Optimal designs for estimating individual coefficients in Fourier regression models

Holger Dette Ruhr-Universität Bochum Fakultät für Mathematik 44780 Bochum

Germany

email: holger.dette@ruhr-uni-bochum.de

FAX: +49 2 34 32 14 559

Viatcheslav B. Melas St. Petersburg State University Department of Mathematics St. Petersburg Russia

email: v.melas@pobox.spbu.ru

February 7, 2001

Abstract In the common trigonometric regression model we investigate the optimal design problem for the estimation of the individual coefficients, where the explanatory variable varies in the interval [−a, a]; 0 < a ≤ π. It is demonstrated that the structure of the optimal design depends sensitively on the size of the design space. For many cases optimal designs can be found explicitly, where the complexity of the solution depends on the value of the parameter a and the order of the term, for which the corresponding coefficient has to be estimated.

AMS Subject Classification: 62K05 Keywords and Phrases: trigonometric regression, c-optimality, optimal design for estimating individual coefficients, Chebyshev approximation problem, implicit function theorem

1 Introduction

Trigonometric regession models of the form

y = β_0 + m∑ j=1 β_{2j−1} sin(jt) + m∑ j=1 β_{2j} cos(jt) + ε, x ∈ [−a, a]; 0 < a ≤ π (1.1)

are widely used to describe periodic phenomena [see e.g. Mardia (1972), Graybill (1976) or Kitsos, Titterington and Torsney (1988)] and the problem of designing experiments for

Fourier regression models has been discussed by several authors [see e.g. Hoel (1965), Karlin and Studden (1966), page 347, Fedorov (1972), page 94, Hill (1978), Lau and Studden (1985), Riccomagno, Schwabe and Wynn (1997)]. While most authors concentrate on the design space [−π, π] much less attention has been paid to the case of a smaller design space [see e.g. Hill (1978)]. This situation is of practical importance because in many applications it is impossible to take observations on the full circle [−π, π]. We refer for example to Kitsos, Titterington and Torsney (1988), who investigated a design problem in rhythmometry involving circadian rhythm exhibited by peak expiratory flow, for which the design region has to be restricted to a partial cycle of the complete 24-hour period. It is the purpose of the present paper to study the optimal design problem for the estimation of the individual coefficients β_k in the trigonometric regression model (1.1) on the interval [−a, a]. In Section 2 we introduce the general notation and state several preliminary results, which give some lower bounds on the number of support points of the optimal design. Section 3 deals with the full circle [−π, π], for which the solution of the optimal design problem is already difficult. Here we are able to find the optimal designs for estimating the individual coefficients β_k explicitly, whenever k >^{2m}_3 . In Section 4 we consider the optimal design problem for the estimation of the coefficients of the cosine terms, which is intimately related to the c-optimal design problem for the common polynomial regression on the interval [cos a, 1]. It is demonstrated that the optimal design problem for the estimation of the parameter β_k can be solved analytically for any k ∈ {0, 2, . . . , 2m}, provided that the design space [−a, a] is sufficiently small. Section 5 considers the problem of estimating individual coefficients of the sine terms, for which the situation is completely different. We use the implicit function theorem to prove that the optimal design depends analytically on the parameter a and find the limiting design as a → 0. From these results the optimal designs for estimating the coefficient of the highest sine term can be obtained numerically by a Taylor expansion with arbitrary precision. For the remaining coefficients of the sine terms it is shown that on a sufficiently small design space the corresponding optimal designs have the same support points as the optimal design for the estimation of the coefficient β_{2m−1} and an explicit formula for the corresponding weights is derived. The results of this paper demonstrate that the optimal design problem for the estimation of the individual parameters in a trigonometric regression is substantially more difficult than the corresponding problem in the polynomial case, which was recently solved by Sahm (2000) and Dette, Melas and Pepelysheff (2000). Nevertheless, for many important cases the optimal designs can be found explicitly by the results and methods given in this paper.

2 Optimal designs for estimating individual coefficients

Consider the trigonometric regression model (1.1), define β = (β_0, β_1, . . . , β_{2m})^T and

f(t) = (1, sin t, cos t, . . . , sin(mt), cos(mt))^T = (f_0(t), . . . , f_{2m}(t))^T

(2.1)

as the vector of regression functions. An approximate design is a probability measure ξ on the design space [−a, a] with finite support [see e.g. Kiefer (1974)]. The support points of the design ξ give the location where observations are taken, while the weights give the corresponding proportions of total observations to be taken at these points. For uncorrelated observations (obtained from an approximate design) the covariance matrix of the least squares estimator for the parameter β is approximately proportional to the matrix M(ξ) = ∫_a −a f(t)f^T (t)dξ(t) ∈ R^{2m+1×2m+1} (2.2)

which is called information matrix in the design literature. An optimal design minimizes (or maximizes) an appropriate convex (or concave) function of the information matrix and there are numerous criteria proposed in the literature, which can be used for the discrimination between competing designs [see e.g. Fedorov (1972), Silvey (1980) or Pukelsheim (1993)].

In this paper we are interested in optimal designs for the estimation of the individual coefficients β_k in the trigonometric regression model (1.1). To be precise let e_k ∈ R^{2m+1} denote the (k + 1)th unit vector (k = 0, . . . , 2m) and A^− be a generalized inverse of the matrix A ∈ R^{2m+1×2m+1} , then a design ξ is called e_k-optimal or optimal for estimating the coefficient β_k, if β_k is estimable by the design ξ [i.e. e_k ∈ Range(M(ξ))] and ξ minimizes the function Φ_k(η) = e^T_k M^−(η)e_k

(2.3)

in the set of all designs η such that β_k is estimable by the design η. e_k-optimal designs have been discussed by several authors, mainly for the case of polynomial regression on the interval [−1, 1] [see e.g. Studden (1968), Kiefer and Wolfowitz (1965), Hoel and Levine (1964) and Sahm (2000)], but nothing is known for the trigonometric case. Our first result is an important tool for the determination of optimal designs and gives a slightly different formulation of the equivalence theorem for e_k-optimal designs as it is usually stated in the literature [see e.g. Pukelsheim (1993), Section 2, or Studden (1968)]. The result is stated here for general regression models and a proof can be found in Dette, Melas and Pepelysheff (2000).

Lemma 2.1 For k = 0, 1, . . . , d let f̄_k(t) = (f_0(t), . . . , f_{k−1}(t), f_{k+1}(t), . . . , f_d(t))^T denote the vector obtained by omitting the component f_k(t) in the vector f(t) = (f_0(t), . . . , f_d(t))^T . A design ξ^∗ is optimal for estimating the parameter β_k in the model y = d∑ j=0 β_jf_j (t) + ε ; t ∈ τ ⊂ R

if and only if there exist a positive number h and a vector q ∈ R^d such that the function

φ(t) = f_k(t) − q^T f̄_k(t)

satisfies

(1) hφ^2(t) ≤ 1 for all t ∈ τ

(2) supp(ξ^∗) ⊂ {t ∈ τ | hφ^2(t) = 1}

(3) ∫ τ φ(t)f̄_k(t)dξ^∗(t) = 0 ∈ R^d Moreover, in this case h = Φ_k(ξ^∗) and the function φ is called extremal polynomial.

It follows by standard arguments [see Pukelsheim (1993), Chapter 4,5] that Φ is a convex function on the set of designs on the interval [−a, a], which is invariant with respect to a reflection of the design at the origin. Consequently there exists a symmetric e_k-optimal design (which is not necessarily unique) and we will restrict ourselves to the determination of optimal designs in the set Ξ_s of all symmetric designs on the interval [−a, a]. As pointed out by Dette and Haller (1998) this set can be mapped in a one to one manner onto the set of designs on the interval [α, 1] where α = cos a. More precisely, define for a symmetric design ξ on the interval [−a, a] its projection η_ξ as the design on the interval [α, 1] given by

η_ξ(cos x) = { ξ(x) + ξ(−x) if 0 < x ≤ a ξ(0) if x = 0.

(2.4)

It is now easy to see that after an appropriate permutation P ∈ R^{2m+1×2m+1} of the order of the regression functions the information matrix (2.2) of a symmetric design is block diagonal, that is M̃(ξ) = P M(ξ)P = ( M_c(ξ) 0 0 M_s(ξ) ) (2.5)

with diagonal blocks given by

M_c(ξ) = (∫_a −a cos(it) cos(jt)dξ(t) )_m i,j=0 (2.6)

= 2 · (∫_1 α T_i(x)T_j (x)dη_ξ(x) )_m i,j=0

M_s(ξ) = (∫_a −a sin(it) sin(jt)dξ(t) )_m i,j=1 (2.7)

= 2 · (∫_1 α (1 − x^2)U_{i−1}(x)U_{j−1}(x)dη_ξ(x) )_m i,j=1 where

T_i(x) = cos(i arccos x) (2.8)

U_i(x) = sin((i + 1) arccos x)

sin(arccos x) denote the Chebyshev polynomials of the first and second kind, respectively [see e.g. Rivlin (1974)]. Note that this transformation transfers the optimal design problem for the estimation of the individual coefficients in a trigonometric regression model to design problems for the estimation of the coefficients in the weighted polynomial regression models y = m∑ j=0 δ_j T_j(x) + ε; x ∈ [α, 1]

(2.9)

y = √ 1 − x^2 · m−1∑ j=0 δ_j U_j (x) + ε; x ∈ [α, 1].

(2.10)

The proof of the following result is now straightforward and therefore omitted.

Lemma 2.2 A symmetric design ξ^∗ on the interval [−a, a] is optimal for estimating the coefficient β_{2ℓ} (0 ≤ ℓ ≤ m) in the trigonometric regression (1.1) if and only if the design η_ξ∗ obtained by the transformation (2.4) is optimal for estimating the parameter δ_ℓ in the Chebyshev regression model (2.9).

Similary, a symmetric design ξ^∗ on the interval [−a, a] is optimal for estimating the coefficient β_{2ℓ−1} (1 ≤ ℓ ≤ m) in the trigonometric regression model (1.1) if and only if the design η_ξ∗ obtained by the transformation (2.4) is optimal for estimating the coefficient δ_{ℓ−1} in the weighted Chebyshev regression model (2.10).

Note that there is an alternative formulation of Lemma 2.2 in terms of c-optimality in the ordinary polynomial regression model. A c-optimal design minimizes the variance of the least squares estimator for the linear combination ∑_d j=0 δ_j c_j , where c = (c_0, . . . , c_d)^T ∈ R^d is a given vector and d ∈ {m − 1, m} corresponding to the cases (2.10) and (2.9), respectively [see Pukelsheim (1993)]. To be precise let T ∈ R^{m+1×m+1} and U ∈ R^{m×m} denote the matrix of the coefficients of the Chebyshev polynomials of the first and second kind, respectively, i.e. (T_0(x), . . . , T_m(x))^T = T · (1, x, . . . , x^m)^T (2.11) (U_0(x), . . . , U_{m−1}(x))^T = U · (1, x, . . . , x^{m−1})^T . Defining t(ℓ) = T^{−1}e_ℓ (ℓ = 0, . . . , m) and u(ℓ) = U^{−1}e_ℓ (ℓ = 0, . . . , m − 1), then we obtain the following auxiliary result.

Lemma 2.3 A symmetric design ξ^∗ on the interval [−a, a] is optimal for estimating the individual coefficient β_{2ℓ} (0 ≤ ℓ ≤ m) in the trigonometric regression (1.1) if and only if the design η_ξ∗ obtained by the transformation (2.4) is t(ℓ)-optimal in the ordinary polynomial regression model of degree m on the interval [α, 1].

Similary, a symmetric design ξ^∗ on the interval [−a, a] is optimal for estimating the coefficient β_{2ℓ−1} (1 ≤ ℓ ≤ m) in the trigonometric regression model (1.1) if and only if the design η_ξ∗ obtained by the transformation (2.4) is u(ℓ − 1)-optimal in the ordinary weighted polynomial regression model of degree m − 1 with efficiency function λ(x) = 1 − x^2 on the interval [α, 1].

Proof. We concentrate on the second case. The first assertion follows by exactly the same arguments. By Lemma 2.2 e_{2ℓ−1}-optimality of ξ^∗ in the trigonometric regression (1.1) holds if and only if the design η_ξ∗ obtained by the transformation (2.4) minimizes the criterion

e^T_{ℓ−1}M^−_s (ξ)e_{ℓ−1} = e^T_{ℓ−1}(U^{−1})^T ((∫_1 α (1 − x^2)x^{i+j}dη_ξ(x) )_{m−1} i,j=0 )_− U^{−1}e_{ℓ−1}

= u^T (ℓ − 1) ((∫_1 α (1 − x^2)x^{i+j} dη_ξ(x) )_{m−1} i,j=0 )_− u(ℓ − 1). The assertion now follows because the matrix in the last expression is the information matrix of a weighted polynomial regression of degree m − 1 with efficiency function λ(x) = 1 − x^2 [see Fedorov (1972)]. □

It is obvious that Lemma 2.2 and 2.3 are important tools for the identification of optimal designs for estimating the individual coefficients in the trigonometric regression model (1.1). In the remaining part of this section we will use these results for the derivation of bounds on the number of support points of the optimal designs. To this end we note that the Chebyshev polynomials of the first kind are orthogonal with respect to the arcsine distribution, i.e. 1 π ∫_1 −1 T_i(x)T_j (x) dx √ 1 − x^2 = 1 if i = j = 0 1 2 if i = j ≥ 1 0 if i ≠ j

(2.12)

while the corresponding orthogonality relation for the Chebyshev polynomials of the second kind is 2 π ∫_1 −1 √ 1 − x^2U_i(x)U_j (x)dx = { 1 if i = j ≥ 0 0 if i ≠ j

(2.13)

[see e.g. Rivlin (1974)].

Theorem 2.4 If ξ^∗_k denotes a symmetric optimal design for estimating the parameter β_k in the trigonometric regression model (1.1), then

max{2ℓ + 1, m − ℓ + 1} ≤ #supp(ξ^∗_{2ℓ}) ≤ 2m + 1 max{2ℓ, m − ℓ + 1} ≤ #supp(ξ^∗_{2ℓ−1}) ≤ 2m

whenever 0 ≤ ℓ ≤ m.

Proof. We will concentrate on the first case k = 2ℓ even, the odd case will follow by similar arguments. Using Lemma 2.2 and the transformation (2.4) the assertion of the theorem in the even case follows if we establish the bounds

max{ℓ + 1, m − ℓ 2 + 1} ≤ #supp(η_ξ∗_{2ℓ} ) ≤ m + 1

(2.14)

for the support of the e_ℓ-optimal design η_ξ∗_{2ℓ} in the Chebyshev regression model (2.9). This implication is obvious for the lower bound, while the upper bound requires the additional argument that the support of the optimal design η_ξ∗_{2ℓ} must either contain the point 1 or consists of less than m + 1 points. Finally m + 1 points in the interval [α, 1] including the right boundary correspond to 2m + 1 points in the interval [−a, a] including the center 0 by the transformation (2.4).

Note that the upper bound in (2.14) follows directly from Pukelsheim (1993) p. 190. Let

η^∗_{ξ2ℓ} = ( x_1 x_2 . . . x_n w_1 w_2 . . . w_n ) (2.15)

denote the e_ℓ-optimal design for the Chebyshev regression model (2.9) (0 ≤ ℓ ≤ m). If n = m + 1 there is nothing to prove and we consider now the remaining case n ≤ m. A reformulation of condition (3) of Lemma 2.1 shows that η_ξ∗_{2ℓ} is e_ℓ-optimal in the Chebyshev regression model (2.9) if and only if there exists a constant h > 0 and a polynomial φ(x) = T_ℓ(x) − m∑ j=0 j≠ℓ q_j T_j (x)

such that √ h|φ(x)| ≤ 1 ∀ x ∈ [α, 1] (2.16) √ h|φ(x_i)| = 1 i = 1, . . . , n (2.17) F Dw = 0 ∈ R^n (2.18)

where w = (w_1, . . . , w_n)^T denotes the vector of the weights of the design η_ξ∗_{2ℓ} , F is an m × n matrix defined by

F =

T_0(x_1) . . . T_0(x_n) T_1(x_1) . . . T_1(x_n) . . . . . . T_{ℓ−1}(x_1) . . . T_{ℓ−1}(x_n) T_{ℓ+1}(x_1) . . . T_{ℓ+1}(x_n) . . . . . . T_m(x_1) . . . T_m(x_n)

∈ R^{m×n} (2.19) and D is a diagonal matrix with entries φ(x_1), . . . , φ(x_n) (note that these quantities are all equal in absolute value). Note that for ℓ ≥ n the upper n × n block

(T_{i−1}(x_j ))^n_{i,j=1}

of the matrix F in (2.19) is non-singular because of the Chebyshev property of the system {T_0(x), . . . , T_{n−1}(x)} [see Karlin and Studden (1966)]. In this case (2.18) would imply w = 0, which is impossible for the optimal design. Consequently we obtain n > ℓ which yields one of the lower estimates in (2.14).

In order to establish the second estimate n ≥ (m − ℓ)/2 + 1 we will prove below that the existence of a nontrivial solution μ = Dw ∈ R^n of (2.18) implies that the integral equation ∫_1 −1 ℓ(x)Q(x)T_ℓ(x) dx √ 1 − x^2 = 0 (2.20)

holds for all polynomials Q of degree ≤ m − n, where ℓ(x) = n∏ i=1 (x − x_i) denotes the supporting polynomial of the design η^∗_{ξ2ℓ} . If this equivalence has been established it follows from the assumption n ≤ m that the polynomial ℓ(x)T_ℓ(x) of degree ℓ + n is orthogonal to all polynomials Q(x) of degree less or equal than m − n. Assume that n ≤^{m−ℓ}_2 , then ℓ(x)T_ℓ(x) would be of degree^{m+ℓ}_2 and m − n would be bounded from below by^{m+ℓ}_2 . Consequently we can use Q(x) = ℓ(x)T_ℓ(x) in (2.20) which is impossible proving that n ≥^{m−ℓ}_2 + 1.

In order to prove the remaining implication

(2.18) ⇒ (2.20)

assume that μ ∈ R^n is a nontrivial solution of F μ = 0, which means that there exist two linearly independent columns of the matrix F (note that n ≤ m). Let z, z_1, . . . , z_{m−n} denote complex numbers and define an (m + 1) × (m + 1) matrix B(z) by adding an additional row and m − n + 1 additional columns, i.e.

B(z) = T_0(x_1) . . . T_0(x_n) T_0(z) T_0(z_1) . . . T_0(z_{n−m}) T_1(x_1) . . . T_1(x_n) T_1(z) T_1(z_1) . . . T_1(z_{n−m}) . . . . . . . . . . T_m(x_1) . . . T_m(x_n) T_m(z) T_m(z_1) . . . T_m(z_{n−m}) . (2.21)

If x_1, . . . , x_n, z, z_1, . . . , z_{m−n} are all distinct we have

det B(z) ≠ 0

because this determinant is proportional to a Vandermonde determinant based on these points. Assume that z_1, . . . , z_{m−n} are distinct and different from the x_i, then we obtain by Laplace’s rule the representation

det B(z) = m∑ i=0 b_iT_i(z) where b_ℓ = 0 because the corresponding determinant obtained by deleting the (n+1)th column and (ℓ+1)th row contains two linearly dependent columns [note that this determinant contains the matrix F defined in (2.19)]. Therefore the orthogonality (2.12) implies ∫_1 −1 det B(z) · T_ℓ(z) dz √ 1 − z^2 = m∑ i=0 b_i ∫_1 −1 T_i(z)T_ℓ(z) dz √ 1 − z^2

= 0.

(2.22)

On the other hand the definition (2.21) yields det B(z_i) = 0 (i = 1, . . . , m − n) and det B(x_i) = 0 (i = 1, . . . , n) which shows that

det B(z) = n∏ i=1 (z − x_i) m−n∏ i=1 (z − z_i) = ℓ(z)Q(z) , (2.23)

where the last equation defines the polynomial Q. Because z_1, . . . , z_{m−n} are arbitrary complex numbers the identities (2.22) and (2.23) imply that (2.20) holds for any polynomial of degree m − n, which completes the proof of Theorem 2.4. □

For a given support the optimal weights of a c-optimal design can be obtained by standard formulas [see e.g. Studden (1968) or Pukelsheim and Torsney (1991)]. The following formulas for the weights of the optimal designs for estimating individual coefficients are obtained from general results on quadrature formulas [see Stroud and Secrest (1966)] and provide an alternative and interesting representation for the weights of the e_k-optimal designs in the case of trigonometric regression. For the sake of simplicity we state these results only for the Chebyshev regression model (2.9), the situation for the model (2.10) is similar (see Theorem 5.5) and the trigonometric case is obtained by the transformation (2.4) (see the following sections).

Lemma 2.5 Let n ≤ m + 1 and

η^∗ = ( x_1 . . . x_n w_1 . . . w_n )

denote an e_ℓ-optimal design in the Chebyshev regression model (2.9) (0 ≤ ℓ ≤ m), then the weights can be represented by the formula

w_i = |A_i| ∑_n j=1 |A_j | i = 1, . . . , n (2.24)

where the quantities A_i are given by

A_i =

∫_1 −1 ℓ_i(x)T_ℓ(x) dx √ 1 − x^2 i = 1, . . . , n (2.25) and ℓ_i(x) = n∏ j=1 i≠j x − x_j x_i − x_j denotes the ith Lagrange interpolation polynomial with nodes x_1, . . . , x_n.

Proof. The proof consists of two steps. At first we will show that for a given (distinct) support the space of solutions of the equation (2.18) is of dimension 1 and as a consequence the vector w is uniquely determined by normalization. Secondly, we will demonstrate that the weights given by (2.24) and (2.25) define such a solution.

For the proof of uniqueness assume that μ_1 = (μ_{11}, . . . , μ_{1n})^T and μ_2 = (μ_{21}, . . . , μ_{2n})^T are two linearly independent solutions of the equation F Dμ = 0 where the matrix F has been defined in (2.19). Let F̄ denote the (m + 1) × n matrix obtained from the m × n matrix F by adding the row (T_ℓ(x_1), . . . , T_ℓ(x_n)) between the ℓth and (ℓ + 1)th row, then the identity (2.17) and F Dμ_i = 0 (i = 1, 2) imply

F̄ Dμ_i = 1 h_i n∑ j=1 μ_{ij} · e_ℓ i = 1, 2.

Whenever n ≤ m + 1 the first n rows are linearly independent. If ∑_n j=1 μ_{ij} = 0 for some i ∈ {1, 2} this would imply μ_i = 0 contradicting to the non triviality of these vectors. Consequently we have ∑_n j=1 μ_{ij} ≠ 0, i = 1, 2 which yields (by the same argument) that these vectors are linarly dependent. For this reason the dimension of the space of solutions of the equation (2.18) is one and the component of any nontrivial solution must be all of the same sign (because there exists at least one solution of F Dμ = 0 yielding the weights of the e_ℓ-optimal design).

For the second part we distinguish the cases n = m + 1 and n ≤ m. For the latter case note that by the proof of Theorem 2.4 the existence of a solution of the system (2.18) implies the identity ∫_1 −1 Q(x)ℓ(x)T_ℓ(x) dx √ 1 − x^2 = 0 for all polynomials Q of degreee ≤ m−n. It then follows from standard results on quadrature formulas [see e.g. Stroud and Secrest (1966), p. 6] that there exists weights α_1, . . . , α_n such that the identity ∫_1 −1 P (x)T_ℓ(x) dx √ 1 − x^2 = n∑ j=1 α_j P (x_j)T_ℓ(x_j )

(2.26)

holds for all polynomials P of degree m. In other words the quadrature formula (2.26) is exact for all polynomials of degree m. Because n ≤ m we can use the Lagrange interpolation polynomials ℓ_1(x), . . . , ℓ_n(x) with nodes x_1, . . . , x_n in (2.26), which yields

A_i =

∫_1 −1 ℓ_i(x)T_ℓ(x) dx √ 1 − x^2 = α_iT_ℓ(x_i) i = 1, . . . , n and ∫_1 −1 P (x)T_ℓ(x) dx √ 1 − x^2 = n∑ j=1 A_jP (x_j )

(2.27)

for all polynomials P of degree ≤ m. Note that the A_i do not vanish simultaneously, because otherwise the left hand side of (2.27) would be zero, which is impossible. Moreover, from the orthogonality relation (2.12) for the Chebyshev polynomials of the first kind we have 0 = ∫_1 −1 T_i(x)T_ℓ(x) dx √ 1 − x^2 = n∑ j=1 A_jT_i(x_j)

whenever i ∈ {0, . . . , ℓ − 1, ℓ + 1, . . . , m}. But this system is equivalent to F A = 0, where A = (A_1, . . . , A_n)^T and F is defined in (2.19), which proves that D(A_1, . . . , A_n)^T is a solution of (2.18). The assertion of Lemma 2.5 in the case n ≤ m now follows from Lemma 2.1 and the first part of this proof.

For the remaining case n = m + 1 recall the definition of the matrix F̄ = (T_i(x_{j+1}))_{i,j=0,...,m} ∈ R^{m+1×m+1} and define F̄_i(x) as the matrix obtained from F̄ by replacing the ith column by the vector (T_0(x), . . . , T_m(x))^T . With these notations the Lagrange interpolation polynomials can be represented as

ℓ_i(x) = det F̄_i(x) det F̄ i = 1, . . . , m + 1 [note that F̄ is nonsingular by the Chebyshev property of the polynomials T_0(x), . . . , T_m(x)] and we obtain from the orthogonality (2.12)

A_i =

∫_1 −1 ℓ_i(x)T_ℓ(x) dx √ 1 − x^2 = c_ℓ det F̄_{iℓ} det F̄

where c_0 = π, c_ℓ = π/2 if ℓ ≥ 1 and the matrix F̄_{iℓ} is obtained from F̄ deleting the ith column and (ℓ+1)th row (i = 1, . . . , m+1; ℓ = 0, . . . , m). It now follows from Corollary 8.9 in Pukelsheim (1993) that the quantities defined in (2.24) give the weights of the e_ℓ-optimal design. □ 3 Optimal designs on the full circle and the quadratic trigonometric regression model

In this section we will study the case of the full circle as design space in more detail and indicate that on arbitrary intervals the situation becomes extremely difficult. It turns out that for many but not for all cases optimal designs for estimating the individual coefficients in the trigonometric regression model (1.1) with design space [−π, π] can be found explicitly.

Theorem 3.1 Consider the trigonometric regression model (1.1) on the design space [−π, π]. (a) For any ℓ such that m/3 < ℓ ≤ m and any β ∈ [0,^1_{2ℓ} ] the design

ξ^∗_{2ℓ} = ( −π −π +^π_ℓ . . . −π +^{2ℓ−1}_ℓ π π 1 2ℓ − β^1_{2ℓ} . . .^1_{2ℓ} β ) (3.1)

is optimal for estimating the parameter β_{2ℓ}. Moreover, in this case Φ_{2ℓ}(ξ^∗_{2ℓ}) = 1.

(b) For any ℓ such that m/3 < ℓ ≤ m the design ξ^∗_{2ℓ} defined by (3.1) is optimal for the estimation of the intercept β_0.

(c) For any ℓ such that m/3 < ℓ ≤ m the design

ξ^∗_{2ℓ−1} = ( −π +^π_{2ℓ} −π +^{3π}_{2ℓ} . . . −π +^{2ℓ−3}_{2ℓ} π^{−π}_{2ℓ} + π 1 2ℓ 1 2ℓ . . .^1_{2ℓ}^1_{2ℓ} )

is optimal for estimating the coefficient β_{2ℓ−1}. Moreover, in this case Φ_{2ℓ−1}(ξ^∗_{2ℓ−1}) = 1.

Proof. We will only consider the first case (a), the remaining parts are treated similary. The proof follows essentially by an application of Lemma 2.1 and discrete orthogonality properties for the Chebyshev polynomials of the first kind. To be precise let t_i = −π +^i_ℓ π (i = 0, . . . , 2ℓ) and consider the trigonometric polynomial φ(t) = cos(ℓt), which obviously satisfies condition (1) and (2) of Lemma 2.1 with h = 1. In order to prove the remaining condition (3) we have to establish the identities

s_{2j} = ∫_π −π φ(t)f_{2j} (t)dξ^∗_{2ℓ}(t) = 1 2ℓ 2ℓ−1∑

i=0 cos(jt_i) cos(ℓt_i) = 0

(3.2) for all j = 0, 1, . . . , ℓ − 1, ℓ + 1, . . . , m, and s_{2j−1} = ∫_π −π φ(t)f_{2j−1}(t)dξ^∗_{2ℓ}(t) = 1 2ℓ 2ℓ−1∑

i=0 sin(jt_i) cos(ℓt_i) = 0

(3.3)

for all j = 1, . . . , m. Note that the relation (3.3) is obvious by the symmetry of the design ξ^∗_{2ℓ}. For the quantities s_{2j} we obtain with the notation x_i = cos(t_i) = cos(−t_i) = cos(t_{2ℓ−i}) i = 0, . . . , ℓ s_{2j} = 1 2ℓ {T_j (x_0)T_ℓ(x_0) + T_j(x_ℓ)T_ℓ(x_ℓ)} + 1 ℓ ℓ−1∑ i=1 T_j (x_i)T_ℓ(x_i).

Note that x_0, . . . , x_ℓ are the extremal points of the Chebyshev polynomial of the first kind and that orthogonality properties of these polynomials with respect to discrete measures

[see Rivlin (1974), Exercise 1.5.28] show that s_{2j} = 0 if and only if for all j ∈ {0, . . . , ℓ − 1} ∪ {ℓ + 1, . . . , m} the quantities ℓ + j and |ℓ − j| are not multiples of 2ℓ. A simple calculation shows that this is obviously satisfied if ℓ > m/3, which completes the proof of the first assertion of Theorem 3.1. □

Example 3.2 It is interesting to note that in the case ℓ ≤ m/3 there exists an extremal polynomial for the design ξ^∗_{2ℓ} such that the inequality (1) of Lemma 2.1 is satisfied (in other words the usual checking condition of the equivalence theorem is fulfilled), but the design ξ^∗_{2ℓ} does not allow the estimability of the parameter β_{2ℓ} (because the identity (3) in Lemma 2.1 is not satisfied). For example, consider the case m = 4 and ℓ = 1 for which a possible candidate for e_2-optimality is the design

ξ^∗_2 = ( −π 0 π 1 2 − β^1_2 β ) . In this case the polynomial φ(t) = cos t + cos(3t) satisfies condition (1) and (2) of Lemma 2.1 with h = 1/4 but does not satisfy (3). This corresponds to the non-estimability of the parameter β_2 by the design ξ^∗_2 [i.e. e_2 ∉ M(ξ^∗_2 )]. A similar observation can be made in the design problem for the estimation of the parameters corresponding to the sine terms in the model (1.1).

We also mention the two cases not covered by Theorem 3.1 in this example. The optimal design for estimating the coefficient of cos(2t) in in the trigonometric regression model of degree 4 on the interval [−π, π] is given by

ξ^∗_2 = ( −^{2π}_3 −^π_3^π_3^{2π}_3 1 4 1 4 1 4 1 4 )

with extremal polynomial φ(t) = sin t + 1/6 sin(3t), while the optimal design for estimating the coefficient of sin t is given by

ξ^∗_1 = ( −^{5π}_6 −^π_6^π_6^{5π}_6 1 4 1 4 1 4 1 4 )

with extremal polynomial φ(t) = cos t − 1/6 cos(3t). The optimality of these designs can verified by an direct application of Lemma 2.1.

Example 3.3 Consider the case m = 2 and the trigonometric regression model (1.1) on the design space [−π, π]. By part (a) of Theorem 3.1 the design

ξ^∗_4 = ( −π −^π_2 0^π_2 π 1 4 − β^1_4^1_4^1_4 β ) (3.4) is optimal for estimating the coefficient of the term cos(2t) in (1.1) whenever β ∈ [0, 1/4]. Note that formally this design is not symmetric (except if β =^1_8 ) but this non symmetry is artifical, because the boundary points −π and π can be identified due to the 2π-periodicity of the regression functions. Similary, the design

ξ^∗_2 = ( −π 0 π 1 2 − β^1_2 β ) (3.5)

is optimal for estimating the parameter of the term cos t whenever β ∈ [0, 1/2] and the designs ξ^∗_2 and ξ^∗_4 are optimal for estimating the intercept in the trigonometric regression model (1.1). We also note that there are more optimal designs for estimating the intercept, e.g.

ξ^∗_0 = ( −^{2π}_3 0^{2π}_3 1 3 1 3 1 3 ) . (3.6)

The β_0-optimality of the design ξ^∗_0 can be shown by a direct application of Lemma 2.1 observing that the corresponding blocks in (2.5) are given by M_s(ξ^∗_0 ) = 0 ∈ R^{2×2} and

M_c(ξ^∗_0 ) = 1 2 · 2 0 0 0 1 1 0 1 1 .

Finally, by part (c) of Theorem 3.1 we obtain that the designs

ξ^∗_3 = ( −^{3π}_4 −^π_4^π_4^{3π}_4 1 4 1 4 1 4 1 4 ) (3.7) and ξ^∗_1 = ( −^π_2^π_{21} 2 1 2 ) (3.8)

are optimal for estimating the coefficients of the terms sin(2t) and sin(t) in the quadratic regression model on the interval [−π, π], respectively.

Example 3.4 The final example of this section will investigate the optimal designs for the quadratic trigonometric regression model (1.1) on the partial circle [−a, a] indicating the particular difficulties caused by this restriction. We give a complete solution of this problem, where the results are obtained from the following sections. At this point the optimality of the particular designs can be directly verified through Lemma 2.1 (which is left to the reader) and the examples should serve as a motivation for the more technical considerations in the following sections.

It is easy to see that for a ≥ 2/3π the design given in (3.6) is optimal for estimating the intercept in the trigonometric regression of degree 2 on the interval [−a, a]. If a ≤^2_3 π the situation changes and the design

ξ^∗_{0,a} = ( −a t^∗ 0 t^∗ a w^∗_2 w^∗_1 w^∗_0 w^∗_1 w^∗_2 ) (3.9)

with t^∗ = t^∗(a) = arccos(cos(a)/2 + 1/2)

(3.10) and w^∗_1 = w^∗_1(a) =

1 + 2 cos a 5 + 6 cos a + cos^2 a

, w^∗_2 =

1 + (cos a)/2 5 + 6 cos a + cos^2 a

(3.11)

is e_0-optimal on the interval [−a, a] (see Theorem 4.1 below).

The optimal design for the estimation of the coefficient of cos t on the interval [−a, a] is obtained as

ξ^∗_{2,a} = ( −a −π + a π − a a 1 4 1 4 1 4 1 4 ) (3.12)

if arccos(−1/3) ≤ a ≤ π (see Example 4.5 below) and as

ξ^∗_{2,a} = ( −a −t^∗ 0 t^∗ a w^∗_2^1_4 w^∗_0^1_4 w^∗_2 ) (3.13)

in the case 0 ≤ a ≤ arccos(−1/3), where t^∗ is defined by (3.10) and the weights w^∗_0 and w^∗_2 are given by w^∗_2 = 1 16 cos a + 3 cos a + 1

, w^∗_0 = 1 2 − 2w^∗_2

(3.14)

(see Theorem 4.1 below). Finally, the design for estimating the coefficient of cos(2t) on the interval[−a, a] is given by

ξ^∗_{4,a} = ( −a −t^∗ 0 t^∗ a 1 8 1 4 1 4 1 4 1 8 ) (3.15)

where the point t^∗ is defined by (3.10) (see Example 4.4 below). We also note that the points 1 = cos 0, x^∗ = cos t^∗ and α = cos a are the extremal points of the Chebyshev polynomial of the first kind

T_2 ( 2x − 1 − α 1 − α )

on the interval [α, 1] and demonstrate in the following section that this is a general property of e_{2ℓ}-optimal designs for sufficiently small design spaces (see Theorem 4.1 below). The description of the optimal designs for the estimation of the coefficients corresponding to the sine-terms is more complicated. Define e as the unique positive solution of the equation e^4 + 2e^3 · cos a + e^2 · sin a − 2e · cos a − 1 = 0 and t^∗ = t^∗(a) = arccos e.

(3.16)

If^π_2 ≤ a ≤ π the optimal design for estimating the coefficient of sin t on the interval [−a, a] is given by

ξ^∗_{1,a} = ( −^π_2^π_2 1 2 1 2 ) (3.17)

(see Corollary 5.1 below) while for 0 < a ≤^π_2 the design

ξ^∗_{1,a} = ( −a −t^∗ t^∗ a 1 2 − w^∗_1 w^∗_1 w^∗_1^1_2 − w^∗_1 ) (3.18)

with t^∗ defined by (3.16) and

w^∗_1 = w^∗_1(a) = 1 2 cos(a)(cos(a) − 1)(cos(a) + 1)(cos(a)e − 2e^2 + 1) (cos(a) − e)(cos(a)e^3 + (3 − 2 cos(a)^2)e^2 − 2 cos(a)e + cos(a)^3e + cos(a)^2 − 2) (3.19) is e_1-optimal on the interval [−a, a] (see Theorem 5.3 below). Similary, if^3_4 π ≤ a ≤ π the design

ξ^∗_{3,a} = ( −^{3π}_4 −^π_4^π_4^{3π}_4 1 4 1 4 1 4 1 4 ) (3.20)

is optimal for estimating the coefficient of sin(2t) in the quadratic trigonometric regression on the interval [−a, a] (see Corollary 5.1 below), while for 0 < a ≤^3_4 π the e_3-optimal design is of the form (3.18) with t^∗ given by (3.16) and weight w^∗_1 defined by

w^∗_1 = w^∗_1(a) = 1 2 (cos(a) − 1)(cos(a) + 1)(e cos(a) + 1 − 2e^2) (cos(a) − e)(cos(a) + e cos(a)^2 − e^2 cos(a) − e^3)

(3.21)

(see Theorem 5.5 below).

4 Optimal designs for estimating individual coefficients of cosine terms on a partial circle

In this section we investigate e_{2ℓ}-optimal design for (0 ≤ ℓ ≤ m) for the trigonometric regression model (1.1) with design space [−a, a] in more detail. It is demonstrated that there exists a point, say a^∗_ℓ ∈ (0, π], such that for all a ≤ a^∗_ℓ the optimal design for estimating the parameter β_{2ℓ} in the trigonometric regression on the interval [−a, a] can be found explicitly. Our second result gives a lower bound for a^∗_ℓ , while it is indicated at the end of this section that an explicit solution of the e_{2ℓ}-optimal design problem for any value of a satisfying a^∗_ℓ < a ≤ π can only be expected in particular cases.

Theorem 4.1 Consider the trigonometric regression model (1.1) on the interval [−a, a] and let t_i = t_i(a) = arccos {1 − α 2 cos iπ m + 1 + α 2 } i = 0, . . . , m, (4.1)

x_i = cos t_i (i = 0, . . . , m) denote the extremal points of the mth Chebyshev polynomial

T_m( 2x − 1 − α 1 − α ) of the first kind on the interval [α, 1] = [cos a, 1], define weights

w_0 =

A_0 ∑_m j=1 A_j ; w_i = A_i 2 ∑_m j=1 A_j i = 1, . . . , m (4.2)

where A_i = (−1)^{m−ℓ+i} · ∫_1 −1 ℓ_i(x)T_ℓ(x) dx √ 1 − x^2 i = 0, . . . , m (4.3)

and ℓ_i(x) denotes the ith Lagrange interpolation polynomial with nodes x_i = cos t_i (i = 0, . . . , m). For any ℓ ∈ {0, . . . , m} the quantity

a^∗_ℓ = a^∗_{ℓ,m} = sup{a ∈ (0, π] | A_i > 0 for all i = 0, . . . , m}

(4.4)

is always positive and the design ξ^∗_{2ℓ,a} = ( −t_m . . . −t_1 t_0 t_1 . . . t_m w_m . . . w_1 w_0 w_1 . . . w_m ) (4.5)

is optimal for estimating the parameter β_{2ℓ} in the trigonometric model (1.1) on the interval [−a, a], whenever a ≤ a^∗_ℓ .

Proof. In a first step we will prove that if the parameter a approaches 0 the quantities A_i defined in (4.3) are all positive. To this end let s_i = cos(^{iπ}_m ) denote the extremal points of the Chebyshev polynomial of the first kind T_m(x). Following Sahm (1998) we have 2^{m−1} m∏ j=0 j≠i (s_i − s_j) = d dx (x^2 − 1)U_{m−1}(x) | | |_{x=si}

= d dx (T_{m+1}(x) − xT_m(x)) | | |_{x=si} = (m + 1)U_m(s_i) − ms_iU_{m−1}(s_i) − T_m(s_i) =

(−1)^i γ_i where γ_0 = γ_m = 1/(2m) and γ_i = 1/m if 1 ≤ i ≤ m − 1. For the derivation of this identity we used the well known facts [see Szegö (1959)] T^′_k(x) = kU_{k−1}(x), U_m(s_i) = (−1)^i if 1 ≤ i ≤ m − 1 and U_k(1) = (−1)^kU_k(−1) = k + 1. This implies for the weights in (4.3) A_i = (−1)^{m−ℓ+i} · ∫_1 −1 m∏ j=0 j≠i x − x_j x_i − x_j T_ℓ(x) dx √ 1 − x^2 = 2^{m−1}(−1)^{m−ℓ} (1 − α)^m γ_i ∫_1 −1 m∏ j=0 j≠i (2x − 1 − α − {1 − α}s_j) · T_ℓ(x) dx √ 1 − x^2 .

This means that for a → 0 (which implies α = cos a → 1) we have

lim_{a→0}(1 − α)^mA_i = 2^{2m−1}(−1)^{m−ℓ}γ_i

∫_1 −1 (x − 1)^mT_ℓ(x) dx √ 1 − x^2

= γ_i2^{2m−1}

∫_1 −1 (1 + x)^mT_ℓ(x) dx √ 1 − x^2

= γ_i2^{3m−1}

Γ(^1_2 )Γ(m +^1_2 ) Γ(m + 1) P^{(m,−m−1)} ℓ (−1) P^{(m,−m−1)} ℓ (1)

= γ_i2^{3m−1}

Γ(^1_2 )Γ(m +^1_2 ) Γ(m + 1 − ℓ)

Γ(m + 1) Γ(m + 1 + ℓ)

where P^{(α,β)}n (x) denotes the nth Jacobi polynomial [see e.g. Szegö (1959)], the second equality follows by the substitution x → −x and T_ℓ(−x) = (−1)^ℓT_ℓ(x), the third equality is obtained from the identity (4.10.11) in Szegö (1959) and the final equality is a consequence of the relations P^{(α,β)}_ℓ (1) = Γ(ℓ+α+1)/{Γ(α+1)Γ(ℓ+1)} and P^{(α,β)}_ℓ (−x) = P^{(β,α)}_ℓ (x)(−1)^ℓ [see formula (4.1.1) and (4.1.3) in the same reference]. Consequently, if a → 0 all quantities A_i defined in (4.3) are positive and by continuity the supremum a^∗_ℓ defined by (4.4) is also positive.

For the proof of the second assertion of Theorem 4.1 recall that by Lemma 2.2 the e_{2ℓ}- optimality of the design ξ^∗_{2ℓ,a} defined by (4.5) in the trigonometric regression model (1.1) is equivalent to e_ℓ-optimality of the design η_ξ∗_{2ℓ,a} = ( x_0 x_1 . . . x_m w_0 2w_1 . . . 2w_m )

in the Chebyshev regression model (2.9) on the interval [cos a, 1]. We will now use Lemma 2.1 to establish this optimality. To this end assume that a^∗_ℓ > a and define

φ(x) = T_m( 2x − 1 − α 1 − α ) · φ_ℓ = m∑ j=0 b_j T_j (x)

(4.6)

where the coefficient φ_ℓ is defined by the condition that the coefficient b_ℓ of T_ℓ(x) in the above expansion of φ equals one and α = cos a. This polynomial obviously satisfies the condition (1) and (2) of Lemma 2.1 with h = 1/φ_ℓ. As demonstrated in the proof of

Theorem 2.4 the condition (3) of this Lemma is equivalent to the existence of a solution of the equation F Dw = 0 (4.7) with positive coefficients, where D = diag(1, −1, . . . , (−1)^m) and the matrix F is defined by (2.19). However, it is demonstrated in the second part of the proof of Lemma 2.5, that the vector (A_0, −A_1, . . . (−1)^mA_m) is always a solution of F μ = 0. Because A_i > 0 (i = 0, . . . , m) whenever a < a^∗_ℓ it follows that the vector w̃ = (w̃_0, . . . , w̃_m)^T with

w̃_i = A_i ∑_m j=0 A_j , i = 0, . . . , m is a solution of (4.7) with positive coefficients. Consequently, by Lemma 2.1 the design

η^∗_{2ℓ} = ( x_0 x_1 . . . x_m w̃_0 w̃_1 . . . w̃_m )

is optimal for estimating the parameter δ_ℓ in the Chebyshev regression model (2.9). The assertion now follows from the above discussion, which shows that the design ξ^∗_{2ℓ,a} defined in (4.5) is optimal for estimating the coefficient β_{2ℓ} in the trigonometric regression (1.1) on the interval [−a, a], whenever a < a^∗_ℓ . The remaining assertion for a = a^∗_ℓ follows by continuity. □

Corollary 4.2 If a → 0 the optimal design ξ^∗_{2ℓ,a} for estimating the parameter β_{2ℓ} in the trigonometric regression model (1.1) on the interval [−a, a] converges weakly in the following sense lim_{a→0} ξ^∗_{2ℓ,a}([−a, at]) = ξ^∗([−1, t]) ∀ t ∈ [−1, 1] where the design ξ^∗ is defined by

ξ^∗ = ( −y_m −y_{m−1} . . . −y_1 y_0 y_1 . . . y_{m−1} y_m 1 4m 1 2m . . .^1_{2m}^1_{2m}^1_{2m} . . .^1_{2m}^1_{4m} )

and the points y_0, . . . , y_m are given by

y_i = cos (π(m − i) 2m ) i = 0, . . . , m.

Proof. The assertion for the weights follows from the transformation (2.4) and the first part of the proof of Theorem 4.1, which shows that for a → 0 the weights in the corresponding design problem in the Chebyshev regression model (2.9) satisfy

lim_{a→0} ω̃_i =

{_1 2m if i = 0, m 1 m if i = 1, . . . , m − 1 .

m = 2 m = 3 m = 4 m = 5 1 2π/3 0.6881π 0.7411π 0.7666π cos(x) 0.6082π 0.7323π 0.7311π 0.7765π cos(2x) π 2π/3 0.7576π 0.7598π cos(3x) π 0.7048π 0.7709π cos(4x) π 0.7323π cos(5x) π

Table 4.1. Critical values a^∗_ℓ . defined in (4.4) for various values of ℓ and m. The optimal design for estimating the coeeficient β_{2ℓ} in the trigonometric regression model (1.1) on the interval [−a, a] is of the form (4.5), whenever a ≤ a^∗_ℓ .

The proof is completed by showing that the scaled support points t̃_i(a) = t_i(a)/a defined in (4.1) satisfy

lim_{a→0} t̃_i(a) = lim_{a→0} t_i(a) a = y_i = cos (π(m − i) 2m ) , i = 0, . . . , m. To this end we use the expansion cos x = 1 − x^2/2 + o(x^2) and obtain from (4.1) for a → 0 1 − (t̃_i(a)a)^2 2 + o(a^2) = cos t_i(a) = 1 − a^2 4 (1 − cos iπ m ) + o(a^2)

which gives by the identity cos 2x = 2 cos^2 x − 1

t̃^2_i (a) = 1 2 (1 − cos iπ m ) + o(a^2) = 1 2 (1 + cos π(m − i) m ) + o(a^2) = ( cos π(m − i) 2m )_2 + o(a^2) i = 0, . . . , m

and proves the assertion. □

The critical bound a^∗_ℓ can be determined numerically from (4.4) and (4.3) by standard numerical integration. Table 4.1 gives some of the critical points a^∗_ℓ obtained from Theorem 4.1 for various degrees of the trigonometric regression model. Note that Theorem 4.1 covers a relatively large range of the interval [0, π]. The following theorem shows that the critical bound of (4.4) is at least π/2 independent of the parameter which has to be estimated.

Theorem 4.3 Let x^∗_ℓ denote the smallest zero of the polynomial ( d dx )^ℓ{(x + 1)U_{m−1}(x)} ℓ = 1, . . . , m − 1 (4.8) and x^∗_m = 0 then for any ℓ ∈ {1, . . . , m} the critical value a^∗_ℓ defined in (4.4) satisfies

a^∗_ℓ ≥ a^{∗∗}_ℓ = arccos x^∗_ℓ + 1 x^∗_ℓ − 1 . In particular we have a^∗_ℓ ≥ a^{∗∗}_ℓ > π/2 for all ℓ ∈ {1, . . . , m} and for any fixed ℓ we have

lim_{m→∞} a^{∗∗}_ℓ = π 2 .

Proof. Note that by Lemma 2.3 a design ξ^∗_{2ℓ} is e_{2ℓ}-optimal in the trigonometric regression if and only if the measure η_ξ∗_{2ℓ} induced by the transformation (2.4) is t(ℓ)-optimal in the ordinary polynomial regression on the interval [α, 1], where t(ℓ) = T^{−1}e_ℓ and T denotes the matrix of coefficients of the Chebyshev polynomial of the first kind defined by (2.12). Let t_{i,j} denote the entries of the matrix T^{−1}, then it follows by Cramer’s rule that

t_{i,j} = 0 whenever i + j is odd t_{i,j} = 0 whenever i < j.

Moreover, the nonvanishing coefficients in the Chebyshev-expansions of the monomials

x^k = k∑ j=0 η_{k,j}T_j (x) k = 0, . . . , m

are all positive [see e.g. Rivlin (1974), Exercise 1.5.32] and as a consequence the vector t(ℓ) = T^{−1}e_ℓ can be written as

t(ℓ) = ⌊^{m−ℓ}_2 ⌋∑

j=0 α_{ℓ,j}e_{ℓ+2j} (4.9)

with positive coefficient α_{ℓ,j} (j = 0, . . . , ⌊^{m−ℓ}_2 ⌋; ℓ = 0, . . . , m). We will now investigate the e_{ℓ+2j} -optimal designs in ordinary polynomial regression using recent results of Sahm (2000). Note that the design space, which has to be considered, is the interval [α, 1], where α → 1 as a → 0. Sahm (2000) showed that the structure of the optimal design for estimating the ith coefficient in an ordinary polynomial regression on the interval [α, 1] is determined by the symmetry parameter s(α) = (α+1)/(α−1). In particular he proved that the e_i-optimal design for the ordinary polynomial regression is supported at the transformed Chebyshev points x_j = cos(t_j ) = 1 − α 2 cos( jπ m ) + 1 + α 2 j = 0, . . . , m (4.10)

whenever s(α) = α + 1 α − 1 < x^∗_i , where x^∗_i is the smallest zero of the polynomial ( d dx )^i{(x + 1)U_{m−1}(x)} ,

if 0 ≤ i ≤ m − 1 and x^∗_m = 0. Now it is easy to see that the zeros of the polynomials ( d dx )^i{(x + 1)U_{m−1}(x)} and ( d dx )^{i+1}{(x + 1)U_{m−1}(x)}

are interlacing and consequently we have for the smallest roots of these polynomials x^∗_i < x^∗_j whenever i < j. This implies that whenever

a < a^{∗∗}_ℓ = arccos x^∗_ℓ + 1 x^∗_ℓ − 1

we have a < arccos x^∗_i + 1 x^∗_i − 1 i = ℓ, ℓ + 1, . . . , m and consequently it follows from Sahm (2000) that in this case for all i = ℓ, ℓ + 1, . . . , m the e_i-optimal designs in the ordinary polynomial regression on the interval [α, 1] are supported at the points in (4.10). We will now prove that the t(ℓ)-optimal design in the ordinary polynomial regression [which is the e_ℓ-optimal design for the Chebyshev regression (2.9)] is also supported at the full set of Chebyshev points defined in (4.10), whenever a < a^{∗∗}_ℓ . If this assertion has been proved we obtain from Lemma 2.5 that the weights of the design η_ξ∗_{2ℓ} are given by (2.24) and (2.25), which implies that the quantities A_i = (−1)^{m−ℓ+i} ∫_1 −1 ℓ_i(x)T_ℓ(x) dx √ 1 − x^2

defined in (4.3) are positive for all a ∈ (0, a^{∗∗}_ℓ ). This follows because by the first part of this proof the quantities A_i are positive if a → 0 and they have to be of the same sign, because we will prove below that for all a ∈ (0, a^{∗∗}_ℓ ) the design η_ξ∗_{2ℓ} is supported at the full set of Chebyshev points.

To this end recall that for 0 < a < a^{∗∗}_ℓ the e_{ℓ+2j} -optimal design (j = 0, . . . , ⌊^{m−ℓ}_2 ⌋) is supported at the Chebyshev points defined in (4.10) with extremal polynomial given by (4.6). Lemma 2.1 for the vector f(x) =(1, x, . . . , x^m)^T shows that the corresponding vector of optimal weights w^j = (w^j_0, . . . , w^j_m)^T satisfies G_jDw^j = 0 , j = 0, . . . , ⌊ m − ℓ 2 ⌋ , where the matrix D is given by D = (−1)^{m−ℓ} · diag(1, −1, . . . , (−1)^m) and the matrix G_j is obtained from the matrix Ḡ = (x^i_j)_{i,j=0,...,m} by deleting the (ℓ + 2j + 1)th row. The condition (2) of the same Lemma implies for some h_j > 0 ḠDw^j = 1 h_j e_{ℓ+2j} , j = 0, . . . , ⌊ m − ℓ 2 ⌋ , which yields that for all j ∈ {0, . . . , ⌊^{m−j}_2 ⌋} the (k + 1)th component of the vector Ḡ^{−1}e_{ℓ+2j} is nonzero and has sign (−1)^{k+ℓ+m} (by the pattern of the diagonal elements of the matrix D). Introducing the notation [see Studden (1968)]

D_ν (c) =

| | | | | | | |

1 . . . 1 1 . . . 1 c_0 x_0 . . . x_{ν−1} x_{ν+1} . . . x_m c_1 . . . . . . . . . . x^m_0 . . . x^m_{ν−1} x^m_{ν+1} . . . x^m c_m

| | | | | | | | ν = 0, . . . , m

for a vector c = (c_0, . . . , c_m) ∈ R^{m+1} , we obtain for this component the representation

0 ≠ e^T_k Ḡ^{−1}e_{ℓ+2j} = (−1)^{m−k}

D_k(e_{ℓ+2j} )

det Ḡ j = 0, . . . , ⌊ m − ℓ 2 ⌋, k = 0, . . . , m (4.11)

and consequently D_k(e_{ℓ+2j} ) has sign (−1)^ℓ for all j = 0, . . . , ⌊^{m−ℓ}_2 ⌋. Therefore it follows from the representation (4.9)

D_k(t(ℓ)) = ⌊^{m−ℓ}_2 ⌋∑

j=0 α_{ℓ,j}D_k(e_{ℓ+2j}) ≠ 0 for all k = 0, . . . , m and the results of Studden (1968) show that the t(ℓ)-optimal design in the ordinary polynomial regression is supported on the full set of Chebyshev points defined by (4.10), whenever 0 < a < a^{∗∗}_ℓ . By the discussion at the beginning of this paragraph the quantities A_i defined in (4.3) are all positive for a ∈ (0, a^{∗∗}_ℓ ) which implies a^{∗∗}_ℓ ≤ a^∗_ℓ and completes the proof of the first part of the theorem.

For the second part we note that all zeros of the polynomial (x + 1)U_{m−1}(x) are real and located in the interval [−1, 1] [see e.g. Szegö (1959)] and consequently the roots of the ℓth derivative have the same property, which implies x^∗_ℓ > −1 or equivalently a^{∗∗}_ℓ > arccos 0 = π/2. Similary the roots of (x + 1)U_{m−1}(x) become dense in the interval [−1, 1] as m → ∞ [see Van Assche (1987)] and by of the interlacing property the zeros of the ℓth derivative have the same property, which implies for any fixed ℓ

lim_{m→∞} a^{∗∗}_ℓ = lim_{m→∞} arccos x^∗_ℓ + 1 x^∗_ℓ − 1

= arccos 0 = π 2 and completes the proof of the theorem. □

Example 4.4 Consider the case of estimating the coefficient of the highest cosine term, i.e. ℓ = m in Theorem 4.3. In this case the polynomial defined in (4.8) is constant, which implies a^{∗∗}_m = a^∗_m = π, and the e_{2m}-optimal design in the trigonometric regression model on the interval [−a, a] is given by (4.5) for any a ∈ (0, π]. Moreover, the weights of the e_{2m}-optimal design can be found explicitly by a careful inspection of the proof of Theorem 4.3, which shows that this design is obtained from the t(m)-optimal design in an ordinary polynomial regression on the interval [α, 1] with α = cos a. The representation (4.9) shows that the vectors t(m) and e_m are linearly dependent and consequently this design is the D_1- optimal design in an ordinary polynomial regression on the interval [α, 1]. The D_1-optimal design for polynomial regression has been determined by many authors on the interval [−1, 1] [see e.g. Studden (1980, 1982) or Spruill (1990)]. Because this problem is invariant under affine transformations the t(m)-optimal design in the ordinary polynomial regression puts masses^1_{2m} ,^1_m , . . . ,^1_m ,^1_{2m} at the points x_0, x_1, . . . , x_m where x_i = cos t_i (i = 0, . . . , m) and the nodes t_i are defined by (4.1). Observing the transformation (2.4) it follows that for any a ∈ (0, π] an optimal design for estimating the coefficient β_{2m} in the trigonometric regression model on the interval [−a, a] is given by

ξ^∗_{2m} = ( −t_m −t_{m−1} . . . −t_1 t_0 t_1 . . . t_{m−1} t_m 1 4m 1 2m . . .^1_{2m}^1_{2m}^1_{2m} . . .^1_{2m}^1_{4m} ) , where the support points t_i are defined in (4.1).

Example 4.5 Consider the case of estimating the coefficient β_{2m−2} in the trigonometric regression model (1.1), that is ℓ = m − 1 in Theorem 4.3. In this case we have by induction ( d dx )^{m−1}{(x + 1)U_{m−1}(x)} = (m − 1)! · {1 + mx}

which gives x^∗_{m−1} = −^1_m and

a^{∗∗}_{m−1} = arccos 1 − m m + 1 . Consequently, the e_{2m−2}-optimal design is supported at the points defined in (4.1) whenever

0 < a ≤ arccos( 1 − m 1 + m ) [see also formula (3.10) in Example 3.4, where the case m = 2 is considered]. In this case we are also able to find the optimal designs for a > a^{∗∗}_{m−1} using the recent results of Sahm (2000) and the arguments given in the proof of Theorem 4.3. More precisely, the e_{2m−2}-optimal design for the trigonometric regression on the interval [−a, a] is obtained from the t(m − 1)-optimal design in the ordinary polynomial regression on [α, 1]. Formula

(4.9) shows that this problem is equivalent to the e_{m−1}-optimal design problem in the same model. Theorem 3.2b) of Sahm (2000) shows that in the case

α + 1 α − 1 ∈ [− 1 m , − 1 m + (1 − 1 m ) 1 − cos(π/m) 1 + cos(π/m) ] the optimal design is supported at the points

x_j = α

1 + m cos(^{jπ}_m ) 1 − m j = 1, . . . , m (4.12)

(the formula for the corresponding weights is omitted for the sake of brevity). The transformation (2.4) shows that for a ∈ [arccos^{1−m}_{m+1} , arccos^{α∗+1}_{α∗−1} ] the e_{2m−2}-optimal design in the trigonometric regression (1.1) on the interval [−a, a] has only 2m support points −t_m − t_{m−1}, . . . , −t_1, t_1, . . . , t_m, where t_j = arccos x_j (j = 1, . . . , m) and

α^∗ = − 1 m + (1 − 1 m ) 1 − cos(π/m) 1 + cos(π/m) . (4.13)

Consider as a concrete example the case m = 2 discussed in Section 3, where α^∗ = 0 and x_1 = −α x_2 = α. Here a symmetric e_2-optimal design in the trigonometric regression of degree m = 2 on the interval [−a, a] is supported at the four points −a, −π + a, π − a, a, whenever arccos(−1/3) ≤ a ≤ π, as claimed in formula (3.12) of Example 3.4. In the general case m ≥ 3 it follows that α^∗ < 0 and a third case appears, for which the solution of the optimal design problem in the corresponding polynomial regression cannot be found explicitly [see Sahm (2000)]. In this case the optimal designs for estimating the coefficient β_{2m−2} in the trigonometric regression on the interval [−a, a] is supported on 2m points (including the points −a and a) and can be obtained by the methods introduced in Dette, Melas and Pepelysheff (2000) and the transformation (2.4).

5 Optimal designs for estimating individual coefficients of the sine terms on a partial circle

In this section we concentrate on the optimal design problem for the estimation of the individual coefficients corresponding to the sine terms in the trigonometric regression model (1.1). Example 3.4 already indicates that the situation for this case is substantially more difficult. Moreover, it also indicates that the e_1- and e_3-optimal design for the quadratic trigonometric model have the same support points, whenever a ≤^π_2 . One of our main results of this section shows that this property is also true for general degree m ≥ 2. In other words, if a is reasonable small (which will be made precise later) the support points of the e_{2m−1}-optimal design in the trigonometric regression model (1.1) on the interval [−a, a] coincide with the support points of e_{2ℓ−1}-optimal design for any ℓ ∈ {1, . . . , m}.

For this reason we will start our investigations of the sine case with a careful discussion of the optimal design problem for the estimation of the parameter β_{2m−1} in the trigonometric regression model (1.1). In this case we use the implicit function theorem to determine the optimal design, a technique, which was introduced by Melas (1978) in the context of optimal design. Our first result is an immediate consequence of Theorem 3.1 and Lemma 2.1.

Corollary 5.1 Let m/3 < ℓ ≤ m and π(1 − 1/2ℓ) ≤ a ≤ π, then the optimal design for estimating the coefficient β_{2ℓ−1} in the trigonometric regression model (1.1) on the interval [−a, a] is given by the design ξ^∗_{2ℓ−1} defined in part c) of Theorem 3.1.

In the following we consider the optimal problem for the estimation of the parameter β_{2m−1} and study the case 0 < a ≤ π(1 − 1/2m) for which the e_{2m−1}-optimal design problem is equivalent to the e_m-optimal design problem in the Chebyshev regression model (2.10) on the interval [α, 1]. In this case the function φ in Lemma 2.1 is of the form

φ_m(x) = √ 1 − x^2(U_{m−1}(x) + b_{m−2}U_{m−2}(x) + . . . b_1U_1(x) + b_0)

(5.1)

and it follows from Threom 2.4 that the e_m-optimal design η_ξ∗_{2m−1,a} has m support points, including the boundary point α. Morover, the point x = 1 cannot be a support point of the design η_ξ∗_{2m−1,a} , because this point is a root of the extremal polynomial φ. Therefore, by the transformation (2.4), the optimal design for estimating the parameter β_{2m−1} in the trigonometric model is of the form ξ_{(τ,w)} = ( −a at_2 . . . at_m −at_m . . . −at_2 a 1 2 w_1^1_2 w_2 . . .^1_2 w_m^1_2 w_m . . .^1_2 w_2^1_2 w_1 ) (5.2)

where w ∈ V := { w = (w_1, . . . , w_m)^T | w_i > 0; m∑ j=1 w_j = 1 }

τ ∈ T := { t = (t_2, . . . , t_m)^T | − 1 < t_2 < . . . < t_m < 0 } . For w ∈ V and τ ∈ T define α = x_1 < x_2 < . . . < x_m < 1 by x_i = x_i(τ) = cos(at_i) (i = 2, . . . , m) and η(τ, w) = ( α x_2 . . . x_m w_1 w_2 . . . w_m ) (5.3)

as the design obtained from the measure ξ(τ, w) by the transformation (2.4), then a straightforward calculation and an application of the Cauchy–Binet formula show

e^T_mM^{−1}_s (ξ(τ, w))e_m = det M_s(ξ(τ, w)) det M_s(ξ(τ, w)) = m∑ i=1 1 (1 − x^2_i ) ∏ j≠i(xj − xi) 2w_i (5.4) where x_1 = α, A ∈ R^{m−1×m−1} denotes the matrix obtained from A ∈ R^{m×m} by deleting the mth row and column. Consequently for given points x_1, . . . , x_m the optimal weights are obtained as

w^∗_i = w^∗_i (a) = (−1)^{m−i}{ √ 1 − x^2_i ∏ j≠i(xi − xj )} −1 ∑_m k=1(−1)^{m−k}{ √ 1 − x^2_k ∏ j≠k(xk − xj )} −1 , (5.5)

while the value of the criterion (5.4) for the optimal weights w^∗ = (w^∗_1, . . . , w^∗_m) is given by

ψ(x, a) := e^T_mM^{−1}_s (ξ(τ, w^∗))e_m = [_m ∑ i=1 (−1)^{m−i}{ √ 1 − x^2_i ∏ j≠i (x_i − x_j )}^{−1}

]_2 . (5.6)

[see also Pukelsheim (1993), Section 8.9]. A tedious calculation shows that this function is strictly convex as a function of

x ∈ x(T ) = {x = x(τ) = (cos at_2, . . . , cos at_m)^T | τ = (t_2, . . . , t_m)^T ∈ T }

(note that the set x(T ) consists of vectors with ordered components). This yields on the one hand that the solution x^∗ = x^∗(a) of the problem

ψ(x^∗(a), a) = inf_{τ ∈T} ψ(x(τ), a) = inf_τ inf_w e^T_mM^{−1}_s (ξ(τ, w))e_m

is unique and can be obtained from (5.5) with x = x^∗(a), where x^∗(a) is the unique solution of the equations ∂ ∂x_i ψ(x, a) = 0, i = 2, . . . , m . (5.7)

On the other hand strict convexity also implies that the matrix J(x, a) : = ( ∂^2 ∂x_i∂x_j ψ(x, a) )_m i,j=2 (5.8)

is positive definite for all x ∈ x(T ), a ∈ (0, π(1 −^1_{2m} )) and by the implicit function theorem [see e. g. Gunning and Rossi (1965)] the mapping

x^∗ : { (0, π(1 −^1_{2m} )) → x(T ) a → x^∗(a) ∈ R^{m−1} (5.9)

is real analytic. In other words: at any point a_0 ∈ (0, π(1 −^1_{2m} )) there exists a neighbourhood U_0 of a_0 such that x^∗_{|U0} can be expanded in a convergent Taylor series. Note that the mapping x^∗ in (5.9) describes a complete solution of the e_m-optimal design problem in the Chebyshev regression model (2.10), if the solution for one a_0 can be identified. For this purpose we extend x^∗ to the region (−π(1 −^1_{2m} ), π(1 −^1_{2m} ))\{0} by the definition x̃^∗(a) = x^∗(|a|).

Observing the obvious relation ψ(x, a) = ψ(x, −a) it follows that the function x̃^∗ is also real analytic on the interval (−π(1 −^1_{2m} ), π(1 −^1_{2m} ))\{0}, and the transformation x → arccos (x)/a yields that the function

τ^∗ : { (−π(1 −^1_{2m} ), π(1 −^1_{2m} ))\{0} → R^{m−1} a → τ^∗(a) (5.10)

with τ^∗(a) = ( arccos x̃^∗_2(a) a , . . . , arccos x̃^∗_m(a) a ) (5.11)

is also real analytic. Our next result shows that this property also holds on the complete interval.

Lemma 5.2 The function τ^∗ defined in (5.10) and (5.11) can be extended to a real analytic function on the complete interval (−π(1 −^1_{2m} ), π(1 −^1_{2m} )), where the value at the point 0 is defined by τ^∗(0) : = ( cos(π − π 2m − 1 ), . . . , cos( mπ 2m − 1 ) ) . (5.12)

Proof. The assertion of Lemma 5.2 is established, if we show that the limit lim_{a→0} τ^∗(a)

exists and is equal to the right hand side of (5.12). If a → 0 we obtain from the expansions sin(at) = at + o(a)

cos(at) = 1 −

(at)^2 2 + o(a^2)

the representation (t_1 = −1) ( 1 2 )_{m−1} a^{2(m−1)+1}ψ(x, a) = m∑ i=1 (−1)^{m−i} t_i ∏ j≠i(t 2 i − t^2_j ) + o(a) (5.13)

and as a → 0 the minimization of ψ with respect to x ∈ x(T ) is approximately equivalent to the minimization of the right hand side of (5.13) with respect to τ = (t_2, . . . , t_m) ∈ T . For this reason we study the function g(τ) = m∑ i=1 (−1)^{m−i} t_i ∏ j≠i(t 2 i − t^2_j )

(5.14)

with τ ∈ T and t_1 = −1. The same arguments as given for the derivation of (5.6) show that this minimization gives the support points of the unique e_m-optimal design in the polynomial regression E[y|t] = t m−1∑ j=0 δ_j t^{2j} ; t ∈ [−1, 0].

(5.15)

It is now easy to see that the measure

η^∗ = cos π cos(π −^π_{2m−1} ) . . . cos(^{mπ}_{2m−1} ) 1 2m−1 2 2m−1 . . . 2 2(m−1) is optimal for estimating the coefficient of t^{2m−1} in the model (5.15) and that the corresponding extremal polynomial is given by φ(t) = T_{2m−1}(t)/2^{2m−1}. Therefore it follows from (5.13) and (5.14) that

lim_{a→0} τ^∗(a) = ( cos(π − π 2m − 1 ), . . . , cos( mπ 2m − 1 ) ) (5.16)

which proves the assertion of the Lemma. We finally note that we also obtain a limit for the corresponding optimal weights in (5.5), i. e.

lim_{a→0} w^∗_i (a) =

{_1

2m−1 if i = 1 2 2m−1 if i = 2, . . . , m. (5.17) □

Lemma 5.2 shows that in a neighborhood of the point 0 the function

τ^∗(a) = (t^∗_2(a), . . . , t^∗_m(a)) ,

which yields the negative interior support points of the e_{2m−1}-optimal design, can be expanded in a convergent Taylor series, that is

τ^∗(a) = ∞∑ j=0 τ^∗_j a^j j! (5.18)

where τ^∗_0 = τ^∗(0) is defined by the right hand side of (5.12). The coefficients in this expansion can be found recursively as shown in Dette, Melas and Pepelysheff (2000). To be precise, consider the function Φ(τ, a) : = ψ(x(τ), a), where x(τ) : = (cos(at_2), . . . , cos(at_m)) and the function ψ is defined in (5.6) with x_1 = cos(−a). It then follows that the coefficients in the Taylor expansion (5.18) can be found recursively from τ^∗ = τ^∗(0),

τ^∗_{s+1} = −J^{−1}(0) ( d da )_{s+1} g(τ^∗_{(s)}(a), a) | | a=0 s = 0, 1, . . . (5.19)

where τ^∗_{(s)}(a) = s∑ j=0 τ^∗_j a^j j! (5.20) i 0 2 4 6 8 10 t^∗_{3i} -0.8090 0.1839 0.1490 0.0683 -0.0254 -0.0825 t^∗_{2i} -0.3090 0.1839 -0.0412 - 0.0099 0.0148 -0.0049

Table 5.1 Coefficients in the Taylor expansion (5.23) for the interior negative support points t^∗_2(a), t^∗_3(a) of the e_5-optimal designs in the cubic trigonometric regression model (1.1) on the interval [−a, a]. The e_1- and e_3-optimal designs have the same support points, if a ≤ b^∗_ℓ , ℓ = 1, 2, where b^∗_ℓ is defined in (5.25).

is a polynomial of degree s and the functions J and g are defined by J(a) = ( ∂^2 ∂t_i∂t_j Φ(τ, a) )_m i,j=2 , (5.21) g(τ̄, a) = ∂ ∂τ Φ(τ, a) | | |_{τ =τ̄} , (5.22)

respectively [for a proof see Dette, Melas and Pepelysheff (2000)]. We summarize these results in the following Theorem.

Theorem 5.3 For any a ∈ (0, π(1 −^1_{2m} ) the e_{2m−1}-optimal design for the trigonometric regression model (1.1) on the interval [−a, a] is unique and of the form ξ^∗_{2m−1,a} = ( −a at^∗_2(a) . . . at^∗_m(a) −at^∗_m(a) . . . −at^∗_2(a) a 1 2 w^∗_1(a)^1_2 w^∗_2(a) . . .^1_2 w^∗_m(a)^1_2 w^∗_m(a) . . .^1_2 w^∗_2(a)^1_2 w^∗_1(a) )

where the weights are obtained by formula (5.5) with x_1 = cos a, x_i = cos(at^∗_i (a)). The vector of support points τ^∗(a) = (t^∗_2(a), . . . , t^∗_m(a)) is a real analytic function on the interval (0, π(1 −^1_{2m} ) satisfying (5.16) and can be obtained (locally) by the Taylor expansion (5.18) with coefficients τ^∗_j , which are calculated recursively by formula (5.19).

Example 5.4 In the case m = 3 the optimal design for the estimation of the coefficient sin(3x) in the cubic trigonometric regression model (1.1) on the interval [−a, a] for 0 < a < 5π/6 is given by

ξ^∗_{5,a} = ( −a at^∗_2(a) at^∗_3(a) −at^∗_3(a) −at^∗_2(a) a 1 2 w^∗_1(a)^1_2 w^∗_2(a)^1_2 w^∗_3(a)^1_2 w^∗_3(a)^1_2 w^∗_2(a)^1_2 w^∗_1(a) )

where the weights are obtained from formula (5.5). It is easy to see that t^∗_i (a) defines an even function and Table 5.1 shows the first six nonvanishing coefficients of the expansion

t^∗_i (a) = ∞∑ j=0 t^∗_{i,2j} (2j)! ( a π )_{2j} . (5.23) i 0 2 4 6 8 t^∗_{4i} -0.9010 0.0996 0.1011 0.0873 0.0576 t^∗_{3i} -0.6235 0.2239 0.0710 -0.0284 -0.0356 t^∗_{2i} -0.2225 0.1243 -0.0301 0.0016 0.0034

Table 5.2 Coefficients in the Taylor expansion (5.23) for the interior negative support points t^∗_2(a), t^∗_3(a), t^∗_4(a) of the e_7-optimal designs in the trigonometric regression model (1.1) of degree m = 4 on the interval [−a, a]. The e_1-, e_3- and e_5-optimal designs have the same support points, if a ≤ b^∗_ℓ , ℓ = 1, 2, 3, where b^∗_ℓ is defined in (5.25).

The corresponding functions and weights are depicted in Figure 5.1 for a ∈ (0, 5π/6). Similarly, the e_7-optimal design for the model of degree 4 is of the form

ξ^∗_{7,a} = ( −a at^∗_2(a) at^∗_3(a) at^∗_4(a) −at^∗_4 −at^∗_3 −at^∗_2 a 1 2 w^∗_1(a)^1_2 w^∗_2(a)^1_2 w^∗_3(a)^1_2 w^∗_4(a)^1_2 w^∗_4(a)^1_2 w^∗_3(a)^1_2 w^∗_2(a)^1_2 w^∗_1(a) )

where the weights are obtained from (5.5) and the coefficients in the Taylor expansion (5.23) are listed in Table 5.2 (the odd coefficients are 0 because the supporting points are even functions of a). These functions are illustrated on Figure 5.2.

Theorem 5.5 Let −a = at^∗_1(a) < at^∗_2(a) < . . . < at^∗_m(a) < 0 denote the negative interior support points of the e_{2m−1}-optimal design in the trigonometric regression model (1.1) on the interval [−a, a], where a ∈ (0, π(1 −^1_{2m} )), define x_i = cos(at^∗_i (a)) (i = 2, . . . , m), x_1 = cos a,

B_i = B_i(a) =

∫_1 −1 ∏ j≠i x − x_j x_i − x_j √ 1 − x^2 1 − x^2_i U_{ℓ−1}(x)dx, i = 1, . . . , m, and w^∗_i = w^∗_i (a) = |B_i| ∑_m j=1 |B_j| , i = 1, . . . , m. (5.24)

If a → 0 we have

lim_{a→0} w^∗_i (a) =

{_2 2m−1 if j = 2, . . . , m 1 2m−1 if j = 1 . Moreover, if 1 ≤ ℓ ≤ m − 1 and

a < b^∗_ℓ : = b^∗_{ℓ,m} : = sup { a ∈ (0, π(1 − 1 2ℓ )) | w_i > 0 for all i = 1, . . . , m } , (5.25) then the e_{2ℓ−1}-optimal design is given by ξ^∗_{2ℓ−1,a} = ( at^∗_1(a) . . . at^∗_m(a) −at^∗_m(a) . . . −at^∗_1(a) 1 2 w^∗_1 . . .^1_2 w^∗_m^1_2 w^∗_m . . .^1_2 w^∗_1 ) . In other words, if a < b^∗_ℓ , then the e_{2ℓ−1}- and the e_{2m−1}-optimal designs in the trigonometric regression model (1.1) on the interval [−a, a] have the same support. Moreover for any ℓ ∈ {1, . . . , m − 1} we have b^∗_ℓ ≥ π/2.

Proof. The Proof of Theorem 5.5 is similar to the proof of the corresponding statements for the cosine case and for the sake of brevity we only sketch the main differences. By Lemma 2.2 the design ξ^∗_{2ℓ−1,a} is e_{2ℓ−1}-optimal if and only if the design

η_ξ∗_{2ℓ−1,a} = ( x^∗_1(a) . . . x^∗_m(a) w^∗_1 . . . w^∗_m ) . is e_ℓ-optimal in the Chebyshev regression model (2.10), where x^∗_i = x^∗_i (a) = cos at^∗_i (i = 1, . . . , m). Consider the Chebyshev expansion of the polynomial in (5.1) and define φ_ℓ(x) = φ_m(x)/b_ℓ. We will now use this polynomial as extremal polynomial in Lemma 2.1 to establish e_ℓ-optimality of the design η_ξ∗_{2ℓ−1,a} . Note that this design has the same support points as the e_m-optimal design and for this reason the e_m-optimality of the design η_ξ∗_{2m−1,a} implies that the polynomial φ_ℓ satisfies the conditions (1) and (2) of Lemma 2.1. Let F = ( (−1)^{j+1} √ 1 − x^{∗2}_j U_{i−1}(x^∗_j ) ) i,j=1,...,m then condition (3) is satisfied, if we can find a vector w̃ = (w̃_1, . . . w̃_m)^T , which has nonvanishing coefficients of the same sign and satisfies F w̃ = c_ℓe_ℓ ∈ R^m (5.26)

for some constant c_ℓ ∈ R (the corresponding weigths are then obtained by normalization). A similar analysis as given in the proof of Lemma 2.5 shows the solution of (5.26) is of the form c(B_1, . . . , B_m)^T , where

B_i = B_i(a) =

∫_1 −1 ∏ j≠i x − x_j x_i − x_j √ 1 − x^2 1 − x^2_i U_{ℓ−1}(x)dx, i = 1, . . . , m. Moreover, if a → 0 it follows by similar arguments as given in the proof of Lemma 5.2 that the weights defined by (5.24) satisfy

lim_{a→0} w^∗_i (a) =

{_1

2m−1 if i = 1 2 2m−1 if i = 2, . . . , m. (5.27)

Consequently, the quantity b^∗_ℓ defined by (5.25) is positive and Lemma 2.1 shows that the design η_ξ∗_{2ℓ−1,a} is e_ℓ- optimal, whenever a < b^∗_ℓ , which proves the first part of the assertion. For the remaining part assume that a ≤ π/2 and note that the quantities B_i are proportional to B̃_i = ∫_π −π sin t sin(ℓt) ∏ j≠i (cos t_j − cos t)dt, i = 1, . . . , m . Observing that for t, t_1, . . . , t_m ∈ [−π/2, π/2] the inequalities cos t ≥ 0, ∏ j≠i (cos t_j − cos t) + ∏ j≠i (cos t_j + cos t) > 2 ∏ j≠i cos t_j ∏ j≠i (cos t_j − cos t) − ∏ j≠i (cos t_j + cos t) < 0

hold, it follows for odd ℓ

B̃_i = ∫_π −π sin t sin(ℓt) ∏ j≠i (cos t_j − cos t)dt

= ∫_π 0 sin t sin(ℓt) [∏ j≠i (cos t_j − cos t) + ∏ j≠i (cos t_j + cos t) ] dt

= 2 ∫_{π/2} 0 sin t sin(ℓt) [∏ j≠i (cos t_j − cos t) + ∏ j≠i (cos t_j + cos t) ] dt

> 4 ∏ j≠i cos t_j · ∫_{π/2} 0 cos(ℓ − 1)t − cos(ℓ + 1)t 2 dt ≥ 0 ,

which implies that B_i = c_iB̃_i ≠ 0 for all i = 1, . . . , m, whenever a ≤ π/2. Conseqently the definition (5.25) implies b^∗_ℓ ≥ π/2, which proves the second part of the assertion in the case of an odd index ℓ. The even case is similar and therefore omitted. □

For lower degree trigonometric regression the critical bounds are listed in Tabel 5.3. If a is smaller than the correesponding bound, the e_{2ℓ−1}-optimal design in the trigonometric regression model (1.1) has the same support points as the optimal design for estimating the coefficient of sin(mx), which can be obtained by a Taylor expansion using the coefficients in Table 5.1 (for m = 3) and Table 5.2 (for m = 4). The corresponding weights are obtained by numerical integration using formula (5.24). We have illustrated these calculations in the cubic trigonometric regression model in Figure 5.3 and 5.4, which show the support points and corresponding weigths of the optimal designs for estimating the coefficient of sin x and sin(2x), respectively (the corresponding designs for the highest sine term can be found in Figure 5.1).

m = 2 m = 3 m = 4 m = 5 sin(x) π/2 0.59π 0.66π 0.66π sin(2x) · 0.53π 0.65π 0.69π sin(3x) · · 0.63π 0.71π sin(4x) · · · 0.67π

Table 5.3 Critical values b^∗_ℓ defined in (5.25) for various values of ℓ and m. The optimal design for estimating the coeeficient β_{2ℓ−1} in the trigonometric regression model (1.1) on the interval [−a, a] has the same support points as the e_{2m−1}− optimal design, whenever a ≤ b^∗_ℓ .

Acknowledgements. This work was done while V.B. Melas was visiting the Ruhr- Universität Bochum. The authors are grateful to the DAAD for the financial support which made this visit possible. The work of H. Dette was supported by the SFB 475 (Komplexitätsreduktion in multivariaten Datenstrukturen). The authors would also like to thank M. Sahm for sending us his work before publication and I. Gottschlich and L. Kopylova, who typed this paper with considerable technical expertise.

References

H. Dette, V.B. Melas, A. Pepelysheff (2000). Optimal designs for estimating individual coefficients – a functional approach. Preprint, Ruhr-Universität Bochum. http://www.ruhruni-bochum.de/mathematik3/preprint.htm.

H. Dette, G. Haller (1998). Optimal designs for the identification of the order of a Fourier regression. Ann. Statist. 26, 1496-1521.

V.V. Fedorov (1972). Theory of optimal experiments. Academic Press, New York.

F.A. Graybill (1976). Theory and application of the linear model. Wadsworth, Belmont CA. R.C. Gunning, H. Rossi (1965). Analytical Functions of Several Complex Variables. Prentice Hall, New York.

P.D.H. Hill (1978). A note on the equivalence of D-optimal design measures for three rival linear models. Biometrika 65, 666-667.

P. Hoel (1965). Minimax design in two-dimensional regression. Ann. Math. Statist. 36, 1097-1106.

P.G. Hoel, A. Levine (1964). Optimal spacing and weighting in polynomial prediction. Ann. Math. Statist. 35, 1553-1560.

S. Karlin, W.J. Studden (1966). Tchebycheff systems: with applications in analysis and statistics. Interscience, New York.

J.C. Kiefer (1974). General equivalence theory for optimum designs (approximate theory). Ann. Statist. 2, 849-879.

J.C. Kiefer, J. Wolfowitz (1965). On a theorem of Hoel and Levine on extrapolation designs. Ann. Math. Statist. 36, 1627-1655.

C.P. Kitsos, D.M. Titterington, B. Torsney (1988). An optimal design problem in rhythmometry. Biometrics 44, 657-671.

T.S. Lau, W.J. Studden (1985). Optimal designs for trigonometric and polynomial regression. Ann. Statist. 13, 383-394.

K. Mardia (1972). The statistics of directional data. Academic Press, New York. V.B. Melas (1978). Optimal designs for exponential regression. Math. Oper. Forsch. Stat., Ser. Statistics, 9, 45-59.

F. Pukelsheim (1993). Optimal Design of Experiments. Wiley, New York. F. Pukelsheim, B. Torsney (1993). Optimal weights for experimental designs on lineary independent support points. Ann. Statist. 19, 1614-1625.

E. Riccomagno, R. Schwabe, H.P. Wynn (1997). Lattice-based D-optimum design for Fourier regression. Ann. Statist. 25, 2313-2327. T.J. Rivlin (1974). Chebyshev polynomials. Wiley, New York.

M. Sahm (1998). Optimal designs for estimating individual coefficients in polynomial regression. PhD Thesis, Ruhr-Universität Bochum, Germany.

M. Sahm (2000). Optimal designs for individual coefficients in polynomial regression. Tentatively accepted in: Ann. Statist.

S.D. Silvey (1980). Optimal design. Chapman and Hall, London.

M.G. Spruill (1990). Good designs for testing the degreee of a polynomial mean. Sankhya, Ser. B, 52, 67-74.

A.H. Stroud, D. Secrest (1966). Gaussian quadrature formulas. Prentice and Hall, London. W.J. Studden (1968). Optimal design on Tchebycheff points. Ann. Math. Statist. 39, 1435-1447.

W.J. Studden (1980). D_s-optimal designs for polynomial regression using continued fractions. Ann. Statist. 8, 1132-1141.

W.J. Studden (1982). Optimal designs for weighted polynomial regression using canonical moments. Third Purdue Symposium on Decision Theory and related Topics (eds. S.S. Gupta, J.O. Berger) 335-350.

G. Szegö (1959). Orthogonal polynomials. Am. Math. Soc. Colloqu. Publ. 23. Providence, RI.

W. van Assche (1987). Asymptotics for orthogonal polynomials. Lecture Notes in Mathematics 1265. Springer, New York.