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A B S T R A C T

Reliability analysis of dynamic structural systems and its implications for structural design
have garnered increasing attention. Sample-based methods prove insensitive to the dimension
of the probability integral. Nontheless, a substantial number of realizations is necessary for
estimating small failure probabilities, resulting in time-consuming computations. Recently, the
Directional Importance Sampling (DIS) was introduced for linear structural systems subjected
to Gaussian loads, showcasing the ability to accurately estimate small failure probabilities
with a reduced number of simulations. However, this Gaussian assumption on the load makes
the method inapplicable for realistic loading scenarios as they might be of non-Gaussian
nature. This contribution develops the DIS method for linear structural systems subjected to
loading characterized as non-Gaussian white noise. To take the advantage of both linearity in
physical space and simplicity of Gaussian space, directional importance sampling is conducted
in Gaussian space and the failure probability is estimated with the aid of physical space. The
information is dynamically exchanged between physical and Gaussian spaces with the aid of
normal and inverse-normal transformation techniques. The whole procedure of the developed
DIS method is straightforward, and it provides an explicit estimator of the failure probability.
The application of the developed DIS method is presented through three examples, illustrating
its accuracy and efficiency for dynamic reliability analysis.

. Introduction

In the processes of designing or assessing a structural system, it is crucial to assess the system’s reliability under stochastic loads,
uch as earthquake ground motions, wind loads, traffic loads and so on. Dynamic responses of structural systems exhibit stochastic
ehavior, posing challenges for efficient evaluation. Meanwhile, the failure probability of dynamic structural systems is typically low
o ensure adequate behavior during their lifetime. These factors collectively present significant challenges in the efficient assessment
f dynamic reliability.

There are roughly two approaches for dynamic reliability, i.e., analytical and simulation ones. Analytical methods are developed
nder specific assumptions or applicable range to enable efficient evaluations, which can be categorized into the level-crossing
ethod [1,2], the diffusion process method [3] and the probability density evolution method (PDEM) [4,5]. The original level-

rossing method can only be applied for problems with known joint probability distribution function of the response, which is
ifficult to obtain in practice. For practical engineering, level-crossing method is developed based on either Poisson’s assumption [6]

∗ Corresponding author.
E-mail address: matthias.faes@tu-dortmund.de (M.G.R. Faes).
ttps://doi.org/10.1016/j.ymssp.2024.112182
eceived 5 July 2024; Received in revised form 15 November 2024; Accepted 22 November 2024
vailable online 10 December 2024 
888-3270/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
 http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/ymssp
https://www.elsevier.com/locate/ymssp
mailto:matthias.faes@tu-dortmund.de
https://doi.org/10.1016/j.ymssp.2024.112182
https://doi.org/10.1016/j.ymssp.2024.112182
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2024.112182&domain=pdf
http://creativecommons.org/licenses/by/4.0/


X.-Y. Zhang et al.

i

r
r
o
s

i
t
i

p
a

K
e

a
i

g

Mechanical Systems and Signal Processing 224 (2025) 112182 
or Vanmarckes’s assumption [7], both of which can only be satisfied in problems with single response. The diffusion process method
s formulated upon the backward Kolmogorov equation, imposing constraints on the applicable scope to one or two degrees of

freedom [8,9]. PDEM adheres to the procedure where the evolution of the probability density in a stochastic system stems from
the state evolution of a physical system governed by dominant physical laws [10]. While the PDEM has demonstrated success
in addressing the dynamic reliability of large structures, its application is currently confined to a limited number of random
variables [11]. The substantial number of random variables encountered in practical scenarios continues to pose a significant
challenge.

Another approach to dynamic reliability analysis is simulation-based methods. The most fundamental sample-based method is
Monte Carlo Simulation (MCS), which is well-known for its straightforward procedure and robustness. However, MCS converges
slowly as the sample size increases, making it challenging to apply for estimating small failure probabilities. To improve the
efficiency, many modified methods have been proposed, including surrogate methods [12,13], Latin hypercube sampling and its
variants [14,15], subset simulation and its variants [16–18], Importance Sampling (IS) [19–21], line sampling [22] and post-
processing simulation method [23], and so on. With advancements in simulation methods, computational time has been dramatically
educed. However, most of these advancements have concentrated on static reliability problems, with only specific cases of dynamic
eliability analysis being addressed due to the high dimensionality of random parameters and the complexity of limit states. One
f the particular cases is linear structural systems under Gaussian stochastic loads, where the limit state function is described by a
eries of hyperplanes, allowing the application of an efficient IS scheme for estimating small failure probabilities [19]. Using the

concept of Domain Decomposition, another IS scheme was deduced to decrease the computational time by taking the average among
the sampled directions [24]. A directional importance sampling (DIS) method is proposed based on IS scheme [25,26], which can
be efficiently applied for linear structural system under Gaussian loads comprising high dimensional uncertain input parameters
(e.g., a few hundreds samples for failure probability in the level of 10−3 or less).

Following the line of research associated with simulation methods for linear structural systems, the objective of this contribution
is to extend the applicability of DIS method to linear systems subjected to non-Gaussian white noise excitation. To take the advantage
of both the linearity in physical space and well-established statistical theory for Gaussian problems, the developed DIS method
adopts a strategy where samples are generated in Gaussian space, and the failure probability is estimated with the aid of linearity
n the physical space. The information interchange between these two spaces is facilitated through normal and inverse-normal
ransformation techniques. The rest of this contribution is organized as follows. Firstly, the problem under consideration is stated
n Section 2. Then, DIS method is developed, with the estimator of failure probability theoretically derived in Section 3, and a

directional importance sampling developed in Section 4. The application of the developed DIS method is investigated in Section 5
through three examples, with the loads following different kinds of non-Gaussian distributions. Finally, conclusions are drawn in
Section 6.

2. Problem statement and notation

2.1. Structural system model

Consider a structural system modeled as linear, elastic and with classical damping subjected to stochastic loading 𝐅(𝑡). The model
ossesses 𝑛𝐷 degrees-of-freedom and it is assumed that its structural matrices are deterministic. The equation of motion is formulated
s [27]:

𝐌𝐱̈(𝑡) + 𝐂𝐱̇(𝑡) +𝐊𝐱(𝑡) = 𝐅(𝑡), (1)

where 𝐱̈(𝑡), 𝐱̇(𝑡), and 𝐱(𝑡) are the vectors of acceleration, velocity and displacement, respectively, of dimension 𝑛𝐷 × 1; M, C, and
are the mass, damping and stiffness matrices, respectively, of dimension 𝑛𝐷 × 𝑛𝐷; and 𝐅(𝑡) is the (𝑛𝐷 × 1)-dimensional external

xcitation vector. Without loss of generality, it is assumed that the structure is at rest at the initial time, that is 𝐱(0) = 𝐱̇(0) = 0.

2.2. Stochastic loading

The type of stochastic loading considered here is modeled as a non-Gaussian, band-limited white noise process, denoted by 𝑝(𝑡).
The external excitation 𝐅(𝑡) is then expressed as follows:

𝐅(𝑡) = 𝐪𝑝(𝑡), (2)

where q is a time-independent (𝑛𝐷× 1) vector that couples 𝑝(𝑡) with the corresponding degrees-of-freedom of the structure, to describe
the influence of 𝑝(𝑡) on each degree-of-freedom.

While idealized white noise cannot exist in a strict mean square sense due to infinite variance, band-limited white noise offers
 practical approximation that provides excitation over a finite frequency range. The non-Gaussian white noise model has seen
ncreasing application across various fields [28–31]. In our study, the non-Gaussian nature of 𝑝(𝑡) provides an advancement over

earlier studies [25,26], although the white noise assumption implies no temporal correlation within 𝑝(𝑡). This work thus offers a
eneralized framework that may be further refined to match the dynamics and physical properties of specific systems.

The dynamic load p(t) of a duration T can be described as a discrete process p of a dimension 𝑛𝑡, with T divided by time
discretization 𝛥𝑡, such that 𝑛𝑡 = 𝑇 ∕𝛥𝑡 + 1. Using the inverse-normal transformation, 𝐩 can be represented as follows:

−1
𝐩 = 𝐹𝐏 [𝛷𝐔(𝐮)], (3)

2 
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where u is a column vector of independent standard Gaussian random variables of a dimension 𝑛𝑇 ; and 𝐹𝐏(⋅) and 𝛷𝐔(⋅) are the
cumulative distribution functions (CDFs) associated with p and u, respectively. Under the assumption that 𝑝(𝑡) is non-Gaussian
white noise, 𝐹𝐏(⋅) can be constructed as follows:

𝐹𝐏(𝐩) =
𝑛𝑡
∏

𝑘=1
𝐹𝑝𝑘 (𝑝𝑘), (4)

where 𝐹𝑝𝑘 (𝑝𝑘) is the CDF of the kth element in p, corresponding to 𝑝(𝑡𝑘). When the distribution of p is known, 𝐹𝑝𝑘 (𝑝𝑘) can be
irectly constructed. When the distribution of p is unknown, the statistical moments of p can be applied to simulate 𝐹𝑝𝑘 (𝑝𝑘) [32]. It
s important to note that, Eq. (4) applies exclusively to white noise excitation. For general stochastic processes, correlation structures

in p needs to be considered, making the construction of 𝐹𝐏(⋅) significantly more complicated.

2.3. Structural response

In practice, there may be 𝑛𝜂 responses of interest. Taking the advantage of linearity, the dynamic responses, denoted as 𝜂𝑖(𝑡,𝐩),
i = 1, . . . , 𝑛𝜂 , can be calculated as follows [33]:

𝜂𝑖(𝑡,𝐩) = ∫

𝑡

0
ℎ𝑖(𝑡 − 𝜏)𝑝(𝜏)𝑑 𝜏 , (5)

where ℎ𝑖(⋅) is the unit impulse response function corresponding to the 𝑖th response 𝜂𝑖(𝑡,𝐩). For the particular case where 𝜂𝑖(𝑡,𝐩) is a
inear combination of the components of the displacement vector, ℎ𝑖(⋅) can be formulated as

ℎ𝑖(𝑡) =
𝑛𝐷
∑

𝑣=1

𝜸𝑇𝑖 𝝓𝑣𝝓𝑇
𝑣 𝐪

𝝓𝑇
𝑣𝐌𝝓𝑣

1
𝑤𝑑 ,𝑣

𝑒−𝜁𝑣𝑤𝑣𝑡 sin(𝑤𝑑 ,𝑣𝑡), (6)

where 𝜸𝑖 is a constant vector; 𝝓𝑣 is the vth eigenvector associated with the eigenproblem of the undamped equation of motion; 𝑤𝑣

s the vth natural frequency of the system; 𝜁𝑣 is the vth corresponding damping ratio; and 𝑤𝑑 ,𝑣 = 𝑤𝑣

√

1 − 𝜁2𝑣 is the vth damped
frequency.

In practical applications, 𝜂𝑖(𝑡,𝐩) is often solved considering discrete time steps by an appropriate numerical integration scheme
and expressed as follows:

𝜂𝑖(𝑡𝑘,𝐩) =
𝑘
∑

𝑙=1
𝛥𝑡𝜖𝑙ℎ𝑖(𝑡𝑘 − 𝑡𝑙)𝑝(𝑡𝑙)

= 𝐡𝑖(𝑡𝑘)𝐩,

(7)

where 𝐡𝑖(𝑡𝑘) is a (1 × 𝑛𝑡)-dimensional vector evaluated at 𝑡𝑘, with the lth element of 𝐡𝑖(𝑡𝑘) set to be 𝛥𝑡𝜖𝑙ℎ𝑖(𝑡𝑘 − 𝑡𝑙) for 𝑙 ≤ 𝑘 and 0 for
 > 𝑘. In this study, 𝜖𝑙 is chosen according to the trapezoidal integration rule [34], yielding 𝜖𝑙 = 1/2 if l = 1 or l = k; otherwise 𝜖𝑙
= 1.

2.4. Failure events

For practical design purposes, the response must remain within the prescribed threshold. Accordingly, the elementary failure
event at instant 𝑡𝑘 corresponding to the 𝑖th response, denoted by 𝐹𝑖,𝑘, is defined as

𝐹𝑖,𝑘 = 𝐹𝑖,𝑘,1
⋃

𝐹𝑖,𝑘,2, (8)

where 𝐹𝑖,𝑘,1 and 𝐹𝑖,𝑘,2 are the upper and lower excursions at instant 𝑡𝑘 corresponding to the 𝑖th response, respectively, which are
mutually exclusive and defined as follows:

𝐹𝑖,𝑘,1 = {𝐩 ∈ 𝛺𝐩 ∶ 𝐺𝑖,1(𝑡𝑘,𝐩) ≤ 0}, 𝐹𝑖,𝑘,2 = {𝐩 ∈ 𝛺𝐩 ∶ 𝐺𝑖,2(𝑡𝑘,𝐩) ≤ 0}, (9)

𝐺𝑖,1(𝑡𝑘,𝐩) = 𝑏𝑖,1 − 𝜂𝑖(𝑡𝑘,𝐩), 𝐺𝑖,2(𝑡𝑘,𝐩) = 𝜂𝑖(𝑡𝑘,𝐩) − 𝑏𝑖,2, (10)

where 𝐺𝑖,1(𝑡𝑘,𝐩) and 𝐺𝑖,2(𝑡𝑘,𝐩) are the performance functions corresponding to upper and lower excursions, respectively, at time 𝑡𝑘;
𝑏𝑖,1 and 𝑏𝑖,2 are the prescribed thresholds for upper and lower excursions considering the 𝑖th response, respectively; and 𝛺𝐩 is the
domain of 𝐩.

The structural failure within the time interval [0, T], denoted by F, is the union of all the elementary failure events 𝐹𝑖,𝑘,𝑠. Based
on Eq. (8), F is defined as

𝐹 =
𝑛𝜂
⋃

𝑖=1

𝑛𝑡
⋃

𝑘=1
𝐹𝑖,𝑘 =

𝑛𝜂
⋃

𝑖=1

𝑛𝑡
⋃

𝑘=1

2
⋃

𝑠=1
𝐹𝑖,𝑘,𝑠, (11)

3. Estimator of failure probability with non-Gaussian loading

Failure probability 𝑃 is the probability of the occurrence of F. Based on Eqs. (9)–(11), 𝑃 is formulated as:
𝑓 𝑓

3 
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𝑃𝑓 = Pr ob[∃(𝑖 ∈ [1, 𝑛𝜂], 𝑘 ∈ [1, 𝑛𝑡], 𝑠 ∈ [1, 2]) ∶ 𝐺𝑖,𝑠(𝑡𝑘,𝐩) ≤ 0], (12)

where Prob[⋅] denotes probability of the event between brackets. Generally, the threshold levels 𝑏𝑖,1 and 𝑏𝑖,2 are deterministic, and
he randomness in the occurrence of F is related to 𝜂𝑖(𝑡𝑘,𝐩). With deterministic M, C, and K, ℎ𝑖(⋅) has fixed form and the randomness
f 𝜂𝑖(𝑡𝑘,𝐩) comes from the stochastic loading 𝐩. Thus, 𝑃𝑓 is calculated as

𝑃𝑓 = ∫𝛺𝐩

𝐼(𝐩)𝑓𝐏(𝐩)𝑑𝐩, (13)

where 𝐼(⋅) is an indicator function, which equals to 1 for the occurrence of F, while zero, otherwise; and 𝑓𝐏(𝐩) is the joint probability
ensity function (JPDF) of p.

Based on Eq. (3), 𝑓𝐏(𝐩)𝑑𝐩 = 𝜙𝐔(𝐮)𝑑(𝐮), where 𝜙𝐔(⋅) is the JPDF in the 𝑛𝑡 dimensional standard Gaussian variable space. Thus,
𝑃𝑓 is reformulated in standard Gaussian space as follows:

𝑃𝑓 = ∫𝛺𝐔

𝐼{𝐹−1
𝐏 [𝛷𝐔(𝐮)]}𝜙𝐔(𝐮)𝑑𝐮, (14)

where 𝛺𝐔 is the domain of u.
The value of u can be described in terms of the unit vector in its own direction 𝐮𝟎 and Euclidean norm r, namely [35]:

𝐮 = 𝑟𝐮𝟎, (15)

where 𝑟 = ‖𝐮‖; ‖ ⋅‖ denotes Euclidean norm; and 𝐮𝟎 = 𝐮∕𝑟 is the unit vector pointing towards u starting from origin of the Gaussian
pace. Substituting Eq. (15) in Eq. (14), 𝑃𝑓 is recast as follows:

𝑃𝑓 = ∫𝛺𝐔𝟎

𝜙𝐔𝟎
(𝐮𝟎)∫𝛺𝑟

𝐼{𝐹−1
𝐏 [𝛷𝐔(𝑟𝐮𝟎)]}𝑓𝑟(𝑟)𝑑 𝑟𝑑𝐮𝟎, (16)

where 𝛺𝐔𝟎
denotes the domain of 𝐮𝟎; 𝛺𝑟 denotes the domain of r in the direction of 𝐮𝟎; 𝑓𝑟(𝑟) is the PDF of r ; and 𝜙𝐔𝟎

(𝐮𝟎) is the
JPDF of 𝐮𝟎.

Direct calculation of 𝑃𝑓 based on Eq. (16) by means of simulation requires a large number of samples. To enhance the
computational efficiency, an importance sampling density function is introduced, which is denoted by 𝑓 𝐼 𝑆

𝐔𝟎
(𝐮𝟎), and 𝑃𝑓 is obtained

s

𝑃𝑓 = ∫𝛺𝐔𝟎

𝜙𝐔𝟎
(𝐮𝟎)

𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎)
𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎)∫𝛺𝑟

𝐼{𝐹−1
𝐏 [𝛷𝐔(𝑟𝐮𝟎)]}𝑓𝑟(𝑟)𝑑 𝑟𝑑𝐮𝟎. (17)

Inspired by Refs. [19,36], 𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎) is defined as a weighted summation of the probability density associated with 𝐮𝟎 and
conditioned on the occurrence of elementary failure events as follows:

𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎) =
𝑛𝜂
∑

𝑖=1

𝑛𝑡
∑

𝑘=1

2
∑

𝑠=1
𝑤𝑖,𝑘,𝑠𝑓𝐔𝟎

(𝐮𝟎|𝐹𝑖,𝑘,𝑠), (18)

where 𝑤𝑖,𝑘,𝑠 is the weight of 𝐹𝑖,𝑘,𝑠, which is calculated as follows:

𝑤𝑖,𝑘,𝑠 =
𝑃𝑓 ,𝑖,𝑘,𝑠
𝑃𝑓

, 𝑃𝑓 =
𝑛𝜂
∑

𝑖=1

𝑛𝑡
∑

𝑘=1

2
∑

𝑠=1
𝑃𝑓 ,𝑖,𝑘,𝑠, (19)

where 𝑃𝑓 ,𝑖,𝑘,𝑠 is the failure probability corresponding to 𝐹𝑖,𝑘,𝑠. Based on the Bayes’ theorem, 𝑓𝐔𝟎
(𝐮𝟎|𝐹𝑖,𝑘,𝑠) is expressed as [19]

𝑓𝐔𝟎
(𝐮𝟎|𝐹𝑖,𝑘,𝑠) =

𝜙𝐔𝟎
(𝐮𝟎)Pr ob[𝐹𝑖,𝑘,𝑠|𝐮𝟎]

𝑃𝑓 ,𝑖,𝑘,𝑠
. (20)

Substitution of Eqs. (18)–(20) into Eq. (17) allows to reformulate the expression of 𝑃𝑓 as follows:

𝑃𝑓 = 𝑃𝑓 ∫𝛺𝐔𝟎

𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎)∫𝛺𝑟

𝐼{𝐹−1
𝐏 [𝛷𝐔(𝑟𝐮𝟎)]}

∑𝑛𝜂
𝑖=1

∑𝑛𝑡
𝑘=1

∑2
𝑠=1 Pr ob[𝐹𝑖,𝑘,𝑠|𝐮𝟎]

𝑓𝑟(𝑟)𝑑 𝑟𝑑𝐮𝟎, (21)

Note that as 𝑟2 follows a Chi-square distribution of 𝑛𝑡 degree-of-freedom for any 𝐮𝟎 [37], and by solving the inner integral of Eq. (21),
𝑃𝑓 can be recast as

𝑃𝑓 = 𝑃𝑓 ∫𝛺𝐔𝟎

1 − 𝜒𝑛𝑡

(

𝑟2𝑚𝑖𝑛
)

∑𝑛𝜂
𝑖=1

∑𝑛𝑡
𝑘=1

∑2
𝑠=1

[

1 − 𝜒𝑛𝑡

(

𝑟2𝑖,𝑘,𝑠
)]𝑓 𝐼 𝑆

𝐔𝟎
(𝐮𝟎)𝑑𝐮𝟎, (22)

where 𝜒𝑛𝑡 (⋅) denotes the CDF of Chi-square distribution of 𝑛𝑡 degree-of-freedom; 𝑟𝑖,𝑘,𝑠 is the Euclidean norm of u that makes 𝐹𝑖,𝑘,𝑠
ccur in the direction of 𝐮𝟎; and 𝑟𝑚𝑖𝑛 is the minimum value of all 𝑟𝑖,𝑘,𝑠. Based on Eq. (22), the estimator for 𝑃𝑓 in the developed DIS

method is given as

𝑃𝐷 𝐼 𝑆
𝑓 =

𝑃𝑓

𝑁

𝑁𝐷 𝐼 𝑆
∑

𝜃
(

𝐮(𝑗)𝟎

)

, (23)

𝐷 𝐼 𝑆 𝑗=1

4 
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𝜃
(

𝐮(𝑗)𝟎

)

=
1 − 𝜒𝑛𝑡

[

(

𝑟(𝑗)𝑚𝑖𝑛

)2
]

∑𝑛𝜂
𝑖=1

∑𝑛𝑡
𝑘=1

∑2
𝑠=1 1 − 𝜒𝑛𝑡

[

(

𝑟(𝑗)𝑖,𝑘,𝑠

)2
] , (24)

where 𝑁𝐷 𝐼 𝑆 is the number of samples generated in DIS; 𝐮(𝑗)𝟎 is the 𝑗th direction vectors generated according to 𝑓 𝐼 𝑆
𝐔𝟎

(𝐮𝟎); 𝑟
(𝑗)
𝑖,𝑘,𝑠 is

the 𝑗th Euclidean distances of u that makes 𝐹𝑖,𝑘,𝑠 occur; and 𝑟(𝑗)𝑚𝑖𝑛 is the minimum values of all 𝑟(𝑗)𝑖,𝑘,𝑠. The level of precision of the
stimated failure probability can be quantified using the coefficient of variation (COV) [38]. Based on the theoretical definition, the

COV of 𝑃𝐷 𝐼 𝑆
𝑓 , denoted as 𝐶 𝑂 𝑉𝐷 𝐼 𝑆 , is computed as

𝐶 𝑂 𝑉𝐷 𝐼 𝑆 = 1
𝑃𝐷 𝐼 𝑆
𝑓

√

√

√

√

√

1
𝑁𝐷 𝐼 𝑆 (𝑁𝐷 𝐼 𝑆 − 1)

𝑁𝐷 𝐼 𝑆
∑

𝑗=1

[

𝑃𝑓 𝜃
(

𝐮(𝑗)𝟎

)

− 𝑃𝐷 𝐼 𝑆
𝑓

]2
. (25)

As given in Eqs. (23) and (24), the estimator of failure probability developed in DIS method is similar as that of the original DIS
ethod [26], while the evaluation of failure probabilities and weights corresponding to upper and lower excursions are conducted

eparately. There are three tasks for estimating the failure probability: (1) evaluation of the elementary failure probability 𝑃𝑓 ,𝑖,𝑘,𝑠;
2) generation of the direction vector samples 𝐮(𝑗)𝟎 , following the importance sampling density function 𝑓 𝐼 𝑆

𝐔𝟎
(𝐮𝟎); and (3) estimation

of the Euclidean norms associated with the occurrence of elementary failure events, i.e., 𝑟(𝑗)𝑖,𝑘,𝑠. For non-Gaussian problems, the LSFs
in Gaussian space may be non-linear and the existing DIS procedure [26] cannot be applied directly. In the following, a numerical
implementation procedure is proposed to cope with the case where 𝐩 is modeled as weakly non-Gaussian white noise excitation.

4. Practical implementation with non-Gaussian white noise excitation

4.1. Evaluation of elementary failure probability

The elementary failure events as described in Eqs. (9) and (10) can be seen as time-independent failure events, and the
corresponding elementary failure probabilities 𝑃𝑓 ,𝑖,𝑘,𝑠 can be easily calculated using classical time-independent reliability methods,
such as the first-order reliability method (FORM) [37] and method of moments [32,39]. Generally, the choice of reliability analysis

ethod could be made based on the linearity and dimensionality of LSFs in Gaussian space. When the LSFs in Gaussian space is
lightly non-linear, FORM can be applied, while the method of moments should be utilized otherwise. For a linear structural system
nder white noise excitation, the response given in Eq. (7) is a summation of a large number of independent random variables.

This results in the response exhibiting slightly non-Gaussian characteristics, allowing the method of moments to be accurately and
fficiently applied. Thus, in this study, the method of moments is applied for computing 𝑃𝑓 ,𝑖,𝑘,𝑠.

The basic idea for the method of moments is to simulate the distributions of the performance function based on its statistical
oments, and the failure probability is defined as the value of the CDF of the performance function at zero. In this paper, the

cubic normal distribution [40], is applied to simulate the distributions of performance functions, since experience shows that it is
ufficiently flexible to reflect the statistical information, and 𝑃𝑓 ,𝑖,𝑘,𝑠 can be defined as follows:

𝑃𝑓 ,𝑖,𝑘,𝑠 = 𝐹𝐺𝑖,𝑘,𝑠
(0) = Φ(𝑢𝑖,𝑘,𝑠), (26)

where 𝐹𝐺𝑖,𝑘,𝑠
(⋅) is the CDF of elementary performance function 𝐺𝑖,𝑠(𝑡𝑘,𝐩); and 𝑢𝑖,𝑘,𝑠 is the equivalent Gaussian random variables

ransforming from 0 and expressed as [41]:

𝑢𝑖,𝑘,𝑠 =
3
√

2𝑚
3
√

𝛥 − 𝑞
−

3
√

𝛥 − 𝑞
3
√

2
+

𝑎3
3𝑎4

, (27)

𝛥 =
√

𝑞2 + 4𝑚3, (28)

𝑚 =
3𝑎2𝑎4 − 𝑎23

9𝑎24
, 𝑞 =

2𝑎33 − 9𝑎2𝑎3𝑎4 − 27𝑎24(𝑎2 + 𝜅 𝜇∕𝜎)
27𝑎34

, (29)

where 𝜇 and 𝜎 are the mean and standard deviations of the performance function, respectively; and 𝑎2, 𝑎3, 𝑎4 and 𝜅 are the
parameters and calculated as follows [42]:

𝑎0 =

√

3𝛼4 − 4𝛼23 − 5 − 2
1 − (3𝛼23 + 1)∕𝛼24

, (30)

𝑎2 = 1 − 3𝑎4, 𝑎3 =
5 + (35 − 𝛼24 )𝑎

2
4

9𝑎0 + 30 − 0.8𝛼23
𝛼3, (31)

𝑎4 =
2𝑎0

2𝑎0 + 46(1 − 1∕𝛼24 ) − 𝛼23
, 𝜅 = 1

√

1 + 2𝑎23 + 6𝑎24
, (32)

where 𝛼3 and 𝛼4 are the skewness and kurtosis of performance function, respectively. When 𝛼3 and 𝛼4 fall outside the range of
qs. (27)–(29), a complete expression of 𝑢 is required [41].
𝑖,𝑘,𝑠
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Fig. 1. Directional importance sampling in DIS method.

Based on Eq. (10), the first four moments of performance function can be easily determined based on those of the responses.
s the performance functions for upper and lower excursions are different, the moment evaluation formulas are also different as

follows:

Upper excur sion ∶ 𝜇 = 𝑏𝑖,1 − 𝜇𝜂𝑖 (𝑡𝑘), 𝜎 = 𝜎𝜂𝑖 (𝑡𝑘), 𝛼3 = −𝛼3𝜂𝑖 (𝑡𝑘), 𝛼4 = 𝛼4𝜂𝑖 (𝑡𝑘), (33)

Lower excur sion ∶ 𝜇 = 𝜇𝜂𝑖 (𝑡𝑘) − 𝑏𝑖,2, 𝜎 = 𝜎𝜂𝑖 (𝑡𝑘), 𝛼3 = 𝛼3𝜂𝑖 (𝑡𝑘), 𝛼4 = 𝛼4𝜂𝑖 (𝑡𝑘), (34)

where 𝜇𝜂𝑖 (𝑡𝑘), 𝜎𝜂𝑖 (𝑡𝑘), 𝛼3𝜂𝑖 (𝑡𝑘), 𝛼4𝜂𝑖 (𝑡𝑘) are the mean, standard deviation, skewness and kurtosis of the 𝑖th response at instant 𝑡𝑘,
respectively. Based on Eq. (7), the moments of response can be calculated as follows:

𝜇𝜂𝑖 (𝑡𝑘) = 𝐡𝑖(𝑡𝑘)𝜇𝐏, (35)

𝜎𝜂𝑖 (𝑡𝑘) =
√

[𝐡𝑖(𝑡𝑘)]◦2𝝈◦2
𝐩 , (36)

𝛼3𝜂𝑖 (𝑡𝑘) =
[𝐡𝑖(𝑡𝑘)]◦3𝜶𝟑𝐏𝝈◦3

𝐩

𝜎3𝜂𝑖 (𝑡𝑘)
, (37)

𝛼4𝜂𝑖 (𝑡𝑘) =
[𝐡𝑖(𝑡𝑘)]◦4𝜶𝟒𝐏𝝈4

𝐩

𝜎4𝜂𝑖 (𝑡𝑘)
+

3{𝐃[𝐡𝑖(𝑡𝑘)𝑇 ]◦2[𝐡𝑖(𝑡𝑘)]◦2 − [𝐡𝑖(𝑡𝑘)]◦4}𝝈◦4
𝐩

𝜎4𝜂𝑖 (𝑡𝑘)
, (38)

where 𝝁𝐏 and 𝝈𝐩 are 𝑛𝑇 -dimensional column vectors of mean value and standard deviation of p, respectively; 𝜶𝟑𝐏 and 𝜶𝟒𝐏
re (𝑛𝑇 × 𝑛𝑇 )-dimensional diagonal matrices with the diagonal set to be the skewness and kurtosis of p, respectively; D is a

(1 × 𝑛𝑇 )-dimensional vector of ones; and (⋅)◦𝑥 denotes the Hadamard power 𝑥 of the argument.

4.2. Generation of direction vector sample

4.2.1. Expression of direction vector
The importance sampling density function, as given in Eq. (18), is defined as the summation of weighted conditional distributions.

Thus, direction vector samples following the importance sampling density function can be generated following two steps: first, an
elementary failure event is selected based on the corresponding weight, which can be directly obtained as given in Eq. (19); and
econd, the direction vector sample is generated conditioned on the occurrence of selected failure event, which will be discussed in
he following.

The direction vector is an unit vector pointing to a failure sample generated, which is in the failure domain of the selected failure
event. Then, the direction vector is defined based on the failure sample as follows:

𝐮(𝑗)𝟎 =
𝐮(𝑗)𝐅

‖𝐮(𝑗)𝐅 ‖

, (39)

where 𝐮(𝑗)𝐅 is the coordinate of the 𝑗th failure sample. Based on Eq. (39), to determine the direction vector, a failure sample should be
enerated. In this study, the failure sample is obtained by modifying a random sample to fall within the failure domain of the selected

failure event. As the LSFs in Gaussian space reflect not only the physical definition of failure but also the statistical information of
stochastic loads and their effect over the structural response, the failure sample is generated in Gaussian space. To facilitate this

odification, the most probable modification direction needs to be defined first, which should provide the shortest distance from
he random sample to the failure domain. For practical implementation, the modification direction for different random samples
s approximated as the most probable failure direction at the design point. In this study, the design point is searched using the

Hasofer–Lind–Rackwitz–Fiessler (HLRF) algorithm [43], and the detailed procedure for identifying the design point can be found
in Appendix.

To describe the sample generation procedure clearly, a schematic graph is depicted in Fig. 1, where 𝑢1 and 𝑢2 represent the loads
at different instants in Gaussian space. First, the design point A is identified to determine the most probable failure direction. Then,
6 
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a random sample point B is generated. Next, a sampling axis is constructed, defined as the line along the most probable failure
direction that passes through the random sample point. Fourth, the random sample point B is modified to fall within the failure
omain by adding a modification vector ⃖⃖⃖⃖⃖⃗𝐵 𝐷, which is aligned with the sampling axis, resulting in the failure sample point D. Note

that the length of the modification vector, ‖ ⃖⃖⃖⃖⃖⃗𝐵 𝐷‖, is randomly generated. Given that ⃖⃖⃖⃖⃖⃖⃗𝑂 𝐷 = ⃖⃖⃖⃖⃖⃗𝑂 𝐵 + ⃖⃖⃖⃖⃖⃗𝐵 𝐷, where point O is the origin,
the failure sample D can be expressed as follows:

𝐮(𝑗)𝐅 = 𝐮(𝑗)𝐑 + 𝛼(𝑗)𝐝𝑖,𝑘,𝑠, (40)

where 𝐮(𝑗)𝐑 is the value of 𝑗th random sample; 𝛼(𝑗) is defined as the modification coefficient, which represents the length of the
modification vector ⃖⃖⃖⃖⃖⃗𝐵 𝐷; and 𝐝𝑖,𝑘,𝑠 is the unit vector in the most probable failure direction of the elementary failure event 𝐹𝑖,𝑘,𝑠.
𝐮(𝑗)𝐑 can be sampled following standard Gaussian distribution (with no conditions). Based on the definition, 𝐝𝑖,𝑘,𝑠 is the unit normal
vector of 𝐺𝑖,𝑠(𝑡𝑘,𝐩) at the design point and can be calculated as

𝐝𝑖,𝑘,𝑠 =
𝐮∗𝑖,𝑘,𝑠

‖𝐮∗𝑖,𝑘,𝑠‖
, (41)

where 𝐮∗𝑖,𝑘,𝑠 is the design point corresponding to 𝐺𝑖,𝑠(𝑡𝑘,𝐩). In practice, 𝐮∗𝑖,𝑘,𝑠 can be obtained using HLRF algorithm [37] (details can
be seen in Appendix). The generation of modification coefficients 𝛼(𝑗) will be discussed in the following.

4.2.2. Generation of modify coefficient
Consider that ‖ ⃖⃖⃖⃖⃖⃗𝐵 𝐷‖ = ‖

⃖⃖⃖⃖⃖⃗𝐵 𝐶‖+ ‖

⃖⃖⃖⃖⃖⃖⃗𝐶 𝐷‖, where point C is the intersection of the limit state hypersurface and the sampling axis, 𝛼(𝑗)
can be calculated as follows:

𝛼(𝑗) = 𝛼(𝑗)𝑅 + 𝛼(𝑗)𝐹 , (42)

where 𝛼(𝑗)𝑅 and 𝛼(𝑗)𝐹 represent the lengths of ⃖⃖⃖⃖⃖⃗𝐵 𝐶 and ⃖⃖⃖⃖⃖⃖⃗𝐶 𝐷, respectively. To generate 𝛼(𝑗), the values of 𝛼(𝑗)𝑅 and 𝛼(𝑗)𝐹 need to be obtained.

(1) Computation of 𝛼(𝑗)𝑅 . As the coordinate of point C equals to ⃖⃖⃖⃖⃖⃗𝐵 𝐶 plus the coordinate of point B, the coordinates of point C, denoted
as 𝐮𝐋, is a formula of 𝛼(𝑗)𝑅 as follows:

𝐮𝐋 = 𝐮(𝑗)𝐑 + 𝛼(𝑗)𝑅 𝐝𝑖,𝑘,𝑠, (43)

Given that point C is on the limit state surface, 𝛼(𝑗)𝑅 can be obtained by solving the following equation:

𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮𝐋) = 0, (44)

where 𝐺𝑈 ,𝑖,𝑠(⋅, ⋅) is the performance function in Gaussian space, which is constructed by substituting Eq. (3) into Eq. (10) as follows:

𝐺𝑈 ,𝑖,1(𝑡𝑘,𝐮) = 𝑏𝑖,1 − 𝜂𝑖(𝑡𝑘, 𝐹−1
𝐏 [𝛷𝐔(𝐮)]), 𝐺𝑈 ,𝑖,2(𝑡𝑘,𝐮) = 𝜂𝑖(𝑡𝑘, 𝐹−1

𝐏 [𝛷𝐔(𝐮)]) − 𝑏𝑖,2. (45)

Since the inverse normal transformation given in Eq. (3) is nonlinear for non-Gaussian 𝐩, finding an analytical solution to
Eq. (44) is not possible. As an alternative, 𝛼(𝑗)𝑅 can be obtained by finding the minimum value of ‖𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮𝐋)‖ using optimization
algorithms, such as sequential quadratic programming. Numerical tests show that such an optimization algorithm can converge
within 5 iterations for a linear structural system under weakly non-Gaussian white noise excitation.

(2) Generation of 𝛼(𝑗)𝐹 . Given that ‖⃖⃖⃖⃖⃖⃖⃗𝐶 𝐷‖ = ‖

⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐷‖ − ‖

⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐶‖, where point 𝑂′ is the origin of sampling axis, 𝛼(𝑗)𝐹 is calculated as

𝛼(𝑗)𝐹 = 𝛽(𝑗)𝐹 − 𝛽(𝑗)𝐿 , (46)

where 𝛽(𝑗)𝐹 and 𝛽(𝑗)𝐿 are the lengths of ⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐷 and ⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐶, respectively. As ⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐶 is the projection of ⃖⃖⃖⃖⃖⃗𝑂 𝐶 on the sampling axis, 𝛽(𝑗)𝐿 is calculated
as follows:

𝛽(𝑗)𝐿 = |𝐮𝑇𝐋𝐝𝑖,𝑘,𝑠|, (47)

To take the advantage of the rotational invariant character of Gaussian space [37], point D is interpreted as the sample along the
sampling axis and follows standard normal distribution. Furthermore, to ensure the failure sample D exist within the failure domain,
‖

⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐷‖ should be larger than ‖

⃖⃖⃖⃖⃖⃖⃖⃗𝑂′𝐶‖. Then, 𝛽(𝑗)𝐹 is generated as follows:

𝛽(𝑗)𝐹 = −Φ−1[𝛾 (𝑗)𝛷(−𝛽(𝑗)𝐿 )], (48)

where 𝛾 (𝑗) is the 𝑗th sample generated following uniform distribution within the range of [0,1].

4.2.3. Procedure of direction vector sampling
The steps to generate direction vector samples are summarized in Fig. 3, and details are discussed as follows.

(1) Generate a pair of {𝑖, 𝑘, 𝑠} based on the weights 𝑤𝑖,𝑘,𝑠.
(2) Identify the design point 𝐮∗𝑖,𝑘,𝑠, corresponding to the selected elementary failure event.
(3) Define the unit vector associated with most probable failure direction 𝐝𝑖,𝑘,𝑠, with the aid of Eq. (41).
(4) Generate a random sample 𝐮(𝑗) in Gaussian space.
𝐑
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Fig. 2. Approximation of direction vector in DIS method.

(5) Generate 𝛼(𝑗). First, calculate 𝛼(𝑗)𝑅 by solving Eqs. (43)–(45). Then, generate 𝛼(𝑗)𝐹 using Eqs. (46)–(48). Finally, calculate 𝛼(𝑗)

based on Eq. (42).
(6) Calculate 𝐮(𝑗)𝐅 based on Eq. (40).
(7) Calculate the direction vector sample 𝐮(𝑗)𝟎 based on Eq. (39).

Please note that the procedure described above performs best whenever the loading model is weakly non-Gaussian. Such behavior
as been validated numerically. However, in case that the non-Gaussianity is strong, it is necessary to modify step (4), to take non-

Gaussian behavior of the system along the direction which is orthogonal to that of the design point associated with the corresponding
lementary failure event.

4.3. Estimation of Euclidean norms associated with the occurrence of elementary failure events

Recall that 𝑟𝑖,𝑘,𝑠 corresponds to the Euclidean distances between the origin of the standard normal space and the elementary
failure domains along the ray associated with the unit vector 𝐮𝟎. These Euclidean distances are required to estimate the failure
probability in Eq. (22). With the direction vector sample 𝐮(𝑗)𝟎 generated using the procedure described in Section 4.2, u can be
expressed as 𝑟𝐮(𝑗)𝟎 . Then, 𝑟(𝑗)𝑖,𝑘,𝑠 can be obtained by solving the following equations:

𝐺𝑈 ,𝑖,𝑠(𝑡𝑘, 𝑟(𝑗)𝑖,𝑘,𝑠𝐮
(𝑗)
𝟎 ) = 0. (49)

As given in Eq. (45), 𝐺𝑈 ,𝑖,𝑘,𝑠(⋅, ⋅) is defined based on 𝐹−1
𝐏 (⋅) and 𝛷𝐔(⋅), which are nonlinear and complex. In practice, direct calculation

f 𝑟(𝑗)𝑖,𝑘,𝑠 in Gaussian space based on Eqs. (49) is generally challenging.
To improve the computational efficiency, 𝑟(𝑗)𝑖,𝑘,𝑠 is approximately calculated by taking the advantage of the linearity in physical

pace. The procedure is schematically depicted in Fig. 2, where {𝑝1, 𝑝2} and {𝑢1, 𝑢2} are the loads at two time instants in physical
and Gaussian spaces, respectively.

Firstly, the failure sample and origin of Gaussian space are transformed to physical space with the aid of inverse-normal
transformation as follows:

𝐩(𝑗)𝐅 = 𝐹−1
𝐏 [𝛷𝐔(𝐮

(𝑗)
𝐅 )], (50)

𝐎𝐏 = 𝐹−1
𝐏 [𝛷𝐔(𝟎)], (51)

where 𝐩(𝑗)𝐅 is the failure sample in physical space corresponding to 𝐮(𝑗)𝐅 ; and 𝐎𝐏 is the equivalent point in physical space transformed
from origin of Gaussian space. Based on 𝐩(𝑗)𝐅 and 𝐎𝐏, the unit direction vector pointing to the failure sample in physical space,
denoted as 𝐩(𝑗)𝟎 , can be calculated as follows:

𝐩(𝑗)𝟎 =
𝐩(𝑗)𝐅 −𝐎𝐏

‖𝐩(𝑗)𝐅 −𝐎𝐏‖
. (52)

Based on 𝐩(𝑗)𝟎 , the set of loads p contained in the ray associated with 𝐩(𝑗)𝟎 can be expressed as 𝑐𝐩(𝑗)𝟎 , where 𝑐 is the Euclidean norm
of p. As the performance function in physical space is linear, the value of 𝑐 for the samples that first intersect the failure domain
corresponding to 𝐹𝑖,𝑘,𝑠, denoted as 𝑐(𝑗)𝑖,𝑘,𝑠, can be analytically calculated as follows:

𝑐(𝑗)𝑖,𝑘,𝑠 =
𝑏𝑖,𝑠 − 𝜂𝑖(𝑡𝑘,𝐎𝐏)

(𝑗)
. (53)
𝜂𝑖(𝑡𝑘,𝐩𝟎 )
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Fig. 3. Flowchart of the developed DIS method for dynamic reliability analysis.

Given the value of 𝑐(𝑗)𝑖,𝑘,𝑠, the coordinates p along the directions of 𝐩(𝑗)𝟎 that intersect the limit state function associated with the
elementary failure domain 𝐹𝑖,𝑘,𝑠, denoted by 𝐩(𝑗)𝑖,𝑘,𝑠, can be obtained as follows:

𝐩(𝑗)𝑖,𝑘,𝑠 = 𝑐(𝑗)𝑖,𝑘,𝑠𝐩
(𝑗)
𝟎 +𝐎𝐏. (54)

Transforming 𝐩(𝑗)𝑖,𝑘,𝑠 into Gaussian space gives the equivalent u, denoted as 𝐮(𝑗)𝑎,𝑖,𝑘,𝑠, which is formulated as follows:

𝐮(𝑗)𝑎,𝑖,𝑘,𝑠 = 𝛷−1
𝐔 [𝐹𝐏(𝐩

(𝑗)
𝑖,𝑘,𝑠)]. (55)

Then, 𝑟(𝑗)𝑖,𝑘,𝑠 can be approximated as follows:

𝑟(𝑗)𝑖,𝑘,𝑠 = ‖𝐮(𝑗)𝑎,𝑖,𝑘,𝑠‖. (56)

It should be noted that, the normal and inverse normal transformations based on 𝐹𝐏(⋅) and 𝛷−1
𝐔 (⋅) are generally non-linear, (𝑟(𝑗)𝑖,𝑘,𝑠)

2

alculated by using Eq. (56) does not follow Chi-square distribution. The deviation from that distribution is directly linked with the
degree of non-Gaussianity associated with p. Based on numerical calculations, the non-linearity of the normal and inverse normal
transformations can be neglected for weakly non-Gaussian white noise excitations with skewness less than 1.6 and kurtosis less than
8.0. And then, (𝑟(𝑗)𝑖,𝑘,𝑠)

2 can be approximately assumed to follow Chi-squared distribution of 𝑛𝑡 degree-of-freedom. When p is not white
noise, or when its skewness and kurtosis fall outside the applicable range, approximating (𝑟(𝑗)𝑖,𝑘,𝑠)

2 using a Chi-square distribution can
ead to significant errors, necessitating further research for such cases.

4.4. Procedure of developed DIS method for dynamic reliability analysis

As discussed above, DIS method is developed for problems under weakly non-Gaussian white noise excitation, by taking the
advantage of both linearity in physical space and rotational invariance of Gaussian space. The directional importance sampling is
conducted in Gaussian space and the elementary failure probability conditioned on the sampled direction is estimated based on
points detected in physical space. The vectors in different spaces are equivalently transformed based on normal and inverse normal
ransformation techniques. The procedure of the developed DIS method is summarized in Fig. 3, and details are discussed as follows:

(1) Calculate failure probability 𝑃𝑓 ,𝑖,𝑘,𝑠 for all elementary upper and lower excursions (details can be found in Section 4.1).
(2) Determine the weights 𝑤𝑖,𝑘,𝑠 for all elementary failure events based on Eq. (19).
(3) Set j = 1.
(4) Generate a failure sample in Gaussian space (details can be found in Section 4.2.3).
(5) Calculate 𝑟(𝑗)𝑖,𝑘,𝑠 based on Eqs. (50)–(56) for 𝑖 = 1,… , 𝑛𝜂 , 𝑘 = 1,… , 𝑛𝑡, and 𝑠 = 1, 2 (details can be found in Section 4.3).
(6) In case 𝑗 = 𝑁 , go to step 7. Otherwise, return to step 4 with 𝑗 = 𝑗 + 1.
𝐷 𝐼 𝑆

9 
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Fig. 4. Schematic graph of one-story shear beam model in example 1.

Fig. 5. Elementary failure probabilities.

(7) Estimate the failure probability based on Eqs. (23) and (24), and corresponding COV based on (25).

5. Illustrative examples

To evaluate the accuracy and efficiency of the developed DIS method, three examples are examined: a single-degree-of-freedom
model, a two-degree-of-freedom model and a 20 degrees-of-freedom model. The single-degree-of-freedom oscillator, adopted
from [19], is used to demonstrate the detailed procedure of the DIS method, highlighting the impacts of non-Gaussianity and
failure probability. The two-degree-of-freedom model analyzes the efficiency of the DIS method to problems with multiple degrees
of freedom. The third example aims to examine the application of the developed DIS method in a problem involving several
degrees-of-freedom.

5.1. Example 1: Single-degree-of-freedom oscillator

The first example considers a one-story shear beam model subjected to stochastic force, as shown in Fig. 4, with the mass 𝑚1
= 1 k g, stiffness 𝑘1 = 4𝜋2 N∕m and damping ratio 𝑑 = 2%. The response of interest is the top displacement relative to the ground.
The force is modeled as a discrete non-Gaussian white noise with spectral intensity 𝑆 = 1 m2∕s3, duration 𝑇 = 15 s and discrete time
step 𝛥𝑡 = 0.01 s. The standard deviation of the force, denoted by 𝜎𝑃 , is √

2𝜋 𝑆∕𝛥𝑡. The objective is to estimate the first excursion
probability of the system.

5.1.1. Discussion on detailed results
To explain the detailed procedure of the developed DIS method, the load p(t) is assumed to follow lognormal distribution with

the coefficient of variation, denoted by COVP, equals to 0.35. The thresholds for upper and lower excursions, i.e., 𝑏1,1 and 𝑏1,2, are
set to be 6.0 m and −1.0 m, respectively. Based on Fig. 3, the developed DIS method can be performed. The first step is to compute
the elementary failure probabilities, i.e., 𝑃𝑓 ,𝑖,𝑘,𝑠, and the results are shown in Fig. 5. With 𝑃𝑓 ,𝑖,𝑘,𝑠 obtained, 𝑃𝑓 is directly calculated
as 0.005, and the weights for the elementary failure events, i.e., 𝑤𝑖,𝑘,𝑠 is then obtained, as shown in Fig. 6.

The design points in Gaussian space corresponding to elementary failure events are obtained using HLRF algorithm as shown
in Appendix. The next step is to generate failure samples using the procedure illustrated in Fig. 3. For illustration, the procedure for
generating failure samples conditioned on the occurrence of upper excursion at t = 0.02 s is discussed in detail with the thresholds
redefined as 𝑏1,1 = 0.028 m and 𝑏1,2 = 0.006 m. For this case, the load p has two components, which are denoted by 𝑝1 and
𝑝2. Correspondingly, the equivalent vector u in Gaussian space also has two components, which are denoted by 𝑢1 and 𝑢2. The
modification of thresholds aims to enable the sample generation for a two-dimensional space, while the design points will be changed
to 𝐮∗1,1,1 = [2.1448, 2.1595] and 𝐮∗1,1,2 = [−2.3748,−2.3840]. With the design points defined, the unit vectors in the most probable failure
direction are obtained as 𝐝 = [0.7047, 0.7095] and 𝐝 = [−0.7057,−0.7085], with the aid of Eq. (41). For illustration, two random
1,1,1 1,1,2
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Fig. 6. Weights of elementary failure events.

Fig. 7. Random and failure samples generated in Example 1.

samples are generated following standard Gaussian distribution for upper and lower excursions, with 𝐮(1)𝐑 = [−1.1724, 0.5650] and
𝐮(2)𝐑 = [0.5790, 0.2179], respectively. Based on Eq. (42), 𝛼(1)𝑅 and 𝛼(2)𝑅 can be obtained as 3.2891 and 3.9363, respectively. Then, using
q. (46), 𝛼(1)𝐹 and 𝛼(2)𝐹 are generated as 8.43 × 10−4 and 0.6008, respectively. Based on Eq. (40), the failure sample in Gaussian space

can be calculated as 𝐮(1)𝐅 = [1.146, 2.8993] and 𝐮(2)𝐅 = [−2.623,−2.9965]. Finally, the failure samples in physical space are obtained using
inverse-normal transformation given in Eq. (3) as 𝐩(1)𝐅 = [99.7966, 181.1188] and 𝐩(2)𝐅 = [27.7131, 24.4087]. With the same procedure,

𝐷 𝐼 𝑆 = 1000 random and failure samples can be obtained. The generated samples in physical and Gaussian spaces are depicted in
Figs. 7(a) and 7(b), respectively. It is shown that the failure samples are within failure domain while close to the design points,

hich implies the rationality of the sampling scheme.
Following the same procedure, the failure samples for the case with 𝑏1,1 = 6 m and 𝑏1,2 = −1 m are generated. And then, the

values of 𝑟(𝑗)𝑖,𝑘,𝑠 for elementary failure events can be obtained. The failure probability is estimated as 0.4982 × 10−3. For comparison,
crude MCS is also performed with 107 stochastic loading samples generated, and the failure probability obtained is 0.4990 × 10−3. The
failure probability obtained from the developed DIS method is close to that from MCS, with the relative error obtained as 0.16%,
which shows the accuracy of the developed DIS method. The COVs of 𝑃𝑓 obtained from DIS method with 1000 samples is around
0.18%, which shows the stability of developed DIS method.

5.1.2. Influence of non-Gaussianity
To investigate the influence of non-Gaussianity on the performance of the developed DIS method, dynamic reliability analysis

s analyzed with COVP = 0.25, 0.30, 0.35, 0.40, 0.45, 0.50. The failure probabilities obtained from the developed DIS method using
000 samples are compared with those from crude MCS in Figs. 8(a)–8(f), and the corresponding COVs of the estimated failure

probabilities are compared in Figs. 9(a)–9(f). To facilitate direct comparison, dashed lines are used to extend the DIS results in
Figs. 8(a)–8(f). It is illustrated that:

(1) For weakly non-Gaussian cases, i.e., COVP ≤ 0.50, the failure probability obtained from the developed DIS method is close
to that obtained using MCS. This indicates the estimator of the developed DIS method is accurate.

(2) The failure probabilities obtained by DIS method become stable with less than 1000 samples, and the COV of failure
probability is lower than 0.2% with 1000 samples. In contrast, MCS requires at least 106 samples to stabilize. This is because
the developed DIS method takes the advantage of directional and importance sampling to improve the efficiency. This results
indicate the estimator of the developed DIS method convergence much quicker compared with MCS.
11 
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Fig. 8. Failure probability with different COVP for example 1.

Fig. 9. Coefficient of variation of failure probabilities with different COVP for example 1.
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Fig. 10. Failure probability with different thresholds for example 1.

5.1.3. Influence of failure probability
To investigate the influence of failure probability on the performance of developed DIS method, the dynamic reliability analysis

s conducted for weakly non-Gaussian cases with redefined thresholds. The cases under consideration are as follows:

• Case 1: COVP = 0.35, 𝑏1,1 = 4.5 m and 𝑏1,2 = −0.75 m
• Case 2: COVP = 0.35, 𝑏1,1 = 7.5 m and 𝑏1,2 = −1.25 m
• Case 3: COVP = 0.40, 𝑏1,1 = 4.5 m and 𝑏1,2 = −0.75 m
• Case 4: COVP = 0.40, 𝑏1,1 = 7.5 m and 𝑏1,2 = −1.25 m

The failure probabilities obtained from the developed DIS method and MCS are compared in Figs. 10(a)–10(d), along with the
COVs of estimated failure probabilities compared in Figs. 11(a)–11(d). The results demonstrate that the failure probabilities obtained
sing the developed DIS method closely align with those from MCS, underscoring the accuracy of the DIS method across various
evels of failure probability. Moreover, the developed DIS method achieves stability with fewer than 1000 samples across various
ases, underscoring its precision for scenarios with low failure probabilities in the level of 10−5.

5.1.4. Influence of distribution type
To further investigate the influence of distribution type on the performance of the developed DIS method, the excitation is

assumed to follow different types of distribution, including normal, Weibull, Gamma, and Uniform distributions. Again, the failure
probability is estimated using the developed DIS method and MCS, and the results are compared in Figs. 12(a)–12(d). The COVs of
ailure probability obtained by using different methods are compared in Figs. 13(a)–13(d).

It can be seen that, the developed DIS method can reach a stable evaluation using about 1000 samples. And the failure probability
obtained from the developed DIS method is in close agreement with that from MCS with more than 106 samples. These results show
the flexibility of the developed DIS method for commonly used non-Gaussian distributions. Specifically, when the load follows
Gaussian distribution, there is no assumption in the sample generation procedure. Furthermore, the failure probabilities for loads
ollowing different distributions vary, even when they have the same COV. This highlights the necessity of considering the influence
f non-Gaussianity.

5.2. Example 2: two-degree-of-freedom oscillator

The second example focuses on a two-story shear beam model as shown in Fig. 14. The mass, lateral stiffness and classical
amping of two floors are assumed to be the same with the values given as: 𝑚1 = 𝑚2 = 3 × 104 k g, 𝑘1 = 𝑘2 = 18 × 106 N∕m and
= 𝑑 = 4%. The structure is subject to a force that is modeled by non-Gaussian white noise with COV = 0.35. The discrete white
1 2
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Fig. 11. Coefficient of variation of failure probabilities with different thresholds for example 1.

Fig. 12. Failure probability with the load following different distributions for example 1.

noise process possesses a spectral intensity S = 1 × 10−4 m2∕s3, a duration of 𝑇 = 15 s and is represented considering a time step
𝑡 = 0.01 s. The responses of interest include the relative displacements of the first and second floors relative to the ground, as well
s the interstory displacement. Consistently, the thresholds for all these responses are identical, and denoted as 𝑏1 and 𝑏2 for upper
nd lower excursions, respectively.
14 
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Fig. 13. Coefficient of variation of failure probabilities with the load following different distributions.

Fig. 14. Schematic graph of two-story shear beam model in example 2.

Six cases are considered with different distribution types for loads and thresholds as follows:

• Case 1: 𝑝(𝑡) follows lognormal distribution with 𝑏1 = 0.008 m and 𝑏2 = −0.0018 m
• Case 2: 𝑝(𝑡) follows Gamma distribution with 𝑏1 = 0.008 m and 𝑏2 = −0.0072 m
• Case 3: 𝑝(𝑡) follows Weibull distribution with 𝑏1 = 0.008 m and 𝑏2 = −0.0072 m
• Case 4: 𝑝(𝑡) follows lognormal distribution with 𝑏1 = 0.0088 m and 𝑏2 = −0.008 m
• Case 5: 𝑝(𝑡) follows Gamma distribution with 𝑏1 = 0.0088 m and 𝑏2 = −0.008 m
• Case 6: 𝑝(𝑡) follows Weibull distribution with 𝑏1 = 0.0088 m and 𝑏2 = −0.008 m

The loads is modulated by function 𝑚(𝑡) as follows:

𝑚(𝑡) =
⎧

⎪

⎨

⎪

⎩

(𝑡∕5)2 0 [s] ≤ 𝑡 ≤ 5 [s]
1 5 [s] < 𝑡 ≤ 6 [s]
𝑒−(𝑡−6)2 𝑡 > 6 [s]

(57)

For each of the case described above, the failure probability and its associated coefficient of variation are calculated by the
developed DIS method with 1000 samples and MCS with more than 107 samples, and the results are compared in Figs. 15(a)–16(f).
The failure probabilities obtained using the developed DIS method remain in close agreement with those from MCS, with the level
of failure probability reaching 10−5. Furthermore, the developed DIS method becomes stable with around 1000 samples for all the
cases considered. The results demonstrate that the developed DIS method can provide stable estimator for small failure probability.
15 
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Fig. 15. Failure probabilities for different cases in example 2.

Fig. 16. Coefficient of variation of failure probabilities for different cases in example 2.

To further evaluate the efficiency of the developed DIS method for dynamic reliability analysis, the number of dynamic structural
analyses required by the DIS method and the MCS method are compared in Figs. 17(a)–17(f). Dashed lines are used to extend
the results of the DIS method, facilitating a clear comparison. It is evident from the figures that the total number of dynamic
nalyses required by the developed DIS method is significantly less than that required by the MCS method. This reduction is due

to the smaller number of random samples needed in the DIS method. However, when the number of samples is the same for both
16 
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Fig. 17. Number of dynamic structural analyses for different cases in example 2.

Fig. 18. Schematic graph of multiple story shear beam model in example 1.

methods, the dynamic analyses required by the DIS method exceed those of the MCS method. This is because the developed DIS
method necessitates the evaluation of the elementary failure probabilities, the search for the design point, the determination of the
intersection point between the limit states of elementary failure events, and the generated direction.

5.3. Example 3: Multiple degree-of-freedom oscillator

The third example involves a 20-story shear frame model, as illustrated in Fig. 18. Each floor has a mass of 𝑚𝑖 = 1 × 105 k g
and nominal stiffness of 𝑘𝑖 = 140 × 106 N∕m, with i = 1, . . . , n, where n is the number of storeys. The frame is subject to a ground
acceleration 𝑝(𝑡) over a time duration of T = 20 s, modeled as Gamma white noise with a COV of 0.20 and a spectral intensity of
10−4 m2∕s3. The stochastic action 𝑝(𝑡) is represented by discretized white noise, p, with a time step of 𝛥𝑡 = 0.01 s. The response of
interest of this model is the interstorey displacements. The thresholds for all responses are identical, with upper and lower excursion
limits denoted as 𝑏1 = 0.35 mm and 𝑏2 = −3.5 cm, respectively.

The failure probabilities obtained from the developed DIS method with 2000 samples is compared with that from crude MCS
in Fig. 19(a), and the corresponding COV of the estimated failure probabilities are compared in Fig. 19(b). To facilitate direct
comparison, dashed lines are used to extend the DIS results in Fig. 19(a). It is demonstrated that the failure probabilities estimated
by the DIS method are in close agreement with those from MCS, indicating the accuracy of the DIS method for multiple degrees-of-
freedom problems. It should be noted that to achieve a COV below 5%, more than 1000 samples are required by the DIS method for
17 
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Fig. 19. Dynamic reliability results in example 3.

this 20-story shear frame model. The computational time required by the DIS method and MCS is 1288 s and 22,232 s, respectively.
ll scripts were coded in MATLAB R2023b and run on a computer with a 13th Gen Intel(R) Core(TM) i7-1360P @2.20 GHz,
hile parallel implementation is applied in MCS to improve the efficiency. The ratio of computational time for MCS relative to

he developed DIS method is smaller than the ratio of samples required by the two methods. This is because the DIS method incurs
dditional computational time for generating directional vector samples and parallelization was not applied. However, it should be
oted that eventually, parallelization strategies for DIS could be developed.

6. Conclusions

The DIS method is developed for linear structural system subjected to non-Gaussian white noise excitation. An explicit estimator
of failure probability is deduced, taking the advantages of both linearity of limit state in physical space and statistical character
of Gaussian space. Failure samples are generated in Gaussian space and transformed to physical space. The direction vector in
physical space is defined based on failure samples, and the failure probability along the generated direction is calculated with a
linear assumption of the normal and inverse normal transformation.

Three examples are investigated to examine the application of the developed DIS method, with the loads following different kinds
of non-Gaussian distributions. The developed DIS method is found to be applicable for weakly non-Gaussian white noise excitations

ith enough precision (measured in terms of a small coefficient of variation) and a reduced number of samples. Specifically, the
eveloped DIS method remains efficient for small failure probability problem, with about 1000 samples required for problems with
 failure probability in the level of 10−5. It should be noted that, due to the assumption of linearity along sampled directions when

transforming from the physical space to the standard normal space, the proposed DIS method may not be accurate for estimating
the failure probability for excitations that exhibit strong non-Gaussianity or deviate from white noise.
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Appendix. Hasofer–Lind–Rackwitz–Fiessler algorithm for searching design point

The design point corresponding to 𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮), i.e., 𝐮∗𝑖,𝑘,𝑠, is the point on the LSF 𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮) = 0 that is closest to the origin in
the standard normal space. The search for 𝐮∗𝑖,𝑘,𝑠 involves solving the following optimization problem:

min
𝐮

‖𝐮‖ subject to 𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮) = 0. (A.1)

This problem can be solved using iterative methods such as the Hasofer–Lind–Rackwitz–Fiessler (HLRF) algorithm [44], and the
iterative steps are summarized as follows:

(1) Initialization: Start with an initial guess 𝐮(0). Generally, 𝐮(0) is set to be a zero vector.
(2) Iteration: Update the design point using the following equations until convergence.

𝐮(𝑗+1) = 𝐮(𝑗) −
𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮(𝑗))

‖∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮(𝑗))‖2
∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮(𝑗)), (A.2)

where ∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮) is the gradient of the LSF with respect to 𝐮. Considering the chain rule for differentiation, ∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮)
is calculated as follows:

∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮(𝑗)) = ∇𝐺𝑖,𝑠(𝑡𝑘,𝐩(𝑗))
𝑑𝐩
𝑑𝐮

|

|

|

|𝐩=𝐩(𝑗)
. (A.3)

Recall 𝑓𝐏(𝐩)𝑑𝐩 = 𝜙𝐔(𝐮)𝑑(𝐮) and use the definition of 𝐺𝑖,𝑠(𝑡𝑘,𝐩(𝑗)) given in Eq. (10), ∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮) can be reformulated as follows:

∇𝐺𝑈 ,𝑖,𝑠(𝑡𝑘,𝐮(𝑗)) = (−1)(𝑠+1)𝐡𝑖(𝑡𝑘)𝐉, (A.4)

where J is the Jacobian matrix, which in this case is a diagonal matrix whose elements are given by 𝜙𝐔(𝐮(𝑗))⊘ 𝑓𝐏(𝐩(𝑗)), where
⊘ denotes Hadamard division.

(3) Convergence Check: The iteration stops when the change in 𝐮 is smaller than a predefined tolerance 𝜁 , i.e., ‖𝐮(𝑗+1)−𝐮(𝑗)‖ < 𝜁 .
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Data will be made available on request.
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