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Abstract

Count time series naturally arise when counting occurrences of things and events over time resulting
in numerous applications in various fields. However, research on count time series and, more generally,
discrete time series is not as advanced as research on classical continuous time series. This gap
highlights the importance of developing appropriate methodologies for the discrete case in order to
effectively address its unique characteristics.

This cumulative dissertation is based on five articles that collectively extend the research on count
time series and discrete-valued time series in general. We provide an improved semi-parametric
estimation procedure for the integer-valued autoregressive (INAR) model and develop an R package
allowing for simulation, estimation and bootstrapping of INAR data. Furthermore, we present a
semi-parametric INAR bootstrap procedure and prove its joint consistency for the estimation of the
INAR coefficient and the innovation distribution. Finally, we propose a goodness-of-fit test on the
whole INAR model class and provide methodology to conduct prediction in the setup of discrete time
series in general. In addition to outlining these methodologies, we always validate our findings by
extensive simulations and apply them on real-data examples. While three articles are published in
peer-reviewed journals, the other two are on arXiv and attached in their current version.
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Zusammenfassung

Zähldatenzeitreihen entstehen naturgemäß, wenn Ereignisse oder Objekte über die Zeit hinweg
gezählt werden, was zu zahlreichen Anwendungen in unterschiedlichen Fachbereichen führt. Die
Forschung zu Zähldatenzeitreihen und allgemeiner zu diskreten Zeitreihen ist jedoch bislang weniger
weit fortgeschritten als die zu klassischen stetigen Zeitreihen. Dabei ist die Entwicklung geeigneter
Methoden für den diskreten Fall von zentraler Bedeutung, um die zugehörigen Charakteristiken
adäquat berücksichtigen zu können.

Diese kumulative Dissertation stützt sich auf fünf Artikel, die zusammen die Forschung über Zähldaten-
zeitreihen bzw. diskrete Zeitreihen im Allgemeinen erweitern. Wir schlagen ein verbessertes semi-
parametrisches Schätzverfahren für das INAR (Integer-valued Autoregressive) Modell vor und ent-
wickeln ein R-Paket, das Simulation, Schätzung und Bootstrapping von INAR-Daten ermöglicht.
Darüber hinaus präsentieren wir ein semiparametrisches INAR-Bootstrapverfahren und beweisen
dessen Konsistenz für die gemeinsame Schätzung der INAR-Koeffizienten und der Innovationsverteilung.
Weiter schlagen wir einen neuartigen Anpassungstest für die gesamte INAR-Modellklasse vor und
entwickeln eine Methode für die Vorhersage diskreter Zeitreihen. Neben der Beschreibung dieser
Methoden validieren wir unsere Ergebnisse durch umfangreiche Simulationen und wenden sie auf reale
Datenbeispiele an. Drei der Artikel wurden bereits in Journalen mit Peer-Review veröffentlicht, die
anderen beiden Artikel sind auf arXiv zu finden und wurden in ihrer aktuellen Version der vorliegenden
Arbeit angehängt.
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CLT central limit theorem
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DAR discrete autoregressive
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EDF empirical distribution function
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INGARCH integer-valued generalized autoregressive conditional heteroscedasticity
LASSO least absolute shrinkage and selection operator
ML maximum likelihood
MSE mean squared error
N {1, 2, . . .}
N0 {0, 1, 2, . . .}
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NPMLE non-parametric maximum likelihood estimator
PACF partial autocorrelation function
pgf probability generating function
pmf probability mass function
Poi(λ) Poisson distribution with parameter λ > 0
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spINAR semi-parametric integer-valued autoregressive
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1
Introduction

Time series are a fundamental concept in statistics and mathematics. They consist of data points
observed at different points or intervals over time and find application in many relevant fields such as
environmental science, economics, health care and many others. Their analysis allows researchers from
both theory and practice to discover underlying structures such as trends or seasonal components and
to use them to understand past behavior or predict future values.

The literature on time series is broad; see, for example, Box and Jenkins (1970), Brockwell and Davis
(1987) and Shumway and Stoffer (2000) as introductions. Most of these textbooks mainly cover the
setup of continuous-valued time series, that is, time series with real numbers or vectors as outcome.
Besides these continuous time series, there also exist so-called discrete time series, that is, time series
with discrete range. Examples are numerous: There are count time series, where the range of the
time series only allows for natural numbers. Another example are categorical time series, which
include ordinal time series, where the data exhibits a qualitative range consisting of a finite number
of categories. And as a last example, there are such apparently simple setups as binary time series,
where the time series takes two possible values only. All these exemplary settings have in common
that the classical methods for continuous time series are not able to account for the discrete range
of these time series. Despite its noted relevance, McKenzie (2003) states in his survey article that
modeling discrete variate time series is the most challenging and, at this time, the least well-developed
one of all research areas in time series. Some textbooks briefly address the discrete case in their work,
for example, Fahrmeir and Tutz (2001), Kedem and Fokianos (2002) and Cameron and Trivedi (2013)
in the regression setup or Zucchini and MacDonald (2009) in their book about hidden Markov models
for time series. In Turkman et al. (2014), one chapter deals with integer-valued time series and the
book of Davis et al. (2011) provides some essays about discrete-valued time series. Finally, Weiß
(2018) introduces the field of discrete-valued time series in general while covering common models for
count time series and categorical time series and outlining their most important properties.

This cumulative dissertation mainly covers the topic of count time series, which arise naturally
when counting things or events. As an example, consider Figure 1 containing the total number of
climate-related disasters in France over the years and separately displaying the total numbers for each
of the six considered disasters in this data set - drought, extreme temperature, flood, landslide, storm

1
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Figure 1: Number of total climate related disasters in France over the years (above) and (below) the separate
numbers for each of the six considered disasters in the data set. Source: The Emergency Events Database
(EM-DAT), Center for Research on the Epidemiology of Disasters (CRED)/Université catholique de Louvain
(UCLouvain), Brussels, Belgium. www.emdat.be.

and wildfire. When it comes to the analysis of these time series, it becomes obvious that continuous
models are not able to ensure the integer-valued range of the response. While they are sometimes
used nevertheless, this procedure will only provide limited approximation, especially in the case of
low counts as appearing in Figure 1. Additionally, they cannot account for specific characteristics
often arising when dealing with count time series, such as asymmetry or excess zeros, also visible in
Figure 1. This underlines the need for using appropriate count time series models.

The papers of this thesis contribute to the current state of research on count time series and partly also
on discrete-valued time series in general. They address different challenges from various perspectives.
The first paper (Faymonville et al., 2023) reveals that the performance of the semi-parametric estimator
introduced in Section 2.2 may be inferior in case of small sample sizes. To this end, we propose
a penalized version of the aforementioned estimator exploiting the smoothness of most innovation
distributions of the INAR model introduced in Subsection 2.1.1. In this context, “smoothness of a
distribution” means that two consecutive entries of its probability mass function differ only slightly
from each other. Simulations display that our approach improves the estimation performance and that
a combination of penalized and unpenalized approaches results in overall best INAR model fits.

The penalized and unpenalized semi-parametric estimation mentioned in the previous paragraph
is implemented in the R package spINAR (Faymonville et al., 2024). This package also allows

www.emdat.be
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for parametric estimation of the INAR model introduced in Subsection 2.1.1, (semi-)parametric
bootstrapping (see Section 2.3) and flexible simulation of INAR data. In our peer-reviewed paper, we
briefly describe the features of our package and set it into context with other related packages. It has
been published via CRAN and includes tests for desired functionality. Besides the help pages in R,
we provide extensive documentation on GitHub.

When introducing the semi-parametric INAR model estimator (see Section 2.2), Drost et al. (2009)
not only prove efficiency and consistency of their estimator, they also derive its limiting distribution
(see (2.8)), allowing for asymptotic inference. However, due to the infinite-dimensional parameter
space, this asymptotic result is cumbersome to apply in practice, motivating the use of bootstrap
inference. To this end, in Faymonville and Jentsch (2025), we propose an appropriate bootstrap
procedure and prove that the bootstrap version of the semi-parametric estimator provides the same
asymptotic distribution in probability. In addition to simulations that support this result, we also
provide several methodological examples in which the result finds application, underlining its practical
relevance.

One application of the result of Faymonville and Jentsch (2025) is the semi-parametric goodness-of-fit
test for INAR models presented in Faymonville et al. (2025b). In this paper, we propose a test for
the whole INAR model class where one does not have to specify a parametric family of innovation
distributions. We prove consistency under fixed alternatives and analyze its asymptotic behavior
under local alternatives. Our L2-type test statistic relies on the joint probability generating function
and its limiting distribution which we derive is not practicable. The result of Faymonville and Jentsch
(2025) enables us to use bootstrap inference instead. In simulations, we illustrate the performance of
our goodness-of-fit test and display that it can be improved by using test statistics of higher order.

In the fifth paper (Faymonville et al., 2025a), we address the general problem of predictive inference
in the case of discrete time series. Due to the discrete range of the values, prediction intervals are
not meaningful and prediction sets do generally not retain a desired coverage level. We therefore
propose to reverse the construction principle and, in a nutshell, transform the prediction problem into
a parameter estimation problem, where the parameter of interest is the probability for observing some
values of interest in the future which arise from the respective application. We cover both parametric
and non-parametric setups while providing asymptotic and bootstrap approaches. The latter have the
advantage to circumvent possibly cumbersome limiting distributions and to imitate the distributions
of interest also when it is not clear whether the model used for prediction holds true. While we first
introduce the general procedure, we then illustrate our proposed methods by an application to both
first-order INAR and INARCH models (see Section 2.1) using (conditional) maximum likelihood
estimation. In simulations, we investigate the finite sample performance and we additionally discuss
that extensions to higher model order and larger prediction horizon are straightforward.

To underline their practical relevance, we apply all the methods introduced in Faymonville et al.
(2023), Faymonville and Jentsch (2025), Faymonville et al. (2025b) and Faymonville et al. (2025a) on
real-world data sets and discuss our findings.

https://github.com/MFaymon/spINAR


4 1 Introduction

The remainder of this thesis is structured as follows. In Chapter 2, we provide the probably most
popular count time series models in existing literature along with corresponding estimation methods
and appropriate bootstrap techniques. Chapter 3 contains a summary of each of the five papers
of this cumulative dissertation, emphasizing the innovative elements of each publication and their
contribution to the respective research field. The thesis concludes with a discussion in Chapter 4,
followed by all full-length papers.



2
Statistical Methods

This chapter provides a general methodological background of already existing methods in the context
of count time series. They have been used and extended in the articles of this cumulative dissertation.
Due to individual requests from reviewers of the journals we published in, the notation may sometimes
slightly differ across the papers. In this chapter, we aim for a notation that is as consistent as
possible.

2.1 Count Time Series Models

Count time series consist of non-negative integers observed over time, that is, the observed values
have range N0 = {0, 1, 2, . . .}. They arise naturally when counting things or events from all areas of
life. Weiß (2018) analyzes, among others, the number of road accidents in an area of the Netherlands
and the number of infections with, for example, Hantavirus and Legionella. Gouveia et al. (2018)
investigate the number of rainy days of locations across Europe and Russia and Weiß and Kim (2014)
deal with the number of countries in the EA171 with stable prices. Lately, many examples arose
during the COVID-19 pandemic, where for each day the Robert-Koch institute (Robert-Koch institute,
2020) displayed different key numbers such as the number of infective people or hospital admissions to
monitor the pandemic. Another example with increasing relevance is the number of extreme weather
events partly already addressed in Figure 1.

2.1.1 INAR Model

When it comes to the modeling of such data sets, we have to take into account the integer nature
of the data and cannot use well-known time series models as the AR(p) (AutoRegressive) model
introduced by Yule (1927) and Slutsky (1937) as

Xt = α1Xt−1 + . . . + αpXt−p + εt, t ∈ Z. (2.1)
1A group of 17 countries in the Euro area

5
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Due to the multiplication of the coefficients αi and the lags Xt−i, i = 1, . . . , p, Xt would not be
modeled as integer even if the innovations εt would only take integer values. Hence, one possibility to
obtain an appropriate model is to replace the multiplication in (2.1) by a range-preserving operation.
One approach of reducing Xt−i, i = 1, . . . , p, in a way that preserves its integer values is the so-called
binomial thinning operator denoted with “◦”. Steutel and Van Harn (1979) introduce it as

αi ◦ Xt−i =
Xt−i∑︂
j=1

Z
(t,i)
j , (2.2)

where
(︂
Z

(t,i)
j , j ∈ N, t ∈ Z

)︂
, i ∈ 1, . . . , p, are mutually independent Bernoulli distributed random

variables Z
(t,i)
j ∼ Bin(1, αi). Thus, αi ◦ Xt−i can only take integer values between 0 and Xt−i. Using

(2.2), Du and Li (1991) introduce the INAR(p) (INteger-valued AutoRegressive) model as

Xt = α1 ◦ Xt−1 + . . . + αp ◦ Xt−p + εt, t ∈ Z (2.3)

where εt
i.i.d.∼ G with G being a discrete distribution with range N0 and α = (α1, . . . , αp) the vector of

model coefficients fulfilling
p∑︁

i=1
αi < 1. Additionally, we have that Z

(t,i)
j is independent of (εt, t ∈ Z),

the thinning operations are independent over time and of (εt, t ∈ Z) and both the thinning operation
at time t and εt are independent of Xs, s < t. The INAR(p) model of Du and Li (1991) is marked by
these extensive assumptions, which contrast with those assumptions put forth by Alzaid and Al-Osh
(1990), who introduce another version of the INAR(p) model while also using the recursion in (2.3).
Since only the INAR(p) model proposed by Du and Li (1991) yields the traditional Yule-Walker
equations (see Yule (1927) and Walker (1931)) for the autocorrelation function (ACF), it is generally
favored in practice. Therefore, we will concentrate on this model specification for the rest of this
chapter, just like in all of our papers on which this thesis is based. In most applications, the first-order
INAR model (p = 1) finds application for which the two models coincide and simplify to the INAR(1)
model first introduced by McKenzie (1985) and Al-Osh and Alzaid (1987).

The INAR(p) model is a pth order Markov chain whose transition probabilities are given by

P α,G(Xt = xt|Xt−1 = xt−1, . . . , Xt−p = xt−p) = (Bin(xt−1, α1) ∗ . . . ∗ Bin(xt−p, αp) ∗ G) {xt}, (2.4)

where “∗” denotes the convolution of distributions. In the special case of p = 1, they simplify to

P α,G(Xt = xt|Xt−1 = xt−1) =
min(xt,xt−1)∑︂

j=0

(︄
xt−1

j

)︄
αj(1 − α)xt−1−jG(xt − j),

where (G(k), k ∈ N0) denotes the probability mass function of G. For the innovation distribution
G, Al-Osh and Alzaid (1987) initially proposed the Poisson distribution, which can be regarded as
the natural analog of the normal distribution in the case of continuous time series. This distribution
is characterized by equidispersion, naturally leading to limitations. Therefore, several alternative
innovation distributions for the INAR model have been proposed. For example, Savani and Zhigljavsky
(2007) consider negative binomial innovations, Jazi et al. (2012b) geometric innovations, Jazi et
al. (2012a) zero-inflated Poisson innovations and Qi et al. (2019) zero-and-one inflated Poisson
innovations.
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2.1.2 IN(G)ARCH Model

Besides the idea of the INAR model replacing the multiplication by an appropriate operation
ensuring the integer range, another idea is to consider a regression model for the conditional mean
Mt := E(Xt|Xt−1). This so-called INGARCH(p, q) (INteger-valued Generalized AutoRegressive
Conditional Heteroscedasticity) model has been introduced by Rydberg and Shephard (2000) and
Heinen (2003) (under different names) as

Mt = β0 +
p∑︂

i=1
αiXt−i +

q∑︂
j=1

βjMt−j , (2.5)

with Xt|Xt−1, . . . ∼ Poi(Mt) and β0 > 0, α1, . . . , αp, β1, . . . , βq ≥ 0. It has been further analyzed
by Ferland et al. (2006) and Fokianos et al. (2009). For different choices of distributions, one
obtains different INGARCH models. Assuming a Poisson distribution as conditional distribution
leads to the basic model we always refer to when speaking of “the INGARCH model”. Despite
the equidispersion property of the Poisson distribution, the INGARCH model is suitable to model
overdispersed observations; see Weiß (2018).

Setting q = 0 in (2.5), we naturally obtain the so-called INARCH(p) (INteger-valued AutoRegressive
Conditional Heteroscedasticity) model. Its transition probabilities are given by

P α,β0(Xt = xt|xt−1, . . .) = exp
(︄

−β0 −
p∑︂

i=1
αixt−i

)︄
(β0 +

∑︁p
i=1 αixt−i)xt

xt!
.

When additionally setting p = 1, we obtain the popular INARCH(1) model, particularly addressed by
Weiß (2010).

Researchers who prefer the INARCH over the INAR model argue that a drawback of the latter is the
commitment to an innovation distribution G coming with restrictions. But in a remarkable paper,
Drost et al. (2009) come up with a semi-parametric INAR model which we address in the following
Section 2.2, making the INAR model class very flexible. Additionally, the INAR model exhibits a
nice and easy to interpret autoregressive structure. That is why in the remainder of this section and
mostly in our papers, we focus on the INAR model.

2.2 Estimation Methods

The INAR model is completely specified by the model coefficients α = (α1, . . . , αp) and the innovation
distribution G. When it comes to estimation of the model, we therefore need estimators for α and G,
where the latter might be tricky, especially in the case of unbounded counts. The literature mostly
deals with parametric estimation assuming that G lies in some parametric class of distributions, that
is,

G ∈ {Gγ | γ ∈ Γ ⊂ Rq} (2.6)
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for some finite q ∈ N. Since the INAR(p) model in (2.3) can be seen as the integer-valued counterpart
of the AR(p) model in (2.1), it allows the use of classical (parametric) estimation approaches as e.g.
Yule-Walker estimation, least squares estimation and maximum likelihood estimation; see for example
Du and Li (1991), Silva and Silva (2006) and Bu et al. (2008) or Section 2.2 of Weiß (2018) for a
summary of the most popular ones. While (2.6) might be too restrictive, for example, in terms of
dispersion or possible zero-inflation, the semi-parametric model estimator of Drost et al. (2009) keeps
the parametric binomial thinning operation, but the estimation of G is completely non-parametric.
This leads to a very flexible estimation approach and for this reason, we mostly focus on this estimation
procedure in our papers.

The semi-parametric estimation approach of Drost et al. (2009) treats the error distribution as (possibly
infinite-dimensional) parameter. It jointly estimates the model coefficients and the probability mass
function of the innovation distribution. To do so, they only need some mild assumptions. First of all,
they require that

G ∈ G = {G ∈ ˜︁G : 0 < G(0) < 1 : EGεp+4
t < ∞},

where ˜︁G denotes the set of all probability measures on N0. This condition ensures that an observation
can but does not always have to be equal to zero and requests the existence of some moments to
ensure weak convergence of some empirical processes; see Drost et al. (2009) for details. Additionally,
they impose that α ∈ Θ = {α ∈ (0, 1)p :

∑︁p
i=1 αi < 1} which ensures the stationarity of the time

series and has already been included in our definition of the INAR model itself; see (2.3). Finally,
their non-parametric maximum likelihood estimator is defined to maximize the conditional likelihood,
that is,

∀n ∈ N : ( ˆ︁αn, ˆ︁Gn) ∈ argmax
(α,G)∈[0,1]p×˜︁G

(︄
n∏︂

t=0
P α,G

(Xt−1,...,Xt−p),Xt

)︄
, (2.7)

where P α,G
(Xt−1,...,Xt−p),Xt

= P α,G(Xt = xt|Xt−1 = xt−1, . . . , Xt−p = xt−p) corresponds to the transition
probabilities of (2.4). Drost et al. (2009) prove the efficiency and the consistency of this estimator
along with its limiting distribution given by

√
n
(︂ˆ︁θn − θ0

)︂
⇝ −Ψ̇−1

θ0 Sθ0 , (2.8)

where ˆ︁θn = ( ˆ︁αn, ˆ︁Gn), θ0 = (α0, G0), “⇝” denotes weak convergence, Sθ0 is a tight, Borel measurable,
Gaussian process and Ψ̇−1

θ0 is the continuous inverse of the Fréchet derivative of Ψθ0 . The latter
denotes the population counterpart of the estimating equation(s) of ˆ︁θn which arise from its Z-estimator
representation; see Drost et al. (2009) for details. The limiting distribution in (2.8) is a transformed
Gaussian process. Because of the infinite-dimensional parameter space, this result is cumbersome to
use for asymptotic inference in applications, motivating the use of bootstrap inference instead.
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2.3 Bootstrap Methods

Although the INAR model in (2.3) can be seen as an integer-valued counterpart of the AR model
in (2.1), they differ in one crucial point: In contrast to the linear AR model, the INAR model is
non-linear, which is caused by the use of the (random) binomial thinning operation (2.2) instead of
the (deterministic) multiplication. Particularly, Drost et al. (2009) highlight that having the estimated
coefficients available does not directly provide the residuals. The latter is the case for the AR model,
allowing to use the very popular AR bootstrap, which has been shown to be consistent under mild
assumptions for a large class of statistics; see e.g. Kreiß (1992), Bühlmann (1997), Kreiß (1997)
and Kreiß et al. (2011). Since the AR bootstrap is not only popular but also easy to implement, it
would be desirable to transfer it to the INAR case. To do so, one would need appropriate residuals
while correctly replicating the randomness of the binomial thinning operation. After exploring some
naive approaches, Jentsch and Weiß (2019) conclude that this is not possible to a sufficient extent.
Instead, they come up with another bootstrap scheme and distinguish between a parametric and a
semi-parametric setting. In the following, we provide the algorithm for the semi-parametric case. By
replacing the semi-parametric estimation by a suitable parametric estimation method, one gets the
corresponding parametric approach.

Algorithm 2.3.1 (Semi-parametric INAR bootstrap of Jentsch and Weiß (2019))

1) Using the estimator of Drost et al. (2009) displayed in (2.7), semi-parametrically fit an INAR(p)
process Xt =

∑︁p
i=1 αi ◦ Xt−i + εt to get estimated INAR coefficients ˆ︁α = (ˆ︁α1, . . . , ˆ︁αp) and the

estimated probability mass function ˆ︁G = ( ˆ︁G(k), k ∈ N0) of G.

2) Generate bootstrap observations X∗
1 , . . . , X∗

n according to

X∗
t = ˆ︁α1 ◦∗ X∗

t−1 + . . . + ˆ︁αp ◦∗ X∗
t−p + ε∗

t ,

where “◦∗” denotes (mutually independent) bootstrap binomial thinning operations and ε∗
t are

i.i.d. random variables following ˆ︁G.

Under a suitable set of meta assumptions, Jentsch and Weiß (2019) prove bootstrap consistency for
the presented bootstrap scheme. Among others, the statistic of interest has to belong to the class
of functions of generalized means, containing, for example, the sample mean, versions of sample
autocovariances, sample (partial) autocorrelations and the Yule-Walker estimators. We refer to
Jentsch and Weiß (2019) for more details.





3
Summary of the Articles

3.1 Article 1: Semiparametric Estimation of INAR Models using
Roughness Penalization

The first article (Faymonville et al., 2023) provides an improved semi-parametric estimation method
for the INAR model based on the one of Drost et al. (2009) introduced in Section 2.2. It uncovers
that the estimation performance of the latter may be inferior in case of short time series, leading to
estimated innovation distributions which are non-smooth. More concretely, they provide unnatural
gaps in their estimated probability mass function (pmf) of the innovation distribution, although in
practice most of the commonly used innovation distributions, such as the Poisson or the negative
binomial distribution, are smooth, that is, consecutive entries of the pmf are close to each other.
In this article, we leverage this prior knowledge and take advantage of the inherent qualitative
(non-parametric) smoothness assumption by using a penalized approach. We highlight that we still
do not assume a parametric class of innovation distributions.

The concept of penalization itself is not new in the context of count data and count time series; see
e.g. Bui et al. (2022), Nardi and Rinaldo (2011), Fokianos (2010), Wang (2020) and Wang et al.
(2020). While they mostly use the concept of penalization to shrink the model coefficients towards
zero in order to perform variable selection, we come up with penalized estimation of the innovation
distribution towards smoothness. To this end, we conduct a roughness penalization as introduced by
Scott et al. (1980) and add a penalization term to the (log-)likelihood of Drost et al. (2009) (compare
(2.7)), that is, we maximize the penalized log-likelihood

log(Lpen(α, G)) = log(L(α, G)) − η · dG,m.

The penalty term η · dG,m is based on the idea of Tibshirani et al. (2005), who penalize differences
of successive parameters. Hereby, η is the so-called smoothing or penalization parameter and dG,m

denotes a suitable measure to quantify the roughness of G with m denoting the order of difference.

11
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We consider two different roughness measures. The first one is inspired by Tibshirani et al. (2005)
and is based on the L1 distance (LASSO penalization). It is defined as

dG,m,1 =
max(x1,...,xn)∑︂

i=m

|∆mG(i)| ,

where ∆mG(i) = ∆m−1(∆G(i)) and ∆G(i) = G(i) − G(i − 1). The second one uses the L2 distance
(Ridge penalization), that is,

dG,m,2 =
max(x1,...,xn)∑︂

i=m

(∆mG(i))2 , (3.1)

and is, in contrast to the first measure, characterized by not shrinking the difference of successive
entries of the pmf to zero, but close to zero, which aligns better with the concept of a smooth
distribution.

An important question that arises is how to select the penalization parameter η for a fixed roughness
measure. To this end, we propose two different algorithms. The first one is an adaptation of the
cross-validation procedure described in Adam et al. (2019). The second one is computationally more
intensive and avoids potentially non-optimal selection due to an inappropriate choice of the initial
value.

In simulations, we consider INAR models with different (non-)smooth innovation distributions and
model order. We cover both first- and second-order differences. Overall, we see that the penalized
estimation reduces both the variance and the bias of the estimated innovation distribution in case of
smooth innovation distributions. Additionally, we find that L2 penalization together with first-order
differences (m = 1 in (3.1)) works best. One drawback of the penalized estimation, which we observe
in the simulations, is that the joint estimation of the model coefficients and the innovation distribution
is compromised. However, this issue can be solved by combining the unpenalized estimation of the
model coefficients with the penalized estimation of the innovation distribution. Finally, we apply our
procedure to intermittent demand time series and illustrate that the penalization approach is also
beneficial for forecasting.

3.2 Article 2: spINAR: An R Package for Semiparametric and Parametric
Estimation and Bootstrapping of Integer-valued Autoregressive
(INAR) Models

The INAR model class is only marginally addressed in R (R Core Team, 2022) and other programming
languages. In R, to the best of our knowledge, there are the packages tscount (Liboschik et al.,
2017) and ZINARp (Medina Garay et al., 2022). The first one offers likelihood-based estimation for
some count time series models, but not including the INAR model. Additionally, it is limited to
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conditional Poisson or negative binomially distributed data. The second one allows for simulation and
estimation of INAR data but is limited to parametric estimation methods (compare (2.6)) and only
allows for Poisson or zero-inflated Poisson innovations. In Julia (Bezanson et al., 2017), the package
CountTimeSeries (Stapper, 2022) addresses integer counterparts of ARMA and GARCH models,
including the INAR model as a special case. While it supports parametric estimation methods, it
also does not allow for non-parametric estimation of the innovation distribution. Moreover, none of
these packages provides bootstrapping procedures for INAR models.

Our R package spINAR (Faymonville et al., 2024) closes this gap and allows for simulation, (semi-)
parametric estimation and (semi-)parametric bootstrapping of INAR models. It covers models of first
and second order, that is, p ∈ {1, 2}, which are mainly relevant in applications. It has been published
via CRAN and, besides the provided help packages in R, we provide extensive documentation on
GitHub.

3.3 Article 3: Joint Semiparametric INAR Bootstrap Inference for Model
Coefficients and Innovation Distribution

In the literature, INAR models and in particular their innovation distributions are mostly estimated
using parametric methods; see, for example, Franke and Seligmann (1993), Freeland and McCabe
(2005), Brännäs and Hellström (2001) and Jung et al. (2005). That is, they assume that G belongs to
a parametric family of distributions as displayed in (2.6). Following the discussion in Faymonville et al.
(2025b), this makes the INAR model quite inflexible. Using the estimator of Drost et al. (2009), on
the other hand, leads to much fewer restrictions and allows us to estimate the innovation distribution
in a non-parametric way, as described in Section 2.2. Besides proving its consistency and efficiency,
Drost et al. (2009) derive the limiting distribution of their INAR model estimator; see (2.8). Despite
this apparently convenient closed form expression, the limiting distribution is cumbersome to use in
applications, naturally motivating the use of bootstrap inference instead.

To generate the bootstrap data, we use the semi-parametric INAR bootstrap of Jentsch and Weiß
(2019) for which the authors already established consistency. But this result only covers statistics
of interest, which can be represented as functions of generalized means, which do in particular not
include statistics depending on the estimated innovation distribution. In Faymonville and Jentsch
(2025), we prove a more general result. First, we derive a Z-estimator representation of the bootstrap
estimator ˆ︁θ∗

n = ( ˆ︁α∗
n, ˆ︁G∗

n) which is the semi-parametric estimator of Drost et al. (2009) applied on the
bootstrap data X∗

1 , . . . , X∗
n. Finally, under some technical and challenging to prove assumptions, we

get that
√

n
(︂ˆ︁θ∗

n − ˆ︁θn

)︂
⇝∗ −Ψ̇−1

θ0 Sθ0 in probability, (3.2)

that is, the bootstrap estimator ˆ︁θ∗
n provides in probability the same limiting distribution as ˆ︁θn; see

(2.8). Furthermore, we state in a resulting corollary that by employing appropriate (bootstrap) delta

https://cran.r-project.org/web/packages/spINAR/index.html
https://github.com/MFaymon/spINAR
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methods of Theorem 3.1 of Beutner and Zähle (2016) and Theorem 3.9.4 of Van der Vaart and
Wellner (1996), we can extend the bootstrap consistency result to smooth functionals of the bootstrap
estimator. That is, in probability, we have

d
(︂
L
(︂√

n
(︂
Ξ(ˆ︁θn) − Ξ (θ0)

)︂)︂
, L∗

(︂√
n
(︂
Ξ(ˆ︁θ∗

n) − Ξ(ˆ︁θn)
)︂)︂)︂

→
n→∞

0 (3.3)

for Ξ : [0, 1]p × G̃ → Rq a sufficiently smooth functional such that the conditions in Theorem 3.1 of
Beutner and Zähle (2016) are fulfilled and d an appropriate metric on (the distributions of) random
elements in Rq.

To validate the result in (3.2), we set up simulations in which we construct confidence intervals for the
entries of the true model parameter θ0 = (α0, G0). We consider different INAR DGPs with different
levels of dispersion and observations’ mean. To illustrate the practical relevance of (3.2) and (3.3), we
provide three different methodological applications. First of all, these results establish the theoretical
framework of the semi-parametric goodness-of-fit test presented by Faymonville et al. (2025b). Second,
we consider the prediction issue discussed in Faymonville et al. (2025a) and provide a semi-parametric
version of their proposed procedure. Lastly, we present another application by constructing confidence
intervals for both the dispersion index of the observations and the innovations. We especially highlight
the novelty of the latter since only a non-parametric estimation of the innovation distribution allows
us to address the innovations directly without imposing a parametric assumption (often) fixing
the dispersion from the outset. Finally, we apply the semi-parametric prediction procedure on a
real-data set from economics while also providing confidence intervals for the dispersion indices of the
observations and the innovations.

3.4 Article 4: Semi-parametric Goodness-of-fit Testing for INAR Models

In this article, we propose a goodness-of-fit test on the INAR model class. We discuss the flexibility
of the INAR model introduced in Subsection 2.1.1 and how an assumption of the form (2.6) will
inevitably lead to limitations. That is why we should not test for restrictive parametric null hypotheses
of the form

Hpara
0 : (Xt, t ∈ Z) is INAR(p) with G = Gλ for some λ ∈ Λ (3.4)

for some parametric family of innovation distribution {Gλ, λ ∈ Λ} with Λ ⊂ Rd and some (finite)
d. Instead, we test for the null that the data follow an INAR(p) model with unspecified innovation
distribution, that is,

Hsemi
0 : (Xt, t ∈ Z) is INAR(p). (3.5)

Null hypotheses of the form (3.4) are usually considered in the literature since they notably simplify
the estimation process and enable relatively straightforward testing strategies as can be seen in
Meintanis and Karlis (2014), Hudecova et al. (2015), Schweer (2016), Aleksandrov et al. (2022),
Aleksandrov et al. (2024) and a bivariate extension in Hudecova et al. (2021). However, this also
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makes them particularly vulnerable to possible model misspecification, which is why null hypotheses
of the form (3.5) are preferable.

To build a test statistic, we adopt the principal idea of Meintanis and Karlis (2014) and construct
an L2-type test statistic based on two estimators of the (joint) probability generating function (pgf).
One estimator shall be consistent in general, the other one only under the null in (3.5). In contrast
to Meintanis and Karlis (2014), where the pgf estimation under their null (3.4) simplifies a lot as a
result of their parametric assumption, we have to deal with a general representation of the pgf, which
we derive in our paper. By exploiting the INAR dependence structure of Xt, . . . , Xt−p, we show that
the joint pgf for INAR(p) models can be represented as

gp(u0, . . . , up) = gε(u0) · E

⎛⎝ p∏︂
j=1

{︂
uj
(︁
1 + αj(u0 − 1)

)︁}︂Xt−j

⎞⎠ , (3.6)

where gε(u0) =
∑︁∞

k=0 P (εt = k) uk
0 =

∑︁∞
k=0 G(k) uk

0. Using the estimator (2.7), we obtain a plug-in
estimator of (3.6) under the null (3.5) given by

ˆ︁gp;H0(u) := ˆ︁gε(u0) · 1
n − p

n∑︂
t=p+1

p∏︂
j=1

{︂
uj
(︁
1 + ˆ︁αn,j(u0 − 1)

)︁}︂Xt−j

, (3.7)

where u = (u0, u1, . . . , up) and

ˆ︁gε(u0) :=
∞∑︂

k=0

ˆ︁P (εt = k) uk
0 =

∞∑︂
k=0

ˆ︁Gn(k) uk
0 =

max(X1,...,Xn)∑︂
k=0

ˆ︁Gn(k) uk
0.

A (non-parametric) estimator of the pgf of order p which is both consistent under the null (3.5) and
the alternative is given by

ˆ︁gp(u) := 1
n − p

n∑︂
t=p+1

p∏︂
j=0

u
Xt−j

j . (3.8)

By using the two estimators in (3.7) and (3.8), we naturally obtain the test statistic

Tn = n

∫︂ 1

0
· · ·
∫︂ 1

0

(︂ˆ︁gp;H0(u) − ˆ︁gp(u)
)︂2

w(u; a) du, (3.9)

where du := du0 · · · dup and w(u; a) := (a + 1)p+1∏︁p
j=0 ua

j is a weighting function with weighting
parameter a ≥ 0. Intuitively, large values of (3.9) suggest a violation of the null in (3.5). In the
article, we additionally derive a higher-order test statistic and a representation without numerical
integration.

By showing that it can be represented as a degenerate V-statistic and applying asymptotic results
of Leucht and Neumann (2013), we derive the cumbersome limiting distribution of the test statistic
(3.9). Furthermore, we prove consistency of our test procedure under fixed alternatives and examine
its asymptotic behavior under suitable local alternatives. As stated by Gürtler and Henze (2000),
Meintanis and Swanepoel (2007), Leucht (2012), Leucht and Neumann (2013) and Meintanis and
Karlis (2014) and proven in our paper for our specific test statistic (3.9), L2-type test statistics as
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in (3.9) do not have a conventional limiting distribution. To enable the application of the test, we
propose an appropriate bootstrap procedure where Algorithm 2.3.1 finds application.

In simulations, we investigate the performance of our proposed goodness-of-fit test and compare the
rejection rates with those from Meintanis and Karlis (2014). We elaborate on how we can increase
the power by using higher-order test statistics. As illustration, we apply our test on three real-world
data examples and provide all the MATLAB (The MathWorks Inc., 2022) code (Faymonville et al.,
2025d). All the proofs of the paper and the real-data applications can be found in (Faymonville et al.,
2025c), which is also attached to this dissertation.

3.5 Article 5: Predictive Inference for Discrete-valued Time Series

This article not only deals with count time series but also covers the topic of discrete-valued time series
in general and is concerned with their prediction. When dealing with prediction in the non-discrete
setup, one usually comes up with a point prediction and a corresponding prediction interval to quantify
the uncertainty. A basic quality criterion for the latter is its asymptotic validity. Given a time series
X1, . . . , Xn, according to Pan and Politis (2016), the interval [ln, un] is asymptotically valid for Xn+1

if
P (ln ≤ Xn+1 ≤ un|X1, . . . , Xn) → 1 − β for n → ∞, (3.10)

where 1−β, β ∈ (0, 1), denotes the true coverage level. However, such intervals cannot account for the
discrete nature of a discrete-valued time series. To be in line with the notion of coherent forecasting
introduced by Freeland and McCabe (2004), which expresses that predicted values of counts should also
be counts themselves, we could instead consider prediction sets. In the article, we illustrate that they
are, in general, not even asymptotically able to achieve validity in terms of (3.10). Instead, we propose
to construct a confidence interval for the probability that Xn+1 lies in an application-motivated set S

given X1, . . . , Xn. Here, S can be any user-selected subset of possible values of the time series’ range.
We denote the aforementioned probability with PS,xn := P (Xn+1 ∈ S|Xn = xn). While first focusing
on the prediction of Xn+1 and models of autoregressive order one, we later expand our approach to
higher model order and larger prediction horizon.

We first cover asymptotic approaches and deal with the common situation in time series analysis where
a parametric model is used to perform the prediction. Assuming some model class with parameter θ

and a CLT for a corresponding estimator ˆ︁θ, we obtain an asymptotically valid confidence interval for
the parametric predictive probability of interest, where we denote the latter with P

(para)
S,xn

(θ0). We
emphasize that we nowhere assume that the observed time series really stems from the parametric model
class. This is important as we address the practically relevant problem of model uncertainty/model
misspecification. In this case, the parameter θ0 does not denote the true parameter value but the
best fit to the data under the assumed model class.
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While in the parametric case we easily obtain a point estimator for the predictive probability by
plugging in the estimated parameter value, in the non-parametric case, we make use of the relative
frequencies and obtain ˆ︁P (npara)

S,xn
=
∑︁n−1

t=1 1{Xt+1∈S,Xt=xn}∑︁n−1
t=1 1{Xt=xn}

if
∑︁n−1

t=1 1{Xt=xn} ̸= 0 and 0 otherwise. By proving an appropriate CLT and using the delta method,
we are able to derive a confidence interval for PS,xn in this non-parametric case.

Depending on the parametric assumption we rely on when asymptotically constructing the confidence
interval, the estimation of the asymptotic variance can be complicated and bootstrapping might be
beneficial. Furthermore, in order to correctly replicate the limiting distribution of the estimator, we
have to take care which scenario we face: Either we use parametric or non-parametric prediction and
either the data arise from the assumed model class or not. In the article, we provide a basic bootstrap
algorithm, where the estimation and the generation of the bootstrap data must be specified according
to which of the four cases we encounter. We establish bootstrap validity of the bootstrap procedures
and stress that the bootstrap confidence interval for the parametric predictive probability P

(para)
S,xn

(θ0)
retains (asymptotically) the desired level even if the data does not arise from the assumed model
class.

As illustration, we apply our proposed prediction methodology on the INAR(1) and the INARCH(1)
model (see Section 2.1) and focus on (conditional) maximum likelihood estimation of these models;
see Section 2.2 of Weiß (2018) for details. Under some regularity conditions, we prove validity of our
proposed procedures for these concrete settings. In addition to the basic bootstrap algorithm, we also
consider exceptional cases, where the confidence intervals exceed the natural range of the probability
and propose a small modification leading to range-preserving intervals.

In simulations, we cover both asymptotic and bootstrap-based approaches while considering parametric
and non-parametric setups. For the asymptotic confidence intervals, we see there is a trade-off between
robustness and efficiency. While the non-parametric approach is robust to model misspecification,
the parametric approach is more efficient when the time series arises from the assumed model class.
For the bootstrap confidence intervals, we observe that in the practically important case of model
misspecification, the obtained confidence intervals inherit this uncertainty about the true model class
and provide a slightly larger interval length. Lastly, we apply our methodology to two different data
sets from economy, where we provide the possibility to quantify the uncertainty of the point prediction
with a confidence interval. The sets of interest, S, are chosen to answer relevant questions of the
respective field. We see that in case of a parametric approach, even the doubts about the validity of
the model can be reflected in the confidence intervals.





4
Discussion and Outlook

Despite their widespread application, discrete time series are much less studied than their continuous
counterparts. This discrepancy is particularly noteworthy in the context of statistical inference, where
it is essential to consider the range of a time series. In this cumulative dissertation, we primarily
focused on count time series, where the observed values have range N0 and further expanded the
research in that area.

In a first paper (Faymonville et al., 2023), we proposed an improvement of the flexible semi-parametric
estimation approach of the INAR model by proposing a penalized version. It exploited a qualitative
smoothness assumption fulfilled by most common innovation distributions and added a roughness
penalization to the existing likelihood. We then implemented these estimation methods together with
several bootstrap procedures and the possibility of flexible simulation of INAR data in our own R
package spINAR (Faymonville et al., 2024). It is available as open-source software on CRAN and
extensively documented on GitHub and in several R help pages. Additionally, our peer-reviewed
paper integrates our contribution into already existing software packages in different programming
languages and describes its features. Our third paper (Faymonville and Jentsch, 2025) dealt with
the cumbersome limiting distribution of the semi-parametric INAR model estimator. Although a
closed-form expression exists, it is cumbersome to use in practice. We proposed to use an appropriate
bootstrap procedure instead and proved its validity. This result allows for joint inference of the
INAR model coefficients and the innovation distribution and we provided several methodological
applications. One of these applications is the novel semi-parametric goodness-of-fit test we developed
for the whole INAR model class (Faymonville et al., 2025b). Contrary to already existing literature, it
does not rely on parametric assumptions about the nature of the innovations. The test statistic is of
L2-type and based on weighted integrals using probability generating functions, leading to a complex
limiting distribution. To circumvent it, we specified a bootstrap procedure justified by the main
result of Faymonville and Jentsch (2025). We proved consistency of our test under fixed alternatives
and discussed its asymptotic behavior under local alternatives. In our last paper (Faymonville et al.,
2025a), we dealt with the prediction issue of discrete-valued time series. Although prediction in
general is a well-developed topic, the methods are usually limited to continuous time series. Instead of
constructing prediction intervals or sets given a desired coverage, we proposed to construct confidence
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intervals for the probability to observe certain values of interest in the future, where the latter arise
from application. We covered both asymptotic and bootstrap approaches while considering parametric
and non-parametric settings and proved their respective validity.

Naturally, there are limitations inherent in any research endeavor. While a semi-parametric approach
offers considerably greater flexibility compared to its parametric counterparts, it is also more complex.
Particularly with an increasing range of counts, the number of parameters that need to be estimated
grows, which inevitably makes the estimation process more cumbersome. However, it is important to
emphasize that the entire theory for discrete time series is especially relevant when dealing with low
counts. In such cases, the dimensionality of the problem decreases. Furthermore, computational power
plays a crucial role in this context. Setting up simulation studies requires substantial computational
resources. But in application, analyses on a few samples can be done with little effort.

While our proposed prediction procedure is already applicable for discrete time series in general, future
research could investigate whether the estimation procedures also find application on integer-valued
models on Z such as those proposed by Kim and Park (2008) or Liu et al. (2021). Another promising
research question is the joint modeling of real- and integer-valued autoregressive time series. While
the literature on continuous autoregressive models is vast and an increasing amount of research
is conducted for their integer counterparts, it is lacking a unified approach to model them jointly.
Interesting questions include, for example, how to choose operations that respect the range of all
included time series and whether classical estimation methods still find application. Also, the question
about a suitable bootstrap procedure arises, as well as how to conduct impulse response analysis or
inference in general.
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Abstract
Popular models for time series of count data are integer-valued autoregressive
(INAR) models, for which the literature mainly deals with parametric estimation. In
this regard, a semiparametric estimation approach is a remarkable exception which
allows for estimation of the INAR models without any parametric assumption on the
innovation distribution. However, for small sample sizes, the estimation performance
of this semiparametric estimation approach may be inferior. Therefore, to improve
the estimation accuracy, we propose a penalized version of the semiparametric
estimation approach, which exploits the fact that the innovation distribution is often
considered to be smooth, i.e. two consecutive entries of the PMF differ only slightly
from each other. This is the case, for example, in the frequently used INAR models
with Poisson, negative binomially or geometrically distributed innovations. For the
data-driven selection of the penalization parameter, we propose two algorithms and
evaluate their performance. In Monte Carlo simulations, we illustrate the superiority
of the proposed penalized estimation approach and argue that a combination of
penalized and unpenalized estimation approaches results in overall best INAR model
fits.
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1 Introduction

According to Du and Li (1991), the INAR(p) model is defined by the recursion

Xt ¼ a1 � Xt�1 þ a2 � Xt�2 þ . . .þ ap � Xt�p þ et; t 2 Z; ð1Þ

with innovation process et �i.i.dG; where the distribution G has range
N0 ¼ f0; 1; 2; . . .g. Furthermore, let a ¼ ða1; . . .; apÞ0 2 ð0; 1Þp denote the vector of
model coefficients with

Pp
i¼1 ai\1 and

ai � Xt�i ¼
XXt�i

j¼1

Zðt;iÞ
j ;

where “�” is the binomial thinning operator first introduced by Steutel and Van Harn

(1979). Here, Zðt;iÞ
j ; j 2 N; t 2 Z

� �
; i 2 1; . . .; p, are mutually independent Ber-

noulli-distributed random variables Zðt;iÞ
j �Binð1; aiÞ with PðZðt;iÞ

j ¼ 1Þ ¼ ai inde-
pendent of ðet; t 2 ZÞ. The special case p ¼ 1 results in the INAR(1) model
introduced by McKenzie (1985) and Al-Osh and Alzaid (1987). All the thinning
operations “�” are independent of each other and of et; t 2 Z. Furthermore, the
thinning operation at time t and et are independent of Xs; s\t.

Most researchers deal with parametric estimation of INAR models (see for
example Franke and Seligmann (1993), Freeland and McCabe (2005), Brännäs and
Hellström (2001) and Jung et al. (2005)), i.e. they assume G to lie in some parametric
class of distributions ðGh j h 2 H � RqÞ for some finite q 2 N. In contrast, Drost
et al. (2009) introduced a semiparametric estimator, which on the one hand keeps the
parametric assumption of the binomial thinning operation, but on the other hand
allows to estimate the innovation distribution nonparametrically. Using empirical
process theory, they derive asymptotic theory in terms of consistency and asymptotic
normality results and proved efficiency. Consequently, their estimation approach
does not require any parametric assumption regarding the innovation distribution,
and avoids the risk of a falsely specified parametric assumption and its undesirable
consequences. The approach estimates the coefficients of INAR models and the
innovation distribution simultaneously. The resulting semiparametric maximum
likelihood estimator

ðâsp; ĜspÞ ¼ ðâsp;1; . . .; âsp;p; Ĝspð0Þ; Ĝspð1Þ; Ĝspð2Þ; . . .Þ;
where âsp ¼ ðâsp;1; . . .; âsp;pÞ denotes the vector of the estimated INAR coefficients

and fĜspðkÞ; k 2 N0g are the estimated entries of the probability mass function
(PMF) of G, maximizes the conditional log-likelihood function logðLða;GÞÞ, i.e.
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8n 2 Zþ : ðâsp; ĜspÞ 2 arg max
ða;GÞ2½0;1�p� ~G

Yn
t¼0

Pa;G
ðXt�1;...;Xt�pÞ;Xt

 !
: ð2Þ

Here, ~G is the set of all probability measures on Zþ and Pa;G
ðXt�1;...;Xt�pÞ;Xt

are the

transition probabilities under the true model parameters a and G, i.e.

Pa;G
ðxt�1;...;xt�pÞ;xt ¼ Pa;G

Xp
i¼1

ai � Xt�i þ et ¼ xt j Xt�1 ¼ xt�1; . . .;Xt�p ¼ xt�p

 !

¼ ðBinðxt�1; a1Þ � . . . � Binðxt�p; apÞ � GÞfxtg;
with P the underlying probability measure and “�” denoting the convolution of
distributions. In the special case of an INAR(1) model the transition probabilities are
given by

Pa;GðXt ¼ xt j Xt�1 ¼ xt�1Þ ¼
Xminðxt;xt�1Þ

j¼0

xt�1

j

� �
ajð1� aÞxt�1�j

Pa;Gðet ¼ xt � jÞ;

where a is the coefficient of the INAR(1) model (McKenzie 1985; Al-Osh and Alzaid

1987). For k\minfXt �
Pp
i¼1

Xt�i j t ¼ pþ 1; . . .; ng or k[maxfXt j t ¼ 1; . . .; ng,
the values ĜspðkÞ; k 2 N0; are equal to 0. For further details, see Drost et al. (2009).

In practice, discrete probability distributions such as the Poisson, the negative
binomial or the geometric distribution are often used as innovation distribution G, see
Weiß (2018), Yang (2019), Al-Osh and Alzaid (1987), Al-Osh and Alzaid (1990).
The common feature of all these distributions is their smoothness in the sense that
consecutive entries of their PMFs differ only slightly from each other. However, for a
small sample size n, the semiparametric estimation approach of Drost et al. (2009)
may lead to rather non-smooth innovation distributions with unnatural gaps in their
PMF. For illustration, we consider a time series containing counts of transactions of
structured products (factor long certificates with leverage) from on-market and off-
market trading per trading day between February 1, 2017 and July 31, 2018 (thus
n ¼ 381). These data, which are plotted in Fig. 1, have first been presented by
Homburg et al. (2021), who derived them from the Cascade-Turnoverdata of the
Deutsche Börse Group. In the upper right corner, we see the estimated innovation
distribution using the semiparametric procedure of Drost et al. (2009) which turns out
to be smooth. In the second row, we consider only the first 100 observations of the
time series, where the first plot shows indeed a bimodal estimated innovation
distribution. In the third row, we only considered the first 20 observations. The lower-
left plot shows the resulting estimated PMF, which contains an unnatural gap with

Ĝspð3Þ being estimated exactly equal to zero while its neighbors Ĝspð2Þ and Ĝspð4Þ
are estimated positive. Hence, the resulting estimation is not smooth contrary to the
estimated innovation distribution on the whole time series. In general, such non-
smooth innovation distributions are not common in practice and instead, smoothly
estimated innovation distributions are often desired. In this paper, we want to use this
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prior knowledge and take advantage of a natural qualitative smoothness assumption
on the innovation distribution by proposing a version of the semiparametric
estimation approach, which penalizes the roughness of the innovation distribution.
The resulting estimated PMFs of this approach are contained in the right plots in the
second and third row, respectively. In comparison, the penalized estimation now
leads to a smoother estimation of the PMF without any gaps. We will have a closer
look at additional real data examples in Sect. 4. For long time series, the smoothing
caused by penalization is not of such great importance, because the distribution
estimated without penalization will be sufficiently smooth by itself. But for short
time series, estimation without smoothing will commonly lead to jagged estimated
innovation distributions although the true distribution behind the data might be
smooth. So the need for smoothing is of particular importance for short time series.

The paper is organized as follows. In Sect. 2, we introduce a penalized estimation
approach using roughness penalization and propose two algorithms for the data-
driven selection of the penalization parameter. Section 3 examines our estimation
approach in a comprehensive simulation study, where we compare the estimation
performance of the penalized and the unpenalized approach for different settings. In a
real data application in Sect. 4, we analyze the monthly demand of car spare parts to
illustrate our method and its practical relevance. In the conclusion in Sect. 5, we
summarize the results and give an outlook on further research questions.
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Fig. 1 From left to right and top to bottom: Plot of time series of counts of transactions of structured
products per trading day, the unpenalized estimation of the corresponding innovation distribution based on
the full data and the (un)penalized estimated innovation distribution for the first 100 and 20 observations,
respectively
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2 Penalized approach of fitting INAR models

Penalized estimation of count data is a modern topic in current statistical research.
Bui et al. (2021) consider parameter estimation in count data models using penalized
likelihood methods. In a time series context, Nardi and Rinaldo (2011) studied
LASSO penalization for fitting autoregressive time series models to get sparse
solutions, i.e. where some autoregressive coefficients are estimated exactly as zero.
Fokianos (2010) proposed an alternative estimation scheme for the estimation of
INAR models based on minimizing the least square criterion under ridge type of
constraints. Wang (2020) proposed a variable selection procedure for INAR(1)
models with Poisson distributed innovations including covariables by using
penalized estimation and Wang et al. (2021) introduced an order selection
procedure for INAR(p) and INARCH(p) models also by using penalized
estimation. By contrast, in this paper, we propose a penalized estimation approach
for INAR models which does not rely on a penalization of the INAR coefficients
(towards zero), but on a penalization of the roughness of the innovation distribution
(towards smoothness).

2.1 Penalized estimation approach using roughness penalty

The idea of our approach is to penalize the log-likelihood used in the semiparametric
estimation of the INAR model according to Drost et al. (2009). Thus, we still do not
assume a parametric class of distributions, we only use the assumed qualitative (i.
e. nonparametric) property of smoothness. More precisely, this refers to a roughness
penalization as introduced by Scott et al. (1980), which is e.g. used by Adam et al.
(2019) for developing a nonparametric approach to fit hidden Markov models to time
series of counts. We design the penalty term based on the idea of Tibshirani et al.
(2005), where differences of successive parameters are penalized. In this regard, we
allow for differences of order m 2 N. Applied to our setting, the estimation approach
based on Drost et al. (2009) now maximizes the penalized log-likelihood (compare (2))

logðLpenða;GÞÞ ¼ logðLða;GÞÞ � g 	 dG;m;
where g[ 0 is the so-called smoothing or penalization parameter, dG;m denotes a
suitable measure to quantify the roughness of G and m corresponds to the order of
difference. According to Tibshirani et al. (2005), a first possible roughness measure
for the penalization term is based on the L1 distance (LASSO penalization), i.e.

dG;m;1 ¼
Xmaxðx1;...;xnÞ

i¼m

j DmGðiÞ j; ð3Þ

where DmGðiÞ ¼ Dm�1ðDGðiÞÞ and DGðiÞ ¼ GðiÞ � Gði� 1Þ. In addition, we con-
sider the squared L2 distance (Ridge penalization) as second roughness measure, i.e.
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dG;m;2 ¼
Xmaxðx1;...;xnÞ

i¼m

ðDmGðiÞÞ2: ð4Þ

The idea behind choosing this second roughness measure is that it does not shrink the
differences of the successive entries of the PMF exactly to 0 (contrary to the first
roughness measure), but the differences become close to 0, which is more in line with
the idea of a smooth distribution (note the analogy of penalized regression, where the
L1 penalization is used for variable selection because of this property, see Fahrmeir
et al. (2013)). The order of the differences m is a tuning parameter. For m ¼ 1, we
penalize only the distance between two directly consecutive entries, for m ¼ 2 the
smoothness is extended to a triple of values, etc.

Remark 1 A possible extension would be to allow for different penalization weights
ðgiÞ for the individual (higher-order) differences of the entries of the PMF. For
instance, in the case of L1 penalization, the goal could be to maximize

logðLða;GÞÞ �
Xmaxðx1;...;xnÞ

i¼m

gi j DmGðiÞ j;

analogously for the case of L2 penalization.

Figure 2 shows a first exemplary result on a sample of an INAR(1) process with
n ¼ 25 observations, order of difference m ¼ 1 and smoothing parameter g ¼ 1
roughly chosen by eye. In this example, the benefit of penalization already becomes
clear. The penalized estimated innovation distributions are much closer to the true
Poi(1) innovation distribution (which was truncated at value six for clarity) than the
unpenalized estimated innovation distribution. Also, the difference between the L1
and the L2 penalization becomes visible. When using the L2 penalization, the
distances between the values of the PMF become small, when using the L1
penalization they are shrinked to zero.
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Fig. 2 Barplots of the (estimated) innovation distributions for one realization in the four cases (no
penalization, L1 penalization, L2 penalization, true distribution)
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2.2 Selection of the penalization parameter

Now, we propose two approaches to determine for a fixed roughness measure the
optimal smoothing/penalization parameter g, which is a trade-off between fit to the
data and the smoothness assumption. For this purpose, we adapt as a first approach
the cross-validation procedure described in Adam et al. (2019) to our setting.
Therefore, we split the data set into s blocks Fi; i ¼ 1; . . .; s, of roughly equal size. In
each fold i, Fð�iÞ denotes the in-sample data (data without Fi) and Fi the out-of-
sample data. This replicates the correct dependence structure except for the “glue
points”, which only has a minor effect in practice when the data originate from an
INAR model of small order. The greedy search algorithm is structured as follows:

Algorithm 1

(1) Choose an initial gð0Þ [ 0 and set z ¼ 0.
(2) For each fold i and for each value on a specified grid

f. . .; gðzÞ � 2c; gðzÞ � c; gðzÞ; gðzÞ þ c; gðzÞ þ 2c; . . .g
where c 2 R is a small constant, estimate the model with penalization on Fð�iÞ
and compute the penalized log-likelihood on Fi.

(3) Average the resulting log-likelihood values across all folds i and choose gðzþ1Þ

as the penalization parameter on the grid that yields the maximum value.
(4) Repeat steps 2) and 3) until gðzþ1Þ ¼ gðzÞ and define gopt :¼ gðzþ1Þ.

Furthermore, to avoid a potentially non-optimal selection of the penalization
parameter g caused by an inappropriate choice of the initial value gð0Þ, we propose a
second optimization algorithm. How we split the data in each fold j; j ¼ 1; . . .; ~s, in
in- and out-of-sample data is specified later in Sect. 3.

Algorithm 2

(1) For each fold j and each value g on a specified grid f0; ~c; 2~c; 3~c; . . .; ug on the
interval [0,u] for an appropriate upper bound u, estimate the model with
penalization on the in-sample data and compute the penalized log-likelihood
on the out-of-sample data.

(2) Average the resulting log-likelihood values across all folds j.
(3) Fit a polynomial of order r to the curve resulting from plotting the average out-

of-sample log-likelihood against the grid.
(4) Choose gopt as the value on the grid, where the curve takes its maximum value.

3 Simulation study

We investigate the performance of the proposed procedure in a simulation study with
K ¼ 500 Monte Carlo samples of size n 2 f20; 50; 100; 250; 500; 1000g generated
from an INAR(1) process according to (1) for p ¼ 1 with different coefficients
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a 2 f0:2; 0:5; 0:8g and innovation distributions G 2 fPoið1Þ; NB 2; 23
� �

;Geo 1
2

� �
;

ZIP 1
2 ; 2
� �g, where ZIP denotes a zero-inflated Poisson distribution as in Jazi et al.

(2012). The parameters of the negative binomial, geometric and zero-inflated Poisson
distribution are hereby chosen to have the same expected value as the Poið1Þ
distribution. But contrary to the Poið1Þ distribution which is equidispersed, i.e. the
variance of the distribution equals its mean, they are overdispersed, i.e. their
variances are larger than their mean values. Another difference between the
considered innovation distributions is their (non-) smoothness, see also Fig. 12 in the
appendix. The Poi(1), NB 2; 23

� �
and Geo 1

2

� �
distributions are rather smooth, but the

ZIP 1
2 ; 2
� �

distribution, which shows a pronounced zero probability, is not. The effect
of this property on the roughness penalization is investigated in Subsect. 3.5.
Moreover, in Subsect. 3.2, we also provide a small simulation setting for higher-order
INAR processes and consider the case of an INAR(2) model. The implementation is
straightforward but is a lot more demanding such that we restrict the considered
setting to a rather small extent. To ensure the stationarity of the time series, we
actually generate nþ 100 observations and remove the first 100 observations. We
consider first (m ¼ 1) and second (m ¼ 2) order differences in the penalization term
(see Subsect. 3.4). As initialization for the smoothing parameter gð0Þ, we set gð0Þ ¼ 1
as in the example in Fig. 2 for the sample sizes n 2 f20; 50; 100; 250g and for
computing time reasons gð0Þ ¼ 0:5 for n 2 f500; 1000g.1 For the considered grid
around the smoothing parameter (see Algorithm 1) we choose c ¼ 0:05 resulting in
fgðzÞ � 0:1; gðzÞ � 0:05; gðzÞ; gðzÞ þ 0:05; gðzÞ þ 0:1g. Unless stated otherwise, we
use a ¼ 0:5 as true INAR(1) coefficient and Algorithm 1 with 10-fold cross
validation (s ¼ 10) as optimization algorithm. For the realization of the simulation
study, we use the statistical programming language R 4.1.2 (R Core Team 2021).

3.1 Roughness penalty for smooth innovations distributions and first order
differences

Figure 3 shows the L2 distances of the estimated innovation distributions to the true
Poið1Þ innovation distribution,

dðĜ;GÞ ¼
XM
i¼0

ðĜðiÞ � GðiÞÞ2;

for the different sample sizes and the respective estimation methods (unpenalized
(up), L1 penalization and L2 penalization) for some large enough M. We use M ¼ 70
as upper bound for the observations x1; . . .; xn since after this value the corresponding
probabilities of occurrence are negligibly small. When the sample size n is small, the
penalized estimation of the innovation distribution provides a large benefit compared
to the unpenalized estimation: The L2 distances of the penalized estimated to the true
innovation distribution are much smaller than those of the unpenalized estimated to
the true innovation distribution. Furthermore, the L2 penalization performs better

1 For large sample sizes n, gopt will be close to zero, so a lower initial value decreases the number of
iterations needed for Algorithm 1, which saves computing time.
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than the L1 penalization. In Table 3 in the appendix, we also report the variance, the
bias and the MSE of the first five estimated entries of the PMF resulting from the
different procedures for the different sample sizes n. We see that the penalized
estimation reduces both the variance, the absolute bias and consequently also the
MSE of the estimated innovation distribution, especially for small n. Figures 17 and
18 and Tables 6 and 7 in the appendix show the analog results for a true NB 2; 23

� �
and

Geo 1
2

� �
distribution, respectively. In general, regardless of the distribution and up to a

sample size of n ¼ 100, we see a clear improvement concerning the estimation
performance when using penalization. From a sample size of n ¼ 250 on, this
improvement can only be seen marginally with the different methods essentially
coinciding for large n. In Fig. 13 and Table 4 in the appendix, we show the results for
INAR coefficient a ¼ 0:2 and Poi(1) innovation distribution and, correspondingly, in
Fig. 15 and Table 5 for a ¼ 0:8. In the latter case, the benefit of the penalized
estimation compared to the unpenalized estimation is even larger than in the case
a ¼ 0:5. This is plausible because it is in general more difficult to estimate the
innovation distribution for a larger value of a as this also leads to a larger obser-
vations mean with innovations mean remaining constant. Therefore, more entries of
the PMF have to be estimated with the same amount of data. Contrary, for a ¼ 0:2,
we have (with analog arguments) less entries of the PMF which have to be estimated
with the same amount of data, which simplifies the estimation of the PMF in general
and the benefit of penalization decreases. Altogether, we can conclude that the benefit
of penalization is more pronounced with larger a, that is, with larger serial
dependency.

We get confirming conclusions, when we consider the values of the optimal
smoothing parameter g, which approaches zero with increasing n, see Fig. 4 for the
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Fig. 3 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for different sample sizes n. We report results for unpenalized (up), L1
and L2 penalized estimation
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case of a true Poi(1) innovation distribution, Figs. 19 and 20 in the appendix for the
cases of a true NB 2; 23

� �
and Geo 1

2

� �
innovation distribution and Figs. 14 and 16 in

the appendix in case of a true Poi(1) innovation distribution with a ¼ 0:2 and
a ¼ 0:8, respectively. Thus, for increasing n, the penalized and the unpenalized
estimation coincide as intuitively expected: For large n, there are enough
observations to learn the smoothness of the innovation distribution from the data
even without imposing smoothness through penalization.

3.2 Higher-order INAR processes

To show that our proposed procedure is also applicable for higher-order INAR
processes, we consider the case of a true INAR(2) process according to (1) for p ¼ 2
with coefficients a1 ¼ 0:3, a2 ¼ 0:2 and G ¼ Poið1Þ. Due to the high computing
time for the semiparametric estimation, we only consider a small simulation setup
with n ¼ 50 observations and K ¼ 100 Monte Carlo samples. We consider L1 and L2
penalization with first order differences and compare the performance with the case
of estimation without penalization. In Fig. 21 in the appendix, we see that also for
higher-order INAR models, penalized estimation of the innovation distribution
provides a clear benefit compared to unpenalized estimation. With penalization we
are closer to the true innovation distribution than without and we are able to reduce
the variance, the absolute bias and consequently the MSE of our estimation, see
Table 1. Again, L2 penalization works best.

3.3 Alternative selection of the penalization parameter

To investigate whether the results depend on the chosen initial parameter, we now
determine the optimal penalization parameter alternatively using Algorithm 2 with
u ¼ 5; ~c ¼ 0:1 and r ¼ 5. In this context, we want to address a potential practical
issue of Algorithm 1: the generation of the in- and out-of-sample data. For each of
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Fig. 4 Boxplots of the penalization parameter g selected by L1 penalization (upper panel) and L2
penalization (lower panel) for the different sample sizes n in the case of a true Poi(1) innovation
distribution of an INAR(1) process

123

M. Faymonville et al.

38 Publications



the 10 folds, 90% of the data becomes the in-sample data and the remaining 10% the
out-sample data. For small n, 10% of the data is small. To avoid this, we now use an
n-fold cross-validation (~s ¼ n) for sample sizes n 2 f20; 50g with Algorithm 2,
where starting from each observation the following 50% of the data is in- and the
other 50% is out-of-sample. When reaching the end of the time series, we start
again from its beginning.

In Fig. 5, we see the results of this alternative procedure compared to the previous
(iterative) procedure in Algorithm 1. It gives slightly better results than the iterative
method, but overall the distances are very similar. The same can be concluded when
considering Table 8. The alternative procedure leads to slightly lower MSE values,
but altogether the values resemble each other. The 10-fold cross-validation also
seems to be suitable and the resulting optimal parameters of the two procedures are
close to each other (see Fig. 6). In conclusion, if we determine the optimal parameter
from a sequence on a grid as in Algorithm 2, we tend to get slightly better results.
However, the price to pay is a much higher computing time than with the iterative
procedure. The iterative method needs a reasonably chosen starting value, but then it
gives similarly good results in considerably less computing time. In addition, when
using the alternative method, the question arises how to choose the upper limit of the
interval adequately. In the following, we will continue to use the iterative method
from Algorithm 1 but one should keep in mind that Algorithm 2 is also a practically
useful procedure.

Table 1 Variance, bias and MSE of the first five estimated entries of the PMF for n ¼ 50 in case of a true
Poi(1) innovation distribution of an INAR(2) process. We report results for unpenalized (up), L1 and L2
penalized estimation

n g0_up g0_L1 g0_L2 g1_up g1_L1 g1_L2

50 Variance 0.0269 0.0080 0.0070 0.0244 0.0037 0.0028

Bias −0.0499 −0.0571 −0.0016 −0.0317 −0.0786 −0.0393
MSE 0.0294 0.0113 0.0070 0.0254 0.0099 0.0043

n g2_up g2_L1 g2_L2 g3_up g3_L1 g3_L2

50 Variance 0.0193 0.0054 0.0045 0.0087 0.0073 0.0030

Bias 0.0369 0.0266 0.0193 0.0227 0.0719 0.0202

MSE 0.0207 0.0061 0.0048 0.0092 0.0124 0.0034

n g4_up g4_L1 g4_L2

50 Variance 0.0025 0.0043 0.0009

Bias 0.0127 0.0511 0.0070

MSE 0.0026 0.0069 0.0009
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3.4 Higher-order differences in penalization term

So far we only considered first order differences (m ¼ 1). Now we want to see if
penalizing higher-order differences (e.g. m ¼ 2) is able to improve the performance
of our penalized estimation method. In Fig. 7 and Table 10 in the appendix it is
visible for the case of a true Poi(1) innovation distribution and L2 penalization that
also the penalization of differences of higher order performs better than the
unpenalized estimation in the cases of small sample sizes, and that it comes close to
the penalization of first order differences. Similar results are in Fig. 22 and Table 9,
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Fig. 5 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for the different sample sizes n. We report results for unpenalized (up)
and L2 penalized estimation using either the iterated Algorithm 1 (A1) or the alternative Algorithm 2 (A2)
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Fig. 6 Boxplots of the penalization parameter g selected by L2 penalization using Algorithm 1 (A1, upper
panel) and Algorithm 2 (A2, lower panel) for the different sample sizes n in the case of a true Poi(1)
innovation distribution of an INAR(1) process
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both in the appendix, where we see the results of first and second order differences
for the L1 penalization. In case of L1 penalization, we would prefer second order
differences for small sample sizes. Overall, however, the L2 penalization of first-order
differences performs best.

3.5 Non-smooth innovation distribution

Finally, let us consider the case of ZIP 1
2 ; 2
� �

distributed innovations and consider
Fig. 8. The results are as expected. Since the ZIP distribution is not smooth (see
Fig. 12 in the appendix), the smoothness assumption and hence the penalization is
not suitable. The boxplots reflect this: Except for sample size n ¼ 20, the penalized
estimation procedure provides no benefit and for some n even leads to slightly higher
L2 distances from the true ZIP 1

2 ; 2
� �

distribution than the unpenalized procedure. As
we can see in Table 11, the penalized estimation leads to a higher absolute bias when
estimating the first (non-smooth) entry, G(0), of the PMF. As sample size n increases,
the penalization has less impact, as there is enough data to detect the incorrect
assumption such that the unpenalized and the penalized procedures coincide.

For comparison, let’s take a look at the results with a true ZIP 1
2 ; 2
� �

distribution
when we exclude G(0) from the penalization displayed in Fig. 9, i.e. when we
consider

~dG;m;1 ¼
Xmaxðx1;...;xnÞ

i¼mþ1

j DmGðiÞ j and ~dG;m;2 ¼
Xmaxðx1;...;xnÞ

i¼mþ1

ðDmGðiÞÞ2;

instead of dG;m;1 and dG;m;2 defined in (3) and (4). It becomes clear what we would
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Fig. 7 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for the different sample sizes n. We report results for unpenalized (up)
and L2 penalized estimation using either first order (diff1) or second order (diff2) differences
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expect: By excluding the “non-smooth entry” G(0) of the PMF of the innovation
distribution from penalization, the penalized estimation works well again and pro-
vides a benefit for small n. In this case, the penalized estimation now results in a
lower absolute bias of the estimated PMF’s first entry compared to the unpenalized
estimation (compare Table 12). However, this benefit is not as pronounced as in the
cases of a true Poi(1), NB 2; 23

� �
and Geo 1

2

� �
innovation distribution. This can

probably be explained by the fact that the ZIP 1
2 ; 2
� �

distribution has most of its mass

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=20

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=50

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=100

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=250

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=500

0.0

0.2

0.4

0.6

0.8

up_zip L1_zip L2_zip
scenarios

L2
_d

is
t

n=1000

Fig. 8 Boxplots of the L2 distances of the estimated innovation distribution to the true ZIP 1
2 ; 2
� �

innovation distribution of an INAR(1) process for the different sample sizes n. We report results for
unpenalized (up), L1 and L2 penalized estimation
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Fig. 9 Boxplots of the L2 distances of the estimated innovation distribution to the true ZIP 1
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innovation distribution of an INAR(1) process for the different sample sizes n. We report results for
unpenalized (up), L1 and L2 penalized estimation without smoothing of G(0) (nz)
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in zero and the corresponding entry of the PMF, G(0), remains unaffected by the
penalization. Consequently, the results from penalized and unpenalized estima-
tion do not differ substantially from each other.

In summary, if the smoothness assumption of the innovation distribution is
correctly imposed, it provides a large benefit for small sample size n. This holds
whether the true underlying distribution is equidispersed or overdispersed. The best
results are obtained for L2 penalization and first-order differences.

3.6 Estimation of the INAR coefficient

A drawback of the penalized estimation is that the estimation of the INAR coefficient
a no longer works well for small sample size n, see Fig. 23 in the appendix. A
strength of the semiparametric estimation approach of Drost et al. (2009) is the
accurate joint estimation of the INAR coefficient and the innovation distribution.
This joint estimation accuracy is not maintained when penalization is used for small
n. The L2 distances of the penalized estimated INAR coefficient a to the true value
are higher than for the unpenalized estimated coefficient. For increasing n, the
estimation of a improves, but since the benefit of the penalized estimation lies in the
cases where n is small, this is no comfort.

Instead, we can solve this problem by taking only the estimator for the innovation
distribution from the penalized approach and estimating the INAR coefficient with
the unpenalized (efficient) estimation approach of Drost et al. (2009). In Fig. 23, we
see that it is indeed preferable to combine the unpenalized estimation of the INAR
coefficient a and the penalized estimation of the innovation distribution G. Also
when looking at the MSE, it is clear that this combination outperforms all other
estimation approaches under consideration.

4 Real data example

For modeling intermittent demand, Syntetos and Boylan (2021) consider the
equidispersed Poisson distribution on the one hand, and, as the demand variability
may be severe when demand is intermittent, overdispersed distributions from the
Compound-Poisson family (such as the negative binomial distribution) on the other
hand. All these parametric distributions are smooth. With our novel penalized
semiparametric estimation approach, we get smooth distributions without parametric
assumptions, and as we saw in our simulations, our penalization procedure works
well for both equi- and overdispersed distributions. By contrast, if using an
unpenalized non-parametric estimation approach such as the empirical distribution
function (EDF), Syntetos and Boylan (2021) criticize that demand values not
observed in the past are automatically assigned zero probabilities for the future.
Furthermore, they state that an EDF provides a perfect fit to the historical data, but it
does not ensure the goodness of fit to the demand over the forecast horizon,
especially with respect to higher percentiles. Again, these drawbacks are omitted
with our penalized estimation approach. Finally, historical demand time series are
often rather short, see the demand count time series provided by Snyder (2002) as

123

Semiparametric estimation of INAR models...

Faymonville et al., 2023 43



an example, such that smoothing approaches would be particularly welcome. For
these reason, the forecasting of intermittent demand appears to be a promising
application area for our proposed penalized semiparametric estimation procedure.

Therefore, we consider time series (n ¼ 51) of the monthly demand of different
car spare parts offered by an Australian subsidiary of a Japanese car company from
January 1998 to March 2002 (Snyder 2002). Figure 10 contains an exemplary time
series of car part 2404. The observations vary between 0 and 5 and the up and down
movements indicate a moderate autocorrelation level. After inspecting the corre-
sponding (P)ACF also included in Fig. 10, we conclude that an AR(1)-like model
might be appropriate for describing the serial dependence of the time series.
Moreover, L2 penalization with first order differences leads to an estimated
innovation distribution without any unnatural gaps, i.e. zero values, in the PMF.

Now consider the 1-step median prediction and the 90% quantile of the 1-step
prediction of the demand for car spare part 2404. The latter serves here as a worst-
case scenario for spare parts requirements. Therefore, we determine the median and
the 90% quantile of the predictive distribution Pð. . . j yÞ, where y 2 0; . . .; 10. Based
on the results of the simulation study in Subsect. 3.6, we use the penalized estimated
innovation distribution and the unpenalized estimated INAR coefficient to determine
the conditional predictive distribution. Table 2 shows that the penalized estimation
tends to lead to higher predicted values (more conservative prediction). Conse-
quently, without penalizing the innovation distribution, the predictions for the
demand for spare parts may be too low, which can lead to a lack of spare parts.
Moreover, the penalization of the innovation distribution (especially for such short
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Fig. 10 From left to right and top to bottom: Plot of time series of monthly demand for car spare part 2404,
its corresponding ACF and PACF and the unpenalized and the penalized estimated innovation distribution
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time series) can serve as a robustness analysis to identify possible
uncertainties in the forecast at an early stage.

In addition, we consider car spare part 1971. Figure 11 again suggests an AR(1)-
like model and a moderate autocorrelation level. The observations vary between 0
and 4 and there may be zero inflation in this time series. Therefore, in addition to the
unpenalized and penalized estimates, we also consider the penalized estimate of the
innovation distribution, where G(0) is not smoothed (see Subsect. 3.5). It becomes
clear that this last estimation procedure yields more plausible results than when G(0)
is smoothed. Again, the penalized estimation procedure yields a slightly smoother
innovation distribution than the unpenalized estimation. In summary, if there is a
reasonable suspicion of zero inflation, G(0) should not be smoothed.

Table 2 Unpenalized and penalized 1-step median prediction and 90% quantile of the 1-step prediction of
the demand for car spare part 2404 when observing demand y

y 0 1 2 3 4 5 6 7 8 9 10

Median
(unpenalized)

1 1 1 1 2 2 2 3 3 3 3

Median (penalized) 1 1 1 2 2 2 2 3 3 3 3

90% quantile
(unpenalized)

2 2 3 3 4 4 4 5 5 5 6

90% quantile
(penalized)

2 3 3 4 4 4 5 5 5 6 6
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Fig. 11 Plot of time series of monthly demand for car spare part 1971, its corresponding ACF and PACF,
the unpenalized and the penalized estimated innovation distribution and the penalized estimated innovation
distribution excluding the first entry of the PMF (from left to right and from top to bottom)
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5 Conclusion

Although semiparametric estimation yields a decent fit in INAR models, its
performance is often not convincing for small sample sizes. Therefore, we proposed a
penalization approach that exploits a qualitative smoothness assumption fulfilled by
commonly used innovation distributions. A simulation study showed that our
penalization approach provides a large benefit in estimating the innovation
distribution, especially for small sample sizes. Additionally, we showed that the
combination of unpenalized estimation of INAR coefficients and penalized
estimation of the innovation distribution provided the best performance. Future
research should investigate whether additional penalization of the INAR coefficients
may result in further benefit. Furthermore, as the penalization approach proved to be
beneficial for forecasting, one may also think of an application in statistical process
control, i.e. for the design of control charts relying on a fitted INAR(1) model.
Another interesting issue for future research is the application of our proposed
method on integer-valued autoregressive models on Z, such as those proposed by
Kim and Park (2008) or Liu et al. (2021).

Appendix

See Figures 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 and 23.
See Tables 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12.
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Fig. 13 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for the different sample sizes n and a ¼ 0:2. We report results for
unpenalized (up), L1 and L2 penalized estimation
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Fig. 14 Boxplots of the penalization parameter g selected by L1 penalization (upper panel) and L2
penalization (lower panel) for the different sample sizes n in the case of a true Poi(1) innovation
distribution of an INAR(1) process and a ¼ 0:2
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Fig. 15 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for the different sample sizes n and a ¼ 0:8. We report results for
unpenalized (up), L1 and L2 penalized estimation
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Fig. 16 Boxplots of the penalization parameter g selected by L1 penalization (upper panel) and L2
penalization (lower panel) for the different sample sizes n in the case of a true Poi(1) innovation
distribution of an INAR(1) process and a ¼ 0:8
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Fig. 17 Boxplots of the L2 distances of the estimated innovation distribution to the true NB 2; 23
� �

innovation distribution of an INAR(1) process for the different sample sizes n. We report results for
unpenalized (up), L1 and L2 penalized estimation
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Fig. 18 Boxplots of the L2 distances of the estimated innovation distribution to the true Geo 1
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innovation

distribution of an INAR(1) process for the different sample sizes n. We report results for unpenalized (up),
L1 and L2 penalized estimation
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Fig. 19 Boxplots of the penalization parameter g selected by L1 penalization (upper panel) and L2
penalization (lower panel) for the different sample sizes n in the case of a true NB 2; 23
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Fig. 21 Boxplots of the L2 distances of the estimated innovations distribution to the true Poi(1) innovation
distribution of an INAR(2) process and n ¼ 50. We report results for unpenalized (up), L1 and L2 penalized
estimation
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Fig. 22 Boxplots of the L2 distances of the estimated innovation distribution to the true Poi(1) innovation
distribution of an INAR(1) process for the different sample sizes n. We report results for unpenalized (up)
and L1 penalized estimation using either first order (diff1) or second order (diff2) differences
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Fig. 23 Boxplots of the L2 distances between (1) unpenalized estimated INAR coefficient a and the true
INAR coefficient a, (2) L2 penalized and true a, (3,4) their related estimated innovation distribution and the
true Poi(1) innovation distribution of an INAR(1) process for different sample sizes n and their
corresponding MSE (rounded to four digits)
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Summary
While the statistical literature on continuous-valued time series processes is vast and the
toolbox for parametric, non-parametric and semiparametric approaches is methodologically
sound, the literature on count data time series is considerably less developed. Such count data
time series models are usually categorized in parameter-driven and observation-driven models.
Among the observation-driven approaches, the integer-valued autoregressive (INAR) models
that rely on the famous binomial thinning operation due to Steutel & Van Harn (1979) are
arguably the most popular ones. They have a simple intuitive and easy interpretable structure
and have been widely applied in practice (Weiß, 2009). In particular, the INAR(𝑝) model can
be seen as the discrete analogue of the well-known AR(𝑝) model for continuous-valued time
series. The INAR(1) model was first introduced by Al-Osh & Alzaid (1987) and McKenzie
(1985), and its extension to the INAR(𝑝) model by Du and Li (1991) is defined according to

𝑋𝑡 = 𝛼1 ∘ 𝑋𝑡−1 + 𝛼2 ∘ 𝑋𝑡−2 +…+ 𝛼𝑝 ∘ 𝑋𝑡−𝑝 + 𝜀𝑡,

with 𝜀𝑡
i.i.d.∼ 𝐺, where the innovation distribution 𝐺 has range ℕ0 = {0, 1, 2,…}. The vector

of INAR coefficients 𝛼 = (𝛼1,… , 𝛼𝑝)′ ∈ (0, 1)𝑝 fulfills ∑𝑝
𝑖=1 𝛼𝑖 < 1 and

𝛼𝑖 ∘ 𝑋𝑡−𝑖 =
𝑋𝑡−𝑖

∑
𝑗=1

𝑍(𝑡,𝑖)
𝑗 , 𝑍(𝑡,𝑖)

𝑗 ∼ Bin(1, 𝛼𝑖),

where “∘” denotes the binomial thinning operator first introduced by Steutel & Van Harn
(1979). Although many contributions have been made during the last decades, most of
the literature focuses on parametric INAR models and estimation techniques. We want to
emphasize the efficient semiparametric estimation of INAR models (Drost, Van den Akker, &
Werker, 2009).

Statement of need
INAR models find applications in a wide variety of fields such as medical sciences, environ-
mentology and economics. For example, Franke & Seligmann (1993) model epileptic seizure
counts using an INAR(1) model, Thyregod, Carstensen, Madsen, & Arnbjerg-Nielsen (1999)
use integer-valued autoregressive models to model the dynamics of rainfall and McCabe &
Martin (2005) to analyze wage loss claims data. They all have in common assuming that the
innovation distribution belongs to a parametric class of distributions. Non- or semiparametric
estimation of the INAR model was not considered until Drost et al. (2009) came up with
their semiparametric estimation approach. A possible explanation is the complexity of the
semiparametric setup since despite in the AR case the estimation in the INAR case cannot

Faymonville et al. (2024). spINAR: An R Package for Semiparametric and Parametric Estimation and Bootstrapping of Integer-Valued
Autoregressive (INAR) Models. Journal of Open Source Software, 9(97), 5386. https://doi.org/10.21105/joss.05386.
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be based on the residuals: Even if the autoregressive coefficients were known, observing
the data does not imply observing the innovations (Drost et al., 2009). Nonetheless, one
big advantage of semiparametric estimation is that we do not need to make a parametric
distribution assumption on the innovations. The Poisson assumption is, for example, the
most frequently used assumption for innovations and is characterized by equidispersion. In
most cases, however, the data shows a higher variance than the mean value. The question
arises when the distance between these two moments is large enough to not rather assume
overdispersion, which would probably lead to assume negative binomially or geometrically
distributed innovations. Furthermore, when dealing with low counts, we often observe many
zeros in the data. This could be a sign for a zero-inflated innovation distribution such as the
zero-inflated Poisson distribution (Jazi, Jones, & Lai, 2012). However, it is unclear at what
point the zero is represented frequently enough in the data set to justify such an assumption.
The mentioned points indicate that the assumption of an appropriate innovation distribution
is often critical, bearing in mind that an incorrect assumption can lead to poor estimation
performance. With semiparametric estimation, we do not have to commit to an innovation
distribution, which makes this approach appealing.

To deal with count data time series, R (R Core Team, 2023) provides the package tscount

(Liboschik, Fokianos, & Fried, 2017) which, a.o., includes likelihood-based estimation of
parameter-driven count data time series models which do not include INAR models and
exclusively allows for conditional Poisson or negative binomially distributed data. The R
package ZINARp (Medina Garay, de Lima Medina, & Rossiter Araújo Monteiro, 2022) allows to
simulate and estimate INAR data by using MCMC algorithms for estimation but the package
is limited to parametric estimation of INAR models, that is, of the INAR coefficients and of a
parametrically specified innovation distribution {𝐺𝜃 | 𝜃 ∈ ℝ𝑞, 𝑞 ∈ ℕ} where they only cover
the cases of Poisson or zero-inflated Poisson distributed innovations.The Julia (Bezanson,
Edelman, Karpinski, & Shah, 2017) package CountTimeSeries (Stapper, 2022) deals with
integer counterparts of ARMA and GARCH models and some generalizations including the
INAR model. It covers the parametric estimation setup for INAR models but does also not allow
for non-parametric estimation of the innovation distribution. Such a semiparametric estimation
technique that still relies on the binomial thinning operation, but comes along without any
parametric specification of the innovation distribution was proposed and proven to be efficient
by Drost et al. (2009). Also neither of the three packages contains procedures for bootstrapping
INAR models within these parametric and semiparametric setups. The R package spINAR fills
this gap and combines simulation, estimation and bootstrapping of INAR models in a single
package. Both, the estimation and the bootstrapping, are implemented semiparametrically and
also parametrically. The package covers INAR models of order 𝑝 ∈ {1, 2}, which are mainly
used in applications.

Features
For the simulation of INAR data, our package allows for flexible innovation distributions that
can be inserted in form of a parametric probability mass function (pmf) or by simply passing a
user-defined vector as pmf argument. Regarding the estimation, it allows for moment- and
maximum likelihood-based parametric estimation of INAR models with Poisson, geometrically
or negative binomially distributed innovations (see for example Weiß (2018) for details), but
the main contribution lies in the semiparametric maximum likelihood estimation of INAR
models introduced by Drost et al. (2009) which they proved to be efficient. Additionally, a
finite sample refinement for the semiparametric setup consisting of an estimation approach,
that penalizes the roughness of the innovation distribution as well as a validation function
for the penalization parameters is implemented (Faymonville, Jentsch, Weiß, & Aleksandrov,
2022). Furthermore, the package includes the possibility to bootstrap INAR data. Again, the
user is able to choose the parametric or the more flexible semiparametric model specification
and to perform the (semi)parametric INAR bootstrap described in Jentsch & Weiß (2017).

Faymonville et al. (2024). spINAR: An R Package for Semiparametric and Parametric Estimation and Bootstrapping of Integer-Valued
Autoregressive (INAR) Models. Journal of Open Source Software, 9(97), 5386. https://doi.org/10.21105/joss.05386.
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Abstract. For modeling the serial dependence in time series of counts, various approaches

have been proposed in the literature. In particular, models based on a recursive, autoregressive-

type structure such as the well-known integer-valued autoregressive (INAR) models are very

popular in practice. The distribution of such INAR models is fully determined by a vector of

autoregressive binomial thinning coefficients and the discrete innovation distribution. While

fully parametric estimation techniques for these models are mostly covered in the literature,

a semi-parametric approach allows for consistent and efficient joint estimation of the model

coefficients and the innovation distribution without imposing any parametric assumptions.

Although the limiting distribution of this estimator is known, which, in principle, enables

asymptotic inference and INAR model diagnostics on the innovations, it is cumbersome to

apply in practice.

In this paper, we consider a corresponding semi-parametric INAR bootstrap procedure and

show its joint consistency for the estimation of the INAR coefficients and for the estimation of

the innovation distribution. We discuss different application scenarios that include goodness-

of-fit testing, predictive inference and joint dispersion index analysis for count time series. In

simulations, we illustrate the finite sample performance of the semi-parametric INAR bootstrap

using several innovation distributions and provide real-data applications.

Key words and phrases. Bootstrap inference, central limit theorem, count time series, dispersion index, semi-

parametric estimation.
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2 MAXIME FAYMONVILLE & CARSTEN JENTSCH

1. Introduction

Count time series consist of sequences of observations over time taking values in the non-

negative integers N0 := N ∪ {0} = {0, 1, 2, . . .}. They arise naturally when counting things or

events over time and have therefore many relevant applications in various fields as, e.g., the

number of infectious diseases, extreme weather events or phishing attacks. Unlike continuous

time series, count data is inherently discrete-valued, which often leads to modeling challenges

caused, e.g., by the presence of overdispersion (variance exceeding the mean) or zero inflation

(excessive zeros in the data). One of the probably most used count time series models is the

Integer-valued AutoRegressive (INAR) model of order p ∈ N introduced by Du and Li (1991).

An INAR(p) process (Xt, t ∈ Z) is defined by the recursion

Xt = α1 ◦Xt−1 + α2 ◦Xt−2 + . . .+ αp ◦Xt−p + εt, t ∈ Z, (1.1)

where (εt, t ∈ Z) denotes an i.i.d. innovation process with distribution G having range N0. We

write εt ∼ G and identify the distribution G by its probability mass function (pmf), that is,

G = {G(k), k ∈ N0}, where G(k) = P (εt = k). Further, let α = (α1, . . . , αp)
′ ∈ [0, 1)p with

∑p
i=1 αi < 1 denote the vector of model coefficients and define

αi ◦Xt−i =

Xt−i∑

j=1

Z
(t,i)
j ,

where “◦” is the binomial thinning operator first introduced by Steutel and Van Harn (1979).

Here, (Z
(t,i)
j , j ∈ N, t ∈ N0), i ∈ {1, . . . , p}, are mutually independent Bernoulli-distributed

random variables with Z
(t,i)
j ∼ Bin(1, αi) such that P (Z

(t,i)
j = 1) = αi = 1 − P (Z

(t,i)
j = 0)

independent of (εt, t ∈ N0). Note that, according to this construction, we have αi ◦Xt−i|Xt−i ∼
Bin(Xt−i, αi). All the thinning operations “◦” are independent of each other and of (εt, t ∈ Z).

Furthermore, the thinning operation at time t and εt are both independent of Xs, s < t. The

special case p = 1 results in the INAR(1) model introduced by McKenzie (1985) and Al-Osh

and Alzaid (1987).

The existing literature mainly deals with fully parametric estimation of INAR models (see,

e.g., Du and Li, 1991; Franke and Seligmann, 1993; Brännäs and Hellström, 2001; Freeland

and McCabe, 2005; Jung et al., 2005; Silva and Silva, 2006; Bu et al., 2008), i.e., G is assumed

to belong to a certain family of parametric distributions {Gγ | γ ∈ Γ ⊂ Rq} for some finite

(and typically small) q ∈ N. A summary of all the standard parametric estimation methods

for INAR models as, e.g., moment estimation and (conditional) maximum likelihood estimation

can be found in Section 2.2 of Weiß (2018). However, the use of such parametric assumptions

considerably restricts the flexibility of the INAR model (1.1) - we refer to Faymonville et al.

(2025b) for a discussion. A way more flexible estimator is the one presented by Drost et al.
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(2009a). While keeping the parametric binomial thinning operation, it is able to estimate the

innovation distribution in a completely non-parametric way. In the following Section 2, we

introduce this semi-parametric estimator that allows to estimate jointly the INAR coefficients

α and the innovation distribution G and recap some of its theoretical (limiting) properties. An

appropriate semi-parametric bootstrap procedure leading to corresponding bootstrap estima-

tors is proposed in Section 3, where we also establish asymptotic theory and prove bootstrap

consistency. Different application scenarios that include goodness-of-fit testing, predictive in-

ference and joint dispersion index analysis for time series of counts are discussed in Section 4.

We provide simulation results illustrating the finite sample performance of the semi-parametric

INAR bootstrap procedure in Section 5 and discuss a real data application in Section 6. Section

7 concludes and the proofs of this paper are deferred to an appendix.

2. Preliminaries

By construction, the INAR(p) process defined by (1.1) is a pth order Markov chain. Under

the model parameters α and G and for xt−i ∈ N0, i = 0, 1, . . . , p, its transition probabilities are

given by

Pα,G
(xt−1,...,xt−p),xt

= Pα,G

(
p∑

i=1

αi ◦Xt−i + εt = xt | Xt−1 = xt−1, . . . , Xt−p = xt−p

)
(2.1)

=
(
Bin(xt−1, α1) ∗ · · · ∗ Bin(xt−p, αp) ∗G

)
{xt},

where P is the underlying probability measure and “∗” denotes the convolution of distributions.

In the special case of an INAR(1) model, the transition probabilities can be written as

Pα,G(Xt = xt | Xt−1 = xt−1) =

min(xt,xt−1)∑

j=0

(
xt−1

j

)
αj(1− α)xt−1−jG(xt − j), (2.2)

where α is the coefficient of the INAR(1) model (McKenzie, 1985; Al-Osh and Alzaid, 1987).

When estimating the INAR model as proposed in Drost et al. (2009a), that is, without using

any parametric assumption on the family of the innovation distributions, one treats the error

distribution as an (infinite-dimensional) parameter and jointly estimates the parameter sequence

consisting of the p-dimensional vector of INAR model coefficients and the infinite-dimensional

pmf of the innovations distribution. In the setup of generalized linear models, Huang (2014)

considers a similar approach for the estimation of the error distribution. For the derivation

of asymptotic theory, Drost et al. (2009a) impose the following (moment) assumptions on the

innovation distribution and the model parameters.

Assumption 1 (Innovation distribution and model parameters; Drost et al. (2009a), Assump-

tion 1). Let G̃ denote the set of all probability measures on N0. We assume that G = L(εt) ∈ G,

Faymonville and Jentsch, 2025 71
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where

G =
{
G ∈ G̃ : 0 < G(0) < 1,EG(ε

p+4
t ) < ∞

}

is the set of all probability measures on N0 with 0 < G(0) < 1 and finite (p + 4)th moments.

Furthermore, we assume that α = (α1, . . . , αp) ∈ Θ = {α ∈ (0, 1)p :
∑p

i=1 αi < 1}.

For some of the results that Drost et al. (2009a) derive in their paper, weaker conditions

than listed in Assumption 1 are sufficient. Nevertheless, the conditions included in Assumption

1 are not restrictive: The condition 0 < G(0) < 1 makes sure that the innovations can be

equal to zero, but that they are not always equal to zero, which is suitable for basically every

practical application. The existence of the (p+4)th moment of the innovation distribution G is

required to ensure the weak convergence of certain empirical processes; see Drost et al. (2009a)

for details. The assumption α ∈ (0, 1)p with
∑p

i=1 αi < 1 entails the standard assumption to

ensure the stationarity of the INAR(p) process and avoids boundary issues by ruling out αi = 0

for all i = 1, . . . , p.

Formally, Drost et al. (2009a) base their work on the experiments

E(n) =
(
Nn+1+p
0 ,P(Nn+1+p

0 ),P
(n)
να,G,α,G|α ∈ Θ, G ∈ G

)
, n ∈ N0,

where P(Nn+1+p
0 ) denotes the power set of Nn+1+p

0 , P(n)
να,G,α,G denotes the law of (X−p, . . . , Xn)

under Pνα,G,α,G, on the measurable space (Nn+1+p
0 ,P(Nn+1+p

0 )) and with stationary initial

distribution να,G of (X−p, . . . , X0).1 As one might expect, this semi-parametric model is more

complicated to deal with than a parametric approach, but it is way more flexible with respect

to the innovation distribution (see Drost et al., 2008, for the parametric counterparts).

The estimator is derived using a non-parametric (conditional) maximum likelihood approach.

For any fixed n ∈ N0 and observations (X−p, . . . , Xn) at hand, a non-parametric maximum

likelihood estimator (NPMLE) θ̂n := (α̂n, Ĝn) = (α̂n,1, . . . , α̂n,p, Ĝn(0), Ĝn(1), . . .) of (α, G) is

defined to maximize the conditional likelihood, i.e.,

(α̂n, Ĝn) ∈ argmax
(α,G)∈[0,1]p×G̃

(
n∏

t=0

Pα,G
(Xt−1,...,Xt−p),Xt

)
. (2.3)

To guarantee its existence, note that they allow for values of (α̂n, Ĝn) outside of Θ× G. They

further state that all the mass of Ĝn is assigned to a subset {u−, . . . , u+} ⊂ N0, where

u− = max

{
0, min

t=0,...,n

{
Xt −

p∑

i=1

Xt−i

}}
, u+ = max

t=0,...,n
{Xt}.

Then, (θ̂n, Ĝn) maximizes the likelihood if and only if the following conditions hold:

1Although a sample X1, . . . , Xn plus p pre-sample values X−(p−1), . . . , X0 would be sufficient, throughout this

paper, we stick to the notation in Drost et al. (2009a), who suppose availability of (X−p, . . . , X−1), X0, . . . , Xn,

but nevertheless use a pre-factor of 1/n when taking sample averages.

72 Publications



SEMI-PARAMETRIC INAR BOOTSTRAP INFERENCE 5

i) Ĝn(k) = 0 for k < u− and k > u+, and

ii) (α̂n,1, . . . , α̂n,p, Ĝn(u−), . . . , Ĝn(u+)) is a solution to the (constrained) polynomial opti-

mization problem

max
x1,...,xp

zu− ,...,zu+





n∏

t=0

Xt∑

e=0∨Xt−
∑p

i=1 Xt−i

ze
∑

0≤kl≤Xt−l, l=1,...,p
k1+...+kp=Xt−e

p∏

l=1

(
Xt−l

kl

)
xkll (1− xl)

Xt−l−kl





(2.4)

subject to

0 ≤ xk ≤ 1 for k = 1, . . . , p, zj ≥ 0 for j = u−, . . . , u+, zu− + . . .+ zu+ = 1.

They stress that they do not impose the uniqueness of such a maximum location. A modification

of the likelihood in (2.3) is proposed by Faymonville et al. (2023), who add a penalization

term to account for the “smoothness” of most (discrete) innovation distributions, i.e., that

G(k+1)−G(k), k ∈ N0 is usually “small”, which leads to an improved estimation performance

for small sample sizes.

In their paper, Drost et al. (2009a) prove consistency, asymptotic normality and efficiency

of their NPMLE under suitable regularity conditions. However, the practical use of their as-

ymptotic theory is rather restricted as the derived limiting distribution follows a (transformed)

Gaussian process, which is cumbersome to work with. Hence, with the goal of constructing a

suitable and asymptotically valid semi-parametric INAR bootstrap procedure, in the following,

we recap the consistency and asymptotic normality results established in Drost et al. (2009a).

Theorem 2.1 (Drost et al. (2009a), Theorem 1). Let Assumption 1 hold. For all (α0, G0) ∈
Θ×G and all initial probability measures να0,G0 on Np

0, any NPMLE (α̂n, Ĝn) defined in (2.3)

is consistent (as n → ∞) in the following sense:

α̂n
p→ α0 and

∞∑

k=0

∣∣∣Ĝn(k)−G0(k)
∣∣∣ p→ 0, under Pνα0,G0

,α0,G0 .

To derive the limiting distribution of the NPMLE, Drost et al. (2009a) show that their

NPMLE is actually an infinite dimensional Z-estimator (see, e.g., Kosorok (2006) for a def-

inition), i.e., that it solves an infinite number of moment conditions. We get these infinitely

many moment conditions, because we allow for unbounded innovation distributions having sup-

port N0. This makes the setting flexible, but also complicates the derivation of the limiting

distribution. Drost et al. (2009a) handle this by constructing (artificial) probability distribu-

tions on N0 bounded in direction h : N0 → R. They only use moment conditions arising from

h ∈ H1 with H1 being the unit ball of ℓ∞(N0), where the latter denotes the Banach space

of bounded sequences equipped with the supremum norm, i.e., they only consider functions
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h : N0 → R with supe∈N0
|h(e)| ≤ 1. Finally, the estimating equations of the NPMLE are

derived as Ψn = (Ψn1,Ψn2) : (0, 1)
p × G̃ → Rp × ℓ∞(H1) defined by

Ψn1(α, G) =
1

n

n∑

t=0

l̇α(Xt−p, . . . , Xt;α, G), (2.5)

Ψn2(α, G)h =
1

n

n∑

t=0

(
Aα,Gh(Xt−p, . . . , Xt)−

∫
hdG

)
, h ∈ H1, (2.6)

where, for xt−p, . . . , xt ∈ N0,

l̇α(xt−p, . . . , xt;α, G) =
∂

∂α
log
(
Pα,G
(xt−1,...,xt−p),xt

)
(2.7)

with the convention that l̇α(xt−p, . . . , xt;α, G) = 0 if Pα,G
(xt−1,...,xt−p),xt

= 0 and

Aα,Gh(xt−p, . . . , xt) = Eα,G

(
h(εt)|Xt = xt, . . . , Xt−p = xt−p

)
. (2.8)

Additionally, for (α0, G0), they introduce the population counterparts of these estimating equa-

tions, Ψα0,G0 = (Ψα0,G0
1 ,Ψα0,G0

2 ) : (0, 1)p × G → Rp × ℓ∞(H1), where

Ψα0,G0
1 (α, G) = Eνα0,G0

,α0,G0

(
l̇α(Xt−p, . . . , Xt;α, G)

)
, (2.9)

Ψα0,G0
2 (α, G)h = Eνα0,G0

,α0,G0

(
Aα,G h(X−p, . . . , X0)−

∫
h dG

)
, h ∈ H1. (2.10)

By exploiting that their NPMLE (α̂n, Ĝn) provides a solution to the estimating equations, i.e.,

that Ψn(α̂n, Ĝn) = 0 holds approximately with Ψn defined in equations (2.5) and (2.6), they

derive a weak convergence result

Sα0,G0
n =

√
n
(
Ψn(α0, G0)−Ψα0,G0(α0, G0)

)
⇝ Sα0,G0 (2.11)

in Rp × ℓ∞(H1), under Pν0,α0,G0 , where “⇝” indicates weak convergence and Sα0,G0 is a tight,

Borel measurable, Gaussian process (see Drost et al., 2009a, Eq. (15)). Altogether, Drost et al.

(2009a) get the following result for the limiting distribution of an NPMLE θ̂n = (α̂n, Ĝn).

Theorem 2.2 (Drost et al. (2009a), Theorem 2). Suppose Assumption 1 holds. For θ0 =

(α0, G0) ∈ Θ× G, any NPMLE θ̂n = (α̂n, Ĝn) satisfies

√
n
(
θ̂n − θ0

)
⇝ −Ψ̇−1

θ0

(
Sθ0
)
, (2.12)

in Rp × ℓ1(N0), under Pνθ0 ,θ0
, where Ψ̇−1

θ0
is the continuous inverse of the Fréchet derivative of

Ψ at θ0 and Sθ0 is the tight, Borel measurable, Gaussian process determined by (2.11).

According to Theorem 2.2, the limiting distribution of the NPMLE is a transformed Gaussian

process. However, due to the infinite dimensional parameter space, this transformation is rather

complicated and relies on the (inverted) Fréchet derivative Ψ̇−1
θ0

of Ψθ0 given in (2.9) and (2.10)

and given in Section 3.2 of Drost et al. (2009a), which is cumbersome in practical applications

(see also Huang, 2014, for a discussion). This generally motivates to use a suitable bootstrap
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procedure for statistical inference instead of using asymptotic approximations that requires the

cumbersome explicit estimation of many nuisance parameters. We propose and investigate a

semi-parametric INAR bootstrap procedure in the following section.

3. Semi-parametric INAR Bootstrap

In this section, to enable suitable semi-parametric bootstrap inference in INAR models, we

propose to use the semi-parametric version of the INAR bootstrap as proposed in Jentsch and

Weiß (2019), which they proved to be consistent for statistics belonging to the large class of

functions of generalized means of (Xt, t ∈ Z) under mild assumptions. However, this class of

statistics does not contain statistics depending on the estimated innovation distribution. For

the purpose of extending the existing theory and to cover also such statistics, in Section 3.1,

we introduce the semi-parametric INAR bootstrap scheme and provide the required notation.

Further, in Section 3.2, we prove bootstrap consistency by showing that the bootstrap version

of the NPMLE leads in probability (conditional on the data) to the same limiting distribution

as obtained for the NPMLE given in Theorem 2.2.

3.1. The semi-parametric INAR Bootstrap Scheme. For bootstrap inference of the NPMLE,

the semi-parametric INAR bootstrap scheme, as proposed in Jentsch and Weiß (2019) for func-

tions of generalized means and implemented in the R package spINAR by (Faymonville et al.,

2024), is defined as follows:

Step 1.) Given a sample (including pre-sample values) of count data (X−p, . . . , X−1), X0, . . . , Xn,

fit semi-parametrically an INAR(p) process (1.1) using the NPMLE (2.3) as proposed by

Drost et al. (2009a) to get estimators α̂n = (α̂n,1, . . . , α̂n,p)
′ and Ĝn = (Ĝn(k), k ∈ N0)

for the INAR coefficients and for the pmf of the innovation distribution, respectively.

Step 2.) Generate bootstrap observations (X∗
−p, . . . , X

∗
−1), X

∗
0 , . . . , X

∗
n according to

X∗
t = α̂n,1 ◦∗ X∗

t−1 + . . .+ α̂n,p ◦∗ X∗
t−p + ε∗t ,

where “◦∗” denotes (mutually independent) bootstrap binomial thinning operations and

(ε∗t , t ∈ Z) denotes an i.i.d. bootstrap innovation process with ε∗t ∼ Ĝn (conditionally

on the data).

Step 3.) Compute the bootstrap NPMLE θ̂∗n = (α̂∗
n, Ĝ

∗
n), where α̂∗

n = (α̂∗
n,1, . . . , α̂

∗
n,p) and

Ĝ∗
n = (Ĝ∗

n(k), k ∈ N0), according to equation (2.3), but applied to the bootstrap sample

(X∗
−p, . . . , X

∗
−1), X

∗
0 , . . . , X

∗
n. That is, for any fixed n ∈ N0, a bootstrap NPMLE (boot-

NPMLE) θ̂∗n := (α̂∗
n, Ĝ

∗
n) = (α̂∗

n,1, . . . , α̂
∗
n,p, Ĝ

∗
n(0), Ĝ

∗
n(1), . . .) is defined to maximize the

bootstrap version of the conditional likelihood in (2.3), i.e.,

(α̂∗
n, Ĝ

∗
n) ∈ argmax

(α,G)∈[0,1]p×G̃

(
n∏

t=0

Pα,G
(X∗

t−1,...,X
∗
t−p),X

∗
t

)
, (3.1)
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under analogous conditions as described in the restricted optimization problem (2.4).

Analogous to Drost et al. (2009a), for the bootstrap NPMLE (bootNPMLE) θ̂∗n = (α̂∗
n, Ĝ

∗
n),

which fulfills a “bootstrap version” of Assumption 1 by Lemma B.1, we get a Z-estimator

representation with corresponding estimating equations Ψ∗
n = (Ψ∗

n1
,Ψ∗

n2
) : (0, 1)p × G̃ → Rp ×

ℓ∞(H1) defined by

Ψ∗
n,1(α, G) =

1

n

n∑

t=0

l̇α(X
∗
t−p, . . . , X

∗
t ;α,G), (3.2)

Ψ∗
n,2(α, G)h =

1

n

n∑

t=0

(
Aα,Gh(X

∗
t−p, . . . , X

∗
t )−

∫
h dG

)
, h ∈ H1. (3.3)

Throughout this paper, as usual in bootstrap literature, we make use of the following notation.

With E∗(·), Var∗(·) and Cov∗(·), we denote the bootstrap expected value and (co)variance,

respectively, given the original observations. That is, for X = (X−p, . . . , X−1, X0, . . . , Xn),

we have E∗(·) = E(·|X), Var∗(·) = Var(·|X) and Cov∗(·, ·) = Cov(·, ·|X). To be in-line with

the notation of Drost et al. (2009a), we clarify E(·) =̂Eα0,G0(·), E∗(·) =̂E
α̂n,Ĝn

(·|X) as well as

P =̂Pα,G and P ∗(·)=̂Pα,G(·|X).

3.2. Bootstrap theory. For the subsequent asymptotic theory for the semi-parametric INAR

bootstrap, we impose the following regularity condition.

Assumption 2 (Innovation distribution regularity). Suppose that the pmf G is bounded away

from zero by an exponentially decaying function. That is, let G ∈ Gu, where

Gu =
{
G ∈ G : ∃c1 ∈ (0, 1], c2 ∈ (0,∞) such that G(k) ≥ c1e

−c2k ∀k ∈ N0

}
. (3.4)

The previous Assumption 2 is rather mild and not restrictive in practice. Gu contains all

innovation distributions for which there exists a strictly positive and exponentially decaying

function that always “lies below” the pmf of the innovation distribution. This property is

fulfilled by several innovation distributions like, e.g., the Poisson, the negative binomial and the

geometric distributions. In particular, it guarantees G(k) > 0 for all k ∈ N0 such that boundary

issues are ruled out. Note that Drost et al. (2009a) do not make such an assumption. However,

in view of the limiting distribution that they obtained in Theorem 2.1, asymptotic normality

of Ĝ(k) cannot hold due to zk ≥ 0 by construction in (2.4). Hence, it appears that Drost et al.

(2009a) do require such an assumption as well.

Along the lines of the asymptotic theory established for the NPMLE in Drost et al. (2009a),

we need to first derive “estimation consistency” of the bootNPMLE. Such a result constitutes

the bootstrap version of Theorem 2.1 (i.e., of Theorem 1 in Drost et al. (2009a)) and is required

to argue that also the bootNPMLE is away from the boundary of the parameter space Θ× G.

Under the assumptions introduced above, we get the following result.
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Theorem 3.1 (Estimation consistency of the bootNPMLE). Suppose Assumptions 1 and 2 hold

and we observe data X−p, . . . , Xn from an INAR(p) process (Xt, t ∈ Z) with INAR coefficients

α0 and innovation distribution G0 such that θ0 = (α0, G0) ∈ Θ× G. Let E(Xk
1 ) < ∞ for some

k > 2(p + 4) and θ̂n = (α̂n, Ĝn) be an NPMLE of (α0, G0). Suppose the bootstrap proposal

from Section 3.1 is used to get a bootNPMLE θ̂∗n = (α̂∗
n, Ĝ

∗
n). Then, for all initial probability

measures να0,G0 on Np
0, we have

α̂∗
n − α̂n

p∗→ 0 and
∞∑

k=0

|Ĝ∗
n(k)− Ĝn(k)| p∗→ 0

under P ∗(·) = P
ν
α̂n,Ĝn

,α̂n,Ĝn
(·|X) in Pνα0,G0

,α0,G0-probability.

Now, we get to the main result of this paper, the limiting distribution of the bootNPMLE.

As the resulting limiting distribution does coincide with the limiting distribution derived in

Theorem 2.2 (i.e., in Theorem 2 in Drost et al., 2009a), the following Theorem 3.2 proves

bootstrap consistency of the semi-parametric INAR bootstrap for the NPMLE.

Theorem 3.2 (Bootstrap consistency of bootNPMLE). Suppose Assumptions 1 and 2 hold

and we observe data X−p, . . . , Xn from an INAR(p) process (Xt, t ∈ Z) with INAR coefficients

α0 and innovation distribution G0 such that θ0 = (α0, G0) ∈ Θ× G. Let E(Xk
1 ) < ∞ for some

k > 2(p + 4), E((X3
t (1 + ρ)Xt))1+δ < ∞ for some ρ, δ > 0 and θ̂n = (α̂n, Ĝn) be an NPMLE

of θ0 = (α0, G0). Suppose the bootstrap proposal from Section 3.1 is used to get a bootNPMLE

θ̂∗n = (α̂∗
n, Ĝ

∗
n). Then, for all initial probability measures να0,G0 on Np

0, we have

√
n
(
θ̂∗n − θ̂n

)
=

√
n
(
(α̂∗

n, Ĝ
∗
n)− (α̂n, Ĝn)

)
⇝∗ −Ψ̇−1

θ0

(
Sθ0
)

(3.5)

in Rp × ℓ1(N0), under P ∗(·) = P
ν
α̂n,Ĝn

,α̂n,Ĝn
(·|X) in Pνθ0 ,θ0

-probability.

Proof. Along the lines of the proof of Theorem 2 in Drost et al. (2009a), we make use of Theorem

3.3.1 in Van der Vaart and Wellner (1996) in the following to prove asymptotic normality in

(3.5). By construction of the (boot)NPMLE as Z-estimator, we approximately have

Ψn(θ̂n) = 0 and Ψ∗
n(θ̂

∗
n) = 0. (3.6)

Using (3.6), we get

√
n(Ψn(θ̂

∗
n)−Ψn(θ̂n)) =

√
n(Ψn(θ̂

∗
n)−Ψ∗

n(θ̂
∗
n)). (3.7)

Knowing from Lemma A.1 that Ψn is Fréchet-differentiable, according to (A.10), we can replace

the left-hand side of (3.7) by

√
n
(
Ψ̇ξn

n (θ̂∗n − θ̂n)
)
, (3.8)
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where ||ξn − θ̂n|| ≤ ||θ̂∗n − θ̂n||. Using the uniform convergence of Ψ̇ξn
n to Ψ̇θ0 established in

Lemma A.2, (3.8) is asymptotically equivalent to

√
n
(
Ψ̇θ0(θ̂∗n − θ̂n)

)
. (3.9)

Further, using the result of Lemma A.3, we can rewrite also the right-hand side of (3.7).

Altogether, we have

√
n
(
Ψ̇θ0(θ̂∗n − θ̂n)

)
=

√
n
(
Ψn(θ̂n)−Ψ∗

n(θ̂n)
)
+ op∗(1). (3.10)

Finally, using the asymptotic normality result from Lemma A.4 and the fact that Ψ̇θ0 is contin-

uously invertible according to Lemma 2 in Drost et al. (2009a), making use of the continuous

mapping theorem, the assertion follows.

□

Together with the bootstrap consistency for functions of generalized means derived in Jentsch

and Weiß (2019), the asymptotic results established in Theorems 2.2 and 3.2 generalize the

validity of the semi-parametric INAR bootstrap for a broader class of statistics. In particular,

as the limiting distributions in Theorems 2.2 and 3.2 coincide, we obtain the following corollary.

Corollary 3.3 (First-order semi-parametric INAR bootstrap consistency). Let d be an appro-

priate metric on (the distributions of) random elements in Rp × ℓ1(N0). Under the conditions

of Theorem 2.2 and 3.2, we have

d

(
L(√n(θ̂n − θ0)),L∗(

√
n(θ̂∗n − θ̂n))

)
→

n→∞
0

in Pνθ0 ,θ0
-probability.

Furthermore, it is possible to make use of suitable delta methods to extend the bootstrap

consistency result also to smooth functionals applied to the (boot)NPMLE. More precisely, for

the bootNPMLE result (3.5), we can employ the delta method introduced in Theorem 3.1 of

Beutner and Zähle (2016) which - in contrast to the conventional functional delta method as

given by Theorems 3.9.11 and 3.9.13 of Van der Vaart and Wellner (1996) - does not make use of

concepts of integrals and outer probabilities. Similarly, for the result of Theorem 2.2, Theorem

3.9.4. of Van der Vaart and Wellner (1996) can be applied which is valid for mappings between

linear metric spaces. The paper of Beutner (2024) discusses several variants of functional delta

methods. Consequently, we get the following result.

Corollary 3.4 (First-order bootstrap consistency for smooth functionals). Let Ξ : [0, 1]p×G̃ →
Rq be a sufficiently smooth functional such that the conditions in Theorem 3.1 of Beutner and
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Zähle (2016) are fulfilled and let d be an appropriate metric on (the distributions of) random

elements in Rq. Under the conditions of Theorem 2.2 and 3.2, we have

d
(
L
(√

n
(
Ξ(θ̂n)− Ξ (θ0)

))
,L∗

(√
n
(
Ξ(θ̂∗n)− Ξ(θ̂n)

)))
→

n→∞
0

in Pνθ0 ,θ0
-probability.

The bootstrap consistency result from Corollary 3.4 finds application in diverse setups. For

instance, a joint consistency result that combines the bootstrap consistency for functions of

generalized means derived in Theorem 3.2 and Corollary 3.7 in Jentsch and Weiß (2019) and

the bootstrap consistency for smooth functionals of θ̂n from Corollary 3.4 above, can be applied

for semi-parametric INAR goodness-of-fit testing discussed in Section 4.1. Further examples

include, e.g., predictive inference in count time series setups covered in Section 4.2 or the

analysis of the (joint) dispersion index covered in Section 4.3.

4. Methodological Applications

In the following subsections, wo discuss three methodological applications of Theorem 3.2

and Corollary 3.4 for different statistical tasks. They cover goodness-of-fit testing, predictive

inference, and joint dispersion index analysis for (semi-parametrically estimated) INAR pro-

cesses.

4.1. Goodness-of-fit test on the whole INAR model class. Together with the results from

Jentsch and Weiß (2019), the result of our main Theorem 3.2 provides the theoretical foundation

of the bootstrap-based semi-parametric goodness-of-fit test introduced in Faymonville et al.

(2025b). They consider the null hypothesis “H0: (Xt, t ∈ Z) is an INAR(p) process” and their

test is characterized by the lack of any parametric assumption on the innovation distribution

which credits the flexibility of the INAR model class. The test statistic consists of an L2-type

distance of probability generating functions and can be represented as a degenerate V -statistic.

This leads to a cumbersome χ2-type limiting distribution requiring an appropriate bootstrap

technique to make the testing procedure practicable. The semi-parametric INAR bootstrap

described in Section 3.1 is used for simulations leading to good finite sample performance under

the null and under the alternative. In this paper, we provide the theoretical justification the use

of this bootstrap procedure for goodness-of-fit testing of semi-parametric INAR null hypotheses.

4.2. Predictive inference for count time series. In the setup of count time series and

more general for discrete-valued time series, it is not straightforward to perform predictive

inference. Faymonville et al. (2025a) discuss this topic and propose to solve this issue by

transforming the prediction problem into a parameter estimation problem. That is, given

(X−p, . . . , X−1), X0, . . . , Xn and for the case of an underlying Markov process of order one, they
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construct confidence intervals for the probability that Xn+1 falls into a certain set S conditional

on Xn = xn for some xn ∈ N0, i.e., for PS,xn = P (Xn+1 ∈ S|Xn = xn). They introduce asymp-

totic and bootstrap approaches and illustrate their proposed procedure on INAR and INARCH

models. For this purpose, they consider parametric as well as non-parametric approaches and,

moreover, they also discuss the practically important case of model misspecification, which we

do not touch here.

In the setup of Faymonville et al. (2025a), also a semi-parametric INAR(1) variant without

specifying the parametric family of the innovation distribution becomes suitable. Hence, as-

suming that the data is generated from an INAR(1) model, the procedure makes use of the

semi-parametric INAR bootstrap from Section 3.1 as described in the following:

Step 1.) Given X1, . . . , Xn, calculate the NPMLE θ̂n = (α̂n, Ĝn) as well as the semi-parametric

estimator P̂ sp
S,xn

:= PS,xn(θ̂n) for the predictive probability PS,xn .

Step 2.) Use the semi-parametric INAR bootstrap from Section 3.1 to get bootstrap observa-

tions X∗
1 , . . . , X

∗
n and to calculate the bootNPMLE θ̂∗n = (α̂∗

n, Ĝ
∗
n) as well as the semi-

parametric bootstrap estimator P̂ sp,∗
S,xn

:= PS,xn(θ̂
∗
n).

Step 3.) Repeat Step 2.) B-times, where B is large, to get L∗,b
n = P̂ sp,∗,b

S,xn
− P̂ sp

S,xn
, b = 1, . . . , B,

and construct the (1− δ)-confidence interval for PS,xn as [P̂S,xn − q∗1−δ/2, P̂S,xn − q∗δ/2],

where q∗α denotes the α-quantile of the empirical distribution of L∗,b
n , b = 1, . . . , B.

In Section 5.2, we provide some simulations to numerically validate the above procedure.

4.3. Joint dispersion index analysis for observations and innovations. When it comes

to the question of a suitable innovation distribution in the INAR model, dispersion plays a

major role. In practice, one usually estimates the dispersion index IDX by the estimator

ÎDX = S2/X, where S2 is the sample variance and X is the sample mean based on the

observations X1, . . . , Xn. Then, one makes use of the INAR model to derive also an estimator

for the dispersion index IDϵ of the innovations denoted by ÎDε. For instance, in the case of an

INAR(1) model with coefficient α, we have the relationship

IDX =
IDε + α

1 + α
.

Hence, we can estimate the innovation dispersion IDε index by computing ÎDε = ÎDX(1 +

α̂)− α̂. However, the observations are over-/equi-/underdispersed if and only if the innovations

are over-/equi-/underdispersed (see Section 2.2.1 in Weiß, 2018). Based on ÎDX one usually

commits to a parametric family of innovation distributions and thus determines if the inno-

vations are over-/equi-/underdispersed. However, for model diagnostics, the question remains

whether a dispersion index deviates enough from 1 to suggest under- or overdispersion instead

of equidispersion. While there are tests based on ÎDX proposed, e.g., by Schweer and Weiß
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(2014), so far, there is no way to approach the innovations and their corresponding dispersion

directly that is without imposing a parametric assumption on the innovation distribution. How-

ever, by assuming a certain family of innovations for testing purposes, the dispersion is (often)

fixed from the outset. For example, if a Poi-INAR model is assumed, the innovations will be

equidispersed, while in the case of an NB-INAR model, they will be overdispersed.

With the NPMLE estimation approach proposed of Drost et al. (2009a), the innovation distri-

bution and thus also its dispersion can be estimated directly without a parametric assumption.

As described in the following, we exploit this approach together with the semi-parametric INAR

bootstrap from Section 3.1 to construct confidence intervals for the dispersion index of the in-

novations (i.e., for IDϵ) and of the observations (i.e., for IDX) in one shot. The following

algorithm is valid in case of an INAR(1) model:

Step 1.) Given X1, . . . , Xn, calculate the NPMLE θ̂n = (α̂n, Ĝn) and estimate (semi-parametrically)

the dispersion indices of the innovations ÎD
sp

ε and of the observations ÎD
sp

X by comput-

ing

ÎD
sp

ε =

∑
j∈N0

j2Ĝn(j)−
(∑

j∈N0
jĜn(j)

)2

∑
j∈N0

jĜn(j)
and ÎD

sp

X =
ÎD

sp

ε + α̂n

1 + α̂n
.

Step 2.) Use the semi-parametric INAR bootstrap from Section 3.1 to get bootstrap observa-

tions X∗
1 , . . . , X

∗
n and to calculate the bootNPMLE θ̂∗n = (α̂∗

n, Ĝ
∗
n) and estimate (semi-

parametrically) the bootstrap dispersion indices of the innovations ÎD
sp,∗
ε and of the

observations ÎD
sp,∗
X by

ÎD
sp,∗
ε =

∑
j∈N0

j2Ĝ∗
n(j)−

(∑
j∈N0

jĜ∗
n(j)

)2

∑
j∈N0

jĜ∗
n(j)

and ÎD
sp,∗
X =

ÎD
sp,∗
ε + α̂∗

n

1 + α̂∗
n

.

Step 3.) Repeat Step 2.) B-times, where B is large, to get L∗,b
ε,n = ÎD

sp,∗,b
ε − ÎD

sp

ε and L∗,b
X,n =

ÎD
sp,∗,b
X − ÎD

sp

X , b = 1, . . . , B, and construct the (1 − δ)-confidence intervals for IDε

and IDX as
[
ÎD

sp

ε − q∗ε,1−δ/2, ÎD
sp

ε − q∗ε,δ/2

]
and

[
ÎD

sp

X − q∗X,1−δ/2, ÎD
sp

X − q∗X,δ/2

]
, re-

spectively, where q∗ε,α and q∗X,α denote the α-quantiles of the empirical distributions of

L∗,b
ε,n, b = 1, . . . , B and of L∗,b

X,n, b = 1, . . . , B, respectively.

In Section 5.3, we provide some simulations to validate the above procedure.

5. Simulations

In this section, we investigate the finite sample performance of the semi-parametric INAR

bootstrap from Subsection 3.1 and the methodological applications from Sections 4.2 and 4.3

by simulations.
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5.1. Bootstrap confidence intervals for θ0 = (α0, G0). First, we illustrate the bootstrap

performance for the task of confidence interval construction for the true model parameter

θ0 = (α0, G0). That is, in a simulation study with K = 500 Monte Carlo samples and B = 500

bootstrap repetitions, we use the semi-parametric INAR bootstrap to construct Hall’s confi-

dence intervals for the entries of θ0 = (α0, G0). Its validity is justified by Theorem 3.2 as it

uses that
√
n(θ̂∗n − θ̂n) provides in probability the same limiting distribution as

√
n(θ̂n − θ0).

Consequently, for significance level δ = 5%, this results in the confidence interval

[
θ̂n − q∗1−δ/2, θ̂n − q∗δ/2

]
, (5.1)

where q∗1−δ/2 and q∗δ/2 are the corresponding quantiles of θ̂∗n − θ̂n. We consider sample sizes

n ∈ {100, 500, 1000} and INAR(1) DGPs (i.e., p = 1 in (1.1)) with different INAR coefficients

α ∈ {0.1, 0.3, 0.5, 0.9} and with innovations following either a Poisson or a negative binomial

distribution resulting in equi- and overdispersion, respectively. For implementing the simulation

study, we use the R package spINAR (Faymonville et al., 2024).

At first, we consider INAR(1) DGPs with different α parameter and Poi(λ) distributed inno-

vations with λ ∈ {1, 3}. Table 1 contains the coverage and the average length of the computed

confidence intervals in case of α = 0.5 and λ = 1. We see that the coverage increases for

increasing n approaching the desired coverage level of 95%, while the average length decreases.

In this parameter setup, where the mean of the observations equals two and the values of Ĝ(k)

for k > 4 become tiny (not larger than 0.0031), we only consider the first six entries of the pa-

rameter vector, that is, α and G(k), k ∈ {0, 1, 2, 3, 4}. As G(k) already becomes small for rather

small k, this also explains the comparably low coverage for G(4). These small entries of the

parameter vector are difficult to estimate since the corresponding values are rarely observed. In

this setup, where we have G=Poi(1), we exemplary get G(4) = 0.015. The results for the other

parameterizations can be found in Tables 9, 11, 13, 15, 17 and 19 in the appendix. Overall, we

get comparable results. However, it has to be noted that the semi-parametric INAR bootstrap

approach slightly loses in terms of coverage performance, when the observations’ mean increases

(which is the case for larger α and λ). However, this could have been expected as the number

of parameters, i.e., the entries of the pmf, to be estimated also increases, when the mean of

the innovations increases. In addition, the considered first five entries of the pmf, i.e., G(k),

k ∈ {0, 1, 2, 3, 4}, then only cover a smaller portion of the whole probability mass in cases with

large innovations’ (and observations’) mean.

Next, we consider an INAR(1) DGP with α = 0.5 but now with an overdispered negative

binomial innovation distribution NB(N, π) with parameters (N = 10, π = 10/11), (N = 2,

π = 2/3) and (N = 1, π = 1/2). These parameter choices also lead to an observations’ mean

of two, but they cover different levels of overdispersion (increasing in mentioned order). Table
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.896 0.932 0.960 0.802 0.914 0.918 0.880 0.924 0.942

average length 0.369 0.147 0.102 0.385 0.177 0.123 0.391 0.171 0.119

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.850 0.928 0.950 0.698 0.946 0.950 0.446 0.730 0.852

average length 0.328 0.137 0.094 0.181 0.082 0.056 0.072 0.035 0.027

Table 1. Coverage and average length of the bootstrap confidence inter-

vals based on the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with α = 0.5 for differ-

ent sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.946 0.946 0.948 0.848 0.936 0.924 0.886 0.942 0.924

average length 0.337 0.130 0.090 0.380 0.164 0.115 0.361 0.157 0.110

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.846 0.934 0.934 0.734 0.958 0.948 0.568 0.814 0.924

average length 0.270 0.115 0.081 0.170 0.078 0.054 0.093 0.048 0.036

Table 2. Coverage and average length of the bootstrap confidence inter-

vals based on the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a NB(2,2/3)-INAR(1) DGP with α = 0.5 for differ-

ent sample sizes.

2 displays the results for the case of moderate overdispersion (N = 2, π = 2/3). We see that

for increasing n, we again approach the desired coverage level of 95%, whereas the average

length of the confidence intervals decreases. In this setting of overdispersion, we have even

better coverage and average length of the intervals compared to the results in Table 1, where

the used innovation distribution is equidispersed. For the parameterizations (N = 1, π = 1/2)

and (N = 10, π = 10/11), we get similar results shown in Tables 23 and 26 in the appendix.

In this paragraph, in Tables 3 and 4, we compare the results of the semi-parametric INAR

bootstrap that does not rely on any parametric assumption on the innovation distribution with

Faymonville and Jentsch, 2025 83



16 MAXIME FAYMONVILLE & CARSTEN JENTSCH

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.926 0.948 0.964 0.906 0.928 0.936 0.984 0.978 0.978

average length 0.298 0.128 0.090 0.230 0.103 0.074 0.039 0.008 0.006

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.848 0.918 0.938 0.866 0.924 0.938 0.846 0.908 0.930

average length 0.108 0.051 0.037 0.078 0.035 0.025 0.033 0.013 0.010

Table 3. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with

α = 0.5 for different sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.964 0.760 0.490 0.446 0.044 0 0.034 0 0

average length 0.320 0.137 0.096 0.223 0.101 0.071 0.046 0.013 0.008

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.422 0.050 0 0.884 0.848 0.782 0.668 0.512 0.330

average length 0.102 0.049 0.035 0.086 0.039 0.027 0.041 0.017 0.012

Table 4. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a NB(2,2/3)-INAR(1) DGP

with α = 0.5 for different sample sizes.

a fully parametric approach that assumes that the INAR(1) data at hand follows a Poisson dis-

tribution. In the latter case, we use the parametric maximum-likelihood method for parameter

estimation (see, e.g., Weiß, 2018, for details) together with the parametric INAR bootstrap of

Jentsch and Weiß (2019). Both are also implemented in the R package spINAR (Faymonville

et al., 2024). In Tables 3 as well as in Tables 10, 12, 14, 16, 18 and 20 in the appendix, we see

the results for the already considered Poisson DGPs, but now using the parametric approach.

As one could expect, on the one hand, the procedure leads to (considerably) smaller confidence

intervals while providing similar or even better coverage. This is not surprising since we use
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Figure 1. Left panel: Boxplots of the point estimators for the first twelve

entries of the parameter vector θ for each Monte Carlo sample in case of n = 1000

with the true values being displayed in red. Right panel: pmfs of the NB(2,2/3)

distribution (red) and the Poi(1) distribution (blue).

additional true information of the DGP. In contrast, on the other hand, Tables 4, 24 and 26

show what happens, when we use this additional distributional assumption in cases where it

does not hold. The displayed results arise from applying parametric estimation and bootstrap-

ping assuming a Poi(λ) innovation distribution in a case, where the innovation distribution is

actually not Poisson, but negative binomial. Although the considered NB(N, π) innovation dis-

tribution has the same mean as before, the procedure breaks down. As expected, the confidence

intervals do not hold the prescribed coverage rate. In particular, the coverage performance de-

pends on the level of overdispersion. While the parameterization of N = 10 and π = 10/11

only leads to slight overdispersion, close to equidispersion, and not so inferior results (see Table

26), the results for the parameterizations with higher overdispersion become worse (see Table

24). Moreover, the coverage even decreases for increasing n, in some cases drastically. This

again underlines the benefit of the semi-parametric approach. Without having to rely on any

distribution assumptions that may not hold in practice, we achieve good results even compared

to the parametric approach when a correct distribution assumption is used.

To get an intuition why the coverages may be extremely poor in some cases (even being equal

to 0), consider the case of negative binomially distributed innovations with parameters N = 2

and π = 2/3, see Figure 1. In the left panel, we see the true parameter values (α = 0.5 and the

first eleven entries of the pmf in case of a NB(2,2/3) distribution) in red. The boxplots show

the corresponding point estimates for each of the 500 Monte Carlo samples in case of n = 1000
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DGP n 100 500 1000 5000

Poi-INAR coverage 0.918 0.938 0.944 0.946

average length 0.210 0.089 0.066 0.028

NB-INAR coverage 0.916 0.948 0.946 0.944

average length 0.216 0.090 0.064 0.029

INARCH coverage 0.916 0.752 0.558 0.372

average length 0.215 0.094 0.065 0.029

Table 5. Coverage and average length of the confidence intervals for PS,xn for

different sample sizes and different true DGPs.

when assuming an underlying Poisson distribution. It can be seen that some of these point

estimators drastically over- or underestimate the true values. This is particularly the case for

G(0), G(1) and G(2). This can be explained by the right panel, where, along with the true value

of α, the pmf of a NB(2,2/3) distribution (red) and the one of a Poisson distribution providing

the same mean (blue) are displayed. As can be seen, these two pmfs differ mainly (absolutely)

in their first three entries.

Another finding is that although only the innovation distribution is misspecified, this misspec-

ification also has a tremendous negative effect on the (point) estimation of the INAR coefficient

α itself, as can be seen in Figure 1. Consequently, this also leads to a (too) low coverage of

its confidence intervals. This is due to the fact that we use parametric (conditional) maxi-

mum likelihood estimation for implementing the parametric INAR bootstrap that estimates α

and λ simultaneously. If we were to use moment estimators, i.e., least-squares or Yule-Walker

estimation, to get an estimator for α in the first step and then to get an estimator for λ in

the second step, this bias effect when estimating α would be avoided. However, in setups of a

correctly specified Poi-INAR(1) process, the Yule-Walker estimation method is usually inferior

to the maximum likelihood approach in finite samples such that the latter is mostly preferred

in practice. In view of the results shown in Table 4, however, this should be done with care

when doing inference.

5.2. Predictive inference for count time series. To validate the procedure described in

Section 4.2, we set up simulations covering the same DGPs as in Faymonville et al. (2025a),

namely Poi(1)-INAR(1) and NB(2,2/3)-INAR(1) with both α = 0.5 and INARCH(1) with

α = 0.5 and β = 1. The results are displayed in Table 5 and are as expected. In the case,

when the made assumption of an INAR model is true, the coverage of the confidence intervals

increases towards 95% for increasing n, while the average interval length decreases. However,
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innovations observations

DGP n 100 500 1000 5000 100 500 1000 5000

Poi-INAR cov 0.838 0.944 0.942 0.942 0.876 0.950 0.940 0.942

ave 0.778 0.365 0.260 0.118 0.545 0.246 0.175 0.079

NB-INAR cov 0.854 0.910 0.928 0.940 0.878 0.918 0.932 0.938

ave 1.139 0.550 0.393 0.179 0.771 0.361 0.257 0.117

Table 6. Coverage (cov) and average length (ave) of the confidence intervals

for the dispersion indices for the innovations and the observations for different

sample sizes and different true DGPs.

in case of the INARCH DGP, the INAR assumption is violated resulting in decreasing coverage

for increasing n.

5.3. Joint dispersion index analysis for observations and innovations. To validate the

performance of the bootstrap algorithm proposed in Section 4.3, we applied it again on a

Poi(1)-INAR(1) DGP and an NB(2,2/3)-INAR(1) DGP both with α = 0.5. Table 6 displays

the results. We see that the coverage increases towards the desired coverage level of 95%,

while the average length decreases. In the setup of the INAR model with negative binomial

innovations, the intervals are systematically larger which can be explained by the underlying

overdispersion of both the innovations and the observations compared to the equidispersion in

case of the Poi-INAR model.

6. Real-Data Application

As a real-data application, based on the results of Theorem 3.2 and Corollary 3.4, we apply

the procedures described in Sections 4.2 and 4.3 to semi-parametrically perform predictive

inference and to construct confidence intervals for observations’ and innovations’ dispersion

indices.

In one of their real-data applications, Faymonville et al. (2025a) considered a data set of the

Deutsche Börse Group containing n = 404 transaction counts of structured products per trading

day. The data along with the corresponding (P)ACF can be found in Figure 2. Based on the

test result of Faymonville et al. (2025b) (see also Section 4.1) to not reject the semi-parametric

null of an INAR(1) model at 5% level, they performed non-parametric as well as parametric

predictive inference by assuming an INAR(1) model. For the parametric approaches, they

separately imposed either a Poisson distribution or a geometric distribution for the innovations.

They constructed 95% confidence intervals for PS,xn := P (Xn+1 ∈ S|Xn = xn). As sets of

interest S, they chose S = {0} and S = {2}. We now apply the semi-parametric procedure
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Figure 2. Plot of transaction counts and the corresponding (P)ACF (repro-

duced from Faymonville et al. (2025b).

described in Section 4.2 and give the point estimates along with confidence intervals for PS,xn .

We display our results along with the ones of Faymonville et al. (2025a) (in italic) in Table 7.

With their results, Faymonville et al. (2025a) could underline the results obtained in Faymonville

et al. (2025b) that a Geo-INAR(1) model might be a good fit to the data. Our semi-parametric

result fits well into this picture. The corresponding confidence intervals are nearly disjoint

with the Poi-INAR ones and include the Geo-INAR ones, while being slightly shorter than the

non-parametric ones.

To illustrate the procedure proposed in Section 4.3, we additionally construct confidence

intervals for the dispersion indices of the innovations and the observations, see Table 8 for the

result. Both confidence intervals do not include the 1. Hence, both intervals suggest that the

data and also the innovations are overdispersed.

7. Conclusion

We proposed a semi-parametric INAR bootstrap procedure that allows for joint inference of

the INAR model coefficients and the innovation distribution and circumvents the need for a

cumbersome estimation of the limiting distribution. By using such a semi-parametric setting,
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set assumption point estimation CI

S = {0} semi-param. INAR 0.4593 [0.3859, 0.5386]

Poi-INAR 0.3203 [0.2720,0.3676]

Geo-INAR 0.4929 [0.4469,0.5290]

non-param. 0.4884 [0.4023,0.5752]

S = {2} semi-param. INAR 0.1425 [0.0897, 0.1926]

Poi-INAR 0.2076 [0.1841, 0.2343]

Geo-INAR 0.1267 [0.1189, 0.1365]

non-param. 0.1318 [0.0676, 0.1824]

Table 7. Point estimations and confidence intervals resulting from the semi-

parametric procedure described in Section 4.2 for two different sets S along with

the (non-)parametric results of Faymonville et al. (2025a) displayed in italic.

point estimation CI

innovations 1.6180 [1.3342, 1.8496]

observations 1.4832 [1.2660, 1.6593]

Table 8. Point estimation and confidence intervals for the dispersion indices of

innovations and observations.

we avoid the use of any parametric assumptions on the innovation distribution. Indeed, such

parametric assumptions may be too restrictive in practice and can have a large negative impact

on the conducted inference, when they do not hold. Based on the semi-parametric INAR boot-

strap proposed by Jentsch and Weiß (2019), which they showed to be consistent for functions

of generalized means, we established bootstrap consistency results by proving a corresponding

bootstrap central limit theorem. We illustrated the usefulness of our results by several method-

ological applications including goodness-of-fit testing, predictive inference and joint dispersion

index analysis. In simulations, we illustrated our theoretical results by analyzing the coverage

and the length of confidence intervals for different INAR model parameters in various setups.

Concluding, the semi-parametric INAR bootstrap performs well in comparison to both non-

parametric and parametric approaches. In particular, it turns out to be a practically relevant

alternative that allows for robust inference in cases, where parametric assumptions are falsely

imposed.
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Appendix A. Proofs of the Main Results

A.1. Proof of Theorem 3.1. For proving the estimation consistency of the bootstrap esti-

mator θ̂∗n, we follow the proof idea of Theorem 2.1 that is given as Theorem 1 in Drost et al.

(2009a). For this purpose, we adopt the notation introduced in Section B.2 of Drost et al.

(2009b) and make use of similar arguments outlined in the following. Let θ̂n = (α̂n, Ĝn) be an

NPMLE of (α0, G0) based on the sample X−p, . . . , Xn and let θ̂∗n = (α̂∗
n, Ĝ

∗
n) be a bootNPMLE

based on a bootstrap sample X∗
−p, . . . , X

∗
n that is obtained from the bootstrap proposal from

Section 3.1. Hence, the goal is to show that

α̂∗
n − α̂n

p∗→ 0 and
∞∑

k=0

|Ĝ∗
n(k)− Ĝn(k)| p∗→ 0

holds in Pνα0,G0
,α0,G0-probability, where P ∗(·) = P

ν
α̂n,Ĝn

,α̂n,Ĝn
(·|X). To prove this result,

using that both (Ĝ∗
n(k), k ∈ N0) and (Ĝn(k), k ∈ N0) sum up to one by construction, i,e.,

∑∞
k=0 Ĝ

∗
n(k) = 1 and

∑∞
k=0 Ĝn(k) = 1 according to Drost et al. (2009b), it suffices to prove

α̂∗
n − α̂n

p∗→ 0 as well as Ĝ∗
n(k) − Ĝn(k)

p∗→ 0 for all k ∈ N0. We prove the latter by following

the arguments of Wald’s consistency theorem (see, e.g., the proof of Theorem 5.14 in Van der

Vaart, 2000) and extend it to the bootstrap case. For this purpose, we have to consider the

compactification of the parameter space analogously to Drost et al. (2009a). First, we introduce

G, which denotes the class of all probability measures on N0 ∪∞ and identify each G ∈ G by

its probability mass function (pmf) sequence (G(k), k ∈ N0). This correspondence is 1-to-1

by the relationship G(∞) = 1 −∑k∈N0
G(k). Hence, G is a subset of [0, 1]N0 equipped with

the norm ||a|| = ∑∞
k=0 2

−k|a(k)| for a = (a(k), k ∈ N0). Following the arguments in Drost

et al. (2009a) and Drost et al. (2009b), G is a compact subset of [0, 1]N0 . Further, for G ∈ G,

we define Pα,G
x,∞ = 1 −∑j∈N0

Pα,G
x,j = G(∞) for x ∈ Np

0 and Pα,G
x,∞ = 1 if maxpi=1xi = ∞.

Second, by considering the compactification of the parameter space Θ = (0, 1)p of θ as well,

i.e., [0, 1]p, we define E := [0, 1]p × G equipped with the “sum distance” d((α, G), (α′, G′)) =

|α − α′| + ||(G(k), k ∈ N0) − (G′(k), k ∈ N0)||. As E is the product of two compact spaces, it

is itself compact.

Further, for x−p, . . . , x0 ∈ Np+1
0 , we define mα,G(x−p, . . . , x0) = logPα,G

(x−1,...,x−p),x0
, where

Pα,G
(x−1,...,x−p),x0

is defined in (2.1), and introduce the (random) function Mn : E → [−∞,∞) by

Mn(α, G) =
1

n

n∑

t=0

mα,G(Xt−p, . . . , Xt).

and its bootstrap analogue M∗
n : E → [−∞,∞) by

M∗
n(α, G) =

1

n

n∑

t=0

mα,G(X∗
t−p, . . . , X

∗
t ).
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We have to show that M∗
n(α, G) − Mn(α, G)

p∗→ 0 in probability for any (α, G) ∈ E. Noting

that

E∗(M∗
n(α, G)) = Mn(α, G)

holds by construction (see, e.g., (A.6) in Faymonville et al., 2025a), we need to show that

M∗
n(α, G) − E∗(M∗

n(α, G))
p∗→ 0 in probability. For this purpose, it remains to show that

Var∗(M∗
n(α, G))

p∗→ 0 in probability as n → ∞, where

Var∗(M∗
n(α, G)) = Var∗

(
1

n

n∑

t=0

mα,G(X∗
t−p, . . . , X

∗
t )

)
= Var∗

(
1

n

n∑

t=0

logPα,G
(X∗

t−1,...,X
∗
t−p),X

∗
t

)
.

For notational convenience, we focus on the case of an INAR(1) model, i.e., p = 1 exclusively,

but the following can be extended analogously to the case of higher order INAR models. Using

(2.2), we get

Var∗(M∗
n(α,G))

= Var∗


 1

n

n∑

t=0

log




min(X∗
t ,X

∗
t−1)∑

j=0

(
X∗

t−1

j

)
αj(1− α)X

∗
t−1−jG(X∗

t − j)






=
1

n2

n∑

t1,t2=0

Cov∗


log




min(X∗
t1
,X∗

t1−1)∑

j1=0

(
X∗

t1−1

j1

)
αj1(1− α)X

∗
t1−1−j1G(X∗

t1 − j1)


 ,

log




min(X∗
t2
,X∗

t2−1)∑

j2=0

(
X∗

t2−1

j2

)
αj2(1− α)X

∗
t2−1−j2G(X∗

t2 − j2)






=
1

n

n−1∑

h=−(n−1)

1

n

min(n,n−h)∑

t=max(1,1−h)

Cov∗


log




min(X∗
t ,X

∗
t−1)∑

j1=0

(
X∗

t−1

j1

)
αj1(1− α)X

∗
t−1−j1G(X∗

t − j1)


 ,

log




min(X∗
t+h,X

∗
t+h−1)∑

j2=0

(
X∗

t+h−1

j2

)
αj2(1− α)X

∗
t+h−1−j2G(X∗

t+h − j2)




 .

Due to the (strict) stationarity of (X∗
t , t ∈ Z) (conditional on the data), the covariances on the

last right-hand side only depend on h (and not on t). Further, due to min(n, n−h)−max(1, 1−
h) + 1 = n− |h| ≤ n, the last right-hand side can be bounded by

1

n

n−1∑

h=−(n−1)

Cov∗


log




min(X∗
1 ,X

∗
0 )∑

j1=0

(
X∗

0

j1

)
αj1(1− α)X

∗
0−j1G(X∗

1 − j1)


 , (A.1)

log




min(X∗
h+1,X

∗
h)∑

j2=0

(
X∗

h

j2

)
αj2(1− α)X

∗
h−j2G(X∗

h+1 − j2)




 .

As argued by Drost et al. (2009a) in their Lemma 1(b), the INAR(p) process (here we focus

on p = 1) is (geometrically) β-mixing under Pνθ,G,θ,G for (θ,G) ∈ Θ × G, which is imposed by
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Assumption 1. Consequently, according to Lemma B.1, with probability tending to one, the

same holds for the bootstrap process (X∗
t , t ∈ Z). Next, we define

Y ∗
h := f(X∗

h, X
∗
h+1) := log




min(X∗
h+1,X

∗
h)∑

j=0

(
X∗

h

j

)
αj(1− α)X

∗
h−jG(X∗

h+1 − j)


 (A.2)

with an obvious notation for f(·, ·). As the argument of f consists of finitely many X∗
t ’s, using

Theorem 14.1 of Davidson (1994) and that β-mixing implies α-mixing (Bradley, 2005), we get

that (f(X∗
h, X

∗
h+1, h ∈ Z) is also geometrically α-mixing with probability tending to one. Hence,

using Corollary 14.3 in Davidson (1994), we get

|Cov∗(Y ∗
0 , Y

∗
h )| ≤ 2 (21−1/q + 1)αmix,n(h)

1−1/q−1/r ||Y ∗
0 ||∗q ||Y ∗

h ||∗r (A.3)

with q > 1, r > q/(q − 1), where ||X∗
i ||∗s = (E∗(|X∗

i |s))1/s, s ∈ {q, r} and αmix,n(h) de-

notes the α-mixing coefficient of the bootstrap process (X∗
t , t ∈ Z) at lag h, not to confuse

with the coefficient estimator α̂n of the INAR model. Then, as the bootstrap process is geo-

metrically mixing with probability tending to one according to Lemma B.1 and the sequence

(αmix,n(h)
1−1/q−1/r, h ∈ N0) converges also exponentially fast to zero for h → ∞, the covari-

ances Cov∗(Y ∗
0 , Y

∗
h ) become absolutely summable with probability tending to one, whenever

||Y ∗
0 ||∗q and ||Y ∗

h ||∗r are bounded in probability for some suitable q and r. The above term

2 (21−1/q + 1) is just a constant.

Hence, to conclude that the covariances in (A.3) are absolutely summable with probability

tending to one, it remains to show that the moments of the function of the bootstrap data are

bounded in probability, i.e.

∃q > 1, r > q/(q − 1) : ||Y ∗
0 ||∗q = Op(1) and ||Y ∗

h ||∗r = Op(1). (A.4)

Again, due to the strict stationarity of (X∗
t , t ∈ Z) (conditional on the data), it suffices to show

the previous for h = 0 and for some q > 2. If we want to prove that E∗(|Y ∗
0 |q)1/q is bounded in

probability, it remains to prove that E∗(|Y ∗
0 |q) is bounded in probability. Plugging in for Y ∗

0 as

defined in (A.2) leads to

E∗(|Y ∗
0 |q) =

∑

(x,y)∈N2
0

∣∣∣∣∣∣
log




min(x,y)∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

P ∗((X∗
0 , X

∗
1 ) = (x, y)

)
,

with P ∗(·) = P
ν
α̂n,Ĝn

,α̂n,Ĝn
(·|X). Let k > 0 and consider the probability that the last right-hand

side is larger than k, i.e.,

P


 ∑

(x,y)∈N2
0

∣∣∣∣∣∣
log




min(x,y)∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k




≤P


 ∑

(x,y)∈N2
0,y≤x

∣∣∣∣∣∣
log




y∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/2



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+ P


 ∑

(x,y)∈N2
0,y>x

∣∣∣∣∣∣
log




x∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/2




=:I + II.

Let us consider the first term I. As
∑y

j=0

(
x
j

)
αj(1 − α)x−jG(y − j) = Pα,G

x,y ∈ [0, 1], we have

log(
∑y

j=0

(
x
j

)
αj(1 − α)x−jG(y − j)) ≤ 0. Hence, using that − log(·) is a decreasing function

and that all summands in
∑y

j=0

(
x
j

)
αj(1 − α)x−jG(y − j) are non-negative, we get an upper

bound by only considering the last term of the sum, i.e., − log(
∑y

j=0

(
x
j

)
αj(1−α)x−jG(y−j)) ≤

− log(
(
x
y

)
αy(1− α)x−yG(0)) and we have

∣∣∣∣∣∣
log




y∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

=


− log




y∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)






q

≤
(
− log

((
x

y

)
αy(1− α)x−yG(0)

))q

≤
(
− log

(
αy(1− α)x−yG(0)

) )q

=
(
− y log(α)− (x− y) log(1− α)− log(G(0))

)q
,

where we used that
(
x
y

)
≥ 1 such that − log(

(
x
y

)
z) ≤ − log(z) holds for all z ≥ 0. Finally, using

that log(x) < 0 for x ∈ (0, 1) and that 0 < G(0) < 1 as well as α ∈ (0, 1) by Assumption 1,

we see that −y log(α) − (x − y) log(1 − α) − log(G(0)) is strictly positive and finite. Define

g(x) := xq which is convex for x ≥ 0. For a convex function g : (0,∞) → (0,∞), we know that

∀x, y ∈ (0,∞), ∀θ ∈ [0, 1] : g(θx + (1 − θ)y) ≤ θg(x) + (1 − θ)g(y). Hence, with θ = 1
2 and

g(x) = xq, x ≥ 0, we get

(
− y log(α)− (x− y) log(1− α)− log(G(0))

)q

=

(
θ
(
2 (−y log(α)− (x− y) log(1− α))

)
+ (1− θ)

(
2 (− log(G(0)))

))q

≤ θ
(
2(−y log(α)− (x− y) log(1− α))

)q
+ (1− θ)

(
2(− log(G(0)))

)q

=
1

2

(
2(−y log(α)− (x− y) log(1− α))

)q
+

1

2

(
2(− log(G(0)))

)q
.

Similarly, we get

(
2(−y log(α)− (x− y) log(1− α))

)q
≤ 1

2

(
4(−y log(α))

)q
+

1

2

(
4(−(x− y) log(1− α))

)q
,

which altogether leads to

(
− y log(α)− (x− y) log(1− α)− log(G(0))

)q

≤ 1

4

(
4(−y log(α))

)q
+

1

4

(
4(−(x− y) log(1− α))

)q
+

1

2

(
2(− log(G(0)))

)q
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= 4q−1
(
− y log(α)

)q
+ 4q−1

(
− (x− y) log(1− α)

)q
+ 2q−1

(
− log(G(0))

)q
.

In total, we have

I ≤P

( ∑

x,y∈N0,y≤x

[
4q−1yq(− log(α))q + 4q−1(x− y)q(− log(1− α))q + 2q−1(− log(G(0)))q

]

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/2

)

≤P


 ∑

x,y∈N0,y≤x

4q−1yq(− log(α))qP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




+ P


 ∑

x,y∈N0,y≤x

4q−1(x− y)q(− log(1− α))qP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




+ P


 ∑

x,y∈N0,y≤x

2q−1(− log(G(0)))qP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




=:I1 + I2 + I3,

where

I1 = P


4q−1(− log(α))q

∑

x,y∈N0,y≤x

yqP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




≤ P


4q−1(− log(α))q

∑

x,y∈N0

yqP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




= P
(
4q−1(− log(α))qE∗((X∗

1 )
q) ≥ k/6

)
,

I2 = P


4q−1(− log(1− α))q

∑

x,y∈N0,y≤x

(x− y)qP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




≤ P


4q−1(− log(1− α))q

∑

x,y∈N0

|x− y|qP ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




= P
(
4q−1(− log(1− α))qE∗(|X∗

0 −X∗
1 |q) ≥ k/6

)
,

and

I3 = P


2q−1(− log(G(0)))q

∑

x,y∈N0,y≤x

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




≤ P


2q−1(− log(G(0)))q

∑

x,y∈N0

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k/6




= P
(
2q−1(− log(G(0)))q ≥ k/6

)
= 1{2q−1(− log(G(0)))q≥k/6}.
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Altogether, for the first term I, we have

I ≤ P
(
4q−1(− log(α))qE∗((X∗

1 )
q) ≥ k/6

)
+ P

(
4q−1(− log(1− α))qE∗(|X∗

0 −X∗
1 |q) ≥ k/6

)

+ 1{2q−1(− log(G(0)))q≥k/6}.

Now, let us consider the second term II. We use similar arguments as employed above for

deriving the bound for I. But instead of using the last summand (for j = y), we now use the

first one (for j = 0) to construct an upper bound for II. Hence, we get
∣∣∣∣∣∣
log




x∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

=


− log




x∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)






q

≤
(
− log((1− α)xG(y))

)q

=
(
− x log(1− α)− log(G(y))

)q
.

Using Assumption 2, we have G(y) ≥ c1e
−c2y such that − log(G(y)) ≤ − log(c1) + c2y. Alto-

gether, by using similar convexity arguments as used for term I, we get
∣∣∣∣∣∣
log




x∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

≤ 4q−1
(
− x log(α)

)q
+ 4q−1

(
− log(c1)

)q
+ 2q−1

(
c2y
)q

.

Analogously to the steps conducted for I, we get

II ≤ P

( ∑

x,y∈N0,y>x

[
4q−1(−x log(α))q + 4q−1(− log(c1))

q + 2q−1(c2y)
q

]
P ∗((X∗

0 , X
∗
1 ) = (x, y)) ≥ k/2

)

≤ P
(
4q−1(− log(α))qE∗((X∗

0 )
q) ≥ k/6

)
+ 1{(4q−1(− log(c1))q≥k/6} + P

(
2q−1c2E∗((X∗

1 )
q) ≥ k/6

)
.

In summary, we showed

P


 ∑

(x,y)∈N2
0

∣∣∣∣∣∣
log




min(x,y)∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)



∣∣∣∣∣∣

q

P ∗((X∗
0 , X

∗
1 ) = (x, y)) ≥ k




≤ P
(
4q−1(− log(α))qE∗((X∗

1 )
q) ≥ k/6

)
+ P

(
4q−1(− log(1− α))qE∗(|X∗

0 −X∗
1 |q) ≥ k/6

)

+ 1{2q−1(− log(G(0)))q≥k/6} + P
(
4q−1(− log(α))qE∗((X∗

0 )
q) ≥ k/6

)

+ 1{(4q−1(− log(c1))q≥k/6} + P
(
2q−1c2E∗((X∗

1 )
q) ≥ k/6

)
,

where c1 ∈ (0, 1] and c2 ∈ R+. Due to the boundedness of the moments of the original

observations, we conclude that the moments of the bootstrap innovations are also bounded with

probability tending to one (see Lemma B.1 in Jentsch and Weiß, 2019). Using the Minkowski

inequality, the same holds for their differences. With the previous arguments, the last right-

hand side above becomes arbitrarily small for k chosen sufficiently large. Hence, (A.4) follows

and, consequently, the covariances in (A.1) are summable. Hence, the right-hand side in (A.1)
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is of order OP (
1
n) and vanishing in probability as n → ∞. In summary, we have shown

Var∗(M∗
n)

p→ 0 as n → ∞.

As shown by Drost et al. (2009a) in the proof of Theorem 2.1, for fixed x−p, . . . , x0 ∈ N0, the

map E ∋ (α, G) 7→ mα,G(x−p, . . . , x0) is continuous because there appear only a finite number

of G(j)’s in Pα,G
(x−1,...,x−p),x0

. Moreover, for all x−p, . . . , x0 ∈ N0, we have mα,G(x−p, . . . , x0) ≤
log(1) = 0. Additionally, for the bootNPMLE, we have M∗

n(α̂
∗
n, Ĝ

∗
n) ≥ M∗

n(α̂n, Ĝn), because

(α̂∗
n, Ĝ

∗
n) maximizes the likelihood by construction. Moreover, we need to show that the map

E ∋ (α, G) 7→ Mn(α, G) has a unique maximum at (α̂n, Ĝn) with probability tending to

one. Since, in analogy to the identification argument used in Section B.2, part (C) of Drost

et al. (2009b), with probability tending to one, we have the identification property (for general

p ∈ N0), that is,

Pα,G
(X∗

−1,...,X
∗
−p),X

∗
0
= P α̂n,Ĝn

(X∗
−1,...,X

∗
−p),X

∗
0

P
ν
α̂n,Ĝn

,α̂n,Ĝn
-a.s. (in Pνα0,G0

,α0,G0-probability)

⇒ (α, G) = (α̂n, Ĝn) Pνα0,G0
,α0,G0-a.s., (A.5)

the assertion follows from

E∗(M∗
n(α, G))− E∗(M∗

n(α̂n, Ĝn)

= E∗
(
1

n

n∑

t=0

mα,G(X∗
t−p, . . . , X

∗
t )

)
− E∗

(
1

n

n∑

t=0

mα̂n,Ĝn(X∗
t−p, . . . , X

∗
t )

)

=
1

n

n∑

t=0

E∗
(
logPα,G

(X∗
t−1,...,X

∗
t−p),X

∗
t

)
− 1

n

n∑

t=0

E∗
(
logP α̂n,Ĝn

(X∗
t−1,...,X

∗
t−p),X

∗
t

)

=
1

n
nE∗

(
logPα,G

(X∗
−1,...,X

∗
−p),X

∗
0

)
− 1

n
nE∗

(
logP α̂n,Ĝn

(X∗
−1,...,X

∗
−p),X

∗
0

)

≤ 2E∗




√√√√√
Pα,G
(X∗

−1,...,X
∗
−p),X

∗
0

P α̂n,Ĝn

(X∗
−1,...,X

∗
−p),X

∗
0

− 1




= 2
∑

y∈Np
0

ν
α̂n,Ĝ

{y}
∞∑

x0=0

√
Pα,G
y,x0 P

α̂n,Ĝn
y,x0 − 2

≤ −
∑

y∈Np
0

ν
α̂n,Ĝ

{y}
∞∑

x0=0

(√
Pα,G
y,x0 −

√
P α̂n,Ĝn
y,x0

)2

≤ 0 in Pνα0,G0
,α0,G0-probability,

where we used log(x) ≤ 2(
√
x− 1) for x ≥ 0 and the (conditional) stationarity of the bootstrap

process. Note that the last inequality above holds in Pνα0,G0
,α0,G0-probability due to (A.5).

In summary, we showed that all conditions of Wald’s consistency theorem (Wald, 1949) hold

(in probability) and we obtain d((α̂∗
n, Ĝ

∗
n), (α̂n, Ĝn))

p∗→ 0 in Pνα0,G0
,α0,G0-probability, which
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immediately implies α̂∗
n − α̂n

p∗→ 0 in Pνα0,G0
,α0,G0-probability as well as, for all k ∈ N0,

Ĝ∗
n(k)− Ĝn(k)

p∗→ 0 in Pνα0,G0
,α0,G0-probability. □

Lemma A.1 (Fréchet derivative of Ψn). Let Assumption 1 hold true. For fixed n and for

θ0 = (α0, G0) ∈ Θ × G, the finite sample moment equations (2.5) and (2.6), i.e., the maps

Ψn : (0, 1)p×G̃ → Rp×ℓ∞(H1), are Fréchet differentiable with derivative Ψ̇θ0
n : lin([0, 1]p×G̃) →

Rp × ℓ∞(H1) at θ0 given by

Ψ̇θ0
n (θ − θ0) =


Ψ̇θ0

n11(α−α0) + Ψ̇θ0
n12(G−G0)

Ψ̇θ0
n21(α−α0) + Ψ̇θ0

n22(G−G0)


 (A.6)

with Ψ̇θ0
n11 : Rp → Rp, Ψ̇θ0

n12 : lin(G) → Rp, Ψ̇θ0
n21 : Rp → ℓ∞(H1) and Ψ̇θ0

n22 : lin(G) → ℓ∞(H1)

defined in (A.12) - (A.15), where lin(·) denotes the linear span. That is, for fixed n, we have

∥Ψn(θ)−Ψn(θ0)− Ψ̇θ0
n (θ − θ0)∥ = oP (∥θ − θ0∥) (A.7)

and

Ψn(θ) = Ψn(θ0) + Ψ̇ξ
n(θ − θ0) (A.8)

for some ξ, where ||ξ − θ0|| ≤ ||θ − θ0||, where Ψ̇θ0
n : lin([0, 1]p × G̃) → Rp × ℓ∞(H1) is a

continuous, linear mapping. Furthermore, as θ̂n = (α̂n, Ĝn) ∈ Θ × G holds with P -probability

tending to one as well as θ̂∗n = (α̂∗
n, Ĝ

∗
n) ∈ Θ×G with P ∗-probability tending to one (conditional

on the data), by plugging-in θ̂n for θ0 and θ̂∗n for θ in the above, we have

∥Ψn(θ̂
∗
n)−Ψn(θ̂n)− Ψ̇θ̂n

n (θ̂∗n − θ̂n)∥ = oP ∗
(
∥θ̂∗n − θ̂n∥

)
(A.9)

and

Ψn(θ̂
∗
n) = Ψn(θ̂n) + Ψ̇ξn

n (θ̂∗n − θ̂n) (A.10)

for some ξn, where ||ξn − θ̂n|| ≤ ||θ̂∗n − θ̂n||.

Proof. For notational convenience, we consider only the case of p = 1, but the following argu-

ments can be extended to higher order p > 1. Let n be fixed, θ = (α,G) = (α,G(0), G(1), . . .),

θ0 = (α0, G0) = (α0, G0(0), G0(1), . . .) and let Ψn = (Ψn1,Ψn2), where Ψn1 and Ψn2 are defined

according to (2.5) and (2.6). Following Lemma B.2, its Fréchet derivative Ψ̇θ0
n is defined as

Ψ̇θ0
n (θ − θ0) =




∂Ψn1(α,G)
∂α |θ=θ0

(α− α0) +
∞∑
k=0

∂Ψn1(α,G)
∂G(k) |θ=θ0

(G(k)−G0(k))

∂Ψn2(α,G)
∂α |θ=θ0

(α− α0) +
∞∑
k=0

∂Ψn2(α,G)
∂G(k) |θ=θ0

(G(k)−G0(k))




=:


Ψ̇θ0

n11(α− α0) + Ψ̇θ0
n12(G−G0)

Ψ̇θ0
n21(α− α0) + Ψ̇θ0

n22(G−G0)


 , (A.11)

33

Faymonville and Jentsch, 2025 101



where

Ψ̇θ0
n11(α− α0) =

(
1

n

n∑

t=0

∂2

∂α2P
α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇2α(Xt−1, Xt;α,G)

)

|θ=θ0

(α− α0), (A.12)

Ψ̇θ0
n12(G−G0) =

∞∑

k=0

(
1

n

n∑

t=0

∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

(A.13)

− 1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G)

∂
∂G(k)P

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

)

|θ=θ0

(G(k)−G0(k))

and, for h ∈ H1,

Ψ̇θ0
n21(α− α0)h (A.14)

=

(
1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)
)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G)Aα,Gh(Xt−1, Xt)

)

|θ=θ0

(α− α0),

and

Ψ̇θ0
n22(G−G0)h (A.15)

=
∞∑

k=0

(
1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂

∂G(k)P
α,G(εt = j,Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− h(k)

− 1

n

n∑

t=0

Aα,Gh(Xt−1, Xt)

(
∂

∂G(k)P
α,G(Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

)

)

|θ=θ0

(G(k)− Ĝn(k)),

where l̇α and Aα,Gh are defined in (2.7) and (2.8). Using similar arguments as in Drost et al.

(2009a) to prove their Lemma 2(a) in Drost et al. (2009b), which makes also heavy use of

inequalities derived in Drost et al. (2008), the assertion

∥Ψn(θ)−Ψn(θ0)− Ψ̇θ0
n (θ − θ0)∥ = oP (∥θ − θ0∥) .

follows.

Similarly, when plugging-in θ̂∗n and θ̂n for θ and θ0, respectively, making use of Theorem 3.1,

the same arguments lead to

∥Ψn(θ̂
∗
n)−Ψn(θ̂n)− Ψ̇θ̂n

n (θ̂∗n − θ̂n)∥ = oP ∗
(
∥θ̂∗n − θ̂n∥

)
.

□
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Lemma A.2. Suppose Assumptions 1 and 2 hold. Let E(Xk
1 ) < ∞ for some k > 2(p+ 4) and

E((X3
t (1 + ρ)Xt))1+δ < ∞ for some ρ, δ > 0. Then, we have

√
n
(
Ψ̇ξn

n (θ̂∗n − θ̂n)
)
−√

n
(
Ψ̇θ0(θ̂∗n − θ̂n)

)
= op∗(1).

Recall that Ψ̇ξn
n : lin([0, 1]p × G̃) → Rp × ℓ∞(H1) and Ψ̇θ0 : lin([0, 1]p × G̃) → Rp × ℓ∞(H1) are

the Fréchet derivatives of Ψn at ξn and of Ψ at θ0, respectively.

Proof. By adding and subtracting the Fréchet derivative of Ψn at θ0, we get

||√n
(
Ψ̇ξn

n (θ̂∗n − θ̂n)
)
−√

n
(
Ψ̇θ0(θ̂∗n − θ̂n)

)
||

= ||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))∓ Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))− Ψ̇θ0(

√
n(θ̂∗n − θ̂n))|| (A.16)

≤ ||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))||+ ||Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))− Ψ̇θ0(

√
n(θ̂∗n − θ̂n))||.

We examine both resulting differences separately. Let ε, δ > 0 and consider the first term on

the last right-hand side of (A.16). Then, we have

P (||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))|| > ε)

= P (||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))|| > ε, ||ξn − θ0|| ≤ δ)

+ P (||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))|| > ε, ||ξn − θ0|| > δ)

≤ P (||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))|| > ε, ||ξn − θ0|| ≤ δ) + P (||ξn − θ0|| > δ),

where the last probability converges to zero for increasing n, because we have ||ξn − θ̂n|| ≤
||θ̂∗n − θ̂n|| p∗→ 0 in probability due to Theorem 3.1 as well as ∥θ̂n − θ0∥ p→ 0 due to Theorem

2.1, which altogether gives ||ξn − θ0|| p∗→ 0 in probability. Hence, it remains to investigate the

asymptotic behavior of

P (||Ψ̇ξn
n (

√
n(θ̂∗n − θ̂n))− Ψ̇θ0

n (
√
n(θ̂∗n − θ̂n))|| > ε, ||ξn − θ0|| ≤ δ).

For convenience, we will again consider only the case p = 1, but the same arguments can be

used to prove the results for higher model order. Let us consider the first summand of the

first entry of (A.11) and follow the calculations of the derivatives in the proof of Lemma A.1.

Further, let ξn = (αξn , Gξn) and θ0 = (α0, G0). Then, we have

|Ψ̇ξn
n11(

√
n(α̂∗

n − α̂n))− Ψ̇θ0
n11(

√
n(α̂∗

n − α̂n))|

≤

∣∣∣∣∣∣
1

n

n∑

t=0




∂2

∂α2P
α,Gξn

Xt−1,Xt|α=αξn

P ξn
Xt−1,Xt

−
∂2

∂α2P
α,G0

Xt−1,Xt|α=α0

P θ0
Xt−1,Xt

− l̇2α(Xt−1, Xt; ξn) + l̇2α(Xt−1, Xt; θ0)



∣∣∣∣∣∣

× |√n(α̂∗
n − α̂n)|

≤
{∣∣∣∣∣∣

1

n

n∑

t=0




∂2

∂α2P
α,Gξn

Xt−1,Xt|α=αξn

P ξn
Xt−1,Xt

−
∂2

∂α2P
α,G0

Xt−1,Xt|α=α0

P θ0
Xt−1,Xt



∣∣∣∣∣∣
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+

∣∣∣∣∣
1

n

n∑

t=0

(
l̇2α(Xt−1, Xt; θ0)− l̇2α(Xt−1, Xt; ξn)

)∣∣∣∣∣

}
OP ∗(1)

=:
(
I + II

)
OP ∗(1). (A.17)

Continuing with the second term II, using a binomial formula, it can be bounded by

1

n

n∑

t=0

∣∣∣l̇α(Xt−1, Xt; θ0) + l̇α(Xt−1, Xt; ξn)
∣∣∣
∣∣∣l̇α(Xt−1, Xt; θ0)− l̇α(Xt−1, Xt; ξn)

∣∣∣ . (A.18)

Hence, using ||ξn − θ0|| ≤ δ, according to Lemma B.3, we get the bound

II ≤ 1

n

n∑

t=0

∣∣∣l̇α(Xt−1, Xt; θ0) + l̇α(Xt−1, Xt; ξn)
∣∣∣

δ


2Xt−1 + CX2

t−1 (1 + ρ)Xt−1−1

P θ0
Xt−1,Xt

+
2Xt−1

(
CXt−1 (1 + ρ)Xt−1−1 + 1

)

P θ0
Xt−1,Xt

P ξn
Xt−1,Xt


 , (A.19)

for some (generic) constant C = C(δ) and some ρ = ρ(δ), which becomes arbitrarily small for

δ sufficiently small. Similarly, from Lemma B.4, we get

I ≤ 1

n

n∑

t=0

δ

(
C̃X3

t−1(1 + ρ̃)Xt−1−1 + C̃X2
t−1

P ξn
Xt−1,Xt

+
C̃X2

t−1

(
CXt−1(1 + ρ)Xt−1−1 + 1

)

P ξn
Xt−1,Xt

P θ0
Xt−1,Xt

)
. (A.20)

With (A.19) and (A.20), we can now finally tackle (A.17) and get

P (|Ψ̇ξn
n11(

√
n(α̂∗

n − α̂n))− Ψ̇θ0
n11(

√
n(α̂∗

n − α̂n))| > ε, ||ξn − θ0|| ≤ δ)

≤P

(
1

n

n∑

t=0

δ

(
C̃X3

t−1(1 + ρ̃)Xt−1−1 + C̃X2
t−1

P ξn
Xt−1,Xt

+
C̃X2

t−1

(
CXt−1(1 + ρ)Xt−1−1 + 1

)

P ξn
Xt−1,Xt

P θ0
Xt−1,Xt

)

+
1

n

n∑

t=0

|l̇α(Xt−1, Xt; θ0) + l̇α(Xt−1, Xt; ξn)|

δ


2Xt−1 + CX2

t−1 (1 + ρ)Xt−1−1

P θ0
Xt−1,Xt

+
2Xt−1

(
CXt−1 (1 + ρ)Xt−1−1 + 1

)

P θ0
Xt−1,Xt

P ξn
Xt−1,Xt


OP ∗(1) > ε




≤P

(
δ

(
1

n

n∑

t=0

w(Xt, Xt−1; ρ)

)
OP ∗(1) > ε

)
,

where we used similar techniques to deal with the factor |l̇α(Xt−1, Xt; θ0) + l̇α(Xt−1, Xt; ξn)|
and with P ξn

Xt−1,Xt
in the denominators. Using Assumption 2 and Theorem 14.1 of David-

son (1994), we can conclude that w(Xt, Xt−1; ρ) is also geometrically mixing. Bierens (1982)

gives a weak law of law large numbers under geometric mixing and together with the mo-

ment assumptions we made we can conclude that ∀ε > 0 ∀γ > 0 ∃δ > 0, ρ = ρ(δ) > 0 :

P

(
δ 1
n

n∑
t=0

w(Xt, Xt−1; ρ) > ε

)
< γ.

So far, we showed the convergence result only for the first term of the first entry in (A.11)

by proving Lipschitz-type continuity properties of ∂2

∂α2P
α,G
Xt−1,Xt

and
(

∂
∂αP

α,G
Xt−1,Xt

)2
. For the
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second term of that first entry in (A.11), we can proceed analogously by showing with similar

arguments the Lipschitz continuity of ∂
∂G

∂
∂αP

α,G
Xt−1,Xt

and ∂
∂αP

α,G
Xt−1,Xt

∂
∂GP

α,G
Xt−1,Xt

since

|Ψ̇ξn
n12

(√
n(Ĝ∗

n − Ĝn)
)
− Ψ̇θ0

n12

(√
n(Ĝ∗

n − Ĝn)
)
|

=

∣∣∣∣∣∣

∞∑

k=0

1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt|(α,G)=ξn

P ξn
Xt−1,Xt

− l̇α(Xt−1, Xt; ξn)

∂
∂G(k)P

αξn ,G

Xt−1,Xt|G=Gξn

P ξn
Xt−1,Xt


(√n(Ĝ∗

n(k)− Ĝn(k))
)

− 1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt|(α,G)=θ0

P θ0
Xt−1,Xt

− l̇α(Xt−1, Xt; θ0)

∂
∂G(k)P

α0,G
Xt−1,Xt|G=G0

P θ0
Xt−1,Xt


(√n(Ĝ∗

n(k)− Ĝn(k))
)
∣∣∣∣∣∣

≤
( ∞∑

k=0

√
n|Ĝ∗

n(k)− Ĝn(k)|
) ∞∑

k=0

∣∣∣∣∣∣
1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt|(α,G)=ξn

P ξn
Xt−1,Xt

−
∂

∂G(k)
∂
∂αP

α,G
Xt−1,Xt|(α,G)=θ0

P θ0
Xt−1,Xt

+l̇α(Xt−1, Xt; θ0)

∂
∂G(k)P

α0,G
Xt−1,Xt|G=G0

P θ0
Xt−1,Xt

− l̇α(Xt−1, Xt; ξn)

∂
∂G(k)P

αξn ,G

Xt−1,Xt|G=Gξn

P ξn
Xt−1,Xt



∣∣∣∣∣∣

≤OP ∗(1)
∞∑

k=0



∣∣∣∣∣∣
1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt|(α,G)=ξn

P ξn
Xt−1,Xt

−
∂

∂G(k)
∂
∂αP

α,G
Xt−1,Xt|(α,G)=θ0

P θ0
Xt−1,Xt



∣∣∣∣∣∣

+

∣∣∣∣∣∣
1

n

n∑

t=0


l̇α(Xt−1, Xt; θ0)

∂
∂G(k)P

α0,G
Xt−1,Xt|G=G0

P θ0
Xt−1,Xt

− l̇α(Xt−1, Xt; ξn)

∂
∂G(k)P

αξn ,G

Xt−1,Xt|G=Gξn

P ξn
Xt−1,Xt



∣∣∣∣∣∣


 .

Then, using similar arguments as used for the first term of the first entry of (A.11), we get the

claimed result. We omit the details.

Finally, for both terms of the second entry of Ψθ0
n , we require some Lipschitz continuity of

∑∞
j=0

∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1),
∑∞

j=0
∂
∂GP

α,G(εt = j,Xt = xt|Xt−1 = xt−1) and

Aα,Gh(Xt−1, Xt), respectively. Starting with Pα,G(εt = j,Xt = xt|Xt−1 = xt−1), we get the

following closed form representation

Pα,G(εt = j,Xt = xt|Xt−1 = xt−1) = Pα,G(εt = j, α ◦Xt−1 + εt = xt|Xt−1 = xt−1)

= Pα,G(εt = j, α ◦Xt−1 + j = xt|Xt−1 = xt−1) = Pα,G(εt = j, α ◦Xt−1 = xt − j|Xt−1 = xt−1)

= Pα,G(εt = j|Xt−1 = xt−1)P
α,G(α ◦Xt−1 = xt − j|Xt−1 = xt−1)

= Pα,G(εt = j)Pα,G(α ◦ xt−1 = xt − j)

= G(j)

(
xt−1

xt − j

)
αxt−j(1− α)xt−1−(xt−j)1j∈{max(0,xt−xt−1),...,xt}, (A.21)

where we used that ϵt and α ◦Xt−1 are independent given Xt−1. Using the same arguments as

above, we conclude Lipschitz continuity of both
∑∞

j=0
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1) and
∑∞

j=0
∂
∂GP

α,G(εt = j,Xt = xt|Xt−1 = xt−1). The same applies to argue Lipschitz continuity of
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Aα,Gh(Xt−1, Xt) since, with (B.5) and (A.21), we have

Aα,Gh(xt−1, xt) =
∞∑

j=0

h(j)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

=

∞∑

j=0

h(j)
G(j)

(
xt−1

xt−j

)
αxt−j(1− α)xt−1−(xt−j)1j∈{max(0,xt−xt−1),...,xt}

min(xt,xt−1)∑
s=0

(
xt−1

s

)
αs(1− α)xt−1−sG(xt − s)

=

min(xt,xt−1)∑
s=0

h(xt − s)
(
xt−1

s

)
αs(1− α)xt−1−sG(xt − s)

min(xt,xt−1)∑
s=0

(
xt−1

s

)
αs(1− α)xt−1−sG(xt − s)

, (A.22)

which can be treated analogously.

Coming back to (A.16), it remains to investigate also the asymptotic behavior of the second

difference, i.e., of

P (||Ψ̇θ0
n

(√
n(θ̂∗n − θ̂n)

)
− Ψ̇θ0

(√
n(θ̂∗n − θ̂n)

)
|| > ε̃). (A.23)

Here again, we argue componentwise and apply the idea of the proof of weak of large numbers.

For the first summand of the first entry of (A.11), we again have

P (|Ψ̇θ0
n11

(√
n(α̂∗

n − α̂n)
)
− Ψ̇θ0

11

(√
n(α̂∗

n − α̂n)
)
| > ε̃) ≤ P (|Ψ̇θ0

n11 − Ψ̇θ0
11|OP ∗(1) > ε̃)

and

Eα0,G0(Ψ̇
θ0
n11) = Eα0,G0


 1

n

n∑

t=0

∂2

∂α2P
α,G0

Xt−1,Xt

Pα,G
Xt−1,Xt|α=α0

− 1

n

n∑

t=0

l̇2α(Xt−1, Xt;α0, G0)




= Eα0,G0




∂2

∂α2P
α,G0

Xt−1,Xt

Pα,G
Xt−1,Xt|α=α0


− Eα0,G0

(
l̇2α(Xt−1, Xt;α0, G0)

)
.

The second component corresponds to the term Drost et al. (2009a) derived for Ψ̇θ0
11 in case of

p = 1. For the first term, by dominated convergence, we have

Eα0,G0




∂2

∂α2P
α,G0

X−1,X0|α=α0

Pα0,G0

X−1,X0


 =

∞∑

m,l=0

∂2

∂α2P
α,G0(X0 = m|X−1 = l)|α=α0

Pα0,G0(X0 = m|X−1 = l)
Pα0,G0(X0 = m,X−1 = l)

=

∞∑

m,l=0

∂2

∂α2
Pα,G0(X0 = m|X−1 = l)|α=α0

Pα0,G0(X−1 = l)

=
∞∑

l=0

Pα0,G0(X−1 = l)
∞∑

m=0

∂2

∂α2
Pα,G0(X0 = m|X−1 = l)|α=α0

=
∞∑

l=0

Pα0,G0(X−1 = l)
∂2

∂α2

∞∑

m=0

Pα,G0(X0 = m|X−1 = l)|α=α0

=
∞∑

l=0

Pα0,G0(X−1 = l)
∂2

∂α2
1
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= 0.

With the same arguments, we can treat the other three expressions to show that the correspond-

ing first terms have mean zero. As a preliminary result, we proved that the expectations of the

two terms in (A.23), i.e., of Ψ̇θ0
n11 and Ψ̇θ0

11, coincide. To conclude that the whole expression in

(A.23) converges to zero, by Chebychev’s inequality, it remains to show that

V arα0,G0(Ψ̇
θ0
n11) → 0 as n → ∞.

We proceed as in the proof of Theorem 3.1 and, analogously to (A.1), we get

V ar


 ∂2

∂α2

1

n

n∑

t=0

log




min{Xt−1,Xt}∑

j=0

(
Xt−1

j

)
αj(1− α)Xt−1−jG(Xt − j)




|α=α0




≤ 1

n

n−1∑

h=−(n−1)

Cov


 ∂2

∂α2
log




min(X1,X0)∑

j1=0

(
X0

j1

)
αj1(1− α)X0−j1G(X1 − j1)




|α=α0

,

∂2

∂α2
log




min(Xh+1,Xh)∑

j2=0

(
Xh

j2

)
αj2(1− α)Xh−j2G(Xh+1 − j2)




|α=α0


 . (A.24)

Consequently, by defining

Yh :=
∂2

∂α2
log




min(Xh+1,Xh)∑

j=0

(
Xh

j

)
αj(1− α)Xh−jG(Xh+1 − j)




|α=α0

, (A.25)

and again using Assumption 2, Lemma B.1, Theorem 14.1 of Davidson (1994) and Corollary

14.3 of Davidson (1994), we get

|Cov(Y0, Yh)| ≤ 2 (21−1/q + 1)αmix(h)
1−1/q−1/r ||Y0||q||Yh||r. (A.26)

Hence, it remains to show that

∃q > 1, r > q/(q − 1) : ||Y0||q = O(1) and ||Yh||r = O(1), (A.27)

where it again suffices to prove it for h = 0 due to stationarity of (Xt, t ∈ Z) and, for some

q > 2, we have to investigate

∑

(x,y)∈N2
0

∣∣∣∣∣∣∣
∂2

∂α2
log




min(x,y)∑

j=0

(
x

j

)
αj(1− α)x−jG(y − j)




|α=α0

∣∣∣∣∣∣∣

q

P ((X0, X1) = (x, y)). (A.28)

Using that q > 1 and |a− b| ≤ |a|+ |b|, we get an upper bound for (A.28) given by

∑

(x,y)∈N2
0



∣∣∣∣∣∣

∂2

∂α2P
α,G
x,y|α=α0

Pα,G
x,y

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∂
∂αP

α,G
x,y|α=α0

Pα,G
x,y

∣∣∣∣∣∣

2


q

P ((X0, X1) = (x, y)).
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Using as in the Proof of Theorem 3.1 that xq is a convex function for x ≥ 0, that by (B.20) we

have
∣∣∣∣
∂2

∂α2
Pα,G
x,y|α=α0

∣∣∣∣ ≤ 4x(x− 1)(1− α0)
−2

and that by (B.16), we have
∣∣∣∣
∂

∂α
Pα,G
x,y|α=α0

∣∣∣∣
2

≤ 4x2,

we get an upper bound for (A.28) given by

23q−1(1− α0)
−2E((X0(X0 − 1))q) + 23q−1E((X2

0 )
q).

Using the boundedness of the moments of the observations together with Assumption 1, (A.27)

follows and the covariance in (A.24) is summable. As in the proof of Theorem 3.1, the assertion

that V arα0,G0(Ψ̇
θ0
n11) → 0 as n → ∞ follows. For the other components, we proceed analogously.

Thus, altogether, (A.23) converges to zero in probability. □

Lemma A.3. Suppose Assumptions 1 and 2 hold true. Let E(Xk
1 ) < ∞ for some k > 2(p+ 4)

and E((X3
t (1 + ρ)Xt))1+δ < ∞ for some ρ, δ > 0. Then, we have

√
n(Ψ∗

n −Ψn)(θ̂
∗
n)−

√
n(Ψ∗

n −Ψn)(θ̂n) = oP ∗(1)

in probability.

Proof. Following the proof of (L4) in Drost et al. (2009b), we consider both components sepa-

rately. That is, we have to show

√
n(Ψ∗

n1 −Ψn1)(θ̂
∗
n)−

√
n(Ψ∗

n1 −Ψn1)(θ̂n) =oP ∗(1), (A.29)
√
n(Ψ∗

n2 −Ψn2)(θ̂
∗
n)−

√
n(Ψ∗

n2 −Ψn2)(θ̂n) =oP ∗(1) (A.30)

in probability, respectively. We consider only (A.30) for p = 1 and omit the details for (A.29).

Then, for h ∈ H1, we have

√
n
(
Ψ∗

n2(θ̂
∗
n)h−Ψn2(θ̂

∗
n)h−Ψ∗

n2(θ̂n)h+Ψn2(θ̂n)h
)

=
√
n

(
1

n

n∑

t=0

(
A

α̂∗,Ĝ∗h(X
∗
t−1, X

∗
t )−

∫
h dĜ∗

)
− 1

n

n∑

t=0

(
A

α̂∗,Ĝ∗h(Xt−1, Xt)−
∫

hdĜ∗
)

− 1

n

n∑

t=0

(
A

α̂,Ĝ
h(X∗

t−1, X
∗
t )−

∫
h dĜ

)
+

1

n

n∑

t=0

(
A

α̂,Ĝ
h(Xt−1, Xt)−

∫
hdĜ

))

=
1√
n

n∑

t=0

(
A

α̂∗,Ĝ∗h(X
∗
t−1, X

∗
t )−A

α̂∗,Ĝ∗h(Xt−1, Xt)−A
α̂,Ĝ

h(X∗
t−1, X

∗
t ) +A

α̂,Ĝ
h(Xt−1, Xt)

)
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where, according to (A.22) and for xt−1, xt ∈ N0 and (α,G) ∈ Θ× G, we have

Aα,Gh(xt−1, xt) =

min(xt,xt−1)∑
s=0

h(xt − s)
(
xt−1

s

)
αs(1− α)xt−1−sG(xt − s)

min(xt,xt−1)∑
s=0

(
xt−1

s

)
αs(1− α)xt−1−sG(xt − s)

.

Hence, we have

√
n
(
Ψ∗

n2(θ̂
∗
n)−Ψn2(θ̂

∗
n)−Ψ∗

n2(θ̂n) + Ψn2(θ̂n)
)

=
1√
n

n∑

t=0

(
d∗h,n(θ̂

∗
n)

d∗n(θ̂∗n)
− dh,n(θ̂

∗
n)

dn(θ̂∗n)
−

d∗h,n(θ̂n)

d∗n(θ̂n)
+

dh,n(θ̂n)

dn(θ̂n)

)
, (A.31)

where

dh,n(θ̂n) =

min(Xt,Xt−1)∑

s=0

h(Xt − s)

(
Xt−1

s

)
α̂s(1− α̂)Xt−1−sĜ(Xt − s),

dn(θ̂n) =

min(Xt,Xt−1)∑

s=0

(
Xt−1

s

)
α̂s(1− α̂)Xt−1−sĜ(Xt − s),

d∗h,n(θ̂
∗
n) =

min(Xt,Xt−1)∑

s=0

h(Xt − s)

(
Xt−1

s

)
α̂∗s(1− α̂∗)Xt−1−sĜ∗(Xt − s),

d∗n(θ̂
∗
n) =

min(Xt,Xt−1)∑

s=0

(
Xt−1

s

)
α̂∗s(1− α̂∗)Xt−1−sĜ∗(Xt − s)

and dh,n(θ̂
∗
n), dn(θ̂

∗
n), d

∗
h,n(θ̂n) and d∗n(θ̂n) analog. Finally, by adding suitable zero and using the

same technique as in the proof of Lemma B.3, we can bound the above expression (A.31) by
√
n∥θ̂∗n − θ̂n∥, which is OP ∗(1) multiplied by a term that converges to zero in probability.

□

Lemma A.4. Suppose Assumptions 1 and 2 hold. Let E(Xk
1 ) < ∞ for some k > 2(p+ 4) and

E((X3
t (1 + ρ)Xt))1+δ < ∞ for some ρ, δ > 0. Then, we have

Sα̂n,Ĝn,∗
n =

√
n
(
Ψ∗

n(α̂n, Ĝn)−Ψn(α̂n, Ĝn)
)
⇝∗ Sα0,G0 (A.32)

in Rp × ℓ∞(H1), under P ∗(·) = P
ν
α̂n,Ĝn

,α̂n,Ĝn
(·|X) in Pνθ0 ,θ0

-probability, where Sα0,G0 is the

tight, Borel measurable, Gaussian process obtained in (2.11).

Proof. Note that E∗(Ψ∗
n(α̂n, Ĝn)) = Ψn(α̂n, Ĝn) and by similar techniques as used in Lemma

A.3, we get

√
n
(
Ψ∗

n(α̂n, Ĝn)−Ψn(α̂n, Ĝn)
)
=

√
n
(
Ψ∗

n(α0, G0)− E∗(Ψ∗
n(α0, G0))

)
+ oP ∗(1).

Hence, recalling the definition of Ψ∗
n(α, G) in (3.2) and (3.3), the leading term on the last

right-hand side can be represented as a function of generalized means. That is, we have

√
n
(
Ψ∗

n(α0, G0)− E∗(Ψ∗
n(α0, G0))

)
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=
√
n

(
f

(
1

nm

nm∑

t=1

g(X∗
t , . . . , X

∗
t+m−1)

)
− f

(
E∗
(

1

nm

nm∑

t=1

g(X∗
t , . . . , X

∗
t+m−1)

)))
,

where f is the identity function, m = p+ 1, nm = n− p− 1 and g = (g1, g2) with

g1(xt, . . . , xt−p) = l̇α(xt−p, . . . , xt;α0, G0)

and

g2(xt, . . . , xt−p)h = Aα0G0h(xt−p, . . . , xt)−
∫

hdG0, h ∈ H1

for xt, . . . , xt−p ∈ N0. This representation as a function of generalized means allows to use

Corollary 4.2 in Jentsch and Weiß (2019). Finally, for allowing the application of this result,

according to Assumption 1 in Jentsch and Weiß (2019), sufficient smoothness properties have

to be fulfilled. As f is just the identity, all smoothness properties hold. It remains to argue

that all partial derivatives of g1(xt, . . . , xt−p) and g2(xt, . . . , xt−p) with respect to xt, . . . , xt−p

are Lipschitz continuous. However, as both function g1 and g2 ask for arguments from Np+1
0

only, they can be arbitrarily extended to functions on Rp+1 such that all sufficient smoothness

conditions will be fulfilled by construction. □
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Appendix B. Auxiliary Results

Lemma B.1 (NPMLE fulfills θ̂n = (α̂n, Ĝn) ∈ Θ × G in probability). Suppose Assumption 1

holds true. Let E(Xk
1 ) < ∞ for some k > 2(p+4). Then, with Pνα0,G0

,α0,G0-probability tending

to one, it holds that Ĝn ∈ G = {G ∈ G̃ : 0 < G(0) < 1 : EG(ε
p+4
t ) < ∞} and α̂n ∈ Θ = {α ∈

(0, 1)p :
∑p

i=1 αi < 1}, respectively. Note that Ĝn = L∗(ε∗t ) and E∗(ε∗ p+4
t ) =

∑∞
k=0 k

p+4Ĝn(k)

for the bootstrap procedure described in Section 3.1

Proof. We divide the proof into four parts. In the following, we will prove

(i) 0 < Ĝn(0) < 1 in P = Pνα0,G0
,α0,G0-probability, that is, with Pνα0,G0

,α0,G0-probability

tending to one,

(ii)
∑∞

k=0 k
p+4Ĝn(k) = OP (1),

(iii) α̂n ∈ (0, 1)p in Pνα0,G0
,α0,G0-probability,

(iv)
p∑

i=1
α̂n,i < 1 in Pνα0,G0

,α0,G0-probability.

For showing part (i), we make use of the equivalence

P (0 < Ĝn(0) < 1) →
n→∞

1 ⇔ P (Ĝn(0) ∈ {0, 1}) →
n→∞

0.

Further, we have

P (Ĝn(0) ∈ {0, 1}) = P

(
Ĝn(0) ∈ {0, 1}, |Ĝn(0)−G0(0)| <

G0(0)

2

)

+ P

(
Ĝn(0) ∈ {0, 1}, |Ĝn(0)−G0(0)| ≥

G0(0)

2

)

=: I + II,

where

I = P

({
Ĝn(0) ∈ {0, 1}

}
∩
{−G0(0)

2
< Ĝn(0)−G0(0) <

G0(0)

2

})
= P (∅) = 0

and

II ≤ P

(
|Ĝn(0)−G0(0)| ≥

G0(0)

2

)
→ 0
n→∞

according to Theorem 2.1. For proving part (ii), we have

∞∑

k=0

kp+4Ĝn(k)

=

max(X1,...,Xn)∑

k=0

kp+4Ĝn(k)

=

max(X1,...,Xn)∑

k=0

kp+4
(
Ĝn(k)−G0(k)

)
+

max(X1,...,Xn)∑

k=0

kp+4G0(k)
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=

max(X1,...,Xn)∑

k=0

kp+4
(
Ĝn(k)−G0(k)

)
+

∞∑

k=0

kp+4G0(k)−
∞∑

k=max(X1,...,Xn)+1

kp+4G0(k)

=: I + II + III.

For term I, we have

I =

max(X1,...,Xn)∑

k=0

kp+4
(
Ĝn(k)−G0(k)

)
≤ max(X1, . . . , Xn)

p+4

max(X1,...,Xn)∑

k=0

(
Ĝn(k)−G0(k)

)
.

With the use of
√
n
∑∞

k=0(Ĝn(k)−G0(k)) = Op(1) (see Theorem 2.2), the latter becomes

max(X1, . . . , Xn)
p+4

√
n

(
√
n

∞∑

k=0

(
Ĝn(k)−G0(k)

)
)

= Op

(
max(X1, . . . , Xn)

p+4

√
n

)
.

Further, for all x > 0 and all k ≥ 0, from Markov’s inequality, we get

P

(
max(X1, . . . , Xn)

p+4

√
n

> x

)
= P

(
max(X1, . . . , Xn) > x1/(p+4)n1/(2(p+4))

)

= P

(
n⋃

i=1

{
Xi > x1/(p+4)n1/(2(p+4))

})
≤

n∑

i=1

P
(
Xi > x1/(p+4)n1/(2(p+4))

)

= n · P
(
X1 > x1/(p+4)n1/(2(p+4))

)
≤ n · E(Xk

1 )

xk/(p+4)nk/(2(p+4))

=
E(Xk

1 )

xk/(p+4)
· n1−k/(2(p+4)),

which converges to zero for k > 2(p + 4) if E(Xk
1 ) < ∞. This implies max(X1,...,Xn)p+4

√
n

= op(1)

such that I = oP (1) holds. As II < ∞, i.e., II = O(1), by Assumption 1, the assertion fol-

lows from III = oP (1), which we show next. Here, we distinguish two cases. If the support

of (εt, t ∈ Z) is bounded, then
∑∞

k=max(X1,...,Xn)+1 k
p+4G0(k) = 0 after one observation Xt

attains a value greater or equal to the largest possible innovation which happens with proba-

bility tending to one. If the support is unbounded, we have max(X1, . . . , Xn) → ∞ such that
∑∞

k=max(X1,...,Xn)+1 k
p+4G0(k) = oP (1) as again by Assumption 1, we have EG0(ε

p+4
t ) < ∞,

i.e., (kp+4G0(k), k ∈ N0) is summable. For part (iii), we have that α̂n ∈ (0, 1)p if and only if

α̂n,i ∈ (0, 1) for all i = 1, . . . , p. Hence, the proof is analogous to the proof of part (i).

Similarly, we can show that
p∑

i=1
α̂n,i < 1 holds in Pνα0,G0

,α0,G0-probability, because

p∑

i=1

α̂n,i =

p∑

i=1

(α̂n,i − α0,i) +

p∑

i=1

α0,i,

where the first term converges to zero in probability due to Theorem 2.1 and the second term

is smaller than 1 according to Assumption 1. □
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Lemma B.2 (Partial derivatives of Ψn). Under the assumptions of Lemma A.1, for p = 1 and

for all k ∈ N0, we have

∂Ψn1(α,G)

∂α
=

1

n

n∑

t=0

∂2

∂α2P
α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇2α(Xt−1, Xt;α,G), (B.1)

∂Ψn1(α,G)

∂G(k)
=

1

n

n∑

t=0

∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G)

∂
∂G(k)P

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

(B.2)

and, for h ∈ H1,

∂Ψn2(α,G)

∂α
h =

1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)
)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

∞∑

j=0

h(j)l̇α(Xt−1, Xt;α,G)Aα,Gh(Xt−1, Xt), (B.3)

∂Ψn2(α,G)

∂G(k)
h =

1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂

∂G(k)P
α,G(εt = j,Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

Aα,Gh(Xt−1, Xt)

(
∂

∂G(k)P
α,G(Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− h(k). (B.4)

Proof. For the first two derivatives in (B.1) and (B.2), recall from (2.5) that

Ψn1(α,G) =
1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G),

where

l̇α(xt−1, xt;α,G) =
∂

∂α
log
(
Pα,G
xt−1,xt

)
.

Hence, for (B.1), we get

∂Ψn1(α,G)

∂α
=

∂

∂α

1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G) =
∂

∂α

1

n

n∑

t=0

∂

∂α
log
(
Pα,G
Xt−1,Xt

)

=
1

n

n∑

t=0

∂2

∂α2
log
(
Pα,G
Xt−1,Xt

)
=

1

n

n∑

t=0

Pα,G
Xt−1,Xt

(
∂2

∂α2P
α,G
Xt−1,Xt

)
−
(

∂
∂αP

α,G
Xt−1,Xt

)2

(
Pα,G
Xt−1,Xt

)2

=
1

n

n∑

t=0




∂2

∂α2P
α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

−
(

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

)2



=
1

n

n∑

t=0

(
∂2

∂α2P
α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− l̇2α(Xt−1, Xt;α,G)

)
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=
1

n

n∑

t=0

∂2

∂α2P
α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇2α(Xt−1, Xt;α,G).

Similarly, for (B.2) and for all k ∈ N0, we have

∂Ψn1(α,G)

∂G(k)
=

∂

∂G(k)

1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G) =
1

n

n∑

t=0

∂

∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

=
1

n

n∑

t=0

(
∂

∂G(k)
∂
∂αP

α,G
Xt−1,Xt

)
Pα,G
Xt−1,Xt

−
(

∂
∂αP

α,G
Xt−1,Xt

)(
∂

∂G(k)P
α,G
Xt−1,Xt

)

(
Pα,G
Xt−1,Xt

)2

=
1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

−

(
∂
∂αP

α,G
Xt−1,Xt

)(
∂

∂G(k)P
α,G
Xt−1,Xt

)

(
Pα,G
Xt−1,Xt

)2




=
1

n

n∑

t=0




∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− l̇α(Xt−1, Xt;α,G)

∂
∂G(k)P

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt




=
1

n

n∑

t=0

∂
∂G(k)

∂
∂αP

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G)

∂
∂G(k)P

α,G
Xt−1,Xt

Pα,G
Xt−1,Xt

.

For the last two derivatives (B.3) and (B.4), recall from (2.6) that

Ψn2(α,G)h =
1

n

n∑

t=0

(
Aα,Gh(Xt−1, Xt)−

∫
hdG

)
, h ∈ H1,

holds, where

Aα,Gh(xt−1, xt) =Eα,G(h(εt)|Xt = xt, Xt−1 = xt−1)

=
∞∑

j=0

h(j)Pα,G(εt = j|Xt = xt, Xt−1 = xt−1)

=
∞∑

j=0

h(j)
Pα,G(εt = j,Xt = xt, Xt−1 = xt−1)

Pα,G(Xt = xt, Xt−1 = xt−1)

Pα,G(Xt−1 = xt−1)

Pα,G(Xt−1 = xt−1)

=

∞∑

j=0

h(j)
Pα,G(εt = j,Xt = xt, Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)Pα,G(Xt−1 = xt−1)

=

∞∑

j=0

h(j)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)
. (B.5)

Hence, for (B.3), we get

∂Ψn2(α,G)

∂α
h =

∂

∂α

1

n

n∑

t=0

(
Aα,Gh(Xt−1, Xt)−

∫
hdG

)
=

1

n

n∑

t=0

∂

∂α
Aα,Gh(Xt−1, Xt),

where, for all xt, xt−1 ∈ N0, using (B.5), we have

∂

∂α
Aα,Gh(xt−1, xt)
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=
∞∑

j=0

h(j)
∂

∂α

Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

=
∞∑

j=0

h(j)

[(
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)
)
Pα,G(Xt = xt|Xt−1 = xt−1)

(Pα,G(Xt = xt|Xt−1 = xt−1))
2

−
(

∂
∂αP

α,G(Xt = xt|Xt−1 = xt−1)
)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

(Pα,G(Xt = xt|Xt−1 = xt−1))
2

]

=
∞∑

j=0

h(j)
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

−
∞∑

j=0

h(j)l̇α(xt−1, xt;α,G)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

=
∞∑

j=0

h(j)
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)
− l̇α(xt−1, xt;α,G)Aα,Gh(xt−1, xt).

Recalling that Pα,G(Xt = xt|Xt−1 = xt−1) = Pα,G
xt−1,xt , altogether, we have

∂Ψn2(α,G)

∂α
h =

1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂
∂αP

α,G(εt = j,Xt = xt|Xt−1 = xt−1)
)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

l̇α(Xt−1, Xt;α,G)Aα,Gh(Xt−1, Xt).

Similarly, for (B.4) and for all k ∈ N0, we have

∂Ψn2(α,G))

∂G(k)
h =

∂

∂G(k)

1

n

n∑

t=0

(
Aα,Gh(Xt−1, Xt)−

∫
hdG

)
,

=
1

n

n∑

t=0

∂

∂G(k)
Aα,Gh(Xt−1, Xt)−

1

n

n∑

t=0

∂

∂G(k)

∫
hdG,

where

1

n

n∑

t=0

∂

∂G(k)

∫
hdG =

∂

∂G(k)

∞∑

j=0

h(j)G(j) =

∞∑

j=0

h(j)
∂

∂G(k)
G(j) = h(k) (B.6)

and, for all xt, xt−1 ∈ N0, using (B.5), we have

1

n

n∑

t=0

∂

∂G(k)
Aα,Gh(xt−1, xt)

=
1

n

n∑

t=0

∞∑

j=0

h(j)
∂

∂G(k)

(
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

)

=
1

n

n∑

t=0

∞∑

j=0

h(j)

[( ∂
∂G(k)P

α,G(εt = j,Xt = xt|Xt−1 = xt−1)
)
Pα,G(Xt = xt|Xt−1 = xt−1)

(Pα,G(Xt = xt|Xt−1 = xt−1))
2

−

(
∂

∂G(k)P
α,G(Xt = xt|Xt−1 = xt−1)

)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

(Pα,G(Xt = xt|Xt−1 = xt−1))
2

]
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=
1

n

n∑

t=0

∞∑

j=0

h(j)

∂
∂G(k)P

α,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

− 1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂

∂G(k)P
α,G(Xt = xt|Xt−1 = xt−1)

)
Pα,G(εt = j,Xt = xt|Xt−1 = xt−1)

(Pα,G(Xt = xt|Xt−1 = xt−1))
2

=
1

n

n∑

t=0

∞∑

j=0

h(j)

∂
∂G(k)P

α,G(εt = j,Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)

− 1

n

n∑

t=0

Aα,Gh(xt−1, xt)

∂
∂G(k)P

α,G(Xt = xt|Xt−1 = xt−1)

Pα,G(Xt = xt|Xt−1 = xt−1)
.

Consequently, altogether, we have

∂Ψn2(α,G))

∂G(k)
h

=
1

n

n∑

t=0

∞∑

j=0

h(j)

(
∂

∂G(k)P
α,G(εt = j,Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− 1

n

n∑

t=0

Aα,Gh(Xt−1, Xt)

(
∂

∂G(k)P
α,G(Xt = xt|Xt−1 = xt−1)

)
|(xt,xt−1)=(Xt,Xt−1)

Pα,G
Xt−1,Xt

− h(k).

□

Lemma B.3. Suppose the Assumptions of Lemma A.2 hold. Then, for ||ξn−θ0|| ≤ δ, we have
∣∣∣l̇α(Xt−1, Xt; θ0)− l̇α(Xt−1, Xt; ξn)

∣∣∣

≤δ


2Xt−1 + CX2

t−1 (1 + ρ)Xt−1−1

P θ0
Xt−1,Xt

+
2Xt−1

(
CXt−1 (1 + ρ)Xt−1−1 + 1

)

P θ0
Xt−1,Xt

P ξn
Xt−1,Xt


 , (B.7)

for some (generic) constant C = C(δ) and some ρ = ρ(δ), which becomes arbitrarily small for

δ sufficiently small.

Proof. By plugging-in, we get
∣∣∣l̇α(Xt−1, Xt; θ0)− l̇α(Xt−1, Xt; ξn)

∣∣∣

=

∣∣∣∣∣∣∣∣∣∣

min(Xt−1,Xt)∑
j=0

(
Xt−1

j

)
G0(Xt − j)(jαj−1

0 (1− α0)
Xt−1−j − αj

0(Xt−1 − j)(1− α0)
Xt−1−j−1)

min(Xt−1,Xt)∑
j=0

(
Xt−1

j

)
αj
0(1− α0)Xt−1−jG0(Xt − j)

−

min(Xt−1,Xt)∑
j=0

(
Xt−1

j

)
Gξn(Xt − j)(jαj−1

ξn
(1− αξn)

Xt−1−j − αj
ξn
(Xt−1 − j)(1− αξn)

Xt−1−j−1)

min(Xt−1,Xt)∑
j=0

(
Xt−1

j

)
αj
ξn
(1− αξn)

Xt−1−jGξn(Xt − j)

∣∣∣∣∣∣∣∣∣∣
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=:

∣∣∣∣
a

b
− an

bn

∣∣∣∣ =
∣∣∣∣
a− an

b
+

an(bn − b)

bbn

∣∣∣∣ ≤
|a− an|

b
+

|an||bn − b|
bbn

, (B.8)

where we used that both b and bn are transition probabilities with b, bn ∈ [0, 1]. As by As-

sumption 1, b > 0 and α0 ∈ (0, 1) holds and αξn → α0 by Theorems 2.1 and 3.1, we also have

bn > 0 with probability tending to 1. Hence, it remains to consider the numerators |a−an| and

|an| · |b− bn| separately in the following. First, for |a− an|, we have

|a− an|

≤
∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
G0(Xt − j)(jαj−1

0 (1− α0)
Xt−1−j − αj

0(Xt−1 − j)(1− α0)
Xt−1−j−1)

−
(
Xt−1

j

)
Gξn(Xt − j)(jαj−1

0 (1− α0)
Xt−1−j − αj

0(Xt−1 − j)(1− α0)
Xt−1−j−1)

∣∣∣∣∣

+

∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)(jαj−1

0 (1− α0)
Xt−1−j − αj

0(Xt−1 − j)(1− α0)
Xt−1−j−1)

−
(
Xt−1

j

)
Gξn(Xt − j)(jαj−1

ξn
(1− αξn)

Xt−1−j − αj
ξn
(Xt−1 − j)(1− αξn)

Xt−1−j−1)

∣∣∣∣∣

=:IIa,1 + IIa,2. (B.9)

For the first term IIa,1, we get

IIa,1 ≤
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
|G0(Xt − j)−Gξn(Xt − j)|

|jαj−1
0 (1− α0)

Xt−1−j − αj
0(Xt−1 − j)(1− α0)

Xt−1−j−1|

≤
∞∑

m=0

|G0(m)−Gξn(m)|




min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j

+

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
αj
0(Xt−1 − j)(1− α0)

Xt−1−j−1




≤ 2Xt−1

∞∑

m=0

|G0(m)−Gξn(m)|

≤2Xt−1δ,

where we used
∞∑

m=0
|G0(m)−Gξn(m)| ≤ ∥ξn−θ0∥ ≤ δ for the last inequality and, for the second

last inequality, we made use of the binomial theorem to get

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j
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≤
Xt−1∑

j=0

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j =

Xt−1∑

j=1

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j

=

Xt−1−1∑

j=0

(
Xt−1

j + 1

)
(j + 1)αj

0(1− α0)
Xt−1−(j+1) = Xt−1

Xt−1−1∑

j=0

(
Xt−1 − 1

j

)
αj
0(1− α0)

Xt−1−1−j

= Xt−1 (B.10)

as well as

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
αj
0(Xt−1 − j)(1− α0)

Xt−1−j−1

≤
Xt−1∑

j=0

(
Xt−1

j

)
(Xt−1 − j)αj

0(1− α0)
Xt−1−j−1 =

Xt−1−1∑

j=0

(
Xt−1

j

)
(Xt−1 − j)αj

0(1− α0)
Xt−1−j−1

= Xt−1

Xt−1−1∑

j=0

(
Xt−1 − 1

j

)
αj
0(1− α0)

Xt−1−1−j = Xt−1. (B.11)

When dealing with the second term IIa,2, we have

αj−1
0 (1− α0)

Xt−1−j − αj−1
ξn

(1− αξn)
Xt−1−j

= αj−1
0 (1− α0)

Xt−1−j − αj−1
ξn

(1− αξn)
Xt−1−j ∓ αj−1

0 (1− αξn)
Xt−1−j

= αj−1
0

(
(1− α0)

Xt−1−j − (1− αξn)
Xt−1−j

)
+ (1− αξn)

Xt−1−j
(
αj−1
0 − αj−1

ξn

)
. (B.12)

Further, for the last expression in brackets, we have

αj−1
0 − αj−1

ξn
= αj−1

0 − αj−1
ξn

∓ αj−2
0 αξn

= αj−2
0 (α0 − αξn) + αj−2

0 αξn − αj−1
ξn

∓ αj−3
0 α2

ξn

= αj−2
0 (α0 − αξn) + αj−3

0 αξn(α0 − αξn) + αj−3
0 α2

ξn − αj−1
ξn

∓ αj−4
0 α3

ξn

= . . .

= (α0 − αξn)

j−2∑

l=0

αj−2−l
0 αl

ξn (B.13)

and, analogously,

(1− α0)
Xt−1−j − (1− αξn)

Xt−1−j = (αξn − α0)

Xt−1−j−1∑

l=0

(1− α0)
Xt−1−j−1−l(1− αξn)

l. (B.14)

Consequently, plugging-in (B.13) and (B.14) in (B.12) leads to

αj−1
0 (1− α0)

Xt−1−j − αj−1
ξn

(1− αξn)
Xt−1−j

= αj−1
0 (αξn − α0)

Xt−1−j−1∑

l=0

(1− α0)
Xt−1−j−1−l(1− αξn)

l + (1− αξn)
Xt−1−j(α0 − αξn)

j−2∑

l=0

αj−2−l
0 αl

ξn .
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Following the same procedure, we get

αj
ξn
(1− αξn)

Xt−1−j−1 − αj
0(1− α0)

Xt−1−j−1

= αj
ξn
(α0 − αξn)

Xt−1−j−2∑

l=0

(1− αξn)
Xt−1−j−2−l(1− α0)

l + (1− α0)
Xt−1−j−1(αξn − α0)

j−1∑

l=0

αj−1−l
ξn

αl
0.

Altogether, we obtain

IIa,2 =

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)

(
jαj−1

0 (1− α0)
Xt−1−j − jαj−1

ξn
(1− αξn)

Xt−1−j

+αj
ξn
(Xt−1 − j)(1− αξn)

Xt−1−j−1 − αj
0(Xt−1 − j)(1− α0)

Xt−1−j−1
)∣∣∣

≤ |α0 − αξn |
min(Xt−1,Xt)∑

j=0



(
Xt−1

j

)
Gξn(Xt − j)


j


αj−1

0

Xt−1−j−1∑

l=0

(1− α0)
Xt−1−j−1−l(1− αξn)

l

+(1− αξn)
Xt−1−j

j−2∑

l=0

αj−2−l
0 αl

ξn

)
+ (Xt−1 − j)


αj

ξn

Xt−1−j−2∑

l=0

(1− αξn)
Xt−1−j−2−l(1− α0)

l

+(1− α0)
Xt−1−j−1

j−1∑

l=0

αj−1−l
ξn

αl
0

))]

=: |α0 − αξn |
(
IIa,2,1 + IIa,2,2 + IIa,2,3 + IIa,2,4

)

with an obvious notation for IIa,2,1, IIa,2,2, IIa,2,3 and IIa,2,4 according to the four terms on

the last right-hand side. Let us consider IIa,2,1 in more detail. Making use of |α0 − αξn | ≤
∥ξn − θ0∥ ≤ δ, we have

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)jαj−1

0

Xt−1−j−1∑

l=0

(1− α0)
Xt−1−j−1−l(1− αξn)

l (B.15)

=

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)jαj−1

0 (1− α0)
Xt−1−j−1

Xt−1−j−1∑

l=0

(1− α0)
−l(1− αξn)

l

=

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)jαj−1

0 (1− α0)
Xt−1−j−1

Xt−1−j−1∑

l=0

(
1− αξn

1− α0

)l

=

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)jαj−1

0 (1− α0)
Xt−1−j−1

Xt−1−j−1∑

l=0

(
1 +

α0 − αξn

1− α0

)l

≤ 1

1− α0

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j

Xt−1−j−1∑

l=0

(
1 +

|α0 − αξn |
1− α0

)l

≤ 1

1− α0




min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
jαj−1

0 (1− α0)
Xt−1−j






Xt−1−1∑

l=0

(
1 +

δ

1− α0

)l



=
1

1− α0
X2

t−1

(
1 +

δ

1− α0

)Xt−1−1

.
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Using the same steps, we get for the three other terms

IIa,2,2 ≤
1

αξn

X2
t−1

(
1 +

δ

αξn

)Xt−1−1

,

IIa,2,3 ≤
1

1− αξn

X2
t−1

(
1 +

δ

1− αξn

)Xt−1−1

and

IIa,2,4 ≤
1

α0
X2

t−1

(
1 +

δ

α0

)Xt−1−1

,

where we used that, e.g.,
∑j−2

l=0 α
j−2−l
0 αl

ξn
=
∑j−2

l=0 α
j−2−l
ξn

αl
0 and min(Xt, Xt−1) ≤ Xt−1. Alto-

gether, using again |α0 − αξn | ≤ ∥ξn − θ0∥ ≤ δ, this leads to

IIa,2 ≤ C|α0 − αξn |X2
t−1 (1 + ρ)Xt−1−1 ≤ CδX2

t−1 (1 + ρ)Xt−1−1

for some (generic) constant C = C(δ) and some ρ = ρ(δ) which becomes arbitrarily small for δ

sufficiently small. Now, consider the second term of (B.8). We have

|an| =

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)

(
jαj−1

ξn
(1− αξn)

Xt−1−j − αj
ξn
(Xt−1 − j)(1− αξn)

Xt−1−j−1
)∣∣∣

≤
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
jαj−1

ξn
(1− αξn)

Xt−1−j +

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
αj
ξn
(Xt−1 − j)(1− αξn)

Xt−1−j−1

≤2Xt−1, (B.16)

where we used that Gξn(k) ≤ 1 for all k ∈ N0 and the bounds obtained in (B.10) and (B.11).

Further, we have

|bn − b| ≤

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)

(
αj
ξn
(1− αξn)

Xt−1−j − αj
0(1− α0)

Xt−1−j
)
∣∣∣∣∣∣

+

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)(
Gξn(Xt − j)−G0(Xt − j)

) (
αj
0(1− α0)

Xt−1−j
)
∣∣∣∣∣∣

=:IIb,1 + IIb,2.

We can proceed analogously as we did for IIa,1 and IIa,2 to get

IIb,1 =

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)


αj

ξn
(α0 − αξn)

Xt−1−j−1∑

l=0

(1− αξn)
Xt−1−j−1−l(1− α0)

l

+(1− α0)
Xt−1−j(αξn − α0)

j−1∑

l=0

αj−1−l
ξn

αl
0

)∣∣∣∣∣

≤ |α0 − αξn |
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
αj

ξn

Xt−1−j−1∑

l=0

(1− αξn)
Xt−1−j−1−l(1− α0)

l
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+(1− α0)
Xt−1−j

j−1∑

l=0

αj−1−l
ξn

αl
0

)

≤ C|α0 − αξn |Xt−1 (1 + ρ)Xt−1−1

≤ CδXt−1 (1 + ρ)Xt−1−1

and

IIb,2 ≤
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
|Gξn(Xt − j)−G0(Xt − j)|(αj

0(1− α0)
Xt−1−j)

≤
∞∑

m=0

|Gξn(m)−G0(m)|
Xt−1∑

j=0

(
Xt−1

j

)
αj
0(1− α0)

Xt−1−j

=

∞∑

m=0

|Gξn(m)−G0(m)|

≤ δ,

where C and ρ are as above. Altogether, this completes the proof. □

Lemma B.4. Suppose the Assumptions of Lemma A.2 hold. Then, for ||ξn−θ0|| ≤ δ, we have
∣∣∣∣∣∣

∂2

∂α2P
α,Gξn

Xt−1,Xt|α=αξn

P ξn
Xt−1,Xt

−
∂2

∂α2P
α,G0

Xt−1,Xt|α=α0

P θ0
Xt−1,Xt

∣∣∣∣∣∣

≤δ


 C̃X3

t−1(1 + ρ̃)Xt−1−1 + C̃X2
t−1

P ξn
Xt−1,Xt

+
C̃X2

t−1

(
C̃Xt−1(1 + ρ̃)Xt−1−1 + 1

)

P ξn
Xt−1,Xt

P θ0
Xt−1,Xt


 (B.17)

for some (generic) constant C̃ = C̃(δ) and some ρ̃ = ρ̃(δ), which becomes arbitrarily small for

δ sufficiently small.

Proof. We follow the proof technique of Lemma B.3, but have to deal with the second derivative.

First, we get the bound
∣∣∣∣∣∣

∂2

∂α2P
α,Gξn

Xt−1,Xt|α=αξn

P ξn
Xt−1,Xt

−
∂2

∂α2P
α,G0

Xt−1,Xt|α=α0

P θ0
Xt−1,Xt

∣∣∣∣∣∣
=:

∣∣∣∣
cn
bn

− c

b

∣∣∣∣ ≤
|cn − c|

bn
+

|c||b− bn|
bnb

,

where bn and b are defined as in (B.8) and

cn =

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)αj−2

ξn
(1− αξn)

Xt−1−j−2

(
α2
ξn(Xt−1 − 1)Xt−1 + j(−2αξn(Xt−1 − 1)− 1) + j2

)
,

c =

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
G0(Xt − j)αj−2

0 (1− α0)
Xt−1−j−2
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(
α2
0(Xt−1 − 1)Xt−1 + j(−2α0(Xt−1 − 1)− 1) + j2

)
.

Hence, it remains to investigate |cn − c| and |c|. First, we note that c (and analogously cn) can

equivalently be written as

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
G0(Xt − j)

(
αj
0(1− α0)

Xt−1−j−2(Xt−1 − 1)Xt−1

−αj−1
0 (1− α0)

Xt−1−j−22j(Xt−1 − 1)− αj−2
0 (1− α0)

Xt−1−j−2(j − j2)
)
.

Adding and subtracting the mixed terms as we did in (B.9), we obtain

|cn − c| ≤

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
Gξn(Xt − j)

(
αj
ξn
(1− αξn)

Xt−1−j−2(Xt−1 − 1)Xt−1

−αj
0(1− α0)

Xt−1−j−2(Xt−1 − 1)Xt−1 + αj−1
0 (1− α0)

Xt−1−j−22j(Xt−1 − 1)

−αj−1
ξn

(1− αξn)
Xt−1−j−22j(Xt−1 − 1) + αj−2

0 (1− α0)
Xt−1−j−2(j − j2)

−αj−2
ξn

(1− αξn)
Xt−1−j−2(j − j2)

)∣∣∣

+

∣∣∣∣∣∣

min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)(
Gξn(Xt − j)−G0(Xt − j)

) (
αj
0(1− α0)

Xt−1−j−2(Xt−1 − 1)Xt−1

−αj−1
0 (1− α0)

Xt−1−j−22j(Xt−1 − 1)− αj−2
0 (1− α0)

Xt−1−j−2(j − j2)
)∣∣∣

:=Ic,1 + Ic,2.

For Ic,1, we rewrite the last factor of the sum analogously to (B.12), (B.13) and (B.14) to get

Ic,1

≤|α0 − αξn |
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)[
(Xt−1 − 1)Xt−1


αj

ξn

Xt−1−j−3∑

l=0

(1− αξn)
Xt−1−j−3−l(1− α0)

l

+(1− α0)
Xt−1−j−2

j−1∑

l=0

αj−1−l
ξn

αl
0

)
+ 2j(Xt−1 − 1)


αj−1

0

Xt−1−j−3∑

l=0

(1− α0)
Xt−1−j−3−l(1− αξn)

l

+(1− αξn)
Xt−1−j−2

j−1∑

l=0

αj−1−l
0 αl

ξn

)
+ (j − j2)


αj−2

0

Xt−1−j−3∑

l=0

(1− α0)
Xt−1−j−3−l(1− αξn)

l

+(1− αξn)
Xt−1−j−2

j−3∑

l=0

αj−3−l
0 αl

ξn

)]

=:|α0 − αξn |
(
Ic,1,1 + Ic,1,2 + Ic,1,3 + Ic,1,4 + Ic,1,5 + Ic,1,6

)
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with an obvious notation for Ic,1,1, Ic,1,2, Ic,1,3, Ic,1,4, Ic,1,5 and Ic,1,6 according to the six terms

on the last right-hand side. With similar steps as in (B.15), we get

Ic,1,1 ≤
1

(1− αξn)
3
X2

t−1(Xt−1 − 1)

(
1 +

δ

1− αξn

)Xt−1−1

,

Ic,1,2 ≤
1

α0(1− α0)2
X2

t−1(Xt−1 − 1)

(
1 +

δ

α0

)Xt−1−1

,

Ic,1,3 ≤
1

(1− α0)3
2X2

t−1(Xt−1 − 1)

(
1 +

δ

1− α0

)Xt−1−1

,

Ic,1,4 ≤
1

(1− αξn)
2
2X2

t−1(Xt−1 − 1)

(
1 +

δ

αξn

)Xt−1−1

,

Ic,1,5 ≤
1

(1− α0)3
X2

t−1(Xt−1 − 1)

(
1 +

δ

1− α0

)Xt−1−1

and

Ic,1,6 ≤
1

αξn(1− αξn)
2
X2

t−1(Xt−1 − 1)

(
1 +

δ

αξn

)Xt−1−1

.

Altogether, this leads to

Ic,1 ≤ C̃|α0 − αξn |X2
t−1(Xt−1 − 1)(1 + ρ̃)Xt−1−1 ≤ C̃δX3

t−1(1 + ρ̃)Xt−1−1

for some (generic) constant C̃ = C̃(δ) and some ρ̃ = ρ̃(δ) which becomes arbitrary small for δ

sufficiently small. For Ic,2, we re-use the binomial theorem as in (B.10) and (B.11) and get

Ic,2 ≤
min(Xt−1,Xt)∑

j=0

(
Xt−1

j

)
|Gξn(Xt − j)−G0(Xt − j)|(αj

0(1− α0)
Xt−1−j−2(Xt−1 − 1)Xt−1

− αj−1
0 (1− α0)

Xt−1−j−22j(Xt−1 − 1)− αj−2
0 (1− α0)

Xt−1−j−2(j − j2))

≤
∞∑

m=0

|Gξn(m)−G0(m)|4Xt−1(Xt−1 − 1)(1− α0)
−2 (B.18)

≤ C̃δX2
t−1 (B.19)

As last term, we have to consider |c| for which we get

|c| ≤ 4Xt−1(Xt−1 − 1)(1− α0)
−2 ≤ C̃X2

t−1 (B.20)

with the same arguments as in (B.18). Altogether, using ||ξn − θ0|| ≤ δ, this completes the

proof. □
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Appendix C. Additional Tables

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.520 0.806 0.914 0.886 0.918 0.946 0.960 0.948 0.962

average length 0.264 0.163 0.125 0.242 0.115 0.083 0.223 0.098 0.069

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.918 0.938 0.934 0.820 0.934 0.934 0.652 0.834 0.942

average length 0.191 0.087 0.062 0.113 0.055 0.039 0.047 0.027 0.019

Table 9. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with α = 0.1 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.652 0.834 0.930 0.876 0.916 0.944 0.974 0.976 0.986

average length 0.288 0.164 0.124 0.195 0.093 0.067 0.026 0.006 0.003

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.848 0.908 0.948 0.864 0.898 0.948 0.846 0.872 0.944

average length 0.094 0.0046 0.033 0.061 0.031 0.022 0.024 0.012 0.008

Table 10. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with

α = 0.1 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.410 0.750 0.866 0.754 0.892 0.916 0.856 0.864 0.912

average length 0.224 0.153 0.123 0.110 0.052 0.038 0.199 0.094 0.069

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.898 0.944 0.942 0.918 0.942 0.942 0.878 0.958 0.940

average length 0.236 0.107 0.076 0.242 0.107 0.076 0.219 0.104 0.074

Table 11. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with α = 0.1 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.596 0.842 0.936 0.774 0.896 0.948 0.768 0.910 0.942

average length 0.283 0.162 0.122 0.073 0.032 0.023 0.126 0.062 0.045

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.694 0.880 0.960 0.970 0.978 0.960 0.704 0.866 0.944

average length 0.080 0.045 0.034 0.028 0.007 0.004 0.071 0.034 0.026

Table 12. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with

α = 0.1 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.804 0.952 0.944 0.828 0.928 0.934 0.914 0.938 0.924

average length 0.379 0.171 0.120 0.305 0.141 0.100 0.287 0.129 0.091

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.878 0.928 0.944 0.732 0.936 0.944 0.486 0.782 0.898

average length 0.253 0.112 0.078 0.143 0.069 0.048 0.058 0.031 0.024

Table 13. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with α = 0.3 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.890 0.952 0.954 0.926 0.932 0.954 0.984 0.978 0.982

average length 0.363 0.162 0.114 0.222 0.100 0.071 0.034 0.007 0.004

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.878 0.924 0.938 0.872 0.924 0.938 0.836 0.916 0.940

average length 0.105 0.050 0.036 0.074 0.034 0.024 0.031 0.013 0.009

Table 14. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with

α = 0.3 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.698 0.966 0.946 0.566 0.872 0.912 0.596 0.890 0.918

average length 0.352 0.188 0.128 0.123 0.079 0.058 0.258 0.168 0.122

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.688 0.884 0.932 0.750 0.902 0.932 0.686 0.836 0.932

average length 0.324 0.211 0.155 0.340 0.231 0.172 0.311 0.224 0.170

Table 15. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with α = 0.3 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.904 0.946 0.958 0.842 0.926 0.952 0.872 0.934 0.946

average length 0.357 0.157 0.111 0.083 0.036 0.026 0.151 0.070 0.051

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.796 0.902 0.982 0.978 0.980 0.982 0.686 0.882 0.934

average length 0.110 0.053 0.038 0.045 0.010 0.007 0.075 0.038 0.029

Table 16. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with

α = 0.3 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.896 0.964 0.952 0.408 0.684 0.818 0.550 0.794 0.832

average length 0.422 0.213 0.172 0.200 0.165 0.168 0.325 0.254 0.209

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.592 0.812 0.704 0.692 0.764 0.704 0.664 0.734 0.724

average length 0.385 0.293 0.244 0.423 0.299 0.253 0.389 0.287 0.237

Table 17. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with α = 0.5 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.952 0.962 0.960 0.832 0.924 0.930 0.872 0.932 0.952

average length 0.288 0.122 0.087 0.088 0.038 0.030 0.159 0.075 0.056

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.784 0.904 0.974 0.978 0.990 0.974 0.652 0.878 0.922

average length 0.117 0.055 0.044 0.052 0.011 0.010 0.078 0.041 0.034

Table 18. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with

α = 0.5 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.958 0.946 0.810 0.412 0.258 0.196 0.682 0.534 0.478

average length 0.205 0.096 0.086 0.408 0.222 0.152 0.684 0.432 0.399

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.808 0.864 0.864 0.728 0.880 0.864 0.488 0.786 0.844

average length 0.559 0.348 0.306 0.401 0.230 0.204 0.235 0.071 0.065

Table 19. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with α = 0.9 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.940 0.956 0.952 0.936 0.964 0.952 0.982 0.970 0.980

average length 0.068 0.029 0.022 0.237 0.107 0.078 0.040 0.008 0.012

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.878 0.954 0.942 0.900 0.948 0.942 0.858 0.926 0.934

average length 0.111 0.053 0.043 0.080 0.036 0.029 0.035 0.014 0.011

Table 20. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(1)-INAR(1) DGP with

α = 0.9 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.938 0.920 0.875 0 0 0 0.012 0.008 0.010

average length 0.229 0.082 0.055 0.006 0.001 0.001 0.005 0.001 0.001

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.020 0.008 0.006 0.032 0.008 0.006 .032 0.006 0.010

average length 0.005 0.001 0.001 0.005 0.001 0.001 0.005 0.001 0.001

Table 21. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with α = 0.9 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.948 0.950 0.938 0.850 0.924 0.910 0.884 0.940 0.920

average length 0.061 0.026 0.020 0.094 0.040 0.028 0.166 0.078 0.054

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.766 0.910 0.964 0.984 0.968 0.964 0.698 0.874 0.880

average length 0.117 0.058 0.040 0.055 0.012 0.006 0.084 0.042 0.030

Table 22. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a Poi(3)-INAR(1) DGP with

α = 0.9 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.940 0.960 0.950 0.866 0.950 0.952 0.918 0.952 0.958

average length 0.303 0.117 0.081 0.360 0.151 0.105 0.335 0.143 0.100

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.856 0.946 0.940 0..732 0.938 0.938 0.634 0.852 0.940

average length 0.235 0.101 0.071 0.153 0.072 0.050 0.096 0.050 0.037

Table 23. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a NB(1,1/2)-INAR(1) DGP with α = 0.5 for different

sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.926 0.446 0.104 0.150 0 0 0.018 0 0

average length 0.333 0.142 0.100 0.219 0.099 0.070 0.053 0.017 0.011

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.184 0 0 0.832 0.566 0.304 0.660 0.558 0.364

average length 0.097 0.047 0.034 0.089 0.041 0.029 0.046 0.019 0.013

Table 24. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a NB(1,1/2)-INAR(1) DGP

with α = 0.5 for different sample sizes.
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α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.932 0.952 0.940 0.826 0.928 0.926 0.898 0.918 0.930

average length 0.362 0.142 0.100 0.385 0.175 0.124 0.385 0.169 0.120

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.832 0.938 0.944 0.710 0.912 0.932 0.486 0.756 0.874

average length 0.314 0.131 0.092 0.177 0.081 0.057 0.079 0.039 0.030

Table 25. Coverage and average length of the semi-parametrically constructed

bootstrap confidence intervals based on the semi-parametric estimation of Drost

et al. (2009a) and the semi-parametric INAR bootstrap from Section 3.1 for

α,G(0), . . . , G(4) in case of a NB(10,10/11)-INAR(1) DGP with α = 0.5 for

different sample sizes.

α G(0) G(1)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.948 0.952 0.922 0.866 0.782 0.662 0.206 0.004 0

average length 0.304 0.131 0.091 0.229 0.103 0.073 0.040 0.008 0.004

G(2) G(3) G(4)

n 100 500 1000 100 500 1000 100 500 1000

coverage 0.806 0.770 0.660 0.890 0.932 0.936 0.794 0.794 0.762

average length 0.107 0.051 0.036 0.081 0.036 0.025 0.036 0.014 0.010

Table 26. Coverage and average length of the parametrically constructed boot-

strap confidence intervals based on parametric ML estimation and a parametric

Poi-INAR bootstrap for α,G(0), . . . , G(4) in case of a NB(10,10/11)-INAR(1)

DGP with α = 0.5 for different sample sizes.
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Among the various models designed for dependent count data, integer-valued autoregressive (INAR) processes
enjoy great popularity. Typically, statistical inference for INAR models uses asymptotic theory that relies on rather
stringent (parametric) assumptions on the innovations such as Poisson or negative binomial distributions. In this
paper, we present a novel semi-parametric goodness-of-fit test tailored for the INAR model class. Relying on the
INAR-specific shape of the joint probability generating function, our approach allows for model validation of INAR
models without specifying the (family of the) innovation distribution. We derive the limiting null distribution of
our proposed test statistic, prove consistency under fixed alternatives and discuss its asymptotic behavior under
local alternatives. By manifold Monte Carlo simulations, we illustrate the overall good performance of our testing
procedure in terms of power and size properties. In particular, it turns out that the power can be considerably
improved by using higher-order test statistics. In supplementary material, we provide an application to three real-
world economic data sets.

Keywords: Bootstrap; count time series; goodness-of-fit; local power; probability generating function;
semi-parametric estimation

1. Introduction
Integer-valued autoregressive (INAR) models represent a powerful model class for modeling count time
series. They offer a flexible and versatile approach for dealing with autoregressive (AR) time series of
non-negative integer values and are the natural analog of the well-known AR model for continuous-
valued time series. Du and Li (1991) introduce the INAR model of order 𝑝 to follow the recursion

𝑋𝑡 = 𝛼1 ◦ 𝑋𝑡−1 + . . . + 𝛼𝑝 ◦ 𝑋𝑡−𝑝 + 𝜀𝑡 , 𝑡 ∈ Z = {. . . ,−1,0,1, . . .}, (1.1)

where 𝜀𝑡
i.i.d.∼ 𝐺, that is, the innovations (𝜀𝑡 , 𝑡 ∈ Z) are independent and identically distributed and

follow a discrete distribution 𝐺 with range N0 = {0,1,2, . . .} and probability mass function (pmf)
(𝐺 (𝑘), 𝑘 ∈ N0). The vector of model coefficients 𝜶 = (𝛼1, . . . , 𝛼𝑝) ∈ (0,1)𝑝 fulfills

∑𝑝
𝑗=1 𝛼 𝑗 < 1. To

ensure the integer-valued modeling of the time series, the model uses the binomial thinning operator
“◦” introduced by Steutel and van Harn (1979) as

𝛼 𝑗 ◦ 𝑋𝑡− 𝑗 =
𝑋𝑡− 𝑗∑
𝑖=1

𝑍
(𝑡 , 𝑗 )
𝑖 , (1.2)

with (𝑍 (𝑡 , 𝑗 )
𝑖 , 𝑖 ∈ N, 𝑡 ∈ Z), 𝑗 ∈ {1, . . . , 𝑝} being mutually independent Bernoulli-distributed random

variables 𝑍
(𝑡 , 𝑗 )
𝑖 ∼ Bin(1, 𝛼 𝑗 ) independent of (𝜀𝑡 , 𝑡 ∈ Z). Hence, the thinning operations are indepen-

dent over time and independent of (𝜀𝑡 , 𝑡 ∈ Z). Additionally, the thinning operation at time 𝑡 and 𝜀𝑡 are
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both independent of 𝑋𝑠 , 𝑠 < 𝑡. These comprehensive independence assumptions are characteristic for
the INAR(𝑝) model formulation of Du and Li (1991) and they differ from the one of Alzaid and Al-
Osh (1990). But as only the INAR(𝑝) model of Du and Li (1991) leads to the traditional Yule–Walker
equations for the autocorrelation function (ACF), this model is usually preferred in practice and we
focus on this model specification for the remainder of this paper. However, for 𝑝 = 1, both versions of
INAR(𝑝) models simplify to the INAR(1) model first introduced by McKenzie (1985) and Al-Osh and
Alzaid (1987).

The aforementioned flexibility of INAR models gets lost if one imposes a (parametric) family of
distributions for the innovations, which, however, mostly happens in the literature because it simplifies
considerably the estimation and the inference for these models. Initially, Al-Osh and Alzaid (1987)
suggested a Poisson distribution for the innovations, which can be considered as the natural analog of
the normal distribution in the continuous case. However, a Poisson distribution may be too restrictive
in applications as it only allows for equidispersion. In the following years, INAR models with several
alternative innovation distributions have been considered. For instance, Savani and Zhigljavsky (2007)
deal with negative binomial innovations, Jazi, Jones and Lai (2012a) with geometric innovations, Jazi,
Jones and Lai (2012b) with a zero-inflated Poisson innovation distribution, and Qi, Li and Zhu (2019)
with zero-and-one inflated Poisson innovations. But regardless of which innovation distribution we
choose, we will always face restrictions and lose some of the flexibility of the INAR(𝑝) model in (1.1).
Hence, we should not test for restrictive (parametric) null hypotheses 𝐻para

0 with pre-defined innovation
distributions, where

𝐻
para
0 : (𝑋𝑡 , 𝑡 ∈ Z) is INAR(𝑝) with 𝐺 =𝐺𝜆 for some 𝜆 ∈ Λ (1.3)

for some parametric family of innovation distributions {𝐺𝜆, 𝜆 ∈ Λ} with Λ ⊂ R
𝑑 for some (finite) 𝑑 as

it is usually considered in the literature, see e.g. Meintanis and Karlis (2014), Hudecová, Hušková and
Meintanis (2015), Schweer (2016), Aleksandrov, Weiß and Jentsch (2022), Aleksandrov et al. (2024)
and a bivariate extension in Hudecova, Huskova and Meintanis (2021). Such parametric assumptions
considerably facilitate the estimation and allow for relatively simple testing strategies, but they also
make the tests prone to possible model misspecification. Instead, we want to test the (semi-parametric)
null hypothesis 𝐻semi

0 that the data at hand follow an INAR(𝑝) model as in (1.1) with unspecified
innovation distribution, i.e.

𝐻semi
0 : (𝑋𝑡 , 𝑡 ∈ Z) is INAR(𝑝). (1.4)

In practice, irrespective of the concrete underlying innovation distribution, it is very helpful to know
whether an INAR(𝑝) process (1.1) is suitable to adequately capture the dependence structure of the
count time series. In this case, a semi-parametric estimation approach can be used. The general rel-
evance of semi-parametric approaches for Z-valued time series was recently demonstrated by Liu, Li
and Zhu (2021), who consider a similar model setup. In a more general time series setup, Armil-
lotta and Gorgi (2024) introduce the semi-parametric pseudo-variance quasi-maximum-likelihood es-
timation, which is based on a Gaussian quasi-likelihood function relying on the specification of the
pseudo-variance. The latter transfers naturally to time series of bounded counts, which are not consid-
ered here. Instead, we use the semi-parametric estimator of Drost, van den Akker and Werker (2009),
which does not impose any parametric assumption on the innovation distribution and estimates 𝐺 non-
parametrically. Hence, even without imposing a parametric assumption on the innovation distribution,
such (semi-parametric) INAR processes are generally attractive in applications as they are very flexible
and still easily interpretable due to their autoregressive nature.

The paper is organized as follows. We introduce a test statistic for the null hypothesis defined in
(1.4), derive its limiting null distribution and derive its asymptotic behavior under fixed and local
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alternatives in Section 2. As the limiting null distribution is cumbersome to estimate, we introduce an
appropriate bootstrap procedure in Section 3 to get critical values. Corresponding simulation results are
provided in Section 4. The paper concludes with Section 5, where we summarize the results and give
an outlook on possible future research questions. All proofs are deferred to supplementary material
(Faymonville, Jentsch and Weiß, 2025a), which also contains additional tables and three real-world
data applications. The corresponding MATLAB code is provided in further supplementary material
(Faymonville, Jentsch and Weiß, 2025b).

2. Semi-parametric goodness-of-fit test for INAR models
Suppose we observe a sample 𝑋1, . . . , 𝑋𝑛 of time-series count data and we want to construct a test
statistic for the null hypothesis 𝐻semi

0 in (1.4). While Meintanis and Karlis (2014) exclusively consider
parametric null hypotheses 𝐻para

0 of the form (1.3) without providing asymptotic theory, we adopt their
idea of constructing a suitable 𝐿2-type test statistic based on two estimators of the (joint) probability
generating function (pgf). The first pgf estimator shall be consistent in general, and the second one only
under the null 𝐻semi

0 . In Meintanis and Karlis (2014), the pgf estimation under their (parametric) null
𝐻

para
0 facilitates a lot due to their parametric assumption on the innovations, which results in closed

form expressions for the pgf, depending on a finite number of estimated parameters determining the
innovation distribution. In what follows, by contrast, we deal with more general expressions under the
semi-parametric setup in (1.1).

2.1. Joint probability generating function of INAR models

As we want to test for INAR-type dependence structure of order 𝑝, we consider the joint pgf of 𝑝 + 1
consecutive random variables 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 , which uniquely determines the full dependence structure
of a (stationary) Markov process of order 𝑝. Then, for 𝑢0, . . . , 𝑢𝑝 ∈ [0,1], the joint pgf of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝

is defined as

𝑔𝑝 (𝑢0, . . . , 𝑢𝑝) := 𝑔𝑋𝑡 ,...,𝑋𝑡−𝑝 (𝑢0, . . . , 𝑢𝑝) := 𝐸
(
𝑢𝑋𝑡

0 · · ·𝑢𝑋𝑡−𝑝
𝑝

)
. (2.1)

For the construction of a suitable pgf-based goodness-of-fit test statistic, we exploit the INAR depen-
dence structure of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 and derive an explicit representation of the joint pgf 𝑔𝑝 for INAR(𝑝)
models.

Lemma 2.1 (Joint pgf of INAR(𝑝) processes). For 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 following an INAR(𝑝) process (1.1),
the pgf 𝑔𝑝 defined in (2.1) can be represented by

𝑔𝑝 (𝑢0 . . . , 𝑢𝑝) = 𝑔𝜀 (𝑢0) · 𝐸 ���
𝑝∏
𝑗=1

{
𝑢 𝑗

(
1 + 𝛼 𝑗 (𝑢0 − 1))}𝑋𝑡− 𝑗 ���

, (2.2)

where 𝑔𝜀 (𝑢0) =
∑∞

𝑘=0 𝑃(𝜀𝑡 = 𝑘) 𝑢𝑘0 =
∑∞

𝑘=0 𝐺 (𝑘) 𝑢𝑘0 .

The proof is contained in Subsection C.1 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).
Taking a closer look at (2.2), we see that the pgf 𝑔𝑝 can be represented as a product of two factors.
While the first factor exclusively depends on the pmf of the innovation distribution, (𝐺 (𝑘), 𝑘 ∈ N0), the
second factor is the joint pgf of (only) 𝑝 consecutive random variables 𝑋𝑡−1, . . . , 𝑋𝑡−𝑝 , whose argu-
ments 𝑢 𝑗 (1+𝛼 𝑗 (𝑢0−1)), 𝑗 = 1, . . . , 𝑝 also depend on the autoregressive model coefficients 𝛼1, . . . , 𝛼𝑝 .
Note that the representation (2.2) does not require any further (parametric) assumptions on 𝐺.
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2.2. Goodness-of-fit test statistic

When we renounce all parametric assumptions on the innovation distribution, the main challenge is
the estimation of the INAR model, determined by the model coefficients 𝛼1, . . . , 𝛼𝑝 and the innovation
distribution 𝐺. We cannot resort to (parametric) estimation methods such as moment or (conditional)
maximum-likelihood estimation (see e.g. Weiß, 2018) that are usually employed to consistently esti-
mate the (low-dimensional) parameter vector determining the innovation distribution. Instead, we use
the semi-parametric estimator introduced in Drost, van den Akker and Werker (2009), which main-
tains the parametric binomial thinning, while simultaneously enabling the non-parametric estimation
of the innovation distribution. For a small-sample refinement of this semi-parametric estimator using
penalization techniques, we refer to Faymonville et al. (2023).

The estimation procedure proposed by Drost, van den Akker and Werker (2009) allows for joint
estimation of the INAR coefficients and the pmf of the innovation distribution, (𝐺 (𝑘), 𝑘 ∈ N0). Given
𝑋1, . . . , 𝑋𝑛, their semi-parametric maximum-likelihood estimator

(𝜶̂sp, 𝐺sp) = (𝛼̂sp,1, . . . , 𝛼̂sp, 𝑝 , 𝐺sp(0), 𝐺sp(1), . . .), (2.3)

which they prove to be consistent and efficient, is defined to maximize the conditional likelihood, i.e.

(𝜶̂sp, 𝐺sp) ∈ arg max
(𝜶,𝐺) ∈ [0,1]𝑝×G̃

���
𝑛∏

𝑡=𝑝+1

𝑃𝜶,𝐺
(𝑋𝑡−1 ,...,𝑋𝑡−𝑝 ) ,𝑋𝑡

���
, (2.4)

where G̃ contains all probability measures on N0 and 𝑃𝜶,𝐺
(𝑋𝑡−1 ,...,𝑋𝑡−𝑝 ) ,𝑋𝑡

denotes the transition proba-
bilities

𝑃𝜶,𝐺
(𝑥𝑡−1 ,...,𝑥𝑡−𝑝 ) ,𝑥𝑡 = P𝜶,𝐺

���
𝑝∑
𝑗=1

𝛼𝑖 ◦ 𝑋𝑡− 𝑗 + 𝜀𝑡 = 𝑥𝑡 | 𝑋𝑡−1 = 𝑥𝑡−1, . . . , 𝑋𝑡−𝑝 = 𝑥𝑡−𝑝
���

= (Bin(𝑥𝑡−1, 𝛼1) ∗ . . . ∗ Bin(𝑥𝑡−𝑝 , 𝛼𝑝) ∗𝐺){𝑥𝑡 }.

Here, P𝜶,𝐺 denotes the underlying probability measure induced by an INAR(𝑝) process with coeffi-
cients 𝜶 and innovation distribution 𝐺, Bin(𝑥𝑡− 𝑗 , 𝛼 𝑗 ) is the binomial distribution with parameters 𝑥𝑡− 𝑗

and 𝛼 𝑗 , 𝑗 = 1, . . . , 𝑝 and “∗” denotes the convolution of distributions. The estimator in (2.3) allows to
estimate the pgf in (2.2) under the semi-parametric null 𝐻semi

0 in (1.4) without using any parametric
assumption on the innovation distribution. Naturally, we use the plug-in estimator

𝑔̂𝑝;𝐻0 (u) := 𝑔̂𝜀 (𝑢0) ·
1

𝑛 − 𝑝

𝑛∑
𝑡=𝑝+1

𝑝∏
𝑗=1

{
𝑢 𝑗

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))}𝑋𝑡− 𝑗

, (2.5)

where u = (𝑢0, 𝑢1, . . . , 𝑢𝑝) and

𝑔̂𝜀 (𝑢0) :=
∞∑
𝑘=0

𝑃(𝜀𝑡 = 𝑘) 𝑢𝑘0 =
∞∑
𝑘=0

𝐺sp(𝑘) 𝑢𝑘0 =
max(𝑋1 ,...,𝑋𝑛 )∑

𝑘=0

𝐺sp(𝑘) 𝑢𝑘0 (2.6)

with the semi-parametric estimators 𝛼̂sp, 𝑗 , 𝑗 ∈ {1, . . . , 𝑝} and (𝐺sp(𝑘), 𝑘 ∈ N0) from (2.3). The last
equality in (2.6) holds, because, for fixed 𝑛 ∈ N, we have 𝐺sp(𝑘) = 0 ∀𝑘 > max(𝑋1, . . . , 𝑋𝑛); see Drost,
van den Akker and Werker (2009) for details.
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While the estimator 𝑔̂𝑝;𝐻0 (u) explicitly makes use of the INAR structure, the (non-parametric) esti-
mator 𝑔̂𝑝 (u), defined by

𝑔̂𝑝 (u) :=
1

𝑛 − 𝑝

𝑛∑
𝑡=𝑝+1

𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗 (2.7)

is consistent in general, that is, under the null and under the alternative. Hence, under the null 𝐻semi
0

in (1.4) of an underlying INAR(𝑝) process, both 𝑔̂𝑝;𝐻0 (u) and 𝑔̂𝑝 (u) estimate the same quantity. This
allows to construct the 𝐿2-type test statistic 𝑇𝑛 defined by

𝑇𝑛 = 𝑛

∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (u) − 𝑔̂𝑝 (u)

)2
𝑤(u; 𝑎) 𝑑u, (2.8)

where 𝑑u := 𝑑𝑢0 · · · 𝑑𝑢𝑝 and 𝑤(u; 𝑎) := (𝑎 + 1)𝑝+1 ∏𝑝
𝑗=0 𝑢

𝑎
𝑗 is a weighting function with weighting

parameter 𝑎 ≥ 0. The weighting function is constructed to integrate to one such that 𝑤 becomes a
probability density function (pdf) on [0,1] 𝑝+1. Choosing 𝑎 = 0 corresponds to no weighting, whereas
larger values for 𝑎 > 0 (common choices are e.g. 𝑎 = 2 and 𝑎 = 5) put more weight close to the right
boundaries of the integration intervals [0,1], see Gürtler and Henze (2000). In what follows, we shall
use a more precise notation of 𝑇𝑛 than introduced in (2.8). Note that 𝑇𝑛 is naturally a function of
𝑋1, . . . , 𝑋𝑛, but also that the definition of 𝑇𝑛 relies on (nuisance) parameter estimators 𝜃̂sp := (𝜶̂sp, 𝐺sp),
which are also functions of 𝑋1, . . . , 𝑋𝑛 themselves. This justifies the notations

𝑇𝑛 = 𝑇𝑛 (𝑋1, . . . , 𝑋𝑛) = 𝑇𝑛 (𝜃̂sp; 𝑋1, . . . , 𝑋𝑛) = 𝑇𝑛 (𝜃̂sp). (2.9)

The test statistic 𝑇𝑛 in (2.8) is of a similar structure as in Meintanis and Karlis (2014). However, by
contrast to their parametric approach, we are using the semi-parametric estimator 𝜃̂sp = (𝜶̂sp, 𝐺sp) from
(2.3). We should reject the null hypothesis 𝐻semi

0 in (1.4) for large values of 𝑇𝑛 in (2.8).

Remark 2.2 (Higher-order test statistics). For the construction of test statistics in the spirit of (2.8)
to test for the null 𝐻semi

0 in (1.4), we could also consider pgfs of higher order 𝑠 ≥ 𝑝, which may be
beneficial to better detect Markov chain alternatives of higher order than 𝑝. That is, for any 𝑠 ≥ 𝑝, we
can define the test statistic

𝑇
(𝑠)
𝑛 = 𝑛

∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑠;𝐻0 (𝑢0, . . . , 𝑢𝑠) − 𝑔̂𝑠 (𝑢0, . . . , 𝑢𝑠)

)2
𝑤(𝑢0, . . . , 𝑢𝑠; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑠 , (2.10)

where 𝑔̂𝑠 is defined as in (2.7) with 𝑝 replaced by 𝑠, and

𝑔̂𝑠;𝐻0 (𝑢0, . . . , 𝑢𝑠) := 𝑔̂𝜀 (𝑢0) ·
1

𝑛 − 𝑠

𝑛∑
𝑡=𝑠+1

𝑠∏
𝑗=1

{
𝑢 𝑗

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))}𝑋𝑡− 𝑗

with 𝛼̂sp, 𝑗 := 0 for 𝑗 = 𝑝 + 1, . . . , 𝑠. Note that 𝑇 (𝑝)
𝑛 = 𝑇𝑛 holds.

While the test statistic 𝑇𝑛 as proposed in (2.8) requires (numerical) integration, making use of (2.5)
and (2.7), it can also be expressed without any integrals.
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Lemma 2.3 (Calculation of 𝑇𝑛 without integrals). The test statistic 𝑇𝑛 given by (2.8) can be equiva-
lently written as

𝑇𝑛 =
𝑛

(𝑛 − 𝑝)2 (𝑎 + 1)𝑝+1 ���
𝑝∏
𝑗=1

1
1 + 𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗 + 𝑎

���
[

1
1 + 𝑋𝑡 + 𝑋𝑠 + 𝑎

+
max(𝑋1 ,...,𝑋𝑛 )∑

𝑘1 ,𝑘2=0

𝐺sp(𝑘1)𝐺sp(𝑘2)
𝑋𝑡−1+𝑋𝑠−1∑

𝑖1=0

𝑖1∑
ℎ1=0

. . .

𝑋𝑡−𝑝+𝑋𝑠−𝑝∑
𝑖𝑝=0

𝑖𝑝∑
ℎ𝑝=0

1
1 + 𝑘1 + 𝑘2 + 𝑎 +∑𝑝

𝑚=1 ℎ𝑚

𝑝∏
𝑗=1

(
𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗 (−1)𝑖 𝑗−ℎ 𝑗

(
𝑖 𝑗
ℎ 𝑗

)
− 2

max(𝑋1 ,...,𝑋𝑛 )∑
𝑘=0

𝐺sp(𝑘)

𝑋𝑡−1+𝑋𝑠−1∑
𝑖1=0

𝑖1∑
ℎ1=0

. . .

𝑋𝑡−𝑝+𝑋𝑠−𝑝∑
𝑖𝑝=0

𝑖𝑝∑
ℎ𝑝=0

1
1 + 𝑘 + 𝑋𝑠 + 𝑎 +∑𝑝

𝑚=1 ℎ𝑚

𝑝∏
𝑗=1

(
𝑋𝑡− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗 (−1)𝑖 𝑗−ℎ 𝑗

(
𝑖 𝑗
ℎ 𝑗

) ]
.

The proof is contained in Subsection C.2 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).

2.3. Asymptotic theory

To derive the limiting distribution of our test statistic 𝑇𝑛, recall that, according to (2.9), we are actually
confronted with 𝑇𝑛 (𝜃̂sp). Before addressing this case in Section 2.3.2 below, let us consider first the
somewhat simpler case of 𝑇𝑛 (𝜃0) in Section 2.3.1, where the semi-parametric estimator 𝜃̂sp is replaced
by some 𝜃0 = (𝜶0, 𝐺0) ∈ [0,1] 𝑝 × G̃.

2.3.1. Limiting distribution of 𝑇𝑛 (𝜃0)
Let us consider the test statistic 𝑇𝑛 (𝜃0) = 𝑇𝑛 (𝜃0; 𝑋1, . . . , 𝑋𝑛) in more detail. It is defined similarly to
𝑇𝑛 = 𝑇𝑛 (𝜃̂sp) in (2.8), but with 𝑔̂𝑝;𝐻0 in (2.5) replaced by 𝑔𝑝;𝐻0 , where

𝑔𝑝;𝐻0 (u) := 𝑔0, 𝜀 (𝑢0) ·
1

𝑛 − 𝑝

𝑛∑
𝑡=𝑝+1

𝑝∏
𝑗=1

{
𝑢 𝑗

(
1 + 𝛼0, 𝑗 (𝑢0 − 1))}𝑋𝑡− 𝑗

,

with 𝑔0, 𝜀 (𝑢0) :=
∑∞

𝑘=0 𝐺0(𝑘) 𝑢𝑘0 . While the original test statistic 𝑇𝑛 (𝜃̂sp) introduced in (2.8) allows to
test for 𝐻semi

0 in (1.4), that is, for the whole INAR(𝑝) model class, 𝑇𝑛 (𝜃0) is useful to test for null
hypotheses of the form

𝐻semi
0 (𝜃0) : (𝑋𝑡 , 𝑡 ∈ Z) is INAR(𝑝) with 𝜃 = 𝜃0 (2.11)

for 𝜃0 = (𝜶0, 𝐺0) with some pre-specified 𝜶0 = (𝛼0,1, . . . , 𝛼0, 𝑝) and 𝐺0 = (𝐺0(𝑘), 𝑘 ∈ N0). Note that
𝐻semi

0 (𝜃0) ⊂ 𝐻semi
0 for all 𝜃0 ∈ [0,1] 𝑝 × G̃.

The following proposition shows that, under the null 𝐻semi
0 (𝜃0), the test statistic 𝑇𝑛 (𝜃0) can be rep-

resented as a degenerate V-statistic, which enables the derivation of its limiting distribution.

Proposition 2.4 (𝑇𝑛 (𝜃0) as a V-statistic). Let 𝜃0 ∈ [0,1] 𝑝 × G̃. Suppose the null hypothesis 𝐻semi
0 (𝜃0)

in (2.11) holds, that is, 𝑋1, . . . , 𝑋𝑛 follow an INAR(𝑝) process with coefficients 𝜶0 = (𝛼0,1, . . . , 𝛼0, 𝑝)
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and innovation distribution 𝐺0 = (𝐺0(𝑘), 𝑘 ∈ N0). Then, the test statistic 𝑇𝑛 (𝜃0) is a degenerate V-
statistic. That is, 𝑇𝑛 (𝜃0) can be represented as

𝑇𝑛 (𝜃0) =
𝑛

(𝑛 − 𝑝)2

𝑛∑
𝑡=𝑝+1

𝑛∑
𝑠=𝑝+1

ℎ(𝑌𝑡 ,𝑌𝑠; 𝜃0),

where 𝑌𝑡 = (𝑋𝑡 , . . . , 𝑋𝑡−𝑝), 𝑌𝑠 = (𝑋𝑠 , . . . , 𝑋𝑠−𝑝), 𝜃0 = (𝜶0, 𝐺0) and ℎ : R𝑝+1 ×R
𝑝+1 → R with

ℎ(𝑌𝑡 ,𝑌𝑠; 𝜃0) =
1∫

0

. . .

1∫
0

���
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗
���

(2.12)

× ���
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗
���
𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 . . . 𝑑𝑢𝑝

the symmetric and continuous kernel and 𝐸 (ℎ(𝑦𝑡 ,𝑌𝑠; 𝜃0)) = 0 for all 𝑦𝑡 = (𝑥𝑡 , . . . , 𝑥𝑡−𝑝) ∈ R
𝑝+1.

The proof is contained in Subsection C.3 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).
This finding allows to use the asymptotic results established for degenerate 𝑉-statistics by Leucht and
Neumann (2013), which leads to the following theorem.

Theorem 2.5 (Limiting distribution of 𝑇𝑛 (𝜃0) under 𝐻semi
0 (𝜃0)). Let 𝜃0 ∈ [0,1] 𝑝 × G̃. Suppose the

null hypothesis 𝐻semi
0 (𝜃0) in (2.11) holds, that is, 𝑋1, . . . , 𝑋𝑛 follow an INAR(𝑝) process with coeffi-

cients 𝜶0 = (𝛼0,1, . . . , 𝛼0, 𝑝) and innovation distribution 𝐺0 = (𝐺0(𝑘), 𝑘 ∈ N0). Then, for 𝑛→∞, we
have

𝑇𝑛 (𝜃0) 𝑑−→
∞∑
𝑘=1

𝜆𝑘𝑍
2
𝑘 ,

where (𝑍𝑘)𝑘 is a sequence of independent standard normal random variables and (𝜆𝑘)𝑘 the sequence
of nonzero eigenvalues of the equation

𝐸 (ℎ(𝑦,𝑌0; 𝜃0)Φ(𝑌0)) = 𝜆Φ(𝑦) (2.13)

enumerated according their multiplicity, where (Φ𝑘)𝑘 are the associated orthonormal eigenfunctions
and the kernel ℎ is defined in (2.12).

The proof is contained in Subsection C.4 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).
Based on the asymptotic results from Theorem 2.5, we can define the (unconditional) test

𝜑𝑛,𝜃0 := 1(𝑞1−𝛾 ,∞) (𝑇𝑛 (𝜃0)),

where 𝑞1−𝛾 denotes the (1 − 𝛾)-quantile of the 𝜒2-type limiting distribution of
∑∞

𝑘=1 𝜆𝑘𝑍
2
𝑘 .

2.3.2. Limiting distribution of 𝑇𝑛 (𝜃̂sp)
Now, let us consider again the originally proposed test statistic 𝑇𝑛 := 𝑇𝑛 (𝜃̂sp) as defined in (2.8). To
derive its limiting distribution, we impose the following condition which ensures the consistency of the
estimator (2.3), see Drost, van den Akker and Werker (2009) for details.
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Assumption 1. We assume that the true parameter 𝜃0 = (𝜶0, 𝐺0) ∈ 𝐴 × G, where G = {𝐺 ∈ G̃ : 0 <

𝐺 (0) < 1;𝐸𝐺𝜀
𝑝+4
𝑡 <∞} and 𝐴 = {𝜶 ∈ (0,1)𝑝 :

∑𝑝
𝑗=1 𝛼 𝑗 < 1}.

The limiting distribution under the null 𝐻semi
0 in (1.4) is given in the following theorem. For the

proof, we make use of the fact that

𝑇𝑛 (𝜃̂sp) = 𝑇𝑛 (𝜃0) + 𝑜𝑃 (1), (2.14)

where 𝑇𝑛 can be defined as 𝑇𝑛 in (2.8), but with kernel ℎ replaced by ℎ̃ defined in (C.8) in Faymonville,
Jentsch and Weiß (2025a), and 𝜃0 = (𝜶0, 𝐺0) ∈ 𝐴 × G. As 𝑇𝑛 (𝜃0) is also a degenerate V-statistic under
𝐻semi

0 , we can use again the theory derived in Leucht and Neumann (2013) to establish the limiting
distribution of 𝑇𝑛 (𝜃0) and, together with (2.14), also of 𝑇𝑛 (𝜃̂sp) under the null 𝐻semi

0 .

Theorem 2.6 (Limiting distribution of𝑇𝑛 = 𝑇𝑛 (𝜃̂sp) under 𝐻semi
0 ). Suppose the null hypothesis 𝐻semi

0
in (1.4) holds, that is, 𝑋1, . . . , 𝑋𝑛 follow an INAR(𝑝) process. Let Assumption 1 be satisfied. Then, for
𝑛→∞, we have

𝑇𝑛
𝑑−→

∞∑
𝑘=1

𝜆𝑘𝑍
2
𝑘 , (2.15)

where (𝑍𝑘)𝑘 is a sequence of independent standard normal random variables and (𝜆𝑘)𝑘 the sequence
of nonzero eigenvalues of the equation

𝐸 ( ℎ̃(𝑦,𝑌0; 𝜃0)Φ̃(𝑌0)) = 𝜆Φ̃(𝑦) (2.16)

enumerated according their multiplicity, where (Φ̃𝑘)𝑘 are the associated orthonormal eigenfunctions
and the kernel ℎ̃ is defined in (C.8).

The proof is contained in Subsection C.5 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).
In the latter, we see that the effect of the estimator 𝜃̂sp on the limiting distribution is captured by the
Fréchet derivative of 𝐸𝜃0 (ℎ1(𝑌1, 𝑢, 𝜃)) with respect to 𝜃 and evaluated at 𝜃 = 𝜃0 with ℎ1 defined in
(C.3). If this Fréchet derivative would be equal to zero, the substitution of 𝜃0 by 𝜃̂sp would not affect
the limiting distribution at all. But according to (C.4) and (C.5), we see that it is generally not equal to
zero and, consequently, the estimator 𝜃̂sp does affect the limiting distribution of the test statistic.

Now, based on the asymptotic results from Theorem 2.6, we are ready to define the (unconditional)
test

𝜑𝑛 := 1(𝑞1−𝛾 ,∞) (𝑇𝑛), (2.17)

where 𝑞1−𝛾 denotes the (1 − 𝛾)-quantile of the 𝜒2-type limiting distribution of
∑∞

𝑘=1 𝜆𝑘𝑍
2
𝑘 . As this

distribution is not pivotal and cumbersome to estimate, we recommend to use a suitable bootstrap
procedure in Section 3 that was proposed by Jentsch and Weiss (2019).

Remark 2.7 (Testing parametric null hypotheses 𝐻para
0 ). Under the parametric null hypothesis 𝐻para

0
in (1.3), a test statistic of the form 𝑇𝑛 in (2.8) can be used. Then, in (2.5), we have to replace 𝑔̂𝜖 (𝑢0) by
𝑔𝜆,𝜀 (𝑢0) :=

∑∞
𝑘=0 𝐺𝜆(𝑘) 𝑢𝑘0 , where 𝜆 is some

√
𝑛-consistent estimator for 𝜆, 𝐺 is sufficiently smooth in

𝜆 and some arbitrary
√
𝑛-consistent estimator 𝜶̂ for 𝜶 has to be used. Then, its limiting distribution can

be derived by similar arguments.
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2.4. Power properties

In this section, we prove consistency of our proposed test under fixed alternatives in Section 2.4.1 and
discuss its asymptotic behavior under suitable local alternatives in Section 2.4.2.

2.4.1. Power under fixed alternatives

Suppose we observe data 𝑋1, . . . , 𝑋𝑛 from some (strictly) stationary count time series process (𝑋𝑡 , 𝑡 ∈
Z). Then, we want to test the (semi-parametric) null hypothesis 𝐻semi

0 in (1.4) against the (natural)
alternative

𝐻semi
1 : (𝑋𝑡 , 𝑡 ∈ Z) is not an INAR(𝑝). (2.18)

Consequently, 𝐻semi
1 consists of all stationary count time series processes that are not INAR processes

of some (fixed) order 𝑝 (with unspecified innovation distribution).
Furthermore, as the test statistic 𝑇𝑛 in (2.8) relies on the semi-parametric estimator 𝜃̂sp of Drost, van

den Akker and Werker (2009), who presume an underlying INAR(p) process, we have to make sure
that 𝜃̂sp still behaves well if the INAR model is misspecified. That is, in analogy to Theorem 2 in Drost,
van den Akker and Werker (2009), we assume that a 𝜃mis = (𝜶mis, 𝐺mis) ∈ (0,1)𝑝 × G exists such that
a weak convergence result

√
𝑛
(
𝜃̂sp − 𝜃mis

)
⇝ − �Ψmis,−1

𝜃mis
S
𝜃𝑚𝑖𝑠 (2.19)

holds, where S
𝜃𝑚𝑖𝑠 is some tight, Borel measurable Gaussian process obtained as in equation (15) in

Drost, van den Akker and Werker (2009), but under the alternative, i.e., when the fitted INAR model is
misspecified. Similarly, �Ψmis,−1

𝜃mis
denotes here the inverse Fréchet derivative of the ‘limiting’ estimating

equations under the alternative of a misspecifed INAR model, which can be obtained as in equations
(8) and (9) in Drost, van den Akker and Werker (2009).

Hence, for studying the behavior of the test 𝜑𝑛 under fixed alternatives, let (𝑋𝑡 , 𝑡 ∈ Z) be some
(strictly) stationary count time series process such that (2.19) holds. Furthermore, we assume that the
joint pgf of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 , which is denoted by 𝑔𝑝 , differs from 𝑔𝑝;𝐻0 , which is the joint pgf of the
theoretical best INAR(𝑝) fit to the process (𝑋𝑡 , 𝑡 ∈ Z) under the alternative. More precisely, we suppose
that

𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u) =𝐶 (u) (2.20)

holds for some (bounded) function 𝐶 : [0,1] 𝑝+1 → R that is non-zero on some (sub)set 𝑆 ⊆ [0,1] 𝑝+1

having strictly positive Lebesgue measure 𝜆(𝑆) > 0. Additionally, we assume that the weak conver-
gence {√

𝑛
(
𝑔̂𝑝;𝐻0 (u) − 𝑔̂𝑝 (u) −

(
𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u)

) )
,u ∈𝑈} ⇒ {

𝐺𝑚𝑖𝑠 (u),u ∈𝑈}
(2.21)

holds for some centered Gaussian process {𝐺𝑚𝑖𝑠 (u),u ∈ 𝑈} with covariance kernel 𝐾𝑚𝑖𝑠 (u1,u2),
u1,u2 ∈ 𝑈, where 𝑈 := [0,1] 𝑝+1. Then, we have the following result on the asymptotic behavior of
𝑇𝑛 under fixed alternatives.

Theorem 2.8 (Consistency of𝑇𝑛 under fixed alternatives). Suppose (𝑋𝑡 , 𝑡 ∈ Z) is a strictly stationary
count time series process generated under the alternative 𝐻semi

1 such that (2.19), (2.20) and (2.21) hold.
Then, for all 𝛾 ∈ (0,1), the test 𝜑𝑛 from (2.17) is consistent for testing 𝐻semi

0 against alternatives 𝐻semi
1 ,

that is, 𝐸 (𝜑𝑛) → 1 as 𝑛→∞.
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The proof is contained in Subsection C.6 in the Supplement (Faymonville, Jentsch and Weiß, 2025a).
Before we consider the case of local alternatives in the next subsection, Remark 2.9 gives a sufficient
Markov condition for (2.20) to hold.

Remark 2.9 (Consistency of 𝑇𝑛 for Markov processes of order 𝑝). The class of processes defined
by 𝐻semi

1 in (2.18) is too rich to achieve consistency for 𝑇𝑛 under general alternatives in 𝐻semi
1 . For

instance, this is because the stationary distribution of a Markov process of some order 𝑝′ > 𝑝 is not
completely determined by the joint pgf 𝑔𝑝 of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 . In fact, we would require a test that makes
use of the joint pgf 𝑔𝑝′ of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝′ , that is, a test of higher order in the sense of Remark 2.2.
More precisely, by using a higher-order test 𝑇 (𝑠)

𝑛 with 𝑠 ≥ 𝑝′, consistency is guaranteed in the case of
Markovian alternatives of order 𝑝′ > 𝑝.

Hence, when using 𝑇𝑛 = 𝑇
(𝑝)
𝑛 for testing the null 𝐻semi

0 against 𝐻semi,Markov(𝑝)
1 , where

𝐻
semi,Markov(𝑝)
1 : (𝑋𝑡 , 𝑡 ∈ Z) is a Markov process of order 𝑝, but not an INAR(𝑝), (2.22)

due to continuity of 𝑔𝑝 and 𝑔𝑝;𝐻0 , property (2.20) will generally hold. Consequently, we get consistency
of 𝑇𝑛 against all alternatives in 𝐻

semi,Markov(p)
1 that also fulfill (2.21).

In the following example, we illustrate the fixed-alternative setup covered by Theorem 2.8.

Example 2.10 (Fixed INAR(2) alternative). Suppose we want to use 𝑇𝑛 in (2.8) (with 𝑝 = 1) for
testing the null 𝐻semi

0 of an INAR(1) process and the data 𝑋1, . . . , 𝑋𝑛 is generated from an INAR(2)
process with 𝜃 = ((𝛼1, 𝛼2), 𝐺), that is, with coefficients 𝛼1, 𝛼2 ∈ (0,1), 𝛼1 + 𝛼2 < 1, where 𝛼2 ≠ 0, and
some innovation distribution 𝐺 ∈ G. Then, on the one hand, we have

𝑔1;𝐻0 (𝑢0, 𝑢1) = 𝑔𝜀,𝐻0 (𝑢0) · 𝐸
({
𝑢1

(
1 + 𝛼1,𝐻0 (𝑢0 − 1))}𝑋𝑡−1

)
,

where 𝑔𝜀,𝐻0 (𝑢0) =
∑∞

𝑘=0 𝐺𝐻0 (𝑘) 𝑢𝑘0 and 𝜃𝐻0 = (𝛼1,𝐻0 , 𝐺𝐻0 ) is the solution of the population ana-
logue of (2.4) (i.e. the argmax of the expectation of the log-likelihood), when fitting an INAR(1) to
𝑋1, . . . , 𝑋𝑛, when the true DGP (𝑋𝑡 , 𝑡 ∈ Z) is the INAR(2) specified above. On the other hand, using
𝑔1(𝑢0, 𝑢1) = 𝐸 (𝑢𝑋𝑡

0 𝑢
𝑋𝑡−1
1 ) = 𝐸 (𝑢𝑋𝑡

0 𝑢
𝑋𝑡−1
1 1𝑋𝑡−2 ) = 𝑔2(𝑢0, 𝑢1,1), we have

𝑔1(𝑢0, 𝑢1) = 𝑔𝜀 (𝑢0) · 𝐸
({
𝑢1

(
1 + 𝛼1 (𝑢0 − 1))}𝑋𝑡−1

{(
1 + 𝛼2 (𝑢0 − 1))}𝑋𝑡−2

)
.

Furthermore, writing 𝑔1(𝑢0, 𝑢1) = 𝑔1(𝑢0, 𝑢1; 𝜃) and using a Taylor series argument, we have

𝑔1(𝑢0, 𝑢1; 𝜃) = 𝑔1(𝑢0, 𝑢1; 𝜃̃𝐻0) + �𝑔1(𝑢0, 𝑢1; 𝜃̃𝐻0)(𝜃 − 𝜃̃𝐻0) + 𝑜

(
1√
𝑛

)
,

where 𝜃̃𝐻0 = ((𝛼1,𝐻0 ,0), 𝐺𝐻0). Altogether, due to 𝑔1;𝐻0 (𝑢0, 𝑢1) = 𝑔1;𝐻0 (𝑢0, 𝑢1; 𝜃̃𝐻0) = 𝑔1(𝑢0, 𝑢1; 𝜃̃𝐻0),
this leads to

𝑔1;𝐻0 (𝑢0, 𝑢1) − 𝑔1(𝑢0, 𝑢1) = − �𝑔1(𝑢0, 𝑢1; 𝜃̃𝐻0)(𝜃 − 𝜃̃𝐻0) + 𝑜

(
1√
𝑛

)
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uniformly in (𝑢0, 𝑢1) ∈ [0,1]2. Furthermore, as 𝛼2 ≠ 0, we also have 𝜃 − 𝜃̃𝐻0 ≠ 0 in [0,1]2 × G such
that

𝑛

∫ 1

0

∫ 1

0

(
𝑔1;𝐻0 (𝑢0, 𝑢1) − 𝑔1(𝑢0, 𝑢1)

)2
𝑤(𝑢0, 𝑢1; 𝑎)𝑑𝑢0𝑑𝑢1 →+∞ (2.23)

as 𝑛→∞, because �𝑔1(𝑢0, 𝑢1; 𝜃̃𝐻0)(𝜃− 𝜃̃𝐻0 ) is non-zero on a set with strictly positive Lebesgue measure
such that (2.20) holds.

2.4.2. Power under local alternatives

For studying the behavior of the test 𝜑𝑛 under local alternatives, we have to consider observations
from a triangular array of count time series (𝑋𝑛,𝑡 , 𝑡 = 1, . . . , 𝑛, 𝑛 ∈ N). For each fixed 𝑛, suppose that
𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 are generated from a (strictly) stationary count time series process under 𝐻semi

1 such
that the DGP under the alternative depends on 𝑛 and converges to a DGP under 𝐻semi

0 as 𝑛 → ∞.
We denote the limiting process under 𝐻semi

0 by (𝑋0,𝑡 , 𝑡 ∈ Z). For all 𝑛 ∈ N, let 𝑔𝑝,𝑛 with 𝑔𝑝,𝑛 (u) =
𝐸 (𝑢𝑋𝑛,𝑡

0 · · ·𝑢𝑋𝑛,𝑡−𝑝
𝑝 ) denote the joint pgf of 𝑋𝑛,𝑡 , . . . , 𝑋𝑛,𝑡−𝑝 that differs from 𝑔𝑝;𝐻0,𝑛, which is the

joint pgf of the theoretically best INAR(𝑝) fit to (𝑋𝑛,𝑡 , 𝑡 ∈ Z). Furthermore, let 𝑔̂𝑝;𝐻0,𝑛 (u) and 𝑔̂𝑝,𝑛 (u)
be the corresponding estimators as defined in (2.5) and (2.7) based on 𝑋𝑛,1, . . . , 𝑋𝑛,𝑛. Note that both
quantities are now equipped with an 𝑛 to match the notation of 𝑔𝑝,𝑛 (u) and 𝑔𝑝;𝐻0,𝑛 (u), but 𝑔̂𝑝 (u)
and 𝑔̂𝑝;𝐻0 (u) defined in (2.5) and (2.7) depend of course already on 𝑛. Furthermore, suppose that
(𝑋𝑛,𝑡 , 𝑡 = 1, . . . , 𝑛, 𝑛 ∈ N) is constructed such that

𝑔𝑝;𝐻0,𝑛 (u) − 𝑔𝑝,𝑛 (u) = 𝑎𝑛𝐶 (u) + 𝑜 (𝑎𝑛) (2.24)

holds uniformly over u ∈𝑈 for some 𝑎𝑛 → 0 as 𝑛→∞ and some (bounded) function𝐶 : [0,1] 𝑝+1 → R

that is non-zero on some (sub)set 𝑆 ⊆ [0,1] 𝑝+1 having positive Lebesgue measure 𝜆(𝑆) > 0. Addition-
ally, we assume that the weak convergence

{√
𝑛
(
𝑔̂𝑝;𝐻0,𝑛 (u) − 𝑔̂𝑝,𝑛 (u) −

(
𝑔𝑝;𝐻0,𝑛 (u) − 𝑔𝑝,𝑛 (u)

) )
,u ∈𝑈} ⇒ {

𝐺𝑙𝑜𝑐 (u),u ∈𝑈}
(2.25)

holds for some centered Gaussian process {𝐺𝑙𝑜𝑐 (u),u ∈ 𝑈} with covariance kernel 𝐾𝑙𝑜𝑐 (u1,u2),
u1,u2 ∈𝑈. Then, we have the following result on the asymptotic behavior of 𝑇𝑛 under local alternatives
of the form described above.

Theorem 2.11 (Power of 𝑇𝑛 under local alternatives). Suppose (𝑋𝑛,𝑡 , 𝑡 = 1, . . . , 𝑛, 𝑛 ∈ N) forms a
triangular array of count time series and, for each fixed 𝑛, 𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 is generated from a strictly
stationary count time series process under the alternative 𝐻semi

1 such that (2.24) with 𝑎𝑛 = 𝑛−1/2 and
(2.25) hold. Then, for all 𝛾 ∈ (0,1), the test 𝜑𝑛 from (2.17) fulfills lim𝑛→∞ 𝐸 (𝜑𝑛) = 1 − 𝐹loc (𝑞1−𝛾),
where 𝐹loc denotes the cumulative distribution function of the limiting distribution of 𝑇𝑛 under local
alternatives, that is, of

∫ 1

0
· · ·

∫ 1

0

(
𝐺𝑙𝑜𝑐 (u) +𝐶 (u)

)2
𝑤(u; 𝑎)𝑑u. (2.26)

If 𝑎𝑛 → 0 such that
√
𝑛 𝑎𝑛 →∞, the test 𝜑𝑛 remains consistent, that is, we have 𝐸 (𝜑𝑛) → 1 as 𝑛→∞.

If 𝑎𝑛 = 𝑜(𝑛−1/2), the test 𝜑𝑛 has no asymptotic power, that is, we have 𝐸 (𝜑𝑛) → 𝛾 as 𝑛→∞.
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The proof of Theorem 2.11 is contained in Subsection C.7 in the Supplement (Faymonville, Jentsch
and Weiß, 2025a). Taking a closer look at the limiting distribution under local alternatives in (2.26),
we see that it can be decomposed in three additive terms 𝐴1, 𝐴2 and 𝐴3, where

𝐴1 =
∫ 1

0
· · ·

∫ 1

0
𝐺2

𝑙𝑜𝑐 (u)𝑤(u; 𝑎)𝑑u, 𝐴2 = 2
∫ 1

0
· · ·

∫ 1

0
𝐺𝑙𝑜𝑐 (u)𝐶 (u)𝑤(u; 𝑎)𝑑u,

𝐴3 =
∫ 1

0
· · ·

∫ 1

0
𝐶2(u)𝑤(u; 𝑎)𝑑u.

While 𝐴1 corresponds to the 𝜒2-type limiting distribution of 𝑇𝑛 = 𝑇𝑛 (𝜃̂sp) derived in (2.15) for the
underlying (limiting) process (𝑋0,𝑡 , 𝑡 ∈ Z) under the null 𝐻semi

0 and to the first term of 𝑇𝑛 dis-
cussed in the proof of Theorem 2.8 for fixed alternatives, the second term 𝐴2 has a centered nor-
mal distribution with variance determined by the covariance kernel 𝐾𝑙𝑜𝑐 of the Gaussian process
𝐺𝑙𝑜𝑐 = {𝐺𝑙𝑜𝑐 (u),u ∈ [0,1] 𝑝+1} and by the function 𝐶 (u), u ∈ [0,1] 𝑝+1. Finally, the third term 𝐴3
is deterministic and strictly positive as the function 𝐶 is assumed to be non-zero on some set with
positive Lebesgue measure. Consequently, together, 𝐴2 + 𝐴3 has a non-centered normal distribution
with mean 𝐴3 determined by 𝐶 and variance determined by 𝐺𝑙𝑜𝑐 and 𝐶. As 𝐴1 and 𝐴2 are driven by
the same Gaussian process 𝐺𝑙𝑜𝑐, 𝐴1 and 𝐴2 will be typically dependent. Altogether, we see that the
limiting distribution of 𝑇𝑛 under local alternatives consists of a 𝜒2-type limiting distribution that is
shifted by a non-centered normal distribution.

In continuation of Example 2.10 dealing with a fixed-alternative setup, we illustrate local alternatives
covered by Theorem 2.11 in the following example.

Example 2.12 (Local INAR(2) alternatives). Suppose we want to use 𝑇𝑛 with 𝑝 = 1 for testing the
null 𝐻semi

0 of an INAR(1) process and the data 𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 is generated from an INAR(2) process
with coefficients 𝛼1, 𝛼2,𝑛 ∈ (0,1), where 𝛼2,𝑛 = 𝑐/√𝑛 for some 𝑐 ∈ R such that 𝛼1, 𝛼2,𝑛 ∈ (0,1), 𝛼1 +
𝛼2,𝑛 < 1 for all 𝑛 ∈ N and some innovation distribution 𝐺 ∈ G. Then, on the one hand, we have

𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1) = 𝑔𝜀,𝐻0,𝑛 (𝑢0) · 𝐸
({
𝑢1

(
1 + 𝛼1,𝐻0 ,𝑛 (𝑢0 − 1))}𝑋𝑡−1

)
,

where 𝑔𝜀,𝐻0 ,𝑛 (𝑢0) =
∑∞

𝑘=0 𝐺𝐻0,𝑛 (𝑘) 𝑢𝑘0 and 𝜃𝐻0 ,𝑛 = (𝛼1,𝐻0 ,𝑛, 𝐺𝐻0 ,𝑛) is the solution of the population
analogue of (2.4) (i.e. the argmax of the expectation of the log-likelihood), if fitting an INAR(1) to
𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 when the true DGPs of (𝑋𝑛,𝑡 , 𝑡 = 1, . . . , 𝑛, 𝑛 ∈ N) are INAR(2) processes. On the other
hand, using

𝑔1,𝑛 (𝑢0, 𝑢1) = 𝐸 (𝑢𝑋𝑡,𝑛

0 𝑢
𝑋𝑡−1,𝑛
1 ) = 𝐸 (𝑢𝑋𝑡,𝑛

0 𝑢
𝑋𝑡−1,𝑛
1 1𝑋𝑡−2,𝑛 ) = 𝑔2,𝑛 (𝑢0, 𝑢1,1),

we have

𝑔1,𝑛 (𝑢0, 𝑢1) = 𝑔𝜀 (𝑢0) · 𝐸
({
𝑢1

(
1 + 𝛼1 (𝑢0 − 1))}𝑋𝑡−1,𝑛

{(
1 + 𝛼2,𝑛 (𝑢0 − 1))}𝑋𝑡−2,𝑛

)
,

where we used that 𝑔𝜀,𝑛 (𝑢0) = 𝑔𝜀 (𝑢0) holds as 𝐺 does not depend on 𝑛 by construction. Then, writing
𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1) = 𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1; 𝜃̃𝐻0,𝑛), where 𝜃̃𝐻0 ,𝑛 = ((𝛼1,𝐻0 ,𝑛,0), 𝐺𝐻0 ,𝑛) → 𝜃̃0, and using a Taylor-
series argument, we have

𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1; 𝜃̃𝐻0,𝑛) = 𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1; 𝜃̃0) + �𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1; 𝜃̃0)(𝜃̃𝐻0 ,𝑛 − 𝜃̃0) + 𝑜

(
1√
𝑛

)
,
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where �𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1; 𝜃̃0)(·) denotes the Fréchet derivative of 𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1; 𝜃) (with respect to 𝜃; see
also (C.4) and (C.5) in the Supplement (Faymonville, Jentsch and Weiß, 2025a)) evaluated in 𝜃̃0. Simi-
larly, writing 𝑔1,𝑛 (𝑢0, 𝑢1) = 𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃𝑛), where 𝜃𝑛 = ((𝛼1, 𝛼2,𝑛), 𝐺) → ((𝛼1,0), 𝐺) = 𝜃̃0 as 𝑛→∞,
we get

𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃𝑛) = 𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃̃0) + �𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃̃0)(𝜃𝑛 − 𝜃̃0) + 𝑜

(
1√
𝑛

)
.

Altogether, due to 𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1; 𝜃̃0) = 𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃0), this leads to

𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1) − 𝑔1,𝑛 (𝑢0, 𝑢1) = �𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1; 𝜃̃0)(𝜃̃𝐻0 ,𝑛 − 𝜃̃0) − �𝑔1,𝑛 (𝑢0, 𝑢1; 𝜃̃0)(𝜃𝑛 − 𝜃̃0) + 𝑜

(
1√
𝑛

)
.

Furthermore, we have
√
𝑛(𝜃̃𝐻0 ,𝑛 − 𝜃̃0) = ((0, 𝑐),0G) and

√
𝑛(𝜃𝑛 − 𝜃0) → ((𝑑,0),0G) for some 𝑑 ∈ R

by construction, where 0G denotes the zero-sequence 0G = (0,0,0, . . .) ∈ R
dim(𝐺) . Note that the 𝑑 is in

the first entry of the limit, while the 𝑐 above is in the second entry. Finally, using uniform convergence
of both �𝑔1;𝐻0,𝑛 (𝑢0, 𝑢1; 𝜃̃0) and of �𝑔1;𝑛 (𝑢0, 𝑢1; 𝜃̃0) to �𝑔1(𝑢0, 𝑢1; 𝜃̃0), we get

𝑛

∫ 1

0

∫ 1

0

(
𝑔1;𝐻0 ,𝑛 (𝑢0, 𝑢1) − 𝑔1,𝑛 (𝑢0, 𝑢1)

)2
𝑤(𝑢0, 𝑢1; 𝑎) 𝑑𝑢0 𝑑𝑢1

→
∫ 1

0

∫ 1

0

(
�𝑔1(𝑢0, 𝑢1; 𝜃̃0)(((0, 𝑐),0G)) − �𝑔1(𝑢0, 𝑢1; 𝜃0)(((𝑑,0),0G))

)2
𝑤(𝑢0, 𝑢1; 𝑎) 𝑑𝑢0 𝑑𝑢1 (2.27)

as 𝑛 → ∞. The last right-hand side is strictly positive, because the expression that is squared and
weighted before integration, that is, �𝑔1;𝐻0 (𝑢0, 𝑢1; 𝜃̃0)(((0, 𝑐),0G))− �𝑔1(𝑢0, 𝑢1; 𝜃0)(((𝑑,0),0G)) is non-
zero on a set with strictly positive Lebesgue measure such that (2.24) holds with 𝑎𝑛 = 1/√𝑛. If 𝑎𝑛 → 0
as a slower rate such that

√
𝑛 𝑎𝑛 →∞, we get divergence to +∞ as for fixed alternatives such that the

corresponding test remains also consistent. If 𝑎𝑛 = 𝑜(𝑛−1/2), (𝑐, 𝑑) has to be replaced by (0,0) such
that the corresponding test has no asymptotic power as the function to be squared and integrated is
exactly zero over [0,1]2.

3. Bootstrap inference

As we have seen in the previous section and as already stated by Meintanis and Karlis (2014) and
beforehand by e.g. Gürtler and Henze (2000), Meintanis and Swanepoel (2007), Leucht (2012), and
Leucht and Neumann (2013), 𝐿2-type test statistics as proposed in (2.8) do not exhibit a conventional
(Gaussian) limiting distribution under the null. Although Drost, van den Akker and Werker (2009)
derive a CLT for their semi-parametric estimator (𝜶̂sp, 𝐺sp), this does not lead to a simple limiting
distribution of 𝑇𝑛, see Theorem 2.6. Therefore, we propose a tailored bootstrap technique to make
the testing procedure practicable. On the one hand, the bootstrap has to replicate correctly the binomial
thinning operations (1.2) in the INAR recursion (1.1) and, on the other hand, we have to use appropriate
bootstrap innovations that capture the correct, but unspecified innovation distribution.

Hence, a bootstrap procedure that fulfills these requirements is the semi-parametric INAR bootstrap
proposed by Jentsch and Weiss (2019), which we will outline in the following:
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1.) Fit semi-parametrically an INAR(𝑝) process (1.1) using the estimator (2.3) proposed by Drost,
van den Akker and Werker (2009) to get estimates 𝜶̂sp = (𝛼̂sp,1, . . . , 𝛼̂sp, 𝑝) and 𝐺sp =

(
𝐺sp(𝑘), 𝑘 ∈

N0
)

for the INAR coefficients and for the pmf of the innovation distribution, respectively.
2.) Compute the test statistic 𝑇𝑛 = 𝑇𝑛 (𝜃̂sp; 𝑋1, . . . , 𝑋𝑛), where 𝑇𝑛 is defined in (2.8) and 𝜃̂sp =

𝜃̂sp (𝑋1, . . . , 𝑋𝑛) = (𝜶̂sp, 𝐺sp) is defined in (2.3).
3.) Generate bootstrap observations 𝑋∗

1 , . . . , 𝑋
∗
𝑛 according to

𝑋∗
𝑡 = 𝛼̂sp,1 ◦∗ 𝑋∗

𝑡−1 + . . . + 𝛼̂sp, 𝑝 ◦∗ 𝑋∗
𝑡−𝑝 + 𝜀∗𝑡 ,

where “◦∗” denotes (mutually independent) bootstrap binomial thinning operations and 𝜀∗𝑡
i.i.d.∼ 𝐺sp

(conditionally on 𝑋1, . . . , 𝑋𝑛).
4.) Compute the bootstrap test statistic 𝑇∗

𝑛 := 𝑇𝑛 (𝜃̂∗sp; 𝑋∗
1 , . . . , 𝑋

∗
𝑛), where 𝑇𝑛 is defined in (2.8) and

𝜃̂∗sp = 𝜃̂sp (𝑋∗
1 , . . . , 𝑋

∗
𝑛) = (𝜶̂∗

sp, 𝐺
∗
sp) is the bootstrap analog of 𝜃̂sp based on 𝑋∗

1 , . . . , 𝑋
∗
𝑛.

5.) Repeat the Steps 3.) and 4.) 𝐵 times, with 𝐵 sufficiently large, to get bootstrap test statistics
𝑇∗,𝑏
𝑛 , 𝑏 ∈ {1, . . . , 𝐵}.

6.) Reject the null hypothesis (1.4) at significance level 𝛾 if 𝑇𝑛 = 𝑇𝑛 (𝜃̂sp; 𝑋1, . . . , 𝑋𝑛) exceeds the
(1 − 𝛾)-quantile of the empirical distribution of 𝑇∗,𝑏

𝑛 , 𝑏 ∈ {1, . . . , 𝐵}.
To ensure the (approximate) stationarity of the bootstrap time series in Step 3 of the above algorithm,

we use a burn-in period of 𝑟 observations, which we will then cut off, i.e., we generate 𝑋∗
1 , . . . , 𝑋

∗
𝑛+𝑟

and cut the first 𝑟 values. In the simulation study in Section 4, we use 𝑟 = 100. To initialize this burn-in
period, we use the rounded mean value of the original observations.

The semi-parametric INAR bootstrap procedure is proved to be (first-order) consistent for the large
class of functions of generalized means in Jentsch and Weiss (2019) under mild conditions, and it relies
on the semi-parametric estimator proposed by Drost, van den Akker and Werker (2009), who proved its
(estimation) efficiency. When it comes to formal statements about the efficiency of the bootstrap pro-
cedure itself in the sense of higher-order refinements that make typically use of Edgeworth expansions,
this would require a lot (more) technical details and is beyond the scope of this paper.

Remark 3.1 (Bootstrap for testing parametric null hypotheses 𝐻
para
0 ). In the situation of a para-

metric null hypothesis 𝐻para
0 (1.3) discussed in Remark 2.7, the parametric INAR bootstrap of Jentsch

and Weiss (2019) finds application. There, the semi-parametric estimators 𝜃̂sp = (𝜶̂sp, 𝐺sp) and 𝜃̂∗sp =

(𝜶̂∗
sp, 𝐺

∗
sp) of Steps 1.) and 4.) are replaced by suitable parametric estimators.

4. Simulations

We investigate the performance of the proposed goodness-of-fit test through a simulation study, where
we simulate data from different data generating processes (DGPs) under the null and under the alterna-
tive, and where we compute the resulting size and power, respectively. Additionally, we propose a way
to better detect violations of the nulls in terms of model order and highlight a big advantage of our semi-
parametric test being able to test for deviations from the null in terms of the INAR structure. We mainly
focus on the null hypothesis 𝐻semi

0 in (1.4) with 𝑝 = 1 and consider sample sizes 𝑛 ∈ {100,500}. To en-
sure stationarity of the generated data, we include a prerun of 100 observations which will be omitted
afterwards. The significance level 𝛾 equals 5%. We compare our rejection rates with those from the sim-
ulation study performed in Meintanis and Karlis (2014), where the authors considered the parametric
null hypothesis “𝐻0 : (𝑋𝑡 , 𝑡 ∈ Z) is a Poi-INAR(1) process”, which is of the form 𝐻

para
0 in (1.3). They

146 Publications



Semi-parametric goodness-of-fit testing for INAR models 3227

considered four different DGPs with different parameterizations: INAR(1) with Poi(𝜆) innovations,
INAR(1) with NB(𝑁, 𝜋) innovations, Poi-INAR(2) with Poi(𝜆) innovations, and Poi-INGARCH(1,1).
For the latter process, we have 𝑋𝑡 |𝑋𝑡−1, 𝑋𝑡−2, . . . ∼ Poi(𝑀𝑡 ), where 𝑀𝑡 = 𝛽0 + 𝛽1𝑀𝑡−1 + 𝛼1𝑋𝑡−1. In
addition to the DGPs considered in Meintanis and Karlis (2014), we study further data and test scenar-
ios later on. We consider different weighting parameters 𝑎 ∈ {0,2,5}. For convenience of comparison,
we state the rejection rates of Meintanis and Karlis (2014, Table 1) in italic numbers (where available).
They used 𝑎 = 2 in their simulations, so we only get direct comparability for this moderate weighting.
Since we are concerned with a large computational burden due to the semi-parametric estimation and
multiple integration, for conducting bootstrap simulation studies, we use the warp-speed approach with
𝑀 = 104 Monte–Carlo samples (see Giacomini, Politis and White (2013) for details). While R (R Core
Team, 2022) is sufficient for moderate sample sizes, also see the spINAR package (Faymonville et al.,
2024), we recommend MATLAB (The MathWorks Inc., 2022) for larger 𝑛. To get an idea of the com-
puting time, see Tables 1 and 2 in the supplementary material (Faymonville, Jentsch and Weiß, 2025a),
which for different DGPs contain the computing time in seconds for one Monte Carlo sample using the
warp speed method and MATLAB.

4.1. Performance under the null

First, we investigate how our test performs under the null 𝐻semi
0 in (1.4). In Table 1, we see the rejection

rates for a Poi(𝜆)-INAR(1) DGP with model coefficient 𝛼 and different weighting parameters 𝑎. For
all weightings, we are rather conservative but we keep the level of 5%. Meintanis and Karlis (2014)
better exploit the level which could be expected due to their additional (true) information about the
innovation distribution. Additionally, to the parameterizations set by Meintanis and Karlis (2014), we
also consider values of 𝛼 lying closer to the boundaries of its parameter range, i.e., 𝛼 ∈ {0.1,0.9}, see
Table 3 in the Supplement (Faymonville, Jentsch and Weiß, 2025a). These parameterizations lead to
similar results.

Next, we consider the case of an NB(𝑁, 𝜋)-INAR(1) DGP. Table 2 shows that in this case of overdis-
persion, we are now even closer to the desired size of 5%. The (parametric) test of Meintanis and Karlis
(2014) will generally reject the INAR model class since this DGP represents a scenario under the alter-
native for their null. We also test for the null 𝐻semi

0 in (1.4) with 𝑝 = 2. Table 3 displays the rejection
rates for the different Poi-INAR(2) DGPs. We see that we also keep the level when testing for the null
of an INAR process of order 2. Note that Meintanis and Karlis (2014) solely applied their test to the
first-order null.

In all simulation setups, we keep the level of 5%, but the results are rather conservative. Although
Drost, van den Akker and Werker (2009) proved efficiency of their semi-parametric INAR model esti-
mator, a large number of (innovations) parameters has to be estimated. In contrast, for the parametric

Table 1. Actual sizes in case of a Poi(𝜆)-INAR(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1. Numbers in

italic are taken from Table 1 in Meintanis and Karlis (2014) who test for 𝐻para
0 in (1.3) with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝜆 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.036 0.033 0.037 0.040 0.036 0.035 0.049 0.055
1 0.5 0.040 0.041 0.044 0.046 0.043 0.042 0.051 0.053
3 0.3 0.032 0.034 0.043 0.022 0.038 0.027 0.056 0.047
3 0.5 0.032 0.032 0.037 0.029 0.039 0.034 0.055 0.059
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Table 2. Actual sizes in case of a NB(𝑁, 𝜋)-INAR(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1. Numbers

in italic display the power values taken from Table 1 in Meintanis and Karlis (2014) who test for 𝐻para
0 in (1.3)

with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝑁 𝜋 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 1/2 0.5 0.048 0.050 0.050 0.053 0.052 0.052 0.686 1.000
2 2/3 0.5 0.048 0.049 0.048 0.053 0.045 0.049 0.327 0.897

10 10/11 0.5 0.047 0.046 0.049 0.046 0.046 0.045 0.120 0.149

INAR model, there will be typically no more than 𝑝 + 2 parameters (𝑝 INAR coefficients plus one
or two parameters for the innovations’ mean and variance), which is considerably lower. As these
estimators can also leverage the parametric family of innovation distributions, this explains why the
semi-parametric test may not hold the level as good as parametric test procedures in finite samples.

4.2. Performance under the alternative

Now, we assess how our test performs when the DGP at hand deviates from the null in terms of model
order or model structure. First, we consider the scenario of an INAR(2) with Poi(𝜆) innovations with
the same parameterizations as in Table 3. Table 4 shows that we perform similar to Meintanis and Karlis
(2014) though slightly less powerful due to their correctly imposed assumption on the innovations’ dis-
tribution under the null. With higher weight, however, the power increases, partly surpassing the para-
metric approach of Meintanis and Karlis (2014). The same holds in case of an INGARCH(1,1) DGP as
demonstrated in Table 5. Also in the setup of a Poi-INAR(2) DGP, in addition to the parameterizations
considered in Meintanis and Karlis (2014), we examine settings where 𝛼1 + 𝛼2 are close to 0 or 1, see
Table 4 in the Supplement (Faymonville, Jentsch and Weiß, 2025a). When both 𝛼1 = 𝛼2 = 0.05, the test
has low power which has been expected since violations of the hypothetical dependence structure are
hard to recognize for such a low level of dependence. In particular, the small value of 𝛼2 implies that
the corresponding INAR(2) process does not differ much from an INAR(1) process. In case of 𝛼1 = 0.4
and 𝛼2 = 0.5 however, we achieve even higher power results than for 𝛼1 = 0.5 and 𝛼2 = 0.3 in Table 4,
explainable through the higher value of 𝛼2. Again, the power increases in the weighting parameter 𝑎.
For a better understanding of the weighting concept, consider Figure 1, which contains two heatmaps
of (𝑔̂1;𝐻0 (𝑢0, 𝑢1) − 𝑔̂1(𝑢0, 𝑢1))2𝑤(𝑢0, 𝑢1; 𝑎) for a large sample of an INGARCH(1,1) DGP with 𝛽0 = 1,
𝛽1 = 0.1 and 𝛼1 = 0.5 for 𝑛 = 5000. The left heatmap corresponds to 𝑎 = 0, i.e., no weighting, the right
one to 𝑎 = 5. We see that the weighting shifts the differences to the upper right corner marking the
endpoint of the integration intervals [0,1]. In this area, we get darker color, i.e., the pgfs differ more.

Table 3. Actual sizes in case of a Poi(𝜆)-INAR(2) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 2.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.1 0.037 0.040 0.036 0.024 0.035 0.024
1 0.5 0.1 0.039 0.043 0.039 0.037 0.037 0.036
1 0.5 0.3 0.034 0.041 0.042 0.033 0.040 0.035
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Table 4. Power in case of a Poi(𝜆)-INAR(2) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1. Numbers in italic

are taken from Table 1 in Meintanis and Karlis (2014) who test for 𝐻para
0 in (1.3) with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.1 0.039 0.046 0.045 0.050 0.040 0.043 0.088 0.035
1 0.5 0.1 0.044 0.063 0.056 0.104 0.050 0.086 0.089 0.127
1 0.5 0.3 0.097 0.206 0.178 0.525 0.144 0.415 0.191 0.487

Conspicuous at first glance may be the partially poor power results for both the Poi-INAR(2) and the
INGARCH(1,1) DGP. In the Poi-INAR(2) case, see Table 4, this can be explained by the similarity of
an INAR(1) process and an INAR(2) process with small 𝛼2. For the INGARCH(1,1) DGPs, Meintanis
and Karlis (2014) provide the explanation that such DGPs do not differ much from INAR(1) processes
if the ACF at lag 1, i.e., 𝜌(1), is small. As we can see in Table 5, the power distortions exactly occur in
such cases of small autocorrelation.

An additional explanation for the generally rather low power values is that when testing the null of an
INAR(1) process, we consider the pgf of order 1. However, this does not explain the entire dependence
structure of an alternative Poi-INAR(2) or INGARCH(1,1) process, since both of them are no first-
order Markov chain. To address this, we fit an INAR(1) model to the DGP but now use the second-order
test statistic 𝑇 (2)

𝑛 (𝑠 = 2 in (2.10)) by setting 𝛼̂sp,2 := 0 as suggested in Remark 2.2. The size results are
presented in Tables 5 and 6 in the Supplement (Faymonville, Jentsch and Weiß, 2025a), where we see
that we still keep the level of 5%. Tables 6 and 7 in this file and Table 7 in the Supplement contain the
resulting power values. For comparison, for the two first DGPs, we again included the power values of
Meintanis and Karlis (2014) in italics, which still result from using the first-order (𝑝 = 1) test statistic
𝑇𝑛 in (2.8). As anticipated, when using the second-order test statistic, the power increased, in some
settings substantially. Again, we tend to achieve higher power values with higher weighting.

The parametric testing approaches as in Meintanis and Karlis (2014) allow to test for deviations
from the null in terms of model order, which can also be done with our semi-parametric goodness-
of-fit test. In addition, due to the flexible and non-restrictive nature of the null hypothesis 𝐻semi

0
in (1.4), we are able to test for deviations from the INAR structure in general. For this purpose,
we consider INARCH(1) and Poi-DAR(1) DGPs with different parameterizations, see Weiß (2018).

Table 5. Power in case of an INGARCH(1, 1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1. Numbers in italic

are taken from Table 1 in Meintanis and Karlis (2014) who test for 𝐻para
0 in (1.3) with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝛽0 𝛽1 𝛼1 𝜌(1) 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

0.2 0.4 0.10 0.09 0.026 0.018 0.026 0.030 0.023 0.021 0.012 0.050
0.2 0.4 0.20 0.21 0.031 0.087 0.054 0.131 0.044 0.117 0.042 0.108
1.0 0.1 0.50 0.52 0.068 0.205 0.159 0.645 0.113 0.501 0.152 0.512
0.5 0.1 0.50 0.52 0.177 0.707 0.256 0.865 0.237 0.833 0.248 0.724
0.1 0.4 0.40 0.53 0.264 0.829 0.255 0.816 0.264 0.825 0.296 0.902
0.6 0.1 0.60 0.66 0.271 0.881 0.446 0.982 0.399 0.969 0.376 0.988
0.1 0.2 0.60 0.70 0.497 0.985 0.443 0.973 0.468 0.980 0.534 0.998
0.1 0.5 0.45 0.78 0.526 0.997 0.542 0.996 0.562 0.997 0.669 0.986
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Figure 1. Heatmaps of the weighted squared difference of the two estimated pgfs for an INGARCH(1, 1) DGP
(left: 𝑎 = 0, right: 𝑎 = 5).

Both models exhibit an autoregressive structure of order 1, but are distinct from an INAR model.
The INARCH(1) process is a special case of the INGARCH(1,1) process, i.e. 𝑋𝑡 |𝑋𝑡−1, 𝑋𝑡−2, . . . ∼
Poi(𝑀𝑡 ), where 𝑀𝑡 = 𝛽 + 𝛼𝑋𝑡−1. A Poi-DAR(1) process is characterized by 𝑋𝑡 = 𝑎𝑡𝑋𝑡−1 + 𝑏𝑡𝜀𝑡 , where
𝜀𝑡

i.i.d.∼ Poi(𝜆) and (𝑎𝑡 , 𝑏𝑡 ) i.i.d.∼ Mult(1, 𝛼,1 − 𝛼). In this latter model class, each observation either
chooses the previous observation or the innovation, so the stationary marginal distribution of the inno-
vations equals that of the observations. We choose such values for 𝜆 and 𝛽 to obtain similar observa-
tion means as for the other DGPs. For both DGPs, INARCH(1) and Poi-DAR(1), the power is larger
for higher autocorrelation levels (provided that 𝑎 > 0), see Tables 8 and 9. This is plausible since for
high autocorrelation (and small innovation mean), an INAR(1) process tends to produce “runs”, i.e.,
the same value is realized in consecutive time points. In contrast, the INARCH(1) model shows more
erratic behavior. The Poi-DAR(1) process, on the other hand, exhibits even more extreme runs with
higher autocorrelation combined with further “jumps” in-between these runs.

While we have high power in most scenarios, we also encounter some parameterizations with
low power, e.g., for INARCH(1) processes with low autocorrelation 𝛼 and high intercept 𝛽. In
general, we seem to lose power for increasing mean of observations (due to additive terms rather
than increasing autocorrelation). A higher observation mean leads to a wider range of observa-

Table 6. Power in case of a Poi(𝜆)-INAR(2) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1 using test statistic

(2.10) with 𝑠 = 2. Numbers in italic display the power values taken from Table 1 in Meintanis and Karlis (2014)
who test for 𝐻para

0 in (1.3) with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆) not using a higher-order test statistic analogously to (2.10).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.1 0.068 0.205 0.079 0.391 0.082 0.354 0.088 0.035
1 0.5 0.1 0.060 0.141 0.080 0.311 0.072 0.251 0.089 0.127
1 0.5 0.3 0.114 0.401 0.328 0.958 0.240 0.848 0.191 0.487
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Table 7. Power in case of an INGARCH(1, 1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1 using test statistic

(2.10) with 𝑠 = 2. Numbers in italic display the power values taken from Table 1 in Meintanis and Karlis (2014)
who test for 𝐻para

0 in (1.3) with 𝑝 = 1 and 𝐺𝜆 =Poi(𝜆) not using a higher-order test statistic analogously to (2.10).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝛽0 𝛽1 𝛼1 𝜌(1) 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

0.2 0.4 0.10 0.09 0.045 0.101 0.052 0.119 0.048 0.116 0.012 0.050
0.2 0.4 0.20 0.21 0.090 0.403 0.099 0.449 0.100 0.467 0.042 0.108
1.0 0.1 0.50 0.52 0.068 0.178 0.166 0.691 0.123 0.528 0.152 0.512
0.5 0.1 0.50 0.52 0.141 0.628 0.249 0.884 0.222 0.846 0.248 0.724
0.1 0.4 0.40 0.53 0.449 0.989 0.366 0.970 0.416 0.983 0.296 0.902
0.6 0.1 0.60 0.66 0.216 0.812 0.440 0.987 0.376 0.973 0.376 0.988
0.1 0.2 0.60 0.70 0.566 0.996 0.489 0.989 0.534 0.994 0.534 0.998
0.1 0.5 0.45 0.78 0.697 1.000 0.717 1.000 0.749 1.000 0.669 0.986

tions, potentially affecting both the semi-parametric and the non-parametric estimation of the pgf,
where the latter is also included in the parametric testing approaches. Besides the challenges re-
lated to semi- and non-parametric estimation, the considered DGPs themselves may contribute to
low power results. As mentioned at the beginning of our paper, without restraining to a certain
parametric family of innovations, the INAR model class is very flexible, the unspecified innova-
tion distribution presents a high degree of freedom. Consider for example the INARCH(1) DGP
with 𝛽 = 3 and 𝛼 = 0.3 which leads to low power results as displayed in Table 8. Additionally,
consider an INGARCH(1,1) DGP with 𝛽0 = 0.6, 𝛽1 = 0.1 and 𝛼1 = 0.6 which leads to good
power results as displayed in Table 5. For both DGPs, we simulated a sample of 𝑛 = 5000 ob-
servations and computed the integrand of (2.8) with 𝑎 = 0, i.e., (𝑔̂1;𝐻0 (𝑢0, 𝑢1) − 𝑔̂1(𝑢0, 𝑢1))2, for
𝑢0, 𝑢1 ∈ {0,0.05,0.1, . . . ,1}. For the sake of comparison, we also considered an INAR(1) DGP with
𝜆 = 3 and 𝛼 = 0.3. Figure 2 shows the boxplots of the resulting values for the three different DGPs.
While the two-dimensional pgf of order 1 of the considered INGARCH(1,1) DGP differs much
from the one of a semi-parametrically estimated INAR(1) process, the first-order pgf of the consid-
ered INARCH(1) DGP is very close to the latter. Actually, 𝑔̂1;𝐻0 (𝑢0, 𝑢1) and 𝑔̂1(𝑢0, 𝑢1) do not differ
much, the differences are even as small as for the considered INAR(1) DGP. This explains the low
power results and underlines the flexibility of the INAR model with unspecified innovation distribu-
tion.

Table 8. Power in case of an INARCH(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝛽 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.30 0.032 0.044 0.048 0.129 0.039 0.094
1 0.50 0.071 0.264 0.159 0.658 0.119 0.540
1 0.75 0.271 0.914 0.604 0.999 0.506 0.997
3 0.30 0.035 0.030 0.046 0.022 0.038 0.025
3 0.50 0.025 0.028 0.052 0.054 0.037 0.034
3 0.75 0.074 0.184 0.185 0.634 0.133 0.460
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Table 9. Power in case of a Poi(𝜆)-DAR DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

2 0.25 0.144 0.437 0.115 0.226 0.117 0.212
2 0.50 0.447 0.992 0.535 0.995 0.538 0.994
2 0.75 0.326 0.982 0.400 0.997 0.401 0.996
6 0.25 0.142 0.279 0.160 0.159 0.163 0.230
6 0.50 0.117 0.371 0.234 0.707 0.190 0.643
6 0.75 0.016 0.041 0.277 0.980 0.121 0.920

In summary, under the null, it becomes clear that we achieve better results when there is no weighting
of the test statistic. However, since a higher weighting of the test statistic leads to substantially higher
power values under the alternative and we still keep the level under the null using higher weighting, we
recommend using the test with a comparatively high weighting, i.e. 𝑎 = 5.

5. Conclusion

In existing literature, goodness-of-fit tests for the INAR model class are restricted to specific paramet-
ric families of innovation distributions. In this paper, we introduced a novel goodness-of-fit test for
INAR(𝑝) processes that does not rely on parametric assumptions about the nature of the innovations.
We derived the limiting null distribution of our 𝐿2-type test statistic based on weighted integrals using
probability generating functions. Additionally, we proved its consistency under fixed alternatives, dis-
cussed the asymptotic behavior under local alternatives, and specified a bootstrap procedure required to
circumvent the complex limiting distribution. In an extensive simulation study, we compared our pro-
posed procedure with the parametric competitor of Meintanis and Karlis (2014). Overall, we got similar
results, but we were able to increase the power against Markov chain alternatives of higher order by
using also higher-order test statistics. Moreover, unlike the parametric approaches of Meintanis and
Karlis (2014), we are able to test for general deviations from the INAR structure and got good power
results for the considered DGPs. We noticed that, when testing with higher weight parameter 𝑎, the test
exhibited higher power. Finally, we applied our method to three real data examples from economics
(Faymonville, Jentsch and Weiß, 2025a).

Figure 2. Boxplots of the squared differences of the two estimated pgfs for the considered INGARCH (left),
INARCH (middle) and INAR (right) DGPs.
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Appendix A: Real-world data applications

To illustrate the application of our proposed goodness-of-fit test, we apply it on three economic
real-world data examples using 𝐵 = 1000 bootstrap repetitions. The corresponding MATLAB code is
provided in further supplementary material (Faymonville, Jentsch and Weiß, 2024).

The first data set is sourced from Baker Hughes1 containing weekly counts of active rotary drilling
rigs. These counts serve as indicator for the demand of products used in drilling, well completion, oil
production, and hydrocarbon processing and have been published since 1944. We specifically focus on
the number of drilling rigs in Alaska from 1991 to 1997 (𝑛 = 417). This data set has been addressed
before in Weiß (2018). Figure 1 shows a plot of the time series and the corresponding ACF and PACF.
The characteristic INAR runs suggest a high serial dependence with small innovation mean, which are
confirmed by the high and slowly decreasing autocorrelation level. Looking at the partial autocorrela-
tion function (PACF), an AR(1)-like model seems to be an appropriate fit. Indeed, when applying our
test on the data using 𝑎 = 5, we do not reject the null of an INAR(1) process at 5% level.

The second data set was provided by the Deutsche Börse Group and has been discussed before in
Homburg et al. (2021). It contains counts per trading day of transactions of structured products between
February 2017 and August 2019 (𝑛 = 404). The data are displayed in Figure 2. As in the previous exam-
ple of rig counts, the ACF and PACF suggest that an INAR(1) model might be an appropriate fit for the
data. But applying the test of Meintanis and Karlis (2014), it rejects the null of a Poi-INAR(1) model at
5% level (𝑎 = 2). Our test, by contrast, also using 𝑎 = 2, does not reject the INAR(1) null at 5% level.
These different results may be explained by the dispersion of the data. With 𝑥 ≈ 1.47 and 𝑠2 ≈ 2.23, the
index of dispersion is approximately 1.51 suggesting overdispersed counts. This is additionally stressed
out by Figure 3. It displays the semi-parametric (left plot) and parametric estimation of the innovation
distribution, where for the latter we used a Poisson distribution (in the middle) and a geometric dis-
tribution (on the right), respectively. We see that the parametrically estimated (equidispersed) Poisson
distribution differs much from the semi-parametrically estimated innovation distribution whereas the
(overdispersed) geometric distribution seems much more appropriate as innovation distribution. Hence,
while the parametric test of Meintanis and Karlis (2014) fails to detect the INAR model structure due
to their too restrictive equidispersion property of the data under the null, our more flexible test does not
reject the INAR structure.

In our third application, we consider a data set first published by Brännäs and Quoreshi (2010). It
records the number of transaction of the Ericsson B stock per minute between 9:35 and 17:44. Orig-
inally, it provides data for the days between July 2 and 22, 2002. Fokianos, Rahbek and Tjøstheim

1phx.corporate-ir.net/phoenix.zhtml?c=79687&p=irol-rigcountsoverview.
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Figure 1. Plot of rig counts and the corresponding (P)ACF.
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Figure 2. Plot of daily trade counts and the corresponding (P)ACF.

(2009), Zhu (2012), Christou and Fokianos (2015), Davis and Liu (2016),Weiß (2018) and Su and Zhu
(2022) exclusively consider the data of July 2 and model the data by an INGARCH(1,1) process. The
resulting time series is of length 𝑛 = 460. Figure 4 shows a plot of this time series along with the corre-
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estimated innovation distribution.

sponding (P)ACF. By contrast to the first two examples, this data set exhibits a more erratic structure.
The ACF is slowly decaying and the PACF suggests dependencies of higher order than 1. Applying
our goodness-of-fit test to the null 𝐻semi

0 in (1.4) with 𝑝 = 1, we are initially not able to reject the null

at level 5%. However, when using the second-order test statistic 𝑇 (2)
𝑛 (𝑠 = 2 in (2.10)), we ultimately

reject the null (both with 𝑎 = 5). This is plausible since we capture dependencies of higher order by
considering the three-dimensional pgf of order 2, i.e., 𝑔2, instead of the two-dimensional pgf of order
1, i.e., 𝑔1.
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Appendix B: Additional tables

Table 1. Computing time (in seconds) in case of a Poi-INAR(1) DGP, testing for 𝐻semi
0 in (1.4) with 𝑝 = 1.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.109 0.176 0.071 0.168 0.059 0.184
1 0.5 0.060 0.214 0.050 0.166 0.058 0.164
3 0.3 0.103 0.254 0.091 0.256 0.076 0.275
3 0.5 0.083 0.281 0.100 0.230 0.150 0.312

Table 2. Computing time (in seconds) in case of a Poi-INAR(2) DGP, testing for 𝐻semi
0 in (1.4) with 𝑝 = 2.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.1 5.450 11.910 2.970 6.344 4.424 11.102
1 0.5 0.1 5.611 18.004 3.630 9.614 4.545 16.480
1 0.5 0.3 8.123 32.553 4.396 17.867 6.796 19.555

Table 3. Actual sizes in case of a Poi(𝜆)-INAR(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.1 0.027 0.031 0.024 0.015 0.025 0.022
1 0.9 0.042 0.050 0.051 0.047 0.046 0.047
3 0.1 0.037 0.040 0.034 0.030 0.035 0.032
3 0.9 0.031 0.027 0.033 0.026 0.031 0.027

Table 4. Power in case of a Poi(𝜆)-INAR(2) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.05 0.05 0.039 0.034 0.031 0.020 0.033 0.022
1 0.4 0.5 0.103 0.311 0.198 0.657 0.164 0.538
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Table 5. Actual sizes in case of a Poi(𝜆)-INAR(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1 using test

statistic (2.10) with 𝑠 = 2. Numbers in italic display the power values taken from Table 1 in Meintanis and Karlis
(2014) who test for 𝐻para

0 in (1.3) with 𝑝 = 1 and 𝐺𝜆=Poi(𝜆) not using a higher-order test statistic analogously to
(2.10).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝜆 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.3 0.047 0.047 0.047 0.041 0.044 0.044 0.049 0.055
1 0.5 0.039 0.047 0.042 0.051 0.038 0.050 0.051 0.053
3 0.3 0.027 0.035 0.048 0.036 0.042 0.037 0.056 0.047
3 0.5 0.027 0.030 0.043 0.037 0.038 0.037 0.055 0.059

Table 6. Actual sizes in case of a NB(𝑁, 𝜋)-INAR(1) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1 using test

statistic (2.10) with 𝑠 = 2. Numbers in italic display the power values taken from Table 1 in Meintanis and Karlis
(2014) who test for 𝐻para

0 in (1.3) with 𝑝 = 1 and 𝐺𝜆=Poi(𝜆) not using a higher-order test statistic analogously to
(2.10).

𝑎 = 0 𝑎 = 5 𝑎 = 2 MK, 𝑎 = 2
𝑁 𝜋 𝛼 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 1/2 0.5 0.053 0.053 0.052 0.051 0.053 0.052 0.686 1.000
2 2/3 0.5 0.046 0.050 0.048 0.050 0.049 0.050 0.327 0.897

10 10/11 0.5 0.045 0.044 0.047 0.047 0.045 0.041 0.120 0.149

Table 7. Power in case of a Poi(𝜆)-INAR(2) DGP when testing for 𝐻semi
0 in (1.4) with 𝑝 = 1 using test statistic

(2.10) with 𝑠 = 2.

𝑎 = 0 𝑎 = 5 𝑎 = 2
𝜆 𝛼1 𝛼2 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500 𝑛 = 100 𝑛 = 500

1 0.05 0.05 0.042 0.087 0.041 0.114 0.040 0.111
1 0.4 0.5 0.131 0.515 0.384 0.983 0.268 0.900

Appendix C: Proofs

C.1. Proof of Lemma 2.1

Exploiting the INAR(𝑝) model structure of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝 , we get

𝐸
©­«

𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗
ª®¬
= 𝐸

©­«
𝐸

©­«
𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗 |𝑋𝑡−1, . . . , 𝑋𝑡−𝑝
ª®¬
ª®¬

= 𝐸
©­«

𝑝∏
𝑗=1

𝑢
𝑋𝑡− 𝑗

𝑗 𝐸
(
𝑢𝑋𝑡

0 |𝑋𝑡−1, . . . , 𝑋𝑡−𝑝
)ª®¬
.

Taking a closer look at the interior conditional expectation and inserting the model equation, we get

𝐸
(
𝑢𝑋𝑡

0 |𝑋𝑡−1, . . . , 𝑋𝑡−𝑝
)
= 𝐸

(
𝑢
𝛼1◦𝑋𝑡−1+···+𝛼𝑝◦𝑋𝑡−𝑝+𝜀𝑡
0 |𝑋𝑡−1, . . . , 𝑋𝑡−𝑝

)
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=

{
𝑝∏
𝑖=1

𝐸
(
𝑢𝛼𝑖◦𝑋𝑡−𝑖

0 |𝑋𝑡−1, . . . , 𝑋𝑡−𝑝
)}

· 𝐸 (𝑢𝜀𝑡0 )

=

{
𝑝∏
𝑖=1

𝐸
(
𝑢𝛼𝑖◦𝑋𝑡−𝑖

0 |𝑋𝑡−𝑖
)}

· 𝐸 (𝑢𝜀𝑡0 )

=

{
𝑝∏
𝑖=1

(
1 + 𝛼𝑖 (𝑢0 − 1)

)𝑋𝑡−𝑖
}
· 𝑔𝜀 (𝑢0),

where we have used that given 𝑋𝑡−1, . . . , 𝑋𝑡−𝑝 , the thinning operations and the innovation 𝜀𝑡 are in-
dependent. The thinning operation 𝛼𝑖◦ only depends on 𝑋𝑡−𝑖 and 𝛼𝑖 ◦ 𝑋𝑡−𝑖 |𝑋𝑡−𝑖 ∼ Bin(𝑋𝑡−𝑖 , 𝛼𝑖) to-
gether with the well-known formula for the pgf of a binomial distribution. Furthermore, we define
𝑔𝜀 (𝑢0) := 𝐸 (𝑢𝜀𝑡0 ) as the marginal pgf of the innovations. Hence, we get the following representation
for the joint pgf of 𝑋𝑡 , . . . , 𝑋𝑡−𝑝:

𝑔𝑝 (𝑢0, . . . , 𝑢𝑝) := 𝐸 ©­«
𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗
ª®¬

= 𝐸
©­«

𝑝∏
𝑗=1

𝑢
𝑋𝑡− 𝑗

𝑗

{
𝑝∏
𝑖=1

(1 + 𝛼𝑖 (𝑢0 − 1))𝑋𝑡−𝑖

}
· 𝑔𝜀 (𝑢0)ª®¬

= 𝑔𝜀 (𝑢0) · 𝐸 ©­«
𝑝∏
𝑗=1

𝑢
𝑋𝑡− 𝑗

𝑗

{
𝑝∏
𝑖=1

(1 + 𝛼𝑖 (𝑢0 − 1))𝑋𝑡−𝑖

}ª®¬
= 𝑔𝜀 (𝑢0) · 𝐸 ©­«

𝑝∏
𝑗=1

{
𝑢 𝑗

(
1 + 𝛼 𝑗 (𝑢0 − 1))}𝑋𝑡− 𝑗 ª®¬

.

�

C.2. Proof of Lemma 2.3

Plugging-in (2.5) and (2.7) and rearranging terms, we get

𝑇𝑛 =𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (𝑢0, . . . , 𝑢𝑝) − 𝑔̂𝑝 (𝑢0, . . . , 𝑢𝑝)

)2
𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=
𝑛

(𝑛 − 𝑝)2 (𝑎 + 1)𝑝+1
𝑛∑︁

𝑡 ,𝑠=𝑝+1

∫ 1

0
· · ·

∫ 1

0

©­«
𝑝∏
𝑗=1

𝑢
𝑋𝑡− 𝑗

𝑗
ª®¬
©­«

𝑝∏
𝑗=1

𝑢
𝑋𝑠− 𝑗

𝑗
ª®¬
©­«

𝑝∏
𝑗=1

𝑢𝑎𝑗
ª®¬
𝑑𝑢1 · · · 𝑑𝑢𝑝

×
∫ 1

0

©­«
𝑢𝑋𝑡

0 − 𝑔̂𝜀 (𝑢0)
𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗 ª®¬

©­«
𝑢𝑋𝑠

0 − 𝑔̂𝜀 (𝑢0)
𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑠− 𝑗 ª®¬

𝑢𝑎0 𝑑𝑢0
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=
𝑛

(𝑛 − 𝑝)2 (𝑎 + 1)𝑝+1
𝑛∑︁

𝑡 ,𝑠=𝑝+1

©­«
𝑝∏
𝑗=1

∫ 1

0
𝑢
𝑋𝑡− 𝑗+𝑋𝑠− 𝑗+𝑎
𝑗 𝑑𝑢 𝑗

ª®¬
×

∫ 1

0

(
𝑢𝑋𝑡+𝑋𝑠+𝑎

0 + 𝑔̂𝜀 (𝑢0)2 𝑢𝑎0

𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗+𝑋𝑠− 𝑗

− 𝑔̂𝜀 (𝑢0) 𝑢𝑋𝑠+𝑎
0

𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗 − 𝑔̂𝜀 (𝑢0) 𝑢𝑋𝑡+𝑎

0

𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑠− 𝑗

)
𝑑𝑢0.

Furthermore, by using that
∫ 1

0
𝑢𝑥 𝑑𝑢 = 1/(1 + 𝑥) (C.1)

holds for 𝑥 ≠ −1, 𝑇𝑛 can be simplified to get

𝑇𝑛 =
𝑛

(𝑛 − 𝑝)2 (𝑎 + 1)𝑝+1
𝑛∑︁

𝑡 ,𝑠=𝑝+1

©­«
𝑝∏
𝑗=1

1
1 + 𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗 + 𝑎

ª®¬
× ©­«

1
1 + 𝑋𝑡 + 𝑋𝑠 + 𝑎 +

∫ 1

0
𝑔̂𝜀 (𝑢0)2𝑢𝑎0

𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗+𝑋𝑠− 𝑗 𝑑𝑢0

−2
∫ 1

0
𝑔̂𝜀 (𝑢0) 𝑢𝑋𝑠+𝑎

0

𝑝∏
𝑗=1

(
1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗 𝑑𝑢0

ª®¬
.

To be able to use the same integration rule (C.1) also for the two remaining integrals above, we need to
isolate the terms in 𝑢0. On the one hand, we have

𝑔̂𝜀 (𝑢0)2 =
max(𝑋1 ,...,𝑋𝑛)∑︁

𝑘1 ,𝑘2=0

𝐺sp (𝑘1)𝐺sp (𝑘2)𝑢𝑘1+𝑘2
0 .

By using twice the binomial theorem in each case, on the other hand, we get

(1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗+𝑋𝑠− 𝑗 =
𝑋𝑡− 𝑗+𝑋𝑠− 𝑗∑︁

𝑖 𝑗=0

(
𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗

𝑖 𝑗∑︁
ℎ 𝑗=0

(
𝑖 𝑗
ℎ 𝑗

)
𝑢
ℎ 𝑗

0 (−1)𝑖 𝑗−ℎ 𝑗

and

(1 + 𝛼̂sp, 𝑗 (𝑢0 − 1))𝑋𝑡− 𝑗 =
𝑋𝑡− 𝑗∑︁
𝑖 𝑗=0

(
𝑋𝑡− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗

𝑖 𝑗∑︁
ℎ 𝑗=0

(
𝑖 𝑗
ℎ 𝑗

)
𝑢
ℎ 𝑗

0 (−1)𝑖 𝑗−ℎ 𝑗 ,

respectively. Altogether, this leads to

𝑇𝑛 =
𝑛

(𝑛 − 𝑝)2 (𝑎 + 1)𝑝+1 ©­«
𝑝∏
𝑗=1

1
1 + 𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗 + 𝑎

ª®¬
[

1
1 + 𝑋𝑡 + 𝑋𝑠 + 𝑎

Faymonville et al., 2025c 161



8

+
max(𝑋1 ,...,𝑋𝑛)∑︁

𝑘1 ,𝑘2=0

𝐺sp (𝑘1)𝐺sp (𝑘2)
𝑋𝑡−1+𝑋𝑠−1∑︁

𝑖1=0

𝑖1∑︁
ℎ1=0

. . .

𝑋𝑡−𝑝+𝑋𝑠−𝑝∑︁
𝑖𝑝=0

𝑖𝑝∑︁
ℎ𝑝=0

𝑝∏
𝑗=1

(
𝑋𝑡− 𝑗 + 𝑋𝑠− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗 (−1)𝑖 𝑗−ℎ 𝑗

(
𝑖 𝑗
ℎ 𝑗

) 1∫
0

𝑢
1+𝑘1+𝑘2+𝑎+

∑𝑝
𝑚=1 ℎ𝑚

0 𝑑𝑢0 − 2
max(𝑋1 ,...,𝑋𝑛)∑︁

𝑘=0

𝐺sp (𝑘)

𝑋𝑡−1+𝑋𝑠−1∑︁
𝑖1=0

𝑖1∑︁
ℎ1=0

. . .

𝑋𝑡−𝑝+𝑋𝑠−𝑝∑︁
𝑖𝑝=0

𝑖𝑝∑︁
ℎ𝑝=0

𝑝∏
𝑗=1

(
𝑋𝑡− 𝑗

𝑖 𝑗

)
𝛼̂
𝑖 𝑗
sp, 𝑗 (−1)𝑖 𝑗−ℎ 𝑗

(
𝑖 𝑗
ℎ 𝑗

) 1∫
0

𝑢
1+𝑘+𝑋𝑠+𝑎+

∑𝑝
𝑚=1 ℎ𝑚

0 𝑑𝑢0

]
.

Applying (C.1) again, the assertion follows. �

C.3. Proof of Proposition 2.4

The only aspect that remains to show is the degeneracy. Let ℎ be the kernel defined in (2.12). Using
𝑦𝑡 = (𝑥𝑡 , . . . , 𝑥𝑡−𝑝) ∈ N𝑝+1

0 , under the null 𝐻𝑠𝑒𝑚𝑖
0 (𝜃0) in (2.11), we have

𝐸 (ℎ(𝑦𝑡 ,𝑌𝑠; 𝜃0)) =
1∫

0

. . .

1∫
0

©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑥𝑡− 𝑗

𝑗
ª®¬

× 𝐸 ©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗
ª®¬

𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 . . . 𝑑𝑢𝑝

=

1∫
0

. . .

1∫
0

©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑥𝑡− 𝑗

𝑗
ª®¬

×
(
𝑝𝑔 𝑓𝐻0 (𝑋𝑠 , . . . , 𝑋𝑠−𝑝) − 𝑝𝑔 𝑓 (𝑋𝑠 , . . . , 𝑋𝑠−𝑝)

)
𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 . . . 𝑑𝑢𝑝

= 0,

because 𝑝𝑔 𝑓𝐻0 (𝑋𝑠 , . . . , 𝑋𝑠−𝑝) = 𝑝𝑔 𝑓 (𝑋𝑠 , . . . , 𝑋𝑠−𝑝) under 𝐻𝑠𝑒𝑚𝑖
0 (𝜃0). That is, we are in the case of a

degenerate kernel. �

C.4. Proof of Theorem 2.5

Using Proposition 2.4, we already have the degeneracy of the kernel (2.12). In view of Theorem 1
in Leucht and Neumann (2013), under 𝐻𝑠𝑒𝑚𝑖

0 (𝜃0), the kernel ℎ even fulfills the stronger degeneracy
condition

𝐸 (ℎ(𝑦𝑡 ,𝑌𝑠; 𝜃0) |𝑌1, . . . ,𝑌𝑠−1)
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=

1∫
0

. . .

1∫
0

©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑥𝑡− 𝑗

𝑗
ª®¬

(C.2)

× 𝐸 ©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗 |𝑌1, . . . ,𝑌𝑠−1
ª®¬

𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 . . . 𝑑𝑢𝑝

= 0.

By using the Markov property of an INAR process, this is the case, because

𝐸
©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗 |𝑌1, . . . ,𝑌𝑠−1
ª®¬

= 𝐸
©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗 |𝑋1−𝑝 , . . . , 𝑋𝑠−1
ª®¬

= 𝐸
©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 |𝑋1−𝑝 , . . . , 𝑋𝑠−1
ª®¬
− 𝐸 ©­«

𝑝∏
𝑗=0

𝑢
𝑋𝑠− 𝑗

𝑗 |𝑋1−𝑝 , . . . , 𝑋𝑠−1
ª®¬

= 𝑔0, 𝜀 (𝑢0)
𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=1

𝑢
𝑋𝑠− 𝑗

𝑗 𝐸 (𝑢𝑋𝑠

0 |𝑋1−𝑝 , . . . , 𝑋𝑠−1)

= 𝑔0, 𝜀 (𝑢0)
𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑠− 𝑗 −
𝑝∏
𝑗=1

𝑢
𝑋𝑠− 𝑗

𝑗 𝑔0, 𝜀 (𝑢0)
𝑝∏
𝑗=1

(1 + 𝛼0, 𝑗 (𝑢0 − 1))𝑋𝑠− 𝑗

= 0,

where we used the null 𝐻𝑠𝑒𝑚𝑖
0 (𝜃0) to get 𝐸 (𝑢𝑋𝑠

0 |𝑋1−𝑝 , . . . , 𝑋𝑠−1) = 𝑔0, 𝜀 (𝑢0)
∏𝑝

𝑗=1 (1 + 𝛼0, 𝑗 (𝑢0 −
1))𝑋𝑠− 𝑗 .

Furthermore, because the kernel ℎ is of a quadratic form, it is positive semidefinite. That is, for
all 𝑚 ∈ N and for all 𝑐1, . . . , 𝑐𝑚 ∈ R, 𝑦1, . . . , 𝑦𝑚 ∈ N𝑝+1

0 , it holds
∑𝑚

𝑡,𝑠=1 𝑐𝑡𝑐𝑠ℎ(𝑦𝑡 , 𝑦𝑠) ≥ 0. Moreover,
because all the terms of the integrand, i.e., 𝑔𝜀 (𝑢0), 𝑢0, . . . , 𝑢𝑝 , 𝛼1, . . . , 𝛼𝑝 , are bounded by 0 from below
and by 1 from above, we have

𝐸 (ℎ(𝑌0,𝑌0; 𝜃0)) =
1∫

0

. . .

1∫
0

𝐸
©­­«
©­«
𝑔0, 𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼0, 𝑗 (𝑢0 − 1)))𝑋𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑋𝑡− 𝑗

𝑗
ª®¬

2ª®®¬
𝑤(𝑢0, . . . , 𝑢𝑝; 𝑎) 𝑑𝑢0 . . . 𝑑𝑢𝑝

<∞.
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With (𝑋𝑡 )𝑡 ∈Z being a strictly stationary and ergodic process (Du and Li, 1991), we can apply Theorem
1 of Leucht and Neumann (2013). Precisely, under the null 𝐻𝑠𝑒𝑚𝑖

0 (𝜃0) and for 𝑛→∞, this leads to

𝑇𝑛 (𝜃0) 𝑑−→
∞∑︁
𝑘=1

𝜆𝑘𝑍
2
𝑘 ,

where (𝑍𝑘 )𝑘 is a sequence of independent standard normal random variables and (𝜆𝑘 )𝑘 the sequence
of nonzero eigenvalues of (2.13) enumerated according their multiplicity with (Φ𝑘 )𝑘 the associated
orthonormal eigenfunctions. �

C.5. Proof of Theorem 2.6

Let 𝜃0 = (𝜶0, 𝐺0) ∈ 𝐴 × G denote the true parameter. For any 𝜃 ∈ Θ, we see that the kernel ℎ can be
represented as

ℎ(𝑥, 𝑦; 𝜃) =
∫
[0,1]𝑝+1

ℎ1 (𝑥,u; 𝜃)ℎ1 (𝑦,u; 𝜃)𝑄(𝑑u),

where u = (𝑢0, . . . , 𝑢𝑝), ℎ1 : R𝑝+1 × [0,1] 𝑝+1 ×Θ→ R, Θ = (0,1)𝑝 × G with

ℎ1 (𝑦𝑡 ,u; 𝜃) = 𝑔𝜀 (𝑢0)
𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 −
𝑝∏
𝑗=0

𝑢
𝑥𝑡− 𝑗

𝑗 (C.3)

with 𝑦𝑡 = (𝑥𝑡 , . . . , 𝑥𝑡−𝑝) and the probability measure 𝑄 has probability density function 𝑤, that is,
𝑑𝑄/𝑑u = 𝑤(u). Using that both terms of the difference in (C.3) only take values in [0,1], 𝜶 ∈ (0,1)𝑝 ,
𝐺 ∈ G and that the integration limits of all the following integrals are 0 and 1, we see that (C.3) fulfills∫

[0,1]𝑝+1

ℎ1 (𝑦,u; 𝜃0)2𝑄(𝑑u) <∞,
∫

[0,1]𝑝+1

𝐸𝜃0

(
ℎ1 (𝑌0,u; 𝜃0)2

)
𝑄(𝑑u) <∞

as well as the continuity condition∫
[0,1]𝑝+1

(
ℎ1 (𝑦,u; 𝜃0) − ℎ1 ( 𝑦̃,u; 𝜃0)

)2
𝑄(𝑑u) → 0 for 𝑦̃ − 𝑦→ 0.

Due to (C.2), we can conclude that 𝐸𝜃0 (ℎ1 (𝑌𝑡 ,u; 𝜃0) |𝑌𝑡−1,𝑌𝑡−2, . . .) = 0 holds as well.2 Furthermore,
the function ℎ1 in (C.3) is continuously differentiable with respect to 𝜃. For the derivatives with respect
to the model coefficients 𝛼𝑙 , 𝑙 ∈ {1, . . . , 𝑝}, we have

𝜕

𝜕𝛼𝑙
ℎ1 (𝑦𝑡 ,u; 𝜃) = 𝜕

𝜕𝛼𝑙
𝑔𝜀 (𝑢0)

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 (C.4)

= 𝑔𝜀 (𝑢0) ©­«
𝑝∏

𝑗=1, 𝑗≠𝑙

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 ª®¬
𝜕

𝜕𝛼𝑙
(𝑢𝑙 (1 + 𝛼𝑙 (𝑢0 − 1)))𝑥𝑡−𝑙

2We point out that in the original paper of Leucht and Neumann (2013), this condition contains a small typo.
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= 𝑔𝜀 (𝑢0) ©­«
𝑝∏

𝑗=1, 𝑗≠𝑙

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 ª®¬
𝑥𝑡−𝑙 (𝑢𝑙 (1 + 𝛼𝑙 (𝑢0 − 1)))𝑥𝑡−𝑙−1𝑢𝑙 (𝑢0 − 1)

=
𝑔𝜀 (𝑢0) (𝑢0 − 1)
1 + 𝛼𝑙 (𝑢0 − 1) 𝑥𝑡−𝑙

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 .

Recalling that 𝑔𝜀 (𝑢0) =
∑∞

𝑘=0𝐺 (𝑘)𝑢𝑘0 , for the partial derivatives with respect to the entries of the pmf
of the innovation distribution 𝐺, that is, (𝐺 (𝑘), 𝑘 ∈ N0), we get

𝜕

𝜕𝐺 (𝑘) ℎ1 (𝑦𝑡 ,u, 𝜃) =
𝜕

𝜕𝐺 (𝑘) 𝑔𝜀 (𝑢0)
𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 (C.5)

= 𝑢𝑘0

𝑝∏
𝑗=1

(𝑢 𝑗 (1 + 𝛼 𝑗 (𝑢0 − 1)))𝑥𝑡− 𝑗 ,

which does not depend anymore on (𝐺 (𝑘), 𝑘 ∈ N0). With the same arguments as used for (C.3), also
¤ℎ1, the Fréchet derivative of ℎ1 with respect to 𝜃, fulfills

𝐸𝜃0

©­­«
∫

[0,1]𝑝+1

| | ¤ℎ1 (𝑌0,u; 𝜃0) | |22𝑄(𝑑u)
ª®®¬
<∞,

∫
[0,1]𝑝+1

| | ¤ℎ1 (𝑦,u; 𝜃0) − ¤ℎ1 ( 𝑦̃,u; 𝜃0) | |22𝑄(𝑑u) → 0 for 𝑦̃ − 𝑦→ 0.

Moreover, ¤ℎ1 fulfills a Lipschitz-type condition in 𝜃 which we outline in the following. For simplicity,
we set 𝑝 = 1 but the subsequent arguments can be extended to higher order 𝑝 > 1. Denote 𝜃̃ = (𝛼̃,𝐺).
Then, we get

¤ℎ1 (·, ·, 𝜃) − ¤ℎ1 (·, ·, 𝜃) = ¥ℎ1 (·, ·, 𝜃) (𝜃 − 𝜃),

where 𝜃 is between 𝜃 and 𝜃̃ and

¥ℎ1 (·, ·, 𝜃) (𝜃 − 𝜃) =
𝜕 ¤ℎ1 (·, ·, 𝜃)

𝜕𝛼 |𝜃=𝜃
(𝛼 − 𝛼̃) +

∞∑︁
𝑘=0

𝜕 ¤ℎ1 (·, ·, 𝜃)
𝜕𝐺 (𝑘) |𝜃=𝜃

(𝐺 (𝑘) − 𝐺̃ (𝑘))

with

𝜕 ¤ℎ1 (𝑌𝑡 ,u, 𝜃)
𝜕𝛼 |𝜃=𝜃

=

©­­­­­«

𝑔̌𝜀 (𝑢0) (𝑢0 − 1)2𝑋𝑡−1𝑢
𝑋𝑡−1
1 (𝑋𝑡−1 − 1) (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−2

𝑢0
0𝑢

𝑋𝑡−1
1 𝑋𝑡−1 (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−1 (𝑢0 − 1)

𝑢1
0𝑢

𝑋𝑡−1
1 𝑋𝑡−1 (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−1 (𝑢0 − 1)

...

ª®®®®®¬
(C.6)
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and

𝜕 ¤ℎ1 (𝑌𝑡 ,u, 𝜃)
𝜕𝐺 (𝑘) |𝜃=𝜃

=

©­­­­«

𝑢𝑘0 (𝑢0 − 1)𝑋𝑡−1𝑢
𝑋𝑡−1
1 (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−1

0
0
...

ª®®®®¬
, 𝑘 ∈ N0, (C.7)

where we used the previous calculations of (C.4) and (C.5). For the first entry of (C.6), we have

𝑔̌𝜀 (𝑢0) (𝑢0 − 1)2𝑋𝑡−1𝑢
𝑋𝑡−1
1 (𝑋𝑡−1 − 1) (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−2 ≤ 𝑋𝑡−1 (𝑋𝑡−1 − 1) ≤ 𝑋2

𝑡−1

and for all other entries (which are equal to the first entry of (C.7), that is, for all 𝑗 ∈ N, we have

𝑢
𝑗
0 (𝑢0 − 1)𝑋𝑡−1𝑢

𝑋𝑡−1
1 (1 + 𝛼̌(𝑢0 − 1))𝑋𝑡−1−1 ≤ 𝑋𝑡−1 ≤ 𝑋2

𝑡−1.

Hence, using the notation ‖(𝑎𝑛)𝑛∈N‖1 =
∑∞

𝑛=1 |𝑎𝑛 |, we get

| | ¤ℎ1 (𝑌𝑡 ,u, 𝜃) − ¤ℎ1 (𝑌𝑡 ,u, 𝜃̃) | |1 = | | ¥ℎ1 (𝑌𝑡 ,u, 𝜃̃) (𝜃 − 𝜃̃) | |1

≤















©­­­­­­­«

𝑋2
𝑡−1 (𝛼 − 𝛼̃) +

∞∑︁
𝑘=0

𝑋2
𝑡−1 (𝐺 (𝑘) −𝐺 (𝑘))

𝑋2
𝑡−1 (𝐺 (0) −𝐺 (0))
𝑋2
𝑡−1 (𝐺 (1) −𝐺 (1))

...

ª®®®®®®®¬














1

≤ 𝑋2
𝑡−1






( | |𝜃 − 𝜃̃ | |1
| |𝐺 −𝐺 | |1

)




1

≤ 2𝑋2
𝑡−1 | |𝜃 − 𝜃̃ | |1,

as | |𝐺 −𝐺 | |1 ≤ ||𝜃 − 𝜃̃ | |1. That is, the last part of Assumption (A2) (iv) in Leucht and Neumann (2013)
holds for existing second moments of 𝑋𝑡 ensured by Assumption 1. Additionally, Drost, Van den Akker
and Werker (2009) show that their proposed estimator (2.3) is regular and consistent and consequently
exhibits the Bahadur-type expansion

𝜃̂sp = 𝜃0 +
1
𝑛

𝑛∑︁
𝑡=1

𝑙𝑡 + 𝑜𝑝 (𝑛−1/2),

with 𝑙𝑡 = 𝐿 (𝑌𝑡 ,𝑌𝑡−1, . . .) for some measurable function 𝐿, 𝐸𝜃0 (𝑙𝑡 |𝑌𝑡−1,𝑌𝑡−2, . . .) = 0 and 𝐸𝜃0 ( | |𝑙𝑡 | |22) <∞, where we refer to Section 5.3 of Van der Vaart (2000) proving this result for the class of M-
estimators (including ML-estimators) under mild regularity conditions. Hence, all assumptions of
Proposition 1 in Leucht and Neumann (2013), which is based on De Wet and Rangles (1987), are
fulfilled and we get that 𝑇𝑛 (𝜃̂sp) has the same limiting distribution as 1

𝑛

∑𝑛
𝑡=1

∑𝑛
𝑠=1 ℎ̃(𝑌𝑡 ,𝑌𝑠; 𝜃0), where

𝑌𝑡 = (𝑌 ′
𝑡 , 𝑙

′
𝑡 ) ′ and

ℎ̃(𝑥, 𝑦; 𝜃0) =
∫

[0,1]𝑝+1

(
ℎ1 (𝑥1,u; 𝜃0) + 𝐸𝜃0 ( ¤ℎ1 (𝑌1,u; 𝜃0)𝑥2)) (ℎ1 (𝑦1,u; 𝜃0) + 𝐸𝜃0 ( ¤ℎ1 (𝑌1,u; 𝜃0)𝑦2)

)
𝑄(𝑑u).

(C.8)
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Altogether, using Theorem 1 of Leucht and Neumann (2013), we get

𝑇𝑛 = 𝑇𝑛 (𝜃̂sp) 𝑑−→
∞∑︁
𝑘=1

𝜆𝑘𝑍
2
𝑘 ,

where (𝑍𝑘 )𝑘 is as before and (𝜆𝑘 )𝑘 denotes the sequence of nonzero eigenvalues of the equation (2.16)
enumerated according their multiplicity with (Φ̃𝑘 )𝑘 the associated orthonormal eigenfunctions. �

C.6. Proof of Theorem 2.8

Let 𝑝 ∈ N and suppose we observe data 𝑋1, . . . , 𝑋𝑛 from some (strictly) stationary count time series
process (𝑋𝑡 , 𝑡 ∈ Z) under the alternative 𝐻𝑠𝑒𝑚𝑖

1 in (2.18) such that (2.19), (2.20) and (2.21) hold. Then,
by adding suitable zeros 𝑔𝑝;𝐻0 (u) − 𝑔𝑝;𝐻0 (u) and 𝑔𝑝 (u) − 𝑔𝑝 (u), where u = (𝑢0, . . . , 𝑢𝑝), to the inte-
grand of the test statistic 𝑇𝑛 from (2.8) and expanding the squared term in brackets, we get

𝑇𝑛 =𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (u) − 𝑔̂𝑝 (u)

)2
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (u) +

(
𝑔𝑝;𝐻0 (u) − 𝑔𝑝;𝐻0 (u)

) − 𝑔̂𝑝 (u) + (
𝑔𝑝 (u) − 𝑔𝑝 (u)

) )2

𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (u) − 𝑔𝑝;𝐻0 (u) − 𝑔̂𝑝 (u) + 𝑔𝑝 (u)

)2
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

+ 𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u)

)2
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

+ 𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 (u) − 𝑔𝑝;𝐻0 (u) − 𝑔̂𝑝 (u) + 𝑔𝑝 (u)

) (
𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u)

)
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=: 𝐴1 + 𝐴2 + 𝐴3

with an obvious notation for 𝐴𝑖 , 𝑖 = 1,2,3. When discussing these three terms separately, we see that
the integrand of the first term 𝐴1 is appropriately centered such that 𝐴1 represents again a degenerate
V-statistic (just with a different kernel) that converges to a (non-degenerate) 𝜒2-type distribution by
making use of (2.21). The second term 𝐴2 diverges to +∞ as, for all u ∈ [0,1] 𝑝+1, 𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u)
converges to a non-zero limit such that its square becomes a function that will be strictly positive on
some subset of [0,1] 𝑝+1 with strictly positive Lebesgue measure according to (2.20). This leads to an
integral that is also strictly positive and as it is inflated with 𝑛, this second term diverges to +∞ with rate
𝑛. Finally, the third term is a mixed term, where the difference in the first brackets, that is, 𝑔̂𝑝;𝐻0 (u) −
𝑔𝑝;𝐻0 (u) − 𝑔̂𝑝 (u) + 𝑔𝑝 (u), is of order 𝑂 (1/√𝑛). This is multiplied with 𝑔𝑝;𝐻0 (u) − 𝑔𝑝 (u), which is
a function that is strictly positive on some set with positive Lebesgue measure. In total, the integral
behaves like 𝑂𝑃 (1/

√
𝑛) such that the whole third term, when inflated with 𝑛 behaves like 𝑂𝑃 (

√
𝑛). As

this is slower than the rate 𝑂 (𝑛) obtained for the second term, altogether, we have 𝑇𝑛 = 𝑂𝑃 (𝑛). That
is, 𝑇𝑛 diverges to +∞ in probability such that, for all 𝛾 ∈ (0,1), we have 𝐸 (𝜑𝑛) = 𝑃(𝑇𝑛 > 𝑞1−𝛾) −→ 1.
Hence, this proves consistency of the test against fixed alternatives. �
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C.7. Proof of Theorem 2.11

Let 𝑝 ∈ N and suppose we observe data 𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 from a triangular array (𝑋𝑛,𝑡 , 𝑡 = 1, . . . , 𝑛, 𝑛 ∈
N) of count time series and, for each fixed 𝑛, 𝑋𝑛,1, . . . , 𝑋𝑛,𝑛 is generated from a stationary Markov
chain of order 𝑝 with state space S ⊆ N0 generated under the alternative 𝐻semi

1 such that (2.24) with
𝑎𝑛 = 𝑛−1/2 as well as (2.25) hold. Then, similar to the proof of Theorem 2.8, by adding suitable zeros
𝑔𝑝;𝐻0 ,𝑛 (u) − 𝑔𝑝;𝐻0 ,𝑛 (u) and 𝑔𝑝,𝑛 (u) − 𝑔𝑝,𝑛 (u) to the integrand of the test statistic 𝑇𝑛 from (2.8) and
expanding the squared term in brackets, we get

𝑇𝑛 =𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 ,𝑛 (u) − 𝑔̂𝑝,𝑛 (u)

)2
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=𝑛
∫ 1

0
· · ·

∫ 1

0

(
𝑔̂𝑝;𝐻0 ,𝑛 (u) +

(
𝑔𝑝;𝐻0 ,𝑛 (u) − 𝑔𝑝;𝐻0 ,𝑛 (u)

) − 𝑔̂𝑝,𝑛 (u) + (
𝑔𝑝,𝑛 (u) − 𝑔𝑝,𝑛 (u)

) )2

𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝

=
∫ 1

0
· · ·

∫ 1

0

(√
𝑛
(
𝑔̂𝑝;𝐻0 ,𝑛 (u) − 𝑔̂𝑝,𝑛 (u) −

(
𝑔𝑝;𝐻0 ,𝑛 (u) − 𝑔𝑝,𝑛 (u)

) ) + √
𝑛
(
𝑔𝑝;𝐻0 ,𝑛 (u) − 𝑔𝑝,𝑛 (u)

) )2

𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝
𝑑−→

∫ 1

0
· · ·

∫ 1

0

(
𝐺 (u) +𝐶 (u)

)2
𝑤(u; 𝑎) 𝑑𝑢0 · · · 𝑑𝑢𝑝 ,

where we used (2.24) with 𝑎𝑛 = 1/√𝑛 and (2.25). Otherwise, if 𝑎𝑛 → 0 such that
√
𝑛 𝑎𝑛 →∞, the test

𝜑𝑛 remains consistent, that is, we have 𝐸 (𝜑𝑛) → 1 as 𝑛→ ∞. If 𝑎𝑛 = 𝑜(𝑛−1/2), the test 𝜑𝑛 has no
asymptotic power, that is, we have 𝐸 (𝜑𝑛) → 𝛾 as 𝑛→∞.

�
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Predictive inference for discrete-valued time series
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Abstract

For discrete-valued time series, predictive inference cannot be implemented through the con-

struction of prediction intervals to some predetermined coverage level, as this is the case for

real-valued time series. To address this problem, we propose to reverse the construction prin-

ciple by considering preselected sets of interest and estimating the probability that a future

observation of the process falls into these sets. The accuracy of the prediction is then evaluated

by quantifying the uncertainty associated with estimation of these predictive probabilities. We

consider parametric and non-parametric approaches and derive asymptotic theory for the esti-

mators involved. Suitable bootstrap approaches to evaluate the distribution of the estimators

considered also are introduced. They have the advantage to imitate the distributions of interest

under different possible settings, including the practical important case where uncertainty holds

true about the correctness of a parametric model used for prediction. Theoretical justification of

the bootstrap is given, which also requires investigation of asymptotic properties of parameter

estimators under model misspecification. We elaborate on bootstrap implementations under

different scenarios and focus on parametric prediction using INAR and INARCH models and

(conditional) maximum likelihood estimators. Simulations investigate the finite sample perfor-

mance of the predictive method developed and applications to real life data sets are presented.
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1. Introduction

The class of discrete-valued time series models is vast; see Weiß (2018) and Davis et al. (2016)

for an overview. A first family of such time series are so-called count time series which include,

e.g., the INAR and the INARCH models that will be further discussed in Section 3. A second

family are categorical time series (which also include ordinal time series), when the data exhibit

a qualitative range consisting of a finite number of categories; see e.g., Pruscha (1993), Fokianos

and Kedem (2003), Weiß (2020) and Liu et al. (2022). A special case of categorical time series

are binary time series, where the observations take two possible values only; see e.g. Kedem

and Fokianos (2002) and Jentsch and Reichmann (2021).

In the continuous time series setting, predictive inference commonly deals with point predic-

tion which is accompanied by a prediction interval, where the goal of the latter is to take into

account the uncertainty associated with the point prediction. Given time series data up to some

time point n, that is, given X1, . . . , Xn, such prediction intervals are designed to cover future

observations, say Xn+h, for some h ∈ N, with a desired (high) probability. The main criterion

to judge the quality of such prediction intervals is its asymptotic validity, which is specified,

e.g., in Pan and Politis (2016) as follows. Given time series X1, . . . , Xn, suppose that the task

is to predict one step ahead, that is, to predict Xn+1. Then, for β ∈ (0, 1), the interval [ln, un]

is called an asymptotically valid (1− β) prediction interval for Xn+1 if

P (ln ≤ Xn+1 ≤ un|X1, . . . , Xn) → 1− β for n → ∞. (1.1)

In the formulation above, ln = ln(X1, . . . , Xn) and un = un(X1, . . . , Xn) typically are functions

of the observed sample X1, . . . , Xn.

In the context of discrete-valued time series, the above concept of an (asymptotically) valid

prediction interval is not applicable since intervals do not account for the discrete nature of

the data. In fact and for general choices of β ∈ (0, 1), it is typically not possible to construct

an interval which guarantees an exact (or asymptotic) level 1 − β. To address this problem,

in the special case of count time series, Freeland and McCabe (2004) introduced the notion

of coherent forecasting according to which predicted values of count processes should also be

counts themselves. In compliance with this notion, we could rather consider prediction sets

than intervals. These can be obtained by looking at the set [ln, un] ∩ range(Xn+1). However,

also for such prediction sets, it is in general not even asymptotically possible to achieve validity

in the sense of (1.1). This is illustrated by the following example.

Example 1.1. Let X1, . . . , Xn be an ordinal stationary time series stemming from a first-order

Markov process with range(Xt) = {0, 1, . . . , 5}. Think of Xt as measuring the daily air quality

level in different cities; see the data example of Liu et al. (2022) and the analysis by Jahn and
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Weiß (2024). Suppose that for some xn ∈ {0, 1, . . . , 5}, e.g., for xn = 2, the process has the

following one step transition probabilities: P (Xn+1 = 0|Xn = 2) = 0.58, P (Xn+1 = 1|Xn =

2) = 0.2, P (Xn+1 = 2|Xn = 2) = 0.11, P (Xn+1 = 3|Xn = 2) = 0.09 and P (Xn+1 = 4|Xn =

2) = P (Xn+1 = 5|Xn = 2) = 0.01. Then, it is not possible to obtain a prediction set for Xn+1

given that Xn = 2 with an exact or asymptotic coverage of 95%; see Table 1 for some exemplary

prediction sets.

Xn+1 ∈ Set Cov Set Cov Set Cov Set Cov

{1, 2, 3} 0.40 {0, 1, 2} 0.89 {0, 1, 2, 4, 5} 0.91 {0, 1, 2, 3} 0.98

Table 1. Coverages (Cov) for different exemplary prediction sets.

A way to achieve coherent forecasting for the setup of count processes is to return the full

predictive probability mass function of Xn+h given X1, . . . , Xn, as proposed by Homburg et al.

(2023). However, this does not account for the estimation uncertainty that comes with it. In

this paper, we propose an alternative strategy to solve the problem of coherent forecasting

by transforming the predictive inference problem into a parameter estimation problem and by

constructing a corresponding confidence interval for the underlying parameter at some desired

level 1−δ, where δ ∈ (0, 1). To be more specific, let S ⊂ R be any user-selected subset of possible

values of interest that Xn+h can take. We propose to estimate the predictive probability of this

set, that is, the probability that Xn+h takes a value in S given the observed stretch X1, . . . , Xn

of the process. The uncertainty associated with such a prediction can then be accounted for by

constructing a (1− δ)-confidence interval for the corresponding predictive probability. Clearly,

if range(Xn+h) is known, S ⊂ range(Xn+h) is a typical choice, which we assume to be the case

for simplicity in what follows. Note that |S| = ∞ is also allowed.

In Section 2, we elaborate on this general idea. In Section 2.2, we derive some asymp-

totic theory for the corresponding prediction problem, where we concentrate on parametric and

non-parametric implementations of this kind of predictive inference. As we will see, using the

asymptotic distributions derived for the calculation of the described confidence intervals turns

out to be cumbersome in practice. To circumvent this problem, we resort to bootstrap tech-

niques. In particular, we use bootstrapping to construct confidence intervals of the predictive

probabilities of interest under a variety of relevant settings. In Section 2.3, we propose different

bootstrap algorithms and we also address the important problem of model uncertainty (in case

the decision of the user is in favor of a parametric model) by providing a bootstrap procedure

which takes this problem into account in constructing the confidence interval of interest. To de-

rive theoretical results in this context, the investigation of the consistency and the distributional
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properties of estimators under model misspecification is required, a topic which is of interest

on its own. In Section 3, we concentrate on asymptotic and on bootstrap-based approaches for

the case of (discrete-valued) count time series, where predictive inference is implemented us-

ing (conditional) maximum likelihood estimation and (first-order) INAR and INARCH models.

Section 4 discusses some practical issues while Section 5 presents simulation results demon-

strating the capabilities of the different asymptotic and bootstrap methods proposed. Section

6 gives applications to real-life data sets and Section 7 concludes the findings of our paper. All

technical proofs are deferred to the Appendix.

2. Prediction for Discrete-Valued Time Series

2.1. Predictive Probabilities. Suppose we observe a sample X1, . . . , Xn from a strictly sta-

tionary, discrete-valued process (Xt, t ∈ Z), that is range(X0) ⊂ R is a countable set. Without

loss of generality, let range(X0) = {yk, k ∈ N}, where N ⊆ N. Our goal is to predict the future

value Xn+h of the process for some h ∈ N. In this setup and for any S ⊂ R, we denote by

P
(h)
S,xn

= P (Xn+h ∈ S
∣∣Xn = xn)

the h-step predictive probability of the subset S given that

Xn := (X1, . . . , Xn) = (x1, . . . , xn) =: xn.

P
(h)
S,xn

is the conditional probability that the future random variable Xn+h takes a value in the

subset S given the realization xn of Xn. Let δ ∈ (0, 1) be small. A (1− δ)-confidence interval

for P
(h)
S,xn

, that is, an interval [L(h)
n , U

(h)
n ] with the property

P
(
L(h)
n ≤ P

(h)
S,xn

≤ U (h)
n

)
= 1− δ,

is called a (1− δ) confidence interval for the h-step predictive probability of the subset S. If the

above statement holds true for n → ∞, that is, if

lim
n→∞

P
(
L(h)
n ≤ P

(h)
S,xn

≤ U (h)
n

)
= 1− δ,

the corresponding interval is called an asymptotic (1 − δ) confidence interval for the h-step

predictive probability of the subset S.

In the following, we concentrate on the case where the underlying process is a first-order,

discrete-valued Markov process and h = 1. In this case P (h)
S,xn

= P
(h)
S,xn

and we write for simplicity,

since h = 1,

PS,xn := P (Xn+1 ∈ S|Xn = xn) =
∑

k∈N :yk∈S
P (Xn+1 = yk|Xn = xn).
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We assume throughout this paper that xn ∈ range(X0) is a given value which coincides with

the value of the last observation of the time series X1, . . . , Xn at hand. Furthermore and in

order to simplify notation, we sometimes also write PXt+1=yk|Xt=xn
for the one step transition

probability P (Xt+1 = yk|Xt = xn). Note that our derivations can easily be extended to Markov

models of higher order and to larger prediction horizons, that is, h > 1; we refer to Section 4.2

for more details. We start by imposing the following assumption.

Assumption 1 (Markov process). (Xt, t ∈ Z) is a discrete-valued, homogeneous, aperiodic,

irreducible, positive recurrent and geometrically ergodic first-order Markov process.

Remark 2.1. Assumption 1 covers a wide range of discrete time series. It even includes

appropriate nominal time series since we do not require an order of the potentially involved

categories of the data. An example for the latter time series are DAR processes; see Jacobs and

Lewis (1983) for details.

As already mentioned, our aim is to construct a confidence interval for the (one step ahead)

predictive probability of a set S ⊂ R of interest, which has an (asymptotic) coverage of 1 − δ

for some given δ ∈ (0, 1). In the next two subsections, we will consider parametric and non-

parametric approaches towards this goal.

2.2. Asymptotic Confidence Intervals.

2.2.1. Parametric Prediction. A common situation in time series analysis occurs when a para-

metric model is used to perform prediction. In our context, the predictive probability PS,xn is

estimated using a parametric, first-order Markov model, the properties of which will be specified

in Assumption 2 below. In order to emphasize the dependence of the prediction on the used

model and on the associated parameter vector denoted by θ, we write (Xt(θ), t ∈ Z) for the

parametric model used for prediction. Note that we do not want to assume that the discrete-

valued time series observed necessarily stems from the parametric process (Xt(θ), t ∈ Z) which

will be used for prediction. This seems important in order to address the practically important

situation of model misspecification in implementing the prediction and in constructing the con-

fidence interval for the predictive probability. This situation occurs when the parametric model

class used for prediction does not necessarily coincide with the data generating process. The

following (high-level) assumption specifies our requirements including those needed to obtain

an asymptotically valid confidence interval for the predictive probability of interest.

Assumption 2 (Parametric family of Markov processes).

(i) Mθ := {(Xt(θ), t ∈ Z), θ ∈ Θ} is a parametric family of stationary, discrete-valued,

aperiodic, positive recurrent and geometrically ergodic, first-order Markov process with
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parameter vector θ ∈ Θ ⊂ Rd for some finite d ∈ N and Θ a compact set. Furthermore,

θ1 ̸= θ2 implies (Xt(θ1), t ∈ Z) ̸= (Xt(θ2), t ∈ Z).

(ii) There exists a unique θ0 ∈ Θ such that, when fitting a model from the family Mθ to the

process (Xt, t ∈ Z), the estimator θ̂ used fulfills

√
n(θ̂ − θ0)

d→ N (0, Vθ0),

where Vθ0 is a positive-definite covariance matrix.

Under the above assumption, we write P
(para)
S,xn

(θ0) := PS,xn for the (parametric) predictive

probability of the set S when model class Mθ is used for prediction. Then,

P
(para)
S,xn

(θ̂) =
∑

yk∈S
P

(para)
Xt+1=yk|Xt=xn

(θ̂),

is the estimator of P (para)
S,xn

(θ0) obtained by replacing θ0 by θ̂. Here, P (para)
Xt+1=yk|Xt=xn

(θ0) denotes

the one step transition probability associated with the parametric Markov process (Xt(θ0), t ∈
Z) ∈ Mθ. Now assuming that P

(para)
Xt+1∈S|Xt=xn

(θ) is continuous differentiable with respect to θ,

we get

√
n
(
P

(para)
Xt+1∈S|Xt=xn

(θ̂)− P
(para)
Xt+1∈S|Xt=xn

(θ0)
)
= ∇θP

(para)
Xt+1∈S|Xt=xn

(θ′)
√
n(θ̂ − θ0)

⊤

for some θ′ such that ∥θ′ − θ0∥ ≤ ∥θ̂ − θ0∥. Here and for any θ1 ∈ Θ, ∇θP
(para)
Xt+1∈S|Xt=xn

(θ1)

denotes the d-dimensional vector of partial derivatives of P (para)
Xt+1∈S|Xt=xn

(θ) with respect to θ

and evaluated at θ1. We then get by Assumption 2 and assuming continuity of the partial

derivatives, that as n → ∞,

√
n
(
P

(para)
Xt+1∈S|Xt=xn

(θ̂)− P
(para)
Xt+1∈S|Xt=xn

(θ0)
) d→ N

(
0, σ2

S(θ0)
)
, (2.1)

where

σ2
S(θ0) := ∇⊤

θ P
(para)
Xt+1∈S|Xt=xn

(θ0)Vθ0 ∇θP
(para)
Xt+1∈S|Xt=xn

(θ0).

The following result easily follows.

Proposition 2.2 (Asymptotic parametric confidence interval for P
(para)
S,xn

(θ0)). Suppose As-

sumption 2 holds true and let V
θ̂

be a consistent estimator of Vθ0 obtained by replacing θ0 by

θ̂. Suppose that P (para)
S,xn

(θ) is continuously differentiable around θ0 and that ∇θP
(para)
S,xn

(θ0) ̸= 0.

Then, [
P

(para)
S,xn

(θ̂)−
zδ/2σS(θ̂)√

n
, P

(para)
S,xn

(θ̂) +
zδ/2σS(θ̂)√

n

]

is an asymptotically valid confidence interval for the predictive probability P
(para)
S,xn

(θ0) with con-

fidence level 1 − δ, where σS(θ̂) =
√

σ2
S(θ̂) and σ2

S(θ̂) is the estimator of σ2
S(θ0) obtained by

replacing θ0 by θ̂. Furthermore, zδ/2 denotes the upper δ/2-quantile of the standard Gaussian

distribution.
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Remark 2.3.

(i) Note that in the case of model misspecification, which is allowed by Assumption 2, θ0 is

the parameter vector from the parameter space Θ which best fits the underlying process

(Xt, t ∈ Z) and that the particular value of θ0 also depends on the estimation method

used to obtain θ̂. Furthermore, the same will be true for the (limiting) distribution

of the estimator θ̂ and in particular for the variance Vθ0 of this limiting distribution.

We elaborate in Section 3 on the important case where θ̂ is a (conditional) maximum

likelihood estimator.

(ii) The construction of the asymptotic confidence interval for the predictive probability

P
(para)
S,xn

(θ0) relies on the estimator σ2
S(θ̂), which is typically difficult to obtain in practice

due to the need to calculate the unknown quantities ∇θP
(para)
S,xn

(θ̂) and V
θ̂
. In Section

2.3, we will introduce bootstrap procedures to estimate these quantities as well as the

distribution of P (para)
S,xn

(θ̂).

(iii) Assumption 2 (ii) can be generalized to allow for an infinite dimensional parameter space

Θ. For example, this is relevant for the semi-parametric INAR model investigated by

Drost et al. (2009) and Faymonville and Jentsch (2025).

2.2.2. Non-parametric Prediction. Alternatively to the situation discussed in Section 2.2.1, we

may consider a fully non-parametric approach to estimate the predictive probability and to

obtain the corresponding confidence interval. In the absence of parametric assumptions, we can

use the appropriate relative frequencies in order to estimate PS,xn . In the following, we denote

the predictive probability PS,xn by P
(npara)
S,xn

in order to distinguish it from the parametric case

discussed in the previous section. A natural estimator of P (npara)
S,xn

is then obtained as follows:

P̂
(npara)
Xt+1∈S|Xt=xn

=





n−1∑
t=1

1{Xt+1∈S,Xt=xn}

n−1∑
t=1

1{Xt=xn}

if
∑n−1

t=1 1{Xt=xn} ̸= 0,

0 if
∑n−1

t=1 1{Xt=xn} = 0.

(2.2)

Notice that by Assumption 1, the estimator P̂ (npara)
Xt+1∈S|Xt=xn

converges in probability to PXt+1∈S|Xt=xn

as n → ∞ ; see Derman (1956), where also a limiting Gaussian distribution for these estimators

has been established. An asymptotically valid (1 − δ)-confidence interval for P
(npara)
S,xn

is given

in the following proposition.

Proposition 2.4 (Asymptotic non-parametric confidence interval for PS,xn = P
(npara)
S,xn

). Sup-

pose that Assumption 1 holds true. Then, an asymptotically valid confidence interval for P (npara)
S,xn
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Prediction

Data X1, . . . , Xn

stems from the class Mθ

X1, . . . , Xn

doesn’t stem from the class Mθ

Non-parametric

P̂
(npara)
S,xn

Model is ignored “Correct” prediction

Parametric

P
(para)
S,xn

(θ̂)
“Correct” prediction Model is misspecified

Table 2. Possible constellations that may occur when using a parametric or

non-parametric estimator of predictive probabilities.

with confidence level 1− δ is given by
[
P̂

(npara)
S,xn

−
zδ/2σ̂S√
n− 1

, P̂
(npara)
S,xn

+
zδ/2σ̂S√
n− 1

]
,

where σ̂S =
√

σ̂2
S with σ̂2

S = âTS Σ̂S âS. Here, using the notation Q̂S,xn = 1
n−1

∑n−1
t=1 1{Xt+1∈S,Xt=xn}

and Q̂xn = 1
n−1

∑n−1
t=1 1{Xt=xn}, we have

âS =

(
1

Q̂xn

,
−Q̂S,xn

Q̂2
xn

)⊤

and Σ̂S =


Σ̂

(1,1)
S Σ̂

(1,2)
S

Σ̂
(2,1)
S Σ̂

(2,2)
S


 ,

where Σ̂S is a consistent estimator for ΣS defined in (A.2). The estimator Σ̂S is obtained by

replacing the corresponding probabilities in ΣS by their sample estimators and suitably truncating

the corresponding infinite sums.

2.3. Bootstrap Confidence Intervals. Despite the fact whether a parametric or a non-

parametric approach is used to estimate the predictive probability, when it comes to the con-

struction of the corresponding confidence interval, some care is needed. To elaborate, recall that

parametric assumptions that have been imposed on the underlying process in order to obtain

estimators of the predictive probabilities, may not necessarily hold true in reality. Depending

on which constellation holds true, this (may) affect the (limiting) distribution of the estimators

used and therefore, it has to be taken into account in order to properly construct the confidence

interval of interest. In Table 2, we show the different constellations that may occur when it

comes to prediction. This table summarizes different situations depending on whether the time

series X1, . . . , Xn observed stems from a particular parametric class of Markov processes de-

noted by Mθ or not and whether a parametric or a non-parametric approach is used to perform

prediction, that is, to estimate the predictive probability PS,xn .

As it can be seen from this table, there are two constellations where the particular method

used to calculate the predictive probability is correct and which are termed as "Correct" Pre-

diction. The first refers to the situation where the time series stems from the parametric class
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Mθ and the same class also is used to calculate the predictive probability. The second concerns

the case where the time series does not stem from the parametric class Mθ and the predic-

tion is implement in a non-parametric way. In the other two constellations, either an error is

made in performing the prediction or the approach is inefficient. To elaborate, an error occurs

in the case where the parametric model class Mθ is wrongly used (model misspecification).

Analogously, the predictive approach becomes inefficient when the parametric model class Mθ

is erroneously not used and the prediction is implemented in a non-parametric way. Now, in

order to construct a proper confidence interval for the predictive probability of interest, these

different constellations have to be taken into account.

The bootstrap procedures developed in this section for the construction of confidence intervals

are able to fully take into account the different situations that may occur as described in Table 2.

Additionally to this important fact, the bootstrap also has the advantage to circumvent the

possibly cumbersome calculations needed to implement in practice the limiting distributions

derived in Sections 2.2.1 and 2.2.2 in order to construct the confidence intervals of interest.

The main structure of the bootstrap procedure proposed consists of four steps, where the first

two have to be specified differently according to which setup from the four possible ones shown in

Table 2 should be imitated in the bootstrap world. We first state this basic bootstrap algorithm,

while the different specifications of the first two steps that should be made will be discussed

later on in more detail. Notice that in the following description, P̂S,xn , respectively, P̂ ∗
S,xn

, are

used to denote any estimator, respectively, bootstrap estimator, of the predictive probability

PS,xn , where the specific form these estimators take will be clarified in the discussion following

the basic bootstrap algorithm.

Algorithm 2.5 (Basic bootstrap algorithm for the construction of confidence intervals of pre-

dictive probabilities).

Step 1: Given X1, . . . , Xn, calculate the estimator P̂S,xn := P̂S,xn(X1, . . . , Xn) of the predictive

probability PS,xn.

Step 2: Generate a pseudo time series X∗
1 , . . . , X

∗
n and calculate the same estimator as in Step

1 but based on X∗
1 , . . . , X

∗
n to get P̂ ∗

S,xn
:= P̂S,xn(X

∗
1 , . . . , X

∗
n).

Step 3: Repeat Step 2 a large number of times, say B times, and calculate

L∗,(b)
n = P̂

∗,(b)
S,xn

− P̂S,xn , b = 1, . . . , B,

where P̂
∗,(b)
S,xn

denotes the estimator P̂ ∗
S,xn

obtained in the bth bootstrap repetition.

Step 4: Compute the (1− δ)-confidence interval as

[
P̂S,xn − q∗1−δ/2, P̂S,xn − q∗δ/2

]
,
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Prediction

Data X1, . . . , Xn

stems from the class Mθ

X1, . . . , Xn

doesn’t stem from the class Mθ

Step 1 :

Non-parametric

P̂
(npara)
S,xn

Step 2: X∗
1 , . . . , X

∗
n is generated

using the estimated, model-based

one step transition probabilities

and P̂ ∗
S,xn

= P̂
∗,(npara)
S,xn

Step 2: X∗
1 , . . . , X

∗
n is generated

using the non-parametrically

estimated one step transition

probabilities and P̂ ∗
S,xn

= P̂
∗,(npara)
S,xn

Step 1 :

Parametric

P
(para)
S,xn

(θ̂)

Step 2: X∗
1 , . . . , X

∗
n is generated

using the estimated, model-based

one step transition probabilities

and P̂ ∗
S,xn

= P
(para)
S,xn

(θ̂∗)

Step 2: X∗
1 , . . . , X

∗
n is generated

using the non-parametrically

estimated one step transition

probabilities and P̂ ∗
S,xn

= P
(para)
S,xn

(θ̂∗)

Table 3. Different possible specifications of Step 1 and Step 2 of the basic

bootstrap algorithm depending on which one of the four possible scenarios in

Table 2 should be imitated.

where q∗α denotes the α-quantile of the empirical distribution of L∗
n, that is, P ∗(L∗

n ≤
q∗α) = α.

Recall that we aim to imitate the distribution of the estimator P̂S,xn of the predictive proba-

bility under the different possible scenarios. So far, we have considered two types of estimators:

the non-parametric estimator, that is, P̂S,xn = P̂
(npara)
S,xn

and the parametric estimator, that is,

P̂S,xn = P
(para)
S,xn

(θ̂). Now, depending on whether the time series X1, . . . , Xn stems from the

parametric model class Mθ or not, the distribution of the estimators P̂
(npara)
S,xn

, respectively,

P
(para)
S,xn

(θ̂) may be different. This requires a proper specification of Step 1 and Step 2 of the

basic bootstrap algorithm, which is clarified in Table 3.

Remark 2.6 (Unconditional confidence interval vs. conditional prediction interval). In contrast

to bootstrap procedures that aim to construct (conditionally) valid prediction intervals in the

continuous case, we do explicitly not require that the pseudo time series X∗
1 , . . . , X

∗
n (in all

four cases) has the property that X∗
n = xn holds true. This is because in the discrete setting

considered in this paper, we propose to reverse the approach and aim for the construction of

a confidence interval for the predictive probability PS,xn instead of constructing a prediction

interval for Xn+1 (conditional on Xn = xn).

In Sections 2.3.1 and 2.3.2, we will discuss in more detail the implementation and the proper-

ties of the different specifications of the basic bootstrap algorithm described in Table 3. Notice

that investigations of the asymptotic validity of the constructed bootstrap prediction intervals
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essentially need to show that the prediction error Ln := P̂S,xn − PS,xn and the bootstrap pre-

diction error L∗
n := P̂ ∗

S,xn
− P̂S,xn converge, in a proper way, to the same limiting distribution,

where the latter is assumed to be continuous. Denoting by qα the α-quantile of the distribution

of Ln, this convergence would justify the use of the bootstrap for constructing the prediction

intervals of interest due to the following approximation

1− δ = P (qδ/2 ≤ Ln ≤ q1−δ/2)

= P (P̂S,xn − q1−δ/2 ≤ PS,xn ≤ P̂S,xn − qδ/2)

≈ P (P̂S,xn − q∗1−δ/2 ≤ PS,xn ≤ P̂S,xn − q∗δ/2).

Here, q∗α denotes the α-quantile of the distribution of the bootstrap error L∗
n, which, by the

assumed convergence in distribution and the continuity of the limiting distribution, satisfies

|q∗δ/2 − qδ/2| → 0, in probability, as n → ∞.

2.3.1. Parametric Prediction. In the case of parametric prediction, that is, in the case where

the estimator P
(para)
S,xn

(θ̂) is used, the following two different constellations may occur as shown

in the second row of Table 3:

(a) X1, . . . , Xn stems from the parametric class used to perform the prediction.

(b) X1, . . . , Xn does not stem from the parametric class used to perform the prediction.

We first elaborate on case (a). Under this scenario, the matrix of transition probabilities used

to generate X∗
1 , . . . , X

∗
n, is obtained from the parametric model and depends on the estimated

parameter vector θ̂. Its (i, j)th element is given by P
(para)
Xt+1=xj |Xt=xi

(θ̂). The bootstrap pseudo

time series X∗
1 , . . . , X

∗
n is then generated using these parametric one step transition probabilities.

In case (b), the bootstrap time series X∗
1 , . . . , X

∗
n is generated using non-parametric estima-

tors of the one step transition probabilities. The (i, j)th element of the corresponding transition

probability matrix is P̂
(npara)
Xt+1=xj |Xt=xi

and it is given in (2.2) for S = {xj} and xn = xi.

However, in any one of the two scenarios discussed, the bootstrap estimator θ̂∗ based on the

pseudo time series X∗
1 , . . . , X

∗
n, has to imitate the distribution of the estimator θ̂ as stated in

the following assumption. This high-level assumption has to be validated in a particular setting

of interest, as this will be discussed in more detail in Section 3.

Assumption 3 (Bootstrap CLT for parameter estimator). The bootstrap estimator θ̂∗ based on

the pseudo time series X∗
1 , . . . , X

∗
n generated under the two different constellations (a) or (b),

satisfies
√
n(θ̂∗ − θ̂)

d→ N (0, Vθ0) in probability,

where Vθ0 is given in Assumption 2(ii).
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Under this assumption, we can establish validity of the bootstrap procedure used to construct

confidence intervals for the predictive probability in case the parametric estimator P (para)
S,xn

(θ̂) is

used.

Theorem 2.7 (Parametric bootstrap confidence interval for P (para)
S,xn

(θ0)). Suppose Assumptions

1, 2 and 3 hold true. Let P
(para)
S,xn

(θ) be continuously differentiable around θ0 with gradient

∇θP
(para)
S,xn

(θ0) ̸= 0. Then, the bootstrap confidence interval for P
(para)
S,xn

(θ0) given by

[
P

(para)
S,xn

(θ̂)− q∗1−δ/2, P
(para)
S,xn

(θ̂)− q∗δ/2
]
,

is asymptotically of level 1 − δ. Here, q∗α denotes the α-quantile of the distribution of L∗
n :=

P
(para)
S,xn

(θ̂∗)− P
(para)
S,xn

(θ̂).

As the above theorem shows, the bootstrap confidence interval for the parametric predictive

probability P
(para)
S,xn

(θ0) retains (asymptotically) the desired level 1 − δ even if the time series

observed does not stem from the model class used to perform the prediction. As we will see

in the simulations in Section 5, in this case of model misspecification, the confidence intervals

obtained inherit this uncertainty, which manifests itself in larger but more honest confidence

intervals compared to those obtained for the case where X1, . . . , Xn stems from the model class

Mθ and this class also is used to implement the bootstrap.

2.3.2. Non-parametric Prediction. Consider next the case where the non-parametric estimator

of the predictive probability P̂
(npara)
S,xn

is used to perform the prediction; see the first row of

Table 3. In this case, the time series X1, . . . , Xn may or may not stem from the parametric

family Mθ. According to which one of the two possible scenarios should be imitated in the

bootstrap world, one can again use the estimated parametric one step transition probabilities,

P
(para)
Xt+1=xj |Xt=xi

(θ̂), or the non-parametric analogue, P̂ (npara)
Xt+1=xj |Xt=xi

, to generate the bootstrap

pseudo time series X∗
1 , . . . , X

∗
n. The following theorem can then be established.

Theorem 2.8 (Non-parametric bootstrap confidence interval for PS,xn = P
(npara)
S,xn

).

(i) Suppose Assumptions 1 holds true and that X∗
1 , . . . , X

∗
n, is generated using the non-

parametrically estimated one step transition probabilities P̂
(npara)
Xt+1=xj |Xt=xi

. Then, the

bootstrap confidence interval for PS,xn given by

[
P̂

(npara)
S,xn

− q∗1−δ/2, P̂
(npara)
S,xn

− q∗δ/2
]
,

is asymptotically of level 1 − δ. Here, q∗α denotes the α-quantile of the distribution of

L∗
n := P̂

∗,(npara)
S,xn

− P̂
(npara)
S,xn

.

(ii) Suppose Assumptions 1, 2 and 3 hold true and that X∗
1 , . . . , X

∗
n is generated using the

estimated, model-based one step transition probabilities P
(para)
Xt+1=xj |Xt=xi

(θ̂). Then, the

confidence interval constructed as in (i) is asymptotically of level 1− δ.
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3. Parametric Prediction Using Specific Estimators and Models

We illustrate our proposed prediction methodology by an application to the case where the

popular INAR(1) and INARCH(1) models for count time series are used for prediction. We also

concentrate on (conditional) maximum likelihood estimators of the parameters of these models.

We first elaborate on properties of conditional maximum likelihood estimators under a setting

which allows for model misspecification.

3.1. Conditional Maximum Likelihood Estimators. Let

ln(θ|X1) =
n∑

t=2

log
(
P

(para)
Xt|Xt−1

(θ)
)

be the (conditional on X1) log-likelihood function, where P
(para)
Xt|Xt−1

(θ) denotes the one step

transition probabilities of the process (Xt(θ), t ∈ Z) belonging to the class Mθ. We denote by

θ̂ML = argmaxθ∈Θln(θ|X1), the (conditional) maximum likelihood estimator of θ based on the

time series X1, . . . , Xn stemming from a process (Xt, t ∈ Z) satisfying Assumption 1.

Since we are in the setting of a parametric prediction and we will use the estimator P (para)
S,xn

(θ̂ML)

of the predictive probability, in order to construct a confidence interval for P
(para)
S,xn

(θ), a para-

metric or a non-parametric bootstrap approach to generate the bootstrap time series X∗
1 , . . . , X

∗
n

can be used; see the second row of Table 3. Recall that using a non-parametric approach in this

context to generate the pseudo time series, enables us to imitate the distribution of P (para)
S,xn

(θ̂ML)

under model misspecification. To establish validity of the bootstrap in this setting, the key step

is to show that the estimator θ̂∗ML satisfies Assumption 3. Towards this goal, some additional

assumptions regarding the properties of the underlying process have to be imposed. We begin

with the following assumption.

Assumption 4 (Data generating process under potential model misspecification).

(i) E
(
logP

(para)
Xt+1|Xt

(θ)
)

has a unique maximum at θ0 in the interior of Θ.

(ii) P
(para)
Xt+1|Xt

(θ) is two times differentiable around θ0 with respect to θ with Lipschitz contin-

uous second-order partial derivatives.

(iii) E∥∇θ logP
(para)
Xt+1|Xt

(θ)∥2 < ∞ for every θ ∈ Θ and the matrix E
(
∇2

θ logP
(para)
Xt+1|Xt

(θ0)
)

is

positive definite.

(iv) E
(
∇θ logP

(para)
Xt+1|Xt

(θ)
)
= ∇θE

(
logP

(para)
Xt+1|Xt

(θ)
)

for every θ ∈ Θ.

Part (i) of this assumption guarantees the uniqueness of the limit of the maximum likelihood

estimator which is important when (Xt, t ∈ Z) does not necessarily belong to Mθ. Assumption

4(ii) imposes smoothness conditions on the parametric one step transition probabilities, As-

sumption 4(iii) ensures the existence of second-order moments while Assumption 4(iv) allows

for the interchangeability of expectation and differentiation. Such assumptions are common for
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investigating the consistency and distributional properties of maximum likelihood estimators;

see for instance Condition 1.1 in Billingsley (1961).

Using Assumption 4(ii), a Taylor series expansion of l
′
n(θ|X1) =

∑n
t=2∇θ log(P

(para)
Xt|Xt−1

(θ))

around θ0 and the fact that l
′
n(θ̂ML|X1) = 0, we get the basic expression

1

n− 1
l
′′
n(θ̃n|X1)

√
n− 1

(
θ̂ML − θ0)

)
= − 1√

n− 1

n∑

t=2

∇θ logP
(para)
Xt|Xt−1

(θ)
∣∣
θ=θ0

, (3.1)

for some θ̃n ∈ Θ such that ∥θ̃n−θ0∥ ≤ ∥θ̂ML−θ0∥. We first establish the following result which

generalizes consistency of the (conditional) maximum likelihood estimator also for case where

the time series at hand does not necessarily stem from the model class Mθ.

Theorem 3.1 (Convergence of θ̂ML). Assume that X1, . . . , Xn stems from a process satisfying

Assumption 1. Let Mθ be a model class satisfying Assumption 2(i) and suppose that Assumption

4(i) is fulfilled. Then, as n → ∞,

θ̂ML
P→ θ0.

Note that analogous to (3.1), a similar expression can also be obtained in the bootstrap world

based on the pseudo time series X∗
1 , . . . , X

∗
n, that is, we have,

1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
√
n− 1

(
θ̂∗ML − θ̂ML

)
= − 1√

n− 1

n∑

t=2

∇θ log(P
(para)
X∗

t |X∗
t−1

(θ))
∣∣
θ=θ̂ML

, (3.2)

where ∥θ̃∗n − θ̂ML∥ ≤ ∥θ̂∗ML − θ̂ML∥.
Now, when a parametric model from the class Mθ is fitted using (conditional) maximum

likelihood estimation and this model is used in the bootstrap procedure to generate the pseudo

time series X∗
1 , . . . , X

∗
n, then the generated bootstrap data stems from a parametric model with

parameter vector θ̂ML irrespective of whether this also holds true or not for the observed time

series X1, . . . , Xn. In this case, and as we will see in the following, asymptotic normality of the

bootstrap sequence

1√
n− 1

n∑

t=2

∇θ log(P
(para)
X∗

t |X∗
t−1

(θ)
)∣∣∣

θ=θ̂ML

(3.3)

can typically be established using a central limit theorem for triangular arrays of martingale

differences; see expression (A.9) in the Appendix. However, in the case where X∗
1 , . . . , X

∗
n is gen-

erated non-parametrically using the estimated one step transition probabilities P̂ (npara)
Xt+1=xj |Xt=xi

,

such a property for the corresponding bootstrap sequence does not necessarily hold true. In

this case, the asymptotic normality of the bootstrap sequence (3.3) relies on mixing proper-

ties which are related to corresponding properties of the underlying process (Xt, t ∈ Z). To
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elaborate, consider the sequence

1√
n− 1

n∑

t=2

∇θ log(P
(para)
Xt|Xt−1

(θ0)
)

=
1√
n− 1

n∑

t=2

(
∇θ log(P

(para)
Xt|Xt−1

(θ0)
)
− E∇θ log(P

(para)
Xt|Xt−1

(θ0)
))

, (3.4)

appearing in (3.1) and where E(∇θ log(P
(para)
Xt|Xt−1

(θ0)
)
) = 0 by Assumption 4(iv). For instance,

it is well known that countable Markov chains satisfying Assumption 1 are β-mixing with

β(k) → 0 as k → ∞; see Bradley (2007), Theorem 7.7. The maximal correlation coefficient

(ρ-mixing), to which we focus in the following, is an alternative way to control the dependence

structure of a Markov process and to establish the weak convergence result

1√
n− 1

n∑

t=2

∇θ log(P
(para)
Xt|Xt−1

(θ)
∣∣∣
θ=θ0

d→ N
(
0,E

(
∇2

θ log(P
(para)
Xt|Xt−1

(θ0)
)))

.

From this, Assumption 4, Theorem 3.1 and expression (3.1), we get that

√
n(θ̂ML − θ0)

d→ N (0, Vθ0), (3.5)

where V −1
θ0

= E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ0)
))

. We can now establish the following important result

for bootstrap consistency, which shows that the (conditional) maximum likelihood estimator

fulfills the requirements of Assumption 3.

Theorem 3.2 (Asymptotic normality of θ̂ML). Suppose Assumptions 1 and 2(i) and 4 hold

true.

(i) Let the pseudo time series X∗
1 , . . . , X

∗
n be generated using the one step transition proba-

bilities P
(para)
Xt+1=xj |Xt=xi

(θ̂ML) for xi, xj ∈ range(X0). Then, as n → ∞,

√
n(θ̂∗ML − θ̂ML)

d→ N (0, Vθ0), (3.6)

in probability, where V −1
θ0

= Eθ0

(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
.

(ii) Let the pseudo time series X∗
1 , . . . , X

∗
n be generated using the non-parametrically es-

timated one step transition probabilities P̂
(npara)
Xt+1=xj |Xt=xi

. Assume that (Xt, t ∈ Z) is

ρ-mixing with ρ-mixing coefficient ρ1 < 1 and E(|X0|12+δ) < ∞ for some δ > 0 and

max
1≤t≤n

∇θ log(P
(para)
X∗

t |X∗
t−1

(θ)
)∣∣

θ=θ̂ML
= oP ∗(

√
n). (3.7)

Then, as n → ∞, assertion (3.6) holds true with V −1
θ0

= E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
.

Remark 3.3. Note that in assertion (i) of the above theorem, the expectation denoted by Eθ0(·)
in the definition of Vθ0 is taken with respect to the probability measure of the parametric model

with parameter θ0. Furthermore, in assertion (ii) of the same theorem, the expectations appear-

ing in the definition of Vθ0 and denoted by E(·) is taken with respect to the probability measure
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of the underlying Markov process, which does not necessarily belong to the parametric class Mθ.

Clearly, E(·) = Eθ0(·) if (Xt, t ∈ Z) belongs to Mθ.

Remark 3.4. According to Roberts and Rosenthal (1997), any stationary Markov chain that is

geometrically ergodic and reversible is ρ-mixing with ρ1 < 1, where

ρk = ρ
(
σ(Xk), σ(X0)

)
, ρk ≤ ρk1. (3.8)

The maximal correlation coefficient ρ(·, ·) is defined by

ρ(A,B) = sup
f∈L2(A) ,g∈L2(B)

|Corr(f, g)|,

where L2(A) is the space of all random variables that are A-measurable and square integrable.

By Theorem 4.4(b1) of Bradley (2007), for a process (Xt, t ∈ Z), we have

ρ1 = sup
f,g

{∣∣E(f(Xi)g(Xi−1))− E(f(Xi))E(g(Xi−1))
∣∣

√
E(f2(Xi))

√
E(g2(Xi−1))

; ∥f(Xi)∥2 < ∞, ∥g(Xi−1)∥2 < ∞
}
,

where we used the notation ∥X∥p = (E(Xp))1/p for p > 1.

3.2. The INAR(1) Model. The INAR(1) model was first introduced by McKenzie (1985) and

Al-Osh and Alzaid (1987) and extended to order p by Du and Li (1991). Recall that according

to the INAR(p) model, Xt is generated as

Xt = α1 ◦Xt−1 + . . .+ αp ◦Xt−p + εt, t ∈ Z, (3.9)

where εt
i.i.d.∼ G with probability mass function G(k), k ∈ N0 = N ∪ {0} and the vector of

coefficients α = (α1, . . . , αp)
⊤ ∈ (0, 1)p fulfills

∑p
i=1 αi < 1. Recall that in order to account

for the integer nature of the data, model (3.9) uses the binomial thinning operator “◦” first

introduced by Steutel and Van Harn (1979) and defined as

αi ◦Xt−i =

Xt−i∑

j=1

Z
(t,i)
j , (3.10)

with
(
Z

(t,i)
j , j ∈ N, t ∈ Z

)
, i ∈ {1, . . . , p} being mutually independent random variables with

Z
(t,i)
j ∼ Bin(1, αi) and independent of the innovation process (εt, t ∈ Z). Here, Bin(L, p)

denotes the binomial distribution with parameters L ∈ N and p ∈ [0, 1]. Note that according

to this construction, αi ◦Xt−i|Xt−i ∼ Bin(Xt−i, αi) holds.

In the case of an INAR(1) model, the one step transition probabilities are given by

P
(para)
Xt=xt|Xt−1=xt−1

(θ) =

min(xt,xt−1)∑

j=0

(
xt−1

j

)
αj
1(1− α1)

xt−1−jG(xt − j) (3.11)

for xt, xt−1 ∈ N0. Assume now that an INAR(1) model with specified innovation distribu-

tion Gγ depending on a parameter γ is used for prediction. Letting θ = (α, γ), the predictive
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probability of this model is denoted by P
(para)
S,xn

(θ) =: P
(inar)
S,xn

(θ). By (3.11) and for the (condi-

tional) maximum likelihood estimator θ̂ML = (α̂ML, γ̂ML) of θ, the predictive probability can be

estimated by

P
(inar)
S,xn

(θ̂ML) =
∑

j∈S

min(xn,j)∑

k=0

(
xn
k

)
α̂k

ML(1− α̂ML)
xn−kGγ̂ML(j − k). (3.12)

To obtain a confidence interval for P (inar)
S,xn

(θ0) one can use the limiting distribution of θ̂ML. To

elaborate, it is well known that under appropriate conditions including the assumption that

X1, . . . , Xn stems from a INAR(1) model, it holds true that, as n → ∞,

√
n (θ̂ML − θ0)

d→ N (0, I−1(θ0)), (3.13)

where θ0 = (α0, γ0) is the true parameter and I(θ0) = E(Jt(θ0)), where Jt(θ0) is the Hessian

of − logP
(inar)
Xt|Xt−1

(θ)) evaluated at θ0; see for instance Billingsley (1961), Freeland (1998) and

Weiß (2018). Note that E(Jt(θ0)) can be estimated by (n− 1)−1
n∑

t=2
Jt(θ̂ML); also see Remark

B.2.1.2 in Weiß (2018).

Remark 3.5. The asymptotic result (3.13) holds true for a broad variety of INAR processes in-

cluding the prominent examples of a Poisson INAR(1), (Poi-INAR(1)), and a negative binomial

INAR(1), (NB-INAR(1)), process.

From (3.13), we immediately get

√
n− 1 (P

(inar)
S,xn

(θ̂ML)− P
(inar)
S,xn

(θ0))
d→ N (0, s2θ0), (3.14)

where s2θ0 = ∇θg(θ0)
⊤I−1(θ0)∇θg(θ0) and ∇θg(θ0) =

∑
j∈S ∇θP

(inar)
Xt+1=j |Xt=xn

(θ)
∣∣
θ=θ0

. This

leads to the asymptotically valid (1− δ)-confidence interval
[
P

(inar)
S,xn

(θ̂ML)−
zδ/2ŝθ0√
n− 1

, P
(inar)
S,xn

(θ̂ML) +
zδ/2ŝθ0√
n− 1

]

for P
(inar)
S,xn

(θ0), where ŝ2θ0 = ∇θg(θ̂ML)
⊤I−1(θ̂ML)∇θg(θ̂ML) and zδ/2 the δ/2-quantile of the

standard Gaussian distribution.

Remark 3.6. Note that in the case of a Poi-INAR(1) process, we have for θ = (α, λ),

g(α, λ) := P
(inar)
S,xn

(θ) =
∑

j∈S

min(xn,j)∑

k=0

(
xn
k

)
αk(1− α)xn−kλ

j−ke−λ

(j − k)!
.

In the case of a NB-INAR(1) process, we have for θ = (α,N, π),

g(α,N, π) := P
(inar)
S,xn

(θ) =
∑

j∈S

min(xn,j)∑

k=0

(
xn
k

)
αk(1− α)xn−kΓ(j − k +N)

Γ(N)(j − k)!
πN (1− π)j−k,
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where Γ(·) denotes the gamma function. For the Poi-INAR(1) case, we exemplarily get

∇g(α, λ)) =




∑
j∈S

min(xn,j)∑
k=0

(
xn

k

)
λj−k

(j−k)!e
−λαk−1(k − xnα)(1− α)xn−k−1

∑
j∈S

min(xn,j)∑
k=0

(
xn

k

)
αk(1− α)xn−k 1

(j−k)!(−e−λ)λj−k−1(−j + k + λ).


 (3.15)

These expressions have also been used for the numerical calculations in Section 5.

However, if X1, . . . , Xn does not stem from an INAR(1) model, but this model is fitted to

the data at hand, then one can take advantage of the convergence (3.5) in order to construct a

confidence interval for the predictive probability P
(inar)
S,xn

(θ0) and proceed analogous to the case

where (3.13) holds true. The main difference in this case is that Vθ0 ̸= I−1(θ0) and θ0 = (α0, γ0)

is the unique parameter from the parameter space Θ which minimizes

E
(
logP

(inar)
Xt|Xt−1

(θ)
)
=

∞∑

r=0

∞∑

s=0

log(P
(inar)
Xt=r|Xt−1=s(θ))P (Xt = r,Xt−1 = s);

see Assumption 4(i).

Instead of using the asymptotic Gaussian distributions (3.13), respectively, (3.5) and in order

to avoid estimation of the quantities I−1(θ0), respectively, Vθ0 , one can use the bootstrap in

both versions described in the second row of Table 3 in order to obtain a confidence interval for

P
(inar)
S,xn

(θ0). In view of the results obtained in Section 3.1 and, in particular, Theorem 3.2, the

following bootstrap confidence intervals can be constructed depending on whether one wants to

imitate the situation of a time series stemming from the fitted model class or not.

Suppose that X1, . . . , Xn does not necessarily stem from an INAR(1) model, but that solely

Assumption 1 holds true. Let the bootstrap pseudo time series X∗
1 , . . . , X

∗
n be generated using

the one step transition probabilities of the estimated INAR(1) model given by

P
(inar)
Xt=xt|Xt−1=xt−1

(θ̂ML) =

min(xt,xt−1)∑

j=0

(
xt−1

j

)
α̂j
ML(1− α̂ML)

xt−1−jfε,γ̂ML
(xt − j). (3.16)

Then, the bootstrap confidence interval,

[
P

(inar)
S,xn

(θ̂ML)− q∗1−δ/2, P
(inar)
S,xn

(θ̂ML)− q∗δ/2
]
, (3.17)

is asymptotically of level 1−δ for PS,xn(θ0), where q∗α denotes the α-quantile of the distribution

of L∗
n = P

∗,(inar)
S,xn

(θ̂∗ML)− P
(inar)
S,xn

(θ̂ML).

Alternatively and if the conditions stated in Theorem 3.2(ii) hold true and the bootstrap

pseudo time series X∗
1 , . . . , X

∗
n is generated using the non-parametrically estimated one step

transition probabilities P̂
(npara)
Xt+1=xj |Xt=xi

, then, using the corresponding bootstrap distribution, a

confidence interval analogue to (3.17) can be constructed.
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3.3. The INARCH(1) Model. The INARCH model belongs to the class of more general

INGARCH models, which have been introduced by Heinen (2003) (under a different name) and

further analyzed by, e.g., Ferland et al. (2006) and Fokianos et al. (2009). The INARCH(p)

model is described as

Xt|Xt−1, Xt−2, . . . ∼ Poi(β + α1Xt−1 + . . .+ αpXt−p), (3.18)

where β > 0, α1, . . . , αp ≥ 0 and
∑p

i=1 αi < 1. The one step transition probabilities of model

(3.18) are given by

P
(para)
Xt=xt|Xt−1=xt−1,...,Xt−p=xt−p

= exp

(
−β −

p∑

i=1

αixt−i

)
(
β +

p∑
i=1

αixt−i

)xt

xt!
. (3.19)

For p = 1, we get the special case of an INARCH(1) model, which has been discussed in Weiß

(2010) and the corresponding transition probabilities reduce to

P
(para)
Xt=xt|Xt−1=xt−1

= exp(−β − αxt−1)
(β + αxt−1)

xt

xt!
. (3.20)

Assuming that an INARCH(1) model with parameter θ = (β, α) is used for prediction and us-

ing the maximum likelihood estimator θ̂ML = (β̂ML, α̂ML), the estimated predictive probability

P
(para)
S,xn

(θ0) =: P
(inarch)
S,xn

(θ0) is given by

P
(inarch)
S,xn

(θ̂ML) =
∑

j∈S
exp(−β̂ML − α̂MLxn)

(β̂ML + α̂MLxn)
j

j!
. (3.21)

To construct an asymptotic or a bootstrap confidence interval for P
(inarch)
S,xn

(θ0), one can

proceed as discussed in Section 3.2 for the case of an INAR(1) model.

Notice that under the assumption that (Xt, t ∈ Z) is an INARCH(1) model, Zhu and Wang

(2009) proved that
√
n− 1(θ̂ML − θ0)

d→ N (0, I(θ0)
−1), where I(θ0) can be estimated by (n−

1)−1
n∑

t=2
Jt(θ0) and

Jt(θ0) =




Xt
(β+αXt−1)2

XtXt−1

(β+αXt−1)2

XtXt−1

(β+αXt−1)2
XtX2

t−1

(β+αXt−1)2


 .

From this we get

√
n− 1(P

(inarch)
S,xn

(θ̂ML)− P
(inarch)
S,xn

(θ0))
d→ N (0, s2), (3.22)

where s2 = ∇g(θ0)
⊤I−1(θ0)∇g(θ0) with

g(θ0) =
∑

j∈S
exp(−β − αxn)

(β + αxn)
xn

j!
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and the gradient given by

∇g(β, α) =




∑
j∈S

1
j! exp(−β − αxn)(β + αxn)

j−1(j − β − αxn)

∑
j∈S

1
j! exp(−β − αxn)xn(β + αxn)

j−1(j − β − αxn)


 . (3.23)

4. Practical Issues and Extensions

4.1. Range Preserving Confidence Intervals. It may happen that the confidence intervals

obtained exceed the natural range of a probability measure, i.e., the lower bound of the confi-

dence interval is less than zero or the upper bound exceeds one. This situation is more likely to

occur when predictive sets S are considered for which P (Xn+1 ∈ S|Xn = xn) is very close to the

boundaries of [0, 1]. To enforce the intervals to preserve the proper range, one way is to use the

percentile method. This works by arranging the B bootstrap replicates P̂
∗,(b)
S,xn

, b = 1, 2, . . . , B,

in increasing order, P̂ ∗,(1)
S,xn

, . . . , P̂
∗,(B)
S,xn,

, and use P̂
∗,(Bδ/2)
S,xn

as the lower bound and P̂
∗,(B(1−δ/2))
S,xn

as

the upper bound of the confidence interval. In the case that Bδ/2 is not an integer, we define

m = ⌊(B + 1)δ/2⌋ and use P̂
∗,(m)
S,xn

as lower and P̂
∗,(B+1−m)
S,xn

as upper bound of the confidence

interval.

4.2. Larger Prediction Horizon and Higher Order Processes. Consider the case where

prediction is made for a horizon h > 1. In this case, one can think of the prediction problem as

that of obtaining a point or an interval estimator of the predictive probability

P
(
Xn+j ∈ Sj , j = 1, 2, . . . , h|Xn = xn

)
, (4.1)

where Sj ⊂ R, j = 1, . . . , h, are user-selected sets of values that the process can take. (4.1)

refers to the probability that for the future time points t = n+1, . . . , n+h, the Markov process

will visit consecutively the sets S1, . . . , Sh. Clearly, Sj = S for all j = 1, . . . , h as well as

P (Xn+h ∈ S|Xn = xn), that is, S1 = S2 = · · · = Sh−1 = range(X0), are special cases of (4.1).

Due to the Markov property, the predictive probability (4.1) can be expressed as a sum of

proper one step transition probabilities, that is,

P
(
Xn+j ∈ Sj , j = 1, 2, . . . , h|Xn = xn

)

=
∑

yh∈Sh

∑

yh−1∈Sh−1

· · ·
∑

y1∈S1

PXn+h=yh|Xn+h−1=yh−1
PXn+h−1=yh−1|Xn+h−2=yh−2

· · ·PXn+1=y1|Xn=xn
.

This implies that estimating parametrically or non-parametrically the one step transition prob-

abilities PXt+1=yk|Xt=yk−1
for k = 1, . . . , h and y0 ≡ xn, which are involved in the above expres-

sion, a parametric or non-parametric estimator of the predictive probability P
(
Xn+j ∈ Sj , j =

1, 2, . . . , h|Xn = xn
)

can be obtained. Furthermore, an asymptotic or bootstrap confidence

interval for the predictive probability of interest can in principle be constructed following the

approaches discussed in the previous sections.
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When considering Markov processes of higher order p > 1, the goal is to construct a confidence

interval for

PS,(xn,...,xn−p+1) := P (Xn+1 ∈ S|Xn−p+1 = xn−p+1, . . . , Xn = xn).

For this, the main construction principle remains the same for both the asymptotic and the

bootstrap approaches discussed. Note that a non-parametric estimator of PS,(xn,...,xn−p+1) is

given by

P̂
(npara)
S,(xn,...,xn−p+1)

=

n−p∑
t=1

1{Xt+1∈S,Xt−p+1=xn−p+1,...,Xt=xn}

n−p∑
t=1

1{Xt−p+1=xn−p+1,...,Xt=xn}

.

Analogously, a parametric estimator of the form P
(para)
S,(xn,...,xn−p+1)

(θ̂) for P
(para)
S,(xn,...,xn−p+1)

(θ0) can

be for instance obtained by using a pth order INAR or INARCH model; see Section 3.2 and

Section 3.3.

5. Simulations

We investigate the small sample performance of the asymptotic and the bootstrap methods to

construct confidence intervals for the predictive probability. For the bootstrap, we distinguish

between the construction principle of Algorithm 2.5 and its percentile versions as discussed

in Section 4.1. We cover non-parametric and parametric setups focusing on predictions using

INAR(1) and INARCH(1) data generating processes (DGPs), as elaborated in Section 3. To

estimate the asymptotic variances involved in the non-parametric setup, we use the R package

stableGR (Knudson and Vats, 2022). For the asymptotic approach in the parametric setup,

we proceed as follows: In case an INAR(1) model is assumed, we use the asymptotic approach

described in Section 3.2 by applying (3.15) and the approximated Hessian of the R function

constrOptim (R Core Team, 2022). If an INARCH(1) model is assumed, we use the procedure

described in Section 3.3.

We use K = 500 Monte Carlo samples and B = 500 bootstrap repetitions for four different

sample sizes n ∈ {100, 500, 1000, 5000}. The significance level δ is set equal to 5%. We consider

time series that stem from a Poi(1)-INAR(1) and from a NB(2,2/3)-INAR(1) model, both with

parameter α = 0.5 and from an INARCH(1) model with parameters α = 0.5 and β = 1. If not

stated otherwise, we consider S = {1, 2}. For simulation, estimation and bootstrapping of the

INAR data, we use the R package spINAR (Faymonville et al., 2024). For the estimation of

the INARCH data, we use the R package tscount (Liboschik et al., 2017).

5.1. Asymptotic Confidence Intervals. We apply the asymptotic procedures introduced in

Section 2.2.1 and Section 2.2.2 to different data generating processes (DGPs) and construct
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confidence intervals for PS,xn . We would like to emphasize that also in the parametric proce-

dure introduced in Section 2.2.1, we construct a confidence interval for PS,xn only coinciding

with PS,xn(θ0) in case the assumed model for prediction is correct. To construct a confidence

interval for PS,xn(θ0), we would require an estimator for Vθ0 , see Proposition 2.2, which is not

straightforward in general. To avoid the need of such an estimator, we explicitly refer to the

bootstrap procedures in 2.3. The results obtained are presented in Table 4. First, consider

the case where the DGP is a Poi(1)-INAR(1) process. Comparing coverages and mean lengths

of the asymptotic confidence intervals, we see that the parametric approach using a Poi-INAR

model for prediction performs best. The non-parametric approach keeps up well with respect

to coverage, but it leads to much wider intervals. Furthermore and as expected, the parametric

approach incorrectly using an INARCH model for prediction behaves worse and delivers confi-

dence intervals the coverage of which decreases as the sample size n increases. Consider next

the case where the data stems from an INAR(1) process with innovations having an overdis-

persed NB(2,2/3) distribution. In this case, both parametric models (Poi-INAR and INARCH)

used for prediction are wrong, and this fact manifests itself in low coverages which decrease

as n increases. The non-parametric approach performs best and shows a good coverage. The

last considered case is that of time series stemming from an INARCH(1) process. Here again,

using the wrong model for prediction leads to coverages which deteriorate as the sample size

increases. At the same time and as expected, the parametric approach using the correct model

performs best. The non-parametric approach lead to good results as this was the case in both

previously considered DGPs.

To summarize, we see that concerning the calculation of a confidence interval for PS,xn , there

is a trade-off between robustness and efficiency. The non-parametric approach is robust to model

misspecification. Using a parametric approach is more efficient when the model assumptions

made hold true, but it can lead to worse coverages if this is not the case because then PS,xn(θ̂)

is not a consistent estimator of PS,xn .

5.2. Bootstrap Confidence Intervals. We next investigate the finite sample performance

of the bootstrap for constructing confidence intervals. We consider three of the four possible

scenarios described in Table 2, respectively, Table 3. In the parametric case of 2.3.1, we construct

confidence intervals for the parametric predictive probability P
(para)
S,xn

(θ0). Recall that only if the

parametric model used is correct, the predictive probabilities PS,xn and P
(para)
S,xn

(θ0) coincide.

In the non-parametric case of 2.3.2, we construct confidence intervals for the non-parametric

predictive probability coinciding with PS,xn .

First of all, we investigate the parametric prediction setup and, in particular, the two cases

listed in the second row of Table 2 and Table 3. For this purpose, a Poi-INAR(1) model is
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Data Prediction

n 100 500 1000 5000

Poi-INAR Poi-INAR cov 0.934 0.942 0.952 0.958

ml 0.133 0.059 0.044 0.019

INARCH cov 0.440 0.352 0.354 0.122

ml 0.101 0.043 0.034 0.014

npara cov 0.915 0.944 0.934 0.964

ml 0.423 0.199 0.151 0.065

NB-INAR Poi-INAR cov 0.716 0.550 0.484 0.294

ml 0.123 0.054 0.039 0.017

INARCH cov 0.548 0.190 0.140 0.086

ml 0.105 0.045 0.033 0.014

npara cov 0.890 0.944 0.926 0.944

ml 0.441 0.221 0.152 0.070

INARCH Poi-INAR cov 0.732 0.302 0.174 0.084

ml 0.115 0.050 0.036 0.017

INARCH cov 0.932 0.918 0.918 0.944

ml 0.101 0.042 0.031 0.014

npara cov 0.913 0.950 0.926 0.968

ml 0.452 0.211 0.155 0.070

Table 4. Coverage (cov) and mean length (ml) of asymptotic confidence inter-

vals for PS,xn for different sample sizes, different parametric and non-parametric

approaches and significance level 0.05 when applied to different DGPs.

used for prediction and the following two scenarios for generating the bootstrap time series are

considered: The bootstrap time series is generated non-parametrically, while the estimated Poi-

INAR(1) model is used for prediction and the bootstrap time series is generated parametrically

using the estimated Poi-INAR(1) model and this model also is used for prediction. We generate

time series from the three different DGPs, that is, we use an INAR(1) process with α = 0.5

and Poi(1) innovations, an INAR(1) process with α = 0.5 and NB(2,2/3) innovations and an

INARCH(1) process with α = 0.5 and β = 1. Notice that all three processes possess an expected

value of 2. To accurately approximate the unknown probability P
(para)
S,xn

(θ0), we use a sample of

n = 106 observations.
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The results obtained are presented in Table 5. Observe that if the DGP does not coincide

with the Poi-INAR(1) used for prediction, the bootstrap delivers good coverages which are

approaching the nominal 95% for increasing n in the case where a non-parametric bootstrap

procedure is used to generate the pseudo time series. However, when the bootstrap time series

is generated parametrically using the (wrong) Poi-INAR model, the coverage is systematically

lower. Also in terms of the mean length, there is a visible pattern if the model is misspecified.

As the results show, the confidence intervals obtained in this case by applying a non-parametric

bootstrap are always slightly larger than those obtained when a parametric bootstrap is used.

This reflects the uncertainty associated with the fact that a wrong model is used to perform

prediction. If the model is correctly specified, i.e., when we are in the case of a Poi-INAR DGP

and the corresponding estimated model is used for prediction, both bootstrap procedures work

well with respect to both coverage and length. It seems that in this case, essentially no price

is paid for generating the bootstrap time series non-parametrically, that is, without using the

(true) model. In summary, the proposed procedure in the below right corner of Table 3 is able

to construct confidence intervals for P
(para)
S,xn

(θ0) that retain the desired coverage.

We next consider the case of non-parametric prediction combined with non-parametric boot-

strapping, i.e., we are referring to the first row and second column of Table 3. In addition,

we also compare the results with the corresponding percentile version described in Section 4.1.

Table 6 summarizes the results and shows that for increasing n and for all DGPs considered,

the coverage is good and improves by getting closer to the desired 95% level. While the mean

length of the intervals is large for small sample sizes, it decrease fast as n increases. Similar

results are obtained using the percentile version.

5.3. Range-preserving Intervals. Table 6 displays the results when using the percentile

version of the bootstrap confidence intervals. As pointed out in Section 4.1, the non-compliance

with the natural range of probability can occur in situations where the considered set S is very

(un)likely. To investigate such a scenario, we reconsider the Poi-INAR(1) DGP with α = 0.5 and

λ = 1, but now we define S = {10}. In the case of a Poi-INAR(1) DGP, the Poisson distribution

of the innovations transfers to the observations leading to a Poi(λ/(1−α)) marginal distribution,

i.e., the observations are Poi(2) distributed. For Y ∼ Poi(2), we have P (Y = 10) ≈ 3.8 · 10−5

illustrating the “unlikeliness” of S. Table 7 compares the results of the parametric asymptotic

approach, the parametric bootstrap approach, where we use the parametric assumption for both

estimating and bootstrapping, and its percentile version, where all three correctly assume a Poi-

INAR(1) DGP. We see that the percentile intervals provide an increased and, consequently, more

accurate coverage especially for small sample size n. This could be expected since we avoid the
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Data Prediction Bootstrap

n 100 500 1000 5000

NB-INAR Poi-INAR para cov 0.872 0.922 0.890 0.914

ml 0.128 0.057 0.041 0.018

npara cov 0.892 0.942 0.930 0.932

ml 0.139 0.062 0.044 0.019

INARCH Poi-INAR para cov 0.892 0.902 0.922 0.924

ml 0.122 0.053 0.039 0.018

npara cov 0.898 0.914 0.940 0.944

ml 0.129 0.056 0.041 0.019

Poi-INAR Poi-INAR para cov 0.900 0.930 0.946 0.956

ml 0.130 0.058 0.043 0.019

npara cov 0.906 0.930 0.940 0.952

ml 0.132 0.058 0.043 0.019

Table 5. Coverage (cov) and mean length (ml) of bootstrap confidence inter-

vals for the predictive probability P
(para)
S,xn

(θ0) when a Poi-INAR(1) model is used

for prediction, i.e., for P (inar)
S,xn

(λ), where λ = 1 and λ the parameter of the Pois-

son distribution. A parametric (para) and a non-parametric (npara) bootstrap

procedure is used and applied to three different DGPs and four different sample

sizes.

violation of the natural range of probabilities. Asymptotically, the approaches do not differ

much.

6. Real-Data Application

6.1. Rotary Drilling Data. In a first illustration of our proposed predictive inference proce-

dure, we consider a time series of length n = 417 consisting of weekly counts of active rotary

drilling rigs in Alaska (1990-1997)4. They are used to measure the demand of products from

the drilling industry and have previously been analyzed in Weiß (2018) and Faymonville et al.

(2025). In Figure 1, we see that the time series contains a lot of runs, i.e., same values for

consecutive time points, which indicates a strong serial dependence together with a small inno-

vations’ mean. The latter is supported by the high and slowly decreasing autocorrelation level

observed in the ACF plot. The PACF plot suggests a first-order autoregressive structure with

4phx.corporate-ir.net/phoenix.zhtml?c=79687&p=irol-rigcountsoverview
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percentile version

Data Prediction Bootstrap n 100 500 1000 5000 100 500 1000 5000

NB-INAR npara npara cov 0.894 0.944 0.922 0.938 0.922 0.958 0.934 0.950

ml 0.521 0.221 0.154 0.071 0.526 0.222 0.156 0.072

INARCH npara npara cov 0.906 0.950 0.926 0.958 0.930 0.960 0.936 0.968

ml 0.516 0.215 0.160 0.070 0.532 0.222 0.164 0.072

Poi-INAR npara npara cov 0.922 0.940 0.922 0.954 0.938 0.956 0.936 0.958

ml 0.489 0.210 0.155 0.065 0.493 0.212 0.157 0.065

Table 6. Coverage (cov) and mean length (ml) of bootstrap confidence intervals

for PS,xn for different sample sizes and three different true DGPs. The confidence

intervals are obtained by applying Algorithm 2.5 with the steps specified as in

the upper right corner of Table 3.

percentile version

n 100 500 1000 5000 100 500 1000 5000

Poi-INAR cov 0.854 0.930 0.928 0.946 - - - -

asy ml (×10−5) 8.5 3.7 3.8 1.1 - - - -

Poi-INAR cov 0.750 0.840 0.884 0.936 0.962 0.954 0.946 0.948

bs ml (×10−5) 9.6 3.8 3.8 1.1 9.9 4.0 3.9 1.1

Table 7. Coverage and mean length of the confidence intervals resulting from

the three parametric approaches for different sample sizes and the different ap-

proaches applied on Poi(1)-INAR(1) DGP with α = 0.5 in case of S = {10}.

ρ̂(1) ≈ 0.91. An INAR(1) model appears to be reasonable. Indeed, testing the semi-parametric

null hypothesis of an INAR(1) model, Faymonville et al. (2025) were not able to reject this

hypothesis at 5% level. The data exhibits low counts and a dispersion index of approximately

1.11 suggesting approximate equidispersed counts.

Given that xn = 0, a company in the drilling industry might be interested in the event

that xn+1 = 0, i.e., that also in the next week there are no active rotary drilling rigs. As a

consequence, this will result in a low demand of products of this company which may lead to a

reduction of production activity. Apart from the set S(1) = {0}, another set of interest could be

the set S(2) = {x : x ≥ 2}. In this case, the company may want to hedge against suddenly more

active rigs in the next week, which is associated with a higher need of replacement parts. In

the following, we aim to estimate the predictive probability of these two sets and to construct
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Figure 1. Plot of time series of weekly active rotary drillings and its corre-

sponding (P)ACF.

a confidence interval for PS(i),xn
, i = 1, 2, at 95% level. Since xn = 0 and taking into account

the previous findings from the ACF and PACF plots, we may think of the set S(2) as an

unlikely event. We apply the parametric and non-parametric bootstrap method to construct

confidence intervals as described in Section 2.3.1 and Section 2.3.2. We also additionally

calculate the percentile version of these confidence intervals; see Section 4.1. In the parametric

case, we assume a Poisson distribution for the innovations which seems to be reasonable due

to the equidispersed counts. The parametric assumption of an INAR(1) is both used for the

point estimation and for the generation of the bootstrap time series. The same holds true

also in the case where a non-parametric approach is used. Table 8 shows the results of the

predictive probability of the two sets considered. As we see, the results for the parametric and

the non-parametric procedure are close to each other and the confidence intervals obtained for

the non-parametric prediction are, as expected, wider than those obtained in the parametric

case. Furthermore, the percentile confidence intervals seem to be shorter and in the case of

the set S2, the benefits of these intervals become clear. While the lower bounds of the two

bootstrap confidence intervals fall below 0, the percentile approach respects the natural range

of the underlying parameter.

6.2. Transaction Data. In a second application, we consider a data set provided by the

Deutsche Börse Group which has been discussed in Homburg et al. (2021) and Faymonville

et al. (2025). For the period from February 2017 to August 2019, this data set contains n = 404

counts of transactions of structured products per trading day. Figure 2 shows a plot of the

data along with the corresponding (P)ACF. Applying a goodness-of-fit test, Faymonville et al.

(2025) were not able to reject the semi-parametric null hypothesis of an INAR(1) model at

5% level. Furthermore, they argued that due to overdispersion, a Poi-INAR(1) model would

probably not be suitable for this data set. Instead, a Geo-INAR(1) model would be more
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Predictive Probabilities Bootstrap CI Percentile Version

S(1) para 0.8822 [0.8402, 0.9631] [0.8485, 0.9143]

npara 0.8764 [0.8309, 0.9681] [0.7833, 0.9231]

S(2) para 0.0072 [-0.0067, 0.0115] [0.0038, 0.0121]

npara 0.0337 [-0.0182, 0.0674] [0.0000, 0.0909]

Table 8. Estimated predictive probabilities and (percentile) bootstrap-based

confidence intervals for the sets S(1) = {0} and S(2) = {x : x ≥ 2} of the Rotary

Drilling Data.

appropriate since the semi-parametrically estimated probability function of the innovations

seems to be rather close to a geometric distribution. These findings motivate the application of

a non-parametric and parametric prediction with bootstrap-based confidence intervals, where

for obtaining these intervals, non-parametric and parametric generation of the bootstrap time

series is applied. We aim to construct a 95% confidence interval for PS,xn and for PS,xn(θ0) by

considering two different sets of interests, S(1) = {0} and S(2) = {2}. While the first one is

associated with a lack of interest in the respective financial product, the second set speaks for

a slight return to activity when xn = 0. Both sets of interests concern questions related to risk

management and investment strategies. In case of the parametric approaches, we separately

consider the case of Poisson and geometrically distributed innovations. The results obtained are

displayed in Table 9. Let us first discus these results from a goodness-of-fit point of view. By

comparing the results of the parametric Po-INAR approach with those of the Geo-INAR and

the non-parametric approaches, we see that the corresponding confidence intervals are almost

disjoint. Additionally, when a geometric assumption for the innovations is used, the results

seem more plausible and are very close to those obtained using a non-parametric method. In

particular, the confidence intervals obtained using the Geo-INAR(1) model, are contained in

the confidence intervals constructed using the non-parametric approach. This is in line with

the findings in Faymonville et al. (2025), which argued in favor of a geometric distribution for

the innovations. Let us spotlight the issue of model misspecification in the context of this data

example. Toward this, consider the rows 1-4 and 5-9 of Table 9. We see that in the Geo-INAR

case, the confidence intervals based on the parametric and the non-parametric bootstrap are

very similar. This suggests that the uncertainty about the correctness of the parametric model

associated with performing the prediction by using a Geo-INAR(1) model is almost negligible.

In other words, the Geo-INAR(1) model describes this data set well, which seems not to be the

case for the Poi-INAR model. The confidence intervals obtained using the latter model differ

more to those obtained by the non-parametric method.
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Figure 2. Plot of time series of transaction counts and its corresponding (P)ACF.

Set Prediction Bootstrap Predictive Probability Bootstrap CI

S(1) Poi-INAR para 0.3203 [0.2720, 0.3676]

npara [0.2598, 0.3822]

Geo-INAR para 0.4929 [0.4469, 0.5290]

npara [0.4549, 0.5245]

npara npara 0.4884 [0.4023, 0.5752]

S(2) Poi-INAR para 0.2076 [0.1841, 0.2343]

npara [0.1822, 0.2372]

Geo-INAR para 0.1267 [0.1189, 0.1365]

npara [0.1185, 0.1367]

npara npara 0.1318 [0.0676, 0.1824]

Table 9. Estimated predictive probabilities and bootstrap confidence intervals

using different parametric and non-parametric approaches for the sets S(1) = {0}
and S(2) = {2} of the Transaction Data.

7. Conclusions

The construction of prediction intervals is a well-developed topic in the literature. However,

research is largely limited to the setup of continuous-valued time series. For discrete-valued

time series, classical prediction intervals are not meaningful while prediction sets may not

be able to keep a desired coverage level. To solve this problem, we proposed to reserve the

prediction problem: Instead of constructing prediction intervals or sets given a desired coverage

level, we argued to estimate predictive probabilities for user-selected subsets of values that the

process can take in the future and to manage the uncertainty associated with the prediction

by constructing confidence intervals for the corresponding predictive probabilities. Different
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asymptotic and bootstrap-based procedures have been proposed for the construction of such

confidence intervals, covering parametric and non-parametric setups and allowing to address the

important case of possible model misspecification in implementing such a prediction. Whether

a parametric or a non-parametric approach is used for prediction is a decision that the user has

to make. The methodology proposed in this paper aims to provide a statistical way to quantify

the uncertainty associated with the prediction made. The corresponding confidence intervals

are constructed in such a way that even doubts about the appropriateness of the model used for

prediction can properly be taken into account, which is an important issue in case the decision

of the user is in favor of a parametric model.
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Appendix A. Auxiliary Results and Proofs

Proof of Proposition 2.4: From Derman (1956), we get that

√
n
(
P̂

(npara)
Xt+1∈S|Xt=xn

− PXt+1∈S|Xt=xn

) d→ N
(
0, σ2

S

)
, (A.1)

where σ2
S = aTSΣSaS . By making use of the Delta method and writing

√
n
(
P̂

(npara)
Xt+1∈S|Xt=xn

− PXt+1∈S|Xt=xn

)
=
√
n

(
Q̂S,xn

Q̂xn

− QS,xn

Qxn

)

=
√
n
(
g(Q̂S,xn , Q̂xn)− g(QS,xn , Qxn)

)
,

where g(a, b) = a/b with ∇g(a, b) = (1/b,−a/b2)⊤ for b > 0, the formula for the limiting

variance σ2
S = aTΣa is easily obtained, where

aS = ∇g(QS,xn , Qxn) =

(
1

Qxn

,−QS,xn

Q2
xn

)⊤

and

ΣS =


Σ

(1,1)
S Σ

(1,2)
S

Σ
(2,1)
S Σ

(2,2)
S


 (A.2)

with (Σ
(2,1)
S )⊤ = Σ

(1,2)
S and

Σ
(1,1)
S = lim

n→∞
nCov(Q̂S,xn , Q̂S,xn) =

∞∑

h=−∞
Cov

(
1{Xh+1∈S,Xh=xn},1{X1∈S,X0=xn}

)

=
∞∑

h=−∞

(
P (Xh+1 ∈ S,Xh = xn, X1 ∈ S,X0 = xn)− P 2(X1 ∈ S,X0 = xn)

)
,

Σ
(1,2)
S = lim

n→∞
nCov(Q̂S,xn , Q̂xn) =

∞∑

h=−∞
Cov

(
1{Xh+1∈S,Xh=xn},1{X0=xn}

)

=
∞∑

h=−∞

(
P (Xh+1 ∈ S,Xh = xn, X0 = xn)− P (X1 ∈ S,X0 = xn)P (X0 = xn)

)
,

Σ
(2,2)
S = lim

n→∞
nCov(Q̂xn , Q̂xn) =

∞∑

h=−∞
Cov

(
1{Xh=xn},1{X0=xn}

)

=

∞∑

h=−∞

(
P (Xh = xn, X0 = xn)− P 2(X0 = xn)

)
,

where the infinite sums in all three terms Σ(1,1)
S ,Σ

(1,2)
S and Σ

(2,2)
S converge due to the geometric

ergodicity of the process.

□

Proof of Theorem 2.8: (i) Relying on the estimated relative frequencies P̂
(npara)
Xt+1=j|Xt=i, the

bootstrap procedure described in Step 2 of Algorithm 2.5 corresponds to the Markov bootstrap
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procedure I of Athreya and Fuh (1992). For this bootstrap procedure, it is shown in Theorem

4 of the afore cited paper that

√
n
(
P̂

∗,(npara)
X∗

t+1∈S|X∗
t =xn

− P̂
(npara)
Xt+1∈S|Xt=xn

) d→ N
(
0, τ2S

)
, (A.3)

in probability, where the variance τ2S can be calculated as described in Section 3 of the afore

cited paper. The result follows because

√
n
(
P̂

∗,(npara)
S,xn

− P̂
(npara)
S,xn

)
=
∑

yk∈S

√
n
(
P̂

(npara)
X∗

t+1=yk|X∗
t =xn

− P̂
(npara)
Xt+1=yk|Xt=xn

)

and the continuity of the limiting distribution.

(ii) Since (Xt(θ), t ∈ Z) is for every θ ∈ Θ aperiodic, positive recurrent and irreducible, it has

a unique stationary distribution denoted by πi(θ) for i ∈ range(X0). The bootstrap time series

X∗
1 , . . . , X

∗
n can be considered as stemming from the Markov chain (Xt(θ̂), t ∈ Z). Without

loss of generality, assume that this bootstrap time series starts with the stationary distribution.

Then, P (X∗
t = i) = πi(θ̂). Using Theorem 3, Theorem 4 and Remark 4 of Athreya and Fuh

(1992) and in order to establish assertion (ii) of the theorem, it suffices to show that, as n → ∞,

(a) PX∗
t+1=j|X∗

t =i
P→ P

(para)
Xt+1=j|Xt=i(θ0) for every i, j ∈ range(X0), and

(b) P (X∗
t = i)

P→ πi(θ0) for every i ∈ range(X0).

Observe that condition (iii) of Theorem 3 of Athreya and Fuh (1992) is satisfied since the

bootstrap Markov chain (Xt(θ̂), t ∈ Z) is irreducible, positive recurrent and aperiodic. Now,

(a) follows since for any i, j ∈ range(X0),

PX∗
t+1=j|X∗

t =i = P
(para)
Xt+1=j|Xt=i(θ̂)

P→ P
(para)
Xt+1=j|Xt=i(θ0)

by the fact that θ̂
P→ θ0 and the continuity of the parametric one step transition probabilities

with respect to θ. Similarly, P (X∗
t = i) = πi(θ̂)

P→ πi(θ0). □
Proof of Theorem 3.1: By the continuity of E(log(P (para)

Xt|Xt−1
(θ)) and in order to establish the

assertion of the theorem, it suffices to show that, as n → ∞,

sup
θ∈Θ

∣∣∣∣∣
1

n− 1

n∑

t=2

log
(
P

(para)
Xt|Xt−1

(θ)
)
− E

(
logP

(para)
Xt|Xt−1

(θ)
)
∣∣∣∣∣

P→ 0, (A.4)

since by Assumption 4(i), θ0 is the unique maximum of E
(
log
(
P

(para)
Xt|Xt−1

(θ)
))

. To see why (A.4)

holds true, we verify the conditions stated in Theorem 1(a) of Andrews (1992). Let

Gn(θ) :=
1

n− 1

n∑

t=2

log
(
P

(para)
Xt|Xt−1

(θ)
)
− E

(
log
(
P

(para)
Xt|Xt−1

(θ)
))
.

Θ is compact by Assumption 2(i). The pointwise convergence Gn(θ)
P→ 0 as n → ∞, for any

θ ∈ Θ, follows from the ergodicity of {Xt, t ∈ Z}, see Assumption 1. It remains to show the
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stochastic equicontinuity condition, that is, Assumption SE in the afore cited theorem. For this

we have to show that for any ϵ > 0 there exists η > 0 such that

lim sup
n→∞

P
(
sup
θ∈Θ

sup
θ̃∈B(θ,η)

∣∣Gn(θ̃)−Gn(θ)
∣∣ > ϵ

)
< ϵ, (A.5)

where B(θ, η) denotes the closed ball in Θ of radius η ≥ 0 centered at θ. Notice that

supθ∈Θ
∥∥∇θ logP

(para)
X2|X1

(θ)∥ < ∞ since ∇θ logP
(para)
X2|X1

(θ) is continuous on a compact set. By

Markov’s inequality and the mean value theorem, we have for some θ′ such that ∥θ′−θ∥ ≤ ∥θ̃−θ∥,
that

lim sup
n→∞

P
(
sup
θ∈Θ

sup
θ̃∈B(θ,η)

∣∣Gn(θ̃)−Gn(θ)
∣∣ > ϵ

)
≤ 1

ϵ
lim sup
n→∞

E sup
θ∈Θ

sup
θ̃∈B(θ,η)

∣∣(θ̃ − θ)⊤∇θGn(θ
′)
∣∣

≤ η

ϵ
lim sup
n→∞

E sup
θ∈Θ

∥∥∇θGn(θ)
∥∥

≤ η

ϵ
E sup

θ∈Θ

∥∥∇θ logP
(para)
X2|X1

(θ)∥

+
η

ϵ
sup
θ∈Θ

∥∥E(∇θ logP
(para)
X2|X1

(θ))∥

≤ 2η

ϵ
E sup

θ∈Θ

∥∥∇θ logP
(para)
X2|X1

(θ)∥

≤ 2η

ϵ
C,

for a constant C > 0. Thus, for 0 < η < ϵ2/(2C), condition (A.5) is satisfied. □

Proof of Theorem 3.2:

(i). In this case, X∗
1 , . . . , X

∗
n is generated using a model from the class Mθ with estimated

parameter θ̂ML. The conditional maximum likelihood estimator θ̂∗ML based on this bootstrap

time series is defined as

θ̂∗ML = argmaxθ∈Θln(θ|X∗
1 ) = argmaxθ∈Θ

n∑

t=2

log
(
P

(para)
X∗

t |X∗
t−1

(θ)
)
.

Note that

θ̂ML = argmaxθ∈ΘE
∗( log

(
P

(para)
X∗

t |X∗
t−1

(θ)
)
= argmaxθ∈ΘEθ̂ML

(
log
(
P

(para)
X∗

t |X∗
t−1

(θ)
)
, (A.6)

where

E∗( log
(
P

(para)
X∗

t |X∗
t−1

(θ)
)
=
∑

r

∑

s

log(P
(para)
X∗

t =r|X∗
t−1=s(θ))P

(para)

θ̂ML
(X∗

t = r,X∗
t−1 = s)

and the double summation extends over the entire range of X0. We use the expansion

1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
√
n− 1

(
θ̂∗ML − θ̂ML

)
= − 1√

n− 1
l
′
n(θ̂ML|X∗

1 ), (A.7)

see also (3.1), for some θ̃∗n such that ∥θ̃∗n − θ̂ML∥ ≤ ∥θ̂∗ML − θ̂ML∥. Let

∇θ log(P
(para)
X∗

t |X∗
t−1

(θ)
)∣∣

θ=θ′ =: g(X∗
t , X

∗
t−1; θ

′).
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Then, we have
1√
n− 1

l
′
n(θ̂ML|X∗

1 ) =
1√
n− 1

n∑

t=2

g(X∗
t , X

∗
t−1; θ̂ML), (A.8)

and (A.8) is (conditional on X1, . . . , Xn) a sequence of martingale differences. This holds true

since

E∗(∇θ log(P
(para)
X∗

t |X∗
t−1

(θ)
)∣∣

θ=θ̂ML

∣∣X∗
t−1

)
(A.9)

=
∑

r

1

P
(para)
X∗

t =r|X∗
t−1

(θ̂ML)
∇θP

(para)
X∗

t =r|X∗
t−1

(θ)
∣∣
θ̂ML

P
(para)
X∗

t =r|X∗
t−1

(θ̂ML)

=
∑

r

∇θP
(para)
X∗

t =r|X∗
t−1

(θ̂ML)

= ∇θ

(∑

r

P
(para)
X∗

t =r|X∗
t−1

(θ̂ML)
)

= 0,

where all sums go over the range of X∗
t . Notice that by (A.6) and the exchangeability of differen-

tiation and expectation, see Assumption 4(iii), it is easily seen that E∗(g(X∗
t , X

∗
t−1; θ̂ML)) = 0.

For the matrix of second-order partial derivatives and since the elements of the matrix

∇2
θ log(P

(para)
Xt|Xt−1

(θ)
)

are Lipschitz continuous functions of θ, we get for the Frobenius norm

∥ · ∥F ,
∥∥∥
( 1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
)
−
( 1

n− 1
l
′′
n(θ0|X∗

1 )
)∥∥∥

F
≤
∥∥∥
( 1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
)
−
( 1

n− 1
l
′′
n(θ̂ML|X∗

1 )
)∥∥∥

F

+
∥∥∥
( 1

n− 1
l
′′
n(θ̂ML|X∗

1 )
)
−
( 1

n− 1
l
′′
n(θ0|X∗

1 )
)∥∥∥

F

≤ OP

(
∥θ̂∗ML − θ̂ML∥

)
+OP

(
∥θ̂ML − θ0∥

)
. (A.10)

The second term of the last inequality goes to zero because θ̂ML
P→ θ0. The first term of

(A.10) vanishes asymptotically by the triangular inequality and because ∥θ̂ML − θ0∥ P→ 0 and

∥θ̂∗ML − θ0∥ P→ 0, in probability. To establish the latter statement, it suffices to show that

sup
θ∈Θ

∣∣∣ 1

n− 1

n∑

t=2

logP
(para)
X∗

t |X∗
t−1

(θ)− Eθ0

(
log
(
P

(para)
Xt|Xt−1

(θ)
))∣∣∣ P→ 0, (A.11)

where

Eθ0

(
log
(
P

(para)
Xt|Xt−1

(θ)
)
=
∑

r

∑

s

logP
(para)
Xt=r|Xt−1=s(θ)P

(para)
θ0

(Xt = r,Xt−1 = s).

Notice that in the above set up, (Xt, Xt−1) follows the distribution generated by a parametric

model with parameter θ0 while (X∗
t , X

∗
t−1) that of the same model but with parameter θ̂ML.

Using the notation

W ∗
n(θ) :=

1

n− 1

n∑

t=2

logP
(para)
X∗

t |X∗
t−1

(θ)− Eθ0

(
log
(
P

(para)
Xt|Xt−1

(θ)
))
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and arguing as in the proof of (A.4), it suffices to show that W ∗
n(θ) → 0 in probability for any

θ ∈ Θ and that η > 0 exists such that, in probability,

lim sup
n→∞

P
(
sup
θ∈Θ

sup
θ̃∈B(θ,η)

∣∣W ∗
n(θ̃)−W ∗

n(θ)
∣∣ > ϵ

)
< ϵ, (A.12)

for all ϵ > 0. We have

lim sup
n→∞

E∗ sup
θ∈Θ

sup
θ̃∈B(θ,η)

∣∣W ∗
n(θ̃)−W ∗

n(θ)
∣∣

≤ η lim sup
n→∞

E∗ sup
θ∈Θ

∥(n− 1)−1
n∑

t=2

∇θ logPX∗
t |X∗

t−1
∥

+ η sup
θ∈Θ

∥Eθ0(∇θ logP
(para)
X2|X1

(θ))∥

≤ η lim sup
n→∞

∑

r

∑

s

sup
θ∈Θ

∥∇θ logP
(para)
X2=r|X1=s(θ)∥P

(para)

θ̂ML
(X2 = r,X1 = s)

+ η sup
θ∈Θ

∥Eθ0(∇θ logP
(para)
X2|X1

(θ))∥

= η
∑

r

∑

s

sup
θ∈Θ

∥∇θ logP
(para)
X2=r|X1=s(θ)∥P

(para)
θ0

(X2 = r,X1 = s)

+ η sup
θ∈Θ

∥Eθ0∇θ logP
(para)
X2|X1

(θ)∥

≤ 2ηEθ0

(
sup
θ∈Θ

∥∇θ logP
(para)
X2|X1

(θ)∥
)
.

Note that the equality before the last inequality follows because θ̂ML
P→ θ0 implies P (para)

θ̂ML
(X2 =

r,X1 = s)
P→ P

(para)
θ0

(X2 = r,X1 = s) for every r, s. This together with the boundedness in

probability of supθ∈Θ ∥∇θ logP
(para)
X2=r|X1=s(θ)∥ leads to

∑

r

∑

s

sup
θ∈Θ

∥∇θ logP
(para)
X2=r|X1=s(θ)∥

∣∣P (para)

θ̂ML
(X2 = r,X1 = s)− P

(para)
θ0

(X2 = r,X1 = s)
∣∣

≤ OP (1)
∑

r

∑

s

∣∣P (para)

θ̂ML
(X2 = r,X1 = s)− P

(para)
θ0

(X2 = r,X1 = s)
∣∣ P→ 0,

where the last convergence follows by Scheffé’s Theorem. Therefore, for 0 < η < ϵ2/2C, where

C = Eθ0

(
supθ∈Θ ∥∇θ logP

(para)
X2|X1

(θ)∥
)
< ∞, assertion (A.12) follows.

By the weak law of large numbers and (A.10), we have
∥∥∥E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
−
( 1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
)∥∥∥

F

≤
∥∥∥E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
−
( 1

n− 1
l
′′
n(θ0|X1)

)∥∥∥
F

+
∥∥∥
( 1

n− 1
l
′′
n(θ0|X1)

)
−
( 1

n− 1
l
′′
n(θ̂

∗
ML|X∗

1 )
)∥∥∥

F

+
∥∥∥
( 1

n− 1
l
′′
n(θ̂

∗
ML|X∗

1 )
)
−
( 1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
)∥∥∥

F

P→ 0.
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Invoking a central limit theorem for triangular arrays of martingale differences, see Brown (1971)

and Alj et al. (2014), to the sequence

1√
n− 1

n∑

t=2

(
g(X∗

t , X
∗
t−1; θ̂ML

)
− E∗(g(X∗

t , X
∗
t−1, ; θ̂ML

))
,

also see (A.8), and using the fact that the matrix

Eθ0

(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
,

is positive definite, see Assumption 2, the assertion of the theorem follows.

Proof of assertion (ii). The proof of this assertion essentially follows the arguments used for

establishing assertion (i) of the theorem with the main difference concerning the CLT used.

Similar to (A.7), we have

1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
√
n− 1

(
θ̂∗ML − θ̂ML

)
= − 1√

n− 1
l
′
n(θ̂ML|X∗

1 ), (A.13)

for some θ̃∗n such that ∥θ̃∗n − θ̂ML∥ ≤ ∥θ̂∗ML − θ̂ML∥. Notice that the centering here by θ̂ML is

justified by the fact that,

argmaxθ∈ΘE
∗(logPX∗

t |X∗
t−1

(θ)) = argmaxθ∈Θ
∑

r

∑

s

logPXt=r|Xt−1=s(θ)P̂
(npara)
Xt=r|Xt−1=s

= argmaxθ∈Θ

n∑

t=2

logPXt|Xt−1
(θ) = θ̂ML.

According to (A.8), in (A.13) as well, we have

1√
n− 1

l
′
n(θ̂ML|X∗

1 ) =
1√
n− 1

n∑

t=2

g(X∗
t , X

∗
t−1; θ̂ML) =:

1√
n− 1

n∑

t=2

Y ∗
t,n, (A.14)

where the pseudo time series X∗
1 , . . . , X

∗
n is generated using the non-parametrically estimated

one step transition probabilities P̂ (npara)
Xt+1=xj |Xt=xi

for xi, xj ∈ range(X0) (instead of the paramet-

rically estimated one step transition probabilities P (para)
Xt+1=xj |Xt=xi

(θ̂ML) used in part (i)). In the

following, we will use the central limit theorem of Peligrad (2012, Theorem 1) for triangular

arrays of non-homogeneous Markov chains and adapt it to our (bootstrap) setup. Note that

here we are dealing with the homogeneous case only, which simplifies arguments. By forming

the two-dimensional Markov chain ((Xt, Xt−1)
′, t ∈ Z), the latter shares important properties

with (Xt, t ∈ Z). In particular, the corresponding maximal correlation coefficient is still strictly

smaller than 1.

Moreover, conditional on X1, . . . , Xn, the bootstrap process (X∗
t , t ∈ Z) fulfills these proper-

ties as well with probability tending to one. We have

ρ∗1 = sup
f,g





∣∣E∗(f(X∗
i )g(X

∗
i−1))− E∗(f(X∗

i ))E
∗(g(X∗

i−1))
∣∣

√
E∗(f2(X∗

i ))
√

E∗(g2(X∗
i−1))

; ∥f(X∗
i )∥∗2 < ∞, ∥g(X∗

i−1)∥∗2 < ∞



 ,

Faymonville et al., 2025a 209



40 MAXIME FAYMONVILLE & CARSTEN JENTSCH & EFSTATHIOS PAPARODITIS

where we used the notation ∥X∗∥∗p = (E∗((X∗)p))1/p for p > 1. We show that, as n → ∞,

ρ∗1 → ρ1 in probability holds true, where ρ1 is the corresponding coefficient of the underlying

Markov process which is assumed to be strictly smaller than 1. After having achieved this,

we can argue that ρ∗1 < 1 holds true in probability and we can make use of Peligrad (2012,

Theorem 1) to establish a bootstrap CLT for (A.14). Toward this goal, we show that

|ρ∗1 − ρ1| → 0, (A.15)

in probability, as n → ∞. Consider the nominators of ρ∗1 and ρ1. Then, we have

|(E∗(f(X∗
i )g(X

∗
i−1))− E∗(f(X∗

i ))E
∗(g(X∗

i−1)))− (E(f(Xi)g(Xi−1))− E(f(Xi))E(g(Xi−1)))|

≤|E∗(f(X∗
i )g(X

∗
i−1))− E(f(Xi)g(Xi−1))|+ |E∗(f(X∗

i ))E
∗(g(X∗

i−1))− E(f(Xi))E(g(Xi−1))|.

We show that |E∗(f(X∗
i )g(X

∗
i−1)) − E(f(Xi)g(Xi−1))| → 0 and |E∗(f(X∗

i ))E
∗(g(X∗

i−1)) −
E(f(Xi))E(g(Xi−1))| → 0, where the latter is implied by |E∗(f(X∗

i )) − E(f(Xi))| → 0.

Similarly, we can deal with the denominator, where we have to show that |E∗(f2(X∗
i )) −

E(f2(Xi))| → 0. We only elaborate on the most cumbersome term |E∗(f(X∗
i )g(X

∗
i−1)) −

E(f(Xi)g(Xi−1))| (all other terms can be dealt with analogously). We show that

E∗(f(X∗
i )g(X

∗
i−1)) → E(f(Xi)g(Xi−1))

in probability, as n → ∞. For this purpose, let N denote the state space of (Xt, t ∈ Z) and N ∗
n

the state space of (X∗
t , t ∈ Z). Note that, for all n ∈ N, we have N ∗

n ⊆ N with N ∗
n being finite.

Then,

E∗(f(X∗
i )g(X

∗
i−1)) =

∑

r,s∈N ∗
n

f(r)g(s)P ∗(X∗
i = r,X∗

i−1 = s)

=
∑

r,s∈N ∗
n

f(r)g(s)
(
P ∗(X∗

i = r,X∗
i−1 = s)− P (Xi = r,Xi−1 = s)

)

+
∑

r,s∈N ∗
n

f(r)g(s)P (Xi = r,Xi−1 = s)

=In + IIn.
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As N ∗
n → N monotonically as n → ∞, we get by the monotone convergence theorem that

IIn → E(f(Xi)g(Xi−1)) in probability. It remains to show that In = op(1). We have

In =
∑

r,s∈N ∗
n

f(r)g(s)
(
P ∗(X∗

i = r,X∗
i−1 = s)− P (Xi = r,Xi−1 = s)

)

=
∑

r,s∈N
f(r)g(s)

(
P ∗(X∗

i = r,X∗
i−1 = s)− P (Xi = r,Xi−1 = s)

)
1(P ∗(X∗ = r)P ∗(X∗ = s) > 0)

=
∑

r,s∈N

[
f(r)g(s)1(P ∗(X∗ = r)P ∗(X∗ = s) > 0)

] (
P ∗(X∗

i = r,X∗
i−1 = s)− P (Xi = r,Xi−1 = s)

)

≤
∑

r,s∈N

∣∣∣∣f(r)g(s)1(P ∗(X∗ = r)P ∗(X∗ = s) > 0)

∣∣∣∣ ·
∣∣P ∗(X∗

i = r,X∗
i−1 = s)− P (Xi = r,Xi−1 = s)

∣∣ .

Furthermore,

∣∣∣∣f(r)g(s)1(P ∗(X∗ = r)P ∗(X∗ = s) > 0)

∣∣∣∣

≤ sup
r,s

∣∣∣∣f(r)g(s)1(P ∗(X∗ = r)P ∗(X∗ = s) > 0)

∣∣∣∣

≤ sup
r

∣∣∣∣f(r)1(P ∗(X∗ = r) > 0)

∣∣∣∣ sup
s

∣∣∣∣g(s)1(P ∗(X∗ = s) > 0)

∣∣∣∣

≤ (max{|f(X1)|, . . . , |f(Xn)|})2 .

Hence, it suffices to show that

(max{|f(X1)|, . . . , |f(Xn)|})2
∑

r,s∈N

∣∣P ∗(X∗
i = r,X∗

i−1 = s)− P (Xi = r,Xi−1 = s)
∣∣ = oP (1).

For this purpose, we aim to show

(max{|f(X1)|, . . . , |f(Xn)|})2√
n

=oP (1) (A.16)

and
√
n
∑

r,s∈N

∣∣P ∗(X∗
i = r,X∗

i−1 = s)− P (Xi = r,Xi−1 = s)
∣∣ =OP (1) (A.17)
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in the following. Starting with term (A.16), for any x > 0, we have

P

(
(max{|f(X1)|, . . . , |f(Xn)|})2√

n
> x

)
=P

(
max{|f(X1)|, . . . , |f(Xn)|} > x1/2n1/4

)

=P

(
n⋃

i=1

{
|f(Xi)| > x1/2n1/4

})

≤
n∑

i=1

P
({

|f(Xi)| > x1/2n1/4
})

=nP
({

|f(X1)|k > (x1/2n1/4)k
})

≤n
E(|f(X1)|k)
(x1/2n1/4)k

=
n1−k/4

xk/2
E(|f(X1)|k).

Hence, for k > 4, the last right-hand side converges to zero in probability, if E(|f(X1)|k) < ∞
holds for all square-integrable functions f . That is, we need 8 + δ moments, which holds as we

have assumed 12 + δ moments for the process (Xt, t ∈ Z).

Continuing with (A.17), using S = {xi, i ∈ N}, we have

√
n
∑

r,s∈N
|P̂ (X1 = r,X0 = s)− P (X1 = r,X0 = s)|

≤√
n

K∑

i,j=1

|P̂ (X1 = xi, X0 = xj)− P (X1 = xi, X0 = xj)|

+
√
n

∞∑

i=K+1

∞∑

j=1

|P̂ (X1 = xi, X0 = xj)− P (X1 = xi, X0 = xj)|

+
√
n

∞∑

i=1

∞∑

j=K+1

|P̂ (X1 = xi, X0 = xj)− P (X1 = xi, X0 = xj)|

=IK,n + IIK,n + IIIK,n,

where K is some arbitrarily large positive integer. For all fixed K, we have that IK,n = OP (1),

because a multivariate CLT holds for all finitely many relative frequencies, when properly
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centered and scaled with
√
n. Further, the second term IIK,n can be bounded by

√
n

∞∑

i=K+1

∞∑

j=1

|P̂ (X1 = xi, X0 = xj)|+
√
n

∞∑

i=K+1

∞∑

j=1

|P (X1 = xi, X0 = xj)|

≤√
n

∞∑

i=K+1

P̂ (X1 = xi) +
√
n

∞∑

i=K+1

P (X1 = xi)

=
√
n(1−

K∑

i=1

P̂ (X1 = xi)) +
√
n

∞∑

i=K+1

P (X1 = xi)

=
√
n(1−

K∑

i=1

(
P̂ (X1 = xi)− P (X1 = xi)

)
)−√

n
K∑

i=1

P (X1 = xi) +
√
n

∞∑

i=K+1

P (X1 = xi)

≤√
n(1−

K∑

i=1

(
P̂ (X1 = xi)− P (X1 = xi)

)
)−√

n

(
1−

∞∑

i=K+1

P (X1 = xi)

)
+

√
n

∞∑

i=K+1

P (X1 = xi)

=−√
n

K∑

i=1

(
P̂ (X1 = xi)− P (X1 = xi)

)
+

√
n

∞∑

i=K+1

P (X1 = xi) +
√
n

∞∑

i=K+1

P (X1 = xi)

≤OP (1) + 2
√
n

∞∑

i=K+1

P (X1 = xi)

for all K sufficiently large. Analogously, we get the same for term IIIK,n. Hence, altogether,

we have

(max{|f(X1)|, . . . , |f(Xn)|})2√
n

OP (1) = oP (1)

and it remains to argue that, for all K, we also have

(max{|f(X1)|, . . . , |f(Xn)|})2√
n

2
√
n

∞∑

i=K+1

P (X1 = xi) = oP (1).

By the same arguments used above for (A.16), we get

(max{|f(X1)|, . . . , |f(Xn)|})2√
n

2
√
n

∞∑

i=K+1

P (X1 = xi)

=OP

(
n1−k/4E(|f(X1)|k)

√
n

∞∑

i=K+1

P (X1 = xi)

)

=OP

(
n(6−k)/4E(|f(X1)|k)

∞∑

i=K+1

P (X1 = xi)

)
.

Hence, for k > 6, the last right-hand side converges to zero in probability, if E(|f(X1)|k) < ∞
holds for all square-integrable functions f . This is the case, as we have assumed 12+δ moments

for the process (Xt, t ∈ Z).

Now since ρ∗1 < 1 and having established that ρ∗1 → ρ1, in probability, there exists a ρ̃1 with

ρ1 < ρ̃1 < 1 such that, with high probability, ρ∗1 < ρ̃1 < 1 holds true. Hence, we can use
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Theorem 1 in Peligrad (2012). According to (A.14), we are concerned with

L∗
n :=

n∑

t=2

Y ∗
t,n, (A.18)

where

Y ∗
t,n = gn(X

∗
t , X

∗
t−1) := g(X∗

t , X
∗
t−1; θ̂ML) = ∇θ log(P

(para)
X∗

t |X∗
t−1

(θ)
)∣∣

θ=θ̂ML
. (A.19)

Moreover, as shown above, we have E∗(Y ∗
t,n) = 0 as well as E∗((Y ∗

t,n)
2) < ∞ and let σ̂2

n :=

Var∗(L∗
n). Then, conditional on X1, . . . , Xn, we have

max
1≤t≤n

|Y ∗
t,n| = max

1≤t≤n
∇θ log(P

(para)
X∗

t |X∗
t−1

(θ)
)∣∣

θ=θ̂ML
=: C∗

n(θ̂ML), (A.20)

where, for each fixed n and conditionally on θ̂ML, C∗
n = C∗

n(θ̂ML) is actually a finite (non-

random) constant as X∗
t ≤ max{X1, . . . , Xn} by construction of the non-parametric bootstrap

procedure. Also by adapting the notation in Peligrad (2012), let

λ̂n := 1− ρ̂n,1 := 1− ρ∗1. (A.21)

Then, it remains to show that

C∗
n(1 + | log(λ̂n)|)

λ̂nσ̂n

P→ 0 (A.22)

as n → ∞, in order to prove that

L∗
n

σ̂n

d→ N (0, 1) in probability.

Making use of the arguments from above, condition (A.22) holds. To see this, note that λ̂n > 0

in probability as λ̂n < 1 in probability, where the latter holds, because the bootstrap pro-

cess (X∗
t , t ∈ Z) shares the property of a maximal correlation coefficient smaller than 1 (in

probability) with the process (Xt, t ∈ Z), who fulfills this by assumption. Hence, we have

C∗
n(1 + | log(λ̂n)|)

λ̂nσ̂n
= OP

(
C∗
n

σ̂n

)
= oP (1) (A.23)

by assumption (3.7) as 1/σ̂n = Op(1/
√
n). Finally, we get

− 1√
n− 1

l
′
n(θ̂ML|X∗

1 ) = −
(

1

n− 1
σ̂2
n

)1/2 L∗
n

σ̂n

d→ N (0,E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
),

because of 1
n−1 σ̂

2
n

P→ E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
by the weak law of large numbers. Finally,

similar to the arguments employed for part (i), we also have

1

n− 1
l
′′
n(θ̃

∗
n|X∗

1 )
P→ E

(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
,

which completes the proof of part (ii) as E
(
∇2

θ log(P
(para)
Xt|Xt−1

(θ)
)∣∣

θ=θ0

)
is positive definite by

Assumption 4.

□
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