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Abstract

Many challenging tasks involve data with an inherent graph structure. Examples
of such graph-structured data include molecules, road networks, and transaction
records. As such data becomes increasingly available, the need for methods that
can effectively leverage graph-structured data grows rapidly. While message-
passing neural networks (MPNNSs) have shown promising results, their impact on
real-world applications remains limited. Although various phenomena have been
identified as possible limitations to the performance of MPNNSs, their theoretical
foundations remain poorly understood, leading to fragmented research efforts.
In this thesis, we provide an in-depth theoretical analysis and identify several
key properties limiting the performance of MPNNs. Building on these findings,
we propose several frameworks that address these shortcomings.

We identify and analyze two properties exhibited by many MPNNs: shared com-
ponent amplification (SCA), where each message-passing iteration amplifies the
same components across all feature channels, and component dominance (CD),
where a single component gets increasingly amplified as more message-passing
steps are applied. These properties lead to the observable phenomenon of rank
collapse of node representations, which we identify as a generalization of the es-
tablished over-smoothing phenomenon. By generalizing and decomposing over-
smoothing, we enable a deeper understanding of MPNNs, more targeted solu-
tions, the identification of the relevance of each property, and more precise com-
munication within the field.

To avoid SCA, we show that utilizing multiple computational graphs or edge re-
lations is necessary. The multi-relational split (MRS) framework transforms any
existing MPNN into one that leverages multiple edge relations. We identify prop-
erties on multiple edge relations that enable the resulting MPNN to avoid SCA.
Additionally, we introduce the spectral graph convolution for multiple feature
channels (MIMO-GC), which naturally uses multiple computational graphs. A
localized version, LMGC, serves as a framework for constructing MPNNs that
approximate the MIMO-GC while inheriting its beneficial properties. We show
that LMGCs can avoid SCA and achieve injectivity on multisets.

To address CD, we demonstrate a close connection between MPNNs and the
PageRank algorithm. This connection allows us to transfer insights and modifi-
cations from PageRank to MPNNs. Based on personalized PageRank, we propose
a variant of MPNNs that allows for infinitely many message-passing iterations,
while preserving initial node features.

Collectively, these results contribute to a more comprehensive understanding of
MPNN:Ss, allowing future research to be more targeted. Our findings also establish
frameworks for constructing MPNN s that exhibit favorable properties.
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1.1

Introduction

Motivation

There are numerous emerging challenges across the world, from global issues such as the
17 Sustainable Development Goals outlined by the United Nations, to more specialized
problems faced by individuals and organizations. Humans can address many of these
challenges more effectively when suitable algorithms are available to support them. Such
algorithms can assist in understanding complex phenomena, contribute to the develop-
ment of viable solutions, or enable the application of solutions to recurring situations. In
many domains, large volumes of data are available. This data can range from historical
observations and simulations to data collected from real-world environments or digital
systems. In recent years, the amount of available data has increased substantially across
various tasks. Additionally, the available computational power has advanced consider-
ably (Schmidhuber 2015). These developments underscore the importance of designing
algorithms that can effectively leverage large amounts of data and computational power
to address challenges of interest.

Machine learning offers a broad set of techniques well-suited to utilize available data
and computational power effectively. For visual and language data, machine learning
techniques have achieved substantial progress (K. He et al. 2016; Vaswani et al. 2017;
Roth, Wiistefeld, et al. 2021), resulting in impactful real-world applications (OpenAI 2023;
Touvron et al. 2023). These data types exhibit regular structures, with language being
inherently sequential, as one word follows another. Visual data, such as images or videos,
exhibits consistent spatial directionalities.

For many other challenges, data does not have such a regular structure. For example, in
chemical processes, data may represent molecules, and the goal might be to identify their
properties or interactions with other molecules automatically. A molecule can generally
consist of any number of atoms without a clear ordering among them. The bonds be-
tween atoms likewise do not follow a regular structure. Similarly, social networks consist
of individual users and their interactions, which can vary significantly across different
users. Other examples of irregular data include knowledge graphs (Hogan et al. 2021) or
transaction records (You et al. 2022; Fey, Hu, et al. 2024). Any such irregular structure
can be represented as a graph that consists of entities and arbitrary interactions between
them. Machine learning techniques for graph-structured data have not achieved the same
level of success as those used in vision or language applications (Bechler-Speicher et al.
2025).
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1 Introduction

This thesis investigates the causes of the performance discrepancy of methods for graph-
based machine learning compared to other machine learning methods for regular data.
By theoretically analyzing the properties of graph-based machine learning methods that
contribute to this discrepancy, we aim to advance our understanding of existing methods.
This understanding also allows the design of targeted improvements to these methods
that avoid the detrimental properties of existing methods. Based on these theoretical
findings, we propose several directions to improve the effectiveness of machine learning
methods for graph-structured data.

Research Questions

Our first goal is to gain a deeper understanding of machine learning methods for graph-
structured data, focusing specifically on differentiable approaches known as graph neural
networks (GNNs). While neural networks in general are not yet well understood, this is
especially true for GNNs. GNNs commonly rely on an iterative message-passing frame-
work where each iteration combines the representations of each node with those of its
neighbors. In these models, it has been observed that increasing the number of message-
passing steps often results in performance degradation. However, the specific properties
of message-passing operations that cause this performance degradation, as well as the
conditions under which it can be prevented, remain poorly understood. Our first re-
search question seeks to improve our understanding of the message-passing framework
and the reason behind the performance degradation:

Research Question 1. How do established message-passing operations affect the represen-
tations, and why does repeatedly applying such operations result in a performance degrada-
tion?

A widely considered explanation for this performance degradation is over-smoothing,
a phenomenon that refers to the observation that repeatedly applying message-passing
operations causes node representations to become increasingly similar to one another.
Although over-smoothing has been extensively studied both empirically and theoreti-
cally, its details remain unclear. This has led to multiple, sometimes contradictory, def-
initions and interpretations of over-smoothing. We are interested in examining how
these different perspectives emerged, and how our understanding can be clarified and
improved.

Better insights into the reasons for the performance degradation are not only theoreti-
cally valuable but also practically relevant for practitioners who seek to avoid this phe-
nomenon. More broadly, a better understanding of the message-passing process is es-
sential for the long-term development of GNNs, as future research efforts can build on a
more solid theoretical foundation.

Due to the lack of a unified explanation for the causes behind the performance degra-
dation and over-smoothing, the proposed improvements target symptoms rather than
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Figure 1.1: Schematic overview of this thesis and the connections between our contributions.

the currently unknown reasons behind the phenomena. The missing theoretical foun-
dation of many recently proposed methods motivates our second research question as

follows:

Research Question 2. How can our improved understanding of message-passing opera-
tions be used to streamline the design and selection of methods to exhibit favorable proper-

ties?

While many promising techniques have been proposed, utilizing and designing specific
methods that exhibit properties we understand and demand for a challenge of interest is
crucial. We aim to investigate how general frameworks can be constructed to support the
design of principled methods and allow future theoretical and empirical studies within a

provided framework.
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Main Contributions

Following our outlined research questions, this thesis presents several key contributions
to address these. We present a visual guidance through our contributions and chapters
in Figure 1.1.

We conduct an in-depth study on graph convolutions and message-passing operations in
GNN:ss, specifically examining the underlying properties that lead to the over-smoothing
phenomenon (Research Question 1). As many works employ different and partially con-
tradictory definitions, we clarify the differences in the current state-of-the-art research
on over-smoothing as a first contribution (Roth and Liebig 2023). We identify that an
overlapping phenomenon of vanishing norms, causing representations to approach the
zero state the more message-passing iterations are applied, has led to these contrary defi-
nitions (Roth and Liebig 2023). We also provide insight into the effect of message-passing
operations on node representations from a spectral perspective (Roth and Liebig 2025).
We then conduct a detailed theoretical study on the effect of message-passing methods
on the representations. We identify two fine-grained phenomena, namely shared compo-
nent amplification (SCA) that occurs for a single message-passing step, and component
dominance (CD) (Roth and Liebig 2023; Roth and Liebig 2025) that arises for the repeated
application of message-passing steps. We find that the joint occurrence of these phenom-
ena results in the general issue of rank collapse, which refers to node representations
becoming increasingly close to a low-rank state. Over-smoothing occurs as a special case
for particular message-passing methods. These findings extend the current theoretical
understanding of GNNs and the conditions under which various phenomena arise (Roth
and Liebig 2023). We also simplify our theoretical study by demonstrating that many
message-passing operations can be viewed as a special case of power iteration, for which
extensive theoretical insights are available (Roth 2024).

Based on our enhanced intuition and theoretical understanding of the effect of graph
convolutions, we propose several frameworks for message passing that exhibit favorable
properties (Research Question 2). First, we consider SCA, which we identify as always
occurring for a single computational graph. We show that SCA can only be avoided
when performing message-passing with multiple computational graphs, or equivalently,
multigraphs (Roth and Liebig 2023; Roth, Bause, et al. 2024; Roth and Liebig 2025). We in-
troduce two directions to obtain multiple computational graphs within the MPNN frame-
work. The first approach starts with existing methods and outlines how multiple compu-
tational graphs can be integrated into any existing method (Roth, Bause, et al. 2024). With
our proposed multi-relational splits, we decompose the computational graph of existing
GNN s into multiple computational graphs by assigning each edge to one of several com-
putational graphs. The second approach uses a novel approximation of the spectral graph
convolution defined in graph Fourier space (Roth and Liebig 2025). Previous work defined
the graph convolution in graph Fourier space and proposed approximations in the SISO
case, and applied it to the MIMO case afterwards. We instead define the MIMO graph con-
volution in graph Fourier space and directly approximate it in the MIMO case. The MIMO
graph convolution naturally utilizes multiple computational graphs, with each amplify-
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1.4 Outline and Covered Publications

ing a different component in the data. Our novel approximation inherits this property
and introduces a framework for message-passing that closely follows the MIMO graph
convolution. We prove that both methods for obtaining multiple computational graphs
solve SCA.

We relate CD as the second theoretical shortcoming related to over-smoothing in GNNs
to the PageRank algorithm (Page et al. 1999) as it exhibits a phenomenon closely related
to CD (Roth and Liebig 2022b). For PageRank, this shortcoming was mitigated by an
adaptation called personalized PageRank (PPR), which extends the algorithm with a tele-
portation term that ensures a localization even as the number of iterations approaches
infinity (Page et al. 1999). Inspired by this, we propose a modification of MPNNs based
on PPR that similarly prevents CD even in the limit of infinitely many message-passing
iterations (Roth and Liebig 2022b). We refer to our method as the personalized PageRank
GNN (PPRGNN).

Outline and Covered Publications

This thesis combines and presents five individual peer-reviewed publications led by the
author of this thesis. Here, we outline the structure of this thesis and refer to the publi-
cations each chapter is based on. The structure of this thesis and the connection between
the chapters are also visualized in Figure 1.1.

Chapter 2: Fundamentals of Graph Machine Learning

Chapter 2 provides an overview of the fundamental concepts of graph structures and ma-
chine learning for graphs. This will be necessary to understand the details of our contribu-
tions in the following chapters. The overview includes basic graph-theoretical definitions
and properties, such as the graph isomorphism problem and the graph Fourier trans-
form (Section 2.2). We also provide details on machine learning techniques for graph-
structured data (Section 2.3). There, we particularly focus on the definition of the graph
convolution and message-passing neural networks.

Chapter 3: Extending Our Understanding of Graph Convolutions

In Chapter 3, we strive to find a better theoretical and intuitive understanding of graph
convolutions and their localized approximations. We study the effect of message-passing
operations on node representations and particularly examine the reasons behind the over-
smoothing phenomenon. We provide a spectral intuition (Section 3.2.2), study the theo-
retical properties in-depth (Section 3.5), and then simplify the analysis for more accessible
and intuitive theoretical properties (Section 3.5.4). Here, we also show that two finer-
grained phenomena underlie over-smoothing: shared component amplification (SCA)
and component dominance (CD). This chapter is mainly based on the following two peer-
reviewed publications:
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« Andreas Roth, Thomas Liebig (2023). “Rank Collapse Causes Over-Smoothing and
Over-Correlation in Graph Neural Networks” In: Learning on Graphs Conference
(LoG).

« Andreas Roth (2024). “Simplifying the Theory on Over-Smoothing” In: Lernen,
Wissen, Daten, Analysen (LWDA).

Chapter 4: Preventing Shared Component Amplification With Multiple
Computational Graphs

As one of two phenomena underlying over-smoothing, we show that message-passing
operations can only prevent SCA when they utilize multiple computational graphs. We
propose two methods for obtaining multiple computational graphs in this chapter. First,
we demonstrate how the computational graph of existing approaches can be split into
multiple computational graphs by assigning each edge to one of several relation types
(Section 4.3). Second, we propose a novel way of approximating and localizing the spec-
tral graph convolution defined in graph Fourier space (Section 4.4). We prove that both
directions can effectively prevent SCA. This chapter is based on the following publica-
tions:

« Andreas Roth, Franka Bause, Nils M. Kriege, Thomas Liebig (2024). “Preventing
Representational Rank Collapse in MPNNs by Splitting the Computational” In:
Learning on Graphs Conference (LoG).

« Andreas Roth, Thomas Liebig (2025). “What can we learn from MIMO Graph Con-
volutions?” In: International Joint Conferences on Artificial Intelligence (IJCAI).

Chapter 5: Preventing Component Dominance based on Personalized
PageRank

As identified in Chapter 3, the second issue underlying over-smoothing is what we refer
to as component dominance. In Chapter 5, we establish the connection between this
phenomenon in MPNNs and the PageRank algorithm, which exhibits a closely related
phenomenon. As personalized PageRank was proposed as a solution to this issue, we
show how MPNNSs can adapt this solution. This chapter is based on the following peer-
reviewed publication:

« Andreas Roth, Thomas Liebig (2022). “Transforming PageRank into an Infinite-
Depth Graph Neural Network.” In: Joint European conference on machine learning
and knowledge discovery in databases (ECMLPKDD) (best paper award).

Chapter 6: Summary and Outlook

To conclude this thesis, Chapter 6 summarizes our findings, puts them into greater con-
text, and outlines promising directions for future work.
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Additional Publications

The author additionally contributed to several peer-reviewed publications that are out-
side the scope of this thesis. These works consider further challenges of gradient-based
machine learning:

« Andreas Roth*, Konstantin Wiistefeld*, Frank Weichert (2021). “A Data-Centric
Augmentation Approach for Disturbed Sensor Image Segmentation” In: Journal of
Imaging 7.10.

« Andreas Roth, Thomas Liebig (2022). “Forecasting Unobserved Node-States with
Spatio-Temporal Graph Neural Networks.” In: ICDM Workshop on Machine Learn-
ing on Graphs (MLoG).

« Andreas Roth, Thomas Liebig (2023). “Distilling Influences to Mitigate Prediction
Churn in Graph Neural Networks” In: Asian Conference on Machine Learning
(ACML).

« Cedric Sanders®, Andreas Roth*, Thomas Liebig (2023). “Curvature-based Pool-
ing within Graph Neural Networks” In: ECMLPKDD Workshop on Mining and
Learning with Graphs (MLG).

« Veronica Lachi®, Alice Moallemy-Oureh*, Andreas Roth”, Pascal Welke* (2025).
“Expressive Pooling for Graph Neural Networks.” In: Transactions on Machine
Learning Research (TMLR).

"These authors contributed equally to the corresponding publication.
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2.1

2.2

Fundamentals of Graph Machine
Learning

In this chapter, we provide a brief introduction to graph machine learning and its re-
lated background topics. We establish our notation and provide necessary background
knowledge underlying the following chapters. These fundamentals will help to under-
stand the current state-of-the-art, our considered challenges, and our contributions. We
will first introduce required graph theoretical basics in Section 2.2, including relevant
spectral properties, particularly the concept of the graph Fourier transform. Building on
this, we will introduce the topic of machine learning for graph-structured data, with a fo-
cus on differentiable approaches and the convolution on graphs in Section 2.3. Based on
this, we demonstrate how message-passing neural networks (MPNN5s) are derived from
graph convolution and how machine learning tasks based on graph-structured data are
typically addressed using these methods.

Notation

The notation used in this thesis closely follows that of Goodfellow et al. (2016). A set
is denoted by a calligraphic symbol, such as A = {aj,as,...}, with special notation
reserved for the set of natural numbers N and the set of real numbers R. For n € N,
we use [n] = {1,...,n} to denote the set of natural numbers from 1 to n. A multiset
is written as A = {{ay,...,a1,a9,...}}, where elements may appear multiple times.
Vectors are denoted in bold lowercase, e.g., a, with the i-th element written as a;. Matrices
are denoted in bold uppercase, e.g., A, with the i-th row written as A; ., the j-th column
as A. ;, and the element in the i-th row and j-th column as A; ;. Further notation that is
specific to individual sections or methods is introduced as needed.

Graph Theory

A graph G = (V, €) is defined as a finite set of nodes V = {vy, ..., v, } and a set of edges
€ C V x V that represents connections between pairs of nodes. An attributed graph
G = (V, &, x) is a graph extended by a function : V — R? that assigns a d-dimensional
vector z(v;) € R? of real numbers as attributes to every node v; € V. Unless otherwise
indicated, we assume graphs to be undirected, i.e., (v;,v;) € £ whenever (v;,v;) € £.
Graphs that do not satisfy this condition are called directed graphs. For every (v;, v;) € &,
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we refer to v; and v; as neighboring or adjacent nodes. The set of nodes adjacent to node
v; € V is represented by N; = {v; | (vj,v;) € € }. The degree of node v; is defined as
the number of neighboring nodes d; = ||, where | - | indicates the number of elements
in the set. A graph is bipartite when there exist Vi,V C V with V; UV, = V and
V1 N'Vy = 0 such that for every edge (v;,v;) € € the two corresponding nodes v; and
v; are in a different subset, i.e., we have either v; € Vi and v; € Vo or v; € Vo and
v; € V1. Due to the properties we will introduce in Section 2.2.2, we assume graphs to
be non-bipartite.

Graphs are typically processed by their corresponding matrix representations for simpler
notation and hardware acceleration. A graph G = (V,€) with n = |V| can be equiva-
lently described by its adjacency matrix A € {0,1}"*" where A, ; = 1if (v;,v;) € € and
A; j = 0 otherwise. The degree matrix D € N"*" is a diagonal matrix that contains the
node degrees D; ; = d; on its diagonal. For attributed graphs, the function z: V — R4
is represented as an equivalent matrix X € R™*¢ where every row X . = x(v;) corre-
sponds to the attributes of the corresponding node v;. Analogously to the set notation,
we refer to G = (A, X)) as a graph in matrix notation.

Graph Isomorphism

A key challenge of graph theory is determining whether two graphs G; = (V1,£1) and
Ga = (V2,&2) are isomorphic (Luks 1982). Two graphs are said to be isomorphic when
there exists a bijective function ¢: V; — V5 mapping each node of graph G; to exactly
one node of graph G such that (¢ (v;), ¢ (v;)) € & if and only if (v;,v;) € & for
every v;,v; € V1. We denote two isomorphic graphs as G; ~ G». For attributed graphs,
we additionally require z1 (v;) = w2 (¢ (v;)) for all v; € Vi. There are currently no
polynomial-time algorithms known for this task (Babai 2016).

When representing graphs in their matrix notation G = (A, X)), the ordering of the
nodes is arbitrary. Thus, two isomorphic graphs G; = (A1, X1) and § = (A, X3)
may have a different ordering of rows and columns in A and X. Deciding whether two
graphs with corresponding adjacency matrices A; and A, are isomorphic is equivalent
to determining whether there exists a permutation matrix P such that PA;PT = A,. A
permutation matrix P contains a single one in each row and column, with all other entries
being zero. Applying such a permutation matrix to an adjacency matrix corresponds to
modifying the ordering of the nodes. For matrix representations X; and X5 of node
attributes, we additionally require the permutation matrix P to satisfy PX; = X5. A
function that maps graphs G to a vector space and is invariant under graph isomorphisms
can be equivalently expressed as a function over matrix representations of the graphs that
is invariant under permutations of node orderings. Otherwise, such a function f would
assign different outputs to isomorphic graphs. We define this property as follows:

10
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Definition 2.1 (Permutation Invariance). A function f is permutation invariant under
node orderings if

ﬂATX):f<PAPTJ%K> (2.1)

foralln € N, permutation matrices P € {0,1}"*", adjacency matrices A € {0,1}"*",
and feature matrices X € R"*%,

The methods considered in this thesis are typically stated to operate on matrix represen-
tations of graphs. All of these methods are permutation invariant and can be equivalently
reformulated to operate directly on the original graph representation.

Spectral Graph Theory

Key to the methods considered in this work is the field of spectral graph theory (Chung
1997; Luxburg 2007). Based on the matrix notation of a graph, spectral graph theory in-
volves properties of different types of graph Laplacians and their spectra. We will describe
graph Laplacians and their necessary properties for this work in the following.

Graph Laplacians We now introduce graph Laplacians and some of their properties.
This part is mainly based on Luxburg (2007). Consider an undirected and non-bipartite
graph G = (A, X)) of n nodes in matrix notation with adjacency matrix A € {0, 1}"*"
and degree matrix D € N"*". The unnormalized graph Laplacian is defined as the
matrix

L=D-A. (2.2)

When applied to a vector x € R", each value of Lx represents the sum of the differences
between the state of a node and all of its neighbors, i.e.,

(Lx), = Z Ti—Tj. (2.3)

We will also rely on two normalized graph Laplacians. For this, we utilize two nor-
malized adjacency matrices. The symmetrically normalized adjacency matrix Agy, =

D12 AD1/2 scales every entry A = —L_ by the degrees of the corresponding

Vdi-d;
nodes. The random walk normalized adjacency matrix A, = D' A normalizes the
values of each row to sum to one, i.e., we have A; ; = %. The corresponding symmetri-

cally normalized graph Laplacian is defined as
Ly =1— Agyn s (2.4)
and the random walk normalized graph Laplacian as
Ly=1-A,. (2.5)

Similarly to Equation (2.3), applying these to a vector & results in the weighted differ-
ence between the state of a node and its neighboring states. These graph Laplacians have
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several key properties that we will rely on throughout this thesis. All three graph Lapla-
cians L, Ly, and Ly, are positive semi-definite matrices. Given a vector z € R", the
Dirichlet sum or Dirichlet energy

x' Lx = Z Z (zi — z;)* (2.6)

v, €V vj eN;

describes the sum of squared differences in values between adjacent nodes (Luxburg 2007).
The Dirichlet energy for the normalized graph Laplacians is defined equivalently. As L
and Ly, are symmetric matrices, their eigenvectors are orthogonal.

Z(P). Utilizing the assumed undi-

rected property, the smallest eigenvalues A£LL) = )\SLLsym) = )\%Lr“’) = 0 of the graph Lapla-
cians L, Lgyy, Ly are zero with associated eigenvector 1 for L and L, and D'/?1 for

Ly, (Luxburg 2007).

We denote the i-th largest eigenvalue of a matrix P as A

Given the non-bipartite property, we further have \; € [0,2) for Lemy and Ly, and all
i € [n]. The random walk normalized graph Laplacian L., and the corresponding nor-
malized adjacency matrix A,,, have the same eigenvectors with the associated eigenval-

ues shifted as )\gl_‘l-w jzl =1- )\EL”). This is equivalent for the symmetrically normalized
graph Laplacian Ly, and the symmetrically normalized adjacency matrix Agym. These
properties are further exploited to construct the graph Fourier transform, which we will

introduce next.

Graph Fourier Transform The Fourier transform F' maps a given function f defined
on R into another function ¢ = F(f) defined on R. The function g is typically inter-
preted as the frequency domain representation of f. The Fourier transform exploits the
periodicity and regularity of R by decomposing f into sinusoidal components with vary-
ing frequencies. Evaluating the Fourier transformed function g(a) at some frequency a
represents the magnitude of this frequency for the function f. In the discrete case, the
discrete Fourier transform is defined over finite sequences that are equally spaced.

For graphs, the aim is to find a frequency domain representation of a graph signalz: V —
R, also referred to as node attributes. However, as graphs do not exhibit any regularity in
general, the discrete Fourier transform cannot be applied to x. Instead, the graph Fourier
transform

Flx)=U'xz (2.7)

is defined as the projection of the vectorized node attributes # € R" onto the orthogo-
nal eigenvectors U € R™*" of Ly, (Sandryhaila et al. 2013; Shuman et al. 2013). The
eigenvectors U of the graph Laplacian Ly, are used as the graph Fourier base for the
graph Fourier transform, as they exhibit similar properties to sinusoidal components. The
corresponding eigenvalues Agym of Ly represent the frequencies. The eigenvector cor-
responding to the smallest eigenvalue or frequency A1 is U.1 = D'/21 for Ly, ie., it
has similar values for all nodes. For larger frequencies )\;, the corresponding eigenvectors
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U. ; increasingly oscillate between adjacent nodes. The eigenvector associated with the
second smallest eigenvalue, also referred to as the Fiedler vector (Fiedler 1973), is used for
graph cutting due to (Usym ) 2 being > 0 for all nodes in one of the partitions and < 0 for
all nodes in the other partition (Fiedler 1973). The eigenvectors associated with higher
frequencies increasingly oscillate across adjacent nodes (Sandryhaila et al. 2013; Shuman
et al. 2013). Assuming U is orthonormal, the inverse graph Fourier transform

F Y F(x)=UF(z)=UU "z == (2.8)

is performed by multiplying a frequency domain representation with the graph Fourier
basis U.

The fast Fourier transform reduces the runtime of the discrete Fourier transform to
O(nlogn) for sequences of length n. However, as it exploits the regularity of the space,
the same technique cannot be applied to the graph Fourier transform. There is currently
no subquadratic algorithm known to compute the graph Fourier transform. As the graph
Fourier basis U depends on the structure of a given graph, it also cannot be applied across
distinct graphs.

Graph Machine Learning

In machine learning, we are generally interested in making predictions based on previ-
ously observed data. While the field of machine learning encompasses a multitude of
different tasks and methods, we here focus on the foundations of machine learning for
graph-structured data. We describe the task of classifying graphs, motivate the use of the
convolution operation on graphs, and demonstrate how it can be efficiently approximated
by message-passing neural networks.

Graph Classification

Classifying attributed graphs into a set of classes ) is similar to classification tasks for
other domains. The key is to find functions that map from a set of graphs to the set of
classes ). We start by defining such functions as graph classifiers:

Definition 2.2 (Graph Classifier). Let H denote a set of attributed graphs, and let ) be
a finite set of discrete class labels. A graph classifier is a function f: H — ) that assigns a
label f(G) € Y to each graph G € H.

As described in Definition 2.1, a graph classifier f is typically defined as a function on
the matrix form of an attributed graph G = (A, X)) that is invariant under node permu-
tations.

The performance of a given graph classifier f is computed using a suitable metric, e.g.,
accuracy or the F1-score. This is typically achieved in the supervised learning setting,
where a dataset D = {(Gi,yi) | i € [m]} of m graphs for which the label is known
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is given. The dataset can be split into training, validation, and testing graphs, and the
classifier can be optimized over a family of classifiers using the training data. The val-
idation graphs are utilized to ensure good generalization to the underlying distribution
of graphs, and the testing graphs are used to approximate the performance of a selected
graph classifier over the true distribution.

Challenges in Graph Machine Learning The particular challenge of graph classifica-
tion is that well-performing graph classifiers typically need to consider both the structure
of the data and the data itself. For other domains, all inputs to a classifier typically have
a shared structure, e.g., vectors with the same number of features, text with a sequen-
tial structure, or images with a regular grid structure. There are no such regularities for
graphs. Each graph can have a different number of nodes and any connectivity between
these nodes. Thus, each node may have a different number of neighboring nodes, and
there is no inherent ordering or directionality for neighboring nodes. Such differences
in the data structure are key to many graph classification tasks. For example, in molecu-
lar datasets, a graph may correspond to a protein, where nodes represent the atoms and
edges represent the bonds between them. The behavior of proteins changes drastically
when their atoms or bonds are modified (Pérez-Villanueva et al. 2015). As such, the data
structure of a graph is a key feature.

Expressivity Ideally, considered graph classifiers can distinguish all graphs from the
considered set of graphs. This would allow us to find a graph classifier that assigns all
graphs to their correct class. Based on the graph isomorphism problem (Section 2.2.1), any
graph classifier f with polynomial runtime cannot distinguish some graphs G1,Gs € ‘H
and must map them to the same label y € ). The expressivity of graph classifiers typically
describes their ability to distinguish non-isomorphic graphs.

An established method for testing graph isomorphism is the Weisfeiler-Leman (WL)
test (Weisfeiler et al. 1968). Given a set of colors C, the WL test initially assigns the
(0)

. to every node v; € V. The test then iteratively refines the color of each
node v; € V using the update rule

cgk) =¢ (cgkfl), {{ cyc*l) |v; € N; }}) , (2.9)

(k—=1)

where ¢ is an injective function and c; is the color of node v; € V at iteration k£ — 1.
The new color of each node is unique for different multisets of neighboring colors or pre-
vious colors. Two graphs are non-isomorphic if the multisets of node colors differ at any
iteration ¢. However, when the multisets of colors for two graphs remain identical across
all iterations, it cannot be concluded that these are isomorphic. Despite this limitation, it
is computationally efficient and can distinguish a large class of non-isomorphic graphs.
Graph classifiers are often compared to the WL test in terms of their expressivity (Sher-
vashidze, Schweitzer, et al. 2011; Xu, Hu, et al. 2019; Morris, Ritzert, et al. 2019; Kriege,

same color ¢
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Johansson, et al. 2020) and methods are constructed to improve the expressivity (Bouritsas
et al. 2023; Sanders et al. 2023; Lachi et al. 2025).

Graph Kernels Graph kernels are a classical and effective approach to graph classi-
fication (Girtner et al. 2003; Kashima et al. 2003; Shervashidze, Schweitzer, et al. 2011;
Kriege, Johansson, et al. 2020). A graph kernel defines a similarity measure between pairs
of graphs. To classify a graph, similarity scores are computed with respect to all training
graphs and used as feature vectors for a vector-based classifier that operates on vector
inputs. A common approach is to combine graph kernels with support vector machines
(SVMs) (Cortes et al. 1995), allowing for the classification of graphs based on these fea-
ture vectors. Different graph kernels vary in their definition of similarity, and most can
be grouped into the following four design paradigms (Kriege, Johansson, et al. 2020). The
first paradigm is referred to as neighborhood aggregation-based graph kernels. These
assign labels to nodes based on their local neighborhood. Similar labels indicate a high
similarity between those nodes. The Weisfeiler-Leman kernel (Shervashidze, Schweitzer,
et al. 2011) and its modifications (Hido et al. 2009; Morris, Kersting, et al. 2017) are promi-
nent examples. The second paradigm defines assignments between the nodes in two
graphs (Frohlich et al. 2005; Johansson and Dubhashi 2015; Woznica et al. 2010; Kriege,
Giscard, and Wilson 2016). Another paradigm considers sets of subgraphs and measures
the similarity of two graphs by comparing these sets (Horvath et al. 2004; Shervashidze,
Vishwanathan, et al. 2009; Costa et al. 2010). As the last paradigm, graph kernels based
on walks and paths were proposed. These include shortest-path kernels (Borgwardt et al.
2005; Hermansson et al. 2015) and random walk kernels (Gartner et al. 2003; Kashima et al.
2003; Vishwanathan et al. 2010; Kriege, Neumann, Kersting, et al. 2014; Kriege, Neumann,
Morris, et al. 2019). Extensions of these kernels address challenges such as handling con-
tinuous node attributes (Kriege and Mutzel 2012; Feragen et al. 2013; Orsini et al. 2015;
Morris, Kriege, Kersting, et al. 2016), improving computational efficiency (Kriege, Gis-
card, Bause, et al. 2019), and analyzing the theoretical expressivity of kernel-based graph
classifiers (Gartner et al. 2003; Johansson, Jethava, et al. 2014; Johansson and Dubhashi
2015; Oneto et al. 2017; Kriege, Morris, et al. 2018), as discussed in Section 2.3.1.

Despite their strong performance on benchmark datasets (Cai et al. 2018; Kriege, Johans-
son, et al. 2020), this thesis focuses on differentiable methods, which have shown better
scalability and performance for domains for which large amounts of data are available (K.
He et al. 2016; Vaswani et al. 2017).

Differentiable Classifiers

Due to the improved availability of larger amounts of data and computing resources (Hu
et al. 2021), graph classifiers that can effectively benefit from these developments are
desired. Differentiable classifiers have emerged as a promising method across various
domains, which can benefit more effectively from large amounts of data and comput-
ing resources (LeCun, Bengio, et al. 2015). Here, graph classifiers produce a continuous
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output, e.g., class probabilities g € [0, 1}'3} |, from which a single class can be predicted
using the class with maximal probability. For notational simplicity, we will further define
graph classifiers to take the matrix notation of a graph as input directly, i.e., it is a func-
tion f(A, X) = g taking the adjacency matrix A and a matrix of node representations
X as arguments.

Based on the continuous class probabilities § = f(A, X ) and the true label y € [|V]] in
numerical form, we compute a differentiable loss ¢ (y, §), where ¢ for graph classification
is typically chosen to be the cross-entropy loss

Cy9)=— Y L(c=1y)log(d) , (2.10)

cel|Vl]

where 1(-) is the indicator function that is one when the condition provided as its argu-
ment is true, and zero otherwise. A differentiable classifier contains a set of parameters
W, for which the partial derivative 8€(y’y) can be computed for each parameter w € W.

A differentiable classifier typically con51sts of a sequence of differentiable operations, so
that the partial derivative can be decomposed into a sequence of partial derivatives of
each operation under the use of the chain rule. Gradient descent-based optimization ap-

proaches then update each parameter w as

(2.11)

where A € R is called the learning rate. These updated parameters W' are then used
within a new graph classifier, and the process is iterated for different graphs. Updating
the parameters once is referred to as an optimization step. An epoch refers to iterating
over all graphs in the dataset once. The full training process typically consists of multiple
epochs. While this optimization procedure uses a single graph per optimization step, vari-
ations like batch gradient descent use the average partial derivative over multiple graphs
for each optimization step. This end-to-end optimization or learning has been shown to
scale effectively to large amounts of available data in other domains, such as computer
vision (K. He et al. 2016) or natural language processing (Vaswani et al. 2017).

A differentiable graph classifier is typically split into two parts. The final part is a func-
tion
wX)=9 (2.12)

that typically takes a matrix of node representations X as the sole argument of a permuta-
tion invariant function w mapping X to class probabilities § € [0, 1]%]. This permutation
invariant function is equivalent to operating on multisets {{ z(v;) | v; € V }} for a graph
signal z in function form. For example, all rows of X may be summed into a single vec-
tor. Then, a differentiable function taking a vector as an argument, such as a multi-layer
perceptron (MLP) (Amari 1967), can be applied.

As a classifier w operates only on the node representations X and not on the structural
representation A of the graph, the node representations X need to capture structural
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properties of the graph and information about interactions between node attributes. Ini-
tially available node representations X may not capture these properties. Thus, consid-
erable research has been dedicated to obtaining more informative node representations
X' that capture the structural information and interactions between node representa-
tions of a given attributed graph. This can be achieved using the graph convolution and
its approximations, which we will introduce next.

Convolution on Graphs

The convolution is a classic operation in signal processing and probability theory. In
machine learning, it has been particularly successful as a part of differentiable classifiers
in computer vision. It is an operation on two functions that produces a third function
by shifting one of the functions. In the graph domain, the two input functions typically
correspond to a graph signal x : VV — R and a filter § : V — R for nodes V of a graph
G = (V, &, x). The graph convolution * produces a function #*x: VV — R. For notational
simplicity, we will use the equivalent matrix notation &’ = 0 * « where «’, z,0 € RV
for the graph convolution. While the convolution is typically defined using the shift
operation of a given domain, there is no shift operation available for graphs, and the
convolution does not directly apply to graphs. Instead, the graph convolution is defined
based on the convolution theorem (Oppenheim et al. 2013). It states that the Fourier
transform of the convolution * of two functions is equal to the element-wise product of
the Fourier transformed functions. However, the Fourier transform is also not applicable
to graphs, as detailed in Section 2.2.2. Instead, the Fourier transform is defined as the
graph Fourier transform and the graph convolution in graph Fourier space accordingly
as

FO@xx)=F(0)o F(x), (2.13)
where F' is the graph Fourier transform (Hammond et al. 2011; Bruna et al. 2014).

As described in Section 2.2.2, the graph Fourier transform F(x) = U ' x is defined as the
projection of @ onto the eigenvectors U of the graph Laplacian Ly, of G (Bruna et al.
2014). Using the inverse graph Fourier transform F~!(x) = Uz (see Section 2.2.2), the
graph convolution is computed as

O*w:U(UTOGUTw>

(2.19)
=U diag(’w)UTw

where w = U "8 is the vector containing the filter coefficients in graph Fourier space.

Due to this definition utilizing spectral properties of the graph Laplacian, it is also called

the spectral graph convolution (Bruna et al. 2014; Henaff et al. 2015). The graph convo-

lution is differentiable, i.e., the gradient a(gzm) with respect to the filter @ can be directly

computed.

In Section 2.2.1, we discussed permutation invariance as a property for functions operat-
ing on matrices of graphs. However, while we considered there functions mapping from
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the graph domain to the vector domain, here we consider functions mapping from the
graph domain to the graph domain. As such, the arbitrary ordering of the vectors « and
' = 6 * x should align. This property of a function is called permutation equivariance.
Similar to the definition of permutation invariance in Definition 2.1, permutation equiv-
ariance is generally defined as the existence of a permutation matrix that permutes the
input and output in the same way:

Definition 2.3 (Permutation Equivariance). A function f is permutation equivariant
under node orderings if

Pf(A,X)=f (PAPT, PX) . (2.15)

foralln € N and ad € N, permutation matrices P € {0,1}"*", adjacency matrices
A € {0, 1}"", and node representation matrices X € R"*%,

The graph convolution is a permutation-equivariant function
Y(A,x) =0xx. (2.16)

The output ' = )( A, x) of a graph convolution can be viewed as a new graph signal or
vector of node representations that captures structural information about the graph and
interactions between node attributes. These new node representations @’ can then be
used as the argument for further graph convolutions or a differentiable graph classifier w,
as given by Equation (2.12). It is also end-to-end differentiable, allowing the computation

w((A,x))
00

of the gradients & and optimization by some form of gradient descent.

However, this convolution is typically not applied for multiple reasons. Most importantly,
the graph Fourier transform F' depends on the graph G. The graph Fourier basis vectors
and the number of such vectors are typically distinct across graphs. Therefore, the filter 8
is not applicable across distinct graphs. Another disadvantage of this graph convolution
is the necessity to compute the eigendecomposition for each graph to obtain the graph
Fourier transform, which has quadratic complexity. As U is a dense matrix, applying the
graph Fourier transform F' also has quadratic runtime complexity. Thus, approximations
of the spectral graph convolution are typically considered.

Message-Passing Neural Networks

To reduce the computational complexity of the graph convolution, the message-passing
scheme was derived as a localized approximation of the graph convolution (Kipf et al.
2017). It is based on the idea of updating the representations of each node by incor-
porating the node representations of all adjacent nodes. Given a graph with adjacency
matrix A and node representations X, the message-passing scheme updates the node
representations X’ = g(A, X) by combining the representation of each node with all
neighboring node representations. It is generally defined as a node-wise function

(g(Av X))z, =¢ (Xi,H @ {{ Qi) (G (Xiﬁ’ Xjﬁ) ‘ vj € M }}> (2'17)
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where ¢ and ¢ are functions on pairs of node features, «(; ;) € R is an edge-specific
scalar, and @ is a permutation invariant set aggregation function, e.g., sum or mean.
Message-passing operations are localized operations due to the aggregation over the set
of neighboring nodes ;, rather than over all nodes, as in the spectral graph convolution.
It can also be applied across different graphs (Hamilton et al. 2017). By this definition,
any such message-passing function ¢ is permutation equivariant. Similar to the graph
convolution, the output X’ = g(A, X) of Equation (2.17) represents an updated node
representation matrix that is supposed to contain structural properties and information
about interactions of node representations.

Examples To provide intuition for the message-passing scheme, we now present three
established examples. We assume the node representation matrices have shapes X €
R™* and X’ € R™*_ First, the graph convolutional network (GCN) (Kipf et al. 2017)
was proposed as a localized approximation of the spectral graph convolution that updates
node representations as

1
Xz(,: = Z d-d. j,:W (218)
vjef\/i v

where X ;. € R"*% and W € R¥*? is a feature transformation.

The SAGE convolution from GraphSAGE (Hamilton et al. 2017) utilizes a second feature
transformation to control the effect of the previous node representations on the resulting
ones. This leads to the updated node representations

1
X[ =X Wy + > 27X We), (2.19)

vjENi !
where W), Wy, € R%*@" are two feature transformation matrices of the same
shape.

The graph attention network (GAT) (Velickovic et al. 2018) learns edge weights as a func-
tion of the adjacent node representations. The updated node representations are then
obtained as

X =Y a;)X;;W (2.20)

v;EN;

where a; ;) are the attention coefficients that satisfy a(; ;) > 0 for every edge (v;, v;) and
Z,Uj en; 0Gij) = 1foralli € [n]. GAT is often employed with multiple attention heads,
which refers to computing multiple attention-based updates with independent parame-
ters and aggregating the results.

Message-Passing Neural Networks for Graph Classification As a single message-
passing step can only produce node representations that are affected by the direct neigh-
bors of each node, these are typically applied iteratively. Such a sequence

p(AX):=gr(A,gr1(...q1 (A X)...)) (2.21)
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of k message-passing iterations g¢i, ..., gr produces the final node representations. A
message-passing neural network (MPNN) is then defined as a graph classifier

f(Av X) =w (P (A> X)) (2.22)

combining k iterations of message-passing with the classifier presented in Equation (2.12).
Here, p is a permutation equivariant function and w is a permutation invariant func-
tion.

While many choices for the function p and individual message-passing functions
g1, - - -, g have been proposed, finding the optimal choices and identifying their limi-
tations or beneficial properties is a key aspect of many research efforts. We will discuss
various choices and their properties in the following chapters.

Further Machine Learning Tasks on Graphs

Apart from the graph classification task, which aims to predict a single value for each
graph, many other tasks are of interest. Predicting values for individual nodes is of in-
terest for many applications. For example, when a graph corresponds to a road network,
we might be interested in predicting traffic at multiple locations (Roth and Liebig 2022a).
These node-level tasks include node classification and node regression, where a discrete
class or a continuous value is predicted for every node, respectively. The graph convolu-
tion and MPNNs can be easily adapted to such tasks.

By applying a permutation equivariant function p(A, X), the updated node represen-
tations X’ = p(A, X) can contain information about the structural properties of each
node and their combination with node attributes. The vector of representations X; . of
each node ¢ is then used to perform node-level prediction tasks. That means, based on a

function h: R? — ), we can assign a class or continuous prediction Uiy =h (X ! :> to

every node v;.

Similarly to these node-level prediction tasks, edge-level prediction tasks can be per-

formed. For each node combination (v;, v;) of interest, a classifier e: RY x RY — Y
. . . A~ _ / /

can be applied to the representations of the two nodes, ie., Y = € (Xiy:,Xﬁ).

Many other tasks are similarly defined based on transformed node representations X' =
p (A, X). This concludes the foundational background required for the following sec-
tions.
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3.1

Extending The Understanding of Graph
Convolutions

Many message-passing neural networks (MPNNs) exhibit a degradation of performance on
several tasks as the number of message-passing iterations increases. Several related phe-
nomena - such as over-smoothing, over-correlation, over-squashing, and vanishing gradi-
ents - have been proposed, but their interrelations and underlying theoretical foundations
remain poorly understood. In this chapter, we build upon prior work on over-smoothing and
present an in-depth theoretical analysis of widely used MPNNs. We identify two key prop-
erties of a commonly used class of MPNNS that fundamentally limit their performance. The
first, shared component amplification, refers to the same component of the representations
being amplified in all feature channels during each iteration. The second, component domi-
nance, describes how, with an increased number of iterations, a single component of the node
representations gets dominantly amplified while all other components are progressively sup-
pressed. Our analysis provides a deeper theoretical and intuitive understanding of several
known phenomena, enabling the development of methods that avoid these properties. We
validate our analysis through a series of experiments that empirically confirm our theoreti-
cal findings and expand upon them.

Introduction

As localized approximations of the spectral graph convolution, message-passing neural
networks (MPNNs) have achieved promising results in various applications, such as traffic
forecasting (Roth and Liebig 2022a) or molecular prediction (Stark et al. 2022). However, it
has also been observed that the performance of MPNNs degrades for various tasks when
increasing the number of message-passing iterations (Q. Li et al. 2018). For many tasks,
the best performance is achieved after only two such iterations (Kipf et al. 2017). For
other tasks, a single iteration is already detrimental to the performance (Rusch, B. Cham-
berlain, et al. 2022). Initially, this performance degradation was observed for the graph
convolutional network (GCN) (Kipf et al. 2017), with various other methods exhibiting
similar degradation (Q. Li et al. 2018; NT et al. 2019).

Studying the causes behind this performance degradation is crucial for multiple reasons.
Many tasks require the combination of representations that are not directly connected or
even far apart within a graph (Gilmer et al. 2017; Alon et al. 2021). Multiple iterations also
allow for more feature transformations and non-linearities, potentially allowing for more
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complex features. A better understanding also ideally provides insights into the severity
of this phenomenon for the performance of shallow MPNNs with few iterations.

Many previous works studied this performance degradation empirically or theoretically,
such as over-smoothing (Q. Li et al. 2018; NT et al. 2019; Oono et al. 2020; Cai et al. 2020;
Giovanni et al. 2023; Rusch, Bronstein, et al. 2023), over-squashing (Alon et al. 2021; Top-
ping et al. 2022), and over-correlation (Jin et al. 2022). However, the theoretical details
of these phenomena remain poorly understood. As a result, current research on per-
formance degradation is scattered and many different approaches to mitigate aspects of
these phenomena have been proposed. Several works attribute the performance degrada-
tion to a phenomenon referred to as over-smoothing, which refers to the representations
of different nodes becoming increasingly similar with an increased number of layers (Q.
Li et al. 2018; Oono et al. 2020). Understanding the mathematical properties of MPNNs
leading to over-smoothing has been an active area of research (Q. Li et al. 2018; NT et al.
2019; Oono et al. 2020; Cai et al. 2020). However, previous studies have not managed to
provide comprehensive theoretical insights, even for linearized cases. Multiple different
definitions and intuitions for over-smoothing currently coexist, with the role of learnable
parameters remaining unclear. Therefore, current methods to mitigate over-smoothing
are built on an incomplete theoretical understanding and tackle different aspects of the
phenomenon. It is unclear which of the many aspects related to the performance degra-
dation are most promising for focusing future research on.

In this chapter, we improve the theoretical understanding of MPNNs. In Section 3.2,
we provide an extensive overview of current insights into over-smoothing and over-
correlation. We include both empirical and theoretical studies. In Section 3.2.2, we con-
duct an empirical analysis of convolutional filters in the graph Fourier domain. As MPNN5s
were derived as localized approximations of the spectral graph convolution defined us-
ing the graph Fourier transform, we compare their expressible convolutional filters. To
clarify conflicting definitions of over-smoothing in previous work, we find that a vanish-
ing norm of representations overshadows potential insights of previous studies in Sec-
tion 3.3.3.

In Section 3.5, we present our main theoretical study. We identify two key properties
of a general class of MPNNs. We refer to the first property as shared component ampli-
fication (SCA) that describes a property of a single message-passing iteration. We find
that the same component gets amplified for any feature transformation and across all
feature channels. As the second property, we identify that a single component is increas-
ingly dominantly amplified, with all other components being relatively filtered out. We
term this property component dominance (CD). These properties lead to a phenomenon
that we call rank collapse, where representations become closer to a lower-dimensional
subspace. We further show that the observed phenomenon of over-smoothing occurs as
a special case for particular aggregation functions. We also introduce a property that
allows message-passing methods to prevent the underlying phenomena. This property
requires message-passing methods to use multiple distinct aggregation functions and fea-
ture transformations.
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Figure 3.1: Training and testing accuracy achieved on the Cora (Sen et al. 2008) dataset for train-
ing GCN models with different numbers of iterations. This experiment is based on
Kipf et al. (2017).

In Section 3.6, we summarize our extensive findings, provide definitions for the vary-
ing phenomena, and show how over-smoothing and rank collapse can be prevented by
methods that directly change the underlying properties. We empirically support our the-
oretical findings with various experiments in Section 3.7.

Related Work

While a consensus in previous work on over-smoothing is that node representations be-
come more similar with an increasing number of iterations (Q. Li et al. 2018; Oono et al.
2020; Rusch, Bronstein, et al. 2023), the details are less clear. Here, we detail the avail-
able insights into over-smoothing from previous works. We review available studies and
provide proofs of key theoretical statements that our work builds upon.

Most theoretical studies consider an attributed graph G = (A, X ) in matrix form, where
A € R™ " is the adjacency matrix representing a graph with n nodes, and X € R"*? is
the matrix containing d attributes for each node. Unless otherwise indicated, we assume
G is an undirected graph that is connected and non-bipartite. Previous works also mainly
consider the graph convolutional network (GCN) (Kipf et al. 2017) as an approximation
to the spectral graph convolution. A message-passing iteration of the GCN in matrix
notation is defined as

x® = o (Asme(’H)W(k)) , (3.1)
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Figure 3.2: Two-dimensional node features X (¥} € R™*¢ after applying up to three GCN it-
erations X (%) = Asme(k_l)W(k) where Ay, € R™" is given by the Cora
dataset (Sen et al. 2008). X () is given by a linear transformation of the provided
node features for Cora. All parameters are randomly initialized. Each dot represents
the state of a single node. This experiment is based on Q. Li et al. (2018).

where the initial node representations X () are typically node-wise obtained by applying
a node-wise transformation to X, Agy, € R"*" is the symmetrically normalized adja-
cency matrix. The matrix W *) € R?*? contains the learnable parameters and serves as
a feature transformation. ¢ is a non-linear activation function, typically assumed to be
the identity function for theoretical analysis.

Over-Smoothing

Here, we provide an extensive review of available insights into over-smoothing. We also
present proofs of the theoretical findings underlying our subsequent analysis. When the
GCN was initially proposed (Kipf et al. 2017), the authors conducted an ablation study that
showed the optimal performance was achieved after two iterations of the GCN. Further
iterations were shown to decrease performance for both the training and testing sets. To

24



3.2 Related Work

10!

10—6 .
10—13 i
10—20 ]

10—27 .

Dirichlet Energy

10—34 ]

10—41 i

1 2 4 8 16 32 64 128
Iteration Index

Figure 3.3: Dirichlet energy E(X(k)) = tr((X(k))TLsme(k)) for X %) =

10) (Asme (k_l)W(k)) where ¢ is the ReLU activation function, each W) is
randomly initialized and % indicates the iteration number. The Cora dataset was
used for initial features and as graph structure (Sen et al. 2008). Average values over
20 random initializations are shown. This experiment is based on Oono et al. (2020)
and Cai et al. (2020).

provide an initial visual intuition for this performance degradation of the GCN with an
increasing number of iterations, we reproduce their findings and visualize the achieved
training and testing accuracy in Figure 3.1. It confirms that the obtained accuracy for
both the training and testing sets degrades with an increased number of iterations. As
both sets exhibit similar performance degradation, Kipf et al. (2017) argue that overfitting
is not the primary cause behind this phenomenon.

The Effect of the Aggregation Q. Li et al. (2018) initially introduced the term over-
smoothing by studying limitations of the GCN. First, they visualized two-dimensional
node representations after applying a varying number of randomly initialized GCN iter-
ations. We reproduce their experiment and provide the visualization in Figure 3.2. They
empirically observed that node representations become increasingly aligned with more
iterations.

They theoretically studied the effect of the aggregation step Agyp, of the GCN without the

feature transformation and non-linear activation function. They relate the aggregation to
Laplacian smoothing of node representations and state the following key theorem:
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Theorem 3.1 (Theorem 1 from Q. Li et al. (2018)). Let A € R™*" be the adjacency
matrix of an undirected and non-bipartite graph. Then, for any x € R",

lim (Asym)k:c =c. D1 (3.2)
k—o0
lim (Ap) e =d-1 (3.3)
k—o0

where 1 € R™" and ¢,d € R.

Proof. We will start with the proof for Ay, and show the necessary changes for Ay,
afterwards. Consider the decomposition € = b1U. 1 + - - - + b, U. ,, of x as a linear com-
bination of the eigenvectors U of Ay, with coefficients b = U'x € R". Applying Agym
to the decomposed form results in Agymx = Agymb1U.1 + -+ + AgymbpU. . Each U ;
is an eigenvector of Ay, with corresponding eigenvalue ); by definition. This simplifies
the application of Agyp, to

AgmT = MU 1 + - + A0,U. (3.4)

Following properties known from spectral graph theory (Section 2.2.2), the eigenvalues
satisfy the properties A\; = 1 and |\;| < 1 for all ¢ > 1 and any connected non-bipartite
undirected graph. In the limit case, this simplifies to

1, ifi=1
lim /\f_{ o B (3.5)

k—o0 0, otherwise.
Combining these properties, we have

Jim_ Al o =bU.);. (3.6)

As known in spectral graph theory (Section 2.2.2), the corresponding eigenvector U. ; of
Agym is a degree-proportional vector D'/21,

The proof for A,y is equivalent, as only the eigenvectors and eigenvalues change. For
Ay, we also have \; = 1 and |\;| < 1foré > 1. It is also known that any A,,, under
the above assumptions has eigenvector U. 1 = 1 (Section 2.2.2). O

Recalling from Section 2.2.2, we refer to b = U " as the (spectral) components of 2. We
denote the component of x corresponding to eigenvector U. ; by b;. Q. Li et al. (2018)
find components corresponding to eigenvectors of Agm to be amplified based on their
respective eigenvalue. They further argue that smoothing is a key reason for the suc-
cess of the GCN as the smoothing property can ease classification tasks. At the same
time, they argue that excessive smoothing combines representations that should not be
similar, making optimization more challenging. A similar study was later conducted by
Keriven (Keriven 2022), showing that some smoothing is beneficial for some downstream
tasks, while excessive iterations are detrimental. NT et al. (2019) show that the aggrega-
tions Agym and Ay, act like low-pass filters that suppress high-frequency components
from the node representations, while low-frequency components are less affected. For
other aggregation functions A, it has been shown that high-frequency components can
be amplified (Bo et al. 2021; Luan et al. 2022).
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The Effect of the Feature Transformation While the effect of aggregating features
with Agym or Ay is understood, the impact of feature transformations was not consid-
ered by Q. Li et al. (2018). Oono et al. (2020) consider the distance of node representa-
tions to a smooth subspace spanned by the eigenvector U. ; corresponding to the largest
eigenvalue of Ay, in magnitude. When applying a feature transformation W ) to node
representations, they prove that the distance of the resulting node representations to this
subspace can be upper bounded by the largest singular value oy of W *). When o is suf-
ficiently small, representations converge exponentially fast in the number of iterations to
the smooth subspace.

Cai and Wang (Cali et al. 2020) propose to utilize the graph Dirichlet energy as a metric
to quantify over-smoothing. It is defined as

B(X)=tr (XTLsme)
(3.7)

\F

as detailed in Section 2.2.2. Equation (3.7) is the spatial form of the Dirichlet energy. Due
to its origin in spectral graph theory, the Dirichlet energy has an intuitive spectral inter-
pretation. The graph Laplacian can be decomposed into Leym = U (I, — A) U, where
U is the orthonormal matrix of eigenvectors and A is the diagonal matrix of eigenvalues
of Agym. The null space of Ly, is spanned by the eigenvector U.; = D'/21 with cor-
responding eigenvalue 0, ie., Lsyle/ 21 = 0. In the graph Fourier domain, this vector
corresponds to the lowest-frequency (i.e., the smoothest) component. The node repre-
sentations can be expressed in the graph Fourier space as B = U " X. For every feature
channel ¢ € [d], B; . indicates the strength of its component corresponding to eigenvec-
tor U. ;. As U is orthonormal, we have UU T = I,,. This leads to the equivalent spectral
form of the Dirichlet energy

v EVv;eN;

d

= zn: > (1-X\)B.. (3.8)

=1 c=1

As A1 = 1, we have 1 — \; = 0, and thus all components apart from the components
of X corresponding to eigenvector U. ; are taken into account. When X consists of
non-zero components only corresponding to U. 1, the Dirichlet energy is zero. Cai and
Wang (Cai et al. 2020) study the effect of GCN iterations on the Dirichlet energy and state
the following key proposition:

Proposition 3.1 (Proposition 3.4 from Cai et al. (2020)). Let X € R"*?be any matrix,
¢ be the ReLU or LeakyReLU activation function, and Az be the second largest eigenvalue
in magnitude of Agy, € R™ ™. Further, let W € R be any matrix for some d’ with
o1 being its largest singular value in magnitude. Then,

E (¢ (AgmXW)) <of X B(X). (3.9)
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Proof. Equivalently to (Cai et al. 2020, Lemma 3.1), we first prove the inequality
E(AymX) < X E(X). (3.10)

Consider the decomposition X = U B, where B = U " X is the graph Fourier trans-
formed representation. We use the fact that Ay, and L have the same orthonormal
eigenvectors U. Writing the Dirichlet energy in the spectral form results in

E (AynX) =t (B'TUUAU'U (I, - A)U'UAU'UB) . (3.11)
As U U = I, this simplifies to
E (AgnX) =tr (BTA (I, — A) AB) . (3.12)

As A and I, are diagonal matrices, this further simplifies as a sum of scalars:

n d

E(AgnX) =) > (1-X)NB}, (3.13)

=1 c=1

As 1 — Ay = 0, this can then be upper bounded by
E(AynX) < )3 E(X) (3.14)

Next, we show that E(XW) < 0?E(X) (Cai et al. 2020, Lemma 3.2) using the spatial
form of the Dirichlet energy:

(3.15)
vZEV v;EN;
By sub-multiplicativity of the norm, this is bounded by
2
E(XW) g H W[5 (3.16)
UZGV v;EN; \/7 \ j 2
By definition of the Dirichlet energy, we thus have
E(XW) < E(X)|W]3. (3.17)

As the 2-norm ||W ||, = o1 is equal to the largest singular value of W, it follows that
E(XW) <o?.-E(X). (3.18)
To show that F (¢ (X)) < E(X), the property that ReLU and LeakyReLU are 1-Lipschitz

(P) —¢(Q)|| < ||P — Q|| for any matrices P, Q. These activation func-
tions also satisfy that for any non-negative scalar r, it holds that ¢(r - P) = r - ¢(P).
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Applying these two properties to the Dirichlet energy proves this part (Cai et al. 2020,
Lemma 3.3):

Bo(X) =5 > ¢%,:> 9 ()fi’ )|
v EV v EN; i il
2
:;wze;uja\/z ¢<%>_¢(%> ) (3.19)
- P
MM B R
Combining these three properties concludes this proof. -

Based on Proposition 3.1, the Dirichlet energy is decreasing in each iteration when o1 <
%2. We visualize the Dirichlet energy converging to zero with an increased number of
iterations in Figure 3.3.

As the Dirichlet energy can be upper-bounded by the singular values of the feature trans-
formation W, Zhou et al. (2021) showed that the Dirichlet energy can similarly be lower-
bounded based on the smallest singular value. They refer to the phenomenon when the
Dirichlet energy becomes excessively large as an over-separation of node representa-
tions.

Normalization and Over-Separation Contrarily, Giovanni et al. (2023) found that a
large Dirichlet energy does not necessarily imply an over-separation of node representa-
tions. They consider the case

X® = A, x*-Dw (3.20)

without a non-linear activation function where W € R%*9 is a symmetric matrix that
is shared across iterations. As shown by (Zhou et al. 2021), the Dirichlet energy of X (¥)
may grow unboundedly limj,_,.. E(X®)) = co. Giovanni et al. (2023) find that when

considering the normalized node representations, the Dirichlet energy still converges to
x (k)
X @]

nent dominates all other components, they refer to this phenomenon as low-frequency
dominated dynamics. They prove this is the case for Equation (3.20) and any symmetric
feature transformation W € R%*<, independently of its singular values:

zero, i.e., lim,_,oo F < ) = 0 for Equation (3.20). Because the smooth compo-
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Proposition 3.2 (Theorem 5.3 from Giovanni et al. (2023)). Let A € {0,1}"*" be
the adjacency matrix of an undirected and non-bipartite graph and W € R%*? be a
symmetric matrix. Then, for a.e. matrix X € Rnxd

AL XWF
lim E =0. (3.21)
k—o0 HAéqmewkH
F

Proof. We present an alternative proof to the one used by Giovanni et al. (2023), which
aligns better with our subsequent theoretical analysis.

We start by using the definition of the Dirichlet energy and the Frobenius norm:

kv T Ak k k
AfmeWk B tr <W X Al Lsym Agym X W ) 6.22)
HAgfmeWk H tr (WkXTAI;ymAI;meWk)
F

Using the property tr(PTQ) = vec(P) " vec(Q) for any suitable matrices P, Q we have

.
AL XWH vec (LsymAfmeWk> vec (AfmeTWk)
> = (3.23)
»
k k
HAsmeW HF vec (AfmeWk) vec <A§meTW’f>

Further using the property vec(PQR) = (R" ® P)vec(Q) for any suitable matrices
P7 Q7 R’

Al XWF vec (X) " <Wk ® LsymAfym)—r <W’“ ® Afym> vec(X)
E R = =
“AlfmeWk“F vec(X) " (W’C ® Afym) (Wk ® A’Sfym) vec(X)

(3.24)
Now let Agym, = U AU" and W = VEVT be the eigendecompositions of Agym and
W. We then restate vec(X) = (V ® U) vec(B) using the eigenbasis V' ® U where
vec(B) = (V @ U) T vec(X). This simplifies to

A5 XWE ) vee(B)T (2% @ AF (I, — A) A%*) vec(B) (5.25)
HAI;meWkH B vee(B)T (X @ A%)vec(B) '
F
Due to diagonality of 2% @ A¥ (I, — A) A* this simplifies to
AI:meWk . E?:l Zizl BzQ,r)‘szo-Ek (1 - )‘l) (3.26)
HAfmeWk HF Yoy ey B2 A2k
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We normalize the numerator and the denominator by dividing by the largest absolute
eigenvalue o2¥ of the parameter matrix. This leads to the identity

d 2k
AL XWE Y Y BEA (S ) (- 0) -
- d o2k ’
[agmx i) S s (5)

As

i (‘7—’> ’ < 1for ¢ > 1, the, the numerator decays to zero as k — oo and we have

o1

AL XWF
lim F =0 (3.28)
k—o0 HAfmeWkH
F

assuming B; 1 # 0, which is satisfied for a.e. choice for X.

O]

Based on this finding, Giovanni et al. (2023) also show cases in which a different fre-
quency component can dominate the node representation. Maskey et al. (2023) build on
this idea and show that the Dirichlet energy of the normalized representations also con-
verges to zero for directed graphs when using the symmetrically normalized adjacency
matrix. Both of these works assume W to be a symmetric matrix that is shared across
iterations.

Convergence to a Constant State Rusch, B. Chamberlain, et al. (2022) empirically ob-
served that X (%) converges to a constant state for the GCN and various other established
methods. We reproduced their experiments and visualize this phenomenon for several
methods in Figure 3.4. In follow-up works, over-smoothing was defined accordingly as a
convergence to a constant state (Rusch, B. P. Chamberlain, et al. 2023; Rusch, Bronstein,
et al. 2023). Their definition utilizes a node similarity measure that is zero when all node
representations are equal. Over-smoothing is then defined as an exponential convergence
to this state over the number of iterations. Many of the following studies and methods
were built on this definition (Wu et al. 2023; Kothapalli et al. 2023).

This observation does not align with Theorem 3.1 and Proposition 3.2, as these theoret-
ical insights show that X (%) converges to a degree-proportional state for some of the
same methods. It is currently unclear how these similar yet slightly different observa-
tions relate to one another. It also remains unclear whether the over-separation of node
representations is a relevant phenomenon. Similarly, the complete theoretical implica-
tions of applying arbitrary feature transformations remain an open question. As the the-
oretical analyses mainly considered Ay, as the aggregation matrix, the effect of further
aggregation functions A or specific choices for edge weights is also not fully understood.
Due to this incomplete understanding of over-smoothing and related phenomena, poten-
tial solutions to over-smoothing may address different aspects behind the umbrella term
over-smoothing and may not address the underlying problem.
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Figure 3.4: Dirichlet energy F (X(k)) = tr ((X(k))T LXU“)) using the unnormalized graph
Laplacian L for the node representations obtained by three message-passing methods
on the Cora dataset (Sen et al. 2008). As the kernel of L is spanned by constant-
valued vectors, this version of the Dirichlet energy is zero when X (*) only has non-
zero components belonging to constant-valued vectors. This experiment is based on
Rusch, B. Chamberlain, et al. (2022).

Metrics to Quantify Over-Smoothing D. Chen et al. (2020) propose to quantify over-
smoothing by computing the average cosine distance between all pairs of nodes, which
they call mean average distance (MAD). They consider smoothing as a natural process
in GNNs, with smoothing between nodes belonging to the same class as desired. For
nodes of different classes, this smoothing adds noise and is undesired. Accordingly, they
compute the MAD separately for nodes with the same label and nodes with different
labels. The difference between these values is referred to as MADgap.

Liu et al. (2020) study the over-smoothing phenomenon by introducing a novel metric
called SMV that computes the average Euclidean distance between a pair of nodes. They
consider normalized node representations, ensuring that the magnitude of the represen-
tations does not affect the metric.

The Dirichlet energy or Dirichlet sum as a metric for theoretically studying over-
smoothing was proposed by Cai et al. (2020). In following studies, the Dirichlet energy
was also used to empirically identify methods suffering from the over-smoothing phe-
nomenon (Zhou et al. 2021). Rusch, Bronstein, et al. (2023) generalize the Dirichlet energy
to node-similarity measures that aim to quantify the similarity of node representations
to a constant state. The Dirichlet energy

BE(X) =tr (XTLX) (3.29)
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Figure 3.5: Coefficient magnitudes | F'(6)| of three random filters € in graph Fourier space as used
for the spectral graph convolution. The KarateClub dataset was used to construct
Ly,

defined with the unnormalized graph Laplacian L is one metric that satisfies their crite-
ria.

Over-Correlation

One connected phenomenon that our study also connects to is over-correlation. Jin et al.
(2022) found the pairwise correlation of feature channels to increase with increased depth.
They observe this phenomenon in several message-passing methods by measuring the
Pearson correlation coefficient between feature channels. They find that over-smoothing
implies over-correlation, but the converse does not hold. As feature channels may be per-
fectly correlated but contain non-smooth values, over-correlation can arise independently
of over-smoothing. They accordingly distinguish that over-smoothing corresponds to a
node-wise smoothness, while over-correlation corresponds to a channel-wise similarity.
They conclude that additional feature channels are redundant and provide no additional
information.

X. Guo et al. (2023) study the effective rank of representations of GNNs and transform-
ers. They find that most singular values of node representations are closer to zero after
a few iterations. Similarly to over-correlation, they find this phenomenon to occur even
when representations are not similar, as measured by the cosine similarity. They refer
to this phenomenon as a more general form of over-smoothing, which they call dimen-
sional collapse. The phenomenon of dimensional collapse was similarly observed for con-
trastive learning methods (Gao et al. 2019; Jing et al. 2022). The theoretical details of over-
correlation and dimensional collapse, as well as their relationship to over-smoothing, are
not well understood.

Over-Smoothing in Graph Fourier Space

Our first analysis to improve our understanding of the over-smoothing phenomenon con-
siders the filters of different graph convolutions. This section closely follows our previ-
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Figure 3.6: Coefficient magnitudes | F'(8)| of Chebyshev polynomials F'(8) = 22{:0 wiTk(N) as
filters in graph Fourier space with three different degrees K. The KarateClub dataset
was used to construct Lsym.
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Figure 3.7: Coefficient magnitudes |F'(0)| of three filters F'(@) = wA as proposed for the GCN.
The KarateClub dataset was used to construct Lgyp,.

ously published work presented in (Roth and Liebig 2025). As described in Section 2.3.2,
the graph convolution is defined in the graph Fourier space

F@xx)=F(0) e F(x) (3.30)

where & € R" are the node attributes or the graph signal, 8 € R" is a filter, and © is the
element-wise product. The Fourier transform F' is defined as the graph Fourier transform
given as F'(z) = U z for any vector z € R", where U is the matrix of eigenvectors of
the graph Laplacian Ly, (see Section 2.2.2). Here, we visualize several exemplary filters
to build intuition for the over-smoothing phenomenon and to support our theoretical
analysis in the following sections. Each coefficient F'(f); € R determines the extent to
which the component F'(x);, associated with the i-th Fourier basis vector, is amplified or
dampened. A small magnitude of the coefficient indicates that the associated component
gets dampened, while a large magnitude indicates an amplification of the component.
Ideally, a convolution can amplify and dampen arbitrary components, depending on the
choice of the filter 6.
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Figure 3.8: Coefficient magnitudes | F'(8)| of three filters F'(0) = wiA©®- - - @ w1 A with different
numbers of iterations as proposed for the GCN. The KarateClub dataset was used to
construct Lgyp,.

Graph Convolutions as Spectral Filters

The spectral graph convolution allows for any filter 6, as detailed in Section 2.3.2. Thus,
any filter (@) = U " 0 in the graph Fourier space can be represented. We visualize ran-
dom choices for 8 in Figure 3.5, visually confirming that this spectral graph convolution
can amplify and dampen arbitrary components of the signal x.

Polynomial Approximations as Spectral Filters

For a more efficient runtime, polynomial approximations of F'(0) were proposed (Ham-
mond et al. 2011; M. He et al. 2021). These typically utilize the eigenvalues A € R" of
the graph Laplacian as a basis. We consider approximations using Chebyshev polyno-
mials F'(0) = Zszo wi Tk (N) where T}, is the k-th order Chebyshev polynomial with
To(A) =1, T1(A) =X and Tx(A) =2 - A © T—1(A) — Ti—2(A) for & > 1 (Hammond
et al. 2011). We visualize such polynomial filters of varying degrees in Figure 3.6. We
observe a smooth polynomial structure of the filter coefficients, with similar eigenvalues
being assigned similar values.

Message-Passing as Spectral Filters

The GCN (Kipf et al. 2017) was derived as a first-order approximation of polynomial
graph filters, so that the state of each node is only affected by its direct neighbors. It
can be expressed as a graph convolution with a filter in the graph Fourier domain given
by F'(@) = wA, where w € R is its single parameter. Note that the GCN adds self-loops
for computing Ly, which we ignore here for clarity. We visualize filters F'(0) = wA
in graph Fourier space for three values of w € R in Figure 3.7. As w uniformly scales
all filter coefficients by the same value, the relative magnitudes remain constant for any
choice of w € R. Figure 3.7 also visually highlights that the first coefficient (w\); al-
ways has the largest magnitude among all filter coefficients, for any non-zero w € R.
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Thus, the corresponding smooth component gets amplified maximally for any parameter
choice.

This already provides intuition for the over-smoothing phenomenon: under the first-
order approximation used by the GCN, any expressible filter F'(8) amplifies the smoothest
component the most, as any choice of the parameter w scales all filter coefficients uni-
formly. When applying the GCN, it is not possible to amplify any component more than
the component corresponding to U. 1 for any choice of parameter w. Thus, every such fil-
ter amplifies the smoothest frequency component the most, while relatively suppressing
all other frequency components.

Shared Component Amplification

The provided visualizations considered the single-input single-output (SISO) case, where
x € R" and 0 x x € R" are vectors, i.e., each node has a single feature. The above
methods are typically applied in the multi-input multi-output (MIMO) case, where the
graph signal X € R™*< has d feature channels for each node. Based on Bruna et al.
(2014), the graph convolution is applied in the MIMO case by applying a separate graph
convolution with independent filters 6, ;) € R" for every combination of input feature
channel i € [d] and output feature channel ¢ € [c], i.e., the resulting state is obtained
as

F(X!)=> F(0pq) ©F(X.,) (331)

pe[d]

with X’ € R"*¢. The GCN also utilizes this extension to the MIMO case (Kipf et al.
2017), for which we have F' (0(p7q)) = W(p,qA With w(, o) € R for every pair of input
channel p and output channel g. The parameters wy, 4) can also be arranged into a matrix
W € R¥*¢, where W, , = €(p,q)- Equation (3.31) can be equivalently stated for the GCN
in the typical notation as

X' =AymXW. (3.32)

We recall that for every choice of parameters W), ,, each F (0(,)7(1)) amplifies the fre-
quency components in the same way up to a scaling factor that is uniform across all com-
ponents. Thus, the relative amplification of components is shared across all pairs of input
and output feature channels. We refer to this as shared component amplification (SCA).
The resulting representations are inherently constrained, and the gains of additional out-
put channels are limited. We will study this phenomenon more deeply theoretically in
the following sections and provide a formal definition in Definition 3.1.

Importantly, SCA occurs regardless of the specific basis A used. Even when a different
basis \ is chosen, the parameters W, , lead to filters with the same relative amplification
of components across all channel combinations. The component corresponding to the
maximal absolute value of A is maximally amplified for every input and output combina-
tion of feature channels. Instead, it is desirable to allow for different components in the
input signal to be amplified across distinct output channels.
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Figure 3.9: Comparison of the Dirichlet energy F(X (%)) defined using the random walk Lapla-
cian L, and the norm of the representations HX (%) H2F on the Cora dataset (McCal-

lum et al. 2000). The node representations X (*) are obtained for 128 iterations of
three MPNNs (graph convolutional network (GCN) (Kipf et al. 2017), graph attention
network (GAT) (Velickovic et al. 2018), the SAGE convolution (Hamilton et al. 2017)).
Following Rusch, Bronstein, et al. (2023), random parameters are used for (a). We ad-
ditionally present the same figure when all parameters are scaled by a factor of 2 in

(b).

Component Dominance

SCA highlights a limitation in the approximation of a single graph convolution 6 * =
used in the GCN. For the GCN as a localized approximation, the resulting state for each
node takes information only from its direct neighbors into account. The GCN is typically
applied in an iterative fashion. Ignoring the non-linear activation functions, this has
form

FOr)©---OF(01)0F(x)=wA® - QunA© F(x), (3.33)

where 6; € R" is the filter for iteration ¢ € [k], and w; € R is the corresponding pa-
rameter of the GCN. We visualize random such filters F(8) = (wy, - - - - - w1) A¥), where
)\Ek) = )\f for different numbers of layers k in Figure 3.8. We observe that with increased
depth, all components except the first are increasingly suppressed, as their corresponding
eigenvalues )\f approach zero relative to A¥.

As in the single iteration case, the scalar (wy - ... w;) € R applies a uniform scaling
of each coefficient A\¥. As such, the maximal coefficient )\; increasingly dominates the
other coefficients with an increasing number of iterations £, independent of the cho-
sen parameters wi, ..., wg. We refer to the phenomenon of a single component being
dominantly amplified as component dominance, which we will formally define in Defini-
tion 3.2. These insights provide an initial intuition for the properties of the GCN limiting
their performance and the theoretical analysis presented in the following section.
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Over-Smoothing and Vanishing Norms

Several conflicting definitions and views for over-smoothing currently coexist, as detailed
in Section 3.2. Several studies prove that node representations converge to a multiple of
the degree-proportional dominant eigenvector D21 of Agym when repeatedly applying
GCN iterations (Oono et al. 2020; Cai et al. 2020; Zhou et al. 2021; Giovanni et al. 2023).
This can be shown using the Dirichlet energy E(X) = tr (X TLsme ), as the degree-
proportional state corresponds to the null space of Lgyn, i.e., Lsyle/ 21 = 0. Others
have observed an exponential convergence to a constant state (Rusch, B. Chamberlain,
et al. 2022; Rusch, B. P. Chamberlain, et al. 2023; Rusch, Bronstein, et al. 2023; Wu et
al. 2023), for example, using the Dirichlet energy Ef = tr (X TLX ) defined using the
unnormalized graph Laplacian L, as the constant state is in the null space of L, i.e., L1 =
0.

Mathematically, the matrix X lies in the intersection of the null spaces of both Ly, and
L if and only if X = 0, i.e., all entries of X are zero. Thus, the norm of the representa-
tions needs to vanish in order for both properties to be satisfied. To verify this claim, we
theoretically study the effect of applying a GCN iteration on the norm of the representa-
tions. We find that the norm of X is bounded by the largest singular value of W, leading
to the same bound as shown for the Dirichlet energy ((Oono et al. 2020; Cai et al. 2020)).
We formalize this in Proposition 3.3:

Proposition 3.3 (Vanishing norm of node representations). Let Ay, € R"*" be
a symmetrically normalized adjacency matrix and X € R™*¢ W < R?¥¢ arbitrary
matrices for some n,d,c € N. Further, let ¢ be a component-wise activation function
with |¢(a)| < |a| for all a € R. Then,

|6 (AymXW)|| o < o1l X | (3.34)

I

where o7 is the largest singular value of W.

Proof. By definition of the Frobenius norm, we have

|6 (AgmXW)||, = Zn: zc: ¢ (AsmeW)ij : (3.35)

i=1 j=1

Using the property |¢(a)| < |a| for all @ € R of the activation function ¢, we obtain

16 (AguX W) [ < [ DD (AguX W),
i=1 j=1

= [ Ay X W[5,

(3.36)

which is the Frobenius norm, ignoring the non-linear activation function. We now apply
the sub-multiplicative property of the Frobenius norm with the spectral norm, yielding

| AqmX W || < || Asyml[o - 1 X N1 - W] (3.37)
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We then use the fact that the spectral norm of a matrix is equal to its largest singular
value, i.e., }AsymH2 = A1 = 1 by properties of Agyp, and ||[W ||, = o1. Combining these
equalities, we obtain

|6 (AsymXW) ||, < 01| X ||, (3.38)

as claimed. O

Proposition 3.3 corresponds to applying a single GCN iteration with
xX® — g (Asme(k’l)W(k)) . (3.39)

When repeatedly applying such GCN iterations, all entries of the state converge to zero
when []72, oV " = 0 with oV ) being the largest singular value of W (%), i.e., we have
limg oo X () = (). As the zero matrix is a special case of both the constant vector 1 and
the degree-proportional vector D'/21, the Dirichlet energy E(X) defined using Liym
and the Dirichlet energy E'r,(X) defined using L both approach zero as k — oo. This
explains the previous seemingly contradictory findings.

We visualize both the Frobenius norm HX (k) H - and the Dirichlet energy Er, (X (k)) for
node representations according to Equation (3.39) in Figure 3.9. We observe a close simi-
larity between both metrics. This is not only the case when the norm converges to zero,
but also when the norm does not converge to zero. Thus, the norm of the node repre-
sentations overshadows potential insights of the Dirichlet energy. As such, observing the
Dirichlet energy to converge to zero seems to be a consequence of the norm converg-
ing to zero, and not of the representations converging to a degree-dependent or constant
state. This calls into question the potential insights gained from the Dirichlet energy in
this form.

This vanishing norm is a critical concern when applying many message-passing itera-
tions, which can lead to vanishing gradients (Bengio et al. 1994; Hochreiter et al. 1997;
Pascanu et al. 2013) and hinder optimization. As previously shown, the over-smoothing
phenomenon arises independently of the scale of node representations (Liu et al. 2020;
D. Chen et al. 2020; Giovanni et al. 2023; Maskey et al. 2023). Instead, we argue to sepa-
rate the vanishing norm from over-smoothing and study both phenomena independently.
This allows a more targeted analysis of the reasons and the effects of each property. Sep-
arating them also allows for better communication. The vanishing norm always implies
over-smoothing under this definition, since £(0) = 0. This would imply over-smoothing
even for trivial cases, such as X(*) = ¢ X*=1 for |a| < 1. This suffers from the van-
ishing norm problem and over-smoothing in this definition, but we argue that it dis-
tracts from the underlying problem of over-smoothing. Thus, when the representations
converge to zero, it is a misleading special case. Several theoretical studies base their
findings about over-smoothing on assumptions about the singular values of the feature
transformations (Oono et al. 2020; Cai et al. 2020; Zhou et al. 2021; Wu et al. 2023), which
may oversimplify certain cases, as these primarily concern the magnitude of the features,
rather than the smoothing property.
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Other existing metrics, such as SMV (Liu et al. 2020) and MAD (D. Chen et al. 2020) (see
Section 3.2.1), similarly argue to quantify the similarity of node representations indepen-
dently of the feature magnitude. These incorporate feature normalization to consider
over-smoothing independently of the norm. However, these metrics are not used for the-
oretical studies. More recent theoretical studies on over-smoothing consider the Dirichlet

energy F <%) of the normalized node representations, which can be considered
F

as a study of over-smoothing while ignoring the effects of the norm (Giovanni et al. 2023;
Maskey et al. 2023). We further argue that the Dirichlet energy alone might not provide
sufficient insight into the underlying phenomenon.

This observation aligns with our initial study on convolutional filters in the graph Fourier
domain in Section 3.3.3. We observed that all components are uniformly scaled, which
may overshadow the amplification of the smooth component.

A Theoretical Study on the Effect of Message-Passing on
Representations

Based on Section 3.2.2, we have developed some intuition about the effects of applying
iterations of the GCN and provided some initial insights into the phenomena of shared
component amplification (SCA) and component dominance (CD). We have also observed
that the norm of node representations has led to some conflicting findings and definitions
regarding over-smoothing. Here, we conduct an in-depth study on the theoretical proper-
ties of the GCN, which we will later generalize. We consider linearized message-passing
functions of the form

X®) = Ax*-Dpy k) (3.40)

where A € R X (k) ¢ Rnxd and W(*) € R2%4 for all k € N and some d € N. This
corresponds to the equivalent node-wise update function

Xi(,lf) _ Z Ai,jX](f_l)W(k)' (3.41)
JEN;

Theoretical insights are currently only available for the case when A := Agym and the
feature transformations W*) = W are shared for every k € N with the shared matrix
W also being symmetric (Giovanni et al. 2023). Their results only apply to the limit case
X O with infinitely many iterations [. We study the effect of such a message-passing step
for any, not necessarily identical, matrices W) ..., W of suitable shape, both for a
single iteration and the repeated application. We initially consider the case A := Agym
and then further generalize our theoretical study to allow for any aggregation matrix A
instead of the symmetrically normalized adjacency matrix Agyy,. We summarize this con-
nection between our findings and the currently known case in Figure 3.10. We summarize
our findings and provide comprehensive definitions in Section 3.6. This analysis mostly
follows one of our previous publications (Roth and Liebig 2023).
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3.5 A Theoretical Study on the Effect of Message-Passing on Representations

State-of-the-Art (Giovanni et al. 2023) Theorem 3.3 Theorem 3.5

A= Agyn a A= Agyn a A arbitrary
w =... = Wk symmetric W £ £ W arbitrary W £ £ W® arbitrary

Figure 3.10: Limit behavior of X (¥), where X*) = AX(k_l)W(k), under various choices for
Aand WO . W& from existing state-of-the-art, and our proposed extensions.

The Effect of GCN lterations

We now assume the case A := Agym in Equation (3.40) for an undirected and non-
bipartite graph, as used for the GCN (Kipf et al. 2017). Instead of focusing on the Dirichlet
energy, we study the effect of the GCN on the node representations in general. To ease
our theoretical study, we utilize the vectorized form of a single iteration of the GCN from
Equation (3.40), resulting in

vee (Aym X W) = (WT ® Asym) vee(X) = T vece(X) (3.42)

with T = (WT ® Asym) € R"¥*"d applied before any non-linear activation function.
The Kronecker product ® is a standard operation that is frequently used for theoretical
studies of GNNs (Gu et al. 2020; Roth and Liebig 2022b; Giovanni et al. 2023; Maskey
et al. 2023). We will introduce its properties as required. The first important property of
the Kronecker product used above is vec(ABC) = (C" ® A) vec(B) for any matrices
A, B, C of suitable shape (Horn et al. 1991). As we allow for arbitrary matrices W, we
will drop the transpose of W in the notation for conciseness. Next, we represent the
node representations in the graph Fourier basis (see Section 2.2.2) U using the property
U'U = I, as follows:

vec(X) = vec(UB)

= (I; ® U)vec(B) (3.43)

where B = U X € R"*? contains the graph Fourier transformed node representations
or components. Each entry B; ; represents the coefficient or component of the i-th graph
Fourier basis vector of feature channel j. We express the graph Fourier decomposition of
X as
n
vec(X) = Z Iz ®U. ;) vec (B;:)
=1

. (3.44)
= Z S(l) vec (Bi,;) s
i=1

where S;) = (I, ®U.;) € R"¥*d and vec (B;.) € RY is the vector containing the
coefficients of the i-th graph Fourier basis vector across all feature channels. Combining
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this reformulation of the state X with the vectorized GCN iteration (Equation (3.42)), we
consider the effect of a GCN iteration

vec (AymXW) =) TS; vec(B;.) (3.45)
i=1

on the different graph Fourier components. For each graph Fourier basis vector, we fur-
ther construct disjoint subspaces

Q; = span { Sipv|ve R4 } . (3.46)

Every element vec(Z) € Q; is the vectorized form of a rank-one matrix Z = U, ;c' €
R™*? for some ¢ € R?%. Z only contains non-zero components corresponding to graph
Fourier basis vector U. ;. Thus, each column of Z is a scalar multiple of the correspond-
ing graph Fourier basis vector U. ;. We find the first key property of GCN iterations to
exploit this decomposition. Each subspace corresponding to a graph Fourier basis vector
is invariant under applications of any GCN iteration T":

Lemma 3.1 (Graph Fourier Components are invariant to GCN iterations). Let
Agym € R™" be a symmetrically normalized adjacency matrix with an orthogonal ma-
trix of eigenvectors U, and let W € R%*? be any matrix. Consider the subspace

Q; = span{ LU )v|ve Rd} .
Then, Q; is invariant under T' = W ® Agyn, ie.,

Vze Q,: Tz e Q;. (3.47)

Proof. Any z € Q; can be expressed as a linear combination z = (I; ® U. ;) b of basis
vectors (Iy ® U. ;) of Q;, where b € R™. By definition of T = W ® Agym, we have

Tz=(W® Aym) T;0U.;)b. (3.48)
Following the mixed-product property (A ® B) - (C @ D) = (A-C) ® (B - D) of the
Kronecker product and the matrix product for matrices of suitable shape and Ag,U.; =
AiU. i, we have
By defining b = (W ® \;I,,) b, this further simplifies to
Tz=(I,oU,;)b . (3.50)

As T'z is a linear combination of the basis vectors from subspace Q;, this concludes the

proof. O
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This proof exploits two central properties of the constructed subspaces. First, as the graph
Fourier basis vectors are also eigenvectors of Agm, applying Agym reduces to scaling
each graph Fourier component by the corresponding eigenvalue. Second, applying the
feature transformation W cannot transform the given graph Fourier components into
other graph Fourier components. This discovery is central to our subsequent investiga-
tion, as it enables us to study the effect of a GCN iteration separately for each subspace
and compare their effects.

A Single GCN Iteration

Given these invariant subspaces Q;, we now study the effect of GCN iterations on each
graph Fourier component independently. Precisely, we study the effect of a vectorized
GCN iteration W ® Ay, on each set of graph Fourier basis vectors I; ® U. ; of subspace
Q,, i.e.,, we consider (W ® Asym) (Ig® U. ;) for all i € [n]. We find Agyp, to perform a
scaling of the basis vectors I; @ U. ; of each subspace Q; by the corresponding eigenvalue
Ai of Agym, ie.,

(Id (029) Asym) (Id ® U;’i> =\ (Id &® U;,l‘) . (3.51)
The feature transformation W performs an equivalent transformation to all sets of basis
vectors Iy ® U. ;. While this can change the norm ||(W ® I,) (I ® U. ;)| - arbitrarily,
the norm of all subspaces equally changes, i.e., we have

(W IL,) I, 0U)|p
(WeL)IioU )|y, 1 (3.52)

for all i, 7 € [n]. Thus, the feature transformation cannot amplify components for one
graph Fourier basis vector more than for another. Applying both Agy, and W then scales
the basis vectors of each subspace Q; only relative to the corresponding eigenvalue \;.
We formalize this finding in the following theorem:

Theorem 3.2 (Shared Component Amplification for the GCN).Let T = W ®
Agm € Rndxnd where W € RIX4 ig any matrix and Az, € R"*" is the symmet-
rically normalized adjacency matrix with orthonormal eigenvectors U € R™ ™. Let
Sy = I; ® U.; with corresponding eigenvalue \; of Agyp, for all @ € [n]. Then, for
alli,j € [n],

ITSwly _ A
_ , (3.53)
ISl 1l
Proof. We start by expanding all matrices by their definitions:
TS, w As m 1 0
TSy _ (WS Ayn) Ta @ U)| (354)

HTS(J')HF - (W@ Agym) (Ta @ Ujlp

Using the mixed-product property of the Kronecker product and the matrix product, we

have
|(W @ Aym) T2 U |(W @ Ayl

(W& A) L2 U)W Al

(3.55)

43



3 Extending The Understanding of Graph Convolutions

As U. ; is an eigenvector of Agym, with eigenvalue );, we have

H (W ® ASme:,i) HF _ (W@ )‘iU:,i)HF

_ . (3.56)
(W AgnU. )|, W @XNU )k
By sub-multiplicativity of the norm of the Kronecker product, this simplifies to
IW & XUilly Wl - AUl 657

WUl ([Wllp- INU e

The norm ||W || - cancels, and with the absolute homogeneity property of the norm, we
have
Wlie- NUillp il - Ui
Wiz - 10Ul Al U

£ (3.58)
F

As each U is chosen to be an orthonormal matrix, the Frobenius norm of U. ; is one, and
we have
il - Uil A
XL UGl N

This concludes the proof. O

(3.59)

This property of the GCN can be interpreted in several ways. As the eigenvalues are fixed
and given by Ay, the subspaces with larger eigenvalues will be amplified more strongly
than those corresponding to eigenvalues with a smaller magnitude for any W. As the
largest eigenvalue A\; = 1, with corresponding smooth eigenvector U. 1 = D'/21 that
is degree-proportional, each iteration relatively amplifies this smooth subspace by this
fixed ratio compared to all other subspaces.

In addition to this relative amplification being fixed, it is also shared across all feature
channels. As every v € Q; is the vectorized form of a rank-one matrix, the same graph
Fourier basis vector is relatively amplified by the same ratio of eigenvalue for every fea-
ture channel. Thus, a single GCN iteration relatively amplifies the smooth components
across all feature channels by the ratio % compared to all other components. We will
define a more general form of this phenomenon in Definition 3.1, and refer to this phe-
nomenon as shared component amplification (SCA). This finding also aligns with our
spectral analysis of the filter used within the GCN in Section 3.3.3.

As the ratio depends on the aggregation function Ay, but not on the feature transfor-
mation W, we cannot construct or learn feature transformations that prevent the ampli-
fication of smooth signals for any of the feature channels.

Compared to previous studies that identified bounds on the Dirichlet energy based on
singular values of W (Oono et al. 2020; Cai et al. 2020), this equality provides deeper
insights. This relative amplification of the message-passing step is independent of any
subsequent operations, such as non-linear activation functions.
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Repeated GCN Iterations

We have identified that each GCN iteration amplifies the graph Fourier components rel-
atively with a fixed ratio given by the corresponding eigenvalues of Agy,. We now con-
sider the case when repeatedly applying GCN iterations

vee (X®)) = vec Asme(kfl)W(k) =((w® T®Asym vec ( X -1
(%) = vee( )= ((w®)

(3.60)
with time-inhomogeneous feature transformations W*) ¢ R%*¢ for every k € N. As
before, we will omit the transpose for notational simplicity, as we allow any matrices
W (). Although the following analysis only covers the linear case without activation
functions, this linear case remains insufficiently explored. The extension to the non-
linear case remains open for future work. The relative amplification of graph Fourier
induced subspaces from Theorem 3.2 can be directly extended to this iterated case:

Proposition 3.4 (Component amplification for multiple GCN iterations). Let
Tk = Wk Agym € R7dxnd where W) e Rd*d jg any matrix and Agy, € R™*"
is the symmetrically normalized adjacency matrix with orthonormal eigenvectors U &€
R™ " Let Sj;) = Iy ® U.; with corresponding eigenvalue A; of Ay, for alli € [n].
Then, for all 7, j € [n],

|70 TD Sl _ [N

[T .. TOS; ], A

(3.61)

Proof. This proof is mostly analogous to the proof of Theorem 3.2. We start by replacing
each T®) and S(;) by their definition:

Ir®... S(z Iy _ (WO 2 Agm) .. (WD @ Ayn) (I 2 U
[0 < (WO & Agm) ... (WD ® Ay) Lo U,

iR (3.62)

Solly e

By the mixed-product property of the Kronecker product and the matrix product, this

simplifies to

sym

H(WU)...W< N e (Al U)

(W05 Ayn) (W& ) LU0,

(WO @ Agm) ... (WD @ Agm) Ty U, H(W(l)...W(l))®( Lom ])H

(3.63)
As in the proof of Theorem 3.2, the sub-multiplicativity of the norm of the Kronecker
product and U. ; being an eigenvector of Agyp, allow the simplification

H(W@...W(l)) (Al U. ) ;

sym

W WO XU g
|[wo woye (ag,u,)]| [wo N

(3.64)

e [Mval,

45



3 Extending The Understanding of Graph Convolutions

The norm of the feature transformations cancels. By the absolute homogeneity property
AU il = |Ai| - ||U..i||  of the Frobenius norm, and ||U. ;|| = ||U. ;|| due to orthonor-
mality of U. We have

W w0 U

F 1O
(A

wo .. .wo, - H(Aj)l UVH , (3.65)

F
concluding the proof. O
This finding shows that repeatedly applying GCN iterations relatively amplifies the
smooth component in the data by an exponential ratio in the number of iterations /. This
holds for any feature transformations W*). As a consequence of this property, the sub-
space S(y) corresponding to the largest absolute eigenvalue A\; and smooth eigenvector
U= D21 of ASym dominates all other subspaces in the limit case:

Corollary 3.1 (Component Dominance of S(1)). Let T = Wk g Agm € Rrdxnd,
where W) ¢ R¥? is any matrix and Agym € R™" is the symmetrically normalized
adjacency matrix with orthonormal eigenvectors U € R"*". Let S(;) = I3 ® U.; with
corresponding eigenvalue \; of Agyp, for all i € [n]. Then, for all i € [n)],

l o
) HT()...T(l)S(i)HF )0, ifi#1
lim = (3.66)
I~o0 max,, | T® ... TS, HF 1, otherwise,
and the rate of convergence is given by i‘—; fori # 1.
Proof. Based on Proposition 3.4, we have
y SOBS OF Y

I~o0 max, ||[T® ... TS oo maxy AL

(p) HF
As max, A\, = Ay for Agm, we have max;, [AL| = [A[| = 1. As || < |Ay] foralli € [n],
we have in the limit
bV 1, ifi=1
lim ’72“ . (3.68)
I—oc0 maxy |AL| 0, otherwise.

The convergence rate is given by |\;|/|A1| for ¢ # 1. O

We can already explain the observed over-smoothing phenomenon with Proposition 3.4
and Corollary 3.1. In each GCN iteration, the basis vectors of each subspace correspond-
ing to a graph Fourier basis vector are relatively scaled by their respective eigenvalue.
This is irrespective of the employed feature transformation W (*). When applying multi-
ple GCN iterations, this scaling happens exponentially, and the graph Fourier components
corresponding to \; increasingly dominate all other graph Fourier components. We will
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define a more general form of this phenomenon in Definition 3.2 and refer to it as com-
ponent dominance.

Up to this point, we only considered the basis vectors. Node representations are linear
combinations of these basis vectors, i.e.,

vec(X ) Z I,®U.;)vec(B;.) (3.69)
=1

with B = U X (9. For each subspace Q; corresponding to a graph Fourier basis vec-
tor U. ;, we have coefficients B; .. As the differences in the norm of the basis vectors
exponentially increase with the number of iterations [, the coefficients B; . need to be
increasingly large compared to the coefficients B . of the maximally amplified subspace
Q; to contribute non-negligibly to X (). As the feature transformation acts equivalently
on each subspace Q;, the signals across subspaces need to be very different. The signal
in Q1 needs to be exponentially small with increased depth in order not to dominate the
representations. At the same time, the coefficients in other subspaces must be sufficiently
large. This means that X (9, or equivalently B ., needs to lie in an increasingly small
subspace that converges to a measure-zero set under the Lebesgue measure for [ — oc.
The probability that By . drawn from any bounded set lies inside this increasingly small
subspace converges to zero. This corresponds to convergence in probability. Due to time-
inhomogeneous feature transformations W) # WU for every i # j, X() may not
converge for I — oo but converges to the space Q;. This is known as convergence in
probability (Dudley 2002), which we denote by plim. We formalize this in the following
theorem:

Theorem 3.3 (Representations converge to Q; in probability). Let X*) =
AgymX (E=DW*) where Agym € R is the symmetrically normalized adjacency ma-
trix and W) € R?*? for every k € N. Then,

xO 0

X

for X € [—m, m]"*? for some m € R with respect to the Lebesgue measure and some
vec (M(l)) € Q; that depends on [ for every [ € N.

plim

l—00

-0 (3.70)
F

Proof. By defining O) = W) ... W we have

x0=Al xOw®  wh=al x©Oob, (3.71)
Using properties of the Kronecker product, we can equivalently write this in vector-
ized form as <(O(l))T ® Aéym) vec(X (). We omit the transpose for clarity. Using

the singular value decomposition O = 1740510 (N(l))T and eigendecomposition
Al = UA'UT, we obtain

sym

vec (Asme(O)O(l)> - (0@ ® U) (Id ® Al) b, (3.72)
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@ l
where b = (I; ® U) " vec (X(O)). We now choose m(® = (& QT}IQ&Iﬁ@A L
F

is equal to b for entries corresponding to Q; and zero for all other entries. We thus have
0V e U)

‘ F_ H HX(Z)HF

To bound the numerator and denominator, we divide both by the largest singular value

where by

vec (X(l)) 0

Tvee (x@)[, ™ G79

(Id ® A’) (b — by)

F

agl) of OU), resulting in

O]

vee (X) 0 <S§”®U> L, oA (b—b

[[vec (xO)[, ~ ™ . T(d® )( ~b)| - (3.74)
| B

Using the sub-multiplicativity of the matrix norm and the absolute homogeneity, we up-
per this norm by the following product:

0
‘ <O<z> ® U)
91

x@
Q)

We now proceed by bounding each of the three norms separately. First, by the definition

of the Frobenius norm, we have:

vec (X(l))

[[vee (X )|

()

2 H (Id ® Al) (b — bl)HF (3.75)

F

g4 r

n d

H (Id ® Al) (b - bl)HF = Z > ()\ﬁ (bi,r - b;T))Z . (3.76)

=1 r=1

As by = by, forallr € [d] we can remove the terms where i = 1:

n,d

H (Id ®© Al) (b bl)HF =\ > ()\ﬁ (bz',r - %))2 : (3.77)

i=2,r=1

This can be further bounded by the largest absolute eigenvalue A\, < 1:

H (Id ® Al) (b— bl)HF <A nz: (bi,r - bg,T>2 . (3.78)

1=2,r=1

The terms inside the square root can further be bounded by their maximal value by.x =
max; , |b; r|:

H(Id@Al) (b_bl)HF < X - bmax - V/(n = 1) - d. (3.79)
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As | — o0, this part converges to zero as lim; o, Ay = 0 due to |\o| < 1.
Next, we bound the norm in the numerator:

H o0

— ®
oD

Ul =1 (3.80)
2

H oW
2

oD

using the property that U and OT(;)) have a maximal singular value of 1.
91

As the last part, we bound the denominator:

1 1
- 7 (3.81)
vee(X ™) vee(X W) T vec(X®)
O'Y) ) O'gl) Uil)

which is given by the definition of the Frobenius norm. By substituting vec (X (0)) =
(N(l) ®U) b() where b¥) = (N(l) ® U)T vec (X(O)), we get

1 3 1

vec(X (1) T T

@ on) oON®

oy (bU))T((N ) (< (l))>2 N ®UTA3;mU> b
91

(3.82)

Due to orthonormality, we have UU " = I,, and N (N (l))T = I;. This allows the
simplification

1 1

vec(X(l)) 2
T ()
2 (b)) <E(l> ) ® A% | b0

[O)
; 5

As all involved matrices are diagonal, we can further simplify this as a sum of element-
wise multiplications:

(3.83)

1 B 1

.
2 [ (0
| X () (M) A

This can be bounded by the coefficient by ; corresponding to the maximal singular value

(@)

0, and the maximal eigenvalue \; of Agym:

(3.84)

vec(X (1)
o7

1 1
< — =
= T
bgl)l (N(ll) ® U;71> vec (X ()

(3.85)

2
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Combining these upper bounds on each term, we get

As the last step, we need to show that the probability of this term being larger than any
fixed € goes to zero for large I.

vec (X(l)) (

[vee (XO)]

2 (N.(ll) ® U;71> vec (X ()

)

Ao/ —1-Vd by . (3.86)

L A VTV b > €
(N.(ll) ® U;,1> vec (X(O))

.7 (3.87)
@%-AQ-VEM'bmaX . (N;fll)@U:,l)TVeC (x0)

As the left-hand side exponentially converges to zero, the right-hand side also converges

&
to zero. Thus, the component (N:(,ll) ® U;71) vec (X (0)) € R of the initial state needs

to be increasingly close to zero. For a uniform distribution over any bounded interval,
the probability of X (¥) being in this increasingly small subspace converges to zero. [

Theorem 3.3 confirms that the probability of having initial node representations X () for
which X" is not getting dominated by the subspace Q; converges to zero. As Q; is
constructed using the eigenvector U.; = D'/21 of Agym, X O] gets dominated by this
smooth vector in probability. Based on the extensive proof, this phenomenon can only be

v
prevented when (N :(fl) ® U;71) vec (X (0)), where IV, ;(,l1) is the first right singular vector

of W ... WU is increasingly close to zero for | — co.

Equivalently, this convergence can be stated in probability over the feature transforma-
tions W (%) instead of the initial node representations X (?). As the node representations
need to align closely with the null space of the feature transformations, the probability
can be taken over either one. Due to this property describing a relative phenomenon
between components, the normalization of node representations emerges naturally. The
shared scalar multiple HX U H 7 does not affect this phenomenon. When the feature trans-

formations lead to a large norm HX (l)‘ - previous studies on over-smoothing claimed
over-separation of node representations. Theorem 3.3 confirms that the smooth compo-
nent still dominates the resulting node features. Studying the unnormalized node repre-
sentations does not provide sufficient insights into this underlying phenomenon.

For the special case of a fixed and shared feature transformation W = W %) for every
k e N, X© needs to align exactly with the null space of W. This is a more specific
requirement and corresponds to X ") being dominated by Q; for almost every initial
X () with respect to the Lebesgue measure. We formalize this in the following Proposi-
tion:
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3.5 A Theoretical Study on the Effect of Message-Passing on Representations

Proposition 3.5 (Representations converge to Q; for almost every X (). Let
Xk = Agym X =D)W, where Agm € R™ " is the symmetrically normalized adja-
cency matrix and W € R?*? any matrix. Then,

x®
iRy V/ (O] | -
B M =0 (3.88)

F

m
l—o00

for almost every X(© ¢ R"*¢ with respect to the Lebesgue measure and some
vec(MW") € Q; that depends on [ for every [ € N.

Proof. Based on Theorem 3.3, we have

where IV are the right singular vectors of W given by the singular value decomposition
W = VEN . Thus, the right-hand side is a constant instead of a layer-dependent value.
As such, this inequality holds for sufficiently large { when (IN. ; ® U. ;,1)T vec (X (O)) #0,
which is satisfied for almost every X (©), O

1

vec (X(l)) (l B
T (Na®U.,) vec (X )

[vee (XD)[[,.

Ay v/ = 1-Vd by, (3.89)

F

We summarize these two findings about X () in the limit | — oo as follows. For time-
inhomogeneous feature transformation, the probability that the GCN avoids domination
by the smooth subspace converges to zero as | — 0o, but always remains non-zero for any
finite [. When the feature transformation is shared across GCN iterations, this dominance
occurs for almost every initial matrix X (*) € R"*¢ with respect to the Lebesgue measure.
Next, we show how this property can be equivalently observed as over-smoothing using
the Dirichlet energy.

Over-Smoothing as a Consequence

We now connect our identified properties of the GCN with over-smoothing. Based on
Theorem 3.3, we have identified that node representations X () converge in probability to
the space of rank-one matrices induced by Q1. Any vec(M ) € Q; is a rank-one matrix of
the form M = U. :71b( M) with the dominant eigenvector of Agm, givenby U. 1 = D21
and column-wise scalars b(pr) € R? that depend on M. Thus, each column of X ()
increasingly aligns with the degree-proportional vector. In spectral graph theory (see
Section 2.2.2), U. is the smoothest eigenvector of Lgyn,, corresponding to the lowest
frequency of the graph Fourier transform. As one common metric for observing over-
smoothing (Cai et al. 2020; Zhou et al. 2021; Giovanni et al. 2023), the Dirichlet energy
E(X)=tr (X TLsme ) has the property that the degree-proportional vector is in the
null space of Ly, i.e., LynU.1 = 0. Thus, we have E(M) = 0 for any vec(M) €
Q1. As ﬁ converges in probability to matrices vec(M) € Qp as | — oo, we can

equivalently show and observe that the Dirichlet energy E (ﬁ) of the normalized
F
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3 Extending The Understanding of Graph Convolutions
node representations converges to zero in probability. We formalize this in the following
proposition:

Proposition 3.6 (The linearized GCN exhibits Over-Smoothing). Let X*) =
A X FDWH) | where W) € R?*4 is any matrix for all k € N and Ay, € R™"

is the symmetrically normalized adjacency matrix with A9 being its second largest eigen-

value in magnitude. Then,
x®
plim £ ( ) 0 (3.90)
oo\ [XO 5

with convergence rate A3 in probability for X(©) € [—m,m]"*¢ for any m € R with
respect to the Lebesgue measure.

Proof. Recall the definition of the Dirichlet energy and the Frobenius norm:

( x® ) tr((X(l))TLsymx(l)>

(B u ((x0)" x0)

(3.91)

Using the identity tr (ATB ) = vec(A) T vec(B) for any matrices A, B of suitable shape

yields
X _vec (X(l))—r vec (Lsme(l))
(HX<”|!F> © vee (X0) Tvec (X))
Let OO = w . wh, Based on the identity vec (X(l)) =
(O( ) Al ) vec (X(O)), we obtain

sym

(3.92)

( <) ) vee (X(©@)7 (o<l>®Agym) (I® Lym) (00 @ AL, ) vee (X))

HX(I)HF vec (X( )) (O(l) ® Aéym>—r (0( ) ® Asym> vec (X(O))
(3.93)

Consider the singular value decomposition O = vx® (N(l))—r and eigendecom-
position Agyy = UAU . Using the singular vectors and eigenvectors as basis vectors,
we rewrite the vectorized node representations as vec (X(O)) = (N(l) ® U) vec (B(l))

for vec (B(l)) = (N O eU )T vec (X (0)). We also utilize the mixed-product property
(A® B)(C ® D) = (AC ® BD) for any matrices A, B, C, D of suitable shape. This
yields

3 (wf (DHF> -

(vee (BD)) " (N®) " (00)T 0OND) & ((U)T ALy LoymAlyuU ) vee (BY)

sym
(vee (BU)) T (N0) T (00)T OONGY & ()7 Al Al U) vee (BY)
(3.94)
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AsOOND — vy and Al U = UA', this simplifies as

sym

(3.95)

( xO vee (B1) ((2(”)2 © A% (I, — A)> vec (B")
[ )Z

M Va(BunT<(z@)3®A%>va(Ba»

As all involved matrices are diagonal, this can be simplified as a sum over element-wise
products:

( x® )_Zz—er 1( ) ((l))gv(l_)‘i) (3.96)
XO) s, (B0 ()
(OB 0)

where 0,7 = ¥;; and \; = A;;. We normalize the singular values using the largest
(@)

singular value o, in both the numerator and denominator. As the maximal eigenvalue
A1 = 1 is one, normalization of eigenvalues is not required:

(3.97)

)2
< X(l) Z?zl Z(Tizl <Bz(,l)> E (1))2)‘ )\i)
| ) ) |

)
2 (o
Zz 127‘ 1< (l)> Egl)g
(0 (l)|

We bound both the numerator using the maximal absolute coefficient byay = max; ;. | B;

(@)

and the denominator using coefficient B} corresponding to the first eigenvalue A; = 1

and singular value agl) / agl) =1

2
( X0 ) (n—=1)-d- (b)) A3 (1= 2)
_ .
X O (%)

For convergence in probability, we need to ensure that the probability that this upper
bound is larger than any fixed epsilon converges to zero, i.e.,

(3.98)

g (pD Y221
fm p | (P04 Gma) A5 (1= A2)

Jim (Bﬁ) =0. (3.99)

OR%
As A2 = 0 for | — o0, it suffices to show that the ratio (( ( l>))2 is bounded in probability.
Given that X(© is sampled from a bounded domain, the probability that a randomly
sampled X (9) violates this condition converges to zero. O
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Based on this finding, the probability that over-smoothing, as measured by the Dirich-

let energy, occurs for X () converges to one for I — co. This finding further motivates
l

applying the Dirichlet energy to normalized node representations ﬁ to empirically
F

observe over-smoothing and its underlying theoretical property. Contrarily, applying
the Dirichlet energy to the unnormalized node representations X () does not capture
this property. For unnormalized node representations, we could not distinguish between
avoiding over-smoothing and the smooth component dominating X () while all other
components are negligible in comparison. This also aligns with our findings from Sec-
tion 3.3.3, in which we have shown that the norm of the node representations overshad-
ows possible insights of the Dirichlet energy when applied to unnormalized node repre-
sentations. It also aligns with our spectral study on the GCN in Section 3.2.2, in which
we have shown that all filters of the GCN in the SISO case are equivalent up to a uniform
scaling of all components. Previous work similarly uses the normalized state within the
Dirichlet energy for improved insights into the behavior of MPNNs (D. Chen et al. 2020;
Liu et al. 2020; Giovanni et al. 2023; Maskey et al. 2023). Next, we generalize our study
to arbitrary aggregation matrices A instead of the symmetrically normalized adjacency
matrix Agym.

The Effect of Arbitrary Aggregations

To this point, our theoretical study assumed the aggregation matrix to be the symmetri-
cally normalized adjacency matrix Agy,. However, many other MPNNs adopt a similar
update rule to Equation (3.42) that can be expressed

X® = Ax kD k) (3.100)

where A € R"™ " s an arbitrary matrix containing any edge weights between any two
nodes. Examples of such an A include the sum aggregation, mean aggregation, attention-
based scores, or negative edge weights. As described in Section 3.2, most previous studies
assumed a fixed aggregation function, typically Ay, or Ar,. We find that the insights
from Theorem 3.2 (shared component amplification), Corollary 3.1 (component domi-
nance), and Theorem 3.3 extend to this generalized case.

A Single Iteration

Specifically, we first extend Theorem 3.2 to arbitrary aggregation functions A and prove
that feature transformations cannot influence the relative amplification of components
whenever an update rule as in Equation (3.100) is used:
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Proposition 3.7 (Component Amplification is independent of W).Let T = W ®
A ¢ R where W € R and A € R™ ™ are arbitrary matrices. Let P, €
R™* ™) and P(j) € R™ ™) be two arbitrary matrices for some Ny, N(j) € N. Then,

v o4 @wer, Jar,

_ o |
H(W®A> Ud@P(j))H )AP(J')HF -

.
Proof. The proof is analogous to the proof of Theorem 3.2. We begin by applying the
mixed-product property of the Kronecker and matrix product:

v a)worny, [wean,
_ = . . (3.102)
[veAymery),  [weoan,

Now, we use the sub-multiplicativity of the norm for Kronecker products:

‘W ® AP

e Wl |47, (3.103)
wedry|,  Wie- |47y, |

Since ||[W || » cancels out, we conclude:
‘ (W ® A) (Is® Ppy) HF

(wed)wery),  |4r|

47

£ (3.104)

F
O

Matrices P(;) and P(; correspond to bases of different components in the node represen-
tations. The relative amplification of these components solely depends on the aggregation
matrix A. It is thus fixed and independent of the learnable feature transformation W.
As with Theorem 3.2, it is also shared across feature channels, meaning that the same
component gets amplified for all feature channels. We will define a generalized form of
this phenomenon of shared component amplification (SCA) in Definition 3.1. For full-
rank matrices A, P(;y can be constructed using their eigenvectors. In the general case for
any A, P;y = V. can be selected as the singular vector V.; utilizing the singular value
decomposition A = NXV T, Each component then gets amplified by its corresponding
singular value. We formalize this property in the following corollary:

Theorem 3.4 (SCA in Message-Passing). Let T' = W ® A € Rl where W €
Rdxfl and A € R™ " are arbitrary matrices. Let the singular value decomposition of A
be A= NXV T with V.; € R"™! and 0; = %, ; for all i € [n]. Then, for all 4, j € [n],

H (W ® A) (I, © Vi)

F_ i

(e moval, "

(3.105)
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Proof. Following Proposition 3.7, we have

H (W ® A) (Ig® V) - 65,106

(wenwoval,  |avi],

L v

As each V., is a right singular vector of A, we have

|4Vl ol
. = . (3.107)
HAVJH ||O-]'N5»]' F
iy
As N is an orthonormal matrix, this reduces to
o:N. : ,
loiNile _ . (3.108)
loN-jllp oj
O

Based on the singular vectors V' of the aggregation matrix A, the singular vector Vi1
with the maximal singular value o gets amplified maximally with a fixed ratio relative
to all other singular vectors across all feature channels. As the subspaces induced by the
singular vectors are not invariant to W @ A, Theorem 3.4 cannot be extended to the iter-
ated case. However, for any matrix, P;) can be selected to be generalized eigenvectors of

A based on the Jordan normal form. For all eigenvalues of the same magnitude, the cor-
responding generalized eigenvectors span subspaces that are invariant under A.

Repeated Iterations

We consider the Jordan decomposition A = PJP~! where J € R"*" is a block diago-
nal matrix that contains the Jordan blocks of A and P contains the generalized eigenvec-
tors. Let J(;) contain the Jordan blocks corresponding to all eigenvalues with the same
magnitude. We form the basis vectors P;) that contain all columns of the generalized

eigenvectors P corresponding to all eigenvalues of A with the same magnitude. Each
P(;y spans a subspace that is invariant under A, ie., we have AP@) = PyJ). Itis
also known that the Jordan block J(;) containing the eigenvalues with the largest magni-
tude dominates all other Jordan blocks J(;) in the limit | — co. We formalize this in the
following proposition:

Proposition 3.8 (Component Dominance for Arbitrary Aggregation Matrices). Let
TF = Wk @ A ¢ RMxnd for k ¢ N, where W (%) ¢ R4%d are arbitrary matrices and
A € R™ " has Jordan decomposition A = PJP~'. Let r denote the number of distinct
eigenvalue magnitudes of A, and for each i € [r], let P, € R™*%) be the submatrix of
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P consisting of the d ;) columns corresponding to eigenvalues of A with magnitude |Ai-
Then, for all i € [n],

‘(W(l) Q A) (W(l) ®A> (Id®P(i))HF B {1, if [\] = max;¢|p] |)\j’

A O R R [

0, otherwise.

(3.109)
Proof. Without loss of generality, we assume max;e[,) |A;| = [A1]. We have |\;| < [Aq]
for all 7 # 1. Based on Proposition 3.7, we obtain
[(woed). (Whead) (e p,))| | Poy
F_ _ F
. (3.110)

ma, (WO ). (WO 0 &) (Lo Ry, masy [P T

We bound the numerator and denominator using the largest eigenvalue in magnitude |\ |

of A to obtain l
Jiy
[0 (1),

I !
P (m)
We now only consider the limit behavior of the numerator. For ¢ # 1 all diagonal entries
J6)
A1

HP@J i

F

(3.111)

max,, H PyJ (lp) HF max,

l
of J(;) are less than one in magnitude, all entries of ( ) converge to zero. Thus, we

have for i # 1,

Ji\
. A (4) _
lim || P =0. (3.112)
l—o0 ‘)\1|
F
We now consider the case i = 1. Let v = [1 0 ... O]. We have J;v = v and

Pyv = (P().1. By definition, we can set (P(i)): 1H2 = 1. We also use the norm

inequality ||-|| > ||-||5. In total, we have
J(l))l <J(1>)l (Ju))’
P — = max ||P, ——= | u|| >||P, — | v|| = ||(P,
H (”<|A1I , st |- A ol RANEYIV A |®w).a,
(3.113)

Thus, ¢ = 1 is the only index that does not converge to zero, which is therefore maxi-
mal. The numerator converges to zero for all other cases, while the denominator is lower
bounded by 1. This concludes the proof. O

2

This confirms that the components of X (?) corresponding to the largest eigenvalue in
magnitude get dominantly amplified compared to the components corresponding to all
other eigenvalues. Unless the initial components corresponding to Py have increas-
ingly small magnitude, node representations X (V) will be dominated by the components
from P(;). This is equivalent to Corollary 3.1. We can similarly show convergence in
probability to subspace P(y).
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Theorem 3.5 (Representations converge to Q; in probability). Let X*) =
AX(k_l)W(k), where A € R™™" is a matrix with Jordan decomposition A= PJP 1,
and each W) ¢ R¥*4 for every k € N. Let Py € R™*41) denote the submatrix of
P consisting of the d ;) columns corresponding to eigenvalues of A whose magnitude is
equal to max;e(y] |A;|. Then,

x0

=0 (3.114)
1X O

F

plim

l—00

l
— P(1)V( )

for X©) e [—m, m]"*¢ sampled with respect to the Lebesgue measure for some m € R
and some V() € R40*4 for each | € N.

Proof. Based on the proof of Theorem 3.3, we can upper bound the distance to a rank-one
matrix using the inequality

oW
0) Uﬁ” o P J!
HX H - PV < (Id ® !M) (b—b1) (3.115)
F F x® 1 2
)\105) %

where UY) is the largest singular value of O¥ = WO  wlh b =

I;oU )—r vec (X (0)) € R™, and b; € R™ is a copy of b that contains zeros for all
positions (by), for which |J; ;| # |A1|. Equivalently to the proof of Theorem 3.3, we pro-
vide upper bounds for each of the three norms separately. First, we bound the Jordan
block matrix J using the second-largest eigenvalue in magnitude |\s|:

J! Ao\
H(Id® B ‘> (b—by)|| <n-I"1. (:;D bomax - V- d. (3.116)
1 1

Next, we bound the nominator of the fraction using the largest entry of P:

2

oW

P

®P|| =n-maxPF;. (3.117)

2Y)
2

Equivalently to the proof of Theorem 3.3, we bound the denominator using a component
of X corresponding to an eigenvalue of A with magnitude |\;| and a maximal singular

value a%l) of OU:
1 1

X% B (N(ll) ® P:,1>T vec (X(O))
F

(3.118)

A1o;

Combining these bounds, we have

n-maerZH ‘)\2‘ l
< ‘i’j »J n.yt—l.()\) .bmax,m
F (N;(,l1)®P:,1) vec (X () A1
58

x @
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[xO,
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Equivalently to the proof of Theorem 3.3, in order for this not to converge to zero, we

need 1 to be unbounded. The probability of this occurring over a
(NG Tveex )

bounded domain converges to zero. Thus, we have convergence in probability. t

Theorem 3.5 confirms that for any aggregation matrix A and any layer-dependent feature
matrices W), ... W, the node representations X (!) converge to a low-rank state in
probability for initial states X (°). This rank is upper bounded by the number of eigen-
values of A with maximal magnitude. Based on this property, feature channels contain
increasingly similar and redundant information with increased depth.

Rank Collapse and Over-Correlation

Analogously to connecting these properties for the special case of A = Agym to over-
smoothing, we now generalize the concept of over-smoothing and relate it to over-
correlation. Based on Theorem 3.5, we have seen that node representations get closer
to a matrix whose rank is bounded by the number of eigenvalues of A with maximal
magnitude. Over-smoothing is a consequence of Ay, having a unique eigenvalue with
maximal magnitude, for which the corresponding eigenvector is D'/21. For the general
case, we now equivalently assume that A has a unique eigenvalue with maximal magni-
tude, which holds for almost every A with respect to the Lebesgue measure (Griffiths et
al. 1994). For such an aggregation matrix A with an arbitrary dominant eigenvector, this
eigenvector will dominate every feature channel (i.e., column) of X ). More generally
than converging to a specific rank-one matrix, we refer to the phenomenon of converging
to any rank-one matrix, as rank collapse of node representations X (). We formalize this
in the following proposition:

Proposition 3.9 (Rank Collapse in MPNNs). Let X*) = AX*-DW ) where

W) € R is any matrix for all k € N and A € R™*™ is any matrix with [\| > |)\;|
for all 5 > 1 and corresponding eigenvector u. Then,
x T
plim || 7= — (v(”> =0 (3.120)
oo || [ X Ol r

in probability for X & [—m,m]™ % for any m € R with respect to the Lebesgue
measure and a layer-dependent v(!) for all € N.

Proof. Based on Theorem 3.5, we have

x @

X0, Py v®

plim

l—o00

-0 (3.121)
F

where P1) contains all generalized eigenvectors of A corresponding to eigenvalues with
maximal magnitude. As we assume this eigenvalue A1 to be unique, P(;) reduces to
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a matrix with a single column, which we denote by w and the corresponding matrix of
coefficients V() reduces to a matrix with a single row, which we denote as the transposed

vector (v(l))T. O

As node representations approach a rank-one matrix, the feature channels become more
similar and contain redundant information. The node representations of a rank-one ma-
trix could be reduced to a single feature per node. Proposition 3.9 also confirms that the
probability of having feature transformations W (¥) that prevent rank collapse converges
to zero as the number of iterations goes to infinity. Thus, the effect of learnable parame-
ters is limited for message-passing operations of this form.

Proposition 3.9 also explains the observed phenomenon of over-correlation. It was found
that feature channels tend to become increasingly correlated with an increasing num-
ber of iterations, even when over-smoothing is not observed (Jin et al. 2022). Based on
our findings above, when node representations are close to a rank-one matrix, the fea-
ture channels are also strongly correlated. Thus, over-correlation and over-smoothing
describe similar properties of the underlying message-passing process.

As shown in Theorem 3.5, when the aggregation function A has multiple eigenvalues
with maximal magnitude, the representation matrix still collapses to a low-rank subspace,
though not necessarily of rank one. In this case, an over-correlation of feature channels
may not be observed, but the underlying phenomenon still occurs.

The Effect of Iteration-Dependent Attention Weights

Various proposed message-passing methods utilize an iteration-dependent aggregation
function A*) instead of a fixed aggregation function. Most of them use learnable at-
tention coefficients, as employed in the graph attention network (GAT) (Velickovic et al.
2018), GATv2 (Brody et al. 2022), or graph Transformer (Shi et al. 2021; Rong, Bian, et al.
2020; Rampasek, Galkin, et al. 2022). The corresponding update rule is given as

x®) — A(k) x (k=1)py7 (k) (3.122)

where the attention coefficients of A(kz € R™ " at iteration k depend on the features
X (=1) " We generally have A®W £ AU) for i # j. These are referred to as layer-
dependent or time-inhomogeneous aggregation functions.

While the attention coeflicients are iteration-dependent, they share some key properties.
Attention coefficients are typically softmax-activated, meaning that the sum over each
row is one, and all edge weights are non-negative. This corresponds to a node being
updated using a weighted mean over its neighbors. Matrices A(*) satisfying these prop-
erties are called row-stochastic. Such matrices have been extensively studied due to their
importance in various fields (Gallager 1996). It is known that any row-stochastic matrix
has the all-ones vector 1 as an eigenvector with corresponding eigenvalue A\; = 1. From
the Perron-Frobenius theorem, it is also known that all other eigenvalues are smaller in
magnitude, i.e., |A;] < Aj for all i > 1 (Gallager 1996).
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For a single iteration, Proposition 3.7 applies and components of X =1 are amplified
across all columns depending on A*). However, the generalized eigenvectors and singu-
lar vectors are typically distinct across different row-stochastic matrices A®)_Thus, our
iterated findings cannot be directly applied.

We build on a result regarding the product of time-inhomogeneous aggregation matrices
defined over a common ergodic graph (i.e., strongly connected and aperiodic) from Wu
et al. (2023). They assume all A®) to have shared non-zero entries for all adjacent nodes,
and each non-zero entry has a minimum value of ¢ > 0. They found that the product
of any such time-inhomogeneous aggregation matrices converges to the column-wise
constant state, i.e., lim;_,oo ka:l A®) = 147 for some vector u € R" indicating the
constant value for each column.

This means that we can form two subspaces Q; and Qg, with Q; corresponding to the
constant vector and the other subspace corresponding to all other components. For X (),
the components corresponding to Q1 get increasingly amplified, while the components
corresponding to Qs become negligible. As the constant vector corresponds to the null

space of the unnormalized graph Laplacian L = D — A, we can show that the Dirich-
x @

let energy Er(X) = tr (XTLX) converges to zero for the normalized state X0,

independently of the chosen feature transformations:

Proposition 3.10 (Iteration-dependent attention exhibits over-smoothing). Let
X®) = AKX E-DWE) where each W) ¢ R4 is any matrix and A*) ¢ R**"
is a row-stochastic matrix, representing the same ergodic graph with minimum non-zero
value € in A for some € > 0. Then,

O]
plim B, < X ) 0. (3.123)
oo \ X @5

for X0 ¢ [—m, m]™ ¢ for any m € R in probability with respect to the Lebesgue
measure.

Proof. Based on (Wu et al. 2023), we use the fact that

lim AY . AD =1(y)T. (3.124)

l—00

We utilize the induced decomposition
AD AW = 14T + AV (3.125)

where A(_l) = A0 A0 l(y)T with HA(_Z)
As 1is in the nullspace of L, i.e., L1 = 0, we have

) < Cq! for some C € Rand0 < ¢ < 1.

(3.126)

(a0 .,Au))TL (A0...A®) = (A<_Z>>TLA<Z>
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Based on the definition of Ej and the property of the Kronecker product that
vec(ABC) = (C" ® A) vec(B) for matrices A, B, C of compatible shape, we obtain

)

SN T
( xO ) vec (X(O))T ((O(l))T o0 & (A@) LAU)) vec (X(O))
. _
1X O X012

(3.127)
where O = w(®) . w®, By normalizing by the largest singular value agl) of O,
we obtain

(Bl

x
b (HX”>HF
2
)
(3.128)

Using the sub-multiplicativity, we upper-bound each term individually and obtain

DS

> vec (X(O))T (WTO(Z) ® (A@)T (L) A(Z)> vec (X(O)))

wl)? 0|2
o)
o0 |0 [

(3.129)

EL< x0 ) _ [vec (X©)|2

X0 B

o)

L||y < 2 dmax Where dp,y is the maximum degree of a

As limy o, HA(_”HQ <Cqd =0,

node in the given graph, and ’ Ofll)) = 1, the numerator can be upper bounded as
o, 9
2
xO x(0) 2 dyax - C% - g2
Er|l—— | < | IF: 2 T (3.130)
1X O X

o)

Next, we bound the denominator analogously to the proof of Theorem 3.3 to obtain
1 1
X0 = 770 AT

(U§Z)>2 <(N:71 ® l) vec (X(O))>

where O) = v(x3() (N(l))—r is the singular value decomposition of O() and N:Ell) €
(@)

R9*! contains the right singular vector associated to o} as its sole column.

ok (3.131)

Combining these upper bounds, we obtain
x® x(0) 2 -2 dmax - C% - g%
L (HXmH ) < IHF T
F ((N:(,l) ® 1) vec (X(O))>

5 (3.132)
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As the numerator converges to zero exponentially, X (?) needs to lie in an increasingly

small subspace to avoid convergence to zero of the complete term. Since the measure of
this subspace shrinks exponentially, the probability of randomly observing such an X ()
from a bounded set converges to zero. O

Proposition 3.10 confirms that our insights also hold for attention-based aggregation func-
tions. Repeatedly applying such update steps leads to the dominance of the constant
vector across all feature channels. As this constant vector is in the null space of the
unnormalized graph Laplacian L, the Dirichlet energy converges to zero for initial rep-
resentations X (¥) with probability converging to one when [ — co. This finding can be
similarly applied to any iteration-dependent aggregation functions A, ... A®) when-
ever their product dominates certain components. However, these theoretical insights do

k)

not extend to the multi-head case, where h attention matrices Ag . A;Lk) are used for

each iteration k.

Graph Convolutions as Power Iteration

To provide further intuition, we now show that the limit behavior of x0T X(,) H forl — oo
is a special case of the classical power iteration algorithm (Kowalewski 1909; Mises et
al. 1929) when using a shared feature transformation, i.e., wl = ... = WO._ This

connection to a well-established algorithm and behavior will deepen our understanding of
the over-smoothing and rank collapse phenomena. We will first recap the power iteration
method and its general proof, before showing that many variations of graph convolutions
can be seen as a special case of power iteration. Thus, these graph convolutions exhibit
the same properties and standard textbook proofs can be applied. This subsection is based
on (Roth 2024).

Power Iteration

The power method or power iteration is an algorithm to determine the dominant eigen-
vector and eigenvalue of a matrix T' € RP*P. The key property used within power it-
eration is that repeatedly applying a matrix T" to a vector € RP leads to the resulting
vector T'x getting increasingly dominated by the eigenvector U. 1 of T corresponding
to its eigenvalue with maximal magnitude. This holds for almost every matrix T, as it
has a single eigenvalue with maximal magnitude, and almost every x, as its component

corresponding to U. 1 needs to be non-zero. This means that Tall, becomes increas-

ITk T,
ingly equal to plus or minus U. ;. We will first present a commonly used proof for power

iteration in general before relating this to graph convolutions and MPNN:

Proposition 3.11 (Power Iteration (Knabner et al. 2017)). Let T' € RP*P for some p €
N with an eigenvalue |A\;| > |);| that is greater in magnitude than all other eigenvalues.
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Further, let U.; € R? be a normalized eigenvector of T' corresponding to A;. Then, for
almost every € RP,
TFx
——— = BU.1 +m® (3.133)
1T ]|,

for m*) ¢ RP with limy_,o0 HTn(l’“)H2 =0and B € {—1,1} for every k € N.

Proof. The proof utilizes the Jordan normal form T' = PJP~!. As P contains the gen-
eralized eigenvectors of T', we have U.; = P.; and J1 1 = Ay. This simplifies the k-th
power of T to T* = PJ*P~!. We also decompose  into a linear combination of P by
setting ¢ = P~!x. Based on these two properties, we have

Tk B PJke
HT]CQ’”2 ”PJkCHQ '

(3.134)

By normalizing the numerator and denominator by |\;| and the corresponding entry c;
of ¢, we obtain

P J k c
T* A\ F (*) o
xr N C1 <’)\1> I)‘l‘k 1 ) (3135)
A1l P( J) e
[A] ) el )

[T lly el
As J is a block diagonal matrix, which has A; as its maximal entry J; 1 on its diago-
nal with a corresponding block size of 1, normalizing by |\;]| results in all other entries
converging to zero, i.e., we have

1
li JANNL
oo \ N[ ) |

0
0
(3.136)

OO O O

Thus, all other components ¢; for ¢ # 1 also converge to zero, and we obtain

Tkac C1 (’Al’)k P. 1 (k)
_— = — | — —— 4 m 3.137
iTl, ~ lal Unl) T2, (3.137)

k
for some m*) with limy,_, Hm(k) H2 = 0. We further have ‘;:11|I>‘\>1\]|€| € {—1,1}. When the
M
eigenvalue with maximal magnitude is positive, i.e., A\; > 0, the state % converges.
2

Otherwise, it oscillates between the positive and negative normalized eigenvector but still
converges in direction to P. ;.

This proof requires ¢; # 0, which is satisfied for almost every & € RP with respect to the
Lebesgue measure on RP. O
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3.5 A Theoretical Study on the Effect of Message-Passing on Representations

We summarize this property as follows: When repeatedly applying a matrix 7" to a vec-
tor, the eigenvector of T' corresponding to the eigenvalue of T with maximal magnitude
increasingly dominates the resulting vector. The components corresponding to all other
directions becomes comparably negligible. The condition that 7" has a unique eigenvalue
|A1] > |\i| with maximal magnitude is satisfied for almost every matrix T with respect
to the Lebesgue measure (Tao 2012).

Graph Convolutions as Power Iteration

Many variations of graph convolutions or message-passing iterations can be similarly
expressed as a matrix-vector product

vec (X(k)> = vec (AX(k_l)W> = (WT ® A)kvec (X(O)) = Sk (3.138)

where S = (WT ® A) e R™xnd and £0) = vec (X(k)) € R™. Proposition 3.11

directly applies to Equation (3.138) under the assumption that S = W T ® A has a unique
eigenvalue with maximal magnitude. Based on power iteration, vec (X (k)) results in a
state that is dominated by the corresponding eigenvector of S.

While this applies to any linear operator S, the special form of S in Equation (3.138)
allows us to define the property more precisely. As S = W ® A is a Kronecker prod-
uct of two matrices, its eigenvalues and eigenvectors have a specific form. In the fol-
lowing, we denote )\EM) as the ¢-th largest eigenvalue in magnitude of M and U:(jv")
as the corresponding eigenvector of matrix M. Based on the mixed-product property
of the Kronecker product and the matrix product, each eigenvector U. ,,, of S is a Kro-

necker products of the eigenvectors of WT and A, ie., the eigenvectors are given by

U:(k(?fl)nﬂ U(W ) ® U( ) fori € [d] and j € [n] (Horn et al. 1991). The corre-

sponding eigenvalue is given by the product of eigenvalues AZ(WT) of W and A;A) of

A as )\((Z) Dntj = )\Z(WT))\}& fori € [d] and j € [n] (Horn et al. 1991). Based on these
additional properties of the considered S, power iteration shows that repeatedly apply-

ing such graph convolutions results in vec(X (¥)) becoming increasingly dominated by

U (5) = U(W ) ® U( 2 . While the insight by this Proposition is similar to Theorem 3.5
and Theorem 3.5, the relatlon to the well-known power iteration method gives it addi-
tional understanding and intuition. We formalize this property in the following corol-
lary:

Corollary 3.2 (Power Iteration with a Kronecker Product). Let S = W @ A e
R™*7d for any W € R¥? and A € R"*" with an eigenvalue ])\SS)| > |)\Z(»S)| that is
greater in magnitude than all other eigenvalues. Then, for almost every x(?)

T (k)
H A (O)HQ Bk <U;,1 X U:’1 ) +m (3.139)
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for m®) with limy,_, oo Hm(”“)H2 =0and B € {—1,1} for every k € N.

Proof. Based on Theorem 3.11, we know that

Sk (0)

_ (S) (k)
HSka(O)HQ = BU.) +m (3.140)

= 0. Based on the mixed-

2
product property of the Kronecker product and the matrix product, the eigenvector U. :(f)

for B, € {—1,1} and some m® with limj,_,. Hm(’“)H

is given by the Kronecker product U( ) = =U, W) ® U( 2 of eigenvectors of A and

(S)

W T, Substituting the definition of eigenvector U concludes this corollary. O

While Corollary 3.2 already establishes the connection to our previous findings, we addi-
tionally state Corollary 3.2 in matrix notation to further highlight the equivalence:

Corollary 3.3 (Power Iteration with a Kronecker Product). Let X () = AX (k*}) w
for W € R%? and A € R"*" matrices with eigenvalues |)\§W)| > \)\EW)| and |)\§A)| >

|)\§A)\ that are greater in magnitude than all other eigenvalues of W and A, respectively.
Then,
X (k) i T
= B UM (U.({V)) + M®) (3.141)
[IX®] - T
for almost every X(© € R™ % and 3, € {—1,1} and M®*) c R"*? for every k € N
with lim;_,o || M ||, = 0.

Despite Corollary 3.2 and Corollary 3.3 considering a simplified case of graph convolu-
tions and message-passing methods, they highlight the underlying property behind over-
smoothing and more general phenomena. As the aggregation function A is fixed, its

dominant eigenvector U:(f is also predefined. The dominance of this vector across each
feature channel cannot be prevented by the feature transformation W. Thus, the learn-
able parameters given by W have a limited effect on the resulting representations. As fea-
ture channels become increasingly similar and contain more redundant information, addi-
tional feature channels and parameters similarly have a limited effect. For specific choices
of the aggregation function A, we know in advance to which vector each feature channel
becomes more similar with increased depth. For Agyy,, we have U.; = = D'/?q, resulting
in each feature channel becoming increasingly similar to this degree-proportional state.
For A, or other row-stochastic matrices, we have U (Arn) — q, resulting in each feature
channel becoming increasingly similar to the constant vector. As such, over-smoothing
can be observed as a special case of this phenomenon.
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Over-Smoothing

Generalization
Rank Collapse
Related Finer-Grained Properties

SCA CDh Vanishing Norm

Figure 3.11: The connections between our identified phenomena and properties.

3.6 Summary

We now summarize our extensive findings from this section, introduce formal definitions,
and relate our findings to a broader context. While many variations of MPNNs exist,
we consider iterative update functions, for which each iteration &k constructs an updated
representation for each node v; by computing

Xi(f) _ Z AMX(%—l)W(k)’ (3.142)

]7'
’UjENi

where A € R"™*™ encodes the graph structure and the utilized aggregation function
as edge weights, W*) e R9*d js an iteration-dependent feature transformation, and
X () € R™*9 is the matrix of node representations after iteration k. This form can repre-
sent various established methods, e.g., when the edge weights represent the mean or the
sum aggregation. The edge weights may also be obtained by a more complex procedure,
e.g., as a function of the node representations. We consider linearized iterations, in which
we omit the activation function.

Based on our theoretical findings, we first define two properties that we have shown
to hold for all message-passing methods of the form given in Equation (3.142). These are
shared component amplification (SCA), which occurs for each individual message-passing
iteration, and component dominance, a phenomenon that occurs with increased depth.
We then relate these properties to the observable phenomenon of rank collapse of node
representations, with over-smoothing as a special case of rank collapse. We also propose
to consider our identified vanishing norm phenomenon as a separate challenge. These
connections are visualized in Figure 3.11. Based on our findings, we also introduce the
rank-one distance as a novel metric to quantify the rank collapse of node representations.
While we show that all message-passing methods of the form given by Equation (3.142)
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exhibit SCA and CD, we also introduce a message-passing framework that does not have
these properties.

For notational clarity, we will summarize our findings using an equivalent matrix notation
of Equation (3.142) as

xX®) = Ax kD k) (3.143)

For further notational simplicity, we use the equivalent vectorized form

vec (X(k)> =T® vec (X(k71)> , (3.144)

where T'F) = (W(’“))T ® A e R js the Kronecker product ® of matrices (W(k)) ’
and A. We start by defining SCA.

Shared Component Amplification

Following our findings from Theorem 3.2, Proposition 3.7, and Theorem 3.4, we define
SCA as follows:

Definition 3.1 (Shared Component Amplification (SCA)). Let M be a set of matrices
with M € M satisfying M € R">*"? We say that M exhibits shared component am-
plification (SCA) if there exist vectors p(;y € R" fori € [n] where the set {p(1), ..., D)}
spans R", and there exist constants ay, . .., a, € R satisfying

IM (L2 pe)ll, _ @ (3.145)
M (La®pg)|p @

foralli,j € [n] and all matrices M € M.

To provide an informal explanation for this definition, we first note that by construction
of matrices Iy ® p(;) € R4 any linear combination vec(X) = (I;® p(i)) c for
¢ € R% induces a rank-one matrix X. Thus, when the set of matrices M satisfies the
SCA property, components corresponding to p(;) are amplified by a fixed relative amount
across all feature channels, independently of the matrix M € M. Thus, it is not possible
to amplify one component maximally for one of the feature channels while amplifying
another component maximally for a different feature channel. Based on Proposition 3.7,
any iteration of the form given by Equation (3.142) with an arbitrary aggregation matrix
A and all linear feature transformation W exhibits SCA, which we state here to align
with Definition 3.1:

Theorem 3.6 (Shared Component Amplification). Let A € R"*" be any matrix and
M = { WoA|W e R } be a set of matrices. Then, M exhibits shared component

amplification.
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As Theorem 3.6 is equivalent to Proposition 3.7, we refer to the proof provided there.
Central to our proofis the property of a matrix M = W ® A that each eigenvector u (™)

of M is a Kronecker product u™) = (W) u@ of eigenvectors u(™) of W and u@
of A. Such eigenvectors are vectorized rank-one matrices u(™) = vec <u(A) (u(W)) T) .

For singular vectors of M, this is equivalent. As M amplifies components corresponding
to eigenvectors and singular vectors, M amplifies these components sharedly across all
feature channels.

This confirms that whenever a message-passing iteration of the form given by Equa-
tion (3.142) is applied, components get amplified with a fixed ratio for all feature channels
and all feature transformation W. This severely limits the potential of such MPNNS, as
more than one feature channel leads to redundancy. With Theorem 3.2, we considered the
special case of setting the aggregation matrix A = Agym as the symmetrically normalized
adjacency matrix Agyn. In this case, the eigenvectors of Agyp, can be selected as vectors
P(i)» and the components corresponding to each eigenvector get relatively amplified by
the ratio of their respective eigenvalues. Consequently, the eigenvector U.; = D'/?1
gets maximally amplified for every feature channel, resulting in a smoothing of represen-
tations. Based on Theorem 3.4, we found that for arbitrary aggregation matrices A, the
right singular vectors can be used as vectors p(;). Thus, the component of the represen-
tation matrix corresponding to the maximal singular value is maximally amplified across
all feature channels and for all learnable parameters.

Thus, MPNNs of the form given in Equation (3.142) are inherently limited. A single
message-passing iteration cannot amplify distinct components across feature channels,
which holds true for any choice of learnable parameters W. This also limits the effect of
the optimization process and of additional parameters or feature channels.

Component Dominance

In addition to SCA occurring for each individual message-passing iteration of the form
given in Equation (3.142), we also identified a related property for repeatedly applying
such iterations. Based on our findings from Proposition 3.4, Corollary 3.1, and Proposi-
tion 3.8, we define CD as follows:

Definition 3.2 (Component Dominance (CD)). A sequence of matrices (M(i))ieN’ sat-
isfying M¥) € R™ ™ for any m € N, exhibits component dominance (CD) if there
exist matrices Py € R™*™ .. Py € R™™ withp > 1 andmy + -+ +my =m
such that the columns of P(yy, ..., P, together span R™ and
l 1 s
MO MOR|, 1=,
lim = ] (3.146)
oo [|MO ... MOPy|, 0 ifi#1

foralli € [p].
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When a sequence of transformations satisfies this property, the component corresponding
to P(y) gets increasingly amplified compared to the amplification of all other components.
We found that any MPNN of the form given in Equation (3.142) exhibits CD:

Theorem 3.7 (Component Dominance). Let (M (i))i cn be a sequence of matrices of
the form

MO = (W) @4,

where each W) e R?*4 and A € R"*" is a fixed matrix whose eigenvalues do not
all have the same magnitude. Then, the sequence (M (’))i ¢y €xhibits component domi-
nance.

N

Theorem 3.7 is equivalent to Proposition 3.8, whose proof we refer to for further details.
Our finding confirms that MPNNS of the form given in Equation (3.142) dominantly am-
plify a single component while relatively filtering out all other components. When using
Agym as the aggregation matrix, we have shown in Proposition 3.4 and Corollary 3.1 that
the component corresponding to the dominant eigenvector D/21 of Agym gets domi-
nantly amplified across all feature channels. As shown in Proposition 3.8, for an arbi-
trary aggregation matrix A, P(y) is of the form P;) = I ® U(;) where Uy contains
all generalized eigenvectors of A with an eigenvalue of maximal magnitude. Due to the
Kronecker product, this dominant amplification of eigenvectors U(y) is shared across all
feature channels, similarly to SCA. In Section 3.5.4, we have related this phenomenon to
the classical power iteration method (Kowalewski 1909; Mises et al. 1929). From power
iteration, it is similarly known that repeatedly applying a matrix M to a vector results in
the dominance of the component corresponding to the dominant eigenvector of M. In
our case, all eigenvectors of M are given as a Kronecker product of eigenvectors of W

and A.

Rank Collapse

With SCA and CD, we describe properties of any message-passing method of the form
given in Equation (3.142) utilizing any aggregation matrix A, which may represent any
graph structure. We do not directly observe the identified amplification of compo-
nents, rather we observe node representations X () that get iteratively updated by these
message-passing functions. However, SCA and CD have direct consequences on these
node representations. When the message-passing steps satisfy both the SCA and CD
properties, the dominantly amplified component identified by CD is constrained by the
maximally amplified subspace induced by SCA. As a consequence, node representations
X (%) converge to a low-rank subspace, following our findings from Proposition 3.5, The-
orem 3.5, Proposition 3.9. We define rank collapse as the case when node representa-
tions X ¥) become increasingly close to a rank-one state as the number of iterations
increases:
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Definition 3.3 (Rank Collapse). A sequence of matrices (X(k)) exhibits rank col-

keN
lapse if there exists a sequence of rank-one matrices (Y(k)) wen Such that
X (k)
im ||——— —Y®| =o. (3.147)
F

With Proposition 3.9, we have shown that rank collapse occurs for any message-passing
method given by Equation (3.142) under slight assumptions:

Theorem 3.8 (Rank collapse in probability for MPNNSs.). Let X#) = AX*-Dpy k)
for any matrix A € R™*" with a dominant eigenvalue |A\;| > |\;| for all i > 1, and
for a sequence of matrices (W(k))keN with W) ¢ R4*4_Then, for any initial X () ¢

[—m, m]"*¢, where m € R, the sequence (X (*) e exhibits rank collapse in probability

with respect to the Lebesgue measure over X (°). Moreover, the rank-one matrices Y (¥)
are of the form Y(¥) = U;,ln(Tk), where U. ; is the eigenvector of A corresponding to

eigenvalue Ay, and n) € R is an arbitrary vector for k£ € N.

Theorem 3.8 is equivalent to Proposition 3.9 and we refer to the provided proof there. The
condition |A;| > |A;| for all i > 1 is satisfied for almost every aggregation matrix A. As
such, whenever an MPNN of the form in Equation (3.142) is utilized, the collapse of node
representations X (¥) to a rank-one matrix typically occurs. Our insights also highlight
the importance of considering normalized node representations, as the increasing dom-
inance of a single component across all feature channels may otherwise go undetected.
Specifically, based on the proof, all columns of these rank-one matrices are scaled ver-
sions of the same dominant eigenvector of A, induced by the dominant amplification of
this eigenvector (CD). We have further related this phenomenon to a special case of power
iteration (Kowalewski 1909; Mises et al. 1929) in Section 3.5.4, providing additional under-
standing. As Theorem 3.8 holds for iteration-dependent feature transformations W () it
is slightly more general.

Over-Smoothing

Based on Section 3.5.1, we have found that over-smoothing occurs as a special case of
rank collapse, when the dominant eigenvector U. 1 of A has a particular form. Thus,
it can also be seen as the message-passing steps exhibiting SCA and CD, with additional
constraints on the specific form of the subspaces. Over-smoothing is typically considered
a convergence to a smooth subspace, where either all feature channels become constant
vectors or degree-proportional vectors. The dominant eigenvector of A is equal to one of
these vectors for established aggregation matrices, e.g., for the symmetrically normalized
adjacency matrix Agym, it is D'/21 € R", and for row-stochastic matrices it is 1 € R™.
As this behavior was related to Laplacian smoothing in the work of Q. Li et al. (2018),
it is commonly referred to as over-smoothing. Based on our findings, we define over-
smoothing as a special case of rank collapse:
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Definition 3.4 (Over-Smoothing). A sequence of matrices (X(k))keN exhibits over-

smoothing if it exhibits rank collapse and the sequence of rank-one matrices (Y *));cn
is of the form Y (®) = 1 (u(k))T orY®) = D21 (u(k))T for any sequence of vectors

(ul®) keN’

For example, in Theorem 3.3, we have provided the novel insight that over-smoothing
occurs for the GCN without non-linear activation functions and arbitrary feature trans-
formations:

Theorem 3.9. Let X (%) = Asme(kfl)W(k) for a symmetrically normalized adjacency
matrix Agm € R™" and for a sequence of matrices (W(k))keN with W) ¢ Rixd,

Then, for any initial X0 ¢ [—m, m]"Xd, where m € R, the sequence (X(k))keN ex-

hibits over-smoothing in probability with respect to the Lebesgue measure over X ().

As Theorem 3.9 is equivalent to Theorem 3.3, we refer to the proof provided there. In Sec-
tion 3.5.1, we also relate this property to the Dirichlet energy as a commonly employed
metric to analyse over-smoothing empirically and theoretically. As Lsyle/ 21=0¢

.. k
R", when the Dirichlet energy (ﬁ) converges to zero as k — 0o, the sequence of
F

node representations exhibits over-smoothing. Similarly, we have L1 = 0 € R", so when
the Dirichlet energy Er, computed with the unnormalized graph Laplacian L converges
to zero, over-smoothing also occurs. With Proposition 3.10, we have also shown that at-
tention scores with iteration-dependent aggregation matrices A(*) similarly exhibit over-
smoothing. Some previous works defined over-smoothing solely as convergence to a con-
stant state. We have shown in Section 3.3.3 that unnormalized node representations X (%)
converging to the zero matrix as k — oo have been interpreted as convergence to a con-
stant state. In contrast, the normalized node representations converge to a non-constant
valued state. In the following, we further summarize our arguments for separating over-
smoothing and rank collapse from the norm of the representations.

Vanishing Norm

In Section 3.3.3, we found that the norm of node representations may converge to zero
when repeatedly applying message-passing steps, depending on their parameters. In con-
trast, SCA and CD are properties that describe the relative behavior of different compo-
nents and their amplification. Consequently, we also defined rank collapse and over-
smoothing independently of the norm of the node representations. However, the vanish-
ing norm phenomenon may still significantly affect the performance of MPNNs. There-
fore, we argue that the vanishing norm phenomenon warrants further study, albeit sepa-
rately from SCA, CD, rank collapse, and over-smoothing. By studying these phenomena
separately, research efforts can communicate their considered challenge more precisely,
develop targeted solutions, and investigate the importance of each fine-grained property
more clearly. We formally define vanishing norm as the following property:
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Definition 3.5 (Vanishing Norm). A sequence of matrices (X(k))k:eN exhibits vanish-
ing norm if
lim HX(k)HF =0. (3.148)

k—o0

Based on Proposition 3.3, we identified vanishing norm to occur in MPNNs when the
learnable parameters across all iterations are sufficiently close to zero. The vanishing
norm property is closely related to vanishing gradients, which have been a key challenge
in MLPs and RNNs (Bengio et al. 1994; Hochreiter et al. 1997; Pascanu et al. 2013).

Quantifying Rank Collapse and Over-Smoothing

Based on the insights and definitions we have provided, we now introduce a novel metric
for quantifying rank collapse, which generalizes over-smoothing. This will enable us
to empirically analyze the effectiveness of further methods without the need to study
them theoretically. When using metrics to quantify over-smoothing, many instances of
the more general phenomenon of rank collapse would remain undetected. Unifying them
into a common metric to identify all methods leading to rank collapse, including all forms
of over-smoothing, would be ideal. Based on our theoretical insights and Definition 3.3
on rank collapse, we propose to quantify the similarity of a sequence of states to rank-
one matrices. The left and right singular vectors of the maximal singular value give the
best rank-one approximation. While we recommend computing this distance, we also
propose a more efficient method when obtaining the left and right singular vectors is
not computationally feasible. When X is a rank-one matrix, any row and any column
allow us to determine all values of X. Consequently, choosing any row and column of
X and forming a normalized rank-one matrix using their outer product and computing
the distance to ﬁ approximates the similarity to a rank-one matrix. We refer to this

metric as the rank-one distance (ROD) and define it as follows:

Definition 3.6 (Rank-One Distance (ROD)). Let X € R"*? be a matrix, u = X,
a column of X with i = argmax,, || X. x| and j = argmaxk || Xk || the row of X with
maximal norm. To account for the correct sign, we setv = X;. if X;; > 0 andv = — X,
otherwise. The rank-one distance (ROD) is defined as

U’UT

- H XNy uv Tl ],

ROD(X) (3.149)

where ||-||, is the nuclear norm.

Our definition of ROD aligns well with Definition 3.3 for rank collapse. With this met-
ric, we can identify methods that exhibit rank collapse without requiring a theoretical
analysis. Similar to over-smoothing being a particular case of rank collapse, the Dirichlet
energy of the normalized state converging to zero is a special case of the ROD converging
to zero.
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Avoiding Rank Collapse and Over-Smoothing

Based on our findings, rank collapse can be prevented by dealing with either SCA or CD.
To recall the notation, we restate the vectorized form of our considered message-passing
iterations given by Equation (3.142) as

vec (X(k)> =T® vec (X(kfl)) (3.150)

where T*) = (W(k))T ® A € R"™ for some W*) € R4 and A € R™™. A
central aspect of SCA in these MPNNSs is that all eigenvectors and singular vectors of
T*) are given as Kronecker products of eigenvectors and singular vectors of W) and
A. This property always holds when T'*) can be decomposed as a Kronecker product.
To avoid SCA, it is necessary to use a transformation T'(%) that is not decomposable into
a single Kronecker product. However, applying a dense matrix T*) of shape (nd x nd)
is computationally infeasible. We aim to remain within the framework of applying fea-
ture transformations and aggregation matrices. This can be achieved by noting that any
matrix

T® =% W((S) ® Ay (3.151)
=1

can be decomposed into a sum of Kronecker products (SKP) (Cao et al. 2021) for some
W((I;) € R and A(i) € R™*" for all i € [r]. For any matrix T'*), there exists a trivial

i
decomposition into a sum of r = d? Kronecker products, where each W(;) has a single
non-zero entry and A(i) contains the corresponding part of T®*), Applying this choice

to the node representations as in Equation (3.150), i.e., T*) vec (X(k_l)), in the usual
matrix form results in the iterative form

x® =3 A(i)xw—nw(g@ : (3.152)
=1

This SKP-based formulation allows us to avoid storing or applying T'*) ¢ Rn@xnd dj-
rectly. Instead, the matrices A(l), cees A(r) and Wy, ..., W, are stored and applied
separately. This formulation is capable of maximally amplifying distinct components in
the node representations across different feature channels, avoiding SCA. When each ag-
gregation matrix A(i) has different eigenvectors and singular vectors, the corresponding

)

feature channel. As such, for r pairs of aggregation and feature transformation matrices,
we can amplify at least r different components across r different feature channels. We
formalize this in the following proposition:

feature transformation W((Z’; controls the mixing of the amplified components for each

Proposition 3.12 (An SKP can avoid SCA). Let V' € R™*? with rank(V') = r. Then,
there exist matrices A(y),..., Ay € R"" and Wyy,..., W(,y € R¥*? sych that for
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any matrix P € R"¢ with P # p-V forany p € R, and || P|| > = | V|
inequality holds:

> the following

> Ay PwWy, (3.153)

i=1

>
F

Y AnVW,
=1

F

Proof. Without loss of generality, assume that the first » columns of V' are linearly in-
ViV

dependent. Define the matrices A(i) = HV T

, which are symmetric and rank-

F
one. Let W(;) be the matrix with a one at position (i,7) and zeros at all other posi-

tions, i.e., (W(i))“ = 1. The matrix S = >/, (W@)T ® A(i) has an eigenvec-

tor vec(V') with corresponding eigenvalue \; = 1, and all other eigenvalues of S are

zero. Using the equivalent vector norm, we thus have ||Svec(V)|, = A||V|| and
| S vec(P)|y < A1]|P||p for all vectors vec(P) # pvec(V') for any p € R. The assump-
tion ||V'||p = || P||  concludes the proof. O

Proposition 3.12 confirms that a sum of r Kronecker products can maximally amplify any
desired features of rank 7. This finding confirms that multiple terms effectively prevent
SCA and, consequently, rank collapse and over-smoothing. Message-passing methods
utilizing a single edge weight between any two nodes can also be seen as using a single
computational graph A. In contrast, our proposed SKP corresponds to the use of multi-
ple computational graphs A(l), ce A(,,). While each A(i) can be interpreted as a distinct
graph with independent edges and weights, they can also represent multiple edge rela-
tion types over a shared node set. Such a combination of A(l), e A(T) is also referred
to as a multigraph. While each computational graph may utilize a distinct structure, a
shared structure with different edge weights already suffices for amplifying distinct com-
ponents.

With this formulation, each aggregation matrix A(i) can amplify distinct components,
and the learnable parameters W(;, control how strongly these components are amplified
for each feature channel. This enables more effective optimization, as the parameters have
a greater impact on the resulting representations. Even with » = 2 computational graphs,
an SKP can amplify distinct components across feature channels, thereby mitigating SCA
and rank collapse.

This finding provides a general framework for MPNN s that utilize an SKP, or equivalently,
multiple computational graphs. This SKP-based framework is not tied to specific choices
of aggregation functions, but rather establishes a general desirable property for MPNNs
when the goal is to amplify distinct components across feature channels. Many choices
for aggregation functions and feature transformations are possible within the SKP frame-
work. The SKP form is similar to multi-head attention, where each A(i) corresponds to
an attention head. However, as these are softmax-activated, each A(i) is a row-stochastic
matrix, which all have the all-ones vector 1 as their dominant eigenvector. Our proof re-
quires distinct dominant eigenvectors so that each parameter matrix W/;) controls which
components are maximally amplified in each feature channel.
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Figure 3.12: Dirichlet energy Ef, (X(k)) = tr ((X(k))T LX(’“)) using the unnormalized
graph Laplacian L across 96 iterations of message passing for the KarateClub
dataset (Zachary 1977) and 15 methods. All parameters are randomly initialized,
and visualized values are averaged over 50 runs.

This finding also reveals a connection between convolutional neural networks (CNNs)
(Fukushima 1980; LeCun, Boser, et al. 1989) and the avoidance of SCA in message-passing.
Convolution on a grid can be interpreted as a special case of an SKP with r terms, where
r corresponds to the number of elements in the filter or kernel. Each relative connection
in the convolution can be represented by a connectivity matrix A(i) over positions on the
grid, with a corresponding distinct linear transformation W;) applied for each position.
This perspective helps explain why SCA — and, consequently, over-smoothing — is a
phenomenon that arises specifically in the context of graph neural networks.

Evaluation

We now empirically validate our theoretical insights and extend them to additional
MPNNs and non-linear activation functions. Based on the definition of rank collapse in
Definition 3.6 and the corresponding rank-one distance (ROD) metric, we first evaluate
several existing methods in their ability to avoid rank collapse and compare this metric to
two versions of the Dirichlet energy. As the second part, we evaluate a sum of Kronecker
products (SKP) within MPNNs, rather than a single Kronecker product, to evaluate its
ability to approximate target functions for various benchmark tasks.

Quantifying Rank Collapse Using ROD

Based on our theoretical insights and definitions for rank collapse and over-smoothing,
we introduced the rank-one distance (ROD) as a metric capturing a more general phe-
nomenon than over-smoothing. Here, we compare the Dirichlet energy as a metric to
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Figure 3.13: Dirichlet energy F (X(k)) = tr ((X(k))T Lsme(k)) using the symmetrically
normalized graph Laplacian Ly, across 96 iterations of message passing for the
KarateClub dataset (Zachary 1977) and 15 methods. All parameters are randomly
initialized, and visualized values are averaged over 50 runs.

quantify over-smoothing with the ROD. Instead of only indicating whether the node rep-
resentations are similar to a rank-one matrix formed by specific columns, ROD determines
the similarity to any rank-one matrix. We evaluate these metrics for several established
methods, allowing us to gain insights into the ability of those methods to avoid rank
collapse or over-smoothing. We provide a reproducible implementation of these experi-
ments !. These experiments are based on (Roth 2024).

Experimental Setup We consider the update functions of various MPNNS, interleaved
with a nonlinear activation function. In general, these are of the form

x® = ¢ (f (A, X(’H))) (3.154)

where ¢ is set to be the ReLU activation function, and f is a message-passing method,
which we will detail in the following. For the graph structure A, we use the small Karate-
Club dataset (Zachary 1977). It consists of a single undirected graph with n = 34 nodes
and 156 edges. Initial node features X (°) € R"*? are randomly initialized from a normal
distribution with X; ; ~ N(0,1). We consider three metrics based on the normalized

node representations ﬁ: The Dirichlet energy
F

.
X ) r ((x®)" px®)
Eg, (HX(k ) = (3.155)

e X @17

'https://github.com/roth-andreas/simplifying-over-smoothing
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Figure 3.14: Rank-one distance (ROD) across 96 iterations for the KarateClub dataset (Zachary
1977) and 15 methods. All parameters are randomly initialized, and visualized values
are averaged over 50 runs.

utilizing the unnormalized graph Laplacian L € R™*", which is zero when X *) = 12T

for any u € R%. As the second metric, we evaluate the Dirichlet energy

E( X ) )_tr((X(k))TLsme(k))

= (3.156)
[X® 1x @[5

utilizing the symmetrically normalized graph Laplacian Ly, which is zero when X (k) =
D214 for any u € R Lastly, the rank-one distance (ROD), which is zero for any
rank-one matrix X*) = vuT for any v € R" and u € RY, as defined in Definition 3.6.
We compute all metrics for X *) for each k € [0,96]. With more iterations, numerical
instabilities prevented us from computing meaningful values.

Evaluated Models We consider several established MPNNs as function f in Equa-
tion (3.154). The first set of methods utilizes the symmetrically normalized adjacency ma-
trix Agym for aggregation. The dominant eigenvector of Ay, is the degree-proportional
vector. These are the graph convolutional network (GCN) (Kipf et al. 2017) and the GCN
with the previous state added to the output using a residual connection (K. He et al. 2016)
as in the ResGCN (Kipf et al. 2017). We also evaluate GCNII (M. Chen et al. 2020) that
further adds initial residual connections that combine the initial state with the output of
each iteration. As we observed differences depending on the magnitude of feature trans-
formation, we further evaluate a variant in which all feature transformations are scaled
by a factor of 2 (GCNII (2x)). Additionally, we consider the personalized PageRank graph
neural network (PPRGNN) (Roth and Liebig 2022b), which proposes a weighting scheme
on the initial residual connections that ensures convergence of node representations to a
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fixed point for an infinite number of iterations while maintaining a portion of the initial
representations.

The second set of methods utilizes an averaging function as the aggregation function,
potentially weighted using a learnable function. These are the graph attention network
(GAT) (Velickovic et al. 2018), and the SAGE convolution (Hamilton et al. 2017). The dom-
inant eigenvector of matrices representing such an averaging aggregation is the constant
vector. As graph transformers similarly average over all nodes in a graph, we evaluate
the unified message-passing model (UniMP) (Shi et al. 2021) and the general, powerful,
and scalable graph transformer (GPS) (Rampéasek, Galkin, et al. 2022), which combines
the graph transformer framework with local message-passing and feature normaliza-
tion.

We also evaluate several other methods that were specifically proposed to mitigate over-
smoothing, regarding their ability to avoid the more general rank collapse. The gener-
alized GCN (GGCN) (Yan et al. 2022) allows for negative edge weights, which they have
shown to reduce the smoothing effect between adjacent nodes.

Additionally, we consider adding normalization layers. We evaluate batch normaliza-
tion (loffe et al. 2015) as a well-established normalization procedure and PairNorm (Zhao
et al. 2020) as a normalization that was specifically proposed to prevent over-smoothing.
We combine both normalization techniques with the GCN to evaluate their ability to pre-
vent rank collapse for a method known to suffer from over-smoothing.

As another established mechanism within MPNNs, we evaluate the ability of gating to
prevent rank collapse. These use gating coefficients to control the mixing of aggregated
features with the previous state. Here, we evaluate the gated graph neural network (Gat-
edGNN) (Y. Li et al. 2016).

While the above methods apply linear feature transformation, the graph isomorphism
network (GIN) (Xu, Hu, et al. 2019) employs a multi-layer perceptron (MLP), which is
known to be a universal approximator (Hornik et al. 1989). We evaluate two such in-
stantiations: one that applies a two-layer MLP (GIN 2-layer MLP), and one that uses a
three-layer MLP (GIN 3-layer MLP) as a feature transformation.

We use the standard implementation from Pytorch-Geometric (Fey and Lenssen 2019)
when available, or use the implementation provided with the proposed methods. All
learnable parameters are randomly initialized based on their provided implementations.
We repeat this process for 50 random seeds.

k
Results We present mean values for the Dirichlet energy E7, (ﬁ) using the un-

normalized graph Laplacian in Figure 3.12. We observe that this Dirichlet energy quickly
decreases to small values for GAT, SAGE, and UniMP. After around 20 iterations, the
Dirichlet energy of these models stabilizes at around 10!, which appears to be the
machine precision. These three models utilize a (weighted) mean aggregation, which
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is known to have the constant vector as the dominant eigenvector. All other methods
remain roughly constant throughout all iterations.

k
For comparison, we also present mean values for the Dirichlet energy £ (ﬁ) using

the symmetrically normalized graph Laplacian in Figure 3.13. We observe this Dirichlet
energy to decrease towards zero with an increased number of iterations for the GCN,
ResGCN, and GCNII (2x). These methods utilize the symmetrically normalized adja-
cency matrix as their aggregation function. While convergence to zero can be proven for
GCN and ResGCN in the linear case, for GCNII (2 %), the influence of the constant initial
features seemingly diminishes as the number of iterations increases. All other methods
remain at a roughly constant Dirichlet energy.

As the third metric, we evaluate the ROD in Figure 3.14. The ROD decreases to zero when
X (%) becomes closer to any rank-one matrix. We observe this to be the case for all meth-
X (k)

ods, for which either one of E, <ﬁ) or F (W) decreases to zero, as these
F F

are special cases. Additionally, we observe the ROD for the GIN (2-layer MLP) to ap-
proach zero. Since the sum aggregation has neither a constant nor a degree-proportional
vector as its dominant eigenvector, the representations appear to converge to a different
vector that is shared across all feature channels. The GIN utilizing a 3-layer MLP as a
feature transformation successfully avoids this rank-one state. Additionally, we observe
that the node representations for the GGCN, which allows for negative edge weights,
also converge to a rank-one matrix. While negative edge weight can cause the dominant
eigenvector to also be significantly different, GGCN still utilizes a single computational
graph, exhibits SCA, and amplifies the same signal component across all feature chan-
nels.

Methods that avoid rank collapse include both normalization methods, GCN+BatchNorm
and GCN+PairNorm, as well as the methods GatedGNN, PPRGNN, GCNII, GPS, and GIN
(3-layer MLP). These appear to be promising directions for addressing the underlying
problem of rank collapse.

The Effectiveness of a Sum of Kronecker Products

As our theoretical findings indicate a limited effectiveness of learnable parameters for
common forms of message passing, we now empirically investigate the optimization
properties of several message-passing frameworks. For this, we consider nine common
benchmark datasets for node classification and track the ability of different message-
passing frameworks to fit the training data. Ideally, employed methods are sufficiently
expressive in their ability to closely approximate desired functions. We provide a repro-
ducible implementation of these experiments 2 . This set of experiments is based on Roth
and Liebig (2023).

2https://github.com/roth—andreas/r‘anI<_collapse
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Figure 3.15: Training error during optimization for nine benchmark tasks for node classifica-
tion when using all labels for optimization. The evaluated methods are a Kronecker
product (KP), a sum of Kronecker products (SKP), and a sum of Kronecker products
where each aggregation function is node-wise softmax-activated (softmax-SKP). All
edge weights and feature transformations are directly learnable. Each method uses
[ = 8 iterations and d = 32 feature channels. Average values across 10 runs are in
bold, with the minimum and maximum values presented as a shaded area.

Datasets We consider nine graphs for node classification. These are Cora, Citeseer,
and Pubmed (Z. Yang et al. 2016), which are citation networks for which each node corre-
sponds to a document, and a reference between documents is represented as an edge. The
task is to classify each document based on a bag-of-words representation and the refer-
ences. These are considered to be homophilic datasets, as referenced documents mostly
share the same class (Yan et al. 2022). The other six considered datasets are referred
to as heterophilic datasets, as these contain fewer shared classes between neighboring
nodes (Yan et al. 2022). These consist of three web page graphs: Texas, Wisconsin, Cor-
nell (Pei et al. 2020), each of which represents web pages from one university and their
links, as nodes and edges, respectively. The task is to classify each web page into one
of the categories student, project, course, staff, and faculty (Pei et al. 2020). The next
two datasets are the Wikipedia graphs Chameleon (Rozemberczki et al. 2021) and Squir-
rel (Rozemberczki et al. 2021). Similarly, nodes correspond to web pages from Wikipedia
related to the corresponding topic, and edges correspond to their mutual links. The task is
to categorize each web page based on its monthly traffic. Lastly, the actor co-occurrence
dataset Film (Tang et al. 2009) represents actors as nodes and their co-occurrence on
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Wikipedia web pages as edges. The task is to categorize the number of words on the
Wikipedia page of the actor. For each dataset, we utilize the largest connected compo-
nent. For this experiment, we aim to approximate the target function and assume all node
labels are available for optimization using the cross-entropy loss.

Experimental Setup Given one of these graphs with n nodes and c labels, we use the
provided initial node representations X € R™*", where h is the input feature dimension
of the corresponding task, and discrete node labels Y € {0,1}"*¢ encoded as a one-
hot vector for each node. We first apply a linear feature transformation to obtain node
representations X (*) € R"*¢ with the number of feature channels d € N being a tunable
parameter. We then update the node representations

vec <X(’“)) — ¢ <T(k’) vec (X“f*l))) (3.157)

using an iteration-dependent linear message-passing step T'®) and extend our theoretical
insights by incorporating a non-linear activation function ¢. We introduce our different
choices for T*) in the following paragraph. After [ such iterations, each node represen-

tation X Z-(l:) is mapped to class predictions Y € [0, 1]™*€ using an affine transformation
and a softmax activation. The cross-entropy loss between Y and Y is computed and op-
timized for 2000 steps using the Adam optimizer (Kingma et al. 2015) and a learning rate
of 0.001. For each framework chosen for T(k), this process is repeated for ten random

initializations.

Methods Based on our theoretical findings, we evaluate three different frameworks
as the message-passing function T'*) in Equation (3.157): a single Kronecker product, a
sum of Kronecker products, and a sum of Kronecker products for which each aggrega-
tion matrix is softmax activated. We extend these methods slightly from our theory to
provide further insights by allowing for iteration-dependent aggregation matrices and a
non-linear activation function after each iteration.

The single Kronecker product corresponds to the established framework that utilizes a
single feature transformation W) e R?*? and a single aggregation matrix AK%) ¢
R™ ™ for each iteration k, i.e., we have

T = wh o AW (3.158)

Most of our theoretical insights have assumed that the message-passing is of this form,
as it is used within many established approaches, such as GCN (Kipf et al. 2017) and
GraphSAGE (Hamilton et al. 2017). It can also represent the sum aggregation (Xu, Hu,
et al. 2019), negative edge weights (Bo et al. 2021), and many more (Chien et al. 2021; Yan
et al. 2022). To cover all of these approaches in our experiments, we allow for all entries of
the feature transformation W (¥) and the weights of all given edges to be directly learnable
for A®) for each k € N. Based on our theoretical insights, a single Kronecker product
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Figure 3.16: Training error during optimization for the squirrel benchmark tasks when using all
labels for optimization, as in Figure 3.15. The number of feature channels d is varied
in d € {16, 64,128} and the number of iterations is set as | = 8. Average values
across 10 runs are in bold, with the minimum and maximum values presented as a
shaded area.

exhibits shared component amplification, limiting the effectiveness of such approaches
(see Section 3.6).

Next, we evaluate the effectiveness of our identified solution to shared component ampli-
fication using a sum of Kronecker products (see Section 3.6.7). For this, we utilize h = 2
terms and set

2

k k < (k

T = > W((i)) ® Agi)) (3.159)
=1

where W((i];) € R4 and AEZ) € R™™ fori € {1,2}. As with Tlgf), the entries of

Aglg and AE;; corresponding to existing edges are directly learnable. Based on Proposi-
tion 3.12, this form enables more effective feature transformations, as it allows for con-
trolled mixing of amplified components across different feature channels.

The third considered framework is inspired by attention-based methods, such as the
graph attention network (GAT) (Velickovic et al. 2018), the TransformerConv (Shi et al.
2021) (Brody et al. 2022). The message-passing step is defined as

2
k k 1 (k
Ts(ofzmafoKP = Z W((Z)) T (AEZ))> (3.160)
=1

where 7 applies a row-wise softmax activation function, as is used for attention-based

(k k)
1 2

aggregation functions. As with Tg,) and TS(IZ),, all edge weights in A( )) and AE ) are

directly learnable.

Results In Figure 3.15, we visualize the training errors during optimization for all nine
datasets, using I = 8 message-passing iterations and d = 32 feature channels. We observe
that the SKP consistently achieves smooth error minimization, resulting in an error close
to zero after fewer than 250 optimization steps for all datasets. For KP and softmax-SKP,
the error minimization is slower in all cases and exhibits unstable behavior. For many
datasets, the error after 2000 optimization steps also remains higher than the obtained
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Figure 3.17: Training error during optimization for the squirrel benchmark tasks when using all
labels for optimization, as in Figure 3.15. The number of iterations [ is varied in
l € {1,4, 32} and the number of feature channels is set as d = 32. Average values
across 10 runs are in bold, with the minimum and maximum values presented as a
shaded area.
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Figure 3.18: Obtained training accuracy for Figure 3.19: Optimization error for | = 8 it-
methods with a number of itera- erations and the synthetic 3-class
tions ! € {1,2,4,8,16, 32,64} for classification task with four nodes.
the synthetic 3-class classification Averaged over 50 random seeds.

task with four nodes. Average ac-
curacy over 10 runs in bold, stan-
dard deviation as shaded area.

loss for SKP. The smoothness of the optimization and the convergence speed both indicate
that optimizing the parameters within the SKP framework is more effective than for the
KP framework or the softmax-SKP framework.

We additionally present an ablation study varying the number of feature channels d €
{16,64, 128} for the Squirrel dataset in Figure 3.16. While the optimization remains fast
and smooth for the SKP in all cases, it remains slower and unstable for both the KP and
softmax-SKP. Even when the SKP uses d = 16 feature channels, the optimization is sig-
nificantly better than the KP and softmax-SKP, even with d = 256 feature channels. This
aligns with our theoretical findings, as we identified that the KP amplifies components
shared across all feature channels, making additional feature channels redundant.

In Figure 3.17, we present an additional ablation study that varies the number of iterations.
For a single iteration (! = 1), the optimization remains smooth for all methods, but the
SKP minimizes the error slightly faster and achieves a slightly lower error. However, the
difference is rather small. Aligning with our theoretical insights, the more iterations /
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we employ, the more significant the difference becomes. While for [ = 32 iterations,
SKP remains mostly smooth and achieves an error close to zero, the error for KP and
softmax-SKP is increasingly unstable, and convergence is slower.

Synthetic Dataset

We additionally extend this experiment to a more challenging synthetic task. When node
representations collapse into a lower-dimensional subspace, it becomes more challenging
to assign them to different classes. We begin with an observation about three nodes of
a graph. When their node representations collapse into a one-dimensional subspace, the
representations are positioned at a specific point on a line. One node is located in the
center, with each of the two other nodes positioned on opposite sides. A linear classifier
cannot classify the two outer nodes in the same class while classifying the center node
in a different class. Representations need to be in a higher-dimensional subspace for
solving this task. Our synthetic task follows this observation. We consider a slightly
more challenging version with four nodes and the multi-label classification task, where
the labels are given as

1
0

3.161
1 (3.161)
0

O O ==
_ O O =

Each pair of two nodes shares the same label for one of the tasks. When node represen-
tations lie in a subspace of two or fewer dimensions, a linear decision boundary cannot
correctly classify all nodes. Thus, this task is challenging for methods that yield node
representations in a lower-dimensional subspace.

Experimental Setup Initial node representations X(?) € R**% are sampled from a nor-
mal distribution with mean zero and standard deviation set to one. Aggregation matrices
and feature transformation are randomly initialized from a normal distribution. As we
consider a multi-label classification task, the predictions are obtained using a sigmoid acti-
vation, rather than the softmax activation used for node classification tasks. We consider
methods with [ € {1,2,4,8,16,32,64} iterations for message-passing. Optimization
for each method and number of iterations is separately performed for 5000 optimization
steps using the Adam optimizer(Kingma et al. 2015) with a learning rate of 0.001. Each
experiment was repeated for 50 random seeds. The employed methods are the same as
for the nine benchmark tasks, i.e., KP, SKP, and softmax-SKP.

Results We present the average accuracy for all three methods across the evaluated
numbers of iterations in Figure 3.18. While the SKP retains an accuracy of almost 100%
across all iterations, the KP degrades visibly already from the second iteration. The
softmax-SKP retains an average accuracy of 100% up to four iterations, and drops to
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3 Extending The Understanding of Graph Convolutions

around 70% for more iterations. In Figure 3.19, we also present the change in the opti-
mization loss for 5000 optimization steps when using eight iterations. All three methods
exhibit significantly different behavior, with the loss of the SKP converging to a value
close to zero. For the KP, the loss converges to a value around 0.3. For the softmax-SKP,
the loss remains constant at its initial value throughout optimization. These insights
further confirm that optimization is ineffective for KP and softmax-SKP methods but sig-
nificantly improved with SKP.
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4

4.1

Preventing Shared Component
Amplification With Multiple
Computational Graphs

Many established message-passing neural networks (MPNNs) exhibit shared component am-

plification (SCA), a phenomenon where applying a single message-passing operation ampli-
fies the same component across all feature channels. This inherently limits the expressive-
ness of such message-passing steps and the utility of the learnable parameters. Since any
message-passing operation using a single computational graph exhibits the SCA property, we
propose using multiple computational graphs within each message-passing step and present
two methods for deriving such approaches. First, starting with existing MPNNs, we propose
splitting the computational graph into multiple edge relations. Second, we define the spec-
tral graph convolution for multiple feature channels and introduce a novel approximation for
message-passing that naturally incorporates multiple computational graphs. We prove that
both approaches avoid SCA and demonstrate their effectiveness on downstream tasks.

Introduction

While message-passing neural networks (MPNNs) have achieved promising results, their
impact on real-world applications has been limited (Bechler-Speicher et al. 2025). Various
phenomena have been identified in the literature that are related to performance limita-
tions (Arnaiz-Rodriguez et al. 2025). These include over-squashing (Alon et al. 2021),
under-reaching (Alon et al. 2021; Sun et al. 2022), heterophily (Yan et al. 2022), over-
smoothing (Q. Li et al. 2018; Oono et al. 2020), over-correlation (Jin et al. 2022), and rank
collapse (Roth and Liebig 2023). However, due to an incomplete theoretical and empiri-
cal understanding of these phenomena, modifications lack theoretical grounding, and the
relative importance of each phenomenon remains unclear.

We identified shared component amplification (SCA) as one theoretically derived prop-
erty underlying the observed over-smoothing and rank collapse phenomena, as discussed
in Chapter 3. SCA refers to the property that a single message-passing step amplifies the
same component for each feature channel and any set of parameters. As a result, such
message-passing steps cannot make some feature channels more similar, while simulta-
neously making others more dissimilar. Unlike over-smoothing, which is typically con-
sidered in the iterated or limit case, we identified SCA as a property of a single message-
passing operation in Definition 3.1. The property of SCA occurs whenever a single com-
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Graph Convolution Message-Passing

Kipf et al. 2017 -
SISO 0 x & = Udiag(w)U "z (Kip ) > 0xx~wAx

(Bruna et al. 2014)

(Bruna i[al. 2014) (Kipf et\k. 2017)

d Shared Component d R
X, = Z O * Xip Amplification (SCA) X, = Zw(p,q)AXi,p
p=1 for a single iteration. p=1
MIMO = Section 4.3
O+ X — = A XW, Section 4.4 LI
k=1

k=1
(Section 4.4)

Figure 4.1: Connection between the contributions in this chapter, their connection to Chapter 3,
and related work. Yellow parts ( ) indicate previous work, blue parts () findings from
Chapter 3, and pink parts () indicate the contributions presented in this chapter.

putational graph is used for message-passing, as shown in Theorem 3.6. While repeat-
edly applying message-passing steps that exhibit SCA can lead to over-smoothing and
rank collapse of the node representations, we focus on a single iteration in this chapter.
As shown in Theorem 3.6, a single computational graph always exhibits SCA, and us-
ing multiple computational graphs can prevent it, as shown in Proposition 3.12. We will
present two frameworks for deriving and utilizing multiple computational graphs. These
follow two of our previous publications ((Roth, Bause, et al. 2024) and (Roth and Liebig
2025)). We provide a visual overview in Figure 4.1.

In Section 4.3, we introduce the multi-relational split (MRS) framework, with which we
propose to decompose the computational graph of existing MPNNs into multiple edge
relations. We propose to do this by assigning each edge to one of multiple relation types.
This is motivated by the fact that messages between two nodes may serve a different goal.
We prove that the MRS framework can effectively prevent SCA.

In Section 4.4.3, we present a novel derivation of message-passing methods. Instead of ap-
proximating MPNNs from the graph convolution in the single-input single-output (SISO)
case, as was done with the GCN, we approximate MPNNs directly in the multi-input
multi-output (MIMO) case. For that, we first derive the MIMO graph convolution (MIMO-
GC) using the convolution theorem and graph Fourier transform. We find that in this
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4.2

4.2 Related Work

multi-channel case, the MIMO-GC naturally utilizes multiple computational graphs, each
amplifying a single distinct component. We then approximate the MIMO-GC as local-
ized MIMO-GCs (LMGCs) by localizing the aggregation step. This serves as a general
framework with strong theoretical foundations. This framework enables us to study the
properties of message-passing methods in a fixed yet flexible form. We prove conditions
under which LMGCs prevent SCA and further demonstrate that they allow for injectivity
of each message-passing step while applying a linear function.

We empirically evaluate both approaches in Section 4.5, presenting results for the MRS
framework in Section 4.5.1 and for the LMGC framework in Section 4.5.2.

Related Work

We now provide an overview of previous work aimed at avoiding over-smoothing and
rank collapse. Specifically, we present approaches related to the SCA property, which we
are addressing in this chapter. Based on our proposed solution in Section 3.6.7 of utilizing
multiple computational graphs, we also provide an overview of existing methods that
change the computational graph for message-passing.

Solutions for Rank Collapse and Over-Smoothing Many different strategies for
mitigating rank collapse and over-smoothing have been proposed. To retain information,
various methods have been proposed to use residual connections either from the previous
iteration (Bresson et al. 2017; G. Li, Xiong, et al. 2020; M. Chen et al. 2020; G. Li, Miiller,
et al. 2021; Scholkemper et al. 2025) or the initial state (Klicpera et al. 2019; M. Chen et al.
2020; Gu et al. 2020; Roth and Liebig 2022b). Other works have proposed combining the
intermediate representations after each iteration into a joint final state (Xu, C. Li, et al.
2018; Fey 2019). Further methods propose to limit the effect of update steps using a gating
mechanism (Bresson et al. 2017; Rusch, B. P. Chamberlain, et al. 2023; Dwivedi, Joshi, et al.
2023; Finkelshtein et al. 2024). Other approaches have shown the benefits of applying nor-
malization techniques to node representations (Zhao et al. 2020; G. Li, Xiong, et al. 2020;
Scholkemper et al. 2025). Zhou et al. (2021) propose to regularize the Dirichlet energy of
the node representations to encourage obtaining less similar representations.

Other lines of work have proposed methods that amplify higher-frequency components
rather than low-frequency components using a residual connection (Eliasof, Ruthotto,
et al. 2023; Giovanni et al. 2023) using negative edge weights (Bo et al. 2021; Yan et al.
2022), or combining multiple aggregation functions (Corso et al. 2020; Tailor et al. 2022;
Rosenbluth et al. 2023). Jin et al. (2022) minimize the correlation between different feature
channels in the obtained node representations using regularization.

While these methods can effectively mitigate over-smoothing, they are designed for the
multi-iteration message-passing setting. As SCA is a property of a single message-passing
iteration, these approaches are not designed to deal with SCA. With our introduction of
SCA (Definition 3.1), we can develop targeted strategies to mitigate this property.
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Changing the Computational Graph Various approaches have been proposed to
modify the provided graph into a more effective computational graph for message passing.
Alon et al. (2021) identified that sparsely connected regions lead to the over-squashing
of an exponential amount of information into a fixed-size vector. Several works have
proposed changing the topology of a graph to reduce sparse connections between re-
gions (Topping et al. 2022; Abboud et al. 2022; Barbero et al. 2024). Other works have
found that node representations become similar faster for densely connected regions or
graphs (Rong, Huang, et al. 2020; Yan et al. 2022). They have proposed using a sparsi-
fied computational graph (Rong, Huang, et al. 2020; Yan et al. 2022; Nguyen et al. 2023;
Jamadandi et al. 2024; Rubio-Madrigal et al. 2025). With Co-GNNs, Finkelshtein et al.
(2024) propose to discard some of the edges during message passing dynamically.

Several other approaches can be seen as using multiple computational graphs. Some
methods were proposed for multi-relational graphs (Schlichtkrull et al. 2018; Vashishth
etal. 2020). These works assume a given dataset for which multiple relation types are pro-
vided. Butler et al. (2023) propose multigraph neural networks that extend polynomial
filters on graphs to given multigraphs. Suresh et al. (2021) propose to add a second edge
relation in addition to proximity that is based on the structural similarity of nodes and
uses both edge relations for message-passing. Y. Yang et al. (2020) propose to disentangle
a graph into multiple factorized graphs, each capturing a distinct latent relation to obtain
disentangled node representations. Giunchiglia et al. (2022) propose to utilize an explan-
ability method and discard all representations and edges seen as task-irrelevant. Relat-
edly, J. Guo et al. (2024) propose the edge splitting GNN that separates available edges of
a graph into task-relevant and task-irrelevant ones, producing two computational graphs.
Luan et al. (2022) propose an adaptive channel mixing that use the adjacency matrix, the
graph Laplacian, and a residual connection as three separate computational graphs to
adaptively amplify high- and low-frequency components. Rossi et al. (2023) consider di-
rected graphs and propose to use the graph with reverse edges as a second computational
graph. Eliasof, Haber, et al. (2024) propose to utilize distinct edge weights for each feature
channel. While all of these works make valuable contributions to MPNNs, the general ef-
fect of multiple computational graphs and how they should be designed have not been
studied extensively.

Splitting The Computational Graph of MPNNs

As the first approach to utilizing multiple computational graphs within MPNNs, we now
propose a framework that modifies existing MPNNs. The framework starts with any
existing message-passing operation and assigns each edge to one of multiple relational
types. Depending on the selected relation for an edge, messages are exchanged and trans-
formed differently. This results in a multi-relational graph. This section is based on Roth,
Bause, et al. (2024).
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4.3 Splitting The Computational Graph of MPNNs

4.3.1 Multi-Relational Split MPNNs

We consider an attributed graph G = (A, X) in matrix form with adjacency matrix
A € R™" and node representations X € R™*“, The corresponding set of nodes V =
{v1,...,v,}, where v; corresponds to row i of X, and the i-th row and column of A.
We recall our definition of a message-passing step from Equation (2.17), which obtains an
updated state for node v; as

(MPNN(A, X)); ( i@ {ewy v (Xin X5 v GM}}) . (4

where 1, ¢: R? x R? — R are two functions on tuples, @ is a permutation invariant set
aggregation function, and a; ;) € R is an edge-specific weighting scalar.

For splitting any such MPNN into a version that utilizes multiple computational graphs,
we introduce an edge relation assignment function f(v;,v;) € [[] that assigns each edge
(vi,v;) of the graph to one of [ relation types. Depending on the relation type k € [l], a
different initialization 1)y, of the feature transformation v is applied. In general, we define
such multi-relational split MPNNs (MRS-MPNNSs) as

(MRS-MPNN(A, X)),., = 6 ( Xizs D {{ 1) - Y00 (Ko X5) |05 €N }})
(4.2)

Thus, any MPNN of the form given Equation (4.1) can be directly converted into an MRS-
MPNN by defining an edge relation assignment function f and instantiating [ transfor-
mations 1, ..., 1. Before analyzing some of the beneficial properties of MRS-MPNNs,
we now provide several examples of established MPNNs and their corresponding MRS-
MPNNs. We do not include non-linear activation functions in the following examples, as
these are typically applied after applying a message-passing step.

GCN As one of the most commonly employed MPNNs, the graph convolutional net-
work (GCN) applies a linear feature transformation W and aggregates node representa-
tions using a symmetric degree normalization. Stated in our MRS framework, the MRS-
MPNN can be expressed as

(MRS-GCN(A, X)), = > ———Wy(,, 01 X (4.3)
JEN;

where Ay, is the symmetrically normalized adjacency matrix and W, € RAx

independent linear feature transformations for all & € [I]. Apart from the selection of the
feature transformation, all other parts remain unchanged from the GCN. Thus, setting
all feature transformations Wy, to the same matrix would recover the original GCN. This
can equivalently be expressed in matrix notation as

are

MRS-GCN(A, X) = > Ay X Wy, (4.4)
kell]

91



4 Preventing Shared Component Amplification With Multiple Computational Graphs

where (A(k)> g (Asym) when f (v;,vj) = k and zero otherwise. Equation (4.4)

highlights the form that utlhzes multiple computational graphs, which can avoid SCA, as
outlined in Section 3.6.7.

SAGE Similarly, the SAGE convolution (Hamilton et al. 2017) can be expressed in the
MRS framework as

MRS-SAGE(A, X) = XV + > Ay X W, (4.5)
kel

where (A(k)) - = (Ayw)ij when f (v;,v;) = k and zero otherwise, similar to the MRS-
27‘7
GCN.

GAT The MRS framework can also be applied to adaptively obtained edge weights and
multiple attention heads, as used in the graph attention network (GAT) (Velickovic et al.
2018). For H € N attention heads, the MRS-GAT is defined as

MRS-GAT(A, X) = > A(k XW (4.6)
he[H] ke(l]

where A") € R™ " is the matrix containing the attention coefficients of head h € [H],
and (AEZD” = <A(h)> ~ when f (v;,vj) = k and zero otherwise.

2,

GIN The graph isomorphism network (GIN) (Xu, Hu, et al. 2019) is an established
method that enables the injectivity of a message-passing step by utilizing a non-linear
multi-layer perceptron (MLP) w: R? — R as its feature transformation. Converted with
the MRS framework, this leads to the update step

MRS-GIN(A, X) = Y~ Aywm (X (4.7)
kel
where w(y): R¢ — R? is a node-wise (i.e., row-wise) MLP for k € [I], and (fl(k)> N
Z7J
(A); ; when f (v;,v;) = k and zero otherwise.

GatedGCN The GatedGCN (Dwivedi, Joshi, et al. 2023) extends the GCN by a gating
mechanism that allows for incoming messages to be discarded. The corresponding MRS
adaptations are given by

X5 Wiwiw))
(MRS-GatedGCN(A, X)), . = Z e (4.8)
’ bav + ZkeN (i)

where i) € R? is an obtained vector of edge attributes, and V, Way,...,Wy €

Rdxd

%)
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(a) Structurally dependent nodes. (b) Structurally independent nodes. (c) Numerical dependency.

Figure 4.2: Exemplary visualization of structurally dependent (a) and structurally independent
(b) nodes for two computational graphs. Arrows in each color represent the incoming
edges for each computational graph. The numbers beside the arrows indicate the edge
weights. The numerical dependency (c) indicates the weighted in-degrees of the four
considered nodes, and SD indicates whether each node is structurally dependent to
node 1.

Theoretical Properties of MRS-MPNNs We now analyze the beneficial properties of
MRS-MPNNS. For this analysis, we consider MRS-MPNNSs of the form

X'=> ApXW, (4.9)
ke[l

where A(k) € R™ " can represent any graph structure and edge weights, and W(;,y €
R4 is a linear feature transformation for all k € [I]. This corresponds to multiple com-
putational graphs, as proposed in Section 3.6.7. While we have shown in Proposition 3.12
that this form can generally avoid SCA, we now study the conditions in more detail. Based
on the definition of SCA in Definition 3.1, we need to ensure that different components

of X can be amplified across distinct feature channels.

To ease our notation, we introduce a vector d(*) that captures the weighted in-degrees for
node ¢ and all computational graphs:

Definition 4.1 (Weighted In-Degrees). Let A(k) € R™" for k € [l|. For each node
i € [n], the vector d) € R! contains the weighted in-degrees d](f) =Y men] (A(k)> - for
all edge relations k € []. ’

This allows us to define the notion of structural dependence between two nodes:

Definition 4.2 (Structural Dependence and Independence). Two nodes i, j € [n] are
structurally dependent when d® = p - dU) for some p € R, otherwise they are called
structurally independent.

We visualize an example in Figure 4.2. We can now show that the structural independence
of nodes serves as a sufficient condition to avoid SCA:
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Theorem 4.1.Let X' = 3", iy Aoy X Wy, for Ay € R™", W,y € R for all
k € [I],and X € R™*?be a rank-one matrix. Then, X {7: and X ]’-7: are linearly independent
for almost every (a.e.) matrices W(y),..., W and a.e. rank-one matrix X if nodes
i € [n] and j € [n] are structurally independent.

Proof. We require

! !
%, gy

k=1

for all choices of ¢; € R. This condition is satisfied for a.e. choice of matrices W3, for

ke [1]if
(A(k)x)u —ej- (A(,f)X)ﬁ £0. (4.11)

for atleast one k € [I]. For a.e. rank-one matrix X this inequality further holds whenever
(A(m)l —Cj- (A(k))] 75 0. (4.12)

for at least one k € [I]. Based on the definition of structural independence, this cannot be
satisfied for any ¢; € R, and the resulting node representations are linearly independent.
O

We note the limitation that Theorem 4.1 requires an a.e. condition on the state X. Thus,
there exist specific constellations of matrices A(k) so that the resulting representations
for nodes i and j remain linearly dependent. However, such matrices X have measure
zero, and we will further lift this condition in Theorem 4.4. In all other cases, a single
iteration with an MRS-MPNN can amplify distinct components for each feature channel
for nodes ¢ and j, preventing SCA. Their node representations can remain similar for one
feature channel, while becoming dissimilar for another. The similarity depends on the as-
signed edge weights, as specific choices can ensure that A(k)X is similar for nodes ¢ and

J, while specific other choices can lead to A(k)X being dissimilar for nodes ¢ and j. For
which feature channels the representations will be similar or dissimilar then depends on
the corresponding feature transformations W ;). As these are typically learnable param-
eters, the optimization process can effectively control which computational graph should
have larger weights for a specific downstream task. This shows that an MRS-MPNN can
obtain more informative node representations from a given state for any two structurally
independent nodes. As rank-one matrices are not fixed points, such cases also prevent
the convergence to a rank-one state. It also means that such functions are injective for
structurally independent nodes and a.e. X and Wy, which improves the expressivity of
MPNNs. This already highlights a close similarity between avoiding SCA, and as a conse-
quence, rank collapse and over-smoothing, and improving the expressivity to distinguish
between structural differences. Two structurally independent nodes have distinct rep-
resentations after applying one or more iterations of an MRS-MPNN for a.e. X. The
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two node representations remain linearly independent, even after applying a non-linear
activation o, assuming o is injective and applied component-wise.

Having more structurally independent nodes further allows these nodes to have pairwise
linearly independent representations. For a set of structurally independent nodes, each
resulting node representation is linearly independent from the set of representations from
all other nodes. We formalize this result in the following theorem:

Theorem 4.2. Let p be the number of structurally independent nodes, i.e., for all i € [p],

it holds that ¥ # 3 elpl it p]d(J) for any p; € R. Let o be a component-wise and

Rdxd

injective activation function. Then for A( K € R ae Wiy, € and a.e. rank-

one matrix X € R"*?_it holds that

l
rank (J <Z A(k)XW(k)>> >p. (4.13)

k=1

Proof. For notational simplicity, we assume the first nodes [p] to be structurally indepen-
dent. We then require

l l
<O’ (Z A(k)XW(k)>> — Z Cj (O’ (Z A(mXW(m)) #0 (4.14)
i, Js:

k=1 jElp].ii

for all choices of ¢; € R,j € [p],j # i. This condition is satisfied for a.e. choice of
matrices Wy, for k € [I] if

l l
(ZA(k)XW(k)> (Z 1 X W, )> #0. (4.15)
k=1 i JElpLiA

k i

Furthermore, for a.e. choice of matrices Wy, for k € [I] this inequality holds whenever
<A(k)X)i DR ( k)X) £0. (4.16)
T gEbli#
for at least one k € [I]. For a.e. rank-one matrix X this inequality further holds whenever
(A(k))z — Z Cj <A~.(k)> N #0. (4.17)
el ”

for at least one k € [I]. Based on the definition of structural independence, this cannot be
satisfied for any ¢; € R, and the resulting node representations are linearly independent.

As this holds equivalently for any of the p structurally independent nodes, this results in
p linearly independent representations, implying a minimal rank of p. O
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VAR VA

(a) Original graph. (b) DAR. (c) Reverse DAR. (d) MRS-MPNNDpa.

Figure 4.3: Different computational graphs described for MRS-MPNNp,4. The original graph is
represented in (a), the obtained directed acyclic relation (DAR) using the node-degree
as a partial ordering in (b), and the reverse DAR using the reverse partial ordering in
(c). In (d), these two computational graphs are combined with the relation covering

all other edges of the original graph.

This aligns with the goal of constructing a message-passing step that does not exhibit
SCA. When we have p structurally independent nodes, we can amplify distinct compo-
nents for at least p feature channels, and the learnable parameters given by W;, control
which components get amplified for which feature channel. This allows the learnable pa-
rameters to be more effective and the optimization to be more impactful. Adding feature
channels can also capture new combinations of amplified components. When linearly
independent representations are desired, maximizing the number of structurally inde-
pendent nodes helps achieve this goal.

4.3.2 Obtaining Multiple Relations Using a Partial Ordering

Based on the general MRS framework and the theoretical properties we presented in The-
orem 4.1 and Theorem 4.2, an MRS-MPNN can improve the obtained representations and
enable learnable parameters to be more effective. It remains open how the edge relation
assignment function f(v;, v;) can be defined. Ideally, such a function f ensures the ex-
istence of structurally independent nodes. Finding the optimal function f is highly task-
dependent, and prior knowledge can be leveraged in many cases. For many applications,
different edge relations can be naturally constructed, as nodes and edges correspond to
distinct objects. For example, in traffic networks, roads leading to highways could be as-
signed to a different relation than nodes within a residential area. For chemical data, the
type of bond could determine the relation type. We envision considerable potential for
future work to identify specific edge splits for tasks of interest.

Here, we propose a generic option that utilizes graph-theoretical properties. Consider the
following motivational example. A multi-head attention-based MPNN can also be viewed
as a graph with multiple relations between all connected nodes. Attention normalizes
edge weights to sum to one for each node within one computational graph, and all edge
weights are positive. Graphs are typically ergodic, which means that they are strongly
connected, i.e., a path exists between all pairs of nodes, and aperiodic, i.e., the length of
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4.3 Splitting The Computational Graph of MPNNs

their cycles does not have a common divisor > 1. Such graphs are unable to produce
structurally independent nodes:

Proposition 4.1. Let A(k) € R™™ represent an ergodic graph for all & € [I] such that
> el (A(k))‘ ~=1foralli € [n] and (A(k)) > 0foralli,j € [n]. Then, any pair

2¥) 2Y)
of nodes is structurally dependent.

Proof. For every relation k € [I] and every node i € [n], we have 3., ( (k))

1. This is a contradiction to the definition of structural independence, which requlres

ZJEM (A(k’))p,j 7 ng[n] (A(k))q,j for some p # q. .

We note the importance of the ergodic assumption. For a graph that is not ergodic, the
same cannot be stated. A graph that does not contain any ergodic subgraphs is a directed
acyclic graph (DAG), which we define for a relation as follows:

Definition 4.3 (Directed Acyclic Relation (DAR)). A relation A is called a directed
acyclic relation (DAR) if there exists a strict partial ordering < on the nodes i, j € [n] such
that all edges A; j # 0, satisfy i < j.

We further refer to a node with no incoming edges, i.e., Ai,: = 0 € R", as a root node in
A. We find that for two DARs with distinct root nodes, these nodes are always structurally
independent:

Proposition 4.2, Let A(l), A(g) € R™ ™ be two DARs with distinct root nodes. Then,
A (1) and A(Q) have structurally independent nodes.

Proof. Let i be a root node of A(l) that is not a root node of A(g). Then
> jein] </~1(1))' = Oand ¢ ( )i,j # 0. For any other node k € [n], we have

Z?]

> jcn] </~1(1)> "y # 0, which implies structural independence. O

,

Constructing two DARs with distinct root nodes is one way to ensure structurally inde-
pendent nodes, which then allows linearly independent node representations. Transform-
ing a given graph G = (A, X)) into a directed acyclic graph is a well-known algorithmic
challenge, which arises in topological sorting (Cormen et al. 1989) and finding feedback
arc sets (Garey et al. 1979). Instead, based on our Definition 4.3, we start by defining a
strict partial ordering < on the nodes and only utilize the edges that satisfy the relation.
Starting with the original aggregation function A, this results in the first DAR with en-

tries (A(l)) = = A, j when ¢ < j and zero otherwise. We obtain the second DAR, as the
17-7

reverse DAR using the reverse strict partial ordering, i.e., the entries are (A@) = Ai,j
0.

for j < i and zero otherwise. As we employ a partial ordering, some nodes may not be
related by <. For these remaining edges, we propose a third edge relation A 3. Their
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combination results in the original adjacency matrix, i.e., A = A(l) + Ag) + Az). We
define the corresponding edge relation assignment function as

1, ifi<j
fli,5) =142, ifj<i (4.18)

3, otherwise.

Figure 4.3 visualizes various computational graphs and edge relations. We refer to this
instantiation of the MRS framework applied to an MPNN as MRS-MPNNp 4 due to utiliz-
ing multiple directed acyclic relations. While we cannot guarantee that the third graph
leads to more structurally independent nodes, additional graphs cannot hurt the number
of structurally independent nodes.

To apply the MRS-MPNNp 4, we additionally need to define the strict partial ordering <.
The partial ordering needs to align with the considered task. While any method ensures
structurally independent nodes, the edges within one relation type should be similar for
the optimization process to obtain suitable parameters more effectively. When the mes-
sages sent across edges from different edge relations benefit from similar feature trans-
formation, the gain of the MRS framework will also be less significant. Graph traversal
algorithms or centrality measures can provide such an ordering. We propose to use the
node degree as an efficient and general ordering. Messages sent from higher-degree nodes
to lower-degree nodes differ from those sent from lower-degree nodes to higher-degree
nodes for specific tasks. For molecular data, the degree of a node corresponds to other
atom types than those of lower degree (Wells 2012). Sending messages based on relations
between atom types may be promising. As the choice of edge relation assignment func-
tion has a significant impact on node representations and the optimization process, this
allows future methods to investigate which split specifically makes sense for a given task
and which prior knowledge may be beneficial to incorporate for that task.

What Can We Learn From MIMO Graph Convolutions?

The MRS framework converts the computational graph of a given MPNN into multiple
computational graphs, allowing MPNNs to avoid SCA while maintaining other proposed
benefits. We now propose a novel derivation of message-passing methods from the spec-
tral graph convolution. This will not only demonstrate the close connection between
utilizing multiple computational graphs in MPNNSs but also provide a more general frame-
work for designing future message-passing methods. This section is based on Roth and
Liebig (2025).

SISO Graph Convolution

We first provide an overview of related work on the definition of graph convolution and
its approximations. We visualize the key elements of this overview in Figure 4.4. Initially,
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4.4 What Can We Learn From MIMO Graph Convolutions?

the single-input single-output case (SISO) was considered where the node representations
x € R" consist of a single feature for each node. This is mapped to updated node repre-
sentations ' € R™ that also consist of a single feature for each node. Bruna et al. (2014)
defined the SISO graph convolution as

0 x x = Udiag(w)U "z (4.19)

where w = U "0 € R™ using the graph Fourier transform U " as the Fourier transform
F' within the convolution theorem. We refer to our introduction of the graph Fourier
transform in Section 2.2.2 and the graph convolution in Section 2.3.2 for more details.
Most node representations X € R"*? have some number d of features for each node.
Bruna et al. (2014) propose to extend the SISO graph convolution to this multi-input multi-
output (MIMO) case by applying a separate SISO graph convolution to every combination
of input and output feature channels, i.e., the ¢-th feature channel of the resulting node
representations X’ € R"*¢ is updated as

d
lezq = Z 0(p,q) * X:vp ? (420)
p=1

where each 6, ;) € R" is a vector for every p € [d] and ¢ € [c]. Hammond et al.
(2011) propose Chebyshev polynomials that approximate the SISO graph convolution.
Sandryhaila et al. (2013) propose polynomial filters for graphs in the SISO case more
generally. For polynomial approximations, the updated state ' € R™ is set as

K

' => whAl a (4.21)
k=0

where w(*) € R are the polynomial coefficients and the symmetrically normalized adja-
cency matrix Ay, is the variable of the polynomial. Defferrard et al. (2016) propose to
extend polynomial filters to the MIMO case equivalently to the extension of SISO graph
convolutions by applying a polynomial filter to each combination of input and output
feature channel, i.e.,
K
X, =33 w) AL X, (4.22)
p=1 k=0

where each wgi) ) € R is a coefficient for each p, g, k. Gama et al. (2018) similarly extend
polynomial filters to the MIMO case. Kipf et al. (2017) propose the GCN as a localized
first-order approximation of polynomial filters on graphs.

' = wAgyme, (4.23)

where w € R is the single parameter of this approach. The GCN adds self-loops to
the adjacency matrix before normalization, which we omit here for notational simplicity.
Equivalently to Bruna et al. (2014), Kipf et al. (2017) also extend the GCN to the MIMO
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Graph Convolution Polynomials Message-Passing

K
H: d et al. 2011 5 Kipf et al. 2017
SISO 0« x = Udiag(w)U "x (Femmond et o ) Oz~ E w(’“)Afyma: Kipfeta 0% x ~ wAgymT

k=0

(Equation 4.19) (Equation 4.21) (Equation 4.23)
(Brunaial, 2014) (Deﬂ’erran&t al. 2016) (Kipf e&, 2017)
d d K * d
k
Xlg= Z Opq) * Xip X!, = Z Z w(p,q)ASYmX”P X!, = Z“’(M)Asme:,p
p=1 p=1 k=0 p=1
(Equation 4.20) N (Equation 4.22) (Equation 4.24)
00 §
MIMO = Q<°Q°S\ Example 4.2
MIMO-GC LMGC
- Definition 4.4 £
O X =3 ApXWy T 0 X~ AgXW,
k=1 k=1
(Equation 4.26) (Equation 4.43)

Figure 4.4: Connection between the MIMO-GC, the LMGC and previous work on defining the
graph convolution, polynomial, and localized approximations in the SISO and the
MIMO case. Yellow parts ( ) indicate previous work, while pink parts (w) indicate
our contributions.

case by applying the approximation to each combination of input and output channel,
ie.,

d
X, = Z W(p,q) Asym X p (4.24)
p=1

for each ¢ € [c] and w(, 4 € R for all p, q. Subsequently, many other MPNNs have been
proposed as variations of the GCN (Velickovic et al. 2018; Xu, Hu, et al. 2019; Roth and
Liebig 2022b). This highlights that methods such as GCN and its modifications approxi-
mate the graph convolution in the SISO case, but are applied in the MIMO case. We will
propose an approximation that avoids this indirect route.

4.4.2 MIMO Graph Convolution

Instead of approximating the SISO graph convolution, we propose to perform the approx-
imation directly in the MIMO case. For that, we first need to define the graph convolution
in the MIMO case. Given a node representations matrix X € R™*¢, we want to perform
the graph convolution in the Fourier domain

(©xX),, = F'(F(©)1F(X)) (4.25)

based on the convolution theorem (O’Neil 1963), where [] is the node-wise multiplication
(F(@) D F(X)),. = F(O©);.; - F(X);,. Following Bruna et al. (2014), we define the
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Fourier transform F as the graph Fourier transform given by the eigenvectors of Agyp,.
The convoluted node representation matrix X’ = @ x X € R"*¢ can have ¢ € N
feature channels for every node. The filter ® € R"**? needs to contain the element-
wise mapping from d to c feature channels ©; .. € R4, Based on these definitions, we
obtain the MIMO graph convolution as follows:

Theorem 4.3 (MIMO Spectral Graph Convolution (MIMO-GC)). Let X € R"*? and
© ¢ R™**4 and the Fourier transform F(M) := U x; M be defined using mode-1
multiplication x and the eigenvector matrix U € R"*" of Agyp, € R"*" for any tensor
M € R<dxdk for any dy, ..., dy, k € N. Then,

(@ X),, = (Z A(k)XW(k)> (4.26)
k=1 1,:
=3 X; W (4.27)
j=1

T
where A(k) = U;,kU:L e Rnxn, W(k:) = (UT X1®)k,:,: c R9*¢ and W(i,j) _
(2221 Ui,kUj,kW(k))T € Rexd,

Proof. We first apply the graph Fourier transform F' to ® and X using the mode-1 mul-
tiplication and U ". For ©, we get the graph Fourier transformed filter

W= (UTx10) =UTe,, (4.28)
:’p7q
with W € R™*¢*4_and for X, we have
X=FX)=U"X. (4.29)
Based on this, we get
O+X=U (W o UTX) : (4.30)

using the inverse graph Fourier transform F~1(M) = U M for any M of suitable shape.
Similarly to the SISO graph convolution, we replace the node-wise product [] with a
matrix multiplication by diagonalizing W as the block matrix of diagonal blocks in the
matrix

(W11 0 0 Witg O 0
0 0 . 0 0
0 0 Wn,1,1 0 0 Wn,l,d
E = : : € Rrexnd (4.31)
Wici O 0 Wica O 0
0 0 o 0 0
| 0 0 Waea 0 0 Wiedl
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This form allows us to simplify the vectorized MIMO graph convolution as
vec(® x X) = (I, ® U) E vec (UTX) . (4.32)

We can further decompose E as a sum of Kronecker products as

E = Z W,..oIP (4.33)
k=1

(k)

where I,/ € R™*" contains a single one at position (k, k) and zeros at all other positions.
Substituting this decomposition in Equation (4.32), we obtain

vec(® x X)) = (Z Wi..® U;7kU:E> vee(X). (4.34)
k=1

Based on the property (A ® B) vec(C) = BC AT of the Kronecker product for matrices
A, B, C of suitable shape, we state the MIMO graph convolution in the original matrix
form as

@« X =) U UXW,/ .. (4.35)
k=1
Defining Ay = U:JygU:;C and W,y = Wk,:’: concludes the proof. O

Due to the generality of the MIMO-GC, approximations of the graph convolution applied
in the MIMO case should closely mimic the MIMO-GC. The MIMO-GC can be equivalently
expressed as applying the SISO graph convolution for every combination of input and
output feature channel, as given in Equation (4.20). Knowing the general form of the
graph convolution for multiple feature channels allows us to study its properties. These
properties can then be used to improve approximations.

The first observation is that the MIMO-GC utilizes n multiple computational graphs
A(k) € R™ ™, each being a rank-one matrix A(k) = U:JgU:—;ﬁ. Thus, each such com-
putational graph can only amplify exactly one component in the graph that corresponds
to the eigenvector U, j, of Agym. The corresponding feature transformation Wy, € Rdxe
encodes how much this component is amplified from each of the d input feature chan-
nels for each of the c output feature channels. This aligns well with our findings from
Chapter 3, particularly our definition of shared component amplification (SCA). In Defi-
nition 3.1, we have shown that a single computational graph can only amplify the same
component maximally for all feature channels jointly. Each computational graph A
is orthogonal, meaning that it also amplifies independent components in the data. By
utilizing multiple computational graphs, the MIMO-GC allows for the amplification of
arbitrary components for each feature channel independently. We formally show the
universality of the MIMO-GC to map almost any given node representations X € R™*¢
to any desirable node representation X’ € R™*¢ in the following proposition:
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Proposition 4.3. Let X € R™*4 and X’ € R™ ¢, Then, there exists a @ € R"**d gych
that
OxX=X' (4.36)

for almost every X.

Proof. We decompose X and X' as a sum of rank-one matrices, each with all columns
equal to a scaled version of an eigenvector U, j, € R"*! for all k € [n]. For X', we obtain
the decomposition

X' =Y "U. ek (4.37)
k=1

for some c(;,) € R for all k € [n]. Similarly, we use the decomposition

X =) U,d), (4.38)
k=1
for some d) € R9 for all k € [n]. Inserting this for the MIMO-GC, we obtain

OxX = Z U. 1d iy W) - (4.39)
k=1

By defining Wy, so that ¢(3) = d )W () which is possible for all d ;) # 0, we conclude
the proof. O

This confirms the universal power of the MIMO-GC to represent arbitrary such linear
functions. The second interpretation of the MIMO-GC uses the form given by Equa-
tion (4.27). For every combination of nodes ¢ and j, a distinct feature transformation
W(; ) is applied. While these feature transformations are intertwined through W),
this form highlights the benefits of applying distinct feature transformations W/ ;y for
every message between pairs of nodes. As Proposition 4.3 holds for this equivalent form,
applying distinct feature transformations improves the ability of the MIMO-GC to repre-
sent arbitrary functions and amplify distinct components between every combination of
input and output channel. For example, this form helps with understanding the benefits of
recent MPNNs that have proposed the use of edge-wise distinct feature transformations,
e.g., in neural sheaf diffusion (Hansen et al. 2020; Bodnar et al. 2022).

While obtaining the MIMO-GC is valuable for gaining a better understanding and intu-
ition for applying MPNNs in the MIMO case, the MIMO-GC will typically not be applied
directly for the same reasons that the SISO-GC is not applied. First, the graph Fourier
transform is graph-dependent, so applying a filter ® to a different graph is typically not
reasonable. In addition, the computational complexity of obtaining the graph Fourier
transform and applying it is infeasible for many graphs. The graph Fourier transform
requires obtaining all eigenvectors of Agyy, and applying n dense matrices, in addition
to applying n feature transformations Wy, which has a total runtime complexity of

On?-c-d).
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How Can We Benefit From the MIMO-GC? Instead of directly applying the MIMO-
GC, we aim to use it as a starting point to derive approximations and other methods,
similar to how the SISO-GC is utilized. Understanding existing approaches for MIMO
computation helps design novel approaches. For example, we show in the following that
any polynomial MIMO filter can be represented as a MIMO-GC with constraints on the
feature transformation matrices:

Proposition 4.4.Let X € R"*d P ¢ N, and V(p) € RI*¢ for 0 < p < P and any
d, ¢ € N. Then, there exists a filter ® € R"*¢*4 guch that

P
Y AL XV = Oy + X . (4.40)
p=0

Proof. Based on the eigendecomposition Afym = >, U. .U, J;g)\ﬁ and the definition of
the MIMO-GC, we obtain

P n P
DAL X Vi =) D UU N XV, (4.41)
p=0 k=1 p=0
By defining W(k) = 2520 /\z V(p), we obtain the form of the MIMO-GC. ]

This further confirms the expressive power of the MIMO-GC. As an example, consider the
update step from the GCN as a first-order polynomial that can be expressed as MIMO-GC
in the following form:

Example 4.1. Let X' = Agym X W for some X € R*¥d W e RY%¢. W e RI*¢ and
Agym € R forn,d, c € N. Then,

X' =Y U ULXW, (4.42)
k=1

where W) = AW and )y is the eigenvalue of Ay corresponding to eigenvector U .

As such, the GCN is equal to a MIMO-GC, which applies the same feature transformation
to all components, with the only difference being that all components are then scaled by
their respective eigenvalue of Ay, jointly across all feature channels. This also serves
as an additional intuitive explanation for the SCA phenomenon, as the components are
scaled according to the aggregation matrix Agyn,. The feature transformation cannot scale
one component more than another. This similarly holds if any other single computational
graph A was used, as the feature transformation is always jointly applied to all compo-
nents with the fixed scaling of all feature channels only depending on the spectrum of A.
For Agym, we have U. 1 = D'/2?1 which will be amplified maximally as it corresponds to
the maximal eigenvalue A; = 1 of Agyy. This leads to the well-known phenomenon of
over-smoothing (Oono et al. 2020).
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Apart from gaining a better understanding of existing approaches by relating them to
the MIMO-GC, we can also design novel methods that share similar beneficial proper-
ties to the MIMO-GC. To amplify multiple components, such as approximations of the
MIMO-GC, multiple computational graphs should be utilized. The learnable feature trans-
formations can then control which components get amplified for each feature channel.
Equivalently, we have shown that methods can employ distinct feature transformations
between all pairs of nodes. Such a formulation enables the learnable parameters to be
more effective, which in turn facilitates optimization and yields more informative node
representations.

Localized MIMO Graph Convolutions

Following Equation (4.27), the MIMO-GC applies a distinct feature transformation be-
tween any pair of nodes ¢ and j. While the MIMO-GC utilizes a fully connected graph, we
propose a localized approximation that applies a distinct feature transformation between
every connected pair of nodes. This is equivalent to utilizing multiple computational
graphs, as shown for the MIMO-GC (Theorem 4.3). Formally, we define the localized
MIMO-GC (LMGC) as follows:

Definition 4.4 (Localized MIMO Graph Convolution (LMGC)). LetG = (A, X)) bea
graph in matrix form with A € R™*" and X € R™*9, A localized MIMO graph convolution
(LMGC) is a permutation equivariant function f(A, X) € R™"*¢ of the form

(f( Z VV(Z )

JEN;
(4.43)

= > ApXWy
ke[K] i

for some K € N, where each W) € R?X¢ is a feature transformation, and the matrices

A(k) € R™™ contain scalar edge weights satisfying ([l(k)) = 0 whenever A; ; = 0.
i,

The edge-specific feature transformations are defined as W Zk 1 ( (k ) - W, for
17]
alli,j € [n].

The LMGC provides a general framework for message-passing operations that are based
on the MIMO-GC. Similar to the MIMO-GC, the LMGC is defined using multiple compu-
tational graphs A( 1) - A( K)» or equivalently, distinct feature transformations W(w)
for every edge from node J to node 7. These distinct feature transformations are linear
combinations of the feature transformations of each computational graph. The coeffi-

cients (A(k)> € R can also be interpreted as the K edge weights for the connection
0.

from node j to node i. The definition of the LMGC framework leaves the definition of
these edge weights and the number of computational graphs open. The feature transfor-
mations Wy, are typically learnable parameters. To provide a better understanding of
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this framework and its generality, we now demonstrate how several existing MPNNs are
specific instantiations of the LMGC framework. We start with the GCN (Kipf et al. 2017),
as one of the most commonly employed message-passing methods:

Example 4.2 (GCN (Kipf et al. 2017)). Let W € R?¥¢ be a feature transformation. The
function

Joen(A, X) = Agym X W (4.44)
is an LMGC with K =1, A(l) = Asym, and W(l) =W.
As K = 1 for the GCN, this method exhibits SCA as shown in Theorem 3.6 and does
not benefit from multiple computational graphs. For other message-passing methods,
it is more straightforward to see the equivalence in the node-wise aggregation form.

The SAGE convolution used within GraphSAGE (Hamilton et al. 2017) is such an ex-
ample:

Example 4.3 (SAGE (Hamilton et al. 2017)). Let V(1), V(9) € R¥*¢ be feature transforma-
tions. The function

(fsace(A, X)), = )i+ Z XV(Q) (4.45)
JEN;

= V{g), and (A(1)>M = 1 for every

is an LMGC with K = 2, W(l) = ‘/(1), W(z)

i € [n] and zero otherwise, and (A(2)>(‘ ) = di for every i € [n] and j € N; and zero
1,J v

otherwise.

The LMGC is also similar to multi-head attention, as used for the graph attention net-
work (GAT) (Velickovic et al. 2018). The softmax used to compute the attention coeffi-
cients constrains them and prevents the resulting matrices A( k) from having independent
eigenvectors that can be selectively amplified:

Example 4.4 (GAT (Velickovic et al. 2018)). Let H € N be the number of attention heads,
(i,9)

Vin € R4*¢ be feature transformations, and gy € R be attention coefficients for every
h € [H] and edge i, j € [n] with A; ; # 0. The function

(foat(4A, X)) Z Z o XJ, Vin (4.46)

he[H] jJEN;

is an LMGC with K = H, <A(k))i ' Ek’))’ and W(;,) = Vi, forall k € [K].

Any other linear message-passing step can be expressed as an equivalent LMGC, includ-
ing more complex ones like the GatedGCN (Dwivedi, Joshi, et al. 2023) or neural sheaf
diffusion (Hansen et al. 2020). The LMGC framework allows a more streamlined devel-
opment of novel MPNNSs and the analysis of their theoretical properties, as we only need
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to consider the effect of different choices used for (A( ) . We now study properties of

k)
LMGCs induced by specific choices of edge weights ([1( )> ‘
Z7j

Theoretical Properties of LMGCs

Several of our previous results already apply to specific instantiations of the LMGC. Based
on Theorem 3.6, we have shown that any LMGC with K = 1 exhibits the SCA property.
Following Theorem 4.2 and Theorem 4.1, we have shown that structurally independent
nodes can avoid SCA. We will now further study the properties of LMGCs with specific

choices for edge weights (A(k)) .

27‘7

While a linear message-passing step can be expressed as an LMGC, non-linear feature
transformations cannot be represented by the framework. However, such transforma-
tions are utilized within the graph isomorphism network (GIN) to allow for the injectivity
of each message-passing step. This is a key property of message-passing to distinguish
the same set of non-isomorphic graphs as the Weisfeiler-Leman (WL) test (Weisfeiler et
al. 1968; Xu, Hu, et al. 2019; Morris, Ritzert, et al. 2019). While the GIN cannot be repre-
sented as an LMGC, we now show that the LMGC is sufficient for allowing injectivity in
message-passing:

Proposition 4.5 (Injectivity). Let X C R be a countable set and K € N-(. Consider
the LMGC function

fleaXi)= > Wu (4.47)

a:(J)GX

where &; C X is a finite multiset and W Z el al (Z ] W) with scalar coefficients

E )]) € R and matrices W) € Raxe, Then f ( ,Xi) is injective with respect to the

pair (:c( )s ) for a.e. choice of coefficients ag )) and W(y,).

Proof. To prove injectivity, we need to show that

f (@), &) = (2, 4,) #0 (4.48)
for any x(;), x(,) € X and &;, &), C X with x(;) # () or X; # A},

Substituting the definition of f, we get

K
Z Z“%) (k)E(j) — Z Za Wiz #0. (4.49)

:I:(j)EXi k=1 :I:(q>EX k=1

This can be rewritten as a linear combination of the feature transformations W,y:

K
Z W(k) Z a :B(j Z aEI;’)q):c(q) 75 0. (4.50)
k=1

ONR T(q)€Xp
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Based on the a.e. constraint on the feature transformations W(k), this is zero if and only
if the weighted sums are zero simultaneously. As such, we require

(k) (k)
Z a(iaj)w(j)i Z a(p,q)w(‘I)#O (4-51)

T (j)€X; T () EXp

for at least one k € [K]. This is zero only on a set of measure zero. Hence, for a.e. choice

of coefficients {agi)j)}, we have f(z(;), Xi) — f(x(), &p) # 0. O

This injectivity result is very similar to the injectivity of the GIN (Xu, Hu, et al. 2019).
Proposition 4.5 confirms that linear MPNNs are sufficient to allow for injectivity in
message-passing. Thus, such an LMGC achieves the same expressive power for distin-
guishing non-isomorphic graphs as the WL test (Weisfeiler et al. 1968), which is maximal
for any MPNN (Xu, Hu, et al. 2019; Morris, Ritzert, et al. 2019). This is already achievable
with a single computational graph. Based on the proof, the representation resulting from
each computational graph is injective. With multiple computational graphs, we show that
their combination yields linearly independent representations. This allows an LMGC to
avoid SCA and amplify distinct components across feature channels:

Theorem 4.4 (Linear Independence). Let X C R? be a countable set and K € N.
Consider the LMGC function

f(w(i%)(i) = Z W(Lj)w(j)a (4.52)

ORLE

where X; C X is a finite multiset and VNV(i’ 5= Zle agf)j)W(k) with scalar coefficients

agi)j) € R and matrices W(;,) € R%*¢. Suppose (x @3y, X;) and (@), X)) satisfy z(;) #

x(p) or X; # m - X) for any m € N Then, f (:B(i), Xi) and f (a:(p), Xp) are linearly
independent for a.e. choice of coefficients agf)j) and W ().
Proof. To prove linear independence, we need to show that
f (:B(Z), XZ) —b- f (m(p), Xp) 75 0 (4.53)
for any b € R. Following the proof of Proposition 4.5, this is equal to
S (k) (k)
Z W(k) Z a(i’j)m(j) —b- Z a(p,q)a:(q) 75 0. (4.54)
k=1 m(j)EXl' m(q)GXp
This is satisfied for a.e. W if and only if
(k) (k)
Z a;HLG) ~ b- Z ) Z (@) #0. (4.55)

w(j)GXi w(q)GXp
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for at least one & € [K]. For the case that not all ;) € &; and x ;) € A), are linearly
dependent, this holds for all & € [K] for a.e. coefficients agk)). For the case that all

4,3
x(j) € X; and x () &), are linearly dependent and K = 1, (x(;), ;) and f (:E(p), X,) will
be linearly dependent, and b can be chosen accordingly. However, each computational

graph requires a different b for a.e. choice of coefficients. Hence, for K > 1 we have

[ (@), X) —b- f (2(),Xp) # 0 forany b € R. 0

This finding shows that LMGCs avoid SCA for a.e. choice of feature transformations and
edge weights for K > 1. This enables the LMGC to yield more similar adjacent node
representations across some of the feature channels, while simultaneously allowing for
less similar features in other channels. This connection also highlights the close connec-
tions between improving the expressive power of an MPNN and solving the underlying
phenomena behind over-smoothing and rank collapse. It also highlights the connection
between SCA and the structural expressivity of the WL test. As linear independence sub-
sumes injectivity, avoiding SCA and over-smoothing with such an LMGC also results in
a method that is maximally expressive for message-passing methods in distinguishing
non-isomorphic graphs. While the linear independence requires X; # m - X}, for any
m, injectivity is still ensured for this case. Thus, in the second iteration, we will have
T(;) # T(p), resulting in linearly independent node representations. Linear indepen-
dence further improves the optimization process, as it allows the feature transformations
to control the amplification of components for each feature channel individually.

Each a&f; ) in Proposition 4.5 and Theorem 4.4 can be independently obtained, e.g., by a
function a&’)]) = ¢ (m(i), ac(j) € R of the node representations x(;) and ;. Given the
measure-zero set for coefficients a&’)] ) for which injectivity and linear independence are
not given, many functions ¢, can be defined that avoid this measure-zero set for the edge
weights as their output. Neural networks and MLPs specifically can then be designed
to represent or approximate such functions. However, the methods presented as exam-
ples above do not satisfy this condition. Due to the softmax applied within attention-
based methods like GAT (Velickovic et al. 2018) and GATv2(Brody et al. 2022), the co-
efficients form a measure-zero set. The averaging prevents such methods from distin-
guishing multisets with different multiplicities (Xu, Hu, et al. 2019), e.g., X,y = {{z}}
and X(y) = {{z,z}} for any * € X. Other methods were proposed that utilize the
tanh activation function for coefficients, which generally allows such methods to avoid

measure-zZero subspaces.

Further properties of LMGCs can be similarly studied by considering the effect of coef-

ficients (A(k)> g’ To provide an example that follows the definition of the LMGC and
Z7J
can satisfy Proposition 4.5 and Theorem 4.4, we introduce the following instantiation of

the LMGC framework.
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Table 4.1: Results of the MRS framework applied to the GCN and the ZINC12k dataset. Training
and testing mean absolute error (MAE) are independently obtained using separate hy-
perparameter optimizations for the learning rate and number of iterations. Step time
refers to the runtime for one optimization step in milliseconds (ms). Average results
over three random seeds are reported.

Method Step Time . ZINCIZk (MAE) '

(ms) Training Testing
GCN 434+0.1 0.0514+0.002 0.404£0.011
MRS-GCNpj4 (random)  5.7+£0.1  0.006 £0.001 0.623 £ 0.003
MRS-GCNpy (Features) 5.8+ 0.4 0.011+£0.003 0.390 £ 0.004
MRS-GCNp, (PPR) 6.8+ 0.4 0.010+0.002 0.358 = 0.006
MRS-GCNpa (Degree) 58+0.2 0.003+0.001 0.318 +0.031

Defining an LMGC

Based on the definition of LMGCs in Definition 4.4, we only need to select the number

of computational graphs K and the method to obtain edge weights </~1(k)>(' ) for all
zhj
k € [K] and all edges. Following Proposition 4.5 and Theorem 4.4, we apply a neural

network based on the node representations of the adjacent nodes for each edge. We
define the coefficients similar to GATv2 while applying a tanh activation function as the
last operation, as in FAGCN (Bo et al. 2021) and GGCN (Yan et al. 2022):

(A(m)(u]) =09 (Ul (Xz,W(l)H N HXZ,W(K)HXJ,W(l)H “ e HX],W(K)) ’U(k))

(4.56)
where || is the concatention operator, o is the LeakyReLU activation function, o is the
tanh activation function, W(y),..., W € R?*¢ are the feature transformations of the

LMGC, and X; ., X;. € R1*4 are the i-th and j-th row of X, respectively, and V() €
R% K¢ s a vector of learnable parameters that is distinct per computational graph. While
this construction of the edge weights is designed as a combination of previous methods,
future work can further study which functions ¢, are best suited to satisfy the properties

required in Proposition 4.5 and Theorem 4.4.

Evaluation

We now evaluate the MRS framework and the LMGC framework, both of which propose
multiple computational graphs but follow different derivations. In Section 4.5.1, we apply
the MRS framework to established MPNNs and compare their empirical performance. In
Section 4.5.2, we compare the performance of the LMGC derived from the MIMO-GC with
several existing MPNNs.
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Figure 4.5: Rank-one

Number of layers

distance (ROD)
Cora (McCallum et al. 2000) after
up to 128 iterations of the GCN,
SAGE, and their respective MRS
versions. Average values over 50
random parameter initializations
are displayed.

Number of steps

on Figure 4.6: Training error during optimization

when applying the MRS frame-
work for the ZINC dataset using
the methods GCN, SAGE, GIN, and
their respective MRS versions. The
learning rate and the number of it-
erations are tuned for each method.

Mean values over three random ini-
tializations.

4.5.1 The MRS Framework

Starting with the evaluation of the MRS framework, we empirically study the effect of
applying this method to several MPNNs across various tasks. Specifically, we study the
benefits of MRS on optimization and then use it on a set of benchmark tasks. This set
of experiments is based on Roth, Bause, et al. (2024). Our reproducible code is publicly
available 3 .

More Effective Parameters

Based on our insights from Section 4.3.1, the MRS framework enables more effective fea-
ture transformations and learnable parameters, resulting in improved optimization. We
conduct several experiments and ablations using the ZINC dataset (Sterling et al. 2015).
It consists of around 250 000 graphs, for which each node corresponds to an atom and
the edges describe bonds between them. ZINC is a graph-level regression task, where
the task is to predict the constrained solubility of each molecule represented as a graph.
In addition, we use ZINC12k, a subset consisting of 12 000 graphs as a computationally
less consuming alternative, as proposed by Dwivedi, Joshi, et al. (2023). We use the ex-
perimental setup and implementation given by Dwivedi, Rampasek, et al. (2022) and the
improvements proposed by Toénshoff et al. (2024). Following their experimental setup,
each method utilizes at most 500 000 learnable parameters, and AdamW (Loshchilov et
al. 2019) is employed as the optimizer. All experiments are repeated three times using
random seeds, and the average and standard deviation of the results are presented.

*https ://github.com/roth-andreas/splitting-computational-graphs
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Table 4.2: Results on ZINC for applying the MRS framework to the five methods GCN (Kipf et al.
2017), SAGE (Hamilton et al. 2017), GAT (Velickovic et al. 2018), GIN (Xu, Hu, et al.
2019), GatedGCN (Dwivedi, Joshi, et al. 2023). Training and testing are obtained using
independent hyperparameter optimization of the number of iterations and the learning
rate. Results are averaged over three random initializations. Pairwise best results in

bold.
Numer of iterations . .ZINC (MAE) .
Training Testing

GCN 0.053 +£0.001 0.155 £ 0.003
MRS-GCNpa 0.023 = 0.000 0.134 £+ 0.001
SAGE 0.039 £0.001 0.123 £ 0.002
MRS-SAGEpa 0.022 +£0.000 0.106 £ 0.002
GAT 0.049 £ 0.002 0.149 £+ 0.001
MRS-GATpa 0.026 +0.001 0.128 £ 0.000
GIN 0.058 £0.001 0.123 £ 0.004
MRS-GINpa 0.026 = 0.000 0.106 £ 0.004
GatedGCN 0.051 +£0.002 0.099 £0.011
MRS-GatedGCNps  0.011 + 0.003  0.088 £+ 0.004

The Effect of Different Partial Orderings Following Section 4.3.2, we convert an
MPNN into an MRS-MPNN by defining a strict partial ordering, leading to three directed
acyclic relations. Here, we consider four different strict partial orderings and study their
effectiveness. To show that any ordering improves the optimization, we first employ a
random ordering. However, messages exchanged for each relation do not exhibit any
similarity, which can hurt generalization. Second, we evaluate a feature-based approach
where all initial features are summed. Third, we use personalized PageRank (Page et
al. 1999) as a node centrality measure. Lastly, we use the node degree as a simple and
efficient ordering. We apply and compare all splits to the GCN, referring to our methods
as MRS-GCNpa. While these are relatively simple orderings, we aim to show the benefit
of splitting the edges in general. For each method, the learning rate and the number of
layers are tuned.

Results are presented in Table 4.1. We observe that all MRS versions achieve a signifi-
cantly reduced training loss, by up to 94% for the node degree-based splitting. Even the
random split achieves a similarly low training loss. This provides further evidence that
any split leads to improvements in optimization. The generalization is also improved for
all methods, except the random split. As there are no similarities between the edges in a
random relation, the generalization performance is not improved. The node degree also
achieves the lowest testing loss, reducing the error by 21% compared to the GCN. The
runtime is slightly higher for all MRS methods, with the degree MRS resulting in 5.8 mil-
liseconds, compared to 4.3 milliseconds for each optimization step of the GCN. Based on

112



4.5 Evaluation

Table 4.3: Ablation study on ZINC12k for combining the MRS framework with residual connec-
tions (+ Res), jumping knowledge (Xu, C. Li, et al. 2018) (+ JK), and Laplacian positional
encoding (Dwivedi, Joshi, et al. 2023) (+ LapPE). The number of iterations indicates the
number of message-passing iterations applied. The learning rate is tuned for each en-
try independently. The mean average error (MAE) over three random initializations is
reported. Pairwise best results in bold.

Method 1 2 4 8 16 32

GCN 0.591 0.493 0.421 0.404 0.417 0.440
MRS-GCNpa 0.525 0445 0.343 0.318 0.318 0.338
GCN + Res 0.567 0471 0.427 0.403 0.370 0.336
MRS-GCNpj + Res 0.508 0.402 0.295 0.257 0.252 0.250
GCN + JK 0.588 0.496 0.424 0.409 0.413 0.435
MRS-GCNpy + JK 0.526 0.442 0.324 0.303 0.311 0.304
GCN + LapPE 0.498 0.437 0.392 0.367 0.383 0.444

MRS-GCNpyp + LapPE  0.441 0.363 0.292 0.272 0.297 0.317

these initial results, we will use the node degree as a strict partial ordering for all other
experiments.

Preventing Rank Collapse As the goal of employing multiple computational graphs
was to prevent rank collapse by dealing with SCA as one of its underlying phenomena,
we now evaluate the ability of the MRS framework to prevent rank collapse. Following
Definition 3.6 of the rank-one distance (ROD) as a metric to quantify the distance of rep-
resentations to any rank-one matrix, we now measure ROD for the GCN and SAGE as
two methods known to exhibit rank collapse and their respective MRS versions. Using a
random graph from the ZINC dataset, we apply the respective message-passing methods
interleaved with a ReLU activation function for 128 iterations. We compute ROD after
each iteration. We present average results across 50 graphs in Figure 4.5. While the ROD
decreases quickly for the GCN and SAGE, it remains constant for MRS-GCN and MRS-
SAGE across all iterations. This provides further evidence that preventing SCA also deals
with rank collapse and over-smoothing.

MRS Applied to Various MPNNs To gain a better understanding of the impact of the
MRS framework on message-passing, we now present results where we applied MRS to
various established MPNNs. We consider the GCN (Kipf et al. 2017), SAGE (Hamilton et
al. 2017), GAT (Velickovic et al. 2018), GIN (Xu, Hu, et al. 2019), and GatedGCN (Dwivedi,
Joshi, et al. 2023). For all methods, we optimize the learning rate and number of message-
passing iterations. We present results for these methods and their respective MRS ver-
sions in Table 4.2. The lowest achieved training loss is significantly reduced for all MRS
versions, confirming the benefits of optimizing our MRS-MPNNs. The testing loss is also

113



4 Preventing Shared Component Amplification With Multiple Computational Graphs

Table 4.4: Results on applying the MRS framework to the Dir-GNN (Rossi et al. 2023) for five
directed heterophilic benchmark graphs. Equivalent to the Dir-GNN, SAGE is used for
Roman-Empire, while the GCN is used for all other tasks. Reported values are the mean
and standard deviation over five runs. Best results in bold, second-best underlined.

Method Squirrel Chameleon Arxiv-year Snap-patents  Roman-Empire
MLP 28.77£1.56 46.21+2.99 36.70+0.21 31.34+£0.05 64.94+0.62
GCN 53.43+2.01 64.82+224 46.02+0.26 51.02+£0.06 73.69+0.74
H_2GCN 37.90£2.02 59.39+1.98 49.09+0.10 OOM 60.11 £ 0.52
GPR-GNN 54.35+£0.87 62.85+2.90 45.07+0.21 40.19+£0.03 64.85+£0.27
LINKX 61.81+1.80 68.42+1.38 56.00+£0.17 61.95+£0.12 37.55+0.36
FSGNN 74.10+1.89 78.27+£1.28 50.47+0.21 65.07+£0.03 79.92+0.56
ACM-GCN 67.40 £2.21 7476 £2.20 47.37+0.59 55.14£0.16 69.66 + 0.62
GloGNN 57.88+1.76 71.21+1.84 54.79+0.25 62.09=£0.27 59.63+0.69
Grad. Gating 64.26 £2.38 71.40+2.38 63.30+1.84 69.50+£0.39 82.16+£0.78
DiGCN 37.74+1.54 52.24+3.65 OOM OOM 52.71 +£0.32
MagNet 39.01£1.93 58.22+287 60.29+0.27 OOM 88.07 £ 0.27
Dir-GNN 75.31+1.92 79.71+£1.26 64.08+0.30 73.954+0.05 91.234+0.32
MRS-Dir-GNNps  76.01+1.90 80.17+1.88 66.03+£0.20 74.72+£0.05 91.87 £0.42

improved in all cases, though not as significantly. This indicates that the identified opti-
mization benefits can also lead to improvements in generalization. In Figure 4.6, we also
visualize the training loss during optimization for the GCN, SAGE, GIN, and their respec-
tive MRS versions. It confirms that optimization is improved, as the loss is reduced more
quickly, leading it to converge to a lower final value.

In addition to these message-passing methods, MPNNs typically combine these methods
with other approaches like residual connections (K. He et al. 2016; M. Chen et al. 2020),
jumping knowledge (Xu, C. Li, et al. 2018), or Laplacian positional encoding (Dwivedi,
Joshi, et al. 2023). We present results for combining these methods with the GCN and the
MRS-GCN in Table 4.3, which includes detailed results for various numbers of iterations in
{1,2,4,8,16,32}. In all cases, the MRS-GCN achieves better results. Crucially, as studied
with SCA, improvements are already significant after a single message-passing iteration.
The best result for the MRS-GCN is achieved in combination with residual connections
and 32 message-passing iterations. While for the other methods, 32 iterations do not
achieve the lowest testing error, this suggests potential for future work to investigate
vanishing gradient issues.

The MRS framework and State-of-the-art methods

With these promising results, we now also apply the MRS framework to state-of-the-
art methods for complex tasks. We consider the set of large-scale directed heterophilic
benchmark graphs based on the implementation of Rossi et al. (2023). These datasets
are the Squirrel and Chameleon graphs (Pei et al. 2020), the arxiv-year and snap-patents
graphs (Lim et al. 2021), and the roman-empire graph (Platonov et al. 2023). With Dir-

114



4.5 Evaluation

Method MSE
GATv2 0.12 4+ 0.04
FAGCN 0.68 £+ 0.02
ACM 0.49 4+ 0.02
GIN 0.08 +£0.03

LMGC 25-10"2+86-10"11

Table 4.5: Minimal training mean squared error (MSE) for the universality task. Given random
representations X and X’ for a random ER-graph, a single iteration of each of the
considered methods is applied to X . The MSE between the output and X’ is minimized
for 4000 optimization steps. The average and standard deviation are shown over three
random seeds. The best result is in bold, the second-best underlined.

ZINC
Method Train Test Time per Epoch (s)
GATv2z  0.077+0.001 0.114 £+ 0.004 52.7£0.0
FAGCN  0.093 £0.008 0.130 £+ 0.003 529=+1.1
ACM 0.109 £ 0.003 0.128 £ 0.001 73.1+0.9
GIN 0.068 4+ 0.001  0.088 + 0.002 355+1.0
LMGC  0.054 £0.001 0.080 =+ 0.001 47.5+£0.5

Table 4.6: Mean absolute error (MAE) results on the ZINC dataset. Each method uses at most
100000 learnable parameters. Training and testing MAE are obtained using indepen-
dent hyperparameter optimizations. Time per epoch is in seconds (s). Best results in
bold, second-best underlined.

GNN (Rossi et al. 2023) having achieved state-of-the-art results for these datasets by us-
ing the graph with reverse edges as a second computational graph, we now apply the
MRS framework to this method to study its effectiveness for more complex methods.
Dir-GNN applies Dir-GCN to squirrel, chameleon, arxiv-year, and snap-patents, and Dir-
SAGE to roman-empire. We use the equivalent MRS version for each of these datasets.
Following their experimental setup, we use ten fixed splits for squirrel, chameleon, and
roman-empire, and five fixed splits for arxiv-year and snap-patents. Following their hy-
perparameters, we also optimize the learning rate, number of iterations, and dropout
ratio using a grid search. We also provide baseline comparisons for ten state-of-the-art
methods.

We present average results in Table 4.4. The MRS-Dir-GNN consistently improves results
for all tasks. We observe that the differences in results are more significant for the two
larger graphs (arxiv-year and snap-patents), aligning with our previous findings that more
complex functions can be represented. For squirrel, chameleon, and roman-empire, the
other methods already achieve a low training error, leaving less potential for improved
capabilities.
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ZINC12k
Method Train Test Time per Epoch (s)
GATv2  0.005+0.003 0.377 +0.024 2.5£0.1
FAGCN 0.016 £ 0.006  0.365 £ 0.018 2.5+0.0
ACM 0.019 £ 0.005 0.278 £ 0.006 3.4£0.0
GIN 0.018 £0.009 0.272 £ 0.009 1.7 £ 0.0
LMGC  0.002 +0.001 0.241+ 0.018 244+0.3

Table 4.7: Mean absolute error (MAE) results on the ZINC12k dataset. Each method uses at most
100000 learnable parameters. Training and testing MAE are obtained using indepen-
dent hyperparameter optimizations. Time per epoch is in seconds (s). Best results in

bold, second-best underlined.

Method Basic +LapPE  + Jumping Knowledge + Residual + All three
GATv2  0.377+0.024 0.341 £0.040 0.388 £0.017 0.3114+0.016 0.294+£0.019
FAGCN  0.365+0.018 0.349 £ 0.038 0.352+0.042 0.289+0.019 0.232+£0.012
ACM 0.278 £0.006 0.281 +0.019 0.288 £0.008 0.266 4+ 0.017  0.238 £ 0.006
GIN 0.2724+0.009 0.259 £ 0.012 0.267 +0.020 0.240 £0.005 0.228 £+ 0.014
LMGC  0.241+0.018 0.234 + 0.009 0.233 +£0.019 0.215+0.006 0.203 £ 0.004

Table 4.8: Mean absolute error (MAE) results on the ZINC12k dataset. Each method is combined
with Laplacian positional encoding (+ LapPE) (Dwivedi, Joshi, et al. 2023), jumping
knowledge (Xu, C. Li, et al. 2018), residual connections (K. He et al. 2016), and a com-
bination of these three modifications. At most 100 000 learnable parameters are used.
Each result is obtained using an independent hyperparameter optimization. Best re-
sults in bold, second-best underlined.

4.5.2 The LMGC Framework

As the second approach to obtain multiple computational graphs, we now evaluate the
benefits of the LMGC framework. As described in Proposition 4.5, the LMGC can be
constructed to be injective on multisets, as GIN (Xu, Hu, et al. 2019), while also being able
to adaptively filter incoming messages similar to the attention-based message-passing
methods (Velickovic et al. 2018; Brody et al. 2022). At the same time, the LMGC also
allows for negative edge weights as in FAGCN (Bo et al. 2021), which can act as a high-
pass filter. The LMGC also prevents SCA as shown in Theorem 4.4, leading to more
informative node representations and improved optimization. We consider graph-level
and node-level tasks to confirm these properties. These experiments are based on Roth
and Liebig (2025). Our reproducible implementation is publicly available * .

*https://github.com/roth-andreas/mimo-graph-convolutions
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Method Texas Cornell Wisconsin Film Chameleon Squirrel

GATv2 716+10 66.1+0.6 79.1+£2.0 35.1+02 47.14+03 351+£0.2
FAGCN 735+18 681+19 802+18 36.0+03 469+0.5 34.6=+0.3
ACM 72.3+04 651+0.7 7424+09 358£03 455+09 345=£0.1
GIN 70.5+1.1 66.1+1.0 79.0+£06 341+£03 46.1+04 346=+0.5
LMGC 742+22 689+22 814+11 363+04 498+0.8 359=+0.5

Table 4.9: Obtained testing accuracies on six heterophilic node classification tasks. An indepen-
dent hyperparameter optimization is performed for each entry. Each method uses at
most 100 000 learnable parameters. Best results in bold, second-best underlined.

Evaluated Methods

Based on our identified benefits of the LMGC, we compare it with the following four
established and related methods.

GIN GIN (Xu, Hu, et al. 2019) ensures injectivity on multisets by applying a multi-layer
perceptron on the multisets of node representations. GIN is maximally expressive for
MPNNSs and equivalent to the expressive power of the WL test. While this property is
similar to Proposition 4.5, GIN cannot be represented by an LMGC due to its non-linear
feature transformation. We evaluate a standard version of the GIN that utilizes a two-
layer MLP with ReLU activations after aggregation.

GATv2 As one effective attention-based message-passing operation, GATv2 (Brody et
al. 2022) uses learnable attention coefficients as edge weights. With these, GATv2 can
weight the importance of incoming messages adaptively. It utilizes H attention heads. It
is equivalent to an LMGC with K = H computational graphs and coeflicients

<A(k)>z,] = 09 (01 (Xz,W(k) + Xj7;W(k)) U(k)) (4.57)

where W3,y € R are the feature transformations, v € R®is a vector, o1 is the
LeakyReLU activation function and o3 is a node and head-wise softmax activation. To
ensure fairness, we employ K = 4 computational graphs for GATv2 and our LMGC
instantiation.

ACM As one method that has been proposed to utilize multiple computational graphs,
we evaluate the adaptive-channel mixing (ACM) method (Luan et al. 2022). They propose
to use a normalized adjacency matrix to amplify low-frequency components, a normal-
ized graph Laplacian to amplify high-frequency components, and a residual connection
as three computational graphs. Expressed in the LMGC framework this corresponds to
setting K = 3 and selecting the matrices of coefficients as A = Agm, AP = Ly
and A®) = I,,. To ensure fairness, we only use the third computational graph when we
use residual connections for all methods.
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FAGCN The frequency adaptation GCN (FAGCN) (Bo et al. 2021) allows for negative
edge weights, which can act as a high-pass filter. Nodes with a negative edge weight can
result in more distant representations after aggregation. This method was specifically de-
signed for heterophilic graphs, where high-frequency components are beneficial. Stated
in the LMGC framework, this corresponds to setting K = 1 and defining the coefficients
as

A= (X5, 1 X5,:]v) (4.58)

(4,5) \/@\/@

where v € R?? is a vector of learnable parameters, o is the tanh activation function and
d;,d; are the degrees of nodes 7 and j, respectively.

Universality

Based on Proposition 4.3, the MIMO-GC can represent any function that maps almost
any node representation matrix X to any other node representation matrix X’. To eval-
uate the ability of our considered MPNNSs to represent such a mapping, we empirically
evaluate their capacity to fit such a function. Given a random Erdés—Rényi graph (Erdés
et al. 1959) with n nodes, we sample X € R4 and X’ € R™"*? element-wise from a
standard normal distribution. We apply a single message-passing iteration, and minimize
the mean-squared error (MSE) between the output and X’ for 4000 optimization steps
using the Adam optimizer. We consider n = 16 nodes, an edge probability of p = 10%, a
feature dimension of d = 16, and tune the learning rate in {0.03,0.01,0.003}.

We present average results over three random seeds in Table 4.5. While GIN achieves
the lowest optimization error of the four baselines with 0.08, the LMGC achieves a sig-
nificantly reduced error of 25 - 10~°. This provides further evidence of the optimization
benefits of multiple computational graphs.

Graph Regression

Now, we evaluate the considered methods for graph-level tasks. As in Section 4.5.1,
we consider the ZINC (Sterling et al. 2015) and ZINC12k dataset as a subset of 12000
graphs (Dwivedi, Joshi, et al. 2023). For these tasks, the maximal expressivity of GIN
allows it to achieve strong results. Based on Proposition 4.5, the LMGC is theoretically
able to match this expressive power. As in Section 4.5.1, we use the implementation of
Tonshoff et al. (2024) based on the Long Range Graph Benchmark (Dwivedi, Rampasek,
et al. 2022). For all five methods, we perform the same hyperparameter optimization on
the number of iterations in {6, 8, 10} and the learning rate in {0.001,0.0003,0.0001} as
proposed by Tonshoff et al. (2024). Each combination is repeated for four random seeds.
Each model uses at most 100 000 parameters.

Results for ZINC and ZINC12k are presented in Table 4.6 and Table 4.7, respectively.
The LMGC achieves the best results for training and testing sets, with the GIN achieving
roughly 10% lower scores, and all other methods significantly worse due to their lower
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expressivity. An epoch for ZINC takes GIN 35.5 seconds while the LMGC takes 47.5
seconds, which is slightly faster compared to GATv2.

We present an additional ablation study for ZINC12k in Table 4.8. We combine all meth-
ods with Laplacian positional encoding (Kreuzer et al. 2021), jumping knowledge (Xu, C.
Li, et al. 2018), and residual connections (K. He et al. 2016), and a combination of all three
of these methods. The LMGC also achieves the lowest testing errors for all these combina-
tions. These results provide further evidence that the LMGC can match the expressivity
of GIN.

Node Classification

For node-level tasks, the ability of attention-based methods to filter information and the
ability of the FAGCN and ACM to amplify high-frequency components are essential. We
consider the six heterophilic graph benchmark datasets Texas, Cornell, Wisconsin, Film,
Chameleon, and Squirrel, with ten data splits, as proposed by Pei et al. (2020). We inte-
grate our considered methods into the implementation provided by Rusch, B. P. Cham-
berlain, et al. (2023). Each model uses at most 100 000 parameters. The learning rate is
tuned in {0.01,0.003,0.001} and dropout ratio in {0.0,0.25,0.5} using a grid search.
For the selected hyperparameters for each method, all ten splits are rerun five times, and
the average results are presented.

These average results are presented in Table 4.9. While the LMGC achieves the best
results for all considered tasks, the differences here are less significant. These datasets
are challenging due to their heterophilic nature but are relatively small-scale. Due to the
beneficial optimization properties of the LMGC, results for larger datasets are expected
to improve even further.
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5.1

Preventing Component Dominance
Based on Personalized PageRank

Many message-passing neural networks (MPNNs) tend to achieve worse performance across
various tasks when the number of message-passing iterations is increased. We identified
component dominance (CD) as one of multiple related phenomena, referring to a single com-
ponent of the initial representations getting dominantly amplified. This leads to a loss of
all other information, and node representations become increasingly independent of the ini-
tial features. In this chapter, we establish the connection between CD and the PageRank
algorithm. As personalized PageRank was proposed as a solution for a similar shortcom-
ing of PageRank, we adapt these modifications for MPNNs. This results in the personal-
ized PageRank graph neural network (PPRGNN), a method that allows for infinitely many
message-passing iterations, while maintaining information from the initial representations.
We propose an efficient method for performing a fixed-point iteration with an absolute stop-
ping criterion to obtain the solution. This approach further improves our understanding of
the CD phenomenon in MPNNs and provides an effective solution for it.

Introduction

When processing graph-structured data, relevant information often needs to be combined
from distant, non-adjacent nodes (Stachenfeld et al. 2021; Rampasek and Wolf 2021; Alon
et al. 2021; Freitas et al. 2021; Dwivedi, Rampasek, et al. 2022). Message-passing neural
networks (MPNNs), a widely used framework for such tasks, iteratively aggregate the
representations of the neighbors of each node. Due to their localized nature, [ message-
passing iterations capture information only from the /-hop neighborhood of each node.
As such, multiple iterations need to be performed to combine distant information. Ad-
ditionally, non-linear activation functions are typically applied only after each message-
passing iteration. Therefore, more iterations allow the extraction of more complex node
representations. At the same time, the resulting representations should preserve infor-
mation about the local neighborhood of each node and its initial features.

However, the performance of many MPNNs has been found to degrade when more
message-passing iterations are applied. In the literature, over-smoothing is frequently
mentioned as a phenomenon related to this performance degradation (Q. Li et al. 2018;
Oono et al. 2020). Our theoretical study in Chapter 3 revealed that many MPNNs exhibit
shared component amplification (SCA) (Definition 3.1) and component dominance (CD)
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(Definition 3.2), two properties that underlie over-smoothing and rank collapse. In Chap-
ter 4, we extensively studied the design of MPNNs that avoid SCA and demonstrated their
effectiveness in representing more complex functions.

In this chapter, we focus on designing methods that mitigate CD in MPNNs. Specifically,
we relate CD to the PageRank algorithm (Page et al. 1999), where a similar phenomenon
has been identified. This connection to a well-established algorithm with rich theoretical
foundations provides a better understanding and intuition for CD in MPNNSs. It allows the
design of novel MPNNSs inspired by modifications proposed for PageRank. To address this
issue in PageRank, the personalized PageRank (PPR) (Page et al. 1999) modification was
proposed, which avoids this property. We adapt this principle to MPNNs by combining
the result of message-passing iterations with the initial node features. We guarantee
convergence of node representations to a steady state by using the geometric series of the
exponential function. This allows the use of infinitely many message-passing iterations,
while ensuring convergence and that the initial node representations affect the final node
representations. We introduce an efficient fixed-point iteration scheme with an absolute
stopping criterion for computing the final node representations. This chapter is based on
Roth and Liebig (2022b).

Related Work

We now review relevant work on dealing with CD and the connection between MPNNs
and PageRank. In Section 5.2.1, we introduce the PageRank algorithm and personalized
PageRank (PPR) as a modification, which forms the basis of our approach. We then pro-
vide an overview of related graph neural network methods.

PageRank and Personalized PageRank

PageRank (Page et al. 1999) was initially proposed as an algorithm to quantify the impor-
tance of web pages. The key idea of PageRank is to assign higher scores to web pages
linked to by many other relevant web pages, and a lower score otherwise. In PageRank,
the set of n web pages is modeled as a directed graph, where each node represents a web
page and each edge corresponds to a link from one web page to another. PageRank uti-
lizes the column-stochastic normalized adjacency matrix A, = AD™! € R, where
A € {0,1} is the adjacency matrix indicating links, and D € R™*" is the diagonal out-
degree matrix. For a simplified version of PageRank, the relevance scores are given by
the fixed point of

r=ALT, (5.1)

where € R" is the vector containing the relevance scores. This solution exists as A,
has a leading eigenvalue A\; = 1 with strictly greater magnitude than all other eigenval-
ues, and 7 is a corresponding eigenvector of Ay, (Page et al. 1999). Although 7 can be
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computed in closed form, it is commonly obtained efficiently via power iteration using
the iterative update step

rk) = Aprr(kfl) , (5.2)

initialized with some 7(®©) € R". As k — 00, rk) converges to a scaled version of r,
ie., limy_o 7™ = ¢ - 7 for some scalar ¢ € R depending on r(©). As a well-established
algorithm, PageRank has a rich theoretical foundation, many adaptations, and intuitive
interpretations. A common view is the probabilistic interpretation, also called the ran-
dom surfer model (Page et al. 1999). A, represents a stochastic transition matrix on the
graph with uniform transition probabilities over outgoing edges from each node. In this
interpretation, a surfer randomly clicks links on each webpage. When repeatedly clicking
on random links, the PageRank scores correspond to the probability of being at a given
web page. With an increased number of clicks or iterations, these probabilities become
increasingly independent of the initial web page. The matrix Ay, can also be viewed as
a random walk matrix, where k denotes the length of the random walk. For almost ev-
ery initial distribution 7(*), PageRank results in the same stationary distribution . Thus,
this version of PageRank does not allow a prior distribution 7(°) to influence the resulting
scores. To address this limitation, Page et al. (1999) also introduced the PPR algorithm,
which introduces a restart probability o € (0, 1). The relevance scores are equal to the
fixed point of the equation

s=(1-a)-Aps+a- r) (5.3)

where s € R” is the vector of resulting scores. The parameter « is interpreted as the
probability of restarting the random walk, often referred to as a teleportation probability.
As aresult, s is a combination of random walks of different lengths, each starting with the
initial distribution r(?). This becomes more intuitive when reformulating Equation 5.3 as
a truncated geometric series applied to vector 7(0), ie.,

k
s® =Y a-(1-a)i- Air©. (5.4)
1=0

The i-th term corresponds to a random walk of length i. As with PageRank, PPR con-
verges when taking the limit of infinitely many iterations, i.e., limy_, s(k) = 5. Since
0 < 1 — a < 1, the contribution of longer random walks diminishes, ensuring conver-
gence.

Personalized PageRank for Graph Neural Networks

We identified two primary approaches at the intersection of PPR and message passing
in graph neural networks (GNNs). We will now provide details about these proposed
methods.
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APPNP.

Klicpera et al. (2019) initially identified the connection between PageRank and graph neu-
ral networks (GNNs), noting that the property of losing locality in PageRank occurs sim-
ilarly in GNNs. Due to this close similarity, they proposed replacing message-passing
iterations with the PPR algorithm (Equation 5.3). Given initial node features X € R"*¢,
they define the teleportation state as a node-wise transformed state H®) = g(X), where
g is instantiated as a row-wise multi-layer perceptron (MLP) (Amari 1967). Using H (¥
as the initial distribution, they apply PPR using iterations of the form

H® =(1-a)  AgnH* V) 4o HO (5.5)

where the symmetrically normalized adjacency matrix Agyy, is chosen instead of A,
in PPR to better align with the graph convolutional network (GCN) (Kipf et al. 2017).
Similar to PPR, H*) converges to a fixed point as k — oo. They approximate this limit
by applying a fixed number of iterations, which they refer to as approximate personalized
propagation of neural predictions (APPNP). As with PPR, the parameter « € (0, 1) serves
as the restart probability. Notably, APPNP does not contain any learnable parameters in
the propagation steps. Consequently, given a fixed H (%), the resulting state is unaffected
by the optimization process, limiting the effect of learnable parameters.

Implicit Graph Neural Networks.

The implicit framework (Ghaoui et al. 2021) obtains representations via fixed-point equa-
tions. While proposed independently of the connection to PPR, the implicit graph neural
network (IGNN) (Gu et al. 2020) defines such a fixed-point equation for graph-structured
data. Specifically, they propose the non-linear fixed-point equation

H=¢ (AsymHW n H<0>) (5.6)

where ¢ is a component-wise non-expansive function, Ay, is the symmetrically normal-
ized adjacency matrix, W € R?*? is a feature transformation matrix, and H(®) = g(X)
is a node-wise transformation of the initial node features X. For better intuition, when
¢ is the identity function, Equation (5.6) can be expressed iteratively as

sym

k
H® =" Al HOW (5.7)
=0

which reveals a geometric series similar to Equation 5.4. As k — oo, H*) converges to
the fixed-point H = limy,_,oo H (k) under conditions we describe in the following.

Gu et al. (2020) prove that a fixed-point solution exists if the largest eigenvalue A\; of the
matrix W' ® Agm € R"4*nd defined by the Kronecker product ® has magnitude less
than one. Since Agyy is a fixed matrix with a unique eigenvalue of maximum magni-
tude by the Perron-Frobenius Theorem (Berman et al. 1994), Gu et al. (2020) propose to
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constrain W such that the maximum eigenvalue in magnitude \; satisfies |)\§W)] < L
Because optimization of W with gradient descent does not guarantee |[\;| < 1, they
use projected gradient descent (Goldstein 1964). After each gradient descent step, the
updated parameter matrix W is projected onto the closest matrix in the allowed set of
feature transformations, i.e., the set of matrices W for which |\;| < 1. Since this set
forms an ¢;-ball, efficient projection algorithms exist (Duchi et al. 2008). They propose to
obtain H by fixed-point iteration with a stopping criterion.

However, since the space of parameter matrices is restricted to a subspace of R?*?, the
fixed-point solutions are similarly constrained. Projected gradient descent further limits
the effectiveness of each optimization step because it may alter the direction away from
the steepest descent and reduce the step size. Additionally, the projection increases the
complexity of the method and complicates the implementation. It is also challenging to
combine this method with other approaches, as choosing different aggregation matrices
A instead of Agym changes the eigenvalue constraints imposed on W.

Approaches Related to Component Dominance

Several other modifications to MPNNs have been proposed to prevent information loss in
models with many message-passing iterations. Although the connection to PPR and CD
is less direct, these approaches target similar limitations of MPNNs. Many methods use
residual connections to maintain information from previous states (Bresson et al. 2017;
Klicpera et al. 2019; G. Li, Xiong, et al. 2020; M. Chen et al. 2020; G. Li, Miiller, et al. 2021;
Scholkemper et al. 2025). Other approaches combine node representations from all itera-
tions into joint representations (Xu, C. Li, et al. 2018; Fey 2019). Various gating methods
enable models to selectively discard information from neighboring representations (Y. Li
et al. 2016; Bresson et al. 2017; Rusch, B. P. Chamberlain, et al. 2023; Dwivedi, Joshi, et al.
2023; Finkelshtein et al. 2024). Other approaches found success in rescaling the feature
transformation matrix W (Zhao et al. 2020; Oono et al. 2020). Jin et al. (2022) propose
regularizing correlations between feature channels. Following our definition of CD in
Definition 3.2, these methods can similarly be interpreted as targeting CD specifically,
rather than over-smoothing more broadly.

Transforming PageRank into an Infinite-Depth Graph
Neural Network

We first detail the connection between PageRank and the component dominance (CD)
property exhibited by many MPNNs. We then show how PPR can be adapted for MPNNs
to ensure locality of node representations and prevent CD. We also provide details on con-
vergence guarantees, how to efficiently obtain node representations, and how to perform
optimization efficiently.
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MPNNs and PageRank
Many established message-passing operations can be formulated as
xX®) = Ax¢k-Dw (5.8)

where X *=1) ¢ R"%d describes the current state of each node, A € R represents
the structure of the graph, possibly with arbitrary edge weights for every connected pair
of nodes. The matrix W € R9*9 is a linear feature transformation that we assume
to be shared across all iterations. Such message-passing operations can be equivalently
expressed as the matrix-vector product

vec (AX(k_l)W> = Tk (5.9)

where z*~1) = vec (X (k=1) ) is the vectorized form of the node representations and
T =W' ® A € R combines the graph structure and the feature transformation
as a single matrix using general properties of the Kronecker product ®.

In Theorem 3.7, we have proven that all such message-passing steps T" exhibit compo-
nent dominance, as defined in Definition 3.2. CD refers to the phenomenon that a single
component of X (%) gets increasingly amplified with more iterations. Specifically, the
components of X (©) corresponding to the eigenvalues with maximum magnitude of T
get dominantly amplified. We have also provided the connection to power iteration in
Section 3.5.4. As Equation (5.9) can be equivalently written as *) = T#z(®) using the
matrix power T, power iteration also describes the property that the state z(¥) gets in-
creasingly dominated by the eigenvector of T' corresponding to the largest eigenvalue in
magnitude.

These phenomena are also closely related to PageRank as given in Equation (5.2). Equa-
tion (5.9) can be seen as applying a transition function T to the scores (*~1), though
the entries of T' may be negative and may not sum to one for any column. As the eigen-
value with maximal magnitude of T" may also be negative and have magnitude greater
than one, convergence of X *) for k — oo is typically not given. As such, applying PPR
with transition matrix T would also not ensure convergence. The various interpreta-
tions of PageRank still help our understanding of the phenomenon. Repeatedly applying
a transition function 7" results in a state given by a random walk of corresponding length,
although the transition scores are not probabilistic. These random walks increasingly lose
locality of their starting point, and X (¥) becomes increasingly independent of the initial
representations X (?). Combining this with our theoretical study in Chapter 3 and con-
nection to power iteration in Section 3.5.4, the node representations X (¥) increasingly
align with the dominant eigenvector of T". This leads to a loss of information, as the
other components have a diminishing effect on X (%),

Personalized PageRank Graph Neural Network

Given the close connection between PageRank (Page et al. 1999) and applying message-
passing iterations, we want to investigate further how we can utilize the benefits of PPR
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to similarly allow for infinitely many message-passing iterations while retaining local
information for every node state. Based on PPR, we want to add a chance to teleport
to the initial state, which is equivalent to restarting the message-passing process from
the initial state. When ensuring convergence of the message-passing process with depth,
we ensure that the initial state always contributes to the final state, which thus ensures
locality in the representation of each node. As the personalization matrix, we use the
transformed initial state H(?) = f4(X), as proposed by Klicpera et al. (2019).

Following Equation (5.9), here we consider the message-passing step T = W' @ A
instead of A, as used for PPR as given in Equation (5.4). Equivalently to the PPR refor-
mulation of PageRank, for message-passing operations of the form in Equation (5.8), this
would lead to

H® =1-qa)- AH* YW +o- HO (5.10)

However, for any fixed o, convergence could not be guaranteed as the largest eigenvalue
of (1 — a)(WT ® A) may be larger than one. This can cause the representations from
longer message-passing iterations to dominate the final representation. The constant ini-
tial state H(©) would then have an increasingly small effect on that resulting representa-
tion, and we would still have a loss of information. IGNN resolves this by constraining the
eigenvalues of A and W. We want to allow any unconstrained W and A, representing
any aggregation function with arbitrary edge weights. While the geometric series given
in Equation 5.4 only converges when T'= W T @ A has maximum eigenvalue less than
one for any « € (0, 1), there may not exist a fixed o € (0, 1) that guarantees the spectral
radius of (1 — )T to be less than one. However, we propose to ensure convergence of
T* using the exponential function formula

vec (H) = lim L vec (H(O)) (5.11)

applied to the transformed initial state H(®) = f, (X). Note that this convergence holds
for any T, including any graph structure or aggregation function, any learnable param-
eters, and even any number of computational graphs.

However, restating Equation (5.10) based on this geometric series cannot be done, as any
fixed o € R can only lead to exponential decay but not factorial decay. Instead, to achieve
the factorial decay k! in Equation 5.11, the chance of teleporting back to the initial state
needs to increase with k. Equivalently, the chance of extending the random walk needs
to be reduced. We observe that % = W can be decomposed into such a product

of increasing values. An iteration-dependent coefficient a(*) can achieve this.

Since the longest random walk starts from the first iteration £ = 0, the corresponding
coefficient a(?) should be the smallest to ensure proper weighting. For a fixed number
of total iterations, this can be directly done. Let [ be the total number of iterations. We
define the representations iteratively as

HED — g <a(kz,z) AHF1OW 1 H(O)) (5.12)
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where ok = m for k, ! € N aligns with our ideas. We added a tunable parameter

e € R to control the decay and speed of convergence. We also added a component-
wise activation function ¢. We refer to this method as the personalized PageRank graph
neural network (PPRGNN). By setting ¢ as the identity function and € = 1, we recover
Equation 5.11 exactly with H = limy_,.. H"!). We formally prove that the sequence
(H (U)) Jen converges to a unique solution when [ — oc in the following theorem:

Theorem 5.1. The sequence (H(”))lGN as defined by Equation (5.12) converges to a

unique solution as [ — oo for any H00) ¢ Rnxd A ¢ Rrxn W ¢ RIxd f0) ¢ gnxd
and (k) = ﬁ with any € > 0, and any Lipschitz continuous activation function
¢ with Lipschitz constant ¢ < oo.

Proof. We first show that H("!) converges as | — co by proving that

lim HH(U) — H(Z—U—UH =0. (5.13)

l—00 F

We first substitute H) and H(~14~1) with their definitions, resulting in

HH(U) _ H(l—l,l—l)H
F

_ H¢ (a(l,l)AH(lfl,l)W_{_H(O)) — % (a(zq,zq)AH(lfz,zq)W i H(o)) H .
F

(5.14)

As ¢ is Lipschitz continuous for some ¢ by assumption, we obtain

HH(l,l) _ H(z—l,l—l)H <e. Ha(z,Z)AH(l—u)W _ a(l—l,l—l)AH(l—Q,l—l)WH .

- F
~ (5.15)
As A and W are applied to both terms, these can be factored out jointly using the Kro-

necker product T = W' ® A and the vectorized form, resulting in

F

HH(z,l) _ H(zq,zq)” <ec
F

T (0 vee(HE D) — o111 yee(HI-2-D)) || .
‘ (O[ vec « vec 25H1F6)

1-1,1-1)

As we have a(b) = of , we further have

HH(u) _ H(z—1,1—1)HF <c-alh. 1T - HH(l—l,l) _ H(z—2,1—1)HF (5.17)

(=kil) = qU=k-11=1) — _L_ By iterative application,

More generally, we also have « =

we obtain

1-2
HH(u) _ H(l—l,l—l)HF <. H o=k ||t HH(LZ) _ H(OJ_I)HF' (5.18)
k=0

Aslimy_, o [T22% R0 |71t = Timy o WHTHZIJ1 = 0 and for any H(%/=1 and
H©OD there exists a co € R for which HH(I’Z) — H(O’l_l)HF < ¢g. This proves the

convergence of the sequence.
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To prove the uniqueness of the solution, it suffices to note that the above proof of con-
vergence holds independently of the initial states H (%/~1) and H(O. O

As we have established convergence of the PPRGNN when taking infinitely many iter-
ations, there exists a limit representation H = lim;_,o, H (L) We can obtain H using
fixed-point iteration with an absolute stopping criterion as the representation H ") with
index

| = min HHW’“) — H(’f‘lv’“‘l)H <7 (5.19)

for some convergence threshold v > 0. However, we cannot utilize any intermediate
results of computing H*~15=1 to compute H **), as it requires a full recomputation,
each H**) having complexity linear in k. Instead, we approximate [ by determining at
which length a term Tk—f vec(X () has a negligible impact on the result. We do this by
ignoring the restart term H (%) and considering the recursive equation

Gw>:¢<@umggw—nuﬁ (5.20)

with G = H©)_ The benefit of this is that it can be computed independently of
and thus requires a single forward pass. We formally prove the convergence of G(*) as
k — oo in the following proposition:

€

Proposition 5.1. Let G*) = ¢ (a(l’k)AG(k_l)W> with %) = L for any € > 0, any
A c R W e Rixd GO) ¢ Rn*d and component-wise non-expansive activation
function ¢. Then,
mnHG@H —0 (5.21)
l—o0 F

Proof. Based on the definition G = ¢ (a(l’l)AG(l_l)W>, we first use the fact that

|6(X) ||z < || X || for any component-wise non-expansive function ¢, resulting in

HG(Z) H < Ha(L”AG(’—UWH : (5.22)
F F
Using the sub-multiplicativity of the Frobenius norm, we obtain
O = o 1w [ 4] - |l 529
F F F
By iterative application, we have
l
~ |l
el < Lo |4l feo],
H L ILa™ w4 - le@] (5.24)
k=1
By definition of a""*), their product is given as Hi(::l allk) = ﬁ In the limit case, this
results in l
Wi ||4|
hm;——————llHG@w —0 (5.25)
l—00 e F
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for any G(O), W, A and € > 0 due to the factorial growing faster than the exponential.
O

Based on the adapted random walk G() of length [ having negligible impact on the re-
sulting representations, we approximate the index [ used within the fixed-point iteration
point as

|~ min ‘)G(’“)H <. (5.26)

In combination, we approximate H by iterating Equation (5.20) to approximate [ based
on Equation (5.26), we then iterate Equation (5.12) to obtain H (-0,

Efficient Optimization

While our method to approximate H requires iterating G until convergence and com-
puting H"Y, the optimization process can be performed efficiently. Since the state G(*)
is not used for predictions, we do not need to track the gradients of this computation,
making the training process significantly more efficient. However, as the number of it-
erations [ is not known or constrained, the required memory for computing gradients
for H is unconstrained and may be time-consuming. We will now propose a method to
obtain gradients efficiently with bounded memory consumption. We are interested in the
partial derivative of the resulting error /(H) € R obtained by some loss function ¢ with
respect to the parameter matrix W and the initial state H (?). Based on the approximation
H"! ~ H, we obtain the partial derivative with respect to the input H(® as

ot (HM) L ae(H WD)

PHO 2 gD (5.27)

with Z(O0) = H©) and Z*FD = oD AHE-LOW + H©O) 5o that H*FD = ¢(Z*D),
We obtained the partial derivative with respect to the parameters W as

ot (HWD) T\ o¢ (HD)
_ () ( (l—k:—l,l)) T
T ;—:o <a H A ) Y=t (5.28)
(G
To obtain these, we further need to compute the partial derivative %, which we
obtained as
o (HEY) o (HEY
8(Z(k’vl) ) - 8(IJ(’€75)) o <Z(k7l)) ’ (5.29)
where ¢/(-) is the element-wise derivative of the activation function ¢ applied to its input.
W
This in turn requires the partial derivative %, which requires the following two
cases: w
o0 (HMD) | o+l AT (%) W, ifk <l 550
(k) ) oe(HGD . )
aH %, ifk=1.
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Dataset  # of graphs avg. # of nodes # of classes Task
Inductive
PP 22 2373 121 Node classification
Transductive

Amazon 1 334863 o8 Node classification
MUTAG 188 17.9 2 Graph classification
PTC 344 25.5 2 Graph classification
COX2 467 41.2 2 Graph classification
PROTEINS 1113 39.1 2 Graph classification
NCI1 4110 29.8 2 Graph classification

Table 5.1: Key properties of the graphs used for our evaluation.

For | — o0, both Equation 5.27 and Equation 5.28 converge to a unique solution, as with
the forward pass. For efficient computation of these partial derivatives, we use gradient
checkpointing (T. Chen et al. 2016) to store intermediate results H*) and Z*! dur-
ing the forward pass. To additionally constrain the memory consumption during train-
ing for the intermediate states for backpropagation, we further constrain the maximal
k used within the sums by a tunable number of iterations m instead of summing over
all [ terms. The number m can be selected based on the available memory and runtime
constraints. This is similar to truncated backpropagation through time (TBPTT) (Elman
1990), which was proposed as a memory-efficient optimization procedure for recurrent
neural networks. This truncation also reduces the runtime of the backpropagation. As
the representations of each node in H") are unaffected by the representations of other
nodes with distance larger than [ hops in the graph, the partial derivatives would be un-
aware of this potential information. To account for this, we compute the partial deriva-
tives for I’ = | + j instead of setting [ as the maximal index. This allows optimization to

account for further distant representations that would otherwise be unnoticeable. Thus,
auH) oe(H V)
SE and W

we compute the partial derivative

In summary, these approximations enable a more efficient optimization process in terms
of runtime and memory usage by truncating the number of backpropagation steps and
utilizing gradient checkpointing.

Evaluation

We now empirically validate the effectiveness of the PPRGNN using several commonly
used benchmark datasets. We follow the experiments conducted for evaluating the
IGNN (Gu et al. 2020). We utilize the implementation provided with the IGNN and solely
replace their infinite-depth formulation with our proposed formulation. Equivalently to
their approach, we evaluate a model based on the GCN and set the aggregation function
A= Agym to the symmetrically normalized adjacency matrix. PPRGNN and IGNN utilize
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Method  Micro-Fj-Score

MLP 46.2

GCN 59.2

SSE 83.6

GAT 97.3

APPNP 44.8

IGNN 97.6

PPRGNN 98.9

Table 5.2: Obtained micro-F-scores on the testing set. Best result in bold, second-best result

underlined.

Table 5.3: Runtimes and required number of optimization steps for the IGNN and PPRGNN on
the PPI and Amazon tasks. Both methods use the same architecture and the same
number of parameters. The # of epochs for PPRGNN is the epoch after which PPRGNN
surpasses the IGNN in performance. Total time refers to the runtime required for this

performance.
Dataset Method  # of Epochs Avg. time per epoch Total time
IGNN 872 14s 3h 21m
Amazon (005 pppGNN 175 11s 32m
PPI IGNN 58 26s 25m
PPRGNN 47 18s 14m

the same number of parameters. We additionally evaluate APPNP (Klicpera et al. 2019) by
equivalently replacing the IGNN with their proposed formulation given in Equation (5.5).
Following the experiments conducted to evaluate the IGNN, we consider the protein-
protein interactions (PPI) benchmark dataset (Zitnik et al. 2017), the Amazon benchmark
dataset (J. Yang et al. 2015), and five graph classification datasets, namely MUTAG, PTC,
COX2, PROTEINS, and NCI1 (Yanardag et al. 2015). For the backward pass, we use a max-
imum number of m = 5 iterations. All experiments use a fixed initial learning rate, which
we decay when the training loss plateaus for 24 epochs. All experiments were executed
on an Nvidia P100 GPU. Our implementation is publicly available ° .

PPI

As the first task, we consider the protein-protein interactions (PPI) benchmark
dataset (Zitnik et al. 2017). Each of the 22 graphs corresponds to a specific human tissue,
with each node representing a protein and each edge indicating an interaction between
two proteins. Based on 50 available features for each node, the task is to perform binary
classification for each of 121 available classes representing cellular functions. Matching

5https://github.com/roth—andreas/pprgnn
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Figure 5.1: Testing prediction results for the Amazon task using micro-F)-scores (a) and
macro-F-scores (b). The fraction indicates the share of labeled nodes available for

optimization.

the typical evaluation procedure for this task and the implementation of the IGNN, we
utilize 18 graphs for training, two graphs for validation, and two graphs for testing. We
evaluate the architecture used by the IGNN, which applies five separate infinite-depth
iterations in sequence. We find that removing self-loops is beneficial for this task, and we
set € = 0.25. Based on the results from IGNN, we also provide their results for an MLP,
the graph convolutional network (Kipf et al. 2017), steady-state embedding (SSE) (Dai et
al. 2018), and the graph attention network (Velickovic et al. 2018).

The micro-F7-scores for the testing graphs are presented in Table 5.2. While the IGNN
achieved an F}-score of 97.6, the PPRGNN was able to improve this result to 98.9. The
APPNP underfits the data and achieves an F’-score of 44.8. This holds even when the ini-
tial feature transformation before applying the APPNP uses significantly more parameters
than the PPRGNN and IGNN. This improvement supports the need for a more complex
model with task-specific parameters. GAT achieves a slightly lower F}-score compared
to the IGNN at 97.3, but significantly better than the GCN. In Table 5.3, we additionally
compare runtimes for the IGNN and the PPRGNN. The average runtime per epoch for the
PPRGNN is around 18 seconds compared to 26 seconds for the IGNN, an improvement
of more than 20%. It also achieves the lowest validation error after 47 epochs, an im-
provement of around 15% compared to 58 epochs for the IGNN. The optimized PPRGNN
utilizes a total of 82 message-passing iterations for the testing graphs over the five se-
quential runs until convergence.

Amazon

Following the evaluation of the IGNN, we now assess the scalability of the PPRGNN on
the Amazon product co-purchasing dataset (J. Yang et al. 2012), which has been prepro-
cessed according to Dai et al. (2018). Each of the 334 863 nodes in the graph represents
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Table 5.4: Evaluation of the PPRGNN for five node classification tasks, following (Gu et al. 2020).
Best results in bold, second-best underlined.

Dataset MUTAG PTC COX2 PROTEINS NCI1
GK 81.4+1.7 55.7+0.5 - 71.4+£03 62.5£0.3
RW 79.24+2.1 559+0.3 - 59.6 +£ 0.1 -

WL 84.1+19 580+25 832402 747+05 845+0.5

DGCNN 85.8 58.6 - 75.5 74.4
GCN 85.6 £58 64.2+4.3 - 76.0£3.2 80.2£2.0
GIN 89.0+£6.0 63.7£8.2 - 75.9+38 82.7£1.6

IGNN 89.3+6.7 70.1+56 869+40 77734 80.5£19
APPNP 87.7£86 64.5+££5.1 822££55 7T787+48 65.9+2.7

PPRGNN 904+7.2 750+£5.7 89.1£39 802+32 835+£15

a product, and every edge indicates that the two corresponding products have been pur-
chased together. In this transductive node classification task, the task is to predict one
out of 58 product types for each node based on a small number of labeled products. There
are no node features provided. The fraction of labeled products varies between 5% and
9%, as proposed by Dai et al. (2018). Following the model structure of the IGNN, a sin-
gle PPRGNN layer is used, with a linear encoder and linear decoder used before and
after. As in the IGNN experiments, we also present results of the SSE (Dai et al. 2018),
struc2vec (Ribeiro et al. 2017), GCN (Kipf et al. 2017). We additionally evaluate the APPNP
for this task. Micro F and Macro F7 scores are visualized in Figure 5.1 for label fractions
between 5% and 9%. PPRGNN outperforms the IGNN, SSE, GCN, and struc2vec by at
least 1% in all cases. In contrast to the more complex PPI dataset, APPNP outperforms
PPRGNN and all other methods. This indicates that the learnable parameters are less
critical for this task compared to the PPI dataset. In Table 5.3, we also present runtimes
for the IGNN and the PPRGNN on this dataset. As with the runtimes for the PPI task, the
average time per epoch is reduced from 14 seconds to 11 seconds. Even more critically,
the optimization requires fewer steps, as the minimal validation error is achieved after
175 epochs for the PPRGNN, compared to 872 epochs for the IGNN. This may be caused
by the inefficiency of the projected gradient descent used within the IGNN. Both factors
combined lead to a significantly reduced total training time.

Graph Classification

We now consider the five graph classification tasks MUTAG, PTC, COX2, PROTEINS, and
NCI1 (Morris, Kriege, Bause, et al. 2020). These are relatively small standard benchmark
datasets for binary classification of graphs. We provide key properties of these datasets
in Table 5.1. Following the setup of the IGNN, we conduct a ten-fold cross-validation
and report the mean and standard deviation across the validation sets. Based on their
experimental setup, the employed architecture applies three infinite-depth iterations in
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sequence. We set some joint hyperparameters across all five datasets: The convergence
threshold is set to € = 1, weight decay is set to 1le — 6, and gradient clipping is set to
25. Apart from NCI1, self-loops were found to be generally beneficial and added to the
model. As in IGNN, we present several baselines, including classical kernel methods.
These include the random walk (RW) kernel (Gértner et al. 2003), the Weisfeiler-Leman
(WL) kernel (Shervashidze, Schweitzer, et al. 2011), and the graphlet kernel (GK) (Sher-
vashidze, Vishwanathan, et al. 2009). We also present results for the GCN (Kipf et al.
2017), the graph isomorphism network (GIN) (Xu, Hu, et al. 2019), and the deep graph
convolutional neural network (DGCNN) (Zhang et al. 2018).

The average results are presented in Table 5.4. The PPRGNN achieves the best results for
the MUTAG, PTC, COX2, and PROTEINS datasets. For the NCI1 dataset, it achieves the
second-best result, as the WL kernel achieves a higher accuracy by 1%. After training, the
utilized depth of the PPRGNN varies between 22 and 41 iterations before the convergence
threshold is satisfied. These experiments confirm that all methods avoiding CD, PPRGNN,
IGNN, and APPNP, improve results compared to the GCN significantly for many tasks.
Compared to the IGNN and APPNP, the PPRGNN also consistently achieves promising
results.
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6.1

Conclusion and Future Work

In this thesis, we studied properties exhibited by message-passing neural networks
(MPNNs) theoretically and empirically. We extended existing insights on MPNNs by
identifying several properties exhibited by many established methods. These split the
previously identified phenomenon of over-smoothing into separate, finer-grained prop-
erties. These findings are not only beneficial for an improved understanding of MPNN5s
but also allow the streamlined design of methods that exhibit desired properties. We also
propose several frameworks for MPNNs, each specifically targeted to avoid one of the
properties.

With these findings, we advance the field of graph machine learning in several ways. Our
improved understanding of MPNNSs can lead to more targeted and theoretically grounded
future research. Our research seeks to assist in addressing some of the ongoing challenges
and open up new opportunities.

In Section 6.1, we summarize our main findings and relate them to the initial research
question stated in Section 1.2. In Section 6.2, we outline how our contributions can affect
future work on graph machine learning and present essential follow-up questions.

Conclusion

This thesis presented several contributions related to two research questions outlined in
Section 1.2, structured into three main chapters. Following Research Question 1, we stud-
ied the effect of message-passing operations on given node representations. We demon-
strated that the commonly observed phenomenon of over-smoothing in MPNNs can be
decomposed into multiple underlying, finer-grained properties. First, we identified that
the norm of the representations can vanish under certain conditions of the feature trans-
formation, a phenomenon that overlaps with over-smoothing. This causes all node repre-
sentation vectors to converge towards the zero vector, which can lead to over-smoothing
under specific definitions and metrics. By further studying the effect of message-passing
iterations, we identified that for many MPNNSs, each single message-passing operation ex-
hibits the shared component amplification (SCA) property. SCA refers to each message-
passing iteration amplifying the same component in the data for every feature channel,
independently of the parameter instantiation. This constrains the set of representable
node representations when applying a message-passing iteration, and limits the effect of
the learnable parameters and the optimization. While closely related to over-smoothing,
SCA underlies it and describes a part that occurs for each individual message-passing

137



6 Conclusion and Future Work

iteration, rather than only for multiple iterations or in the limit. For the limit case of
infinitely many message-passing iterations, we identified that a single component in the
data is dominantly amplified. In contrast, all other components are relatively dampened
increasingly, a property we refer to as component dominance (CD). MPNNs exhibiting
the CD property yield node representations that become increasingly less informative
and independent of the initially provided node representations. We additionally provide
spectral intuition of SCA and CD by showing that message-passing iterations can be in-
terpreted as filters of the spectral graph convolution in the graph Fourier domain. We also
show that MPNNs can be interpreted as a special case of the power iteration algorithm.
Similarly to CD, power iteration describes the convergence of a vector to the dominant
eigenvector of a matrix when repeatedly applying that matrix.

Following our novel insights into the effect of message-passing on representations, we
then considered our other challenge. With Research Question 2, our goal was to design
MPNNs with beneficial properties based on our improved understanding of these meth-
ods. Specifically, we developed frameworks for MPNNSs that do not exhibit either the SCA
or the CD property.

To design MPNNSs that do not exhibit SCA, we proved the necessity of operating on mul-
tiple computational graphs. Equivalently, we require multiple edge relations in a graph,
e.g., a multigraph or a multi-relational graph. We proposed two approaches for deriv-
ing such graphs. First, we introduced the multi-relational split (MRS) framework, with
which we proposed converting the computational graph of any existing MPNN into mul-
tiple edge relations. Each edge is assigned to one of multiple edge relation types, for
each of which a distinct feature transformation is applied to the corresponding message.
We introduced structural dependence and independence of nodes, which allowed us to
identify cases in which the SCA property can be avoided. While the construction of
a method for splitting the computational graph is highly task-dependent, our identified
property holds independently of the specific method employed. As a general method that
always ensures the structural independence of nodes, we propose splitting a graph into
two directed acyclic relations using a strict partial ordering. We demonstrate that this
can be efficiently performed, for example, by utilizing the node degree for ordering and
distinguishing between edges from higher-degree nodes to lower-degree nodes and vice
versa.

As an alternative derivation of multiple computational graphs, we proposed a novel ap-
proximation of message-passing methods based on the spectral graph convolution. While
previously the graph convolution has only been defined in the single-input single-output
(SISO) case, we obtained the multi-input multi-output graph convolution (MIMO-GC) us-
ing the convolution theorem and the graph Fourier transform. We found that the MIMO-
GC naturally utilizes multiple computational graphs. Each computational graph amplifies
a distinct component in the representation, matching our theoretical findings on the SCA
property. We proposed the localized MIMO-GC (LMGC) as a framework for message-
passing, which approximates the MIMO-GC by localizing the aggregation step while al-
lowing for multiple computational graphs. The LMGC framework only requires the con-
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struction of edge weights, streamlining the design of message-passing methods and the
study of their properties. We present two key properties of the LMGC framework. For
almost every choice of edge weights, the LMGC is injective on multisets, similar to the
graph isomorphism network (GIN) (Xu, Hu, et al. 2019). This property holds even for a
single computational graph. For multiple computational graphs, the resulting represen-
tations are linearly independent, a property that subsumes injectivity. Our findings also
highlighted the close connections between the expressivity of message-passing iterations
and avoiding SCA as one key property underlying over-smoothing.

To develop methods that avoid CD, we established a close connection between this phe-
nomenon and the PageRank algorithm. This connection helps to provide a better intuition
for CD, as message-passing iterations can be seen as random walk steps in PageRank.
It also allows us to adopt modifications that avoid this phenomenon. As personalized
PageRank (PPR) was proposed as a modification to PageRank, we proposed adapting PPR
for MPNNs and constructing a method that follows its ideas. As PPR ensures the localiza-
tion of the resulting state by combining multiple random walks while guaranteeing the
convergence of each random walk, we proposed to ensure the convergence of message-
passing iterations. We refer to the resulting method as the personalized PageRank graph
neural network (PPRGNN), whic avoids CD by similarly ensuring convergence of MPNNs
to a fixed point. We also proposed an efficient method for obtaining the fixed point, both
in terms of runtime and memory consumption.

Future Work

The differences between most recent methods on established benchmark tasks are rel-
atively minor (Bechler-Speicher et al. 2025). This lack of challenging benchmark tasks
has limited the informativeness of our empirical evaluations. These datasets do not allow
an effective examination of the importance of avoiding specific properties in message-
passing. To enable more effective empirical evaluations, future work is needed to de-
velop meaningful real-world benchmark applications for graph machine learning meth-
ods. When performance improvements better reflect the practical relevance of a method,
promising research directions can be identified more effectively. Currently, weighing the
importance of each property is a challenging task. While various phenomena of MPNNs
have been studied both empirically and theoretically, the relevance of addressing any
particular issue remains uncertain, as also noted by Arnaiz-Rodriguez et al. (2025). This
challenge is intensified by the fact that many of these phenomena lack clear definitions
and refer to broad aspects. Disentangling observed phenomena into fine-grained prop-
erties is crucial for aligning research efforts, identifying critical research directions, and
developing more targeted solutions.

Following our novel insights on message-passing iterations, future work can focus on
targeting fine-grained properties that underlie over-smoothing, rather than attempting
to avoid the broad phenomenon as a whole. Previous work on over-smoothing has ad-
dressed different aspects of the property, without recognizing that these aspects are dis-
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tinct. Our identification of over-smoothing as composed of multiple overlapping phe-
nomena allows the separation of these methods. The broad scope of over-smoothing not
only complicates efforts to establish a unified definition and understanding of the phe-
nomenon, but it also makes it difficult to prioritize which aspects are most critical to ad-
dress. By splitting over-smoothing into multiple separate properties, it becomes easier to
design specific methods targeting particular fine-grained properties. It also makes it eas-
ier to study which underlying aspects of over-smoothing are most relevant to a given task.
We see considerable potential for future work to further identify finer-grained properties
of message-passing methods, enabling the field to pinpoint the most critical properties.
Our theoretical insights can be further extended by identifying cases in which avoiding
SCA, CD, or other aspects of message-passing is most beneficial. The theoretical insights
can also be extended to more methods, including nonlinear activation functions for prop-
erties that consider iterated message-passing.

Regarding SCA, further research could explore the design of methods using multiple com-
putational graphs. In addition to our identified general properties of such frameworks,
additional relevant aspects can be identified. As tasks may benefit from different methods
depending on the available data, task-specific methods with particular properties can be
constructed. Although our empirical results demonstrate the benefits of avoiding SCA
for various tasks, its relative importance in contrast to other phenomena requires further
investigation. Similarly, our insights for avoiding CD can be further extended in future
work by analyzing its importance in comparison with other properties of MPNNs. Build-
ing on our insights into the connection between MPNNs and PageRank, similar methods
can be developed that further mitigate CD.

Overall, the fragmented understanding of various phenomena and their significance has
resulted in disjointed research efforts in graph machine learning. By reaching a shared un-
derstanding of key phenomena, research efforts could be more streamlined and targeted.
Once the community reaches consensus on clearly defined aspects and their relevance in
graph machine learning, the field could benefit substantially from more targeted research.
This will also require the development of challenging and impactful benchmarks, along
with a systematic evaluation of the importance of various properties for performance
improvements and research prioritization.
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