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Kurzfassung

Neuronale Netze (NN) sind ein vielseitiges Modell zur Approximation un-
terschiedlichster Funktionen. Es überrascht daher nicht, dass sie auch in der
Regelungstechnik Anwendung finden. In diesem Kontext werden NN häu-
fig eingesetzt, um komplexe Regler oder Optimal Value Functions zu approx-
imieren. Die Flexibilität NN geht mit einer Vielzahl an Hyperparametern
einher, die sowohl die Topologie als auch das Training parametrisieren und
sorgfältig gewählt werden müssen. Darüber hinaus sind die üblichen Quali-
tätsmaße, die für des Training verwendet werden, wie z.B. Mean Squared Error,
nicht ausreichend, um einen sicheren Betrieb NN-basierter Regler zu gewähr-
leisten. Der Einsatz von NN in der Regelungstechnik erfordert daher Metho-
den, die zwei zentrale Herausforderungen adressieren. Die Erste ist die Wahl
einer Topologie, die eine effiziente Approximation von in der Regelungstech-
nik relevanten Funktionen, z.B. stückweise affine oder stückweise quadratische
(PWQ) Funktionen, ermöglicht. Die zweite liegt in der Gewährleistung eines
sicheren Betriebs der durch NN geregelten Systeme im Hinblick auf die Einhal-
tung von Beschränkungen, Stabilität und Datenschutz. Diese Anforderungen
werden in klassischen Einsatzgebieten von NNs nicht berücksichtigt. Deswe-
gen werden in dieser Arbeit Methoden entwickelt, die es ermöglichen, NN zur
exakten Darstellung stetiger PWQ Funktionen herzuleiten, welche in der mo-
dellprädiktiven Regelung eine zentrale Rolle spielen. Außerdem wird durch
die Ausnutzung der Struktur dieser NN ein Verfahren vorgestellt, das eine
globale Minimierung der während des Trainings betrachteten Kostenfunktion
ermöglicht. Hinsichtlich der sicheren Anwendung NN-basierter Regler werden
Erweiterungen und Vereinfachungen bestehender Methoden entwickelt, die es
erlauben, Stabilität und die Einhaltung von Beschränkungen für lineare Sys-
teme auf Basis des Approximationsfehlers des NNs gegenüber einem stabili-
sierenden Regler zu verifizieren. Ergänzend dazu werden Methoden zur Ana-
lyse NN-basierter Regler vorgestellt, die auf erreichbaren Mengen basieren.
Diese Methoden erfordern keinen stabilisierenden Referenzregler und kön-
nen auch auf nichtlineare Systeme erweitert werden. Zur Gewährleistung
des Datenschutzes wird ein Verfahren zur Berechnung polynomialer Approxi-
mationen entwickelt, das eine verschlüsselte Auswertung von NN ermöglicht.
Zusammenfassend werden verschiedene Methoden vorgestellt, die den siche-
ren Einsatz von NN in der Regelungstechnik ermöglichen. Gleichzeitig werden
bestehende Herausforderungen aufgezeigt, die insbesondere in einer Effizien-
zsteigerung der auf gemischt-ganzzahliger Optimierung basierenden Metho-
den liegen, um ihre praktische Anwendbarkeit zu vereinfachen.
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Abstract

The universal approximation property of neural networks (NN) makes them
a popular tool for approximating various functions. Therefore, it is no sur-
prise that they also found their way in control. In control applications, NNs
are commonly used to approximate complex control laws or optimal value
functions (OVF) and Q-functions, which allows for simplifying optimal con-
trol problems. However, the flexibility of NNs comes with a large number
of hyperparameters associated with the topology and training of the NN that
need to be chosen carefully. Moreover, typical quality measures used during
the training of NNs, like mean squared error, are not sufficient to ensure a safe
operation of NN-based controllers. Consequently, the use of NNs in control re-
quires the development of tailored methods that address two main challenges.
The first is how to choose a suitable NN topology that allows for efficiently
approximating control laws or other functions of interest in control, e.g., PWQ
OVFs. The second challenge is to ensure that systems controlled by NNs can
be operated safely in terms of constraint satisfaction, stability, and privacy.
These requirements are unique to control applications and thus typically not
considered in classical NN applications, like image or language processing.
Therefore, we address these problems by developing tailored methods that en-
able us to derive topologies for representing continuous PWQ functions, which
play a crucial role in MPC. Furthermore, by exploiting the structure of the de-
rived topologies, we present a training method for maxout NNs that allows
us to compute parameters for the NN that globally minimize the cost function
considered during training. Regarding the safety of NN-based controllers, we
present extensions and simplifications for analysis methods that allow us to
certify stability and constraint satisfaction for linear systems based on the ap-
proximation error of the NN with respect to a stabilizing baseline controller.
We also develop methods for analyzing systems controlled by NNs, based on
over approximations of reachable sets, which are used to compute robustly
positively invariant sets. These methods do not require a stabilizing baseline
controller and can be extended for the analysis of nonlinear systems controlled
by NNs. Regarding privacy, we develop a method for computing polynomial
approximations that enable an efficient encrypted evaluation of NNs. In sum-
mary, the methods presented in this thesis cover a wide range of problems
of NNs in control and solve or mitigate many of them. At the same time, we
highlight still existing challenges, which especially include increasing the com-
putational efficiency of the methods based on mixed-integer programming for
enabling a wide use in practice.
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Notation

In the following, we list the majority of symbols and acronyms used in this
thesis. In particular, the notion used in Part I is covered, whereas the notation
in the articles reprinted in Part II can slightly deviate or additional notation
is introduced. Whenever such deviations arise, we remind the reader of these
differences and point them out.

Abbreviations and Acronyms

AI artificial intelligence ReLU rectified linear unit
ADP approximate dynamic RL reinforcement learning

programming RPI robustly positively invariant
HE homomorphic encryption SGD stochastic gradient descent
KKT Karush–Kuhn–Tucker SISO single-input single-output
LMI linear matrix inequality s.t. subject to
LP linear program
LQR linear quadratic regulator
MI mixed-integer
MIMO multi-input multi-output
MIP mixed-integer programming
MILP mixed-integer linear program
MIQP mixed-integer quadratic

program
ML machine learning
MLD mixed logical dynamical
MPC model predictive control
mpQP multi-parametric quadratic

program
NN neural network
OCP optimal control problem
OVF optimal value function
OP optimization problem
PI positively invariant
PWA piecewise affine
PWQ piecewise quadratic
QP quadratic program
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Mathematical Notation

Set of Numbers
N0 set of natural numbers including 0
N set of natural numbers
Z set of integer numbers
R set of real numbers

Matrices, Vectors, and Scalars
A, B System matrices
N Prediction horizon
P, Q, R Weighting matrices of a quadratic cost function
u Input vector
v(i) Bias vector of layer i of a neural network
W (i) Weighting matrix of layer i of a neural network
x State vector
β, γ, δ Binary optimization variables
ξ Input vector of a neural network

Functions
h(x) Continuous piecewise affine function
hA(η) Support function of the polyhedral set A evaluated for the

row vector η

J Cost function
p(x) Polynomial function
V(x) Optimal value function
π(x) Control law
φ(x) Continuous piecewise quadratic function

Sets
A Set of active constraints
A∪ B Union of the sets A and B
A ∩ B Intersection of the sets A and B
F Feasible set
P Polyhedral set P := {x ∈ Rn | HPx ≤ hP}
P (i) Polyhedral sets partitioning the domain of a

piecewise affine system
R(i) Polyhedral sets partitioning the domain of a

piecewise affine control law
Rk k-step reachable set
sA Scaling of a set with a scalar s ∈ R, i.e., sA := {sx | x ∈ A}
T Terminal set
X ,U State and input constraints



Mathematical Notation

Multi Index Notation
Ai i-th row of the matrix A
Ai,j Element in the i-th row and j-th column of the matrix A
AA Submatrix of A containing the rows of A specified by

the index set A
∅ Empty set

Symbols and Operations
1 Column vector with all entries being one
I Identity matrix
Dec(c) Decryption of the cipher text c
Enc(p) Encryption of the plain text p
int(P) Interior of the polyhedral set P , i.e.,

int(P) = {x ∈ Rn | HPx < hP}
max{x} Largest element of the vector x
∥x∥p Vector p-norm of x ∈ Rn, i.e., ∥x∥p :=

√
∑n

i=1 |xi|p
∥K∥p Norm of the matrix K ∈ Rm×n induced by the vector norm ∥·∥p

with p ∈ {p ∈ R | 1 ≤ p < ∞}, i.e., ∥K∥p := sup∥x∥p≤1 ∥Kx∥p

ReLU(x) Rectified linear unit ReLU(x) := max{0, x}
⌊·⌋ Rounding down
⌈·⌉ Rounding up
⌊·⌉ Rounding to the nearest integer
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Chapter 1

Introduction

In this chapter, the focus of the thesis is motivated by discussing the specific
challenges that arise when applying machine learning (ML) techniques in con-
trol. To situate the work within the broader research landscape, related contri-
butions are reviewed, and their limitations are discussed. Building upon this
foundation, we highlight the significance of the problems addressed in the the-
sis and formulate the central research questions that will guide the research
presented in the subsequent chapters.

1.1 Motivation

Over the last few decades, artificial intelligence (AI) has generated a lot of re-
search interest, which has led to the development of numerous methods that
can be broadly categorized under the term AI, e.g., (artificial) neural networks
(NN) [1], imitation learning [2], reinforcement learning (RL) [3], or more re-
cently transformer networks [4]. Remarkably, almost all methods have been
used in the context of control. For example, NNs are used in system identifi-
cation to approximate complex system dynamics [5], imitation learning to ap-
proximate stabilizing but potentially computationally demanding control laws
[6, 7], and reinforcement learning for model-free online learning of optimal
value functions (OVF) or Q-functions [8] for model predictive control (MPC)
[9]. However, control applications typically impose restrictions such as compu-
tational limitations, process constraints, stability, and, potentially, also privacy
of process data. These restrictions complicate the use of AI methods in control,
as they are not considered in classical AI applications like image or language
processing. Thus, enabling a reliable use of AI methods in control requires
the development of tailored methods that either directly comply with the re-
quirements or that allow for verifying whether the restrictions imposed by the
control application are met.

While the aforementioned AI methods are very diverse, many of the meth-
ods relevant for a potential application in control involve the use of NNs. For
example, to learn Q-functions in RL [10, 11], as a surrogate model in system
identification [12], and as a controller in learning based methods [6, 7, 13, 14].
Due to the versatile applications of NNs in control and the open challenges
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Chapter 1. Introduction

regarding their safe application, in this thesis, we will focus on NNs. Their
flexibility allows for all the different applications, but also requires a careful
choice of numerous hyperparameters related to the topology of the NNs and
their training. Moreover, each application comes with its very own challenges
that need to be addressed for safe employment in real-world systems. These
challenges can be categorized into two classes. The first one is the design of
suitable NNs that allow for low error approximations of complex functions
while enabling a fast evaluation. The second problem class is the analysis of
NNs that are used for control.

1.2 Related Work

In this section, we give a brief overview of related work relevant to this thesis.
The discussion is intended to situate the presented work within the broader
context of current developments in NN-based methods for control. Related
articles that are only relevant for specific articles included in the thesis are
discussed in detail within the corresponding sections of Chapter 3.

Design of Neural Networks: One of the first applications of NNs in con-
trol was the use as a surrogate controller to replace complex control laws,
thereby providing an accelerated evaluation [6, 7, 15, 16]. This use of NNs is
particularly of interest in the context of optimization-based control methods,
e.g., MPC (see, e.g., [17]). These methods require repeatedly solving a mathe-
matical optimization problem (OP) within the sampling period of the system.
In the OP-based methods, the solution of the OP can be replaced by an NN
evaluation, which can be performed efficiently and in parallel [18]. However,
to maximize the speed-up gained from using NNs as a controller instead of
MPC, the NN should be as simple as possible while still providing an accu-
rate approximation. Thus, we aim to find suitable NN topologies that comply
with these requirements. The topology of an NN is determined by numerous
so-called hyperparameters, i.e., the number of neurons and layers and the ac-
tivation function. Due to a lack of suitable design guidelines for selecting the
topology in the context of control, hyperparameters are often chosen through
trial and error or the design problem is neglected [6]. Systematic approaches
to selecting an appropriate NN topology include heuristic optimization algo-
rithms [19], which search for sets of hyperparameters that yield sufficiently
low approximation errors by training NNs with varying topologies. The ap-
proaches based on heuristic optimization algorithms offer the benefit of being
applicable to a wide range of applications. However, these approaches require
the time-consuming training of a large number of NNs with different topolo-
gies, which we intend to avoid. Our aim is to find suitable hyperparameters
a priori, i.e., before the training is started. Such approaches are already partly
available for the case when NNs are used to approximate the optimal control
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1.2. Related Work

law of linear MPC, which is known to be a continuous PWA function of the
system state [20]. Furthermore, PWA functions can be represented exactly by
maxout [21, 22] and ReLU NNs [23, 24, 25]. This connection between NNs and
PWA functions has been used in [6, 26] to derive topologies for NNs that allow,
in principle, an exact representation of the optimal control law of linear MPC.
Moreover, in [7], it has been experimentally demonstrated that NNs that theo-
retically allow for an exact representation of the function to be approximated
lead to low-error approximations when they are used in the context of NN
training. Thus, by deriving NNs for the exact representation of the function
to be approximated, we can provide design guidelines for the NN topology
without time-consuming training.

We aim to extend the results for PWA functions to another important appli-
cation of NNs in control. Namely, to NNs that are used for an approximation
in the value space [3], i.e., for approximating OVF or Q-functions, which are
used in the context of RL for model-free learning [8] or approximate dynamic
programming (ADP) [27]. The design of tailored NNs for this case has been
considered only rarely. For the important system classes of linear and PWA
systems, the exact OVFs or Q-functions are PWQ [20]. Thus, the results from
the well-studied PWA case do not apply here and can not be used for the de-
sign of suitable NNs. Motivated by the success of approximations of control
laws for linear MPC using NNs that can exactly represent PWA functions, we
will develop NNs for the exact representation of PWQ functions and use them
to approximate OVF or Q-functions. These results will fill a research gap, as
current methods for representing PWQ functions using NNs are limited to spe-
cific function types [27] or impose further restrictions on the partition of PWQ
functions [28, 29], thereby limiting their applicability.

Training of Neural Networks: The successful application of NNs in control
not only depends on properly choosing the topology but also on the choice of
the optimization algorithm and its hyperparameters, e.g., learning rate, batch
size, and number of epochs, that is used to minimize a loss function during
the training of the NN. As for the topology, an educated choice for these hy-
perparameters is often not available. Thus, they are often chosen by domain
experts based on experience [30]. Moreover, common optimization algorithms
for the training of NNs, e.g., stochastic gradient descent (SGD), RMSProp, and
Adam [31], are gradient-based methods that typically converge to local optima
of the loss function, with the quality of these solutions depending on the cho-
sen hyperparameters. In addition, for some choices of the hyperparameters,
the optimization algorithms may even fail to converge. Some approaches have
been proposed to mitigate the challenges associated with training of NNs by
reformulating the underlying optimization problem and solving it to global
optimality [25, 32, 33, 34], thereby eliminating the issue of convergence to local
optima. However, these methods are limited to certain types of NNs [25], i.e.,
ReLU NNs with one hidden layer, or allow only the approximation of func-
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tions where the domain has a dimension of n ∈ {1, 2} [33, 34]. We will present
a method applicable to arbitrary domain dimensions that enables training a
broader class of NNs to global optimality.

Safe Operation of Neural Network-Based Controllers: When NNs are used
as an approximate controller in the context of MPC, the potentially complex
optimal control problem (OCP) that needs to be solved in every time step is
replaced by an evaluation of an NN, thereby avoiding the need to solve an
OP in every time step. Thus, the use of NNs has the potential to simplify the
evaluation of complex control methods. However, safety requirements such
as constraint satisfaction, recursive feasibility, stability, and privacy of process
data often prevent the use of NNs in practice.

For ensuring the safety requirements of constraint satisfaction and stability,
there are different methods to synthesize NNs that directly satisfy some of
these requirements [6, 35, 36] and methods that allow for analyzing whether a
given NN fulfills these requirements [13, 16, 37, 38, 39]. Among the analysis
methods, there are some in which mixed-integer programming (MIP) is used
for certifying stability and constraint satisfaction for linear systems controlled
by NNs [13, 16, 38]. These methods build on modeling the approximation er-
ror of an NN with respect to a stabilizing baseline controller by an MILP [13,
16], which is used for computing the maximum approximation error and the
minimum Lipschitz constant of the error. Thus, they require knowledge of the
stabilizing controller that is used to train the NN. An alternative to methods
based on approximation error are methods that use reachability analysis [38,
40]. In these methods, an MIP is formulated that describes a linear system
controlled by a NN. Using the MIP, the behavior of the closed-loop system can
be analyzed by computing reachable sets, which allow for the certification of
stability and constraint satisfaction. Since these methods directly describe the
closed-loop system by an MIP, a stabilizing baseline controller is not needed.
This makes the reachability-based analysis more flexible and eventually al-
lows extending the analysis to nonlinear systems controlled by NNs. We will
consider in this thesis both methods, i.e., reachability-based and error-based
methods, for the analysis of NNs in control. For the error-based methods, we
will derive extensions and simplifications for the underlying MIPs. Further-
more, we will extend the reachability-based methods to an important system
class, i.e, PWA systems with bounded additive disturbances, that has not been
considered yet.

The final safety requirement for the practical use of NNs in control, namely
data privacy, becomes particularly relevant when the control law is evaluated
by a third party, such as a cloud computing provider [41]. In these cases, the
previously discussed approximations of control laws by NNs enable an eval-
uation on encrypted input data without requiring an intermediate decryption
step, thereby ensuring the privacy of the input data during controller evalu-
ation. Due to certain restrictions of homomorphic encryption (HE) [42, 43],
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which is used for a privacy-preserving evaluation, the activation functions of
the NNs must be approximated by polynomials. Furthermore, the maximum
degree of the used polynomials is limited [44]. This limitation on the degree
also leads to a limited accuracy of the polynomial approximation. In this work,
we introduce a method that increases the maximum degree, which enables
more accurate polynomial approximations of NNs for use with HE.

1.3 Central Research Questions

As highlighted in the preceding discussion, the challenges associated with the
use of NNs in control can be grouped into two categories, i.e., design and
analysis. The design problem involves selecting suitable NN topologies and
appropriately parameterizing the training, while the analysis problem focuses
on understanding and verifying the behavior of systems controlled by NNs.
The central research questions, formulated in the following, are intended to
guide the research toward solving these challenges, which are crucial for en-
abling the use of NNs in safety-critical systems.

1.3.1 Design of Neural Networks for Control

Regarding the design problems associated with the use of NNs in control, we
will focus on approximating functions relevant in control. Our aim is to an-
swer the question of how to choose topologies of NNs that allow for low-error
approximations without relying on heuristic optimization methods. This has
already been answered for the approximation of certain function types by de-
riving tailored NNs that allow an exact representation of the function to be
approximated. Such NNs have been proposed for the class of PWA functions,
which include the optimal control law of linear MPC [6, 7, 26] by establishing
a connection between PWA functions and NNs. Moreover, the effectiveness
of these NNs, which allow for an exact representation of PWA control laws,
has been demonstrated in [6, 7]. However, when NNs are used in the context
of RL for model-free learning, PWQ functions, such as OVFs or Q-functions,
often need to be approximated. For these cases, the results on the exact repre-
sentation of PWA functions can not be utilized, and results concerning PWQ
functions remain largely unexplored. This leads us to formulate our first re-
search question as follows:
Can every continuous PWQ function with a polyhedral domain partition be exactly
represented by an NN?

Answering this question allows us to derive design guidelines for choosing
the topologies of NNs that are used to approximate PWQ OVFs or Q-functions
in RL for control.

Another important problem within the domain of NN design for control
emerges in the context of privacy-preserving evaluation of NNs. As discussed
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in Section 1.2, HE can be used for a privacy-preserving evaluation. However,
HE schemes typically support only encrypted additions and a limited num-
ber of consecutive encrypted multiplications, referred to as the multiplicative
depth d. This restricts the functions that can be evaluated in an encrypted fash-
ion to polynomials. Thus, non-polynomial functions need to be approximated
by polynomials. Moreover, since the multiplicative depth d limits the degree of
compatible polynomials and thereby the accuracy of the approximations, we
aim to investigate the following question:
How to maximize the degree of polynomials implementable under a constant multi-
plicative depth?

An answer to this question would provide an efficient way for computing
polynomial approximations of NNs or control laws tailored for use in HE.

1.3.2 Analysis of Neural Network-Based Controller

Using NNs in control imposes restrictions that are typically not considered
or are less critical in classical applications of NN, such as regression, image
processing, or classification. In these applications, it is often sufficient to find
NNs that lead to a low error with respect to some chosen loss function. How-
ever, when NNs are used to approximate a baseline controller, the problem
becomes more involved. In this case, we typically have constraints on the out-
put of the NN, which reflect the input constraints of the considered system.
Moreover, due to the integration of the NN-based controller in a feedback loop
with the system to be controlled, deviations from the baseline controller are
potentially amplified and may lead to an unstable closed-loop system. Thus,
to ensure a safe and reliable operation of a system with an NN as a controller,
a detailed analysis of the NN is required. The analysis methods discussed in
Section 1.2, based on the approximation error [13, 16], have the problem that
they require knowledge of a stabilizing controller. The methods proposed in
[38, 40] do not require a stabilizing baseline controller but do require prior
knowledge of a control invariant set of the system. In addition, most of the
methods, including [38], are only applicable to NN-based controllers used to
control linear systems. Thus, the first research question in the realm of analysis
aims to address the problems of the existing methods for analyzing NN-based
controllers. We aim to answer the research question:
Can we develop a method that allows us to certify crucial properties (stability, recur-
sive feasibility, constraint satisfaction) of NN-based controllers for nonlinear systems
without relying on a stabilizing baseline controller?

Investigating this question has the potential to substantially advance existing
analysis methods for NN-based controllers, thereby contributing to the devel-
opment of methods that enable the safe deployment of NNs in real-world sys-
tems. Moreover, we address related research questions that involve simplifying
and extending the analysis methods based on the approximation error.
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1.4 Contributions

The thesis is based on results published in the articles [P1, P2, P3, P4, P5,
P6, P7, P8, P9], which aim to provide solutions to the central problems that
arise when NNs are used in control. These problems are categorized in Sec-
tion 1.3 in design and analysis problems. The design of tailored NNs that
allow an exact representation of PWQ functions, i.e., the research questions
discussed in Section 1.3.1, is addressed in our articles [P1, P2, P9], where we
eventually derive tailored NNs that can exactly represent arbitrary continuous
PWQ functions with a polyhedral domain partition. We further demonstrate in
our articles [P1, P9], through several case studies, that these NNs enhance the
learning of PWQ OVFs and Q-functions compared to classical neural networks,
which lack the ability to represent PWQ functions exactly. Moreover, in [P5],
we show that the structure of the derived tailored NNs allows us to formu-
late the training of these NNs as a mixed-integer quadratic program (MIQP)
for which we can compute the global optimum using standard software [45,
46]. The last contribution under the realm design of NNs is the introduction of
tailored polynomial function approximations that allow an efficient encrypted
implementation of NNs for a privacy-preserving evaluation. To this end, we
present in [P8] a method for increasing the degree of polynomials that can be
implemented in an encrypted fashion by one under a constant multiplicative
depth.

The articles [P3, P4, P6, P7] are devoted to the development of methods
for the analysis of NN-based controllers and thus are guided by the research
questions from Section 1.3.2. In [P3], we extend the methods from [13, 16]
for certifying stability based on the maximum approximation error of the NN
with respect to a baseline controller and the minimum Lipschitz constant of
that error. Furthermore, in the article [P4], we present methods for making the
computation of the minimum Lipschitz constant more efficient. These methods
still require a stabilizing baseline controller and thus do not fully answer the
posed research question. In [P6] and [P7], we finally answer the research ques-
tion by introducing a general framework based on mixed-integer programming
(MIP) that allows us to certify stability and constraint satisfaction of PWA sys-
tems that are controlled by NN without using a baseline controller. Moreover,
the introduced framework even allows the inclusion of additive disturbances
in the analysis. This enables the application of the method to nonlinear sys-
tems that can be approximated by PWA systems with bounded error, making
it applicable to a wide range of systems.

1.5 Outline and Chapter Overview

The remainder of this thesis is structured as follows. In Chapter 2, we pro-
vide the necessary background on relevant topics. These include mathematical
optimization in Section 2.1, which is relevant for the design as well as for the
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analysis of NNs. We separate our introduction to mathematical optimization
into two main topics. The first is convex optimization (Section 2.1.1), which
is needed for the introduction of MPC in Section 2.2. The second topic is MI
optimization (Section 2.1.2), which we need to introduce our MI-based meth-
ods from the articles [P3, P6, P7] for the analysis of NN-based controllers, for
the consideration of PWA systems [47], and for the design of tailored polyno-
mial function approximations [P8]. In Section 2.2, we introduce MPC for linear
and PWA systems. Moreover, we discuss the advantages and disadvantages of
MPC and outline how the use of NNs may contribute towards solving some of
the disadvantages. Section 2.3 gives a general introduction to the type of NNs
considered in this thesis, which are NNs with affine pre- and post-activation
and PWA activation. Moreover, we discuss some points on the training and
representation capabilities of NNs in Sections 2.3.1 and 2.3.2, which allows us
to interpret our results from [P5] and motivates the NNs proposed by us in [P1,
P2, P9], respectively. In the final section of Chapter 2, Section 2.4, we summa-
rize relevant literature on learning-based control and discuss known methods
for the analysis of NN-based controllers. This discussion is the basis for the
derivation of our methods presented in [P3, P4, P6, P7] and summarized in
Section 3.2.

In Chapter 3, we summarize and discuss our contributions based on our
published articles [P1, P2, P3, P4, P5, P6, P7, P8, P9]. The discussions and sum-
maries of the articles are divided into two main sections, namely Section 3.1
and Section 3.2, each devoted to either the design or analysis of NNs in con-
trol. In Section 3.1, we first summarize our results on the exact representation
of PWQ functions with polyhedral domain partition by NNs from the arti-
cles [P1, P2, P9], with which we aim to address the research questions from
Section 1.3.1. Furthermore, the tailored polynomial function approximations
for efficient encrypted implementations are presented in [P8]. Based on the
topology of the NNs derived in Section 3.1.1, we show in Section 3.1.2 how to
formulate the training of the NNs as an MIQP. The results on the MIQP-based
training of NNs are published in our article [P5]. The articles addressing the
research question from Section 1.3.2 are summarized in Section 3.2. In this sec-
tion, we deal with the analysis of NN-based controllers and introduce meth-
ods for certifying stability, recursive feasibility and constraints satisfaction of
closed-loop systems with NN-based controllers. We distinguish between meth-
ods that analyze the NN-based controller based on the approximation error
with respect to a stabilizing baseline controller and methods based on reacha-
bility analysis. The methods of the first type and approaches for making these
methods more efficient are summarized in Section 3.2.2, which is based on our
articles [P3, P4]. The methods based on reachability analysis from our articles
[P6, P7] are summarized and discussed in Section 3.2.3. These methods finally
provide a solution to the last problem discussed in Section 1.3.2 since they al-
low to certify stability, recursive feasibility and constraint satisfaction for PWA
systems with bounded disturbances controlled by NN-based controllers.
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We give conclusions and an outlook in Chapter 4. These include a short
recap of the main contributions. Moreover, we discuss potential improvements
of the presented analysis methods from Section 3.2 and further use cases of the
tailored NN from Section 3.1 that have not been considered yet.

Part II includes reprinted versions of our articles on which this thesis is
based.
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Chapter 2

Preliminaries and Background

Before introducing our contributions, we present the background necessary to
provide context for the articles in Chapter 3 and to categorize and differenti-
ate the works in relation to existing literature. Topics covered in this chapter
include mathematical optimization, MPC, NNs, and learning-based control.

2.1 Mathematical Optimization

A method frequently used in this thesis is mathematical optimization. Mathe-
matical optimization is crucial for many control applications and AI methods.
Particularly relevant for this thesis are two classes of optimization problems.
The first one is convex optimization, which is often used for optimal control,
for example, MPC [48]. The second class is MI optimization, which has at-
tracted much research attention for the analysis of NN [16, 38, P3, P6, P7].

2.1.1 Convex Optimization

In the general form, a convex optimization problem (OP) can be formulated as

min
z

J(z) s.t. z ∈ Z , (2.1)

where J(z) : Rn → R is a scalar-valued convex cost function and Z ⊂ Rn is
a convex set [49]. An OP without cost function, i.e., J(z) = 0, is referred to
as a feasibility problem (FP). The set Z is often represented by a number of
equality and inequality constraints Z := {z ∈ Rn | g(z) ≤ 0, h(z) = 0} with
g(z) : Rn → RNi and h(z) : Rn → RNe [50]. We denote z∗ as an optimizer of
(2.1) if J(z∗) ≤ J(z) for all z ∈ Z . Moreover, for the problems considered in
this thesis, the set Z is a polyhedral set. In this case the functions g(z) and
h(z) are affine and the OP (2.1) becomes

min
z

J(z) (2.2a)

s.t. Ainz ≤ bin (2.2b)
Aeqz = beq (2.2c)

where the inequalities and equalities with Ain ∈ RNi×n, bin ∈ RNi , Aeq ∈
RNe×n, and beq ∈ RNe are understood element-wise.
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2.1.1.1 Quadratic programs

For a quadratic cost function J(z) := 0.5z⊤Hz + c⊤z with H ∈ Rn×n and
c ∈ Rn, the OP (2.2) is a quadratic program (QP) in the standard form

min
z

1
2

z⊤Hz + c⊤z (2.3a)

s.t. Az ≤ b, (2.3b)

with A ∈ RNc×n and b ∈ RNc . For H being positive semi-definite, the QP
(2.3) is a convex OP [50, Sec. 4.4]. For H = 0, the OP (2.3) is a linear program
(LP). Note that even though equality constraints are not explicitly considered
in (2.3) they can be expressed in terms of inequality constraints by using {z ∈
Rn | Aeqz = beq} = {z ∈ Rn | Aeqz ≤ beq,−Aeqz ≤ −beq}. Then, the
constraints (2.2b) and (2.2c) can be compactly written as Az ≤ b with

A :=

 Ain
Aeq
−Aeq

 and b :=

 bin
beq
−beq

 .

There exist several methods for solving QPs of the form (2.3), e.g., interior-
point methods [51], active set solvers [52], and gradient-based methods [50].
In the following, we focus on active set methods, as they can be used to show
that the explicit control law for linear MPC has a PWA structure and that the
associated OVF has a PWQ structure [20]. For the QP (2.3), we can formulate
the Lagrange function

L(z, λ) =
1
2

z⊤Hz + c⊤z + λ⊤(Az− b). (2.4)

The Karush–Kuhn–Tucker (KKT) conditions [50, Sec. 5.5] for the QP (2.3) with
Lagrange function (2.4) are

Hz∗ + c + A⊤λ∗ = 0 (2.5a)
Az∗ − b ≤ 0 (2.5b)

λ∗ ≥ 0 (2.5c)

λ∗⊤(Az∗ − b) = 0. (2.5d)

For feasible QPs, i.e., there exists a z ∈ Rn such that Az ≤ b, the KKT condi-
tions are necessary and sufficient for optimality of (2.3). Thus, given an index
set

A := {i ∈ {1, . . . , Nc} | Aiz∗ − bi = 0}
that contains the indices of the constraints that are satisfied with equality at
the optimizer, we can solve the linear system of equations

Hz∗ + c + A⊤Aλ∗A = 0 (2.6a)
AAz∗ − bA = 0 (2.6b)
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derived from (2.5), which results in(
z∗

λ∗A

)
=

(
H A⊤A

AA 0

)−1 (−c
bA

)
.

Using the formula [53, Sec. 3] for inverting 2× 2 block diagonal matrices, we
can explicitly compute the inverse in the previous equation and obtain(

z∗

λ∗A

)
=

(
H−1 − H−1A⊤AS−1

A,AAAH−1 H−1A⊤AS−1
A,A

S−1
A,AAAH−1 −S−1

A,A

)(−c
bA

)
(2.7)

with S := AH−1A⊤ and SA,A := AAH−1A⊤A. Note that for the index set
I := {1, . . . , Nc} \ A, we have AIz∗ − bI < 0 and thus for all the remaining
Lagrange multipliers we have, according to (2.5d), λ∗I = 0. Now, there are dif-
ferent ways of finding the set of active constraints A. The most straightforward
is to try all possible combinations for which the inverse S−1

A,A exists and com-
pute a solution candidate z∗ and λ∗A according to (2.7) and terminate if z∗ and
λ∗A satisfy (2.5b) and (2.5c), respectively. Then, the solution candidate satisfies
all KKT conditions and thus is an optimizer of the QP (2.3). More sophisti-
cated methods for solving the QP (2.3) based on active sets are discussed in
[52]. However, these methods are not the focus of this thesis. For our purpose,
the relation described by (2.7) suffice to derive the desired structural insights
for linear MPC.

2.1.1.2 Multi-parametric quadratic programs

In the context of control, we sometimes deal with QPs where c = Fx and
b = Ex + d of the QP (2.3) vary linearly with some parameter vector x ∈ Rnp .
These QPs are denoted as multi-parametric QP (mpQP) [20] and are defined
as

V(x) := min
z

1
2

z⊤Hz + x⊤F⊤z (2.8a)

s.t. Gz ≤ Ex + d. (2.8b)

We can use the same method as described in 2.1.1.1 to solve (2.8) for a variable
x. By substituting c = Fx, A = G, and b = Ex + d in (2.7) we can write the
solution to (2.8) as(

z∗

λ∗A

)
=

(
H−1 − H−1G⊤AS−1

A,AGAH−1 H−1G⊤AS−1
A,A

S−1
A,AGAH−1 −S−1

A,A

)( −Fx
EAx + dA

)
. (2.9)

Now, with a varying parameter x, the set of active constraints may vary as
well. Thus, the z∗ and λ∗ are functions of the parameter x and take the form

z∗(x) = K(A)x + l(A) (2.10)
λ∗A(x) = L(A)x + p(A). (2.11)
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The parameters K(A(x)), l(A(x)), L(A(x)), and p(A(x)) can be derived by
evaluating the multiplication in (2.9). Now, the set containing the indices of
the active constraints is defined as

A(x) := {i ∈ {1, . . . , Nc} | Giz∗ − Ex− d = 0}. (2.12)

This leads to piecewise constant parameters K(A), l(A), L(A), p(A) and thus
(2.10) and (2.11) are continuous PWA functions of x [20, Thm. 4]. We assume
that the index set A(x) is such that rank(GA(x)) = |A(x)|, where |A(x)| is
the cardinality of the set A(x). This ensures invertibility of SA(x),A(x) in (2.9).
Note, that even for the case rank(GA(x)) < |A(x)| we can find some subset
S(x) ⊂ A(x) such that rank(GS(x)) = |S(x)| and thus ensuring invertibility
of SS(x),S(x) [20, Sec. 4.1.1]. The regions on which the set of active constraints
remains constant can be determined by substituting (2.10) and (2.11) in the
KKT conditions (2.5b) and (2.5c), which results in the inequalities(

GK(A)− E
−L(A)

)
︸ ︷︷ ︸

=:H(i)

x ≤
(−Gl(A) + d

p(A)

)
︸ ︷︷ ︸

=:h(i)

,

with H(i) ∈ RN(i)
h ×np and h(i) ∈ RN(i)

h . Then the set

R(i) := {x ∈ Rnp | H(i)x ≤ h(i)} (2.13)

describes a polyhedron. In summary, this means that the optimizer of (2.8) is
a PWA function z∗ : Ω→ Rm of the form

z∗(x) =


K(1)

QPx + l(1)QP if x ∈ R(1)

...
K(s)

QPx + l(s)QP if x ∈ R(s)

(2.14)

where s ∈ N is the number of regions of the PWA function and Ω = ∪s
i=1R(i)

is the set of parameters for which (2.8) is feasible [20, Thm. 4]. The PWA
structure of the optimizer of mpQPs will be crucial for deriving some of the
central results of this thesis. Another structural insight of mpQPs we will use
is related to the OVF V(x) (2.8). By substituting (2.14) in (2.8) we find

V(x) =
1
2
(K(i)

QPx + l(i)QP)
⊤H(K(i)

QPx + l(i)QP) + x⊤F⊤(K(i)
QPx + l(i)QP)

=x⊤
(

1
2

K(i)
QP

⊤
HK(i)

QP + F⊤K(i)
QP

)
︸ ︷︷ ︸

=:Q(i)
QP

x + x⊤
(

K(i)
QP

⊤
Hl(i)QP + F⊤l(i)QP

)
︸ ︷︷ ︸

=:q(i)QP

+
1
2

l(i)QP

⊤
Hl(i)QP︸ ︷︷ ︸

=:c(i)QP

.
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Consequently, the OVF is a PWQ function of the form

V(x) =


x⊤Q(1)

QPx + x⊤q(1)
QP + c(1)QP if x ∈ R(1)

...
x⊤Q(s)

QPx + x⊤q(s)
QP + c(s)QP if x ∈ R(s)

(2.15)

with the same domain partition as the PWA optimizer (2.10). The structural
insight provided by (2.15) will be used to derive tailored NNs for learning OVF
of mpQPs.

2.1.2 Mixed-Integer Optimization

The methods for analyzing NN-based controllers that we will present in Sec-
tion 3.2 build on MI optimization. Therefore, in the following, we will provide
a short introduction to MI optimization. In MI optimization, a subset of the op-
timization variables in (2.3) is restricted to the set of integers. For the problems
relevant to this thesis, we consider mixed-integer quadratic program (MIQP)
of the form

min
z

1
2

(
z(c)
⊤

z(i)
⊤
)

H
(

z(c)

z(i)

)
+ c⊤

(
z(c)

z(i)

)
(2.16a)

s.t. Az ≤ b, (2.16b)

z(c) ∈ Rnc (2.16c)

z(i) ∈ Zni (2.16d)

with a positive semi-definite H ∈ Rn×n and n := nc + ni optimization vari-

ables z :=
(
z(c)
⊤

z(i)
⊤)⊤. The optimization variables are separated in nc con-

tinuous optimization variables z(c) ∈ Rnc and ni integer optimization variables
z(i) ∈ Zni . For H = 0, the OP (2.16) is referred to as a mixed-integer linear
program (MILP). If we consider OPs of the form (2.16) without specifying the
cost function, i.e., quadratic or linear, we refer to (2.16) as a mixed-integer pro-
gram (MIP). MIPs of the form (2.16) are often solved using branch and bound
or cutting plane methods [54, 55]. In these methods, the MIP (2.16) is solved
by first solving the LP-relaxation, i.e., a variant of the MIP (2.16) where some
of the constraints (2.16d) are replaced by linear constraints with continuous
optimization variables until a solution is found where the variables z(i) are in-
tegers [54]. However, we will not describe the solution methods for MIPs in
detail, since in this thesis, MIPs are mainly used to describe control laws and
NNs via MI linear constraints.

2.1.2.1 Modelling Using Mixed-Integer Linear Constraints

In the context of control, MIPs are used in different ways. For example, MIQPs
are used to solve optimal control problems (OCP) for PWA systems [47] or MI
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linear constraints can be used to model certain types of NNs [P3, 56]. Moreover,
MI linear constraints can be used to reformulate mpQPs of the form (2.8) as
MI feasibility problems [16].

Mixed-Integer Linear Constraints for Piecewise Affine Functions: For PWA
functions f PWA : Rn → Rm of the type (2.14), we can use MIPs to determine
the index i for which we have x ∈ R(i) for a given x. We use the method
presented in [47] and introduce the binary variables γ ∈ {0, 1}s that model the
relation

γi = 1⇔ x ∈ R(i). (2.17)

We consider polyhedral sets that are described by a number of inequalities as
in (2.13), where each inequality describes a half-space and the set R(i) is the
intersection of half-spaces. For these sets, (2.17) can be described by

H(i)x ≤ h(i) + M(i)(1− γi) (2.18a)

1⊤γ = 1, γ ∈ {0, 1}s, (2.18b)

where M(i) is chosen such that

M(i)
j := max

x∈Ω
{H(i)

j x− h(i)
j }

for all j ∈ {1, . . . , N(i)
h } [47, Eq. (20)-(21)]. Due to the typically large constant

M(i), this formulation is often referred to as big-M formulation. Note that if
the constraints (2.18) are used in an MIP, the smallest possible M for which
(2.18) still describes (2.17) is favorable since it leads to better LP-relaxations
while solving the MIP. However, for clarity of presentation, we will write in
the following for (2.18a) the short version H(i)x ≤ h(i) + 1M(1− γi) although
the constant M may vary with i. Now, we have MI linear constraints that
select the index i for which we have x ∈ R(i). To use these constraints for the
evaluation of PWA functions, we still need constraints to select the active affine
function K(i)x + l(i) based on the binary variable γ. According to [47, Sec. 3.1]
the MI linear constraints

−1M(1− γi) ≤ K(i)x + l(i) − f̃ (i) ≤ 1M(1− γi) ∀ i ∈ {1, . . . , s}, (2.19a)

−1Mγi ≤ f̃ (i) ≤ 1Mγi ∀ i ∈ {1, . . . , s}, (2.19b)

f =
s

∑
j=1

f̃ (j) (2.19c)

are such that we have
γi = 1⇒ f = K(i)x + l(i). (2.20)

Thus, combining the MI linear constraints (2.18) that model (2.17) and (2.19)
for (2.20) results in

x ∈ R(i) ⇔ γi = 1⇒ f = K(i)x + l(i).
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Consequently, the solution to the MIFP

find f , f̃ , γ s.t. (2.18) and (2.19) (2.21)

is such that we have f = f PWA(x). We will use this relation in 3.2 to describe
the dynamics of PWA systems by MI linear constraints.

Mixed-Integer Linear Constraints for the ReLU Function: Another impor-
tant function that can be modeled using MI linear constraints is the ReLU
function

ReLU(x) := max{x, 0},
which is often used as an activation function for NNs. By using the results
from [16, Eq.(18)-(19)], the ReLU function can be described by the MI linear
constraints

−M(1− δ) ≤ x ≤ Mδ + (1− δ)ϵ (2.22a)
−Mδ ≤ y ≤ Mδ, (2.22b)

−M(1− δ) ≤ y− x ≤ M(1− δ), (2.22c)
δ ∈ {0, 1} (2.22d)

where ϵ > 0 is a small constant and M is a large constant as above. Roughly
speaking, the first constraints (2.22a) ensure that δ = 1 if and only if x > 0 and
δ = 0 if and only if x ≤ 0. Then with the constraints (2.22b) and (2.22c) we
have y = 0 if and only if δ = 0 and y = x if and only if δ = 1 and consequently
with (2.22a) we have

y =

{
0 if x ≤ 0
x if x > 0.

Thus, the solution of the MIFP

find y, δ s.t. (2.22) (2.23)

is such that the optimization variable y = ReLU(x) describes the ReLU func-
tion [16, Thm. 6.1]. The formulation (2.22) can be extended to describe the
maximum of several affine functions y = max{W1x + b1, . . . , W sx + bs} by MI
linear constraints. We will introduce this extension in Sections 3.1.2,3.2, 7, and
9 to describe maxout NN with arbitrary topologies by MI linear constraints,
which will allow us to analyze NN-based controllers by MILPs.

Mixed-Integer Linear Constraints for Multi-Parametric Quadratic Programs:
MI linear constraints can be used to model complementarity constraints of the
form ab = 0 with a, b ∈ R, which is equivalent to a = 0∨ b = 0. These types of
constraints are relevant for control since they appear in the KKT-conditions as
complementarity condition (2.5d) and thus can be used to compute points that
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satisfy all KKT-conditions. Constraints of the form ab = 0 can be modeled as
described in [57] by the following MI linear constraints

−Mδ ≤ a ≤ Mδ (2.24a)
−M(1− δ) ≤ b ≤ M(1− δ) (2.24b)

δ ∈ {0, 1}. (2.24c)

where M is a constant that is larger than the largest possible value of a and b.
The constraints are such that δ = 0 implies a = 0 and δ = 1 implies b = 0. This
can be used to replace the complementarity condition (2.5d) and formulate the
KKT-conditions of the mpQP (2.8) as MI linear constraints

Hz∗(x) + Fx + G⊤λ∗ = 0, (2.25a)
r∗ = Ex + d−Gz∗(x), (2.25b)

0 ≤ r∗ ≤ diag(r)(1− δ∗), (2.25c)

0 ≤ λ∗ ≤ diag(λ) δ∗, (2.25d)

δ∗ ∈ {0, 1}Nc . (2.25e)

where λ ∈ RNc and r ∈ RNc are sufficiently large constants that take the role
of the big-M constant (see [16] for details). Since for the OP (2.8), the KKT-
conditions are sufficient and necessary optimality criterion [50, Sec. 5], a point
z∗ that satisfies (2.25) is an optimizer of the OP. Thus, we can solve (2.8) by
solving the MIFP

find z∗, r∗, λ∗, δ∗ s.t. (2.25). (2.26)

The binary optimization variables select the active constraints for a given x,
i.e., we can write the set (2.12) as

A = {i ∈ {1, . . . , Nc} | δ∗i = 1}.

Thus, instead of solving the mpQP (2.8) by solving the linear system of equa-
tions given by the KKT-conditions via an active set solver as in (2.9), we can
compute a z∗ that satisfies the KKT-conditions by solving the MIFP (2.25). The
formulation as MIFP offers the possibility of analyzing the optimizer z∗(x) in
different ways, which we will use in Sections 3.2 and 7 to compute the max-
imum approximation error of an NN that approximates the optimizer z∗(x).
There, we will consider OPs of the form

min
x

J (z(x)) s.t. z(x) = z∗(x) (2.27)

where J : Rnp → R is a linear or quadratic cost function of the optimizer of
(2.8). The OP (2.27) is a nested OP since the cost function depends on the
solution of the mpQP (2.8). OPs of this type can not be solved directly with
the methods introduced so far. However, since the optimizer z∗(x) of (2.8) can
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be described by MI linear constraints, we can replace the constraint of (2.27) by
the MI linear constraints (2.25). This results in the OP

min
x

J (z∗(x)) s.t. (2.25) (2.28)

which is a MILP or MIQP [16, Thm. 5.3] as in (2.16), that can be solved using
standard software, e.g., [45] or [46].

2.2 Model Predicitve Control

MPC has emerged as a popular control strategy in both academia and industry
over the past decades. Its popularity stems from its ability to handle complex
systems, explicitly incorporate system constraints, and offer inherent robust-
ness to disturbances. This has led to its widespread adoption in various fields,
including process control [58], automotive systems [59], and aerospace [60]. In
the following, we will provide an overview of the mathematical foundations
of MPC and present known results on the structure of the underlying optimal
control problem (OCP) that we will use for the design of tailored NNs. We
focus on discrete-time systems whose dynamics can be described by

x(k + 1) = f (x(k), u(k)) (2.29)

where x(k) ∈ Rn and u(k) ∈ Rm are, respectively, the system state and the
control input. In classical MPC, we consider the optimal control problem (OCP)

VN(x) := min
x̂(0),...,x̂(N),

û(0),...,û(N−1)

∥x̂(N)∥2
P +

N−1

∑
κ=0
∥x̂(κ)∥2

Q + ∥û(κ)∥2
R (2.30a)

s.t. x̂(0) = x, (2.30b)
x̂(κ + 1) = f (x̂(κ), û(κ)), ∀κ ∈ {0, ..., N − 1}, (2.30c)

(x̂(κ), û(κ)) ∈ X × U , ∀κ ∈ {0, ..., N − 1}, (2.30d)
x̂(N) ∈ T (2.30e)

with a prediction horizon of N. The sets X and U are state and input con-
straints, T is a terminal constraint, P, Q, and R are positive semi-definite
weighting matrices. The terminal set T , in combination with the terminal cost
parametrized by P, allows to enforce closed-loop stability (see [48] for details).
In the deployment of MPC, the OCP (2.30) is solved in every time-step for the
current system state x = x(k) to obtain the optimal input sequence

Û∗N :=

 û∗(0)
...

û∗(N − 1)

 ∈ RmN.

19



Chapter 2. Preliminaries and Background

Typically, only the first element û∗(0) of the optimal input sequence is applied
to the system before the OCP is solved again. This results in the implicit control
law π : F → Rm of MPC given by

π(x) := û∗(0), (2.31)

where F ⊂ Rn is the set of states for which (2.30) is feasible. Thus, the OCP
must be solved repeatedly at each time step within the sampling period of the
system. The repeated solving of the OCP (2.30) may be intractable for systems
with a short sampling period or OCPs with a large number of constraints.

2.2.1 Model Predictive Control for Linear Systems

A possible way to reduce the computational burden of MPC for linear time-
invariant systems of the form

x(k + 1) = f L(x(k), u(k)) := Ax(k) + Bu(k) (2.32)

is to reformulate the OCP (2.30). For polyhedral state, input, and terminal
constraints of the form X = {x ∈ Rn | HX x ≤ hX }, U = {u ∈ Rm | HUu ≤
hU}, and T = {x ∈ Rn | HT x ≤ hT }, respectively, we can find matrices H, F,
G, E, and d that depend on P, Q, R, A, B, HX , hX , HU , hU , HT , and hT such
that the OCP (2.30) takes the form of a mpQP (2.8) with z = ÛN. Thus, we can
use the method described in Section 2.1.2.1 to solve the mpQP by solving the
MIFP

find Û∗N, r∗, λ∗, δ∗ (2.33a)

s.t. 0 = HÛ∗N(x) + Fx + G⊤λ∗, (2.33b)

r∗ = Ex + d−GÛ∗N(x), (2.33c)
0 ≤ r∗ ≤ diag(r)(1− δ∗), (2.33d)

0 ≤ λ∗ ≤ diag(λ) δ∗, (2.33e)

δ∗ ∈ {0, 1}Nc . (2.33f)

Moreover, we can explicitly compute the solution Û∗N(x) of (2.30) as a function
of the system state x, which is, as described in Section 2.1.1.2, a PWA function
of the form (2.10). Now, since in MPC only the first element of the optimal
input sequence is applied, we are interested in the control law

SÛ∗N(x) = π(x) =


K(1)x + l(1) if x ∈ R(1),
...
K(s)x + l(s) if x ∈ R(s)

(2.34)

with S :=
(

Im 0m×m(N−1)
)
, which is a PWA function since π(x) is a linear

transformation of a PWA function [20, Cor. 2]. The sets R(1), . . . ,R(s) partition
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the feasible set of (2.30) according to F = ∪s
i=1R(i). We further define the local

gain K : Rn → Rm×n as the function

K(x) :=


K(1) if x ∈ R(1),
...
K(s) if x ∈ R(s).

(2.35)

Moreover, as depicted in Section 2.1.1.2, the OVF of the OCP (2.30) is a contin-
uous PWQ function of the form

VN(x) =


x⊤Q(1)x + x⊤q(1) + c(1) if x ∈ R(1),
...
x⊤Q(s)x + x⊤q(s) + c(s) if x ∈ R(s).

(2.36)

Explicitly computing the PWA control law (2.34) offline allows the online ap-
plication of MPC by evaluating a PWA function in every time step instead of
solving the potentially complex QP (2.30) in every time step. However, the
offline computation or even the online evaluation of the PWA control law may
be too complex for OCPs with a long prediction horizon or a large number of
constraints. Both the number of constraints in (2.30) and the prediction horizon
N increase the number of constraints in (2.8b). This leads, in the worst case,
to an exponential increase in the number of regions of (2.34). Thus, explicitly
computing (2.34) is typically only possible for OCPs with a short prediction
horizon and a small number of constraints. This drawback is often mitigated
by approximating the PWA control law (2.34) by functions that have a small
memory footprint and are fast to evaluate, e.g., NNs [6]. We will detail the
approximation of control laws by NNs in Section 2.4.

2.2.1.1 Computation of Lipschitz Constants for Model Predictive Control

In general, a Lipschitz constant of a function f : Rn → Rm on the domain
F ⊂ Rn is defined as a constant Lp satisfying

∥ f (x)− f (x̃)∥p ≤ Lp ∥x− x̃∥p (2.37)

for all x, x̃ ∈ F . We here focus on the cases p ∈ {1, ∞}. Lipschitz constants
have proven beneficial in many applications, as they provide a bound on how
sensitive a function is to variations in the input. For MPC, this allows us to an-
alyze to what degree the control law (2.31) provides inherent robustness, i.e.,
robustness against unmodeled disturbances [61, 62]. The property of inherent
robustness can also be used to certify the stability of NN-based approximations
of the optimal control law (2.34) by computing Lipschitz constants of the ap-
proximation error [16]. To provide less conservative certificates for the inherent
robustness or stability of NN-based approximations, small Lipschitz constants
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are advantageous. The smallest possible Lipschitz constant of a PWA function
of the form (2.34) is, according to [63, Prop. 3.4], given by

Lp(F ) = max
x∈F
∥K(x)∥p = max

i∈{1,...,s}

∥∥∥K(i)
∥∥∥

p
. (2.38)

Thus, given the explicit PWA function (2.34), we can compute the minimum
Lipschitz constant by finding the maximum p-norm of the matrices K(i), which
is defined as

∥K∥p := sup
∥x∥p≤1

∥Kx∥p .

Computing (2.38) for MPC requires explicitly computing the optimal control
law by solving the mpQP (2.8) for all feasible states x ∈ F , which becomes
intractable for OCPs with a long prediction horizon or a large number of con-
straints (cf. Section 2.2.1). Therefore, in Sections 3.2 and 8, we will present a
method for computing the minimum Lischitz constant based on MILP that
does not require the explicit computation of the optimal control law. The
method builds on reformulating the local gain (2.35) as MIFP based on the
MIFP formulation (3.23) of mpQP presented in Section 2.1.2.1. The underlying
idea is to introduce n points

x(j) := x + e(j) (2.39)

for all j ∈ {1, . . . , n}, where e(j) are the n orthonormal vectors of the canonical
basis. The points (2.39) are used to sample the local function u(j) := K(i)x(j) +

l(i) where i is such that x ∈ R(i). Then, the local gain for the PWA function can
be computed as the difference quotient

K(x) =
(
u(1) − u∗(x) . . . u(n) − u∗(x)

)
(2.40)

where we define u∗(x) := π(x). For formulating u∗(x) as MIFP we can di-
rectly use (2.33). Thus, to formulate an MIFP for (2.40), it remains to introduce
MI linear constraints for u(1), . . . , u(j). A suitable MIFP can be formulated by
expanding the constraints (2.33b)–(2.33f) by the MI linear constraints

HU(j) + F(x + e(j)) + G⊤λ(j) = 0 (2.41a)

E(x + e(j)) + d−GU(j) = r(j) (2.41b)

−M(1− δ∗(x)) ≤ r(j) ≤ M(1− δ∗(x)) (2.41c)

−Mδ∗(x) ≤ λ(j) ≤ Mδ∗(x), (2.41d)

presented in [16, Thm. 5.3]. Then, the MIFP

find Û∗N, U(1), . . . , U(n)r∗, r(1), . . . , r(n), λ∗, λ(1), . . . , λ(n), δ∗ (2.42a)
s.t. (2.33b)–(2.33f) and (2.41) (2.42b)

is such that we have SU(j) = u(j) for all j ∈ {1, . . . , n} and thus we can compute
the local gain (2.40) by solving the MIFP (2.42). In Sections 3.2 and 8, we will
detail how to use the MIFP (2.42) to compute the minimum Lipschitz constant
(2.38) of the optimal control law by solving an MILP.
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2.2.2 Model Predictive Control for Piecewise Affine Systems

MPC can also be used for the control of systems whose dynamics can be de-
scribed by a PWA function f PWA : X × U → Rn of the form

x(k + 1) = f PWA(x(k), u(k))

:=


A(1)x(k) + B(1)u(k) + p(1) if

(
x(k)
u(k)

)
∈ P (1),

...

A(s)x(k) + B(s)u(k) + p(s) if
(

x(k)
u(k)

)
∈ P (s),

(2.43)

where P (i) with i ∈ {1, . . . , s} are polyhedral sets

P (i) := {ξ ∈ Rn+m | H(i)ξ ≤ h(i)} (2.44)

with int(P (i)) ∩ int(P (j)) = ∅ for all i ̸= j that partition the state and input
space according to X ×U = ∪s

i=1P (i). Systems of the form (2.43) have emerged
as an important system class since they are highly versatile. They can either
be used to describe systems that are inherently PWA, as, e.g., mixed-logical
dynamical (MLD) systems [64], or to approximate a large class of nonlinear
systems with high accuracy [65]. Thus, formulating the OCP (2.30) for PWA
systems increases the applicability of MPC. In principle, the extension to PWA
systems is straightforward and results in the nonlinear OP

VN(x) := min
x̂(0),...,x̂(N)

û(0),...,û(N−1)

∥x̂(N)∥2
P +

N−1

∑
κ=0
∥x̂(k)∥2

Q + ∥û(k)∥2
R (2.45a)

s.t. (2.30b), (2.30d), (2.30e), (2.45b)
x̂(κ + 1) = f PWA(x̂(κ), û(κ)), ∀κ ∈ {0, ..., N − 1}. (2.45c)

For reformulating the OCP (2.45) in a form that can be solved using MI solvers,
we can use the methods discussed in Section 2.1.2.1, where we showed that
constraints of the form (2.45c) can be described by MI linear constraints. Thus,
we can replace the nonlinear constraint (2.45c) by MI linear constraints for
representing PWA functions, i.e., constraints of the form (2.18) and (2.19). This
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allows us to reformulate the OCP (2.45) for PWA systems as follows

VN(x) := min
x̂(0),...,x̂(N)

û(0),...,û(N−1)
γ(0),...,γ(N−1)

∥x̂(N)∥2
P +

N−1

∑
κ=0
∥x̂(k)∥2

Q + ∥û(k)∥2
R (2.46a)

s.t. (2.30b), (2.30d), (2.30e), (2.46b)

H(i)
(

x̂(k)
û(k)

)
≤ h(i) + 1M(1− γi(k)) (2.46c)

1⊤γ(k) = 1, γ(k) ∈ {0, 1}s (2.46d)

−1M(1− γi(k))≤ A(i) x̂(k) + B(i)û(k) + p(i) − x̃(i)(k + 1)
≤ 1M(1− γi(k)) (2.46e)

−1Mγi(k) ≤ x̃(i)(k + 1) ≤ 1Mγi(k) (2.46f)

x̂(k + 1) =
s

∑
j=1

x̃(j)(k + 1) (2.46g)

for all i ∈ {1, . . . , s} and all k ∈ {0, . . . , N − 1}. As described in Section
2.1.2.1 the constraints (2.46c) and (2.46d) model the relation

(
x⊤(k) u⊤(k)

)⊤ ∈
P (i) ⇔ γi = 1 and the constraints (2.46e)–(2.46g) ensure γi = 1 ⇒ x̂(k + 1) =
A(i) x̂(k) + B(i)û(k). In summary we have

(
x⊤(k) u⊤(k)

)⊤ ∈ P (i) ⇒ x̂(k +
1) = A(i) x̂(k) + B(i)û(k) and consequently x̂(k + 1) = f PWA(x̂(k), û(k)). Thus,
the constraints (2.46c)–(2.46g) can be used as a substitution for (2.45c) and al-
low for solving the OCP for PWA systems by solving an MIQP.

The complexity of MIQP (2.46) is mainly determined by the number of bi-
nary variables [66]. For the problem considered here, we have N binary vec-
tors γ(k) of dimension s, which results in a total number of binary variables
of #γ = sN. Thus, solving the OCP (2.46) in every time step for the current
state becomes even more intricate compared to the linear case described in Sec-
tion 2.2.1, since for PWA systems, not only the number of constraints increases
with the prediction horizon but also the number of binary variables. Meaning
that approximating the optimal control law

πPWA(x) := û(0) (2.47)

described by the OCP (2.46) with a function that allows avoiding solving an
MIQP promises an even higher speed-up than in the linear case. Therefore,
we will consider in Sections 3.2, 10, and 11 NN-based approximations of (2.47)
and investigate their closed-loop behavior to certify constraint satisfaction and
stability.

2.3 Neural Networks

Neural networks (NN) have been successfully applied in many areas for the
data-based approximations of functions as they are universal function approx-
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imators [1, 67] that allow for the approximation of a large class of functions
with arbitrary accuracy. They are also used in control engineering in several
ways to accelerate the evaluation of complex control laws, e.g., MPC [6, 7] by
approximating the PWA control law (2.34) or the PWQ OVF (2.36). Since in
this thesis we primarily consider these two cases, i.e., approximations of PWA
and PWQ functions, we will focus on standard deep feed-forward-NNs [68]
defined by

Φ(ξ) = f (l+1) ◦ g(l) ◦ f (l) ◦ · · · ◦ g(1) ◦ f (1)(ξ). (2.48)

The NN (2.48) consists of a concatenation of preactivations f (i) : Rwi−1 → Rpiwi ,
activation functions g(i) : Rpiwi → Rwi for all i ∈ {1, . . . , l}, and a postactivation
f (l+1) : Rwl → Rwl+1 . The parameters l ∈N and wi ∈N specify the depth and
the number of neurons in each layer, respectively. Finally, pi ∈ N allows us to
consider “multi-channel” preactivations as required for maxout (see [21]) and
the value of max1≤i≤l{wi} is referred to as the width of the NN. We consider
here an affine pre- and postactivation

f (i)(y(i−1)) = W (i)y(i−1) + v(i), (2.49)

for all i ∈ {1, . . . , l + 1}, where W (i) ∈ Rpiwi×wi−1 is a weighting matrix, v(i) ∈
Rpiwi is a bias vector, and y(i−1) denotes the output of the previous layer with
y(0) := ξ. The set

θ := {W (1), v(1), . . . , W (l+1), v(l+1)}

is defined as the collection of all np parameters of the NN. We will occasionally
use the notation Φ(ξ, θ) when we explicitly refer to the dependence of the NN
on the weights and biases. For the activation functions, we focus here on PWA
activation functions in the form of the ReLU activation function

g(i)ReLU(z
(i)) = max

{
0, z(i)

}
:=

max
{

0, z(i)1

}
...

max
{

0, z(i)wi

}
 (2.50)

and the maxout activation function

g(i)max(z
(i)) =


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}
 , (2.51)

where we use the shorthand notation

max
1≤j≤pi

{
z(i)j
}

:= max
{

z(i)1 , . . . , z(i)pi

}
.

We will refer to the resulting NNs as ReLU NNs and maxout NNs, respectively.
We consider this type of activation since we are interested in approximating

25



Chapter 2. Preliminaries and Background

PWA functions, and for ReLU and maxout NNs, it is known that they are con-
tinuous PWA functions [25], [21], and thus are well-suited for approximating
PWA functions. Moreover, in Section 3.1, and in Chapters 5, 6, 13, we will show
how NNs (2.48) with PWA activation can be extended to represent continuous
PWQ functions, which will allow an efficient approximation of PWQ functions
and thus of the OVF (2.36) of MPC.

2.3.1 Training of Neural Networks

Once the topology of the NN, in terms of depth, width, and activation, has
been chosen, the NN can be trained to minimize some sort of loss function for
a given data set D := {(x(i), y(i)) | y(i) = f (x(i))∀i ∈ {1, . . . , ND}}, where f (x)
is the function to be approximated by the NN. During the training of an NN,
typically, an optimization problem (OP) of the form

min
θ

ND

∑
k=1

ℓ
(

y(k) −Φ(x(k), θ)
)

(2.52)

with a convex loss function ℓ : R→ R is considered. For regression tasks, i.e.,
the approximation of a function based on data samples, common choices for
the loss function are the mean-squared error (MSE)

ℓMSE(θ) :=
1

ND

ND

∑
i=1

(
y(i) −Φ(x(i), θ)

)2
(2.53)

or the mean-absolute error (MAE)

ℓMAE(θ) :=
1

ND

ND

∑
i=1

∣∣∣y(i) −Φ(x(i), θ)
∣∣∣ . (2.54)

Due to the nonlinear structure of the NN, the OP (2.52) is nonconvex, mak-
ing it hard to find a global optimal solution. Thus, for the training of the
NN (2.48), the nonconvex OP (2.52) is typically solved approximately using a
gradient-based optimization algorithm, e.g., stochastic gradient descent (SGD),
RMSProp, or Adam [31]. These methods are highly sensitive to the choice of
hyperparameters, such as the learning rate and momentum. Moreover, they
may even fail to converge for some choices of the hyperparameters and get
stuck in poor local optima. Based on the results on tailored NN from Section
3.1.1, we will present in Section 3.1.2 a method that solves these problems by
reformulating the OP 2.52 with (2.53) as MIQP, which can be solved globally.

2.3.2 Exact Function Representation by Neural Networks

The well-known universal approximation theorem, which states that NNs can
approximate a large class of functions with arbitrary accuracy, has been stated
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in different variants in the late 80s and early 90s [1, 67]. One of the first results
was presented in [1, Thm. 3] where the authors showed that for every ϵ > 0
there exists a NN with w1 neurons in one layer such that

| f (x)−Φ(x)| < ϵ (2.55)

holds. The number of neurons w1 needed for (2.55) to hold depends on ϵ.
The smaller ϵ is, the more neurons are needed. The result from [1] applies
to NN with so-called sigmoidal activation. An activation g(x) is sigmoidal
if lim

x→∞
g(x) = 1 and lim

x→−∞
g(x) = 0. Since we can use the ReLU or maxout

activation for constructing a sigmoidal function, e.g., max{0, x} −max{0, x −
1}, NN with ReLU and maxout activation are also universal approximators.
However, the universal approximation theorems from [67, 69] do not specify
the number of neurons needed for (2.55) to hold. Thus, the results can not be
used directly to derive an NN topology that leads to a low error approximation.
Therefore, the topology of a NN is often chosen by domain experts in a trial-
and-error fashion due to the lack of design rules. For providing such rules, we
will investigate in Section 3.1 under which conditions we can find NNs that
can exactly represent certain functions, i.e., for which we have

| f (x)−Φ(x)| = 0. (2.56)

We will denote NNs for which we have (2.56) as tailored NNs. For continuous
PWA functions f : Ω → R with Ω ⊂ Rn of the form (2.34), NNs for which
(2.56) holds can be constructed by decomposing the PWA function into two
convex PWA functions g : Ω→ R with

g(x) :=


K(1)

g x + l(1)g if x ∈ R(1)
g ,

...
K(s)

g x + l(s)g if x ∈ R(s)
g ,

and h : Ω→ R with

h(x) :=


K(1)

h x + l(1)h if x ∈ R(1)
h ,

...
K(s)

h x + l(s)h if x ∈ R(s)
h

(2.57)

such that
f (x) = g(x)− h(x) (2.58)

holds [70]. Each of the convex PWA functions g(x) and h(x) can be repre-
sented as the maximum of their local functions K(i)

g x + l(i)g and K(i)
h x + l(i)h ,

respectively. Thus, the difference (2.58) can be rewritten as

f (x) = max
1≤i≤s

{
K(i)

g x + l(i)g

}
− max

1≤i≤s

{
K(i)

h x + l(i)h

}
. (2.59)

27



Chapter 2. Preliminaries and Background

The representation of PWA functions in the form (2.59) can be interpreted as
a maxout NN with two neurons with p1 = s in one hidden layer. Thus, there
exist maxout NNs that exactly represent continuous PWA functions, i.e., max-
out NNs for which (2.56) holds for all x ∈ Ω. Moreover, the existence of ReLU
NNs for which (2.56) holds has been shown in, e.g., [24, 25] by decomposing
the convex PWA functions g(x) and h(x) into a concatenation of ReLU func-
tions. Where in [25] the function (2.59) is decomposed by using the fact that
the maximum of two values can be rewritten as

max {K1x + l1, K2x + l2} =max {0, (K1 − K2)x + l1 − l2}+ K2x + l2
=max {0, (K1 − K2)x + l1 − l2}+ max {0, K2x + l2}
−max {0,−K2x− l2} , (2.60)

which is a ReLU NN with one hidden layer and three neurons. Then, by ap-
plying (2.60) log2(s) times, the maximum of s values can be computed by a
ReLU NN with log2(s) layers, and thus (2.59) is a difference of two ReLU NNs
and consequently itself a ReLU NN [25]. Now, since both ReLU NNs and max-
out NNs can exactly represent continuous PWA functions, they are well-suited
for learning-based control where a NN approximates the PWA optimal control
law (2.34). Moreover, the connection between PWA functions and NNs can be
used to derive bounds on the width and depth a NN should have to represent
a PWA function. Thus, the connection allows the derivation of design rules
for NNs that approximate PWA functions. As we will detail in the subsequent
section, approximations of the optimal control law are not the only use case
of NNs in learning-based MPC. It is also possible to use NNs to approximate
the continuous and convex PWQ OVF (2.36). For this case, the previously
described results on the representation of PWA functions by NNs can not be
used to derive tailored NNs. However, we will show in Section 3.1 how the
representation (2.58) can be extended to enable an exact representation of con-
tinuous PWQ functions of the form (2.36) with polyhedral domain partition.
This extension enables the construction of tailored maxout and ReLU NNs for
approximating the OVF in linear MPC, which is relevant, e.g., for ADP and
reinforcement learning.

2.3.3 Mixed-Integer Linear Constraints for Neural Networks

For NNs with the ReLU activation function, we can use the methods described
in Section 2.1.2.1 for modeling the ReLU activation by MI linear constraints for
formulating a set of MI linear constraints that model a complete deep feed-
forward NN of the form (2.48). According to [16] the MI linear constraints
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−M(1− β
(i)
j ) ≤W (i)

j q(i−1) + vi
j ≤ Mβ

(i)
j + (1− β

(i)
j )ϵ (2.61a)

−Mβ
(i)
j ≤ q(i)

j ≤ Mβ
(i)
j , (2.61b)

−M(1− β
(i)
j ) ≤ q(i)

j −W (i)
j q(i−1) − vi

j ≤ M(1− β
(i)
j ), (2.61c)

q(0) = x, (2.61d)

β
(i)
j ∈ {0, 1} (2.61e)

for all i ∈ {1, . . . , l} and for all j ∈ {1, . . . , wi} can be used to formulate the
MIFP

find q(0), . . . , q(l), β(1), . . . , β(l) (2.62a)
s.t. (2.61) (2.62b)

which is such that W (l+1)q(l) + v(l+1) = Φ(q(0)) = Φ(x) holds. Furthermore,
with the binary variables of the MIFP arranged in the diagonal matrix

∆(i) :=


β1 0 . . . 0

0 . . . ...
... 0
0 . . . 0 βwi

 ,

we can compute the local gain of an NN as

KΦ(x) = W (l+1)
l

∏
i=1

∆(i)W (i). (2.63)

The MI linear constraints (2.61) describing a ReLU and the local gain (2.63) can
be used in combination with the MI linear constraints (2.42) for the optimal
control law of MPC to analyze the closed-loop behavior of NN-based con-
trollers using MILP and MIQP. We will discuss this in more detail in Section
2.4.

2.3.4 Privacy-Preserving Evaluation of Neural Networks

For some applications, it is desirable to protect the input data of the NN from
the entity that evaluates the NN. For example, in cases where sensitive data,
such as healthcare data or measurements of safety-critical systems, is processed
by a third party, e.g., a cloud computing provider. In these cases, HE may be
used to evaluate an NN on encrypted input data without intermediate decryp-
tion. However, HE-shemes typically only allow for encrypted additions [43]
and a limited number of encrypted multiplications [42]. In the following, we
denote the encryption of an input z using an unspecified HE-scheme as Enc(z).
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We will not focus on the cryptographic details. An overview of suitable HE-
schemes can be found in [71]. For our case, it suffices to assume that the
HE-scheme supports encrypted additions [43] via an operation ⊕ according to

Enc(z1 + z2) = Enc(z1)⊕ Enc(z2) (2.64)

and a limited number of multiplications [42] via an operation ⊗ according to

Enc(z1z2) = Enc(z1)⊗ Enc(z2). (2.65)

Thus, additions and multiplications can be performed on encrypted data with-
out prior decryption, allowing for privacy-preserving computations. However,
due to the limitation to additions and multiplications, HE can not directly be
used to evaluate NNs with non-linear activation functions, such as ReLU or
maxout. A workaround is to first approximate the non-linear ReLU activation
by a polynomial, which can be evaluated using only additions and multipli-
cations, and then replace the ReLU activation in the NN with the polynomial
approximation [72] of the form

p(x) := c0 + c1x + c2x2 + · · ·+ xrcr. (2.66)

Typically, the number of consecutive encrypted multiplications, or multiplica-
tive depth d, supported by an HE scheme is limited. Consequently, the degree
of polynomials that can be evaluated in an encrypted fashion is limited and
given by r = 2d − 1 [44]. The limitation arises since d− 1 multiplications are
required to evaluate the monomials in (2.66) up to the order of 2d − 1. The last
remaining multiplication is needed to multiply the monomial xi with the corre-
sponding coefficients ci. For example, a monomial of degree 7 can be evaluated
using 3 consecutive multiplications by c7x7 = (((xx)(xx))((xx)(c7x))), where
the brackets indicate the multiplicative depth.

Since the accuracy of polynomial approximations increases with the degree,
the limited multiplicative depth also restricts the accuracy of the polynomials
that are used to approximate the ReLU activation. We will present in Section 12

and in our paper [P8] a modification of standard methods that allows us to in-
crease the degree of the polynomials by one to r = 2d without increasing the
multiplicative depth. Thus, we enable a more accurate polynomial approxima-
tion of non-linear activation functions for privacy-preserving NNs. These more
accurate privacy-preserving NNs can also be used in control to approximate
the control law (2.31) and subsequently evaluate it in an encrypted fashion.

2.4 Learning-Based Control

As this thesis focuses on the design and analysis of NNs, the following will
mainly address learning-based control methods using NNs. NNs are most
commonly used in control to either approximate a given computationally de-
manding control law, e.g., the solution of the OCP (2.30), or to approximate
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OVFs, as the OVF (2.36) of linear MPC. The approaches are also referred to as
an approximation in the policy space and in the value space, respectively [3].

2.4.1 Approximations of Control Laws

To avoid the need to solve the OCP (2.30) at every time step in order to com-
pute the optimal control input û∗, NNs Φ(x) can be used to approximate the
optimal control law π(x), as demonstrated in, e.g., [6, 16]. In this case, deter-
mining û∗ merely requires the evaluation of an NN rather than the repeated
solution of an OP, resulting in a significant computational speed-up [7]. This, in
turn, enables the implementation of MPC on hardware platforms with limited
computational resources. Furthermore, by replacing the activation functions
in the NN with polynomial approximations as defined in (2.66), the NN can
be utilized for privacy-preserving evaluation of the control law, as discussed
in Section 2.3.4. Hence, the use of NNs for approximating control laws offers
multiple advantages, combining computational efficiency with the potential
for privacy-preserving evaluation.

NNs for an approximation in the policy space are typically trained on sam-
ples of control laws as described in Section 2.3.1 by using a gradient-based
optimization algorithm to choose parameters θ that minimize

ℓMSE(θ) =
1

ND

ND

∑
i=1

(
π(x(i))−Φ(x(i), θ)

)2

for the samples
(
(x(i), π(x(i))), . . . , (x(ND), π(x(ND)))

)
. Since the approxima-

tion error
e(x) := π(x)−Φ(x)

is only evaluated for the points in the data set and the commonly used opti-
mization algorithm, e.g., SGD, RMSProp, and Adam [31] typically do not find
a global optimal solution, i.e., we do not have e(x) = 0 for all x ∈ F . Thus,
there will be a deviation between the optimal control law π(x) and the output
of the NN Φ(x). Due to this deviation, the guarantees of the original control
law of MPC, such as stability, constraint satisfaction, and recursive feasibility,
are typically lost for the NN-based approximation of the control law.

2.4.1.1 Analysis of NN-based Controllers

To recover the guarantees of the original controller, different methods have
been proposed to analyze NN-based controllers for linear systems. We will
discuss methods based on the approximation error with respect to the optimal
control law and methods based on reachability analysis.

Approximation Error Analysis: As discussed in Sections 2.2.1 and 2.3, the
optimal control law of linear MPC and NNs with ReLU and maxout activations
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are continuous PWA functions. Because of the common PWA structure, ReLU
and maxout NNs are the natural choice for approximating the optimal control
law of linear MPC. Indeed, in most of the recent articles, as in, e.g., [14, 73],
precisely these NNs are used. Moreover, the link between the considered NNs
and the optimal control law, given by the common PWA structure, enables the
use of MIP to analyze the approximation error of the NNs and the closed-loop
behavior of linear systems controlled by NNs. Using the MI linear constraints
(2.33b)–(2.33f) for the OCP (2.30) and the MI linear constraints (2.61) for ReLU
NNs from Section 2.2.2 and Section 2.3.3 we can formulate the MIP

max
Û∗N ,r∗,λ∗,δ∗

q(0),...,q(l),β(1),...,β(l)

∥∥∥W (l+1)q(l) + v(l+1) − SÛ∗N
∥∥∥

p
(2.67a)

s.t. (2.33b)–(2.33f), (2.61), and x ∈ F . (2.67b)

For p ∈ {1, ∞}, the cost function of the MIP (2.67) can be reformulated using
MI linear constraints. This turns the MIP into an MILP [16, Thm. 6.1]. Further-
more, as described in the Sections 2.2.1 and 2.3.3 the MI linear constraints in
the MIP (2.67) ensure W (l+1)q(l) + v(l+1) = Φ(x) and SÛ∗N = π(x). We thus
have W (l+1)q(l) + v(l+1) − SÛ∗N = Φ(x) − π(x) = e(x) and can reformulate
the MILP (2.67) as

max
x
∥e(x)∥p (2.68a)

s.t. x ∈ F . (2.68b)

Hence, the maximum approximation error emax := maxx∈F ∥e(x)∥p (cf. (2.68))
can be computed by solving the MILP (2.67). If the maximum approximation
error ep and the minimum Lipschitz constant of the error

Lp(T ) := max
x,y∈T ,x ̸=y

∥e(x)− e(y)∥p

∥x− y∥p

on a terminal set T are below certain threshold values, then stability of the
closed-loop system x(k+ 1) = f L(x(k), Φ(x(k))) can be certified [16, Thm. 3.4].
Since both the optimal control law π(x) and the NN Φ(x) are PWA functions,
the approximation error e(x) is a PWA function as well, and thus the minimum
Lipschitz constant is

Lp(T ) = max
x∈T
∥K(x)− KΦ(x)∥p (2.69)

according to [63, Prop. 3.4]. Now, with the MI formulation (2.42) for the local
gain K(x) of the optimal control law and the MI formulation for local gain
(2.63) of the NN, the minimum Lipschitz constant (2.69) can also be computed
be solving an MILP [16, Thm. 6.1].
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Reachability Analysis: The drawback of the previously described method for
certifying stability is that it fails to certify stability if the approximation error
is too large, even if the NN provides a stabilizing controller. This may happen
in cases where the parameters of the OCP are not known to the party that uses
and analyzes the NN-based controller. Thus, methods based on the approxi-
mation error can only be used if the original controller that is approximated,
in our case, the optimal control law of linear MPC π(x), is known and can be
represented by MI linear constraints. In cases where this is not possible, meth-
ods based on reachability analysis are a promising alternative. These methods
do not require knowledge of the control law that is approximated by the NN.
In fact, as long as maxout or ReLU NNs are used to control linear systems, the
NNs can be trained using any method on data from arbitrary controllers. The
main idea behind these methods is to describe the closed-loop system consist-
ing of a linear system and an NN-based controller as an MIFP [38]. For linear
systems controlled by ReLU NNs, we can combine the MI linear constraints
(2.61) with the linear equation (2.32) describing the linear system dynamics to
formulate the MILP

max
x(0),...,x(K),η

q(0)(0),...,q(l)(0),...,q(0)(K−1),...,q(l)(K−1)
β(1)(0),...,β(l)(0),...,β(1)(K−1),...,β(l)(K−1)

η⊤x(K) (2.70a)

s.t. (2.61), (2.70b)

q(0)(k) = x(k), (2.70c)
x(0) ∈ F , (2.70d)

x(k + 1) = Ax(k) + B(W (l+1)q(l)(k) + v(l+1)). (2.70e)

for all k ∈ {0, . . . , K − 1}. As described in Section 2.3.3 the constraints (2.61)
ensure W (l+1)q(l)(k) + v(l+1) = Φ(q(0)(k)) for all k ∈ {0, . . . , K − 1} and thus
with (2.70c) and (2.70e) the MILP (2.70) is equivalent to

c∗K(η) := max
x(0),...,x(K),η

η⊤x(K) (2.71a)

s.t. x(0) ∈ F , (2.71b)
x(k + 1) = Ax(k) + BΦ(x(k)). (2.71c)

The optimal value c∗K(η) can be identified as the value of the support function
of the reachable sets

R0(F ) := F
Rk+1(F ) := {x | x = Ax(k) + BΦ(x(k)), x(k) ∈ Rk(F )}

of the closed-loop system x(k+ 1) = Ax(k) + BΦ(x(k)) (see, e.g., [P6, Lem. 2]),
where the support function hRk(F )(η) : Rn → R of the set Rk(F ) is defined as

hRk(F )(η) := max
x∈Rk(F )

η⊤x = c∗K(η). (2.72)
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Intuitively, the support function hRk(F )(η) of the set Rk(F ) evaluated for a
vector η can be interpreted as the size of the set in the direction specified by
the normal vector η. Based on the reachable sets, we can analyze the closed-
loop behavior and certify boundedness and constraint satisfaction [74]. If we
have

R1(F ) ⊆ F (2.73)

for a set F ⊆ X then the set F is positively invariant (PI) [75] and thus
Rk(F ) ⊆ X holds for all k ∈ N, i.e., guaranteed satisfaction of the state con-
straints. Moreover, if in addition there exists a k∗ ∈N with

R∗k(F ) ⊆ T (2.74)

for some small terminal set T , then Rk(F ) ⊆ T for all k ≥ k∗ and thus
trajectories of the closed-loop system stay in the set T once they enter this set.
For a polyhedral F := {x ∈ Rn | HF x ≤ hF} and T := {x ∈ Rn | HT x ≤ hT },
the relations (2.73) and (2.74) can be verified based on the support function of
the reachable set using

hR1(F )(HF ) ≤ hF

and
hRk∗ (F )(HT ) ≤ hT ,

respectively. Thus, we can check whether (2.73) and (2.74) hold by solving
the MILP (2.70) for the support function of the reachable set. Building on this
foundation, we will present our results on reachability analysis for NN-based
controllers in Sections 3.2.3, 10, and 11, which enable the verification of stability
and constraint satisfaction. Moreover, we will present methods for computing
suitable sets F and T .

2.4.2 Approximations of Optimal Value Functions

Besides the possibility described in Section 2.4.1 of using NNs for approximat-
ing the optimal control law of linear MPC, NNs can also be used for approxi-
mating the OVF (2.36) or variants of it. Examples are model-based RL or ADP
[3, 27, 76, 77]. In these methods, the approximated OVF ṼN−1(x) ≈ VN−1(x)
can be used to reduce the prediction horizon N in (2.30) to one and thus to
reduce the computational complexity without significantly decreasing the con-
trol performance [8, 27]. The control input can be derived based on the ap-
proximated OVF by solving

u∗V(0) := arg min
u

∥x∥2
Q + ∥u∥2

R + ṼN−1(Ax + Bu) (2.75)

s.t. x = x(0)
u ∈ U

Ax + Bu ∈ S
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where S is a control invariant set that can be computed using methods from
[78]. The OVF is approximated in ADP based on samples (x, VN−1(x)) for
which the OCP (2.30) has been solved or in model-based RL iteratively by,
e.g., temporal difference learning [11, 79]. However, in both methods, model
knowledge in terms of the system parameters A and B is needed to compute
the control input u∗V(0) (2.75). Alternatively, in Q-learning, the so-called Q-
function

QN(x, u) := ∥x∥2
Q + ∥u∥2

R + VN−1(Ax + Bu) (2.76)

is approximated by a NN Q̃N(x, u) ≈ QN(x, u) and can be used to derive a
control input model-free by solving

u∗Q(0) := arg min
u

Q̃N(x, u) (2.77)

s.t. x = x(0)
u ∈ U

Ax + Bu ∈ S .

The Q-function is typically learned model-free with temporal difference learn-
ing [79] based on state measurements.

If these methods are applied to MPC for linear systems with quadratic cost
and polyhedral constraints, then the function to be approximated is no longer
the continuous PWA optimal control law as in Section 2.4.1 but the OVF (2.36)
and the Q-function (2.76), which are both continuous PWQ functions with
polyhedral domain partitions (cf. (2.36)). Thus, using the PWA NNs, as for
the approximation of the optimal control law in Section 2.4.1, is no longer the
ideal choice. Ideally, the structure of the NN should harmonize with the func-
tions to be approximated, i.e., the NN should be a continuous PWQ function.
Nevertheless, PWQ NNs have rarely been considered in this context. There
are some approaches that use PWQ NNs to approximate OVFs [27]. However,
these approaches do not include an analysis of the representation capabilities
of the NN. Thus, there may exist PWQ functions that can not be represented
by these NNs. In Section 3.1, we will derive NNs that can exactly represent
arbitrary continuous PWQ functions. This allows us to connect NNs and the
OVF of linear MPC, similarly to the connection between PWA functions and
NN used in Section 2.4.1 for the approximation of the optimal control law.
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Article Summaries and Discussion

In the previous two chapters, we have seen that the application of NNs in con-
trol faces challenges unique to specific use cases, and for this reason, they are
often insufficiently addressed in the existing literature. As outlined in Chap-
ter 1, these challenges can broadly be grouped into two categories, namely the
design of tailored NN topologies and the subsequent analysis of these NNs
as a controller in a closed-loop system. The two categories differ primarily in
the stage of implementation at which they arise. The design problem is typi-
cally considered before the first training of a NN, as it concerns the question of
which topologies are suitable for the intended task. The analysis, by contrast,
becomes relevant after the training procedure has been completed, when the
performance of the network must be evaluated with respect to specific mea-
sures that are important for its use in control.

In this chapter, both challenges are investigated in more detail, and the re-
sults of our articles included in Part II are presented. The first part of the
discussion, given in Section 3.1, is devoted to design problems. There, we de-
velop NNs that allow for the exact representation of continuous PWQ functions
defined on polyhedral domain partitions. Such functions play an essential role
in RL for control. Building on the developed NNs, we further introduce in Sec-
tion 3.1.2 a tailored training method that enables NNs to be trained to global
optimality. A further aspect of the design problem is addressed in Section 2.3.4,
where we consider the construction of tailored polynomial approximations of
NNs for efficient privacy-preserving evaluations, as introduced in Section 2.3.4.

The second part of the chapter, presented in Section 3.2, shifts the focus
to the analysis problem. Here, we present results from our articles [P3, P4,
P6, P7], which demonstrate how linear and PWA systems controlled by NNs
can be rigorously analyzed to certify properties such as constraint satisfaction,
boundedness, convergence, and stability.

3.1 Tailored Neural Networks

This section is devoted to the design of several methods tailored to specific use
cases relevant to control. More specifically, we will present results on the exact
representation of continuous PWQ functions with polyhedral domain parti-
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tions by NNs, on training NNs to global optimality, and finally on polynomial
approximations of NNs for efficient privacy-preserving evaluation. All results
are based on our published articles [P1, P2, P5, P8, P9] which are included in
Part II.

3.1.1 Representation of Piecewise Quadratic Functions by NNs

Motivated by the success of tailored NNs that enable the exact representation
of PWA functions in the approximation of PWA control laws for linear MPC [7,
26], we now investigate the problem of exactly representing PWQ functions. It
is well known that PWA functions can be represented exactly by NNs, and this
connection has provided valuable insights into the design of topologies well
suited for the approximation of control laws. As discussed in Section 2.4.2,
however, when neural networks are used to approximate OVFs or Q-functions,
the underlying functions are PWQ. For such functions, no general connection
to NNs has been established so far that could systematically guide their design.
The following section addresses this gap and presents our results on the exact
representation of PWQ functions by NNs.

3.1.1.1 Problem Overview

Topologies of NNs that allow an exact representation of continuous PWA func-
tions f (x) often build on the decomposition of these functions into a differ-
ence of two convex PWA functions g(x) and h(x) [70]. Each of these func-
tions can be represented as the maximum of their local functions, as speci-
fied by (2.59) and shown in Figure 3.1. In Figure 3.1, an exemplary continu-
ous PWA function is decomposed into continuous and convex PWA functions
g(x) and h(x), shown in Figure 3.1.(b) and Figure 3.1.(c), respectively. The
blue vertical line in Figure 3.1.(b) illustrates the evaluation of all local func-
tions g(i)(x) of g(x) for x = −0.15. Since the function is convex and PWA
we have max{g(1)(−0.15), g(2)(−0.15), g(3)(−0.15)} = max{−0.5× (−0.15) +
0.5, 1, 0.5× (−0.15) + 0.5} = max{0.575, 1, 0.425} = 1 = g(−0.15). Thus g(x)
and similarly h(x) can be evaluated by evaluating all local functions and sub-
sequently taking the maximum. The decomposition of the PWA function f (x)
in the form

f (x) = g(x)− h(x) = max
1≤i≤s

{
g(i)(x)

}
− max

1≤i≤s

{
h(i)(x)

}
(3.1)

can be directly represented by a maxout NN [21]. Consequently, the optimal
control law of linear MPC (2.31) can also be represented by a maxout NN.
Moreover, results on the connection of maxout and ReLU NNs [24, 25] can be
used to derive ReLU NNs for an exact representation of PWA functions and
thus of the optimal control law of linear MPC.

For continuous PWQ functions, representations by NNs have rarely been
considered, although such representations are crucial for RL methods in con-
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(a) (b) (c)

Figure 3.1. PWA function f (x) with 4 regions in (a) and the decomposition of
f (x) = g(x)− h(x) into the difference of two convex PWA functions g(x) and
h(x). The extension of the local functions outside their regions is indicated by
the dashed gray lines in (b) and (c).

trol where the OVF (2.36) or the Q-function (2.76) is approximated, as dis-
cussed in Section 2.4.2. In principle, continuous PWQ functions can also be
decomposed into a difference of two convex PWQ functions [80]. Figure 3.2
shows such a decomposition of the continuous PWQ function f (x) into the
convex PWQ functions g(x) and h(x). However, unlike in the PWA case shown
in Figure 3.1, the convex PWQ functions can not be represented as the maxi-
mum of their local functions.

(a) (b) (c)

Figure 3.2. PWQ function f (x) with 4 regions in (a) and the decomposition of
f (x) = g(x)− h(x) into the difference of two convex PWQ functions g(x) and
h(x). The extension of the local functions outside their regions is indicated by
the dashed gray lines in (b) and (c).

In Figure 3.2, the local functions of g(x) are evaluated for x = −0.15 which
results in

max{g(1)(−0.15), g(2)(−0.15), g(3)(−0.15)}
= max{2.8× (−0.15)2 + 4.6× (−0.15) + 2, 0.2× (−0.15)2,

0.1× (−0.15)2, 1.4× (−0.15)2 − 2.3× (−0.15) + 1}
= max{1.373, 4.5× 10−3, 2.25× 10−3, 1.3765} = 1.3765.

Furthermore for g(x) we have g(−0.15) = 4.5× 10−3 and thus

max{g(1)(−0.15), g(2)(−0.15), g(3)(−0.15)} ̸= g(−0.15),
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i.e., the convex PWQ function can not be represented as the maximum of its
local quadratic functions. Consequently, we can not use the results on the
representation of PWA functions for deriving NNs for the representation of
PWQ functions. Therefore, our Articles [P1, P2, P9] explore different methods
for representing continuous PWQ functions with polyhedral domain partitions
by NNs. The main question that is investigated in these articles is which NNs
can exactly represent continuous PWQ functions φ(x) : Ω→ R of the form

φ(x) :=


φ(1)(x) if x ∈ R(1),

...
...

φ(s)(x) if x ∈ R(s),
(3.2)

with local quadratic functions

φ(i)(x) := x⊤Q(i)x + l(i)x + c(i)

and a bounded polyhedral domain Ω ⊂ Rn that is partitioned according to
∪s

i=1R(i) = Ω by s polyhedral regions

R(i) := {x ∈ Rn | H(i)x ≤ h(i)} (3.3)

with pairwise disjoint interiors. We further define the set of indices of neigh-
boring regions as

N := {(i, j) ∈ {1, . . . , s}2 | dim(R(i) ∩R(j)) = n− 1}

and denote two regions R(i) and R(j) as neighboring if (i, j) ∈ N . The hyper-
plane separating two neighboring regions (i, j) ∈ N is defined as

B(i,j) := {x ∈ Rn | H(i,j)x = h(i,j)}, (3.4)

where H(i,j) and h(i,j) are rows of H(i) and h(i), respectively for which we have
H(i)x = h(i) if x ∈ R(i) ∩R(j). Note that OVFs (2.36) and Q-functions (2.76) for
linear MPC are of this type, and thus the NNs we will derive can be used for
representing these functions.

3.1.1.2 Summary of Articles [P1, P2, P9]

We will now summarize our results from [P1, P2, P9] on the representation
of PWQ functions by NNs. Starting with some special cases and eventually
turning to the general case of representing arbitrary continuous PWQ with
polyhedral domain partitions by NNs.

Representation of one-dimensional PWQ Functions by ReLU NNs: Our
first attempts at representing continuous PWQ functions by NNs are described
in our article [P1]. In this article, we considered the problem for the simplified
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case of representing a one-dimensional continuous PWQ function, i.e., a func-
tion with a domain Ω ⊂ R, by a ReLU NN. In this case the regions (3.3) are
closed and bounded intervals of the form

R(i) := {x ∈ R | x(i) ≤ x ≤ x(i)}. (3.5)

with x(i) < x(i) = x(i+1) for all i ∈ {1, . . . , s− 1}. Moreover, the local quadratic
functions simplify to

φ(i)(x) := Q(i)x2 + l(i)x + c(i).

One-dimensional functions have several useful features, which make them a
good starting point. The features we will be using include, among others,
that the intersection of two neighboring regions is a zero-dimensional point
R(i) ∩R(j) = {x ∈ R | H(i,j)x = h(i,j)} and that every region has either 1 or 2
neighboring regions. These features allow the construction of ReLU neurons
that are active, i.e., have a non-zero output, in only one region. In the follow-
ing theorem, we will make use of such ReLU neurons for representing PWQ
functions.

Theorem 1 ([P1, Thm. 1]). Let n = 1 and assume that the regions R(i) are as
in (3.5) and bounded. Further assume an NN of the form (2.48) with ξ :=

(
x x2)⊤

and weights

W (1) :=

x(1) + x(1) −1
...

...
x(s) + x(s) −1

 , v(1) :=

−x(1)x(1)
...

−x(s)x(s)

 ,

W (2) :=
(
−Q(1) . . . −Q(s)

)
, v(2) := 0.

Then, h(x) := φ(x)−Φ(x) is a continuous and PWA function of x.

We will only give an intuitive description of the result stated in Theorem 1.
For a formal proof of the theorem, we refer to our article [P1, Thm. 1]. The
main idea is to use ReLU neurons, which are active only in one region and
have a quadratic term that is equal to that of the function φ(x). Substituting the
weights and biases from Theorem 1 in the definition of an NN from Section 2.3
results in

Φ(x) =
s

∑
i=1
−Q(i) max((x(i) + x(i))x− x2 − x(i)x(i), 0). (3.6)

Each ReLU neuron −Q(i) max((x(i) + x(i))x − x2 − x(i)x(i), 0) in this sum is
active, i.e, has a non-zero output, if (x(i) + x(i))x − x2 − x(i)x(i) ≥ 0 and is
inactive otherwise. The quadratic inequality is equivalent to x ≤ x(i) ∧ x ≥ x(i)

with (3.5) we thus have

max((x(i)+x(i))x−x2−x(i)x(i),0)=
{
−x2+(x(i)+x(i))x−x(i)x(i) if x∈R(i),

0 otherwise.
(3.7)
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Now, combining (3.6) with (3.7) results in

Φ(x) =


Q(1)x2 −Q(1)(x(1) + x(1))x + Q(1)x(1)x(1) if x ∈ R(1),

...
...

Q(s)x2 −Q(s)(x(s) + x(s))x + Q(s)x(s)x(s) if x ∈ R(s).

(3.8)

We consequently have

φ(x)−Φ(x) =


(
l(1) + Q(1)(x(1) + x(1))

)
x + c(1) −Q(1)x(1)x(1) if x ∈ R(1),

...
...(

l(s) + Q(s)(x(s) + x(s))
)
x + c(s) −Q(s)x(s)x(s) if x ∈ R(s),

which is a PWA function that we define as h(x) := φ(x) − Φ(x). Moreover,
since φ(x) and Φ(x) are both continuous functions, the difference is continuous
as well. Consequently, the difference h(x) is a continuous PWA function, for
which we can use known methods to represent it by a ReLU NN [26]. In
summary, we decomposed the PWQ function (3.2) into two parts

φ(x) = Φ(x) + φ(x)−Φ(x) = Φ(x)︸ ︷︷ ︸
1. ReLU NN

+ h(x)︸︷︷︸
2. ReLU NN

, (3.9)

where each part can be represented by a ReLU NN. Thus, the sum (3.9) repre-
senting the whole PWQ function (3.2) can be represented by a ReLU NN [25,
Lem. D.2]. With this result, we partially solved the problem of representing
PWQ functions for the special case of n = 1. However, it turned out that ex-
tending this solution to the general case n > 1 and beyond ReLU NNs is hardly
possible. The main reason for this is that the construction of neurons, which
are active in exactly one polyhedral region as in (3.7), is only possible in a
one-dimensional domain, where the regions are closed and bounded intervals.

Representation of One-Dimensional Convex PWQ Functions by Maxout NNs:
For extending the results on the representation of PWQ functions by NNs, we
considered in [P2] a slightly different approach than in [P1]. Nevertheless, the
approach still builds on the idea of adding a continuous PWA function of the
form

h(x) :=


h(1)(x) if x ∈ R(1),

...
...

h(s)(x) if x ∈ R(s),
(3.10)

with h(i)(x) := K(i)
h x + l(i)h for all i ∈ {1, . . . , s} to the original PWQ function

according to
φ̃(x) := φ(x) + h(x) (3.11)

such that φ̃(x) is a function that can be represented by a NN. In the follow-
ing, we will mainly concentrate on the representation of φ̃(x) and h(x) as the
maximum of their local functions φ̃(i)(x) and h(i)(x), respectively, since such a

42



3.1. Tailored Neural Networks (NN)

representation can be interpreted as a maxout neuron of the form (2.51). The
idea of a lifting via a convex PWA function according to (3.11) is shown in
Figure 3.3.

(a) (b) (c)

Figure 3.3. PWQ function φ(x) with 3 regions in (a) and a convex PWA func-
tion h(x) in (b) which is such that φ̃(x) = φ(x) + h(x) can be represented by a
maxout NN. The extension of the local functions outside their regions is indi-
cated by the dashed gray lines.

The PWQ function φ(x) from Figure 3.3.(a) can not directly be represented
by a maxout NN since we have φ(x) ̸= max{φ(1)(x), φ(2)(x), φ(3)(x)}. How-
ever, we can construct a convex PWA function h(x) such that φ̃(x) can be
represented as the maximum of its local functions, i.e., we have φ̃(x) = φ(x) +
h(x) = max{φ̃(1)(x), φ̃(2)(x), φ̃(3)(x)} as shown in Figure 3.3.(c). Moreover, for
a convex PWA h(x) we always have h(x) = max{h(1)(x), h(2)(x), h(3)(x)} [70].
This leads to a representation of the form

φ(x) = φ̃(x)︸︷︷︸
1. maxout neuron

− h(x)︸︷︷︸
2. maxout neuron

(3.12)

with

φ̃(x) = max{φ̃(1)(x), . . . , φ̃(s)(x)} = φ(x) + h(x) and (3.13a)

h(x) = max{h(1)(x), . . . , h(s)(x)}, (3.13b)

where we define φ̃(i)(x) := φ(i)(x) + h(i)(x) for all i ∈ {1, . . . , s}. As can be
seen from (2.49), the input of an activation in an NN is a linear combination of
the NN input x. Thus, to interpret the representation (3.12) as a maxout NN,
we have to consider an extended input vector

ξ :=
(
x⊤ x2

1 x1x2 . . . x1xn . . . x2
n
)⊤ (3.14)

that includes all d := n2+3n/2 quadratic monomials of the input x. Note that
in Theorem 1 we already used (3.14) with n = 1. The extended input vec-
tor allows us to formulate the local quadratic functions φ̃(i)(x) = x⊤Q(i)x +

l(i)x + c(i) of (3.13a) as a linear combination of the elements of the extended
input vector ξ. Thus, the representation in the form (3.12) is a maxout NN
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...

ξ1

ξd

1

−1

φ̃(x)

h(x)

Φ Φ = φ̃− h = φ

Figure 3.4. Maxout NN with two neurons and extended input vector (3.14)
of dimension d := n2+3n/2 for the exact representation of PWQ functions. The
double arrows indicate the multi-channel preactivation required for the max-
out activation.

with an extended input vector and two neurons representing φ̃(x) and h(x),
respectively. The topology of the resulting maxout NN is shown in Figure 3.4.

Based on the exemplary representation of a one-dimensional function by a
maxout NN, we formulate a conjecture that guided the research presented in
our articles [P2] and [P9].

Conjecture 2. For every continuous PWQ function φ : Rn → R there exists a
continuous and convex PWA function h : Rn → R such that (3.13a) holds.

Proving this conjecture would enable the representation of PWQ functions
by maxout NNs with a topology as shown in Figure 3.4. In the conjecture,
we only state that (3.13a) should hold, and (3.13b) is not explicitly mentioned
since it always holds for a continuous and convex h(x). Furthermore, based on
the maxout NNs, we could use methods [24, 25] for representing functions of
the form (3.13) by ReLU NNs to derive topologies for ReLU NNs that allow an
exact representation of PWQ functions.

As with Theorem 1, we will consider a special case as a starting point before
turning to the general result. Therefore, we will present the results from our
article [P2] where we showed the existence of a suitable h(x) that is in line
with Conjecture 2 for a convex and continuous PWQ φ(x) with n = 1. For this
special case, we showed the following.

Theorem 3 ([P2, Cor. 3]). Every convex PWQ of the form (3.2) with n = 1 can
be exactly represented by a maxout-NN as defined in (2.48) with one hidden layer of
width w1 = 2, p1 = s, and ξ as in (3.14).

The existence of a maxout NN Φ(x) with Φ(x) = φ(x) as proposed by
Theorem 3 is proven in [P2, Cor. 3] by showing that Conjecture 2 holds for
convex PWQ functions with n = 1. The formal proof is here omitted so that
we can proceed directly to the general and more relevant case of continuous
PWQ functions with arbitrary n ∈N that are not necessarily convex.

Representation of n-dimensional PWQ Functions by Maxout NNs: The gen-
eral case is considered in our article [P9] where we showed the following.
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Theorem 4 ([P9, Thm. 5]). For every continuous PWQ function φ(x) of the form
(3.2) with a polyhedral domain partition as in (3.3), there exists a convex PWA func-
tion h(x) as in (3.10) such that

φ(x) = max
1≤i≤s

{φ(i)(x) + h(i)(x)} − max
1≤i≤s

{h(i)(x)} (3.15)

holds for all x ∈ Ω.

From Theorem 4 we can deduce that (3.13a) holds, since we have

φ̃(x) = φ(x) + h(x) = φ(x) + max
1≤i≤s

{h(i)(x)} = max
1≤i≤s

{φ(i)(x) + h(i)(x)}

where the second equality holds since h(x) is convex and PWA. Thus, Theo-
rem 4 shows that Conjecture 2 is true. Furthermore, with the extended input
vector (3.14), we can find weights and biases for a maxout NN such that

max
1≤i≤s

{φ(i)(x) + h(i)(x)} = max
1≤i≤s

{x⊤Q(i)x + (l(i) + K(i)
h )x + c(i) + l(i)h }

= max
1≤i≤s

{W (2)
i ξ + v(2)

i }

holds, i.e., we can write the local functions φ(i)(x) + h(i)(x) as affine combi-
nations of the vector ξ and thus the first term of (3.15) as a maxout neuron.
Moreover, since the local functions h(i)(x) are already affine combinations of x
and x is included in ξ, the second term of (3.15) is a maxout neuron as well.
This leads to the following summarizing statement about NNs for the exact
representation of continuous PWQ functions with polyhedral domain parti-
tions.

Theorem 5 ([P9, Thm. 6–8]). Every continuous PWQ function of the form (3.2) with
a polyhedral domain partition as in (3.3) can be exactly represented by the following
NNs:

1. Maxout NN with l = 1 hidden layer, w1 = 2 neurons with p1 = s, input vector
ξ as in (3.14), postactivation weights W (2)

1 = 1, W (2)
2 = −1, and postactivtion

bias v(2) = 0.

2. ReLU NN with l = ⌈log2(s)⌉ hidden layers, wi = 3× 2⌈log2(s)⌉ neurons in
each layer i ∈ {1, . . . , l}, and input vector ξ as in (3.14).

3. ReLU NN with l = 2s hidden layers, wi =
n2+3n

2 + 3 neurons in each layer
i ∈ {1, . . . , l}, and input vector ξ as in (3.14).

As discussed in detail in [P9], the basis for the first NN, i.e., the maxout NN
of Theorem 5, is the representation of PWQ functions by (3.15) from Theorem 4.
The second and third NNs are derived by using different methods from [25]
and [24], respectively, to represent the functions (3.13) which appear in (3.15)
by ReLU NNs.
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3.1.1.3 Discussion

In Section 1.3.1, we motivated and stated the first central research question,
which is:
Can every continuous PWQ function with a polyhedral domain partition be exactly
represented by an NN?

The articles [P1, P2, P9] summarized in the previous section positively an-
swer this question by presenting different NNs with maxout and ReLU ac-
tivation that can exactly represent arbitrary continuous PWQ functions with
polyhedral domain partitions. The resulting NNs are summarized in Theo-
rem 5. These NNs are the first that can provably represent every continuous
PWQ function with a polyhedral domain partition.

Representation of PWQ functions: Results from the literature on the repre-
sentation of PWQ functions mainly focus on one-dimensional functions [81] or
require assumptions that limit the applicability of the results (see, e.g., [29, 82]).
In [82], for example, the authors showed that PWQ functions that possess the
so-called consistent variation property (CVP) [83, Def. 5] can be represented by
a sum of ReLU-like functions, where ReLU-like means functions of the form
max{ f (i)(x), 0} with a quadratic f (i) : Rn → R. For our case, the CVP means
roughly speaking that the difference of any two local functions φ(ı)(x) and
φ(ȷ)(x) separated by the same hyperplane B(i,j), i.e., R(ı) ∩R(ȷ) ⊂ B(i,j) can be
described by a function with constant parameters along the hyperplane B(i,j).
A detailed explanation of the CVP can be found in [P9, Sec. II.B]. The CVP
does generally not hold for arbitrary piecewise quadratic (PWQ) functions. As
a result, the CVP prevents the use of the result from [82] for a more general
setup. Another result on the representation of PWQ functions is presented
in [29], where the authors showed that PWQ functions with a non-degenerate
partition can be represented by functions that are interpretable as NNs. A non-
degenerate partition is, according to the definition in [83], a partition where the
intersection of any k hyperplanes that partition the domain Ω of the PWQ func-
tion φ(x) is of dimension less than or equal to n− k. This again restricts the
results to a subset of all PWQ functions with polyhedral domain partitions.
Finally, in [27], an NN that represents a PWQ function is presented. However,
contrary to our results, there are no theoretical guarantees that the NNs from
[81] can represent any PWQ function.

In Figure 3.5, a PWQ function for which the CVP does not hold is shown. In
addition, the partition is degenerate since the intersection of the three bound-
aries separating the regions at the origin is of dimension 0 ≥ 2− 3 = n− k. For
the partition to be non-degenerate, the intersection should be non-existent, i.e.,
an empty set. Thus, the function in Figure 3.5.(a) can not be represented us-
ing known methods. However, since the representation derived in Theorem 4,
which is the basis for the NNs from Theorem 5 requires neither the CVP nor
a non-degenerate partition, we can use the proposed NNs to represent this
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function. In Figure 3.5, the representation of a PWQ by a NN with the topol-
ogy from Figure 3.4 is shown. The functions represented by the two maxout
neurons are shown in Figure 3.5.(b) and Figure 3.5.(c).

(a) (b) (c)

Figure 3.5. PWQ function φ(x) with 6 regions in (a) and the representation of
φ(x) = φ̃(x)− h(x) by a maxout NN with the first topology from Theorem 5.

Experimental Results: Since OVFs (2.36) and Q-functions (2.76) for linear
MPC are PWQ functions, we can use the proposed NNs to represent them.
However, the exact representation of a given function is not the typical use
case of a NN. Typically, NNs are used to approximate functions based on data
samples. To investigate whether the proposed NNs provide benefits in these
use cases, we performed several numerical studies in our article [P9, Sec. V].
These studies showed that the proposed NNs lead to approximations with sig-
nificantly lower approximation error when they are used to approximate OVFs
or Q-functions of linear MPC. The results are summarized in Table 13.2 of [P9,
Tbl. 2]. In the experiments, we used the NNs from Theorem 5 for an approx-
imation of the OVF of the OCP (2.30) for different systems and compared the
results to an approximation by NNs that have the same topology as described
in Theorem 5, except for the input, where we chose ξ = x. Thus, we compared
our NNs to standard NNs with a PWA structure that are not able to represent
the OVF exactly. In all test cases, we observed a relative improvement in the
approximation error, which was at least 10.14 in the worst case and 136.36 in
the best case.

Connection to Representation of PWA Functions: Also worth noting is that
our results on the representation of PWQ functions stated in Theorem 4 fit
seamlessly into results on the representation of PWA functions [70, 84] and
can be seen as an extension of those. For PWA functions, the local functions in
both terms of (3.15) from Theorem 4 are affine, and thus (3.15) is a difference
of two terms, which are the maximum of affine functions. Consequently, for
PWA functions (3.15) is the difference of two convex PWA functions, i.e, for
the PWA case, Theorem 4 states that φ(x) can be decomposed into two convex
PWA functions. This is exactly the result known from the literature [70]. Thus,
our theorem extends the known results and includes them as a special case.
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3.1.2 Training Neural Networks to Global Optimality

Building on the results presented in Section 3.1.1, we now introduce a method
that enables the training of NNs to global optimality by solving the OP (2.52).
The central idea is to exploit the representation of piecewise-defined functions
as the difference of two max-expressions by (3.15) presented in Theorem 4. This
representation allows us to reformulate the training OP (2.52) as an MIQP. By
casting the problem into this well-studied optimization framework, we obtain
an approach that guarantees global optimality, thereby overcoming the limita-
tions of conventional gradient-based training methods, which often only find
local minima.

3.1.2.1 Problem Overview

NNs are often used in regression problems to approximate functions f (x)
based on samples from a given data set D := {(x(i), y(i)) | y(i) = f (x(i))∀i ∈
{1, . . . , ND}}, which involves solving the OP

min
θ

1
ND

ND

∑
k=1

∥∥∥y(k) −Φ(x(k), θ)
∥∥∥2

2
. (3.16)

Due to the nonlinear structure of the NN Φ(x, θ), arising from the ReLU or
maxout activation, (3.16) is a nonlinear OP. This OP is typically solved approxi-
mately using gradient-based training methods, e.g., stochastic gradient descent
(SGD), RMSProp, or Adam [31]. However, the training success of these meth-
ods in terms of approximation error, training speed, and convergence depends
on the choice of several hyperparameters. Moreover, the popular RMSProp and
Adam algorithms are lacking general convergence guarantees. We addressed
this problem in [P5] by showing that the OP (3.16) can be solved globally for a
special type of NN.

3.1.2.2 Summary of Article [P5]

The starting point for the results of [P5] is a representation of the form

Φ(x) := max{W (g)g(x)} −max{W (h)h(x)} (3.17)

with W (g) ∈ Rp1×r1 , W (h) ∈ Rp2×r2 , g : Rn → Rr1 , and h : Rn → Rr2 , where
max{W (g)g(x)} and max{W (h)h(x)} are shorthand for max1≤i≤p1{W

(g)
i g(x)}

and max1≤i≤p2{W
(h)
i h(x)}, respectively. This representation is a generalization

of (3.15), which we derived in Section 3.1.1 for PWQ functions. In fact, if we
choose

g(x) =
(

1
ξ

)
and h(x) =

(
1
x

)
(3.18)
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with ξ as in (3.14) then we can find parameters W (g) and W (h) such that (3.15)
and (3.17) are equivalent since the max-expressions in (3.15) and (3.17) both
contain affine combinations of ξ and x, respectively. Moreover, for

g(x) = h(x) =
(

1
x

)
(3.19)

the function (3.17) becomes

Φ(x) := max{W (g)
:,2:n+1x + W (g)

:,1 } −max{W (h)
:,2:n+1x + W (h)

:,1 }, (3.20)

which is a maxout NN with one hidden layer and two neurons. Thus, depend-
ing on the choice of g(x) and h(x), the function (3.17) is a classical maxout NN
that can represent every continuous PWA function [21], or for (3.18), the func-
tion (3.17) is a NN with a topology as proposed in Theorem 5 that can represent
every continuous PWQ function with a polyhedral partition (cf. Theorem 4).
Meaning that (3.17) is a universal representation that captures a wide range
of functions, including but not limited to maxout NNs and PWQ functions.
When (3.17) is used as NN in the OP (3.16) then we have to solve

min
W (g),W (h)

1
ND

ND

∑
k=1

∥∥∥y(k) −max{W (g)g(x(k))}+ max{W (h)h(x(k))}
∥∥∥2

2
, (3.21)

for the training. This is still a nonlinear OP. However, we can now use tech-
niques introduced in Section 2.1.2.1 to describe the max-expressions in (3.21)
by MI linear constraints. We first focus on representing max{W (g)g(x(k))} by
MI linear constraints. Therefore, we consider the constraints

W (g)g(x) ≤ 1α, (3.22a)

M(δ− 1)−W (g)g(x) ≤ −1α, (3.22b)
p1

∑
k=1

δk = 1, (3.22c)

δ ∈ {0, 1}p1 (3.22d)

which are such that for any solution to the MIFP

find α, δ s.t. (3.22) (3.23)

we have α = max{W (g)g(x)}. This holds, since the constraints are such that
there exists exactly one k∗ with δk∗ = 1 and δi = 0 for all i ∈ {1, . . . , p1} \ k∗.
Thus, the constraints (3.22) are equivalent to

W (g)
k∗ g(x) = α,

W (g)
i g(x) ≤W (g)

k∗ g(x),

M + W (g)
i g(x) ≥W (g)

k∗ g(x),
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for all i ∈ {1, . . . , p1} \ k∗. For a sufficiently large M, as specified in [P5, Thm. 1]
this is equivalent to α = W (g)

k∗ g(x) = max{W (g)g(x)}. This eventually allows
us to replace both max-expressions in the OP (3.21) by MI linear constraints,
where we need for each data point (x(i), y(i)) one set of MI linear constraints
of the form (3.22). Resulting in a reformulation of (3.21) by

min
W (g),W (h),α(i),γ(i),δ(i)

1
ND

ND

∑
k=1

∥∥∥y(k) − α(k) + β(k)
∥∥∥2

2
(3.25a)

s.t. W (g)g(x(i)) ≤ 1α(i), W (g)g(x(i)) + M(1− δ(i)) ≥ 1α(i), (3.25b)
p1

∑
k=1

δ
(i)
k = 1, δ(i) ∈ {0, 1}p1 , (3.25c)

W (h)h(x(i)) ≤ 1β(i), W (h)h(x(i)) + M(1− γ(i)) ≥ 1β(i), (3.25d)
p2

∑
k=1

γ
(i)
k = 1, γ(i) ∈ {0, 1}p2 , (3.25e)

for i ∈ {1, . . . , ND}. As previously described, we have for each data point i and
for each max-expression a distinct set of constraints of the form (3.22). Conse-
quently, the MI linear constraints (3.25b)-(3.25c) and (3.25d)-(3.25e) lead, simi-
lar to (3.22), to the relation α(i) = max{W (g)g(x(i))} and β(i) = max{W (h)g(x(i))},
respectively for all i ∈ {1, . . . , ND}. The main idea behind the reformulation
is that we introduce the binary variables δ(i) ∈ {0, 1}p1 and γ(i) ∈ {0, 1}p2 for
each of the ND data points. Then the remaining constraints are constructed in
a way such that the binary variables assign each data point to a local func-
tion W (g)

j g(x(i)) and W (h)
j h(x(i)) of the max-expressions max{W (g)g(x(k))}

and max{W (h)h(x(k))}, respectively. We proved in our article [P5] the equiva-
lence of the MIQP (3.25) and (3.21) with the following theorem.

Theorem 6 ([P5, Thm. 1]). There exists an M ∈ R>0 for which the MIQP (3.25) is
equivalent to the nonlinear OP (3.21).

Theorem 6 states that the problem of fitting a function of the form (3.17) to
data points can be solved globally by solving the MIQP (3.25). The effect of M
is shown in Figure 3.6, where we used the MIQP (3.25) to solve (3.21) with g(x)
and h(x) as in (3.19), i.e., we fitted a PWA function to the data points marked by
the gray crosses in the figure. The dotted gray line shows max{W (g)g(x)} and
the dashed gray line max{W (h)h(x)}, the difference of both is Φ(x), which is
illustrated by the black line. We can see in Figure 3.6.(a) that for a small M = 5
we have a deviation between the data points and the function Φ(x). Thus, in
this case, the OPs (3.21) and (3.25) are not equivalent because for (3.21) there
exists a solution with a cost of 0 that is not found by (3.25). For the cases shown
in Figure 3.6.(b) and Figure 3.6.(c), the constant M is large enough such that
the solution computed with (3.25) is the global optimum with a cost of 0.
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(a) (b) (c)

Figure 3.6. Optimal solution of the OP (3.25) for p1 = p2 = 2 with M = 5 in
(a), M = 20 in (b), and M = 100 in (c).

When approximating a function by the OP (3.21), the design parameters are
p1 and p2, which determine the number of terms in the max-expressions of
(3.17) and thus the number of regions in the final function. Additional design
parameters are the r1 and r2 functions included in g(x) and h(x). Depending
on the choice of g(x) and h(x), we can fit different functions to the data. For
example, for the previously discussed cases with (3.18), we fit a PWQ function,
with which we can represent, according to Theorem 4, every continuous PWQ
function with a polyhedral domain partition. For (3.19), we have a PWA model
that can represent every continuous PWA function with a polyhedral domain
partition [21]. Thus, the connection of the results from [P9] and [P5] allows us
to globally solve the problem of fitting PWA and PWQ functions to data.

3.1.2.3 Discussion

The MIQP (3.25) introduced in our article [P5, Eq. (6)] is the first method that
allows for globally solving the problem of fitting continuous PWA and PWQ
functions to data points. Known methods for fitting piecewise-defined func-
tions [85, 86] typically alternate between clustering the data points and com-
puting a regression for each cluster individually until a certain termination
criterion is met. However, due to the switching between clustering and regres-
sion, the solution will not be globally optimal. To compute a global optimal
solution to (2.52), clustering and regression must be performed simultaneously.
This is achieved in our approach by using binary variables that assign points
to regions while at the same time minimizing the approximation error.

Approximations of PWA and PWQ Functions: To illustrate, for concrete ex-
amples, what it means to globally solve the OP (2.52), we will discuss the
application of our method to cases where the data are sampled from a PWA
and PWQ function, respectively. If the data is sampled from a continuous
PWA function then we can use the convex decomposition of PWA functions
(2.59) to reformulate the data points as

(
x(i), y(i) = max1≤j≤s{K(j)

g x(i) + l(j)
g } −
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max1≤j≤s{K(j)
h x(i) + l(j)

h }
)

for all i ∈ {1, . . . , ND}. Thus the OP (3.21) becomes

min
W (g),W (h)

1
ND

ND

∑
k=1

∣∣∣∣ max
1≤j≤s

{K(j)
g x(k) + l(j)

g } − max
1≤j≤s

{K(j)
h x(k) + l(j)

h }

− max
1≤j≤p1

{W (g)
j g(x(k))}+ max

1≤j≤p2
{W (h)

j h(x(k))}
∣∣∣∣2

2. (3.26)

For g(x) and h(x) as in (3.19) and p1 = p2 = s, the optimal solution to (3.26)
is W (g)

j,1 = l(j)
g , W (g)

j,2:n+1 = K(j)
g , W (h)

j,1 = l(j)
h , and W (h)

j,2:n+1 = K(j)
h for all j ∈

{1, . . . , s}. By substituting these parameters in (3.26), we obtain a cost of zero,
and since the cost is lower bounded by zero, this solution must be the global
optimum.

In case the data is sampled from a continuous PWQ function with a poly-
hedral domain partition, then according to Theorem 5, there exists a maxout
NN that represents this function exactly. Thus, we can represent y(i) from the
data set by y(i) = max1≤j≤s{W (1)

j ξ(i) + v(1)
j } −max1≤j≤s{W (1)

j+sξ
(i) + v(1)

j+s} for
all i ∈ {1, . . . , ND} with ξ as in (3.14). Formulating the OP (3.21) for this data
set results in

min
W (g),W (h)

1
ND

ND

∑
k=1

∣∣∣∣ max
1≤j≤s

{W (1)
j ξ + v(1)

j } − max
1≤j≤s

{W (1)
j+sξ + v(1)

j+s}

− max
1≤j≤p1

{W (g)
j g(x(k))}+ max

1≤j≤p2
{W (h)

j h(x(k))}
∣∣∣∣2

2, (3.27)

with g(x) and h(x) as in (3.18). Now, we can use the same arguments as before
to see that for p1 = p2 = s the solution with W (g)

j,1 = v(1)
j , W (g)

j,2:d+1 = W (1)
j ,

W (h)
j,1 = v(1)

j+s, and W (h)
j,2:d+1 = v(1)

j+s for all j ∈ {1, . . . , s} with d := (n2+3n)/2 has a
cost of zero and is thus globally optimal for (2.52).

For both discussed cases, i.e., PWA and PWQ, we can use Theorem 6 to
solve the OP (3.26) and (3.27) by the MIQP (3.25), which will result in the
previously discussed optimal solution with a cost of zero. Our method for
solving these regression problems is the first that can fit globally optimal PWA
and PWQ functions to data points. Known methods either solve the problem
approximately [85, 86, 87] or have a limited applicability. For example, the
methods from [85] can only be applied to fit convex PWA functions, and [33,
88, 89] can only be used to fit PWA functions with n = 1.

Approximations of Piecewise-Defined Functions: Our method extends the
state-of-the-art not only because it allows for globally optimal fits, but also
because it is not limited to a specific type of piecewise-defined functions. As
described in Section 3.1.2.2, the functions g(x) and h(x) determine the function
that is fitted to the data. Interestingly, the choice of these functions is not
limited to the presented options (3.19) and (3.18). Every continuous function
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can be included in g(x) and h(x). For example for the functions shown in
Figure 3.7 we solved (3.25) with

g(x) =

 1
x

sin(0.2x)

 and h(x) =
(

1
x

)
.

for different values of p1 and p2. For p1 = p2 = 1, we fit the function Φ(x) =
W (g)

1 −W (h)
1 +(W (g)

2 −W (h)
2 )x+W (g)

3 sin(0.2x) and thus the MIQP returns the
same solution as an ordinary least squares fit. For p1 = p2 = 2 the solution is a
piecewise-defined function with 2 regions (see Figure 3.7.(b)), thereby resulting
in an approximation with a lower error. Finally, for p1 = p2 = 3, we can
compute an optimal solution with a cost of zero using (3.25). Thus, the black
line in Figure 3.7.(c) representing Φ(x) passes exactly the data points.

(a) (b) (c)

Figure 3.7. Optimal solution of the OP (3.21) for M = 70 with p1 = p2 = 1 in
(a), p1 = p2 = 2 in (b), and p1 = p2 = 3 in (c).

This makes our method the first to offer such flexibility, as it not only guaran-
tees global optimal solutions but also allows fitting arbitrary piecewise-defined
functions.

Complexity of the MIQP: The complexity in terms of runtime of the MIQP (3.25)
for solving (2.52) increases in the worst case exponentially with the number
of binary variables. In our case, the number of binary variables grows lin-
early with the number of data points and is given by ND(p1 + p2). Thus, the
MIQP (3.25) that can be used to train maxout NNs to global optimality may
only be solvable in a reasonable time for small data sets. To counteract this
effect, we presented in [P5, Sec. 4] different methods to reduce the number of
binary variables needed and thus the complexity. The first idea for a simpli-
fication is to add symmetry breaking constraints [90] to the MIQP (3.25) that
exclude solutions with the same cost. These solutions arise from the fact that
the maximum used in (3.21) is invariant under a permutation of the segments,
i.e., we have max{x1, x2} = max{x2, x1}. If we consider an example with
two regions, p1 = p2 = 2, and two data points, ND = 2, then it only matters
whether the data points are assigned to the same region or to different regions.
The specific region they are assigned to, i.e., the first or second, does not alter
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the solution. Formally, this means that in case the data points are assigned to
different regions, we can either have the binary variables

δ(1) =

(
1
0

)
, δ(2) =

(
0
1

)
, γ(1) =

(
1
0

)
, γ(2) =

(
0
1

)
,

which results in

max{W (g)
1 x(1), W (g)

2 x(1)} −max{W (h)
1 x(1), W (h)

2 x(1)} = W (g)
1 x(1) −W (h)

1 x(1),

max{W (g)
1 x(2), W (g)

2 x(2)} −max{W (h)
1 x(2), W (h)

2 x(2)} = W (g)
2 x(2) −W (h)

2 x(2)

or we can have

δ(1) =

(
0
1

)
, δ(2) =

(
1
0

)
, γ(1) =

(
0
1

)
, γ(2) =

(
1
0

)
,

which results in

max{W (g)
1 x(1), W (g)

2 x(1)} −max{W (h)
1 x(1), W (h)

2 x(1)} = W (g)
2 x(1) −W (h)

2 x(1),

max{W (g)
1 x(2), W (g)

2 x(2)} −max{W (h)
1 x(2), W (h)

2 x(2)} = W (g)
1 x(2) −W (h)

1 x(2).

However, both choices for the binary variables lead to the same solution for the
MIQP (3.25) in terms of cost, as they refer to a perturbation of the segments
in the max-expressions. Excluding all equivalent solutions that result from the
perturbation invariance of the maximum is still an ongoing area of research.
However, some of these equivalent solutions can be excluded by including the
symmetry breaking constraints (9.11) from [P5, Eq. (11)]. The advantage of this
type of symmetry breaking constraints is that they do not alter the solution of
the MIQP (3.25) and thus Theorem 6 still applies, and we can still solve (3.21)
globally by the MIQP.

Another method to reduce the complexity of the MIQP (3.25) is the preclus-
tering presented in Section 9.4.1 ([P5, Sec. 4.2]). In the preclustering method the
data points are clustered in K disjoint clusters of the form Cj := {(x(i), y(i)) ∈
D | i ∈ Ij} with Ij ⊆ {1, . . . , ND}, Ci ∩ Cj = ∅ for all i ̸= j, and ∪K

j=1Cj = D us-
ing an arbitrary clustering method, e.g., K-means++ [91]. Then the constraints
in the MIQP (3.25) are modified in a way that not just single data points are
assigned to regions, but whole clusters. The modified constraints (9.12) can be
found in our article [P5, Eq. (12)]. This method allows for reducing the number
of binary variables by a factor of K/ND, from ND(p1 + p2) to K(p1 + p2). How-
ever, the preclustering reduces the flexibility of the MIQP (3.25), which means
that the (3.21) is no longer solved globally optimally by the MIQP (3.25). Thus,
we can trade off flexibility and accuracy against complexity.

3.1.3 Polynomial Approximations of Activation Functions

We will now consider the problem of computing tailored polynomial approxi-
mations of activation functions. The motivation for this arises from the fact that
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standard nonlinear activations cannot be evaluated directly within the frame-
work of HE, which is increasingly used to guarantee data privacy in machine
learning applications. To address this limitation, we investigate how activation
functions can be approximated in such a way that they allow for an efficient
encrypted evaluation.

3.1.3.1 Problem overview

HE allows, in principle, computations on encrypted data. However, as detailed
in Section 2.3.4 the supported computations typically include only additions
and a limited number of consecutive multiplications. Since the focus of this
thesis is the tailored use of NNs and not HE itself, we will not detail specific
HE-schemes. We assume a HE-scheme with a multiplicative depth of d that
supports encrypted additions and up to d consecutive encrypted multiplica-
tions, as defined in (2.64) and (2.65), respectively. The limitations to additions
and multiplications restrict encrypted evaluations to functions that can be eval-
uated using only these operations, which are polynomial functions of the form

p(x) := c0 + c1x + c2x2 + · · ·+ crxr (3.28)

with ci ∈ R for all i ∈ {0, . . . , r}. By using (2.64) and (2.65) the encrypted
function value of p(x) can be computed by

Enc (p(x)) = Enc
(

c0 + c1x + c2x2 + · · ·+ xrcr

)
=Enc(c0)⊕ Enc(c1x)⊕ · · · ⊕ Enc(xrcr)

=Enc(c0)⊕ (Enc(c1)⊗ Enc(x))⊕ · · · ⊕ (Enc(xr)⊗ Enc(cr)) (3.29)

purely on encrypted input data Enc(x). The multiplicative depth limits the
maximum degree of polynomials that can be evaluated. In fact, for a multi-
plicative depth of d, the maximum degree is r = 2d − 1 [44]. In Figure 3.8, the
evaluation of c3x3 with a generic coefficient c3 ∈ R is shown.

The dotted lines at each level indicate the needed number of consecutive
multiplications up to the respective level. At the depth 0, we only have the
variable x and the constant c3. At the first level at depth 1, x2 and c3x are
computed in the nodes. Finally, x2 and c3x are multiplied at depth d = 2 to
compute c3x3. This shows exemplarily how a polynomial of degree r = 3 =
22 − 1 = 2d − 1 can be evaluated with a multiplicative depth of d = 2.

When aiming for an encrypted and thus privacy-preserving evaluation of
NNs, the nonlinear activation functions need to be approximated by polyno-
mials. To keep the approximation error low, polynomials with a high degree
are beneficial. Therefore, the current state-of-the-art is to use for these approx-
imations the maximum possible degree for a given depth d, i.e., r = 2d − 1 [72,
92]. We will present in the following section our results from [P8], which al-
low us to increase the maximum degree of polynomials implementable with a
multiplicative depth of d to r = 2d. This enables approximations with a higher
accuracy without increasing the multiplicative depth.
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x c3depth 0

× ×depth 1

×depth d = 2

c3x3

Figure 3.8. Computational circuit for the evaluation of c3x3. The dotted lines
indicate the number of consecutive multiplications needed at each level.

3.1.3.2 Summary of Article [P8]

A drawback of the evaluation of polynomials shown in Figure 3.8 is that it
requires a multiplication to compute c2d−1x2d−1 from c2d−1 and x2d−1. If it is
possible to avoid this multiplication, then the degree of implementable poly-
nomials could be increased. The main idea to achieve this is to restrict the
coefficient of the monomial with the highest degree in (3.28) to the set of in-
tegers. This small modification allows the evaluation of the leading monomial
crxr by computing

crxr =
cr

∑
i=1

xr

with cr ∈ Z by using only encrypted additions, i.e., without increasing the
multiplicative depth. The method is illustrated in Figure 3.9.

xdepth 0

×depth 1

× + + +depth d = 2 . . .

. . .

. . .
x4 2x4 3x4 c4x4

Figure 3.9. Computational circuit for the evaluation of c4x4 with c4 ∈ Z. The
dotted lines indicate the number of consecutive multiplications needed at each
level.

In contrast to the computational circuit shown in Figure 3.8, here the avail-
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able multiplicative depth d is used to compute xr with r = 2d. Then, crxr is
computed based on xr by solely using additions. Thus, computing crxr with
cr ∈ Z does not consume one level of the available depth. This allows us to
increase the degree from r = 2d − 1 to r = 2d under a constant multiplicative
depth.

Using polynomials to approximate non-linear functions f (x) based on sam-
pling points from a data set D := {(x(i), y(i)) | y(i) = f (x(i))∀i ∈ {1, . . . , ND}}
typically involves solving a regression problem of the form

min
c0,...,cr

J(c0, . . . , cr, x1, . . . , xND), (3.30)

which is an unconstrained OP. Now, if the proposed polynomials with leading
integer coefficients are used in a regression problem, then the OP is initially an
MIP of the form

min
ĉ0,...,ĉr

J(ĉ0, . . . , ĉr, x1, . . . , xND) s.t. ĉn ∈ Z. (3.31)

For standard performance measures such as the mean absolute error (MAE)

JMAE(c0, . . . , cr, x1, . . . , xND) :=
1
N

N

∑
i=1
| f (xi)− p(xi)| (3.32)

or the mean squared error (MSE)

JMSE(c0, . . . , cr, x1, . . . , xND) :=
1
N

N

∑
i=1

( f (xi)− p(xi))
2 (3.33)

the resulting problem is an MILP and an MIQP, respectively. These problems
can be solved using MIP solvers (e.g., [45, 46]). However, by exploiting the fact
that only one optimization variable in the MIP (3.31) is restricted to the set of
integers, we can reformulate the MIP and compute an optimum by solving at
most three LPs if the MAE (3.32) is used or three QPs if the MSE (3.33) is used.
We formally showed in [P8] the following.

Theorem 7 ([P8, Thm. 1–2]). Assume the cost function J in (3.30) is convex in the
coefficients ci and assume c∗ :=

(
c∗0 , . . . , c∗r

)
is an optimizer of the unconstrained

OP (3.30). Then, there exists an optimizer ĉ∗ :=
(
ĉ∗0 , . . . , ĉ∗r

)
for the constrained

problem (3.31) with ĉ∗r = ⌊c∗r ⌋ or ĉ∗r = ⌈c∗r ⌉. If the cost function J in (3.30) in
addition possess the point symmetry J(c∗+ c) = J(c∗− c) for every c ∈ Rr+1. Then,
there exists an optimizer ĉ∗ for (3.31) with ĉ∗r = ⌊c∗r ⌉.

The theorem is a summary of [P8, Thm 1] and [P8, Thm 2]. The assumptions
of Theorem 7 are satisfied for most standard performance measures. In fact,
the MAE and MSE from (3.32) and (3.33), respectively, are convex and point
symmetric according to J(c∗ + c) = J(c∗ − c). Thus, for these cost functions, a
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solution to the MIP (3.31) can be computed by first solving the unconstrained
OP (3.30) to compute c∗ =

(
c∗0 , . . . , c∗r

)
and subsequently solving

min
ĉ0,...,ĉr

J(ĉ0, . . . , ĉr, x1, . . . , xND) s.t. ĉr = ⌊c∗r ⌉. (3.34)

This gives us the optimal solution ĉ∗ :=
(
ĉ∗0 , . . . , ĉ∗r−1, ⌊c∗r ⌉

)
for (3.31). Note that

since we typically have ĉ∗i ̸= c∗i for all i ∈ {1, . . . , r − 1} we have to solve the
second OP (3.34) and can not simply reuse the coefficients

(
c∗0 , . . . , c∗r−1

)
.

For non-symmetric cost functions, the procedure for computing optimal co-
efficients differs slightly. In this case, the optimal leading coefficient may be
ĉ∗r = ⌊c∗r ⌋ or ĉ∗r = ⌈c∗r ⌉. Thus, in addition to the unconstrained problem (3.30),
we have to solve the two OPs

min
c̃0,...,c̃r

J(c̃0, . . . , c̃r, x1, . . . , xND) s.t. c̃r = ⌊c∗r ⌋. (3.35)

with the optimizer c̃∗ =
(
c̃∗0 , . . . , c̃∗r

)
and

min
c̄0,...,c̄r

J(c̄0, . . . , c̄r, x1, . . . , xND) s.t. c̄r = ⌈c∗r ⌉ (3.36)

with the optimizer c̄∗ =
(
c̄∗0 , . . . , c̄∗r

)
. Then, the solution with the lowest cost

provides an optimizer for (3.31). Or more precisely, for a convex and non-
symmetric J, an optimizer of (3.31) is

ĉ∗ =
{ (

c̃∗0 , . . . , c̃∗r−1, ⌊c∗r ⌋
)

if J(c̃∗0 , . . . , c̃∗r−1, ⌊c∗r ⌋) ≤ J(c̄∗0 , . . . , c̄∗r−1, ⌈c∗r ⌉),(
c̄∗0 , . . . , c̄∗r−1, ⌈c∗r ⌉

)
otherwise.

In summary, Theorem 7 allows us to solve the MIP (3.31) by solving only QPs
or LPs, depending on the chosen cost function, without relying on MI solvers.

We have seen that given a multiplicative depth of d we can either choose to
implement polynomials of degree r = 2d − 1 with ci ∈ R for all i ∈ {1, . . . , r}
or with degree r̂ = 2d with ci ∈ R for all i ∈ {1, . . . , r̂− 1} and cr̂ ∈ Z. It seems
natural to always choose the latter since this variant does not increase the
complexity of the HE-scheme in terms of the multiplicative depth but allows
for more accurate approximations due to the higher degree. This can also be
formalized as follows.

Corollary 8 ([P8, Cor. 1]). Consider any r̂ ∈N and let ĉ∗ be an optimizer for (3.31)
and r := r̂. Furthermore, let c∗ be an optimizer for (3.30) and an degree r ∈N smaller
than r̂. Then, J(ĉ∗) ≤ J(c∗), where J refers to the same cost function instantiated for
the two different degrees (but same number of sampling points ND).

The intuitive interpretation of Corollary 8 is that considering the additional
degree provided by the leading integer coefficient will never worsen the ap-
proximation error with respect to the chosen cost function in comparison to
existing methods, where all coefficients are real numbers.
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Chebyshev Polynomials: In principle, the proposed polynomials with lead-
ing integer coefficients can directly be used in regression problems of the form
(3.31). However, when using polynomials in the canonical power basis in re-
gression problems, we may have to deal with numerical problems that arise
when high-order polynomials are used. More specifically, the problems are
that the coefficients of the high-order monomials become either very large or
very small, depending on the problem. To avoid these problems, Chebyshev
polynomials are a common approach. Therefore, we present in the article
[P8] an extension of our method to Chebyshev polynomials. When Chebyshev
polynomials of the first kind are used as basis functions. Then the polynomial
p(x) (3.28) in the canonical power basis is replaced by

p(x) := ĉ0 + ĉ1T1(x) + ĉ2T2(x) + · · ·+ ĉrTr(x) (3.37)

where the basis functions are Chebyshev polynomials defined by the recursion

T0(x) := 1, T1(x) := x, Ti+1(x) = 2xTi(x)− Ti−1(x).

Ensuring a leading integer coeffieicent as in (3.31) when Chebyshev polynomi-
als are used requires to replace the constraint ĉn ∈ Z by

sĉn ∈ Z (3.38)

where s ∈ R is some scaling factor. We introduced the polynomial approxima-
tions here only for the standard constraint ĉn ∈ Z. However, the method can
be extended to include constraints of the form (3.38) with a scaling factor. Since
the results are structurally identical, we refer for the details of this extension
to our article [P8, Sec. III].

3.1.3.3 Discussion

The main contributions of the article [P8], summarized in Section 3.1.3.2, are
to increase the degree of polynomials implementable under a constant multi-
plicative depth by one and to provide a tailored solution method for solving
regression problems with the proposed polynomials. This allows for increasing
the accuracy of polynomial approximations without increasing the complexity
in terms of the multiplicative depth. We demonstrated in [P8, Sec. IV] that,
particularly for low-order polynomials, i.e., up to a degree of 32, the addi-
tional degree often results in a significant improvement in the approximation
accuracy. Application scenarios for the presented method primarily involve en-
crypted function evaluation, where the number of consecutive multiplications
is restrictive. However, the results are not limited to this scenario but are of
general interest in applications where multiplications require more resources
than additions, and it is therefore desirable to keep the number of consecutive
multiplications low. This is, for example, often the case on embedded sys-
tems [93]. Regarding the use of the proposed polynomials in regression tasks,
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we focused on approximations of non-linear activation functions to enable a
privacy-preserving evaluation of NNs. But again, the results are not limited
to this application. The polynomials may also be used to directly approximate
nonlinear control laws [94], which would allow a privacy-preserving evalua-
tion of control laws, i.e, an evaluation directly on encrypted state or output
measurements.

Beneficial Leading Integer Coefficient: The theoretical results allow us to
specify some cases where including the additional monomial of order r = 2d

with integer coefficient can not result in an improvement. From Theorem 7

we can deduce that for a convex symmetric J the leading integer coefficient ĉ∗2d

of all polynomials for which the optimizer of the OP (3.30) includes a leading
coefficient with c∗2d ∈ ] − 0.5, 0.5[, will be rounded to 0. Thus, in this case,
the integer coefficient is not used, and we have a polynomial of degree r =
2d − 1 as in existing methods. Thus, there may be cases where our method
does not result in an improvement. However, with Corollary 8 we can lower
bound the improvement, since the corollary states that including the leading
integer coefficient will never worsen the approximation accuracy. In fact, as we
will describe next, we often observe a significant improvement over existing
methods.

Experimental Results: In the article [P8], we described the results of several
experiments where we used polynomials of degree r = 2d − 1 with ci ∈ R for
all i ∈ {1, . . . , r}, representing the state-of-art, as well as polynomials of degree
r = 2d with ci ∈ R for all i ∈ {1, . . . , r− 1} and cr ∈ Z as proposed by us to ap-
proximate different nonlinear functions. The outcomes of the experiments are
summarized [P8, Tab. 1–6] and confirm the theoretical results in many aspects.
First, the experiments show that none of the polynomials with r = 2d − 1 out-
performs our method, as predicted by Corollary 8. For testing our method, we
chose to approximate the ReLU function f1(x) = ReLU(x) (2.50), the (scaled)
hyperbolic tangent f2(x) = tanh(5x), and a sigmoid function f3(x) = 1/1+e−10x

on different symmetric (i.e., a = b) and non-symmetric intervals of the form
I := [a, b]. We noted that odd functions on symmetric intervals tend to be
approximated by odd polynomials. This leads to the fact that the leading in-
teger coefficient of the polynomials proposed by us is typically ĉ∗r = 0 for this
case, since ĉ∗r ̸= 0 for r = 2d would lead to an even polynomial. Thus, for
odd functions on symmetric intervals, our method is as good as existing meth-
ods. Whereas for most other cases, we observed a significant improvement.
In summary, the experiments show improvements in 86 of the 210 test cases
considered.
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3.2 Analysis of Neural Network-based Controller

While Section 3.1 was devoted to the design and training of NNs tailored to the
specific requirements of control systems, we now shift the focus to the second
central problem from the introduction, namely the analysis of NN–based con-
trollers. The importance of addressing this problem lies in the fact that, even if
an NN has been carefully designed and trained, its practical use ultimately de-
pends on whether one can certify properties such as convergence, stability, and
constraint satisfaction. Without such guarantees, the deployment of NN-based
controllers in safety-critical applications would remain highly limited.

In this part of the chapter, we therefore present two analysis methods. The
first is based on computing the approximation error of an NN with respect to a
stabilizing base-line controller. This method, described in Section 3.2.2, extends
a framework developed in [16] for analyzing ReLU NN-based approximations
of control laws of linear MPC. The second method does not need a stabilizing
base-line controller and instead builds on the computation of reachable sets of
the closed-loop system controlled by an NN, thereby providing a more general
and flexible analysis framework. The results presented in this section are based
on the published articles [P3, P4, P6, P7], which are reprinted in Part II of this
thesis.

3.2.1 Problem Overview

MPC is a powerful control method that is used successfully in many applica-
tions (see, e.g., [58] for an overview). However, since the evaluation of MPC
requires solving an OP at every time step, implementing MPC on hardware
with limited computational resources remains challenging. A common ap-
proach to mitigating this challenge is to use a lightweight approximation of
MPC for implementation, where lightweight means an approximation that is
fast to evaluate and has a low memory footprint. NNs are capable of offering
approximations with the desired features. Especially, NNs that share the PWA
input-to-output structure of the optimal control law (2.34) of MPC for linear
systems seem to be promising. As discussed in Section 2.3.2, ReLU and maxout
NNs are continuous PWA functions and therefore well-suited for approximat-
ing linear MPC. In fact, there are several approaches for the approximation of
linear MPC using ReLU NNs [6, 7, 13, 16, 26]. Some of them [7, 26] even use
the fact that the control law and ReLU NNs are PWA functions for the design
of these NNs.

Now, when an NN Φ(x) is trained, using a gradient-based optimization
method, to approximate linear MPC π(x), then there will be a deviation be-
tween the optimal control law and the NN. Meaning we have

e(x) := π(x)−Φ(x) ̸= 0 (3.39)

for some x ∈ F . The error may lead to a loss of the guarantees of linear MPC,
such as stability and constraint satisfaction, for the NN-based approximation.
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There are various methods for recovering these guarantees. These methods
include projecting the output of the NN onto a control invariant set [6, 95], or
using the output of the NN as an initial guess to warm start a solver for solv-
ing the OCP (2.30). Both methods require additional computations, which may
jeopardize the benefit in evaluation speed gained by the NN. Ideally, we want
to certify the stability of a system that is directly controlled by an NN without
relying on additional computations. Therefore, we focus on methods that en-
able direct analysis of the closed-loop behavior of systems controlled by NNs.
The most widely used approaches in this context are based on MIP [13, 38],
semi-definite programming [39], or satisfiability modulo theory [37]. Among
these methods, the MIP-based ones provide the highest flexibility, as they al-
low us to exactly describe the error function (3.39) and they are applicable to
commonly used PWA activations. Moreover, as we will detail in Section 3.2.3,
the MIP-based methods even allow extending the analysis to nonlinear systems
controlled by NNs.

3.2.2 Methods Based on Approximation Error

The first MIP-based method we consider enables the computation of the maxi-
mum approximation error of a maxout NN with respect to the optimal control
law of linear MPC, as well as the computation of the minimum Lipschitz con-
stant associated with this error. The method was first presented in [16] for
ReLU approximations of linear MPC and later extended in [13] to include all
kinds of control laws that can be represented by MI linear constraints. As al-
ready detailed in Section 2.4.1.1, the method introduced in [16] combines the
MI linear constraints (2.33b)–(2.33f) that model the OCP (2.30) with the MI
linear constraints (2.61) for the ReLU NN-based approximation to reformulate

emax := max
x∈F
∥e(x)∥p = max

x∈F
∥Φ(x)−π(x)∥p (3.40)

as the MILP

emax = max
Û∗N ,r∗,λ∗,δ∗

q(0),...,q(l),β(1),...,β(l)

∥∥∥W (l+1)q(l) + v(l+1) − SÛ∗N
∥∥∥

p
(3.41a)

s.t. (2.33b)–(2.33f) (3.41b)
(2.61) (3.41c)

with p ∈ {1, ∞}, whose optimal solution is the maximum approximation error
of a ReLU NN with respect to the optimal control law of linear MPC. In a
similar way, it is possible to compute the minimum Lipschitz constant

Lp(T ) := max
x,y∈T ,x ̸=y

∥e(x)− e(y)∥p

∥x− y∥p
(3.42)
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of (3.39) by solving an MILP of the form

c∗ = max
ξ,β,ζ,δ

∥Tξ + C−Gζ∥p (3.43a)

s.t. hπ(ζ, δ) ≤ 0, δ ∈ {0, 1}N1 , (3.43b)

hΦ(ξ, β) ≤ 0, β ∈ {0, 1}N2 , (3.43c)

where hΦ(ξ, δ) and hπ(ζ, β) are affine functions of the continuous optimization
variables ξ ∈ RNξ , ζ ∈ RNζ and the binary optimization variables δ, β. The
constraints are such that the local gain (2.35) of the optimal control law can be
computed by the MIFP

find ζ, δ s.t. hπ(ζ, δ) ≤ 0, δ ∈ {0, 1}N1 (3.44)

as Gζ = K(x) and the local gain (2.63) of the NN by the MIFP

find ξ, β s.t. hΦ(ξ, β) ≤ 0, β ∈ {0, 1}N2 , (3.45)

as Tξ + C = KΦ(x). In [16], it is shown that for ReLU NNs, such constraints
and matrices T , C, G indeed exist. The constraints hπ(ζ, δ) ≤ 0 that model the
local gain K(x) of the control law π(x) are in this case given by (2.33b)–(2.33f)
and (2.41) ([16, Eq. (13), Eq. (15)]) as in the MIFP (2.42). The constraints for
the local gain KΦ(x) of the ReLU NN are given by [16, Eq. (18), Eq. (20)]. This
allows us to reformulate (3.43) as follows

c∗ = max
x∈T
∥KΦ(x)− K(x)∥p

we thus have c∗ = Lp(T ) [63, Prop. 3.4], which can be computed by an MILP
of the form (3.43) [16, Thm. 6.1].

Note that the MILP (3.41) for computing the maximum approximation error
can also be cast in the form (3.43) by choosing the constraints (2.33b)–(2.33f) as
hπ(ζ, δ) ≤ 0, (2.61) as hΦ(ξ, β) ≤ 0, and the optimization variables as

ξ :=

q(0)

...
q(l)

 , β :=

β(1)

...
β(l)

 , ζ :=


Û∗N
r∗

λ∗

δ∗

 , and δ := δ∗.

Then with

T :=
(

0 . . . 0 W (l+1)
)

, C := v(l+1), and G :=
(

Im 0 . . . 0
)

we have Tξ + C = Φ(x) and Gζ = π(x) and thus the optimal value of
MILP (3.43) is the maximum approximation error emax = c∗.

In [16, Thm. 3.4], it is shown that if the values of the maximum approxima-
tion error emax and the minimum Lipschitz constant Lp(T ) are below certain
thresholds, which depend on values of the OCP, then the closed-loop system

x(k + 1) = Ax(k) + BΦ(x) (3.46)
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converges exponentially to the origin. In summary, depending on two values
that can be computed by solving an MILP, it is possible to certify the stability
of a linear system controlled by a ReLU NN.

Our aim is to extend this method to make it applicable to a wider range of
NNs and to increase the efficiency of the MILP (3.43) by reducing the number
of binary variables.

3.2.2.1 Summary of Articles [P3, P4]

We will now summarize our extension from [P3] of the method from [16] to
maxout NN approximations of linear MPC. Furthermore, we will introduce
our refinement from [P4], which simplifies the computation of the minimum
Lipschitz constant (3.42).

Extension to Maxout NNs [P3]: To extend the known method for analyz-
ing NN-based controllers with ReLU activation to maxout NNs, we need to
construct constraints hΦ(ξ, β) ≤ 0, and matrices T , C such that we have
Tξ + C = Φ(x) and Tξ + C = KΦ(x), respectively, for a maxout NN Φ(x).
Then, by combining these constraints with the known constraints for linear
MPC, the MILP (3.43) can be used to compute the maximum approximation
error (3.40) and the minimum Lipschitz constant (3.42) for maxout NN ap-
proximations. The output of a maxout NN can be modeled by the MI linear
constraints already used in our article [P5] and introduced in Section 3.1.2.2
for a slightly different setup. For a maxout NN Φ(x) as defined in Section 2.3
we can formulate the MI linear constraints [P3, Eq. (18)]

q(i)
s ≤W (i)

j q(i−1) + v(i)
j + M(1− β

(i)
j ), (3.47a)

−q(i)
s ≤ −W (i)

j q(i−1) − v(i)
j − ε(1− β

(i)
j ), (3.47b)

q(0) = x, (3.47c)

∑
k∈A(i)

s

β
(i)
k = 1 (3.47d)

for all j ∈ A(i)
s := {pi(s − 1) + 1, . . . , pis}, for all s ∈ {1, . . . , wi}, and for all

i ∈ {1, . . . , l}. As already briefly discussed in Section 3.1.2.2 these constraints
ensure that for every maxout neuron, i.e., j ∈ A(i)

s there exists exactly one j∗

with β
(i)
j∗ = 1 and β

(i)
j = 0 for all j ∈ A(i)

s \ {j∗}. Consequently, we have

q(i)
s = W (i)

j∗ q(i−1) + v(i)
j∗

W (i)
j∗ q(i−1) + v(i)

j∗ ≥W (i)
j q(i−1) + v(i)

j + ε

for all j ∈ A(i)
s \ {j∗} and thus

max
pi(s−1)+1≤j≤pi

{W (i)
j q(i−1) + v(i)

j } = W (i)
j∗ q(i−1) + v(i)

j∗ . (3.48)
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In a similar way, we can show that (3.48) holds for all maxout neurons in layer
s ∈ {1, . . . , wi} and for all layers i ∈ {1, . . . , l}. Thus, a solution to the MIFP

find q(0), . . . , q(l), β(1), . . . , β(l) s.t. (3.47), β ∈ {0, 1}N2 , (3.49)

is such that
W (l+1)q(l) + v(l+1) = Φ(x) (3.50)

holds. Moreover, we can cast the MIFP (3.49) into the form (3.45) to identify
the needed matrices T and C as well as the constraints hΦ(ξ, β) ≤ 0. This leads
to the following formal result, which is proved in [P3].

Lemma 9 ([P3, Lem. 2]). Let Φ(x) be a maxout NN, consider the optimization vari-
ables and matrices

ξ :=

q(0)

...
q(l)

 , β :=

β(1)

...
β(l)

 , T :=
(

0 . . . 0 W (l+1)
)

, C = v(l+1), (3.51)

and choose the constraint hΦ(ξ, β) ≤ 0 as (3.47) with ε = 0. Then, the solution to the
MIFP (3.45) is such that Φ(x) = Tξ + C holds.

Thus, with (3.47) and (3.51), we have the constraints and matrices necessary
to compute the maximum error of a maxout NN approximation of linear MPC
by solving the MILP (3.43). It remains to derive the constraints and matrices
for computing the local gain of a maxout NN by the MIFP (3.45). Such con-
straints can be used in combination with (2.33b)–(2.33f) and (2.41) to compute
the minimum Lipschitz constant of the error by solving the MILP (3.43). For
computing the local gain of a maxout NN, we used in [P3] the observation
that, based on the MI linear constraints (3.47), the output of a maxout NN can
be described by the recursion

y(0) = x,

y(i) = ∆(i)(W (i)y(i−1) + v(i)) for 1 ≤ i ≤ l,

Φ(x) = W (l+1)y(l) + v(l+1) (3.52a)

with

∆(i) :=


β
(i)⊤
1:pi

0 . . . 0

0 . . . ...
... . . . 0
0 . . . 0 β

(i)⊤
pi(wi−1)+1:piwi

 , (3.53)

where the binary variables β(i) are subject to the constraints (3.47). Applying
the chain rule for the derivative to the recursion (3.52) results in a local gain of

KΦ(x) = W (ℓ+1)
ℓ

∏
i=1

∆(i)W (i) (3.54)
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Thus, using the binary variables from the MI linear constraints (3.47), we can
compute the local gain of a maxout NN by (3.54). However, this formulation
can not be cast into the MILP formulation (3.43) for computing the minimum
Lipschitz constant, since the local gain is not expressed as a linear combination
of the optimization variables. In (3.54), the local gain is a polynomial of order l
of the binary optimization variables β(i). To compute the local gain as a linear
combination of the optimization variables, we introduced in [P3, Eq. (23)] the
additional constraints

−Mβ
(i)
h ≤ ξ̃

(i)
h,r ≤ Mβ

(i)
h , (3.55a)

−M(1− β
(i)
h ) ≤ ξ̃

(i)
h,r − W̃ (i)

h,r ≤ M(1− β
(i)
h ), (3.55b)

ξ(0) = I (3.55c)

ξ
(i)
1,r =

pi

∑̃
h=1

ξ̃
(i)
h̃,r, (3.55d)

... (3.55e)

ξ
(i)
wi,r =

piwi

∑
h̃=pi(wi−1)+1

ξ̃
(i)
h̃,r, (3.55f)

W̃ (i)
= W (i)ξ(i−1), (3.55g)

for all h ∈ {1, . . . , piwi}, for all r ∈ {1, . . . , n}, and for all i ∈ {1, . . . , l}. We
proved in [P3, Lem. 3] that these constraints are such that the solution of

find q(0), . . . , q(l), β(1), . . . , β(l), ξ(0), . . . , ξ(l), W̃ (1), . . . , W̃ (l) (3.56a)

s.t. (3.47), (3.55), β ∈ {0, 1}N2 , (3.56b)

can be used to compute the local gain of maxout NN (3.54) as a linear combi-
nation of the optimization variables from the MIFP (3.56).

Lemma 10 ([P3, Lem. 3]). Let Φ(x) be a maxout NN and consider the MIFP (3.56).
Then, the local gain of Φ(x) (3.54) is given by

KΦ(x) = W (ℓ+1)ξ(ℓ). (3.57)

From Lemma 10 we can directly deduce that there exist matrices T , C, and
MI linear constraints hΦ(ξ, β) in the form of (3.47) and (3.55) such that the
MIFP (2.62) can be used to compute the local gain of a maxout NN by Tξ +C =
KΦ(x). Consequently, the minimum Lipschitz constant of the error can be
computed by solving an MILP of the form (3.43) (cf. [P3, Thm. 4]).

Ultimately, the presented extension, summarized in Lemma 9 and 10, allows
us to compute the maximum approximation error (3.40) and the minimum
Lipschitz constant of the error (3.42) for a maxout NN approximation of linear
MPC. However, the MILP (3.43) that needs to be solved may scales badly with
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the size of the NN and the size, i.e., number of constraints, of the underlying
OCP (2.30). An effective way to simplify the computation is to reduce the num-
ber of binary variables needed in the MILP. Since the MILP (3.43) includes two
sets of constraints hπ(ζ, δ) and hΦ(ξ, β) that are independent of each other,
one for the OCP and one for the maxout NN, we can either simplify the com-
putation by reducing the number of binary variables needed to model the OCP
or the NN. In the following, we will focus on the MI linear constraints for the
OCP. More specifically, we will present approaches for simplifying the compu-
tation of the minimum Lipschitz constant for linear MPC, since this value is of
interest not just in the context of learning-based control but also in general for
MPC [61, 62, 96].

MI Linear Constraints for an Efficient Norm Computation [P4]: We now
present the simplification for computing the minimum Lipschitz constant de-
veloped in [P4]. The simplification builds on two main concepts. The first is
a more efficient implementation of the p-norm computation, with p ∈ {1, ∞},
occurring in the cost function of (3.43). The second exploits saturation effects
and symmetries often encountered in the optimal control law of linear MPC.

For computing the minimum Lipschitz constant Lp(T ) via the MILP (3.43),
we need to reformulate the p-norm in the cost function by MI linear constraints
such that the p-norm can be computed by solving an MIFP. For a matrix K ∈
Rm×n, known methods for reformulating ∥K∥p require n(1 + 2m) and m(1 +

2n) binary variables for p = 1 and p = ∞, respectively [16]. In [P4, Eq. (13)]
we derived the constraints

K = K+ − K−, (3.58a)

0 ≤ K+ ≤ M
(
ψ(1) . . . ψ(m)

)⊤
, (3.58b)

0 ≤ K− ≤ M
(

1−
(
ψ(1) . . . ψ(m)

)⊤)
, (3.58c)

c⊤ = 1⊤(K+ + K−), (3.58d)

c ≤ 1k ≤ c + M(1−ψ(m+1)), (3.58e)

1⊤ψ(m+1) = 1, (3.58f)

ψ(1), . . . , ψ(m+1) ∈ {0, 1}n (3.58g)

where M is a constant that is larger than the largest absolute value of the
entries in K, and proved in [P4, Lem. 1] that any solution to

find k, K+, K−, c, ψ(1), . . . , ψ(m+1) s.t. (3.58) (3.59)

is such that k = ∥K∥1. Using the relation ∥K∥∞ = ∥K⊤∥1 we can find similar
constraints for computing the ∞-norm. Thus, the MI linear constraints (3.58)
allow to reformulate the MIP (3.43), which is used for computing the maximum
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error and the minimum Lipschitz constant of the error function, as the MILP

c∗ = max
ξ,β,ζ,δ

k (3.60a)

s.t. hπ(ζ, δ) ≤ 0, δ ∈ {0, 1}N1 , (3.60b)

hΦ(ξ, β) ≤ 0, β ∈ {0, 1}N2 , (3.60c)
Tξ + C−Gζ = K+ − K−, (3.60d)

(3.58b)–(3.58g) (3.60e)

which has n(m + 1) additional binary variables instead of n(1 + 2m), which
would be needed when known methods are used for the reformulation. The
reformulation from (3.43) to (3.60) is possible since according to [P4, Lem. 1]
we can replace the last two constraints (3.60d) and (3.60e) by

k = ∥Tξ + C−Gζ∥1 .

The constraints (3.58) for computing the p-norm are the first simplification
presented in our article [P4] and allow us to reduce the number of binary
variables needed in the MILP (3.60) by mn.

Simplification of the Minimum Lipschitz Constant Computation [P4]: The
second simplification aims to reduce the complexity of the MILP for computing
the minimum Lipschitz constant of the optimal control law, i.e., we want to
reduce the number of binary variables needed in the MIFP (2.33) to compute
the solution of the OCP (2.30). For convenience, we recap here the MIFP

find Û∗N, r∗, λ∗, δ∗ (3.61a)

s.t. 0 = HÛ∗N(x) + Fx + G⊤λ∗, (3.61b)

r∗ = Ex + d−GÛ∗N(x), (3.61c)
0 ≤ r∗ ≤ diag(r)(1− δ∗), (3.61d)

0 ≤ λ∗ ≤ diag(λ) δ∗, (3.61e)

δ∗ ∈ {0, 1}Nc . (3.61f)

introduced in Section 2.2.1 that can be used to compute the solution of the
OCP (2.30). Now, since the constraints (3.61b)–(3.61f) are part of hπ(ζ, δ) in
MILP (3.43) for computing the minimum Lipschitz constant of the error, reduc-
ing the number of binary variables in (3.61) would allow for a more efficient
computation of the minimum Lipschitz constant. In [P4], we proved that the
number of binary variables in (3.61) can be reduced based on the following
theorem.

Theorem 11 ([P4, Thm. 3, Cor. 4]). Let i ∈ {1, . . . , Nc} and letF be full-dimensional.
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Consider the MILP

max
U∗,U(1),...,U(m),x,x(1),...,x(m),

λ∗,λ(1),...,λ(m),r∗,r(1),...,r(m),δ∗

m

∑
j=1

U(j)
j −U∗j (3.62a)

s.t. (3.61b)–(3.61f), δ∗i = 1, (3.62b)

HU(j) + Fx(j) + G⊤λ(j) = 0, (3.62c)

Ex(j) + d−GU(j) = r(j), (3.62d)

0 ≤ r(j) ≤ M(1− δ∗), (3.62e)

0 ≤ λ(j) ≤ M δ∗ (3.62f)

with x(j) := x+ e(j) for every j ∈ {1, . . . , m}, where e(j) is the j-th orthonormal vector
of the canonical basis. Then the i-th constraint can be omitted for the computation of
the Lipschitz constant maxx∈F ∥K(x)∥p if

1. the MILP (3.62) is infeasible

or

2. the MILP (3.62) is feasible and returns 0 as the optimal objective function value.

To interpret the result stated in Theorem 11, we first note that the MIFP (3.61)
has one binary variable for each of the Nc constraints in the OCP (2.30). The
binary variables are such that we have δ∗i = 1 if the associated constraint is
active, i.e., for r∗i = 0. Meaning that if (3.62) is infeasible for δ∗i = 1, as stated in
the theorem, then the i-th constraint is inactive for all x ∈ F . Thus, we can omit
the i-th constraint or equivalently set δ∗i = 0 without altering the solution of the
MIFP (3.61). The second case of Theorem 11 refers to the case of a saturating
control law with K(x) = 0, as shown in Figure 3.10. We proved in [P4, Thm. 3]
that if the MILP (3.62) is feasible and returns 0 as the optimal objective function
value, then the control law saturates, i.e., K(x) = 0 for δ∗i = 1. Since the
minimum Lipschitz constant is L := maxx∈F ∥K(x)∥p > 0, we can omit the
i-th constraint or equivalently set δ∗i = 0 for the computation of the minimum
Lipschitz constant if the 2. case of Theorem 11 applies.

In our article [P4], we also showed that the computation of the minimum
Lipschitz constant can be further simplified if the optimal control law exhibits
symmetries of the form [97, Def. 1]

Ω(i)π(x) = π(Θ(i)x) (3.63)

for every x ∈ F where Θ(i) and Ω(i) are invertible matrices for all i ∈ {1, . . . , σ}.
Figure 3.10 shows the optimal control law for a double integrator with rota-
tional symmetry. In this case, we have σ = 1 symmetry with

Θ(1) =

(−1 −0
−0 −1

)
and Ω(1) = −1. (3.64)
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(a) (b)

Figure 3.10. Optimal control law of linear MPC for a double integrator. Due
to saturation and symmetries, only the regions highlighted in dark gray are
relevant for computing the minimum Lipschitz constant of π(x).

Thus, only the regions with x2 ≥ 0 in Figure 3.10 are relevant for computing
the minimum Lipschitz constant. The local gain of all regions with x2 < 0
can be recovered from the control law of the upper state space, i.e., x2 ≥ 0, by
using the symmetry (3.63). For symmetries with ∥Θ(i)∥p = ∥Ω(i)∥p = 1 for
all i ∈ {1, . . . , σ}, we showed in [P4, Lem. 5] that for computing the minimum
Lipschitz constant, only regions in the so-called fundamental domain Xfun [97]
with

F ⊆
σ⋃

i=1

Θ(i)Xfun (3.65)

are relevant, since the local gain of all other regions can be computed based on
the local gain of regions inside the fundamental domain using (3.63). Thus, by
adding the constraint x ∈ Xfun to the MILP (3.62), we can identify constraints
that are always inactive for x ∈ Xfun and thus can be omitted for symmetric
control laws. As validated experimentally in [P4, Sec. IV] for several examples,
this typically leads to a significant simplification since only a fraction of the re-
gions need to be considered. For the example from Figure 3.10, a fundamental
domain is Xfun = {x ∈ R2 | |x1| ≤ 25, 0 ≤ x2 ≤ 5}, this halves the number
of relevant regions. If, in addition, the 2. case of Theorem 11 is used to de-
tect saturation, then all regions with K(x) = 0 are omitted and only the dark
gray regions are considered in the MILP for the computation of the minimum
Lipschitz constant.

3.2.2.2 Discussion

Our articles [P3] and [P4] extend and simplify MI-based methods for com-
puting the approximation error and the minimum Lipschitz constant of NN
approximation of linear MPC. The extension presented in [P3] and summa-
rized in Section 3.2.2.1 can be seen as a generalization of the results for ReLU
approximations [13, 16], since it includes the ReLU approximations as a special
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case. A ReLU function with parameters W (i) and v(i) of the form (2.50) can
always be written as a maxout activation with pi = 2 by using

max{0, W (i)
1 y(i−1) + v(i)

1 }
...

max{0, W (i)
wi y(i−1) + v(i)

wi }

 =


max

1≤j≤pi
{W̃ (i)

j y(i−1) + ṽ(i)
j }

...

max
pi(wi−1)≤j≤piwi

{W̃ (i)
j y(i−1) + ṽ(i)

j }

 (3.66)

where the parameters of the maxout activation are

W̃ (i)
=


W (i)

1
0⊤
...

W (i)
wi

0⊤

 and ṽ(i) =


v(i)

1
0
...

v(i)
wi

0

 .

Thus, a given ReLU NN can always be transformed to a maxout NN with the
same topology as the original ReLU NN, by replacing all ReLU activations in
the NN by maxout activations using the relation (3.66). The transformation
from maxout NN to ReLU NN is not possible without changing the topology
of the NN, since, e.g., a maxout NN with one layer and pi ≥ 3 can only
be represented by a ReLU NN with at least two layers [25]. Consequently,
methods developed for maxout NN can be applied directly to the analysis of
ReLU NN, but the converse is not possible.

Regarding the simplifications presented in Section 3.2.2.1, we showed in sev-
eral experiments, summarized in [P4, Tbl. II], that the number of binary vari-
ables in the MIFP (3.61) can be significantly reduced. This reduction in the
number of binary variables decreased the computation time for the minimum
Lipschitz constant of the control law on average by a factor of 58 and at most
by a factor 598 compared to the computation without simplifications.

Implications Beyond NN-based Controllers: The presented results are pri-
marily used to analyze NN-Based controllers by computing the maximum er-
ror (3.40) and the minimum Lipschitz constant of the error function (3.42). The
MI linear constraints hπ(ζ, δ) ≤ 0 for the optimal control law and hΦ(ξ, β) ≤ 0
for the NN are used in combination in the MILP (3.60) to perform this analy-
sis. However, the constraints hΦ(ξ, β) ≤ 0 can also be used individually in an
MILP of the form

c∗Φ = max
ξ,β
±∥Tξ + C∥p (3.67a)

s.t. hΦ(ξ, β) ≤ 0, β ∈ {0, 1}N2 , (3.67b)

to analyze NNs in general and not just in the context of control. The ± in front
of the cost function indicates that the MILP can also be used for minimization.
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In a similar way, we can use hπ(ζ, δ) ≤ 0 individually in an MILP of the form

c∗π = max
ζ,δ
±∥Gζ∥p (3.68a)

s.t. hπ(ζ, δ) ≤ 0, δ ∈ {0, 1}N1 (3.68b)

to analyze the optimal control law. The MILPs allow, e.g., to compute the
maximum and minimum of π(x) and Φ(x), respectively. Moreover, we can
use (3.67) and (3.68) to compute Lipschitz constants for the optimal control
law and the NN, respectively, which are useful for analyzing robustness of the
functions against perturbations in the input [36, 61, 62, 98].

The method presented in Theorem 11 can also be used beyond its presented
application for simplifying the computation of the minimum Lipschitz con-
stant. Especially the first case of the theorem, i.e., when the MILP (3.62) is
infeasible, is of interest for an efficient implementation of MPC. By identifying
all binary variables that lead to infeasibility, we can determine all constraints
of the OCP (2.30) that are inactive for all x ∈ F [P4, Lem. 2]. Consequently,
these constraints can be removed from the original OCP to create a new OCP
with fewer constraints that has the same optimal solution. This reduction of
constraints enables a more efficient implementation of MPC, as only relevant
constraints are included in the OCP.

3.2.3 Methods Based on Reachability Analysis

The methods discussed in Section 3.2.2 rely on analyzing the approximation
error (3.39) of an NN with respect to a stabilizing base-line controller, such
as linear MPC. These methods, therefore, require knowledge of the controller
that the NN is intended to approximate. This is problematic if the NN is
not trained by the user of the controller. A further limitation is that large
approximation errors may prevent certification of stability, even if the closed-
loop system remains stable in practice. For example, consider two stabilizing
control laws, π1(x) and π2(x), obtained from solving the OCP (2.30) with
different parameters P, Q, R, T , and N. If an NN exactly represents π2(x), i.e.,
Φ(x) = π2(x), then the resulting NN-based controller is stabilizing. However,
evaluating its error relative to π1(x) produces a large maximum error, which
may lead to a false conclusion of instability. Consequently, precise knowledge
of the parameters used in generating the training data is crucial for error-based
methods.

Due to the aforementioned drawbacks of the error-based methods, we inves-
tigated in our articles [P6, P7] methods where reachable sets of the closed-loop
system x(k + 1) = f (x(k), u(k)) with NN-based controller u(k) = Φ(x(k)) are
used for the analysis [38, 40]. Reachable sets describe the set of all states that
can be reached by the closed-loop system starting in some given set F in the
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k-th time step. Formally, they are defined by

R0(F ) := F (3.69a)
Rk+1(F ) := {x | x = f (x(k), Φ(x(k))), x(k) ∈ Rk(F )}. (3.69b)

As discussed in Section 2.4.1.1, reachable sets possess several useful features
that we will now utilize to certify convergence, stability, and constraint satis-
faction of the closed-loop system.

3.2.3.1 Summary of Articles [P6, P7]

We consider a PWA system of the form

x(k + 1) = f PWA(x(k), u(k)) + d(k) (3.70)

where f PWA is defined as in (2.43) and d(k) is bounded by a state- and input-
dependent polyhedral set D(i) ⊂ Rn, i.e.,

d(k) ∈ D(i) := {x ∈ Rn | HD(i)x ≤ hD(i)} if
(

x(k)
u(k)

)
∈ P (i) (3.71)

for all i ∈ {1, . . . , s} with P (i) as in (2.44). The analysis of NN-based controllers
presented in our articles [P6, P7] mainly builds on reachable sets defined by

RD0 (A) := A, (3.72a)

RDk+1(A) := {x+ | x+ = f PWA(x, Φ(x)) + d, x ∈ Rk(F ), d ∈ D(i)} (3.72b)

and robustly positively invariant (RPI) sets F of the controlled PWA system
with disturbances. Based on the reachable sets, it is possible to verify whether
a set is RPI [75]. A set F is RPI if

RD1 (F ) ⊆ F (3.73)

holds and positively invariant (PI) if (3.73) with D(i) = {0} holds for all i ∈
{1, . . . , s}. Moreover, if an RPI set F ⊆ X is in addition such that there exists
a finite k∗ ∈N and a small RPI set T that contains the origin with

RDk∗(F ) ⊆ T (3.74)

then we know that all closed-loop trajectories that start in F will remain in
F ⊆ X and thus in X for all time steps. Consequently, the state constraints
hold for all time steps. Moreover, from (3.74) we can deduce that for x(0) ∈ F
we have x(k) ∈ T for all k ≥ k∗. Thus, all closed-loop trajectories starting in F
will enter T after at most k∗ time steps and will remain in T for all subsequent
time steps.
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Results for Disturbed PWA Systems Controlled by NNs: In the remainder
of this section, we will present several illustrative examples that demonstrate
the main results. For clarity, the specific parameters of the underlying systems
and NNs are omitted, as they are not essential for illustrating the core concepts.
For the details, we refer to the case studies in articles [P6, Sec. IV] and [P7,
Sec. V]. The first example is given in Figure 3.11, which shows the RPI sets
F ⊆ X with (3.73) and T ⊆ F with (3.74) for a nominal PWA system, i.e.,
d(k) = 0 for all k ∈ N0, with X = {x ∈ R2 | ∥x∥∞ ≤ 10} as well as three
trajectories with x(0) ∈ F . All these trajectories stay in the PRI set F and
enter T after a finite number of time steps without violating any constraints.
Formally this means that for all x(0) ∈ F we have x(k) ∈ X for all k ∈ N0
and x(k̃) ∈ T for k̃ ≥ k∗ for the example trajectories in Figure 3.11. In fact, not
just the example trajectories but all trajectories with x(0) ∈ F show the same
behavior. In [P6], we formalized this observation by the following theorem.

Theorem 12 ([P6, Thm. 8]). Let F ∈ X be a set for which (3.73) holds and T
an RPI set for which (3.74) holds. Then, the system (3.70) with NN-based controller
u(k) = Φ(x(k)) is ultimately bounded in T , uniformly in F . Moreover, x(k) ∈ X
and u(k) = Φ(x(k)) ∈ U holds for all k ∈N0.

We define uniform ultimate boundedness of a system with respect to a C-set
(i.e., a convex and compact set containing the origin in its interior) according
to [99, Def. 2.4].

Definition 13. A system is denoted as ultimately bounded in a C-set T , uniformly in
F , if for every initial condition x(0) ∈ F , there exits a k∗(x(0)) such that x(k) ∈ T
holds for all k ≥ k∗(x(0)).

(a) (b)

Figure 3.11. The black boxes in (a) and (b) are the state constraints X = {x ∈
R2 | ∥x∥∞ ≤ 10} and the RPI sets F and T with T ⊆ F ⊆ X . The gray lines
show example trajectories with x(0) ∈ F of the nominal closed-loop system.
All trajectories that start in F stay in that set and enter T after a finite number
of time step without violating any constraints.
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Theorem 12 states that if we have sets F ⊆ X and T for which (3.73) and
(3.74) hold, then the PWA system (3.70) controlled by an NN can be operated
safely in the sense that all constraints are satisfied for all time steps and that
all trajectories starting in F will eventually enter and remain in the set T .
However, computing suitable sets for PWA systems controlled by NNs is not
trivial, as the nonlinear structure of the system and the NN typically results in
non-convex or even non-connected sets [74]. Therefore, we introduced in [P6]
over-approximations

RD0 (A) := A (3.75a)

RDk+1(A) := {x ∈ Rn | Cx ≤ hRD1
(
RDk (A)

)(C)} (3.75b)

of the k-step reachable set (3.72) with RDk (A) ⊆ R
D
k (A) for all k ∈ N0, which

are computed based on the support function

hRD1 (A)(C) :=


hRD1 (A)(C1)

...
hRD1 (A)(Cr)

 :=


max

x∈RD1 (A)
C⊤1 x

...
max

x∈RD1 (A)
C⊤r x

 (3.76)

of the 1-step reachable set RD1 (A). The matrix C ∈ Rr×n is a user-chosen
parameter that determines the shape of the over-approximation. These over-
approximations can be used to compute sets that satisfy (3.73) and (3.74). We
showed in our article [P7] that the support function of the 1-step (and k-step)
reachable set of disturbed PWA systems controlled by maxout NNs can be
evaluated exactly by solving MILPs. For the evaluation, we introduced the MI
linear constraints

H(i)
(

x
u

)
≤ h(i) + 1M(1− γi), (3.77a)

1⊤γ = 1, (3.77b)

−1M(1− γi) ≤ A(i)x + B(i)u + p(i) + d− x(i)+ ≤ 1M(1− γi), (3.77c)

−1Mγi ≤ x(i)+ ≤ 1Mγi, (3.77d)
HD(i)d ≤ hD(i) + 1M(1− γi), (3.77e)

x+ =
s

∑
j=1

x(i)+ , (3.77f)

γ ∈ {0, 1}s. (3.77g)

for all i ∈ {1, . . . , s}. The constraints are derived based on the known MI linear
constraints for nominal PWA systems, i.e., systems with d = 0, by including
the constraints (3.77e) and the variable d. The additional constraints deactivate
irrelevant constraints on the disturbance by adding a large constant on the
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right-hand side of (3.77e) for all i with (x u)⊤ ̸∈ P (i) and thus ensure (3.71).
We showed in [P7, Lem. 1] that the MIFP

find x, u, x+, γ (3.78a)
s.t. (3.77), x ∈ A, γ ∈ {0, 1}s. (3.78b)

with some polyhedral set A, is feasible if and only if

x+ = f PWA(x, u) + d, x ∈ A, d ∈ D(i) (3.79)

holds. Thus, the system dynamics of a disturbed PWA system can be described
by the MI linear constraints (3.77). This allows us to combine the MI linear
constraints (3.77) with the MI linear constraints (3.47) for a maxout NN to
formulate an MILP that can be used to evaluate the support function (3.76),
which results in the MILP

c∗(C1,A) := max
q(0),...,q(l),β(1),...,β(l),

x,u,x+,γ

C1x+ (3.80a)

s.t. (3.47), (3.77), (3.80b)

u = W (l+1)q(l) + v(l+1), (3.80c)

q(0) = x, (3.80d)
x ∈ A, (3.80e)

β ∈ {0, 1}N2 , γ ∈ {0, 1}s. (3.80f)

As discussed in Section 3.2.2.1, we demonstrated in [P3, Lem. 2] that the con-
straints (3.47), together with (3.80d), ensure that W (l+1)q(l) + v(l+1) = Φ(x)
holds. Moreover, with (3.77) and (3.80c) we have x+ = f PWA(x, u) + d =

f PWA(x, W (l+1)q(l) + v(l+1)) + d = f PWA(x, Φ(x)) + d. Thus we can rewrite
the MILP (3.80) as

c∗(C1,A) = max
x,x+

C1x+ (3.81a)

s.t. x+ = f PWA(x, Φ(x)) + d, x ∈ A, d ∈ D(i). (3.81b)

The constraints of this OP can be summarized by x+ ∈ RD1 (A) (cf. (3.72)).
Consequently, we have c∗(C1,A) = hRD1 (A)(C1), which allows us to compute
the value of the support function of the 1-step reachable set for a polyhedral A
by solving the MILP (3.80). All the previously described reformulation steps
for deriving the MILP for the support function of the reachable set are proved
in [P7] and formalized in the following lemma.

Lemma 14 ([P7, Lem. 2]). Let the k-step reachable set be defined as in (3.76). Then
the MILP (3.80) with C1 ∈ R1×n, is such that c∗(C1,A) = hRD1 (A)(C1) holds.
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If we define

c∗(C,A) :=

c∗(C1,A)
. . .

c∗(Cr,A)


then we have according to Lemma 14, c∗(C,A) = hRD1 (A)(C). Moreover, since
the support function hRD1 (A)(C1) can be evaluated for arbitrary polyhedral sets

A by solving the MILP (3.80) and the over-approximations RDk (A) (3.75) are
for every k ∈N0 polyhedral sets, we can compute RDk (A) iteratively by (3.80).
For k = 1, this results in

RD1 (A) = {x ∈ Rn | Cx ≤ hRD1
(
RD0 (A)

)(C)} = {x ∈ Rn | Cx ≤ hRD1 (A)(C)}

and thus we have to solve the MILP as in (3.80). For k = 2 we have

RD2 (A) = {x ∈ Rn | Cx ≤ hRD1 (RD1 (A))(C)}

which can be computed based on the polyhedral set RD1 (A) by solving the
MILP (3.80) with x ∈ RD1 (A) instead of x ∈ A. We can continue in a similar
way to compute RDk (A) for k ∈N0 iteratively by solving the MILP (3.80).

Now, we can use the over-approximations RDk (A) to compute suitable sets
F and T as in (3.73) and (3.74), respectively such that all trajectories starting
in F converge to T . Ideally, F should be as large as possible to provide a large
set of states in which the controller can be operated safely, and T should be
as small as possible. The smallest possible set to which all trajectories starting
in F converge is RD∞(F ) [100]. Unfortunately, this set is typically not finitely
determined and thus can not be computed exactly. However, we presented in
[P6] and [P7] methods for computing approximations of RD∞(F ) and large sets
F .

A suitable set F is given by
F = Fk (3.82)

computed by iterating

Fk+1 = RD1 (Fk) ∩ X with F0 := X . (3.83)

[P7, Eq. (21)] until RD1 (Fk) ⊆ Fk for some k = k, which can be verified by

solving the MILP (3.80). We showed in [P7, Prop. 3] that if RDk∗+1(X ) ⊆ X
holds then we haveRD1 (Fk) ⊆ Fk after at most k = k∗ iterations. Consequently,
the iteration (3.83) is guaranteed to terminate.

For the set T we showed in [P6, Prop. 7] that if F is chosen as previously
described and k∗ is such that

1
1 + ϵ

RDk∗(F ) ⊆ R
D
1

(
1

1 + ϵ
RDk∗(F )

)
(3.84)
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holds for a user-chosen ϵ > 0, then

T = RDk∗(F ) (3.85)

is RPI and a tight over-approximation of RD∞(F ) in the sense

RD∞(F ) ⊆ T ⊆ (1 + ϵ)RD∞(F ). (3.86)

In summary if F and T are chosen as in (3.82) and (3.85), respectively then
both sets are RPI and we have F ⊆ X and RDk∗(F ) ⊆ R

D
k∗(F ) = T , i.e., (3.73)

and (3.74) hold. Consequently, Theorem 12 with F and T as in (3.82) and
(3.85), respectively, applies to disturbed PWA systems controlled by maxout
NNs and can be used to certify boundedness.

The computation of the set T according to (3.85) is shown in Figure 3.12 for
an exemplary PWA system with D(i) = {d ∈ Rn | ∥d∥∞ ≤ 0.15} controlled

by a maxout NN. Figure 3.12.(a) shows the sequence of shrinking sets RDi (F )
with i ∈ {1, . . . , k∗ − 1} during the computation of the set T = RDk∗(F ), which
is shown in Figure 3.12.(b). The set F = {x ∈ R2 | − 7.3 ≤ x1 ≤ 8.91,−10 ≤
x2 ≤ 8.52} is computed according to (3.82). The boundaries of the sets (1 +

ϵ)RD∞(F ), T , and RD∞(F ) are shown in Figure 3.12.(c) in detail. Since k∗ is
chosen such that (3.84) holds, we have the inclusion (3.86).

(a) (b) (c)

Figure 3.12. Illustration of the computation of T = RDk∗(F ) starting from the
set F . The gray sets in (a) show the sequence of shrinking sets RDk (F ) during
the computation. The final set T , shown in (b), is such that the inclusion (3.86)
holds. The detailed view in (c) shows from left to right the boundaries of the
sets (1 + ϵ)RD∞(F ), T , and RD∞(F ).

Now, according to Theorem 12, all closed loop trajectories starting in F
converge to T . We illustrated this behavior in Figure 3.13. For the simula-
tions, we chose the upper left vertex of the set F as the initial state for the
trajectories. For this initial state, we computed 100 trajectories with a ran-
dom additive disturbance of ∥d(k)∥∞ ≤ 0.15 in every time step. We can
see in Figure 3.13.(a) that all trajectories remain in the set F ⊆ X = {x ∈
R2 | ∥x∥∞ ≤ 10} and thereby satisfy the state constraints X for all time steps.

The small sets within F are over-approximations RDk ({
(
−7.3 8.52

)⊤}) of the

78



3.2. Analysis of Neural Network-based Controller

reachable sets computed according to (3.75) by solving the MILP (3.80). Since
we have x(k) ∈ RDk ({

(
−7.3 8.52

)⊤}) ⊆ RDk ({(−7.3 8.52
)⊤}) for k ∈ N0

with x(0) =
(
−7.3 8.52

)⊤, the states x(k) of the closed-loop trajectories are

guaranteed to be in the sets RDk ({
(
−7.3 8.52

)⊤}) for all k ∈ N0. We addi-
tionally showed in Figure 3.13.(b) that, as predicted by Theorem 12, even in
the presence of the bounded disturbance, all trajectories eventually enter the
set T after a finite number of time steps k∗ and remain in that set x(k) for all
subsequent k ≥ k∗.

(a) (b)

Figure 3.13. Disturbed PWA system with ∥d(k)∥∞ ≤ 0.15 for all k ∈ N0,
controlled by a maxout NN and the sets T ⊆ F ⊆ X = {x ∈ R2 | ∥x∥∞ ≤ 10}.
The sets F and T are computed according to (3.82) and (3.85), respectively.
The light gray lines represent 100 trajectories of the closed-loop system with
an additive disturbance of ∥d(k)∥∞ ≤ 0.15 in every time step. The starting
point x(0) is the upper left vertex of F .

Results for Nominal PWA Systems Controlled by NNs: For the nominal
case, i.e, d(k) = 0 for all k ∈ N, we showed in [P6, Thm. 9] that the PWA
system can be asymptotically stabilized by applying a dual-mode controller of
the form

π(x) :=
{

κ(x) if x ∈ sF0,
Φ(x) if x ∈ F \ sF0,

(3.87)

where sF0 with F ⊆ sF0 is a PI set for the PWA system controlled by κ(x).
The controller κ(x) is a stabilizing controller that can be computed by using
known methods for the LMI-based controller synthesis for PWA systems, e.g.,
[101, Eq. (9)-(10)].

Figure 3.14 shows the behavior of a nominal PWA system controlled by the
dual-mode controller (3.87). Since the sets F and T are chosen according to
(3.82) and (3.85), respectively, and in addition T ⊆ sF0 holds, all trajectories
starting in F are guaranteed to enter F and thus sF0 after at most k∗ steps.
Once the trajectories enter sF0, the controller κ(x) is applied and asymptoti-
cally stabilizes the system.
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(a) (b)

Figure 3.14. Trajectories of a nominal PWA system controlled by the dual-
mode controller (3.87) and the sets T ⊆ sF0 ⊆ F ⊆ X . The sets F and T are
poyhedral and computed according to (3.82) and (3.85), respectively. The set
sF0 is an ellipsoidal PI set of the PWA systems controlled by κ(x).

Extension to Nonlinear Systems: With the methods presented for disturbed
PWA systems of the form (3.70), we laid the foundation for the analysis of
nonlinear1 systems of the form

x(k + 1) = f (x(k), u(k)) (3.88)

that can be approximated by PWA systems with bounded disturbances, i.e., we
assume

f (x, u)− f PWA(x, u) ∈ D(i) (3.89)

for all x ∈ X and for all u ∈ U . We proved in our article [P7] that for such
systems the following theorem holds.

Theorem 15 ([P7, Thm. 6]). Let F and T be as in (3.82) and (3.85), respectively
and assume that (3.89) holds for all x ∈ X and for all u ∈ U . Then, the system (3.70)
with NN-based controller u(k) = Φ(x(k)) is ultimately bounded in T , uniformly in
F . Moreover, x(k) ∈ X and u(k) = Φ(x(k)) ∈ U holds for all k ∈N0.

Note that the condition of Theorem 15 that (3.89) holds for all x ∈ X and
for all u ∈ U is satisfied if we have an approximation of f with Y(x, u) ⊆
YPWA(x, u) for all x ∈ X and for all u ∈ U [P7, Lem. 7], where we define

Y(x, u) := {x+ ∈ Rn | x+ = f (x(k), u(k))} and (3.90)

YPWA(x, u) := {x+ ∈ Rn | x+ = f PWA(x, u) + d, d ∈ D(i)}. (3.91)

This kind of approximation leads to reachable sets Rk(F ) (3.69) of the non-
linear system (3.88) that are a subset of the reachable sets RDk (F ) of the dis-

turbed PWA system. Formally, we then have Rk(F ) ⊆ RDk (F ) ⊆ R
D
k (F ) for

1We are referring here and in the following to nonlinear systems that are in addition non-
PWA.
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all k ∈ N0 and for all RPI sets F ⊆ X [P7, Lem. 5]. Thus, if a set is RPI for
a PWA approximation with (3.89) of a nonlinear system, then the set is PI for
the original nonlinear system. This allows for the adaptation of Theorem 12 to
nonlinear systems, thereby leading to Theorem 15.

Figure 3.16 shows an artificial nonlinear system of the form x(k + 1) =
f (x(k)) = 0.02x3(k) − 2x(k) and an PWA approximation with the s = 3 re-
gions P (1) = [−10,−5.77], P (2) = [−5.77, 5.77], and P (2) = [5.77, 10]. The
gray area indicates the set YPWA(x) which is such that Y(x) ⊆ YPWA(x) with
D(1) = [−1.48, 0.88], D(1) = [−1.48, 1.48], and D(1) = [−0.88, 1.48] holds for
all x ∈ X = [−10, 10]. Consequently, (3.89) holds for all x ∈ X . Note that,
as shown in Figure 3.15 the sets D(i) can differ for i ∈ {1, 2, 3}. Moreover, for
Theorem 15 to apply, the PWA approximation does not need to be continuous
at the boundaries between neighboring regions. This allows for more flexible
PWA approximations with lower error. In Figure 3.16, we used such a PWA
approximation to analyze the behavior of the nonlinear double integrator with

f (x, u) =
(

1 1
0 1

)
x +

(
0.5
1

)
u +

(
0.025
0.025

)(
x⊤x

)
from [102, Sec. 6] controlled by a maxout NN. For the example shown in Fig-
ure 3.16, Theorem 15 applies, since the PWA approximation is chosen such
that (3.89) holds for all x ∈ X and for all u ∈ U . Consequently, we can ob-
serve that the trajectory, starting in F , of the nonlinear system x(k + 1) =
f (x(k), Φ(x(k))) enters the small set T around the origin after a finite number
of time steps. The small sets around the states x(k) are the over-approximation
RDk ({x(0)}) of the reachable sets of the disturbed PWA system. These sets can
be computed by solving the MILP (3.80). Moreover, since (3.89) holds, the true
trajectory of the controlled nonlinear system is guaranteed to be in these sets.

Figure 3.15. Artificial nonlinear
system of the form x(k + 1) =
f (x(k)) and PWA approximation
with three regions which is such
that Y(x) ⊆ YPWA(x) for all x ∈
X = [−10, 10].

Figure 3.16. Trajectory of a
nonlinear double integrator con-
trolled by a maxout NN. The
small sets are the reachable sets
RDk ({

(
5.5 −1.5

)⊤}) of the PWA
approximation.

81



Chapter 3. Article Summaries and Discussion

3.2.3.2 Discussion

The summarized methods from our articles [P6] and [P7] provide a frame-
work for analyzing NN–based controllers for disturbed PWA systems. These
methods are the first capable of addressing PWA systems subject to bounded
additive disturbances. In contrast, existing methods [13, 38, 39, 40] are typi-
cally restricted to linear systems or lack the ability to account for disturbances,
thereby limiting their applicability. The main tool we used for our analysis are
reachable sets. Building on these reachable sets, we computed an RPI set F in
which the system with an NN-based controller can be operated safely and an
RPI set T that all trajectories of the closed-loop system reach after a finite time.
Moreover, we presented results on the finite determinedness of the sets F and
T and a result that quantifies the quality of the set F in terms of the inclusion
(3.86). These results represent a significant improvement. Methods from the
literature [38] often assume a given RPI set F without providing a method for
computing this set for the considered system type, and do not quantify the de-
viation between T and RD∞(T ). In addition, even though the used NN-based
controller may be trained with data from a stabilizing classical, i.e., non-NN,
controller, we do not use any knowledge of a stabilizing controller for the anal-
ysis. This is in contrast to the methods discussed in Section 3.2.2, where the
controller that is used to generate training samples for the NN needs to be
known. Thus, the methods discussed in this section provide a versatile frame-
work for analyzing NN-based controllers, regardless of the specific training
method employed. This flexibility enables the derivation of formal guaran-
tees for stability and constraint satisfaction even in cases where the training
method itself, e.g., RL [6, 11], imitation learning [7], or the method presented
in Section 3.1.2, does not inherently provide such guarantees. Consequently,
the proposed framework complements a broad range of existing NN training
methods for control.

The consideration of bounded additive disturbances in (3.70) allows us to
extend the framework to the analysis of NN-based controllers for nonlinear
systems that can be approximated by PWA systems with a bounded error,
which is, to the best of our knowledge, unique. Suitable PWA approximations
of nonlinear functions may be computed using our method from [P5], which
is summarized in Section 3.1.2. By including constraints of the form

−e ≤ y(i) − α(i) + β(i) ≤ e

for all i ∈ {1, . . . , ND} in the MIQP (3.25) that is used for training, we can
compute a PWA approximation that has a maximum error of e at the sample
points. Together with constraints that limit the maximum Lipschitz constant of
the PWA approximation, we can ensure that the error is bounded as required
by (3.89). Thus, by combining our approaches for training from [P5] and for
analyzing the NN-based controller [P6, P7], we may develop a method that
seemingly integrates training and analysis.
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Chapter 4

Conclusions and Outlook

4.1 Conclusions

At the beginning of the thesis, we have identified two central challenges for the
integration of ML methods, and in particular of NNs, into control systems. The
first challenge is the design of tailored NN topologies harmonizing with the
structure of functions relevant to control, thereby providing a lightweight and
fast to evaluate approximation. The second challenge involves analyzing NN-
based controllers in a closed control loop to certify boundedness, stability, and
constraint satisfaction after training. Together, solutions to these challenges
form a theoretical foundation for ensuring that NN-based controllers meet the
requirements of modern control applications.

After providing a relevant background in the Chapters 1 and 2, we first tack-
led in Section 3.1.1 the design problems by deriving NNs capable of exactly
representing continuous PWQ functions with polyhedral domain partitions.
These functions play a central role in RL and ADP for approximating PWQ
Q-functions and OVFs. Furthermore, by exploiting the connection between
NNs and piecewise-defined functions, we developed in Section 3.1.2 a training
method that reformulates the underlying optimization problem as an MIQP.
This reformulation allows us to train the NN to global optimality. This is, to
our knowledge, the first method with sufficient flexibility to both attain glob-
ally optimal solutions and fit arbitrary continuous piecewise-defined functions.
Beyond tailored NN topologies and training methods, we also investigated in
Section 3.1.3 the design of polynomial approximations of activation functions
to enable a privacy-preserving evaluation of NNs using HE. The presented
method enables us to increase the degree of the polynomials used for approx-
imation by one compared to known methods, thereby increasing the accuracy
of the approximations.

In the second part of Chapter 3, we addressed problems regarding the anal-
ysis of NN-based controllers. More precisely, we considered the challenge of
certifying convergence, stability, and constraint satisfaction of linear and PWA
systems with bounded additive disturbances. We discussed two classes of
analysis methods in Section 3.2. The first class builds on quantifying the ap-
proximation error of an NN relative to a known stabilizing baseline controller,
such as linear MPC. We extended these known error-based methods to max-
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out NNs and presented simplifications for computing the maximum error and
the minimum Lipschitz constant of the error in Section 3.2.2. We discussed
the limitations of these methods, which are that they require exact knowledge
of a stabilizing baseline controller and its parameters, and may fail to certify
stability if the approximation error is too large. To overcome these limitations,
we introduced in Section 3.2.3 a second class of methods that does not require
a baseline controller and instead directly analyzes the closed-loop behavior
by computing reachable sets. The reachable sets are used to compute suit-
able RPI sets to verify convergence, stability, and constraint satisfaction. These
methods are the first to enable the analysis of NN-based controllers for PWA
systems with bounded additive disturbances. Furthermore, the consideration
of bounded additive disturbances significantly extends the applicability of the
introduced analysis method, as it allows for considering nonlinear systems that
can be approximated by PWA systems with a suitably small error. This is a sig-
nificant step beyond existing approaches, which are typically limited to linear
systems or disturbance-free settings.

Together, these contributions establish a flexible and comprehensive frame-
work for both the design and analysis of NNs for control. The presented
reachability-based analysis method is compatible with arbitrary training meth-
ods, e.g., RL or imitation learning, providing formal guarantees on stability
and constraint satisfaction where such guarantees are not inherent to the train-
ing process. In this way, our work combines the benefits of fast NN-based con-
trollers with guarantees of classical controllers, contributing towards a reliable
and interpretable deployment of NNs in safety-critical control applications.

4.2 Outlook

For future research, several promising directions emerge. One promising direc-
tion concerns scalability. The MIPs on which several of the proposed methods
are based could be enhanced through different techniques to improve com-
putational tractability. Initial steps have already been taken in [P4] and [P5]
by developing methods that leverage symmetries and saturation effects of the
underlying problems. However, these methods still leave room for future re-
search. Moreover, the methods for analyzing NNs presented in Section 3.2.3
are based on over-approximations of reachable sets, which are computed by
solving MIPs. However, the results on stability and boundedness apply in-
dependently of the particular method used for computing the reachable sets.
Thus, it may be possible to replace the MIP-based computation with another,
computationally more efficient method, e.g., a method based on semi-definite
programming, without affecting the validity of the results from Section 3.2.3.

Another exciting research direction is the combination of privacy-preserving
evaluation of NNs with the methods for analyzing systems controlled by NNs.
To enable a privacy-preserving evaluation of NN-based controllers, the NN
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needs to be approximated by a polynomial function. If the maximum error
of this polynomial approximation with respect to the NN is known, then it
can be treated as a bounded additive disturbance in PWA systems of the form
(3.70), which enables us to consider the approximation error in the MILP (3.80)
that is used to compute the reachable sets. Thus, with such an MILP, we
could analyze the closed-loop behavior of a system controlled by an NN that is
evaluated using HE, and at the same time account for the approximation error
arising from the polynomial approximation. In summary, such an extension
would enable not only a provably safe but also a privacy-preserving control of
the system by NNs.

Lastly, until now, we have considered the design and analysis of NN-based
controllers separately. Meaning, that first the NN is designed and trained, and
afterward its closed-loop behavior is analyzed to certify stability and constraint
satisfaction. For future research, it would be interesting to investigate whether
one can use the proposed methods for developing an integrated design and
analysis framework that enables the design of NNs that inherently comply
with the requirements of control systems, thereby eliminating the need for a
subsequent analysis.
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Part II:

Articles

In the following, we collect reprinted versions of the articles [P1, P2, P3, P4,
P5, P6, P7, P8, P9] that are summarized and discussed in Chapter 3. Their
layout has been revised, but the notation is as in the original articles and may
differ from the notation introduced in Part I. The articles [P10, P11, P12, P13]
of the author are not reprinted and only listed in the bibliography as they are
thematically not relevant for the thesis.





Chapter 5

Tailored neural networks for
learning optimal value functions in
MPC∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Learning-based predictive control is a promising alternative to opti-
mization-based MPC. However, efficiently learning the optimal control policy,
the optimal value function, or the Q-function requires suitable function approx-
imators. Often, artificial neural networks (ANN) are considered but choosing
a suitable topology is also non-trivial. Against this background, it has recently
been shown that tailored ANN allow, in principle, to exactly describe the op-
timal control policy in linear MPC by exploiting its piecewise affine structure.
In this paper, we provide a similar result for representing the optimal value
function and the Q-function that are both known to be piecewise quadratic for
linear MPC.
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5.1 Introduction

Learning-based predictive control becomes more and more prominent in re-
search and practice. Various approaches have been presented that underline
the capabilities of (deep) learning in the context of control (see, e.g., [8], [103],
[104], [10] [6], [105], or [7]). Most of these approaches either aim for approxi-
mations of the optimal control law in the policy space (such as [7, 104]) or the
optimal value function (or Q-function) in the value space (such as [10, 105]).
In both cases, suitable parametrizations for the functions to be learned have
to be chosen. Common candidates are, for example, artificial neural networks
(ANN) or Bayesian networks.

Choosing the type of parametrization and underlying specifications (such as
layer width and depth or activation functions in ANN) is often done in a trial-
and-error fashion. However, some setups support more “educated guesses”. In
fact, it has recently been shown that certain types of ANN allow, in principle,
to exactly describe model predictive control (MPC) laws for linear systems [7,
26]. The key observation here is that both the MPC law and certain ANN reflect
piecewise affine (PWA) functions on polyhedral partitions. More specifically,
feed-forward ANN with rectified linear units (ReLU) or max-out activations
[21] offers this feature [23].

Now, the optimal value function (OVF) in linear MPC is well-known to be
piecewise quadratic (PWQ) [20]. The main contribution of this paper is to show
that suitable ANN can also be found for such functions. Interestingly, these
ANN will also build on ReLU activations. However, successful realizations
require to extend the input layer by quadratic terms of the system states (such
as x2

1, x2
2, and x1x2). Extended inputs of this form have also been considered

elsewhere. For instance, [106] and [107] exploit their ability to create non-
linear decision boundaries. Clearly, this feature is not helpful here since we
are dealing with polyhedral partitions. In contrast, we will use the quadratic
terms to eliminate the quadratic expressions of the OVF by suitably choosing
the affine preactivations. For the remaining PWA structure, we can exploit the
known results mentioned above. In combination, we obtain an approach for
exactly describing the OVF via ANN with ReLU activations. In addition, we
present a similar approach for representing Q-functions.

The paper is organized as follows. In Section 5.2, we collect preliminaries on
ANN, MPC, and learning-based predictive control. Further, we briefly sum-
marize the known representation of PWA functions using ANN. We present
our main result, i.e., tailored ANN for exactly describing PWQ functions, in
Section 5.3. More specifically, we construct ANN that exactly describe the OVF
in linear MPC for the special case of one-dimensional states (i.e., n = 1). More-
over, we show that ANN for describing the Q-function can be derived when-
ever a construction for the OVF is known (for any n). Finally, we illustrate our
results with various numerical examples in Section 5.4 and state conclusions
in Section 5.5.
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5.2 Preliminaries and background

5.2.1 Neural networks with rectifier activation

In general, a feed-forward ANN with l ∈ N hidden layers and wi neurons in
layer i can be written as a composition of the form

Φ(ξ) = f (l+1) ◦ g(l) ◦ f (l) ◦ · · · ◦ g(1) ◦ f (1)(ξ), (5.1)

where the functions f (i) : Rwi−1 → Rwi refer to preactivations (for i ≤ l) and
a postactivation (for i = l + 1) and where g(i) : Rwi → Rwi are activation
functions. The pre- and postactivations are typically affine, i.e.,

f (i)(y(i−1)) = W (i)y(i−1) + a(i),

where W (i) ∈ Rwi×wi−1 is a weighting matrix, a(i) ∈ Rwi is a bias vector, and
y(i−1) denotes the output of the previous layer with y(0) := ξ. Now, while
various activation functions are established, we here focus on activations via
ReLU that are characterized by

g(i)(z(i)) = max
{

0, z(i)
}

:=

max
{

0, z(i)1

}
...

max
{

0, z(i)wi

}
 .

We will refer to the resulting networks as ReLU-ANN.

5.2.2 Model predictive control and structural insights

Classical MPC builds on solving an optimal control problem (OCP) of the form

VN(x) := min
x̂(0),...,x̂(N)

û(0),...,û(N−1)

φ(x̂(N)) +
N−1

∑
κ=0

ℓ(x̂(κ), û(κ)) (5.2)

s.t. x̂(0) = x,
x̂(κ + 1) = A x̂(κ) + Bû(κ), ∀κ ∈ {0, ..., N − 1},

(x̂(κ), û(κ)) ∈ X × U , ∀κ ∈ {0, ..., N − 1},
x̂(N) ∈ T

in every time step k ∈ N for the current state x = x(k). Here, N ∈ N refers to
the prediction horizon and

φ(x) := x⊤Px and ℓ(x, u) := x⊤Qx + u⊤Ru (5.3)

denote the terminal and stage cost, respectively, where the weighting matrices
P, Q, and R are positive (semi-) definite. The dynamics of the linear prediction
model are described by A ∈ Rn×n and B ∈ Rn×m. State and input constraints
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can be incorporated via the polyhedral sets X and U . Finally, the terminal set
T allows to enforce closed-loop stability (see [48] for details). The resulting
control policy π : FN → U is defined as

π(x) := û∗(0), (5.4)

where FN denotes the feasible set of (5.2) and where û∗(0) refers to the first
element of the optimal input sequence.

Now, it is well known that π(x) is a (continuous) PWA function of the form

π(x) =


K(1)x + b(1) if x ∈ R(1),

...
...

K(s)x + b(s) if x ∈ R(s),

(5.5)

where the regions R(i) represent polyhedral sets with pairwise disjoint interi-
ors [20, Thm. 4]. A related observation is that the optimal value function (OVF)
is a (continuous and convex) piecewise quadratic (PWQ) function of the form

VN(x) =


x⊤S(1)x + x⊤l(1) + c(1) if x ∈ R(1),

...
...

x⊤S(s)x + x⊤l(s) + c(s) if x ∈ R(s).

(5.6)

5.2.3 Learning-based predictive control

In principle, the structure (5.5) is quite beneficial for efficiently implementing
MPC. In fact, for moderate system dimensions and prediction horizons, (5.5)
can be computed explicitly and stored on the controller device. However, for
larger dimensions or horizons, this procedure is intractable. If, in addition,
an online solution of the OCP is computationally too demanding, machine
learning (ML) is a promising alternative. Most intuitively, ML can be used to
approximate (5.5), which refers to an approximation in the policy space. This
approach in combination with ANN of the form (5.1) has, e.g., been consid-
ered in [6, 7]. Alternatively, one can also aim for approximating (5.6), i.e., an
approximation in the value space [10], [3]. In fact, an (almost) optimal control
input can also be inferred from (an approximation of) the OVF [103]. Remark-
ably, approximating (5.5) or (5.6) is typically realized offline using supervised
learning. Hence, it usually involves the solution of (5.2) for sampled states x
and thus requires the knowledge of a model in terms of A and B. Nevertheless,
learning-based predictive control can also be realized without a model. To this
end, one aims for approximating the so-called Q-function (see, e.g., [3, P. 13])

QN(x, u) := ℓ(x, u) + VN−1(Ax + Bu) (5.7)

that reflects the costs for a first step with an undetermined u followed by an
optimal control sequence of length N − 1. We note, in this context, that the
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successor state x+ := Ax + Bu can either be computed (using a model) or mea-
sured (without a model). Based on the Q-function, one can then easily derive
an optimal input by evaluating arg minu QN(x, u). Approximating (5.7) in the
context of MPC has, e.g., been considered in [105].

5.2.4 Tailored neural networks for representing PWA functions

In this paper, we aim for tailored ANN that are capable of exactly describ-
ing the PWQ OVF (5.6) or the Q-function (5.7). This goal is motivated by the
observation that ReLU-ANN can, in principle, exactly describe any (continu-
ous) PWA function of the form (5.5) (see, e.g., [25], [24]). However, the cor-
responding network topologies can quickly become intractable. For instance,
the approach in [24, Thm. 2] requires at least s hidden layers, which typically
results in an ANN with unfavorable depth. Useful topologies can, however, be
found for special cases. In fact, for n = 1 (and arbitrary m), (5.5) can exactly
be described by a ReLU-ANN with one hidden layer of width w1 = s, i.e., by a
function of the form

Φ(ξ) = W (2) max
{

0, W (1)ξ + a(1)
}
+ a(2) (5.8)

with W (1), a(1) ∈ Rs, W (2) ∈ Rm×s, and a(2) ∈ Rm. Suitable weights and biases
are given in [26]. Their construction builds on the trivial observation that, for
one-dimensional x, the regions R(i) reflect proper intervals of the form

R(i) = [x(i), x(i)] ⊂ R (5.9)

that can be sorted such that x(i) = x(i+1) for every i ∈ {1, . . . , s − 1}. Using
these conditions, equality of (5.5) and (5.8) holds for the parametrization

W (1) :=


−1
+1

+
...

+1

 , a(1) :=


+x(1)

−x(1)
...

−x(s−1)

 , (5.10)

W (2) :=
(
−K(1) K(2) K(3)−K(2) . . . K(s)−K(s−1)

)
,

a(2) := K(1)x(1) + b(1)

and the choice ξ := x [26, Thm. 1]. The paper now intends to derive analogue
parametrizations for describing (5.6) and (5.7).

5.3 Tailored neural networks for PWQ functions

5.3.1 Problem specification

As mentioned in the introduction, our goal is to design ReLU-ANN that allow
to eliminate the quadratic terms in (5.6) or (5.7). In fact, the remaining func-
tions will then be PWA and, hence, we can reuse the results from Section 5.2.4
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for describing the remainders using further ReLU-ANN. A formalization of
this concept leads to the two following problem statements.

Problem 5.1. Identify an ANN of the form (5.8) and a mapping hv : Rn → Rw0 such
that

∆VN(x) := VN(x)−Φ(hv(x)) (5.11)

is PWA in x.

Problem 5.2. Identify an ANN of the form (5.8) and a mapping hq : Rn×Rm → Rw0

such that
∆QN(x, u) := QN(x, u)−Φ(hq(x, u)) (5.12)

is PWA in x and u.

Here, it is import to note that choosing suitable network inputs via hv and
hq is part of the problems. In fact, the naive choices ξ := x as in Section 5.2.4
or ξ⊤ := ( x⊤ u⊤ )⊤ will, in general, not solve the problems. We further note
that both VN and QN are scalar-valued functions. Hence, also the desired
Φ is scalar-valued in both cases and the corresponding parameters have the
dimensions W (1) ∈ Rw1×w0 , a(1) ∈ Rw1 , W (2) ∈ R1×w1 , and a(2) ∈ R. We still
use bold characters for Φ and a(2) for consistency.

In the following, we present (partial) solutions to Problems 5.1 and 5.2. More
precisely, we solve Problem 5.1 for the special case n = 1 that has also been
addressed in [26] for the PWA analogue. Further, we show that a solution to
Problem 5.2 can be derived from a given solution to Problem 5.1 for arbitrary
n ≥ 1.

5.3.2 Solution to Problem 1 for n = 1

The following theorem provides a solution to Problem 5.1 for one-dimensional
system states. The underlying construction is based on the observation that
ReLU can be designed to be active only inside one of the regions (5.9).

Theorem 5.3. Let n = 1 and assume that the regions R(i) are as in (5.9) (with
x(i) < x(i) = x(i+1)) and bounded. Then, a solution to Problem 5.1 is given in terms
of

W (1) :=

x(1) + x(1) −1
...

...
x(s) + x(s) −1

 , a(1) :=

−x(1)x(1)
...

−x(s)x(s)

 ,

W (2) :=
(
−S(1) . . . −S(s)

)
, a(2) := 0

and the mapping hv(x) :=
(
x x2)⊤.
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Proof. We obviously have

(x(i) + x(i))x− x2 − x(i)x(i) = (x− x(i))(x(i) − x).

Hence, the proposed parametrization yields

Φ(hv(x)) =
s

∑
i=1
−S(i) max

{
0, (x− x(i))(x(i) − x)

}
. (5.13)

Clearly, (x− x(i))(x(i) − x) > 0 if and only if the conditions

x− x(i) > 0 and x(i) − x > 0 (5.14)

or
x− x(i) < 0 and x(i) − x < 0 (5.15)

hold. Now, conditions (5.14) are equivalent to x ∈ int
(
R(i)) and conditions (5.15)

are infeasible for proper intervals with x(i) < x(i). Since we further have
int
(
R(i)) ∩ int

(
R(j)) = ∅ whenever i ̸= j, we obtain

Φ(hv(x)) =


−S(1)(x− x(i))(x(i) − x) if x ∈ R(1),

...
...

−S(s)(x− x(i))(x(i) − x) if x ∈ R(s),

where Φ(hv(x)) = 0 results whenever x is located on the boundary of any
R(i). Evaluating (5.11) finally results in the PWA function

∆VN(x) =


κ(1)x + β(1) if x ∈ R(1),

...
...

κ(s)x + β(s) if x ∈ R(s),
(5.16)

with the parameters κ(i) := l(i) + S(i)(x(i) + x(i)) and β(i) := c(i) − S(i)x(i)x(i),
which completes the proof. ■

Roughly speaking, Theorem 5.3 provides a ReLU-ANN that reflects the qua-
dratic terms of VN(x). In fact, we proved that the difference (5.11) is PWA.
Now, as summarized in Section 5.2.4, it has been known before that PWA func-
tions can likewise be described by ReLU-ANN with one hidden layer. Thus,
by combining both results, we can construct a ReLU-ANN of the form (5.8)
that completely reflects VN(x). However, when applying the results from Sec-
tion 5.2.4, one has to take into account that representing the quadratic terms
requires ξ = hv(x). Fortunately, hv(x) contains the state x. Hence, we can eas-
ily adapt the parametrization from (5.10) according to the following Corollary.

95



Chapter 5. Tailored NNs for Learning Optimal Value Functions in MPC

Corollary 5.4. Let hv and ∆VN be as in Theorem 5.3 and (5.16), respectively. Then,
∆VN(x) = Φ(hv(x)) holds for an ANN as in (5.8) with the parameters

W (1) :=


−1 0
+1 0

+
...

...
+1 0

 , a(1) :=


+x(1)

−x(1)
...

−x(s−1)

 ,

W (2) :=
(
−κ(1) κ(2) κ(3)−κ(2) . . . κ(s)−κ(s−1)

)
,

a(2) := κ(1)x(1) + β(1).

The combination of Theorem 5.3 and Corollary 5.4 leads to the following
summarizing statement. An illustration with an example will follow in Section
5.4.1.

Corollary 5.5. Let n = 1. Then, VN as in (5.6) can be exactly described by a ReLU-
ANN with one hidden layer of width w1 = 2s and the inputs ξ =

(
x x2)⊤.

5.3.3 Conditional solution to Problem 2 for arbitrary n

Interestingly, the Problems 5.1 and 5.2 are closely related. In fact, the following
theorem shows that a solution to the former problem implies a solution to the
latter. In other words, an ANN representing the OVF can be easily adapted for
describing the Q-function.

Theorem 5.6. Assume Problem 5.1 has been solved for N′ = N − 1 and let W (1)
v ,

W (2)
v , a(1)

v , and a(2)
v denote the corresponding weights and biases in (5.8). Then, a

solution to Problem 5.2 is given in terms of

W (1) :=

(
W (1)

v 0
0 1

)
, a(1) :=

(
a(1)

v
0

)
, (5.17a)

W (2) :=
(

W (2)
v 1

)
, a(2) := a(2)

v (5.17b)

and the mapping

hq(x, u) :=
(

hv(Ax + Bu)
ℓ(x, u)

)
. (5.18)

Proof. The assumed solution to Problem 5.1 implies

VN−1(x) = W (2)
v max

{
0, W (1)

v hv(x) + a(1)
v

}
+ a(2)

v + ∆VN−1(x)

with ∆VN−1(x) being PWA in x. Hence, the Q-function (5.7) can be written as

QN(x, u) = W (2)
v max

{
0, W (1)

v hv(Ax + Bu) + a(1)
v

}
+ a(2)

v + ∆VN−1(Ax + Bu) + ℓ(x, u).
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Now, the proposed solution to 5.2 involves the ANN

Φ(hq(x, u)) = W (2) max
{

0, W (1)hq(x, u) + a(1)
}
+ a(2).

Hence, substituting the proposed weights and biases and evaluating (5.12) re-
sults in

∆QN(x, u) = ∆VN−1(Ax + Bu) + ℓ(x, u)−max{0, ℓ(x, u)}. (5.19)

Clearly, ∆VN−1(Ax + Bu) is PWA in x and u. This completes the proof since
ℓ(x, u)−max{0, ℓ(x, u)} = 0 due to positive semi-definiteness of ℓ. ■

From a theoretical point of view, Theorem 5.6 is quite useful since it closely
relates Problems 5.1 and 5.2. Unfortunately, from a practical point of view, the
proposed mapping (5.18) is not convenient. In fact, Q-learning allows model-
free learning but evaluating (5.18) (for data preparation) requires a model in
terms of A and B. Fortunately, this issue can be easily solved. To this end, we
assume that the solution to Problem 5.1 builds on the mapping

hv(x) :=
(
x⊤ x2

1 x1x2 . . . x1xn . . . x2
n
)⊤, (5.20)

i.e., an extension of the state x by all possible products of two individual states.
We note that this assumption is reasonable for various reasons. First, (5.20)
includes our solution for the one-dimensional case in Theorem 5.3. Second,
similar approaches have been considered for (loosely) related problems [8, 107].
Third, we show in Section 5.4.4 that (5.20) also applies to exemplary extensions
with n > 1. Now, the structure of (5.20) can be easily extended to the x-u-
domain yielding the mapping

h′q(x, u) :=



hv(x)
u

u1u2
...

u2
m

x1u1
...

xnum


(5.21)

that includes, in addtion to x and u, all possible products of two entries in
( x⊤ u⊤ ). As shown next, there exists a linear relation between hq from Theo-
rem 5.6 and h′q as in (5.21).

Lemma 5.7. There exists a matrix L ∈ Rw0×w′0 such that

hq(x, u) = Lh′q(x, u), (5.22)

where w0 := n(n + 3)/2 + 1 and w′0 := (n + m)(n + m + 3)/2.
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Proof. Clearly, each entry in hv(Ax + Bu) can be written as a linear combina-
tion of the entries in h′q(x, u). The same observation holds for ℓ(x, u). The
corresponding coefficients form the entries of L. The dimensions w0 and w′0
simply reflect the output dimensions of hq and h′q. ■

Relation (5.22) allows to reformulate the statement in Theorem 5.6 using the
more convenient network inputs h′q(x, u). In fact, as specified in the following
corollary, the matrix L can simply be including in the construction of W (1).

Corollary 5.8. Consider the same solution to Problem 5.1 as in Theorem 5.6. Further,
let L satisfy (5.22). Then, a solution to Problem 5.2 can be obtained analogously to
Theorem 5.6 except that W (1) and hq(x, u) are replaced by

W (1) :=

(
W (1)

v 0
0 1

)
L

and h′q(x, u), respectively.

Inspired by Corollaries 5.4 and 5.5, we could now aim for statements about
suitable ReLU-ANN for describing ∆QN and QN, respectively. However, The-
orem 5.6 assumes a solution to Problem 5.1 and it is unclear whether such a
solution exists for n > 1 and, if it exists, how it is structured. Thus, we only
provide the following statement for n = 1.

Corollary 5.9. Let n = 1 and assume VN−1 is defined on s′ regions. Then, QN
as in (5.7) can be exactly described by a ReLU-ANN with one hidden layer of width
w1 = 2s′ + 1 and the inputs ξ = h′q(x, u).

Proof. We know from Theorem 5.3 that Problem 5.1 can be solved for N′ =
N − 1 based on a ReLU-ANN with one hidden layer of width s′. Now, The-
orem 5.6 tells us that adding one neuron allows us to solve Problem 5.2.
From (5.19), we further infer that the resulting PWA ∆QN(x, u) is equivalent
to ∆VN−1(Ax + Bu). Corollary 5.4 shows that another s′ neurons are required
to represent ∆VN−1, which already leads to the proposed width of 2s′ + 1. It
remains to comment on suitable inputs for the ANN. In this context, we first
note that hq(x, u) from Theorem 5.6 contains Ax+ Bu for hv as in (5.20). Hence,
∆VN−1(Ax + Bu) can be described based on the ReLU-ANN for ∆VN−1 with
the inputs hq(x, u). This completes the proof since Lemma 5.7 implies that the
inputs hq(x, u) can easily be replaced by ξ = h′q(x, u) without changing the
width w1. ■

5.4 Numerical examples

We illustrate (and extend) our results with four numerical examples. The two
first examples demonstrate the application of Theorems 5.3 and 5.6. Moreover,
we point out the benefits of the proposed ANN for learning the Q-function.
The last example shows a possible direction for an open extension to systems
with n > 1.
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5.4.1 Exact representation of the optimal value function

We consider the system from [108, Ex. 2] with the dynamics

x(k + 1) = 6
5 x(k) + u(k) (5.23)

and the constraints x ∈ [−10, 10] ⊂ R and u ∈ [−1, 1] ⊂ R. As in [108], we
choose Q = 19/5, R = 1, P = 5, and T = [−1, 1]. Finally, we select N = 1 for
illustration purposes here. Explicitly solving (5.2) then leads to

V1(x) =


11x2 + 12x + 6 if x ∈ R(1),
5x2 if x ∈ R(2),
11x2 − 12x + 6 if x ∈ R(3),

(5.24)

where the three regions refer to the intervals

R(1) =
[
−5

3 ,−1
]

, R(2) = [−1, 1] , R(3) =
[
1, 5

3

]
.

Now, according to Theorem 5.3, a solution to Problem 5.1 is given in terms of
the parameters

W (1)
v :=

−8
3 −1

+0 −1
+8

3 −1

 , a(1)
v :=

−5
3

+1
−5

3

 , (5.25a)

W (2)
v :=

(
−11 −5 −11

)
, a(2)

v := 0 (5.25b)

and the mapping hv(x) := ( x x2 )⊤. Figure 5.1 confirms this result by visu-
alizing the PWA ∆V1. We can further exploit the structure of ∆V1 based on
Corollary 5.4. In fact, with κ(i) and β(i) as in the proof of Theorem 5.3, we find
that ∆V1 can be described as an ANN of the form (5.8) with the parameters

W (1)
∆ :=

−1 0
+1 0
+1 0

 , a(1)
∆ :=

 −1
+1
−1

 , (5.26a)

W (2)
∆ :=

( 52
3 0 52

3

)
, a(2)

∆ := 5. (5.26b)

By combining both results, we can construct a ReLU-ANN that exactly de-
scribes V1. In fact, the parametrization

W (1) :=

(
W (1)

v

W (1)
∆

)
, a(1) :=

(
a(1)

v

a(1)
∆

)
,

W (2) :=
(

W (2)
v W (2)

∆

)
, a(2) := a(2)

∆

leads to V1(x) = Φ(hv(x)) and thus confirms Corollary 5.5.

99



Chapter 5. Tailored NNs for Learning Optimal Value Functions in MPC

Figure 5.1. Illustration of the PWQ function V1 (black), the proposed ANN for
the quadratic terms (blue), and the PWA difference ∆V1 (red) for the example
in Section 5.4.1.

5.4.2 Adaptation for Q-function

We next illustrate the application of Theorem 5.6. In order to reuse the results
from the previous example, we consider N = 2 here and consequently the
Q-function

Q2(x, u) = ℓ(x, u) + V1
(6

5 x + u
)

(5.27)

with V1 as in (5.24). Now, according to Theorem 5.6, a solution to Problem 5.2
can be obtained by substituting (5.25) in (5.17) and by considering the mapping

hq(x, u) :=

(
hv
(6

5 x + u
)

ℓ(x, u)

)
=

 6
5 x + u

36
25 x2 + 12

5 xu + u2

19
5 x2 + u2

 .

Clearly, evaluating this mapping requires the model (5.23). Fortunately, Lemma
5.7 and Corollary 5.8 tell us that we can easily switch to the more convenient
network inputs

h′q(x, u) :=
(
x x2 u u2 xu

)⊤. (5.28)

To this end, we quickly verify that (5.22) is satisfied by

L =


6
5 0 1 0 0

0 36
25 0 1 12

5

0 19
5 0 1 0

 .
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Hence, Theorem 5.6 in combination with the parameters (5.25) and Corol-
lary 5.8 implies that Problem 5.2 is solved by

W (1)
q :=


−16

5 −36
25 −8

3 −1 −12
5

+0 −36
25 +0 −1 −12

5

+16
5 −36

25 +8
3 −1 −12

5

+0 +19
5 +0 +1 +0

, a(1)
q :=


−5

3
+1
−5

3
+0

,

W (2)
q :=

(
−11 −5 −11 1

)
, a(2)

q := 0.

and the mapping (5.28). In order to describe the entire Q-function, it remains
to construct an ANN for ∆Q2(x, u) = ∆V1(Ax + Bu). Clearly, we can reuse
the parametrization for ∆V1 from (5.26). However, we have to include a matrix
that selects Ax + Bu from hq and we have to take into account the switching
to h′q via L. Doing so, we can easily confirm that ∆V1(Ax + Bu) = Φ(h′q(x, u))
holds for

W (1)
δ := W (1)

∆

(
1 0 0
1 0 0

)
L =

−
6
5 0 −1 0 0

+6
5 0 +1 0 0

+6
5 0 +1 0 0

 ,

a(1)
δ := a(1)

∆ , W (2)
δ := W (2)

∆ , and a(2)
δ := a(2)

∆ .

Combining the solution to Problem 5.2 and the description of ∆Q2 from above
leads to a ReLU-ANN for Q2 with the parameters

W (1) :=

(
W (1)

q

W (1)
δ

)
, a(1) :=

(
a(1)

q

a(1)
δ

)
,

W (2) :=
(

W (2)
q W (2)

δ

)
, a(2) := a(2)

δ

and the inputs h′q(x, u). As predicted by Corollary 5.9, this ANN has one
hidden layer of width w1 = 2s′ + 1 = 7.

5.4.3 Learning of the Q-function

The presented work is motivated by the observation that, in the context of
learning, ANN topologies are often chosen based on trial-and-error. Our re-
sults show that, for MPC-related learning, more educated choices exist that
even allow to exactly describe the functions of interest. Interestingly, the iden-
tified topologies (summarized in the Corollaries 5.5 and 5.9) seem to be useful
beyond the proposed exact descriptions. To substantiate this observation, we
investigated different learning-based approximations of Q2 from the previous
example. More precisely, we trained various ReLU-ANN with different inputs,
widths, and depths (using supervised learning and Matlab’s Deep Learning
Toolbox [109] for simplicity) over 1000 epochs. We repeated the training 100
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Figure 5.2. Illustration of the PWQ function VN (grey), the proposed ANN for
the quadratic terms (blue), and the PWA difference ∆VN (red) for the example
in Section 5.4.4.

times for each ReLU-ANN, where we used the same randomly sampled points
from the Q-function as training data for every trial. At the end of every trial,
we computed the root-mean-square-error (RMSE). The mean values of the re-
sulting RMSE are listed in Table 5.1. As apparent from the data, the proposed
topology with one hidden layer (l = 1) of width w1 = 7 and the inputs h′q(x, u)
performed best even though some ANN incorporated more parameters.

Table 5.1. RMSE for different ReLU-ANN (where wi refers to w1, . . . , wl and
#p reflects the number of parameters).

ξ l wi #p RMSE

h′q(x, u) 1 5 36 0.4084
h′q(x, u) 1 6 43 0.2589
h′q(x, u) 1 7 50 0.1854
h′q(x, u) 1 8 57 0.1999
( x u )⊤ 1 12 49 0.2065
( x u )⊤ 2 5 51 0.3092
( x u )⊤ 3 4 57 0.2735
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5.4.4 Extension to two-dimensional case

We next show that solutions to Problem 5.1 may also exist for n > 1 and that
they may be derived using strategies similar to those underlying our solution
for n = 1. To this end, we consider the fictive function

VN(x) :=


2x2

1 + x2
2 if x ∈ R(1),

2x2
1 + x2

2 if x ∈ R(2),
2x2

1 + 2x2
2 if x ∈ R(3),

2x2
1 + 2x2

2 if x ∈ R(4)

(5.29)

(without specifying N) defined on the regions

R(1) := {x ∈ R2 | x1 ≥ 0, x2 ≥ 0, +x1 + x2 ≤ 1},
R(2) := {x ∈ R2 | x1 ≤ 0, x2 ≥ 0, −x1 + x2 ≤ 1},
R(3) := {x ∈ R2 | x1 ≤ 0, x2 ≤ 0, −x1 − x2 ≤ 1},
R(4) := {x ∈ R2 | x1 ≥ 0, x2 ≤ 0, +x1 − x2 ≤ 1}.

We next show that

Φ(hv(x)) =−max{0, x1(−x1 + x2 − 1)}
−max{0, x2(−x1 − x2 − 1)}
−max{0, x1(−x1 − x2 − 1)}
−max{0, x2(x1 − x2 − 1)}
− 0.5 max{0,−x2(x1 + x2 − 1)}
− 0.5 max{0,−x1(x1 + x2 − 1)}
− 0.5 max{0,−x2(−x1 + x2 − 1)}
− 0.5 max{0,−x1(x1 − x2 − 1)} (5.30)

with hv as in (5.20) represents a solution to Problem 5.1. In this context, we
first note that VN(x) − Φ(hv(x)) is indeed PWA as visualized in Figure 5.2.
Furthermore, Φ equals (5.8) with the parameters

W (1)=



−1 +0 −1 +1 +0
+0 −1 +0 −1 −1
−1 +0 −1 −1 +0
+0 −1 +0 +1 −1
+0 +1 +0 −1 −1
+1 +0 −1 −1 +0
+0 +1 +0 +1 −1
+1 +0 −1 +1 +0


, W (2)=



−1
−1
−1
−1
−0.5
−0.5
−0.5
−0.5



⊤

,

a(1) = 0, and a(2) = 0 and the inputs ξ := hv(x). Hence, (5.30) is indeed a
solution to Problem 5.1.
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We briefly comment on the derivation of this solution. First, it is easy to see
that every ReLU in (5.30) is constructed in such a way that it is either active or
inactive on the individual regions R(i). For instance, max{0, x1(−x1 + x2− 1)}
is active on R(2),R(3) and inactive on R(1),R(4). In total, four ReLU are active
on every region. Since we can freely choose the eight weighting factors of the
ReLU, we can use these degrees of freedom to eliminate the eight quadratic
terms in (5.29). The strategy is closely related to the proof of Theorem 5.3
and can, in principle, be generalized. However, formulating and solving the
underlying system of equations is highly non-trivial.

5.5 Conclusions and Outlook

In this paper, we presented methods for exactly describing PWQ functions
using tailored ANN with ReLU activations. In particular, we showed that
the OVF in linear MPC can always be described by a ReLU-ANN with one
hidden layer for the special case n = 1 (see Thm. 5.3 and Cor. 5.5). Moreover,
according Theorem 5.6, a given description for the OVF can always be modified
for exactly representing the associated Q-function (for any n ≥ 1).

We illustrated our results with various numerical examples. Two observa-
tions are of particular interest. First, the example in Section 5.4.3 indicates an
advantage of the proposed ANN topologies for learning the Q-function. Sec-
ond, the example in Section 5.4.4 shows that the approach for representing
the OVF might be extendable to n > 1. Both observations offer interesting
directions for further research.
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Chapter 6

Tailored max-out networks for
learning convex PWQ functions∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Convex piecewise quadratic (PWQ) functions frequently appear in
control and elsewhere. For instance, it is well-known that the optimal value
function (OVF) as well as Q-functions for linear MPC are convex PWQ func-
tions. Now, in learning-based control, these functions are often represented
with the help of artificial neural networks (NN). In this context, a recurring
question is how to choose the topology of the NN in terms of depth, width,
and activations in order to enable efficient learning. An elegant answer to
that question could be a topology that, in principle, allows to exactly describe
the function to be learned. Such solutions are already available for related
problems. In fact, suitable topologies are known for piecewise affine (PWA)
functions that can, for example, reflect the optimal control law in linear MPC.
Following this direction, we show in this paper that convex PWQ functions
can be exactly described by max-out-NN with only one hidden layer and two
neurons.
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6.1 Introduction

Learning-based and data-driven methods are heavily used in all kind of sec-
tors including health, finance, transportation, industry, or energy. While the
applications are as diverse as the sectors, using supervised or reinforcement
learning in order to approximate an unknown function is still a recurring task.
Popular choices for the models to be learned then are, for example, artificial
neural networks (NN) or Bayesian networks. In both cases, choosing a suitable
network topology is crucial for efficient learning. As well-founded design rules
are rare, choices are often made by trial-and-error. However, some tasks allow
for more educated guesses. For instance, if the function to be approximated is
known to be piecewise affine (PWA), NN with max-out or rectified linear unit
(ReLU) activations are ideal as their input-output relation is likewise PWA.
Moreover, if also the number of affine segments is available, then it is even
possible to specify NN that, in principle, allow to exactly describe the function
of interest (see, e.g., [23, 25, 73]). This observation has led to tailored NN for
(linear) model predictive control (MPC) [6, 7, 26], where the optimal control
law is well-known to be PWA [20].

Another interesting property of linear MPC is that the optimal value function
(OVF) is piecewise quadratic (PWQ) and convex. In this context, the OVF or
related Q-functions play a central role for data-driven predictive control based
on reinforcement learning [10, 15]. Nevertheless, tailored NN for representing
convex PWQ have only been rarely considered. One exception can be found
in [P1], where we recently showed that one-dimensional PWQ functions with
s segments can be exactly described by a ReLU-NN with one hidden layer of
width 2s (and an augmented input). While this observation was interesting, the
underlying method is restricted in that an extension to the multi-dimensional
inputs (or states in the context of MPC) seems hard if not impossible. As a
consequence, we reconsider the problem of identifying tailored NN for convex
PWQ functions here. However, in contrast to [P1], we will focus on max-out-
NN as they seem more suitable for exploiting convexity and for addressing
multi-dimensional inputs. In fact, it is well-known that convex PWA functions
(with one or more inputs) can be trivially represented by one max-out neuron
(per output). While this feature does, in general, not apply to convex PWQ
functions φ, we will show that a systematic modification of φ allows to derive
a representation via two max-out neurons.

We organize the presentation of the novel approach as follows. In Section 6.2
we provide some preliminaries on PWQ functions and background on NN.
Further, we briefly summarize the results from [P1]. We present our main
result, i.e., tailored max-out-NN for exactly describing PWQ functions, in Sec-
tion 6.3. More specifically, we construct max-out-NN that exactly describes
a convex PWQ function for the special case of one-dimensional inputs (i.e.,
n = 1) and show a possible direction for an extension to functions with higher-
dimensional inputs (i.e. n > 1) on an exemplary function in the Section 6.4.
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Finally, in the aforementioned section we also illustrate our main results and
state conclusions in Section 6.5.

6.2 Preliminaries and background

Throughout the paper, we deal with convex PWQ functions of the form

φ(x) =


x⊤Q(1)x + x⊤l(1) + c(1) if x ∈ R(1),

...
...

x⊤Q(s)x + x⊤l(s) + c(s) if x ∈ R(s),

(6.1)

for scalar or multi-dimensional inputs x ∈ Rn. The parameters Q(i) ∈ Rn×n,
l(i) ∈ R(n×1), and c(i) ∈ R reflect the quadratic, the linear, and the constant
parts of the various segments. The regions R(i) ⊂ Rn are convex polytopes
with pairwise disjoint interiors.

6.2.1 Neural networks with rectifier and max-out activations

In general, a feed-forward-NN with ℓ ∈ N hidden layers and wi neurons in
layer i can be written as a composition of the form

Φ(ξ) = f (ℓ+1) ◦ g(ℓ) ◦ f (ℓ) ◦ · · · ◦ g(1) ◦ f (1)(ξ). (6.2)

Here, the functions f (i) : Rwi−1 → Rpiwi for i ∈ {1, . . . , ℓ} refer to preactiva-
tions, where the parameter pi ∈ N allows to consider “multi-channel” pre-
activations as required for max-out. Moreover, g(i) : Rpiwi → Rwi stand for
activation functions and f (ℓ+1) : Rwℓ → Rwℓ+1 reflects postactivation. The
functions f (i) are typically affine, i.e.,

f (i)(y(i−1)) = W (i)y(i−1) + b(i),

where W (i) ∈ Rpiwi×wi−1 is a weighting matrix, b(i) ∈ Rpiwi is a bias vector, and
y(i−1) denotes the output of the previous layer with y(0) := ξ.

Now, various activation functions have been proposed. As already stated
in the introduction, we here focus on ReLU and max-out neurons [21]. The
corresponding activation functions are specified as

g(i)(z(i)) = max
{

0, z(i)
}

:=

max
{

0, z(i)1

}
...

max
{

0, z(i)wi

}


for ReLU and

g(i)(z(i)) =


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}

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for max-out, where z(i)j denotes the j-th component of z(i) ∈ Rpiwi and where
we use the shorthand notation

max
1≤j≤pi

{
z(i)j
}

:= max
{

z(i)1 , . . . , z(i)pi

}
.

We will refer to the resulting networks as ReLU-NN and max-out-NN, respec-
tively.

6.2.2 Tailored ReLU-NN for representing PWQ functions

We recently showed in [P1] that PWQ functions can be represented by a ReLU-
NN for the special case of scalar variables x (i.e., n = 1). Since this case will
also be in the focus of this paper, we specify the notation of (6.1) for ease of
presentation. Hence, we consider

φ(x) =


q1x2 + l1x + c1 if x ∈ [x1, x1],

...
...

qsx2 + lsx + cs if x ∈ [xs, xs]

(6.3)

instead of (6.1) for the majority of the paper, where we assume that the relation
xi < xi = xi+1 < xi+1 holds for each i ∈ {1, . . . , s − 1} and that the interval
[x1, xs] is bounded. We further define

φi(x) := qix2 + lix + ci.

The specification further allows to particularize (conditions for) continuity and
convexity. In fact, these properties require

qix2
i + lixi + ci = qi+1x2

i + li+1xi + ci+1, (6.4a)
2qixi + li ≤ 2qi+1xi + li+1 (6.4b)

for every i ∈ {1, . . . , s − 1} as well as qi ≥ 0 for every i ∈ {1, . . . , s}. Now,
according to [P1, Cor. 3], (6.3) can be represented by a ReLU-NN with one
hidden layer of width w1 = 2s. In fact, [P1, Thm. 1] combined with [26, Thm. 1]
leads to the ReLU-NN

Φ(ξ) = W (2) max
{

0, W (1)ξ + b(1)
}
+ b(2) (6.5)

with the parameters

W (1) :=



x1 + x1 −1
...

...
xs + xs −1
−1 0
+1 0

+
...

...
+1 0


, b(1) :=



−x1x1
...

−xsxs
+x1
−x1

...
−xs−1


,

W (2) :=
(
−q1 . . . −qs κ1 κ2 κ3−κ2 . . . κs−κs−1

)
,

b(2) := q1x2
1 + l1x1 + c1 = φ1(x1),
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and the augmented input ξ(x) :=
(
x x2)⊤, which is such that φ(x) = Φ(ξ(x))

for every x ∈ [x1, xs], where

κi := li + qi(xi + xi)

for every i ∈ {1, . . . , s}.

6.3 Tailored max-out-NN for PWQ functions

While the approach summarized in Section 6.2.2 works well for finding tailored
ReLU-NN for PWQ functions with n = 1, the example in [P1, Sect. IV-D]
shows that an extension to higher dimensional problems (with n > 1) is not
straightforward. In fact, the central proof of [P1, Thm. 1] makes use of ReLU-
neurons that are “active” only for x inside a certain region R(i). While such a
construction can easily be derived for n = 1, an extension to n > 1 is hard if
not impossible. This observation motivates the work at hand, where we aim
for an exact representation of convex PWQ functions that applies for n ≥ 1.
However, similar to the approach in [P1], we will initially focus on the special
case n = 1. Nevertheless, we will illustrate that an extension to n > 1 is within
reach with a numerical example in Section 6.4.2.

The central idea here is to exploit the convexity of the PWQ function more
explicitly than in [P1, Thm. 1]. In this context, it is well-known that a convex
PWA function h(x) can be evaluated by computing the maximum of all affine
segments hi(x) (independent of their various domains), i.e.,

h(x) = max
1≤i≤s

{hi(x)}. (6.6)

It is easy to see that this operation is equivalent to the evaluation of a max-out
neuron. Unfortunately, the relation

φ(x) = max
1≤i≤s

{φi(x)}, (6.7)

which is inspired by (6.6), does not hold in general. In fact, Fig. 6.3 shows a
convex PWQ function for which (6.7) is violated since some quadratic segments
“dominate” outside their domains. The leading idea now is to compensate this
defect by adding a suitable convex PWA function h(x) to φ(x) such that

φ(x) + h(x) = max
1≤i≤s

{φi(x) + hi(x)} (6.8)

applies for all x in the domain of φ. Clearly, this would immediately allow
to represent φ in terms of a max-out network with one hidden layer and two
neurons. In fact, this follows from the trivial observation that

φ(x) = φ(x) + h(x)︸ ︷︷ ︸
first neuron

− h(x)︸︷︷︸
second neuron

,
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where the two neurons reflect the right-hand sides in (6.6) and (6.8). Based on
the previous discussion, we formulate the following conjecture that will guide
us through the remaining paper.

Conjecture 6.1. Every convex PWQ function can be exactly represented by a max-
out-NN with one hidden layer and two neurons.

Before deriving a proof of the conjecture for the special case n = 1, we briefly
note that it can be considered as a tailored extension of the central observation
in [21]. In fact, [21, Thm. 4.3] states that that a max-out-NN with one hidden
layer and two neurons allows to approximate any continous function arbitrar-
ily well (but not necessarily exactly).

Now, specifying the ideas from above for n = 1 leads to the consideration of
convex PWQ functions of the form (6.3) and convex PWA functions

h(x) :=


α1x + β1 if x ∈ [x1, x1],

...
...

αsx + βs if x ∈ [xs, xs].
(6.9)

Analogously to (6.4), continuity and convexity of h can now easily be specified
by the conditions

αixi + βi = αi+1xi + βi+1 and (6.10a)
αi ≤ αi+1, (6.10b)

for every i ∈ {1, . . . , s− 1}, respectively. Now, aiming for the relation (6.8), we
pose the additional constraints

φj(xi) + αjxi + β j ≤ φi(xi) + αixi + βi (6.11a)

φj(xi) + αjxi + β j ≤ φi(xi) + αixi + βi + (xi − xi)(2qixi + li + αi) (6.11b)

for every i ∈ {2, . . . , s} and j ∈ {1, . . . , i− 1} as well as

φj(xi) + αjxi + β j ≤ φi(xi) + αixi + βi (6.12a)

φj(xi) + αjxi + β j ≤ φi(xi) + αixi + βi − (xi − xi)(2qixi + li + αi) (6.12b)

for every i ∈ {1, . . . , s− 1} and j ∈ {i + 1, . . . , s}. The underlying concepts will
be clarified in the proof of the following theorem.

Theorem 6.2. Assume there exist α1, . . . , αs ∈ R and β1, . . . , βs ∈ R satisfying the
constraints (6.10)–(6.12). Then,

φ(x) + h(x) = max
1≤i≤s

{φi(x) + αix + βi}. (6.13)

Proof. To prove (6.13), we consider any i ∈ {1, . . . , s} and x̂ ∈ [xi, xi]. By
definition of φ and h, we then obtain

φ(x̂) + h(x̂) = φi(x̂) + αi x̂ + βi.
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(a) (b)

Figure 6.1. Exemplary illustration of the conditions (6.11) and (6.12) for i = 3
and j ∈ {1, 5}. In (a), (6.11) is shown for j = 1 < i with the tangent on
φ(xi) + h(xi) in red evaluated at the points xi and xi. In (b), (6.12) is illustrated
for j = 5 > i, where the red line is the tangent on φ(xi) + h(xi) evaluated at
the point xi and xi. In both plots, the blue line illustrates the interpolation of
φj(x̂) + αj x̂ + β j between the points xi and xi.

Since the segment i also appears on the right-hand side of (6.13), we find

φ(x̂) + h(x̂) ≤ max
1≤i≤s

{φi(x̂) + αi x̂ + βi}

by construction. Hence, (6.13) can only be violated if there exists a j ∈ {1, . . . , s} \
{i} such that

φi(x̂) + αi x̂ + βi < φj(x̂) + αj x̂ + β j, (6.14)

which, however, leads to a contradiction. To see this, we distinguish the two
cases (I) j < i and (II) i < j. Regarding the first case, we initially note that
(6.14) would require x̂ > xi to comply with (6.11a). Hence,

η :=
x̂− xi
xi − xi

∈ (0, 1].

Further, due to convexity of segments i and j, we require

φi(x̂) + αi x̂ + βi ≥ φi(xi) + αixi + βi + (x̂− xi)(2qixi + li + αi), (6.15a)
φj(x̂) + αj x̂ + β j ≤ (1− η)

(
φj(xi) + αjxi + β j

)
+ η

(
φj(xi) + αjxi + β j

)
. (6.15b)

In fact, φi(x̂) + αi x̂ + βi is restricted to lie above (or at) any tangent of segment
i and the right-hand side of (6.15a) reflects the tangent at xi (see the red line in
Fig. 6.1). Analogously φj(x̂)+ αj x̂+ β j has to lie below (or at) any interpolation
between two points on segment j and the right-hand side of (6.15b) reflects the
interpolation between the supporting points xi and xi (which is illustrated by
the blue line in Fig. 6.1). Now, multiplying (6.11b) with η results in

η
(

φj(xi) + αjxi + β j
)
≤ η (φi(xi) + αixi + βi) + (x̂− xi)(2qixi + li + αi)

111



Chapter 6. Tailored Max-out Networks for Learning Convex PWQ Functions

Next, we use (6.15a) to overestimate the right-hand side of the former relation
and substitute the result on the right-hand side of (6.15b) in order to obtain

φj(x̂) + αj x̂ + β j ≤ (1− η)
(

φj(xi) + αjxi + β j
)

− (1− η) (φi(xi) + αixi + βi)

+ φi(x̂) + αi x̂ + βi.

Finally, taking (6.11a) and 1− η ∈ [0, 1) into account, we find

φj(x̂) + αj x̂ + β j ≤ φi(x̂) + αi x̂ + βi,

which indeed contradicts (6.14). Since the second case can be handled analo-
gously, the proof is complete. ■

Remark 6.3. Since the conditions (6.10)–(6.12) required to guarantee (6.13) are affine
in αi and βi, we might be able to compute a suitable PWA function h(x) by solving an
optimization problem (OP) of the form

min
α1,β1,...,αs,βs

J (α1, β1, . . . , αs, βs) (6.16)

s.t. (6.10)–(6.12) (for i and j as above).

Here, the cost function J can be chosen to enforce certain shapes of h. For instance, if
the impact of h should be as small as possible, ∑s

i=1 α2
i + β2

i is a suitable choice for J,
which results in a quadratic program (QP).

It remains to comment on the feasibility of the constraints (6.10)–(6.12) and,
hence, the feasibility of (6.16). In this context, Theorem 6.5 further below states
the constraints are always feasible since a feasible solution can always be com-
puted according to Algorithm 6.4.
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Algorithm 6.4. Feasible solution to (6.10)–(6.12).
1: initialize αi ← 0 and βi ← 0 for every i ∈ {1, . . . , s}
2: for i = 1, . . . , s do
3: set the auxiliary quantities γ1 ← φi(xi) + αixi + βi,

γ2 ← γ1 + (xi − xi)(2qixi + li + αi), γ3 ← φi(xi)+
αixi + βi, and γ4 ← γ3 − (xi − xi)(2qixi + li + αi)

4: for j = 1, . . . , i− 1 do
5: set ∆α← 0
6: if (6.11a) is violated then

7: Set ∆α← γ1 − φj(xi)− αjxi − β j

xi − xj

8: if (6.11b) is violated then

9: ∆α← min

{
∆α,

γ2 − φj(xi)− αjxi − β j

xi − xj

}
10: if ∆α < 0 then
11: perform the updates αk ← αk + ∆α and

βk ← βk − ∆αxj for every k ∈ {1, . . . , j}
12: for j = i + 1, . . . , s do
13: set ∆α← 0
14: if (6.12a) is violated then

15: Set ∆α← φj(xi) + αjxi + β j − γ3

xj − xi

16: if (6.12b) is violated then

17: ∆α← max

{
∆α,

φj(xi) + αjxi + β j − γ4

xj − xi

}
18: if ∆α > 0 then
19: perform the updates αk ← αk + ∆α and

βk ← βk − ∆αxj for every k ∈ {j, . . . , s}
20: return α1, . . . , αs and β1, . . . , βs

Theorem 6.5. Algorithm 6.4 provides a feasible solution to the constraints (6.10)–
(6.12).

Proof. For every i and j ̸= i, we have to satisfy a pair of constraints in (6.11)
and (6.12). Obviously, Alg. 1 runs through these constraints iteratively. Let us
take a snapshot of the algorithms for some i and j ̸= i. Clearly, after evaluating
the corresponding body of the for-loops, the corresponding pair of constraints
holds. If we can prove that all previously addressed constraints still hold as
well, we are done.

Assume the constraints have already been satisfied for the pair (ı̂, ȷ̂) and
show that the modifications associated with (i, j) will not alter this. Since we
have ı̂ ̸= ȷ̂ and i ̸= j, we can distinguish the four cases (1) ı̂ < ȷ̂ and i < j, (2)
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ı̂ < ȷ̂ and j < i, (3) ȷ̂ < ı̂ and i < j, and (4) ȷ̂ < ı̂ and j < i. We next prove
the second case as it nicely illustrates the involved steps. Since this case offers
ı̂ < ȷ̂, the conditions

φ ȷ̂(xı̂) + α ȷ̂xı̂ + β ȷ̂ ≤ φı̂(xı̂) + αı̂xı̂ + β ı̂ (6.17a)
φ ȷ̂(xı̂) + α ȷ̂xı̂ + β ȷ̂ ≤ φı̂(xı̂) + αı̂xı̂ + β ı̂ − (xı̂ − xı̂)(2qı̂xı̂ + lı̂ + αı̂) (6.17b)

hold before the modifications. Due to j < i, the modifications will affect the
parameters α1, . . . , αj and β1, . . . , β j. Clearly, the modified indices may or may
not involve ı̂ and ȷ̂. Hence, it is reasonable to distinguish the subcases (2.1)
j < ı̂, (2.2) ı̂ ≤ j < ȷ̂, and (2.3) ȷ̂ ≤ j. Taking ı̂ < ȷ̂ into account, the first subcase
implies that modifications do not affect the conditions (6.17). In the second
subcase, we obtain

φ ȷ̂(xı̂) + α ȷ̂xı̂ + β ȷ̂ ≤ φı̂(xı̂) + (αı̂ + ∆α)xı̂ + β ı̂ − ∆αxj

φ ȷ̂(xı̂) + α ȷ̂xı̂ + β ȷ̂ ≤ φı̂(xı̂) + (αı̂ + ∆α)xı̂ + β ı̂ − ∆αxj

(xı̂ − xı̂)(2qı̂xı̂ + lı̂ + αı̂ + ∆α).

The conditions remain valid since the modifications only increase the right-
hand sides of (6.17). In fact, the novel terms

∆αxı̂ − ∆αxj = −∆α(xj − xı̂) and (6.18a)

−∆α(xı̂ − xı̂) (6.18b)

are non-negative due to the relations ∆α < 0, xj − xı̂ ≥ 0, and xı̂ − xı̂ > 0.
Now, in the third subcase, the term (6.18a) also appears on the left-hand sides
and, hence, the corresponding terms cancel out. The remaining term (6.18b) is
non-negative as before and, consequently, the conditions remain valid.

We will leave the remaining cases for the interested reader. However, we
briefly note that, taking the order of iterations in Alg. into account, we find
the additional condition ı̂ ≤ i. As a consequence, case (3) can be specified to
ȷ̂ < ı̂ ≤ i < j. Under this specification, it quickly turns out that any modifica-
tions associated with this case does not alter the conditions obtained for (ı̂, ȷ̂).
Hence, only the first and fourth case remain open (but can be easily handled
analogously to the second case). ■

The combination of Theorems 6.2 and 6.5 leads to the following summarizing
statement about the structure of a tailored max-out-NN for (6.3) that is in line
with Conjecture 6.1.

Corollary 6.6. Every convex PWQ of the form (6.3) can be exactly represented by a
max-out-NN with one hidden layer of width w1 = 2, p1 = s, and ξ := (x x2)⊤.

Proof. A max-out-NN with the specified structure is given by

Φ(ξ) = W (2)

 max
1≤i≤s

{
W (1)

i ξ + b(1)
i
}

max
s+1≤i≤2s

{
W (1)

i ξ + b(1)
i
}
+ b(2),
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where W (1)
i denotes the i-th row of W (1). Now, we assume that αi and βi

have been chosen such (6.10)-(6.12) hold, which is always possible according
to Theorem 6.5. Then, specifying the weights and biases as

W (1) :=



α1 + l1 q1
...

...
αs + ls qs

α1 0
...

...
α1 0


, b(1) :=



β1 + c1
...

βs + cs
β1
...

βs


, (6.19a)

W (2) :=
(
1 −1

)
b(2) := 0 (6.19b)

results in
Φ(ξ) = max

1≤i≤s
{φi(x) + αix + βi} − max

1≤i≤s
{αix + βi}. (6.20)

This is equivalent to φ(x) since the right-hand side in (6.20) evaluates to (φ(x)+
h(x))− h(x) = φ(x) according to Theorem 6.2 and due to convexity of h(x). ■

Fig. 6.2 shows the structure of the resulting max-out-NN with one neuron
for the computation of the PWQ function φ(x) + h(x) and one neuron for the
computation of the PWA function h(x).

ξ1

ξ2

φ̃(x) := φ(x) + h(x) = max
1≤i≤s

{
W (1)

i ξ + b(1)
i

}

h(x) = max
s+1≤i≤2s

{
W (1)

i ξ + b(1)
i

}

1

−1

φ̃(x)

h(x)

Φ

Figure 6.2. Illustration of the max-out-NN according to Corollary 6.6 for an
exact representation of the convex PWQ function φ. Double arrows highlight
multi-channel preactivations with p1 = s.

6.4 Numerical examples

We illustrate our results with two numerical examples. The first examples
demonstrate the application of Theorem 6.2 and Corollary 6.6. The second
example shows that the methodology can, in principle, also be applied for
n > 1.
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6.4.1 1D PWQ function

Explicitly solving the optimal control problem (OCP)

φ(x) : = min
x0,x+,u

5(x+)2 + 19
5 x2

0 + u2

s.t. x0 = x

x+ = 6
5 x0 + u

x0 ∈ [−10, 10], x+ ∈ [−1, 1], u ∈ [−1, 1],

where x is the current system state results in the OVF

φ(x) =


11x2 + 12x + 6 if x ∈

[
−5

3 ,−1
]

,
5x2 if x ∈ [−1, 1] ,
11x2 − 12x + 6 if x ∈

[
1, 5

3

]
,

(6.21)

where we refer to [108, Ex. 2] for details on the underlying MPC problem and
system. Now, Fig. 6.3 shows that we have

φ(x) ̸= max
1≤i≤3

{φi(x)} ,

since the segment φ2(x) is smaller than φ1(x) and φ3(x) for all x ∈ (−1, 1).
Hence, φ does not offer a trivial representation by one max-out neuron.

Figure 6.3. Illustration of the PWQ function φ(x) in black and the extension of
the quadratic segments outside their regions in black dashed.

However, an exact representation in terms of a max-out-NN can be com-
puted according to the proposed procedure in Section 6.3. To this end, we
initially apply Algorithm 6.4 in order to compute the parameters

α̃1 = −56
3

, α̃2 =
10
3

, α̃3 =
76
3

, (6.22a)

β̃1 = −56
3

, β̃2 =
10
3

, β̃3 = −56
3

(6.22b)
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that satisfy the conditions (6.10)–(6.12). Thus we have

φ(x) = max
{

11x2 − 20
3 x− 38

3 , 5x2 + 10
3 x + 10

3 , 11x2 + 40
3 x− 38

3

}
−max

{
− 56

3 x− 56
3 , 10

3 x + 10
3 , 76

3 x− 56
3

}
. (6.23)

Fig. 6.4(a) shows that in contrast to the function φ(x) (Fig. 6.3), the quadratic
segments of the function φ(x) + h(x) are such that they are greater than all
other segments inside their region which allows the representation of (6.23) in
the form (6.13) for αi = α̃i and βi = β̃.

As mentioned in Remark 6.3 the function h can also be computed as a solu-
tion of the OP (6.16). Therefore we consider in this example the cost function

J
(
α̂1, β̂1, . . . , α̂s, β̂s

)
=

s

∑
i=1

α̂2
i + β̂2

i . (6.24)

The parameters

α̂1 = −22, α̂2 = 0, α̂3 = 22, (6.25a)

β̂1 = −22
3

, β̂2 =
44
3

, β̂3 = −22
3

(6.25b)

solve the OP (6.16). According to Theorem 6.2 the constraints of the OP guar-
antee (6.13) for αi = α̂i and βi = β̂. Fig. 6.4(b) illustrates that in this case
the modification of φ(x) by the PWA function results in a symmetric function
φ(x) + h(x).

(a) (b)

Figure 6.4. Illustration of the PWQ function φ(x) + h(x) in black, the extension
of the quadratic segments outside their regions in black dashed, and the PWA
function h(x) in blue. The function h(x) is illustrated for αi = α̃i, βi = β̃i in (a)
and for αi = α̂i, βi = β̂i in (b) with 1 ≤ i ≤ 3.

According to Corollary 6.6 a max-out-NN with one hidden layer of width
w1 = 2, p1 = s = 3 and weights and biases as per (6.19) exactly describes the
function (6.21). Since both solutions (6.22) and (6.25) are such that (6.11) and
(6.12) hold, we can either use αi = α̃i and βi = β̃i or αi = α̂i and βi = β̂i for the
weights and biases.
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6.4.2 2D PWQ function

We consider the OCP

φ(x) :=min
x0,x+,u

∥∥x+
∥∥2

P + ∥x0∥2
2 + u2 (6.26)

s.t. x0 = x,

x+ =

(
1 1
0 1

)
x0 +

(
0.5
1

)
u,

x0 ∈ {x ∈ R2 | − 10 ≤ x1 ≤ 5, −2 ≤ x1 ≤ 4},
x+ ∈ {x ∈ R2 | Gx ≤ e},

u ∈ {u ∈ R | |u| ≤ 1},

with

G :=


0 −1
−0.43 −1.03
0.43 1.03
0.43 0.03
−0.11 0.18

 , e :=


2
1
1
2
1

 ,

which arises in the context of MPC for a system with double-integrator dy-
namics, where x is the current system state, the prediction horizon is chosen
as N = 1 and where a stabilizing terminal set is considered. Explicitly solv-
ing (6.26) leads to the OVF shown in Fig. 6.5, which is defined over six polyhe-
dral regions as detailed in Fig. 6.6.

Figure 6.5. Illustration of the convex PWQ function φ(x) in red and the state
space partition with 6 regions in gray.

Analogously to the first example, we also have

φ(x) ̸= max
1≤i≤6

{φi(x)}
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Figure 6.6. Illustration of the partition of the functions φ(x) and h(x).

here. Nevertheless, it is possible to adapt the procedure used for the one-
dimensional case by adding the convex PWA function

h(x) =



99.2x1 − 24.34x2 − 292.77 if x ∈ R(1),
99.2x1 + 245.83x2 − 22.61 if x ∈ R(2),
−18.18x1 − 32.03x2 + 247.56 if x ∈ R(3),
−24.21x1 − 21.76x2 + 191.07 if x ∈ R(4),
−48.75x1 − 104.4x2 + 177.19 if x ∈ R(5),
−107.26x1 − 63.29x2 − 300.45 if x ∈ R(6),

defined on the same partition (see Fig 6.6) as the function φ(x) which is such
that the sum φ(x) + h(x) can be represented in the form

φ(x) + h(x) = max
1≤i≤6

{φi(x) + hi(x)} . (6.27)

With the relation (6.27) we can represent φ(x) + h(x) in terms of a single
max-out neuron. Which immediately allow to represent φ(x) by a max-out-
NN with one hidden layer and two neurons, as h(x) itself can be represented
by a second neuron (see (6.6)). In contrast to the case of n = 1, we need here
an augmented input of the form

ξ =
(
x1 x2 x2

1 x1x2 x2
2
)⊤ ,

because the max-out neuron for the representation φ(x) + h(x) involves the
evaluation of quadratic segments. Note that the presented exemplary solution
for n = 2 is in line with Conjecture 6.1.

We briefly comment on the derivation of this solution. For the computation
of the function h(x) we first compute a convex lifting H(x) of the state space
partition of the function φ(x) according to [110, Alg. 3]. Then we choose h(x) =
γH(x) with γ > 0. The scaling factor γ is chosen such that we have (6.13).
Although this approach seems to work in general the proof that it is always
possible to find a γ such that (6.13) holds and extending the conditions (6.11)
and (6.12) to n > 1 is not straightforward.
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Figure 6.7. Illustration of the lifted function φ(x) + h(x) in red, the convex
PWA function h(x) in blue and the state space partition in gray. The sum
φ(x) + h(x) and the function h(x) are represented by the first and second neu-
ron of the max-out-NN, respectively.

6.5 Conclusions and outlook

In this paper, we proved that convex PWQ functions with scalar variables,
i.e., x ∈ R can always be computed as the sum of two terms of the form
(6.6) and (6.8), which are the maximum of s affine and s quadratic segments,
respectively (see Thm. 6.2 and 6.5). We further showed in Corollary 6.6 how
to use this insight to derive a max-out-NN with one hidden layer of width
w1 = 2, which exactly represents the PWQ function. This result can be useful
for deriving design guidelines for the choice of the topology when learning
PWQ functions, as required in Q-learning for linear MPC.

Example 6.4.2 shows that the central idea of adding a convex PWA function
h(x) to the original PWQ function such that (6.8) holds is extendable to convex
PWQ functions with n > 1. The formal proof of this approach should involve
the extension of the presented Theorems 6.2 and 6.5 which is an interesting
direction for future research.
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Chapter 7

Error bounds for maxout neural
network approximations of model
predictive control∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Neural network (NN) approximations of model predictive control
(MPC) are a versatile approach if the online solution of the underlying optimal
control problem (OCP) is too demanding and if an exact computation of the
explicit MPC law is intractable. The drawback of such approximations is that
they typically do not preserve stability and performance guarantees of the
original MPC. However, such guarantees can be recovered if the maximum
error with respect to the optimal control law and the Lipschitz constant of
that error are known. We show in this work how to compute both values
exactly when the control law is approximated by a maxout NN. We build upon
related results for ReLU NN approximations and derive mixed-integer (MI)
linear constraints that allow a computation of the output and the local gain
of a maxout NN by solving an MI feasibility problem. Furthermore, we show
theoretically and experimentally that maxout NN exist for which the maximum
error is zero.
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7.1 Introduction

Model predictive control (MPC) (see, e.g, [17]) has become a standard tool
for the control of dynamical systems with state and input constraints and has
been successfully applied in different industrial fields (see, e.g., [58] for an
overview). In the classical setup, MPC requires to solve an optimization prob-
lem (OP) in every time step. For systems with a short sampling period as,
e.g., in power electronics [111], this can be challenging because the OP may be
too complex to be solved within the sampling period. If we consider a linear
discrete-time prediction model in combination with a quadratic cost function,
the resulting OP is a quadratic program (QP). In principle, we can compute the
solution of the parametric QP offline for all feasible states. This results in an ex-
plicit control law with a piecewise affine (PWA) input-output relation defined
on a polyhedral partition of the state space [20]. Given the explicit control law,
the online computational effort reduces to the evaluation of the PWA function.
However, the number of polyhedral regions may grow exponentially with the
state dimension and the number of constraints in the OP. Hence, exactly com-
puting the explicit MPC law becomes untractable for complex systems. As a
consequence, various techniques have been developed to approximate the con-
trol law in MPC [112, 113]. In this context, neural networks (NN) are very
popular [6, 7, 114] since they can approximate a large class of functions, in-
cluding PWA functions, with arbitrary accuracy [67]. In addition, besides their
computational demanding offline training, NN are typically fast to evaluate
online, which is essential if they are used as controllers. Moreover, some types
of NN share the PWA structure of the control law [24, 25, 26], making them
the perfect choice for approximating MPC. Unfortunately, in general, stability
cannot be guaranteed for the approximated controllers. One possibility to re-
cover stability and recursive feasibility is to project the output of the NN onto a
suitable set as, e.g., in [6, 95]. Alternatively, the output of the NN can be used
as an initial guess for a solver and not directly for control [114]. The draw-
back of both approaches is that they require an additional optimization-based
computation step online. Ideally, the NN can be used as a controller without
additional online computation, while still providing stability guarantees. In
[16], it is proven that this is possible if the maximum error with respect to
the optimal control law and the Lipschitz constant of the corresponding error
function are known. Both values can indeed be computed exactly presupposed
the output and the local gain of the used NN can be computed by solving a
mixed-integer (MI) feasibility problem. This is known to be possible for NN
using rectified linear units (ReLU) as activation functions [16, Thm. 6.1].

In the work at hand, we will extend the result of [16] by showing that the
maximum error and the Lipschitz constant of the error can also be computed
exactly for a controller approximation based on a maxout NN. Since maxout
NN include other NN with PWA input-output relation such as, e.g., ReLU
and leaky ReLU, as a special case, the results provide a generalization to a
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broader class of PWA NN. Furthermore, we use the PWA structure of maxout
NN to compute NN that exactly describe MPC control laws and validate ex-
perimentally that these exact maxout NN indeed lead to a maximum error and
Lipschitz constant of zero.

The paper is organized as follows. In the remainder of this section, we
introduce relevant notation. In Section 7.2, we summarize some basics on
MPC as well as PWA NN and describe concepts for approximating MPC in
more depth. Section 7.3 is devoted to our main result, i.e., the computation of
the maximum error and the Lipschitz constant of the error function related to
maxout NN approximating MPC. The obtained method is applied to various
maxout NN approximations of MPC laws in Section 7.4. Finally, conclusions
and an outlook are given in Section 7.5.

7.1.1 Notation

We will denote the index set containing pi ∈ N integers starting at pi(l − 1) +
1, l ∈N by

A(i)
l := {pi(l − 1) + 1, . . . , pil}.

For vectors x ∈ Rn we denote the i-th element by xi and the elements between
the indices a1 and a2 > a1 by xa1:a2 . For matrices K ∈ Rm×n we denote the
element in the i-th row and j-th column by Ki,j, the i-row and j-th column by
Ki,: and K:,j, respectively. If we only write Ki then we refer to the i-th row. A
block diagonal matrix is defined as

diag(α1, . . . , αN) :=


α1 0 . . . 0

0 . . . ...
... 0
0 . . . 0 αwi

 ,

with α ∈ Rwi×pi . A continuous function F(x) : P ⊂ Rn → Rm of the form

F(x) =


G(1)x + g(1) if x ∈ P (1),

...
...

G(s)x + g(s) if x ∈ P (r),

(7.1)

with a polyhedral partition P = ∪r
i=1P (i) and int(P (i)) ∩ int(P (j)) = ∅ ∀i ̸= j

is denoted as piecewise affine (PWA) function. We further define the local gain
K(x) : ∪r

i=1int(P (i))→ Rm of a PWA function as

K(x) :=


G(1) if x ∈ int(P (1)),

...
...

G(s) if x ∈ int(P (r)).

(7.2)
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7.2 Fundamentals of MPC and NN

7.2.1 Model predicitive control

Model predictive control (MPC) for linear discrete-time systems builds on solv-
ing an optimal control problem (OCP) of the form

VN(x) := min
x̂(0),...,x̂(N)

û(0),...,û(N−1)

φ(x̂(N)) +
N−1

∑
κ=0

ℓ(x̂(κ), û(κ)) (7.3)

s.t. x̂(0) = x,
x̂(κ + 1) = A x̂(κ) + Bû(κ), ∀κ ∈ {0, ..., N − 1},

(x̂(κ), û(κ)) ∈ X × U , ∀κ ∈ {0, ..., N − 1},
x̂(N) ∈ T

in every time step k ∈ N for the current state x = x(k). Here, N ∈ N refers to
the prediction horizon and

φ(x) := x⊤Px and ℓ(x, u) := x⊤Qx + u⊤Ru (7.4)

denote the terminal and stage cost, respectively, where the weighting matrices
P, Q, and R are positive (semi-) definite. The dynamics of the linear prediction
model are described by A ∈ Rn×n and B ∈ Rn×m. State and input constraints
can be incorporated via the polyhedral sets X and U . Finally, the terminal set
T allows to enforce closed-loop stability (see [48] for details). The resulting
control law π : FN → U is defined as

π(x) := û∗(0), (7.5)

where FN denotes the feasible set of (7.3) and where û∗(0) refers to the first
element of the optimal input sequence. For the considered setup it is well
known that π(x) is a PWA function [20, Thm. 4] of the form (7.1) with G(i) =

K(i), g(i) = b(i), r = rMPC, polyhedral sets P (i) = R(i) ∀i ∈ {1, . . . , rMPC} and
local gain KMPC(x).

7.2.2 Neural networks with piecewise affine activations

In general, a feed-forward-NN with ℓ ∈ N hidden layers and wi neurons in
layer i can be written as a composition of the form

Φ(x) = f (ℓ+1) ◦ g(ℓ) ◦ f (ℓ) ◦ · · · ◦ g(1) ◦ f (1)(x). (7.6)

Here, the functions f (i) : Rwi−1 → Rpiwi for i ∈ {1, . . . , ℓ} refer to preactiva-
tions, where the parameter pi ∈N allows to consider “multi-channel” preacti-
vations as required for maxout (see [21]). Moreover, g(i) : Rpiwi → Rwi stand
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for activation functions and f (ℓ+1) : Rwℓ → Rwℓ+1 reflects postactivation. The
functions f (i) are typically affine, i.e.,

f (i)(y(i−1)) = W (i)y(i−1) + b(i), (7.7)

where W (i) ∈ Rpiwi×wi−1 is a weighting matrix, b(i) ∈ Rpiwi is a bias vector, and
y(i−1) denotes the output of the previous layer with y(0) := x ∈ Rn.

Now, various activation functions have been proposed. As already stated in
the introduction, we here focus on PWA activation functions, i.e., we consider
the ReLU activation function

g(i)ReLU(z
(i)) = max

{
0, z(i)

}
:=

max
{

0, z(i)1

}
...

max
{

0, z(i)wi

}
 (7.8)

and the maxout activation function

g(i)max(z
(i)) =


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}
 , (7.9)

where we use the shorthand notation

max
1≤j≤pi

{
z(i)j
}

:= max
{

z(i)1 , . . . , z(i)pi

}
.

We will refer to the resulting NN as ReLU NN and maxout NN, respectively.
The proof of [21, Thm. 4.3] shows that maxout NN are PWA functions of the
form (7.1) with G(i) = K(i)

NN, g(i) = b(i)
NN, r = rNN, polyhedral sets P (i) =

R(i)
NN ∀i ∈ {1, . . . , rNN} and local gain KNN(x). The number of parameters

needed to describe a NN is

#p :=
ℓ

∑
i=1

(wi−1 + 1)piwi + (wℓ + 1)wℓ+1,

where ℓ, pi with i ∈ {1, . . . , ℓ} and wi with i ∈ {1, . . . , ℓ + 1} describe the
topology of the NN.

7.2.3 Approximate MPC

The use of approximate MPC is particularly useful, if the OCP (7.3) is too
complex to be solved online and the explicit solution has too many regions
and thus a large memory footprint ([115]). In this case, the exact control law
may be approximated by a function that is fast to evaluate and has a small
memory footprint. A promising candidate for such a function is an NN, as it
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combines both required properties and is a universal function approximator
[67, Thm. 2.4]. In addition, due to the common PWA structure of some NN
[24, Thm. 2], [25, Thm. 2.1] and the control law [20, Thm. 4], they seem to
be a natural choice. In fact, for a suitable choice of the weighting matrices
and bias vectors, ReLU NN can represent the control law exactly [26, Thm. 1],
[7, Thm. 1]. Unfortunately, despite the ability of NN to exactly represent the
control law, the approximated version of the control law typically does not
preserve desirable properties of the MPC, such as stability and performance.
Crucial for preserving these properties is the error function

e(x) := π(x)−Φ(x). (7.10)

More precisely we have to compute the maximum error

eα := max
x∈X
∥e(x)∥α (7.11)

and the α-Lipschitz constant of the error

Lα(e,X ) := sup
x ̸=y∈X

∥e(x)− e(y)∥α

∥x− y∥α

.

According to [63, Prop. 3.4], the α-Lipschitz constant of a PWA function is
equal to the maximum α-norm of the local gain. If we consider a PWA NN,
the error is as difference of two PWA functions also PWA [63, Prop. 1.1] and
the α-Lipschitz constant is thus

Lα(e,X ) = max
x∈X
∥KMPC(x)− KNN(x)∥α . (7.12)

Now, if eα and Lα(e, T ) are below certain values, specified in [16, Eq. (24)–(25)],
then the closed-loop system with the approximated NN controller converges
exponentially to the origin according to [16, Thm. 3.4]. The problem at this
point is that during the training of a NN, the error (7.10) is only evaluated at
discrete samples (x⊤i π(xi)

⊤) of the control law, and the parameters of the NN
are chosen such that the mean squared error (MSE)

ê2 :=
1
D

D

∑
i=1
∥π(xi)−Φ(xi)∥2

2 (7.13)

over the D ∈ N training samples is minimized. We thus do not have any
guarantees for the error at points x ∈ FN not included in the training samples.
Moreover, a low MSE does not necessarily mean that the values of (7.11) and
(7.12) are low. Therefore, to certify stability of the closed-loop system with a
pre-trained NN we need a way to compute these values exactly. For α = {1, ∞}
this is possible by solving a mixed-integer linear program (MILP) [16, Thm. 6.1]
if both the output Φ(x) and the local gain KNN(x) of the NN can be computed
by solving an MI feasibility problem. Which is proven for ReLU NN in [16,
Thm. 6.1]. In the remainder of this paper, we will extend the results to maxout
NN.
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7.3 Maxout neural networks for approximate MPC

In most of the recent work where the control law (7.5) is approximated by
an NN, ReLU NN are used as function approximators (see, e.g., [7, 114, 116]).
Maxout NN are rarely considered in this context, although they offer a number
of advantages. First, the fact that ReLU NN can represent every PWA function
exactly is often used as justification for their use to approximate the PWA
control law. However, most ReLU NN that allow an exact description are
based on the representation of PWA functions as a sum of the type

F̂(x) =
M

∑
i=1

σi max
1≤j≤J

{β(i)
j x + γ

(i)
j }. (7.14)

From [117] and [70] it is known for which M and J we can find parameters
σi, βj and γj such that F̂(x) = F(x) holds for m = 1. Since (7.14) is a maxout
NN with ℓ = 1, w1 = M, p1 = J, w2 = 1, these results can be used directly to
find suitable topologies for maxout NN that allow an exact description of the
control law. For ReLU NN these results are not directly applicable. Therefore,
(7.14) is decomposed in, e.g., [24, 25] to find a ReLU topology that allows an
exact description. Such a topology is used in, e.g., [7, Thm. 1] to represent
the control law. The decomposition step typically leads to a more conservative
ReLU topology in terms of number of layers ℓ and neurons per layer wi com-
pared to a maxout NN that directly represents (7.14). Another advantage of
the maxout activation is that it trivially include the ReLU activation as a special
case. In fact, a ReLU activation is a maxout activation with pi = 2 where every
second affine segment is set to zero (cf. (7.8) and (7.9)). Thus an approach that
allow the computation of (7.11) and (7.12) for maxout NN is also applicable to
ReLU NN and hence extends the known results.

7.3.1 Exact maxout neural networks

Corollary 7.1. Let F(x) be an arbitrary PWA function of the form (7.1) with one
dimensional output, i.e, m = 1. Then for a maxout NN Φ(x) with ℓ = 1, w2 = 1 and
b(2) = 0 there exist parameters

(i) p1∈N, W (1)∈R2p1×n, b(1)∈R2p1×1 and W (2)∈R1×2

and

(ii) w1∈N, W (1)∈Rw1(n+1)×n, b(1)∈Rw1(n+1)×1 and W (2)∈R1×w1

with Φ(x) = F(x).

Proof. Since the resulting maxout NN are of the form (7.14) with J = p1, M = 2
for (i) and J = n + 1, M = w1 for (ii), the proof follows from [70, Lem. 1] and
[117, Thm. 1], respectively. ■
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Corollary 7.1 provides two different topologies (i) and (ii) for maxout NN
with one hidden layer that can represent every PWA function with one di-
mensional output exactly, if p1 and w1, respectively are chosen large enough.
Although the results are formulated for m = 1 they can also be applied to
PWA functions with m > 1 by applying Corollary 7.1 to every dimension of
the output individually. Thus maxout NN can represent the PWA control law
(7.5) for arbitrary state and input dimension.

7.3.2 Maxout neural networks as MILP

In this section, we will derive our main result, which is the computation of
the output and the local gain of NN with maxout activation by solving an MI
feasibility problem. This result then allows to compute (7.11) and (7.12) for the
case where the control law (7.5) is approximated by a maxout NN. Both values
are according to the descriptions in Section 7.2.3 sufficient to prove stability of
the closed-loop system. Moreover, these values provide a more profound way
to evaluate the success of the training than by just considering the error at the
training samples (7.13) as in, e.g., [7, P1]. We will derive our results based on
the observation that the output of a maxout NN with ℓ hidden layers can be
modeled by the recursion

y(0) = x,

y(i) = ∆(i)(W (i)y(i−1) + b(i)), 1 ≤ i ≤ ℓ,

Φ(x) = W (ℓ+1)y(ℓ) + b(ℓ+1) (7.15)

where ∆(i) is a block diagonal matrix of the form

∆(i) := diag(δ(i)
1:pi

, . . . , δ
(i)
pi(wi−1)+1:piwi

) (7.16)

with binary variables δ(i) ∈ B1×piwi . The matrix ∆(i) is such that for all ele-
ments δ

(i)
j the logical implication

[δ
(i)
ks

= 1]⇐⇒ [W (i)
j y(i−1) + b(i)

j ≤W (i)
ks

y(i−1) + b(i)
ks

, ∀j ∈ A(i)
s \ ks, ks ∈ A(i)

s ],

∀s ∈ {1, . . . , wi}, ∀i ∈ {1, . . . , ℓ}. (7.17)

holds. Thus, for every neuron in layer i the matrix ∆(i) selects the largest affine
segment among all pi segments. With the results from [56, Sec. 2] we can model
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the logical implication (7.17) by the following MI linear constraints

q(i)
s ≤W (i)

j q(i−1) + b(i)
j + b

(i)
(1− δ

(i)
j ),

−q(i)
s ≤ −W (i)

j q(i−1) − b(i)
j − ε(1− δ

(i)
j ),

q(0) = x,

∑
ȷ∈A(i)

s

δ
(i)
ȷ = 1,

∀j ∈ A(i)
s , ∀s ∈ {1, . . . , wi}, ∀i ∈ {1, . . . , ℓ}, (7.18)

with a constant upper bound b
(i) ∈ R and a small ε ≥ 0. The variables q(i) ∈

Rwi and δ(i) are real and binary optimization variables, respectively.

Lemma 7.2. Let q(i) and δ(i) be such that the constraints (7.18) with ε = 0 hold.
Then, the output of the maxout NN (7.6) is given by

Φ(x) = W (ℓ+1)q(ℓ) + b(ℓ+1). (7.19)

Proof. If we can show that

q(i) = y(i) (7.20)

holds for all i ∈ {0, . . . , ℓ} then (7.19) holds according to (7.6) and (7.7). We
prove this by induction. The base case i = 0 is true by assumption since we
have q(0) = x = y(0). Moreover, the constraints (7.18) are such that for every
index set A(i)

s there exists exactly one ks ∈ A(i)
s with δ

(i)
ks

= 1 and δ
(i)
j = 0, ∀j ∈

A(i)
s \ ks. Thus if we assume that the induction hypothesis (7.20) is true for one

i = t we obtain for i = t + 1 the constraints

q(t+1)
s = W (t+1)

ks
y(t) + b(t+1)

ks
, ks ∈ A(t+1)

s ,

q(t+1)
s ≤W (t+1)

j y(t) + b(t+1)
j + b

(t+1)
, ∀j ∈ A(t+1)

s \ ks,

q(t+1)
s ≥W (t+1)

j y(t) + b(t+1)
j , ∀j ∈ A(t+1)

s \ ks,

∀s ∈ {1, . . . , wt+1}.

The first two constraints always hold for a large b
(i)

. Hence the constraints
(7.18) imply

q(t+1)
s = W (t+1)

ks
y(t) + b(t+1)

ks
≥W (t+1)

j y(t) + b(t+1)
j ,

∀j ∈ A(t+1)
s \ ks, ∀s ∈ {1, . . . , wt+1}.

Which is exactly the relation (7.17) for i = t + 1, i.e., the largest affine segment
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of the s-th neuron is the ks-th segment. Thus the relation
max

j∈A(t+1)
1

{
W (t+1)

j y(t)+b(t+1)
j

}
...

max
j∈A(t+1)

wt+1

{
W (t+1)

j y(t)+b(t+1)
j

}
=


W (t+1)

k1
y(t)+b(t+1)

k1
...

W (t+1)
kwt+1

y(t)+b(t+1)
kwt+1


⇐⇒ y(t+1)=q(t+1)

hold. This proves that (7.20) holds for all i ∈ {0, . . . , ℓ}. With

Φ(x) = f (ℓ+1)(y(ℓ)) = f (ℓ+1)(q(ℓ))

the output of the maxout NN can be computed via (7.19). ■

Next, we will derive MI linear constraints for the computation of the local
gain of a maxout NN. Applying the chain rule for derivative to the recursive
formula (7.15) leads to KNN : G → Rm

KNN(x) := ∇Φ(x)⊤ = W (ℓ+1)
ℓ

∏
i=1

∆(i)W (i) (7.21)

as expression for the local gain. The gradient is well-defined everywhere ex-
cept on the boundaries between two neighboring affine segments of the PWA
function represented by the maxout NN. These boundaries are given by

B :=
ℓ⋃

i=1

wi⋃
l=1

B(i)l with

B(i)l :={x ∈ Rn | ∃k ∈ A(i)
l ∃k̃ ∈ A(i)

l \ k, δ̃
(i)
k = 1,

W (i)
k y(i−1) + b(i)

k = W (i)
k̃

y(i−1) + b(i)
k̃
}, (7.22)

where δ̃
(i)
k is subject to the constraints (7.18) with δ(i) = δ̃

(i) and ε = 0. We
denote the set where the gradient is well-defined by

G := Rn \ B.

Since the matrix ∆(i) selects the active, i.e., the largest, affine segment of the
maxout neurons, we can model the computation of the local gain KNN(x) by
the additional MI linear constraints

w(i)
h,rδ

(i)
h ≤ ξ̃

(i)
h,r ≤ w(i)

h,rδ
(i)
h ,

− w(i)
h,r(1− δ

(i)
h ) ≤ ξ̃

(i)
h,r − W̃ (i)

h,r ≤ −w(i)
h,r(1− δ

(i)
h ),

ξ
(i)
1,r =

pi

∑̃
h=1

ξ̃
(i)
h̃,r, . . . , ξ

(i)
wi,r =

piwi

∑
h̃=pi(wi−1)+1

ξ̃
(i)
h̃,r,

W̃ (i)
= W (i)ξ(i−1), ξ(0) = I

∀h ∈ {1, . . . , piwi}, ∀r ∈ {1, . . . , n}, ∀i ∈ {1, . . . , ℓ}, (7.23)
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with constant lower and upper bounds w(i)
h,r and w(i)

h,r, respectively. The MI
constraints (7.23) are similar to those used in [16, Eq. 20], except that here
we need additional auxiliary variables to account for the pi different affine
segments in each maxout neuron.

Lemma 7.3. Let q(i), δ(i), W̃ (i) and ξ̃
(i) be such that the constraints (7.18) and (7.23)

with ε > 0 hold. Then, the local gain of a maxout NN is given by

KNN(x) = W (ℓ+1)ξ(ℓ). (7.24)

Proof. We first proof that (7.24) is well-defined for x ∈ G. Since we know that
(7.20) holds for all i ∈ {0, . . . , ℓ}, we can use the same argumentation as in the
proof of Lemma 7.2 to rewrite the constraints as follows

y(i)
s = W (i)

ks
y(i−1) + b(i)

ks
, ks ∈ A(i)

s ,

y(i)
s ≤W (i)

j y(i−1) + b(i)
j + b

(i)
, ∀j ∈ A(i)

s \ ks,

y(i)
s ≥W (i)

j y(i−1) + b(i)
j + ε, ∀j ∈ A(i)

s \ ks,

∀s ∈ {1, . . . , wi}, ∀i ∈ {1, . . . , ℓ}. (7.25)

Again, the first two constraints always hold, if b
(i)

is chosen large enough.
Thus the feasibility only depends on the last constraint

W (i)
ks

y(i−1)+b(i)
ks
−W (i)

j y(i−1)−b(i)
j ≥ ε, ∀j ∈ A(i)

s \ ks,

with s and i as in (7.25). Moreover, we can assume without loss of generality
that the left-hand side is positive, because if this is not the case for some j,
the role of that j can be changed with the role of ks. Hence the constraints are
infeasible if and only if

∃j∈A(i)
s \ ks :

∣∣∣(W (i)
ks
−W (i)

j )y(i−1) + b(i)
ks
− b(i)

j

∣∣∣< ε (7.26)

holds. If we define the set

B :=
ℓ⋃

i=1

wi⋃
l=1

B(i)l with

B(i)l :={x ∈ Rn | ∃k ∈ A(i)
l ∃k̃ ∈ A(i)

l \ k, δ̃
(i)
k = 1,

|(W (i)
k −W (i)

k̃
)y(i−1) + b(i)

k − b(i)
k̃
| < ε},

we have x ∈ B ⊂ B ⇒ x ∈ B ⇔ (7.26), i.e., the constraints are feasible
for x ∈ Rn \ B. For small ε we have B ≈ B. Thus the domain of (7.21) is
approximately the feasible set of (7.18). In addition, the solution to (7.18) is
unique. We prove this by contradiction and assume that there exist multiple
solutions and thus there exists a k̃s with

δ
(i)
k̃s

= 1, k̃s ∈ A(i)
s \ ks.
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This would imply

W (i)
k̃s

y(i−1) + b(i)
k̃s
≥W (i)

ks
y(i−1) + b(i)

ks
+ ε.

Further, since for feasible x the inequality

W (i)
ks

y(i−1) + b(i)
ks
− ε ≥W (i)

k̃s
y(i−1) + b(i)

k̃s

holds, we obtain the contradiction

W (i)
ks

y(i−1) + b(i)
ks

+ ε ≤W (i)
k̃s

y(i−1) + b(i)
k̃s
≤W (i)

ks
y(i−1) + b(i)

ks
− ε.

Thus the solution exists and is unique for x ∈ Rn \ B. Next, we prove that
(7.24) holds for feasible x, starting with the case δ

(i)
h = 0, where we have

ξ̃
(i)
h,r = 0 and w(i)

h,r ≤ W̃ (i)
h,r ≤ w(i)

h,r

and for δ
(i)
h = 1

w(i)
h,r ≤ ξ̃

(i)
h,r ≤ w(i)

h,r and ξ̃
(i)
h,r = W̃ (i)

h,r,

∀h ∈ {1, . . . , piwi}, ∀r ∈ {1, . . . , n}, ∀i ∈ {1, . . . , ℓ}.

We can now rewrite the equality constraint in the third line of (7.23) as follows

ξ
(i)
1,r =

pi

∑
h=1

δ
(i)
h W̃ (i)

h,r = ∆(i)
1,: W̃

(i)
:,r ,

...

ξ
(i)
wi,r =

piwi

∑
h=pi(wi−1)+1

δ
(i)
h W̃ (i)

h,r = ∆(i)
wi,:W̃

(i)
:,r ,

∀r ∈ {1, . . . , n}, ∀i ∈ {1, . . . , ℓ}.

This can be written in a more compact form as matrix multiplication

ξ(i) = ∆(i)W̃ (i)
= ∆(i)W (i)ξ(i−1), ∀i ∈ {1, . . . , ℓ}.

Starting with ξ(0) = I, this recursion leads to

ξ(ℓ) =
ℓ

∏
i=1

∆(i)W (i).

By substituting the former relation in (7.21) we can show that the local gain is
indeed given by (7.24), which completes the proof. ■
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The constraints (7.18) and (7.23) can now be used to model a maxout NN
by MI linear constraints and to compute the output (7.19) and the local gain
(7.24) by solving an MI feasibility problem. If we further combine the results
of Lemma 7.2 and 7.3, we can compute the maximum error and the α-Lipschitz
constant of the error.

Theorem 7.4. Let Φ(x) be a maxout NN and α = {1, ∞}. Then the maximum error
(7.11) and the α-Lipschitz constant of the error (7.12) can be computed by solving an
MILP.

Proof. The proof follows from [16, Thm. 6.1], where it is shown that both values
can be computed by solving an MILP, if the output Φ(x) and the local gain
KNN(x) of the NN can be computed by solving an MI feasibility problem. This
is always possible for maxout NN according to Lemma 7.2 and 7.3. Thus, by
replacing the MI linear constraints for the ReLU NN in [16, Thm. 6.1] with the
constraints (7.18) and (7.23), we can compute (7.11) and (7.12) for a maxout NN
by solving an MILP. ■

7.4 Numerical examples

We consider two simple examples to highlight our theoretical findings. In both
examples, the maximum error (7.11) and the α-Lipschitz constant of the er-
ror (7.12) are computed by solving the MILP according to Theorem 7.4 with
the MOSEK optimization toolbox for MATLAB (see [45]). The NN are imple-
mented in Python with Keras [118] and Tensorflow [119]. During the training,
the MSE (7.13) is minimized with respect to the weighting matrices and bias
vectors of the NN using a stochastic gradient descent.

7.4.1 Example system with n = 1

We consider the system from [108, Ex. 2] with the dynamics

x(k + 1) = 6
5 x(k) + u(k)

and the constraints X = [−10, 10] and U = [−1, 1]. As in [108], we choose
Q = 19/5, R = 1, P = 5, and T = [−1, 1]. Finally, we select N = 2 for
illustration purposes here. Explicitly solving the OCP (7.3) then leads to the
control law

π(x) =


−1 if x ∈

[
−20

9 ,−1
]

,
−x if x ∈ [−1, 1] ,
−1 if x ∈

[
1, 20

9

]
.

(7.27)

For a maxout NN with the topology from Corollary 7.1 (i) with p1 = 2,

W (1) =
(
−1 0 −1 0

)⊤ , b(1) =
(
0 −1 −1 0

)⊤ and

W (2) =
(
1 −1

)
(7.28)
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we have
Φ(x) = max{−x,−1} −max{−x− 1, 0} = π(x). (7.29)

We implemented the constraints (7.18) and (7.23) with b
(i)

= w(i)
h,r = −w(i)

h,r =

104, ε = 10−5 and used them to compute (7.11) and (7.12) with α = ∞ according
to Theorem 7.4. For a maxout NN with the parameters (7.28), which exactly
represents the control law, we computed e∞ = 4.5× 10−16 and L∞(e, T ) = 0.
This can be seen as an experimental evidence that the implementation com-
putes correctly the maximum error and the ∞-Lipschitz constant of the error.

To obtain the data in Table 7.1, we sampled randomly 1000 points from the
control law (7.27) and trained different maxout NN for 1000 epochs.

Table 7.1. Training results of different maxout NN with ℓ = 1 and w2 = 1 for
n = 1.

No. w1 p1 #p ê e∞ L∞(e, T )
1. 1 4 10 0.19 0.58 0.74
2. 2 4 19 1.39× 10−6 3.22× 10−6 2.24× 10−7

3. 2 3 15 1.87× 10−6 4.36× 10−6 2.04× 10−7

4. 2 2 11 1.48× 10−6 3.26× 10−6 1.69× 10−6

5. 3 2 16 1.33× 10−6 3.73× 10−6 1.73× 10−6

6. 4 2 21 1.26× 10−6 2.93× 10−6 3.01× 10−7

7. 4 1 13 0.24 0.45 0.65

The results show that a maxout NN with w1 = 2 and p1 = 2, which can
represent the control law exactly (cf. (7.29)), is sufficient to get a good approx-
imation, in terms of maximum error and ∞-Lipschitz constant of the error. We
only get an approximation with a relatively high error for the first and last
topology of Table 7.1. This is not surprising since for w1 = 1, p1 = 4 the
maxout NN is a convex PWA function and for w1 = 4, p1 = 1 it is an affine
function. In both cases, it is not possible to find an approximation of (7.27)
with a maximum error close to zero.

7.4.2 Example system with n = 2

We consider the OCP (7.3) with

A =

(
1 1
0 1

)
, B =

(
0.5
1

)
,

X = {x ∈ R2 | |x1| ≤ 25, |x2| ≤ 5},
U = {u ∈ R | |u| ≤ 1},
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and choose Q = I, R = 1, N = 3, P as the solution of the discrete-time
algebraic Riccati equation and T as the maximal output admissible set (see
[120] for details). Explicitly solving the OCP leads to a control law with 29
regions. Using the procedure described in [70, Sec. 1], we find a maxout NN of
the type (i) from Corollary 7.1 with p1 = 38 and 231 parameters, that exactly
describes the control law. For this NN we computed e∞ = 2.68× 10−12 and
L∞(e, T ) = 3.11× 10−5. A ReLU NN that can exactly represent the control
law has according to [7, Thm. 1] 457 parameters. This shows that, as already
stated in Section 7.3, ReLU NN for the exact representation of PWA functions
are more conservative compared to maxout NN.

Table 7.2 summarizes the training results for different maxout NN trained for
1000 epochs on 104 samples of the control law. The values of (7.11) and (7.12)
are computed as in the first example, except that in this example ε = 10−3 is
chosen.

Table 7.2. Training results of different maxout NN with ℓ = 1 and w2 = 1 for
n = 2.

No. w1 p1 #p ê e∞ L∞(e, T )
1. 2 38 231 4.47× 10−3 4.59× 10−2 2.33× 10−3

2. 2 10 63 6.04× 10−3 1.26× 10−1 6.24× 10−3

3. 2 3 21 2.45× 10−2 1.69× 10−1 1.31× 10−2

4. 3 3 31 2.19× 10−2 1.62× 10−1 7.78× 10−2

5. 5 3 51 1.97× 10−2 1.63× 10−1 9.60× 10−2

6. 10 3 101 1.31× 10−2 1.30× 10−1 2.05× 10−1

7. 23 3 231 8.95× 10−3 9.94× 10−2 4.27× 10−1

The experimental data indicate that the first maxout NN is the best choice.
Note that this is a maxout NN with the topology (i), which theoretically allows
an exact representation of the control law, trained on samples of the control
law. The seventh maxout NN is of the type (ii), where w1 is chosen such
that the number of parameters is equal to that of the first maxout NN. It has
a comparable maximum error but a ∞-Lipschitz constant that is about 183-
times higher. This observation may be explained by the fact that maxout NN
with more neurons represent PWA functions with more regions compared to
maxout NN with less neurons (see [22, Thm. 3.6]). This makes it more likely
that there exits one region for which the deviation between the local gains of
the NN and the control law is larger, resulting in a larger ∞-Lipschitz constant
(cf. (7.12)). The increasing ∞-Lipschitz constant with the number of neurons
w1 in Table 7.2 supports this assumption.
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7.5 Conclusions and outlook

We presented a method to compute two values, i.e., the maximum error (7.11)
with respect to the optimal control law and the Lipschitz constant (7.12) of the
error function (7.10), which are crucial to certify stability of the closed-loop
system with a maxout NN controller that approximates the optimal control
law of MPC. Our results are derived by showing how the output and the local
gain of maxout NN can be computed by solving an MI feasibility problem (cf.
Lems. 7.2 and 7.3). The combination of both lemmas leads to Theorem 7.4,
which states that the maximum error and the α-Lipschitz constant of the error
function can be computed by solving an MILP. The computation of both values
has been successfully applied to a number of realizations, including maxout
NN which exactly describe the control law.

An interesting direction for future research is the combination of the pro-
posed method with the results from [P2], where maxout NN are designed that
allow an exact description of the piecewise quadratic optimal value function in
MPC. Such a combination may provide a new method to analyze maxout NN
approximations of the optimal value function.
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8.1 Introduction and problem statement

Model predictive control (MPC) is an established method for the performance-
oriented control of dynamical systems subject to state and input constraints
(see [17] for an overview). For various applications or realizations of MPC,
knowing a Lipschitz constant of the control law is beneficial. For instance,
Lipschitz constants can be used to certify inherent robustness of classical MPC
against unmodeled disturbances [61, 62]. Based on similar concepts, Lipschitz
constants can be used to certify robustness for neural network-based approxi-
mations of MPC laws [16, P3].

As pointed out in [96], computing a Lipschitz constant for linear MPC is
trivial, if the (piecewise affine) control law is explicitly known. However, the
number of affine segments may grow exponentially with the state dimension
and the number of constraints in the optimal control problem (OCP). Thus,
explicitly computing the control law often becomes intractable for complex
systems. This motivates the design of methods that allow the computation of a
Lipschitz constant without explicitly computing the control law. Such methods
have been previously addressed, e.g, in [16, 96]. In [96], a procedure enumer-
ating potential active sets of the OCP is proposed. However, the procedure is
inefficient and, in parts, based on an unproven conjecture (see [96, Conj. 4]). In
[16], the problem of finding the smallest Lipschitz constant for MPC is formu-
lated as a mixed-integer linear program (MILP). The procedure is elegant and
it can be applied in case where the computation of the explicit control law is
numerically intractable (cf. [16, Tab. I]). Still, solving the resulting MILP may
be time-consuming since, typically, many binary variables are involved.

In this paper, we aim for a more efficient computation of Lipschitz constants
via MILP. To this end, we first slightly improve the MILP formulation from [16]
by reducing the initial number of binary variables. Afterwards, we present var-
ious preprocessing steps to further reduce the number of binary variables in
the MILP. In this context, the most powerful reduction step builds on symme-
tries that often arise in MPC (see, e.g., [97]). Furthermore, the observation that
the control law is constant in many regions for a large prediction horizon also
allows a significant reduction in the number of binary variables.

The paper is organized as follows. The notation is given in the remainder of
this section. Section 8.2 is devoted to the basics of MPC and presents a known
representation of the OCP in terms of an MILP, which can be used to compute
the minimum Lipschitz constant of the control law. In Section 8.3, we describe
several methods for reducing the number of binary variables needed to com-
pute the minimum Lipschitz constant via MILP. We illustrate the effectiveness
of the proposed method with some examples from the literature in Section 8.4
and give a conclusion in Section 8.5.

Notation. For matrices K ∈ Rm×n, we denote its i-th row by Ki,:, its j-th
column by K:,j, and its elements by Ki,j, respectively. We further use the short-
hand notation Ki for Ki,: and we indicate different instances of a matrix K by a
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superscript, e.g., K(i). The product

KX := {Kx ∈ Rm | x ∈ X}

is defined for a compact and convex set X . For a vector v ∈ Rm we define
diag(v) as a diagonal matrix with the elements of v being the diagonal ele-
ments. Moreover, I refers to the identity matrix and we denote column vectors
or matrices whose entries are all 0 respectively 1 by 0 respectively 1. Finally,
all inequalities involving matrices or vectors are understood element-wise.

8.2 Preliminaries

8.2.1 Lipschitz constants of piecewise affine functions

In general a Lipschitz constant of a function f : Rn → Rm on a domain F ⊆ Rn

is a constant L satisfying

∥ f (x)− f (x̃)∥ ≤ L∥x− x̃∥

for all x, x̃ ∈ F and some vector norm ∥ · ∥. We here focus on p-norms and, in
particular, the cases p ∈ {1, ∞}. We denote corresponding Lipschitz constants
by Lp. Further, we aim for as small as possible Lipschitz constants and denote
the smallest one by L∗p. Now, under the assumption that f is a continuous
piecewise affine (PWA) function on F , i.e., of the form

f (x) =


K(1)x + b(1) if x ∈ R(1),
...
K(s)x + b(s) if x ∈ R(s),

(8.1)

with K(i)∈ Rm×n and b(i)∈ Rm, then it is well-known that

L∗p = max
i∈{1,...,s}

∥K(i)∥p, (8.2)

where ∥ · ∥p here refers to the matrix norm induced by the vector p-norm (see,
e.g., [63, Prop. 3.4]). As pointed out in [16, Lem. 5.1], the matrix norms ∥K∥1
and ∥K∥∞ can be evaluated by solving a linear program (LP). In fact, one finds

∥K∥1 = min
l,v(1),...,v(n)

l (8.3)

s.t. 1⊤v(j) ≤ l, −v(j) ≤ K:,j ≤ v(j), ∀j ∈ {1, . . . , n}.

Due to ||K||∞ = ||K⊤||1, the LP for computing the ∞-norm can be formulated
in a similar way.
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8.2.2 Linear MPC via MILP

MPC for linear discrete-time systems builds on solving an OCP of the form

V(x) := min
x(0),...,x(N)

u(0),...,u(N−1)

φ(x(N)) +
N−1

∑
k=0

ℓ(x(k), u(k)) (8.4)

s.t. x(0) = x,
x(k + 1) = A x(k) + Bu(k), ∀k ∈ {0, ..., N − 1},

(x(k), u(k)) ∈ X × U , ∀k ∈ {0, ..., N − 1},
x(N) ∈ T

in every time step for the current state x. Here, N ∈N refers to the prediction
horizon and

φ(x) := x⊤Px and ℓ(x, u) := x⊤Qx + u⊤Ru

denote the terminal and stage cost, respectively, where we assume that the
weighting matrices P, Q, and R are positive definite. The dynamics of the
linear prediction model are described by A ∈ Rn×n and B ∈ Rn×m. State and
input constraints can be incorporated via the polyhedral sets X and U . Finally,
a polyhedral terminal set T allows to enforce closed-loop stability (see [48] for
details). Condensing the OCP (8.4) leads to a parametric quadratic program
(QP) of the form

U∗(x) := arg min
U

1
2

U⊤HU + x⊤F⊤U (8.5)

s.t. GU ≤ Ex + d

with the decision variable U ∈ RmN reflecting the predicted input sequence
(i.e, the stacked vectors u(0), ..., u(N − 1)) and with H, F, G, E, d denoting con-
densed matrices obtained from A, B, P, Q, R and the specifications of X ,U , T
(see [9, Chap. 3] for details). Now, MPC typically builds on applying the
first element of the optimal input sequence, i.e., u∗(0), and repeating the
procedure at the next sampling instant. Hence, the resulting control law
f MPC : FMPC → U can be defined as

f MPC(x) := S U∗(x), (8.6)

where S := (I 0 . . . 0) ∈ Rm×mN serves as a selection matrix and where
the set FMPC contains all x ∈ Rn for which (8.5) (or, equivalently, (8.4)) is
feasible. Remarkably, f MPC is of the form (8.1) with regions R(i) representing
polyhedral sets with pairwise disjoint interiors [20, Thm. 4].

Clearly, the solution of (8.5) can be characterized by the Karush-Kuhn-Tucker
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(KKT) conditions

HU∗(x) + Fx + G⊤λ∗(x) = 0, (8.7a)
r∗(x) = Ex + d−GU∗(x), (8.7b)
r∗(x) ≥ 0, (8.7c)
λ∗(x) ≥ 0, (8.7d)

diag(λ∗(x)) r∗(x) = 0 (8.7e)

where q ∈ N reflects the dimension of d, i.e., the number of constraints. Now,
let us assume upper bounds λ and r for the dual optimizers λ∗(x) respectively
the residuals r∗(x) are known, i.e., λ∗(x) ≤ λ and r∗(x) ≤ r for all x ∈ FMPC.
Since (8.5) is feasible for all x ∈ FMPC by definition, such upper bounds exist
and are finite. Then, the conditions (8.7c)–(8.7e) can be rewritten as

0 ≤ r∗(x) ≤ diag(r)(1− δ∗(x)), (8.8a)

0 ≤ λ∗(x) ≤ diag(λ) δ∗(x), (8.8b)
δ∗(x) ∈ {0, 1}q (8.8c)

[16, Eq. (13)]. Thus, the QP (8.5) can be solved by solving the MI feasibility
problem

find U∗, λ∗, r∗, and δ∗ s.t. (8.7a)–(8.7b) and (8.8), (8.9)

where we omit dependencies on x for brevity.

8.2.3 Local MPC gain via MILP

Given a solution to (8.9), it is easy to see that the set

A(x) := {i ∈ {1, . . . , q} | δ∗i (x) = 1}

reflects the active constraints for (8.5). In principle, A(x) allows to compute
the local MPC segment, i.e., K∗, b∗, and R∗ such that x ∈ R∗ and

f MPC(x̃) = K∗ x̃ + b∗ ∀ x̃ ∈ R∗.

However, performing the computation analogously to [20] leads to nonlinear
relations between K∗ and δ∗(x). Hence, aiming for a combination of (8.2), (8.3)
and (8.9) in one MILP, we need to derive K∗ differently. A suitable approach
has been proposed in the proof of [16, Thm. 5.3]. The underlying idea is to
sample the MPC segment (potentially even outside its domain R∗) and to use
the samples to characterize K∗. The sampling points are chosen as

x(j) := x + e(j) ∀j ∈ {1, . . . , n},

where e(j) refers to the j-th canonical unit vector. One then constructs corre-
sponding U(j) from the MPC segment around x by introducing the additional
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variables U(j), λ(j), and r(j) and by augmenting the constraints (8.7a)–(8.7b)
and (8.8) with

HU(j)+ F(x + e(j)) + G⊤λ(j) = 0 (8.10a)

E(x + e(j)) + d−GU(j) = r(j) (8.10b)

−M(1− δ∗(x)) ≤ r(j) ≤ M(1− δ∗(x)) (8.10c)

−Mδ∗(x) ≤ λ(j) ≤ Mδ∗(x) (8.10d)

for all j ∈ {1, . . . , n}, where M is a sufficiently large number such that fea-
sible solutions satisfy r(j)

i , λ
(j)
i ∈ (−M, M). Then, we obviously have S

(
U(j) −

U∗(x)
)
= K∗e(j) and consequently

K∗ = S
(

U(1) −U∗(x) . . . U(n) −U∗(x)
)

. (8.11)

We could now compute ∥K∗∥1 by solving (8.3) for K∗ as in (8.11) subject to the
additional constraints (8.7a)–(8.7b), (8.8), and (8.10), which results in an MILP.
However, including a maximization analogously to (8.2) (here over x ∈ X ) is
non-trivial since (8.3) calls for a minimization. To circumvent this issue, one
can consider the dual of (8.3) and observe that the corresponding optimizer is
binary [16, Lem. 5.1]. This finally allows to compute the Lipschitz constant L∗1
for an MPC scheme based on an MILP with

q + (2m + 1)n (8.12)

binary variables (or q + (2n + 1)m for L∗∞) [16].

8.3 Reducing binary variables for efficiency

The numerical complexity for solving an MILP crucially depends on the num-
ber of binary variables. Hence, in order to enable more efficient Lipschitz
constant computations for MPC, we aim for a reduction of the number of bi-
nary variables in the corresponding MILP. In this context, we first stress that
the number in (8.12) consists of two terms resulting from the q constraints of
the MPC-related QP in (8.5) and the (2m + 1)n constraints in (8.3). Hence,
we have two immediate options for reducing the number of binary variables:
First, reducing the number of constraints in (8.5) relevant for the computation
of Lipschitz constants and, second, implementing the norm evaluation more
efficiently. We investigate these options in Sections 8.3.1 and 8.3.2, respectively.
Finally, we show in Section 8.3.3 that exploiting symmetries, which are often
present in MPC, can be beneficial for the computation of Lipschitz constants.

8.3.1 More efficient norm computation

Roughly speaking, the computation of Lipschitz constants proposed in [16]
builds on reformulations of the QP (8.5) and the LP (8.3) in terms of MI feasi-
bility problems. In [16], the reformulation of (8.3) is realized based on the LP’s
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dual. Next, we propose a direct reformulation based on the primal LP, which is
inspired by MI modeling techniques from, e.g., [56] and which requires fewer
binary variables than [16].

Lemma 8.1. Let K ∈ Rm×n and consider the conditions

K = K+ − K−, (8.13a)

0 ≤ K+ ≤ M
(

δ(1) . . . δ(m) )⊤, (8.13b)

0 ≤ K− ≤ M
(

1−
(
δ(1) . . . δ(m))⊤), (8.13c)

c⊤ = 1⊤(K+ + K−), (8.13d)

c ≤ 1l ≤ c + M(1− δ(m+1)), (8.13e)

1⊤δ(m+1) = 1, (8.13f)

δ(1), . . . , δ(m+1) ∈ {0, 1}n (8.13g)

for some M being larger than the largest absolute value of the entries in K. Then, any
solution to

find l, K+, K−, c, δ(1), . . . , δ(m+1) s.t. (8.13) (8.14)

is such that ∥K∥1 = l.

Proof. It is easy to see that the conditions (8.13a)–(8.13c) together with δ(1), . . .
, δ(m) ∈ {0, 1}n imply

(K+
i,j, K−i,j) :=

{
(Ki,j, 0) if Ki,j ≥ 0,
(0,−Ki,j) otherwise.

As a consequence, the entries of c as in (8.13d) reflect the absolute column
sums of K. Due to (8.13e), (8.13f), and δ(m+1) ∈ {0, 1}n, l equals the largest
entry of c, which is, by definition, identical to ∥K∥1. ■

Obviously, the MI feasibility problem (8.14) only requires (m + 1)n binary
variables and thus mn less than the counterpart in [16]. Again, a similar prob-
lem can easily be constructed to compute ∥K∥∞ using (n + 1)m binary vari-
ables. Likewise, the reduction compared to [16] amounts to mn.

8.3.2 Excluding MPC constraints

We propose two approaches to reduce the number of constraints in (8.5) and
consequently the number of binary variables in (8.9). The approaches are con-
ceptually decoupled but it will turn out that their implementation can be effi-
ciently coupled. The first approach builds on the straightforward observation
that the i-th constraint in (8.5) (i.e., GiU ≤ Eix + di) is irrelevant for the MPC
scheme, if there exists no x ∈ FMPC such that GiU∗(x) = Eix + di. Accord-
ing to the following lemma, such a situation can be identified based on an MI
feasibility problem similar to (8.9).
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Lemma 8.2. Let i ∈ {1, . . . , q}. If the MI feasibility problem (8.9) with the additional
decision variable x and with the additional constraint δ∗i = 1 is infeasible, then

GiU∗(x)− Eix < di for all x ∈ FMPC.

Proof. We first note that the unmodified problem (8.9) has, by construction,
the same feasible set FMPC as (8.5) with respect to the parameter x. Now,
the additional constraint δ∗i = 1 implies r∗i = 0 in (8.8a) and consequently
GiU∗ = Eix + di in (8.7b). Hence, infeasibility of the MI feasibility problem in
the claim with x as a decision variable immmediately implies that there exists
no x ∈ FMPC such that GiU∗(x)− Eix = di. In other words, solving (8.5) for
any feasible x ∈ FMPC results in GiU∗(x)− Eix < di. ■

Clearly, with the help of Lemma 8.2, we can eliminate irrelevant constraints
by checking the corresponding MI feasibility problem for every (or some)
i ∈ {1, . . . , q}. At this point, it might seem counterintuitive to consider multiple
MI problems in order to simply the overlaying MILP of interest. However, our
numerical benchmark in Section 8.4 clearly shows that this approach is mean-
ingfull and that the overall runtime can be (significantly) shortened compared
to a direct solution of the unmodified MILP for the computation of Lipschitz
constants. Remarkably, Lemma 8.2 could also be used to simplify an MPC
scheme offline in order to accelerate the QP solutions online.

The second approach for reducing binary variables associated to constraints
differs from the first one in that it is tailored to the problem at hand. It is based
on the observation that the MPC law of the form (8.1) often contains many seg-
ments with K(i) = 0 resulting in constant inputs determined by the bias term
b(i). In particular, this situation often arises if box-shaped input constraints
are present. Clearly, due to ∥0∥p = 0, the constant segments are irrelevant for
the computation of Lipschitz constants (but they obviously matter for the MPC
scheme). Now, according to the following theorem, our procedure to identify
and exclude some of these segments is similar to the first approach.

Theorem 8.3. Let i ∈ {1, . . . , q} and let FMPC be full-dimensional. Consider the
MILP

max
U∗,U(1),...,U(m),x,x(1),...,x(m),

λ∗,λ(1),...,λ(m),r∗,r(1),...,r(m),δ∗

m

∑
j=1

U(j)
j −U∗j (8.15)

subject to (8.7a)–(8.7b), (8.8), δ∗i = 1, and

HU(j) + Fx(j) + G⊤λ(j) = 0, (8.16a)

Ex(j) + d−GU(j) = r(j), (8.16b)

0 ≤ r(j) ≤ diag(r)(1− δ∗), (8.16c)

0 ≤ λ(j) ≤ diag(λ) δ∗ (8.16d)
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for every j ∈ {1, . . . , m}. If the MILP is feasible and returns 0 as the optimal objective
function value, then the i-th constraint can be omitted for the computation of the
Lipschitz constant.

Proof. We initially neglect the objective function in (8.15) and investigate the
corresponding MI feasibility problem. We further assume feasibility since the
theorem is irrelevant otherwise. Now, we consider any feasible set of decision
variables and note that, based on the corresponding U∗, x, λ∗, r∗, and δ∗, we
can construct another set of feasible variables by choosing U(j) := U∗, x(j) := x,
λ(i) := λ∗, and r(j) := r∗ for every j ∈ {1, . . . , m} (and keeping the other
variables). Clearly, the associated objective function value is 0. In other words,
given feasibility, the optimal value of the MILP is always non-negative. We next
show that the optimal value is always positive if a feasible x exists, for which
the corresponding A(x) (containing i by construction) leads to K∗ ̸= 0 and
a full-dimensional R∗. To this end, we recall that A(x) is determined by δ∗.
We further note that the additional constraints (8.16) imply x(1), . . . , x(m) ∈ R∗
(analogously to x ∈ R∗). Hence, we find

U(j)
j −U∗j = K∗j x(j) + b∗j − K∗j x− b∗j = K∗j (x(j) − x)

for every j ∈ {1, . . . , m}. Now, K∗ ̸= 0 implies K∗j ̸= 0 for at least one j. Due to

R∗ being full-dimensional, there exist x(j), x ∈ R∗ yielding a positive U(j)
j −U∗j .

As a consequence, the optimal value in (8.15) will be positive since the other
terms in the cost function have already been shown to be non-negative (due to
the m independent x(j))). Conversely, if the MILP returns 0 as an optimal value,
the active sets A(x) associated with feasible x either correspond to K∗ = 0,
lower dimensional R∗, or both. Now, the former and the latter case are clearly
irrelevant for computing the Lipschitz constant. However, also the remaining
case K∗ ̸= 0 on some lower dimensional domain R∗ is irrelevant if FMPC is
full-dimensional (as assumed). In fact, due to continuity of f MPC [20, Thm. 4],
the relevant gain K∗ will then be captured by some neighboring segment on a
full-dimensional domain. ■

Theorem 8.3 provides another condition to potentially exclude the i-th con-
straint. Remarkably, the two conditions in the previous theorem and Lemma 8.2,
while conceptually different, are methodically closely related. To see this, note
that the constraints of the corresponding MI problems only differ in terms of
(8.16). Now, it is easy to see that the constraints (8.16) are feasible whenever
the corresponding constraints (8.7a)–(8.7b) and (8.8) are feasible for x. Hence,
we immediately find the following relation.

Corollary 8.4. The MI feasibilty problem in Lemma 8.2 is feasible if and only if the
MILP in Theorem 8.3 is feasible.

As a consequence, one can only investigate the MILP in Theorem 8.3 and
exclude the i-th constraint if the MILP is either infeasible or returns 0.
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8.3.3 Exploiting symmetries in MPC

Due to common symmetries in the constraints or the cost function, MPC often
results in control laws, which likewise offer symmetries. Formalizing these
symmetries can, e.g., be carried out analogously to [97, Def. 1]. There, a sym-
metry is expressed in terms of invertible matrices (Θ, Ω) satisfying

Ω f MPC(x) = f MPC(Θx) (8.17)

for every x ∈ FMPC. Exploiting symmetries is, e.g., useful in the framework of
explicit MPC [20] since it allows to reduce the domain for which the explicit
control law has to be computed (and stored). To specify this, we first note that
multiple symmetries in terms of tuples (Θ(1), Ω(1)), . . . , (Θ(σ), Ω(σ)) can apply
simultaneously with the canonical tuple (Im, In) being one of those. Then, we
can substitute the constraint x(0) ∈ X in (8.4) with x(0) ∈ Xfun for any choice
of (the so-called fundamental domain) Xfun ⊆ X satisfying

FMPC ⊆
σ⋃

i=1

Θ(i)Xfun.

Clearly, in order to still enable the condensation to (8.5), it additionally makes
sense to restrict ourselves to polyhedral sets Xfun. Now, assuming for a mo-
ment that X and Xfun are characterized by the same number of hyperplanes.
Then, it is easy to see that the substitution above does not alter the number
of constraints in (8.5). Hence, it is not immediately clear how exploiting sym-
metries can be beneficial for our purposes. In this context, we first note that
substituting X with a significantly smaller set Xfun (for the constraint asso-
ciated with x(0)) often results in significantly more excluded constraints by
the procedures related to Lemma 8.2 and Theorem 8.3 (see our benchmark in
Sect. 8.4). Moreover, symmetries often yield relations like K(i) = −K(j) im-
plying ∥K(i)∥p = ∥K(j)∥p. However, symmetries do not always result in such
trivial relations, in particular, in light of norms. To see this, note that (8.17) in
combination with the structure (8.1) provides relations like

K(i)x + b(i) = Ω−1K(j)Θx + Ω−1b(j).

Hence, instead of evaluating f MPC for some x ∈ R(i), we could also make use
of segment j containing Θx. This would allow us to skip segment i in the
context of the Lipschitz constant computation and to consider ∥Ω−1K(j)Θ∥p
instead. This observation can be exploited in two ways. First, we could simply
evaluate σ instances of the final MILP resulting for the tightened constraint
x(0) ∈ Xfun in order to capture all transformed segments via ∥Ω−1K(j)Θ∥p for
every of the σ tuples (Θ(i), Ω(i)). Second and more efficiently, we can evaluate
the final MILP only once and consider only those transformations resulting in
invariant norms, i.e.,

∥Ω−1KΘ∥p = ∥K∥p for every K ∈ Rm×n. (8.18)

A sufficient condition for such transformations is as follows.
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8.3. Reducing binary variables for efficiency

Lemma 8.5. Let ∥Ω∥p = 1 and ∥Θ∥p = 1, then (8.18) holds.

Proof. We first note that invertability of Ω and Θ implies ∥Ω−1∥p = ∥Ω∥−1
p = 1

and ∥Θ−1∥p = 1. Hence,

∥Ω−1KΘ∥p ≤ ∥Ω−1∥p∥K∥p∥Θ∥p = ∥K∥p

due to sub-multiplicativity. On the other hand,

∥K∥p = ∥ΩΩ−1KΘΘ−1∥p ≤ ∥Ω∥p∥Ω−1KΘ∥p∥Θ−1∥p = ∥Ω−1KΘ∥p.

In combination, an inclusion results, which proves (8.18). ■

While restrictive, common symmetries in MPC often satisfy the conditions in
Lemma 8.5 (see, e.g., the examples in Sect. 8.4). It remains to comment on the
identification of symmetries. In this context, we refer to the methods from [97],
which allow to identify tuples (Θ, Ω) that reflect a symmetry purely based on
A, B, P, Q, R, X , and U , i.e., without computing the explicit control law.

8.3.4 Combined approaches

We are ready to combine our approaches for a more efficient computation of
Lipschitz constants. As already indicated, various combinations of the pro-
posed tools can be considered. We specify two variants that will be used
for the numerical benchmark in Section 8.4. The variants differ in whether
symmetries are exploited (according to the previous section) or not. Hence,
slightly neglecting the additional effort for the identification of symmetries
and a fundamental domain Xfun, the crucial difference is that either x(0) ∈ X
or x(0) ∈ Xfun is considered as a constraint for the initial state in (8.4). Apart
from this difference, all following steps are identical. In fact, we first condense
the OCP to a QP of the form (8.5). We then use the MILP in Theorem 8.3 to
reduce the number of constraints. More precisely, we investigate for each con-
straint i whether the MILP is infeasible or offers the optimal objective value
0. In any of these cases, the i-th constraint is deleted. For simplicity of nota-
tion, we do not introduce different instances of the QP parameters for the two
variants or during the constraint reduction. In fact, we simply assume that the
previous instances are overwritten. Once the reduced QP is obtained, we solve
the following MILP in order to compute the Lipschitz constant L∗1 = l∗:

max
x,l, K∗,K+, K−, c, U∗,U(1),...,U(n),

δ∗,δ(1),...,δ(m+1),λ∗,λ(1),...,λ(n),r∗,r(1),...,r(n)

l (8.19)

subject to (8.7a)–(8.7b), (8.8), (8.10), (8.11), and (8.13). Despite the MILP for-
mulation of the reduced QP, a central element is the novel norm computation
according to Lemma 8.1. Again, L∗∞ can be computed analogously.
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8.4 Numerical benchmark

We demonstrate the effectiveness of the proposed procedures by applying
them to examples from the literature summarized in Table 8.1. All MILP in
this section are solved using the mixed-integer solver from [45] with constants
set to λ = r = M = 104. For every example, we first compute the minimum
Lipschitz constants L∗1 and L∗∞ according to the method in [16, Thm. 5.3], which
also served as the starting point for our investigations. The required computa-
tion time is listed in the sixth and eighth column of Table 8.2, respectively.

Next, we follow the two variants in Section 8.3.4 in order to apply our novel
procedures. Regarding the variant exploiting symmetries, we note that all
examples in Table 8.1 offer rotational symmetries. More precisely, the matrices
Θ and Ω are of the form

Θ =

(
cos(φ) sin(φ)
− sin(φ) cos(φ)

)
,

with φ ∈ {π, 2π} and Ω ∈ {−1, 1} for Systems 1 and 2. For the two following
systems, we have Θ as before and

Ω =

(
cos(φ) − sin(φ)
sin(φ) cos(φ)

)
= Θ⊤

with φ ∈ {π, 2π} for System 3 and φ ∈ {π/2, π, 3π/2, 2π} for System 4. For
System 5, Θ likewise reflects rotation matrices (which we omit for brevity) and
Ω ∈ {−1, 1}. In all cases, we easily verify that the condition in Lemma 8.5 (i.e.,
||Ω||p = ||Θ||p = 1) holds. Hence, we can restrict our analysis to the funda-
mental domains in the ninth column of Table 8.1 without the need to consider
multiple instances of the MILP (8.19). Before analyzing the performance of our
procedures, we note that we consider two different choices for the terminal set
T for each example. First, we simply choose T = X (i.e., no terminal con-
straints). Second, we consider T = S with S denoting the largest positively
invariant set, where the linear quadratic regulator (LQR) can be applied with-
out violating constraints. The computation has been carried out according to
[120].

Now, in Table 8.2, we list the number of binary variables of the MILP in
[16, Thm. 5.3] in the column #δ. Further, we also list the number of regions
R(i) of the explicit control law, computed using the multi-parametric toolbox
(MPT, [121]), under #R as an orientation. Key performance indicators of our
procedures are listed in columns nine to 13. First, #(1)

δ̂
is the number of binary

variables for the simplified MILP without considering symmetries. Second, #(2)
δ̂

reflects the same figure with symmetries. Next, the total computation times
for evaluating L∗1 and L∗∞ are listed, respectively. These include the times for
all preprocessing steps (such as constraint elimination), which are exclusively
listed in the last column for completeness.
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8.4. Numerical benchmark

As apparent from Table 8.2, the time required to compute the Lipschitz con-
stants can be significantly reduced for all examples. Moreover, one can observe
that the computation time for the preprocessing is negligible compared to the
time required to compute L∗p. In fact, although MILP are solved during the
preprocessing, the overall time can be reduced in all cases. Furthermore, for
the proposed method, the variation of the computation times between the ex-
amples is lower. This may indicate, that the proposed method scales better
with the model complexity.

Finally, Figure 8.1 highlights in purple the regions that are considered by the
MILP (8.19) for computing the Lipschitz constant after reducing the number of
binary variables according to Lemma 8.2 and Theorem 8.3 under consideration
of symmetries. As apparent from Figure 8.2, Theorem 8.3 allows to identify all
regions with a local gain of zero. Moreover, all regions that have the same local
gain due to symmetries are also excluded from the computation. Thus only
regions that are relevant for computing a Lipschitz constant are considered.

Figure 8.1. Sate space partition
of the control law.

Figure 8.2. Optimal control law for
System 1 with T = X .
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Chapter 8. Efficient Computation of Lipschitz Constants for MPC With Symmetries

8.5 Conclusion

We presented an efficient set of methods to compute the minimum Lipschitz
constant of an MPC law. The method adopts a known MILP for the com-
putation of Lipschitz constants and uses various procedures (see Lemma 8.1,
Lemma 8.2 and Theorem 8.3) to reduce the number of binary variables in the
MILP and thus its complexity. The most powerful reduction builds on exploit-
ing saturation and symmetries of the control law. However, the proposed re-
duction steps can also be applied to systems without symmetries. This allows
an efficient computation of the minimum Lipschitz constant even for complex
systems of moderate size. For future research it would be interesting to inves-
tigate if the MILP (8.19) can be adopted for the computation of Lipschitz con-
stants of the piecewise quadratic optimal value function V(x) of the OP (8.4).
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Chapter 9

Piecewise regression via
mixed-integer programming for
MPC∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Piecewise regression is a versatile approach used in various disci-
plines to approximate complex functions from limited, potentially noisy data
points. In control, piecewise regression is, e.g., used to approximate the opti-
mal control law of model predictive control (MPC), the optimal value function,
or unknown system dynamics. Neural networks are a common choice to solve
the piecewise regression problem. However, due to their nonlinear structure,
training is often based on gradient-based methods, which may fail to find a
global optimum or even a solution that leads to a small approximation error.
To overcome this problem and to find a global optimal solution, methods based
on mixed-integer programming (MIP) can be used. However, the known MIP-
based methods are either limited to a special class of functions, e.g., convex
piecewise affine functions, or they lead to complex approximations in terms
of the number of regions of the piecewise defined function. Both complicate a
usage in the framework of control. We propose a new MIP-based method that
is not restricted to a particular class of piecewise defined functions and leads
to functions that are fast to evaluate and can be used within an optimization
problem, making them well suited for use in control.

Keywords. piecewise regression, mixed-integer programming, model predic-
tive control, neural networks
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Chapter 9. Piecewise Regression via Mixed-Integer Programming for MPC

9.1 Introduction

Piecewise regression is used in many disciplines to fit a continuous piecewise
defined function to an unknown function based on a finite number of possi-
bly noisy samples. In the context of model predictive control (MPC) for linear
systems, piecewise regression is used, e.g., to approximate the piecewise affine
(PWA) optimal control law [6, 7] or the piecewise quadratic optimal value
function (OVF) [P1]. Both functions are continuous and defined on polyhe-
dral regions, which partition the state space (c.f. [20]). In addition, piecewise
regression may be used to find a surrogate model for an unknown nonlinear
system that is used as a prediction model in nonlinear MPC. Neural networks
(NN) are very popular in piecewise regression as they allow to approximate
a large class of functions with arbitrary accuracy [67]. However, due to the
nonlinear structure of NN, computing NN parameters, which minimize the
approximation error, requires solving a nonlinear optimization problem (OP).
This OP is typically solved approximately by gradient-based methods, such as
stochastic gradient descent, RMSProb, or Adam [31]. However, these methods
are often sensitive to the choice of hyperparameters, and they may even fail to
converge for some choices of the learning rate. Moreover, even if the hyperpa-
rameters are chosen properly, general convergence guarantees are lacking for
the popular RMSProb and Adam algorithms. Furthermore, in case of approx-
imated system dynamics or OVF, trained NN may subsequently be used as a
prediction model or to derive optimal control actions, respectively. For both
applications, the NN will be included in an OP (either as constraints or costs),
and an efficient inclusion is hard for some types of NN. We will consider max-
out NN with a special topology that allows to solve the problem of piecewise
regression globally and that is suitable for a subsequent usage in an OP.

An alternative for solving the problem of piecewise regression is the direct
use of PWA functions. When using PWA functions for regression, either the
regions are fixed and a linear regression is performed for each region, or the
computation is split into two parts. In the first part, the data is divided into
clusters that define the polyhedral regions of the PWA function. In the sec-
ond part, the parameters of the function are computed by performing a linear
regression for every region (see, e.g., [85]). Often, these algorithms alternate
between clustering and regression until a termination criterion is met [86]. The
main drawback of these methods is that the regression problem is only solved
approximately and the approximation quality depends on the initial clustering
of the data points. To overcome this problem and to find a global optimal so-
lution, clustering and regression should be done simultaneously. Most of the
approaches where clustering and regression are formulated in a combined OP
are based on mixed-integer programming (MIP). One of the first MIP-based ap-
proaches was introduced in [124], where so-called hinging hyperplanes [125]
are fitted via MIP to the data. However, only PWA functions that possess the
consistent variation property [83, Def. 5] can be exactly represented by hinging
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9.1. Introduction

hyperplanes. Since the consistent variation property typically does not hold
in MPC, hinging hyperplanes are not the ideal choice. Another MIP-based
method was introduced in [126]. They use binary variables to assign points to
regions, we will use similar ideas in our method. In addition, we will also use
clustering as in [126, Sec. 3.2.] to cluster points and then assign these clusters
to regions of the function. The main weakness of this method is that the func-
tion is discontinuous and it is not possible to enforce continuity for problems
with n > 1 (c.f. [126, Sec. 5.3.]). Moreover, the regions of the function are
not necessarily polytopes. Hence, further computations are required to find
polytopes that contain the majority of the points associated with an individual
region. Furhter MIP-based methods were recently introduced in [33, 34]. How-
ever, these methods can only be applied to univariate or bivariate functions.
The MIP-based method from [90, Sec. 3.2.] solves some of the aforementioned
problems. This method allows the fitting of a convex continuous PWA func-
tion to data via a mixed-integer quadratic program (MIQP). The main idea is to
represent the convex function as the maximum of its affine segments and use
binary variables to determine which affine segment provides the largest value
for a given data point. The advantage of this method is that the polyhedral
regions of the function are implicitly given by the structure of the function and
do not need to be computed separately. However, the method is not extendable
to non-convex functions. In [32], an alternative method is given, which allows
to combine the benefits of [126] and [90], i.e., it is possible to fit non-convex
continuous functions that are defined on polyhedral regions. In [32], the fitted
PWA function has one region per data point, this allows to solve the piecewise
regression problem by solving a quadratic program (QP) instead of an MIQP
as in [90, 124, 126]. Unfortunately, the coupling between the number of regions
and the number of data points leads to rather complex functions for large data
sets, which is disadvantageous, especially when the function is used in an OP.

Contributions. The main contribution of this paper is to provide a new
MIP-based method to globally solve the piecewise regression problem, which
combines the advantages of the known approaches. More specifically, our new
method

1. allows to freely choose the number of segments as in [126] without the
need to compute the regions of the function explicitly,

2. has a simple representation of the fitted function as in [90] without
being restricted to convex functions,

3. allows to fit a continuous function as in [32] without coupling the
number of regions and the number of data points,

4. results in a model that is suitable for the use in the constraints and the
cost function of an OP as in [86].

We also provide two approaches for reducing the complexity of the proposed
method to make it applicable to larger data sets.
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9.2 Problem formulation and preliminaries

We consider the problem of continuous piecewise regression, i.e., our aim is
to fit a continuous piecewise defined function Φ(x; θ) : Rn → R to samples
of an unknown function f (x) : Rn → R, which typically involves solving the
nonlinear OP

min
θ

ND

∑
k=1

ℓ
(
y(k) −Φ(x(k); θ)

)
, (9.1)

for a given data set D := {(x(i), y(i)) ∈ Rn+1 | y(i) = f (x(i)), i ∈ {1, . . . , ND}},
where θ are the parameters of the function and ℓ is a convex loss function. In
the following, we briefly summarize the methods from [90] and [32], as our
method is most closely related to these and contains both as special cases. In
[90], the problem of piecewise affine regression is solved by the MIQP

min
V ,α(i),δ(i)

ND

∑
i=1

(
y(i) − α(i)

)2 (9.2a)

s.t. V
(

x(i)

1

)
≤ 1α(i), V

(
x(i)

1

)
+ M(1− δ(i)) ≥ 1α(i), ∀i ∈ {1, . . . , ND},

(9.2b)
p1

∑
k=1

δ
(i)
k = 1, δ(i) ∈ {0, 1}p1 , ∀i ∈ {1, . . . , ND}. (9.2c)

with V ∈ Rp1×(n+1) and the subscript j refers to the j-th row of a matrix or
column vector. The ND p1 binary variables select which of the p1 affine seg-

ments V j(x(i)
⊤

1)⊤ with j ∈ {1, . . . , p1} provides the largest value for a given
data point. The constraints (9.2b) ensure that max{V g(x(i))} = α(i) holds, i.e.,
for a sufficiently large M ∈ R>0, the MIQP (9.2) solves the nonlinear OP (9.1)

with ℓ(·) := ∥·∥2
2, θ := V , and Φ(x; θ) = max

{
V
(

x
1

)}
:= max

1≤i≤p1

{
V i

(
x
1

)}
.

Thus, a convex PWA function is fitted to the data set. In contrast to [126], this
method allows to make predictions by evaluating the function Φ(x) without
explicitly computing the regions of the function. Moreover, the function Φ(x)
is continuous by construction. However, the disadvantage is that the fitted
function is always convex and PWA. In our method, we also use the binary
variables to select the largest segments, but we will overcome the limitation to
convex functions by extending the MIQP (9.2).

A method that combines the ability to fit non-convex functions with the
continuity property of (9.2) is presented in [32], where the problem of piecewise
affine regression is solved by solving a QP (see [32, Eq. (6)]) instead of an MIQP.
The constraints in the QP ensure that the function

Φ(x) = max
1≤i≤ND

{a⊤i (x− x(i)) + ŷi + zi} − max
1≤i≤ND

{b⊤i (x− x(i)) + zi} (9.3)
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9.3. A new MIP-based method for piecewise regression

is such that we have Φ(x(i)) = ŷi and the cost function is the sum of the
residuals (y(i) − ŷi)

2, i.e., the function (9.3) is fitted to the data. Since every
PWA can be decomposed into the difference of two convex PWA functions and
(9.3) is the difference of two convex PWA functions, a general PWA function is
fitted to the data points in [32]. Unfortunately, unlike [126] or [90], this method
does not allow to choose the number of regions of the PWA function freely. As
apparent from (9.3), the number of regions is always equal to the number of
data points, resulting in a rather complex function for large data sets.

9.3 A new MIP-based method for piecewise
regression

In this section, we present our new method for piecewise regression via MIP,
which combines advantageous properties of the known approaches while avoid-
ing some of their limitations. Our starting point is the continuous function
Φ(x) : Rn → R parameterized by

Φ(x) := max{V g(x)} −max{Wh(x)} (9.4)

with V ∈ Rp1×r1 and W ∈ Rp2×r2 as well as g(x) : Rn → Rr1 and h(x) : Rn →
Rr2 . We denote V jg(x) with j ∈ {1, . . . , p1} and W jh(x) with j ∈ {1, . . . , p2}
as segments of the max-functions. In addition, we refer to a segment i as
being active if it provides the largest value for a given data point x, i.e., if
V ig(x) ≥ V jg(x) holds for all j ∈ {1, . . . , p1}. This form of parameterization is
chosen because every PWA function can be parameterized in this way if g(x)
and h(x) contain affine and constant functions, i.e., for

g(x) = h(x) =
(

x
1

)
. (9.5)

Moreover, in [P2], it is shown that every PWQ with n = 1 can be represented
in the form (9.4) if g(x) further contains all quadratic monomials of x. Alterna-
tively, the function (9.4) can be interpreted as a shallow maxout NN [21] with
two neurons of rank p1 and p2, respectively. For the training of such NN, the
nonlinear OP (9.1) with Φ(x) as in (9.4) is often solved with gradient-based
methods. However, these gradient-based methods may get stuck in poor local
optima. This problem can be avoided by reformulating the nonlinear OP as
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the MIQP

min
V ,W ,α(i),β(i),γ(i),δ(i)

ND

∑
i=1

(
y(i)−(α(i) − β(i))

)2 (9.6a)

s.t. V g(x(i)) ≤ 1α(i), V g(x(i)) + M(1− δ(i)) ≥ 1α(i), (9.6b)
p1

∑
k=1

δ
(i)
k = 1, δ(i) ∈ {0, 1}p1 , (9.6c)

Wh(x(i)) ≤ 1β(i), Wh(x(i)) + M(1− γ(i)) ≥ 1β(i), (9.6d)
p2

∑
k=1

γ
(i)
k = 1, γ(i) ∈ {0, 1}p2 , (9.6e)

for all i ∈ {1, . . . ND}. The binary variable vectors δ(i) and γ(i) in (9.6b) and
(9.6d) select which segments of the max-functions are active for the point x(i).
The constant M ∈ R>0, often referred to as big-M, is typically very large. We
assume without loss of generality that pj ≤ ND for j ∈ {1, 2}, because other-
wise there are segments which are inactive for all x(i) with i ∈ {1, . . . , ND}.
Note that for the special case p2 = 0 as well as g(x) and h(x) as in (9.5) the
MIQP (9.6) becomes equivalent to (9.2). In the following theorem, we will show
that the MIQP (9.6) can be used to solve the OP (9.1).

Theorem 9.1. Let Φ(x) be as in (9.4), ℓ(·) := ∥·∥2
2, and θ := {V , W}. Then there

exists an M ∈ R>0 for which the MIQP (9.6) is equivalent to the nonlinear OP (9.1).

Proof. The constraints (9.6c) are such that for every i ∈ {1, . . . , ND} there exist
exactly one ki with δ

(i)
ki

= 1 and δ
(i)
k = 0 for all k ∈ {1, . . . , p1} \ ki. Thus, the

constraints (9.6b) and (9.6c) can be equivalently written as

V ki g(x(i)) = α(i), V kg(x(i)) ≤ V ki g(x(i)), ∀i ∈ {1, . . . , ND}, ∀k ∈ {1, . . . , p1}
(9.7a)

V kg(x(i)) + M ≥ V ki g(x(i)), ∀i ∈ {1, . . . , ND}, ∀k ∈ {1, . . . , p1}.
(9.7b)

As a consequence, the constraints (9.7a) are equivalent to α(i) = max{V g(x(i))}.
By using similar arguments, we can show that similar conditions hold for β(i),
which leads to the OP

min
V ,W

ND

∑
i=1

(
y(i)−(max{V g(x(i))} −max{Wh(x(i))})

)2 (9.8a)

s.t. max{V g(x(i))} = α(i), max{Wh(x(i))} = β(i), ∀i ∈ {1, . . . , ND},
(9.8b)

V g(x(i)) + 1M ≥ 1α(i), Wh(x(i)) + 1M ≥ 1β(i), ∀i ∈ {1, . . . , ND}.
(9.8c)
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This OP is always feasible since the trivial solution (V = 0, W = 0, and α(i) =
β(i) = 0 for all i ∈ {1, . . . , ND}) is in the feasible set. Furthermore, since
1α(i) − V g(x(i)) and 1β(i) −Wh(x(i)) are finite, we can always find a finite
M ∈ R>0 such that the constraints (9.8c) never hold with equality. For such
an M, the constraints (9.8b) and (9.8c) can be neglected. Consequently, the
OP (9.8) and thus (9.6) are equivalent to the nonlinear OP (9.1) with Φ(x) as in
(9.4), ℓ(·) := ∥·∥2

2, and θ := {V , W}. ■

According to Theorem 9.1, the MIQP (9.6) allows to compute a global op-
timal solution for a special instance of the nonlinear OP (9.1). Remarkably,
the MIQP (9.6) can be used to find an approximation of the form (9.4) for
every continuous gi(x) and hj(x), e.g., by choosing g(x) quadratic and h(x)
affine, the function represented by (9.4) is a PWQ function. Even more com-
plex functions are possible. For example, Figure 9.1 shows a piecewise de-
fined function with sinusoidal segments, approximated by (9.4) with g(x) =(
1 x sin(0.2x)

)⊤ and h(x) =
(
1 x

)⊤. In all figures the functions max{V g(x)}
and max{Wh(x)} are represented in blue and green, respectively. The ap-
proximation of f (x) by Φ(x) is illustrated in black, where the data points
(x(i), f (x(i))) used in the MIQP (9.6) are the black crosses.

Regarding the M from the MIQP (9.6), it should be noted that methods
from the literature (see, e.g., [127]) to compute the smallest possible value of
M cannot be applied here, because the weights V and W are optimization
variables and thus not known in advance. This also means that as apparent
from the proof of Theorem 9.1, unlike usual in the big-M formulation, the
M does not influence the feasibility of the problem. However, the value of
M influences the approximation error if it is not sufficiently large. In fact, a
small M leads to smaller values in the entries of the weights V and W . Thus,
M implicitly regularizes the weights. Assuming the PWA case, we have the
following result.

Theorem 9.2. Let g(x) and h(x) be as in (9.5). Then the norm of the matrices V k,1:n
and W l,1:n of the OP (9.6) are bounded by the constants vk and wl, respectively, i.e.,
∥V k,1:n∥2 ≤ vk, ∀k ∈ {1, . . . , p1} and ∥W l,1:n∥2 ≤ wl, ∀l ∈ {1, . . . , p2}.

Proof. Assume that δ
(i)
ki

= 1 holds for x(i), then we have according to (9.7b)

V ki,1:nx(i) + V ki,n+1 ≤ V k,1:nx(i) + V k,n+1 + M, ∀i ∈ {1, . . . , ND},
∀k ∈ {1, . . . , p1}. (9.9)

We now construct vectors x̃(1), . . . , x̃(n) such that they are an orthonormal basis

containing the vector x̃(κ) :=
V⊤ki ,1:n

∥V ki ,1:n∥2
. By representing x(i) in the orthonormal
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basis we can rewrite (9.9) as follows

V ki,1:n

n

∑
l=1

x̃(l) x̃(l)⊤x(i) + V ki,n+1 ≤V k,1:nx(i)

+ V k,n+1+M

⇔∥V ki,1:n∥2∥x̃(κ)∥2x̃(κ)⊤x(i)+V ki,1:n

n

∑
l=1,l ̸=κ

x̃(l) x̃(l)⊤x(i)+V ki,n+1 ≤V k,1:nx(i)

+ V k,n+1+M

⇔∥V ki,1:n∥2≤
1

x̃(κ)⊤x(i)

(
M+V k,n+1−V ki,n+1+

(
V k,1:n−V ki,1:n

n

∑
l=1,l ̸=κ

x̃(l) x̃(l)⊤
)
x(i)
)

=: vk

for all i ∈ {1, . . . , ND} and for all k ∈ {1, . . . , p1}. The upper bound wl for
∥W l,1:n∥2 can be derived in a similar way, which completes the proof. ■

Theorem 9.2 shows that it is not necessary to explicitly include a regulariza-
tion in the cost function as in [32] to ensure small weights since M implicitly
regularizes the weights. Figure 9.2 shows the effect of this implicit regulariza-
tion. For the example, the MIQP (9.6) is solved with p1 = p2 = 2 and (9.5),
for different values of M. In Figure 9.2 (a), the constant is not sufficiently large
and thus an exact fit of the data is impossible. For M = 50 and M = 100, an
exact fit is possible. However, M = 50 leads to a fit with smaller weights.

(a) (b) (c)

Figure 9.1. Φ(x) with pi = 1 in (a), pi = 2 in (b), and pi = 3 in (c) for i ∈ {1, 2}.

Another advantage of the proposed method is that since for g(x) and h(x)
as in (9.5), (9.4) is a maxout NN with affine pre- and post-activation, we can
directly use [P3, Lem. 2] to show that (9.4) can be modelled as an MI feasibility
problem and is thus well-suited for the use inside an OP.

Corollary 9.3. Let g(x) and h(x) be as in (9.5). Then, the function (9.4) can be
modelled as an MI feasibility problem.
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(a) (b) (c)

Figure 9.2. PWA Φ(x) with M=10 in (a), M=50 in (b), and M=100 in (c).

Proof. According to [P3, Lem. 2], an MI feasibility problem with the constraints
[P3, Eq. (18)] can be used to replace the nonlinear relation (9.4). ■

This corollary allows the replacement of the nonlinear function (9.4) inside
an OP by MI linear constraints. Thus, a nonlinear OCP, where (9.4) is used
either as a prediction model or to approximate the cost function, can be refor-
mulated as MIP. This enables the use of standard MI solvers to find a global
optimum of the OP.

9.4 Complexity reduction

In this section, we describe two approaches to reduce the complexity of the
MIQP (9.6). The approaches mainly focus on reducing the number of binary
variables. Before describing our approaches, we first show that the MIQP (9.6)
can be solved by a QP without using any binary variables if we are not in-
terested in a small number of segments p1 and p2 in (9.4). Consider the
special case where we have exactly as many segments as data points, i.e.
p1 = p2 = ND. In this case, the QP

min
V ,W ,α(i),β(i)

ND

∑
i=1

(
y(i) − (α(i) − β(i))

)2 (9.10a)

s.t. V g(x(i)) ≤ 1α(i), Wh(x(i)) ≤ 1β(i), ∀i ∈ {1, . . . ND}, (9.10b)

Vκg(x(κ)) ≥ α(κ), Wκh(x(κ)) ≥ β(κ), ∀κ ∈ {1, . . . , ND} (9.10c)

can be used to compute optimal V , W , α(i), and β(i) of the MIQP (9.6). Since
there is one segment for each data point, no binary variables are needed to
decide which segment is active, thus (9.6b)-(9.6e) can be replaced by (9.10b)
and (9.10c). However, this leads to the fact that the number of data points
determines the number of segments. As a result, we have 2ND(ND + 1) in-
equality constraints and 2ND + ND(r1 + r2) optimization variables in (9.10).
The QP (9.10) can be reformulated to obtain the QP from [32]. Thus, our
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method generalizes known results for piecewise linear regression and includes
the OP from [32] as a special case. The elimination of the binary variables in
the OP (9.10) is only possible for p1 = p2 = ND, which leads to a complex
function Φ(x) with a high number of segments, for large data sets. Therefore,
in the remainder of this section, we will present two approaches for reduc-
ing the number of binary variables in the MIQP (9.6) without increasing the
complexity of the fitted function Φ(x), in terms of the number of segments.

9.4.1 Symmetry breaking

Due to symmetries in the MIQP (9.6), there are many equivalent solutions.
These symmetries result from the fact that the values of the max-functions in
(9.4) are independent of the order of the p1 and p2, respectively, segments. In
the following proposition, we will present a method to eliminate some of these
redundant solutions.

Proposition 9.4. There exists an optimal solution of the MIQP (9.6) with

δ
(1)
2:p1

= 0, δ
(2)
3:p1

= 0, . . . , δ
(p1−1)
p1 = 0 and (9.11a)

γ
(1)
2:p2

= 0, γ
(2)
3:p2

= 0, . . . , γ
(p2−1)
p2 = 0. (9.11b)

Proof. Every permutation of the k-indices of an optimal solution of the MIQP
(9.6) is also an optimal solution since the maximum is invariant under a per-
mutation of the segments. Assume δ(i) and γ(i) are the binary variables of
an optimal solution of the MIQP (9.6). Due to the discussed invariance of the
maximum, we can assume that the optimal solution is such that the first seg-
ment is active for the first data point, i.e., δ

(1)
1 = 1 and γ

(1)
1 = 1. In combination

with (9.6c) and (9.6e) this leads to δ
(1)
2:p1

= 0 and γ
(1)
2:p2

= 0. For the second data
point, there are two possibilities. Either the same segment is active as for the
first data point, or a different segment is active, which we can assume to be the
second segment, i.e., δ

(2)
1 + δ

(2)
2 = 1 and γ

(2)
1 + γ

(2)
2 = 1 or equivalent δ

(2)
3:p1

= 0

and γ
(2)
3:p2

= 0. We can proceed in a similar way with the remaining data points
until the (p1 − 1)-th and (p2 − 1)-th, respectively, data point, which leads to
the remaining constraints in (9.11) and completes the proof. ■

According to Proposition 9.4 we can reduce the number of binary variables
by including the constraints (9.11) in the MIQP (9.6). Symmetry breaking is
also achieved in [90, Prop. 3.2] by enforcing an order to the parameter of the
fitted function through additional constraints. However, unlike our method,
this does not reduce the number of binary variables.

9.4.2 Preclustering

Since the number of data points determines the number of binary variables
in (9.6), reducing the number of data points is a very effective way to reduce
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the computation time needed to solve the MIQP (9.6). Unfortunately, a certain
number of data points is often required to obtain an approximation that gen-
eralizes well to unseen data. This means that it is impossible to simply reduce
the size of the data set. However, we can precompute a clustering of the data
set and modify the OP so that instead of assigning individual data points to
segments of the max-function, whole clusters of multiple data points are as-
signed. Assume the data set is partitioned into K disjoint clusters of the form
Cj := {(x(i), y(i)) ∈ D | i ∈ Ij} with Ij ⊆ {1, . . . , ND}, Ci ∩ Cj = ∅ for all i ̸= j,
and ∪K

j=1Cj = D. Then, we can formulate a modified version of MIQP (9.6)
with

V g(x(i)) ≤ 1α(i), V g(x(i)) + M(1− δ(l)) ≥ 1α(i), ∀i ∈ {1, . . . ND}, (9.12a)

Wh(x(i)) ≤ 1β(i), Wh(x(i)) + M(1− γ(l)) ≥ 1β(i), ∀i ∈ {1, . . . ND}, (9.12b)

instead of (9.6b) and (9.6d), where l is such that we have (x(i), y(i)) ∈ Cl. The bi-
nary variable vectors δ(l) ∈ {0, 1}p1 and γ(l) ∈ {0, 1}p2 select which segment of
the max-functions is active for the whole cluster Cl and not just for a single data
point as in the initial MIQP (9.6). Any algorithm that computes a clustering
with the desired properties can be used here, e.g. k-means++ from [91]. Note
that although we perform a clustering before solving the optimization prob-
lem, the modified MIQP (9.6) with (9.12) instead of (9.6b) and (9.6d) does not
computes a linear regression for each cluster individually as in [85], since there
is not a distinct segment for each cluster. As long as pi < K with i ∈ {1, 2},
multiple clusters are assigned to the same segment. With the preclustering, we
can reduce the number of binary variables from ND(p1 + p2) to K(p1 + p2).
For K = ND, i.e., each cluster contains exactly one data point, the constraints
(9.6b), (9.6d) and (9.12a), (9.12b) are equivalent. Furthermore, analogous to
(9.10) for p1 = p2 = K the MIQP with preclustering can be reformulated as a
QP by replacing (9.10c) in the QP (9.10) with

Vκg(x(i)) ≥ α(i), Wκh(x(i)) ≥ β(i), ∀i ∈ {1, . . . ND}, (9.13)

where κ in (9.13) is such that we have (x(i), y(i)) ∈ Cκ. The resulting QP has
2ND(K+ 1) inequality constraints and 2ND +K(r1 + r2) optimization variables.

9.5 Numerical examples

In this section, we use the MIQP (9.6) with different g(x) and h(x) to approx-
imate a nonlinear MPC and compare the results with an approximation by an
NN.
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9.5.1 Nonlinear MPC

Consider the nonlinear OCP

V(x) := min
x(0),...,x(N)

u(0),...,u(N−1)

x(N)⊤
(

1.3 1.9
1.9 3.0

)
x(N) +

N−1

∑
k=0
∥x(k)∥2

2 + ∥u(k)∥2
2 (9.14)

s.t. x1(k + 1) = x1(k) + Tsx2(k),

x2(k + 1) = x2(k)− Ts
ρ0

m
e−x1(k)x1(k)− Ts

hd
m

x2(k) + Ts
u(k)

m
,

−1.3 ≤ x2(k) ≤ 1.3, −4 ≤ u(k) ≤ 4,

x(0) = x, x(N)⊤
(

1.3 1.9
1.9 3.0

)
x(N) ≤ 0.001,

from [128] with parameters N = 15, Ts = 0.4, m = 1, ρ0 = 0.33 and hd =
1.1. All equations and inequalities in (9.14) with index k are valid for all
k ∈ {0, . . . , N − 1}.∗ The OCP (9.14) is solved for 1350 different values of x
on a regular grid of size 45× 30 with x1 from −2 to 5 and x2 from −1.3 to 1.3
to generate a data set of the form

(
x(i), y(i) = u∗(x(i))

)
, where u∗(x(i)) is the

optimal u(0) for the state x = x(i). The nonlinear OCP (9.14) is solved using
the software framework CasADi from [129]. Based on the data set, two dif-
ferent maxout NN of the form (9.4) with g(x) and h(x) as in (9.5) are trained
using the Adam algorithm [31]. The values of p1 and p2 of the two NN are
chosen as p1 = p2 = 2 and p1 = p2 = 50 (row 1 and 2 of Table 9.1). Such
NN can be interpreted as maxout NN with affine pre- and post-activation and
2 neurons of rank 2 and 50, respectively, in one hidden layer. We also used
the MIQP (9.6) with p1 = p2 = 2, different choices of g(x) and h(x) and the
symmetry breaking constraints (9.11) to compute global optimal parameters V
and W of the function Φ(x). We start with g(x) and h(x) as in (9.5), which
results in a function that is equal to the first maxout NN, and add monomials
up to the order of three to the functions (row 3 and 4 of Table 9.1). The results
are summarized in Table 9.1. The last two columns show the quality of the
approximation in terms of the mean squared error (MSE) and the maximum
absolute value of the error on a test data set. The second row indicates the
method used to compute the parameters. As apparent from Table 9.1, the ap-
proximation provided by the MIQP (9.6) with cubic terms in g(x) and h(x)
gives the lowest error, even though it has only two segments. By increasing the
number of segments p1 and p2, the MSE of the first NN approaches the MSE
of the 4th function. However, the maximum error barely changes, which may
be a problem since it is shown in [16] that the maximum error is crucial for the
stability and performance of an approximated controller. Another advantage
of the proposed method is that adding additional terms to the g(x) and h(x)

∗The sentence had to be added for the reprinted version of the article since the formatting of
(9.14) differs from [P5, Eq. (14)].
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Table 9.1. Different approximations of the nonlinear optimal control law u∗(x).

No. Method p1, p2 g(x), h(x) MSE emax

1. NN 2
(
1 x⊤

)⊤ 0.0532 1.6054

2. NN 50
(
1 x⊤

)⊤ 0.0252 1.4971

3. MIQP (9.6) 2
(
1 x⊤

)⊤ 0.0503 1.0797

4. MIQP (9.6) 2
(
1 x⊤ x2

1 x1x2 x2
2 x3

1 x2
1x2 x1x2

2 x3
2
)⊤ 0.0240 1.0687

functions can improve the approximation quality without increasing the num-
ber of segments. This is beneficial for a fast evaluation of the approximation
Φ(x). Figure 9.3 shows how the function 4 from Table 9.1 leads to a better
result by approximating the curvature of the optimal control law.

(a) (b) (c)

Figure 9.3. (a) shows the optimal control law with the sampled data points. (b)
and (c) are approximations of the optimal control law by the functions 1 and
4, respectively, from Table 9.1.

9.6 Conclusion

We proposed a new MIP-based method for piecewise regression, which allows
to fit an arbitrary piecewise defined function to data points by using the dif-
ference of two max-functions (9.4). The presented method is very flexible as it
is not restricted to a special class of functions and thus allows to trade off the
complexity of the fitted function against the approximation error. In addition,
we showed in a numerical example that the method can be used to find a sim-
ple approximation, in terms of the number of regions, of the optimal control
law of nonlinear MPC.
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Chapter 10

Reachability analysis for piecewise
affine systems with neural
network-based controllers∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Neural networks (NN) have been successfully applied to approxi-
mate various types of complex control laws, resulting in low-complexity NN-
based controllers that are fast to evaluate. However, when approximating con-
trol laws using NN, performance and stability guarantees of the original con-
troller may not be preserved. Recently, it has been shown that it is possible
to provide such guarantees for linear systems with NN-based controllers by
analyzing the approximation error with respect to a stabilizing base-line con-
troller or by computing reachable sets of the closed-loop system. The latter has
the advantage of not requiring a base-line controller. In this paper, we show
that similar ideas can be used to analyze the closed-loop behavior of piecewise
affine (PWA) systems with an NN-based controller. Our approach builds on
computing over-approximations of reachable sets using mixed-integer linear
programming, which allows to certify that the closed-loop system converges
to a small set containing the origin while satisfying input and state constraints.
We also show how to modify a given NN-based controller to ensure asymptotic
stability for the controlled PWA system.

∗©2024 IEEE. Reprinted, with permission, from “Reachability analysis for piecewise affine
systems with neural network-based controllers, Proc. of the 2024 Conference on Decision
and Control, pp. 894-900, 2024, DOI: 10.1109/CDC56724.2024.10886414”. Personal use of
this material is permitted. Permission from IEEE must be obtained for all other uses, in any
current or future media, including reprinting/republishing this material for advertising or
promotional purposes, creating new collective works, for resale or redistribution to servers
or lists, or reuse of any copyrighted component of this work in other works.

†Dieter Teichrib and Moritz Schulze Darup are with the Control and Cyberphysical Systems
Group, Department of Mechanical Engineering, TU Dortmund University, Germany. E-
mails: {dieter.teichrib,moritz.schulzedarup}@tu-dortmund.de
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Keywords. Model Predictive Control, Neural Networks, Hybrid Systems,
Mixed-integer Programming, Reachability, Stability

10.1 Introduction

Piecewise affine (PWA) systems have emerged as an important system class
in the control literature as they can be used to model or approximate a large
class of hybrid systems or nonlinear systems [65]. Moreover, the equivalence
of PWA systems and mixed logical dynamical (MLD) systems has been shown
in [64], which allows the use of techniques developed for MLD systems also
for PWA systems and vice versa. Stability analysis and control synthesis for
PWA systems are an important branch of research, and many methods based
on linear matrix inequalities (LMI) have been proposed [101, 130, 131, 132].
However, these methods are often only applicable to linear segments of the
PWA system dynamics that contain the origin. Furthermore, it is not possible
to handle constraints with these methods. Therefore, model predictive con-
trol (MPC) for PWA systems (see, e.g., [133] for an overview) gained attention
due to the possibility of directly considering constraints in the optimal control
problem (OCP). When using MPC for PWA systems, the switching nature of
the system dynamics is typically described by mixed-integer linear constraints
[47]. Thus, the OCP with a quadratic cost function becomes a mixed-integer
quadratic program (MIQP) that must be solved in every time step. This can
be challenging for long prediction horizons or PWA systems with many affine
segments because the MIQP may be too complex to be solved within the sam-
pling period. As a consequence, methods have been developed to approximate
the optimal control law of MPC ([6, 112]) by functions that are fast to evaluate.
A popular choice are neural networks (NN) [40], as they can approximate a
large class of functions with arbitrary accuracy. Moreover, NN with PWA acti-
vations such as maxout NN [21] share the PWA structure of the MPC law for
PWA systems [134, Thm. 1]. Unfortunately, stability and constraint satisfaction
are typically not guaranteed for the NN-based controller. In addition, NN are
known to react unexpectedly even for small perturbations of the input [135].
Still, for linear systems, some methods to certify stability and constraint satis-
faction of the NN-based controller exist. The most commonly used ones are
based on mixed-integer linear programming (MILP) ([13, 38]), semi-definite
programming [39], or satisfiability modulo theory [37]. However, these meth-
ods are either not applicable to PWA systems or require a stabilizing base-line
controller.

In this paper, we propose a method for certifying stability and constraint sat-
isfaction for PWA systems with NN-based controllers without using a base-line
controller. Our method is based on the computation of over-approximations of
k-step reachable sets of the closed-loop system using MILP. Similar ideas have
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been used in [38] for linear systems and in [40] for safety verification of PWA
systems. However, both existing methods are not suitable for certifying sta-
bility and constraint satisfaction for PWA systems with NN-based controllers.
In contrast, our method allows us to certify that the closed-loop system con-
verges to a small positively invariant (PI) set containing the origin while satis-
fying input and state constraints. We also show how to modify the NN-based
controller to ensure asymptotic stability for the controlled PWA system.

The paper is organized as follows. In the remainder of this section, we state
relevant notation and basic definitions. In Section 10.2, some fundamentals on
MPC for PWA systems and NN with PWA activation are given. Section 10.3
contains the main contributions of this paper. Namely, the analysis of the
closed-loop system consisting of a PWA system and an NN-based controller
by MILP. This MILP is then used to compute PI sets, and over-approximations
of reachable sets. These sets are the primary tools used to show the stability of
the closed-loop system. A case study is given in Section 10.4 to illustrate the
rather technical results. Finally, conclusions are presented in Section 10.5.

10.1.1 Notation and definitions

We define the support function of a polyhedron X for a row-vector v ∈ R1×n

as hX (v) := supx∈X vx. For a matrix argument H ∈ Rw×n, hX (H) is under-

stood as hX (H) =
(
hX (H1) . . . hX (Hw)

)⊤, where H i refers to the i-th row
of H. Support functions have many useful features. For instance, consider a
polyhedron of the form B := {x ∈ Rn | H(B)x ≤ h(B)}, then A ⊆ B if and
only if hA(H(B)) ≤ h(B). The scaling of a set A by a scalar s is defined as
sA := {sx ∈ Rn | x ∈ A}. Natural numbers and natural numbers including
0 are denoted by N and N0, respectively. We further define uniform ultimate
boundedness (UUB) of a system with respect to a C-set (i.e., a convex and
compact set containing the origin in its interior) according to [99, Def. 2.4]: A
system is denoted as ultimately bounded in a C-set T , uniformly in F , if for
every initial condition x(0) ∈ F , there exits a k∗(x(0)) such that x(k) ∈ T
holds for all k ≥ k∗(x(0)).

10.2 Fundamentals of MPC for PWA systems and
neural networks with PWA activation

Consider a PWA system of the form

x(k + 1) = f PWA(x(k), u(k))

:= A(i)x(k)+B(i)u(k)+p(i) if
(

x(k)
u(k)

)
∈ P (i), (10.1)

where P (i) with i ∈ {1, . . . , s} are polyhedral sets with int(P (i))∩ int(P (j)) = ∅
for all i ̸= j that partition the state and input space according to X × U =
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∪s
i=1P (i). Assume that x = 0 is an equilibrium of the system for u = 0. Hence,

p(i) = 0 for all i ∈ I0 := {j ∈ {1, . . . , s} | 0 ∈ P (j)}. Regarding the sets
P (i), we furhter assume that they are given in the hyperplane representation
P (i) := {ξ ∈ Rn+m | H(i)ξ ≤ h(i)} with H(i) ∈ Rdi×(n+m) and h(i) ∈ Rdi being
shorthand notation for H(P (i)) and h(P (i)), respectively. A common approach
for the control of PWA systems of the form (10.1) is to solve the optimal control
problem (OCP)

V(x) := min
x̂(0),...,x̂(N)

û(0),...,û(N−1)

∥x̂(N)∥2
P+

N−1

∑
κ=0
∥x̂(κ)∥2

Q+∥û(κ)∥2
R (10.2a)

s.t. x̂(0) = x, (10.2b)
x̂(κ+1)= f PWA(x̂(κ), û(κ)), ∀κ∈{0, ..., N−1}, (10.2c)

(x̂(κ), û(κ)) ∈ X × U , ∀κ ∈ {0, ..., N − 1}, (10.2d)
x̂(N) ∈ T , (10.2e)

in every time step for the current state x = x(k). The resulting control law
f MPC : FMPC → U is f MPC(x) := S U∗(x), where S := (I 0 . . . 0) ∈ Rm×mN

serves as a selection matrix and where the set FMPC contains all x ∈ Rn for
which (10.2) is feasible.

10.2.1 Mixed-integer formulation of PWA system dynamics

To describe the PWA system dynamics of (10.1) by MI linear constraints, we
use techniques from [47] and introduce binary variables γ(k) ∈ {0, 1}s that
model the relation

γi(k) = 1⇔
(

x(k)
u(k)

)
∈ P (i). (10.3)

For sets P (i) as above, the MI linear constraints

H(i)
(

x(k)
u(k)

)
≤ h(i) + 1M(1− γi(k)) (10.4a)

1⊤γ(k) = 1, γ(k) ∈ {0, 1}s (10.4b)

for all i ∈ {1, . . . , s} and all k ∈ {0, . . . , K − 1} with K ∈ N can be used to
reflect (10.3). The constant M is often referred to as big-M and can be chosen
according to [47, Eq. (20)-(21)]. Now, the binary variable γ(k) from (10.4) can be
used to describe the PWA system dynamics (10.1) by the MI linear constraints

−1M(1−γi(k))≤A(i)x(k)+B(i)u(k)+p(i)−x̃(i)(k+1)
≤ 1M(1− γi(k)) (10.5a)

−1Mγi(k) ≤ x̃(i)(k) ≤ 1Mγi(k) (10.5b)
s

∑
i=1

x̃(i)(k + 1) = x(k + 1) (10.5c)
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for all i ∈ {1, . . . , s} and all k ∈ {0, . . . , K − 1} (cf. [47, Sec. 3.1]). Thus, the
solution of the MI feasibility problem

find XK+1, UK, X̃(1)
K , ..., X̃(s)

K , γ(0), ..., γ(K−1) (10.6a)
s.t. (10.4) and (10.5), with (10.6b)

XK+1:=

x(0)
...

x(K)

, UK:=

 u(0)
...

u(K− 1)

, X̃(i)
K :=

x̃(i)(1)
...

x̃(i)(K)


for all i ∈ {1, . . . , s}, is such that x(k + 1) = f PWA(x(k), u(k)) holds for all
k ∈ {0, . . . , K − 1}. By replacing the nonlinear system dynamics (10.2c) in the
OCP with the MI linear constraints (10.4) and (10.5), the nonlinear OP (10.2)
becomes a mixed-integer quadratic program (MIQP), which can be solved us-
ing standard solvers, e.g., [45]. However, since the number of binary variables
of the resulting MIQP is sN, the online solution of (10.2) in every time step may
be intractable for long prediction horizons or PWA systems with a large num-
ber of regions. Therefore, we aim for approximations of the control law f MPC
that are fast to evaluate and ensure stability as well as constraint satisfaction.

10.2.2 Mixed-integer formulation of NN with PWA activation

Neural networks are a common choice for approximating various types of com-
plex control laws, as they can be evaluated fast and trained efficiently on large
data sets. In general, a feed-forward-NN with ℓ hidden layers and wi neurons
in layer i can be written as a composition of the form

Φ(x) := f (ℓ+1) ◦ g(ℓ) ◦ f (ℓ) ◦ · · · ◦ g(1) ◦ f (1)(x). (10.7)

Here, the functions f (i) : Rwi−1 → Rpiwi for i ∈ {1, . . . , ℓ} refer to preactiva-
tions, where the parameter pi ∈N allows to consider “multi-channel” preacti-
vations as required for maxout (see [21]). Moreover, g(i) : Rpiwi → Rwi stand
for activation functions and f (ℓ+1) : Rwℓ → Rwℓ+1 reflects postactivation. The
functions f (i) are typically affine, i.e., f (i)(y(i−1)) := W (i)y(i−1) + b(i), where
W (i)∈ Rpiwi×wi−1 is a weighting matrix, b(i)∈ Rpiwi is a bias vector, and y(i−1)

denotes the output of the previous layer with y(0) := x ∈ Rn. Various choices
for the activation functions have been proposed. However, since we aim for
approximations of the PWA control law f MPC(x) (see [134, Thm. 1]), we here
focus on the maxout activation function

g(i)(z(i)) :=


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}
 , (10.8)
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as the resulting NN have a PWA input-output relation. Moreover, the maxout
activation is more general than other PWA activation functions and includes,
e.g., ReLU or leaky ReLU, as special cases. We use the shorthand notation
max

1≤j≤pi

{
z(i)j
}

:= max
{

z(i)1 , . . . , z(i)pi

}
and we will refer to the resulting NN as

a maxout NN. We will assume that the conditions Φ(0) = 0 and Φ(x) ∈ U
hold for all x ∈ X . Note that these conditions are not restrictive. In fact, for
box constraints of the form u ≤ u(k) ≤ u, they can always be enforced by
considering

Φ̃(x) = −max{−max{Φ(x)−Φ(0), u},−u}
which is again a maxout NN with two additional layers and weights W̃ (i)

=

W (i), b̃(i)
= b(i) for all i ∈ {1, . . . , ℓ} and

W̃ (ℓ+1)
=

(
W (ℓ+1)

0

)
, b̃(ℓ+1)

=

(
b(ℓ+1) −Φ(0)

u

)
,

W̃ (ℓ+2)
=

(−Im
0

)
, b̃(ℓ+2)

=

(
0
−u

)
,

W̃ (ℓ+3)
= −Im, and b̃(ℓ+3)

= 0. Then, we have Φ̃(0) = 0 and Φ̃(x) ∈ U
for all x ∈ X , as required. Thus, in the following, we focus on constraint
satisfaction for the state constraints and assume that the input constraints hold
whenever the state constraints hold. A similar method was used in [38, Prop. 1]
for guaranteed input constraint satisfaction for ReLU NN-based control laws.
Methods for input constraint satisfaction for arbitrary polyhedral regions U
can be found in [15, Sec. III-B]. For analyzing a closed-loop system consisting
of a PWA system and an NN-based controller, we need an MI formulation of
the maxout NN similar to the MI feasibility problem (10.6). According to [P3,
Lem. 2] the MI linear constraints

q(i)
l (k)≤W (i)

j q(i−1)(k)+b(i)
j +b

(i)
(1−δ

(i)
j (k)), (10.9a)

−q(i)
l (k) ≤ −W (i)

j q(i−1)(k)−b(i)
j −ε(1−δ

(i)
j (k)), (10.9b)

∑
ȷ∈A(i)

l

δ
(i)
ȷ (k) = 1, (10.9c)

∀j ∈ A(i)
l , ∀l ∈ {1, . . . , wi}, ∀i ∈ {1, . . . , ℓ}, (10.9d)

with A(i)
l := {pi(l − 1) + 1, . . . , pil} and δ(i)(k) ∈ {0, 1}piwi are such that the

output of the NN is Φ(q(0)(k)) = W (ℓ+1)q(ℓ)(k) + b(ℓ+1). Thus, the desired MI
linear constraints are given by (10.9), and the output of a maxout NN can be
computed by solving the MI feasibility problem

find q(1)(k), . . . , q(ℓ)(k), and δ(1)(k), . . . , δ(ℓ)(k) (10.10a)
s.t. (10.9) (10.10b)

with k ∈ {0, . . . , K− 1}.

172



10.3. Closed-loop analysis of PWA systems with neural network-based controller

10.3 Closed-loop analysis of PWA systems with
neural network-based controller

By combining the MI linear constraints (10.4), (10.5) and (10.9) for the PWA
system dynamics and the maxout NN, respectively, we can describe the closed-
loop system consisting of a PWA system and a maxout NN-based controller
by the MI feasibility problem

find XK+1, UK, X̃(1)
K , ..., X̃(s)

K , γ(0), ..., γ(K−1) (10.11a)

q(1)(0), . . . , q(ℓ)(0), . . . , q(1)(K− 1), . . . , q(ℓ)(K− 1)

δ(1)(0), . . . , δ(ℓ)(0), . . . , δ(1)(K− 1), . . . , δ(ℓ)(K− 1)

s.t. (10.4), (10.5), (10.9), (10.11b)
x(0) = x (10.11c)

q(0)(k) = x(k) (10.11d)

u(k) = W (ℓ+1)q(ℓ)(k) + b(ℓ+1) (10.11e)

for all k ∈ {0, . . . , K− 1}, which leads to the following lemma.

Lemma 10.1. Let f PWA be as in (10.1) and let Φ(x) be a maxout NN as in (10.7)–
(10.8). Then, any solution to the MI feasibility problem (10.11) is such that

x(k + 1) = A(i)x(k) + B(i)Φ(x(k)) + p(i) (10.12)

holds for all k ∈ {0, . . . , K− 1}.

Proof. For XK+1 and UK subject to (10.4) and (10.5) we have x(k+ 1) = A(i)x(k)+
B(i)u(k) + p(i) for all k ∈ {1, . . . , K− 1}, with (10.11e) this leads to

x(k+1)=A(i)x(k)+B(i)
(

W (ℓ+1)q(ℓ)(k)+b(ℓ+1)
)
+p(i).

Moreover, according to [P3, Lem. 2] we have Φ(q(0)(k)) = W (ℓ+1)q(ℓ)(k) +
b(ℓ+1) for q(0)(k), . . . , q(ℓ)(k) that satisfy (10.9). With (10.11d) this finally gives
us x(k + 1) = A(i)x(k) + B(i)Φ(x(k)) + p(i) for all k ∈ {1, . . . , K − 1} and thus
proves the claim. ■

Lemma 10.1 allows to describe a PWA system with a maxout NN as con-
troller by MI linear constraints.
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10.3.1 Reachability analysis

By adding a cost function to the MI feasibility problem (10.11), we can analyze
the k-step reachable set of the closed-loop system by the MILP

c∗k(v,X ) := max
XK+1,UK ,X̃(1)

K ,...,X̃(s)
K ,γ(0),...,γ(K−1)

q(1)(0),...,q(ℓ)(0),...,q(1)(K−1),...,q(ℓ)(K−1)
δ(1)(0),...,δ(ℓ)(0),...,δ(1)(K−1),...,δ(ℓ)(K−1)

vx(k) (10.13a)

s.t. (10.11b), (10.11d), (10.11e), and x(0) ∈ X (10.13b)

with v ∈ R1×n.

Lemma 10.2. Consider the k-step reachable set

Rk(X ) := {x(k) ∈ Rn | x(k) = A(i)x(k−1)+

B(i)Φ(x(k−1)) + p(i), x(k−1) ∈ Rk−1(X )}

with R0(X ) := X and let c∗k(v,X ) be as in (10.13). Then, the relation c∗k(v,X ) =
hRk(X )(v) holds.

Proof. According to Lemma 10.1, the constraints of the MILP (10.13) are such
that we have x(k + 1) = A(i)x(k) + B(i)Φ(x(k)) + p(i) for all k ∈ {1, . . . , K− 1}.
Thus, the MILP becomes

c∗k(v,X ) = max
XK+1,UK

vx(k) (10.14a)

s.t. x(0) ∈ X = R0(X ) (10.14b)

x(1) = A(i)x(0) + B(i)Φ(x(0)) + p(i) (10.14c)

x(2) = A(i)x(1) + B(i)Φ(x(1)) + p(i) (10.14d)
...

x(k) = A(i)x(k− 1) + B(i)Φ(x(k− 1)) + p(i).

By definition ofR1(X ), we can summarize the constraints (10.14b) and (10.14c)
as x(1) ∈ R1(X ). Then, the constraint (10.14d) and x(1) ∈ R1(X ) can be sum-
marized by x(2) ∈ R2(X ). Continuing this way until the (k + 1)-th constraint,
we can summarize all constraints by x(k) ∈ Rk(X ). This results in

c∗k(v,X ) =max
x(k)

vx(k) (10.15a)

s.t. x(k) ∈ Rk(X ), (10.15b)

which is the support function of Rk(X ) evaluated for the row-vector v, i.e.,
c∗k(v,X ) = hRk(X )(v). ■

This result can be used to compute polyhedral over-approximations of the
k-step reachable set according to the following lemma.
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Lemma 10.3. Let Rk(X ) be as in Lemma 10.2. Then, the set

Rk(X ) := {x ∈ Rn | Cx ≤ c} (10.16)

with C ∈ Rl×n and c :=
(
c∗k(C1,X ) . . . c∗k(Cl,X )

)⊤ is such that Rk(X ) ⊆
Rk(X ) and hRk(X )(C) = hRk(X )(C).

Proof. We first prove that Rk(X ) ⊆ Rk(X ) holds, which is the case if and only
if hRk(X )(C) ≤ c. According to Lemma 10.2, we have c∗k(Ci,X ) = hRk(X )(Ci)
for all i ∈ {1, . . . , l} and thus c = hRk(X )(C) which implies hRk(X )(C) ≤ c. To
prove hRk(X )(C) = hRk(X )(C), we first note that

hRk(X )(Ci) = max
x∈Rk(X )

Cix = max
Cx≤hRk(X )(C)

Cix

≤ max
Cix≤hRk(X )(Ci)

Cix

holds and thus hRk(X )(Ci) ≤ hRk(X )(Ci). Moreover, due to Rk(X ) ⊆ Rk(X ),
the inequality hRk(X )(Ci) ≤ hRk(X )(Ci) holds. In combination, we find
hRk(X )(Ci) = hRk(X )(Ci) for all i ∈ {1, . . . , l}. ■

While in general it is computationally demanding or even impossible to com-
pute the exact k-step reachable set for a PWA system with an NN-based con-
troller, Lemma 10.3 provides a way to compute over-approximations Rk(X )
of Rk(X ) which are tight in the direction of the vectors Ci. In other words,
both sets have the same expansion in the direction of Ci, since hRk(X )(Ci) =
hRk(X )(Ci) holds.

The following corollary describes a feature of the over-approximationR1(X )
that is frequently used in this paper.

Corollary 10.4. Let R1(X ) be defined as in (10.16) and assume that A ⊆ B holds
for two polyhedral sets A ⊂ Rn and B ⊂ Rn. Then, R1(A) ⊆ R1(B) holds.

Proof. By assumption, we have A ⊆ B ⇔ A ∩ B = A. In combination with
(10.14) we can conclude that c∗k(Ci,A) = c∗k(Ci,A ∩ B) ≤ c∗k(Ci,B) holds for

all i ∈ {1, . . . , l}. The latter is equivalent to hR1(A)(C) ≤ hR1(B)(C) = h(R1(B))

and thus R1(A) ⊆ R1(B) holds. ■

In the remainder of this section, we describe methods that can be used to
check whether a given set is positively invariant (PI) for the closed system
(10.12) and with which PI sets with various desirable properties, e.g., small or
large, can be computed.

Lemma 10.5. LetR1(F ) be defined as in (10.16) and assume thatR1(F ) ⊆ F holds
for an arbitrary polyhedral set F ⊂ Rn. Then,

(i) the set F is PI for the closed-loop system (10.12),
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(ii) the set
Rk(F ) := R1(R1(. . .R1︸ ︷︷ ︸

k times

(F ))) (10.17)

is PI with Rk(F ) ⊆ Rk(F ) ⊆ F and R1(Rk(F )) ⊆ Rk(F ) for all k ∈N.

Proof. (i) Since R1(F ) ⊆ R1(F ) holds according to Lemma 10.3, we have
R1(F )
⊆ R1(F ) ⊆ F and consequently R1(F ) ⊆ F . By using the definition of
R1(F ) we obtain R1(F ) = {x+ ∈ Rn | x+ = A(i)x + B(i)Φ(x) + p(i), x ∈
F} ⊆ F . Thus, for all x ∈ F , the successor state x+ is in the set F , which
proves that F is PI for the closed-loop system (10.12) (cf. [75, Sec. 3.2]).

(ii) We prove the claim by induction. For k = 1 we have R1(F ) = R1(F )
by definition and thus R1(R1(F )) = R1(R1(F )) ⊆ R1(F ) = R1(F ) ⊆ F ,
where we used that R1(F ) = R1(F ) ⊆ F holds by assumption and thus
R1(R1(F )) ⊆ R1(F ) holds according to Corollary 10.4. Consequently, R1(F )
is according to (i) PI and R1(F ) ⊆ R1(F ) = R1(F ) ⊆ F holds. Thus, the
induction hypothesis R1(Rk(F )) ⊆ Rk(F ) and Rk(F ) ⊆ Rk(F ) ⊆ F hold
for one k = i. For k = i + 1 we have

R1(Ri+1(F )) = R1

(
R1(Ri(F ))

)
⊆ R1(Ri(F )) = Ri+1(F ).

Moreover, we have Ri+1(F ) = R1(Ri(F )) ⊆ R1(F ) ⊆ F and Ri+1(F ) =
R1(Ri(F )) ⊆ R1(Ri(F )) ⊆ R1(Ri(F )) = Ri+1(F ) by the induction hypoth-
esis and Corollary 10.4. In combination with the proof of (i), we can conclude
that Rk(F ) is a PI set with Rk(F ) ⊆ Rk(F ) ⊆ F and R1(Rk(F )) ⊆ Rk(F )
for all k ∈N. ■

Lemma 10.5, allows computing potentially smaller PI sets Rk(F ) that are
contained in a given larger PI set F and can be reached from all x ∈ F in at
most k time steps, since Rk(F ) ⊆ Rk(F ) holds. Note that, for linear systems,
there always exits a k such that Rk(Fmax) ⊆ Fmin holds if Fmax and Fmin are
PI sets with Fmin ⊆ Fmax. Thus, Fmin is reachable for all x ∈ Fmax. However,
for PWA systems, there may exist PI sets with Fmin ⊆ Fmax for which Fmin is
not reachable from all x ∈ Fmax, i.e., Rk(Fmax) ̸⊆ Fmin for all k. Therefore,
Rk(F ) ⊆ Rk(F ) in Lemma 10.5 (ii) is crucial and does not follow from the fact
that Rk(F ) and F are PI sets with Rk(F ) ⊆ F . In addition, using Rk(F ) has
several computational advantages over Rk(F ). The set Rk(F ) is guaranteed
to be PI if F is PI. While Rk(F ) may not be PI for some k even if F is PI. More
importantly, Rk(F ) relies on repeatedly computing over-approximations of
one-step reachable sets. This is computationally more efficient than computing
the over-approximation of the k-step reachable set Rk(F ).
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10.3.2 Convergence to a set containing the origin

We first aim for the computation of a large PI set Fmax with Fmax ⊆ X and thus
Φ(x) ⊆ U for all x ∈ Fmax, which will serve as feasible set for the NN-based
controller. Ideally, Fmax should be the maximal PI set, which is the union of all
sets F satisfying R1(F ) ⊆ F . However, an exact computation of the maximal
PI set for (10.12) requires knowledge of all affine segments and polyhedral
sets of the PWA function represented by the NN [74, Alg. 4.1]. Computing
these affine segments and sets is computationally intractable even for small
NN. Therefore, the following algorithm provides a method for computing a
polyhedral inner approximation of the maximum PI set.

Algorithm 10.6. Compute a large PI set Fmax ⊆ X .
1: initialize F ← X and C ← H(X )

2: while R1(F ) ̸⊆ F do
3: set F ← R1(F ) ∩ X
4: set Fmax ← F
5: return Fmax

In contrast to [74, Alg. 4.1], we use here in line 3 of the algorithm the over-
approximation (10.17) of the one-step reachable set, which allows the applica-
tion to PWA systems of the form (10.12).

Proposition 10.7. Let Rk(X ) be defined as in (10.17) and assume that there exists a
k such that Rk+1(X ) ⊆ Rk(X ) ⊆ X holds. Then, Algorithm 10.6 terminates with a
PI set Fmax ⊆ X after at most k iterations.

Proof. The set computed in the (k + 1)-th iteration of Algorithm 10.6 is Fk+1 =
R1(Fk) ∩ X with F0 = X . We first note, that by construction Fk+1 ⊆ Fk ⊆ X
and Fk ⊆ Rk(X ) hold for all k ∈ N. Thus, we have R1(Fk) ⊆ R1(Rk(X )) =

Rk+1(X ) ⊆ Rk(X ) ⊆ X , which implies R1(Fk) = R1(Fk) ∩ X = Fk+1. Con-
sequently, R1(Fk) = Fk+1 ⊆ Fk ⊆ X holds, which proves that Fk is a PI set
contained in X . Thus Algorithm 10.6 will terminate after at most k iterations,
since R1(Fk) ⊆ Fk holds. ■

Remark 10.8. The condition from Proposition 10.7, which guarantees finite termi-
nation of Algorithm 10.6, requires that a PI and reachable set Rk(X ) exists that is
contained in X . Surely, the set Rk(X ) could also be used as feasible set for the NN-
based controller. However, since k is an upper bound, the Algorithm 10.6 will typically
terminate in less than k iterations with a PI set Fmax that is larger than Rk(X ).

With Proposition 10.7, we can guarantee constraint satisfaction of the closed-
loop system with NN-based controller (10.12) for all trajectories starting from
Fmax, since Fmax is a PI set contained in X . Moreover, by assumption, we then
further have Φ(x) ∈ U . To show that the closed-loop system with NN-based
controller reaches and remains in a possibly small set containing the origin for
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all x(0) ∈ Fmax, we will next state a result that allows the computation of small
PI sets.

Proposition 10.9. Let Rk(Fmax) be defined as in (10.17) with Fmax being the PI set
computed with Algorithm 10.6 and assume that there exists a k∗ such that

1
1 + ϵ

Rk∗(Fmax) ⊆ R1

(
1

1 + ϵ
Rk∗(Fmax)

)
(10.18)

holds for a given ϵ > 0. Then, the set

Fmin := Rk∗(Fmax) (10.19)

is PI with
R∞(Fmax) ⊆ Rk∗(Fmax) ⊆ (1 + ϵ)R∞(Fmax), (10.20)

where R∞(Fmax) is short for limk→∞Rk(Fmax).

Proof. Since R1(Fmax) ⊆ Fmax holds for Fmax computed with Algorithm 10.6,
the set Fmin = Rk∗(Fmax) is PI for all k∗ ∈ N according Lemma 10.5 (ii). It
remains to prove that the inclusion (10.20) holds. The left-hand side of the
inclusion holds since we have Rk+1(Fmax) = R1(Rk(Fmax)) ⊆ Rk(Fmax) for
all k ∈N as apparent from Lemma 10.5 (ii) and thus R∞(Fmax) ⊆ Rk∗(Fmax).
For the right-hand side, we prove that Rk∗(Fmax) ⊆ (1 + ϵ)Rk∗+k(Fmax) holds
for all k ∈ N0. For k = 0 we have Rk∗(Fmax) ⊆ (1 + ϵ)Rk∗(Fmax). Thus,
Rk∗(Fmax) ⊆ (1 + ϵ)Rk∗+i(Fmax) holds for one i ∈ N0. For k = i + 1 we
obtain

Rk∗(Fmax) ⊆ (1 + ϵ)R1

(
1

1 + ϵ
Rk∗(Fmax)

)
⊆ (1 + ϵ)R1(Rk∗+i(Fmax))

= (1 + ϵ)Rk∗+i+1(Fmax)

by using assumption (10.18), the induction hypothesis, and Corollary 10.4.
Which proves that Rk∗(Fmax) ⊆ (1 + ϵ)Rk∗+k(Fmax) holds for all k ∈ N0.
In summary, we have R∞(Fmax) ⊆ Rk∗(Fmax) ⊆ (1 + ϵ) lim

k→∞
Rk∗+k(Fmax),

which completes the proof. ■

Remark 10.10. Condition (10.18) has a rather intuitive interpretation. According
Lemma 10.5 (ii) we have R1(Rk(Fmax)) ⊆ Rk(Fmax) for all k ∈ N and thus the
reachable sets Rk(Fmax) usually becomes smaller when k grows and finally converge
to R∞(Fmax). However, if the reachable sets starting from F grow, i.e., if we have
F ⊆ R1(F ), then this implies F ⊆ R∞(Fmax). Thus condition (10.18) states
that k∗ is such that a small scaling of the set Rk∗(Fmax) with 1/(1 + ϵ) leads to a
growing reachable set (cf. right-hand side of (10.18)) and thus 1/(1+ ϵ)Rk∗(Fmax) ⊆
R∞(Fmax), which is exactly what we aim for. For the limit case ϵ → 0 condition
(10.18) becomes Rk(Fmax) ⊆ R1(Rk(Fmax)) which is equivalent to Rk(Fmax) =
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Rk+1(Fmax) = R∞(Fmax). This means that for ϵ→ 0 we need finite determinedness
of R∞(Fmax) or k∗ → ∞ for (10.18) to hold. For the other limit case ϵ → ∞, the
left-hand side of (10.18) becomes a set only containing the origin. Moreover, since
Φ(0) = 0 and f PWA(0, 0) = 0 holds, the right-hand side of (10.18) also becomes a set
only containing the origin and thus (10.18) holds for all k∗ ≥ 0. This means that with
ϵ, we can influence the number of computation steps needed to compute (10.19).

We now combine the previous results to state the main contribution of this
section.

Theorem 10.11. Let Fmax be the set computed with Algorithm 10.6 and Fmin by
defined as in Proposition 10.9. Then, the system (10.1) with u(k) = Φ(x(k)) is
ultimately bounded in Fmin, uniformly in Fmax. Moreover, x(k) ∈ X and u(k) =
Φ(x(k)) ∈ U holds for all k ∈N0.

Proof. Since Fmax is a PI set for the closed-loop system (10.12), we have for
all x(0) ∈ Fmax that x(k) ∈ Fmax ⊆ X holds for all k ∈ N. Moreover, by
assumption we have Φ(x) ∈ U for all x ∈ X and thus Φ(x(k)) ∈ U for all
k ∈ N0. According to Lemma 10.5 (ii) and Proposition 10.9, Fmin is a PI set
with Rk∗(Fmax) ⊆ Rk∗(Fmax) = Fmin. Thus, x(k) ∈ Rk∗(Fmax) ⊆ Fmin holds
for all k ≥ k∗ and for all x(0) ∈ Fmax. This proves, that the system (10.1) with
u(k) = Φ(x(k)) is ultimately bounded in Fmin, uniformly in Fmax. ■

10.3.3 Stability of the origin

Consider the modified dual-mode control law

π(x) :=
{

κ(x) if x ∈ sF0,
Φ(x) if x ∈ Fmax \ sF0,

(10.21)

where Fmax is the PI set computed with Algorithm 10.6 and κ(x) is a stabilizing
PWA control law with region of attraction F0 := {x ∈ Rn | x⊤Sx ≤ ξ∗} for
the PWA system (10.1). The set F0 is such that ξ∗ is the largest ξ for which
{x ∈ Rn | x⊤Sx ≤ ξ, ξ > 0} ⊆ ∪i∈I0P (i) holds. In addition, 0 < s ≤ 1 is a
scaling factor that is chosen such that Fmin ⊆ sF0 holds. The control law κ(x),
S, and F0 can be computed by, e.g., solving the linear matrix inequality (LMI)
described in [101, Eq. (9)-(10)]. Then V(x) := x⊤Sx is a common Lyapuov
function for the system (10.1) with u = κ(x) for all x ∈ ∪i∈I0P (i). Thus the set
sF0 is PI (see [101, Sec. 3.2]).

Theorem 10.12. Let π(x) and Fmin be defined as in (10.21) and Proposition 10.9,
respectively and assume that Fmin ⊆ sF0 with 0 < s ≤ 1 holds. Then, the origin
is asymptotically stable for the system (10.1) with u(k) = π(x(k)). The region of
attraction is Fmax.

Proof. We distinguish the two cases x ∈ sF0 and x ∈ Fmax \ sF0. In the first
case, we have u = π(x) = κ(x), which asymptotically stabilizes the origin
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of the PWA system while ensuring x(k) ∈ sF0 ⊆ X for all k ∈ N0 ([101,
Lem. 1]). To prove asymptotic stability for states x ∈ Fmax \ sF0 it remains
to show that trajectories starting in x ∈ Fmax \ sF0 enter sF0 after a finite
number of time-steps by applying u = π(x) = Φ(x). By assumption we have
Rk∗(Fmax) ⊆ Rk∗(Fmax) = Fmin ⊆ sF0. Thus, for all x(0) ∈ Fmax ⊆ X there
exist a k̃ ≤ k∗ such that x(k̃) ∈ sF0 holds when applying u(k) = Φ(x(k))
for all k < k̃. Since sF0 is PI for (10.1) with u = κ(x) we have x(k) ∈ sF0
and consequently u(k) = κ(x(k)) for all k ≥ k̃, which asymptotically stabilizes
the system. In summary, the control law (10.21) asymptotically stabilizes the
system (10.1) for all x ∈ Fmax. ■

The parameter s is a design parameter which can be used to scale the set in
which the controller κ(x) acts. Typically, we want to have π(x) = Φ(x) as long
as possible and thus choose s = min

Fmin⊆cF0
c, which is the smallest s that satisfies

the conditions of Theorem 10.12.

10.4 Case study

Consider the OCP (10.2) with Q = P = I, R = 1 and N = 10 for a PWA system
of the form (10.1) with

A(1) =

( −0.04 −0.461
−0.139 0.341

)
, A(2) =

(
0.936 0.323
0.788 −0.049

)
,

A(3) =

(−0.857 0.815
0.491 0.62

)
, A(4) =

(−0.022 0.644
0.758 0.271

)
,

B(1) = B(2) = B(3) = B(4) =
(
1 0

)⊤ ,

and H(1) =

(−1 0
0 −1

)
, H(2) =

(−1 0
0 1

)
,

H(3) = −H(1), H(4) = −H(2), as well as h(1) = h(2) = h(3) = h(4) = 0 from
[101, Sec. 7] with the additional constraints ∥x(k)∥∞ ≤ 10 for all k ∈ {0, . . . , N}
and |u(k)| ≤ 1 for all k ∈ {0, . . . , N− 1}. We solved the OCP for 1000 randomly
sampled x ∈ X to generate a data set with the feasible points (x(i), f MPC(x(i))).
This data set is used to train a 3× 3 maxout NN, i.e., ℓ = 3 and wi = 3 for
all i ∈ {1, 2, 3}. Figure 10.1 illustrates trajectories of the closed-loop system
with the resulting NN-based controller and different PI sets. In (a), the outer
box [−10, 10]× [−10, 10] represents the state constraints X . The next smaller
box [−7.15, 8.76]× [−10, 8.37] is Fmax in which the gray arrows in (a) and (b)
represent the evolution of the closed-loop system with NN-based controller,
i.e., u = Φ(x). The set Fmax is computed according to Algorithm 10.6. The
computation terminates after 1 iteration, whereas we have k = 5 ≥ 1, which
is in line with Remark 10.8. Figure 10.1 (b) shows a detailed view of a region
around the origin of (a). The smallest box [−0.25, 0.32]× [−0.33, 0.27] around
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(a)

(b)

(c)

Figure 10.1. Trajectories of the closed-loop system with the NN-based con-
troller and the sets X , Fmax, and Fmin, respectively. The initial states of the
trajectories are specified in the legend and apply to all figures.

the origin is Fmin. This set is computed according to Proposition 10.9 with
ϵ = 10−3, which results in k∗ = 81. Therefore, we have Fmin = R81(Fmax) with
R∞(Fmax) ⊆ R81(Fmax) ⊆ (1 + 10−3)R∞(Fmax). The Figures 10.1 (a) and (b)
confirm Theorem 10.11, since it can be observed that the trajectory starting in
Fmax, marked with green x, remains in that set and enters Fmin after a finite
number of time steps (cf. (b)). For the trajectory, marked with red asterisk,
we have x(0) ̸∈ Fmax, which leads to a constraint violation of x(1). However,
since Fmax is only an inner approximation of the maximum PI set contained
in X , there also exist trajectories (blue plus) with x(0) ̸∈ Fmax, that enter Fmin
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while satisfying state and input constraints. The results of Section 10.3.3 are
illustrated in Figure 10.1 (c). There three trajectories with the same x(0) as in
(a) are shown for the system (10.1) with u = π(x). The ellipse is the region sF0
with s = 5.32× 10−2, in which, according to (10.21), the control law u = κ(x)
is applied and asymptotically stabilizes the system. The gray arrows represent
the evolution of the corresponding closed-loop system. For the green trajectory,
which starts in Fmax, we can guarantee that it enters sF0 after at most k∗ time
steps and converges to the origin.

10.5 Conclusions

We presented various methods for analyzing PWA systems with an NN-based
controller. The combination of the methods leads to the main results of the pa-
per, Theorems 10.11 and 10.12, which allow certifying stability and constraint
satisfaction based on PI sets. The proposed approaches all build on on the com-
putation of over-approximations of k-step reachable sets. This fact indicates a
possible direction for future research. In fact, it may be feasible to replace
the MILP (10.13) with another OP without binary variables that can be solved
faster at the cost of a more conservative over-approximation. Such a modifica-
tion would not affect the validity of the results since the results of Section 10.3
hold independent of the method used to compute the over-approximations.
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Chapter 11

A mixed-integer framework for
analyzing neural network-based
controllers for piecewise affine
systems with bounded
disturbances∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. We present a method for representing the closed-loop dynamics
of piecewise affine (PWA) systems with bounded additive disturbances and
neural network-based controllers as mixed-integer (MI) linear constraints. We
show that such representations enable the computation of robustly positively
invariant (RPI) sets for the specified system class by solving MI linear pro-
grams. These RPI sets can subsequently be used to certify stability and con-
straint satisfaction. Furthermore, the approach allows to handle nonlinear sys-
tems based on suitable PWA approximations and corresponding error bounds,
which can be interpreted as the bounded disturbances from above.
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11.1 Introduction

Piecewise affine (PWA) systems are an important system class in control theory
as they can be used to model a large class of hybrid systems or to approximate
nonlinear systems [65]. When PWA models are used to describe systems that
are inherently PWA as, e.g., mixed logical dynamical (MLD) systems [64], no
error has to be considered. In these cases, analysis of the closed-loop system
and control design can be performed directly using techniques developed for
PWA system [101], [132], [133], [P6] or MLD systems [64]. However, when
a PWA model approximates a nonlinear system, an approximation error has
to be considered when analysing the system behaviour and designing a con-
troller. In [136], an adaption of tube-based model predictive control (MPC)
[137] is introduced, which is applicable to PWA with bounded additive dis-
turbances. The resulting optimal control problem (OCP) is a mixed-integer
program (MIP). As common in MPC, the OCP is solved in every time step,
and only the first element of the optimal input sequence is applied to the sys-
tem. Repeatedly solving the OCP in each time step within the sampling period
of the system may be intractable for a long prediction horizon or PWA systems
with many regions. Therefore, methods have been developed in [112], [6], [P5]
where an approximate solution of the OCP is used instead of the exact one.
Neural networks (NN) are often used in this context (see, e.g, [6, 40]), as they
are fast to evaluate, and there exist several software libraries ([138, 139]) that
allow an efficient training on large data sets. However, guarantees for stability
and constraint satisfaction of the original MPC do typically not hold for the
approximated NN-based controller. Fortunately, in recent years, some meth-
ods to certify stability and constraint satisfaction for systems with NN-based
controllers have been developed, most of them for linear systems [13, 39] and
recently for PWA systems without disturbances [P6]. These approaches can-
not be applied to PWA systems with bounded disturbances and NN-based
controllers.

In this paper, we present a method based on MIP that can be used to cer-
tify stability and constraint satisfaction for PWA systems with bounded ad-
ditive disturbances and NN-based controllers. Methods based on MIP are
also considered in, e.g., [13] or [38]. However, these methods either require
a stabilizing base-line controller or are only applicable to linear systems. Our
method builds on the computation of polyhedral over-approximations of the
k-step reachable set as in [P6] and, therefore, does not require a stabilizing
base-line controller. These over-approximations are subsequently used to com-
pute different robustly positively invariant (RPI) sets for certifying stability and
constraint satisfaction of the closed-loop system. Furthermore, we investigate
under which conditions the RPI sets for the PWA system with bounded addi-
tive disturbance allow us to show that a nonlinear system converges to a small
positively invariant (PI) set while satisfying state and input constraints.

The paper is organized as follows. In the remainder of this section, we state
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notation and some basic definitions. In Section 11.2, we give some fundamen-
tals on mixed-integer (MI) based reachability analysis of PWA systems with
NN-based controllers. The MI-based reachability analysis is extended in Sec-
tion 11.3 to PWA systems with bounded additive disturbances, allowing us to
handle PWA approximations of nonlinear systems. In Section 11.4, we present
the main contributions of our paper, which include the computation of RPI
sets for PWA systems with bounded additive disturbances and NN-based con-
troller as well as results on stability and constraint satisfaction. Two illustrative
case studies are given in Section 11.5. Finally, the paper is concluded in Sec-
tion 11.6. To improve the readability of the paper, the proofs of all lemmas are
in the appendix.

11.1.1 Notation and basic definitions

We define the support function of a polyhedron X for a row-vector v ∈ R1×n as
hX (v) := supx∈X vx. For a matrix argument H ∈ Rw×n, hX (H) is understood

as hX (H) =
(
hX (H1) . . . hX (Hw)

)⊤, where H i refers to the i-th row of H.
The scaling of a set A by a scalar s is defined as sA := {sx ∈ Rn | x ∈ A}.
For compact and convex sets, the operation A ⊕ B := {a + b | a ∈ A, b ∈
B} is the Minkowski sum. Natural numbers and natural numbers, including
0, are denoted by N and N0, respectively. The operator col(x(j)K2

j=K1
) stacks

the column vectors x(j) with j ∈ {K1, . . . , K2} in a single column vector. We
further define d(z,X ) := infx∈X ∥z− x∥2 as the distance of a point to a set and
Bδ := {x ∈ Rn | d(x, 0) ≤ δ} as a 2-norm ball with radius δ > 0. Moreover, we
sometimes use the short-hand notation 0 for a set containing only the origin.

11.2 Fundamentals on mixed-integer based
reachability analysis

In this paper, we consider discrete-time PWA systems

x(k + 1) = f PWA(x(k), u(k)) + d(k) (11.1)

with

f PWA := A(i)x(k) + B(i)u(k) + p(i) if
(

x(k)
u(k)

)
∈P (i).

with i ∈ {1, . . . , s}. The additive disturbance d(k) is assumed to be bounded
by state and input-dependent polyhedral sets, i.e., d(k) ∈ D(i) ⊂ Rn. The
polyhedral sets

P (i) := {ξ ∈ Rn+m | H(i)ξ ≤ h(i)} (11.2)

with H(i) ∈ Rdi×(n+m) and h(i) ∈ Rdi for all i ∈ {1, . . . , s} are pairwise disjoint,
i.e, int(P (i)) ∩ int(P (j)) = ∅ for all i ̸= j, and partition the state X ⊂ Rn and
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input space U ⊂ Rm according to X × U = ∪s
i=1P (i) where s is the number

of polyhedral sets. We aim to develop methods for computing large, robustly
positively invariant (RPI) sets contained in X , in which the controlled system
(11.1) with an NN-based controller

u(k) = Φ(x(k)) (11.3)

can be operated safely for all time. Where safe means that the state and input
constraints are satisfied. Moreover, we aim to compute small RPI sets to which
the controlled system converges. The methods mainly build on the k-step
reachable set

RDk (F ) := {x+ ∈ Rn | x+ = f PWA(x, Φ(x)) + d,

x ∈ RDk−1(F ), d ∈ D(i)} (11.4)

with RD0 (F ) := F or over-approximations of this set. Based on the k-step
reachable set (11.4), we can define an RPI set as follows.

Definition 11.1 ([100, Def. 1]). A Set F ⊆ Rn is RPI if and only if

RD1 (F ) ⊆ F . (11.5)

To compute the reachable sets (11.4) via mixed-integer programming (MIP),
we will summarize in the following subsections MI linear constraints that allow
a description of NN-based controllers (11.3) and PWA systems without distur-
bances, i.e., d(k) = 0. This description is extended to the case d(k) ∈ D(i) in
Section 11.3.

11.2.1 MI formulation of neural networks

We consider feed-forward-NN of the form

Φ(x) := f (ℓ+1) ◦ g(ℓ) ◦ f (ℓ) ◦ · · · ◦ g(1) ◦ f (1)(x) (11.6)

where ℓ is the number of hidden layers and wi the number of neurons in
layer i. Here, the functions f (i) : Rwi−1 → Rpiwi for i ∈ {1, . . . , ℓ} refer to
preactivations, where the parameter pi ∈N allows to consider “multi-channel”
preactivations as required for maxout activation (see [21]). Moreover, g(i) :
Rpiwi → Rwi stand for activation functions and f (ℓ+1) : Rwℓ → Rwℓ+1 reflects
postactivation. We assume affine functions f (i), i.e.,

f (i)(y(i−1)) := W (i)y(i−1) + b(i), (11.7)

where W (i)∈ Rpiwi×wi−1 is a weighting matrix, b(i)∈ Rpiwi is a bias vector, and
y(i−1) denotes the output of the previous layer with y(0) := x ∈ Rn. Various
choices for the activation functions have been proposed. However, since we
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aim for a mixed-integer formulation of the NN, we focus on PWA activation
functions. More precisely, we consider the maxout activation function

g(i)(z(i)) :=


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}
 , (11.8)

since the maxout activation is more general than other PWA activation func-
tions and includes, e.g., ReLU or leaky ReLU, as special cases. We refer to the
resulting NN as a maxout NN. We assume that Φ(x) ∈ U holds for all x ∈ X .
Note that for polyhedral state constraints as considered here, a given NN can
always be modified to satisfy the required condition by adding layers to the
NN that perform a projection onto the input constraints. These layers can be
constructed using methods from, e.g., [15, Sec. III-B] or [P6, Sec. II-B]. For
analyzing a PWA system with an NN-based controller, we need a description
of the maxout NN in terms of MI linear constraints. According to [P3, Lem. 2]
the MI linear constraints

q(i)
l (k)≤W (i)

j q(i−1)(k)+b(i)
j +b

(i)
(1−δ

(i)
j (k)), (11.9a)

−q(i)
l (k) ≤ −W (i)

j q(i−1)(k)−b(i)
j , (11.9b)

∑
ȷ∈A(i)

l

δ
(i)
ȷ (k) = 1, (11.9c)

∀j ∈ A(i)
l , ∀l ∈ {1, . . . , wi}, ∀i ∈ {1, . . . , ℓ}, (11.9d)

with A(i)
l := {pi(l − 1) + 1, . . . , pil} and δ(i)(k) ∈ {0, 1}piwi are such that the

output of the NN is Φ(q(0)(k)) = W (ℓ+1)q(ℓ)(k) + b(ℓ+1). Thus, the desired MI
linear constraints are given by (11.9).

11.2.2 MI formulation of PWA systems without disturbances

In this section, we briefly summarize known methods from [47] for construct-
ing MI linear constraints for PWA systems of the form (11.1) with d(k) = 0.
The first step is to introduce the MI linear constraints

H(i)
(

x(k)
u(k)

)
≤ h(i) + 1M(1− γi(k)) (11.10a)

1⊤γ(k) = 1, γ(k) ∈ {0, 1}s (11.10b)

for all i ∈ {1, . . . , s} and all k ∈ {0, . . . , K− 1} with K ∈ N and γ(k) ∈ {0, 1}s,
which are according to [47] such that

γi(k) = 1⇔
(
x⊤(k) u⊤(k)

)⊤ ∈ P (i) (11.11)
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holds. The constant M in the constraints (11.10) is often referred to as big-M
and can be chosen according to [47, Eq. (20)-(21)]. Now, the binary variable
γ(k) can be used to describe the PWA system dynamics (11.1) with d(k) = 0
by the MI linear constraints

−1M(1−γi(k))≤A(i)x(k)+B(i)u(k)+p(i)−x̃(i)(k+1)
≤ 1M(1− γi(k)) (11.12a)

−1Mγi(k) ≤ x̃(i)(k) ≤ 1Mγi(k) (11.12b)

x(k + 1) =
s

∑
j=1

x̃(j)(k + 1) (11.12c)

for all i ∈ {1, . . . , s} and all k ∈ {0, . . . , K − 1} (cf. [47, Sec. 3.1]), which are
such that x(k + 1) = f PWA(x(k), u(k)) holds for all k ∈ {0, . . . , K− 1}.

11.3 Mixed-integer linear constraints for PWA
systems with bounded disturbances

For computing reachable sets for (11.1) by mixed-integer linear programs (MILP),
we extend the MI linear constraints (11.12) to systems with state and input-
dependent disturbances of the form

d(k) ∈ D(i) if
(
x(k)⊤ u(k)⊤

)⊤ ∈ P (i). (11.13)

This type of systems can be described by the MI linear constraints (11.10),
(11.12b), (11.12c), and

−1M(1−γi(k)) ≤A(i)x(k) + B(i)u(k) + p(i) + d(k)

− x̃(i)(k + 1) ≤ 1M(1−γi(k)) (11.14a)

H(D(i))d(k) ≤h(D(i)) + 1M(1− γi(k)). (11.14b)

Lemma 11.2. Consider the system dynamics (11.1) with (11.13), a maxout NN Φ(x)
as in (11.6)–(11.8), and define XK+1 = col(x(j)K

j=0), UK = col(u(j)K−1
j=0 ), DK =

col(d(j)K−1
j=0 ), and X̃(i)

K = col(x̃(i)(j)K
j=1) for all i ∈ {1, . . . , s}. Then, any solution to

the MI feasibility problem

find XK+1,UK,DK,X̃(1)
K ,...,X̃(s)

K ,γ(0),...,γ(K−1) (11.15a)

q(1)(0), . . . , q(ℓ)(0), . . . , q(1)(K− 1), . . . , q(ℓ)(K− 1)

δ(1)(0), . . . , δ(ℓ)(0), . . . , δ(1)(K− 1), . . . , δ(ℓ)(K− 1)

s.t. (11.9), (11.10), (11.12b), (11.12c), (11.14), (11.15b)

q(0)(k) = x(k), (11.15c)

u(k) = W (ℓ+1)q(ℓ)(k) + b(ℓ+1) (11.15d)
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for all k ∈ {0, . . . , K− 1}, is such that

x(k + 1) = f PWA(x(k), Φ(x(k))) + d(k), (11.16a)

d(k) ∈ D(i), (11.16b)

hold for all k ∈ {0, . . . , K− 1} and for all x(0) ∈ Rn.

For OP where the PWA system dynamics (11.16a) with bounded disturbance
(11.16b) is in the constraints, Lemma 11.2 can be used to replace the nonlinear
constraints (11.16a)-(11.16b) by the MI linear constraints (11.15b)-(11.15d), thus
transforming the nonlinear OP to an MILP that can be solved with standard
software, e.g., [45]. This can be used to formulate a MILP for the evaluation
of the support function of the k-step reachable set for the PWA system (11.1)
with (11.3), i.e. a PWA system with bounded disturbance and an NN-based
controller.

Lemma 11.3. Let the k-step reachable set be defined as in (11.4). Then the MILP

c∗k(v,X ) := max
Xk+1,Uk,Dk,X̃(1)

k ,...,X̃(s)
k ,γ(0),...,γ(k−1)

q(1)(0),...,q(ℓ)(0),...,q(1)(k−1),...,q(ℓ)(k−1)
δ(1)(0),...,δ(ℓ)(0),...,δ(1)(k−1),...,δ(ℓ)(k−1)

vx(k) (11.17a)

s.t. (11.15b)–(11.15d) (11.17b)

with v ∈ R1×n, is such that c∗k(v,X ) = hRDk (X )(v) holds.

Based on the support function hRD1 (X ) of the 1-step reachable set RD1 (X ), we
define an over-approximation

RD1 (X ) := {x ∈ Rn | Cx ≤ hRD1 (X )(C)} (11.18)

with C ∈ Rl×n, which is according to [P6, Lem. 3] such that RD1 (X ) ⊆ RD1 (X )
and hRD1 (X )(C) = hRD1 (X )

(C) hold. The hyperplanes in the matrix C are a de-
sign parameter. A typical choice are hyperplanes that lead to a hypercube, i.e.,
C = (I − I)⊤. By using Lemma 11.3, the set (11.18) can be computed by solv-
ing l-times the MILP (11.17). Moreover, with Lemma 11.3, it is possible to check
whether a given polyhedral set F is RPI. According to Definition 11.1, checking
if a given set is RPI requires verifying the conditionRD1 (F ) ⊆ F . For a polyhe-
dral set F with l hyperplanes, (11.5) holds if and only if hRD1 (F )(H(F )) ≤ h(F ),
which can be verified by solving l-times the MILP (11.17).

11.4 Analysis of PWA systems with bounded
disturbances and NN-based controllers

The analysis in this section is based on the over-approximation

RDk (F ) := RD1 (R
D
1 (. . .RD1︸ ︷︷ ︸

k times

(F ))) (11.19)
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with RD0 (F ) := F of the k-step reachable set (11.4). According to [P6, Lem. 5]
and [P6, Cor. 4] the set RDk (F ) is such that

RDk (A) ⊆ R
D
k (A) for all k ∈N0 and (11.20a)

R1(A) ⊆ R1(B) for A ⊆ B. (11.20b)

These two features are crucial for the following results and are often used in
the proofs. The over-approximation (11.19) builds on the repeated computa-
tion of the one-step reachable set. Thus, evaluating the support function of
RDk̂ (F ) requires to solve the MILP (11.17) with k = 1 and N1 := s + ∑ℓ

i=1 piwi
binary variables k̂-times. Whereas evaluating the support function of RD

k̂
(F )

requires solving a larger MILP (11.17) with k = k̂ and thus k̂N1 binary variables
only once. Meaning the computational complexity of evaluating the support
function of RDk̂ (F ) grows linearly with k̂, whereas for RD

k̂
(F ) it grows in

the worst case exponentially with k̂, due to the increasing number of binary
variables. Thus, for computational reasons, all results are formulated for the
over-approximation (11.19) of the k-step reachable set (11.4). However, since
the following proofs apply to sets satisfying the conditions (11.20), the results
still hold if RDk (F ) is replaced by the exact k-step reachable set RDk (F ).

11.4.1 Computation of a safe set

We start with computing a large RPI set in which the closed-loop system can
be operated safely, i.e., without violating any constraints, for all time. The
largest set with the required specifications is the maximum RPI set. However,
this set cannot be computed using the techniques introduced in Section 11.3.
Therefore, inspired by [P6, Alg. 1] we define the following set

Fk+1 = RD1 (Fk) ∩ X with F0 := X . (11.21)

Proposition 11.4. Let Fk be as in (11.21) and assume that there exists a k∗ such that
RDk∗+1(X ) ⊆ X . Then, there exist a k̂ ≤ k∗ such that Fmax := Fk̂ is a RPI set with
Fmax ⊆ X .

Proof. We first note that Fk ⊆ R
D
k (X ) and Fk+1 ⊆ Fk ⊆ X for all k ∈ N0.

Thus we have

RD1 (Fk∗) ⊆ R
D
1 (R

D
k∗(X )) = RDk∗+1(X ) ⊆ X (11.22)

which implies

RD1 (Fk∗)⊆R
D
1 (Fk∗)=R

D
1 (Fk∗) ∩ X =Fk∗+1⊆Fk∗ . (11.23)

As apparent from (11.22) and (11.23) Fk∗ is RPI if RD1 (Fk∗) ⊆ X holds. Thus
the condition RDk∗+1(X ) ⊆ X is only sufficient for Fk∗ to be RPI, i.e., there may
exist a k̂ ≤ k∗ for which Fk̂ is RPI. ■
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According to Proposition 11.4, a large RPI set can be computed by iterating
(11.21) until RD1 (Fk) ⊆ Fk holds and thus Fk is RPI. This is the case after, at
most, k∗ iterations.

11.4.2 Computation of a terminal set

The next step is to compute a small terminal set, which is RPI and to which
all trajectories starting in Fmax converge. For stable linear systems, a set with
the required specifications is given by the minimal RPI set Rmin := RD∞(0),
which is typically not finitely determined. Thus, often RPI over-approxima-
tions Rmin := (1 + ϵ)RDk (0) with ϵ > 0 are considered, where k is chosen
depending on ϵ such that Rmin is RPI and an over-approximation of the mini-
mal RPI set (cf. [100]). However, the set Rmin can only be used as terminal set
if there exists a k with RDk (Fmax) ⊆ Rmin, which is not guaranteed for PWA
systems. Thus, there may exist Rmin that are not reachable for the closed-loop
system from Fmax. Therefore, we alternatively consider the set

Rmin := RDk (Fmax) (11.24)

where k is chosen so that

1
1 + ϵ

RDk (Fmax) ⊆ RD1
(

1
1 + ϵ

RDk (Fmax)

)
(11.25)

holds for a given ϵ > 0. Then, according to [P6, Prop. 7], Rmin is an RPI
over-approximation of RD∞(Fmax) with

RD∞(Fmax) ⊆ Rmin ⊆ (1 + ϵ)RD∞(Fmax).

Moreover, since x(k) ∈ RD
k
(Fmax) ⊆ RDk (Fmax) = Rmin holds for all x(0) ∈

Fmax and k ≥ k, all trajectories starting in Fmax will enter and remain in Rmin
after at most k time steps. Thus the set Rmin is reachable for the closed-loop
system for all x(0) ∈ Fmax.

11.4.3 Stability of the closed-loop system

Now, we combine the previous results to state one of the main results of this
section that proves stability of the set Rmin for the PWA system with bounded
disturbance (11.1) and NN-based controller (11.3). Where stability of a set is
defined based on [137, Sec. 1] as follows: A set T is (Lyapunov) stable if for
every ϵ > 0, there exists a δ > 0 such that, if d(x(0), T ) < δ, then d(x(k), T ) < ϵ

for all k ∈ N0. If T is stable and lim
k→∞

d(x(k), T ) = 0 holds for all x(0) ∈ F ,

then T is asymptotically stable with region of attraction F .
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Theorem 11.5. Let Fmax and Rmin by defined as in Proposition 11.4 and (11.24),
respectively and assume that

αRDk (Fmax) ⊆ RDk−1(Fmax) (11.26)

holds for α > 1. Then, the set Rmin is asymptotically stable for the system (11.1)
with u(k) = Φ(x(k)). The region of attraction is Fmax. Moreover, x(k) ∈ X and
u(k) ∈ U holds for all k ∈N0 with x(0) ∈ Fmax.

Proof. Since Fmax ⊆ X is an RPI set for the closed-loop system (11.16a), we
have for all x(0) ∈ Fmax that x(k) ∈ Fmax ⊆ X holds for all k ∈ N. Moreover,
by assumption we then have Φ(x) ∈ U for all x ∈ X and thus Φ(x(k)) ∈ U
for all k ∈ N0. To prove asymptotic stability, we first define δmax := max δ

subject to RDk (Fmax) ⊕ Bδ ⊆ αRDk (Fmax) and choose δ = min{ϵ, δmax} with
ϵ > 0. Note that δmax can be explicitly computed using the support function
and is given by δmax = (α − 1)minη hRDk (Fmax)

(η). For polyhedral RDk (Fmax)

with hyperplanes C, δmax simplifies to δmax = (α− 1)mini hRDk (Fmax)
(Ci). Since

α > 1 and RDk (Fmax) has, due to RDk (0) ⊆ R
D
k (Fmax), a nonempty interior, we

have δmax > 0. We further have

RDk
(
RDk (Fmax)⊕Bδ

)
⊂ RDk (Fmax)⊕Bδ ⊆ R

D
k (Fmax)⊕Bϵ (11.27)

for all k ∈ N, for all ϵ > 0 and δ = min{ϵ, δmax}. For k = 1, (11.27) holds due
to

RD1
(
RDk (Fmax)⊕Bδ

)
⊆ RD1 (αR

D
k (Fmax)) ⊆ RDk (Fmax)

⊂RDk (Fmax)⊕Bδ ⊆ R
D
k (Fmax)⊕Bϵ

for all ϵ > 0 and δ = min{ϵ, δmax} ≤ ϵ. Thus, (11.27) holds for one i. For
k = i + 1 we have

RD1
(
RDi

(
RDk (Fmax)⊕Bδ

))
⊆ RD1

(
RDk (Fmax)⊕Bδ

)
⊂RDk (Fmax)⊕Bδ ⊆ R

D
k (Fmax)⊕Bϵ

for all ϵ > 0. As a result, (11.27) holds for all k ∈ N. Now, if d(x(0),Rmin) <

δ, then x(0) ∈ RDk (Fmax) ⊕ Bδ. Consequently, according to (11.27) we have
x(k) ∈ RDk

(
RDk (Fmax)⊕ Bδ

)
⊆ RDk

(
RDk (Fmax)⊕ Bδ

)
⊂ RDk (Fmax)⊕ Bϵ and

thus d(x(k),Rmin) < ϵ for all k ∈ N and for all ϵ > 0. For k = 0 we directly
obtain d(x(0),Rmin) < δ ≤ ϵ. Thus, in summary for every ϵ > 0 there exist a
δ = min{ϵ, δmax} such that if d(x(0),Rmin) < δ, then d(x(k),Rmin) < ϵ for all
k ∈ N0. This proves stability of the system. Since RD

k
(Fmax) ⊆ RDk (Fmax) =

Rmin hold, we further have x(k) ∈ Rmin for all x(0) ∈ Fmax and for all k ≥
k. Therefore lim

k→∞
d(x(k),Rmin) = 0 for all x(0) ∈ Fmax and thus Rmin is

asymptotic stable with region of attraction Fmax. ■
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11.4.4 Analysis of nonlinear systems

The proposed approach for reachability analysis can be used to analyze nonlin-
ear systems that can be approximated by PWA systems with bounded additive
disturbances. Therefore, we define the k-step reachable set of the nonlinear
system

x(k + 1) = f (x(k), u(k)) (11.28)

with an NN-based controller as in (11.3) as follows

Rk(F ) :={x+∈Rn | x+= f (x, Φ(x)), x∈Rk−1(F )}.

with R0(F ) = F and state a result that relates the reachable sets of (11.28) and
the reachable sets of (11.1).

Lemma 11.6. Assume RD1 (F ) ⊆ F ⊆ X and that f (x, u) − f PWA(x, u) ∈ D(i)

holds for all x ∈ X and for all u ∈ U . Then Rk(F ) ⊆ RDk (F ) for all k ∈N0.

Combining this lemma with the results stated in the sections 11.4.1 and
11.4.2 shows that the nonlinear system (11.28) is uniformly ultimately bounded
(UUB) in the sense of [99, Def. 2.4]: A system is denoted as ultimately bounded
in the C-set T (i.e., a convex and compact set containing the origin in its in-
terior), uniformly in F , if for every initial condition x(0) ∈ F , there exits a
k∗(x(0)) such that x(k) ∈ T holds for all k ≥ k∗(x(0)).

Theorem 11.7. Let Fmax and Rmin by defined as in Proposition 11.4 and (11.24),
respectively and assume that f (x, u)− f PWA(x, u) ∈ D(i) holds for all x ∈ X and for
all u ∈ U . Then, the system (11.28) with u(k) = Φ(x(k)) is ultimately bounded in
Rmin, uniformly in Fmax. Moreover, x(k) ∈ X and u(k) = Φ(x(k)) ∈ U holds for
all k ∈N0.

Proof. Since we have RD1 (Fmax) ⊆ Fmax ⊆ X and f (x, u)− f PWA(x, u) ∈ D(i)

for all x ∈ X and for all u ∈ U Lemma 11.6 applies here. In combination with
(11.20a) this results in Rk(Fmax) ⊆ RDk (Fmax) ⊆ RDk (Fmax) for all k ∈ N0.

Thus we have R1(Fmax) ⊆ RD1 (Fmax) ⊆ RD1 (Fmax) ⊆ Fmax, i.e. Fmax is PI for
the nonlinear system (11.28) with NN-based controller (11.3). Therefore, we
have x(k) ∈ Fmax ⊆ X for all k ∈ N0 and by assumption Φ(x(k)) ∈ U for all
k ∈ N0. The nonlinear system with (11.3) will further converge to Rmin for all
x(0) ∈ Fmax, since we have x(k) ∈ Rk(Fmax) ⊆ RDk (Fmax) ⊆ RDk (Fmax) =

Rmin for all k ≥ k and x(0) ∈ Fmax. This proves that the system (11.28) with
u(k) = Φ(x(k)) is ultimately bounded in Rmin, uniformly in Fmax. ■

11.5 Case studies

In the case study, we consider two different cases. The first case is a PWA
system with bounded additive disturbance controlled by an NN-based con-
troller that approximates the MPC control law of the undisturbed system. In
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the second case study, we consider a nonlinear system approximated by a PWA
system.

11.5.1 PWA system with additive disturbance

Consider the OCP [P6, Eq. 2] for a nominal PWA system, i.e, with d(k) = 0 for
all k ∈N0 of the form (11.1) with

A(1) =

( −0.04 −0.461
−0.139 0.341

)
, A(2) =

(
0.936 0.323
0.788 −0.049

)
,

A(3) =

(−0.857 0.815
0.491 0.62

)
, A(4) =

(−0.022 0.644
0.758 0.271

)
,

B(1) = B(2) = B(3) = B(4) =
(
1 0

)⊤ ,

H(1) =

(−1 0
0 −1

)
, H(2) =

(−1 0
0 1

)
,

H(3) = −H(1), H(4) = −H(2), h(1) = h(2) = h(3) = h(4) = 0, p(1) = p(2) =
p(3) = p(4) = 0, Q = P = I, R = 1, and N = 10 from [101, Sec. 7] with
the additional constraints ∥x(k)∥∞ ≤ 10 for all k ∈ {0, . . . , N} and |u(k)| ≤ 1
for all k ∈ {0, . . . , N − 1}. We solved the OCP for 1000 randomly sampled
x ∈ X to generate a data set with the feasible points (x(i), u∗(x(i))), where
u∗(x(i)) is the first element of the optimal input sequence. This data set is
used to train a 3 × 3 maxout NN, i.e., ℓ = 3 and pi = wi = 3 for all i ∈
{1, 2, 3}. Afterwards, we analyzed the PWA system with NN-based controller
and an additive disturbance of ∥d(k)∥∞ ≤ 0.15, i.e, D(i) = {d ∈ Rn | ∥d∥∞ ≤
0.15} for i ∈ {1, . . . , 4} by computing the sets Fmax from Proposition 11.4 and
Rmin (11.24) with ϵ = 10−3. The computation of Fmax terminates after the
first iteration, i.e., Fmax = F1, where we choose C = (I − I) for (11.18).
The computation of Rmin with Ci =

(
cos(π/4(i− 1)) sin(π/4(i− 1))

)
for all

i ∈ {1, . . . , 8} can be seen in Figure 11.1. The black sets illustrate how the
sequence of sets RDi (Fmax) with i ∈ {1, . . . , k} shrinks until (11.25) holds and
the computation terminates with RDk (Fmax) = Rmin (blue set) with k = 51.

Since we have (11.26) for α = 1 + 9× 10−7, Theorem 11.5 applies here. This
means that all trajectories of the PWA system with disturbance starting in Fmax
remain in that set and enter the stable set Fmin after a finite number of time
steps. This is illustrated in Figure 11.2, where the green and blue “tubes”
represent 100 trajectories with random disturbance for each of the two initial
states x(0) = (−7.30 8.52)⊤ and x(0) = (−7.30 − 10)⊤, respectively. As appar-
ent from the figure, even with disturbance, the state constraints are satisfied,
and all simulated trajectories enter Rmin (small black set). Moreover, we can
observe an interesting phenomenon. For some blue trajectories, the additive
disturbance causes them to be in a different region of the PWA function than
the nominal system at the respective time step. This leads to the significant
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Figure 11.1. Illustration of the computation of the set Rmin = RDk (Fmax) in
blue starting from the set Fmax in green. The black sets illustrate the shrinking
sequence of sets RDi (Fmax) with i ∈ {1, . . . k − 1} during the computation
of Rmin. The computation terminates with the set RDk (Fmax) = Rmin when
(11.25) holds.

deviation between the nominal trajectory (black) and disturbed blue trajecto-
ries shortly before the set Rmin. However, since the computation of the RPI
sets Fmax and Rmin is based on reachable sets (cf. Figure 11.1) of the disturbed
PWA system, these cases are included in the analysis.

Figure 11.2. The green and blue “tubes” illustrate in each case 100 trajectories
of the closed-loop system with a random additive disturbance ∥d(k)∥∞ ≤ 0.15
in every time step. The black lines represent trajectories of the nominal sys-
tem (i.e. d(k) = 0). The small set around the origin is Rmin and the box
[−7.3, 8.91]× [−10, 8.52] is the set Fmax. The thick grey lines indicate the re-
gions of the PWA system.

11.5.2 PWA approximation of a nonlinear system

We consider a system of the form (11.28) with

f (x, u)=
(

1 1
0 1

)
x+
(

0.5
1

)
u+
(

0.025
0.025

)
x⊤x, (11.29)
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which is the nonlinear double integrator from [102, Sec. 6]. We solved the OCP
from [140, Sec. IV] with the constraints ∥x(k)∥∞ ≤ 6 and |u(k)| ≤ 2 for 900
initial values x = x(0) ∈ X on a regular grid of size 30× 30 with x1 and x2 from
−6 to 6 to generate a data set with feasible points (x(i), u∗(x(i))) where u∗(x(i))
is the first element of the optimal input sequence. The data set is used to train a
5× 5 maxout NN, i.e., ℓ = 5 pi = wi = 5 for all i ∈ {1, . . . , 5}. For analyzing the
closed-loop system with the methods from 11.4.4, we approximate the system
dynamics of the nonlinear double integrator by a PWA function f PWA(x, u) :
Rn+m → Rn with 9 regions. The 9 regions divide the state space into a regular
chessboard pattern with a side length of 4, i.e., P (i) = {(x⊤ u)⊤ | ∥x∥∞ ≤ 2}⊕
{(x⊤ u)⊤ | x = (k l)⊤}where the tuple (k l) takes the 9 values from {−4, 0, 4}×
{−4, 0, 4}. In each region, we performed a least squares fit of the nonlinear
function (11.29) to compute the parameters A(i), B(i), and p(i) of the PWA
approximation (11.1). Which results in an approximation with a maximum
error of 0.1186, i.e., ∥ f (x, u)− f PWA(x, u)∥∞ ≤ 0.1186 for all (x⊤ u)⊤ ∈ X ×U .
Thus we choose D(i) = {d ∈ Rn | ∥d∥∞ ≤ 0.1186} for all i ∈ {1, . . . , 9}.
Since this leads to a PWA approximation with f (x, u)− f PWA(x, u) ∈ D(i) for
all (x⊤ u)⊤ ∈ X × U , Theorem 11.7 applies here. For the PWA system we
computed the sets Fmax and Rmin with Ci =

(
cos(π/4(i− 1)) sin(π/4(i− 1))

)
for all i ∈ {1, . . . , 8} according to Proposition 11.4 and (11.24). Where the
computation of Fmax terminates after 19 iterations and the computation of
Rmin with ϵ = 10−3 after k = 20 iterations. The validity of Theorem 11.7 can
be observed in Figure 11.3. As apparent from the grey arrows, representing
the evolution of the nonlinear system (11.29) with NN-based controller (11.3),
and the red example trajectory, all trajectories starting in Fmax ⊆ X (green set)
remain in that set and enter and remain in Rmin (blue set) after a finite number
of time steps.

11.6 Conclusions

We presented an extension of MI-based analysis for PWA systems with NN-
based controllers to the case where the PWA system is assumed to be affected
by a bounded additive disturbance. The inclusion of disturbances allows to
certify stability and constraint satisfaction for PWA systems with bounded ad-
ditive disturbances and NN-based controllers (cf. Theorem 11.5) and UUB of
nonlinear systems approximated by PWA systems (cf. Theorem 11.7).

Appendix

Proof of Lemma 11.2

For XK+1, UK, DK, X̃(1)
K , ..., X̃(s)

K subject to (11.10), (11.12b), (11.12c), and (11.14a)
we have x(k+ 1) = fPWA(x(k), u(k)) + d(k) for all k ∈ {1, . . . , K− 1} and for all
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Figure 11.3. Nonlinear double integrator with an NN-based controller. The
grey arrows represent the evolution of the closed-loop system within the set
Fmax (green set). The red line represents a trajectory x(0), . . . , x(k) of the sys-
tem (11.29) with (11.3) starting at x(0) = (5.5 − 1.5)⊤. The small sets around
the states x(i) are the reachable sets RDi

(
{x ∈ Rn | x = (5.5 − 1.5)⊤}

)
with

i ∈ {1, . . . , k} in which the disturbed PWA system (which is an approximation
of (11.29)) and thus the nonlinear system is guaranteed to be in time step i.
Thick grey lines represent the regions of the PWA system.

x(0) ∈ Rn, according to [47, Sec. 3.1]. Since the relation (11.11) holds for (11.10)
we further infer that d(k) ∈ D(i) (11.16b) is equivalent to (11.14b). Moreover,
with (11.9) and (11.15c) we have Φ(q(0)(k)) = Φ(x(k)) = W (ℓ+1)q(ℓ)(k) +
b(ℓ+1) according to [P3, Lem. 2]. Combining this with (11.15d) finally results
in x(k + 1) = fPWA(x(k), Φ(x(k))) + d(k) (11.16a) for all k ∈ {1, . . . , K− 1} and
for all x(0) ∈ Rn, which completes the proof. ■

Proof of Lemma 11.3

According to Lemma 11.2 the constraints (11.15b)–(11.15d) can be replaced by
(11.16). Thus, the MILP (11.17) becomes

c∗k(v,X ) = max
Xk+1,Dk

vx(k)

s.t. x(0) ∈ X = R0(X )

x(j + 1) = A(i)x(j) + B(i)Φ(x(j)) + p(i) + d(j)
d(j) ∈ D(x(j))

for all j ∈ {0, . . . , k − 1}. By using the definition (11.4), we can replace the
constraints for j = 0 and x(0) ∈ R0(X ) by x(1) ∈ RD1 (X ). Then we can replace
the constraints for j = 1 and x(1) ∈ R1(X ) by x(2) ∈ RD2 (X ). Continuing in
this way, we can successively replace all constraints until only x(k) ∈ RDk (X )
remains. This finally results in

c∗k(v,X ) = max
x(k)

vx(k) s.t. x(k) ∈ RDk (X ),
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which is by definition the support function of RDk (X ) evaluated for v, i.e.,
c∗k(v,X ) = hRDk (X )(v). ■

Validity of Lemma 11.6

We first prove the following intermediate result.

Lemma 11.8. Let f (X ,U ) and fDPWA(X ,U ) be defined as f (X ,U ) :={x+∈Rn | x+=

f (x, u), x ∈ X , u ∈ U} and fDPWA(X ,U ) := {x+ ∈ Rn | x+ = f PWA(x, u) + d, x ∈
X , u ∈ U , d ∈ D(i)}, respectively. Further assume that f (x, u)− f PWA(x, u) ∈ D(i)

for all x ∈ X and for all u ∈ U . Then, f (F ,G) ⊆ fDPWA(F ,G) for F ⊆ X and
G ⊆ U .

Proof. We need to prove that if x+ ∈ f (F ,G) then x+ ∈ fDPWA(F ,G). For
x+ ∈ f (F ,G) we have

x+ = f (x, u), x ∈ F , u ∈ G. (11.31)

By assumption there exist a d = f (x, u)− f PWA(x, u) ∈ D(i) for all x ∈ F ⊆ X
and for all u ∈ G ⊆ U . Thus (11.31) can be reformulated as follows

x+ = f PWA(x, u) + d, x ∈ F , u ∈ G, d ∈ D(i),

which is exactly the definition of fDPWA(F ,G), i.e., we have x ∈ fDPWA(F ,G) if
x ∈ f (F ,G) for X ⊆ F and G ⊆ U . Thus f (F ,G) ⊆ fDPWA(F ,G) holds for
F ⊆ X and G ⊆ U . ■

Now, we use the intermediate result to prove Lemma 11.6.

Proof of Lemma 11.6

We prove the claim by induction. For k = 1 we have

R1(F )={x+∈Rn | x+= f (x, u), x∈F , u∈U , u=Φ(x)}
= f (F ,G)

with G := {u ∈ Rm | u ∈ U , u = Φ(x)} ⊆ U and F ⊆ X . Then we have
according to Lemma 11.8

f (F ,G) ⊆ fDPWA(F ,G)
= {x+ ∈ Rn | x+ = f PWA(x, u) + d,

x∈F , u∈U , u = Φ(x), d∈D(i)} = RD1 (F )

In summary R1(F ) ⊆ RD1 (F ) holds for F ⊆ X . For k = i + 1 we have
R1(Ri(F )) ⊆ R1(RDi (F )) ⊆ RD1 (RDi (F )) = RDi+1(F ) and thus Ri+1(F ) ⊆
RDi+1(F ) if RDi (F ) ⊆ X , which is satisfied since F ⊆ X is RPI by assumption.
This proves thatRk(F ) ⊆ RDk (F ) holds for all k ∈N0 and for RPI sets F ⊆ X .
■
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approximations with leading integer
coefficients for efficient encrypted
implementations∗
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Abstract. Computations on encrypted data can, in principle, be performed
using homomorphic encryption. However, due to certain limitations, only al-
gorithms based on polynomial functions can be efficiently implemented in an
encrypted setting. Consequently, polynomial approximations of non-polynomial
functions are essential for efficient encrypted computations. In particular, low-
to moderate-degree polynomial approximations of activation functions in neu-
ral networks are of special interest.

We show that the accuracy of encryption-friendly approximations can be im-
proved through a simple yet effective extension of state-of-the-art methods.
Specifically, we show that enforcing a leading integer coefficient enables the
use of polynomials of one degree higher than all existing approaches. Incorpo-
rating this novel integer constraint into classical regression problems initially
leads to mixed-integer programs (MIPs). However, we develop tailored solu-
tion schemes that avoid MIP solving. Using these schemes, we compute new
polynomial approximations for various test cases and demonstrate the effec-
tiveness of our method compared to existing approaches.
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12.1 Introduction and problem statement

Homomorphic encryption (HE) enables computations on encrypted data (see [141]
for an overview). The unique capability of encrypted computations has un-
locked a wide range of fascinating real-world applications across various fields
such as privacy-preserving machine learning (ML) [72, 142], secure cloud com-
puting [143], encrypted database queries [144, 145], encrypted financial ser-
vices [146, 147], secure energy grid management [148, 149], secure voting sys-
tems [150], and encrypted control of networked systems [151]. In all these
applications, HE enables new exciting features such as learning on encrypted
data, encrypted regression, encrypted classification, or encrypted decision mak-
ing.

Yet, while the number and performance of homomorphically encrypted ap-
plications is increasing, encrypted computations are still challenging. In fact,
the set of available operations offered by HE schemes is typically quite lim-
ited and mainly includes encrypted multiplications and additions. Moreover,
the number of consecutive encrypted multiplications (or, more precisely, the
multiplicative depth) is usually restrictive [71]. These limitations hinder the
encrypted evaluation of many functions or algorithms. Nevertheless, polyno-
mials of moderate degree can be evaluated efficiently on encrypted data. As
a consequence, accurate polynomial approximations of non-polynomial func-
tions are currently intensively investigated in the context of encrypted imple-
mentations [152, 153]. In particular, due to their heavy usage in ML, popular
activation functions in artificial neural networks such as rectified linear units
(ReLU) [72, 92], sigmoid functions [154], or hyperbolic tangent are of special
interest. The recent ReLU approximation challenge [155] underlines the sig-
nificance of this research field even for commercial applications. In addition,
polynomial approximations are relevant for further methods in encrypted ML,
like logistic regression [156, 157] and are also utilized in other fields such as
encrypted control [94].

Given the demand for effective polynomial approximations in the context
of HE, our problem of interest can be formalized as follows. We aim for
encryption-friendly polynomials of the form

p(x) := c0 + c1x + · · ·+ cnxn (12.1)

approximating functions f (x) on closed, non-empty intervals [a, b]. Now, for
implementing (12.1) in an encrypted fashion using an HE scheme allowing for
a multiplicative depth d ∈ N, a tree-based realization – also known as expo-
nentiation by squaring – is the current standard. It allows for implementing
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Figure 12.1. Computational circuits with multiplicative depth d = 2 for (a) a
monomial of degree 3 = 2d − 1 with a generic coefficient and (b) a monomial
of degree 4 = 2d with an integer coefficient.

monomials of degree up to n = 2d − 1 with generic coefficients ci ∈ R [44], as
illustrated in Figure 12.1.a for the example of c3x3 and d = 2. In this paper,
we propose a new method for increasing the degree of polynomials that can
be implemented in an encrypted fashion under a multiplicative depth d from
2d − 1 to 2d. For moderate multiplicative depths such as d ∈ {1, 2, . . . , 5}, this
additional degree can make a significant difference as we illustrate with vari-
ous numerical examples in Section 12.4. To the best of the authors’ knowledge,
such an approach has not been considered in the existing literature.

Technically, our method builds on restricting the polynomial’s leading coef-
ficient cn to the set of integers Z. In fact, as illustrated in Figure 12.1.b and
detailed in Section 12.2.1, cnxn can then be evaluated via xn + · · · + xn with
no additional multiplication. Now, as specified in Section 12.2.2, searching
for optimal cn ∈ Z in the context of regression problems initially leads to
mixed-integer programs (MIPs). However, we show that the resulting MIPs
can be solved efficiently by solving only continuous (i.e., non-integer) opti-
mization problems (OP). Remarkably, as presented in Section 12.3, our method
can also be adapted to Chebyshev regression, which significantly extends its
applicability. In summary, our main contributions are (i) a novel approach
for encryption-friendly polynomial approximations building on leading inte-
ger coefficients, (ii) an efficient procedure for identifying optimal cn ∈ Z, and
(iii) an illustration of the effectiveness of our method with various numerical
examples. Before detailing our approach in the following sections, we briefly
specify relevant notation.

Notation. We denote natural numbers, the set of integers, and real numbers
by N, Z, and R, respectively. Furthermore, with ⌊·⌋, ⌈·⌉, and ⌊·⌉, we refer
to rounding down, rounding up, and rounding to the nearest integer (with
rounding towards zero in case of tie).
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12.2 Optimal polynomial approximations with
leading integer coefficients

As summarized in the introduction, we are aiming for effective polynomial
function approximations of the form (12.1) in the context of encrypted im-
plementations. We briefly motivated that, given this special context, leading
integer coefficients are beneficial. We specify this benefit in Section 12.2.1 be-
fore discussing the resulting regression problem and our proposed solution in
Section 12.2.2.

12.2.1 Benefit of leading integer coefficient

In HE schemes, the multiplicative depth d ∈ N is typically limited. It refers
to the maximum number of consecutive encrypted multiplications supported
by the given scheme. More precisely, assuming the desired computations are
specified by a computational circuit as in Figure 12.1, then d is an upper limit
for the number of multiplications (i.e., nodes “×” in Fig. 12.1) along any di-
rected branch from an input node to an output node. If this limit is exceeded,
computations usually lead to (highly) erroneous results. As a consequence,
sticking to the limit is mandatory in encrypted computations.

Unsurprisingly, a limited multiplicative depth implies a limit on implementable
monomials cnxn. For instance, naively computing cnxn via cn × x × · · · × x
requires n consecutive multiplications. The number of consecutive multiplica-
tions required to evaluate a monomial cnxn can be easily reduced in optimized
implementations. It is well-known that, for generic coefficients cn ∈ R, a tree-
based realization requires the fewest possible number of consecutive multipli-
cations and allows evaluating monomials of degree up to n = 2d − 1 given a
multiplicative depth d. For instance, given d = 2, we can evaluate c3x3 via
(c3 × x)× (x× x) as illustrated in Figure 12.1.a. Analogously, given d = 3 and
defining t := (x × x), we can evaluate c7x7 via [(c7 × x) × t] × [t × t], where
terms in round brackets are evaluated at depth 1 and terms in square brackets
at depth 2 (cf. Fig. 12.1). Up to now, this approach has built the basis for poly-
nomial approximations in homomorphically encrypted computations. How-
ever, an improved realization of polynomials of degree up to n = 2d is possible
when the leading coefficient cn is an integer, as proposed by our approach and
detailed below.

In fact, if cn ∈ Z, then one of the consecutive multiplications for computing
cnxn can be avoided and replaced by additions (which are not limited by the
multiplicative depth). For instance, after having computed xn using the classi-
cal tree-based approach, cnxn can be evaluated via xn + · · ·+ xn. Remarkably,
tree-based approaches can also be utilized to compute this summation more
efficiently. For example, 4x2 can be calculated via s + s with s := x2 + x2 (be-
ing computed as in Fig. 12.1.b) using only two consecutive additions instead of
three as for the naive approach. In general, for integer cn, cnxn can be evaluated
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using ⌈log2(cn)⌉ additions, which is important if larger cn ∈ Z are considered.
In summary, integer cn are beneficial for encrypted implementations of poly-
nomials as they allow to increase the implementable degree by one. However,
as discussed next, efficiently designing polynomials with cn ∈ Z for approxi-
mating non-polynomial functions is non-trivial.

12.2.2 Efficient polynomial regression with leading integer
coefficient

In order to leverage the increased polynomial degree in polynomial regression,
we have to ensure cn ∈ Z. In principle, including this novel constraint is
straightforward. In fact, assume N sampling points xi are given and consider
any standard regression problem of the form

min
c0,...,cn

J(c0, . . . , cn, x1, . . . , xN). (12.2)

Then, adding the integer constraint cn ∈ Z results in the desired restriction.
For standard performance measures such as the mean squared error (MSE)

J(c0, . . . , cn, x1, . . . , xN) :=
1
N

N

∑
i=1

( f (xi)− p(xi))
2, (12.3)

the resulting optimization problem is a mixed-integer quadratic program (MIQP),
which can be solved using standard software such as MOSEK [45] or Gurobi [46].
Yet, as we show next, the optimal solution can be derived more efficiently with-
out relying on mixed-integer optimization. In fact, by exploiting that only one
decision variable is restricted to integers, an optimal solution can be found by
solving at most three continuous OP. An appropriate approach can be derived
from the following theorem, whose proof is provided in the appendix.

Theorem 12.1. Assume the cost function J in (12.2) is convex in the coefficients ci
and assume c∗ :=

(
c∗0 , . . . , c∗n

)
is an optimizer for (12.2) (without constraints). Then,

there exists an optimizer ĉ∗ :=
(
ĉ∗0 , . . . , ĉ∗n

)
for the constrained problem

min
ĉ0,...,ĉn

J(ĉ0, . . . , ĉn, x1, . . . , xN) s.t. ĉn ∈ Z. (12.4)

with ĉ∗n = ⌊c∗n⌋ or ĉ∗n = ⌈c∗n⌉.

From Theorem 12.1, we infer the following procedure for solving the MIP (12.4).
Initially, we solve the unconstrained (and continuous) OP (12.2). If the result-
ing optimizer c∗ is such that c∗n ∈ Z, we immediately found a solution to (12.4).
Otherwise, we solve two variants of the OP (12.2), where we fix cn to ⌊c∗n⌋ or
⌈c∗n⌉, respectively. The solution with the smaller cost function value then re-
flects a solution to (12.4). Hence, the MIP (12.4) can indeed be solved by (at
most) three continuous OPs. As we show next, the procedure can even be
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shortened if J is symmetric with respect to the unconstrained optimizer c∗.
Among others, this is the case for the MSE (12.3) and the mean absolute error
(MAE) considered further below in (12.13). A formal proof for the following
theorem is (again) provided in the appendix.

Theorem 12.2. Let J and c∗ be as in Theorem 12.1. Additionally, let J possess the
point symmetry J(c∗ + c) = J(c∗ − c) for every c ∈ Rn+1. Then, there exists an
optimizer ĉ∗ for (12.4) with ĉ∗n = ⌊c∗n⌉.

Clearly, given the symmetry in Theorem 12.2, we can find a solution to (12.4)
by solving at most two continuous OPs. In fact, assuming the solution to
the unconstrained OP (12.2) is such that c∗n /∈ Z, we only need to solve one
additional variant of (12.2), where we fix cn := ⌊c∗n⌉. We conclude this section
by formalizing that solving (12.4) for a certain degree n can only lead to an
improvement (or tie) compared to the optimal solution of the unconstrained
OP (12.2) for a smaller degree.

Corollary 12.3. Consider any positive n̂ ∈N and let ĉ∗ be an optimizer for (12.4) and
n := n̂. Furthermore, let c∗ be an optimizer for (12.2) and an degree n ∈ N smaller
than n̂. Then, J(ĉ∗) ≤ J(c∗), where J refers to the same cost function instantiated for
the two different degrees (but same number of sampling points N).

Proof. Let ∆n > 0 be the difference of the degrees considered for the OPs (12.4)
respectively (12.2). Then, the statement trivially follows from the fact that the
optimizer c∗ augmented by ∆n zeros is feasible for (12.4) and n := n̂. ■

While Corollary 12.3 relates the two optimal cost function values through
a non-strict inequality, in practice, we often observe that including the lead-
ing integer coefficient results in a significant improvement compared to un-
constrained solutions of smaller degree. In such cases, we call the leading
coefficient beneficial according to the following definition.

Definition 12.4. A leading integer coefficient is beneficial, if there exists an optimizer
ĉ∗ for (12.4) with ĉ∗n ̸=0 but none with ĉ∗n=0.

We will illustrate and discuss the existence of beneficial leading integer co-
efficients with numerical examples in Section 12.4. Prior to this, we extend our
results to Chebyshev regression in the following section.

12.3 Extension to Chebyshev regression

From a numerical perspective, not only the integer constraint in (12.4) is chal-
lenging but also the relatively high polynomial degree n of (up to) 2d. A stan-
dard approach addressing the latter issue is to consider more suitable poly-
nomial families rather than the canonical power basis in (12.1). In particular,
fitting Chebyshev polynomials of the form

p̃(z) := c̃0 + c̃1T1(z) + · · ·+ c̃nTn(z) (12.5)
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with Ti(z) referring to the i-th Chebyshev polynomial (of the first kind) typi-
cally works well for high polynomial degrees. This is mainly because Cheby-
shev regression avoids the large growth of higher-order coefficients as often
observed in the canonical power basis. Still, using this approach requires to
map the interval [a, b] onto [−1, 1] using, e.g., the mapping function

g(x) :=
(

x− a + b
2

)
2

b− a
. (12.6)

Formally, (12.2) is then substituted by

min
c̃0,...,c̃n

J̃ (c̃0, . . . , c̃n, g(x1), . . . , g(xN)) (12.7)

and, for MSE-based cost, (12.3) is replaced by

J̃(c̃0, . . . , c̃n, z1, . . . , zN) :=
1
N

N

∑
i=1

(
f (g−1(zi))− p̃(zi)

)2

with
g−1(z) :=

b− a
2

z +
a + b

2
being the inverse mapping to (12.6). Now, solving (12.7) leads to an optimizer
c̃∗. For the implementation of the corresponding polynomial approximation
of f , two scenarios are possible: First, given a sample x, one can compute
z := g(x) via (12.6) and, subsequently, evaluate (12.5). Second, one can expand
p̃(g(x)) in x and, subsequently, evaluate the resulting polynomial for the given
x.

For the encrypted implementation considered here, the first approach is un-
suitable. In fact, mapping x via g would require a multiplication and, hence,
would consume one level of the available multiplicative depth. Thus, we here
focus on the second approach. Regarding the expansion, it is well known that
only the polynomial Tn(z) involves a monomial of the highest degree n. More
specifically, this monomial reads 2n−1zn. Taking the mapping z = g(x) into
account, we find that the leading coefficient of the expanded polynomial (of
the form (12.1)) is given by

cn = c̃n2n−1
(

2
b− a

)n
=

c̃n

2

(
4

b− a

)n
. (12.8)

Combining this observation with our integer constraint cn ∈ Z from above,
leads to the adapted constraint

c̃n

2

(
4

b− a

)n
∈ Z (12.9)

for the OP (12.7). Clearly, this constraint is trivially fulfilled for c̃n = 0. How-
ever, in this case, we also obtain cn = 0, i.e., a polynomial of degree n − 1.
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Satisfying the constraint (12.9) for c̃n ̸= 0 is slightly delicate. In fact, for mod-
erate to high degrees n, the unconstrained OP (12.7) typically leads to c̃∗n with
an absolute value (significantly) smaller than 1. This can be problematic due to
relations between c̃∗n and ĉ∗n implied by Theorems 12.1 and 12.2. In fact, assum-
ing Theorem 12.2 applies, a beneficial leading integer coefficient ĉ∗n ∈ Z \ {0}
can only exist if

c̃∗n
2

(
4

b− a

)n
/∈ [−0.5, 0.5] (12.10)

since, otherwise, applying ⌊·⌉ to the left-hand side of (12.10), results in ĉ∗n =
0. Theorem 12.1 allows to derive a similar condition∗ for the existence of an
optimizer ĉ∗ with ĉ∗n ∈ Z \ {0}, which even applies to asymmetric J. Now,
for small c̃∗n ∈ (−1, 1), condition (12.10) can only be satisfied for large factors
4n/(b− a)n > 1, which requires

b− a < 4. (12.11)

Remarkably, it turns out that (12.11) is indeed necessary for a beneficial leading
integer coefficient for all test cases in the following section.

12.4 Numerical case studies

As previously discussed, Corollary 12.3 implies that our method cannot be
outperformed by any existing approach, as they are all limited to polynomial
approximations of at least one degree lower. Yet, there are cases (specified be-
low) where our method performs equally well as an existing approach. Con-
sequently, the relation in Corollary 12.3 is tight and admits no further im-
provement. Thus, we need numerical experiments to demonstrate the practical
benefit of our method. To this end, we evaluate our method on various test
cases involving different functions, domains, performance measures, and mul-
tiplicative depths. With regard to functions to be approximated, we consider

f1(x) := max{x, 0}, (12.12a)
f2(x) := tanh(5x), (12.12b)

f3(x) :=
1

1 + e−10x (12.12c)

inspired by activation functions commonly used in artificial neural networks.
In fact, (12.12a) refers to a ReLU, while (12.12b) and (12.12c) reflect scaled∗ ver-
sions of the hyperbolic tangent and sigmoid functions, respectively. Regarding

∗According to Thm. 12.1, the left-hand side of (12.10) being not contained in (−1, 1) is suffi-
cient for the existence of an optimizer ĉ∗ with ĉ∗n ∈ Z \ {0}.

∗The scaling is required since the unscaled hyperbolic tangent and sigmoid functions are al-
most linear on the domains considered for the test cases, which renders the approximation
task rather trivial.
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function domains, we consider different intervals [a, b] with a < 0 < b (due
to the link to activation functions) and b− a ≤ 4 due to (12.11). More specifi-
cally, we investigate the intervals I1 := [−2, 2], I2 := [−1, 1], I3 := [−0.5, 0.5],
I4 := [−2, 1], I5 := [−1, 2], I6 := [−1, 0.5], and I7 := [−0.5, 1], where we note
that the first three are symmetric (i.e, a = −b) whereas the others are not. As
performance measures, we consider the MSE (12.3) and the MAE

J(c0, . . . , cn, x1, . . . , xN) :=
1
N

N

∑
i=1
| f (xi)− p(xi)| (12.13)

or, more precisely, their counterparts for Chebyshev regression. Regarding
the multiplicative depth, we take d ∈ {1, 2, 3, 4, 5} and the corresponding max-
imum polynomial degrees n := 2d into account. Finally, regarding the number
of sampling points, we consider N := 10n points on a regular grid in each
case. In summary, we consider 3× 7× 2× 5 = 210 different test cases (reflect-
ing the different combinations of functions, domains, performance measures,
and multiplicative depths).

For each test case, we perform a Chebyshev regression and solve (12.7) sub-
ject to (i) the integer constraint (12.9) and (ii) the restriction c̃n = 0. For the for-
mer, given the symmetry of the performance measures, we use Theorem 12.2
for an efficient solution. Regarding the latter, we note that it reflects the so-
lution to the unconstrained OP of degree n− 1. Having solved both OPs, we
compare the two resulting performances (i.e., optimal function values) and
compute the relative performance improvement resulting from the leading in-
teger coefficient. The corresponding results are presented in Tables 12.1 to
12.6, where each individual table contains data for one function and one per-
formance measure (but all depths d and intervals Ij). In each table, when there
is no improvement for a specific test case, we write “–” instead of “0.0” in order
to highlight the cases, where significant improvements are achieved.

Table 12.1. Performance improvement (in %) for f1(x) and MSE.

d I1 I2 I3 I4 I5 I6 I7

1 − − 92.63 − − − −
2 − − 75.39 − − − −
3 − 47.03 51.39 − − 48.09 48.09
4 − 30.83 30.83 − − 18.36 18.36
5 − 17.03 17.03 − − − −

Now, the data in the tables offers numerous insights. First, the results con-
firm that existing methods never outperform our method, although ties do
occur. Second, we do not observe an improvement for the interval I1 in any
test case. This result is in line with our analysis in Section 12.3 since condition
(12.11) is violated for I1 (due to b − a = 4) and since we indeed find small
c̃∗n ∈ (−1, 1) in every test case. For all other intervals Ij, there exist multiple
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Table 12.2. Performance improvement (in %) for f1(x) and MAE.

d I1 I2 I3 I4 I5 I6 I7

1 − − 73.68 − − 1.09 1.09
2 − − 52.53 − − − −
3 − 34.60 34.67 − − 33.16 33.16
4 − 20.21 20.21 − − 14.89 14.89
5 − 11.15 11.15 2.58 2.58 2.67 2.67

Table 12.3. Performance improvement (in %) for f2(x) and MSE.

d I1 I2 I3 I4 I5 I6 I7

1 − − − − − 59.08 59.08
2 − − − 0.41 0.41 81.86 81.86
3 − − − − − 28.25 28.25
4 − − − 27.63 27.63 70.72 70.72
5 − − − 57.84 57.84 56.27 56.27

Table 12.4. Performance improvement (in %) for f2(x) and MAE.

d I1 I2 I3 I4 I5 I6 I7

1 − − − − − 45.84 45.84
2 − − − 2.58 2.58 58.30 58.30
3 − − − − − 3.41 3.41
4 − − − 1.48 1.48 39.91 39.91
5 − − 0.07 35.69 35.69 42.48 42.48

Table 12.5. Performance improvement (in %) for f3(x) and MSE.

d I1 I2 I3 I4 I5 I6 I7

1 − − − − − 55.00 55.00
2 − − − − − 49.98 49.98
3 − − − − − 5.01 5.01
4 − − − − − 0.07 0.07
5 − − − 52.65 52.65 − −

test cases, where the leading integer coefficient is beneficial. In general, im-
provements are more frequent for smaller intervals (i.e., smaller b− a) and for
higher multiplicative depths d implying higher degrees n. Both are reasonable
with regard to condition (12.10). Another trend is that, although improvements
are more likely for larger values of d, the extent of these improvements tends
to decrease as d increases. This makes sense since the positive effect of an addi-
tional degree diminishes with increasing degrees. To underline the significance
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Table 12.6. Performance improvement (in %) for f3(x) and MAE.

d I1 I2 I3 I4 I5 I6 I7

1 − − − − − 45.84 45.84
2 − − − − − 56.48 56.48
3 − − − − − 3.41 3.41
4 − − − − − 39.91 39.91
5 − − 0.34 35.69 35.69 42.48 42.48
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Figure 12.2. Exemplary comparison of our solution with the current state of
the art for the MSE polynomial regression problem of the ReLU function with
a multiplicative depth of d = 3 on I3.

of the improvements, we visualized the comparison between our solution and
the current state of the art for the MSE regression task of the ReLU function in
Figure 12.2 for d = 3 on I3. The improvement of 51.39% in Table 12.1 due to
the higher polynomial degree is visually detectable.

Apart from the general trends discussed above, we can observe some more
specific trends for the individual functions and intervals. First, note that the
performance measures for the intervals I4 and I5 respectively the intervals I6
and I7 are identical within each row of every table. This observation can be
explained as follows. Clearly, the matching intervals can be transformed into
each other by reflecting them across the origin. Now, the three test functions
offer similar symmetries. In fact, it is easy to see that

f1(x) = f1(−x) + x, (12.14a)
f2(x) = − f2(−x), (12.14b)
f3(x) = − f3(−x) + 1 (12.14c)

for every x ∈ R. As a consequence, whenever we found a polynomial of
degree n ≥ 1 approximating one of the test functions fi on a certain interval
[a, b] with a certain performance measure based on N data points on a regular
grid, using the relations (12.14), we can derive a polynomial of the same degree
which approximates fi on [−b,−a] with the same performance. In fact, for
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degrees n ≥ 1, we can compensate for the “asymmetric offsets” x in (12.14a)
respectively 1 in (12.14c). Hence, it is no surprise that the optimization-based
results in all tables are equivalent for the matching intervals. The relations
(12.14b) and (12.14c) further reveal that f2 and f3(x) − 0.5 are odd functions
(whereas f1(x) − x/2 = |x|/2 is even). Now, polynomial approximations of
odd functions on symmetric intervals tend to yield odd polynomials. As a
consequence, we here find c̃∗n ≈ 0 for almost every test case involving f2 or f3
and any of the intervals I1, I2, or I3. This explains the blocks of “–” in the
Tables 12.3–12.6 (with only few exceptions for d = 5 potentially resulting from
numerical limitations∗). In summary, a beneficial leading integer coefficient
was found in 86 of the 210 test cases. In 70 of the test cases (i.e., one third) the
improvement exceeded 3%.

12.5 Conclusions and outlook

We proposed a simple but effective method for more powerful polynomial
function approximations in the context of HE. More precisely, we showed how
to increase the supported polynomial degree (with respect to a limited mul-
tiplicative depth of the HE scheme) by one compared to state-of-the-art ap-
proaches. As illustrated with a comprehensive numerical case study involving
popular activation functions for (deep) neural network-based machine learn-
ing, this additional degree can lead to significant improvements in approxima-
tion accuracy for low to moderate degree polynomials.

Technically, our approach builds on the consideration of polynomial approx-
imations with leading integer coefficients cn, where n is of the form 2d with
d ∈N. In fact, this feature enables the evaluation of monomials cnxn in an en-
crypted fashion using a HE scheme supporting a multiplicative depth d (which
was impossible before for more general cn ∈ R \Z). Performing a regression
with the restriction cn ∈ Z can be formulated as an MIP and, in principle, be
solved using standard software. Yet, we showed that the solution to the MIP
can also be obtained by solving at most two (for symmetric cost functions J) or
three (for asymmetric J) continuous OP (see Thms. 12.1 and 12.2).

Future work aims for studying the beneficial effect of the novel polyno-
mial approximations when used in compositions as it is the case, e.g., for
privacy-preserving evaluations of deep neural networks or iterative optimiza-
tion solvers.

∗Note that, for d = 5, we have n = 2d = 32. Hence, computing cn from c̃n according to (12.8)
involves the factor 9.22 · 1018. As a consequence, depending on the machine precision, we
may find ⌊c∗n⌉ ̸= 0 also for c̃∗n ≈ 0.
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Appendix

Formal proofs of key results

Proof of Theorem 12.1. The statement of the theorem is trivially satisfied for the
special case c∗n = ⌊c∗n⌋ = ⌈c∗n⌉ ∈ Z. In all other cases, we have ⌊c∗n⌋ < c∗n < ⌈c∗n⌉.
For these cases, we consider a relaxed version of the OP (12.4), where the
constraint ĉn ∈ Z is replaced by

ĉn ∈ {c ∈ R | c ≤ ⌊c∗n⌋} ∪ {c ∈ R | c ≥ ⌈c∗n⌉}. (12.15)

Clearly, this OP can be solved by independently solving

min
c0,...,cn

J(c0, . . . , cn, x1, . . . , xN) s.t. cn ≤ ⌊c∗n⌋ (12.16)

and
min

c0,...,cn
J(c0, . . . , cn, x1, . . . , xN) s.t. cn ≥ ⌈c∗n⌉, (12.17)

and then selecting the solution with the smaller cost function value. Now,
let c∗ and c∗ be optimizers for (12.16) and (12.17), respectively, and assume
J(c∗) ≤ J(c∗), where J(c) is short for J(c0, . . . , cn, x1, . . . , xN). Then, existence
of an optimizer ĉ∗ for (12.4) satisfying ĉ∗n = ⌊c∗n⌋ can be shown as follows. First,
convexity and feasibility of (12.16) implies that the Karush-Kuhn-Tucker (KKT)
conditions are not only sufficient but also necessary for optimality. Hence, any
optimizer c∗ satisfies

∇c J(c∗) +


0
...
0

λ∗

 = 0, (12.18a)

c∗n − ⌊c∗n⌋ ≤ 0, (12.18b)
λ∗ ≥ 0, (12.18c)

λ∗(c∗n − ⌊c∗n⌋) = 0 (12.18d)

with λ∗ ∈ R reflecting the (optimal) Lagrange multiplier. Next, taking (12.18c)
into account, we distinguish the two cases (i) λ∗ > 0 and (ii) λ∗ = 0. In the first
case, we immediately find c∗n = ⌊c∗n⌋ ∈ Z. Hence, c∗ is also feasible for (12.4).
Moreover, since the set on the right-hand side in (12.15) is a superset of Z,
J(c∗) ≤ J(c∗) excludes the existence of an ĉ∗ satisfying J(ĉ∗) < J(c∗). Hence,
ĉ∗ := c∗ is an optimizer for (12.4) with the desired property (i.e., ĉ∗n = ⌊c∗n⌋). It
remains to consider the case λ∗ = 0. In this case, (12.18a) implies ∇c J(c∗) = 0.
Clearly, we also ∇c J(c∗) = 0 for the unconstrained OP (12.2). Hence, due to
convexity of J, we deduce J(c∗) = J(c∗). Furthermore, convexity implies

J((1− α)c∗ + αc∗) ≤ (1− α)J(c∗) + αJ(c∗) = J(c∗) (12.19)
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for every α ∈ [0, 1]. Due to global optimality of c∗, J(c∗) is also a lower bound
for the left-hand side in (12.19) implying

J((1− α)c∗ + αc∗) = J(c∗).

Now, taking c∗n ≤ ⌊c∗n⌋ < c∗n into account, it becomes clear that there exist an
α ∈ (0, 1] such that

ĉ∗ := (1− α)c∗ + αc∗

satisfies ĉ∗n = ⌊c∗n⌋ ∈ Z and J(ĉ∗) = J(c∗). Hence, ĉ∗ is an optimizer for
(12.4) with the desired property. Finally, the case J(c∗) > J(c∗) leading to an
optimizer for (12.4) with ĉ∗n = ⌈c∗n⌉ can be handled analogously. ■

Proof of Theorem 12.2. We already know from Theorem 12.1 that there exists an
optimizer ĉ∗ for (12.4) with ĉ∗n = ⌊c∗n⌋ or ĉ∗n = ⌈c∗n⌉. Hence, it remains to show
that, given the specified symmetry, out of the two options, the nearest integer
⌊c∗n⌉ reflects a solution. To this end, we define the two (non-negative) quantities
∆cn := c∗n − ⌊c∗n⌋ and ∆cn := ⌈c∗n⌉ − c∗n, and first consider ∆cn ≤ ∆cn. Then,
⌊c∗n⌉ = ⌊c∗n⌋. In order to prove the claim, we next show that there does not
exist a c with cn = ⌈c∗n⌉ such that J(c) < J(c) for every c with cn = ⌊c∗n⌋. To do
so, we assume such a c exists and derive a contradiction. Since 0 ≤ ∆cn ≤ ∆cn,
there exists an α ∈ [0, 1] such that α∆cn = ∆cn. Due to convexity of J, we
further have

J((1− α)c∗ + αc) ≤ (1− α)J(c∗) + αJ(c).

Taking J(c∗) ≤ J(c) due to optimality into account, we additionally obtain
J((1 − α)c∗ + αc) ≤ J(c). Now, we define ∆c := c − c∗ and note that (1 −
α)c∗ + αc = c∗ + α∆c. Thus, due to the symmetry of J, we find J(c∗ + α∆c) =
J(c∗ − α∆c). It is easy to see that the (n + 1)-th component of ∆c equals ∆cn.
Thus, the (n + 1)-th component of c∗ − α∆c is c∗n − α∆cn = c∗n − ∆cn = ⌊c∗n⌋. In
summary, c := c∗ − α∆c is such that cn = ⌊c∗n⌋ and

J(c) = J(c∗ + α∆c) = J((1− α)c∗ + αc) ≤ J(c),

which contradicts the assumption on c. The remaining case ∆cn > ∆cn can be
handled analogously. ■
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Chapter 13

On the representation of piecewise
quadratic functions by neural
networks∗

Dieter Teichrib† and Moritz Schulze Darup†

Abstract. Neural networks (NNs) are commonly used to approximate func-
tions based on data samples, as they are a universal function approximator for
a large class of functions. However, choosing a suitable topology in terms of
depth, width, and activation function for NNs that allow for low error approx-
imations is a non-trivial task. For the approximation of continuous piecewise
affine (PWA) functions, this task has been solved by showing that for every
PWA function, there exist NNs with rectified linear unit (relu) and maxout ac-
tivation that allow an exact representation of the PWA function. This connec-
tion between PWA functions and NNs has led to some valuable insights into
the representation capabilities of NNs. Moreover, the connection was used in
control for approximating the PWA optimal control law of model predictive
control (MPC) for linear systems. We show that a similar connection exists
between NNs and continuous piecewise quadratic (PWQ) functions by deriv-
ing topologies for NNs that allow an exact representation of arbitrary PWQ
functions with a polyhedral domain partition. Furthermore, we demonstrate
that the proposed NNs can efficiently approximate the PWQ optimal value
function for linear MPC.

Index Terms. Deep learning, Machine learning, Neural networks, Optimiza-
tion, Predictive control
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13.1 Introduction

Neural networks (NNs) have been successfully applied in many fields, as they
allow the approximation of a large class of functions with arbitrary accuracy
[67]. However, the approximation quality of NNs heavily depends on their
topology, e.g., depth, width, and activation. Choosing these hyperparameters
is often done in a trial-and-error fashion due to the lack of design rules for
many applications. However, for some applications, it is possible to exploit
knowledge of the function to be approximated for choosing a suitable topol-
ogy. For example, in model predictive control (MPC) for linear systems with
quadratic cost and polyhedral constraints, it is well-known that the solution of
the optimal control problem (OCP) leads to a control law that is a piecewise
affine (PWA) function of the state [20]. There are several approaches [6, 16, P6]
where the optimal control law is approximated by an NN to provide a fast eval-
uation without the need to solve an optimization problem (OP) online on the
control device. In this case, it is possible to construct NNs with rectified linear
unit (relu) or maxout activation that theoretically allow an exact representation
of PWA functions [24, 25] and, thus, of the optimal control law [26, P3]. This
connection between NNs and the optimal control law is used in [7] to derive
topologies for NNs that are well-suited for the approximation of the optimal
control law. The connection between NN and PWA functions was also recog-
nized in [158, 159] and used to generate, represent, and approximate arbitrary
PWA functions for circuit design. Thus, for PWA functions, the connection to
NNs has led to some valuable insights into the representation capabilities and
design of NNs. However, these results do not apply to other function types.

In extending the results from the PWA case, a natural next step could be to
search for a link between NNs and continuous piecewise quadratic functions
(PWQ). Finding such a link would enable the design of NNs that allow an exact
representation of PWQ functions and provide design guidelines for choosing
a suitable topology for the approximation of these functions. Apart from the
pure theoretical value of a connection between NNs and PWQ functions, such
a result is also of practical interest in the context of control in cases where
PWQ functions need to be approximated [10], [160], [161]. An application ex-
ample is the use of model-based reinforcement learning (RL) or approximate
dynamic programming (ADP) [3, 27, 76, 77] for MPC to derive a control pol-
icy. In model-based RL and ADP, an optimal value function (OVF) is learned
online and offline, respectively, by some function approximator. The learned
OVF allows for the acceleration of the online evaluation of MPC by reducing
the prediction horizon to one without a significant loss in control performance
[8, 27]. One of the first uses of ADP in control is presented [8], but only for
unconstrained linear systems. In this case, the OVF is a quadratic function that
can be learned by a recursive least squares algorithm [8, Sec. 4]. In MPC for
linear systems with quadratic cost and polyhedral constraints, the OVF is a
continuous and convex PWQ function of the state [20]. Thus, when applying
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ADP to constrained linear systems, a PWQ function has to be learned [27, 77].
In [77], this is done by first clustering sampled data from the OVF and then
fitting a quadratic function to each cluster. Since the quadratic functions are
fitted individually for each cluster, continuity of the resulting PWQ function is
not guaranteed. This may lead to undesired behaviour of the controlled sys-
tem. An alternative approach is presented in [27] where a NN with a PWQ
structure is used to learn the OVF. The PWQ structure of the NN is ensured
by squaring each neuron in the last layer of the NN. The drawback of this ap-
proach is that there are no theoretical results on the representation capabilities
of the resulting NN. Thus, there may exist PWQ functions that cannot be rep-
resented by the NN form [27]. We will overcome the aforementioned issues
by introducing NNs that inherently provide continuity and that can represent
every PWQ function. Another example of PWQ functions in control is the
use of model-free reinforcement learning methods [162], such as Q-learning
[163, 164], where Q-functions are approximated. In MPC for linear systems
with quadratic cost and polyhedral constraints, the Q-function is, as the OVF,
a continuous PWQ function of the state [20]. Thus, in summary, a link be-
tween PWQ functions and NNs could be used to derive suitable topologies
for ADP and reinforcement learning where the OVF and Q-function are PWQ,
e.g., in MPC for linear systems. While there are results on NNs that allow an
exact representation of PWA functions, PWQ functions have rarely been con-
sidered. There are some results [28], [82], [29], [165], [P2] on PWQ functions
for special cases. In [P1] and [P2], it is shown that for one-dimensional PWQ
functions φ : R→ R, there exists relu and maxout NN, respectively, that allow
an exact representation. Moreover, in [28], [82], [29], the authors show that
PWQ functions can be represented in a form that can be interpreted as NN if
the domain partition consists of polyhedral sets and satisfies some regularity
conditions, which are detailed in Section 13.2-13.2.2. However, to the best of
our knowledge, there are no results for the general n-dimensional case with
an arbitrary polyhedral domain partition. The main contribution of this paper
is to address this lack by showing that every continuous PWQ function with
a polyhedral domain partition can be represented exactly by relu and maxout
NNs. Furthermore, we will experimentally validate that NNs that allow an
exact representation of PWQ functions perform better in approximating OVFs
than NNs that do not allow an exact representation.

The paper is organized as follows. In the rest of this section, we introduce
relevant notations. In Section 13.2, we briefly summarize relevant background
on PWQ functions, NNs, MPC, and learning-based control. The theoretical
basis for the main results of the paper is derived in Section 13.3. In Section 13.4,
we use the results from Section 13.3 to derive maxout and relu NNs that allow
an exact representation of PWQ functions with a polyhedral domain partition.
In Section 13.5, we first illustrate the representation of PWQ functions by NNs
using an exemplary PWQ function. Subsequently, we demonstrate the benefits
of the proposed NNs for learning PWQ functions by using them to learn OVFs
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of linear MPC. The paper is concluded in Section 13.6 with a conclusion and a
summary.

13.1.1 Notation

We denote the set of natural, real and positive real numbers by N, R, and R+,
respectively. We refer to the i-th row of a matrix by Qi and the element in the
i-th row and j-th column by Qi,j. The identity matrix of dimension n ∈ N is
denoted by In.

13.2 Preliminaries and background

Throughout the paper, we deal with continuous PWQ functions φ(x) : Ω→ R

of the form

φ(x) :=


φ(1)(x) if x ∈ R(1),

...
...

φ(s)(x) if x ∈ R(s),
(13.1)

with a bounded polyhedral domain Ω ⊂ Rn that is partitioned according to
∪s

i=1R(i) = Ω by s polyhedral regions

R(i) := {x ∈ Rn | h(i)x + b(i) ≤ 0} (13.2)

with d(i) ∈ N hyperplanes specified by h(i) ∈ Rd(i)×n and b(i) ∈ Rd(i) for all
i ∈ {1, . . . , s}. The sets R(i) have non-empty and pairwise disjoint interiors.
We assume without loss of generality that the rows of the matrices h(i) are
normalized, i.e., ||h(i)

j ||2 = 1 for all j ∈ {1, . . . , d(i)} and for all i ∈ {1, . . . , s}.
We define the i-th local function as

φ(i)(x) := x⊤Q(i)x + l(i)x + c(i)

for all i ∈ {1, . . . , s}. Moreover, the function (13.1) is assumed to be continuous,
i.e, φ(p)(x) = φ(r)(x) for all x ∈ R(p) ∩R(r) with (p, r) ∈ N , where

N := {(i, j) ∈ {1, . . . , s}2 | dim(R(i) ∩R(j)) = n− 1}
is the set of indices of neighbouring regions. The matrices Q(i) ∈ Rn×n, the
row-vectors l(i) ∈ R1×n, and the constants c(i) ∈ R reflect the quadratic, linear,
and constant parts of the various local functions. We assume that the matrices
Q(i) are symmetric. Note that this assumption is not restrictive. Even if there
is a quadratic term x⊤Q̃(i)x with a non-symmetric matrix Q̃(i) it is always
possible to construct a symmetric Q(i) = 0.5(Q̃(i)

+ Q̃(i)⊤
) with x⊤Q(i)x =

x⊤Q̃(i)x. We further define the hyperplane separating the regions R(p) and
R(r) with (p, r) ∈ N as

H(p,r) :=R(p)∩R(r)⊂{x ∈ Rn | h(p,r)x+b(p,r)=0}, (13.3)
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where h(p,r) and b(p,r) are rows of the vectors h(p) and b(p), respectively. We
thus have h(p,r)x + b(p,r) ≤ 0 for all x ∈ R(p) as well as h(r,p) = −h(p,r) and
b(r,p) = −b(p,r). Finally, we denote the regions R(p) and R(r) as neighbouring
if (p, r) ∈ N . Although we are considering functions with a one-dimensional
codomain, the results in the following sections can be extended to functions
with a m-dimensional codomain by applying them to each dimension of the
codomain individually.

We will frequently use the following relation from [82, Thm. 1] for continu-
ous piecewise defined polynomials. For two neighbouring regions of the do-
main partition, i.e., (p, r) ∈ N of a continuous piecewise defined polynomial,
there always exists a function g(p,r)(x) such that

φ(p)(x)− φ(r)(x) = e(p,r)(x)g(p,r)(x) (13.4)

holds for all x ∈ Ω, where {x ∈ Rn | e(p,r)(x) = 0} is the boundary separating
the regions R(p) and R(r), i.e., e(p,r)(x) = 0 for all x ∈ R(p) ∩R(r). The rela-
tionship between φ(p)(x) and φ(r)(x) provided by (13.4) allows to derive some
interesting facts. First of all, the order of the polynomial e(p,r)(x) describing
the boundary is, at most, the order of the function φ(x). Second, for the case
considered in the paper, i.e, a PWQ function with a polyhedral domain parti-
tion, e(p,r)(x) = h(p,r)x + b(p,r) is an affine function and thus so is g(p,r)(x) [82].
We thus have

e(p,r)(x) = h(p,r)x + b(p,r) ⇒ g(p,r)(x) = k(p,r)x + d(i,j).

We will use this result in Section 13.3 to derive NNs for representing PWQ
functions. Prior to this, we introduce our notion of NNs.

13.2.1 Neural networks

In general, a multi-layer or deep feed-forward-NN with l ∈ N hidden layers
and wi neurons in layer i can be written as a composition of the form

Φ(ξ) = f (l+1) ◦ g(l) ◦ f (l) ◦ · · · ◦ g(1) ◦ f (1)(ξ). (13.5)

Here, the functions f (i) : Rwi−1 → Rpiwi for i ∈ {1, . . . , l} refer to preactivations,
where the parameter pi ∈N allows to consider “multi-channel” preactivations
as required for maxout (see [21]). The values of max1≤i≤l{wi} and l are referred
to as the width and depth of the NN. Moreover, g(i) : Rpiwi → Rwi stand for
activation functions and f (l+1) : Rwl → Rwl+1 reflects postactivation. The
functions f (i) are typically affine, i.e.,

f (i)(y(i−1)) = W (i)y(i−1) + v(i), (13.6)

where W (i) ∈ Rpiwi×wi−1 is a weighting matrix, v(i) ∈ Rpiwi is a bias vector,
and y(i−1) denotes the output of the previous layer with y(0) := ξ. We will
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summarize the parameters of an NN by θ := {W (1), v(1), . . . , W (l+1), v(l+1)}
and occasionally use the notation Φ(ξ, θ) when we explicitly refer to the de-
pendence of the NN on the weights and biases.

Now, various activation functions have been proposed. We focus here on
PWA activation functions as they provide the most promising basis for our
purpose. Therefore, we consider the relu activation function

g(i)relu(z
(i)) = max

{
0, z(i)

}
:=

max
{

0, z(i)1

}
...

max
{

0, z(i)wi

}
 (13.7)

and the maxout activation function

g(i)max(z
(i)) =


max

1≤j≤pi

{
z(i)j
}

...
max

pi(wi−1)+1≤j≤piwi

{
z(i)j
}
 , (13.8)

where we use the shorthand notation max
1≤j≤pi

{
z(i)j
}

:= max
{

z(i)1 , . . . , z(i)pi

}
. We

will refer to the resulting NNs as relu NNs and maxout NNs, respectively. For
relu and maxout NNs, it is known that they are continuous PWA functions
[25], [21] and thus not suitable for representing PWQ functions. However, in
Section 13.4-13.4.1, we will modify these NNs such that they can be used to
represent continuous PWQ functions.

13.2.2 Representation of PWQ functions

We aim for a representation of continuous PWQ functions in a form that can
be interpreted as NN. Inspired by research on the representation of PWA and
PWQ functions by NN [P1, P2, P6, 70], we investigate under which conditions
we can find a continuous PWA function h(x) : Ω→ R of the form

h(x) :=


h(1)(x) if x ∈ R(1),

...
...

h(s)(x) if x ∈ R(s),
(13.9)

with local functions h(i)(x) := β(i)x + γ(i) for all i ∈ {1, . . . , s} such that

φ(x) = max
1≤i≤s

{φ̃(i)(x)} − max
1≤i≤s

{h(i)(x)} (13.10)

holds for all x ∈ Ω. Where we define

φ̃(x) := φ(x) + h(x) (13.11)
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and φ̃(i)(x) := φ(i)(x) + h(i)(x) for all i ∈ {1, . . . , s}. The representation (13.10)
is particularly well-suited for our purpose due to several reasons. First, the
difference between two max-expressions (13.10) can be represented by a max-
out NN. Moreover, results on the connection between maxout NNs and relu
NNs [25] can then be used to derive relu NN for representing (13.10). The con-
nection between (13.10), relu NNs, and maxout NNs described in [24, 25, 70]
motivates the focus on the activation functions (13.7) and (13.8). We discuss this
connection in more detail in Section 13.4-13.4.1. Second, for certain functions,
it is already known that a representation of the form (13.10) exists. For exam-
ple, for PWA φ(x), i.e., Q(i) = 0 for all i ∈ {1, . . . , s}, the function φ(x) can be
decomposed in the difference of two convex PWA functions [70]. Each of these
convex PWA functions can be represented as the maximum of their local func-
tions, which results in the end in a representation of the form (13.10). In Fig-
ure 13.1-(a), the previously described method for evaluating convex PWA func-
tions is shown. The exemplary function in the figure is evaluated by evaluating
all the local functions, potentially outside their respective domains, for a given
point, here x = −0.15, and subsequently taking the maximum. For the ex-
ample we have φ(x = −0.15) = max{φ(1)(−0.15), φ(2)(−0.15), φ(3)(−0.15)} =
max{0.575, 1, 0.425} = 1.

In principle, PWQ can also be decomposed into the difference of two convex
PWQ functions [166]. However, for the PWQ case, it is not possible to rep-
resent the convex PWQ functions as the maximum of their local functions. In
Figure 13.1-(b), this is illustrated for a convex PWQ function with three regions
where we have φ(x = −0.15) = 0.00225 ̸= 1.3765 = max{0.6865, 0.00225, 1.3765} =
max{φ(1)(−0.15), φ(2)(−0.15), φ(3)(−0.15)}. Thus, a straightforward extension
of the approach used to represent PWA functions in the form (13.10) is not pos-
sible.

(a) (b)

Figure 13.1. Exemplary convex PWA and convex PWQ function with three
regions in (a) and (b), respectively. For both functions, the dashed grey lines
represent the extension of the local functions φ(1)(x), φ(2)(x), and φ(3)(x) out-
side their respective regions R(1) = {x ∈ R| − 2 ≤ x ≤ −1}, R(2) = {x ∈
R| − 1 ≤ x ≤ 1}, and R(3) = {x ∈ R|1 ≤ x ≤ 2}. The local functions are
evaluated for x = −0.15, which is illustrated by the blue vertical line. Only for
the convex PWA function, we have max{φ(1)(x), φ(2)(x), φ(3)(x)} = φ(x).

Nevertheless, there are some results for the representation of continuous
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PWQ functions. In [29], the authors showed that PWQ functions can be rep-
resented in a form that can be interpreted as an NN if the domain partition
is non-degenerate. In a non-degenerate partition, the intersection of any k
hyperplanes that partition the domain is of dimension less or equal to n − k
[83]. This also means that any intersection of more than n hyperplanes must
be an empty set. The results we will derive in this article also hold for the
case where the intersection of k hyperplanes that partition the domain is of di-
mension greater than n− k. Moreover, in [82], it is shown that PWQ functions
can be represented as the sum of relu-like functions if the PWQ functions pos-
sess the so-called consistent variation property [83, Def. 5]. For our case this
means that the function g( p̃,r̃)(x) from (13.4) is the same for all regions R( p̃)

and R(r̃) that are separated by the hyperplane {x ∈ Rn | e(p,r)(x) = 0}. Or
more precisely g(p,r)(x) = g( p̃,r̃)(x) for all x ∈ Rn and for all ( p̃, r̃) ∈ N with
R( p̃) ∩R(r̃) ⊂ {x ∈ Rn | e(p,r)(x) = 0}. Finally, in [81] and [P2], results on the
representation of piecewise polynomial and PWQ functions, respectively, for
n = 1 are presented. In [P2], it is additionally shown that for PWQ functions
with n = 1, there exists a continuous and convex PWA h(x) such that (13.10)
holds.

In Section 13.4, we will extend the results from the literature by showing that
every continuous PWQ function with arbitrary n ∈N can be represented in the
form (13.10). Thus, we will overcome the limitations from the known results as
our representation does not require n = 1, a non-degenerate partition, or the
consistent variation property.

13.2.3 Model predictive control

Classical MPC for linear systems builds on solving an OCP of the form

VN(x) := min
x(0),...,x(N)

u(0),...,u(N−1)

ℓN(x(N)) +
N−1

∑
k=0

ℓ(x(k), u(k)) (13.12)

s.t. x(0) = x,
x(k + 1) = A x(k) + Bu(k), ∀k ∈ {0, ..., N − 1},

(x(k), u(k)) ∈ X × U , ∀k ∈ {0, ..., N − 1},
x(N) ∈ T

in every time step κ ∈ N for the current state x̂(κ) = x ∈ Rn. Here, N ∈ N

refers to the prediction horizon and

ℓN(x) := x⊤Px and ℓ(x, u) := x⊤Qx + u⊤Ru

denote the terminal and stage cost, respectively, where the weighting matrices
P ∈ Rn×n, Q ∈ Rn×n, and R ∈ Rm×m are positive (semi-) definite. The dynam-
ics of the linear prediction model are described by A ∈ Rn×n and B ∈ Rn×m.
The state and input constraints are given by the polyhedral sets X ⊂ Rn and
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U ⊂ Rm. Finally, the set T ⊂ Rn is a terminal set that may be used to enforce
closed-loop stability (see [48] for details). For the considered setup, it is well-
known that the control policy π : FN → U with π(x) := u∗(0) is a continuous
PWA function of the form (13.9) with domain Ω = FN where FN ⊆ X is the
feasible set of (13.12) [20, Thm. 4]. Moreover, the OVF VN(x) is a continuous
and convex PWQ function of the form (13.1) with domain Ω = FN.

Typically, when MPC is applied to a system, the OCP (13.12) is solved in
every time step κ for the current state x̂(κ) and only the first element u∗(0) of
the optimal input sequence is applied to the system. Thus, the OCP needs to
be solved within the sampling period of the system, which may be intractable
for systems with a short sampling period or if the OCP has a large number of
constraints, which may result from a long prediction horizon. Solutions to this
problem are explicit MPC [20] or learning-based predictive control [7], where
we exploit the PWA structure of the control policy or the PWQ structure of the
OVF.

13.2.4 Learning-based predictive control

In principle, the PWA function describing the control policy π(x) can be com-
puted explicitly offline and stored on the control device. In this case, the com-
putation of the optimal control input reduces to the evaluation of a PWA func-
tion. Thus, solving the OCP (13.12) online on the control device is no longer
necessary. However, explicitly computing the control policy offline or even
evaluating it online may be intractable for systems with large state dimensions
or a long prediction horizon since the complexity in terms of the number of
regions of the PWA function grows, in the worst case, exponentially with the
number of constraints in the OCP (13.12) [20]. Different methods from ma-
chine learning (ML) have been used to tackle this challenge by approximating
the solution of the OCP in different ways with NNs. The most direct approach
is to use an NN of the form (13.5) for an approximation in the policy space. In
this case, samples (x, π(x)) of the PWA control policy π(x) are used to train
an NN. Due to the involved multi-layer NN, approaches of this type are also
known as deep MPC and have been considered in [6, 7, 14, 16], for linear sys-
tems and in [167] for nonlinear systems. Moreover, in [7], the authors derive
NNs that allow an exact representation of the PWA control policy. Alterna-
tively, one can also consider an approximation in the value space as in [10],
[3], [27], where the PWQ OVF VN(x) or variants of it are approximated by
NNs. In ADP [27, 77] the OVF is approximated based on samples (x, VN(x))
for which the OCP (13.12) has been solved. Using the OVF an optimal input
can be computed by u∗(x) := arg minu ℓ(x, u)+VN−1(Ax+ Bu) [27]. However,
this approach requires knowledge of the system parameters A and B. There
are also reinforcement learning-based approaches that do not require a model
of the system. In these approaches, the so-called Q-function (see, e.g., [3, P.
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13])

QN(x, u) := ℓ(x, u) + VN−1(Ax + Bu) (13.13)

is learned iteratively by an NN with, e.g., Q-learning [163, 164], which is a
variant of temporal difference learning [79], [11]. The Q-function (13.13) con-
sists of the cost for a first step ℓ(x, u) with an undetermined input u followed
by the optimal cost for a control sequence of length N − 1. When learning
the Q-function, the successor state x+ := Ax + Bu is typically determined by
measurement, i.e., without using the model parameters A and B. Using the
Q-function an optimal input can be computed by u∗(x) := arg minu QN(x, u).
In MPC for linear systems as specified by (13.12), the OVF and, thus, the Q-
function (13.13) are PWQ functions with a polyhedral domain partition [20,
Thm. 4]. Thus, when approximating the OVF or the Q-function for MPC by
an NN, the NN has to represent a PWQ function. Approximations of this type
for MPC have been considered in, e.g., [10] and [160]. However, in these pa-
pers, PWA NN are used to approximately represent PWQ functions. There are
also approaches with PWQ NN. In [27] the authors propose a “local-global”
topology in the form x⊤P∗x + Φ(x) (cf. [27, Eq. (5)]) where the local part Φ(x)
is a NN in which all neurons of the last layer are squared and the global part
x⊤P∗x is intended to promote an accurate representation of a PWQ OVF in a
small region around the origin. However, there are no theoretical guarantees
that the NN proposed in [27] can represent any PWQ function. The NNs we
will propose do not require the separation into a local and global part, and
they provably allow the exact representation of arbitrary PWQ functions.

We start our derivation in the following by introducing a representation of
the form (13.10) that allows an exact representation of arbitrary PWQ functions
and, thus, of the OVF and Q-function. Moreover, we will use the connection
between PWQ functions and (13.10) to derive maxout and relu NNs for repre-
senting PWQ functions exactly. In the numerical examples, we will also show
that NNs, which can represent PWQ functions exactly, perform better in ap-
proximating PWQ functions based on samples than classical NN, for which an
exact representation of PWQ functions is not possible.

13.3 PWQ functions with polyhedral partition

In this section, we derive the theoretical basis for the representation of PWQ
functions as the difference of two max-expressions by first deriving sufficient
conditions that ensure (13.10). In the second part of this section, we show that
it is always possible to satisfy the derived conditions using a continuous and
convex PWA function h(x) as in (13.9).
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13.3.1 Sufficient conditions

We start the derivation of sufficient conditions that ensure (13.10) by noting
that if

max
1≤i≤s

{φ̃(i)(x)} = φ(x) + h(x) and (13.14)

max
1≤i≤s

{h(i)(x)} = h(x) (13.15)

hold for all x ∈ Ω, then we have max1≤i≤s{φ̃(i)(x)} −max1≤i≤s{h(i)(x)} =
φ(x) + h(x)− h(x) = φ(x) for all x ∈ Ω and thus we can represent the PWQ
function φ(x) in the desired form (13.10). Therefore, in the remainder of this
section, we will investigate under which conditions the PWA function h(x)
is such that (13.14) and (13.15) hold. We first present an intermediate result,
which we will use to prove that (13.14) holds for all x ∈ Ω ⊂ Rn.

Lemma 13.1. Let the PWQ function φ(x), the PWA function h(x), and φ̃(x) :=
φ(x) + h(x) be defined as in (13.1), (13.9), and (13.11), respectively. Consider

d(p,r) =


c̃(p)−c̃(r)

b(p,r) if b(p,r) ̸= 0,

l̃(p)
t −l̃(r)t

h(p,r)
t

if b(p,r) = 0
(13.16)

and

k(p,r)
q =

1

h(p,r)
t

(
2∆Q(p,r)

t,q − h(p,r)
q

h(p,r)
t

∆Q(p,r)
t,t

)
(13.17)

for all q ∈ {1, . . . , n} with ∆Q(p,r) := Q(p) −Q(r), l̃(p) := l(p) + β(p), and c̃(p) :=
c(p) + γ(p) where t ∈ {1, . . . , n} is such that h(p,r)

t ̸= 0. Further, assume that
γ(p)−γ(r)

b(p,r) ≤ c(r)−c(p)

b(p,r) − k(p,r)vl
⊤ if b(p,r) ̸= 0,

β
(p)
t −β

(r)
t

h(p,r)
t

≤ l(r)t −l(p)
t

h(p,r)
t

− k(p,r)vl
⊤ if b(i,j) = 0

(13.18)

holds for all (p, r) ∈ N and for all l ∈ {1, . . . , V}, where vl ∈ R1×n are the V ∈ N

vertices of the polyhedral domain Ω. Then,

∆φ̃(p,r)(x) :=φ̃(p)(x)− φ̃(r)(x)

=

(
x⊤h(p,r)⊤+ b(p,r)

)(
k(p,r)x + d(p,r)

)
(13.19)

holds for all x ∈ Rn and
k(p,r)x + d(p,r) ≤ 0 (13.20)

holds for all x ∈ Ω and for all (p, r) ∈ N .
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Proof. According to [82, Thm. 1] for

∆φ̃(p,r)(x)= x⊤∆Q(p,r)x+
(

l̃(p)− l̃(r)
)

x + c̃(p)− c̃(r) (13.21)

with (p, r) ∈ N there exist a k(p,r) ∈ R1×n and a d(p,r) ∈ R with

x⊤∆Q(p,r)x +
(

l̃(p) − l̃(r)
)

x + c̃(p) − c̃(r)

=

(
x⊤h(p,r)⊤ + b(p,r)

)(
k(p,r)x + d(p,r)

)
=x⊤

1
2

(
h(p,r)⊤k(p,r) + k(p,r)⊤h(p,r)

)
x

+
(

h(p,r)d(p,r) + k(p,r)b(p,r)
)

x + b(p,r)d(p,r) (13.22)

for all x ∈ Rn, where h(p,r) and b(p,r) describe the separating hyperplane {x ∈
Rn | h(p,r)x + b(p,r) = 0} of the neighbouring regions R(p) and R(r) according
to (13.3). Now, by comparing the coefficients of the right-hand and left-hand
side of the quadratic functions in (13.22), we can identify

1
2

(
h(p,r)⊤k(p,r) + k(p,r)⊤h(p,r)

)
= ∆Q(p,r) (13.23a)

h(p,r)d(p,r) + k(p,r)b(p,r) = l̃(p) − l̃(r) (13.23b)

b(p,r)d(p,r) = c̃(p) − c̃(r). (13.23c)

With (13.23b) and (13.23c) we can write d(p,r) as (13.16). Note that for (13.16)
there always exits at least one t ∈ {1, . . . , n} with h(p,r)

t ̸= 0. Because if we
assume h(p,r)

t = 0 for all t ∈ {1, . . . , n} then the corresponding hyperplane in
(13.3) either leads to infeasibility for b(p,r) > 0 and thus would be invalid or for
b(p,r) ≤ 0 the hyperplane is redundant and thus can be removed. We now use

l̃(p) := l(p) + β(p), and c̃(p) := c(p) + γ(p) to reformulate (13.18) as
c̃(p)−c̃(r)

b(p,r) + k(p,r)vl
⊤ ≤ 0 if b(p,r) ̸= 0,

l̃(p)
t −l̃(r)t

h(p,r)
t

+ k(p,r)vl
⊤ ≤ 0 if b(i,j) = 0

and subsequently substitute the reformulation of d(p,r) by (13.16), which leads
to

k(p,r)vl
⊤ + d(p,r) ≤ 0 (13.24)

for all l ∈ {1, . . . , V} and for all (p, r) ∈ N . Moreover, the elements of the
vector k(p,r) in (13.18) can be expressed in terms of the coefficients of the
functions (13.1) and (13.9). By using (13.23a) we find k(p,r)

t = ∆Q(p,r)
t,t /h(p,r)

t and
h(p,r)

t k(p,r)
q + h(p,r)

q k(p,r)
t = 2∆Q(p,r)

t,q which results in (13.17). Now, since (13.24)
holds for all vertices vl of the polyhedron Ω we have (13.20) for all x ∈ Ω and
for all (p, r) ∈ N , which completes the proof. ■
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Now we can proceed and use Lemma 13.1 to prove that (13.14) holds. This
requires to show

∆φ̃(i,j)(x) := φ̃(i)(x)− φ̃(j)(x) ≥ 0 (13.25)

for all x ∈ R(i), for all j ∈ {1, . . . , s} \ {i}, and for all i ∈ {1, . . . , s}, which
involves the verification of a quadratic inequality. However, if R(i) and R(j)

are neighbouring regions, i.e., (i, j) = (p, r) ∈ N we can use (13.19) from
Lemma 13.1 to decompose the quadratic function ∆φ̃(p,r)(x) into two affine
factors. Then, to prove (13.25), we have to show that both affine factors are
negative, which is more convenient than working with the quadratic inequality.
However, in general in the domain partition there are regionsR(i) andR(j) that
are not neighbouring, as for example R(2) and R(4) in Figure 13.2. Thus, we
cannot directly use Lemma 13.1 to prove (13.25) for all regions. Fortunately, it
is possible to rewrite ∆φ̃(i,j)(x) in terms of differences of neighbouring regions
by

∆φ̃(i,j)(x) =
K

∑
k=1

∆φ̃(pk,rk)(x) (13.26)

with (pk, rk) ∈ N for all k ∈ {1, . . . , K}. This allows us to use (13.19) from
Lemma 13.1 for every summand in (13.26). We define

C(i,j) := {(p1, r1), . . . , (pK, rK)}

as the set containing the K index pairs with (p, r) ∈ N of the involved neigh-
bouring regions and by (C(i,j))k := (pk, rk) a specific element of this set. For
(13.26) to be a valid reformulation of ∆φ̃(i,j)(x), we need

pK = i, r1 = j and pk = rk+1 (13.27)

for all k ∈ {1, . . . , K− 1}. As illustrated in Figure 13.2-(a) and 13.2-(b), there are
several possible ways for choosing a valid C(i,j) that satisfies (13.27). The paths
from Figure 13.2-(a) and 13.2-(b) can both be used to determine a valid C(4,2)

for rewriting ∆φ̃(4,2)(x) by collecting the index pairs (p, r) of all hyperplanes
crossed by the path. For the path from Figure 13.2-(a), this results in C(4,2) =
{(3, 2), (4, 3)} and for the path from Figure 13.2-(b) in C(4,2) = {(1, 2), (4, 1)}.
Thus, depending on the partition, the set C(i,j) may not be unique. However,
this does not pose a problem for the following results since, for our purpose,
it is sufficient to have a partition for which the following assumption holds.

Assumption 13.2. For every i ∈ {1, . . . , s} and for every j ∈ {1, . . . , s} \ i there
exists a C(i,j) for which (13.26) and

h(p,r)x + b(p,r) ≤ 0 (13.28)

hold for all x ∈ R(i) and for all (p, r) ∈ C(i,j).
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Note that for a given PWQ function φ(x), Assumption 13.2 may or may not
hold. In Figure 13.2 we have a partition which is such that for i = 4 and
j = 2, there does not exists a C(4,2) for which (13.26) and (13.28) holds for all
x ∈ R(4) and for all (p, r) ∈ C(4,2). As previously described, the paths in Fig-
ure 13.2-(a) and 13.2-(b) illustrate the two possible ways for determining C(4,2).
For Fingure 13.2-(a) and 13.2-(b) we have C(4,2) = {(3, 2), (4, 3)} and C(4,2) =
{(1, 2), (4, 1)}, respectively. For the first case with C(4,2) = {(3, 2), (4, 3)} we
have h(3,2)x + b(3,2) > 0 for x ∈ R(4) and above the dashed line in Figure 13.2-
(a). Analogously, we have h(1,2)x + b(1,2) > 0 for x ∈ R(4) and above the
dashed line in Figure 13.2-(b) for the second case with C(4,2) = {(1, 2), (4, 1)}.
For both variants, there is a (p, r) ∈ C(4,2) for which (13.28) does not hold for
all x ∈ R(4). Thus, Assumption 13.2 does not hold for the partition shown in
Figure 13.2.

(a) (b)

Figure 13.2. Illustration of an exemplary domain partition with paths
from R(2) to R(4). Each path suggests a way of expressing the difference
∆φ̃(4,2)(x) = φ̃(4)(x)− φ̃(2)(x) in terms of differences of neighbouring regions
by (13.26). For the path in (a) we have C(4,2) = {(3, 2), (4, 3)}. For the path in
(b) we have C(4,2) = {(1, 2), (4, 1)}. The arrows on the boundaries between the
regions in (a) and (b) represent the normal vectors h(1,4), h(2,1), h(2,3), and h(3,4)

of the hyperplanes crossed by the paths.

However, if we add the hyperplane {x ∈ R2 | x1 = 0} in R(4) as illustrated
in Figure 13.3-(a) and create the new regions R̂(4) and R̂(5) with φ̂(4)(x) =
φ̂(5)(x) = φ(4)(x), then the two paths starting in R(2) from Figure 13.2 now
lead to the sets C(4,2) = {(3, 2), (4, 3)} and C(5,2) = {(1, 2), (5, 1)}. As illustrated
by the normal vectors and paths in Figure 13.3-(a), for both sets we have (13.26)
and h(p,r)x + b(p,r) ≤ 0 for all x ∈ R(i) and for all (p, r) ∈ C(i,j) with (i, j) =
(4, 2) and (i, j) = (5, 2), respectively. Moreover, the partition is now such that
for all the remaining index pairs (i, j) with i ∈ {1, . . . , s} and j ∈ {1, . . . , s} \ i
we are able to find a set C(i,j) such that (13.26) and (13.28) holds for all x ∈
R(i) and for all (p, r) ∈ C(i,j). Thus, Assumption 13.2 holds for the modified
partition.
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13.3. PWQ functions with polyhedral partition

In Figure 13.3-(b), an alternative refinement is shown, where all hyperplanes
in the partition are extended to the whole domain. This refinement also leads
to a partition for which Assumption 13.2 holds.

(a) (b)

Figure 13.3. Illustration of two possible refinements of the partition shown in
Figure 13.2. The partitions in (a) and (b) are both such that Assumption 13.2
holds. The arrows on the boundaries between the regions in (a) represent the
normal vectors of the hyperplanes crossed by the paths.

As shown in Figure 13.2 and 13.3, if we have a PWQ function φ(x) for which
Assumption 13.2 does not hold, we can always modify the function φ(x) by
adding hyperplanes to the domain partition. The added hyperplanes will lead
to a function with φ̂(x) = φ(x) for all x ∈ Ω, whose partition may satisfies
Assumption 13.2. Adding of hyperplanes can be done as in Figure 13.3-(a),
i.e., by carefully adding hyperplanes such that Assumption 13.2 holds for a
specific partition. Fortunately, as we will show in the following proposition,
the approach illustrated in Figure 13.3-(b), i.e., the extension of all hyperplanes
to the whole domain, works without manually choosing hypeprlanes and will
always lead to a modified partition for which Assumption 13.2 holds. For ease
of reading, the proof is provided in the appendix.

Proposition 13.3. Assume that for every (i, j) ∈ {1, . . . , s}2 and for every k ∈
{1, . . . , d(j)} either h(j)

k x + b(j)
k ≤ 0 or h(j)

k x + b(j)
k ≥ 0 holds for all x ∈ R(i).

Then, Assumption 13.2 holds.

Intuitively, Proposition 13.3 states that Assumption 13.2 holds if all hyper-
planes of the partition are extended to the whole domain, as shown in Fig-
ure 13.3-(b). This extension of all hyperlanes typically leads to a partition with
a large number of regions s. However, according to Proposition 13.3 the ex-
tension of all hyperplanes is only sufficient for Assumption 13.2 to hold. As
illustrated in Figure 13.3-(a), we may be able to find a refinement of the parti-
tion with fewer regions for which Assumption 13.2 holds. This will lead to a
representation of the form (13.10) with a smaller s.
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We will now use Lemma 13.1 to show that the factors (13.20) and (13.28) of
each summand (13.19) in (13.26) are negative. This will help us to show that
(13.25) holds, which is sufficient for (13.14).

Lemma 13.4. Let the PWQ function φ(x), the PWA function h(x), and φ̃(x) :=
φ(x) + h(x) be defined as in (13.1), (13.9), and (13.11), respectively. Assume that
(13.18) as in Lemma 13.1 holds for all l ∈ {1, . . . , V} and for all (p, r) ∈ N . Then,
(13.14) holds for all x ∈ Ω.

Proof. To ensure (13.14) we need

∆φ̃(i,j)(x) ≥ 0 (13.29)

for all x ∈ R(i), for all j ∈ {1, . . . , s} \ {i}, and for all i ∈ {1, . . . , s}. We can
rewrite the left-hand side of (13.29) as the sum over differences of neighbouring
regions using (13.26). According to Lemma 13.1 for the summands in (13.26)
we have

∆φ̃(p,r)(x) = (h(p,r)x + b(p,r))(k(p,r)x + d(p,r)) (13.30)

with (13.20) for all x ∈ Ω and for all (p, r) ∈ C(i,j) ⊆ N . Moreover, with
R(i) ⊂ Ω for all i ∈ {1, . . . , s}, we can infer that (13.20) holds for all x ∈ R(i)

and for all (p, r) ∈ C(i,j). We further have (13.28) for all x ∈ R(i) and for all
(p, r) ∈ C(i,j) by Assumption 13.2. Consequently, for all j ∈ {1, . . . , s} \ {i} and
for all i ∈ {1, . . . , s} the inequality

(h(p,r)x + b(p,r))︸ ︷︷ ︸
≤0∀x∈R(i)

(k(p,r)x + d(p,r))︸ ︷︷ ︸
≤0∀x∈R(i)

≥ 0 (13.31)

holds for all x ∈ R(i) and for all (p, r) ∈ C(i,j). Finally, since for all i ∈ {1, . . . , s}
and for all j ∈ {1, . . . , s} \ i there exists a C(i,j) for which (13.26) holds, we have

∆φ̃(i,j)(x) =
K

∑
k=1

∆φ̃(pk,rk)(x)

=
K

∑
k=1

(h(pk,rk)x + b(pk,rk))(k(pk,rk)x + d(pk,rk)) ≥ 0

for all x ∈ R(i), for all i ∈ {1, . . . , s}, and for all j ∈ {1, . . . , s} \ {i}. In summary,
we have φ̃(i)(x) ≥ φ̃(j)(x) for all x ∈ R(i), for all j ∈ {1, . . . , s} \ {i}, and for
all i ∈ {1, . . . , s} and thus φ̃(i)(x) ≤ max1≤j≤s{φ̃(j)(x)} ≤ φ̃(i)(x) if x ∈ R(i) or
equivalently

max
1≤j≤s

{φ̃(j)(x)} = φ̃(i)(x) if x ∈ R(i)

for all i ∈ {1, . . . , s}. With φ̃(i)(x) = φ(i)(x) + h(i)(x) for all i ∈ {1, . . . , s} and
the definitions (13.1), (13.9), and (13.11) we now have

max
1≤i≤s

{φ̃(i)(x)} = φ(x) + h(x)

for all x ∈ Ω, which proves the claim. ■
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13.3. PWQ functions with polyhedral partition

Remark 13.5. The condition (13.18), which is sufficient for a representation in the
form (13.14), can be seen as a generalization of the known results for representing
PWA functions as the maximum of their local affine functions. For continuous PWA
functions, i.e. φ(x) as in (13.1) with Q(i) = 0 for all i ∈ {1, . . . , s}, a representation
in the form

φ(x) = max
1≤i≤s

{φ(i)(x)} (13.32)

is possible if φ(x) is convex [70]. For this special case, Lemma 13.4 states that (13.32)
holds for all x ∈ Ω if 

c(p)−c(r)

b(p,r) ≤ 0 if b(p,r) ̸= 0,

l(p)
t −l(r)t

h(p,r)
t

≤ 0 if b(i,j) = 0

holds for all (p, r) ∈ N . With (13.16) the former is equivalent to

d(p,r) ≤ 0 (13.33)

for all (p, r) ∈ N . Using [82, Thm. 1] we find φ(p)(x) = φ(r)(x) + d(p,r)(h(p,r)x +

b(p,r)) and thus (13.33) holds if and only if φ(p)(x) = φ(r)(x) + d(p,r)(h(p,r)x +
b(p,r)) ≥ φ(r)(x) for all x ∈ R(p) and for all (p, r) ∈ N , which is the same as
assuming that φ(x) is convex. Thus, the PWA case is included as a special case in
Lemma 13.4 and leads to the result known from the literature [70].

We will now show how to find a PWA function h(x) such that (13.18) holds
for all (p, r) ∈ N and for all l ∈ {1, . . . , V}. In the end, this will allow us to
show that PWQ functions with polyhedral domain partition can be represented
as the difference of two max-expressions by (13.10).

13.3.2 Feasibility of the conditions

In this section, we will show that it is always possible to find a continuous
and convex PWA function of the form (13.9) such that the function (13.11) can
be represented as the maximum of its local functions by (13.14). According to
Lemma 13.4, a sufficient condition for such a representation is (13.18). There-
fore, we will show in the following that it is always possible to construct a
convex lifting [110] via h(x) such that (13.18) and consequently (13.14) holds if
the partition of the PWQ function φ(x) is convexly lifatable. Where we denote
a polyhedral partition as convexly liftable according to [110, Thm. III.9], i.e, if
and only if the OP [110, Alg. 3] for computing a convex lifting is feasible. If we
now take into account that a convex PWA h(x) can always be represented as
the maximum of its local affine functions, i.e, (13.15) holds, then, by combining
(13.14) and (13.15), we can show that every PWQ function can be represented
as the difference of two max-expressions by (13.10). To prove the next results,
we assume from now on that the following assumption holds.
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Assumption 13.6. The polyhedral domain partition ∪s
i=1R(i) = Ω of φ(x) as in

(13.1) is convexly liftable.

Remark 13.7. The domain partition of a PWQ function φ(x) may or may not be
convexly liftable. However, if the domain partition is not convexly liftable, we can
construct a modified PWQ function φ̂(x) : Ω → R with φ̂(x) = φ(x) for all x ∈
Ω ⊂ Rn whose partition is convexly liftable by running the Algorithm [110, Alg. 4].
In the algorithm, all hyperplanes between neighbouring regions are extended to the
whole domain. Wherever the extension of the hyperplanes lead to a splitting of a region
R(i) into two new regions R̂(p) and R̂(r) with R̂(p) ∪ R̂(r) = R(i), we choose the
local functions as φ̂(p)(x) = φ̂(r)(x) = φ(i)(x). This procedure results in a PWQ
function φ̂(x) with φ̂(x) = φ(x) for all x ∈ Ω whose partition is convexly liftable
[110, Thm. III.12], i.e., Assumption 13.6 holds. Moreover, the modified partition is
such that for every (i, j) ∈ {1, . . . , s}2 and for every k ∈ {1, . . . , d(j)} we either
have h(j)

k x + b(j)
k ≤ 0 or h(j)

k x + b(j)
k ≥ 0 for all x ∈ R(i) [110, Alg. 4]. Thus,

Proposition 13.3 applies and consequently Assumption 13.2 holds. In summary, this
means that for a given PWQ function φ(x), we can always find a modified PWQ
function φ̂(x) with φ̂(x) = φ(x) for all x ∈ Ω for which Assumptions 13.2 and 13.6
hold. Thus, we can pose both assumptions without loss of generality.

In the following, we show that the condition (13.18), which is sufficient for
(13.14), can always be satisfied by using a continuous and convex PWA function
h(x).

Lemma 13.8. Let the PWQ function φ(x) and φ̃(x) := φ(x) + h(x) be defined as
in (13.1) and (13.11), respectively. Then, there exists a continuous and convex PWA
function h(x) as in (13.9) such that (13.18) holds for all l ∈ {1, . . . , V} and for all
(p, r) ∈ N .

Proof. For a convexly liftable partition, [110, Thm. III.9] states that for all δ > 0,
there exists a continuous and convex PWA function of the form (13.9) with

β(p)x(p) + γ(p) ≥ β(r)x(p) + γ(r) + δ (13.34)

for x(p) ∈ int(R(p)) and for all (p, r) ∈ N , where x(p) is typically chosen as the
Chebyshev center of R(p). Furthermore, since the PWA function is continuous,
there exists a ρ(p,r) ∈ R with

(β(p) − β(r))x + γ(p) − γ(r) = ρ(p,r)(h(p,r)x + b(p,r)) (13.35)

for all x ∈ Rn and for all (p, r) ∈ N according to [82, Thm. 1]. By comparing
the coefficients of the right-hand and left-hand side of the affine functions in
(13.35), we find

β(p) − β(r) = ρ(p,r)h(p,r) and (13.36a)

γ(p) − γ(r) = ρ(p,r)b(p,r). (13.36b)
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Thus, we can identify

ρ(p,r) =


γ(p)−γ(r)

b(p,r) if b(p,r) ̸= 0,

β
(p)
t −β

(r)
t

h(p,r)
t

if b(p,r) = 0.
(13.37)

Substituting β(p) = β(r) + ρ(p,r)h(p,r) and γ(p) = γ(r) + ρ(p,r)b(p,r) from (13.36a)
and (13.36b), respectively in the left-hand side of (13.34) gives β(p)x(p)+ γ(p) =

(β(r) + ρ(p,r)h(p,r))x(p) + γ(r) + ρ(p,r)b(p,r) which results in

(β(r) + ρ(p,r)h(p,r))x(p) + γ(r) + ρ(p,r)b(p,r)

≥β(r)x(p) + γ(r) + δ

and thus

ρ(p,r) (h(p,r)x(p) + b(p,r))︸ ︷︷ ︸
<0 for x(p)∈int(R(p))

≥ δ > 0

⇔ ρ(p,r) ≤ δ

h(p,r)x(p) + b(p,r)
< 0 (13.38)

is feasible for all δ > 0. With (13.37) and (13.38) we can use
γ(p)−γ(r)

b(p,r) ≤ δ

h(p,r)x(p)+b(p,r) < 0 if b(p,r) ̸= 0,

β
(p)
t −β

(r)
t

h(p,r)
t

≤ δ

h(p,r)x(p)+b(p,r) < 0 if b(p,r) = 0.
(13.39)

to overestimate the left-hand side of (13.18). If we now take into account that
the inequality (13.39) is feasible for all δ > 0 and that the right-hand side in
(13.18) is finite then we can always choose a δ > 0 such that

δ

h(p,r)x(p)+b(p,r) ≤ c(r)−c(p)

b(p,r) −k(p,r)vl
⊤if b(p,r) ̸=0,

δ

h(p,r)x(p)+b(p,r) ≤
l(r)t −l(p)

t

h(p,r)
t

−k(p,r)vl
⊤if b(p,r)=0

(13.40)

holds for all (p, r) ∈ N and for all l ∈ {1, . . . , V}. In combination with (13.39)
this means that there exists a continuous and convex PWA function h(x) such
that (13.18) holds for all l ∈ {1, . . . , V} and for all (p, r) ∈ N . ■

Remark 13.9. Lemma 13.8 states that it is always possible to compute a convex lifting
via a PWA function h(x) such that (13.18) holds for all l ∈ {1, . . . , V} and for all
(p, r) ∈ N . Such a lifting can be computed explicitly by solving the OP from [110,
Alg. 3] with a c := δ for which δ > 0 and (13.40) holds for all l ∈ {1, . . . , V} and for
all (p, r) ∈ N . This OP is always feasible for a convexly liftable partition.

With Lemma 13.4 and 13.8, we have shown that for every continuous PWQ
function with a polyhedral domain partition, it is possible to compute a convex
and continuous PWA function such that (13.14) holds for all x ∈ Ω. In the
following section, we will use this result to prove that PWQ functions can be
represented as the difference of two max-expressions.
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13.4 Representation and approximations of PWQ
functions

In Section 13.3, we derived the theoretical basis for the main result of this
paper. Namely, the existence of a representation as the difference of two
max-expressions by (13.10) for arbitrary continuous PWQ functions φ(x) with
polyhedral partition. The two results we will use to prove the existence are
Lemma 13.4 and 13.8. By combining the lemmas, we can show that there
always exists a convex PWA function h(x) such that φ(x) + h(x) can be repre-
sented as the maximum of its local functions by (13.14). Moreover, since h(x)
is a convex PWA function, it can be represented as the maximum of its local
affine functions by (13.15). Then, by combining (13.14) and (13.15), we can
eventually prove the existence of (13.10).

Theorem 13.10. For every continuous PWQ function φ(x) of the form (13.1) with a
polyhedral domain partition as in (13.2), there exists a PWA function h(x) as in (13.9)
such that

φ(x) = max
1≤i≤s

{φ(i)(x) + h(i)(x)} − max
1≤i≤s

{h(i)(x)} (13.41)

holds for all x ∈ Ω.

Proof. Lemma 13.8 states that for every PWQ function φ(x) with a convexly
liftable partition, there exists a continuous and convex PWA function h(x) for
which (13.18) holds for all l ∈ {1, . . . , V} and for all (p, r) ∈ N . Then, we
can deduce from Lemma 13.4 that (13.14) holds for all x ∈ Ω. Moreover, for
continuous and convex PWA functions h(x), we have (13.15) for all x ∈ Ω
according to [70]. In summary,

max
1≤i≤s

{φ(i)(x) + h(i)(x)} − max
1≤i≤s

{h(i)(x)}

=φ(x) + h(x)− h(x) = φ(x)

holds for all x ∈ Ω. ■

The representation of PWQ functions by (13.41) will serve as a starting point
for deriving NNs that allow an exact representation of arbitrary continuous
PWQ functions with a polyhedral domain partition.

13.4.1 Representation by neural networks

In this section, we derive different topologies for maxout and relu NNs that
allow an exact representation of PWQ functions. We start with the derivation
of maxout NNs by using Theorem 13.10. Then, based on the derived maxout
NN, we use methods for decomposing max-expressions to derive suitable relu
NNs.
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13.4.1.1 Maxout neural networks

Theorem 13.10 can directly be used to derive maxout NNs that allow an exact
representation of PWQ functions by exploiting the structure of (13.41). For

deriving such NNs, we use an extended input vector ξ ∈ R
n2+3n

2 that includes
all n2+n

2 quadratic monomials of x, i.e.,

ξ(x) :=
(
x⊤ x2

1 x1x2 . . . x1xn . . . x2
n
)⊤. (13.42)

Theorem 13.11. Every continuous PWQ function of the form (13.1) with a polyhedral
domain partition as in (13.2) can be represented by a maxout NN with l = 1 hidden
layer, w1 = 2 neurons with p1 = s, input vector ξ as in (13.42), postactivation
weights W (2)

1 = 1, W (2)
2 = −1, and postactivtion bias v(2) = 0.

Proof. According to (13.5), (13.6), and (13.8), the proposed maxout NN leads to

Φ(ξ) = W (2)
1 max

1≤i≤p1
{W (1)

i ξ + v(1)
i }

+ W (2)
2 max

1+p1≤i≤2p1
{W (1)

i ξ + v(1)
i }+ v(2).

If we use p1 = s, W (2)
1 = 1, W (2)

2 = −1, and v(2) = 0, the NN simplifies to

Φ(ξ) = max
1≤i≤s

{W (1)
i ξ + v(1)

i } − max
1≤i≤s

{W (1)
i+sξ + v(1)

i+s}.

For all i ∈ {1, . . . , s} the quadratic local functions φ(i)(x) + h(i)(x) and the
linear local functions h(i)(x) in (13.41) are linear combinations of 1 and the
monomials contained in ξ from (13.42). Thus, there exist weights W (1) and
biases v(1) such that W (1)

i ξ + 1v(1)
i = φ(i)(x) + h(i)(x) and W (1)

i+sξ + 1v(1)
i+s =

h(i)(x) for all i ∈ {1, . . . , s}. Then, using Theorem 13.10, we can infer that for
every PWQ function φ(x) there exists a NN with

Φ(ξ) = max
1≤i≤s

{W (1)
i ξ + v(1)

i } − max
1≤i≤s

{W (1)
i+sξ + v(1)

i+s}

= max
1≤i≤s

{φ(i)(x) + h(i)(x)} − max
1≤i≤s

{h(i)(x)}

= φ(x)

for all x ∈ Ω, which completes the proof. ■

Figure 13.4 shows the structure of the maxout NN from Theorem 13.11 with
the extended input vector (13.42) and two neurons. The first neuron represents
(13.14), and the second represents (13.15).
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...

ξ1

ξd

φ̃(x) := φ(x) + h(x) = max
1≤i≤s

{
W (1)

i ξ + b(1)
i

}

h(x) = max
s+1≤i≤2s

{
W (1)

i ξ + b(1)
i

}

W (2)
1 = 1

W (2)
2 = −1

φ̃(x)

h(x)

Φ

Figure 13.4. Maxout NN with two neurons and extended input vector (13.42)
of dimension d := n2+3n/2 for the exact representation of PWQ functions. The
double arrows indicate the multi-channel preactivation with p1 = s, i.e, the s
elements in each max-expression (13.41).

13.4.1.2 Relu neural networks

For deriving relu NNs that allow an exact representation of PWQ functions,
we can use results from [25], where max-expressions are represented in terms
of a relu NN. This can be directly used to represent the two max-expressions
of the derived maxout NN by a relu NN.

Theorem 13.12. Every continuous PWQ Function of the form (13.1) with a polyhe-
dral domain partition as in (13.2) can be represented by a relu NN with l = ⌈log2(s)⌉
hidden layers, wi = 3× 2⌈log2(s)⌉ neurons in each layer i ∈ {1, . . . , l}, and input
vector ξ as in (13.42).

Proof. We first note that the maximum of two values can be implemented by a
relu NN of depth 1 and width 3 using

max{x1,x2}=max{x1 − x2,0}+ max{x2,0} −max{−x2,0}.

Then, the function f : R2n → R2n−1
with

f (x) :=(max{x1,x2},max{x3,x4},. . . ,max{x2n−1,x2n})⊤

and n := ⌈log2(s)⌉ can be represented by a relu NN of depth 1 and width
3× 2n−1 since every of the 2n−1 components of f (x) is a relu NN with width
3. Now, we can compute the maximum max{x1, . . . , x2n} by calling n-times the
function f (x). According to [25, Lem. D.1], the composition

f ◦ · · · ◦ f︸ ︷︷ ︸
n times

(x) = max{x1, . . . , x2n}

can be represented by a relu NN of depth n and width 3× 2n−1 since f (x) is
the n-times composition of a function that can be represented by a relu NN of
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depth 1 and width 3× 2n−1. This means that with (13.41) from Theorem 13.10

and ξ as in (13.42), every PWQ is the difference of two relu NN of depth
n and width 3 × 2n−1. This difference can be represented by a relu NN of
depth n = ⌈log2(s)⌉ and width 2× 3× 2n−1 = 3× 2⌈log2(s)⌉, according to [25,
Lem. D.2]. ■

Theorem 13.12 proposes a “shallow and wide” NN for the exact representa-
tion of PWQ functions. Where shallow refers to the relatively small number of
hidden layers l = ⌈log2(s)⌉, which grow only logarithmic with s, i.e., with the
number of regions of the PWQ function. Wide refers to the potentially large
number of neurons wi in each layer, which grows linearly with s. By using
results from [24], we can derive an alternative “deep and narrow” NN, i.e., an
NN with a large number of hidden layers and fewer neurons per layer.

Theorem 13.13. Every continuous PWQ Function of the form (13.1) with a polyhe-
dral domain partition as in (13.2) can be represented by a relu NN with l = 2s hidden
layers, wi =

n2+3n
2 + 3 neurons in each layer i ∈ {1, . . . , l}, and input vector ξ as in

(13.42).

Proof. The quadratic local functions φ(i)(x) + h(i)(x) and the linear local func-
tions h(i)(x) in (13.41) are linear combinations of 1 and the d := n2+3n

2 input
variables ξ from (13.42). Thus, according to Theorem 13.10, for every PWQ
function there exist parameters K ∈ Rs×d, k ∈ Rs, L ∈ Rs×d, and l ∈ Rs such
that

max
1≤i≤s

{Kiξ + ki} − max
1≤i≤s

{Liξ + li} (13.43)

= max
1≤i≤s

{φ(i)(x) + h(i)(x)} − max
1≤i≤s

{h(i)(x)} = φ(x).

Moreover, since the domain Ω of the PWQ function (13.1) is polyhedral, the
affine mapping

T j(ξ) =
ξ j −min

x∈Ω
ξ j

max
x∈Ω

ξ j −min
x∈Ω

ξ j

with j ∈ {1, . . . , d} and the inverse mapping

T−1
j (ζ) = ζ j

(
max
x∈Ω

ξ j −min
x∈Ω

ξ j

)
+ min

x∈Ω
ξ j

with j ∈ {1, . . . , d} exist. We now consider the function φ̂(ζ) : [0, 1]d → R+

φ̂(ζ) = φ(T−1(ζ))−min
x∈Ω

φ(x).

with ζ = T(ξ) and ξ = T−1(ζ). Since φ̂(ζ) is a composition of an affine
function and (13.43), there exist parameters K̂ ∈ Rs×d, k̂ ∈ Rs, L̂ ∈ Rs×d, and
l̂ ∈ Rs such that

φ̂(ζ) = max
1≤i≤s

{K̂iζ + k̂i} − max
1≤i≤s

{L̂iζ + l̂i}.
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This function can be represented by a relu NN with 2s hidden layers of width
d + 3 = n2+3n

2 + 3 according to [24, Thm. 2] since φ̂(ζ) is a function that maps
from [0, 1]d to R+. Moreover, we then have

φ(x) = φ(ξ(x))

= φ(T−1(ζ))

= φ̂(ζ) + min
x∈Ω

φ(x).

Thus, the PWQ function φ(x) can be written as a sum of the constant min
x∈Ω

φ(x)

and the function φ̂(ζ) = max1≤i≤s{K̂iζ + k̂i} −max1≤i≤s{L̂iζ + l̂i}. According
to [25, Lem. D.2], the sum describing the PWQ function φ(x) can be repre-
sented by an NN with the same topology as the NN for φ̂(ζ), i.e., a relu NN
with 2s hidden layers of width n2+3n

2 + 3. This proves the claim of the theorem.
■

By comparing the number of neurons, i.e., the depth l multiplied by the
width wi, in the NNs proposed by Theorem 13.12 and 13.13, we can see that
the NN from Theorem 13.12 is advantageous for PWQ functions with a small
number of regions s since it has fewer neurons. The exact threshold from
which the NN from Theorem 13.13 has fewer neurons depends on the dimen-
sion n. Assuming for simplicity that s only takes multiples of two, we have
wil = 3s log2(s) and s(n2 + 3n + 6) neurons in the NNs from Theorem 13.12

and 13.13, respectively. Thus, for small s ≤ 2
n2
3 +n+2, the NN from Theo-

rem 13.12 has a smaller number of neurons. While for complex PWQ functions

with a large number of regions s > 2
n2
3 +n+2, the deeper NN of Theorem 13.13

has fewer neurons. This observation is consistent with research in the deep
learning field on the advantages of deep NN over NN with fewer hidden lay-
ers [168] for approximating complex functions.

13.4.2 Approximations of PWQ functions

In Section 13.4-13.4.1, we showed that it is possible to represent PWQ functions
by maxout and relu NNs if the inputs of the NNs are extended by all quadratic
monomials as in (13.42). However, in practice, NNs are typically used to ap-
proximate functions based on samples rather than for an exact representation
of a given function. However, the results on the exact representation can also
be used for an efficient approximation of PWQ functions by using the NNs
from Section 13.4-13.4.1 for which, in theory, parameters exist that allow an
exact representation. Thus, these NNs should lead to approximations with a
low error. Moreover, if an upper bound on the number of regions s is known,
we can use Theorems 13.11, 13.12, and 13.13 to give bounds on the depth and
width an NN should have to provide a low error approximation.
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When these NNs are used to approximate a function based on samples, the
computation of NN parameters θ that minimize some loss function can be
done in different ways. The classical approach is to solve the nonlinear OP

e∗ := min
θ

ND

∑
i=1

ℓNN

(
y(i) −Φ(x(i), θ)

)
(13.44)

with a convex loss function ℓNN approximately using a gradient-based opti-
mization algorithm, e.g., stochastic gradient descent, RMSProb, or Adam [31]
for a given dataset D := {(x(i), y(i)) | y(i) = φ(x(i))∀i ∈ {1, . . . , ND}}. In this
approach, we can use Theorems 13.11, 13.12, and 13.13 to choose a suitable
topology for which parameters exist that lead to an exact representation of the
PWQ function by the NN and thus could provide an approximation with an
error of zero, i.e., e∗ = 0. In Section 13.5-13.5.2, we will experimentally show
that these NNs indeed lead to approximations with a lower error than classical
PWA NNs when trained using a gradient-based optimization algorithm.

Another way to use the results of Section 13.4-13.4.1 for computing low error
approximations of PWQ functions is to use the fact that for quadratic loss
functions ℓNN and the maxout NN from Theorem 13.11, the OP (13.44) can be
reformulated as a mixed-integer quadratic program (MIQP) using the results
from our preliminary study [P6]. The MIQP can be solved globally using
standard software, e.g., MOSEK [45] or Gurobi [46].

Corollary 13.14 ([P6, Thm. 1]). For a maxout NN as in Theorem 13.11, the OP
(13.44) with a quadratic loss function ℓNN is an MIQP.

Therefore, we can compute globally optimal parameters for maxout NNs,
which can represent every PWQ exactly (cf. Theorem 13.11). This means that
if the samples in the dataset D are from a PWQ function, i.e., y(i) = φ(x(i))
with s regions and p1 ≥ s, then the MIQP for solving (13.44) will result in an
approximation that is exact at the sampling points. Meaning we have e∗ = 0
and thus φ(x(i)) = Φ(x(i)) for all i ∈ {1, . . . , ND}.

13.5 Numerical examples

We will provide different numerical examples. In the first example, we illus-
trate the representation (13.10) for an exemplary PWQ function with n = 2. In
the second part of this section, we compare the in Section 13.4 proposed NNs
that allow an exact representation of PWQ functions with classical PWA NNs
and alternative PWQ NNs for which an exact representation is not possible by
using them to approximate a PWQ OVF (13.12) for different example systems.
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(a) (b) (c)

Figure 13.5. Exemplary PWQ function φ(x) with six regions in (a). The func-
tions φ̃(x) in (b) and h(x) in (c) are such that they can be represented in the
form (13.14) and (13.15), respectively, i.e., we have φ(x) = φ̃(x) − h(x) =
max1≤i≤s{φ̃(i)(x)} −max1≤i≤s{h(i)(x)}. The PWA function h(x) in (c) is com-
puted as described in Remark 13.9 by solving an OP to determine a convex
lifting for the partition. For the sake of clarity, the six polyhedral regions of the
domain partition are shown only in (a) but also apply to the functions in (b)
and (c).

13.5.1 Exact representation of PWQ functions

In the first example, we illustrate the theoretical results of Section 13.3 on the
representation of PWQ functions for the continuous PWQ function

φ(x)=



x⊤Q(1)x +
(
−1 −1

)
x + 0.5 if x ∈ R(1),

x⊤Q(2)x +
(
−1 −1

)
x + 0.5 if x ∈ R(2),

x⊤Q(3)x +
(
−1 −1

)
x + 0.5 if x ∈ R(3),

x⊤Q(4)x +
(
−1 −1

)
x + 0.5 if x ∈ R(4),

x⊤Q(5)x +
(
−1 −1

)
x + 0.5 if x ∈ R(5),

x⊤Q(6)x +
(
−1 −1

)
x + 0.5 if x ∈ R(6),

with

Q(1) = Q(5) = Q(6) =

(−2 −2
−2 −2

)
,

Q(2) = Q(4) =

(−2 −2
−2 −2

)
, Q(3) =

(
2 0
0 2

)
,

and regions R(i) as in (13.2) specified by

h(1) = h(5) =

 I2
−I2
−1 1

 , h(2) = h(4) =

 I2
−I2

1 −1

 ,

h(3) = h(6) =
(

I2 −I2
)⊤ ,
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b(1)=


−1
−1
−0
−0
−0

, b(3)=


−0
−1
−1
−0

, b(4)=


−0
−0
−1
−1
−0

, b(6)=


−1
−0
−0
−1

 ,

b(2) = b(1), and b(5) = b(4). The function φ(x) with the corresponding domain
partition is shown in Figure 13.5-(a). We choose the function such that the
domain partition is degenerate according to the definition from [29] and the
description in Section 13.2-13.2.2 since at x⊤ =

(
0 0

)
, we have an intersection

of k = 3 hyperplanes that is not an empty set. In addition, the consistent vari-
ation property (CVP) [82] does not hold here. The regions R(1) and R(6) as
well as R(3) and R(4) are separated by the same hyperplane {x ∈ R2 | x2 = 0}.
However, k(p,r) from (13.17) is k(1,6) =

(
4 −4

)
̸=
(
0 4

)
= k(3,4) for these

regions and thus g(1,6)(x) ̸= g(3,4)(x). For the CVP to hold, we would need
k(1,6) = k(3,4). Hence, the PWQ function considered in this section cannot
be represented using methods from the literature, as they require either a
non-degenerate partition or the CVP. The representation proposed by Theo-
rem 13.10 does not assume a non-degenerate partition or the CVP. Thus, as we
will show next, it is possible to represent the PWQ function as the difference
of two max-expressions by (13.10). For determining the representation of φ(x)
in the form (13.10), we first compute a continuous and convex PWA function
h(x) such that (13.18) holds for all (p, r) ∈ N and for all l ∈ {1, . . . , V}, which
is according to Lemma 13.8 always possible. We compute the function h(x)
as described in Remark 13.9 by computing a convex lifting according to [110,
Alg. 3] with a c := δ for which δ > 0 and (13.40) holds for all l ∈ {1, . . . , V}
and for all (p, r) ∈ N . In this example, the conditions on δ are satisfied for
δ = 3. The convex lifting results in the PWA function

h(x)=



(
−9.66 −1.66

)
x if x ∈ R(1),(

−1.66 −9.66
)

x if x ∈ R(2),(
−9.66 −9.66

)
x if x ∈ R(3),(

−9.66 −1.66
)

x if x ∈ R(4),(
−1.66 −9.66

)
x if x ∈ R(5),(

−9.66 −9.66
)

x if x ∈ R(6)

shown in Figure 13.5-(c). Since h(x) is now such that (13.18) holds for all
(p, r) ∈ N and for all l ∈ {1, . . . , V}, we have φ̃(x) = φ(x)+ h(x) = max1≤i≤4{φ(i)(x)+
h(i)(x)} according to Lemma 13.4. Moreover, h(x) is continuous, convex, and
PWA. Consequently, we have h(x) = max1≤i≤4{h(i)(x)}. Thus, as stated by
Theorem 13.10, the function φ(x) can be represented by

φ(x) = max
1≤i≤4

{φ(i)(x) + h(i)(x)}︸ ︷︷ ︸
=φ̃(x)

− max
1≤i≤4

{h(i)(x)}︸ ︷︷ ︸
=h(x)

.
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The decomposition of the function φ(x) into φ̃(x) and h(x) is shown in Fig-
ure 13.5.

13.5.2 Learning of optimal value functions

The aim of this section is to show that the proposed NNs, which allow an ex-
act representation of PWQ functions, lead to better results when they are used
for approximating PWQ functions compared to NNs for which an exact rep-
resentation is not possible. For this purpose, we approximate the PWQ OVF
given by (13.12) for different example systems using the NNs from Section 13.4-
13.4.1. The considered example systems, together with the parameters for the
OCP (13.12) and the number of regions of the corresponding OVF, are sum-
marized in Table 13.1. The number of regions s in Table 13.1 is determined
by explicitly computing the OVF of (13.12) using the multi-parametric tool-
box 3 (MPT3) [121]. For each example system from Table 13.1, we solved the
OCP (13.12) for different values of x on a regular grid with a step size of 0.1
to generate the data sets Dξ := {(ξ(i), y(i)) | y(i) = VN(ξ

(i))∀i ∈ {1, . . . , ND}}
with an extended input vector ξ as in (13.42). This results in data sets with
6411, 10199, and 31690 data points for examples 1., 2., and 3., respectively,
from Table 13.1. As is common in the machine learning literature [169], we

normalized the data according to ŷ(i) := y(i)−ymin
ymax−ymin

with ymin := min
1≤j≤ND

{y(i)},

ymax := max
1≤j≤ND

{y(i)} and

ξ̂
(i)
j :=

ξ
(i)
j − min

1≤j≤ND
{ξ(i)j }

max
1≤j≤ND

{ξ(i)j } − min
1≤j≤ND

{ξ(i)j }

for all j ∈ {1, . . . , n2+3n
2 }. Afterwards, we trained the NNs listed in Table 13.2

with the corresponding normalized data set D̂ξ := {(ξ̂(1), ŷ(1)), . . . , ξ̂
(ND), ŷ(ND))}

using the stochastic gradient descent optimizer from the Keras API [170] with
a learning rate of 0.01 and a momentum of 0.9. For each case from Table 13.2,
we ran the training 100 times and stopped each training run when there was no
improvement in the mean absolute error (MAE) for 100 consecutive epochs. At
the beginning of each training run, the weights of the NN are initialized ran-
domly using the method described in [171]. For each of the 100 training runs,
we documented the minimum MAE reached during the training. The mean
of the MAE over all 100 training runs is shown in column seven of Table 13.2.
The MAEs of the different cases from Table 13.2 are normalized on the range
of the output data, i.e., divided by ymax − ymin so that they are comparable.
In the summary of the experiments in Table 13.2, we compare for each of the
three considered OVFs the approximations of an NN with l = 1 layer, w1 = 2
neurons with r1 = s, and input vector ξ = x, against a NN with l = 1 layers,
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w1 = 2 neurons with r1 = s, and ξ as in (13.42). According to Theorem 13.11,
the latter is an NN that can represent the considered PWQ function exactly,
whereas the former NN is PWA and thus cannot represent PWQ functions. In
total, this leads to the six test cases summarized in Table 13.2.
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Table 13.2. Training results of NN approximating different OVFs.

Test case Ex. No. ξ l w1 r1 MAE

1. 1. x 1 2 121 1.51× 10−1

2. 1. (13.42) 1 2 121 4.43× 10−3

3. 2. x 1 2 81 5.78× 10−2

4. 2. (13.42) 1 2 81 5.70× 10−3

5. 3. x 1 2 15646 1.35× 10−1

6. 3. (13.42) 1 2 15646 9.90× 10−4

Now, the experiments offer several insights. First, the NNs with ξ as in
(13.42) that allow an exact representation of the considered PWQ functions
show the best results for all three example systems. Compared with the NNs
that are not able to represent PWQ functions exactly, the relative improvement
is at least 5.78/5.7× 10 = 10.14 between the test cases 3. and 4. and the highest
observed improvement is 1.35/9.9× 103 = 136.36 between the test cases 1. and
2.. Thus, we have a significant improvement of a minimum of one order of
magnitude when using the NNs proposed in Section 13.4-13.4.1.

For the first example system, we additionally illustrate the minimum MAE
reached in each of the 100 training runs for test cases 1. and 2. in Figure 13.6-(a)
and Figure 13.6-(b), respectively.

(a) (b)

Figure 13.6. Minimum MAE reached in each of the 100 training runs when
approximating the OVF for the first example system from Table 13.1 with the
NN from the test cases 1. and 2. from Table 13.2 in (a) and (b), respectively. The
weights of the NN are initialized randomly at the beginning of each training
run.

We can observe that during training with the classical PWA NN with input
vector ξ = x, the MAE reaches in 36 of the training runs a local optimum at
5.62× 10−2, and in the remaining 64 training runs, a local optimum at 2.05×
10−1. Thus, with the classical NN, the training often stops at a poor local
optimum. Furthermore, we can see in Figure 13.6-(a) that we have a high ratio
of the MAEs between the worst and best training runs of 3.77. With the NN
from Theorem 13.11, for which an exact representation of the OVF is possible,
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we can observe in Figure 13.6-(b) that there is only a small variation of the
MAEs reached in the different training runs. The ratio of the MAEs between
the worst and best training runs is only 1.02. This means that the MAE reaches
approximately the value of 4.43× 10−3 in all training runs. Thus, the training
of the NN proposed in this work seems to be more robust with respect to the
initialization of the weights.

The example systems from Table 13.1 all have a state dimension of n ≤ 3
and an input dimension of m = 1, and until now, we have only compared
our proposed PWQ NNs to classical PWA NNs. To provide a more competi-
tive comparison, we approximated the OVF of the MIMO30 system from [172],
which is a linear system with n = 10 and m = 3, with a PWQ NN from
the literature [27]. For the MIMO30 system we consider the OCP (13.12) with
weighting matrices Q = I10, R = 0.25I3, a prediction horizon of N = 30, as
well as state and input constraints of the form |xi| ≤ 10 for all i ∈ {1, . . . , 10}
and |ui| ≤ 1 for all i ∈ {1, . . . , 3}, respectively. The resulting OCP is such
that the MPT3 [121] fails to compute the explicit solution within a 6-hour time
limit. However, we can still generate a data set for approximating the OVF by
solving the OCP (13.12) for 10000 random values of x ∈ FN, where Fn ⊆ X
is the feasible set of (13.12). We use this dataset to train two different relu
NNs. The first relu NN has a topology as in Theorem 13.13. Note that, since
we are not able to solve the OCP (13.12) explicitly in this example, the num-
ber of regions s of the OVF is unknown, and thus we cannot fully utilize the
results of Theorem 13.13. However, some of the parameters are independent
of s, e.g., the width wi of the NN. Thus, we can partially use the results of
Theorem 13.13 by choosing a relu NN with an input vector ξ as in (13.42) and
l = 1 layer with w1 = n2+3n/2 + 3 = 68 neurons. We compare this relu NN with
the PWQ relu NN from [27] with the “local-global” topology as described in
Section 13.2-13.2.4. We choose the number of neurons as w1 = 380 such that
both NNs have approximately the same number of parameters, i.e., 4560 and
4557, respectively. For both NNs, we computed the mean of the MAE from
100 training runs with a training setup as for the examples in Table 13.2. The
PWQ NN from [27] archives on average a MAE of 4.46 × 10−4 and the NN
from Theorem 13.13 a MAE of 1.02× 10−4. Thus, even for a high-dimensional
example where the results of Section 13.4-13.4.1 can only be partially utilized,
we observe a significant relative improvement of 4.37 compared to a baseline
NN with PWQ structure from the literature.

13.6 Conclusion and summary

We presented a representation of PWQ functions with a polyhedral domain
partition as the difference of two max-expressions in the form (13.10). The
representation is based on constructing a convex lifting of the domain partition
that satisfies certain conditions specified in Lemma 13.4, which ensure (13.14).
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We showed in Lemma 13.8 that these conditions can always be satisfied by
proving that the associated OP for the convex lifting is always feasible. This
finally leads to one of the main results of the paper, which is Theorem 13.10,
where we state the existence of a representation of the form (13.10) for PWQ
functions. Based on this representation, we have derived different maxout and
relu NN in the Theorems 13.11, 13.12 and 13.13. These NNs are the first for
which an exact representation of arbitrary PWQ functions with a polyhedral
domain partition is possible. The proposed representation of PWQ functions
is illustrated in Section 13.5-13.5.1 using an exemplary two-dimensional PWQ
function. Since the typical use case for NN is not the exact representation of
given functions but the approximation of functions based on sample points,
we investigated the behaviour of the proposed representation in the context
of NN training. For this purpose, we approximated in Section 13.5-13.5.2 the
PWQ OVF of linear MPC for different systems and demonstrated the benefits
of the proposed NN compared to classical NN.

Appendix

Proof of Proposition 13.3. To show that for every i ∈ {1, . . . , s} and for every j ∈
{1, . . . , s} \ i an index set C(i,j) as in Assumption 13.2 exists, we first note that
for a fixed but arbitrary r ∈ {1, . . . , s} \ i, there exists at least one p ∈ {1, . . . , s}
with (p, r) ∈ N such that h(p,r)x + b(p,r) ≤ 0 for all x ∈ R(i). We prove this
claim by contradiction. Due to the assumption made in the proposition, we
either have h(p,r)x + b(p,r) ≤ 0 or h(p,r)x + b(p,r) ≥ 0 for all x ∈ R(i). We
now assume that we have h(p,r)x + b(p,r) ≥ 0 for all x ∈ R(i) and for all p
with (p, r) ∈ N , i.e., h(r,p)x + b(r,p) ≤ 0 for all x ∈ R(i) and for all p with
(p, r) ∈ N . This would mean that h(r)x + b(r) ≤ 0 holds for all x ∈ R(i), which
is a contradiction since we have r ̸= i. Thus, for every r ∈ {1, . . . , s} \ i there
exists at least one p with (p, r) ∈ N such that h(p,r)x+ b(p,r) ≤ 0 for all x ∈ R(i).
This means that for every r ∈ {1, . . . , s} \ i, we can find a p for (13.19) such that
(13.28) holds for all x ∈ R(i). Thus, if we start with a fixed but arbitrary
r1 = j ∈ {1, . . . , s} \ i, we can find a p1 such that (13.28) with (p, r) = (C(i,j))1 =
(p1, r1 = j) holds for all x ∈ R(i). If p1 = i, we would be done at this point since
we then already have an index set C(i,j) = {(i, j)} with the desired properties.
For p1 ̸= i, we choose (C(i,j))2 = (p2, r2) = (p2, p1). In this case, we can again
find a p = p2 such that (13.28) with (p, r) = (C(i,j))2 = (p2, p1) holds for all
x ∈ R(i). Proceeding in this way, we can show that as long as pk ̸= i, we can
find a pk+1 such that (13.28) with (p, r) = (C(i,j))k+1 = (pk+1, rk+1) = (pk+1, pk)
and (C(i,j))1 = (p1, j) holds for all x ∈ R(i). This means that we can find an
index set C(pk,j) for rewriting ∆φ̃(pk,j)(x) in terms of (13.26) such that (13.28)
holds for all x ∈ R(i) and for all (p, r) ∈ C(pk,j). If we have pk = i for some
k ∈ N, we have a set C(pk,j) = C(i,j) with the desired properties. Thus, it
remains to show that there exists a finite k such that pk = i.
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Every index pair (p, r) ∈ C(pk,j) represents a hyperplane with h(p,r)x+ b(p,r) ≤
0 for all x ∈ R(i). Due to h(p,r) = −h(r,p) and b(p,r) = −b(r,p), we further have
h(r,p)x + b(r,p) ≥ 0 for all x ∈ R(i) and for all (p, r) ∈ C(pk,j) and consequently
(r, p) /∈ C(pk,j) if (p, r) ∈ C(pk,j). Thus, we have pl ̸= pm and rl ̸= rm for
all l ∈ {1, . . . , k} and for all m ∈ {1, . . . , k} \ l. Because if we would have
pl = pm and rl = rm for some l ∈ {1, . . . , k} and for some m ∈ {1, . . . , k} \ l,
then (r, p) ∈ C(pk,j), which is a contradiction. We thus have C(pk,j) ⊆ N , and
therefore, the maximum number of elements in the set C(pk,j) is bounded by
the number of elements in N , i.e., k ≤ KN := |N |. Moreover, we have
R(i) = {x ∈ Rn | h(i,r)x + b(i,r) ≤ 0 ∀(i, r) ∈ N}, and thus, there exists at
least one (p, r) ∈ N with p = i for all i ∈ {1, . . . , s}.

In summary, we know that if pk ̸= i, we can find a pk+1 such that (13.28)
holds for all (p, r) ∈ C(pk+1,j) and for all x ∈ R(i). Thus, as long as pk ̸= i
and k ≤ KN , we can extend the index set C(pk,j) by one element to create the
new set C(pk+1,j). Now, we prove that a finite k exists such that pk = i. We
assume for contradiction that we have pk ̸= i for all k ≤ KN and for a fixed
but arbitrary i ∈ {1, . . . , s}. Then, we can extend the set C(pk,j) until C(pk,j) = N
with k = KN . Due to (i, r) ∈ N = C(pKN ,j), we have pk = i for some k ≤ KN ,
which contradicts our assumption. Thus, there exists a k ≤ KN with pk = i for
all i ∈ {1, . . . , s} and for all j ∈ {1, . . . , s} \ i .

Meaning that for every i ∈ {1, . . . , s} and for every r1 = j ∈ {1, . . . , s} \ i, we
can find an index set C(i,j) = {(p1, r1) = (p1, j), (p2, p1), (p3, p2), . . . , (pk, pk−1) =
(i, pk−1)} for rewriting ∆φ̃(i,j)(x) in terms of (13.26) such that (13.28) holds for
all x ∈ R(i) and for all (p, r) ∈ C(i,j). This proves the claim of the proposition.
■
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