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ABSTRACT Neural networks (NNs) are commonly used to approximate functions based on data samples,
as they are a universal function approximator for a large class of functions. However, choosing a suitable
topology in terms of depth, width and activation function for NNs that allow for low error approximations
is a non-trivial task. For the approximation of continuous piecewise affine (PWA) functions, this task has
been solved by showing that for every PWA function, there exist NNs with rectified linear unit (relu) and
maxout activation that allow an exact representation of the PWA function. This connection between PWA
functions and NN has led to some valuable insights into the representation capabilities of NNs. Moreover,
the connection was used in control for approximating the PWA optimal control law of model predictive
control (MPC) for linear systems. We show that a similar connection exists between NNs and continuous
piecewise quadratic (PWQ) functions by deriving topologies for NNs that allow an exact representation of
arbitrary PWQ functions with a polyhedral domain partition. Furthermore, we demonstrate that the proposed
NNs can efficiently approximate the PWQ optimal value function for linear MPC.

INDEX TERMS Deep learning, machine learning, neural networks, optimization, predictive control.

L. INTRODUCTION

Neural networks (NNs) have been successfully applied in
many fields, as they allow the approximation of a large class
of functions with arbitrary accuracy [1]. However, the approx-
imation quality of NNs heavily depends on their topology,
e.g., depth, width, and activation. Choosing these hyperpa-
rameters is often done in a trial-and-error fashion due to
the lack of design rules for many applications. However, for
some applications, it is possible to exploit knowledge of the
function to be approximated for choosing a suitable topology.
For example, in model predictive control (MPC) for linear
systems with quadratic cost and polyhedral constraints, it is
well-known that the solution of the optimal control problem
(OCP) leads to a control law that is a piecewise affine (PWA)
function of the state [2]. There are several approaches [3],
[4], [5] where the optimal control law is approximated by
an NN to provide a fast evaluation without the need to solve
an optimization problem (OP) online on the control device.
In this case, it is possible to construct NNs with rectified

linear unit (relu) or maxout activation that theoretically allow
an exact representation of PWA functions [6], [7] and, thus,
of the optimal control law [8], [9]. This connection between
NNs and the optimal control law is used in [10] to derive
topologies for NN that are well-suited for the approximation
of the optimal control law. The connection between NN and
PWA functions was also recognized in [11], [12] and used to
generate, represent, and approximate arbitrary PWA functions
for circuit design. Thus, for PWA functions, the connection to
NN has led to some valuable insights into the representation
capabilities and design of NNs. However, these results do not
apply to other function types.

In extending the results from the PWA case, a natural next
step could be to search for a link between NNs and continuous
piecewise quadratic functions (PWQ). Finding such a link
would enable the design of NNs that allow an exact repre-
sentation of PWQ functions and provide design guidelines
for choosing a suitable topology for the approximation of
these functions. Apart from the pure theoretical value of a
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connection between NNs and PWQ functions, such a re-
sult is also of practical interest in the context of con-
trol in cases where PWQ functions need to be approxi-
mated [13], [14], [15]. An application example is the use
of model-based reinforcement learning (RL) or approximate
dynamic programming (ADP) [16], [17], [18], [19] for MPC
to derive a control policy. In model-based RL and ADP, an
optimal value function (OVF) is learned online and offline, re-
spectively, by some function approximator. The learned OVF
allows for the acceleration of the online evaluation of MPC by
reducing the prediction horizon to one without a significant
loss in control performance [19], [20]. One of the first uses of
ADP in control is presented [20], but only for unconstrained
linear systems. In this case, the OVF is a quadratic function
that can be learned by a recursive least squares algorithm [20,
Sec. 4]. In MPC for linear systems with quadratic cost and
polyhedral constraints, the OVF is a continuous and convex
PWQ function of the state [2]. Thus, when applying ADP
to constrained linear systems, a PWQ function has to be
learned [17], [19]. In [17], this is done by first clustering
sampled data from the OVF and then fitting a quadratic func-
tion to each cluster. Since the quadratic functions are fitted
individually for each cluster, continuity of the resulting PWQ
function is not guaranteed. This may lead to undesired be-
haviour of the controlled system. An alternative approach is
presented in [19] where a NN with a PWQ structure is used
to learn the OVF. The PWQ structure of the NN is ensured by
squaring each neuron in the last layer of the NN. The draw-
back of this approach is that there are no theoretical results
on the representation capabilities of the resulting NN. Thus,
there may exist PWQ functions that cannot be represented
by the NN form [19]. We will overcome the aforementioned
issues by introducing NNs that inherently provide continuity
and that can represent every PWQ function. Another example
of PWQ functions in control is the use of model-free rein-
forcement learning methods [21], such as Q-learning [22],
[23], where Q-functions are approximated. In MPC for linear
systems with quadratic cost and polyhedral constraints, the
Q-function is, as the OVF, a continuous PWQ function of the
state [2]. Thus, in summary, a link between PWQ functions
and NN could be used to derive suitable topologies for ADP
and reinforcement learning where the OVF and Q-function
are PWQ, e.g., in MPC for linear systems. While there are
results on NNs that allow an exact representation of PWA
functions, PWQ functions have rarely been considered. There
are some results [24], [25], [26], [27], [28] on PWQ functions
for special cases. In [29] and [28], it is shown that for one-
dimensional PWQ functions ¢ : R — R, there exists relu and
maxout NN, respectively, that allow an exact representation.
Moreover, in [24], [25], [26], the authors show that PWQ
functions can be represented in a form that can be interpreted
as NN if the domain partition consists of polyhedral sets
and satisfies some regularity conditions, which are detailed in
Section II-B. However, to the best of our knowledge, there
are no results for the general n-dimensional case with an
arbitrary polyhedral domain partition. The main contribution
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of this paper is to address this lack by showing that every
continuous PWQ function with a polyhedral domain partition
can be represented exactly by relu and maxout NNs. Further-
more, we will experimentally validate that NNs that allow
an exact representation of PWQ functions perform better in
approximating OVFs than NNs that do not allow an exact
representation.

The paper is organized as follows. In the rest of this section,
we introduce relevant notations. In Section II, we briefly sum-
marize relevant background on PWQ functions, NNs, MPC,
and learning-based control. The theoretical basis for the main
results of the paper is derived in Section III. In Section IV,
we use the results from Section III to derive maxout and relu
NNs that allow an exact representation of PWQ functions
with a polyhedral domain partition. In Section V, we first
illustrate the representation of PWQ functions by NNs using
an exemplary PWQ function. Subsequently, we demonstrate
the benefits of the proposed NNs for learning PWQ functions
by using them to learn OVFs of linear MPC. The paper is
concluded in Section VI with a conclusion and a summary.

A. NOTATION

We denote the set of natural, real and positive real numbers
by N, R, and R, respectively. We refer to the i-th row of a
matrix by Q; and the element in the i-th row and j-th column

by Q; ;. The identity matrix of dimension n € N is denoted
by I,,.

Il. PRELIMINARIES AND BACKGROUND

Throughout the paper, we deal with continuous PWQ func-
tions ¢(x) : 2 — R of the form

eWV@) if x e RMD,
px):= : : (1
W x) if x e R,
with a bounded polyhedral domain €2 C R" that is partitioned
according to U!_; R = Q by s polyhedral regions

RY = (x e R" | hVx + b < 0} )

with d® € N hyperplanes specified by & € R9”*" and
b c R for all i e (l,...,s}. The sets R® have non-
empty and pairwise disjoint interiors. We assume without
loss of generality that the rows of the matrices R are nor-
malized, i.e., ||hj.’>||2 =1forall je{l,...,d"} and for all
i ef{l,...,s}. We define the i-th local function as

<p(i)(x) = xTQ(i)x +1Dx 4 D
foralli € {1,...,s}. Moreover, the function (1) is assumed to
be continuous, i.e, 9P (x) = ¢ (x) for all x € R NR™
with (p, r) € N, where
N:={G j)efl,....s}* | dm@RPNRD)=n—1}

is the set of indices of neighbouring regions. The matrices
Q(‘) € R™"_ the row-vectors I € R*" and the constants
¢® ¢ R reflect the quadratic, linear, and constant parts of the
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various local functions. We assume that the matrices Q) are
symmetric. Note that this assumption is not restrictive. Even

if there is a quadratic term xTQ(i)x with a non-symmetric
matrix Q(i) it is always possible to construct a symmetric
0" = O.S(Q(i) + Q(i)T) with xTQWx = xTQ(i)x. We further
define the hyperplane separating the regions R%”) and R
with (p, r) € N as

HPD =RPARY C {x € R" | AP x+bP" =0}, (3)

where B?"") and b(P") are rows of the vectors ?) and b7, re-
spectively. We thus have h'”"x + b < 0 for all x € R
as well as h""P?) = —pP") and b""P) = —pP") Finally, we
denote the regions R”) and R as neighbouring if (p, r) €
N. Although we are considering functions with a one-
dimensional codomain, the results in the following sections
can be extended to functions with a m-dimensional codomain
by applying them to each dimension of the codomain individ-
ually.

We will frequently use the following relation from
[25, Thm. 1] for continuous piecewise defined polynomials.
For two neighbouring regions of the domain partition, i.e.,
(p,r) € N of a continuous piecewise defined polynomial,
there always exists a function g'”") (x) such that

e P @) — ¢ x) = P )g " (x) @)

holds for all x € Q, where {x e R" | P (x) =0} is
the boundary separating the regions R and R"), ie.,
eP(x) =0 for all x e RP NR". The relationship be-
tween P (x) and ¢ (x) provided by (4) allows to derive
some interesting facts. First of all, the order of the polyno-
mial e”")(x) describing the boundary is, at most, the order
of the function ¢(x). Second, for the case considered in the
paper, i.e, a PWQ function with a polyhedral domain partition,
e (x) = hP"x + bP") is an affine function and thus so is
gP")(x) [25]. We thus have

e(PJ)(x) =hPx £ pPr) o g(P‘r)(x) = kP 4 qgld),

We will use this result in Section III to derive NNs for repre-
senting PWQ functions. Prior to this, we introduce our notion
of NNs.

A. NEURAL NETWORKS
In general, a multi-layer or deep feed-forward-NN with/ € N
hidden layers and w; neurons in layer i can be written as a
composition of the form

o) =fIToglofDo...ogWo D). (5

Here, the functions f(i) : RYi-1 — RPi%i for i e {l,...,1}
refer to preactivations, where the parameter p; € N allows to
consider “multi-channel” preactivations as required for max-
out (see [30]). The values of maxj<;<;{w;} and [ are referred
to as the width and depth of the NN. Moreover, g') : RPi%i —
R™i stand for activation functions and f/*1 : R¥ — R+
reflects postactivation. The functions f @ are typically affine,
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ie.,
f(i)(y(i—l)) — W(i)y(i—l) + v(i), (6)

where W) e RPiVi*%i-1 is a weighting matrix, v e RPi%i
is a bias vector, and y~1 denotes the output of the previous
layer with y© := & We will summarize the parameters of an
NN by 6 := {W(l), v(l), e, W([+1), v(l+1)} and occasionally
use the notation ®(&, @) when we explicitly refer to the depen-
dence of the NN on the weights and biases.

Now, various activation functions have been proposed. We
focus here on PWA activation functions as they provide the
most promising basis for our purpose. Therefore, we consider
the relu activation function

max {0, z(li)}
gﬁgu(z(i)) = max {0, z(i)} = : (7)
max {O, z%?}
and the maxout activation function

max {Z(<i)}
1<j<p; U/

D) () =

g max

. ®)

max {z@}
pitwi—1+1<j<piw; U/
where we use the shorthand notation maxi<j<p, {zgi)} =
max{z(li), o ,zf,fl.)}. We will refer to the resulting NN as relu
NN and maxout NN, respectively. For relu and maxout NN,
it is known that they are continuous PWA functions [6], [30]
and thus not suitable for representing PWQ functions. How-
ever, in Section IV-A, we will modify these NNs such that
they can be used to represent continuous PWQ functions.

B. REPRESENTATION OF PWQ FUNCTIONS

We aim for a representation of continuous PWQ functions in a
form that can be interpreted as NN. Inspired by research on the
representation of PWA and PWQ functions by NN [28], [29],
[31], [32], we investigate under which conditions we can find
a continuous PWA function A(x) : 2 — R of the form

KDx) if x e RW,
h(x) := : ©))
K@) if x e RY,
with local functions A (x):=BVx +y@ for all ie
{1, ..., s} such that

p(x) = max (¢ (x)} — max {h”(x)} (10)
1<i<s 1<i<s
holds for all x € 2. Where we define
P(x) := ¢(x) + h(x) (11)

and ¢ (x) := ¢V (x) + hD(x) foralli € {1, ..., s}. The rep-
resentation (10) is particularly well-suited for our purpose
due to several reasons. First, the difference between two
max-expressions (10) can be represented by a maxout NN.
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Moreover, results on the connection between maxout NNs
and relu NNs [6] can then be used to derive relu NN for
representing (10). The connection between (10), relu NN,
and maxout NNs described in [6], [7], [32] motivates the
focus on the activation functions (7) and (8). We discuss this
connection in more detail in Section IV-A. Second, for certain
functions, it is already known that a representation of the form
(10) exists. For example, for PWA ¢(x), i.e., 0" = 0 for all
ief{l,...,s}, the function ¢(x) can be decomposed in the
difference of two convex PWA functions [32]. Each of these
convex PWA functions can be represented as the maximum of
their local functions, which results in the end in a represen-
tation of the form (10). In Fig. 1(a), the previously described
method for evaluating convex PWA functions is shown. The
exemplary function in the figure is evaluated by evaluating
all the local functions, potentially outside their respective
domains, for a given point, here x = —0.15, and subse-
quently taking the maximum. For the example we have ¢(x =
—0.15) = max{p"(—0.15), P (—0.15), ¢ (-0.15)} =
max{0.575, 1,0.425} = 1.

In principle, PWQ can also be decomposed into the dif-
ference of two convex PWQ functions [33]. However, for
the PWQ case, it is not possible to represent the convex
PWQ functions as the maximum of their local functions.
In Fig. 1(b), this is illustrated for a convex PWQ func-
tion with three regions where we have ¢(x = —0.15) =
0.00225 # 1.3765 = max{0.6865, 0.00225, 1.3765} = max
{1 (=0.15), 9®(—0.15), ¥ (—0.15)}. Thus, a straightfor-
ward extension of the approach used to represent PWA
functions in the form (10) is not possible.

Nevertheless, there are some results for the representation
of continuous PWQ functions. In [26], the authors showed that
PWQ functions can be represented in a form that can be inter-
preted as an NN if the domain partition is non-degenerate. In a
non-degenerate partition, the intersection of any k hyperplanes
that partition the domain is of dimension less or equal ton — k
[34]. This also means that any intersection of more than n
hyperplanes must be an empty set. The results we will derive
in this article also hold for the case where the intersection of k
hyperplanes that partition the domain is of dimension greater
than n — k. Moreover, in [25], it is shown that PWQ func-
tions can be represented as the sum of relu-like functions if
the PWQ functions possess the so-called consistent variation
property [34, Def. 5]. For our case this means that the function
gP"(x) from (4) is the same for all regions R‘”? and R
that are separated by the hyperplane {x € R" | /""" (x) = 0}.
Or more precisely g7 (x) = g!»"(x) for all x € R" and for
all (p,7) e N with RP NRD c {x e R" | P (x) = 0}.
Finally, in [35] and [28], results on the representation of piece-
wise polynomial and PWQ functions, respectively, for n = 1
are presented. In [28], it is additionally shown that for PWQ
functions with n = 1, there exists a continuous and convex
PWA h(x) such that (10) holds.

In Section IV, we will extend the results from the liter-
ature by showing that every continuous PWQ function with
arbitrary n € N can be represented in the form (10). Thus,
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FIGURE 1. Exemplary convex PWA and convex PWQ function with three
regions in (a) and (b), respectively. For both functions, the dashed grey
lines represent the extension of the local functions ¢(")(x), ¢ (x), and
%) (x) outside their respective regions R = (x e R| -2 < x < -1},
R® =(xeR|-1=<x=<1},and R® = {x € R|1 < x < 2}. The local
functions are evaluated for x = —0.15, which is illustrated by the blue
vertical line. Only for the convex PWA function, we have

max{eM (x), 9@ (x), ¢ (x)} = p(x).

we will overcome the limitations from the known results as
our representation does not require n = 1, a non-degenerate
partition, or the consistent variation property.

C. MODEL PREDICTIVE CONTROL
Classical MPC for linear systems builds on solving an OCP of
the form

N—1
Vn(x) := min EN(x(N))+§ 2(x(k), u(k))
x(0),....x(N)
u(0),..., u(N—1) k=0

s.t. x(0) = x,
x(k+1)=Ax(k) + Bu(k),
(x(k),u(k)) € X xU,
x(N)eT

Vke{0,..,N — 1},
Vk e {0,..,N — 1},
(12)

in every time step k € N for the current state X(k) = x € R".
Here, N € N refers to the prediction horizon and

Iy(x) = x Px and lLx,u) = xTQx +u'Ru

denote the terminal and stage cost, respectively, where the
weighting matrices P € R™", Q € R"™*" and R € R"™*"™ are
positive (semi-) definite. The dynamics of the linear prediction
model are described by A € R"*" and B € R"*™. The state
and input constraints are given by the polyhedral sets X C R”"
and & C R™. Finally, the set 7 C R” is a terminal set that
may be used to enforce closed-loop stability (see [36] for
details). For the considered setup, it is well-known that the
control policy x : Fy — U with m(x) := u*(0) is a continu-
ous PWA function of the form (9) with domain Q = Fy where
Fn C X is the feasible set of (12) [2, Thm. 4]. Moreover, the
OVF Vy(x) is a continuous and convex PWQ function of the
form (1) with domain Q2 = Fy.

Typically, when MPC is applied to a system, the OCP (12)
is solved in every time step « for the current state X(x) and
only the first element u#*(0) of the optimal input sequence
is applied to the system. Thus, the OCP needs to be solved
within the sampling period of the system, which may be in-
tractable for systems with a short sampling period or if the
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OCP has a large number of constraints, which may result
from a long prediction horizon. Solutions to this problem are
explicit MPC [2] or learning-based predictive control [10],
where we exploit the PWA structure of the control policy or
the PWQ structure of the OVE.

D. LEARNING-BASED PREDICTIVE CONTROL

In principle, the PWA function describing the control policy
m(x) can be computed explicitly offline and stored on the
control device. In this case, the computation of the optimal
control input reduces to the evaluation of a PWA function.
Thus, solving the OCP (12) online on the control device is no
longer necessary. However, explicitly computing the control
policy offline or even evaluating it online may be intractable
for systems with large state dimensions or a long prediction
horizon since the complexity in terms of the number of regions
of the PWA function grows, in the worst case, exponentially
with the number of constraints in the OCP (12) [2]. Differ-
ent methods from machine learning (ML) have been used
to tackle this challenge by approximating the solution of the
OCP in different ways with NNs. The most direct approach is
to use an NN of the form (5) for an approximation in the policy
space. In this case, samples (x, m(x)) of the PWA control
policy m(x) are used to train an NN. Due to the involved
multi-layer NN, approaches of this type are also known as
deep MPC and have been considered in [3], [4], [10], [37], for
linear systems and in [38] for nonlinear systems. Moreover,
in [10], the authors derive NNs that allow an exact represen-
tation of the PWA control policy. Alternatively, one can also
consider an approximation in the value space as in [13], [18],
[19], where the PWQ OVF Vy (x) or variants of it are approx-
imated by NNs. In ADP [17], [19] the OVF is approximated
based on samples (x, Vy(x)) for which the OCP (12) has been
solved. Using the OVF an optimal input can be computed by
u*(x) := arg min, {(x,u) + Vy_1(Ax + Bu) [19]. However,
this approach requires knowledge of the system parameters
A and B. There are also reinforcement learning-based ap-
proaches that do not require a model of the system. In these
approaches, the so-called Q-function (see, e.g., [18, P. 13])

On(x,u) :=€(x,u)+ Vy_1(Ax + Bu) (13)

is learned iteratively by an NN with, e.g., Q-learning [22],
[23], which is a variant of temporal difference learn-
ing [39], [40]. The Q-function (13) consists of the cost for
a first step £(x, u) with an undetermined input # followed by
the optimal cost for a control sequence of length N — 1. When
learning the Q-function, the successor state x* := Ax + Bu
is typically determined by measurement, i.e., without using
the model parameters A and B. Using the Q-function an op-
timal input can be computed by u*(x) := arg min, Oy (x, u).
In MPC for linear systems as specified by (12), the OVF and,
thus, the Q-function (13) are PWQ functions with a polyhedral
domain partition [2, Thm. 4]. Thus, when approximating the
OVF or the Q-function for MPC by an NN, the NN has to
represent a PWQ function. Approximations of this type for
MPC have been considered in, e.g., [13] and [14]. However,
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in these papers, PWA NN are used to approximately represent
PWQ functions. There are also approaches with PWQ NN.
In [19] the authors propose a “local-global” topology in the
form x " P*x 4+ ®(x) (cf. [19, Eq. (5)]) where the local part
@ (x) is a NN in which all neurons of the last layer are squared
and the global part x ' P*x is intended to promote an accurate
representation of a PWQ OVF in a small region around the
origin. However, there are no theoretical guarantees that the
NN proposed in [19] can represent any PWQ function. The
NNs we will propose do not require the separation into a local
and global part, and they provably allow the exact representa-
tion of arbitrary PWQ functions.

We start our derivation in the following by introducing a
representation of the form (10) that allows an exact represen-
tation of arbitrary PWQ functions and, thus, of the OVF and
Q-function. Moreover, we will use the connection between
PWQ functions and (10) to derive maxout and relu NNs for
representing PWQ functions exactly. In the numerical exam-
ples, we will also show that NNs, which can represent PWQ
functions exactly, perform better in approximating PWQ func-
tions based on samples than classical NN, for which an exact
representation of PWQ functions is not possible.

11l. PWQ FUNCTIONS WITH POLYHEDRAL PARTITION

In this section, we derive the theoretical basis for the repre-
sentation of PWQ functions as the difference of two max-
expressions by first deriving sufficient conditions that ensure
(10). In the second part of this section, we show that it is
always possible to satisfy the derived conditions using a con-
tinuous and convex PWA function A(x) as in (9).

A. SUFFICIENT CONDITIONS
‘We start the derivation of sufficient conditions that ensure (10)

by noting that if

max (¢ (x)} = ¢(x) + h(x) and (14)

max {1 (x)} = h(x) (15)

hold for all x € @, then we have maxj<;<s{¢@(x)} —
max<;j<s{hD(x)} = p(x) + h(x) — h(x) = p(x) for all x €
2 and thus we can represent the PWQ function ¢(x) in the
desired form (10). Therefore, in the remainder of this section,
we will investigate under which conditions the PWA function
h(x) is such that (14) and (15) hold. We first present an inter-
mediate result, which we will use to prove that (14) holds for
allx e Q C R™.

Lemma 1: Let the PWQ function ¢(x), the PWA function
h(x), and @(x) := @(x) + h(x) be defined as in (1), (9), and
(11), respectively. Consider

&P g .
s o 0,
dP0 =0 o0 (16)
o df bPr) =0
t
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and
(p.r)
k(Psr) — 1 ZAQ([’,V) _ hq A (p,r) (17)
q h(p,r) t,q h(p,r) 1
t t

for all ¢ € {1,...,n} with AQ®P" := QP — Q" i .=
1P 4 8P and &P := W) 4P where t € {1,...,n} is
such that hf” ") £ 0. Further, assume that

(P)_py () ) _ep) .
it 4 c=cP p(pr)y, T (p,r)
bp.r) —  pp.r) k v; if b 75 0,
‘ (18)
ﬂf”)—ﬂﬁ” lr(r)_lz(p) PPy T i ni)) —
hI(Pv") — ht(p,r) —k v it b)) =0

holds for all (p,r) € N and for all [ € {1,...,V}, where
v; € R are the V e N vertices of the polyhedral domain
Q. Then,

AGPD (x) 1= 6P (x) — ¢ (x)
_ (xTh(p,r)T n b(ﬂ,r)) (kPDx +dP0) (19)
holds for all x € R” and
kPx 4 qn) <0 (20)

holds for all x € © and for all (p, r) € V.
Proof: According to [25, Thm. 1] for

A¢(p’r)(x)=xTAQ(p’r)x+(i(p)—i(r)) x4+ &P — " @21

with (p, r) € N there exist a k»"” € R"" and a dP") € R
with

x"AQPx + (i(p) - i(’)> x4+ &P — &n
= (xTh(P,r)T + b(p,r)) (k(p,r)x + d(p’r))

- xT% (h(p,r>Tk(p,r> + k(p,r)Th(p,n) x

+ (h(I’J)d(PJ) _i_k(I’J)b(P»r))x + b g(pir) (22)

for all x € R”, where """ and b(P") describe the separating
hyperplane {x € R" | h""x 4+ b(P") = 0} of the neighbour-
ing regions R”) and R according to (3). Now, by compar-
ing the coefficients of the right-hand and left-hand side of the
quadratic functions in (22), we can identify

%(h(P,r)Tk(P,r) _i_k(P»r)Th(ILr)) — AQ(PJ) (23a)
BP0 4 gy — § _ (23b)
p ) ) — &p) _ &) (23¢)

With (23b) and (23c) we can write d"") as (16). Note that
for (16) there always exits at least one ¢ € {1, ..., n} with
h"" £ 0. Because if we assume k") =0 for all t e
{1,...,n} then the corresponding hyperplane in (3) either
leads to infeasibility for b*") > 0 and thus would be invalid
or for bP") < 0 the hyperplane is redundant and thus can be
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removed. We now use 17 := [® 4 BP, and &P = ) 4
y P to reformulate (18) as

ol Lk PDy T <0 i BP0 #£0,

7(p) _5(r) N

l'h<;~£3 +kPDy T <0 if i) =0
t

and subsequently substitute the reformulation of d" by
(16), which leads to

KPPy T +aP") <0 (24)

foralll € {1,...,V}andforall (p, r) € N. Moreover, the el-
ements of the vector k7" in (18) can be expressed in terms of
the coefficients of the functions (1) and (9). By using (23a) we

(p.r)
find k7" = Ah%;;) and h{"" kP + hPORPT = 2000

which results ir{ (17). Now, since (24) holds for all vertices v;
of the polyhedron 2 we have (20) for all x € © and for all
(p, r) € N, which completes the proof. |

Now we can proceed and use Lemma 1 to prove that (14)
holds. This requires to show

AGED () = gD x) — gV (x) > 0 (25)

for all x € RY, for all j e {l,...,s}\{i}, and for all i €
{1, ..., s}, which involves the verification of a quadratic in-
equality. However, if R) and R are neighbouring regions,
ie, (i, j) = (p,r) € N we can use (19) from Lemma 1 to
decompose the quadratic function A@")(x) into two affine
factors. Then, to prove (25), we have to show that both affine
factors are negative, which is more convenient than working
with the quadratic inequality. However, in general in the do-
main partition there are regions R) and R/ that are not
neighbouring, as for example R® and R™ in Fig. 2. Thus,
we cannot directly use Lemma 1 to prove (25) for all regions.
Fortunately, it is possible to rewrite A@“/)(x) in terms of
differences of neighbouring regions by

K
AGED ) =) AgP(x) (26)

k=1
with (py, re) € N forallk € {1, ..., K}. This allows us to use
(19) from Lemma 1 for every summand in (26). We define

CUD = {(p1,r1)s ..., (P, 1K)}

as the set containing the K index pairs with (p, r) € A of the
involved neighbouring regions and by (C%/)) := (py, rx) a
specific element of this set. For (26) to be a valid reformula-
tion of A@"7)(x), we need

pk =1, ri=j and pp=riq) (27)

for all k € {1, ..., K — 1}. As illustrated in Fig. 2(a) and (b),
there are several possible ways for choosing a valid /) that
satisfies (27). The paths from Fig. 2(a) and (b) can both be
used to determine a valid C*? for rewriting Ag*?)(x) by
collecting the index pairs (p, ) of all hyperplanes crossed by
the path. For the path from Fig. 2(a), this results in C*?) =
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1 1
R®) R®
RG) T RO RB) T RO
g0 g0 z
R® l RW l
-1 -1
-1 0 -1 0
T z
(a) (b)

1 1
R(2) R(2)
L J
REG) T T RO RB) RO
g0 g0
RM® RO R® R(6)
v v
R(5)
-1 -1
-1 0 1 -1 0 1
T z
(@) (b)

FIGURE 2. Illustration of an exemplary domain partition with paths from
R® to R™. Each path suggests a way of expressing the difference
AG®2 (x) = ¥ (x) — 3@ (x) in terms of differences of neighbouring
regions by (26). For the path in (a) we have C*?) = ((3, 2), (4, 3)}. For the
path in (b) we have C*2) = ((1, 2), (4, 1)}. The arrows on the boundaries
between the regions in (a) and (b) represent the normal vectors 2",
12®", h?3) and h®? of the hyperplanes crossed by the paths.

{(3,2), (4,3)} and for the path from Fig. 2(b) in c*2 =
{(1,2), (4, 1)}. Thus, depending on the partition, the set cl.h)
may not be unique. However, this does not pose a problem for
the following results since, for our purpose, it is sufficient to
have a partition for which the following assumption holds.
Assumption 1: For every i € {1,...,s} and for every j €
{1,...,s}\ i there exists a C"/) for which (26) and

hPDx + b7 <0 (28)

hold for all x € R® and for all (p, r) € 7.

Note that for a given PWQ function ¢(x), Assumption 1
may or may not hold. In Fig. 2 we have a partition which is
such that for i = 4 and j = 2, there does not exists a C*? for
which (26) and (28) holds for all x € R™ and for all (p, r) €
C*2)_ As previously described, the paths in Fig. 2(a) and (b)
illustrate the two possible ways for determining C*?). For
Fig. 2(a) and (b) we have C*? = {(3,2), (4, 3)} and C*?) =
{(1,2), (4, 1)}, respectively. For the first case with cH2 =
{(3,2), (4,3)} we have h®?x + b32 > 0 for x € R™® and
above the dashed line in Fig. 2(a). Analogously, we have
EPx + 512 < 0 for x € R™ and above the dashed line in
Fig. 2(b) for the second case with C*? = {(1, 2), (4, 1)}. For
both variants, there is a (p, r) € C*? for which (28) does not
hold for all x € R™. Thus, Assumption 1 does not hold for
the partition shown in Fig. 2.

However, if we add the hyperplane {x € R? | x; = 0} in
R@® as illustrated in Fig. 3(a) and create the new regions
R® and R® with ¢>(4)(x) = g?)(s)(x) = g0(4)(x), then the two
paths starting in R from Fig. 2 now lead to the sets C*?) =
{(3,2), (4,3)} and C®? = {(1,2), (5, 1)}. As illustrated by
the normal vectors and paths in Fig. 3(a), for both sets we
have (26) and hP"x + bP") <0 for all x € RY and for
all (p,r) e C%) with (i, j) = (4,2) and (i, j) = (5, 2), re-
spectively. Moreover, the partition is now such that for all
the remaining index pairs (i, j) with i € {1,...,s} and j €
{1,...,s}\ i we are able to find a set C%/) such that (26)

VOLUME 4, 2025

FIGURE 3. lllustration of two possible refinements of the partition shown
in Fig. 2. The partitions in (a) and (b) are both such that Assumption 1
holds. The arrows on the boundaries between the regions in (a) represent
the normal vectors of the hyperplanes crossed by the paths.

and (28) holds for all x € R and for all (p, r) € C%/). Thus,
Assumption 1 holds for the modified partition.

In Fig. 3(b), an alternative refinement is shown, where all
hyperplanes in the partition are extended to the whole domain.
This refinement also leads to a partition for which Assump-
tion 1 holds.

As shown in Figs. 2 and 3, if we have a PWQ function
¢(x) for which Assumption 1 does not hold, we can always
modify the function ¢ (x) by adding hyperplanes to the domain
partition. The added hyperplanes will lead to a function with
@(x) = @(x) for all x € 2, whose partition may satisfies As-
sumption 1. Adding of hyperplanes can be done as in Fig. 3(a),
i.e., by carefully adding hyperplanes such that Assumption 1
holds for a specific partition. Fortunately, as we will show in
the following proposition, the approach illustrated in Fig. 3(b),
i.e., the extension of all hyperplanes to the whole domain,
works without manually choosing hypeprlanes and will al-
ways lead to a modified partition for which Assumption 1
holds. For ease of reading, the proof is provided in the ap-
pendix.

Proposition 2: Assume that for every (i, j) € {1,..., s}’
and for every k e {1,...,d"} either h,((])x+b,(<” <0 or
B x +b'” > 0 holds for all x € R®. Then, Assumption 1
holds.

Intuitively, Proposition 2 states that Assumption 1 holds if
all hyperplanes of the partition are extended to the whole do-
main, as shown in Fig. 3(b). This extension of all hyperlanes
typically leads to a partition with a large number of regions
s. However, according to Proposition 2 the extension of all
hyperplanes is only sufficient for Assumption 1 to hold. As
illustrated in Fig. 3(a), we may be able to find a refinement
of the partition with fewer regions for which Assumption 1
holds. This will lead to a representation of the form (10) with
a smaller s.

We will now use Lemma 1 to show that the factors (20) and
(28) of each summand (19) in (26) are negative. This will help
us to show that (25) holds, which is sufficient for (14).

Lemma 3: Let the PWQ function ¢(x), the PWA function
h(x), and @(x) := ¢(x) + h(x) be defined as in (1), (9), and
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(11), respectively. Assume that (18) as in Lemma 1 holds for
alll € {1,...,V}and for all (p, r) € N. Then, (14) holds for
allx € Q.

Proof: To ensure (14) we need

AGED(x) =0 (29)

for all x e R, for all je{l,...,s}\{i}, and for all i €
{1,...,s}. We can rewrite the left-hand side of (29) as the
sum over differences of neighbouring regions using (26). Ac-
cording to Lemma 1 for the summands in (26) we have

A@(P;’)(x) — (h(PJ)x + b(PJ’))(k(PJ)x + d(P,r)) (30)

with (20) for all x € Q and for all (p, r) € C%)) € N. More-
over, with R c Q for all i € {1,...,s}, we can infer that
(20) holds for all x € R and for all (p, r) € C%/). We fur-
ther have (28) for all x € R and for all (p, r) € C%/) by
Assumption 1. Consequently, for all j € {1,...,s}\ {i} and
foralli € {1, ..., s} the inequality

(h(p,r)x + b(P,r)) (k(P»r)x 4 d(p,r)) >0

<0vVxeR®

€2y

<0OVxeR®

holds for all x € R and for all (p, r) € C7. Finally, since
foralli € {I,...,s}and forall j €{l,...,s}\ithere exists
a CJ) for which (26) holds, we have

K
A(ﬁ(i’j)(x) — Z A@(Pk’rk)(x)
k=1

K
— Z(h([’k’rk)x + b(Pka))(k(Pka)x + d(Pka)) >0
k=1

for all x e R, for all ie{l,...,s}, and for all je
{1,...,s}\ {i}. In summary, we have 3’ (x) > @) (x) for all
xeR® forall je{l,...,s}\{i},and foralli e {1,...,s}
and thus ¢ (x) < max)<;<,{¢g¥(x)} < ¢@(x)ifx € R or
equivalently

max {¢V(x)} = ¢P(x) ifx e RY

I<j<s
for all i € {1, ...,s}. With ¢V (x) = 9@ (x) + 1D (x) for all
i€f{l,...,s} and the definitions (1), (9), and (11) we now
have

max {¢(x)} = ¢(x) + hx)

for all x € 2, which proves the claim. |

Remark 1: The condition (18), which is sufficient for a
representation in the form (14), can be seen as a general-
ization of the known results for representing PWA functions
as the maximum of their local affine functions. For continu-
ous PWA functions, i.e. ¢(x) as in (1) with Q© = 0 for all
ie{l,...,s}, arepresentation in the form

p(x) = max {p(x) (32)
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is possible if ¢(x) is convex [32]. For this special case,
Lemma 3 states that (32) holds for all x € Q if

(P)_ () e 1 (por)
o < 0 ifb # 0,
(p)_4(r) ..
L o p)) —
g <0 i) =0

holds for all (p, r) € N. With (16) the former is equivalent to

d?P"” <0 (33)
for all (p,r) € N. Using [25, Thm. 1] we find ¢ (x) =
@I (x) +d P (RPx 4+ bP1)) and thus (33) holds if and
only if g0(17)()‘;) — <p(r)(x) + d(p”)(h(””)x + b(p,r)) > (p(’)(x)
for all x € R and for all (p, r) € N, which is the same as
assuming that ¢(x) is convex. Thus, the PWA case is included
as a special case in Lemma 3 and leads to the result known
from the literature [32].

We will now show how to find a PWA function A(x) such
that (18) holds for all (p,r) € N and for all [ € {1,...,V}.
In the end, this will allow us to show that PWQ functions
with polyhedral domain partition can be represented as the
difference of two max-expressions by (10).

B. FEASIBILITY OF THE CONDITIONS
In this section, we will show that it is always possible to find
a continuous and convex PWA function of the form (9) such
that the function (11) can be represented as the maximum of
its local functions by (14). According to Lemma 3, a sufficient
condition for such a representation is (18). Therefore, we will
show in the following that it is always possible to construct a
convex lifting [41] via h(x) such that (18) and consequently
(14) holds if the partition of the PWQ function ¢(x) is con-
vexly lifatable. Where we denote a polyhedral partition as
convexly liftable according to [41, Thm. III.9], i.e, if and
only if the OP [41, Alg. 3] for computing a convex lifting is
feasible. If we now take into account that a convex PWA h(x)
can always be represented as the maximum of its local affine
functions, i.e, (15) holds, then, by combining (14) and (15),
we can show that every PWQ function can be represented
as the difference of two max-expressions by (10). To prove
the next results, we assume from now on that the following
assumption holds.

Assumption 2:  The polyhedral domain
Ui, R® = Q of p(x) as in (1) is convexly liftable.

Remark 2: The domain partition of a PWQ function ¢(x)
may or may not be convexly liftable. However, if the domain
partition is not convexly liftable, we can construct a modi-
fied PWQ function ¢(x) : 2 — R with ¢(x) = ¢(x) for all
x € Q C R"” whose partition is convexly liftable by running
the Algorithm [41, Alg. 4]. In the algorithm, all hyperplanes
between neighbouring regions are extended to the whole do-
main. Wherever the extension of the hyperplanes lead to a
splitting of a region R® into two new regions R” and R
with RP UR™ = R®, we choose the local functions as
PP (x) = ¢ (x) = 9@ (x). This procedure results in a PWQ

partition
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function @(x) with @(x) = ¢(x) for all x € 2 whose parti-
tion is convexly liftable [41, Thm. II1.12], i.e., Assumption 2
holds. Moreover, the modified partition is such that for every
(i, j) e {l,...,s)? and for every k € {1, ...,d)} we either
have h,(j)x + b,({]) < 0or h,(cj)x + bl({]) > 0 forallx € R® [41,
Alg. 4]. Thus, Proposition 2 applies and consequently As-
sumption 1 holds. In summary, this means that for a given
PWQ function ¢(x), we can always find a modified PWQ
function @(x) with ¢(x) = ¢(x) for all x € Q for which As-
sumptions 1 and 2 hold. Thus, we can pose both assumptions
without loss of generality.

In the following, we show that the condition (18), which is
sufficient for (14), can always be satisfied by using a continu-
ous and convex PWA function A(x).

Lemma 4: Letthe PWQ function ¢(x) and §(x) := ¢(x) +
h(x) be defined as in (1) and (11), respectively. Then, there
exists a continuous and convex PWA function h(x) as in
(9) such that (18) holds for all / € {1,...,V} and for all
(p,7r) e N.

Proof: For a convexly liftable partition, [41, Thm. II1.9]
states that for all § > 0, there exists a continuous and convex
PWA function of the form (9) with

ﬂ(p)x(p) + J/(p) > ﬁ(r)x(p) + y(r) 48 (34)

for x”) € int(R")) and for all (p, r) € N, where x is typ-
ically chosen as the Chebyshev center of R"). Furthermore,
since the PWA function is continuous, there exists a ,o(’J ) e R
with

(ﬂ(p) _ ﬂ(r))x + y(p) _ y(r) — p(p’r>(h(p’r)x + b(P,r)) (35)

for all x € R" and for all (p,r) € N according to [25,
Thm. 1]. By comparing the coefficients of the right-hand and
left-hand side of the affine functions in (35), we find

BP — BT = pPIp(P1) ang (36a)
y @ — ) = oy, (36b)
Thus, we can identify
LEr i e £,
'O(p’r) - B " if B — 0. Gr
ze

Substituting BP = B") 4 p®PIRP and y P =5 4
p(p” P from (36a) and (36b), respectively in the
left-hand side of (34) gives BWx) + @ = (" +
pPIRP NP L) PP which results in

(ﬁ(r) —i—p(”’r)h(”’r))x(”) + y(r) _|_p(/7,r)b(p,r)
> ™ 4,0 45
and thus
p P (RPDxP) 4 pP1)y > 5 5 0

<0 for x(P) eint(R(P))

5
(p.r) < 0
P E e 1 e

(38)
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is feasible for all § > 0. With (37) and (38) we can use

(p) _,,(r)
Y b4 ) if B(pr)
pp.r) = h(p’r)x(”)+b(ﬂ’) <0 ifd 75 O’
(39)
8

<0 ifpP") =0.

WD = WP pe

to overestimate the left-hand side of (18). If we now take into
account that the inequality (39) is feasible for all § > 0 and
that the right-hand side in (18) is finite then we can always
choose a § > 0 such that

) c—c® (psr)gy T e p(po1)
KPP yppr) = pr) T k v; ifb # 0, “0)
]
S lgr)_l’p _ k(p,r)v T lf b(p’r) _ 0
RPNy L ppr) — ht(p,r) 1 =

holds for all (p,r) € N and for all [ € {1,...,V}. In com-
bination with (39) this means that there exists a continuous
and convex PWA function A(x) such that (18) holds for all
le{l,...,V}andforall (p,r) e N. [ |

Remark 3: Lemma 4 states that it is always possible to
compute a convex lifting via a PWA function i(x) such that
(18) holds forall/ € {1,...,V}andforall (p, ) € N.Sucha
lifting can be computed explicitly by solving the OP from [41,
Alg. 3] with a ¢ := § for which § > 0 and (40) holds forall/ €
{1,...,V} and for all (p, r) € NV. This OP is always feasible
for a convexly liftable partition.

With Lemma 3 and 4, we have shown that for every contin-
uous PWQ function with a polyhedral domain partition, it is
possible to compute a convex and continuous PWA function
such that (14) holds for all x € Q. In the following section,
we will use this result to prove that PWQ functions can be
represented as the difference of two max-expressions.

IV. REPRESENTATION AND APPROXIMATIONS OF PWQ
FUNCTIONS
In Section III, we derived the theoretical basis for the main
result of this paper. Namely, the existence of a representation
as the difference of two max-expressions by (10) for arbitrary
continuous PWQ functions ¢(x) with polyhedral partition.
The two results we will use to prove the existence are Lem-
mas 3 and 4. By combining the lemmas, we can show that
there always exists a convex PWA function A(x) such that
@(x) + h(x) can be represented as the maximum of its local
functions by (14). Moreover, since h(x) is a convex PWA
function, it can be represented as the maximum of its local
affine functions by (15). Then, by combining (14) and (15),
we can eventually prove the existence of (10).

Theorem 5: For every continuous PWQ function ¢(x) of
the form (1) with a polyhedral domain partition as in (2), there
exists a PWA function A(x) as in (9) such that

p(x) = max {p)(x) + K x)} — max (HPx)}  (41)
I<i<s 1<i<s
holds for all x € Q.

Proof: Lemma 4 states that for every PWQ function ¢(x)
with a convexly liftable partition, there exists a continuous
and convex PWA function A(x) for which (18) holds for all
le{l,...,V}and for all (p,r) € N. Then, we can deduce
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from Lemma 3 that (14) holds for all x € 2. Moreover, for
continuous and convex PWA functions /(x), we have (15) for
all x € © according to [32]. In summary,

max {go(’)(x) +hDx)) — max {h(’)(x)}

= @) + h(x) — h(x) = ¢(x)

holds for all x € Q.

The representation of PWQ functions by (41) will serve as a
starting point for deriving NNs that allow an exact representa-
tion of arbitrary continuous PWQ functions with a polyhedral
domain partition.

A. REPRESENTATION BY NEURAL NETWORKS

In this section, we derive different topologies for maxout and
relu NNs that allow an exact representation of PWQ func-
tions. We start with the derivation of maxout NNs by using
Theorem 5. Then, based on the derived maxout NN, we use
methods for decomposing max-expressions to derive suitable
relu NNs.

1) MAXOUT NEURAL NETWORKS

Theorem 5 can directly be used to derive maxout NNs that
allow an exact representation of PWQ functions by exploit-
ing the structure of (41). For deriving such NNs, we use
nz;n

an extended input vector & €
quadratic monomials of x, i.e.,

-
E(x) = (xT XXXy ... XiXn ... x,%) . (42

Theorem 6: Every continuous PWQ function of the form
(1) with a polyhedral domain partition as in (2) can be rep-
resented by a maxout NN with / = 1 hidden layer, w; =2
neurons with p; =, input vector & as in (42), postactiva-
tion weights Wgz) =1, Wé ) = —1, and postactivtion bias
v?® =0.

Proof: According to (5), (6), and (8), the proposed maxout
NN leads to

D& = W(lz) max {WO)& + v(l)}
I<i<p; ' !

max

(2)
+W,; ] ]
+p1<i<2p;

Wk 4 o) 4@
If weuse p; =, W(12) =1, W(22) = —1,and v® = 0, the NN
simplifies to

(1)
H—s

® (&) = max {W?”E + vEl — max {WI+S$ +v;
1<i<s

For all i € {1, ..., s} the quadratic local functions (p(i)(x) +

h®(x) and the linear local functions 2 (x) in (41) are linear

combinations of 1 and the monomials contained in & from

(42). Thus, there exist weights WO and biases vP such

that W Vg 4+ 10V = 9@ (x) + hO(x) and W& + 101, =

; i+s i+s
h(’)(x) forall i € {1,...,s}. Then, using Theorem 5, we can
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3(2) = (a) + hiz) = max {We+ ()}

@=>. W -
.=>@

(1)
h(z) = " Iln<a)22 {wW; £+bi }
FIGURE 4. Maxout NN with two neurons and extended input vector (42) of

dimension d := "2+3" for the exact representation of PWQ functions. The
double arrows indicate the multi-channel preactivation with p; =, i.e, the
s elements in each max-expression (41).

infer that for every PWQ function ¢(x) there exists a NN with

(&) = max {W(I)E + v(l)} max {Wl+s§ + v(l)

l+b
= max {<p<'>(x) + h(’)(x)} max {h(’)(x)}
= ¢(x)
for all x € 2, which completes the proof. |

Fig. 4 shows the structure of the maxout NN from Theo-
rem 6 with the extended input vector (42) and two neurons.
The first neuron represents (14), and the second represents
(15).

2) RELU NEURAL NETWORKS

For deriving relu NNs that allow an exact representation of
PWQ functions, we can use results from [6], where max-
expressions are represented in terms of a relu NN. This can
be directly used to represent the two max-expressions of the
derived maxout NN by a relu NN.

Theorem 7: Every continuous PWQ Function of the form
(1) with a polyhedral domain partition as in (2) can be repre-
sented by a relu NN with / = [log,(s)] hidden layers, w; =
3 x 2M°22&)1 peurons in each layer i € {1, ..., [}, and input
vector & as in (42).

Proof: We first note that the maximum of two values can
be implemented by a relu NN of depth 1 and width 3 using

max{x, X} = max{x; — xp, 0}4+max{x;, 0} —max{—x», 0}.

Then, the function f : R?" — R2" with

f(x):=(max{xy, x2}, max{x3, x4}, ..., max{xon_j,x0})"

and n := [log,(s)] can be represented by a relu NN of depth
1 and width 3 x 2"~! since every of the 2"~! components of
f(x) is a relu NN with width 3. Now, we can compute the
maximum max{xg, ..., Xy} by calling n-times the function
f(x). According to [6, Lem. D.1], the composition

fo--of(x)=max{xy,...,xm}
——

n times

can be represented by a relu NN of depth n and width 3 x 2"~
since f(x) is the n-times composition of a function that can be
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represented by a relu NN of depth 1 and width 3 x 2"~ !, This
means that with (41) from Theorem 5 and £ as in (42), every
PWQ is the difference of two relu NN of depth n and width
3 x 2"~1. This difference can be represented by a relu NN of
depth n = [log,(s)] and width 2 x 3 x 2"~! = 3 x 2Mloa2®I,
according to [6, Lem. D.2]. |

Theorem 7 proposes a “shallow and wide” NN for the exact
representation of PWQ functions. Where shallow refers to the
relatively small number of hidden layers [ = [log,(s)], which
grow only logarithmic with s, i.e., with the number of regions
of the PWQ function. Wide refers to the potentially large
number of neurons w; in each layer, which grows linearly with
s. By using results from [7], we can derive an alternative “deep
and narrow” NN, i.e., an NN with a large number of hidden
layers and fewer neurons per layer.

Theorem 8: Every continuous PWQ Function of the form
(1) with a polyhedral domain partition as in (2) can be repre-
sented by a relu NN with / = 2s hidden layers, w; = ”2%3" +
3 neurons in each layer i € {1, ..., [}, and input vector & as in
(42).

Proof: The quadratic local functions (p(i)(x) + hD(x) and
the linear local functions 2)(x) in (41) are linear combina-
tions of 1 and the d := "2%3” input variables & from (42).
Thus, according to Theorem 5, for every PWQ function there
exist parameters K € R4 ke RS, L e R and I € R
such that

max {K;§ + k;} — max {L;§ +1;}
1<i<s 1<i<s

= max {pV(x) + hP(x)} — g?gs{h“)(x)} = ¢(x).

1<i<s

(43)

Moreover, since the domain 2 of the PWQ function (1) is
polyhedral, the affine mapping

§; —min§;

T = max &; ieQmmE
xeQ J ]

with j € {1, ..., d} and the inverse mapping

T;I(C) ={; (rgleaéﬁj _;Igggj) +¥2S121$j

with j e {1,...,
[0,119 - R

d} exist. We now consider the function ¢(¢) :

$(8) = (T~ (¢)) — min p(x).
xXeQ

with ¢ = T'(&) and & = T~1(¢). Since ¢(¢) is a compositAion

of an affine function and (43), there exist parameters K €
R4 k e RS, L € R**? andl € R* such that

$(¢) = max (K& + ki) — max {L;g +1;).
1<i<s 1<i<s

This function can be represented by a relu NN with 2s hidden
layers of width d + 3 = @ + 3 according to [7, Thm. 2]
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since ¢(¢) is a function that maps from [0, 1] to R ;. More-
over, we then have
px) = () = (T~ (£) = (¢) + min p(x).

Thus, the PWQ function ¢(x) can be written as a sum
of the constant minycq ¢(x) and the function @(¢) =
max1<,<g{K Iy +k }— max1<,<Y{L §+l,} According to [6,
Lem. D.2], the sum describing the PWQ function ¢(x) can be
represented by an NN with the same topology as the NN for
@(¢),1.e., arelu NN with 2s hidden layers of width ”ZJ“TM + 3.
This proves the claim of the theorem. |

By comparing the number of neurons, i.e., the depth / mul-
tiplied by the width w;, in the NNs proposed by Theorems 7
and 8, we can see that the NN from Theorem 7 is advanta-
geous for PWQ functions with a small number of regions s
since it has fewer neurons. The exact threshold from which the
NN from Theorem 8 has fewer neurons depends on the dimen-
sion n. Assuming for simplicity that s only takes multiples of
two, we have w;/ = 3slog,(s) and s(n? + 3n + 6) neurons in
the NNs from Theorems 7 and 8, respectively. Thus, for small

112
s < 25 11%2 the NN from Theorem 7 has a smaller number of
neurons. While for complex PWQ functions with a large num-

ber of regions s > 2’%2*”*2, the deeper NN of Theorem 8 has
fewer neurons. This observation is consistent with research in
the deep learning field on the advantages of deep NN over
NN with fewer hidden layers [42] for approximating complex
functions.

B. APPROXIMATIONS OF PWQ FUNCTIONS

In Section IV-A, we showed that it is possible to represent
PWQ functions by maxout and relu NNs if the inputs of
the NNs are extended by all quadratic monomials as in (42).
However, in practice, NNs are typically used to approximate
functions based on samples rather than for an exact represen-
tation of a given function. However, the results on the exact
representation can also be used for an efficient approximation
of PWQ functions by using the NNs from Section IV-A for
which, in theory, parameters exist that allow an exact rep-
resentation. Thus, these NNs should lead to approximations
with a low error. Moreover, if an upper bound on the number
of regions s is known, we can use Theorems 6, 7, and 8 to give
bounds on the depth and width an NN should have to provide
a low error approximation.

When these NNs are used to approximate a function based
on samples, the computation of NN parameters 6 that mini-
mize some loss function can be done in different ways. The
classical approach is to solve the nonlinear OP

Np
e = mein 21: NN (y(l) — o, 0)) (44)
i

with a convex loss function ¢nn approximately using a
gradient-based optimization algorithm, e.g., stochastic gra-
dient descent, RMSProb, or Adam [43] for a given dataset
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D= {(xD, yD) |y = p(xD)Wi € {1, ..., Np}}. In this ap-
proach, we can use Theorems 6, 7, and 8 to choose a suitable
topology for which parameters exist that lead to an exact
representation of the PWQ function by the NN and thus could
provide an approximation with an error of zero, i.e., ¢* = 0.
In Section V-B, we will experimentally show that these NNs
indeed lead to approximations with a lower error than classical
PWA NNs when trained using a gradient-based optimization
algorithm.

Another way to use the results of Section IV-A for comput-
ing low error approximations of PWQ functions is to use the
fact that for quadratic loss functions ¢nn and the maxout NN
from Theorem 6, the OP (44) can be reformulated as a mixed-
integer quadratic program (MIQP) using the results from our
preliminary study [31]. The MIQP can be solved globally
using standard software, e.g., MOSEK [44] or Gurobi [45].

Corollary 9 ([31, Thm. 1]): For a maxout NN as in The-
orem 6, the OP (44) with a quadratic loss function ¢ny is an
MIQP.

Therefore, we can compute globally optimal parameters for
maxout NNs, which can represent every PWQ exactly (cf.
Theorem 6). This means that if the samples in the dataset
D are from a PWQ function, i.e., y) = p(x®) with s re-
gions and p; > s, then the MIQP for solving (44) will result
in an approximation that is exact at the sampling points.
Meaning we have ¢* = 0 and thus ¢(x®) = &(x?) for all
ie{l,...,Np}.

V. NUMERICAL EXAMPLES

We will provide different numerical examples. In the first ex-
ample, we illustrate the representation (10) for an exemplary
PWQ function with n = 2. In the second part of this section,
we compare the in Section IV proposed NNs that allow an ex-
act representation of PWQ functions with classical PWA NN
and alternative PWQ NNs for which an exact representation is
not possible by using them to approximate a PWQ OVF (12)
for different example systems.

A. EXACT REPRESENTATION OF PWQ FUNCTIONS

In the first example, we illustrate the theoretical results of
Section III on the representation of PWQ functions for the
continuous PWQ function

xTQWx + (_1 _1)x +0.5 if xeRWD,
xT0x + (_1 —1)x +0.5 if x e RP,
0¥+ ( 1 —1)x+05 if xeR®,
o) = xTQ(4)x+g | 1§x+0.5 if xeR®,
X% + ( 1 1)x +05 if x e RO,
T + (_1 1)x +05 if x e RO,

with
-2 2
M _ 0B — 0® —
oM =0%=90 (2 _2>,
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Q_po_[ 2 72\ po_(2 0
gr=¢ _(—2 2)’Q _<o 2)’

and regions R¥) as in (2) specified by

I, I,
D — p® — I, ’h(2) —h® = - ,
-1 1 1 -1
T
WD =h® = (1, -1) .
—1 0
0 —1
—1 0
) o_| -1 @ ©) 0
b= 01,0 = b =1—-11],b"= ,
—1 0
0 —1
0 —1
0 0

»? = b(l), and b = ™. The function ¢ (x) with the cor-
responding domain partition is shown in Fig. 5(a). We choose
the function such that the domain partition is degenerate ac-
cording to the definition from [26] and the description in
Section II-B since at x" = (0 0), we have an intersection
of kK = 3 hyperplanes that is not an empty set. In addition,
the consistent variation property (CVP) [25] does not hold
here. The regions R and R© as well as R®) and R™ are
separated by the same hyperplane {x € R? | x, = 0}. How-
ever, k7" from (17) is k19 =@ —4)£ (0 4)=kC
for these regions and thus g(1:% (x) % g% (x). For the CVP to
hold, we would need k10 — G4, Hence, the PWQ function
considered in this section cannot be represented using meth-
ods from the literature, as they require either a non-degenerate
partition or the CVP. The representation proposed by The-
orem 5 does not assume a non-degenerate partition or the
CVP. Thus, as we will show next, it is possible to represent
the PWQ function as the difference of two max-expressions
by (10). For determining the representation of ¢(x) in the
form (10), we first compute a continuous and convex PWA
function i(x) such that (18) holds for all (p, ) € N and for all
[ e{l,...,V}, which is according to Lemma 4 always possi-
ble. We compute the function /4(x) as described in Remark 3
by computing a convex lifting according to [41, Alg. 3] with
a c := ¢ for which § > 0 and (40) holds forall/ € {1,...,V}
and for all (p, r) € N. In this example, the conditions on §
are satisfied for § = 3. The convex lifting results in the PWA
function

9.66 1.66)x if xe RMD,
166 9.66)x if xeR®,
~9.66 9.66)x if x e R®,
h(x)=
~9.66 —1.66)x if x e RW,
—1.66 —9.66)x if x e RO,
966 —9.66)x if xeR©®

VOLUME 4, 2025



€ I E E E IEEE Open Journal of

=" CSS Control Systems

(2)

(b)

FIGURE 5. Exemplary PWQ function ¢(x) with six regions in (a). The functions ¢(x) in (b) and h(x) in (c) are such that they can be represented in the form

(14) and (15), respectively, i.e., we have ¢(x) = §(x) — h(x) =

max; <i<s{@® (x)} — max; .j<s(h® (x)}. The PWA function h(x) in (c) is computed as described in

Remark 3 by solving an OP to determine a convex lifting for the partition. For the sake of clarity, the six polyhedral regions of the domain partition are

shown only in (a) but also apply to the functions in (b) and (c).

shown in Fig. 5(c). Since h(x) is now such that (18)
holds for all (p,7) € N and for all [ € {I,...,V}, we have
@(x) = @(x) + h(x) = max|<j<4{¢ (x) + KD (x)} according
to Lemma 3. Moreover, /(x) is continuous, convex, and PWA.
Consequently, we have h(x) = max 5i54{h(i)(x)}. Thus, as
stated by Theorem 5, the function ¢(x) can be represented
by

o) = max {(p(’)(x) +hD(x)} — max {h(l)(x)}

=¢(x) =h(x)

The decomposition of the function ¢(x) into ¢(x) and A(x) is
shown in Fig. 5.

B. LEARNING OF OPTIMAL VALUE FUNCTIONS

The aim of this section is to show that the proposed NN,
which allow an exact representation of PWQ functions, lead
to better results when they are used for approximating PWQ
functions compared to NNs for which an exact representation
is not possible. For this purpose, we approximate the PWQ
OVF given by (12) for different example systems using the
NNs from Section IV-A. The considered example systems,
together with the parameters for the OCP (12) and the num-
ber of regions of the corresponding OVF, are summarized in
Table 1. The number of regions s in Table 1 is determined
by explicitly computing the OVF of (12) using the multi-
parametric toolbox 3 (MPT3) [48]. For each example system
from Table 1, we solved the OCP (12) for different values
of x on a regular grid with a step size of 0.1 to generate the
data sets Dg := {(‘.;'(i), y Dy |y = VN(’;'(i))Vi ef{l,...,Np}}
with an extended input vector & as in (42). This results in data
sets with 6411, 10199, and 31690 data points for examples
1., 2., and 3., respectively, from Table 1. As is common in
the machine learning literature [49], we normalized the data
with ymin := min; <<y, (v},

) ymln
y 'max —Ymin

according to @ :=
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Ymax := Max;<;<n,{y"} and

@ _ (1)
s min
0. &) — min (&)
i (@) (i)
max min
max (&)~ min (&)

for all je{l,..., u;”}. Afterwards, we trained the NNs
listed in Table 2 with the corresponding normalized data

set lA)E = {(é(l),j)(l)), .. £( ») , D))} using the stochastic
gradient descent optimizer from the Keras API [50] with a
learning rate of 0.01 and a momentum of 0.9. For each case
from Table 2, we ran the training 100 times and stopped each
training run when there was no improvement in the mean
absolute error (MAE) for 100 consecutive epochs. At the
beginning of each training run, the weights of the NN are
initialized randomly using the method described in [51]. For
each of the 100 training runs, we documented the minimum
MAE reached during the training. The mean of the MAE over
all 100 training runs is shown in column seven of Table 2. The
MAE:s of the different cases from Table 2 are normalized on
the range of the output data, i.e., divided by ymax — Ymin SO
that they are comparable. In the summary of the experiments
in Table 2, we compare for each of the three considered OVFs
the approximations of an NN with [/ = 1 layer, w; = 2 neu-
rons with r; = s, and input vector & = x, against a NN with
[ =1 layers, w; = 2 neurons with r; = s, and £ as in (42).
According to Theorem 6, the latter is an NN that can represent
the considered PWQ function exactly, whereas the former NN
is PWA and thus cannot represent PWQ functions. In total,
this leads to the six test cases summarized in Table 2.

Now, the experiments offer several insights. First, the NNs
with & as in (42) that allow an exact representation of the
considered PWQ functions show the best results for all three
example systems. Compared with the NNs that are not able to
represent PWQ functions exactly, the relative improvement is
at least ﬂ x 10 = 10.14 between the test cases 3. and 4. and

the hlghest observed improvement is '9395 x 10° = 136.36 be-
tween the test cases 1. and 2.. Thus, we have a significant
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TABLE 1. Example systems from the literature.

Ex. No. A B X u Q R N s Reference
11 0.5 |z1| < 25
1. (0 1) ( 1 ) s < 5 lu| <1 I, 01 2 121 [46, Egs. (2.8)~(2.9)]
0 1 2 lz1| <5
2. (1 0) (4) s < 5 lu| <1 I, 45 10 81 [47, Ex. 3]
1 05 0.125 0.02 |z1| < 20
3. 0 1 05 0.125 |z2| <3 lu| <05 I3 1 2 15646 [46, Rem. 4.8]
0 0 1 0.5 lxs| <1
TABLE 2. Training results of NN approximating different OVFs. 0.2 %1073
’ 4.9
Test Ex.No. ¢ [ MAE =014 246
€st case X. INO. °
w1 T1 E 0.08 2 4.3 N VTV P R
1. 1. x 1 2 121 1.51 x 107" 0.02 4
2. 1. 42) 1 2 121 4.43 x 1073 INJERN SN EPNEN O © O D
(42) . P S DS PSS
3. 2. x 1 2 8l 5.78 x 10
4. 2. @) 1 2 81 5.70 x 10~3 Training run Training run
5. 3. @ 1 2 15646 1.35x107" () (b)
6. 3. (42) 1 2 15646 9.90 x 107*

improvement of a minimum of one order of magnitude when
using the NNs proposed in Section I'V-A.

For the first example system, we additionally illustrate the
minimum MAE reached in each of the 100 training runs for
test cases 1. and 2. in Fig. 6(a) and (b), respectively.

We can observe that during training with the classical PWA
NN with input vector & = x, the MAE reaches in 36 of the
training runs a local optimum at 5.62 x 1072, and in the
remaining 64 training runs, a local optimum at 2.05 x 107!,
Thus, with the classical NN, the training often stops at a
poor local optimum. Furthermore, we can see in Fig. 6(a)
that we have a high ratio of the MAEs between the worst and
best training runs of 3.77. With the NN from Theorem 6, for
which an exact representation of the OVF is possible, we can
observe in Fig. 6(b) that there is only a small variation of the
MAE:s reached in the different training runs. The ratio of the
MAESs between the worst and best training runs is only 1.02.
This means that the MAE reaches approximately the value of
4.43 x 1073 in all training runs. Thus, the training of the NN
proposed in this work seems to be more robust with respect to
the initialization of the weights.

The example systems from Table 1 all have a state dimen-
sion of n < 3 and an input dimension of m = 1, and until now,
we have only compared our proposed PWQ NNs to classical
PWA NNs. To provide a more competitive comparison, we ap-
proximated the OVF of the MIMO30 system from [52], which
is a linear system with n = 10 and m = 3, with a PWQ NN
from the literature [19]. For the MIMO30 system we consider
the OCP (12) with weighting matrices Q = I'1p, R = 0.2513,
a prediction horizon of N = 30, as well as state and input
constraints of the form |x;| < 10 for all i € {1, ..., 10} and
lu;| < 1foralli € {1,..., 3}, respectively. The resulting OCP
is such that the MPT3 [48] fails to compute the explicit solu-
tion within a 6-hour time limit. However, we can still generate
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FIGURE 6. Minimum MAE reached in each of the 100 training runs when
approximating the OVF for the first example system from Table 1 with the
NN from the test cases 1. and 2. from Table 2 in (a) and (b), respectively.
The weights of the NN are initialized randomly at the beginning of each
training run.

a data set for approximating the OVF by solving the OCP (12)
for 10000 random values of x € Fy, where F,, C X is the fea-
sible set of (12). We use this dataset to train two different relu
NNs. The first relu NN has a topology as in Theorem 8. Note
that, since we are not able to solve the OCP (12) explicitly in
this example, the number of regions s of the OVF is unknown,
and thus we cannot fully utilize the results of Theorem 8.
However, some of the parameters are independent of s, e.g.,
the width w; of the NN. Thus, we can partially use the results
of Theorem 8 by choosing a relu NN with an input vector £ as
in (42) and [ = 1 layer with w; = ”QJFTM + 3 = 68 neurons.
We compare this relu NN with the PWQ relu NN from [19]
with the “local-global” topology as described in Section II-D.
‘We choose the number of neurons as w; = 380 such that both
NNs have approximately the same number of parameters, i.e.,
4560 and 4557, respectively. For both NNs, we computed
the mean of the MAE from 100 training runs with a training
setup as for the examples in Table 2. The PWQ NN from [19]
archives on average a MAE of 4.46 x 10~* and the NN from
Theorem 8 a MAE of 1.02 x 10~%. Thus, even for a high-
dimensional example where the results of Section IV-A can
only be partially utilized, we observe a significant relative
improvement of 4.37 compared to a baseline NN with PWQ
structure from the literature.

VI. CONCLUSION AND SUMMARY

We presented a representation of PWQ functions with a
polyhedral domain partition as the difference of two max-
expressions in the form (10). The representation is based
on constructing a convex lifting of the domain partition
that satisfies certain conditions specified in Lemma 3, which
ensure (14). We showed in Lemma 4 that these conditions
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can always be satisfied by proving that the associated OP
for the convex lifting is always feasible. This finally leads
to one of the main results of the paper, which is Theorem 5,
where we state the existence of a representation of the form
(10) for PWQ functions. Based on this representation, we
have derived different maxout and relu NN in the Theorems
6, 7 and 8. These NNs are the first for which an exact
representation of arbitrary PWQ functions with a polyhedral
domain partition is possible. The proposed representation of
PWQ functions is illustrated in Section V-A using an exem-
plary two-dimensional PWQ function. Since the typical use
case for NN is not the exact representation of given functions
but the approximation of functions based on sample points, we
investigated the behaviour of the proposed representation in
the context of NN training. For this purpose, we approximated
in Section V-B the PWQ OVF of linear MPC for different
systems and demonstrated the benefits of the proposed NN
compared to classical NN.

APPENDIX
Proof of Proposition 2: To show that for every i € {1, ..., s}
and for every j € {1,...,s}\ i an index set C%/) as in As-
sumption 1 exists, we first note that for a fixed but arbitrary
re{l,...,s}\ i, there exists at least one p € {1, ..., s} with
(p, r) € N such that R?"x + bP") < 0 for all x € R, We
prove this claim by contradiction. Due to the assumption
made in the proposition, we either have h'""x 4 b(P") <
0 or A?"x + b >0 for all x € R®. We now assume
that we have hP"x + p(P:r) >0 for all x € RY and for
all p with (p,r) e N, ie., h"Px +b"P) <0 for all x €
R® and for all p with (p,r) € N. This would mean that
hx + b < 0 holds for all x € R, which is a contradic-
tion since we have r # i. Thus, for every r € {1,...,s}\i
there exists at least one p with (p, r) € A such that B""x +
bP") <0 for all x € RY¥. This means that for every r €
{1,...,s}\ i, we can find a p for (19) such that (28) holds
for all x € RY. Thus, if we start with a fixed but arbi-
trary rp = j € {1,...,s}\ i, we can find a p; such that (28)
with (p, r) = (C%D); = (p1, r1 = j) holds forallx € R®. If
p1 =i, we would be done at this point since we then already
have an index set C%"/) = {(i, j)} with the desired proper-
ties. For py # i, we choose (C"/)), = (p2, 1) = (p2, p1). In
this case, we can again find a p = p> such that (28) with
(p, r) = (C% DYy = (po, p1) holds for all x € R®. Proceed-
ing in this way, we can show that as long as py # i, we
can find a pyy; such that (28) with (p,r) = (CH)yy =
(Pk+1. k1) = (P41, px) and (CY); = (py, j) holds for all
x € RY. This means that we can find an index set C'P*/) for
rewriting A@Pt /) (x) in terms of (26) such that (28) holds for
all x € R and for all (p, r) € CP)_If we have p; = i for
some k € N, we have a set C%Pc/) = C-J) with the desired
properties. Thus, it remains to show that there exists a finite k
such that p; = i.

Every index pair (p, r) € C'P/) represents a hyperplane
with B?"x + pP") <0 for all x € RY. Due to h?") =
—h"P) and P = —pP) | we further have B""Px + b1 >
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0 for all x € R and for all (p, r) € CP+/) and consequently
(r, p) ¢ CPD) if (p, r) € CPe-)) . Thus, we have p; # p,, and
rp £y foralle{l,... k} and for all m € {1, ..., k}\ .
Because if we would have p; = p,, and r; = r,, for some
le{l,...,k} and for some m € {1,...,k}\ [, then (r, p) €
CPx-)) | which is a contradiction. We thus have CP-/) C N/,
and therefore, the maximum number of elements in the set
C'Px-1) is bounded by the number of elements in \, i.e., k <
Ky := |N|. Moreover, we have R = {x e R” | h®"x +
pEn < V(i,r) € N}, and thus, there exists at least one
(p,r) e Nwithp=iforalliel{l,...,s).

In summary, we know that if p; # i, we can find a pgy|
such that (28) holds for all (p, r) € CP+1:7) and for all x €
R®. Thus, as long as p; # i and k < K)r, we can extend the
index set CP+/) by one element to create the new set C(Pk+1-7),
Now, we prove that a finite k exists such that p; = i. We as-
sume for contradiction that we have p; # i forall k < K and
for a fixed but arbitrary i € {1, ..., s}. Then, we can extend
the set C'P-/) until CPx-/) = N with k = K)y. Due to (i, r) €
N = C(”’(N’j), we have p; = i for some k < K7, which con-
tradicts our assumption. Thus, there exists a k < Ky with
pr=iforallie{l,...,s}andforall j € {1,...,s}\ i

Meaning that for every i€ {l,...,s} and for every
ri=je{l,...,s}\i, we can find an index set C"J) =
{(pr.r1) = (p1.J)s (P2, p1)s (P3,p2)s s (Pks Pr—1) =

(i, px—1)} for rewriting A({Z("’f)(x) in terms of (26) such that
(28) holds for all x € R and for all (p, r) € C%. This
proves the claim of the proposition. |
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