083 0.164 0.189
gaussian  0.167  0.174  0.196 0.215  0.166 0.189 0.217 0.252 0.299 0.047 0.007 0.001 0.164 0.214
stc bartlett 0.121 0.130 0.130 0.129 0.117 0.122 0.126 0.124 0.533 0.402 0.264 0.176 0.108 0.121
epa 0.121  0.129 0.130 0.132  0.118 0.123 0.124 0.125 0.522 0.281 0.138 0.067 0.112  0.125
gaussian 0.129  0.133  0.142 0.149 0.124 0.134 0.147 0.161 0.206 0.041 0.009 0.002 0.109 0.136
exp bartlett  0.255 0.296 0.312  0.324  0.270 0.302 0.327 0.346 0.428 0.305 0.254 0.251 0.393 0.415
epa 0.261  0.303 0318 0.334 0.277 0.315 0.336 0.355 0.367 0.220 0.156 0.124 0.398  0.420
gaussian 0.325  0.369  0.407 0.435  0.347 0.399 0.442 0.460 0.228 0.170 0.146 0.136 0.393 0.442
pow bartlett  0.618  0.717  0.761  0.788  0.663 0.745 0.792 0.823 0.772 0.586 0.523 0.545 0.838 0.870
epa 0.641  0.738 0.778 0.806  0.686 0.767 0.809 0.836 0.624 0.369 0.246 0.178 0.842 0.876
gaussian 0.787  0.850  0.883  0.903  0.822 0.875 0.903 0.916 0.423 0.303 0.256 0.238 0.838 0.893
jump bartlett  0.345  0.395 0.414 0.429  0.365 0.404 0.434 0.453 0.479 0.332 0.274 0.276 0.505 0.528
epa 0.353  0.406 0422 0442  0.376 0.417 0.447 0.462 0.394 0.222 0.155 0.115 0.508 0.529
gaussian 0.430 0475 0.515 0.535  0.454 0.502 0.538 0.556 0.237 0.172 0.146 0.138 0.507 0.541
T=200 n(x)=exp(—(z— 33, 2)°/2)//(2m)
intexp bartlett  0.187  0.217  0.240  0.250  0.203 0.232 0.252 0.269 0.502 0.397 0.309 0.244 0.300 0.315
epa 0.196 0.228 0.245 0.259  0.206 0.238 0.261 0.278 0.477 0.329 0.223 0.167 0.304 0.318
gaussian 0.248  0.289  0.308 0.326  0.270 0.300 0.325 0.336 0.268 0.135 0.088 0.072 0.301 0.322
cpr bartlett  0.117  0.141  0.162 0.168  0.129 0.154 0.174 0.185 0.466 0.293 0.165 0.092 0.217 0.228
epa 0.122  0.147 0.165 0.174  0.132 0.159 0.180 0.192 0.417 0.195 0.075 0.032 0.218  0.232
gaussian 0.166  0.206  0.223  0.242  0.187 0.221 0.243 0.261 0.119 0.009 0.001 0.000 0.216  0.243
stc bartlett  0.197  0.232  0.260 0.271  0.214 0.254 0.275 0.289 0.578 0.445 0.321 0.223 0.307 0.324
epa 0.205 0.246 0.265 0.277  0.217 0.259 0.281 0.298 0.545 0.349 0.196 0.118 0.308 0.329
gaussian 0.268  0.312  0.331  0.353  0.290 0.323 0.352 0.368 0.259 0.072 0.021 0.006 0.307 0.339
exp bartlett  0.214  0.234  0.253  0.274  0.228 0.253 0.280 0.299 0.369 0.272 0.235 0.236 0.355 0.374
epa 0.221  0.241  0.264 0.289  0.229 0.263 0.291 0.317 0.331 0.199 0.142 0.109 0.357  0.378
gaussian 0.272  0.329 0370 0.393  0.299 0.357 0.400 0.422 0.213 0.157 0.141 0.132 0.355 0.391
pow bartlett  0.220 0.266 0.295 0.319  0.244 0.292 0.322 0.347 0.528 0.392 0.336 0.345 0.360 0.391
epa 0.232 0.279 0310 0.334  0.253 0.303 0.336 0.366 0.471 0.273 0.180 0.131 0.366  0.399
gaussian 0.316  0.376  0.421  0.447  0.346 0.412 0.453 0.483 0.302 0.223 0.195 0.180 0.363 0.418
jump bartlett  0.259  0.284  0.307 0.330  0.272 0.306 0.336 0.358 0.403 0.285 0.242 0.248 0.411  0.430
epa 0.266 0.294 0320 0.342 0.274 0.317 0.349 0.373 0.346 0.193 0.134 0.099 0.415 0.434
gaussian 0.328  0.383  0.426  0.444  0.357 0.415 0.452 0.471 0.212 0.155 0.137 0.129 0.413  0.445

Table 67: Size-corrected power for the Tipis specification test with pg = 0.0, p; = 0.0, and po = 0.0, for DGP 2 under the alternative

hypothesis.
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T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopth
T =200 m(x)=exp(—z/2)/\/(27)
intexp bartlett  0.144  0.145 0.146 0.148  0.138 0.137 0.139 0.137 0.432 0.349 0.261 0.205 0.130 0.138
epa 0.145 0.144 0.148 0.149  0.137 0.137 0.139 0.137 0.433 0.276 0.179 0.133 0.133 0.141
gaussian  0.147  0.142  0.147 0.149 0.138 0.140 0.149 0.159 0.227 0.116 0.084 0.071 0.131  0.150
cpr bartlett  0.135 0.154  0.162  0.167  0.144 0.154 0.161 0.166 0.791 0.596 0.390 0.245 0.158 0.185
epa 0.139 0.154 0.165 0.170  0.145 0.157 0.165 0.169 0.718 0.396 0.181 0.083 0.164 0.189
gaussian  0.167  0.174  0.196 0.215  0.166 0.189 0.217 0.252 0.299 0.047 0.007 0.001 0.164 0.214
stc bartlett 0.121 0.130 0.130 0.129 0.117 0.122 0.126 0.124 0.533 0.402 0.264 0.176 0.108 0.121
epa 0.121  0.129 0.130 0.132  0.118 0.123 0.124 0.125 0.522 0.281 0.138 0.067 0.112  0.125
gaussian 0.129  0.133  0.142 0.149 0.124 0.134 0.147 0.161 0.206 0.041 0.009 0.002 0.109 0.136
exp bartlett  0.255 0.296 0.312  0.324  0.270 0.302 0.327 0.346 0.428 0.305 0.254 0.251 0.393 0.415
epa 0.261  0.303 0318 0.334 0.277 0.315 0.336 0.355 0.367 0.220 0.156 0.124 0.398  0.420
gaussian 0.325  0.369  0.407 0.435  0.347 0.399 0.442 0.460 0.228 0.170 0.146 0.136 0.393 0.442
pow bartlett  0.618  0.717  0.761  0.788  0.663 0.745 0.792 0.823 0.772 0.586 0.523 0.545 0.838 0.870
epa 0.641  0.738 0.778 0.806  0.686 0.767 0.809 0.836 0.624 0.369 0.246 0.178 0.842 0.876
gaussian 0.787  0.850  0.883  0.903  0.822 0.875 0.903 0.916 0.423 0.303 0.256 0.238 0.838 0.893
jump bartlett  0.345  0.395 0.414 0.429  0.365 0.404 0.434 0.453 0.479 0.332 0.274 0.276 0.505 0.528
epa 0.353  0.406 0422 0442  0.376 0.417 0.447 0.462 0.394 0.222 0.155 0.115 0.508 0.529
gaussian 0.430 0475 0.515 0.535  0.454 0.502 0.538 0.556 0.237 0.172 0.146 0.138 0.507 0.541
T=200 n(x)=exp(—(z— 33, 2)°/2)//(2m)
intexp bartlett  0.187  0.217  0.240  0.250  0.203 0.232 0.252 0.269 0.502 0.397 0.309 0.244 0.300 0.315
epa 0.196 0.228 0.245 0.259  0.206 0.238 0.261 0.278 0.477 0.329 0.223 0.167 0.304 0.318
gaussian 0.248  0.289  0.308 0.326  0.270 0.300 0.325 0.336 0.268 0.135 0.088 0.072 0.301 0.322
cpr bartlett  0.117  0.141  0.162 0.168  0.129 0.154 0.174 0.185 0.466 0.293 0.165 0.092 0.217 0.228
epa 0.122  0.147 0.165 0.174  0.132 0.159 0.180 0.192 0.417 0.195 0.075 0.032 0.218  0.232
gaussian 0.166  0.206  0.223  0.242  0.187 0.221 0.243 0.261 0.119 0.009 0.001 0.000 0.216  0.243
stc bartlett  0.197  0.232  0.260 0.271  0.214 0.254 0.275 0.289 0.578 0.445 0.321 0.223 0.307 0.324
epa 0.205 0.246 0.265 0.277  0.217 0.259 0.281 0.298 0.545 0.349 0.196 0.118 0.308 0.329
gaussian 0.268  0.312  0.331  0.353  0.290 0.323 0.352 0.368 0.259 0.072 0.021 0.006 0.307 0.339
exp bartlett  0.214  0.234  0.253  0.274  0.228 0.253 0.280 0.299 0.369 0.272 0.235 0.236 0.355 0.374
epa 0.221  0.241  0.264 0.289  0.229 0.263 0.291 0.317 0.331 0.199 0.142 0.109 0.357  0.378
gaussian 0.272  0.329 0370 0.393  0.299 0.357 0.400 0.422 0.213 0.157 0.141 0.132 0.355 0.391
pow bartlett  0.220 0.266 0.295 0.319  0.244 0.292 0.322 0.347 0.528 0.392 0.336 0.345 0.360 0.391
epa 0.232 0.279 0310 0.334  0.253 0.303 0.336 0.366 0.471 0.273 0.180 0.131 0.366  0.399
gaussian 0.316  0.376  0.421  0.447  0.346 0.412 0.453 0.483 0.302 0.223 0.195 0.180 0.363 0.418
jump bartlett  0.259  0.284  0.307 0.330  0.272 0.306 0.336 0.358 0.403 0.285 0.242 0.248 0.411  0.430
epa 0.266 0.294 0320 0.342 0.274 0.317 0.349 0.373 0.346 0.193 0.134 0.099 0.415 0.434
gaussian 0.328  0.383  0.426  0.444  0.357 0.415 0.452 0.471 0.212 0.155 0.137 0.129 0.413  0.445

Table 68: Size-corrected power for the Tipis specification test with pg = 0.0, p; = 0.0, and p2 = 0.0, for DGP 3 under the alternative

hypothesis.
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T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopt h
T =200 m(x)=exp(—z/2)/\/(27)
intexp bartlett ~ 0.092  0.090 0.090 0.090 0.088 0.087 0.089 0.090 0.205 0.168 0.147 0.134 0.093  0.096
epa 0.092 0.089 0.089 0.091  0.089 0.088 0.090 0.091 0.205 0.154 0.121 0.101 0.092  0.097
gaussian 0.091  0.094  0.100  0.105  0.090 0.096 0.102 0.110 0.137 0.090 0.074 0.067 0.091 0.101
cpr bartlett ~ 0.040 0.039 0.038  0.039  0.040 0.039 0.039 0.040 0.157 0.119 0.088 0.064 0.050  0.055
epa 0.040 0.039 0.038 0.040 0.040 0.038 0.040 0.041 0.156 0.108 0.061 0.039 0.050 0.056
gaussian  0.038  0.042  0.051  0.055  0.040 0.048 0.053 0.064 0.074 0.022 0.008 0.004 0.051  0.060
ste bartlett 0.065 0.065 0.064 0.066  0.063 0.063 0.064 0.066 0.216 0.160 0.120 0.092 0.060 0.069
epa 0.065 0.063 0.064 0.068 0.063 0.063 0.065 0.067 0.214 0.137 0.089 0.051 0.060  0.069
gaussian 0.066 ~ 0.072  0.079  0.087  0.066 0.075 0.082 0.093 0.108 0.028 0.006 0.002 0.060 0.076
exp bartlett 0.208  0.211 0.218  0.218  0.202 0.214 0.221 0.221 0.201 0.142 0.124 0.113 0.259 0.263
epa 0.210 0.217 0.216 0.217  0.209 0.217 0.221 0.224 0.168 0.111 0.088 0.072 0.260 0.264
gaussian 0.218  0.228  0.238  0.246  0.222 0.236 0.249 0.254 0.114 0.089 0.078 0.075 0.258  0.269
pow bartlett ~ 0.260 0.301  0.328 0.338  0.273 0.319 0.342 0.355 0.284 0.207 0.180 0.162 0.382  0.399
epa 0.269 0.315 0.331 0.343  0.290 0.329 0.349 0.362 0.228 0.157 0.111 0.086 0.385 0.399
gaussian 0.336  0.376  0.393  0.403  0.354 0.389 0.409 0.419 0.165 0.118 0.097 0.092 0.384 0.408
jump bartlett 0.256  0.268 0.269 0.268  0.255 0.267 0.267 0.270 0.216 0.150 0.134 0.116 0.323 0.324
epa 0.261  0.270 0.266  0.267  0.264 0.268 0.269 0.272 0.176 0.123 0.088 0.073 0.325 0.325
gaussian 0.269  0.278  0.286  0.296  0.272 0.285 0.296 0.304 0.123 0.090 0.078 0.074 0.321  0.327
T=200 n(z)=exp(—(z— + ST x)?/2)/1/(2n)
intexp bartlett 0.128 0.134 0.134 0.137 0.131 0.135 0.135 0.142 0.254 0.204 0.169 0.151 0.144  0.157
epa 0.129 0.135 0.136 0.139 0.133 0.136 0.140 0.143 0.245 0.181 0.143 0.118 0.147 0.156
gaussian 0.137  0.154  0.160 0.166  0.141 0.150 0.162 0.179 0.158 0.100 0.073 0.067 0.145 0.162
cpr bartlett ~ 0.055  0.056  0.057  0.059  0.057 0.056 0.058 0.060 0.098 0.072 0.048 0.033 0.063  0.066
epa 0.056  0.055 0.059 0.058  0.057 0.057 0.061 0.059 0.091 0.059 0.034 0.021 0.064 0.066
gaussian  0.059  0.062  0.062 0.065 0.060 0.060 0.067 0.073 0.038 0.013 0.004 0.003 0.064 0.069
stc bartlett 0.118 0.130 0.132 0.136  0.123 0.130 0.135 0.140 0.299 0.229 0.166 0.128 0.134 0.147
epa 0.120 0.131 0.134  0.137 0.124 0.132 0.139 0.144 0.288 0.192 0.120 0.076 0.135 0.147
gaussian 0.135  0.150  0.159  0.168  0.139 0.153 0.169 0.181 0.147 0.053 0.019 0.007 0.134 0.155
exp bartlett 0.160  0.171 0.178 0.184 0.165 0.176 0.183 0.186 0.173 0.123 0.106 0.105 0.219 0.217
epa 0.163  0.175 0.179  0.183  0.163 0.178 0.184 0.187 0.152 0.098 0.079 0.067 0.220 0.215
gaussian 0.184  0.196  0.201 0.207  0.187 0.198 0.210 0.219 0.102 0.082 0.078 0.073 0.220 0.218
pow bartlett  0.107  0.120 0.130 0.136  0.114 0.126 0.136 0.145 0.167 0.135 0.117 0.114 0.157  0.160
epa 0.109 0.124 0.133 0.141 0.114 0.128 0.142 0.148 0.156 0.108 0.085 0.071 0.158  0.160
gaussian 0.135 0.153  0.159  0.165  0.144 0.157 0.165 0.173 0.114 0.091 0.083 0.079 0.158 0.164
jump bartlett  0.185 0.191  0.196  0.200  0.188 0.195 0.198 0.201 0.182 0.126 0.110 0.106 0.232  0.232
epa 0.185 0.193 0.195 0.198  0.185 0.193 0.199 0.203 0.158 0.102 0.080 0.067 0.232  0.230
gaussian 0.199  0.204 0.208 0.215  0.201 0.209 0.215 0.224 0.107 0.084 0.075 0.074 0.232  0.234

Table 69: Size-corrected power for the Tipis specification test with pg = 0.6, p; = 0.4, and po = 0.6, for DGP 1 under the alternative

hypothesis.
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T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopt h
T =200 m(x)=exp(—z/2)/\/(27)
intexp bartlett ~ 0.092  0.090 0.090 0.090 0.088 0.087 0.089 0.090 0.205 0.168 0.147 0.134 0.093  0.096
epa 0.092 0.089 0.089 0.091  0.089 0.088 0.090 0.091 0.205 0.154 0.121 0.101 0.092  0.097
gaussian 0.091  0.094  0.100  0.105  0.090 0.096 0.102 0.110 0.137 0.090 0.074 0.067 0.091 0.101
cpr bartlett ~ 0.040 0.039 0.038  0.039  0.040 0.039 0.039 0.040 0.157 0.119 0.088 0.064 0.050  0.055
epa 0.040 0.039 0.038 0.040 0.040 0.038 0.040 0.041 0.156 0.108 0.061 0.039 0.050 0.056
gaussian  0.038  0.042  0.051  0.055  0.040 0.048 0.053 0.064 0.074 0.022 0.008 0.004 0.051  0.060
ste bartlett 0.065 0.065 0.064 0.066  0.063 0.063 0.064 0.066 0.216 0.160 0.120 0.092 0.060 0.069
epa 0.065 0.063 0.064 0.068 0.063 0.063 0.065 0.067 0.214 0.137 0.089 0.051 0.060  0.069
gaussian 0.066 ~ 0.072  0.079  0.087  0.066 0.075 0.082 0.093 0.108 0.028 0.006 0.002 0.060 0.076
exp bartlett 0.208  0.211 0.218  0.218  0.202 0.214 0.221 0.221 0.201 0.142 0.124 0.113 0.259 0.263
epa 0.210 0.217 0.216 0.217  0.209 0.217 0.221 0.224 0.168 0.111 0.088 0.072 0.260 0.264
gaussian 0.218  0.228  0.238  0.246  0.222 0.236 0.249 0.254 0.114 0.089 0.078 0.075 0.258  0.269
pow bartlett ~ 0.260 0.301  0.328 0.338  0.273 0.319 0.342 0.355 0.284 0.207 0.180 0.162 0.382  0.399
epa 0.269 0.315 0.331 0.343  0.290 0.329 0.349 0.362 0.228 0.157 0.111 0.086 0.385 0.399
gaussian 0.336  0.376  0.393  0.403  0.354 0.389 0.409 0.419 0.165 0.118 0.097 0.092 0.384 0.408
jump bartlett 0.256  0.268 0.269 0.268  0.255 0.267 0.267 0.270 0.216 0.150 0.134 0.116 0.323 0.324
epa 0.261  0.270 0.266  0.267  0.264 0.268 0.269 0.272 0.176 0.123 0.088 0.073 0.325 0.325
gaussian 0.269  0.278  0.286  0.296  0.272 0.285 0.296 0.304 0.123 0.090 0.078 0.074 0.321  0.327
T=200 n(z)=exp(—(z— + ST x)?/2)/1/(2n)
intexp bartlett 0.128 0.134 0.134 0.137 0.131 0.135 0.135 0.142 0.254 0.204 0.169 0.151 0.144  0.157
epa 0.129 0.135 0.136 0.139 0.133 0.136 0.140 0.143 0.245 0.181 0.143 0.118 0.147 0.156
gaussian 0.137  0.154  0.160 0.166  0.141 0.150 0.162 0.179 0.158 0.100 0.073 0.067 0.145 0.162
cpr bartlett ~ 0.055  0.056  0.057  0.059  0.057 0.056 0.058 0.060 0.098 0.072 0.048 0.033 0.063  0.066
epa 0.056  0.055 0.059 0.058  0.057 0.057 0.061 0.059 0.091 0.059 0.034 0.021 0.064 0.066
gaussian  0.059  0.062  0.062 0.065 0.060 0.060 0.067 0.073 0.038 0.013 0.004 0.003 0.064 0.069
stc bartlett 0.118 0.130 0.132 0.136  0.123 0.130 0.135 0.140 0.299 0.229 0.166 0.128 0.134 0.147
epa 0.120 0.131 0.134  0.137 0.124 0.132 0.139 0.144 0.288 0.192 0.120 0.076 0.135 0.147
gaussian 0.135  0.150  0.159  0.168  0.139 0.153 0.169 0.181 0.147 0.053 0.019 0.007 0.134 0.155
exp bartlett 0.160  0.171 0.178 0.184 0.165 0.176 0.183 0.186 0.173 0.123 0.106 0.105 0.219 0.217
epa 0.163  0.175 0.179  0.183  0.163 0.178 0.184 0.187 0.152 0.098 0.079 0.067 0.220 0.215
gaussian 0.184  0.196  0.201 0.207  0.187 0.198 0.210 0.219 0.102 0.082 0.078 0.073 0.220 0.218
pow bartlett  0.107  0.120 0.130 0.136  0.114 0.126 0.136 0.145 0.167 0.135 0.117 0.114 0.157  0.160
epa 0.109 0.124 0.133 0.141 0.114 0.128 0.142 0.148 0.156 0.108 0.085 0.071 0.158  0.160
gaussian 0.135 0.153  0.159  0.165  0.144 0.157 0.165 0.173 0.114 0.091 0.083 0.079 0.158 0.164
jump bartlett  0.185 0.191  0.196  0.200  0.188 0.195 0.198 0.201 0.182 0.126 0.110 0.106 0.232  0.232
epa 0.185 0.193 0.195 0.198  0.185 0.193 0.199 0.203 0.158 0.102 0.080 0.067 0.232  0.230
gaussian 0.199  0.204 0.208 0.215  0.201 0.209 0.215 0.224 0.107 0.084 0.075 0.074 0.232  0.234

Table 70: Size-corrected power for the Tipis specification test with pg = 0.6, p; = 0.4, and po = 0.6, for DGP 2 under the alternative

hypothesis.
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T—1/3 T—1/4 T—1/5 T—1/6 a_gT—l/fi OA_ET—I/AL 5_12}T—1/5 a_gT—l/()' a_iT—l/fi 633T_1/4 a_iT—l/5 &ET—I/G hopt hopth
T =200 7(x)=exp(—x?/2)/\/(27)
intexp bartlett 0.092 0.090 0.090 0.090 0.088 0.087 0.089 0.090 0.205 0.168 0.147 0.134 0.093 0.096
epa 0.092 0.089 0.089 0.091 0.089 0.088 0.090 0.091 0.205 0.154 0.121 0.101 0.092 0.097
gaussian  0.091 0.094  0.100 0.105 0.090 0.096 0.102 0.110 0.137 0.090 0.074 0.067 0.091 0.101
cpr bartlett 0.040 0.039 0.038 0.039 0.040 0.039 0.039 0.040 0.157 0.119 0.088 0.064 0.050 0.055
epa 0.040 0.039 0.038 0.040 0.040 0.038 0.040 0.041 0.156 0.108 0.061 0.039 0.050 0.056
gaussian  0.038 0.042 0.051 0.055 0.040 0.048 0.053 0.064 0.074 0.022 0.008 0.004 0.0561  0.060
stc bartlett 0.065 0.065 0.064 0.066 0.063 0.063 0.064 0.066 0.216 0.160 0.120 0.092 0.060 0.069
epa 0.065 0.063 0.064  0.068 0.063 0.063 0.065 0.067 0.214 0.137 0.089 0.051 0.060 0.069
gaussian  0.066 0.072 0.079 0.087 0.066 0.075 0.082 0.093 0.108 0.028 0.006 0.002 0.060 0.076
exp bartlett 0.208 0.211 0.218 0.218 0.202 0.214 0.221 0.221 0.201 0.142 0.124 0.113 0.259 0.263
epa 0.210 0.217 0.216 0.217 0.209 0.217 0.221 0.224 0.168 0.111 0.088 0.072 0.260 0.264
gaussian  0.218 0.228 0.238 0.246 0.222 0.236 0.249 0.254 0.114 0.089 0.078 0.075 0.258 0.269
pow bartlett 0.260 0.301 0.328 0.338 0.273 0.319 0.342 0.355 0.284 0.207 0.180 0.162 0.382  0.399
epa 0.269 0.315 0.331 0.343 0.290 0.329 0.349 0.362 0.228 0.157 0.111 0.086 0.385 0.399
gaussian  0.336 0.376 0.393 0.403 0.354 0.389 0.409 0.419 0.165 0.118 0.097 0.092 0.384 0.408
jump bartlett 0.256 0.268 0.269 0.268 0.255 0.267 0.267 0.270 0.216 0.150 0.134 0.116 0.323 0.324
epa 0.261 0.270 0.266 0.267  0.264 0.268 0.269 0.272 0.176 0.123 0.088 0.073 0.325 0.325
gaussian  0.269 0.278 0.286 0.296 0.272 0.285 0.296 0.304 0.123 0.090 0.078 0.074 0.321  0.327
T=200 n(z)=exp(—(z— + ST x)?/2)/1/(2n)
intexp bartlett 0.128 0.134 0.134 0.137 0.131 0.135 0.135 0.142 0.254 0.204 0.169 0.151 0.144 0.157
epa 0.129 0.135 0.136 0.139 0.133 0.136 0.140 0.143 0.245 0.181 0.143 0.118 0.147 0.156
gaussian 0.137  0.154  0.160 0.166 0.141 0.150 0.162 0.179 0.158 0.100 0.073 0.067 0.145 0.162
cpr bartlett 0.055 0.056 0.057  0.059 0.057 0.056 0.058 0.060 0.098 0.072 0.048 0.033 0.063 0.066
epa 0.056 0.055 0.059 0.058 0.057 0.057 0.061 0.059 0.091 0.059 0.034 0.021 0.064 0.066
gaussian  0.059 0.062 0.062 0.065 0.060 0.060 0.067 0.073 0.038 0.013 0.004 0.003 0.064 0.069
stc bartlett 0.118 0.130 0.132 0.136 0.123 0.130 0.135 0.140 0.299 0.229 0.166 0.128 0.134 0.147
epa 0.120 0.131 0.134 0.137 0.124 0.132 0.139 0.144 0.288 0.192 0.120 0.076 0.135 0.147
gaussian  0.135 0.150 0.159 0.168 0.139 0.153 0.169 0.181 0.147 0.053 0.019 0.007 0.134 0.155
exp bartlett 0.160 0.171 0.178 0.184 0.165 0.176 0.183 0.186 0.173 0.123 0.106 0.105 0.219 0.217
epa 0.163 0.175 0.179 0.183 0.163 0.178 0.184 0.187 0.152 0.098 0.079 0.067 0.220 0.215
gaussian  0.184 0.196 0.201 0.207 0.187 0.198 0.210 0.219 0.102 0.082 0.078 0.073 0.220 0.218
pow bartlett 0.107  0.120 0.130 0.136 0.114 0.126 0.136 0.145 0.167 0.135 0.117 0.114 0.157  0.160
epa 0.109 0.124 0.133 0.141 0.114 0.128 0.142 0.148 0.156 0.108 0.085 0.071 0.158 0.160
gaussian  0.135 0.153 0.159 0.165 0.144 0.157 0.165 0.173 0.114 0.091 0.083 0.079 0.158 0.164
jump bartlett 0.185 0.191 0.196 0.200 0.188 0.195 0.198 0.201 0.182 0.126 0.110 0.106 0.232 0.232
epa 0.185 0.193 0.195 0.198 0.185 0.193 0.199 0.203 0.158 0.102 0.080 0.067 0.232 0.230
gaussian  0.199 0.204  0.208 0.215 0.201 0.209 0.215 0.224 0.107 0.084 0.075 0.074 0.232 0.234
Table 71: Size-corrected power for the Tipis specification test with pg = 0.6, p; = 0.4, and po = 0.6, for DGP 3 under the alternative

hypothesis.



981

Hi: DGP 1 Hi: DGP 2 Hi: DGP 3
M 4 6 12 18 [4(T/100)Y/*]  [12(T/100)'/*] 4 6 12 18 |4(T/100)Y*]  [12(T/100)/*] 4 6 12 18 [4(T/100)Y*|  [12(T/100)/*]
T =50
intexp 0.079 0.073 0.058 0.055 0.081 0.065 0.048 0.051 0.050 0.048 0.052 0.051 0.293 0.286 0.208 0.155 0.313 0.238
cpr 0.077 0.074 0.062 0.063 0.073 0.069 0.044 0.045 0.050 0.051 0.041 0.053 0.168 0.144 0.109 0.095 0.161 0.125
ste 0.070 0.068 0.063 0.056 0.065 0.067 0.050 0.050 0.049 0.049 0.047 0.048 0.140 0.130 0.097 0.084 0.139 0.111
exp 0.076 0.073 0.063 0.062 0.080 0.067 0.054 0.043 0.045 0.056 0.053 0.044 0.234 0212 0.150 0.127 0.249 0.166
pow 0.080 0.074 0.065 0.065 0.078 0.065 0.052 0.049 0.050 0.050 0.048 0.047 0.250 0.235 0.173 0.139 0.251 0.194
jump 0.086 0.081 0.070 0.071 0.085 0.074 0.062 0.050 0.044 0.053 0.055 0.047 0.265 0.238 0.164 0.143 0.262 0.192
T =100
intexp 0.121 0.110 0.091 0.085 0.121 0.091 0.069 0.078 0.067 0.062 0.069 0.067 0.855 0.824 0.715 0.636 0.855 0.715
cpr 0.140 0.130 0.109 0.096 0.140 0.109 0.042 0.043 0.043 0.049 0.042 0.043 0.696 0.638 0.520 0.441 0.696 0.520
stc 0.141 0.116 0.098 0.091 0.141 0.098 0.046 0.044 0.048 0.048 0.046 0.048 0.634 0.569 0.458 0.390 0.634 0.458
exp 0.142  0.123 0.104 0.093 0.142 0.104 0.282 0.265 0.194 0.161 0.282 0.194 0.782 0.743 0.629 0.533 0.782 0.629
pow 0.139 0.114 0.098 0.092 0.139 0.098 0.044 0.043 0.044 0.048 0.044 0.044 0.760 0.714 0.612 0.524 0.760 0.612
jump 0.138 0.125 0.110 0.103 0.138 0.110 0.256  0.261 0.216 0.177 0.256 0.216 0.815 0.773 0.672 0.576 0.815 0.672
T = 200
intexp 0.210 0.191 0.152 0.141 0.210 0.150 0.285 0.294 0.268 0.244 0.285 0.263 0.947 0.931 0.888 0.849 0.947 0.879
cpr 0.262 0.225 0.175 0.160 0.262 0.166 0.188 0.184 0.153 0.137 0.188 0.144 0.901 0.874 0.806 0.753 0.901 0.787
ste 0.273 0.238 0.187 0.164 0.273 0.180 0.047 0.050 0.051 0.051 0.047 0.049 0.849 0.823 0.735 0.676 0.849 0.716
exp 0.236 0.213  0.166 0.145 0.236 0.164 0.820 0.841 0.791 0.729 0.820 0.775 0.877 0.855 0.796 0.754 0.877 0.788
pow 0.263 0.230 0.185 0.168 0.263 0.175 0.052 0.052 0.050 0.054 0.052 0.052 0.893 0.866 0.798 0.758 0.893 0.780
jump 0.218 0.191 0.158 0.144 0.218 0.151 0.688 0.713 0.678 0.636 0.688 0.665 0.924 0.903 0.860 0.828 0.924 0.850
T = 500
intexp 0.310 0.299 0.260 0.242 0.309 0.243 0.900 0.913 0.900 0.876 0.913 0.879 0.874 0.876 0.865 0.857 0.878 0.859
cpr 0.442 0.407 0.330 0.298 0.424 0.301 0.852 0.863 0.831 0.792 0.865 0.799 0.801 0.785 0.736  0.702 0.794 0.710
ste 0.532 0.493 0.425 0.389 0.512 0.388 0.159 0.177 0.183 0.175 0.168 0.172 0.705 0.684 0.628 0.595 0.688 0.598
exp 0.412 0.398 0.341 0.315 0.399 0.321 1.000 1.000 1.000 1.000 1.000 1.000 0.786 0.795 0.782 0.765 0.789 0.769
pow 0.443  0.422 0.352 0.320 0.431 0.328 0.162 0.176 0.158 0.141 0.176 0.141 0.776  0.769 0.719  0.691 0.771 0.694
jump 0.341 0.320 0.257 0.239 0.323 0.247 0.983 0.987 0.983 0.975 0.986 0.976 0.854 0.849 0.823 0.810 0.848 0.810
T = 1000
intexp 0.406 0.386 0.354 0.327 0.381 0.321 1.000  0.999 0.999  0.999 1.000 0.998 0.847 0.856 0.878 0.891 0.861 0.894
cpr 0.573 0.542 0.477 0.440 0.533 0.425 0.998 0.999 0.998  0.996 0.999 0.994 0.693 0.671 0.644 0.631 0.666 0.621
ste 0.719 0.682 0.627 0.592 0.673 0.583 0.521 0.562 0.593 0.582 0.569 0.572 0.713  0.688 0.657 0.632 0.683 0.631
exp 0.570 0.548 0.512 0.491 0.541 0.481 1.000 1.000 1.000 1.000 1.000 1.000 0.924 0.939 0.951 0.949 0.938 0.946
pow 0.574 0.545 0.490 0.457 0.536 0.445 0.540 0.564 0.541 0.505 0.563 0.493 0.749 0.736 0.718 0.710 0.731 0.706
jump 0.441 0.421 0.371 0.338 0.409 0.322 1.000 1.000 1.000 1.000 1.000 0.999 0.801 0.789 0.781 0.780 0.784 0.770

Table 72: Size-corrected power for the Ty, specification test with pg = 0.0, p; = 0.0, and po = 0.0.
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Hi: DGP 1 Hi: DGP 2 Hi: DGP 3
M 4 6 12 18 [4(T/100)Y/*]  [12(T/100)'/*] 4 6 12 18 |4(T/100)Y*]  [12(T/100)/*] 4 6 12 18 [4(T/100)Y*|  [12(T/100)/*]
T =50
intexp 0.082 0.068 0.056 0.048 0.081 0.053 0.057 0.054 0.047 0.049 0.051 0.045 0.069 0.065 0.057 0.052 0.066 0.056
cpr 0.089 0.085 0.075 0.068 0.101 0.074 0.053  0.047 0.050 0.048 0.050 0.044 0.058 0.056 0.054 0.046 0.058 0.052
ste 0.084 0.080 0.070 0.064 0.093 0.069 0.049 0.051 0.052 0.050 0.053 0.050 0.057 0.058 0.048 0.044 0.059 0.049
exp 0.078 0.077 0.071 0.065 0.096 0.066 0.054 0.052 0.051 0.048 0.049 0.044 0.057  0.055 0.054 0.045 0.064 0.049
pow 0.083 0.076 0.060 0.058 0.092 0.062 0.050 0.050 0.050 0.046 0.050 0.048 0.063 0.058 0.050 0.047 0.060 0.050
jump 0.085 0.080 0.074 0.069 0.101 0.071 0.048 0.044 0.042 0.041 0.046 0.042 0.057 0.056 0.051 0.042 0.059 0.049
T =100
intexp 0.127 0.113 0.087 0.076 0.127 0.087 0.049 0.054 0.048 0.051 0.049 0.048 0.156  0.147 0.112  0.102 0.156 0.112
cpr 0.158 0.135 0.115 0.106 0.158 0.115 0.052 0.050 0.049 0.052 0.052 0.049 0.100 0.093 0.075 0.070 0.100 0.075
ste 0.150 0.129 0.113 0.093 0.150 0.113 0.046 0.050 0.051 0.044 0.046 0.051 0.094 0.091 0.079 0.066 0.094 0.079
exp 0.137 0.120 0.097 0.094 0.137 0.097 0.050 0.045 0.050 0.050 0.050 0.050 0.138 0.115 0.092 0.084 0.138 0.092
pow 0.145 0.128 0.097 0.086 0.145 0.097 0.049 0.050 0.051 0.050 0.049 0.051 0.133  0.126 0.099 0.092 0.133 0.099
jump 0.156 0.129 0.110 0.100 0.156 0.110 0.051 0.047 0.051 0.046 0.051 0.051 0.146  0.123 0.100 0.091 0.146 0.100
T = 200
intexp 0.202 0.166 0.150 0.140 0.202 0.141 0.054 0.051 0.055 0.052 0.054 0.052 0.514 0.395 0.315 0.268 0.514 0.291
cpr 0.274 0.218 0.179 0.161 0.274 0.169 0.050 0.048 0.052 0.046 0.050 0.050 0.285 0.225 0.189 0.155 0.285 0.168
ste 0.294 0.235 0.199 0.176 0.294 0.186 0.050 0.049 0.051 0.052 0.050 0.053 0.289 0.226 0.189 0.164 0.289 0.171
exp 0.249 0.188 0.158 0.145 0.249 0.151 0.069 0.062 0.070 0.068 0.069 0.070 0.424 0.321 0.263 0.229 0.424 0.251
pow 0.278 0.220 0.191 0.162 0.278 0.178 0.055 0.050 0.057 0.051 0.055 0.053 0.403 0.298 0.252 0.210 0.403 0.226
jump 0.222 0.176 0.151 0.142 0.222 0.146 0.067 0.064 0.073 0.067 0.067 0.068 0.440 0.338 0.279 0.239 0.440 0.251
T = 500
intexp 0.312  0.293 0.257 0.244 0.302 0.242 0.064 0.080 0.103 0.112 0.071 0.106 0.791 0.774 0.724  0.696 0.790 0.698
cpr 0.447 0.394 0.335 0.299 0.416 0.305 0.060 0.059 0.071 0.066 0.060 0.065 0.654 0.587 0.504 0.462 0.615 0.460
ste 0.547 0.492 0.425 0.389 0.515 0.392 0.051 0.051 0.047 0.046 0.051 0.047 0.697 0.647 0.550 0.506 0.674 0.512
exp 0.423 0.390 0.349 0.331 0.401 0.323 0.167 0.197 0.315 0.368 0.176 0.351 0.870 0.852 0.801 0.762 0.853 0.762
pow 0.459 0413 0.353 0.331 0.434 0.333 0.050 0.051 0.049 0.049 0.052 0.047 0.747  0.700 0.621  0.580 0.722 0.583
jump 0.352 0.311 0.273 0.247 0.327 0.246 0.153 0.179 0.282 0.329 0.159 0.321 0.733 0.685 0.622 0.577 0.705 0.583
T = 1000
intexp 0.420 0.384 0.357 0.336 0.376 0.325 0.163 0.206 0.369 0.425 0.236 0.423 0.951 0.938 0.926 0.916 0.935 0.911
cpr 0.580 0.550 0.497  0.456 0.541 0.440 0.100 0.129 0.242 0.251 0.156 0.250 0.921 0.904 0.874 0.842 0.900 0.830
ste 0.722  0.696 0.643 0.606 0.688 0.593 0.051 0.056 0.065 0.057 0.056 0.060 0.951 0.941 0.914 0.890 0.937 0.877
exp 0.572  0.549 0.521 0.495 0.545 0.492 0.518 0.594 0.848  0.906 0.658 0.913 0.985 0.985 0.981 0.973 0.985 0.968
pow 0.586 0.549 0.510 0.475 0.540 0.462 0.051 0.056 0.063 0.056 0.055 0.058 0.951 0.938 0.909 0.891 0.931 0.884
jump 0.444 0.416 0.376 0.342 0.410 0.334 0.417 0489 0.721 0.775 0.544 0.785 0.908 0.889 0.864 0.834 0.885 0.831

Table 73: Size-corrected power for the Ty, specification test with pg = 0.6, p1 = 0.0, and po = 0.6.



88T

Hi: DGP 1 Hi: DGP 2 Hi: DGP 3
M 4 6 12 18 [4(T/100)Y/*]  [12(T/100)'/*] 4 6 12 18 |4(T/100)Y*]  [12(T/100)/*] 4 6 12 18 [4(T/100)Y*|  [12(T/100)/*]
T =50
intexp 0.012 0.014 0.017 0.019 0.015 0.015 0.061 0.059 0.058 0.060 0.058 0.054 0.042 0.044 0.043 0.046 0.042 0.044
cpr 0.010 0.014 0.022 0.020 0.008 0.020 0.047  0.047 0.049 0.049 0.046 0.046 0.043 0.043 0.046 0.047 0.044 0.045
ste 0.012 0.015 0.021 0.022 0.013 0.021 0.050 0.048 0.048 0.051 0.052 0.052 0.043 0.042 0.045 0.047 0.050 0.046
exp 0.012 0.014 0.020 0.022 0.012 0.018 0.044 0.046 0.049 0.047 0.045 0.046 0.041 0.040 0.045 0.043 0.042 0.042
pow 0.014 0.016 0.018 0.020 0.013 0.017 0.048 0.049 0.047 0.051 0.046 0.043 0.041 0.041 0.040 0.043 0.041 0.036
jump 0.013 0.016 0.025 0.019 0.014 0.021 0.045 0.044 0.048 0.048 0.043 0.042 0.040 0.040 0.040 0.044 0.041 0.041
T =100
intexp 0.013 0.014 0.018 0.015 0.013 0.018 0.059 0.055 0.057 0.056 0.059 0.057 0.054 0.051 0.056 0.052 0.054 0.056
cpr 0.014 0.015 0.020 0.022 0.014 0.020 0.049 0.045 0.043 0.047 0.049 0.043 0.048 0.045 0.047 0.049 0.048 0.047
stc 0.014 0.014 0.019 0.021 0.014 0.019 0.050 0.047 0.047 0.045 0.050 0.047 0.048 0.048 0.049 0.043 0.048 0.049
exp 0.013 0.013 0.017 0.020 0.013 0.017 0.043 0.042 0.047 0.047 0.043 0.047 0.048 0.048 0.050 0.045 0.048 0.050
pow 0.013 0.014 0.016 0.016 0.013 0.016 0.047 0.044 0.046 0.050 0.047 0.046 0.053 0.050 0.054 0.052 0.053 0.054
jump 0.013 0.016 0.021 0.022 0.013 0.021 0.043 0.042 0.044 0.044 0.043 0.044 0.047 0.046 0.049 0.047 0.047 0.049
T = 200
intexp 0.019 0.020 0.024 0.026 0.019 0.026 0.054 0.057 0.053 0.056 0.054 0.057 0.129 0.113 0.120 0.113 0.129 0.120
cpr 0.019 0.017 0.021 0.023 0.019 0.023 0.047 0.043 0.048 0.047 0.047 0.047 0.100 0.087 0.086 0.083 0.100 0.088
ste 0.018 0.020 0.024 0.026 0.018 0.027 0.047 0.045 0.046 0.049 0.047 0.050 0.105 0.095 0.091 0.095 0.105 0.093
exp 0.019 0.021 0.023 0.024 0.019 0.023 0.041 0.037 0.043 0.044 0.041 0.044 0.115 0.104 0.102 0.099 0.115 0.103
pow 0.020 0.019 0.024 0.024 0.020 0.024 0.046 0.043 0.046 0.048 0.046 0.048 0.118 0.106 0.107 0.104 0.118 0.107
jump 0.014 0.017 0.019 0.024 0.014 0.021 0.039 0.040 0.044 0.043 0.039 0.045 0.106  0.099 0.100 0.104 0.106 0.095
T = 500
intexp 0.031 0.034 0.046 0.053 0.033 0.051 0.046 0.042 0.047 0.049 0.045 0.050 0.348 0.350 0.360 0.356 0.346 0.360
cpr 0.036  0.036 0.038 0.040 0.034 0.039 0.040 0.037 0.040 0.039 0.039 0.040 0.367 0.360 0.342 0.332 0.360 0.336
ste 0.040 0.041 0.041 0.045 0.037 0.045 0.046 0.044 0.045 0.043 0.044 0.046 0.389 0.392 0.368 0.355 0.384 0.362
exp 0.040 0.045 0.056 0.062 0.042 0.060 0.029 0.030 0.033 0.041 0.029 0.041 0.407 0.427 0.430 0.422 0.416 0.426
pow 0.032 0.031 0.037 0.039 0.030 0.040 0.047 0.045 0.045 0.047 0.045 0.047 0.348 0.353 0.345 0.342 0.351 0.341
jump 0.027 0.029 0.033 0.034 0.028 0.036 0.034 0.032 0.037 0.042 0.032 0.043 0.348 0.338 0.326 0.315 0.338 0.321
T = 1000
intexp 0.045 0.047 0.057 0.065 0.050 0.066 0.036  0.033 0.038 0.042 0.033 0.043 0.608 0.625 0.648 0.658 0.627 0.659
cpr 0.050 0.047 0.049 0.052 0.047 0.054 0.031 0.026 0.031 0.032 0.028 0.032 0.635 0.633 0.643 0.643 0.635 0.640
ste 0.063 0.067 0.077 0.084 0.068 0.086 0.041 0.038 0.039 0.040 0.038 0.040 0.685 0.684 0.705 0.697 0.688 0.700
exp 0.087 0.092 0.114 0.125 0.098 0.130 0.023 0.020 0.039 0.059 0.024 0.072 0.696 0.725 0.763 0.775 0.736 0.778
pow 0.066 0.067 0.075 0.077 0.068 0.079 0.043 0.038 0.041 0.040 0.040 0.041 0.691 0.686 0.708 0.707 0.693 0.703
jump 0.035 0.036 0.042 0.045 0.036 0.046 0.026 0.022 0.035 0.057 0.024 0.067 0.628 0.630 0.643 0.642 0.632 0.643

Table 74: Size-corrected power for the Ty, specification test with pg = 0.6, p1 = 0.4, and po = 0.6.
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Hy: DGP 1 Hy: DGP 2 Hy: DGP 3
M Tcs Toac  Twpiz Twprpie Twwz Twz Tos Toe Twrpiz Twprie Twwz Twz Tcs Toc Twrpiz Twpie Twwz Twz
T =50
intexp 0.499 0.103 0.332 0.301 0.515 0.079 0.028 0.012 0.053 0.053 0.029 0.048 0.740 0.073 0.276 0.193 0.512  0.293
cpr 0.475 0.234 0.109 0.195 0.353  0.077 0.055 0.242 0.094 0.263 0.246  0.044 0.590 0.178 0.074 0.151 0.223 0.168
stc 0.472 0.172 0.066 0.134 0.282 0.070 0.059 0.092 0.051 0.092 0.068 0.050 0.603 0.126 0.049 0.104 0.142  0.140
exp 0.527 0.323 0.212 0.378 0.491 0.076  0.150 0.601 0.329 0.836 0.775 0.054 0.639 0.287 0.143 0.362 0.445  0.234
pow 0.574 0.305 0.255 0.284 — 0.080 0.050 0.095 0.060 0.069 — 0.052 0.824 0.256 0.226 0.270 — 0.250
jump - 0.368 0.257 0.419 - 0.086 - 0.469 0.283 0.664 - 0.062 - 0.359 0.215 0.437 - 0.265
T =100
intexp 0.720 0.078 0.493 0.362 0.679 0.121 0.082 0.040 0.122 0.296 0.146  0.069 0.982 0.038 0.584 0.398 0.771 0.855
cpr 0.696  0.340 0.214 0.308 0.590 0.140 0.089 0.465 0.211 0.548 0.627 0.042 0.870 0.384 0.194 0.324 0.582  0.696
stc 0.690 0.259 0.145 0.240 0.485 0.141 0.057 0.132 0.052 0.111 0.147 0.046 0.879 0.258 0.097 0.214 0.423 0.634
exp 0.716 0.470 0.368 0.532 0.700 0.142 0.315 0.882 0.755 0.977 0.992 0.282 0.870 0.546 0.402 0.622 0.723  0.782
pow 0.767 0.336 0.399 0.323 - 0.139 0.055 0.169 0.066 0.092 - 0.044 0.975 0.361 0.480 0.395 - 0.760
jump - 0.494 0.409 0.545 - 0.138 - 0.736 0.583 0.844 - 0.256 — 0.568 0.449 0.599 - 0.815
T =200
intexp 0.855 0.098 0.661 0.432 0.799 0.210 0.229 0.052 0.409 0.791 0.512  0.285 0.998 0.048 0.745 0.533 0.866  0.947
cpr 0.832 0.478 0.382 0.428 0.793 0.262 0.178 0.823 0.537 0.772 0.950 0.188 0.964 0.573 0.401 0.479 0.825 0.901
stc 0.829 0.395 0.263 0.344 0.692 0.273 0.091 0.263 0.071 0.235 0.375 0.047 0.967 0.454 0.238 0.374 0.708  0.849
exp 0.844 0.605 0.563 0.654 0.858 0.236 0.516 0.974 0.983 0.998 1.000 0.820 0.951 0.730 0.630 0.782 0.892 0.877
pow 0.869 0.378 0.565 0.428 - 0.263 0.062 0.353 0.119 0.174 - 0.052 0.995 0.409 0.659 0.512 - 0.893
jump - 0.590 0.594 0.628 - 0.218 - 0.931 0.856 0.911 - 0.688 — 0.688 0.647 0.697 - 0.924
T = 500
intexp 0.946 0.166 0.841 0.510 0.923 0.310 0.488 0.183 0.955 0.959 0.979 0.900 1.000 0.186 0.884 0.641 0.940 0.874
cpr 0.946 0.616 0.670 0.517 0.952 0.442 0.401 0.979 0.962 0.875 1.000 0.852 0.994 0.735 0.692 0.591 0.962  0.801
stc 0.947 0.534 0.549 0.437 0.912 0.532 0.202 0.677 0.257 0.480 0.846 0.159 0.994 0.692 0.594 0.586 0.935 0.705
exp 0.953 0.726 0.815 0.777 0.971 0.412 0.796 0.992 1.000 0.999 1.000 1.000 0.996 0.843 0.849 0.857 0.977  0.786
pow 0.958 0.476 0.789 0.534 — 0.443 0.110 0.734 0.396 0.317 — 0.162 0.999 0.529 0.842 0.628 — 0.776
jump - 0.696 0.829 0.720 - 0.341 - 0.990 0.993 0.949 - 0.983 - 0.794  0.853 0.776 - 0.854
T = 1000
intexp 0.979 0.153 0.927 0.528 0.965 0.406 0.658 0.219 0.999 0.982 1.000 1.000 1.000 0.175 0.947 0.640 0.976  0.847
cpr 0.984 0.690 0.841 0.583 0.986 0.573 0.585 0.991 0.998 0.939 1.000 0.998 1.000 0.784 0.857 0.647 0.991 0.693
stc 0.987 0.634 0.756 0.477 0.970 0.719 0.349 0.905 0.652 0.535 0.987 0.521 0.997 0.742 0.779 0.620 0.976  0.713
exp 0.987 0.793 0.927 0.822 0.992 0.570 0.897 0.996 1.000 1.000 1.000 1.000 1.000 0.890 0.937 0.884 0.995 0.924
pow 0.985 0.531 0.911 0.572 - 0.574 0.196 0.924 0.765 0.386 - 0.540 1.000 0.571 0.935 0.669 - 0.749
jump - 0.739 0.924 0.769 — 0.441 - 0.993 1.000 0.965 - 1.000 — 0.828 0.936 0.797 - 0.801

Table 75: Size-corrected power for the specification tests with pg = 0.0, p; = 0.0, and p2 = 0.0.
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Hy: DGP 1 Hy: DGP 2 Hy: DGP 3
M Tcs Toac  Twpiz Twprpie Twwz Twz Tos Toe Twrpiz Twprie Twwz Twz Tcs Toc Twrpiz Twpie Twwz Twz
T =50
intexp 0.262 0.055 0.206 0.115 0.226  0.012 0.040 0.014 0.046 0.033 0.030 0.061 0.193 0.024 0.107 0.038 0.113  0.042
cpr 0.240 0.112 0.084 0.093 0.145 0.010 0.050 0.092 0.076 0.098 0.081 0.047 0.195 0.078 0.063 0.077 0.085  0.043
stc 0.239 0.105 0.064 0.093 0.123 0.012 0.060 0.069 0.048 0.079 0.049 0.050 0.201 0.082 0.052 0.080 0.066  0.043
exp 0.257 0.155 0.132 0.164 0.188 0.012 0.058 0.176 0.151 0.257 0.167 0.044 0.210 0.106 0.095 0.119 0.123  0.041
pow 0.266  0.147 0.196 0.136 — 0.014 0.051 0.062 0.056 0.058 — 0.048 0.250 0.104 0.131 0.110 — 0.041
jump - 0.185 0.173 0.194 - 0.013 - 0.106 0.099 0.139 - 0.045 - 0.110  0.112 0.129 - 0.040
T =100
intexp 0.532 0.059 0.343 0.155 0.398 0.013 0.043 0.017 0.069 0.065 0.048 0.059 0.777 0.020 0.372 0.104 0.460 0.054
cpr 0.461 0.173 0.149 0.126 0.254 0.014 0.050 0.141 0.112 0.157 0.142 0.049 0.607 0.159 0.126 0.123 0.195 0.048
stc 0.463 0.154 0.116 0.119 0.211 0.014 0.054 0.069 0.051 0.064 0.058 0.050 0.614 0.133 0.087 0.110 0.133  0.048
exp 0.460 0.254 0.255 0.256 0.344 0.013 0.074 0.342 0.296 0.474 0.376  0.043 0.614 0.280 0.247 0.278 0.372  0.048
pow 0.531 0.167  0.300 0.160 - 0.013 0.050 0.071 0.057 0.060 - 0.047 0.784 0.163 0.333 0.167 - 0.053
jump - 0.258 0.293 0.275 - 0.013 - 0.200 0.206 0.294 - 0.043 — 0.286 0.303 0.319 - 0.047
T =200
intexp 0.739 0.077  0.486 0.205 0.565 0.019 0.065 0.024 0.121 0.157 0.095 0.054 0.990 0.030 0.615 0.216 0.691 0.129
cpr 0.665 0.266 0.266 0.201 0.433 0.019 0.058 0.285 0.192 0.284 0.293 0.047 0.868 0.318 0.278 0.216 0.462 0.100
stc 0.667 0.241 0.204 0.184 0.348 0.018 0.052 0.082 0.059 0.070 0.084 0.047 0.873 0.265 0.165 0.175 0.326  0.105
exp 0.681 0.398 0.425 0.392 0.539 0.019 0.154 0.651 0.582 0.790 0.716 0.041 0.861 0.506 0.483 0.506 0.605 0.115
pow 0.727 0.192 0.448 0.199 - 0.020 0.049 0.103 0.081 0.071 - 0.046 0.974 0.210 0.556 0.251 - 0.118
jump - 0.381 0.441 0.375 - 0.014 - 0.434 0.382 0.531 - 0.039 — 0.476 0.498 0.464 - 0.106
T = 500
intexp 0.901 0.125 0.719 0.292 0.758 0.031 0.178 0.095 0.474 0.571 0.394 0.046 1.000 0.137 0.794 0.373 0.843  0.348
cpr 0.864 0.384 0.504 0.267 0.700 0.036 0.114 0.641 0.523 0.494 0.719 0.040 0.975 0.502 0.535 0.315 0.739  0.367
stc 0.865 0.365 0.417 0.229 0.588 0.040 0.068 0.182 0.118 0.135 0.209 0.046 0.974 0.518 0.454 0.379 0.695 0.389
exp 0.871 0.535 0.674 0.556 0.779  0.040 0.398 0.909 0.962 0.961 0.992 0.029 0.980 0.684 0.734 0.687 0.831 0.407
pow 0.889 0.265 0.661 0.267 — 0.032 0.050 0.226 0.144 0.096 — 0.047 0.998 0.311 0.753 0.345 — 0.348
jump - 0.488 0.682 0.486 - 0.027 - 0.771 0.781 0.759 - 0.034 - 0.612 0.740 0.575 - 0.348
T = 1000
intexp 0.962 0.141 0.843 0.376 0.868 0.045 0.344 0.152 0.855 0.799 0.788 0.036 1.000 0.152 0.890 0.463 0.914  0.608
cpr 0.947 0.480 0.700 0.332 0.846 0.050 0.212 0.893 0.858 0.641 0.969 0.031 0.995 0.602 0.725 0.377 0.883  0.635
stc 0.950 0.475 0.616 0.285 0.765 0.063 0.081 0.428 0.232 0.227 0.439 0.041 0.994 0.596 0.641 0.411 0.824  0.685
exp 0.954 0.637 0.839 0.643 0.917 0.087 0.627 0.967 1.000 0.981 1.000 0.023 0.997 0.780 0.870 0.744 0.928  0.696
pow 0.954 0.331 0.818 0.330 - 0.066 0.064 0.476 0.304 0.156 - 0.043 0.999 0.375 0.869 0.414 - 0.691
jump - 0.556 0.832 0.571 — 0.035 - 0.929 0.951 0.850 - 0.026 — 0.680  0.860 0.647 - 0.628

Table 76: Size-corrected power for the specification tests with pg = 0.6, p1 = 0.4, and p2 = 0.6.



3 Fully Modified OLS Estimation and Inference for Seemingly
Unrelated Cointegrating Polynomial Regressions with Common
Integrated Regressors

3.1 Introduction

This paper develops two fully modified OLS (FM-OLS) type estimators for systems of seemingly
unrelated cointegrating polynomial regressions (SUCPRs), i.e., systems of regressions systems of
regressions that include deterministic variables, integrated processes, integer powers of integrated
processes as well as common — across equations — integrated processes and integer powers of the
common integrated processes as explanatory variables. The paper thus extends the results of
Wagner et al. (2020) to systems with common regressorsF_S] We consider two estimators: One,
FM-SOLS, is based on modifying the system OLS estimator and the other one, FM-SUR, is based
on modifying a SUR-GLS-type estimator. With an eye towards applicability of the estimators
we put particular focus on group-wise pooling, i.e., estimation where, in a general formulation,
subsets of the coefficients are pooled over possibly differing subsets of cross-section members. As is
common — in particular in the linear — cointegration literature, the stationary errors are allowed to
be serially correlated and the regressors are allowed to be endogenous. We also allow for dynamic

cross-sectional correlation of both errors and regressors.

The SUR cointegration literature differs in several respects from the classical SUR literature,
initiated by Zellner (1962) and extended to nonlinear equations by, e. g., Gallant (1975), where the
regressors are assumed to be strictly exogenous and stationary, and the stationary errors serially
uncorrelated. In our cointegration context, with in general serially correlated errors, thus one
change is that estimated long-run variance matrices rather than estimates of contemporaneous
variance matrices are used in SUR estimation. The second change is that allowing for regressor

endogeneity in a cointegration setting necessitates the usage of modified least squares estimators —

55Note furthermore that — for completeness — this paper does not consider a stylized system with only one integrated
regressor and its powers per equation, but the general multiple regressors formulation. This, of course, increases
notational complexity, but on the other hand paves the way for more complex applications, in particular in conjunction
with the MATLAB code available upon request.
FM-OLS has originally been developed for linear cointegrating relations in Phillips and Hansen (1990) and has been
extended to single equation cointegrating polynomial regressions (CPRs) in Wagner and Hong (2016). Given that
Wagner et al. (2020) extend the SUR cointegration literature (see Park and Ogaki, 1991; Moon, 1999; Mark et
al., 2005; Moon and Perron, 2005) from the linear to the CPR case, the innovation of this paper is the inclusion
of common integrated regressors and their powers; importantly so in a straightforward way that allows to perform
fully modified estimation in presence of common regressors based on a (to the best of our knowledge) unnoticed
observation.

191



in our contribution of the FM-OLS type — to allow for asymptotically valid normal or chi-squared

inference.

Our primary motivation is the analysis of the environmental Kuznets curve (EKC). The EKC
hypothesis postulates an inverted U-shaped relationship between the level of economic develop-
ment and pollution or emissionsﬂ Surveys discussing the links between economic growth and the
environment are provided by Brock and Taylor (2005) or Kijima et al. (2010). A sizeable part
of the empirical EKC literature uses unit root and cointegration techniques, both in (single) time
series and panel data settings. For a discussion of the usage of unit root and cointegration tech-
niques and problems emanating from this usage in the time series case see, e.g., Wagner (2015).
In addition to the EKC, we are also investigating the material Kuznets curve (MKC) hypothesis,
which postulates an inverted U-shaped relationship between economic development and the use
of materials. The MKC literature has not yet grown as large as the EKC literature although the
same challenges are faced with respect to unit roots and cointegration techniques. An introduction
to the MKC with a cointegrating analysis is provided by, e.g., Grabarczyk et al. (2018). In our
analysis we focus on the case of panel data with small cross-sectional dimension, which are regularly
used in the EKC literature, but also in many other fields using panels of macro time series. It is
widely acknowledged in the literature that both cross-sectional heterogeneity (see, e.g., Vollebergh
et al., 2009) and cross-sectional dependencies (see, e.g., Mazzanti and Musolesi, 2013) are very
likely important aspects when using such panels of macro time series. As noted, e.g., by Pesaran
(2006, p. 967-968), the “standard” approach to model systems of cointegrating relationships in
case of a small cross-sectional dimension (by which he means smaller than ten) is to consider the
relationships jointly as a system of seemingly unrelated relationships. Doing so has the advantage
that it allows one to handle both cross-sectional heterogeneity as well as cross-sectional dependen-
cies. Consequently, we follow this “avenue” and develop estimation and inference techniques to
combine cointegrating polynomial regressions to a system. Importantly, our approach allows us to
test general hypotheses concerning group-wise pooling. Pooled estimation, when appropriate, leads
to considerable efficiency gains (as documented in the simulations), but will lead to misleading

results when used uncritically or incorrectly, as is often done in, e. g., the panel EKC literature.

56The term EKC refers by analogy to the inverted U-shaped relationship between the level of economic development
and the degree of income inequality postulated by Kuznets (1955) in his 1954 presidential address to the American
Economic Association. Since the seminal contributions of, e. g., Grossman and Krueger (1995) or Shafik and Bandy-
opadhyay (1992), the literature — both theoretical as well as empirical — has become voluminous and continues to
grow rapidly. Already early survey papers like Yandle et al. (2004) count more than 100 refereed publications on the
subject.
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We perform a simulation study to assess the performance of the proposed estimators and tests
based on them. The evaluation criteria for the estimators are bias and root mean squared error
(RMSE). The test performance is evaluated with both null rejection probabilities as well as with
“size-corrected” power against a grid of alternatives. It turns out that the FM-CPR estimator
performs best in unrestricted estimation, with often leading to the best or comparable results in all
the evaluation criteria. The developed system estimators FM-SUR and FM-SOLS come into play
when applying group-wise pooling. Pooling the coefficients for the common integrated regressor
and its square across all cross-section members, or even pooling the coefficients for all stochastic
regressors, leads to significant improvements in terms of RMSE and size-corrected power for those
estimators. There, the FM-SOLS estimator is slightly ahead the FM-SUR estimator in terms of

RMSE, null rejection probabilities and size-corrected power.

Finally, we apply the developed methodologies to study EKC-type and MKC-type relationships
for eight OECD countries for the period 1927-2006. For the EKCs, we consider relationships be-
tween GDP and the two emissions carbon dioxide and sulfur dioxide. For the MKC, we consider
relationships between GDP and the use of the three metals aluminum, lead and zinc. We estimate
systems of equations on both country level and substance level, i.e., emission or material use.
Similarities in the estimated parameters can be found along both levels. We observe for several
countries similar parameter estimates for emissions or materials, especially for lead and zinc, indi-
cating a similar behavior in the material use during the analysis period in the examined countries.
Additionally, we find similarities on the substance level, with parameter estimates close to each
other for different countries, giving evidence on similar intensity of use paths for certain materials,
or emissions across countries. Based on those indications and backed by tests on poolability, we
perform group-wise pooling for certain materials and countries. The group-wise pooled estimation
leads to very similar results in terms of parameter estimates as the unrestricted individual or system
estimation, while having the additional benefits of estimating less parameters and higher estimator

precision through the increased number of observations for that parameter.

The paper is organized as follows: In Section [3.2] we introduce the model and underlying assump-
tions, together with the main theorems. Section [3.3] provides the performance of estimators and
tests in finite sample simulations. In Section [3.4] we analize EKCs and MKCs using the proposed

estimators and tests. Section briefly summarizes and concludes.

We use the following notation: Weak convergence is signified by = for T — oo, the integer part
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of z € R is denoted by |z| and diag(-) denotes a (block-)diagonal matrix with entries specified

throughout. For a vector x := (z;)"_; we denote by ||z||? := >, #? and for a matrix M we denote

by || M]| := sup, ”‘]‘\i"ﬁ”. For a square matrix A we denote its determinant by det(A). We denote
the m-dimensional identity matrix by I,,, and with 0,,x, an (m X n)-matrix with all entries equal
to zero. Let 15 :=[1,...,1]' € R® and with e;,, being the ith unit vector in R™. For matrices M
we denote with M%J the (i,j)-element, the ith row with M*" and the jth column with M*J. For
a set S, |S| denotes the number of elements of S. With ® we denote the Kronecker product, E(-)

denotes the expected value and L denotes the backward-shift operator, i.e., L{z }1ez = {zi-1}tez-

Brownian motions are denoted with B(r), with covariance matrices specified in the context.

3.2 Seemingly Unrelated Cointegrating Polynomial Regressions with Common
Integrated Regressors

3.2.1 Setup and Assumptions

We consider the following system of equations:

m; m
Vit =D} 0pi+ > X|;0xij+ > Xbjiibeij+ug t=1,...T i=1..,N,  (144)
j=1 i=1

J— / . .
= Ziﬂfgz + Ui,

. R 1/ R o 2 Pi,j 11 L . 2 Cig 1/ e
with Dy o= [1,t, .. t%]', X, 50 = @i, @7 4 T 3]s Xojigie = [Bojts T o204 Zig =
/ / / / !/ !/ R / / / / / /
[Di,t’ Xi,l,tv e 7X7L,mi,t7 Xc,i,l,tv e XC,i,m,t] , 0, = [GDJ-, GX,i,l’ .. ’QX,i,mi’ ec,i,lv ce 90’i7m] . Each

equation i contains m; individual specific integrated regressors and up to m common integrated
regressors. All integrated regressors are divided into common integrated regressors and individual
specific regressors, depending on whether they appear in only a single equation or in at least two
equations. A value of ¢; ; = 0 indicates that the j-th common integrated regressor is not included
in equation ¢ and thus X ; ;; is omitted from Z;; and 0 ; ; is omitted from 6;. Furthermore, we
define d; =1+ ¢; + Z;":ll pij + Z;nzl Cij, d = Zf\i1 d; and uy = [uiy,...,uny). The N equations
given in can be written as

Yt = Z{/Q + U, (145)

with

Y1t AR (5
Yt = € RNa Zt = - S RdXN) Ut = € RN? (146)

YNt ZN,t UN,t
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and with 6 := [0],...,0]". Stacking all T observations for the above system, we obtain

y =260+ u, (147)
with
Y1 Z uy
y=|:|eRVT, zZ=1|:]| RV andu:=|: | RN, (148)
yr Zp ur
Before stating the assumptions on the error processes, we furthermore define z; ¢ = [Zi1¢, ..., Tim, 1),
Tot = [Toats o Tomtls T = [T 4, .., Ty, Toy)" and v = Axzy. The precise assumptions on the

error process {& ez = {[u}, v;]) }ez are then as follows:
Assumption 42 The process {&; }ez is generated as
o0
G=CL)E =08,
=0

with the conditions 372, jl|Cj|| < oo and det(C(1)) # 0. The process {€D} ez, is a strictly stationary
and ergodic martingale difference sequence with respect to the natural filtration Fy = o({€)}t ) with
positive definite conditional variance matriz X0 := E(E)(€))|Fi—1) and sup;ecy E(||€2]|"|Fi-1) < o0

a.s. for some r > 4.

Assumption 42| is sufficient for a central limit theorem to hold for {&;};cz, such that

[T
R I
t=1

with long-run covariance matrix Q := 322 E(&-—;&;) and W(r) an (N+3°N | m;+m)-dimensional
standard Brownian motion. Furthermore, the Brownian motion B, (r) is given by

By(r) == [By1(r), ..., By n(1), Byo(r)"] with By, ;(r) == [By;1(r), ..., Byim,(r)]" and

Byo(r) = [By,c,1(r), - - - By,om(r)]'. We define the half long-run covariance matrix A := 37  E(&§— ;).

with both covariance matrices partioned according to the partitioning of B(r), i.e.,

Vs Vs A A
Q:{QW Q} A= [AW Aw} (150)

To establish the asymptotic behavior of the estimators, which we will introduce later, scaling

matrices are required. Denoting with

Gp,(T) = diag(T~V/2,... T~ (@+1/2)), (151)
Gxj(T) = diag(T™1, ... T~ P t1)/2y, (152)
Geij(T) = diag(T™1, ..., T~ (Cst/2), (153)
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we obtain
TY2Gp Dy o) = Di(r) = [L,r,...,r%], (154)

for 0 <r <1 and with Assumption we obtain

TG xi i X5 rr) = Buig(r) = [Buij(r), By, ;(r), ..., Bl (r)], (155)
T2Gei X i) = Bucij(r) = [Buc(r), Boc;(r),..., By (], (156)

for 0 < r < 1. For later usage, we define the the quantities

Gi(T) = diag(Gpi(T)Gx,in(T), - -, Gxim;(T), Ge,in(T), - ., Geim(T)),
G(T) = diag(G1(T),...,GN(T)),

= [Di(r),Bu,ii(r), -, Buim, (1), Buoii(r)'s- .., Bucim(r) 7,
= diag(J1(r), ..., In(r)).

3.2.2 Fully Modified OLS Estimation

We consider similar estimators as Wagner et al. (2020), now extended in such a way they include
common integrated regressors in the model. The ordinary least squares (OLS) estimator is given

by
éOLS = (Z/Z)ilz/y, (161)

and a feasible seemingly unrelated regression (SUR) estimator, with the estimated long-run covari-

ance matrix 0, as weighting matrix, is given by
~ ~ -1 A
buson = (2'(Ir @ QzhZ) (2 (Ir @ Qhy) (162)

Both estimators are consistent with their limiting distributions contaminated by second order bias
terms. To obtain estimators with zero mean Gaussian mixture limiting distributions, which allow
for asymptotic standard inference, we propose fully modified type corrected versions of the two
estimators defined above. The fully modified type corrections consists of two transformations,
similarly to the cointegrating linear case as in Phillips and Hansen (1990). The first transformation

is given by y," = y — QWQ !Azy. For the second transformation, we define for the OLS based
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estimator the correction term A == [A!, ... ,AQV]’ , with

O(gi+1)x1
Ain
" T T
T T
2 Z T 5t 2 Z Tc.qt
N _ ~ I~ + k._ , t:1 1,7, “~ k , tzl »Js
A; = Ai o, s A= (AT 1+ ) , o Acyy (AL )Fvtae )
Aci '
"™ pz J L T Ci,j—
: i.j Zt 1555 Cij 2ot=1 Lo/
L AC,z,m _
(163)

where (Afju)” is a consistent estimator of (A},)" = AbI A?UUQ 1Qmﬂ and k; : 21:1 ms, with
ko = 0. For the SUR based estimator, we define for the second transformation the correction term

A* = [;1’1", .. ,fl}*\’,]’, with

_O(Qij'l)XI_
Afy .
N ~5 . a2 Zthl Tijit
Al= | A, | AL = (AL () ; (164)
Az‘,i,l Pz]
: ,J Zt 1T ,J,t
>é,i,m |
T
2ZT_ To,j
~ k oA t=1+C,j,t
Gig = (AR N (Qg) ! ; (165)

c”
Cz,JZt 1T ,]t

where (., is a consistent estimator of Q. == Quu — QWQ;}QW. We set 121” = fl:‘] = () for those

i,7, where p; ; = 0, and flcﬂ-] A;’; i = = () for those i, j, where ¢; ; = 0.

Proposition 4 Let the data be generated according to with Assumption i place. Fur-
thermore, assume that based on OLS residuals all long-run covariances are estimated consistently.
Using the correction terms A and A*, the fully modified systems OLS (FM-SOLS) and the fully
modified SUR (FM-SUR) estimators are given by

>s

—(72)" (Z'y" - A), (166)

0= (20 0.0)2) " (ZUrefbyt - 1), (167)

197

1



with y* = [y, ..., y3"). For T — oo it holds that

G-1 (é - 9) = ( /0 1 J(T)J(r)’dr)

Ga! (é — 9) = </01 J(T)Qu.}jJ(r)'dr>_l /01 J(r)Q, LdBy. (1), (169)

-1

/ P dBuy(r), (168)
0

where By, = By(r) — QuuQy,L By (1) is an N-dimensional Brownian motion with covariance matriz

Qyoy-

The limiting distributions given in (168]) and (169)) are zero-mean Gaussian mixture, since By.,(r)
is independent of B,(r) by construction. These limiting distributions form the basis for asymp-
totic chi-squared inference. We consider Wald-type tests for testing the null hypothesis of linear

restrictions on the parameter vector 6.

Proposition 5 Let the data be generated according to with Assumptvjon in place. Further-
more, assume that based on OLS residuals all long-run covariances are estimated consistently. Con-
sider s linearly independent restrictions collected in the null hypothesis Hy: RO = r with R € R**? of
full row rank s and r € R®. Suppose that there exists a sequence of full rank matrices Gr = Gr(T),
such that limy_,oo GRRG = R* with R* € R**? of full row rank s. Then it holds under the null
hypothesis that the Wald-type statistics

Ty = (R - r)l (R(22) 7 (Ir & Qua) 2 (22) ' R - (RO 1), (170)
i = (R0 ) [0 (7 (o 02) 2) ] (i), amn)

are asymptotically chi-squared distributed with s degrees of freedom.

3.2.3 Specification Testing Based on Augmented and Auxiliary Regressions

When Equation is misspecified, the error process {u;}icz is nonstationary. This can arise
for two reasons: First, the functional form is misspecified but some other form of nonlinear
cointegration between y; and z; (and potentially other variables) prevails. Second, there is no
cointegration between the variables considered. Similar to Wagner and Hong (2016), we con-
sider RESET-type tests as specification tests for testing the null hypothesis of correct specifi-
cation of , using additional regressors. We consider both a Wald-type test based on aug-

mented regression and a Lagrange multiplier (LM)-type test using an auxiliary regression. For
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) = . Ly o i+l i i+Di .
each i = 1,...,N, we define D;; = [tTL .. #4+@) X, ., = [xp’iﬁ mp’iﬁp”’]’ for j =

Z7J7t rrnt Z7]7t
¢ Gt Cij TGy S e e 2 Si,j 1
Lioooymiy, Xeije = [oc], xcd, W) for j o= 1..om, Qije = [ijts Qg4 5] for
L = — 2 Siyg S o —
Jg=1....,m Qcijt = [QC,j,t,qC,j,t, .. .,cht] for j = 1,...,m. Furthermore, we define F;; :=

[Dz th/ IR 7Xz(,mi,t7Xé,i,l,t7 e 7X(/3,i,m,t7 Qi,l,tv cee Q;,ni,v Q/C,i,l,t’ K qu,nt] i qﬁZ 2y Dijt
ST Cig D Sig Y Sigy di= Y 1L, d; and

F| Fiy

Fi=|: | eRVNTX yith F, == e RN, (172)

Fr. Fn
The augmented regression can be written as follows and includes higher-order deterministic trends
D; 4, higher-order polynomial powers of the individual specific integrated regressors z;;; and of
the common integrated regressors xc j:, and polynomial powers of additional individual specific

integrated regressors ¢; j; and of additional common integrated regressors qc j :
y=20+F0p + 1, (173)

with ¢ := [, ..., 9¥7|. We propose a modification of Assumption to account for the additional
integrated regressors. For this purpose, we define ¢; s = [gi1ts- -+ Gimit) > ot = [qo1t, - Gomt)

and ¢; = [qi,v e 7q§\7,tv qé,t]/'

Assumption 43 When considering additional individual specific integrated regressors q; ;i and
additional common integrated regressors qc, ;¢ both with higher order powers, define vy := (v, vy’ =
[Az), Agt'], with v = Aqy. Assumption |42 is extended, such that it is fulfilled for the extended

process {& ez = {[u}, 01 Yeez, with & = C(L)E, and C(L) and €0 extended accordingly.
ts Ut t t

Assumption is sufficient for a central limit theorem to hold for the extended process {é}tez,

such that
[rT| Bu(r)
Ty G B [ggrﬂ R =W, 0sr<t, (174)

with extended long-run covariance matrix € = Y20 _ E(&&) ;) and W(r) an (N + Z _ymy +

m + ZZZ\;1 m; + m)-dimensional standard Brownian motion. The additional Brownian motion
By (1), compared to (149)), is given by By«(r) = [By+1(r)’, ..., Bys N (1), By o(r)"] with By« ;(r) :=
[By#i1(7)s ...y Bys i, (1)) and By« o(1) = [By*,c,1(7), - . ., By=,c,m(r)]’. We define the extended half

j=—00
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long-run covariance matrix A = Z;’;O E(&— jég), with both covariance matrices partioned according
to the partitioning of B(r), i.e.,

~ Q Qus X A Aup

Q — uu uv , A — uu uv . 175

[Qﬁu Qﬁfz:| [Afm Aﬁﬁ} ()
Proposition 6 Let the data be generated according to (144) with Assumptions and m
place. Denote with O the FM-SOLS estimator of O in (L73]) and with Or the FM-SUR estimator of
. . . -1 .

Or. Furthermore, define F == F—Z(Z'Z)'Z'F and F == F—Z (Z’ (IT ® QJ%) Z) A (IT ® Q;%) F
and let Qu.@ be a consistent estimator of Q.5 == Quu—ngQgﬁngu. Then it holds that the Wald-type
test statistics for the null hypothesis Hy: 0p = 0 in (173)), given by

e m e () (10 0u) £ (7)) o (176)
Tipee = 0 (F' (1r 0 O74) F) O, (177)

are under the null hypothesis asymptotically chi-squared distributed with d degrees of freedom.

We next consider the Lagrange multiplier (LM)-type specification test based on auxiliary re-
gression. For this purpose, we regress the additional regressors F', orthogonalized with respect to
the origin regressors Z, i.e., F', on the FM residuals. For this purpose, both can serve as FM
residuals, either the FM-SOLS residuals or the FM-SUR residuals of , with both leading to
the same limiting distribution of the FM-OLS-type estimator in , as becomes clear in Proof
of Proposition For simplicity, we continue with the FM-SOLS residuals ;" = y;" — Zéé and

ot = [a]’,...,4}/)". This leads to the auxiliary regression given by

at = Fp+ . (178)

The null hypothesis of the LM-type test is given by Hp: 6 = 0 in the auxiliary regression ([178).

Prior to the LM-type test statistic and its asymptotic distribution, we define a few correction terms.
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Denote with AZ* == [AZ*, ... A%"] where
[0(g:+1)x
*
A7 1
T
: T
; R o Nkt 2Et:1 Tt
Zx . z Zx . —1 : >
A= | Az | AT = (Aﬁu — Ap] Qﬂu) : (179)
*
Ciil
sy Pz T
: isj Zt 1% 5t
Z*
c,i,m
T
T
) o kN | 20 To
z -1 >
S = (Aﬁu — Dl Qf)u) . : (180)
T c” 1
Cij 2ut=1%cjt
and furthermore define A" := [AI™ ... AL¥) with
Fx .__ 1/ Fx/ Fx/ Fx/ Fx/ Fx/ Fx/ Fx/ Fx/
Ai '_ [ Gx1 X 10 AX,z,mZ AX ,Cy0,10 AX Cyi,m’ Qi1 e ’AQ,i,mi’ AQ7C,i71’ o AQ Cﬂ,m] )
(181)
where
T p
y (Pij+1) > 2
Fe . A A1A ki—1+js )
Xij T (Afm — Aol Qﬁu) : : (182)
I T | pijthij—1
(Pij + Pig) Dot=1 Ti
T Ci,j
(cij+1) 2128
Px A A O-1g. |V .
X0 = (Afm — Aol Qﬁu) : , (183)
o = T C'L ]+CZJ 1
(cij +Cij) D1 Lot
T
_ T
~ A N ki—1+j, 2Zt:1 Qi 5t
F . -1 7 ) s
AQG = (Af;u — Agsfy; Qiu) , (184)
S; g
84,5 Zt 1 qwt
T
B T
) o N\ 2Zt:1 qe.jit
F —1 sJy
Q.04 (Aﬁu — Al Qﬁu) ) (185)

with & = SN mg+m+ Y my = ky+m+ Y

Sij—
ng Zt 1 qC,],

1 s and ko = ky +m. We introduce further
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notation for the limiting processes of the additional regressors. Denoting with

Gpi(T) = diag(Tf(q"HH/Q), L ,T*(qi+q’¢+1/2))’
G (T) = diag(T~Peat2/2 7= piitpist1)/2)
Gxc(T) = diag(T~(s+2/2 (et +1)/2)
Gqij(T) = diag(T!,..., T~ (s t0/2),
Go.cij(T) = diag(T™, ... TCw+D/2)

we obtain
T'2Gp Dy ry = Di(r) = [r9F, .. r9t e,
for 0 <r <1 and with Assumption [43| we obtain

TV2G g, Xy r) = B () = [BY (r), L BE P ()

v,1,] v,1,]
1/2 v _ o ci,j+1 Ci,j+Cij /
T GX,C,LjXC,i,j, |rT| = B’U,C,i,j ('f') = [B’U,C,j yo ooy B’U ,C.j (7')] )

T1/2GQ,’L,]Q1,_],LTTJ :> B’L)F*7’L'7j(r) = [BU*,i,]( ) B,lz)* Z]( ) ceey Bii’i’]('r)]/’
TG0 Qo rr) = Bhv o (r) = [Bur o Bov oo+ Byile ()],

for 0 < r < 1. Furthermore, we define

Gy (T) =diag(Gg;1(T),- -, G im,(T)),
Gxi(T) = diag(Gx ci1(T), .-, Gx ciim(T)),
GQi(T) = diag(GQ,i1(T), ..., Gqim(T),
GQ,0,i(T) = diag(Gq,ci,1 (1), - - -, GQ,0i,m(T)),
Gri(T) = diag(Gp (T), G i(T), G o (1), Gqi(T), Gq,c.i(T)),
Gp(T) = diag(Gpa(T),...,Grn(T)),
By, (r) =By 1(r)s . Bl (1],
Bei(r) = By () Bl im(),
By i(r) =By (r),- By ()7,
By o (r) = By i+ (r),.. ., Bl m(?”)’]’,
I (r) = [Di(r)/vaF,i( ), By ci(r) Bl i(r) By ()],
JE(r) = diag(J{ (r), . ( ),
T(r) = JF () — /0 1 JF(S)J(S)’dS (T(s)J(s)'ds) " J(r).



With the necessary definitions in place, we next propose the FM-OLS estimator for 6 in ([178))
and the LM-type specification test statistic, both with their corresponding limiting distributions.

Proposition 7 Let the data be generated according to (144]) with Assumptions and mn
place. Furthermore, assume that based on OLS residuals all long-run covariances are estimated

consistently. Define the fully modified OLS estimator of 04 in (178) as

~ A A\ —1 /A

ot = (F’F) (F’fﬁ —OF* — AF* 4 jF *AZ*) : (209)
with OF* = F’(IT®QU5@5§1)ﬁ—F’(IT@)QMQ;})U, where v = [0},...,0%), and k== F'Z7 (Z’Z)_l.
Under the null hypothesis Hy: 0 = 0 and consistent long-run covariance estimation, it holds that

GOt = ( /0 L (r)JF (r)'dr>_1 / L (r)dBu.s. (210)

0
The LM-type test statistic for the null hypothesis Hy: 0z = 0 in (L78)), given by
~spec n+/ nan -1 nl A nl A n -117! N+
i =05 |(FF) F (Ir @ Qua) F (F'F) ot (211)
is under the null hypothesis asymptotically chi-squared distributed with d degrees of freedom.

3.2.4 Group-wise pooling

In case of equal coefficients in the parameter vector 8 across equations, pooled estimation of these
parameters leads to efficiency gains. Similar to Wagner et al. (2020), we perform group-wise
pooling for the coefficients of the deterministic regressors, for the coefficients of the individual
specific integrated regressors (and their powers) and, additionally, for the coefficients of the common

integrated regressors (and their powers).

The formulation here is more general than in Wagner et al. (2020), not only due to multiple
integrated regressors per equation, we additionally allow for group-wise specific powers of deter-
ministic, integrated and common integrated regressors. For example, Wagner et al. (2020) pool
the deterministic coefficients in each subset up to power ¢, with ¢ being less than or equal to the
smallest ¢; of all equations. In contrast, we pool in each subset [ the coefficients up to ¢;, with ¢
being only smaller than (or equal to) the minimum of ¢; in subset [ and not with ¢ necessarily

being smaller than (or equal to) the minimum of ¢; from all subsets.

Define subsets Zp j for j = 1,...,kp such that Zp = {1,...,N} = U?&ID,J‘- For Ip ; we

test [t,t2,...,t%] having equal coefficients for the equations in subset Zp ;, with §; < Miniezy, ;i-
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We define Zx = {(1,1),...,(1,m1),(2,1),...,(2,ma),...,(N,1),...,(N,my)} and the groups for
pooling as Zx j, for j = 1,...,kx, such that ZTx = Ufﬁl Ix;. Let p; < min(kyl)ezx’j pi, be the
power of the regressors up to which pooling is performed for all regressors in pooling group Zx ;. We
define Z == {(1,1),...,(1,m),(2,1),...,(2,m),...,(N,1),...,(N,m)} an the groups for pooling
Lo, for j = 1,...,kc, such that 7o = Ufil Zc;. Let ¢; < min(k,l)ezc,j ¢k, be the power of the
regressors up to which pooling is performed for all regressors in pooling group Z. ;. Without loss
of generality, we order the subsets according to |Zp1| > ..., > |Zpk,l, [Ix1| > ..., > |Zx kx| and

Zoal = s 2 [ Zopel

Furthermore, let Np; = |Ip;| and define Ip; = {aD,Lj,aDQ,j,...,aD’NDJ.,j}, with its el-
ements such that 1 < apy; < app; < -+ < apn;; < N, for all j = 1,...,kp. Sim-
ilarly, define NXJ‘ = ’IX,j| and _’ZX’J’ = {aX’Lj,an’j,...,aX7NX’j7j}, with 1 S (axij)l’l <

(aX’gJ)l’l < e < (ax,Mj,j)l’l < N, for all j = 1,...,kx. Finally, define N¢; = |Zo ;| and
Toj = {ac,1j, 0024, -+ e Ne 5} With 1< (ac1)t! < (acz ) <+ < (acNe, )" < N, for
all j=1,..., kc.

The null hypothesis for testing the described group-wise poolability is given by

H§™: 0D+ 0D,ga+14l = 0255 -, 0D gut1.4]'s

Vi,jeIpaVae{{l,....kp}: |Zpa| > 1},

/ /
[9X71,i1,i2’ s ?HX,ﬁle,%é] = [9X,17j1,j27 s 7HX7ﬁb,j1,j2] )

A4 (il,’iQ), (jl,jg) S IXJ, Vbe {{1, e kx}: ’IX,b’ > 1},

/ e . . - . . ,
[6071,731,1'27 SRR 907607i17i2] = [90717317127 s 790,%7]1,]2] )

v (il,ig), (jl,jg) S Ic,c Vce {{1, .. .,kc}: |Ic,c‘ > 1},

with 0p ji,0x jii i, and Ocji i, being the j-th element of the parameter vector Op ;;, 0x. i,
and 0c, 4,, respectively. The restriction matrices for the Wald-type tests for testing the above
hypothesis are constructed in the way described below. With the chosen notation, we do not allow
for pooling over parameters of deterministic regressors, individual specific integrated regressors and
common integrated regressors jointly. Furthermore, we do not allow for more than one individual
specific integrated regressor from each equation per subset. The same holds for common integrated
regressors. None of the restrictions is particularly severe. These restrictions only serve the clarity

of the chosen notation and have no technical reasons.

204



We define R®Y = [R) D1 a2 Rp kD]’ with Rp; = [Rp,1,---,Rp,jn], where

INp ;-1 @ [e2dyr -+ 4,410, ] if r=ap,;
Rpjr=q —et-1,vp,-1) ®@le2dps---reg414.) Hfr=ap,;;Vi=2,...,Np; (218)
Og;(Np ;—1)xd else
for j such that Np; > 1 and Rp; = 0 otherwiseﬂ We define RYY = [RYy |, Ry, - Ry

with Rx ; .= [Rxj1,...,Rx n] for j such that Nx ; > 1 and Rx ; = () otherwise. We furthermore
define

Ny ;1 @ [€11,dy, s+ Cltpy iy, | if 1 = (ax15)""
Rx jr = —€i—1),(Nx,—1) @ [etr1dr s €tapyan, | i1 = (axi)"' Vi=2,...,Nx;

Opj(NX,j—l)xdr else
(219)
with defining [ = 1+ ¢, + (Zgz 11 prl,s) and 79 = ((LX’Z'J)LQ for each i = 1,..., Nx; in each
group j. We define RG"Y := [Ry, {, 0,27"'7R/c,k:c]/ with Rej == [Rc 1, ..., Rojn] for j such that

Ngj > 1 and Rq; = () otherwise. We furthermore define

/ : 1,1
Ing ;-1 ® [61+1,drla---761+aj,drl] if ry = (ac,1,5)"
L=< —ey y 4 i — L1y — - (220)
Rejir €(i—1),(N¢ ;j—1) @ [€l+1,dr1 yeo 7€Z+Cj7dr1] if ry = (ac,ij) " Vi=2,...,Ne (
Oéj(Nc,]'—l)Xdr else

mrq ro—1

with defining [ == 1+ ¢, + (E pm,s) < Z Cry S> and ry == (ac’i’j)l’z for each i =1,..., N¢
s=1

in each group j. We then obtain RV = [RGW’ RS RSM].

The total number of restrictions is given by

kp kx ko
ch (Npj =)+ > pi(Nx; = 1)+ Y _¢(Ney—1) (221)
j=1 j=1 j=1

and we have r = 5% for testing the above null hypothesis using RV = r in the Wald-type test.

If the null hypothesis of equal coefficients for specified regressors is not rejected, group-wise
pooled estimation can be applied. The parts of the corresponding regression matrix look as follows:

For the deterministic regressors, define

Dy (D)., Dy ) € RIEAD)AN, (222)

5"There is a typo in Equations (21) and (22) of Wagner et al. (2020), the subscript r of €r,(N;—1) and €r,(M;—1)
should be replaced by a subscript defined in a similar fashion as here. Otherwise » may exceed N; and M, which is
not allowed by definition.
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with
N
Djr=) 1per, 1 (€hn @[t 2% t5]) € RGN, (223)
=1

for j =1,...,kp. For the individual specific regressors we have

. . . kx
Xe=[X{4... . Xpoul € r(Z% %) N (224)
with
N M4y L
Xj,t = E z 1{(i17i2)61X,j} ) (egl,N & [xil,iz,ta xzzl,ig,w s x?lj,ig,t]/) € RijNa (225)
11=112=1

for j =1,...,kx. In a similar fashion, for the common integrated regressors we have

. . . ko .
Ko = [ or Xyl € RESTE)N (226)
with
N m .
Xegt =Y VYarineto,) (€8 @ et ¥y - T, 4)) € RN, (227)

i1=1iz=1
for j = 1,...,ks. Before defining the regressor matrix for the group-wise pooled estimator, we

define some more quantities. Define for all i =1,..., N,

kp
qv":al = Z 1{’L'EID’[} : q@’ (228)
/=1
kx
Pij =Y Vet Do Vi=1,...,m (229)
/=1
kc
éi,j = Z 1{(1'0-)62@2} . ég, v ] = 1, o, (230)
=1
Furthermore, we define
Diy o= [0t ) (231)
o V'L +1 i .
Xijo =y, ab] Vi =1, m, (232)
o Vi +1 i .
Xeije=[zals - xod ), Vi=1,...,m, (233)

fori=1,..., N. With having

5 e -/ -/ o/ / /
Zip =D, X1 s Xy Xt - - Xoimot) s (234)

206



fori=1,...,N, we then define
7y = diag(Zuy, ... Zny) € RN, (235)

with d = d — N — ijl GiNp,; — fol DiNx,; — ngl ¢iNg,i. The group-wise pooling model can

then be written as
yr = Z0° + uy, (236)

with v = [yit,...,ynels we == [uig,...,unql, 7, = [IN,DQ,X},X{:’“ZO{]’ e RN with d =

d— ijl Gi(Np;—1)— Zfﬁl pi(Nx;i—1)— ngl ¢i(Ng; — 1), and the parameter vector is given by

0" = [0p11,..., 001N, 007, ... 08P 90 g gl kel (237)
/ / / / /
Op 101 % im Qo O m (238)
/ / / / / ’ d
GD,N’H)%,N,P""QX,N,mN’QC",N,V'"’Hé,N,m] €RY (239)

where 6% = [99),,...,0%) [forj=1,....kp, 0% = [6,,.... 6% Jforj=1,... kyxand oY) =

7‘17 7]5
[Gg)l, .. .,GCJ’;J_]’ for j =1,...,kc, and furthermore for i = 1,..., N: 0[371. = [ijqi’ﬁl,i, .. .,057%2.]’,
0)"(77;7]- = [6)"(7131_,]'_’_171-, ceey QX’pi’jﬂ-]/ fOI‘ ] - 17 PPN ,mz’, and 9671'7]' = [667éi7j+17i7 [P 79&70z‘,j7i]/ for ] -
1,...,m. Stacking all quantities over time leads to
y = Z0°V +u, (240)

!/

with y = [y1,...,y7), Z=[Z1,...,Z7) and v = [uy,. .., up].
We next turn to the definitions of the correction factors for the group-wise pooled versions of the
FM-SOLS and FM-SUR estimators. Define ASW := [0 JAGW L AGWASY L ASY!

k <
L (N+XYP, ) el Ckc
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and ASW* .= [OIX(N—s—ZJ ) ,flGW*’, AGW*’ Agvlv*’, . .,flg}’,;’é’]’ with
T
N m; 2ZT T i
" _ y t=1"1,J,0
A?W - Z Z 1{(i7j)€IX,z} ) (Aju)k%l—’—]ﬂ s 0=1,... kx, (241)
i=1 j=1 i
i.j Zt 1 ,]Jt
T
N m 2ZT T s
" . N k i t=1+*C,J,t
=)D Yageze,y - (A =1, ke, (242)
i=1 j=1 .
Cij Et 1 C,jjt
T
N m; QZT T
't * N . S . t=1 17]’t
A= 303 Magpere - (AL (@0 O=lloky, o (23)
i=1 j=1
i,
7] Zt 12 j]t
T
~ow N A b b (AT e QZlexc,j,t
* 5 - YA _
cl = Z Z 1{(1’,]’)610,5} ) (Avu) N (qu) , =1, ke (244)
i=1 j=1 N
Ci,j Zt 1 C,jjt
Furthermore, define AW := [A¢WY/ .. ,A]Cifw’ |, with
O(qi—odz‘,1)><1
AFY
. T Di 5
) ) (Pig +1) Et:l 35
APV = A% L AT = (AR : (245)
Ag,‘?ﬁl Pij Zt 1T p,;]t
i aw
-~ C71/7m -

) (Gij+1) Zthl zod
ASY . = (AL )k tas : (246)

C’Z7«]
cZ G
Ci,j Zt 1 c;t
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and ASW* = [AFYY . AGYMY, with

0(Q¢;di,1)><1
A GWx*
Ai,l

jlgw* — jcw* jgw* — (A;ru)k¢71+j7'(ﬂ

-1 )-,i
1,m; ’ 1, u-v
o

L
GW*
- C,,m

T

2 ) ~ k B ~ i
AGag = (AL ()

The weighting matrix for group-wise pooled estimation is then given by

G(T) := diag(G1(T), Gp(T), Gx(T), Ge(T), G(T)),

with

)
o
Q)
>
=S
Q)
=
=

S
=

éC,i,l(T)7 sy éC,i,m(T))v
Gpi(T) = diag(T~(@+3/2)  p=(a+1/2)y
Gx.i(T) = diag(T~Pet2/2 =P +1/2),

Geij(T) = diag(T~ /2 plet)/2),
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(Gig+1) 2t Lot

. T Di,j
(i +1) >y l‘f,j,]t

A GW . T pi,j_l
Ac,i,l Pij D i—1 Tt

Cij

I VA Nl
Cij D=1 Lot

(247)
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Furthermore, define the limit stochastic process as
J(r) = [In, Jp(r), T (r), Jo(r), J ()]
ﬂﬁ):hhﬂ)’ o Ipep ()]

JD] Zl{zEZD]} ZN®[7“77~27,..,7“%]/)

JX(’I“) = [JXJ(T) go ey JX,kX (T)/]/,

N My

T = 30D Yniners,y - (hw @ Buinia (1) Bliyin (), BY L, (0])

i1=112=1

f():L%N)’ > Jeke ()T

Jc,] Z Z 1{ (11,i2)€Zg 5} ° ( €i1,N ® [ vC,iQ( ) B?;cm( ) "'vBS{c,iQ(T)]/> )

i1=112=1

J(r) = diag(Ji(r), ..., In(r)),

Ji(r) = [Jpa(r), Ixia(r)s oo Ixcim, () Jein (). Jeim(r)],
Jpa(r) = [pdatt )
Txig(r) =By (), B ) Y G =1, m,

Jeig(r) =By, B ()], Vi=1,...,m,

v,C,J v,C,J

for 0 <r <1.

Proposition 8 Let the data be generated according to (240), the restricted version of (144]) with

group-wise pooled parameters, and with Assumption[{3 in place. Again, assume that based on OLS

residuals all long-run covariances are estimated consistently. Using the correction terms A%V, AW,

AW qnd ASY* | the group-wise FM-SOLS and FM-SUR estimators are given by

)
)

gev = (Z’ (IT ® Q;;) z)‘l (z (IT 2a) ) o

For T — oo it holds that

G—l <éGW_ 9GW) N <

AGW

Gew . (Z/Z)—l <Z/y+ _ jflcw

AGW*
AGW*

|
G (50— o) = < /O 1 J(mgz;,},j(rydr) - /0 )9 B (1),
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In case that ¢;1 = ¢, Dij = pij or & ; = ¢; j, the corresponding regressor bi,u j,(i’jm or )O(C,i,j,t is
empty. Thus, if ¢;1 = ¢; for alliin 1,..., N, p; ; = p; ; for all (4, j) in Zx and ¢ ; = ¢; ; for all (¢, 7)
in Zo, it follows that ASW = () and ASW* = .

3.3 Finite Sample Performance

We generate data for the quadratic seemingly unrelated cointegrating polynomial regression model,

including a single common integrated regressor with powers up to two:
Yit = ¢+ 0it + Brizir + ﬁz,iiﬁ%t + B3,iTcat + B4,i1%71,t + Ui, (279)

where the errors w;;, Ax; = v;; and Az 14 = ve,1,+ are generated as

Uit = P1Uiz—1 + it + p2(Vig + vo1,t)s (280)
Vit = €t + 0.5 1, (281)
Vo1t = €c,1,t + 0.5ec 141, (282)
with u;0 = €0 = ec10 = 0 for all ¢ = 1,...,N. The vectors ¢; := [e14,...,en,) and e; =
[e1t,---,ent, ec,l,t]/ are independently normally distributed with covariance matrices .. and Y
given by
1 ps ... p3 1 ps ... pa
Se= PP TRy = [P LT g OV, (283)
: .. p3 : . e P4
p3 ... p3 1 pa ... ps 1

The parameter p; controls the level of serial correlation in the error term u;; and ps controls the
extent of endogeneity between the regressors and the error term. The parameter p3 controls for the
correlation between regressors across equations through cross-sectional correlation of €; ;. Similarly,
p4 controls for the correlation between error terms of the N equations through cross-sectional
correlation of e; ;. For the sake of brevity, we report results only for identical p parameters with
p=p1=p2=ps=ps € {0.0,0.3,0.6,0.9}. The model parameters are as follows, ¢; = §; = 1,
Bii =5, B2 = —0.3, B3; = 3 and fB4; = —0.2, for i = 1,..., N, with being identical across
equations to allow for pooling. For pooled estimation, we consider pooling for only the common
stochastic regressors xc 1 and xél,t, labeled (C), and pooling for all stochastic regressors, i.e.,
additionally pooling for x;; and x?’t, labeled (S). These two cases of pooling still allow for individual

specific intercept and trend slopes. We consider sample sizes of T' € {100,200, 500, 1000} and
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N € {3,10}. All test decisions are performed at the nominal significance level of 5%. The number of
replications is 5000 throughout. We perform estimation and hypothesis testing for 54 = —0.2, using
estimated long-run variances. Results for 8 and using the true long-run variances are provided in
Appendix For long-run variance estimation we consider the Bartlett kernel with bandwidths
chosen according to Newey and West (1994). All the estimation methods considered here are of

fully-modified type. For brevity, we neglect the prefix FM.

Table shows results for bias and root mean squared error (RMSE) for the coefficient S.
Without loss of generality, we consider for unrestricted CPR, SOLS and SUR estimation the results
corresponding to equation ¢ = 1. Starting with bias in Panel A, for most cases, bias is increasing
with increasing p and decreasing for larger N. Exceptions are T' = 100 and T' = 200, where we often
observe the lowest bias for p = 0.6. Nevertheless, this does not hold for RMSE. For unrestricted
estimation, namely CPR, SOLS and SUR, the CPR estimation leads in most cases to the smallest
bias, but often only with a very small lead. Pooled estimation substantially reduces bias in most
cases. In some instances, the pooled estimation of 81 and [ also leads to a better estimate of
B4. Between SUR and SOLS, regardless of the type of pooling or unrestricted estimation, we do
not see a clearly preferable estimator with respect to bias. Turning to RMSE in Panel B, we
observe increasing RMSE with increasing p and additionally decreasing RMSE with increasing
sample size T'. Increasing the number of equations has a slightly negative impact on unrestricted
SOLS and SUR estimation for T" < 200, and a positive impact on pooled SOLS estimation, and for
p € {0.0,0.3} on pooled SUR estimation as well. The unrestricted estimators are generally about
the same on, with SUR often slightly ahead, especially for large values of p. For pooled estimation,
SOLS is often slightly ahead, with exception of p = 0.9. When comparing the pooling cases (C)
and (S), additional pooling of 51 and 3 often reduces RMSE also for fy.

We now turn to empirical null rejection probabilities of the t-test for Hg : B4 = —0.2 against the al-
ternative Hy : 84 # —0.2. For unrestricted CPR, SOLS and SUR estimation, we consider the results
corresponding to equation ¢ = 1, without loss of generality. For the pooled estimation SOLS(C),
SUR(C), SOLS(S) and SUR(S), the coefficient /4 is pooled over all equations i = 1,..., N. The
results in Table show, that CPR estimation leads to the smallest null rejection probabilities
across all estimators, independent of pooling and the choice of NV here. For the system estimators
SOLS often leads to slightly lower null rejection probabilities in unrestricted estimation than SUR.
Pooling increases null rejection probabilities in most cases slightly. Null rejection probabilities also

become larger for increasing N. The larger null rejection probabilities of the system estimators
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p N=3 N=10

CPR SOLS  SUR SOLS(C) SUR(C) SOLS(S) SUR(S) CPR SOLS  SUR SOLS(C) SUR(C) SOLS(S) SUR(S)
Panel A: Bias(x1000)
T =100
0.0 -0.0810 -0.1047 -0.1093 -0.0329  -0.0329 -0.0337  -0.0249 -0.0000 -0.0152  0.0030 0.0022 0.0424 -0.0020 0.0433
0.3 -0.2546 -0.2830 -0.2624 -0.1228 -0.1292 -0.1384  -0.1293 0.0844 0.0941 0.0835 0.0286 0.0144 0.0227 0.0200

0.6 -0.0521 -0.0616 -0.0120 -0.0827  -0.0469 -0.0132 0.0209  0.1046  0.1925  0.1643 0.2056 0.2085 0.1871 0.2180
0.9 0.2698 0.5316  0.5197 0.4393 0.4800 0.4383 0.5484  0.0245  0.0077  0.1065 0.5472 0.2623 0.2630 0.1893

T =200

0.0 0.0410 0.0406  0.0449 0.0273 0.0322 0.0169 0.0204  0.0363  0.0452  0.0464 0.0169 0.0206 0.0180 0.0210
0.3 0.0256  0.0222  0.0156 0.0266 0.0196 0.0226 0.0221  0.0112  0.0065  0.0151 0.0154 0.0318 0.0125 0.0294
0.6  0.0073 -0.0039 -0.0015 0.0380  -0.0013 0.0234  -0.0044  0.0032 -0.0128 -0.0224 0.0158 0.0445 -0.0033 0.0129
0.9 -0.0782 -0.1834 -0.0549 0.1763 0.0177 0.1230  -0.0174 -0.3839 -0.3945 -0.3395 -0.5032  -0.6608 -0.4918  -0.5755

T = 500

0.0 -0.0108 -0.0122 -0.0123 -0.0052  -0.0044 -0.0052  -0.0047 -0.0061 -0.0084 -0.0093 -0.0030  -0.0041 -0.0027  -0.0037
0.3 -0.0150 -0.0157 -0.0182 -0.0040  -0.0041 -0.0045  -0.0055 -0.0077 -0.0055 -0.0055 0.0019  -0.0023 -0.0003  -0.0041
0.6 -0.0345 -0.0382 -0.0355 -0.0093  -0.0064 -0.0089  -0.0069 -0.0006 -0.0036 -0.0048 0.0048  -0.0068 0.0015  -0.0118
0.9 -0.2102 -0.2363 -0.2008 -0.1041  -0.1207 -0.1122  -0.1201 -0.0458 -0.0774 -0.0786 -0.0806  -0.0327 -0.0390  -0.0513

T = 1000

0.0 -0.0042 -0.0043 -0.0045 -0.0011  -0.0015 -0.0003  -0.0007  0.0052  0.0051  0.0052 0.0003 0.0004 0.0002 0.0003
0.3 -0.0038 -0.0041 -0.0040 -0.0014  -0.0011 -0.0002  -0.0000  0.0027  0.0024  0.0022 0.0002  -0.0003 0.0005  -0.0001
0.6 -0.0086 -0.0094 -0.0065 -0.0078  -0.0041 -0.0044  -0.0018  0.0046  0.0037  0.0042 0.0038 0.0024 0.0049 0.0031
0.9 0.0177  0.0200  0.0354 0.0108 0.0289 0.0136 0.0253  0.0228  0.0061  0.0159 0.0045 0.0030 0.0055 0.0004

Panel B: RMSE(x100)
T =100

0.0 0.6472  0.6683  0.6703 0.3772 0.3859 0.3612 0.3688  0.6496  0.6867  0.6899 0.2159 0.2330 0.2025 0.2238
0.3  0.8799  0.8987  0.8921 0.6380 0.6568 0.6176 0.6363  0.8796  0.9273  0.9158 0.5163 0.5774 0.5062 0.5746
0.6  1.4773  1.4994  1.4275 1.1564 1.1757 1.1155 1.1410  1.4555  1.5552  1.5055 1.0942 1.2826 1.0766 1.2958
0.9  5.4550 54823  4.0692 4.0765 3.4735 3.4116 31577 5.2595 53721  4.4137 3.6732 3.9277 3.1029 3.3283

T =200

0.0 0.2147 0.2176  0.2178 0.1256 0.1272 0.1208 0.1220  0.2243  0.2329  0.2335 0.0733 0.0769 0.0695 0.0736
0.3 0.2959  0.2977  0.2947 0.2114 0.2131 0.2038 0.2064  0.3193  0.3259  0.3235 0.1866 0.2007 0.1834 0.1995
0.6  0.5457  0.5565  0.5273 0.4406 0.4418 0.4261 0.4307  0.5435  0.5717  0.5470 0.4195 0.4674 0.4085 0.4598
0.9 27259  2.7552  1.9927 2.0914 1.7540 1.7253 1.5986  2.7107  2.8107  2.2141 1.9168 1.9928 1.5689 1.7284

T =500

0.0 0.0534 0.0537  0.0538 0.0310 0.0315 0.0297 0.0302  0.0509  0.0524  0.0525 0.0172 0.0177 0.0163 0.0170
0.3 0.0777  0.0783  0.0777 0.0544 0.0547 0.0526 0.0531  0.0752  0.0777  0.0766 0.0454 0.0467 0.044- 0.0463
0.6  0.1403  0.1422  0.1351 0.1105 0.1099 0.1064 0.1072  0.1407  0.1478  0.1401 0.1079 0.1141 0.1049 0.1128
0.9 0.8935 0.9078  0.6375 0.6805 0.5547 0.5658 0.5195  0.9012  0.9465  0.7258 0.6489 0.6299 0.5367 0.5786

T = 1000

0.0 0.0188 0.0189  0.0189 0.0111 0.0111 0.0107 0.0107  0.0185  0.0189  0.0190 0.0058 0.0060 0.0056 0.0058
0.3 0.0273  0.0272  0.0270 0.0192 0.0192 0.0187 0.0187  0.0267  0.0274  0.0272 0.0157 0.0161 0.0155 0.0159
0.6 0.0499  0.0503  0.0478 0.0400 0.0389 0.0384 0.0380  0.0478  0.0495  0.0459 0.0365 0.0379 0.0353 0.0376
0.9 0.3492  0.3562  0.2402 0.2662 0.2081 0.2192 0.1969  0.3433  0.3673  0.2637 0.2482 0.2239 0.2063 0.2128

Table 77: Bias (x1000) and RMSE (x100) for 54, with estimated long-run variances.

compared to single equation CPR estimation stem from the impact of long-run variance estima-
tion. Looking at Table in Appendix which shows the result considering true long-run
variances instead of estimated long-run variances as we have in Table [T8] we observe very similar
null rejection probabilities close to the nominal 5% level across all the considered estimators, with

only p = 0.9 leading to inflated null rejection probabilities.

Since the above performed t-tests for the pooled estimation setups (C) and (S) imply a null
hypothesis of Hy : 841 = --- = B4y = —0.2, we also compare those t-test results with them of
Wald-type tests, as proposed in Proposition [5| for exactly the same null hypothesis (labeled as
Wald). Additionally, for this null hypothesis we consider the results from ¢-tests of unrestricted

estimation for 84; = —0.2 for all N equations simultaneously. To account for the multiple testing
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problem in this case and controlling the global significance level, we use the modified Bonferroni
correction of Hommel (1988) (labeled as MT). The procedure works as follows: First, order the
t-statistics in absolute decreasing order [t()| > [t(9)| = -+ > [t(v)|. Define a(j) = C]—N%, with
Cy =1+ % T % The null hypothesis is rejected, if [¢(;)| > ¢y _oG) for at least one j, with
¢r denoting the T-quantile of the standard normal distribution. Table [79| shows the resulting null
rejection probabilities for Hy : 841 = --- = B4 v = —0.2. For N = 3, the results for the multiple
testing procedure MT are close to the results of the (S)-pooled single ¢-test results, with MT having
slightly lower size distortions. Both methods lead to considerably smaller size distortions than the
Wald-type tests. For N = 10, the picture is a bit different, for 7" = 100 and T" = 200, the (S)-
pooled SOLS estimator leads to the smallest null rejection probabilities, whereby for 7" = 500 and
T = 1000 — with the exception of p = 0.9 — MT SOLS leads to smallest null rejection probabilities.
Size distortions of the Wald-type tests are very large for NV = 10. Again, size distortions increase
with increasing p and decrease with increasing 7. The bad performance of the Wald-type tests
and generally the size distortions are mainly driven by the long-run variance estimation. When
looking at Table showing the results using the true instead of the estimated long-run variance,
we observe for MT, (S) and Wald null rejection probabilities mainly below the nominal level of 5%,
with the exception of p = 0.9. Also, null rejection probabilities remain quite stable across T, again

with the exception of p = 0.9.

p N=3 N =10
CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S) CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S)
T =100

0.0 0.1032 0.1132 0.1164 0.1070 0.1262 0.1100 0.1250  0.0940 0.1544 0.1618 0.1660 0.2502 0.1640 0.2560
0.3 0.1298 0.1428 0.1472 0.1476 0.1692 0.1444 0.1714  0.1304 0.2076  0.2258 0.2078 0.3234 0.2100 0.3448
0.6 0.1620 0.1810 0.1928 0.1978 0.2340 0.2028 0.2458  0.1648 0.2792  0.3262 0.2962 0.4706 0.2996 0.5086
0.9 0.2528 0.2738 0.2870 0.3044 0.3670 0.3248 0.3902  0.2360 0.3708 0.5240 0.4326 0.6816 0.4398 0.7256

T =200

0.0 0.0746 0.0826 0.0838 0.0932 0.1026 0.0956 0.1034 0.0878 0.1224  0.1266 0.1200 0.1696 0.1174 0.1788
0.3 0.1054 0.1148 0.1180 0.1226 0.1372 0.1206 0.1314  0.1096 0.1548 0.1628 0.1476 0.2196 0.1504 0.2280
0.6 0.1312 0.1398 0.1428 0.1556 0.1746 0.1500 0.1736  0.1368 0.2050  0.2422 0.2156 0.3442 0.2182 0.3674
0.9 0.2008 0.2242 0.2274 0.2478 0.2936 0.2598 0.3104 0.1998 0.3088  0.4482 0.3658 0.5976 0.3636 0.6278

T = 500

0.0 0.0652 0.0690 0.0700 0.0644 0.0710 0.0696 0.0752  0.0626  0.0798 0.0814 0.0808 0.1002 0.0812 0.1002
0.3 0.0894 0.0916 0.0940 0.0944 0.1008 0.0952 0.0994 0.0906 0.1126 0.1164 0.1082 0.1338 0.1102 0.1394
0.6 0.0944 0.0990 0.1038 0.1000 0.1110 0.1000 0.1142  0.0952 0.1312 0.1504 0.1390 0.2022 0.1446 0.2142
0.9 0.1558 0.1738 0.1638 0.1814 0.1916 0.1826 0.2038 0.1516  0.2276  0.3348 0.2532 0.4060 0.2520 0.4142

T = 1000

0.0 0.0542 0.0566 0.0574 0.0676 0.0706 0.0668 0.0684 0.0554 0.0650 0.0668 0.0608 0.0726 0.0596 0.0738
0.3 0.0820 0.0830 0.0806 0.0810 0.0860 0.0846 0.0862 0.0732 0.0894 0.0884 0.0870 0.1046 0.0874 0.1036
0.6 0.0778 0.0806 0.0818 0.0840 0.0852 0.0844 0.0894 0.0760 0.0980 0.1056 0.0996 0.1294 0.0976 0.1380
0.9 0.1186 0.1338 0.1220 0.1436 0.1372 0.1378 0.1386  0.1138 0.1758  0.2530 0.1860 0.2660 0.1792 0.2794

Table 78: Empirical null rejection probabilities of t-tests for 54 = —0.2, with estimated long-run
variances.

Finally, we turn to size-corrected power simulations. The term size-corrected refers to using
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p N=3 N =10

MT Wald (S) MT Wald (S)
SOLS SUR SOLS SUR SOLS SUR SOLS SUR SOLS SUR  SOLS SUR
T =100

0.0 0.1130 0.1146 0.1810 0.1854 0.1100 0.1250 0.2624 0.2832 0.5902 0.6150 0.1640 0.2560
0.3 0.1552 0.1580 0.2560 0.2594 0.1444 0.1714 0.3398 0.3842 0.7402 0.7916 0.2100 0.3448
0.6 0.2132 0.2188 0.3302 0.3384 0.2028 0.2458 0.4606 0.5678 0.8666 0.9448 0.2996 0.5086
0.9 0.3504 0.3498 0.4686 0.4712 0.3248 0.3902 0.6722 0.8444 0.9326 0.9970 0.4398 0.7256

T = 200

0.0 0.0722 0.0748 0.1276 0.1310 0.0956 0.1034 0.1398 0.1508 0.3964 0.4188 0.1174 0.1788
0.3 0.1112 0.1138 0.1804 0.1824 0.1206 0.1314 0.2004 0.2298 0.5204 0.5742 0.1504 0.2280
0.6 0.1452 0.1468 0.2308 0.2358 0.1500 0.1736 0.2896 0.3714 0.6918 0.8360 0.2182 0.3674
0.9 0.2750 0.2564 0.3748 0.3602 0.2598 0.3104 0.5370 0.7448 0.8448 0.9884 0.3636 0.6278

T =500

0.0 0.0484 0.0488 0.0874 0.0906 0.0696 0.0752 0.0616 0.0644 0.1958 0.2080 0.0812 0.1002
0.3 0.0702 0.0734 0.1306 0.1336 0.0952 0.0994 0.0948 0.1004 0.3122 0.3326 0.1102 0.1394
0.6 0.078 0.0818 0.1382 0.1500 0.1000 0.1142 0.1346 0.1682 0.4210 0.5462 0.1446 0.2142
0.9 0.1826 0.1554 0.2616 0.2324 0.1826 0.2038 0.3412 0.5502 0.6528 0.9352 0.2520 0.4142

T = 1000

0.0 0.0388 0.0384 0.0696 0.0698 0.0668 0.0684 0.0390 0.0414 0.1144 0.1216 0.0596 0.0738
0.3 0.0626 0.0624 0.1110 0.1090 0.0846 0.0862 0.0650 0.0700 0.2090 0.2210 0.0874 0.1036
0.6 0.0596 0.0586 0.1040 0.1110 0.0844 0.0894 0.0772 0.0876 0.2600 0.3414 0.0976 0.1380
0.9 0.1240 0.0934 0.1834 0.1492 0.1378 0.1386 0.2168 0.3554 0.4638 0.8132 0.1792 0.2794

Table 79: Empirical null rejection probabilities of corrected t-tests and Wald-type tests for Hy :
Ba1 = -+ = Pa,n = —0.2, with estimated long-run variances.

empirical critical values instead of theoretical critical values, such that null rejection probabilities
are exactly at 5% under the null hypothesis. This is to make null rejection probabilities under
the alternative hypothesis, i.e., power, more comparable. Under the null hypothesis, we have
B4 = —0.2 and vary 4 under the alternative hypothesis on a grid between —0.2 and —0.16 with
steps of size 0.002, while keeping all other parameters constant. Figure 1] shows the results for
T = 200 and p = 0.3, for both N = 3 and N = 10. The estimators are clustered in two groups,
with the pooled estimators leading to higher size-corrected power. For unrestricted estimation, the
results of the different estimators are very close to each other, with a slight lead of CPR followed
by SUR. For N = 10, we see the opposite picture for pooled estimation, there the SOLS estimators

lead to slightly higher size-corrected power compared to their SUR counterparts.

For unrestricted estimation, CPR estimation leads the ranking slightly, with smallest bias, RMSE
and size distortions. Nevertheless, the system estimators give the opportunity to test for - and then
estimate with - parameter restrictions across equations, which can be a big advantage. From the
system estimators, SUR often leads to smaller RMSE, and slightly higher size-corrected power than
SOLS, whilst having little higher null rejection probabilities. Pooled estimation can substantially
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Figure 41: Size-corrected power of t-tests for Hy : 4 = —0.2, with estimated long-run variances,

T =200 and p = 0.3.

improve estimation and size-corrected power, without detrimental impacts on null rejection prob-
abilities. Within the pooled estimators, SOLS is slightly ahead, with lower size distortions and

higher size-corrected power.

216



! R
08 _
0.6 [~ =
—F—t test (FM-CPR)  — © — t-test (FM-SUR(C))
0.4 — ) — A —t-test (FM-SOLS)  —<— t-test (FM-SOLS(S)) [
—f— t-test (FM-SUR) —-&-— t-test (FM-SUR(S))
0.2~ N7+ t-test (FM-SOLS(C)) u
0 | | | | | | | | |
-0.2 -0.196 -0.192 -0.188 -0.184 -0.18 -0.176 -0.172 -0.168 -0.164 -0.16
N =10
1 e
081 e = .
0.6 [~ =
04— =
0.2 =
0 | | | | | | | | |
-0.2 -0.196 -0.192 -0.188 -0.184 -0.18 -0.176 -0.172 -0.168 -0.164 -0.16
Figure 42: Size-corrected power of t-tests for Hy : 54 = —0.2, with estimated long-run variances,

T = 200 and p = 0.6.
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Figure 43: Size-corrected power of tests for Hy : 841 = --- = 84,8 = —0.2, with estimated long-run

variances, T' = 200 and p = 0.3.
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3.4 Empirical Illustration - MKCs and EKCs

We investigate the Material Kuznets Curve (MKC) and Environmental Kuznets Curve (EKC)
hypotheses for eight OECD countries and build upon the analyses of Wagner et al. (2020) and
Grabarczyk et al. (2018). We estimate the relationships between a country’s level of economic
development and once with intensity of material use, and once with pollution, proxied by emissions,
in separate equations. This is performed by estimating systems of equations, using the methods
from Section[3.2] on a country level and as well on a material and emission level. Table[80|shows the

list of countries in our analysis. For the intensity of material use, we consider the metals aluminum

Australia  France Germany ITtaly
Japan Switzerland United Kingdom United States

Table 80: Considered countries for the period 1927-2006.

(Al), lead (Pb) and zinc (Zn), and for the intensity of pollution we consider the emissions of carbon
dioxide (CO2) and sulfur dioxide (SOg2), with GDP as explanatory variable. For each country i,

the system of equations looks as follows:

2 3
Yijt = Cijj T 0ijt + Bij1Tict + Biji2Tics + BijsTics T Wit (284)

with y; j+ being log substance j per capita for country ¢, with j € {Aluminum, Zinc, Lead, CO»,
SOz}, and ;o4 being log GDP per capita for country ¢, as common integrated regressor@ Log
GDP per capita serves here - per country - as a common regressor, since it is identical accross
substances. Similar to model , we estimate systems of equations for each substance, with
considering all the countries from Table [80| jointly. For our analysis, we consider annual data from
1927-2006. We do not discuss here dummy variables for specific years nor broken trends, which is
out of scope of this paper. Nevertheless, material use and emissions during, e.g., World War 2,
are in many cases already well covered by our model, as you can see in Figure [46| and subsequent
figures. We consider for GDP and the metals aluminum, zinc and lead the same underlying data
as Grabarczyk et al. (2018), restricted to the period 1927-2006, to have for all substances across
all countries the same periods. Though it is more restrictive than necessary for some countries
or substances, we avoid having different periods for the estimated systems. Due to considering a
different period compared to Grabarczyk et al. (2018) and Wagner et al. (2020), results of unit root

tests, (non-)cointegration tests and estimation might also differ. The CO2 emissions data — which

58With substances, we refer to the considered materials and emissions jointly.
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cover CO4 emissions from fossil fuel usage — are taken from the Carbon Dioxide Information and
Analysis Center (CDIAC), see Boden et al. (2018). The SO emissions have been combined from
two sources. The data for 1927-2005 are from the NASA Socioeconomic Data and Applications
Center (SEDAC), see Smith et al. (2011). The data for period 2006 are from the OECD (2020)@
The CO9 emissions and SOs emissions data are — for a different period — used in Knorre et al.

(2021).

We perform unit root tests for log GDP per capita and the logs of per-capita substances. For the
eight countries investigated, the unit root null hypothesis for log of GDP is at the 5% level only
rejected for Australia with the Phillips and Perron (1988) (PP) test and for the United States with
the augmented Dickey and Fuller (1981) (ADF) test, as shown in Table For both countries, the
respective other test does not reject the null hypothesis at the 5% level (though they reject at the
10% level) and we do not exclude those countries from the analysis. The results of the unit root
tests for the substances need to be taken with caution, since in equations using powers of log GDP

per capita, the log of the per-capita substance is not an I(1) process anymore.

In(GDP) In(Al) In(Pb) In(Zn) In(CO3) In(SO2)

Country ADF PP ADF PP ADF PP ADF PP ADF PP ADF PP

Australia -3.31 -3.79 -046 -094 -1.16 -0.94 -255 -2.81 -1.08 -2.29 -4.06 -4.18
France -2.78  -232 -013 -094 -3.45 -291 -3.3 -275 -1.73 -1.84 -0.12 -0.45
Germany -3.87 =247 -3.28 -2.76 -247 -2.71 -3.63 -3.14 -3.48 -3.47 -0.57 -0.14
Italy -2.39  -1.88 -3.41 -321 -246 -290 -2.77 -3.50 -237 -251 -0.44 0.26
Japan -1.52  -180 -220 -197 -191 -226 -1.53 -1.12 -193 -1.80 -1.83 -1.57
Switzerland -0.93 -1.10 -140 -3.08 -3.28 -4.17 -1.34 -3.36 -2.62 -2.52 -1.05 -0.97
United Kingdom -3.46 -2.13 -1.96 -1.54 -3.32 -3.40 -2.66 -2.55 -1.55 -1.60 2.58 2.48
United States -4.72 -3.21 -121 -1.34 -3.85 -4.03 -246 -2.86 -245 -2.67 -0.80 -1.00

Table 81: Results of augmented Dickey-Fuller and Phillips-Perron unit root tests for gross domestic
product (GDP), aluminum (Al), lead (Pb), zinc (Zn), carbon dioxide (CO3) and sulfur dioxide
(SO2). All variables are used in logarithms of per capita quantities. Intercept and linear trend are
included in the test equation. The sample period is 1927-2006. [talic entries denote rejection of
the null hypothesis at the 10% level, and bold entries denote rejection at the 5% level

We use the tests for cointegration and non-cointegration for CPRs of Wagner (2023), testing
for cubic, quadratic and linear cointegrating MKCs and EKCs, including a constant and a linear
trend. Table shows the results of non-cointegration (PU) and cointegration (CT) tests for
polynomials of order one to three. For each country-substance combination, we consider in our

analysis a polynomial relationship between that country and substance, with using the lowest

59Note that the combination of these two data sources using growth rates rests upon the assumption that the share
of SOz in SO, is constant at about 98% also over the period 2006 onwards, as the OECD data comprise all SO,
emissions and not only SO2 emissions.
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polynomial order for which both conditions apply, first the PU test rejects the null hypothesis of no
cointegration and second the CT test does not reject the null hypothesis of cointegration. If for a
country-substance combination such a case never occurs for any polynomial order, we neglect that
combination from our analysis. For example, in the system of equations for France, we estimate
the material use of log lead per capita using log GDP per capita up to order three, and similarly
for log zinc per capita as well. No estimation for aluminum, nor carbon dioxide, nor sulfur dioxide
takes place. The results of non-cointegration and cointegration tests, and thus the selected set of
countries for each substance, may differ to the results from Wagner (2015), Wagner et al. (2020)
and Grabarczyk et al. (2018), due to different considered time periods.

In(Al) In(Pb) In(Zn) In(CO3) In(SO2)
Country Order PU CT PU CT PU CT PU CT PU CT
Australia 1 5.76 0.30 8.90 0.27 12.71 0.15 9.65 0.28 50.87 0.15
2 44.05 0.09 4144 0.05 1397 0.12 2489 0.11 56.85 0.06
3 45.26  0.08 41.52 0.05 24.10 0.09 31.47 0.07 56.88 0.06
France 1 10.90 0.25 37.75 0.08 1876 0.10 1585 0.23 2.32 0.25
2 2271 0.14 4853 0.15 34.62 0.11 27.03 0.17 4.95 0.20
3 43.95 0.05 76.53 0.04 57.81 0.05 36.88 0.07 1591 0.05
Germany 1 31.29 0.18 21.22 0.11 48.95 0.10 57.32 0.31 2.52 0.25
2 49.84 0.11  25.14 0.35 49.92 0.20 75.66 0.59 3.92 0.22
3 51.27 0.09 25.14 0.26 52.87 0.15 90.05 0.21 1044 0.08
Ttaly 1 18.12 0.16 38.05 0.10 20.95 0.06 25.55 0.07 3.24 0.26
2 29.27 0.10 38.14 0.10 26.29 0.19 30.80 0.06 9.63 0.17
3 31.20 0.08 63.22 0.06 79.59 0.07 33.01 0.04 47.01 0.04
Japan 1 25.72 0.17 49.82 0.06 740 0.24 30.85 0.17 3.98 0.16
2 46.85 0.06 50.01 0.04 2152 0.21 4592 0.07 11.04 0.07
3 46.85 0.06 50.02 0.05 3049 0.09 54.5%3 0.06 11.60 0.07
Switzerland 1 53.66 0.08 62.26 0.08 52.58 0.10 27.38 0.08 18.77 0.08
2 56.97 0.07 62.27 0.08 62.42 0.06 39.33 0.03 21.25 0.08
3 57.96 0.05 64.00 0.08 70.22 0.04 48.78 0.05 4091 0.06
United Kingdom 1 5.18 0.14 35.10 0.06 16.71 0.17 8.81 0.17 1.59 0.18
2 16.31 0.13 35.41 0.07 34.55 0.12 18.18 0.08 11.85 0.11
3 30.66 0.06 37.10 0.05 4293 0.07 1833 0.08 28.66 0.04
United States 1 5.05 0.29 49.68 0.09 30.84 0.21 26.13 0.22 7.92 0.26
2 59.21 0.10 50.68 0.04 52.78 0.11 3720 0.11 20.13 0.13
3 59.42 0.10 52.69 0.06 67.76 0.06 38.75 0.09 3440 0.08

Table 82: Results of PU non-cointegration and CT cointegration tests for aluminum (Al), lead
(Pb), zinc (Zn), carbon dioxide (COz) and sulfur dioxide (SO2). With GDP serving as common
integrated regressor. All variables are used in logarithms of per capita quantities and powers up to
order 3. Intercept and linear trend are included in the test equations. The period is 1927-2006.

Table [83| shows for each country the results of estimating MKCs and EKCs. The FM-CPR results

are from single equation estimation and the FM-SUR results are from SUCPR estimation, using
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all the substances for which we estimated a cointegrating polynomial relationship. The polynomial
degrees are determined from the results in Table For system estimation, we only show the FM-
SUR results, with the FM-SOLS results being identical to the FM-SUR results by construction,
when using only a single common integrated regressor (and potentially powers) and no individual
specific integrated regressors. The following results emerge from the table: For quadratic MKCs
and EKCs, e. g., for aluminum and carbon dioxide for Japan, the coefficients for squared log GDP
per capita have negative signs, thus indicating indeed an inverse u-shaped relationship. Therefore,
after reaching the turning point, material use and emissions are expected to decrease with increasing
per-capita GDP. In contrast, all estimated linear cointegrating relationships have a positive slope
for log GDP per capita, implying an increase in material use and emissions for increasing GDP per
capita. For the estimated cubic cointegrating relationships, with the exception of carbon dioxide
in Switzerland, the coefficient of the cubic log GDP per capita is positive, indicating an increase in
material use and emissions for increasing GDP per capita, from the second turning point onwards.
An encouraging observation is, that for most country-substance pairs the time trend is estimated to
be negative, which dampens the effect of a positive slope for log GDP per capita in the estimated
linear cointegrating relationships. Differences between single equation FM-CPR estimation and
FM-SUR system estimation are rather minor, with the exception of carbon dioxide for Switzerland,

where we observe larger differences between the parameter estimates.

Table |84] shows results similar to Table [83| but now with system estimation per substance instead
of per country. The single equation FM-CPR results are identical to those in Table but the
FM-SUR results for a country-substance pair may now differ to the results in Table since
here we collect different countries for a given substance in a system of equations and not different
substances for a given country. This also leads to not having one common integrated regressor per
system but a set of individual specific integrated regressor, with potentially powers. The idea of
substance-wise estimation instead of country-wise is, that we observe similar estimation results for
a substance using different countries more often than similar results for different substances within
a country. For example, the results for lead are similar within groups of countries with an estimated
cubic relationship and countries with an estimated linear relationship. Within those groups, the
parameter estimates are quite close across countries. The estimation results for carbon dioxide are
not comparable with those from Wagner et al. (2020), since we estimate only for Japan a quadratic

relationship, which is rejected in Wagner et al. (2020).
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A~ ~ ~

B1 B2 B3

Cc

(o9

Australia

Sulfur dioxide (SO2) FM-CPR  -20.15 -0.00 4.53  -0.20
FM-SUR -20.15 -0.00 4.53 -0.20

France
Lead (Pb) FM-CPR -572.57 -0.03 185.66 -20.11 0.73
FM-SUR -575.88 -0.04 186.93 -20.28 0.74
Zinc (Zn) FM-CPR -386.25 -0.02 122.71 -13.03 0.47
FM-SUR -380.86 -0.02 120.84 -12.81 0.46
Germany
Zinc (Zn) FM-CPR  -13.86 -0.03 1.80
FM-SUR -13.86 -0.03 1.80
Ttaly
Lead (Pb) FM-CPR -440.53 -0.06 145.94 -16.28 0.62
FM-SUR -438.76 -0.06 145.42 -16.23 0.61
Zinc (Zn) FM-CPR -611.10 -0.02 201.88 -22.32 0.83
FM-SUR -614.67 -0.02 203.01 -22.44 0.83
Japan
Aluminum (Al) FM-CPR -83.53 0.02 17.87 -0.94
FM-SUR -74.88 0.02 15.77 -0.81
Lead (Pb) FM-CPR  -14.37 -0.05 1.92
FM-SUR -14.23 -0.05 1.90
Carbon dioxide (CO2) FM-CPR  -17.24 -0.01 3.29 -0.13
FM-SUR -15.77 -0.01 2.94 -0.11
Switzerland
Aluminum (Al) FM-CPR  -14.57  0.00 1.75
FM-SUR -14.29 0.00 1.72
Lead (Pb) FM-CPR  -19.89 -0.06 2.44
FM-SUR -20.31 -0.06 2.49
Zinc (Zn) FM-CPR  -20.98 -0.04 2.49

FM-SUR -20.74 -0.04 2.46

Carbon dioxide (CO2) FM-CPR 2258.66 -0.02 -724.04 77.13 -2.73
FM-SUR 1825.07 -0.03 -580.99 61.38 -2.15

United States

Aluminum (Al) FM-CPR -201.51 0.04 42.34 -2.21
FM-SUR -202.67 0.04 42.60 -2.23

Lead (Pb) FM-CPR  -10.68 -0.02 1.38
FM-SUR  -10.79 -0.02 1.40

Zinc (Zn) FM-CPR -518.06 -0.0I 159.41 -16.29 0.56

FM-SUR -490.37 -0.01 150.55 -15.35 0.52

Table 83: Results of FM-CPR, FM-SOLS and FM-SUR estimation. The model includes as deter-
ministics intercept and linear trend. Italic entrQiSS indicate significance of coefficients at the 10%
level, and bold entries significance of coeflicients gt the 5% level. The sample period is 1927-2006.
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¢ 0 A1 Ba Bs
Aluminum (Al)

Japan FM-CPR -83.53 0.02 17.87 -0.94
FM-SUR -74.66 0.01 15.68 -0.80
Switzerland FM-CPR -14.57 0.00 1.75

FM-SUR -16.08 -0.00 1.93

United States FM-CPR -201.51 0.04 42.34 -2.21
FM-SUR -203.53 0.04 42.76  -2.23

Lead (Pb)
France FM-CPR -572.57 -0.03 185.66 -20.11 0.73
FM-SUR  -546.59 -0.03 176.09 -18.95 0.68
Ttaly FM-CPR  -440.53 -0.06 145.94 -16.28 0.62
FM-SUR -412.52 -0.06 135.93 -15.09 0.57
Japan FM-CPR -14.37 -0.05 1.92
FM-SUR -14.77 -0.05 1.98

Switzerland FM-CPR -19.89 -0.06 2.44
FM-SUR -16.16 -0.05 1.99

United States FM-CPR -10.68 -0.02 1.38
FM-SUR -11.11 -0.03 1.44
Zinc (Zn)
France FM-CPR -386.25 -0.02 122.71 -13.03 0.47
FM-SUR -413.77 -0.02 131.15 -13.86 0.49
Germany FM-CPR -13.86 -0.03 1.80
FM-SUR -13.46 -0.03 1.76
Italy FM-CPR -611.10 -0.02 201.88 -22.32 0.83

FM-SUR  -645.95 -0.02 213.99 -23.72 0.88

Switzerland FM-CPR -20.98 -0.04 2.49
FM-SUR -21.34 -0.04 2.52

United States FM-CPR -518.06 -0.01 159.41 -16.29 0.56
FM-SUR  -446.70 -0.01 136.75 -13.90 0.47

Carbon dioxide (CO2)

Japan FM-CPR -17.24 -0.01 3.29 -0.13
FM-SUR -17.51 -0.01 3.35 -0.13

Switzerland FM-CPR 2258.66 -0.02 -724.04 77.13 -2.73
FM-SUR 1706.11 -0.02 -545.37 57.90 -2.04

Sulfur dioxide (SO2)

Australia FM-CPR -20.15 -0.00 4.53 -0.20
FM-SUR -20.15 -0.00 4.53 -0.20

Table 84: Results of FM-CPR, FM-SOLS and FM-SUR estimation. The model includes as de-
terministics intercept and linear trend Italic entries indicate significance of coefficients at the 10%
level, and bold entries significance of coefficients at the 5% level. The sample period is 1927-2006.
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Country (System) Substances Polynomial Degree
Australia Sulfur dioxide (SO2) 2

France Lead (Pb)
Zinc (Zn)

Germany Zinc (Zn)

Italy Lead (Pb)
Zinc (Zn)

Japan Aluminum (Al)
Lead (Pb)
Carbon dioxide (CO2)

Switzerland Aluminum (Al)

Lead (Pb)

Zinc (Zn)

Carbon dioxide (CO2)
United States Aluminum (Al)

Lead (Pb)
Zinc (Zn)

WHRN|WHRFRRFRFRFR[NFDN|WW| = WwWwWw

Table 85: Substances with polynomial degree for each country’s system of equation. Intercept and
linear trend are included in the equations. The period is 1927-2006.

Substance (System) Countries Polynomial Degree

\)

Aluminum (Al) Japan
Switzerland
United States

Lead (Pb) France
Ttaly
Japan
Switzerland
United States

Zinc (Zn) France
Germany
Italy
Switzerland
United States

Carbon dioxide (CO2) Japan
Switzerland

Sulfur dioxide (SO2)  Australia

| W | WL WHF W FPFRFRPRFPRWW|ND-

Table 86: Countries with polynomial degree for each substance’s system of equation. Intercept and
linear trend are included in the equations. The period is 1927-2006.
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The country-wise estimation results from Table [83| are displayed graphically in Figures 45| to
On the left hand side of each figure, you can see the estimated MKCs and EKCs, constructed
by using 80 equidistant values for the explanatory variable from the range of log GDP per capita
associated with fitted values of the time trend and inserting these values in Equation , using
the coefficient estimates from both FM-CPR (solid blue line) and FM-SUR (dashed red line with
plus-marks). The fitted time trend is determined by the following approach: We regress the time
trend from the estimated system of equations, i.e., 1,2,...,80, on the observed log GDP per capita
values together with an intercept. The coefficients from this regression are used to calculate fitted
time trend values, based on the equidistant log GDP per capita grid together with an intercept.
The reason of this approach using a fitted time trend is that an equidistant time trend leads
to distortions in the relationship between trend and observed log GDP per capita and thus to
distorted estimated MKCs and EKCs. Additionally, the left hand side graphs of each figure include
the scatter plots between log GDP per capita and log per-capita of the respective substance. The
very similar coefficient estimates from FM-CPR and FM-SUR translate into very similar, or even
indistinguishable, estimated MKCs and EKCs. The right hand side graphs of the figures display
the actual values of log per-capita of the respective substance with the fitted values obtained from
both FM-CPR and FM-SUR estimation. The two fitted value lines are again very close to each
other for all substances in each country, due to the very similar coefficient estimates. The fit is
- including periods of the second world war - in general quite good and especially very good for
country-substance pairs using quadratic or cubic relationships, such as for the substances in France

and Italy.
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Figure 45: EKC estimation results for Australia for Equation . The left hand side shows
a scatter plot and an EKC. The dots show the pairs of observations of In(GDP) per capita and
In(SOz2) emissions per capita. The lines show results based on inserting 80 equidistant points from
the sample range of In(GDP) per capita, with corresponding fitted values of the linear trend as
described in the main text. The solid blue line corresponds to the FM-CPR estimates and the red
dashed line to the FM-SUR estimates. The right hand side shows actual and fitted values. The
solid black line shows the actual values of In(SO2) per capita emissions, color codes for FM-CPR
and FM-SUR estimates remain unchanged.
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Figure 46: MKC estimation results for France.
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Figure 47: MKC estimation results for Germany. For further explanations see notes to Figure
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Figure 48: MKC estimation results for Italy. For further explanations see notes to Figure
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Figure 49: MKC and EKC estimation results for Japan. For
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Figure 50: MKC and EKC estimation results for Switzerland.
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3.4.1 Group-wise Pooling

Based on the FM-SUR estimation results in Tables and we perform tests on group-wise
poolability as described in Subsection [3.2.4] For these tests, we consider to pool parameters across
substances for a given country, as well as to pool parameters across countries for a given substance.
Substances and countries are selected for poolability testing if their estimation results are close to
each other. We test for pooling the coefficients for the trend (T) and pooling the coefficients for the
stochastic (S) or common stochastic (CS) regressor, including potential powers. For the pooling
hypotheses (S) and (CS), we only consider groups in which all members have the same polynomial
order for that regressor. Then we test for poolability for coefficients up to the highest order.
The groups tested for pooling range from sizes two to five, with five being the size of our largest
estimated system of equations. All tests are performed at a nominal level of 5%. Tables [87| and
show the combinations of materials and countries, for which the null hypothesis of poolability is not
rejected. We observe more pooling possibilities for substance-wise estimation compared to country-
wise estimation. Thus, material use or emissions are more similar between different countries for a
given material than between different materials for a given country. For Switzerland, parameters
for the deterministic trend can be pooled for the pairs lead and zinc, or zinc and carbon dioxide,
as shown in Table With respect to the common stochastic regressor, parameters can be pooled
for lead and zinc. Testing on pooling the trend slope § across the three substances lead, zinc,
and carbon dioxide jointly, leads to a rejection of the null hypothesis. The test to pool both the
coefficient for the deterministic trend and the coefficient for the common stochastic regressor, across

the materials lead and zinc for Switzerland, also leads to a rejection of the null hypothesis.

(T) (CS)
Switzerland 2: Pb-Zn, Zn-CO2 2: Pb-Zn

Table 87: List of group members corresponding to Wald-type tests for poolability.

When looking on the poolability test results for substance-wise system estimation displayed in
Table there are several possible ways of pooling for lead for both pooling the trend slope and
pooling the slope of the stochastic regressor. The trend parameter can be pooled for four country-
pairs and one country-triple (containing IT, JP and CH). The slope parameters ; can be pooled
for two country-pairs. We also tested whether the trend parameter can be pooled jointly for the

two groups Italy, Japan and Switzerland, and France and the United States, together with pooling
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the slope parameter 5 for Japan and Switzerland, which has not been rejected. For zinc, the trend
parameter § can be pooled for two country-pairs and one country-triple (containing FR, DE and

IT). For carbon dioxide, the trend parameter § can be pooled for just one country-pair.

(T) (S)

Lead (Pb) 2: IT-JP, IT-CH, JP-CH, FR-USA  2: JP-CH, CH-USA
3: IT-JP-CH

Zinc (Zn) 9: FR-IT, DE-IT
3: FR-DE-IT

Carbon dioxide (CO2) 2: JP-CH

Table 88: List of group members corresponding to Wald-type tests for poolability.

Tables [89] and [90| show the results of group-wise pooled estimation for two systems of equations,
one for Switzerland and one for lead. In the first system, for the country Switzerland, we pool the
parameter for the common integrated regressor, i.e., (1, for lead and zinc. All other parameters
remain unchanged. Nevertheless, we show the results for all substances estimated in this system, as
the estimates for substances for which no parameter is pooled are also influenced by the pooling of
parameters for other substances The results of the group-wise pooled estimation are indicated by
“FM-SUR (gw)”, whereby the FM-CPR and FM-SUR estimates are the results from the previous
single equation and system estimations from Table The results change only very slightly when
moving from unpooled to pooled FM-SUR, estimation, but now with the advantage of estimating
one parameter less. Even though the pooling test, which tests for the simultaneous pooling of
trend slope § and slope parameter 31, was rejected for lead and zinc and thus only one of the two
parameters can be pooled (see Table , the parameter estimates for lead and zinc are very close,
reflecting very similar material use over time in Switzerland. The use of aluminum is also in a
similar region, albeit with slightly different values compared to lead and zinc. We make similar
observations for the pooled estimation results for lead in Table where the trend slope § is pooled
for Italy, Japan and Switzerland, as well as for France and the United States. Additionally, the
slope parameter (3 is pooled for Japan and Switzerland. Thus, four parameters less are estimated
compared to the unpooled FM-SUR estimation. The results from pooled FM-SUR estimation again

differ only slightly from unpooled estimation.

The pooled estimation results for Switzerland and lead from Tables and are displayed
graphically in Figures [52 and Similarly to Figures [45] to on the left hand side of each
figure, you can see the estimated MKCs and EKCs, again constructed by using 80 equidistant
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A~ ~ ~

¢ 0 1 o B3
Switzerland
Aluminum (Al) FM-CPR -14.57  0.00 1.75
FM-SUR -14.29 0.00 1.72
FM-SUR (gw) -14.34 000  1.73
Lead (Pb) FM-CPR -19.89 -0.06 2.44
FM-SUR -20.31 -0.06 2.49
FM-SUR (qw) -20.17 -0.06 2.47
Zinc (Zn) FM-CPR -20.98 -0.04 2.49
FM-SUR -20.74 -0.04 2.46
FM-SUR (gw)  -20.78 -0.04 2.47
Carbon dioxide (CO2) FM-CPR 2258.66 -0.02 -724.04 77.13 -2.73
FM-SUR 1825.07 -0.03 -580.99 61.38 -2.15

FM-SUR (gw) 1825.10 -0.03 -581.00 61.38 -2.15

Table 89: Results of FM-CPR, FM-SUR and pooled FM-SUR estimation. The model includes as
deterministics intercept and linear trend. The parameter ,5’1 is pooled for lead and zinc. Italic entries
indicate significance of coefficients at the 10% level, and bold entries significance of coefficients at
the 5% level. The sample period is 1927-2006.

values for the explanatory variable from the range of log GDP per capita associated with the fitted
values of the time trend and inserting these values in Equation , using the coefficient estimates
from FM-CPR (solid blue line), FM-SUR (dashed red line with plus-marks) and pooled FM-SUR
(dash-dotted orange line) estimation. The right hand side graphs of the figures display the actual
values of log per-capita of the respective substance with the fitted values obtained from FM-CPR,
FM-SUR and pooled FM-SUR estimation, with the same color coding as on the left hand side. For
both Switzerland and lead, for all substances and countries, the differences between FM-SUR and

pooled FM-SUR estimation are hardly recognizable visually.
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~ ~

é 6 b B B
Lead (Pb)
France FM-CPR -572.57 -0.03 185.66 -20.11 0.73
FM-SUR -546.59 -0.03 176.09 -18.95 0.68
FM-SUR (pooled) -562.59 -0.03 181.23 -19.49 0.70
Ttaly FM-CPR -440.53 -0.06 145.94 -16.28 0.62
FM-SUR -412.52 -0.06 135.93 -15.09 0.57
FM-SUR (pooled) -406.59 -0.05 133.79 -14.82 0.56
Japan FM-CPR -14.37 -0.05 1.92
FM-SUR -14.77 -0.05 1.98
FM-SUR (pooled) -14.31 -0.05 1.91
Switzerland FM-CPR -19.89 -0.06 2.44
FM-SUR -16.16 -0.05 1.99
FM-SUR (pooled)  -15.27 -0.05 1.91
United States FM-CPR -10.68 -0.02 1.38
FM-SUR -11.11 -0.03 1.44
FM-SUR (pooled) -11.80 -0.03 1.52

Table 90: Results of FM-CPR, FM-SUR and pooled FM-SUR estimation. The model includes
as deterministics intercept and linear trend. Italic entries indicate significance of coefficients at

the 10% level, and bold entries significance of coefficients at the 5% level. The sample period is
1927-2006.

235



Switzerland
Aluminum (Al)

Aluminum (Al)

3t M‘*‘ 3t q,l/}’*v:frw"
L d Vi
= 028 .| v*"/‘
g2 o 8" g2 y
£ ". o 4-)". ® Actual values £ Actual values
1r e FM-CPR N R FM-CPR
*{‘:‘ -+ -FM-SUR . -+ -FM-SUR
o ® FM-SUR (pooled) | | or FM-SUR (pooled) | |
8.5 9 9.5 10 1920 1940 1960 1980 2000 2020
In(GDP) Year
Lead (Pb) Lead (Pb)
2F 2F
hd o0
1t '":b '0-.--9' 'l"'" f’ 1t ‘O"'\m #
LY L J
S0 o ‘7- 5 o AL
a a
£ 41 . = 4t
27 27
L]
8.5 9 9.5 10 1920 1940 1960 1980 2000 2020
In(GDP) Year
Zinc (Zn) Zlnc (Zn)
2f 2F ‘
. '“ ope o.'o‘,:
® 0 3 ay
1t . o 5000 TL o 1t ‘A‘V&
L ]
£ ot Py £ or
.. L]
L]
-1r -1r
8.5 9 9.5 10 1920 1940 1960 1980 2000 2020
In(GDP) Year
Carbon dioxide (CO2) Carbon dioxide (CO2)
27 ° 2r Rt
® T ST
.
q1r T q1r '
(o] = = (o] ke
S *‘5‘4““.’ S
£ of o £ of
At . -1r
8.5 9 9.5 10 1920 1940 1960 1980 2000 2020
In(GDP) Year

Figure 52: Pooled MKC and EKC estimation results for Switzerland for Equation (284)).

parameter ﬁl is pooled for lead and zinc. The left hand side shows scatter plots and MKCs and
EKCs. The dots show the pairs of observations of log GDP per capita and log substance per capita.
The lines show results based on inserting 80 equidistant points from the sample range of In(GDP)
per capita, with corresponding fitted values of the linear trend as described in the main text. The
solid blue line corresponds to the FM-CPR estimates, the red dashed line to the FM-SUR estimates
and the orange dashed-dotted line to the pooled FM-SUR estimates. The right hand side shows
actual and fitted values. The solid black line shows the actual values of log per capita substances,

color codes for FM-CPR, FM-SUR and pooled FM-SUR estimates remain unchanged.
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Figure 53: Pooled estimation results for lead. The trend parameter § is pooled for Italy, Japan and
Switzerland, as well as for France and the United States. Additionally, the slope parameter 3 is
pooled for Japan and Switzerland. For further explanations see notes to Figure @

237



3.5 Summary and Conclusion

This paper extends the fully modified-SOLS and -SUR estimators of Wagner et al. (2020) to systems
including common integrated regressors. In addition, the setup — including all the notation — is
more generalized to cope with systems including more than regressor per equation. The degree
of the deterministic trend, numbers of integrated regressors and common integrated regressors, as
well as their powers, are allowed to differ across equations. This flexibility is also covered by the
MATLAB code for the proposed estimators. Zero-mean Gaussian mixture limiting distributions are
provided for the two estimators and form the basis for asymptotic standard inference. In addition
to hypothesis testing, RESET-type specification testing has been discussed. One major advantage
of the proposed system estimators compared to single equation estimation is the possibility to test
for group-wise pooling and — if supported by the test results — perform group-wise pooled estimation
which reduces the number of estimated parameters and increases estimation precision. This is also
reflected in the simulation study we performed and discussed. Testing on group-wise pooling in our
empirical illustration indicates similarities in the deterministic trend slopes of the material use of
lead and zinc, and the emissions of carbon dioxide across several countries for our analysis period
1927-2006. Though the provided estimators allow for great model flexibility, a possible extension
would be the addition of stationary stochastic regressors, which however is not a straightforward

exercise.

3.6 Appendix

3.6.1 Proofs

Proof of Proposition

The proposition follows from Proof of Proposition 1 in Wagner and Hong (2016) together with
straightforward changes of Proof of Proposition 1 in Wagner et al. (2020): Starting points for the

FM-type bias correction terms are the asymptotic behaviors of the OLS and MSUR estimators,

which we derive first.

For the scaled and centered OLS estimator, we have G~} (éOLS — 9) = (GZ’ZG)_1 GZ'u, with

1
GZ'ZG = /0 J(r)J(r)dr. (285)

Using the results of Wagner and Hong (2016), together with the block-diagonal structure of J(r)
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and Lemma 1 of Hong and Phillips (2010), we obtain

S GiZyguny S dBul( )+ M, 1
0
ZtT:1 GNZNun,t fo JIn(r dB () + My
(286)
with M; == [Ol(q +1)><17 Mi/h . Mz,m ) C,z,lv e Mé J m] M= A"]ﬁl—ﬁ_] ! fo ”,M r)dr, Mc A

Aﬁﬁﬂzfo v.cij(r)dr, where BU”( r) = [1,2By, j(r),...,pi By (r)Pii71) for 0 < r <1 and
By ;(r) = [1,2Byc (r),. .. ,ci,ch”j_'l(r)]’ for 0 <r < 1. Combining all terms leads to

v,C,

G (s —0) = ( /0 1 J(r)J(r)/dr) B ( /0 ' Jr)aBu(r) + M> . (287)

We next turn to the MSUR estimator. For the scaled and centered MSUR estimator we have
o ~ -1 A
G! (eMSUR - 0) - (GZ’ (IT ® Q;;) ZG) (GZ’ (IT ® Q;;) u) . (288)
For the first term on the right hand side of Equation (288]), using Assumption 42| together with a
consistent estimator Quu —p e and the continuous mapping theorem, we obtain
. 1
GZ' (IT ® Q;ul) Z Gz ZIG = / J(r)Q LT (r) dr. (289)
0
The second term of the right hand side of Equation (288) can be rewritten as

G7' (IT ® Q;}) u=>GzZ 00 =Y : (290)
t=1 t=1 . N,
GNZNJ (QE&) Ut
1,N

~ 1,1 N
S G121y (QT&) g+ + 3 GiZiy (Qiul) UN
T A\ ' T A\
> i1 GNZNy <Quu) urt+ -+ 31 GNINy <Quu) UNt
(291)

For the ith block in (291)), again using Assumption a consistent estimator {y,, —p Qyu, Lemma 1

of Hong and Phillips (2010) and the continuous mapping theorem, we obtain

T A1 2,1 T Y i,
> GiZiy (Quu> urg -+ Y GiZig (Quu) UN,t (292)
=1 1=1
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dB,, () + (

)" dB,(r) + | Ak (O ) fo mml r)dr

_Aﬁﬁﬂrm’ ( w ) fO vc,z,m d?"_

101(12"1‘1)><]_
1+
Z fO v,1, 1

—1\%1 .
u&)z A”Z;[, 1+mza fol Bv z ml( )d?"
Aﬁaﬁ_llfo vczl d?“

kn+m,1
_AMJY fO vczm d?"_

10<q1+1>x1
1+
Z fo v,z,l

1\ k; N :
Q)™ Ay fol Bv,z,mz( )dr
A§g+17N fO vczl d?“

kn+m,N
L Ay fO v C,z,m d?“

b 1 O qz+1)X1
Av?u o ( ) fO v,z,l

AkN+1 ( ) fO v C,z,l dT

[ ) @31y amute) +
0

::Mi*

using the symmetry of (Q ) Given the block-diagonal form of J(r), we have

DY 4B, (r) + M}

r) (2,0 dBu(r) + M5y

with M* = M}, ..., ’. This leads to

1
= / J(rQdB,(r) + M*
0

1
GZ' (IT ® Q;;) u = / TR By (r) + M.
0

Combining the results gives the limiting distribution of the MSUR estimator as

G- (éMSUR - 9) = ( /0 1 J(T)Qggj(r)’dr> B ( /0 1 J(MQ By (r) + M*) :

Using the results for the OLS and MSUR estimators, we derive the limiting distributions of the
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FM-SOLS and FM-SUR estimators. The centered and scaled FM-SOLS estimator is given by
¢ (0-0) = (G2'2G) ™" (GZ’u+ - GA), (300)

with ut = [uf’, ) uJTr’] and u = u; — QWQ v for t = 1,...,T and by definition it holds that

ut =u— (IT ® quQ;U) v with v :== [v],...,v%]. The limit of the first term on the right hand
side of is already provided for the OLS estimator in . The second term on the right
hand side of can be rewritten as

GZ'v — GA=GZ'u— GZ' (IT ® Qu,,fz;;) v— GA, (301)

with the limit of the first term on the right hand side of (301)) already provided in (286[). We now
consider the second term of (301)), given by

~ A -1
T 23:1 GlZl,tUz,thTvl (QW>
G7 (IT ® QUUQ;;) v=> GZ Q. v = : . (302)
t=1 R A
Z?:l GNZN0 Q) (QW)
Using Assumption it follows from, e.g., Ibragimov and Phillips (2008), consistent long-run

covariance estimation and the continuous mapping theorem, that

0(q1+1>x1
Aﬁ;; s Q vu J fO vzl
oi 1 .
ZG Zi it (Q ) = / Ji(r)dBy(r) Q) (Quu)™ + | Akitmicg -] fO mml rydr|
0 AR TLQ-T( fo v,,i,1(r)dr
L Aﬁg—i_m’oﬂ;} (QW).J fol B%C,i,m (r)dr |

(303)
for the ith block of (302} With
GZ'wt = GZ'u— GZ' (IT © Qo5 ) v= Z GZus — Z G Z o0 0y (304)
t=1
'O-1 (A n1
Z;‘le G127 u1 ¢ Zt:l GlZl,tthuu (Qvu)
T A~ A .7

%1n the corresponding part of Proof of Proposition 1 in Wagner et al. (2020), there are two typos in their Equa-
tion (58): On the left hand side the leading sum symbol Zz;l is missing and on the right hand side A%, needs to be
replaced by A%;. Following this, in the second line of (59) A¥;, needs to be replaced by A%;. With this replacement,
Equation (60) in Wagner et al. (2020) holds with their stated definition of (A, )"’
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and the results above, we obtain for the ith block of (305))

P(qﬂrl)Xl
1+1,2
Z fo w,l

i 1
ZG Z tult ZG Z tvt U (Q ) :>/0 J’L(T)dBul(T)—F 7. 1+m;, f() ’U,Z,mz d?" (306)

k +1,
Ay fo vczl r)dr

kn+m,i
B A fO v C,z,m dT |

[ 0(q1+1)x1 1
Af;;) 1+l Q fO v,1, 1
1 .
- / Jl(T)dBU (r)/Q'I;Ul (Qvu).’l - Aﬁ;LU L Q fO v z m,L d?" (307)
’ As{y—’—l Qv f() vczl d?”
L Aﬁé\[—‘_mjoﬂqjv (Qvu).7i fgl Bv,c,i,m (T)d’l” i

e
(Aju) B fo Bv,i,l(r)dr

(308)

1 -: .
_ /0 Ti(r)dBu(r) + | (AT, )F1Hme fol mm,( )dr

kN-‘r]. 7
A?Tu fo v C7’L:1 dr

L(Af)Em fo By o, im(r)dr |
:AL

with By,.o(r) = By, — By(r)Q; 0% and (A)" as defined in the main text below (163). Given

the block-diagonal form of J(r), we have
fO J1 dBul v( ) + A 1
: _ / J(r)dBus(r) + A (309)
fO JN dBuN v( )+AN
with A == [A],..., Ay] and obtain

GZ'ut = / 7)dBy.o(r) + A. (310)
By construction, it follows that
GA = A. (311)
This leads to
GZ'vt — GA = /0 1 J(r)dBy.o(r) + A — A= /0 1 J(r)dBy.(r). (312)
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Combining the results above delivers
1

1
@ (6-0) = / J(r)J(rYdr / J(r)dBun(r). (313)
0 0
Finally we turn to the limiting distribution of the FM-SUR estimator. The centered and scaled
FM-SUR estimator is given by

- . -1 . -
G (9 - 0) - (GZ’ (IT ® Q;_},) ZG) (GZ’ (IT ® Q;,lv) ut — GA*) , (314)
with the limit of the first term on the right hand side, using Assumption together with a

consistent estimator ., —p . and the continuous mapping theorem, provided by
Gz' (IT ® Qu> ZG = ZGZtQMZtG :/ QLI (r) dr. (315)
We can rewrite the second term of the right hand side of m as
Gz (IT ® Q;i,) ut — GA* = GZ (IT ® Q;,;) u—GZ' (IT ® Q;_i) <IT ® QM,Q;}) v— GA*,
(316)
We start with considering the first term on the right hand side of (316]) and rewrite it as
T A\ b
T Zt:l GlZl»t Qu-v Uy
Gz (IT ® Q;},) u=> Gz = : . (317)
t=1 T A1\
Zt:l GNZN,t (qu) Ut
We obtain the limiting distribution of the ith block of (317) in a similar fashion as for the ith
block of GZ’ (IT ® Q;ul) u in the MSUR estimator above. Using similar arguments as starting
from (292)) going to (296)), with Q;& replaced by Q; L and Q! replaced by 1, we obtain

b 1L 0(q1+1)><1
Avu ! ( ) fO v,z,l

ZG Z” QM ut:>/ YdB,(r) + | Ak (0 ) fo m rydr| . (318)
Akl\H_l ( ) fo UCzl d?’

k —_
| Amjzf—i_m, ( ) fo v C,z,m dT i
For the second term in (316]), we have

~ 1. .
Z?:l G121, (szi> quQ;vlvt

G7' (IT ® Q;,;) (IT ® QWQW) v = Z GZOTL 0,00
t=1

A‘ N, . ~
Zthl GNZN, (Q;})) quQ;vlvt
(319)
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Considering the ith block of (319)), we obtain

Z G Zz t'Ut 1Qvu (Qu 1;)72 = /1 Jl(r)dBﬂ( ) Q 1QUU (Qu v).’i
0

We next consider the ith block of

G7' (IT ® Q;;) u—GZ' (IT ® Q;,i) (IT ® QWQW> v = Z GZOT Z GZL 00

Combining the previous results leads to

O(qz+1)><1

0

+ | A0, (2 M) fo m

En+1,
ALY Qm} Quu

(@ w) IhB

UCZl

kn+m, -1
_Amly vi Qv v, sz

( uv) fO

t=1 t=1

ZGZ”(M)L up — Zezm,t 1Qu<Qu1>

1 .
:>/ Ji(r) (Q;-i)l"dBu(r)Jr Akicitmie (@
0

1 .
B / Ji(r) (051) " Qe dB, (1) —
0

bioytLe 0(q1+11)><1
Av;; ' ( Ev) ’ fO v,z,l

" ) fO v,z,mZ d'r
A Nt ( ) fO v C,z,l d?"

AR QL) fo vicim(r)dr |

— 0(q1+1)x1
Avy 70, ( Do B

vzl

AT, ( ) fo v ml
Aﬁ”{y—i_l’.Q;@leu ( u- ,U) fO v,C,1, 1

| ARyTme-1,
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Av% 1+l Qo0 (Q )°’Zf1 Bv,i,l(T)dT

r)dr
r)dr

r)dr |

r)dr
r)dr

(Qu v).?i fol BU’C,iﬂn(r)dr i

(320)

(321)

(322)

(323)

(324)

(325)



O(gi+1)x1

(AzJ)ru> it (Qu}))ﬂ fol Bv,i,l(r)dr

1 .
— / Ji(r) ()" By (r) + [(AL) T (Q ) fo mml rYdr| . (326)
’ (AL (0 ) S By i (r)dr

*
K3

L (Aju)kN+m7. (Qu v) 01 Bv,C,i,m(r)dr |

Given the block-diagonal form of J(r), we have

S Ti(r) (L)Y dBuw(r) + A3

: _ / T(r) LBy (r) + A%, (327)
. 0
S In(r) (1) dBuo(r) + A%
with A* := [A},..., AY]" and we obtain
N 1
6z (Ir o Q) u* = / T dBy o (r) + A*. (328)
0
By construction, we have
GA* = A", (329)

Combining the results above leads to the limiting distribution of the FM-SUR estimator, given by

a1 (é ~ 9) = ( /0 1 J(r)QJ},J(r)’dr) B /0 1 J(r)Qy,LdB,.o(r). (330)

O

Proof of Proposition
The proof is exactly analogous for both test statistics Tw and Ty and we therefore only show the

derivation for Tyy. With Proposition [4| and the constraints from Proposition |5 in place, it follows

245



that

(Ré - r) (331)

_ (R (é . 9))' [R (Z’ (IT ® Q;,}j) Z>_1 R’] ) (R (é - 9)) (332)
(

= (cx'raG (6-0)) (333)
x [G,—;RG (67 (re0)) 2G) GR’G;}} B (334)
x (GR'RGG™! (a 9)) (335)
-1 /
= (R* QLT (r )d) / J(r)Qu_},dBu.v(r)) (336)
0
x | R* </ J(r )Qw},J(r)’dr>lR*’ h (337)
0
X (R* (/01 J(T)Qu,iJ(r)’dr> - /01 J(r)Qu,idBu.v(r)> , (338)

which can be shown to be chi-squared distributed with s degrees of freedom using standard ar-
guments involving quadratic forms of functionals of zero mean Gaussian mixture distributions.

0

Proof of Proposition [6}
The proposition follows as a special case of Proposition[5 The restriction f = 0 in the augmented
regression ((173]) corresponds to R = [0, 4, I7] and 7 = 0;,; in Proposition [5| This implies that

A ~ -1
Z'(IroQ L) Z Z'(Ir@Q, ;) F

T T R | =F (o0} F, (339)
F' IT®Q;1~) 7 F IT®Q;1~) F
with F as defined in Proposition @ O
Proof of Proposition [7}
The scaled FM-OLS estimator of 64 in (178)) is given by
Gyt = (GFF’FGF) (GFF’fﬁ — GrOF* — GpAF ¢ GFk:F*AZ*) : (340)

compare (209). For the first term we obtain (GFF’FGF>7 = fo JF JF( )'dr. We analyze the
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remaining terms separately, starting with G pEat. With
il =yt — 710
=Yt — quQ;vl'Ut - Zéé
= Z10 + up — Qo Q5 oy — Z10

ut—Z;(é—e)

= Ut — quQm;l
=ul — 27, é—@) ,

and thus 4t =ut™ — Z (é - 9), we can rewrite
GrP'it = GpF' (ut - 7 (0-9))
= GpF'ut — GpE'z (8- 9)
= GpF'ut,
since F'Z = Ogxq by construction. It continuous with

GrF'ut = GpF'ut — GpF'2(Z2'2)  Z'u*
=GrFut -~ GpF'ZG(GZ'ZG) 'GZ'u™

Starting with the first term, we have

T +
GFF/ Tt = E GFFt = ,
T +
> =1 GrNFNpuy,

and obtain for the i-th block

ZGFz ltult ZGFz i tWit — ZGFzet W va'Ut:>/ JF dBul()

1A
_Utﬂvv qu
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(346)
(347)
(348)

(349)
(350)

(351)

(352)



[ qle 1 [ Oqle 1
1 1+11f0 1 A’fi—ﬁ—l IQvu fO 1
Agzjﬁ_m“ fO v 7 ml dT AJ e Q IQUU fo v ,4,Mmyg dT‘
quz:/‘i'l ! fO v C,z,l d’F AkN_‘—L Q 1Qv“ f(] v C,i, 1 dr
Albvrm f r)dr 1 . A’ENW*Q*IQW JyB r)dr
+ ZO vczm _/ JzF r dBv r ,Q;}Q;;Z_ UU’_ 0 Uczm
Akl 1+1, fo BF (r)dr 0 (r)dB.(r) A§;_1+1 Qo fo BF (r)dr
ARi-1tmisd fol BE.  (r)dr Akimrtmie - 1QW Jy BE  (r)dr
kn+li (loE Entl, i
Ap L Bfai,l(?")d?" AINFLOSLO fo BF | (r)dr
A§g+mz fo ”c dr AkNer’ Q, IQW fo BF i (r)dr
=Afu =Afv
(353)
1 1 .
= [ IF @B+ AT [ By - AP (354)
0 0
with

[(pij + 1)Bui(r)P3, ..., (Pij + Pig) Bu,ij(r)Pei tPos 1],

b (1) (355)
Bl (1) = (cij + 1)Buij(r), ... (cij + € ) Bui;(r) 1), (356)
vr (1) = (357)
()= (358)

r

r
7

[1,2By (1), 505 By~ (n)]
2, J
.

i1
[1,2By; (), 5B ()],

for 0 < r < 1. Given the block-diagonal form of J¥(r), we have

GpF'ut = / J¥(rydB, — / JE (M Qu QL dB, (r) + AT — ATV (359)
0
_ / TP (F)dByo + AT® — AF? (360)
0
with AP = [ATW  ARW) and ATY = [ATV) ... ALY')’. We next turn to the second term and

obtain for the first part
-1

1 1
GrF'ZG(GZ'ZG) ™' = / JE () J(r) dr ( / J(r)J(r)’dr> : (361)
0 0
and from Proof of Proposition [4 we have for the second part

1
7t = / T(1)dBu(r) + A, (362)
0
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which leads to

GrF'ZG (GZ'Z2G) " GZ'u* = /0 1 JE)J(r) dr < /0 1 J(r)J(r)’dr) B < /0 1 J(r)dBy.o(r) + A) .
(363)

Combining the results leads to

GpF'ut = /0 1 JE(r)dBy., + AT — ATV 4 / 1 JE()J(r) dr < /0 1 J(r)J(r)’dr) B < /0 1 J(1)dBy., (1) + A)

0
(364)
—1

— / 1 JE(r)dByy + AF" — AFY / 1 JE)J(r) dr < /0 1 J(r)J(r)’dr) A. (365)

0 0
With rewriting By., = Byu.s + QWQ~~IB (1) — QoL By (r) we obtain
N 1 R 1 R 1 .
Grbut = / T (1) dBus(r) + / TF (1) d By () — / T (1) dBy () (366)
0

0 0
-1

+ AT gFY /0 Py dr ( /0 1 J(r)J(r)’dr) A (367)

Continuing with the next term of (340 and have

GFOF* = GFFI ([T X Qmjflfﬁl> v — GFF/ (IT & QuUQ;}) v (368)
T
= Z GrEQusQy, o — > GrEiQu S, v (369)
t=1 t=1
Zt 1 Gl FF1 t’f)éQ~~IQ~ Zt 1 Gl FF1 tth 1Qvu
— _ : , (370)
ST Gw FFNtUQQJQ’ S, Gy, pFNtth SXORTN

with the ¢-th term leading to

ZczFF”vt Q1o ZGMF”% QoL (371)
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1 . X
- / JE (r)dBy(r) Q305 +
0

Oqlxl

k’L 1+1
Avv 'Uu f() U’Ll
i— 1M, 1
A~;€ L. Q Qvu fO vzm dT
N+ ) 1
A” Q” Qvu fO vC'Ll dr

AkN‘H"M Q”leu fO vczm dT’

kl 1+1 -1 F
Ag 17 Qf}u fO szl )dT‘

0

( )dr
( )dr

Eioi4mie -1
A” o Q Qvuf() BF

VU

kn+1, 1
Al\, QM Qvu fU BF

(r)dr

,i,m .

Alf]y+m7 Q3 1Qvu fO BF

. AFD
=A;

iy Oqle
i—1 ) 1
A Qs QW fo

1 1 -1
F ki—14+mi.~—1
—/0 J(r)Ji(r) dr (/0 Ji(T)Ji(T),dT’> A Q~~ Qvu fo

1 - .
- [ Ay - Al
0

+ /0 L IF ()i dr ( /O 1 Ji(r)Ji(r)’dr> B

vzl
9 L. vzm )
N+1, 1
Avf) Qvufo szl( )d
kN+m7 1
A QM Qvufo ’UC’Lm d’l”_
=AZ?
_ ki1l Oaix1 _
+ b
Avv ! Q IQvu fO 1”1
k; +my,e
Api ! Q. 1QW fo Mm dr
kn—+1,
AU;JV Q 19”“[0 vczl dr
kn+m,e
Am])v Q,, IQUUIO UClm dT’_

—AZv
=1 A?
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Stacking the terms leads to

GrOF* = GpF’ (IT ® Quf,(zgg) 5— Gpk (IT ® QWQ;}) v (376)
1. 5 1 1 -1
- / TE (1) Qs Qe dBy () + AP — / J7 () (rY dr < / J(r)J(r)’dr) AZD(377)
0 0 0
1 . 1 1 -1
— / JE (M) QW Q dB, (r) — ATV + / JE()J(r) dr ( / J(r)J(r)’dr) AZv. (378)
0 0 0
with AT = [AIV ARV AZY = [AZY ARV AP = [AZY) L AZY']) and AT already

defined above. For the last two terms of (340)) it is easy to verify that

GpA™ = (AT — ATV (379)

and
Grk™ A% = GrF'ZG (GZ'ZG) ™' GAZ* (380)
= < /0 1 JE(r)J(r) dr (J(r)J(r)’dr)_1> (A4 A" — A7Y), (381)

with AF* A, A%V kF* and A% defined in the main text.

Combining all results leads to the limiting distribution of the scaled estimator, which is given by

“ A A —1 ~
G0t = (GFF'FGF) (GFF’a+ — GO — GpAF* + GFk:F*AZ*> (382)
1 R R 1 R
- < / JF(T)JF(T)'dr> / 7 () dBuo(r) (383)
0 0

The limiting distribution given in (383)) together with the continuous mapping theorem and consis-
tent long-run covariance and half long-run covariance estimation implies the asymptotic chi-squared
null distribution of the LM-type test statistic in (211]). O
Proof of Proposition

The result follows with similar arguments as in Proposition [ by replacing all pooled regressors

with the group-wise stacked pooled regressors. O
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3.6.2 Additional Finite Sample Performance Results

p N=3 N=10
CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S) CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S)

Panel A: Bias(x1000)

T =100

0.0 0.0072  0.0290  0.0424 -0.0223  -0.0117 -0.0113  -0.0166 ~ 0.0032  0.0372 -0.0111 -0.0027  -0.0256 0.0064 0.0054
0.3 -0.0136  0.0224  0.0132 -0.0320  -0.0487 -0.0048  -0.0172 -0.0039  0.0245  0.0766 -0.0350 0.0056 0.0107 0.0162
0.6 -0.2515 -0.2139 -0.1977 -0.1523  -0.1322 -0.0199  -0.0397 -0.0992 -0.0026 -0.0052 -0.0879  -0.0979 -0.0192 0.0284
0.9 -0.3415 -0.4852 -0.3273 -0.2771  -0.1016 -0.0472 0.0054  0.2630  0.2904  0.1194 -0.2756 0.1055 -0.0704 0.1146

T =200

0.0 0.0010  0.0130  0.0058 -0.0085  -0.0124 -0.0122  -0.0130 -0.1076 -0.1068 -0.1268 -0.1095  -0.1277 -0.0022  -0.0037
0.3 -0.0024  0.0132  0.0267 -0.0141 0.0015 -0.0100  -0.0062 -0.1279 -0.1340 -0.1565 -0.1398  -0.1466 -0.0026  -0.0032
0.6 -0.0058  0.0152  0.0363 -0.0079 0.0278 -0.0072 0.0085 -0.1811 -0.1856 -0.1828 -0.1921  -0.1662 -0.0051  -0.0048
0.9 0.0983 0.2594  0.1918 0.1491 0.1735 0.0134 0.0632 -0.1054 -0.0625 -0.1418 0.0092 0.1049 0.0057 0.0206

T =500

0.0 -0.0045 -0.0052 -0.0055 -0.0073  -0.0075 0.0004 0.0003  0.0023  0.0041  0.0055 0.0000  -0.0001 0.0002 0.0004
0.3 -0.0022 -0.0055 -0.0014 -0.0083  -0.0046 0.0005 0.0013  0.0050  0.0092  0.0070 0.0003  -0.0038 0.0001 0.0002
0.6 -0.0060 -0.0132  0.0018 -0.0213  -0.0083 0.0013 0.0033  0.0205  0.0341  0.0215 0.0096  -0.0049 -0.0003 0.0003
0.9 0.0611  0.0565  0.0875 -0.0719 0.0043 0.0224 0.0308  0.1353  0.1905  0.0986 0.1363 0.0296 0.0221 0.0041

T = 1000

0.0  0.0024  0.0027  0.0025 0.0036 0.0033 0.0016 0.0016  -0.0008 -0.0008 -0.0013 -0.0016  -0.0018 0.0002 0.0001
0.3 0.0029  0.0037  0.0031 0.0040 0.0036 0.0028 0.0020 -0.0008 -0.0013 -0.0003 -0.0010 0.0005 0.0004 0.0005
0.6 0.0023 0.0041  0.0031 0.0046 0.0033 0.0050 0.0026  0.0003 -0.0008 -0.0000 -0.0020 0.0008 0.0001 0.0005
0.9 -0.0327 -0.0337 -0.0173 -0.0092  -0.0088 0.0020 0.0020 -0.0152 -0.0118 -0.0159 -0.0293  -0.0169 -0.0030 0.0002

Panel B: RMSE(x100)

T =100

0.0  0.6510 0.6622  0.6719 0.6252 0.6366 0.1442 0.1473  0.6272  0.6753  0.6753 0.6203 0.6308 0.0516 0.0536
0.3 0.8628 0.8727  0.8314 0.8133 0.7776 0.2125 0.2077  0.8445  0.8912  0.8063 0.8030 0.7464 0.0806 0.0791
0.6 1.4534  1.4661  1.1622 1.2826 1.0383 0.4379 0.3700  1.4408  1.5428  1.2429 1.2826 1.0698 0.2003 0.1768
0.9 53522  5.3509  3.1732 3.9217 2.3985 2.0353 1.3039 53170  5.4218  3.8701 3.5654 2.4837 1.2124 0.7385

T =200

0.0 0.2135 0.2153  0.2177 0.2016 0.2044 0.0511 0.0521  0.2220  0.2285  0.2359 0.2126 0.2198 0.0179 0.0186
0.3 0.2927  0.2955  0.2820 0.2753 0.2646 0.0757 0.0729  0.3058  0.3142  0.2867 0.2878 0.2645 0.0280 0.0270
0.6  0.5250  0.5343  0.4173 0.4720 0.3750 0.1590 0.1295  0.5522  0.5828  0.4500 0.4935 0.3791 0.0727 0.0596
0.9 27161 2.7459  1.5158 2.0637 1.1447 1.0847 0.6119  2.7668  2.8678  1.8970 1.9010 1.1644 0.6222 0.3432

T = 500

0.0 0.0523  0.0528  0.0530 0.0506 0.0511 0.0122 0.0123  0.0528  0.0538  0.0544 0.0509 0.0517 0.0044 0.0045
0.3 0.0746  0.0750  0.0710 0.0705 0.0673 0.0187 0.0176  0.0752  0.0767  0.0700 0.0705 0.0647 0.0070 0.0065
0.6 0.1384 0.1398  0.1082 0.1226 0.0969 0.0396 0.0315  0.1389  0.1455  0.1089 0.1234 0.0924 0.0177 0.0132
0.9 0.8996  0.9094  0.4536 0.6670 0.3304 0.3404 0.1680  0.8942  0.9451  0.5785 0.6213 0.3373 0.2033 0.0896

T = 1000

0.0 0.0181 0.0183  0.0184 0.0176 0.0177 0.0044 0.0044  0.0183  0.0187  0.0189 0.0176 0.0178 0.0015 0.0016
0.3 0.0261  0.0262  0.0249 0.0248 0.0236 0.0066 0.0062  0.0264  0.0269  0.0240 0.0247 0.0221 0.0025 0.0023
0.6 0.0486  0.0492  0.0378 0.0437 0.0342 0.0145 0.0111  0.0498  0.0519  0.0372 0.0434 0.0316 0.0063 0.0044
0.9 0.3438 0.3499  0.1639 0.2481 0.1123 0.1296 0.0573  0.3463  0.3710  0.2009 0.2324 0.1111 0.0752 0.0301

Table 91: Bias (x1000) and RMSE (x100) for 2 with estimated long-run variance.
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p N=3 N =10
CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S) CPR SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S)
T =100

0.0 0.1014 0.1132 0.1240 0.1062 0.1222 0.1070 0.1264  0.0970  0.1566  0.2140 0.1592 0.2166 0.1576 0.2382
0.3 0.1256 0.1424 0.1560 0.1482 0.1630 0.1452 0.1774  0.1270  0.2106  0.2982 0.2088 0.2966 0.2156 0.3432
0.6 0.1640 0.1842 0.1988 0.1872 0.2146 0.2054 0.2572  0.1626  0.2758  0.4690 0.2794 0.4632 0.3094 0.5598
0.9 0.2420 0.2664 0.2712 0.2744 0.3042 0.3084 0.3710  0.2434  0.3850 0.7308 0.4024 0.7120 0.4398 0.7846

T =200

0.0 0.0772 0.0844 0.0928 0.0840 0.0910 0.0866 0.0968 0.0770  0.1158  0.1468 0.1146 0.1474 0.1134 0.1606
0.3 0.1042 0.1120 0.1212 0.1116 0.1258 0.1210 0.1384 0.1042 0.1450 0.2010 0.1452 0.2008 0.1468 0.2294
0.6 0.1280 0.1428 0.1548 0.1382 0.1572 0.1562 0.1902  0.1240  0.1940  0.3302 0.1912 0.3282 0.2164 0.4070
0.9 0.2006 0.2218 0.2156 0.2394 0.2362 0.2554 0.2854 0.2036 0.3080 0.6524 0.3324 0.6346 0.3568 0.6962

T = 500

0.0 0.0602 0.0674 0.0726 0.0676 0.0734 0.0652 0.0716  0.0576  0.0740  0.0874 0.0740 0.0910 0.0810 0.0978
0.3 0.0852 0.0908 0.0930 0.0888 0.0948 0.0866 0.0974 0.0802 0.0978 0.1280 0.0958 0.1246 0.1046 0.1394
0.6 0.0908 0.0978 0.1036 0.0964 0.1048 0.1000 0.1182  0.0848 0.1258  0.2080 0.1196 0.1886 0.1390 0.2374
0.9 0.1544 0.1686 0.1536 0.1666 0.1432 0.1794 0.1754  0.1476  0.2276  0.5066 0.2412 0.4734 0.2544 0.5000

T = 1000

0.0 0.0562 0.0614 0.0646 0.0600 0.0624 0.0600 0.0628 0.0568 0.0688 0.0780 0.0642 0.0750 0.0696 0.0808
0.3 0.0750 0.0760 0.0852 0.0762 0.0834 0.0834 0.0870  0.0796 0.0922 0.1072 0.0888 0.1000 0.0918 0.1122
0.6 0.0776 0.0820 0.0866 0.0804 0.0870 0.0846 0.0926  0.0804 0.1042 0.1554 0.1028 0.1344 0.1088 0.1624
0.9 0.1162 0.1248 0.1076 0.1208 0.0968 0.1322 0.1130  0.1190 0.1834  0.4004 0.1764 0.3400 0.1866 0.3476

Table 92: Empirical null rejection probabilities of t-tests for fo = —0.3 with estimated long-run
variance.

p N=3 N =10

MT Wald (S) MT Wald (S)

SOLS SUR SOLS SUR SOLS SUR SOLS SUR SOLS SUR  SOLS SUR
T =100

0.0 0.1114 0.1300 0.1782 0.2068 0.1070 0.1264 0.2592 0.4028 0.5130 0.6622 0.1576 0.2382
0.3 0.1618 0.1936 0.2464 0.2758 0.1452 0.1774 0.3708 0.5992 0.6836 0.8460 0.2156  0.3432
0.6 0.2236 0.2660 0.3168 0.3624 0.2054 0.2572 0.5638 0.9260 0.8426 0.9846 0.3094 0.5598
0.9 0.3494 0.3776 0.4654 0.4758 0.3084 0.3710 0.7252 0.9972 0.9364 1.0000 0.4398 0.7846

T =200

0.0 0.0696 0.0804 0.1170 0.1338 0.0866 0.0968 0.1404 0.2176 0.3232 0.4466 0.1134 0.1606
0.3 0.1056 0.1194 0.1732 0.1946 0.1210 0.1384 0.2084 0.3720 0.4634 0.6468 0.1468 0.2294
0.6 0.1526 0.1790 0.2238 0.2536 0.1562 0.1902 0.3518 0.7430 0.6520 0.9216 0.2164 0.4070
0.9 0.2852 0.2808 0.3798 0.3648 0.2554 0.2854 0.5838 0.9906 0.8472 0.9990 0.3568 0.6962

T = 500

0.0 0.0494 0.0508 0.0802 0.0852 0.0652 0.0716 0.0570 0.0892 0.1578 0.2284 0.0810 0.0978
0.3 0.0700 0.0778 0.1182 0.1316 0.0866 0.0974 0.1104 0.1594 0.2706 0.3878 0.1046 0.1394
0.6 0.0816 0.0944 0.1352 0.1552 0.1000 0.1182 0.1558 0.4036 0.3804 0.6778 0.1390 0.2374
0.9 0.1878 0.1610 0.2726 0.2294 0.1794 0.1754 0.3764 0.9272 0.6568 0.9856 0.2544 0.5000

T = 1000

0.0 0.0370 0.0408 0.0722 0.0772 0.0600 0.0628 0.0362 0.0496 0.1050 0.1394 0.0696 0.0808
0.3 0.0596 0.0620 0.1050 0.1094 0.0834 0.0870 0.0696 0.0956 0.1820 0.2422 0.0918 0.1122
0.6 0.0668 0.0682 0.1106 0.1132 0.0846 0.0926 0.0996 0.2154 0.2440 0.4504 0.1088 0.1624
0.9 0.1190 0.0868 0.1814 0.1348 0.1322 0.1130 0.2354 0.7664 0.4658 0.9208 0.1866 0.3476

Table 93: Empirical null rejection probabilities of corrected t-tests and Wald tests for By = —0.3
with estimated long-run variance.
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p N=3 N =10

CPR SOLS SUR SOLS(C) SUR(C) SOLS(S) SUR(S) CPR SOLS SUR SOLS(C) SUR(C) SOLS(S) SUR(S)
Panel A: Bias(x1000)
T =100
0.0 -0.0658 -0.0658 -0.0658 -0.0118 -0.0118 -0.0093  -0.0093 0.0104 0.0104  0.0104 0.0116 0.0116 0.0051 0.0051
0.3 -0.1928 -0.1928 -0.1886 -0.0569 -0.0646 -0.0842  -0.0852 0.0827 0.0827  0.0636 -0.0121 -0.0099 -0.0181  -0.0196
0.6 0.1741 0.1741 0.1585 0.1520 0.1223 0.1551 0.1232 0.0912 0.0912  0.0868 0.0326 0.0639 0.0551 0.0374
0.9 1.4080 1.4080 -0.6012 0.9456 -0.7935 -0.0162  -0.7956  -0.0386  -0.0386  0.4433 -0.1253 0.3611 -0.0485 0.1832
T = 200
0.0 0.0502 0.0502 0.0502 0.0295 0.0295 0.0167 0.0167 0.0385 0.0385  0.0385 0.0103 0.0103 0.0105 0.0105
0.3 0.0262 0.0262 0.0184 0.0252 0.0200 0.0209 0.0219 0.0123 0.0123 0.0163 0.0135 0.0100 0.0104 0.0106
0.6 -0.0278  -0.0296 0.0390 0.0096 0.0348 0.0222  -0.0167 -0.0167 -0.0336 0.0010 -0.0242 -0.0139  -0.0220
0.9 -0.5338  -0.2380 0.1576 -0.1109 0.3154 0.0136  -0.5033  -0.5033 -0.5171 -0.5247 -0.5970 -0.6376  -0.5762
T =500
0.0 -0.0097 -0.0097 -0.0097 -0.0052 -0.0052 -0.0054  -0.0054 -0.0058 -0.0058 -0.0058 -0.0025 -0.0025 -0.0022  -0.0022
0.3 -0.0140 -0.0140 -0.0173 -0.0041 -0.0050 -0.0053  -0.0060 -0.0078 -0.0078 -0.0084 0.0017 0.0007 -0.0003  -0.0012
0.6 -0.0326 -0.0326 -0.0312 -0.0076 -0.0050 -0.0077  -0.0050 -0.0038 -0.0038 -0.0073 0.0080 0.0064 0.0035 0.0031
0.9 -0.0791 -0.0791 -0.0842 -0.0232 -0.0452 -0.0589  -0.0424 -0.1590 -0.1590 -0.1161 -0.0948 -0.0285 -0.0648  -0.0318
T = 1000
0.0 -0.0041 -0.0041 -0.0041 -0.0013 -0.0013 -0.0004  -0.0004 0.0051 0.0051 0.0051 0.0003 0.0003 0.0002 0.0002
0.3 -0.0036 -0.0036 -0.0034 -0.0014 -0.0012 -0.0001 0.0000 0.0023 0.0023  0.0023 0.0006 0.0005 0.0007 0.0006
0.6 -0.0090 -0.0090 -0.0063 -0.0061 -0.0034 -0.0027  -0.0005 0.0057 0.0057  0.0062 0.0064 0.0061 0.0073 0.0066
0.9 -0.0132 -0.0132 0.0306 0.0130 0.0477 0.0333 0.0549  -0.0004 -0.0004 -0.0052 -0.0072 -0.0051 0.0021  -0.0024
Panel B: RMSE(x100)
T =100
0.0 0.6348 0.6348  0.6348 0.3632 0.3632 0.3518 0.3518 0.6375 0.6375  0.6375 0.2028 0.2028 0.1916 0.1916
0.3 0.8579 0.8579  0.8524 0.6147 0.6126 0.5970 0.5963 0.8603 0.8603  0.8517 0.4863 0.4867 0.4796 0.4794
0.6 1.4864 1.4864 1.3861 1.1757 1.1426 1.1225 1.1103 1.4793 1.4793 1.3469 1.0658 1.0384 1.0419 1.0341
0.9 16.4368 16.4368  8.8931 11.7917 8.1434 9.3394 7.8265 16.5605 16.5605  8.6063 10.4472 7.7537 8.2281 7.5840
T = 200
0.0 0.2124 0.2124  0.2124 0.1218 0.1218 0.1172 0.1172 0.2188 0.2188  0.2188 0.0691 0.0691 0.0658 0.0658
0.3 0.2897 0.2897  0.2865 0.2053 0.2036 0.1991 0.1978 0.3135 0.3135  0.3098 0.1765 0.1770 0.1740 0.1743
0.6 0.5359 0.5359  0.5031 0.4331 0.4190 0.4160 0.4085 0.5373 0.5373  0.4889 0.3959 0.3869 0.3860 0.3845
0.9 5.1841 5.1841 2.9721 3.8059 2.7388 3.0920 2.6367 5.2402 5.2402  2.7765 3.3317 2.5870 2.7249 2.5520
T =500
0.0 0.0530 0.0530  0.0530 0.0304 0.0304 0.0292 0.0292 0.0504 0.0504  0.0504 0.0166 0.0166 0.0158 0.0158
0.3 0.0770 0.0770  0.0764 0.0536 0.0533 0.0518 0.0517 0.0743 0.0743  0.0732 0.0437 0.0434 0.0427 0.0427
0.6 0.1354 0.1354  0.1285 0.1064 0.1040 0.1028 0.1015 0.1382 0.1382  0.1287 0.1001 0.0980 0.0975 0.0970
0.9 1.0746 1.0746  0.6616 0.8099 0.6160 0.6724 0.5942 1.1192 1.1192  0.6546 0.7525 0.5984 0.6334 0.5923
T = 1000
0.0 0.0187 0.0187  0.0187 0.0110 0.0110 0.0106 0.0106 0.0185 0.0185  0.0185 0.0057 0.0057 0.0055 0.0055
0.3 0.0273 0.0273 0.0271 0.0191 0.0190 0.0185 0.0185 0.0266 0.0266 0.0263 0.0153 0.0152 0.0151 0.0151
0.6 0.0495 0.0495 0.0468 0.0394 0.0382 0.0378 0.0373 0.0472 0.0472 0.0428 0.0347 0.0337 0.0336 0.0333
0.9 0.3559 0.3559 0.2201 0.2646 0.2014 0.2215 0.1961 0.3541 0.3541 0.2195 0.2405 0.1988 0.2067 0.1970

Table 94: Bias (x1000) and RMSE (x100) for £ using the true long-run variance.
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p N=3 N =10
CPR  SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S) CPR SOLS SUR  SOLS(C) SUR(C) SOLS(S) SUR(S)
T =100

0.0 0.0476 0.0476 0.0476 0.0460 0.0460 0.0460 0.0460  0.0510  0.0510  0.0510 0.0472 0.0472 0.0514 0.0514
0.3 0.0330 0.0330 0.0360 0.0380 0.0402 0.0386 0.0396  0.0364 0.0364 0.0416 0.0382 0.0414 0.0436 0.0440
0.6 0.0260 0.0260 0.0254 0.0306 0.0296 0.0300 0.0338 0.0270  0.0270  0.0252 0.0314 0.0330 0.0336 0.0334
0.9 0.2390 0.2390 0.1360 0.2312 0.1596 0.2134 0.1622  0.2442  0.2442  0.1410 0.2266 0.1734 0.1918 0.1658

T =200

0.0 0.0462 0.0462 0.0462 0.0562 0.0562 0.0560 0.0560 0.0528 0.0528 0.0528 0.0506 0.0506 0.0508 0.0508
0.3 0.0458 0.0458 0.0440 0.0470 0.0488 0.0454 0.0460  0.0418 0.0418 0.0396 0.0414 0.0436 0.0440 0.0436
0.6 0.0366 0.0366 0.0348 0.0388 0.0398 0.0396 0.0396  0.0342  0.0342  0.0322 0.0414 0.0428 0.0422 0.0424
0.9 0.1954 0.1954 0.1176 0.1904 0.1336 0.1742 0.1352  0.1970  0.1970  0.1138 0.1838 0.1430 0.1582 0.1370

T = 500

0.0 0.0466 0.0466 0.0466 0.0472 0.0472 0.0502 0.0502  0.0470  0.0470  0.0470 0.0530 0.0530 0.0512 0.0512
0.3 0.0454 0.0454 0.0448 0.0496 0.0494 0.0470 0.0466  0.0516  0.0516  0.0500 0.0466 0.0482 0.0464 0.0472
0.6 0.0426  0.0426  0.0446 0.0434 0.0438 0.0438 0.0404  0.0468 0.0468 0.0454 0.0480 0.0464 0.0470 0.0462
0.9 0.1236 0.1236 0.0774 0.1166 0.0952 0.1056 0.0914 0.1286 0.1286  0.0902 0.1300 0.1038 0.1110 0.1018

T = 1000

0.0 0.0472 0.0472 0.0472 0.0568 0.0568 0.0546 0.0546  0.0472  0.0472  0.0472 0.0466 0.0466 0.0436 0.0436
0.3 0.0506 0.0506 0.0508 0.0536 0.0526 0.0524 0.0538 0.0492 0.0492 0.0502 0.0458 0.0448 0.0476 0.0478
0.6 0.0516 0.0516 0.0502 0.0488 0.0474 0.0506 0.0524  0.0480 0.0480 0.0452 0.0476 0.0456 0.0458 0.0456
0.9 0.0918 0.0918 0.0628 0.0876 0.0740 0.0826 0.0786  0.0914 0.0914  0.0656 0.0908 0.0786 0.0868 0.0786

Table 95: Empirical null rejection probabilities of t-tests for 54 = —0.2 using the true long-run
variance.

p N=3 N =10
MT Wald (S) MT Wald (S)
SOLS SUR SOLS SUR SOLS SUR SOLS SUR SOLS SUR  SOLS SUR
T =100

0.0 0.0298 0.0298 0.0556 0.0556 0.0460 0.0460 0.0164 0.0164 0.0602 0.0602 0.0514 0.0514
0.3 0.0170 0.0156 0.0322 0.0324 0.0386 0.0396 0.0068 0.0076 0.0242 0.0260 0.0436 0.0440
0.6 0.0098 0.0092 0.0196 0.0136 0.0300 0.0338 0.0044 0.0030 0.0100 0.0052 0.0336 0.0334
0.9 0.2730 0.0994 0.4274 0.1228 0.2134 0.1622 0.3238 0.0796 0.7222 0.0910 0.1918 0.1658

T =200

0.0 0.0260 0.0260 0.0534 0.0534 0.0560 0.0560 0.0130 0.0130 0.0506 0.0506 0.0508 0.0508
0.3 0.0214 0.0202 0.0402 0.0414 0.0454 0.0460 0.0096 0.0116 0.0322 0.0332 0.0440 0.0436
0.6 0.0172 0.0162 0.0316 0.0286 0.0396 0.0396 0.0066 0.0060 0.0184 0.0160 0.0422 0.0424
0.9 0.1992 0.0784 0.3260 0.0960 0.1742 0.1352 0.2238 0.0574 0.5842 0.0612 0.1582 0.1370

T = 500

0.0 0.0248 0.0248 0.0538 0.0538 0.0502 0.0502 0.0172 0.0172 0.0484 0.0484 0.0512 0.0512
0.3 0.0260 0.0246 0.0478 0.0480 0.0470 0.0466 0.0130 0.0138 0.0470 0.0468 0.0464 0.0472
0.6 0.0208 0.0194 0.0376 0.0382 0.0438 0.0404 0.0102 0.0116 0.0300 0.0304 0.0470 0.0462
0.9 0.098 0.0446 0.1770 0.0576 0.1056 0.0914 0.1044 0.0308 0.3360 0.0392 0.1110 0.1018

T = 1000

0.0 0.0288 0.0288 0.0496 0.0496 0.0546 0.0546 0.0192 0.0192 0.0544 0.0544 0.0436 0.0436
0.3 0.0276 0.0272 0.0536 0.0534 0.0524 0.0538 0.0164 0.0170 0.0444 0.0436 0.0476 0.0478
0.6 0.0244 0.0248 0.0448 0.0478 0.0506 0.0524 0.0126 0.0134 0.0382 0.0362 0.0458 0.0456
0.9 0.0634 0.0370 0.1198 0.0594 0.0826 0.0786 0.0558 0.0232 0.1918 0.0350 0.0868 0.0786

Table 96: Empirical null rejection probabilities of corrected t-tests and Wald tests for 84 = —0.2
using the true long-run variance.
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