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Chapter 1

Introduction

The Lempel-Ziv 77 (LZ77) factorization [34] is a text compression scheme that decomposes
a string T into z phrases (factors), where each phrase is either a leftmost occurrence of a
character (literal phrase) or the longest substring starting at an earlier position (referencing
phrase). An earlier occurrence position of one such substring is called its source and its
starting position is called its destination. Referencing phrases can be represented by one
of its sources and its length, hence the factorization can be stored using O(zlogn) bits,

where n = |T'| is the length of the string.

1.1 Relevance

The Lempel-Ziv 77 (LZ77) factorization [34] is the main text compression scheme and is
also used to implement compressed text indexes [33], 19, [19]. It is also used in compressed
media formats, such as PNG and PDF.

The number z of phrases can be used to measure the compressibility of a string, like
the number r of runs in the Burrows-Wheeler-Transformation [6] (BWT), the number
b of phrases in the smallest Bidirectional Macro Scheme [40], the size g of the smallest
Context-free grammar [1] (CFG) generating the string and the number e of nodes and
edges in the Compact Deterministic Acyclic Word Graph [5] (CDAWG). In practice, we
have b < z < g <1 < e, and there are orders of magnitude between the measures [37].

There are variants of the LZ77 factorization. Rightmost Lempel-Ziv [13] requires each
factor to reference its rightmost source. LZ-End [30] demands each source to end at the end
of a previous factor. Sliding Window LZ77 [4] requires each source to lie in a fixed-sized
window before its destination. Relative Lempel-Ziv (RLZ) [18] uses a reference (a string
consisting of snippets from the input string) to copy referencing phrases from. Finally,
non-overlapping LZ77 [31] requires each source to end before its destination. There are
also parallel LZ77 construction algorithms [8, 4] and LZ77 approximation algorithms
12, (16, 32).
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1.2 The Problem

As we have seen, the LZ77 factorization of a length-n string over the alphabet [1, 0] with

O() can be computed in O(n) time and words of space on a word RAM of width

oc=mn
w = O(logn). However, since T' can be represented using O(nlogo) bits of space, that
is, ©(n/log, n) words of space, there may be algorithms that need only O(n/log, n) time
and words of space.

There is an algorithm [27] that takes O(n/log, n+rlog? n+zlogn) time and O(n/log, n
+ rlog® n) words of space. However, this algorithm is a purely theoretical result, as it re-
quires many large data structures and has a practically inefficient running time. The algo-
rithm presented in [29] takes O((nlogo)/+4/logn) time and O(n/log o) space, but also re-
quires impractical data structures. In [I2], an algorithm that takes O(n/log, n+ zlog3* 2)
time and O(n/log, n) words of space is presented, where € > 0 is a small constant. As an
intermediary step, this algorithm computes an LZ-like factorization of at most 3z phrases,
which is defined analogously to the LZ77 factorization, but with the relaxation that ref-
erencing phrases do not have to be of maximal length. This takes O(n/log, n) time and
words of space. Then, the LZ-like factorization is transformed into the LZ77 factorization
in O(n/log, n + zlog3*n) time and O(n/log, n) words of space.

We call an algorithm that computes an LZ-like factorization with at most a.z phrases an
LZ77 a-approximation. The computation of the 3-approximation that is part of the LZ77
construction algorithm described in [12] is based on a 7-string synchronizing set (SSS),
which will be formally defined in Section Intuitively, a SSS is a subset (sampling) of
positions in 7" such that (i) within two occurrences of a long substring (with length > 27)

the same (relative) positions are sampled and (ii) the sampling is uniformly dense across
T.

1.2.1 LZ77 3-Approximation

Phase 1. The first phase uses a SSS of T with size O(n/7) and an O(1)-time and O(n/7)-
words of space LCE data structure based on this SSS, where 7 = O(log, n). This SSS can
be constructed in O(n/7) time and words of space (see Theorems 4.3 and 8.11 in [28§]). (i)
is used to compute a gapped factorization of 2/ < z factors with phrases starting at and
referencing previous sampled positions.

Phase 2. Due to (ii), long gaps (= 37) between phrases are periodic and can thus be
efficiently shortened or closed entirely such that only short gaps remain. To accomplish
this, a data structure to compute the shortest period of length-m < log, n/(2[log, ol)
patterns in O(1) time is used, which can be constructed in O(y/nlog® n) time and words
of space (see Lemma 2 in [12]).

Phase 3. To close the short gaps in phase three, a data structure to locate any short

pattern (< 37) is required. In [12], an O(n/logn) space data structure to compute the
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leftmost occurrence of a length-m < logyn/((2 + €)[logy o) pattern is proposed, where
e > 0 is a small constant (see Lemma 3 in [12]). However, this approach only works in
practice if 7 is very small (for example 7 = 4 or 7 = 8), which increases the size of the SSS
to an impractical level. Therefore, it remains to find a compact data structure (or more
generally an index) to locate short patterns. This is the main challenge when implementing

the 3-approximation.

1.2.2 LZ77 Exact Algorithm

The exact LZ77 Algorithm described in [12] at first computes an LZ77 3-Approximation
using the algorithm from Section [I.2.1] Then, the exact factorization is computed incre-
mentally from left to right.

At first, it constructs a special sampling of text positions and lexicographically and co-
lexicographically sorts the samples. The task of finding the next phrase starting at position
i can then be reduced to (i) computing pairs of sparse prefix- and sparse suffix array
intervals, (ii) intersecting the samples contained in those and (iii) filtering out samples
starting at or after position 1.

(i) is achieved using binary searches. (ii) and (iii) can be reduced to the insertion-
only orthogonal range one-reporting (I0-OROR) problem. The algorithm uses the data
structure from Theorem 1 in [38] for IO-OROR. Although this data structure provides
suitable theoretical construction- and query times (and space), it is inefficient in practice.

Therefore, it remains to find a practical data structure for the IO-OROR problem.

1.2.3 Practical Compression Tool

The LZ77 3-Approximation and the exact LZ77 algorithm compress the text only by re-
placing repetitions with referencing phrases. In practice, the compression ratio can be
further increased by omitting short referencing phrases and encoding their text segments
using other methods. Relating this insight to the LZ77 3-Approximation, we could omit

Phases 2 and 3 and instead compress the gaps using a standard compressor.

1.3 Results

Compared with the LZ77 LPF algorithm (a simple, but space-consuming exact LZ77 algo-
rithm, see Section , which needs 8n if n < 23!, or 16n additional bytes of memory, else,
the LZ77 3-Approximation from Section [I.2.1] needs only 0.1n to 0.3n bytes of additional
memory, is 0.9-10 (typically 3-10) times faster and achieves approximation ratios between
1 and 2 (typically 1.2-1.3).

The exact LZ77 algorithm from Section [1.2.2] needs 0.2n to 0.6n additional bytes of

memory. As its theoretical running time suggests, its performance improves with the
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repetitiveness of the text. In practice, it is only useful for repetitive texts. Additionally,
we implemented a more space-consuming version of the algorithm, which needs 10-50%
more memory, but is 1-2.2 times faster.

Finally, we implemented a practical compression tool called ssszip, which omits Phases
2 and 3 of the LZ77 3-Approximation, and instead compresses the gaps using zstoﬂ
Compared with state-of-the-art compressors, ssszip uses a predictable amount of memory
(1.1n to 1.5n bytes) and is an order of magnitude faster than state-of-the-art compressors
that yield similar compression rates. Although there are compressors that are faster and/or

need less memory, they yield much lower compression rates, especially with repetitive texts.

"https://facebook.github.io/zstd/
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Chapter 2

Preliminaries

2.1 Syntax Definitions

2.1.1 Arrays

Fori,jeZ, wewrite{keZ |i <k <j}=[i,j]=((—1,j]=[ij+1). Let A[1l..n] be an
array A of size n. For i € [1,n], A[i] returns the i-th value in A. Similarly, for ¢,j € [1,n]
with ¢ < j, A[i, j] denotes the (sub-)array B[1..j — i+ 1] = [A[¢], A[i + 1], ..., A[j]]. We
also allow this notation when addressing sub-arrays, i.e, A[i,j| = A(i —1,7] = A[i,j + 1).
We also interpret A as the set {A[1],..., A[n]}. Finally, we can interpret A as an iterated
function, i.e, A¥[i] = A¥~'[A[i]], where k > 1 is an integer, and A'[i] = A[i].

2.1.2 Binary Search in Pseudocode

Let B = “bin-search for max y € X such that P” be a block of pseudocode, where
X = {x1,...,xn} with ;1 < ... < zn, and P is pseudocode that takes one parameter y
and calls either “report true;” or “report false;” (which causes the control flow to exit
the scope of P). Then, calling B implicitly calls Algorithm |I} which returns the maximum
y € X such that P(y) reports true using a binary search.

In Algorithm [1} we maintain the current search interval [b,e], which is in initialized
with [b,e] = [1, N]. Let m = |[(b+ e)/2| + 1 be the current candidate position. If P(z,,)
calls “report true;”, then we set b < m. Else, we set e < m — 1. As soon as [b,e] = J,
we return L (see line 9). Once we have b = e and P (V') reports true, we return z; (see
line 6).

2.1.3 Exponential Search in Pseudocode

Let B = “exp-search for max y € X such that P” be a block of pseudocode, where
X = {x1,...,zn} with 1 < ... < zy, and P is pseudocode that takes one parameter y,

and calls either “report true;” or “report false;” (which causes the control flow to exit

5
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Algorithm 1: bin-search for max Algorithm 2: exp-search for max
y€ X = {x1,...,zy} such that P y€ X = {x1,...,xy} such that P

1 if X = ¢ then 1 if X = ¢ then

2 t return 1; 2 t return 1;

3 [b,e] < [1,N]; 3 p,s<—1;

4 while [b,e] # & do 4 while true do

5 m — [(b+e)/2]; 5 if P(x)) reports true then

6 if P(x,,) reports true then 6 if p = N then

7 b — m; 7 t return xy;

8 if b = e then 8 p < max(N,p + s);

9 t return x; 9 s 2.5

10 else 10 else

11 t e<—m—1; 11 return bin-search for max

- "e{xy,...,x,_1} such that P;

12 return 1; L y e dm p-1}

the scope of P). Then, calling B implicitly calls Algorithm 2| which returns the maximum
y € X such that P(y) reports true using a left-to-right exponential search followed by a
binary search. More precisely, we maintain a step size s and candidate position p, initialized
with p,s = 1. Then, we iteratively run through the following loop.

Loop. If P(z,) reports true, then we either return z if p = N, or set p < min(V, p+
s) and s « 2 - s, and repeat the loop, else. If P(z,) reports false, then we break out of

the loop and return "bin-search for max y' € {x}, ..., zp—1} such that P;”.

2.1.4 Strings

We interpret strings as arrays. Let 3 = [1, 0] be an alphabet, and let T' € ¥" be a string.
For i,j € [1,n] with j < 4, we denote T[i,j] with the empty string . Substrings of
the form T[1,4] and T'[i,n] are called suffixes and prefixes of T, respectively. We write
T; = T[i,n]. A prefix/suffix of T is proper iff it is shorter than 7. The reversed string of
T is rev(T) = T[n]T[n — 1]...T[1]. Two strings S; and Sz are equal iff |S;| = |S2|, and
Vi e [1,|S1]] : Si[i] = Sz2[i].

2.1.5 Lexicographical Order

Let < be the lezicographic order of strings, that is, it holds S7 < s iff either S is a proper
prefix of Sy, or 3i € [1, min(]S1], |S2])] : Si[l,7) = S2[1,7) and Si[i] < Sa[i]. We write
S1 < Sy instead of —(S2 < S7). We assume that all described algorithms work in the
word-RAM model with word width w = ©(logn) [22].



2.2. LEMPEL-ZIV 77 FACTORIZATION 7

Let SA[1..n] be the array storing the unique permutation of [1,n] such that Tsap) <
.. < Tsppy)- Since it stores the lexicographic order among all suffixes of T, we call it the
suffic array [35]. Let SA™![1..n] be the array that stores the inverse permutation of SA,
i.e, Vie[1,n] : SATY[SA[]] = i. We call SA™! the inverse suffiz array.

2.1.6 Word-Packed Representation of Strings

We assume that the string T'[1..n] is given in fixed-width integer representation, i.e, the
alphabet is ¥ = [1,0] and each symbol is stored in [log, o| bits. Hence, the string is
stored as a bitstring of length n - [log, o] in O(n/log, n) consecutive memory words. Note
that we can obtain the length-(k - [logy o]) bitstring representing a length-k substring S in
O(1 + k/log, n) time by using bit-shifts and bit-wise logical operations. Such a bitstring

can then be interpreted as an integer int(S) € [1, 2 gz 1],

2.1.7 Rank- and Select Queries

Let A[l..n] be an array of values from the universe U = {u1,ug,...,ujyj}. The query
rank,(A,4) with v € U and i € [1,n] then returns the number of occurrences of v in A
up to position i, i.e, rank,(A,7) = |{j | A[j] = v,j € [1,4]}|. The query select,(A,?) with
v € U and i € rank,(A,n) then returns the position in A of the i-th occurrence of v in A,

i.e, select,(A,i) = min{j € [1,n] | rank, (4, j) = i}.

2.1.8 Successor- and Predecessor Queries

Let U = {u1,u2, ..., ujy|} be an ordered universe, i.e, u; < ug < ... <uy|, and let X = U.
Then, we call predy(v) = max{u € X | u < v} of v € U the predecessor of v in X and

succy(v) = min{u € X | u = v} of v € U the successor of v in X.

2.2 Lempel-Ziv 77 Factorization

The Lempel-Ziv 77 factorization of a string T is the decomposition of T into z phrases
fifa...fo = T such that any given phrase f; = T'[i,i + |f;|) with j € [1,2] and i = 1 +
Z?,_ o fj7| is either a leftmost occurrence of a single character (literal phrase), or otherwise
the longest prefix of T; that occurs before i (referencing phrase).

We call i the destination of f; and an occurrence position of f; before i a source of f;.
The factorization is usually represented by a sequence of z pairs py, po, ..., p,. For j € [1, 2],
either p; = (s;,1;) stores the length I; = |f;| and a source s; of f; if f; is a referencing
phrase, or p; = (T[i],0) if f; is a literal phrase. An LZ-like factorization is defined
analogously to the LZ77 factorization, but with the relaxation that referencing phrases do
not have to be of maximal length. It holds z = O(n/log,n) [34]. Now, we discuss two
algorithms for computing the LZ77 factorization (see Section and Section [2.4)).
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ORORORO,

Figure 2.1: Suffix tree of T" = abab$, where each internal node v is marked with min(v).

2.3 LZ77 Suffix-Tree Algorithm

The LZ77 factorization can be computed using a suffiz tree, which is the minimal tree
such that for each suffix T'[i,n], there is a path {(r,...,v) from the root r to a leaf v, whose
concatenation of edge labels is T[4, n], and v is marked with i. Figure shows an example
suffix tree.

To compute the LZ77 factorization, we additionally mark each internal node v with
the minimum leaf label min(v) in its subtree. Suppose we have already factorized T" up
to position i — 1. A next (j-th) factor starting at position i can then be computed by
starting at the root and running down the suffix tree while matching T[i, n] as long as the
minimum leaf label in the current subtree is less than i (min(v) < ). If there is no match,
then the next factor (0,7[i]) is literal (length 0 indicates that the phrase is literal). Else,
let I denote the length of the matched substring, let v denote the node we have arrived
at, and let k¥ = min(v). Since [ is the maximal length of a substring of 7" that starts at
position i and also occurs before position 4, and T'[k,k + ) is a previous occurrence of
T[i,i 4+ 1) (because k = min(v) < i), we can choose (k,[) as a next factor.

Let v be a node in the suffix tree, and let s be the concatenation of the edge labels on

the path from r to v. Then, let 5 = v.

2.3.1 Example. To compute the LZ77 factorization of T' = abab$, we can use the suffix
tree shown in Figure 2.1} The first factor is always 0, T[1]), i.e, (0,a). To compute the
second factor (i = 2), we try to match T[i] = b along the edge with label b going out from

the root. However, we now have min(v) = min(b) = 2 « i = 2, hence we have no match
and output the next factor <0, T[i]) = {0,b). Now, we match T[3,4] along the edge ab
going out from the root and arrive at v = ab, but we cannot match T[5] = $, because

min(ab$) = 3 & i = 3, so we output (min(v),1)) = (1,2) as the third factor. Finally,

we try to match T'[5] along the edge $ outgoing from the root, but min($) = 5 « i = 5,
so we output the final factor {0,77[i]) = (0,%). Overall, we get the LZ factorization

0,a),<0,b),{1,2),40, $).
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Since there are n leaves, and therefore < n internal nodes in a suffix tree, it has less
than 2n nodes and edges overall. Since every edge label occurs in T', edge labels can be
represented by intervals [b,e] to reference substrings T'[b, e], hence, each node and each
edge need O(1) words of space, respectively. Therefore, a suffix tree needs overall O(n)
words of space. It can also be constructed in O(n) time and words of space [15]. Suffix
trees can be implemented in O(n) words of space such that a length-m pattern can be
searched in O(m) expected time [21], where o is the alphabet size of T". This results in
an overall expected running time of >7=_; O(|f;|) = O(n) to compute the LZ factorization

given a suffix tree, where f; is the j-th factor, i.e, T' = fi fo...f..

2.3.1 Reaching Linear Time and Space

The running time can be improved to O(n) time by implementing two modifications. We
store an array é\:&_l[l..n], where é\A_l[i] points to the leaf with label 7. Additionally, we
annotate each node v with its string depth d(v), which is the length of the concatenation
of the edge labels on the path from r to v. A next (j-th) factor can then be found by
starting at the node v «— é/vﬂ\il[i], running up the suffix tree with v, and stopping as soon
as min(v) # ¢. If we have reached the root (v = r), then the next factor 0, T[i]) is literal.
Else, v is the lowest node v on the path from é\/&_l[i] to 7 with min(v) # 4, hence, [ = d(v)
is the maximal length of a substring of T" that starts at position ¢ and also occurs before
position i, i.e, at position k = min(v). Therefore, we can choose (k,[) as a next factor.
During the computation of the j-th factor starting at position i, we iterate upwards
only from nodes u with min(u) = 4, and because factor starting positions are distinct, we
iterate upwards from each node at most once. Since there are O(n) nodes, this results in

an overall O(n) running time.

2.4 LZ77 LPF Algorithm

Compared with LZ77 construction algorithms that use the suffix tree (see Section, the
longest previous factor (LPF) LZ77 construction algorithm stores only four integer arrays
SA[1..n], SA7![1..n], NSV[1..n] and PSV[1..n]. Asymptotically, this still requires O(n)

words of space, but is more space-efficient than a suffix tree in practice.

2.4.1 Definition. Let PSV[1..n] be the array such that PSV[i] stores the previous smaller
value (PSV) in SA before position i, i.e, PSV[i] = 0 if Vj € [1,i) : SA[j] > SA[i] and
PSV[i] = max{j | j € [1,4),SA[j] < SA[i]}, else. Analogously to PSV, let NSV[1..n] be
the array such that NSV[i] stores the next smaller value (NSV) in SA after position i, i.e,
NSV[i] = 0 if Vj € (i,n] : SA[j] > SA[i] and NSV[i] = min{j | j € (i,n],SA[j] < SA[i]},

else.
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1 J k 7 n
SA™| | |
TIED
SA| |
LCP

NSV | [ +— |
r PSV| I |

Figure 2.2: Illustration of the LPF-Array Construction. In this case, it holds LCE(j,4) >
LCE(k, 1), hence LPF[i] = j.

2.4.2 Definition. Given two text positions i, j € [1,n], let their longest common extension
be the length of the longest substring starting at both i and j, i.e, LCE(7, j) = max{l €
[0,n—max{i,j}+1] | T[i,i+1) = T[j,j+1)}. We call an array LPF[1..n] a longest previous
factor array iff for each i € [1,n], either LPF[i] = L if T[i] does not occur in T[1,7), or
else, LPF[i] = argmax e[y ;{LCE(j,4)}.

Suppose we have already factorized the text up to position ¢ — 1, and now want to
compute the next z-th factor. The main insight of the LPF algorithm is that if T'[7]
occurs before position ¢ in 7', then among the suffixes of T starting before ¢, either the
lexicographically next smaller suffix T; or the lexicographically next larger suffix 7}, (or
both) shares a prefix of length | f,| with T; (see Figure . This is because if there was a
suffix Ty with [ < ¢ that shares a longer prefix with T;, then T; would lie lexicographically
between T); and T}, which contradicts the choice of j or k. Hence, we can compute LPF as

follows.

2.4.3 Construction. Let i € [1,n], let 7' = PSV[SA™![i]] and k' = NSV[SA™I[i]]. The
following construction yields an LPF array. If j', k' = 0, then LPF[i] = L. FElse, LPF[i] =

arg maxse{jl7k/}\{0}{LCE(SA[S], i)}.

We can compute SA in O(n) time [39]. Note that the definition of SA™! is an O(n)
time construction algorithm for SA™!. We can compute NSV and PSV with a left-to-right
scan over SA (see Algorithm [3|). Suppose we have computed PSV up to position i — 1. If
SA[i — 1] < SA[i], then PSV[i] = i — 1. Else, PSV[i] = PSV![i — 1], where [ is minimal
such that PSV![i — 1] < SA[i] (see Figure . We compute [ in lines 3-4 in Algorithm
Let k € [0,1). By the definition of PSV, we have SA[PSV![i —1]] < ... < SA[PSV![i —1]] <
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Algorithm 3: nsv-psv()

1 for i from 1 to n do
2 p—1i—1;
3 while p > 0 A SA[p] > SA[i] do
4 NSV[p] « i;
L p < PSVI[p];
6 PSV[i] < p;
7 NSV[i] « 0;

~.“\/\:\E \
PSV| MESNUEELE

_

Si

Figure 2.3: Illustration of a skipped interval during the computation of PSV.

SA[i — 1] and Vz € (k, i) : SA[z] > SA[PSV¥[i — 1]] > SA[i], hence NSV[PSV*[i — 1]] = 1,
so we set NSV[p] < ¢ in line 24. It is easy to see that each entry NSV[p] # 0 is assigned.
Setting NSV[i] < 0 in line 7 ensures that the remaining entries (with NSV[p] = 0) are

correctly set.

2.4.4 Lemma. Given SA, we can compute PSV and NSV in O(n) time.

Proof. For i € [1,n], we call S; = (k,) the i-th skipped interval, where k = PSV[i]. We
call it skipped, because it is skipped during the computation of each next entry PSV[j]
with j > 4. This is because each entry PSV[z] with = € [1, )\S; does not point into S;, i.e,
PSV[z] ¢ S; (see Figure[2.3)). Therefore, each position in [1,n] is considered at most twice

before it becomes part of some skipped interval, and the running time bound follows. []

2.4.5 Theorem. Given SA, SA™!, PSV and NSV, we can compute the LZ77 factorization

in O(n) time and space.

Proof. Suppose we have already factorized T up to position i — 1. Intuitively, SA™![4]
is the lexicographical rank of T;, or the position of the suffix ¢ in the suffix array, thus
we can compute LPF[i] by Construction [2.4.3] If LPF[i] = L, then we output a literal
factor (0, T'[i]). Else, we output a referencing factor (LPF[i], LCE(LPF[],4)). We compute
the LCE queries naively, which takes O(|fz|) time for the x-th factor. The remaining
computations (lookups in SA~!, PSV and NSV) take O(1) time per factor, hence the
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overall running time is > >_; O(|fz]) = O(n). Since all used data structures are arrays of

size n, we need O(n) words of space. ]

Note that we do not explicitly compute the whole LPF-Array. Rather, we implicitly
compute LPF only for phrase starting positions. Computing a whole LPF-Array would take

O(n?) time using the same method.

2.4.6 Example. Consider the text T' = abab$.

1 2345
T= a b a a $
SA= 5314 2

SA™'= 35 2 4 1
PSV= 00 0 3 3
NSV= 23050

Since the first factor is always literal, we output (0,T[1]) = {0,a). Now, we look up
the position #/ = SAT'[2] = 5 of Ty in SA. We have NSV[5] = 0, so there is no suffix
before T that is lexicographically larger than Th. We have j = PSV[i’] = PSV[5] = 3 and
SA[j] = SA[3] = 1, but T} does not yield a match with 75, hence we output a literal factor
0, T[2]) = 0,b). Now, we look up i’ = SA™![4] = 4. We have NSV[i'] = NSV[4] = 5, but
Tsp[s) = 12 does not yield a match with T5. However, Tsapsy(i) = 71 yields a match of
length 2 with T3, so we output (1,2) as a referencing factor. The last factor is (0,$). We

have z = 4.

2.5 Constant Time LCE Queries in Linear Time and Space

To answer an LCE query in O(1) time, we introduce the longest common prefix array and

range minimum queries.

2.5.1 Definition. Let LCP[1..n] be the array such that LCP[1] = 0 and LCP[i] = LCE(SA[:
— 1],SA[i]) for i € [2,n]. We call LCP the longest common prefiz array of T'. Given an
integer array A[1l..m], the range minimum query RMQ (4, j) returns the position in A of
the minimum value in A[7, j] for a given range & # [i,j] < [1,m], i.e, RMQu(i,5) =
arg minger; ;) {A[E]}-

2.5.2 Theorem. Given LCP, SA™! and an O(n) space data structure to answer RMQLcp

queries in O(1) time, we can answer LCE queries in O(1) time.

Proof. The LCP array and an O(n) space data structure to answer RMQ cp queries in
O(1) time can be computed in O(n) time [26] 17]. Now, we describe how the LCP array
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T | |
SA™! |
SA | |
LCP| <1 ! <1
>

Figure 2.4: Illustration of LCE queries using RMQ queries on the LCP Array.

can be used together with an RMQ cp data structure and SA™! to answer LCE queries in
O(1) time.

Let 4,5 € [1,n], let I = LCE(4,5). Now consider the positions i/ = SA™![i] and j' =
SA™![j] of i and j in SA (see Figure, and assume i/ < j' (else swap 7 and j). Let T} be
a suffix that lies lexicographically between T; and Tj, i.e, T; < T}, < T}. Since T}, shares a
common prefix of length { with 7; and T}, it holds LCP[SA™![k]] = . Furthermore, there
exists a suffix T}, such that T; < T}, < T; and min(LCE(m, ), LCE(m, j)) = [ (otherwise
would imply LCE(i, j) > ), hence LCP[SA™![m]] = I v LCP[SA™![m] +1] = [ and therefore
LCP[RMQucp (i + 1, )] = | = LCE(, ). O

2.5.3 Example. Suppose we want to compute LCE(i,j) = LCE(1,3) in the text from
Example

12345
= abab$
SA™l=35 2 41
LCP= 00 2 0 1

Here, we have i/ = SA™[1] = 3, j/ = SA™![3] = 2 and RMQucp(j' + 1,i) =
RMQLcp(3,3) = 3, hence LCE(1,3) = LCP[3] = 2.



14 CHAPTER 2. PRELIMINARIES
2.6 Rolling Karp—Rabin Fingerprinting

Karp—Rabin fingerprints [25] can be used to efficiently hash substrings of the text to small
integers such that (i) same substrings result in the same hash and (ii) there are only “few”

hash collisions.

2.6.1 Definition. For a constant ¢ > 1, a prime number g = ©(n) and a base b € [0, q),
the Karp-Rabin fingerprint of the substring 777, j] is defined as ¢(i,j) = ( Z::Z.T[k;] .
b =%) mod q.

Note that (i) holds, because the fingerprint is independent of i and j, i.e, T[i,j] =
T, 7' = ¢(i,4) = ¢(7',5"). However, T[i,j] # T[i,7'] = ¢(i,5) # ¢(i',j’) holds only
with high probability. Rolling fingerprinting is a method to compute, for a fixed substring
length [, the Karp—Rabin fingerprints of all length-l substrings of T from left to right in
O(n) time. Here, we initially compute ¢(1,7). Then, we slide a length-l window over
T and maintain at position ¢ € [2,n — [) the fingerprint ¢(i,7 + { — 1) of the substring
T[i,i+1—1) covered by the window, which can be computed from the previous fingerprint
¢(i—1,7+1—2)in O(1) time using a lookup table [25].

2.7 String Synchronizing Set

We say that a string is of period p iff it can be written as consecutive repetitions of its first
p characters (the last repetition can be cut off). More formally, a string 7" is of period p
iff T[1,n —p] = T[1 + p,n]. The period per(T’) of T is then the minimal p such that T is
of period p.

2.7.1 Definition (Definition 3.1 [28]). Given a string 7" € X" and a parameter 7 €
[L,[5]], aset S = {p1,p2,...,ps} S [1,n—27 + 1] with p; < p2 < ... < ps is T-synchronizing
w.r.t. 1" iff the following two conditions hold.

e Synchronizing condition: For all 4, j € [1,n — 27 + 1] with T[i,i +27) = T[j, 7 + 27),
it holdste S < j€ 5.

e Density condition: For every i € [1,n — 37 — 2], it holds S n [i,i + 7) = ¢ iff
per(T[i,i + 31 —2]) < 3.

Now, let us describe a practical sliding-window algorithm to compute a 7-synchronizing

set using a left-to-right scan over T'. To this end, we need the following Theorem.

2.7.2 Theorem (Lemma 8.2 [28]). For 7 € [1,[5]], let Q be the set of periodic text
positions, i.e, Q = {i € [LLn — 7 + 1] | per(T[i,i + 7)) < 37}. Let id be a function
such that Yi,5 € [1,n] : id(i) = id(j) < Tli,i +7) = T[j,7 + 7). Then, S = {i €
[1,m — 27 + 1] | min{id(j) | j € [i,7 + 7]\Q} € {id(3),id(i + 7)}} is T-synchronizing w.r.t.
T.
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We choose id(i) = ¢(i,i + 7 — 1) and at first compute the set Q. Then, we use rolling
Karp-Rabin fingerprinting with length 7, slide a window of size 7+ 1 over T" up to position
n— 27+ 1, at position ¢ keep track of all fingerprints F; = [id(¢), ...,id(i +7)] in the current

window [i,i + 7]. If min{id(j) | j € [¢,7 + 7]\@} € {id(7),id(i + 7)}, then we add i to S. In

27
ot

practice, this algorithm yields a SSS of size ~

2.7.3 Example. Let 7 = 3 and let id(z) be the lexicographical rank of T[4, + 7).

12 345 6 78 9 1011121314 1516 17 18 19 20 21 22 23 24 25 26
T=ab cab cabbDbDbbbbDbbDbbaboecabocahb
id=515184 14172 1212121212121110 9 8 7 5 1518 3 1316 1 6

We have @) = [8,16]. For i = 1, we have min{id(j) | j
€ [1,4]\[8,13]} = min{5, 15,18,4} € {5,4}, hence i = 1 € S. The next included position is
4, because for i = 4, we have min{id(j) | j € [4, 7T]\[8,13]} = min{4, 14,17,2} € {4,2}. The
remaining positions are 14, 15, 16 and 19. Thus, we have S = {1,4, 14, 15, 16, 19}.

2.8 Constant Time LCE Queries in Sublinear Time and Space

If we set 7 = O(log, n), then we can use a 7-synchronizing set to answer LCE queries in

O(1) time and O(n/log, n) space. To this end, we need the following data structures.

2.8.1 Definition. Given a 7-synchronizing set S, let T” € [0, 37)!5! such that T"[i] = T[p,
min(n, p; + 37)) for i € [1,|S]]. Let LCP’ be the LCP array of T".

2.8.2 Definition. Let S = [p1,p2,...,ps)] S [1,n] with p1 < p2 < ... < pig| be a sub-
set (sampling) of text positions from T (e.g. a SSS). We define the unique permutation
SAs[1..|S]] of [1,|S]] satisfying Vi, j € [1,]S]] : SAs[i] < SAs[j] < SA[pi] < SA[p;] to be
the sparse suffizx array of T w.r.t. S. Finally, Let the unique permutation SAgl[l..\Sl] of
[1,|S]] with Vi € [1,|S|] : SAs[SAG'[i]] = i be the sparse inverse suffix array of T w.r.t.
S.

The following lemma is the main useful property of string synchronizing sets and allows
us to answer LCE queries by applying the same method as in Theorem but using

2.8.3 Lemma (Lemma 4.2 [28]). Fori,j € [1,[S]], it holds T < T} < T, < T),.

2.8.4 Theorem (Theorem 5.4 [28]). We can compute in O(n/log, n) time and space

a data structure of size O(n/log, n) that can answer LCE queries in O(1) time.

Proof. We choose 7 sufficiently small such that a word-packed length-37 substring of T'

can be stored in one word, i.e, 37[logy o] < w < T < w/(3[logyo]) = O(log, n) and
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Figure 2.5: Illustration of LCE queries using RMQ queries on the LCPg Array.

start by constructing 77 in O(n/7) = O(n/log, n) time and space from the word-packed
representation of 1. Then, we build SAg. Since by Lemma SAg is also the suffix
array of T, we can do this in O(n/7) = O(n/log, n) time and space with an O(n) time
suffix array construction algorithm. Then, we compute SA§1, LCP" and an O(1) time
RMQ| cpr query data structure in O(n/7) time and space using Definition [26] and
[17], respectively. Finally, we construct a packed bit-vector Bg[1..n], where Bg[i] = 1 <
i € S and augment it in O(n/log,n) time with an O(1) time and o(n/log,n) space
rank; (Bg,.) query data structure (Proposition 2.4 [28]) to answer succgs queries in O(1)

time. Overall, the construction needs O(n/7) = O(n/log, n) time and space.

Since substrings of T" with length < 37 fit into one word, we can compute LCE queries
on T up to length 37 in O(1) time by LCE<3,(7, ) = |ctz(int(T[i,i + 37)) @ int(T[j,7 +
37)))/[logy ]|, where @ is the bitwise exclusive or operation and ctz(B) returns the number
of trailing zeros of the bit-string B (here, we interpret int(T[i,i+ 37)) and int(T[j,j + 37))
as bit-strings).

Now, we discuss the query procedure (see Algorithm . At first, we check if T; and
T; mismatch within the first 37 characters (see line 1-2). If so (lce<sz, < 37), then we
can return LCE(7, j) = Ice<s,. Else, we compute the successors py and p; of i and j in S
together with their indices ¢ and j" in S. If py — i # pj — j holds (see line 6), then we
return min{p; — 4, pjs — j} +27 — 1 by Lemma 5.2 [28]. Else, we can reduce the LCE query
in T' to an LCE query in 7" by Lemma 5.3 [28] and answer it using the same approach as
in Theorem m (see line 8). The first mismatch between T; and T occurs after at least
piry; — 1 and at most pyy; — i + 37 characters, hence we can find this position using an
LCE query of length < 37 on T (see line 9) analogously to line 1. All operations during
the query procedure take O(1) time, hence the overall query time is O(1). O
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Algorithm 4: LCE(4, j)

1 lcecsr < LCE<3,(4,7);
2 if Icegs, < 37 then

3 t return lcegs;;

4 py « succg(i);

5 pjr < succs(j);

6 if py —i # py — j then // Lemma 5.2 [28]
7 t return min{p; — 1, pjr — Jjy+2r -1,

[ — LCP'[RMQucp (SAG ' [] + 1, SAG [1'])];

return py 4y — i + LCE<3- (pir41, pjr41);

]

©

2.8.5 Definition. Let LCPg[1..|S|] be an array, where LCPg[1] = 0 and LCPg[i] =
LCE(SAg[i — 1],SAgli]) for i € [2,]S|]. We call LCPg the sparse longest common pre-
fix array of T' w.r.t. S.

In practice, we compute LCPg instead of LCP’. This eliminates the need for the LCE<3,
query in line 9 of Algorithm i.e, we return py —i+LCP[RMQLcp, (SAG [i']+1,SAS[4'])]

in line 8.

2.8.6 Example. Let us continue Example There, we computed the 3-synchronizing
set S = {1,4,14,15,16,19}.

1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

T=abcabcabbb b b b b b b b b ab c a b c a b
SA¢=2615143
SAG'=316542
LCPs=055034

To compute LCE(4,j) = LCE(8,9), we compute LCE<3,(8,9) = 9. Since 9 « 37 = 9,
we compute py = succg(8) = 14 (i’ = 3) and pjy = succg(9) = 14 (j/ = 3). Since
py —i=6#5=py—j, wereturn min{py —i,py — j} +27 — 1 = min{6,5} + 27 — 1 = 10.

With this text, it is not possible to reach line 8. However, we can skip lines 1-3 if
py — 1 = pjy — j holds. To compute LCE(i,j) = LCE(14,15), we would then compute
pir = succg(14) = 14 (¢ = 3) and pj; = succg(15) = 15 (j' = 4). Since we have py —i =
pj —j = 0, we return py — i + LCPs[RMQLcpg (SAG 5] + 1,SAGM#])] = 14 — 14 +
LCP5[RMQrcpy (5 + 1,6)] = LCPg[6] = 4 in line 8.
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Chapter 3
Algorithms and Data Structures

By applying the concept of longest previous factors to the sparse setting, we get the sparse
longest previous factor array LPFg[1..|S|] w.r.t. a subset (sampling) S of text positions

from 7', which is defined as follows.

3.0.1 Definition. We call the array PSVg[1..|S|] the sparse previous smaller value (PSV)
array w.r.t. S, where PSVg[i] = 0if Vj € [1,4) : SAg[j] > SAg[i] and PSVg[i] = max{j €
[1,7) | SAg[j] < SA[i]}, else. Analogously, we call the array NSVg[1..|S|] the sparse next
smaller value (NSV) array w.r.t. S, where NSVg[i] = 0 if Vj € (¢,|S|] : SAs[j] > SAg]i]
and NSVg[i] = min{j € (7, |S]] | SAs[j] < SAs|i]}, else. We call an array LPFg[1..|S]] a
sparse longest previous factor array w.r.t. S iff for each i € [1,|S]], either LPFg[i] = L if
T'[S[7]] does not occur in T'[1, S[i]), or else, LPFg[i] = arg max ey g7y {LCE(J, S[i])}-

3.1 LZ77 Approximation Algorithms

The following LZ77 Algorithms apply the LPF algorithm to the sparse setting by implicitly
computing the sparse LPF array w.r.t. a string synchronizing set S and using the O(1)
time LCE data structure from Theorem which also uses S. Additionally, they use

the following data structures to close gaps in the factorization.

3.1.1 Auxiliary Data Structures

3.1.1 Lemma (Lemma 3 [12]). Lete € R" be a constant. There is a data structure that,
given a pattern P e ¥ with m < logyn/((2 + €)[logy o), outputs the leftmost occurrence

of P inT in O(1) time. It can be computed in O(n/log,n) time and o(n/log, n) space.

Proof. Let m' = |logyn/((2 + €)([logy ]))] be the maximum allowed pattern length, let
P'e ¥? andlet é = €/(2+¢). Since 22708201 < 92logyn/(2+e) — 2/(24€) — pl=(e/(24€) —

n'~¢, we have int(P’) € [0,7'7¢). Our data structure then stores for each allowed pattern

19
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length m € [1,m'] an array Ly,[1..2"11°8291] where L,,[int(P)] stores the leftmost occur-
rence of P in T for each possible P.

To construct Ly, ..., L,,,, we at first compute the leftmost m/-aligned occurrence of each
possible P’ in T', that is, we compute A[1..22™'[°8271] wwhere A[int(P’)] either stores im’+1
if there exists an i € [0,n/m — 1] such that T'[im’ + 1, (i + 2)m/] = P’, or n + 1, else. This
can be done by initializing A < [n+ 1,...,n + 1] (see line 1 in Algorithm [5]), and for each
possible P’ for i from n/m’ — 2 down to 0, setting A[int(T[im’ + 1, (i + 2)m/])] < im/ + 1
(see lines 2-3). This takes O(n/m’) = O(n/log, n) time.

Algorithm 5: build-L(m)

1 A[1.227 o220l [+ 1,...,n + 1]; // O(n'~%) time
2 for i from n/m’ — 2 down to 0 do // O(n/log,n) time
s | Afint(Tlim! + 1, (i + 2)m/])] < im’ + 13

4 for m from 1 up to m’ do // O(y/nlog,n) time
5 | Li[L.27M0%201 [0+ 1,0+ 1]; // O(y/n) time
6 for int(P’) from 1 up to 227291 do // O(n'~¢logZn) time
7 for j from 1 up to 2m' —m + 1 do // O(m?) = O(log%n) time
8 let int(P) = int(P'[4,j + m));

9 Ly, [int(P)] < min(Ly,[int(P)], A[int(P")] + 7);

10 return Ly, Lo, ..., L,;

With A, we can now build Ly, Lo, ..., L. We initialize L,, = [n + 1,...,n + 1] for
each m € [1,m/] (see lines 4-5). Note that the leftmost occurrence of each P is contained
in the leftmost m/-aligned occurrence of at least one P’. To construct L,,, we therefore
consider for every possible P’, each j € [1,2m’ — m) with P = P'[j,j + m) and set
Ly [int(P)] < min(L,,[int(P)], Aint(P")] + j) (see lines 6-9). Since there are n'!~¢ choices
of P and O(m?) = O(log? n) choices of P, this takes O(n'~¢log2 n)  o(n/log, n) time.
Since the construction of A takes O(n/log, n) time, we get an overall running time of
O(n/log, n).

Regarding the total used space, note that A and each L,, has size O(n'!~¢), and m/ =
O(log, n). Therefore, we need O(n'~¢log, n) < o(n/log, n) space in total. O

3.1.2 Lemma (Lemma 2 [12]). There is a data structure that, given a pattern P € ¥™
with m < logyn/2[logy o, outputs the period of P in O(1) time. It can be computed in

O(y/nlogd n) time and O(y/nlog, n) space.

Proof. Let m’ = |logy n/2[logy o|| be the maximum allowed pattern length. The data struc-
ture then stores for each allowed pattern length m € [1,m/] an array Q,,[1..2™1'°%2 1] where
Qm[int(P)] stores per(P), for each P. Since each array Q,, has size 2108271 < logzn/2 —
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O(4/n), and there are m’ = O(log, n) arrays, this data structure needs O(y/nlog, n) space.
For each P, we compute per(P) naively in O(m?) = O(log? n) time, hence the construction
takes O(y/nlog> n) time. ]

3.1.2 LZ77 3-Approximation

At first, we discuss the LZ77 3-Approximation from [I2], which we have already roughly
described in Section It sets 7 = [logyn/(8[logy o])|. At first, it computes a gapped
factorization of 2/ < z phrases starting at and referencing sampled positions such that gaps
that are longer than 37 are periodic and can thus be shortened to length < 37 or closed
entirely efficiently in the second phase. Then, it closes the remaining short gaps in the

third phase.

3.1.3 Definition. We call the factorization fig171 fagors...forgry = T a gapped LZ fac-

torization of T iff for each x € [1, 2],

e the perfect phrase f, with destination i = 1 + Zf;ll |figjh;| is either literal (the
leftmost occurrence of a single character, |f,| = 1), or the longest prefix of T; that

occurs before position i in T at some source k € [1, 1),

e and the reference r, with destination i = 1 + |f,g.| + Zf;ll |figjh;| is either empty
(ry = €), or a prefix of T; (not necessarily the longest prefix) that occurs before

position ¢ in T" at some source k € [1,1).
For z € [1,2'], we call g, a (possibly empty) gap.

3.1.4 Lemma (Lemma 5 [12]). Any gapped LZ factorization figirifagare...fogury =

T satisfies 2/ < z, where z is the number of factors in the exact LZ77 factorization.

Proof. Let j be the destination of some perfect phrase f, in the gapped factorization, and
let ¢ be the destination of the phrase f, of the exact LZ77 factorization that contains j.
Since f, occurs before position i in T', T[4, + |fy|] = fylj — ¢ + 1,|fy|] occurs before
position j in T. Since f, is perfect (of maximal length), it has length > |f,| — j + 4,
hence it ends either at or after the end of f, in 7. Therefore, each phrase of the exact
LZ77 factorization contains the destination of at most one perfect phrase of the gapped

LZ factorization, hence 2’ < z. O

3.1.2.1 Phase 1

3.1.5 Lemma. Given a 7 = |logyn/(8[logy o|)|-synchronizing set S, we can compute in
O(n/log, n) time and space a gapped LZ factorization fig171f2g2r2...f2gar = T such

that all referencing phrases are empty, and no gap contains a position in S.
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Figure 3.1: Illustration of the computation of LPFg[i] in O(1) time.

Proof. We process S from left to right. Let ¢ < 1 be the index of the current sample in S,
and let x < 1 be the index of the current phrase in the gapped LZ factorization.

For each i-th sample, we check whether T'[S[i], S[i] +27) occurs before position S[i] in
T by querying p = Lo, [int(T'[S[i], S[i] +27))] using Lemma[3.1.1] We can do this, because
27 = 2[logy n/(8[logy o) | < logy n/(4flogy o]) < logy n/((2 + €)[logy o) for € € (0, 2].

Case 1. p < S[i]: Then, T[S[i], S[i] + 27) has a previous occurrence, and we know
by the synchronizing condition (see Definition that (i) all previous occurrences of
T[S[i], S[i] + 27) start at positions in S, hence we can compute LPFg[i] in the following
way (see Figure [3.1). If PSVg[SAG'[i]] # 0, then let p; = S[j] = S[SAs[PSVs[SAS'[i]]].
Similarly, if NSVg[SAg'[i]] # 0, then let py = S[k] = S[SAs[NSVs[SAS'[i]]]. By (i), at
least one of p; and p, must be defined. If either p; or py is undefined, then LPFg[i] = py
or LPFg[i] = pj, respectively. Else (both p; and pj are defined), then LPF[i] = p; if
LCE(pj,pi) > LCE(pk,pi), and LPFg[i] = pg, else. Then, we choose f, = T[S[i], S[i] +
LCE(S[i],LPFg[i])) with source LPFg[i] as the next referencing perfect phrase.

Case 2. p = S[i]: Then, T[S[¢], S[i]+27) has no previous occurrence. Now, we find the
maximum [ such that T'[S[i], S[i] + ) has a previous occurrence by applying Lemma [3.1.1]
for each [ € [1,27). Let I’ € [1,27) be maximal such that T[S[i], S[¢] + I') has a previous
occurrence p’ = Ly[int(T[S[i], S[i] +1"))] < S[i]. If I’ = 0, then we choose f, = T[S[i]]
as a literal perfect phrase. Else, we choose f, = T[S[i], S[i] + ) as a referencing perfect

phrase with source p’.
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Figure 3.2: Illustration of the LZ-like factorization after Phase 1 of the LZ77 3-

Approximation (see Lemma .

Now, we skip the samples in S before the end e of the just computed perfect phrase,
that is, we increment ¢ until ¢ > |S| or S[i] > e. If ¢ > |S|, then we are done. Else, we
increment x and repeat the procedure until ¢ > |S| holds. Since each next phrase starts
at the respective next uncovered sample in S and has length at least 1, this respective
next sample and therefore all samples in S will be covered by some perfect phrase (see
Figure . By the construction, each phrase is perfect (of maximal length), hence the
computed factorization is a gapped LZ factorization without referencing phrases.

Theorem|2.8.4)and Lemma3.1.1lneed O(n/log, n) time and space. Since there are < |S|
samples in S, we apply Case 1 and 2 < |S| times. One application of Case 1 takes O(1)
time, hence Case 1 needs overall O(|S|) = O(n/7) = O(n/log, n) time. One application
of Case 2 takes O(7) time, but since we encounter Case 2 at most once per distinct
length-27 substring of T, of which there are at most 22719827127 Case 2 needs overall
O(2%Mog27172) — O(n'/*log? n) = O(n/log, n) time. Therefore, we need O(n/log, n)

time and space in total. O

3.1.2.2 Phase 2

3.1.6 Lemma. Given a 7 = |log, n/(8[logy o])|-synchronizing set S and a gapped LZ
factorization f1g171fog2r2...f21 g1 = T, where all referencing phrases are empty, and no
gap contains a position in S, we can compute in O(n/log, n) time and space a gapped LZ
factorization f1g\7) f59575...fL.gLr., = T such that the length of each gap is at most 37,
i.e, Ve e [1,2'] : |gl] < 3.

Proof. By the density condition (see Definition , each long gap g with |g| > 37 has
period < 5. Thus, we can eliminate all long gaps by replacing for each long gap g with
destination 4, the phrases gr with ¢'r’, where r is an empty referencing phrase (by the
assumption), ¢’ = ¢[1,37] is a new short gap and ' = ¢(37,]g|] is a new referencing
phrase with source i + 37 — per(T'[i,i + 37)) (see Figure [3.3). To compute the period p of
T[i,i + 37), we can use Lemma which works, because 37 = 3|log, n/(8[logy o])] <
logy n/(2[logy o).

Lemma needs O(y/nlogdn) < O(n/log, n) time and space. Since there are
2 <z =0(n/log, n) gaps, we can identify each long gap in O(n/log, n) time. Then, we
spend additional O(1) time to replace each long gap, hence we need overall O(n/log, n)

time and space. ]
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Figure 3.3: Illustration of the shortening of a long gap in Phase 2 of the LZ77 3-

Approximation (see Lemma .

3.1.2.3 Phase 3

3.1.7 Lemma. Given a 7 = |logyn/(8[logy o|)|-synchronizing set S and a gapped LZ
factorization figirifagore...frgur,y = T, where the length of each gap is at most 31,
i.e, Yo € [1,2'] : |g| < 37, we can compute in O(n/log,n) time and space an LZ-like
factorization of T with < 3z phrases, where z is the number of factors in the exact LZ77

factorization.

Proof. We call a gap referencing if it has a previous occurrence. At first, we identify all non-
referencing non-empty gaps (step 1). Then, we iteratively replace those until all remaining
gaps are referencing (step 2). Finally, we replace the referencing gaps with references (step
3).

Step 1. Since all gaps have length < 37, we can classify all gaps using Lemma [3.1.1
Let g be a gap with destination . If Ly [int(T'[i,7 + |g]))] = 4, then g is non-referencing.

Step 2. Let g be a non-referencing gap. We find the maximum [ € [0, |g|] such that
T[i,i + 1) has a previous occurrence p = L;[int(T[¢,7 4+ 1))] (if { > 0) using Lemma
and replace g with ¢'rfg”, where ¢’ is a new empty gap, r is a new empty reference, f =
T[i,i+max(1,1)) is a new perfect phrase (with source pif{ > 0) and ¢” = g[l+max(1,1), |g|]
is a new gap (see Figure [3.4). Finally, we classify ¢” and repeat Step 2 for ¢ if it is non-
referencing.

Step 3. Since the current factorization still is a gapped LZ factorization, there re-
main 2" € [2/,z] perfect phrases and < 2’ < z non-empty referencing gaps and non-
empty references, each. Now, we discard all empty factors and use Lemma [3.1.] to re-
place each non-empty non-referencing gap ¢ at destination ¢ with a reference with source
Lig[int(T'[i,i + |g]))]. Therefore, this results in an LZ-like factorization with < 2" + 22’ <
32’ < 3z phrases.

Theorem and Lemma [3.1.1] need O(n/log, n) time and space, and since we query
it with pattern length < 37 = 3|logy 1/(8[log, o'])] < logy n/((2 + €)[logy o) for € € (0, 2],

we do not exceed the maximum allowed pattern length. Since there are < 2z’ gaps in



3.1. LZ77 APPROXIMATION ALGORITHMS 25

Ly [int(f)]

T| : f o g e f”

Ccopy

Figure 3.4: Illustration of the shortening of a short gap in Phase 3 of the LZ77 3-

Approximation (see Lemma .

the initial factorization, and we spend O(1) time to classify one gap, step 1 takes overall
O(2') = O(z) = O(n/log, n) time. Similarly, step 3 needs O(1) time per referencing gap
and therefore O(z') = O(n/log, n) time overall.

It now remains to limit the time spent during step 2. Since there are 237M0g2013, —
O(n3/ 87) distinct length-37 substrings in 7', and each non-referencing gap g is a leftmost
occurrence of a length-< 37 substring of T, we process O(n*87) non-referencing gaps
overall. Furthermore, we spend O(7) time per non-referencing gap, hence step 3 needs
overall O(n3/872) = O(n*®log? n) c O(n/log, n) time. O

Theorem follows directly from the chained application of Lemma Lemma/(3.1.6
and Lemma [3.1.7]

3.1.8 Theorem (Theorem 1 [12]). We can compute in O(n/log, n) time and space an
LZ-like factorization with at most 3z factors, where z is the number of factors in the exact
LZ77 factorization.

3.1.2.4 Computing the Factorization From Left To Right

The LZ77 3-Approximation has been split into multiple phases such that their respective
running times can be analyzed more easily. However, the resulting factorization can also
be computed from left to right (see Algorithm . We start by discussing two auxiliary

algorithms that are needed in the main algorithm. Then, we describe the main algorithm.

3.1.2.4.1 Auxiliary Algorithms prev-occ(i,lmax) (see Algorithm [7)) returns (T'[b],0)
if T'[¢] has no previous occurrence or (s, [y, where [ is the maximum length < Imax such that
the first occurrence s of T'[i,7+1) lies before i. prev-occ(i, lmax) runs in O(max(1, lmax —1))
time.

Leti e [1,|S]]. IfT[S[i], S[i]+27) has a previous occurrence, then longest-prev-factor(i)
(see Algorithm [6)) returns (LPF[i], p), where p is a previous occurrence of T[S[i], S[i] +
LPF[4]). It runs in O(1) time and is correct due to the same argument as in Lemma [3.1.5]

3.1.2.4.2 Main Algorithm Here, we maintain the position i € [1,|S]|] of the current
sample in S and the start b and end e of the current gap [b,e) < [1,n]. We run through
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Algorithm 6: longest-prev-factor(i) Algorithm 7: prev-occ(i, lmax)
1 (s,1) — {(L,0); 11— lmax;

2 if PSVg[SAS'[i]] # L then 2 while I > 0 do

3 | s < S[SAs[PSVs[SAG'[i]]]; 3 | s« Li[int(T[i,i+1])];

4 ' — LCE(¢, S[i]); 4 if s <i then

5 if I’ > [ then 5 t return (s, [);

6 | | (.0 (S0 6 | lel—1;

if NSV5[SAg'[i]] # L then

s | s <« S[SAs[NSVs[SAS'[il]]];
9 ' — LCE(s', S[i]);

10 if ! > [ then

n| RCDEEND*

1

return (T'[i],0);

;N
—
q]

N

return (s, [);

2/ + 1 iterations in the main while-loop. Each iteration can be divided into two steps,
where we refer to the perfect phrases in the initial gapped LZ factorization resulting from

Lemma B.T.5

Step 1. In lines 4-12 of the j-th iteration (see Figure 7 we close the gap [b,e)
between the end b of the perfect phrase fj_; in T' (or 1 if j = 1) and the start e of the
next perfect phrase fj in 7' (or n+ 1 if j = 2’ + 1). Overall, we apply Lemma and
Lemma to the gap if it is not empty. We start by setting ¢/ « min(b+ 37, ¢). If [b, e)
is a long gap (see Lemma, then ¢’ < e, and we compute the period p of T'[b, €¢’) in line
6 using Lemma [3.1.2] If the remaining short gap [b, ¢’) is not empty, we iteratively shorten
it from the left in the while loop in lines 7-9. In each iteration, we call prev-occ(b, e’ — b)
(see Algorithm , output the factor it returns, and increment b by its length. Let k£ be

the number of iterations this while loop runs through.

In each (except for possibly the last) iteration, we output perfect factors to shorten non-
referencing gaps. This takes O(7) time per gap as required in the proof of Lemma
In the last iteration (which may also be the first iteration), we may close a referencing gap.
If so, then this takes O(1) time, because prev-occ(b, e’ — b) returns a factor with length
e/ — b, and this takes O(max(1,lmax — 1)) = O(max(1, (e’ —b) — (¢/ = b))) = O(1) time as
argued in Paragraph

Finally, we potentially output a referencing factor (line 11) to fully close the long gap

[b,e) with a reference [¢, e) and source ¢’ —p = ¢’ — per(T'[b,€')) as described in the proof

of Lemma B.1.6
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Figure 3.5: Illustration of the j-th iteration of the LZ77 3-Approximation (see Algo-

rithm .

Step 2. In lines 13-25 of the j-th iteration, we compute the perfect phrase f; if j

< 72,
or break out of the main while loop in line 14, else (b = n + 1, see lines 13-14). If j < 2/,
then we consider Cases 1 and 2 as in the proof of Lemma [3.1.5

Case 1. T[S[i], S[i]+27) has no previous occurrence: Then, we can output the perfect
factor returned by prev-occ(b,27 — 1) in line 16. This takes O(7) time as required in the
proof of Lemma [3.1.5

Case 2. T[S[i],S[i] + 27) has a previous occurrence: By the same argument as in
Paragraph we can output longest-prev-factor() in line 18. This takes O(1) time
as required in the proof of Lemma [3.1.5]

Finally, we try to find the next sample in S starting after the end b of the perfect phrase
fj by incrementing i (see lines 20-21). If there is no next sample, then the next gap ends

at the end of T', i.e, at n + 1 (see line 23). Else, we can set e «— S[] in line 25.

3.1.9 Example. In Example we computed the 3-synchronizing set S = {1,4, 14, 15,
16,19}.

1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

T=abcabcabbb b b b b b b b b ab c a b c a b
SA¢=261543
SAG'=316542
PSVg=010333
NSVg=330560

In the first iteration, we consider the first sample S[i] = S[1] = 1. We have b,e, e’ = 1.
Since T'[1,27) = abcabc has no previous occurrence, we call prev-occ(1,5) in line 19 and
output (0,7[1]) as a literal factor. Then, we set b « b+ max(1,1) = 2, increment i
until ¢ = 2, because then, S[i] = S[2] = 4 > b = 2. Finally, we set e = S[i] = 4. In
the second iteration, we set ¢’ = 4 and output 2 literal factors (0,b) and (0, ¢) in line 9.
Now, we have b,e = 4. Since T'[b,b + 27) = abcabb has no previous occurrence, we call
prev-occ(4,5) in line 19 and output (1,5) as a referencing factor. We set b = 9, increment

i until ¢ = 3 and set e = S[3] = 14. In the third iteration, we set ¢/ = 14 and output
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Algorithm 8: 1z77-3-approximation()

17« 1; // index of the current sample in S
2 b 1l;e < S[1]; // beginning and end of the current gap
3 while true do

4 ¢/ < min(b + 37, ¢); // end of the current short gap
5 if ¢/ < e then // the gap is long
6 | | pe Qulint(T]b, )] // period of T[b,b+ 37)
7 while b < ¢’ do // close the short gap
8 (s,1) < prev-occ(b, e’ — b);

9 output (s, 1);

10 b« b+ max(1,1);

11 if ¢/ < e then // the gap is long
12 output {(¢/ — p,e — €'); // output a referencing factor
13 b «— ¢ // close the long gap
14 if b=n+1 then

15 t break;

16 if Lo [int(T'[b,b+ 27))] = b then // T[b,b+ 27) has no prev. occ.
17 t output prev-occ(b, 27 — 1); // output a lit./ref. perfect factor
18 else // T[b,b+ 27) has a previous occurrence
19 t output longest-prev-factor(i); // output a referencing perfect factor
20 b« b+ max(1,1); // the new gap starts after the perfect phrase
21 while i < |S| A b > S[i] do // find the next sampled position
22 t t—1+1;

23 if i > |S| then // there is no next sample
24 t e<—n+1; // the new gap ends at the end of T
25 else

26 t e — S[i]; // the new gap ends at the next sample
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(8,5) in line 9. Now, we have b = 14. Since T'[b,b 4+ 27) = bbbbba has no previous
occurrence, we output (8,5) in line 17, set b = 19 and increment i until ¢ = 6. In the
last iteration, we have b, e, e’ = 19. Since T'[b,b + 27) = abcabc has a previous occurrence,
we call longest-prev-factor(6). There, we consider the lexicographically next smaller and
larger sampled suffixes S[SAg[PSVs[SAS'[6]]]] = 4 and S[SAs[NSVs[SAS'[6]]]] = 1,
respectively. Since T} yields a longer match (length 8) with T = Th9 than Ty, we output
(1,8) as the final factor.

We have 2’ = 7. It holds z = 6, because in the exact factorization, we have (8,10) as

the third factor with destination 9. Thus, the approximation ratio is 2’'/z = 7/6 = 1.16.

3.2 LZ77 Exact Algorithm

We compute the exact LZ77 factorization incrementally from left to right. At first, we
construct a special sampling of text positions from an LZ-like factorization, and lexico-
graphically and co-lexicographically sort the samples. The task of finding the next phrase
starting at position ¢ can then be reduced to (i) computing pairs of sparse prefix- and sparse
suffix array intervals, (ii) intersecting the samples contained in those, and (iii) filtering out

samples starting at or after position i.

3.2.1 Preliminaries

We at first define the problem of insertion-only orthogonal range one-reporting, which we
will use for (ii and (iii)). Then, we discuss sparse prefix- and suffix sorting, and how to
compute the sparse prefix- and suffix array interval of a given pattern w.r.t. a sample set

(see (i)). Finally, we define and show how to compute the special sample set.

3.2.1 Definition. Let m be a permutation of [1, N], and let & = {(i,7(7)) | i € [1,N]}
be the set of valid points. The problem of insertion-only orthogonal range one-reporting
(IO-OROR) is to maintain an initially empty set of points P < U and support the following

operations.
e Insert a point p € U\P into P, and

e Given a query rectangle Q = [z1,x2] X [y1, y2], output a point p € Q n P, or report

QnP=.

If the sequence I = (i1, 7 (1)), ..., (iar, w(ipr)) of inserted points is known beforehand, i.e,
(ij,m(i5)) is inserted after (ix,m(ix)), for all j € [1,M] and k € [1,j), then we call (7, I)
an instance of the IO-OROR problem with fixed insertion order.

3.2.2 Definition. We define the unique permutation PAg[1..|S|] of [1, |S]] satisfying Vi, j €
[1,|S]] : PAg[i] < PAg[j] < T'[1, S[i]] < T[1, S[j]] to be the sparse prefix array of T w.r.t.
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Figure 3.6: Illustration of the possible cases during the computation of z1 in Lemma|3.2.5

S. Let the unique permutation PAG'[1..|S|] of [1, S]] with Vi € [1,]S]] : PAg[PAG [i]] = i
be the sparse inverse prefiv array of T w.r.t. S. For a substring T[i,i + 1), the sparse
prefiz array interval pivg(T[i,i + 1)) w.r.t. S is the maximum interval [z, z2] € [1,]S]]
such that Yv € PAg[x1, x| : T(S[v] — 1, S[v]] = T'[i,i +1). The sparse suffix array interval
sivg(T[i,i + 1)) w.r.t. S is defined analogously as the maximum interval [y1,y2] < [1,]S]]
such that Vv € SAg[y1, yo] : T[S[v], S[v] + 1) = T|i,i +1).

3.2.3 Observation. Let P = {(PAg'[i],SAg'[i]) | € [1,]S]]} and T = (PAG'[1],SAG'[1]), ...,
(PASM|S|],SAG'[|S]]). Then, (P,Z) is an instance of the IO-OROR problem with fixed

insertion order.

3.2.4 Lemma. We can compute PAg[1..|S|] and SAg[1..|S|] in O(n/log,n + |S|log|S|)
time and O(n/log, n + N) space.

Proof. We build the data structure for O(1) time LCE queries in O(n/log, n) space from
Theorem for T. Then, we initialize an array A[l..|S|] = [1,..,|S]]. Now, we use
comparison-based sorting to sort A such that A = SAg. Let 4,5 € [1,|S]|]. We start by
computing | = LCE(A[i], A[j]). If max(i,j) +1 = n+ 1, then Ty, < Tap;) < Ali] > A[j].
Else, we report Ty[;) < Tap;) < T[A[i] +1] < T[A[j]+!]. Since one comparison takes O(1)
time, the sorting takes overall O(]S|log |S]) time. PAg[1..|S]] can be computed analogously
using the same LCE query data structure for rev(7T). O

3.2.5 Lemma. Let T[i,i+1) be a substring. Given PAg[1..|S|] and SAg[1..|S|] and a data
structure for O(1) time LCE queries, we can compute pivg(T[i,i + 1)) and sivs(T[i,i + 1))
in O(log|S|) time and O(1) additional space.

Proof. To compute [z, z2] = sivg(T[i,i+1)), we perform binary searches over the interval

[1,|S]] for 1 and 9, respectively.
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Algorithm 9: min-sample([i,7 + 1))
1 [bye] < [1,]S]];

while e > b do

m — |(b+¢€)/2];

p < S[SAs[m]];

5 | ln < LCE(p,i):

6 if [,,, > [ then

7 te<—m;

N

=W

8 | elseifp+1l,=n+1vT[p+Iln] <T[i+ly] then
9 tb<—m+l;

10 else

11 Le<—m—1;

12 if [be] =T v
LCE(S[SAs[b]],i) <! then

13 L return ¢J;

14 return b;

The algorithm min-sample(4, 1) (see Algorithm[J) returns the rank z; of the lexicograph-
ically smallest sample that starts with T'[¢,7 + ), or L if it does not exist. We start with
the interval [b,e] = [1,|S]]. As long as e > b, we consider the rank m = (b + €)/2 in the
middle between b and e, compute its corresponding suffix p = S[SAg[m]], and its match
length [,,, = LCE(p,i) with T;. If l,,, = [, then T[i,i + 1) = T[p,p + 1), hence z1 € [b,m]
(see the left-hand side in Figure , so we set e «— m. Else, if T), < T; (see the right-hand
side), then x; € (m,e], so we set b «— m + 1. Else (T; < T,), then x; € [b,m) (see the
left-hand side), so we set e «— m — 1.

At each step, we only filter out samples whose corresponding length-/ substrings are
either lexicographically larger (lines 7 and 11) or smaller (line 9) than T'[i,7 + [), or are
equal to T'[i,7 + ), but do not correspond to the lexicographically smallest sampled suffix
Ts[sas[z:]) Starting with T'[i,7 +1) (line 7). Furthermore, the search interval [b, e] is halved
in each iteration, hence the while loop runs through O(log|S|) iterations.

If [z1, 2] = &, then either [b,e] = & or b = e A LCE(S[SAs[b]],7) < [, and we return
& in line 12. Else ([z1,x2] # &), we get [b,e] = [x1,21] # & and LCE(S[SAg[b]], i) =1,
and return b = 1 in line 14.

Computing z9 and pivg(T'[¢,7 + 1) is analogous. ]

Recall that in the algorithm for the exact LZ77 factorization, we compute pairs of

sparse prefix- and suffix array intervals w.r.t. a sampling of text positions. By choosing
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this sampling of text positions as in Definition [3.2.6] we can limit the number of computed
pairs of sparse prefix- and suffix array intervals per phrase to § for an integer parameter
0=>1.

3.2.6 Definition. Let S = [p1,p2,...,pj5|] S [1,n] with p1 < p2 < ... < pjg| be a subset

(sampling) of text positions.

e Leftmost-Substring-Covering. We say that S is leftmost-substring-covering iff in
every leftmost occurrence T'[i,7 + [) of a substring, at least one position is sampled,
ie, Sn[i,i+1)# .

e J-Density. Let § > 1 be an integer parameter. We say that S is d-dense iff there is

at least one sample in every size-§ window, i.e, Yw = [i,i+J) S [I,n] : S nw # .

A d-dense leftmost-substring-covering sampling can be constructed by including exactly

the end positions of phrases in an LZ-like factorization and adding additional samples.

3.2.7 Lemma. We can construct a d-dense leftmost-substring-covering sample-set S of

size |S| < 3z 4 [n/d] in O(n/log, n + n/d) time and space.

Proof. Let F = {(s1,11), ...,{s,, .y be the LZ-like factorization resulting from Theorem
where s; and [; are the source and the length of the i-th phrase, respectively. Let p; =
23'21 max(1,[;) for i € [1, 2] be the end position of its i-th phrase.

To construct S, we compute F in O(n/log, n) time and space and choose § = £ U A,
where € = {p; | i € [1,2']} is the set of end positions of phrases in F and A = {id+1 | i€
[0,|n/d]]} is a d-dense sampling set. Therefore, S is also d-dense. Computing A takes
O(n/d) time, hence the construction takes overall O(n/log, n + n/J) time.

Now, we show via contradiction that £ is leftmost-substring-covering. Suppose there
was a leftmost occurrence T'[i,i+ 1) of a substring, and S n [i,i+1) = . Then, T'[i,i+1)
must be contained in a referencing phrase f; of 7. Since f; has a previous occurrence, this
contradicts the fact that T'[i,i 4+ [) is a leftmost occurrence of a substring, hence £ and
also § is leftmost-substring-covering.

It holds |€] = 2/ < 3z (according to Theorem and |A| = [n/d], hence |S| <
IE] + |A] = 3z + [n/d]. O

3.2.8 Corollary. We can construct a ©(n/z)-dense leftmost-substring-covering sample-set

of size O(z) in O(n/log, n) time and space.

Proof. We choose § = O(n/z") = O(n/z) [34] and construct S as in Lemma hence
z < |8| <32 +n/6O(n/z) and therefore |S| = O(z). 0
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Figure 3.7: Illustration of the computation of a perfect factor during (II) Far Sources

in Theorem @

3.2.2 Algorithm for finding Perfect Phrases

3.2.9 Theorem. Let C be an array storing a sorted d-dense leftmost-substring-covering
sample set of size N. Let R be a data structure for insertion-only orthogonal range one-
reporting (see Definition , let i and qr be the times for inserting into and querying
this data structure, and let sg be its size after N insertions. After an O(n/log, n+N log N)
time preprocessing, and in O(n/log,n + N + sg) space, we can maintain a subset V =

{C[1],...,C[v]} < C of sample positions with the following operations.
o Insert the next sample C[v + 1] € C\V into V in O(ir) time, and

e Given a text position i € (C[v],C[v + 1]], compute a perfect phrase for destination 1,
i.e, find the mazximum length | such that there exists a source s € [1,1) with T[i,i+1) =
T[s,s+1), in O(0logl(log N + qr)) time.

Proof. Preprocessing. We build the data structure for O(1) time LCE queries in O(n/log, n)
space from Theorem for T and rev(T'). This takes O(n/log, n) time and space. We
also compute PA¢ and SA¢ in O(n/log,n + Nlog N) time and O(N) additional space
using Lemma Then, we compute PA; L and SA. L according to Definition in
O(N) time and space. As required, the preprocessing takes O(n/log, n + Nlog N) time,
and we need O(n/log, n + N + sg) space.

Invariant. We maintain that R holds exactly the points Py = {(PAZ'[1],SAZ'[1]), ...,
(PAC'[0], SAZ ! [v])}-

Insertions. Given the next sample C[v + 1] to insert, we compute the point p =
(PAZ v +1],SAZ v +1]) in O(1) time and insert p into R in O(ig) time to maintain the

invariant.
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Queries. To compute a perfect phrase with length [ for destination i € (C[v],C[v +1]],
we use two methods, and keep track of the source s’ that yields the maximum LCE with
position ¢ (if it exists).

(I) Close Sources. For p € [i — ¢,1), we compute LCE(p, ). If s’ does not exist, or
LCE(p,i) > LCE(s', %), then we update s’ < p. This takes O(d) time overall.

(IT) Far Sources. Here, we find sources that consist of a head X and a tail Y, where
the head is the suffix of a sampled prefix before ¢, and the tail is a prefix of the suffix
starting at the same sample (see Figure .

For each possible head length k € [1,4d], we compute [x1,z2] = pive(T[i,i + k)). If
[z1,22] = &, then we discard this k. Else, we compute the maximum length I’ € [k, n — i]
such that we can combine the tail T[i + k — 1,7 + I') with the head T[i,i + k), i.e, there
is a sample ¢ € V with ¢ < C[v] that occurs both in PA¢[x1,x2] and SA¢[y1, y2], where
[y1,y2] = sive(T[i +k—1,i+1")). Since T[i,i +1") = T(q—k,q+1'— k], and ¢ < C[v] < 4,
the source ¢ — k + 1 then yields an LZ factor of length I’ for destination 7. If I’ > LCE(s', ),
then we update s’ «— ¢ — k + 1.

Exponential Search. To compute I’, we use an exponential search. Let [b, e] be the
current search interval during this search, let m € [b, e] be the candidate length, and let

[91, 92] = sive(T[i + k,i + m)). For each sample index j € [1, N], it holds
j € PAc[z1, 2] 0 SAc[i, G2]  [1,0] = (PAZ'[5], SAC [1]) € Py 0 ([z1, 2] x [41, §2])-

Therefore, we can query R with the rectangle Q = [x1, z2] x [1, ¥2] and proceed based on
the result.

e Case 1. R reports Py n Q@ = . Then, there is no sample before or at the position
C[v] that occurs both in PA¢[z1,z2] and SAc[y1,y2], hence we continue the search

for I in the interval [b,m).

e Case 2. The query returns a point p = (Z,7) € Py n Q. Then, we have a new source
§ = C[SAc¢[y]] — k + 1 (which yields an LZ factor of length m for destination i), set

q < § and continue the search for I’ in the interval [m, e].

Running Time of (II) Far Sources. At each step of an exponential search for I’
we compute one sparse suffix array interval and issue at most one query to R. Therefore,
one such search takes O(log!’(log N + ¢r)) time. For each k, we compute one sparse prefix
array interval and perform at most one such exponential search. Since there are < § choices
for k, this takes overall O(dlogl(log N + gr)) time.

Correctness. Now it remains to show that the computed phrase is perfect (of maximal
length). Therefore, we will show that we find either the leftmost source A of T'[i,i + 1)
or another source that yields an LZ factor with the same length. We distinguish between

close and far leftmost sources.
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e Case 1. A€ [i —0,i). Then, we consider A for p = A during (I) Close Sources.

o Case 2. A <i—0. Ifl <4, then T[\, A+ 4] is the leftmost occurrence of a substring,
hence there is a sample C[¢] € [\, A + 0), because C is leftmost-substring covering.
Else (if I = ¢), then the same holds due to the fact that C is 6-dense. Thus, for
k = C[£]—A+1 during (IT) Far Sources, we have £ € PA¢[z1, 22]nSAc[y1, y2]N[1, v],
and for m = [, the query to R with the rectangle [z1,x2] x [y1, y2] will report a point
(PAZ'[p],SA;[p]), where either p = &, or p € (€,v] is another sample index such
that T'(C[p] — k,C[p] + 1 — k] = T'[i,i + ). O

Algorithm 10: perfect-factor-naive(7)

<5a l> = <0a T[i]>;

for p from max(1,i —d) toi—1 do

[uny

N

3 Ice, < LCE(p,1);
4 if lce, > [ then
5 S < p;
6 [ lcep;
7 for k from 1 to min(é,n —i+ 1) do
8 [21,x2] < spa-interval([i,i + k));
9 if [z1,x2] = & then
10 t continue;
11 exp-search for max m € [k,n — i + 1] such that
12 [y1, y2] < ssa-interval([i + k — 1,7 + m));
13 if [yl,yg] = @ then
14 L report false;
15 p = (2,9) < R.query([z1, 22], [y1, y2]);
16 if p =1 then
17 t report false;
18 if m > [ then
19 [ «— m;
20 s — C[SAc[y]] — k + 1;
21 report true;

22 return (s, [);
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3.2.2.1 Pseudocode

To better illustrate the algorithm described in Theorem [3.2.9] we discuss its pseudocode
(see Algorithm [10). We begin by initializing the factor (s,) as a literal factor (0, T[i])
for destination 4. This ensures that we return a literal factor in line 22 if we do not find a
referencing factor. Lines 2-6 correspond to (I) Close Sources and trivially translate to
pseudocode.

Lines 7-21 correspond to (II) Far Sources. Here, we consider each possible value
for k, and compute the sparse prefix array (spa) interval [z1,x2] of the head T[i,i + k)
(line 8). If it is empty, then we skip this & and continue with the next iteration. Else, we
perform the exponential search for I as described in Theorem Here, m is the current
candidate position in the overall search range [k,n — i + 1].

Analogously to line 8, we at first compute the sparse suffix array (ssa) interval [y, ys]
of the tail T[i + k — 1,7+ m). If it is empty, then we report back to the exponential search
that I’ < m must hold (see line 14), because there is no such tail starting at a sample
position. Else, we check if there is a sample whose prefix ends with the head T[i, i+ k) and
whose suffix starts with the tail T'[i + k — 1,7 + m). More formally, we check if there is a
sample that occurs both in PA¢[z1, 23] and SAc[y1,y2]. To this end, we query R with the
rectangle [x1, x2] X [y1,y2]. If there is no such sample (R returns p = ¢¥), then we cannot
combine the head with the tail, and report back to the exponential search that I’ < m
must hold (see line 17). Else, the source C[SA¢[y]] — k + 1 yields an LZ factor of length
m with destination i, and we update the current source s and its length [ if m +k —1 > [

(see lines 18-20). Finally, we return the perfect factor (s,!) in line 22.

3.2.3 Main Algorithm

3.2.10 Theorem. We can compute the LZ77 factorization in O(n/log, n + zlog>T¢ 2)
time and O(n/log, n) space.

Proof. We use Theorem and compute perfect phrases from left to right (see Algo-
rithm [11] and Figure [3.7)). After computing phrase f, = T[i,i + [), we insert the samples
C N [i,i+1) into V (see lines 4-6).

The preprocessing takes O(n/log, n + Nlog N) = O(n/log, n + zlog z) time and
O(n/log,n + N) = O(n/log, n) space. We implement R using Theorem 1 [38], which
yields ig = O(log®™“ N), qr = O(log N) and sr = O(N) for an arbitrarily small constant
¢ > 0. Inserting all N points into V takes O(N-ig) = O(N log3"¢ N) = O(zlog®"¢ 2) time.
Computing phrase f; takes O(dlog|fi|(log N + ¢r)) = O((n/z)lognlogz) time. Hence,
computing all phrases takes O(zlognlogz) time.

The overall time is O(n/log, n + zlogz + zlog®>™ 2 + zlognlogz) = O(n/log, n +

3+e Z)

zlog . The overall space is O(n/log, n). O
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Algorithm 11: Iz77-exact-naive()

14« 1;
2 v« 0
3 while i < n do

4 while v < N AC[v + 1] < i do

5 ve—uv+1;
6 R.insert(PA; ' [v], SAZ H[v]);
7 {s,l) < perfect-factor-naive(i);

8 i <« i+ max(1,1);

9 output (s, [);

3.2.11 Example. In Example we computed the approximate factorization {0, a)y,
€0, 55,40, 65, (1,55, (8,5, (8,5, (1,8). This yields & = {1,2,3,8,13,18,26}. We set § =
[n/z'] =[26/7] = 4. Thus, we get A = {1,5,9,13,17,21, 25}.

1234567891011 1213 14 1516 17 18 19 20 21 22 23 24 25 26

A ‘

. . . . . X
12345678 910111213 1291 iioax
C=1 234589 131718212526 107 i o
PAc=1 4122 56137 8 910 3 11 87 i iX e
PACY=1 4122 568 9101113 3 7 6 X oo
SAc=124 1131098 7 6 5 2 11 3 47 o
SA;'=3111321098 7 6 5 121 4 2 X oo

O+—r—r—— 11—
2 4 6 8 10 12

P ={(1,3),(4,11),(12,13),(2,2), (5,10), (6,9), (8,8), (9, 7), (10,6), (11,5), (13, 12), (3, 1),
(7,4},

Iterations 1-3. In the first 3 iterations of the framework algorithm, we output the
literal factors (0, a), {0, b) and (0, ¢), and insert (1,3) and (4, 11) into R.

Iteration 4. In the fourth iteration (i = 4), we insert (12,13) into R and call
perfect-factor-naive(4). Here, we consider the sources 1,2 and 3 in lines 2-6. For p = 1,
we get lce, = 5 and set (s,1) = (1,5). For k = 1, we get [z1,z2] = pive(a) = [1,3] and
start the exponential search with m = k. There, we have [y1, y2] = sive(a) = [1, 3] and the
query Q = [1,3] x [1,3] to R returns p = (1,3) € [1,3] x [1,3] = Q, and we report true in
line 21. The exponential search then runs through lines 12-21 and reports true for m = 2,
m = 4 and m = 5. However, since m } 5 = [, we do not reach lines 19-20. For k = 2

and k = 3, we have [z1, 2] = pive(ab) = [4,7] and [x1, x2] = pive(abe) = [12,12], respec-
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tively, and the exponential searches end with m = 5 and [y1,y2] = sive(beab) = [11,11]
and [y1,y2] = pive(cab) = [13,13], respectively. Again, s and [ are not altered, because
m * 5 = [. Finally, we output (1,5) in line 22.

Iteration 5. In the next iteration, we have ¢ = 9, and insert (2,2), (5,10) and (6,9)
into R. In perfect-factor-naive(9), we set (s, ) = (8,10) for p = 8. For k = 1 and m = 1, the
query Q = [4,11] x [4,11] returns p = (4,11), but since m = 1 3 10 = [, we do not reach
lines 19-20. The exponential search ends with m = 10 and [y1,v2] = sive(b'°) = [9,9].
Here, R is queried with Q@ = [4,11] x [9,9] and returns p = (6,9). However, since
m =103 10 = [, s and [ are not altered.

Iteration 6. In the last iteration, we ha ve ¢ = 19, and insert (8,8), (9,7), (10,68)
and (11,5) into R. In perfect-factor-naive(19), we do not find any close source that yields
an LZ factor. For k = 1 and m = 1, we get [z1,22] = pive(a) = [1,3] and [y1,y2] =
sive(a) = [1,3], the query Q@ = [1,3] x [1,3] to R returns e.g. p = (2,2), and we set
s —C[SAc[2]] —k+1=4—1+1=4and | < m =1 in lines 19-20. For m =2, m = 4
and m = 8, the query to R succeeds. For m = 8, i.e, [y1, y2] = sive(abcabeab) = [3, 3], the
query [1,3] x [3,3] returns p = (1,3), and we set s < C[SA¢[3]] —k+1=1—-1+1=1
and [ «<— m = 8 in lines 19-20. For £ = 2 and k = 3, we find the same LZ factor, but do
not update (s, ), because m % [ = 8. Finally, we output (1, 8) as the final factor.



Chapter 4
Implementation

Now, we discuss how we implemented the LZ77 algorithms from Chapter [3] Suppose we
have a text T of length n = 232 with an alphabet of size o = 256. According to Theo-
rem we then have to choose 7 < |log, 232/(8[logy 256])| = 32/64 = 1/2. Therefore,
the running time of the LZ77 3-Approximation (see Theorem is a purely theoret-
ical result. However, the algorithm can still be adapted to perform well in practice by
choosing a larger value for 7. Then, we cannot use the index described in Lemma [3.1.1
because it requires m < logyn/((2 + €)[logy a]), i.e, for n = 232 and o = 256, we have
m < 32/(2-8) = 2, which is impractical. Therefore, we will discuss practical approaches
for compressing gaps between the LPF phrases in Section [£.2] In practice, we also admit

LPF phrases that are shorter than 27, as this increases the compression rate.

4.1 LCE" Queries

Let LCEY(i,) = max{l € [1,min{i,5}] | T(i — 1,i] = T(j — 1,7]} for i,j € [1,n]. To
answer LCEL queries, we could store rev(T) and use the O(1) time LCE data structure
from Theorem for rev(T"). However, if the mismatch before i and j occurs within the
first 2048 characters, then scanning for the mismatch is faster in practice. Since storing
rev(T') increases peak memory consumption, and we will only issue LCE" queries where
scanning is faster, we do not use Theorem for rev(T) in practice.

There are only two cases where we have to answer LCE" queries. The first is in Sec-
tion [£.3] where we extend the computed LPF phrases to the left down to the end of the last
computed LPF phrase. Since there is a sample in each size-7 window in T', we scan at most
7 characters. Since we set 7 = 512 in practice, scanning is faster than using Theorem [2.8.4]
in this case. The second case is during the computation of sparse prefix array intervals
of length-< § substrings of T (see Theorem . In practice, we limit § to 256 (see
Section , hence scanning is again faster.

39
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i = LCEL(Za]) J— LCEL(Zaj)

Figure 4.1: Illustration of the computation of a LCE"(4, 5), where X = T'(i—LCE"(4, ), ].

We answer the query LCEL(Z', j) by at first scanning for a mismatch using 128-bit
instructions, i.e, 128/8 = 16 characters are matched simultaneously. Let = be the number
of matched 16-character blocks, i.e, x is minimal such that T'(i — 16(z + 1),7 — 16x] #
T(j —16(x + 1),j — 16z] (see Figure 4.1). Then, we return |clz(int(T'(i — 16(x + 1),7 —
16z]) @ int(T(j — 16(x + 1),j — 16x]))/[log o]| similar to Theorem where @ is the
bitwise exclusive or operator and clz(B) returns the number of leading zeros in the bit-

string B.

4.2 Compressing Gaps

We can reduce the size of the index for finding patterns in gaps by omitting the requirement
that the computed factors are of maximal length. This can be done by storing previous

occurrences for patterns of specific lengths only and allowing even more approximation.

4.2.1 Index Data Structures
4.2.1.1 Tries

4.2.1 Definition. Given a set S = {S1, S2, ..., Sy} of prefix-free strings, the trie 7s for S
is the minimal tree with single-character edge labels and root r such that for each S € S,
there exists a path (r,...,v) from r to a leaf v whose concatenation of edge labels is S. A
compact trie is then defined analogously, but admits edge labels with multiple characters

and requires each internal node to have at least two children.

The index for locating short patterns can then be implemented with a compact trie 7T,
over all substrings £ of T" with length [, where each trie node v is marked with the first
occurrence f(v) of 7 in T, and [ is a suitably small maximum pattern length. Let P be a
pattern, and let P[1,p] be the longest prefix of P that occurs in T'. Since the suffix tree is
the compact trie over all suffixes of 1", we can use the same method to search for a pattern
in 7z (see Section 2.3). Suppose that we have arrived at (the end of) some edge (v,v’) of
Tz. Now, we can report f(v') as a first of occurrence of P[1,p). We can also use a more
sophisticated trie implementation like a top-k trie [11], which stores the k& most frequent

substrings of T'.



4.2. COMPRESSING GAPS 41

¢($,$'+'%'_'1)

H[ i i - i | Ji+h

Copy

Figure 4.2: Illustration of the rolling hash index. In this case, j € [1, k] maximizes
LCE(H[o(x,z 4+ ; — 1) ® mask + 1], z).

4.2.1.2 Hashing

Another option is to use hashing. We build & hash maps Hi, Ha, ..., Hi for pattern
lengths 1,12, .., I, where H; maps int(S) — p, for each length-i substring S of T' with
first occurrence p. If we want to compute the longest previous occurrence of a substring
of T starting at position ¢ that we can find with Hy, Ha, ..., Hi, then we compute the
set Occ = {o = H[int(T[i,i +1;))] | L # o < i j e [l,k]} and output the position
p = argmax,coc{LCE(0,7)} and length LCE(p, 7).

Since there can generally be O(min(c!,n)) distinct substrings of length [ in a string,
we have |H;| = O(min(c!,n)) in general. Thus, this approach works only for very short
pattern lengths, and patterns that occur infrequently in 7" occupy an unnecessarily large

amount of space.

4.2.1.3 Hashing 4 Fingerprinting

This issue can be solved by using fingerprinting (see Section, i.e, we can use fingerprints
of substrings of arbitrary lengths to address occurrences stored in a global hash table of
arbitrary size. This approach requires a predictable amount of memory and ensures that
only positions of frequently occurring patterns are stored in the global hash table.

For an integer parameter h and pattern lengths L = {ly,l,..,lx}, we incrementally
build a global hash table as an array H of size |H| = 2" while factorizing T greedily from
left to right. We require that |H| is a power of 2 in order to quickly compute, for a given
fingerprint ¢, a position ¢ mod 2" = ¢ ® mask + 1 in H, where mask = 2" — 1 and @ is
the “bitwise-and" operator. We initialize H = [L, ..., L] and implement rolling Karp-Rabin
fingerprinting (see Section for the lengths L.

At position i, we set H[¢ (4,7 + [; — 1) ® mask + 1] «<— i for each j € [1, k] (see the left-
hand side in Figure and thereby possibly overwrite earlier occurrences of potentially
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s ll > lmin S
2 — —
T| | Ji | .. | Gi | .. | g; | .. |
\/’ /
copy copy

]:/ = .. <Si,li>,€, ceuy <Sj,0>,gj,

Figure 4.3: Illustration of the intermediary representation F’. The i-th factor is a copy

factor (I; > 0), and I; = 0 indicates that the gap g; is non-empty.

different patterns (due to hash collisions and the modulo operation). Suppose we have
factorized T and maintained H as described up to position x — 1. Now, we want to
compute the longest previous occurrence of a substring of T" starting at position x that we
can find with H. Then, we compute the set Occ = {0 = H[p(z,2+1;—1) @ mask+1] | o #
1 A je[l,k]}. By the incremental construction of H, it holds Vo € Occ : 0 < x, hence we
output arg max,coc{LCE(0,z)} (see the right-hand side in Figure [1.2)).

4.2.2 Separately compressing gaps

Instead of factorizing the gaps, we can create an intermediary representation of the text,
and then compress it using a standard compression algorithm. This also tackles the final

“encoding” step of practical compression algorithms.

4.2.2.1 Variant 1

Let gofi91f292..-f»g.» = T be a gapped factorization resulting from Lemma [3.1.5] where
fi is the i-th (perfect) LPF phrase, and g; is the gap after the i-th LPF phrase. Instead
of closing the gaps using factors, we construct a string G = ¢ogi...g,» consisting of the
concatenation of all gaps, and separately compress G using a suitably space-efficient com-
pression algorithm. Let comp(G) be the compressed representation of G. We then output
(Fg,comp(G)), where Fg = 0,0, go),{| f1l, 51,911, ---» {| f=r|, Sz, |g|) and s; is a source of
the i-th factor.

To decompress this representation, we at first decompress comp(G). Then, we iterate
over T', G and F¢ and maintain the current positions ¢ in 7', j in G and z in Fg. For each
(g, Sy |9y, we write T[Sz, Sg + 1) to T'[i,7 + I;), increment ¢ by I, write G[j, 7 + |gz|) to
T[i,i+ |gz|) and increment ¢ and j by |g.|.

4.2.2.2 Variant 2

We can also let the compression algorithm compress the LPF phrases. Again, let go f191 fog2
wif2gy = T be a gapped factorization resulting from Lemma For each gf¢’ in the

gapped factorization, where f is a referencing factor that is shorter than ln;,, we plainly
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store f, i.e, we replace gfg with a new gap ¢” = ¢gfg’. This can increase the compression
ratio by a few percent in practice (we set Imin = 64). Let g(f19]f295---f.ng.s = T be the
resulting factorization.

Now, we construct the sequence F' = {s1,11), g1,{52,12), g2, ..., (S, Ln ), g,n, where for
each i € [1,2"], either I; = 0 indicates that the gap g¢; of length |g;| = s; > 0 follows, or
else (I; > 0), {d;,l;) represents a referencing factor of length /; > 0 with distance d;, and
gi = € (see Figure . Finally, we output comp(F").

To decompress this representation, we at first decompress comp(F’). Then, we iterate
over F' and maintain the current positions ¢ in 7' and x in F’. For each {|g.|,0), g, in F,

. For each {dy,l;),e in F', we write

we write g to T'[i,7 + |g-|) and increment ¢ by |gs
T[i —dg,t —dy + lz) to T[i,i + ;) and increment i by I,.

4.2.2 Example. Let us continue Example [2.7.3] There, we computed the 3-synchronizing
set S = {1,4,14,15,16,19}. If we compute the LPF phrases as in the 3-Approximation
(Section , and also admit LPF phrases that are shorter than 27, then we get F' =
(3,0), abe,(3,5),£,(6,0), bbbbbb,(1,4),¢,{18,8), €.

1234567891011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26
T=abcabcabbb b b b b b bbb abcabcahb

4.3 LPF Phrases

In practice, we want to compute an array of LPF phrase tuples LPF[1..N], where (i)
LPF[i] = <{bs,ei, siy, and T'[b;, e;) = T[si, s; + b;i — €;), (ii) the phrases do not overlap, i.e,
[bi,ei) N [bj,e;) = & holds for all 4,j € [1, N] with ¢ # j, and (iii) at the last position in
LPF there is a sentinel entry LPF[N]| = (n + 1,n + 1,n + 1). (ii) makes it easier for us
to factorize (see Section or compress (see Section the gaps afterwards. In the
following, we use the abbreviations LPF[i].b = b;, LPF[i].e = e; and LPF[i].s = s;.

4.3.1 LZ77 3-Approximation

Algorithm shows the computation of the LPF phrases during the 3-Approximation.
Overall, we iterate with ¢ once over S, and compute the phrases from left to right. We
maintain that the last output LPF phrase ends at position z — 1.

Suppose we have computed an LPF phrase for S[i]. To compute the next LPF phrase,
we find the last sample after S[i] and up to x if it exists, or the first sample after z, else.
After incrementing 4 in lines 3-4, now S[#] is this sample. Now, we compute an LPF phrase
e, 8"y for S[i] using NSVg and PSVg (see lines 6-9). If S[i] > x, then we extend it as
far as possible to the left down to x (see lines 10-13). If S[i] < x, then we shorten it from
the left by x — S[i] characters such that it does not overlap with the last output phrase
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Figure 4.4: Illustration of Observation . Since each sample S[k] with j < k < i
yields an LPF phrase that ends before e, we can skip it.

(see lines 14-16). Finally, we output the resulting LPF phrase, if it has length > 1, and
update x (see lines 20-22).

Algorithm 12: compute-Ipf

1z, 1;
2 while i < |S| do

3 | whilei+1<|S|AS[i+1]<xzdo

4 L i i+ 1;

5 (b,e,s) < <0,0,0);

6 | if PSVs[SAZ'[i]] # 0 then

7 s' — S[SAs[PSVs[SAG'[il]]];

8 b — Si;

9 ¢« S[i] + LCE(¢, S[i]);

10 if S[i] > = then

11 lce; < LCE<gpi—o(s" — 1, S[i] — 1);
12 s« s’ —lcey;

13 b — b —lce;

14 else if S[i] < x then

15 b o a;

16 s — s +x— S[i;

17 if ¢ — b >e—bthen

18 L (bye, sy« (b€, s,

19 Repeat lines 6-15 with NSV instead of PSVg;
20 if e—b > 1 then

21 output (b, e, s);

22 L T« €
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If S[i] = = holds in line 10, then we have not skipped any samples in line 4 during
this iteration. Else (S[i] < ), then we have skipped the samples S[j,7), where S[j] is the
sample that we used to compute the last LPF phrase. Now, we show that none of those

skipped samples yields a longer LPF phrase than S[i].

4.3.1 Observation. Let e > S[i] + 27 be the end of the computed LPF phrase for sample
S|[¢], and suppose there was a skipped sample S[k]| with j < k < i that yields an LPF phrase
ending at some position é > e. Since T'[S[k], €] has a previous occurrence and fully contains
T[S[i],e], T[S[i], €] also has a previous occurrence. However, by the same argument as in
Construction m T'[S[i], e] is the longest prefix of T;) that has a previous occurrence,

which contradicts the assumption that such sample S[k] exists.

Note that each computed LPF phrase (for some sample S[i]) is only then perfect if

T[S[i], S[¢] + 27) has a previous occurrence.

4.3.2 Example. In Example we computed the 3-synchronizing set S = {1,4, 14, 15,
16,19}. In Example [4.2.2] we computed the phrases (4,9,1),(15,19,14) and (19,27,1).
Algorithm [12] instead extends the second phrase by 5 characters to the left, i.e, it instead
outputs (9,19,8). It additionally considers the sample S[5] = 16. However, the phrase
it yields is identical to the last computed phrase (9,19, 8) (after extending it to the left).
Note that all 3 computed phrases are part of the exact LZ77 factorization.

1234567891011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26
T=abcabcabbb b b b b b b b b ab c a b c a b

4.3.2 LZ77 LPF/LNF Approximation

We have also implemented a version of the 3-approximation that considers an additional
set of phrases. In addition to computing LPF phrases in T using PSVg and NSVg, we use
a string synchronizing set S’ of rev(7T') to compute a set of LNF phrases in rev(T) using
PGVYy, and NGV, (see Definition .

4.3.2.1 Preliminaries

4.3.3 Definition. Let S’[1..|S’|] be a synchronizing set of rev(T). Let SA%, be the sparse
suffix array of rev(T) w.r.t. S’, and let SiAg,l[l..|S’ |] be the inverse sparse suffix ar-
ray, i.e, Vi € [1,|9']] : SiAE,I[SA’,[i]] = i. Let PGVYy[1..]S'|] be the sparse previous
greater value array w.r.t. ', i.e, PGV [i] = 0 if Vj € [1,i) : SAu[j] < SA%[i] and
PGVg[i] = max{j € [1,4) | SA%[j] > SA%[i]}, else. Analogously, we call the array
NGV'y[1..|S’]] the sparse next greater value array w.r.t. S’, where NGV, [i] = 0 if Vj €
(i,19"|] : SA%[j] < SAG[i] and NGV [i] = min{j € (i,|S']] | SAG[j] > SA[i]}, else.
We call an array LNFg/[1..|S’|] a sparse longest next factor array w.r.t. S’ iff for each
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Figure 4.5: Illustration of Definition 4.3.5 and Observation [4.3.6

i € [1,]18"]], either LNFg/[i] = L if rev(T)[S'[i]] does not occur in rev(T)(S'[i],n], or

LNFg[i] = arg max;e(g/[i),n] {LCErev(r) (4, S'[1])}, else.

By the same argument as in Lemma we can compute LNFg/ 7] in O(1) time using
Theorem m (see Construction {4.3.4]).

4.3.4 Construction. Let i € [1,]5]], let i/ = ST?[z‘], let j = PGV[i'] and let k =
NGV [i']. If j = 0 and k = 0, then LNFg[i'] = 0. If either j = 0 or k = 0, then
LNFg[i'] = S'[SA% [NGV/s [#]]] or LNFi[i] = S'[SA% [PGV/ [i]]], respectively. Finally,
if j # 0 and k + 0, then LNFi,[i] = S'[SAG NGV, []]] if LCEey( (S'[i], S'[SAs [PGVs [
i'11]) > LCErey(r) (S'[7'], S'[SA/ NGV [i']]]), or LNFg[i'] = S'[SAs[PGV [i]]], else.

In practice, we do not explicitly compute LNFg/[i], but consider both of the phrases
resulting from the sources S’[SAg/[PGVg [i']]] and S'[SAs/[NGVg [i']]]. Additionally, we
extend the resulting phrases to the left (see Figure .

4.3.5 Definition. Let i € [1,]S’|] and ' = SAg [i]. If PGV/[i'] # 0, then let si~ =
S'[SAs[PGV['1]], e = S'[i] + LCEey(r(si . S[i]) and leef™ = LCEL, . (S'[i], 57).
Similarly, if NGV, [i'] # 0, then let s; = S'[SAg/[NGV/, [']]] and e;” = 5[] 4+ LCE ey (1) (
577, 8'[i]), lee;” = LCEry (o (S'[4], 57°)-

rev 7

4.3.6 Observation. Let &~ = n — (S[i] —lcej”) + 1, b5 = n — e + 1 and & =
n — (s —lce;”) + 1. Similarly, let &~ = n — (S[i] —lce]”) + 1, b;” = n —e;” + 1 and
577 =n—(s;”—lce;”)+1. Since rev(T)[b; e ) = rev(T)[s; ,si +e —bi ) and s5 > by,
we have T[b;~, &) = T[57, 57 + é — b ) and 85 < b, hence we can use (b, &5, 55

as an LPF phrase tuple in T". Analogously, we can use <l;f, é;”,5;”) as a phrase tuple in 7.
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4.3.2.2 Algorithm

Our algorithm proceeds as follows. We begin by reversing T'. Then, we compute a string
synchronizing set S’ for rev(T), SA%,, SiA;/1 PSVY,, and NSV%, Then, we compute for
each i € [1,]S'|] the phrase tuples (b, &, 5 and (b;”

tion [£.3.6] and append them to the array LPF.

However, we Sklp the computation of <b“

7, €7, 5 ) as described in Observa-

AHAH
717

, where j € [1,4) is maxunal such that PGVS/ [SAS/ [7]] # 0. More

<) if it is identical to the last computed
phrase tuple <b

€5 555
precisely, if b5~ € [b}‘, ;_) and s;” — b = s; — b5, then (b ,e;, 87 ) = <b‘_, 5,85
and therefore <b1 e85 = <b?, A]“, 555, hence we can skip computing <bl 65,8,

Similarly, we skip the computation of <b_’, é;”, 5, )ifb;” € [b_’ ) and b;”—s;” = by —s;,
where j € [1,4) is maximal such that NGV g [SAS/ [7]] # 0.

Then, we reverse rev(T"), build a string synchronizing set S for 7', SAg, SAgl, PSVg,
and NSV, and use those to compute LPF phrases in the same way (without translating
positions p in rev(T) to their corresponding positions n — p + 1 in T'). We again append
the computed phrases to the array LPF. Now, we sort the array LPF[1..N] such that
Vi,je [1,N]:b; <bjv (b =0bj Ae; > ej). This enables us to remove duplicate phrases

and cut overlapping phrases with one scan over LPF[1..N].

4.3.7 Example. In Example we computed the 3-synchronizing set S = {1,4, 14, 15,
16,19}. Let id(4) be the lexicographical rank of rev(T")[¢, 7+ 7). Then, Theorem yields
S’ = {2,5,8,15,16, 17, 20}.

1234567891011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26
T=abcabcabbb b b b b b b b b ab c ab c a b

1234567891011 121314 1516 17 18 19 20 21 22 23 24 25 26
rev()=bacbacbabb b b b b bbbbbacbacba
d=6396395288 8 8 8 8 8 8 8 7 6 3 96 3 9 41

123 456 1234 5 6 7

S=14141516 19 S'= 2581516 17 20
SAs =261 5 4 3 SAg =327 1 6 5 4
SAG'=316 5 4 2 SAg =421 7 6 5 3
PSVs=010 3 3 3 PGV, =0103 2 5 6
NSVs =330 5 6 0 NGV =330 5 0 0 0

Since rev(T), with z = S'[SA% [NGVi [SAg [1]]]] = 17 yields no match with rev(T) gy
= rev(T)a, (b1, €7, s7°) is undefined. However, rev(T'), with x = S’[SA’ [PGV’ [SAs [1111]
= 20 yields a match of length 7 with rev(T")2, hence (b5 ,e5,s5 ) = (2,9,20). Since
lce;” = 2, we have <l§f,éf,§f = (19,27,1). The remaining computed LNF phrases
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are (b5, 657,857y = (22,27,19), (b7, 657,87 = <19,24,4), (b3, é5°, 837> = (19,21, 7) and
Gy e, 85) = (9,19,8). (bg,és, 55 ) is not computed, because b = 17 € [16,20) =
[bi,eq ) and s5  —bs = 17—16 = 16 — 15 = s —b; imply that <l;5‘_,é5‘)_,§g_> =(9,19,8)
is identical to by, é5, 85 = (9,19, 8).

The algorithm computes the LPF phrases (4,9, 1),¢(9,19,8) and (19,27, 1) like the al-
gorithm from Section [£.3.1] After sorting LPF, we have

LPF = [{4,9,1),(9,19,8),(9,19,8),(19,27,1),(19,27,1),(19,24,4),(19,21, 7),{22,27,19)].
Duplicate phrases are underlined. Finally, the algorithm chooses the phrases (4,9, 1),

{9,19,8) and (19,27,1). No phrase is cut.

4.4 Factorizing Gaps

Now, we discuss the case where we want to compress the gaps using factors. In practice,
the rolling hash index H described in Section provided the best compression ratio
and throughput. Another advantage of it compared with the other indexes is that its size

is predictable and independent of the chosen pattern lengths.

4.4.1 Tuning the Rolling Hash Index in Practice

To choose its size and the pattern lengths, we at first compute the following statistics with
one scan over LPF[1..N].

({2,3,4,5,6} if p € (0, 6]
{2,3,4,6,8} if p € (6, 8]
(2,3,4,8,12)  if pe (8,12]
g=bi+ ;bi“ — ¢ (4.1) (2,4,6,9,16}  if pe (12,16]
gap = g/N (4.2) I {2,4,6,10,20} if p e (16, 32] (45)
o SN o by ) (2,4,7,12,28}  if pe (32,64]
N {2,4,8,16,36} if p e (64,128]
p = min(gap, pf, 8 - 128'79)  (1.4) (2,5,10,20,42} if p € (128,256]
(2,6,12,24,48} if p € (256,512]
| {2.8,16,32,64} if pe (512, 0]

g is the length of the gaps, gap is the average gap length and Ipf is the average LPF
phrase length. Recall that we have |H| = 2". We choose a target size t = max(n/12, g/3)
for H. Then, we choose h such that the deviation ||H| —t| = |2" —t| of |H| from its target
size t is minimal. We choose 5 pattern lengths L = {l1,l2,13,14,15} (see Equation ) for
‘H based on a pattern length guess p (see Equation (4.4))).
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We chose p in this way because when factorizing the gaps, we will rarely need to
compute phrases that are longer than gap. It is also unlikely that we will find a previous
occurrence of a substring within a gap with length > Ipf, because else, this substring would
likely be part of some LPF phrase. Finally, it is possible that 7" is unrepetitive, but there
are only few and long LPF phrases. In this case, min(gap, Ipf) becomes too large. However,
since in this case, the relative length 1 — g/n of the LPF phrases is small, limiting p to

8 - 128179/ mitigates the issue.

4.4.2 Rolling Hash Index Interface

With H, we store the current position p € [1,n], the chosen pattern lengths L = {l1, ..., [y},
and the fingerprint ®; = ¢(p,p + l; — 1) at position p, for each i € [1, M]. H provides the

following interface.

e H.pos() returns the current position p (O(1) time).

H.init(j) sets p <« j and recomputes ®; «— ¢(p,p + l; — 1) for each i € [1, M]
(O(Zij\il ;) time).

e H.roll(7) rolls ®; such that ®; = ¢(p + 1,p + ;) (O(1) time).

H.roll() calls H.roll(7) for each i € [1, M] and then increments p «<— p + 1 to maintain
Vie[l,M]:®; =¢(p,p+1i—1) (O(M) time).

H.advance(i) sets H[P; ® mask + 1] « p, and calls H.roll(i) (O(1) time).

‘H.advance() calls H.advance(i) for each i € [1, M], and then increments p < p + 1
to maintain ®; = ¢(p,p+ ; — 1) (O(M) time).

H.prev-occ(lmax) (see Algorithm returns an approximate LZ factor {s,[) with
l < lmax for position p; has the same effect as H.advance() (O(M) time).

In Algorithm [13] we start by initializing (s, ) = (0, T'[p]) such that we return a literal
factor if we do not find any previous occurrence. Then, we consider each pattern length [;
in L (starting with the longest) and try to find a previous occurrence s’ of T'[p, p+1;) using
‘H and the fingerprint ®; of T'[p,p+ ;) (see line 4). Then, we update H as in H.advance()
(see line 5). If s’ # L1, and I’ = min(LCE(p, s'), lmax) # 0, then {s',1") is a referencing LZ
factor for position p, and we set (s,l) < (s,1’) in line 9. As soon as we have found such
a referencing LZ factor, we will call H.advance(j) in line 11 for each remaining pattern

length index j € [1,4) and finally return {(s’,1") in line 12.
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Algorithm 13: prev-occ(Imax)

1 (s,1) < (T'[p], 0);
2 for 7 from M down to 1 do

3 if [ =0 then

4 s «— H[P; ® mask + 1];

5 H.advance(i);

6 if s’ # 1 then

7 " — min(LCE(p, 8'), Imax);
8 if I # 0 then

o IROURXCHO?
10 else
11 t H.advance(i);

12 p<—p+1;

13 return (s, [);

4.4.3 Naive Algorithm

Now, we discuss how we use the rolling hash index to factorize the gaps (see Algorithm [14)).
We maintain the current position ¢ € [1,n] in T and the index j of the next LPF phrase
starting at or after 7. At first, we initialize the rolling hash index H to position i = 1 (see
line 2).

At the start of each iteration, we advance with H up to position i (see lines 4-5). Then,
we factorize the gap T'[i, LPF[j].b) by iteratively calling prev-occ(LPF[j].b — i), outputting
the factor it returns, and advancing with H to the end of this factor (see lines 7-11). If now
i = n + 1 holds, then we have completely factorized 7" and return (see lines 12-13). Else,
we output either the next (j-th) LPF factor (s,l) (line 14) or the factor {s’,1") returned
by prev-occ(LPF[j + 1].b — %) if it is longer, i.e, I’ > [ (see line 17). Note that I’ > [ can
hold because each computed LPF phrase (for some sample S[i]) is only then perfect if
T[S[¢], S[i] + 27) has a previous occurrence. We still consider potentially non-perfect LPF
phrases, because it improves the compression ratio in practice. Finally, we find the next

LPF phrase starting at or after i (see lines 20-21).

4.4.1 Example. Suppose we compute the LPF phrases naively as in the 3-Approximation
(see Section [3.1.2)). This yields LPF = [{4,9,1),(15,19,14),(19,27,1)].

1234567891011 1213 14 15 16 17 18 19 20 21 22 23 24 25 26
T=abcabcabbb b b b b b b b b ab c ab c a b
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Algorithm 14: factorize-gaps-naive()

11— 1;7 <« 1;

2 H.init(1);

3 while true do

4 while H.pos() < i do
5 L H.advance();

6 | while i < LPF[;].b do

7 {8,y « prev-occ(LPF[j].b —i);
8 output (s, 1);

9 i — 1+ max(1,1);

10 while H.pos() < i do

11 t H.advance();

12 if i =n+ 1 then

13 L return,;

14 {s,ly — (LPF[j].s, LPF[j].e — LPF[j].b);
15 | (s,1") < prev-occ(LPF[j + 1].b —i);

16 if I’ > [ then

L I O R At

18 output (s,1);

19 i — i+ max(1,1);

20 | while LPF[j].b < i do

21 t j—J+1

We have g = 9, gap = g/N = 9/3 = 3, Ipf = 22148 = 56 and p = min(3,5.6,8 -
12819/26) — min(3,5.6,190.89) = 3, hence L = {2,3,4,5,6}. It holds t = max(26/12,6/3) =
max(2.16,2) = 2.16, so h = 1 minimizes the deviation |[2"| — ¢| = 0.16. Finally, we have
mask = 2" — 1 = 1. For simplicity, we use L = {2,3} (M = 2) and set the base for the
Karp-Rabin fingerprints to o + 1 = 4 in this example. Let a =1, b = 2 and ¢ = 3.

Initialization. We start by initializing H to position 1 in line 2, which sets p = 1,
Py = $(1,2) =41-a+4%b = 4+2 = 6 and Py = ¢(1,3) = 42-a+41-b+4%c = 8+8+3 = 19.

Iteration 1. In the first iteration, we have i = 1 < 4 = LPF[j].b (see line 6), so we
call prev-occ(3) in line 7. There, we initialize s = T[p] = a and | = 0. For i = M = 2, we
get 8" = H[®y @ mask + 1] = H[19 mod 2" + 1] = H[1 + 1] = L and set H[2] < p = 1 and
dp «— $(2,3) =8+ 3 =11. Fori =1, we get s’ = H[®; ® mask] = H[6 mod 2" + 1] =
H[O + 1] = L and set H[1] < p = 1 and $2 «— ¢(2,4) = 16 + 12+ 1 = 29. Now, we
increment p by 1 and return and output the literal factor {(a,0) in line 8 of Algorithm .
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After setting i < 2 in line 9, we call prev-occ(2) in line 7, and output the literal factor
(b,0). Finally, we set ¢ « 3, call prev-occ(3), output {c,0) and set i « 4. Now, we have
H = [3,3]. Since i =4 € 4 = LPF[1].b in line 6, we exit the while-loop (lines 6-11). In
line 14, we set {(s,l) = (4,5). Since H = [3,3] and T'[i] = b # T[3], prev-occ(15 — 4) (line
15) returns a literal factor (s',1") = {(a,0), and we output (4,5) in line 18. Finally, we set
i <—9and j « 2.

Iteration 2. In the second iteration, we call H.advance() i —p =9 — 5 = 4 times in
line 5. Now, it holds H = [8,6] and p =i = 9. In line 7, we call prev-occ(15 — 9), which
returns (8, 6), because for i = 2, we have ®; = ¢(9,11) = 42 and ' = H[P; ® mask]| =
H[42 mod 2" + 1] = H[0 + 1] = 8 and I’ = min(LCE(p, '), lmax) = min(LCE(9, 8),6) = 6.
After line 15, it holds (s,1) = (s/,1") = (14,4), and we output (14, 4).

Iteration 3. At the beginning of the last iteration, we have i = 19, p = 15 and j = 3.
After calling H.advance() i — p = 4 times in lines 5, we output the final factor (1,8) in line
18.

4.4.4 Optimized Algorithm

Algorithm [I5]shows our optimized gap factorization algorithm. It builds upon Algorithm[I4]
in two ways. The first is that we do not roll over LPF phrases. Intuitively, this does not
reduce the compression ratio, because the gaps do not contain substrings that occur within
LPF phrases.

If we have H.pos() < 4 in line 5, then T[H.pos(),) is part of an LPF phrase, hence
we want to skip it. To do so, we can call H.init(i). However, it is possible that the cost
0 = Zj\il lj/M per pattern length for calling H.init(¢) is larger than the cost i — H.pos()
per pattern length for rolling up to position ¢ with H. In line 6, we check which one of
these two options is cheaper.

Recall that in line 7 and 15 of Algorithm we limit the length of the computed
phrases such that they end at or before the start of the respective next LPF phrases (as in
Algorithm . Since the computed LPF phrases are not necessarily perfect, it is possible
that the factors output by prev-occ in lines 12 and 32 reach beyond multiple of the following
LPF phrases. Then, we possibly have to skip some LPF phrases (see lines 14-23 and 37-38).
If the computed phrase reaches into the next LPF phrase (i > LPF[j].b, see line 14), then
we check if it ends within this LPF phrase (i < LPF[j].e, see line 14). If this is the case,
then we cut it in lines 16-17 such that it ends at LPF[b].j. Else (i > LPF[j].e), then we
skip over the following LPF phrases until 4 lies within the next (j-th) LPF phrase, i.e, it
holds i < LPF[j].e (see lines 19-20). In any case, we roll with H over the just computed
phrase (see lines 21-23 and 25-26).

Since we do not limit the phrase length in prev-occ(n), we generally have i € [LPF[j].b,
LPF[j].e) in line 29, so that we may have to shorten the j-th LPF phrase from the left by
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Algorithm 15: factorize-gaps()

11« 1;7 <« 1;

2 H.init(1);

3 while true do

a | if i < LPF[j].b then
5 if H.pos() < ¢ then

6 if i — H.pos() < 6 then
7 while H.pos() < i do
8 tfH.roII();
9 else
10 L?—l.init(i);
11 | | while i < LPF[j].b do
12 {s,1) < prev-occ(n);
13 i — i+ max(1,1);
14 if i > LPF[j].b then
15 if i < LPF[j].e then
16 [ — [ — (i — LPF[4].);
17 i — LPF[j].b;
18 else
19 while i > LPF[j].c do
20 FEERt

21

22

23

24

25

26

27

28

29

30

31

32

33

35

36

37

do
‘ H.advance();
while H.pos() < LPF[j].b;

output (s, [);
while #H.pos() < i do
t’H.advance();

if i=n+1 then

treturn;

x <« i — LPF[j].b;

(s,1) < (LPF[j].s + z,
LPF[j].e — LPF[j].b — x);

if H.pos() = LPF[;].b then

(s, 1"y « prev-occ(n);
if ! > [ then

ROUEREND®

output (s, 1);

i — 1+ max(1,1);
while LPF[j].b < i do
[ j—i+l

the excess x = i — LPF[j].b of the last computed phrase (see lines 29-30). Due to the fact

that we do not roll over LPF phrases with H, it is possible that #H.pos() < ¢ holds in line

31. However, the factor output by prev-occ(n) is only valid if H.pos() = i holds, hence we

would have to call H.init(i) beforehand, which is expensive considering the fact that the

resulting factor is likely shorter than the LPF phrase. Therefore, we only consider it only

if H.pos() = ¢ holds (see lines 31-34).

4.4.2 Example. If we run this algorithm on the text from Example then we get the
exact LZT7 factorization, because compared with Algorithm in iteration 2, the length
of the factor (8,6) is not limited to lmax = 6, i.e, we instead output (8,10) and skip the

LPF phrase (15,19, 14).
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4.5 LZ77 Exact Algorithm

The running time (see Theorem of the exact LZ77 Algorithm described in Sec-
tion [3:2] is dominated by the insertions into the data structure for insertion-only orthog-
onal range one reporting (see Definition . In practice, however, the running time is
dominated by the computation of sparse prefix- and suffix array intervals, and orthogonal
range queries.

Therefore, we focus on optimizing those aspects. In Section [£.5.] we improve the
practical running time of sparse prefix- and suffix array interval searches. In Section
we discuss a data structure for quickly computing the Karp-Rabin fingerprint of any sub-
string of 1", which we will use in Section [4.5.3] There, we aim to speed up sparse prefix-
and suffix array interval searches by sampling all intervals for a set of pattern lengths. In
Section , we present practical data structures for static and dynamic (insertion-only)
orthogonal range one-reporting. Finally, we employ the discussed optimizations in the
exact LZ77 algorithm (see Section .

4.5.1 Sparse Prefix- and Suffix Array Interval Search

In Lemma [3.2.5] we discussed how to find the sparse prefix and suffix array intervals
of a substring of 7. In practice, the algorithm can be improved in several ways (see
Algorithm .

The algorithm ssa-interval([i,i + 1), [b, e]) computes [y1,y2] = sivg(T[i,i + 1)), and
requires [y1,y2] S [b,e]. If we have [V, €] = sivs(T[i,i + ")) with I" <[ at hand, then we
can call ssa-interval([i,i + 1), [V, €']). Instead of performing a binary search over [1,|S|] to
find y; as in Algorithm [9] ssa-interval([i,7 + [), [b, €]) performs a binary search over [b, €]
to find y; and uses each lexicographical comparison during this search to iteratively shrink
an interval [I;, é] < [b, e] such that yo € [I;, é]. Then, it performs a binary search over [?), é]
to find ypo.

We start with [b,é] = [b,e]. Compared with Algorithm @ we additionally maintain
lce, = LCE(S[SAs[b]],i), Ice, = LCE(S[SAs[e]], i), lce; = LCE(S[SAs[b]], i) and Ice; =
LCE(S[SAs[é]],7). Let [b,e] be the current search interval for y;. Then, we compute
Ice,, = LCE(S[SAg[m]], %) for the candidate position m = [(b + ¢)/2| by

Ice,, = LCE(S[SAs[m]], i) = Icemin + LCE(S[SAg[m]] + lcemin, i + Icemin), (4.6)

where Icemi, = min(Icep, Ice.). This reduces the running time of short LCE queries, because

it rises with the computed LCE values. Now, we consider 3 cases (similar to Figure [3.6)).
e Case 1: Ice,, = I. Then, y; € [b,m] and ys € [m,e], hence we set e «— m and

Ice. < Icey,. If m > b, then we set b <— m and Ice;, < Icep,.

e Case 2: Ice;,, < [ and Ts(sagm)) < Ti- Then, y; € [m, e] and yo € [m, e], hence we

set b <= m and Ice, < Icey,. If m > b, then we set b < m and Ice; < Icey,.
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Figure 4.6: Illustration of Observation |4.5.1

e Case 3: Icey, <[ and Ts[sagm)) > Ti- Then, y1 € [b,m] and y2 € [b,m], hence we

set e < m and lce, < Ice,,. If m < é, then we set é «<— m and lce; < lce,,.

We stop the binary search as soon as |[b,e]| = 2. If max(lcep, Icee) < I, then [y1,y2] = &,
and we return . Else, if Icep, > [, then y; = b, and y; = e, else.

Now, we compute yo using a binary search over [b,é]. We set [b,e] «— [b,é], lcep —
Ice; and Ice. « Icee. For a candidate position m € [b,e], we again compute Ice,, =
LCE(S[SAs[m]], i) according to Equation (4.6). However, since Ice, > [ always holds, we

have to consider only 2 cases.

e Case 1: Ice,, = [. Then, ys € [m, ], hence we set b < m and Icep < Icey,.

e Case 2: Ice,, <. Then, ys € [b,m], hence we set e < m and lce, < Ice,.

We stop the binary search as soon as |[b,e]| = 2. If Ice. = [, then y2 = e, and y2 = b, else.

The algorithm spa-interval([z,i+1), [b, e]) analogously computes pivg(T'[i,i+1)) < [b, €].

4.5.1.1 Interpolating Intervals

In the exact LZ77 algorithm (see Theorem [3.2.9), we perform exponential searches to find
the maximum possible length [, such that we can combine the tail T'[7, 7+ 1) with the head.

4.5.1 Observation. Let [b,e] = sivg(T[i,i+1)), [b1,e1] = sivg(T[i,i+11)) and [be, e2] =
sivg(T'[i,i + l2)) with I; <1 < lp. Then, by < b < by and e < e < €1 (see Figure [4.6).
This implies that we can compute b and e using binary searches over [by, bs] and [e2, e1],

respectively.

The algorithm interpolate-ssa([i,i+1),{[b1, e1], 1), {[b2, e2],2)) (see Algorithm [32)) uses
Observation to compute sivg(T'[i,i + 1)). It uses the same optimization as Algo-
rithmto reduce the running time of the LCE queries. The algorithm interpolate-spa([i, i+

1),{[b1,e1],11),{[ba, e2],l2)) works analogously for sparse prefix array intervals.
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4.5.2 Karp-Rabin Fingerprint Sampling

In order to speed up the computation of sparse prefix- and suffix array intervals, we will
sample all intervals for a set of pattern lengths. To this end, we need a data structure that
allows us to quickly compute the Karp-Rabin fingerprint of any substring of T'. In this

section, we discuss how we can achieve this.

4.5.2.1 Data Structure for Combining Fingerprints in Constant Time

Since we will only sample a subset of all possible fingerprints, we need a data structure

that allows us to quickly combine the fingerprints of two substrings.

4.5.2 Lemma. We can construct in O(y/n) time and space a data structure of size O(y/n)
that allows us to compute ¢(x, z) given ¢(x,y) and ¢(y + 1,2) in O(1) time.

Proof. With Definition we have

d(z,2) = <Z T[k] - bz_k> mod ¢

Y z
= | DT[R5+ > T[] 6% | mod g
k=x k=y+1
(4.7)

Yy z
k=y+1

= (b*7Y - oz, y) + ¢y + 1,2)) mod ¢
= ((b*7Y mod q) - ¢(z,y) + ¢(y + 1,2)) mod g,

where the mod operation that we added in the last equality prevents an integer overflow
(we use 128-bit registers). Now it remains to compute b*7¥ mod ¢ in O(1) time.

We store two arrays X[1..[v/n]] and Y[1..[v/n]], where X[i] = b* mod ¢ and Y[i] =
b1Vl mod ¢. Suppose we want to compute b* mod g, where i € [1,n], and let y = |i/[/n]]
and © = i — y[y/n]. Then, we have b* = IVl . p* and 4,y € [1,[/n]], hence we can

compute
b mod ¢ = (V"I mod ¢)(b* mod ¢)) mod g = (X[y] - V[z]) mod ¢, ~ (4.8)

which takes O(1) time. X and Y can be constructed in O(y/n) time and space in one scan
(see Algorithm [16)).

Algorithm [I7]summarizes how we combine the fingerprints f and f, of a left and a right
substring, where [, is the length of the right substring. In lines 1-3, we compute b mod ¢
according to Equation , and in line 4, we return the combined fingerprint according

to Equation (4.7]). ]
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Algorithm 16: build-X-Y() Algorithm 17: concat-fps(f, fr, ;)
1 X[0] < L X[1] « b; 1y < [l/[vnll;

2 for ¢ from 2 to [{/n]| do 2 x — I, —y[y/nl;

s | X[i] < (X[i —1]-b) mod ¢; 3 b« (X[] - V[y]) mod ¢;

V[0] — L;V[1] — X[[v/n]]; 4 return (fi -0 + f;) mod ¢;

5 for i from 2 to [/n| do
| Vi) < Vli— 1] Y[1]) mod g;

'y

=)

4.5.2.2 Main Data Structure
With Lemma we can now discuss the main data structure.

4.5.3 Theorem. Let s > 1 be an integer. Then, we can construct in O(n) time and
O(n/s + /n) space a data structure of size O(n/s + /n) that allows us to compute the
Karp—Rabin fingerprint of any length-l substring of T' in O(min(l,log(l/s) + s)) time.

Proof. Data Structures. We use the data structure from Lemma[4.5.2] Additionally, we
store a binary tree of height hAmax = [logy[n/s]| + 1, where

1. for each h € [1,hmax], the array F[h][1..wy] stores the wy = [[n/s]/2"1] nodes at
height h, i.e, F[h][i] with i € [1,wy] represents the i-th node (from the left) at height

h,
2. each leaf F[1][i] with i € [1,w;] stores ¢((¢ — 1) - s + 1, min(n,i - s)),
3. for each h € [2, hmax] and @ € [1, wyp],

(a) the internal node F[h][¢] has left child F[h — 1][2i — 1], and
(b) if 2 < wp_1, then
i. F[h][¢] has right child F[h — 1][2i], and
ii. F[h][i] = &(z,2), where F[h — 1][2i — 1] = ¢(z,y) and F[h — 1][2i] =
¢y +1,2),
(c) and else (2i > wp—1), then F[h][i] = F[h — 1][2¢ — 1] has no right child.

More generally, for each h € [1, hmax] and i € [1,wy], we have F[h][i] = ¢((i — 1) - s- 2" +
1, min(n,i - s - 2")).

Construction. Algorithm shows the construction. We compute the fingerprint
of each leaf naively in lines 3-4. In lines 5-17, we build F[2..hmax]. For each height
h € [2, hmax|, we compute wy, in line 6. In line 8, we compute the length Iy, = s - 2h=2
of the fingerprints at the child height A — 1. Since for i € [1,wy,), the nodes F[h][i] are
guaranteed to have two children, and the length of the fingerprints of their right children
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Figure 4.7: Illustration of F in Theorem |4.5.3|

F[h—1][2i] are guaranteed to be lcp, we can compute all of them in the same way in lines
9-10. For the last (wp-th) node F[h][wp] at height h, this does not necessarily hold. In
lines 18-19, we compute the positions pic = 2wy, + 1 and pye = pic + 1 in F[h — 1] of its left
and its (potential) right child. F[h][wp] has a right child iff pyc - lch < n (the fingerprint of
its left child ends before position n). If F[h][wy] has no right child, then it has the same
fingerprint as its left child, i.e, F[h][wy] = F[h — 1][2i — 1] (see lines 13-14). Else, the
fingerprint of its right child is the last fingerprint at height h — 1, hence it starts at the
end pyc - lep of F[h][wp]’s left child and goes up to the end of T, i.e, position n. Therefore,
its length is l,c = n + 1 — prc - lep (see line 16), and we can compute F[h][pr.] in line 17

similarly to line 10.

Construction Time and Space. The tree has < 2imaxt1 — aflogz[n/s[1+2 — O(n /s)
nodes, hence we can store F in O(n/s) space. Computing the fingerprints of the leaves
takes O(s - n/s) = O(n) time. Computing the fingerprint of one of the O(n/s) internal
nodes takes O(1) time with Lemma hence this takes overall O(n/s) time. Overall,
the construction takes O(n + /n) = O(n) time and O(n/s + y/n) space.

Queries. Suppose we want to compute the fingerprint ¢(p,p + [ — 1) of the substring
T[p,p+1). Now we use the samples in F (see Algorithm . If [ < s, then we cannot use
any samples and naively compute ¢(p,p + 1 — 1) in line 2. Else, we compute the longest
sampled length I;, = s-2"~! and its corresponding height h = [log,[l/s]]+1 in F that could
fit into the substring [p,p + 1) in lines 3-4. In line 5, we determine the index i = [p/lx]
in F[h] of the first sample with length [; that starts at or after position p. If this sample
ends after the end e = p+1 of the substring, i.e, it holds (i 4+ 1) -l > e (see line 7), then we
cannot use it. If h = 1, then we cannot use any sample in F, and compute ¢(p,p +1— 1)
naively (see line 9). Else, we can use a shorter sample, so we decrement h by one, halve

the sample length [;,, and adjust i (see lines 10-12).
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Algorithm 18: build—fp—sampling() Algorithm 19: fp-substr([p,p + [))
1 hmax < [logy|n/s]| + 1 if | < s then

2 F <« new array]|l. hmax] 2 t return ¢(p,p+1—1);

3 for i from 1 to [n/s| d 3 h < [log,[l/s]] + 1

L F[U[i] < ¢((i = 1) - s+ 1,min(n,i-s)); , I — - 201,

5 for h from 2 to hmax do 5 i< [p/ln];

6 | wy < [In/s]/2"1; 6 e p+l;

7 F|h] < new array|l..wp]; 7 if (i +1) -1, > e then

8 lep — s - 202 8 if h =1 then

9 for i from 1 to w, — 1 do 9 L return ¢(p,p+ 1 —1);
10 F[h][i] < concat-fps( 10 heh—1:

Flh—1][2i — 1],
Flh = 1[2i], len);

11 lh «— lh/2;
12 | i — [p/lnl;

11| pic < 2wp + 1 18 f « F[h][i];
12 Drc < Pic + 15

14 Pm < 0 - lp;

13 if prc - lch > n then 15 Py < Pm + ln;
|| Flh]fwn] < Flh - 1[p); 16 if py > p then
15 | else 17 | fi < fp-substr(p, pm — p);
16 lic = n+1—prlen; 18 f < concat-fps(fi, f,1n);
17 F[h][wp] < concat-fps( 19 if p, < e then
Flh = 1][pic], 20 L, <—e—pr;
Flh = 1][pre], lre); 21 fr < fp-substr(py, 1,-);
B 22 f < concat-fps(f, fr, lr);

23 return f;

Since now [ > s - 2" holds, the i-th sample of length s - 2"~ must be fully contained in
[p,p +1). Now, we divide T'[p,p + ) up into three substrings T'[p, [|)T[pm,Im)T[pr,lr) =
T[p,p+1), where py, = i-lj, and I, = ;. We start by computing the fingerprint f = F[h][i]
of the middle substring T'[pm,lm) in line 13. If the left substring T'[p},[|) is not empty
(pm > p holds in line 16), then we recursively compute its fingerprint in line 17 and combine
it with that of T[pym,{m) in line 18 using Lemma Therefore, f = ¢(p;, pr — 1) holds
after line 18. Finally, we recursively compute and combine the fingerprint of the right
substring with f in lines 20-22 analogously to lines 17-18 if it is not empty (p, < e). Now
f=ao,p+1,—1)=¢(p,p+1—1) holds, and we return f.

Query Running Time. Let pj,p),,p, and pf,p,,p; be the starting positions of the
left, middle, and right substrings in its left and right recursive calls within fp-substr([p, p +
1)), respectively (see Figure [4.8)). Since the middle substring T'[p!,, p..) in the left recursive
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Figure 4.8: Illustration of the recursion tree of fp-substr([p,p +1)).

call is shorter than the middle substring T'[pm, pr), T[Ph,, D)) ends at pp,, ie, p. = pp,
hence the left recursive call does not issue a right recursive call. This argument can be
continued inductively downwards the left-hand side of the recursion tree in order to show
that each recursive call on the left branch makes at most one recursive call. Similarly, it
holds p} = p, in the right recursive call, and due to the same argument, each recursive call
in the right branch of the recursion tree makes at most one recursive call.

Let T'(I') be the running time of one such call fp-substr([p’,p’ +1')). By the choice of
h, the middle substring T'[p},,,[,,) has length > I’/3, hence we get the recurrence

() - T2U/3)+01) ifl =s, (4.9)
o) else,

which solves to T'(I') = O(log(l’/s)). Now it remains to assess the overall time spent in
lines 2 and 9. Let S1...Skx = T[p,p + 1) be the decomposition of T[p,p + 1) such that each
S; with ¢ € [1,k] is either the middle substring S; = T[pl,, P, + II,) in some recursive
call fp-substring([p’,p’ + I')) within fp-substring([p,p + 1)), or a string whose fingerprint is
naively computed (in line 2 or 9) in another such recursive call (see Figure [£.8). Since we
always choose the middle substring T'[p},, pr, + I},) as large as possible, we have |S;| <
o K|Sz = .. > |Sk|, where Sy = T'[pm,Pm + Im), and Vy € [2,k) : |S,| = s. Therefore,
there are at most 2 instances where we compute the fingerprint of a substring naively (.S;
and Sk), and each such substring has length < s, hence lines 2 and 9 take overall O(s)
time. Since the running time is O(l) if [ < s, this results in an overall running time of

O(min(l,log(l/s) + s)). O
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4.5.3 Sparse Prefix- and Suffix Array Interval Sampling

To speed up the computation of the sparse suffix array interval of a given length-A pattern,
we use a hash table storing the sparse suffix array intervals of all length-A substrings

Tli,i + A) in T starting at a sampled position.

4.5.3.1 Preliminaries

4.5.4 Definition. Let A € [1,n] be a pattern length. Let SIVg be the set containing
the sparse suffix array intervals of all length-A substrings of T" w.r.t. S, i.e, SIV:\g =
{sivs(T[S[i], S[i]+A)) | i € S}. Let S% be a function, where Sg([b, €]) = ¢(S[SAs[b]], S[SAs[
b]] + A — 1). Finally, let H(SIVY) be a hash table storing SIV§ and using S} as the hash
function. PIVg, Py and H(PIVY) are defined analogously for sparse prefix array intervals.

4.5.5 Lemma. Let \ € [1,n] be a pattern length, let i € [1,n — X), and let [b,e] =
sivg(T[i,i + \)). Given H(SIVY), a data structure for O(1) time LCE queries and ¢(i,i +
A — 1), we can compute [b,e] (or report [b,e] = &) in O(1) expected time.

Proof. Let B be the bucket in H(SIVZ) that the hash ¢(i,7 + X\ — 1) points to. For each
[V/,€¢'] € B, we compute | = LCE(S[SAg[b']],i). If I = X, then we return [b',€’]. After
iterating over B completely, we return ¢J to indicate that [b, ] does not exist.

If [b, €] does not exist, then there is no interval [V, ¢/] € SIVY such that LCE(S[SAg[¥]],7)
> )\, hence we correctly return . If [b,e] exists, then T[S[SAg[b]], S[SAs[b]] + A) =
T[i,i + A) implies S§([b,e]) = #(S[SAs[b]], S[SAs[b]] + A — 1) = ¢(5,i + A — 1), hence
[b,e] € B, and because LCE(S[SAg[b]],7) = A, we correctly return [b, e]. Since the expected
size of B is O(1), this takes O(1) expected time using O(1) time LCE queries. ]

4.5.6 Observation. Let A € [1,n] be a pattern length, let x(A) = |[{i € [1,|S]] | LCPg[i] <
A, let i € [1,n — A), and let [b,e] = sivg(T[i,i + A)). Then, LCPg[i] = A for i € (b, €],
and LCPg[b] < A. Therefore, the total number of sparse suffix array intervals for length-A
patterns is at most x()), i.e, |SIVa| < x(A). Let LCP%[1..s] be the array LCPg sorted in
ascending order. We have x(\) = max{i € [1,|S|] | LCP[i] < A}, which we can compute
in O(log|S]) time using a binary search over LCPY. This gives us an upper bound for the
size of H(SIVY).

Since we have o < 256 = 2% in practice, the sparse prefix- and suffix array for patterns
of length 1 and 2 can be stored in arrays of length 2% and 2'6, respectively. Therefore,
Lemma is only useful for A > 3. If we have a maximum wanted pattern length Amax
and a maximum wanted number of sampled intervals 6, then we can use Theorem [4.5.7]
to compute a set of pattern lengths between 3 and Amax and hash maps according to
Definition for each of those pattern lengths such that (i) at most 6 intervals are
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sampled, (ii) ©(0) are sampled in expectation, and (iii) the number of sampled intervals
rises linearly with the pattern length index (not the pattern length itself).

To see why we chose (iii), suppose that the majority of values in LCP¢ lie in a small
range [z,y]. Then the majority of phrases in the LZ77 factorization have length [ € [z, y].
In this case, (iii) ensures that many of the chosen pattern lengths lie in the range [z, y]

and thus speeds up the search for [.

4.5.3.2 Data Structure

4.5.7 Theorem. Let S be a sampling of text positions, let Amax = 3 with Amax = O(1) be
the mazimum pattern length, let 0 > |S| be the mazximum number of samples, let D be a data
structure for computing the Karp-Rabin fingerprint of a substring of T, let ¢p and cp be
its query- and construction time, respectively, and let sp be its size. Then, we can compute
in O(n/log, n+ |S|log|S|+cp + 6 - gp) expected time and O(n/log, n + 6 + sp) expected
space a set of pattern lengths A = {1, ..., Ay} and hash tables H(SIVgl), ceey H(SIVgM) with
Al < ... < Ay = Amax such that for i€ [1, M],

M
(i) DIIH(SIVy)| <0, and
i=1

M

(ii) Z |H(S|Vgi)| = O(0) in expectation, and
i=1

(iii) |H(S|Vg¢)\ —x(3) = O(i) in expectation.

Proof. We start by computing SAg[1..|S|] in O(n/log, +|S|log |S|) time and O(n/log, n+
|S]) space using Lemma Now, we compute LCPg[1..|S|] in O(]S|) time according to
Definition using the O(1) time LCE data structure from Theorem We compute
LCPY in O(|S|log|S]) time.
Let p = x(3) and v = x(Amax). We choose
Vie[l,M): A\ = LCPfg[[,LH—ﬁ(U—M)J] (4.10)

(see Figure , which implies

Vie[1,M]: HSIVY)| < x(\) <u+ﬁ(y—u). (4.11)
However, we have not yet set M. If we insert Equation (4.11]) into (i), then we get

1

M M
DIHESIVE) <0< D (n+ om0
=1 =1

M
VR v—pM(M+1) (4.12)
Mp+—=Y i< M <49 :
SRV ;Z < MET Ty 2 =
_ — 20 _
Mu+ 228 FcpomclTrY

2 J
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Figure 4.9: Illustration of the choice of A in Theorem The graph shows LCP[i]

at position 1.

Therefore, setting (iv) M = |(20 + p — v)/( + v)| and choosing A; according to Equa-

tion (4.10) ensures (i). Now, we show that M > 1 always holds.

- 20+ p—v
u+v

Equation (4.13) always holds, because we have v € [1,|S|] and 6 > |S|. If we assume that

in expectation,

M=>=1 zle20+p—v2pt+trvesld=>v (4.13)

7

) A =+ 0 (=) and "
(vi) [SIVY] = O(x(M)

hold for i € [1, M], then we get

i

xX(\i) =p+6 (M(V—u)> < x(\) —p =96 (M(V—u)> <
(i)

KO =x3) = 0 (1= ) ) = SV - x®) = 0 (1= w) = (19)
H(SIVE)] = x(3) = ©(i)
for i € [1, M], which is (iii). Furthermore, (iv), (v) and (vi) yield
M M
DLIHSIVE) = Y 0(x(\) =
i=1 i=1
M ; v M
) — (v — =0 |M 1| =
z-_El (MJFM( u)) < S ;) (4.16)

@(MMJFVJ\}“M(M;l)) =@<M“+”+”_“> -

20+ p—v|ip+v v—p\
@({ Py J 5 + 5 = 0(0),
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which is (ii). Lines 1-7 in Algorithm summarize the computation of A. In lines 1-2,
we compute g and v according to Observation in O(log|S]|) time. In line 3, we
preliminarily choose M according to Equation (4.12)). Then, we choose ); for i € [1, M]
according to Equation in lines 5-6. In general, we may have chosen some pattern
length twice, i.e, \; = \;_1 may hold for some i € [2, M]. In this case, |A| < M holds. To
account for this, we set M « |A| in line 4.

Now, it remains to compute the hash tables. Overall, we iterate once over LCPg[2..|S]],
i.e, we consider all samples and therefore also all sparse suffix array intervals in lexicograph-
ical order. We maintain an array B that stores for each pattern length A; at position j
the start of the sparse suffix array interval of the lexicographically next largest not yet
considered length-\; substring of 7" that starts at a sampled position. More formally, let
i€[2,|S]+1]. Let j e [1,M], let p; = S[SAg[i—1]], and let [b;, e;] = sivs(T[p;, p; + Aj)).
At the start of the i —1st iteration, the following holds for each j € [1, M]. If pj+X; > n+1,
then B[j] = i — 1, and B[j] = b;, else (see Figure [4.10).

At the start of the first iteration (i = 2), B[1..M] = [1,...,1] does not violate the
invariant. Suppose we encounter an LCP value LCPg[i] < A; at position i. If pj+X; < n+1,
then [B[j],i) € SIng, hence we compute S3([B[j],4)) = é(p;j,p; + A; — 1) in line 15
and use it to insert [B[j],4) into H(SIng) in line 16 (see Definition . In any case,
setting B[j] < 4 in line 17 maintains the invariant. Finally, we add a sentinel value
LCPs[|S|+1] = 0 to LCPg to ensure that we consider all intervals ending at |.S| in the last
iteration.

For each A; € A, the if-clause in line 14 fails iff S[SAg[i — 1]] > n — A; holds. Since
ALy ooy AMr < Amax = O(1), this happens at most

M M M
DS A (n=X,n]l< Y A=) 001)=0M) =0() (4.17)
j=1 j=1 j=1

times. For every successful evaluation of the if-clause in line 14, we insert one interval into
some hash table. Therefore, the if-clause succeeds Z]Ail \H(SIng )| = ©(0) times. Since it

fails O(#) times and succeeds ©(0) times, we reach line 14 ©(0) times. Furthermore, we

Blj] i p
sAs[ || I x 1 ]
YEES
LCPs| E E |
=%
< 2N <

Figure 4.10: Illustration of Algorithm
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Algorithm 20: build-ssa-interval-sampling()
1 p < max{i € [1,]S]] | LCP%[i] < 3};

v« max{i € [1,|S|] | LCP%s[i] < Amax};
M —[(20+p—v)/(u+v)];
A — {Amax};
5 for ¢ from 1 to M —1 do

N

w

'y

6 | A AU{LCPYlp+ (i/M) (v — w)]]};
7 M — [Af;

8 B «— new array[l..M];

9 B« [1,..,1];
10 for i from 2 to |S|+ 1 do

11 for j from M to 1 do

12 if LCPs[i] > )\; then

13 t break;

14 if S[SAs[i —1]] + A; <n + 1 then
15 f «— fp-substr(S[SAg[i — 1]], A;);
16 HSIVY)Lf] « (Bl )

17 Blj] < i;

break out of the inner for-loop (lines 11-17) at most |S| times. Therefore, we run through
O(0 + |S|) = ©(0) iterations of the inner for-loop. Since we compute exactly one Karp-
Rabin fingerprint per inserted interval, the outer for-loop takes ©(6 - gp) expected time.
Overall, the construction takes O(n/log, n + |S|log|S| + ¢p + 0 - gp) expected time and
O(n/log,n+ |S|+ 0 + sp) = O(n/log, n + 6 + sp) expected space. O

4.5.4 Orthogonal Range One-Reporting

The insertion-only orthogonal range one-reporting (I0O-OROR) problem (see Definition|3.2.1])
can be reduced (see Lemma [4.5.9)) to the static weighted orthogonal range one-reporting
(SW-OROR) problem (see Definition [4.5.8]) if the insertion order is known beforehand.

4.5.8 Definition. Let 7 be a permutation of [1, N], let & = {(i,7(3)) | ¢ € [1, N]} be the
set of valid points, and let w((é, 7)) be the weight of the point (i,7(i)) € U. The problem
of static weighted orthogonal range one-reporting (SW-OROR) is, given a query rectangle
Q = [x1,22] x [y1,y2] and weight w’, to output a point p € Q N U with w(p) < w’, or
report that there is no such point. We call {7, w) an instance of the SW-OROR problem.

4.5.9 Lemma. Let w be a permutation of [1,N], let U = {(i,7(i)) | i € [1,N]} be the set

of valid points, let I = {(i1,7(i1)), ..., (iar, w(iar))) be the sequence of inserted points in an
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instance {m,I) of the I0-OROR problem with fized insertion order. Then, this instance
can be reduced to an instance of the SW-OROR problem.

Proof. Let Aj = {(ir,m(ix)) | k € [1,7]} be the set of inserted points after j insertions,
and let (m, w) be an instance for the SW-OROR problem, where w((i;, 7(i;))) = j for each
j€[1,M], and w(p) = oo for each p € U\ Apy.

We will now show that we can solve (m, I') by solving {7, w). Let Q = [z1, z2] X [y1, y2]
be a query rectangle for the instance (m, I’), and let (i;,7(i;)) with j € [1, M] be the last
inserted point. For each p € U, we have p e A;n Q < p e Q A w(p) < j, hence we
can answer the query to {(m, I) by querying {(m,w) with the same rectangle Q and weight
w = j. ]

In the algorithm for the exact LZ77 factorization, the insertion order fixed (see Ob-
servation [3.2.3). Therefore, we will also discuss data structures for SW-OROR (see Sec-

tion [4.5.4.2]).

4.5.4.1 Dynamic Data Structures

We begin with the Dynamic Square Grid, which is a very simple data structure for 10-
OROR. Then, we discuss the Semi-Dynamic Square Grid, which is a slightly optimized

version for the case, where the set of inserted points is known beforehand.

4.5.4.1.1 Dynamic Square Grid (D-SG) Here, we split the overall range [1, N] x
[1, N] into ~ (N/m)? equally-sized square cells with width m > 1. Thus, we have a g x g
grid of square cells, where g = [N/m]| (see Figure [£.11]).

Data Structure. The data structure consists of g = O((N/m)?) dynamic arrays
C1,...,Cg2, where each point p = (x,y) € Ay will be inserted into Cy,), where c(p) =
gly/m| + |z/m| + 1 is the cell index of p.

Pre-Processing. The pre-processing consists of the initialization of the arrays C1, ..., Cp2.
This takes O(g?) = O((N/m)?) time and space.

Size. The overall size of this data structure is O(g? + N) = O((N/m)? + N). Storing
one point needs 8 bytes if N < 232, and 16 bytes, else. Storing one dynamic array (ignoring
the points) needs 16 bytes (8 for the size, and 8 for the pointer to the data). Storing the g2
dynamic arrays C1, ..., C,2 therefore requires 16 - g* = 16 - [N /m]? bytes. Thus, this data
structure needs 8 - N + 16 - [N /m]? bytes if N < 232 and 16 - N + 16 - [N /m]? bytes, else.

Queries. Algorithm [21] shows the query algorithm. To answer a query with rectangle
Q = [x1, 2] X [y1,y2], we compute the leftmost, rightmost, lowest and highest cell ranks
) = |z1/m|, zf = |za/m|, y§ = |y1/m| and y} = |y2/m|, respectively. Then, we iterate
for each (2/,y') € [2], 24] x [y}, y4] over the array C;, where i = g -y + 2’ + 1 is the cell
index of the cell with xz-rank z’ and y-rank y’. If we encounter a point p € Q, then we

return p. Else, we return L.
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Figure 4.11: Illustration of the grid-based data structures. Each cell is labeled with its
cell index. In this case, the cell index of the point p = (z,y) is ¢(p) = gly/m|+|x/m|+1 =
3g + 3 = 18, where g = 5.

Query Time. Q fully contains |Q|/m? cells. If we find a point in one such cell, we
can directly return it, hence we spend O(|Q|/m?) time for the fully contained cells. Q
cuts < 4g = O(N/m) boundary cells. For each point in a boundary cell, we have to check
whether it lies in Q. However, since the points have distinct z- and y coordinates, there
are < 4m such points in total, hence we need overall O(N/m + m) time for the boundary
cells. In total, we need O(|Q|/m? + N/m + m) time.

4.5.4.1.2 Semi-Dynamic Square Grid (SD-SG) If we know the insertion order I
beforehand (see Lemma [4.5.9)), we can reduce the space of the D-SG.

Data Structure. Instead of storing g? dynamic arrays, we store 3 arrays P[1..N],
L[1..g%] and X[1..g%], where

e X is initialized such that X[i] = [{p € A | c(p) < i}| + 1 is the number of points in

Aps with cell indices smaller than i, for each i € [1, g?], and after j insertions,

o L[i] = {p e Aj | c(p) = i}| stores the number of already inserted points with cell

index i, for each i € [1, g%], and
e cach p = (z,y) € A; is stored in P[X[c(p)], X[c(p)] + Lle(p)]).

Intuitively, P[X[i], X[i + 1]) is the range in P where all points in the cell with index 7 will
be stored, and P[X|[i], X[i] + L[i]) is the range containing the already inserted points in
the cell with index .

Size. As with the D-SG, the overall size of this data structure is O(g?> + N) =
O((N/m)? + N). If we assume that m < 2!6, then we can store each entry in L with



68 CHAPTER 4. IMPLEMENTATION

Algorithm 21: query-D-SG(Q) Algorithm 22: build-SW-SG()

1 @) = |z /ml; 1 L [0,...,0];

2 xh, = |za/m]; 2 for p = (z,y) el do

8 yy = lyi/ml; 8 | J<cp)=ygly/m]+|z/m|+1;
4 Yy = y2/m]; 4 | L[j] < L[j]+ 1

5 for 2/ from 2| to z, do 5 X[1] < 1;

6 for y' from y; to y; do 6 for i from 2 to ¢°> do
7 i—g-y +al 1 7 | X[i] < X[i — 1]+ L[i - 1];
8 for p e C; do
. s L« [0,...,0];
9 if pe Q then
9 for p = (z,y) eU do
10 L return p; .
i w0 | j<—cp) =gly/m|+|z/m|+1;

1

=

PIX[j] + L[j]] < {p,w(p));

11 return 1; ) ]
LIl < Llj1+ 15

1

N

2 bytes. If N < 232, then we store each entry in X with 4 bytes. Else, we need 8 bytes.
Thus, this data structure needs 8- N +6-[N/m]? bytes if N < 232, and 16- N +10-[N /m]?
bytes, else.

Pre-Processing. We start by initializing L < [0,...,0]. Then, we increment L[c(p)]
by 1, for each p € Ay;. Now, we set X[1] < 1, and for i from 2 to g2, we set X[i] < X[i —
1]+ L[i—1]. Finally, we reset L < [0, ...,0]. The pre-processing takes O(g?) = O((N/m)?)
time and space.

Queries. The query procedure is almost identical to that of the D-SG, but here,
we iterate for each cell index ¢ with j over the range P[X[i], X[i] + L[i]). Again, if we
encounter a point P[j] € Q, then we return P[j]. Else, we return L.

Query Time. This data structure has the same query time as D-SG. In general, a
query takes O(|Q|/m? + N/m + m) time.

4.5.4.2 Static Weighted Data Structures

As argued in Lemma we can implement a data structure for SW-OROR instead of
IO-OROR if the insertion order is known beforehand. We will now discuss several data
structures for the SW-OROR problem.

4.5.4.2.1 Static Weighted Square Grid (SW-SG) This is the static version of the
SD-SG.
Data Structure. We store two arrays D[1..N] and X[1..g%], where

o X[i]=|{pel | c(p) <i}|+1is the number of points in & with cell indices smaller

than 4, for each i € [1, g?], and
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o (p,w(p)ye D[X|[c(p)], X[c(p) + 1]), for each p e U.

L[1..g%] is not needed anymore, because we do not allow insertions. However, we now also
have to store the weight for each point in D.

Size. As with the SD-SG, the overall size of this data structure is O(g? + N) =
O((N/m)? + N). However, we do not store L, but additionally store the weight of each
point, which needs 4 bytes if N < 232, and 8 bytes, else. Overall, this data structure needs
12-N +4-[N/m]? bytes if N < 232 and 24 - N + 8 -[N/m]? bytes, else.

Construction. We start by constructing X and L as with the SD-SG (see lines 1-8
in Algorithm [22)). Then, we write each point p € U and its weight w(p) to the next free
position P[X[j] + L[j]] < {p,w(p)) in its cell j = ¢(p), and increment the number L[j]
of already inserted points in its cell (see lines 9-12). The construction takes O(g? + N) =
O((N/m)? + N) time and space.

Queries. The query procedure is identical to that of the SD-SG, with the difference
that we have to check if the weight w(P[j]) of a considered point does not exceed the
query weight w’.

Query Time. The query time is similar to that of the D-SG and the SD-SG, with
the difference that we cannot directly return a point in a fully contained cell. However,
since there are at most min(|[z1,22]],|[y1,92]]) < +/]Q| points in Q, we need overall
O(|Q|/m? + N/m + m + 4/|Q]) time.

4.5.4.2.2 Static Weighted Striped Square (SW-SS) Instead of dividing the overall
range [1, N] x [1, N] into squares, we now divide it into [IN/s| vertical segments with width
s, where s > 1 is an integer, and sort the points inside each segment by their y-coordinates.
By the definition of U, there is exactly one point for each z- and y-coordinate, hence each
segment contains exactly s points (except for possibly the last segment). This simplifies
the data structure, its construction, and queries.

Data Structure. We store the array S[1..N], where

e for each point p = (z,y) € U, {(p,w(p)) is stored in S[b,e], where b = |z/s|s + 1,
e = min(N, |z/s|(s + 1)), and

e the points stored in P[b, e] are sorted in ascending order by their y-coordinates, for
each [b,e] € S = {[i-s+ 1,min(N,(i+1)-s)] | i€ [0,|N/s|]}.

Size. This data structure needs O(N) space. Since we only plainly store each point
and its weight, we need 12 - N bytes if N < 232, and 24 - N bytes, else.

Construction. At first, we place each point into the correct segment in S (similar to
radix-sort). To do so, we maintain that in the array R[1..[N/s|], we store at position i
the number of already inserted points in the i-th segment + 1 (R is similar to L from the

SD-DG and the SW-SG). For each p = (z,y) € U, we write S[|z/s| + R[|z/s|]] < {p,w(p))
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T

N

Figure 4.12: Illustration of the SW-SS. In this case, we have s = 4, and the points

P1, ..., P4 in the second segment are stored in S[s + 1,2s]| = [ps, p1, p2, P4l

Algorithm 23: query-SW-SQ(Q, w')

1 @)« |z1/s];
2 x4 < |12/s];

3 for 2’ from 7 to zf do

4

5
6
7
8
9

10

11
12

13

14

be—ua'-s+1;

t — min(N +1,b+ s);
while b # t do
c—(b+1)/2;

if S[c].p.y < y1 then
L b—c+1;

else if S[c|.p.y < y2 then

Ltem;

break;

if [b,t) = & then

L continue;

15

16

17

18

19

20

21

22

23

24

for i from c to t do
if S[i].p.y > y2 then
t break;

if S[i].we Q A S[i].w < w' then
L return S[i].p;

for 7 from ¢ — 1 down to b do
if S[i].p.y < y1 then
t break;

if S[i].we Q A S[i].w < w' then
t return S[i].p;

25 return |;
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and increment R[|x/s|]] by 1. Finally, we sort the points in P[b, e) by their y-coordinates,
for each [b,e) € S. This takes O(N + (N/s)(slogs)) = O(N log s) time.

In practice, we use another method to construct S. We set S < U, and then sort S
such that for each i, j € [1, N], it holds

i <j<(S[i].p-x/s| <|S[j]-p-x/s|v (4.18)
(LS[il-p-x/s] = |SLil-px/s| A Slil-py < Sli]-p.y))- (4.19)
This takes O(N log N) time and does not require the array R[1..[N/s]].

Queries. Algorithm[23]shows the query algorithm. We start by computing the leftmost
and rightmost segment ranks x and zf,. For each z/-th cell with 2’ € [, 2], we perform
a binary search for those points in this segment that lie in Q if there are any (see lines
3-12). If the point at the center position ¢ in the current search range [b,t) lies below Q
(S[c]-p-y < y1 holds in line 8), then we continue the search above S[c|.p, i.e, set b « ¢+ 1
(see line 9). Similarly, if it lies above Q, then we continue the search below it (see line 11).
Else, P[c|.p lies inside, left or right of Q, and we abort the binary search (see line 12).
If there is no such point, then [b,t) = ¢ holds in line 13, and we continue with the next
segment (see line 14). Else, we scan with i from S[c] up to S[t —1], and then from S[c—1]
down to S[b] (see lines 15-24). If there is a point S[i].p € Q with S[j].w < w’, then we
return p. Once we see a point above Q (see line 16) or below Q (see line 21), then we
can stop scanning, because the points in each segment are sorted by their y-coordinates.
Finally, we return L in line 25 if we have not found any point. The algorithm is correct,
because we consider every segment that is cut by @, and only filter out points above and
below Q.

Query Time. Let & = |[z1,22]| and § = |[y1,y2]|. Q cuts [Z/s] segments, hence we
spend O((z/s)logs) time for the binary searches in total. In lines 15-24 we scan over at
most all the min(Z,y) < 4/|Q] points in Q N U, and < 2s additional points that lie left
and right of Q in the leftmost and rightmost segments that are cut by Q. Thus, we scan
over O(+/]Q| + s) points in total. The overall query time is O((Z/s)logs + s + /]Q)).
If 7 = O(s/logs,/]Q|), then one query takes O(((s/logs+/|Q|)/s)logs + +/]Q] + s) =
O(+/|Q] + s) time.

4.5.4.2.3 Static Weighted K-D Tree (SW-KDT) A k-d tree with k£ = 2 divides
a point set recursively alternately according to the z- and y-coordinates into 2 subsets of

approximately equal size.

4.5.10 Definition. Let P = {(z1,41), ..., (Zn,¥n)} S R?. Then, the 2-2-d tree of P is
defined as either a single node ((x1,y1)) if n = 1, or the tree with root {(zy,, ym)), where
e m € [1,n] such that |P-| = [n/2], where
P.={(z,y) € P | x <y} and
P. ={(z,y) € P | >z}, and
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o the left child of {(zp, ym)) is the root of a y-2-d tree of P-, and
o the right child of {(,, ym)) is the root of a y-2-d tree of Ps if P # .

The y-2-d tree of P is defined analogously to the z-2-d tree of P, with the difference that
the point set is divided into 2 subsets based on the y-coordinates, and that the children of

the root of a y-2-d tree are roots of x-2-d trees.

4.5.11 Example. The dotted lines on the left-hand side indicate the recursive subdivi-
sions of the point set. The 2-d tree of the point set from the left-hand side is shown on the
right-hand side.

N : ;
p1x pog  Pox @

pzx Ep4x; Qp7>i< @ @ @ @
" ] ®® ®

0 T N

Data Structure. We store the points of the z-2-d tree of U in an array D[1..N],

which is recursively defined as follows.
e D[1] stores the root of the z-2-d tree of U, and

e If DJi] stores the root of an x/y-2-d tree of P = {(z1,y1), ..., (Tn, yn)}, then D[i] =
<p7 (p)v wmin>, where
— Wmin = min{w(q) | ¢ € P} is the minimum weight of any point in P,

— p = (@m, Ym) is the median point in P, i.e, we have |P-| = [n/2], where
P.={(z,y) e P | x <xp,} and
P. ={(z,y) € P | x> x,}, and

— [ =14+ 1is the index in D of its left child,

— r =i+ |P-|+ 1 is the index in D of its right child,

— D|I] stores the root of the y/z-2-d tree of P if n > 1, and
— DJr] stores the root of the y/xz-2-d tree of P~ if P~ # .

Size. At each node, we store 4 integers in the range [1, N, hence we need O(IV) space.
More precisely, we need 16 - N bytes if N < 232, and 32 - N bytes, else.
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Construction. If we use the quickselect [23] algorithm to find the median point in a
point set in O(N) time, then the definition of the array D yields an O(N log N) time and
space construction algorithm for D.

Queries. Algorithm [24]shows the query algorithm. Let 7 be a subtree in the overall 2-
d-tree, let D[b..e] be the range that stores exactly the nodes in 7 (due to the construction,
such interval [b, e] exists for every possible subtree), and let v = true iff the root of T
splits the point set vertically. Then, query-KDT(Q,w’, b, e, v) either returns a point stored

in 7 that lies in Q and has weight < w’ if it exists, or returns L, else.

Algorithm 24: query-KDT(Q,w’, b, e, v)
1 if D[b].pe Q@ A D[b].w < w’ then
2 L return D[b].p;

3l—b+1;
r—I1+[(e—10)/2];
if e > b A D[l].wmin < W' A (v A 21 < D[b].p.x v —v Ay < D[b].p.y) then

'y

(S}

6 p < query-KDT(Q, w', 1,7, —v);

7 if p # L then

8 t return p;

9 if e—b>1A D[r].wmin < W A (v Ax2 > D[bl.p.x v —v A y2 > D[b].p.y) then

10 p < query-KDT(Q, w', r, e, —v);
11 if p# 1 then

12 L return p;

13 return 1;

Due to the construction, the root of T is stored in D[b], its left and right children are
stored in D[l] and D[r], where l = b+ 1 and r =1+ [(e —b)/2]. If D[b].p lies in Q and has

weight D[b].w < w’, then we return it. Else, we recursively search in the left subtree iff
e DIb] has a left child, i.e, e > b, and
e not all points in the left subtree are heavier than w’, i.e, D[l].wmin < w’, and

e cither D[b] splits the point set vertically, and not all points to the left of D[b].p.x lie
to the left of Q, i.e, v A 1 < D[b].p.x, or

e DIb] splits the point set horizontally, and not all points below D[b].p.y lie below Q,
ie, =v A y1 < DI[b].p.y.

If all of those criteria are met (see line 5), then we recursively search in the left subtree

DJl,r] (see line 6). If query-KDT(Q,w’, 1, r, —v) returns a point, then we return it. Else,
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Data Structure | Problem Constr./Prepr. Time | Space |bytes|
D-SG IO-OROR | O(N + (N/m)?) 8N +16-[N/m]?
SD-SG I0-OROR | O(N + (N/m)?) 8N +6-[N/m]?
SW-SG SW-OROR | O(N + (N/m)?) 12-N +4-[N/m)?
SW-SS SW-OROR | O(N log s) 12-N
SW-KDT SW-OROR | O(N) 16- N

Table 4.1: Construction/preprocessing times and space requirements of the OROR, data

structures.
Data Structure | Problem Query Time
D-SG I0-OROR | O(|Q|/m? + N/m + m)
SD-SG IO-OROR | O(|Q|/m? + N/m + m)
SW-SG SW-OROR | O(|Q|/m? + N/m +m + 1/]Q))
SW-SS SW-OROR | O((z/s)logs + s+ 4/|9Q|)
SW-KDT SW-OROR | O(v/N)

Table 4.2: Query times of the OROR data structures.

we potentially query the right subtree (see lines 9-12). Finally, we return L in line 13, if
we have not found a point. To query the overall tree, we call query-KDT(Q, w’, 1, N, true).

4.5.12 Example. Let us continue Example

1 2 3 4 5 6 7 8 910
D = pio ps p5s P2 P3 P1 P8 P7 P6 P9

We have w(p7) = 1 and w(p) =
Q = [xlv xQ] X
DI[bl.p = p1o ¢ Q, we do not return pjp in line 2. Then, we set | =

w for p € P\{p7}. To query the 2-d tree with
[y1, y2] and query weight w’ = 1, we call query-KDT(Q, 1,1, 10, true). Since
2and r = 7 in
lines 3-4. Since D[l].wmin = 00 £ 1 = w’, the if-clause in line 5 fails. However, we have
e—b=9>1, D[r].wmin =0 <
query-KDT(Q, 1,7, 10, false). There, we continue to search only in the left subtree, i.e, call
query-KDT(Q,1,8,9, true). Now, we have D[b].p = py € Q and D[bl.w =1 <

we return D[b].p = pr.

1 =w and v A k2 > D[b].p.z, hence we recursively call

1=, so

We have

O(VN) [1]. Since each recursive call visits exactly one of these visited nodes, there

Query Time. Let v be the number of visited nodes during the query.
v =
are < v = O(v/N) recursive calls. Each recursive call takes O(1) time. Thus, one query
takes O(v/N) time.

Table [4.1] and Table [4.2] give an overview of the OROR data structures.
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Figure 4.13: Illustration of an instance (P.,Z.y from Definition where N, =
Csle+1]—Csle]. The left-hand side shows the range V., which contains all points p = (z,y)
with T[S[PAs[z]]] = T[S[SAs[y]]] = ¢. Note that its center lies on the diagonal. On the
left-hand side, the instance (P, Z.) is shown.

4.5.4.3 Decomposed Orthogonal Range Reporting

The instance (P,Z) of the IO-OROR problem from Observation has the property
that we can divide the overall point range [1, N] x [1, N] into o smaller ranges such that
each point is contained in one of those ranges, and the points contained in each one of
these ranges form a new instance of the IO-OROR problem (see Lemma . Similarly,
the range of each query issued in Theorem [3.2.9]is fully contained in one of those o ranges
(see Section [4.5.5.6). Combining these two insights allows us to reduce (P,Z) to o smaller
instances of the IO-OROR problem (see Theorem . We at first formally show how

this can be done, and then explain why it is valuable in practice.

4.5.13 Definition. Let Cg[l..0 + 1] be the sparse C-array w.r.t. S, where Cg[c] = {i €
[1,[S]] | T[S[i]] < ¢}. Let Si,...,Ss be arrays, where |S.| = Cg[c + 1] — Cg[c| and
Se[i] = selectc(S,7). Let Py, ..., P, be point sets, where P. = {(PAG'[i] — Cs[c], SAg'[i] —
Cslc]) |i € S.}. Let Iy, ..., Z, be sequences, where Z. = (PAG'[S.[1]]—Cs[c], SAG' [Sc[1]]—
Cslc]), ..., (PAG[Se[|Se[]] — Csle], SAG [Se[|Se|]] — Cse]). Finally, let Vi, ..., V, be ranges,
where V. = (Cs[c], Cs[c + 1]] x (Cslc], Csle + 1]].

4.5.14 Lemma. Let c € ¥ such that S, # . Then, (P.,Z.) is an instance of the I10-
OROR problem with fixed insertion order.



76 CHAPTER 4. IMPLEMENTATION

Proof. {P.,Z.) is an instance of the IO-OROR problem with fixed insertion order iff (i)
there is a permutation 7. of [1, N] for some integer N > 1 such that P. = {(i,7(7)) | i €
[1,N]}, and (ii) Z. contains distinct points from P..

Let m.(PAg'[i] — Cs[c]) = SAg'[i] — Cs]c] for each i € S,, and let [b,e] = sivg(c), i.e,
we have [b, e] = (Cg[c], Cs[c+1]]. Since PAg[b, e] and SAg[b, e] contain exactly the values

S., we have

{SAS'[i] | i Sc} = {PAG'[i] | i€ Sc} = [b,e]

(4.20)
<{SAG[i] — Cs[c] | i € So} = {PAG [i] — Cs[c] | i € So} = [1,]S.]],

hence (i) holds with N = [S.|. Since SAg' and PAg' are permutations, and (PAg'[i] —
Cslc],SAG'[i] — Cs[c]) € P, for each i € S, it holds (ii). O

4.5.15 Theorem. If each query rectangle Q in the instance (P,T) from Observatz’onm
is annotated with the character ¢ € ¥ such that Q < V., then we can solve (P, T) by solving
(P1,Z1), ey {Py, Lo .

Proof. Let Ry, ..., R, be data structures, where R solves (P, Z.).
Invariant. We maintain that after the i-th insertion in (P,Z), R, holds exactly the
points A. = {(PAG'[5] — Cs[ec], SAG [j] — Cslc]) | j € Se n [1,4]} for each ce [1,0].
Insertions. Given the next point (PAg'[i], SAg'[]) to insert, we instead insert (PAg'[i]—
Cslc], SAG'[i] — Cs[c]) into R, where ¢ = T[S[4]]. This maintains the invariant.
Queries. Let ¢ be the number of already inserted points in (P,Z), i.e, R holds the
points A = {(PAg'[4],SA5'[j]) | j € [1,4]}. Suppose we receive a query with the character
c € ¥ and the rectangle Q = [z1,z2] X [y1,y2] € V¢, and let

Qe = [}, 25] x [y, 5] = [21 — Csle], w2 — Csle]] x [y1 — Csle], g2 — Csle]].  (4.21)
By the invariant, we have

Vje[1,4]: (PAG'[4],SAS[j]) e An Q (422

=(PAS'[j] - Cslc]. SA5[7] — Cse]) € Ac n Qe o

Therefore, we can answer this query by querying R. with Q. (see Algorithm . In

lines 1-2, we compute Q. from Q. If R, returns a point p = (Z,7), then we can return

(Z + Cs[c], 5 + Cs|c]) by Equation ([4.22). Else (if p = L), then the query with rectangle
Q to R would have also returned 1 by Equation , hence we correctly return L.

4.5.16 Example. Consider the sampling from Example |3.2.11}]

1234567891011 1213 14 1516 17 18 19 20 21 22 23 24 25 26
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Algorithm 25: R.query(c, [z1,22], [y1,y2])
1 [2), 23] < [21 — Cs[c], 22 — Cs|c]];

2 [y1, 9] < [y1 — Csle], y2 — Cse]];

8 p = (Z,5) < Re-query([z}, 23], [y1, 15]);

4 if p # | then

5 | (@.9) < @+ Cslel 7 + Cs[e]);

6 return p;

1 23 4 567 8 9 10111213
C=12 3 4 589 131718 21 2526
PAc=1 4122 56137 8 9 10 3 11

PA;'=1 4122 568 9101113 3 7
SAc=124 1131098 7 6 5 2 11 3
SA;'=3 111321098 7 6 5121 4

We have Ce = [0,3,11,13], S, = [1,4,25], S = [2,5,8,9,13,17,18,26], S, = [3,21],
Vo= [1,3] x [1,3], Vy = [4, 11] x [4,11], V. = [12,13] x [12,13], T, = ((1,3),(2,2), (3,1)),
Ib = <(17 8)7 (27 7)7 (37 6)7 (47 1)7 (57 5)7 (67 4)7 (77 3)7 (87 2)> and Ic = <( ’ ) ( )> The in-
stances (Pga, Ly, {Pp, Lpy and (P, L.y are shown below.
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Suppose we have already inserted all points, and consider the query Q = [6,10] x [5, 9],
which is annotated with the character b, i.e, it holds Q € V, = [4,11] x [4,11]. Then, we
have Qp = [z1—C¢[b], z2a— C¢[b]] % [y1 —Cc[b], y2 — Cc[b]] = [6—3,10—3] x[5—3,9—3] =
[3,7] x [2,6]. The query Qp to (Py,Zp) can be answered with p = (5,5). To answer the
query Q to (P,I), we return (5 + Ce[b],5 + C¢[b]) = (8,8) € Q.

Now, we discuss why solving (P1,Z;), ...,{Ps,Z,) instead of (P,T) is valuable in prac-
tice. If we assume that the characters in T' are evenly distributed across the samples, i.e,

we have Cg[c] = (¢ — 1)|S|/o for each ¢ € X, then the overall point range

Jve| = U vel = U 1(Csel, Cs[e + 1] x (Cs]e], Cs[e +1]]] (4.23)
ceEX ceED ceD
= | J(Csle+ 1] = Cs[e))? (4.24)
ceY
= (c18l/o = (c = 1) - |S]/0)* = (IS]/0)? (4.25)

of the instances (P1,71), ...,(Ps, Ly is

(I51/0)>  _ (Sl/0)* _ »
LIS > [LIS ISP (4.26)

times smaller than the point range [1,]S]] x [1,|S]|] of the instance (P,Z). In practice
(0 < 256), this reduces the overall point range by a factor up to o2 = 2562 = 65536.
Conversely, this implies that the points can be distributed very unevenly in (P, Z).

With grid-based data structures, this enables us to either decrease the cell width m
while not increasing the size of the data structure, or reducing the size of the data structure

while leaving m unchanged.
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4.5.5 Algorithm

Now, we discuss our optimized implementation of the exact LZ77 algorithm from Sec-
tion [3.2] We start by showing how the size of the sample set C can be reduced in practice
(see Section . Then, we discuss the framework algorithm in Section Finally,
we employ the previously discussed optimizations in the algorithm for computing a perfect
phrase (see Sections [4.5.5.5| and [4.5.5.6)).

4.5.5.1 Sample-Set Construction

Again, let F = (s1,11), ..., (52, /) be the LZ-like factorization resulting from Theorem [3.1.8]
Instead of constructing C as in Lemma[3.2.7], we construct C with one scan over F from left
to right (see Algorithm [26). Since we add at most [n/§] samples to £ in order to achieve
d-density, C cannot exceed size |F| + [n/d]. Thus, initializing C as an array of this size
suffices (see line 1).

Now, we iterate with ¢ over C and with j over F. We maintain that after line 4 of the
j-th iteration (for j > 1), p is the 7 — 1-th and e is the j-th largest sample in €. If p and e
have distance > 4, then we add samples p + §, p + 29,... until the last added sample has
distance < 0 to e (see lines 5-8). Finally, we add e to C (see line 9). Since the last added
sample is C[¢ — 1] in line 11, we return C[1,1).

Since each 2 consecutive samples have distance < d, and we have added every sample
from &, C is 6-dense and leftmost-substring-covering. The algorithm runs in O(|F|+n/d) =
O(z +n/(n/z)) = O(z) time and uses O(1) additional space.

This algorithm produces a ~ 30% smaller sampling than Lemma in practice,

because we add extra samples between 2 consecutive samples of £ only if they have distance

< 6.
Algorithm 26: build-C() Algorithm 27: 1z77-exact()
1 C < new array[l..|F| + [n/d]]; 10«1
29— 1;p<—0; 2 v« 0;
3 for j from 1 to |F| do 3 while i <n do
4 e — p+ max(1,1;); 4 if R.is-dynamic() then
5 while e —p > § do 5 while v < N AC[v+ 1] < i do
6 p—p+7; 6 ve—uv+1;
7 Cli] < p; 7 L R.insert(PAZ ' [v], SAZ [v]);
® bl 8 {s,1) « perfect-factor(i, v);
o | Cli] —e 9 | i< i+ max(1,l);
10 | pe6 10 output (s, 1);

11 return C[1,1);
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4.5.5.2 Auxiliary Data Structures

4.5.5.2.1 Orthogonal Range One-Reporting Data Structure We use Theorem [£.5.15]
to split the instance (P, Z) up into o instances (P1,Z;), ...,{Ps, L, ), and solve each of those
using one of the data structures presented in Section If this is a data structure for the
IO-OROR problem (see Section [.5.4.1)), then the function R.is-dynamic() returns true.
Similarly, R.is-static() returns true iff this is a data structure for the SW-OROR problem

(see Section 4.5.4.2)).

4.5.5.2.2 Sparse Suffix Array Interval Samples We use Theorem [£.5.7 for the
sample-set C, implement D with Theorem and set 0 = 2|C| and Amax = |n/z].
If we set the sampling rate in Theorem to s = O(n/z), then the construction
takes O(n/log, n + |Cllog|C| + n + 2|C|log((n/(n/z)) + n/z)) = O(n + zlog z) time and
O(n/log,n + 2|C| + n/(n/z)) = O(z) space. In practice, however, we set s = 64 if
n/|C| = 256. Else, we do not implement Theorem and instead compute the finger-
prints naively. Note that during the construction of Theorem and the computation
of the exact LZ77 factorization, we compute fingerprints with length g n/z ~ n/|C| < 256.
In this case, computing fingerprints naively is faster than using Theorem [4.5.3] even when
decreasing the sample rate s below 64. We implement Lemma [£.5.2] in any case, in order

to concatenate fingerprints. Let Agys be the set of pattern lengths resulting from Theo-

rem 5.7

4.5.5.2.3 Sparse Prefix Array Interval Samples In practice, we set § = min(256,
n/z), because increasing d beyond 256 does neither decrease the running time, nor the peak
memory usage (when setting 7 = 512). We also implement Theorem for sparse prefix
array intervals w.r.t. C. Since we only compute sparse prefix array intervals of length-< §
substrings of T', we set Amax = 0. We use the data structure from Paragraph for
computing fingerprints. Let Ayer be the set of resulting pattern lengths.

4.5.5.3 Framework Algorithm

Algorithm [27] shows the framework algorithm. We maintain the starting position ¢ in T" of
the next phrase to compute, and the index v of the last sample C[v] before i (or v = 0 if no
such sample exists). Additionally, we store a globally defined array ®[1..5] for temporarily
storing fingerprints. In lines 5-7, we maintain the invariant from Theorem [3.2.9] that R
holds exactly the points {(PAZ'[1],SAZ'[1]), ..., (PAZ'[v],SAZ [v])}. However, we only
do this if R is dynamic (see Section . If R is static, then we instead dynamically
adjust the query weight for the queries to R (which is equivalent to inserting points into and
removing points from R if it is dynamic, see Lemma. This also eliminates the need to

consider close sources separately. We will explain this in more detail in Section [£.5.5.6] As
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in Algorithm , we iteratively compute perfect factors (see line 8) until we have factorized

T completely.

4.5.5.4 Computing a Perfect Factor

Algorithm summarizes the computation of a perfect factor. As in Algorithm we
initialize (s,l) as a literal factor for position i in line 1. s, [ and ¢ are globally defined

variables within perfect-factor(i, v).

4.5.5.4.1 Close Sources If R is dynamic, then we consider each close source p €
[¢ — 6,7) in lines 3-7 as in Algorithm If R is static, then we instead consider all close

sources during Paragraph [4.5.5.4.2

4.5.5.4.2 Far Sources

4.5.17 Definition. Let i € [1,n], t € [1,n —i+ 1], k € [1,min(d,n — i + 1)], [x1,22] =
pive(T'[i,i + k)) and [y1,y2] = sive(T[i + k — 1,7 +t)). Let v € [0,|C|] such that either
v =0if C[1] >4, or v > 1 is maximal such that C[v] < i. Then, we say that PAc[z1, 2]
and SAc[y1,y2] intersect before i iff PA¢[z1,x2] N SAc[y1,y2] N [1,v] # &.

Here, we want to compute t' and a source s’ < i of T[i,i + t'), where t' is the
maximum ¢ such that there are k, [z1,2z2] and [y1,y2] as defined in Definition [£.5.17
extend-right(k, [21, 2]) (see Algorithm[29) computes, given some k and [21, z2] = pive (T[4,
i+k)) # &, the maximum ¢ such that PA¢c[z1, x2] and SA¢|y1, y2] intersect before 7. If such
t exists, then it also finds a source s’ < i for T[4, +t), and updates (s,l) « {(s',t). There-
fore, calling extend-right(k, [z1,x2]) for each possible k (with [z1,z2] = pive(T[i, i + k)))
ensures | = t' and that s is a source of T'[i,i + t'). We will discuss Algorithm [29|in the
next section.

To speed up the computation of the prefix array intervals, we compute the fingerprint
of each possible head, and store it in ®[1..6], i.e, (k] = ¢(i,i+k—1) ifi+k—1 <n. By
Definition we have ®[1] = ¢(i,7) = T[i], and for each k € [2,min(d,n — i + 1)], we

have

(i, i+ k—1) (4.27)

Z-‘rk 1
]-pith1s ]> mod ¢ (4.28)

(g
(M

(Z T[j bl+“3>-b+T[i+k—1]-b0> mod ¢ (4.29)
J=1

= (¢(i,i+k—2)-b+T[i+k—1]) mod g (4.30)
= (®[k—1]- b+ T[i + k —1]) mod g, (4.31)
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Algorithm 28: perfect-factor(i, v)

1 <57 l> = <07T[Z]>7
2 if R.is-dynamic() then

3

4

5

[04]

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

o[1

for p from max(1,7 —0) toi—1 do
Ice, < LCE(p,1);

if Ice, > [ then

L

| < TTi];

<D

[« lcey;

for k from 2 to min(d,n —i+ 1) do

]

O[] — (P[k—1]- b+ T[i + k — 1]) mod g;

for k € Aper do

[21, 2] — H(PIVE)[®[K]];
if [xl,xg] #* @ then
t extend-right(k, [x1, z2]);

for k£ from 1 to min(d,n —i+ 1) do

if k€ Aprer then

t continue;

v — max{A € Aprer U {0} | XA < k};
& —min{\ € Aper U {0} | A > k};
if v =0 then

| (27,23 < [L1cl);

else
| [27].23] < HPIVD)[@[4]):
if £ = o0 then

t [x1, 2] < spa-interval([i,i + k), [z], 25]);

else

[25, 25] — H(PIVE)[PE]];

[x1, x2] « interpolate-spa([i,i + k), {[z],
if [z1,22] # & then

t extend-right(k, [z1, z2]);

31 return (s, [);

23], 70, (25, 28], ©)):
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hence we can compute ®[1..0] from left to right as in lines 8-10. This takes O(¢) time.

Sampled Heads. At first, we consider each k € [1,] N Aprer. With ®[1..6], we can
look up [z1,x2] = pive(T[i,i + k)) for each such k by [z1,z2] < H(PIVE)[®[k]] in O(1)
expected time (see line 12). If [x1,z2] # ¢J, then we call extend-right(k, [z1,22]) in line
14.

Unsampled Heads. In lines 15-29, we consider the remaining values k € [1, §]\Apref.
For each such k, we cannot use a hash table to directly look up [x1,z2] = pive(T[i, i+ k)).
However, we can still use the hash tables to speed up its computation. We compute the
maximum sampled pattern length v € Aper that is smaller than £ if it exists (else v = 0,
see line 19), and the minimum sampled pattern length & € Apr that is greater than k if
it exists (else & = o0, see line 19). Now, we compute [z],z5] = pive(T[4,i +7)). If v =0,
then [2],z]] = [1,[C]] (see line 21). Else, we compute it by [z], 23] < H(PIV)[®[7]] (see
line 23).

If € # oo, then v < k < € implies [2%,25] < [21, 2] < [2],2]] by Observation m

Thus, we can compute [z1,x2] in line 28 as described in Section [4.5.1.1 Else (if £ = o0),
then we compute [1, z2]| using only [z], 3] in line 25 as described in Sectionm Finally,
if [z1,22] # &, then we call extend-right(k, [21, 22]) in line 30 analogously to line 14.

4.5.5.5 Exponential Search

Recall that extend-right(k, [z1,x2]) (see Algorithm computes, given k and [z1,x2] =
pive(T[i,i + k)) # J, the maximum ¢ such that PA¢[z1,z2] and SAc|y1,y2] intersect
before i (see Definition [4.5.17). If such ¢ exists, then it also finds a source s’ < i for
T[i,i+t), and updates (s,l) < (s, t). More precisely, we implicitly search for ¢ by instead
searching for the maximum possible tail length ¢ = ¢t — k + 1. At first, we perform an

exponential search over the sampled pattern lengths in Ag, in order to reduce the search
interval for ¢’ efficiently (Paragraph 4.5.5.5.1). Then, we search in the remaining interval

(see Paragraph [4.5.5.5.2]).

4.5.5.5.1 Search over Sampled Pattern Lengths Overall, we perform an expo-
nential search for ¢’ over AL ¢ = Asyf N [Amins Amax]- Amin is either the maximum sampled
pattern length that does not exceed I — k + 2 if it exists, or the smallest sampled pattern
length overall, else (see line 1). Considering sampled pattern lengths shorter than Ay,
would not be beneficial, because we have already found an LZ factor with length . Amax is
the maximum sampled pattern length such that T'[m,m + Amax) is a substring of T', where
m =i+ k — 1 is the end of the current head T[4, + k) and the start of each possible tail

(see line 2).
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Algorithm 29: extend-right(k, [x1, x2])

1me—i+k—1;

2 Amin < max(min Agf, max{ € Agys U {0} [ A <1 — Kk +2});
8 Amax < max{\ € Agys | A <n—m+1};

4 0, fg — 0;

5 ¢ — o0

[yfvyg] A [17 ‘CHQ

[y1.95] — &;

b >

8 exp-search for max A € Agyf N [Amin, Amax] such that
9 f! — fp-substr(m + 0, A\ — 0);
10 [ < concat-fps(f,, ', A — 0);
O P PRTC SR
12 if [y1,y2] # & then
13 if intersect(k, m, A, [z1, z2], [y1,y2]) then
14 [yi. y3] < [y1.92];
15 0 — A
16 Jo < Ix;
17 report true;
18 else
19 L [y5, 98] < [y1,va];
20 C— X\
21 report false;

22 if ( = o0 then

23 t exp-search for max ¢ € [p, () such that extend-step;

24 else

25 t bin-search for max ¢ € [p, () such that extend-step;
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m 1+ m+t
|
i 1+ k l m+ o l m+ A m + ¢
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m+)\min X m"‘)\max

Figure 4.14: TIllustration of a step in the search over AL, where ( # 0. The dotted
lines indicate the current search interval [g, () for ¢’. In this case, we have ¢ < A, hence

we continue to search for ¢ in [g, A).

Invariant. During the search over Al ¢, we maintain

VAe Al [Lo]: A<t (4.32)
YAE ALy [C 0] A >t (4.33)
fo=¢(m,m+0—1) (4.34)
[y?,y3] = sive(T[m, m + 0)) # & (4.35)
[y, y5] = sive(TTm,m + () (4.36)

Equations state that the current search interval [g, {) contains ¢’. Additionally,
we maintain the fingerprint of T[m,m + o) (see Equation (4.34)) and the sparse suffix
array intervals of T[m,m + ¢) and T[m, m + () (see Equations (4.34H4.36)).

We aim to find gmax and {min, Where gmay is the maximum X € AL ¢ U {0} such that
Equation (4.32)) holds. Similarly, {min is the minimum X\ € AL ¢ U {00} such that Equa-
tion holds. Initializing the globally defined variables g, f,, ¢, [y{,y5] and [y%,yg] as
in lines 4-7 does not violate Equations (4.32H4.36)). During the search for gmax, we increase
o and decrease ( until o = 9max and ¢ = (min-

Search. Let A € AL n (0,¢) be a candidate length during the search, let Sy =
T[m,m + A), S = T[m,m + ¢) and S" = T[m + o,m + \) (see Figure [£.14). We start
by computing the fingerprint f’ of S’ (see line 9). Since Sy = S,5’, we can compute
the fingerprint fy of Sy by concatenating f, and f’ in line 10. With f\, we look up
[y1,2] = sive(Sy) using H(SIVQ) and fy (see line 11). If [y1,52] = &, then ¢ < X and
therefore gmax < A, hence we report back to the search that gmax € [0, A) must hold (see
line 21).

Then, we call intersect(k, m, A, [z1, z2], [y1, y2]) (see Algorithm [3I]), which returns true
iff PAc[x1,z2] and SAc[y1,y2] intersect before i. We will discuss Algorithm [31] in the
next section. If intersect(k,m, \, [z1,x2], [y1,y2]) returns true, then ¢ > X and therefore
Omax = A, hence setting o « A f, « fi and [y{,y5] < [y1,y2] maintains the invari-

ant, and we report back to the search that gmax € [A,{) must hold (see line 17). Else
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(intersect(k, m, A, [x1, x2], [y1, y2]) returns false), then ¢’ < A and therefore gmax < A,
hence setting [yf,yg] — [y1,92], ¢ < X and f; < f\ maintains the invariant, and we
report back to the search that gmax € [0, A) must hold (see line 21). The functionality of
the exponential search (see Section ensures that we have o = gmax and ( = (nin after

line 21.

Algorithm 30: extend-step(¢)
if [1$,45] = & then

[y

2 | [y1,] « ssa-interval([p,p + 1), [f. y8));
3 else
| [v1, 5] < interpolate-ssa([p, p + 1), ([, 58], &), (v, 5], O));
5 if [y1,y2] # I A intersect(k, m, ¢, [21, 2], [y1,y2]) then
6 0 — i
7 [T, y3] < [y1,92];
8 report true;
9 else
10 (
1| [ ws] < [vwe)
12 report false;

4.5.5.5.2 Remaining Search Equations (4.32) and (4.33) yield p < ¢’ < ¢. Thus,
we can find ¢ by continuing to search in the interval [p,(). Consider the cases where
(and therefore (min = 00), but ¢’ —max Al O(1) and n—t' = ©(n). Here,

! / —
t' > max A wf =

suf
a binary search over [p,() runs through O(logn) iterations. However, an exponential
search runs through only O(1) iterations. Therefore, we perform an exponential search in
this case (see line 23). Conversely, if (min # 00, then the search over A, ¢ in lines 8-21 enters
the binary search phase before terminating (see Section , and we want to continue
the last used search scheme. Thus, we perform binary search (see line 25).

During this search, we maintain the invariant that ¢' € [o,{) and Equations
and hold. Similar to Paragraph o is increased and ( is decreased until
o =1t"and either ( =t + 1 or ( = 0.

Let ¢ € [o,() be a candidate length during the search. At each search step, we
call extend-step(t), which reports true iff PA¢[z1,z2] and SAc|yi,y2] with [y1,y2] =
sive(T'[m,m + ¢)) intersect before 7. If [y%,yg] = (4, then we compute [y1,y2] using
only [12,42] (see line 2). Else, we can use both [42, 2] and [4$,35] (sce line 4). As in the
last section, we continue to search for ¢’ in [i,() if PAc[x1,z2] and SAc[y1,y2] intersect

before i (see lines 6-8). Else, we continue to search for ¢’ in [p,¢) (see lines 10-12).
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4.5.5.6 Range Queries

Now it remains to describe intersect(k,m,t, [z1,22], [y1,y2]) (see Algorithm [31)), which
returns true iff PA¢[z1, x2] and SAc¢[y1, y2] intersect before i, where [z1, 23] = pive (T[4, i+
k)) and [y1,y2] = sive(T[m, m + t)). Recall from Definition that we need to know
the sample index v in order to determine whether PAc[x1, z2] and SAc[y1,y2] intersect
before i, where either v = 0 if C[1] > 4, or v > 1 is maximal such that C[v] < i.

If R is dynamic, then we have already set v correctly in lines 5-7 of the framework algo-
rithm (see Algorithm and maintain that R holds exactly the points {(PA;'[1], SAZ '[1]),
<oy (PAZ 0], SAZ 1 [v])}. Thus, we can directly query R (see line 19). If, however, R is
static, then we instead ensure that v = 0 if C[1] > m, or v > 1 is maximal such that
C[v] < m (see lines 2-5). This ensures that we consider all sources before 7 and thus elimi-
nates the need for considering close sources separately in Paragraph Finally, we
query R with weight v (see line 21).

If R returns a point p = (Z,9) # L, then the source s’ = C[SA¢[7]] — k + 1 yields an
LZ factor of length I’ = k + ¢ — 1 for position 7, we update (s,l) « (s, I') if I’ > [ (see lines
24-26), and return true. Else (p = 1), then we return false in line 28.

Now, it remains to show that we can use Theorem to implement R (see Obser-

vation (4.5.18)).

4.5.18 Observation. Let ¢ = T[m]. Since the head T[i,i + k) ends with ¢, we have
[21, 2] = pive(T[i,i+k)) < (Celc], Ce[e+1]] = Ve (see Definition [4.5.13)). Similarly, since
the tail T'[m, m~+t) starts with ¢, we have [y1, y2] = sive(T[m, m+t)) < (Cclc], Cele+1]] =
V.. Hence, the query rectangle [z1,x2] X [y1,y2] is fully contained in V., and we can use
Theorem to implement R.

4.5.5.6.1 Optimization for small Query Ranges If the width |[x1,z2]| or the
height [[y1, y2]| of the query rectangle does not exceed a threshold value 6 (in practice,
we set 0 = 4096), then we answer the query to R in O(f) time using another method (see
lines 7-17).

4.5.19 Definition. Let II[1..|C|] be the unique permutation of [1,|C|] such that ¥[i] =
SA'[PAc[i]]. Similarly, let W[1..|C|] be the unique permutation of [1, |C|] such that W[i]
PAZ![SAC[]].

The query to R is successful iff

PAc[z1,z2] N SAc[y1,y2] N [1,v] # &
< dre [xl,xQ],y € [yl,yg] : PAc[.%'] = SAc[y] < (4 37)
< Jz € [z1,x2] : I[z] € [y1,y2] A PAc[z] < v '

< Jy € [y1,y2] : Y[y] € [z1,22] A SAcly] < v.
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Algorithm 31: intersect(k, m, t, [z1, z2], [y1, y2])

1 if R.is-static() then

2

3

i =)

0]

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

while v < N A C[v + 1] <m do
t v—uv+1;
while v > 0 A C[v] = m do
t v—uv—1;
p—L
if min(|[z1, z2]l, |[y1,y2]|) < 0 then
if |[x1,z2]| < |[y1,y2]| then
for x from x; to x5 do
if II[x] € [y1,y2] A PA¢[z] < v then
p=(2,9) < (z,[z]);
break;
else
for y from y; to yo do
if U[y| € [x1,22] A SAc[y] < v then
L p= (&) — (¥[y].v);
break;
else
if R.is-dynamic() then
| p=(&.9) < Rquery(T[m], [x1, 72], [y1,22]);
else
| p=(3,7) < Raquery(T[ml], v, [x1, 22], [y1, 2]);
if p # L then
if k+t—1>1then
l—k+t—1,
L s CSAC[]] — k +1:
return true;

28 return false;
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Figure 4.15: Illustration of how we can use Il and ¥ to answer an orthogonal range

query. Here, we have II[z] € [y1,y2] and ¥[y] € [x1,x2]. Thus, we can report the point
(z, I[z]) = (¥[y], y).

Equation allows us to answer the query to R by scanning over II[z1,z2] or
Uly1, y2], respectively. If we encounter an z € [x1, x2]| with II[z] € [y1, y2] and PAc[z] < v
(see line 10), then we answer the query to R by reporting the point p = (z,II[z]) (see
Figure [4.15). If there is no such z, then PAc[z1,z2] N SAc[y1,y2] N [1,v] = & holds due
to Equation , and we have p = L as initialized in line 6.

Similarly, if we encounter a y € [y1,y2] with ¥[y| € [x1,22] and SA¢[y] < v (see line
15), then we report p = (Z,9) «— (Y[y],y). If |[z1,22]| < |[y1,y2]|, then we scan over

[I[x1, z2] (see lines 9-12), because it faster. Else, we scan over [y, y2] (see lines 14-17).

4.6 Parallelization

Overall, parallelizing the algorithms is straight-forward, except for the factorization of the
gaps (see Section [4.6.2.1). The construction of the O(1) time LCE data structure (see
Theorem [2.8.4) has already been parallelizeﬂ In the following, p denotes the number of
threads.

4.6.1 LPF Phrases

Here, We decompose T into p non-overlapping, roughly equally-sized regions T[s1, s2), ...,
Tsp, Sp+1), where s; = (i —1)|n/p| for i € [1,p], and sp;1 = n+ 1. Thread p performs the
algorithm described in Section only for the samples S N [s;, sp+1) that are contained

in its region. It finds the first and the last sample within [sp, sp+1) using a binary search

"https://github.com/herlez/alx



90 CHAPTER 4. IMPLEMENTATION

+ Iteration 1 : Iteration 2 -

T(1:2: 'p|  © 2p

overwrite Hyead With Hyrite

Figure 4.16: Illustration of the parallel gap factorization algorithm. The numbers in T’
denote the block IDs.

over S, respectively. To simplify the merging of the resulting arrays, we make sure that in

section [s;, $;+1), no phrase starts before s; or ends after s;4.

4.6.2 Factorizing Gaps

We divide T into N = [n/B] blocks of size B = max(4096,1 - n/p), where I > 1 is a
parameter. Thus, we have N < I - p blocks T'[b1,b3),...,T[bn,bn+1), where b; =i - B for
i€ [1,N], and byy1 = n + 1. We iteratively factorize p consecutive blocks in parallel. In
iteration i, we factorize the blocks (i — 1)p + 1,...,ip in parallel, i.e, thread j factorizes
T[b(i—1)p+j>bi—1)p+j+1). By the choice of B, we run through at most I iterations.
Suppose we would implement this algorithm using the rolling hash index described in
Section Let ¢ be the current position in T of thread z, and let j be the current
position in T" of thread y > x. Since y > = implies j > i, thread y writes values > ¢ into
‘H, thus they cannot be used by thread x to find a factor starting at ¢. This reduces the

compression ratio especially in the leftmost blocks per iteration.

4.6.2.1 Parallel Rolling Hash Index

Instead of storing H[1..2"] as described in Section we store Hyeaq[1..2"71] and
Horite[1..2"71], and read only from Hyeaq[1..2"71] and write only to Hurite[1..2"71]. After
each iteration, we overwrite Head With Huyrite (see Figure [4.16)).

This mitigates the issue described in the last section, but still reduces the compression
ratio, especially in the rightmost blocks per iteration, because the positions stored in H,eaq
have a greater distance to those blocks.

Since we run through at most I iterations, overwriting Heaq With Hurite takes overall
O(I - 2"/p) = O(I - n/p) time, because 2" = O(t) = O(max(n/12,9/3)) = O(n) (see
Section . In practice, we set I = 512.

Let g be the length of the gaps. Compared with the sequential algorithm, this parallel
algorithm reduces the compression ratio by a factor up to 2, especially if 0.1 < g/n < 0.5.
If g/n < 0.2, we use the sequential algorithm described in Section , because in this case,
the factorization of the gaps only accounts for a small fraction of the runtime, and using

the parallel algorithm only reduces the compression ratio unnecessarily.
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4.6.3 Exact LZ77 Algorithm

We parallelized the construction of all data structures used in the exact LZ77 Algorithm.
The computation of the exact factorization has been parallelized by splitting the text into
p non-overlapping regions T'[s1, s2), ..., T[sp, Sp+1) such that Vi € [1,p) : |E N [si, 8i41)] =
[|€]/p| (see Lemma , and sp41 = n + 1, i.e, we choose s; = e|jg|p), Where £ =
{e1, ..y €|g|} and e; < ... < ¢jg|. Then, thread i computes a sequence F; of perfect factors
in the range [s;, si+1). Finally, we output F = Fi...F,.

Since only the last factor in each F; can be non-perfect, there are at most p — 1 non-
perfect factors in F, hence we have z < |F| < z + p. We chose the regions [s;, s;+1) in
this way, because the running time to compute F; rises with the number of perfect factors
in T[s, Si+1), and the number |€ N [s;, $;11)| of approximate LZ factors in T[s;, s;41) is a
good estimate for it. Note that we have to use a data structure for the SW-OROR problem
in the parallel setting.
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Chapter 5
Experimental Evaluation

Now, we discuss implementation details, the experimental setup and results.

5.1 Implementation Details

We implemented all algorithms in C++20. Our implementation is available on GitHub E]
We use the implementation of Theorem from [ which builds upon [I0]. For sorting,
we use the (parallel) in-place sample sort implementation ips4oEI [2]. For the sparse prefix-
and suffix array sampling described in Section[4.5.3] we use the memory-efficient hash table
implementation sparse-map EI and adapted the Karp-Rabin fingerprinting implementation
EL which uses the mersenne prime ¢ = 26! — 1. For the rolling hash index described
in Section [£.2.1.3] we use the rolling Karp-Rabin fingerprinting implementation that is
included in 2. Tt uses the mersenne prime ¢ = 2107 — 1.

We chose a larger mersenne prime ¢ = 2'°7 — 1 for the rolling hash index, because it
improves the compression ratio. This is likely due to the reduced fingerprint collision rate.
For the sparse prefix and suffix array sampling, however, we chose the smaller mersenne
prime ¢ = 261 — 1, because using ¢ = 2'%7 —1 did not reduce the time to look up an interval.

This is probably because the running time is dominated by the LCE queries inLemma[4.5.5]

5.2 Experimental Setup

All measurements have been performed on a system with two AMD EPYC 7452 CPUs
(32/64x 2.35-3.35GHz, 2/16/128MB L1/2/3 cache) and 1TB of 3200 MT /s DDR4 RAM.

"https://github.com/LukasNalbach/1277-sss/
“https://github.com/LukasNalbach/lce/
%https://github.com/ips4o/ipsdo/
‘https://github.com/Tessil/sparse-map/
Shttps://github.com/pdinklag/fp/
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Text Size |GB| | o n/z g/n

einstein.en.txt 0.467 139 | 5226 0.00033
cere 0.461 6 271.2 | 0.15856
english 2.21 239 | 19.74 | 0.70016
boost 0.629 96 | 27658 | 0.00054
dewiki.20Gi 20.47 210 | 1543.1 | 0.01567
sars2.20Gi 20.47 80 | 2434.7 | 0.01206
chr19.20Gi 20.47 52 | 550.15 | 0.05899
commoncrawl.txt.16Gi | 16.0 243 | 30.86 | 0.57768

Table 5.1: Statistics of the tested texts. g is the length of the gaps.

We used the GCC 12.3.0 compiler with the compile flags "-march=native -DNDEBUG
-0fast" and parallelized our algorithms with OpenMP |E|

Table [5.1] shows the tested texts. einstein.en.txt, cere, english and boost are part of the
Pizza& Chili Corpus ﬂ dewiki is a highly repetitive text that has been handcrafted from
german Wikipedia entries. chrl9 consists of concatenated human chromosome 19 haplo-
types, and sars2 is a collection of Sars-Cov-2 genomes, both of which were crafted out of
datasets from the National Center for Biotechnology Information |§| (NCBI) database. Fi-

nally, commoncrawl.txt has been handcrafted from the Common Crawl Project |§| database.

5.3 Results

We begin by determining the optimal value for 7 (see Section . Then, we compare
the data structures for OROR from Section in Section In Section we
compare our (approximate) LZ77 algorithms with each other and the LZ77 LPF algorithm
from Section In Section [5.3.4] we compare our approach to separately compress the
gaps from Section [£.2.2) with standard compressors. Finally, we examine the parallel scaling

of our algorithms in Section [5.3.5

5.3.1 The optimal value for 7

To determine the optimal value for 7, we compared the running time, peak memory con-
sumption and approximation ratio of the LZ77 3-Approximation with different values for
7, i.e, 7 = 2! for i € [4,11] (see Figure . In general, the approximation ratio is inde-
pendent of 7. Choosing 7 € {128,256} can yield higher compression throughput compared

Shttps://openmp.org/
"https://pizzachili.dcc.uchile.cl/
Shttps://www.ncbi.nlm.nih.gov/
%https://commoncrawl .org/
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with 7 > 512 if the text has long periodic regions (see cere). However, choosing 7 > 512 re-
duces the peak memory consumption and increases the throughput with non-periodic texts.

Therefore, we determined 7 = 512 to be optimal and use it for all following measurements.

5.3.2 Comparison of Data Structures for I0O-/SW-OROR

In this section, we measured the performance of the OROR data structures described in

Section .54

5.3.2.1 Methodology

To generate practical measurement data, we extracted the OROR instances, queries and
inserts during the execution of the algorithm exact from Section [5.3.3] i.e, the exact
LZ77 algorithm described in Section [£.5.5] but without the sparse prefix- and suffix array
sampling. Queries that are answered by scanning over W or II (see Paragraph
are not included.

Let @@ be the number of performed queries, let I be the number of inserts, and let N
be the number of points in the OROR instance of a given text. Let D be a data structure
for the OROR problem that solves this instance. Let sp be the size of D, let ¢p be the
time to construct D, and let ¢p and ip be the times to perform all queries with and insert
all points into D, respectively. Then, the marker in Figure for D shows D’s combined
construction-, insert- and query throughput NEQHL ergus its size sp. Figure shows

¢ptgp+ip
construction time ¢p versus peak memory consumption during the construction. Figure[A ]
shows insert- and query throughput qgifp versus data structure size sp.

The upper rows in the legends list the data structures described in Section The
lower rows list their “decomposed” counterparts (indicated by the prefix <D-’’, see Sec-
tion . We measured the grid-based data structures with different grid sizes m, i.e,
m = 2¢ for i € [11,16]. The markers for different values of m are connected, and the

leftmost marker uses m = 2'!, respectively.

5.3.2.2 Discussion

As argued in Section [£.5.4] the decomposed grid-based data structures require less memory
than their non-decomposed counterparts. However, decomposing the instance (P,Z) into
the instances (P1,Z4), ..., (Ps, L) introduces a construction time overhead (see e.g. boost).
It also increases the peak memory consumption during construction (see Figure .

The dynamic data structures (D-SG, SD-SG, D-D-SG and D-SD-SG) provide better through-
put and are smaller if the grid size m is set optimally, because they do not store the weight
of each point (see Table . Out of the static weighted data structures, SW-SS and
D-SW-SS are consistently the smallest, but also the slowest. SW-SG and D-SW-SG are some-
times smaller and provide better throughput than SW-KDT and D-SW-KDT for specific (but
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varying) values for m (see einstein.en.txt and boost). Overall, setting m = 2! provides
the best trade-off between performance and space.

However, although SW-KDT and D-SW-KDT are slightly larger than SW-SG and D-SW-SG,
they generally offer more consistent performance, and do not rely on the grid size m being
set optimally.

Since we have to use a static weighted data structure in the parallel exact LZ77 al-
gorithm (see Section , we perform all following measurements with D-SW-SG and

m = 2™ unless stated otherwise.

5.3.3 Comparison of LZ77 Construction Algorithms

In this section, we compare our LZ77 algorithms with each other and the LZ77 LPF al-
gorithm from Section Figure shows running time versus additional peak memory

usage (7" is not included in the memory usage).

e 1pf is a version of the LZ77 LPF algorithm B (see Section that does not use
the arrays NSV and PSV, and instead scans for the previous and next smaller values
naively in SA. This reduces the peak memory consumption. It builds SA with
libsais|'!|and then naively constructs SA™!. Hence, it needs 8n additional bytes if

n < 23! (bscause it uses signed integers), and 16n bytes, else.

e 3-aprx-naive is an implementation of the LZ77 3-approximation that adheres as
closely as possible to the theoretical description in Section It computes LPF
phrases as described in Lemma uses the rolling hash index described in Sec-
tion and factorizes the gaps using the algorithm from Section [4.4.3

e 3-aprx is a practically optimized version of 3-aprx-naive. It computes the LPF
phrases as described in Section and factorizes the gaps using the algorithms
described in Sections [4.4.4l and [4.6.2.1]

e lpf-1nf-aprx computes LPF- and LNF phrases as described in Section [£.3.2] Then,

it factorizes the gaps like 3-aprx.

e exact-naive is an implementation of the LZ77 exact algorithm that adheres as
closely as possible to the theoretical description in Section however, it also uses
the optimizations from Sections [£.5.1] and [£.5.5.1] In this algorithm, the OROR
queries with small ranges (width and height < €) are not answered using the arrays

IT and ¥ from Paragraph It uses the SW-SG to implement R.

"https://github.com/pdinklag/12z77/
"https://github.com/IlyaGrebnov/libsais/


https://github.com/pdinklag/lz77/
https://github.com/IlyaGrebnov/libsais/

10% |

throughput [1/us]

—_
o
™

102 F ]

throughput [1/us]
S

10°

10" B

throughput [1/us]
[en}
|

=
jen)
™

throughput [1/us]
S

CHAPTER 5. EXPERIMENTAL EVALUATION

einstein.en.txt (n/z ~ 5226)

100 k

T T T T IR !
10" E
%"%’k\*\*
o %k\* ﬁ B 0
107 | e
e o
I | 1 1 1 il i i ERRT R R |
100.9 101 101.1 101.2 101.3 101 102
cere (n/z ~ 271.2) sars2.20Gi (n/z ~ 2434.7)
[ T i i i i i T -] T i i T i i T
10* 8 E
: ey [
E HL. ; i T T T B 1071?‘”\. AR AL | =
10" 10 10' 10
english (n/z ~ 19.74) chr19.20Gi (n/z ~ 550.15)
[ T i i i i A ] T i i T i i T
@ —t 10" | E
- . ] | %\*
10° |
(2] i (1}
i1 i i i i R | il i i il
10" 10 10" 10
boost (n/z ~ 27658) commoncrawl.txt.16Gi (n/z ~ 30.86)
T T T T T 10 F T T T T =
- x\'ﬂ:\ E e k@%’*\’L ;
z | ol o .
Re— i
i %’\*ﬁ | 107t E E
@ )
| | | | | | | | |
1009 101 101A1 101.2 101A3 101 1012 101A4 101A6
data structure size [bytes/N]| data structure size [bytes/N]
+D-SG  ASD-SG  *SW-SG @SW-SS ¢ SW-KDT

dewiki.20Gi (n/z ~ 1543.1)

—D-D-SG x D-SD-SG @©D-SW-SG L D-SW-SS OD-SW-KDT

Figure 5.2: Construction-, insert- and query throughput versus data structure size.



5.3. RESULTS 99

e exact is an optimized version of exact-naive. It additionally employs the opti-

mizations described in Sections [£.5.1.1 £.5.4.3 and [£.5.5.6] and implements R with
D-SW-SG.

e exact-samples is the exact LZ77 algorithm described in Section [£.5.5] It is an

optimized version of exact, as it additionally employs the optimizations described

in Sections [.5.2] {.5.3 and [£.5.5.2] to [£.5.5.5]

1pf requires the most memory out of all algorithms, because it constructs SA and SA™!.
The SSS-based LZ77 approximation algorithms (3-aprx-naive 3-aprx, lpf-1lnf-aprx)
use 2-4 times less memory than exact.

3-aprx is 1.3-4 times faster than 3-aprx-naive, because here, the rolling hash index
skips the gaps. 3-aprx also yields better compression rates due to the optimizations
described in Section and Section [£.4.4] With repetitive texts, 1pf-1lnf-aprx is ~
2 times slower than 3-aprx, because factorizing the gaps only accounts for a negligible
part of the total runtime (see boost). With unrepetitive texts, their difference is smaller,
because here, the running time is more dependent on the factorization of the gaps (see
commoncrawl.txt.16Gi). 1pf-1lnf-aprx requires more memory than 3-aprx, because it
stores more LPF phrases. Overall, 1pf-1nf-aprx achieves better approximation ratios.

With repetitive texts, the compression rate of 3-aprx does not decrease with the num-
ber of threads, because in this case, the gaps only account for a small fraction of the text
(see Table , and we use the sequential algorithm to factorize the gaps if g/n < 0.2
(see Section . For g/n = 0.2, however, the compression ratio decreases when using
multiple threads (see english and commoncrawl.txt.16Gi).

Out of the SSS-based exact LZ77 algorithms, exact-naive is the slowest and re-
quires the least memory. exact is 5-10 times faster than exact-naive, but requires 50%
more additional memory (because it additionally stores IT and ¥, and the construction
of the D-SW-SG requires more memory than the construction of SW-SG, see Figure .
exact-samples needs 1.2-5 times as much additional memory (10-50% more memory over-

all) than exact, but is 1-2.2 times as fast.

5.3.4 Comparison with Standard Compressors

Out of the two variants for separately compressing the gaps (see Section , Variant
2 preforms better in practice. We use zstd with encoding quality "-4" to compress the
intermediary representation F'. We call our implementation ssszip and compare it with
standard compressors. Some of them use dictionary compression.

A dictionary contains frequent strings and is used during decompression to copy sub-
strings from. Static dictionaries are stored separately with the decompressor and are not

part of the compressed representation of the text. Dynamic dictionaries are created during
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compression and may therefore be more suitable for the given text. However, constructing

them requires work, and they must be included in the compressed representation.

gzip |E| uses the deflate algorithm [9]. It combines sliding-window LZ77 [4] and
Huffman coding [24], which replaces frequently occurring symbols with shorter codes.

gzip is widely used for HI'TP compression.

bzip2 E divides the text into 900 KB blocks (by default) and then compresses
each block using the Burrows-Wheeler Transform (BWT) [6], followed by Move-to-
Front (MTF) encoding [3] and Huffman coding. The BWT reversibly rearranges
the text to group similar characters together, while MTF converts these groups into
sequences that are easier to compress. Huffman coding then further reduces the
space to store those sequences. bzip2 offers a higher compression ratio than gzip,
but is generally slower. It is rarely used today, because faster and more optimal

compression algorithms are available.

Like bzip2, bsc E also uses the BWT and Move-to-Front encoding. However, it uses
the more optimized suffix array construction algorithm libsais @0 to construct the
BWT, chooses a larger 25 MB block size by default, uses quantized local frequency
coding [20] instead of Huffman coding, and employs other preprocessing techniques
like Lempel-Ziv preprocessing (LZP), which removes redundancies with LZ phrases

beforehand. bsc supports multi-threading.

1z4 E is designed for speed, and implements a fast variant of sliding-window LZ77
[4]. It is widely used in real-time applications, where short and predictable execution

times are essential.

XZ E employs the Lempel-Ziv—Markov chain algorithm (LZMA) to achieve high com-
pression rates. It uses range coding [36] instead of Huffman coding and uses an 8
MB static dictionary by default. xz is common for distributing Linux packages and

supports multi-threading.

Tz E uses LZMA2, which is an improved version of LZMA. It supports multi-
threading and is commonly used for compressing very large data sets, where the

highest compression is neccessary.

zstd E was designed by Facebook and aims to offer fast compression with high

compression rates by combining sliding-window LZ77, Huffman coding and other

2https://gnu.org/software/gzip/

Bhttps://sourceware.org/bzip2/
Yhttp://libbsc.com/
https://1z4.org/
%https://tukaani.org/xz/
"https://T-zip.org/
8https://facebook.github.io/zstd/
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https://7-zip.org/
https://facebook.github.io/zstd/
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entropy coding techniques like Finite State Entropy E Additionally, it uses static
and dynamic dictionaries. It supports multi-threading and is used in many modern
applications, such as containerized environments (e.g. Docker), backup systems, and

big data processing.

5.3.4.1 Compression Performance

Among the very memory efficient compressors 1z4, gzip and bzip2, 1z4 is the fastest and
bzip2 uses the least memory. xz and 7z achieve very good compression rates, but are slower
and require more memory. When using multiple threads, their throughput increases, but
memory consumption also increases, and compression ratio decreases (see boost). This is
because the data is split into chunks that are processed independently of each other. zstd
requires a medium amount of memory, yields medium compression rates, but is the fastest
compressor overall (just as fast as 1z4 on average).

ssszip always uses slightly more than n bytes of memory, because it stores the whole
text in memory. bsc requires a similar amount of memory on average and is sometimes
faster and sometimes slower than ssszip. Although bsc achieves slightly better compres-
sion than ssszip on unrepetitive texts (see english and commoncrawl.txt.16Gi), ssszip
yields much higher compression rates on repetitive texts (see all other texts, except for
dewiki.20Gi). Especially on large texts with long repetitions, ssszip provides the best
compression rate (see chr19.20Gi). Other than xz and 7z, ssszip and bsc do not achieve
parallelism by applying the same algorithm to multiple chunks of the text at once, but by
parallelizing the underlying algorithms. Therefore, their memory consumption does not
increase with the number of used threads. When using one thread, ssszip yields slightly
lower compression rates than xz and 7z. When using multiple threads, however, their
compression rates decrease below that of ssszip.

When decreasing the block size with bsc, the throughput increases slightly. However,
the compression rate also decreases (see bsc-12, bsc-6 and bsc-3 in Figure . The
memory consumption of bsc is roughly equal when compressing and decompressing, and
decreases when decreasing the block size. To preserve the readability of Figure [5.4] we

included only bsc-25.

5.3.4.2 Decompression Performance

Regarding decompression performance, zstd is generally the fastest. bzip2 is always the
slowest. gzip requires almost no additional memory. bsc decompression speed is very
variable. It requires the most memory of all compressors, because it has to revert the
BWT of each block, which requires the BWT and a data structure to compute LF to

https://github. com/Cyan4973/FiniteStateEntropy/
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be stored in the RAM. The other compressors (ssszip, xz, 7z) have a consistently low

memory requirement and offer medium but variable decompression speed.

5.3.5 Construction Phases and Parallel Scaling

In this section, we examine the running times of individual construction phases and the
parallel scaling of our algorithms. Figures to show the construction phases of
3-aprx, ssszip, lpf-1nf-aprx, exact and exact-samples from the previous sections.

F' and F denote the computation of the approximate and the exact factorization,
respectively. H denotes the initialization of the rolling hash index. SEL stands for the
selection of LPF and LNF phrases, i.e, the final step of the algorithm described in Sec-
tion Finally, KRS denotes the construction of the data structure for computing
Karp-Rabin fingerprint of substrings from 7" (see Section [4.5.2]).

For repetitive texts, the running times of 3-aprx and 1pf-1nf-aprx are dominated by
the construction of the LCE data structure. The running time to compute NSVg, PSVg
and the LPF phrases are always negligible. The relative running time to factorize the gaps
decreases with the relative length of the gaps, which decreases with the repetitiveness of
the text (compare boost and commoncrawl.txt.16Gi).

The running time to construct the LCE data structure scales better in parallel than
factorizing the gaps. Recall that if the relative length g/n of the gaps is less than 0.2,
then we use the sequential algorithm to factorize the gaps, even if multiple threads are
available (compare cere and commoncrawl.txt.16Gi). Generally, ssszip compresses the
gaps much faster than the rolling hash index, and scales better in parallel (compare com-
moncrawl.txt.16Gi in Figure and Figure [5.7)).

Now, we discuss the exact LZ77 algorithms. The time to compute the Karp-Rabin,
sparse prefix- and suffix array interval samplings (phases KRS, H(PIV¢) and H(SIV¢) in
Figure is negligible, especially for large texts. The use of these samples reduces the
running time to compute the exact factorization by factors between 1 and 2.2 (see cere and
dewiki.20Gi). However, the speedup is reduced when increasing the number of threads, i.e,

the overall running times of exact and exact-samples are almost identical when using 32
threads (compare Figure and Figure [5.10)).
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Chapter 6

Conclusion

Overall, we have shown that the LZ77 algorithms described in [12] can be adapted to
perform well in practice.

The LZ77 3-Approximation needs 8 — 16 times less memory than a practical imple-
mentation of the LZ77 LPF algorithm, and is 0.9-10 (typically 3-10) times faster while
achieving approximation ratios between 1 and 2 (typically 1.1-1.5).

The exact LZ77 algorithm still needs 2 — 4 times less memory than the LPF algo-
rithm, but performs well only for repetitive texts. We implemented a slightly more space-
consuming version of the algorithm, which needs 10-50% more memory, but is up to 2.2
times faster.

Finally, our practical compression tool ssszip uses a predictable amount of memory
(1.1n to 1.5n bytes) and is an order of magnitude faster than state-of-the-art compressors
that yield similar compression rates. Although faster and/or more space-efficient compres-

sors exist, they yield much lower compression rates, especially with repetitive texts.
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Appendix A

Appendix

A.1 Pseudocode for Sparse Suffix Array Interval Search

Algorithm 32: interpolate-ssa([i,i + 1), {[b1, e1], 1), {[b2, €2],2))

1 [b,e] < [b1,b2]; 19 [b,e] < [e2,e1];
2 lcep < Iy + LCE(S[SAg[b]] + 11,1 +11); 20 lcep « lo;
3 lce, < lo; 21 lce. < I3 + LCE(S[SAs[e]] + 11,7 + 11);
4 while |[b,e]| > 2 do 22 while |[b,e]| > 2 do
5 | m<—|(b+e)/2]; 23 | m <« [(b+e)/2];
6 | p< S[SAs[m]]; 24 | p< S[SAg[m]];
7 Icemin < min(lcep, Ice.); 25 Icemin < min(lcep, Ice.);
8 lce,, < lcemin + 26 Ice,, < lcemin +
LCE(p + Icemin, i + Icemin); LCE(p + Icemin, @ + Icemin);
9 if Ice,,, <[ then 27 if Ice,, <[ then
10 b — m; 28 e «— m;
11 Icep, — lcep; 29 lce, — lcem;
12 else 30 else
13 e «— m; 31 b—m;
14 Ice. — lcem; 32 Icep, — lcep,;
15 if lcep = [ then 33 if Ice, = [ then
16 tx«—b; 34 txu—e;
17 else 35 else
18 tan—e; 36 Lx’<—b;

37 return [z,2'];
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Algorithm 33: ssa-interval([i,i + ), [b, €])

1 lcey < LCE(S[SAs[b]],1);
Ice. «— LCE(S[SAsle]],);
[b,€] < [be];

Ice; « lcep;

N

B W

5 lce; < Icee;

6 while |[b,¢e]| > 2 do

7 m <« [(b+e)/2];

8 let p = S[SAs[m]];

9 Icemin < min(lcey, Ice,);

10 Ice,, < lcemin +

LCE(p + Icemin, i + Icemin);

11 if Ice,, = [ then

12 e «— m;

13 Ice, — lcey,;

14 if m > b then

15 b—m;

16 L Icei) — lcep,;
17 elseif p+lce,, =n+1v

T[p + lcey] < T[i + Icey,] then

18 b — m;

19 Icep — lcep,;
20 if m > b then

21 b — m;

22 L lce; <« lcen;
23 else
24 e <«—m;
25 Ice. — lcep;
26 if m < é then
27 € «— m;
28 L lces <« lce,,;

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

if max(Icep, Ice.) <! then
t return ¢

if Icep = [ then

taw—b;

else

t T« ¢
[b,e] — [b,e];
lcep « lcey;
Ice, — lceg;
while |[b,e]| > 2 do
m e (b +€)/2];
let p = S[SAg[m]];
Icemin < min(lcey, Ice,);
Ice,, < lcemin +
LCE(p + Icemin, i + lcemin);
if Ice, = [ then
b —m;

Icep, <« lcey,;

else

e <—m;

lce, < lce;

if Ice, > [ then

txu—e;

else
t x' <« b;

return [z, 2];

A.2 OROR Construction and Query Results
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