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Abstract

The simulation of nanodevices is computationally inefficient with current algorithms. The discontinuous Galerkin approach
has been demonstrated in the field of computational fluid dynamics to deliver high order accuracy and efficiency due to
its reliance on matrix—vector multiplications. Previously, the discontinuous Galerkin approach was successfully used in
conjunction with the finite volume technique to solve the Liouville-von Neumann equation in center-mass coordinates and
thus simulate nanodevices. To exploit its full potential regarding high-performance computing, this work aims to substitute
the aforementioned finite volume technique with the discontinuous Galerkin method. To arrive at the said formalism, a finite

element method is implemented as an intermediate step.

Keywords Discontinuous Galerkin methods - Finite element methods - Liouville—-von Neumann equation - Quantum

transport - Nanodevices

1 Introduction

With numerous algorithms proposed to solve quantum
transport equations, like for example the finite volume (FV)
based techniques [1], finite difference schemes [2], and the
Green’s function approach [3], computational efficiency
is further improvable. Specifically transient simulations
are of interest, as time savings can be substantial here.
Conventional Galerkin methods are a possibility to build
upon and improve the accuracy of numerical approximations
of quantum transport equations.

The discontinuous Galerkin (DG) method is successfully
applied in computational fluid dynamics [4], but can also
be adapted for conservative problems of a quantum nature.
Here, the requirements are not exclusively the realization of
computational efficiency, but also the adequate inclusion of
quantum effects with sufficient accuracy.

The DG method operates on the basis of the follow-
ing principles enabling it for the use in high-performance
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computing. Being based on the finite element method
(FEM), transient calculations rely on matrix—vector multi-
plication when applying the DG approach, making it specifi-
cally suitable for the approximation of transient exponential
integrators. To approximate the transient exponential opera-
tor by the use of matrix—vector multiplications, a variety
of algorithms including the Krylov methods [5], Faber
polynomial-based algorithms [6], or Runge—Kutta schemes
[7-9] can be utilized. A further benefit of the scheme is
the use of block-diagonal matrices. Thus, the computation
of the appearing inverse matrices is especially efficient. At
this stage, matrices are of a low order, allowing for a more
efficient inclusion into the scheme.

Nevertheless, this method suffers from inherent stability
issues considering time-dependent analyses which have to
be resolved [7]. An appropriate choice of the numerical flux
and boundary conditions can alleviate these problems [10].
Therefore, it is expedient to simulate nanodevices on the
basis of quantum Liouville-type equations in center of mass
coordinates with the DG algorithm.

As proposed in [11], a hybrid DG method has already
been proved to be a stable algorithm and deliver accurate
results when simulating nanostructures. However, the pro-
posed method is of a hybrid nature by utilizing the FV tech-
nique to approximate the relative coordinate and the DG
scheme to handle the center of mass coordinate. The use
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of the FV technique was first provided as to better assess
the influence of the numerical flux introduced by the DG
method on the carrier density, which is considerable and
demonstrated in [12].

To arrive at a full DG-based algorithm, this paper seeks
to substitute the FV technique by a second DG method,
hence approximating both, the center-mass and relative,
coordinates of quantum Liouville-type equations with the
DG method. To do so, an intermediate step is undertaken
by introducing the finite element method (FEM) instead of
the FV approach since the FEM and DG methods are closely
related. The use of the FEM introduces well-known stiffness
and mass matrices, which are also used in the DG scheme.
Finally, to arrive at the DG method, the finite elements are
decoupled and linked via a numerical flux.

This work is divided into six sections. Section 2 will
briefly introduce the Liouville-von Neumann equation,
while also presenting the current methodology and giving
some important definitions. The discretization of the relative
and center of mass coordinates will be dealt with in Sects. 3
and 4, respectively. Simultaneously, Sect. 3 will present the
FEM and DG concepts. Section 5 will discuss the numerical
results obtained with the proposed algorithm followed by a
conclusion in Sect. 6.

2 Fundamentals

The basis of this investigation is the Liouville—von Neumann
equation (LVNE) for the one-dimensional transport problem
[6]. Furthermore, the effective mass m is considered to be
spatially constant [13]. On the basis of these conditions, the
LVNE reads as [6]

20 = LB 0p(r £,
ey
p denotes the statistical density, g represents the elementary
charge, and B describes the static conduction band, as well
as effects of the externally applied bias [13] comprised by

the function V and is defined according to

B(}(sgvt): V<X+ g’t> _V<;(_ g,t).

0
=, ) ,t =
atp(;(é ) =1

2.1 Current methodology and definition

In [11], the FV method was utilized in the &-direction
as to better assess the influence of the numerical flux,
introduced by the DG scheme in the y-direction, on the
statistical density. Since this was thoroughly analyzed
in [10], the DG algorithm can now be introduced to

discretize the £-domain according to Frensley’s concept
[14]. However, as mentioned above, before utilizing the
DG method, an FEM approximation will be utilized as a
preliminary step since it is the basis for the DG algorithm.
The combination of the DG method in the y-domain
and the FEM in the £-domain results in another hybrid
formalism. Once the FEM is transformed into the DG
scheme, the combination with the DG method in the y
-domain results in a double DG formalism. Accordingly,
three notations for the algorithms shall be introduced to
simplify addressing them:

e The DG method to approximate the y-coordinate and
the FV technique to approximate the £-coordinate is
denoted by DGFV

e The DG method to approximate the y-coordinate and
the FEM scheme to approximate the &-coordinate is
denoted by DGFEM

e The DG method to approximate the y-coordinate and
the &-coordinate is denoted by DGDG

Generally speaking, the finite difference (FD) scheme
could be used as well. However, it has been already
shown in other scientific fields that the FD scheme lacks
in accuracy when compared to the FEM [15, 16]. For this
reason, the FD scheme will not be considered. To simplify
the derivation, and because the appearing well-known
stiffness and mass matrices are identical between the FEM
and DG method, a generalized coordinate is introduced to
cover both cases according to o = y,¢.

3 Discretizing the é-coordinate
3.1 Finite element approximation

To approximate (1) considering the £&-domain, the conven-
tional FEM technique is implemented on an equidistant
grid. The computational domain €, within the interval
Dk = [-L:/2,L;/2]is divided into a number N; of evenly
spaced finite elements with a width of A., whereby two
neighboring finite elements share one node. A linear
ansatz for the nodal functions is chosen for the approxi-
mating functions resulting in a total number of nodes with
Ng, = N; + 1. To find a discrete solution for each element,
test functions li,i(‘j) must be specified. These functions are
piece-wise defined polynomials of order N =N, — 1 and
form a N-dimensional finite element [11]. Next, the test
functions are integrated over each element D*. To approxi-
mate the partial derivative d/dy, the FEM-typical local
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stiffness and mass matrices S, M are introduced and their
matrix elements are defined according to

Sto)= [ o3 bavio @

M (o) = /D i)l (0)do, 3)

resulting in 2 X 2 matrices due to the above chosen linear
ansatz. To preserve continuity of the statistical density p at
node junctions between finite elements, matrix elements Sf.‘d.
of the local matrices are overlapped and added according to
the following scheme:

1 1
S%’l 1 Sl'z 2 (2) 0

S2,1 52,2"2"51,1 ) Sl,z X 3 0

g = 0 52,1 st2 + S1,1 SL2 0
‘ ] .. k-1 ; k k:
0 52’2 :_SI,I S}{,z
0 52’1 52’2

The potential values are gathered as 2 X 2 matrices and
assembled similar to the above scheme for deriving S'. The
nonzero elements B; ;(y, 1) are defined as

B,(x0) = cpB(r. 1,0+ B, &1, 0) - M), (4

whereby ¢ = 1g/h. The values &, 1 represent the coordi-

ixl
nates of the interfaces for the i-th ceil. The potential values
must be further multiplied with the mass matrix M* obtained
from (3) for each finite element. Finally, the values B; ;(x, 1)
must be integrated over each &-element as discussed in [17].
To approximate the integral, the Gauss—Lobatto quadrature

is utilized according to [17]

Ngr

l}j’m = Z(VV_I)a[(VV_l)aij,m(x’ t)WaJk. (5)

a=1

Here, Vis the Vandermonde matrix, w, is the Gauss—Lobatto
weights, and J* is the Jacobi matrix. The partially discretized
von Neumann equation (1) derived with the FEM algorithm
now reads as

0 10 P

—p(y,)=8S —p(x,t) —B(y,t N3

3 tp(;( ) o7 p(x, ) =B(y.0p(x,1) (6)
and consists of coupled partial differential equations depend-
ing on the center-mass coordinate y. The statistical density

vector p(y, t) contains the values of the density matrix p at
the discrete locations &;.

@ Springer

3.2 Discontinuous Galerkin scheme

The computational domain €; is again divided into N, of
now non-overlapping finite elements with a width of A..
This time, neighboring finite elements do not share the same
node. Instead, each finite element has its individual nodes
holding individual values. Therefore, the linear ansatz with
N, =2 now yields a total of Ny, =2 - N, nodes. Although
the local stiffness matrix (2) is identical to the one used in
the FEM approach, deriving the total stiffness matrix differs
according to the following scheme

1 ¢l
S%l S%2 0 0 0
S271 52’2 0 O 0
0 O Sfl sz 0
S =10 0 S§1 S;Z 0|,
: . '.‘ '.‘ .k.. k:
0 oo e e S1,1 51’2
() DT TT S§1 5152

resulting in a block-diagonal matrix. To achieve continuity,
a so-called numerical flux is deployed. Although the DG
method enables the free choice of the numerical flux, of
which there are a variety of options available [4], one factor
limits the choice for the £&-domain. The inflow and outflow
characteristics are unknown. Hence, a central flux has to be
chosen, which equally includes both contributions. To derive
the numerical flux, the &-derivative affecting p(y, &, 1) in (1)
is examined closely.
First, lift operators p, (o) are introduced and defined as

pa(o)) = (1,0)7
pac®) = (0, 1)

for the left and right edge of each element, respectively.
Next, a two stage partial integration is performed on (2) to
arrive at the strong formulation [12]. The double valued flux
is substituted by a single valued numerical flux at each node
as described in [12] resulting in

[li(e) - (@) = [li(o) - f* (o)) + / li(a)%lj(a)da-

Considering that the central flux can be expressed by
fl’;r = (f17r + fljr)/ 2, the numerical flux for the left edge of
each element reads as f; = —fo’_‘[ + (f(fr‘1 +f¢f,)/2’ while the
numerical flux at the right edge for each element equals to
[ =1} = (fy +f3*")/2. Here, the superscript ‘=" refers to
the interior information, whereas ‘+’ is related to the exte-
rior information of the element. For clarity of the notation
refer to Fig. 1, where the schematic representation of the
numerical flux is provided.
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Fig. 1 Schematic representation
of the numerical flux f for one
o =¢&, y-element

At last, the discretization matrix S" can be assembled
according to the strong formulation [12]

S =S8 —F. @)

Where S* is the total stiffness matrix, F holds the values of
the numerical flux for each element across the computational
domain Q. The partially discretized LVNE (1) derived with
the DG algorithm can finally be written as

4] n 0 ~
Ep(){?t) =S ap()(,t)—B()(’t)P()(at)- (8)

3.3 Semi-discretized quantum Liouville-type
equations

To solve a semi-discretized von Neumann equation, open
boundary conditions are necessary. However, these are
unknown in the real space, wherefore inflow boundary
conditions [14] can be incorporated. Subsequently, a dis-
tinction between forward and backward propagating waves
is needed. For this purpose, the discretization matrices s
and S” obtained from the FEM and DG methods, respec-
tively, are diagonalized with an eigenvalue decomposition
according to A = ®'S'"®. This allows an expansion of
the semi-discrete density matrix p according to

P =@ -y YV k=1.Ng, ©)

utilizing the matrix -, containing the eigenvectors of S
or § columnwise, and the expansion coefficients cX. It is
important to note that the expansion order N, must be even
to avoid singularity issues. Finally, the expansion in (9) is
applied onto (6) and (8). Coupled with a basis transforma-
tion of ®* and B in (6) and (8) from the left-hand side the
discrete quantum Liouville-type equation

ic( 7.0 =<1>*S’<”><I>ic( )
ot dy (10)
—®'B(y,)®-c(y,1)

for the FEM and DG scheme results. The diffusion matrices
S, as well as the drift matrix B, are diagonalized by utiliz-
ing the aforementioned eigenvalue decomposition.

4 Discretizing the y-coordinate
4.1 Discontinuous Galerkin approximation

For the discretization of the y-coordinate in (10), the
DG algorithm is utilized as depicted in [11] and shall be
evaluated briefly in the following.

The computational domain Q » within the interval [0, L 1]
is subdivided into a number N, of finite elements. Unlike
the é-domain, the form functions are chosen to be quadratic
(N =2), thus resulting in N, = 3 nodes for each finite
element. As depicted previously in Sect. 3B, the discrete
solution for each finite element is multiplied and integrated
for each y € D resulting in

0 k 0 k
—p(x,H)l()dy —c, - —p(y, Dl (p)d
/Dk 5P DL G0dy = e /Dk a/’(" I CQody

> an

where ¢, holds the physical constants according to
¢y, = th/2mA¢&). A¢ is the width of a &-element.
Additionally, G]’fm()() represents the matrix elements of

® B® in (10). In a next step, the term containing the y
-derivative is partially integrated two times to arrive at the
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strong formulation. Together with the relationship (2) and
(3), (10) can be rewritten to [11]

M2 11,00 - FQOVE = o) - F GOV

ot
N (12)
=S+ M"Y diagG)ck, ¥V n=1.N,
m=1

For the time-dependent problem, the inverse of the mass
matrix (Mk)" must be multiplied to (12). For the steady-
state case, it is sufficient to assume M*d, = 0. Similar to
the approximation in the £-direction, the partial integration
introduces a numerical flux, which ensures the coupling of
the discontinuous finite elements. As shown in [10], a central
flux in the y-direction causes instability when aiming to
perform a transient simulation. However, since the direction
of the propagating waves is known due to the eigenvalues
derived from the discretization matrices in 3A and 3B, the
upwind flux provides an adequate approximation to account
for the flux characteristic of the differential equation (12)
[10].

4.2 Definition of the upwinding numerical flux

The upwinding numerical flux takes into account the
direction from where waves are coming from. To better
understand this fact consider Fig. 1, where D* represents the
finite element and o, as well as o, denotes the left and right
edge of said element, respectively. Waves propagating either
to the right (positive) or to the left (negative), indicated by
the normals n~ and nt, require the definition of a numerical
flux for each case. From (12) together with the following
definition for an upwinding numerical flux (a = 0)

*_f_+f+ 1-
MT=4 5 + 5

CVAIGEf~ + Rt (13)

a numerical flux for forward propagating waves f** and
backward propagating waves f*~ can be defined as

[Ae) +f* (@)

f*’+ =fk(6r) - < 2

+ %(—f"(o,) e (ol))>,

o)+

[ == o+ < 5

+ %(—fk(al) +f"‘1(6,))>,

respectively.

@ Springer

4.3 Boundary conditions

To complete the approximation of the computational domain
['=Q, X Q,, boundary conditions must be defined. The prop-
agating waves within the domain move with a certain velocity,
which are identified by the eigenvalues 4; as derived in 3A and
3B. Due to singularity issues, 4; = 0 must not appear. There-
fore, all eigenvalues are symmetrically distributed around 0.
The fixed boundary conditions consist of the union of Dir-
ichlet (I'p)) and Neumann (") boundaries within the computa-
tional domain I'. The edges of the y-domain along y; = 0 and
X, = L, are defined by the conditions g(y, ) = (@‘1)"f(§),
where f(&) is the Fourier transform of the Fermi—Dirac distri-
bution f{k) [18] and defined as

FEo =1 / cos(Eh)f(kydk  with
2

k) = Y”’;_Zzﬁln(l + M),
The matrix containing the eigenvectors ®; is divided into the
eigenvectors corresponding either to the positive or negative
eigenvalues.

The LVNE (1) demands an infinitely expanding &
-domain such that waves can propagate into infinity [19].
However, since the aim is to numerically approximate
(1), a finite computational domain is needed. Therefore,
the ¢-domain along & = —L,/2 and &, = +L;/2 must
be terminated with open boundaries as shown in [20]
to accomplish the above requirement. Mathematically
speaking, an openly bounded computational domain
leads to zero-valued Neumann boundary conditions. From
a physical perspective, the closed boundary conditions
instead of open boundary conditions cause reflections
of the values of the density matrix, which appear as
oscillations in the final result and do not represent the
physical solution [21]. Therefore, a complex absorbing
potential (CAP) at both edges of €, is deployed, which
acts as a dampening layer and decays the occurring
reflections [22]. Hence, the CAP is deployed along &, and
£, according to

Wo€— S +002 if S -5se<™
W=y Wye+< -2 if —£<e<-F+6 (14

0 otherwise,

where W, represents the amplitude of the CAP and 6 is the
width of the CAP region, in which waves are absorbed. The
complex potential :W(&) appears as an additional subtrahend
in B(y, &, t) within (1) [22]. As shown in [10], the CAP has
the added benefit of stabilizing the proposed scheme by
pushing the eigenvalues of the system matrix further to the
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Fig.2 Eigenvalue spectrum of x10'°
the system matrix derived with 3
the DGFEM (a), and with the 2
DGDG (b) algorithm, respec-
tively =1
=
—~ 0
=
& -1
2
3 . ‘ ‘
-3 -2 -1 0 -2.5 -2 -1.5 -1 -0.5 0
R(A) [1/s] x10'° R(A) [1/s] x10'°
(a) (b)
negative half of the complex plane, which is important to 1 X107
fulfill the stability condition for transient simulations [8]. ssss DGFV DGDG ——QTBM = =DGFEM]

5 Numerical results

To evaluate the algorithms, this chapter shall present and
discuss the numerical results derived from both schemes.
The stationary results from both schemes shall also be
compared to the results obtained from the DGFV approach
[11], as well as the quantum transmitting boundary method
(QTBM), which is based on the numerical solution of
the Schrodinger equation utilizing the finite element
method. With its inherent inclusion of self-energy terms
at the boundaries, it also takes into account the spatially
open device characteristic appropriately and is, therefore,
considered state of the art [23]. To apply the algorithms for
a transient analysis, stability must be guaranteed. Here, the
Runge—Kutta 4™-order algorithm is chosen as it has proved
an efficient performance in the past [12].

Stability is achieved when the real part of all eigenvalues
derived from the system matrix is located on the negative
half of the complex plane [24].

It can be concluded from Fig. 2a and b that the DGFEM
scheme, as well as the DGDG algorithm, delivers an eigen-
value spectrum to allow a stable algorithm. To compare all
three discretization schemes—that is, the DGFV, DGFEM,
and DGDG methods—an identical simulation setup has been
executed. The basis of the simulation is a GaAs/AlGaAs res-
onant tunneling diode with a flatband potential as indicated
in Fig. 3. The barrier is set to 0.2eV. Additionally, the effec-
tive mass distribution for the steady-state case is assumed to
be constant throughout the structure. Each simulation was
executed utilizing the LiDO3 supercomputer located at the
Technical University of Dortmund. The node is powered
by two AMD EPYC 7542 CPUs at 2.49 GHz with a L3
cache of 128 MB, respectively. Both CPUs combined have
64 cores, while the RAM is 1024 GB. To maximize utiliza-
tion of the one TB of RAM, the y-domain was discretized

n(x) [m™]

0 10 20 30 40 50 60
X [nm]

Fig.3 Comparison of the carrier density n(y) between the DGFV,
DGDG, DGFEM, and QTBM

Table 1 Comparison of the carrier density n(y) at three different y
-coordinates for the DGFV, DGDG, DGFEM, and QTBM algorithms
as snapshots from Fig. 3. The units are m™>

y[nm] DGFV DGDG DGFEM QTBM

30 5.87-10% 4.70 - 107 4.85-10% 4.65 - 107
35 3.25-10% 9.94 . 104 7.63 - 102 2.01-10%
43 1.02 - 10%# 1.02 - 10%# 1.02 - 10%# 1.03-10%

with N = 74 elements, while for the £&-domain N.f =340
elements were used. Figure 3 displays the carrier density
n(y) derived with the three schemes as described in the cap-
tion. To further compare the accuracy of the three schemes,
the results obtained with the state-of-the-art QTBM [23]
have been included.

When observing the critical points in Fig. 3, which are the
locations before and after the barriers, as well as the GaAs
layer in between the barriers, the DGDG algorithm provides
the most accurate result. To compare the critical points in
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Fig. 3 more precisely, the carrier distribution values n(y)
are listed in Table 1.

As it can be observed from Fig. 3 and Table 1, the largest
difference between the algorithms is in the center of the RTD
at 30 nm. Here, the DGFV scheme leads to the highest value.
At 35 nm, the DGFEM algorithm maintains a higher value
compared to the other schemes. At the locations, i.e., 30nm
and 43nm (see Table 1), all algorithms maintain a similar
value, although being lower compared to the QTBM. In
general, however, the DGDG method provides the closest
carrier distribution levels to the QTBM algorithm.

To further confirm the operability of the proposed algo-
rithms, the current density dependent on the voltage from
0V to 0.45V is shown in Fig. 4 for the DGFV, DGFEM,
and DGDG algorithms. As a reference, the QTBM was also
applied. However, due to a more precise approximation of
the potential with the DGFEM and DGDG algorithms, the
QTBM might not be the best choice as a basis for compari-
son. Nevertheless, to maintain consistency with Fig 3, the
QTBM was included.

As is visible from Fig. 4, the DGDG and DGFEM algo-
rithms show small deviations from each other. All three
schemes display the typical progression of the IV-curve for
an RTD with one resonance point within the 0.1V and 0.15V
range. Only the DGFV method deviates from the two other
algorithms and the reference after the first resonance point.
This can be justified by the inaccuracy of the DGFV algo-
rithm compared to both other approaches and the QTBM.
Furthermore, the resonance achieves a higher value with the
three DG-based algorithms when compared to the QTBM. A
possibility for the deviations is that the DGDG and DGFEM

Fig.4 Characteristic IV-curves for a RTD derived with the DGFV,
DGDG, and DGFEM. A reference curve was added derived with the
QTBM to compare accuracy of the three algorithms

@ Springer

algorithm approximate the spatial behavior of B(y,¢&,f) in
(1) more precisely due to the Gauss—Lobatto quadrature. It
is also important to note that for the above simulations of
the IV-curve an equally sized discretizing grid is used for all
algorithms. Therefore, the discrepancy of the DGFV algo-
rithm is reasonably consistent with the findings from Fig. 3.

There were not only discrepancies in the results of the
three algorithms but equally so with regard to the computa-
tion time as well as to the utilized resources. To compare
the RAM usage and run time of the three algorithms, four
different simulation setups have been carried out to ana-
lyze the trend when varying the number of £-elements N.
Hereby, the number of elements was increased starting from
N, =280 to N; = 680.

10 w
® DGFV
O DGFEM
DGDG
(o]
_ (o]
[as]
O 10%t ° .
=
< 0O
~ *
* 8
10'r 1
“ 1 1 1 1 1 1 1 1
300 350 400 450 500 550 600 650
NE

Fig.5 RAM usage of the DGFV, DGDG, and DGFEM concepts for
varying numbers of nodes in the £&-domain

# DGFV
O DGFEM
DGDG
_ o
210’ o »
E »
50
E 3
IOZT | | | | | | | |
300 350 400 450 500 550 600 650
Ne

Fig.6 Run time of the DGFV, DGDG, and DGFEM algorithms for
varying numbers of nodes in the £&-domain
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The results obtained are shown in Figs. 5 and 6. As it
can be seen, all algorithms describe an approximately linear
increase in RAM usage and computation time when refining
the grid. Furthermore, the DGDG algorithm requires more
RAM compared to the DGFEM scheme, while needing less
time than the DGFEM method to complete the calculation.
The DGFV algorithm is the most efficient approach in both
cases. This is due to the fact that eigenvalues and eigenvec-
tors are being derived analytically, while for the DGFEM
and DGDG algorithm, the eigenvalues and eigenvectors
are obtained from the discretization matrix as introduced
in Sect. 3. Nevertheless, since S and S” are Toeplitz matri-
ces, the eigenvalues and eigenvectors can be determined
analytically providing room for optimization. Addition-
ally, the &-coordinate of the matrix containing the poten-
tial values of the DGFV scheme is approximated with the
trapezoidal rule as described in [13]. With the DGFEM and
DGDG algorithm, the same drift matrix is derived with
the Gauss—Lobatto scheme as described in Sect. 3, which
is computationally more expensive. However, this affects
only the steady-state case, where the distribution matrix is
computed only once.

Another major opportunity for optimization is leaving
a one-script implementation behind and implementing a
functional programming (FP) [25] approach. In doing so,
one can exploit the advantage that matrices not needed
for further calculations are removed from the workspace
clearing up RAM. Accordingly, the three respective scripts
for the DGDG, DGFV, and DGFEM algorithms were divided
into individual functions and combined into one main script.
To compare both programming styles, the simulation with
the most refined discretizing grid from Figs. 5 and 6 has been
integrated into the new script. The new computation times
and RAM usage for the three algorithms are summarized
in Table 2.

When comparing the two programming styles in Table 2,
it is most noticeable that the run time across the board
increases, while the RAM usage decreases. The run time for
the DGFV and DGDG algorithm is almost similar. Although
the DGFV scheme remains the fastest algorithm, one has to
take into account the lower accuracy of the DGFV method
compared to the DGFEM and DGDG algorithms. Hence, a

Table 2 Comparison of the two programming methods for the DGFV,
DGFEM, and DGDG algorithms

Run time [s] RAM usage [GB]

Single script FP Single script FP

DGFV 532 1545 45.13 37.717
DGDG 1003 1600 863.67 46.95
DGFEM 920 2361 354.98 42.02

725
11 % ‘
® DGFV
DGDG
10r O DGFEM| |
9t * 1
S 1
=
e
| 7r 1
o
6 o % 4
o
5+ (o) ® J
(o) E 3
4 L L L L
0 500 1000 1500 2000 2500

Run time [s]

Fig.7 Comparison of computation time until an equal error value is
reached between the DGFV, DGDG, and DGFEM concepts. The run
times were determined utilizing the FP script

comparison from the perspective of an equal error between
all algorithms is essential. For this purpose, the discretiz-
ing grid from Fig. 3 for the DGFV algorithm was steadily
increased until said algorithm achieved the same mean error
as the DGDG and DGFEM algorithms. In Fig. 7, the run
time is depicted against the mean error until the same value
is achieved among the three algorithms. The error was cal-
culated according to

_ |”QTBM = NpGa|
=——"-

|nQTBM|

whereby n;,,., represents the result obtained either with the
DGFV, DGFEM, or DGDG scheme.

From Fig. 7, it can be concluded that the DGFV algorithm
becomes computationally expensive when aiming to achieve
the same error as the DGDG algorithm. The DGDG method
is computationally more efficient regarding simulation time,
while maintaining the same error value.

Finally, it is of larger interest to analyze the computa-
tion time for a transient simulation. Instead of utilizing
the parameters from the simulations presented before, a
smaller sample size has been chosen due to time and hard-
ware limitations. The number of y-elements has been set to
N, =40, while the number of {-elements has been reduced
to N = 280. The order of the approximating functions was
kept the same. For the discretization of the time domain,
the Runge—Kutta 4"-order algorithm was chosen. The time
stepping width A was set to At = 10~!7s. To compare the
computation time for one time step of the transient loop,
each algorithm ran for a total of 100 time steps, of which
the mean value was calculated. With 0.25 seconds on aver-
age, the DGFV algorithm runs the longest. Followed by the
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DGDG with 0.24 seconds on average, and lastly the DGFEM
with a mean value of 0.21 seconds being the fastest.

It can be concluded that the DGFEM algorithm is almost
13% faster than the DGDG scheme. An analysis of the
system matrix for all algorithms revealed that the system
matrix of the DGDG and DGFV scheme has 1.44% more
elements when compared to the system matrix obtained from
the DGFEM method. Therefore, the increased computation
times of the DGDG and DGFV schemes are plausible.

Lastly, it remains to be analyzed why there is a major
discrepancy in RAM usage between the algorithms. Multiple
reasons affect this condition:

e The DGDG algorithm introduces block-diagonal matri-
ces not only in the y- but also in the £-domain, resulting
in matrices of a higher order.

e To derive the drift operator Gjlfm in (12), both DGDG and
DGFEM algorithms utilize the Gauss—Lobatto quad-
rature in both domains €, and €, increasing the order
of the involved matrices considerably. The DGFV
scheme only uses the Gauss—Lobatto quadrature for
the y-discretization.

e Specifically the DGDG algorithm works with matrices
consisting of more nonzero elements when compared to
the DGFEM scheme since the DG scheme generally does
not overlap elements like the FEM does.

Still, there is one decisive advantage of the DGDG pro-
cedure over the others. Because the DG scheme produces
block-diagonal matrices in both domains, in theory, the
system matrix should be more ‘flexible.” That is, a block-
diagonal matrix can be subdivided into smaller matrices,
inverted, and multiplied in parallel [26].

6 Conclusion

This work has developed and compared the DGFEM and
DGDG algorithms to the current DGFV method by simulat-
ing a double-barrier resonant tunneling diode and analyz-
ing the carrier density within the structure for the steady-
state case. Functionality of the algorithms has further been
shown by calculating the characteristic IV-curve for the
aforementioned device. The comparison has shown the
DGDG scheme to deliver the most accurate compliance
with the QTBM reference algorithm, while maintaining
the highest computational efficiency. Furthermore, only the
DGDG algorithm is capable of exploiting the full potential
of high-performance computing. By introducing a discre-
tization with the DG method in both directions, the system
matrix can be theoretically transformed to be globally block
diagonal. This fact enables the utilization of parallelization

@ Springer

during the inversion of the system matrix and matrix—vec-
tor multiplication. It will speed up the computation time not
only for the steady-state case but also for the transient case
as well. Here, a considerable time saving in each time step
can be expected.
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