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Abstract

The comparison of different treatment groups in terms of time to a specific event is
paramount in clinical practice. Statistical methods to address such research questions
are of fundamental importance. Hence, various tests and effect measures have been
proposed to quantify such differences. One fundamental approach combines reporting
the hazard ratio as an effect measure and the log-rank test to quantify the derivation.
The main reason is that the log-rank test is optimal under proportional hazards. It is
the most powerful test to detect differences between treatment arms in such scenarios.
However, if we consider other kinds of hazard patterns, the power of the LR potentially
drops drastically. At the same time, under non-proportional hazards, the hazard ratio
changes over time and does not remain constant, making it challenging to interpret
as an overarching measure of effect. Consequently, we need alternative approaches
and recommendations on using them in settings where we can not assume proportional
hazards.

This cumulative thesis is based on five publications dealing with non-proportional
hazards. The first work summarizes the current state of two-group comparisons for
time-to-event data under non-proportional hazards and compares the methods based
on reconstructed real data. The second paper extends the comparison by including
additional methods and reevaluating the approaches employing simulation studies. In
the third manuscript, we revisit the average hazard ratio and the corresponding test
statistic to derive a parametric and simulation-based sample size approach. The fourth
manuscript extends the multi-directional weighted log-rank test to multiple testing
problems, resulting in a new approach allowing for more than two treatment groups.
Finally, the fifth publication incorporates the multi-directional log-rank test into an
adaptive design, resulting in a highly flexible approach for situations with little prior
knowledge.
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Introduction
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1 Motivation

When planning a clinical trial, various decisions must be made. These include the definition of
endpoints of interest. In time-to-event analysis, these are usually progression-free, event-free, or
overall survival (Rufibach, 2019). Before starting the trial, we must define the estimator of interest
and, based on that, the corresponding sample size calculation approaches and tests (Proschan
et al., 2006). The choices depend on the underlying data and the respective research question.
Hazard ratios, Schoenfeld’s formula, and the log-rank test are standard tools in time-to-event
analysis (Ananthakrishnan et al., 2021). The above approaches assume proportional hazards
(PH), where the hazard ratio remains constant over time. Under this assumption, the log-rank test
and the corresponding sample size calculation methods, such as those proposed by Schoenfeld
(1981) and Freedman (1982), are widely used due to their optimal power properties. However, the
assumption of proportional hazards is often violated in real-world data, leading to a significant
loss of power and incorrect conclusions if the traditional methods are used indiscriminately
(Lin et al., 2020). One primary reason for the continued use of the log-rank test, even when
the PH assumption does not hold, is its simplicity and the availability of its implementation
in various statistical software (e.g., R, Stata). However, the violation of the PH assumption is
not uncommon. Treatment effects that vary over time, such as those seen in immunotherapy,
where long-term benefits follow a high initial risk, frequently result in non-proportional hazards
(Mick and Chen, 2015; Alexander et al., 2018; Ananthakrishnan et al., 2021; Rahman et al.,
2019). A study by Trinquart et al. (2016) found that the PH assumption was violated in nearly
25% of analyzed phase III oncology studies. Kristiansen (Kristiansen, 2012) conducted a survey
revealing that 70% of studies with crossing survival curves used the log-rank test, not considering
derivation from the PH assumption.

Royston and Parmar (2020) published a simulation study comparing nine methods implemented
in Stata and showed a preference for modified weighted log-rank tests Fleming et al. (1987);
Royston and Parmar (2014); Lee (1996); Karrison (2016). However, the authors did not include
scenarios for crossing hazards. Another overview was given by Lin et al. (2020), focusing on
combined weighted Kaplan-Meier and weighted log-rank tests. The authors conclude that as long
as we do not have prior knowledge, the MaxCombo test showed the most robust behavior among
the tests under consideration (Lin et al., 2020). The most extensive study regarding crossing
hazards was given by Li et al. (2015), who compared 21 tests designed to handle crossing
hazards. They stated that the two-stage test by Qiu and Sheng (2008) or the test by Kraus (2009)
are the most suitable among the studied tests. A general overview of existing methods and
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1 Motivation

recommendations regarding trial design was created by Ananthakrishnan et al. (2021) without
numerical comparison. None of the mentioned reviews considered new results on projection
type, sample space partition, or area under the survival curve tests (Brendel et al., 2014; Ditzhaus
and Friedrich, 2020; Gorfine et al., 2020; Liu et al., 2020).

Most of the publications above present a new approach and a simulation study investigating the
performance of various methods. Boulesteix et al. (2013) argue that an independent comparison
should prioritize the evaluation rather than introducing a new method. They conclude that such
conduct maintains reasonable neutrality and ensures a rational study design and assessment.
Friedrich and Friede (2024) revisit the issue and emphasize the importance of choosing the
comparison approach. Most manuscripts on statistical methodology rely on simulation studies
and typically include a single real-world data set to motivate and illustrate the investigated
method. In machine learning, especially within supervised learning, a prevalent approach
involves comparing the performance of methods using benchmark data sets. Friedrich and Friede
(2024) argue that both approaches come with their strengths and weaknesses and should be
combined.

In this thesis’s first and second papers, we extend the existing publications by providing neutral
comparisons, including the best performers from existing simulation studies and more recent
approaches, and combining artificial data and real-world data comparison approaches (Dormuth
et al., 2022, 2023). Therefore, we conducted an extensive simulation study and supported the
analysis with a broad real-world data analysis. Our simulation study covers 20 representative
scenarios, including four null scenarios, four scenarios with PH, four with non-PH (excluding
crossing structures), and eight with an emphasis on crossing hazards. Since most procedures
exhibit good properties for large samples, our study focuses on small to moderate sample sizes.
Since real-world survival data is usually unavailable, we also reconstructed published phase
III clinical trial patient data employing the algorithm by Guyot et al. (2012). Therefore, we
conducted a PubMed search with fixed search criteria. The search aimed to identify studies with
crossing survival curves and published numbers at risk at various time points. We reviewed 1,400
recent clinical oncology papers and selected studies that met our criteria. Our final selection
was further restricted by insufficient information, such as the lack of reported numbers at risk in
nearly 30% of the papers.

The hazard ratio varies over time and is not constant under non-PH conditions. Hence, it is
difficult to interpret as a global effect measure. Thus, several alternative effect measures have
been proposed. These include the restricted mean survival time (RMST), the Mann-Whitney
effect, the relative time, or the average hazard ratio (AHR). The RMST, for example, evaluates
the difference between groups by comparing the areas under the Kaplan-Meier survival curves
up to a specific time point (Royston and Parmar, 2011). The Mann-Whitney effect measures the
probability that a randomly chosen subject from one group will survive longer than a randomly
selected subject from another group (Koziol and Jia, 2009). The relative time, introduced by
Phadnis and Mayo (2021), compares the time points at which a specified percentage of events
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has occurred in each group. Lastly, the average hazard ratio extends the traditional hazard ratio
by incorporating a time-dependent weighting function to account for non-PH (Kalbfleisch and
Prentice, 1981).

The availability of corresponding statistical methods and software for sample size calculation
under non-PH scenarios is crucial. Currently, the technique by Lakatos (1986) is frequently used
for sample size calculation under non-PH, but it requires detailed knowledge of the survival
curves under the alternative hypothesis (Phadnis and Mayo, 2021). Various other methods,
such as those developed by Zhao et al. (2016) and Xiong and Wu (2017), provide sample size
calculations tailored to specific survival models and non-PH conditions but have not yet gained
widespread acceptance. This might be due to the lack of user-friendly software implementations.

Despite these advancements, there remains a need for practical and accessible sample size
calculation tools for recently suggested effect measures under non-PH conditions. For instance,
the R package SSRMST provides functions for sample size calculations based on RMST (Uno
et al., 2014) and npsurvSS offers tools for various survival metrics, including RMST and
weighted log-rank tests (Yung and Liu, 2020). The Wilcoxon-Mann-Whitney test has also been
extended for right-censored data to test the Mann-Whitney effect and average hazard ratio in
specific cases (Brückner and Brannath, 2017; Dobler and Pauly, 2018; Rauch et al., 2018).

The third manuscript aims to provide comprehensive guidance for sample size calculation in
clinical trials using the average hazard ratio as the primary effect measure(Dormuth et al., 2024b).
Therein, we compare different sample size calculation methods and assess the statistical power
of corresponding test statistics under various simulation scenarios. Additionally, we demonstrate
the importance and impact of method selection on a real data example.

Many trials comprise more than two groups (treatment arms) or have a factorial structure, posing
unique statistical methodological challenges. The primary research question in such trials is
manifold but usually subject to whether any of the arms differ from the others. Flexible multiple
comparison procedures that can be adapted to the question of interest are essential in modern
survival analysis. Until now, most existing methods use pairwise multiple log-rank tests that
are adjusted for multiplicity with a particular correction (e.g., Bonferroni) (Logan et al., 2005).
However, they may lack efficiency because they either do not consider the correlation across
the multiple test statistics or are subject to somewhat restrictive dependency assumptions (Gao
et al., 2008). This aspect is taken into account by so-called multiple contrast test procedures
(MCTPs, usually conducted as maximum tests), which are valid for arbitrary correlations of
the test statistics and use the correlation within the multiplicity adjustment. There exist several
MCTPs for various endpoints (means, proportions, Mann-Whitney effects) (Bretz et al., 2001;
Schaarschmidt et al., 2009; Hasler and Hothorn, 2008; Konietschke et al., 2013; Blanche et al.,
2022; Munko et al., 2024). Most of the approaches, however, do not apply to time-to-event data.
When considering multiple groups, the PH assumption becomes more unlikely, and the demand
for flexible testing procedures increases.
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Therefore, the fourth paper aims to close this gap and introduce powerful and flexible multiple
contrast tests for multiple group comparisons (Dormuth et al., 2024a). We evaluate these new
approaches using an adjusted log-rank test, an adjusted multiple directional log-rank test, and
a maximum test of multiple weighted log-rank tests as competitors. In extensive simulation
studies, we assess their performance regarding type-I error control and global and local power.
Our findings reveal that our novel approaches do not fully exploit the familywise error rate and
are not among the most powerful methods in any of the considered simulation scenarios. We
could observe similar behavior in our real-world data example comparing seven treatment groups
of multiple myeloma patients.

In addition to the uncertainty caused by the type of effect, we often have to deal with uncertainty
regarding the effect size. For the latter, adaptive designs are widely used as a suitable approach
to tackle this challenge (Bauer et al., 2016; Wassmer and Brannath, 2016). In adaptive designs,
we can perform interim analyses at various time points. At each interim analysis, it is possible to
terminate the study, e.g., due to futility or safety reasons, or to adapt the further study design.
Specifically, this adaptive approach enables us to re-evaluate the initial assumptions concerning
the effect size established at the study’s outset and make necessary adjustments. In such multi-
stage designs, the log-rank test is often the test of choice for time-to-event endpoints. More robust
approaches to violating the PH assumption have been proposed in recent years. These include
weighted log-rank test (Hasegawa, 2016) and MaxCombo (Ghosh et al., 2022) approaches.

We extend these concepts by proposing a systematic selection procedure based on the available
information for the optimal test statistic (Danzer and Dormuth, 2024). Based on the preceding
results regarding the performance of the mdir test, we have chosen to select this method as
a first-stage test, as it is designed to address significant uncertainties concerning the type of
effect. Then, we use the information available up to the interim analysis to pick a weighted
log-rank test. We select the test with the highest conditional power. To improve our decisions, we
employed the Royston and Parmar (2002) model to extrapolate the survival data. They propose
to use a natural cubic spline transformation of the survival function to model the survival curve
beyond the current time horizon. In our real-data example, we could show that our new approach
has the potential to salvage a trial that would otherwise conclude with an ambiguous outcome.
The extensive simulation studies revealed that our novel procedures outperform the two-stage
log-rank test under non-PH while maintaining reasonable power and PH.

The structure of this thesis is as follows: Chapter 2 provides the methodological background.
Chapter 3 summarizes each of the five publications, highlighting the novel aspects of each
manuscript and its contribution to the respective research field. The thesis concludes with a
discussion in Chapter 4, followed by the full-length papers.
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2 Statistical Methods

This chapter outlines the general methodological framework of the techniques discussed in this
thesis. For clarity, symbols are used consistently across different topics.

We consider k ≥ 2 treatment groups, each consisting of nj independent subjects (j = 1, . . . , k),
where each subject has event time Tji and a right-censoring time Cji (i = 1, . . . , nj). The
random variables Tji ∼ Fj and Cji ∼ Gj follow continuous distribution functions and are
assumed to be independent. Based on the cumulative distribution function Fj , we obtain the
survival function Sj(t) = 1− Fj(t). Both can be estimated using the Kaplan-Meier estimator,
in the following denoted as Ŝj(t) and F̂j(t), respectively. We define Xji = min(Tji, Cji) as the
observed time and δji = I(Xji = Tji) as the event indicator, where I(·) denotes the indicator
function. The cumulative hazard rate functions are defined as Aj(t) =

∫ t
0 (1− Fj(s))

−1dFj(s).
Let Nj(t) =

∑nj

i=1 I{Xji ≤ t, δji = 1} represent the number of observed events in group j up
to time t, and define Yj(t) =

∑nj

i=1 I{Xji ≥ t} as the number of individuals at risk just before
time t in the same group. These quantities allow us to define the Nelson–Aalen estimator for
Aj , given by Âj(t) =

∫ t
0

I{Yj(s)>0}
Yj(s)

dNj(s) (j = 1, . . . , k; t ≥ 0). The corresponding pooled

quantities are N =
∑k

j=1Nj and Y =
∑k

j=1 Yj , leading to the pooled Nelson–Aalen estimator

Â(t) =
∫ t
0

I{Y (s)>0}
Y (s) dN(s) (t ≥ 0).

With these definitions, we then describe the two-sided weighted log-rank test for k = 2 as
follows:

T (w) =

(
n

n1n2

)1/2 ∫ ∞

0
w{F̂ (t−)} Y1(t)Y2(t)

Y1(t) + Y2(t)

{
dÂ2(t)− dÂ1(t)

}
. (2.1)

Here, t 7→ F̂ (t−) is the left-continuous version of F̂ and w is a continuous weight function.
Under the null hypothesis, the two group test statistic asymptotically follows a χ2 distribution
(Klein and Moeschberger, 2006).

Fleming and Harrington (2013) examined a subclass of continuous weights w, including the
classic log-rank weight. These weights can generally emphasize late, early, or central times.
Ditzhaus and Friedrich (2020) introduced a weight designed for crossing hazard alternatives. The
classical log-rank test and a log-rank test for early differences are implemented in the survival
package (Therneau and Grambsch, 2021) in R.
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2 Statistical Methods

2.1 Alternative Two-Sample Tests

While the log-rank test is still widely used even under non-proportional hazards (non-PH),
several novel approaches have been proposed that are specifically tailored to handle non-PH data.
A straightforward extension is the above-mentioned weighted log-rank test that allows using
distinct weights to address non-proportionality. The choice of the weight function depends on
the alternative of interest, resulting in a test that has high power against the specific alternatives
(Klein and Moeschberger, 2006). An example is the Peto-Peto test, which favors early events
(Legrand, 2021). Without prior knowledge regarding the survival distributions, the choice of
the weight function is arbitrary and can result thus in sub-optimal power performance (Li et al.,
2015).

Qiu and Sheng (2008) proposed a two-stage testing procedure as a solution. In the first stage,
they employ the unweighted log-rank test. If they cannot reject the null hypothesis, they use
an independent test sensitive to crossing in the second stage. The decision bounds are adjusted
to control the overall Type-I error rate. The method is implemented in the R package TSHRC
(Sheng et al., 2019).

While the two-stage test is specifically designed for PH and crossing hazard patterns, the group
of omnibus tests claims to be powerful for multiple alternative hypotheses. Gorfine et al. (2020)
presented an omnibus permutation test based on a sample space partition. The authors offer
two test statistics based on Pearson’s chi-square or the likelihood ratio. The critical values are
obtained through a resampling approach designed for censored data. The tests are implemented
in the R package KONPsurv (Schlesinger and Gorfine, 2020). To overcome the challenge
of weight choice, combination approaches of several weighted log-rank test statistics were
introduced (Ditzhaus and Friedrich, 2020; Brendel et al., 2014; Ditzhaus and Pauly, 2019; Lin
et al., 2020). The multi-directional log-rank (mdir) test combines several weighted log-rank
tests into a joint Wald-type statistic (Ditzhaus and Friedrich, 2020). For the two-sided testing
problem, critical values can be obtained precisely by a limit distribution or be approximated
via permutation. The two-sided mdir test and a one-sided version are implemented in the R
package mdir.logrank (Ditzhaus and Friedrich, 2018). Another straightforward approach
to combining multiple weighted log-rank tests is to use their maximum as the test statistic of
interest (Lee, 2007; Lin et al., 2020). The critical value of the so-called MaxCombo test can then
be determined as the maximum of a centered multivariate normal distribution.

An alternative route is considering novel survival estimates besides the hazard ratio to derive
test statistics. One concept to tackle the requirement of PH is to employ a time-flexible weight
function to the hazard function. Such a weight function allows us to take the variation over time
into account (Rauch et al., 2018). This results in an interpretable effect measure, the average
hazard ratio (AHR), even when the PH assumption is violated. The corresponding Wald-type test
statistic can be derived using plug-in estimators (Brückner and Brannath, 2017; Kalbfleisch and
Prentice, 1981). Although this method is not available on CRAN anymore, the R code is available
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2.1 Alternative Two-Sample Tests

on GitHub in the AHR repository (Brückner, 2018). The well-known Mann–Whitney effect is
a particular case of the AHR (Dormuth et al., 2024b). Dobler and Pauly (2018) introduced a
bootstrap and a permutation-based test for the null hypothesis of "tendentiously equal survival
curves." This is less restrictive than testing for equality in survival. Besides hazard ratios, the
restricted mean survival time (RMST) is often used as an effect measure in survival analysis.
We can interpret it as the mean event-free survival time up to a predefined time point (Kim
et al., 2017). The corresponding test hypotheses are then formulated based on the difference
in RMST. Such tests are also valid for assessing the equality of survival functions, as equal
survival functions imply equal RMSTs. Conversely, situations where the RMSTs are equal but
the survival functions differ occur. Based on the RMST, various methods exist to obtain a test
statistic or critical values, e.g., through resampling or asymptotic theory (Uno et al., 2014; Tian
et al., 2018). These approaches are implemented in R packages: surv2sample (Tian et al.,
2017) and survRM2 (Uno et al., 2020). Royston and Parmar (2016) extend the permutation-
based RMST approach by combining it with a Cox test. The authors empirically derive the
null distribution as an incomplete beta distribution for the minimum p-value. This approach is
implemented in the stctest function in STATA. A limitation of RMST-based methods is that
they can be misleading when survival curves cross, as the effects can partially offset each other.
The area between curves (ABC) is an alternative effect measure introduced to tackle this problem
(Liu et al., 2020). Its test statistic is based on an L1-distance of the two Kaplan-Meier curves
(Liu et al., 2020). Although this method is not yet available on CRAN, the R code is available on
GitHub in the RBT4TCSC repository (Liu, 2020).

The multi-directional log-rank test

Ditzhaus and Friedrich (2020) promoted the multi-directional log-rank (mdir) test to test
H0 : {A1 = A2}. This method was originally introduced by Brendel et al. (2014) and allows the
combination of multiple weighted log-rank tests as defined in (2.1) into one test statistic.

For m = 2 weights, the studentized quadratic form is given by:

S = (T (w(1)), T (w(2))) Σ̂− (T (w(1)), T (w(2)))⊤,

where (T (w(1)), T (w(2)))⊤ indicates the transposed vector of (T (w(1)), T (w(2))) and Σ̂− rep-
resents the Moore-Penrose inverse of the empirical covariance matrix of (T (w(1)), T (w(2))).
Under the null hypothesis, the test statistic follows a χ2 distribution (Ditzhaus and Friedrich,
2020). Additional weights can be combined to cover a broader range of alternative hypotheses.
Ditzhaus and Friedrich (2020) also proposed a permutation-based alternative and Ditzhaus and
Pauly (2019) provided a one-sided version of the test. We use the R package mdir.logrank
(Ditzhaus and Friedrich, 2018).

Tests based on the average hazard ratio

The average hazard ratio (AHR) generalizes the well-known hazard ratio using a time-dependent
flexible weighting function (Brückner and Brannath, 2017). For k = 2 groups, the weighted
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AHR for group j is defined as:

θj(G) = −
∫ ∞

0

λj(t)

λ1(t) + λ2(t)
G(dt)

with G a decreasing weight function. Since we can only estimate survival functions Sj up to a
finite time point, we truncate the weight function G at L < sup{u : Sj(u)Cj(u) > 0}, ensuring∫∞
0 dGL(t) = −1. In the following, we employ the definitions by Brückner and Brannath (2017)

and fix the shape parameter of the weight function to 1 as described by Rauch et al. (2018).
Then, the representation of the AHR equals the well-known Mann–Whitney effect (Dobler
and Pauly, 2018). We can estimate our weight function by Ĝ(t, L) = Ŝ1(t, L)Ŝ2(t, L), with
Ŝi(t, L) denoting the Kaplan-Meier estimator of S with an observed time t smaller or equal to
the pre-defined constant L.

The truncated AHR is
θ1(GL) =

x1
1−G(L)

,

where x1 = −
∫ L
0 S1(t)S2(dt). We estimate the AHR with reference-group 1 without loss of

generality at time t ≤ L by

θ̂1(t) =
−
∫ L
0 Ŝ1(t, s)Ŝ2(t, ds)

1− Ĝ(t, L)
.

To test for equality, we investigate the hypotheses of interest H0 : θ1 = 0.5 versus H1 : θ1 ̸= 0.5

(Rauch et al., 2018). Based on the above definitions, the Wald-type test statistic is then defined as

Z =

√
n(θ̂1 − 0.5)√

v̂θ
∼ N (0, 1),

the variance estimator v̂θ can be found in Brückner and Brannath (2017) or in the Supplementel
Material of Dormuth et al. (2024b). The test can be extended to k-sample problems and is
implemented in the R package AHR (Brückner, 2018).

2.2 Alternative k-Sample Tests

Different research hypotheses arise whenever k > 2 treatment groups are involved in a clinical
trial. On a global level, we can be interested in whether there is a difference between any of the
treatments under consideration H0 : A1 = . . . = Ak vs. H1 : A1 ̸= . . . ̸= Ak. Various tests
can be employed to test the global null hypothesis, such as analysis of variance (ANOVA) based
methods (Konietschke et al., 2013). Ditzhaus et al. (2021) introduced the CASANOVA approach
as an ANOVA-based testing procedure for null hypothesis formulated in terms of cumulative
hazards (see below for more details). In the end, we are often interested in the local level, e.g.,
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the exact treatments that are different from each other H0
j1j2

: Aj1 = Aj2 vs. H1
j1j2

: Aj1 ̸= Aj2

(Konietschke et al., 2012). Such research questions require different testing approaches.

Multiple Testing

Statistical tests are typically designed to limit the risk of a Type-I error when testing a single null
hypothesis H0. However, when multiple hypotheses are tested simultaneously, the likelihood of
false positive conclusions increases as the number of tests grows (Bretz et al., 2016). Various
measures can be taken when extending the concept of the Type I error rate to situations involving
multiple tests. We focus on the familywise error rate (FWER), which is the probability of wrongly
rejecting at least one true null hypothesis. It should be noted that the FWER becomes more strict
with an increasing number of hypotheses (Bretz et al., 2016).

When dealing with multiplicity, the standard frequentist approach to the analysis of clinical trial
data may require adjusting the Type I error rate, e.g., with Bonferroni (Logan et al., 2005). Single-
step or stepwise procedures can be incoherent under certain conditions, meaning the rejection of
the global null hypothesis must not result in a rejection of a local hypothesis and vice versa. This
may raise difficulties in interpreting the results (Bretz et al., 2016). In recent years, numerous
researchers have introduced multiple contrast test procedures (MCTPs), typically performed
as maximum tests. These methods are robust to arbitrary correlations among test statistics
and incorporate such correlations within the multiplicity adjustment across various outcomes,
including means, proportions, and Mann-Whitney effects (Bretz et al., 2001; Schaarschmidt
et al., 2009; Hasler and Hothorn, 2008; Konietschke et al., 2013; Blanche et al., 2022).

CASANOVA

Ditzhaus et al. (2021) propose a test for general factorial designs. Therefore, they introduce a
two-way design with factors B (with b levels) and C (with c levels). Set k = b · c and decompose
the group index j into j = (jB, jC), where jB = 1, . . . , b and jC = 1, . . . , c. The null hypothesis
of interest is H0 : HA = 0d, A = (A1, . . . , Ak)

⊤ and H ∈ Rq×k is a contrast matrix and
fulfilling H1k = 0q with 1k and 0q denoting vectors of ones and zeros, respectively.

They claim that in analysis-of-variance settings, it is useful to work with the projection matrix
V = H⊤(HH⊤)−H, as it describes the same null hypothesis as H. But unlike H, V is unique,
symmetric and idempotent. Employing the standard counting process notation introduced before,
they obtain Zj(w) = n1/2

∫∞
0 w(t)dÂj(t) with w(t) = w̃{F̂ (t−)}Y1(t)...Yk(t)

nY (t)k−1 , (t ≥ 0) and
Z(w) = (Z1(w), . . . , Zm(w)). A combination of weights is used to detect different alternatives,
leading to a joint Wald-type statistic.

S(w) = (VZ(w)⊤(VΣ̂(w)V)−VZ(w).

Since the entries of Z(w) are highly dependent, the covariance matrix estimator Σ̂(w) is not a
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simple diagonal matrix. The test statistic is asymptotically χ2 distributed under the null hypoth-
esis and certain conditions, allowing for an asymptotically exact test ϕ = I{S > χ2

f,α}, with
f = m · rank(V). For better finite sample performance, a permutation strategy is recommended.
The method is implemented in the R package GFDsurv (Ditzhaus et al., 2022).

2.3 Adaptive-designs

Adaptive designs allow for interim analyses at multiple time points (Bauer et al., 2016). Such
designs provide the flexibility to terminate a trial early, either with or without rejection of the
null hypothesis, or adjust the further course of the trial. We focus on two-stage designs with one
interim and one final analysis. Testing at multiple time points generally increases the significance
level and requires thus corresponding adjustments.

We define a test statistic and a corresponding p-value in each stage (p1 and p2 in two-stage
designs). These two p-values should fulfill the p-cloud property to define the adaptive design as
a combination function C : [0, 1]2 → [0, 1] (Brannath et al., 2012). This p-value combination
function must be non-decreasing in p1 and p2 and continuous in p2. Various combination function
candidates have been proposed in the literature (Fisher, 1970; Bauer, 1989; Lehmacher and
Wassmer, 1999). For any such combination function, we can write the significance level α in
terms of stage-wise boundaries α0 and α1 as α = α1 +

∫ α0

α1

∫ 1
0 I{C(p1,p2)≤c}dp1 dp2. Hence, we

stop the trial due to rejection of H0 either if p1 ≤ α1 in the first stage or if we stop for futility if
p1 ≥ α0. H0 can be rejected at the second stage if C(p1, p2) ≤ c. All common approaches for
combination functions are implemented R package rpact (Wassmer and Pahlke, 2023).

2.4 Royston-Parmar splines

As described earlier, the pooled and group-specific survival functions S, Sj can be estimated non-
parametrically by Kaplan-Meier estimators. Such a non-parametric estimation can be inefficient
compared to a parametric estimation approach if the distribution of T or Tji lies within the
parametric family assumed for the estimation process. Additionally, a parametric approach
allows extrapolation of the survival curve beyond the time horizon in the data since the estimated
parameters directly specify a distribution on [0,∞).

Despite the potential efficiency, parametric approaches can be criticized for being too restrictive in
terms of the shape of the distribution. Hence, essential characteristics of the survival mechanism
could potentially not be captured (Latimer and Adler, 2022). For instance, estimation within the
family of exponential distributions for several treatment groups directly leads to the assumption
of PH.
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Royston and Parmar (2002) introduced a flexible approach for extrapolating survival curves. It is
based on natural cubic splines with a transformation of the survival function S, given by a link
function g : [0, 1] → R, and is modeled by

g(S(t; z)) = g(Sbaseline(t)) + β⊤z = s(x;ϕ) + β⊤z,

with S(t; z) the survival distribution given covariates z and corresponding regression coefficients
β⊤ and x = log(t). For p internal knots, we denote the cubic spline s : R × Rp+2 → R
parameterized by ϕ ∈ Rp+2.

The choice of p and the link function can be based on the Akaike Information Criterion. An
informal choice based on the appearance of the fitted survival curves is also suggested (Royston
and Parmar, 2002; Royston et al., 2011). Simulation studies show that correct knot placement is
not crucial, as the splines are flexible enough for large enough p (Rutherford et al., 2015).

2.5 How to Compare Them? Simulation and Real-World Data

Method comparisons are crucial when it comes to deriving recommendations for applied re-
searchers. These overviews are designed to facilitate the choice of an appropriate method.
Whenever we look for the “best” approach for a specific process, one major challenge is to create
a fair study that reflects the real application case well. Friedrich and Friede (2024) describe and
compare simulation studies and benchmarking data sets regarding their strengths and weaknesses
for such fair comparisons. Their final recommendation is to use both to get the best of both
worlds.

Simulation Studies

Simulation studies allow us to examine the behavior of methods based on synthetic data having
known properties. We can compare multiple methods to find the best performer or assess method
robustness when assumptions are violated (Friedrich and Friede, 2024). In the survival setting, we
must make assumptions regarding the survival and the censoring distribution. Bender et al. (2005)
emphasize the importance of investigating various distributions to capture various survival data.
In the following publications, we categorize the data-generating distributions into three groups
based on their hazard patterns: (i) PH, (ii) non-PH but non-crossing, and (iii) crossing hazards
(see Figure 2.1 ). While the exponentially distributed survival times are always proportional to
each other, distributions like a log-normal distribution can generate non-PH.
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Figure 2.1: Examples of different hazard patterns and the corresponding survival curves.

Thus, the choice of survival distributions is crucial. In synthetic simulation studies, other
parameters besides the survival distribution can be controlled. In our context, this includes
censoring distributions and probability, sample sizes, group allocations, effect size, and more.
These controlled data allow us to generalize our results and derive recommendations on when to
use specific methods. While these advantages make simulation studies very useful, artificial data
can not fully capture real-world behavior (Friedrich and Friede, 2024).

Real-world Data and Data Reconstruction

Due to the modeling limitations of synthetic data, real-world data is still crucial to fully evaluate
the benefits of novel methodology (Friedrich and Friede, 2024). When dealing with clinical data,
especially survival data, real-world data availability is limited due to ethical restrictions. One way
to obtain real-world data while avoiding these restrictions is by employing a data reconstruction
algorithm. Various approaches have been proposed for survival data (Guyot et al., 2012; Liu
et al., 2021; Zhao et al., 2022). One of the most applied is the one introduced by Guyot et al.
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(2012). It requires three types of input: (i) a high-quality resolution Kaplan-Meier curve, (ii) the
number at risk at multiple time points, and (iii) the total number of events for each group. The
algorithm is still usable in cases where the number at risk and the total number of events are
unavailable. Nevertheless, applying the algorithm to data where all information is available is
recommended. To process the Kaplan-Meier curves, various tools can be used; we employed
WebPlotDigitizer (Rohatgi, 2019) to obtain the corresponding coordinates. In the first step, we
estimate the number at risk without censoring and the number censored in the intervals given
by the time points with a number at risk reported. For the censoring distribution, we assume
an even distribution of censoring times on each interval. This assumption is a limitation of
the algorithm since dependent censoring is common in clinical trials (Emura and Chen, 2018).
Another limitation of the approach is the unavailability of covariate information. The algorithm
estimates the number of events at each extracted coordinate using the inverted Kaplan-Meier
estimates. An iterative procedure readjusts the number of censored observations until it fits the
reported number at risk. If the total number of events is available, we compare the estimated
number of events with the reported and readjust if required. The resulting data is individual
patient data, including survival time, the censoring indicator, and a group indicator. Friedrich
and Friede (2024) do not only recommend taking both approaches into account but recommend a
straightforward combination as described, e.g., in Thurow et al. (2023).
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3 Summary of the Articles

3.1 Article 1: Which test for crossing survival curves? A
user’s guideline

The first article overviews existing approaches for two sample comparisons of survival data under
non-proportional hazards. This research field is vital since the proportional hazards assumption is
often violated in real life, as Kristiansen (2012) observed. Nevertheless, the often-used log-rank
test loses the power to detect differences between groups to an unknown extent. Furthermore, our
study is crucial for two reasons. First, the comparisons provided by the authors of a new approach
might be (unintentionally) biased towards their method. Second, the original publications are
addressed to other statisticians and rarely to practitioners. This work addresses both issues by
providing a more accessible presentation of the methods and an independent comparison.

To identify pertinent methods, we conducted an extensive literature review updating the com-
parison performed by Li et al. (2015). We determined eleven approaches that can be broadly
categorized into four groups: (i) Log-rank test and its weighted variants, (ii) Two-stage test,
(iii) Omnibus tests, and (iv) Tests based on the area under the survival curve. Subsequently, we
defined search criteria for eligible PubMed data sets to avoid bias towards specific data sets.
These criteria included the necessity for crossing survival curves, non-significant log-rank tests,
and non-informative censoring. The obtained data sets were then checked for compatibility
with the reconstruction algorithm from Guyot et al. (2012). We screened 1,400 publications
and ultimately reconstructed eighteen datasets that met all the criteria. To ensure the quality of
the reconstruction, we recalculated all estimands provided in the publication. We applied all
identified methods to the reconstructed real-world data sets and evaluated whether a difference
could be detected.

The log-rank test never rejected the null hypothesis, which was consistent with the original
studies. The Peto-Peto test identified survival differences in four studies, while restricted mean
survival (RMST)-based tests found differences in up to five studies. Omnibus tests, particularly
those by Gorfine et al. (2020) and Ditzhaus and Friedrich (2020), detected the most differences,
with Ditzhaus and Friedrich’s test rejecting the null hypothesis in eight cases. These findings
highlight the power of omnibus tests, especially when the proportional hazards assumption is
violated. Nevertheless, final recommendations should only be given based on simulation studies.
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To summarize, the first article established the foundation for this cumulative thesis. Building on
this work, more extensive simulation studies were conducted to support the observed results, and
extensions of the most promising approaches were developed.

3.2 Article 2: A comparative study to alternatives to the
log-rank test

Since method comparison on real-world data has disadvantages such as an unknown ground truth
or limited data availability, additional simulation studies are crucial to provide final methodologi-
cal recommendations (Friedrich and Friede, 2024). Simulation studies based on artificial data
allow us to investigate the control of the Type I error and the power of the approaches. Thus, we
aimed to quantify the log-rank test’s power loss in various settings to derive the impact of using
it under non-proportional hazards.

We conducted an extensive simulation study including twenty different survival settings. These
settings include four examples under the null, four proportional, four non-proportional but non-
crossing, and eight crossing hazards settings. The survival distributions included in this survey
follow the recommendations by Bender et al. (2005). For each setting, we considered various
sample sizes, censoring rates, and censoring distributions, resulting in 800 simulation scenarios.
Here, we also investigated the impact of the number of chosen weights on the mdir test to derive
recommendations.

Most tests generally adhere to the 0.05 significance level regarding the type I error. However,
the MaxCombo and the permutation-based RMST test are consistently conservative, while the
other RMST and area between curves (ABC) tests tend to be more liberal in some scenarios.
Overall, all tests effectively control the type I error. Regarding power, we observed different
results depending on the underlying hazard patterns. The log-rank test consistently exhibited
the highest power across all configurations in proportional settings. Even for smaller sample
sizes, the power of the log-rank test is consistently high, while power loss was noticeable for the
other tests. We could observe that increased censoring had a less pronounced effect on power,
and the choice of censoring distribution seems to have no impact. For non-PH, non-crossing
scenarios, test power varied more between different settings. The log-rank test maintained high
power but was not universally the most powerful test. The Peto-Peto test showed high power
for early differences in survival functions, and omnibus tests and the two-stage (TS) test were
also powerful and more robust against violations of the PH assumption. The log-rank, Peto-Peto,
and RMST-based tests had significantly lower power for crossing hazard scenarios than the other
methods. High censoring improved power for some tests (e.g., Peto-Peto, RMST), while others
lost power regardless of censoring levels. The test by Gorfine et al. (2020), Lin et al. (2020), and
Ditzhaus and Friedrich (2020) demonstrated consistently high power. Overall scenarios show
that the test by Ditzhaus and Friedrich (2020) is usually more powerful with two weights instead
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of three or four.

Based on the simulation study results, we can derive some recommendations: The RMST-based
test is not recommended for crossing hazard scenarios. Omnibus tests such as MaxCombo,
KONP, and mdir seem robust and could be recommended for various scenarios. Without prior
knowledge about the data, we recommend using the mdir test with the two default weights
provided in the R package Ditzhaus and Friedrich (2018).

In summary, this paper extends and supports the results obtained in our first study. We were able
to derive some advice on when to use or not to use which statistical test. Furthermore, it inspired
future work on extensions of the mdir test, alternative effect measures, and related tests.

3.3 Article 3: Sample size calculation under non-proportional
hazards using average hazard ratios

This project aimed to guide sample size calculation for clinical trials using the average hazard ratio
(AHR) as the primary endpoint and a corresponding test statistic. We introduced a simulation-
based sample size calculation approach (AHRsim) and an asymptotic sample size calculation
approach (AHRasymp). To evaluate their performance, we compared them to the Schoenfeld
formula (SF) and the log-rank simulation-based approach (LRsim) by comparing their required
sample sizes and resulting statistical power under various settings.

Extensive simulation studies were conducted to assess different survival times and censoring
distributions. The study considered six scenarios with proportional and non-proportional (non-
crossing and crossing) hazards, setting the target power to 0.8 and type I error to 0.05. Sample
sizes varied significantly across methods and scenarios, with Schoenfeld often yielding smaller
sizes in proportional hazard settings. Under non-proportional hazards, sample sizes varied more,
especially for the asymptotic average hazard ratio approach. Mis-specifications led to changing
power levels, with no approach being consistently robust. Larger censoring rates notably
decreased power for Schoenfeld and log-rank methods. Non-proportional hazard scenarios,
particularly with crossing hazards, posed greater challenges, often leading to computational
limitations for Schoenfeld and log-rank approaches. The asymptotic and simulation-based
average hazard ratio methods showed more stability under non-proportional hazards but were
not immune to power fluctuations.

Finally, we applied the four sample size calculation approaches to a reconstructed data example.
For the real-world example, the AHR-based test exhibits more power than the log-rank test,
leading to significantly smaller required sample sizes for follow-up studies. Additionally, the
results of the LR test align with the original publication and are not significant. The AHR-based
test, on the other hand, delivers significant results. The respective effect measures point in
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different directions, emphasizing the impact of the choice of testing procedure especially under
non-PH.

One limitation of our work is that it focuses on a specific weight function of the AHR. However,
the proposed approach can also be applied to other weight functions within the same family
(for details, see the Methods section). Furthermore, while the approach can be extended to
unbalanced group designs, we did not investigate the performance of the new methods under
these circumstances.

Both the simulation study and the real data example highlight that different sample size cal-
culation approaches yield widely varying results depending on the data situation. This step in
clinical trial planning holds substantial relevance for both statistical and economic outcomes.
Our findings underscore the importance of appropriate sample size calculation approaches and
inference methods, especially when non-proportional hazards are assumed, where no universally
recommended effect measure exists. Overall, it is recommended to consider different approaches
while incorporating all available information.

3.4 Article 4: Single CASANOVA? Not in multiple
comparisons

In this work, we introduced three new approaches to tackle multiple comparisons for survival data
under potentially non-proportional hazards. For the first method, we extended the CASANOVA
approach introduced by Ditzhaus et al. (2021) to a multiple testing setting. Therefore, we derived
a maximum test that allowed local and global test decisions (multiCASANOVA). In the first
case, Wald-type statistics of multiple weighted log-rank tests are used to derive a decision for
each contrast. Maximum tests have the property of consistent test decisions between local and
global tests, achieved using the maximum of these Wald-type statistics for the global test. Since
the distribution of the obtained multiCASANOVA test is unknown, we employed resampling
approaches to derive our test decisions. As wild bootstrap procedures have shown promise in
the survival setup, we use two discrete wild bootstrap approaches to evaluate their robustness,
depending on the weight functions considered. Additionally, we introduced a straightforward
maximum test of different weighted log-rank tests (multiWeightedLR). The local test uses the
maximum single-weighted log-rank tests, while the global test uses their maximum. With the
properties of maximum tests, we can assume a multivariate normal distribution to obtain critical
values. These new approaches are compared to Bonferroni-adjusted versions of the unweighted
log-rank and mdir test.

We designed a simulation study that included a proportional, a non-proportional, but not crossing,
a crossing, and a mixed scenario with various parameter settings. We investigated the behavior of
all methods for the two most common contrast matrix types, Tukey and Dunnett, and for different
sample sizes. Under the null hypothesis of equal survival, all approaches control the familywise
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error rate well for a group size of n = 100 independent of the choice of contrast matrix. The new
approaches tend to be slightly conservative compared to the Bonferroni-adjusted tests. In most
cases, the adjusted LR test seems to have the lowest variability among the tests. It drastically
loses power under the crossing hazard scenario, while the other approaches maintain a reasonable
power. Considering all four scenarios and the various parameter combinations, the adjusted mdir
test tends to be the most robust in power. The real data example of seven treatment groups for
multiple myeloma patients supports these findings.

One limitation of our work is the conservative behavior of the novel approaches. In future work,
we plan to investigate the causes and improve the FWER exploitation, e.g., by incorporating the
closed testing procedure as in Blanche et al. (2022). At the same time, we are interested in the
properties of other maximum tests, such as a maximum of mdir tests, and aim to study these
further to enhance the impact of our work. Researching the effects of the number of groups under
consideration on each test would be another future research path. While we limited our work to
two contrast matrix types, all approaches can easily be extended to other contrast matrices.

Our findings emphasize the importance of looking for alternatives to the log-rank test in multiple
testing situations. We have demonstrated that multiple contrast tests offer a promising approach
to address multiple testing problems in survival analysis. The presented methods exhibit high
robustness across various settings and can potentially become powerful tools in this field.

3.5 Article 5: Adaptive weight selection for time-to-event data
under non-proportional hazards

The fifth paper considers another source of uncertainty besides the hazard pattern: determining
the effect size. We explore adaptive trial designs as a solution to address these uncertainties,
allowing for adjustments based on interim analyses. Such designs enable decisions like stopping
the trial early, modifying the sample size, or altering the analysis schedule.

The paper expands the use of multi-stage test statistics in adaptive designs and emphasizes the
limitations of the log-rank test in non-proportional hazard scenarios. We propose using weighted
log-rank tests, particularly the multi-directional log-rank (mdir) test, to improve power in such
settings. This approach enhances robustness in terms of the effect size and the type of effect in
the analysis. We present a framework consisting of a two-stage adaptive design. The first stage
employs different choices of mdir tests. We employed Royston-Parmer splines (Royston and
Parmar, 2002) to extrapolate the survival data, allowing us to use the accumulated data to select
the most appropriate single-weighted log-rank test that maximizes conditional power. We then
continue in the second stage with the chosen single-weighted log-rank test.

We assess our adaptive selection procedure’s type I error rate compliance and power within an
extensive simulation study, including varying sample sizes and balanced group sizes. We include
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seven different survival distributions for the power comparisons, each chosen so that a specific
weighted log-rank test will be optimal. These include PH together with late and early effect
scenarios. We perform an interim analysis at five years and a final analysis at eight years, with
participants enrolling uniformly up to six years and only administrative censoring applied. In the
first stage, we evaluate seven different combination tests and eight differently weighted log-rank
tests. We then consider nine candidate Royston-Parmar spline models, selecting the one with the
highest AIC. In the second stage, we choose one of the eight differently single-weighted log-rank
tests based on conditional power calculations.

Our simulations reveal light inflation of the type I error that can be associated with group
sequential designs without any adaptation. Hence, our framework does not introduce any further
inflation. While we could observe that the adaptive selection procedure can close the power
gap between one- and two-stage designs, the test selection procedure picks adequate but not
optimal tests. Overall, this two-stage procedure performs better than traditional log-rank tests
in non-proportional hazard settings and offers more flexibility than single-stage combination
tests. While it maintains efficiency in proportional hazard settings, the design allows sample
size adjustments and interim decision-making. The real data example illustrates the potential of
weight adaptation. While the single-stage log-rank test could not reject the hypothesis of equal
distributions of overall survival, the adaptive procedures and particularly our new framework
resulted in significant results.

As for all weight-based testing procedures, our framework’s effectiveness depends on the pre-
chosen weights. Another limitation of our work lies within the non-optimal test selection in the
second stage, which the extrapolation approach might cause. As adaptive designs in general,
our approach does not allow for informed interim decisions if the survival curves of the groups
do not separate until after the interim analysis and is thus less suited for very late effects. To
address some of these limitations, we aim to investigate additional weight functions, different
extrapolation techniques, and alternative decision-making measures, such as predictive power.
Another research path is the evaluation of other combination approaches for the stage-wise
p-values.

We have demonstrated that use cases with high uncertainty benefit from flexible and robust
adaptive methods. We enhanced this flexibility and robustness by embedding various weighted
tests and their combinations with a test selection procedure. Thus, we see the potential of our
approach in clinical trials with limited prior knowledge.
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4 Discussion and Outlook

This thesis consists of five manuscripts tackling the challenge of non-proportional hazards in time-
to-event analysis. The assumption of proportional hazards (PH) is (implicitly) made whenever
the unweighted log-rank test is applied. In reality, this assumption is often violated, and until
now, no standard practice has been established for that.

The first publication emphasized the necessity of non-PH approaches and provided a first
assessment of their performance. Scanning published clinical oncology trials for suitable data
raised awareness of good practices in publishing survival data and how to analyze it. Furthermore,
it provided an unbiased overview of state-of-the-art methods that are more robust to violations of
the PH assumption. The log-rank test failed to reject the null hypothesis in all cases, aligning
with the original findings. Among the remaining tests, the multi-directional log-rank (mdir)
approach introduced by Brendel et al. (2014); Ditzhaus and Friedrich (2020) found the most
differences, with other omnibus and RMST-based tests showing varying success. This paper was
focused on pointing out the importance of alternative approaches in time-to-event analysis. Still,
no final recommendations could be derived solely from (reconstructed) real-world data.

This motivated the second paper to evaluate the performance of promising non-PH approaches
on artificial data. We executed extensive simulation studies covering PH, non-PH, and crossing
hazard scenarios with multiple censoring distributions and sample sizes. The results of the simu-
lation study favored the mdir test again. While the test seems robust toward multiple alternatives,
no sample size approach or effect measure has been introduced yet. Such methodologies are
necessary to facilitate applying new testing procedures in practice and provide future research
opportunities. One research opportunity identified through the first two publications was the
potential of the mdir test. Its robustness and flexibility are favorable properties that could benefit
more complex study designs, including multiple testing or adaptive designs.

In clinical trials with more than one treatment group, non-PH are even more frequent. Thus, the
availability of non-PH approaches becomes crucial. Since the mdir approach has shown desirable
properties, Dormuth et al. (2024a) adapted the concept for multiple testing problems in various
ways. Ditzhaus et al. (2021) introduced the extension of the mdir concept to factorial designs by
deriving the Cumulative Aalen Survival Analysis-of-Variance (CASANOVA) test. We expanded
this approach to the multiple-contrast testing problem. The novel so-called multiCASANOVA
approach provides (asymptotically valid) local and global test decisions based on a wild bootstrap
procedure. Furthermore, we introduced a novel maximum test of single-weighted log-rank tests.
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Both approaches control the familywise error rate (FWER) but show conservative behavior.
In future research, we want to focus on exploiting the FWER more with these approaches.
Therefore, we plan on combining our current study with closed testing procedures as described
in Blanche et al. (2022).

The following publication introduces the mdir test to an adaptive design approach with adaptive
weight selection. Our framework considered a two-stage design with one interim and one final
analysis. While we focused on various mdir candidates in the first stage, we selected a specific
single weighted log-rank test in the second stage. Therefore, we used Royston and Parmar (2002)
splines to facilitate the weight choosing. We chose the best test according to conditional power.
Both extrapolation and the selection criterion allow investigation of alternative approaches such
as a penalized version of the selected approach (Liu et al., 2018) or predictive power(Spiegelhalter
et al., 1986). One primary limitation is rooted in the high flexibility of the approach because it
comes with the cost of loss of efficiency. We, therefore, recommend using our approach primarily
in situations where there is little initial knowledge about the effect size or type.

One major step when planning a clinical trial is the sample size calculation based on pre-defined
quantities. Under non-PH, various approaches for sample size calculation have been proposed
(Phadnis and Mayo, 2021). While the mdir test has many promising properties, no corresponding
effect measure has been introduced up to this point, hampering sample size calculation for
the approach. To tackle the topic of sample size calculation, we focused on alternative effect
measures. Taking the general criticism of the limited interpretability of hazard ratios under non-
PH into account while considering the limited power performance of restricted mean survival
approaches in the first two publications of this thesis, we evaluated an alternative effect measure,
the average hazard ratio (AHR). While the effect measure and corresponding test have been
introduced (Rauch et al., 2018; Brückner and Brannath, 2017), no in-depth consideration of
sample size calculation approaches for AHR-based testing has been provided. We derived an
asymptotic and a simulation-based sample size approach for AHR-based analysis. For their
evaluation, we conducted simulation studies, including different survival time and censoring
distributions as well as comparisons with two common sample size calculation approaches
in survival analysis. One limitation of the presented framework is its focus on one specific
weight function for the AHR. However, extending other weight functions of the same family is
straightforward. Furthermore, more extensive simulation studies would be required to derive
final recommendations on when to use AHR-based approaches. Nevertheless, we were able
to underline the importance of considering different methods for sample size estimation while
incorporating all available information. A future path of research could include Bayesian
approaches to employ more available information (Kunzmann et al., 2021).

This paragraph discusses the general limitations of this thesis and some ideas for addressing
them in future research. The first two publications focused on neutral comparisons of existing
methods. One of our current projects (Sauer et al., 2024) aims to assess how neutral these
comparisons were measured by state-of-the-art frameworks designed to improve neutrality in
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such studies. Furthermore, the results of these two publications provide new research directions.
One possible extension would be comparing sample size estimation procedures for non-PH
scenarios. Considering the increasing popularity of the maxCombo test (Lin et al., 2020) together
with its low power in our simulation study (Dormuth et al., 2023), we want to investigate the
reasons behind this behavior further to derive more precise recommendations on when to use the
test. After identifying the most promising candidates, further research is required to facilitate
the application of those methods. Consequently, closer cooperation with practitioners and the
industry would be beneficial. We are confident that we can find a multiple testing procedure with
better power performance than the adjusted mdir test. Therefore, we plan to investigate different
modifications to the presented methods, such as a maximum mdir test and the incorporation of
the closed testing procedure. Further research on the adaptive weight selection approach would
include different weight functions and extrapolation approaches. We plan to evaluate different
combination methods for the stagewise p-values. Finally, we aim to present a framework for
sample size re-estimation within our proposed approach. The AHR (sample size) approach
showed promising properties in the real-world data example. Further performance investigation,
especially in more extensive comparisons, would be necessary to derive final recommendations
on when to use the approach. Ideally, future research involves considering different weighting
functions and how they impact the sample size calculation and the test’s power performance.
Generally, all presented approaches do not consider covariates, and adjustment for those would
be a beneficial addition to the presented methods.

Overall, the five works combined in this thesis extended the survival analysis landscape by
(i) providing a neutral overview of existing alternatives for the two-sample log-rank test, (ii)
exploring alternative effect measures to the hazard ratio, (iii) deriving new methodology from
promising approaches identified by the comparisons in the first two publications. This thesis adds
to the vital research field of non-PH, aiming toward finding a gold standard when the assumption
of PH is potentially violated.
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Abstract 

Background:  The exchange of knowledge between statisticians developing new methodology and clinicians, 
reviewers or authors applying them is fundamental. This is specifically true for clinical trials with time-to-event 
endpoints. Thereby, one of the most commonly arising questions is that of equal survival distributions in two-armed 
trial. The log-rank test is still the gold-standard to infer this question. However, in case of non-proportional hazards, its 
power can become poor and multiple extensions have been developed to overcome this issue. We aim to facilitate 
the choice of a test for the detection of survival differences in the case of crossing hazards.

Methods:  We restricted the review to the most recent two-armed clinical oncology trials with crossing survival 
curves. Each data set was reconstructed using a state-of-the-art reconstruction algorithm. To ensure reproduction 
quality, only publications with published number at risk at multiple time points, sufficient printing quality and a non-
informative censoring pattern were included. This article depicts the p-values of the log-rank and Peto-Peto test as 
references and compares them with nine different tests developed for detection of survival differences in the pres-
ence of non-proportional or crossing hazards.

Results:  We reviewed 1400 recent phase III clinical oncology trials and selected fifteen studies that met our eligibil-
ity criteria for data reconstruction. After including further three individual patient data sets, for nine out of eighteen 
studies significant differences in survival were found using the investigated tests. An important point that reviewers 
should pay attention to is that 28% of the studies with published survival curves did not report the number at risk. 
This makes reconstruction and plausibility checks almost impossible.

Conclusions:  The evaluation shows that inference methods constructed to detect differences in survival in presence 
of non-proportional hazards are beneficial and help to provide guidance in choosing a sensible alternative to the 
standard log-rank test.

Keywords:  Survival analysis, Time-to-event outcome, Crossing, Non-proportional hazards, Oncology, Log-rank test, 
Restricted-mean survival
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Background
Time-to-event studies are the paramount studies in clini-
cal practice. Typical examples are two-armed trials pro-
viding a reliable comparison of the efficacy and safety of 
two treatments. Statistical methods that infer a potential 

difference in survival are of fundamental importance [1]. 
Among methods designed to compare the overall survival 
of two groups, the log-rank test (LR) is still the most used 
[2]. Beyond a certain resistance to statistical innovations 
[3], there is also a theoretical reason: The LR is optimal in 
case of proportional hazards (PH) [4]. In other words, if 
the hazard functions of the two groups are proportional, 
the LR is the most powerful method to detect differences 
between them. However, this changes completely for 
other kinds of hazard patterns, in particular for crossing 
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hazards and the rejection rates of the LR drop signifi-
cantly. The alarming observation of Kristiansen [5], who 
reviewed 175 studies in five renowned journals, is that 
the LR was applied in 70% of the cases despite crossing 
survival curves. These crossings can occur e.g. in oncol-
ogy when comparing tumor dissection versus radiation 
strategies due to different time-dependent effects.

Consequently, several methods have been and are still 
proposed to tackle non-PH situations. However, due to 
the speed of research and the number of new methods, 
the exchange of knowledge is a challenge. Therefore, 
Ananthakrishnan et  al. [6] recently provided a critical 
review on methods in the presence of possible non-PHs 
and their limitations and advantages. While they give 
detailed information regarding the assumptions and the 
context, they do not provide any numerical evaluation 
of the methods. We include here state of the art tests 
with the aim of providing biostatisticians, physicians and 
reviewers with a condensed overview of suitable methods 
for non-PH settings that are implemented in the open 
statistical software R. These methods not only show good 
results in various simulation studies but also on real data.

Methods
There are several papers that develop alternatives to the 
LR in case of non-PH or even crossing hazards. Treat-
ing them all would go far beyond the scope of this work. 
Hence, we focused our comparisons on standard meth-
ods that performed well in other simulation studies and 
more recent ones that were not yet included in extensive 
evaluations. Here, all analyses are conducted using the 
free and open-source software R [7] (except for the test 
introduced by Royston [8]).

Fortunately, the paper by Li et al. [9] already provides 
a review on methods for crossing hazards up to 2014. 
Based on extensive simulation studies they recommend 
two procedures: First, Neyman’s smooth test proposed by 
Kraus [10]. This test is not considered further since the 
corresponding R package was removed recently. Second, 
a two-stage procedure (2ST) that is based on the LR and 
a crossing-hazards test is proposed (see the Supplement 
for more details.). The test is described by Qiu and Sheng 
[11] and implemented in the R package TSHRC [12].

Further methods have been developed since 2014. We 
have included the most relevant ones into our study. For 
example, Gorfine et al. [13] presented two omnibus per-
mutation tests based on a sample space partition, which 
showed promising results in non-PH situations. These 
are either based on test statistics of Pearson’s chi square 
(KONP chi) or likelihood-ratio type (KONP llr) and are 
available in the R package KONPsurv [14]. They com-
pared their new approach with the well-established test 
of Yang and Prentice [15], which belongs to the class of 

weighted log-rank tests and employs adaptive weights. 
Since Gorfine et  al. [13] could show in simulations that 
their new tests are more powerful in the studied non-
PH settings, the Yang and Prentice test is not included 
in our comparison. Another idea starts with the class of 
weighted LR. This class is long known and includes the 
LR as well as the common Peto-Peto test (PP). Recently, 
a flexible combination of several weighted LRs into one 
test procedure was proposed [16–18]. It is based upon a 
combination of alternatives and carried out as a permu-
tation procedure. Recently, it has been implemented in 
the R package mdir.log-rank [19]. The multiple-direction 
log-rank test (mdir) combines several weighted log-rank 
tests into one joint Wald-type statistic, which can be 
interpreted as a projection on a large alternative space 
spanned by pre-chosen weights. The latter ensures that 
mdir has not only a reasonable power in the directions 
of the chosen weights (e.g. for PHs or a specific cross-
ing curve situation) but also in the directions of any lin-
ear combination of the pre-chosen weights. Moreover, 
the weights are allowed to be data-dependent. Another 
approach that combines multiple weighted log-rank 
tests is the MaxCombo test (MaxCombo). Different to 
mdir, the final test statistic is the maximum over stand-
ardized weighted LR tests [20]. We used the same list 
of weights as proposed in the description of the nphsim 
package [21]. We refer to the supplement for specific 
as well as technical details on all methods. Besides HR, 
the restricted mean survival time (RMST) can be used 
to quantify the difference between two survival curves 
[22]. It describes the mean event-free survival time up to 
a pre-defined time point τ. Hypothesis tests constructed 
using the RMST examine whether the RMST differ-
ence between groups is zero. This test is also valid to test 
equality of two survival functions, since equal survival 
functions imply equal RMST. Unfortunately, it is pos-
sible to observe situations where the RMSTs are equal 
but the survival functions are not. This has to be kept in 
mind while using RMST-based tests. We consider three 
RMST-based proposals: The first two utilize the group-
wise RMST differences as test statistic and either calcu-
late p-values based on resampling (RMST1) or obtained 
using asymptotic theory (RMST2) [23, 24]. The former is 
provided by the R package surv2sample [25] while the lat-
ter can be computed with the function rmst2 in survRM2 
[26]. Eventually, Royston and Parmar [27, 28] propagate 
a test combining a Cox test and a permutation-based 
RMST test (coxRMST). The test by Royston and Par-
mar is only available in STATA using the stctest function. 
Finally, we consider a test based on an integrated L1-dis-
tance of the two Kaplan-Meier curves as test statistic. 
It can be interpreted as the area between curves (ABC) 
and was introduced in Liu et  al. [29]. It has not been 
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implemented in R yet and was thus coded by ourselves 
according to the author’s descriptions. The code can be 
found in the supplements.

A detailed description of all eleven tests and corre-
sponding test statistics can be found in the Supplement. 
Furthermore, a simple example in R is given in the Sup-
plement. Below we will compare them based upon dif-
ferent studies. To this end, we reconstruct data from 
published Kaplan-Meier curves using the algorithm 
developed by Guyot et al. [30] and deriving the data from 
the curves with the freely available Webplotdigitizer [31].

Results
Eligibility screening and data extraction
Our study was motivated by the work of Matabuena and 
Padilla [32] which includes three oncology studies with 
crossing Kaplan Meier (KM) curves. We subsequently 
performed a PubMed screening of recent oncology stud-
ies with similar patterns. To ensure these patterns, the 
search matched ((Phase 3) OR (phase III)) OR (Kaplan-
Meier) OR (Kaplan Meier)) for Cancer and Humans 
were used. To categorize them, multiple criteria listed in 
Fig. 1 were defined to identify relevant studies on Pub-
Med. 1400 of the most recent papers (status from Oct 
5, 2020) on clinical oncology were searched for crossing 
survival curves with published number at risk at multi-
ple time points. More details can be found in eTable 1 in 
the online Supplement. The executed LR test had to be 
non-significant and the two arms should only cross one 
or two times. To ensure a good reconstructibility, a suf-
ficient number of events and high quality of the curves 
as well as non-informative censoring over time were 
required. In the end, the reconstruction algorithm of 
Guyot et al. [30] was applied to fifteen publications that 
met these requirements and the three studies discussed 
in the paper of Matabuena and Padilla [32]. Beyond 
insufficient information (e.g., almost 30% of the publica-
tions did not report the number at risks) another reason 
for the final small number of publications can be pub-
lication bias since non-significant results are less often 
reported.

Data reconstruction
The individual patient data from the three studies found 
in Matabuena and Padilla [32] and the fifteen other stud-
ies under consideration [33–50] were reconstructed 
using the algorithm introduced by Guyot et  al. [30]. To 

assess the quality of reconstruction, the reported key sta-
tistics (median survival and HR with confidence interval) 
published in each paper were recalculated and compared 
to the original values (see Table 1).

Comparison of tests for proportional hazards and crossing 
hazards
The reconstructed individual patient data were then used 
to compare the different testing approaches. For all res-
ampling-based methods, the number of iterations was 
set to 5000 and for all RMST procedures the parameter 
τ was set to 90% of the minimum of the largest censored 
or uncensored time among the arms [51]. The results are 
listed in Table 2.

It can be observed that the LR test never succeeds to 
reject the null hypothesis of equal survival in both groups 
at the 5% level. This leads to the exact same conclusion 
as in the eighteen published studies. The PP is designed 
to find early differences [52]. It succeeds in revealing 
an inequality in survival for four of the eighteen studies 
under consideration [33, 40, 45, 47]. Let us next consider 
the three RMST tests. These do not rely on the assump-
tion of PHs but are also not specifically designed to 
detect crossings [53]. The resampling-based (RMST1) 
and the distribution-based version (RMST2) reject the 
null hypothesis in three cases [33, 34, 40], while the 
combined test (coxRMST) rejects the null hypothesis in 
five cases [33, 39, 40, 45, 47]. These findings support the 
analyses of Royston et  al. [54]. The six remaining tests 
are all omnibus tests with different properties. The two 
tests by Gorfine et al. [13]. (KONP chi and KONP llr) find 
differences in survival in the same six cases [33, 34, 41, 
42, 45, 47]. The omnibus test by Ditzhaus and Friedrich 
[17] (mdir) can reject the null hypothesis in eight out 
of eighteen cases [33, 37, 39–41, 45, 47]. The two-stage 
procedure (2ST) detects differences in five out of eight-
een data sets [33, 40, 41, 45, 47]. The ABC has significant 
results for the same five studies as the two-stage test [33, 
40, 41, 45, 47]. The MaxCombo test leads to p-values 
smaller than 0.05 for seven of the eighteen data sets [34, 
39–42, 45, 47]. In these specific data examples, the test 
by Ditzhaus and Friedrich [14] is the test that detects the 
most differences. These results are consistent with those 
of Li et al. [9], Gorfine et al. [13] and Royston and Parmar 
[28] who also indicated that omnibus tests have greater 
power when deviating from the proportional hazards 
assumption. Evaluation of the methods’ performance 

Fig. 1  Flow chart of papers under consideration
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Table 1  Assessment of data reconstruction quality

Quality of data reconstruction regarding the published median survival (MS) in group 1 and 2 (G1 and G2), the hazard ratio (HR) with 95% confidence intervals (CI). For 
each study the published statistics are given with the corresponding statistics of the reconstructed data in parentheses. Three studies did not report MS (−) and two 
did not provide confidence intervals

Publication MS G1 MS G2 HR [CI]

Bang et al. (2020) [37] 5.80 (5.88) 4.30 (4.44) 0.83 [0.53, 1.31] (0.82 [0.52, 1.29])

Becker et al. (2020) [39] not defined 6.00 (6.21) 5.50 (5.51)

Bellmunt et al. (2017) [45] 3.30 (3.24) 2.10 (2.08) 0.98 [0.81, 1.19] (0.93 [0.77, 1.13])

Cortes et al. (2019) [46] 4.90 (4.94) 4.70 (4.72) 0.63 (0.62)

Ferris et al. (2016) [41] 2.00 (2.02) 2.30 (2.29) 0.89 [0.70,1.13] (0.89 [0.70,1.14])

Fradet et al. (2019) [47] 3.30 (3.35) 2.10 (2.16) 0.96 [0.79, 1.16] (0.92 [0.77, 1.11])

Godfrey et al. (2018) [36] – – 1.40 [0.54, 3.61] (1.40 [0.53, 3.69])

Golan et al. (2019) [38] 18.90 (18.90) 18.10 (18.10) 0.91 [0.56, 1.46] (0.88 [0.55, 1.42])

Hammel et al. (2019) [35] 21.20 (21.36) 6.00 (5.93) 0.72 [0.41, 1.27] (0.72 [0.42, 1.24])

Jones et al. (2020) [34] 26.00 (26.00) 20.0 (18.80) 0.59 [0.34, 1.05] (0.58 [0.33, 1.02])

Jones et al. (2018) [33] 15.10 (15.08) 8.10 (8.02) 0.72 [0.45, 1.17] (0.71 [0.44, 1.15])

Kotani et al. (2019) [48] 8.60 (8.62) 8.00 (8.02) 0.74 [0.48, 1.14] (0.72 [0.47, 1.11])

Kreuzer et al. (2020) [50] 19.40 (19.40) 20.90 (21.30) 1.22 [0.60, 2.47] (1.26 [0.62, 2.56])

Lu et al. (2018) [40] 4.63 (4.68) 4.23 (4.33) 0.78 [0.60, 1.00] (0.74 [0.55, 1.01])

Malone et al. (2020) [49] – – 0.66 [0.41, 1.07] (0.68 [0.42, 1.10])

Motzer et al. (2015) [42] 4.60 (4.46) 4.40 (4.07) 0.88 [0.75, 1.03] (0.87 [0.98, 1.34])

Mukai et al. (2019) [44] 27.90 (27.90) 16.60 (16.60) 0.55 [0.23, 1.29] (0.55 [0.23, 1.29])

Toxopeus et al. (2018) [43] – – 1.02 [0.75, 1.39] (1.01 [0.75, 1.39])

Table 2  P-values of the different tests applied to the reconstructed individual patient data of each publication

a Only 0.05 due to rounding down

Bold values indicate p-values smaller than the 5% type-I error level

Publication LR PP RMST1 RMST2 coxRMST KONP_chi KONP_llr Mdir 2ST ABC MaxCombo

Bang et al. (2020) [37] 0.37 0.07 0.11 0.12 0.11 0.14 0.15 0.03 0.06 0.13 0.1

Becker et al. (2020) [39] 0.09 0.47 0.22 0.22 0.02 0.14 0.09 0.02 0.27 0.15 0.04
Bellmunt et al. (2017) [45] 0.49 0.03 0.38 0.38 0.003 < 0.001 < 0.001 < 0.001 0.03 0.002 < 0.001
Cortes et al. (2019) [46] 0.19 0.24 0.23 0.24 0.28 0.40 0.36 0.41 0.87 0.29 0.56

Ferris et al. (2016) [41] 0.33 0.84 0.23 0.23 0.25 0.01 0.009 0.02 0.04 0.03 < 0.001
Fradet et al.(2019) [47] 0.40 0.02 0.04 0.04 0.009 < 0.001 < 0.001 < 0.001 0.03 0.001 < 0.001
Godfrey et al. (2018) [36] 0.49 0.48 0.58 0.59 0.63 0.18 0.20 0.75 0.90 0.44 0.74

Golan et al. (2019) [38] 0.61 0.78 9.74 0.75 0.50 0.58 0.59 0.61 0.22 0.61 0.66

Hammel et al. (2019) [35] 0.22 0.35 0.62 0.62 0.33 0.19 0.19 0.16 0.27 0.38 0.09

Jones et al. (2020) [34] 0.05a 0.11 0.14 0.14 0.07 0.02 0.02 0.12 0.41 0.11 0.04
Jones et al. (2018) [33] 0.17 0.03 0.02 0.02 0.05 0.03 0.04 0.009 0.05 0.03 0.05a

Kotani et al. (2019) [48] 0.14 0.24 0.38 0.38 0.20 0.48 0.48 0.28 0.45 0.45 0.17

Kreuzer et al. (2020) [50] 0.53 0.25 0.07 0.08 0.17 0.28 0.28 0.10 0.10 0.07 0.27

Lu et al. (2018) [40] 0.06 0.007 0.02 0.02 0.02 0.07 0.07 0.007 0.04 0.01 0.01
Malone et al. (2020) [49] 0.11 0.12 0.13 0.13 0.17 0.08 0.09 0.28 0.57 0.12 0.22

Motzer et al. (2015) [42] 0.07 0.51 0.13 0.13 0.11 0.03 0.03 0.01 0.26 0.08 < 0.001
Mukai et al. (2019) [44] 0.17 0.22 0.15 0.17 0.26 0.22 0.25 0.33 0.53 0.16 0.44

Toxopeus et al. (2018) [43] 0.91 0.84 0.75 0.75 0.35 0.37 0.36 0.15 0.11 0.56 0.34
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under PHs reveals that almost all of the approaches reject 
the null hypothesis when the LR does (for details see the 
Supplement). In future simulation studies, the perfor-
mance of the tests and their extensions to multi-arm set-
tings will be further evaluated [13, 55–57].

Discussion
To assess efficacy of two treatments the LR is generally 
regarded as the gold standard. The LR is optimal in terms 
of power under the PH assumption but can lose sufficient 
power in non-PH situations. The results of our PubMed 
analysis, however, show that there are many situations, 
where the LR is used in case of non-PH. At the same 
time, several alternatives are presented, which succeed 
to detect differences where the LR fails. The majority of 
these tests are available in statistical software (R). Hence, 
their execution is almost as user-friendly as calculating 
the LR. To furtherfacilitate their application, we provide 
minimal examples on how to use the implemented R 
functions in the supplement.

To exemplify the different implications, we recon-
structed individual patient data from eighteen recent 
oncology trials that met the eligibility criteria of our 
analysis. In particular, high quality KM plots with suffi-
cient information were necessary for the reconstruction 
algorithm. Based on these eighteen studies we com-
pared the test decisions of eleven different testing pro-
cedures. It turns out, that the LR alternatives can exhibit 
power to identify differences between groups. Omnibus 
approaches, which have high power against several alter-
natives (such as PH and crossings in case of the mdir test), 
turned out to be particularly suitable for this purpose (see 
the Supplement for additional information regarding PH 
performance).

Limitations
One of the main limitations of this kind of study is the 
dependence on the selection of data sets. To make a 
clear statement regarding the quality of the individual 
procedures in a direct comparison, extensive simula-
tion studies are necessary. These are part of our own 
ongoing research. Nevertheless, it can be said that 
the LR cannot reject the null hypothesis in real situa-
tions involving non-proportional hazards included in 
this paper, while various omnibus tests are able to do 
so. Furthermore, the data used here are reconstructed 
individual patient data and thus does not have the same 
quality as the original data. While many properties of 
the data such as non-proportionality are conserved, 
the biggest reconstruction issue is the assumption of 
uniformly distributed censoring times. However, the 
assessment of the reconstruction quality turned out to 
be very satisfying.

Recommendations for reviewers
Regarding the insights of our investigation, attention in 
the reviewing process of study reports should be paid to

(1)	 the appropriate choice of the statistical method. 
Especially when the PH assumption cannot be 
justified in advance, e.g. by a preliminary study, 
alternatives to the LR should be considered. Due 
to multiplicity issues, we do not advocate the com-
mon practice of pre-testing the PH assumption. 
Instead, we suggest directly applying a procedure 
which can detect survival curve differences in PH 
as well as non-PH settings, such as the methods 
presented in this paper.

(2)	 the quality of the data presentation and the report 
of all relevant information. This includes, in par-
ticular, the table of the number at risks at multiple 
time points, which was not reported in almost 30% 
of the reviewed publications. These tables and all 
relevant information can be easily accessed through 
each common statistical software and should be 
provided in every study report. They are mandatory 
for a reliable assessment of the results and, moreo-
ver, facilitate a secondary analysis, e.g. for meta-
analysis studies, by reconstructing the original data 
in a reasonable quality [25].

Conclusion
We conclude that in case of non-PH, the choice of a suit-
able test procedure is relevant and the LR is not always 
the best choice. Therefore, we recommend to use all prior 
information available and to consider more options to test 
for differences in survival than just the LR. In terms of 
study design there are still some limitations since not all 
of the tests are used for sample size estimation and some 
tests are not freely available in R (see the Supplements for 
more information). Finally, we recommend using omni-
bus tests such as the mdir test for inference when no prior 
information on the pattern of hazards is available.
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A B S T R A C T   

Background: Studies to compare the survival of two or more groups using time-to-event data are of high 
importance in medical research. The gold standard is the log-rank test, which is optimal under proportional 
hazards. As the latter is no simple regularity assumption, we are interested in evaluating the power of various 
statistical tests under different settings including proportional and non-proportional hazards with a special 
emphasis on crossing hazards. This challenge has been going on for many years now and multiple methods have 
already been investigated in extensive simulation studies. However, in recent years new omnibus tests and 
methods based on the restricted mean survival time appeared that have been strongly recommended in biometric 
literature. 
Methods: Thus, to give updated recommendations, we perform a vast simulation study to compare tests that 
showed high power in previous studies with these more recent approaches. We thereby analyze various simu
lation settings with varying survival and censoring distributions, unequal censoring between groups, small 
sample sizes and unbalanced group sizes. 
Results: Overall, omnibus tests are more robust in terms of power against deviations from the proportional 
hazards assumption. 
Conclusion: We recommend considering the more robust omnibus approaches for group comparison in case of 
uncertainty about the underlying survival time distributions.   

1. Introduction 

The distributional comparison of two populations with censored 
time-to-event data is one of the most common inferential problems in 
survival analysis. The log-rank test is used as a standard tool in many 
medical or clinical studies. It is known to be optimal under the 
assumption of proportional hazards (PH). However, this assumption is 
often not met in reality due to various forms of derivation such as 
crossing hazards, or early/late differences in survival curves. Kristiansen 
[1] conducted a survey revealing that in 70% of studies with crossing 
survival curves the log-rank test was used even though this leads to loss 
in power. Furthermore, Trinquart et al. [2] revisited 54 phase III 
oncology studies from five leading medical journals (New England 
Journal of Medicine, Lancet, Lancet Oncology, Journal of Clinical 
Oncology, Journal of the American Medical Association) and found that 
for almost a fourth of the comparisons the proportional hazard 

assumption was rejected. Non-proportionality as severe as crossing can 
appear when the treatment effects change over time. A common 
example is seen in immunotherapy which bears an early high risk but a 
long-term benefit [3,4]. Thus, the question on how to deal with non- 
proportional hazards is of high interest and has been investigated by 
many authors. For example, Royston and Parmar [5] published a 
simulation study comparing nine methods implemented in Stata and 
showed a preference for modified weighted log-rank tests [6–9]. How
ever, they did not include the situation of crossing hazards. Another 
overview was given by Lin et al. [10], focusing on combined weighted 
Kaplan–Meier and weighted log-rank tests. They conclude that as long as 
we do not have prior knowledge the MaxCombo test showed the most 
robust behavior among the tests under consideration [10]. Perhaps the 
most extensive study regarding crossing hazards was given in Li et al. 
[11] who compared 21 tests designed to handle crossing hazards. They 
stated that the two-stage test by Qiu and Sheng [12] or the test by Kraus 
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[13] are the most suitable among the studied tests. A general overview 
of existing methods and recommendations regarding trial design was 
created by Ananthakrishnan et al. [14] without numerical comparison. 
None of the mentioned reviews considered new results on projection 
type, sample space partition or area under the survival curve tests 
[15–18]. Recently, some of the new procedures have shown consider
able power advantages in illustrative data analyses [19]. 

We therefore enrich these investigations by comparing the best 
performers from the above already existing simulation studies with 
more recent approaches. Our comprehensive simulation study covers 20 
representative scenarios including four null scenarios, four scenarios 
with PH, four scenarios with non-PH (excluding crossing structures) and 
eight scenarios with a special emphasis on crossing hazards. Since most 
procedures exhibit good properties for large samples, our study focuses 
on small to moderate sample sizes. The present simulation study is 
intended to demonstrate the advantages of alternative methods. As a 
side effect, this shall motivate further research on further aspects (e.g. 
sample size calculation approaches, superiority) of these methods that 
will make their application easier for clinical practice. In the next section 
we will review more details on the tests under study and their imple
mentation. Afterwards, the different simulation and parameter settings 
are presented alongside with the results of the simulation study. The 
utility of the tests is further evaluated using reconstructed data from a 
phase III clinical trial with moderate sample size. The findings are then 
discussed and conclusions are drawn, particularly focusing on the tests’ 
power. 

2. Methods 

Multiple approaches to test the hypothesis of two equal survival 
functions have been developed. For ease of presentation, we categorize 
them in four groups and review the main ideas of the recommended ones 
in each group. Details on the methods can be found in the cited literature 
as well as the extended methods section in the Supplement. 

2.1. Log-rank test and its weighted variants 

The standard to compare two survival functions S1 and S2 is the log- 
rank test (LR) [20]. It belongs to the class of weighted log-rank tests [21] 
that use the difference between the expected and observed number of 
events to derive a test statistic. These tests differ in the weight functions 
that they are employing. For instance, the log-rank test gives the same 
weight to all event times. Therefore, it is optimal under proportional 
hazards. The Peto-Peto test (PP) uses the Kaplan–Meier estimator Ŝ(t) of 
the survival function as weight, which leads to a test that is more sen
sitive to early differences [22]. Various approaches to compute sample 
sizes for log-rank tests have been introduced, with Schoenfeld’s formula 
being the most popular [23]. 

In reality, due to the lack of prior information about the survival 
behavior of comparing populations, any mismatch of weight (or test) 
selection and difference in the true survival functions will lead to sub- 
optimal power performance [11]. 

2.2. Two-stage test 

The two-stage (TS) method introduced by Qiu and Sheng [12] pro
vides a solution to the weight selection problem in dealing with possible 
non-PH situations. The procedure gets its name from the sequential 
testing approach. More specifically, it conducts the standard log-rank 
test in the first stage. If the LR test does not reject the null hypothesis, 
an asymptotically independent test for crossing hazards is carried out. It 
is shown to be efficient with good adaptation and reliable in power 
performance under both PH and non-PH situations [12,18]. The 
approach was extended to the k-sample case employing asymptotically 
independent tests [24]. 

2.3. Omnibus tests 

Another remedy to avoid potentially sub-optimal power performance 
is to use an omnibus test that does not have any inclination of the 
alternative hypothesis. 

The mdir test proposed by Brendel et al. [15] and revisited by 
Ditzhaus and Friedrich [16] uses a quadratic form-type statistic in 
multiple weighted LR statistics to cover broader alternatives. The test 
has high power for all alternatives corresponding to the chosen weights 
and combinations thereof. The test should be used especially when no 
prior information is available, because with prior knowledge a weighted 
test with only one suitable weight would have a higher power. A notable 
feature of the mdir test is that its permuted version allows to handle 
small sample cases with satisfactory type-I error and power performance 
[15,16]. The mdir test was extended to handle the one-sided testing 
problem as well as factorial designs [25,26]. A procedure for sample size 
calculation does not exist yet. 

The class of maximum weighted log-rank tests bears a different 
approach to combine multiple weighted log-rank tests. Here, multiple 
test statistics with different weights are considered and the final test 
statistic is defined as the maximum over all of them. The MaxCombo test 
(MC) proposed by Lin et al. [10] combines four weighted log-rank tests 
with Flemming-Harrington type weights targeting difference in survival 
functions with PH, late difference, middle difference, and early differ
ence, respectively. An iterative sample size calculation approach was 
provided by Roychoudhury et al. [27]. The test can also be used for one- 
sided hypotheses. Although the MC test combines different weighted 
log-rank tests, it is still relevant which weights are initially chosen. The 
mdir test offers the advantage that the weights are additionally com
bined linearly which allows covering more alternatives. This could be a 
possible explanation for the fact that the mdir test can successfully reject 
the null hypothesis in contrast to the MC test. 

Gorfine et al. [17] introduced K-sample omnibus non-proportional 
hazards (KONP) tests based on sample space partition that also tackles 
right censored data. P-values are obtained employing a censoring- 
friendly permutation procedure. The provided tests are based on two 
different test statistics, namely the log-likelihood ratio (KONP_llr) and 
the chi-squared test statistic (KONP_chi). Extensive simulation studies 
[17] showed that the choice of test statistic does not influence the per
formance. Hence, we only consider the KONP_chi test in our study. 

2.4. Tests based on the area under the survival curve 

Tests based on restricted mean survival times (RMST) are often 
advocated in the context of crossing hazards [28–30,2]. The RMST can 
be interpreted as the mean of event-free survival time up to τ, where τ is 
a pre-defined time till which the truncated mean is of interest. In prac
tice, τ is recommended to be 90% of the minimum of the largest censored 
or uncensored event-time in the two groups [31]. The RMST-based test 
enjoys the merit of easy interpretation and is distribution free [29]. 
Moreover, it can be used to test superiority or non-inferiority. For a 
better type-I error control, Horiguchi and Uno [32] proposed an RMST 
permutation approach, which is, however, only valid under exchange
ability. The latter implies, among others, equal censoring patterns and, 
thus, do not meet practical reality. As Ditzhaus et al. [33] pointed out, 
this problem can be repaired by permuting the studentized statistic 
leading also to valid permutation-based confidence intervals. 

The test proposed by Liu et al. [18] aims to detect crossing survival 
curves based on the area between the curves (ABC). It can capture the 
alternative of two crossing survival functions that produce the same 
RMST. The test obtains its p-value by (group-wise) bootstrapping, which 
allows different censoring distributions between groups. This test is 
shown to be more powerful than other distance-based tests such as the 
modified Kolmogorov–Smirnov test [34] and the generalized Cramér-von 
Mises test [35]. Since the test statistic quantifies the difference in absolute 
value, it cannot be used for superiority or non-inferiority testing. 
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Table 1 
Three exemplary scenarios. One scenario with proportional hazards (PH3), one with non-proportional and non-crossing hazards (NPH4) and one with crossing hazards 
(C3).  

Scenario CDF Survival and hazard curves 

PH3  

F1(t) = exp(0.1)

F2(t) = exp(1/28)

NPH4  

F1(t) = logN(1.2, 1.7)

F2(t) = logN(2.4, 1.3)

(continued on next page) 
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3. Simulation study 

To evaluate the performance of the presented methods, we employed 
extensive Monte Carlo simulations for different scenarios and settings. 
We simulated data for two groups under exponential, Weibull, Gompertz 
and log-normal distributions. Thus, we follow well-established recom
mendations on the choice of survival distributions for simulation studies 
[36]. 

3.1. Scenarios 

We considered four null scenarios, each with a different distribution 
function. For alternatives, we considered (i) four scenarios with pro
portional hazards, (ii) four scenarios with non-proportional and non- 
crossing hazards, and (iii) eight scenarios with crossing hazards. The 
concrete survival and hazard functions can be found in the Supplement, 
see TablesS2–S6 therein. For each scenario we vary the group sizes 
(from 20 to 100), the censoring rates (from 0% to 60%) and the 
censoring distributions (uniform, exponential) as listed in TableS1 in the 
Supplements. Thus, we studied 20(scenarios) × 5(sample sizes) × 4 
(censoring rates) × 2(censoring distributions) = 800 different settings. 
We list three exemplary scenarios in Table 1. 

For each setting 5,000 replications were performed. Throughout, we 
set the type I error level to be 0.05. The actual type-I error and power 
were estimated by the rejection rates. For 2 out of 800 scenarios (all with 
small sample sizes) the KONP test fails to provide a result. In these cases, 
the power was set to NA. In these situations, the combination of simu
lation scenario, very small sample size and censoring distribution lead to 
an observed censoring rate of 1. Throughout, we used R 4.0.0 [37] for all 
simulations. 

3.2. Implementation details 

The LR as well as the PP can be called in R using the function 

survdiff from the survival[38] package. The concrete execution 
depends on the choice of rho (rho  = 0 for LR and 1 for PP). The R 
package TSHRC[39] contains the implementation of the TS test via the 
function twostage. The mdir is included in the R package mdir. 
logrank[40]. Later, we refer to the test, mdir-x, where ‘x’ stands for the 
number of weights considered. For the MC we use the weights proposed 
by Lin et al. [10] and its implementation in the R package nphsim[41]. 
The KONP is implemented in the R package KONPsurv[42]. The pack
ages provide tests based on two different test statistics, namely the log- 
likelihood ratio and the chi-squared test statistic. Since the authors did 
not detect any difference in performance we only consider the chi- 
squared test statistic (KONP). An RMST-based test for two group com
parisons is given in the R package survRM2[43]. The function used here 
is rmst2, where we need to define a truncation time tau. The published 
R code for the ABC test is provided on Github (https://github. 
com/LTTGH/RBT4TCSC). For both tests, τ was set to 90% of the mini
mum of largest censored or uncensored event-time in two groups [31]. 

3.3. Results 

Here we only report the results under uniform censoring. The results 
under the exponential censoring are similar and provided in the 
Supplement. 

3.3.1. Type-I-error 
Fig. 1 compares the type I errors obtained by eleven tests (signifi

cance level α = 0.05) under the four considered scenarios. These employ 
different distributions that are commonly used in survival analysis [36]. 
One boxplot summarizes 40 data points (see TableS1 in the Supplement 
for the exact numbers) representing the size of the test for a specific 
parameter constellation based on 5,000 simulation runs. The red-dotted 
lines display the binomial confidence intervals for the type-I error. For 
most of the tests it can be seen that the type-I error is usually within the 
red-dotted lines, implying a reasonable derivation from the significance 

Table 1 (continued ) 

Scenario CDF Survival and hazard curves 

C3 [11]  

F1(t) = exp(1/12)

F2

(

t

)

=

{
exp(0.25) t⩽2

exp(1/35) t > 2     
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level of 0.05. However, the MC and the RMSTperm test are relatively 
conservative in all settings. Moreover, in the Null1 and Null3 scenario 
(top and bottom left) the RMST- and ABC-tests exhibit a rather liberal 
behavior. Nevertheless, all tests seem to control the type-I error 
reasonably well. 

3.3.2. Power 
We here summarize our findings for the 20 different alternative 

scenarios. For ease of presentation, we only display three representative 
scenarios: one for each category of possible relationships between haz
ards. Each row of Fig. 2 represents a different scenario and the columns 
display different censoring rates. 

PH settings. The proportional settings are all generated using either 
the exponential or Weibull distribution. As expected, the LR test has the 
highest power over all settings and parameter combinations. In the first 
row of Fig. 2 we observe that the other tests also provide good power for 
the different settings. However, with smaller sample sizes, they exhibit a 
noticeable power loss compared to the log-rank test. This effect is less 
pronounced for increased censoring. Similar patterns appear in all other 
scenarios with proportional hazards, see Figs.S1–S4 in the Supplement. 

Non-PH and non-crossing settings. Depending on the setting, the 
power of the tests varies significantly. In our example setting (see 
Table 1) depicted in the second row of Fig. 2, the log-rank test has still 
high power for multiple parameter settings and also high censoring. At 
the same time, it does not dominate across all parameter combinations 

anymore. In the NPH4 scenario (second row in Table 1), the Peto-Peto 
test yields high power as the two survival functions have significant 
early difference. Analyzing Figs.S5–S8, the omnibus tests as well as the 
TS test are similarly powerful. Hence, under moderate violation of the 
PH assumption without crossing in hazard functions, the LR test can still 
be used while the omnibus is more robust against power loss. 

3.3.3. Crossing hazards settings 
In the setting with crossing hazards (third row Fig. 2), we observe a 

drastically lower power for the LR, the PP and the RMST based tests 
compared to all other methods under consideration. This pattern is 
present for low censoring as well as higher censoring. Nevertheless, high 
censoring leads to improvement in terms of power for some of the tests 
such as PP and RMST. A similar behavior can be observed for the ABC 
test: While the power for large groups drops slightly, the power derived 
from smaller data sets is higher than in the low censoring setting. The 
other tests under consideration lose power with high censoring regard
less of the group sizes. Considering the other seven scenarios with 
crossing hazards available in the Supplement (Figs.S9–S16), we see that 
in four of the eight scenarios the LR test is among the three tests with the 
lowest power over different censoring and sample size settings. The PP 
test performs comparably in seven out of eight scenarios and the RMST 
based test results in low power for all scenarios. However, the RMST 
based test often seems to have higher power for crossing scenarios with 
higher censoring. This behavior can be attributed to the fact that higher 

Fig. 1. Type-I errors of the eleven pairwise tests: LR log-rank test, PP peto-peto test, RMST restricted mean survival based test, KONP k-sample omnibus non- 
proportional hazards test, mdir2 mdir test with two weights, MC maxcombo test, TS two-stage test, RMSTperm RMST-based test with permuted studentized test 
statistic, ABC area between curves based test. The dotted line represents the corresponding 95% binomial interval [0.044, 0.056]. 
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censoring rates often mask the crossing pattern of hazard rates. 
Consistently high power across the various scenarios is evident for the 
KONP test, the MC and the mdir tests. The TS test appears to be powerful 
for some scenarios but is less robust in terms of power than the omnibus 
tests. Finally, the ABC test has decent power for most of the scenarios but 
is no competitor for the omnibus tests and the TS test. Regarding the 
choice of weights for the mdir test, it can be seen that except for one 
crossing scenario the mdir2 test including the log-rank and crossing 
weight is as powerful as or more powerful than the mdir3 or mdir4. 
Hence, we would recommend using the mdir test with these two weights 
only. 

In summary, it has to be further investigated why the MC test is so 

conservative (Fig. 1). A reasonable assumption is the small sample size 
in the groups. Taking the conservative behavior into account, we can 
assume that larger sample sizes might also lead to higher power in the 
alternative scenarios. The results of Lin et al. [10] support this 
assumption. They considered much larger sample sizes starting from 300 
and did not observe a similar behavior. The results show that it is 
adequate to include two different weighted LR statistics in the mdir test. 
The RMST-based test cannot be recommended in situations with 
crossing hazards. Globally, we do recommend the use of omnibus tests 
such as MC, KONP or mdir when no prior knowledge is available. They 
show robust power behavior for proportional, non-proportional and 
crossing scenarios. 

Fig. 2. Power of the eleven pairwise tests (significance level α = 0.05) in representative scenarios under uniform censoring. PH3 proportional hazards scenario three, 
NPH4 non-proportional hazards scenario four, C3 crossing scenario three. LR log-rank test, PP peto-peto test, RMST restricted mean survival based test, KONP k- 
sample omnibus non-proportional hazards test, mdir2 mdir test with two weights, MC maxcombo test, TS two-stage test, RMSTperm RMST-based test with permuted 
studentized test statistic, ABC area between curves based test. 
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4. Real data example 

We evaluate the performance of the considered tests on real data 
from a clinical trial for 131 elderly patients with advanced liposarcoma 
or leiomyosarcoma, where the overall survival functions under two 
treatments (Dacarbazine and Trabectedin) show a clear cross at a late 
time period [44]. 

As in Dormuth et al. [19], we reconstructed the patient-level data 
using the state-of-the-art reconstruction algorithm by Guyot et al. [45]. 
The Kaplan–Meier plot using the reconstructed data is shown in Fig. 3. It 
is apparent that the Kaplan–Meier curves depart from each other early 
but converge at later times. The quality of the reconstructed data is 
examined to be sufficiently satisfactory (see TableS27 in the 
Supplement). 

The p-values for eight considered tests are listed in Table 2. All the 
considered methods except LR and MC succeed to reject the null hy
pothesis at significance level 0.05 with mdir2 giving the strongest note. 
Although the MC test combines different weighted log-rank tests, it is 
still relevant to consider which weights are initially chosen. This also 
holds for the mdir test but which has the additionall advantage that all 
linear combinations of the chosen weights are implicitly taken into ac
count. In this way, the mdir procedure is more robust when the optimal 
weight was not chosen. This could be a possible explanation for the 
rejection of the mdir test in contrast to the MC test. 

5. Discussion 

We investigated the type-I error and power of the gold-standard log- 
rank test and various recent tests that are recommended as alternatives 
in case of potential proportional hazards violation. To this end we 
conducted an extensive simulation study including 20 representative 
scenarios. In the null settings most tests respected the type-I error. Only 

the MC test appears to be more conservative for small sample sizes. 
Regarding power, the simulation study indicates that the log-rank test 
does not experience a drastic loss compared to the other methods in case 
of non-proportional and non-crossing scenarios. However, if crossings 
are present, the power difference among the tests is much more pro
nounced with good performances for all omnibus tests. In fact, especially 
the KONP and mdir omnibus tests show a more stable power over all 
scenarios. Regarding the mdir test, no advantage in inclusion of more 
weights for the mdir test was found in our settings. We therefore 
recommend using the default setting of the test if no prior knowledge is 
available. 

Limitations of our study. We only investigated the methods’ per
formance for small to moderate sample sizes. In this paper we only 
discussed the two-sided testing problem since not all procedures have 
existing versions for testing superiority or non-inferiority. Here, we see 
further research potential as this kind of one-sided testing only exist for 
the weighted LR, the RMST-based and the mdir tests [14,25]. A similar 
statement holds for k-sample or more general ANOVA settings [17,26]. 
We therefore recommend to also investigate and compare their mathe
matical properties, e.g. relative efficiencies. 

In order for the recommended procedures to find their way into 
biostatistical practice, methods for accurate sample size calculation are 
needed. Otherwise, inclusion in study protocols as well as the ability to 
draw sufficiently powered conclusions can not be supported. Further
more, statistical significance alone does not always corroborate clinical 
relevance. More interpretable statistical measures such as compatible 
confidence interval for meaningful estimands/parameters [46,32] are 
necessary in addition to the tests’ decisions. Furthermore, we recom
mend to also investigate and compare their mathematical properties, e. 
g. in terms of relative efficiencies. 

Fig. 3. Reconstructed Kaplan–Meier curves of overall survival in elderly patients with sarcoma from Jones et al. [44].  

Table 2 
P-values of the eleven pairwise tests (nominal level α = 0.05) applied to the reconstructed data from Jones et al. [44]. LR log-rank test, PP peto-peto test, RMST 
restricted mean survival based test, KONP k-sample omnibus non-proportional hazards test, mdir2 mdir test with two weights, MC maxcombo test, TS two-stage test, 
RMSTperm permutation-based studentized RMST test, ABC area between curves based test.  

LR PP RMST KONP mdir2 mdir3 mdir4 MC TS RMSTperm ABC 

0.17 0.03 0.02 0.04 0.01 0.03 0.05 0.06 0.05 0.24 0.03  
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ABSTRACT
Many clinical trials assess time-to-event endpoints. To describe the difference between groups in terms of time to event, we often
employ hazard ratios. However, the hazard ratio is only informative in the case of proportional hazards (PHs) over time. There
exist many other effect measures that do not require PHs. One of them is the average hazard ratio (AHR). Its core idea is to utilize
a time-dependent weighting function that accounts for time variation. Though propagated in methodological research papers,
the AHR is rarely used in practice. To facilitate its application, we unfold approaches for sample size calculation of an AHR test.
We assess the reliability of the sample size calculation by extensive simulation studies covering various survival and censoring
distributions with proportional as well as nonproportional hazards (N-PHs). The findings suggest that a simulation-based sample
size calculation approach can be useful for designing clinical trials with N-PHs. Using the AHR can result in increased statistical
power to detect differences between groups with more efficient sample sizes.

1 Background

Time-to-event endpoints are common outcomes of interest, for
example, in oncological trials. When two or more groups are
compared, proportional hazards (PH) are often assumed. Under
this assumption, hazard ratios are meaningful effect measures
and the log-rank test is optimal in terms of power. Even when the
assumption of PH is violated, the log-rank test and corresponding
sample size calculation approaches (e.g., Schoenfeld 1981; Freed-
man 1982) are often used, even though the Schoenfeld formula
has only been derived under PH settings. The violation of the
PH assumption can influence the power of the test severely for
detecting a difference (Lin et al. 2020).One reason for the popular-
ity of the log-rank test under nonproportional hazards (N-PHs),

however, is its easy application due to its implementation in
various software (R, Stata, etc.). There are multiple reasons for
non-PH. In terms of treatment analysis, they can occur when
the treatment effects depend on time. A classic example of such
a pattern is immunotherapy, which is known for high risk in
the early stages but a long-term benefit (Alexander, Schoenfeld,
and Trippa 2018; Ananthakrishnan et al. 2021; Mick and Chen
2015). For example, Trinquart et al. (2016) analyzed 54 phase III
oncology studies published in five journals. They found that in
almost 25% of the studies the PH assumption did not hold.

There are multiple other effect measures that stay interpretable
under deviations of the assumption of PH such as the restricted
mean survival, the Mann–Whitney effect, the relative time or the
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average hazard ratio (AHR) (Royston and Parmar 2011; Mann
and Whitney 1947; Phadnis and Mayo 2021; Kalbfleisch 1981).
The restricted mean survival time (RMST) describes the average
event-free survival up to a specific time point (Royston and
Parmar 2013). More precisely, the difference between two groups
is evaluated by the difference of the areas under the respective
Kaplan–Meier curves up to that specific time point. The Mann–
Whitney effect for right-censored data (e.g., Koziol and Jia 2009)
describes the probability that a randomly drawn subject of one
group survives longer than a randomly drawn subject of another
group. Phadnis andMayo (2021) suggested the concept of relative
time in the N-PHs setting. The relative time describes the ratio of
times of the intervention and control group where, in each group,
the same specific percentage of individuals has experienced an
event. Another effect measure is the AHR (Kalbfleisch 1981),
which can be seen as an extension of the Mann–Whitney effect.
Its core is to extend the idea of hazard ratios by using a time-
dependent flexible weighting function. Unlike the nonweighted
hazard ratios, the AHRs stay interpretable under non-PH since
they incorporate the influence of time through their weighting
function. Uno and Horiguchi (2023) and Phadnis and Mayo
(2021) provide a detailed overview of recent approaches regarding
sample size calculation under non-PH.

For practical application with regard to clinical trials, it is
essential to have reasonable statistical methods and software to
plan and evaluate the respective trial. This especially includes
a corresponding statistical test and sample size calculation
approach. Currently, the sample size calculation approach by
Lakatos (1986) is mostly used under the assumption of non-PH.
The approach, however, does require a good knowledge of the
survival curves under the alternative (Phadnis and Mayo 2021).

Regarding different effect measures, there have been some devel-
opments focusing on sample size calculation. Tests based on the
restricted mean survival time (Royston and Parmar 2016; Tian
et al. 2018; Uno et al. 2014) have been provided with a sample
size calculation approach (Royston 2018). A function to calculate
sample sizes for the RMST for superiority and noninferiority
testing problems is provided in the R package SSRMST (Horiguchi
and Uno 2017; Uno et al. 2015). Also, the relative time approach is
accompanied by a sample size calculation approach (Phadnis and
Mayo 2021). In this approach, Weibull distributed survival times
are used and the relative time refers to the ratio of times for which
a prespecified percentage of samples in each of the groups has had
the event of interest.Macros for SAS exist according to the authors
(Phadnis and Mayo 2021) but the approach cannot be applied in
cases of crossing survival functions. We would also like to point
out that the R package npsurvSS (Yung and Liu 2019) provides a
variety of codes for sample size and power calculations in regard
to t-year survival, pth percentile survival (Yung and Liu 2020),
restricted mean survival time and the weighted log-rank test.
Similarly, there exists the Wilcoxon–Mann–Whitney test for the
Mann–Whitney effect as well as extended test versions for time-
to-event data (Brückner and Brannath 2017; Dobler and Pauly
2018, 2020; Rauch et al. 2018), which can also be used to test the
AHR in special cases. In general, Kalbfleisch (1981), Schemper,
Wakounig, andHeinze (2009), and Brückner and Brannath (2017)
suggested test statistics for the AHR. To our knowledge, other
than with regard to the log-rank test (Cortés Martínez et al. 2021;
Hasegawa 2014), no generally applicable sample size calculation

approach was suggested for the AHR so far. This could be the
main reason why the AHR is not frequently applied (Rauch et al.
2018). A PubMed study in March for AHRs resulted in only
four clinical trials reporting the effect measure. However, already
Schemper (1992) reviewed alternatives to the Cox PH model and
emphasized the advantages of the AHR as an effect measure. Its
application by a weighted Cox regression is analyzed in detail
in Schemper, Wakounig, and Heinze (2009). For its application,
the R package coxphw (Dunkler et al. 2018) may be used, which
consists of the implementation of the AHR and provides a
sample size calculation approach based on Schoenfeld’s formula
(Schoenfeld 1981) for PH. Moreover, Rauch et al. (2018) compare
the twomost common estimators for AHRs with the log-rank test
in a Monte Carlo simulation with various settings. It was shown
that both approaches outperform the log-rank test in terms of
power for N-PH scenarios and that the classical hazard ratio is
not always well defined.

Our aim is to provide guidance for sample size calculation in
a clinical trial that employs the AHR as the primary endpoint.
We assess the effectiveness of these methods by comparing
their required sample sizes and resultant statistical power under
variations from the original assumptions. Therefore, we first
describe the setup, the utilized standardized test statistic as well
as a simulation-based sample size calculation and an asymptotic
sample size calculation approach. Afterwards, we provide exten-
sive simulation studies where we evaluate different survival time
and censoring distributions as well as group allocation ratios.
Finally, we illustrate the sample size calculation approaches
based on a data example and discuss our findings.

2 Methods

We consider the standard two-sample survival setupwith survival
times 𝑇𝓁 and censoring times 𝐶𝓁 (𝓁 = 1,. . . , 𝑛). The survival
function is given by 𝑆𝑖(𝑡) = ℙ(𝑇𝓁 > 𝑡|𝑍𝓁 = 𝑖), and the survival
function of the respective censoring times in group 𝑖 is given
by 𝐾𝑖(𝑡) at time 𝑡, 𝑖 ∈ {0, 1}. The observed time is denoted by𝑌𝓁 = min(𝑇𝓁, 𝐶𝓁) with the corresponding censoring indicator𝛿𝓁 = 𝟙𝑇𝓁≤𝐶𝓁 for individual 𝓁. Let 𝑍𝓁 ∈ {0, 1} indicate the group
association of individual 𝓁 and 𝑛 = 𝑛0 + 𝑛1 be the total sample
size. We are interested in comparing the two groups with respect
to their survival times. In the following, we assume 𝑛0 = 𝑛1
with 𝑛1∕𝑛 → 𝜂 ∈ (0, 1). Next, we briefly present the AHR and a
resulting test statistic. Based on these quantities, we then derive
a simulation-based and an asymptotic sample size calculation
approach. In what follows, we do not require the PH assumption.

2.1 The AHR and a Corresponding Test Statistic

The AHR extends the idea of the well-known hazard ratio by
using a time-dependent flexible weighting function. To introduce
it, recall that the hazard rate in each group 𝑖 is defined as

𝜆𝑖(𝑠) = limℎ→0 𝑃(𝑠 ≤ 𝑇𝓁 < 𝑠 + ℎ|𝑇𝓁 ≥ 𝑠, 𝑍𝓁 = 𝑖)ℎ ,
and describes the instantaneous risk of experiencing an event
at a time 𝑠 knowing individual 𝓁 did not experience an event
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before. With the hazard rates of the two groups, we then define
the weighted AHR as Kalbfleisch (1981)

𝜃𝑖(𝐺) = −∫
∞

0 𝜆𝑖𝜆0 + 𝜆1 (𝑡) 𝐺(𝑑𝑡), (1)

where 𝐺 is a decreasing weight function and the integral is
defined as generalized Lebesgue–Stieltjes integral for signed
measures. Here, we simply have − ∫ …𝐺(𝑑𝑡) = ∫ …𝐻(𝑑𝑡) for𝐻 = −𝐺. In order to obtain time-dependent weights, we consider
a class of weight functions depending on the shape of the survival
time distributions 𝑆0 and 𝑆1 in the two groups:

𝐺𝛼(𝑡) = 𝑆𝛼0 (𝑡)𝑆𝛼1 (𝑡), 𝑡 > 0, 𝛼 > 0.
The function 𝐺𝛼 is decreasing in 𝑡 and fulfills ∫ ∞0 𝑑𝐺𝛼(𝑡) = −1.
As 𝜃0(𝐺𝛼) + 𝜃1(𝐺𝛼) = 1, it suffices to consider one of the two
hazard ratios (𝜃1 or 𝜃0) (Brückner and Brannath 2017). In the
following, we set 𝛼 = 1 since then Equation (1) equals the well-
known Mann–Whitney effect 𝑃(𝑇1 > 𝑇0). Note that we can only
estimate the survival functions 𝑆𝑖 consistently up to a finite time
point. Therefore, the weight function 𝐺 is truncated at a constant
time point

𝐿 < sup{𝑢 ∶ 𝑆𝑖(𝑢)𝐶𝑖(𝑢) > 0},
where the right-hand side describes the supremum of the support
of survival function 𝑆𝑖 and censoring function 𝐶𝑖 in group 𝑖. With
consistent estimators up to 𝐿, the truncated weight function is
given by

𝐺𝐿(𝑡) = 𝐺(𝑡)1 − 𝐺(𝐿)𝟙𝑡≤𝐿.
The denominator 1 − 𝐺(𝐿) is a normalization factor, which
ensures ∫ ∞0 𝑑𝐺𝐿(𝑡) = −1. The truncation time point 𝐿 is chosen
in advance. The truncated AHR is then defined as

𝜃1(𝐺𝐿) = 𝑥11 − 𝐺(𝐿) , (2)

where

𝑥1 = ∫
𝐿

0 𝜆1(𝑡)𝐺(𝑑𝑡) = −∫
𝐿

0 𝑆0(𝑡)𝑆1(𝑑𝑡).
Estimators 𝜃̂𝑖(𝑡), 𝑖 ∈ {0, 1}, for the AHR at time 𝑡 ≤ 𝐿, are given by

𝜃̂1(𝑡) = − ∫ 𝐿0 𝑆̂0(𝑡, 𝑠)𝑆̂1(𝑡, 𝑑𝑠)1 − 𝐺̂(𝑡, 𝐿) . (3)

The estimators 𝑆̂𝑖 of the survival functions are chosen appro-
priately, for example, by Kaplan–Meier estimators, and the
estimators 𝐺̂ for the weight function are given by

𝐺̂(𝑡, 𝐿) = 𝑆̂0(𝑡, 𝐿)𝑆̂1(𝑡, 𝐿).

Note that the notation 𝑆̂𝑖(𝑡, 𝐿) indicates that the observed time 𝑡
that is supposed to be smaller or equal to the constant 𝐿.
In this setting, we are interested in comparing two groups with
respect to their survival, that is, we consider the testing problem𝐻0 ∶ 𝜃1 = 0.5 versus𝐻1 ∶ 𝜃1 ≠ 0.5.
To explain the form of the test statistic, We note that

√𝑛(𝜃̂1(𝑡) − 𝜃1(𝑡)) ∼ 𝑁(0, 𝑣𝜃). (4)

holds as, for example, shown by Brückner and Brannath (2017). It
thus seems natural to consider the test statistic

𝑍 =
√𝑛(𝜃̂1 − 𝜃1)√𝑣𝜃 ∼  (0, 1). (5)

Note that the dependence of 𝑡 was omitted for readability aspects.
A formula for the variance 𝑣𝜃 is given in Equation (1) in
the Supporting Information. Dobler and Pauly (2018) provide
a representation of the variance formula based on counting
processes.

2.2 Asymptotic Sample Size Calculation

One strategy for calculating the sample size is to take advantage
of the asymptotic normality of the test statistic from Equation (5).
Let us, therefore, consider a test problemof the null hypothesis𝐻0
against the alternative hypothesis𝐻1 with a (an approximatively)
standard normally distributed test statistic under 𝐻0. In general,
the goal is to determine a sample size such that for an alternative
hypothesis𝐻𝑔 at a given effect 𝑔 a power of 1 − 𝛽 is attained while
the type I error rate is controlled by 𝛼. In case the difference
between the two groups is described by a normally distributed test
statistic with expected value 𝜅 and variance of 1, it follows from
the definition of type I and type II error rates that𝜅 = 𝑧1−𝛼∕2 + 𝑧1−𝛽, (6)

for a two-sided level 𝛼 test with 𝑧𝛼 denoting the 𝛼-quantile of the
standard normal distribution (cf. Kieser 2020).

Assume we can infer a minimal clinically relevant effect size 𝜃̃
together with a variance estimate 𝑣𝜃 based onmedical knowledge
and/or literature. Note that in certain cases, especially the
variance estimates need to be inferred from simulation studies.
Then, 𝜅 =

√𝑛 ⋅ (𝜃̃ − 0.5)∕√𝑣𝜃 . Consequently, the required total
number of patients is set to the smallest integer fulfilling

𝑛 ≥
( (𝑧1−𝛼∕2 + 𝑧1−𝛽) ⋅√𝑣𝜃𝜃̃ − 0.5 )2. (7)

We obtain 𝜃̃ and 𝑣𝜃 by simulating 10,000 datasets using the
assumed survival distribution. Then, we estimate the parameters
for each dataset by plugging in their mean in the sample
size formula. This sample size approach will be referred to as
AHRasymp as it depends on the asymptotic normality of the
standardized estimator stated in Equation (5).
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2.3 Simulation-Based Sample Size Calculation

While analytical approaches for calculating the sample size donot
always lead to a solvable problem, a simulation-based approach
can always be applied. This is especially advantageous if a com-
plex study design or data distribution is present. Rauch, Schüler,
and Kieser (2017) presented such an approach for a specific
Weibull setting. Our simulation-based sample size calculation,
called AHRsim, generalizes their work with respect to arbitrary
data distributions and is computationally more efficient and
robust. Schematically, AHRsim can be described as follows:

1. Decide on a true event data distribution (e.g.,𝐹1(𝑡) = Weibull(0.6, 8) and 𝐹2(𝑡) = Weibull(0.6, 4) or𝐹1(𝑡) = Lognormal(1.2, 1.7) and 𝐹2(𝑡) = Lognormal(2.4, 1.3),
accrual duration, minimal follow-up time and censoring
distribution and generate the underlying data.

2. Specify the number of simulation runs 𝑛𝑠𝑖𝑚. For every
simulated dataset, we provide the calculation of the AHR and
corresponding test statistic.

3. The power is then given by 𝑛𝑠𝑖𝑔∕𝑛𝑠𝑖𝑚, where 𝑛𝑠𝑖𝑔 is the num-
ber of corresponding p values falling below a prespecified
significance-level threshold 𝛼.

4. This leads us to the actual sample size calculation procedure:
For a given event-time distribution with specified accrual
time and minimal follow-up time, starting values for the
sample sizes in the intervention and control group and cen-
soring time distribution, calculate the corresponding power
as stated above. We start with sample size values that do not
exceed the desired power value 1 − 𝛽 (e.g., 80%). We enlarge
the sample sizes per group in a stepwise manner, and we stop
the sample size increase when a power of at least 1 − 𝛽 is
reached for the first time.

To reduce the run time of theAHRsimapproach, a smart choice of
the starting value for the sample size in step four is crucial. Since
we calculate the sample size based on Schoenfeld (SF) and the
approximation approach anyway, we decided to use this informa-
tion. After observing noticeable differences between these sample
sizes, we implemented a more robust approach for the starting
value. For details, we refer to the Supporting Information.

3 Simulation Study

For the evaluation of the two suggested sample size approaches
and a comparison with Schoenfeld’s (1983) formula as well as
a simulation-based log-rank approach, we performed extensive
simulation studies for different scenarios. In the subsequent
sections, our focus is exclusively directed toward event-time-
driven analyses. As such, our simulations involve the generation
of event times and censoring times, excluding the consideration
of enrollment. Furthermore, we evaluate the power of the
AHR-based and log-rank tests, respectively.

The simulation study is structured into two different parts with
two distinct goals:

(G1) Calculation of simulation-based sample sizes as well as
asymptotically derived sample sizes and their compar-

ison, also with respect to sample sizes obtained from
Schoenfeld’s formula and the simulation-based log-rank
approach. To this end, we simulate different survival time
distributions and censoring time distributions.

(G2) Evaluation of misspecified survival time distributions for
all four sample size approaches. Here, data of the deter-
mined sample sizes with other survival and censoring
time distributions are generated (for an overview of the
variations, see Tables S1–S12 in the Supporting Informa-
tion), and the respective power values are calculated and
compared to the initially intended value 1 − 𝛽.

3.1 Scenarios and Parameter Values

In the following, we set the target power to 1 − 𝛽 = 0.8 and the
type I error to 𝛼 = 0.05. The simulation was performed with the
software R (version 4.1.2) R Core Team (2022) and 𝑛𝑠𝑖𝑚 = 10, 000.
For the simulation-based sample size calculation, we set 𝐿 to 90%
of the minimum of the highest censored or uncensored event
times in both groups (Tian et al. 2020). The AHR is calculated
using the R package AHR (Brueckner 2018). We consider six
settings: two with proportional, two with nonproportional but
noncrossing, and two with crossing hazards (see Table 1). Each
scenario is divided into two censoring categories, denoted by an
additional “a” and “b.” Here, “a” represents a lower level (20%
in each group), and “b” is a higher level of nonadministrative
censoring (20% in group one and 40% in group two). These
settings represent the initial assumptions wemake about our data
in order to derive the sample size. Based on these assumptions,we
derive the required parameters for each of the four sample sizes
approaches. To quantify the robustness of the methods in terms
of power, we examine various deviations from these assumptions,
ranging from simple deviations for only one parameter up to com-
binations of deviations for several parameters. The alternative
survival distributions were chosen to have the same hazard ratio
as the initial curves (see Table 2). Note that the hazard ratio has
no meaningful interpretation as an effect measure under N-PHs
and is only used as an easy comparison criterion for scenario
selection. The concrete details on the deviations are displayed in
Tables S1–S12 of the Supporting Information.

3.2 Results

We discuss the results individually for the different hazard
relationships under consideration in terms of the two simula-
tion goals.

3.2.1 G1: Comparison of Different Sample Size Calcula-
tion Approaches

The calculated sample sizes according to the four approaches
(Schoenfeld, simulation-based log-rank as well as asymptotic
and simulation-based AHR approaches) among all scenarios
can be found in Table 3. As expected in the PH settings
(S1a, S1b, S2a, S2b), we observe that sample sizes retrieved
via the classical Schoenfeld approach are smaller than sam-
ple sizes based on the other three approaches. Moreover, we
observe that the calculated sample sizes obtain rather similar
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TABLE 1 Simulation scenarios and the alternative distribution considered. The hazard ratio (HR) given is the mean based on 100 datasets with𝑛0 = 𝑛1 = 150. The alternative scenario (alt) was chosen to have the same HR as the initial scenario.

values only within some specific PH settings (S1a and S1b)
but they can also deviate drastically (n_AHRsim and n_SF
in S2b). Across all considered scenarios, the LRsim obtains
larger sample sizes than the SF approach. Furthermore, the
LRsim approach comes along with computational limitations
in S6b.

In the N-PHs setting, the crossing hazard scenarios (S5a, S5b,
S6a, S6b) tend to have larger sample sizes than the noncrossing
hazard scenarios (S3a, S3b, S4a, S4b) when considering n_SF and
n_LRsim. For the other two sample size calculation approaches
that observation does not hold. Furthermore, in almost all N-
PHs scenarios, the sample sizes retrieved from the AHRsim

5 of 10

 15214036, 2024, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.202300271 by Ina D
orm

uth - Technische U
niversitaet D

ortm
und D

ezernat Finanzen und B
eschaffung , W

iley O
nline Library on [13/08/2024]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



TABLE 2 Simulation scenarios and the alternative cumulative density function (CDF) considered. The hazard ratio (HR) given is the mean based
on 100 datasets with 𝑛0 = 𝑛1 = 150. The alternative scenario (alt) was chosen to have the same HR as the initial scenario..

sample size calculation approach are smaller than those from the
AHRasymp approach. It is notable that the sample sizes in the
crossing hazards settings S6a and S6b are of very different scales
compared to the Schoenfeld and LRsim-based sample sizes (i.e.,
up to a factor of∼40when comparing the sample sizes through SF
and AHRsim in S6b). Moreover, we note that in some cases (e.g.,
S4 forAHRsimandAHRasymp), the sample sizes become smaller
even though the censoring rate increases (compare the lowerwith
upper scenario in each of the scenario boxes). One explanation

is that censoring can distort the estimated (average) hazard
form.

3.2.2 G2: Assessing the Influence ofMisspecifiedDistri-
butional Assumptions in Terms of Statistical Power

The obtained power for all deviations from the initial
assumptions can be found in the Supporting Information
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TABLE 3 Total sample sizes according to the different calculation
approaches for each simulation scenario. SF (Schoenfeld approach),
LRsim (simulation-based log-rank approach), AHRsim (simulation-based
average hazard ratio approach), and AHRasymp (asymptotic average
hazard ratio approach); — indicates that simulations were not executed
due to computational limitations.

Scenario n_SF n_LRsim n_AHRasymp n_AHRsim

S1a 48 54 52 54
S1b 48 56 52 56
S2a 216 236 260 334
S2b 214 312 320 414
S3a 78 80 48 38
S3b 70 78 48 36
S4a 136 160 368 432
S4b 146 202 348 224
S5a 356 360 382 342
S5b 292 324 382 330
S6a 2034 — 264 228
S6b 12,826 — 350 310

(see Tables S1–S12).We here only summarize our findings. First, it
needs to be noted that the power values in the original settings (cf.
A1 in Tables S1–S12 in the Supporting Information) are not always
equal to 0.8, and hence, the power values for the deviating settings
(A2–A23) are to be considered deviations from those power
starting values. Especially the AHRasymp approach deviates
more often from the 0.8 in scenario A1 than the other sample size
calculation approaches (e.g., 0.66 in S2a and S2b as well as 0.86
in S3a and S3b). Moreover, there are scenarios (S6a and S6b) in
which the power simulations for SF and LRsim were not possible
due to computational limitations. For AHRasymp and AHRsim,
it was always possible to retrieve the respective power values. In
specific alternative settings, the simulations yielded no results
due to too early censoring. However, this was always consistent
across all four approaches within one setting. Regarding
the power performance under misspecified distributional
assumptions for the survival time, none of the approaches seems
to be robust across all deviations (e.g., power values of 0.40–0.80
compared to 0.66 (AHRasymp), 0.51–0.81 compared to 0.69 (SF),
0.61–0.91 compared to 0.80 (LRsim), and 0.55–0.91 compared to
0.81 (AHRsim) in scenario S2b). However, specific approaches
in certain scenarios seem relatively stable regarding power
performance under misspecified distributional assumptions
(e.g., LRsim and AHRsim in S1a, AHRsim in S2a). Furthermore,
it can be noted that under most PH (S1–S2a), the alternative
scenarios do not influence the power values as much as in the
N-PH scenarios (e.g., 0.78–0.99 (SF), 0.77–0.98 (LRsim), 0.63–0.87
(AHRasymp), 0.53–0.81 (AHRsim) in S3b). Larger censoring rates
have the most considerable impact on the power decrease of the
SF and LRsim sample size calculation approach for several PH
settings (cf. A11 in S1a–S2a). Also, under exponentially distributed
censoring times, the alternative scenarios do not influence the
power values considerably in S1a–S2a. In the following, we
focus on the N-PHs scenarios and first restrict ourselves to the
noncrossing hazards scenarios (S3a, S3b, S4a, S4b). Here, themis-

FIGURE 1 Reconstructed individual patient data based on the UC
study by Fradet et al. (2019).

specifications in survival time distributions have a big impact on
the power values of all four sample size calculation approaches,
such as 0.25 for AHRasymp in S4b, 0.51 for AHRsim in S3b, 0.38
for SF in S4b, and 0.42 for LRsim in S4b. Overall, there is a poor
performance regarding misspecifications in S4a and especially
in S4b for all four sample size calculation approaches. Under
crossing hazards (S5a, S5b, S6a, S6b), it firstmust be noted that the
SF and LRsim approachwas not calculated in all settings (i.e., S6a
and S6b) due to computational limitations. In the other crossing
hazards settings, the two AHR-based sample size calculation
approaches tend to be more robust (S5a: power range of 0.75–0.87
for SF, 0.76–0.89 for LRsim, 0.78–0.82 for AHRsim, 0.81–0.85 for
AHRaysmp; S5b: 0.62–0.87 for SF, 0.58–0.85 for LRsim, 0.61–0.81
for AHRsim, 0.66–0.85 for AHRasymp). Also, in scenarios where
the sample sizes cannot be calculated for the SF and LRsim
approaches, the two AHR-based sample size approaches seem
relatively stable regarding deviations from the prespecified
assumptions.

4 Illustrative Data Example

When planning clinical trials, one often has preliminary studies
that allow for more detailed planning of the new trial. We
consider a trial to evaluate the long-term safety and efficacy out-
comes of pembrolizumab compared to chemotherapy in patients
with advanced urothelial cancer (UC) that progressed after
platinum-based chemotherapy (Fradet et al. 2019). We assume
that Figure 1 shows the survival time curves of such a preliminary
study.

Since the figure alone is not sufficient to compute sample sizes,
we have reconstructed the individual patient data from the
original publication figure using the reconstruction algorithm
by Guyot et al. (2012) and webPlotDigitizer (Rohatgi 2019). The
algorithm does result in time-to-event data including event time
and a censoring indicator. From these reconstructed patient data,
we then estimated the hazard ratio and AHR as well as the
variance. Using SF, the LRsim, the AHRsim, and the AHRasymp
approach, we computed the required sample size based on the
given values. When using SF and LRsim we imply PH. In the
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TABLE 4 Sample sizes obtained by SF (Schoenfeld formula) and
AHRsim (simulation-based AHR approach) based on reconstructed
patient data from Fradet et al. (2019).

Sample size
approach Pembrolizumab Chemotherapy

SF 2761 2964
LRsim 2777 2798
AHRsim 462 465
AHRasymp 514 552

TABLE 5 p values obtained by the two-sided log-rank test and the
AHR (average hazard ratio) test as well as the corresponding hazard ratio
or AHR, respectively, based on reconstructed patient data from Fradet
et al. (2019).

Test statistic p value Effect

log-rank 0.400 0.924
AHR 0.041 1.269

Significant values are given in bold.

methods section, we described how to generate data based on
distributional assumptions, in order to calculate the required
sample size. To avoid relying on assumed survival distributions
in this example, we utilized case resampling with 1000 iterations
for censored data (Thurow et al. 2023). The given example shows a
case of crossing survival curves; hence, the implied assumption of
PH is not correct. Thus, one could expect a large necessary sample
size using the Schoenfeld formula and the LRsim approach,
which is not recommended for non-PH settings. The AHR-based
approaches, on the other hand, do not require this assumption
and are, hence, suitable for the underlying survival distributions.
This results in higher power for this illustrative example and,
hence, a smaller required sample size. The obtained sample sizes
are listed in Table 4. We recalculated the p value for the log-
rank test and the AHR-based test using the reconstructed data of
sample site 542 (cf. Table 5).

It can be seen that the reconstructed data reflects the p value of the
log-rank test quite well (p value of 0.31 in the original publication
by Fradet et al. 2019) and is not significant. In comparison,
the AHR-based test yields a significant result. Furthermore, the
corresponding effect measures point in different directions: while
the AHR indicates an increased risk of Prembrolizumab, the
log-rank test suggests a small favorable effect. This shows that
the choice of the testing procedure matters especially in non-
PH situations. It should be noted that even though the original
study does not reach the required sample sizes for a power
of 0.8, the AHR-based test can reject the null hypothesis. To
investigate this further, we did a small simulation using case
resampling with 1000 iterations regarding the power of the test
with the given sample sizes (Davison and Hinkley 1997; Thurow
et al. 2023). From the 1000 sampled datasets and corresponding
test decisions, we could derive a power of 0.58 for the given
sample sizes. The R-code for this data example is provided in the
Supporting Information.

5 Discussion

The objective of our work was to offer guidance on deter-
mining an appropriate sample size for a clinical trial utilizing
the AHR as the primary endpoint. We evaluated the effective-
ness of the simulation-based sample size calculation approach
(AHRsim) and the asymptotic sample size calculation approach
(AHRasymp) together with the Schoenfeld formula (SF) as well
as the log-rank (LR) simulation-based approach (LRsim) by com-
paring their required sample sizes and resulting statistical power,
considering potential deviations from the original assumptions.
To accomplish this, we initially presented the setup involving
the test statistic, along with simulation-based and asymptotic
approaches for sample size calculation. Subsequently, we con-
ducted extensive simulation studies to assess different survival
time and censoring distributions as well as variations in group
allocation ratios. Finally, we applied the four different sample size
calculation approaches to a specific data example and deliberated
on our findings.

One limitation of our work is that we solely focused on one
specific weight function of the AHR. However, the suggested
approach can also be applied to other weight functions of the
same family (for details, see the Methods section). Another
limitation of our study relates to the specific scenarios considered
for each category (proportional, nonproportional, and crossing
hazards), where the results did not always coincide. While we
observed certain tendencies, it is important to emphasize that
conducting extensive simulation studies is still recommended.
Such studies would enable the exploration of specific behaviors
and rules regarding power and sample size. Furthermore, it is
crucial to acknowledge that a high percentage of censorship
can obscure the true behavior of hazard rates and consequently
potentially result in underestimations of the required sample size.
Therefore, cautious interpretation of sample size estimations is
warranted, particularly in cases where a substantial proportion
of censorship is anticipated.

The Schoenfeldmethod exhibits several downsides under scenar-
ios with N-PHs. One of them is that the SF method has been
derived under PH settings. In detail, it is particularly nonrobust
when hazards cross, resulting in the requirement for hugely
enlarged sample sizes compared to the alternative approaches
relying on the AHR. However, the SFmethod can still be valuable
for obtaining starting values in simulation approaches, when
dealing with N-PHs.

Even though the AHRsim method demonstrates sometimes less
power in certain settings of the PH settings, it should be kept
in mind that not every sample size approach is applicable in
every situation and the AHRsim approach provides flexibility
in this regard. Overall, across various scenarios, the violation of
distributional assumptions results in a slightly smaller loss of
power for the AHRsim method compared to the SF and log-
rank methods in many nonproportional and crossing hazard
situations. Also, in scenarios where the SF and LRsim approaches
cannot be applied any longer due to computational limitations,
the AHR-based sample size approaches are still applicable. More-
over, the real-world example illustrates that in certain situations,
the AHR-based test exhibits more power than the log-rank test.
Consequently, employing the simulation-based approach would
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lead to significantly smaller sample sizes for follow-up studies.
In comparison, the asymptotic approach of the AHR method
(AHRasymp) faces problems in certain scenarios, as previously
observed in studies by Dobler and Pauly (2020), including low
power even when distributional assumptions are met.

Both the simulation study and the real data example emphasize
that different sample size calculation approaches yield widely
varying results depending on the data situation. Hence, this step
in the planning of clinical trials holds substantial relevance in
terms of both statistical and economic outcomes. These findings
underscore the importance of conducting preliminary simulation
studies to enable the selection of the appropriate sample size
calculation approach as well as inference method. This especially
holds when N-PHs are assumed, where no generally recom-
mended effect measure exists. Overall, it is recommended to
consider different approaches while incorporating all available
information. In future work, it could be of interest to also
incorporate Bayesian approaches (Chen, Ibrahim, and Chu 2011;
Chen et al. 2015; Chi and Ibrahim 2006; Kim, Park, and Kim 2011;
Xu, Psioda, and Ibrahim 2022) in order to exploit more of the
available information.
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ABSTRACT

When comparing multiple groups in clinical trials, we are not only interested in whether there is a
difference between any groups but rather the location. Such research questions lead to testing multiple
individual hypotheses. To control the familywise error rate (FWER), we must apply some corrections
or introduce tests that control the FWER by design. In the case of time-to-event data, a Bonferroni-
corrected log-rank test is commonly used. This approach has two significant drawbacks: (i) it loses
power when the proportional hazards assumption is violated [1] and (ii) the correction generally
leads to a lower power, especially when the test statistics are not independent [2]. We propose two
new tests based on combined weighted log-rank tests. One as a simple multiple contrast tests of
weighted log-rank tests and one as an extension of the so-called CASANOVA test [3]. The latter was
introduced for factorial designs. We propose a new multiple contrast test based on the CASANOVA
approach. Our test promises to be more powerful under crossing hazards and eliminates the need
for additional p-value correction. We assess the performance of our tests through extensive Monte
Carlo simulation studies covering both proportional and non-proportional hazard scenarios. Finally,
we apply the new and reference methods to a real-world data example. The new approaches control
the FWER and show reasonable power in all scenarios. They outperform the adjusted approaches in
some non-proportional settings in terms of power.

Keywords Multiple contrast tests, Non-proportional hazards, Survival analysis, Weighted log-rank test

1 Introduction

Time-to-event or survival analysis is essential across medical research, engineering, and social sciences. Trials often
involve multiple groups (treatment arms) or factorial designs, creating unique statistical challenges. The primary
research focuses not merely on whether any arms differ but specifically identifying which groups show differences.
Thus, traditional global test procedures like ANOVA-type methods, which test null hypotheses of equal hazard ratios
or cumulative hazard rate functions, are often inadequate [4, 3]. Instead, flexible multiple comparison procedures are
crucial in modern data analysis. Current approaches typically employ pairwise multiple log-rank tests with adjustments
for multiplicity (e.g., Bonferroni correction) [5], but these methods can lack efficiency due to restrictive assumptions
about the correlation structure of test statistics [6, 7]. In recent years, many researchers developed multiple contrast
test procedures (MCTPs) along with simultaneous confidence intervals (SCIs) (usually conducted as maximum tests),
which are valid for arbitrary correlations of the test statistics and use the correlation within the multiplicity adjustment
for various endpoints (means, proportions, Mann-Whitney effects) [8, 9, 10, 2, 11]. Munko et al. [12] introduced a
restricted mean survival time (RMST)-based multiple contrast tests for time-to-event data. Since the RMST should not
be employed under crossing hazards [13, 14], we aim to close this gap and introduce a powerful and flexible MCTP for
analyzing survival data with crossing hazards.
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The log-rank test is one of the most prominent test procedures in survival analysis. The method is well known to be
optimal when the proportional hazards (PH) assumption is met but significantly loses power otherwise [14]. Even though
the problem is fairly well known, a substantial amount of investigators of (clinical) trials still ignore the issue and publish
their findings upon log-rank tests in leading high-quality peer-review journals even when the assumption is violated
[15, 16, 14]. For the analysis of two independent samples, weighted log-rank tests and their combinations comprise a
great alternative to the classical log-rank test and are beneficial in non-proportional hazards models [17, 18, 19, 20].
Ditzhaus and Friedrich [20] propose a Wald-type test of multiple weight functions within a single multivariate test.
Which weight function to choose depends on the alternative of interest and cannot be recommended in a general way.
However, the test does not provide information on which weight function appears most powerful. For the analysis of
more than two samples and factorial designs, Ditzhaus et al. [3] extended these procedures to the Cumulative Aalen
Survival Analysis-of-Variance (CASANOVA) method. In principle, they are global ANOVA-based tests (quadratic
forms) and can be used to estimate and test main and interaction effects in general factorial designs. Estimating
and testing user-specific contrasts are impossible, limiting their application in statistical practice. To overcome these
shortcomings, we propose a novel flexible MCTP. Extensive simulation studies indicate that the test is more powerful
under non-proportional hazards and eliminates the need for additional p-value correction. The remainder of the paper is
organized as follows. The second section introduces the main statistical methods employed in the analyses. The third
section describes the simulation setup and the corresponding results. The following section applies the methods of
interest to a real-world data example. The final conclusions are drawn in section five, together with future research
questions.

2 Set up

Multiple contrasts are faced in many research questions related to time-to-event endpoints. Applying separate tests
without adjusting for multiple testing increases the likelihood of false discoveries and inflated error rates. In the
following, we present different well-established statistical methods for an underlying multiple contrast problem with
time-to-event endpoints, as well as our newly developed method based on a combination of multi-directional log-rank
tests and the concept of maximum tests.

Statistical model

First, we define the underlying statistical model. Therefore, we consider a study design involving k ≥ 2 groups
(treatment arms) of nj independent subjects, each with time-to-event data Tji and right-censoring time Cji. The
statistical model considered here can be summarized by mutually independent positive random variables Tji ∼
Fj , and Cji ∼ Gj , j = 1, . . . , k; i = 1, . . . , nj , where Fj and Gj are both continuous distribution functions,
respectively. Furthermore, let Xji = min(Tji, Cji) denote the observed time and δji = I(Xji = Tji) the censoring
status with I(·) being the indicator function. The statistical model considered here does not entail any parameters but
rather the survival distributions that could be used to define reasonable treatment effects. The cumulative hazard rate
function for group j is defined by

Aj(t) =

∫ t

0

(1− Fj(x))
−1dFj(x), t ≥ 0, j = 1, . . . , k. (1)

We further assume non-zero sized groups by nj/n → κj ∈ (0, 1) as min(nj : j = 1, . . . , k) → ∞ and we exclude the
case of only censored values within one group by assuming that 0 < Fj(t) < 1 and 0 < Gj(t) < 1 ∀j = 1, ..., k and
some t > 0.

Multiple null hypotheses

The cumulative hazard rate function of treatment arm j called Aj(t), summarizes the total accumulated risk of
experiencing the event that has been gained by progressing to time t. No difference (i.e., no effect) between treatment
arms j1 and j2 with j1 ̸= j2, corresponds to Aj1(t) ≡ Aj2(t), or, equivalently, Aj1(t) − Aj2(t) ≡ 0. In the several
sample problems, let H ∈ Rq×k be a contrast matrix satisfying H1k = 0q with 1k and 0q denoting vectors of
ones and zeros, respectively. We denote the entries of H as hj1,j2 . For ease of presentation, we focus on the
two-sample problem. Here, the most prominent matrices are the ones of Dunnett- and Tukey-type. The entries are
composed of a single −1 and 1, indicating the two sample comparisons of interest. We define the corresponding
index sets IDunnett = {(1, 2), . . . , (1, k)} and ITukey = {(1, 2), . . . , (1, k), (2, 3), . . . , (2, k), . . . , (k − 1, k)}. In the
following, we will indicate the position in the matrix or vector by the corresponding indices j1 and j2, for example,
(−1, 1, 0, . . . , 0) = h1,2 for j1 = 1 and j2 = 2.

2
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The hypotheses we seek to infer are expressed in relation to the cumulative hazard rate functions as follows:

H0 : HA = 0q, A = (A1, . . . , Ak)
⊤,

Hj1j2
0 : {hj1j2A = 0}, (j1, j2) ∈ I,

with A⊤ denoting the transposed vector of A and I being either IDunnett or ITukey. In general, the contrast matrix
selection depends on the specific question of interest underlying the analysis.

3 Statistical Tests

Adjusted log-rank

As a reference method, we consider the Bonferroni adjusted log-rank test. Therefore, we define the Bonferroni-adjusted
significance level αBonferroni = α/q where α is the original significance level and q is the number of comparisons. The
Bonferroni adjustment for multiple comparisons in a survival setting is a standard procedure in clinical settings, as
discussed in Logan et al. (2005) [5]. The authors have provided a comprehensive description and suggested various
methods for adjusting the number of comparisons.

We define the weighted log-rank test as a generalization of the classical log-rank test. Therefore, we employ the
conventional counting process notation. Let Nj(t) =

∑nj
i=1 I{Xji ≤ t, δji = 1} represent the cumulative number of

observed events within group j up to time t. Furthermore, we introduce Yj(t) =
∑nj

i=1 I{Xji ≥ t}, which denotes
the number of individuals at risk just before time t in group j. These counting processes enable us to define the
Nelson-Aalen estimator for Aj as Âj(t) =

∫ t
0
I{Yj(s)>0}

Yj(s)
dNj(s) for j = 1, . . . , k and t ≥ 0.

Then, the weighted log-rank statistic for testing the local null hypothesisHj1j2
0 : {hj1j2A = 0} = {Aj1 = Aj2} can

be defined as [17]:

Tj1,j2(w) = T (w, hj1,j2)

=
( n

nj1nj2

)1/2 ∫ ∞

0

w{F̂j1,j2(t−)} Yj1(t)Yj2(t)

Yj1(t) + Yj2(t)
d(hj1,j2Â(t))

=
( n

nj1nj2

)1/2 ∫ ∞

0

w{F̂j1,j2(t−)} Yj1(t)Yj2(t)

Yj1(t) + Yj2(t)

{
dÂj2(t)− dÂj1(t)

}
.

Here, F̂j1,j2(t−) represents the left-continuous version of the estimator F̂j1,j2 , and w is a continuous weight function
and Â = (Â1, . . . , Âk)

⊤. Fleming and Harrington [18] examined a specific subclass of weights w given by w(t) =
tr(1− t)g (r, g ∈ N0). For instance, when r = g = 0, the log-rank test is obtained. We derive the individual p-values
for the tests from the χ2 distribution and compare them to αBonferroni. To make a global statement, we compare the
minimal p-value among all local tests to the adjusted significance level.

For practical implementation, we utilize the R package survival and its function survdiff. [21]

Adjusted mdir

In the context of our specific objectives, we are interested in more robust testing procedures towards multiple alternatives.
For two group comparisons, the multi-directional log-rank test has been proposed as a combination procedure of different
weighted log-rank tests [19, 20]. The test assumes the equality of survival under the null hypothesis, with the choice of
weights determining the alternative hypothesis. We are particularly interested in weights that intersect the x-axis, such
as w(ti) = 1− 2ti as they are specifically designed to address crossing hazard alternatives.

By default, the R package mdir.logrank [22] implements a combination of the log-rank weight w(1) ≡ 1 and this
crossing weight. Dormuth et al. [14] showed that this default set of weights seems to be robust against multiple
alternatives. Nevertheless, if desired, additional weights can be combined to cover more alternative hypotheses. With
these two weights, the local test statistic takes a studentized quadratic form:

Sj1j2 = (Tj1j2(w
(1)), . . . , Tj1j2(w

(m))) Σ̂−
j1j2

(Tj1j2(w
(1)), . . . , Tj1j2(w

(m)))⊤.

3
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The entries of Σ̂j1j2 ∈ Rm×m are given by

(Σ̂j1j2)p,s =
n

nj1nj2

∫

[0,∞)

w(s){F̂j1j2(t−)}w(p){F̂j1j2(t−)} Yj1(t)Yj2(t)

Yj1(t) + Yj2(t)
dÂj1j2(t), (p, s = 1, ...,m)

with Âj1j2 the pooled Nelson-Aalen estimator of groups j1 and j2. Σ̂−
j1j2

represents the Moore-Penrose inverse of the
empirical covariance matrix of the weighted log-rank tests. For linearly independent weights w(1), . . . , w(m) fulfilling
the assumptions of [3] (continuous and of bounded variation), the test statistic Sj1j2 can be assumed to be χ2

m distributed
under the null hypothesis. Ditzhaus and Friedrich [20] also proposed a permutation-based approach.

Again, we employ the Bonferroni adjusted significance level αBonferroni to compare to the obtained local p-values.
Analogously to the adjusted log-rank test procedure, we obtain the global test decision by comparing the smallest
p-value to the adjusted significance level.

MultiWeightedLR

Knowing that maximum tests are a common approach for multiple testing problems [23], a straightforward extension
of the weighted log-rank test is to use the maximum over them and exploit the covariance structure between the
different tests. We use the same weights as for the adjusted mdir approach without combining them in a quadratic form.
Instead, we consider each weighted test individually. After calculating the corresponding covariance matrix, we take
the maximum of all weighted test statistics as our global maximum test statistic. Mathematically, we write:

Tmax = max
r∈{1,...,m},(j1,j2)∈I

(Tj1,j2(w
(r)))

For the local testing problem we focus on T j1j2
max = max(j1,j2)∈I(Tj1,j2(w

(r))). Similar to the proof of Theorem 2
in [3], it can be shown that the vector (Tj1,j2(w

(r)))r,j1,j2 is, under regularity conditions, asymptotic multivariate
normally distributed with expected value 0m·q and covariance matrix Σ̂ ∈ Rm·q×m·q . We thus take the equicoordinate
(1− α)-quantile [4] of this distribution as critical value to obtain the MultiWeightedLR test in the statistic Tmax.

multiCASANOVA

Ditzhaus et al. [3] proposed the CASANOVA (Cumulative Aalen Survival Analysis-of-Variance) approach for general
factorial designs with right-censored time-to-event data. The core idea of the method is an extension of weighted
log-rank tests to the factorial design setup. Therefore, they expanded the combination approach of weighted log-rank
tests (mdir) for the two-sample scenario to the general factorial survival designs implemented in the R package GFDsurv
[24]. For further information we refer to Ditzhaus et al. [3]

We aim to extend the CASANOVA approach to allow the estimation and testing of user-specific contrasts in a multiple
testing framework. Compared to the aforementioned approaches, the main difference is that we consider pooled
quantities over all groups, not only the two groups of interest. To this end, we define a local test statistic for contrast
hj1,j2 as

T̃j1,j2(w) = T̃ (w,hj1,j2)

=
( n

nj1nj2

)1/2 ∫ ∞

0

w{F̂ (t−)}Yj1(t)Yj2(t)
Y (t)

d(hj1,j2Â(t))

=
( n

nj1nj2

)1/2 ∫ ∞

0

w{F̂ (t−)}Yj1(t)Yj2(t)
Y (t)

{
dÂj2(t)− dÂj1(t)

}
,

where F̂ (t−) represents the left-continuous version of the pooled estimator F̂ and Y (t) is the total number of individuals
at risk over all groups. As in the adjusted mdir test, we combine several weights (still for one single contrast) by
considering the corresponding quadratic form given by

Cj1,j2 = (T̃j1,j2(w
(1)), ..., T̃j1,j2(w

(m)))Ĉov
−
j1,j2 (T̃j1,j2(w

(1)), ..., T̃j1,j2(w
(m)))⊤,
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where the inner matrix is defined by

(Ĉovj1j2)p,s =
n

nj1nj2

∫

[0,∞)

w(s){F̂ (t−)}w(p){F̂ (t−)}Yj1(t)Yj2(t)
Y (t)

dÂ(t), (p, s = 1, ...,m)

and Ĉov
−
j1,j2 represents its Moore-Penrose inverse. Similar to the maximum approach within MultiWeightedLR, we

now consider the maximum of these Wald-type statistics over all contrasts of interest as the global test statistic

Cmax = max
(j1,j2)∈I

(Cj1,j2).

Note that we did not take the maximum over the different weights as those are already incorporated within the quadratic
forms.

We use the common wild bootstrap approach for counting processes in time-to-event analyses [25, 26] to approximate
the limiting distribution. Therefore, we consider independent and identically distributed variables G1, . . . , Gnj with
E(Gi) = 0 and Var(Gi) = 1. We obtain the wild bootstrap version of the Nelson-Aalen estimator by:

Â∗
j (t) =

∫ t

0

I{Yj(s) > 0}
Yj(s)

d

(
nj∑

i=1

GiNj(s)

)
.

By using Â∗
j (t) instead of Âj(t) to derive T̃j1,j2 and thus Cj1,j2 we obtain their wild bootstrap versions T̃ ∗

j1,j2
and

C∗
j1,j2

, respectively. Since counting processes are discrete, we opt for discrete distributions for the Gi. We focus on
two common choices: (i) the Rademacher distribution [27], and (ii) the centered Poisson distribution [28]. This results
in two different wild bootstrap quantiles depending on the distribution of choice: q∗α the α-quantile of Cmax given
our data (Xji, δji). Then we obtain the global test decision by evaluating Cmax > q∗α and the local test decisions by
Cj1,j2 > q∗α.

4 Simulation Study

We conducted an extensive simulation study in R 4.4.0 [29] to evaluate the rejection rate and the power performance of
the candidate methods.

Simulation Setup

We simulated data for k = 4 groups considering the Tukey- and Dunnett-type contrast matrices. We considered four
scenarios, each with different distribution functions. Each represents a specific case of hazard relationships such as (i)
proportional hazards, (ii) non-proportional and non-crossing hazards, (iii) crossing hazards, and (iv) a mixed scenario.
The specific survival functions are presented in Table 1. We set the group size for each scenario to 100; the censoring
rates vary between 0% and 30% with uniform censoring. The work of [14] indicated that the choice of censoring
distribution does not have a major impact on the performance of statistical tests. Considering all possible combinations
of censoring, survival distributions, and contrast matrices, we end up with a total of 4(scenarios)x1120 parameter
combinations = 4480 different settings. This is because we only considered the combination of different survival time
distributions for the individual groups, but we did not consider the order. This means that S1, S1, S1, S2 is the same
combination as S1, S1, S2, S1. For the Tukey-type contrast matrices, we considered every possible comparison for
k = 4 that results in six tests. For the Dunnett-type contrast matrices, we compared the first group to all the other
groups, resulting in 3 contrasts.

10, 000 simulation runs with 1000 resampling iterations were performed for each setting. The global level of significance
was set to 0.05 throughout.
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Table 1: Simulation scenarios.
Scenario CDF Visualization of the survival and hazard curves
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Simulation results under the null hypothesis

Figure 1 illustrates the familywise error rate (FWER) for all survival scenarios for the different contrast matrix types.
We set the α-level to 5%. The dashed lines represent the binomial confidence interval [4.57%, 5.43%].

0.035

0.040

0.045

0.050

0.055

0.060

lo
gr

an
k

m
di

r

m
ul

tiW
ei

gh
te

dL
R

m
ul

tiC
AS

AN
O

VA
_R

ad
e

m
ul

tiC
AS

AN
O

VA
_P

oi
s

FW
ER

Dunnett

0.035

0.040

0.045

0.050

0.055

0.060

lo
gr

an
k

m
di

r

m
ul

tiW
ei

gh
te

dL
R

m
ul

tiC
AS

AN
O

VA
_R

ad
e

m
ul

tiC
AS

AN
O

VA
_P

oi
s

Tukey

Figure 1: FWER under H0 for all settings for the Dunnett-type (left) and Tukey-type (right) contrast matrices. The
dashed lines represent the borders of the binomial confidence interval [4.57%, 5.43%]

For both contrast matrices, almost all methods control the FWER well. The adjusted mdir is the only test that is a little
liberal when comparing the median to the global α-level of 5% for the Dunnett-type matrix. The new multiple-testing
approaches are more conservative than the adjusted approaches, especially for the Tukey-type contrast matrices, with
the multiWeightedLR being the most conservative.

Simulation results under the alternative hypothesis

We focused on the local decisions under the alternative hypothesis to assess the power. Figures 2 and 3 illustrate the
rejection rates when different survival distributions are present. Each figure consists of four subfigures, one for each
scenario. It should be noted that a higher number of tests decreases the power of each local hypothesis. This property is
visible in the plots showing generally higher power for the Dunnett plots than the Tukey plots. Besides that, the tests
behave similarly for both contrast matrix types. The adjusted log-rank test is the most powerful in the setting with
proportional hazards, while the other tests perform equally well. Under non-proportional but non-crossing hazards, all
tests have a high power, with the new approaches yielding a slightly lower variability. In the crossing scenario, the
log-rank test loses power drastically due to violating the PH assumption. The four approaches designed for nPH data
have high power, with the multiWeightedLR being slightly less powerful than the other three tests. In the mixed setting,
the adjusted mdir performs best in terms of power, followed by the three methods introduced in this paper. The log-rank
test has the highest variability and the lowest median power.

The rejection rates for the local tests with no difference in survival are depicted in Figures 5 and 6 in the Supplemental
Material. Overall, the rejection rates among the approaches are similar, with lower rejection rates for the Tukey-type
contrast matrices. Additionally, the power for each local test is provided in the tables in the Supplemental Material.

The adjusted mdir test performs best for two of the four settings considered. Considering that it showed slightly
liberal behavior under the null hypothesis, these results should be interpreted carefully. The methods introduced in this
publication yield robust results regarding power among the different scenarios. The adjusted log-rank test loses power
dramatically in the scenario with crossing hazards.
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Figure 2: Local power over all tests under the alternative for Dunnett-type contrasts for all four scenarios (each boxplot
contains 1136 data points).
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Figure 3: Local power over all tests under the alternative for Tukey-type contrasts for all four scenarios (each boxplot
contains 2016 data points).
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In the Appendix in Figure 7-9, we present an additional analysis of the behavior of the different tests concerning the
FWER and power for smaller sample sizes (n = 50). The results indicate that the multiWeightedLR approach exhibits
an inflated FWER, likely due to the normal approximation. In contrast, both multiCASANOVA bootstrap approaches
maintain strong control over the family-wise error rate and consistently deliver good results in terms of power. The
adjusted LR and mdir test still control the FWER but show increased variability in terms of power.

5 Illustrative Data Example

To illustrate the novel approaches on real-world data, we used publicly available data from the CoMMpass study (dbGaP
accession: phs000748.v4.p3). This study is designed to associate clinical outcome with genetic profiles and contains
longitudinal clinical and molecular data from multiple myeloma (MM) patients. Based on the transcriptional profile
and the expression level of biologically relevant core machinery that plays a vital role in the stress response [30], we
clustered MM patients into seven groups. Figure 4 shows the Kaplan-Meier curves of the seven different groups. We
assume that we are interested in comparing every group with one another and consider a Tukey design. The significance
level was set to α = 0.05 with a total of 21 tests. The corrected significance level is thus αBonferroni = 0.0024.
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Figure 4: Kaplan-Meier plot of the seven treatment groups of patients with multiple myeloma (MM).

By examining the survival curves, we anticipate that the methods will identify a significant overall difference among the
groups. Specifically, we expect group 2 to differ from the other groups. However, we do not expect to see any differences
among groups 3, 4, and 5. We applied all testing procedures described in this paper to investigate these premises. For
all approaches combining multiple weighted log-rank tests, we included the w(1) = 0 and w(2) = 1− 2Ŝ(ti). We set
the number of resampling iterations to 1000 for all resampling-based approaches.
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The detailed results are listed in the Supplemental Material Table 3. The adjusted log-rank and mdir test detected
six significant differences between groups, while the three new methods only detected five (see Table 2). The found
differences are consistent among the methods. All tests found the pair-wise differences between groups two and three,
four, five, and seven, as well as between groups one and four, to be significant. A significant result for the comparison
between groups two and six was only found by the adjusted LR test and the adjusted mdir test.

Table 2: Number of rejected local null hypotheses for each of the tests

logrank mdir multiWeightedLR multiCASANOVA_wildRade multiCASANOVA_wildPois

Nbr. of rejected Hj1j2
0 6 6 6 5 5

All tests could reject the global hypothesis of any difference between groups as well. In summary, we could show that
in the case of a real-world application, the results are consistent with the results of the adjusted log-rank test.

6 Discussion

We explored various statistical methods for addressing multiple contrast problems with time-to-event endpoints,
including traditional and newly developed approaches. To assess the approaches’ performance, we compared the
Family-Wise Error Rate (FWER) control and the power performance of these methods under different survival scenarios.
The results of our simulation study and real-world data application provide valuable insights into the strengths and
limitations of each approach.

Most methods maintain adequate control of the FWER. The adjusted mdir test exhibited a slightly liberal behavior,
particularly for Dunnett-type contrasts. This deviation suggests that while the adjusted mdir test might be powerful, it
occasionally exceeds the acceptable error rate, which warrants caution in its interpretation under null conditions. On the
other hand, the multiWeightedLR and multiCASANOVA methods were generally more conservative, particularly for
Tukey-type contrast matrices. This conservativeness could imply a lower risk of Type I errors but may come at the cost
of reduced statistical power.

Under alternative hypotheses, the power analysis revealed notable differences in the tests’ performance depending on
the survival scenario. For proportional hazards, the adjusted log-rank test showed the highest power, outperforming the
other methods. Under non-proportional and non-crossing hazards, we could observe high power among all tests, with
the new approaches showing slightly lower variability. The robustness of these methods suggests that they are suitable
choices when proportional hazards are not guaranteed. The log-rank test’s power decreased drastically in the specific
case of crossing hazards. In contrast, the four approaches specifically designed for non-proportional hazards (adjusted
mdir, multiWeightedLR, and the two multiCASANOVA variants) maintained high power, confirming their utility in
these settings. Finally, the adjusted mdir test outperformed other methods in the mixed scenario, achieving the best
power performance. Although slightly less powerful, the new methods provided more consistent results across different
scenarios, highlighting their robustness.

The results suggest potential areas for further methodological improvements. While the Bonferroni correction is widely
used for controlling type I error rates, its conservative nature may result in lower power, particularly in settings with
many comparisons. More sophisticated adjustment techniques, like the Holm procedure, could better balance error rate
control and power, as discussed in previous studies.

Additionally, evaluating the performance of these methods in unbalanced designs could provide a more comprehensive
understanding of their behavior in practical applications. This could be particularly interesting since [12] showed that
such conditions could boost the power of specific local designs.

In the illustrative data example involving patients with multiple myeloma, the new methods produced consistent
results with those obtained from the adjusted log-rank tests. Although the novel approaches identified less significant
differences than the traditional methods, their findings were largely aligned, underscoring their reliability in practical
scenarios. This consistency and the conservative behavior in terms of FWER control suggest that the new methods
still offer a robust alternative for analyzing time-to-event data in clinical studies. Future research would include more
efficient exploitation of the FWER for the new approaches, e.g., by incorporating closed testing approaches. In general,
it is essential to critically assess whether a higher number of statistically significant results truly reflects a superior
testing approach, as statistical significance does not inherently equate to clinical relevance.
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Figure 5: Rejection rate of the local tests with no difference in survival for the Dunnett-type matrix.
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Figure 6: Rejection rate of the local tests with no difference in survival for the Tukey-type matrix.
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Single CASANOVA? Not in multiple comparisons

Table 3: p-values for the local comparisons in the data example (Section 4). Significant tests to level α or αBonferroni are
highlighted in bold font.

log-rank mdir multiWeightedLR multiCASANOVA_wildRade multiCASANOVA_wildPois
2 - 1 0.196 0.411 0.130 0.301 0.304
3 - 1 0.100 0.152 0.415 0.699 0.727
4 - 1 0.001 0.003 0.013 0.030 0.023
5 - 1 0.010 0.028 0.135 0.203 0.210
6 - 1 0.502 0.515 0.981 1.000 1.000
7 - 1 0.040 0.136 0.366 0.571 0.566
3 - 2 <0.001 0.001 0.006 0.012 0.005
4 - 2 <0.001 <0.001 0.001 0.003 <0.001
5 - 2 <0.001 <0.001 0.003 0.007 0.001
6 - 2 0.002 0.001 0.040 0.092 0.091
7 - 2 <0.001 <0.001 0.006 0.011 0.003
4 - 3 0.406 0.217 0.821 0.980 0.991
5 - 3 0.612 0.759 0.999 1.000 1.000
6 - 3 0.242 0.534 0.929 0.985 0.995
7 - 3 0.889 0.943 1.000 1.000 1.000
5 - 4 0.885 0.990 0.956 0.981 0.993
6 - 4 0.034 0.046 0.175 0.415 0.414
7 - 4 0.777 0.768 0.760 0.922 0.942
6 - 5 0.195 0.329 0.649 0.776 0.789
7 - 5 0.959 1.000 0.999 1.000 1.000
7 - 6 0.424 0.248 0.907 0.941 0.959
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Figure 7: FWER under H0 for all settings for the Dunnett-type (left) and Tukey-type (right) contrast matrices for
n = 50. The dashed lines represent the borders of the binomial confidence interval [4.57%, 5.43%]
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Figure 8: Local power over all tests under the alternative for n = 50 for Dunnett-type contrasts for all four scenarios
(each boxplot contains 1136 data points).
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Figure 9: Local power over all tests under the alternative for n = 50 for Tukey-type contrasts for all four scenarios
(each boxplot contains 2016 data points).
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Abstract

When planning a clinical trial for a time-to-event endpoint, we require an estimated effect size
and need to consider the type of effect. Usually, an effect of proportional hazards is assumed with the
hazard ratio as the corresponding effect measure. Thus, the standard procedure for survival data is
generally based on a single-stage log-rank test. Knowing that the assumption of proportional hazards
is often violated and sufficient knowledge to derive reasonable effect sizes is usually unavailable, such
an approach is relatively rigid. We introduce a more flexible procedure by combining two methods
designed to be more robust in case we have little to no prior knowledge. First, we employ a more flex-
ible adaptive multi-stage design instead of a single-stage design. Second, we apply combination-type
tests in the first stage of our suggested procedure to benefit from their robustness under uncertainty
about the deviation pattern. We can then use the data collected during this period to choose a more
specific single-weighted log-rank test for the subsequent stages. In this step, we employ Royston-
Parmar spline models to extrapolate the survival curves to make a reasonable decision. Based on a
real-world data example, we show that our approach can save a trial that would otherwise end with an
inconclusive result. Additionally, our simulation studies demonstrate a sufficient power performance
while maintaining more flexibility.

KEY WORDS: survival data, adaptive designs, conditional power, interim analysis, weighted log-rank
tests, combination-type tests

1 Introduction

There are two common sources of uncertainty in the planning phase of a clinical trial with a survival
endpoint. On the one hand, we need to identify the effect size on which case number planning is based.
On the other hand, we must make assumptions about the type of effect. Traditionally, an effect of
proportional hazards is considered, whereby the effect size is referred to as the hazard ratio. However,
the assumption of proportional hazards must often be questioned. This is particularly the case if therapies
with different mechanisms of action are to be compared.
Adaptive designs are widely accepted as a possible solution for the uncertainty regarding the effect size 1;2.
Such designs allow for interim analyses at multiple time points. In these interim analyses, the study can be
terminated early, either with or without rejection of the null hypothesis, or the further course of the study
can be adapted. This concerns, for example, the planning of future interim analyses or an adjustment
of the sample size. For this purpose, the data collected to date on the endpoint to be investigated can
be used as a basis for planning. This data can be used to calculate the conditional power of the design.
The design is often adapted so that the conditional power reaches a specific target value. In particular,
such an adaptive procedure allows us to revisit the assumptions regarding the effect size made at the
beginning of the study and correct them if needed.

Stage-wise log-rank statistics are often employed in standard adaptive designs for survival data. Then,
the initial sample size planning and the sample size recalculation are commonly based on the hazard
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ratio that can also be re-estimated during the trial. This is, e.g., demonstrated in Wassmer (2006) 3. The
technical foundation is given in Tsiatis (1982) 4.
As in the adaptive (multi-stage) approach described above, the standard log-rank test is commonly applied
in single-stage designs, with one single analysis at the end of the study. This is because, in proportional
hazard situations, the log-rank test is the optimal test in terms of power. When this assumption is
violated, it might, however, lose power and thus lead to poor test decisions. One way to increase the power
for non-proportional hazard alternatives is by implementing a weight function. Multiple weight functions
have been introduced over time5;6. More recent approaches facilitate the weight-choosing procedure
and increase robustness against various hazard patterns by introducing combination-type tests 7–9. One
combination approach is the multi-directional log-rank (mdir ) test, originally proposed by Brendel et
al.7 and revisited by Ditzhaus and Friedrich8. This Wald-type test statistic consists of multiple weighted
log-rank tests covering several alternatives and their linear combinations. Dormuth et al. 10 illustrated
the robust power behavior of the two-sided version of the mdirtest. Ditzhaus et al.11 extended the test
for a one-sided testing problem.
Employing more robust testing procedures is also crucial in multi-stage designs 12. Group sequential
designs for weighted log-rank tests13 and the max combo combination test14 have already been proposed.
One straightforward extension of such procedures is to select testing procedures for the forthcoming
stages based on the available information. Of course, this only makes sense if the test statistics in each
stage test the same hypothesis. Selecting the test depending on a proportional hazards check has already
been considered15. However, it must be taken into account here that such two-stage procedures generally
increase the significance level, and a corresponding adjustment must be made. An adaptation of the
testing procedure for survival endpoints has only been considered in Lawrence (2002) 16. We will go
beyond this work in several respects:
Using a slightly more formal approach, we obtain second-stage test statistics explicitly as increments of
the corresponding stochastic processes. An additional calculation of covariances is therefore not necessary
due to the use of prominent asymptotic results 4;17. Furthermore, this approach also allows combination
tests in individual design stages. In particular, we would like to use these in the first stage to apply a
robust test under uncertainty about the type of deviation. For the following stages, we use the information
available to select the best weighted log-rank test regarding conditional power. Therefore, we present
flexible calculations for this quantity. The full first-stage primary endpoint data can be used to guide
this decision. In addition, the basic design still allows for adjustments to the sample size or changes to
the analysis schedule.
The manuscript is organized as follows. In Section 2, we give a brief overview of the methods and
techniques we will combine to construct our adaptive testing procedure, which will be presented in Section
3. We illustrate its application on a reconstructed data set in Section 4 and study its characteristics via
simulation in Section 5. Finally, in section 6, we summarize our findings, discuss them, and give outlooks
for further research. Further material on our application example, the simulation study, and technical
foundations are provided in the Supplementary Material.

2 Methods

This section will present various methods and techniques we require to formulate our proposed method.
We will start by introducing some notation.
Any patient i ∈ {1, . . . , n} enters the trial at the random time Ri ≥ 0 in calendar time. That patient
is assigned to treatment group Zi ∈ {0, 1}. The patient experiences the event of interest at the random
time Ti ≥ 0 after recruitment. However, the observation of this event may be censored. This may either
happen because of a random dropout or administrative censoring. The former occurs at C?

i . The latter
depends on the time of analysis. If this analysis is performed at calendar time t, the latter censoring is
given by (t − Ri)+. Overall, censoring at this calendar date is thus given by Ci(t) := C?

i ∧ (t − Ri)+
where ∧ indicates the minimum of two real numbers. The observation that can hence be made at that
time is the probably censored event date Xi(t) := Ti ∧ Ci(t) and the corresponding indicator function
δi(t) := 1{Ti≤Ci(t)}.
We assume that the tuples (Ri, Zi, C

?
i , Ti) are independent and identically distributed for all i ∈ {1, . . . , n}.

In particular, they shall be independent replicates of some tuple (R,Z,C?, T ). Furthermore, the censor-
ing through C(t) shall constitute an independent censoring mechanism and we assume that R and C?

are independent random variables with cumulative distribution functions FR and FC? , respectively.
Based on this, we can now define counting processes and at-risk indicators for the event of interest. For
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any i ∈ {1, . . . , n}, the multivariate process (Ni(t, s))t≥0,s≥0 defined by

Ni(t, s) := 1{Ti≤s∧Ci(t)}

indicates whether the event of interest was observed before calendar time t and before patient i spent s
time units in the study. These processes can be aggregated over the complete study sample to obtain
the overall number of events N(t, s) :=

∑n
i=1 Ni(t, s) observed before calendar time t and trial time

s. Additionally, we define those processes in the subgroups of patients that are assigned to the same
treatment, i.e.

NZ=k(t, s) :=
n∑

i=1

Ni(t, s) · 1{Zi=k}

for treatment group k ∈ {0, 1}.
Similarly, the multivariate process (Yi(t, s))t≥0,s≥0 indicates whether it is known at calendar time t that
patient i ∈ {1, . . . , n} remained event-free in the trial just before s time units after its enrollment, i.e.

Yi(t, s) := 1{Ni(t,s−)=0} · 1{s≤Ci(t)}

The term Ni(t, s−) denotes the left-hand limit in the second argument, i.e.

Ni(t, s−) := lim
u↗s

Ni(t, u).

As above, we can aggregate these quantities over the complete study sample or the two treatment groups
to obtain the processes (Y (t, s))t≥0,s≥0 respectively (Y Z=k(t, s))t≥0,s≥0 for k ∈ {0, 1}.
Given these quantities, we can estimate the pooled and group-specific survival functions S, Sk : [0,∞) →
[0, 1] of T which are defined by S(s) := P[T ≥ s] and Sk(s) := P[T ≥ s|Z = k], respectively, using the
information collected up to calendar time t by

Ŝ(t, s) :=
∏

i : Xi(t)≤s

(
1− δi(t)

Y (t,Xi(t))

)

resp.

Ŝk(t, s) :=
∏

i : Xi(t)≤s,Zi=k

(
1− δi(t)

Y Z=k(t,Xi(t))

)

for k ∈ {0, 1}. Corresponding cumulative distribution functions F, Fk and estimators F̂ , F̂k are given by
the probabilities of the respective complementary events.
The corresponding cumulative hazard functions A,Ak : [0,∞) → [0,∞) defined by A(t) := − log(S(t))
and Ak(t) := − log(Sk(t)), respectively, can be estimated at calendar time t by the Nelson-Aalen estimates

Â(t, s) :=

∫

[0,s]

1{Y (t,u)>0}
Y (t, u)

dN(t, u) =
∑

i : Xi(t)≤s

δi(t)

Y (t,Xi(t))

resp.

Âk(t, s) :=

∫

[0,s]

1{Y Z=k(t,u)>0}
Y Z=k(t, u)

dNZ=k(t, u) =
∑

i : Xi(t)≤s,Zi=k

δi(t)

Y Z=k(t,Xi(t))

for k ∈ {0, 1}.
In what follows, we present testing procedures to investigate the null hypothesis of equal survival distri-
butions

H0 : {A0 ≡ A1} = {S0 ≡ S1}. (1)

It will be tested against the one-sided alternative of superiority

H≥ : {A0 ≥ A1, A0 6≡ A1} = {S0 ≤ S1, S0 6≡ S1}. (2)

In particular, weighted log-rank tests and combination tests can be applied to address this issue. These
will be presented in the following subsections.
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2.1 Weighted log-rank tests

Weighted log-rank tests allow giving more emphasis to different parts of the survival function depending
on the selection of appropriate weights18. The non-standardized test statistic at calendar time t is defined
as

TQ̂(t) := n− 1
2

∑

i : Xi(t)≤s,δi(t)=1

Q̂(t,Xi(t))

(
Zi −

Y Z=1(t,Xi(t))

Y (t,Xi(t))

)
,

︸ ︷︷ ︸
observed event−expected event

(3)

with some weight function Q̂ : [0,∞)2 → R that fulfills the standard assumptions for repeated testing
with log-rank type tests4;5 (see also Supplementary Material, Section A). In particular, its large sample
limit Q shall not depend on calendar time t and hence be only a function of s. Additionally, we require
the weight functions to be positive such that the test is valid to test the null hypothesis (1) against the
one-sided alternative from (2). A set of weight functions that satisfies these conditions are referred to as
the Fleming-Harrington weights. The weight functions are based on pooled Kaplan-Meier estimates and
parameters ρ, γ ≥ 0:

Q̂(t, s) = w(ρ,γ)(F̂ (t, s−)) := F̂ (t, s−)ρ · Ŝ(t, s−)γ . (4)

The test statistic can be standardized using the corresponding variance. For big enough sample sizes, the
standardized test statistic is approximately standard normally distributed under the null. The p-values
are then obtained employing the associated tables.

We obtain the classical log-rank test when setting ρ = γ = 0. The resulting test is optimal regarding
power under proportional hazards18. Higher values of ρ result in a weight function that gives higher
weights to events that occur later in time relative to earlier events. On the other side, higher values of γ
emphasize events that occur earlier in time. When both values are high, events that occur in the middle
are given more weight than early and late events. The challenge in utilizing weighted log-rank tests often
lies in selecting meaningful weights.

2.2 mdir

One way to simplify the weight selection procedure is combining multiple weighted log-rank tests. Such
methods allow using several weighted log-rank tests in one testing approach 7–9. One way of combining
multiple weighted tests is in a Wald-type test statistic 7;8. In the following, we define the multi-directional
log-rank test (mdir) in terms of the multivariate process

TQ̂(t) := (TQ̂1
(t), . . . , TQ̂m

(t))

where

TQ̂`
(t) := n− 1

2

n∑

i=1

∫

[0,t]

Q̂`(t, s)

(
Zi −

Y Z=1(t, s)

Y (t, s)

)
dNi(t, s),

for a set of weights Q̂ := {Q̂1, . . . , Q̂m}. This process is asymptotically equivalent to a multivariate
martingale and has asymptotically independent and jointly normally distributed increments (expanding
on Tsiatis, 19824). These properties are essential for the adaptive approach introduced in Subsection 3.
In adaptive designs, we are only interested in one-sided testing. This allows us to avoid situations where
we obtain a final significant result but with effects pointing in different directions in subsequent stages.
Thus, in the following, we focus on the one-sided test statistic of the mdir test.
Ditzhaus and Pauly (2019)11 derived the one-sided test statistic from the initial set of weights. The main
idea is to restrict the space in which the test statistic is spanned to only positive values. This results in
the test statistic

W (t) := max{0,TL̂(t)
T Σ̂

−
L̂ (t)TL̂(t) : ∅ 6= L̂ ⊆ Q̂; Σ̂

−
L̂ (t)TL̂(t) ≥ 0},

with TL̂(t) = (TQ̂(t))Q̂∈L̂ for all t ≥ 0. The covariance matrix can be consistently estimated by Σ̂(t). Its
entries are given by

(Σ̂(t))``? = n−1
n∑

i=1

∫

[0,t]

Q̂`(t,Xi(t))Q̂`?(t,Xi(t))
Y Z=1(t, s)

Y (t, s)

(
1− Y Z=1(t, s)

Y (t, s)

)
dNi(t, s).

Furthermore, Σ̂(t)− denotes the Moore-Penrose inverse of Σ̂(t).
The authors state that an asymptotic limit distribution was not derived and propose a wild bootstrap
approach with Rademacher weights instead. For more details, see Ditzhaus and Pauly (2019) 11. The
test is implemented in the R package mdir.logrank.19
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2.3 Royston-Parmar splines

As described at the beginning of this section, the pooled and group-specific survival functions S, Sk

can be estimated non-parametrically by Kaplan-Meier estimators. Such a non-parametric estimation
can potentially be inefficient compared to a parametric estimation approach if the distribution of T resp.
T |Z = k lies within the parametric family assumed for the estimation process. Additionally, a parametric
approach allows extrapolation of the survival curve beyond the time horizon that is present in the data.
This is because the estimated parameters directly specify a distribution on [0,∞).
Despite the potential efficiency, such parametric approaches can be criticized for being too restrictive
in terms of the shape of the distribution. Hence, important characteristics of the survival mechanism
could potentially not be captured20. Consequently, it is difficult to quantify differences among treatment
groups. For example, estimation within the family of exponential distributions in several treatment
groups directly leads to the assumption of proportional hazards.
As a more flexible alternative, Royston & Parmar introduced an estimation procedure based on natural
cubic splines21. A transformation of the survival function S, given by a link function g : [0, 1] → R, is
modeled by

g(S(t; z)) = g(Sbaseline(t)) + βT z = s(x;φ) + βT z

where S(t; z) denotes the survival distribution given covariates z and x = log(t). The function s : R ×
Rp+2 → R is a natural cubic spline which is parameterized by φ ∈ Rp+2. The number of internal knots
p determines the number of polynomials employed in the cubic spline.
When fitting such a model, it is suggested to place the boundary knots at the smallest and the largest
uncensored logarithmized survival time and the internal knots evenly at the centiles of the uncensored
logarithmized survival times21. For example, for p = 3, one would place the internal knots at the two
quartiles and the median of the uncensored logarithmized survival times.
For the scale on which the function should be modeled, three prominent suggestions have been proposed
in the literature21;22 that are also implemented in software23. They are shown in Table 1.
The choice of p and the scale can be guided by criteria such as the AIC (Akaike information criterion)

scale link function g(u)
hazard log(− log(u))
odds log(1/u− 1)
normal −Φ−1(u)

Table 1: Popular link functions for Royston-Parmar splines; naming according to the function
flexsurvspline in the R package flexsurv23

or BIC (Bayesian information criterion). However, it is warned against using these criteria mechanically,
and an informal choice based on the appearance of the fitted survival functions is also suggested 21;22.
Simulation studies have shown that the correct choice of knots is not mandatory because the splines are
flexible enough if a sufficient number of knots is used 24.
Like simple parametric models, Royston-Parmar splines admit an extrapolation of the survival curve
beyond the available time horizon. It should be mentioned here that the transformed survival function
beyond the upper boundary knot is linear.

2.4 Adaptive designs

We briefly outline some cornerstones for constructing group-selective adaptive trial designs with unblinded
interim analyses. For the sake of simplicity, we restrict ourselves to two-stage designs with one interim
and one final analysis. In these two stages, we define a test statistic and a corresponding p-value to
test a null hypothesis H0. These p-values will be denoted by p1 and p2, respectively. At best, these are
independent and uniformly distributed on [0, 1]. However, it is possible to relax this assumption to what
is known as the p-clud property25. This property is fulfilled if

PH0
[p1 ≤ u] ≤ u and PH0

[p2 ≤ u|p1 = v] ≤ u ∀0 ≤ u, v ≤ 1.

If this is warranted, an adaptive design can be defined by a combination function C : [0, 1]2 → [0, 1] that
is non-decreasing in p1 and p2 and continuous in p2, bounds α0 and α1 for stopping of the trial in the
interim analysis and a critical value c for the combined p-value in the final analysis. In such a design, the
trial will stop with the rejection of H0 in the interim analysis if p1 ≤ α1, and it stops for futility, i.e., with
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acceptance of H0 if p1 ≥ α0. The null hypothesis can be rejected at the final analysis if C(p1, p2) ≤ c
and otherwise it stops without rejection of H0. It adheres to the nominal type I error level α if

α = α1 +

∫ α0

α1

∫ 1

0

1{C(p1,p2)≤c}dp1 dp2. (5)

Popular choices for C are the combination function arising from Fisher’s product test C(p1, p2) = p1p2
26;27

and the inverse normal combination function28

C(p1, p2) = 1− Φ
(
w1 · Φ−1(1− p1) + w2 · Φ−1(1− p2)

)
(6)

where Φ and Φ−1 denote the cumulative distribution function and the quantile function of the standard
normal distribution, respectively, and the weights w1, w2 ≥ 0 underly the constraint w2

1 + w2
2 = 1.

The choice of the sequential decision bounds will determine the values of α1 and c. One can use standard
bounds according to the sequential plans of Pocock29 or O’Brien and Fleming30 or some α-spending
approach31.
All the methods mentioned here are implemented in the comprehensive R package rpact32. More details
on group-sequential adaptive designs going far beyond what we sketched here can be found in Wassmer
and Brannath (2016)2.
The feature of adaptive designs that needs to be emphasized again for our purposes is the capability to
redesign the second stage using the data collected on the primary endpoint up to the interim analysis.

3 Adaptive testing procedure

In this section, we present our adaptive testing procedure. While focusing on technical aspects here, it
will also be presented in an example based on real data in Section 4.
To put it briefly, we conduct a multi-stage adaptive design that addresses the uncertainty about the type
of effect by application of a combination testing procedure in the first stage and uses the information from
this early stage to choose a well-suited weighted log-rank test for later stages. For the sake of simplicity,
we will restrict ourselves to considering two-stage designs. However, an extension to more than two stages
follows straightforward.
At the beginning of the trial, we fix two sets of weight functions Q̂mdir := {Q̂mdir,1, . . . , Q̂mdir,m1

} and

Q̂cand := {Q̂cand,1, . . . , Q̂cand,m2
} and its union Q̂all := Q̂mdir ∪ Q̂cand. The only things that need to

be ensured are that all weights meet standard conditions required for repeated significance testing with
log-rank type tests5 (see also Supplementary Material, Section A) and linear independence of the weights
in Q̂mdir

11.
Additionally, we set an interim analysis date t1. Based on the results shown in Section A of the Supple-
mentary Material, the calendar time process

(TQ̂all
(t))t≥0, with TQ̂all

(t) = (TQ̂(t))Q̂∈Q̂all
∀t ≥ 0.

is asymptotically equivalent to a multi-dimensional Gaussian process. In particular, its asymptotically
independent increments asymptotically follow a joint normal distribution.
Additionally, we fix decision bounds for the first stage α0 (futility) and α1 (efficacy), a combination
function C and a decision bound c for the combined p-value. These quantities are chosen such that (5)
is maintained for the prefixed type 1 error rate α. The analyses shall take place at calendar times t1
(interim analysis) and t2 (final analysis).
At the time of the interim analysis, the weighted testing procedure for the next stage is determined.
Therefore, let D be a random variable that assumes values in {1, . . . ,m2} and is measurable w.r.t. the
information about the primary endpoint collected up to the interim analysis.
In the first stage, we obtain the test statistic and p-value

S1 := max{0,TL̂(t1)
T Σ̂

−
L̂ (t1)TL̂(t1) : ∅ 6= L̂ ⊆ Q̂mdir; Σ̂

−
L̂ (t1)TL̂(t1) ≥ 0} resp.

p1 := inf{p ∈ [0, 1] : qG1−p ≥ S1}

where qG1−p is the quantile of the distribution resulting from the wild bootstrap procedure. Together with
the second stage test statistic and p-value

S2,Q̂cand,D
:= (TQ̂cand,D

(t2)− TQ̂cand,D
(t1))/

√
Σ̂Q̂cand,D

(t2)− Σ̂Q̂cand,D
(t1) resp. (7)

p2 := 1− Φ(S2),
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we obtain an adaptive testing approach that asymptotically keeps the type I error level α when applied
as described in 2.4. I.e., we stop the trial for futility at the interim analysis if p1 > α0, we reject H0 at
the interim analysis if p1 ≤ α1 and we can reject the trial at the final analysis if neither of those is the
case and C(p1, p2) ≤ c.
Although the design would also permit sample size recalculation (e.g., by extending the recruitment
period) and concomitantly postpone the final analysis date, we only consider adapting the weight in the
testing procedure.

3.1 Determination of the second stage test statistic

The critical question here concerns the choice of test statistics in the second stage. As mentioned above,
we can use all the information about the primary endpoint collected up to the interim analysis. Of
course, this consideration is only necessary if we proceed to a second stage, i.e., if α1 < p1 ≤ α0. Then,
we suggest the following procedure:
Based on the p-value p1 of the first stage, we can compute the conditional error probability

α̃2 := PH0 [C(p1, p2) ≤ c|p1] =
∫ 1

0

1{C(p1,u)≤c}du = sup{u ∈ [0, 1] : C(p1, u) ≤ c}.

If p2 < α̃2, we will reject (1) in favour of (2) at the final analysis. Our aim is, therefore, to estimate
the probability of this event. The associated considerations, which we now present, are based on the
calculations shown in Yung and Liu (2020)33.
We fit a Royston-Parmar spline model for each group as presented in Section 2.3. Please note that we
do not fit one joint model for the two groups. This would mean that the difference between the groups
would follow a fixed pattern, e.g., a pattern of proportional hazards if the hazard scale was chosen. The
hyperparameters of the spline model (number of knots, scale) are chosen based on information criteria
or based on visual inspection (see Section 4 for exemplary applications). To highlight quantities based
on estimates or assumptions made at the interim analysis, we will add a tilde to all of them. Hence,
we denote the resulting pooled and group-specific survival, density and hazard functions by S̃ and S̃k,
f̃ and f̃k, and λ̃ and λ̃k, respectively. We assume we can identify the large sample limit Q of Q̂ under
knowledge of the true distribution of T and T |Z = k. This is, e.g., the case for the Fleming-Harrington
weights presented in (8). We do not know the true distribution, so we insert S̃k instead and denote the
resulting weight functions by Q̃.
The same could be done to assess the distribution of the recruitment date R and random dropout C?. We
denote our planning assumptions about the distribution functions of these two random variables at the
time of the interim analysis by F̃R and F̃C? , respectively. Based on those assumptions, the probability
that some individual is allocated to treatment group k and has spent at least s time units at risk (i.e.,
without any censoring and without experiencing the event of interest) at calendar time t is given by

π̃k(t, s) := P[Z = k]F̃R((t− s)+)(1− F̃C?(s))S̃k(s).

Now, we estimate the drift of the weighted log-rank test (3) by

ξ̃Q̃(t) :=

∫ t

0

Q̃(s) · π̃0(t, s)π̃1(t, s)

π̃0(t, s) + π̃1(t, s)
· (λ̃0(s)− λ̃1(s)) ds.

Its asymptotic variance is estimated by

σ̃2
Q̃
(t) :=

∫ t

0

Q̃(s)2 ·
(

π̃0(t, s)π̃1(t, s)

π̃0(t, s) + π̃1(t, s)

)2

· F̃R((t− s)+)(1− F̃C?(s)) · ((1− r)f̃0(s) + rf̃1(s)) ds.

where r denotes the proportion of patients allocated to treatment group k = 1. Based on the prop-
erty of asymptotically independent and normally distributed increments of the process (TQ̃(t))t≥0, the
standardized increment (7) would then follow the distribution

S̃2,Q̃ ∼ N


 ξ̃Q̃(t2)− ξ̃Q̃(t1)√

σ̃2
Q̃
(t2)− σ̃2

Q̃
(t1)

, 1




To maximize the power of our procedure, one would choose the weight for which the largest conditional
power is assumed based on our planning assumptions, i.e.

D := argmax
d∈{1,...,m2}

1− Φ


Φ−1(1− α̃2)−

ξ̃Q̃cand,d
(t2)− ξ̃Q̃cand,d

(t1)√
σ̃2
Q̃cand,d

(t2)− σ̃2
Q̃cand,d

(t1)


 .
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This selection process is demonstrated in Section 4.

4 Real data example

We illustrate the proposed procedure based on reconstructed data from the FAKTION trial 34 (NCT01992952).
In this multicentre, randomized, placebo-controlled, phase 2 trial, the addition of capivasertib to fulves-
trant was investigated in patients with advanced breast cancer. It was found that the experimental
therapy extended progression-free survival, which was the primary endpoint. However, no effect could
be proven for overall survival, possibly the primary endpoint in a consecutive phase III trial. Therefore,
we reanalyze overall survival data using the method presented above. For further details, we refer to the
published results of this trial34.
We obtained the individual patient data using the algorithm by Guyot et al. (2012) 35. The obtained
data includes the observed survival time and a group and censoring indicator. However, the recruitment
dates could not be reconstructed. Hence, we processed the data to receive the required data structure,
including enrollment. The observed censoring suggests that recruitment took place evenly over the entire
duration of the study (see Supplementary Material, Section B). Hence, we assume that new patients were
recruited over the entire duration of the trial.
For patients with censored event time Ci, the recruitment date was set to t2 − Ci where t2 = 35.98 is
the calendar date of the final analysis. For patients with uncensored event time Ti a recruitment date
that is uniformly distributed on the interval [0, t2 −Ti] was simulated. We considered an adaptive design
with one interim analysis after 24 months, i.e., approximately one year before the final analysis. Stage-
wise p-values are combined with the inverse normal combination function from (6) with equal weights
w1 = w2 = 1/

√
2. Decision bounds were calculated according to the design of O’Brien and Fleming 30

without any futility bound. Accordingly, the null hypothesis (1) will be rejected in favor of the alternative
(2) if p1 ≤ 0.002583 or C(p1, p2) ≤ 0.023996.
When applying the adaptive testing procedure proposed in Section 3, we consider the set of candidate
weights Q̂cand = {w(0,0) ◦ F̂ , w(1,0) ◦ F̂ , w(0,1) ◦ F̂ , w(1,1) ◦ F̂} from the Fleming-Harrington family from
(8). Here, ◦ denotes function composition. For the first stage, we consider different choices of Q̂mdir. To
this end, we look at all elements of the power set of Q̂cand that contain the standard log-rank weight
w(0,0) ◦ F̂ . Resulting p-values can be found in the second column of Table 2.
For the interim analysis data, we fit Royston-Parmar splines to the interim data as presented in Section
2.3. This is done for the number of internal knots p ∈ {0, 1, 2} and all three scales presented in Table 1.
The final model used for conditional power calculation is chosen based on the AIC. The model with the
lowest AIC has 0 internal knots and is computed on the normal scale. It is displayed in Figure 1. Fitted
curves for other parameter configurations can be found in Supplementary Figure S8. The extrapolation
performance can be judged based on Supplementary Figure S9. AIC values for all models are displayed in
Supplementary Table S5. Of course, we are convinced that a medical expert should also be consulted at
this stage to assess the plausibility of the extrapolated curves. In this particular case, the extrapolation
of the model selected on the basis of the AIC proves to be plausible.
For this model, conditional power calculations as presented in Section 3.1 were executed. The conditional
power computations favor the (1, 1)-weighted Fleming-Harrington test statistic for the second stage. How-
ever, the conditional power values differ greatly between the models. For the model that is chosen based
on the AIC (see Figure 1), the conditional power ranges between 73.45% and 83.34%, depending on the
chosen test statistic for the first stage. The results of the conditional power calculations for all modeling
parameter choices and first-stage test statistics choices can be found in S6.
Based on the decision rule lined out above, the combined p-values in Table 2 indicate that the null

hypothesis can be rejected whenever the (1, 1)-weighted Fleming-Harrington test is chosen as the test
statistic for the second stage. Interestingly, this is the test statistic suggested by our approach, as lined
out above. Whenever, the (1, 1)-weighted Fleming-Harrington test is included in the combination test
of the first stage, a rejection can also be achieved if the standard log-rank test or the (1, 0)-weighted
Fleming-Harrington test is chosen for the second stage. Additionally, rejection also occurs if the weights
(0, 0) and (1, 0) are combined in the first stage and (1, 0) is chosen for the second stage. The trial would
always end with the acceptance of the null hypothesis if the (0, 1)-weighted Fleming-Harrington test is
selected for the second stage.
In summary, we could show that an adaptation of the weight could have rejected the hypothesis of equal
distributions of overall survival in the two treatment groups. In particular, applying our proposed pro-
cedure would have yielded such a result.
We emphasize that these results rely on simulated recruitment dates for uncensored patients. Neverthe-
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Figure 1: Interim data with fitted Royston-Parmar spline models with 0 interior knots on the normal
scale. This model has the lowest AIC among all models considered. Vertical line at 24 months indicates
the calendar date of the interim analysis.

Q̂mdir p1
C(p1, p2)

(0, 0) (0, 1) (1, 0) (1, 1)
(0, 0), (1, 0), (0, 1), (1, 1) 0.133 0.021 0.034 0.021 0.009
(0, 0), (1, 0), (0, 1) 0.168 0.027 0.043 0.027 0.012
(0, 0), (1, 0), (1, 1) 0.116 0.018 0.030 0.018 0.008
(0, 0), (0, 1), (1, 1) 0.125 0.020 0.032 0.019 0.009
(0, 0), (1, 0) 0.152 0.024 0.039 0.024 0.011
(0, 0), (0, 1) 0.188 0.031 0.048 0.030 0.014
(0, 0), (1, 1) 0.110 0.017 0.028 0.017 0.008
(0, 0) 0.172 0.028 0.044 0.027 0.013

Table 2: p-values from first stage data for different choices of Q̂mdir and combined p-value for different
choices of the single weighted log-rank test for the second stage test

less, this is necessary for demonstration purposes. In Section B.4 of the Supplementary Material, the
influence of this simulation is assessed.

5 Simulations

In this simulation study, we want to examine compliance with our adaptive selection procedure’s nominal
type I error rate. Furthermore, we compare power curves for various testing procedures to illustrate the
merits of an adaptive selection procedure.
In both parts, the calendar time schedule of our fictional clinical trial will be the same. We consider a
design with one interim analysis after t1 = 5 and a final analysis after t2 = 8 years. We will not consider
any sample size adaptation with an accompanying shift of t2 as we only want to focus on the advantages
and disadvantages of the selection procedure. Nevertheless, this possibility exists and represents an
undisputed advantage of our design. The participating individuals enter the trial uniformly up until
a = 6 years have passed. We only consider administrative censoring and no additional loss to follow-up.
The time-to-event variable in the control group is exponentially distributed with parameter − log(1−0.3),
i.e., an annual event rate of 30%. For the flexible estimation and extrapolation of the survival curves, the
same nine Royston-Parmar spline models as in Section 4 will be considered. For each run, the best among
these models will be determined based on the AICs of the models. The test for the second stage is then
chosen based on conditional power calculations based on the extrapolated curves from this particular
model.
For the two-stage designs examined here, combinations of stagewise p-values and sequential decision
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bounds are chosen as in the previous example from Section 4.

5.1 Empirical type I error rates

For the first stage, we consider 7 different combination tests and 8 differently weighted log-rank tests based
on Fleming-Harrington weights for the second stage. In particular, we set Q̂cand = {w(0,0) ◦ F̂ , w(1,0) ◦
F̂ , w(2,0) ◦ F̂ , w(3,0) ◦ F̂ , w(1,1) ◦ F̂ , w(0,1) ◦ F̂ , w(0,2) ◦ F̂ , w(0,3) ◦ F̂}. The sample sizes for each group vary
in the set {50, 100, 200, 500}. We only considered balanced group sizes. The results are based on 10,000
simulation runs. Hence, for a true underlying rate of 0.025, the empirical rate lies within the interval
[0.0219, 0.0281] with a probability of 95%.
The empirical rejection rates for any pre-fixed combination of test statistics in the two stages (i.e., not
determined by a selection procedure at the interim analysis but already predefined at the start of the
trial) can be found in Supplementary Tables S10 - S13.

Q̂mdir
n

100 200 400 1000
(0, 0), (1, 0), (0, 1), (1, 1) 0.0238 0.0256 0.0248 0.0260
(0, 0), (1, 0), (0, 1) 0.0241 0.0269 0.0237 0.0260
(0, 0), (1, 0), (1, 1) 0.0238 0.0259 0.0240 0.0264
(0, 0), (0, 1), (1, 1) 0.0242 0.0277 0.0244 0.0259
(0, 0), (1, 0) 0.0233 0.0259 0.0235 0.0279
(0, 0), (0, 1) 0.0251 0.0273 0.0230 0.0269
(0, 0), (1, 1) 0.0258 0.0267 0.0231 0.0265
(0, 0) 0.0269 0.0285 0.0235 0.0265

Table 3: Empirical type I error rates

All rates shown here lie in the confidence interval mentioned above. We can observe a slight inflation
of the empirical type I error level for small sample sizes. We can assume that this is due to the lack of
agreement between the actual distribution of the weighted log-rank test statistics and its asymptotical
approximation by a normal distribution for small sample sizes. This is supported by the fact that we
can see similar inflations for the fixed combinations displayed in the Supplementary Tables S10 - S13.
However, this fact is well-known. For small sample sizes or high censoring percentages, this problem
could easily be solved by applying a permutation version of the log-rank test 36. Slight inflations of the
type I error levels in Table 3 do not exceed the reported rates. As those rates refer to group sequential
designs without any adaptation, we can claim that the adaptive weight choice does not introduce any
further complications regarding type I error levels.

5.2 Power comparisons

We examine 7 different types of deviations of the distribution in the experimental group from the distri-
bution in the control group. For each type, the strength of the deviation will be given by a parameter θ.
These types of deviations are chosen in such a way that one particular test based on Fleming-Harrington
weight w(ρ?,γ?) ◦ F̂ will be optimal. We consider combinations (ρ?, γ?) ∈ {(0, 0), (1, 0), (2, 0), (3, 0), (0, 1),
(0, 2), (0, 3)}. For ρ? = γ? = 0, the type of deviation is just given by proportional hazards, and the stan-
dard log-rank test is optimal. For ρ? > γ? = 0 and γ? > ρ? = 0, the construction of the corresponding
mechanisms is described in Garès et al. (2017)37 and Chapter 7.4 of Fleming and Harrington (2011)18,
respectively. Thus, θ = 0 yields no difference between the survival curves in the two groups, and the
advantage of the experimental group increases as θ decreases.
All simulation runs’ sample size is 500 patients per group. We consider 7 different values of θ for each
type of deviation. At first, we determine some value θ0 s.t. the two-stage test with the weighted log-rank
test, that would be optimal in this case (i.e., w(ρ?,γ?) ◦ F̂ ) achieves an overall power of 50%. Some
analytical calculations can accomplish this. In the simulations, we then consider values of θ in the set
{0.4 · θ0, 0.6 · θ0, 0.8 · θ0, θ0, 1.2 · θ0, 1.4 · θ0, 1.6 · θ0} in order to cover a broad power range.
For the sake of brevity, we only show the results for deviations with (ρ?, γ?) ∈ {(0, 0), (2, 0), (0, 2)} in the
main manuscript, see Figures 3-5. Survival curves and results for the other types can be found in Section
C.2.1 of the Supplementary Material. The selection comprises scenarios with proportional hazards and
late and early effects. For these three types, the corresponding survival curves can be found in Figure 2.
For each type, we show two graphs. Subfigure (A) shows the power curves of six different testing
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Figure 2: Survival curves for three types of deviation of the distribution in the experimental group
from the distribution in the control group. The solid line gives the survival curve in the control group.
Dashed lines are survival curves in the experimental group for the seven effect sizes {0.4 · θ0, 0.6 · θ0, 0.8 ·
θ0, θ0, 1.2 · θ0, 1.4 · θ0, 1.6 · θ0}. (A) Survival curves in the proportional hazards case ((ρ�, γ�) = (0, 0))
(B) Survival curves in the early effect case ((ρ�, γ�) = (0, 2)) (C) Survival curves in the late separation
case ((ρ�, γ�) = (2, 0))

procedures, which are abbreviated as follows:

Abbreviation Description
OS-MDIR One-stage testing procedure with the mdir combination test based

on the weights w(0,0) ◦ F̂ , w(1,0) ◦ F̂ and w(0,1) ◦ F̂
OS-restrMDIR One-stage testing procedure with an mdir combination test with

a restricted set of weights in some cases (w(0,0) ◦ F̂ , w(1,0) ◦ F̂ if
ρ� > γ� = 0 and w(0,0) ◦ F̂ , w(0,1) ◦ F̂ if γ� > ρ� = 0)

TS-AD Two-stage adaptive design with mdir combination test as for OS-
MDIR in the first stage and a selection of the test for the second
stage among the weights in Q̂cand as defined above

TS-LR Two-stage standard log-rank test

TS-optFH Two-stage weighted log-rank test with the optimal weighting by
w(ρ�,γ�) ◦ F̂

TS-restrAD Two-stage adaptive design with mdir combination test as for the
design OS-restrMDIR in the first stage and a selection of the test
for the second stage among a restricted subset of Q̂cand that only
includes weights with ρ ≷ γ and the standard weight if ρ� ≷ γ�

and weights with |ρ− γ| ≤ 1 if ρ� = γ� = 0.

Table 4: Overview of the different testing procedures.

TS-optFH serves as a benchmark because the optimal test is used here. In comparison, applying
TS-LR shall illustrate the disadvantages of not applying techniques that can guard against deviations
from proportional hazards. To quantify the advantages of using a robust mdir combination test, we
consider a one-stage version of the mdir test (OS-MDIR). Suppose it can be anticipated that a particular
deviation from proportional hazards is more likely. In that case, choosing the weights for the mdir
combination test according to this prior knowledge can be beneficial (OS-restrMDIR). Analogously, for
the two-stage design, one can use the robust mdir and choose the second stage test out of a wide variety
of single-weighted tests (TS-AD) or make pre-selections according to the anticipated possible effects (TS-
restrAD).
Please note that the overall power curves do not consider any additional advantages of the adaptive
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Figure 3: (A) Power curve for six testing procedures in case of proportional hazards ((ρ?, γ?) = (0, 0)).
Please note that the two procedures, TS-AD and TS-optFH, and the two procedures, OS-MDIR and
OS-restrMDIR, coincide in this case. (B) Relative frequencies of the choice of single-weighted tests for
the second stage of the TS-AD testing procedure.

designs, e.g., early rejection or sample size recalculations. For comparisons between one-stage mdir
combination tests and one-stage weighted log-rank tests we refer to Dormuth et al. (2023) 10.
The second graph (B) always illustrates the choice of the test statistic for the second stage of the testing
procedure TS-AD. It is shown how often each of the second stage tests from Q̂cand is chosen (using the
selection procedure described above) in those simulated trials which proceeded to the second stage.
There is not much difference between the six approaches concerning proportional hazard scenarios. As
expected, the two-stage standard log-rank test performs best. The two-stage designs with a combination
test in the first and a weight selection in the second stage perform very similarly to the one-stage mdir
combination tests. Of course, some efficiency of the adaptive selection designs is lost because of a non-
optimal test selection for the second stage. However, the optimal choice is made quite often. Additionally,
the procedures TS-AD and TS-restrAD exhibit early rejection rates of about 9% for the effect size θ0 and
even more than 30% for the effect size 1.6 · θ0.
For the scenarios of early separation, TS-LR now performs worst among the six competitors. The

correctly weighted log-rank test performs best. The two procedures OS-MDIR and TS-AD perform very
similarly. The weight selection graph shows that suitable tests are often chosen for the design TS-AD.
However, the test based on the weights w(0,3) ◦ F̂ is chosen more often than the optimal weighting
scheme w(0,2) ◦ F̂ . We assume this behavior is rooted in the spline models, but this speculation has
to be investigated further in future research. The two power curves for the restricted procedures are
also almost equal. As the pre-selection of weights introduces useful information for the procedure, these
perform slightly better (about five percentage points) than the unrestricted procedures OS-MDIR and
TS-AD. Similarly to the case of proportional hazards, the procedures TS-AD and TS-restrAD exhibit
early rejection rates of about 10% for the effect size θ0 and even more than 35% for the effect size 1.6 · θ0.

In the late separation scenario, TS-LR performs worst, and TS-optFH performs best again. The
adaptive designs TS-AD and TS-restrAD have less overall power than the one-stage counterparts OS-
MDIR and OS-restrMDIR. This may be because it is more difficult to identify a well-fitting test here
since, at the time of the interim analysis, less information is available about the period in which the
hazards in the two groups differ greatly. The selection procedure seems to prefer the test based on the
weight w(1,0) ◦ F̂ to the optimal test. Again, this behavior might result from the spline extrapolation.
Additionally, we could observe that the model selection based on the AIC often prefers models with 0
interior knots (see Supplementary Material, Section C.2.2). Unfortunately, these models often fail to
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Figure 4: (A) Power curve for six testing procedures in case of an early effect ((ρ?, γ?) = (0, 2)). (B)
Relative frequencies of the choice of single-weighted tests for the second stage of the TS-AD testing
procedure.

(A) (B)

0.00

0.25

0.50

0.75

1.00

−0.8−0.6−0.4−0.2
effect size

po
w

er

Method
OS−MDIR

OS−restrMDIR

TS−AD

TS−LR

TS−optFH

TS−restrAD

Overall power

0.0

0.1

0.2

0.3

0.4

−0.8−0.6−0.4−0.2
effect size

st
at

is
tic

 fo
r s

ec
on

d 
st

ag
e

Weight
(0,0)

(0,1)

(0,2)

(0,3)

(1,1)

(1,0)

(2,0)

(3,0)

Choice of second stage test

Figure 5: (A) Power curve for six testing procedures in case of a late separation ((ρ?, γ?) = (2, 0)).
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detect late separation of the survival curves (see Supplementary Material, Section C.2.3). However, all
tests perform remarkably better than TS-LR. The early rejection rates are smaller than in the previous
scenarios, with about 3% for the effect size θ0 and even more than 7% for the effect size 1.6 · θ0. This is
again due to the sparse information about late events at the date of the interim analysis.
In all scenarios, we could see that the adaptive selection procedure can close the power gap between one-
and two-stage designs that is caused by the known inefficiencies of adaptive designs 38. However, as seen
in Figures 4 and 5, our selection procedure often selects well-suited but not optimal tests. This shows
there is room for improvement in the selection procedure.

6 Discussion

In the previous sections, an adaptive design for a survival time endpoint was presented and examined,
allowing for adjustment of test statistics at the time of interim analyses and the use of combination tests.
Such a combination test is particularly beneficial in the first stage. In contrast, in the second stage, the
information already collected can be used to select a suitable test for the further course. Our applica-
tion example demonstrated that adapting the weight can save a trial that would otherwise end with an
inconclusive result. Our simulation studies demonstrated that our two-stage procedures are superior to
the two-stage log-rank test in non-proportional hazard settings. At the same time, they do not lose much
power in a proportional hazard setting. Compared to one-stage combination tests, they provide much
more flexibility as other adaptations are still allowed 2.
However, we could observe that pre-selection of the involved weights based on some initial assumptions
can markedly improve the performance. In this work, we only consider Fleming-Harrington weights in the
combination tests and our selection procedure due to their popularity. The Fleming-Harrington weights
were subject to increased criticism when applied to prove superiority due to their inconsistency regarding
the scoring in late effect situations39. However, our procedure can also be used for differently weighted
log-rank tests that take this issue into account 40 as shown in Section B.5 of the Supplementary Material.
This concerns the combination tests as well as the weight selection procedure.
The extrapolation of the survival curve of the variable under investigation beyond the time horizon ob-
served so far is crucial for the decision to be made during the interim analysis. We applied the model
of Royston and Parmar21 as it is flexible, provides extrapolation, and incorporates some standard para-
metric distributions. We did not tailor the spline approach to our specific data set up to obtain a fair
comparison between the two-stage and the one-stage procedures. However, we assume that this might
lead to the selection of a weighted log-rank test that is not the optimal test by design. To tackle this
issue, further investigation of the proposed selection procedure of Royston-Parmar splines or alternative
extrapolation methods is necessary. In principle, our proposed procedure allows for any other extrapola-
tion approach. For example, the Kaplan-Meier estimator could be combined with a parametric tail for
extrapolation41, or a penalized version of the chosen approach42 can be employed. Of course, it would
also be desirable to incorporate expert knowledge or prior knowledge from other data sets using Bayesian
methods43. We assume that such methods can further improve the extrapolation and, thus, the entire
procedure. However, we need to make sure that information beyond the primary endpoint should not
be incorporated into the decision process about the adaptation as it might compromise the type I error
rate44 if nor precautions are taken against this45.
The analysis schedule also plays a major role here. Suppose the survival curves of the two groups sepa-
rate so late that no corresponding observations can be made until the interim analysis. In that case, no
reasonably informed decision can be made about how to continue the study.
While we have limited ourselves to calculating conditional power as an instrument for determining adap-
tation, other tools are also possible. It is well-known that the conditional power tends to assume quite
extreme values46. Similar concepts, such as the predictive power 47, are less prone to this problem. Such
an approach could also be excellently combined with a Bayesian approach to the survival extrapolation
as mentioned above43.
Finally, we would like to point out that the main aim of the proposed procedure is to be as flexible and
robust as possible. This inevitably leads to a loss of efficiency. First, this applies to adaptive designs
in general since the fixed weights selected for the combination function do not necessarily correspond
to the amount of information that comes in from the individual stages 38. This challenge is even more
accentuated here, as the information processes of differently weighted log-rank tests are not proportional
to each other and generally do not correspond to the number of events observed 48. We would also like
to mention again that combination tests have a good sensitivity to a wide range of alternatives 10 but are
never optimal.
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We regard our contribution as methodological phase I/II in the sense of Heinze et al. (2022) 49. From our
point of view, the adaptation of test statistics has been woefully neglected, although discussions about
the choice of an appropriate test in situations of non-proportional hazards continue. We believe that
combination tests and adaptive designs complement each other here naturally. Hence, we would like to
present this fundamental possibility here. Nevertheless, we are aware that further research is still required.
This includes the incorporation of different weight functions 39, consideration of other extrapolation ap-
proaches41–43 as well as fine-tuning the selection of the final extrapolation model and the investigation of
alternative quantities for decision making regarding design adaptations 47. Furthermore, we want to inves-
tigate different approaches to combine the stagewise p-values and derive recommendations on executing
the sample size reestimation within the framework.
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Adaptive weight selection for time-to-event data under
non-proportional hazards - Supplementary Material

A Technical appendix

In this section of the Supplementary Material, we state some technical results that justify the validity of
our adaptive weight selection procedure. We adopt the notation from the main manuscript.

Lemma 1. Let (X(n))n≥0 be a sequence of Rd-valued random vectors s.t. X
(n)
c

P→ Xc for each c ∈
{1, . . . , d} as n → ∞. Then it also holds

X(n) P→ X =: (X1, . . . Xd)

as n → ∞ in Rd.

Proof. As all norms are equivalent on Rd, it is enough to show it for the 1-norm, i.e.

P

[
d∑

c=1

|X(n)
c −Xc| > ε

]
→ 0

for any ε > 0. Because
∑d

c=1 |X
(n)
c −Xc| > ε implies that there is at least one c s.t. |X(n)

c −Xc| > ε/d,
we get

P

[
d∑

c=1

|X(n)
c −Xc| > ε

]

≤P
[
∪d
c=1|X(n)

c −Xc| > ε/d
]

≤
d∑

c=1

P[|X(n)
c −Xc| > ε/d]

As all of the summands in the last sum converge to 0, the sum becomes arbitrary small for increasing
n.

Extending the notation from the manuscript, we define the bivariate R-valued stochastic process
(TQ̂(t, s))t,s≥0 by

TQ̂(t, s) := n− 1
2

n∑

i=1

∫

[0,s]

Q̂(t, u)

(
Zi −

Y Z=1(t, u)

Y (t, u)

)
dNi(t, u),

that sums up the information available at calendar time t about the time-to-event endpoint until trial
time s. This process has to be adapted to the bivariate filtration (F (t, s))t,s≥0 with

F(t, s) = σ (∪n
i=1Fi(t, s)) ,

i.e. these σ-algebras are generated by patient-specific σ-algebras. These Fi(t, s) are in turn generated by
the random variables

1{Ri≤t}, Ri · 1{Ri≤t},1C?
i ≤s∧(t−Ri)+ , C

?
i · 1C?

i ≤s∧(t−Ri)+ ,

1Ti≤s∧Ci(t), T
·
i1Ti≤s∧Ci(t).

The following results are valid under the null hypothesis of equal distributions of the time-to-event variable
T

Theorem 1. If for all t ≥ 0, the assumptions

A1 For any τ < t

sup
0≤s≤τ

|Q̂(t, s)−Q(t, s)| P→ 0
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A2 In its second argument, Q̂(t, s) is bounded over [0, t], is left-continuous and has right hand limits

A3 For any τ1 > 0 and τ2 < t

sup
τ1≤s≤τ2

∣∣∣∣
Y Z=1(t, s)

Y (t, s)
− yZ=1(t, s)

y(t, s)

∣∣∣∣
→
P

where y(t, s) := E[Y (t, s)] and yZ=1(t, s) := E[Y Z=1(t, s)]

are fulfilled, then the process (TQ̂(t))t≥0 is asymptotically equivalent to the process (T̃Q(t))t≥0, i.e.

(TQ̂(t)− T̃Q(t))
P→ 0 ∀t ≥ 0

This process is defined by

T̃Q(t, s) := n− 1
2

n∑

i=1

∫

[0,s]

Q(t, s)

(
Zi −

Y Z=1(t, s)

Y (t, s)

)
dMi(t, s),

where (Mi(t, s))t,s≥0 is the counting process martingale based on the counting process (Ni(t, s))t,s≥0.

For a proof, we refer to Theorem 1 of the Supplementary Material of 45. In particular, it should
be noted that the random quantities Q̂, Y and Y Z=1 have been replaced by deterministic quantities.
Applying Lemma 1, we obtain the following Corollary.

Corollary 1. The multivariate processes (TQ̂(t))t≥0 as in Section 2.2 and the process (T̃Q(t))t≥0, where

Q denotes the set of deterministic limit functions of those functions in Q̂ and T̃Q(t) := (T̃Q)Q∈Q, are
asymptotically equivalent.

Lemma 2. If all functions Q ∈ Q and yZ=1(t, s)/y(t, s) are independent of their first arguments, the mul-
tivariate processes (T̃Q(t))t≥0 is a martingale w.r.t. the filtration (F(t))t≥0 that comprises all available
information in calendar time, i.e. F(t) := F(t, t).

The proof follows analogously to the proof of Lemma 2 in Danzer et al. (2023) 45.
Please note that the assumptions made in this Lemma are naturally fulfilled in our applications. For
Fleming-Harrington weights, the limit functions are given by F (t)ρ · S(t)ρ and under the null hypothesis
yZ=1(t, s)/y(t, s) reduces to the (constant) probability that an individual is assigned to the treatment
group.

Theorem 2. As n → ∞, (T̃Q(t))t≥0 converges in distribution to a Gaussian mean-zero vector martingale
on some interval [0, tmas] with the |Q| × |Q|-matrix-valued covariance function ΣQ : [0, tmax] → R|Q|×|Q|

given by

(Σ(t))kl :=

∫

[0,t]

Qk(s)Ql(s) · P[s ≤ C(t) ∧ T ] · P[Z = 1](1− P[Z = 1])dA(s).

The proof follows analogously to the proof of Theorem 2 in Danzer et al. (2023) 45. The covariance
function can be consistently estimated as stated in Section 2.2.

Corollary 2. For a sequence of analysis dates 0 =: t0 < t1 < · · · < tm in calendar time, the test multi-
variate test statistics TQ̂ are asymptotically jointly normally distributed with asymptotically independent
increments, i.e.

(TQ̂(t1), . . . ,TQ̂(tm))
D→ N (0,ΣQ,acc)

(TQ̂(t1)−TQ̂(t0), . . . ,TQ̂(tm)−TQ̂(tm−1))
D→ N (0,ΣQ,inc)

where both ΣQ,acc and ΣQ,inc are m|Q| ×m|Q| matrices consisting of m2 blocks of size |Q| × |Q|. The
block in row r1 and column r2 of ΣQ,acc is given by ΣQ(tr1 ∧ tr2) and ΣQ,inc is a block diagonal matrix
with ΣQ,inc = diag(ΣQ(t1)−ΣQ(t0), . . . ,ΣQ(tm)−ΣQ(tm−1))
Accordingly,

(Ψ1(TQ̂(t1)−TQ̂(t0)), . . . ,Ψm(TQ̂(tm)−TQ̂(tm−1)))

forms a set of asymptotically independent random variables for any set of Borel-measurable functions
{Ψ1, . . . ,Ψm} with Ψj : R|Q| → Rkj for any kj ∈ N for all j ∈ {1, . . . ,m}.

As in Corollary 3 of Danzer et al. (2023), this is a consequence of the previous results.
The last statement allows us to apply the results and techniques of Brendel et al. (2014) and Ditzhaus
& Friedrich (2019)7;11 also to the increments of the multivariate test statistics.
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B Additional details to the real data example in Section 4 of
the main manuscript

In Section 4 of the main manuscript, we reanalysed reconstructed data from the FAKTION trial 34 (NCT
number NCT01992952). Further details, that are also mentioned in the main manuscript, will be given
here.

B.1 Recruitment and censoring mechanism

Here, we give some additional details on how and on what basis we reconstructed/simulated recruitment
dates. Recruitment dates are required to apply administrative censoring at the interim analysis date to
obtain hypothetical interim data.
According to the reconstructed data, the last observation has been censored at t2 := 35.98 months,
which is approximately 36 months. This corresponds to the total recruitment duration specified in
the published manuscript34. Additionally, the hypothetical censoring distribution at the final analysis
that emerges from a uniform recruitment over the whole trial duration is very similar to the estimated
distribution from reconstructed data (see Figure S6). Hence, we assume that C? = ∞ with probability 1
and R ∼ Unif[0, t2] according to the notation introduced in Section 2.
Therefore, we set Ri = t2 − Xi(t2) if δi(t2) = 0 and simulate Ri ∼ [0, t2 − Xi(t2)] if δi(t2) = 1. This
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Supplementary Figure S6: Kaplan-Meier estimates of the survival function of the group-wise censoring
distribution from reconstructed data. Grey line indicates hypothetical function if recruitment occurs
uniformly over the whole trial duration and no additional loss to follow-up occurs.

simulation is in accordance with our preceding comments as R|R ≤ r ∼ Unif[0, r] for any uniformly
distributed random variable R on [0, rmax] with r ≤ rmax.
Obviously, the final results will depend on the simulated recruitment dates for uncensored observations.
This dependence will be investigated further in Section B.4.

B.2 Royston-Parmar spline fits for interim data

After administrative censoring at calendar time t1 = 24 was applied to the reconstructed and simulated
data, the Kaplan-Meier estimates in Figure S7 can be obtained. Royston-Parmar splines were fitted to
this data for each group separately using the function flexsurvspline from the R package flexsurv23.
The Nelder-Mead optimization method has been chosen. Models with the number of interior knots
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Supplementary Figure S7: Group-wise Kaplan-Meier estimates from interim data.

p ∈ {0, 1, 2} and on all three available scales (hazard, odds, normal) were fitted. For each fit, the
combined AIC was computed. The values can be found in Table S5. The lowest AIC is achieved for p = 0
on the normal scale. This results in a log-normal distribution 21. It would also be possible to choose a
different p and scale for the two groups. However, we restricted ourselves to the application of the same
modeling parameters for both groups. On the next page, in Figure S8, the fitted Royston-Parmar spline
models for all considered configurations are shown. On the page following afterwards (Figure S9), the
Kaplan-Meier estimate based on the complete data is also shown in order to display the extrapolation
performance.

scale
hazard odds normal

p
0 160.31 158.65 157.97
1 162.03 161.82 162.03
2 160.70 161.04 161.51

Supplementary Table S5: AIC values for various Royston-Parmar spline models when fitted to the interim
data

21



0 10 20 30

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

time (in months)

es
tim

at
ed

 p
ro

ba
bi

lit
y 

of
 s

ur
vi

va
l control (interim)

control (estimate)
treatment (interim)
treatment (estimate)

Overall AIC = 160.31

(a) p = 0, hazard scale
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(b) p = 0, odds scale
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(c) p = 0, normal scale
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(d) p = 1, hazard scale
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(e) p = 1, odds scale
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(f) p = 1, normal scale
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(g) p = 2, hazard scale
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(h) p = 2, odds scale
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(i) p = 2, normal scale

Supplementary Figure S8: Fits of Royston-Parmar spline models to interim data.
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(a) p = 0, hazard scale
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(b) p = 0, odds scale
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(c) p = 0, normal scale
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(d) p = 1, hazard scale
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(e) p = 1, odds scale
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(f) p = 1, normal scale
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(g) p = 2, hazard scale
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(h) p = 2, odds scale
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(i) p = 2, normal scale

Supplementary Figure S9: Fits of Royston-Parmar spline models to interim data with additional display of the final Kaplan-Meier estimates.
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B.3 Conditional power calculations

Here, we present the results of the conditional power calculations. We consider

• 8 different mdir combination tests for the first stage (as presented in Table 2 in the main manuscript);
the sets of weights used in these tests will be indexed as follows

Qmdir,1 = {(0, 0), (1, 0), (0, 1), (1, 1)}
Qmdir,2 = {(0, 0), (1, 0), (0, 1)}
Qmdir,3 = {(0, 0), (1, 0), (1, 1)}
Qmdir,4 = {(0, 0), (0, 1), (1, 1)}
Qmdir,5 = {(0, 0), (1, 0)}
Qmdir,6 = {(0, 0), (0, 1)}
Qmdir,7 = {(0, 0), (1, 1)}
Qmdir,8 = {(0, 0)}

• 9 different parameter constellations to fit Royston-Parmar splines to the interim data (number of
knots p ∈ {0, 1, 2}, hazard, odds or normal scale)

• 4 different single-weighted tests for the second stage

For each combination of the mdir combination tests in the first stage and parameter constellation of the
Royston-Parmar spline mode, the weighted test achieving the highest conditional power is marked in
bold. Obviously, the choice does not depend on the first stage test statistic, as it is a monotone function
of the standardized drift that is computed for each of the weighted tests in the second stage.
It is remarkable that for most of the choices of parameters for the Royston-Parmar splines (6 out of 9),
the (1, 1)-weighted test is favoured. This test actually has the best performance (see main manuscript).
However, the test with the worst performance (weight (1, 0)) is also chosen once. In the remainig two
cases, the (0, 1)-weighted test is favoured.
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hazard scale odds scale normal scale
2nd stage weight (0, 0) (1, 0) (0, 1) (1, 1) (0, 0) (1, 0) (0, 1) (1, 1) (0, 0) (1, 0) (0, 1) (1, 1)

p = 0

Qmdir,1 0.8089 0.6396 0.8868 0.87 0.7537 0.6233 0.8105 0.8295 0.7052 0.5649 0.7955 0.8033
Qmdir,2 0.7653 0.5821 0.8553 0.8356 0.704 0.5651 0.7671 0.7888 0.6514 0.5052 0.7503 0.7591
Qmdir,3 0.8307 0.6702 0.9019 0.8868 0.7791 0.6543 0.8321 0.8497 0.7331 0.5972 0.8182 0.8255
Qmdir,4 0.8191 0.6538 0.8939 0.8779 0.7655 0.6376 0.8206 0.839 0.7182 0.5798 0.8061 0.8137
Qmdir,5 0.7851 0.6076 0.8698 0.8513 0.7263 0.5908 0.7867 0.8073 0.6754 0.5314 0.7707 0.7791
Qmdir,6 0.7411 0.5519 0.8371 0.8158 0.6769 0.5347 0.743 0.7659 0.6226 0.4746 0.7253 0.7345
Qmdir,7 0.8384 0.6814 0.9072 0.8927 0.7882 0.6658 0.8398 0.8569 0.7433 0.6093 0.8264 0.8334
Qmdir,8 0.7605 0.5759 0.8517 0.8316 0.6985 0.5588 0.7622 0.7842 0.6455 0.4989 0.7453 0.7541

p = 1

Qmdir,1 0.598 0.4835 0.6715 0.6932 0.679 0.5493 0.7718 0.7878 0.74 0.5875 0.8501 0.85
Qmdir,2 0.539 0.4241 0.6156 0.6386 0.6235 0.4895 0.7239 0.7417 0.6891 0.5282 0.8123 0.8123
Qmdir,3 0.6297 0.5166 0.7009 0.7217 0.7081 0.5819 0.7961 0.811 0.7662 0.6194 0.8686 0.8685
Qmdir,4 0.6126 0.4987 0.6852 0.7065 0.6925 0.5643 0.7831 0.7987 0.7522 0.6022 0.8588 0.8587
Qmdir,5 0.565 0.45 0.6405 0.663 0.6482 0.5157 0.7455 0.7625 0.7119 0.5543 0.8295 0.8295
Qmdir,6 0.5084 0.3942 0.5859 0.6095 0.594 0.4589 0.6977 0.7163 0.6615 0.4976 0.791 0.7909
Qmdir,7 0.6415 0.5291 0.7117 0.7321 0.7188 0.5941 0.8048 0.8194 0.7757 0.6313 0.8751 0.8751
Qmdir,8 0.5327 0.4179 0.6095 0.6327 0.6175 0.4832 0.7186 0.7366 0.6835 0.5219 0.8081 0.808

p = 2

Qmdir,1 0.1992 0.222 0.1167 0.191 0.2345 0.2411 0.1687 0.2442 0.2532 0.2496 0.2033 0.2743
Qmdir,2 0.1599 0.1799 0.0898 0.1528 0.1909 0.1968 0.1336 0.1996 0.2076 0.2044 0.1636 0.2266
Qmdir,3 0.2231 0.2474 0.1338 0.2143 0.2607 0.2677 0.1904 0.271 0.2805 0.2767 0.2276 0.3026
Qmdir,4 0.21 0.2334 0.1243 0.2015 0.2463 0.2531 0.1785 0.2563 0.2655 0.2618 0.2143 0.2872
Qmdir,5 0.1764 0.1977 0.101 0.1688 0.2094 0.2156 0.1483 0.2185 0.227 0.2236 0.1803 0.2469
Qmdir,6 0.1419 0.1604 0.078 0.1354 0.1707 0.1762 0.1177 0.1788 0.1864 0.1833 0.1453 0.2042
Qmdir,7 0.2326 0.2574 0.1407 0.2236 0.2709 0.2781 0.199 0.2814 0.2911 0.2872 0.2371 0.3136
Qmdir,8 0.1561 0.1758 0.0873 0.1491 0.1867 0.1925 0.1302 0.1952 0.2032 0.2 0.1597 0.2219

Supplementary Table S6: Conditional power for different choices of Qmdir single weighted log-rank test for the second stage test for different parameter configu-
rations of the Royston-Parmar spline model
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B.4 Dependence from simulated recruitment data

The results in Section 4 and in the previous subsections of course depend on the simulated recruitment
data for patients with uncensored event time data.
Here, we want to assess the dependence from this simulation. Therefore, we repeat the procedure 10,000
times. Each time, interim data is analysed with the 8 different mdir combination tests mentioned above
and 9 different Royston-Parmar spline models are fitted to the data. The second stage data is analysed
with one of the for different single-weighted log-rank tests listed above. In Supplementary Table ??, the
empirical power of the respective combinations of first- and second-stage tests is shown.

first stage test
second stage test

(0, 0) (0, 1) (1, 0) (1, 1)
Qmdir,1 0.5492 0.3827 0.3596 0.8997
Qmdir,2 0.5297 0.3782 0.3478 0.8859
Qmdir,3 0.5994 0.4228 0.4032 0.9147
Qmdir,4 0.5380 0.3594 0.3355 0.8942
Qmdir,5 0.5768 0.4169 0.3924 0.9044
Qmdir,6 0.0769 0.0042 0.1570 0.6228
Qmdir,7 0.5915 0.4040 0.3800 0.9108
Qmdir,8 0.0890 0.0081 0.1770 0.7065

Supplementary Table S7: Empirical power of the simulation study for all combinations of first stage
combination testing procedures and single-weighted log-rank testing procedures in the second stage.

Please note that the combination of Qmdir,8 in the first stage and the (0, 0)-weighted log-rank test
in the second stage basically constitutes a two-stage standard log-rank test as in 3. In about 9% of all
simulation runs, this leads to a rejection although the originally applied simple one-stage standard log-
rank leads to a rejection.
Power can strongly be increased if a different test is chosen in the first stage and the (1, 1)-weighted
log-rank test is chosen for the second stage. However, this is a retrospective assessment and one cannot
guarantee a better choice for the first-stage test. Nevertheless, if a deviation from proportional hazards
is anticipated, it is reasonable to consider a different test for the first stage.
For the second stage, we consider a choice based on an extrapolation with Royston-Parmar splines, a
model selection based on AIC values and a consecutive conditional power calculation. In Supplementary
Table S8, it is shown how often the 9 Royston-Parmar spline models used in this example so far are
chosen based on the AIC values. Based on these choices, the second stage tests considered here, are

scale
hazard odds normal

p
0 0.1869 0.1741 0.4637
1 0.0258 0.0032 0.0541
2 0.0824 0.0011 0.0087

Supplementary Table S8: Relative frequency with which the various Royston-Parmar spline models are
selected based on the AIC

chosen with the following frequencies if Qmdir,8 is applied in the first stage: (0, 0): 0.1755; (1, 0): 0.4293;
(0, 1): 0.1258; (1, 1): 0.2694. It seems like the chosen model prefers the (1, 0)-weighted test although the
performance for the weight (1, 1) is much better according to Supplementary Table S7.
Finally, we can evaluate the performance of this procedure in terms of the power. This needs to be done
separately for each first stage test statistic. The results can be found in Supplementary Table S9

first stage test Qmdir,1 Qmdir,2 Qmdir,3 Qmdir,4 Qmdir,5 Qmdir,6 Qmdir,7 Qmdir,8

empirical power 0.4802 0.4699 0.5103 0.4613 0.5027 0.2836 0.4915 0.3057

Supplementary Table S9: Relative frequency with which the various Royston-Parmar spline models are
selected based on the AIC

One can see that the power can be increased by about 6 percentage points even if the standard log-
rank test is chosen in the first stage. If the first stage test statistic is chosen appropriately, it can even
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raise to about 50%.
In Supplementary Figure S10, we show the empirical distribution of the maximal conditional power
among the four tests for the second stage, computed based on the Royston-Parmar spline model with the
lowest AIC. We restrict ourselves to the case that the weights in Qmdir,1 have been chosen for the first
stage. Correpsponding histograms for other choices for the first stage are very similar. We encounter a
well-known problem in conditional power calculation in adaptive designs. This is characterised by the
fact that the distribution of this variable tends towards extremes, i.e. very large and very small values 46.
It could therefore make sense to consider alternative concepts here.
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Supplementary Figure S10: Empirical distribution of the maximal conditional power that can be obtained
for the four candidate tests for the second stage. The first stage test is an mdir combination test with
weights in Qmdir,1. The Royston-Parmar spline model is chosen based on the AIC.

B.5 Application of modestly weighted log-rank tests

As an additional analysis, we conduct a similar analysis to the one of Section B.4 with a different class of
weights. The class of Fleming-Harrington weight has been criticized for its undesirable properties when
applied in a one-sided testing procedure39. This applies equally when combining them in a combination
testing procedure. In this context, Magirr and Burman suggested a different class of weights, which they
termed ”modest weights”40.
The class of modest weights is parametrized by some threshold time s? ≥ 0 and given by

Q̂(t, s) = wmodest,s?(Ŝ(t, s−)) :=
1

max
(
Ŝ(t, s−), Ŝ(t, s?−)

) . (8)

As the weights of Fleming and Harrington with ρ > 0 and γ = 0, this function is increasing in the second
argument. Differently from these functions, it is bounded from below and it stays constant after the
second argument exceeds the threshold s?. As previously shown, are an appropriate tool to detect late
effects40. Notably, for s? = 0 the modestly weighted log-rank test is the same as the standard log-rank
test as it is constantly equal to 1. The modest weights also fulfill the assumptions of Theorem 1 and can
hence also be incorporated into our framework.
Here, we consider designs where a single modestly weighted log-rank test is applied in the first stage and
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the second test stage is chosen among the modestly weighted tests with the thresholds s? ∈ {0, 3, 6, 9, 12, 15, 18, 21, 24}.
The modest weights could also be used in a combination testing procedure as e.g. the mdir test. However,
we do not consider this option here.
As previously, 10,000 simulation runs are made where the unreconstructable recruitment dates are sim-
ulated. Conditional power calculations for the 9 different modestly weighted tests are made from the
same 9 different Royston-Parmar spline models as above. The best spline model is chosen based on
the AIC and the second stage test is chosen as the modestly weighted test with the highest conditional
power according to this spline model. The results in terms of the empirical power of the procedure in
dependence from the (fixed) test in the first stage are displayed in Figure S11.
For comparison, the empirical rejection rate for the two-stage procedure which applies the standard
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Supplementary Figure S11: Empirical power for an adpaitve design with a modestly weighted log-rank
test in the first stage and a modestly weighted log-rank test in the second stage that is chosen based on
conditional power consideration based on Royston-Parmar spline models. 9 different modestly weighted
log-rank tests are considered. The threshold for the (fixed) test in the first stage is given by the x-axis.

log-rank test in both stages (i.e. s? = 0) is 9.31%. It is obvious that the selection procedure increases the
rejection rate, even if the standard log-rank test is chosen for the first stage. The increase is even more
articulate if a better-suited test is chosen in the first stage.
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C Additional simulation results

In this section, we provide additional results to the simulation study in Section 5 of the main manuscript.

C.1 Empirical type I error rates

Here, we present the empirical type I error rates that emerge from fixed (in particular non-adaptive)
combinations of testing procedures in the two stages. This shall demonstrate that our selection procedure
(see Table 3) induces no additional type I error rate inflation.
For the sake of presentability, we use the following numbering system for the various tests:

1: Standard log-rank test

2: Weighted log-rank test with Fleming-Harrington weight w(0,1) ◦ F̂

3: Weighted log-rank test with Fleming-Harrington weight w(0,2) ◦ F̂

4: Weighted log-rank test with Fleming-Harrington weight w(0,3) ◦ F̂

5: Weighted log-rank test with Fleming-Harrington weight w(1,1) ◦ F̂

6: Weighted log-rank test with Fleming-Harrington weight w(1,0) ◦ F̂

7: Weighted log-rank test with Fleming-Harrington weight w(2,0) ◦ F̂

8: Weighted log-rank test with Fleming-Harrington weight w(3,0) ◦ F̂

9: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,0) ◦ F̂}

10: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,1) ◦ F̂}

11: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(0,1) ◦ F̂}

12: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,0) ◦ F̂ , w(0,1) ◦ F̂}

13: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,0) ◦ F̂ , w(1,1) ◦ F̂}

14: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,1) ◦ F̂ , w(0,1) ◦ F̂}

15: mdir combination test based on the set of weights {w(0,0) ◦ F̂ , w(1,0) ◦ F̂ , w(1,1) ◦ F̂ , w(0,1) ◦ F̂}
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0.028 0.029 0.0302 0.0317 0.0274 0.027 0.0263 0.0259 0.0241 0.0255 0.0259 0.0254 0.0255 0.0262 0.0251
2 0.0301 0.0302 0.0316 0.0323 0.0308 0.0292 0.0289 0.0282 0.0279 0.028 0.0275 0.0274 0.0275 0.0273 0.0278
3 0.0313 0.0318 0.032 0.0337 0.0311 0.0306 0.0305 0.0305 0.0279 0.0289 0.0294 0.0278 0.0275 0.0287 0.028
4 0.0315 0.0319 0.0328 0.034 0.0317 0.0297 0.0305 0.0312 0.0286 0.0298 0.0293 0.0287 0.0294 0.0299 0.0284
5 0.0292 0.0292 0.0292 0.0301 0.0286 0.0273 0.0272 0.0278 0.0262 0.0267 0.0272 0.0275 0.0264 0.0268 0.0265
6 0.0269 0.0273 0.0302 0.0313 0.0269 0.0263 0.025 0.025 0.0256 0.0253 0.0259 0.0264 0.0252 0.0263 0.0258
7 0.0267 0.0281 0.0297 0.0315 0.0272 0.0254 0.0245 0.0245 0.0249 0.0255 0.0255 0.0255 0.0252 0.0253 0.0259
8 0.0269 0.0277 0.03 0.0317 0.0269 0.0253 0.0252 0.0244 0.0249 0.0257 0.0257 0.0259 0.0253 0.0261 0.0262
9 0.0258 0.0268 0.0274 0.0283 0.0255 0.025 0.0236 0.0237 0.0227 0.0236 0.0232 0.0234 0.0233 0.0236 0.0234
10 0.0267 0.0275 0.0278 0.0285 0.0261 0.0257 0.0253 0.0256 0.0231 0.0241 0.0248 0.0242 0.0241 0.0251 0.0246
11 0.0253 0.0258 0.0288 0.0304 0.0262 0.0251 0.0241 0.0235 0.0237 0.0239 0.0234 0.0234 0.0234 0.0229 0.0236
12 0.0257 0.0272 0.0282 0.0291 0.0265 0.0252 0.024 0.0243 0.0234 0.0238 0.0237 0.0232 0.0236 0.0246 0.0237
13 0.0263 0.0268 0.0276 0.0275 0.0267 0.0257 0.0245 0.0254 0.0232 0.0241 0.0242 0.0241 0.0238 0.025 0.024
14 0.0256 0.0268 0.0282 0.0299 0.0266 0.0262 0.0245 0.0244 0.0238 0.0248 0.0242 0.0237 0.0241 0.0245 0.0246
15 0.0258 0.027 0.0274 0.0287 0.0266 0.0244 0.0242 0.0249 0.0227 0.0235 0.0239 0.0231 0.0232 0.0252 0.0232

Supplementary Table S10: Empirical type I error rates for fixed combinations of stagewise tests with 50 patients in each group. Rows correspond to first-stage
tests and columns correspond to second-stage tests.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0.0283 0.0273 0.0278 0.0272 0.0285 0.0281 0.0283 0.0264 0.0259 0.0282 0.0279 0.0279 0.0266 0.0285 0.0275
2 0.0264 0.0274 0.0258 0.0258 0.0269 0.0261 0.0267 0.026 0.0248 0.0257 0.0258 0.0269 0.0265 0.0267 0.027
3 0.0272 0.0258 0.0271 0.028 0.0275 0.0271 0.0254 0.0256 0.0259 0.0274 0.0271 0.0288 0.0277 0.0277 0.029
4 0.0281 0.0264 0.0273 0.0283 0.0284 0.0275 0.0258 0.0261 0.0278 0.0287 0.0286 0.0285 0.029 0.0283 0.0288
5 0.026 0.0275 0.027 0.0273 0.0272 0.0266 0.0276 0.0265 0.0256 0.0262 0.026 0.0274 0.0265 0.0277 0.0267
6 0.0276 0.0266 0.0267 0.0263 0.0283 0.0294 0.0277 0.0277 0.025 0.0277 0.0282 0.0276 0.0262 0.0285 0.027
7 0.0278 0.0262 0.0266 0.0266 0.0283 0.0303 0.0294 0.0278 0.0264 0.0268 0.0294 0.0277 0.0266 0.0289 0.0278
8 0.0276 0.026 0.0259 0.0264 0.0279 0.03 0.0282 0.0287 0.0264 0.0276 0.0287 0.0285 0.0258 0.0279 0.0272
9 0.0261 0.0251 0.026 0.0253 0.0272 0.026 0.0258 0.0244 0.0243 0.0264 0.0265 0.027 0.0263 0.0269 0.0267
10 0.0268 0.0269 0.0261 0.0246 0.0283 0.0265 0.0263 0.0245 0.0245 0.0278 0.0266 0.0265 0.0262 0.0273 0.0258
11 0.0256 0.0263 0.0262 0.0257 0.027 0.0279 0.0272 0.0263 0.0239 0.0261 0.0275 0.0266 0.0248 0.0279 0.0252
12 0.027 0.0249 0.0264 0.0267 0.0276 0.0272 0.0269 0.0247 0.0241 0.0264 0.0272 0.0271 0.0256 0.0276 0.027
13 0.0264 0.0261 0.026 0.0252 0.0271 0.0263 0.0262 0.0256 0.0244 0.0272 0.0262 0.0272 0.0264 0.0269 0.0267
14 0.0273 0.0263 0.0266 0.0258 0.0291 0.0284 0.0275 0.0256 0.025 0.0281 0.0283 0.0278 0.0264 0.0283 0.0273
15 0.0271 0.0264 0.0258 0.0257 0.0276 0.0277 0.0258 0.0251 0.0237 0.0269 0.0275 0.0272 0.0256 0.0277 0.0261

Supplementary Table S11: Empirical type I error rates for fixed combinations of stagewise tests with 100 patients in each group. Rows correspond to first-stage
tests and columns correspond to second-stage tests.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0.0228 0.0211 0.0214 0.0218 0.0232 0.024 0.0236 0.0238 0.0224 0.0231 0.0233 0.0231 0.023 0.0231 0.0231
2 0.0257 0.0243 0.0234 0.0237 0.0249 0.0254 0.024 0.0261 0.025 0.0255 0.0254 0.0256 0.0246 0.0241 0.0251
3 0.0262 0.0252 0.0251 0.0249 0.026 0.0258 0.0262 0.0274 0.0255 0.0252 0.026 0.0256 0.0247 0.0255 0.0259
4 0.0261 0.026 0.0255 0.026 0.0268 0.0264 0.0264 0.0276 0.0271 0.0262 0.027 0.0272 0.026 0.0266 0.027
5 0.0237 0.0221 0.0222 0.0229 0.0242 0.0248 0.0246 0.0247 0.0225 0.0238 0.0229 0.0235 0.0224 0.0242 0.0239
6 0.0244 0.0216 0.0216 0.0218 0.0237 0.0239 0.0237 0.0237 0.0225 0.0245 0.0245 0.0233 0.0222 0.0237 0.0243
7 0.024 0.0234 0.0228 0.0227 0.0239 0.0236 0.024 0.0223 0.0235 0.0248 0.0241 0.0243 0.023 0.0242 0.0234
8 0.0242 0.0224 0.0225 0.0228 0.0233 0.0236 0.0226 0.0228 0.0232 0.024 0.0239 0.0238 0.0235 0.0239 0.0228
9 0.0237 0.0229 0.0221 0.0226 0.0236 0.0245 0.0244 0.0246 0.0227 0.0242 0.0238 0.024 0.0227 0.024 0.0241
10 0.0219 0.0217 0.021 0.0212 0.0233 0.0237 0.0237 0.0241 0.0225 0.0223 0.023 0.0227 0.0218 0.023 0.0227
11 0.0231 0.0218 0.0221 0.0222 0.0225 0.0248 0.0236 0.0241 0.0218 0.0238 0.0238 0.0237 0.0223 0.0239 0.0237
12 0.0234 0.0213 0.0213 0.0224 0.0237 0.0239 0.0247 0.0241 0.0217 0.0239 0.0239 0.0231 0.022 0.0239 0.0235
13 0.0237 0.0228 0.0216 0.0228 0.0245 0.0235 0.0253 0.025 0.0233 0.024 0.0238 0.0235 0.023 0.0245 0.0238
14 0.023 0.0217 0.021 0.0219 0.0244 0.0251 0.0245 0.0239 0.0228 0.0246 0.0237 0.0228 0.0226 0.0228 0.023
15 0.0239 0.0224 0.0214 0.0223 0.0233 0.0242 0.0255 0.0243 0.0223 0.0239 0.024 0.0235 0.0229 0.0243 0.0236

Supplementary Table S12: Empirical type I error rates for fixed combinations of stagewise tests with 200 patients in each group. Rows correspond to first-stage
tests and columns correspond to second-stage tests.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0.0263 0.0286 0.0288 0.029 0.0269 0.026 0.0254 0.0258 0.0277 0.027 0.0269 0.0278 0.0284 0.028 0.0282
2 0.0252 0.0279 0.0272 0.0275 0.0275 0.0257 0.025 0.0247 0.0271 0.0264 0.0243 0.025 0.0269 0.0256 0.0268
3 0.0263 0.0255 0.0259 0.0254 0.0265 0.0248 0.0247 0.0239 0.0261 0.0262 0.025 0.0252 0.0261 0.025 0.0262
4 0.0271 0.0266 0.0266 0.0265 0.0257 0.0235 0.0257 0.0251 0.0256 0.0276 0.0259 0.0259 0.0268 0.0258 0.0269
5 0.0255 0.0277 0.0283 0.0279 0.0273 0.0263 0.0263 0.0254 0.0263 0.0257 0.025 0.0256 0.0271 0.0256 0.0256
6 0.0279 0.0298 0.0286 0.0291 0.0288 0.0263 0.026 0.0256 0.0286 0.0288 0.0272 0.0284 0.0294 0.0284 0.0284
7 0.0276 0.0286 0.0279 0.0281 0.0285 0.0278 0.0269 0.0267 0.0282 0.0285 0.0278 0.028 0.0291 0.0284 0.0287
8 0.0275 0.0277 0.0271 0.0276 0.0284 0.027 0.027 0.0258 0.0282 0.0278 0.0268 0.0269 0.0277 0.0272 0.0276
9 0.0259 0.0285 0.0288 0.0286 0.0278 0.0261 0.0271 0.0261 0.0264 0.0266 0.0256 0.0269 0.0273 0.0262 0.0274
10 0.026 0.0274 0.0276 0.0276 0.0264 0.0258 0.0262 0.0256 0.0267 0.0265 0.0251 0.0269 0.0266 0.0259 0.0266
11 0.0274 0.0287 0.0285 0.0289 0.0286 0.0269 0.0264 0.0258 0.0281 0.0274 0.0267 0.0276 0.0284 0.0269 0.0266
12 0.0253 0.0276 0.0281 0.0272 0.0263 0.0258 0.0264 0.0269 0.0258 0.0267 0.0252 0.0261 0.0267 0.0254 0.0258
13 0.0253 0.0274 0.0275 0.0273 0.0265 0.025 0.0266 0.0264 0.0259 0.0263 0.0252 0.0256 0.0271 0.0261 0.0266
14 0.0265 0.028 0.0278 0.0275 0.0265 0.0258 0.0254 0.0262 0.0276 0.0266 0.0254 0.0265 0.0274 0.0255 0.0267
15 0.0255 0.0278 0.0272 0.027 0.0274 0.0257 0.0261 0.0259 0.0268 0.0265 0.025 0.0262 0.0265 0.0261 0.0258

Supplementary Table S13: Empirical type I error rates for fixed combinations of stagewise tests with 500 patients in each group. Rows correspond to first-stage
tests and columns correspond to second-stage tests.
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C.2 Power comparisons

C.2.1 Additional deviation types

In this subsection, we supplement the results from Section 5.2 of the main manuscript by those results for
the settings (ρ�, γ�) ∈ {(0, 1), (0, 3), (1, 0), (3, 0)}. The corresponding survival curves are shown in Figure
S12.

A B

• • • • • • • •

C D

• • • • • • • •

Supplementary Figure S12: Survival curves for three types of deviation of the distribution in the ex-
perimental group from the distribution in the control group. The survival curve in the control group is
given by the solid line. Dashed lines are survival curves in the experimental group for the seven effect
sizes {0.4 · θ0, 0.6 · θ0, 0.8 · θ0, θ0, 1.2 · θ0, 1.4 · θ0, 1.6 · θ0}. A) Survival curves in the slightly early effect
case ((ρ�, γ�) = (0, 1)) B) Survival curves in the very early effect case ((ρ�, γ�) = (0, 3)) C) Survival
curves in the slightly late effect case ((ρ�, γ�) = (1, 0)) B) Survival curves in the very late effect case
((ρ�, γ�) = (3, 0))
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For these scenarios, the power curves and the bar plots showing the choices made by the procedure
TS-AD for the second stage test can be found in Figures S13-S16. For slightly early and late effects
(i.e. (ρ?, γ?) = (0, 1) or (ρ?, γ?) = (1, 0), respectively) we can see that all procedures perform very
similarly. For strong early and late effects (i.e. (ρ?, γ?) = (0, 3) or (ρ?, γ?) = (3, 0), respectively), there is
a marked gap between the optimal two-stage test and the two-stage standard log-rank test. The one-stage
combination testing procedures and the adaptive procedures fill this gap. Once again, we can see that
the two restricted procedures with pre-chosen sets of weights perform better than the unrestricted ones.
It should be noted that our selection procedure tends to favor the log-rank test with weights w(0,3) ◦ F̂
in the case of early effects and the log-rank test with weights w(1,0) ◦ F̂ in the case of late effects. This
shows that there is certainly room for improvement in this selection process.
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Supplementary Figure S13: A) Power curve for six testing procedures in case of proportional hazards
((ρ?, γ?) = (0, 1)). Please note that the two procedures TS-AD and TS-optFH as well as the two
procedures OS-MDIR and OS-restrMDIR coincide in this case. B) Relative frequencies of the choice of
single weighted tests for the second stage for the testing procedure TS-AD.
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Supplementary Figure S14: A) Power curve for six testing procedures in case of proportional hazards
((ρ?, γ?) = (0, 3)). Please note that the two procedures TS-AD and TS-optFH as well as the two
procedures OS-MDIR and OS-restrMDIR coincide in this case. B) Relative frequencies of the choice of
single weighted tests for the second stage for the testing procedure TS-AD.
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Supplementary Figure S15: A) Power curve for six testing procedures in case of proportional hazards
((ρ?, γ?) = (1, 0)). Please note that the two procedures TS-AD and TS-optFH as well as the two
procedures OS-MDIR and OS-restrMDIR coincide in this case. B) Relative frequencies of the choice of
single weighted tests for the second stage for the testing procedure TS-AD.
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Supplementary Figure S16: A) Power curve for six testing procedures in case of proportional hazards
((ρ?, γ?) = (3, 0)). Please note that the two procedures TS-AD and TS-optFH as well as the two
procedures OS-MDIR and OS-restrMDIR coincide in this case. B) Relative frequencies of the choice of
single weighted tests for the second stage for the testing procedure TS-AD.
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C.2.2 Model choice based on AIC

Here we show which of the 9 Royston-Parmar spline models is chosen based on their AIC value. As
already mentioned, we can see that the AIC selection mechanism prefers models with 0 interior knots for
our simulation scenarios. In particular, the model on the hazard scale is preferred. This spline model
induces Weibull distributions for both groups.

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7892 0.0224 0.0001 0.0799 0.0243 0.0227 0.0233 0.0141 0.0241
0.6θ0 0.7807 0.0252 0.0001 0.0816 0.0273 0.0254 0.022 0.0143 0.0235
0.8θ0 0.7728 0.0276 0.0001 0.0806 0.0243 0.0263 0.0255 0.0166 0.0262
θ0 0.7774 0.0284 0.0001 0.0788 0.0288 0.0253 0.0236 0.0141 0.0234
1.2θ0 0.777 0.0308 0 0.0755 0.0291 0.0203 0.0247 0.015 0.0276
1.4θ0 0.7689 0.038 0.0001 0.0754 0.0299 0.0223 0.0235 0.0153 0.0267
1.6θ0 0.7745 0.0368 0.0001 0.0747 0.0264 0.0244 0.0223 0.0163 0.0245

Supplementary Table S14: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (0, 0)

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.763 0.0314 0.0001 0.0827 0.0262 0.0321 0.0219 0.0169 0.0257
0.6θ0 0.7614 0.0362 0 0.0799 0.0291 0.0347 0.0231 0.0131 0.0226
0.8θ0 0.7483 0.0412 0 0.0836 0.0291 0.0338 0.0239 0.0148 0.0253
1θ0 0.7332 0.0479 0.0001 0.0874 0.032 0.0365 0.0238 0.0149 0.0242
1.2θ0 0.7192 0.054 0.0005 0.0906 0.0338 0.0373 0.0221 0.0156 0.027
1.4θ0 0.7104 0.058 0.0003 0.0918 0.0362 0.0409 0.0247 0.0128 0.0248
1.6θ0 0.6998 0.063 0.0003 0.0936 0.0321 0.0416 0.0249 0.0162 0.0284

Supplementary Table S15: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (1, 0)

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7595 0.0335 0.0001 0.0828 0.0326 0.035 0.0193 0.014 0.0232
0.6θ0 0.7429 0.042 0 0.0836 0.0357 0.0368 0.0214 0.0134 0.0242
0.8θ0 0.7213 0.0518 0.0003 0.0812 0.0395 0.0429 0.0219 0.0157 0.0255
1θ0 0.6932 0.064 0.0001 0.094 0.0391 0.0489 0.0227 0.0154 0.0226
1.2θ0 0.6595 0.0711 0 0.0985 0.047 0.0517 0.0267 0.0167 0.0288
1.4θ0 0.6348 0.0833 0.0002 0.105 0.048 0.0517 0.0268 0.0191 0.031
1.6θ0 0.6007 0.0943 0.0001 0.1136 0.0533 0.0598 0.0297 0.0174 0.031

Supplementary Table S16: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (2, 0)
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Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7586 0.0323 0 0.0765 0.0351 0.0359 0.0223 0.0147 0.0246
0.6θ0 0.7262 0.0461 0.0001 0.0827 0.0369 0.0435 0.0236 0.0167 0.0243
0.8θ0 0.7094 0.053 0.0001 0.0851 0.0414 0.0426 0.0234 0.0183 0.0266
1θ0 0.6718 0.0697 0.0001 0.0954 0.0451 0.0496 0.0233 0.0175 0.0274
1.2θ0 0.6471 0.074 0.0003 0.0958 0.0522 0.058 0.0267 0.02 0.0259
1.4θ0 0.6214 0.0853 0.0004 0.1007 0.0557 0.0589 0.0288 0.0216 0.0273
1.6θ0 0.569 0.1016 0.0002 0.1132 0.0631 0.0644 0.0331 0.0229 0.0324

Supplementary Table S17: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (3, 0)

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7827 0.0209 0 0.0804 0.0256 0.0226 0.0246 0.0155 0.0276
0.6θ0 0.7762 0.0189 0 0.0864 0.0259 0.0215 0.0274 0.0163 0.0274
0.8θ0 0.7787 0.0189 0 0.0861 0.0244 0.0224 0.0259 0.0163 0.0273
1θ0 0.7788 0.0212 0 0.0903 0.0249 0.0176 0.0252 0.0142 0.0279
1.2θ0 0.7861 0.0182 0 0.0875 0.0229 0.0183 0.0236 0.0176 0.0258
1.4θ0 0.7889 0.0158 0 0.0836 0.0249 0.0135 0.0298 0.0132 0.0303
1.6θ0 0.7798 0.0179 0 0.0913 0.0253 0.0137 0.029 0.0134 0.0297

Supplementary Table S18: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (0, 1)

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7812 0.0194 0 0.0863 0.0284 0.0201 0.0254 0.0143 0.0248
0.6θ0 0.7752 0.0172 0 0.0887 0.0294 0.0223 0.0238 0.0159 0.0275
0.8θ0 0.7659 0.0177 0 0.0969 0.0306 0.0208 0.0238 0.0165 0.0279
1θ0 0.7668 0.0148 0 0.1012 0.0294 0.0204 0.024 0.0165 0.0269
1.2θ0 0.7636 0.0145 0 0.1015 0.0294 0.0162 0.0278 0.0192 0.0278
1.4θ0 0.7588 0.014 0 0.1107 0.0309 0.0148 0.0268 0.0173 0.0267
1.6θ0 0.7526 0.0123 0 0.1194 0.0271 0.015 0.0306 0.0174 0.0256

Supplementary Table S19: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (0, 2)

Effect size
p = 0 p = 1 p = 2

hazard odds normal hazard odds normal hazard odds normal
0.4θ0 0.7807 0.0142 0 0.0861 0.0289 0.0226 0.0233 0.0168 0.0274
0.6θ0 0.7706 0.0185 0 0.088 0.0307 0.0254 0.0244 0.0164 0.026
0.8θ0 0.7672 0.0178 0 0.0964 0.0309 0.0233 0.0229 0.0186 0.0229
1θ0 0.7573 0.0183 0.0001 0.0984 0.0351 0.0228 0.0259 0.0174 0.0247
1.2θ0 0.7571 0.0152 0 0.1066 0.0368 0.0181 0.0227 0.0175 0.0261
1.4θ0 0.7528 0.0159 0 0.1123 0.0383 0.0195 0.022 0.0154 0.0239
1.6θ0 0.731 0.0151 0 0.1192 0.0413 0.0216 0.0236 0.0228 0.0254

Supplementary Table S20: For each of the seven effect sizes, this table displays which of the nine Royston-
Parmar spline models is rated as the best based on the AIC. As above, p refers to the number of inner
knots in the spline model. The empirical rates refer to the total quantity of runs without early stopping
of the corresponding simulated trial. This table refers to the scenario (ρ?, γ?) = (0, 3)
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C.2.3 Modelwise choice of test statistics in the second stage

For the three deviation types from the main manuscript, we also show how the choice of the second stage
test is distributed for each of the nine spline models. As already mentioned, models with a higher number
of inner knots seem to be better suited to choose an appropriate test in late effects settings. Because
of that, one should maybe restrict the set of models to a set with a higher number of inner knots if a
possible late effect is anticipated.
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Supplementary Figure S17: Choices of the log-rank test statistic with Fleming-Harrington weights for
our nine different Royston-Parmar spline models. The rates refer to the total quantity of simulation runs
in which the corresponding simulated trial proceeded to a second stage (i.e. no early termination). The
plots are arranged in a grid where the columns refer to different scales and the rows to different numbers
of interior knots p. These figures refer to the deviation type (ρ?, γ?) = (0, 0), i.e. proportional hazards.
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Supplementary Figure S18: Choices of the log-rank test statistic with Fleming-Harrington weights for
our nine different Royston-Parmar spline models. The rates refer to the total quantity of simulation runs
in which the corresponding simulated trial proceeded to a second stage (i.e. no early termination). The
plots are arranged in a grid where the columns refer to different scales and the rows to different numbers
of interior knots p. These figures refer to the deviation type (ρ?, γ?) = (2, 0), i.e. a late effects scenario.
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Supplementary Figure S19: Choices of the log-rank test statistic with Fleming-Harrington weights for
our nine different Royston-Parmar spline models. The rates refer to the total quantity of simulation runs
in which the corresponding simulated trial proceeded to a second stage (i.e. no early termination). The
plots are arranged in a grid where the columns refer to different scales and the rows to different numbers
of interior knots p. These figures refer to the deviation type (ρ?, γ?) = (0, 2), i.e. an early effects scenario.
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