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Abstract

The guiding idea of this thesis is to investigate how subtle traces of gravity manifest
themselves across different scales. First, we examine whether the Cohen, Kaplan and
Nelson (CKN) bound can form the basis of a consistent cosmological model and whether
such a model is favored by observational data, in particular the recent baryonic acoustic
oscillation measurements from the Dark Energy Spectroscopic Instrument. Taking into
account additional late-universe measurements, there is a mild preference for the (𝜈)CKN
model over the standard 𝛬CDM scenario with cold dark matter and a cosmological
constant. However, once weak lensing and cosmological microwave background data
are included and the early-time dynamics are accounted for, the resulting bounds on
the model parameter 𝜈 restrict the (𝜈)CKN model to a regime in which the (𝜈)CKN
framework is observationally indistinguishable from 𝛬CDM. Second, we develop an
internal wave packet formalism for neutrino oscillations in weakly curved spacetimes.
Gravitational corrections appear as phase modifications, but these effects lie far beyond
current experimental sensitivity. Importantly, if deviations from expected oscillation
patterns are observed, classical gravity can be ruled out as their source, thereby pointing
to new physics beyond the Standard Model, such as quantum gravity. Finally, we
employ the open quantum system framework to model Quantum Gravity (QG)-induced
decoherence of high-energy neutrinos and perform a sensitivity analysis using IceCube
data. Using current experimental data we also derive bounds on the damping parameter
𝛾0 for different energy scalings and obtain the first constraints for scenarios involving
additional dark fermions.

Zusammenfassung

Die zentrale Idee dieser Arbeit ist es, zu untersuchen, wie sich die subtilen Spuren der
Gravitation auf verschiedenen Skalen bemerkbar machen. Zunächst prüfen wir, ob die
durch Gravitation motivierte Cohen, Kaplan und Nelson (CKN)-Grenze ein Fundament
für ein konsistentes kosmologisches Modell bilden kann und ob dieses gegenüber 𝛬CDM
durch Beobachtungsdaten bevorzugt wird, insbesondere durch die aktuellen Messungen
der baryonischen akustischen Oszillationen des Dark Energy Spectroscopic Instrument.
Unter Einbeziehung zusätzlicher Messungen des späten Universums ergibt sich eine
leichte Präferenz für das (𝜈)CKN-Modell gegenüber 𝛬CDM. Werden jedoch Daten aus
schwacher Gravitationslinsenwirkung und vom kosmischen Mikrowellenhintergrund
berücksichtigt und die Dynamik zur frühen Zeit einbezogen, so wird das Modell so
stark beschränkt, dass es nicht mehr von 𝛬CDM unterscheidbar ist. Im zweiten Teil
entwickeln wir einen internen Wellenpaket-Formalismus für Neutrinooszillationen in
schwach gekrümmten Raumzeiten. Gravitative Korrekturen treten als Phasenmodifika-
tionen auf, liegen jedoch weit außerhalb aktueller experimenteller Sensitivität. Sollten
Abweichungen vom erwarteten Oszillationsmuster beobachtet werden, können klas-
sische Gravitationseffekte als Ursache mit hoher Sicherheit ausgeschlossen werden.
Die Erklärung müsste dann in neuer Physik wie der Quantengravitation liegen. Ab-
schließend nutzen wir den Formalismus offener Quantensysteme, um quantengravitativ
induzierte Dekohärenz hochenergetischer Neutrinos zu modellieren, und führen eine
Sensitivitätsanalyse mit IceCube-Daten durch. Dabei leiten wir Schranken für den Dämp-
fungsparameter 𝛾0 in verschiedenen Energieskalierungen ab und gewinnen erstmals
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auch Einschränkungen für Szenarien mit zusätzlichen dunklen Fermionen.
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Chapter1
Introduction

Subtle patterns through the universe,
Threads that in their silence rhyme,

Echoes carried through space and time,
Are the silent traces of gravity’s chime.

These lines capture the spirit of this thesis. They speak of patterns and threads, of
echoes and traces. Gravity often acts in such a subtle way, yet it is the binding force of
the cosmos. While gravity is ever-present in our lives, its influence often reveals itself
through consequences both grand and subtle: in the orbits of planets, in the bending of
light, in the expansion of space, in the faint ripples of Gravitational Waves (GW), and
in the growth of cosmic structures. Gravity is the background music of the universe, a
subtle chime that fades in the microscopic realm, yet shapes the stage of physics itself.
Like faint footprints in the sand, the presence and influence of gravity must often be
inferred from the marks it imprints upon matter, radiation, and the very geometry of
spacetime. Physicists become readers of these traces, interpreting the patterns rather
than observing gravity directly. To follow such traces is to follow the story of the cosmos
itself.
This thesis also searches for such traces. On different levels, we will encounter gravity:
implicitly, as a regulator of cosmological dynamics; explicitly, as a classical spacetime
background underlying a Quantum Field Theory (QFT); and finally as a quantum im-
print, leaving its mark in phenomena accessible to today’s observations. Each chapter
is, in a sense, a step along this path of deciphering gravity’s handwriting across the
universe. We attempt to read and interpret its subtle script, one trace at a time.
Human curiosity has always been driven not only by practical benefit, but by the desire to
uncover the underlying principles of nature. Since ancient times, people have sought to
understand what holds the world together at its core. Today, such questions are pursued
systematically in the framework of fundamental research. Although often criticized for
its lack of immediate application, basic science continuously expands our worldview.
Discoveries that once seemed purposeless, such as quantum mechanics, now form the
foundation of modern technology. Beyond its practical impact, fundamental research is
also part of our culture, an expression of humanity’s creativity and imagination. As a
society, we must therefore allow ourselves the pursuit of pure knowledge. History itself
shows how fruitful this quest can be, and gravity provides a telling example.
Even though early cultures lacked a fomulated theory of gravity, its observable effects,
such as the motion of celestial bodies, were already interpreted and woven into religious
views, while also laying the foundation for the first astronomical theories. In the 17th
century, Newton formulated the law of universal gravitation, unifying the description of

1



1 Introduction

celestial and terrestrial motion. In 1915, Einstein revolutionized this picture by showing
that gravity is not a force but the manifestation of curved spacetime itself.
Einstein’s general relativity has by now been tested with remarkable precision on as-
trophysical and cosmological scales: From the deflection of light to the detection of
GWs. Yet it remains a classical theory, as it does not provide a quantum description of
gravity. A consistent theory of Quantum Gravity (QG) is still missing. While various
approaches have been proposed, none has gained experimental confirmation. Even
without a complete theory, however, one can search for phenomenological imprints of
QG.
The history of the universe is meanwhile successfully described within the standard
model of cosmology, i.e., the 𝛬CDM model, which yields a well-tested framework for
understanding the universe’s evolution. This framework accounts for a wealth of cos-
mological observations, yet it relies on two components that remain unexplained at a
fundamental level: Dark Matter (DM) and dark energy. In particular, the origin and
nature of dark energy, which drives the accelerated expansion of the universe, is still a
profound mystery. Addressing this question motivates the first part of this thesis, where
gravity enters implicitly as a regulator of cosmological dynamics.
At the same time, neutrinos provide a complementary window into gravity that is rather
independent of the cosmological perspective. Unlike most other particles, they can tra-
verse the universe almost unhindered, carrying information from otherwise inaccessible
regions. Their oscillations already demonstrate physics beyond the standard model,
and their weak interaction makes them sensitive probes of both spacetime structure and
potential QG effects. This motivates the second part of the thesis, where gravity enters
explicitly.
By addressing both cosmological and particle physics perspectives, this thesis aims to
shed light on different manifestations of gravity and the subtle traces it leaves across
the universe. Therefore, it is structured as follows: Chapter 2 introduces the theoretical
foundations, covering the Standard Model (SM), General Relativity (GR), cosmology,
and neutrino oscillations, thereby setting the stage for the subsequent chapters.
In chapter 3, gravity appears implicitly, as a regulator of cosmological dynamics. We
investigate a model in which the time evolution of dark energy is constrained by the
Cohen, Kaplan and Nelson (CKN) bound. This bound, motivated by gravitational
arguments, imposes interdependent Ultraviolet (UV) and Infrared (IR) cutoffs on a
QFT. The cosmological constant acquires a contribution from the vacuum energy of the
underlying QFT, while phenomenological considerations, in particular, identifying the
IR cutoff with the size of the observable universe, lead to an effective time dependence of
the dark energy. Such a dynamical behavior is further motivated by recent experimental
indications, in particular from the Dark Energy Spectroscopic Instrument (DESI) [5].
The resulting model is first confronted with late-universe data and subsequently tested
in a global analysis that incorporates additional early-universe observations.
Chapter 4 moves to an explicit, classical manifestation of gravity. Here, we study how
spacetime curvature affects neutrino oscillations and assess whether such effects could
in principle be observable. Building on this, we turn to dynamical scenarios, considering
both GWs and the Stochastic Gravitational Wave Background (SGWB), and analyze
their potential impact on neutrino flavor evolution.
Once the effect of classical gravity is understood, we explore the quantum imprint of
gravity in chapter 5. We search for QG effects through decoherence in neutrino oscil-
lations. For this purpose, we employ the framework of open quantum systems, which
provides a model independent parametrization of possible QG effects. This allows us to
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derive explicit bounds on QG parameters using data of the IceCube neutrino observatory.
Finally, chapter 6 summarizes the results and offers an outlook on future directions.
Taken together, these stages form a coherent arc: each reveals a different manifestation
of the traces of gravity, ranging from its implicit role in cosmology to its explicit quantum
imprints.
The question of the nature of gravity does not concern specialists alone; it forms the
foundation of our understanding of space and time, and thus of nothing less than our
reality. These are therefore not merely physical questions, but part of humanity’s cultural
heritage. This thesis seeks to contribute a small yet concrete step towards answering
them, by following the silent traces that gravity has inscribed across the universe.
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Chapter2
Theoretical Foundations

In this chapter we introduce the essential theoretical concepts required for the discus-
sions in this work. Since our current understanding of particle physics is fundamentally
based on the well-established Standard Model (SM) of particle physics, we begin by
briefly introducing it in section 2.1. While the SM has been remarkably successful, it still
leaves many questions unanswered. We therefore close this section with a discussion
of the most pertinent unresolved issues. Following this, we turn to neutrino oscilla-
tions in section 2.2, an observed phenomenon that requires the existence of Beyond
the Standard Model (BSM) physics. We examine the various theoretical approaches
used to determine oscillation probabilities. Given the profound implications for particle
physics and cosmology, neutrino oscillations serve as a key example of how theoretical
and experimental insights drive our understanding beyond established paradigms. We
proceed by providing an introduction to the fundamental principles of General Rela-
tivity (GR) in section 2.3. Finally, we discuss in section 2.4 the standard cosmological
model, its key predictions, and the observational evidence supporting it. Additionally,
we present alternative models that have been proposed in the literature to address the
open questions in cosmology.

2.1 The Standard Model of Particle Physics

The SM is a widely accepted and well-established theory, providing the fundamental
framework of particle physics. It describes all known interactions—except gravity—
and groups all known elementary particles within the framework of a renormalizable
Quantum Field Theory (QFT). Its broad acceptance is based on extensive experimental
evidence, which has consistently confirmed its predictions [6–12]. Despite its success,
there are certain observations suggesting and some even requiring BSM physics [13–15].
For a comprehensive introduction to the SM see reference [16]. According to the SM,
all known elementary particles are either of fermionic or bosonic nature. Fermions
possess half-integer spin, whereas bosons have integer spin. The group of fermions is
further divided into leptons and quarks, both of which constitute the building blocks of
all known matter. There are six leptons, classified according to their electric charge 𝑄,
three of them falling into the group of the electrically neutral neutrinos, and the other
three fall into the group of the charged leptons. Each charged lepton together with a
corresponding neutrino defines a so-called lepton family with lepton family number 𝐿𝑓 ,
where 𝑓 = 𝑒, 𝜇, 𝜏 corresponds to the electron, muon and tau, respectively.
Similarly, the six flavors of quarks belong to the group of up-type quarks with charge
𝑄 = 2/3 (up, charm, top) or down-type quarks with charge 𝑄 = −1/3 (down, strange,
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2 Theoretical Foundations

bottom). These also organize into three generations each one consisting of an up- and
down-type quark pair. Unlike the leptons, however, quarks usually do not exist freely
but form bound states known as hadrons due to a phenomenon called confinement, a
consequence of the color charge they carry, which is the charge associated with the strong
interaction [17]. The hadrons are mainly categorized into baryons (three quarks) and
mesons (quark–antiquark pairs). Each of these fermions has a corresponding antiparticle
with opposite charges and same mass.
Vector bosons (spin 1) are the mediators of fundamental interactions, responsible for
transmitting the corresponding forces. The photon 𝛾 mediates the electromagnetic force
and couples to all particles with an electric charge. The weak interaction is mediated by
the two 𝑊± bosons and the 𝑍 boson. The former couple only to left-handed fermions
and right-handed antifermions due to the chiral nature of the charged current [18].
Additionally, the eight gluons 𝑔 mediate the strong interaction by coupling to color
charge. Since gluons themselves carry color charge, they can interact with both quarks
and other gluons.
Lastly, the Higgs boson 𝐻, as the only scalar boson (spin 0), plays a unique role in
the SM. Its field is responsible for the electroweak symmetry breaking, where through
the non-zero Vacuum Expectation Value (VEV), the SM masses of all particles are
generated.

2.1.1 Symmetry Structure of the SM

As a QFT the SM is formulated in terms of quantum fields, where each field is associ-
ated with a corresponding particle species. The interactions of the SM arise from the
requirement of local gauge invariance of the SM action 𝑆SM under the symmetry group

𝐺 = SU(3)C × SU(2)L × U(1)Y , (2.1)

where (S)U(𝑛) denotes the (special) unitary group of degree 𝑛. Here, each gauge group
is associated with either the strong, weak or electromagnetic interaction. The subscripts
C stands for color, L for left-handedness, and Y for hypercharge. The strong interaction
is described by the Quantum Chromodynamics (QCD) sector which is governed by
SU(3)C [19, 20] and mediated by the eight gluons 𝐺𝑎

𝜇 (𝑎 = 1, … , 8). The electroweak
interaction is described by SU(2)L × U(1)Y before electroweak symmetry breaking [21,
22] mediated by the three weak bosons 𝑊𝑎

𝜇 (𝑎 = 1, … , 3) and the hypercharge boson 𝐵𝜇.
While the gauge bosons transform under the adjoint representation, as it turns out, the
fermions of the SM transform under the fundamental representation of the symmetry
groups they are charged under. This means, that quarks transform as triplets under
SU(3)C, while leptons are singlets under this group. Left-handed fermions, both quarks
and leptons, form doublets under SU(2)L, whereas right-handed fermions are singlets.
Additionally, all fermions are assigned specific hypercharges under U(1)Y, determining
their interactions with the hypercharge gauge boson 𝐵. Ultimately, it is the invariance of
the interaction terms under these transformations that dictates their structure in the SM.
For clarity, these fields and their corresponding transformation properties are gathered
in table 2.1.
The dynamics of all quantum fields in the SM can be described using the principle of
least action 𝛿𝑆SM = 0, with the action of the SM 𝑆SM given by

𝑆SM = ∫ d4𝑥 ℒSM (𝛷𝑖(𝑥), ∂𝛷𝑖(𝑥)) , (2.2)
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2.1 The Standard Model of Particle Physics

Table 2.1: Field content of the SM and transformation properties under the SM
gauge group. The subscript 𝑖 indicates the different generations for the left- and
right-handed quarks. The superscript 𝑎 = 1, … , 8 labels the gluons, and 𝑏 = 1, … , 3
labels the weak bosons.

Field U(1)Y SU(2)L SU(3)C

𝐺𝑎
𝜇 0 1 8

𝑊𝑏
𝜇 0 3 1

𝐵𝜇 0 1 1
𝑄L = (𝑢L𝑖, 𝑑L𝑖)T 1/6 2 3

𝐿L = (𝜈𝑒L, 𝑒L)T, (𝜈𝜇L, 𝜇L)T, (𝜈𝜏L, 𝜏L)T 1/2 2 1
𝑢R𝑖 2/3 1 3
𝑑R𝑖 −1/3 1 3

𝑙R = 𝑒R, 𝜇R, 𝜏R −1 1 1
𝐻 = (𝜑+, 𝜑0)T 1/2 2 1

where 𝛷𝑖 denote all quantum fields, c.f. table 2.1. Here, the SM Lagragian ℒSM is given
by

ℒSM = ℒgauge + ℒmatter + ℒHiggs + ℒYukawa . (2.3)

To fully understand this Lagrangian, we discuss each of its components in the following.
We begin with ℒgauge containing those contributions that describe the dynamics of the
gauge fields, in case of a a non-abelian group structure this includes self-interactions, as
it is the case for SU(3)C and SU(2)L. The term ℒgauge is given by

ℒgauge = −
1
4𝐵𝜇𝜈𝐵𝜇𝜈 −

1
4𝑊𝑎

𝜇𝜈𝑊𝑎𝜇𝜈 −
1
4𝐺𝑎

𝜇𝜈𝐺𝑎𝜇𝜈 , (2.4)

with the field strength tensor of the gauge bosons

𝐹𝑎
𝜇𝜈 = ∂𝜇𝐴𝑎

𝜈 − ∂𝜈𝐴𝑎
𝜇 + 𝑔𝑓 𝑎𝑏𝑐𝐴𝑏

𝜇𝐴𝑐
𝜈 , (2.5)

where 𝐹 stands for any gauge boson field strength with 𝐴𝑎
𝜇 being the corresponding

gauge field, 𝑔 the associated coupling constant, and 𝑓 𝑎𝑏𝑐 the structure constants of the
gauge group.
The term ℒmatter governs the dynamics of the fermions and their interaction with the
gauge fields of the SM. It is given by

ℒmatter = 𝑖 ̄𝜓𝛾𝜇𝐷𝜇𝜓 , (2.6)

where 𝛾𝜇 are the Dirac matrices, satisfying the Clifford algebra {𝛾𝜇, 𝛾𝜈} = 2𝜂𝜇𝜈𝟙. Note,
that we use the mostly minus convention, i.e., 𝜂𝜇𝜈 = diag(1, −1, −1, −1) in Cartesian
coordinates. The field 𝜓 represents all matter particles in the SM, while ̄𝜓 denotes the
corresponding conjugate field ̄𝜓 = 𝜓†𝛾0. The interactions with the gauge bosons are
introduced through the gauge covariant derivative 𝐷𝜇, defined as

𝐷𝜇 = ∂𝜇 − 𝑖𝑔3𝐺𝑎
𝜇

𝜆𝑎

2 − 𝑖𝑔2𝑊𝑖
𝜇

𝜏𝑖

2 − 𝑖𝑔1𝐵𝜇𝑌 , (2.7)

7



2 Theoretical Foundations

which arises naturally from the afore-mentioned imposed invariance of the SM Lagragian
under the symmetry group 𝐺. Again, 𝐺𝑎

𝜇 are the gauge fields of the strong interaction,
associated with the strong coupling constant 𝑔3 and Gellmann matrices 𝜆𝑎 only acting
on the color triplets, while 𝑊𝑖

𝜇 correspond to the weak interaction, with coupling 𝑔2 and
the Pauli matrices 𝜏𝑖 acting on the SU(2) doublets. The field 𝐵𝜇 represents the gauge
boson coupled via 𝑔1 to particles with hypercharge 𝑌.
Next, we discuss the Lagrangian ℒHiggs. It describes the dynamics of the Higgs field 𝐻
and, in particular, its potential 𝑉(𝐻), which induces the spontaneous breakdown of the
electroweak symmetry:

ℒHiggs = (𝐷𝜇𝐻)†(𝐷𝜇𝐻) − 𝑉(𝐻) . (2.8)

Here, 𝐻 is the SU(2) Higgs doublet with hypercharge 𝑌 = 1/2, which interacts with the
gauge fields via the gauge covariant derivative 𝐷𝜇 given in equation (2.7). The Higgs
potential 𝑉(𝐻) is given by [22, 23]

𝑉(𝐻) = 𝜇2𝐻†𝐻 + 𝜆(𝐻†𝐻)2 , (2.9)

where a value of the quartic coupling 𝜆 > 0 bounds the potential from below and a
mass parameter 𝜇2 < 0 leads to the spontaneous symmetry breaking. This results in a
vacuum structure with an infinite number of degenerate minima differing by a complex
phase and satisfying

|⟨𝐻⟩|2 =
𝜇2

2𝜆 ≕
𝑣2

2 , (2.10)

where 𝑣/√2 is the VEV of 𝐻. Consequently, the Higgs field acquires a non-zero value in
the vacuum. In the unitary gauge, one Degree of Freedom (DOF) of the Higgs remains
a physical mode, while the other three are absorbed into the longitudinal components of
the massive gauge bosons. The Higgs field can then be expanded around the VEV 𝑣/√2
as

𝐻(𝑥) =
1

√2
( 0

𝑣 + ℎ(𝑥)) . (2.11)

Substituting this expansion into the kinetic terms of ℒHiggs generates the mass terms for
the electroweak gauge bosons. After diagonalizing these mass terms, one can read off
the masses

ℒHiggs ⊃ 𝑚2
W𝑊+

𝜇 𝑊−𝜇 +
𝑚2

Z
2 𝑍𝜇𝑍𝜇 , (2.12)

with the weak bosons now in the mass basis given by

𝑍𝜇 = cos (𝛩W)𝑊𝜇
3 − sin (𝛩W)𝐵𝜇 , 𝑊±𝜇 =

𝑊𝜇
1 ± 𝑖𝑊𝜇

2

√2
, (2.13)

𝐴𝜇 = cos (𝛩W)𝐵𝜇 + sin (𝛩W)𝑊𝜇
3 , (2.14)

the weak mixing angle 𝛩W, and the masses of the 𝑊± and 𝑍 boson, 𝑚W and 𝑚Z, respec-
tively

𝑚W =
𝑣𝑔2
2 , 𝑚Z =

𝑚W
cos (𝛩W) , cos (𝛩W) =

𝑔2

√𝑔2
2 + 𝑔2

1

. (2.15)
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The Higgs boson itself acquires a mass by substituting the expansion in equation (2.11)
into the Higgs potential 𝑉(𝐻) in equation (2.9) yielding

𝑚ℎ = √2𝜆𝑣 . (2.16)

Here, the electroweak symmetry is broken down to

SU(2)L × U(1)Y → U(1)EM . (2.17)

After this spontaneous symmetry breaking, the generator 𝑄 = 𝑇3 + 𝑌 remains unbroken
and is identified with the electromagnetic charge, while the gauge boson corresponding
to the unbroken subgroup, i.e., the photon 𝐴𝜇, remains massless.
Finally, the term ℒYukawa describes the coupling of the Higgs field to the fermions and is
responsible for generating the masses of quarks and charged leptons:

ℒYukawa = −𝑦u𝑄̄L𝐻𝑐𝑢R − 𝑦d𝑄̄L𝐻𝑑R − 𝑦e𝐿̄L𝐻𝑙R + h.c. (2.18)

Here, 𝑦u, 𝑦d and 𝑦e are the Yukawa coupling matrices, 𝑄L represents the left-handed
quark doublets, 𝐿L the left-handed lepton doublets, while 𝑢R, 𝑑R and 𝑙R are the corre-
sponding right-handed fermion singlets. The field 𝐻𝑐 = 𝑖𝜎2𝐻∗ is the charged-conjugated
Higgs doublet. Again, by inserting the Higgs expansion from equation (2.11) into
ℒYukawa, mass terms for the fermions emerge:

ℒYukawa ⊃ ℒmass
Yukawa = − ̄𝑢L𝑀u𝑢R − ̄𝑑L𝑀d𝑑R + h.c. , (2.19)

with the mass matrices

𝑀u =
𝑣

√2
𝑦u , 𝑀d =

𝑣
√2

𝑦d . (2.20)

However, the Yukawa matrices are not necessarily diagonal, meaning the flavor basis,
where the weak interaction terms are diagonal, does not coincide with the mass basis,
where the mass terms in equation (2.19) are diagonal. To obtain the mass eigenstates,
the mass matrices must be diagonalized via unitary transformations

𝑀diag
u = 𝑉†

u𝑀u𝑈u , 𝑀diag
d = 𝑉†

d𝑀d𝑈d . (2.21)

Here, 𝑈u and 𝑈d are unitary matrices describing the transformations of right-handed
quarks, while 𝑉u and 𝑉d correspond to the transformations of the left-handed quark
sector, i.e., 𝑢L → 𝑉u𝑢L, etc. The relation corresponding to equation (2.20) in the mass
basis shows that fermion masses are always proportional to their respective Yukawa
couplings. Since the Yukawa couplings are free parameters in the SM, they must be
determined experimentally. Their values vary over many orders of magnitude, from the
heavy top quark at the electroweak scale to the tiny electron mass. Since only left-handed
quarks participate in 𝑊± interactions, the transformations leave behind a residual mixing
factor in the charged current interactions

𝑉CKM = 𝑉†
u𝑉d . (2.22)

This is the Cabibbo–Kobayashi–Maskawa (CKM) matrix, which governs quark transi-
tions in weak interactions [24, 25]. It is responsible for the existence of flavor changing
charged currents at tree level in the SM. The CKM matrix contains three mixing angles
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and a complex phase [26], which leads to CP violation—a fundamental asymmetry
between matter and antimatter arising from the combined violation of charge conjuga-
tion (C) and parity (P) symmetry, manifesting in processes such as kaon and 𝐵-meson
decays.
In BSM physics a similar mixing structure exists in the lepton sector, where the neutrino
mass eigenstates differ from the flavor eigenstates. Analogous to the role of the CKM ma-
trix here, this mixing is described by the Pontecorvo–Maki–Nakagawa–Sakata (PMNS)
matrix [27–29]. Unlike the former case, where mixing is relatively small, neutrino mixing
angles are large, which is crucial for the observed neutrino oscillations. We discuss this
phenomenon in more detail in section 2.2.

2.1.2 Open Questions of the Standard Model

Despite the wide acceptance of the SM as the central framework of particle physics,
we know with certainty that it cannot be the complete description of nature. In this
subsection, we discuss some of the open questions and shortcomings of the SM that are
particularly relevant to this work.
One major limitation of the SM is that it predicts neutrinos to be massless, as the usual
Higgs mechanism does not provide a neutrino mass term. However, neutrino oscillation
experiments have conclusively shown that at least two neutrinos must have non-zero
masses [13, 30]. The observed oscillation can be understood analogously to quark mixing
as a mismatch between the flavor and mass eigenstates. We will explore neutrino oscilla-
tions in detail in section 2.2. As the origin of neutrino masses cannot be explained within
the SM, new interactions beyond the SM are required, such as for example the seesaw
mechanism [31]. A key open question in this context is whether neutrinos are Dirac or
Majorana particles [32], which will be discussed in more depth in subsection 2.2.3.
Another unresolved issue is the nature of Dark Matter (DM). Observations like galactic
rotation curves [14] and gravitational lensing [33, 34] indicate that approximately 27 %
of the universe’s matter consists of non-electromagnetically charged particles [35], for
which the SM offers no suitable candidate. Various BSM models predict a plethora of
different DM particles, including Weakly Interacting Massive Particles (WIMPs) [36],
axions [37] and sterile neutrinos [38].
Additionally, the universe exhibits a striking matter–antimatter asymmetry [15, 39, 40].
Any successful theory addressing this problem must satisfy the Sakharov conditions [15],
which require violation of baryon number, violation of C and CP symmetry, and de-
parture from thermal equilibrium. The SM alone cannot explain this discrepancy, as
its sources of CP violation are too small to account for the observed asymmetry. Many
proposed solutions rely on leptogenesis [41], where an initial asymmetry in the lepton
sector translates into a baryon asymmetry through electroweak processes.
Moreover, the SM does not include gravity—a fundamental force that remains outside
the framework of QFT. While GR successfully describes gravitational interactions on
macroscopic scales, a complete theory of Quantum Gravity (QG) remains elusive.
Finally, observations of the accelerated expansion of the universe strongly suggest the
existence of dark energy, an unknown component that drives cosmic acceleration [42, 43].
The simplest explanation within the framework of GR is a cosmological constant 𝛬. A
common interpretation of 𝛬 as the vacuum energy [44] leads to severe theoretical issues,
as naive QFT predictions exceed the observed value by many orders of magnitude [45,
46]. Alternatively, the QFT contribution can be interpreted as an additional term to the

10



2.2 Neutrino Oscillations

classical cosmological constant 𝛬. However, even in this case one is left with a severe
finetuning problem. Alternative explanations include dynamical dark energy models
such as quintessence, where a slowly evolving scalar field drives the expansion [47, 48].
Despite various theoretical proposals, the true nature of dark energy remains one of the
biggest mysteries in modern physics.
Although there are additional unresolved questions in the SM, we focus on the ones
mentioned above, as they are directly or indirectly relevant to this work. Some of this
topics will be briefly touched upon, while others will be examined in more depth.

2.2 Neutrino Oscillations

Another key aspect of this work is the physics of neutrinos, particularly the phenomenon
of neutrino oscillations, which we explore in more detail in this section.
The neutrino was first postulated in 1930 by Wolfgang Pauli to account for the continu-
ous energy spectrum of the emitted electrons in beta decays without violating energy
and momentum conservation [49]. The electron antineutrino ̄𝜈𝑒 was experimentally
discovered in 1956 by Clyde Cowan and Frederick Reines using a large nuclear reactor
as the source [50]. The other neutrino flavors were subsequently discovered: the muon
neutrino 𝜈𝜇 in 1962 by Leon Lederman, Melvin Schwartz and Jack Steinberger [51], and
the tau neutrino 𝜈𝜏 in 2000 by the DONUT experiment [52].
As early as 1957, Bruno Pontecorvo proposed the idea of neutrino–antineutrino oscilla-
tions [27], inspired by the 𝐾0–𝐾̄0 mixing observed in neutral kaon systems [28]. After
the discovery of the muon neutrino in 1962, this concept was extended to flavor os-
cillations, assuming non-zero neutrino masses [53]. In the late 1960s, the Homestake
experiment, led by Raymond Davis Jr., measured the flux of solar electron neutrinos [54].
Their measurement revealed only about one third of the expected neutrino flux, provid-
ing the first experimental indication that electron neutrinos may transform into other
flavors on their way to Earth. In 1998, the Super-Kamiokande experiment observed a
zenith-angle-dependent deficit in atmospheric muon neutrinos, thereby providing com-
pelling evidence for flavor oscillations [55]. The results demonstrated the path-length
dependence of the oscillations probability and the oscillation pattern itself. This picture
was further confirmed by the Sudbury Neutrino Observatory in 2001, which provided
additional evidence for flavor transitions of solar neutrinos by distinguishing between
charged-current and neutal-current interactions [13].
Apart from exotic scenarios [56], neutrino oscillations are only possible if at least two of
the three neutrino mass eigenstates have non-zero masses. Consequently, the observa-
tion of neutrino oscillations implies physics beyond the SM and necessitates a thorough
derivation of oscillation probabilities from first principles within the framework of QFT.
To fully understand the phenomenon of neutrino oscillations, it is essential to distin-
guish between the mass eigenstates (𝜈1, 𝜈2, 𝜈3) and the flavor eigenstates (𝜈𝑒, 𝜈𝜇, 𝜈𝜏) of
neutrinos. While neutrinos are produced and detected in flavor eigenstates via weak
interactions, their propagation is governed by the mass eigenstates. Each flavor state
is thus a coherent superposition of mass eigenstates, and the transformation between
these bases is described by the PMNS matrix [57, 58]:

|𝜈𝛼⟩ = ∑
𝑖

𝑈∗
𝛼𝑖 |𝜈𝑖⟩ , (2.23)
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Table 2.2: Current best-fit values of the mixing angles 𝛩𝑖𝑗, CP-violating phase 𝛿
and squared mass differences 𝛥𝑚2

𝑖𝑗 for neutrino oscillations [59] for normal mass
ordering.

Parameter Best-fit value

sin2 𝛩12 0.307 ± 0.013
sin2 𝛩23 0.558+0.015

−0.021
sin2 𝛩13 (2.19 ± 0.07)10−2

𝛥𝑚2
21 (7.53 ± 0.18)10−5eV2

𝛥𝑚2
32 (2.455 ± 0.028)10−3eV2

𝛿 (1.19 ± 0.22) 𝜋

where 𝑈𝛼𝑖 are the elements of the PMNS matrix. Note, that greek letters denote the
flavor states and latin letters the mass eigenstates. For three neutrino flavors, the PMNS
matrix can be parametrized as:

𝑈 =
⎛⎜⎜⎜
⎝

c12c13 s12c13 s13𝑒−𝑖𝛿

−s12c23 − c12s23s13𝑒𝑖𝛿 c12c23 − s12s23s13𝑒𝑖𝛿 s23c13
s12s23 − c12c23s13𝑒𝑖𝛿 −c12s23 − s12c23s12𝑒𝑖𝛿 c23c13

⎞⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

𝑒𝑖 𝛼1
2 0 0

0 𝑒𝑖 𝛼2
2 0

0 0 1

⎞⎟⎟⎟⎟⎟
⎠

,

(2.24)
where c𝑖𝑗 = cos 𝛩𝑖𝑗, s𝑖𝑗 = sin 𝛩𝑖𝑗, and 𝛿 is the Dirac CP-violating phase. The phases 𝛼1
and 𝛼2 are only physical if neutrinos are Majorana particles, meaning they are their
own antiparticles. Thus, the PMNS matrix contains three mixing angles, one Dirac CP
phase, and two additional Majorana phases. The currently measured values of these
parameters are summarized in table 2.2 [59]. The PMNS matrix plays a role analogous
to the CKM matrix in the quark sector, which describes quark mixing under the weak
interaction. When neutrinos propagate through space, each mass eigenstate travels with
a slightly different phase velocity due to its distinct mass. This leads to a time-dependent
quantum superposition of mass eigenstates, and thus, to a different resulting flavor
eigenstate at the point of detection. This interference effect is the physical origin of
neutrino oscillations.
The simplest theoretical description of neutrino oscillations is given in the plane wave
formalism [58, 60]. In this approximation, the time evolution of a mass eigenstate |𝜈𝑗⟩ is
governed by

|𝜈𝑗(𝑡)⟩ = 𝑒−𝑖(𝐸𝑗𝑡−𝑝⃗𝑗 ⃗𝑥) |𝜈𝑗(0)⟩ , (2.25)

where 𝐸𝑗 and ⃗𝑝𝑗 denote the energy and momentum of the eigenstate 𝑗 respectively, 𝑡 is the
time since emission, and ⃗𝑥 the position relative to the source. For most realistic scenarios,
neutrinos are ultra-relativistic, i.e., 𝐸 ≫ 𝑚𝑗 where 𝐸 denotes the average energy of the
neutrino detected. With this, we can expand the energy as

𝐸𝑗 = √ ⃗𝑝2
𝑗 + 𝑚2

𝑗 ≈ ∣ ⃗𝑝𝑗∣ +
𝑚2

𝑗

2 ∣ ⃗𝑝𝑗∣
≈ 𝐸 +

𝑚2
𝑗

2𝐸 . (2.26)
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P𝑓 (𝑘)

P𝑖(𝑞)

D𝑓 (𝑘′)

D𝑖(𝑞′)

𝜈

Figure 2.1: Schematic representation of the external wave packet approach. A
neutrino is produced via a localized process involving the initial and final states
P𝑖 and P𝑓 , and is subsequently detected via another localized process with states
D𝑖 and D𝑓 . The neutrino 𝜈 propagates as an internal virtual particle between the
two interaction vertices.

Additionally, assuming 𝑡 ≈ 𝐿, where 𝐿 is the propagation distance, we obtain the transi-
tion probability:

𝑃𝛼𝛽 = ∣⟨𝜈𝛽|𝜈𝛼(𝐿)⟩∣
2

=
∣∣∣∣
∑

𝑗
𝑈∗

𝛼𝑗𝑈𝛽𝑗𝑒
−𝑖

𝑚2
𝑗 𝐿

2𝐸
∣∣∣∣

2

. (2.27)

Despite the idealizations involved in this derivation, this formula reproduces many
neutrino oscillation phenomena with remarkable accuracy. However, it comes with
several limitations [61].
First, neutrinos are produced and detected in localized interactions and should therefore
be described as wave packets rather than plane waves. This localization implies a finite
spatial and temporal coherence, and the slight difference in group velocities between the
mass eigenstates leads to the spatial separation of the wave packets. When this separation
exceeds the coherence length, oscillations are no longer observable—a phenomenon
known as wave packet decoherence and not included in the plane wave formalism.
Second, plane waves are unphysical in the sense that they are not normalizable, which
is inconsistent with the localized nature of realistic scattering processes. Finally, the
substitution 𝑡 ≈ 𝐿 is heuristic and lacks rigorous justification. A more consistent treat-
ment of the transition amplitude requires going beyond the plane wave approximation
to include effects such as coherence length, energy resolution and the finite extent of
production and detection processes.

2.2.1 Wave Packet Treatments of Neutrino Oscillations

The plane wave formalism suffers from several conceptual and physical shortcom-
ings [58]. In this subsection, we introduce two alternative theoretical frameworks that
provide a more realistic description of neutrino oscillations: the external wave packet
approach and the internal wave packet approach. We conclude with a comparative
analysis of all three formalisms.
We begin with the external wave packet approach, in which neutrinos are produced via
localized processes, for instance 𝜋+ → 𝜇+ + 𝜈𝜇, and are subsequently detected through
another localized interaction such as for instance 𝜈𝑒 + 𝑛 → 𝑒− + 𝑝 [62]. A schematic
representation of this process is shown in figure 2.1. In this framework, all external
particles, i.e., those involved in the production and detection processes, are modeled as
localized wave packets. The neutrino itself is not described as an asymptotic state but
rather appears as a virtual particle mediating the two localized interactions. The initial
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2 Theoretical Foundations

and final quantum states of the system can thus be written in terms of the wave packets
as follows [63]:

|P𝑖⟩ = ∫ d𝑞 𝑓P𝑖
( ⃗𝑞, 𝑄⃗) |P𝑖, ⃗𝑞⟩ , |P𝑓 ⟩ = ∫ d𝑘 𝑓P𝑓

( ⃗𝑘, 𝐾⃗) |P𝑓 , ⃗𝑘⟩ , (2.28)

|D𝑖⟩ = ∫ d𝑞′ 𝑓D𝑖
( ⃗𝑞′, 𝑄⃗′) |D𝑖, ⃗𝑞′⟩ , |D𝑓 ⟩ = ∫ d𝑘′ 𝑓D𝑓

( ⃗𝑘′, 𝐾⃗′) |D𝑓 , ⃗𝑘′⟩ , (2.29)

where the momentum integrals are defined as

d𝑞 =
d3𝑞

(2𝜋)3 √2𝐸𝑖( ⃗𝑞)
. (2.30)

All other momentum integrals are defined analogously and 𝑓P𝑖
, 𝑓P𝑓

and 𝑓D𝑖
, 𝑓D𝑓

are the
momentum-space wave packet envelopes for the production and detection at the ini-
tial and the final point, respectively. These are usually assumed to be Gaussian wave
packets [64]. In this case, the initial wave packet produced takes the form

𝑓P𝑖
( ⃗𝑞, 𝑄⃗) = ⎛⎜

⎝

1
2𝜋𝜎2

𝑝

⎞⎟
⎠

3
4

exp
⎛⎜⎜⎜
⎝

−
( ⃗𝑞 − 𝑄⃗)

2

4𝜎2
𝑝P𝑖

⎞⎟⎟⎟
⎠

, (2.31)

where 𝜎𝑝P𝑖
denotes the momentum uncertainty of the produced state [58] and 𝑄⃗ its

central momentum. The transition amplitude for the entire process is given by

𝑖𝐴𝛼𝛽 = ⟨P𝑓 D𝑓 |𝑇̂ exp (−𝑖 ∫ d4𝑥 𝐻I(𝑥)) − 𝟙|P𝑖D𝑖⟩ , (2.32)

where 𝑇̂ denotes the time-ordering operator and 𝐻I is the charged-current weak inter-
action Hamiltonian. Inserting equation (2.28) and (2.29) into the amplitude in equa-
tion (2.32), we find

𝑖𝐴𝛼𝛽 = ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 ∫ d𝑞 𝑓P𝑖

( ⃗𝑞, 𝑄⃗) ∫ d𝑘 𝑓 ∗
P𝑓

( ⃗𝑘, 𝐾⃗) ∫ d𝑞′ 𝑓D𝑖
( ⃗𝑞′, 𝑄⃗′)

× ∫ d𝑘′ 𝑓 ∗
D𝑓

( ⃗𝑘′, 𝐾⃗′)𝑖𝐴𝑗(𝑞, 𝑘; 𝑞′, 𝑘′) , (2.33)

with the amplitude 𝐴𝑗 in terms of the plane wave amplitudes 𝑀̃P and 𝑀̃D with the 𝑗-th
neutrino mass eigenstate:

𝑖𝐴𝑗(𝑞, 𝑘; 𝑞′, 𝑘′) = ∫ d4 𝑥1 ∫ d4𝑥2 𝑀̃D(𝑞′, 𝑘′)𝑒−𝑖(𝑞′−𝑘′)(𝑥2−𝑥D)

× 𝑖 ∫
d4p

(2𝜋)4
/𝑝 + 𝑚𝑗

𝑝2 − 𝑚2
𝑗 + 𝑖𝜀

𝑒−𝑖𝑝(𝑥2−𝑥1)𝑀̃P(𝑞, 𝑘)𝑒−𝑖(𝑞−𝑘)(𝑥1−𝑥P) . (2.34)

Here, 𝑥1 and 𝑥2 are the production and detection coordinates centered around 𝑥P and
𝑥D, respectively. The full amplitude can then be expressed as

𝑖𝐴𝛼𝛽 = 𝑖 ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 ∫

d4𝑝
(2𝜋)4 𝛷𝑗P(𝑝0, ⃗𝑝)𝛷𝑗D(𝑝0, ⃗𝑝)

2𝑝0𝑒−𝑖𝑝0𝑇+𝑖𝑝⃗𝐿⃗

𝑝2 − 𝑚2
𝑗 + 𝑖𝜀

, (2.35)
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2.2 Neutrino Oscillations

where 𝛷𝑗P and 𝛷𝑗D are the Fourier-transformed overlap functions of the external wave
packets [65]:

𝛷𝑗P(𝑝0, ⃗𝑝) = ∫ d4𝑥′
1 𝑒𝑖𝑝𝑥′

1 ∫ d𝑞 ∫ d𝑘 𝑓P𝑖
( ⃗𝑞, 𝑄⃗)𝑓 ∗

P𝑓
( ⃗𝑘, 𝐾⃗) × 𝑒−𝑖(𝑞−𝑘)𝑥′

1𝑀𝑗P(𝑞, 𝑘) , (2.36)

𝛷𝑗D(𝑝0, ⃗𝑝) = ∫ d4𝑥′
2 𝑒−𝑖𝑝𝑥′

2 ∫ d𝑞′ ∫ d𝑘′ 𝑓D𝑖
( ⃗𝑞′, 𝑄⃗′)𝑓 ∗

D𝑓
( ⃗𝑘′, 𝐾⃗′) × 𝑒−𝑖(𝑞′−𝑘′)𝑥′

2𝑀𝑗D(𝑞′, 𝑘′) ,
(2.37)

with

𝑀𝑗P(𝑞, 𝑘) =
̄𝑢𝑗𝐿(𝑝)

√2𝑝0
𝑀̃P(𝑞, 𝑘) , 𝑀𝑗D(𝑞′, 𝑘′) = 𝑀̃D(𝑞′, 𝑘′)

𝑢𝑗𝐿(𝑝)

√2𝑝0
, (2.38)

and 𝑥1 = 𝑥P + 𝑥′
1 and 𝑥2 = 𝑥D + 𝑥′

2. Further, we introduce the neutrino spinors 𝑢𝑗𝐿(𝑝) by
making use of the completeness relation for the neutrino momenta. With all of this, we
finally arrive at the form [61]

𝑖𝐴𝛼𝛽 = 𝛩(𝑇) ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 ∫

d3𝑝
(2𝜋)3 𝛷𝑗𝑃(𝐸𝑗( ⃗𝑝), ⃗𝑝)𝛷𝑗𝐷(𝐸𝑗( ⃗𝑝), ⃗𝑝)𝑒−𝑖𝐸𝑗(𝑝⃗)𝑇+𝑖𝑝⃗𝐿⃗ , (2.39)

where 𝛩(𝑥) is a Heaviside step function enforcing causality. Note that obtaining the
final flavor oscillation probability in the external wave packet approach requires detailed
knowledge of the neutrino production and detection processes. This results in a rather
involved derivation, especially since those microscopic details are often unknown or
poorly constrained. However, if the considered process is approximately independent
of those microscopic details of neutrino production and detection, an alternative and
conceptually simpler framework is given by the internal wave packet approach [60]. In
this framework, the neutrino itself is modeled as a localized wave packet which can also
be rigorously derived from the external wave packet formalism [63]:

𝐴𝛼𝛽 = 𝛩 (𝑇D − 𝑇P) ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 ∫ d3 ⃗𝑝 ∫ d3 ⃗𝑝′𝛹D∗

𝑗 ( ⃗𝑝)𝛹P
𝑗 ( ⃗𝑝′) ⟨𝜈𝑗, ⃗𝑝; D|𝜈𝑗, ⃗𝑝′; P⟩ , (2.40)

where 𝛹D
𝑗 ( ⃗𝑝) and 𝛹P

𝑗 ( ⃗𝑝′) are the neutrino wave packets at the detection and production,
respectively, which we assume to be Gaussian:

𝛹D
𝑗 ( ⃗𝑝) = ⎛⎜⎜

⎝

1
2𝜋𝜎2

D𝑗

⎞⎟⎟
⎠

3
4

exp
⎛⎜⎜⎜
⎝

−
( ⃗𝑝 − 𝑄⃗𝑗)

2

4𝜎2
D𝑗

⎞⎟⎟⎟
⎠

, (2.41)

𝛹P
𝑗 ( ⃗𝑝) = ⎛⎜⎜

⎝

1
2𝜋𝜎2

P𝑗

⎞⎟⎟
⎠

3
4

exp
⎛⎜⎜⎜
⎝

−
( ⃗𝑝 − 𝑃⃗𝑗)

2

4𝜎2
P𝑗

⎞⎟⎟⎟
⎠

, (2.42)

where 𝑄⃗ and 𝑃⃗ now denote the difference between the external outgoing and incoming
mean momenta, respectively, with the wave packets widths 𝜎D𝑗 and 𝜎P𝑗. To obtain and in-
terpret the resulting amplitude, we insert the Gaussian wave packets into equation (2.40),
yielding

𝐴𝛼𝛽 =𝛩(𝑇D − 𝑇P) ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗(2𝜋𝜎P𝑗𝜎D𝑗)

− 3
2

× ∫ d3 ⃗𝑝 exp
⎛⎜⎜⎜
⎝

−
( ⃗𝑝 − 𝑄⃗𝑗)

2

4𝜎D𝑗
−

( ⃗𝑝 − ⃗𝑃𝑗)
2

4𝜎2
P𝑗

− 𝑖 (𝐸𝑝𝛥𝑇 − ⃗𝑝𝐿⃗)
⎞⎟⎟⎟
⎠

, (2.43)
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where 𝛥𝑇 = 𝑇D − 𝑇P and 𝐸𝑝 is the energy corresponding to the momentum 𝑝. We then
expand the exponent around the dominant mean momentum ̄ ⃗𝑝𝑗

̄ ⃗𝑝𝑗 =
𝜎2

D𝑗𝑃⃗𝑗 + 𝜎2
P𝑗𝑄⃗𝑗

𝜎2
P𝑗 + 𝜎2

D𝑗
, (2.44)

and perform all momentum integrals. This leads to the following expression for the
amplitude:

𝐴𝛼𝛽 = ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 (𝜎3

D𝑗𝜎3
P𝑗 det 𝛴𝑗)

− 1
2 exp (−𝑖 (𝐸̄𝑗𝑇 − ̄⃗𝑝𝑗𝐿⃗))

× exp
⎛⎜⎜⎜
⎝

−
1
4

(𝑃⃗𝑗 − 𝑄⃗𝑗)
2

𝜎2
P𝑗 + 𝜎2

D𝑗
−

1
2 ( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗)

𝑇
𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝛥𝑇 − 𝐿⃗)
⎞⎟⎟⎟
⎠

, (2.45)

with the mean neutrino energy 𝐸̄𝑗 = √| ⃗𝑝𝑗|2 + 𝑚2
𝑗 , the group velocity ̄ ⃗𝑣𝑗 = ̄⃗𝑝𝑗/𝐸̄𝑗 and the

position space covariance matrix

𝛴𝑗 =
1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

+ 𝑖
𝛥𝑇
𝐸𝑗

(1 − ̄⃗𝑣𝑗 ⊗ ̄⃗𝑣𝑗) , (2.46)

which defines the overlap between the produced and detected wave packet. The first
term in the exponent is already familiar from the plane wave formalism and gives rise to
the characteristic oscillation pattern. The second term describes the damping of these
oscillations due to the wave packet nature of the neutrino: only production and detection
configurations with approximately matching mean momenta contribute significantly.
The third term quantifies how well the spacetime coordinates of detection match the
expected classical trajectory of a neutrino with mass 𝑚𝑗. Only those configurations for
which this agreement is sufficiently good contribute appreciably. This also allows for
the definition of a spacetime volume

𝑉𝑥 = 1/√det (Re(𝛴−1
𝑗 )) , (2.47)

within which the amplitude is non-vanishing. As a consequence, a natural relation
between the propagation length 𝐿 and the time 𝑇 emerges.
To make the discussion more transparent, we now diagonalize the position space covari-
ance matrix 𝛴𝑗 into eigenvectors and eigenvalues

𝛴𝑗 = 𝜎2
𝑗∥ ( ⃗𝑠𝑗

∥ ⊗ ⃗𝑠𝑗
∥) +

2
∑
𝑎=1

𝜎2
⟂𝑗 ( ⃗𝑠𝑗

⟂,𝑎 ⊗ ⃗𝑠𝑗
⟂,𝑎) . (2.48)

Here, ⃗𝑠𝑗
∥ is aligned with the mean neutrino momentum, and the remaining ⃗𝑠𝑗

⟂,1 and ⃗𝑠𝑗
⟂,2

are orthonormal perpendicular to it. To simplify the discussion, we neglect wave packet
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spreading at this stage, which leads to the following position uncertainties:

𝜎2
∥𝑗 =

1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

+ 𝑖
𝛥𝑇
𝐸̄𝑗

(1 − | ̄⃗𝑣𝑗|)
2

⏟⏟⏟⏟⏟⏟⏟
Wave Packet Spreading≈0

, (2.49)

𝜎2
⟂𝑗 =

1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠⏟⏟⏟⏟⏟⏟⏟

=𝛩2
𝑗

+
⏞
𝑖
𝛥𝑇
𝐸̄𝑗

. (2.50)

With these quantities, the exponent can be rewritten, yielding the amplitude:

𝐴𝛼𝛽 =𝛩(𝑇D − 𝑇P) ∑
𝑗

𝑈∗
𝛼𝑗𝑈𝛽𝑗 (𝛩2

𝑗 𝜎D𝑗𝜎P𝑗)
− 3

2 exp (−𝑖 (𝐸̄𝑗𝑇 − | ̄⃗𝑝𝑗|𝐿)) (2.51)

× exp
⎛⎜⎜⎜
⎝

−
1
4

(|𝑃⃗𝑗| − |𝑄⃗𝑗|)
2

𝜎2
P𝑗 + 𝜎2

D𝑗
−

1
2

(| ̄⃗𝑣𝑗|𝛥𝑇 − 𝐿)
2

2𝛩2
𝑗

⎞⎟⎟⎟
⎠

. (2.52)

Here, we assume that the propagation length 𝐿 = |𝐿⃗| is much larger than the spatial
width of the wave packet, i.e., 𝐿 ≫ 𝛩𝑗. To obtain a probability, this amplitude must be
squared and integrated over the propagation time interval 𝛥𝑇:

𝑃𝛼𝛽 =

∞
∫

−∞
d𝛥𝑇 |𝐴𝛼𝛽|2

∞
∫

−∞
d𝛥𝑇 ∑𝑗 |𝐴𝛼𝑗|2

. (2.53)

Carrying out this integral explicitly, we finally arrive at:

𝑃𝛼𝛽(𝐿, 𝑝) =
1
𝑁 ∑

𝑗,𝑘
𝑈∗

𝛼𝑗𝑈𝛽𝑗𝑈𝛼𝑘𝑈∗
𝛽𝑘 (𝛩2

𝑗 𝜎P𝑗𝜎D𝑗𝛩2
𝑘𝜎P𝑘𝜎D𝑘)

− 3
2 ⎛⎜⎜

⎝

2𝜋
𝜎2

𝐸𝑗𝑘

⎞⎟⎟
⎠

× exp ⎛⎜⎜⎜
⎝

𝑖𝛥 ̄𝑝𝑗𝑘𝐿 − 𝑖
𝛥𝐸̄𝑗𝑘

∣ ̄⃗𝑣𝑗𝑘∣
𝐿 − ⎛⎜⎜

⎝

𝐿
𝐿coh

𝑗𝑘

⎞⎟⎟
⎠

2

−
1
2

⎛⎜
⎝

𝛥𝐸̄𝑗𝑘

𝜎𝐸𝑗𝑘
⎞⎟
⎠

2
⎞⎟⎟⎟
⎠

× exp
⎛⎜⎜⎜
⎝

−
(|𝑃⃗𝑗| − |𝑄⃗𝑗|)

2

2𝜎̃2
𝑃𝑗

−
(|𝑃⃗𝑘| − |𝑄⃗𝑘|)

2

2𝜎̃2
𝑃𝑘

⎞⎟⎟⎟
⎠

, (2.54)

with the coherence length given by

𝐿coh
𝑗𝑘 = √2

√𝛩2
𝑗

̄ ⃗𝑣2
𝑘 + 𝛩2

𝑘
̄ ⃗𝑣2
𝑗

| ̄⃗𝑣𝑗 − ̄⃗𝑣𝑘|
, (2.55)

and the effective momentum and energy resolution

𝜎̃2
𝑃𝑗 = 2 (𝜎2

P𝑗 + 𝜎2
D𝑗) , 𝜎2

𝐸𝑗𝑘 = ⎛⎜⎜⎜
⎝

̄⃗𝑣2
𝑗

𝛩2
𝑗

+
̄⃗𝑣2
𝑘

𝛩2
𝑘

⎞⎟⎟⎟
⎠

. (2.56)
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We also define the momentum and energy differences as

𝛥𝐸̄𝑗𝑘 = 𝐸̄𝑗 − 𝐸̄𝑘 , 𝛥 ̄𝑝𝑗𝑘 = | ̄⃗𝑝𝑗| − | ̄⃗𝑝𝑘| , ̄𝑣𝑗𝑘 =
𝛩2

𝑗
̄ ⃗𝑣2
𝑘 + 𝛩2

𝑘
̄ ⃗𝑣2
𝑗

𝛩2
𝑗 | ̄⃗𝑣𝑘| + 𝛩2

𝑘 | ̄⃗𝑣𝑗|
. (2.57)

The resulting expression is rather general and valid in a wide range of scenarios. However,
it is useful to consider certain approximations that simplify the interpretation—especially
in comparison to standard neutrino oscillations in vacuum. First, we assume that the
mean momentum |𝑃⃗𝑗| and |𝑄⃗𝑗| differ only slightly among the mass eigenstates. Second, the
neutrino masses are taken to be close to each other compared to the typical energy scale
of the process. Additionally, we assume that all wave packets have similar shapes, such
that 𝜎P𝑗 = 𝜎P and 𝜎D𝑗 = 𝜎D for all 𝑗. It is thus reasonable to expand all relevant quantifies
to first order around a representative neutrino mass 𝑚̄2, set |𝑃⃗𝑗| = 𝑃 = 𝑄 = |𝑄⃗𝑗|, and to
choose the energy as 𝐸 = √𝑃2 + 𝑚̄2. In the limit where 𝑚2

𝑗 − 𝑚̄2 ≪ 𝑃2 and |𝑃⃗𝑗| − 𝑃 ≪ 𝑃,
we obtain:

𝑃𝛼𝛽(𝐿, 𝐸) = ∑
𝑗,𝑘

𝑈∗
𝛼𝑗𝑈𝛼𝑘𝑈𝛽𝑗𝑈∗

𝛽𝑘 exp ⎛⎜⎜
⎝

−𝑖
𝛥𝑚2

𝑗𝑘

2𝐸 𝐿⎞⎟⎟
⎠

× exp ⎛⎜⎜
⎝

− (
𝐿

𝐿coh𝑗𝑘
)

2
−

1
2 (

𝛥𝐸𝑗𝑘

𝜎𝐸
)

2
⎞⎟⎟
⎠

, (2.58)

with the corresponding energy given by

𝛥𝐸𝑗𝑘 ≈
𝛥𝑚2

𝑗𝑘

2𝐸 + 𝑣𝛥𝑝𝑗𝑘 , with 𝑣 =
𝑃
𝐸 , (2.59)

and the coherence length

𝐿coh
𝑗𝑘 ≈ 𝛩

∣
∣∣
∣

𝛥𝑚2
𝑗𝑘

4𝐸2 +
𝑚̄2

2𝐸2

𝛥𝑝𝑗𝑘

𝑃
∣
∣∣
∣

−1

, with 𝜎2
𝐸 =

2𝑣2

𝛩2 . (2.60)

Several key features can be read off from this formula, especially in comparison to the
vacuum oscillation probability: The first term in the exponent shows that for 𝐿 ≪ 𝐿coh

𝑗𝑘 ,
i.e., if the propagation length 𝐿 is much smaller than the coherence length 𝐿coh

𝑗𝑘 , the
wave packets of the different mass eigenstates overlap sufficiently during propagation
such that no decoherence due to wave packet separation occurs. The second term in
the exponent involves the ratio 𝛥𝐸𝑗𝑘/𝜎𝐸, which becomes large, and thus, supresses the
oscillation when ∣𝛥𝐸𝑗𝑘∣ ≫ 𝜎𝐸. This implies that if the energy splitting between the
different mass eigenstates becomes large enough to be experimentally resolved, the
interference between the components is lost and the oscillation is damped accordingly.
These neutrino pictures resolve therefore many of the criticisms directed at the plane
wave approach, but they are also significantly more complex in both derivation and
interpretation. An overview of the different frameworks can be found in table 2.3. Which
of these neutrino oscillations frameworks is ultimately chosen depends entirely on the
specific application and the particular aspect or phenomenon of interest. Each has its
own valid justification and will play a role in this work.
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2.2 Neutrino Oscillations

Table 2.3: Overview of different theoretical frameworks for neutrino oscillations,
compared by their treatment of localization, coherence effects, computational
approach and physical fidelity.

Aspect Plane-wave External wave
packet

Internal wave
packet

Neutrino
picture

Mass eigenstate as
a plane wave

Intermediate state
between localized
source/detector

Localized neutrino
wave packet

Localiza-
tion None Source and detector

localized
All particles
localized

Coherence Imposed externally
Depends on
overlap of external
WPs

Emerges from
localization

Computa-
tional
method

Simple analytic
expressions Full QFT treatment Full QFT treatment

Physical
fidelity

Limited (no spatial
extent, no
decoherence)

Very high (no
approximations
needed)

High
(approximations
applied)

2.2.2 Matter effects

So far, we have considered neutrino oscillations in vacuum, where the behavior is well
understood. However, in the presence of matter, the effective oscillation pattern can
change significantly. Matter effects can lead to a resonant enhancement of oscillations—
known as the Mikheyev–Smirnov–Wolfenstein (MSW) effect—or suppress certain modes,
both of which have observable consequences [66–69]. These effects are particularly
relevant when neutrinos propagate through dense media, such as the Sun, the Earth or
a supernova. Since neutrinos from many astrophysical and terrestial sources traverse
such environments before reaching detectors, it is essential to account for matter effects
when analyzing data from neutrino oscillation experiments.
The characteristic form of matter effects follows from the fact that all neutrino flavours
undergo flavour-independent neutral-current interactions in matter, whereas electron
neutrinos additionally interact via charged-current processes with electrons. Only this
charged-current contribution introduces a flavour-dependent potential for the electron
neutrino 𝜈𝑒, since the phase evolution of the electron neutrino is modified relative to the
muon and tau neutrino. This effective potential is given by [70, 71]

𝑉CC = √2𝐺F𝑁𝑒 , (2.61)

where 𝐺F is the Fermi constant and 𝑁𝑒 is the electron number density in the medium.
Note, that this is not a classical force field, like an electric potential, but rather arises
from the coherent forward scattering amplitude averaged over the background of matter.
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For low-energy scattering, the matter effects can be effectively described by introducing
an additional term into the Hamiltonian [58]:

𝐻 =
1

2𝐸𝑈
⎛⎜⎜⎜⎜⎜⎜
⎝

0 0 0
0 𝛥𝑚2

21 0
0 0 𝛥𝑚2

31

⎞⎟⎟⎟⎟⎟⎟
⎠

𝑈† +
⎛⎜⎜⎜⎜⎜⎜
⎝

𝑉CC 0 0
0 0 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟
⎠

. (2.62)

This modification exclusively affects electron neutrinos and leads to effective parameters
in matter, such as an effective mixing angle 𝛩M and an effective mass-squared difference
𝛥𝑚2

M. As the mixing angle is modified, oscillations become maximal when 𝛩M ≈ 45°, a
condition known as the MSW resonance. One can derive the corresponding resonance
condition [66, 68] by requiring that the matter-induced potential exactly cancels the
vacuum term in the Hamiltonian:

𝛥𝑚2
21 cos (2𝜃) = 2√2𝐸𝐺F𝑁𝑒 , (2.63)

where 𝛥𝑚2
21 = 𝑚2

2 − 𝑚2
1 and 𝜃 is the vacuum mixing angle. This condition marks the

energy at which the effective mixing becomes maximal due to the interplay of vacuum
and matter effects. Note, that for antineutrinos, the situation is reversed: the potential
𝑉CC changes sign, which alters the resonance condition accordingly. It is important to
note that this resonance involves the solar mass-squared difference 𝛥𝑚2

21, whereas in
long-baseline experiments the difference 𝛥𝑚2

31 is used to determine the neutrino mass
ordering [72]. One speaks of normal ordering when 𝛥𝑚2

31 > 0, and of inverted ordering
when 𝛥𝑚2

31 < 0. In the case of antineutrinos, the resonance condition might not be
satisfied for a normal mass ordering—just as it may fail for neutrinos in the inverted
scenario. Thus, experiments seek to infer the mass ordering by identifying the presence
or absence of such resonances.
When the matter density is not constant, for instance, during propagation through the
Earth, analytical solutions that account for matter effects become infeasible. Instead, one
must numerically solve the corresponding equations of motion. This is where NuSQUIDS
comes in: a numerical tool for solving the neutrino density matrix evolution, capable of
handling a wide variety of physical scenarios [73]. In this work, NuSQUIDS is empolyed
to incorporate matter effects into the analysis in chapter 5.

2.2.3 Research Frontiers in Neutrino Physics

As mentioned earlier, neutrino oscillations constitute one of the first confirmed evidence
of BSM physics [30]. While the phenomenon of oscillations is well understood, there
remain several fundamental properties of neutrinos that are still unknown, and thus,
subject of ongoing research. To further highlight the importance of this reaseach frontier,
we briefly discuss various fields of neutrino physics in this subsection.
One major open question concerns the absolute neutrino masses as we have seen. Oscil-
lation experiments are only sensitive to the difference in mass-squared values, not the
individual masses themselves. However, the absolute mass scale is crucial for cosmology.
In the early universe, neutrino behaved as relativistic, free-streaming particles. The
larger the sum of their masses ∑𝑗 𝑚𝑗, the more they suppress the growth of cosmic
structures due to reduced gravitational clustering. This effect can be observed in the
position and amplitude of the acoustic peaks in the Cosmic Microwave Background
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(CMB) spectrum [74].
Another unresolved issue is the neutrino mass ordering—whether it follows a normal
or inverted hierarchy. As discussed in subsection 2.2.2, this ordering influences how
neutrinos interact in matter and can thus be probed experimentally, for example in
upcoming experiments such as JUNO [75] and DUNE [76].
Furthermore, it is still unknown whether neutrinos are Dirac or Majorana particles. In
the Majorana case, neutrinos are their own antiparticle and have only two DOFs 𝜈L, 𝜈C

L ,
compared to four for Dirac neutrinos 𝜈L, ̄𝜈L, 𝜈R, ̄𝜈R, which has profound implications for
the symmetries of the theory. Majorana mass terms violate lepton number conservation
by two units, while Dirac mass terms preserve it. Because of this natural lepton number
violation, Majorana neutrinos are often featured in theoretical models that attempt to
explain the baryon asymmetry of the universe. One prominent class of such models is
leptogenesis [41], in which an initial asymmetry in the lepton sector, enabled by Majo-
rana neutrino decays, gets converted into a baryon asymmetry via electroweak sphaleron
processes.
A promising experimental approach to testing the Majorana nature of neutrinos is the
search for neutrinoless double beta decay [77, 78]. In the process

(Z, A) → (Z + 2, A) + 2𝑒− , (2.64)

no neutrinos are emitted, meaning the lepton number would be violated by 𝛥𝐿 = 2.
Internally, the mechanism works as follows: One neutron in the nucleus undergoes a
standard beta decay, emitting an electron and an antineutrino

𝑛 → 𝑝 + 𝑒− + ̄𝜈𝑒 . (2.65)

However, this antineutrino is not emitted, but rather absorbed by a second neutron
undergoing an inverse beta decay

̄𝜈𝑒 + 𝑛 → 𝑝 + 𝑒− . (2.66)

The result is two protons and two electrons, but no neutrinos. This process can only
occur if neutrinos are Majorana particles, otherwise, the intermediate neutrino would
not be able to be reabsorbed as an antineutrino. Thus, an experimental detection of
neutrinoless double beta decay would constitute direct evidence for the Majorana nature
of neutrinos.
Another key question is the origin of neutrino masses, which cannot be explained within
the SM framework, cf. section 2.1.2. This calls for new mechanisms, such as the seesaw
mechanism [79, 80], which introduces heavy right-handed neutrinos that generate small
neutrino masses via mixing.
Of course, many experiments are currently investigating these open questions. Since a
full overview would exceed the scope of this thesis, a summary is instead presented in
table 2.4, which lists the most relevant past, ongoing, and planned neutrino experiments
for this work [59]. Each of these experiments naturally has additional objectives and
applications; the table is meant only as a general overview and makes no claim to
completeness.
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Table 2.4: Selected past, ongoing and planned neutrino experiments [59].

Type Experiment Focus

Short-baseline MiniBooNE,
MicroBooNE

Sterile neutrinos,
anomalies

Long-baseline T2K, DUNE CP-violation, mass
ordering

Reactor KamLAND, JUNO Mass ordering,
supernova signals

Atmospheric, solar
Kamiokande,
Super-Kamiokande,
Hyper-Kamiokande

Majorana, neutrinoless
double beta

Cosmic IceCube, ANTARES,
KM3NeT

BSM signals, high
energy 𝜈

Cosmology Planck, Euclid Absolute mass, number
of neutrino types

2.3 General Relativity

Alongside the SM of particle physics, GR forms a second cornerstone of modern theoret-
ical physics. It is Einstein’s theory of space, time, and gravity. While most fundamental
forces of nature are mediated by fields defined on a spacetime manifold, gravity is an
inherent property of spacetime itself, inseparably intertwined with it. Spacetime is typi-
cally described as a four-dimensional continuum consisting of three spatial dimensions
and one time dimension. In the framework of GR, spacetime can be curved or deformed
by mass and energy, and ultimately this curvature leads to the phenomenon we refer to
as gravity.
The central principle of GR is the strong equivalence principle. Already, Galileo Galilei
recognized that objects fall at the same rate, regardless of their mass. This has been
incorporated by Newton as an equivalence of inertial and gravitational mass into his
formulation of the classical laws of motion and gravity. Einstein was the first to realize
that this property must be a fundamental principle of gravity, and from this, he deduced
the strong equivalence principle [81, 82]. It states that gravity and acceleration are locally
indistinguishable. In a locally free-falling reference frame, all physical laws take the
same form as in a gravity-free space in an inertial reference frame, where the laws of
special relativity apply.
The structure of spacetime in special relativity is described by the Minkowski metric [83]
𝜂𝜇𝜈 = diag(1, −1, −1, −1), which defines spacetime intervals between events via the
equation

d𝑠2 = 𝜂𝜇𝜈d𝑥𝜇d𝑥𝜈 = d𝑡2 − d𝑥2 − d𝑦2 − d𝑧2 , (2.67)

with the spacetime coordinates 𝑥𝜇 = (𝑡, 𝑥, 𝑦, 𝑧).
While the isometries in Euclidean space, i.e., transformations that leave the standard
scalar product invariant, are rotations and translations, this concept generalizes to
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Minkowski space where the invariance of the spacetime interval d𝑠2 now defines the
Lorentz transformations:

𝜂𝜌𝜎 = 𝛬𝜇
𝜌𝛬𝜈

𝜎𝜂𝜇𝜈 . (2.68)

Since in special relativity one assumes that the interval d𝑠2 remains invariant between
any inertial frames, the transformation from one inertial reference frame 𝑆 to 𝑆′ is thus
given as:

𝑥′𝜇 = 𝛬𝜇
𝜈𝑥𝜈 . (2.69)

In the presence of a gravitational field, the curvature of spacetime prevents the existence
of a global inertial frame. As a result, the Minkowski description of spacetime is no
longer sufficient to capture its geometric properties. Instead, spacetime is modeled as
a manifold, i.e., a space that locally resembles Euclidean space but may be curved on
larger scales. More precisely, in the context of GR, we are interested in manifolds, that
locally resemble Minkowski space. These are known as pseudo-Riemannian manifolds,
which are equipped with a metric tensor 𝑔𝜇𝜈 that defines the geometric structure. Again,
those metric tensors allow us to compute the spacetime interval between two points

d𝑠2 = 𝑔𝜇𝜈d𝑥𝜇d𝑥𝜈 . (2.70)

In such a curved spacetime, the concept of “straight lines” is generalized to geodesics,
which connect two events along the shortest path. Geodesics are thus also the natural
trajectory of a free particle and are described by the geodesic equation

d2𝑥𝜇

d𝜏2 + 𝛤𝜇
𝛼𝛽

d𝑥𝛼

d𝜏
d𝑥𝛽

d𝜏 = 0 , (2.71)

where 𝜏 is the proper time, and 𝛤𝜇
𝛼𝛽 represents the Christoffel symbols, which describe

how much vector components change under parallel transport along a curve:

𝛤𝜇
𝛼𝛽 =

1
2𝑔𝜇𝜆 ⎛⎜

⎝

∂𝑔𝜆𝛽

∂𝑥𝛼 +
∂𝑔𝜆𝛼

∂𝑥𝛽 −
∂𝑔𝛼𝛽

∂𝑥𝜆
⎞⎟
⎠

. (2.72)

In other words, the parallel transport decribes the moving of a vector along a curve in
such a way that it stays parallel to itself according to the underlying connection, which
is established by the covariant derivative ∇ with its components in local coordinates cor-
responding to the Christoffel symbols. The curvature itself is described by the Riemann
tensor and is given in local coordinates as

𝑅𝜌
𝜎𝜇𝜈 =

∂𝛤𝜌
𝜎𝜈

∂𝑥𝜇 −
∂𝛤𝜌

𝜎𝜇

∂𝑥𝜈 + 𝛤𝜌
𝜆𝜇𝛤𝜆

𝜎𝜈 − 𝛤𝜌
𝜆𝜈𝛤𝜆

𝜎𝜇 . (2.73)

Intuitively, it measures the difference of vectors from their original direction after paral-
lel transport around an infinitesimal closed loop, thereby characterizing the intrinsic
curvature of spacetime. In space without gravity, all components of the Riemann tensor
should therefore be zero. The interplay between spacetime curvature and matter is
described by the Einstein field equations [84]

𝑅𝜇𝜈 −
1
2𝑅𝑔𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈 . (2.74)

Here, 𝑇𝜇𝜈 is the energy–momentum tensor, which encodes the matter content of the
universe, 𝑅𝜇𝜈 = 𝑅𝜆

𝜇𝜆𝜈 is the Ricci tensor, 𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 is the Ricci scalar and 𝐺 is the
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Newtonian constant. These equations thus link the structure of spacetime to the distri-
bution of matter in the universe.
This concludes the central equations of GR: the geodesic equation (2.71) and the Einstein
field equations (2.74). They form the basis for numerous predictions of astrophysi-
cal phenomena. A Gravitational Wave (GW), for example, is described by ripples in
spacetime generated by the acceleration of massive objects. They are described as a
perturbation ℎ𝜇𝜈 to the flat spacetime metric 𝜂𝜇𝜈:

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 . (2.75)

In a historic breakthrough, GWs were first detected in 2015 through the highly sensitive
measurements of LIGO [85].
Another observable phenomenon is gravitational lensing, which occurs when the light
from a distant object is bent by a massive intervening object. Experimental observations
of this effect are used to gain insights into the distribution of DM [86].
The Einstein equations also describe black holes, which are regions of spacetime so dense
that not even light can escape. A well-known example is the Schwarzschild solution,
which characterizes a non-rotating, electrically neutral black hole [87].
While GR explains gravity, it also serves as the foundation for modern cosmology,
describing the evolution and large-scale structure of the universe.

2.4 Cosmology

Cosmology is the science of the structure, history and future of the universe. It builds
upon the framework of GR to investigate the dynamics of the cosmos. The origins of
cosmological thought reach far back into antiquity: Early cultures developed mytho-
logical cosmologies to explain the structure of the heavens and the motions of celestial
bodies. From the 6th century BCE onward, natural philosophers in ancient Greece
began to formulate more systematic models, culminating in the geocentric worldview
developed by Aristotle in the 4th century BCE and formalized later in the 2nd century
CE by Ptolemy [88].
This foundational picture remained dominant for centuries until it was fundamentally
challenged in the 16th century by the revolutionary work of Copernicus, Kepler, and
Galilei [89]. Their insights laid the foundation for the modern view of the universe and
marked the transition from a natural philosophical worldview towards an empirical,
scientific cosmology—one that seeks to understand the physical laws governing the
evolution of the cosmos and to use them to make predictive statements about its devel-
opment.
At the heart of modern cosmology lies the cosmological principle, which asserts that
the universe is spatially homogeneous and isotropic on sufficiently large scales [90, 91].
Homogeneity means that, statistically, every point in the universe looks the same, i.e., it is
invariant under translation, while isotropy implies that the universe appears the same in
all directions, i.e., invariant under rotations. The only non-trivial spacetime metric com-
patible with these symmetry assumptions is the Friedmann–Lemaître–Robertson–Walker
(FLRW) metric [88, 90]:

d𝑠2 = d𝑡2 − 𝑎2(𝑡) [
d𝑟2

1 − 𝑘𝑟2 + 𝑟2d𝛺2] . (2.76)

24



2.4 Cosmology

Here, 𝑎(𝑡) is the scale factor, describing how physical distances between comoving
points in the universe evolve with time. The parameter 𝑘 denotes the spatial curvature
of the universe: it takes the values 𝑘 = −1, 0 or 1, corresponding to an open, flat
or closed universe, respectively. Current cosmological observations indicate that the
universe is spatially flat to a very good approximation [74]. In the previous section,
we have introduced the Einstein field equations in equation (2.74), which describe the
gravitational dynamics of spacetime. So far, we have focused on small-scale phenomena,
for which the standard form of the equations is sufficient. However, when applying GR
to largest scales, additional considerations become relevant, as one must account for the
global dynamics of spacetime whether the universe is expanding, contracting, or static.
For this reason Einstein introduced in the early 20th century the cosmological constant
𝛬 in an attempt to model a static universe, which at the time was the widely accepted
view [92, 93]. He modified his field equations accordingly:

𝑅𝜇𝜈 −
1
2𝑔𝜇𝜈𝑅 + 𝛬𝑔𝜇𝜈 = 8𝜋𝐺𝑇𝜇𝜈 . (2.77)

At that time 𝛬 was introduced as an additional geometric contribution. However, after
the discovery of the expansion of the universe, Einstein later referred to this addition
as his “greatest blunder”. Decades later, the discovery of the accelerated expansion of
the universe in the late 20th century [42, 94] resurrected the cosmological constant 𝛬
as a viable explanation for this surprising phenomenon which is now interpreted as a
constant form of energy density associated with dark energy.
The matter content of the universe contributing to 𝑇𝜇𝜈 can be described as a fluid char-
acterized by a pressure 𝑝 and an energy density 𝜌, measured in the rest frame of the
fluid. We refer to this fluid as a perfect fluid if it satisfies the corresponding form of the
energy–momentum tensor, required by the homogeneity and isotropy assumed by the
cosmological principle:

𝑇𝜇𝜈 = (𝜌 + 𝑝)𝑈𝜇𝑈𝜈 + 𝑝𝑔𝜇𝜈 . (2.78)

Here, 𝑈𝜇 denotes the four-velocity of a comoving observer. One can additionally relate
the density 𝜌 and pressure 𝑝 by the equation of state

𝑝 = 𝜔𝜌 . (2.79)

Inserting the parametrization (2.78) of a perfect fluid together with the FLRW metric into
the Einstein field equation from equation (2.77), one obtains two independent equations
governing the dynamics of the scale factor. The first follows from the 00-component and
reads:

(
̇𝑎

𝑎)
2

=
8𝜋𝐺

3 𝜌 +
𝛬
3 −

𝑘
𝑎2 . (2.80)

Here, 𝐻 ≔ ̇𝑎/𝑎 defines the Hubble parameter, which describes the rate of expansion of
the universe. The second equation, which follows from the spatial components of the
Einstein equations, describes the acceleration of the expansion:

̈𝑎
𝑎 = −

4𝜋𝐺
3 (𝜌 + 3𝑝) +

𝛬
3 . (2.81)

These two equations, called the Friedmann equations, govern the temporal evolution of
the universe [90, 91]. From the conservation of the energy–momentum tensor

∇𝜇𝑇𝜇𝜈 = ∂𝜇𝑇𝜇𝜈 + 𝛤𝜇
𝜇𝜆𝑇𝜆𝜈 + 𝛤𝜈

𝜇𝜆𝑇𝜇𝜆 = 0 , (2.82)
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one obtains the continuity equation from the 𝜈 = 0 component:

̇𝜌 + 3
̇𝑎

𝑎(𝜌 + 𝑝) = 0 . (2.83)

This equation describes how the energy density of the universe evolves with its expansion.
The expansion of the universe can be observed through the Hubble law, which relates
the recessional velocity 𝑣 of galaxies to their comoving distance 𝑑:

𝑣 = 𝐻(𝑡)𝑑 (2.84)

for vanishing peculiar velocities. To connect the expansion with the causal structure of
the universe, one introduces the concept of the particle horizon. It defines the maximum
comoving distance that a light signal could have traveled since the Big Bang:

𝑑H(𝑡) =
𝑡

∫
0

d𝑡′

𝑎(𝑡′) . (2.85)

This horizon sets the limit for regions in the universe that could ever have been in causal
contact.
From this point onward, unless stated otherwise, we work within the framework of
the cosmological standard model, known as the 𝛬CDM model [74, 90]. We therefore
now turn to the different components of the cosmic energy density and their scaling
behavior with the expansion of the universe. Note, that this discussion may change in
the framework of other cosmological models. By inserting the equation of state (2.79)
into the continuity equation (2.83) and solving for 𝜌, we can derive the scaling of the
different cosmic energy densities for each component individually. For ordinary and
dark matter for which 𝜔 = 0, we obtain [91]

𝜌M ∝ 𝑎−3 , 𝑎(𝑡) ∝ 𝑡2/3 , 𝑑H(𝑡) ∝ 𝑡 . (2.86)

In contrast, radiation is characterized by 𝜔 = 1/3, implying that its energy density scales
as

𝜌r ∝ 𝑎−4 , 𝑎(𝑡) ∝ 𝑡1/2 , 𝑑H(𝑡) ∝ 𝑡2/3 . (2.87)

This faster decrease of the energy density of radiation compared to matter is due not only
to the dilution of energy with volume but also to the redshifting of photon energies. As
the universe expands, the wavelength of each photon is stretched, resulting in a loss of
energy due to the relativistic Doppler effect. The vacuum energy density, associated with
the cosmological constant, behaves differently. A constant contribution to the Einstein
equations is obtained for 𝜔 = −1 and we therefore arrive at

𝜌𝛬 = const. , 𝑎(𝑡) ∝ 𝑒𝐻𝑡 , 𝑑H(𝑡) = const. (2.88)

From this scaling behavior, we see that different components dominate the energy budget
of the universe at different epochs. The time evolution of the respective densities is
shown in figure 2.2. As one can see, the universe was radiation-dominated in its early
stages. Later, matter took over, leading to a decelerated expansion. Since approximately
4 billion years ago [74], dark energy has become the dominant component, resulting in
an accelerated expansion of the universe. In addition to the energy densities, figure 2.2
also shows the evolution of the particle horizon 𝑑H as given by equation (2.85). During
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Figure 2.2: Evolution of the energy densities of radiation 𝜌r, matter 𝜌m, and dark en-
ergy 𝜌𝛬 as a function of cosmic time 𝑡 since the Big Bang. The dashed vertical lines
indicate the transitions between radiation-, matter-, and dark energy-dominated
eras. Additionally, the gray dashed line marks today. The red curve shows the
comoving particle horizon, highlighting the growth of the causally connected
region through cosmic history.
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the radiation-dominated era, the particle horizon increased only slowly. Once matter
dominated the energy budget of the universe, the horizon grew more rapidly, allowing
increasingly larger regions to become causally connected. Since the onset of dark energy
domination, however, the horizon has remained effectively constant due to the expo-
nential expansion of space, causing the distant regions to become causally disconnected
again in the present universe.
While the current accelerated expansion explains why distant regions of the universe
are no longer in causal contact, it does not suffice to explain why the universe is so
homogeneous on large scales including regions that have never been causally connected,
not even before the phase of exponential expansion driven by dark energy. To resolve
this so-called horizon problem, the concept of cosmic inflation is introduced [95, 96].
Inflation refers to a phase of extremely rapid expansion shortly after the Big Bang, which
dramatically enlarged the particle horizon and brought initially small, causally con-
nected regions to cosmic scales. In most models, this expansion is driven by a scalar field
evolving slowly in a sufficiently flat potential. After inflation ends, the energy stored in
the field is converted into particles, initiating the process of reheating.
The remarkable homogeneity and isotropy of the universe, which serves as one of the
primary motivations for inflation, is strongly supported by observations of the CMB [74,
97], to which we now turn.

2.4.1 Cosmic Microwave Background

The CMB is the oldest electromagnetic radiation in the universe, emitted approximately
370000 years after the end of inflation [74]. In the early universe, conditions were ex-
tremely hot and dense, with a plasma consisting primarily of electrons, protons, neutrinos
and photons. The photons were constantly scattering off the free electrons, preventing
them from propagating freely through space. As the universe expanded, it cooled down.
Around 370000 years after the end of inflation, the temperature had dropped to about
𝑇 ≈ 3000 K, marking the epoch of recombination [74, 98]. During this period, elec-
trons and protons combined to form neutral hydrogen, and the density of free electrons
dropped dramatically. As a result, the universe became transparent to photons for the
first time. These photons have been traveling largely unimpeded ever since and make
up the CMB we observe today. Due to the ongoing expansion of the universe, this light
has been redshifted into the microwave region of the electromagnetic spectrum. Today,
the CMB has a temperature of 𝑇 ≈ (2.7255 ± 0.0006) K and follows a nearly perfect
blackbody spectrum [99].
The temperature of the CMB is not completely uniform, but exhibits tiny fluctuations of
the order 𝒪(10−5) [100, 101]. These anisotropies play a crucial role in the formation of
cosmic structures. There are several sources contributing to the observed anisotropy in
the CMB.
The most prominent one is the dipole anisotropy, caused by the motion of our solar
system relative to the rest frame of the CMB. Since this is a local effect rather than a
cosmological signal, it is typically subtracted from CMB maps in cosmological analyses.
There is also the reionization effect: After recombination, the universe was filled with
neutral hydrogen and helium. The first stars and galaxies emitted ultraviolet radiation
that reionized the helium, freeing electrons once again [74, 102]. These free electrons
scattered some of the CMB photons, slightly altering the signal we observe today.
In contrast to these effects, there are also primary anisotropies affecting the CMB.
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One such source is the Sachs–Wolfe effect, which describes how radiation from over-
dense regions is gravitationally redshifted, while radiation from underdense regions is
blueshifted [103]. This means the photons lose (or gain) energy while climbing out of
gravitational potential wells (or hills), resulting in slightly colder (or hotter) spots in the
CMB map. However, the frequency alteration is partially compensated by gravitational
time dilation, which alters the rate of photon emission in these regions and reduces the
net temperature contrast observed today.
Similar to this effect is the integrated Sachs–Wolfe effect, which describes the influence of
time dependent gravitational fields on the photons. Another source is the Doppler shift
at last scattering caused by the peculiar velocities of electrons, which induce frequency
shifts in the photons as they decouple. An important effect that shapes the observed
primary anisotropies is the presence of acoustic oscillations in the baryon–photon fluid
prior to last scattering. Initial perturbations in the density field after inflation led to
the gravitational attraction of baryons toward dark matter overdensities. As the baryon
density increased, so did the photon pressure, which resisted compression and pushed
the baryonic matter outward again. This back-and-forth between gravitational attraction
and photon pressure led to oscillations in the baryon–photon plasma. The maxima and
minima of these oscillations manifest as peaks in the CMB power spectrum. The posi-
tions and relative heights of these peaks allow us to infer key cosmological parameters,
such as the baryon density, dark matter content, and curvature of the universe.
In addition to temperature anisotropies, the CMB also exhibits polarizations [104–106].
These polarization patterns can be decomposed into two distinct types: E-modes and
B-modes. To describe the polarization quantitatively, we introduce the Stokes parameters,
which characterize the state of polarization of an electromagnetic wave. For a monochro-
matic wave propagating in the 𝑧-direction, with electric components 𝐸𝑥 = ∣𝐸𝑥∣ 𝑒𝑖𝛿𝑥 and
𝐸𝑦 = ∣𝐸𝑦∣ 𝑒𝑖𝛿𝑦, the Stokes parameters are given by:

𝐼 = ∣𝐸𝑥∣2 + ∣𝐸𝑦∣
2

, (2.89)

𝑄 = ∣𝐸𝑥∣2 − ∣𝐸𝑦∣
2

, (2.90)

𝑈 = 2 ∣𝐸𝑥∣ ∣𝐸𝑦∣ cos 𝜑 , (2.91)

𝑉 = 2 ∣𝐸𝑥∣ ∣𝐸𝑦∣ sin 𝜑 , (2.92)

where 𝜑 = 𝛿𝑥 − 𝛿𝑦 is the phase difference between the electric field components in the
𝑥- and 𝑦-directions. Here, 𝐼 denotes the total intensity, 𝑄 and 𝑈 represent the linearly
polarized components, and 𝑉 describes the degree of circular polarization. Measuring
the intensity through polarizers at different angles allows one to determine the Stokes
parameters. The resulting, coordinate-dependent polarization field can then be decom-
posed into a coordinate-independent, curl-free E-mode and a divergence-free B-mode
component.
The E-mode polarization arises primarily from Thomson scattering of CMB photons off
free electrons. During the epoch of recombination, the radiation field was anisotropic
due to the presence of density fluctuations, which gave rise to a net linear polarization.
In this scattering process, components of the incoming electric field that are not aligned
with the direction of propagation are preferentially scattered, leading to a measurable
polarization signal.
Due to their generation mechanism, E-modes are strongly correlated with temperature
fluctuations in the CMB. In contrast, B-mode polarization arises from tensor perturba-
tions, such as primordial GWs generated during inflation. These tensor modes introduce
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a transverse-shear deformation of spacetime, which imprints a curl-like structure in the
polarization pattern. This additional rotational component, not present in scalar density
perturbations, is what distinguishes B-modes from E-modes.
Primordial B-modes are considered a “smoking gun” signature of inflation, resulting
from quantum fluctuations in the early universe that give rise to a stochastic background
of GWs. Secondary B-modes can also be generated at later times via gravitational lensing,
as large-scale structures deflect the path of photons and convert some E-mode signals
into B-modes.
E-mode polarizations have been measured in great detail by experiments like WMAP [107]
and Planck [108], whereas the search for primordial B-modes remains ongoing. Dedi-
cated experiments such as BICEP [109], POLARBEAR [110], and the Simons Observa-
tory [111] are currently pursuing increasingly sensitive observations, particularly on
large angular scales, where the primordial signal would be most prominent.
In summary, the anisotropies and polarization patterns observed in the CMB provide
a powerful probe of the physical conditions in the early universe. However, to fully
understand the origin and growth of cosmic structures, it is essential to go beyond
the homogeneous and isotropic background description and consider perturbations to
the FLRW spacetime. In the following, we present the theory of linear cosmological
perturbations within the framework of GR.

2.4.2 Linear Cosmological Perturbations in General Relativity

As one may suspect, the phenomenon of anisotropy cannot be explained by an exactly
homogeneous universe. Instead, the structures observed today can be understood as
the result of the growth of small initial fluctuations. To describe this mathematically, we
closely follow references [91, 112, 113], and therefore, introduce small perturbations to
the metric 𝑔𝜇𝜈 and the energy–momentum tensor 𝑇𝜇𝜈 in the form of:

𝑔𝜇𝜈 = ̄𝑔𝜇𝜈 + 𝛿𝑔𝜇𝜈(𝑡, 𝑥) , 𝑇𝜇𝜈 = 𝑇̄𝜇𝜈 + 𝛿𝑇𝜇𝜈(𝑡, 𝑥) . (2.93)

Here, ̄𝑔𝜇𝜈 represents the spatially flat FLRW metric, which takes the following form
when perturbations are taken into account

d𝑠2 = 𝑎2(𝜂) [−(1 + 2𝐴)d𝜂2 + 2𝐵𝑖d𝑥𝑖d𝜂 + (𝛿𝑖𝑗 + 2𝐸𝑖𝑗)d𝑥𝑖d𝑥𝑗] , (2.94)

where 𝐴, 𝐵𝑖 and 𝐸𝑖𝑗 are functions of spatial coordinates 𝑥 and conformal time 𝜂. We
employ the usual Scalar–Vector–Tensor (SVT) decomposition, which results in:

𝐵𝑖 = ∂𝑖𝐵 + 𝐵̂𝑖 , (2.95)

𝐸𝑖𝑗 = 𝐶𝛿𝑖𝑗 + (∂𝑖∂𝑗 −
1
3𝛿𝑖𝑗∇2) 𝐸 +

1
2 (∂𝑖𝐸̂𝑗 + ∂𝑖𝐸̂𝑖) + 𝐸̂𝑖𝑗 . (2.96)

Note that the hatted quantities have vanishing divergence. These perturbations are not
uniquely defined and depend on the choice of coordinates, which may lead to spurious
perturbations or, in other words, physical redundancies. Hence, we must identify the
true perturbations. To do this, we consider the coordinate transformation:

𝑥𝜇(𝑞) → ̃𝑥𝜇(𝑞) = 𝑥𝜇(𝑞) + 𝜖𝜇(𝑞) , (2.97)
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where 𝜖𝜇 is assumed to be small, allowing it to be treated as a perturbation with

𝜖0 = 𝑇 , 𝜖𝑖 = 𝐿𝑖 . (2.98)

𝑇 represents the hypersurfaces of constant time in the new coordinates, and 𝐿𝑖 denotes
the spatial coordinates on these hypersurfaces. Since only the coordinates are renamed,
a scalar field 𝜙(𝜂, 𝑥) at each point 𝑞 remains invariant, i.e., 𝜙(𝑥𝜇) = ̃𝜙( ̃𝑥𝜇). Taylor
expanding ̃𝜙( ̃𝑥𝜇) around 𝑥𝜇 to first order immediately yields

𝛿 ̃𝜙 = 𝛿𝜙 − ̄𝜙′𝑇 . (2.99)

For the metric 𝑔𝜇𝜈, the transformation rule follows from the requirement that the space-
time interval must remain invariant under the transformation:

𝑔𝜇𝜈(𝑥) =
∂ ̃𝑥𝛼

∂𝑥𝜇
∂ ̃𝑥𝛽

∂𝑥𝜈 ̃𝑔𝛼𝛽( ̃𝑥) . (2.100)

Again, Taylor expanding the right handside of equation (2.100) to first order around 𝑥𝜇,
we obtain the transformation rules which in terms of the SVT decomposition read

𝐴 → 𝐴 − 𝑇′ − ℋ𝑇 , 𝐵 → 𝐵 + 𝑇′ − 𝐿′ , 𝐵̂𝑖 → 𝐵̂𝑖 − 𝐿̂′
𝑖 , (2.101)

𝐶 → 𝐶 − ℋ𝑇 −
1
3∇2𝐿 , 𝐸 → 𝐸 − 𝐿 , 𝐸̂𝑖 → 𝐸̂𝑖 − 𝐿̂𝑖 , (2.102)

𝐸̂𝑖𝑗 → 𝐸̂𝑖𝑗 . (2.103)

Here, the conformal Hubble rate ℋ is defined as ℋ = 𝑎′/𝑎. One can now avoid the
gauge problem by introducing the so-called Bardeen variables [114], which remain
unchanged under coordinate transformations, and thus, represent the true perturbations
of spacetime:

𝛹Bardeen = 𝐴 + ℋ(𝐵 − 𝐸′) + (𝐵 − 𝐸′)′ , (2.104)
𝛷̂Bardeen,𝑖 = 𝐵̂𝑖 − 𝐸̂′

𝑖 , (2.105)

𝛷Bardeen = −𝐶 +
1
3∇2𝐸 − ℋ(𝐵 − 𝐸′) . (2.106)

Alternatively, one may fix the gauge, which often simplifies calculations. For example,
in the Newtonian gauge, one typically sets 𝐵 = 𝐸 = 0, resulting in a diagonal metric.
The perturbations of the energy–momentum tensor 𝑇𝜇

𝜈 are defined as

𝑇0
0 = −( ̄𝜌 + 𝛿𝜌) , (2.107)

𝑇𝑖
0 = −( ̄𝜌 + ̄𝑝)𝑣𝑖 , (2.108)

𝑇𝑖
𝑗 = ( ̄𝑝 + 𝛿𝑝)𝛿𝑖

𝑗 + 𝛱 𝑖
𝑗 , (2.109)

where 𝑣𝑖 is the bulk velocity and 𝛱 𝑖
𝑗 denotes the anisotropic stress.

In many cosmological contexts, it is useful to introduce the momentum density pertur-
bation:

𝑞𝑖 = ( ̄𝜌 + ̄𝑝)𝑣𝑖 . (2.110)

The total perturbations in 𝛿𝜌, 𝛿𝑝, 𝑞𝑖 and 𝛱 𝑖𝑗 result from a simple sum over all relevant
components. Here, 𝛿𝜌 and 𝛿𝑝 are scalar quantities, while 𝑣𝑖 and 𝑞𝑖 transform as vectors,
and 𝛱𝑖𝑗 as a tensor. Thus, all perturbations naturally decompose according to the
SVT decomposition introduced earlier. Applying the coordinate transformation from
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equation (2.97) and Taylor expanding, we find that the energy–momentum perturbations
transform according to:

𝛿𝜌 → 𝛿𝜌 − ̄𝜌′𝑇 , 𝛿𝑝 → 𝛿𝑝 − ̄𝑝′𝑇 , 𝑞𝑖 → 𝑞𝑖 + ( ̄𝜌 + ̄𝑝)𝐿′
𝑖 , (2.111)

𝑣𝑖 → 𝑣𝑖 + 𝐿′
𝑖 , 𝛱𝑖𝑗 → 𝛱𝑖𝑗 . (2.112)

Having defined both the perturbations of the metric and of the energy–momentum tensor
𝑇𝜇𝜈, we now turn to their evolution. These proceed in two distinct ways: the evolution of
the metric perturbations is governed by Einstein’s equations (2.77), while the evolution
of matter perturbations follows from the conservation of the energy–momentum tensor
in equation (2.82).
We start with the latter and note that we must expand the conservation equation to linear
order in the perturbations to obtain the desired evolution equations. To facilitate the
derivation, we adopt the Newtonian gauge, in which the perturbed metric takes the
form

d𝑠2 = 𝑎2(𝜂) [− (1 + 2𝛹) d𝜂2 + (1 − 2𝛷) 𝛿𝑖𝑗d𝑥𝑖d𝑥𝑗] . (2.113)

Following reference [112], we have relabeled 𝐴 = 𝛹 and 𝐶 = −𝛷 to make contact with
the Bardeen potentials. As usual, from the metric, the perturbed Christoffel symbols
can be computed. Evaluating the conservation equation ∇𝜇𝑇𝜇

𝜈 to first order in the
perturbation for the component with 𝜈 = 0 the perturbed continuity equation follows:

𝛿𝜌′ = −3𝐻(𝛿𝜌 + 𝛿𝑝) − ∂𝑖𝑞𝑖 + 3𝛷′( ̄𝜌 + ̄𝑝) . (2.114)

The first term describes the dilution due to the background expansion, the second term
represents local fluid flow and the third captures the change in density induced by the
perturbations in the background expansion. The continuity equation can alternatively
be expressed as

𝛿′ = − (1 +
̄𝑝
̄𝜌) (𝛥𝑣 − 3𝛷′) − 3𝐻 (

𝛿𝑝
𝛿𝜌 −

̄𝑝
̄𝜌) 𝛿 , (2.115)

where 𝛿 = 𝛿𝜌/ ̄𝜌 is the density contrast. Next, the spatial part leads to the Euler equa-
tion:

𝑞′
𝑖 = −4𝐻𝑞𝑖 − ( ̄𝜌 + ̄𝑝) ∂𝑖𝛹 − ∂𝑖𝛿𝑝 − ∂𝑗𝛱𝑖𝑗 , (2.116)

which can again be expressed using the momentum density 𝑞𝑖 as

𝑣′
𝑖 = − (𝐻 +

̄𝑝′

̄𝜌 + ̄𝑝) 𝑣𝑖 −
1
̄𝜌 + ̄𝑝 (∂𝑖𝛿𝑝 + ∂𝑗𝛱𝑖𝑗) − ∂𝑖𝛹 . (2.117)

Thus, we see that the evolution of matter perturbations is directly influenced by the
metric potentials 𝛹 and 𝛷.
We now turn to the evolution of the metric perturbations themselves, governed by
Einstein’s field equation 𝐺𝜇

𝜈 = 8𝜋𝐺𝑇𝜇
𝜈 in Newtonian gauge. Considering the 𝜇 = 𝜈 = 0

component, we obtain:

𝛥2𝛷 − 3𝐻 (𝛷𝑖 + 𝐻𝛹) = 4𝜋𝐺𝑎2𝛿𝜌 , (2.118)

which can be interpreted as the relativistic generalization of the Poisson equation. For
the spatial off-diagonal components (𝜇 = 𝑖 ≠ 0, 𝜈 = 𝑗 ≠ 0), we find

(∂𝑖∂𝑗 −
1
3𝛿𝑖𝑗𝛥2) (𝛷 − 𝛹) = 8𝜋𝐺𝑎2𝛱𝑖𝑗 , (2.119)
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showing that anisotropic stress sources a difference between 𝛷 and 𝛹 . For the mixed
components (𝜇 = 0, 𝜈 = 𝑖 ≠ 0), we obtain

(𝛷′ + 𝐻𝛹) = −4𝜋𝐺𝑎2𝑞 , (2.120)

relating the gradient of the metric potentials to the momentum density. Finally, taking
the trace over the spatial part results in:

𝛷′′ +
1
3𝛥2 (𝛹 − 𝛷) + (2𝐻′ + 𝐻2) 𝛹 + 𝐻𝛹 ′ + 2𝐻𝛷′ = 4𝜋𝐺𝑎2𝛿𝑝 , (2.121)

which links the time evolution of the metric perturbations to the pressure perturbations.
Together, all these equations form a closed system of differential equations once the
equation of state is specified and the fluid is assumed to evolve adiabatically.
With this, we have outlined the basic theory of linear perturbations. This formalism is
essential for connecting primordial fluctuations in the early universe to the anisotropies
observed in the CMB today. In principle, one can evolve initial conditions through cosmic
history using the perturbation equations derived above to predict the CMB power spectra.
However, due to the high complexity of these coupled differential equations, especially
when including effects from photon–baryon interactions, and recombination physics,
such calculations are rarely carried out analytically. Instead, numerical codes such as
CAMB [115, 116] and CLASS [117] are widely used to perform these computations with
high precision and efficiency. With all of this in place, we are now ready to address the
phenomenology of dark energy and its implications for cosmic structure formation.

2.4.3 Phenomenological Models of Dark Energy

Most discussions in the literature are conducted within the framework of the 𝛬CDM
model, which represents the most widely used cosmological model and which success-
fully explains a wide range of observational phenomena [74, 112]. Despite its success,
there are both conceptual and observational motivations to critically reassess the 𝛬CDM
model.
Among the observational tensions, one of the most important is the so-called Hubble
tension [74], which refers to the discrepancy between local measurements of the Hubble
constant (e.g., based on supernovae data) and the value inferred from Planck data when
interpreted within the 𝛬CDM framework. Furthermore, recent results from the Dark
Energy Spectroscopic Instrument (DESI) survey have gained attention. The DESI exper-
iment provides high-precision measurement of Baryonic Acoustic Oscillations (BAO)
over a range of redshifts around 𝒪(1) [118]. Analyses of the data show that models
with a dynamic dark energy component are preferred with respect to the 𝛬CDM model.
In both the 𝛬CDM model and its extensions, dark energy is modeled as a perfect fluid
characterized by an energy density 𝜌 and a pressure 𝑝, with an associated equation of
state parameter 𝜔 = 𝑝/𝜌 [90, 113]. In the 𝛬CDM model, dark energy is assumed to
have a constant equation of state parameter 𝜔 = −1, corresponding to a cosmological
constant with a time-independent energy density 𝜌𝛬.
A first generalization consists of treating 𝜔 as a free parameter rather than fixing it to −1.
This leads to the so-called 𝜔CDM model [90, 112], in which the energy density evolves
according to

𝜌𝜔CDM
𝛬 (𝑎) ∝ 𝑎−3(1+𝜔) . (2.122)
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Inspecting the second Friedmann equation (2.81), it follows that for a matter component
with 𝜔 < −1/3 this density behaves as dark energy, i.e., yields an accelerated expansion
of the universe. Going beyond a constant 𝜔, models with a time-dependent equation of
state 𝜔(𝑎) have been proposed. A commonly used phenomonelogical parametrization
is the 𝜔0𝜔𝑎 model, where 𝜔 depends on the scale factor 𝑎 as [119, 120]:

𝜔(𝑎) = 𝜔0 + 𝜔𝑎(1 − 𝑎) . (2.123)

The corresponding evolution of the dark energy density is then governed by:

𝜌𝜔0𝜔𝑎CDM
𝛬 (𝑎) ∝ 𝑎−3(1+𝜔0+𝜔𝑎) exp (−3𝜔𝑎(1 − 𝑎)) . (2.124)

Such a parametrization provides a flexible framework to capture potential deviations
from a cosmological constant and to test observational sensitivity to a dynamic dark
energy. In the next chapter, we make use of this approach to explore whether a time-
varying dark energy component is supported by observations.
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Chapter3
AModel of Holographic Dark Energy

In this thesis, we search for traces of gravity as gravitational imprints in physical systems
that are not primarily governed by gravity. Especially in regimes where gravity is no
longer negligible, quantum theories such as QFTs tend to break down. These regions
therefore provide a natural ground for probing indirect signatures of a deeper gravita-
tional structure. In this chapter, we focus on cosmological scales and investigate dark
energy and its potentially holographic origin, as might be motivated by an underlying
theory of gravity.
QFTs appear to not provide a sufficient description of nature in the presence of black
holes [121–127]. A striking example of this limitation is the way in which DOFs, or
equivalently information or entropy, are assigned to regions of spacetime: In QFT, this
number scales with the volume of a region, i.e., with 𝐿3 for a box of side length 𝐿. In
contrast, the holographic principle suggests that the maximal entropy associated with a
gravitating system, such as a black hole, scales with the area of the horizon, i.e., with
𝐿2 [121–126]. This mismatch implies that QFT overcounts the number of fundamental
DOFs at low energies or on large scales.
From this discrepancy, Cohen, Kaplan and Nelson (CKN) [127] derived a concrete
bound to define the domain of validity for an Effective Field Theory (EFT). Assuming
that the entropy of any physical system should not exceed the Bekenstein–Hawking
entropy 𝑆BH of a black hole of the same size, the entropy computed within QFT 𝑆QFT is
then given by

𝑆QFT = 𝛬3
UV𝐿3 ≤ 𝜋𝐿2𝑀2

Pl = 𝑆BH , (3.1)

for a box of side length 𝐿, where 𝛬UV denotes the Ultraviolet (UV) cutoff and 𝑀Pl is
the Planck mass. For a fixed UV cutoff, this condition also defines a maximal length
𝐿max, and thereby an Infrared (IR) cutoff 𝛬IR = 𝐿−1

max. While this bound ensures that the
number of quantum states is consistent with the information-theoretic limit imposed
by black hole thermodynamics, it does not constrain how much energy can be stored
in the volume. As a result, it still allows for states whose total energy is large enough
that their Schwarzschild radius 𝑅S exceeds the size of the box, i.e., 𝑅S > 𝐿. To prevent
the formation of black holes within an EFT, according to CKN a stricter bound must be
imposed. This leads to the so-called CKN bound [127]:

𝐿 ≥ 𝑅S ∼
𝑀QFT

𝑀2
Pl

=
𝛬4

UV𝐿3

𝑀2
Pl

↔ 𝛬4
UV ≤

𝑀2
Pl

𝐿2 . (3.2)

This condition ensures that no physical state described by the theory corresponds to a
black hole, and it establishes a fundamental connection between the UV and IR scales.
This bound has wide-ranging implications, including effects on the anomalous magnetic
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3 A Model of Holographic Dark Energy

moment of leptons [128–132], the hierarchy problem [133], and the phenomenology
of radiative neutrino mass models [134]. One of its earliest and most prominent ap-
plications, which is already discussed in the original CKN paper [127], concerns the
cosmological constant problem [46], i.e., the puzzling smallness of the observed dark
energy density. In QFT, quantum corrections to the vacuum energy scale as 𝛬4

UV [46],
where 𝛬UV is the ultraviolet cutoff of the EFT. A natural question is what value this
cutoff should take. In the absence of additional UV physics, the only available scale that
remains when combining QFT and gravity is the Planck scale. It marks the energy at
which quantum gravitational effects become non-negligible and perturbative QFT breaks
down. Hence, in such scenarios, it is common to identify the cutoff with the Planck mass:
𝛬UV ∼ 𝑀Pl. However, this leads to an enormous discrepancy: the predicted vacuum
energy density is larger than the observed dark energy by about 120 orders of magnitude.
However, according to CKN, gravity itself forbids contributions to the energy densities
that would lead to the formation of black holes within the EFT already below the Planck
scale. Instead, CKN propose to use the Hubble horizon 𝐻 as the relevant IR scale of
the universe, i.e., to identify the size of the box as the Hubble radius, 𝐿max = 1/𝐻. In-
serting this into the CKN bound in equation (3.2) yields a UV cutoff of 𝛬UV ∼ 10−3 eV,
which corresponds to the observed order of magnitude of today’s dark energy density
𝜌𝛬 ∼ (10−3 eV)4.
While this scenario offers a natural suppression of the vacuum energy through holo-
graphic arguments, it comes with an important consequence: since the Hubble parameter
𝐻 = 𝐻(𝑡) evolves with time, the UV cutoff, and therefore the dark energy density, also
becomes time-dependent. This implies that dark energy is not constant, but dynamically
evolving, a predicition that is testable with high-precision cosmological observations.
The aim of this chapter is therefore to analyze the implications of a dynamically evolving
dark energy component that emerges from gravity-motivated constraints on QFT. This
is further motivated by the latest results of the DESI collaboration, providing the first
evidence towards a preference of dynamic dark energy models with respect to 𝛬CDM [5].
First, in section 3.1, we focus on the background dynamics by solving the Friedmann
equations with the CKN-modified dark energy term. We then fit the resulting model
to the DESI BAO, model independent Hubble measurements and supernovae datasets,
comparing its predictions to those of alternative cosmological models. In addition, we in-
vestigate trends arising from the comparison of the DESI Year-1 and Year-2 data releases
which we from now on refer to as DR1 and DR2, respectively. In section 3.2, we extend
the analysis to include linear cosmological perturbations. We formulate the relevant
perturbation equations and perform a global fit using additional data from CMB and
weak gravitational lensing. The objective is to fully exploit the available cosmological
data to rigorously assess the viability of the CKN framework in a precision cosmological
setting. Finally, in section 3.3, we summarize our results, compare the findings of the
two analyses, and provide an outlook on future directions and potential extensions to
this work.

3.1 Background Evolution and Constraints from Late-Universe Data

Recent measurements from DESI BAO, when combined with supernovae and CMB data,
show a 4.2 𝜎 preference for models with dynamical dark energy over the standard 𝛬CDM
model [5, 135], see also section 2.4. As argued in the introduction to chapter 3, the CKN
bound also leads to a dynamically evolving dark energy. Motivated by this, we now
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3.1 Background Evolution and Constraints from Late-Universe Data

want to test the resulting model against DESI BAO, supernovae, and Hubble parameter
data. To keep the analysis tractable at this stage, we restrict ourselves to background
dynamics only in this section, neglecting linear perturbations. This allows us to obtain a
first indication of whether the CKN-based model is compatible with observations, before
undertaking a more comprehensive analysis.
Starting from equation (3.2), and assuming that the IR cutoff scale is set by the Hubble
horizon 𝐿max = 1/𝐻, the UV cutoff is given by:

𝛬4
UV ≲ 𝐻2(𝑧)𝑀2

Pl , (3.3)

where 𝑧 denotes the redshift, 𝑀Pl the Planck mass, and 𝐻(𝑧) the Hubble parameter. This
leads to a Vacuum Energy Density (VED) at one-loop level given by:

𝜌1-loop
VED ≃ 𝜈

𝛬4
UV

16𝜋2 = 𝜈
𝑀Pl𝐻2(𝑧)

16𝜋2 . (3.4)

The case 𝜈 = 1 corresponds to the original CKN bound, while 𝜈 ≠ 1 generalizes it to what
we refer to as the 𝜈CKN model. This extension allows us to phenomenologically absorb
uncertainties, simplifications, and model-dependent details of the underlying derivation.
For instance, the 1-loop vacuum energy term may contain additional numerical factors
such as a symmetry factor of 1/2, counting factors for DOFs, or scheme-dependent
regularization constants. Moreover, the 𝜈CKN framework encompasses the broader
class of models from the literature in which the vacuum energy scales as 𝐻2(𝑧), including
running vacua models [136–138] and certain holographic dark energy scenarios [139,
140]. Further, in the regime of interest, i.e., 𝑧 ≲ 3.5, we have 𝐻(𝑧)4 ≪ 𝑀2

Pl𝐻(𝑧)2, which
allows us to neglect the IR cutoff. Additionally, contributions from heavy particles are
neglected whenever their energy exceeds the UV cutoff [127, 128].
Criticism has been raised in the literature against models in which the dark energy
density scales as 𝐻2(𝑧). Specifically, assuming that the energy–momentum tensors
of matter and dark energy are separately conserved does not lead to an accelerated
expansion of the universe [139, 141], which clearly contradicts observations. However, if
one instead only assumes the joint energy conservation for the total fluid, the resulting
effective equation of state can drive accelerated expansion [142–144] and provides a
good fit to observational data up to redshifts 𝑧 ∼ 𝒪 (1). As we will discuss below, a
non-conservation of dark energy is further required for a consistent framework. Another
concern is the potential conflict of such models with other cosmological processes at high
redshift 𝑧, such as large-scale structure formation or the properties of the CMB [141].
These tensions, however, may be alleviated for small values of 𝜈, especially given that
the universe is matter dominated for 𝑧 ≳ 0.4. Moreover, the true value of 𝜈 is entirely
unknown. One could in principle consider a redshift-dependent 𝜈(𝑧), depending on
the theoretical framework under study. In the present analysis, however, we restrict
ourselves to the case of a constant parameter 𝜈.
To investigate how the CKN bound affects the evolution of the universe, we incorporate
the resulting vacuum energy density in equation (3.4) semi-classically into the energy-
momentum tensor 𝑇𝜇𝜈 [46]:

𝑇𝜇𝜈 = 𝑇𝜇𝜈
classical + ⟨𝑇𝜇𝜈⟩, with ⟨𝑇𝜇𝜈⟩ = 𝜌1-loop

VED 𝑔𝜇𝜈 . (3.5)

Here, 𝑇classical contains the contributions from matter 𝑇𝜇𝜈
matter, radiation 𝑇𝜇𝜈

radiation, and a
classical cosmological constant 𝛬:

𝑇𝜇𝜈
classical = 𝑇𝜇𝜈

matter + 𝑇𝜇𝜈
radiation + 𝛬0𝑔𝜇𝜈 . (3.6)
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As mentioned earlier, we do not assume separate conservation of the energy–momentum
tensor for matter and dark energy. Instead, we allow for the possibility of energy exchange
between two components, see for example references [142, 144]. Separate conservation
does not only imply a non-expanding universe, but also directly contradicts the assump-
tion of a dynamical dark energy component with ̇𝜌1-loop

VED ≠ 0. If we impose separate
conservation laws for matter and dark energy with the covariant conservation of the
total energy-momentum tensor, i.e., ∇𝜇𝑇𝜇𝜈 = 0, we have:

∇𝜇𝑇𝜇𝜈
classical = 0 , and ∇𝜇⟨𝑇𝜇𝜈⟩ = 0 , (3.7)

where the second term leads to

∇𝜇 (𝜌1-loop
VED 𝑔𝜇𝜈) = 0 , (3.8)

↔ 𝑔𝜇𝜈∇𝜇 (𝜌1-loop
VED ) + 𝜌1-loop

VED ∇𝜇 (𝑔𝜇𝜈) = 0 . (3.9)

Using the metric compatibility of the covariant derivative, we arrive at

𝑔𝜇𝜈∇𝜇 (𝜌1-loop
VED ) = 0 , (3.10)

which implies that ̇𝜌1-loop
VED = 0. This is incompatible with any dynamical evolution of

dark energy, and thus directly contradicts our framework. Therefore, we are compelled
to assume a common energy conservation law for dark energy and at least one other
matter component.
By combining the 𝜇𝜈 = 00 and 𝜇𝜈 = 𝑖𝑗 components of Einstein’s field equations, we
obtain the standard Friedmann equation:

𝐻2(𝑡) =
8𝜋𝐺

3 (𝜌M(𝑡) + 𝜌DE(𝑡)) . (3.11)

Here, 𝜌M denotes the matter density, and 𝜌DE the dark energy density. In what follows,
we neglect the contribution of radiation, since we are interested in the matter-dominated
epoch. Moreover, we assume a spatially flat universe with 𝛺k = 0. Assuming that the
total energy density consists of two components, i.e., 𝜌tot = 𝜌M + 𝜌DE, and using the
corresponding equations of state 𝑝M = 0 and 𝑝DE = −𝜌DE, the continuity equation (2.83)
becomes:

̇𝜌M(𝑡) + ̇𝜌DE(𝑡) = −3𝐻(𝑡)𝜌M(𝑡) . (3.12)

Solving the Friedmann equation (3.11) together with the continuity equation (3.12)
leads to the following expression for the Hubble parameter:

𝐻2(𝑧) = 𝐻2
0 (𝛺M(𝑧) + 𝛺DE(𝑧)) , (3.13)

where 𝐻0 = 𝐻(𝑧 = 0) is the present-day Hubble parameter, and

𝛺M(𝑧) = 𝛺0
M (1 + 𝑧)3− 𝜈

2𝜋 , (3.14)

𝛺DE(𝑧) = 𝛺0
DE + 𝛺0

M
𝜈

6𝜋 − 𝜈 ((1 + 𝑧)3− 𝜈
2𝜋 − 1) , (3.15)

with 𝛺0
M and 𝛺0

DE denoting the current values of the respective energy densities, nor-
malized to the critical density 𝜌crit,0 = (3𝐻2

0) / (8𝜋𝐺). To characterize the dynamical
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Figure 3.1: Redshift evolution of the effective equation of state parameter 𝜔DE(𝑧),
derived from the redshift dependence of the dark energy density 𝜌DE(𝑧) in the
model under consideration. The different curves correspond to different values
of the model parameter 𝜈. We choose the representative values 𝛺0

M = 0.3 and
𝛺0

DE = 0.7.

behavior of the dark energy component in terms of an effective fluid description, we de-
fine a redshift-dependent equation of state parameter 𝜔DE(𝑧) via the standard continuity
equation, i.e., ̇𝜌DE = −3𝐻 (1 + 𝜔DE) 𝜌DE by rewriting equation (3.12), where 𝜔DE(𝑧) is
now a function of 𝜌M and its derivative. This parameter is convenient for interpreting
the redshift evolution of 𝜌DE(𝑧) in analogy to scalar field models. In particular, values
of 𝜔DE(𝑧) > −1 are commonly associated with quintessence-like behavior [48], where
the dark energy density 𝜌DE decreases more slowly than in the cosmological constant
case, i.e., 𝛬CDM, while values 𝜔DE(𝑧) < −1 correspond to phantom-like evolution [145].
Figure 3.1 shows the resulting behavior of 𝜔DE(𝑧) for representative values of the model
parameter 𝜈, 𝛺0

M and 𝛺0
DE. For 𝜈 = 0, the model reduces to 𝛬CDM with a constant

equation of state parameter 𝜔 = −1. Positive values of 𝜈 lead to 𝜔DE(𝑧) > −1 at low
redshift, whereas negative values result in 𝜔DE(𝑧) < −1. Note, that at high redshift, i.e.,
𝑧 ≫ 1, the effective equation of state parameter can deviate from −1 and turn positive.
However, since 𝛺DE ≪ 1 in this regime, such deviations remain phenomenologically
unproblematic and do not affect the background evolution in the matter-dominated era.
With this, the (𝜈)CKN model is fully specified and can be directly compared to the alter-
native dark energy models introduced in subsection 2.4.3, namely the 𝛬CDM, 𝜔CDM,
and 𝜔0𝜔𝑎CDM models. In all cases, we assume a spatially flat universe, neglect radia-
tion, i.e., 𝛺0

M + 𝛺0
DE = 1, and focus on differences in the dynamical behavior of the dark

energy sector.
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Figure 3.2: Schematic illustration of the BAO freeze-out (left) and the imprinted
correlation 𝜉 in today’s galaxy distribution (right). The timeline at the bottom
highlights key epochs. Note, that the freeze-out of the sound waves happens
during recombination.

3.1.1 Observational Data And Statistical Methodology

This subsection presents a quantitative analysis of how well the CKN-inspired mod-
ifications align with current cosmological observations, with particular emphasis on
the recent BAO measurements from the DESI survey [5, 135]. We start by outlining the
observational datasets employed, followed by a detailed description of the statistical
methodology before ending with a discussion of the corresponding results.
The statistical analysis relies on a combination of recent cosmological probes. These
include the BAO data from DESI [5, 135], model independent measurements of the
Hubble expansion rate [146], and two type Ia supernova samples: Pantheon+ [147],
and DES-SN5YR [148], referred to as DESY5 throughout this chapter.

DESI BAO: BAOs arise from pressure-driven sound waves that propagated through
the tightly coupled photon–baryon fluid in the early universe [149, 150]. Prior to re-
combination, the high radiation pressure generated by photon scattering counteracted
gravitational collapse, leading to oscillatory perturbations in the baryonic component.
These perturbations propagate outward from initial overdensities at the sound speed of
the relativistic plasma in the matter distribution, which we call the sound horizon [151,
152]. After recombination, when photons decouple and the baryon–photon interactions
cease, these oscillations freeze-out, and the perturbation pattern becomes imprinted in
the distribution of baryonic matter. This leads to a slight overabundance of galaxies
separated by the comoving sound horizon scale 𝑟d, manifesting as a broad peak in the
two-point correlation function of matter tracers [153]. Figure 3.2 represents a schematic
evolution of this process. The underlying physical mechanism is the same as for the
acoustic oscillations in the photon–baryon fluid discussed in the context of the CMB
anisotropies in subsection 2.4.1, where these oscillations manifest as the characteristic
peak structure in the CMB power spectrum [149]. In practice, BAO measurements
exploit this feature to provide a standard ruler for cosmological distance scales. The
observable quantities include the transverse comoving distance 𝐷M(𝑧) and the Hubble
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distance 𝐷H(𝑧) = 𝑐/𝐻(𝑧), where 𝑐 denotes the speed of light, both normalized by the
comoving sound horizon at the drag epoch 𝑟d, which describes the time when baryons
effectively decouple from Compton drag due to the interactions with photons. The DESI
survey provides BAO measurements extracted from galaxies, quasars, and Lyman-𝛼 for-
est tracers across a wide redshift range [5, 135]. The datasets include values for 𝐷M(𝑧)/𝑟d
and 𝐷H(𝑧)/𝑟d, however, in redshift bins with lower statistics, only the angle-averaged
distance 𝐷V(𝑧)/𝑟d is reported. In this work, we treat the sound horizon at the drag
epoch 𝑟d as a free parameter. Note, that BAO data primarily constrain the parameter
combination 𝑟d𝐻0 as well as the matter density 𝛺0

M [154]. The DESI sample consists of
seven redshift bins with negligible inter-bin correlations, as documented in reference [5,
135].

Supernova: Type Ia supernovae serve as standard candles for mapping the expansion his-
tory of the universe. The two datasets used here are Pantheon+ [147] and DESY5 [148].
Unfortunately, broader compilations such as Union3 are not publicly accessible at the
time of writing. Physically, these events are thought to originate from white dwarfs in
binary systems, which accrete mass from their companion stars [155]. When the white
dwarf nears the Chandrasekhar limit, a runaway thermonuclear explosion is triggered.
Owing to the uniform mass threshold for ignition, these explosions yield similar intrinsic
luminosities. After empirical corrections for stretch and color [156], they behave as stan-
dard candles, i.e., as astrophysical light sources with known absolute brightness. This
makes it possible to infer their luminosity distance from the observed flux, providing a
direct handle on the distance-redshift relation that underpins cosmological inference. For
DESY5, we use the published distance moduli and associated covariance matrix. Since
type Ia supernovae data constrain the combination of the absolute magnitude 𝑀 and
the Hubble constant 𝐻0, but not each quantity individually, we follow reference [148] in
redefining them into the single parameter 𝑀̃ = 𝑀 + 5 log10 (𝑐/𝐻0). This parameter is
analytically marginalized over in the likelihood. A similar procedure is applied to the
Pantheon+ dataset [147], where we again marginalize over 𝑀̃, and restrict the analysis
to redshifts 𝑧 > 0.01 in accordance with reference [148].

Model independent Hubble measurements: As a complementary probe, we include
Hubble rate measurements obtained via the cosmic chronometer method [157]. These
determinations are largely model independent and provide valuable information on the
expansion history at intermediate redshifts. The cosmic chronometer approach exploits
the fact that the differential age evolution of passively evolving galaxies can be used
to estimate the Hubble parameter directly [158]. By measuring the age difference 𝛥𝑡
between galaxy populations separated by a small redshift interval 𝛥𝑧, one obtains an
estimate for the expansion rate via 𝐻(𝑧) ≈ − (1/ (1 + 𝑧)) (𝛥𝑧/𝛥𝑡). The method relies on
selecting massive, early-type galaxies that have undergone minimal star formation since
their formation epoch. These systems evolve passively and can thus be treated as “cosmic
clocks”, enabling a direct inference of 𝐻(𝑧) without assuming a specific cosmological
model [159]. Since only the covariance matrix of Moresco et al. is available [160] and the
corresponding subset dominates the correlations, we neglect inter-correlations among
the remaining measurements.

As already stated in the introduction to this chapter, the present subsection focuses
exclusively on late-universe observables, and early-universe data such as CMB tem-
perature, polarization, and lensing measurements are not considered at this stage. All
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datasets are fitted simultaneously, with only one supernovae sample included at a time.
The inclusion of Hubble rate measurements helps to break degeneracies that arise in
BAO and supernovae-only analyses.
To evaluate how well the theoretical models, namely CKN and 𝜈CKN, reproduce the
observational data, we perform a standard 𝜒2 minimization. The total test statistic is
defined as

𝜒2 = (𝒪⃗th (𝜉𝑖) − 𝒪⃗exp)
𝑇

𝐶−1 (𝒪⃗th (𝜉𝑖) − 𝒪⃗exp) , (3.16)

where 𝒪⃗th denotes the vector of theoretical predictions evaluated at model parameters
𝜉𝑖, and 𝒪⃗exp contains the corresponding measurements, with covariance matrix 𝐶, which
incorporates both statistical and systematic uncertainties provided by the respective
datasets. This expression does not yet account for the analytical marginalization per-
formed over the parameter 𝑀̃ in the DESY5 and Pantheon+ likelihoods; for technical
details see [148, 161]. Despite the Bayesian origin of the data, the use of a frequentist 𝜒2

approach is justified by the approximately Gaussian nature of the reported uncertainties
and the near-linear dependence of observables on the model parameters in the region
of interest. Uncertainties on the fit parameters are estimated from the inverse Hessian
evaluated at the best-fit point. We also compute Confidence Level (CL) contours by
projecting the 𝜒2 onto subspaces of interest, profiling over all remaining parameters. The
numerical minimization and likelihood profiling are implemented in Mathematica [162],
using a differential evolution algorithm for global optimization. To asses the relative
performance of CKN models against other cosmological models like 𝛬CDM, 𝜔CDM
and 𝜔0𝜔𝑎CDM, we compute the difference in the best-fit 𝜒2 values:

𝛥𝜒2 = 𝜒2,(𝜈)CKN
min − 𝜒2,alt.model

min . (3.17)

Assuming Wilks’ theorem applies [163], 𝛥𝜒2 approximately follows a 𝜒2 distribution
with DOFs equal to the difference in the number of model parameters, allowing the
conversion to significance levels in terms of standard deviations. However, since Wilks’
theorem only holds for nested models, such a conversion is only valid when comparing
𝜈CKN and 𝛬CDM. In particular, models such as 𝜔0𝜔𝑎CDM and 𝜈CKN differ not only
in parameter number but also in functional form, making them non-nested. For compar-
isons involving non-nested models, we employ the Akaike Information Criterion (AIC)
as an alternative metric for model selection [164]. The AIC provides a more general
framework for comparing non-nested models by balancing goodness of fit against model
complexity as it penalizes the latter. It is defined as

AIC = 𝜒2
min + 2𝑘 , (3.18)

where 𝑘 is the total number of free parameters in the model.

3.1.2 Results

Table 3.1 and 3.2 summarize the best-fit parameters for the CKN and 𝜈CKN models
when fitted to DESI BAO DR2 and Hubble data, combined either with the DESY5 or
the Pantheon+ supernovae sample. The individual contributions to the total 𝜒2 for DR2
from each dataset are listed in table 3.3. The resulting 𝜒2

min/DOF values, approximately
0.89 for DESY5 and 0.88 for Pantheon+, indicate good overall agreement between both
models and the data. Figure 3.3 displays the angle-averaged distance ratio 𝐷V/ (𝑟d𝑧2/3)
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Table 3.1: Best-fit values for the CKN and 𝜈CKN models using the DESI BAO DR2
and Hubble data, combined with either DESY5 or Pantheon+ data. The table lists
Hubble-today 𝐻0, the matter density parameter 𝛺0

M and the sound horizon at the
drag epoch 𝑟d.

Model/Datasets 𝐻0/(km/s/Mpc) 𝛺0
M 𝑟d/Mpc

CKN
+ DESY5 68.83 ± 2.35 0.352 ± 0.009 144.27 ± 4.85
+ Pantheon+ 69.09 ± 2.36 0.347 ± 0.009 144.23 ± 4.85

𝜈CKN
+ DESY5 68.90 ± 2.38 0.348 ± 0.018 144.26 ± 4.85
+ Pantheon+ 69.46 ± 2.40 0.330 ± 0.018 144.21 ± 4.85

Table 3.2: Best-fit values for the CKN and 𝜈CKN models using the DESI BAO DR2
and Hubble data, combined with either DESY5 or Pantheon+ data. The table lists
the parameter 𝜈 and the corresponding minimum 𝜒2

min per DOF.

Model/Datasets 𝜈 𝜒2
min/DOF

CKN
+ DESY5 – 1674/1871
+ Pantheon+ – 1437/1632

𝜈CKN
+ DESY5 0.92 ± 0.35 1674/1870
+ Pantheon+ 0.64 ± 0.36 1436/1631

Table 3.3: Breakdown of the total 𝜒2 values for DESI BAO DR2, showing the
contributions from the BAO, Hubble, and either DESY5 or Pantheon+ data.

Models
DESY5 Pantheon+

𝜒2,BAO
min 𝜒2,DESY5

min 𝜒2,Hubble
min 𝜒2,BAO

min 𝜒2,Pantheon+
min 𝜒2,Hubble

min

CKN 11.51 1649 12.81 11.45 1413 12.71
𝜈CKN 11.23 1649 12.79 10.25 1413 12.64
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Figure 3.3: Angle-averaged distance measure 𝐷V/(𝑟d𝑧2/3) at the best-fit point,
compared to DESI data (green) [135], for both the 𝛬CDM model (red) and the
CKN models (blue). Left: using DESY5; right: using Panthon+. The curves for
CKN and 𝜈CKN are visually indistinguishable.

at the respective best-fit points, compared with the DESI DR2 measurements. Since the
CKN and the 𝜈CKN predictions are nearly indistinguishable in this observable, only the
CKN case is shown. A quantitative comparison of CKN and 𝜈CKN with 𝛬CDM, 𝜔CDM
and 𝜔0𝜔𝑎CDM for DESI BAO DR2 is presented in table 3.4. Differences in 𝜒2 and in the
AIC are provided for both dataset combinations. All alternative models are fitted for
DESI BAO DR2 using the same methodology, and the results, shown in table 3.5 and 3.6
are consistent with previous studies [5]. From the 𝛥𝜒2 values, both CKN and 𝜈CKN
outperform 𝛬CDM in terms of fit quality for both dataset combinations. However, for
the Pantheon+ data, this improvement is not statistically significant, with the 𝜈CKN case
corresponding to a marginal significance of −1.75𝜎 . For DESY5, 𝜔CDM and 𝜔0𝜔𝑎CDM
perform slightly better, but the 𝜈CKN model still shows a 2.63𝜎 preference over 𝛬CDM.
Interestingly, in the Pantheon+ case, CKN yields an AIC comparable to 𝜔CDM, which
has the lowest AIC among all tested models, with the largest difference observed relative
to 𝛬CDM.
Furthermore, the best-fit results presented here allow for a direct comparison between
the current DESI DR2 analysis and the previous DR1-based fits, summarized in table 3.7.
The overall trend clearly favors models with a time-evolving dark energy component over
the standard 𝛬CDM scenario. This tendency is also reflected in the 𝜈CKN framework.
For the Pantheon+ dataset in particular, the 𝜈CKN model exhibits a more pronounced
improvement in the fit between DR1 and DR2 than the standard CKN model. The
redshift evolution of the dark energy density 𝜌DE(𝑧) for the CKN and the 𝜈CKN models
is compared to that of the alternative models in figures 3.4 and 3.5, respectively. All
densities are normalized to the critical density 𝜌crit(𝑧). Across all scenarios, the quali-
tative behavior is similar. Lastly, we show the comparison of parameter correlations
between DESI BAO DR1 and DR2. The parameter correlations for the CKN model are
shown in figure 3.6 for the DESY5 and in figure 3.7 for the Panthon+ dataset. We show
the two-dimensional CL for the pairs 𝛺0

M–𝐻0, 𝐻0–𝑟d, and 𝛺0
M–𝑟d. We also show the

comparison between the parameter correlations between DESI BAO DR1 and DR2 for
the 𝜈CKN model in figure 3.8 for the DESY5 and in figure 3.9 for the Panthon+ dataset.
There, we show the correlations with the 𝜈 parameter. The observed shrinking of the
confidence regions in the correlation plots aligns well with expectations, as increasing
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Table 3.4: Relative performance of CKN and 𝜈CKN compared to alternative cos-
mological models for DESI BAO DR2. Shown are the differences in 𝜒2 and AIC.
Negative values indicate a statistical preference of (𝜈)CKN.

Models 𝛥𝜒2
DESY5 𝛥AICDESY5 𝛥𝜒2

Pantheon+ 𝛥AICPantheon+

CKN with
𝛬CDM −6.90 −6.90 −2.05 −2.05
𝜔CDM 3.14 1.14 2.26 0.26

𝜔0𝜔𝑎CDM 5.74 1.74 2.43 −1.57

𝜈CKN with
𝛬CDM −6.94 −4.94 −3.07 −1.07
𝜔CDM 3.09 3.09 1.24 1.24

𝜔0𝜔𝑎CDM 5.69 3.69 1.41 −0.59

Table 3.5: Best-fit parameters for the alternative cosmological models 𝛬CDM,
𝜔CDM and 𝜔0𝜔𝑎CDM using DESI BAO DR2 and Hubble data combined with
DESY5 or Pantheon+. Shown are the results for Hubble-today 𝐻0, the matter
density parameter 𝛺0

M, the sound horizon at the drag epoch 𝑟d and the parameter
𝜔0.

Model 𝐻0 in 𝛺0
M 𝑟d in 𝜔 or 𝜔0

/Datasets km/s/Mpc Mpc

𝛬CDM
+ DESY5 69.77 ± 2.38 0.309 ± 0.008 144.28 ± 4.85 –
+ Pantheon+ 70.10 ± 2.39 0.303 ± 0.008 144.21 ± 4.85 –

𝜔CDM
+ DESY5 68.71 ± 2.37 0.297 ± 0.009 144.11 ± 4.85 −0.88 ± 0.04
+ Pantheon+ 69.32 ± 2.40 0.297 ± 0.008 144.10 ± 4.85 −0.92 ± 0.04

𝜔0𝜔𝑎CDM
+ DESY5 68.69 ± 2.50 0.321 ± 0.013 143.70 ± 5.01 −0.78 ± 0.07
+ Pantheon+ 69.49 ± 2.28 0.302 ± 0.017 143.60 ± 4.58 −0.91 ± 0.06
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3 A Model of Holographic Dark Energy

Table 3.6: Best-fit parameters for the alternative cosmological models 𝛬CDM,
𝜔CDM and 𝜔0𝜔𝑎CDM using DESI BAO DR2 and Hubble data combined with
DESY5 or Pantheon+. Shown are the results for the parameter 𝜔𝑎, and the corre-
sponding minimal 𝜒2

min/DOF.

Model 𝜔𝑎 𝜒2
min/DOF

/Datasets

𝛬CDM
+ DESY5 – 1681/1871
+ Pantheon+ – 1439/1632

𝜔CDM
+ DESY5 – 1670/1870
+ Pantheon+ – 1435/1631

𝜔0𝜔𝑎CDM
+ DESY5 −0.77 ± 0.39 1668/1869
+ Pantheon+ −0.11 ± 0.43 1434/1630

Table 3.7: Comparison of the minimum 𝜒2
min values obtained from fits to DESI BAO

DR1 and DR2 𝛥𝜒2
DR2−DR1, each combined with Hubble rate measurements and

either DESY5 or Pantheon+ supernovae dataset, across the different cosmological
models considered in this work. We also show the change in the difference between
the 𝜒2

min values of the different models and the 𝜒2
min of the 𝛬CDM model (𝛥𝜒2)𝛬CDM

between the two data releases DR1 and DR2.

Models
𝛥𝜒2

DR2−DR1 (𝛥𝜒2)𝛬CDM
DR2 − (𝛥𝜒2)𝛬CDM

DR1

DESY5 Pantheon+ DESY5 Pantheon+

CKN −2.85 −2.84 −2.34 −0.90
𝜈CKN −2.91 −3.76 −2.39 −1.83
𝛬CDM −0.52 −1.93 – –
𝜔CDM −3.72 −3.59 −3.20 −1.66
𝜔0𝜔𝑎CDM −3.29 −3.13 −2.77 −1.20
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Figure 3.4: Evolution of the dark energy density 𝜌DE, normalized to 𝜌crit(𝑧), for the
CKN model and alternative models, fitted to the DESI BAO + Hubble + DESY5
(left) and Pantheon+ (right) datasets.
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Figure 3.5: Same as figure 3.4, but for the 𝜈CKN model.
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Figure 3.6: Correlations of 𝛺0
M–𝐻0 (top left), 𝛺0

M–𝑟d (top right), 𝐻0–𝑟d (bottom
left) in the CKN model for the DESI BAO+Hubble+DESY5 DR1 (black dashed
lines) and DESI BAO+Hubble+DESY5 DR2 (blue area) dataset at the 95 % and
68 % CL.
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Figure 3.7: Correlations of 𝛺0
M–𝐻0 (top left), 𝛺0

M–𝑟d (top right), 𝐻0–𝑟d (bottom
left) in the CKN model for the DESI BAO+Hubble+Pantheon+ DR1 (black dashed
lines) and DESI BAO+Hubble+Pantheon+ DR2 (blue area) dataset at the 95 %
and 68 % CL.
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Figure 3.8: Correlations of 𝜈–𝛺0
M (top left), 𝜈–𝐻0 (top right), 𝜈–𝑟d (bottom left) in

the 𝜈CKN model for the DESI BAO+Hubble+DESY5 DR1 (black dashed lines)
and DESI BAO+Hubble+DESY5 DR2 (blue area) dataset at the 95 % and 68 % CL.
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Figure 3.9: Correlations of 𝜈–𝛺0
M (top left), 𝜈–𝐻0 (top right), 𝜈–𝑟d (bottom left)

in the 𝜈CKN model for the DESI BAO+Hubble+Pantheon+ DR1 (black dashed
lines) and DESI BAO+Hubble+Pantheon+ DR2 (blue area) dataset at the 95 %
and 68 % CL.
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the statistical sample size typically leads to tighter constraints. This trend is particularly
interesting and warrants further exploration in light of upcoming observational cam-
paigns. In the coming years, the statistical power of cosmological datasets is expected
to increase substantially. The DESI survey will continue operations for approximately
two more years [165], while new experiments such as Euclid [166, 167], which began
data collection last year, and the Large Synoptic Survey Telescope at the Vera C. Rubin
Observatory [168] are set to significantly expand the available data volume. These efforts
are anticipated to yield both reduced uncertainties and improved discriminatory power
among competing cosmological models. Euclid, in particular, forecasts improvements in
parameter uncertainties by up to an order of magnitude [167]. To illustrate the potential
impact of these future datasets, we perform a simple projection of the expected 𝜒2 dif-
ferences between the (𝜈)CKN models and alternative cosmological scenarios. For this
estimation, we assume that the central values of the observables remain unchanged with
respect to DR1, while the uncertainties are reduced. For the DESI BAO measurements,
we scale the year-1 uncertainties by a factor of √5 to reflect the full five-year survey
duration. For the Euclid-based projection, we focus on the anticipated improvements
in distance-luminosity measurements and rescale the uncertainties of the DESY5 and
Pantheon+ datasets by a conservative factor of 4. This factor is derived from the smallest
projected improvement in the parameter uncertainties for the 𝜔CDM model as reported
by Euclid [167]. Table 3.8 summarizes the projected 𝛥𝜒2 values between the (𝜈)CKN
models and the alternatives for three scenarios: DESI-5Y (DESI after five years), Euclid-
Unc (uncertainty improvement from Euclid), and the combined projection using both
improvements. In table 3.9 we show the reinterpretation of the 𝛥𝜒2 values in terms of
significance for the nested models. As can be seen, assuming unchanged central values,
the 𝜔CDM and 𝜔0𝜔𝑎CDM models would be statistically preferred over the (𝜈)CKN
scenarios. However, it is important to emphasize that the central values of future datasets
are likely to differ from those used here, which could change the outcome of such com-
parisons. Thus, these projections should not be interpreted as predictions about the true
cosmological model but rather as indicative uncertainties suggests a potentially strong
capability to distinguish 𝛬CDM from time-varying dark energy models.
To summarize this first part, we have investigated the cosmological implications of the
CKN bound, which encodes a gravitational constraint on the validity of QFT, by perform-
ing an analysis based on the latest cosmological late-universe data. Specifically, we have
analyzed data from the DESI BAO DR1 and DR2 releases in combination with Hubble
parameter measurements and one of two supernovae datasets: DESY5 or Pantheon+.
To account for unknown prefactors in the original CKN relation and to include broader
classes of models in which the dark energy scales with 𝐻2, we extend the CKN scenario
to the 𝜈CKN model. We find that both the CKN and 𝜈CKN models provided good fits
to the data, with the CKN model generally performing slightly better when taking into
consideration the DOFs of the models under comparison. In particular, for the Pantheon+
dataset, the CKN model outperforms most other cosmological models considered in this
section, including 𝛬CDM, and 𝜔0𝜔𝑎CDM. Although the 𝜈CKN model introduces an
additional free parameter, it does not improve the fit substantially over the original CKN
model. The results also confirm and strengthen previous findings from DR1: models
with a time-dependent dark energy component are preferred over 𝛬CDM. This trend is
visible in the CKN models as well and becomes more pronounced in the transition from
DR1 to DR2, particularly for the 𝜈CKN scenario combined with Pantheon+ data. The
impact of increased statistics is clearly seen in the correlation plots, where confidence
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Table 3.8: Projected 𝜒2 differences between the CKN and 𝜈CKN models and the
alternative cosmological models considered in this work, based on two future
scenarios: DESI-5Y (DESI after five years of data collection) and Euclid-Unc (the
expected reduction in uncertainties of distance-luminosity measurements from
Euclid). Results are shown for both the DESY5 and Pantheon+ datasets.

Models DESI-5Y Euclid-Unc DESI-5Y + Euclid-Unc

𝛥𝜒2
DESY5 𝛥𝜒2

Pantheon+ 𝛥𝜒2
DESY5 𝛥𝜒2

Pantheon+ 𝛥𝜒2
DESY5 𝛥𝜒2

Pantheon+

CKN with
𝛬CDM −1.8 3.9 −16.5 −9.4 −42.4 −17.4
𝜔CDM 7.1 7.4 14.9 1.5 20.4 7.1

𝜔0𝜔𝑎CDM 18.4 11.1 47.0 1.5 45.4 8.1

𝜈CKN with
𝛬CDM −3.7 −1.0 −18.1 −9.4 −43.2 −19.0
𝜔CDM 5.1 2.5 13.3 1.5 19.6 5.5

𝜔0𝜔𝑎CDM 16.4 6.2 45.4 1.5 44.6 6.5

Table 3.9: Future projection of the DESI experiment after five years of data (DESI-
5Y) and the expected improvement from the Euclid experiment. The 𝜒2

min differ-
ences between the 𝜈CKN and the 𝛬CDM models, shown in table 3.8, are translated
into corresponding significance levels 𝛴.

Models DESI-5Y Euclid-Unc DESI-5Y + Euclid-Unc

𝛴DESY5 𝛴Pantheon+ 𝛴DESY5 𝛴Pantheon+ 𝛴DESY5 𝛴Pantheon+

𝜈CKN with
𝛬CDM −1.9𝜎 −1.0𝜎 −4.3𝜎 −3.1𝜎 −6.6𝜎 −4.4𝜎
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regions shrink, as expected. This behavior reflects the growing constraining power of
current and upcoming datasets. Encouragingly, the observed shift in the data releases
suggests a future in which the nature of dark energy might be revealed with greater
clarity. To illustrate the potential of near-future measurements, we perform a simplified
forecast for the model discrimination power achievable by the final DESI dataset and
upcoming Euclid observations. Assuming central values remain unchanged with respect
to DR1, we estimate that a statistical separation between 𝜈CKN and 𝛬CDM at a level
of up to 6.6𝜎 could be achieved. While such projections should not be interpreted as
predictions of which model is ultimately correct, they do highlight the discriminating
power of future data. Given the promising performance of the CKN model and its
physical motivation rooted in gravitational arguments, these findings strongly motivate
further study. A next step will be to confront the (𝜈)CKN scenarios with additional
datasets, such as CMB power spectra and weak lensing data. This is the focus of the
following section.

3.2 Perturbations and Global Analysis

In this section, we extend the analysis of the previous model, characterized by equa-
tion (3.12) and a dark energy density defined as

𝜌DE = 𝛬0 + 𝜈
𝑀Pl𝐻2

16𝜋2 , (3.19)

by incorporating early-universe data. Once the early universe is taken into account,
several assumptions must be revised: radiation can no longer be neglected, and the
interaction between dark energy and both DM and baryonic matter needs to be specified.
Consequently, additional assumptions are required to properly describe these interac-
tions.
From equation (3.12) we know that dark energy must couple to matter, either to baryons
or to DM. A coupling to baryons, however, is strongly constrained, as it would directly
affect Big Bang Nucleosynthesis (BBN). In contrast, the DM sector is far less constrained,
making it a natural candidate for such interactions. Exploring a possible dark energy–DM
coupling can therefore provide valuable insights, and, given our limited knowledge of
DM, it would be premature to exclude such a possibility. Alternative models incorpo-
rating a coupling between dark energy and photons are subject to strong observational
constraints, since it would directly modify the CMB. Another conceivable option is a
coupling to neutrinos, which has been studied in the literature, see, e.g., references [169,
170]. In the present work, we focus on the case of a dark energy–DM interaction.
With these assumptions, the background equations for baryons and radiation remain
unchanged with respect to the standard 𝛬CDM model, cf. section 2.4 or reference [112].
Since we allow for an interaction between dark energy and DM, however, these com-
ponents are no longer separately conserved. Instead, the covariant derivative of the
temporal component of the energy–momentum tensor, 𝑇𝜇

0, acquires a source term 𝑄̄.
As the total energy–momentum tensor must still be conserved, the source term for dark
energy and DM differ only by a relative sign:

̇̄𝜌DM + 3𝐻 ̄𝜌DM = −𝑄̄ , (3.20)
̇̄𝜌DE = 𝑄̄ . (3.21)
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Here, barred quantities denote unperturbed background values, and the dot indicates
differentiation with respect to proper time. The background evolution can then be
obtained by combining the sum of these two equations with the Friedmann equation,

𝐻2 =
8𝜋𝐺

3 ( ̄𝜌R + ̄𝜌B + ̄𝜌DM + ̄𝜌DE) , (3.22)

which leads to

̄𝜌DE =
𝜈 − 6𝜋𝜌0

DE
𝜈 − 6𝜋 + 𝜈

(𝜈 − 6𝜋) 𝜌0
R − 𝑎1+ 𝜈

2𝜋 (6𝜋 (𝜌0
B + 𝜌0

DM) + 𝜈 (3𝜌0
B + 3𝜌0

DM + 4𝜌0
R))

3𝑎4 (𝜈 − 6𝜋) (𝜈 + 2𝜋)
,

(3.23)

̄𝜌DM =
−3𝑎 (𝜈 + 2𝜋) 𝜌0

B − 4𝜈𝜌0
R + 𝑎1+ 𝜈

2𝜋 (6𝜋 (𝜌0
B + 𝜌0

DM) + 𝜈 (3𝜌0
B + 3𝜌0

DM + 4𝜌0
R))

3𝑎4 (𝜈 + 2𝜋)
,

(3.24)

where the superscript zero denotes the values of the quantities today. The anisotropies in
the CMB and the growth of the Large Scale Structure (LSS) originate from perturbations
to these background quantities. It is therefore necessary to derive the corresponding
perturbed equations.
Following the standard treatment in the literature [112, 171] and in analogy to equa-
tion (2.93) in section 2.4, we parametrize the perturbations of the metric 𝑔𝜇𝜈 and of the
energy–momentum tensor 𝑇𝜇𝜈 as

𝑔𝜇𝜈 = ̄𝑔𝜇𝜈 + 𝛿𝑔𝜇𝜈(𝑡, 𝑥) , 𝑇𝜇𝜈 = 𝑇̄𝜇𝜈 + 𝛿𝑇𝜇𝜈(𝑡, 𝑥) . (3.25)

Here, the symbol 𝛿 denotes the perturbation to the corresponding quantities. The
background metric ̄𝑔𝜇𝜈 refers to the spatially flat FLRW metric, which, upon including
perturbations, takes the form given in equation (2.94). The perturbations of the energy–
momentum tensor are specified in equation (2.107)–(2.109).
The linearized Einstein equations, together with the covariant conservation of the energy–
momentum tensor, lead to a coupled system of differential equations for the perturbed
quantities. In order to formulate these equations, it is necessary to provide a covariant
parametrization of the background interaction term 𝑄̄ between dark energy and DM.
The most general covariant form is given by [171, 172]

𝑄𝜇 = (𝑄̄ + 𝛿𝑄) 𝑢𝜇 + 𝐹𝜇 . (3.26)

Here, the total energy–momentum transfer is decomposed into a component parallel
(𝑄̄ + 𝛿𝑄) and a component orthogonal 𝐹𝜇 to its total four-velocity 𝑢𝜇. This introduces
two new quantities into the system, namely 𝛿𝑄 and 𝐹𝜇. In the following, we set 𝐹𝜇 =
0 in order to construct a minimal model and to ensure that no momentum transfer
occurs among the unperturbed background quantities. Otherwise, a preferred spatial
direction would be induced, which would violate the observed isotropy of the CMB at
the background level.
Recall that 𝑄̄ is uniquely determined by our background model and is given by

𝑄̄ = ̇̄𝜌DE =
𝜈𝑀2

Pl𝐻̇𝐻
8𝜋2 . (3.27)

The remaining unknown is therefore the perturbation of the background energy transfer,
𝛿𝑄, which we parametrize phenomenologically. A natural choice is to assume that the
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dark energy is not perturbed, i.e., 𝛿𝜌DE = 0, motivated by the fact that we consider dark
energy to be the sum of the cosmological constant and the Lorentz invariant contribution
of vacuum energy in QFT. However, since the fundamental theory underlying the interac-
tion between dark energy and DM remains unknown, the possibility of perturbations in
the dark energy density cannot be excluded. In the simplest case, this would correspond
to setting 𝛿𝑄 = 0. Another intuitive choice is to relate the perturbations directly to
the background transfer rate, 𝛿𝑄 ∝ 𝛿 ̇𝜌DE, given that 𝑄̄ ∝ ̇𝜌DE

1. In the following, we
will concentrate on the first scenario, namely the case where dark energy is assumed to
remain unperturbed, 𝛿𝜌DE = 0.
To avoid gauge artifacts and to consistently analyze the behavior of the perturbations, we
derive the perturbation equations analogously to subsection 2.4.2 but in a gauge-invariant
form [114, 171, 172]:

𝛥′
DM = −𝛥DM

̄𝜌′
DM
̄𝜌DM

− 3ℋ𝛥DM − 𝑘𝑉DM , (3.28)

𝑉′
DM = −

𝑉DM
̄𝜌DM

( ̄𝜌′
DM + 4ℋ ̄𝜌DM) + 𝑘𝜓 −

̄𝜌′
DE
̄𝜌DM

𝑘ℋ−1𝜙 , (3.29)

where the metric potentials in gauge-invariant form are given as

𝜓 = 𝛹 + ℋ (𝐵 − 𝐸′) + (𝐵 − 𝐸′)′ , (3.30)

𝜙 = 𝛷 −
1
3𝑘2𝐸 + ℋ (𝐵 − 𝐸′) , (3.31)

with the metric potentials 𝛹 and 𝛷 from subsection 2.4.2. Further, 𝛥DM denotes the
gauge-invariant density contrast, defined as

𝛥DM = 𝛿DM + ℋ−1 ̄𝜌′
DM
̄𝜌DM

(𝛷 −
1
3𝑘2𝐸) . (3.32)

The conformal Hubble parameter is given by ℋ = 𝑎′/𝑎, where the prime denotes differ-
entiation with respect to conformal time, and 𝑉DM is defined as

𝑉DM = 𝑘−1𝛩DM + 𝑘 (𝐵 − 𝐸′) . (3.33)

Note, that we already performed the transformation into Fourier space, where these
quantities are related to the ones introduced in subsection 2.4.2 through

∂𝑖 → 𝑖𝑘𝑖 , 𝑣DM𝑖 → −𝑖
𝑘𝑖
𝑘

𝛩DM
𝑘 , (3.34)

with the Fourier transformed velocity divergence 𝛩DM. All remaining equations coincide
with those from the standard 𝛬CDM model. It is well established in the literature that
models with interactions between dark energy and DM can exhibit instabilities in the
early universe [172, 173]. In order to rule out such pathological behavior, we perform an
initial-conditions analysis in the following section.

1Note, for a covariant description one of course has to take into account the correct transformation property
of the perturbation.
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3.2 Perturbations and Global Analysis

3.2.1 Early- and Late-Universe Behavior

In this subsection, we examine the behavior of both perturbations and background
quantities of our model in the early and late universe. It is well known that large-scale
instabilities can arise in the early universe, and we investigate the conditions under which
such instabilities may occur. Moreover, the description of density perturbations at early
times requires the specification of initial conditions. A common choice are adiabatic
initial conditions, which imply that all species evolve in a correlated manner [172]:

𝑆𝐴𝐵 = −3ℋ
𝜌𝐴
𝜌′

𝐴
𝛥𝐴 + 3ℋ

𝜌𝐵
𝜌′

𝐵
𝛥𝐵 , (3.35)

with 𝐴, 𝐵 = 𝛾, 𝜈, DM, 𝑏, and possibly DE, and the requirement that the gauge invariant
entropy perturbation vanishes, i.e., 𝑆𝐴𝐵 = 0. The motivation for adopting adiabatic
initial conditions is twofold. On the theoretical side, models of inflation provide a
natural explanation: a single scalar field, referred to as the inflaton, drives the accelerated
expansion, and upon its decay, all particle species are produced from the same source [95,
96]. Consequently, their primordial fluctuations share a common origin and are expected
to evolve in the same way. On the observational side, the structures observed in the
CMB are in excellent agreement with adiabatic initial conditions [174]. In view of
this compelling theoretical and observational evidence, we want to be able to impose
adiabatic initial conditions in our model as well.
In order to investigate the precise behavior of our model, we expand the perturbation
equations (3.28) and (3.29) together with all additional equations corresponding to
those of 𝛬CDM for early times [112, 172], i.e., in the limit of small 𝑘𝜏. The full system of
equations before expansion takes the form

d𝛥DM
d log (𝑘𝜏) = −𝑘2𝜏2𝑉̃DM − 𝜏𝛥DM (ℋ +

𝜌′
DM

𝜌DM
) , (3.36)

d𝑉̃DM
d log (𝑘𝜏) = 𝜓 − 𝑉̃DM −

𝜏
𝜌DM

𝑉̃DM (4ℋ𝜌DM + 𝜌′
Dm) +

𝜙 (3ℋ𝜌DM − 𝜌′
DM)

𝜌DMℋ
, (3.37)

d𝛥𝛾

d log (𝑘𝜏) = −
4
3𝑘2𝜏2𝑉̃𝛾 , (3.38)

d𝑉̃𝛾

d log (𝑘𝜏) = 2𝜓 +
1
4𝛥𝛾 + 𝛺𝜈𝛱̃𝜈 − 𝑉̃𝛾 , (3.39)

d𝛥b
d log (𝑘𝜏) = −𝑘2𝜏2𝑉̃𝛾 , (3.40)

d𝛥𝜈
d log (𝑘𝜏) = −

4
3𝑘2𝜏2𝑉̃𝜈 , (3.41)

d𝑉̃𝜈
d log (𝑘𝜏) = 2𝜓 +

1
4𝛥𝜈 −

1
6𝑘2𝜏2𝛱̃𝜈 + 𝛺𝜈𝛱̃𝜈 − 𝑉̃𝜈 , (3.42)

d𝛱̃𝜈
d log (𝑘𝜏) = −2𝛱̃𝜈 +

8
5𝑉̃𝜈 , (3.43)

with the gauge invariant quantities from equation (3.32) and (3.33), 𝑉̃ = 𝑉/ (𝑘𝜏) and
𝛺𝜈 = 𝜌𝜈/𝜌tot. Here, the anisotropic stress 𝛱̃ = 𝛱/(𝑘𝜏)2 is related to the anisotropic
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3 A Model of Holographic Dark Energy

stress from subsection 2.4.2 via the following Fourier transformation:

𝛱𝑖𝑗 → −𝑝 ⎛⎜
⎝

𝑘𝑖𝑘𝑗

𝑘2 −
1
3𝛿𝑖𝑗⎞⎟

⎠
𝛱 . (3.44)

Note, that in deriving equation (3.37) we replaced 𝜌DE using the Friedmann equa-
tions (3.20) and (3.21). The metric potentials 𝜙 and 𝜓 are given by the Einstein equa-
tions

𝜙 = −𝜓 − 𝛺𝜈𝛱̃𝜈 , (3.45)

𝜓 = −
∑𝑖 𝛺𝑖 (𝛥𝑖 + 3 (1 + 𝜔𝑖) 𝑉̃𝑖)

∑𝑖 3 (1 + 𝜔𝑖) 𝛺𝑖 + 2
3𝑘2𝜏2

− 𝛺𝜈𝛱̃𝜈 , (3.46)

where 𝜔 is determined by the equation of state and 𝑖 denotes the matter components. In
order to solve this system for early times, all energy densities must be expanded in terms
of 𝑘𝜏. For all species that follow standard 𝛬CDM behavior, this expansion reproduces the
well-known early-universe evolution. The only exception is the dark matter component
from equation (3.24), which behaves for 𝜈 ∼ 𝒪(1) in the early universe approximately
as

𝜌DM(𝑎) ∼ −
4

3 (𝜈 + 2𝜋)𝜈𝜌R,0𝑎−4 . (3.47)

This term is taken as the leading contribution in the system of equations. We use 𝜌tot ≈ 𝜌R,
and expand the remaining quantities accordingly: ℋ = 1/𝜏. We rewrite the system of
equation into matrix form: d𝑢/d log 𝑘𝜏 = 𝐴𝑢, where

𝑢 = (𝛥DM, 𝑉̃DM, 𝛥𝛾, 𝑉̃𝛾, 𝛥b, 𝛥𝜈, 𝑉̃𝜈, 𝛱̃𝜈)T , (3.48)

and the resulting matrix 𝐴 after expansion reads

𝐴 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0 0 0
𝜀 −1 − 3𝜀 −2 + 1

8𝑏 −2 + 𝑏
2 0 −𝛺0

𝜈
2 −2𝛺0

𝜈 −𝛺0
𝜈

0 0 0 0 0 0 0 0
𝜀 −3𝜀 1

4 + 1
8𝑏 −3 + 𝑏

2 0 −𝛺0
𝜈

2 −2𝛺0
𝜈 −𝛺0

𝜈

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
𝜀 −3𝜀 −2 + 1

8𝑏 −2 + 𝑏
2 0 1

4 − 1
2𝛺0

𝜈 −1 − 2𝛺0
𝜈 −𝛺0

𝜈

0 0 0 0 0 0 8
5 −2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (3.49)

with

𝜀 =
𝜈

3𝜋 , 𝑏 = −𝜈
2
𝜋 + 4𝛺0

𝜈 . (3.50)

The behavior of the early-universe solution can be determined from the corresponding
eigenvalues:

𝜆 = diag ⎛⎜⎜⎜
⎝

−1, −1, 1, 0, 0, 0, −
5
2 −

√5 − 32𝛺0
𝜈

2√5
, −

5
2 +

√5 − 32𝛺0
𝜈

2√5

⎞⎟⎟⎟
⎠

. (3.51)
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These values indicate a positive exponential growth of the DM density, which signals
an instability in the early universe. This problematic feature originates from the 𝑎−4

contribution in equation (3.47), and therefore, we must ensure that the corresponding
term in this equation does not dominate. For this we expand the energy density 𝜌DM
simultaneously for small 𝜈 in the early universe:

𝜌DM(𝑎) ∼ 𝜌DM,0𝑎−3 −
2

3𝜋 𝜈𝜌R,0𝑎−4 . (3.52)

This requirement constrains the parameter 𝜈 to sufficiently small values:

𝜈 <
𝜌DM,0
𝜌R,0

𝑎ini
3𝜋
2 , (3.53)

where 𝑎ini denotes the scale factor at the time where we impose the initial conditions.
Under this modified behavior, the expanded system takes the form

𝐴 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0 0 0 0 0 0

0 −2 −−1+𝛺0
DE+𝛺0

𝜈

4(−1+𝛺0
DE)

−−1+𝛺0
DE+𝛺0

𝜈

−1+𝛺0
DE

0 − 𝛺0
𝜈

4(−1+𝛺0
DE)

− 𝛺0
𝜈

−1+𝛺0
DE

−𝛺0
𝜈

0 0 0 0 0 0 0 0

0 0 −−1+𝛺0
DE+𝛺0

𝜈

4(−1+𝛺0
DE)

3−3𝛺0
DE−2𝛺0

𝜈

−1+𝛺0
DE

0 𝛺0
𝜈

−2+2𝛺0
DE

2𝛺0
𝜈

−1+𝛺0
DE

−𝛺0
𝜈

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 0 −−1+𝛺0
DE+𝛺0

𝜈

2(−1+𝛺0
DE)

−2+2𝛺0
DE−2𝛺0

𝜈

−1+𝛺0
DE

0 −1+𝛺0
DE+2𝛺0

𝜈

4(−1+𝛺0
DE)

−1−𝛺0
DE+2𝛺0

𝜈

−1+𝛺0
DE

−𝛺0
𝜈

0 0 0 0 0 0 8
5 −2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

(3.54)

with eigenvalues given by

𝜆 = diag ⎛⎜
⎝

0, 0, 0, 0, −2, −1, −
−25 + 25𝛺0

DE + 𝑐
10 (−1 + 𝛺0

DE)
,
25 − 25𝛺0

DE + 𝑐
10 (−1 + 𝛺0

DE)
⎞⎟
⎠

, (3.55)

with

𝑐 = √5√− (−1 + 𝛺0
DE)2 (−5 + 32𝛺0

𝜈) . (3.56)
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3 A Model of Holographic Dark Energy

Therefore, the solutions are now well behaved, and the instabilities are avoided as long
as 𝜈 fulfills equation (3.53). The corresponding eigenvectors are given by

𝜆1 = ⎛⎜
⎝

0,
5
16 − 4𝛺0

𝜈,
(1 − 𝛺0

DE) (15 + 4𝛺0
𝜈)

4 (−1 + 𝛺0
DE + 𝛺0

𝜈)
,
−5 + 𝛺0

DE (5 − 4𝛺0
𝜈) + 24𝛺0

𝜈

16 (−1 + 𝛺0
DE + 𝛺0

𝜈)
, 0, 0,

5
4 , 1⎞⎟

⎠

𝑇

,

(3.57)

𝜆2 = ⎛⎜
⎝

0, −
1
16,

−3 + 3𝛺0
DE + 4𝛺0

𝜈

4 (−1 + 𝛺0
DE + 𝛺0

𝜈)
,

−1 + 𝛺0
DE

16 (−1 + 𝛺0
DE + 𝛺0

𝜈)
, 0, 1, 0, 0⎞⎟

⎠

𝑇

, (3.58)

𝜆3 = (0, 0, 0, 0, 1, 0, 0, 0)𝑇 , (3.59)
𝜆4 = (1, 0, 0, 0, 0, 0, 0, 0)𝑇 , (3.60)
𝜆5 = (0, 1, 0, 0, 0, 0, 0, 0)𝑇 , (3.61)

𝜆6 = ⎛⎜
⎝

0, −
𝛺0

𝜈
2 , 0,

(9 − 4𝛺0
DE) 𝛺0

𝜈

8 (−1 + 𝛺0
DE + 𝛺0

𝜈)
, 0, 0,

5
8 , 1⎞⎟

⎠

𝑇

, (3.62)

𝜆7 = ⎛⎜
⎝

0, −
5 (5 − 16𝛺0

𝜈 + 𝛺0
DE (−5 + 16𝛺0

𝜈) + 𝑐)
8 (5 − 5𝛺0

DE + 𝑐)
, 0, −𝑑−, 0, 0, −𝑑−, 1⎞⎟

⎠

𝑇

, (3.63)

𝜆8 = ⎛⎜
⎝

0, −
5 (−5 + 16𝛺0

𝜈 + 𝛺0
DE (5 − 16𝛺0

𝜈) + 𝑐)
8 (−5 + 5𝛺0

DE + 𝑐)
, 0, 𝑑+, 0, 0, 𝑑+, 1⎞⎟

⎠

𝑇

(3.64)

with

𝑑± =
−5 + 5𝛺0

DE ± 𝑐
−16 + 16𝛺0

DE
. (3.65)

From these, one observes that an appropriate linear combination allows us to satisfy the
condition for adiabatic initial perturbations. We have thus verified the early-universe
behavior of the system: for sufficiently small values of 𝜈, the instabilities are avoided,
and adiabatic initial conditions can consistently be imposed.
So far, we have focused on the density perturbations in the early universe. These per-
turbations must have undergone growth in order to give rise to the structures observed
today, such as galaxies and galaxy clusters. The evolution of such total matter fluctua-
tions is governed by the so-called growth equation [175, 176]. To investigate the behavior
of our model in the late universe, i.e., 𝑧 ≲ 10, we therefore turn to the perturbation
equation for the total matter density denoted with 𝛿M in the Newtonian gauge:

𝛿′
M = −

̄𝜌′
DE
̄𝜌M

𝛿M + 𝑘𝑣𝑀 + 3𝛷′ , (3.66)

𝑣′
M = 𝑣M (

̄𝜌′
DE
̄𝜌M

− ℋ) − 𝑘𝛹 , (3.67)

where 𝑣M is related to the Fourier transformation of the velocity divergence in equa-
tion (3.33) via 𝑣M = −𝛩M/𝑘, where we appropriately adjusted the matter indices. Dif-
ferentiating equation (3.66) and substituting equation (3.67) into it, we then take the
subhorizon limit, i.e., 𝑘 ≫ ℋ . This yields the growth equation

𝐷′′ − 𝐷 ⎛⎜
⎝

−
̄𝜌′′
DE
̄𝜌M

+
̄𝜌′
M ̄𝜌′

DE
̄𝜌2
M

+
̄𝜌′2
DE
̄𝜌2
M

−
̄𝜌′
DE
̄𝜌M

ℋ + 4𝜋𝐺𝑎2 ̄𝜌M
⎞⎟
⎠

+ 𝐷′ℋ = 0 , (3.68)

60



3.2 Perturbations and Global Analysis

0.1 0.5 1 5 10

0.05

0.10

0.50

1

0.1 0.5 1 5 10

0.01

0.10

1

10

Figure 3.10: Solutions of the growth equation for different values of 𝜈. Left: normal-
ized growth factor 𝐷(𝑎) with 𝐷(𝑎0) = 1. Right: corresponding growth rates. We
show a realistic values, 𝜈 = 10−6, and the best-fit value 𝜈 = 0.64 from section 3.1.
The input parameters are given in table 3.10.
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Figure 3.11: Relative deviation between the 𝜈CKN model and 𝛬CDM for 𝜈 = 10−6.
Left: growth function. Right: absolute value of the relative difference of the growth
rates. The input parameters are given in table 3.10.

where we factorised 𝛿M( ⃗𝑘, 𝑡) = 𝛿M( ⃗𝑘)𝐷(𝑡). To analyze the behavior of the full space of
solutions of this equation, we consider two linearly independent initial conditions:

𝐷(𝑎10) = 1 , 𝐷(𝑎10) = 0 , (3.69)
𝐷′(𝑎10) = 0 , 𝐷′(𝑎10) = 1 , (3.70)

where 𝑎10 denotes the scale factor at redshift 𝑧 = 10. If both of these independent
solutions are well behaved, then any other linear combination, and thus any physically
admissible solution, will also remain stable. The left panel of figure 3.10 shows the
solutions of the growth equation for the chosen initial conditions. Note that all solutions
are re-normalized such that 𝐷(𝑎0) = 1, where 𝑎0 denotes the present scale factor. The
curves are shown for two representative parameter choices: 𝜈 = 10−6, which corresponds
to a realistic value motivated by the discussion of the initial conditions at 𝑎ini ≈ 10−10,
and 𝜈 = 0.64, the best-fit value reported in section 3.1. The right panel of figure 3.10
displays the corresponding growth rates. A vanishing growth rate indicates a stagnation
of structure formation. Figure 3.11 illustrates the relative deviation between the 𝜈CKN
model and 𝛬CDM for 𝜈 = 10−6. The last panel shows the difference in the growth
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Figure 3.12: Relative deviation in the CMB TT power spectrum between the 𝜈CKN
model and 𝛬CDM, computed with the parameter values listed in table 3.10. The
dashed line indicates the sensitivity of the Planck experiment [108].

function, while the right panel depicts the absolute value of the relative difference of the
growth rates. Although the differences remain very small, one observes that the growth
does not approach a constant value in the 𝜈CKN scenario.
We thus have demonstrated that for sufficiently small values of 𝜈 our model remains
well behaved both in the early and in the late universe. However, the deviations from
𝛬CDM are expected to be small. For this reason, in the following subsection we perform
an expected sensitivity analysis based on the CMB power spectrum.

3.2.2 Expected CMB Sensitivity

As discussed in the previous subsection, we do not expect large deviations between the
𝜈CKN model and 𝛬CDM for values of 𝜈 that ensure stability in the early universe and
satisfy equation (3.53). To obtain a first estimate of whether such differences could be
observable at all, it is natural to turn to the most stringent and precise cosmological probe
currently available, namely the CMB. In particular, we focus on the variance 𝐶ℓ of the
spherical harmonic coefficients of the temperature anisotropies, and more specifically
on the TT correlations [108]. These are given by

𝐶ℓ = 4𝜋 ∫ d ln 𝑘 𝛩2
ℓ (𝑘) 𝛥2

𝑅(𝑘) . (3.71)

Here, 𝛥𝑅 denotes the primordial curvature perturbation, while 𝛩ℓ is the transfer function
encoding the evolution of the fluctuations in the primordial plasma. To compute the
latter, we implement our model, consisting of the background equations together with
equation (3.28)–(3.29) in the Newtonian gauge with adiabatic initial conditions, into
CLASS [117]. For comparison, we determine the predictions of the 𝛬CDM model using
the same setup. Figure 3.12 shows the relative deviation between the two models, with the
input parameters summarized in table 3.10. The sensitivity of the Planck satellite [108] is
also indicated. As can be seen, the Planck error bars lie at least two orders of magnitude
above the predicted deviation. This provides a first indication that the 𝜈CKN model
cannot be distinguished from 𝛬CDM at the level of current CMB observations. To further
investigate and substantiate this result, we perform a global analysis of cosmological
datasets in the next chapter.
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Table 3.10: Input parameters used for figures 3.10–3.12.

Parameter Value

𝐻0/(km/s/Mpc) 68.877
𝛺bℎ2 0.022
𝛺DMℎ2 0.121
𝑇CMB/K 2.726
𝑁ur 3.044
𝐴s 2.094 × 10−9

𝑛s 0.963
𝜈 10−5

Table 3.11:Best-fit values for the 𝜈CKN model using the DESI BAO DR2 and Hubble
data, combined with either DESY5 or Pantheon+ data using the methodology of
this section. The table lists Hubble-today 𝐻0, the matter density parameter 𝛺0

M,
the drag epoch 𝑟d and the parameter 𝜈.

𝐻0/(km/s/Mpc) 𝛺0
M 𝑟d/Mpc 𝜈

70.5+2.1
−2.2 0.310 ± 0.002 143.0+4.5

−4.9 −1.06 × 10−9

73.2 ± 0.9 0.312 ± 0.002 137.0+1.9
−2.0 1.12 × 10−9

3.2.3 Global Analysis

To investigate the behavior of our model, we implement the background equations
together with the perturbation equations from equations (3.28) and (3.29) as well as
the growth equation (3.68) with adiabatic initial conditions in the Newtonian gauge
within CLASS [117]. In order to incorporate the resulting output into a global analysis,
we make use of the Markov Chain Monte Carlo (MCMC) sampler MontePython [177],
which provides an interface to CLASS. Within MontePython, the cosmological likelihood
is constructed, enabling parameter inference based on Bayesian methods [178]. Specifi-
cally, we employ the Metropolis–Hastings algorithm to generate the Markov chain.
To verify the consistency of this method with the approach employed in section 3.1, we
first perform an analysis using the same datasets, cf. section 3.1.1. The results of this
analysis are presented in figures 3.13 and 3.14, with the corresponding best-fit values
in table 3.11. As can be seen, the results are in good agreement, while the error bands
obtained with the new method become smaller in both cases but especially when the
Pantheon data is included. This behavior is expected due to the additional SH0ES cali-
bration applied to the Pantheon sample here. Moreover, both result plots illustrate that
the parameter 𝜈 is already strongly constrained by the considerations of section 3.2.1,
which is reflected in the nearly flat posterior distribution for 𝜈. As a consequence of this
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Figure 3.13: Analysis of the late-universe data using DESY5 data with bayesian
methods. In dark blue we mark the 68 % and in light blue the 95 % credible regions.
𝐻0 is given in (km/s/Mpc) and 𝑟d in Mpc.
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Figure 3.14: Analysis of the late-universe data using Pantheon+SH0ES data with
bayesian methods. In dark blue we mark the 68 % and in light blue the 95 % credible
regions. 𝐻0 is given in (km/s/Mpc) and 𝑟d in Mpc.
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Table 3.12: Best-fit values for the global analysis using the DESI BAO DR2, model
independent Hubble measurements, supernovae, CMB, and weak lensing data.
The table lists Hubble-today 𝐻0, the DM density parameter 𝛺0

DM, the baryonic
matter parameter 𝛺Bℎ2, the dark energy parameter 𝛺DE and the parameter 𝜈. We
do not provide the 1 𝜎 values for 𝜈 as it corresponds to the whole theoretically
allowed region, see figure 3.15.

Parameter Value

𝐻0/(km/s/Mpc) 69.5+0.341
−0.342

𝛺0
DMℎ2 0.117 ± (7 × 10−4)

𝛺Bℎ2 (2.27 ± 0.01) × 10−2

𝛺DE 0.712 ± 0.004
𝜈 −3.52 × 10−8

lack of sensitivity to 𝜈, the remaining parameters are tighter constrained. This behavior
is already apparent in section 3.1, when comparing the CKN and 𝜈CKN scenarios.
We now extend our analysis by including additional datasets:

Planck CMB data: The Planck satellite measures the CMB [74]. From the total in-
tensity, corresponding to the Stokes parameter 𝐼 in equation (2.89), one obtains the
multipole coefficients which determine 𝐶TT

ℓ through a spherical-harmonic decompo-
sition [179]. Measurements with different polarization settings provide access to the
Stokes parameters 𝑄 and 𝑈 in equations (2.90) and (2.91), respectively. Their decompo-
sition yields the 𝐶EE

ℓ spectrum, while the cross-correlation with temperature gives the
𝐶TE

ℓ spectrum. For high- and low-ℓ multipole, Planck employs dedicated instruments
optimized for the respective frequency ranges [108].
In our analysis, we use the TTTEEE likelihood at high-ℓ, and the TT and EE likelihoods
at low-ℓ. In addition, we include the CMB lensing likelihood provided by Planck, which
contains information about the deflection of CMB photons travelling through gravita-
tional potentials.

Weak lensing data: As light propagates through the universe, it is deflected by massive
objects. Weak lensing describes the impact of this effect on the light we observe from
distant galaxies [180]. Experimentally, the light from a large number of galaxies is used
to determine the cosmic shear for each individual galaxy. To average out the statistical
fluctuations of the intrinsic galaxy shapes, the two-point shear correlator is computed.
What remains is a systematic effect induced by weak lensing. To account for this effect
in our analysis, we employ the KiDS-1000 COSEBIs likelihood [181], which decomposes
the two-point shear correlators further into 𝐸- and 𝐵-modes.

In figure 3.15 we present the results of the global analysis including these experimental
inputs, while table 3.12 lists the corresponding best-fit values. We find that even with
the inclusion of early-universe data, where the impact of 𝜈 becomes more pronounced,
no sensitivity to 𝜈 emerges. This demonstrates that, under the assumptions made, there
is no way to distinguish the 𝛬CDM model from the 𝜈CKN scenario with current experi-
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3 A Model of Holographic Dark Energy

mental data. Consequently, the 𝜈CKN model can neither be conclusively confirmed nor
ruled out at present.

3.3 Summary and Discussion

In this chapter, we first have performed an initial analysis of the 𝜈CKN model using
late-universe observational data, in particular 𝑧 ≲ 3.5. This model is characterized by
time-dependent contributions from the vacuum energy of a QFT, where in turn this time-
dependence originates from the CKN bound. This feature provides a natural theoretical
motivation, as it directly connects the dynamics of dark energy to fundamental aspects
of QFT in a gravitational context. For the first analysis, we employ the DESI BAO DR2,
model-independent Hubble measurements, and the Pantheon+ or DESY5 supernovae
data. The results indicate that both CKN and 𝜈CKN with 𝜈 ∼ 𝒪(1) are preferred over
𝛬CDM at the significance of up to 2.6 𝜎 . A comparable preference is also observed for
other models of dynamical dark energy. Furthermore, we discuss future surveys such
as Euclid, whose data are expected to significantly increase the statistical power and
thereby improve the ability to discriminate between competing scenarios.
These results motivate a global analysis including early-universe data. Since these also
comprise CMB observations, it is necessary to formulate the perturbation equations of
our model, which requires additional assumptions. Compared to the initial late-universe
analysis, the coupling of dark energy to matter must now be specified. To retain the
largest possible freedom, we adopt a coupling between dark energy and dark matter,
which requires a covariant formulation. Motivated by the fact that dark energy receives a
contribution from the vacuum energy, we assume a vanishing dark energy perturbation,
i.e., 𝛿𝜌DE = 0. In order to avoid instabilities in the early universe, the parameter 𝜈 must
then be chosen sufficiently small. Note, that for such values of 𝜈 it is not possible to
reproduce the best-fit value of section 3.1. And indeed, a first estimate already shows that,
under this condition, the difference between the 𝜈CKN and 𝛬CDM lies about two orders
of magnitude below the sensitivity of Planck. A subsequent global analysis including
both CMB and weak lensing data confirms that 𝜈CKN and 𝛬CDM are observationally
indistinguishable.
Even with the inclusion of future data, such as those expected from Euclid, we anticipate
at most an order-of-magnitude impovement in sensitivity. However, even under ideal
conditions, the sensitivity to 𝐶ℓ is fundamentallly limited by cosmic variance [112, 182]:

𝜎(𝐶ℓ) ≈ √ 2
2ℓ + 1𝐶ℓ , (3.72)

which further complicates the task of distingushing between the 𝜈CKN model and
𝛬CDM. In principle, a careful choice of binning could allow small deviations in the
signal to accumulate into a statistically significant effect. For other ways to get around the
limitation of cosmic variance see, e.g., reference [182]. Nevertheless, given the present
experimental situation, such an outcome appears unlikely.
In order to translate the preference observed in late-universe data into the early-universe
regime, the only remaining option would be to modify our model. However, altering
the choice of 𝛿𝑄 to one of the other possibilities discussed, inevitably introduces early-
universe instabilities. Even if such behavior can be excluded in the early universe, there
could be other instabilities manifesting as adiabtic instabilities [172, 173, 183].
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As we have seen, the theoretical restriction on 𝜈 in order to avoid such instabilities arises
from the 𝑎−4 scaling of DM and/or dark energy components. In principle, it may be
possible to extend the coupling of dark energy to matter in such a way that this behavior
is eliminated. One conceivable option would be a coupling of dark energy to dark
radiation [169, 184, 185]. In addition, computations of the vacuum energy in curved
spacetime suggest that its scaling receives further corrections, which could also remove
the problematic 𝑎−4 contribution [186].
Another intriguing possibility is that the universe may have undergone transitions
between different cosmological regimes, potentially linked to phase transitions in the
early universe [171, 187].
In summary, the parameter 𝜈 is constrained so tightly that current cosmological data
cannot distinguish 𝛬CDM from 𝜈CKN. Nevertheless, further investigation of the 𝜈CKN
scenario on different physical scales remains highly interesting. In this chapter, gravity
has entered only implicitly, shaping dark energy through the CKN bound. In the next
chapter, we turn to an explicit treatment of gravity as a classical background in QFT and
explore its impact on neutrino oscillations.
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Chapter4
Neutrino Oscillations in Curved Spacetime

The detection of GW170817 marked the first GW multimessenger observation, combining
a GW signal measured by LIGO [188] with electromagnetic counterparts observed by
Fermi [189] and INTEGRAL [190]. Earlier multimessenger observations, such as the
detection of neutrinos and photons from SN1987a [191–193], had already demonstrated
the power of combining distinct messengers. The observation of GW170817 provided a
significant impetus for the development of multimessenger astronomy, enabling unprece-
dented tests of fundamental physics and astrophysical models through the combined
observation of GWs, electromagnetic radiations, and neutrinos. Today, multimessen-
ger efforts involve an active interplay between different observational channels: GWs
measured by LIGO, Virgo [188], KAGRA [194], and, in the near future, LISA [195];
electromagnetic radiation across the radio, optical and X-ray bands; and neutrinos ob-
served for example by IceCube [196] and KM3NeT [197]. This synergy allows for precise
source localization and improved understanding of compact object mergers [198–200],
supernovae [201], active galactic nuclei [202], gamma ray bursts [203] and related phe-
nomena [204, 205]. It also allows for independent tests of fundamental physics, including
violation of Lorentz symmetry [206], neutrino properties [207, 208], and potential QG
effects [209].
Within this broader multimessenger framework, neutrinos occupy a distinct role: They
are emitted in many of the afore-mentioned events and, due to their extremly weak
interactions, can escape dense astrophysical environments unimpeded, preserving direc-
tional and spectral information [210]. Moreover, their flavor composition is measurable
and encodes information about the production mechanism, propagation effects and
potential signatures of new physics. Unlike other messengers, neutrinos undergo flavor
oscillations during propagation. As they traverse cosmic distances, these oscillations
could be sensitive to the geometry of spacetime. Gravitational effects can alter the os-
cillation phase, induce dephasing or wave packet separation, and potentially lead to
decoherence [211, 212]. This makes neutrinos interesting messengers that may carry
measurable traces of gravity from the geometry of spacetime and raises the central ques-
tion of this chapter: Are such traces observable?
The standard treatment of neutrino oscillations assumes flat spacetime and describes
neutrinos as unlocalized plane waves, which is insufficient as we have dicussed in sec-
tion 2.2. Therefore, we need to take into account realistic production and detection
processes, finite wave packet size and coherence, and propagation across cosmological
distances through gravitational fields of galaxies, black holes or GW sources. In settings
where gravity may influence the propagation, the phase difference in the transition
probability is no longer determined solely by the baseline 𝐿 and energy 𝐸, but becomes
path-dependent, requiring a proper treatment of propagation along spacetime geodesics.
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4 Neutrino Oscillations in Curved Spacetime

The theoretical exploration of classical gravitational effects on neutrino oscillations dates
back several decades. Early approaches already in the 1970s considered modifications to
the oscillation phase in curved spacetime, starting with the seminal work by Stodolsky,
who introduced a geometric phase term based on the integral of the four-momentum
along a geodesic [213]:

𝜙𝑗 = ∫
𝛾

𝑝𝜇
𝑗 d𝑥𝜇 . (4.1)

Several follow-up studies extended this framework to Schwarzschild, Kerr, and FLRW
spacetimes using geometric techniques [211, 214–216]. While conceptually insightful,
these treatments lack a true QFT foundation and typically describe neutrinos as ideal-
ized point particles or plane waves, neglecting their production and detection. A more
formal path was taken by studies employing QFT in curved spacetime, which correctly
recognize the observer-dependence of particle concepts and make use of the Bogoliubov
transformations between Fock spaces [217–219]. However, even these works often rely
on the plane wave formalism and do not account for localization, detector response,
or wave packet decoherence. In flat spacetime, by contrast, the wave packet formalism
is well-developed: both the internal and external wave packet approaches allow for a
field-theoretic description of flavor oscillations with localization and finite coherence [58,
220], cf. section 2.2. However, a consistent generalization of this framework to curved
spacetime is still lacking.
To bridge the gap between the conceptual treatments above and realistic observational
scenarios, we develop a consistent theoretical framework for neutrino oscillations in
arbitrary curved spacetimes, where gravitational particle production is negligible, based
on localized wave packet states, embedded within the formalism of QFT, and yielding
physically interpretable transition probabilities. This framework will allow us to dis-
entangle classical gravitational effects from genuine signatures of new physics and to
assess whether traces of classical gravity are detectable in neutrino flavor transitions.
In section 4.1, we construct the internal wave packet formalism in curved spacetime, dis-
cuss its assumptions and limitations, and derive a general master formula for the flavor
transition amplitude. Section 4.2 simplifies this expression in the regime of weak gravi-
tational fields and explores modifications to the oscillation phase, coherence length, and
damping behavior. Section 4.3 applies the formalism to terrestrial experiments and time-
dependent backgrounds such as GWs and estimates their phenomenological relevance.
In section 4.4, we turn to astrophysical neutrinos and investigate whether propagation
through curved spacetime modifies the classical deoherence limit. Section 4.5 discusses
the experimental limitations to measure gravitational effects on neutrino oscillations.
Finally, section 4.6 summarizes the findings.
This chapter thus marks a key step in the broader theme of this dissertation—probing
the traces of gravity in quantum systems and bridging the gap between microscopic flavor
dynamics and the geometry of the cosmos.

4.1 Internal Wave Packet Formalism in Curved Spacetime

To capture the influence of spacetime curvature on these processes, we now construct a
general quantum field-theoretic framework based on localized wave packets. Neutrino
oscillation experiments always involve a neutrino production location P and a detector D,
both of which follow trajectories 𝑋P/D(𝒯P/D) through spacetime, parameterized by their
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respective proper times 𝒯P and 𝒯D. In this chapter, the background geometry is modeled
as a global, hyperbolic, four-dimensional Lorentzian manifold (ℳ, 𝑔) with metric tensor
𝑔 and associated Levi–Cevita connection ∇. By definition global hyperbolicity guarantees
the existence of a foliation into Cauchy surfaces, which define coordinate-independent
hypersurfaces of constant time. This property is essential for defining well-posed initial
value problems for the Dirac equation, and thus, for a consistent description of neutrino
evolution. The hypersurfaces serve as the natural stage for defining quantum states and
ensuring causality in the evolution of fields. Within the framework of QFT [221–224]
particle states are observer-dependent. For neutrinos, these are solutions of the Dirac
equation in curved spacetime:

0 = 𝛾𝜇(𝑥) (∂𝜇 + 𝛤𝜇(𝑥)) 𝛹(𝑥) − 𝑚𝛹(𝑥) , (4.2)

𝛤𝜇(𝑥) ∶=
1
8 [𝛾𝛼, 𝛾𝛽] 𝑒𝛼

𝜈(𝑥)𝑔𝜈𝜌(𝑥)∇𝜇𝑒𝛽
𝜌(𝑥) . (4.3)

Here, 𝛤𝜇 is the spin connection, 𝑒𝛼 are vierbeins and 𝛾𝜇(𝑥) ∶= 𝛾𝛼𝑒𝛼
𝜇(𝑥) are the curved-

spacetime Dirac matrices. The spinor mode functions 𝜉𝐽 and 𝜖𝐽 provide a complete basis
on the spin bundle, where 𝐽 denotes a set of quantum numbers labeling these modes,
with orthonormality relations given by

⟨𝜉𝐽, 𝜉𝐾⟩ = ⟨𝜖𝐽, 𝜖𝐾⟩ = 𝛿𝐽𝐾 , ⟨𝜉𝐽, 𝜖𝐾⟩ = 0 , (4.4)

with respect to the scalar product

⟨𝜉 , 𝜖⟩ ∶= ∫
𝛴

d𝜎𝜇(𝑥) ̄𝜉(𝑥)𝛾𝜇(𝑥)𝜖(𝑥) , (4.5)

where 𝛴 is a Cauchy surface and d𝜎𝜇 its directed surface element. Positive- and negative-
frequency conditions are defined relative to the observer’s proper time 𝒯 :

positive frequency (𝜉𝐽(𝑥)) ∶
∇

d𝒯
𝜉𝐽(𝑥) = −𝑖𝜔𝐽𝜉𝐽(𝑥) , (4.6)

negative frequency (𝜖𝐽(𝑥)) ∶
∇

d𝒯
𝜖𝐽(𝑥) = +𝑖𝜔𝐽𝜖𝐽(𝑥) . (4.7)

Where ∇/d𝒯 denotes the covariant derivative ∇ along the path parameterized by 𝒯 .
Here, 𝜔𝐽 denotes the energy associated with the mode 𝜉𝐽 (or 𝜖𝐽), as measured by the
observer following proper time 𝒯 . A field operator 𝛹(𝑥) is then decomposed as

𝛹(𝑥) = ∑
𝐽

(𝑎𝐽𝜉𝐽(𝑥) + 𝑏†
𝐽 𝜖𝐽(𝑥)) , (4.8)

with the usual anticommutation relations for the ladder operators 𝑎𝐽 and 𝑏𝐽 with nor-
malizations consistent with section 2.2.
For a neutrino experiment, the two relevant observers 𝑂P and 𝑂D define particle states
via their own mode functions at the production and detection, respectively. If their
respective notions of particle differ, the mode functions are related by a Bogoliubov
transformation:

𝜉P
𝑗;𝐽(𝑥) = ∑

𝐽′
[𝛼𝑗(𝐽; 𝐽′)𝜉D

𝑗;𝐽′(𝑥) + 𝛽𝑗(𝐽; 𝐽′)𝜖D
𝑗;𝐽′(𝑥)] , (4.9)

𝜖P
𝑗;𝐽(𝑥) = ∑

𝐽′
[𝛼∗

𝑗 (𝐽; 𝐽′)𝜖D
𝑗;𝐽′(𝑥) − 𝛽∗

𝑗 (𝐽; 𝐽′)𝜉D
𝑗;𝐽′(𝑥)] , (4.10)
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with

𝛼𝑗(𝐽; 𝐽′) ∶= ⟨𝜉D
𝑗;𝐽′, 𝜉P

𝑗;𝐽⟩ , 𝛽𝑗(𝐽; 𝐽′) ∶= ⟨𝜖D
𝑗;𝐽′, 𝜉P

𝑗;𝐽⟩ . (4.11)

The difference in the particle picture reflects the fact that two distinct observers experience
different proper times 𝒯 . This leads to a transformation of the ladder operators

𝑎P
𝑗;𝐽 = ∑

𝐽′
[𝛼∗

𝑗 (𝐽; 𝐽′)𝑎D
𝑗;𝐽′ + 𝛽∗

𝑗 (𝐽; 𝐽′)𝑏D†
𝑗;𝐽′] , (4.12)

𝑏P
𝑗;𝐽 = ∑

𝐽′
[𝛼∗

𝑗 (𝐽; 𝐽′)𝑏D
𝑗;𝐽′ − 𝛽∗

𝑗 (𝐽; 𝐽′)𝑎D†
𝑗;𝐽′] . (4.13)

As a consequence, the vacuum of 𝑂D appears populated with particles in the frame of
𝑂P whenever 𝛽𝑗 ≠ 0:

⟨0, D| 𝑎P†
𝑗;𝐽𝑎P

𝑗;𝐽 |0, D⟩ = ∑
𝐽′

|𝛽𝑗(𝐽; 𝐽′)|2 . (4.14)

The flavor transition amplitude for a neutrino emitted as 𝜈𝑎 and detected as 𝜈𝑏 is defined
as

𝒜𝑎𝑏 ∶= ⟨𝜈𝑏, D|𝜈𝑎, P⟩ , (4.15)

with flavor states expressed as superpositions of mass eigenstates:

|𝜈𝑎, P⟩ ∶= ∑
𝑗

𝑈∗
𝑎𝑗 ∑

𝐽
𝜙P

𝑗 (𝐽)𝑎P†
𝑗;𝐽 |0, P⟩ , (4.16)

|𝜈𝑏, D⟩ ∶= ∑
𝑗

𝑈∗
𝑏𝑗 ∑

𝐽′
𝜙D

𝑗 (𝐽′)𝑎D†
𝑗;𝐽′ |0, D⟩ , (4.17)

where 𝜙D
𝑗 and 𝜙P

𝑗 are the wave packets at detection and production, respectively. In
general, this amplitude contains not only single-particle contributions but also terms
involving particle–antiparticle pair creation. Expressing 𝒜𝑎𝑏 in terms of the detector
observer’s quantities yields:

𝒜𝑎𝑏 = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝐽,𝐽′
𝜙D∗

𝑗 (𝐽′)𝜙P
𝑗 (𝐽)

× ⎛⎜
⎝

𝛼𝑗(𝐽; 𝐽′) ⟨0, D|0, P⟩ + ∑
𝐾′

𝛽𝑗(𝐽; 𝐾′) ⟨𝜈𝑗(𝐽′) ̄𝜈𝑗(𝐾′), D|0, P⟩⎞⎟
⎠

.
(4.18)

The second term in brackets encodes contributions from gravitationally-induced par-
ticle production. For a clean oscillation framework, we must exclude scenarios where
gravitational particle production significantly populates the detector vacuum, which
requires

∑
𝐽,𝐾′,𝐽′

𝜙P
𝑗 (𝐽)𝛽𝑗(𝐽; 𝐾′) ⟨𝜈𝑗(𝐽′) ̄𝜈𝑗(𝐾′), D|0, P⟩ 𝜙D∗

𝑗 (𝐽′) ≈ 0 . (4.19)

This condition is satisfied whenever 𝛽𝑗 is negligible on the support of 𝜙D
𝑗 and 𝜙P

𝑗 for the
quantum numbers 𝐽. Under this condition, the full amplitude simplifies to

𝒜𝑎𝑏 ≈ ⟨0, D|0, P⟩ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝐽,𝐽′
𝜙D∗

𝑗 (𝐽′)𝜙P
𝑗 (𝐽)𝛼𝑗(𝐽; 𝐽′) , (4.20)
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which inserted in the flavor transition probability yields the master formula

𝑃𝑎𝑏 =
1
𝑁

𝒯P2

∫
𝒯P1

d𝒯P

𝒯D2

∫
𝒯D1

d𝒯D |𝒜𝑎𝑏(𝒯P, 𝒯D)|2 , (4.21)

𝑁 =
𝒯P2

∫
𝒯P1

d𝒯P

𝒯D2

∫
𝒯D1

d𝒯D ∑
𝑏

|𝒜𝑎𝑏(𝒯P, 𝒯D)|2 . (4.22)

Here, [𝒯P1, 𝒯P2] and [𝒯D1, 𝒯D2] are the source and detector livetimes, respectively. In
the special case of flat spacetime and inertial observers, the Bogoliubov coefficients in
equation (4.11) reduce to momentum-conserving delta functions with a phase:

𝛼𝑗( ⃗𝑝, 𝜎; ⃗𝑝′, 𝜎 ′) = 𝛿𝜎𝜎′𝛿(3)( ⃗𝑝 − ⃗𝑝′)𝑒−𝑖𝑝𝜇(𝑋𝜇
D−𝑋𝜇

P ) , (4.23)

thereby recovering the standard oscillation formula. As usual, we use the momentum ⃗𝑝
and spin 𝜎 as quantum numbers to label the states in flat spacetime. In curved spacetime,
however, the decomposition must respect the local geometry and observer-dependent
mode definitions, necessitating the general QFT in curved spacetime-based treatment
applied here. To ensure consistency, the probability expression in equation (4.21) for
the flavor transition is normalized such that it describes the conditional probability for
detection, independent of the absolute likelihood that a neutrino reaches the detector.
This step is crucial, as 𝒜𝑎𝑏 includes geometric and wave packet overlap factors that affect
detectability, not just flavor conversion. This formalism now provides a fully general
framework for describing flavor transitions of wave packets in arbitrary curved back-
grounds, as long as gravitational particle production effects remain negligible. Having
established the general formalism, we next consider the regime of weak gravitational
fields, where analytic simplifications become possible.

4.2 Application to Weak Gravitational Fields

A central challenge in evaluating the flavor transition amplitude in equation (4.20) in
curved spacetime lies in the dependence of the Bogoliubov coefficient 𝛼 on the global
structure of the mode solutions to the Dirac equation. These global mode functions
are typically difficult, or even impossible, to determine analytically. To circumvent this
issue, we impose additional assumptions to further simplify the amplitude 𝒜𝑎𝑏: the
neutrino wave packets remain sufficiently localized such that spacetime curvature can
be neglected within the spacetime region 𝑈𝜈 occupied by the neutrino wave packets.
In many physically relevant scenarios, the curvature scale is much larger than the size of
the neutrino wave packet, allowing us to replace the global problem by a sequence of local
flat spacetime evolutions. As shown in reference [225], localized quantum wave packets
of massive particles propagate, on average, along classical timelike geodesics. Based on
this, we assume that each neutrino mass eigenstate 𝑗 travels along a classical geodesic
𝑐𝑗 from the production to the detection, with initial conditions specifying position and
velocity.
Since we are not always able to compute the Bogoliubov coefficient 𝛼𝑗 directly, we adopt
a stepwise propagation approach: we approximate the full propagation by discretizing
a single geodesic 𝑐, which connects the production point 𝑋P and the detection point
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4 Neutrino Oscillations in Curved Spacetime

𝛴D = 𝛴𝑁

𝛴P = 𝛴0𝑋P

𝑋D

𝛴𝑁−1
𝛴𝑁−2

𝛴1

𝑐

𝑋𝑁−2

𝑋𝑁−1

𝑋1

Figure 4.1: Shown is the geodesic 𝑐 connecting the neutrino production event 𝑋P
with the neutrino detection event 𝑋D. We foliate the spacetime region containing
the neutrino path by 𝑁 + 1 hypersurfaces 𝛴𝑘.

𝑋D. This geodesic needs not to coincide with any of the individual paths 𝑐𝑗 of the mass
eigenstates. However, since neutrino detection requires overlap of the wave packets, only
timelike or lightlike separations contribute to the amplitude. We therefore choose 𝑐 to lie
within the causal region and to minimize the deviation from the mass eigenstate geodesics
𝑐𝑗. Additionally, the path 𝑐 must be fully contained within the region 𝑈𝜈 which is the
region where the wave packets of all mass eigenstates have support. This assumption
implicitly restricts the analysis to weak gravitational fields, as strong curvature may lead
to widely diverging paths 𝑐𝑗 and break the condition of shared support.
To implement the stepwise procedure, we partition the proper time interval 𝜏 along 𝑐
into 𝑁 + 1 equal segments

0 = 𝜏0 < 𝜏1 < … < 𝜏𝑁 = 𝜏 , 𝛥𝜏 ∶=
𝜏
𝑁 , 𝑋𝑘 ∶= 𝑐(𝜏𝑘) , (4.24)

and introduce a family of Cauchy surfaces 𝛴𝑘 that intersect the geodesic at the respective
points 𝑋𝑘 = 𝛴𝑘 ∩ 𝑐 ([0, 𝜏]), as shown in figure 4.1. At each step along the neutrino’s
propagation, we exploit the strong localization of its position-space wave packet around
the classical geodesic 𝑐𝑗 to invoke the equivalence principle and neglect local gravitational
effects by transforming into a locally inertial frame centered at each point 𝑋𝑘. Within
this approximation, second and higher-order contributions from the spin connection
in the Dirac equation are disregarded. Consequently, gravitationally induced spin
precession effects are neglected, as our primary interest lies in the lowest-order non-
trivial gravitational corrections arising from the curvature-modified propagation path.
At each spacetime point 𝑋𝑘 along the geodesic 𝑐, we define a local inertial frame with
coordinates 𝑧𝜇

𝑘 , whose origin is located at 𝑋𝑘. The associated coordinate basis ∂/∂𝑧𝜇
𝑘 are

constructed by parallel transporting the initial basis ∂/∂𝑧𝜇
P at the production point 𝑋P

along the curve 𝑐. This yields a set of four mutually orthonormal and parallel vector
fields:

𝐸𝜇(𝜏) ∶= 𝑃𝑐
0→𝜏

∂
∂𝑧𝜇

P
(𝑋P) , (4.25)
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which satisfy

𝐸𝜇(𝜏𝑘) =
∂

∂𝑧𝜇
𝑘

(𝑋𝑘) , (4.26)

𝐸𝜇(𝜏2) = 𝑃𝑐
𝜏1→𝜏2

𝐸𝜇(𝜏1) , (4.27)

where 𝑃𝑐
𝜏1→𝜏2

denotes the parallel transport along the geodesic from 𝑐(𝜏1) to 𝑐(𝜏2).
The first local inertial frame 𝑧𝜇

0 ≡ 𝑧𝜇
P is taken to coincide with the rest frame of the

neutrino production. To formalize the construction of parallel transported frames, we
use Fermi normal coordinates along a curve 𝐶. When applied to a geodesic 𝑐, as done
here, this corresponds to the Riemann Normal Coordinate System (RNC) naturally
associated with the geodesic. However, the final local inertial frame 𝑧D ≡ 𝑧𝑁 at the
detector does not necessarily coincide with the rest frame of the observer 𝑂D, due to the
independent motion and orientation of the detection apparatus. Therefore, we introduce
a second local inertial frame ̃𝑧D at the detector, which is tied to the rest frame of 𝑂D. To
correctly describe the detection, the propagated neutrino wave packet must be expanded
in terms of the mode functions 𝜉D

𝑗 defined in this latter frame.
For each mass eigenstate 𝑗 and each parallel-transported local frame 𝑧𝑘, we define a
corresponding set of positive frequency solutions denoted 𝜉𝑋P→𝑋𝑘

𝑗;𝑝⃗𝜎 , labeled by momentum
⃗𝑝 and spin 𝜎 , with 𝑘 = 0, … , 𝑁. These mode functions are chosen such that they coincide

with the flat spacetime solutions, and they take the same form as

𝜉𝑗;𝑝⃗𝜎(𝑧𝑘) = 𝑢𝑗𝜎( ⃗𝑝)
𝑒−𝑖𝑝𝑗𝜇𝑧𝜇

𝑘

√(2𝜋)32𝑝0
𝑗

, 𝑝0
𝑗 = √| ⃗𝑝|2 + 𝑚2

𝑗 , (4.28)

when evaluated at 𝑋𝑘 in the coordinate frame 𝑧𝜇
𝑘 . This set enables the step-wise propa-

gation outlined above.
Starting from the general amplitude expression in equation (4.20), we insert a complete
set of mode functions 𝜉D

𝑗;𝑝⃗𝜎 defined in the detector frame:

𝒜𝑎𝑏(𝑋D, 𝑋P) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎,𝜎′=±1/2
∫ d3 ⃗𝑝 ∫ d3 ⃗𝑝′ 𝜙D∗

𝑗 ( ⃗𝑝, 𝜎)𝜙P
𝑗 ( ⃗𝑝′, 𝜎 ′) 𝛼𝑗( ⃗𝑝′, 𝜎 ′; ⃗𝑝, 𝜎) .⏟⏟⏟⏟⏟⏟⏟

=⟨𝜉D
𝑗;𝑝⃗𝜎 ,𝜉P

𝑗;𝑝⃗′𝜎′⟩

(4.29)

Using the position-space wave packets

𝜓P
𝑗 (𝑥) ∶= ∑

𝜎=±1/2
∫ d3 ⃗𝑝 𝜙P

𝑗 ( ⃗𝑝, 𝜎)𝜉P
𝑗;𝑝⃗𝜎(𝑥) , (4.30)

𝜓D
𝑗 (𝑥) ∶= ∑

𝜎=±1/2
∫ d3 ⃗𝑝 𝜙D

𝑗 ( ⃗𝑝, 𝜎)𝜉D
𝑗;𝑝⃗𝜎(𝑥) , (4.31)

we obtain a compact expression:

𝒜𝑎𝑏(𝑋D, 𝑋P) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗⟨𝜓D

𝑗 , 𝜓P
𝑗 ⟩ (4.32)

= ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎=±1/2
∫ d3 ⃗𝑝 ⟨𝜓D

𝑗 , 𝜉𝑋P→𝑋D
𝑗;𝑝⃗𝜎 ⟩⟨𝜉𝑋P→𝑋D

𝑗;𝑝⃗𝜎 , 𝜓P
𝑗 ⟩ . (4.33)
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The motivation for expressing the amplitude in terms of position-space wave packets
lies in their strong spatial localization along the curve 𝑐. Even wave packets with non-
compact support are admissible, provided they decay rapidly outside a characteristic
width 𝜎𝑗, such that their effective support is compact within the spacetime region 𝑈𝜈.
This localization allows for the scalar products to be evaluated over the finite region 𝑈𝜈.
We now turn to how the wave packet is propagated and how it is expressed in the natural
basis of the detector. Therefore, the next steps consist of:

1. Computing the propagated momentum-space wave packet,

𝜙P→D
𝑗𝜎 ( ⃗𝑝) ∶= ⟨𝜉𝑋P→𝑋D

𝑗;𝑝⃗𝜎 , 𝜓P
𝑗 ⟩ , (4.34)

which is performed in subsection 4.2.1, and

2. Matching the detected wave packet to the same mode basis,

̃𝜙D
𝑗𝜎( ⃗𝑝) ∶= ⟨𝜉𝑋P→𝑋D

𝑗;𝑝⃗𝜎 , 𝜓D
𝑗 ⟩ , (4.35)

which will be addressed in subsection 4.2.2.

A schematic flowchart of the derivation steps is shown in figure 4.2. Finally, we summa-
rize the assumptions that underlie the calculations:

1. Each mass eigenstate wave packet approximately follows a timelike geodesic 𝑐𝑗.

2. The curvature of spacetime is sufficiently weak such that all mass eigenstate wave
packets intersect the detector during the detection window, and gravitational
effects can be neglected on the intersection of 𝑈𝜈 with any Cauchy surface 𝛴𝑘.

3. The wave packets are localized tightly enough that the mode functions 𝜉𝑋P→𝑋𝑘
𝑗

can be well approximated by their flat spacetime counterparts within each local
frame 𝑧𝑘. Curvature-induced corrections of order 𝑧2

𝑘 across 𝑈𝜈 are assumed to be
negligible, both locally and in terms of their cumulative effect along the geodesic 𝑐.

For clarity, we omit the mass eigenstate index 𝑗 in the following discussion, as the
computations proceed analogously for each 𝑗.

4.2.1 Propagating the Initial Momentum Space Wave Packet

In this subsection, we demonstrate that, under the approximations introduced earlier,
the propagation of the initial neutrino wave packet in momentum space is given by

𝜙P→D
𝜎 ( ⃗𝑝) = exp ⎛⎜

⎝
−𝑖

𝜏
∫
0

d𝜏′ 𝑔𝜇𝜈(𝑐(𝜏′)) ̇𝑐𝜇(𝜏′)𝑝𝜈(𝜏′)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝) + 𝒪 (∫ d𝜏 𝑅𝜎2

𝜏) , (4.36)

in the limit of infinitely many infinitesimal propagation steps, 𝑁 → ∞. Here, 𝑝𝜈(𝜏′)
denotes the parallel-transported momentum, 𝑅 is the spacetime curvature scalar, and
𝜎𝜏 ∶= 𝜎(𝛴𝜏 ∩ 𝑈𝜈) is the spatial diameter of the region 𝑈𝜈 intersected with the Cauchy
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Master formula
𝒜(𝑋P, 𝑋D) = ∑ 𝑈∗𝑈⟨𝜓D, 𝜓P⟩

Scalar product detection
̃𝜙D
𝜎 ( ⃗𝑝) = ⟨𝜉𝑋P→𝑋D, 𝜓D⟩

Lorentz transformation
Transform from parallel
transported frame to ̃𝑧D:

̃𝜙D
𝜎 = ∫ d𝜎 𝜉𝛾𝜇𝜓D( ̃𝑧D)

Use Wigner 𝐷-matrix
Rotate spinors to match
transformed momentum:

̃𝜙D
𝜎 ( ⃗𝑝) = √ 𝑝̃0

𝑝0 𝐷∗
𝜎𝜎′𝜙D

𝜎′( ̃⃗𝑝)

Scalar product production
𝜙P→D

𝜎 ( ⃗𝑝) = ⟨𝜉𝑋P→𝑋D, 𝜓P⟩

Cauchy foliation
𝜙P→D

𝜎 ( ⃗𝑝) =
exp (−𝑖 ∑ 𝑔𝑐 ( ̇𝑐, 𝑝) 𝛥𝜏) 𝜙P

𝜎( ⃗𝑝)

Continuum limit
We take the 𝑁 folia-
tion steps to infinity:

𝜙P→D
𝜎 ( ⃗𝑝) =

exp (−𝑖 ∫ 𝑔𝑐 ( ̇𝑐, 𝑝) d𝜏) 𝜙P
𝜎( ⃗𝑝)

Final amplitude expression
𝒜(𝑋P, 𝑋D) =

𝑈∗𝑈 ∫ d𝑝 𝐷𝜎𝜎′𝜙D∗
𝜎′ 𝜙P

𝜎𝑒−𝑖𝛷

Figure 4.2: Schematic flowchart illustrating the probability derivation. The pro-
cedure involves a Lorentz transformation of the local frame, rewriting the spinor
overlap, the application of a Wigner 𝐷-matrix to match spinor representations,
cauchy foliations and the continuum limit 𝑁 → ∞.

79



4 Neutrino Oscillations in Curved Spacetime

surface 𝛴𝜏
1. To establish this result, we first prove by induction in appendix B that the

wave packet after 𝑁 finite steps is given by

𝜙P→D
𝜎 ( ⃗𝑝) = exp ⎛⎜

⎝
−𝑖

𝑁
∑
𝑘=0

𝑔𝜇𝜈(𝑐(𝜏𝑘)) ̇𝑐𝜇(𝜏𝑘)𝑝𝜈(𝜏𝑘)𝛥𝜏 + 𝒪(𝛥𝜏2)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝)

+ 𝒪 ⎛⎜
⎝

𝑁
∑
𝑘=0

𝑅𝑘𝜎2
𝜏𝑘

𝛥𝜏⎞⎟
⎠

. (4.37)

There, the inductive step builds on the relation between the propagated wave packet at
step 𝑘 + 1

𝜙P→𝑘+1
𝜎 ( ⃗𝑝) ∶= ⟨𝜉𝑋P→𝑋𝑘+1

𝑝⃗𝜎 , 𝜓P⟩ , (4.38)

and the one at step 𝑘. We evaluate this scalar product on the Cauchy surface 𝛴𝑘 in the
local coordinates 𝑧𝑘, yielding

𝜙P→𝑘+1
𝜎 ( ⃗𝑝) = ∫

𝛴𝑘∩𝑈𝜈

d𝜎𝜇(𝑧𝑘) ̄𝜉𝑋P→𝑋𝑘+1
𝑝⃗𝜎 (𝑧𝑘+1(𝑧𝑘))𝛾𝜇(𝑧𝑘)𝜓P(𝑧𝑘) . (4.39)

Crucially, the integral only extends over the region 𝑈𝜈, which contains the support of
all mass eigenstate wave packets. This localization allows us to invoke the equivalence
principle and approximate the mode functions by their flat spacetime expressions:

𝜙P→𝑘+1
𝜎 ( ⃗𝑝) ≈ ∫

𝛴𝑘∩𝑈𝜈

d𝜎𝜇(𝑧𝑘)
𝑒𝑖𝑔𝑋𝑘+1

(𝑝,𝑧𝑘+1(𝑧𝑘))

√(2𝜋)32𝑝0
̄𝑢𝜎( ⃗𝑝)𝛾𝜇𝜓P(𝑧𝑘) . (4.40)

This approximation holds because we choose 𝑁 large enough that consecutive points 𝑋𝑘
and 𝑋𝑘+1 lie within the local region where curvature corrections are negligible. The scalar
product 𝑔(𝑝, 𝑧) appearing in the phase factor is written in a coordinate-independent
form by expressing both 𝑝 and 𝑧𝑘+1 in the parallel-transported basis 𝐸𝜇 (𝜏𝑘+1). This
allows the phase to be reexpressed on the tangent space at 𝑋𝑘 via:

𝑔𝑋𝑘+1
(𝑝, 𝑧𝑘+1(𝑧𝑘)) = 𝑔𝑋𝑘

(𝑃𝑐
𝜏𝑘+1→𝜏𝑘

𝑝, 𝑃𝑐
𝜏𝑘+1→𝜏𝑘

𝑧𝑘+1(𝑧𝑘)) . (4.41)

Using the parallel-transport properties of the frame 𝐸𝜇, we find that the components of
the momentum remain constant:

𝑃𝑐
𝜏𝑘+1→𝜏𝑘

𝑝 = 𝑝𝜇𝐸𝜇(𝜏𝑘) , (4.42)

Thus, the phase factor becomes:

𝑔𝑋𝑘+1
(𝑝, 𝑧𝑘+1(𝑧𝑘)) = 𝜂𝜇𝜈𝑝𝜇 (𝑃𝑐

𝜏𝑘+1→𝜏𝑘
𝑧𝑘+1(𝑧𝑘))

𝜈
. (4.43)

To determine how the coordinate vector 𝑧𝑘+1 (𝑧𝑘) changes under parallel transport to
𝑋𝑘, we perform a Taylor expansion of the composition of exponential maps involved
in the transition between the local inertial frames at 𝑋𝑘+1 and 𝑋𝑘. This is achieved by
constructing a geodesic variation with fixed endpoints and solving the associated Jacobi
equation with boundary conditions determined by the neutrino trajectory. Using the

1We define the diameter of a spacelike subset 𝐴 ⊂ ℳ as 𝜎(𝐴) ∶= sup𝑥,𝑦∈𝐴 d(𝑥, 𝑦), where 𝑑 is the distance
function induced by the positive-definite Riemann metric −𝑔|𝐴.
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4.2 Application to Weak Gravitational Fields

assumption that the gravitational field is approximately homogeneous across the wave
packet support, the Jacobi field can be computed analytically to leading order. The result
reads

(𝑃𝑐
𝑘+1→𝑘𝑧𝑘+1(𝑧𝑘))𝜈 = 𝑧𝜈

𝑘 − ̇𝑐𝜈
𝑘𝛥𝜏 + 𝒪(𝛥𝜏2, 𝑅𝑧2) , (4.44)

where ̇𝑐𝜈
𝑘 denotes the tangent vector of the geodesic at 𝑋𝑘, and 𝑧𝜈

𝑘 the coordinates of the
point in the local inertial frame. A detailed derivation is given in appendix A.
Substituting this into the scalar product in equation (4.40) yields:

𝜙P→𝑘+1
𝜎 ( ⃗𝑝) = ∫

𝛴𝑘∩𝑈𝜈

d𝜎𝜇(𝑧𝑘) 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑘)𝛥𝜏+𝒪(𝛥𝜏2) 𝑒𝑖𝑝𝜇𝑧𝜇
𝑘

√(2𝜋)32𝑝0
̄𝑢𝜎( ⃗𝑞)

⏟⏟⏟⏟⏟⏟⏟⏟⏟
≈ ̄𝜉𝑋P→𝑋𝑘

𝑝⃗𝜎 (𝑧𝑘)

𝛾𝜇(𝑧𝑘)𝜓P(𝑧𝑘)

+ 𝒪(𝑅𝑘𝜎2
𝜏𝑘

𝛥𝜏) (4.45)

= 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑘)𝛥𝜏+𝒪(𝛥𝜏2)⟨𝜉𝑋P→𝑋𝑘
𝑝⃗𝜎 , 𝜓P⟩ + 𝒪(𝑅𝑘𝜎2

𝜏𝑘
𝛥𝜏) (4.46)

= 𝑒−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑘)𝛥𝜏+𝒪(𝛥𝜏2)𝜙P→𝑘
𝜎 ( ⃗𝑝) + 𝒪(𝑅𝑘𝜎2

𝜏𝑘
𝛥𝜏) . (4.47)

Here, we have truncated all terms of order 𝑅𝑧2
𝑘 and used the fact that 𝑧2

𝑘 ≲ 𝜎𝜏𝑘
due to

the wave packet localization. This recursive relation completes the inductive proof of
equation (4.37), as outlined in detail in appendix B. Iterating this step from 𝛴P to 𝛴D,
we arrive at

𝜙P→D
𝜎 ( ⃗𝑝) = exp ⎛⎜

⎝
−𝑖

𝑁
∑
𝑘=0

𝜂𝜇𝜈 ̇𝑐𝜇(𝜏𝑘)𝑝𝜈𝛥𝜏 + 𝒪(𝛥𝜏2)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝) + 𝒪 ⎛⎜

⎝
∑

𝑘
𝑅𝑘𝜎2

𝜏𝑘
𝛥𝜏⎞⎟

⎠
(4.48)

= exp ⎛⎜
⎝

−𝑖
𝑁

∑
𝑘=0

𝑔𝜇𝜈(𝑐(𝜏𝑘)) ̇𝑐𝜇(𝜏𝑘)𝑝𝜈(𝜏𝑘)𝛥𝜏 + 𝒪(𝛥𝜏2)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝)

+ 𝒪 ⎛⎜
⎝

∑
𝑘

𝑅𝑘𝜎2
𝜏𝑘

𝛥𝜏⎞⎟
⎠

. (4.49)

In the second line, we have expressed all quantities in general coordinates, making the
parallel transport of the momentum explicit via the time-dependent components 𝑝𝜇 (𝜏).
Taking the limit 𝑁 → ∞ then yields the result stated in equation (4.36).

4.2.2 Relating the Propagated and Detected Neutrino Wave Packets

The second key step in deriving the neutrino oscillation formula in weakly curved space-
time is to relate the detected momentum-space wave packet ̃𝜙D

𝜎 ( ⃗𝑝) to the propagated
mode functions 𝜉𝑋P→𝑋D, rather than to the natural detection modes 𝜉D. This is neces-
sary since the propagation through spacetime is governed by the former, whereas the
detection process projects onto the latter. The central object of interest is therefore the
overlap integral from equation (4.35), which we now evaluate by expressing 𝜉𝑋P→𝑋D in
terms of 𝜉D, and identifying a relation between the wave packets in both bases.
Both local inertial frames 𝑧D and ̃𝑧D, constructed at the detection event 𝑋D, are related by
a local Lorentz transformation 𝛬. This follows from the definition of normal coordinates,
which satisfy

𝑔𝑋D
⎛⎜
⎝

∂
∂𝑧𝜇

D
(𝑋D),

∂
∂𝑧𝜈

D
(𝑋D)⎞⎟

⎠
= 𝜂𝜇𝜈 = 𝑔𝑋D

⎛⎜
⎝

∂
∂ ̃𝑧𝜇

D
(𝑋D),

∂
∂ ̃𝑧𝜈

D
(𝑋D)⎞⎟

⎠
, (4.50)
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𝑐
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P

𝑧0
D

𝑧1
D

̃𝑧0
D̃𝑧1

D

𝜉𝑋P→𝑋D

Parallel TransportedProduction

𝛬

Figure 4.3: Illustration of the mismatch between the natural local frame ̃𝑧D asso-
ciated with the detector and the parallel transported frame 𝑧D used to define the
propagated mode functions. The frames are related by a local Lorentz transfor-
mation 𝛬, which also induces a transformation of the spinor components. This
transformation must be taken into account when evaluating the overlap integral
between the propagated and detected neutrino wave packets.

and thus imply 𝑧𝜇
D( ̃𝑧D) = [𝛬−1]𝜇

𝜈 ̃𝑧𝜈
D. See figure 4.3 for a schematic sketch of the different

coordinate systems.
We choose the tetrad basis ̃𝑒𝛼 associated with the detector observer 𝑂D to coincide with
the natural orthonormal basis of ̃𝑧D at 𝑋D. This basis is related to the previously used
propagation frame basis 𝑒𝛼 by the same Lorentz transformation 𝛬:

̃𝑒𝛼( ̃𝑧D) = [𝛬−1]𝛽
𝛼( ̃𝑧D)𝑒𝛽(𝑧D( ̃𝑧D)) . (4.51)

This transformation also acts on spinor fields with spin-1/2 representation 𝛬1/2( ̃𝑧). In
order to express the propagated mode function 𝜉𝑋P→𝑋D(𝑧𝑘) in terms of spinors evaluated
in the detector frame ̃𝑧D, we must apply 𝛬1/2 appropriately. Using these relations, we
now rewrite the inner product from equation (4.35) that defines the detected wave
packet. We express everything in the frame ̃𝑧D, where the detection process naturally
takes place. The propagated mode function 𝜉𝑋P→𝑋D(𝑧𝑘) must first be evaluated in this
frame, which requires a transformation of both its spacetime and spinor arguments. The
resulting expression for the detected wave packet in momentum space reads

̃𝜙D
𝜎 ( ⃗𝑝) = ∫

𝛴D∩𝑈𝜈

d𝜎𝜇( ̃𝑧D) ̄𝜉𝑋P→𝑋D
𝑝⃗𝜎 (𝑧D( ̃𝑧D))𝛾𝜇( ̃𝑧D)𝜓D( ̃𝑧D) . (4.52)

Since all fields are localized around 𝑋D, we neglect correction of order 𝒪 ( ̃𝑧2
D), as in the

propagation step. This allows us to approximate the spinor transformation by a constant
Lorentz transformation 𝛬−1

1/2(0), and the mode function becomes

̃𝜙D
𝜎 ( ⃗𝑝) ≈ ∫

𝛴D∩𝑈𝜈

d𝜎𝜇( ̃𝑧D)
𝑒𝑖𝑝𝜇[𝛬−1]𝜇

𝜌 ̃𝑧𝜌
D

√(2𝜋)32𝑝0
̄𝑢𝜎( ⃗𝑝)𝛬−1

1/2(0)𝛾𝜇𝜓D( ̃𝑧D) , (4.53)

where the spinor ̄𝑢𝜎( ⃗𝑝) is defined with respect to the propagation frame. To express
the integral entirely in the detection frame, we relate this spinor to the standard spinor
defined in ̃𝑧D via the spin-1/2 representation of the Lorentz transformation. This relation
reads

𝛬1/2𝑢𝜎( ⃗𝑝) = ∑
𝜎′=±1/2

𝐷1/2
𝜎𝜎′(𝛬, 𝑝)𝑢𝜎′( ̃⃗𝑝) , ̃𝑝𝜇 ∶= 𝛬𝜇

𝜈𝑝𝜈 , (4.54)
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with the Wigner 𝐷-matrix 𝐷1/2
𝜎𝜎′. Inserting this identity into equation 4.53 and absorbing

the normalization factor, we obtain the final form of the detected wave packet in the
detection frame:

̃𝜙D
𝜎 ( ⃗𝑝) ≈ √ ̃𝑝0

𝑝0 ∑
𝜎′=±1/2

𝐷1/2∗
𝜎𝜎′ (𝛬, 𝑝)𝜙D

𝜎′( ̃⃗𝑝) . (4.55)

A summary of these derivation steps is shown in figure 4.2. To complete the transition
from the initial to the final frame, we emphasize that physical measurements are usually
performed only in the local rest frames of the source and the detector, represented by
the coordinates 𝑧𝜇

P and ̃𝑧𝜇
D, respectively. Consequently, all tangent vectors defined at the

detection point 𝑋D and expressed in the parallel transported frame 𝑧𝜇
D originate from the

production frame and have been carried along the geodesic 𝑐 via parallel transport. Due
to the specific construction of the local frames 𝑧𝜇

D and 𝑧𝜇
P as RNC with parallel-transported

bases, a given tangent vector will have the same component representation in both bases.
This allows us to express the Lorentz transformation between the local detector frame
̃𝑧𝜇
D and the parallel transported frame 𝑧𝜇

D as:

𝛬𝛼
𝛽 =

∂ ̃𝑧𝛼
D

∂𝑥𝜎 ∣
𝑋D

[𝑃𝑐
0→𝜏]𝜎

𝜌
∂𝑥𝜌

∂𝑧𝛽
P

∣
∣∣
∣𝑋P

, (4.56)

where 𝑃𝑐
0→𝜏 denotes the parallel transport operator along the curve 𝑐, written in arbi-

trary coordinates 𝑥𝜇. This Lorentz transformation not only aligns the frames but also
encapsulates possible gravitational redshift and Doppler effects arising from curved
spacetime or the relative motion between production and detection.
The full neutrino flavor transition amplitude for strongly localised wave packets then
takes the form:

𝒜𝑎𝑏(𝑋P, 𝑋D) ≈ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎,𝜎′=±1/2
∫ d3 ⃗𝑝

√
√
√
⎷

̃𝑝0
𝑗

𝑝0
𝑗

𝐷1/2
𝜎𝜎′(𝛬, 𝑝𝑗)𝜙D∗

𝑗𝜎′( ̃⃗𝑝𝑗)𝜙P
𝑗𝜎( ⃗𝑝)𝑒−𝑖𝛷𝑗(𝑝𝑗,𝑋P,𝑋D) ,

(4.57)

where we made the mass eigenstate label 𝑗 explicit again, and with the oscillation phase

𝛷𝑗(𝑝𝑗, 𝑋P, 𝑋D) =
𝜏

∫
0

d𝜏′ 𝑔𝜇𝜈(𝑐(𝜏′)) ̇𝑐𝜇(𝜏′)𝑝𝜈
𝑗 (𝜏′) . (4.58)

An equivalent expression is obtained by expressing all quantities in the detector frame
using the momentum 𝑞𝜇

𝑗 defined in ̃𝑧D:

𝒜𝑎𝑏(𝑋P, 𝑋D) ≈ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎,𝜎′=±1/2
∫ d3 ⃗𝑞

√
√
√
⎷

̂𝑞0
𝑗

𝑞0
𝑗

𝐷1/2∗
𝜎′𝜎 (𝛬−1, 𝑞𝑗)𝜙D∗

𝑗𝜎′( ⃗𝑞)𝜙P
𝑗𝜎( ̂⃗𝑞𝑗)𝑒−𝑖𝛷′

𝑗(𝑞𝑗,𝑋P,𝑋D) ,

(4.59)

where

𝛷′
𝑗(𝑞𝑗, 𝑋P, 𝑋D) =

𝜏
∫
0

d𝜏′ 𝑔𝜇𝜈(𝑐(𝜏′)) ̇𝑐𝜇(𝜏′)𝑞𝜈
𝑗 (𝜏′) , (4.60)
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and with the momentum ̂𝑞𝜇
𝑗 ∶= [𝛬−1]𝜇

𝜈𝑞𝜈
𝑗 transformed back to the parallel transported

frame.
The expressions in equation (4.57) and (4.59) represent the central result of this work:
a fully covariant generalization of the plane wave formalism for neutrino oscillations
in curved spacetime, originally formulated using the Stodolsky phase [211, 213, 226],
to the case of propagating neutrino wave packets. To recover the standard plane wave
description, we consider wave packets sharply peaked in momentum space around the
mean four-momentum

̄𝑝𝜇
𝑗 = 𝑚𝑗 ̇𝑐𝜇

𝑗 (0) , (4.61)

where ̇𝑐𝜇
𝑗 (0) denotes the initial velocity of mass-𝑗 geodesic and is related to the mean

momentum by ̄𝑝𝜇
𝑗 /𝑚𝑗. In this limit, the oscillation phase 𝛷𝑗 varies slowly over the width of

the momentum distribution, allowing us to apply the mean value theorem and evaluate
𝛷𝑗 at ̄𝑝𝑗, pulling it out of the momentum integral in equation (4.57). This yields

𝛷𝑗( ̄𝑝𝑗, 𝑋P, 𝑋D) ≈ 𝑚𝑗

𝜏
∫
0

d𝜏′ ̇𝑐𝜇
𝑗 (𝜏′)𝑔𝜇𝜈(𝑐(𝜏′)) ̇𝑐𝜈(𝜏′) . (4.62)

Since the parallel-transported velocity 𝑃𝑐
0→𝜏 ̇𝑐𝑗(0) approximately equals ̇𝑐𝑗(𝜏) for 𝑐𝑗(𝜏) ≈

𝑐(𝜏), this expression reduces to the familiar Stodolsky phase in curved spacetime.
Given that neutrinos are produced and detected through Lorentz-covariant weak inter-
actions, it is natural to assume that the associated wave packets transform consistently
under Lorentz transformations. Within our normalization, this is expressed as

𝜙R
𝑗𝜎( ⃗𝑝) =

𝜑R
𝑗𝜎(𝑝𝑗)

√(2𝜋)3 2𝑝0
𝑗

, with ̃𝜑R
𝑗𝜎(𝑝𝑗) = 𝜑R

𝑗𝜎(𝛬−1𝑝𝑗) , (4.63)

for R ∈ {P, D}. Considering a simple class of neutrino wave packets specified by a mean
momentum 𝑃𝜇

R𝑗 and a width tensor

𝛴𝜇𝜈
R𝑗 ∶= ∑

𝜎=±1/2
∫ d3 ⃗𝑝 |𝜙R

𝑗𝜎( ⃗𝑝)|2𝑝𝜇
𝑗 𝑝𝜈

𝑗 − 𝑃𝜇
R𝑗𝑃

𝜈
R𝑗 , (4.64)

and inserting it into equation (4.59), we obtain the detection-frame respresentation:

𝒜𝑎𝑏(𝑋P, 𝑋D) ≈ ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 ∑

𝜎,𝜎′=±1/2
∫

d3 ⃗𝑞
(2𝜋)32𝑞0

𝑗
𝐷1/2∗

𝜎′𝜎 (𝛬−1, 𝑞𝑗)

× 𝜑D∗
𝑗𝜎′(𝑞𝑗; 𝑃D𝑗, 𝛴D𝑗)𝜑P

𝑗𝜎(𝑞𝑗; 𝛬𝑃P𝑗, 𝛬𝑇𝛴P𝑗𝛬)𝑒−𝑖𝛷′
𝑗(𝑞𝑗,𝑋P,𝑋D) .

(4.65)

An analogous expression follows in the source-based description.
In neutrino oscillation experiments, the neutrino spin is typically not measured. We
therefore average the squared amplitude ∣𝒜𝑎𝑏∣2 over initial spin states. In the common
case where the quantization axis is chosen so that only one spin state 𝜎̄ is produced and
detected, the averaged squared amplitude simplifies to:

|𝒜𝑎𝑏|2 = ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘
1
2 ∑

𝜎̄𝜎̄′
𝐷1/2∗

𝜎̄𝜎̄′ (𝛬, 𝑝𝑗)𝐷1/2
𝜎̄𝜎̄′(𝛬, 𝑞𝑘)ℐ𝑗𝑘𝜎̄𝜎̄′ , (4.66)
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where ℐ𝒿𝓀 𝜎̄𝜎̄ ′ denotes the remaining momentum integrals over the product of wave
packet shapes and oscillation phases. For sharply peaked distributions, the Wigner 𝐷-
matrices can be evaluated at the mean momenta ̄𝑝𝑗 and ̄𝑞𝑘, yielding only small corrections
of order 𝒪(𝛥 ̄𝑝𝑗𝑘). These corrections are neglected here, since they are not enhanced by
macroscopic propagation distances.
Finally, the oscillation phase 𝛷′

𝑗 from equation (4.60) can be recast in a form closely
resembling the flat spacetime case. Using the constancy of the scalar product 𝑔𝜇𝜈 ̇𝑐𝜇𝑞𝜈

𝑗
along the geodesic, the phase evaluates to

𝛷′
𝑗(𝑞𝑗, 𝑋P, 𝑋D) = 𝜂𝜇𝜈 ̇̃𝑐𝜇(𝜏)𝜏⏟⏟⏟⏟⏟

=𝐿𝜈

𝑞𝜈
𝑗 , (4.67)

where all quantities are expressed in the local inertial frame of the detector 𝑂D, which is
the natural reference for an experimental analysis.
The derivation above provides the complete expression for neutrino flavor transition
amplitudes in weak gravitational fields, incorporating the full wave packet structure
and the effects of parallel transport, Lorentz transformation, and spinor rotations. Im-
portantly, the resulting formulas naturally reduce to their flat spacetime counterparts in
the appropriate limit. Moreover, they reproduce the familiar Stodolsky phase.
With this framework established, we are now equipped to explore specific metrics and
experimental configurations, assessing the magnitude and observability of the predicted
effects.

4.3 Gravitational Influence on Terrestrial Neutrino Experiments

Neutrino oscillation studies can be broadly divided into two regimes:

1. Experiments where both production and detection occur within the vicinity of
Earth.

2. Observations of neutrinos originating from astrophysical or cosmological sources.

In the following, we focus on the first class, terrestrial experiments, which includes
current and upcoming setups covering short- and long-baseline accelerator experiments
as well as atmospheric neutrino measurements. Such experiments, due to their controlled
conditions and precisely known baselines, provide an ideal setting to quantify possible
gravitational corrections with minimal astrophysical uncertainties.
To evaluate possible gravitational effects in this regime, we apply equation (4.59) to
neutrinos propagating near Earth. The relevant spacetime geometry can be accurately
described in the linear gravity approximation, i.e., by expanding the metric as

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + 𝜀ℎ𝜇𝜈 + 𝒪(𝜀2) , (4.68)

where 𝜀 ≪ 1 quantifies the gravitational field strength. This framework is not only
valid for Earth’s gravitational field but also extends to weak perturbations from GWs
or smooth large-scale potentials such as galactic fields [227]. Even though we focus on
terrestrial experiments, the treatment is general enough to also allow us the discussion
of possible effects on astrophysical neutrinos.
Since we do not track spin in the considered set-ups, the spin label is omitted. We work
with a Lorentz-covariant formulation for neutrino mass eigenstates as in equations (4.63),

85



4 Neutrino Oscillations in Curved Spacetime

which allows us to use the locally inertial form in equation (4.65) for the amplitude
𝒜𝑎𝑏. The production and detection wave packets are taken as Gaussian in momentum
space [61, 228, 229]

𝜙𝑗( ⃗𝑝) ∶= {(2𝜋)3det(𝛴𝑗)}− 1
4 exp (−

1
2( ⃗𝑝 − 𝑃⃗𝑗)𝑇𝛴−1

𝑗 ( ⃗𝑝 − 𝑃⃗𝑗)) , (4.69)

with mean momenta 𝑃⃗𝑗 = ̃𝑃⃗P𝑗, 𝑃⃗D𝑗 and width tensors 𝛴𝑗 = 𝛴̃P𝑗, 𝛴D𝑗. We now compute the
gravitationally corrected amplitude by integrating over momentum space in analogy to
the flat spacetime case. The integration reveals three distinct signatures through which
gravity could, in principle, affect the oscillation signal: momentum mismatch damp-
ing, longitudinal-transverse separation and gravitational redshift of mean momenta.
Carrying out the momentum integration analogous to the flat spacetime case yields

𝒜𝑎𝑏(𝑋𝜇
P , 𝑋𝜇

D) = ∑
𝑗

𝑈∗
𝑎𝑗𝑈𝑏𝑗 (𝜎3

P𝑗𝜎3
D𝑗det(𝛴𝑗))

− 1
2

× exp ⎛⎜⎜⎜
⎝

−
( ̃𝑃⃗P𝑗 − 𝑃⃗D𝑗)2

4(𝜎2
P𝑗 + 𝜎2

D𝑗)
−

1
2( ̄⃗𝑣𝑗𝐿0 − 𝐿⃗)𝑇𝛴−1

𝑗 ( ̄⃗𝑣𝑗𝐿0 − 𝐿⃗)⎞⎟⎟⎟
⎠

exp (−𝑖𝐿𝜇 ̄𝑝𝜇
𝑗 ) ,

(4.70)

where 𝛴R𝑗 = 𝜎2
R𝑗𝟙 for R = P, D and the Lorentz boost of 𝜎̃P𝑗 has been neglected, as the

relative velocities between production and detector are taken non-relativistic. Here, the
average four-momentum ̄𝑝𝜇

𝑗 and the group velocity ̄ ⃗𝑣𝑗 are

̄𝑝0
𝑗 ∶= 𝐸̄𝑗 ∶= √ ̄⃗𝑝2

𝑗 + 𝑚2
𝑗 , ̄⃗𝑝𝑗 ∶=

𝜎2
D𝑗

̃𝑃⃗P𝑗 + 𝜎2
P𝑗𝑃⃗D𝑗

𝜎2
P𝑗 + 𝜎2

D𝑗
, ̄⃗𝑣𝑗 ∶=

̄⃗𝑝𝑗

𝐸̄𝑗
. (4.71)

The position-space covariance,

𝛴𝑗 ∶= ⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

𝟙 +
𝑖𝐿0

𝐸̄𝑗
(𝟙 − ̄⃗𝑣𝑗

̄ ⃗𝑣𝑇
𝑗 ) , (4.72)

controls the overlap between production and detection wave packets. Only states with
̄ ⃗𝑣𝑗𝐿0 ∼ 𝐿⃗ within the uncertainty given by 𝛴𝑗 contribute significantly. The same factor en-

forces approximate mean momentum conservation and includes potential gravitational
redshift effects on ̃𝑃⃗P𝑗.
To simplify the general three-dimensional description of the amplitude in equation (4.70),
it is instructive to diagonalise the position-space covariance matrix 𝛴𝑗. By construction,
one eigenvector corresponds to the mean propagation direction of the 𝑗-th mass eigen-
state, ̂𝑣∥

𝑗 ∶= ̄⃗𝑝𝑗/| ̄⃗𝑝𝑗|, while the remaining two eigenvectors, denoted ̂𝑣⟂
𝑗1 and ̂𝑣⟂

𝑗2, form an
orthonormal basis of the plane orthogonal to ̂𝑣∥

𝑗 . In this eigenbasis, the longitudinal and
transverse eigenvalues of 𝛴𝑗 are given by

𝜎2
∥𝑗 ∶=

1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

+
𝑖𝐿0

𝐸̄𝑗
(1 − ̄⃗𝑣2

𝑗 ) , 𝜎2
⟂1𝑗 = 𝜎2

⟂2𝑗 = 𝜎2
⟂𝑗 ∶=

1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

+
𝑖𝐿0

𝐸̄𝑗
.

(4.73)
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These quantities determine the spatial extent of the overlap region between production
and detection wave packets. In particular, the real parts of their inverses define the
coherence length scales in the parallel and perpendicular directions. The baseline vector
𝐿⃗ can be decomposed into parallel and perpendicular components with respect to ̂𝑣∥

𝑗 ,

𝐿⃗ = 𝐿⃗∥ + 𝐿⃗⟂ , 𝐿⃗∥ ∥ ̂𝑣∥
𝑗 , 𝐿⃗⟂ ⟂ ̂𝑣∥

𝑗 . (4.74)

From the Gaussian factor in equation (4.70), one finds that the amplitude is significantly
suppressed whenever

|𝐿⃗⟂|2 ≲ Re(𝜎−2
⟂𝑗 )−1 ≪ |𝐿⃗|2 . (4.75)

Since in all realistic set-ups Re(𝜎−2
⟂𝑗 )−1 ≪ |𝐿⃗|2, this condition implies that 𝐿⃗ ≈ 𝐿⃗∥, or

equivalently 𝐿⃗⟂ ≈ 0, up to corrections negligible in the present approximation scheme.
This observation has an important practical consequence: for the purpose of evaluating
the oscillation probability, the geometry effectively reduces to an one-dimensional prop-
agation along the average momentum direction. All vector quantities in the problem
can therefore be replaced by their absolute values, ⃗𝑎 → 𝑎 ∶= | ⃗𝑎|, without loss of accuracy,
except for the mean production and detection momenta ̃𝑃⃗P𝑗 and 𝑃⃗D𝑗. These remain as
full three-vectors, since they may still differ slightly in direction due to gravitational
redshift or small effects, and are not yet fixed by the overlap condition.
In oscillation experiments, interference between different mass eigenstates occurs only if
their central momenta and wave packet shapes are sufficiently similar. This allows us to
impose the simplifying assumption 𝜎P𝑗 ≡ 𝜎P and 𝜎D𝑗 ≡ 𝜎D for all mass eigenstates 𝑗.
Let 𝑝 and 𝐸 denote, the momentum and energy, respectively, of a massless neutrino
arriving at the detector. For each mass eigenstate, we define small deviations

𝛥𝑝𝑗 ∶= ̄𝑝𝑗 − 𝑝 , 𝛥𝐸𝑗 ∶= 𝐸̄𝑗 − 𝐸 , (4.76)

where ̄𝑝𝑗 and 𝐸̄𝑗 are the averaged momentum and energy introduced earlier. Since
terrestrial and astrophysical neutrinos are highly relativistic, these deviations scale as

𝛥𝑝𝑗

𝑝 ∼
𝑚2

𝑗

2𝑝2 ,
𝛥𝐸𝑗

𝐸 ∼
𝑚2

𝑗

2𝐸2 , (4.77)

which are small compared to unity. In the following, we introduce the ultra-relativistic
expansion parameter

𝜀UR ∼
𝛥𝑝𝑗

𝑝 ∼
𝑚2

𝑗

𝑝2 , (4.78)

and treat gravitational corrections through the separate small parameter 𝜀 from equa-
tion (4.68).
All expressions are expanded consistently up to 𝒪(𝜀2

UR𝜀), that is, second order in the
ultra-relativistic deviations multiplied by first order in the gravitational perturbation.
Terms of higher order in either 𝜀UR or 𝜀 are neglected. This expansion regime ensures
that:

1. Kinematic effects from the small neutrino masses are retained to the extent that
they can influence gravitational phase shifts.
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2. No higher-order gravitational corrections beyond the linear approximation are
included, which is consistent with equation (4.68).

With these simplifications, the subsequent derivation of the oscillation probability can be
performed analytically, retaining explicit dependence on both 𝛥𝑝𝑗 and 𝛥𝐸𝑗 where needed
for phase and coherence effects.
To obtain the neutrino oscillation probability, the final step consists in evaluating the time
integrals along the worldlines of the source and detector, as indicated in equation (4.21).
We assume both the neutrino production point and the detector to be at rest with respect
to the same coordinate system, where the metric takes the form given in equation (4.68).
Accordingly, we parameterize their trajectories 𝑋𝜇

P (𝒯P) and 𝑋𝜇
D(𝒯D) by the corresponding

coordinate times 𝒯P/D ≡ 𝑇P/D as

𝑋𝜇
P (𝑇P) ≡ ⎛⎜⎜

⎝

𝑇P

𝑋⃗P

⎞⎟⎟
⎠

, 𝑋𝜇
D(𝑇D) ≡ ⎛⎜⎜

⎝

𝑇D

𝑋⃗D

⎞⎟⎟
⎠

. (4.79)

As shown in appendix C, the physical spacetime separation vector can be expressed as

𝐿𝜇 = (𝛿𝜇
𝜈 +

𝜀
2𝛿𝑙𝜇𝜈) 𝛥𝑋𝜈 , (4.80)

with

𝛿𝑙𝜇𝜈 =⟨ℎ𝜇
𝜈 ∘ 𝑐0⟩ − [ℎ𝜇

𝜈(𝑋D) − ⟨ℎ𝜇
𝜈 ∘ 𝑐0⟩]

+ ⎡⎢
⎣
⟨∂𝜇ℎ𝜎𝜈 ∘ 𝑐0⟩ − ⟨𝜏′ ↦

𝜏′

∫
0

d𝜏′′

𝜏 ∂𝜇ℎ𝜎𝜈(𝑐0(𝜏′′))⟩⎤⎥
⎦

𝛥𝑋𝜎 . (4.81)

Here, the average of a function 𝑓 along the geodesic is defined as

⟨𝑓 ⟩ ≡ ⟨𝜏′ ↦ 𝑓 (𝜏′)⟩ ∶=
𝜏

∫
0

d𝜏′

𝜏 𝑓 (𝜏′) . (4.82)

The Lorentz transformation contained in 𝑃̃P𝑗 simplifies to

𝛬𝜇
𝜈 = 𝛿𝜇

𝜈 −
𝜀
2𝜆𝜇

𝜈 , (4.83)

𝜆𝜇
𝜈 ∶= [⟨∂𝜈ℎ𝜇

𝜌 ∘ 𝑐0⟩ − ⟨∂𝜇ℎ𝜈𝜌 ∘ 𝑐0⟩] 𝛥𝑋𝜌 , (4.84)

see appendix C. This confirms our earlier statement: in this regime the Lorentz trans-
formation reduces to a small, non-relativistic boost with velocity proportional to the
gravitational perturbation strength 𝜀 ≪ 1.
With the amplitude 𝒜𝑎𝑏 at hand, the oscillation probability given in equation (4.21) then
reads

𝑃𝑎𝑏(𝑋⃗P, 𝑋⃗D, 𝐸) =
∑𝑗𝑘 𝑈∗

𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗
𝑏𝑘𝐼𝑗𝑘(𝑋⃗P, 𝑋⃗D, 𝐸)

∑𝑗 |𝑈𝑎𝑗|2𝐼𝑗𝑗(𝑋⃗P, 𝑋⃗D, 𝐸)
, (4.85)
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where the time integral 𝐼𝑗𝑘 containing the livetime intervals [𝑇P1, 𝑇P2] and [𝑇D1, 𝑇D2] of
the neutrino production and detection, respectively, is given as

𝐼𝑗𝑘(𝑋⃗P, 𝑋⃗D, 𝐸) ≈
𝑇P2

∫
𝑇P1

d𝑇P

𝑇D2

∫
𝑇D1

d𝑇D exp ⎛⎜⎜⎜
⎝

−
( ̃𝑃⃗p𝑗 − 𝑃⃗D𝑗)2

2𝜎2
𝑃

−
( ̃𝑃⃗p𝑘 − 𝑃⃗D𝑘)2

2𝜎2
𝑃

⎞⎟⎟⎟
⎠

× exp ⎛⎜⎜
⎝

−
( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝜎2
∥𝑗

−
( ̄𝑣𝑘𝐿0 − 𝐿)2

2𝜎2∗
∥𝑘

⎞⎟⎟
⎠

× exp (−𝑖(𝛥𝐸𝑗𝑘𝐿0 − 𝛥𝑝𝑗𝑘𝐿)) .

(4.86)

Here, 𝛥𝑝𝑗𝑘 = ̄𝑝𝑗 − ̄𝑝𝑘 is the difference between the mean momenta. Corrections from the
position-space covariance 𝛴𝑗 are neglected since, for ultra-relativistic neutrinos, the only
mass-index–dependent contribution comes from Im (𝐼𝑗𝑘), which is suppressed and not
enhanced by the propagation distance.
Changing integration variables from (𝑇P, 𝑇D) to (𝛥𝑇, 𝑇D) with 𝛥𝑇 ∶= 𝑇D − 𝑇P, allows us
to exploit the time-translation invariance of the amplitude at order 𝒪 (𝜀). Breaking of this
invariance arises only at 𝒪 (𝜀) through a possible time dependence of the perturbation
ℎ𝜇𝜈. Expanding the exponent around the point of maximal wave packet overlap 𝛥𝑇⋆

𝑗𝑘
and performing the Gaussian 𝛥𝑇 integral yields the final expression for the probability
in linearly perturbed Minkowski spacetime

𝑃𝑎𝑏(𝑋⃗P, 𝑋⃗D, 𝐸) =
𝑇D2

∫
𝑇D1

d𝑇D
𝑇D2 − 𝑇D1

𝑃̂𝑎𝑏(𝑋⃗P, 𝑋⃗D, 𝑇D, 𝐸) , (4.87)

𝑃̂𝑎𝑏(𝑋⃗P, 𝑋⃗D, 𝑇D, 𝐸) ∶= ∑
𝑗𝑘

𝑈∗
𝑎𝑗𝑈𝑎𝑘𝑈𝑏𝑗𝑈∗

𝑏𝑘 exp ⎛⎜⎜
⎝

−𝑖
𝛥𝑚2

𝑗𝑘

2𝐸 [1 −
𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝐸 ] 𝐿(𝑇D)⎞⎟⎟
⎠

× exp ⎛⎜⎜⎜
⎝

− ⎡⎢
⎣

𝐿(𝑇D)
𝐿coh

𝑗𝑘 (𝑇D)
⎤⎥
⎦

2
⎞⎟⎟⎟
⎠

exp ⎛⎜⎜
⎝

−
1
2 [

𝛥𝐸𝑗𝑘

𝜎𝐸
]

2
⎞⎟⎟
⎠

,

(4.88)

with the effective energy width 𝜎𝐸, the coherence length 𝐿coh
𝑗𝑘 and the mean energy

differences 𝛥𝐸𝑗𝑘 given as

𝐿coh
𝑗𝑘 (𝑇D) ∶= √2𝜎𝑋

⎡⎢
⎣

(𝛥𝑣+
𝑗𝑘)2

1 + 𝜒2
𝑗 (𝐿0)2(𝑇D)

+
(𝛥𝑣−

𝑗𝑘)2

1 + 𝜒2
𝑘 (𝐿0)2(𝑇D)

⎤⎥
⎦

= 4√2𝜎𝑋
𝐸2

|𝛥𝑚2
𝑗𝑘|

+ 𝒪(𝜀2
UR) ,

(4.89)

𝛥𝐸𝑗𝑘 ∶= 𝛥𝑝𝑗𝑘 +
𝛥𝑚2

𝑗𝑘

2𝐸 −
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝐸2 −
𝛥𝑚4

𝑗𝑘

8𝐸3 , (4.90)

𝜎𝐸 ∶= 𝜎−1
𝑋 . (4.91)

In this expression, 𝜎𝑋 denotes the spatial width of the wave packet, 𝛥𝑣±
𝑗𝑘 represent the

effective velocity differences between the mass eigenstates 𝑗 and 𝑘, and 𝜒𝑗 accounts for
the spatial spreading of the wave packet associated with the 𝑗-th mass eigenstate. These
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quantities are given by

𝜎𝑋 ∶=
1
4

⎛⎜
⎝

1
𝜎2

P
+

1
𝜎2

D

⎞⎟
⎠

, (4.92)

𝛥𝑣±
𝑗𝑘 = ∓

𝛥𝑚2
𝑗𝑘

4𝐸2 + 𝜀 (
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 ) ±
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 ±
𝛥𝑚4

𝑗𝑘

8𝐸4 ∓ ⎛⎜⎜
⎝

𝛥𝑚2
𝑗𝑘

4𝐸2
⎞⎟⎟
⎠

2

, (4.93)

𝜒𝑗 =
1

2𝜎2
𝑋

⎛⎜⎜
⎝

𝑚2
𝑗

𝐸3 −
3𝛥𝑝𝑗𝑚2

𝑗

𝐸4 −
3𝑚4

𝑗

2𝐸5
⎞⎟⎟
⎠

. (4.94)

Furthermore, the propagation time at which the overlap between the 𝑗-th and 𝑘-th
neutrino mass eigenstates reaches its maximum is given by

𝐿0(𝛥𝑇⋆
𝑗𝑘) =

𝐿(𝛥𝑇⋆
𝑗𝑘)

̃𝑣𝑗𝑘
, (4.95)

1
̃𝑣𝑗𝑘

∶= 1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝐸2 + 𝜀
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝐸3 −
(𝛥𝑚2

𝑗𝑘)2

8𝐸4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝐸4 ,

(4.96)

and the geometric velocity shifts 𝛿𝑣𝑗0 at 𝛥𝑇⋆
𝑗𝑘 are defined by

𝜀𝛿𝑣𝑗0 ∶= −
𝜀
2

𝜎2
D

𝜎2
P + 𝜎2

D

𝑚2
𝑗

𝐸2

( ⃗ℓ ⋅ ⃗𝑒𝑘)𝜆𝑘
𝛽𝑝𝛽

𝐸 =
𝜎2

D
𝜎2

P + 𝜎2
D

𝑚2
𝑗

𝐸2 (𝑃⃗D𝑗 − 𝑃⃗P𝑗) ⋅ ⃗ℓ . (4.97)

Here, 𝑝𝛼 denotes the four-momentum of a massless neutrino with 𝑝 = 𝐸, propagating
in the direction ⃗ℓ = 𝐿⃗/𝐿 and 𝜆𝑘

𝛽 is defined in equation (4.83). These velocity shifts
characterize the deviation of the geodesics 𝑐𝑗 of the individual neutrino mass eigenstates
from the reference geodesic 𝑐 connecting 𝑋P and 𝑋D. Further details on the calculation
are provided in appendix D.
For static gravitational fields, such as Earth-bound experiments, the integral over 𝑇D be-
comes trivial since the amplitude depends only on 𝛥𝑇. If the baseline satisfies 𝐿 ≪ 𝐿coh

𝑗𝑘 ,
the oscillation pattern is unaffected by gravity up to order 𝒪 (𝜀2

UR𝜀). For 𝐿 ∼ 𝐿coh
𝑗𝑘 ,

geodesic deviations between different mass eigenstates affect the onset of decoherence
via wave packet separation. Higher-order terms in 𝜀 and 𝜀UR can in principle modify the
oscillation phase through geometric velocity shifts 𝛿𝑣𝑗0, but these effects are too small to
be measurable with current or near-future terrestrial experiments. The only potentially
observable gravitational effect is the parallel transport of the initial momentum distri-
bution, which could distort the length dependence of oscillations, though even this is
negligible for laboratory baselines.
In contrast, for time-dependent perturbations ℎ𝜇𝜈 such as GWs, the 𝑇D integration pro-
duces a non-trivial averaging over the oscillatory terms, which can act as a source of
decoherence. This effect is only relevant if the variation of the baseline during the detector
livetime is comparable to the oscillation length

𝐿osc
𝑗𝑘 ∶= 4𝜋

𝐸
𝛥𝑚2

𝑗𝑘
[1 −

𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝐸 ]
−1

. (4.98)

90



4.4 Gravitational Influence on Astrophysical Neutrinos

Given typical GWs strains of order 𝛥𝐿/𝐿 ∼ 10−20 [230], the resulting decoherence is
negligible for terrestrial experiments and could only play a role for cosmic neutrinos.
However, as discussed in reference [3] and in the following sections, their oscillations
cannot be resolved, hiding such an effect.
Since we have shown that terrestrial experiments cannot probe gravitational corrections,
one might turn to neutrinos traveling over astrophysical distances, where cumulative
effects could in principle become relevant.

4.4 Gravitational Influence on Astrophysical Neutrinos

In the following, we turn to the second main class of neutrino sources: neutrinos origi-
nating from the Sun or from astrophysical and cosmological distances. For such sources,
oscillatory signatures are unobservable with present or foreseeable experimental capa-
bilities. The underlying reason is the enormous baseline 𝐿 involved, which demands an
exceptionally fine relative energy resolution

𝛥𝐸
𝐸 ≲

𝐿osc
𝑗𝑘

𝐿 , (4.99)

where 𝛥𝐸 is the absolute energy bin width, 𝐸 the neutrino energy, and 𝐿osc
𝑗𝑘 the oscillation

length defined in equation (4.98). Within this regime, our weak-field master formula
from equation (4.57) or (4.59) simplifies substantially: the interference term with 𝑗 ≠ 𝑘
vanishes, leaving only the incoherent contributions

𝑃𝑎𝑏 = ∑
𝑗

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2

𝑁

𝒯D2

∫
𝒯D1

d𝒯D

𝒯P2

∫
𝒯P1

d𝒯P
∣
∣
∣
∣
∫ d3 ⃗𝑞√ ̂𝑞0

𝑞0 𝜙D∗
𝑗 ( ⃗𝑞)𝜙P

𝑗 ( ̂⃗𝑞𝑗)𝑒−𝑖𝑞𝜇
𝑗 𝐿𝜇

∣
∣
∣
∣

2

= ∑
𝑗

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2

𝑁

𝒯D2

∫
𝒯D1

d𝒯D

𝒯P2

∫
𝒯P1

d𝒯P ∣⟨𝜓D
𝑗 , 𝜓P

𝑗 ⟩∣
2

.

(4.100)

As argued in reference [61], results derived for Gaussian wave packets apply more
generally to sharply peaked wave packets of arbitrary shape. In this limit, the probability
reduces to purely real damping factors enforcing approximate momentum matching
𝑃𝜇

D𝑗 ∼ 𝑃̃𝜇
P𝑗, and the localization condition 𝐿⃗ ∼ ⃗̄𝑣𝑗𝐿0, where ⃗̄𝑣𝑗 denotes the group velocity

of the 𝑗-th mass eigenstate. If all eigenstates are nearly degenerate, 𝛥𝑚2
𝑗𝑘 ≪ 𝐸2, their

production wave packets are centered at almost identical mean momenta, and therefore
follow essentially the same geodesic trajectories. In this situation, the factors |⟨𝜓D

𝑗 , 𝜓P
𝑗 ⟩|2

are effectively independent of 𝑗 and can thus be taken outside the sum in equation (4.100),
and cancel against the normalization 𝑁. The resulting expression reproduces the well-
known flat spacetime decoherence limit:

𝑃𝑎𝑏 → 𝑃deco
𝑎𝑏 = ∑

𝑗
|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 . (4.101)

By the equivalence principle, mass eigenstate wave packets with the same initial velocity
share the same geodesic path. In general, different masses imply slightly different initial
group velocities, but as long as the gravitational field gradients along the trajectory are
small, their paths remain aligned and the above result remains valid even within the
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Production
Detector

Production
Detector

Weak gravity: geodesics aligned ⇒ 𝑃𝑎𝑏 → 𝑃deco
𝑎𝑏

Strong gravity: geodesic divergence can modify the decoherence limit

𝑗 = 1 𝑗 = 2 𝑗 = 3

small BH

impact parameter (schematic)

propagation

Figure 4.4: Schematic illustration of mass-eigenstate–dependent geodesics between
production and detector. Upper (weak gravity): geodesics are nearly coincident,
so the decoherence limit 𝑃deco

𝑎𝑏 remains valid. Lower (strong gravity; small black
hole near the path): geodesics can diverge such that some mass eigenstates miss
the detector while other might reconverge, making the scalar overlaps 𝑗-dependent.

general framework of equation (4.20). In such cases, gravitational corrections to flavor
evolution can be safely neglected.
The situation changes in strong-field environments. Near compact objects such as small
black holes, the geodesic of different mass eigenstates may separate so much that some
never intersect the detector world volume within the experiment’s livetime, effectively
yielding 𝜓D

𝑗 ≈ 0 for certain mass eigenstates 𝑗. Alternatively, the geodesic may di-
verge substantially during propagation but reconverge within the detector, leading to
𝑗-dependent overlaps ⟨𝜓D

𝑗 , 𝜓P
𝑗 ⟩ that break the factorization above. A schematic illustra-

tion is shown in figure 4.4. In practice, however, astrophysical neutrinos are typically
produced in the vicinity of supermassive black holes, where the curvature is relatively
mild [231]. The likelihood of encountering regions of extreme curvature, e.g., near
microscopic black holes, during their journey to Earth is even smaller than that of travers-
ing dense matter regions. For a recent assessment of black hole mass densities, see
reference [232]. Consequently, the assumptions leading to equation (4.101) should hold
for the overwhelming majority of cosmic neutrinos observed at Earth.
While this shows that static weak fields along astrophysical baselines fail to yield measur-
able deviations, time-dependent backgrounds such as GWs combined with astrophysical
distances might appear more promising. In the following section we discuss under
which circumstances this would yield measurable effects.

4.5 Estimation of Gravitational Wave Effects on Neutrino Oscillations

In our earlier work [3], we investigated two weak-field, time-dependent scenarios: a
passing monochromatic GW and the Stochastic Gravitational Wave Background (SGWB).
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4.5 Estimation of Gravitational Wave Effects on Neutrino Oscillations

Although the arguments in section 4.3 and 4.4 indicate that gravitational effects are
unlikely to be observable for realistic sources and detectors, it is still worthwhile to
estimate their possible size and to identify the parameter ranges in which they could
become significant. In the monochromatic GW case, a varying production–detection
distance can shift the oscillation pattern or, if the detection period exceeds the GW
period, lead to gravitationally induced decoherence. Such signatures require low GW
frequencies and very long baselines, as only then can the modulation become comparable
to the oscillation length. For the SGWB, the relevant effect is an additional averaging
over stochastic metric perturbations, which can further suppress oscillatory features
depending on the background amplitude and correlation properties.
In reference [3], we developed a simple, intuitive model based on deviations from the
static trajectory approximation to estimate these effects and compare them to standard
decoherence mechanisms such as wave packet separation and finite energy resolution.
We start from the standard expression for the flavor transition probability including a
generic decoherence term 𝒟𝑗𝑘 accounting for wave packet separation

𝑃̂𝑎𝑏(𝐸, 𝐿) = ∑
𝑗

|𝑈𝑎𝑗|2|𝑈𝑏𝑗|2 + 2 ∑
𝑗<𝑘

Re ⎛⎜
⎝

𝑈∗
𝑎𝑗𝑈𝑏𝑗𝑈𝑎𝑘𝑈∗

𝑏𝑘 exp ⎡⎢
⎣
−2𝜋𝑖

𝐿
𝐿osc

𝑗𝑘
− 𝒟𝑗𝑘(𝐸, 𝐿)⎤⎥

⎦
⎞⎟
⎠

.

(4.102)

A GW modifies the propagation distance 𝐿 by perturbing the neutrino geodesic. In the
ultrarelativistic limit, the effect can be written as

𝐿(𝑡) = 𝐿0 + 𝛥𝐿(𝑡) , (4.103)

where 𝛥𝐿(𝑡) encodes the GW induced variation of the production–detection separation
and depends on the GW strain ℎ, the frequency 𝑓 and propagation direction. Note, that
𝐿0 is the coordinate distance measured at a reference time 𝑡0, for details see reference [3].
For a monochromatic plane wave, 𝛥𝐿(𝑡) oscillates at the GW frequency 𝜔 and vanishes
in the flat spacetime limit and is given as

𝛥𝐿(𝑡) ≈ −
1
2 ∑

𝑟∈{+,×}
∫ d3 ⃗𝑘 𝜓𝑟( ⃗𝑘)

𝐴𝑟
∥(𝜑, 𝜃)

𝜔̃

× {sin(𝜔̃𝐿0) cos(𝜔𝑡 + 𝜙𝑟) + [cos(𝜔̃𝐿0) − 1] sin(𝜔𝑡 + 𝜙𝑟)} , (4.104)

where 𝜓𝑟 are real, positive momentum space wave packets and 𝜙𝑟 denote the phase
shifts of the corresponding modes. Further, the reduced GW frequency 𝜔̃ and projected
polarization tensors 𝐴𝑟

∥ are given as

𝜔̃ = 𝜔 (1 − cos (𝜃)) ,𝐴+
∥ (𝜑, 𝜃) = sin2 (𝜃) cos (2𝜑) , 𝐴×

∥ (𝜑, 𝜃) = sin2 (𝜃) sin (2𝜑) .
(4.105)

Since most oscillation experiments do not resolve individual production and detection
times, we again need to average the probability over the data-taking period 𝑇,

𝑃𝑎𝑏(𝐸, 𝐿0) =
1
𝑇

𝑇
∫
0

𝑃̂𝑎𝑏(𝐸, 𝐿0 + 𝛥𝐿(𝑡)) d𝑡 . (4.106)

This time averaging suppresses the oscillatory term whenever the GW period is shorter
than 𝑇, acting as an additional source of decoherence. This decoherence effect increases
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with strain and baseline, and becomes significant only for low GW frequencies. Further
details on the derivation of 𝛥𝐿(𝑡), including the solution of the perturbed geodesic
equation and the role of GW polarization, can be found in reference [3].
Having established how GWs perturb the neutrino path length 𝐿 and thereby modify
the oscillation probability through time averaging, we now turn to the question of
observability. Detecting such an effect in a real experiment requires a specific interplay
between oscillation dynamics, detector capabilities, and source properties. We identify
five general conditions:

1. Oscillation length comparability: The GW-induced modulation 𝛥𝐿 must be com-
parable to at least one neutrino oscillation length 𝐿osc

𝑗𝑘 ; otherwise, the time averaging
in equation (4.106) produces only a negligible change.

2. Dominance over wave packet decoherence: Loss of coherence due to wave packet
separation must occur at longer baselines (or lower energies) than the GW effect,
ensuring that the latter is not hidden.

3. Energy resolution: The energy bin width 𝛥𝐸 must be small enough such that
oscillations are not washed out by averaging within a bin.

4. Source localization: The spatial extent 𝛴P of the neutrino production region must
be much smaller than the oscillation length 𝐿osc

𝑗𝑘 .

5. Free separation: The physical distance between production and detection must be
modulated by the GW; rigid connections or mechanical forces suppress the effect.

Criteria 1. and 3. are in tension: oscillations must be fast enough for 𝛥𝐿 to vary signifi-
cantly over the run time, but not so fast that finite 𝛥𝐸 erases them. To quantify this, we
first consider the maximal GW induced change in baseline for a monochromatic plane
wave in the low frequency regime 𝜔̃ ≪ 𝐿−1

0 , equation (4.104) reduces to

max
𝜔𝑡∈[0,2𝜋)

|𝛥𝐿(𝑡)| =
ℎ𝐿0
2 , (4.107)

where ℎ is an effective strain depending on the GW polarization and relative orienta-
tion between the GW and neutrino path. We conservatively assume that a discernible
modulation requires

𝑟 =
max𝑡∈𝜏 |𝛥𝐿(𝑡)|

𝐿osc
𝑗𝑘

=
𝛥𝑚2

𝑗𝑘

4𝜋𝐸
ℎ𝐿0
2 , (4.108)

to reach at least 𝑟 ≈ 0.1, ensuring that the 𝜈𝑗–𝜈𝑘 interference term is significantly damped.
This sets a minimal baseline for a given neutrino energy 𝐸 and GW strain ℎ

𝐿min(𝐸) = 8𝜋𝑟
𝐸

ℎ𝛥𝑚2
𝑗𝑘

< 𝐿0 . (4.109)

At the same time, wave packet coherence demands 𝐿0 < 𝐿coh
𝑗𝑘 , with

𝐿coh
𝑗𝑘 =

4√2𝐸2

𝛥𝑚2
𝑗𝑘

𝜎𝑥 . (4.110)
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where 𝜎𝑥 is the wave packet width in position space. The observable range is therefore

8𝜋𝑟
𝐸

ℎ𝛥𝑚2
𝑗𝑘

< 𝐿0 <
4√2𝐸2

𝛥𝑚2
𝑗𝑘

𝜎𝑥 . (4.111)

Even with this baseline window, the detector must resolve the oscillations in energy. For
the (𝑗𝑘) channel this requires

𝛥𝐸 ≲
2

𝛥𝑚2
𝑗𝑘

𝐸2

𝐿0
. (4.112)

or, in terms of the relative energy resolution

𝛿𝐸 ∶= 𝛥𝐸/𝐸 ≲
𝐿osc

𝑗𝑘

2𝜋𝐿0
. (4.113)

Similarly, the source size 𝛴P must satisfy

𝛴P ≪ 𝐿osc
𝑗𝑘 , (4.114)

to avoid spatial averaging of the oscillations.
To detect GW induced modulations, the production–detection separation must respond
freely to spacetime distortions, analogous to the freely suspended mirrors in LIGO [85].
Astrophysical neutrino sources naturally satisfy this, since both the production region
and the detector are in free fall within their gravitational fields. Promising candidates
as such neutrino sources include the Sun, possible decays of DM particles bound in
gravitational wells inside celestial bodies, and distant compact objects such as pulsars,
blazars, or supernovae.
We can also combine criteria 1. and 3., which yields a link between the minimal detectable
strain ℎmin and the experimental energy resolution:

ℎmin = 2𝑟
𝐿osc

𝑗𝑘

𝐿0
= 4𝜋𝑟𝛿𝐸 . (4.115)

Even with optimistic values 𝛿𝐸thr ∼ 1 % and 𝑟 ≈ 0.1 [233], this gives

ℎmin ∼ 1.3 × 10−2 , (4.116)

many orders of magnitude above the ∼ 10−20 sensitivity of current laser interferom-
eters [234]. Achieving comparable sensitivity with neutrino oscillation experiments
would therefore require an energy resolution 𝛿𝐸 at the 10−18 % level, which is well be-
yond foreseeable capabilities [233]. Additional limitations arise if the GW coherence
time 𝑇GW is shorter than the experimental run time 𝑇exp, which will suppress the time-
averaged signal. Thus neutrino-based detection of coherent GWs appears feasible only
for extremely long-lived, monochromatic signals, such as those from Supermassive Black
Hole Binariess (SMBHB) [235] or Extreme Mass Ratio Inspirals (EMRI) [236], which
can persist for 𝒪 (10 yr) or more [237].
Taking all constraints into account, coherent GW detection via neutrino oscillations is
unlikely to compete with dedicated GW observatories. This conclusion is consistent
with the indications from the previous sections, where order-of-magnitude estimates
already suggested that the effect would be far below realistic detection thresholds. The
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detailed criteria and sensitivity estimates developed here make this conclusion even
more robust: they show quantitatively how the combined requirements on baseline,
coherence, resolution, and signal duration confine the parameter space to a regime far
beyond the reach of current or planned neutrino experiments.
In contrast to plane waves of well-defined astrophysical origin, the SGWB consists of an
ensemble of coherent GWs, expected to populate the nanohertz frequency range. The
recent evidence reported by pulsar timing array collaborations [238, 239] has triggered
increased interest in its possible implications, including potential effects on neutrino
oscillations [240, 241]. While the decoherence mechanism is qualitatively different from
the coherent case and may evade some of the limitations identified above, we do not
expect a significant influence on neutrino oscillations. Since the SGWB merely represents
an ensemble of such GWs, it appears unlikely that the sensitivity would be substantially
higher so as to render the effect observable. Nevertheless, earlier studies have explored
this connection mainly at a qualitative level, highlighting the interplay between SGWB-
induced decoherence and other damping mechanisms with promising results. Here,
we follow a more quantitative route and subject the scenarios in reference [241] to a
sophisticated analysis.
To this end, we define the decoherence term introduced in equation (4.102) by including
both the standard wave packet separation and an additional contribution originating
from the SGWB,

𝒟𝑗𝑘(𝐸, 𝐿0) = ⎛⎜⎜
⎝

𝐿0

𝐿coh
𝑗𝑘

⎞⎟⎟
⎠

2

+ 𝛤SGWB
𝑗𝑘 (𝐸) . (4.117)

This modification rests on the same physical idea as before—namely, that gravitational
perturbations alter the coherence properties of propagating neutrinos—but is formulated
within the density matrix approach, see e.g. reference [240]. Since we have shown that
averaging over the running time of a typical neutrino experiment yields negligible
impact, we now focus exclusively on the stochastic perturbations introduced by the
SGWB through which the system propagates.
The SGWB-induced damping factor is given by [241]

𝛤SGWB
𝑗𝑘 (𝐸, 𝐿0) = ⎛⎜

⎝

3𝐻0
8𝜋𝐿osc

𝑗𝑘

⎞⎟
⎠

2 𝑓max

∫
𝑓min

d𝑓
𝑓 5 sin2(𝜋𝑓 𝐿0)𝛺GW(𝑓 ) , (4.118)

where 𝛺GW(𝑓 ) denotes the fractional GW energy density, 𝐻0 the Hubble constant today,
and 𝑓min and 𝑓max the boundaries of the GW spectrum. The latter is typically modeled in
terms of the characteristic strain ℎc(𝑓 ), parametrized by a power-law form,

ℎc(𝑓 ) = 𝐴∗ ⎛⎜
⎝

𝑓
𝑓yr

⎞⎟
⎠

3−𝛾
2

, (4.119)

with 𝑓yr = 1 yr−1 ≈ 31.7 nHz as reference frequency, spectral index 𝛾, and amplitude 𝐴∗.
This leads to the energy density spectrum

𝛺GW(𝑓 ) =
2𝜋2

3𝐻2
0

𝑓 2
yr|𝐴∗|2 ⎛⎜

⎝
𝑓

𝑓yr
⎞⎟
⎠

1−𝛾
. (4.120)

Since the UV part of the spectrum is strongly suppressed, we may safely take the upper
limit 𝑓max → ∞ as in reference [241]. Under this assumption, the SGWB contribution
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Table 4.1: Values for the oscillation length 𝐿osc
𝑗𝑘 for different neutrino energies 𝐸

and mass splitting of 𝛥𝑚2
𝑗𝑘 ∼ 10−3 eV2.

𝐸 𝐿osc
𝑗𝑘 / km

keV 2.4 × 10−3

MeV 2.4
GeV 2.4 × 103

TeV 2.4 × 106

PeV 2.4 × 109

EeV 2.4 × 1012

simplifies to

𝛤SGWB
𝑗𝑘 =

3
64

⎛⎜
⎝

|𝐴∗|
𝑓yr𝐿osc

𝑗𝑘

⎞⎟
⎠

2
⎛⎜
⎝

𝑓min
𝑓yr

⎞⎟
⎠

1−𝛾
(

1
(𝛾 − 1) − Re (𝐸𝛾(2𝜋𝑖𝑓min𝐿0))) , (4.121)

with 𝐸𝛾(𝑧) being the exponential integral of order 𝛾. In total, this description introduces
three free parameters: the lower cutoff frequency 𝑓min, the spectral ampltiude 𝐴∗, and
the index 𝛾.
In order to identify promising environments for probing the impact of the SGWB on
neutrino oscillations, we now turn to possible neutrino sources ranging from terrestrial
experiments to astrophysical emitters. The general criteria 2. to 5. remain applicable in
this case, while criterion 1., formulated for coherent GW signals, is no longer valid in the
stochastic case.
Starting with long-baseline experiments, we find that criterion 5. is not satisfied, which
excludes sensitivity to SGWB-induced decoherence. The same conclusion holds for
atmospheric neutrinos. Solar neutrinos, produced in the ∼ 100 keV–MeV range, are also
unsuitable: the production region would need to be localized on meter–kilometer scales
to avoid averaging effects, see table 4.1, far below the size of the solar core. Hypothetical
neutrinos originating from DM decays within gravitational wells are likewise unpromis-
ing, as no such signals have been observed. Astrophysical sources beyond the solar
system appear more promising at first sight. Supernovae [242] are intense emitters of
MeV neutrinos [243], but the localization requirement again proves prohibitive, since
the source region would need to be known at the kilometer scale. Blazars, i.e., active
galactic nuclei with jets pointing towards the Earth, could in principle emit neutrinos up
to the EeV scale [244, 245]. At such high energies, the production region could extend to
∼ 1014 km without fully averaging out the oscillation signal. However, the expected flux
is far too low for statistical significance [246].
Therefore, the most promising candidates that remain are Galactic pulsars [247–257]
such as Vela, Crab or Cas A [258–260], which are expected to produce comparatively
high neutrino fluxes of order 30 km−2 yr−1. For future telescopes with effective areas
of ∼ 100 km2 and data-taking periods of ∼ 20 years, event counts of 𝑁 ∼ 104 may be
achievable. Neutrinos are likely generated in the pulsar magnetosphere or the surround-
ing wind nebula, where protons are accelerated and interact with ambient photons or
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Figure 4.5: Energy–baseline parameter space for potential astrophysical neutrino
sources and a toy source from reference [241]. Shaded regions indicate typical
ranges for supernovae, pulsars and blazars. The blue line shows the coherence
length 𝐿coh, while the green and red curves represent different energy resolutions.
Regions above the lines are subject to decoherence or energy smearing, indicating
that no realistic astrophysical sources lie in a regime where such effects could be
avoided.

baryons to produce pions, and hence, neutrinos [247–257, 261, 262]. With predicted
energies in the range 𝐸 ∼ 100 TeV–2 PeV [256], the oscillation lengths are larger than the
estimated source size, cf. table 4.1. Even if the production region is not much smaller
than 𝐿osc

𝑗𝑘 , partial averaging would merely induce additional damping, without fully
erasing the oscillation signal. Pulsars thus emerge as the most plausible sources for a
phenomenological analysis.
A compact overview of this discussion is shown in figure 4.5: shaded bands indicate
the characteristic energy–baseline ranges of the source classes, i.e., supernovae, blazars
and pulsars. The blue curve shows the coherence length 𝐿coh (here for 𝜎𝑥 = 1 nm), so
configurations above this line tend to lose wave packet coherence before reaching the
detector. The green curve marks the energy-averaging threshold for a nominal resolu-
tion of 𝛥𝐸/𝐸 = 10−8, i.e., combinations above this line are additionally suppressed by
energy smearing. The red line illustrates an energy resolution of 𝛥𝐸/𝐸 = 10−3 at 100 PeV.
Source regions that lie below both curves at their relevant energies remain viable for
observing oscillatory structure; those that sit predominantly above one (or both) curves
are effectively washed out. To quantify the sensitivity to SGWB effects, we perform an
analysis following the scenarios of reference [241]. We model an idealized experimental
setup in which neutrino events are binned in energy and originate from a source at
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distance 𝐿0. The event distribution for a flavor 𝑏 is then predicted as

𝜌𝑏(𝐸) = ∑
𝑎

𝜑𝑎(𝐸)𝑃𝑎𝑏(𝐸, 𝐿0) , (4.122)

with 𝜑𝑎 the source spectrum and 𝑃𝑎𝑏 the oscillation probability. We adopt a power-law
spectrum 𝜑 ∝ 𝐸−2. For the statistical treatment we employ a Poisson likelihood,

ℒ(𝐴∗, 𝛾, 𝑓min | ⃗𝑛) =
𝑛𝑓

∏
𝑏=1

𝑛
∏
𝑖=1

Pois(𝑛𝑖𝑏, 𝜂𝑖𝑏(𝐴∗, 𝛾, 𝑓min)) , (4.123)

where 𝜂𝑖𝑏 is the predicted event number in bin 𝑖, flavor 𝑏 and 𝑛𝑖𝑏 is the observed count.
The toy datasets are generated under the null hypothesis 𝛤SGWB

𝑗𝑘 = 0, i.e., flat spacetime.
The likelihood ratio tests are then performed in the (𝐴∗, 𝛾) and (𝐴∗, 𝑓min) parameter
planes for fixed values of 𝑓min or 𝛾, respectively. With the negative logarithmic likelihood
ratio

𝛬( ⃗𝑛)|𝑓min=𝑓 fix
min

= −2 ln ⎛⎜⎜
⎝

ℒ(𝐴∗0, 𝛾0, 𝑓 fix
min)

sup(𝐴∗,𝛾)∈ℝ2 (ℒ(𝐴∗, 𝛾, 𝑓 fix
min))

⎞⎟⎟
⎠

, (4.124)

𝛬( ⃗𝑛)|𝛾=3 = −2 ln ⎛⎜⎜
⎝

ℒ(𝐴∗0, 3, 𝑓min,0)
sup(𝐴∗,𝑓min)∈ℝ2 (ℒ(𝐴∗, 3, 𝑓min))

⎞⎟⎟
⎠

, (4.125)

on a grid in a region of our parameter space, where (𝐴∗0, 𝛾0) and (𝐴∗0, 𝑓min,0) denote
the corresponding grid points, respectively. We now turn to the specific pulsar scenario
from reference [241], assuming neutrinos with 𝐸 ∈ [1, 100] PeV emitted at a distance
𝐿0 ∼ 50 ly. With an energy resolution 𝛿𝐸/𝐸 ∼ 0.1 % at 100 PeV, this choice avoids the
unrealistic sub-10−6 % resolution that would be required for known pulsars such as
Vela, see figure 4.5. Nevertheless, there is no known pulsar with this configuration. We
assume 𝑁 ≃ 2 × 104 events and a flat 𝐸−2 spectrum, corresponding to an optimistic
upper bound on the event rate. While astrophysical observations typically suggest softer
spectra, e.g. 𝐸−3.2 for NGC1068 [263] or 𝐸−2.53 for the diffuse flux [264], we maintain
the flat spectrum to maximize statistics at the highest energies. For simplicity, we further
assume a pure 𝜈𝑒 flux and include wave packet decoherence with 𝜎𝑥 ∼ 1 nm.
The resulting exclusion regions in the 𝛾–𝐴∗ plane are displayed in figure 4.6, alongside the
NANOGrav 15-year 68 % (95 %) credible region results in dark (light) green [238]. Our
contours qualitatively reproduce the behavior of reference [241], but are quantitatively
weaker since we refrain from expanding 𝛤SGWB

𝑗𝑘 in the 𝐿0 ≫ 1/𝑓min limit, which does
not apply to the present configuration. The full expression reveals a strong cancellation
between terms, effectively erasing sensitivity to the SGWB. Even in this optimistic setup,
deviations from standard oscillations do not exceed ∼ 1.5 𝜎 , far below significance.
Moreover, the parameter regions excluded in our analysis are already ruled out by CMB
bounds on 𝛺GW, see e.g. reference [265].
For completeness, we also show exclusion limits in the 𝑓min–ℎ𝑐 plane for a flat spectrum
(𝛾 = 3) in figure 4.7. The limits are of order 𝒪(0.1), comparable to those obtained
for coherent GW signals, and remain many orders of magnitude less stringent than
current astrophysical and cosmological constraints. Finally, we note that for much
larger cutoff frequencies, 𝑓min ∼ 10−12–10−9 Hz, one would require MeV neutrinos, e.g.
from supernovae. However, in this case decoherence due to wave packet separation
has already occurred, and no SGWB signature could be expected unless coherence is
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Figure 4.6: Dark (light) green: 68 % (95 %) credible regions of the NANOGrav
15-year result [238]. The lines show 68 % CL limits on the GW amplitude 𝐴∗
and spectral index 𝛾 for 𝑓min ∈ {10−18, 10−17, 10−16, 10−15}. For each line we also
indicate 𝛺GW/𝛺NG at the NANOGrav best-fit amplitude, corresponding to 𝛾 ∈
{5, 5, 6, 6} from left to right.
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Figure 4.7: The blue line correspond to the limits at 68 % CL on the GW strain ℎ𝑐 and
the minimal frequency 𝑓min for a flat spectrum, i.e., 𝛾 = 3. Parameter configurations
above this line are excluded if the effect of the SGWB is not observed in neutrino
oscillation experiments at baselines 𝐿0 ∼ 50 lyr, energies 𝐸 ∈ [1 PeV, 100 PeV], bin
widths 𝛥𝐸 ≲ 0.1PeV and neutrino wave packet widths 𝜎𝑥 ∼ 1 nm.
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somehow restored, e.g. via matter effects [266]. Even if such mechanisms operated, the
required energy resolution would be unrealistically stringent, and uncertainties in the
source distance would further diminish prospects.
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4.6 Summary and Discussion

In this chapter, we have investigated the impact of curved spacetime on neutrino oscilla-
tions from complementary perspectives. Our analysis combined a general theoretical
framework with concrete applications: on the one hand, we extend the Lorentz-covariant
internal wave packet formalism known from flat spacetime to arbitrary weakly curved
spacetimes, yielding a master expression for the oscillation amplitude. On the other
hand, we have applied this formalism in a simplified form to specific time-dependent
geometries sourced by GWs. Moreover, we reasses the effect of the SGWB on neutrino
oscillations.
The two approaches converge on a common conclusion: under realistic circumstances,
classical gravitational effects on neutrino oscillations are exceedingly small. For ter-
restrial experiments in the weak-field limit, the formal influence of gravity reduces
to a parallel transport of the neutrino momentum and an apparent correction to the
coherence length. However, these terms do not lead to any observable change in the
oscillation probability, rendering the prediction effectively indistinguishable from the
flat spacetime case. For astrophysical baselines, although gravitational curvature could
in principle influence the decoherence limit, the weak-field approximation ensures that
mass eigenstates remain on nearly coincident geodesics. Only in extreme environments,
such as trajectories intersecting compact objects of microscopic scale, could curvature
effects significantly alter coherence. Such situations, however, are not expected to play a
role for the vast majority of neutrinos reaching Earth.
The case of GWs highlights these limitations even more clearly. Because the observable
effect of a GW is constrained by the experimental energy resolution, the minimal strain
accessible to neutrino oscillation experiments is bounded from below at the level of
today’s percent-level resolution. This translates into sensitivity requirements of strains
ℎ ∼ 𝒪 (10−2). In turn this means for realistic strains that the required sensitivity is
many orders of magnitude beyond current capabilities and not competitive with laser
interferometry or pulsar timing techniques. Even highly idealized scenarios involving
extreme astrophysical neutrino sources confirm that the required event statistics, energy
spectra, and resolutions cannot be realized in practice.
Taken together, these results demonstrate that standard general-relativistic effects on
neutrino oscillations are, for all practical purposes, unobservable. This conclusion has
two important implications. First, it provides a robust theoretical benchmark: future
oscillation experiments can safely neglect classical spacetime curvature in the inter-
pretation of their data, except in highly contrived scenarios. Second, it sharpens the
perspective for searches beyond the standard paradigm. If any deviation from the ex-
pected oscillation pattern is to be detected, our analysis makes clear that it cannot be
attributed to ordinary gravitational backgrounds. Instead, such a signal is a compelling
indication of new physics, such as QG-induced decoherence mechanism or interactions
with exotic dark-sector fields.
This perspective naturally sets the stage for the following chapter, where we turn to
precisely such possibilities. By applying the theory of open quantum systems, we will
investigate how QG fluctuations or spacetime foam could leave imprints on the decoher-
ence limit of neutrino osillations. In this sense, the negligible role of classical gravity
strengthens the case for neutrinos as sensitive messengers of traces of gravity: any observ-
able effect in oscillation data would not arise from standard curvature effects, but rather
from subtle quantum features of spacetime itself.
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Chapter5
Tracing Quantum Gravity with Neutrinos

Through this thesis, we search for traces of gravity: subtle imprints of gravitational phe-
nomena across vastly different energy regimes. While gravity is notoriously hard to
probe at the quantum level, some of its signatures may be hidden in systems we can ob-
serve. This chapter focuses on the potential to detect such effects in neutrino oscillations
occurring over astrophysical and atmospheric distances.
Here, the focus lies on QG-induced effects in neutrino oscillations. Neutrinos are uniquely
suited as probes due to their long, mostly unperturbed propagation paths, which make
them sensitive to even tiny deviations from oscillation probabilities given in standard
QFTs. These properties make them an excellent candidate for investigating even weak
QG effects. Our approach follows a bottom-up approach: rather than deriving predic-
tions from a specific QG theory, we formulate an effective, low-energy description of
how QG might influence an otherwise well-understood quantum system. One natural
framework for this is that of open quantum systems [267, 268], where the quantum DOFs,
in this case neutrinos, interact with an unobserved environment, here associated with
the QG sector. Such interactions can lead to decoherence, i.e., a loss of coherence and
entanglement, which could in principle result in measurable modifications to neutrino
oscillation patterns.
A central theoretical motivation for QG-induced decoherence comes from the so-called
no-hair theorem [125, 269, 270]. This principle states that black holes, as solutions of
classical GR, can be completely characterized by just three conserved quantities: mass,
electric charge, and angular momentum. All other information, such as the flavor of in-
falling particles, is effectively lost behind the event horizon. If this concept is extended to
QG and it is treated as an environment interacting with the quantum system, it suggests
that flavor information of neutrinos may likewise be lost through such interactions. This
loss of information underpins the idea of QG-induced flavor decoherence [271–275].
Within this framework, only conserved gauge quantum numbers are protected from
decoherence. As a result, transition to new, electrically neutral states, so-called dark
fermions, become possible. These could represent DM candidates, such as sterile neu-
trinos [276, 277], WIMPs [276, 278], feebly interacting massive particles [279, 280], or
others [281]. Over long distances, flavor information becomes increasingly diluted,
and the transition probabilities between standard neutrino flavors and dark fermions
approach equal values. This means that any initially pure neutrino system will inevitably
develop a dark fermion component over time. One observable consequence is the modi-
fication to the flavor composition, and thus the expected oscillation pattern.
In our analysis, we focus on atmospheric rather than astrophysical neutrinos. While we
expect enhanced effects at higher energies and longer propagation baselines, the low
statistics of astrophysical neutrinos and poorly known production mechanisms limit their
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constraining power, see subsection 2.2.3 for more details. Currently, the strongest bounds
on decoherence parameters stem from the IceCube Collaboration, using high-energy
atmospheric neutrinos [282]. Further improvements are expected from KM3NeT [197],
an underwater neutrino telescope under construction in the Mediterranean Sea. It con-
sists of two components: ORCA [283], designed to detect neutrinos above ≈ 1 GeV
and benefit from matter effects to enhance sensitivity, and ARCA [284], which targets
high-energy neutrinos in the TeV–PeV regime and beyond. Together, they will provide
comprehensive coverage across different energy scales.
IceCube has released an extensive public dataset [285], which we use to estimate the
potential sensitivity of the detector to the model under consideration. Beyond that, we
perform a data-driven analysis to set experimental bounds on the model parameters.
In doing so, we extend existing IceCube studies by allowing for a variable number of
dark fermions. In section 5.1, we introduce the theoretical framework of open quantum
systems and explain how it is employed in this work to develop a phenomenological
description of QG-induced decoherence in the neutrino sector. Section 5.2 presents
the details of our analysis along with the corresponding results, highlighting both the
expected sensitivity of (future) neutrino telescopes to the decoherence parameters and
the current limits derived from IceCube data. Finally, section 5.3 provides a summary
and places the findings into the broader context of this thesis.

5.1 Imprints of Gravity: Decoherence Effects in the Neutrino Sector

To model potential QG-induced modifications of neutrino oscillations, we adopt the
formalism of open quantum systems [274, 286]. This framework allows us to describe
the influence of an unknown quantum environment on an otherwise well-understood
quantum system, without assuming a specific microscopic theory of QG. The essential
idea is to treat the QG DOFs as an unobserved environment and to track their effective
impact on the system by introducing non-unitary terms in the evolution equations [274,
286]. The most prominent effect is the occurrence of decoherence. For a general overview
of decoherence, see references [287, 288].
Open quantum systems are naturally described by a density operator 𝜌, which encodes
statistical mixtures and loss of purity due to interactions with the environment. In
our setup, the system consists of standard neutrino flavor states, extended by possible
additonal fermionic DOFs, referred to as dark fermions. They share the same unbroken
gauge quantum numbers, such as electric and color charge and their masses must remain
within the kinematically accessible range, but are otherwise unconstrained.
This is motivated by the no-hair theorem, which asserts only its mass and charges
like electric charge and angular momentum are preserved for black hole solutions. By
analogy, we assume that QG interactions violate all other global quantum numbers, such
as lepton flavor, potentially leading to irreversible flavor decoherence and mixing with
dark fermions. As a result, a pure initial neutrino state may evolve into a mixed state
involving both standard and dark components.
Such a scenario could alter the expected oscillation pattern and be detectable in neutrino
telescopes. In particular, the probability distribution among flavors would flatten over
long baselines, with transitions to dark states washing out coherence. These effects are
expected to be enhanced at higher energies and over long propagation distances, making
long-baseline experiments especially sensitive probes. In the remainder of this section,
we develop the theoretical framework underlying this decoherence scenario.
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We assume Markovian time evolution, meaning that the dynamics of the system are
entirely determined by its current state, without memory effects from the past. Under
this assumption, the time evolution of a general open quantum system is governed by
the Lindblad master equation:

̇𝜌S = −𝑖 [𝐻S, 𝜌S] + 𝐷 [𝜌S] . (5.1)

The first term on the right-hand side is the usual von Neumann equation, describing the
unitary evolution of the system’s density matrix 𝜌S under the system Hamiltonian 𝐻S.
The second term represents the non-unitary contribution from the interaction with the
environment. Here, the dissipator 𝐷 [𝜌S] encodes the influence of the environmental
DOFs on the system and is therefore responsible for decoherence.
We consider ultra-relativistic neutrinos propagating through the Earth. As described in
subsection 2.2.2, the Hamiltonian in this case takes a form analogous to equation (2.62)

𝐻 = 𝐻0 + 𝐻Matter , with 𝐻0 =
𝛥𝑀2

2𝐸 , and 𝐻Matter = 𝑈†𝑉𝑈 . (5.2)

However, this equation must be generalized, since we do not necessarily assume the
number of neutrino flavors to be 𝑛f = 3, but rather allow for 𝑛f ≥ 3, since we also include
dark fermions that share the same unbroken gauge quantum numbers. As a consequence,
the squared mass mixing matrix is extended to 𝛥𝑀2 = diag (0, 𝛥𝑚2

21, 𝛥𝑚2
31, … , 𝛥𝑚2

𝑛f1)
with 𝛥𝑚2

𝑖𝑗 = 𝑚2
𝑖 − 𝑚2

𝑗 .
By choosing this form of the Hamiltonian, we implictly assume that the dark fermions are
also ultra-relativistic at the energy scales relevant for atmospheric neutrinos. Moreover,
since we assume that QG conserves the four-momentum, the center-of-mass energy of
the system remains unchanged as well. This conservation of energy, together with the
fact that the neutrino energy is defined with an uncertainty 𝛥𝐸 ∼ 1/𝛥𝑡 (arising from the
finite spatial extension of the wave packet), implies that a neutrino can only mix with
other states whose masses lie within this energy uncertainty range. Consequently, the
masses of the dark fermions must be of the same order of magnitude as those of the
active neutrino generations.
Note, that the previous considerations hold only if QG indeed preserves energy and
momentum. If this assumption fails, heavy mass states could in principle be produced.
In such a case, the Hamiltonian would take the modified form

⟨𝜓𝑗|𝐻0|𝜓𝑗⟩ = √ ⃗𝑝2 + 𝑚2
𝜓𝑗

+ 𝛿𝐸QG , (5.3)

where additional particle states |𝜓𝑗⟩ with larger masses contribute. Their energy eigen-
values are then shifted by a QG correction term 𝛿𝐸QG, which may originate from Lorentz
violation or other non-standard dispersion effects.
However, in this work, we are only interested in flavor oscillations among active neutri-
nos. Assuming that the dark-sector states couple only weakly to the active neutrinos,
the Lindblad equation (5.1) ensures that the active-to-active transition rates remain
unaffected by the specific structure of the Hamiltonian components associated with
the dark sector. Under this assumption, we may consistently adopt the Hamiltonian
form given in equation (5.2), even if four-momentum conservation is violated at the
fundamental level.
The matter potential in this context differs slightly from the case discussed in subsec-
tion 2.2.2. It now takes the form

𝑉 = diag (𝑉CC + 𝑉NC, 𝑉NC, 𝑉NC, 0, … , 0) . (5.4)
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Here, 𝑉CC affects only electron neutrinos, as explained in subsection 2.2.2, while 𝑉NC con-
tributes equally to all neutrino flavors. The dark-sector states, in contrast, do not couple
to ordinary matter, and therefore, do not experience a matter potential. A transformation
to the mass basis 𝑉Mass is analogously performed via

𝑈 = 𝑈PMNS ⊗ 𝟙(𝑛𝑓 −3)×(𝑛𝑓 −3) , (5.5)

where 𝑈PMNS denotes the PMNS matrix introduced in equation (2.24). The dark sector is
not rotated by this transformation, as we assume only a small mixing between active and
dark states. However, this framework remains valid even in the presence of significant
active–dark mixing. In that case, the mixing matrix 𝑈 would no longer be block-diagonal.
Nevertheless, the matter potential acts exclusively within the active subspace.
The dissipator introduced in equation (5.1) can be split into two contributions:

𝐷 [𝜌S] = 𝐷Matter [𝜌S] + 𝐷QG[𝜌S] . (5.6)

The term 𝐷Matter encodes known dissipative effects due to scattering with ordinary
matter, such as incoherent 𝜈𝜏 regeneration and energy loss through inelastic interactions.
These effects are well studied and described in the literature [289, 290]. In contrast, 𝐷QG
captures decoherence effects induced by QG. It can be expressed in the form [291]

𝐷QG [𝜌S] =
𝑛2

𝑓 −1

∑
𝑖,𝑗=0

𝒟 𝑖
QG𝑗𝜌𝑗𝜆𝑖 with 𝒟QG = diag (0, 𝛤, … , 𝛤) , (5.7)

where 𝛤 is a phenomenological parameter encoding the decoherence rate induced by
QG. Here, the density matrix 𝜌S is expanded in terms of the SU (𝑛𝑓 ) generators 𝜆𝑖 with
coefficients

𝜌S = ∑
𝑖

𝜌𝑖𝜆𝑖 . (5.8)

This choice of basis provides a systematic and complete parametrization of states and
dissipative processes in an 𝑛𝑓 -dimensional Hilbert space. The trace-preserving property
Tr [𝜌S] = 1 ensures that the identity component is left invariant, while all other com-
ponents are exponentially damped by the decoherence parameters 𝛾𝑖. This damping
suppresses coherent flavor oscillations and gradually drives the system toward a maxi-
mally mixed state, without inducing net particle loss or creation.
Many QG models suggest, see e.g., references [292, 293], that decoherence arises be-
cause the environment selects preferred basis states, causing superpositions to decohere.
Since the full theory of QG is not yet known, we cannot predict the exact structure of
the damping parameter 𝛤 . Nevertheless, we can model them phenomenologically by
parametrizing their energy dependence as [275, 294, 295]

𝛤(𝐸𝜈) = 𝛾0 (
𝐸𝜈
𝐸0

)
𝑛

. (5.9)

Here, 𝐸0 denotes a reference energy, which we set to 1 TeV in accordance with the energy
peak of the neutrino flux observed by the IceCube experiment. The parameter 𝛾0 sets the
decoherence strength at this reference scale, and 𝑛 characterizes the energy dependence
of the decoherence rate.
Positive values of 𝑛 are motivated by the expectation that QG effects become more
significant at shorter wavelengths, i.e., higher energies. When neutrino wavelengths
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Figure 5.1: Oscillation probability for the channel 𝜈𝜇 → 𝜈𝜇 assuming a baseline
of 𝐿 = 14.4 MPc, corresponding to the distance to NGC1068, a wave packet width
of 𝜎𝑥 = 10−9 m, a QG parameter of 𝛾0 = 10−35 eV, and a fermion number of
𝑛𝑓 = 5. The quadratic decoherence model (𝑛 = 2) is applied. Mass-squared
differences and mixing parameters are taken from reference [298], rounded to the
first significant digit not affected by experimental uncertainties.

approach the Planck scale, these effects can no longer be neglected, and the decoherence
becomes appreciable. However, there are also theoretical scenarios in which the damping
is stronger at lower energies and vanishes at high energies. Such behavior may arise
in models featuring UV/IR mixing or in non-local theories of gravity, where short-
and long-distance physics become intertwined [296]. In such scenarios, low-energy
phenomena can be sensitive to Planck-scale effects, leading to enhanced decoherence at
small energies.
According to reference [297], the probability for neutrino oscillation in vacuum in the
presence of a dissipator of the form given in equation (5.7), and assuming a baseline 𝐿
and a decoherence rate 𝛤 , takes the form

𝑃(𝜈𝛼 → 𝜈𝛽) =
1
𝑛𝑓

(1 − exp (−𝛤(𝐸𝜈)𝐿)) + ⎛⎜
⎝

3
∑
𝑘=1

|𝑈𝛼𝑘|2|𝑈𝛽𝑘|2⎞⎟
⎠

exp (−𝛤(𝐸𝜈)𝐿)

+ 2
3

∑
𝑗>𝑖=1

Re [𝑈∗
𝛼𝑗𝑈𝛼𝑖𝑈𝛽𝑗𝑈∗

𝛽𝑖] exp ⎛⎜⎜
⎝

−𝛤(𝐸𝜈)𝐿 − ⎛⎜⎜
⎝

𝐿
𝐿coh

𝑖𝑗

⎞⎟⎟
⎠

2
⎞⎟⎟
⎠

cos ⎛⎜⎜
⎝

𝛥𝑚2
𝑖𝑗𝐿

2𝐸𝜈

⎞⎟⎟
⎠

− 2
3

∑
𝑗>𝑖=1

Im [𝑈∗
𝛼𝑗𝑈𝛼𝑖𝑈𝛽𝑗𝑈∗

𝛽𝑖] exp ⎛⎜⎜
⎝

−𝛤(𝐸𝜈)𝐿 − ⎛⎜⎜
⎝

𝐿
𝐿coh

𝑖𝑗

⎞⎟⎟
⎠

2
⎞⎟⎟
⎠

sin ⎛⎜⎜
⎝

𝛥𝑚2
𝑖𝑗𝐿

2𝐸𝜈

⎞⎟⎟
⎠

.

(5.10)

Figure 5.1 shows the vacuum oscillation probability from equation (5.10) for a baseline
of 𝐿 = 14.4 MPc, providing a schematic illustration of the qualitative behavior of neutrino
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oscillations in the presence of quantum decoherence. At low energies, the differences in
group velocity between the mass eigenstates are so large that wave packet separation
leads to complete decoherence, suppressing oscillations. At very high energies, oscil-
lations are also suppressed, but this time due to 𝑄𝐺 effects, leading to an asymptotic
flavor distribution of 1/𝑛𝑓 , as previously discussed. In the intermediate regime, coherent
oscillations can still occur. Provided that neutrino telescopes achieve sufficiently high
energy resolution, i.e.,

𝛥𝐸𝜈
𝐸𝜈

≲
2𝐸𝜈

𝛥𝑚2𝐿
, (5.11)

these oscillatory features could, in principle, be observable.
In cases where 𝑛 ≠ 0, it is useful to introduce the coherence energy 𝐸QG,

𝛤(𝐸QG)𝐿 != 1 ⇔ 𝐸QG = 𝐸0 (
1

𝛾0𝐿)
1
𝑛

, (5.12)

which marks the energy scale at which decoherence effects become significant and
begin to damp oscillations noticeably. Since the decoherence factor enters the oscillation
probability as an exponential exp (𝛤𝐿), the impact of QG grows rapidly with increasing
baseline. This makes astrophysical neutrinos the most promising probe for such effects.
However, as discussed in section 2.2, wave packet decoherence becomes relevant at
astrophysical distances as well. Therefore, the full oscillation probability must include
an additional exponential damping term governed by the coherence length. In contrast,
for atmospheric neutrinos, this term is negligible due to the much shorter travel distances,
and will hence be neglected in the corresponding part of our analysis.
To summarize, our discussion makes clear that astrophysical neutrinos would in principle
offer the most sensitive probe for QG decoherence. However, due to the currently limited
statistics in the astrophysical channel, atmospheric neutrinos remain the most practicle
and statistically robust source of data for such searches at present.

5.2 Sensitivity and Constraints on the Decoherence Parameter

In this section, we investigate the sensitivity of the IceCube Neutrino Observatory to
QG-induced decoherence effects in the presence of new fermionic particles. In addition,
we derive current experimental constraints on the corresponding QG parameters. The
sensitivity analysis is based on a publicly available Monte Carlo (MC) simulation sample
used in reference [209] and includes all systematic effects discussed in reference [209]
and references therein. To obtain the current experimental limits, we make use of the
measured IceCube data from reference [209]. We begin in subsection 5.2.1 by describing
the detail of the MC sample and the construction of the theoretical model predictions.
In subsection 5.2.2, we then explain the statistical methodology in detail. The resulting
sensitivity estimates and experimental limits are presented in subsection 5.2.3. Finally,
subsection 5.2.4 discusses possible future analyses and the achievable sensitivities.

5.2.1 Flux Propagation and Detector Response Modeling

In this analysis, we focus on high-energy atmospheric neutrinos as a probe for the
decoherence models introduced in section 5.1. At these energies, neutrino propagation
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Figure 5.2: Fluxes (upper) and their ratio (lower) between the atmospheric 𝜈𝜇
fluxes predicted by MCEq and nuflux for the H3a+SIBYLL23C model combination
for 𝜃 = 90∘. In dashed gray we also mark the energy range relevant for this analysis.

through the Earth is dominated by incoherent interactions with the Earth’s matter,
leading to neutrino absorption [299], energy loss and, in the case of tau neutrinos,
regeneration effects [300, 301]. For details on the underlying theory see subsection 2.2.2.
To account for these effects in the sensitivity analysis, we use the publicly available
software NuSQuIDS [73], which we extend to include an additional decoherence term
from equation (5.7) to model potential interactions with dark fermionic states. As input
fluxes, we use conventional atmospheric neutrino fluxes computed with MCEq [302] based
on the H3a primary cosmic ray model [303] in combination with the SIBYLL23C hadronic
interaction model [304]. This choice replaces the previously employed flux predictions
from the nuflux package [305], which were used in our earlier analysis [4]. As shown in
figure 5.2, the nuflux-based fluxes exhibit significant deviations from the MCEq prediction
in the PeV range. While the differences in the energy region relevant for our analysis are
more moderate, they are still non-negligible and can impact the interpretation of potential
decoherence effects. To ensure consistency and reliability of the theoretical input, we
therefore use the MCEq-based fluxes in the following. The astrophysical contribution is
described by an unbroken power-law spectrum with a spectral index of −2.5 [306]. The
propagation of these fluxes is performed for varying numbers of additional fermionic
species 𝑛𝑓 and across different decoherence scenarios where we assume different energy
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powerlaw dependencies 𝑛. To incorporate the dependence on the QG parameter 𝛾0,
fluxes are computed for several values of 𝛾0 and then interpolated accordingly.
To translate the resulting fluxes into observable events in the IceCube detector, we rely
on the publicly released MEOWS MC sample [285], which provides the necessary tools
for connecting flux predictions to detected events, following the procedure described
in reference [209]. This MC sample corresponds to a total livetime of 𝑇 = 7.6 years
and contains 24 902 627 unweighted track-like events, i.e., 𝜈𝜇 and ̄𝜈𝜇, and provides both
true and reconstructed values of the energy and the cosine of the zenith angle 𝜃zenith.
The reconstruction achieves an energy resolution of 𝜎log10(𝐸𝜈𝜇

) ∼ 0.3, and an angular
resolution 𝜎cos 𝜃zenith

ranging from 0.005 to 0.015, depending on the energy [307]. The
effect of decoherence is incorporated by reweighting the MC events with the expected
fluxes computed using NuSQuIDS. Additionally, systematic uncertainties from both the
detector and the input fluxes are accounted for through a set of nuisance parameters ⃗𝜂.
These parameters rescale the MC weights and are treated following the approach outlined
in references [209, 307]. Table 5.1 provides an overview of all considered nuisance
parameters, including their nominal values, uncertainties, and applied constraints. The
Icecube dataset employed here to determine the experimental constraints on the QG
parameters includes 305 735 only track-like events and is taken from reference [307].

5.2.2 Statistical Methodology

To evaluate the sensitivity of IceCube to decoherence effects induced by QG, as well as
to derive exclusion limits based on observed data, we adopt a likelihood-based statistical
framework. This approach allows for a consistent treatment of both MC fluctuations
and systematic uncertainties. The core of the method is a likelihood ratio test based on
the binned event counts. The expected event distribution is derived from reweighted
MC simulations, as outlined in subsection 5.2.1. To incorporate systematic uncertainties,
including detector effects and flux modeling, we construct a profile likelihood function
by maximizing over a set of nuisance parameters:

ℒprofile(𝛾0|𝑋⃗) ∶= sup
𝜂⃗

ℒbin(𝛾0, ⃗𝜂|𝑋⃗)𝛱( ⃗𝜂) , (5.13)

where 𝑋⃗ denotes the given dataset, ⃗𝜂 is the vector of nuisance parameters, and 𝛱( ⃗𝜂)
represents prior constraints on ⃗𝜂 in the form of independent Gaussian distributions:

𝛱( ⃗𝜂) =
𝑁sys

∏
𝑗=1

exp (−
(𝜂𝑗−𝜂̄𝑗)2

2𝜎2
𝜂𝑗

)

√2𝜋𝜎2
𝜂𝑗

, (5.14)

with nominal values ̄𝜂𝑗 and standard deviations 𝜎𝜂𝑗
taken from reference [307] and given

in table 5.1. In addition, the likelihood ℒbin describes the statistical fluctuations in each
bin and is modelled following the effective likelihood introduced in reference [308],
which properly accounts for uncertainties from finite MC statistics:

ℒ(𝛾0, ⃗𝜂|𝑋⃗) =
𝑛bins

∏
𝑙=1

ℒeff(𝑛𝜇,𝑙(𝛾0, ⃗𝜂), 𝜎𝑙(𝛾0, ⃗𝜂)|𝑋𝑙) , (5.15)
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Table 5.1: A list of all nuisance parameters 𝜂𝑗, their nominal values ̄𝜂𝑗, standard
deviations 𝜎𝜂𝑗

and box constraints taken into account in this analysis. Entries
marked “NA” indicate that no explicit constraint is applied for the corresponding
parameter. For more details see references [209, 307].

Parameter 𝜂𝑗 Nominal value ̄𝜂𝑗 Standard deviation 𝜎𝜂𝑗
Box constraint

DOM efficiency 0.97 0.1 [0.94, 1.03]
Bulk ice gradient 0 0.0 1.0 NA
Bulk ice gradient 1 0.0 1.0 NA
Forward hole ice (𝑝2) −1.0 10.0 [−5, 3]
Normalization (𝛷conv.) 1.0 0.4 NA
Spectral shift (𝛥𝛾conv.) 0.00 0.03 NA
Atm. Density 0.0 1.0 NA
Barr WM 0.0 0.40 [−0.5, 0.5]
Barr WP 0.0 0.40 [−0.5, 0.5]
Barr YM 0.0 0.30 [−0.5, 0.5]
Barr YP 0.0 0.30 [−0.5, 0.5]
Barr ZM 0.0 0.12 [−0.25, 0.5]
Barr ZP 0.0 0.12 [−0.2, 0.5]
Normalization (𝛷astro) 0.787 0.36 NA
Spectral shift (𝛥𝛾astro) 0.0 0.36 NA
Cross section 𝜎𝜈𝜇

1.00 0.03 [0.5, 1.5]
Cross section 𝜎𝜇̄𝜇

1.000 0.075 [0.5, 1.5]
Kaon energy loss 𝜎KA 0.0 1.0 NA
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where 𝑛bins is the total number of bins and 𝑋𝑙 is the measured number of events in
the bin 𝑙. Furthermore, 𝑛𝜇,𝑙(𝛾0, ⃗𝜂) denotes the expected number of events in bin 𝑙, and
𝜎MC,𝑙(𝛾0, ⃗𝜂) is the associated MC uncertainty. Both are computed from the MC weights
𝜔𝑙

𝑖 in the respective bin as:

𝑛𝜇,𝑙(𝛾0, ⃗𝜂) =
𝑁𝑙

∑
𝑖=1

𝜔𝑙
𝑖(𝛾0, ⃗𝜂) , 𝜎2

MC,𝑙(𝛾0, ⃗𝜂) =
𝑁𝑙

∑
𝑖=1

[𝜔𝑙
𝑖(𝛾0, ⃗𝜂)]2 . (5.16)

Here, the summation runs over all MC weights assigned to the 𝑙-th bin. The bin-wise
likelihood function ℒeff is a modified Poisson likelihood designed to account for statistical
fluctuations due to finite MC statistics. It was first introduced in reference [308] and
ensures a more accurate treatment of bin-wise uncertainties in the presence of weighted
simulated events.
To test the compatibility of a given decoherence parameter 𝛾0 with the data, we define
the test statistics as the logarithmic likelihood ratio:

ln 𝛬 ∶= −2 ln ⎛⎜⎜⎜
⎝

sup𝛾0∈𝛩0
ℒprofile(𝛾0|𝑋⃗)

sup𝛾0∈𝛩 ℒprofile(𝛾0|𝑋⃗)
⎞⎟⎟⎟
⎠

, (5.17)

where the null hypothesis space 𝛩0 contains a single reference value 𝛾0
0 (typically 𝛾0

0 = 0)
and 𝛩 = ℝ denotes the full parameter space for each combination (𝑛𝑓 , 𝑛) considered
here. For the sensitivity study, we define the pseudo-data 𝑋⃗ to be the standard model
prediction with no decoherence, i.e., 𝑋⃗ = ⃗𝑛std

𝜇 = ⃗𝑛𝜇(𝛾0 = 0, ⃗𝜂). In this case, the expected
event rates are independent of the specific decoherence model, as 𝛾0 = 0 effectively
restores standard oscillations. In addition to these sensitivity estimates, we also compute
exclusion limits by applying the same statistical formalism to the observed IceCube
data [285]. This provides direct bounds on 𝛾0 under each tested decoherence scenario.
In the limit of large event counts, the test statistics ln 𝛬 converges to a 𝜒2 distribution
with one DOF [308], and the likelihood ratio test simplifies to

ln 𝛬(𝛾0) → 𝜒2(𝛾0) = min
𝜂⃗

𝑛bins

∑
𝑙=1

(𝑛std
𝜇,𝑙 − 𝑛𝜇,𝑙(𝛾0, ⃗𝜂))2

𝑛𝜇,𝑙(𝛾0, ⃗𝜂) + 𝜎2
MC,𝑙(𝛾0, ⃗𝜂)

+
𝑁sys

∑
𝑗=1

(𝜂𝑗 − ̄𝜂𝑗)2

𝜎2
𝜂𝑗

. (5.18)

According to Wilks’ theorem, this enables a direct interpretation of the 𝜒2 values in
terms of the CL for allowed values of 𝛾0.

5.2.3 Expected Sensitivities and Observed Limits for the IceCube Neutrino Obser-
vatory

In this section, we present the sensitivity of the IceCube Neutrino Observatory to the QG
induced decoherence effects introduced in section 5.1. We also derive exclusion limits
on the QG parameter 𝛾0 based on observed data, in addition to the expected sensitivity
derived from pseudo data.
To obtain an initial estimate of the expected sensitivity as a function of reconstructed
energy and zenith angle, we evaluate the signed 𝜒2 values per bin, defined by

signed 𝜒2
𝑙 =

(𝑛QG
𝜇,𝑙 − 𝑛std

𝜇,𝑙)|𝑛QG
𝜇,𝑙 − 𝑛std

𝜇,𝑙 |

𝑛QG
𝜇,𝑙

, (5.19)
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Figure 5.3: Signed 𝜒2 values (without systematic effects) for 𝑛f = 4 and the three
energy dependencies as a function of the reconstructed zenith angle cos (𝜃zenith)reco

and reconstructed energy 𝐸reco
𝜈 , corresponding to the upper limits on 𝛾0 at 90 %

CL: 𝛾0 ∈ {1.18 × 10−15, 2.83 × 10−16, 1.17 × 10−17} eV (from left to right).

where 𝑛QG
𝜇,𝑙 denotes the binned number of events predicted by a given decoherence

model for a fixed QG parameter 𝛾0 and 𝑛std
𝜇,𝑙 corresponds to the binned number of events

in the standard scenario without decoherence. Figure 5.3 shows the resulting signed
𝜒2 distributions based on the nominal MC event weights, i.e., without including any
systematic effects. The panels correspond to 𝑛𝑓 = 4 and each of the three energy depen-
dencies 𝑛 ∈ 0, 1, 2 as a function of the reconstructed zenith angle cos (𝜃zenith)reco and
reconstructed energy 𝐸reco

𝜈 . The value of 𝛾0 is chosen such that the global test statis-
tic satisfies 𝜒2 = 2.86, corresponding to a 90 % CL. Figure 5.4 presents an analogous
quantity derived from the binned true 𝜈𝜇 fluxes, i.e., before reconstruction. The shown
values are rescaled such that their minima match those of the corresponding signed 𝜒2

distributions. A comparison between figures 5.3 and 5.4 reveals the impact of detector
resolution effects. In particular, the regions of highest sensitivity tend to shift towards
larger reconstructed energies and zenith angles, as a consequence of smearing. For the
energy-independent decoherence model (𝑛 = 0), the sensitivity is concentrated at lower
energies and in the up-going region, i.e., small zenith angle, which is consistent with
the higher event statistics in that domain. In contrast, for the energy-dependent models
(𝑛 = 1, 2), the sensitivity progressively shifts to higher energies, where the impact of
decoherence increases.
To assess how systematic uncertainties affect these sensitivity patterns, we repeat the
analysis using rescaled MC weights, evaluated at the best-fit nuisance parameter vector

⃗𝜂 obtained via profile likelihood maximization. The resulting signed 𝜒2 maps are shown
in figure 5.5 for the same setting as before. From the comparison of the signed 𝜒2 dis-
tributions with and without systematic effects, i.e., figures 5.3 and 5.5, we observe that
the systematic effects can induce significant deviations between the naively expected
and the actual regions of the highest sensitivity. Across all decoherence models we see
that the overall sensitivity is drastically reduced due to the rescaling of the nominal MC
weights which is of course expected as we minimize 𝜒2 on the set of nuisance parameters.
For the energy-independent decoherence model (𝑛 = 0), we still see that the largest
(negative) deviation of signed 𝜒2

𝑙 , caused by the model effects, is located in the up-going,
low-energy bins as expected, but we also find a region of positive deviation caused by the
application of bin-wise scale factors describing the systematic effects after minimizing
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Figure 5.4: Cross-checks for the signed 𝜒2 distributions (𝑛𝑓 = 4) in terms of the
binned, true 𝜈𝜇 fluxes in the energy 𝐸𝜈 and cosine zenith angle cos(𝜃zenith) plane,
scaled such that the minimum of the shown quantity and that of the associated
signed 𝜒2 match. Each panel corresponds to a different energy dependence of the
underlying QG model, i.e., 𝑛 ∈ {0, 1, 2} (from left to right) and for the associated to
the upper limits on 𝛾0 at 90 % CL: 𝛾0 ∈ {1.18×10−15, 2.83×10−16, 1.17 ×10−17} eV.
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Figure 5.5: Signed 𝜒2 values (with systematic effects) for 𝑛f = 4 and the three
energy dependencies as a function of the reconstructed zenith angle cos (𝜃zenith)reco

and reconstructed energy 𝐸reco
𝜈 , corresponding to the upper limits on 𝛾0 at 90 %

CL: 𝛾0 ∈ {1.18 × 10−15, 2.83 × 10−16, 1.17 × 10−17} eV (from left to right).
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Figure 5.6: Estimated IceCube sensitivity (colored dashed lines) and observed
limits for 𝛾0 (solid colored lines) for 𝑇 = 7.6 years of livetime. The panels are
grouped by fermion number 𝑛𝑓 , and within each panel the results for the three
decoherence models under consideration are shown. Gray dashed lines indicate
the 𝜒2 thresholds for the 68 %, 90 % and 95 % CLs. In addition, their 2𝜎 variations,
derived from the distribution of best-fit parameters in 100 toy experiments, are
displayed to illustrate the expected spread of sensitivities.

𝜒2 with respect to the set of nuisance parameters. In case of the 𝑛 = 1 decoherence
model, we find that after applying the systematic effects at the best fit point ⃗𝜂 = ⃗𝜂opt, the
region of maximal sensitivity is further smeared across all energy and cosine zenith bins.
Lastly, for the quadratically energy-dependent decoherence model, as in the case 𝑛 = 0,
the region of highest sensitivity remains mostly intact compared to the corresponding
region shown in figure 5.3.
After identifying the regions in energy and zenith angle where sensitivities are to be
expected and understanding the influence of detector-related systematic uncertainties,
figure 5.6 illustrates the dependence of 𝜒2 on the decoherence parameter 𝛾0 for the
various decoherence models introduced in section 5.1 and for different numbers of
fermionic species 𝑛𝑓 . The 68 %, 90 % and 95 % CL are indicated by gray dashed lines.
The expected sensitivities are shown as colored dashed lines, while the limits obtained
from real data are represented by solid colored lines. In addition, their 2𝜎 variations are
shown. They were obtained from the ensemble of 100 toy experiments by determining,
for each mock dataset, the best-fit parameters and calculating the resulting 𝜒2 distribu-
tion. Table 5.2 summarizes the 90 % CL values for the QG parameter 𝛾0, both for the
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Table 5.2: The 𝛾0/eV sensitivity limits and observed upper limits at 90 % CL for the
different energy dependencies and 𝑛𝑓 ∈ {3, 4, 5, 6}. In parentheses we report the
idealized bounds obtained in a statistics-only approach, i.e., neglecting systematic
effects.

𝑛𝑓
𝛤(𝐸𝜈) for 𝛾0

Sensitivities Observed Limits

3 1.36 × 10−15 (1.52 × 10−16) 1.90 × 10−15

4 1.18 × 10−15 (1.33 × 10−16) 1.64 × 10−15

5 1.09 × 10−15 (1.24 × 10−16) 1.52 × 10−15

6 1.04 × 10−15 (1.18 × 10−16) 1.45 × 10−15

𝛤(𝐸𝜈) for 𝛾0 (𝐸𝜈/1TeV)

3 3.53 × 10−16 (5.30 × 10−17) 4.53 × 10−16

4 2.83 × 10−16 (4.49 × 10−17) 3.27 × 10−16

5 2.50 × 10−16 (4.12 × 10−17) 2.74 × 10−16

6 2.31 × 10−16 (3.90 × 10−17) 2.46 × 10−16

𝛤(𝐸𝜈) for 𝛾0 (𝐸𝜈/1TeV)2

3 1.61 × 10−17 (2.77 × 10−18) 9.02 × 10−18

4 1.17 × 10−17 (2.12 × 10−18) 6.10 × 10−18

5 9.74 × 10−18 (1.83 × 10−18) 4.94 × 10−18

6 8.68 × 10−18 (1.66 × 10−18) 4.33 × 10−18

sensitivity projections and for the limits derived from data, and varying energy depen-
dence. Additionally, for the sensitivity estimates, we report the values that would be
obtained without incorporating systematic uncertainties, in order to assess their impact.
A comparison with the literature [209] is possible only for 𝑛𝑓 = 3, where our results
show good agreement. Overall, the analysis consistently shows that both the sensitivity
and the actual limits on the QG parameter become stronger as the number of considered
fermions increases. This trend is expected, since the decoherence limit increasingly
deviates from the standard scenario with a higher number of fermions, as illustrated
in figure 5.7. Moreover, the sensitivity improves, and the resulting bounds become
more stringent, for models with stronger energy dependence. This is consistent with the
expectation that energy-dependent decoherence models cause the largest deviations at
high energies. As seen in figure 5.7, at the 90 % CL upper limits derived in this analysis,
the deviation from the standard 𝜈𝜇 → 𝜈𝜇 survival probability reaches approximately 5 %
at 𝐸𝜈 ∼ 10 TeV. Another key comparison made possible within the scope of this work is
the one between the sensitivity curves and the actual limits derived from the analysis of
observed events. It is notable that, for the 𝑛 = 2 decoherence model, the observed limits
are more stringent than the predicted sensitivities, unlike as in the other models, where
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Figure 5.7: Difference between the standard and QG model prediction of the
𝜈𝜇 → 𝜈𝜇 transition probability, 𝑃std

𝜇𝜇 and 𝑃QG
𝜇𝜇 , for various numbers of fermions

in the quadratic decoherence model, with cos 𝜃zenith = −1, corresponding to a
baseline equal to the Earth diameter. Here, the model probabilities are evaluated
at the 90 % CL 𝛾0 = 1.61 × 10−17 eV for 𝑛𝑓 = 3 and 𝑛 = 2.
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Figure 5.8: Binned event counts as a function of reconstructed muon energy and
zenith angle cos 𝜃zenith. The MC predictions are shown before (MC unfitted) and
after (MC fitted) applying the best-fit 𝛾0 and the best-fit nuisance parameters
obtained from the fit to real data. We also report the MC predictions before
applying the best-fit nuisance parameters obtained by the IceCube Collaboration.
The line labeled “Data” corresponds to the bin counts from the actual IceCube
data.

the sensitivity curves and data-based limits lie much closer together and even overlap
partially. In the model with no energy dependence, an additional distinctive feature
emerges: the 𝜒2 value reaches a minimum for all considered numbers of fermions at
𝛾0 ∼ 𝒪(10−16 eV), before increasing again toward smaller values of 𝛾0. This behavior
sets the energy-independent model apart from the other energy dependencies and re-
veals a feature that has not been discussed in the literature.
To validate our analysis and enable a direct comparison with the results from refer-
ence [209], figure 5.8 presents the fitted binned event counts for the energy-independent
model and for 𝑛𝑓 = 3 as a function of muon energy (left) and zenith angle (right).
Here, “MC (unfitted)” refers to the MC prediction before applying the best-fit nuisance
parameters, while “MC (fitted)” indicates the result after including them. The data
line corresponds to the binned event counts. We observe a slight discrepancy between
the “MC (unfitted)” results from our analysis and those from the official IceCube data
release. This may arise from differences in the modeling of the standard predictions
for the neutrino events. Nonetheless, once the fitted nuisance parameters are applied,
our MC prediction shifts in the expected direction and closely follows the shape of the
binned event counts of the data. This confirms that the inclusion of nuisance parameters
in our sensitivity analysis behaves as intended. Moreover, the overall agreement with
the IceCube analysis is very good, with only minor deviations, as of the small differences
observed between our derived limits and those reportes by IceCube for 𝑛𝑓 = 3 [209].
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Figure 5.9: Total neutrino flux 𝛷QG
tot , normalized to the corresponding total standard

flux 𝛷std
tot assuming a baseline of 𝐿 = 14.4 Mpc for the 𝑛 = 1 and 𝑛 = 2 decoherence

models under the condition 𝐸min < 𝐸QG = 5 TeV < 𝐸max and for an initial neutrino
flavor composition (1 ∶ 2 ∶ 0) neutrino flavor ratio.

5.2.4 Future Prospects for Constraining Quantum Decoherence Effects

As discussed in section 5.1, astrophysical neutrinos provide an attractive avenue for
probing quantum decoherence effects, due to their extremely long propagation distances
and high energies. However, the current statistical limitations in astrophysical neu-
trino datasets make such analyses unfeasible at this time. For instance, the nine-year
time-integrated IceCube dataset, analyzed in reference [309], identified only a few as-
trophysical sources with notable pre-trial local significance: NGC1068 with 79 signal
events at 5.2𝜎 , PSK 1424+420 with 77 events at 3.7𝜎 , and TXS 0506+056 with 5 events at
3.5𝜎 . Among these, NGC1068 is of particular interest due to the clustering of detected
events in the narrow energy range between approximately 1 and 10 TeV. In figure 5.9,
we illustrate the impact of quantum decoherence on the total expected flux from this
source, expressed as the ratio 𝜙QG

tot /𝜙std
tot in the [1, 10] TeV region for a representative QG

scale 𝐸QG = 5 TeV and 𝛾0 determined with equation (5.12). The total flux arriving at
Earth is calculated as

𝜙tot ∶= ∑
𝛼

𝜙Earth
𝛼 = ∑

𝛼𝛽
𝑃𝛽𝛼𝜙source

𝛽 , (5.20)

where 𝑃𝛽𝛼 denotes the flavor transition probability from 𝜈𝛽 to 𝜈𝛼. The source flux is
modeled as a power-law spectrum for each flavor 𝜙source

𝛼 = 𝑐𝛼𝛷0𝐸−𝜎 , assuming normal-
ized flavor weights ∑𝛼 𝑐𝛼 = 1, common spectral index 𝜎 , and amplitude 𝛷0. Under
these assumptions, the shown flux ratio is independent of 𝛷0, 𝜎 , and the initial flavor
composition 𝑐𝛼, and serves as a purely theoretical diagnostic to illustrate the deviation
introduced by quantum decoherence. When 𝐸QG falls within the energy range of ob-
served neutrinos, the total flux in the QG scenario exhibits a noticeable suppression,
trending toward the asymptotic limit 𝜙QG

tot → (3/𝑛𝑓 )𝜙std
tot . This behavior, clearly visible in

figure 5.9, offers a potential signature for an energy-dependent decoherence analysis.
However, any realistic analysis would require fitting both standard and QG flux models
independently to the data, each with potentially different best-fit parameters, rendering
the simplified ratio inapplicable to real data without further modeling.
If, instead, 𝐸QG lies outside the observed energy range, the impact changes:
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Figure 5.10: Muon neutrino oscillogram for 𝑛𝑓 = 4 for the constant decoherence
model (𝑛 = 0), using the corresponding 90 % CL upper limit 𝛾0 = 1.18 × 10−15 eV.
The plot displays the relative deviation of the muon neutrino flux as a function of
the energy 𝐸𝜈 and the zenith angle cos 𝜃zenith.

• For 𝐸QG ≫ 𝐸max, decoherence effects are negligible and the flux prediction remains
standard.

• For 𝐸QG ≪ 𝐸min, the system is already fully decohered, and the total flux is simply
rescaled to its asymptotic value. In such a regime, decoherence would merely
alter the normalization of the flux and not be disentangled from amplitude-related
uncertainties.

Overall, the limited number of signal events and the required long observation periods
suggest that dedicated astrophysical decoherence studies will remain challenging in the
near future.
Instead, a promising intermediate goal would be a joint atmospheric neutrino analysis
combining IceCube and KM3NeT data. Such a combined effort would benefit from both
enhanced statistics and complementary systematic uncertainties, increasing the robust-
ness and sensitivity of the resulting constraints on quantum decoherence parameters.
Within the KM3NeT infrastructure, ARCA is generally the more suitable detector for
high-energy studies; however, for energy-independent decoherence scenarios, ORCA
may also provide valuable sensitivity. Figure 5.10 illustrates the expected deviations
of neutrino fluxes under the constant decoherence model for 𝑛𝑓 = 4, using the 90 % CL
upper limit 𝛾0 = 1.18 × 10−15 eV. Here, the fluxes have been calculated with nuflux, and
again propagated with our modified NuSQuIDS version. The plot highlights significant
flux modifications below 20 GeV, particularly in the region below 10 GeV, which is the
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energy range for which ORCA is optimized. In addition, DeepCore [310] could serve as
another viable platform for probing such effects, given its operational threshold around
10 GeV. Results for ARCA are not displayed, as its expected signal characteristics are
qualitatively similar to those observed in IceCube, see figure 5.4.

5.3 Summary and Discussion

In this chapter, we have investigated the impact of QG on atmospheric neutrino os-
cillations in the presence of hypothetical dark fermions. Given the current lack of a
complete theory of QG, we refrain from specifying a particular model and instead adopt
an effective approach within the framework of open quantum systems. In this context,
we assume that neutrino flavor eigenstates become entangled with unknown DOFs asso-
ciated with QG during propagation. While these QG-related DOFs are not accessible
to current experiments, the flavor subsytem of the neutrinos remain observable. As a
result of this interaction, the flavor subsystem evolves into a mixed state, reflecting the
entanglement with the unmeasured QG environment.
A key assumption underlying this analysis is that QG leads to maximal violation of
quantum numbers associated with global symmetries, while preserving unbroken gauge
charges, angular momentum, and energy. As a consequence of QG-induced decoherence,
an initially pure neutrino state may evolve to include a non-zero admixture of additional,
potentially undetected fermionic states. In the asymptotic limit, where lepton flavor is
no longer conserved, the transition probabilities are expected to approach a universal
value of 1/𝑛𝑓 , with 𝑛𝑓 ≥ 3 denoting the total number of fermionic species. Hypothetical
candidates for such dark-sector fermions include for example sterile neutrinos [53, 80,
311, 312].
We have explored several decoherence scenarios, each characterized by a distinct power-
law dependence of the decoherence parameter, 𝛤 ∝ 𝛾0𝐸𝑛

𝜈 , on the neutrino energy 𝐸𝜈,
and by the total number of fermionic states 𝑛𝑓 , which defines the dimensionality of the
extended flavor space. A statistical analysis is performed to estimate the sensitivity of
the IceCube Neutrino Observatory to the QG-induced decoherence parameter 𝛾0, using
publicly available MC simulations.
The expected sensitivities are obtained by reweighting the public IceCube MC sample to
incorporate the predicted decoherence effects, while accounting for systematic uncer-
tainties arising from the detector response and the modeling of the atmospheric neutrino
flux. The analysis also identifies the energy and zenith-angle regions where IceCube is
expected to be most sensitive to such effects.
In addition to the sensitivity predictions, we derive current exclusion limits on 𝛾0 by
applying the analysis framework to recent IceCube data. A comparison between the
expected and observed bounds reveals that, in the 𝑛 = 2 decoherence model, the ex-
perimental limits are even more stringent than the predicted sensitivities. For energy-
dependent models (𝑛 = 1, 2), the limits and sensitivities are generally in close agreement.
Notably, in the energy-independent case (𝑛 = 0), the 𝜒2 distribution exhibits a mini-
mum around 𝛾0 ∼ 𝒪(10−16 eV), followed by a rise at smaller values of 𝛾0. Therefore,
in this case, a non-zero value of 𝛾0 is preferred by the data, albeit with low statistical
significance.
We always consider several values of 𝑛𝑓 , confirming the theoretical expectation that the
sensitivity improves with increasing fermion multiplicity. This behavior highlights the
potential of atmospheric neutrino experiments to probe the structure of the dark sector
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and discriminate between models involving different numbers of dark fermions.
While astrophysical neutrinos, due to their much longer propagation distances, would
be even more sensitive to such decoherence effects, the current event statistics remain
insufficient for a full analysis. Nevertheless, we anticipate that future analyses com-
bining astrophysical and atmospheric neutrino data, particularly from IceCube and
KM3NeT, could significantly enhance the statistical power and also minimize systematic
uncertainties. A joint fit using both datasets may ultimately allow for the simultaneous
determination of multiple model parameters, including the total number of fermion
species 𝑛𝑓 .
All these results highlight the potential of neutrino observatories to probe signatures of
QG across different energy scales. Although the underlying theory remains unknown,
effective frameworks, such as the open quantum system framework, enable us to explore
its possible phenomenological consequences. By analyzing both atmospheric and astro-
physical neutrinos, we have demonstrated that complementary regimes provide access to
different parameter ranges, and that the interplay between them can be used to constrain
the structure of new physics scenarios, even in the absence of full knowledge about the
theory. This illustrates that tracing the subtle imprints of gravity on quantum systems is
not only feasible, but offers a meaningful path towards uncovering the interface between
quantum mechanics and gravity.
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Chapter6
Conclusion and Outlook

The guiding idea of this thesis was to investigate how the subtle traces of gravity manifest
themselves in order to deepen our understanding of the underlying theory. We have
approached this question on different scales and within distinct theoretical frameworks.
In chapter 3, the central question was whether the Cohen, Kaplan and Nelson (CKN)
bound, motivated by gravitational arguments, can form the basis of a consistent cos-
mological model. We then investigated whether such a model can explain the DESI
BAO data, which prefers time-dependent dark energy. Together with model indepen-
dent Hubble measurements, and supernovae data, we found a mild preference for the
(𝜈)CKN model over 𝛬CDM. However, once CMB and weak lensing data are included
and the early-time dynamics are examined, the only additional parameter 𝜈, which is
introduced to absorb model dependencies such as the particle content of the underlying
theory, gets constrained to be 𝜈 ≲ 𝒪 (10−5). In this regime, a global analysis shows no
measurable deviation from 𝛬CDM. In this context, gravity acts only implicitly, constrain-
ing the energy content through the CKN bound. While the model remains conceptually
motivated and consistent, it is experimentally difficult to distinguish it from the standard
cosmological model. However, it is not unlikely that the (𝜈)CKN model with its current
assumptions is only valid for the late universe as the parameter 𝜈 is unkown and might
exhibit a time dependence itself. A further investigation of such a behavior and its
compatibility with the DESI data would be interesting.
In chapter 4, we discussed whether the curvature of spacetime induced by gravity has
an observable effect on the oscillation process of neutrinos. To address this, we extend
the internal wave packet formalism that accounts for both neutrino production and
detection, and adapted it to weakly curved spacetimes. For the first time, we derived a
general covariant form of the oscillation amplitude in these spacetimes incorporating
the wave packet nature of neutrinos. Known results from the plane wave formalism and
flat spacetime were correctly recovered in the corresponding limits, while gravitational
corrections manifested themselves through modified phases. Therefore, gravity acted ex-
plicitly on quantum phases and oscillation patterns of neutrinos. Yet, the derived effects
lie far beyond current experimental reach: both weak static fields and time-dependent
scenarios such as Gravitational Waves (GW) or the Stochastic Gravitational Wave Back-
ground (SGWB) require experimental sensitivities well beyond today’s reach. Thus,
the formalism provides a consistent theoretical framework, but the observability of the
resulting effect remains highly constrained. Importantly, if deviations from the expected
neutrino oscillation pattern are observed, these results immediately imply that classical
gravitational effects can be excluded as their cause with high confidence. Instead, the
origin has to lie in new physics, beyond the Standard Model (SM) formulated on a
classical curved background, such as Quantum Gravity (QG).



6 Conclusion and Outlook

In chapter 5, we shifted our focus to precisely such QG effects on high-energy neutri-
nos. We employed the open quantum system formalism to model the influence of an
unknown quantum gravitational environment on neutrino oscillations. This influence
was parametrized through a damping rate 𝛤(𝐸) with different energy scalings. The
underlying idea is that gravity may act as an effective environment reducing flavor
coherence. Next, we carried out a sensitivity analysis for IceCube on the QG parameter
𝛾0 for different numbers of neutrino species and different powerlaws for the energy
dependence. These constraints are derived under the assumption that more than three
active neutrino species exist, with the additional states comprising all particles that
carry the same quantum numbers as neutrinos. Moreover, we determined experimental
bounds on the QG parameter 𝛾0 with current IceCube data at the level of 𝒪(10−15),
with the bound improving as the number of fermions increases. This demonstrates that
neutrinos are a promising experimental probe of QG effects.
To summarize, this thesis shows that gravity does leave traces, although they are often
extremely difficult to access experimentally. Looking ahead, however, a future experi-
mental landscape promises to address this challenge. With KM3NeT, both the ORCA
and ARCA configurations will provide substantially improved sensitivities to neutrino
oscillations and to high-energy astrophysical fluxes. IceCube is currently being upgraded
to IceCube-Gen2, which will open an entirely new window on extragalactic neutrinos.
On the cosmological side, Euclid and the Rubin Observatory are expected to deliver
data of unprecedented precision, enabling much sharper tests of dark-energy models
allowing their discrimination from 𝛬CDM.
Beyond these specific experiments, it remains worthwhile to continue searching for
further, possibly exotic, signatures of gravity across different areas of physics, with the
hope of deepening our understanding of this fundamental interaction.
This work illustrates how combining theory and experiment may gradually bring the
traces of gravity into sharper focus. The very difficulty of this task underscores how softly
gravity speaks in physics—rarely in direct signals, but almost always through its traces.
Thus, this thesis ends where it began: with the faintest patterns that gravity imprints,
which are nonetheless decisive for our comprehension of the cosmos.

We traced these patterns through the deep,
Their echoes stirred, their silence steep.
Though hidden, still they softly call,
The timeless voice that governs all.
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AppendixA
Change of Local Inertial Coordinates

Consider a timelike curve
𝑐 ∶ [𝜏P, 𝜏D] → ℳ (A.1)

in the Lorentzian manifold (ℳ, 𝑔), and introduce an equidistant partition {𝜏𝑗}𝑁
𝑗=0 of the

proper time interval [𝜏P, 𝜏D], with 𝜏P = 𝜏0 < 𝜏1 < ... < 𝜏𝑁 = 𝜏D. The corresponding
points along the curve are denoted by 𝑋𝑗 ∶= 𝑐(𝜏𝑗) for 𝑗 = 0, … , 𝑁. The exponential map
at 𝑝 ∈ ℳ is defined as

exp𝑝 ∶ ℰ𝑝 ⊂ 𝑇𝑝ℳ → ℳ , (A.2)

which assigns to a tangent vector 𝑣 the point

𝑞 = exp𝑝(𝑣) ∶= 𝜍(𝑝,𝑣)(1) , (A.3)

where 𝜍(𝑝,𝑣) denotes the unique geodesic starting at 𝑝 with inital velocity 𝑣. This is the
mathematical notion of going straight in curved spacetime, i.e., the path of shortest dis-
tance in a given direction. Let 𝑈𝑝 ⊂ ℰ𝑝 be the domain on which exp𝑝 is a diffeomorphism
onto its image 𝑉𝑝 ∶= exp𝑝[𝑈𝑝] ⊂ ℳ . Given an orthonormal basis 𝐸𝑝

𝛼 ∈ 𝑇𝑝ℳ , Riemann
Normal Coordinate Systems (RNC) centered at 𝑝 are defined by

𝜒𝜇
𝑝 ∶ 𝑉𝑝 → ℝ4 , 𝑞 ↦ 𝑧𝜇 = 𝜒𝜇

𝑝 (𝑞) , (A.4)

such that 𝑞 = exp𝑝(𝑧𝜇𝐸𝑝
𝜇). In these coordinates, spacetime locally looks flat, with

curvature effects entering only at quadratic order. Parallel transport along a curve
̃𝑐 ∶ [𝑎, 𝑏] → ℳ is denoted

𝑃 ̃𝑐
𝑡1→𝑡2

∶ 𝑇 ̃𝑐(𝑡2)ℳ → 𝑇 ̃𝑐(𝑡2)ℳ . (A.5)

As discussed in the main text, we now expand the function

𝜁 ∶ (−𝜖, 𝜖) → 𝑇𝑋𝑗
ℳ , 𝛿𝜏 ↦ 𝑃𝑐

𝜏𝑗+𝛿𝜏→𝜏𝑗
(exp−1

𝑐(𝜏𝑗+𝛿𝜏) (exp𝑋𝑗
(𝑧𝜇

𝑗 𝐸𝑋𝑗
𝜇 ))) , (A.6)

in a Taylor series about 𝛿𝜏 = 0, retaining terms up to first order. Here, 𝑧𝜇
𝑗 are the RNC at

𝑋𝑗. For convenience, we define

𝑄 ∶= exp𝑋𝑗
(𝑧𝜇

𝑗 𝐸𝑋𝑗
𝜇 ) . (A.7)

We choose 𝜖 > 0 small enough so that

𝑄 ∈ 𝑉𝑐(𝜏𝑗) ∩ 𝑉𝑐(𝜏𝑗+𝛿𝜏) (A.8)
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for all |𝛿𝜏| < 𝜖. Since 𝑄 lies within the integration domain in equation (4.40), and hence
within the compact support of the neutrino wave packet, this condition is satisfied pro-
vided the partition size 𝛥𝜏 = 𝜏𝑗+1 −𝜏𝑗 obeys 𝛥𝜏 < 𝜖. The zeroth order is straightforward
since we have no time shift and therefore no change in the coordinates:

𝜁(0) = 𝑃𝑐
𝜏𝑗→𝜏𝑗

(exp−1
𝑐(𝜏𝑗)

(𝑄)) = exp−1
𝑋𝑗

(𝑄) = 𝑧𝜇
𝑗 𝐸𝑋𝑗

𝜇 . (A.9)

The first order term requires computing

d𝜁
d𝛿𝜏 ∣

𝛿𝜏=0
=

D
d𝛿𝜏 ∣

𝛿𝜏=0
exp−1

𝑐(𝜏𝑗+𝛿𝜏) (𝑄) . (A.10)

This corresponds to asking: How does the initial velocity of the geodesic connecting
𝑐(𝜏𝑗+𝛿𝜏) and 𝑄 vary with 𝛿𝜏 at 𝛿𝜏 = 0? To answer this, consider the geodesic variation

𝜎 ∶ (−𝜖, 𝜖) × [0, 1] → ℳ , (A.11)
(𝛿𝜏, 𝑡) ↦ exp𝑐(𝜏𝑗+𝛿𝜏)(𝑡 exp−1

𝑐(𝜏𝑗+𝛿𝜏)(𝑄)) , (A.12)

which interpolates between 𝑐(𝜏𝑗 + 𝛿𝜏) at 𝑡 = 0 and 𝑄 at 𝑡 = 1. The associated variational
vector field

𝐽[0, 1] → 𝔛(ℳ) , (A.13)

𝑡 ↦
∂

∂𝛿𝜏 ∣
𝛿𝜏=0

𝜎(𝛿𝜏, 𝑡) , (A.14)

is a Jacobi field satisfying

D2

d𝑡2 𝐽(𝑡) + 𝑅𝜍(𝑡) (𝐽(𝑡),
d𝜍
d𝑡 (𝑡))

d𝜍
d𝑡 (𝑡) = 0 , (A.15)

with 𝜍(𝑡) ∶= 𝜎(0, 𝑡) and boundary conditions

𝐽(0) =
d𝑐
d𝜏 ∣

𝜏=𝜏𝑗

, 𝐽(1) = 0 . (A.16)

and is sketched in figure A.1 together with the variation 𝜎 . The Jacobi equation measures
how neighboring geodesics deviate due to spacetime curvature, whether they converge
or spread apart. By evaluating D𝐽/d𝑡 at 𝑡 = 0 and using the torsion-free property of the
Levi–Civita connection, one finds that

D
d𝑡 ∣

𝑡=0
𝐽(𝑡) =

D
d𝛿𝜏 ∣

𝛿𝜏=0
exp−1

𝑐(𝜏𝑗+𝛿𝜏)(𝑄) , (A.17)

i.e., solving the Jacobi equation with the boundary values in equation (A.16) directly
yields the desired first order Taylor coefficient.
To proceed, we introduce a set of parallel-propagated basis vectors 𝐸̂𝜇(𝑡) along 𝜍(𝑡), with
𝐸̂𝜇(0) = 𝐸𝑋𝑗

𝜇 , and express equation (A.15) in components:

d2𝐽𝜇

d𝑡2 (𝑡) + 𝑅𝜇
𝜌𝜆𝜈(𝜍(𝑡))

d𝜍𝜌

d𝑡 (𝑡)
d𝜍𝜆

d𝑡 (𝑡)𝐽𝜈(𝑡) = 0 . (A.18)
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𝑐

𝑋𝑗

𝑋𝑗+1

𝑄

Figure A.1: The neutrino wave packet approximately follows the geodesic 𝑐. Illus-
trated is the geodesic variation (in red) and its Jacobi vector field (blue).

Since ̇𝜍𝜌(𝑡) = 𝑧𝜌
𝑗 is constant in this basis, and assuming the wave packet is sufficiently

localized so that curvature variations across its support can be neglected, the combina-
tion

𝐴𝜇
𝜈 ∶= −𝑅𝜇

𝜌𝜆𝜈(𝜍(𝑡))𝑧𝜌
𝑗 𝑧𝜆

𝑗 ≡ −𝑅𝜇
𝜌𝜆𝜈(𝑋𝑗)𝑧𝜌

𝑗 𝑧𝜆
𝑗 + 𝒪(𝑧3

𝑗 ) , (A.19)

is approximately constant. This is equivalent to saying the graviational field looks
uniform across the entire spatial extent of the wave packet. The Jacobi equation then
reduces to

d2𝐽𝜇

d𝑡2 (𝑡) = 𝐴𝜇
𝜈𝐽𝜈(𝑡) . (A.20)

Since 𝐴𝜇𝜈 ∶= 𝜂𝜇𝜎𝐴𝜎
𝜈 is symmetric, it can be diagonalized by a Lorentz transforma-

tion. The solution consistent with the boundary conditions yields, to lowest non-trivial
order,

𝐽𝜇(𝑡) = −𝛿𝜇
𝜈 ̇𝑐𝜈(𝜏𝑗) + 𝒪 (𝑧2

𝑗 ) . (A.21)

Finally, substituting back into the Taylor expansion gives

𝜁(𝛿𝜏) = (𝑧𝜇
𝑗 − ̇𝑐𝜈(𝜏𝑗)𝛿𝜏) 𝐸𝑋𝑗

𝜇 + 𝒪(𝑧2
𝑗 , 𝛿𝜏2) . (A.22)

This is the linear relation between the local inertial coordinates and the proper-time shift
along the neutrino’s trajectory, with curvature effects entering only at higher order.
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AppendixB
Induction for the Step-By-Step Propagation Procedure

In the main part, we established that the neutrino wave packet expressed in terms of the
modes 𝜉𝑋P→𝑋𝑘+1 is related to that in terms of 𝜉𝑋P→𝑋𝑘 via

𝜙P→𝑘+1
𝜎 ( ⃗𝑝) = exp (−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏𝑘)𝛥𝜏 + 𝒪(𝛥𝜏2)) 𝜙P→𝑘

𝜎 ( ⃗𝑝) + 𝒪(𝑅𝑘𝜎2
𝑥 𝛥𝜏) , (B.1)

where 𝑅𝑘 denotes the characteristic curvature scale at step 𝑘 and 𝜎𝑥 is the wave packets
spatial width. So each small propagation step adds a phase proportional to the four-
momentum 𝑝𝜇 dotted with the local four-velocity ̇𝑐𝜇. We now prove by induction that
this relation implies the general propagation formula

𝜙P→𝑙
𝜎 ( ⃗𝑝) = exp ⎛⎜

⎝
−𝑖

𝑙−1
∑
𝑘=0

𝜂𝜇𝜈 ̇𝑐𝜇(𝜏𝑘)𝑝𝜈𝛥𝜏 + 𝒪(𝛥𝜏2)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝) + 𝒪 ⎛⎜

⎝

𝑙−1
∑
𝑘=0

𝑅𝑘𝜎2
𝑥 𝛥𝜏⎞⎟

⎠
. (B.2)

For 𝑙 = 1, equation (B.1) reads

𝜙P→1
𝜎 ( ⃗𝑝) = exp (−𝑖𝑝𝜇 ̇𝑐𝜇(𝜏0)𝛥𝜏 + 𝒪(𝛥𝜏2)) 𝜙P→0

𝜎 ( ⃗𝑝) + 𝒪(𝑅0𝜎2
𝑥 𝛥𝜏) . (B.3)

By definition, 𝜙P→0
𝜎 ( ⃗𝑝) ≡ 𝜙P

𝜎( ⃗𝑝). Inserting this into equation (B.2) with 𝑙 = 1 yields
exactly the same expression as equation (B.3).
Assume that equation (B.2) holds for some 𝑙 ≥ 1, i.e.,

𝜙P→𝑙
𝜎 ( ⃗𝑝) = exp⎡⎢

⎣
−𝑖

𝑙−1
∑
𝑘=0

𝜂𝜇𝜈 ̇𝑐𝜇(𝜏𝑘) 𝑝𝜈 𝛥𝜏 + 𝒪(𝛥𝜏2)⎤⎥
⎦

𝜙P
𝜎( ⃗𝑝) + 𝒪⎛⎜

⎝

𝑙−1
∑
𝑘=0

𝑅𝑘 𝜎2
𝑥 𝛥𝜏⎞⎟

⎠
. (B.4)

From equation (B.1) for 𝑘 = 𝑙, we have

𝜙P→𝑙+1
𝜎 ( ⃗𝑝) = exp[−𝑖 𝑝𝜇 ̇𝑐𝜇(𝜏𝑙) 𝛥𝜏 + 𝒪(𝛥𝜏2)] 𝜙P→𝑙

𝜎 ( ⃗𝑝) + 𝒪(𝑅𝑙 𝜎2
𝑥 𝛥𝜏) . (B.5)

Substituting the induction hypothesis into the above expression gives

𝜙P→𝑙+1
𝜎 ( ⃗𝑝) = exp[−𝑖 𝑝𝜇 ̇𝑐𝜇(𝜏𝑙) 𝛥𝜏 + 𝒪(𝛥𝜏2)]

× ⎡⎢
⎣

exp⎛⎜
⎝

−𝑖
𝑙−1
∑
𝑘=0

𝜂𝜇𝜈 ̇𝑐𝜇(𝜏𝑘) 𝑝𝜈 𝛥𝜏 + 𝒪(𝛥𝜏2)⎞⎟
⎠

𝜙P
𝜎( ⃗𝑝) + 𝒪⎛⎜

⎝

𝑙−1
∑
𝑘=0

𝑅𝑘 𝜎2
𝑥 𝛥𝜏⎞⎟

⎠
⎤⎥
⎦

+ 𝒪(𝑅𝑙 𝜎2
𝑥 𝛥𝜏) .

(B.6)

Multiplying the exponentials and combining the remainder terms yields

𝜙P→𝑙+1
𝜎 ( ⃗𝑝) = exp⎡⎢

⎣
−𝑖

𝑙
∑
𝑘=0

𝜂𝜇𝜈 ̇𝑐𝜇(𝜏𝑘) 𝑝𝜈 𝛥𝜏 + 𝒪(𝛥𝜏2)⎤⎥
⎦

𝜙P
𝜎( ⃗𝑝) + 𝒪⎛⎜

⎝

𝑙
∑
𝑘=0

𝑅𝑘 𝜎2
𝑥 𝛥𝜏⎞⎟

⎠
. (B.7)

This is precisely equation (B.2) with 𝑙 → 𝑙 + 1, which completes the induction. �
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AppendixC
Propagation Distance and Coordinate Transformations in

Linearized Gravity

To employ the weak-field expression for the neutrino oscillation amplitude, we require
explicit formulas for two key ingredients:

1. The effective spacetime displacement vector 𝐿𝜇 introduced in equation (4.67).

2. The Lorentz transformation that relates the detector’s local inertial frame to the
global coordinates.

Determining these quantities necessitates solving the geodesic equation in general coor-
dinates for a linearly perturbed spacetime and obtaining an explicit representation of the
parallel transport operator. In addition, we must specify the coordinate transformations
between the global coordinate system 𝑥𝜇, where the metric is given in equation (4.68),
and the local inertial frames at the production and at the detector.
Both the geodesic solution and the parallel transport operator depend on the Christoffel
symbols from equation (2.72), where we plug in the metric (4.68) to get to the Christoffel
symbols in linearized gravity. The transformation between the local inertial coordinates
𝑧𝛼 at a spacetime point 𝑋0 and the global coordinates 𝑥𝜇 takes the form

∂𝑧𝛼

∂𝑥𝜇 ∣
𝑋0

= 𝛿𝛼
𝜇 +

𝜀
2𝜂𝛼𝜌ℎ𝜌𝜇(𝑋0) + 𝒪(𝜀2) , (C.1)

∂𝑥𝜇

∂𝑧𝛼 ∣
𝑋0

= 𝛿𝜇
𝛼 −

𝜀
2𝜂𝜇𝜌ℎ𝜌𝛼(𝑋0) + 𝒪(𝜀2) . (C.2)

Equation (C.1) and (C.2) implicitly assume that the coordinate axes of 𝑧𝜇 and 𝑥𝜇 coincide
at zeroth order in 𝜀. This condition is satisfied in the situation considered in section 4.3,
where both production and detector are approximately at rest in the global frame 𝑥𝜇.
Consequently, no additional Lorentz transformation is required to align the local inertial
frames with the global coordinates.
We begin by solving the geodesic equation (2.71) for the curve 𝑐𝜇 with the boundary
conditions

𝑐𝜇(0) = 𝑋𝜇
P , 𝑐𝜇(𝜏) = 𝑋𝜇

D . (C.3)

We adopt the perturbative ansatz

𝑐𝜇(𝜆) = 𝑐𝜇
0 (𝜆) + 𝜀𝑐𝜇

1 (𝜆) + 𝒪(𝜀2) , (C.4)
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and insert it into equation (2.71). Matching coefficients at each order in 𝜀 yields

d2𝑐𝜇
0

d𝜆2 (𝜆) = 0 , (C.5)

d2𝑐𝜇
1

d𝜆2 (𝜆) = − ̂𝛤𝜇
𝜎𝜌(𝑐0(𝜆))

d𝑐𝜎
0

d𝜆 (𝜆)
d𝑐𝜌

0
d𝜆 (𝜆) , (C.6)

where 𝛤𝜇
𝜎𝜌 =∶ 𝜀 ̂𝛤𝜇

𝜎𝜌 by definition. The zeroth order equation (C.5) is solved by a straight-
line trajectory 𝑐𝜇

0 (𝜆) = 𝑢𝜇𝜆 + 𝑥𝜇
0 . Integrating equation (C.6) twice with respect to 𝜆

yields

𝑐𝜇
1 (𝜆) =

𝜆
∫
0

d𝜆′
𝜆′

∫
0

d𝜆′′𝑎𝜇(𝜆′′) + 𝑢𝜇
1𝜆 + 𝑥𝜇

1 , (C.7)

where the geodesic acceleration is defined as

𝑎𝜇(𝜆) ∶= − ̂𝛤𝜇
𝜎𝜌𝑢𝜎𝑢𝜌 . (C.8)

Applying the boundary conditions in equation (C.3) and matching coefficients order-
by-order yields

𝑐𝜇
0 (𝜆) = 𝑢𝜇𝜆 + 𝑋𝜇

P , 𝑢𝜇 =
𝑋𝜇

D − 𝑋𝜇
P

𝜏 , (C.9)

𝑐𝜇
1 (𝜆) =

𝜆
∫
0

d𝜆′
𝜆′

∫
0

d𝜆′′𝑎𝜇(𝜆′′) −
𝜆
𝜏

𝜏
∫
0

d𝜆′
𝜆′

∫
0

d𝜆′′𝑎𝜇(𝜆′′) . (C.10)

To determine 𝐿𝜇, only the derivative d𝑐𝜇/d𝜆 transformed to the detector’s local inertial
frame, is required:

𝐿𝜇 =
∂𝑧𝜇

∂𝑥𝜈 ∣
𝑋D

d𝑐𝜈

d𝜆 (𝜏)𝜏 . (C.11)

The derivative of 𝑐𝜇 times 𝜏 is

d𝑐𝜈

d𝜆 (𝜏)𝜏 = 𝛥𝑋𝜇 + 𝜀 ⎡⎢
⎣
𝜏

𝜏
∫
0

d𝜆𝑎𝜇(𝜆) −
𝜏

∫
0

d𝜆
𝜆

∫
0

d𝜆′𝑎𝜇(𝜆′)⎤⎥
⎦

. (C.12)

The integrated geodesic acceleration evaluates to

𝜆
∫
0

d𝜆′𝑎𝜇(𝜆′) = −
1
2

𝜆
∫
0

d𝜆′ (2∂𝜎ℎ𝜇
𝜌(𝑐0(𝜆′)) − ∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))) 𝑢𝜎𝑢𝜌 (C.13)

= −
1
2

𝜆
∫
0

d𝜆′ (2
d

d𝜆′ [ℎ𝜇
𝜌(𝑐0(𝜆′))𝑢𝜌] − ∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))𝑢𝜎𝑢𝜌) (C.14)

= −𝑢𝜌 [ℎ𝜇
𝜌(𝑐0(𝜆)) − ℎ𝜇

𝜌(𝑋P)] +
1
2

𝜆
∫
0

d𝜆′∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))𝑢𝜎𝑢𝜌 . (C.15)
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Substituting this back gives

d𝑐𝜈

d𝜆 (𝜏)𝜏 = 𝛥𝑋𝜇 + 𝜀[ − 𝑢𝜌𝜏 [ℎ𝜇
𝜌(𝑋D) − ℎ𝜇

𝜌(𝑋P)] +
𝜏
2

𝜏
∫
0

d𝜆′∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))𝑢𝜎𝑢𝜌

+ 𝑢𝜌
𝜏

∫
0

d𝜆 [ℎ𝜇
𝜌(𝑐0(𝜆)) − ℎ𝜇

𝜌(𝑋P)]

−
1
2

𝜏
∫
0

d𝜆
𝜆

∫
0

d𝜆′∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))𝑢𝜎𝑢𝜌]

(C.16)

= 𝛥𝑋𝜇 + 𝜀[ − 𝛥𝑋𝜌ℎ𝜇
𝜌(𝑋D) + 𝛥𝑋𝜌ℎ𝜇

𝜌(𝑋P) +
1
2 ⟨∂𝜇ℎ𝜎𝜌 ∘ 𝑐0⟩ 𝛥𝑋𝜎𝛥𝑋𝜌

+ 𝛥𝑋𝜌 ⟨ℎ𝜇
𝜌 ∘ 𝑐0⟩ − 𝛥𝑋𝜌ℎ𝜇

𝜌(𝑋P)

−
1
2 ⟨𝜆 ↦

𝜆
∫
0

d𝜆′∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))⟩ 𝛥𝑋𝜎𝛥𝑋𝜌]

(C.17)

= 𝛥𝑋𝜇 +
𝜀
2[ − 2𝛥𝑋𝜌ℎ𝜇

𝜌(𝑋D) + 2𝛥𝑋𝜌 ⟨ℎ𝜇
𝜌 ∘ 𝑐0⟩

+
⎧{
⎨{⎩

⟨∂𝜇ℎ𝜎𝜌 ∘ 𝑐0⟩ − ⟨𝜆 ↦
𝜆

∫
0

d𝜆′∂𝜇ℎ𝜎𝜌(𝑐0(𝜆′))⟩
⎫}
⎬}⎭

𝛥𝑋𝜎𝛥𝑋𝜌] ,

(C.18)

where 𝛥𝑋𝜇 ∶= 𝑋𝜇
D − 𝑋𝜇

P , and

⟨𝑓 ⟩ ≡ ⟨𝜏′ ↦ 𝑓 (𝜏′)⟩ ∶=
𝜏

∫
0

𝑓 (𝜏′)
d𝜏′

𝜏 , (C.19)

denotes the average of a function along the unperturbed geodesic 𝑐0. Finally, multiplying
by ∂𝑧𝜇/∂𝑥𝜈 gives

𝐿𝜇 = (𝛿𝜇
𝜈 +

𝜀
2𝛿ℓ𝜇

𝜈) 𝛥𝑋𝜈 , (C.20)

𝛿ℓ𝜇
𝜈 = [ ⟨ℎ𝜇

𝜈 ∘ 𝑐0⟩ − {ℎ𝜇
𝜈(𝑋D) − ⟨ℎ𝜇

𝜈 ∘ 𝑐0⟩}

+
⎧{
⎨{⎩

⟨∂𝜇ℎ𝜎𝜈 ∘ 𝑐0⟩ − ⟨𝜆 ↦
𝜆

∫
0

d𝜆′∂𝜇ℎ𝜎𝜈(𝑐0(𝜆′))⟩
⎫}
⎬}⎭

𝛥𝑋𝜎] .
(C.21)

With this derived, we go on to the Lorentz transformation which is given in equa-
tion (4.56). We now need to obtain the parallel transport operator in the global coordi-
nates 𝑥𝜇 to first order in 𝜀. Let 𝑤𝜇 be a tangent vector at 𝑇𝑋P

ℳ , expressed in the 𝑥𝜇 basis.
The corresponding parallel vector field 𝑊𝜇(𝜆) along the geodesic 𝑐 is given by

𝑊𝜇(𝜆) = [𝑃𝑐
0→𝜆]𝜇

𝜈𝑤𝜈 , (C.22)

and satisfies the parallel transport equation

D
d𝜆𝑊𝜇(𝜆) ≡ 0 , 𝑊𝜇(0) = 𝑤𝜇 . (C.23)
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Solving this initial value problem for arbitrary 𝑤𝜇 determines the operator 𝑃𝑐
0→𝜆. In local

coordinates, equation (C.23) reads

d𝑊𝜇

d𝜆 (𝜆) = −𝛤𝜇
𝜎𝜈(𝑐(𝜆))

d𝑐𝜎

d𝜆 (𝜆)𝑊𝜈 . (C.24)

The corresponding integral form is

𝑊𝜇(𝜆) = 𝑤𝜇 −
𝜆

∫
0

d𝜆′𝛤𝜇
𝜎𝜈(𝑐(𝜆′))

d𝑐𝜎

d𝜆′ (𝜆′)𝑊𝜈(𝜆′) . (C.25)

Iterating this solution and discarding 𝒪(𝜀2) terms yields

𝑊𝜇(𝜆) = ⎛⎜
⎝

𝛿𝜇
𝜈 −

𝜆
∫
0

d𝜆′𝛤𝜇
𝜎𝜈(𝑐0(𝜆′))𝑢𝜎⎞⎟

⎠
𝑤𝜈 + 𝒪(𝜀2) . (C.26)

Thus, the parallel transport operator becomes

[𝑃𝑐
0→𝜆]𝜇

𝜈 = 𝛿𝜇
𝜈 −

𝜆
∫
0

d𝜆′𝛤𝜇
𝜎𝜈(𝑐0(𝜆′))𝑢𝜎 + 𝒪(𝜀2) (C.27)

= 𝛿𝜇
𝜈 −

𝜀
2

𝜆
∫
0

d𝜆′ (∂𝜎ℎ𝜇
𝜈 + ∂𝜈ℎ𝜇

𝜎 − ∂𝜇ℎ𝜎𝜈) 𝑢𝜎 + 𝒪(𝜀2) (C.28)

= 𝛿𝜇
𝜈 −

𝜀
2[ℎ𝜇

𝜈(𝑐0(𝜆)) − ℎ𝜇
𝜈(𝑋P)] −

𝜀
2

𝜆
∫
0

d𝜆′ (∂𝜈ℎ𝜇
𝜎 − ∂𝜇ℎ𝜎𝜈) 𝑢𝜎 + 𝒪(𝜀2) .

(C.29)

Evaluating this expression at 𝜆 = 𝜏 and transforming the lower index to the local inertial
frame at the source, and the upper index to that at the detector, gives

𝛬𝛼
𝛽 = 𝛿𝛼

𝛽 −
𝜀
2 [⟨∂𝛽ℎ𝛼

𝜎 ∘ 𝑐0⟩ − ⟨∂𝛼ℎ𝜎𝛽 ∘ 𝑐0⟩] 𝛥𝑋𝜎 + 𝒪(𝜀2) . (C.30)

The inverse transformation is

𝛬𝛼
𝛽 = 𝛿𝛼

𝛽 +
𝜀
2 [⟨∂𝛼ℎ𝛽

𝜎 ∘ 𝑐0⟩ − ⟨∂𝛽ℎ𝜎𝛼 ∘ 𝑐0⟩] 𝛥𝑋𝜎 + 𝒪(𝜀2) . (C.31)

Since the deviation from the identity is of order 𝜀 ≪ 1, the associated rotation angles
and boost velocities are small. In particular, the boost component of 𝛬 corresponds to a
non-relativistic transformation.
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AppendixD
Propagation Time Integration in Linearized Gravity

In this appendix, we evaluate the integral over the neutrino propagation time 𝛥𝑇 that
emerges when rewriting equation (4.86) in terms of the alternative variables

⎛⎜⎜
⎝

𝛥𝑇(𝑇P, 𝑇D)
𝑇D(𝑇P, 𝑇D)

⎞⎟⎟
⎠

= ⎛⎜⎜
⎝

𝑇D − 𝑇P

𝑇D

⎞⎟⎟
⎠

. (D.1)

With this change of variables, the time integral takes the form

𝐼𝑗𝑘(𝑋⃗P, 𝑋⃗D, 𝐸) =
𝑇D2

∫
𝑇D1

d𝑇D

𝑇D−𝑇P1

∫
𝑇D−𝑇P2

d𝛥𝑇 exp (𝛯𝑗𝑘(𝛥𝑇, 𝑇D)) . (D.2)

Since the integrand is sharply peaked around its maximum at 𝛥𝑇⋆
𝑗𝑘, the integration limits

in 𝛥𝑇 can be extended to the full real line,

𝐼𝑗𝑘(𝑋⃗P, 𝑋⃗D, 𝐸) ≈
𝑇D2

∫
𝑇D1

d𝑇D

∞
∫

−∞
d𝛥𝑇 exp (𝛯𝑗𝑘(𝛥𝑇, 𝑇D)) , (D.3)

provided the production livetime is chosen such that 𝛥𝑇⋆
𝑗𝑘 ∈ [𝑇D − 𝑇P2, 𝑇D − 𝑇P1] for all

𝑇D within the considered interval.
The exponent 𝛯𝑗𝑘 reads

𝛯𝑗𝑘(𝛥𝑇(𝑇P, 𝑇D), 𝑇P) = −
( ̃𝑃⃗P𝑗 − 𝑃⃗D𝑗)2

2𝜎2
𝑃

−
( ̃𝑃⃗P𝑘 − 𝑃⃗D𝑘)2

2𝜎2
𝑃

−
( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝜎2
∥𝑗

−
( ̄𝑣𝑘𝐿0 − 𝐿)2

2𝜎2∗
∥𝑘

− 𝑖(𝛥𝐸𝑗𝑘𝐿0 − 𝛥𝑝𝑗𝑘𝐿) ,
(D.4)

where ̄𝑣𝑗,𝑘 are the mean group velocities, 𝐿 the spatial separation between production
and detection, and 𝐿0 the corresponding propagation time in the absence of spreading
effects. The real part of 𝛯𝑗𝑘 determines the envelope of the integrand | exp (𝛯𝑗𝑘) | =
exp (Re(𝛯𝑗𝑘)), which attains its maximum at 𝛥𝑇⋆

𝑗𝑘, corresponding to the point of maximal
spatial overlap between the wave packets of mass eigenstates 𝑗 and 𝑘 at the detector.
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Separating 𝛯𝑗𝑘 into real and imaginary part, one finds

Re(𝛯𝑗𝑘) = −
( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝛩2 (1 + 𝜒2
𝑗 (𝐿0)2)

−
( ̄𝑣𝑘𝐿0 − 𝐿)2

2𝛩2 (1 + 𝜒2
𝑘 (𝐿0)2)

−
( ̃𝑃⃗P𝑗 − 𝑃⃗D𝑗)2

2𝜎2
𝑃

−
( ̃𝑃⃗P𝑘 − 𝑃⃗D𝑘)2

2𝜎2
𝑃

,

(D.5)

Im(𝛯𝑗𝑘) = +𝜒𝑗𝐿0
( ̄𝑣𝑗𝐿0 − 𝐿)2

2𝛩4 (1 + 𝜒2
𝑗 (𝐿0)2)

− 𝜒𝑘𝐿0 ( ̄𝑣𝑘𝐿0 − 𝐿)2

2𝛩4 (1 + 𝜒2
𝑘 (𝐿0)2)

− (𝛥𝐸𝑗𝑘𝐿0 − 𝛥𝑝𝑗𝑘𝐿) .

(D.6)

Here, we have introduced the parametrization of the longitudinal wave packet widths,

𝜎2
∥𝑗 = 𝛩2 (1 + 𝑖𝜒𝑗𝐿0) , 𝛩2 ∶=

1
2

⎛⎜⎜
⎝

1
𝜎2

P𝑗
+

1
𝜎2

D𝑗

⎞⎟⎟
⎠

, 𝜒𝑗 ∶=
(1 − ̄⃗𝑣2

𝑗 )
𝐸̄𝑗𝛩2 . (D.7)

Having set up the expression for 𝛯𝑗𝑘, we now determine the propagation time 𝛥𝑇⋆
𝑗𝑘

corresponding to the maximal overlap of the 𝑗-th and 𝑘-th wave packets at the detector.
To this end, we first expand the relevant quantities, i.e., the physical propagation time 𝐿0,
the physical separation 𝐿, and the parallel-transported source momentum ̃𝑃⃗𝑗, to linear
order in 𝜀:

𝐿0 = 𝛥𝑇 + 𝜀𝛿𝛥𝑇(𝛥𝑇, 𝑇D) , (D.8)
𝐿 = 𝛥𝑋 + 𝜀𝛿𝛥𝑋(𝛥𝑇, 𝑇D) , (D.9)
̃𝑃⃗P𝑗 = ⃗𝑝 + 𝛥𝑃⃗P𝑗 + 𝜀𝛿𝑃⃗P𝑗(𝛥𝑇, 𝑇D) =∶ ⃗𝑝 + 𝛥 ̃𝑃⃗P𝑗(𝛥𝑇, 𝑇D) , (D.10)

with ⃗𝑝 ∶= 𝑝 ⃗ℓ ∶= 𝑝𝐿⃗/|𝐿⃗|. The mean momentum of the 𝑗-th mass eigenstate wave packet
then takes the form

̄𝑝𝑗 = 𝑝 + 𝛥𝑝𝑗 (D.11)

= 𝑝 +
𝜎2

D𝛥 ̃𝑃⃗P𝑗 + 𝜎2
P𝛥𝑃⃗D𝑗

𝜎2
P + 𝜎2

D
⋅ ⃗ℓ (D.12)

= 𝑝 +
𝜎2

D𝛥𝑃⃗P𝑗 + 𝜎2
P𝛥𝑃⃗D𝑗

𝜎2
P + 𝜎2

D
⋅ ⃗ℓ

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑝̄𝑗0

+𝜀
𝜎2

D
𝜎2

P + 𝜎2
D

𝛿𝑃⃗P𝑗 ⋅ ⃗ℓ
⏟⏟⏟⏟⏟⏟⏟

𝛿𝑝̄𝑗0

. (D.13)

The associated group velocity is given by

̄𝑣𝑗 = ̄𝑣𝑗0 + 𝜀𝛿 ̄𝑣𝑗0 , ̄𝑣𝑗0 =
̄𝑝𝑗0

𝐸𝑗0
, 𝛿 ̄𝑣𝑗0 =

𝛿 ̄𝑝𝑗0𝑚2
𝑗

𝑝3 + 𝒪(𝜀2
UR) . (D.14)

Here, we have dropped terms beyond first order in 𝜀UR, since such contributions would
appear only at 𝒪(𝜀𝜀2

UR), which are neglected in our approximation.
The time 𝛥𝑇⋆

𝑗𝑘 follows from the condition

0 =
dRe(𝛯𝑗𝑘)

d𝛥𝑇 ∣
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘

. (D.15)
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We adopt the perturbative ansatz 𝛥𝑇⋆
𝑗𝑘 = 𝛥𝑇⋆

𝑗𝑘,0 + 𝜀𝛥𝑇⋆
𝑗𝑘,1 + 𝒪(𝜀2), insert it into equa-

tion (D.15), and expand to first order in 𝜀. The zeroth order solution is

𝑇⋆
𝑗𝑘,0 = 𝛥𝑋 ⎛⎜⎜

⎝
1 +

𝑚2
𝑗 + 𝑚2

𝑘

4𝑝2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝑝3 −
(𝛥𝑚2

𝑗𝑘)2

8𝑝4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝑝4
⎞⎟⎟
⎠

+ 𝒪(𝜀3
UR) ,

(D.16)

which is accurate to second order in 𝜀UR. The first order correction reads

𝛥𝑇⋆
𝑗𝑘,1 = −

∂2Re(𝛯𝑗𝑘)
∂𝛥𝑇2 ∣

−1

𝜀=0
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘,0

∂2Re(𝛯𝑗𝑘)
∂𝜀∂𝛥𝑇 ∣ 𝜀=0

𝛥𝑇=𝛥𝑇⋆
𝑗𝑘,0

(D.17)

= −
1

𝑣2
𝑗0 + 𝑣2

𝑘0

⎧{
⎨{⎩

𝛥𝑋
𝑣𝑗𝑘,0

⎡⎢
⎣
(𝑣𝑗0 − 𝑣𝑗𝑘,0) ⎛⎜

⎝
𝛥𝑋
𝑣𝑗𝑘,0

𝛿 ̇𝑣𝑗0 + 𝑣𝑗0𝛿𝛥𝑇̇ + 𝛿𝑣𝑗0 − 𝛿𝛥𝑋̇⎞⎟
⎠

+ (𝑣𝑘0 − 𝑣𝑗𝑘,0) ⎛⎜
⎝

𝛥𝑋
𝑣𝑗𝑘,0

𝛿 ̇𝑣𝑘0 + 𝑣𝑘0𝛿𝛥𝑇̇ + 𝛿𝑣𝑘0 − 𝛿𝛥𝑋̇⎞⎟
⎠

⎤⎥
⎦

+ 𝑣𝑗0 ⎛⎜
⎝

𝛥𝑋
𝑣𝑗𝑘,0

𝛿𝑣𝑗0 + 𝑣𝑗0𝛿𝛥𝑇 − 𝛿𝛥𝑋⎞⎟
⎠

+ 𝑣𝑘0 ⎛⎜
⎝

𝛥𝑋
𝑣𝑗𝑘,0

𝛿𝑣𝑘0 + 𝑣𝑘0𝛿𝛥𝑇 − 𝛿𝛥𝑋⎞⎟
⎠

⎫}
⎬}⎭

,

(D.18)

with 𝑣𝑗𝑘,0 = (𝑣2
𝑗0 + 𝑣2

𝑘0)/(𝑣𝑗0 + 𝑣𝑘0). This can be simplified using 𝛿𝑣𝑗0 = 𝒪(𝜀UR), 𝑣𝑗0 −
𝑣𝑗𝑘,0 = 𝒪(𝜀UR), and

(𝑣𝑗0 − 𝑣𝑗𝑘,0) + (𝑣𝑘0 − 𝑣𝑗𝑘,0) =
𝛥𝑚2

𝑗𝑘

4𝑝2 +
𝛥𝑚2

𝑘𝑗

4𝑝2 + 𝒪(𝜀2
UR) = 𝒪(𝜀2

UR) , (D.19)

which yields

𝜀𝛥𝑇⋆
𝑗𝑘,1 = − ⎛⎜⎜

⎝
𝜀𝛿𝛥𝑇 − ⎡⎢

⎣
1 +

𝑚2
𝑗 + 𝑚2

𝑘

4𝑝2
⎤⎥
⎦

𝜀𝛿𝛥𝑋 + 𝜀
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 𝛥𝑋⎞⎟⎟
⎠

+ 𝒪(𝜀2, 𝜀𝜀2
UR) . (D.20)

Combining zeroth and first order results, the maximal overlap time can be written as

𝛥𝑇⋆
𝑗𝑘 =

𝐿
̃𝑣𝑗𝑘

∣
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘

− 𝜀𝛿𝛥𝑇∣
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘
, (D.21)

1
̃𝑣𝑗𝑘

∶= 1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝑝2 + 𝜀
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝑝3 −
(𝛥𝑚2

𝑗𝑘)2

8𝑝4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝑝4 ∣
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘

.

(D.22)

Substituting 𝛥𝑇⋆
𝑗𝑘 into 𝐿0 yields

𝐿0(𝛥𝑇⋆
𝑗𝑘) =

𝐿
̃𝑣𝑗𝑘

∣
𝛥𝑇=𝛥𝑇⋆

𝑗𝑘

, (D.23)
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where ̃𝑣𝑗𝑘 is the gravitationally corrected mean group velocity of the two mass eigenstates.
In deriving these expressions, we have implicitly used

̃𝑃⃗P𝑗∣𝛥𝑇=𝛥𝑇⋆
𝑗𝑘

!≈ 𝑃⃗D𝑗 , (D.24)

so that momentum conservation terms in Re (𝛯𝑗𝑘) do not contribute to 𝛥𝑇⋆
𝑗𝑘. At zeroth

order in 𝜀, this follows trivially from the time-independence of the respective terms; at
first order, the potentially non-vanishing pieces vanish due to (D.24).
Expanding 𝛯𝑗𝑘 to second order about its maximum 𝛥𝑇⋆

𝑗𝑘 and evaluating the Gaussian
integral over 𝛥𝑇 in equation (D.2) yields

∞
∫

−∞
d𝛥𝑇 exp (𝛯𝑗𝑘(𝛥𝑇, 𝑇D)) ≈

√
√√
⎷

2𝜋
−𝛯̈𝑗𝑘(𝛥𝑇⋆

𝑗𝑘, 𝑇D)
exp (𝛯𝑗𝑘(𝛥𝑇⋆

𝑗𝑘, 𝑇D))

× exp ⎛⎜⎜
⎝

Im(𝛯̇𝑗𝑘(𝛥𝑇⋆
𝑗𝑘, 𝑇D))2

2Re(𝛯̈𝑗𝑘(𝛥𝑇⋆
𝑗𝑘, 𝑇D))

⎞⎟⎟
⎠

.
(D.25)

As in flat spacetime, the real part of the first exponential governs decoherence due to wave
packet separation, while the imaginary part encodes both the oscillation phase and an
additional phase from wave packet spreading. The last exponential in equation (D.25)
enforces the production and detection coherence condition: the energy differences
between mass eigenstates must not be resolveable for oscillations to be observable.
To confirm that this interpretation carries over to curved spacetime, we examine the
individual terms in detail. A recurring quantity is

̄𝑣𝑗𝐿0 − 𝐿 = ⎛⎜⎜
⎝

1 −
𝑚2

𝑗

2𝑝2 +
𝛥𝑝𝑗𝑚2

𝑗

𝑝3 +
3𝑚4

𝑗

8𝑝4
⎞⎟⎟
⎠

× ⎛⎜⎜
⎝

1 +
𝑚2

𝑗 + 𝑚2
𝑘

4𝑝2 + 𝜀
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 −
𝛥𝑝𝑗𝑚2

𝑗 + 𝛥𝑝𝑘𝑚2
𝑘

2𝑝3 −
(𝛥𝑚2

𝑗𝑘)2

8𝑝4 −
𝑚4

𝑗 + 𝑚4
𝑘

16𝑝4
⎞⎟⎟
⎠

𝐿

− 𝐿
(D.26)

=
⎡⎢⎢
⎣
−

𝛥𝑚2
𝑗𝑘

4𝑝2 + 𝜀 (
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 ) +
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝑝3 +
𝛥𝑚4

𝑗𝑘

8𝑝4 − ⎛⎜⎜
⎝

𝛥𝑚2
𝑗𝑘

4𝑝2
⎞⎟⎟
⎠

2
⎤⎥⎥
⎦

𝐿

+ 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) .
(D.27)

Here, the momentum conservation condition from equation (D.24) has been used,
leading to

̄𝑝𝑗 = 𝑝 + 𝛥𝑃D𝑗 ≡ 𝑝 + 𝛥𝑝𝑗 (D.28)

⇒ ̄𝑣𝑗 = 1 −
𝑚2

𝑗

2𝑝2 +
𝛥𝑝𝑗𝑚2

𝑗

𝑝3 +
3𝑚4

𝑗

8𝑝4 + 𝒪(𝜀3
UR) . (D.29)

The energy splitting between two mass eigenstates is given by

𝛥𝐸𝑗𝑘 =
𝛥𝑚2

𝑗𝑘

2𝑝 + 𝛥𝑝𝑗𝑘 −
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝑝2 −
𝛥𝑚4

𝑗𝑘

8𝑝3 + 𝒪(𝜀3
UR) . (D.30)
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Re(𝛯𝑗𝑘) = − ⎛⎜⎜
⎝

𝐿
𝐿coh

𝑗𝑘

⎞⎟⎟
⎠

2

, (D.31)

𝐿coh
𝑗𝑘 = 2𝜎𝑋

⎡⎢⎢
⎣

⎛⎜⎜
⎝

𝛥𝑣+
𝑗𝑘

1 + 𝜒2
𝑗 (𝐿0)2

⎞⎟⎟
⎠

2

+ ⎛⎜
⎝

𝛥𝑣−
𝑗𝑘

1 + 𝜒2
𝑘 (𝐿0)2

⎞⎟
⎠

2
⎤⎥⎥
⎦

− 1
2

, (D.32)

𝛥𝑣±
𝑗𝑘 = ∓

𝛥𝑚2
𝑗𝑘

4𝑝2 + 𝜀 (
𝛿𝑣𝑗0 + 𝛿𝑣𝑘0

2 ) ±
𝛥𝑝𝑗𝑚2

𝑗 − 𝛥𝑝𝑘𝑚2
𝑘

2𝑝3 ±
𝛥𝑚4

𝑗𝑘

8𝑝4 ∓ ⎛⎜⎜
⎝

𝛥𝑚2
𝑗𝑘

4𝑝2
⎞⎟⎟
⎠

2

, (D.33)

at leading order, 𝐿coh
𝑗𝑘 reproduces the flat spacetime result

𝐿coh
𝑗𝑘 ≈ 4√2𝜎𝑋

𝑝2

𝛥𝑚2
𝑗𝑘

, (D.34)

while higher order terms account for wave packet spreading and gravitational correc-
tions.
The gravitational corrections are described by

𝜀𝛿𝑣𝑗0 = 𝜀
𝛿𝑝𝑗0𝑚2

𝑗

𝑝3 + 𝒪(𝜀2, 𝜀𝜀2
UR) . (D.35)

with 𝛿𝑝𝑗0, using momentum conservation, given by

𝜀𝛿𝑝𝑗0 = −
𝜀
2

𝜎2
D

𝜎2
P + 𝜎2

D
( ⃗ℓ ⋅ ⃗𝑒𝑘)𝜆𝑘

𝛽𝑝𝛽 + 𝒪(𝜀2, 𝜀𝜀UR) =
𝜎2

D
𝜎2

P + 𝜎2
D

(𝛥𝑃⃗D𝑗 − 𝛥𝑃⃗P𝑗) ⋅ ⃗ℓ . (D.36)

with 𝑝𝛼 ∶= 𝑝(1, ⃗ℓ). The imaginary part of 𝛯𝑗𝑘 can be decomposed as

Im(𝛯𝑗𝑘) = 𝛥𝛷𝑗𝑘(𝐿) + 𝛥𝛷̃𝑗𝑘(𝐿) , (D.37)

𝛥𝛷𝑗𝑘(𝐿) = −
𝛥𝑚2

𝑗𝑘

2𝑝 [1 −
𝛥𝑝𝑗 + 𝛥𝑝𝑘

2𝑝 ] 𝐿 , (D.38)

𝛥𝛷̃𝑗𝑘(𝐿) =
𝐿2

8𝜎4
𝑋

⎡⎢
⎣
(𝛥𝑣+

𝑗𝑘)2
𝜒𝑗𝐿0

1 + 𝜒2
𝑗 (𝐿0)2 − (𝛥𝑣−

𝑗𝑘)2 𝜒𝑘𝐿0

1 + 𝜒2
𝑘 (𝐿0)2

⎤⎥
⎦

. (D.39)

Here, 𝛥𝛷𝑗𝑘(𝐿) is the standard oscillation phase with 𝒪(𝜀2
UR) corrections, while 𝛥𝛷̃𝑗𝑘(𝐿)

arises from wave packet spreading and is of order 𝒪(𝜀3
UR). The second exponential in

equation (D.25) and the source-root prefactor can be expressed as

𝜋𝑗𝑘 = −
1
2 (

𝛥𝐸𝑗𝑘

𝜎𝐸
)

2

+ 𝒪(𝜀2, 𝜀𝜀2
UR, 𝜀3

UR) , (D.40)

with 𝜎𝐸 = 1/𝜎𝑋. Keeping only the lowest non-vanishing order in the prefactor, the final
result is

𝐼𝑗𝑘(𝑋⃗P, 𝑋⃗D, 𝐸) = √
2𝜋
𝜎2

𝐸

𝑇D2

∫
𝑇D1

d𝑇D exp ⎛⎜⎜⎜
⎝

− ⎛⎜⎜
⎝

𝐿
𝐿coh

𝑗𝑘

⎞⎟⎟
⎠

2

− 𝑖𝛥𝛷𝑗𝑘 − 𝑖𝛥𝛷̃𝑗𝑘 −
1
2 (

𝛥𝐸𝑗𝑘

𝜎𝐸
)

2
⎞⎟⎟⎟
⎠

.

(D.41)
This expression closely parallels the flat spacetime result, but includes geometric correc-
tions in both the propagation distance 𝐿 and the coherence length 𝐿coh

𝑗𝑘 .
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