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Chapter 1

Introduction

The Lempel-Ziv 77 (LZ77) factorization [34] is a text compression scheme that decomposes
a string T into z phrases (factors), where each phrase is either a leftmost occurrence of a
character (literal phrase) or the longest substring starting at an earlier position (referencing
phrase). An earlier occurrence position of one such substring is called its source and its
starting position is called its destination. Referencing phrases can be represented by one
of its sources and its length, hence the factorization can be stored using Opz lognq bits,
where n “ |T | is the length of the string.

1.1 Relevance

The Lempel-Ziv 77 (LZ77) factorization [34] is the main text compression scheme and is
also used to implement compressed text indexes [33, 19, 19]. It is also used in compressed
media formats, such as PNG and PDF.

The number z of phrases can be used to measure the compressibility of a string, like
the number r of runs in the Burrows-Wheeler-Transformation [6] (BWT), the number
b of phrases in the smallest Bidirectional Macro Scheme [40], the size g of the smallest
Context-free grammar [7] (CFG) generating the string and the number e of nodes and
edges in the Compact Deterministic Acyclic Word Graph [5] (CDAWG). In practice, we
have b ă z ă g ă r ă e, and there are orders of magnitude between the measures [37].

There are variants of the LZ77 factorization. Rightmost Lempel-Ziv [13] requires each
factor to reference its rightmost source. LZ-End [30] demands each source to end at the end
of a previous factor. Sliding Window LZ77 [4] requires each source to lie in a fixed-sized
window before its destination. Relative Lempel-Ziv (RLZ) [18] uses a reference (a string
consisting of snippets from the input string) to copy referencing phrases from. Finally,
non-overlapping LZ77 [31] requires each source to end before its destination. There are
also parallel LZ77 construction algorithms [8, 14] and LZ77 approximation algorithms
[12, 16, 32].

1



2 CHAPTER 1. INTRODUCTION

1.2 The Problem

As we have seen, the LZ77 factorization of a length-n string over the alphabet r1, σs with
σ “ nOp1q can be computed in Opnq time and words of space on a word RAM of width
w “ Θplognq. However, since T can be represented using Θpn log σq bits of space, that
is, Θpn{ logσ nq words of space, there may be algorithms that need only Θpn{ logσ nq time
and words of space.

There is an algorithm [27] that takes Opn{ logσ n`r log9 n`z lognq time and Opn{ logσ n
` r log8 nq words of space. However, this algorithm is a purely theoretical result, as it re-
quires many large data structures and has a practically inefficient running time. The algo-
rithm presented in [29] takes Oppn log σq{

?
log nq time and Opn{ log σq space, but also re-

quires impractical data structures. In [12], an algorithm that takes Opn{ logσ n`z log3`ϵ zq

time and Opn{ logσ nq words of space is presented, where ϵ ą 0 is a small constant. As an
intermediary step, this algorithm computes an LZ-like factorization of at most 3z phrases,
which is defined analogously to the LZ77 factorization, but with the relaxation that ref-
erencing phrases do not have to be of maximal length. This takes Opn{ logσ nq time and
words of space. Then, the LZ-like factorization is transformed into the LZ77 factorization
in Opn{ logσ n` z log3`ϵ nq time and Opn{ logσ nq words of space.

We call an algorithm that computes an LZ-like factorization with at most αz phrases an
LZ77 α-approximation. The computation of the 3-approximation that is part of the LZ77
construction algorithm described in [12] is based on a τ -string synchronizing set (SSS),
which will be formally defined in Section 2.7. Intuitively, a SSS is a subset (sampling) of
positions in T such that (i) within two occurrences of a long substring (with length ě 2τ)
the same (relative) positions are sampled and (ii) the sampling is uniformly dense across
T .

1.2.1 LZ77 3-Approximation

Phase 1. The first phase uses a SSS of T with size Opn{τq and an Op1q-time and Opn{τq-
words of space LCE data structure based on this SSS, where τ “ Oplogσ nq. This SSS can
be constructed in Opn{τq time and words of space (see Theorems 4.3 and 8.11 in [28]). (i)
is used to compute a gapped factorization of z1 ď z factors with phrases starting at and
referencing previous sampled positions.

Phase 2. Due to piiq, long gaps (ě 3τ) between phrases are periodic and can thus be
efficiently shortened or closed entirely such that only short gaps remain. To accomplish
this, a data structure to compute the shortest period of length-m ď log2 n{p2rlog2 σsq

patterns in Op1q time is used, which can be constructed in Op
?
n log3σ nq time and words

of space (see Lemma 2 in [12]).
Phase 3. To close the short gaps in phase three, a data structure to locate any short

pattern (ď 3τ) is required. In [12], an Opn{ log nq space data structure to compute the
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leftmost occurrence of a length-m ď log2 n{pp2 ` ϵqrlog2 σsq pattern is proposed, where
ϵ ą 0 is a small constant (see Lemma 3 in [12]). However, this approach only works in
practice if τ is very small (for example τ “ 4 or τ “ 8), which increases the size of the SSS
to an impractical level. Therefore, it remains to find a compact data structure (or more
generally an index) to locate short patterns. This is the main challenge when implementing
the 3-approximation.

1.2.2 LZ77 Exact Algorithm

The exact LZ77 Algorithm described in [12] at first computes an LZ77 3-Approximation
using the algorithm from Section 1.2.1. Then, the exact factorization is computed incre-
mentally from left to right.

At first, it constructs a special sampling of text positions and lexicographically and co-
lexicographically sorts the samples. The task of finding the next phrase starting at position
i can then be reduced to (i) computing pairs of sparse prefix- and sparse suffix array
intervals, (ii) intersecting the samples contained in those and (iii) filtering out samples
starting at or after position i.

(i) is achieved using binary searches. (ii) and (iii) can be reduced to the insertion-
only orthogonal range one-reporting (IO-OROR) problem. The algorithm uses the data
structure from Theorem 1 in [38] for IO-OROR. Although this data structure provides
suitable theoretical construction- and query times (and space), it is inefficient in practice.
Therefore, it remains to find a practical data structure for the IO-OROR problem.

1.2.3 Practical Compression Tool

The LZ77 3-Approximation and the exact LZ77 algorithm compress the text only by re-
placing repetitions with referencing phrases. In practice, the compression ratio can be
further increased by omitting short referencing phrases and encoding their text segments
using other methods. Relating this insight to the LZ77 3-Approximation, we could omit
Phases 2 and 3 and instead compress the gaps using a standard compressor.

1.3 Results

Compared with the LZ77 LPF algorithm (a simple, but space-consuming exact LZ77 algo-
rithm, see Section 2.4), which needs 8n if n ă 231, or 16n additional bytes of memory, else,
the LZ77 3-Approximation from Section 1.2.1 needs only 0.1n to 0.3n bytes of additional
memory, is 0.9-10 (typically 3-10) times faster and achieves approximation ratios between
1 and 2 (typically 1.2-1.3).

The exact LZ77 algorithm from Section 1.2.2 needs 0.2n to 0.6n additional bytes of
memory. As its theoretical running time suggests, its performance improves with the
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repetitiveness of the text. In practice, it is only useful for repetitive texts. Additionally,
we implemented a more space-consuming version of the algorithm, which needs 10-50%
more memory, but is 1-2.2 times faster.

Finally, we implemented a practical compression tool called ssszip, which omits Phases
2 and 3 of the LZ77 3-Approximation, and instead compresses the gaps using zstd1.
Compared with state-of-the-art compressors, ssszip uses a predictable amount of memory
(1.1n to 1.5n bytes) and is an order of magnitude faster than state-of-the-art compressors
that yield similar compression rates. Although there are compressors that are faster and/or
need less memory, they yield much lower compression rates, especially with repetitive texts.

1https://facebook.github.io/zstd/

https://facebook.github.io/zstd/


Chapter 2

Preliminaries

2.1 Syntax Definitions

2.1.1 Arrays

For i, j P Z, we write tk P Z | i ď k ď ju “ ri, js “ pi´ 1, js “ ri, j ` 1q. Let Ar1..ns be an
array A of size n. For i P r1, ns, Aris returns the i-th value in A. Similarly, for i, j P r1, ns

with i ď j, Ari, js denotes the (sub-)array Br1..j ´ i ` 1s “ rAris, Ari ` 1s, ..., Arjss. We
also allow this notation when addressing sub-arrays, i.e, Ari, js “ Api´ 1, js “ Ari, j ` 1q.
We also interpret A as the set tAr1s, ..., Arnsu. Finally, we can interpret A as an iterated
function, i.e, Akris “ Ak´1rAriss, where k ą 1 is an integer, and A1ris “ Aris.

2.1.2 Binary Search in Pseudocode

Let B “ “bin-search for max y P X such that P” be a block of pseudocode, where
X “ tx1, ..., xNu with x1 ă ... ă xN , and P is pseudocode that takes one parameter y

and calls either “report true;” or “report false;” (which causes the control flow to exit
the scope of P). Then, calling B implicitly calls Algorithm 1, which returns the maximum
y P X such that Ppyq reports true using a binary search.

In Algorithm 1, we maintain the current search interval rb, es, which is in initialized
with rb, es “ r1, N s. Let m “ tpb ` eq{2u ` 1 be the current candidate position. If Ppxmq
calls “report true;”, then we set bÐ m. Else, we set eÐ m´ 1. As soon as rb, es “ H,
we return K (see line 9). Once we have b “ e and Ppb1q reports true, we return xb (see
line 6).

2.1.3 Exponential Search in Pseudocode

Let B “ “exp-search for max y P X such that P” be a block of pseudocode, where
X “ tx1, ..., xNu with x1 ă ... ă xN , and P is pseudocode that takes one parameter y,
and calls either “report true;” or “report false;” (which causes the control flow to exit

5
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Algorithm 1: bin-search for max
y P X “ tx1, ..., xNu such that P

1 if X “ H then
2 return K;

3 rb, es Ð r1, N s;
4 while rb, es ‰ H do
5 mÐ rpb` eq{2s;
6 if Ppxmq reports true then
7 bÐ m;
8 if b “ e then
9 return xb

10 else
11 eÐ m´ 1;

12 return K;

Algorithm 2: exp-search for max
y P X “ tx1, ..., xNu such that P

1 if X “ H then
2 return K;

3 p, sÐ 1;
4 while true do
5 if Ppxpq reports true then
6 if p “ N then
7 return xN ;

8 pÐ maxpN, p` sq;
9 sÐ 2 ¨ s;

10 else
11 return bin-search for max

y1 P txb, ..., xp´1u such that P;

the scope of P). Then, calling B implicitly calls Algorithm 2, which returns the maximum
y P X such that Ppyq reports true using a left-to-right exponential search followed by a
binary search. More precisely, we maintain a step size s and candidate position p, initialized
with p, s “ 1. Then, we iteratively run through the following loop.

Loop. If Ppxpq reports true, then we either return xN if p “ N , or set pÐ minpN, p`

sq and s Ð 2 ¨ s, and repeat the loop, else. If Ppxpq reports false, then we break out of
the loop and return "bin-search for max y1 P txb, ..., xp´1u such that P;”.

2.1.4 Strings

We interpret strings as arrays. Let Σ “ r1, σs be an alphabet, and let T P Σn be a string.
For i, j P r1, ns with j ă i, we denote T ri, js with the empty string ε. Substrings of
the form T r1, is and T ri, ns are called suffixes and prefixes of T , respectively. We write
Ti “ T ri, ns. A prefix/suffix of T is proper iff it is shorter than T . The reversed string of
T is revpT q “ T rnsT rn ´ 1s...T r1s. Two strings S1 and S2 are equal iff |S1| “ |S2|, and
@i P r1, |S1|s : S1ris “ S2ris.

2.1.5 Lexicographical Order

Let ă be the lexicographic order of strings, that is, it holds S1 ă S2 iff either S1 is a proper
prefix of S2, or Di P r1,minp|S1|, |S2|qs : S1r1, iq “ S2r1, iq and S1ris ă S2ris. We write
S1 ĺ S2 instead of ␣pS2 ă S1q. We assume that all described algorithms work in the
word-RAM model with word width w “ Θplognq [22].
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Let SAr1..ns be the array storing the unique permutation of r1, ns such that TSAr1s ă

... ă TSArns. Since it stores the lexicographic order among all suffixes of T , we call it the
suffix array [35]. Let SA´1r1..ns be the array that stores the inverse permutation of SA,
i.e, @i P r1, ns : SA´1rSAriss “ i. We call SA´1 the inverse suffix array.

2.1.6 Word-Packed Representation of Strings

We assume that the string T r1..ns is given in fixed-width integer representation, i.e, the
alphabet is Σ “ r1, σs and each symbol is stored in rlog2 σs bits. Hence, the string is
stored as a bitstring of length n ¨ rlog2 σs in Opn{ logσ nq consecutive memory words. Note
that we can obtain the length-pk ¨ rlog2 σsq bitstring representing a length-k substring S in
Op1 ` k{ logσ nq time by using bit-shifts and bit-wise logical operations. Such a bitstring
can then be interpreted as an integer intpSq P r1, 2k¨rlog2 σss.

2.1.7 Rank- and Select Queries

Let Ar1..ns be an array of values from the universe U “ tu1, u2, ..., u|U |u. The query
rankvpA, iq with v P U and i P r1, ns then returns the number of occurrences of v in A

up to position i, i.e, rankvpA, iq “ |tj | Arjs “ v, j P r1, isu|. The query selectvpA, iq with
v P U and i P rankvpA,nq then returns the position in A of the i-th occurrence of v in A,
i.e, selectvpA, iq “ mintj P r1, ns | rankvpA, jq “ iu.

2.1.8 Successor- and Predecessor Queries

Let U “ tu1, u2, ..., u|U |u be an ordered universe, i.e, u1 ă u2 ă ... ă u|U |, and let X Ď U .
Then, we call predXpvq “ maxtu P X | u ď vu of v P U the predecessor of v in X and
succXpvq “ mintu P X | u ě vu of v P U the successor of v in X.

2.2 Lempel-Ziv 77 Factorization

The Lempel-Ziv 77 factorization of a string T is the decomposition of T into z phrases
f1f2...fz “ T such that any given phrase fj “ T ri, i ` |fj |q with j P r1, zs and i “ 1 `
řj´1

j1 |fj1 | is either a leftmost occurrence of a single character (literal phrase), or otherwise
the longest prefix of Ti that occurs before i (referencing phrase).

We call i the destination of fj and an occurrence position of fj before i a source of fj .
The factorization is usually represented by a sequence of z pairs p1, p2, ..., pz. For j P r1, zs,
either pj “ xsj , ljy stores the length lj “ |fj | and a source sj of fj if fj is a referencing
phrase, or pj “ xT ris, 0y if fj is a literal phrase. An LZ-like factorization is defined
analogously to the LZ77 factorization, but with the relaxation that referencing phrases do
not have to be of maximal length. It holds z “ Opn{ logσ nq [34]. Now, we discuss two
algorithms for computing the LZ77 factorization (see Section 2.3 and Section 2.4).
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Figure 2.1: Suffix tree of T “ abab$, where each internal node v is marked with minpvq.

2.3 LZ77 Suffix-Tree Algorithm

The LZ77 factorization can be computed using a suffix tree, which is the minimal tree
such that for each suffix T ri, ns, there is a path xr, ..., vy from the root r to a leaf v, whose
concatenation of edge labels is T ri, ns, and v is marked with i. Figure 2.1 shows an example
suffix tree.

To compute the LZ77 factorization, we additionally mark each internal node v with
the minimum leaf label minpvq in its subtree. Suppose we have already factorized T up
to position i ´ 1. A next (j-th) factor starting at position i can then be computed by
starting at the root and running down the suffix tree while matching T ri, ns as long as the
minimum leaf label in the current subtree is less than i (minpvq ă i). If there is no match,
then the next factor x0, T risy is literal (length 0 indicates that the phrase is literal). Else,
let l denote the length of the matched substring, let v denote the node we have arrived
at, and let k “ minpvq. Since l is the maximal length of a substring of T that starts at
position i and also occurs before position i, and T rk, k ` lq is a previous occurrence of
T ri, i` lq (because k “ minpvq ă i), we can choose xk, ly as a next factor.

Let v be a node in the suffix tree, and let s be the concatenation of the edge labels on
the path from r to v. Then, let s “ v.

2.3.1 Example. To compute the LZ77 factorization of T “ abab$, we can use the suffix
tree shown in Figure 2.1. The first factor is always x0, T r1sy, i.e, x0, ay. To compute the
second factor (i “ 2), we try to match T ris “ b along the edge with label b going out from
the root. However, we now have minpvq “ minpbq “ 2 ć i “ 2, hence we have no match
and output the next factor x0, T risy “ x0, by. Now, we match T r3, 4s along the edge ab

going out from the root and arrive at v “ ab, but we cannot match T r5s “ $, because
minpab$q “ 3 ć i “ 3, so we output xminpvq, lyq “ x1, 2y as the third factor. Finally,
we try to match T r5s along the edge $ outgoing from the root, but minp$q “ 5 ć i “ 5,
so we output the final factor x0, T risy “ x0, $y. Overall, we get the LZ factorization
x0, ay, x0, by, x1, 2y, x0, $y.
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Since there are n leaves, and therefore ă n internal nodes in a suffix tree, it has less
than 2n nodes and edges overall. Since every edge label occurs in T , edge labels can be
represented by intervals rb, es to reference substrings T rb, es, hence, each node and each
edge need Op1q words of space, respectively. Therefore, a suffix tree needs overall Opnq
words of space. It can also be constructed in Opnq time and words of space [15]. Suffix
trees can be implemented in Opnq words of space such that a length-m pattern can be
searched in Opmq expected time [21], where σ is the alphabet size of T . This results in
an overall expected running time of

řz
j“1Op|fj |q “ Opnq to compute the LZ factorization

given a suffix tree, where fj is the j-th factor, i.e, T “ f1f2...fz.

2.3.1 Reaching Linear Time and Space

The running time can be improved to Opnq time by implementing two modifications. We
store an array ĂSA

´1
r1..ns, where ĂSA

´1
ris points to the leaf with label i. Additionally, we

annotate each node v with its string depth dpvq, which is the length of the concatenation
of the edge labels on the path from r to v. A next (j-th) factor can then be found by
starting at the node v Ð ĂSA

´1
ris, running up the suffix tree with v, and stopping as soon

as minpvq ‰ i. If we have reached the root (v “ r), then the next factor x0, T risy is literal.
Else, v is the lowest node v on the path from ĂSA

´1
ris to r with minpvq ‰ i, hence, l “ dpvq

is the maximal length of a substring of T that starts at position i and also occurs before
position i, i.e, at position k “ minpvq. Therefore, we can choose xk, ly as a next factor.

During the computation of the j-th factor starting at position i, we iterate upwards
only from nodes u with minpuq “ i, and because factor starting positions are distinct, we
iterate upwards from each node at most once. Since there are Opnq nodes, this results in
an overall Opnq running time.

2.4 LZ77 LPF Algorithm

Compared with LZ77 construction algorithms that use the suffix tree (see Section 2.3), the
longest previous factor (LPF) LZ77 construction algorithm stores only four integer arrays
SAr1..ns, SA´1r1..ns, NSVr1..ns and PSVr1..ns. Asymptotically, this still requires Opnq
words of space, but is more space-efficient than a suffix tree in practice.

2.4.1 Definition. Let PSVr1..ns be the array such that PSVris stores the previous smaller
value (PSV) in SA before position i, i.e, PSVris “ 0 if @j P r1, iq : SArjs ą SAris and
PSVris “ maxtj | j P r1, iq,SArjs ă SArisu, else. Analogously to PSV, let NSVr1..ns be
the array such that NSVris stores the next smaller value (NSV) in SA after position i, i.e,
NSVris “ 0 if @j P pi, ns : SArjs ą SAris and NSVris “ mintj | j P pi, ns, SArjs ă SArisu,
else.
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Figure 2.2: Illustration of the LPF-Array Construction. In this case, it holds LCEpj, iq ą
LCEpk, iq, hence LPFris “ j.

2.4.2 Definition. Given two text positions i, j P r1, ns, let their longest common extension
be the length of the longest substring starting at both i and j, i.e, LCEpi, jq “ maxtl P

r0, n´maxti, ju`1s | T ri, i`lq “ T rj, j`lqu. We call an array LPFr1..ns a longest previous
factor array iff for each i P r1, ns, either LPFris “ K if T ris does not occur in T r1, iq, or
else, LPFris “ argmaxjPr1,iqtLCEpj, iqu.

Suppose we have already factorized the text up to position i ´ 1, and now want to
compute the next x-th factor. The main insight of the LPF algorithm is that if T ris

occurs before position i in T , then among the suffixes of T starting before i, either the
lexicographically next smaller suffix Tj or the lexicographically next larger suffix Tk (or
both) shares a prefix of length |fx| with Ti (see Figure 2.2). This is because if there was a
suffix Tl with l ă i that shares a longer prefix with Ti, then Tl would lie lexicographically
between Tj and Tk, which contradicts the choice of j or k. Hence, we can compute LPF as
follows.

2.4.3 Construction. Let i P r1, ns, let j1 “ PSVrSA´1riss and k1 “ NSVrSA´1riss. The
following construction yields an LPF array. If j1, k1 “ 0, then LPFris “ K. Else, LPFris “
argmaxsPtj1,k1uzt0utLCEpSArss, iqu.

We can compute SA in Opnq time [39]. Note that the definition of SA´1 is an Opnq
time construction algorithm for SA´1. We can compute NSV and PSV with a left-to-right
scan over SA (see Algorithm 3). Suppose we have computed PSV up to position i ´ 1. If
SAri ´ 1s ă SAris, then PSVris “ i ´ 1. Else, PSVris “ PSVlri ´ 1s, where l is minimal
such that PSVlri´ 1s ă SAris (see Figure 2.3). We compute l in lines 3-4 in Algorithm 3.
Let k P r0, lq. By the definition of PSV, we have SArPSVlri´ 1ss ă ... ă SArPSV1ri´ 1ss ă
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Algorithm 3: nsv-psvpq

1 for i from 1 to n do
2 pÐ i´ 1;
3 while p ą 0^ SArps ą SAris do
4 NSVrps Ð i;
5 pÐ PSVrps;

6 PSVris Ð p;
7 NSVris Ð 0;

SA

i jk

PSV

{> s

{ {..
{

Si

s

Figure 2.3: Illustration of a skipped interval during the computation of PSV.

SAri´ 1s and @x P pk, iq : SArxs ą SArPSVkri´ 1ss ą SAris, hence NSVrPSVkri´ 1ss “ i,
so we set NSVrps Ð i in line 24. It is easy to see that each entry NSVrps ‰ 0 is assigned.
Setting NSVris Ð 0 in line 7 ensures that the remaining entries (with NSVrps “ 0) are
correctly set.

2.4.4 Lemma. Given SA, we can compute PSV and NSV in Opnq time.

Proof. For i P r1, ns, we call Si “ pk, iq the i-th skipped interval, where k “ PSVris. We
call it skipped, because it is skipped during the computation of each next entry PSVrjs

with j ą i. This is because each entry PSVrxs with x P r1, jqzSi does not point into Si, i.e,
PSVrxs R Si (see Figure 2.3). Therefore, each position in r1, ns is considered at most twice
before it becomes part of some skipped interval, and the running time bound follows. l

2.4.5 Theorem. Given SA, SA´1, PSV and NSV, we can compute the LZ77 factorization
in Opnq time and space.

Proof. Suppose we have already factorized T up to position i ´ 1. Intuitively, SA´1ris

is the lexicographical rank of Ti, or the position of the suffix i in the suffix array, thus
we can compute LPFris by Construction 2.4.3. If LPFris “ K, then we output a literal
factor x0, T risy. Else, we output a referencing factor xLPFris, LCEpLPFris, iqy. We compute
the LCE queries naively, which takes Op|fx|q time for the x-th factor. The remaining
computations (lookups in SA´1, PSV and NSV) take Op1q time per factor, hence the



12 CHAPTER 2. PRELIMINARIES

overall running time is
řz

x“1Op|fx|q “ Opnq. Since all used data structures are arrays of
size n, we need Opnq words of space. l

Note that we do not explicitly compute the whole LPF-Array. Rather, we implicitly
compute LPF only for phrase starting positions. Computing a whole LPF-Array would take
Opn2q time using the same method.

2.4.6 Example. Consider the text T “ abab$.

1 2 3 4 5
T “ a b a a $
SA “ 5 3 1 4 2

SA´1 “ 3 5 2 4 1
PSV “ 0 0 0 3 3
NSV “ 2 3 0 5 0

Since the first factor is always literal, we output x0, T r1sy “ x0, ay. Now, we look up
the position i1 “ SA´1r2s “ 5 of T2 in SA. We have NSVr5s “ 0, so there is no suffix
before T2 that is lexicographically larger than T2. We have j “ PSVri1s “ PSVr5s “ 3 and
SArjs “ SAr3s “ 1, but T1 does not yield a match with T2, hence we output a literal factor
x0, T r2sy “ x0, by. Now, we look up i1 “ SA´1r4s “ 4. We have NSVri1s “ NSVr4s “ 5, but
TSAr5s “ T2 does not yield a match with T3. However, TSArPSVri1ss “ T1 yields a match of
length 2 with T3, so we output x1, 2y as a referencing factor. The last factor is x0, $y. We
have z “ 4.

2.5 Constant Time LCE Queries in Linear Time and Space

To answer an LCE query in Op1q time, we introduce the longest common prefix array and
range minimum queries.

2.5.1 Definition. Let LCPr1..ns be the array such that LCPr1s “ 0 and LCPris “ LCEpSAri

´ 1s, SArisq for i P r2, ns. We call LCP the longest common prefix array of T . Given an
integer array Ar1..ms, the range minimum query RMQApi, jq returns the position in A of
the minimum value in Ari, js for a given range H ‰ ri, js Ď r1,ms, i.e, RMQApi, jq “

argminkPri,jstArksu.

2.5.2 Theorem. Given LCP, SA´1 and an Opnq space data structure to answer RMQLCP

queries in Op1q time, we can answer LCE queries in Op1q time.

Proof. The LCP array and an Opnq space data structure to answer RMQLCP queries in
Op1q time can be computed in Opnq time [26, 17]. Now, we describe how the LCP array
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Figure 2.4: Illustration of LCE queries using RMQ queries on the LCP Array.

can be used together with an RMQLCP data structure and SA´1 to answer LCE queries in
Op1q time.

Let i, j P r1, ns, let l “ LCEpi, jq. Now consider the positions i1 “ SA´1ris and j1 “

SA´1rjs of i and j in SA (see Figure 2.4), and assume i1 ă j1 (else swap i and j). Let Tk be
a suffix that lies lexicographically between Ti and Tj , i.e, Ti ă Tk ĺ Tj . Since Tk shares a
common prefix of length l with Ti and Tj , it holds LCPrSA´1rkss ě l. Furthermore, there
exists a suffix Tm such that Ti ă Tm ĺ Tj and minpLCEpm, iq, LCEpm, jqq “ l (otherwise
would imply LCEpi, jq ą l), hence LCPrSA´1rmss “ l_LCPrSA´1rms`1s “ l and therefore
LCPrRMQLCPpi

1 ` 1, j1qs “ l “ LCEpi, jq. l

2.5.3 Example. Suppose we want to compute LCEpi, jq “ LCEp1, 3q in the text from
Example 2.4.6.

1 2 3 4 5
T “ a b a b $

SA´1 “ 3 5 2 4 1
LCP “ 0 0 2 0 1

Here, we have i1 “ SA´1r1s “ 3, j1 “ SA´1r3s “ 2 and RMQLCPpj
1 ` 1, i1q “

RMQLCPp3, 3q “ 3, hence LCEp1, 3q “ LCPr3s “ 2.



14 CHAPTER 2. PRELIMINARIES

2.6 Rolling Karp–Rabin Fingerprinting

Karp–Rabin fingerprints [25] can be used to efficiently hash substrings of the text to small
integers such that (i) same substrings result in the same hash and (ii) there are only “few”
hash collisions.

2.6.1 Definition. For a constant c ą 1, a prime number q “ Θpncq and a base b P rσ, qq,
the Karp-Rabin fingerprint of the substring T ri, js is defined as ϕpi, jq “ p

řj
k“i T rks ¨

bj´kq mod q.

Note that (i) holds, because the fingerprint is independent of i and j, i.e, T ri, js “

T ri1, j1s ñ ϕpi, jq “ ϕpi1, j1q. However, T ri, js ‰ T ri1, j1s ñ ϕpi, jq ‰ ϕpi1, j1q holds only
with high probability. Rolling fingerprinting is a method to compute, for a fixed substring
length l, the Karp–Rabin fingerprints of all length-l substrings of T from left to right in
Opnq time. Here, we initially compute ϕp1, lq. Then, we slide a length-l window over
T and maintain at position i P r2, n ´ lq the fingerprint ϕpi, i ` l ´ 1q of the substring
T ri, i` l´1q covered by the window, which can be computed from the previous fingerprint
ϕpi´ 1, i` l ´ 2q in Op1q time using a lookup table [25].

2.7 String Synchronizing Set

We say that a string is of period p iff it can be written as consecutive repetitions of its first
p characters (the last repetition can be cut off). More formally, a string T is of period p

iff T r1, n´ ps “ T r1` p, ns. The period perpT q of T is then the minimal p such that T is
of period p.

2.7.1 Definition (Definition 3.1 [28]). Given a string T P Σn and a parameter τ P

r1, tn2 us, a set S “ tp1, p2, ..., psu Ď r1, n´2τ `1s with p1 ă p2 ă ... ă ps is τ -synchronizing
w.r.t. T iff the following two conditions hold.

• Synchronizing condition: For all i, j P r1, n´ 2τ ` 1s with T ri, i` 2τq “ T rj, j` 2τq,
it holds i P S ô j P S.

• Density condition: For every i P r1, n ´ 3τ ´ 2s, it holds S X ri, i ` τq “ H iff
perpT ri, i` 3τ ´ 2sq ď τ

3 .

Now, let us describe a practical sliding-window algorithm to compute a τ -synchronizing
set using a left-to-right scan over T . To this end, we need the following Theorem.

2.7.2 Theorem (Lemma 8.2 [28]). For τ P r1, tn2 us, let Q be the set of periodic text
positions, i.e, Q “ ti P r1, n ´ τ ` 1s | perpT ri, i ` τqq ď 1

3τu. Let id be a function
such that @i, j P r1, ns : idpiq “ idpjq ô T ri, i ` τq “ T rj, j ` τq. Then, S “ ti P

r1, n ´ 2τ ` 1s | mintidpjq | j P ri, i ` τ szQu P tidpiq, idpi ` τquu is τ -synchronizing w.r.t.
T .
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We choose idpiq “ ϕpi, i` τ ´ 1q and at first compute the set Q. Then, we use rolling
Karp-Rabin fingerprinting with length τ , slide a window of size τ `1 over T up to position
n´2τ `1, at position i keep track of all fingerprints Fi “ ridpiq, ..., idpi` τqs in the current
window ri, i` τ s. If mintidpjq | j P ri, i` τ szQu P tidpiq, idpi` τqu, then we add i to S. In
practice, this algorithm yields a SSS of size « 2τ

n .

2.7.3 Example. Let τ “ 3 and let idpiq be the lexicographical rank of T ri, i` τq.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b
id “ 5 15 18 4 14 17 2 12 12 12 12 12 12 11 10 9 8 7 5 15 18 3 13 16 1 6

We have Q “ r8, 16s. For i “ 1, we have mintidpjq | j

P r1, 4szr8, 13su “ mint5, 15, 18, 4u P t5, 4u, hence i “ 1 P S. The next included position is
4, because for i “ 4, we have mintidpjq | j P r4, 7szr8, 13su “ mint4, 14, 17, 2u P t4, 2u. The
remaining positions are 14, 15, 16 and 19. Thus, we have S “ t1, 4, 14, 15, 16, 19u.

2.8 Constant Time LCE Queries in Sublinear Time and Space

If we set τ “ Oplogσ nq, then we can use a τ -synchronizing set to answer LCE queries in
Op1q time and Opn{ logσ nq space. To this end, we need the following data structures.

2.8.1 Definition. Given a τ -synchronizing set S, let T 1 P r0, 3τq|S| such that T 1ris “ T rpi,

minpn, pi ` 3τqq for i P r1, |S|s. Let LCP1 be the LCP array of T 1.

2.8.2 Definition. Let S “ rp1, p2, ..., p|S|s Ď r1, ns with p1 ă p2 ă ... ă p|S| be a sub-
set (sampling) of text positions from T (e.g. a SSS). We define the unique permutation
SASr1..|S|s of r1, |S|s satisfying @i, j P r1, |S|s : SASris ă SASrjs ô SArpis ă SArpjs to be
the sparse suffix array of T w.r.t. S. Finally, Let the unique permutation SA´1

S r1..|S|s of
r1, |S|s with @i P r1, |S|s : SASrSA

´1
S riss “ i be the sparse inverse suffix array of T w.r.t.

S.

The following lemma is the main useful property of string synchronizing sets and allows
us to answer LCE queries by applying the same method as in Theorem 2.5.2, but using
LCP1 and RMQLCP1 .

2.8.3 Lemma (Lemma 4.2 [28]). For i, j P r1, |S|s, it holds T 1
i ă T 1

j ô Tpi ă Tpj .

2.8.4 Theorem (Theorem 5.4 [28]). We can compute in Opn{ logσ nq time and space
a data structure of size Opn{ logσ nq that can answer LCE queries in Op1q time.

Proof. We choose τ sufficiently small such that a word-packed length-3τ substring of T

can be stored in one word, i.e, 3τ rlog2 σs ď w ô τ ď ω{p3rlog2 σsq “ Oplogσ nq and
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Figure 2.5: Illustration of LCE queries using RMQ queries on the LCPS Array.

start by constructing T 1 in Opn{τq “ Opn{ logσ nq time and space from the word-packed
representation of T . Then, we build SAS . Since by Lemma 2.8.3, SAS is also the suffix
array of T 1, we can do this in Opn{τq “ Opn{ logσ nq time and space with an Opnq time
suffix array construction algorithm. Then, we compute SA´1

S , LCP1 and an Op1q time
RMQLCP1 query data structure in Opn{τq time and space using Definition 2.8.2, [26] and
[17], respectively. Finally, we construct a packed bit-vector BSr1..ns, where BSris “ 1 ô

i P S and augment it in Opn{ logσ nq time with an Op1q time and opn{ logσ nq space
rank1pBS , .q query data structure (Proposition 2.4 [28]) to answer succS queries in Op1q
time. Overall, the construction needs Opn{τq “ Opn{ logσ nq time and space.

Since substrings of T with length ď 3τ fit into one word, we can compute LCE queries
on T up to length 3τ in Op1q time by LCEď3τ pi, jq “ tctzpintpT ri, i` 3τqq ‘ intpT rj, j `

3τqqq{rlog2 σsu, where ‘ is the bitwise exclusive or operation and ctzpBq returns the number
of trailing zeros of the bit-string B (here, we interpret intpT ri, i`3τqq and intpT rj, j`3τqq

as bit-strings).

Now, we discuss the query procedure (see Algorithm 4). At first, we check if Ti and
Tj mismatch within the first 3τ characters (see line 1-2). If so (lceď3τ ă 3τ), then we
can return LCEpi, jq “ lceď3τ . Else, we compute the successors pi1 and pj1 of i and j in S

together with their indices i1 and j1 in S. If pi1 ´ i ‰ pj1 ´ j holds (see line 6), then we
return mintpi1 ´ i, pj1 ´ ju` 2τ ´ 1 by Lemma 5.2 [28]. Else, we can reduce the LCE query
in T to an LCE query in T 1 by Lemma 5.3 [28] and answer it using the same approach as
in Theorem 2.5.2 (see line 8). The first mismatch between Ti and Tj occurs after at least
pi1`l ´ i and at most pi1`l ´ i ` 3τ characters, hence we can find this position using an
LCE query of length ď 3τ on T (see line 9) analogously to line 1. All operations during
the query procedure take Op1q time, hence the overall query time is Op1q. l
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Algorithm 4: LCEpi, jq

1 lceď3τ Ð LCEď3τ pi, jq;
2 if lceď3τ ă 3τ then
3 return lceď3τ ;

4 pi1 Ð succSpiq;
5 pj1 Ð succSpjq;
6 if pi1 ´ i ‰ pj1 ´ j then // Lemma 5.2 [28]

7 return mintpi1 ´ i, pj1 ´ ju ` 2τ ´ 1;

8 lÐ LCP1rRMQLCP1pSA´1
S ri

1s ` 1, SA´1
S rj

1sqs;
9 return pi1`l ´ i` LCEď3τ ppi1`l, pj1`lq;

2.8.5 Definition. Let LCPSr1..|S|s be an array, where LCPSr1s “ 0 and LCPSris “

LCEpSASri ´ 1s,SASrisq for i P r2, |S|s. We call LCPS the sparse longest common pre-
fix array of T w.r.t. S.

In practice, we compute LCPS instead of LCP1. This eliminates the need for the LCEď3τ

query in line 9 of Algorithm 4, i.e, we return pi1´i`LCPSrRMQLCPS
pSA´1

S ri
1s`1, SA´1

S rj
1sqs

in line 8.

2.8.6 Example. Let us continue Example 2.7.3. There, we computed the 3-synchronizing
set S “ t1, 4, 14, 15, 16, 19u.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

SAS “ 2 6 1 5 4 3
SA´1

S “ 3 1 6 5 4 2
LCPS “ 0 5 5 0 3 4

To compute LCEpi, jq “ LCEp8, 9q, we compute LCEď3τ p8, 9q “ 9. Since 9 ć 3τ “ 9,
we compute pi1 “ succSp8q “ 14 (i1 “ 3) and pj1 “ succSp9q “ 14 (j1 “ 3). Since
pi1 ´ i “ 6 ‰ 5 “ pj1 ´ j, we return mintpi1 ´ i, pj1 ´ ju` 2τ ´ 1 “ mint6, 5u` 2τ ´ 1 “ 10.

With this text, it is not possible to reach line 8. However, we can skip lines 1-3 if
pi1 ´ i “ pj1 ´ j holds. To compute LCEpi, jq “ LCEp14, 15q, we would then compute
pi1 “ succSp14q “ 14 (i1 “ 3) and pj1 “ succSp15q “ 15 (j1 “ 4). Since we have pi1 ´ i “

pj1 ´ j “ 0, we return pi1 ´ i ` LCPSrRMQLCPS
pSA´1

S rj
1s ` 1, SA´1

S ri
1sqs “ 14 ´ 14 `

LCPSrRMQLCPS
p5` 1, 6qs “ LCPSr6s “ 4 in line 8.



18 CHAPTER 2. PRELIMINARIES



Chapter 3

Algorithms and Data Structures

By applying the concept of longest previous factors to the sparse setting, we get the sparse
longest previous factor array LPFSr1..|S|s w.r.t. a subset (sampling) S of text positions
from T , which is defined as follows.

3.0.1 Definition. We call the array PSVSr1..|S|s the sparse previous smaller value (PSV)
array w.r.t. S, where PSVSris “ 0 if @j P r1, iq : SASrjs ą SASris and PSVSris “ maxtj P

r1, iq | SASrjs ă SArisu, else. Analogously, we call the array NSVSr1..|S|s the sparse next
smaller value (NSV) array w.r.t. S, where NSVSris “ 0 if @j P pi, |S|s : SASrjs ą SASris

and NSVSris “ mintj P pi, |S|s | SASrjs ă SASrisu, else. We call an array LPFSr1..|S|s a
sparse longest previous factor array w.r.t. S iff for each i P r1, |S|s, either LPFSris “ K if
T rSriss does not occur in T r1, Srisq, or else, LPFSris “ argmaxjPr1,SrisqtLCEpj, Srisqu.

3.1 LZ77 Approximation Algorithms

The following LZ77 Algorithms apply the LPF algorithm to the sparse setting by implicitly
computing the sparse LPF array w.r.t. a string synchronizing set S and using the Op1q
time LCE data structure from Theorem 2.8.4, which also uses S. Additionally, they use
the following data structures to close gaps in the factorization.

3.1.1 Auxiliary Data Structures

3.1.1 Lemma (Lemma 3 [12]). Let ϵ P R` be a constant. There is a data structure that,
given a pattern P P Σm with m ď log2 n{pp2` ϵqrlog2 σsq, outputs the leftmost occurrence
of P in T in Op1q time. It can be computed in Opn{ logσ nq time and opn{ logσ nq space.

Proof. Let m1 “ tlog2 n{pp2 ` ϵqprlog2 σsqqu be the maximum allowed pattern length, let
P 1 P Σ2m1 , and let ϵ̂ “ ϵ{p2`ϵq. Since 22m1rlog2 σs ď 22 log2 n{p2`ϵq “ n2{p2`ϵq “ n1´pϵ{p2`ϵqq “

n1´ϵ̂, we have intpP 1q P r0, n1´ϵ̂q. Our data structure then stores for each allowed pattern

19
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length m P r1,m1s an array Lmr1..2
mrlog2 σss, where LmrintpP qs stores the leftmost occur-

rence of P in T for each possible P .
To construct L1, ..., Lm1 , we at first compute the leftmost m1-aligned occurrence of each

possible P 1 in T , that is, we compute Ar1..22m1rlog2 σss, where ArintpP 1qs either stores im1`1

if there exists an i P r0, n{m´ 1s such that T rim1 ` 1, pi` 2qm1s “ P 1, or n` 1, else. This
can be done by initializing AÐ rn` 1, ..., n` 1s (see line 1 in Algorithm 5), and for each
possible P 1 for i from n{m1 ´ 2 down to 0, setting ArintpT rim1 ` 1, pi` 2qm1sqs Ð im1 ` 1

(see lines 2-3). This takes Opn{m1q “ Opn{ logσ nq time.

Algorithm 5: build-Lpm1q

1 Ar1..22m
1rlog2 σss Ð rn` 1, ..., n` 1s; // Opn1´ϵ̂q time

2 for i from n{m1 ´ 2 down to 0 do // Opn{ logσ nq time

3 ArintpT rim1 ` 1, pi` 2qm1sqs Ð im1 ` 1;

4 for m from 1 up to m1 do // Op
?
n logσ nq time

5 Lmr1..2
mrlog2 σss Ð rn` 1, ..., n` 1s; // Op

?
nq time

6 for intpP 1q from 1 up to 22m
1rlog2 σs do // Opn1´ϵ̂ log2σ nq time

7 for j from 1 up to 2m1 ´m` 1 do // Opm2q “ Oplog2σ nq time

8 let intpP q “ intpP 1rj, j `mqq;
9 LmrintpP qs Ð minpLmrintpP qs, ArintpP

1qs ` jq;

10 return L1, L2, ..., Lm1 ;

With A, we can now build L1, L2, ..., Lm1 . We initialize Lm “ rn ` 1, ..., n ` 1s for
each m P r1,m1s (see lines 4-5). Note that the leftmost occurrence of each P is contained
in the leftmost m1-aligned occurrence of at least one P 1. To construct Lm, we therefore
consider for every possible P 1, each j P r1, 2m1 ´ mq with P “ P 1rj, j ` mq, and set
LmrintpP qs Ð minpLmrintpP qs, ArintpP

1qs ` jq (see lines 6-9). Since there are n1´ϵ̂ choices
of P 1 and Opm2q “ Oplog2σ nq choices of P , this takes Opn1´ϵ̂ log2σ nq Ă opn{ logσ nq time.
Since the construction of A takes Opn{ logσ nq time, we get an overall running time of
Opn{ logσ nq.

Regarding the total used space, note that A and each Lm has size Opn1´ϵ̂q, and m1 “

Oplogσ nq. Therefore, we need Opn1´ϵ̂ logσ nq Ă opn{ logσ nq space in total. l

3.1.2 Lemma (Lemma 2 [12]). There is a data structure that, given a pattern P P Σm

with m ď log2 n{2rlog2 σs, outputs the period of P in Op1q time. It can be computed in
Op
?
n log3σ nq time and Op

?
n logσ nq space.

Proof. Let m1 “ tlog2 n{2rlog2 σsu be the maximum allowed pattern length. The data struc-
ture then stores for each allowed pattern length m P r1,m1s an array Qmr1..2

mrlog2 σss, where
QmrintpP qs stores perpP q, for each P . Since each array Qm has size 2mrlog2 σs ď 2log2 n{2 “
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Op
?
nq, and there are m1 “ Oplogσ nq arrays, this data structure needs Op

?
n logσ nq space.

For each P , we compute perpP q naively in Opm2q “ Oplog2σ nq time, hence the construction
takes Op

?
n log3σ nq time. l

3.1.2 LZ77 3-Approximation

At first, we discuss the LZ77 3-Approximation from [12], which we have already roughly
described in Section 1.2. It sets τ “ tlog2 n{p8rlog2 σsqu. At first, it computes a gapped
factorization of z1 ď z phrases starting at and referencing sampled positions such that gaps
that are longer than 3τ are periodic and can thus be shortened to length ď 3τ or closed
entirely efficiently in the second phase. Then, it closes the remaining short gaps in the
third phase.

3.1.3 Definition. We call the factorization f1g1r1f2g2r2...fz1gz1rz1 “ T a gapped LZ fac-
torization of T iff for each x P r1, z1s,

• the perfect phrase fx with destination i “ 1 `
řx´1

j“1 |fjgjhj | is either literal (the
leftmost occurrence of a single character, |fx| “ 1), or the longest prefix of Ti that
occurs before position i in T at some source k P r1, iq,

• and the reference rx with destination i “ 1` |fxgx| `
řx´1

j“1 |fjgjhj | is either empty
(rx “ ϵ), or a prefix of Ti (not necessarily the longest prefix) that occurs before
position i in T at some source k P r1, iq.

For x P r1, z1s, we call gx a (possibly empty) gap.

3.1.4 Lemma (Lemma 5 [12]). Any gapped LZ factorization f1g1r1f2g2r2...fz1gz1rz1 “

T satisfies z1 ď z, where z is the number of factors in the exact LZ77 factorization.

Proof. Let j be the destination of some perfect phrase fx in the gapped factorization, and
let i be the destination of the phrase fy of the exact LZ77 factorization that contains j.
Since fy occurs before position i in T , T rj, i ` |fy|s “ fyrj ´ i ` 1, |fy|s occurs before
position j in T . Since fx is perfect (of maximal length), it has length ě |fy| ´ j ` i,
hence it ends either at or after the end of fy in T . Therefore, each phrase of the exact
LZ77 factorization contains the destination of at most one perfect phrase of the gapped
LZ factorization, hence z1 ď z. l

3.1.2.1 Phase 1

3.1.5 Lemma. Given a τ “ tlog2 n{p8rlog2 σsqu-synchronizing set S, we can compute in
Opn{ logσ nq time and space a gapped LZ factorization f1g1r1f2g2r2...fz1gz1rz1 “ T such
that all referencing phrases are empty, and no gap contains a position in S.
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Figure 3.1: Illustration of the computation of LPFSris in Op1q time.

Proof. We process S from left to right. Let iÐ 1 be the index of the current sample in S,
and let xÐ 1 be the index of the current phrase in the gapped LZ factorization.

For each i-th sample, we check whether T rSris, Sris`2τq occurs before position Sris in
T by querying p “ L2τ rintpT rSris, Sris`2τqqs using Lemma 3.1.1. We can do this, because
2τ “ 2tlog2 n{p8rlog2 σsqu ď log2 n{p4rlog2 σsq ď log2 n{pp2` ϵqrlog2 σsq for ϵ P p0, 2s.

Case 1. p ă Sris: Then, T rSris, Sris ` 2τq has a previous occurrence, and we know
by the synchronizing condition (see Definition 2.7.1) that (i) all previous occurrences of
T rSris, Sris ` 2τq start at positions in S, hence we can compute LPFSris in the following
way (see Figure 3.1). If PSVSrSA

´1
S riss ‰ 0, then let pj “ Srjs “ SrSASrPSVSrSA

´1
S risss.

Similarly, if NSVSrSA
´1
S riss ‰ 0, then let pk “ Srks “ SrSASrNSVSrSA

´1
S risss. By (i), at

least one of pj and pk must be defined. If either pj or pk is undefined, then LPFSris “ pk

or LPFSris “ pj , respectively. Else (both pj and pk are defined), then LPFris “ pj if
LCEppj , piq ą LCEppk, piq, and LPFSris “ pk, else. Then, we choose fx “ T rSris, Sris `

LCEpSris, LPFSrisqq with source LPFSris as the next referencing perfect phrase.

Case 2. p “ Sris: Then, T rSris, Sris`2τq has no previous occurrence. Now, we find the
maximum l such that T rSris, Sris ` lq has a previous occurrence by applying Lemma 3.1.1
for each l P r1, 2τq. Let l1 P r1, 2τq be maximal such that T rSris, Sris ` l1q has a previous
occurrence p1 “ Ll1rintpT rSris, Sris ` l1qqs ă Sris. If l1 “ 0, then we choose fx “ T rSriss

as a literal perfect phrase. Else, we choose fx “ T rSris, Sris ` lq as a referencing perfect
phrase with source p1.
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1
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n
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p|S|

Figure 3.2: Illustration of the LZ-like factorization after Phase 1 of the LZ77 3-
Approximation (see Lemma 3.1.5).

Now, we skip the samples in S before the end e of the just computed perfect phrase,
that is, we increment i until i ą |S| or Sris ą e. If i ą |S|, then we are done. Else, we
increment x and repeat the procedure until i ą |S| holds. Since each next phrase starts
at the respective next uncovered sample in S and has length at least 1, this respective
next sample and therefore all samples in S will be covered by some perfect phrase (see
Figure 3.2). By the construction, each phrase is perfect (of maximal length), hence the
computed factorization is a gapped LZ factorization without referencing phrases.

Theorem 2.8.4 and Lemma 3.1.1 need Opn{ logσ nq time and space. Since there areď |S|
samples in S, we apply Case 1 and 2 ď |S| times. One application of Case 1 takes Op1q
time, hence Case 1 needs overall Op|S|q “ Opn{τq “ Opn{ logσ nq time. One application
of Case 2 takes Opτq time, but since we encounter Case 2 at most once per distinct
length-2τ substring of T , of which there are at most 22τ rlog2 σs2τ , Case 2 needs overall
Op22τ rlog2 σsτ2q “ Opn1{4 log2σ nq Ă Opn{ logσ nq time. Therefore, we need Opn{ logσ nq
time and space in total. l

3.1.2.2 Phase 2

3.1.6 Lemma. Given a τ “ tlog2 n{p8rlog2 σsqu-synchronizing set S and a gapped LZ
factorization f1g1r1f2g2r2...fz1gz1rz1 “ T , where all referencing phrases are empty, and no
gap contains a position in S, we can compute in Opn{ logσ nq time and space a gapped LZ
factorization f 1

1g
1
1r

1
1f

1
2g

1
2r

1
2...f

1
z1g1

z1r1
z1 “ T such that the length of each gap is at most 3τ ,

i.e, @x P r1, z1s : |g1
x| ď 3τ .

Proof. By the density condition (see Definition 2.7.1), each long gap g with |g| ą 3τ has
period ď τ

3 . Thus, we can eliminate all long gaps by replacing for each long gap g with
destination i, the phrases gr with g1r1, where r is an empty referencing phrase (by the
assumption), g1 “ gr1, 3τ s is a new short gap and r1 “ gp3τ, |g|s is a new referencing
phrase with source i` 3τ ´ perpT ri, i` 3τqq (see Figure 3.3). To compute the period p of
T ri, i ` 3τq, we can use Lemma 3.1.2, which works, because 3τ “ 3tlog2 n{p8rlog2 σsqu ď

log2 n{p2rlog2 σsq.
Lemma 3.1.2 needs Op

?
n log3σ nq Ă Opn{ logσ nq time and space. Since there are

z1 ď z “ Opn{ logσ nq gaps, we can identify each long gap in Opn{ logσ nq time. Then, we
spend additional Op1q time to replace each long gap, hence we need overall Opn{ logσ nq
time and space. l
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Figure 3.3: Illustration of the shortening of a long gap in Phase 2 of the LZ77 3-
Approximation (see Lemma 3.1.6).

3.1.2.3 Phase 3

3.1.7 Lemma. Given a τ “ tlog2 n{p8rlog2 σsqu-synchronizing set S and a gapped LZ
factorization f1g1r1f2g2r2...fz1gz1rz1 “ T , where the length of each gap is at most 3τ ,
i.e, @x P r1, z1s : |gx| ď 3τ , we can compute in Opn{ logσ nq time and space an LZ-like
factorization of T with ď 3z phrases, where z is the number of factors in the exact LZ77
factorization.

Proof. We call a gap referencing if it has a previous occurrence. At first, we identify all non-
referencing non-empty gaps (step 1). Then, we iteratively replace those until all remaining
gaps are referencing (step 2). Finally, we replace the referencing gaps with references (step
3).

Step 1. Since all gaps have length ď 3τ , we can classify all gaps using Lemma 3.1.1.
Let g be a gap with destination i. If L|g|rintpT ri, i` |g|qqs “ i, then g is non-referencing.

Step 2. Let g be a non-referencing gap. We find the maximum l P r0, |g|s such that
T ri, i ` lq has a previous occurrence p “ LlrintpT ri, i ` lqqs (if l ą 0) using Lemma 3.1.1
and replace g with g1rfg2, where g1 is a new empty gap, r is a new empty reference, f “
T ri, i`maxp1, lqq is a new perfect phrase (with source p if l ą 0) and g2 “ grl`maxp1, lq, |g|s

is a new gap (see Figure 3.4). Finally, we classify g2 and repeat Step 2 for g2 if it is non-
referencing.

Step 3. Since the current factorization still is a gapped LZ factorization, there re-
main z2 P rz1, zs perfect phrases and ď z1 ď z non-empty referencing gaps and non-
empty references, each. Now, we discard all empty factors and use Lemma 3.1.1 to re-
place each non-empty non-referencing gap g at destination i with a reference with source
L|g|rintpT ri, i` |g|qqs. Therefore, this results in an LZ-like factorization with ď z2 ` 2z1 ď

3z1 ď 3z phrases.

Theorem 2.8.4 and Lemma 3.1.1 need Opn{ logσ nq time and space, and since we query
it with pattern length ď 3τ “ 3tlog2 n{p8rlog2 σsqu ď log2 n{pp2` ϵqrlog2 σsq for ϵ P p0, 23 s,
we do not exceed the maximum allowed pattern length. Since there are ď z1 gaps in
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Figure 3.4: Illustration of the shortening of a short gap in Phase 3 of the LZ77 3-
Approximation (see Lemma 3.1.7).

the initial factorization, and we spend Op1q time to classify one gap, step 1 takes overall
Opz1q “ Opzq “ Opn{ logσ nq time. Similarly, step 3 needs Op1q time per referencing gap
and therefore Opz1q “ Opn{ logσ nq time overall.

It now remains to limit the time spent during step 2. Since there are 23τ rlog2 σs3τ “

Opn3{8τq distinct length-3τ substrings in T , and each non-referencing gap g is a leftmost
occurrence of a length-ď 3τ substring of T , we process Opn3{8τq non-referencing gaps
overall. Furthermore, we spend Opτq time per non-referencing gap, hence step 3 needs
overall Opn3{8τ2q “ Opn3{8 log2σ nq Ă Opn{ logσ nq time. l

Theorem 3.1.8 follows directly from the chained application of Lemma 3.1.5, Lemma 3.1.6
and Lemma 3.1.7.

3.1.8 Theorem (Theorem 1 [12]). We can compute in Opn{ logσ nq time and space an
LZ-like factorization with at most 3z factors, where z is the number of factors in the exact
LZ77 factorization.

3.1.2.4 Computing the Factorization From Left To Right

The LZ77 3-Approximation has been split into multiple phases such that their respective
running times can be analyzed more easily. However, the resulting factorization can also
be computed from left to right (see Algorithm 8). We start by discussing two auxiliary
algorithms that are needed in the main algorithm. Then, we describe the main algorithm.

3.1.2.4.1 Auxiliary Algorithms prev-occpi, lmaxq (see Algorithm 7) returns xT rbs, 0y
if T ris has no previous occurrence or xs, ly, where l is the maximum length ď lmax such that
the first occurrence s of T ri, i` lq lies before i. prev-occpi, lmaxq runs in Opmaxp1, lmax´ lqq

time.
Let i P r1, |S|s. If T rSris, Sris`2τq has a previous occurrence, then longest-prev-factorpiq

(see Algorithm 6) returns xLPFris, py, where p is a previous occurrence of T rSris, Sris `
LPFrisq. It runs in Op1q time and is correct due to the same argument as in Lemma 3.1.5.

3.1.2.4.2 Main Algorithm Here, we maintain the position i P r1, |S|s of the current
sample in S and the start b and end e of the current gap rb, eq Ď r1, ns. We run through
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Algorithm 6: longest-prev-factorpiq

1 xs, ly Ð xK, 0y;
2 if PSVSrSA

´1
S riss ‰ K then

3 s1 Ð SrSASrPSVSrSA
´1
S rissss;

4 l1 Ð LCEps1, Srisq;
5 if l1 ą l then
6 xs, ly Ð xs1, l1y;

7 if NSVSrSA
´1
S riss ‰ K then

8 s1 Ð SrSASrNSVSrSA
´1
S rissss;

9 l1 Ð LCEps1, Srisq;
10 if l1 ą l then
11 xs, ly Ð xs1, l1y;

12 return xs, ly;

Algorithm 7: prev-occpi, lmaxq

1 lÐ lmax;
2 while l ą 0 do
3 sÐ LlrintpT ri, i` lsqs;
4 if s ă i then
5 return xs, ly;

6 lÐ l ´ 1;

7 return xT ris, 0y;

z1 ` 1 iterations in the main while-loop. Each iteration can be divided into two steps,
where we refer to the perfect phrases in the initial gapped LZ factorization resulting from
Lemma 3.1.5.

Step 1. In lines 4-12 of the j-th iteration (see Figure 3.5), we close the gap rb, eq
between the end b of the perfect phrase fj´1 in T (or 1 if j “ 1) and the start e of the
next perfect phrase fj in T (or n ` 1 if j “ z1 ` 1). Overall, we apply Lemma 3.1.7 and
Lemma 3.1.6 to the gap if it is not empty. We start by setting e1 Ð minpb` 3τ, eq. If rb, eq
is a long gap (see Lemma 3.1.6), then e1 ă e, and we compute the period p of T rb, e1q in line
6 using Lemma 3.1.2. If the remaining short gap rb, e1q is not empty, we iteratively shorten
it from the left in the while loop in lines 7-9. In each iteration, we call prev-occpb, e1 ´ bq

(see Algorithm 7), output the factor it returns, and increment b by its length. Let k be
the number of iterations this while loop runs through.

In each (except for possibly the last) iteration, we output perfect factors to shorten non-
referencing gaps. This takes Opτq time per gap as required in the proof of Lemma 3.1.7.
In the last iteration (which may also be the first iteration), we may close a referencing gap.
If so, then this takes Op1q time, because prev-occpb, e1 ´ bq returns a factor with length
e1 ´ b, and this takes Opmaxp1, lmax ´ lqq “ Opmaxp1, pe1 ´ bq ´ pe1 ´ bqqq “ Op1q time as
argued in Paragraph 3.1.2.4.1.

Finally, we potentially output a referencing factor (line 11) to fully close the long gap
rb, eq with a reference re1, eq and source e1´ p “ e1´ perpT rb, e1qq as described in the proof
of Lemma 3.1.6.
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Figure 3.5: Illustration of the j-th iteration of the LZ77 3-Approximation (see Algo-
rithm 8).

Step 2. In lines 13-25 of the j-th iteration, we compute the perfect phrase fj if j ď z1,
or break out of the main while loop in line 14, else (b “ n` 1, see lines 13-14). If j ď z1,
then we consider Cases 1 and 2 as in the proof of Lemma 3.1.5.

Case 1. T rSris, Sris`2τq has no previous occurrence: Then, we can output the perfect
factor returned by prev-occpb, 2τ ´ 1q in line 16. This takes Opτq time as required in the
proof of Lemma 3.1.5.

Case 2. T rSris, Sris ` 2τq has a previous occurrence: By the same argument as in
Paragraph 3.1.2.4.1, we can output longest-prev-factorpiq in line 18. This takes Op1q time
as required in the proof of Lemma 3.1.5.

Finally, we try to find the next sample in S starting after the end b of the perfect phrase
fj by incrementing i (see lines 20-21). If there is no next sample, then the next gap ends
at the end of T , i.e, at n` 1 (see line 23). Else, we can set eÐ Sris in line 25.

3.1.9 Example. In Example 2.7.3, we computed the 3-synchronizing set S “ t1, 4, 14, 15,
16, 19u.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

SAS “ 2 6 1 5 4 3
SA´1

S “ 3 1 6 5 4 2
PSVS “ 0 1 0 3 3 3
NSVS “ 3 3 0 5 6 0

In the first iteration, we consider the first sample Sris “ Sr1s “ 1. We have b, e, e1 “ 1.
Since T r1, 2τq “ abcabc has no previous occurrence, we call prev-occp1, 5q in line 19 and
output x0, T r1sy as a literal factor. Then, we set b Ð b ` maxp1, 1q “ 2, increment i

until i “ 2, because then, Sris “ Sr2s “ 4 ě b “ 2. Finally, we set e “ Sris “ 4. In
the second iteration, we set e1 “ 4 and output 2 literal factors x0, by and x0, cy in line 9.
Now, we have b, e “ 4. Since T rb, b ` 2τq “ abcabb has no previous occurrence, we call
prev-occp4, 5q in line 19 and output x1, 5y as a referencing factor. We set b “ 9, increment
i until i “ 3 and set e “ Sr3s “ 14. In the third iteration, we set e1 “ 14 and output
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Algorithm 8: lz77-3-approximationpq

1 iÐ 1; // index of the current sample in S

2 bÐ 1; eÐ Sr1s; // beginning and end of the current gap

3 while true do
4 e1 Ð minpb` 3τ, eq; // end of the current short gap

5 if e1 ă e then // the gap is long

6 pÐ Q3τ rintpT rb, e
1qqs; // period of T rb, b` 3τq

7 while b ă e1 do // close the short gap

8 xs, ly Ð prev-occpb, e1 ´ bq;
9 output xs, ly;

10 bÐ b`maxp1, lq;

11 if e1 ă e then // the gap is long

12 output xe1 ´ p, e´ e1y; // output a referencing factor

13 bÐ e; // close the long gap

14 if b “ n` 1 then
15 break;

16 if L2τ rintpT rb, b` 2τqqs “ b then // T rb, b` 2τq has no prev. occ.

17 output prev-occpb, 2τ ´ 1q; // output a lit./ref. perfect factor

18 else // T rb, b` 2τq has a previous occurrence

19 output longest-prev-factorpiq; // output a referencing perfect factor

20 bÐ b`maxp1, lq; // the new gap starts after the perfect phrase

21 while i ď |S| ^ b ą Sris do // find the next sampled position

22 iÐ i` 1;

23 if i ą |S| then // there is no next sample

24 eÐ n` 1; // the new gap ends at the end of T

25 else
26 eÐ Sris; // the new gap ends at the next sample
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x8, 5y in line 9. Now, we have b “ 14. Since T rb, b ` 2τq “ bbbbba has no previous
occurrence, we output x8, 5y in line 17, set b “ 19 and increment i until i “ 6. In the
last iteration, we have b, e, e1 “ 19. Since T rb, b` 2τq “ abcabc has a previous occurrence,
we call longest-prev-factorp6q. There, we consider the lexicographically next smaller and
larger sampled suffixes SrSASrPSVSrSA

´1
S r6ssss “ 4 and SrSASrNSVSrSA

´1
S r6ssss “ 1,

respectively. Since T1 yields a longer match (length 8) with Tb “ T19 than T4, we output
x1, 8y as the final factor.

We have z1 “ 7. It holds z “ 6, because in the exact factorization, we have x8, 10y as
the third factor with destination 9. Thus, the approximation ratio is z1{z “ 7{6 “ 1.16.

3.2 LZ77 Exact Algorithm

We compute the exact LZ77 factorization incrementally from left to right. At first, we
construct a special sampling of text positions from an LZ-like factorization, and lexico-
graphically and co-lexicographically sort the samples. The task of finding the next phrase
starting at position i can then be reduced to (i) computing pairs of sparse prefix- and sparse
suffix array intervals, (ii) intersecting the samples contained in those, and (iii) filtering out
samples starting at or after position i.

3.2.1 Preliminaries

We at first define the problem of insertion-only orthogonal range one-reporting, which we
will use for (ii and (iii)). Then, we discuss sparse prefix- and suffix sorting, and how to
compute the sparse prefix- and suffix array interval of a given pattern w.r.t. a sample set
(see (i)). Finally, we define and show how to compute the special sample set.

3.2.1 Definition. Let π be a permutation of r1, N s, and let U “ tpi, πpiqq | i P r1, N su

be the set of valid points. The problem of insertion-only orthogonal range one-reporting
(IO-OROR) is to maintain an initially empty set of points P Ď U and support the following
operations.

• Insert a point p P UzP into P, and

• Given a query rectangle Q “ rx1, x2s ˆ ry1, y2s, output a point p P QX P , or report
QX P “ H.

If the sequence I “ pi1, πpi1qq, ..., piM , πpiM qq of inserted points is known beforehand, i.e,
pij , πpijqq is inserted after pik, πpikqq, for all j P r1,M s and k P r1, jq, then we call xπ, Iy
an instance of the IO-OROR problem with fixed insertion order.

3.2.2 Definition. We define the unique permutation PASr1..|S|s of r1, |S|s satisfying @i, j P
r1, |S|s : PASris ă PASrjs ô T r1, Sriss ă T r1, Srjss to be the sparse prefix array of T w.r.t.
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Figure 3.6: Illustration of the possible cases during the computation of x1 in Lemma 3.2.5.

S. Let the unique permutation PA´1
S r1..|S|s of r1, |S|s with @i P r1, |S|s : PASrPA

´1
S riss “ i

be the sparse inverse prefix array of T w.r.t. S. For a substring T ri, i ` lq, the sparse
prefix array interval pivSpT ri, i ` lqq w.r.t. S is the maximum interval rx1, x2s Ď r1, |S|s
such that @v P PASrx1, x2s : T pSrvs ´ l, Srvss “ T ri, i` lq. The sparse suffix array interval
sivSpT ri, i ` lqq w.r.t. S is defined analogously as the maximum interval ry1, y2s Ď r1, |S|s
such that @v P SASry1, y2s : T rSrvs, Srvs ` lq “ T ri, i` lq.

3.2.3 Observation. Let P “ tpPA´1
S ris, SA

´1
S risq | i P r1, |S|su and I “ pPA´1

S r1s, SA
´1
S r1sq, ...,

pPA´1
S r|S|s,SA

´1
S r|S|sq. Then, xP, Iy is an instance of the IO-OROR problem with fixed

insertion order.

3.2.4 Lemma. We can compute PASr1..|S|s and SASr1..|S|s in Opn{ logσ n ` |S| log |S|q
time and Opn{ logσ n`Nq space.

Proof. We build the data structure for Op1q time LCE queries in Opn{ logσ nq space from
Theorem 2.8.4 for T . Then, we initialize an array Ar1..|S|s “ r1, .., |S|s. Now, we use
comparison-based sorting to sort A such that A “ SAS . Let i, j P r1, |S|s. We start by
computing l “ LCEpAris, Arjsq. If maxpi, jq ` l “ n` 1, then TAris ă TArjs ô Aris ą Arjs.
Else, we report TAris ă TArjs ô T rAris` ls ă T rArjs` ls. Since one comparison takes Op1q
time, the sorting takes overall Op|S| log |S|q time. PASr1..|S|s can be computed analogously
using the same LCE query data structure for revpT q. l

3.2.5 Lemma. Let T ri, i` lq be a substring. Given PASr1..|S|s and SASr1..|S|s and a data
structure for Op1q time LCE queries, we can compute pivSpT ri, i` lqq and sivSpT ri, i` lqq

in Oplog |S|q time and Op1q additional space.

Proof. To compute rx1, x2s “ sivSpT ri, i` lqq, we perform binary searches over the interval
r1, |S|s for x1 and x2, respectively.
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Algorithm 9: min-samplepri, i` lqq

1 rb, es Ð r1, |S|s;
2 while e ą b do
3 mÐ tpb` eq{2u;
4 pÐ SrSASrmss;
5 lm Ð LCEpp, iq;
6 if lm ě l then
7 eÐ m;

8 else if p` lm “ n` 1_ T rp` lms ă T ri` lms then
9 bÐ m` 1;

10 else
11 eÐ m´ 1;

12 if rb, es “ H_

LCEpSrSASrbss, iq ă l then
13 return H;

14 return b;

The algorithm min-samplepi, lq (see Algorithm 9) returns the rank x1 of the lexicograph-
ically smallest sample that starts with T ri, i` lq, or K if it does not exist. We start with
the interval rb, es “ r1, |S|s. As long as e ą b, we consider the rank m “ pb ` eq{2 in the
middle between b and e, compute its corresponding suffix p “ SrSASrmss, and its match
length lm “ LCEpp, iq with Ti. If lm ě l, then T ri, i ` lq “ T rp, p ` lq, hence x1 P rb,ms

(see the left-hand side in Figure 3.6), so we set eÐ m. Else, if Tp ă Ti (see the right-hand
side), then x1 P pm, es, so we set b Ð m ` 1. Else (Ti ă Tp), then x1 P rb,mq (see the
left-hand side), so we set eÐ m´ 1.

At each step, we only filter out samples whose corresponding length-l substrings are
either lexicographically larger (lines 7 and 11) or smaller (line 9) than T ri, i ` lq, or are
equal to T ri, i` lq, but do not correspond to the lexicographically smallest sampled suffix
TSrSASrx1ss starting with T ri, i` lq (line 7). Furthermore, the search interval rb, es is halved
in each iteration, hence the while loop runs through Oplog |S|q iterations.

If rx1, x2s “ H, then either rb, es “ H or b “ e^ LCEpSrSASrbss, iq ă l, and we return
H in line 12. Else (rx1, x2s ‰ H), we get rb, es “ rx1, x1s ‰ H and LCEpSrSASrbss, iq ě l,
and return b “ x1 in line 14.

Computing x2 and pivSpT ri, i` lq is analogous. l

Recall that in the algorithm for the exact LZ77 factorization, we compute pairs of
sparse prefix- and suffix array intervals w.r.t. a sampling of text positions. By choosing
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this sampling of text positions as in Definition 3.2.6, we can limit the number of computed
pairs of sparse prefix- and suffix array intervals per phrase to δ for an integer parameter
δ ě 1.

3.2.6 Definition. Let S “ rp1, p2, ..., p|S|s Ď r1, ns with p1 ă p2 ă ... ă p|S| be a subset
(sampling) of text positions.

• Leftmost-Substring-Covering. We say that S is leftmost-substring-covering iff in
every leftmost occurrence T ri, i` lq of a substring, at least one position is sampled,
i.e, S X ri, i` lq ‰ H.

• δ-Density. Let δ ě 1 be an integer parameter. We say that S is δ-dense iff there is
at least one sample in every size-δ window, i.e, @w “ ri, i` δq Ď r1, ns : S X w ‰ H.

A δ-dense leftmost-substring-covering sampling can be constructed by including exactly
the end positions of phrases in an LZ-like factorization and adding additional samples.

3.2.7 Lemma. We can construct a δ-dense leftmost-substring-covering sample-set S of
size |S| ď 3z ` rn{δs in Opn{ logσ n` n{δq time and space.

Proof. Let F “ xs1, l1y, ..., xsz1 , lz1y be the LZ-like factorization resulting from Theorem 3.1.8,
where si and li are the source and the length of the i-th phrase, respectively. Let pi “
ři

j“1maxp1, ljq for i P r1, z1s be the end position of its i-th phrase.

To construct S, we compute F in Opn{ logσ nq time and space and choose S “ E Y∆,
where E “ tpi | i P r1, z1su is the set of end positions of phrases in F and ∆ “ tiδ ` 1 | i P

r0, tn{δusu is a δ-dense sampling set. Therefore, S is also δ-dense. Computing ∆ takes
Opn{δq time, hence the construction takes overall Opn{ logσ n` n{δq time.

Now, we show via contradiction that E is leftmost-substring-covering. Suppose there
was a leftmost occurrence T ri, i` lq of a substring, and SXri, i` lq “ H. Then, T ri, i` lq

must be contained in a referencing phrase fj of F . Since fj has a previous occurrence, this
contradicts the fact that T ri, i ` lq is a leftmost occurrence of a substring, hence E and
also S is leftmost-substring-covering.

It holds |E | “ z1 ď 3z (according to Theorem 3.1.8) and |∆| “ rn{δs, hence |S| ď
|E | ` |∆| “ 3z ` rn{δs. l

3.2.8 Corollary. We can construct a Θpn{zq-dense leftmost-substring-covering sample-set
of size Θpzq in Opn{ logσ nq time and space.

Proof. We choose δ “ Θpn{z1q “ Θpn{zq [34] and construct S as in Lemma 3.2.7, hence
z ď |S| ď 3z ` n{Θpn{zq and therefore |S| “ Θpzq. l
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Figure 3.7: Illustration of the computation of a perfect factor during (II) Far Sources
in Theorem 3.2.9.

3.2.2 Algorithm for finding Perfect Phrases

3.2.9 Theorem. Let C be an array storing a sorted δ-dense leftmost-substring-covering
sample set of size N . Let R be a data structure for insertion-only orthogonal range one-
reporting (see Definition 3.2.1), let iR and qR be the times for inserting into and querying
this data structure, and let sR be its size after N insertions. After an Opn{ logσ n`N logNq

time preprocessing, and in Opn{ logσ n ` N ` sRq space, we can maintain a subset V “
tCr1s, ..., Crvsu Ď C of sample positions with the following operations.

• Insert the next sample Crv ` 1s P CzV into V in OpiRq time, and

• Given a text position i P pCrvs, Crv ` 1ss, compute a perfect phrase for destination i,
i.e, find the maximum length l such that there exists a source s P r1, iq with T ri, i`lq “

T rs, s` lq, in Opδ log lplogN ` qRqq time.

Proof. Preprocessing. We build the data structure for Op1q time LCE queries in Opn{ logσ nq
space from Theorem 2.8.4 for T and revpT q. This takes Opn{ logσ nq time and space. We
also compute PAC and SAC in Opn{ logσ n ` N logNq time and OpNq additional space
using Lemma 3.2.4. Then, we compute PA´1

C and SA´1
C according to Definition 3.2.2 in

OpNq time and space. As required, the preprocessing takes Opn{ logσ n `N logNq time,
and we need Opn{ logσ n`N ` sRq space.

Invariant. We maintain that R holds exactly the points PV “ tpPA
´1
C r1s, SA

´1
C r1sq, ...,

pPA´1
C rvs, SA

´1
C rvsqu.

Insertions. Given the next sample Crv ` 1s to insert, we compute the point p “

pPA´1
C rv` 1s, SA´1

C rv` 1sq in Op1q time and insert p into R in OpiRq time to maintain the
invariant.
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Queries. To compute a perfect phrase with length l for destination i P pCrvs, Crv`1ss,
we use two methods, and keep track of the source s1 that yields the maximum LCE with
position i (if it exists).

(I) Close Sources. For p P ri ´ δ, iq, we compute LCEpp, iq. If s1 does not exist, or
LCEpp, iq ą LCEps1, iq, then we update s1 Ð p. This takes Opδq time overall.

(II) Far Sources. Here, we find sources that consist of a head X and a tail Y , where
the head is the suffix of a sampled prefix before i, and the tail is a prefix of the suffix
starting at the same sample (see Figure 3.7).

For each possible head length k P r1, δs, we compute rx1, x2s “ pivCpT ri, i ` kqq. If
rx1, x2s “ H, then we discard this k. Else, we compute the maximum length l1 P rk, n´ is

such that we can combine the tail T ri ` k ´ 1, i ` l1q with the head T ri, i ` kq, i.e, there
is a sample q P V with q ď Crvs that occurs both in PACrx1, x2s and SACry1, y2s, where
ry1, y2s “ sivCpT ri` k´ 1, i` l1qq. Since T ri, i` l1q “ T pq´ k, q` l1´ ks, and q ď Crvs ă i,
the source q´k`1 then yields an LZ factor of length l1 for destination i. If l1 ą LCEps1, iq,
then we update s1 Ð q ´ k ` 1.

Exponential Search. To compute l1, we use an exponential search. Let rb, es be the
current search interval during this search, let m P rb, es be the candidate length, and let
rŷ1, ŷ2s “ sivCpT ri` k, i`mqq. For each sample index j P r1, N s, it holds

j P PACrx1, x2s X SACrŷ1, ŷ2s X r1, vs ô pPA´1
C rjs, SA

´1
C rjsq P PV X prx1, x2s ˆ rŷ1, ŷ2sq.

Therefore, we can query R with the rectangle Q “ rx1, x2sˆ rŷ1, ŷ2s and proceed based on
the result.

• Case 1. R reports PV XQ “ H. Then, there is no sample before or at the position
Crvs that occurs both in PACrx1, x2s and SACry1, y2s, hence we continue the search
for l1 in the interval rb,mq.

• Case 2. The query returns a point p “ px̃, ỹq P PVXQ. Then, we have a new source
ŝ “ CrSACrỹss ´ k ` 1 (which yields an LZ factor of length m for destination i), set
q Ð ŝ and continue the search for l1 in the interval rm, es.

Running Time of (II) Far Sources. At each step of an exponential search for l1,
we compute one sparse suffix array interval and issue at most one query to R. Therefore,
one such search takes Oplog l1plogN `qRqq time. For each k, we compute one sparse prefix
array interval and perform at most one such exponential search. Since there are ď δ choices
for k, this takes overall Opδ log lplogN ` qRqq time.

Correctness. Now it remains to show that the computed phrase is perfect (of maximal
length). Therefore, we will show that we find either the leftmost source λ of T ri, i ` lq

or another source that yields an LZ factor with the same length. We distinguish between
close and far leftmost sources.
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• Case 1. λ P ri´ δ, iq. Then, we consider λ for p “ λ during (I) Close Sources.

• Case 2. λ ă i´δ. If l ă δ, then T rλ, λ`δs is the leftmost occurrence of a substring,
hence there is a sample Crξs P rλ, λ ` δq, because C is leftmost-substring covering.
Else (if l ě δ), then the same holds due to the fact that C is δ-dense. Thus, for
k “ Crξs´λ`1 during (II) Far Sources, we have ξ P PACrx1, x2sXSACry1, y2sXr1, vs,
and for m “ l, the query to R with the rectangle rx1, x2sˆry1, y2s will report a point
pPA´1

C rρs, SA
´1
C rρsq, where either ρ “ ξ, or ρ P pξ, vs is another sample index such

that T pCrρs ´ k, Crρs ` l ´ ks “ T ri, i` lq. l

Algorithm 10: perfect-factor-naivepiq

1 xs, ly “ x0, T risy;
2 for p from maxp1, i´ δq to i´ 1 do
3 lcep Ð LCEpp, iq;
4 if lcep ą l then
5 sÐ p;
6 lÐ lcep;

7 for k from 1 to minpδ, n´ i` 1q do
8 rx1, x2s Ð spa-intervalpri, i` kqq;
9 if rx1, x2s “ H then

10 continue;

11 exp-search for max m P rk, n´ i` 1s such that
12 ry1, y2s Ð ssa-intervalpri` k ´ 1, i`mqq;
13 if ry1, y2s “ H then
14 report false;

15 p “ px̃, ỹq Ð R.queryprx1, x2s, ry1, y2sq;
16 if p “ K then
17 report false;

18 if m ą l then
19 lÐ m;
20 sÐ CrSACrỹss ´ k ` 1;

21 report true;

22 return xs, ly;
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3.2.2.1 Pseudocode

To better illustrate the algorithm described in Theorem 3.2.9, we discuss its pseudocode
(see Algorithm 10). We begin by initializing the factor xs, ly as a literal factor x0, T risy
for destination i. This ensures that we return a literal factor in line 22 if we do not find a
referencing factor. Lines 2-6 correspond to (I) Close Sources and trivially translate to
pseudocode.

Lines 7-21 correspond to (II) Far Sources. Here, we consider each possible value
for k, and compute the sparse prefix array (spa) interval rx1, x2s of the head T ri, i ` kq

(line 8). If it is empty, then we skip this k and continue with the next iteration. Else, we
perform the exponential search for l1 as described in Theorem 3.2.9. Here, m is the current
candidate position in the overall search range rk, n´ i` 1s.

Analogously to line 8, we at first compute the sparse suffix array (ssa) interval ry1, y2s
of the tail T ri` k´ 1, i`mq. If it is empty, then we report back to the exponential search
that l1 ă m must hold (see line 14), because there is no such tail starting at a sample
position. Else, we check if there is a sample whose prefix ends with the head T ri, i`kq and
whose suffix starts with the tail T ri` k ´ 1, i`mq. More formally, we check if there is a
sample that occurs both in PACrx1, x2s and SACry1, y2s. To this end, we query R with the
rectangle rx1, x2s ˆ ry1, y2s. If there is no such sample (R returns p “ H), then we cannot
combine the head with the tail, and report back to the exponential search that l1 ă m

must hold (see line 17). Else, the source CrSACrỹss ´ k ` 1 yields an LZ factor of length
m with destination i, and we update the current source s and its length l if m` k´ 1 ą l

(see lines 18-20). Finally, we return the perfect factor xs, ly in line 22.

3.2.3 Main Algorithm

3.2.10 Theorem. We can compute the LZ77 factorization in Opn{ logσ n ` z log3`ϵ zq

time and Opn{ logσ nq space.

Proof. We use Theorem 3.2.9 and compute perfect phrases from left to right (see Algo-
rithm 11 and Figure 3.7). After computing phrase fx “ T ri, i ` lq, we insert the samples
C X ri, i` lq into V (see lines 4-6).

The preprocessing takes Opn{ logσ n`N logNq “ Opn{ logσ n` z log zq time and
Opn{ logσ n ` Nq “ Opn{ logσ nq space. We implement R using Theorem 1 [38], which
yields iR “ Oplog3`ϵNq, qR “ OplogNq and sR “ OpNq for an arbitrarily small constant
ϵ ą 0. Inserting all N points into V takes OpN ¨iRq “ OpN log3`ϵNq “ Opz log3`ϵ zq time.
Computing phrase fi takes Opδ log |fi|plogN ` qRqq “ Oppn{zq log n log zq time. Hence,
computing all phrases takes Opz log n log zq time.

The overall time is Opn{ logσ n ` z log z ` z log3`ϵ z ` z logn log zq “ Opn{ logσ n `
z log3`ϵ zq. The overall space is Opn{ logσ nq. l
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Algorithm 11: lz77-exact-naivepq

1 iÐ 1;
2 v Ð 0;
3 while i ď n do
4 while v ă N ^ Crv ` 1s ă i do
5 v Ð v ` 1;
6 R.insertpPA´1

C rvs, SA
´1
C rvsq;

7 xs, ly Ð perfect-factor-naivepiq;
8 iÐ i`maxp1, lq;
9 output xs, ly;

3.2.11 Example. In Example 3.1.9, we computed the approximate factorization x0, ay,
x0, by, x0, cy, x1, 5y, x8, 5y, x8, 5y, x1, 8y. This yields E “ t1, 2, 3, 8, 13, 18, 26u. We set δ “

rn{z1s “ r26{7s “ 4. Thus, we get ∆ “ t1, 5, 9, 13, 17, 21, 25u.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

1 2 3 4 5 6 7 8 9 10 11 12 13
C “ 1 2 3 4 5 8 9 13 17 18 21 25 26

PAC “ 1 4 12 2 5 6 13 7 8 9 10 3 11
PA´1

C “ 1 4 12 2 5 6 8 9 10 11 13 3 7
SAC “ 12 4 1 13 10 9 8 7 6 5 2 11 3

SA´1
C “ 3 11 13 2 10 9 8 7 6 5 12 1 4

12

120
0

10

8

6

4

2

108642

P “ tp1, 3q, p4, 11q, p12, 13q, p2, 2q, p5, 10q, p6, 9q, p8, 8q, p9, 7q, p10, 6q, p11, 5q, p13, 12q, p3, 1q,
p7, 4qu.

Iterations 1-3. In the first 3 iterations of the framework algorithm, we output the
literal factors x0, ay, x0, by and x0, cy, and insert p1, 3q and p4, 11q into R.

Iteration 4. In the fourth iteration (i “ 4), we insert p12, 13q into R and call
perfect-factor-naivep4q. Here, we consider the sources 1, 2 and 3 in lines 2-6. For p “ 1,
we get lcep “ 5 and set xs, ly “ x1, 5y. For k “ 1, we get rx1, x2s “ pivCpaq “ r1, 3s and
start the exponential search with m “ k. There, we have ry1, y2s “ sivCpaq “ r1, 3s and the
query Q “ r1, 3sˆ r1, 3s to R returns p “ p1, 3q P r1, 3sˆ r1, 3s “ Q, and we report true in
line 21. The exponential search then runs through lines 12-21 and reports true for m “ 2,
m “ 4 and m “ 5. However, since m č 5 “ l, we do not reach lines 19-20. For k “ 2

and k “ 3, we have rx1, x2s “ pivCpabq “ r4, 7s and rx1, x2s “ pivCpabcq “ r12, 12s, respec-
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tively, and the exponential searches end with m “ 5 and ry1, y2s “ sivCpbcabq “ r11, 11s

and ry1, y2s “ pivCpcabq “ r13, 13s, respectively. Again, s and l are not altered, because
m č 5 “ l. Finally, we output x1, 5y in line 22.

Iteration 5. In the next iteration, we have i “ 9, and insert p2, 2q, p5, 10q and p6, 9q
into R. In perfect-factor-naivep9q, we set xs, ly “ x8, 10y for p “ 8. For k “ 1 and m “ 1, the
query Q “ r4, 11s ˆ r4, 11s returns p “ p4, 11q, but since m “ 1 č 10 “ l, we do not reach
lines 19-20. The exponential search ends with m “ 10 and ry1, y2s “ sivCpb

10q “ r9, 9s.
Here, R is queried with Q “ r4, 11s ˆ r9, 9s and returns p “ p6, 9q. However, since
m “ 10 č 10 “ l, s and l are not altered.

Iteration 6. In the last iteration, we ha ve i “ 19, and insert p8, 8q, p9, 7q, p10, 68q
and p11, 5q into R. In perfect-factor-naivep19q, we do not find any close source that yields
an LZ factor. For k “ 1 and m “ 1, we get rx1, x2s “ pivCpaq “ r1, 3s and ry1, y2s “
sivCpaq “ r1, 3s, the query Q “ r1, 3s ˆ r1, 3s to R returns e.g. p “ p2, 2q, and we set
s Ð CrSACr2ss ´ k ` 1 “ 4 ´ 1 ` 1 “ 4 and l Ð m “ 1 in lines 19-20. For m “ 2, m “ 4

and m “ 8, the query to R succeeds. For m “ 8, i.e, ry1, y2s “ sivCpabcabcabq “ r3, 3s, the
query r1, 3s ˆ r3, 3s returns p “ p1, 3q, and we set s Ð CrSACr3ss ´ k ` 1 “ 1 ´ 1 ` 1 “ 1

and l Ð m “ 8 in lines 19-20. For k “ 2 and k “ 3, we find the same LZ factor, but do
not update xs, ly, because m č l “ 8. Finally, we output x1, 8y as the final factor.



Chapter 4

Implementation

Now, we discuss how we implemented the LZ77 algorithms from Chapter 3. Suppose we
have a text T of length n “ 232 with an alphabet of size σ “ 256. According to Theo-
rem 3.1.8, we then have to choose τ ď tlog2 2

32{p8rlog2 256squ “ 32{64 “ 1{2. Therefore,
the running time of the LZ77 3-Approximation (see Theorem 3.1.8) is a purely theoret-
ical result. However, the algorithm can still be adapted to perform well in practice by
choosing a larger value for τ . Then, we cannot use the index described in Lemma 3.1.1,
because it requires m ď log2 n{pp2 ` ϵqrlog2 σsq, i.e, for n “ 232 and σ “ 256, we have
m ď 32{p2 ¨ 8q “ 2, which is impractical. Therefore, we will discuss practical approaches
for compressing gaps between the LPF phrases in Section 4.2. In practice, we also admit
LPF phrases that are shorter than 2τ , as this increases the compression rate.

4.1 LCEL Queries

Let LCELpi, jq “ maxtl P r1,minti, jus | T pi ´ l, is “ T pj ´ l, jsu for i, j P r1, ns. To
answer LCEL queries, we could store revpT q and use the Op1q time LCE data structure
from Theorem 2.8.4 for revpT q. However, if the mismatch before i and j occurs within the
first 2048 characters, then scanning for the mismatch is faster in practice. Since storing
revpT q increases peak memory consumption, and we will only issue LCEL queries where
scanning is faster, we do not use Theorem 2.8.4 for revpT q in practice.

There are only two cases where we have to answer LCEL queries. The first is in Sec-
tion 4.3, where we extend the computed LPF phrases to the left down to the end of the last
computed LPF phrase. Since there is a sample in each size-τ window in T , we scan at most
τ characters. Since we set τ “ 512 in practice, scanning is faster than using Theorem 2.8.4
in this case. The second case is during the computation of sparse prefix array intervals
of length-ď δ substrings of T (see Theorem 3.2.9). In practice, we limit δ to 256 (see
Section 4.5.5), hence scanning is again faster.

39



40 CHAPTER 4. IMPLEMENTATION

T

j − LCEL(i, j)

{16
X X

{16 { 16x
i− LCEL(i, j)

{ 16x
i j

Figure 4.1: Illustration of the computation of a LCELpi, jq, where X “ T pi´LCELpi, jq, is.

We answer the query LCELpi, jq by at first scanning for a mismatch using 128-bit
instructions, i.e, 128/8 = 16 characters are matched simultaneously. Let x be the number
of matched 16-character blocks, i.e, x is minimal such that T pi ´ 16px ` 1q, i ´ 16xs ‰

T pj ´ 16px ` 1q, j ´ 16xs (see Figure 4.1). Then, we return tclzpintpT pi ´ 16px ` 1q, i ´

16xsq ‘ intpT pj ´ 16px ` 1q, j ´ 16xsqq{rlog σsu similar to Theorem 2.8.4, where ‘ is the
bitwise exclusive or operator and clzpBq returns the number of leading zeros in the bit-
string B.

4.2 Compressing Gaps

We can reduce the size of the index for finding patterns in gaps by omitting the requirement
that the computed factors are of maximal length. This can be done by storing previous
occurrences for patterns of specific lengths only and allowing even more approximation.

4.2.1 Index Data Structures

4.2.1.1 Tries

4.2.1 Definition. Given a set S “ tS1, S2, ..., SNu of prefix-free strings, the trie TS for S
is the minimal tree with single-character edge labels and root r such that for each S P S,
there exists a path xr, ..., vy from r to a leaf v whose concatenation of edge labels is S. A
compact trie is then defined analogously, but admits edge labels with multiple characters
and requires each internal node to have at least two children.

The index for locating short patterns can then be implemented with a compact trie TL
over all substrings L of T with length l, where each trie node v is marked with the first
occurrence fpvq of v in T , and l is a suitably small maximum pattern length. Let P be a
pattern, and let P r1, ps be the longest prefix of P that occurs in T . Since the suffix tree is
the compact trie over all suffixes of T , we can use the same method to search for a pattern
in TL (see Section 2.3). Suppose that we have arrived at (the end of) some edge pv, v1q of
TL. Now, we can report fpv1q as a first of occurrence of P r1, pq. We can also use a more
sophisticated trie implementation like a top-k trie [11], which stores the k most frequent
substrings of T .
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Figure 4.2: Illustration of the rolling hash index. In this case, j P r1, ks maximizes
LCEpHrϕpx, x` lj ´ 1q ⃝̂ mask` 1s, xq.

4.2.1.2 Hashing

Another option is to use hashing. We build k hash maps H1,H2, ...,Hk for pattern
lengths l1, l2, .., lk, where Hi maps intpSq Ñ p, for each length-i substring S of T with
first occurrence p. If we want to compute the longest previous occurrence of a substring
of T starting at position i that we can find with H1,H2, ...,Hk, then we compute the
set Occ “ to “ HrintpT ri, i ` ljqqs | K ‰ o ă i ^ j P r1, ksu and output the position
p “ argmaxoPOcctLCEpo, iqu and length LCEpp, iq.

Since there can generally be Opminpσl, nqq distinct substrings of length l in a string,
we have |Hi| “ Opminpσl, nqq in general. Thus, this approach works only for very short
pattern lengths, and patterns that occur infrequently in T occupy an unnecessarily large
amount of space.

4.2.1.3 Hashing + Fingerprinting

This issue can be solved by using fingerprinting (see Section 2.6), i.e, we can use fingerprints
of substrings of arbitrary lengths to address occurrences stored in a global hash table of
arbitrary size. This approach requires a predictable amount of memory and ensures that
only positions of frequently occurring patterns are stored in the global hash table.

For an integer parameter h and pattern lengths L “ tl1, l2, .., lku, we incrementally
build a global hash table as an array H of size |H| “ 2h while factorizing T greedily from
left to right. We require that |H| is a power of 2 in order to quickly compute, for a given
fingerprint ϕ, a position ϕ mod 2h “ ϕ ⃝̂ mask ` 1 in H, where mask “ 2h ´ 1 and ⃝̂ is
the “bitwise-and" operator. We initialize H “ rK, ...,Ks and implement rolling Karp-Rabin
fingerprinting (see Section 2.6) for the lengths L.

At position i, we set Hrϕpi, i` lj ´ 1q ⃝̂ mask` 1s Ð i for each j P r1, ks (see the left-
hand side in Figure 4.2) and thereby possibly overwrite earlier occurrences of potentially
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li > lmin
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copy

.. .. gj ..

F ′ = ..., ⟨si, li⟩, ε, ..., ⟨sj , 0⟩, gj , ...

sj{

..
si

copy

Figure 4.3: Illustration of the intermediary representation F 1. The i-th factor is a copy
factor (li ą 0), and lj “ 0 indicates that the gap gj is non-empty.

different patterns (due to hash collisions and the modulo operation). Suppose we have
factorized T and maintained H as described up to position x ´ 1. Now, we want to
compute the longest previous occurrence of a substring of T starting at position x that we
can find with H. Then, we compute the set Occ “ to “ Hrϕpx, x` lj´1q ⃝̂ mask`1s | o ‰

K^ j P r1, ksu. By the incremental construction of H, it holds @o P Occ : o ă x, hence we
output argmaxoPOcctLCEpo, xqu (see the right-hand side in Figure 4.2).

4.2.2 Separately compressing gaps

Instead of factorizing the gaps, we can create an intermediary representation of the text,
and then compress it using a standard compression algorithm. This also tackles the final
“encoding” step of practical compression algorithms.

4.2.2.1 Variant 1

Let g0f1g1f2g2...fz1gz1 “ T be a gapped factorization resulting from Lemma 3.1.5, where
fi is the i-th (perfect) LPF phrase, and gi is the gap after the i-th LPF phrase. Instead
of closing the gaps using factors, we construct a string G “ g0g1...gz1 consisting of the
concatenation of all gaps, and separately compress G using a suitably space-efficient com-
pression algorithm. Let comppGq be the compressed representation of G. We then output
xFG , comppGqy, where FG “ x0, 0, g0y, x|f1|, s1, |g1|y, ..., x|fz1 |, sz1 , |gz1 |y and si is a source of
the i-th factor.

To decompress this representation, we at first decompress comppGq. Then, we iterate
over T , G and FG and maintain the current positions i in T , j in G and x in FG . For each
xlx, sx, |gx|y, we write T rsx, sx` lxq to T ri, i` lxq, increment i by lx, write Grj, j ` |gx|q to
T ri, i` |gx|q and increment i and j by |gx|.

4.2.2.2 Variant 2

We can also let the compression algorithm compress the LPF phrases. Again, let g0f1g1f2g2
...fz1gz1 “ T be a gapped factorization resulting from Lemma 3.1.5. For each gfg1 in the
gapped factorization, where f is a referencing factor that is shorter than lmin, we plainly
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store f , i.e, we replace gfg1 with a new gap g2 “ gfg1. This can increase the compression
ratio by a few percent in practice (we set lmin “ 64). Let g1

0f
1
1g

1
1f

1
2g

1
2...f

1
z2g1

z2 “ T be the
resulting factorization.

Now, we construct the sequence F 1 “ xs1, l1y, g1, xs2, l2y, g2, ..., xsz2 , lz2y, gz2 , where for
each i P r1, z2s, either li “ 0 indicates that the gap gi of length |gi| “ si ą 0 follows, or
else (li ą 0), xdi, liy represents a referencing factor of length li ą 0 with distance di, and
gi “ ε (see Figure 4.3). Finally, we output comppF 1q.

To decompress this representation, we at first decompress comppF 1q. Then, we iterate
over F 1 and maintain the current positions i in T and x in F 1. For each x|gx|, 0y, gx in F 1,
we write gx to T ri, i ` |gx|q and increment i by |gx|. For each xdx, lxy, ε in F 1, we write
T ri´ dx, i´ dx ` lxq to T ri, i` lxq and increment i by lx.

4.2.2 Example. Let us continue Example 2.7.3. There, we computed the 3-synchronizing
set S “ t1, 4, 14, 15, 16, 19u. If we compute the LPF phrases as in the 3-Approximation
(Section 3.1.2), and also admit LPF phrases that are shorter than 2τ , then we get F 1 “

x3, 0y, abc, x3, 5y, ε, x6, 0y, bbbbbb, x1, 4y, ε, x18, 8y, ε.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

4.3 LPF Phrases

In practice, we want to compute an array of LPF phrase tuples LPFr1..N s, where (i)
LPFris “ xbi, ei, siy, and T rbi, eiq “ T rsi, si ` bi ´ eiq, (ii) the phrases do not overlap, i.e,
rbi, eiq X rbj , ejq “ H holds for all i, j P r1, N s with i ‰ j, and (iii) at the last position in
LPF there is a sentinel entry LPFrN s “ xn ` 1, n ` 1, n ` 1y. (ii) makes it easier for us
to factorize (see Section 4.4) or compress (see Section 4.2.2) the gaps afterwards. In the
following, we use the abbreviations LPFris.b “ bi, LPFris.e “ ei and LPFris.s “ si.

4.3.1 LZ77 3-Approximation

Algorithm 12 shows the computation of the LPF phrases during the 3-Approximation.
Overall, we iterate with i once over S, and compute the phrases from left to right. We
maintain that the last output LPF phrase ends at position x´ 1.

Suppose we have computed an LPF phrase for Sris. To compute the next LPF phrase,
we find the last sample after Sris and up to x if it exists, or the first sample after x, else.
After incrementing i in lines 3-4, now Sris is this sample. Now, we compute an LPF phrase
xb1, e1, s1y for Sris using NSVS and PSVS (see lines 6-9). If Sris ą x, then we extend it as
far as possible to the left down to x (see lines 10-13). If Sris ă x, then we shorten it from
the left by x ´ Sris characters such that it does not overlap with the last output phrase
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Figure 4.4: Illustration of Observation 4.3.1. Since each sample Srks with j ă k ă i

yields an LPF phrase that ends before e, we can skip it.

(see lines 14-16). Finally, we output the resulting LPF phrase, if it has length ą 1, and
update x (see lines 20-22).

Algorithm 12: compute-lpf

1 x, iÐ 1;
2 while i ď |S| do
3 while i` 1 ď |S| ^ Sri` 1s ď x do
4 iÐ i` 1;

5 xb, e, sy Ð x0, 0, 0y;
6 if PSVSrSA

´1
S riss ‰ 0 then

7 s1 Ð SrSASrPSVSrSA
´1
S rissss;

8 b1 Ð Sris;
9 e1 Ð Sris ` LCEps1, Srisq;

10 if Sris ą x then
11 lcel Ð LCEďSris´xps

1 ´ 1, Sris ´ 1q;
12 s1 Ð s1 ´ lcel;
13 b1 Ð b1 ´ lcel;

14 else if Sris ă x then
15 b1 Ð x;
16 s1 Ð s1 ` x´ Sris;

17 if e1 ´ b1 ą e´ b then
18 xb, e, sy Ð xb1, e1, s1y;

19 Repeat lines 6-15 with NSVS instead of PSVS ;
20 if e´ b ą 1 then
21 output xb, e, sy;
22 xÐ e;
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If Sris ě x holds in line 10, then we have not skipped any samples in line 4 during
this iteration. Else (Sris ă x), then we have skipped the samples Srj, iq, where Srjs is the
sample that we used to compute the last LPF phrase. Now, we show that none of those
skipped samples yields a longer LPF phrase than Sris.

4.3.1 Observation. Let e ě Sris`2τ be the end of the computed LPF phrase for sample
Sris, and suppose there was a skipped sample Srks with j ă k ă i that yields an LPF phrase
ending at some position ê ą e. Since T rSrks, ês has a previous occurrence and fully contains
T rSris, es, T rSris, ês also has a previous occurrence. However, by the same argument as in
Construction 2.4.3, T rSris, es is the longest prefix of TSris that has a previous occurrence,
which contradicts the assumption that such sample Srks exists.

Note that each computed LPF phrase (for some sample Sris) is only then perfect if
T rSris, Sris ` 2τq has a previous occurrence.

4.3.2 Example. In Example 2.7.3, we computed the 3-synchronizing set S “ t1, 4, 14, 15,
16, 19u. In Example 4.2.2, we computed the phrases x4, 9, 1y, x15, 19, 14y and x19, 27, 1y.
Algorithm 12 instead extends the second phrase by 5 characters to the left, i.e, it instead
outputs x9, 19, 8y. It additionally considers the sample Sr5s “ 16. However, the phrase
it yields is identical to the last computed phrase x9, 19, 8y (after extending it to the left).
Note that all 3 computed phrases are part of the exact LZ77 factorization.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

4.3.2 LZ77 LPF/LNF Approximation

We have also implemented a version of the 3-approximation that considers an additional
set of phrases. In addition to computing LPF phrases in T using PSVS and NSVS , we use
a string synchronizing set S1 of revpT q to compute a set of LNF phrases in revpT q using
PGV1

S1 and NGV1
S1 (see Definition 4.3.3).

4.3.2.1 Preliminaries

4.3.3 Definition. Let S1r1..|S1|s be a synchronizing set of revpT q. Let SA1
S1 be the sparse

suffix array of revpT q w.r.t. S1, and let SA
´1
S1 r1..|S1|s be the inverse sparse suffix ar-

ray, i.e, @i P r1, |S1|s : SA
´1
S1 rSA1

S1riss “ i. Let PGV1
S1r1..|S1|s be the sparse previous

greater value array w.r.t. S1, i.e, PGV1
S1ris “ 0 if @j P r1, iq : SA1

S1rjs ă SA1
S1ris and

PGVSris “ maxtj P r1, iq | SA1
S1rjs ą SA1

S1risu, else. Analogously, we call the array
NGV1

S1r1..|S1|s the sparse next greater value array w.r.t. S1, where NGV1
S1ris “ 0 if @j P

pi, |S1|s : SA1
S1rjs ă SA1

S1ris and NGV1
S1ris “ mintj P pi, |S1|s | SA1

S1rjs ą SA1
S1risu, else.

We call an array LNFS1r1..|S1|s a sparse longest next factor array w.r.t. S1 iff for each
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Figure 4.5: Illustration of Definition 4.3.5 and Observation 4.3.6.

i P r1, |S1|s, either LNFS1ris “ K if revpT qrS1riss does not occur in revpT qpS1ris, ns, or
LNFS1ris “ argmaxjPpS1ris,nstLCErevpT qpj, S

1risqu, else.

By the same argument as in Lemma 3.1.5, we can compute LNFS1ris in Op1q time using
Theorem 2.8.4 (see Construction 4.3.4).

4.3.4 Construction. Let i P r1, |S1|s, let i1 “ SA
´1
S1 ris, let j “ PGV1

S1ri1s and let k “

NGV1
S1ri1s. If j “ 0 and k “ 0, then LNFS1ri1s “ 0. If either j “ 0 or k “ 0, then

LNFS1ri1s “ S1rSA1
S1rNGV1

S1ri1sss or LNF1
S1ris “ S1rSA1

S1rPGV1
S1ri1sss, respectively. Finally,

if j ‰ 0 and k ‰ 0, then LNF1
S1ris “ S1rSA1

S1rNGV1
S1ri1sss if LCErevpT qpS

1ri1s, S1rSA1
S1rPGV1

S1r

i1sssq ą LCErevpT qpS
1ri1s, S1rSA1

S1rNGV1
S1ri1sssq, or LNFS1ri1s “ S1rSA1

S1rPGV1
S1ri1sss, else.

In practice, we do not explicitly compute LNFS1ris, but consider both of the phrases
resulting from the sources S1rSAS1rPGVS1ri1sss and S1rSAS1rNGVS1ri1sss. Additionally, we
extend the resulting phrases to the left (see Figure 4.5).

4.3.5 Definition. Let i P r1, |S1|s and i1 “ SA
´1
S1 ris. If PGV1

S1ri1s ‰ 0, then let sÐ
i “

S1rSAS1rPGV1
S1ri1sss, eÐ

i “ S1ris ` LCErevpT qps
Ð
i , S1risq and lceÐ

l “ LCEL
revpT qpS

1ris, sÐ
i q.

Similarly, if NGV1
S1ri1s ‰ 0, then let sÑ

i “ S1rSAS1rNGV1
S1ri1sss and eÑ

i “ S1ris ` LCErevpT qp

sÑ
i , S1risq, lceÑ

l “ LCEL
revpT qpS

1ris, sÑ
i q.

4.3.6 Observation. Let êÐ
i “ n ´ pS1ris ´ lceÐ

l q ` 1, b̂Ð
i “ n ´ eÐ

i ` 1 and ŝÐ
i “

n ´ psÐ
i ´ lceÐ

l q ` 1. Similarly, let êÑ
i “ n ´ pS1ris ´ lceÑ

l q ` 1, b̂Ñ
i “ n ´ eÑ

i ` 1 and
ŝÑ
i “ n´psÑ

i ´ lceÑ
l q`1. Since revpT qrbÐ

i , eÐ
i q “ revpT qrsÐ

i , sÐ
i `eÐ

i ´bÐ
i q and sÐ

i ą bÐ
i ,

we have T rb̂Ð
i , êÐ

i q “ T rŝÐ
i , ŝÐ

i ` êÐ
i ´ b̂Ð

i q and ŝÐ
i ă b̂Ð

i , hence we can use xb̂Ð
i , êÐ

i , ŝÐ
i y

as an LPF phrase tuple in T . Analogously, we can use xb̂Ñ
i , êÑ

i , ŝÑ
i y as a phrase tuple in T .
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4.3.2.2 Algorithm

Our algorithm proceeds as follows. We begin by reversing T . Then, we compute a string
synchronizing set S1 for revpT q, SA1

S1 , SA
´1
S1 , PSV1

S1 , and NSV1
S1 . Then, we compute for

each i P r1, |S1|s the phrase tuples xb̂Ð
i , êÐ

i , ŝÐ
i y and xb̂Ñ

i , êÑ
i , ŝÑ

i y as described in Observa-
tion 4.3.6 and append them to the array LPF.

However, we skip the computation of xb̂Ð
i , êÐ

i , ŝÐ
i y if it is identical to the last computed

phrase tuple xb̂Ð
j , êÐ

j , ŝÐ
j y, where j P r1, iq is maximal such that PGVS1rSA

´1
S1 rjss ‰ 0. More

precisely, if bÐ
i P rbÐ

j , eÐ
j q and sÐ

i ´ bÐ
i “ sÐ

j ´ bÐ
j , then xbÐ

i , eÐ
i , sÐ

i y “ xbÐ
j , eÐ

j , sÐ
j y

and therefore xb̂Ð
i , êÐ

i , ŝÐ
i y “ xb̂Ð

j , êÐ
j , ŝÐ

j y, hence we can skip computing xb̂Ð
i , êÐ

i , ŝÐ
i y.

Similarly, we skip the computation of xb̂Ñ
i , êÑ

i , ŝÑ
i y if bÑ

i P rbÑ
j , eÑ

j q and bÑ
i ´s

Ñ
i “ bÑ

j ´s
Ñ
j ,

where j P r1, iq is maximal such that NGVS1rSA
´1
S1 rjss ‰ 0.

Then, we reverse revpT q, build a string synchronizing set S for T , SAS , SA´1
S , PSVS ,

and NSVS , and use those to compute LPF phrases in the same way (without translating
positions p in revpT q to their corresponding positions n ´ p ` 1 in T ). We again append
the computed phrases to the array LPF. Now, we sort the array LPFr1..N s such that
@i, j P r1, N s : bi ă bj _ pbi “ bj ^ ei ą ejq. This enables us to remove duplicate phrases
and cut overlapping phrases with one scan over LPFr1..N s.

4.3.7 Example. In Example 2.7.3, we computed the 3-synchronizing set S “ t1, 4, 14, 15,
16, 19u. Let idpiq be the lexicographical rank of revpT qri, i`τq. Then, Theorem 2.7.2 yields
S1 “ t2, 5, 8, 15, 16, 17, 20u.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
revpT q “ b a c b a c b a b b b b b b b b b b b a c b a c b a

id “ 6 3 9 6 3 9 5 2 8 8 8 8 8 8 8 8 8 7 6 3 9 6 3 9 4 1

1 2 3 4 5 6
S “ 1 4 14 15 16 19

SAS “ 2 6 1 5 4 3
SA´1

S “ 3 1 6 5 4 2
PSVS “ 0 1 0 3 3 3
NSVS “ 3 3 0 5 6 0

1 2 3 4 5 6 7
S1 “ 2 5 8 15 16 17 20

SA1
S1 “ 3 2 7 1 6 5 4

SA
´1
S1 “ 4 2 1 7 6 5 3

PGV1
S1 “ 0 1 0 3 2 5 6

NGV1
S1 “ 3 3 0 5 0 0 0

Since revpT qx with x “ S1rSA1
S1rNGV1

S1rSA
´1
S1 r1ssss “ 17 yields no match with revpT qS1r1s

“ revpT q2, xbÑ
1 , eÑ

1 , sÑ
1 y is undefined. However, revpT qx with x “ S1rSA1

S1rPGV1
S1rSA

´1
S1 r1ssss

“ 20 yields a match of length 7 with revpT q2, hence xbÐ
2 , eÐ

2 , sÐ
2 y “ x2, 9, 20y. Since

lceÐ
l “ 2, we have xb̂Ð

1 , êÐ
1 , ŝÐ

1 y “ x19, 27, 1y. The remaining computed LNF phrases
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are xb̂Ð
2 , êÐ

2 , ŝÐ
2 y “ x22, 27, 19y, xb̂Ñ

2 , êÑ
2 , ŝÑ

2 y “ x19, 24, 4y, xb̂Ñ
3 , êÑ

3 , ŝÑ
3 y “ x19, 21, 7y and

xb̂Ð
4 , êÐ

4 , ŝÐ
4 y “ x9, 19, 8y. xb̂Ð

5 , êÐ
5 , ŝÐ

5 y is not computed, because bÐ
5 “ 17 P r16, 20q “

rbÐ
4 , eÐ

4 q and sÐ
5 ´ bÐ

5 “ 17´16 “ 16´15 “ sÐ
4 ´ bÐ

4 imply that xb̂Ð
5 , êÐ

5 , ŝÐ
5 y “ x9, 19, 8y

is identical to xb̂Ð
4 , êÐ

4 , ŝÐ
4 y “ x9, 19, 8y.

The algorithm computes the LPF phrases x4, 9, 1y, x9, 19, 8y and x19, 27, 1y like the al-
gorithm from Section 4.3.1. After sorting LPF, we have

LPF “ rx4, 9, 1y, x9, 19, 8y, x9, 19, 8y, x19, 27, 1y, x19, 27, 1y, x19, 24, 4y, x19, 21, 7y, x22, 27, 19ys.

Duplicate phrases are underlined. Finally, the algorithm chooses the phrases x4, 9, 1y,
x9, 19, 8y and x19, 27, 1y. No phrase is cut.

4.4 Factorizing Gaps

Now, we discuss the case where we want to compress the gaps using factors. In practice,
the rolling hash index H described in Section 4.2.1.3 provided the best compression ratio
and throughput. Another advantage of it compared with the other indexes is that its size
is predictable and independent of the chosen pattern lengths.

4.4.1 Tuning the Rolling Hash Index in Practice

To choose its size and the pattern lengths, we at first compute the following statistics with
one scan over LPFr1..N s.

g “ b1 `
N
ÿ

i“1

bi`1 ´ ei (4.1)

Ěgap “ g{N (4.2)

Ďlpf “

řN
i“1 ei ´ bi

N
(4.3)

ρ “ minpĚgap, Ďlpf, 8 ¨ 1281´g{nq (4.4)

L “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

t2, 3, 4, 5, 6u if ρ P p0, 6s

t2, 3, 4, 6, 8u if ρ P p6, 8s

t2, 3, 4, 8, 12u if ρ P p8, 12s

t2, 4, 6, 9, 16u if ρ P p12, 16s

t2, 4, 6, 10, 20u if ρ P p16, 32s

t2, 4, 7, 12, 28u if ρ P p32, 64s

t2, 4, 8, 16, 36u if ρ P p64, 128s

t2, 5, 10, 20, 42u if ρ P p128, 256s

t2, 6, 12, 24, 48u if ρ P p256, 512s

t2, 8, 16, 32, 64u if ρ P p512,8s

(4.5)

g is the length of the gaps, Ěgap is the average gap length and Ďlpf is the average LPF

phrase length. Recall that we have |H| “ 2h. We choose a target size t “ maxpn{12, g{3q

for H. Then, we choose h such that the deviation ||H| ´ t| “ |2h´ t| of |H| from its target
size t is minimal. We choose 5 pattern lengths L “ tl1, l2, l3, l4, l5u (see Equation (4.5)) for
H based on a pattern length guess ρ (see Equation (4.4)).
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We chose ρ in this way because when factorizing the gaps, we will rarely need to
compute phrases that are longer than Ěgap. It is also unlikely that we will find a previous
occurrence of a substring within a gap with length ě Ďlpf, because else, this substring would
likely be part of some LPF phrase. Finally, it is possible that T is unrepetitive, but there
are only few and long LPF phrases. In this case, minpĚgap, Ďlpfq becomes too large. However,
since in this case, the relative length 1 ´ g{n of the LPF phrases is small, limiting ρ to
8 ¨ 1281´g{n mitigates the issue.

4.4.2 Rolling Hash Index Interface

With H, we store the current position p P r1, ns, the chosen pattern lengths L “ tl1, ..., lMu,
and the fingerprint Φi “ ϕpp, p` li ´ 1q at position p, for each i P r1,M s. H provides the
following interface.

• H.pospq returns the current position p (Op1q time).

• H.initpjq sets p Ð j and recomputes Φi Ð ϕpp, p ` li ´ 1q for each i P r1,M s

(Op
řM

i“1 liq time).

• H.rollpiq rolls Φi such that Φi “ ϕpp` 1, p` liq (Op1q time).

• H.rollpq calls H.rollpiq for each i P r1,M s and then increments pÐ p` 1 to maintain
@i P r1,M s : Φi “ ϕpp, p` li ´ 1q (OpMq time).

• H.advancepiq sets HrΦi ⃝̂ mask` 1s Ð p, and calls H.rollpiq (Op1q time).

• H.advancepq calls H.advancepiq for each i P r1,M s, and then increments p Ð p ` 1

to maintain Φi “ ϕpp, p` li ´ 1q (OpMq time).

• H.prev-occplmaxq (see Algorithm 13) returns an approximate LZ factor xs, ly with
l ď lmax for position p; has the same effect as H.advancepq (OpMq time).

In Algorithm 13, we start by initializing xs, ly “ x0, T rpsy such that we return a literal
factor if we do not find any previous occurrence. Then, we consider each pattern length li

in L (starting with the longest) and try to find a previous occurrence s1 of T rp, p` liq using
H and the fingerprint Φi of T rp, p` liq (see line 4). Then, we update H as in H.advancepiq

(see line 5). If s1 ‰ K, and l1 “ minpLCEpp, s1q, lmaxq ‰ 0, then xs1, l1y is a referencing LZ
factor for position p, and we set xs, ly Ð xs1, l1y in line 9. As soon as we have found such
a referencing LZ factor, we will call H.advancepjq in line 11 for each remaining pattern
length index j P r1, iq and finally return xs1, l1y in line 12.
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Algorithm 13: prev-occplmaxq

1 xs, ly Ð xT rps, 0y;
2 for i from M down to 1 do
3 if l “ 0 then
4 s1 Ð HrΦi ⃝̂ mask` 1s;
5 H.advancepiq;
6 if s1 ‰ K then
7 l1 Ð minpLCEpp, s1q, lmaxq;
8 if l1 ‰ 0 then
9 xs, ly Ð xs1, l1y;

10 else
11 H.advancepiq;

12 pÐ p` 1;
13 return xs, ly;

4.4.3 Naive Algorithm

Now, we discuss how we use the rolling hash index to factorize the gaps (see Algorithm 14).
We maintain the current position i P r1, ns in T and the index j of the next LPF phrase
starting at or after i. At first, we initialize the rolling hash index H to position i “ 1 (see
line 2).

At the start of each iteration, we advance with H up to position i (see lines 4-5). Then,
we factorize the gap T ri, LPFrjs.bq by iteratively calling prev-occpLPFrjs.b´ iq, outputting
the factor it returns, and advancing with H to the end of this factor (see lines 7-11). If now
i “ n ` 1 holds, then we have completely factorized T and return (see lines 12-13). Else,
we output either the next (j-th) LPF factor xs, ly (line 14) or the factor xs1, l1y returned
by prev-occpLPFrj ` 1s.b ´ iq if it is longer, i.e, l1 ą l (see line 17). Note that l1 ą l can
hold because each computed LPF phrase (for some sample Sris) is only then perfect if
T rSris, Sris ` 2τq has a previous occurrence. We still consider potentially non-perfect LPF
phrases, because it improves the compression ratio in practice. Finally, we find the next
LPF phrase starting at or after i (see lines 20-21).

4.4.1 Example. Suppose we compute the LPF phrases naively as in the 3-Approximation
(see Section 3.1.2). This yields LPF “ rx4, 9, 1y, x15, 19, 14y, x19, 27, 1ys.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b
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Algorithm 14: factorize-gaps-naivepq

1 iÐ 1; j Ð 1;
2 H.initp1q;
3 while true do
4 while H.pospq ă i do
5 H.advancepq;

6 while i ă LPFrjs.b do
7 xs, ly Ð prev-occpLPFrjs.b´ iq;
8 output xs, ly;
9 iÐ i`maxp1, lq;

10 while H.pospq ă i do
11 H.advancepq;

12 if i “ n` 1 then
13 return;

14 xs, ly Ð xLPFrjs.s, LPFrjs.e´ LPFrjs.by;
15 xs1, l1y Ð prev-occpLPFrj ` 1s.b´ iq;
16 if l1 ą l then
17 xs, ly Ð xs1, l1y;

18 output xs, ly;
19 iÐ i`maxp1, lq;
20 while LPFrjs.b ă i do
21 j Ð j ` 1;

We have g “ 9, gap “ g{N “ 9{3 “ 3, lpf “ 5`4`8
3 “ 5.6 and ρ “ minp3, 5.6, 8 ¨

1281´9{26q “ minp3, 5.6, 190.89q “ 3, hence L “ t2, 3, 4, 5, 6u. It holds t “ maxp26{12, 6{3q “

maxp2.16, 2q “ 2.16, so h “ 1 minimizes the deviation ||2h| ´ t| “ 0.16. Finally, we have
mask “ 2h ´ 1 “ 1. For simplicity, we use L “ t2, 3u (M “ 2) and set the base for the
Karp-Rabin fingerprints to σ ` 1 “ 4 in this example. Let a “ 1, b “ 2 and c “ 3.

Initialization. We start by initializing H to position 1 in line 2, which sets p “ 1,
Φ1 “ ϕp1, 2q “ 41 ¨a`40 ¨b “ 4`2 “ 6 and Φ2 “ ϕp1, 3q “ 42 ¨a`41 ¨b`40 ¨c “ 8`8`3 “ 19.

Iteration 1. In the first iteration, we have i “ 1 ă 4 “ LPFrjs.b (see line 6), so we
call prev-occp3q in line 7. There, we initialize s “ T rps “ a and l “ 0. For i “ M “ 2, we
get s1 “ HrΦ2 ⃝̂ mask` 1s “ Hr19 mod 2h` 1s “ Hr1` 1s “ K and set Hr2s Ð p “ 1 and
Φ1 Ð ϕp2, 3q “ 8 ` 3 “ 11. For i “ 1, we get s1 “ HrΦ1 ⃝̂ masks “ Hr6 mod 2h ` 1s “

Hr0 ` 1s “ K and set Hr1s Ð p “ 1 and Φ2 Ð ϕp2, 4q “ 16 ` 12 ` 1 “ 29. Now, we
increment p by 1 and return and output the literal factor xa, 0y in line 8 of Algorithm 14.
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After setting i Ð 2 in line 9, we call prev-occp2q in line 7, and output the literal factor
xb, 0y. Finally, we set i Ð 3, call prev-occp3q, output xc, 0y and set i Ð 4. Now, we have
H “ r3, 3s. Since i “ 4 ć 4 “ LPFr1s.b in line 6, we exit the while-loop (lines 6-11). In
line 14, we set xs, ly “ x4, 5y. Since H “ r3, 3s and T ris “ b ‰ T r3s, prev-occp15´ 4q (line
15) returns a literal factor xs1, l1y “ xa, 0y, and we output x4, 5y in line 18. Finally, we set
iÐ 9 and j Ð 2.

Iteration 2. In the second iteration, we call H.advancepq i ´ p “ 9 ´ 5 “ 4 times in
line 5. Now, it holds H “ r8, 6s and p “ i “ 9. In line 7, we call prev-occp15 ´ 9q, which
returns x8, 6y, because for i “ 2, we have Φi “ ϕp9, 11q “ 42 and s1 “ HrΦi ⃝̂ masks “

Hr42 mod 2h ` 1s “ Hr0 ` 1s “ 8 and l1 “ minpLCEpp, s1q, lmaxq “ minpLCEp9, 8q, 6q “ 6.
After line 15, it holds xs, ly “ xs1, l1y “ x14, 4y, and we output x14, 4y.

Iteration 3. At the beginning of the last iteration, we have i “ 19, p “ 15 and j “ 3.
After calling H.advancepq i´ p “ 4 times in lines 5, we output the final factor x1, 8y in line
18.

4.4.4 Optimized Algorithm

Algorithm 15 shows our optimized gap factorization algorithm. It builds upon Algorithm 14
in two ways. The first is that we do not roll over LPF phrases. Intuitively, this does not
reduce the compression ratio, because the gaps do not contain substrings that occur within
LPF phrases.

If we have H.pospq ă i in line 5, then T rH.pospq, iq is part of an LPF phrase, hence
we want to skip it. To do so, we can call H.initpiq. However, it is possible that the cost
θ “

řM
j“1 lj{M per pattern length for calling H.initpiq is larger than the cost i ´H.pospq

per pattern length for rolling up to position i with H. In line 6, we check which one of
these two options is cheaper.

Recall that in line 7 and 15 of Algorithm 14, we limit the length of the computed
phrases such that they end at or before the start of the respective next LPF phrases (as in
Algorithm 8). Since the computed LPF phrases are not necessarily perfect, it is possible
that the factors output by prev-occ in lines 12 and 32 reach beyond multiple of the following
LPF phrases. Then, we possibly have to skip some LPF phrases (see lines 14-23 and 37-38).
If the computed phrase reaches into the next LPF phrase (i ą LPFrjs.b, see line 14), then
we check if it ends within this LPF phrase (i ď LPFrjs.e, see line 14). If this is the case,
then we cut it in lines 16-17 such that it ends at LPFrbs.j. Else (i ą LPFrjs.e), then we
skip over the following LPF phrases until i lies within the next (j-th) LPF phrase, i.e, it
holds i ă LPFrjs.e (see lines 19-20). In any case, we roll with H over the just computed
phrase (see lines 21-23 and 25-26).

Since we do not limit the phrase length in prev-occpnq, we generally have i P rLPFrjs.b,

LPFrjs.eq in line 29, so that we may have to shorten the j-th LPF phrase from the left by
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Algorithm 15: factorize-gapspq

1 iÐ 1; j Ð 1;
2 H.initp1q;
3 while true do
4 if i ă LPFrjs.b then
5 if H.pospq ă i then
6 if i´H.pospq ď θ then
7 while H.pospq ă i do
8 H.rollpq;

9 else
10 H.initpiq;

11 while i ă LPFrjs.b do
12 xs, ly Ð prev-occpnq;
13 iÐ i`maxp1, lq;
14 if i ą LPFrjs.b then
15 if i ď LPFrjs.e then
16 lÐ l ´ pi´ LPFrjs.bq;
17 iÐ LPFrjs.b;

18 else
19 while i ě LPFrjs.e do
20 j Ð j ` 1;

21 do
22 H.advancepq;
23 while H.pospq ă LPFrjs.b;

24 output xs, ly;
25 while H.pospq ă i do
26 H.advancepq;

27 if i “ n` 1 then
28 return;

29 xÐ i´ LPFrjs.b;
30 xs, ly Ð xLPFrjs.s` x,

LPFrjs.e´ LPFrjs.b´ xy;
31 if H.pospq “ LPFrjs.b then
32 xs1, l1y Ð prev-occpnq;
33 if l1 ą l then
34 xs, ly Ð xs1, l1y;

35 output xs, ly;
36 iÐ i`maxp1, lq;
37 while LPFrjs.b ă i do
38 j Ð j ` 1;

1 iÐ 1; j Ð 1;
2 H.initp1q;
3 while true do
4 if i ă LPFrjs.b then
5 if H.pospq ă i then
6 if i´H.pospq ď θ then
7 while H.pospq ă i do
8 H.rollpq;

9 else
10 H.initpiq;

11 while i ă LPFrjs.b do
12 xs, ly Ð prev-occpnq;
13 iÐ i`maxp1, lq;
14 if i ą LPFrjs.b then
15 if i ď LPFrjs.e then
16 lÐ l ´ pi´ LPFrjs.bq;
17 iÐ LPFrjs.b;

18 else
19 while i ě LPFrjs.e do
20 j Ð j ` 1;

21 do
22 H.advancepq;
23 while H.pospq ă LPFrjs.b;

24 output xs, ly;
25 while H.pospq ă i do
26 H.advancepq;

27 if i “ n` 1 then
28 return;

29 xÐ i´ LPFrjs.b;
30 xs, ly Ð xLPFrjs.s` x,

LPFrjs.e´ LPFrjs.b´ xy;
31 if H.pospq “ LPFrjs.b then
32 xs1, l1y Ð prev-occpnq;
33 if l1 ą l then
34 xs, ly Ð xs1, l1y;

35 output xs, ly;
36 iÐ i`maxp1, lq;
37 while LPFrjs.b ă i do
38 j Ð j ` 1;

the excess x “ i´ LPFrjs.b of the last computed phrase (see lines 29-30). Due to the fact
that we do not roll over LPF phrases with H, it is possible that H.pospq ă i holds in line
31. However, the factor output by prev-occpnq is only valid if H.pospq “ i holds, hence we
would have to call H.initpiq beforehand, which is expensive considering the fact that the
resulting factor is likely shorter than the LPF phrase. Therefore, we only consider it only
if H.pospq “ i holds (see lines 31-34).

4.4.2 Example. If we run this algorithm on the text from Example 4.4.1, then we get the
exact LZ77 factorization, because compared with Algorithm 14, in iteration 2, the length
of the factor x8, 6y is not limited to lmax “ 6, i.e, we instead output x8, 10y and skip the
LPF phrase x15, 19, 14y.
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4.5 LZ77 Exact Algorithm

The running time (see Theorem 3.2.10) of the exact LZ77 Algorithm described in Sec-
tion 3.2 is dominated by the insertions into the data structure for insertion-only orthog-
onal range one reporting (see Definition 3.2.1). In practice, however, the running time is
dominated by the computation of sparse prefix- and suffix array intervals, and orthogonal
range queries.

Therefore, we focus on optimizing those aspects. In Section 4.5.1, we improve the
practical running time of sparse prefix- and suffix array interval searches. In Section 4.5.2,
we discuss a data structure for quickly computing the Karp-Rabin fingerprint of any sub-
string of T , which we will use in Section 4.5.3. There, we aim to speed up sparse prefix-
and suffix array interval searches by sampling all intervals for a set of pattern lengths. In
Section 4.5.4, we present practical data structures for static and dynamic (insertion-only)
orthogonal range one-reporting. Finally, we employ the discussed optimizations in the
exact LZ77 algorithm (see Section 4.5.5).

4.5.1 Sparse Prefix- and Suffix Array Interval Search

In Lemma 3.2.5, we discussed how to find the sparse prefix and suffix array intervals
of a substring of T . In practice, the algorithm can be improved in several ways (see
Algorithm 33).

The algorithm ssa-intervalpri, i ` lq, rb, esq computes ry1, y2s “ sivSpT ri, i ` lqq, and
requires ry1, y2s Ď rb, es. If we have rb1, e1s “ sivSpT ri, i` l1qq with l1 ă l at hand, then we
can call ssa-intervalpri, i` lq, rb1, e1sq. Instead of performing a binary search over r1, |S|s to
find y1 as in Algorithm 9, ssa-intervalpri, i ` lq, rb, esq performs a binary search over rb, es
to find y1 and uses each lexicographical comparison during this search to iteratively shrink
an interval rb̂, ês Ď rb, es such that y2 P rb̂, ês. Then, it performs a binary search over rb̂, ês
to find y2.

We start with rb̂, ês “ rb, es. Compared with Algorithm 9, we additionally maintain
lceb “ LCEpSrSASrbss, iq, lcee “ LCEpSrSASress, iq, lceb̂ “ LCEpSrSASrb̂ss, iq and lceê “

LCEpSrSASrêss, iq. Let rb, es be the current search interval for y1. Then, we compute
lcem “ LCEpSrSASrmss, iq for the candidate position m “ rpb` eq{2s by

lcem “ LCEpSrSASrmss, iq “ lcemin ` LCEpSrSASrmss ` lcemin, i` lceminq, (4.6)

where lcemin “ minplceb, lceeq. This reduces the running time of short LCE queries, because
it rises with the computed LCE values. Now, we consider 3 cases (similar to Figure 3.6).

• Case 1: lcem ě l. Then, y1 P rb,ms and y2 P rm, es, hence we set e Ð m and
lcee Ð lcem. If m ą b̂, then we set b̂Ð m and lceb̂ Ð lcem.

• Case 2: lcem ă l and TSrSASrmss ă Ti. Then, y1 P rm, es and y2 P rm, es, hence we
set bÐ m and lceb Ð lcem. If m ą b̂, then we set b̂Ð m and lceb̂ Ð lcem.
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Figure 4.6: Illustration of Observation 4.5.1.

• Case 3: lcem ă l and TSrSASrmss ą Ti. Then, y1 P rb,ms and y2 P rb,ms, hence we
set eÐ m and lcee Ð lcem. If m ă ê, then we set êÐ m and lceê Ð lcem.

We stop the binary search as soon as |rb, es| “ 2. If maxplceb, lceeq ă l, then ry1, y2s “ H,
and we return H. Else, if lceb ě l, then y1 “ b, and y1 “ e, else.

Now, we compute y2 using a binary search over rb̂, ês. We set rb, es Ð rb̂, ês, lceb Ð
lceb̂ and lcee Ð lceê. For a candidate position m P rb, es, we again compute lcem “

LCEpSrSASrmss, iq according to Equation (4.6). However, since lceb ě l always holds, we
have to consider only 2 cases.

• Case 1: lcem ě l. Then, y2 P rm, es, hence we set bÐ m and lceb Ð lcem.

• Case 2: lcem ă l. Then, y2 P rb,ms, hence we set eÐ m and lcee Ð lcem.

We stop the binary search as soon as |rb, es| “ 2. If lcee ě l, then y2 “ e, and y2 “ b, else.
The algorithm spa-intervalpri, i`lq, rb, esq analogously computes pivSpT ri, i`lqq Ď rb, es.

4.5.1.1 Interpolating Intervals

In the exact LZ77 algorithm (see Theorem 3.2.9), we perform exponential searches to find
the maximum possible length l, such that we can combine the tail T ri, i` lq with the head.

4.5.1 Observation. Let rb, es “ sivSpT ri, i` lqq, rb1, e1s “ sivSpT ri, i` l1qq and rb2, e2s “
sivSpT ri, i ` l2qq with l1 ď l ď l2. Then, b1 ď b ď b2 and e2 ď e ď e1 (see Figure 4.6).
This implies that we can compute b and e using binary searches over rb1, b2s and re2, e1s,
respectively.

The algorithm interpolate-ssapri, i`lq, xrb1, e1s, l1y, xrb2, e2s, l2yq (see Algorithm 32) uses
Observation 4.5.1 to compute sivSpT ri, i ` lqq. It uses the same optimization as Algo-
rithm 33 to reduce the running time of the LCE queries. The algorithm interpolate-spapri, i`
lq, xrb1, e1s, l1y, xrb2, e2s, l2yq works analogously for sparse prefix array intervals.
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4.5.2 Karp-Rabin Fingerprint Sampling

In order to speed up the computation of sparse prefix- and suffix array intervals, we will
sample all intervals for a set of pattern lengths. To this end, we need a data structure that
allows us to quickly compute the Karp-Rabin fingerprint of any substring of T . In this
section, we discuss how we can achieve this.

4.5.2.1 Data Structure for Combining Fingerprints in Constant Time

Since we will only sample a subset of all possible fingerprints, we need a data structure
that allows us to quickly combine the fingerprints of two substrings.

4.5.2 Lemma. We can construct in Op
?
nq time and space a data structure of size Op

?
nq

that allows us to compute ϕpx, zq given ϕpx, yq and ϕpy ` 1, zq in Op1q time.

Proof. With Definition 2.6.1, we have

ϕpx, zq “

˜

z
ÿ

k“x

T rks ¨ bz´k

¸

mod q

“

¨

˝

y
ÿ

k“x

T rks ¨ bz´k `

z
ÿ

k“y`1

T rks ¨ bz´k

˛

‚ mod q

“

¨

˝bz´y ¨

˜

y
ÿ

k“x

T rks ¨ by´k

¸

mod q `

¨

˝

z
ÿ

k“y`1

T rks ¨ bz´k

˛

‚ mod q

˛

‚ mod q

“
`

bz´y ¨ ϕpx, yq ` ϕpy ` 1, zq
˘

mod q

“
``

bz´y mod q
˘

¨ ϕpx, yq ` ϕpy ` 1, zq
˘

mod q,

(4.7)

where the mod operation that we added in the last equality prevents an integer overflow
(we use 128-bit registers). Now it remains to compute bz´y mod q in Op1q time.

We store two arrays X r1..r
?
nss and Yr1..r

?
nss, where X ris “ bi mod q and Yris “

bir
?
ns mod q. Suppose we want to compute bi mod q, where i P r1, ns, and let y “ ti{r

?
nsu

and x “ i ´ yr
?
ns. Then, we have bi “ byr

?
ns ¨ bx and i, y P r1, r

?
nss, hence we can

compute

bi mod q “ ppbyr
?
ns mod qqpbx mod qqq mod q “ pX rys ¨ Yrxsq mod q, (4.8)

which takes Op1q time. X and Y can be constructed in Op
?
nq time and space in one scan

(see Algorithm 16).
Algorithm 17 summarizes how we combine the fingerprints fl and fr of a left and a right

substring, where lr is the length of the right substring. In lines 1-3, we compute blr mod q

according to Equation (4.8), and in line 4, we return the combined fingerprint according
to Equation (4.7). l
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Algorithm 16: build-X-Ypq

1 X r0s Ð 1;X r1s Ð b;
2 for i from 2 to r

?
ns do

3 X ris Ð pX ri´ 1s ¨ bq mod q;

4 Yr0s Ð 1;Yr1s Ð X rr
?
nss;

5 for i from 2 to r
?
ns do

6 Yris Ð pYri´ 1s ¨ Yr1sq mod q;

Algorithm 17: concat-fpspfl, fr, lrq

1 y Ð rlr{r
?
nss;

2 xÐ lr ´ yr
?
ns;

3 b1 Ð pX rxs ¨ Yrysq mod q;
4 return pfl ¨ b1 ` frq mod q;

4.5.2.2 Main Data Structure

With Lemma 4.5.2, we can now discuss the main data structure.

4.5.3 Theorem. Let s ě 1 be an integer. Then, we can construct in Opnq time and
Opn{s `

?
nq space a data structure of size Opn{s `

?
nq that allows us to compute the

Karp–Rabin fingerprint of any length-l substring of T in Opminpl, logpl{sq ` sqq time.

Proof. Data Structures. We use the data structure from Lemma 4.5.2. Additionally, we
store a binary tree of height hmax “ rlog2rn{sss` 1, where

1. for each h P r1, hmaxs, the array Frhsr1..whs stores the wh “ rrn{ss{2h´1s nodes at
height h, i.e, Frhsris with i P r1, whs represents the i-th node (from the left) at height
h,

2. each leaf Fr1sris with i P r1, w1s stores ϕppi´ 1q ¨ s` 1,minpn, i ¨ sqq,

3. for each h P r2, hmaxs and i P r1, whs,

(a) the internal node Frhsris has left child Frh´ 1sr2i´ 1s, and

(b) if 2i ď wh´1, then

i. Frhsris has right child Frh´ 1sr2is, and

ii. Frhsris “ ϕpx, zq, where Frh ´ 1sr2i ´ 1s “ ϕpx, yq and Frh ´ 1sr2is “

ϕpy ` 1, zq,

(c) and else (2i ą wh´1), then Frhsris “ Frh´ 1sr2i´ 1s has no right child.

More generally, for each h P r1, hmaxs and i P r1, whs, we have Frhsris “ ϕppi´ 1q ¨ s ¨ 2h `

1,minpn, i ¨ s ¨ 2hqq.
Construction. Algorithm 18 shows the construction. We compute the fingerprint

of each leaf naively in lines 3-4. In lines 5-17, we build Fr2..hmaxs. For each height
h P r2, hmaxs, we compute wh in line 6. In line 8, we compute the length lch “ s ¨ 2h´2

of the fingerprints at the child height h ´ 1. Since for i P r1, whq, the nodes Frhsris are
guaranteed to have two children, and the length of the fingerprints of their right children
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F [2]

F [1] ϕ(1, s)

ϕ(1, n)F [hmax]

ϕ(s+ 1, 2s) ...

ϕ(1, 2s) ...

F [h] ϕ(1, 2h−1s)

...

...

...

Figure 4.7: Illustration of F in Theorem 4.5.3.

Frh´ 1sr2is are guaranteed to be lch, we can compute all of them in the same way in lines
9-10. For the last (wh-th) node Frhsrwhs at height h, this does not necessarily hold. In
lines 18-19, we compute the positions plc “ 2wh` 1 and prc “ plc` 1 in Frh´ 1s of its left
and its (potential) right child. Frhsrwhs has a right child iff prc ¨ lch ă n (the fingerprint of
its left child ends before position n). If Frhsrwhs has no right child, then it has the same
fingerprint as its left child, i.e, Frhsrwhs “ Frh ´ 1sr2i ´ 1s (see lines 13-14). Else, the
fingerprint of its right child is the last fingerprint at height h ´ 1, hence it starts at the
end prc ¨ lch of Frhsrwhs’s left child and goes up to the end of T , i.e, position n. Therefore,
its length is lrc “ n ` 1 ´ prc ¨ lch (see line 16), and we can compute Frhsrprcs in line 17
similarly to line 10.

Construction Time and Space. The tree has ă 2hmax`1 “ 2rlog2rn{sss`2 “ Opn{sq
nodes, hence we can store F in Opn{sq space. Computing the fingerprints of the leaves
takes Ops ¨ n{sq “ Opnq time. Computing the fingerprint of one of the Opn{sq internal
nodes takes Op1q time with Lemma 4.5.2, hence this takes overall Opn{sq time. Overall,
the construction takes Opn`

?
nq “ Opnq time and Opn{s`

?
nq space.

Queries. Suppose we want to compute the fingerprint ϕpp, p` l ´ 1q of the substring
T rp, p` lq. Now we use the samples in F (see Algorithm 19). If l ă s, then we cannot use
any samples and naively compute ϕpp, p ` l ´ 1q in line 2. Else, we compute the longest
sampled length lh “ s ¨2h´1 and its corresponding height h “ rlog2rl{sss`1 in F that could
fit into the substring rp, p ` lq in lines 3-4. In line 5, we determine the index i “ rp{lhs

in Frhs of the first sample with length lh that starts at or after position p. If this sample
ends after the end e “ p` l of the substring, i.e, it holds pi`1q ¨ lh ą e (see line 7), then we
cannot use it. If h “ 1, then we cannot use any sample in F , and compute ϕpp, p` l ´ 1q

naively (see line 9). Else, we can use a shorter sample, so we decrement h by one, halve
the sample length lh, and adjust i (see lines 10-12).
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Algorithm 18: build-fp-samplingpq

1 hmax Ð rlog2rn{sss` 1;
2 F Ð new arrayr1..hmaxs;
3 for i from 1 to rn{ss do
4 Fr1sris Ð ϕppi´ 1q ¨ s` 1,minpn, i ¨ sqq;

5 for h from 2 to hmax do
6 wh Ð rrn{ss{2h´1s;
7 Frhs Ð new arrayr1..whs;
8 lch Ð s ¨ 2h´2;
9 for i from 1 to wh ´ 1 do

10 Frhsris Ð concat-fpsp
Frh´ 1sr2i´ 1s,

Frh´ 1sr2is, lchq;

11 plc Ð 2wh ` 1;
12 prc Ð plc ` 1;
13 if prc ¨ lch ą n then
14 Frhsrwhs Ð Frh´ 1srplcs;

15 else
16 lrc Ð n` 1´ prc ¨ lch;
17 Frhsrwhs Ð concat-fpsp

Frh´ 1srplcs,

Frh´ 1srprcs, lrcq;

Algorithm 19: fp-substrprp, p` lqq

1 if l ă s then
2 return ϕpp, p` l ´ 1q;

3 hÐ rlog2rl{sss` 1;
4 lh Ð s ¨ 2h´1;
5 iÐ rp{lhs;
6 eÐ p` l;
7 if pi` 1q ¨ lh ą e then
8 if h “ 1 then
9 return ϕpp, p` l ´ 1q;

10 hÐ h´ 1;
11 lh Ð lh{2;
12 iÐ rp{lhs;

13 f Ð Frhsris;
14 pm Ð i ¨ lh;
15 pr Ð pm ` lh;
16 if pm ą p then
17 fl Ð fp-substrpp, pm ´ pq;
18 f Ð concat-fpspfl, f, lhq;

19 if pr ă e then
20 lr Ð e´ pr;
21 fr Ð fp-substrppr, lrq;
22 f Ð concat-fpspf, fr, lrq;

23 return f ;

Since now l ě s ¨ 2h holds, the i-th sample of length s ¨ 2h´1 must be fully contained in
rp, p ` lq. Now, we divide T rp, p ` lq up into three substrings T rpl, llqT rpm, lmqT rpr, lrq “

T rp, p`lq, where pm “ i¨lh and lm “ lh. We start by computing the fingerprint f “ Frhsris
of the middle substring T rpm, lmq in line 13. If the left substring T rpl, llq is not empty
(pm ą p holds in line 16), then we recursively compute its fingerprint in line 17 and combine
it with that of T rpm, lmq in line 18 using Lemma 4.5.2. Therefore, f “ ϕppl, pr ´ 1q holds
after line 18. Finally, we recursively compute and combine the fingerprint of the right
substring with f in lines 20-22 analogously to lines 17-18 if it is not empty (pr ă e). Now
f “ ϕppl, pr ` lr ´ 1q “ ϕpp, p` l ´ 1q holds, and we return f .

Query Running Time. Let p1
l, p

1
m, p1

r and p2
l , p

2
m, p2

r be the starting positions of the
left, middle, and right substrings in its left and right recursive calls within fp-substrprp, p`
lqq, respectively (see Figure 4.8). Since the middle substring T rp1

m, p1
rq in the left recursive
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T

F [h]
pm prpl
fm

F [h′]

p′l p′m p′r

F [h′′]

f ′
m

p′′l = p′′m
f ′′
m

p p+ l

p′′r

SxSx−1 Sx+1... ...

Figure 4.8: Illustration of the recursion tree of fp-substrprp, p` lqq.

call is shorter than the middle substring T rpm, prq, T rp1
m, p1

rq ends at pm, i.e, p1
r “ pm,

hence the left recursive call does not issue a right recursive call. This argument can be
continued inductively downwards the left-hand side of the recursion tree in order to show
that each recursive call on the left branch makes at most one recursive call. Similarly, it
holds p2

l “ pr in the right recursive call, and due to the same argument, each recursive call
in the right branch of the recursion tree makes at most one recursive call.

Let T pl1q be the running time of one such call fp-substrprp1, p1 ` l1qq. By the choice of
h, the middle substring T rp1

m, l
1
mq has length ě l1{3, hence we get the recurrence

T pl1q “

$

&

%

T p2l1{3q `Op1q if l1 ě s,

Op1q else,
(4.9)

which solves to T pl1q “ Oplogpl1{sqq. Now it remains to assess the overall time spent in
lines 2 and 9. Let S1...Sk “ T rp, p` lq be the decomposition of T rp, p` lq such that each
Si with i P r1, ks is either the middle substring Si “ T rp1

m, p
1
m ` l1mq in some recursive

call fp-substringprp1, p1 ` l1qq within fp-substringprp, p` lqq, or a string whose fingerprint is
naively computed (in line 2 or 9) in another such recursive call (see Figure 4.8). Since we
always choose the middle substring T rp1

m, p
1
m ` l1mq as large as possible, we have |S1| ă

... ď |Sx| ě ... ą |Sk|, where Sx “ T rpm, pm ` lmq, and @y P r2, kq : |Sy| ě s. Therefore,
there are at most 2 instances where we compute the fingerprint of a substring naively (S1

and Sk), and each such substring has length ă s, hence lines 2 and 9 take overall Opsq
time. Since the running time is Oplq if l ă s, this results in an overall running time of
Opminpl, logpl{sq ` sqq. l
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4.5.3 Sparse Prefix- and Suffix Array Interval Sampling

To speed up the computation of the sparse suffix array interval of a given length-λ pattern,
we use a hash table storing the sparse suffix array intervals of all length-λ substrings
T ri, i` λq in T starting at a sampled position.

4.5.3.1 Preliminaries

4.5.4 Definition. Let λ P r1, ns be a pattern length. Let SIVλ
S be the set containing

the sparse suffix array intervals of all length-λ substrings of T w.r.t. S, i.e, SIVλ
S “

tsivSpT rSris, Sris`λqq | i P Su. Let SλS be a function, where SλSprb, esq “ ϕpSrSASrbss, SrSASr

bss ` λ ´ 1q. Finally, let HpSIVλ
Sq be a hash table storing SIVλ

S and using SλS as the hash
function. PIVλ

S , Pλ
S and HpPIVλ

Sq are defined analogously for sparse prefix array intervals.

4.5.5 Lemma. Let λ P r1, ns be a pattern length, let i P r1, n ´ λq, and let rb, es “
sivSpT ri, i` λqq. Given HpSIVλ

Sq, a data structure for Op1q time LCE queries and ϕpi, i`

λ´ 1q, we can compute rb, es (or report rb, es “ H) in Op1q expected time.

Proof. Let B be the bucket in HpSIVλ
Sq that the hash ϕpi, i ` λ ´ 1q points to. For each

rb1, e1s P B, we compute l “ LCEpSrSASrb
1ss, iq. If l ě λ, then we return rb1, e1s. After

iterating over B completely, we return H to indicate that rb, es does not exist.

If rb, es does not exist, then there is no interval rb1, e1s P SIVλ
S such that LCEpSrSASrb

1ss, iq

ě λ, hence we correctly return H. If rb, es exists, then T rSrSASrbss, SrSASrbss ` λq “

T ri, i ` λq implies SλSprb, esq “ ϕpSrSASrbss, SrSASrbss ` λ ´ 1q “ ϕpi, i ` λ ´ 1q, hence
rb, es P B, and because LCEpSrSASrbss, iq ě λ, we correctly return rb, es. Since the expected
size of B is Op1q, this takes Op1q expected time using Op1q time LCE queries. l

4.5.6 Observation. Let λ P r1, ns be a pattern length, let χpλq “ |ti P r1, |S|s | LCPSris ă

λu|, let i P r1, n ´ λq, and let rb, es “ sivSpT ri, i ` λqq. Then, LCPSris ě λ for i P pb, es,
and LCPSrbs ă λ. Therefore, the total number of sparse suffix array intervals for length-λ
patterns is at most χpλq, i.e, |SIVλ

S | ď χpλq. Let LCP1
Sr1..ss be the array LCPS sorted in

ascending order. We have χpλq “ maxti P r1, |S|s | LCP1
Sris ă λu, which we can compute

in Oplog |S|q time using a binary search over LCP1
S . This gives us an upper bound for the

size of HpSIVλ
Sq.

Since we have σ ď 256 “ 28 in practice, the sparse prefix- and suffix array for patterns
of length 1 and 2 can be stored in arrays of length 28 and 216, respectively. Therefore,
Lemma 4.5.5 is only useful for λ ě 3. If we have a maximum wanted pattern length λmax

and a maximum wanted number of sampled intervals θ, then we can use Theorem 4.5.7
to compute a set of pattern lengths between 3 and λmax and hash maps according to
Definition 4.5.4 for each of those pattern lengths such that (i) at most θ intervals are
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sampled, (ii) Θpθq are sampled in expectation, and (iii) the number of sampled intervals
rises linearly with the pattern length index (not the pattern length itself).

To see why we chose (iii), suppose that the majority of values in LCPC lie in a small
range rx, ys. Then the majority of phrases in the LZ77 factorization have length l P rx, ys.
In this case, (iii) ensures that many of the chosen pattern lengths lie in the range rx, ys
and thus speeds up the search for l.

4.5.3.2 Data Structure

4.5.7 Theorem. Let S be a sampling of text positions, let λmax ě 3 with λmax “ Op1q be
the maximum pattern length, let θ ě |S| be the maximum number of samples, let D be a data
structure for computing the Karp-Rabin fingerprint of a substring of T , let qD and cD be
its query- and construction time, respectively, and let sD be its size. Then, we can compute
in Opn{ logσ n` |S| log |S| ` cD ` θ ¨ qDq expected time and Opn{ logσ n` θ` sDq expected
space a set of pattern lengths Λ “ tλ1, ..., λMu and hash tables HpSIVλ1

S q, ...,HpSIV
λM
S q with

λ1 ă ... ă λM “ λmax such that for i P r1,M s,

piq
M
ÿ

i“1

|HpSIVλi
S q| ď θ, and

piiq
M
ÿ

i“1

|HpSIVλi
S q| “ Θpθq in expectation, and

piiiq |HpSIVλi
S q| ´ χp3q “ Θpiq in expectation.

Proof. We start by computing SASr1..|S|s in Opn{ logσ `|S| log |S|q time and Opn{ logσ n`
|S|q space using Lemma 3.2.4. Now, we compute LCPSr1..|S|s in Op|S|q time according to
Definition 3.2.2 using the Op1q time LCE data structure from Theorem 2.5.2. We compute
LCP1

S in Op|S| log |S|q time.
Let µ “ χp3q and ν “ χpλmaxq. We choose

@ i P r1,Mq : λi “ LCP1
Srtµ`

i

M
pν ´ µqus (4.10)

(see Figure 4.9), which implies

@ i P r1,M s : |HpSIVλi
S q| ď χpλiq ď µ`

i

M
pν ´ µq. (4.11)

However, we have not yet set M . If we insert Equation (4.11) into (i), then we get

M
ÿ

i“1

|HpSIVλi
S q| ď θ ô

M
ÿ

i“1

pµ`
i

M
pν ´ µqq ď θ ô

Mµ`
ν ´ µ

M

M
ÿ

i“1

i ď θ ôMµ`
ν ´ µ

M

MpM ` 1q

2
ď θ ô

Mpµ`
ν ´ µ

2
q `

ν ´ µ

2
ď θ ôM ď

2θ ` µ´ ν

µ` ν
.

(4.12)
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P
′ S
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...
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Figure 4.9: Illustration of the choice of Λ in Theorem 4.5.7. The graph shows LCP1
Sris

at position i.

Therefore, setting (iv) M “ tp2θ ` µ ´ νq{pµ ` νqu and choosing λi according to Equa-
tion (4.10) ensures (i). Now, we show that M ě 1 always holds.

M ě 1ô
2θ ` µ´ ν

µ` ν
ě 1ô 2θ ` µ´ ν ě µ` ν ô θ ě ν (4.13)

Equation (4.13) always holds, because we have ν P r1, |S|s and θ ě |S|. If we assume that
in expectation,

(v) χpλiq “ µ`Θ

ˆ

i

M
pν ´ µq

˙

and

(vi) |SIVλi
S | “ Θpχpλiqq

(4.14)

hold for i P r1,M s, then we get

χpλiq “ µ`Θ

ˆ

i

M
pν ´ µq

˙

ô χpλiq ´ µ “ Θ

ˆ

i

M
pν ´ µq

˙

ô

χpλiq ´ χp3q “ Θ

ˆ

i

M
pν ´ µq

˙

ô |HpSIVλi
S q| ´ χp3q “ Θ

ˆ

i

M
pν ´ µq

˙

ô

|HpSIVλi
S q| ´ χp3q “ Θpiq

(4.15)

for i P r1,M s, which is (iii). Furthermore, (iv), (v) and (vi) yield
M
ÿ

i“1

|HpSIVλi
S q| “

M
ÿ

i“1

Θpχpλiqq “

M
ÿ

i“1

Θ

ˆ

µ`
i

M
pν ´ µq

˙

“ Θ

˜

Mµ`
ν ´ µ

M

M
ÿ

i“1

i

¸

“

Θ

ˆ

Mµ`
ν ´ µ

M

MpM ` 1q

2

˙

“ Θ

ˆ

M
µ` ν

2
`

ν ´ µ

2

˙

“

Θ

ˆZ

2θ ` µ´ ν

µ` ν

^

µ` ν

2
`

ν ´ µ

2

˙

“ Θpθq,

(4.16)
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which is (ii). Lines 1-7 in Algorithm 20 summarize the computation of Λ. In lines 1-2,
we compute µ and ν according to Observation 4.5.6 in Oplog |S|q time. In line 3, we
preliminarily choose M according to Equation (4.12). Then, we choose λi for i P r1,M s

according to Equation (4.10) in lines 5-6. In general, we may have chosen some pattern
length twice, i.e, λi “ λi´1 may hold for some i P r2,M s. In this case, |Λ| ăM holds. To
account for this, we set M Ð |Λ| in line 4.

Now, it remains to compute the hash tables. Overall, we iterate once over LCPSr2..|S|s,
i.e, we consider all samples and therefore also all sparse suffix array intervals in lexicograph-
ical order. We maintain an array B that stores for each pattern length λj at position j

the start of the sparse suffix array interval of the lexicographically next largest not yet
considered length-λj substring of T that starts at a sampled position. More formally, let
i P r2, |S|`1s. Let j P r1,M s, let pj “ SrSASri´1ss, and let rbj , ejs “ sivSpT rpj , pj`λjqq.
At the start of the i´1st iteration, the following holds for each j P r1,M s. If pj`λj ą n`1,
then Brjs “ i´ 1, and Brjs “ bj , else (see Figure 4.10).

At the start of the first iteration (i “ 2), Br1..M s “ r1, ..., 1s does not violate the
invariant. Suppose we encounter an LCP value LCPSris ă λj at position i. If pj`λj ď n`1,
then rBrjs, iq P SIV

λj

S , hence we compute SλSprBrjs, iqq “ ϕppj , pj ` λj ´ 1q in line 15
and use it to insert rBrjs, iq into HpSIV

λj

S q in line 16 (see Definition 4.5.4). In any case,
setting Brjs Ð i in line 17 maintains the invariant. Finally, we add a sentinel value
LCPSr|S|`1s “ 0 to LCPS to ensure that we consider all intervals ending at |S| in the last
iteration.

For each λj P Λ, the if-clause in line 14 fails iff SrSASri ´ 1ss ą n ´ λj holds. Since
λ1, ..., λM ď λmax “ Op1q, this happens at most

M
ÿ

j“1

|S X pn´ λj , ns| ď
M
ÿ

j“1

λj “

M
ÿ

j“1

Op1q “ OpMq “ Opθq (4.17)

times. For every successful evaluation of the if-clause in line 14, we insert one interval into
some hash table. Therefore, the if-clause succeeds

řM
j“1 |HpSIV

λj

S q| “ Θpθq times. Since it
fails Opθq times and succeeds Θpθq times, we reach line 14 Θpθq times. Furthermore, we

SAS

...}

λj

T

p

X

X

B[j]

LCPS

i

...

p

}

≥ λj < λj< λj

Figure 4.10: Illustration of Algorithm 20.
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Algorithm 20: build-ssa-interval-samplingpq

1 µÐ maxti P r1, |S|s | LCP1
Sris ă 3u;

2 ν Ð maxti P r1, |S|s | LCP1
Sris ă λmaxu;

3 M Ð tp2θ ` µ´ νq{pµ` νqu;
4 ΛÐ tλmaxu;
5 for i from 1 to M ´ 1 do
6 ΛÐ ΛY tLCP1

Srtµ` pi{Mqpν ´ µqusu;

7 M Ð |Λ|;
8 B Ð new arrayr1..M s;
9 B Ð r1, ..., 1s;

10 for i from 2 to |S| ` 1 do
11 for j from M to 1 do
12 if LCPSris ě λj then
13 break;

14 if SrSASri´ 1ss ` λj ď n` 1 then
15 f Ð fp-substrpSrSASri´ 1ss, λjq;
16 HpSIV

λj

S qrf s Ð rBrjs, iq;

17 Brjs Ð i;

break out of the inner for-loop (lines 11-17) at most |S| times. Therefore, we run through
Θpθ ` |S|q “ Θpθq iterations of the inner for-loop. Since we compute exactly one Karp-
Rabin fingerprint per inserted interval, the outer for-loop takes Θpθ ¨ qDq expected time.
Overall, the construction takes Opn{ logσ n ` |S| log |S| ` cD ` θ ¨ qDq expected time and
Opn{ logσ n` |S| ` θ ` sDq “ Opn{ logσ n` θ ` sDq expected space. l

4.5.4 Orthogonal Range One-Reporting

The insertion-only orthogonal range one-reporting (IO-OROR) problem (see Definition 3.2.1)
can be reduced (see Lemma 4.5.9) to the static weighted orthogonal range one-reporting
(SW-OROR) problem (see Definition 4.5.8) if the insertion order is known beforehand.

4.5.8 Definition. Let π be a permutation of r1, N s, let U “ tpi, πpiqq | i P r1, N su be the
set of valid points, and let wppi, πqq be the weight of the point pi, πpiqq P U . The problem
of static weighted orthogonal range one-reporting (SW-OROR) is, given a query rectangle
Q “ rx1, x2s ˆ ry1, y2s and weight w1, to output a point p P Q X U with wppq ď w1, or
report that there is no such point. We call xπ,wy an instance of the SW-OROR problem.

4.5.9 Lemma. Let π be a permutation of r1, N s, let U “ tpi, πpiqq | i P r1, N su be the set
of valid points, let I “ xpi1, πpi1qq, ..., piM , πpiM qqy be the sequence of inserted points in an
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instance xπ, Iy of the IO-OROR problem with fixed insertion order. Then, this instance
can be reduced to an instance of the SW-OROR problem.

Proof. Let Aj “ tpik, πpikqq | k P r1, jsu be the set of inserted points after j insertions,
and let xπ,wy be an instance for the SW-OROR problem, where wppij , πpijqqq “ j for each
j P r1,M s, and wppq “ 8 for each p P UzAM .

We will now show that we can solve xπ, Iy by solving xπ,wy. Let Q “ rx1, x2sˆ ry1, y2s
be a query rectangle for the instance xπ, Iy, and let pij , πpijqq with j P r1,M s be the last
inserted point. For each p P U , we have p P Aj X Q ô p P Q ^ wppq ď j, hence we
can answer the query to xπ, Iy by querying xπ,wy with the same rectangle Q and weight
w1 “ j. l

In the algorithm for the exact LZ77 factorization, the insertion order fixed (see Ob-
servation 3.2.3). Therefore, we will also discuss data structures for SW-OROR (see Sec-
tion 4.5.4.2).

4.5.4.1 Dynamic Data Structures

We begin with the Dynamic Square Grid, which is a very simple data structure for IO-
OROR. Then, we discuss the Semi-Dynamic Square Grid, which is a slightly optimized
version for the case, where the set of inserted points is known beforehand.

4.5.4.1.1 Dynamic Square Grid (D-SG) Here, we split the overall range r1, N s ˆ
r1, N s into « pN{mq2 equally-sized square cells with width m ě 1. Thus, we have a g ˆ g

grid of square cells, where g “ rN{ms (see Figure 4.11).
Data Structure. The data structure consists of g2 “ OppN{mq2q dynamic arrays

C1, ..., Cg2 , where each point p “ px, yq P AM will be inserted into Ccppq, where cppq “

gty{mu` tx{mu` 1 is the cell index of p.
Pre-Processing. The pre-processing consists of the initialization of the arrays C1, ..., Cg2 .

This takes Opg2q “ OppN{mq2q time and space.
Size. The overall size of this data structure is Opg2 `Nq “ OppN{mq2 `Nq. Storing

one point needs 8 bytes if N ă 232, and 16 bytes, else. Storing one dynamic array (ignoring
the points) needs 16 bytes (8 for the size, and 8 for the pointer to the data). Storing the g2

dynamic arrays C1, ..., Cg2 therefore requires 16 ¨ g2 “ 16 ¨ rN{ms2 bytes. Thus, this data
structure needs 8 ¨N ` 16 ¨ rN{ms2 bytes if N ă 232, and 16 ¨N ` 16 ¨ rN{ms2 bytes, else.

Queries. Algorithm 21 shows the query algorithm. To answer a query with rectangle
Q “ rx1, x2s ˆ ry1, y2s, we compute the leftmost, rightmost, lowest and highest cell ranks
x1
1 “ tx1{mu, x1

2 “ tx2{mu, y1
1 “ ty1{mu and y1

2 “ ty2{mu, respectively. Then, we iterate
for each px1, y1q P rx1

1, x
1
2s ˆ ry

1
1, y

1
2s over the array Ci, where i “ g ¨ y1 ` x1 ` 1 is the cell

index of the cell with x-rank x1 and y-rank y1. If we encounter a point p P Q, then we
return p. Else, we return K.
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Figure 4.11: Illustration of the grid-based data structures. Each cell is labeled with its
cell index. In this case, the cell index of the point p “ px, yq is cppq “ gty{mu` tx{mu`1 “

3g ` 3 “ 18, where g “ 5.

Query Time. Q fully contains |Q|{m2 cells. If we find a point in one such cell, we
can directly return it, hence we spend Op|Q|{m2q time for the fully contained cells. Q
cuts ă 4g “ OpN{mq boundary cells. For each point in a boundary cell, we have to check
whether it lies in Q. However, since the points have distinct x- and y coordinates, there
are ď 4m such points in total, hence we need overall OpN{m`mq time for the boundary
cells. In total, we need Op|Q|{m2 `N{m`mq time.

4.5.4.1.2 Semi-Dynamic Square Grid (SD-SG) If we know the insertion order I

beforehand (see Lemma 4.5.9), we can reduce the space of the D-SG.
Data Structure. Instead of storing g2 dynamic arrays, we store 3 arrays P r1..N s,

Lr1..g2s and Xr1..g2s, where

• X is initialized such that Xris “ |tp P AM | cppq ă iu| ` 1 is the number of points in
AM with cell indices smaller than i, for each i P r1, g2s, and after j insertions,

• Lris “ |tp P Aj | cppq “ iu| stores the number of already inserted points with cell
index i, for each i P r1, g2s, and

• each p “ px, yq P Aj is stored in P rXrcppqs, Xrcppqs ` Lrcppqsq.

Intuitively, P rXris, Xri` 1sq is the range in P where all points in the cell with index i will
be stored, and P rXris, Xris ` Lrisq is the range containing the already inserted points in
the cell with index i.

Size. As with the D-SG, the overall size of this data structure is Opg2 ` Nq “

OppN{mq2 ` Nq. If we assume that m ď 216, then we can store each entry in L with
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Algorithm 21: query-D-SGpQq

1 x1
1 “ tx1{mu;

2 x1
2 “ tx2{mu;

3 y1
1 “ ty1{mu;

4 y1
2 “ ty2{mu;

5 for x1 from x1
1 to x1

2 do
6 for y1 from y1

1 to y1
2 do

7 iÐ g ¨ y1 ` x1 ` 1;
8 for p P Ci do
9 if p P Q then

10 return p;

11 return K;

Algorithm 22: build-SW-SGpq

1 LÐ r0, ..., 0s;
2 for p “ px, yq P U do
3 j Ð cppq “ gty{mu` tx{mu` 1;
4 Lrjs Ð Lrjs ` 1;

5 Xr1s Ð 1;
6 for i from 2 to g2 do
7 Xris Ð Xri´ 1s ` Lri´ 1s;

8 LÐ r0, ..., 0s;
9 for p “ px, yq P U do

10 j Ð cppq “ gty{mu` tx{mu` 1;
11 P rXrjs ` Lrjss Ð xp, wppqy;
12 Lrjs Ð Lrjs ` 1;

2 bytes. If N ă 232, then we store each entry in X with 4 bytes. Else, we need 8 bytes.
Thus, this data structure needs 8 ¨N`6 ¨ rN{ms2 bytes if N ă 232, and 16 ¨N`10 ¨ rN{ms2

bytes, else.
Pre-Processing. We start by initializing L Ð r0, ..., 0s. Then, we increment Lrcppqs

by 1, for each p P AM . Now, we set Xr1s Ð 1, and for i from 2 to g2, we set Xris Ð Xri´

1s`Lri´1s. Finally, we reset LÐ r0, ..., 0s. The pre-processing takes Opg2q “ OppN{mq2q
time and space.

Queries. The query procedure is almost identical to that of the D-SG, but here,
we iterate for each cell index i with j over the range P rXris, Xris ` Lrisq. Again, if we
encounter a point P rjs P Q, then we return P rjs. Else, we return K.

Query Time. This data structure has the same query time as D-SG. In general, a
query takes Op|Q|{m2 `N{m`mq time.

4.5.4.2 Static Weighted Data Structures

As argued in Lemma 4.5.9, we can implement a data structure for SW-OROR instead of
IO-OROR if the insertion order is known beforehand. We will now discuss several data
structures for the SW-OROR problem.

4.5.4.2.1 Static Weighted Square Grid (SW-SG) This is the static version of the
SD-SG.

Data Structure. We store two arrays Dr1..N s and Xr1..g2s, where

• Xris “ |tp P U | cppq ă iu| ` 1 is the number of points in U with cell indices smaller
than i, for each i P r1, g2s, and
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• xp, wppqy P DrXrcppqs, Xrcppq ` 1sq, for each p P U .

Lr1..g2s is not needed anymore, because we do not allow insertions. However, we now also
have to store the weight for each point in D.

Size. As with the SD-SG, the overall size of this data structure is Opg2 ` Nq “

OppN{mq2 ` Nq. However, we do not store L, but additionally store the weight of each
point, which needs 4 bytes if N ă 232, and 8 bytes, else. Overall, this data structure needs
12 ¨N ` 4 ¨ rN{ms2 bytes if N ă 232, and 24 ¨N ` 8 ¨ rN{ms2 bytes, else.

Construction. We start by constructing X and L as with the SD-SG (see lines 1-8
in Algorithm 22). Then, we write each point p P U and its weight wppq to the next free
position P rXrjs ` Lrjss Ð xp, wppqy in its cell j “ cppq, and increment the number Lrjs

of already inserted points in its cell (see lines 9-12). The construction takes Opg2 `Nq “

OppN{mq2 `Nq time and space.
Queries. The query procedure is identical to that of the SD-SG, with the difference

that we have to check if the weight wpP rjsq of a considered point does not exceed the
query weight w1.

Query Time. The query time is similar to that of the D-SG and the SD-SG, with
the difference that we cannot directly return a point in a fully contained cell. However,
since there are at most minp|rx1, x2s|, |ry1, y2s|q ď

a

|Q| points in Q, we need overall
Op|Q|{m2 `N{m`m`

a

|Q|q time.

4.5.4.2.2 Static Weighted Striped Square (SW-SS) Instead of dividing the overall
range r1, N sˆr1, N s into squares, we now divide it into rN{ss vertical segments with width
s, where s ě 1 is an integer, and sort the points inside each segment by their y-coordinates.
By the definition of U , there is exactly one point for each x- and y-coordinate, hence each
segment contains exactly s points (except for possibly the last segment). This simplifies
the data structure, its construction, and queries.

Data Structure. We store the array Sr1..N s, where

• for each point p “ px, yq P U , xp, wppqy is stored in Srb, es, where b “ tx{sus ` 1,
e “ minpN, tx{sups` 1qq, and

• the points stored in P rb, es are sorted in ascending order by their y-coordinates, for
each rb, es P S “ tri ¨ s` 1,minpN, pi` 1q ¨ sqs | i P r0, tN{susu.

Size. This data structure needs OpNq space. Since we only plainly store each point
and its weight, we need 12 ¨N bytes if N ă 232, and 24 ¨N bytes, else.

Construction. At first, we place each point into the correct segment in S (similar to
radix-sort). To do so, we maintain that in the array Rr1..rN{sss, we store at position i

the number of already inserted points in the i-th segment + 1 (R is similar to L from the
SD-DG and the SW-SG). For each p “ px, yq P U , we write Srtx{su`Rrtx{suss Ð xp, wppqy
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Figure 4.12: Illustration of the SW-SS. In this case, we have s “ 4, and the points
p1, ..., p4 in the second segment are stored in Srs` 1, 2ss “ rp3, p1, p2, p4s.

Algorithm 23: query-SW-SQpQ, w1q

1 x1
1 Ð tx1{su;

2 x1
2 Ð tx2{su;

3 for x1 from x1
1 to x1

2 do
4 bÐ x1 ¨ s` 1;
5 tÐ minpN ` 1, b` sq;
6 while b ‰ t do
7 cÐ pb` tq{2;
8 if Srcs.p.y ă y1 then
9 bÐ c` 1;

10 else if Srcs.p.y ă y2 then
11 tÐ m;

12 break;

13 if rb, tq “ H then
14 continue;

15 for i from c to t do
16 if Sris.p.y ą y2 then
17 break;

18 if Sris.w P Q^ Sris.w ă w1 then
19 return Sris.p;

20 for i from c´ 1 down to b do
21 if Sris.p.y ă y1 then
22 break;

23 if Sris.w P Q^ Sris.w ă w1 then
24 return Sris.p;

25 return K;

1 x1
1 Ð tx1{su;

2 x1
2 Ð tx2{su;

3 for x1 from x1
1 to x1

2 do
4 bÐ x1 ¨ s` 1;
5 tÐ minpN ` 1, b` sq;
6 while b ‰ t do
7 cÐ pb` tq{2;
8 if Srcs.p.y ă y1 then
9 bÐ c` 1;

10 else if Srcs.p.y ă y2 then
11 tÐ m;

12 break;

13 if rb, tq “ H then
14 continue;

15 for i from c to t do
16 if Sris.p.y ą y2 then
17 break;

18 if Sris.w P Q^ Sris.w ă w1 then
19 return Sris.p;

20 for i from c´ 1 down to b do
21 if Sris.p.y ă y1 then
22 break;

23 if Sris.w P Q^ Sris.w ă w1 then
24 return Sris.p;

25 return K;
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and increment Rrtx{suss by 1. Finally, we sort the points in P rb, eq by their y-coordinates,
for each rb, eq P S. This takes OpN ` pN{sqps log sqq “ OpN log sq time.

In practice, we use another method to construct S. We set S Ð U , and then sort S

such that for each i, j P r1, N s, it holds

i ă j ôptSris.p.x{su ă tSrjs.p.x{su_ (4.18)

ptSris.p.x{su “ tSrjs.p.x{su^ Sris.p.y ă Srjs.p.yqq. (4.19)

This takes OpN logNq time and does not require the array Rr1..rN{sss.
Queries. Algorithm 23 shows the query algorithm. We start by computing the leftmost

and rightmost segment ranks x1
1 and x1

2. For each x1-th cell with x1 P rx1
1, x

1
2s, we perform

a binary search for those points in this segment that lie in Q if there are any (see lines
3-12). If the point at the center position c in the current search range rb, tq lies below Q
(Srcs.p.y ă y1 holds in line 8), then we continue the search above Srcs.p, i.e, set bÐ c` 1

(see line 9). Similarly, if it lies above Q, then we continue the search below it (see line 11).
Else, P rcs.p lies inside, left or right of Q, and we abort the binary search (see line 12).
If there is no such point, then rb, tq “ H holds in line 13, and we continue with the next
segment (see line 14). Else, we scan with i from Srcs up to Srt´1s, and then from Src´1s

down to Srbs (see lines 15-24). If there is a point Sris.p P Q with Srjs.w ď w1, then we
return p. Once we see a point above Q (see line 16) or below Q (see line 21), then we
can stop scanning, because the points in each segment are sorted by their y-coordinates.
Finally, we return K in line 25 if we have not found any point. The algorithm is correct,
because we consider every segment that is cut by Q, and only filter out points above and
below Q.

Query Time. Let x̄ “ |rx1, x2s| and ȳ “ |ry1, y2s|. Q cuts rx̄{ss segments, hence we
spend Oppx̄{sq log sq time for the binary searches in total. In lines 15-24 we scan over at
most all the minpx̄, ȳq ď

a

|Q| points in Q X U , and ă 2s additional points that lie left
and right of Q in the leftmost and rightmost segments that are cut by Q. Thus, we scan
over Op

a

|Q| ` sq points in total. The overall query time is Oppx̄{sq log s ` s `
a

|Q|q.
If x̄ “ Ops{ log s

a

|Q|q, then one query takes Oppps{ log s
a

|Q|q{sq log s `
a

|Q| ` sq “

Op
a

|Q| ` sq time.

4.5.4.2.3 Static Weighted K-D Tree (SW-KDT) A k-d tree with k “ 2 divides
a point set recursively alternately according to the x- and y-coordinates into 2 subsets of
approximately equal size.

4.5.10 Definition. Let P “ tpx1, y1q, ..., pxn, ynqu Ď R2. Then, the x-2-d tree of P is
defined as either a single node xpx1, y1qy if n “ 1, or the tree with root xpxm, ymqy, where

• m P r1, ns such that |Pă| “ rn{2s, where
Pă “ tpx, yq P P | x ă xmu and
Pą “ tpx, yq P P | x ą xmu, and
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• the left child of xpxm, ymqy is the root of a y-2-d tree of Pă, and

• the right child of xpxm, ymqy is the root of a y-2-d tree of Pą if Pą ‰ H.

The y-2-d tree of P is defined analogously to the x-2-d tree of P , with the difference that
the point set is divided into 2 subsets based on the y-coordinates, and that the children of
the root of a y-2-d tree are roots of x-2-d trees.

4.5.11 Example. The dotted lines on the left-hand side indicate the recursive subdivi-
sions of the point set. The 2-d tree of the point set from the left-hand side is shown on the
right-hand side.
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Data Structure. We store the points of the x-2-d tree of U in an array Dr1..N s,
which is recursively defined as follows.

• Dr1s stores the root of the x-2-d tree of U , and

• If Dris stores the root of an x/y-2-d tree of P “ tpx1, y1q, ..., pxn, ynqu, then Dris “

xp, wppq, wminy, where

– wmin “ mintwpqq | q P P u is the minimum weight of any point in P ,

– p “ pxm, ymq is the median point in P , i.e, we have |Pă| “ rn{2s, where
Pă “ tpx, yq P P | x ă xmu and
Pą “ tpx, yq P P | x ą xmu, and

– l “ i` 1 is the index in D of its left child,

– r “ i` |Pă| ` 1 is the index in D of its right child,

– Drls stores the root of the y/x-2-d tree of Pă if n ą 1, and

– Drrs stores the root of the y/x-2-d tree of Pą if Pą ‰ H.

Size. At each node, we store 4 integers in the range r1, N s, hence we need OpNq space.
More precisely, we need 16 ¨N bytes if N ă 232, and 32 ¨N bytes, else.
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Construction. If we use the quickselect [23] algorithm to find the median point in a
point set in OpNq time, then the definition of the array D yields an OpN logNq time and
space construction algorithm for D.

Queries. Algorithm 24 shows the query algorithm. Let T be a subtree in the overall 2-
d-tree, let Drb..es be the range that stores exactly the nodes in T (due to the construction,
such interval rb, es exists for every possible subtree), and let v “ true iff the root of T
splits the point set vertically. Then, query-KDTpQ, w1, b, e, vq either returns a point stored
in T that lies in Q and has weight ď w1 if it exists, or returns K, else.

Algorithm 24: query-KDTpQ, w1, b, e, vq

1 if Drbs.p P Q^Drbs.w ď w1 then
2 return Drbs.p;

3 lÐ b` 1;
4 r Ð l ` rpe´ bq{2s;
5 if e ą b^Drls.wmin ď w1 ^ pv ^ x1 ă Drbs.p.x_␣v ^ y1 ă Drbs.p.yq then
6 pÐ query-KDTpQ, w1, l, r,␣vq;
7 if p ‰ K then
8 return p;

9 if e´ b ą 1^Drrs.wmin ď w1 ^ pv ^ x2 ą Drbs.p.x_␣v ^ y2 ą Drbs.p.yq then
10 pÐ query-KDTpQ, w1, r, e,␣vq;
11 if p ‰ K then
12 return p;

13 return K;

Due to the construction, the root of T is stored in Drbs, its left and right children are
stored in Drls and Drrs, where l “ b`1 and r “ l` rpe´ bq{2s. If Drbs.p lies in Q and has
weight Drbs.w ď w1, then we return it. Else, we recursively search in the left subtree iff

• Drbs has a left child, i.e, e ą b, and

• not all points in the left subtree are heavier than w1, i.e, Drls.wmin ď w1, and

• either Drbs splits the point set vertically, and not all points to the left of Drbs.p.x lie
to the left of Q, i.e, v ^ x1 ă Drbs.p.x, or

• Drbs splits the point set horizontally, and not all points below Drbs.p.y lie below Q,
i.e, ␣v ^ y1 ă Drbs.p.y.

If all of those criteria are met (see line 5), then we recursively search in the left subtree
Drl, rs (see line 6). If query-KDTpQ, w1, l, r,␣vq returns a point, then we return it. Else,
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Data Structure Problem Constr./Prepr. Time Space [bytes]

D-SG IO-OROR OpN ` pN{mq2q 8 ¨N ` 16 ¨ rN{ms2

SD-SG IO-OROR OpN ` pN{mq2q 8 ¨N ` 6 ¨ rN{ms2

SW-SG SW-OROR OpN ` pN{mq2q 12 ¨N ` 4 ¨ rN{ms2

SW-SS SW-OROR OpN log sq 12 ¨N

SW-KDT SW-OROR OpNq 16 ¨N

Table 4.1: Construction/preprocessing times and space requirements of the OROR data
structures.

Data Structure Problem Query Time

D-SG IO-OROR Op|Q|{m2 `N{m`mq

SD-SG IO-OROR Op|Q|{m2 `N{m`mq

SW-SG SW-OROR Op|Q|{m2 `N{m`m`
a

|Q|q
SW-SS SW-OROR Oppx̄{sq log s` s`

a

|Q|q
SW-KDT SW-OROR Op

?
Nq

Table 4.2: Query times of the OROR data structures.

we potentially query the right subtree (see lines 9-12). Finally, we return K in line 13, if
we have not found a point. To query the overall tree, we call query-KDTpQ, w1, 1, N, trueq.

4.5.12 Example. Let us continue Example 4.5.11.

1 2 3 4 5 6 7 8 9 10
D “ p10 p4 p5 p2 p3 p1 p8 p7 p6 p9

We have wpp7q “ 1 and wppq “ 8 for p P P ztp7u. To query the 2-d tree with
Q “ rx1, x2sˆry1, y2s and query weight w1 “ 1, we call query-KDTpQ, 1, 1, 10, trueq. Since
Drbs.p “ p10 R Q, we do not return p10 in line 2. Then, we set l “ 2 and r “ 7 in
lines 3-4. Since Drls.wmin “ 8 ę 1 “ w1, the if -clause in line 5 fails. However, we have
e ´ b “ 9 ą 1, Drrs.wmin “ 0 ď 1 “ w1 and v ^ x2 ą Drbs.p.x, hence we recursively call
query-KDTpQ, 1, 7, 10, falseq. There, we continue to search only in the left subtree, i.e, call
query-KDTpQ, 1, 8, 9, trueq. Now, we have Drbs.p “ p7 P Q and Drbs.w “ 1 ď 1 “ w1, so
we return Drbs.p “ p7.

Query Time. Let v be the number of visited nodes during the query. We have
v “ Op

?
Nq [1]. Since each recursive call visits exactly one of these visited nodes, there

are ď v “ Op
?
Nq recursive calls. Each recursive call takes Op1q time. Thus, one query

takes Op
?
Nq time.

Table 4.1 and Table 4.2 give an overview of the OROR data structures.
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Figure 4.13: Illustration of an instance xPc, Icy from Definition 4.5.13, where Nc “

CSrc`1s´CSrcs. The left-hand side shows the range Vc, which contains all points p “ px, yq
with T rSrPASrxsss “ T rSrSASrysss “ c. Note that its center lies on the diagonal. On the
left-hand side, the instance xPc, Icy is shown.

4.5.4.3 Decomposed Orthogonal Range Reporting

The instance xP, Iy of the IO-OROR problem from Observation 3.2.3 has the property
that we can divide the overall point range r1, N s ˆ r1, N s into σ smaller ranges such that
each point is contained in one of those ranges, and the points contained in each one of
these ranges form a new instance of the IO-OROR problem (see Lemma 4.5.14). Similarly,
the range of each query issued in Theorem 3.2.9 is fully contained in one of those σ ranges
(see Section 4.5.5.6). Combining these two insights allows us to reduce xP, Iy to σ smaller
instances of the IO-OROR problem (see Theorem 4.5.15). We at first formally show how
this can be done, and then explain why it is valuable in practice.

4.5.13 Definition. Let CSr1..σ ` 1s be the sparse C-array w.r.t. S, where CSrcs “ ti P

r1, |S|s | T rSriss ă cu. Let S1, ..., Sσ be arrays, where |Sc| “ CSrc ` 1s ´ CSrcs and
Scris “ selectcpS, iq. Let P1, ...,Pσ be point sets, where Pc “ tpPA

´1
S ris ´CSrcs,SA

´1
S ris ´

CSrcsq | i P Scu. Let I1, ..., Iσ be sequences, where Ic “ pPA´1
S rScr1ss´CSrcs,SA

´1
S rScr1ss´

CSrcsq, ..., pPA
´1
S rScr|Sc|ss´CSrcs,SA

´1
S rScr|Sc|ss´CSrcsq. Finally, let V1, ...,Vσ be ranges,

where Vc “ pCSrcs, CSrc` 1ss ˆ pCSrcs, CSrc` 1ss.

4.5.14 Lemma. Let c P Σ such that Sc ‰ H. Then, xPc, Icy is an instance of the IO-
OROR problem with fixed insertion order.
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Proof. xPc, Icy is an instance of the IO-OROR problem with fixed insertion order iff (i)
there is a permutation πc of r1, N s for some integer N ě 1 such that Pc “ tpi, πpiqq | i P

r1, N su, and (ii) Ic contains distinct points from Pc.
Let πcpPA

´1
S ris ´ CSrcsq “ SA´1

S ris ´ CSrcs for each i P Sc, and let rb, es “ sivSpcq, i.e,
we have rb, es “ pCSrcs, CSrc`1ss. Since PASrb, es and SASrb, es contain exactly the values
Sc, we have

tSA´1
S ris | i P Scu “ tPA

´1
S ris | i P Scu “ rb, es

ôtSA´1
S ris ´ CSrcs | i P Scu “ tPA

´1
S ris ´ CSrcs | i P Scu “ r1, |Sc|s,

(4.20)

hence (i) holds with N “ |Sc|. Since SA´1
S and PA´1

S are permutations, and pPA´1
S ris ´

CSrcs, SA
´1
S ris ´ CSrcsq P Pc for each i P Sc, it holds (ii). l

4.5.15 Theorem. If each query rectangle Q in the instance xP, Iy from Observation 3.2.3
is annotated with the character c P Σ such that Q Ď Vc, then we can solve xP, Iy by solving
xP1, I1y, ..., xPσ, Iσy.

Proof. Let R1, ...,Rσ be data structures, where Rc solves xPc, Icy.
Invariant. We maintain that after the i-th insertion in xP, Iy, Rc holds exactly the

points Ac “ tpPA
´1
S rjs ´ CSrcs,SA

´1
S rjs ´ CSrcsq | j P Sc X r1, isu for each c P r1, σs.

Insertions. Given the next point pPA´1
S ris, SA

´1
S risq to insert, we instead insert pPA´1

S ris´

CSrcs, SA
´1
S ris ´ CSrcsq into Rc, where c “ T rSriss. This maintains the invariant.

Queries. Let i be the number of already inserted points in xP, Iy, i.e, R holds the
points A “ tpPA´1

S rjs, SA
´1
S rjsq | j P r1, isu. Suppose we receive a query with the character

c P Σ and the rectangle Q “ rx1, x2s ˆ ry1, y2s Ď Vc, and let

Qc “ rx
1
1, x

1
2s ˆ ry

1
1, y

1
2s “ rx1 ´ CSrcs, x2 ´ CSrcss ˆ ry1 ´ CSrcs, y2 ´ CSrcss. (4.21)

By the invariant, we have

@j P r1, is : pPA´1
S rjs, SA

´1
S rjsq P AXQ

ôpPA´1
S rjs ´ CSrcs, SA

´1
S rjs ´ CSrcsq P Ac XQc.

(4.22)
l

Therefore, we can answer this query by querying Rc with Qc (see Algorithm 25). In
lines 1-2, we compute Qc from Q. If Rc returns a point p “ px̃, ỹq, then we can return
px̃` CSrcs, ỹ ` CSrcsq by Equation (4.22). Else (if p “ K), then the query with rectangle
Q to R would have also returned K by Equation (4.22), hence we correctly return K.

4.5.16 Example. Consider the sampling from Example 3.2.11.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
T “ a b c a b c a b b b b b b b b b b b a b c a b c a b
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Algorithm 25: R.querypc, rx1, x2s, ry1, y2sq

1 rx1
1, x

1
2s Ð rx1 ´ CSrcs, x2 ´ CSrcss;

2 ry1
1, y

1
2s Ð ry1 ´ CSrcs, y2 ´ CSrcss;

3 p “ px̃, ỹq Ð Rc.queryprx
1
1, x

1
2s, ry

1
1, y

1
2sq;

4 if p ‰ K then
5 px̃, ỹq Ð px̃` CSrcs, ỹ ` CSrcsq;

6 return p;

1 2 3 4 5 6 7 8 9 10 11 12 13
C “ 1 2 3 4 5 8 9 13 17 18 21 25 26

PAC “ 1 4 12 2 5 6 13 7 8 9 10 3 11
PA´1

C “ 1 4 12 2 5 6 8 9 10 11 13 3 7
SAC “ 12 4 1 13 10 9 8 7 6 5 2 11 3

SA´1
C “ 3 11 13 2 10 9 8 7 6 5 12 1 4

We have CC “ r0, 3, 11, 13s, Sa “ r1, 4, 25s, Sb “ r2, 5, 8, 9, 13, 17, 18, 26s, Sc “ r3, 21s,
Va “ r1, 3s ˆ r1, 3s, Vb “ r4, 11s ˆ r4, 11s, Vc “ r12, 13s ˆ r12, 13s, Ia “ xp1, 3q, p2, 2q, p3, 1qy,
Ib “ xp1, 8q, p2, 7q, p3, 6q, p4, 1q, p5, 5q, p6, 4q, p7, 3q, p8, 2qy and Ic “ xp1, 2q, p2, 1qy. The in-
stances xPa, Iay, xPb, Iby and xPc, Icy are shown below.
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Suppose we have already inserted all points, and consider the query Q “ r6, 10sˆr5, 9s,
which is annotated with the character b, i.e, it holds Q Ď Vb “ r4, 11s ˆ r4, 11s. Then, we
have Qb “ rx1´CCrbs, x2´CCrbssˆry1´CCrbs, y2´CCrbss “ r6´3, 10´3sˆr5´3, 9´3s “

r3, 7s ˆ r2, 6s. The query Qb to xPb, Iby can be answered with p “ p5, 5q. To answer the
query Q to xP, Iy, we return p5` CCrbs, 5` CCrbsq “ p8, 8q P Q.

Now, we discuss why solving xP1, I1y, ..., xPσ, Iσy instead of xP, Iy is valuable in prac-
tice. If we assume that the characters in T are evenly distributed across the samples, i.e,
we have CSrcs “ pc´ 1q|S|{σ for each c P Σ, then the overall point range

ˇ

ˇ

ˇ

ˇ

ˇ

ď

cPΣ

Vc

ˇ

ˇ

ˇ

ˇ

ˇ

“
ď

cPΣ

|Vc| “
ď

cPΣ

|pCSrcs, CSrc` 1ss ˆ pCSrcs, CSrc` 1ss| (4.23)

“
ď

cPΣ

pCSrc` 1s ´ CSrcsq
2 (4.24)

“ pc ¨ |S|{σ ´ pc´ 1q ¨ |S|{σq2 “ p|S|{σq2 (4.25)

of the instances xP1, I1y, ..., xPσ, Iσy is

p|S|{σq2

|r1, |S|s ˆ r1, |S|s|
“
p|S|{σq2

|S|2
“ σ2 (4.26)

times smaller than the point range r1, |S|s ˆ r1, |S|s of the instance xP, Iy. In practice
(σ ď 256), this reduces the overall point range by a factor up to σ2 “ 2562 “ 65536.
Conversely, this implies that the points can be distributed very unevenly in xP, Iy.

With grid-based data structures, this enables us to either decrease the cell width m

while not increasing the size of the data structure, or reducing the size of the data structure
while leaving m unchanged.
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4.5.5 Algorithm

Now, we discuss our optimized implementation of the exact LZ77 algorithm from Sec-
tion 3.2. We start by showing how the size of the sample set C can be reduced in practice
(see Section 4.5.5.1). Then, we discuss the framework algorithm in Section 4.5.5.3. Finally,
we employ the previously discussed optimizations in the algorithm for computing a perfect
phrase (see Sections 4.5.5.5 and 4.5.5.6).

4.5.5.1 Sample-Set Construction

Again, let F “ xs1, l1y, ..., xsz1 , lz1y be the LZ-like factorization resulting from Theorem 3.1.8.
Instead of constructing C as in Lemma 3.2.7, we construct C with one scan over F from left
to right (see Algorithm 26). Since we add at most rn{δs samples to E in order to achieve
δ-density, C cannot exceed size |F | ` rn{δs. Thus, initializing C as an array of this size
suffices (see line 1).

Now, we iterate with i over C and with j over F . We maintain that after line 4 of the
j-th iteration (for j ą 1), p is the j ´ 1-th and e is the j-th largest sample in E . If p and e

have distance ą δ, then we add samples p` δ, p` 2δ,. . . until the last added sample has
distance ď δ to e (see lines 5-8). Finally, we add e to C (see line 9). Since the last added
sample is Cri´ 1s in line 11, we return Cr1, iq.

Since each 2 consecutive samples have distance ď δ, and we have added every sample
from E , C is δ-dense and leftmost-substring-covering. The algorithm runs in Θp|F |`n{δq “

Θpz ` n{pn{zqq “ Θpzq time and uses Op1q additional space.
This algorithm produces a « 30% smaller sampling than Lemma 3.2.7 in practice,

because we add extra samples between 2 consecutive samples of E only if they have distance
ă δ.

Algorithm 26: build-Cpq

1 C Ð new arrayr1..|F | ` rn{δss;
2 iÐ 1; pÐ 0;
3 for j from 1 to |F | do
4 eÐ p`maxp1, ljq;
5 while e´ p ą δ do
6 pÐ p` δ;
7 Cris Ð p;
8 iÐ i` 1;

9 Cris Ð e;
10 pÐ e;

11 return Cr1, iq;

Algorithm 27: lz77-exactpq

1 iÐ 1;
2 v Ð 0;
3 while i ď n do
4 if R.is-dynamicpq then
5 while v ă N ^ Crv ` 1s ă i do
6 v Ð v ` 1;
7 R.insertpPA´1

C rvs,SA
´1
C rvsq;

8 xs, ly Ð perfect-factorpi, vq;
9 iÐ i`maxp1, lq;

10 output xs, ly;
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4.5.5.2 Auxiliary Data Structures

4.5.5.2.1 Orthogonal Range One-Reporting Data Structure We use Theorem 4.5.15
to split the instance xP, Iy up into σ instances xP1, I1y, ..., xPσ, Iσy, and solve each of those
using one of the data structures presented in Section 4.5.4. If this is a data structure for the
IO-OROR problem (see Section 4.5.4.1), then the function R.is-dynamicpq returns true.
Similarly, R.is-staticpq returns true iff this is a data structure for the SW-OROR problem
(see Section 4.5.4.2).

4.5.5.2.2 Sparse Suffix Array Interval Samples We use Theorem 4.5.7 for the
sample-set C, implement D with Theorem 4.5.3, and set θ “ 2|C| and λmax “ tn{zu.
If we set the sampling rate in Theorem 4.5.3 to s “ Θpn{zq, then the construction
takes Opn{ logσ n ` |C| log |C| ` n ` 2|C| logppn{pn{zqq ` n{zqq “ Opn ` z log zq time and
Opn{ logσ n ` 2|C| ` n{pn{zqq “ Opzq space. In practice, however, we set s “ 64 if
n{|C| ě 256. Else, we do not implement Theorem 4.5.3, and instead compute the finger-
prints naively. Note that during the construction of Theorem 4.5.3 and the computation
of the exact LZ77 factorization, we compute fingerprints with length Æ n{z « n{|C| ď 256.
In this case, computing fingerprints naively is faster than using Theorem 4.5.3, even when
decreasing the sample rate s below 64. We implement Lemma 4.5.2 in any case, in order
to concatenate fingerprints. Let Λsuf be the set of pattern lengths resulting from Theo-
rem 4.5.7.

4.5.5.2.3 Sparse Prefix Array Interval Samples In practice, we set δ “ minp256,

n{zq, because increasing δ beyond 256 does neither decrease the running time, nor the peak
memory usage (when setting τ “ 512). We also implement Theorem 4.5.7 for sparse prefix
array intervals w.r.t. C. Since we only compute sparse prefix array intervals of length-ď δ

substrings of T , we set λmax “ δ. We use the data structure from Paragraph 4.5.5.2.2 for
computing fingerprints. Let Λpref be the set of resulting pattern lengths.

4.5.5.3 Framework Algorithm

Algorithm 27 shows the framework algorithm. We maintain the starting position i in T of
the next phrase to compute, and the index v of the last sample Crvs before i (or v “ 0 if no
such sample exists). Additionally, we store a globally defined array Φr1..δs for temporarily
storing fingerprints. In lines 5-7, we maintain the invariant from Theorem 3.2.9 that R
holds exactly the points tpPA´1

C r1s, SA
´1
C r1sq, ..., pPA

´1
C rvs,SA

´1
C rvsqu. However, we only

do this if R is dynamic (see Section 4.5.4.1). If R is static, then we instead dynamically
adjust the query weight for the queries to R (which is equivalent to inserting points into and
removing points from R if it is dynamic, see Lemma 4.5.9). This also eliminates the need to
consider close sources separately. We will explain this in more detail in Section 4.5.5.6. As
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in Algorithm 11, we iteratively compute perfect factors (see line 8) until we have factorized
T completely.

4.5.5.4 Computing a Perfect Factor

Algorithm 28 summarizes the computation of a perfect factor. As in Algorithm 10, we
initialize xs, ly as a literal factor for position i in line 1. s, l and i are globally defined
variables within perfect-factorpi, vq.

4.5.5.4.1 Close Sources If R is dynamic, then we consider each close source p P

ri ´ δ, iq in lines 3-7 as in Algorithm 10. If R is static, then we instead consider all close
sources during Paragraph 4.5.5.4.2.

4.5.5.4.2 Far Sources

4.5.17 Definition. Let i P r1, ns, t P r1, n ´ i ` 1s, k P r1,minpδ, n ´ i ` 1qs, rx1, x2s “
pivCpT ri, i ` kqq and ry1, y2s “ sivCpT ri ` k ´ 1, i ` tqq. Let v P r0, |C|s such that either
v “ 0 if Cr1s ą i, or v ě 1 is maximal such that Crvs ă i. Then, we say that PACrx1, x2s

and SACry1, y2s intersect before i iff PACrx1, x2s X SACry1, y2s X r1, vs ‰ H.

Here, we want to compute t1 and a source s1 ă i of T ri, i ` t1q, where t1 is the
maximum t such that there are k, rx1, x2s and ry1, y2s as defined in Definition 4.5.17.
extend-rightpk, rx1, x2sq (see Algorithm 29) computes, given some k and rx1, x2s “ pivCpT ri,

i`kqq ‰ H, the maximum t such that PACrx1, x2s and SACry1, y2s intersect before i. If such
t exists, then it also finds a source s1 ă i for T ri, i` tq, and updates xs, ly Ð xs1, ty. There-
fore, calling extend-rightpk, rx1, x2sq for each possible k (with rx1, x2s “ pivCpT ri, i ` kqq)
ensures l “ t1 and that s is a source of T ri, i ` t1q. We will discuss Algorithm 29 in the
next section.

To speed up the computation of the prefix array intervals, we compute the fingerprint
of each possible head, and store it in Φr1..δs, i.e, Φrks “ ϕpi, i` k´ 1q if i` k´ 1 ď n. By
Definition 2.6.1, we have Φr1s “ ϕpi, iq “ T ris, and for each k P r2,minpδ, n ´ i ` 1qs, we
have

Φrks “ ϕpi, i` k ´ 1q (4.27)

“

˜

i`k´1
ÿ

j“i

T rks ¨ bi`k´1´j

¸

mod q (4.28)

“

˜˜

i`k´2
ÿ

j“i

T rjs ¨ bi`k´2´j

¸

¨ b` T ri` k ´ 1s ¨ b0

¸

mod q (4.29)

“ pϕpi, i` k ´ 2q ¨ b` T ri` k ´ 1sq mod q (4.30)

“ pΦrk ´ 1s ¨ b` T ri` k ´ 1sq mod q, (4.31)
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Algorithm 28: perfect-factorpi, vq

1 xs, ly “ x0, T risy;
2 if R.is-dynamicpq then
3 for p from maxp1, i´ δq to i´ 1 do
4 lcep Ð LCEpp, iq;
5 if lcep ą l then
6 sÐ p;
7 lÐ lcep;

8 Φr1s Ð T ris;
9 for k from 2 to minpδ, n´ i` 1q do

10 Φrks Ð pΦrk ´ 1s ¨ b` T ri` k ´ 1sq mod q;

11 for k P Λpref do
12 rx1, x2s Ð HpPIVk

CqrΦrkss;
13 if rx1, x2s ‰ H then
14 extend-rightpk, rx1, x2sq;

15 for k from 1 to minpδ, n´ i` 1q do
16 if k P Λpref then
17 continue;

18 γ Ð maxtλ P Λpref Y t0u | λ ă ku;
19 ξ Ð mintλ P Λpref Y t8u | λ ą ku;
20 if γ “ 0 then
21 rxγ1 , x

γ
2s Ð r1, |C|s;

22 else
23 rxγ1 , x

γ
2s Ð HpPIVγ

CqrΦrγss;

24 if ξ “ 8 then
25 rx1, x2s Ð spa-intervalpri, i` kq, rxγ1 , x

γ
2sq;

26 else
27 rxξ1, x

ξ
2s Ð HpPIVξ

CqrΦrξss;
28 rx1, x2s Ð interpolate-spapri, i` kq, xrxγ1 , x

γ
2s, γy, xrx

ξ
1, x

ξ
2s, ξyq;

29 if rx1, x2s ‰ H then
30 extend-rightpk, rx1, x2sq;

31 return xs, ly;
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hence we can compute Φr1..δs from left to right as in lines 8-10. This takes Opδq time.

Sampled Heads. At first, we consider each k P r1, δs X Λpref . With Φr1..δs, we can
look up rx1, x2s “ pivCpT ri, i ` kqq for each such k by rx1, x2s Ð HpPIVk

CqrΦrkss in Op1q
expected time (see line 12). If rx1, x2s ‰ H, then we call extend-rightpk, rx1, x2sq in line
14.

Unsampled Heads. In lines 15-29, we consider the remaining values k P r1, δszΛpref .
For each such k, we cannot use a hash table to directly look up rx1, x2s “ pivCpT ri, i` kqq.
However, we can still use the hash tables to speed up its computation. We compute the
maximum sampled pattern length γ P Λpref that is smaller than k if it exists (else γ “ 0,
see line 19), and the minimum sampled pattern length ξ P Λpref that is greater than k if
it exists (else ξ “ 8, see line 19). Now, we compute rxγ1 , x

γ
2s “ pivCpT ri, i` γqq. If γ “ 0,

then rxγ1 , x
γ
2s “ r1, |C|s (see line 21). Else, we compute it by rxγ1 , x

γ
2s Ð HpPIVγ

CqrΦrγss (see
line 23).

If ξ ‰ 8, then γ ă k ă ξ implies rxξ1, x
ξ
2s Ď rx1, x2s Ď rx

γ
1 , x

γ
2s by Observation 4.5.1.

Thus, we can compute rx1, x2s in line 28 as described in Section 4.5.1.1. Else (if ξ “ 8),
then we compute rx1, x2s using only rxγ1 , x

γ
2s in line 25 as described in Section 4.5.1. Finally,

if rx1, x2s ‰ H, then we call extend-rightpk, rx1, x2sq in line 30 analogously to line 14.

4.5.5.5 Exponential Search

Recall that extend-rightpk, rx1, x2sq (see Algorithm 29) computes, given k and rx1, x2s “
pivCpT ri, i ` kqq ‰ H, the maximum t such that PACrx1, x2s and SACry1, y2s intersect
before i (see Definition 4.5.17). If such t exists, then it also finds a source s1 ă i for
T ri, i` tq, and updates xs, ly Ð xs1, ty. More precisely, we implicitly search for t by instead
searching for the maximum possible tail length t1 “ t ´ k ` 1. At first, we perform an
exponential search over the sampled pattern lengths in Λsuf in order to reduce the search
interval for t1 efficiently (Paragraph 4.5.5.5.1). Then, we search in the remaining interval
(see Paragraph 4.5.5.5.2).

4.5.5.5.1 Search over Sampled Pattern Lengths Overall, we perform an expo-
nential search for t1 over Λ1

suf “ Λsuf X rλmin, λmaxs. λmin is either the maximum sampled
pattern length that does not exceed l ´ k ` 2 if it exists, or the smallest sampled pattern
length overall, else (see line 1). Considering sampled pattern lengths shorter than λmin

would not be beneficial, because we have already found an LZ factor with length l. λmax is
the maximum sampled pattern length such that T rm,m`λmaxq is a substring of T , where
m “ i` k ´ 1 is the end of the current head T ri, i` kq and the start of each possible tail
(see line 2).
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Algorithm 29: extend-rightpk, rx1, x2sq

1 mÐ i` k ´ 1;
2 λmin Ð maxpminΛsuf ,maxtλ P Λsuf Y t0u | λ ď l ´ k ` 2uq;
3 λmax Ð maxtλ P Λsuf | λ ď n´m` 1u;
4 ϱ, fϱ Ð 0;
5 ζ Ð8;
6 ryϱ1 , y

ϱ
2s Ð r1, |C|s;

7 ryζ1 , y
ζ
2s Ð H;

8 exp-search for max λ P Λsuf X rλmin, λmaxs such that
9 f 1 Ð fp-substrpm` ϱ, λ´ ϱq;

10 fλ Ð concat-fpspfϱ, f 1, λ´ ϱq;
11 ry1, y2s Ð HpSIVλ

Cqrfλs;
12 if ry1, y2s ‰ H then
13 if intersectpk,m, λ, rx1, x2s, ry1, y2sq then
14 ryϱ1 , y

ϱ
2s Ð ry1, y2s;

15 ϱÐ λ;
16 fϱ Ð fλ;
17 report true;

18 else
19 ryζ1 , y

ζ
2s Ð ry1, y2s;

20 ζ Ð λ;
21 report false;

22 if ζ “ 8 then
23 exp-search for max ι P rϱ, ζq such that extend-step;

24 else
25 bin-search for max ι P rϱ, ζq such that extend-step;
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Figure 4.14: Illustration of a step in the search over Λ1
suf , where ζ ‰ 8. The dotted

lines indicate the current search interval rϱ, ζq for t1. In this case, we have t1 ă λ, hence
we continue to search for t1 in rϱ, λq.

Invariant. During the search over Λ1
suf , we maintain

@λ P Λ1
suf X r1, ϱs : λ ď t1 (4.32)

@λ P Λ1
suf X rζ,8s : λ ą t1 (4.33)

fϱ “ ϕpm,m` ϱ´ 1q (4.34)

ryϱ1 , y
ϱ
2s “ sivCpT rm,m` ϱqq ‰ H (4.35)

ryζ1 , y
ζ
2s “ sivCpT rm,m` ζqq (4.36)

Equations (4.32–4.33) state that the current search interval rϱ, ζq contains t1. Additionally,
we maintain the fingerprint of T rm,m ` ϱq (see Equation (4.34)) and the sparse suffix
array intervals of T rm,m` ϱq and T rm,m` ζq (see Equations (4.34–4.36)).

We aim to find ϱmax and ζmin, where ϱmax is the maximum λ P Λ1
suf Y t0u such that

Equation (4.32) holds. Similarly, ζmin is the minimum λ P Λ1
suf Y t8u such that Equa-

tion (4.33) holds. Initializing the globally defined variables ϱ, fϱ, ζ, ry
ϱ
1 , y

ϱ
2s and ryζ1 , y

ζ
2s as

in lines 4-7 does not violate Equations (4.32–4.36). During the search for ϱmax, we increase
ϱ and decrease ζ until ϱ “ ϱmax and ζ “ ζmin.

Search. Let λ P Λ1
suf X pϱ, ζq be a candidate length during the search, let Sλ “

T rm,m ` λq, Sϱ “ T rm,m ` ϱq and S1 “ T rm ` ϱ,m ` λq (see Figure 4.14). We start
by computing the fingerprint f 1 of S1 (see line 9). Since Sλ “ SϱS

1, we can compute
the fingerprint fλ of Sλ by concatenating fϱ and f 1 in line 10. With fλ, we look up
ry1, y2s “ sivCpSλq using HpSIVλ

Cq and fλ (see line 11). If ry1, y2s “ H, then t1 ă λ and
therefore ϱmax ă λ, hence we report back to the search that ϱmax P rϱ, λq must hold (see
line 21).

Then, we call intersectpk,m, λ, rx1, x2s, ry1, y2sq (see Algorithm 31), which returns true
iff PACrx1, x2s and SACry1, y2s intersect before i. We will discuss Algorithm 31 in the
next section. If intersectpk,m, λ, rx1, x2s, ry1, y2sq returns true, then t1 ě λ and therefore
ϱmax ě λ, hence setting ϱ Ð λ fϱ Ð fλ and ryϱ1 , y

ϱ
2s Ð ry1, y2s maintains the invari-

ant, and we report back to the search that ϱmax P rλ, ζq must hold (see line 17). Else
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(intersectpk,m, λ, rx1, x2s, ry1, y2sq returns false), then t1 ă λ and therefore ϱmax ă λ,
hence setting ryζ1 , y

ζ
2s Ð ry1, y2s, ζ Ð λ and fζ Ð fλ maintains the invariant, and we

report back to the search that ϱmax P rϱ, λq must hold (see line 21). The functionality of
the exponential search (see Section 2.1.3) ensures that we have ϱ “ ϱmax and ζ “ ζmin after
line 21.

Algorithm 30: extend-steppιq

1 if ryζ1 , y
ζ
2s “ H then

2 ry1, y2s Ð ssa-intervalprp, p` ιq, ryϱ1 , y
ϱ
2sq;

3 else
4 ry1, y2s Ð interpolate-ssaprp, p` ιq, xryϱ1 , y

ϱ
2s, ϱy, xry

ζ
1 , y

ζ
2s, ζyq;

5 if ry1, y2s ‰ H^ intersectpk,m, ι, rx1, x2s, ry1, y2sq then
6 ϱÐ ι;
7 ryϱ1 , y

ϱ
2s Ð ry1, y2s;

8 report true;

9 else
10 ζ Ð ι;
11 ryζ1 , y

ζ
2s Ð ry1, y2s;

12 report false;

4.5.5.5.2 Remaining Search Equations (4.32) and (4.33) yield ρ ď t1 ă ζ. Thus,
we can find t1 by continuing to search in the interval rϱ, ζq. Consider the cases where
t1 ą maxΛ1

suf (and therefore ζmin “ 8), but t1´maxΛ1
suf “ Op1q and n´ t1 “ Θpnq. Here,

a binary search over rϱ, ζq runs through Oplog nq iterations. However, an exponential
search runs through only Op1q iterations. Therefore, we perform an exponential search in
this case (see line 23). Conversely, if ζmin ‰ 8, then the search over Λ1

suf in lines 8-21 enters
the binary search phase before terminating (see Section 2.1.3), and we want to continue
the last used search scheme. Thus, we perform binary search (see line 25).

During this search, we maintain the invariant that t1 P rϱ, ζq and Equations (4.35)
and (4.36) hold. Similar to Paragraph 4.5.5.5.1, ϱ is increased and ζ is decreased until
ϱ “ t1 and either ζ “ t1 ` 1 or ζ “ 8.

Let ι P rϱ, ζq be a candidate length during the search. At each search step, we
call extend-steppιq, which reports true iff PACrx1, x2s and SACry1, y2s with ry1, y2s “

sivCpT rm,m ` ιqq intersect before i. If ryζ1 , y
ζ
2s “ H, then we compute ry1, y2s using

only ryϱ1 , y
ϱ
2s (see line 2). Else, we can use both ryϱ1 , y

ϱ
2s and ryζ1 , y

ζ
2s (see line 4). As in the

last section, we continue to search for t1 in rι, ζq if PACrx1, x2s and SACry1, y2s intersect
before i (see lines 6-8). Else, we continue to search for t1 in rϱ, ιq (see lines 10-12).
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4.5.5.6 Range Queries

Now it remains to describe intersectpk,m, t, rx1, x2s, ry1, y2sq (see Algorithm 31), which
returns true iff PACrx1, x2s and SACry1, y2s intersect before i, where rx1, x2s “ pivCpT ri, i`

kqq and ry1, y2s “ sivCpT rm,m ` tqq. Recall from Definition 4.5.17 that we need to know
the sample index v in order to determine whether PACrx1, x2s and SACry1, y2s intersect
before i, where either v “ 0 if Cr1s ą i, or v ě 1 is maximal such that Crvs ă i.

If R is dynamic, then we have already set v correctly in lines 5-7 of the framework algo-
rithm (see Algorithm 27) and maintain that R holds exactly the points tpPA´1

C r1s, SA
´1
C r1sq,

..., pPA´1
C rvs,SA

´1
C rvsqu. Thus, we can directly query R (see line 19). If, however, R is

static, then we instead ensure that v “ 0 if Cr1s ą m, or v ě 1 is maximal such that
Crvs ă m (see lines 2-5). This ensures that we consider all sources before i and thus elimi-
nates the need for considering close sources separately in Paragraph 4.5.5.4.1. Finally, we
query R with weight v (see line 21).

If R returns a point p “ px̃, ỹq ‰ K, then the source s1 “ CrSACrỹss ´ k ` 1 yields an
LZ factor of length l1 “ k` t´ 1 for position i, we update xs, ly Ð xs1, l1y if l1 ą l (see lines
24-26), and return true. Else (p “ K), then we return false in line 28.

Now, it remains to show that we can use Theorem 4.5.15 to implement R (see Obser-
vation 4.5.18).

4.5.18 Observation. Let c “ T rms. Since the head T ri, i ` kq ends with c, we have
rx1, x2s “ pivCpT ri, i`kqq Ď pCCrcs, CCrc`1ss “ Vc (see Definition 4.5.13). Similarly, since
the tail T rm,m`tq starts with c, we have ry1, y2s “ sivCpT rm,m`tqq Ď pCCrcs, CCrc`1ss “

Vc. Hence, the query rectangle rx1, x2s ˆ ry1, y2s is fully contained in Vc, and we can use
Theorem 4.5.15 to implement R.

4.5.5.6.1 Optimization for small Query Ranges If the width |rx1, x2s| or the
height |ry1, y2s| of the query rectangle does not exceed a threshold value θ (in practice,
we set θ “ 4096), then we answer the query to R in Opθq time using another method (see
lines 7-17).

4.5.19 Definition. Let Πr1..|C|s be the unique permutation of r1, |C|s such that Ψris “

SA´1
C rPACriss. Similarly, let Ψr1..|C|s be the unique permutation of r1, |C|s such that Ψris “

PA´1
C rSACriss.

The query to R is successful iff

PACrx1, x2s X SACry1, y2s X r1, vs ‰ H

ô Dx P rx1, x2s, y P ry1, y2s : PACrxs “ SACrys ď v

ô Dx P rx1, x2s : Πrxs P ry1, y2s ^ PACrxs ď v

ô Dy P ry1, y2s : Ψrys P rx1, x2s ^ SACrys ď v.

(4.37)
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Algorithm 31: intersectpk,m, t, rx1, x2s, ry1, y2sq

1 if R.is-staticpq then
2 while v ă N ^ Crv ` 1s ă m do
3 v Ð v ` 1;

4 while v ą 0^ Crvs ě m do
5 v Ð v ´ 1;

6 pÐ K;
7 if minp|rx1, x2s|, |ry1, y2s|q ă θ then
8 if |rx1, x2s| ă |ry1, y2s| then
9 for x from x1 to x2 do

10 if Πrxs P ry1, y2s ^ PACrxs ď v then
11 p “ px̃, ỹq Ð px,Πrxsq;
12 break;

13 else
14 for y from y1 to y2 do
15 if Ψrys P rx1, x2s ^ SACrys ď v then
16 p “ px̃, ỹq Ð pΨrys, yq;
17 break;

18 else
19 if R.is-dynamicpq then
20 p “ px̃, ỹq Ð R.querypT rms, rx1, x2s, ry1, y2sq;

21 else
22 p “ px̃, ỹq Ð R.querypT rms, v, rx1, x2s, ry1, y2sq;

23 if p ‰ K then
24 if k ` t´ 1 ą l then
25 lÐ k ` t´ 1;
26 sÐ CrSACrỹss ´ k ` 1;

27 return true;

28 return false;
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Figure 4.15: Illustration of how we can use Π and Ψ to answer an orthogonal range
query. Here, we have Πrxs P ry1, y2s and Ψrys P rx1, x2s. Thus, we can report the point
px,Πrxsq “ pΨrys, yq.

Equation (4.37) allows us to answer the query to R by scanning over Πrx1, x2s or
Ψry1, y2s, respectively. If we encounter an x P rx1, x2s with Πrxs P ry1, y2s and PACrxs ď v

(see line 10), then we answer the query to R by reporting the point p “ px,Πrxsq (see
Figure 4.15). If there is no such x, then PACrx1, x2s X SACry1, y2s X r1, vs “ H holds due
to Equation (4.37), and we have p “ K as initialized in line 6.

Similarly, if we encounter a y P ry1, y2s with Ψrys P rx1, x2s and SACrys ď v (see line
15), then we report p “ px̃, ỹq Ð pΨrys, yq. If |rx1, x2s| ă |ry1, y2s|, then we scan over
Πrx1, x2s (see lines 9-12), because it faster. Else, we scan over Ψry1, y2s (see lines 14-17).

4.6 Parallelization

Overall, parallelizing the algorithms is straight-forward, except for the factorization of the
gaps (see Section 4.6.2.1). The construction of the Op1q time LCE data structure (see
Theorem 2.8.4) has already been parallelized1. In the following, p denotes the number of
threads.

4.6.1 LPF Phrases

Here, We decompose T into p non-overlapping, roughly equally-sized regions T rs1, s2q, ...,

T rsp, sp`1q, where si “ pi´ 1qtn{pu for i P r1, ps, and sp`1 “ n` 1. Thread p performs the
algorithm described in Section 4.3 only for the samples S X rsp, sp`1q that are contained
in its region. It finds the first and the last sample within rsp, sp`1q using a binary search

1https://github.com/herlez/alx
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T 1 2 p 2p ...

Iteration 1 Iteration 2

overwrite Hread with Hwrite

Figure 4.16: Illustration of the parallel gap factorization algorithm. The numbers in T

denote the block IDs.

over S, respectively. To simplify the merging of the resulting arrays, we make sure that in
section rsi, si`1q, no phrase starts before si or ends after si`1.

4.6.2 Factorizing Gaps

We divide T into N “ rn{Bs blocks of size B “ maxp4096, I ¨ n{pq, where I ą 1 is a
parameter. Thus, we have N ď I ¨ p blocks T rb1, b2q, ..., T rbN , bN`1q, where bi “ i ¨ B for
i P r1, N s, and bN`1 “ n` 1. We iteratively factorize p consecutive blocks in parallel. In
iteration i, we factorize the blocks pi ´ 1qp ` 1, ..., ip in parallel, i.e, thread j factorizes
T rbpi´1qp`j , bpi´1qp`j`1q. By the choice of B, we run through at most I iterations.

Suppose we would implement this algorithm using the rolling hash index described in
Section 4.4.1. Let i be the current position in T of thread x, and let j be the current
position in T of thread y ą x. Since y ą x implies j ą i, thread y writes values ą i into
H, thus they cannot be used by thread x to find a factor starting at i. This reduces the
compression ratio especially in the leftmost blocks per iteration.

4.6.2.1 Parallel Rolling Hash Index

Instead of storing Hr1..2hs as described in Section 4.4.1, we store Hreadr1..2
h´1s and

Hwriter1..2
h´1s, and read only from Hreadr1..2

h´1s and write only to Hwriter1..2
h´1s. After

each iteration, we overwrite Hread with Hwrite (see Figure 4.16).
This mitigates the issue described in the last section, but still reduces the compression

ratio, especially in the rightmost blocks per iteration, because the positions stored in Hread

have a greater distance to those blocks.
Since we run through at most I iterations, overwriting Hread with Hwrite takes overall

ΘpI ¨ 2h{pq “ ΘpI ¨ n{pq time, because 2h “ Θptq “ Θpmaxpn{12, g{3qq “ Θpnq (see
Section 4.4.1). In practice, we set I “ 512.

Let g be the length of the gaps. Compared with the sequential algorithm, this parallel
algorithm reduces the compression ratio by a factor up to 2, especially if 0.1 ă g{n ă 0.5.
If g{n ď 0.2, we use the sequential algorithm described in Section 4.4, because in this case,
the factorization of the gaps only accounts for a small fraction of the runtime, and using
the parallel algorithm only reduces the compression ratio unnecessarily.
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4.6.3 Exact LZ77 Algorithm

We parallelized the construction of all data structures used in the exact LZ77 Algorithm.
The computation of the exact factorization has been parallelized by splitting the text into
p non-overlapping regions T rs1, s2q, ..., T rsp, sp`1q such that @i P r1, pq : |E X rsi, si`1q| “

t|E |{pu (see Lemma 3.2.7), and sp`1 “ n ` 1, i.e, we choose si “ eti|E|{pu, where E “

te1, ..., e|E|u and e1 ă ... ă e|E|. Then, thread i computes a sequence Fi of perfect factors
in the range rsi, si`1q. Finally, we output F “ F1...Fp.

Since only the last factor in each Fi can be non-perfect, there are at most p ´ 1 non-
perfect factors in F , hence we have z ď |F | ă z ` p. We chose the regions rsi, si`1q in
this way, because the running time to compute Fi rises with the number of perfect factors
in T rsi, si`1q, and the number |E X rsi, si`1q| of approximate LZ factors in T rsi, si`1q is a
good estimate for it. Note that we have to use a data structure for the SW-OROR problem
in the parallel setting.
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Chapter 5

Experimental Evaluation

Now, we discuss implementation details, the experimental setup and results.

5.1 Implementation Details

We implemented all algorithms in C++20. Our implementation is available on GitHub 1.
We use the implementation of Theorem 2.8.4 from 2, which builds upon [10]. For sorting,
we use the (parallel) in-place sample sort implementation ips4o 3 [2]. For the sparse prefix-
and suffix array sampling described in Section 4.5.3, we use the memory-efficient hash table
implementation sparse-map 4 and adapted the Karp-Rabin fingerprinting implementation
5, which uses the mersenne prime q “ 261 ´ 1. For the rolling hash index described
in Section 4.2.1.3, we use the rolling Karp-Rabin fingerprinting implementation that is
included in 2. It uses the mersenne prime q “ 2107 ´ 1.

We chose a larger mersenne prime q “ 2107 ´ 1 for the rolling hash index, because it
improves the compression ratio. This is likely due to the reduced fingerprint collision rate.
For the sparse prefix and suffix array sampling, however, we chose the smaller mersenne
prime q “ 261´1, because using q “ 2107´1 did not reduce the time to look up an interval.
This is probably because the running time is dominated by the LCE queries inLemma 4.5.5.

5.2 Experimental Setup

All measurements have been performed on a system with two AMD EPYC 7452 CPUs
(32/64x 2.35-3.35GHz, 2/16/128MB L1/2/3 cache) and 1TB of 3200 MT/s DDR4 RAM.

1https://github.com/LukasNalbach/lz77-sss/
2https://github.com/LukasNalbach/lce/
3https://github.com/ips4o/ips4o/
4https://github.com/Tessil/sparse-map/
5https://github.com/pdinklag/fp/
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Text Size [GB] σ n{z g{n

einstein.en.txt 0.467 139 5226 0.00033
cere 0.461 6 271.2 0.15856
english 2.21 239 19.74 0.70016
boost 0.629 96 27658 0.00054
dewiki.20Gi 20.47 210 1543.1 0.01567
sars2.20Gi 20.47 80 2434.7 0.01206
chr19.20Gi 20.47 52 550.15 0.05899
commoncrawl.txt.16Gi 16.0 243 30.86 0.57768

Table 5.1: Statistics of the tested texts. g is the length of the gaps.

We used the GCC 12.3.0 compiler with the compile flags "-march=native -DNDEBUG

-Ofast" and parallelized our algorithms with OpenMP 6.

Table 5.1 shows the tested texts. einstein.en.txt, cere, english and boost are part of the
Pizza&Chili Corpus 7. dewiki is a highly repetitive text that has been handcrafted from
german Wikipedia entries. chr19 consists of concatenated human chromosome 19 haplo-
types, and sars2 is a collection of Sars-Cov-2 genomes, both of which were crafted out of
datasets from the National Center for Biotechnology Information 8 (NCBI) database. Fi-
nally, commoncrawl.txt has been handcrafted from the Common Crawl Project 9 database.

5.3 Results

We begin by determining the optimal value for τ (see Section 5.3.1). Then, we compare
the data structures for OROR from Section 4.5.4 in Section 5.3.2. In Section 5.3.3, we
compare our (approximate) LZ77 algorithms with each other and the LZ77 LPF algorithm
from Section 2.4. In Section 5.3.4, we compare our approach to separately compress the
gaps from Section 4.2.2 with standard compressors. Finally, we examine the parallel scaling
of our algorithms in Section 5.3.5.

5.3.1 The optimal value for τ

To determine the optimal value for τ , we compared the running time, peak memory con-
sumption and approximation ratio of the LZ77 3-Approximation with different values for
τ , i.e, τ “ 2i for i P r4, 11s (see Figure 5.1). In general, the approximation ratio is inde-
pendent of τ . Choosing τ P t128, 256u can yield higher compression throughput compared

6https://openmp.org/
7https://pizzachili.dcc.uchile.cl/
8https://www.ncbi.nlm.nih.gov/
9https://commoncrawl.org/

https://openmp.org/
https://pizzachili.dcc.uchile.cl/
https://www.ncbi.nlm.nih.gov/
https://commoncrawl.org/


5.3. RESULTS 95

with τ ě 512 if the text has long periodic regions (see cere). However, choosing τ ě 512 re-
duces the peak memory consumption and increases the throughput with non-periodic texts.
Therefore, we determined τ “ 512 to be optimal and use it for all following measurements.

5.3.2 Comparison of Data Structures for IO-/SW-OROR

In this section, we measured the performance of the OROR data structures described in
Section 4.5.4.

5.3.2.1 Methodology

To generate practical measurement data, we extracted the OROR instances, queries and
inserts during the execution of the algorithm exact from Section 5.3.3, i.e, the exact
LZ77 algorithm described in Section 4.5.5, but without the sparse prefix- and suffix array
sampling. Queries that are answered by scanning over Ψ or Π (see Paragraph 4.5.5.6.1)
are not included.

Let Q be the number of performed queries, let I be the number of inserts, and let N

be the number of points in the OROR instance of a given text. Let D be a data structure
for the OROR problem that solves this instance. Let sD be the size of D, let cD be the
time to construct D, and let qD and iD be the times to perform all queries with and insert
all points into D, respectively. Then, the marker in Figure 5.2 for D shows D’s combined
construction-, insert- and query throughput N`Q`I

cD`qD`iD
versus its size sD. Figure A.2 shows

construction time cD versus peak memory consumption during the construction. Figure A.1
shows insert- and query throughput Q`I

qD`iD
versus data structure size sD.

The upper rows in the legends list the data structures described in Section 4.5.4. The
lower rows list their “decomposed” counterparts (indicated by the prefix “D-”, see Sec-
tion 4.5.4.3). We measured the grid-based data structures with different grid sizes m, i.e,
m “ 2i for i P r11, 16s. The markers for different values of m are connected, and the
leftmost marker uses m “ 211, respectively.

5.3.2.2 Discussion

As argued in Section 4.5.4, the decomposed grid-based data structures require less memory
than their non-decomposed counterparts. However, decomposing the instance xP, Iy into
the instances xP1, I1y, ..., xPσ, Iσy introduces a construction time overhead (see e.g. boost).
It also increases the peak memory consumption during construction (see Figure A.2).

The dynamic data structures (D-SG, SD-SG, D-D-SG and D-SD-SG) provide better through-
put and are smaller if the grid size m is set optimally, because they do not store the weight
of each point (see Table 4.1). Out of the static weighted data structures, SW-SS and
D-SW-SS are consistently the smallest, but also the slowest. SW-SG and D-SW-SG are some-
times smaller and provide better throughput than SW-KDT and D-SW-KDT for specific (but
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varying) values for m (see einstein.en.txt and boost). Overall, setting m “ 214 provides
the best trade-off between performance and space.

However, although SW-KDT and D-SW-KDT are slightly larger than SW-SG and D-SW-SG,
they generally offer more consistent performance, and do not rely on the grid size m being
set optimally.

Since we have to use a static weighted data structure in the parallel exact LZ77 al-
gorithm (see Section 4.5.5), we perform all following measurements with D-SW-SG and
m “ 214, unless stated otherwise.

5.3.3 Comparison of LZ77 Construction Algorithms

In this section, we compare our LZ77 algorithms with each other and the LZ77 LPF al-
gorithm from Section 2.4. Figure 5.3 shows running time versus additional peak memory
usage (T is not included in the memory usage).

• lpf is a version of the LZ77 LPF algorithm 10 (see Section 2.4) that does not use
the arrays NSV and PSV, and instead scans for the previous and next smaller values
naively in SA. This reduces the peak memory consumption. It builds SA with
libsais 11 and then naively constructs SA´1. Hence, it needs 8n additional bytes if
n ă 231 (bscause it uses signed integers), and 16n bytes, else.

• 3-aprx-naive is an implementation of the LZ77 3-approximation that adheres as
closely as possible to the theoretical description in Section 3.1.2. It computes LPF

phrases as described in Lemma 3.1.5, uses the rolling hash index described in Sec-
tion 4.4.1, and factorizes the gaps using the algorithm from Section 4.4.3.

• 3-aprx is a practically optimized version of 3-aprx-naive. It computes the LPF

phrases as described in Section 4.3.1 and factorizes the gaps using the algorithms
described in Sections 4.4.4 and 4.6.2.1.

• lpf-lnf-aprx computes LPF- and LNF phrases as described in Section 4.3.2. Then,
it factorizes the gaps like 3-aprx.

• exact-naive is an implementation of the LZ77 exact algorithm that adheres as
closely as possible to the theoretical description in Section 3.2, however, it also uses
the optimizations from Sections 4.5.1 and 4.5.5.1. In this algorithm, the OROR
queries with small ranges (width and height ď θ) are not answered using the arrays
Π and Ψ from Paragraph 4.5.5.6.1. It uses the SW-SG to implement R.

10https://github.com/pdinklag/lz77/
11https://github.com/IlyaGrebnov/libsais/

https://github.com/pdinklag/lz77/
https://github.com/IlyaGrebnov/libsais/


98 CHAPTER 5. EXPERIMENTAL EVALUATION

100.9 101 101.1 101.2 101.3

101

102

th
ro

ug
hp

ut
[1

/u
s]

einstein.en.txt (n{z « 5226)

101 102
100

101

102

th
ro

ug
hp

ut
[1

/u
s]

cere (n{z « 271.2)

101 102

10´1

100

101

th
ro

ug
hp

ut
[1

/u
s]

english (n{z « 19.74)

100.9 101 101.1 101.2 101.3

101

102

data structure size [bytes/N ]

th
ro

ug
hp

ut
[1

/u
s]

boost (n{z « 27658)

101 102

100

101

dewiki.20Gi (n{z « 1543.1)

101 102
10´1

100

101

sars2.20Gi (n{z « 2434.7)

101 102

100

101

chr19.20Gi (n{z « 550.15)

101 101.2 101.4 101.6

10´1

100

101

data structure size [bytes/N ]

commoncrawl.txt.16Gi (n{z « 30.86)

D-SG SD-SG SW-SG SW-SS SW-KDT
D-D-SG D-SD-SG D-SW-SG D-SW-SS D-SW-KDT

Figure 5.2: Construction-, insert- and query throughput versus data structure size.



5.3. RESULTS 99

• exact is an optimized version of exact-naive. It additionally employs the opti-
mizations described in Sections 4.5.1.1, 4.5.4.3 and 4.5.5.6 and implements R with
D-SW-SG.

• exact-samples is the exact LZ77 algorithm described in Section 4.5.5. It is an
optimized version of exact, as it additionally employs the optimizations described
in Sections 4.5.2, 4.5.3 and 4.5.5.2 to 4.5.5.5.

lpf requires the most memory out of all algorithms, because it constructs SA and SA´1.
The SSS-based LZ77 approximation algorithms (3-aprx-naive 3-aprx, lpf-lnf-aprx)
use 2-4 times less memory than exact.

3-aprx is 1.3-4 times faster than 3-aprx-naive, because here, the rolling hash index
skips the gaps. 3-aprx also yields better compression rates due to the optimizations
described in Section 4.3.1 and Section 4.4.4. With repetitive texts, lpf-lnf-aprx is «
2 times slower than 3-aprx, because factorizing the gaps only accounts for a negligible
part of the total runtime (see boost). With unrepetitive texts, their difference is smaller,
because here, the running time is more dependent on the factorization of the gaps (see
commoncrawl.txt.16Gi). lpf-lnf-aprx requires more memory than 3-aprx, because it
stores more LPF phrases. Overall, lpf-lnf-aprx achieves better approximation ratios.

With repetitive texts, the compression rate of 3-aprx does not decrease with the num-
ber of threads, because in this case, the gaps only account for a small fraction of the text
(see Table 5.1), and we use the sequential algorithm to factorize the gaps if g{n ă 0.2

(see Section 4.6.2.1). For g{n ě 0.2, however, the compression ratio decreases when using
multiple threads (see english and commoncrawl.txt.16Gi).

Out of the SSS-based exact LZ77 algorithms, exact-naive is the slowest and re-
quires the least memory. exact is 5-10 times faster than exact-naive, but requires 50%
more additional memory (because it additionally stores Π and Ψ, and the construction
of the D-SW-SG requires more memory than the construction of SW-SG, see Figure A.2).
exact-samples needs 1.2-5 times as much additional memory (10-50% more memory over-
all) than exact, but is 1-2.2 times as fast.

5.3.4 Comparison with Standard Compressors

Out of the two variants for separately compressing the gaps (see Section 4.2.2), Variant
2 preforms better in practice. We use zstd with encoding quality "-4" to compress the
intermediary representation F 1. We call our implementation ssszip and compare it with
standard compressors. Some of them use dictionary compression.

A dictionary contains frequent strings and is used during decompression to copy sub-
strings from. Static dictionaries are stored separately with the decompressor and are not
part of the compressed representation of the text. Dynamic dictionaries are created during



100 CHAPTER 5. EXPERIMENTAL EVALUATION

10´1 100 101

101

102

1.61

1.20

1.18

1.15

1.14

1.00

1.00

1.00

1.00

1.00

1.00

th
ro

ug
hp

ut
[M

B
/s

]
einstein.en.txt (n{z « 5226)

100 101
10´1

100

101

1.62

1.28

1.67

1.46

1.66

1.00

1.00

1.00

1.00

1.00 1.00

th
ro

ug
hp

ut
[M

B
/s

]

cere (n{z « 271.2)

100 101

101

102

1.43

1.45

1.71

1.46

1.73

1.00th
ro

ug
hp

ut
[M

B
/s

]

english (n{z « 19.74)

10´1 100 101

101

102

1.18

1.16

1.16

1.17

1.12

1.00

1.00

1.00

1.00

1.00

1.00

peak mem.-cons. [bytes/n]

th
ro

ug
hp

ut
[M

B
/s

]

boost (n{z « 27658)

100 101

100

101

102

1.60

1.37

1.37

1.23

1.25

1.00

1.00

1.00

1.00

1.00

1.00

dewiki.20Gi (n{z « 1543.1)

100 101
10´1

100

101

102

1.81

1.37

1.37

1.25

1.25

1.00

1.00

1.00

1.00

1.00

1.00

sars2.20Gi (n{z « 2434.7)

100 101

10´1

100

101

102

2.35

2.01

2.01

1.51

1.51

1.00

1.00

1.00

1.00

1.00

1.00

chr19.20Gi (n{z « 550.15)

100 101

101

102

1.56

1.32

2.45

1.73

2.66

1.00

peak mem.-cons. [bytes/n]

commoncrawl.txt.16Gi (n{z « 30.86)

3-aprx-naive 3-aprx lpf-lnf-aprx exact-naive exact exact-samples lpf

Figure 5.3: Throughput versus additional peak memory consumption (without T ). Each
marker is annotated with the approximation ratio. For each pair of connected markers,
the lower/upper mark denotes the execution with 1/32 threads.



5.3. RESULTS 101

compression and may therefore be more suitable for the given text. However, constructing
them requires work, and they must be included in the compressed representation.

• gzip 12 uses the deflate algorithm [9]. It combines sliding-window LZ77 [4] and
Huffman coding [24], which replaces frequently occurring symbols with shorter codes.
gzip is widely used for HTTP compression.

• bzip2 13 divides the text into 900 KB blocks (by default) and then compresses
each block using the Burrows-Wheeler Transform (BWT) [6], followed by Move-to-
Front (MTF) encoding [3] and Huffman coding. The BWT reversibly rearranges
the text to group similar characters together, while MTF converts these groups into
sequences that are easier to compress. Huffman coding then further reduces the
space to store those sequences. bzip2 offers a higher compression ratio than gzip,
but is generally slower. It is rarely used today, because faster and more optimal
compression algorithms are available.

• Like bzip2, bsc 14 also uses the BWT and Move-to-Front encoding. However, it uses
the more optimized suffix array construction algorithm libsais 11 to construct the
BWT, chooses a larger 25 MB block size by default, uses quantized local frequency
coding [20] instead of Huffman coding, and employs other preprocessing techniques
like Lempel-Ziv preprocessing (LZP), which removes redundancies with LZ phrases
beforehand. bsc supports multi-threading.

• lz4 15 is designed for speed, and implements a fast variant of sliding-window LZ77
[4]. It is widely used in real-time applications, where short and predictable execution
times are essential.

• xz 16 employs the Lempel–Ziv–Markov chain algorithm (LZMA) to achieve high com-
pression rates. It uses range coding [36] instead of Huffman coding and uses an 8
MB static dictionary by default. xz is common for distributing Linux packages and
supports multi-threading.

• 7z 17 uses LZMA2, which is an improved version of LZMA. It supports multi-
threading and is commonly used for compressing very large data sets, where the
highest compression is neccessary.

• zstd 18 was designed by Facebook and aims to offer fast compression with high
compression rates by combining sliding-window LZ77, Huffman coding and other

12https://gnu.org/software/gzip/
13https://sourceware.org/bzip2/
14http://libbsc.com/
15https://lz4.org/
16https://tukaani.org/xz/
17https://7-zip.org/
18https://facebook.github.io/zstd/

https://gnu.org/software/gzip/
https://sourceware.org/bzip2/
http://libbsc.com/
https://lz4.org/
https://tukaani.org/xz/
https://7-zip.org/
https://facebook.github.io/zstd/
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entropy coding techniques like Finite State Entropy 19. Additionally, it uses static
and dynamic dictionaries. It supports multi-threading and is used in many modern
applications, such as containerized environments (e.g. Docker), backup systems, and
big data processing.

5.3.4.1 Compression Performance

Among the very memory efficient compressors lz4, gzip and bzip2, lz4 is the fastest and
bzip2 uses the least memory. xz and 7z achieve very good compression rates, but are slower
and require more memory. When using multiple threads, their throughput increases, but
memory consumption also increases, and compression ratio decreases (see boost). This is
because the data is split into chunks that are processed independently of each other. zstd
requires a medium amount of memory, yields medium compression rates, but is the fastest
compressor overall (just as fast as lz4 on average).

ssszip always uses slightly more than n bytes of memory, because it stores the whole
text in memory. bsc requires a similar amount of memory on average and is sometimes
faster and sometimes slower than ssszip. Although bsc achieves slightly better compres-
sion than ssszip on unrepetitive texts (see english and commoncrawl.txt.16Gi), ssszip
yields much higher compression rates on repetitive texts (see all other texts, except for
dewiki.20Gi). Especially on large texts with long repetitions, ssszip provides the best
compression rate (see chr19.20Gi). Other than xz and 7z, ssszip and bsc do not achieve
parallelism by applying the same algorithm to multiple chunks of the text at once, but by
parallelizing the underlying algorithms. Therefore, their memory consumption does not
increase with the number of used threads. When using one thread, ssszip yields slightly
lower compression rates than xz and 7z. When using multiple threads, however, their
compression rates decrease below that of ssszip.

When decreasing the block size with bsc, the throughput increases slightly. However,
the compression rate also decreases (see bsc-12, bsc-6 and bsc-3 in Figure 5.5). The
memory consumption of bsc is roughly equal when compressing and decompressing, and
decreases when decreasing the block size. To preserve the readability of Figure 5.4, we
included only bsc-25.

5.3.4.2 Decompression Performance

Regarding decompression performance, zstd is generally the fastest. bzip2 is always the
slowest. gzip requires almost no additional memory. bsc decompression speed is very
variable. It requires the most memory of all compressors, because it has to revert the
BWT of each block, which requires the BWT and a data structure to compute LF to

19https://github.com/Cyan4973/FiniteStateEntropy/

https://github.com/Cyan4973/FiniteStateEntropy/
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be stored in the RAM. The other compressors (ssszip, xz, 7z) have a consistently low
memory requirement and offer medium but variable decompression speed.

5.3.5 Construction Phases and Parallel Scaling

In this section, we examine the running times of individual construction phases and the
parallel scaling of our algorithms. Figures 5.6 to 5.10 show the construction phases of
3-aprx, ssszip, lpf-lnf-aprx, exact and exact-samples from the previous sections.

F 1 and F denote the computation of the approximate and the exact factorization,
respectively. H denotes the initialization of the rolling hash index. SEL stands for the
selection of LPF and LNF phrases, i.e, the final step of the algorithm described in Sec-
tion 4.3.2. Finally, KRS denotes the construction of the data structure for computing
Karp-Rabin fingerprint of substrings from T (see Section 4.5.2).

For repetitive texts, the running times of 3-aprx and lpf-lnf-aprx are dominated by
the construction of the LCE data structure. The running time to compute NSVS , PSVS

and the LPF phrases are always negligible. The relative running time to factorize the gaps
decreases with the relative length of the gaps, which decreases with the repetitiveness of
the text (compare boost and commoncrawl.txt.16Gi).

The running time to construct the LCE data structure scales better in parallel than
factorizing the gaps. Recall that if the relative length g{n of the gaps is less than 0.2,
then we use the sequential algorithm to factorize the gaps, even if multiple threads are
available (compare cere and commoncrawl.txt.16Gi). Generally, ssszip compresses the
gaps much faster than the rolling hash index, and scales better in parallel (compare com-
moncrawl.txt.16Gi in Figure 5.6 and Figure 5.7).

Now, we discuss the exact LZ77 algorithms. The time to compute the Karp-Rabin,
sparse prefix- and suffix array interval samplings (phases KRS, HpPIVCq and HpSIVCq in
Figure 5.10) is negligible, especially for large texts. The use of these samples reduces the
running time to compute the exact factorization by factors between 1 and 2.2 (see cere and
dewiki.20Gi). However, the speedup is reduced when increasing the number of threads, i.e,
the overall running times of exact and exact-samples are almost identical when using 32
threads (compare Figure 5.9 and Figure 5.10).
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3-aprx from Section 5.3.3.
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Figure 5.8: Construction time versus number of threads of the LZ77 LPF/LNF Aproxi-
mation, i.e, lpf-lnf-aprx from Section 5.3.3.
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Figure 5.9: Construction time versus number of threads of the exact LZ77 algorithm
without sparse prefix- and suffix array interval sampling, i.e, exact from Section 5.3.3.
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Figure 5.10: Construction time versus number of threads of the exact LZ77 algo-
rithm with sparse prefix- and suffix array interval sampling, i.e, exact-samples from Sec-
tion 5.3.3.



Chapter 6

Conclusion

Overall, we have shown that the LZ77 algorithms described in [12] can be adapted to
perform well in practice.

The LZ77 3-Approximation needs 8 ´ 16 times less memory than a practical imple-
mentation of the LZ77 LPF algorithm, and is 0.9-10 (typically 3-10) times faster while
achieving approximation ratios between 1 and 2 (typically 1.1-1.5).

The exact LZ77 algorithm still needs 2 ´ 4 times less memory than the LPF algo-
rithm, but performs well only for repetitive texts. We implemented a slightly more space-
consuming version of the algorithm, which needs 10-50% more memory, but is up to 2.2

times faster.
Finally, our practical compression tool ssszip uses a predictable amount of memory

(1.1n to 1.5n bytes) and is an order of magnitude faster than state-of-the-art compressors
that yield similar compression rates. Although faster and/or more space-efficient compres-
sors exist, they yield much lower compression rates, especially with repetitive texts.
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Appendix A

Appendix

A.1 Pseudocode for Sparse Suffix Array Interval Search

Algorithm 32: interpolate-ssapri, i` lq, xrb1, e1s, l1y, xrb2, e2s, l2yq

1 rb, es Ð rb1, b2s;
2 lceb Ð l1 ` LCEpSrSASrbss ` l1, i` l1q;
3 lcee Ð l2;
4 while |rb, es| ą 2 do
5 mÐ tpb` eq{2u;
6 pÐ SrSASrmss;
7 lcemin Ð minplceb, lceeq;
8 lcem Ð lcemin `

LCEpp` lcemin, i` lceminq;
9 if lcem ă l then

10 bÐ m;
11 lceb Ð lcem;

12 else
13 eÐ m;
14 lcee Ð lcem;

15 if lceb ě l then
16 xÐ b;

17 else
18 xÐ e;

19 rb, es Ð re2, e1s;
20 lceb Ð l2;
21 lcee Ð l1 ` LCEpSrSASress ` l1, i` l1q;
22 while |rb, es| ą 2 do
23 mÐ tpb` eq{2u;
24 pÐ SrSASrmss;
25 lcemin Ð minplceb, lceeq;
26 lcem Ð lcemin `

LCEpp` lcemin, i` lceminq;
27 if lcem ă l then
28 eÐ m;
29 lcee Ð lcem;

30 else
31 bÐ m;
32 lceb Ð lcem;

33 if lcee ě l then
34 x1 Ð e;

35 else
36 x1 Ð b;

37 return rx, x1s;
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Algorithm 33: ssa-intervalpri, i` lq, rb, esq

1 lceb Ð LCEpSrSASrbss, iq;
2 lcee Ð LCEpSrSASress, iq;
3 rb̂, ês Ð rb, es;
4 lceb̂ Ð lceb;
5 lceê Ð lcee;
6 while |rb, es| ą 2 do
7 mÐ tpb` eq{2u;
8 let p “ SrSASrmss;
9 lcemin Ð minplceb, lceeq;

10 lcem Ð lcemin `

LCEpp` lcemin, i` lceminq;
11 if lcem ě l then
12 eÐ m;
13 lcee Ð lcem;
14 if m ą b̂ then
15 b̂Ð m;
16 lceb̂ Ð lcem;

17 else if p` lcem “ n` 1_

T rp` lcems ă T ri` lcems then
18 bÐ m;
19 lceb Ð lcem;
20 if m ą b̂ then
21 b̂Ð m;
22 lceb̂ Ð lcem;

23 else
24 eÐ m;
25 lcee Ð lcem;
26 if m ă ê then
27 êÐ m;
28 lceê Ð lcem;

29 if maxplceb, lceeq ă l then
30 return H

31 if lceb ě l then
32 xÐ b;

33 else
34 xÐ e;

35 rb, es Ð rb̂, ês;
36 lceb Ð lceb̂;
37 lcee Ð lceê;
38 while |rb, es| ą 2 do
39 mÐ tpb` eq{2u;
40 let p “ SrSASrmss;
41 lcemin Ð minplceb, lceeq;
42 lcem Ð lcemin `

LCEpp` lcemin, i` lceminq;
43 if lcem ě l then
44 bÐ m;
45 lceb Ð lcem;

46 else
47 eÐ m;
48 lcee Ð lcem;

49 if lcee ě l then
50 x1 Ð e;

51 else
52 x1 Ð b;

53 return rx, x1s;

A.2 OROR Construction and Query Results
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