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Abstract

Data-driven mechanics offers great potential in engineering applications, where
the efficient simulation of complex and, in particular, path-dependent material
behavior is often challenging. Within this approach, conventional material mod-
els are replaced by data sets containing snapshots of stress, strain and the history
of both assumed to be sufficiently accurate representations of the underlying
material behavior. Based on these snapshots and on physical admissibility, a dis-
tance function is built which is minimized to yield the boundary value problems’
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solution. The aim of this paper is to apply this framework to accurately simulate
the complex behavior of shape memory alloy wires under cyclic loading, under

which these materials exhibit a degradation of their features, denoted functional
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fatigue. The constructed synthetic data sets are enriched by real experimen-
tal data, showcasing that the data-driven method is capable of combining both
approaches of classic material modeling and modern methods which directly
incorporate experimental data.

1 | INTRODUCTION

Scientific research in recent years has increasingly prioritized methods which directly incorporate the information gov-
erned in data. In solid mechanics and particularly in material modeling, their ongoing deployment is driven by the
challenge to efficiently integrate complex modeling concepts into global computational schemes such as the finite ele-
ment method (FEM) - even for purely elastic behavior. Within data-based methods, a new scheme is established in ref.
[1] in which discrete data is incorporated directly into computational mechanics. Denoted data-driven mechanics, the
method replaces material models by a data set containing snapshots of stress and strain assumed to be sufficiently accu-
rate representations of the underlying material behavior. Within the data-driven scheme a distance is constructed based
on these snapshots, referred to as material states, and on states fulfilling equilibrium of forces and kinematic compatibility,
denoted mechanical states. The aim is to minimize this distance with respect to both states yielding the boundary value
problems’ solution.

The concept has since undergone significant development: In ref. [2], an approach to construct a constitutive manifold
based on material states is presented. Additionally, in ref. [3] a maximum-entropy formulation of the data-driven approach
is developed, enhancing its robustness against outliers and noisy data. A comprehensive discussion of the entire frame-
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work required for data-driven methods, covering aspects from experimental design to computational analyses, is provided
in ref. [4]. Taking a different perspective on the concept, the Data-Driven Identification Method is proposed in ref. [5],
which addresses the inverse problem by identifying a dataset of stress and strain based on known mechanical strains and
boundary conditions.

To facilitate broader applications of data-driven mechanics, extending it to encompass inelastic material behavior is a
crucial step. A first approach is presented in ref. [6] featuring a hybrid approach establishing local histories of the material
states fixed to the material points. The approach presented in ref. [7] pursues a different direction, using structured data
sets enriched by local tangents in phase space. The transition between multiple of these structured sets is decided by
transition rules based on yield functions. In refs. [8] and [9], an extension to path-dependent material behavior is presented,
in which the spirit of the original approach is preserved by enhancing the local distance function such that the results are
still obtained via global minimization. Thereby, no real-time adjustments of the data set are necessary.

In the contribution at hand, we aim to utilize this scheme and to deploy it to simulate the complex material behav-
ior of shape memory alloy (SMA) wires under cyclic loading, demonstrating a specific application of this approach. To
be specific, these materials exhibit a degradation of their features under cyclic loading, including a change of the hys-
teresis’ shape resulting in a decrease of the recoverable strains and transformation stresses. This degradation is denoted
functional fatigue and is mainly credited to an interaction between plasticity occurring at the phase front and phase trans-
formations, compare ref. [10]. Furthermore, experimental stress-strain data for SMA wires is available in literature and
we directly incorporate the experimental results reported in ref. [11] into our data set, which otherwise contains synthetic
data generated via the model provided in ref. [10].

The paper is structured as follows: In Section 2, we briefly revisit our extension of the data-driven approach to path-
dependent material behavior. In Section 3, we discuss the data set creation incorporating the functional fatigue behavior of
SMA wires. We present data-driven results in Section 4 and compare them to both the experimental data and the material
model. We summarize our work in Section 5 and provide a conclusion.

2 | DATA-DRIVEN INELASTICITY

Our extension, compare ref. [12], of the data-driven algorithm will be presented for spatially two-dimensional truss struc-
tures where the local states in each truss are one-dimensional, resulting in scalar-valued stresses and strains. A quantity
denoted history surrogate H is introduced, in which the essential information of the history path of the material is stored.
Indicated by the notation used (underlining), this quantity is vector-valued in the discretized setting. The extension is
based on the double minimization problem

min ~ min  d? (Ennjer Denn) @
(Eel_lkﬂi ) E&enh,k (€.0,H)EDenn

subject to the constraints

Ne|

Lose™ ZAILIET =0 @
e=

W =14, ©)

where d.,p, is an enhanced version of the distance function introduced in ref. [1]. The vector f K contains prescribed

forces at the trusses’ nodes, B° is an operator which encodes the geometry of the underlying truss system and reflects the
discrete gradient of the displacement field u, , A° is the cross-section of element e, I* its length, and @, contains prescribed
displacements at the nodes of the trusses. The total number of truss elements is given by ng. The mechanical states at
time t = t;, are given in discrete form

Eenhk 1= {(E gk,ak,ﬂk 1) subjectto (2) and (3)} @

and in addition Dg,y, := {(E, o, E)l, (g, 0, ﬂ)z, .., (E,0, ﬂ)nD} is the discrete data set containing a total of ny material
states. Within each time instance t, € {0 = t, < t; <, < --- < tx = T} with the total number of steps K € N and total
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time T € R, the objective is to find those pairs of strain and stress (¢, = B¢ U, Ok) € Eenn k> Which are closest to the entries
of the data set D, in the sense of strain z-:f(, stress az and current history ﬂi_ 1 by solving (1). The distance is defined on
element level between the mechanical state (I._?e U, o]‘i,ﬂi_l) € Eennk Of truss e and a specific material state (¢, 5, ﬂ)i €
Dey, as

enh

2 — 1 ~2 1 ~2 1 ~
(e, (B w08 1Y, EETD) i= s BB, —8) +5C(05 =&Y +5 11— H,lla s)

with ||x||% := x' A x and E and C being numerical parameters, whereas A is a diagonal matrix containing non-negative

numerical parameters. Following the staggered solution approach proposed in ref. [1], first the closest material states
~ %k

(E°,6" H e) within each element e = 1 ..., ny given fixed mechanical states, which are set to zero in the initial step, are

found via

@°,5*,H )=arg _min {[dznh]z((l—geEk’az’ﬂi—l)’(ag’ﬂ)i)}’ ©

(Eﬁﬂ)i eDcnh

which define the current (fixed) material state of the truss structure D:nh = {('E“*e, g, ﬂ*e) with e =1, ..., 1y } Upon
this solution a total distance is built, that is,
Ne|
¢ 2 o ~se aF€
d2 | Eennor Dl = DL AT (S T (B uy, 08, My ), E°,6H ), (7)

e=1

which is minimized for a fixed material state, to be specific
(ur, o) = arg min{d? | (Eenn > D)} subjectto  (2) and (3), ®)

to obtain the updated strain ¢, = B¢ u; and stress o,° of the mechanical state, completing one iteration step of the stag-
gered solution scheme. Finding the identical material state in two consecutive iterations terminates the algorithm. The
iterated mechanical state solution is then utilized to find the history surrogate ﬂz in each element via

e __ ke __xe e
H, =PE505H, ), ©)

where P is denoted as propagator. For the inelastic, one-dimensional case, the history surrogate can be specifically chosen
according to ref. [12], that is,

ﬂi—l = {§01, 7-.1 ) p]a LR} §0m, Tm: Pma ey §0nlr, T”lr’ pnlr: &, G}i—l (10)

where the triplet (¢,,,, T,,., o )¢ reflects strain, stress, and an indicator value saved at load reversal no. m withm = 1, ..., ny,,,
where ny; € N reflects a predetermined number of load reversals to be tracked. The two last values (¢, 0); _, are the strain
and stress of element e at time f;_; and are used to detect a new load reversal. The history surrogate is initially set to
Zero ﬂ(e) = 0 in all elements and the triplet together with the two last entries of the history surrogate are updated via the
propagator P according to the case distinction

e
Ek(qom’ Tms Pms €k—1> O'k—l)e =

(0,0,sign(g;),0,0), m =1 for ﬂi_ L E0AE#0

(P> Tins Prns €5 0" ) for py, # 0 Asign(Ae) = py, AAe #0 an
(si_l, oli_l, sign(Ae), E:e, UZ"’), m<—m+1 for p¢ # 0 Asign(Ae) # p%, A Ae #0

H, | for Ae =0

with Ae := EZE —& At the end of each time step it is checked for a new load reversal, and if none is detected, the his-

tory surrogate is updated with respect to the final two entries (¢,0); _,. In case a load reversal is detected, the triplet
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FIGURE 1 Schematic illustration of the data set generation. First (left) the strain space is sampled by prescribing a total of n strain

values equidistantly in the regime [0, E'lm, Egre, ...,2°]. Then, a load path is generated for each of these values, where the load is alternated a

total of ny, + 1 times between 0 and the prescribed strain value, in this example & (black) and Efre (red).

(®m> Tms Pm)° is additionally updated at position m, whereas all previous triplets remain unchanged. This procedure
is repeated until a total of n, load reversals have been detected and stored. The weight matrix A introduced in (5)
is chosen as the diagonal matrix of size (3 nj, + 2) X (3 n), + 2), where the first 3 i), diagonal entries are given as the
repeated arrangement of (k,, k., k) and the final two diagonal entries are given as (k, k). All load reversals are therefore
weighted equally.

3 | DATA GENERATION AND FUNCTIONAL FATIGUE IN SHAPE MEMORY ALLOY
WIRES

This contribution aims to simulate the behavior of SMA wires at constant temperature as reported in ref. [11] via our data-
driven extension. Therefore, load cycles are performed by exclusively alternating between 0 and some prescribed strain
E?re. We prescribe a total of n € N* of these strain values equidistantly in the regime [0, Efre, Egre, ,Eg“’], compare Figure1,
where we refer to n as the resolution of the strain sampling. In ref. [9], a data set construction for arbitrary load paths,
including multiple load reversals, is presented. However, as stated above, it is sufficient to reduce the considered load paths
to ones exclusively alternating between 0 and some prescribed strain Efre, thereby reducing the amount of data tremen-
dously. In order to do so, we modify the presented approach in ref. [9] to the extent that unloading is always performed to
0 and subsequent loading is always performed to the identical strain Efre # 0 of previous load reversals of the same path,
schematically visualized in Figure 1. The remaining techniques, which assure to also contain paths with less or no load
reversals without saving redundant data, are utilized without modification. By doing so, simulations of truss structures,
where individual truss elements have different strain paths, are still possible. The corresponding stress values are either
taken from the experimental data in ref. [11] or otherwise are calculated based on the model in ref. [10]. Revisiting the fun-
damental equations of this model exceeds the scope of this contribution. A model itselfis necessary to obtain synthetic data
for load cycles that are not included in the experimental data. Ideally, the chosen model should be calibrated to the avail-

able experimental data. Table 1 provides the numerical and physical parameters chosen for the creation of this synthetic
lizing the propagator P according to Section 2 and are saved in a global dataset D := {(E, o,H),E 6, H),, ..., (€0, ﬂ)nD }
containing np entries.

4 | RESULTS

We perform single element simulations utilizing our data-driven approach for path-dependent material behavior based on

the SMA data sets according to Section 3. We choose single element calculations as we focus on reproducing the material
behavior and wish to exclude structural effects. Nevertheless, the data generation was designed such that it could also be
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TABLE 1 Physical and numerical parameters used to create the synthetic data based on the model in ref. [10].

Parameter Symbol Value Parameter Symbol Value

Wire diameter A 0.49 7107% m? Viscosity-like parameter y 0.001 Ns/m?
Wire length L 01m Density e 6.7 X 10% kg/m?
Youngs modulus austenite E, 72 % 10° Pa Specific heat capacity Cr 453 J/kgK
Youngs modulus martensite Ey 24 x 10° Pa Damping coefficients 1, Sy, Ox, 0.15[-]

Initial latent heat Lini 0.046 x 10° Pa Reference temperature 6o 233.15K
Saturated latent heat Lsat 0.039 X 10° Pa Transformation strain e’ 0.025 [-]

Initial dissipation coefficient yini 0.0375%10° Pa  Min. saturated phase front position X ;"lin‘s"" 0.025m
Saturated dissipation coefficient ysa 0.0169 X 10° Pa

TABLE 2 Data set numbering, used resolution n of the strain space and
resulting total number of data set entries np,.

No. Resolution n Data set entries np
1 5 974

2 10 1274

3 25 2174

4 50 73 549

5 100 297 099

6 150 670 649

7 200 1194199

8 250 1882 440

used within the simulations of truss structures (as long as the maximum prescribed load is identical for each cycle and
the prescribed load results in strains which are covered within the data). We create eight data sets including n;, = 60 load
reversals (=30 load cycles) with increasing resolution of the strain sampling, compare Table 2. All data sets are created
with a maximum strain of Ef’lre = 0.05. For all simulations, the numerical weights in (5) are chosen to

E=72x10", C=1/E, k,=72x10", k,=1/k,, k,=1, k. =0 and k, =0.
For both the data-driven calculations and the reference calculations via ref. [10], we use 12 000 time steps with a step size
of At =0.005s.

We enriched our data sets via the data presented in ref. [11]. To verify that the data-driven solver is indeed capable of
using the constructed data sets which merged this experimental data with synthetic data, we perform a first simulation,
where the prescribed strain path matches the one utilized to obtain the experimental data. In this path, a total of 30
cycles are prescribed, where each cycle is loaded up to a maximum strain of eﬁ)‘:é‘ = 0.05 and the time steps per cycle are
distributed evenly. Figure 2 presents the obtained data-driven results for cycle no. 1, no. 5, and no. 30 utilizing data set
no. 8. Within this plot, the experimental data itself is additionally visualized which acts as the reference to compare the
stress-strain response against. It is remarked that only the experimental data for these cycles is available and the data set
was filled with synthetic data elsewhere. As it can be observed in Figure 2, the data-driven solution accurately matches
the experimental data. As the prescribed strain path is always unloaded to zero, the experimental data does not cover the
complete unloading path. In this case, the data-driven solver resorts to the aforementioned synthetic data also included
in the data set, providing an explanation for the observable kinks at the limit of the experimental data. Additionally, it is
observable that the data-driven solution deviates from the experimental data for the first cycle. This is most likely due to
the chosen number of time steps or numerical weights: The smaller the number of steps, the larger the prescribed strain
increments. This may lead to the data-driven solver finding data set entries which better match these increments, even
though their history surrogate might deviate slightly from the one of the mechanical state. In particular for the first cycle,
where the history surrogate only contains a single reversal in load, the increased error in the history can be compensated by
the reduced error of the current strain and stress. In consequence, this behavior is no longer observable for a rising number
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FIGURE 2 Qualitative comparison of data-driven solution obtained using data-set no. 8, compare Table 2, against the experimental data
from ref. [11] for cycle no. 1, no. 5, and no. 30. Note, that only the experimental data for these cycles is available and elsewhere, the data set was
filled with synthetic data.

of load cycles. Furthermore, increasing the number of time steps or adjusting the numerical weights should allow to fix
this behavior even for the first cycle. These aspects should be considered and investigated in future work.

As mentioned before, the data generation presented in Section 3 may also be utilized for simulations of truss structures,
where the maximum strain sfg‘:é‘ differs within each truss. Therefore, for the second example, we reuse the aforementioned
numerical weights and parameters but prescribe a different maximum strain of Elr(‘)‘:é‘ = 0.035. In Figure 3, the stress-strain
response predicted by the data-driven algorithm (solid black line) is presented once again for cycle no. 1, no. 5, and no. 30 in
conjunction with the material models response (colored lines), which acts as the reference solution for this case. The data-
driven solution was calculated using data-set no. 8 and shows overall very good agreement with this reference solution,
merely at the point of load reversal for cycle 30, a minor deviation is visible. Everywhere else, no deviation can be detected
by naked eye. Supplementing this qualitative comparison, we conduct an additional quantitative comparison by utilizing
a regularized mean squared error (RMSE) over all time steps, which is based on the error measure introduced in ref. [1].

We define this error to

K
1 1 211/2
RMSE _ — RMSE RMSE . _ e _ e
o =7 Z o with o8 1= [[O’k o | ] , (12)
k=1 ref
where 072" is the maximum absolute stress of the reference solution over all time steps k. Figure 4 shows the evolution

of this error measure over the increasing density of the data sets used, compare Table 2. As expected, the error decreases
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FIGURE 3 Qualitative comparison of the data-driven solution utilizing data set no. 8 and the response of the phenomenological model
[10], acting as the reference solution, for cycle 1, 5, and 30.
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FIGURE 4 Quantitative comparison of the data-driven solution and the phenomenological model [10] acting as reference solution over
all cycles according to (12) for the utilized data sets, compare Table 2.

with an increasing density. After an initially very steep decrease, a kink is noticeable at data set no. 3, after which the error
continues to decrease steadily but not as steep as before. It is remarked that the error of data-set no. 3 of RMSE ~ 0,033 =
3.3% could already be considered sufficiently small for certain applications and scenarios. It is sufficient to only consider
the error in the stress, because the error in the strain is (numerically) zero for a prescribed strain path.

5 | SUMMARY

With the extension of the data-driven method to path-dependent material behavior, compare [12], a broad range of appli-
cations becomes available. One of these being the simulation of functional fatigue behavior in SMA wires, where the
data-driven method allows for a direct combination of data obtained by conventional material models and experimental
data. While the synthetic data is generated based on the phenomenological model in ref. [10], the data set is additionally
enriched by real experimental data reported in ref. [11]. It was shown that the resulting data-driven framework is then
capable of utilizing both types of data via a single, fixed data set, which is computed in an offline step without the need
of online adjustments. For load cycles for which no experimental data is available, the framework resorts to synthetic
data. This synthetic data was created by alternating the load between 0 and a fixed value, as it was the case for the exper-
imental load path. For an increasing density of the data sets, it was numerically shown in Figure 4 that the data-driven
solution converges to the solution obtained via the conventional material model. The stress-strain solution, visualized in
Figure 2, was compared qualitatively to the experimental data itself. For both cases, the data-driven framework provides
accurate results. In Figure 2, the unloading path of the data-driven results deviated from the experimental data for the
first cycle. This was credited to the chosen number of time steps and numerical weights, and should be able to be resolved
by adjusting one or the other. This aspect should be considered in future work.

To conclude, the present contribution showcases the applicability of the data-driven approach to simulate the mechani-
cal behavior under cyclic loading with application to SMA wires. The method allows for an incorporation of experimental
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data, if available, and provides a possibility to reduce the loss of information induced by resorting to material models alone.
Due to the offline construction of the data set, new data can be included whenever it becomes available without the need
of any additional adjustments. The extension of the data-driven mechanics method to path-dependent material behavior
presents itself as a promising approach in the realm of computational mechanics, combining synthetic data obtained via
classic material models with experimental data.

Utilizing the data-driven approach, the prediction of the behavior of SMA wires via ref. [10] is embedded into a finite
element framework for truss structures. The data generation is already being designed such that it covers the data space
encountered when such structures are subjected to prescribed loads the maxima of which are identical for each cycle. It
is therefore conclusive to apply the presented framework to complex SMA (wire) structures in future work, which may
allow for advanced applications.
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