Monitoring Strategies

for Chatter Detection In a Drilling Process

Amor Ben Salah Messaoud

Doctoral Thesis submitted in partial fulfillment the requirements for the Degree of “Doktor der Naturwissenschaften” in the Department of Statistics University of Dortmund

Dortmund, November 2006

Prüfungskommission:

Prof. Dr. Joachim Kunert (Vorsitzender) Universität Dortmund Prof. Dr. Claus Weihs (Gutachter) Universität Dortmund Prof. Dr. Franz Hering (Gutachter) Universität Dortmund Prof. Dr. Mohamed Limam (Gutachter) University of Tunis Dr. Uwe Ligges (Beisitzer) Universität Dortmund

Tag der mündlichen Prüfung: 21. Dezember 2006

Copyright © 2006 by Amor Messaoud All rights reserved

DEDICATION

This page intentionally left blank

Contents

Acknowledgements v 1 Introduction 1 1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Introduction to Statistical Process Control (SPC) . . . . . . . . . . . . . . 2 1.3 Overview of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

I A Nonparametric Control Chart for Multivariate Data 7 2 The Rank Based Multivariate EWMA Control Chart 9 2.1 Data Depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 The Proposed rMEWMA Control Chart . . . . . . . . . . . . . . . . . . . 12 2.3 Asymptotic Average Run Length of the In-Control Process . . . . . . . . 13 2.4 Illustrative Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3 Simulation Results 19 3.1 Effect of the Reference Sample Size on rMEWMA Control Charts Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.1.1 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.1.2 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2 Effect of the Geometrical Nature of Simplicial Depth on the Performance of rMEWMA Control Charts . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.2.1 Lower Bounds to Q^m_t . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.2.2 Illustrative Example . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Performance Comparisons 37 4.1 The Parametric Multivariate EWMA Control Chart . . . . . . . . . . . . 37 4.2 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.3 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.3.1 Comparison of Performances of Mahalanobis rMEWMA and pMEWMA Control Charts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.3.2 Performance of Mahalanobis and Simplicial rMEWMA Control Charts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.4 Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

II Monitoring the BTA Deep-Hole Drilling Process 49 5 The BTA Deep-Hole Drilling Process 51 5.1 The Drilling Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 5.1.1 The Drilling Machine . . . . . . . . . . . . . . . . . . . . . . . . . 51 5.1.2 The Drilling Tool and Principle of the Process . . . . . . . . . . . 52 5.2 Process Disturbances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 5.3 Experimental Investigation . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.3.1 A Drilling Depth Dependency of Chatter Frequency . . . . . . . . 59 5.3.2 Mechanical Interpretation . . . . . . . . . . . . . . . . . . . . . . . 61

6 Time Varying Process Dynamics 63 6.1 Introduction to Dynamical Systems Theory: The van der Pol Equation . . 63 6.2 Modelling the Drilling Torque by a Stochastic Differential Equation . . . . 65 6.3 Modelling the Amplitudes of Relevant Frequencies . . . . . . . . . . . . . 66 6.3.1 Time Series Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 66 6.3.2 Autoregressive Approximation . . . . . . . . . . . . . . . . . . . . 67 6.3.3 Empirical Results: Diagnostic Checks of the Residuals . . . . . . . 68 6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

7 Nonlinear Time Series Modelling of the the Drilling Process 71 7.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 7.2 Amplitude-dependent Exponential Autoregressive Time Series Models . . 72 7.3 Estimation of the ExpAr Models . . . . . . . . . . . . . . . . . . . . . . . 75 7.3.1 Maximum Likelihood Estimate . . . . . . . . . . . . . . . . . . . . 75 7.3.2 Real-time Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 7.4 Modelling the Drilling Torque Using ExpAr Time Series Models: Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

7.4.1 Diagnostic Checks . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 7.4.2 Description of the Time Varying Dynamics . . . . . . . . . . . . . 78 7.5 ExpAr(p) Time Series Models Based Control Charts . . . . . . . . . . . . 81 7.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 8 Experimental Results 85 8.1 Experimental Settings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 8.2 Transition from Stable Drilling to Chatter Vibration . . . . . . . . . . . . 87 8.3 Monitoring Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 8.3.1 Residual rMEWMA Control Charts . . . . . . . . . . . . . . . . . 88 8.3.2 ExpAr(40) Time Series Based rUEWMA Control Charts . . . . . 88 8.3.3 Choice of the Control Charts Parameters . . . . . . . . . . . . . . 89 8.3.4 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . 89 8.4 The Masking Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 9 Summary and Future Work 103 9.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 9.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 9.2.1 Multiple Frequency Modelling . . . . . . . . . . . . . . . . . . . . . 104 9.2.2 Integration of Process Monitoring and Adjustment . . . . . . . . . 105 A Tables on the Performance of rMEWMA and pMEWMA Control Charts 107 B Plots of the Amplitudes of Frequencies 234, 703 and 1183 Hz 123 C Tables on the Time Series Analysis of the Amplitudes of the Relevant Frequencies 127 Bibliography 141

This page intentionally left blank

Acknowledgements

F^{irst of all I am thankful for the financial support that I received from the Graduate}

School of Production Engineering and Logistics of the University of Dortmund and the Collaborative Research Centre “Reduction of Complexity in Multivariate Data Structures” (SFB 475) of the German Research Council (Deutsche Forshungsgemeinschaft, DFG).

I would like to thank Prof. Claus Weihs. This thesis would have never been finished without his support and guidance. I really enjoyed working with him. I also would like to thank Prof. Franz Hering. He contributed a lot to this work by providing me with many useful suggestions and comments. I learned a lot from him and my debt to him is enormous. Special thanks to Prof. Mohamed Limam for his guidance and encouragement throughout the course of this work. I have benefited enormously from his moral support. I am also grateful to the members of my dissertation committee for their useful suggestions for improvements.

I am indebted to Dr. Winfried Theis for his great support during the first years of my work. My thanks go to Dr. Uwe Ligges for his help on R and L^ATEX and maintaining my computer. Another thanks go to Dr. Oliver Webber who helped me to understand the deep-hole drilling process.

I also wish to thank Mrs. Edelgard Kürbis, Mrs. Sabine Bell, Mrs. Meni Syrou and Mrs. Gundula Plaep for their administrative support. My deep gratitude to all the staff members of the Department of Statistics of the University of Dortmund for their assistance throughout the course of this work.

I would like to thank all my colleagues at the Department of Statistics and the Graduate School of Production Engineering and Logistics of the University of Dortmund for their support.

Finally and most importantly, I would like to thank my mother for all the sacrifices she made to ensure that I obtain the best education possible. Her unconditional love, vi ACKNOWLEDGEMENTS

generous support and prayers at all times provided me a constant source of inspiration. My mother has always given me guidance and teaching that no university could match. I also thank my brother for his constant encouragement and support.

Dortmund, Germany Amor Messaoud November 2006

Chapter 1

Introduction

T^{his thesis is part of the project “Analysis and Modelling of the Deep-Hole Drilling}

Process with Methods of Statistics and Neuronal Networks” in the Collaborative Research Centre 475 “Reduction of Complexity for Multivariate Data Structures” of the German Research Council (Deutsche Forschungsgemeinschaft, DFG). The goal of this project is to model the process in order to prevent dynamic disturbances, chatter vibration and spiralling, to identify the cause(s) of these disturbances, and to choose optimal production parameters for faster and more secure production with high quality.

1.1 Motivation

Usually, the BTA (Boring and Trepanning Association) deep-hole drilling process is used during the last production phases of expensive workpieces. For example, axial bores in turbines or compressor shafts are made with this process. Thus, it is necessary that a process monitoring system is devised to detect disturbances during the process operation. The aim of this PhD thesis is to develop such real-time monitoring strategies for the early and reliable detection of chatter vibration and changes in the process by using statistical process control (SPC) techniques. Such strategies are needed in order to allow engineers to know when and how to adjust the process.

SPC is a collection of problem solving tools useful in achieving process stability through the reduction of variability. The major tools in SPC are control charts. These charts have been shown to be useful in monitoring many industrial processes. For the drilling process, many assumptions used by SPC are no longer valid. This is due to the time varying dynamics of the process and the nature of the collected data, “data-rich” environments in industry. Therefore, we will focus on the development of adequate SPC procedures by understanding and modelling the time varying dynamics of the process using times series techniques.

1.2 Introduction to Statistical Process Control (SPC)

Reducing variation in manufacturing processes is desirable to reduce cost and improve product performance and quality. To achieve this objective SPC is used. SPC consists of methods and techniques for understanding and monitoring a production process. That is, to determine whether the process is stable over time and capable of producing high quality products. Montgomery (2001) mentioned that no two units of product produced by a manufacturing process are identical. Some variation is inevitable. Then improving quality will be obtained if the aim is to reduce variation around the target. That is, quality is inversely proportional to variability.

The approach towards reduction of variability is based on the idea that the phenomena causing variation in process outcomes can be classified in two groups:

• Common or chance causes of variation are considered to be due to the inherent nature of the process and cannot be altered without changing the process itself.

• Assignable or special causes are unusual shocks or other disruptions to the process.

These causes can and should be removed.

One purpose of control charting, the featured tool of SPC, is to distinguish between these two sources of process variation. In other words, control charts are used to detect the presence of assignable causes of variation by checking the desired stable state of the process. Reduction of variation is thus achieved via rapid detection and elimination of such special causes. A process is said to be in a state of statistical control if it operates under common causes of variation and the probability distribution representing the quality characteristic is constant over time. If there are some changes over time in this distribution, the process is said to be out-of-control. Woodall (2000) mentioned that this traditional definition of statistical control has been generalized over the years to include cases for which an underlying statistical model of the quality characteristic is stable over time. These useful generalizations include, for example, regression, variance components and time series models.

The Shewhart X̄ Control Chart

A typical Shewhart X̄ control chart is given in Figure 1.1. Samples of size n are taken at equally spaced intervals. The control statistic X̄ is calculated from the sampled data. The control chart is based on the idea that if the process is in state of statistical control, then the outcomes are predictable. That is, based on previous observations, it is possible

1.2. INTRODUCTION TO STATISTICAL PROCESS CONTROL 3

Figure 1.1: An illustration of a Shewhart control chart (UCL: Upper control limit and LCL: Lower control limit)

for a given set of control limits to determine the probability that future observations fall within these control limits. An out-of-control signal is given by the chart as soon as X̄ calculated from a sample falls outside the upper and lower control limits, labelled UCL and LCL, respectively. Other rules are also used for signaling an out-of-control situation based on “non-random” patterns of the chart. Shewhart X̄ control charts use only the current observation or sample to monitor the process. Other control charts, such as cumulative sum (CUSUM) and exponentially weighted moving average (EWMA) charts, accumulate information across successive observations. That is, they not only use the current sample statistic, but incorporate the information that can be gained from the previous sample statistics in some fashion. For further details, see Montgomery (2001).

Monitoring Autocorrelated and Nonnormal Data

An important assumption in the application of statistical control charts is that the observations generated by the monitored process are independent. However, this assumption is often violated in many industrial processes and the observations are frequently autocorrelated. This may be due, for example, to the measurement system and the dynamics of the process. The autocorrelation has a large impact on the performance of control charts developed under the independence assumption. Its typical effect is to increase the number of false alarms compared with an independent process.

Some SPC methodologies have been developed in recent years in order to monitor autocorrelated data. One approach is to use residual control charts. They are suggested by several authors. For example, see Alwan and Roberts (1988) and Montgomery and Mastrangelo (1991). This procedure requires a model of the autocorrelative structure of the data which can be achieved by fitting an appropriate time series model to the observations. The idea behind residual control charts is if the time series model fits the data well, the residuals will be approximately independent. Then, traditional control charts designed to monitor independent observations can be applied to the residuals.

Another basic assumption, used in the development of many control charts, is that the underlying distribution of the process is normal. The statistical properties of these charts are exact only if this assumption is satisfied. In practice, it is well known that this assumption rarely holds. Therefore, distribution-free or nonparametric control charts are used. For further details, see Chakraborti et al. (2001).

Control Chart Performance Measures

The statistical design of a control chart refers to choices of its parameters. It ensures the chart performance meets certain statistical criteria. These criteria are often based on aspects of the run length distribution of the control chart. The run length (RL) of a control chart is a random variable that represents the number of plotted statistics until a signal occurs. The most common measure of control chart performance is the expected value of the run length; i.e. the average run length (ARL). The ARL should be large when the process is statistically in-control (in-control ARL) and small when a shift has occurred (out-of-control ARL). However, conclusions based on in-control and out-of-control ARL alone can be misleading. Knowledge of the in-control and out-of-control RL distributions would provide a comprehensive understanding of the in-control and out-of-control control chart performances. For example, the lower percentiles of the in-control and out-of-control RL distributions give information about the early false alarm rates and the ability to quickly detect an out-of-control condition of a control chart.

1.3 Overview of the Thesis

The thesis is divided into two main parts. The first part is devoted to the development of a new distribution-free control chart for multivariate data, the study of its properties and comparison of its performance against alternative procedures. In Chapter 2, the principles used to construct the new control chart are given and its statistical design is proposed. Simulations are conducted in Chapters 3 and 4 in order to assess its applicability and to compare its performance against alternative procedures, respectively.

The second part of the thesis is devoted to the introduction and modelling of the drilling process and experimental investigation of the performance of the proposed monitoring strategies. In Chapter 5, the BTA deep-hole drilling process is introduced. Previous work to understand and to predict the temporal development of the process is reviewed in Chapter 6. Based on it, a modelling approach of the sampled data is proposed in order to setup the monitoring procedures. In Chapter 7, nonlinear time series

1.3. OVERVIEW OF THE THESIS 5

modelling is used to describe the time varying dynamics of the process. It provides the basis of nonlinear time series based control charts. In Chapter 8, the empirical performance of the proposed monitoring strategies is studied using several data sets.

Finally, some thoughts and discussion for possible future research issues are given in Chapter 9.

This page intentionally left blank

Part I

A Nonparametric Control Chart for Multivariate Data

Chapter 2

The Rank Based Multivariate EWMA Control Chart

I^{n this chapter, we propose a new rank based multivariate EWMA (rMEWMA) con-}

trol chart. It is a generalization, using the data depth notion, of the nonparametric EWMA control chart for individual observations proposed by Hackl and Ledolter (1992). In section 2.1, we review the data depth notion. The proposed control chart is introduced in section 2.2. Its asymptotic in-control average run length is approximated in section 2.3. Finally, an illustrative example is given in section 2.4.

2.1 Data Depth

Data depth measures how deep (or central) a given point X ∈ R^d is with respect to (w.r.t.) a probability distribution F or w.r.t. a given data cloud S = {Y_1, . . . , Y_m}. There are several measurements for the depth of the observations, such as Mahalanobis depth, the simplicial depth, half-space depth, and the majority depth of Singh, see Liu et al. (1999). In this work, the Mahalanobis and simplicial depths are considered.

The Mahalanobis Depth

The Mahalanobis depth of a given point X ∈ R^d w.r.t. F is defined by

MD(F, X) = 1 1 + (X − μ_F )^′Σ^{−1}_F (X − μ_F ) , where μ_F and Σ_F are the mean vector and covariance matrix of F , respectively. The sample version of MD is obtained by replacing μ_F and Σ_F with their sample estimates.

The Simplicial Depth

The simplicial depth was introduced by Liu (1990) and revised by Burr et al. (2004).

Definition 2.1.1 Simplicial depth (Liu, 1990) Given a probability distribution F in R^d, the simplicial depth of X w.r.t. F is the probability that X belongs to a random closed simplex in R^d, that is

SD_{Liu}(F, X) = P_F {X ∈ s[Y_1, . . . , Y_{d+1}]},

where s[Y_1, . . . , Y_{d+1}] is a d-dimensional closed simplex whose vertices are random observations {Y_1,. . . , Y_{d+1}} from F .

Definition 2.1.2 Simplicial depth for the sample version (Liu, 1990) The simplicial depth of a point X w.r.t. a data set S ={Y_1,. . . , Y_m} is the fraction of closed simplices formed by d + 1 points of S containing X

SD_{Liu}(S, X) = m d + 1 −1 ∑ 1≤i_1 <···<i_{d+1}≤m I ( X ∈ s[Y_{i1} , . . . , Y_{id+1} ] ) , (2.1)

where I(.) is the indicator function.

Note that a simplex in R^d is the boundary of the region defined by d + 1 vertices in general position. It represents the simplest polytope in any dimension. In one dimension, a simplex is simply a line segment. In 2 and 3 dimensions, it is a triangle and a tetrahedron, respectively.

Liu (1990) investigated the basic properties of the simplicial depth. The author showed that if F is absolutely continuous, then as m −→ ∞, SD_{Liu}(S, X) converges uniformly and strongly to SD_{Liu}(F, X) and that SD_{Liu}(F, X) is affine invariant.

Several problems arise in the finite case of simplicial depth under Liu’s definition. Burr et al. (2004) proposed a revised definition of simplicial depth.

Definition 2.1.3 Revised simplicial depth (Burr et al., 2004) Given a data set S = {Y_1,. . . , Y_m}, the simplicial depth of a point X is the average of the fraction of closed simplices containing X and the fraction of open simplices containing X, that is

SD_{BRS} (S, X) = 1 2 m d + 1 −1 ∑ 1≤i_1 <···<i_{d+1}≤m [ I ( X ∈ s[Y_{i1} , . . . , Y_{id+1} ] )

+ I ( X ∈ int ( s[Y_{i1} , . . . , Y_{id+1} ] ))] , (2.2)

where int ( s[Y_{i1} , . . . , Y_{id+1} ] ) refers to the open relative interior of s[Y_1, . . . , Y_{d+1}]. Equivalently, this could be formulated as, SD_{BRS} (S, X) = ρ(S, X) + (1/2)σ(S, X), where

2.1. DATA DEPTH 11

Figure 2.1: Computation of the simplicial depth in R^2

ρ(S, X) is the number of simplices with data points as vertices which contain X in their open interior, and σ(S, X) is the number of simplices with data points as vertices which contain X in their boundary.

Figure 2.1 shows the computation of the simplicial depth in R^2. Using the definition of Liu, the simplicial depths of X_1 and X_2 w.r.t. S = {A, B, C} are equal to 1. The simplicial depth of X_3 w.r.t. S is equal to 0. Using the revised definition, the simplicial depths of X_1, X_2 and X_3 w.r.t. S are equal to 1, 0.5 and 0, respectively.

In the following, the revised simplicial depth is used and we will omit the word revised from it.

Simplicial Depth Algorithms

In this section, algorithms to compute the simplicial depth of a point or a position in R^d are reviewed. For the simplicial depth computation in R^2, Rousseeuw and Ruts (1996) proposed an efficient algorithm to compute the simplicial depth of a point using Liu’s definition. It has a time complexity O(n logn), where n is the size of the reference sample. Burr et al. (2004) proposed certain modifications to this algorithm in order to compute the revised simplicial depth. When the point or position is in R^3, Cheng and Ouyang (2001) proposed an O(n^3) time algorithm. They generalized it to R^4 with a time complexity O(n^4). These two algorithms are based on Liu’s definition. Burr et al. (2004) showed that these algorithms remain valid under the revised definition with some adjustments. For R^d (d ≥ 5), there are no known algorithms faster than the straightforward method. That is to generate all the simplices s[Y_{i1} , . . . , Y_{id+1} ] and then to count the number of containments. A point X is in the simplex s[Y_{i1} , . . . , Y_{id+1} ] if X can be expressed as a convex combination of Y_{i1} , . . . , Y_{id+1} . As there are O(n^{d+1}) simplices, it takes O(n^{d+1}) time in the real RAM model of computation. This algorithm is extremely computationally intensive which constitutes an obstacle for the use of simplicial depth in practice.

2.2 The Proposed rMEWMA Control Chart

Let X_t = (x_{1,t}, . . . , x_{d,t})^′ denote the d × 1 vector of quality characteristic measurements taken from a process at the t^{th} time point where x_{j,t}, j = 1, . . . , d, is the observation on variate j at time t. Assume that the successive X_t are independent and identically distributed random vectors. Assume that m > 1 independent random observations {X_1, . . . , X_m} from an in-control process are available. That is, the rMEWMA monitoring procedure starts at time t = m.

Let RS = {X_{t−m+1}, . . . , X_t} denote a reference sample comprised of the m most recent observations taken from the process at time t ≥ m. It is used to decide whether or not the process is still in control at time t. The main idea of the proposed rMEWMA control chart is to represent each multivariate observation of the reference sample by its corresponding data depth. Thus, the depths D(RS, X_i), i = t − m + 1, . . . , t, are calculated w.r.t. RS.

Now, the same principles proposed by Hackl and Ledolter (1992) are used to construct the rMEWMA control chart. Let Q^∗_t denote the sequential rank of D(RS, X_t) among D(RS, X_{t−m+1}), . . . , D(RS, X_t). It is given by

Q^∗_t = 1 + t∑ i=t−m+1 I ( D(RS, X_t) > D(RS, X_i) ) , (2.3)

where I(.) is the indicator function. It is assumed that tied data depth measures are not observed. Thus, Q^∗_t is uniformly distributed on the m points {1, 2, . . . , m}. The standardized sequential rank Q^m_t is given by

Q^m_t = 2 m ( Q^∗_t − m + 1 2 ) . (2.4)

It is uniformly distributed on the m points { 1 m − 1, 3 m − 1, . . . , 1 − 1 m } , with mean μ_Qm_t = 0 and variance σ_Qm_t =^{m2 −1}_{3m2} . For more details, see Hackl and Ledolter (1992).

The control statistic T_t is the EWMA of standardized sequential ranks. It is computed as follows T_t = min { B, (1 − λ)T_{t−1} + λQ^m_t } , (2.5)

t = 1, 2, . . . , where 0 < λ ≤ 1 is a smoothing parameter, B > 0 is a reflecting boundary and T_0 = u is a starting value. The process is considered in-control as long as T_t ≥ h, where h < 0 is a lower control limit (h ≤ u ≤ B). Note that the lower-sided EWMA is considered because the statistic Q^m_t is higher “the better”. In section 2.4, an illustrative example is given to introduce the implementation of the rMEWMA control chart.

2.2. ASYMPTOTIC ARL OF THE IN-CONTROL PROCESS 13

A reflecting boundary is included to prevent the rMEWMA control statistic from drifting to one side indefinitely. It is known that EWMA schemes can suffer from an “inertia problem” when there is a process change some time after beginning of monitoring. That is, an EWMA control statistic can have wandered away from a center line in a direction opposite to that of a shift that occurs some time after the start of monitoring. In this unhappy circumstance, an EWMA scheme can take long time to signal.

Hackl and Ledolter (1992) considered a continuous quality criterion. This continuity assumption assures that ties are not observed. However, in practice when measurements or other numerical observations are taken, it is often that two or more observations are tied. For example, ties may be due to the nature of the phenomenon modelled or rounding of continuous variables. In this work, the simplicial depth is a discrete measure and ties may occur. Especially, there always exist at least (d + 1) extreme points that share the minimum simplicial depth of^{d+1}_{2m} , see Stoumbos and Jones (2000). The most common approach to this problem is to assign to each observation in a tied set the midrank, that is, the average of the ranks reserved for the observations in the tied set, see Gibbons and Chakraborti (1992).

2.3 Asymptotic Average Run Length of the In-Control Process

The statistical design of the rMEWMA control chart refers to choices of combinations of λ, h, B and m. It ensures the chart performance meets certain statistical criteria. As mentioned in section 1.2, these criteria are often based on aspects of the run length distribution of the control chart.

In this work, we used the integral equation to approximate the in-control ARL, see Crowder (1987). Let L(u) be the ARL of the lower-sided rMEWMA control chart given that T_0 = u. It can be shown that the integral equation for L(u) is given by

L(u) = 1 + L(B)Pr ( q ≥ B − (1 − λ)u λ ) + ∫_B h L ( (1 − λ)u + λq ) dF (q),

where F (q) is the cumulative distribution of q = Q^m_t . We assumed that ties are not observed. Therefore, Q^m_t are uniformly distributed on the m points {1/m − 1, 3/m − 1, . . . , 1 − 1/m},

For moderate and large m the discrete distribution of Q^m_t is approximated by a continuous uniform distribution, which leads to

L(u) = 1 + L(B)Pr ( q ≥ B − (1 − λ)u λ ) + ∫_B h L ( (1 − λ)u + λq ) f(q)dq, (2.6)

where f(q) is the probability density of the uniform distribution. The solutions to the integral equation (2.6) can be obtained by replacing the equation with a system of linear

Table 2.1: In-control ARL values of the rMEWMA control chart with reflecting boundary B = −h

h λ = 0.05 λ = 0.1 λ = 0.2 λ = 0.3 −0.10 − − − − −0.15 137.2 − − − −0.20 382.7 − − − −0.25 + 127.3 − − −0.30 + 286.4 − − −0.35 + 766.1 − − −0.40 + + 123.5 − −0.45 + + 249.4 − −0.50 + + 580.3 103.2 −0.55 + + + 197.9 −0.60 + + + 437.5 −0.65 + + + +

“−”In-control ARL less than 100, “+”In-control ARL greater than 1000.

equations using the collocation method and solving the system of equations, see Messaoud et al. (2004). As recommended by Calzada and Scariano (2003), the collocation method is used because the continuous uniform distribution does not have the entire real line as numerical support.

In the previous approximation, we ignored the slight dependence among successive ranks Q^m_t . Therefore, the result in (2.6) applies only approximately, as there are small correlations among successive ranks. For moderate and large values of m the correlations are quite small, see Hackl and Ledolter (1992). Table 2.1 shows the in-control ARL of the rMEWMA control charts with different smoothing parameters λ and control limits h. It assumed that the rMEWMA statistic starts at 0, that is T_0 = 0. Table 2.1 shows a decrease in the ARL with increasing λ for fixed control limit h. As mentioned by Hackl and Ledolter (1992), this is explained by the fact that σ^2_{Tt} increases with λ so that the probability of crossing the control limit h becomes larger.

A simulation study is carried in order to validate the ARL approximation. We generate independent random vectors {X_t} from a bivariate normal distribution with zero mean vector and identity covariance matrix. Note that due to the nonparametric nature of the monitoring strategy, the normality is not required and any other distribution could be used. The simulation strategy is described in section 3.1.1. Note that only the Mahalanobis depth is considered. In fact, the simulations of the proposed monitoring strategy based on simplicial depth are extremely time consuming for reference samples larger than 200 observations.

Figure 2.2 shows the simulated in-control ARL (ARL_0) values of the rMEWMA control charts with λ = 0.05, 0.1, 0.2 and 0.3. Note that 10000 replications are used.

Figure 2.2 shows that for large values of m, the ARL_0 values of the rMEWMA control charts approach their asymptotic values. Moreover, the four rMEWMA control charts achieve their asymptotic ARL_0 performances when a relatively small reference samples are used. However, it is shown in section 3.1.2 that the use of these reference samples is not optimal with respect to the out-of-control performance of the rMEWMA control charts.

2.4 Illustrative Example

In this section, an illustrative example is given to introduce the implementation of the rMEWMA control charts. Table 2.2 shows 20 observations simulated from a bivariate normal distribution with mean vector μ = (0, 0)^′ and the identity matrix as variance covariance matrix. The rMEWMA control chart based on simplicial depth with λ = 0.2, h = −0.435 and B = −h is considered. Its asymptotic in-control ARL is equal to 200. A small reference sample of size m = 10 is considered in order to facilitate this illustration. Note that the simplicial depth is computed using the revised definition.

The monitoring procedure starts at time t = 10. That is after the first 10 observations are obtained and the reference sample is formed, i.e., RS = {X_1, . . . ,X_{10}}. The simplicial depth of X_{10} w.r.t. RS, SD(RS, X_{10}), is equal to 0.250. Its sequential rank Q^∗_{10} among SD(RS, X_1), . . . , SD(RS, X_{10}) is computed using equation (2.4). It is equal to 0.5. The observed value of the control statistic of the rMEWMA control chart, T_{10}, is computed using equation (2.5). It is equal to 0.100. Note that it is assumed that the starting value is equal to 0. T_{10} is larger than the lower control limit h, see Figure 2.3. It causes no concerns of a process change to the engineers and they assumed that the process is in-control. Thus, they wait until the next observation X_{11} = (0.61, −0.37)^′ is obtained and compute the control statistic.

At time t = 11, RS is equal to {X_2, . . . ,X_{11}}. SD(RS, X_{11}) and Q^∗_{11} are respectively 0.317 and 0.9. The control statistic T_{11} is equal to 0.260 > h which causes no concerns of process change. The process engineers wait until another observation is obtained, and so on, until an out-of-control signal is generated.

(a) λ = 0.05 (b) λ = 0.10 Figure 2.2: Simulated in-control ARL of rMEWMA control charts

(c) λ = 0.20 (d) λ = 0.30 Figure 2.2: Simulated in-control ARL of rMEWMA control charts (Continued)

18 CHAPTER 2. THE rMEWMA CONTROL CHART

Table 2.2: Illustrative example of the rMEWMA control chart

Observations Xt

t xt,1 xt,2 SD(RS, Xt) Q^∗_t Q^m_t Tt

1 0.13 −0.09 2 1.67 0.73 3 1.00 −1.28 4 −2.40 −0.68 5 −0.04 0.89 6 −0.02 −1.30 7 −0.67 0.18 8 0.83 −0.55 9 −0.64 0.01 10 −0.67 −0.83 0.250 8 0.5 0.100 11 0.61 −0.37 0.317 10 0.9 0.260 12 −0.29 −0.92 0.317 10 0.9 0.388 13 −0.58 0.06 0.342 10 0.9 0.435 14 0.05 −0.75 0.292 9 0.7 0.435 15 −0.14 1.48 0.150 3 −0.5 0.248 16 −0.21 −0.26 0.375 10 0.9 0.378 17 −0.14 −2.54 0.150 3 −0.5 0.203 18 0.58 −0.04 0.150 3.5 −0.4 0.082 19 −0.23 0.72 0.250 8 0.5 0.166 20 1.58 −0.39 0.150 2.5 −0.6 0.013

Figure 2.3: Plot of the rMEWMA Control Chart

Chapter 3

Simulation Results

I^{n this chapter, simulations are conducted in order to assess the application of the}

proposed rMEWMA control charts. The effect of the use of reference samples of limited amount of observations on the performance of rMEWMA monitoring procedures is studied in section 3.1. In section 3.2, we examine the effect of the geometrical nature of simplicial depth on the performance of rMEWMA control charts.

In the following, Mahalanobis and simplicial rMEWMA control charts refer to the rMEWMA control charts based on Mahalanobis and simplicial depths, respectively. Note that in this chapter only the bivariate case is considered. This is explained by the computational difficulty of simplicial depth in R^d, d ≥ 3, see section 2.1.

3.1 Effect of the Reference Sample Size on rMEWMA Control Charts Performance

In section 2.3, the in-control ARL of rMEWMA control charts is approximated using the integral equation (2.6). It is assumed that a sufficiently large reference sample, m −→ ∞, is available so that the in-control distribution can be estimated with negligible error. In practice, reference samples of limited amount of observations are used and the estimation effect may affect the performance of rMEWMA monitoring procedures.

In this section, a simulation study is conducted in order to examine the estimation effect on the desired in-control and out-of-control run length (RL) performances of rMEWMA control charts. A desired in-control and out-of-control RL performances mean that the empirical in-control and out-of-control RL distributions approach their asymptotic counterpart. Note that only the Mahalanobis rMEWMA control charts are considered. Indeed, the computation of simplicial depth is extremely time consuming for reference samples larger than 200 observations.

3.1.1 Simulation Study

The four Mahalanobis rMEWMA control charts with smoothing parameters λ = 0.05, 0.1, 0.2, and 0.3 are studied in detail. Their parameter combinations (λ, h and B) are chosen so that they have the same asymptotic in-control ARL equal to 200. Thus the respective values of h are −0.169, −0.279, −0.435, and −0.551. The different reflection boundaries B are chosen equal to −h. Different values are considered for the reference sample size m. Note that m = 10000 is considered as m ≈ ∞.

For the simulation, we generate random independent observations {X_t} from a bivariate normal distribution with mean vector μ_0 = (0, 0)^′ and variance covariance matrix Σ_X . The shift scenario in the mean vector from μ_0 to μ_1 is considered to represent the out-of-control process. Its magnitude δ is given by

δ^2 = (μ_1 − μ_0)^′Σ^{−1}_X (μ_1 − μ_0). (3.1)

Other scenarios are not considered, for example a change in the in-control covariance matrix Σ_X . Note that in the context of multivariate normality, δ is called the noncentrality parameter.

Since the multivariate normal distribution is elliptically symmetrical and the Mahalanobis depth is affine invariant, see Liu et al. (1999), the Mahalanobis rMEWMA control charts are directionally invariant. That is, their out-of-control ARL performance depends on a shift in the process mean vector μ only through the value of δ. Thus, without any loss of generality, the shift is fixed in the direction of e_1 = (1, 0)^′ and the variance covariance matrix Σ_X is taken to be the identity matrix I. Note that due to the nonparametric nature of the rMEWMA control charts, the normality of the observations is not required and any other distribution could be used.

The simulation strategy proceeds as follows

1. Generate m − 1 independent random vectors X_1, X_2, . . . , X_{m−1}.

2. At time t ≥ m, generate a random vector X_t and add a shift of magnitude δ given by equation (3.1). It is fixed in the direction e_1 = (1, 0)^′. Form the reference sample, RS = {X_{t−m+1}, . . . , X_t}, and compute data depths of all its observations, i.e., D(X_{t−m+1}), . . . , D(X_t).

3. Compute the control statistic T_t and check the in-control state. If the process is in-control, go to step 2. Otherwise the run-length is equal to t − m + 1.

The above steps are repeated a total of 100000 times.

3.1.2 Simulation Results

Tables A.1 to A.8 in Appendix A show summary statistics of the in-control (δ = 0) and out-of-control (δ ≠ 0) run length (RL) distributions of the Mahalanobis rMEWMA control charts. SDRL is the standard deviation of the run length. Q(.10), Q(.50), and Q(.90) are respectively the 10th, 50th, and 90th percentiles of the in-control and out-of-control RL distributions. In the following, ARL_0 and ARL_1 are used to represent the in-control and out-of-control ARL, respectively. Similarly, Q_0(q) and Q_1(q) refer to the qth percentile of the in-control and out-of-control RL distributions, respectively. Note that Q_0(.50) and Q_1(.50) are respectively the in-control and out-of-control median RL.

Performance of rMEWMA Control Charts Based on Small Reference Samples

Tables A.1 to A.4 in Appendix A show that the four rMEWMA control charts with λ = 0.05, 0.1, 0.2, and 0.3 have an ARL_0 performance approximately equal to the desired ARL_0 of 200 when the respective reference samples of sizes m = 47, 41, 31, and 28 are used. Moreover, Q_0(.10), Q_0(.50) and Q_0(.90) are approximately equal to their asymptotic counterparts. However, Tables A.1 to A.4 in Appendix A and Figure 3.1 show that the ARL_1, Q_1(.50), and Q_1(.90) values of these control charts are much larger than the ARL_1, Q_1(.50) and Q_1(.90) values of rMEWMA control charts with larger values of m. For example, consider the rMEWMA control chart with λ = 0.05. Table A.1 in Appendix A shows that the ARL_1 and Q_1(.50) values for detecting a shift of magnitude δ = 1.0 are equal to 153.92 and 89, respectively, when m = 47. They are much larger than the ARL_1 and Q_1(.50) values of 23.73 and 19, respectively, when m = 1000. That is, the control chart with m = 47 detects the shift much slower than the one with m = 1000. Note that the Q_1(.50) values imply that there is a 50% of chance that the first out-of-control signal is given in less than 89 and 19 observations after the occurrence of the shift when m = 47 and m = 1000, respectively.

Therefore, even though that using relatively small reference samples achieves the desired in-control RL performance, this choice reduces considerably the rMEWMA control charts ability to quickly detect an out-of-control condition.

Performance of rMEWMA Control Charts Based on Moderate and Large Reference Samples

In the following, the three rMEWMA control charts with moderate and large reference samples are considered, i.e., m = 100, 200, 500, and 1000. Table 3.1 shows the percentage of decrement and increment in ARL_0 and ARL_1 values, respectively, with respect to the asymptotic ARL_0 and ARL_1 performances, i.e., m = 10000.

In-Control Case (δ = 0)

Table 3.1 and Figure 3.1 show that the ARL_0 values of the rMEWMA control charts are shorter than the desired ARL_0 of 200. That is, these control charts produce more false alarms than expected. However, interpretation based on the ARL_0 values alone can be misleading. The Q_0(.90) values given in Tables A.1 to A.4 in Appendix A indicate that the larger percentiles of the in-control RL distributions affect the ARL_0 values.

(a) λ = 0.05 (b) λ = 0.10 Figure 3.1: The ARL values of Mahalanobis rMEWMA control charts for mean shifts of size δ

(c) λ = 0.20 (d) λ = 0.30 Figure 3.1: The ARL values of Mahalanobis rMEWMA control charts for mean shifts of size δ (Continued)

24 CHAPTER 3. SIMULATION RESULTS

Table 3.1: Percentage of decrement and increment in the ARL0 and ARL1 values of Mahalanobis rMEWMA control charts with respect to the asymptotic ARL0 and ARL1

values, i.e., m ≈ ∞

Shift magnitude

m 0.0 0.5 1.0 1.5 2.0 2.5 3.0

(a) λ = 0.05

100 −14.03 +87.26 +281.27 +111.56 +18.71 +9.58 +7.10 200 −12.38 +68.49 +107.30 +17.30 +6.89 +4.02 +3.10 500 −5.13 +41.77 +17.34 +4.86 +2.54 +1.53 +1.11 1000 −1.68 +20.40 +6.32 +2.24 +1.20 +0.57 +0.44

(a) λ = 0.10

100 −11.32 +83.91 +325.38 +172.67 +23.04 +8.19 +4.26 200 −9.89 +66.96 +141.84 +23.85 +6.86 +3.57 +1.65 500 −4.51 +41.92 +25.12 +5.53 +2.45 +1.26 +0.71 1000 −1.86 +20.91 +8.71 +2.66 +0.82 +0.42 +0.47

(a) λ = 0.20

100 −8.95 +75.78 +344.44 +269.87 +43.90 +10.89 +5.85 200 −7.60 +63.70 +173.36 +41.44 +8.56 +4.46 +2.63 500 −3.24 +40.20 +36.70 +7.40 +2.91 +1.73 +0.88 1000 −1.26 +20.46 +10.35 +3.38 +1.28 +0.99 +0.29

(a) λ = 0.30

100 −7.89 +72.59 +351.87 +350.42 +73.35 +12.21 +5.47 200 −6.44 +62.44 +193.12 +65.45 +11.15 +4.42 +2.13 500 −2.38 +39.73 +45.68 +8.56 +3.40 +1.82 +0.91 1000 −0.82 +20.81 +14.03 +3.44 +1.70 +0.78 +0.61

For example, consider the rMEWMA control chart with λ = 0.05 and m = 200. Its ARL_0 value is 12.38% shorter than its asymptotic value, see Table 3.1. Table A.1 in Appendix A shows that the Q_0(.10) value is equal to its asymptotic value of 26. The Q_0(.50) value is equal to 136. It is slightly shorter than its asymptotic value of 140. That is, the control chart produce in average a false alarm within 136 observations with a probability of 0.5 and within 140 observations with the same probability when m ≈ ∞. Thus, the control chart does not suffer from the problem of early false alarms. However, the Q_0(.90) value is equal to 376. It is much shorter than its asymptotic value of 453. This implies that the larger percentiles affect the ARL_0 value. In this case, practitioners may draw inaccurate conclusions about the in-control performance of the considered rMEWMA control chart based on the ARL_0 value alone.

Now we will focus on the probabilities of the occurrence of early false alarms for the considered rMEWMA control charts. As mentioned in section 1.2, these probabilities are reflected in the lower percentiles of the in-control RL distributions. Table 3.2 gives the 5th, 10th, 20th, 30th, 40th and 50th percentiles of the in-control RL distributions of the four rMEWMA control charts. Table 3.2 shows that almost all lower percentiles are nearly the same as their asymptotic values. Only the Q_0(.40) and Q_0(.50) values of the rMEWMA control charts with 100 ≤ m ≤ 200 are slightly shorter than their asymptotic values.

Therefore, we can conclude that the observed decreases in the ARL_0 values in Table 3.1 are caused by the shorter values of the larger percentiles. Practitioners should not fear for the problem of early false alarms when rMEWMA control charts are applied using reference samples of size m ≥ 100 observations.

Out-of-Control Case (δ ≠ 0)

Table 3.1 and Figure 3.1 show that the ARL_1 values of the rMEWMA control charts are larger than their asymptotic counterparts. As mentioned in section 1.2, interpretation based on the ARL_1 values alone may lead to inaccurate conclusions. Thus, the lower percentiles and the median of the out-of-control RL distributions are investigated. They provide useful information about the ability of rMEWMA control charts to quickly detect an out-of-control condition.

First, we investigate the out-of-control performance of the four rMEWMA control charts for shifts of magnitude δ ≥ 1.5. Tables A.1 to A.4 in Appendix A show that the Q_1(.10) and Q_1(.50) values are nearly the same as their asymptotic values. However, the Q_1(.90) values are larger than their asymptotic values. That is, the ARL_1 values are affected by some long runs. For example, consider the rMEWMA control chart with λ = 0.3 and m = 100. Its ARL_1 value for detecting a shift of magnitude δ = 1.5 is 350.42% larger than its asymptotic value, see Table 3.1. Table A.4 in Appendix A shows that the Q_1(.10) and Q_1(.50) values are nearly the same as their asymptotic counterparts.

26 CHAPTER 3. SIMULATION RESULTS

Table 3.2: Lower percentiles of the in-control run length distributions of Mahalanobis rMEWMA control charts based on reference samples of size m

λ m Q0(.05) Q0(.10) Q0(.20) Q0(.30) Q0(.40) Q0(.50)

100 17 26 49 75 101 130 200 17 26 48 74 103 136 0.05 500 17 26 49 74 104 140 1000 17 26 48 74 104 140 ∞ 17 26 49 75 105 140

100 15 26 49 74 101 132 200 15 26 48 74 103 137 0.10 500 15 26 48 74 105 140 1000 15 25 48 75 105 141 ∞ 15 25 49 75 105 141

100 14 24 48 73 101 132 200 14 24 47 72 102 136 0.20 500 14 25 47 73 103 139 1000 14 24 47 74 104 139 ∞ 14 24 48 74 104 139

100 13 24 47 73 101 133 200 13 23 47 73 102 138 0.30 500 13 24 47 74 105 141 1000 13 24 47 74 105 141 ∞ 13 24 47 74 104 141

NOTE: Q0(q) = qth percentile of the in-control run length distribution

Table 3.3: Lower percentiles of the out-of-control (δ = 0.5) run length distributions of the Mahalanobis rMEWMA control charts based on reference samples of size m

λ m Q1(.05) Q1(.10) Q1(.20) Q1(.30) Q1(.40) Q1(.50) 100 12 18 31 50 78 110 200 12 16 27 40 57 82 0.05 500 11 16 25 36 49 66 1000 11 16 24 35 47 62 ∞ 11 16 24 34 45 59 100 11 16 31 52 82 114 200 10 15 27 41 61 89 0.10 500 10 15 25 37 52 71 1000 10 15 25 36 49 66 ∞ 10 14 24 35 47 62 100 9 15 30 53 84 115 200 9 14 27 43 64 95 0.20 500 9 14 25 39 55 76 1000 9 14 24 37 52 70 ∞ 9 13 24 36 49 65 100 9 15 31 55 86 118 200 8 14 27 45 67 99 0.30 500 8 14 26 40 57 79 1000 8 13 25 38 54 73 ∞ 8 13 24 37 51 68

NOTE: Q1(q) = qth percentile of the out-of-control run length distribution

The control chart detects the shift on average within 10 observations with a probability of 0.5 and within 8 observations with the same probability when m ≈ ∞. However, the ARL_1 value is affected by some long runs. The Q_1(.90) value is equal to 124. It is much larger than its asymptotic value of 18. Therefore, we can conclude that the ability of the four rMEWMA control charts to quickly detect shifts of magnitude δ ≥ 1.5 is not affected when reference samples of size m ≥ 100 are used.

Now we investigate the out-of-control performance of the four rMEWMA control charts for shifts of magnitude δ = 0.5 and 1.0. Tables 3.3 and 3.4 show that the lower percentiles of the out-of-control RL distributions of rMEWMA control charts with 100 ≤ m ≤ 200 are larger than their asymptotic values. That is, the estimation effect affects the sensitivity of these control charts to react to shifts of magnitude δ ≤ 1.0. For rMEWMA control charts with 500 ≤ m ≤ 1000, the lower percentiles of the out-of-control RL distribution are nearly the same or slightly larger than the asymptotic values. Therefore, we can conclude that using reference samples of size m ≥ 500 ensures that the rMEWMA control charts perform like ones with sufficiently large reference samples, i.e., m ≈ ∞. Their ability to quickly detect an out-of-control condition is not affected.

28 CHAPTER 3. SIMULATION RESULTS

Table 3.4: Lower percentiles of the out-of-control (δ = 1.0) run length distributions of the Mahalanobis rMEWMA control charts based on reference samples of size m

λ m Q1(.05) Q1(.10) Q1(.20) Q1(.30) Q1(.40) Q1(.50)

100 7 9 12 16 21 28 200 7 8 11 14 17 21 0.05 500 7 8 11 13 16 19 1000 7 8 11 13 16 19 ∞ 7 8 11 13 15 18

100 6 8 11 15 21 29 200 6 7 10 13 17 22 0.10 500 6 7 10 12 16 19 1000 6 7 10 12 15 18 ∞ 6 7 10 12 15 18

100 5 7 10 15 22 34 200 5 6 9 13 17 23 0.20 500 5 6 9 12 16 20 1000 5 6 9 12 15 19 ∞ 5 6 9 11 15 18

100 5 6 10 15 24 40 200 4 6 9 13 18 25 0.30 500 4 6 9 12 16 21 1000 4 6 9 12 15 20 ∞ 4 6 8 11 15 19

NOTE: Q1(q) = qth percentile of the out-of-control run length distribution

3.1. EFFECT OF THE GEOMETRICAL NATURE OF SIMPLICIAL DEPTH 29

Sample Size Requirements

In this section, it is shown that using large reference samples of size m ≥ 500 will reduce the estimation effect on the in-control and out-of-control performances of rMEWMA control charts. However, only the shift scenario in the mean vector is considered to represent the out-of-control process. The early false alarms produced by the rMEWMA control charts and the early detection of out-of-control conditions are mainly used to evaluate their in-control and out-of control performances. The reader should be aware that the sample size recommendation may differ for other out-of-control scenarios. For example, a shift in the in-control covariance matrix.

The required large reference samples of size m ≥ 500 observations should not be a problem for the applications of rMEWMA monitoring procedures. Nowadays, advances in data collection activities as well as the computational power of digital computers have increased the available data sets in many industrial processes. However, practitioners should not neglect the estimation effect on the in-control and out-of-control performances of the rMEWMA control charts if for some industrial applications forming large reference samples might be problematic.

Relation Between the Smoothing Parameter and the Reference Sample Size m

An important consideration is the relation between the smoothing parameter λ and the reference sample size m. Table 3.1 shows that the smaller the value of λ, the larger the reference sample size m is necessary for achieving desired ARL_0 performance. This suggests that for a fixed reference sample size m, rMEWMA control charts with smaller values of λ are more plagued by false alarms than charts with larger values of λ. Finally, rMEWMA control charts with smaller values of λ are more effective to detect small shifts and drifts in the process mean vector than charts with larger values of λ. This is a known property of the EWMA schemes.

3.2 Effect of the Geometrical Nature of Simplicial Depth on the Performance of rMEWMA Control Charts

In this section, a simulation similar to that described in section 3.1.1 is conducted in order to study the in-control and out-of-control performances of the four simplicial rMEWMA control charts with λ = 0.05, 0.1, 0.2, and 0.3. The simplicial depth is computed using the revised definition. Note that simplicial rMEWMA control charts are directionally invariant because the simplicial depth is affine invariant. For the simulation, 10000 replications are used and only reference samples of size m = 100 and 200 observations are considered. This is due to the computational difficulty of the simplicial depth for large values of m, see section 2.1.

Tables A.5 to A.8 in Appendix A show summary statistics of the in-control (δ = 0) and out-of-control (δ ≠ 0) run length distributions of the simplicial rMEWMA control charts. SDRL is the standard deviation of the run length. Q(.10), Q(.50), and Q(.90) are respectively the 10th, 50th, and 90th percentiles of the in-control and out-of-control run length distributions.

In Figure 3.2, the ARL_0 and ARL_1 values of Mahalanobis and simplicial rMEWMA control charts are plotted for m = 100 and 200. To compare the control charts fairly, the ARL_0 and ARL_1 values of Mahalanobis rMEWMA control charts are calculated using the same number of replications of 10000. Figure 3.2 shows that the simplicial rMEWMA control charts have larger ARL_0 and ARL_1 values than charts based on Mahalanobis depth. Furthermore, the percentiles of their in-control and out-of-control RL distributions are slightly larger than the respective percentiles of Mahalanobis rMEWMA control charts. This suggests larger in-control and out-of-control run lengths. This is explained by the geometrical nature of simplicial depth. One drawback of its use in quality control is that it assigns the same depth to the extreme points of the reference sample. This reduces the ability of simplicial rMEWMA control charts to quickly react to process changes.

The extreme points of the reference sample play a central role in investigating the properties of simplicial rMEWMA control charts. Let RS denote a reference sample of size m > d observations from a d-variate continuous distribution. Let E^m denote the number of extreme points of RS. Stoumbos and Jones (2000) showed that the minimum simplicial depth that any point in RS can have is^{d+1}_{2m} and that a point assumes this minimum depth only and only if it is an extreme point. They also showed that there always exist at least d + 1 extreme points, i.e., E^m ≥ d + 1.

3.2.1 Lower Bounds to Q^m_t

In section 2.2, it is mentioned that the statistics Q^∗_t and Q^m_t given by equations (2.3) and (2.4) are uniformly distributed on the m points {1, 2, . . . , m} and {1/m − 1, 3/m − 1, . . . , 1 − 1/m}, respectively. Indeed, it is assumed that the data depths of the observations of RS are continuous. This ensures that ties are not observed. Therefore the lower bounds to the statistics Q^∗_t and Q^m_t (t ≥ m) given by equations (2.3) and (2.4) are

1 ≤ Q^∗_t , 1 m − 1 ≤ Q^m_t .

(3.2)

However, for the simplicial rMEWMA monitoring procedure, the E^m ≥ d+1 extreme points of RS are treated in an indistinguishable manner. They share the minimum simplicial depth of^{d+1}_{2m} . The midrank of their simplicial depth is equal to (E^m + 1)/2.

(a) λ = 0.05 (b) λ = 0.10 Figure 3.2: The ARL of Mahalanobis (MD) and simplicial (SD) rMEWMA control charts for mean shifts of size δ

(c) λ = 0.20 (d) λ = 0.30 Figure 3.2: The ARL of Mahalanobis (MD) and simplicial (SD) rMEWMA control charts for mean shifts of size δ (Continued)

Table 3.5: Lower bounds to Q^m_t when the Mahalanobis (MD) and simplicial (SD) depths are used (d = 2)

MD SD m 1/m − 1 (d + 1)/m − 1 E(E^m)/m − 1 50 −0.980 −0.920 −0.834 100 −0.990 −0.960 −0.908 200 −0.995 −0.980 −0.950 500 −0.998 −0.992 −0.978 1000 −0.999 −0.996 −0.988 10000 −1.000 −1.000 −0.999

Therefore the lower bounds to the statistics Q^∗_t and Q^m_t (t ≥ m) are now 1 < d + 2 2 ≤ E^m + 1 2 ≤ Q^∗_t , 1 m − 1 < d + 1 m − 1 ≤

E^m m − 1 ≤ Q^m_t .

(3.3)

More generally, Hueter (1994) derived an asymptotic expression for the expected number of vertices or extreme points on the convex hull of a bivariate normal sample of size m. It is given by E(E^m) ≈ 2 √ 2πln(m),

where π = 3.142 and ln(.) is the natural log function. Stoumbos and Jones (2000) found that, for a given finite value of m, this result overestimated the exact E(E^m) by a constant. They derived an accurate approximation for E(E^m) and V ar(E^m), where

E(E^m) ≈ 2 √ 2πln(m) − 1.6, and V ar(E^m) ≈ 1.291623 √ ln(m).

Therefore, the lower bounds to E(Q^∗_t ) and E(Q^m_t ) can be approximated by 1 < d + 2 2 ≤ E(E^m) + 1 2 ≤ E(Q^∗_t ), 1 m − 1 < d + 1 m − 1 ≤

E(E^m) m − 1 ≤ E(Q^m_t ).

(3.4)

Now we assume that a change occurs in the process at time t ≥ m. For example it can be represented by a shift in the in-control mean vector μ_0 or a change in the in-control covariance matrix Σ_X . At each sampling time t, the simplicial rMEWMA control statistic T_t wander in the direction of an out-of-control by λQ^m_t , where λ ( 1 m − 1 ) < λ ( d + 1 m − 1 ) ≤ λ ( E(E^m) m − 1 ) ≤ λE(Q^m_t ).

Figure 3.3: Plot of Mahalanobis (MD) and simplicial (SD) rMEWMA control charts

On the other hand, the Mahalanobis rMEWMA control statistic T_t wander fast in the direction of an out-of-control by λQ^m_t , where λ ( 1 m − 1 ) ≤ λQ^m_t .

Table 3.5 shows the lower bounds to Q^m_t for different values of m when the Mahalanobis and simplicial depths are used. It shows that as m −→ ∞, the lower bound of E(Q^m_t ) approaches its limiting value of −1. This ensures that the simplicial rMEWMA control charts will behave similar to the Mahalanobis rMEWMA control charts.

3.2.2 Illustrative Example

To illustrate the effect of the geometrical nature of simplicial depth on the performance of rMEWMA control charts, we consider the example given in section 2.4. We assume that the process mean vector shifts from μ_0 = (0, 0)^′ to μ_1 = (2, 1)^′ at time t ≥ 12.

At time t = 11, the two control statistics T_{11} of the Mahalanobis and simplicial rMEWMA control charts are equal to 0.26. Figure 3.3 shows that the Mahalanobis rMEWMA control chart is more sensitive to the shift and detect it after 5 observations. However, using the simplicial depth, the shift is detected after 11 observations.

After the occurrence of the shift, observations X_t, t = 12, . . . , 16, are extreme points to RS = {X_{t−9}, . . . , X_t}. Table 3.6 shows that the Mahalanobis rMEWMA control statistic T_t wander fast in the direction of an out-of-control. For example, at t = 16, using the Mahalanobis depth, the sequential rank of MD(RS, X_{16}) among MD(RS, X_7), . . . , MD(RS, X_{16}) is equal to 1. The Mahalanobis rMEWMA control statistic T_{16} wander in the direction of an out-of-control by −0.18 and an out-of-control signal is given. However, observation X_{16} share the minimum simplicial depth of 0.15 with 5 other extreme points. Therefore, the sequential midrank of SD(RS, X_{16}) among SD(RS, X_7), . . . , SD(RS, X_{16}) is equal to 3.5 and the simplicial rMEWMA control statistic T_{16} wander in the direction of an out-of-control only by −0.08.

In conclusion, simplicial rMEWMA control charts are less powerful than Mahalanobis rMEWMA control charts when reference samples of limited amount of observations are used. This is due to the geometrical nature of simplicial depth.

Table 3.6: Illustrative example of the effect of the lower boundary to Q^m_t on the out-of-control performance of the rMEWMA control charts

Observations Xt Mahalanobis depth Simplicial depth

t xt,1 xt,2 MD Q^∗_t Q^{10}_t Tt SD E^m Q^∗_t Q^m_t Tt

11 0.61 -0.37 0.749 10 0.9 0.260 0.317 6 10 0.9 0.260 12 1.71 0.08 0.271 3 −0.5 0.108 0.150 5 3 −0.5 0.108 13 1.42 1.06 0.208 2 −0.7 −0.054 0.150 5 3 −0.5 −0.014 14 2.05 0.25 0.157 1 −0.9 −0.022 0.150 5 3 −0.5 −0.111 15 1.86 2.48 0.123 1 −0.9 −0.358 0.150 5 3 −0.5 −0.189 16 1.79 0.74 0.163 1 −0.9 −0.467 0.150 6 3.5 −0.4 −0.231 17 1.86 −1.54 0.150 4 2.5 −0.6 −0.305 18 2.58 0.96 0.150 5 3 −0.5 −0.344 19 1.77 1.72 0.150 5 3 −0.5 −0.375 20 3.58 0.61 0.150 5 2.5 −0.6 −0.420 21 3.18 2.79 0.150 5 3 −0.5 −0.436

Chapter 4

Performance Comparisons

I^{n this chapter, the performances of the proposed rMEWMA control charts and the}

parametric alternative procedure are compared using simulations. In section 4.1, the parametric multivariate EWMA control chart is introduced. In section 4.2, the simulation study is described. The results are given in section 4.3.

4.1 The Parametric Multivariate EWMA Control Chart

The parametric multivariate EWMA (pMEWMA) control chart is introduced by Lowry et al. (1992). This chart is used to monitor the mean vector μ of a d-variate process observations, X = (x_1, . . . , x_d)^′. The authors assumed that the in-control mean vector μ_0 and covariance matrix Σ_X of the observations {X_t} are known. For this control chart, the vectors of EWMA’s are defined as

z_t = r(X_t − μ_0) + (I − r)z_{t−1}, (4.1)

t = 1, 2, . . . , where the smoothing matrix r is a d × d diagonal matrix whose diagonal elements are 0 < r_i ≤ 1, i = 1, 2, . . . , d, and the starting value z_0 is usually chosen to be equal to 0. Lowry et al. (1992) suggests using r_i = r, i = 1, 2, . . . , d, if there is no practical reason to weight past observations differently. The control statistic of the pMEWMA control chart is T^2_t = z^′_t Σ^{−1}_{zt} z_t, t = 1, 2, . . . , where Σ_{zt} is the covariance matrix of z_t given by

Σ_{zt} = r[1 − (1 − r)^{2t}] 2 − r

Σ_X .

Lowry et al. (1992) mentioned that it may be more likely that the process will stay in control for a while and then shift to an out-of-control state. Therefore, they suggest the use of asymptotic covariance matrix, i −→ ∞. That is,

Σ_{zt} ≈ r 2 − r

Σ_X . (4.2)

Note that the use of the exact covariance matrix or the asymptotic covariance matrix leads to two different monitoring procedures. The exact covariance matrix can be used in equation (4.1) if it is believed that there may be some initial process disturbances. In this case, the pMEWMA control chart has the fast initial response (FIR) and then detects more quickly initial process disturbances.

The pMEWMA control chart produces an out-of-control signal as soon as T^2_t > L, where L > 0 represents the chart’s upper control limit. It is usually determined so that the pMEWMA control chart achieves a desired in-control ARL.

In practice, the in-control mean vector μ_0 and covariance matrix Σ_X of the monitored observations {X_t} are rarely known. A common practice is to collect data over a substantial amount of time when the process is in-control to estimate them. Moreover, this data could be used to check the assumptions of independence and multivariate normality.

For the estimated version of the pMEWMA control chart, μ_0 and Σ_X are replaced by their respective estimators μ̂_0 and Σ̂_X . Thus, the vectors of EWMAs are given by

z_t = r(X_t − μ̂_0) + (I − r)z_{t−1},

t = 1, 2, . . . , where z_0 = 0. The control statistic is defined as

T^2_t = z^′_t Σ̂^{−1}_{zt} z_t,

t = 1, 2, . . . , where Σ̂_{zt} is given by

Σ̂_{zt} = r[1 − (1 − r)^{2t}] 2 − r

Σ̂_X .

The asymptotic form of Σ̂_{zt} is Σ̂_{zt} ≈ r 2 − r

Σ̂_X .

Note that the pMEWMA control chart with r_i = 1, i = 1, 2, . . . , d, is the Hotelling’s T^2 control chart.

For a pMEWMA control chart, it is assumed that the underlying distribution of the d × 1 quality vector is multivariate normal. Stoumbos and Sullivan (2002) and Testik et al. (2003) investigated the effect of non-normality on its statistical performance. They considered the multivariate t-distribution to represent a large-tailed distribution and the multivariate gamma to represent a skewed distribution. Stoumbos and Sullivan (2002) noted that a control chart for the mean vector would be distribution free in the sense that its performance would be sensitive to changes in the mean vector, but independent of all other aspects of the control statistic’s distribution, as determined by the higher moments.

4.2. SIMULATION STUDY 39

They concluded that using r ∈ [0.02,0.05], the pMEWMA control charts are insensitive to departures from multivariate normality. That is, this choice ensures in-control performance comparable to that with multivariate normal observations. Furthermore, they are very effective at detecting process shifts of any size or direction even for highly skewed and extremely heavy-tailed multivariate distributions.

4.2 Simulation Study

In this section, the in-control and out-of-control performances of the rMEWMA and pMEWMA control charts are compared using simulations. The shift scenario in the process mean vector from μ_0 to μ_1 when the higher moments of the distribution are fixed is considered to represent the out-of-control process. Its magnitude is given by equation (3.1). The four rMEWMA control charts with λ = 0.05, 0.1, 0.2 and 0.3 and the pMEWMA control charts with r = 0.05 are considered. As mentioned, using r = 0.05, the pMEWMA control chart is insensitive to departure from multivariate normality.

The pMEWMA control charts with estimated parameters are designed similar to the rMEWMA control charts in order to compare their in-control and out-of-control RL performances fairly. That is, at time t ≥ m, the reference sample comprised of the m > 1 most recent observations taken from the process is used to estimate μ_0 and Σ_X .

Reference samples of sizes m = 200 and m ≈ ∞ (i.e., m = 10000) are considered. In fact, reference samples of size m = 200 may be practical in many industrial applications. In this case, the parameters are unknown and the estimation effect should not be neglected, see section 3.1. The case m ≈ ∞ is similar to the parameter known case. In fact, a sufficiently large reference sample is available so that the in-control parameters μ_0 and Σ_X of the pMEWMA control charts and the in-control distributions of the rMEWMA control charts can be estimated with negligible error.

To compare all control charts fairly when m = 200, we need to adjust their control limits so that their in-control ARL is approximately the same. Table 4.1 shows the adjusted (m = 200) and asymptotic control limits (m ≈ ∞) of all control charts. The adjusted control limits are obtained using simulation, where we generate independent random vectors {X_t} from the bivariate normal distribution with mean vector μ_0 = (0, 0)^′ and variance covariance matrix equal to the identity matrix.

Table 4.1 shows that the control limit of the pMEWMA control chart is shrunk. The effect of the use of adaptive estimates μ̂_0 and Σ̂_X in place of known parameters μ_0 and Σ_X increases the ARL_0 values. This result is different of the traditional pMEWMA control charts where estimates of μ_0 and Σ_X from an in-control Phase I reference sample are used in the monitoring phase (Phase II). In this case, Champ and Jones-Farmer (2005) showed that a dramatic increase in the number of false alarms is observed because of the reduced ARL_0 values and percentiles of the in-control RL distribution.

Table 4.1: Adjusted and asymptotic control limits of the rMEWMA and pMEWMA control charts

pMEWMA rMEWMA r λ m 0.05 0.05 0.10 0.20 0.30 200 7.200 −0.176 −0.284 −0.440 −0.555 ∞ 7.346 −0.159 −0.279 −0.435 −0.551

For the pMEWMA control charts, the asymptotic covariance matrix given by equation (4.2) is used. In fact, the use of a fast initial response (FIR) feature increases the probability of early false alarms. Stoumbos and Sullivan (2002) noted that in the presence of non-multinormal observations this would impair the ability to achieve robust performance.

Similar to Stoumbos and Sullivan (2002), we consider the multivariate t-distribution to represent a large-tailed distribution and the multivariate gamma distribution to represent a skewed distribution. For a complete discussion about the motivation of this choice see Stoumbos and Sullivan (2002). We consider t(v) observations with degrees of freedom values of v = 3, 6, 20 and 100. Stoumbos and Sullivan (2002) noted that with degrees of freedom below 3, the second moment is undefined so the pMEWMA control chart statistic is also undefined. For the G(α,1), we consider observations having shape parameter values of α = 1, 4, 16 and 64. Note that t(3) and G(1,1) depart from multinormality greatly with respect to the third/or fourth moments. As v and α increase, the t and gamma distributions, respectively, approach multivariate normality. Note that only results with t(3) and G(1, 1) distributions are reported in this work.

For the multivariate normal and t-distributions, the pMEWMA and rMEWMA control charts are directionally invariant. That is, their ARL performance depends on a shift in the process mean vector μ only through the value of δ given by equation (3.1). Note that for the pMEWMA control charts, this property holds only when a diagonal smoothing matrix r is used, see Lowry et al. (1992). Thus, without any loss of generality, the shift is fixed in the direction of e_1=(1,0)’ and Σ_X is taken to be equal to I and v/(v − 2)I for the multivariate normal and t-distributions, respectively.

For the multivariate gamma distribution, the pMEWMA and rMEWMA control charts are directionally not invariant. Stoumbos and Sullivan (2002) showed that the shift direction affects the detection power of the pMEWMA control charts. Similar to Stoumbos and Sullivan (2002) we report the ARL averaged over a uniform distribution (all directions being equally likely) for the shift directions. The shift directions were generated using the algorithm suggested by Johnson (1987) (p. 127). A new shift direction is generated for each simulation run. Σ_X equal to I is used for the simulations. Note that the details but not the general conclusions depend on this choice of parameter settings.

The simulation strategy is similar to that described in section 3.1.1. The results are based on 10000 replications. The simplicial depth is computed using the revised definition. The random t and gamma observations are generated similar to Stoumbos and Sullivan (2002).

4.3 Simulation Results

Tables A.9 through A.17 in Appendix A presents the in-control (δ = 0) and out-of-control (δ ≠ 0) performances of the rMEWMA and pMEWMA control charts for multivariate normal, t(3) and G(1, 1) distributions with various parameters. The Mahalanobis and simplicial depths are used for the rMEWMA control charts. Similar as in Chapter 3, ARL_0 and ARL_1 represent the in-control and out-of-control average run lengths, respectively. Q_0(q) and Q_1(q) refer to the qth percentile of the in-control and out-of-control run length distributions, respectively.

4.3.1 Comparison of Performances of Mahalanobis rMEWMA and pMEWMA Control Charts

In this section, the in-control (δ = 0) and out-of-control (δ ≠ 0) RL performances of rMEWMA and pMEWMA control charts are compared. Note that only Mahalanobis rMEWMA control charts with λ = 0.05 are considered.

In-Control Case (δ = 0)

Table 4.2 gives the ARL_0, Q_0(.10), Q_0(.50) and Q_0(.90) values of the pMEWMA and Mahalanobis rMEWMA control charts for m = 200 and m ≈ ∞. It shows that using reference samples of size m = 200 observations, the ARL_0, Q_0(.10), Q_0(.50) and Q_0(.90) values of the pMEWMA control charts with bivariate t(3) and G(1, 1) observations are shorter than the respective values with bivariate normal observations. That is, pMEWMA control charts with bivariate t(3) and G(1, 1) observations are more plagued by false alarms than with bivariate normal observations. This might be explained by the fact that pMEWMA control charts are designed assuming the multivariate normality of the observations. In the other hand, the Mahalanobis rMEWMA control charts have approximately equal Q_0(.10), Q_0(.50) and Q_0(.90) values with bivariate normal, t(3) and G(1, 1) observations. This is explained by their distribution-free design.

Table 4.2 shows that the ARL_0, Q_0(.10), Q_0(.50) and Q_0(.90) values of the pMEWMA control charts are approximately equal or shorter than the respective values of the Mahalanobis rMEWMA control charts. Note that only the Q_0(.50) value of the pMEWMA control chart with bivariate normal observations is slightly larger than the respective value of the Mahalanobis rMEWMA control chart. Thus, we can conclude that pMEWMA

42 CHAPTER 4. PERFORMANCE COMPARISONS

Table 4.2: In-control (δ = 0) run length properties of Mahalanobis rMEWMA and pMEWMA control charts with bivariate normal, t(3) and G(1,1) distributions. Reference samples of size m = 200 and m ≈ ∞ are used.

pMEWMA rMEWMA

δ N t(3) G(1, 1) N t(3) G(1, 1)

m = 200

0.0 ARL 201.56 153.67 192.90 202.94 200.14 203.20 Q1(.10) 32 24 30 30 30 30 Q1(.50) 143 114 140 158 156 157 Q1(.90) 451 337 429 438 429 439

m ≈ ∞

0.0 ARL 199.10 194.95 196.60 201.93 199.17 200.54 Q1(.10) 34 28 30 27 27 25 Q1(.50) 145 137 136 140 140 140 Q1(.90) 445 440 441 467 452 465 control charts are more plagued by false alarms than Mahalanobis rMEWMA control charts for extremely heavy-tailed and highly skewed distributions when reference samples of size m = 200 observations are used. For the asymptotic in-control performance, Table 4.2 shows that the two control charts have approximately the same performances.

Out-of-Control Case (δ ≠ 0)

Tables A.9 through A.17 in Appendix A show that the ARL_1 values of pMEWMA control charts are shorter than the respective values of Mahalanobis rMEWMA control charts. The difference is large for small shifts in the mean vector of magnitude δ ≤ 1.0. However, interpretation based on the ARL_1 values alone can be misleading. An investigation of the percentiles of the out-of-control run length distributions is needed.

First, we investigate the performance of the two control charts to detect shifts in the mean vector of magnitude δ ≥ 1.5. Table 4.3 shows that the Q_1(.10) and Q_1(.50) values of the rMEWMA and pMEWMA control charts are nearly equal. That is, the two control charts have nearly the same performance when m = 200 and m ≈ ∞.

Now, we compare the performances of Mahalanobis rMEWMA and pMEWMA control charts for detecting shifts in the mean vector of magnitude δ ≤ 1.0. The Q_1(.90) values in Table 4.4 show that the ARL_1 values of Mahalanobis rMEWMA control charts are more affected by some long runs more than the ARL_1 values of pMEWMA control charts. For example, using reference samples of size m = 200 observations, the ARL_1 value of the Mahalanobis rMEWMA control chart with G(1, 1) observations is equal to 93.73. It is larger than the ARL_1 value of 11.89 of the pMEWMA control chart. The Q_1(.90) value of Mahalanobis rMEWMA control chart is equal to 346. It is much larger than the respective value of 18 of the pMEWMA control chart. That is, the ARL_1 value of the Mahalanobis rMEWMA control chart is affected by some extremely long runs.

Table 4.4 shows that the Q_1(.10) and Q_1(.50) values of pMEWMA control charts are much shorter than the respective values of Mahalanobis rMEWMA control charts when bivariate normal observations are monitored than when bivariate t(3) and G(1, 1) observations are monitored. Indeed, it is expected that pMEWMA control charts perform much better than Mahalanobis rMEWMA control charts when the normality assumption is met. As mentioned, they are designed assuming the multivariate normality of the observations.

When δ = 0.5, the Q_1(.50) values of Mahalanobis rMEWMA control charts with t(3) and G(1, 1) observations are nearly equal to the double of the respective values of pMEWMA control charts when m = 200. The difference decreases when m ≈ ∞. When δ = 1.0, the Q_1(.10) and Q(.50) values of Mahalanobis rMEWMA control charts with bivariate t(3) and G(1, 1) observations approach the respective values of pMEWMA control charts when m = 200. They are nearly the same when m ≈ ∞.

44 CHAPTER 4. PERFORMANCE COMPARISONS

Table 4.3: Out-of-control (δ > 1.0) run length properties of Mahalanobis rMEWMA and pMEWMA control charts with bivariate normal, t(3) and G(1,1) distributions. Reference samples of size m = 200 and m ≈ ∞ are used.

pMEWMA rMEWMA

δ N t(3) G(1, 1) N t(3) G(1, 1)

m = 200

1.5 ARL 7.51 7.16 7.42 12.55 7.62 21.59 Q1(.10) 5 5 5 6 5 5 Q1(.50) 7 7 7 10 7 8 Q1(.90) 10 10 10 21 10 19

2.0 ARL 5.57 5.29 5.48 7.51 5.81 6.54 Q1(.10) 4 4 4 5 5 5 Q1(.50) 5 5 5 7 6 6 Q1(.90) 7 7 7 11 7 8

2.5 ARL 4.44 4.26 4.42 5.73 5.17 5.33 Q1(.10) 3 3 3 4 5 5 Q1(.50) 4 4 4 5 5 5 Q1(.90) 6 5 6 8 6 6

3.0 ARL 3.78 3.61 3.74 4.90 4.93 5.03 Q1(.10) 3 3 3 4 4 5 Q1(.50) 4 3 4 5 5 5 Q1(.90) 5 5 5 6 5 5

m ≈ ∞

1.5 ARL 7.17 7.06 7.16 10.31 6.76 8.74 Q1(.10) 5 5 5 6 5 5 Q1(.50) 7 7 7 9 6 7 Q1(.90) 10 9 10 17 9 14

2.0 ARL 5.28 5.23 5.26 6.64 5.36 5.82 Q1(.10) 4 4 4 5 5 5 Q1(.50) 5 5 5 6 5 5 Q1(.90) 7 7 7 9 6 7

2.5 ARL 4.24 4.19 4.21 5.23 4.79 5.01 Q1(.10) 3 3 3 4 4 4 Q1(.50) 4 4 4 5 5 5 Q1(.90) 5 5 5 7 5 6

3.0 ARL 3.55 3.51 3.53 4.51 4.29 4.56 Q1(.10) 3 3 3 4 4 4 Q1(.50) 3 3 3 4 4 5 Q1(.90) 4 4 4 5 5 5

Table 4.4: Out-of-control (δ ≤ 1.0) run length properties of Mahalanobis rMEWMA and pMEWMA control charts with bivariate normal, t(3) and G(1,1) distributions. Reference samples of size m = 200 and m ≈ ∞ are used.

pMEWMA rMEWMA

δ N t(3) G(1, 1) N t(3) G(1, 1)

m = 200

0.5 ARL 33.31 33.00 33.39 163.26 119.62 163.88 Q1(.10) 12 11 12 18 14 12 Q1(.50) 25 24 25 98 52 55 Q1(.90) 59 58 58 390 325 440

1.0 ARL 11.86 11.42 11.89 54.23 18.07 93.73 Q1(.10) 7 6 7 9 7 7 Q1(.50) 11 10 11 23 12 15 Q1(.90) 18 17 18 115 26 346

m ≈ ∞

0.5 ARL 26.78 28.25 26.87 82.82 44.98 280.41 Q1(.10) 12 12 12 16 13 10 Q1(.50) 23 25 23 58 34 36 Q1(.90) 47 48 47 182 91 782

1.0 ARL 11.19 11.31 11.28 22.41 11.69 30.14 Q1(.10) 7 7 7 8 7 6 Q1(.50) 11 11 11 18 11 12 Q1(.90) 17 16 17 42 18 69

Results Summary

The results show that Mahalanobis rMEWMA control charts are less powerful than pMEWMA control charts to react to shifts in the mean vector of magnitude δ ≤ 1.0. This is no surprise because Mahalanobis rMEWMA control charts only use the rank information of the data depth measures of the observations. Thus, it can wander to the direction of an out-of-control of no more than 1/m − 1 per sample. On the other hand, the parametric design of pMEWMA control charts imply that they use the information of the observations. They can wander to the direction of an out-of-control by any value per sample.

4.3.2 Performance of Mahalanobis and Simplicial rMEWMA Control Charts

First, the effect of widening the control limits on the ARL_1 performance of rMEWMA control charts is discussed. Tables A.9 through A.17 in Appendix A show that the different rMEWMA control charts achieve desired ARL_0 performance for all considered distributions. However, their sensitivity to react to process changes is reduced compared to charts with asymptotic control limits. The ARL_1 values and percentiles of the out-of-control run length distributions are inflated when control limits are widened. Note that this is inevitable. The probability of crossing the control limit h becomes larger when h is widened.

The Q_1(.90) values in Tables A.9 through A.17 in Appendix A show that the ARL_1 values of simplicial rMEWMA control charts are more affected by long runs than the ARL_1 values of Mahalanobis rMEWMA control charts. Furthermore, the Q_1(.10) and Q_1(.50) values show that simplicial rMEWMA control charts are more powerful to quickly detect shifts in the mean vector when bivariate G(1, 1) observations are monitored.

Finally, Mahalanobis and simplicial rMEWMA control charts are more sensitive to react to shifts in the mean vector when the distribution is heavy-tailed, t(3), than normal. However, they are less powerful to highly skewed, G(1, 1), distribution. For example, Figure 4.1 shows the ARL values of Mahalanobis and simplicial rMEWMA control charts with bivariate normal, t(3) and G(1, 1) observations. The smoothing parameter λ and the reference sample size m are equal to 0.05 and 200, respectively.

4.4 Discussion and Conclusion

In this chapter, we compared the in-control and out-of-control performances of rMEWMA and pMEWMA control charts. The results show that pMEWMA control charts are more effective to detect sustained shifts of small magnitude in the mean vector. However, only the sustained shift scenario in the mean vector is considered to represent the out-of-control process. It is known that pMEWMA control charts are designed to have excellent

4.4. DISCUSSION AND CONCLUSION 47

performance in detecting sustained shifts in the mean vector. Furthermore, Stoumbos and Sullivan (2002) mentioned that designing pMEWMA control charts to be insensitive to deviations from normality in the higher moments, including kurtosis, has the side effect of decreased sensitivity to isolated outlying process observations. In this case, rMEWMA control charts might be used. We are currently investigating this issue. Moreover, we are investigating the performance of rMEWMA control charts to monitor process variability.

(a) Mahalanobis rMEWMA Control Charts (b) simplicial rMEWMA Control Charts Figure 4.1: The ARL of (a) Mahalanobis and (b) simplicial rMEWMA control charts with adjusted control limits for mean shifts of size δ

Part II

Monitoring the BTA Deep-Hole Drilling Process

Chapter 5

The BTA Deep-Hole Drilling Process

I^{n this chapter, the BTA deep-hole drilling process is introduced. In section 5.1,}

the drilling machine, drilling tool and principles of the process are reviewed. Then, the dynamic process disturbances are described in section 5.2. Finally, a previous experimental investigation conducted in order to study the dynamics of the process and its main results are reviewed in section 5.3.

5.1 The Drilling Process

Deep hole drilling methods are used for producing holes with a high length-to-diameter ratio, good surface finish and straightness. For drilling holes with a diameter of 20 mm and above, the BTA deep-hole machining principle is usually employed. Deep-hole drilling means that l/D ≥ 3, where l and D are the length and the diameter of the hole to be machined, respectively. The special construction of this tool leads to long holes with very smooth walls and a high degree of straightness. As mentioned, the BTA deep-hole drilling process is usually the final step in the production of expensive workpieces.

5.1.1 The Drilling Machine

In this section, we briefly review the BTA deep-hole drilling machine. For more details, see Weinert et al. (2002). The machine tool has six main components: two drive units for the rotary motion of the workpiece and the rotary and translation motion of the tool, the machine bed, the oil supply device containing the starting bush, the damper, and the tool-boring bar assembly. Figure 5.1 shows the BTA deep-hole drilling machine. Drilling can be performed in three different ways:

1. Turning tool and standing workpiece

Figure 5.1: BTA deep-hole drilling machine

2. Standing tool and turning workpiece

3. Turning tool and workpiece in opposite directions

The following parameters can be influenced on the machine:

• The axial feed (f) in mm/rev

• The cutting velocity or cutting speed (v_c) in m/min

• The flow rate of the oil (V̇ ) in l/min

• The position of the damper

• The operating-pressure of the damper

The cutting velocity is automatically controlled and therefore not exactly on target in the process. This is taken into account by measuring the true number of revolutions per second which then allows the effect of the variation in this parameter to be inferred. The axial feed influences the speed of the boring substantially, since it determines the thickness of the chips which are removed by the cutting edge. The flow rate of the oil determines the speed of transportation of the chips from the cutting edge and the cooling and lubrication of the process. It also influences the damping properties of the whole assembly. The damper serves to prevent dynamic disturbances, see section 5.2. It can be positioned along the boring bar. Its position can be fixed on the machine bed or relative to the drive unit of the tool. The pressure with which the damper is clamped to the boring bar, is determined by the machine operator. If a disturbance is detected, the operator can vary the position and the pressure until it disappears.

5.1.2 The Drilling Tool and Principle of the Process

In this section, the BTA tool and principle of the drilling process are discussed. The BTA tool has only one cutting edge and two or three guiding pads, see Figures 5.2 and 5.3.

5.1. THE DRILLING PROCESS 53

Figure 5.2: Working principle of the BTA deep-hole drilling

Figure 5.3: Boring tool as used in the experiments

In contrast to conventional twist drills, the tool has an asymmetric cutting edge. This induces a nonzero radial component of the cutting force, which leads to forces pushing outwards against the walls of the hole. Therefore the tool has to be guided at the start of the process until its self guiding action becomes effective. For this purpose, the BTA deep-hole drilling machine is equipped with a stationary starting bush integrated in the oil supply device, see Figure 5.2. The necessary guiding action during the starting phase of the process is achieved through the radial forces pushing the guide pads of the boring head onto the internal cylindrical surface of the starting bush. With increasing drilling depth, the boring head together with its guide pads enters the bore hole and the function of the starting bush is taken over by the bore hole wall.

The lubrication oil or cutting fluid flows through the outside of the tool to the cutting edge. Therefore, the chips are pushed out of the workpiece via the chip mouth and through the boring bar, see Figure 5.2. Thus, the chips cannot contact and damage the bore hole wall surface. Hence, a high quality of the holes can be achieved.

5.2 Process Disturbances

The machining of bore holes with high length-to-diameter ratio implies the use of slender tool-boring assembles featuring low static and dynamic stiffness properties. This in turn leads to the process being susceptible to dynamic disturbances usually classified as either chatter vibration or spiralling. This limits the productivity and accuracy of the drilling process and therefore the good surface roughness and roundness of the produced holes. In mechanical engineering, the quality of a hole might be measured by roughness and roundness. The roughness measurements describe the deviation of the surface from the ideal totally smooth surface. Note that the surface roughness produced by a turning operation depends on the cutting tool geometry and tool path traversed throughout the workpiece. Roundness measures the deviation of the machined hole from an optimal circle. For more details, see Theis (2004).

For the drilling process, chatter is a form of unwanted and excessive self excited vibration between the tool and the workpiece. It leads to a poor surface finish of the workpiece. Usually, its effect is restricted to radial chatter marks at the bottom of the bore hole. In extreme cases it damages the boring wall by causing marks, called chatter marks, on the cylindrical surface of the bore hole, see Figure 5.4. The effect of chatter on

Figure 5.4: Radial chatter marks

the BTA tool are more severe. It leads to excessive wear of the cutting edges and guiding pads of the tool. This has a deteriorating effect on the machine tool life and therefore the reliability and safety of the machining operation.

Spiralling is a periodic movement of the tool around the center of the boring bar. It damages the workpiece severely. It leads to a multi lobe-shaped deviation of the cross section of the hole from absolute roundness which constitutes a significant impairment of the workpiece. Figure 5.5 shows the effect of spiralling on the workpiece.

Figure 5.5: Effect of spiralling on the bore hole wall

5.3 Experimental Investigation

In order to study the dynamics of the process, several drilling experiments are conducted according to a given experimental design. The experiments were carried out on a CNC BTA deep hole drilling machine type Giana GGB 560, see Figure 5.6, with a bed length of 10.4 m, a maximum spindle speed of 1600 min^{−1}, a maximum feed rate of 5700 mm/min and a maximum spindle power of 125 kW. A commercially available multi-edge BTA solid boring tool has been employed. It is equipped with three guiding pads and two cutting inserts and has a nominal external diameter of 60 mm, see Figure 5.7. The workpiece material was C60 with an external diameter of 83 mm and a length of 500 mm. The experiments were carried out with a stationary tool and rotating workpiece. This was chosen because an appropriate measuring device to transmit the signals of drilling torque and feed force from the rotating boring bar was not available. The experimental setup is illustrated in Figure 5.8. The process parameters were varied within the following ranges according to a central composite experimental design comprising of 21 experiments, see Theis (2004):

• Cutting speed v_c: 60 - 120 m/min,

• Feed f: 0.12 - 0.25 mm,

• Oil flow rate V̇ : 200 -400 L/min.

The damper was not considered in order to allow the system to evolve to chatter and spiralling. Note that there are some uncontrollable influences such as the temperature of the boring bar oil and more importantly the wear of the cutting edges and the guiding pads. During these experiments several on-line measurements were sampled. Chatter is easily recognized in the on-line measurements by a fast increase of the dynamic part of the torque, force and acceleration signals. However, the drilling torque measurements yield the earliest and most reliable information about the transition from stable operation to chatter. They are recorded using strain gauges applied to the boring bar close to its clamped end. For a complete discussion about the experimental setup, see Weinert et al. (2002).

Figure 5.6: Deep-hole drilling machine Giana GGB 560

Figure 5.7: BTA deep-hole drilling tool as used for the experimental investigation

Figure 5.8: Experimental setup

(a) (b)

Figure 5.9: Two time series of the drilling torque from experiments with the same parameters

In these experiments, it was observed that experiments with identical machine parameters can exhibit qualitatively different behavior. For example, Figure 5.9 shows the evolution of the torque in two experiments with the same machine parameters, feed f = 0.185 mm/rev, cutting speed v_c = 90 m/min and oil flow rate V̇ = 300 l/min. The two time series are recorded with a sampling rate of S = 20000 Hz. The whole drilling process takes almost six minutes. In the first experiment, only one kind of chatter vibration is observed, see Figure 5.9a. First, the drilling process is stable and the distribution of the measured data is almost Gaussian with a very low of amount of additional structure. Approximately after depth 300 mm, a rapid but smooth increase of the torque is observed. The observed time series is very smooth and periodic. This means that chatter vibration is present. In the second experiment, chatter starts right after leaving the bushing, approximately depth 32 mm, see Figure 5.9b. The amplitude of the torque rapidly increased approximately after depth 280 mm, which means that a change of the structure of chatter vibration have occurred. In both experiments, the BTA tool leaves the workpiece and the torque decreases to the starting value of 0 Nm after depth 500 mm. The spectrograms of the drilling torque showed clearly that single frequencies dominate the process when chatter vibration is observed. These frequencies are mostly related to the eigenfrequencies of the boring bar. Figure 5.10 shows the spectrogram of an exemplary process showing varying dynamic states. The cutting parameters are feed f = 0.185 mm/rev, cutting speed v_c = 90 m/min and oil flow rate V̇ = 300 l/min. In this case, the spectrogram is a pictorial representation of the frequency content of the drilling torque over depth (mm). Usually, this representation is useful for signals whose frequency characteristics change over time (non-stationary). In Figure 5.10, frequencies are plotted on the vertical axis. The intensity of each frequency is represented with a scale of colors.

Figure 5.10: Spectrogram calculated from drilling torque data

Note that this spectrogram is constructed by breaking the drilling torque into small segments in time, then finding the fast fourier transform (FFT) of each segment. This yields the frequency content. Figure 5.10 shows that the process exhibits an initial non-chatter phase followed by three phases during which the process is in different states of chatter. These states can be distinguished by the different dominating frequencies of approximately 234 Hz, 703 Hz, and 1183 Hz, respectively. Theis (2004) studied the features of the development of amplitudes of the drilling torque over time. He determined all the relevant frequencies of the process and showed that the most prominent frequency bands are near 234 Hz, 703 Hz, and 1183 Hz. In fact, the chatter states can be distinguished by these different dominating frequencies in all experiments.

5.3.1 A Drilling Depth Dependency of Chatter Frequency

Figure 5.11 shows a plot of the different process phases over the drilling depth for the 21 experiments. A horizontal line in the graph represents one drilling experiment. For each experiment, the corresponding process parameters and the experiment number in the experimental design are given. Colored line segments indicate chatter vibration with a dominating frequency according to the graph legend. Chatter vibration is observed in all experiments. Figure 5.11 shows that chatter vibration is observed at later stages of the process only in 6 experiments. In the others, chatter is observed straight after the guiding pads left the starting bush. The observed dynamic states always occurred in the following sequence: drilling without chatter vibration followed by chatter vibration at approximately 1183 Hz, 234 Hz, and 703 Hz, respectively. In the majority of the experiments only a subset of the overall observed states occurred. Weinert et al. (2002) noted that the transitions from stable drilling to chatter as well as from one chatter state to another one are not sudden but are result of a long-term process over minutes.

60 CHAPTER 5. THE BTA DEEP-HOLE DRILLING PROCESS