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We consider a rate-independent systemwith nonconvex energy under discontin-
uous external loading. The underlying space is finite-dimensional and the loads
are functions in 𝐵𝑉([0, 𝑇]; ℝ𝑑). We investigate the stability of various solution
concepts w.r.t. a sequence of loads converging weakly* in 𝐵𝑉([0, 𝑇]; ℝ𝑑) with a
particular emphasis on the so-called normalized, 𝔭-parametrized balanced vis-
cosity solutions. By means of three counterexamples, it is shown that common
solution concepts are not stablew.r.t. weak* and even intermediate (or strict) con-
vergence of loads in the sense that a limit of a sequence of solutions associated
with these loads need not be a solution corresponding to the load in the limit.
We moreover introduce a new solution concept, which is stable in this sense,
but our examples show that this concept necessarily allows “solutions” that are
physically meaningless.

1 INTRODUCTION

This paper is concerned with a rate-independent system of the form

0 ∈ 𝜕(𝑧̇(𝑡)) + 𝐷𝑧(𝑡, 𝑧(𝑡)) f.a.a. 𝑡 ∈ (0, 𝑇), 𝑧(0) = 𝑧0, (1.1)

where ∶ ℝ𝑑 → ℝ is convex and positive 1-homogeneous and  denotes an energy given by

(𝑡, 𝑧) ∶= 1
2
⟨𝐴𝑧, 𝑧⟩ + (𝑧) − ⟨𝓁(𝑡), 𝑧⟩.

Herein𝐴 ∈ ℝ𝑑×𝑑 is symmetric and positive definite and ∶ ℝ𝑑 → ℝ is smooth, but potentially nonconvex.Moreover, the
external load 𝓁 ∶ [0, 𝑇] → ℝ𝑑 is a given function of bounded variation. The precise assumptions on the data are specified
in Section 1.2 below.
It is well known that, even for smooth external loads, one cannot expect the existence of a weakly differentiable solution

such that Equation (1.1) is satisfied for almost all 𝑡 ∈ (0, 𝑇). We refer to the counterexample in Ref. [1], Section 2.3]. For that
reason, several alternative solution concepts have been developed, among them local solutions, global energetic solutions,
and (parametrized) balanced viscosity (BV) solutions. For a comprehensive overview,we refer toRef. [2]. Originally, all these
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concepts have been introduced for smooth external loads, but, recently, several authors came up with extensions of the
classical solution concepts adapted to loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑). Concerning parametrized BV solutions, we refer to Ref. [3].
With regard to other solutions concepts, rate-independent systems with discontinuous data are discussed, for example, in
Refs. [4–7] for the case of strictly convex energies. A comparison of various solutions concepts in case of discontinuous data
is presented in Ref. [8]. The motivation for considering loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑) is manifold, reaching from applications,
where loads may be switched on or off, to the viscous approximation of optimal control problems governed by Equation
(1.1). Concerning the latter, the so-called reverse approximation property plays an essential role and has so far only been
verified under very restrictive assumptions, see Ref. [9, Section 6]. If one aims to avoid these assumptions, the use of loads
in 𝐵𝑉([0, 𝑇]; ℝ𝑑) seems to be indispensable, compare Ref. [9, Remark 6.4].
Within this contribution, we investigate the stability of solutions to Equation (1.1) w.r.t. “natural” notions of conver-

gence of loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑). In generic situations, one cannot expect a sequence of loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑) to converge
strongly in 𝐵𝑉([0, 𝑇]; ℝ𝑑). For instance, if one discretizes a given load in 𝐵𝑉([0, 𝑇]; ℝ𝑑) by means of a sequence of piece-
wise constant functions, then this sequence will in general only converge weakly* in 𝐵𝑉([0, 𝑇]; ℝ𝑑) as themesh size tends
to zero (unless the jump set of the load is exactly covered by the mesh). And even, if one considers the smoothing of a
load in 𝐵𝑉([0, 𝑇;ℝ𝑑) by convolution with the standard mollifier, one will in general only obtain intermediate conver-
gence (also known as strict convergence) of the sequence of mollified loads, when the regularization parameter is driven
to zero. Consequently, “generic” notions of convergence in 𝐵𝑉([0, 𝑇]; ℝ𝑑) are weak* convergence or, at best, intermedi-
ate convergence. It is, therefore, reasonable to investigate if established solutions concepts are stable w.r.t. these types of
convergence. The crucial question in this context is the following:
If one considers a sequence of loads converging weakly * (or in the intermediate topology) and a sequence of associated

solutions according to one of the established solution concepts, which converges to a limit function, is this limit still a solution
in the sense of the respective concept?
We will show by means of three examples that the answer to this question is in general negative. To be more precise,

the notions of normalized 𝔭-parametrized BV solutions and local solutions are not stable w.r.t. intermediate convergence
of the loads. We, therefore, propose a new “relaxed” solution concept that is stable w.r.t. weak* convergence of loads
in 𝐵𝑉([0, 𝑇]; ℝ𝑑). However, as especially the second example in Section 4.2 shows, this new solution concept admits
functions as solutions, which are entirely meaningless from a physical point of view. It is, therefore, doubtful if it makes
sense to allow for discontinuous loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑) in the context of rate-independent systems of the form (1.1). Let us
also mention that recently, another example illustrating this lack of stability for a rate-independent systemwith quadratic
energy is presented in Ref. [10, Section 5].
The paper is organized as follows: The rest of this introductory section is dedicated to the notation and our standing

assumptions on the data in Equation (1.1).We then recall the concept of normalized 𝔭-parametrized BV solutions in case of
loads in 𝐵𝑉([0, 𝑇]; ℝ𝑑) in Section 2. Thereafter, in Section 2.1, a first example is presented, which shows that this solution
concept is not stable w.r.t. intermediate convergence of the loads. Section 3 is then devoted to our new relaxed solution
concept and its stability w.r.t. weak* convergence of the loads. In Section 4, we investigate this new solution concept
in more details, especially its relation to other solution concepts. We prove that, under natural assumption, every local
solution is also a relaxed solution, which demonstrates that the new concept is rather weak. This is also underlined by the
second example in Section 4.2, which shows that the new solution concepts provide completely unphysical “solutions.”
The paper ends with a short conclusion and an appendix on auxiliary technical results.

1.1 Notation

Throughout the paper, ⟨⋅, ⋅⟩ denotes the standard scalar product inℝ𝑑 and the induced Euclidean norm is given by ‖ ⋅ ‖ =√⟨⋅, ⋅⟩. 𝐶 is a generic constant larger zero and for a function 𝑓 ∶ [𝑎, 𝑏] → ℝ𝑑, the total variation is defined by
Var(𝑓; [𝑎, 𝑏]) = sup

partitions {𝑡𝑘} of [𝑎, 𝑏]

∑
𝑘

‖𝑓(𝑡𝑘) − 𝑓(𝑡𝑘−1)‖,
where a partition {𝑡𝑘} is a finite subset of [𝑎, 𝑏] with 𝑎 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛−1 < 𝑡𝑛 = 𝑏, 𝑛 ∈ ℕ.
For a function 𝑓 ∶ ℝ → ℝ𝑑, we denote the one-sided limits, if they exist, by 𝑓(𝑠−) ∶= lim𝜎↗𝑠 𝑓(𝜎) and 𝑓(𝑠+) ∶=

lim𝜎↘𝑠 𝑓(𝜎), respectively.
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For convenience of the reader, let us collect somewell-known facts on functions of bounded variation that will be useful
throughout the paper. For the proofs, we refer to Refs. [11, 12]. By 𝐵𝑉([0, 𝑇]; ℝ𝑑), we denote the space of functions with
bounded total variation, that is,

𝐵𝑉([0, 𝑇]; ℝ𝑑) ∶= {𝑓 ∶ [0, 𝑇] → ℝ𝑑 ∶ Var(𝑓; [0, 𝑇]) < ∞}.

It is well known that a function in 𝐵𝑉([0, 𝑇]; ℝ𝑑) is measurable and bounded and admits at most a countable number of
discontinuities. Thus, a function in 𝐵𝑉([0, 𝑇]; ℝ𝑑) is absolutely integrable and we can equip 𝐵𝑉([0, 𝑇]; ℝ𝑑)with the norm‖𝑓‖𝐵𝑉([0,𝑇];ℝ𝑑) ∶= ‖𝑓‖𝐿1(0,𝑇;ℝ𝑑) + Var(𝑓; [0, 𝑇]). Moreover, we introduce the space of (equivalence classes of) functions of
bounded variation on (0, 𝑇) as

BV(0, 𝑇;ℝ𝑑) ∶= {𝑓 ∈ 𝐿1(0, 𝑇;ℝ𝑑) ∶ 𝐷𝑓 ∈ 𝔐(0, 𝑇;ℝ𝑑)},

where 𝐷𝑓 denotes the distributional derivative and 𝔐(0, 𝑇;ℝ𝑑) is the space of ℝ𝑑-valued regular Borel measures on
(0, 𝑇). We equip BV(0, 𝑇;ℝ𝑑) with the norm ‖𝑓‖BV(0,𝑇;ℝ𝑑) ∶= ‖𝑓‖𝐿1(0,𝑇;ℝ𝑑) + |𝐷𝑓|(0, 𝑇), where |𝐷𝑓|(0, 𝑇) denotes the
total variation of the measure 𝐷𝑓. It is well known that

|𝐷𝑓|(0, 𝑇) = inf {Var(𝑣; [0, 𝑇]) ∶ 𝑣 is a representative of [𝑓]}. (1.2)

Furthermore, BV(0, 𝑇;ℝ𝑑) embeds continuously in 𝐿∞(0, 𝑇;ℝ𝑑) and compactly in every 𝐿𝑝(0, 𝑇;ℝ𝑑), 𝑝 < ∞. Moreover,
every function 𝑓 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) is a representative of an element in BV(0, 𝑇;ℝ𝑑) and, in view of Equation (1.2), it holds

‖𝑓‖𝐵𝑉([0,𝑇];ℝ𝑑) ≥ ‖𝑓‖BV(0,𝑇;ℝ𝑑). (1.3)

Here and in the following, with a little abuse of notation, we denote the function in 𝐵𝑉([0, 𝑇]; ℝ𝑑) and the associated
equivalence class in BV(0, 𝑇;ℝ𝑑) by the same symbol. Note that Equation (1.3) is only satisfied with equality by particular
representatives of 𝑓, for example, by the left or right continuous representative. As usual, we call a sequence (𝑓𝑛)𝑛∈ℕ ⊂
BV(0, 𝑇;ℝ𝑑) weakly* converging in BV(0, 𝑇;ℝ𝑑), iff

𝑓𝑛 ⇀
∗ 𝑓 in BV(0, 𝑇;ℝ𝑑) ∶⟺

{
𝑓𝑛 → 𝑓 in 𝐿1(0, 𝑇;ℝ𝑑),

𝐷𝑓𝑛 ⇀
∗ 𝐷𝑓 in𝔐(0, 𝑇;ℝ𝑑).

Every bounded sequence in BV(0, 𝑇;ℝ𝑑) contains a weakly* converging subsequence and, by Equation (1.3), the same
holds true for a bounded sequence in 𝐵𝑉([0, 𝑇]; ℝ𝑑) (and the associated sequence of equivalence classes, respectively).
Furthermore, by Helly’s selection principle, every bounded sequence in 𝐵𝑉([0, 𝑇]; ℝ𝑑) admits a subsequence that con-
verges pointwise everywhere in [0, 𝑇] and, if the subsequence converges weakly* in BV(0, 𝑇;ℝ𝑑), too, the pointwise limit
is a representative of the weak* limit. It is to be noted however that the pointwise limit need not be the representative
attaining the infimum in Equation (1.2), even if this is true along the converging subsequence. Finally, we say that a
sequence (𝑓𝑛)𝑛∈ℕ converges w.r.t. intermediate (or strict) convergence in BV(0, 𝑇;ℝ𝑑) and 𝐵𝑉([0, 𝑇]; ℝ𝑑), respectively, if
it converges weakly* and, in addition, |𝐷𝑓𝑛|(0, 𝑇) → |𝐷𝑓|(0, 𝑇) as 𝑛 → ∞.
1.2 Standing assumptions

1.2.1 Energy

Throughout the paper, 𝐴 ∈ ℝ𝑑×𝑑 is symmetric and positively definite. Furthermore,  ∶ ℝ𝑑 → ℝ satisfies

 ∈ 𝐶2(ℝ𝑑;ℝ),  ≥ 0 (1.4)

‖𝐷2(𝑧)𝑣‖ ≤ 𝐶(1 + ‖𝑧‖𝑞)‖𝑣‖ ∀𝑣, 𝑧 ∈ ℝ𝑑 (1.5)
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4 of 28 ANDREIA and MEYER

for some 𝑞 ≥ 1. For a given external load 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑), the energy functional  ∶ [0, 𝑇] × ℝ𝑑 → ℝ reads

(𝑡, 𝑧) ∶= 1
2
⟨𝐴𝑧, 𝑧⟩ + (𝑧) − ⟨𝓁(𝑡), 𝑧⟩. (1.6)

By denoting the time independent part as

(𝑧) ∶= 1
2
⟨𝐴𝑧, 𝑧⟩ + (𝑧), (1.7)

the energy can be written as (𝑡, 𝑧) = (𝑧) − ⟨𝓁(𝑡), 𝑧⟩. Below we will deal with other loads, denoted by 𝓁̂, 𝓁̂𝑛 ∈
𝐵𝑉([0, 𝑆]; ℝ𝑑), too, and so, for convenience, we define

̂(𝑠, 𝑧) = (𝑧) − ⟨𝓁̂(𝑠), 𝑧⟩, (1.8)

̂𝑛(𝑠, 𝑧) = (𝑧) − ⟨𝓁̂𝑛(𝑠), 𝑧⟩. (1.9)

1.2.2 Dissipation

For the dissipation ∶ ℝ𝑑 → [0,∞), we assume
 is proper, convex, and lower semicontinuous, (1.10)

 is positive 1-homogeneous, that is,(𝜆𝑧) = 𝜆(𝑧) ∀ 𝑧 ∈ ℝ𝑑, 𝜆 > 0, (1.11)

∃ 𝑐, 𝐶 > 0, such that 𝑐 ‖𝑧‖ ≤ (𝑧) ≤ 𝐶 ‖𝑧‖ ∀ 𝑧 ∈ ℝ𝑑. (1.12)

1.2.3 Initial data

There exists 𝓁0 ∈ ℝ𝑑 such that −𝐷𝑧(𝑧0) + 𝓁0 ∈ 𝜕(0).

2 A SOLUTION CONCEPT FOR DISCONTINUOUS LOADS IN 𝑩𝑽

There exists a variety of solution concepts for Equation (1.1). Here we only present a brief overviewwith a special emphasis
on parametrized BV solutions and refer to Ref. [2] and the references therein for more details. The most natural notion
of solutions is the differential solution, where one searches for a weakly differentiable function 𝑧 ∈ 𝑊1,1(0, 𝑇;ℝ𝑑), which
satisfies Equation (1.1) almost everywhere. The disadvantage of this concept is that one cannot guarantee the existence
of such a solution in case of a nonconvex energy as the example in Ref. [1], Section 2.3] shows. For that reason, several
alternative solutions concepts have been developed. The most prominent one is probably the concept of global energetic
solutions, where the subdifferential inclusion in Equation (1.1) is replaced by a global stability condition and an energy
balance, which benefits in solvability under milder assumptions, see, for example, Refs. [13–15]. One of the weakest solu-
tion concepts providing only a minimum of information is the so-called local solution concept, where a solution 𝑧 only
satisfies a local stability condition togetherwith an energy inequality.Wewill come back to this concept in Section 4 below.
Another approach providing more information especially about the discontinuities of a solution is given by the concept
of parametrized BV solutions, where a solution consists of the tuple (𝑧, 𝑡), representing the state and the physical time,
respectively, as functions of a curve parameter 𝑠. To the best of our knowledge, it was first introduced in Ref. [16], but has
by now been analyzed by various authors in multiple aspects, we only refer to Ref. [17] and the reference therein.
Initially, all these concepts have been developed for smooth external loads, but recently some of them have been trans-

ferred to the case of discontinuous loads in 𝐵𝑉([0, 𝑇]). Concerning global energetic solutions, we exemplarily refer to
Ref. [4]. In Ref. [3], the concept of parametrized BV solutions concept has been transferred to loads in 𝐵𝑉([0, 𝑇]). In our
setting, where the underlying space is finite-dimensional, it reads as follows:
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ANDREIA and MEYER 5 of 28

Definition 2.1. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be given. A triple (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (0,∞) ×𝑊1,∞(0, 𝑆) ×𝑊1,∞(0, 𝑆;ℝ𝑑) ×
𝐵𝑉([0, 𝑆]; ℝ𝑑) is called normalized, 𝔭-parametrized balanced viscosity (BV) solution of the rate-independent system
(1.1) associated with 𝓁, if

∙ the initial and end time condition hold

𝑡(0) = 0, 𝑡(𝑆) = 𝑇, 𝑧̂(0) = 𝑧0, (2.1)

∙ the complementarity relations and normalization condition are fulfilled for almost all 𝑠 ∈ (0, 𝑆)

𝑡′(𝑠) ≥ 0, 𝑡′(𝑠) dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 0, (2.2)

𝑡′(𝑠) +(𝑧̂′(𝑠)) + ‖𝑧̂′(𝑠)‖ dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 1, (2.3)

∙ the energy identity is valid for all 𝑠1, 𝑠2 ∈ [0, 𝑆]

(𝑧̂(𝑠2)) + ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0))𝑑𝑟
= (𝑧̂(𝑠1)) + ∫

𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟, (2.4)

∙ the parametrized load 𝓁̂ is compatible with 𝓁 in the following sense: for every 𝑡∗ ∈ [0, 𝑇], there exists 𝑠∗ ∈ 𝑡−1(𝑡∗) such
that for all 𝑠 ∈ 𝑡−1(𝑡∗)

𝓁̂(𝑠) =

{
𝓁(𝑡∗−), 𝑠 < 𝑠∗,

𝓁(𝑡∗+), 𝑠 > 𝑠∗,
and 𝓁̂(𝑠∗) ∈ {𝓁(𝑡∗), 𝓁(𝑡∗−), 𝓁(𝑡∗+)}. (2.5)

Here and in the following, we set 0− ∶= 0 and 𝑇+ ∶= 𝑇.

Remark 2.2. The above definition differs from the “classical” notion of normalized, 𝔭-parametrized BV solutions for
smooth external loads according to, for example, Ref. [17] only in the additional compatibility condition in Equation (2.5).
This condition basically says that, if 𝓁 is discontinuous in a viscous jump, then it only attains its left and right limits during
the viscous jump. Note that, if 𝓁 is continuous in 𝑡∗, then 𝓁̂(𝑠) = 𝓁(𝑡(𝑠)) for all 𝑠 ∈ 𝑡−1(𝑡∗).

Remark 2.3. The energy identity in Equation (2.4) is expressed in terms of the potential energy  from Equation (1.7). By
means of integration by parts for Riemann–Stieltjes integrals, one can equivalently express the energy identity in terms of
the total stored energy functional  from Equation (1.6). This equivalent reformulation will be the basis for the definition
of a local solution in Definition 4.1 below.

A proof concerning the existence of such solutions can be found in Ref. [3, Prop. 4.2]. The authors used a vanishing
viscosity approach and showed that a parametrized version of the solutions solving the regularized problems, which are

0 ∈ 𝜕(𝑧̇𝜖(𝑡)) + 𝜖𝑧̇𝜖(𝑡) + 𝐷𝑧(𝑡, 𝑧𝜖(𝑡)), 𝑧(0) = 𝑧0, 𝜖 > 0,
convergence to a 𝔭-parametrized BV solution as the viscosity parameter 𝜖 tends to 0. This parametrization is done by
means of the vanishing viscosity contact potential

𝔭 ∶ ℝ𝑑 × ℝ𝑑 → ℝ, 𝔭(𝑣, 𝑤) = (𝑣) + ‖𝑣‖ dist(𝑤, 𝜕(0)),
which also motivates the name of the solution concept. To be more precise, the parametrization is given by

𝑠𝜖(𝑡) = 𝑡 + ∫
𝑡

0

𝔭(𝑧̇𝜖(𝑟), −𝐷𝑧(𝑟, 𝑧̇𝜖(𝑟))𝑑𝑟, 𝑧̂𝜖 = 𝑧𝜖(𝑡𝜖(𝑠)), 𝓁̂𝜖(𝑠) = 𝓁(𝑡𝜖(𝑠)),
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6 of 28 ANDREIA and MEYER

where 𝑡𝜖 ∶ [0, 𝑆𝜖] → [0, 𝑇] with 𝑆𝜖 = 𝑠𝜖(𝑇) is the inverse function of 𝑠𝜖, so that 𝔭 appears in the normalization condition
(2.3), that is, 𝑡(𝑠) + 𝔭(𝑧̂′(𝑠), −𝐷𝑧̂(𝑠, 𝑧̂(𝑠))) = 1 for almost all 𝑠 ∈ (0, 𝑆).

2.1 A first counterexample

In this section, we discuss an example, which demonstrates that the solution concept fromDefinition 2.1 is not stable w.r.t.
intermediate convergence of a sequence of loads (𝓁𝑛)𝑛∈ℕ in 𝐵𝑉([0, 𝑇]) in the following sense: we construct a sequence of
solutions (𝑆𝑛, 𝑡𝑛, 𝑧̂𝑛, 𝓁̂𝑛)𝑛∈ℕ associated with 𝓁𝑛 in the sense of Definition 2.1, which converges (weakly) to a limit, but this
limit is no solution associated with the limit of (𝓁𝑛)𝑛∈ℕ w.r.t. intermediate convergence. Our example is one-dimensional
and we consider the following dissipation and energy:

(𝑧) = |𝑧|, (𝑧) = 1
2
𝑧2 − 𝑧, (𝑡, 𝑧) = (𝑧) − 𝓁(𝑡)𝑧, (2.6)

where 𝓁 ∈ 𝐵𝑉([0, 2]). The initial value and end time are set to 𝑧0 = 0 and 𝑇 = 2. The sequence of external loads given by

𝓁𝑛(𝑡) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑡 ∈ [0, 1]

𝑛

2
𝑡 −

𝑛

2
, 𝑡 ∈

(
1, 1 +

1

𝑛

)
1

2
, 𝑡 ∈

[
1 +

1

𝑛
, 2
]
.

Then 𝓁𝑛 converges to

𝓁 =

⎧⎪⎨⎪⎩
0, 𝑡 ∈ [0, 1]

1

2
, 𝑡 ∈ (1, 2]

(2.7)

w.r.t. intermediate convergence in 𝐵𝑉([0, 𝑇]). By direct calculations, one verifies that a normalized, 𝔭-parameterized BV
solution associated with 𝓁𝑛 is given by

𝑧̂𝑛(𝑠) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑠 ∈ [0, 1],
𝑛

2

1+
𝑛

2

𝑠 −
𝑛

2

1+
𝑛

2

, 𝑠 ∈
(
1,
3

2
+
1

𝑛

)
,

1

2
, 𝑠 ∈

[
3

2
+
1

𝑛
,
5

2

]
,

(2.8)

𝑡𝑛(𝑠) =

⎧⎪⎪⎨⎪⎪⎩
𝑠, 𝑠 ∈ [0, 1],

1

1+
𝑛

2

𝑠 +
𝑛

2

1+
𝑛

2

, 𝑠 ∈
(
1,
3

2
+
1

𝑛

)
,

𝑠 −
1

2
, 𝑠 ∈

[
3

2
+
1

𝑛
,
5

2

]
,

(2.9)

along with 𝑆𝑛 =
5

2
and

𝓁̂𝑛(𝑠) = 𝓁𝑛(𝑡𝑛(𝑠)) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑠 ∈ [0, 1],
𝑛

2

1+
𝑛

2

𝑠 −
𝑛

2

1+
𝑛

2

, 𝑠 ∈
(
1,
3

2
+
1

𝑛

)
,

1

2
, 𝑠 ∈

[
3

2
+
1

𝑛
,
5

2

]
.

(2.10)
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ANDREIA and MEYER 7 of 28

The pointwise-a.e. limits of these sequences for 𝑛 → ∞ read

𝑧̂(𝑠) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑠 ∈ [0, 1],

𝑠 − 1, 𝑠 ∈ (1,
3

2
),

1

2
, 𝑠 ∈

[
3

2
,
5

2

]
,

𝑡(𝑠) =

⎧⎪⎪⎨⎪⎪⎩

𝑠, 𝑠 ∈ [0, 1],

1, 𝑠 ∈
(
1,
3

2

)
,

𝑠 −
1

2
, 𝑠 ∈

[
3

2
,
5

2

]
,

(2.11)

𝓁̂(𝑠) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑠 ∈ [0, 1],

𝑠 − 1, 𝑠 ∈
(
1,
3

2

)
,

1

2
, 𝑠 ∈

[
3

2
,
5

2

]
.

(2.12)

Note that 𝑧̂ and 𝑡 are not only the pointwise limits of 𝑧̂𝑛 and 𝑡𝑛, but also the strong limits in 𝐻1(0, 𝑆) and weak* limits in
𝑊1,∞(0, 𝑆). Moreover, 𝓁̂ is the limit of 𝓁̂𝑛 w.r.t. intermediate convergence in 𝐵𝑉([0, 𝑆]). However, (𝑆, 𝑡, 𝑧̂, 𝓁̂) is no normal-
ized, 𝔭-parametrized BV solution associated to the limit 𝓁 from Equation (2.7) according to Definition 2.1, since condition
(2.5) is violated in the viscous jump (1, 3

2
). Here 𝓁̂ cannot be expressed by the left- or right-hand side limit of 𝓁, that is,

𝓁̂(𝑠) ∉ {𝓁(𝑡(𝑠)−), 𝓁(𝑡(𝑠)), 𝓁(𝑡(𝑠)+)} for all 𝑠 ∈
(
1,
3

2

)
.

3 A RELAXED SOLUTION CONCEPT

The example in the previous section shows that the limit of the composition 𝓁𝑛◦𝑡𝑛 does in general not coincide with
the composition of the separate limits 𝓁◦𝑡 in jumps. Hence, if we aim for a solution concept which is stable w.r.t. weak*
convergence of the external loads 𝓁𝑛, we have to weaken the requirements on 𝓁̂. To be more precise, the above example
shows that one can hardly impose any condition on 𝓁̂ in jumps. For this reason, we drop the compatibility condition in
Equation (2.5) and replace it by a less restrictive condition that does not provide any information on 𝓁̂ in jumps.

Definition 3.1 (Relaxed solution concept). Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be given. We call triple (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (0,∞) ×
𝑊1,∞(0, 𝑆) ×𝑊1,∞(0, 𝑆;ℝ𝑑) × 𝐵𝑉([0, 𝑆]; ℝ𝑑) is called relaxed, normalized, 𝔭-parametrized BV solution (or short simply
relaxed solution) of the rate-independent system (1.1) associated with 𝓁, if it satisfies Equations (2.1)–(2.4) and, instead of
the compatibility condition in Equation (2.5), we just require

𝓁̂(𝑠) = 𝓁(𝑡(𝑠)) for almost all 𝑠 ∈ 𝑀, (3.1)

where𝑀 is the set, where 𝑡 is increasing, that is,

𝑀 = {𝑠 ∈ (0, 𝑆) ∶ 𝑡(𝑠1) < 𝑡(𝑠2) for all 𝑠1, 𝑠2 ∈ [0, 𝑆] with 𝑠1 < 𝑠 < 𝑠2}. (3.2)

Herein, we choose the continuous representative of 𝑡 denoted by the same symbol for simplicity.

The above definition indeed represents a generalization of the original solution concept in Definition 2.1 as the next
result shows.

Lemma 3.2. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be given and suppose that (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (0,∞) ×𝑊1,∞(0, 𝑆) ×𝑊1,∞(0, 𝑆;ℝ𝑑) ×
𝐵𝑉([0, 𝑆]; ℝ𝑑) is a normalized, 𝔭-parametrized BV solution in the sense of Definition 2.1. Then it is also a relaxed solution in
the sense of Definition 3.1.

Proof. We only have to verify the condition in Equation (3.1). For this purpose, let 𝑠∗ ∈ 𝑀 be arbitrary and set 𝑡∗ ∶= 𝑡(𝑠∗).
By definition of𝑀, 𝑡−1(𝑡∗) is a singleton and therefore Equation (2.5) implies 𝓁̂(𝑠∗) ∈ {𝓁(𝑡∗), 𝓁(𝑡∗−), 𝓁(𝑡∗+)}. Since 𝓁 is of
bounded variation, it only has countably many jumps collected in the set 𝐽(𝓁) ⊂ [0, 𝑇] and is continuous elsewhere. Since
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8 of 28 ANDREIA and MEYER

𝐽(𝓁) is countable and 𝑡 is one-to-one on𝑀, 𝑡−1(𝐽(𝓁)) ∩ 𝑀 has zero measure and thus 𝓁(𝑡(𝑠)) = 𝓁(𝑡(𝑠)−) = 𝓁(𝑡(𝑠)+) f.a.a.
𝑠 ∈ 𝑀, which implies Equation (3.1). □

Thanks to Lemma 3.2, the existence result fromRef. [3, Prop. 4.2] ensuring the existence of a normalized,𝔭-parametrized
BV solution immediately yields the existence of a relaxed solution.

Corollary 3.3. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be arbitrary. Then there exists at least one relaxed solution of Equation (1.1) in the
sense of Definition 3.1.

3.1 Stability of the relaxed solution concept

With our relaxed solution concept at hand, we are able to prove the following stability result.

Theorem 3.4. Let (𝓁𝑛)𝑛∈ℕ be a bounded sequence in 𝐵𝑉([0, 𝑇]; ℝ𝑑) and consider a sequence (𝑆𝑛, 𝑡𝑛, 𝑧̂𝑛, 𝓁̂𝑛) of relaxed
solutions associated with 𝓁𝑛. Assume, moreover, that the sequence (‖𝓁̂𝑛‖𝐵𝑉([0,𝑆𝑛];ℝ𝑑))𝑛∈ℕ is bounded. Then there exists a
subsequence (also denoted with the index 𝑛) such that

𝑆𝑛 → 𝑆, 𝑧̂𝑛 ⇀
∗ 𝑧̂ in𝑊1,∞(0, 𝑆;ℝ𝑑), 𝑡𝑛 ⇀∗ 𝑡 in𝑊1,∞(0, 𝑆) (3.3)

and

𝓁̂𝑛 ⇀
∗ 𝓁̂ in BV(0, 𝑆;ℝ𝑑), 𝓁𝑛 ⇀∗ 𝓁 in BV(0, 𝑇;ℝ𝑑), (3.4)

𝓁̂𝑛(𝑠) → 𝓁̂(𝑠) for all 𝑠 ∈ [0, 𝑆], 𝓁𝑛(𝑡) → 𝓁(𝑡) for all 𝑡 ∈ [0, 𝑇]. (3.5)

Herein, the functions are constantly extended if 𝑆𝑛 < 𝑆. Furthermore, the limit (𝑆, 𝑡, 𝑧̂, 𝓁̂) is a relaxed solution associated with
𝓁.

Proof.

1. Convergence of a subsequence

We start with the boundedness of the sequence of relaxed solutions. First of all, Equation (2.3) gives ‖𝑧̂′‖𝐿∞(0,𝑆𝑛;ℝ𝑑) ≤
1

𝑐
with 𝑐 > 0 from Equation (1.12). Next we prove that the artificial end time is uniformly bounded. Thanks to the

boundedness of 𝑧̂′𝑛 and 𝓁̂𝑛 (by assumption), the energy identity (2.4) yields

(𝑧̂𝑛(𝑆𝑛)) + ∫
𝑆𝑛

0

(𝑧̂′𝑛(𝑟)) + ‖𝑧̂′𝑛(𝑟)‖ dist(−𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟)), 𝜕(0)) 𝑑𝑟
= (𝑧0) + ∫

𝑆𝑛

0

⟨𝓁̂𝑛(𝑟), 𝑧̂′𝑛(𝑟)⟩𝑑𝑟 ≤ (𝑧0) + ‖𝑧̂′𝑛‖𝐿∞(0,𝑆𝑛;ℝ𝑑)‖𝓁̂𝑛‖𝐿1(0,𝑆𝑛;ℝ𝑑) ≤ 𝐶.
In combination with Equation (2.3), this implies

𝑆𝑛 = ∫
𝑆𝑛

0

𝑡′𝑛(𝑟) +(𝑧̂′𝑛(𝑟)) + ‖𝑧̂′𝑛(𝑟)‖ dist(−𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟)), 𝜕(0)) 𝑑𝑟
= 𝑇 + ∫

𝑆𝑛

0

(𝑧̂′𝑛(𝑟)) + ‖𝑧̂′𝑛(𝑟)‖ dist(−𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟)), 𝜕(0)) 𝑑𝑟 ≤ 𝐶,
where we made use of the non-negativity of (𝑧̂𝑛(𝑆𝑛)) by assumption (1.4). Therefore, there is a subsequence (denoted by
the same index) such that 𝑆𝑛 → 𝑆. As in the statement of the theorem, we extend 𝑡𝑛, 𝑧̂𝑛, and 𝓁̂𝑛 by constant continuation,
if necessary, that is, if 𝑆𝑛 < 𝑆. Due to ‖𝑧̂′𝑛‖𝐿∞(0,𝑆;ℝ𝑑) ≤ 1∕𝑐 and 𝑧̂𝑛(0) = 𝑧0 for all 𝑛 ∈ ℕ, we have ‖𝑧̂𝑛‖𝑊1,∞(0,𝑆;ℝ𝑑) ≤ 𝐶.
Furthermore, due to Equations (2.1)–(2.3), we conclude ‖𝑡𝑛‖𝑊1,∞(0,𝑆) ≤ 𝐶. Thus, there exists a further subsequence (again
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ANDREIA and MEYER 9 of 28

denoted by the same symbol) such that Equation (3.3) holds. The weak* and the pointwise convergence of the sequences
of loads along a further subsequence is an immediate consequence of the boundedness of the respective sequences by
assumption.

2. Correlation between 𝓁̂ and 𝓁

Next we show that Equation (3.1) holds true. We argue by contradiction and assume that the set

𝐺 ∶= {𝑠 ∈ 𝑀 ∶ 𝓁̂(𝑠) ≠ 𝓁(𝑡(𝑠))} ⊂ 𝑀 (3.6)

has positive measure. This yields the existence of a 𝜌 > 0 such that

𝑀̃𝜌 = 𝑀 ∩ {𝑠 ∈ (0, 𝑆) ∶ ‖𝓁̂(𝑠) − 𝓁(𝑡(𝑠))‖ ≥ 𝜌}

has positive measure, too, since if not, then the sets
{
𝑠 ∈ 𝑀 ∶ ‖𝓁̂(𝑠) − 𝓁(𝑡(𝑠))‖ ≥ 1

𝑛

}
have measure zero for all 𝑛 ∈ ℕ and

thus 𝐺 =
⋃
𝑛∈ℕ

{
𝑠 ∈ 𝑀 ∶

‖‖‖𝓁̂(𝑠) − 𝓁(𝑡(𝑠))‖‖‖ ≥ 1

𝑛

}
as a countable union of null sets, too, which contradicts the assump-

tion. Since 𝑡𝑛, 𝓁̂𝑛 are part of the relaxed solution associated with 𝓁𝑛, we have 𝓁̂𝑛(𝑠) = 𝓁𝑛(𝑡𝑛(𝑠)) a.e. in𝑀𝑛 ∶= {𝑠 ∈ (0, 𝑆) ∶
𝑡𝑛(𝑠1) < 𝑡𝑛(𝑠2) for all 𝑠1 < 𝑠 < 𝑠2}. We denote the corresponding null sets, where this is not satisfied, by 𝑁𝑛. Then

𝑀𝜌 ∶= 𝑀̃𝜌 ⧵
⋃
𝑛∈ℕ

𝑁𝑛

still has positive measure.
Now let 𝑘 ∈ ℕ, 𝑘 > 1, be arbitrary. Since𝑀𝜌 has positive measure, there exists points 𝑠1 < 𝑠2 < … < 𝑠2𝑘 ∈ 𝑀𝜌 and, by

construction of𝑀, there holds

𝑡(𝑠2𝑖) < 𝑡(𝑠2(𝑖+1)) ∀ 𝑖 = 1, … , 𝑘 − 1.

Therefore, if we define 𝑠𝑖 ∶= 𝑠2𝑖 , 𝑖 = 1, … , 𝑘, then 𝑠1 < 𝑠2 < … < 𝑠𝑘 ∈ 𝑀𝜌 holds true as well as 𝑡(𝑠1) < 𝑡(𝑠2) < … < 𝑡(𝑠𝑘).
Thus we obtain

𝛿𝑘 ∶= min
𝑖=1,…,𝑘−1

𝑡(𝑠𝑖+1) − 𝑡(𝑠𝑖)

4
> 0 and 𝜇𝑘 ∶= min

𝑖=1,…,𝑘−1

𝑠𝑖+1 − 𝑠𝑖
4

> 0. (3.7)

Next we verify that for all 𝑖 = 1, … , 𝑘

∀ 𝜖 > 0 ∃ 𝑛̄𝑖(𝜖) ∈ ℕ ∀𝑛 ≥ 𝑛̄𝑖(𝜖) ∶ 𝜆(𝑀𝑛 ∩ 𝐵𝜖(𝑠𝑖)) > 0, (3.8)

which allows us to choose 𝑠𝑛
𝑖
∈ 𝐵𝜖(𝑠𝑖) with 𝓁̂𝑛(𝑠𝑛𝑖 ) = 𝓁𝑛(𝑡𝑛(𝑠

𝑛
𝑖
)). Assuming that Equation (3.8) is not valid implies the

existence of an 𝜖 > 0 and a subsequence (𝑛𝑗)𝑗∈ℕ such that 𝜆(𝑀𝑛𝑗 ∩ 𝐵𝜖(𝑠𝑖)) = 0 for all 𝑗 ∈ ℕ. Then, by the definition of
𝑀𝑛𝑗 , we obtain for all 𝑠 ∈ 𝐵𝜖(𝑠𝑖) ⧵ 𝑀𝑛𝑗 an interval 𝐼𝑠 ∋ 𝑠 with 𝑡𝑛𝑗 = const. on 𝐼𝑠. As 𝜆(𝑀𝑛𝑗 ∩ 𝐵𝜖(𝑠𝑖)) = 0, such an interval
exists for almost all 𝑠 ∈ 𝐵𝜖(𝑠𝑖) and thus, as 𝑡𝑛𝑗 is absolutely continuous, 𝑡𝑛𝑗 is constant on 𝐵𝜖(𝑠𝑖). Along with the uniform
convergence 𝑡𝑛𝑗 → 𝑡, this implies

𝑡
(
𝑠𝑖 −

𝜖

2

)
= lim
𝑗→∞

𝑡𝑛𝑗

(
𝑠𝑖 −

𝜖

2

)
= lim
𝑗→∞

𝑡𝑛𝑗

(
𝑠𝑖 +

𝜖

2

)
= 𝑡

(
𝑠𝑖 +

𝜖

2

)
,

which contradicts 𝑠𝑖 ∈ 𝑀𝜌 ⊂ 𝑀 so that Equation (3.8) is indeed true.
Therefore, if we now choose 𝜖 = 𝜖𝑘 ∶= min{𝛿𝑘, 𝜇𝑘} in Equation (3.8), we obtain for all 𝑛 ≥ 𝑛̄𝑘 = max{𝑛̄𝑖(𝜖𝑘) ∶ 𝑖 =

1, … , 𝑘}, with 𝑛̄𝑖(𝜖𝑘) from Equation (3.8), and all 𝑖 = 1, … , 𝑘 a point 𝑠𝑛
𝑖
∈ (𝐵𝜖𝑘 (𝑠𝑖) ∩ 𝑀𝑛) ⧵ 𝑁𝑛, which implies

𝓁̂𝑛(𝑠
𝑛
𝑖
) = 𝓁𝑛(𝑡𝑛(𝑠

𝑛
𝑖
)) ∀ 𝑛 ≥ 𝑛̄𝑘 (3.9)
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10 of 28 ANDREIA and MEYER

by the definition of𝑀𝑛 and 𝑁𝑛. Note that 𝑁𝑛 has measure zero. Together with (3.9), the triangle inequality gives

𝑘∑
𝑖=1

‖𝓁̂𝑛(𝑠𝑖) − 𝓁𝑛(𝑡(𝑠𝑖))‖ ≤
𝑘∑
𝑖=1

‖𝓁𝑛(𝑡𝑛(𝑠𝑛𝑖 )) − 𝓁𝑛(𝑡(𝑠𝑖))‖ + 𝑘∑
𝑖=1

‖𝓁̂𝑛(𝑠𝑛𝑖 ) − 𝓁̂𝑛(𝑠𝑖)‖ (3.10)

for all 𝑛 ≥ 𝑛̄𝑘.
Let us estimate the expressions on the right-hand side of Equation (3.10). We already know that the limit 𝑡 satisfies

𝑡 ∈ 𝑊1,∞(0, 𝑆) and hence it is Lipschitz continuous with constant 𝐿 > 0 on [0, 𝑆]. Below we will see that 𝑡 and 𝑧̂ satisfy
the normalization condition in Equation (2.3) and thus, the Lipschitz constant of 𝑡 is less or equal one. Moreover, due
to the compact embedding𝑊1,∞(0, 𝑆) ↪ 𝐶([0, 𝑆]), 𝑡𝑛 converges uniformly to 𝑡 in [0, 𝑆] and hence there exists an index
𝑛̃𝑘 ∈ ℕ such that sup𝑠∈[0,𝑆] |𝑡𝑛(𝑠) − 𝑡(𝑠)| < 𝛿𝑘 for all 𝑛 ≥ 𝑛̃𝑘. Together with the Lipschitz continuity of 𝑡 with constant one
and 𝑠𝑛

𝑖
∈ 𝐵𝜖𝑘 (𝑠𝑖) ⊂ 𝐵𝛿𝑘 (𝑠𝑖) for 𝑛 ≥ 𝑛̄𝑘, this results in

|𝑡𝑛(𝑠𝑛𝑖 ) − 𝑡(𝑠𝑖)| ≤ |𝑡𝑛(𝑠𝑛𝑖 ) − 𝑡(𝑠𝑛𝑖 )| + |𝑡(𝑠𝑛𝑖 ) − 𝑡(𝑠𝑖)| < 2𝛿𝑘. (3.11)

for all 𝑛 ≥ 𝑛𝑘 ∶= max{𝑛̄𝑘, 𝑛̃𝑘}. In view of the definition of 𝛿𝑘 in Equation (3.7), this estimate implies that the intervals
[min{𝑡𝑛(𝑠

𝑛
𝑖
), 𝑡(𝑠𝑖)},max{𝑡𝑛(𝑠

𝑛
𝑖
), 𝑡(𝑠𝑖)}], 𝑖 = 1, … , 𝑘, do not overlap and consequently

𝑘∑
𝑖=1

‖𝓁𝑛(𝑡𝑛(𝑠𝑛𝑖 )) − 𝓁𝑛(𝑡(𝑠𝑖))‖ ≤ Var(𝓁𝑛; [0, 𝑇]) ∀ 𝑛 ≥ 𝑛𝑘. (3.12)

Similarly, because of 𝑠𝑛
𝑖
∈ 𝐵𝜖𝑘 (𝑠𝑖) ⊂ 𝐵𝜇𝑘 (𝑠𝑖) and the definition of𝜇𝑘 in Equation (3.7), the intervals [min{𝑠

𝑛
𝑖
, 𝑠𝑖},max{𝑠

𝑛
𝑖
, 𝑠𝑖}],

𝑖 = 1, … , 𝑘, do not overlap and therefore

𝑘∑
𝑖=1

‖𝓁̂𝑛(𝑠𝑛𝑖 ) − 𝓁̂𝑛(𝑠𝑖)‖ ≤ Var(𝓁̂𝑛; [0, 𝑆]) ∀ 𝑛 ≥ 𝑛𝑘. (3.13)

In view of the boundedness of (Var(𝓁𝑛; [0, 𝑇]))𝑛 and (Var(𝓁̂𝑛; [0, 𝑆]))𝑛 by assumption, inserting Equations (3.12) and (3.13)
in Equation (3.10) yields

𝑘∑
𝑖=1

‖𝓁̂𝑛(𝑠𝑖) − 𝓁𝑛(𝑡(𝑠𝑖))‖ ≤ Var(𝓁𝑛; [0, 𝑇]) + Var(𝓁̂𝑛; [0, 𝑆]) ≤ 𝐶 ∀𝑛 ≥ 𝑛𝑘.

with 𝐶 > 0 independent of 𝑛 and 𝑘. Now using the pointwise convergences of 𝓁̂𝑛, 𝓁𝑛 by Equation (3.5) and passing to the
limit 𝑛 → ∞ results in

𝑘∑
𝑖=1

‖𝓁̂(𝑠𝑖) − 𝓁(𝑡(𝑠𝑖))‖ ≤ 𝐶.

On account of 𝑠𝑖 ∈ 𝑀𝜌, however, the left-hand side is larger than 𝑘 𝜌 and, as 𝑘 was arbitrary, passing to the limit 𝑘 → ∞
finally leads to the desired contradiction. Hence,𝐺 as defined in Equation (3.6) has indeedmeasure zero and consequently
Equation (3.1) is valid.
Proving the remaining conditions (2.1)–(2.4) for the limit (𝑆, 𝑡, 𝑧̂, 𝓁̂) is along the lines of the proof of stability for normal-

ized, 𝔭-parametrized BV solutions for problems with smooth external loads, see, for example, Ref. [17, Sec. 5]. However,
for convenience of the reader, we present the arguments in detail.

3. Initial and end time condition, monotony of 𝑡

Since the set {𝑓 ∈ 𝐿∞(0, 𝑆) ∶ 𝑓(𝑠) ≥ 0 𝑓.𝑎.𝑎. 𝑠 ∈ (0, 𝑆)} is weakly* closed, the limit fulfills 𝑡′(𝑠) ≥ 0 a.e. in (0, 𝑆). Moreover,
as already used before,𝑊1,∞(0, 𝑆;ℝ𝑑) embeds compactly into𝐶(0, 𝑆;ℝ𝑑) and therefore, (𝑡𝑛)𝑛∈ℕ and (𝑧̂𝑛)𝑛∈ℕ converge uni-
formly. Therefore, 𝑡(0) = 0 as well as 𝑡(𝑆) = lim𝑛→∞ 𝑡𝑛(𝑆𝑛) = 𝑇 and 𝑧̂(0) = lim𝑛∈ℕ 𝑧̂𝑛(0) = 𝑧0 hold true so that Equation
(2.1) is fulfilled.
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ANDREIA and MEYER 11 of 28

4. Energy equality

Let 𝑠1, 𝑠2 ∈ [0, 𝑆] be given. Due to the pointwise convergence of 𝑧̂𝑛 → 𝑧̂ and the continuity of  , we have (𝑧̂𝑛(𝑠𝑖)) →(𝑧̂(𝑠𝑖)), 𝑖 = 1, 2. Along with the lower semi-continuity of 𝔭(⋅, ⋅) according to Ref, [18, Lemma 3.1], it follows that

(𝑧̂(𝑠2)) + ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑠)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) 𝑑𝑟
= (𝑧̂(𝑠2)) + ∫

𝑠2

𝑠1

𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟

≤ lim inf
𝑛→∞

(
(𝑧̂𝑛(𝑠2)) + ∫

𝑠2

𝑠1

𝔭(𝑧̂′𝑛(𝑟), −𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟))) 𝑑𝑟
)

≤ lim sup
𝑛→∞

(
(𝑧̂𝑛(𝑠2)) + ∫

𝑠2

𝑠1

𝔭(𝑧̂′𝑛(𝑟), −𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟))) 𝑑𝑟
)

≤ lim sup
𝑛→∞

(
(𝑧̂𝑛(𝑠1)) + ∫

𝑠2

𝑠1

⟨𝓁̂𝑛(𝑟), 𝑧̂′𝑛(𝑟)⟩𝑑𝑟)

= (𝑧̂(𝑠1)) + ∫
𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟,

(3.14)

where we exploited the strong convergence 𝓁̂𝑛 → 𝓁 in 𝐿2(0, 𝑆;ℝ𝑑) by the compactness of BV(0, 𝑆;ℝ𝑑) ↪ 𝐿2(0, 𝑆;ℝ𝑑) and
the weak* convergence 𝑧̂′𝑛 ⇀∗ 𝑧̂′ in 𝐿∞(0, 𝑆;ℝ𝑑) in the last step. Because the opposite inequality is always fulfilled by
Lemma B.1, we end up with equality and since 𝑠1, 𝑠2 ∈ [0, 𝑆] were arbitrary, Equation (2.4) is shown.

5. Complementary condition

The convergences 𝓁̂𝑛 → 𝓁̂ in𝐿2(0, 𝑆;ℝ𝑑) and 𝑧̂𝑛 ⇀∗ 𝑧̂ in𝑊1,∞(0, 𝑆;ℝ𝑑) lead to𝐷𝑧̂𝑛(⋅, 𝑧̂𝑛(⋅)) → 𝐷𝑧̂(⋅, 𝑧̂(⋅)) in𝐿2(0, 𝑆;ℝ𝑑)
and, by Lipschitz-continuity of the distance, we obtain

dist
(
−𝐷𝑧̂𝑛(⋅, 𝑧̂𝑛(⋅)), 𝜕(0))→ dist (−𝐷𝑧̂(⋅, 𝑧̂(⋅)), 𝜕(0)) in 𝐿2(0, 𝑆).

Together with the weak* convergence 𝑡′𝑛 ⇀∗ 𝑡′ in 𝐿∞(0, 𝑆), this results in

∫
𝑆

0

𝑡′(𝑟) dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0))𝑑𝑟

= lim
𝑛→∞∫

𝑆

0

𝑡′𝑛(𝑟) dist(−𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟)), 𝜕(0))𝑑𝑟 = 0

such that 𝑡′(𝑠) dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 0 for almost all 𝑠 ∈ (0, 𝑆) due to the non-negativity of the integrand.
6. Normalization

The pointwise convergence (𝑧̂𝑛(⋅)) → (𝑧̂(⋅)) in combination with the fact that all inequalities in Equation (3.14) hold
true with equality yields for all 𝑠1, 𝑠2 ∈ [0, 𝑆] that

𝑠2 − 𝑠1 = ∫
𝑠2

𝑠1

𝑡′𝑛(𝑟) + 𝔭(𝑧̂
′
𝑛(𝑟), −𝐷𝑧̂𝑛(𝑟, 𝑧̂𝑛(𝑟))) 𝑑𝑟 → ∫

𝑠2

𝑠1

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟 as 𝑛 → ∞.
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12 of 28 ANDREIA and MEYER

Thus, assuming the existence of a Lebesgue measurable set 𝐸 ⊂ (0, 𝑆) with 𝑡′(𝑠) + 𝔭(𝑧̂′(𝑠), −𝐷𝑧̂(𝑠, 𝑧̂(𝑠))) > 1 for almost
all 𝑠 ∈ 𝐸 and 𝜆(𝐸) > 0 gives for every finite union 𝑈 ⊂ [0, 𝑆] of pairwise disjoint intervals with 𝐸 ⊂ 𝑈

𝜆(𝑈) = ∫
𝑈

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟 ≥ ∫
𝐸

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟
≥ 𝜆(𝐸) + 𝜀

for an 𝜀 > 0, only depending on 𝐸 and not on 𝑈, which contradicts the regularity of the Lebesgue measure. Similarly
𝑡′(𝑠) + 𝔭(𝑧̂′(𝑠), −𝐷𝑧̂(𝑠, 𝑧̂(𝑠))) < 1 for almost all 𝑠 ∈ 𝐸 with 𝜆(𝐸) > 0 would imply

𝑆 = ∫
𝑆

0

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟

= ∫
𝐸

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟 + ∫
(0,𝑆)⧵𝐸

𝑡′(𝑟) + 𝔭(𝑧̂′(𝑟), −𝐷𝑧̂(𝑟, 𝑧̂(𝑟))) 𝑑𝑟

< 𝜆(𝐸) + 𝜆((0, 𝑆) ⧵ 𝐸) = 𝑆.

Hence, we have 𝑡′(⋅) + 𝔭(𝑧̂′(⋅), −𝐷𝑧̂(⋅, 𝑧̂(⋅))) = 1 a.e. (0, 𝑆), which is Equation (2.3). □

A stability result of the form of Theorem 3.4 is of course useful in many regards. As a potential application, we consider
the following optimal control problem{

min 𝐽(𝑆, 𝑧̂, 𝓁) ∶= 𝑗(𝑧̂(𝑆)) + 𝛽 ‖𝓁‖𝐵𝑉([0,𝑇];ℝ𝑑)
s.t. 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑), (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (𝓁), ‖𝓁̂‖𝐵𝑉([0,𝑆];ℝ𝑑) ≤ 𝐾, (3.15)

where

(𝓁) ∶= {(𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ [𝑇,∞) ×𝑊1,∞(0, 𝑆) ×𝑊1,∞(0, 𝑆;ℝ𝑑) × 𝐵𝑉([0, 𝑆]; ℝ𝑑) ∶
(𝑆, 𝑡, 𝑧̂, 𝓁̂) is a relaxed solution associated with 𝓁

}
.

Furthermore, 𝛽 > 0 and 𝐾 > 𝑇‖𝓁0‖ a given constants. The function 𝑗 ∶ ℝ𝑑 → ℝ in the objective is supposed to be
continuous and bounded from below. By means of Theorem 3.4, we can now prove the following result.

Corollary 3.5. There exists at least one globally optimal solution

(𝑆∗, 𝑡∗, 𝑧̂∗, 𝓁̂∗, 𝓁∗) ∈ [𝑇,∞) ×𝑊1,∞(0, 𝑆∗) ×𝑊1,∞(0, 𝑆∗; ℝ𝑑) × 𝐵𝑉([0, 𝑆∗]; ℝ𝑑) × 𝐵𝑉([0, 𝑇]; ℝ𝑑)

of Equation (3.15).

Proof. Based on Theorem 3.4, the proof follows standard arguments. Due to the assumption−𝐴𝑧0 − (𝑧0) + 𝓁0 ∈ 𝜕(0),
the constant functions 𝑧̂ ≡ 𝑧0 and 𝓁̂ ≡ 𝓁0 together with 𝑡 = id and 𝑆 = 𝑇 generate a normalized, 𝔭-parametrized BV
solution associated with 𝓁 ≡ 𝓁0 in the sense of Definition 2.1. Thus it is also a relaxed solution associated with 𝓁 ≡ 𝓁0.
Moreover, 𝓁̂ trivially satisfies the boundedness condition in the constraints. Therefore, the feasible set of Equation (3.15)
is nonempty and we obtain an infimal sequence (𝑆𝑛, 𝑡𝑛, 𝑧̂𝑛, 𝓁̂𝑛, 𝓁𝑛) such that 𝐽(𝑆𝑛, 𝑧̂𝑛, 𝓁𝑛) → 𝐽∗, where

𝐽∗ ∶= inf
{
𝐽(𝑆, 𝑧̂, 𝓁) ∶ 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑), (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (𝓁), ‖𝓁̂‖𝐵𝑉([0,𝑆];ℝ𝑑) ≤ 𝐾}.

Since 𝑗 is bounded from below, the sequence (𝓁𝑛)𝑛 is bounded in 𝐵𝑉([0, 𝑇]; ℝ𝑑). Moreover, according the constraints, the
sequence (‖𝓁̂𝑛‖𝐵𝑉([0,𝑆𝑛];ℝ𝑑))𝑛 is also bounded. Therefore, Theorem 3.4 gives the existence of a subsequence converging to
a limit (𝑆∗, 𝑡∗, 𝑧̂∗, 𝓁̂∗, 𝓁∗) such that (𝑆∗, 𝑡∗, 𝑧̂∗, 𝓁̂∗) ∈ (𝓁∗) in the sense of Equations (3.3)–(3.5). Now, given an arbitrary
partition {𝑡𝑘} of [0, 𝑇], the pointwise convergence of 𝓁𝑛 from Equation (3.5) implies∑

𝑘

‖𝓁(𝑡𝑘) − 𝓁(𝑡𝑘−1)‖ = lim
𝑛→∞

∑
𝑘

‖𝓁𝑛(𝑡𝑘) − 𝓁𝑛(𝑡𝑘−1)‖ ≤ lim inf
𝑛→∞

Var(𝓁𝑛; [0, 𝑇]).
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ANDREIA and MEYER 13 of 28

Since {𝑡𝑘}was arbitrary, the total variation is, thus, lower semicontinuous w.r.t. pointwise convergence and so is the norm
in 𝐵𝑉([0, 𝑇]; ℝ𝑑) and 𝐵𝑉([0, 𝑆]; ℝ𝑑), respectively. Thus, the bound on the 𝐵𝑉([0, 𝑆]; ℝ𝑑)-norm readily carries over to
the limit 𝓁̂∗ giving its feasibility. Finally, the compact embedding𝑊1,∞(0, 𝑆∗) ↪ 𝐶([0, 𝑆∗]) yields 𝑧̂𝑛 → 𝑧̂∗ uniformly so
that exploiting the continuity of 𝑗 and the lower semi-continuity of the 𝐵𝑉([0, 𝑇]; ℝ𝑑)-norm results in 𝐽(𝑆∗, 𝑧̂∗, 𝓁∗) ≤
lim inf𝑛→∞ 𝐽(𝑆𝑛, 𝑧̂𝑛, 𝓁𝑛) = 𝐽

∗, which means (𝑆∗, 𝑡∗, 𝑧̂∗, 𝓁̂∗, 𝓁∗) is an optimal solution of Equation (3.15). □

4 PHYSICAL PLAUSIBILITY OF THE RELAXED SOLUTION CONCEPT

4.1 Relation to local solutions

In order to classify our relaxed solution concept, we compare it with the concept of a local solution, which is one of the
weakest solution concepts imposing less conditions on a solution compared to the other concepts. In our finite dimensional
setting with loads in 𝐵𝑉, this solution concept reads as follows:

Definition 4.1. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be given. We call 𝑧 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) a local solution of Equation (1.1) associated
with 𝓁, if

0 ∈ 𝜕(0) + 𝐷𝑧(𝑡, 𝑧(𝑡)) f.a.a. 𝑡 ∈ [0, 𝑇] (4.1)

(𝑡2, 𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) ≤ (𝑡1, 𝑧(𝑡1)) − ∫
𝑡2

𝑡1

𝑧(𝑟) 𝑑𝓁(𝑟) ∀ 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇, (4.2)

where

Diss(𝑧; [𝑡1, 𝑡2]) ∶=

sup

{
𝑘∑
𝑖=1

(𝑧(𝜉𝑖) − 𝑧(𝜉𝑖−1)) || 𝑡1 = 𝜉0 < 𝜉1 < ⋯ < 𝜉𝑛 = 𝑡2, 𝑛 ∈ ℕ
} (4.3)

and the integral on the left-hand side is to be understood as a Kurzweil integral. We refer to Refs. [4, Sec. 1] and [19, Sec. 2]
for an overview about the concept of Kurzweil integrals.

Remark 4.2. For external loads 𝓁 ∈ 𝐻1(0, 𝑇;ℝ𝑑), the Kurzweil integral in Equation (4.2) can be converted into the
Lebesgue integral ∫ 𝑡2

𝑡1
⟨𝑧(𝑟), 𝓁′(𝑟)⟩𝑑𝑟, compare Ref. [4, Prop. 1.10], so that the above definition coincides with Ref. [2, Def.

3.3.2]. Note moreover that, in this case, integration by parts of the integral involving the loading gives rise to an equivalent
energy inequality in terms of the potential energy  analogously to the energy identity in Equation (2.4). In case of the
Kurzweil integral, however, this reformulation leads to another notion of local solutions, which is no longer equivalent to
Equation (4.2), see Definition 4.7 below.

We underline that the subadditivity of implies that

Diss(𝑧; [𝑡1, 𝑡2]) = Diss(𝑧; [0, 𝑡2]) − Diss(𝑧; [0, 𝑡1]), (4.4)

for all 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇 provided that 𝑧 is continuous in 𝑡1. In order to compare our solution concept with the concept of
local solutions, we have to translate a relaxed solution into physical time. For this purpose, assume that we are given a
relaxed solution (𝑆, 𝑡, 𝑧̂, 𝓁̂). Then we define the set of projections of (𝑡, 𝑧̂) as

𝔓(𝑡, 𝑧̂) ∶= {𝑧 ∶ [0, 𝑇] → ℝ𝑑 ∶ ∀ 𝑡 ∈ [0, 𝑇] ∃ 𝑠 ∈ [0, 𝑆] with (𝑡, 𝑧(𝑡)) = (𝑡(𝑠), 𝑧̂(𝑠))}. (4.5)

Note that 𝔓 consists of all functions 𝑧 ∶ [0, 𝑇] → ℝ𝑑, whose graph is subset of the solution trajectory [0, 𝑆] ∋ 𝑠 ↦
(𝑡(𝑠), 𝑧̂(𝑠)). The following theorem correlates local with relaxed solutions. Under suitable assumptions, we can show that
every local solution can be interpreted as a relaxed solution. However, the opposite is not true, aswewill see in the example
in Section 4.2 below.
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14 of 28 ANDREIA and MEYER

Theorem 4.3. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) and local solution 𝑧 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) in the sense of Definition 4.1 be given.
Furthermore, we assume that is symmetric, that is,

(𝑧1) = (𝑧2) ⟺ ‖𝑧1‖ = ‖𝑧2‖ ∀ 𝑧1, 𝑧2 ∈ ℝ
𝑑, (4.6)

and that 𝑧 only admits a finite number of jumps. Then there exists a parametrization and 𝓁̂ ∈ 𝐵𝑉([0, 𝑆]; ℝ𝑑) such that
(𝑆, 𝑡, 𝑧̂, 𝓁̂) is a relaxed solution and 𝑧 ∈ 𝔓(𝑡, 𝑧̂).

Proof.

1. Construction and regularity of 𝑡 and 𝑧̂

We first need to construct a suitable parametrization 𝑠 ↦ (𝑡(𝑠), 𝑧̂(𝑠)) of the solution trajectory as a candidate for a relaxed
solution. In the literature on 𝔭-parametrized BV solutions, given a solution in physical time, the parametrized solution 𝑧̂
is frequently designed in jumps in such a way that the dissipative distance is minimized. More precisely, if 𝑡 ∈ [0, 𝑇] is a
jump point between the values 𝑧1 and 𝑧2, then 𝑧̂ is constructed by means of the minimizer of

⎧⎪⎨⎪⎩
min ∫

1

0

𝔭(𝑣′(𝑟), −𝐷𝑧(𝑡, 𝑣(𝑟)))𝑑𝑟
s.t. 𝑣 ∈ 𝑊1,1(0, 1; ℝ𝑑), 𝑣(0) = 𝑧1, 𝑣(1) = 𝑧2,

(4.7)

compare Ref. [2, Sec. 3.8.2]. Here, we pursue a different strategy. Since, in the relaxed solution concept, 𝓁̂ is an additional
variable in jumps, we have certain freedom in the choice of 𝑧̂. This allows us to use a simpler construction of 𝑧̂ and the
associated parametrization. The idea is to define 𝑧̂ in a jump point 𝑡 as an affin linear function connecting the value of 𝑧
in 𝑡 with its left or right-hand side limit and then define 𝓁̂ in dependence of 𝑧̂ such that the normalization condition (2.3)
and energy identity (2.4) are satisfied. For this purpose, let us define the following modified dissipation

Diss0(𝑧; [0, 𝑡]) ∶= (𝑧(0+) − 𝑧0) + Diss(𝑧; [0+, 𝑡]) (4.8)

taking into account potential jumps at the initial time. Note that the local solution need not satisfy the initial condition.
Given Diss0, we set

𝑠 ∶ [0, 𝑇] → [0, 𝑆], 𝑠(𝑡) ∶=

{
0, 𝑡 = 0,

𝑡 + Diss0(𝑧; [0, 𝑡]), 𝑡 ∈ (0, 𝑇],
(4.9)

where 𝑆 ∶= 𝑠(𝑇). Note that, by Equation (1.12),

Diss(𝑧; [0, 𝑇]) ≤ 𝐶 Var(𝑧; [0, 𝑇]) < ∞,
so that 𝑆 is finite. Let us investigate the regularity of 𝑠. We denote the jump points of 𝑧 that are greater zero by 0 < 𝑡1 < 𝑡2 <
… < 𝑡𝑁 ≤ 𝑇 and set 𝐽(𝑧) ∶= {𝑡1, … , 𝑡𝑁}. According to its definition,Diss(𝑧; [0+, ⋅ ]) is continuous in intervals of continuity
of 𝑧, that is, (𝑡𝑛, 𝑡𝑛+1)with 𝑡𝑛, 𝑡𝑛+1 ∈ 𝐽(𝑧), 𝑛 = 1,… ,𝑁, as it inherits its continuity from 𝑧 there. Thus, by construction, the
jump points of 𝑠 are 𝐽(𝑠) ∶= {0, 𝑡1, … , 𝑡𝑁}, if 𝑧(0+) ≠ 𝑧0, and 𝐽(𝑠) = 𝐽(𝑧) otherwise. In the remaining intervals however,
that is, in (0, 𝑡1), (𝑡1, 𝑡2), … , (𝑡𝑁−1, 𝑡𝑁), (𝑡𝑁, 𝑇), the function 𝑠 is continuous. Moreover, the non-negativity of implies that
𝑠 is strictly increasing and hence invertible. We denote its inverse function as

𝑡 ∶ [0, 𝑆] ⧵

𝑁⋃
𝑛=0

𝐼𝑛 → [0, 𝑇] ⧵ 𝐽(𝑠)

with

𝐼0 ∶= [0,(𝑧(0+) − 𝑧0)] and 𝐼𝑛 ∶= [𝑠(𝑡𝑛−), 𝑠(𝑡𝑛+)]. (4.10)

Then 𝑡 ismonotonously increasing as an inverse function of an increasing function. Furthermore, 𝑡 is Lipschitz-continuous
with Lipschitz constant 𝐿 ≤ 1 on all intervals of [0, 𝑆] ⧵⋃𝑁

𝑛=0
𝐼𝑛, since Equations (4.9) and (4.4) give for 𝑠1 < 𝑠2 from such
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ANDREIA and MEYER 15 of 28

an interval that

0 ≤ 𝑡(𝑠2) − 𝑡(𝑠1) = 𝑠2 − 𝑠1 − (Diss0(𝑧; [0, 𝑡(𝑠2)]) − Diss0(𝑧; [0, 𝑡(𝑠1)]))
= 𝑠2 − 𝑠1 − Diss(𝑧; [𝑡(𝑠1), 𝑡(𝑠2)]) ≤ 𝑠2 − 𝑠1.

(4.11)

Therefore, after constant continuation on all 𝐼𝑛, 𝑛 = 0,… ,𝑁, that is,

𝑡(𝑠) = 0 ∀ 𝑠 ∈ 𝐼0, 𝑡(𝑠) = 𝑡𝑛 ∀ 𝑠 ∈ 𝐼𝑛, 𝑛 = 1,… ,𝑁,

the function 𝑡 is Lipschitz-continuous with Lipschitz constant 𝐿 ≤ 1. So there holds 𝑡 ∈ 𝑊1,∞(0, 𝑆), that is, the required
regularity of 𝑡, and 𝑡′(𝑠) ≥ 0 for almost all 𝑠 ∈ (0, 𝑆), that is, the sign condition in Equation (2.2). Moreover, by construction
of 𝑡, we obtain that𝑀, the set where 𝑡 is strictly increasing, see Equation (3.2), is given by

𝑀 = (0, 𝑆) ⧵

𝑁⋃
𝑛=0

𝐼𝑛 =∶

𝑀⋃
𝑚=1

𝐺𝑚, (4.12)

where 𝐺𝑚 ⊂ (0, 𝑆) are open intervals.
Given 𝑡, we define 𝑧̂ as composition of 𝑧 and 𝑡 in the parts, where 𝑧 is continuous and in jumps we choose 𝑧̂ as the linear

function that connects the left- and right-hand limits of 𝑧 such that 𝑧̂ reads

𝑧̂(𝑠) ∶=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑧(𝑡(𝑠)), 𝑠 ∈ (0, 𝑆] ⧵
⋃𝑁
𝑛=0
𝐼𝑛,

𝑧(𝑡𝑛−) +
𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)

𝑠(𝑡𝑛) − 𝑠(𝑡𝑛−)
(𝑠 − 𝑠(𝑡𝑛−)), 𝑠 ∈ 𝐼

−
𝑛 ,

𝑧(𝑡𝑛) +
𝑧(𝑡𝑛+) − 𝑧(𝑡𝑛)

𝑠(𝑡𝑛+) − 𝑠(𝑡𝑛)
(𝑠 − 𝑠(𝑡𝑛)), 𝑠 ∈ 𝐼+𝑛 ,

𝑧0 +
𝑧(0+) − 𝑧0

(𝑧(0+) − 𝑧0) 𝑠, 𝑠 ∈ 𝐼0,

(4.13)

where 𝐼−𝑛 ∶= [𝑠(𝑡𝑛−), 𝑠(𝑡𝑛)], 𝐼+𝑛 ∶= [𝑠(𝑡𝑛), 𝑠(𝑡𝑛+)], and 𝐼0 as defined in Equation (4.10). Note that, by construction, 𝑧̂(0) =
𝑧0, that is, 𝑧̂ satisfies the initial condition in Equation (2.1). Next we show that 𝑧̂ constructed in this way is Lipschitz con-
tinuous, too. Let us first consider an arbitrary interval 𝐺𝑚 and let 𝑠1, 𝑠2 ∈ 𝐺𝑚 with 𝑠1 < 𝑠2 be arbitrary. Then, by definition
of 𝐺𝑚, 𝑧 is continuous on [𝑡(𝑠1), 𝑡(𝑠2)] and thus, similarly to Equation (4.11), the construction of 𝑠 in Equation (4.9) yields

𝑠(𝑡(𝑠2)) − 𝑡(𝑠2) − 𝑠(𝑡(𝑠1)) + 𝑡(𝑠1) = Diss(𝑧; [𝑡(𝑠1), 𝑡(𝑠2)]). (4.14)

With this at hand, assumption (1.12) and the construction of 𝑧̂ in Equation (4.13) yield

𝑐 ‖𝑧̂(𝑠2) − 𝑧̂(𝑠1)‖ ≤ (𝑧̂(𝑠2) − 𝑧̂(𝑠1))
≤ Diss(𝑧̂; [𝑠1, 𝑠2])
= Diss(𝑧; [𝑡(𝑠1), 𝑡(𝑠2)])
= 𝑠2 − 𝑡(𝑠2) − 𝑠1 + 𝑡(𝑠1) ≤ 𝑠2 − 𝑠1,

(4.15)

where we exploited the monotonicity of 𝑡 in the last estimate. Next let us consider an arbitrary interval 𝐼−𝑛 and arbitrary
points 𝑠1, 𝑠2 ∈ 𝐼−𝑛 . Using the definition of 𝑠 in Equation (4.9) and Diss0 in Equation (4.8) and again Equation (4.4), one
obtains

𝑠(𝑡𝑛) − 𝑠(𝑡𝑛−) = Diss(𝑧; [0, 𝑡𝑛]) − Diss(𝑧; [0, 𝑡𝑛−])
= (𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)).

(4.16)
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16 of 28 ANDREIA and MEYER

Together with the construction of 𝑧̂ in jumps according to Equation (4.13), this gives

‖𝑧̂(𝑠2) − 𝑧̂(𝑠1)‖ = ‖𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)‖
𝑠(𝑡𝑛) − 𝑠(𝑡𝑛−)

|𝑠2 − 𝑠1|
≤ ‖𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)‖

(𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)) |𝑠2 − 𝑠1| ≤ 1𝑐 |𝑠2 − 𝑠1|,
(4.17)

where we again used Equation (1.12) for the last estimate. Completely analogously, one derives the same estimate for
arbitrary 𝑠1, 𝑠2 ∈ 𝐼+𝑛 . In 𝐼0, we similarly obtain

‖𝑧̂(𝑠2) − 𝑧̂(𝑠1)‖ = ‖𝑧(0+) − 𝑧0‖
(𝑧(0+) − 𝑧0) |𝑠2 − 𝑠1| ≤ 1𝑐 |𝑠2 − 𝑠1| ∀ 𝑠1, 𝑠2 ∈ 𝐼0.

Since 𝑧̂ is additionally continuous by construction, see Equation (4.13), this estimate together with Equations (4.15)
and (4.17) implies that 𝑧̂ is Lipschitz-continuous on [0, 𝑆] with Lipschitz constant 1∕𝑐. Consequently, we obtain the
desired regularity of a relaxed solution, that is, 𝑧̂ ∈ 𝑊1,∞(0, 𝑆;ℝ𝑑). Furthermore, 𝑡, 𝑧̂ are constructed in such a way that
𝑧 ∈ 𝔓(𝑡, 𝑧̂).

2. Complementary, normalization, and energy identity outside of jumps

Now that we have defined 𝑡 and 𝑧̂, we still need to define 𝓁̂ outside the set𝑀 so that Equations (2.2)–(2.4) are fulfilled. On
𝑀, however, 𝓁̂ is fixed by Equation (3.1) and set to 𝓁̂ = 𝓁◦𝑡. To show Equation (2.2), let us assume by contrary that there
exists a set 𝐸 ⊂ 𝑀 of positive measure such that

dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) > 0 a.e. in 𝐸. (4.18)

For the image of 𝐸 under 𝑡, we obtain |𝑡(𝐸)| = ∫
𝐸
|𝑡′(𝑠)|𝑑𝑠 > 0, since 𝑡 is Lipschitz continuous andmonotonically increas-

ing on 𝑀. Then, in view of 𝑧̂ = 𝑧◦𝑡 and 𝓁̂ = 𝓁◦𝑡 and the definition of ̂ in Equation (1.8), Equation (4.18) implies
dist(−𝐷𝑧(𝑡, 𝑧(𝑠)), 𝜕(0)) > 0 a.e. in 𝑡(𝐸), which contradicts Equation (4.1). Thus we obtain

dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 0 f.a.a. 𝑠 ∈ 𝑀 (4.19)

Moreover, due to constant continuation outside of 𝑀, there holds 𝑡′(𝑠) = 0 for almost all 𝑠 ∈ (0, 𝑆) ⧵ 𝑀 and hence,
Equation (2.2) is valid independent of the choice of 𝓁̂ on (0, 𝑆) ⧵ 𝑀.
Next we show that Equation (2.3) is satisfied almost everywhere on𝑀. By exploiting Equation (4.19), this is

𝑡′(𝑠) +(𝑧̂′(𝑠)) = 1 f.a.a. 𝑠 ∈ 𝑀. (4.20)

Because𝑀 is a finite union of intervals, see Equation (4.12), this is in turn equivalent to

∫
𝑠2

𝑠1

𝑡′(𝑟) +(𝑧̂′(𝑟))𝑑𝑟 = 𝑠2 − 𝑠1 ∀ 𝑠1, 𝑠2 ∈ 𝐺𝑚, 𝑚 = 1,… ,𝑀. (4.21)

Using Equation (4.14) and Lemma A.1 yield for arbitrary 𝑠1, 𝑠2 ∈ 𝐺𝑚

∫
𝑠2

𝑠1

𝑡′(𝑟) +(𝑧̂′(𝑟))𝑑𝑟 = 𝑡(𝑠2) − 𝑡(𝑠1) + Diss(𝑧̂; [𝑠1, 𝑠2])

= 𝑡(𝑠2) − 𝑡(𝑠1) + Diss(𝑧; [𝑡(𝑠1), 𝑡(𝑠2)])
= 𝑠(𝑡(𝑠2)) − 𝑠(𝑡(𝑠1))

= 𝑠2 − 𝑠1,

which is Equation (4.21) such that Equation (2.3) indeed holds a.e. in𝑀.
Concerning the energy identity in Equation (2.4), take an arbitrary interval 𝐺𝑚 and let 𝑠1, 𝑠2 ∈ 𝐺𝑚, 𝑠1 < 𝑠2, be arbitrary,

too. By definition of 𝑧̂ in Equation (4.13), there holds 𝑧̂ = 𝑧◦𝑡 in𝐺𝑚 and therefore, the energy inequality (4.2)with 𝑡1 = 𝑡(𝑠1)
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ANDREIA and MEYER 17 of 28

and 𝑡2 = 𝑡(𝑠2) yields

(𝑡(𝑠2), 𝑧̂(𝑠2)) + Diss(𝑧̂; [𝑠1, 𝑠2]) − (𝑡(𝑠1), 𝑧̂(𝑠1))
= (𝑡(𝑠1), 𝑧(𝑡(𝑠2))) + Diss(𝑧; [𝑡(𝑠1), 𝑡(𝑠2)]) − (𝑡(𝑠1), 𝑧(𝑡(𝑠1)))

≤ −∫
𝑡(𝑠2)

𝑡(𝑠1)

𝑧(𝑡) 𝑑𝓁(𝑡)

= −∫
𝑠2

𝑠1

(𝑧◦𝑡)(𝑟) 𝑑(𝓁◦𝑡)(𝑟) = −∫
𝑠2

𝑠1

𝑧̂(𝑟) 𝑑𝓁̂(𝑟),

(4.22)

where we used the change of variables formula for Kurzweil integrals from Ref. [20, Thm. 6.1], which is applicable due
to the continuity of 𝑡. Note that we again used 𝓁̂ = 𝓁◦𝑡 in 𝐺𝑚 ⊂ 𝑀. For the dissipation, Lemma A.1 along with Equation
(4.19) yields

Diss(𝑧̂; [𝑠1, 𝑠2]) = ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) 𝑑𝑟. (4.23)

Since 𝑧̂ ∈ 𝑊1,∞(0, 𝑆;ℝ𝑑), we are allowed to apply the formula of integration by parts according to Ref. [4, Prop. 1.12] to
the Kurzweil integral on the right-hand side of Equation (4.22), which results in

−∫
𝑠2

𝑠1

𝑧̂(𝑟) 𝑑𝓁̂(𝑟) = ∫
𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟 + ⟨𝓁̂(𝑠2), 𝑧̂(𝑠2)⟩ − ⟨𝓁̂(𝑠1), 𝑧̂(𝑠1)⟩,
where we have already rewritten the Kurzweil integral on the right-hand side as a Lebesgue integral according to Ref. [4,
Prop. 1.10] and the regularity of 𝑧̂. Inserting this together with Equation (4.23) in Equation (4.22) implies in view of the
definition of  in Equation (1.7) that

(𝑧̂(𝑠2)) + ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) 𝑑𝑟
≤ (𝑧̂(𝑠1)) + ∫

𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟, (4.24)

Lemma B.1 yields that Equation (4.24) is even satisfied with equality and thus, we obtain the desired energy identity for
arbitrary 𝑠1, 𝑠2 ∈ 𝐺𝑚.

3. Construction of 𝓁̂ in jumps

To motivate our definition of 𝓁̂ in jumps, let us take a closer look at the connection of the normalization condition (2.3)
and the energy identity in jumps. As 𝑡 is constant there, Equation (2.3) reads

(𝑧̂′(𝑠)) + ‖𝑧̂′(𝑠)‖ dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 1 f.a.a. 𝑠 ∈
𝑁⋃
𝑛=0

𝐼𝑛. (4.25)

The term on the left-hand side is exactly the expression that also arises in the energy identity. So, if we consider an arbitrary
jump interval 𝐼𝑛 and arbitrary 𝑠1, 𝑠2 ∈ 𝐼𝑛 and if we suppose that 𝓁̂ is chosen in 𝐼𝑛 such that Equation (4.25) holds, then the
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18 of 28 ANDREIA and MEYER

energy identity in Equation (2.4) becomes

𝑠2 − 𝑠1 = ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) 𝑑𝑟
= (𝑧̂(𝑠1)) − (𝑧̂(𝑠2)) + ∫

𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟 (by (2.4))

= −∫
𝑠2

𝑠1

⟨𝐷𝑧(𝑧̂(𝑡)), 𝑧̂′(𝑡)⟩𝑑𝑡 + ∫
𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟
= −∫

𝑠2

𝑠1

⟨𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝑧̂′(𝑟)⟩𝑑𝑟,
where we used the definition of ̂ in Equation (1.8). Since this equality must hold for every 𝑠1, 𝑠2 ∈ 𝐼𝑛, provided that 𝓁̂ is
such that the energy identity holds, we see that 𝓁̂ satisfying the normalization condition (4.25) fulfills the energy identity,
if and only if

⟨𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝑧̂′(𝑠)⟩ + 1 = 0 f.a.a. 𝑠 ∈
𝑁⋃
𝑛=0

𝐼𝑛. (4.26)

To summarize, in order to ensure Equations (2.3) and (2.4) to hold in jumps, we must construct 𝓁̂ such that Equations
(4.25) and (4.26) are fulfilled. In view of ̂(𝑧) = 1

2
⟨𝐴𝑧, 𝑧⟩ + (𝑧) − ⟨𝓁̂, 𝑧⟩, Equation (4.26) leads to the natural choice

𝓁̂(𝑠) ∶= 𝐴𝑧̂(𝑠) + 𝐷𝑧(𝑧̂(𝑠)) + 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 ∀ 𝑠 ∈

𝑁⋃
𝑛=0

𝐼̊𝑛 , (4.27)

as Equation (4.26) and thus the energy identity are trivially fulfilled then. Note that 𝑧̂′(𝑠) is constant and different from
zero in

⋃𝑁
𝑛=0
𝐼̊𝑛 such that 𝓁̂(𝑠) is well defined and due to the regularity of 𝑧̂, an element of𝑊1,∞(𝐼𝑛; ℝ𝑑) for all 𝑛 = 0,… ,𝑁.

Note, moreover, that 𝐼̊𝑛 = ∅, if 𝑧̂′ vanishes there. It remains to prove Equation (4.25) for (𝑡, 𝑧̂) together with 𝓁̂ as defined in
Equation (4.27). For that purpose, let us investigate the dissipation functional in the jumps. As seen in Equation (4.16), in a
jumppoint 𝑡𝑛, there holds(𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)) = 𝑠(𝑡𝑛) − 𝑠(𝑡𝑛−) and completely analogously, one shows(𝑧(𝑡𝑛+) − 𝑧(𝑡𝑛)) =
𝑠(𝑡𝑛+) − 𝑠(𝑡𝑛). Using the monotonicity of 𝑠 along with the positive 1-homogeneity of and the structure of 𝑧̂ in the jump
parts 𝐼−𝑛 , 𝐼+𝑛 , see Equation (4.13), this implies

(𝑧̂′(𝑠)) = 
(
𝑧(𝑡𝑛) − 𝑧(𝑡𝑛−)

𝑠(𝑡𝑛) − 𝑠(𝑡𝑛−)

)
= 1 ∀ 𝑠 ∈ 𝐼−𝑛 (4.28)

as well as

(𝑧̂′(𝑠)) = 
(
𝑧(𝑡𝑛+) − 𝑧(𝑡𝑛)

𝑠(𝑡𝑛+) − 𝑠(𝑡𝑛)

)
= 1 ∀ 𝑠 ∈ 𝐼+𝑛 , (4.29)

while, on 𝐼0, we have by construction of 𝑧̂ in Equation (4.13) that (𝑧̂′(𝑠)) = 1 for all 𝑠 ∈ 𝐼0. Now let 𝑠 ∈
⋃𝑁
𝑛=0
𝐼̊𝑛 be

arbitrary. Inserting Equation (1.8) in the left-hand side in Equation (4.25) and employing Lemma B.2 yield

(𝑧̂′(𝑠)) + ‖𝑧̂′(𝑠)‖ dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0))
= (𝑧̂′(𝑠)) + ‖𝑧̂′(𝑠)‖ dist( 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , 𝜕(0)

)
= (𝑧̂′(𝑠)) + sup

𝑣∈ℝ𝑑,‖𝑣‖≤‖𝑧̂′(𝑠)‖
(⟨ 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , 𝑣⟩ −(𝑣)

)

= (𝑧̂′(𝑠)) + sup
0<𝛼<1

𝛼 sup
𝑣∈ℝ𝑑,‖𝑣‖=‖𝑧̂′(𝑠)‖

(⟨ 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , 𝑣⟩ −(𝑣)
)
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ANDREIA and MEYER 19 of 28

= (𝑧̂′(𝑠)) + sup
0<𝛼<1

𝛼 sup
𝑣∈ℝ𝑑,‖𝑣‖=‖𝑧̂′(𝑠)‖

(⟨ 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , 𝑣⟩ −(𝑧̂′(𝑠))
)

=
⟨ 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , 𝑧̂′(𝑠)⟩ = 1,

wherewe exploitedEquation (4.6), that is, the symmetry of by assumption, the 1-homogeneity of, andEquations (4.28)
and (4.29). Thus we have verified Equation (4.25), which, together with Equation (4.26), which holds by construction of
𝓁̂ according to Equation (4.27), implies Equations (2.2) and (2.4) in the jumps, as explained above. Therefore, the energy
identity (2.4) holds for all 𝑠1, 𝑠2 ∈ 𝐼𝑛, 𝑛 = 0,… ,𝑁, and all 𝑠1, 𝑠2 ∈ 𝐺𝑚,𝑚 = 1,… ,𝑀, and consequently, the continuity of 𝑧̂
implies that it holds for all 𝑠1, 𝑠2 ∈ [0, 𝑆].

4. Regularity of 𝓁̂

To summarize, we have seen that with 𝓁̂ defined by

𝓁̂(𝑠) =

⎧⎪⎨⎪⎩
𝓁(𝑡(𝑠)), 𝑠 ∈ [0, 𝑆] ⧵

⋃𝑁
𝑛=0
𝐼𝑛,

𝐴𝑧̂(𝑠) + 𝐷𝑧(𝑧̂(𝑠)) + 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 , ⋃𝑁
𝑛=0
𝐼̊𝑛,

, (4.30)

all conditions of a relaxed solution from Definition 3.1 are fulfilled. It remains to verify the required smoothness of 𝓁̂. Due
to 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) and the monotonicity of 𝑡, the composition 𝓁◦𝑡 is a function in 𝐵𝑉([0, 𝑆]; ℝ𝑑). Moreover, since 𝑧̂′ is
constant and nonzero in 𝐼̊𝑛, 𝐴𝑧̂(𝑠) + 𝐷𝑧(𝑧̂(𝑠)) + 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 inherits the regularity of 𝑧̂ and is, therefore, continuous. Thus,
as a piecewise composition of finitely many functions of bounded variation, 𝓁̂ is a function of bounded variation, too, that
is, 𝓁̂ ∈ 𝐵𝑉([0, 𝑆]; ℝ𝑑) as required. □

Remark 4.4. The symmetry of  is necessary to fulfill the normalization condition (2.3) with 𝓁̂ as chosen in Equation
(4.27). This can be seen as follows. Let  ∶ ℝ2 → ℝ be defined by (𝑧) = 1

2
|𝑧1| + |𝑧2| and suppose that there is a jump

interval 𝐼 with constant 𝑧̂′ given by 𝑧̂′(𝑠) =
(
1,
1

2

)⊤
for all 𝑠 ∈ 𝐼. Then we have(𝑧̂′(𝑠)) = 1 and 𝑧̂′(𝑠)‖𝑧̂′(𝑠)‖2 =

(
4

5
,
2

5

)⊤
for all

𝑠 ∈ 𝐼. For the distance to 𝜕(0), we thus obtain in light of Equation (4.27) that
dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = dist

(
𝑧̂(𝑠)‖𝑧̂′(𝑠)‖2 , [−12 , 12] × [−1, 1]

)
=
3

10
∀ 𝑠 ∈ 𝐼.

Due to 𝑡′(𝑠) = 0 for all 𝑠 ∈ 𝐼, we end up with

𝑡′(𝑠) +(𝑧̂′(𝑠)) + ‖𝑧̂′(𝑠)‖ dist(−𝐷𝑧̂(𝑠, 𝑧̂(𝑠)), 𝜕(0)) = 1 +√54 310 > 1 ∀ 𝑠 ∈ 𝐼

such that Equation (2.3) is indeed violated.

Remark 4.5. The symmetry of together with Equations (1.10) and (1.11) automatically implies that is a scaled version
of the norm, that is, there exists an 𝛼 ≥ 0 such that(⋅) = 𝛼‖ ⋅ ‖. This can be seen as follows. Let 𝑒 ∈ ℝ𝑑 be a unit vector
and define 𝛼 ∶= (𝑒). Then, for 𝑦 ≠ 0, the symmetry condition in Equation (4.6) implies(

𝑦‖𝑦‖
)
= (𝑒) = 𝛼 such that

(𝑦) = 𝛼‖𝑦‖ for all 𝑦 ∈ ℝ𝑑 due to the positive homogeneity of.
Remark 4.6. The reason why we assume in Theorem 4.3 that 𝑧 has only finitely many jumps is to guarantee the required
regularity of 𝓁̂, that is, 𝓁̂ ∈ 𝐵𝑉([0, 𝑆]; ℝ𝑑). Note that, according to Equation (4.30), 𝓁̂ is continuous except for the points in
the set

⋃𝑁
𝑛=0
{𝑠(𝑡𝑛−), 𝑠(𝑡𝑛), 𝑠(𝑡𝑛+)} and thus, if there are countablymany of those points, the total variation of 𝓁̂may become

infinite. At least in one dimension, that is, if 𝑑 = 1, there is, however, no alternative to the choice of 𝓁̂ in Equation (4.30),
as it is easily seen that this construction of 𝓁̂ in the jumps is the only way to guarantee Equation (4.26) and equivalently the
energy identity, while 𝓁̂ is determined by 𝓁◦𝑡 outside the jumps. Therefore, in order to allow for countable many jumps
of 𝑧 without destroying the regularity of 𝓁̂, we need to modify the construction of 𝑧̂ in the jumps. Let us again consider
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20 of 28 ANDREIA and MEYER

the one-dimensional case. If one aims to avoid a jump of 𝓁̂ at 𝑠 = 𝑠(𝑡𝑛−), one has to choose 𝑧̂ in the jump from 𝑠(𝑡𝑛−)
to 𝑠(𝑡𝑛) such that 𝓁(𝑡(𝑠)) = 𝐴𝑧̂(𝑠+) + 𝐷𝑧(𝑧̂(𝑠+)) + 𝑧̂′(𝑠+)|𝑧̂′(𝑠+)|2 . Thanks to the continuity of 𝑧̂, this can be reformulated as
𝐷𝑧(𝑡(𝑠), 𝑧̂(𝑠)) + 𝑧̂′(𝑠+)|𝑧̂′(𝑠+)|2 = 0, which results in the following condition for 𝑧̂ at the beginning of the jump

𝑧̂′(𝑠+) =
−𝐷𝑧(𝑡(𝑠), 𝑧̂(𝑠))|𝐷𝑧(𝑡(𝑠), 𝑧̂(𝑠))|2 , (4.31)

provided that 𝐷𝑧(𝑡(𝑠), 𝑧̂(𝑠)) ≠ 0. The condition in Equation (4.31) will in general not be fulfilled by the linear interpolant
from Equation (4.13), but, of course, one can find other Lipschitz continuous functions satisfying Equation (4.31) as well
as 𝑧̂(𝑠(𝑡𝑛−)) = 𝑧(𝑡𝑛−) and 𝑧̂(𝑠(𝑡𝑛)) = 𝑧(𝑡𝑛). However, in view of Equation (4.27) and the required boundedness of 𝓁̂ as a
function of bounded variation, 𝑧̂′ must be bounded away from zero in (𝑠(𝑡𝑛−), 𝑠(𝑡𝑛)). This is, however, not possible, if 𝑧̂′ is
smooth and −𝐷𝑧(𝑡(𝑠), 𝑧̂(𝑠)) and 𝑧(𝑡(𝑠)) − 𝑧(𝑡(𝑠)−) have a different sign. If 𝑧̂′ is not smooth, an additional discontinuity
in 𝓁̂ arises, compare Equation (4.27), contradicting again the required regularity of 𝓁̂, if this happens more than finitely
many times with a jump height that does not tend to zero sufficiently fast. All in all, we see that the construction of 𝓁̂ in
the presence of countably many jumps of 𝑧 is very involved and seems hardly to be possible in general.

As indicated above in Remark 4.2, the solution concept in Definition 4.1 is not the only possible generalization of the
notion of a local solution from Ref. [2, Def. 3.3.2] to the case with discontinuous loads. Another possibility to define local
solutions for discontinuous loads originates from an equivalent reformulation of the energy inequality in terms of the
potential energy  similar to the energy identity in Equation (2.4). This inequality reads

(𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) ≤ (𝑧(𝑡1)) + ∫
𝑡2

𝑡1

𝓁(𝑟) 𝑑𝑧(𝑟),

and is in fact equivalent to the energy inequality in Equation (4.2) provided that 𝓁 ∈ 𝐻1(0, 𝑇;ℝ𝑑), which follows from the
formula of integration by parts for Riemann–Stieltjes integrals. If we generalize this inequality for discontinuous loads,
that is, we replace the Riemann–Stieltjes integral on right-hand side by the Kurzweil integral and apply the formula for
integration by parts for Kurzweil integrals from Ref. [4, Prop. 1.12], then we obtain

(𝑡2, 𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) − ∑
𝑡∈[𝑡1,𝑡2]

Δ(𝓁, 𝑧, 𝑡)

≤ (𝑡1, 𝑧(𝑡1)) − ∫
𝑡2

𝑡1

𝑧(𝑟) 𝑑𝓁(𝑟) ∀ 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇,
(4.32)

with the additional term
∑
𝑡∈[𝑡1,𝑡2]

Δ(𝓁, 𝑧, 𝑡), which is defined by

Δ(𝓁, 𝑧, 𝑡) ∶= ⟨𝓁(𝑡) − 𝓁(𝑡−), 𝑧(𝑡) − 𝑧(𝑡−)⟩ − ⟨𝓁(𝑡+) − 𝓁(𝑡), 𝑧(𝑡+) − 𝑧(𝑡)⟩.
Note that this additional term vanishes, if 𝓁 is continuous. This leads us to the following alternative definition of local
solutions for discontinuous loads:

Definition 4.7. Let 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) be given. We call 𝑧 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) (alternative) local solution of Equation (1.1)
associated with 𝓁, if fulfills Equations (4.1) and (4.32).

Note that this effect does not arise in case of the parametrized solution concepts fromDefinitions 2.1 and 3.1, respectively.
Here, due to the continuity of 𝑧̂, the energy inequality (2.4) can be written equivalently as

̂(𝑧̂(𝑠2), 𝑠2) + ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0))𝑑𝑟
= ̂(𝑧̂(𝑠1), 𝑠1) − ∫

𝑠2

𝑠1

𝑧̂(𝑟) 𝑑𝓁̂(𝑟) for all 0 ≤ 𝑠1 ≤ 𝑠2 ≤ 𝑆

with a Riemann–Stieltjes integral on the right-hand side and no additional term involving the jumps of 𝓁̂ pops up.
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ANDREIA and MEYER 21 of 28

A close inspection of the proof of Theorem 4.3, however, shows that its statement also holds for local solutions in the
sense of Definition 4.7. To see this, observe that the energy equality is established by a distinction of cases in the proof
of Theorem 4.3. First, in part 2 of the proof, an arbitrary interval [𝑠1, 𝑠2] ⊂ 𝐺𝑚 is considered. In [𝑡(𝑠2), 𝑡(𝑠2)], however,
𝑧 is continuous such that the additional term involving Δ(𝓁, 𝑧, 𝑡) vanishes and the energy inequality in Equation (4.32)
coincides with the one in Equation (4.2) such that the arguments from part 2 are unaffected and apply to the alternative
definition of a local solution, too. Furthermore, in part 3 of the proof, where the jumps are considered, 𝑧̂ as well as 𝓁̂ are
explicitly constructed such that the energy identity is fulfilled and the energy inequality from Equations (4.2) and (4.32),
respectively, is not used for this at all. Thus, the arguments from part 3 also apply for the alternative definition of a local
solution and we arrive at the following

Corollary 4.8. Suppose that 𝓁 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) is given and that 𝑧 ∈ 𝐵𝑉([0, 𝑇]; ℝ𝑑) is a local solution in the sense of Defi-
nition 4.7 that only admits a finite number of jumps. Assume, moreover, that the dissipation functional fulfills the symmetry
condition from Equation (4.6). Then there exists a parametrization and 𝓁̂ ∈ 𝐵𝑉([0, 𝑆]; ℝ𝑑) such that (𝑆, 𝑡, 𝑧̂, 𝓁̂) is a relaxed
solution which fulfills 𝑧 ∈ 𝔓(𝑡, 𝑧̂).

4.2 A second counterexample

In order to further investigate the relation between the relaxed solution concept and the notion of local solutions, let us
return to the counterexample from Section 2.1 and slightly modify it. While energy and dissipation are left unchanged, see
Equation (2.6), we now consider

𝓁𝑛(𝑡) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑡 ∈ [0, 1],

𝑛

2
𝑡 −

𝑛

2
, 𝑡 ∈

(
1, 1 +

1

𝑛

)
,

0, 𝑡 ∈
[
1 +

1

𝑛
, 2
] (4.33)

as the sequence of loads. This sequence converges pointwise everywhere to 𝓁 ≡ 0. Moreover, it converges weakly* in
BV(0, 𝑇) to zero, too, but of course not in the intermediate sense, since |𝐷𝓁𝑛|(0, 2) = 1 ≠ 0 = |𝐷𝓁|(0, 2) for all 𝑛 ∈ ℕ. The
initial state is again set to 𝑧0 = 0. By direct calculations, one verifies that a relaxed solution associated with 𝓁𝑛 is again
given by Equations (2.8) and (2.9) along with 𝑆𝑛 = 5∕2 and

𝓁̂𝑛(𝑠) = 𝓁𝑛(𝑡𝑛(𝑠)) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑠 ∈ [0, 1],

𝑛

2

1+
𝑛

2

𝑠 −
𝑛

2

1+
𝑛

2

, 𝑠 ∈
(
1,
3

2
+
1

𝑛

)
,

0, 𝑠 ∈
[
3

2
+
1

𝑛
,
5

2

] (4.34)

instead of Equation (2.10). Note that this is not only a relaxed solution, but also a normalized 𝔭-parametrized BV solution,
as no jump occurs, that is, 𝑡(𝑠) > 0 everywhere, and both concepts coincide in this case.
Again the limits of 𝑧̂ and 𝑡 (w.r.t. pointwise convergence as well as weak* convergence in𝑊1,∞(0, 𝑆)) are given by the

functions in Equation (2.11), but 𝓁̂𝑛 now converges to

𝓁̂(𝑠) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑠 ∈ [0, 1],

𝑠 − 1, 𝑠 ∈
(
1,
3

2

)
,

0, 𝑠 ∈
[
3

2
,
5

2

]
.

(4.35)

We observe that 𝓁̂ is the pointwise limit and the limit w.r.t. intermediate convergence. Again, the limit is no normalized, 𝔭-
parametrized BV solution associated with 𝓁, since 𝓁̂ fromEquation (4.35) is not compatible with 𝓁 ≡ 0 in the viscous jump(
1,
3

2

)
according to the condition in Equation (2.5). However, as all other requirements in Definition 2.1 are satisfied, that
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22 of 28 ANDREIA and MEYER

is, Equations (2.1)–(2.4), and, since 𝓁̂ = 𝓁◦𝑡 in𝑀 =
(
0,
5

2

)
⧵
(
1,
3

2

)
, the limit is indeed a relaxed solution in accordance

with our findings in Theorem 3.4. Note in this context that 𝓁̂ and 𝑧̂ satisfy Equation (4.27) in the viscous jump
(
1,
3

2

)
.

Let us now consider the example in physical time. Here we observe that 𝑧𝑛 ∈ 𝑊1,∞(0, 2), defined by

𝑧𝑛(𝑡) =

⎧⎪⎪⎨⎪⎪⎩

0, 𝑡 ∈ [0, 1],

𝑛

2
𝑡 −

𝑛

2
, 𝑡 ∈

(
1, 1 +

1

𝑛

)
,

1

2
, 𝑡 ∈

[
1 +

1

𝑛
, 2
]
,

, (4.36)

satisfies Equation (1.1) a.e. in (0,2), where energy and dissipation are given by Equation (2.6) and 𝓁𝑛 is as defined in Equa-
tion (4.33). Thus, 𝑧𝑛 is even a differentiable solution and consequently a local solution, too. Due to the uniform convexity
of the energy in Equation (2.6), the differential solution is unique (if it exists). Therefore, the only differential solution
associated with the limit 𝓁 ≡ 0 is 𝑧 ≡ 0. As the initial state 𝑧0 = 0 is locally stable, this is the only physically meaningful
solution in the absence of external loading. But the sequence in Equation (4.36) converges pointwise to

𝑧̃(𝑡) =

{
0, 𝑡 ∈ [0, 1]
1

2
𝑡 ∈ (1, 2].

(4.37)

This function, however, is not even a local solution, since the energy inequality (4.2) is not fulfilled. To see this, observe
that, for every 𝑡2 > 1, we obtain

1

8
= (𝑡2, 𝑧̃(𝑡2)) + Diss(𝑧̃; [0, 𝑡2]) > (0, 𝑧̃(0)) − ∫

𝑡2

0

𝑧̃(𝑟) d𝓁(𝑟) = 0. (4.38)

This effect is closely related to the lack of continuity of the Kurzweil integral w.r.t. weak-∗ and intermediate convergence
in BV(0, 𝑇) × BV(0, 𝑇). Note that, although 𝑧𝑛 converges to 𝑧̃ in the intermediate topology and 𝓁𝑛 ⇀∗ 𝓁 = 0, there holds

−(2, 𝑧𝑛(2)) − Diss(𝑧𝑛; [0, 2]) + (0, 𝑧𝑛(0)) = ∫
2

0

𝑧𝑛(𝑡)d𝓁𝑛(𝑡)

= −
1

8
≠ 0 = ∫

2

0

𝑧̃(𝑡)d𝓁(𝑡)

for all 𝑛 ∈ ℕ.
A graphic interpretation of this observation is as follows: Due to the external force 𝓁𝑛, the state 𝑧𝑛 is raised to a higher

energy level. As𝑛 is increased, this shifting is accelerated such that, in the limit, the state remains on thehigher energy level
although the load vanishes. As a consequence, this increase of energy is not compensated by 𝓁 and the energy inequality
is violated. This example shows that not only the notion of normalized 𝔭-parametrized BV solutions, but even the concept
of local solutions is not stable w.r.t. a sequence of loads converging weakly* in BV(0, 𝑇).
Moreover, it can be shown that the differential solution from Equation (4.36) is also a global energetic solution. For the

precise definition of this solution concept see Ref. [2, Definition 2.1.2]. Since every global energetic solution is automati-
cally a local solution, the above passage to the limit shows that the concept of global energetic solutions is not stable w.r.t.
weak* convergence of the loads, too.
Let us finally investigate if there is another local solution that coincides with the limit (𝑧̂, 𝑡) in the sense that 𝑧̄ ∈ 𝔓(𝑡, 𝑧̂),

compare Equation (4.5). For this purpose, we transform the limit 𝑧̂ back into physical time, which yields

𝑧̄(𝑡) ∈ 𝑧̂(𝑡−1(𝑡)) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑡 ∈ [0, 1),[
0,
1

2

]
, 𝑡 = 1,

1

2
, 𝑡 ∈ (1, 2],
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ANDREIA and MEYER 23 of 28

where 𝑡−1 is the set-valued inverse of 𝑡. Thus, for every 𝑧̄ ∈ 𝔓(𝑡, 𝑧̂), the inequality in Equation (4.38) holds true,
which shows that no element of 𝔓(𝑡, 𝑧̂) is a local solution. Even if we consider a modified load corresponding to the
transformation of 𝓁̂ from Equation (4.35) into physical time, that is,

𝓁̄(𝑡) ∈ 𝓁̂(𝑡−1(𝑡)) =

{
0, 𝑡 ≠ 1.[
0,
1

2

]
, 𝑡 = 1,

the inequality in Equation (4.38) will still be valid, since the Kurzweil integral on the right side of Equation (4.38) is always
zero, no matter how one chooses 𝓁̄ in 𝑡 = 1, see Ref. [19, Corollary 2.14]. This shows that, in general, one cannot interpret
a relaxed solution (𝑆, 𝑡, 𝑧̂, 𝓁̂) as a local solution.
The above example illustrates the following: the price one has to pay for a solution concept that is stable w.r.t. weak*

convergence of the loads is that “solutions” are allowed that are not meaningful from a physical perspective. As already
mentioned, the only reasonable solution of Equation (1.1) without external loads (i.e., 𝓁 ≡ 0) and with a uniformly convex
energy and a locally stable initial state 𝑧0 is 𝑧 ≡ 𝑧0. The relaxed solution, however, jumps at 𝑡 = 1 from 𝑧0 = 0 to 1∕2
without any impact of an external load, which makes of course no sense at all.

4.3 A third counterexample

The next example shows that the two concepts of local solutions are even not stable with respect to intermediate conver-
gence in 𝐵𝑉. This concerns both definitions of local solutions in Definitions 4.1 and 4.7, respectively, regardless whether
the energy inequality is given as in Equation (4.2) or in Equation (4.32).
The example from Section 2.1 also serves as counterexample for the lack of stability for local solutions in the sense of

Definition 4.7. For convenience, let us recall the setting of Section 2.1, where energy, dissipation, initial state, and end time
were given by

(𝑧) = |𝑧|, (𝑧) = 1
2
𝑧2 − 𝑧, (𝑡, 𝑧) = (𝑧) − 𝓁(𝑡)𝑧, 𝑧0 = 0, 𝑇 = 2,

while the sequence of loads was

𝓁𝑛(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0, 𝑡 ∈ [0, 1]

𝑛

2
𝑡 −
𝑛

2
, 𝑡 ∈

(
1, 1 +

1

𝑛

)
1

2
, 𝑡 ∈

[
1 +
1

𝑛
, 2

]
.

(4.39)

One easily verifies that a differential and thus local solution is given by

𝑧𝑛(𝑡) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0, 𝑡 ∈ [0, 1]

𝑛

2
𝑡 −
𝑛

2
, 𝑡 ∈

(
1, 1 +

1

𝑛

)
1

2
, 𝑡 ∈

[
1 +
1

𝑛
, 2

]
.

(4.40)

With respect to intermediate convergence 𝓁𝑛 and 𝑧𝑛 converge to

𝑧(𝑡) =

{
0, 𝑡 ∈ [0, 1]
1

2
𝑡 ∈ (1, 2],

𝓁(𝑡) =

{
0, 𝑡 ∈ [0, 1]
1

2
𝑡 ∈ (1, 2].

(4.41)
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24 of 28 ANDREIA and MEYER

However, for any 0 ≤ 𝑡1 < 1 < 𝑡2 ≤ 2, the energy inequality (4.32) is not fulfilled, since
(𝑡2, 𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) − ∑

𝑡∈[𝑡1,𝑡2]

Δ(𝓁, 𝑧, 𝑡) =
1

8

> 0 = (𝑡1, 𝑧(𝑡1)) − ∫
𝑡2

𝑡1

𝑧(𝑟) 𝑑𝓁(𝑟).

Note that we again observe the same lack of continuity of the Kurzweil integral as in the example before, as ∫ 2
0
𝑧𝑛𝑑𝓁𝑛 =

−
1

8
≠ 0 = ∫ 2

0
𝑧𝑑𝓁 for all 𝑛 ∈ ℕ.

To construct a counterexample for the notion of solutions according to Definition 4.1, we need to slightly modify the
setting. While energy and dissipation remain unchanged, the sequence of loads is now set to

𝓁𝑛(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑡 ∈ [0, 1 −

1

𝑛
]

𝑛

2
𝑡 −

𝑛

2
+
1

2
, 𝑡 ∈

(
1 −

1

𝑛
, 1
)

1

2
, 𝑡 ∈ [1, 2].

The associated differential (and thus also local) solutions read

𝑧𝑛(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑡 ∈ [0, 1 −

1

𝑛
]

𝑛

2
𝑡 −

𝑛

2
+
1

2
, 𝑡 ∈

(
1 −

1

𝑛
, 1
)

1

2
, 𝑡 ∈ [1, 2].

As limits with respect to intermediate convergence, we obtain the right continuous functions

𝑧(𝑡) =

⎧⎪⎨⎪⎩
0, 𝑡 ∈ [0, 1)

1

2
𝑡 ∈ [1, 2],

𝓁(𝑡) =

⎧⎪⎨⎪⎩
0, 𝑡 ∈ [0, 1)

1

2
𝑡 ∈ [1, 2].

In this case, the energy inequality (4.2) is not valid for any 0 ≤ 𝑡1 < 1 < 𝑡2 ≤ 2, since

(𝑡2, 𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) = −18 > −
1

4
= (𝑡1, 𝑧(𝑡1)) − ∫

𝑡2

𝑡1

𝑧(𝑟) 𝑑𝓁(𝑟).

As before, one again verifies that the Kurzweil integrals invovling the loads do not converge, as ∫ 2
0
𝑧𝑛𝑑𝓁𝑛 =

1

8
≠ 1

4
=

∫ 2
0
𝑧𝑑𝓁 for all 𝑛 ∈ ℕ.
The above examples show that local solutions are indeed even not stable w.r.t. intermediate convergence. As in

the previous example in Section 4.2, this implies that global energetic solution are not stable w.r.t. intermediate
convergence, too.
In contrast to this, the assumptions of Theorem 3.4 are fulfilled in this example such that the limit of a sequence of

relaxed solutions will again be a relaxed solution according to that theorem. However, the relaxed solution concept is not
the only one that behaves stable in this example. In Ref. [4, Chapter 2], the authors derive another definition of energetic
solutions for discontinuous loads in the case of left continuous solutions and loads. There, the energy inequality contains
an additional dissipative term respecting the jumps of 𝑧. In our setting, the energy inequality according to this notion of
solution reads

(𝑡2, 𝑧(𝑡2)) + Diss(𝑧; [𝑡1, 𝑡2]) + ∑
𝜏∈[0,𝑇]

Δ(𝑧(𝜏+), 𝑧(𝜏))

≤ (𝑡1, 𝑧(𝑡1)) − ∫
𝑡2

𝑡1

𝑧(𝑟) 𝑑𝓁(𝑟) ∀ 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇
(4.42)
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with Δ(𝜉, 𝜂) ∶= ⟨ ′(𝜉), 𝜉 − 𝜂⟩ − (𝜉) + (𝜂) for 𝜉, 𝜂 ∈ ℝ𝑛, where  is the potential energy from Equation (1.7). Due to
the consideration of only left continuous functions, the term Δ(𝑧(𝜏), 𝑧(𝜏−)) is omitted. A straight-forward computation
shows that the above counterexample does not work with this energy inequality. While for sequence of loads and differ-
ential solutions from Equations (4.39) and (4.40), the left- and right-hand side in Equation (4.42) are both equal to −1

8

for all 𝑛 ∈ ℕ, the limit in Equation (4.41) satisfies Δ(𝑧(1+), 𝑧(1)) = 1
8
such that both sides of Equation (4.42) equal zero

in the limit. Therefore, the energy inequality in Equation (4.42) is always fulfilled with equality, even in the limit w.r.t.
intermediate convergence.
It remains an open question whether this solution concept with the modified energy inequality in Equation (4.42) is

always stable w.r.t. intermediate and/or weak-* convergence of loads in 𝐵𝑉, which is subject to future research. How-
ever, it is to be noted that the dissipation in Equation (4.42) is no longer rate independent, since the jump dissipation
Δ(𝑧(𝜏+), 𝑧(𝜏)) is not one-homogeneous. Thus, it seems that our relaxed solution concept is the only rate-independent
solution concept which is stable w.r.t. weak-* convergence.

5 CONCLUSION

The three examples from Sections 2.1, 4.2, and 4.3 illustrate that established solution concepts are not stable w.r.t. loads
converging in 𝐵𝑉([0, 𝑇]; ℝ𝑑) in the sense that the limit of an associated sequence of solutions to the rate-independent sys-
temneed not be a solution anymore. To bemore precise, the example in Section 2.1 shows that normalized 𝔭-parametrized
BV solutions are not stable for loads converging in the intermediate sense. Moreover, the example in Section 4.3 shows
the same for local (and thus also global energetic) solutions.
Nonetheless, as the analysis in Section 3.1 shows, it is possible to design a relaxed solution concept that is stable w.r.t.

weak* convergence of the loads. However, the considerations in Section 4 indicate that such a concept is even weaker
than the notion of local solutions and thus not really meaningful in practice. Especially, the example in Section 4.2 shows
that completely unphysical limits may arise, if the loads just converge weakly* in 𝐵𝑉([0, 𝑇]; ℝ𝑑), even in case of a uni-
formly convex energy. This already demonstrates that a stable solution concept must necessarily allow for physically
unreasonable solutions.
On the other hand, stability w.r.t. weak* convergence of the loads is an essential property of a solution concept, as

one can often hardly expect more than this type of convergence. This issue concerns the existence of optimal solutions
as discussed at the end of Section 3.1, but will very likely also arise when a given load in 𝐵𝑉([0, 𝑇]; ℝ𝑑) is discretized in
time. All in all, our results indicate that it might make no sense to consider discontinuous loads when dealing with rate-
independent systems due to a lack of stability of physically meaningful solution concepts that take the rate independency
of the system into account.
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APPENDIX A: THE DISSIPATIVE DISTANCE IN THE SMOOTH CASE
Lemma A.1. Let ∶ ℝ𝑑 → [0,∞) comply with (1.10)–(1.12) and 𝑧 ∈ 𝑊1,1(0, 𝑇;ℝ𝑑). Then

Diss(𝑧; [𝑡1, 𝑡2]) = ∫
𝑡2

𝑡1

(𝑧′(𝑟))𝑑𝑟 (A.1)

for all 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇.
Proof. Let an arbitrary partition 𝑡1 = 𝜉0 < 𝜉1 < ⋯ < 𝜉𝑛−1 < 𝜉𝑛 = 𝑡2 be given. Then applying Jensen’s inequality gives

(𝑧(𝜉𝑖) − 𝑧(𝜉𝑖−1)) = 
(
∫
𝜉𝑖

𝜉𝑖−1

𝑧′(𝑟)𝑑𝑟

)
≤ ∫

𝜉𝑖

𝜉𝑖−1

(𝑧′(𝑟)) 𝑑𝑟

for all 𝑖 = 1, … , 𝑛. Summing up results in
∑𝑛
𝑖=1

(𝑧(𝜉𝑖) − 𝑧(𝜉𝑖−1)) ≤ ∫ 𝑡2
𝑡1

(𝑧′(𝑟))𝑑𝑟 and, as the partition was arbitrary, this
gives Diss(𝑧; [𝑡1, 𝑡2]) ≤ ∫ 𝑡2

𝑡1
(𝑧′(𝑟))𝑑𝑟.

To show the reverse estimate, let a sequence of partitions ({𝜉ℎ
𝑖
}
𝑛ℎ
𝑖=1
)ℎ with ℎ ∶= max𝑖=1,…,𝑛ℎ 𝜉

ℎ
𝑖
− 𝜉ℎ

𝑖−1
→ 0 be given. We

define

𝜉ℎ(𝑡) ∶=
𝑧
(
𝜉ℎ
𝑖

)
− 𝑧

(
𝜉ℎ
𝑖−1

)
𝜉ℎ
𝑖
− 𝜉ℎ

𝑖−1

, 𝑡 ∈
[
𝜉ℎ
𝑖−1
, 𝜉ℎ
𝑖

)
.
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Then the 1-homogeneity of yields

Diss(𝑧; [𝑡1, 𝑡2]) ≥ ∑
𝑖=1,…,𝑛ℎ

(𝑧(𝜉ℎ
𝑖

)
− 𝑧

(
𝜉ℎ
𝑖−1

))

=
∑

𝑖=1,…,𝑛ℎ
∫
𝜉ℎ
𝑖

𝜉ℎ
𝑖−1


(
𝑧(𝜉ℎ
𝑖
) − 𝑧(𝜉ℎ

𝑖−1
)

𝜉ℎ
𝑖
− 𝜉ℎ

𝑖−1

)
𝑑𝑟 = ∫

𝑡2

𝑡1

(𝜉ℎ(𝑟)) 𝑑𝑟.

By Lebesgue’s differentiation theorem, we obtain 𝑧′(𝑡) = limℎ↘0 𝜉ℎ(𝑡) for almost all 𝑡 ∈ (0, 𝑇) such that the lower
semicontinuity of implies lim infℎ↘0(𝜉ℎ(𝑡)) ≥ (𝑧′(𝑡)) a.e. in (0, 𝑇). Thus Fatou’s lemma yields

Diss(𝑧; [𝑡1, 𝑡2]) ≥ lim inf
ℎ↘0 ∫

𝑡2

𝑡1

(𝜉ℎ(𝑟)) 𝑑𝑟

≥ ∫
𝑡2

𝑡1

lim inf
ℎ↘0

(𝜉ℎ(𝑟)) 𝑑𝑟 ≥ ∫
𝑡2

𝑡1

(𝑧′(𝑟)) 𝑑𝑟,

which finally gives the claim. □

APPENDIX B: AUXILIARY RESULTS FROM CONVEX ANALYSIS
The following results are well known, we only refer to Ref. [21] and the references therein. For convenience of the reader,
we present the proofs in detail.
Lemma B.1. For every (𝑆, 𝑡, 𝑧̂, 𝓁̂) ∈ (0,∞) ×𝑊1,∞(0, 𝑆) ×𝑊1,∞(0, 𝑆;ℝ𝑑) × 𝐵𝑉([0, 𝑆]; ℝ𝑑) and all 0 ≤ 𝑠1 ≤ 𝑠2 ≤ 𝑆 there
holds

(𝑧̂(𝑠2)) + ∫
𝑠2

𝑠1

(𝑧̂′(𝑟)) + ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) 𝑑𝑟
≥ (𝑧̂(𝑠1)) + ∫

𝑠2

𝑠1

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟. (B.1)

Proof. The compactness of 𝜕(0) implies that, for all 𝑟 ∈ (𝑠1, 𝑠2), there exists 𝑤𝑟 ∈ 𝜕(0) such that
dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) = ‖ − 𝐷𝑧̂(𝑟, 𝑧̂(𝑟)) − 𝑤𝑟‖. From this, we conclude

⟨−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝑧̂′(𝑟)⟩ = ⟨−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)) − 𝑤𝑟, 𝑧̂′(𝑟)⟩ + ⟨𝑤𝑟, 𝑧̂′(𝑟)⟩
≤ ‖ − 𝐷𝑧̂(𝑟, 𝑧̂(𝑟)) − 𝑤𝑟‖ ‖𝑧̂′(𝑟)‖ + ⟨𝑤𝑟, 𝑧̂′(𝑟)⟩
≤ ‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) +(𝑧̂′(𝑟)),

where we used 𝑤𝑟 ∈ 𝜕(0) for the last inequality. Now integrating over (𝑠1, 𝑠2) yields

∫
𝑠2

𝑠1

‖𝑧̂′(𝑟)‖ dist(−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝜕(0)) +(𝑧̂′(𝑟)) 𝑑𝑟

≥ ∫
𝑠2

𝑠1

⟨−𝐷𝑧̂(𝑟, 𝑧̂(𝑟)), 𝑧̂′(𝑟)⟩𝑑𝑟
= ∫

𝑠2

𝑠1

⟨−𝐷𝑧(𝑧̂(𝑟)), 𝑧̂′(𝑟)⟩ + ⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟
= (𝑧̂(𝑠1)) − (𝑧̂(𝑠2)) + ∫

𝑠

0

⟨𝓁̂(𝑟), 𝑧̂′(𝑟)⟩𝑑𝑟,
which is Equation (B.1). □
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Lemma B.2. Let ∶ ℝ𝑑 → [0,∞) comply with Equations (1.10)–(1.12) and 𝜏 > 0 be given. Then there holds
𝜏 dist(𝜂, 𝜕(0)) = sup

𝑣∈ℝ𝑑, ‖𝑣‖≤𝜏 (⟨𝜂, 𝑣⟩ −(𝑣))

for all 𝜂 ∈ ℝ𝑑.

Proof. Let us denote the indicator functional of a set𝑀 ⊂ ℝ𝑑 by 𝐼𝑀 , that is,

𝐼𝑀(𝑧) ∶=

{
0, if 𝑧 ∈ 𝑀,
∞, else.

Then the inf-convolution formula from Ref. [11, Prop. 3.4] yields( + 𝐼
𝐵𝜏(0)

)∗
(𝜂) = inf

𝑣∈ℝ𝑑

(
∗(𝑣) + 𝐼∗

𝐵𝜏(0)
(𝜂 − 𝑣)

)
, (B.2)

where 𝐵𝜏(0) denotes the ball of radius 𝜏 centered at zero. The conjugate of 𝐼𝐵𝜏(0) is given by 𝐼
∗

𝐵𝜏(0)
(⋅) = 𝜏‖ ⋅ ‖, while the

positive homogeneity of implies∗ = 𝐼𝜕(0). Inserted in Equation (B.2), we obtain( + 𝐼
𝐵𝜏(0)

)∗
= inf
𝑣∈ℝ𝑑

𝐼𝜕(0)(𝑣) + 𝜏‖𝜂 − 𝑣‖ = 𝜏 inf
𝑣∈𝜕(0) ‖𝜂 − 𝑣‖ = 𝜏 dist(𝜂, 𝜕(0)),

which is the claim. □
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