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Abstract

Proofs for the consistency of the kernel density estimator have historically developed.
Four important milestones are the pointwise consistency, the almost sure uniform con-
vergence, the rate of convergence on a bounded interval and the rate of convergence
on R. The underlying concepts of total variation, oscillation modulus and generalized

empirical process are explained.
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1 Introduction

For more than 50 years, mathematical statistics has been dealing with the problem to
estimate efficiently the probability density function of continuous random variables from
a random sample. In 1956, Rosenblatt proposed a kernel-based estimator with the basic
idea to look at the difference ratio of the distribution function. This idea is used un-
til today; it was and is a topic of scientific research, see e.g. Hérdle (1991), Hall and
Marron (1995) or Wand and Jones (1995). Over the years, the principle of kernel-based
estimation has carried over for example to regression estimation (e.g. Dette (2002)) or
survival analysis (e.g. Marron et al. (1996)).

In this survey article, we compare different proofs for (different types of) consistency in

the historical development. Four important articles have had great influence on this field
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of research. The first one is an article of Parzen from 1962 proving pointwise consistency
for the first time. In 1965, Nadaraja showed almost sure uniform convergence; an impor-
tant technique for this is the partial integration for Lebesgue-Stieltjes integrals. About
two decades later (1982), Stute achieved results on convergence rates of the estimator
depending on the sample size, the kernel and the true density. He used an empirical
process approach. However, he restricted his results to bounded intervals. Einmahl and
Mason in 2005 extended the rates to the whole R. With (generalized) empirical processes
and mathematical techniques of other fields (e.g. topology) they proved results about
almost sure convergence in the situation when the bandwidth is not fixed but may vary
in a small interval. In the articles of Parzen, Nadaraja and Stute the bandwidth depends
on the sample size and is fixed as a function of the sample size. Using the variable band-
width approach, Einmahl and Mason achieved convergence rates for the whole R that

are the same as Stute’s for bounded intervals, even extended to multivariate densities.

2 Consistency

2.1 Weak consistency

We consider a probability space (2,2, P) and i.i.d. random variables X; : @ — R, 1 <
1 < n,d > 1, distributed as X, with Lebesgue-density f and distribution function F'.
Let d = 1 in the subsections 2.1, 2.2 and 3.1 if not stated otherwise.
The empirical distribution function F,, : R x  — [0, 1] is defined by

Py, w) = % > I (Xiw).

Because of the strong law of large numbers, F,, converges almost surely, i.e. with prob-
ability 1 to F'. With the theorem of Gliwenko and Cantelli the convergence is uniform.
Following Parzen, a heuristic approach to estimate the density is the consideration of
the difference ratio of F}, and to use it as an estimator f, for the density and sufficient

small h,,:

fo(z,w) = 2 2 . (1)

Here and in the whole paper, (hy,)nen is a zero sequence. In order to generalize the

approach, let



then the estimator in (1) can be written as a Lebesgue-Stieltjes-integral of %K <E>

with the measure generating function F,:

o= L) - ().

The second equal sign follows from the definition of the Lebesgue-Stieltjes integral.

It is useful to consider other nonnegative kernel functions K in (2), especially continuous
kernel functions. This would guarantee that f,, is nonnegative and continuous as a sum of
nonnegative and continuous functions. In the present paper, we consider general kernel
functions with assumptions that depend on the situation. In general, however, the choice
of K is rather irrelevant for the estimations. (see Wand and Jones (1995), page 31)
Parzen looks at the expected value and variance of the estimator with fixed point x €
R. Since f is a Lebesgue-density, we have [, |f(z)lde = 1 < oo, ie. f € L'(R).
Parzen makes the assumption that K is a real-valued, Borel-measurable function with
sup,eg | K (y)| = [|K||s < 00, ie. K € L®(R). In addition, K € L'(R). We assume
limy oo [y K (y)] = limy .o [y K2 (y)| = 0.

With these assumptions, at every point of continuity x of f
Jim B = 1(0) [ Kt
E(f.(z)) is the convolution of f and %K(H)’ ie.
B(o) = (o5 ()
SR

:h—n/_mK( - )f(y)dyzzf*hinK (h—) ().

In order to get asymptotic unbiasedness, the integral of the kernel function over y has

to be 1. This assumption holds for the whole paper.

It holds K € L*(R). K is bounded and so, K is in L*(R) if and only if m
L*(R). Since the absolute values are smaller or equal to 1, K € L*(R) follows from
K € L'(R).

Based on this, Parzen calculates the asymptotic variance of the density estimator:

At every point of continuity x of f,

lim nh,Var(f,(x)) = f(x) /00 K?(y)dy < oc. (3)

n—oo

The proofs for the asymptotic expected value and for the asymptotic variance are simi-

lar; we give a sketch of the proof for the asymptotic variance:
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-1z (r (5) - Leney

and hence, nh,Var(f,(z)) =E <thK2 (%)) — ha(Efn(z))?.

With some techniques from the integration theory such as the theorem of the dominated

convergence, one can show that the second summand tends to 0 and that the first
summand tends to the desired term.

We introduce the assumption

(A1) lim,, . nh, = occ.

Theorem 2.1 (Weak consistency) Let the assumption (A1) hold. Then at every point
of continuity x of f the estimator f,(z) is weakly consistent, i.e. for every e >0

lim P(|fn(z) — f(x)] > €) = 0.

n—oo

Proof. We consider the mean square error of f,(z), MSE(f.(x)) = Var(f.(z)) +
(Bias(fn(z)))? fu(z) is asymptotically unbiased and so, lim, ... (Bias(f,(z)))? = 0.
Var(f,(z)) is surely nonnegative. Under the assumption lim, . Var(f,(x)) > 0 we
would have lim,, .., nh,Var(f,(z)) = co. This is not possible because of (3), therefore
lim, oo Var(f,(z)) = 0. So, fu(x) is consistent in the quadratic mean and hence weakly

consistent. N

The theorem shows that the sequence (h,,),en may not become too large nor too small.
For controlling the bias, it is necessary that the sequence is a zero sequence, for control-
ling the asymptotic variance, the sequence may not tend to 0 too fast.

Notice that we proved pointwise, but not uniform consistency in probability. Using
Fourier analysis, Parzen showed uniform consistency in probability under the assumption
lim,, .o, nh? = co. We do not consider questions of measurability in detail, we just re-
mark that f, () is rightcontinous if K is rightcontinous. Consequently, Sup_ .., oo | fn(2)—
f(z)] = sup,cq | fu(x) — f(x)| because Q is dense in R. Each |f,(x) — f(z)| is measurable
as a composition of measurable functions, then also the supremum of the (countable)

series (|fn(z) — f(x)])zeq is measurable (see Amann and Escher (2001), page 73).

2.2 Strong consistency

As far as we know, in 1965 Nadaraja was the first author who formulated a theorem

dealing with the almost sure uniform convergence of the kernel density estimator. This
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was a progress to Parzen who did not deal with almost sure convergence. In this sub-
section we assume that the kernel is of bounded variation; we will see soon what this

means.

Definition 2.2 (Almost sure uniform convergence) The kernel density estimator (2)
converges almost sure uniformly to f on R with bandwidth h,, if

lim  sup [y(a) = (@) = lim [, =l = 0

N—0 _co<r<oo

holds with probability 1. Hence,
P(w € Q|nlglgo [fn = flle # 0) = 0.

Remark The uniform convergence of the series of estimators f,, is similar to the uniform
convergence of a deterministic series of functions. Almost sure convergence of a random

variable implies convergence in probability.

With the theorem of Gliwenko and Cantelli, F), always converges uniformly to F,
for the uniform convergence of the kernel density estimator f, to f, we need more as-
sumptions, e.g. the concept of bounded variation. To understand this, we give a short
introduction into the theory of Lebesgue-Stieltjes (LS) integrals. Nadaraja and Stute
use this technique frequently.

Like the common Lebesgue-integral, the Lebesgue-Stieltjes integral for a nonnegative
function f is defined as the limit of the integrals of a monotonus increasing series of
step functions which converge against f. The integrals of the step functions are measure
integrals. The connected measure p on (R,B) (B is the Borel o-field on R) is defined
with a generalized distribution function G, a real-valued monotonously increasing, right-
continous function on R. It holds p((a, b)) = G(b) — G(a) for all —oco < a < b < oo, this
measure can be extended uniquely on ‘B.

The kernel density estimator f, can be interpreted as a LS integral with F,(z,w) as
weighting function. For fixed w, F,,(x,w) is a deterministic monotonous, rightcontinous
function, i.e. we integrate along the path of the stochastic process given by F,(z,w).
Assuming that K is LS-integrable regarding F),, the representation as a sum in (2) fol-
lows with the definition of the LS integral because F;, only jumps at the points X;(w),
is constant otherwise and because the high of the jumps is always %

The LS integral can also be suitably defined when G can be written as the differ-
ence of two monotonously increasing functions, i.e. G = G; — G5 and fab fdG =
fab fdGy — f; fdGs, if this integral exists. This fact is related to the total variation

of a function.



Definition 2.3 (Total variation) The total variation of a real-valued function u on a

closed interval |a,b],a,b € R, is defined as

np—1

V) (u) = sup Z u(yit1) — u(yi)l,

PeF o
where the supremum is taken over the set P = {P = {yo, ..., Ynp } : P is partition of |a,b]}.
It is a parameter for the local oscillation behavior of a function. If V'(u) < oo, u is of
bounded variation. If u is defined on the whole R, we define

oo . b
Ve i=supV,.
a<b

Then, u is of bounded variation if u is of bounded variation on each compact interval.

Remark If u is continuously differentiable, we have V’(u) = fab |u/(y)|dy. Here we can
see that e.g. the Gaussian kernel K(y) = \/%7 exp(—y?) (but also many other kernels) is

of bounded variation.

The following lemma allows for the definition of the LS integral for non-monotonous

integrators.

Lemma 2.4 (Bounded variation and monotony) A real-valued function u of bounded
variation can be written as the difference of two monotonous functions uy,us. If u is

right-continuous, then also uy and uy are right-continuous.

Remark The opposite direction is wrong in general, see e.g. the monotonous function

u(y) = y* on the whole R.

Finally, we cite a lemma about partial integration which is used frequently in proofs,
see Sirjaev (1984), page 204.

Lemma 2.5 (Partial integration for LS integrals) Let g1, go be two real-valued functions
on the closed interval [a,b], where the bounds £oo are possible. If g and go are general-
1zed distribution functions or right-continuous functions of bounded variation, where the

left-hand limit of g always exists,

/ gl(y>d92(y> = 91(5)92(5) - 91(@92(&) - / 92(9—)(191(9)-

with g(y—) the left-hand limit of g in y.

We require that the term oo — oo does not appear in this expression.

Now, we turn to the convergence of the kernel density estimator with the following

assumptions:



(B1) The kernel K is a right-continuous function.
(B2) K is of bounded variation.

(B3) limmﬁoo K(:L‘) =0.

(B4) f is a uniformly continuous density function.

(B5) 3227 exp(—ynh2) < oo for every v > 0.

Theorem 2.6 (Almost sure uniform convergence with fixed bandwidth) Under the as-
sumptions (B1) - (B5) the kernel density estimator (2) uniformly converges almost sure

on R.

Remarks A function f is uniformly continuous on R if and only if
Ve>030>0Vr,yeR:|z—y|<d=|f(z)— fy)] <e

A sufficient condition for the convergence of the series is that lim,, ., nh? = oco.

The idea for proving the almost sure uniform convergence is the consideration of the
(suitably scaled) series of random variables (|| fn(z) — f(2)||oo)nen. The first step is the

appreciation with the triangle inequality for norms

1fn = Flloo = [1fn = E(fn) + E(fn) = flloo < |[fn = E(fa)llsc + [[E(fn) = flloo-

It is sufficient to prove that both summands in the last expression turn to 0 for n — oo.
The first summand is stochastic, the second one deterministic. The convergence proof
of the deterministic part (the bias) is much easier, but we need assumptions on f (uni-
formly continuous) which are not necessary for the convergence of the stochastic part.
On the other hand, the last one needs assumptions on the kernel (bounded variation)

which are not needed for the bias convergence.

For the convergence of the stochastic part, we need the Borel-Cantelli lemma. Assume
that we want to show that for P-almost every w € () the limit superior of the series
of random variables (||f,(z) — E(f.(2))||oc)nen is bounded above by a number. Then
one considers the series of sets describing the w € €) for which the series is larger than
this number and shows that the series of probabilites over them converges. With the
Borel-Cantelli lemma one concludes that with probability 1 only finite many elements
of the series are larger than this number. Hence, with probability 1 the limit superior of

the series is finite.

We now prove Theorem 2.6:



Convergence of the bias At first,

Ap = sup [E(fn(2)) — f(2)]

. [ x (”"” - y) fs = fe) [ K(y)dy' |

In the first integral, we substitute x — y with y, in the second one y with ;- and we

= sup
—oo<r<oo

take the absolute value in the integral. In addition, we separate the area of integration
in |y| < ¢ and |y| > 6 for arbitrary § > 0. Then

—oo<r<oo

S /|y>5 |f(z—y) = f(z) hinK (h%) dy.

We pull supy, < [f(x — y) — f()] respectively sup, s [f(z —y) — f(z)| in front of the

A s [ Vi) = Sl () v

two integrals. We can appreciate the first integral with 1 because the integral value of
K is 1. In the second one, we resubstitute ;- with y and use the inequality |f(z —y) —
f(2)] € 2max_qoczcoo f(z) =: 2M. With the theorem of the maximum and minimum
for continuous functions, the maximum exists because limjg|—.o f(x) = 0 is a uniformly

continuous density function. Hence,

An < sup sup [f(z —y) — f(2)[ +2M K(y)dy.
—00<z <0 |y[<§ ly|> 52
Now, let € > 0 arbitrary. For sufficient small ¢ the first summand becomes smaller than
€ because of the uniform continuity of f. For each of this fixed ¢ the integral on the right
becomes smaller than e for sufficient large n by change of integration and limit (theorem
of the dominated convergence) because of h,, — 0. Consequently, lim,,_,., A, < 2¢. Be-

cause € was arbitrary, the proof is completed.

Convergence of the stochastic part Let

B, := sup |fu(z) —E(fu(2))]

—oo<r <00
1 [~ =y 1 [ x—y
— K dF,(y) — — K dF :
hn/_m ( I ) g hn/_m ( P ) (y)‘
We consider both integrals as improper LS integrals and apply partial integration. For-

r—y
hn

= sup

—oo<r<oo

mally, the integrand is the function K <”;L—;> . Because of the bijective linear map y —



K (%) has the same total variation as K and is especially of bounded variation. The

boundary terms are dropped because we have assumed lim;|_. K (2) = 0. Hence,

hin /: (F(y) — Fu(y—)) dK (xi;y) ‘

< swp |Flem) — F(o)l V2

—oo<r<o0 n

B, = sup

—oo<r<o0

— swp [F) - Pl VR

—oo<r<o0

The last equation follows from the fact that we conside the supremum over all z € R
and because of the rightcontinuity of F,,. We want to make the last but one appreciation
plausible for continuously differentiable K. Then, the LS integral becomes a common

Lebesgue-integral

[ E - FR ).

But then,

[ - Fns | < [ a0 - FIx G

—00
[e.e]

< Eay) = Fu)llee / K (y)|dy

—00

= [[(Fa(y) = F(1))lloo V-

So, we have reduced the appreciation of the stochastic part to an appreciation of the

maximum distance between the empirical and the theoretical distribution function. Now
define

D, = sup |F,(x)— F(x)|,

—oo<r<oo
Dy = sup (Fu(x) = F(2)),D, = sup (F(z)— Fu(x)).
—oo<r<o0 —oo<r<oo

If D, is larger than an arbitrary number, either D} or D, is larger than this number.
In addition, D or D; are distributed equally for symmetric reasons, see Biining and
Trenkler (1994), page 70. Hence it holds for arbitrary A > 0:

P(0.> ) <P (D> o)+ p(0r > o) =2 (1-p (D < ).

An inequality of Smirnoff (see Nadaraja (1965), page 187) shows that

A
1-P({DF< =)< —a)\?
(n_\/ﬁ)_(}'exp( a\?)



with a constant 0 < C' < oo which is not defined more concrete and 0 < o < 2. Hence,

P (Dn > %) < 2C exp(—a)?).

With the previous appreciation of B,, we finally achieve for arbitrary ¢ > 0

1
P(B,>¢) <P (Dn > ethT) < 2C exp(—ae* (V) *nh2) = 2C exp(—fFnh?2),

—00

where \ = % and 3 := ae?(V°2)"? is a finite, deterministic number.

With the aSSIIIO;lptiOIlS of the theorem, the series over P(B,, > €) converges. Therefore, as
described in the paragraph on the Borel-Cantelli lemma, the limit superior of the series
of random variables (B,,)nen is smaller or equal to € with probability 1. Since € was
arbitrary, the limit superior is 0. Since the series is nonnegative, also the limit inferior

and therefore the limit has to be 0. O

Remarks The idea for proving the bias convergence is similar to the idea Parzen showed
the pointwise asymptotic unbiasedness and the variance of the kernel density estimator

with. For the bias convergence we do not need any special assumptions on the bandwidth.

The assumption lim,—, K(z) = 0 is necessary because it does not follow out of
K € LY(R). Tt is possible to construct a continuous and bounded function Z with
Jz Z(y)dy = 1 so that limsup,

height 1 and which for |z| — oo become so tiny that the area below is 1. We can think

2|00 K(z) = 1. Z is a jagged function which jags have
of jags with length (%)lz‘ which lie around the numbers z € Z, |z| > 1. Otherwise, the
function equals to 0. The integral of the function is 1, i.e. the value of the geometric

series Y o, (%)n

Sufficient for the assumption limj,—., K(x) = 0 is the uniform continuity of K, see

Einmahl and Mason (2005), page 1393.

3 Rates of convergence

Comparably to Nadaraja, several authors proved similar results about the almost sure
uniform convergence. However, a general problem in many approaches was that the
theorems did not consider the form of f and K. The authors were able to achieve results
on the convergence itself but not on the rates of convergence. The reason lies in the fact
that the examination of the behavior of f,, was reduced to the examination of F,, and F

so that information was lost.
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3.1 Rates of convergence on a bounded interval

In this case, Stute achieved an improvement in 1982 by describing exact rates using
empirical processes. He could achieve results on a bounded interval J := (a,b),a < b,
yet not on the whole R as Nadaraja. Stute considers kernels with bounded support and

focusses on an appreciation of the stochastic part.

Definition 3.1 (Empirical process) For a Borel-measurable function g : R? — R, the

empirical process o (g) is defined by

al(g) = % (izlgm) - nEg(Xn) |

In addition, a,(g) == /na(g).

Stute only defines the empirical process for distribution functions on R. Here,

for x € R we have (,(z) = o} (g,) with go(-) = [(—coq)(+) respectively 3,(z) =
Vn(F,(z) — F(x)). The first step is the consideration of the uniform empirical process,
i.e. V() = /n(F,(x) —2) for x € [0, 1], where F), is the empirical distribution function
of random variables uniformly distributed on [0, 1]. For uniform distribution, it holds
F(z) =x.
This makes sense because we point out convergence results on a bounded interval. There,
we assume that f(z) > 0 and hence that F' is strictly monotonously increasing and invert-
ible. Thus, with the central theorem of statistics (see Biining and Trenkler (1994), page
52), F(X;) is uniformly distributed on [0,1]. We can conclude that F,(z) = F,(F(z))
and that

Bul@) = Vn(Fo(@) = F(2)) = Vn(Fu(F(2)) — F(z)) = 7(F(z)).

Comparable with the total variation or with the modulus of continuity of a function,
the oscillation modulus w,, of 7, describes the local oscillation behaviour of the uniform

empirical process.

Definition 3.2 (Oscillation modulus) The oscillation modulus w, of the uniform em-

pirical process 7y, is for some a € R defined by

wn(a) == sup [v,(t) = Yn(s)|-

[t—s|<a

Stute partly makes different assumptions on the bandwidth than Parzen or Nadaraja.

—log hy,
nhny
— oo (assumption 3). Assumption 2 says similarly to

Here, for n — oo it also holds nh, — oo (assumption 1), but in addition —

—log hn,

0 (assumption 2) and 582
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assumption 1 that h, does not converge to 0 too fast, assumption 3 permits that h,
becomes too large. The condition nh? — oo is not necessary.

An important result is a lemma about uniform convergence of the oscillation modulus
and a corollary. This is an important step to appreciate the local behavior of F' and thus
the form of f.

Lemma 3.3 (Convergence of the oscillation modulus) Let J be a subinterval of [0, 1]

and h,, bandwidth. Then, for arbitrary 0 < ¢y < cg < 00 it holds P-almost sure

lim sup I’yn(t) — ’7n(u)| -1 (4)

=00 ¢ by <t—u<eshnitued \/2(t — u)(—log hy,)

In addition, P-almost sure

Wn ()

lim
n—co0 \ /2h, (—log h,)

Remarks The proof of (4) consists of two parts: At first, one shows that the limit

—1. (5)

superior of the series of random variables is smaller than or equal to 1, then one shows
that the limit inferior is larger than or equal to 1. Since the limit superior is always
larger than or equal to the limit inferior, the proof is completed. The proof of the
limit inferior-part uses the technique of poissonization. The basic idea is that \/n-v, is
a centered Poisson process under the condition that there are n observations at time 1.
The Poisson probabilities appearing in the proof are then appreciated against the normal
distribution.

The proof of the limit superior-part uses an exponential inequality for the probability
that w"—\/(? becomes large. Both proofs use the Borel-Cantelli lemma.

Also in the proof of (5), the limit superior and the limit inferior are analyzed seperatedly.
The result for the limit inferior follows from (4) by choosing ¢; = ¢y = 1, the result for

the limit superior is proved similarly to the result for the limit superior used in (4).

From (4) it follows by substituting ¢ := F(t) and u := F(u) with the mean value
theorem for differentiation an analog result for the empirical process (3,. We introduce

the assumptions
(C1) f is uniformly continuous on J = (a,b) C R,a < b.

(C2) 0<m < f(r) <M < oo forall z € J.

Lemma 3.4 (Convergence of the empirical process) Let the assumptions (C1) and (C2)
hold. Let &, be an arbitrary point between u and t. Then it holds for arbitrary 0 < c¢; <

12



cy < 00 P-almost sure

|5 (t) = Bn(u)]

lim sup =1
=09 ¢ by, <t—u<eshnitued \/2(t — ) f(Eur) (— log hy,)

Theorem 3.5 With the assumptions (C1) and (C2), it holds P-almost sure for the naive

kernel

V) B
n—o0zej. /2(—log hy,) f(x)

Proof. With Lemma 3.4 we directly achieve a result about the convergence rate of the
stochastic part of the naive kernel density estimator with kernel K(y) = I[_%,%)(y).
This is that simple because the naive estimator (in contrast to estimators with more

complicated kernels) directly works with the empirical distribution function. For this,

Lemma 3.4 gives a convergence result. At first, we choose ¢; = co =1 and §,; = “TH

Then we get with the definitions of f,, and E(f,)

N—00 ¢t _y—h -t uc] \/2(15 —u)f (UTH) (—log hy,)
Chm sp OO — Faw) £ Fw)
N—=00 ¢ _y=h,;:t,uct \/thf (u + h?") (_ lOg hn)
~lim sup Vi |Ba(ut ha) = Fa(u) = (F(u+ hy) — F(w)

=00 ye Juthn€J th(— log hn) / (u + h_n)

~ i sup Y Ufae) ~E(fu(@)]

n—o0zeJ, \/2(—log hy,) VI ()

J. is for an arbitrary € > 0 defined by J. = (a+¢€,b—€). We need such a small € because

we consider u + h,, in the third step of the calculation. For finite n, u or u + h,, (because
of h, > 0) do not have to lie in J, just because u + %” lies in J. On the other hand, €

may become arbitrarily small for lim,, ., h, = 0. ]

Surely, the naive kernel is not a suitable estimator for practice because f,(z) is not
continuous in general, even if the true density is continuous. Hence, Stute develops
results on more general kernels basing on the results on the empirical process. He does

this in several parts, at first he considers step functions like

K(y) = Z ai[[di,diﬂ)(y)
=1

for finite m, nonnegative real numbers a;,1 <7 < m and co < dy < dy < ... < dpps1-
For this, he achieves a convergence result that is similar to the result on the naive kernel

and is proved similarly:
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Corollary 3.6 With the assumptions (C1) and (C2), it holds P-almost sure for the

kernel of step functions

. nhy,  |falz) = E(fa(2))| S
lim su = K dz 2 dz 1 _dz .
ey J2—loghy)  f@) ;( ()} (i = i)

The next step is the extension on kernels with bounded variation; we make the

following assumptions:
(C3) K(y) = 0 outside of a bounded interval [r, s) with K(r) = 0.

(C4) F is Lipschitz-continuous on an interval J = (a,b),a < b, with Lipschitz-constant
M < o0, i.e.

F _
ey [F@-FO)
a,beJ,a#tb |CL - b|

Assumption (C4) is less strong than the assumption of the uniform continuity of f
because the uniform continuity of f implies the continuous differentiability of F. Stute’s

result is

Lemma 3.7 With the assumptions (B1), (C3) and (C4) for every e > 0

) nhy, _
hirisoljpﬂ “logh, S | fa(z) — E(fa(2))] = C,

where the constant C' < /M (s — r)V*(K) with the total variation V?(K) < oo.

Proof. We apply again the technique of the partial integration. At first, for a fixed
x € J., y must lie in the interval (z — sh,,, z —rh,| so that K (%) can be different from
0. In addition, for a fixed z € J. with the definition of the Lebesgue-Stieltjes integral:
[ g (L) = K(r) — K(s) = 0 and thus

)
z—shn hn

r—rhn T—y
F.(x —rhy,) — F(x —rhy)dK ; = 0.

—shn n

We need this to be able to work with the 3, later on. Similarly to Nadaraja’s proof it
holds for a fixed x € J.

o) =B = - [ () ar) - o [ 5 (52 arw)

L R E e —
= ) = P = =)~ Pl ()
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Now, F,,(y—) < F,(y) and the distance from y to 2 —rh,, in the interval (z — sh,,, x —rh,,]
is smaller than or equal to (s — r)h,. With the definition of the empirical process the

integrand (multiplied by 4/n) is smaller than or equal to

sup |Bn () = Bu(y)| = sup [ (F'(2)) = m(F(y))]

le—y|<(s—r)hn,x,yeJ le—y|<(s—r)hn,x,yeJ

Like in Theorem 3.5 we need a small € > 0 as a buffer for z so that x — sh,, and z — rh,,
have the "possibility” to be in J.
On J, |F(a) — F(b)| < Mla — b| and thus, the integrand is smaller than or equal to

wn(M(s —r)hy,). Summed up, we have the appreciation

Vg sup | fu(z) = E(fu(@)] < (ha) 2wa(M(s — 1)k, ) V(K.

J?EJ&

With (5), it follows that the expression

\/ TR e =iy S V(@) ~ B(fu(a)

is P-almost sure finite because of the properly scaled w,(M (s — r)h,) (even < V*(K)).
The theorem follows because of the fact that —log(M (s — r)h,,) and — log(h,,) have the

same limit behavior. O

Remarks The Borel-Cantelli lemma is used indirectly because it is used for proving the
results on the oscillation modulus.
The finiteness of the Lipschitz-constant of I’ is necessary for the finiteness of the limit

superior of the series. For this, it is sufficient that the density is bounded.

If F/ = f is uniformly continuous on J, we can calculate C' explicitely. The idea
lies in separating the kernel into the sum of two functions, where one function is a step

function. By combining Corollary 3.6 and Lemma 3.7 we achieve

Corollary 3.8 With the assumptions of (3.4) and (3.7) it holds P-almost sure

. nhy, ’fn( ) n / 2
1 K
A oo, P iy

3.2 Rates of convergence on R

From the statistical point of view, it is in general useful if the bandwidth not just

depends on n but also on the point x and especially from the data. We can see this in
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the expression for M SE(f,(x)) from Stute (1982):

MSE(fo(2)) := Var(fa(z)) + (Bias(fa(z)))?
:%/ZKQ(y)dymmi(f"( (zm/ 2Ky ) .

For larger f(x), h, should become larger, too, to reduce the M SE. There are different

approaches for a data-adaptive bandwidth, as Einmahl and Mason (2005) show. The
two authors do not look at a special method, but get general results about the almost
sure uniform convergence of the kernel density estimator if the bandwidth varies in a
small interval [a,, b,]. In this chapter, we consider like the authors the R? with the Borel
o-field B

Similarly to Definition 2.2, we say that the kernel density estimator

1 — - X,
Jnl@) = nh., ZlK <x B ]>
j= n

converges on R? almost surely uniformly to f with variable bandwidth h,, € [a,, b,] if

lim sup — sup |[fu(z) = f(z)] = lim sup |[fp = fllo =0

N0 g <hp <by, —00<T<00 =00 g, <hp<bp

with probabilty 1.
There are two possibilities to realize such a data-adaptive bandwidth in practice. The
first one is

lim P(a, < h, <b,) =1,

n—oo

i.e. the bandwidth lies at least asymptotically in the desired interval. This is not enough
for almost sure uniform convergence and only gives us uniform convergence in probability.
However, there have already been developed some techniques to get such a bandwidth,
e.g. with plug-in-estimators analyzed in Deheuvels and Mason (2004).

It is also possible that (at least for large n)

holds. Yet, this is probably difficult to realize in practice; just at the moment we do not
know any application.

The general result about consistency for variable bandwidth is a great effort. We point
out that the two authors simultaneously get a result about the (almost sure) rate of
convergence for the case a,, = h,, = b,, i.e. h,, is fixed. This is a special case. In contrast

to Stute, this result does not only hold for a bounded interval (a,b), but it is the same
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rate.

Einmahl und Mason also proved similar results. They need more special mathematical
techniques than Parzen, Nadaraja and Stute, e.g. from the field of topology and func-
tional analysis.

In the following, we consider a general family of kernels, i.e. for a fixed kernel K the set

ﬁ;:{K<x7'>:hn>o,xeRd}. (6)
hit

The research of Einmahl und Mason was only possible because of former research of
Talagrand who dealt with appreciations for the supremum of empirical processes. He
chose a more general approach than Stute. The latter just defined the empirical process
for the functions g;(-) = I(—ao(+), so that the process is a description of the distance
between the empirical and the theoretical distribution function. As in his article from

1994 shown, he considers a general function set & and considers the expression

|| |le := sup |an(g)]-
ge®

It is of interest to find appreciations for the expression

re(M) :=P(|lan|le = M/n).

This expression was described more precisely in different articles. Einmahl and Mason
use the general results to get results about a subset of K (if the bandwidth A lies in a
special interval).

The motivation in using Talagrand’s approach for results about kernel density estima-
tion lies in the fact that the kernel density estimator f,(x) is the (divided by n) sum
of suitably scaled kernels, applied to the random variables. The expected value of the
kernel applied on the random variables is E(f,(z)). Consequently, if we divide by n
||am||e for a general set of kernels &, we get with this inequality an appreciation for the
stochastic part of all kernels of this set. If for example the point z and the bandwidth
varies in a set of kernels, we get an appreciation for the supremum of all points and all
bandwidths. It is then possible to let the bandwidth vary, as Einmahl und Mason proof.
Comparably to Nadaraja und Stute, Talagrand and Einmahl/Mason make bounding
assumptions on the kernels. We consider a general set of functions & which only con-
tains measurable functions and which is uniformly bounded, i.e. 3G : R? — R with
00 > G(x) > sup,eqlg(e)| Vo € R In addition, sup,cg||glle < M < oo and
0% = Supyee Var(g(X)) < oo, ie., all variances are finite. Later, & is a subset of
R.

Now we define a random variable symmetrizing the g(X;):
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Definition 3.9 (Rademacher-variables) A Rademacher-variable is a discrete random
variable €; with P(e; = —1) = P(e; = 1) = 3.

We want to introduce a sequence ¢q,...,€, of independent Rademacher-variables
which are independent from the X1,..., X, and look at the expression
SUDgee | Doy €19(Xi)|- Tt is similar to |[a,||e; both processes are centered if we do not
use the absolute value. However, the advantage of the symmetrization is that we can
appreciate this process in a better way, as we seen soon.
It is important to assume the measurability of the expression sup,ce| > i, €9(X3)| so
that we can calculate the expected value from it. The pointwise measurability of & is
sufficient for this. Pointwise measurability means that we can find a countable subset
B, of & so that for each function g € & there exists a sequence of functions g, of &g
with

lim gn(z) = g(x) Vo € R%.

n—oo

This suffices because the supremum of a (countable) sequence of measurable functions is
measurable again. For the supremum of uncountable many functions, this is not true in
general. The former articles (Parzen, Nadaraja, Stute) did not consider these questions.
Talagrand shows a central theorem about the bound of the probability that ||a,||e
differs much from the expected value E(sup,cg | > i, €9(X;)|). We can consider this
as a generalization of Tchebychev’s inequality. ||a,||e is measurable if & is pointwise

measurable.

Lemma 3.10 (Talagrand) Let & be pointwise measurable with sup,cg||glls < M <
00, 0 = SUP,ce Var(g(X)) < oo and let Ay, Ay be some constants. Then we have for

each t > 0

P {@2‘%“” lamlle > Ay (E (zggl ;1 Gig(Xz')|> + t) }
A2t2 Aot

<9 - -— ]}

N {eXp< nU%)+eXp( M)}

Remarks The formal similarity to Tchebychev’s inequality lies in the fact that we get an

upper bound (in a generalized sense) for the probability that a random variable strongly
differs from its expected value. The rate of distance is given by the parameter ¢; the
upper bound is strongly monotonous decreasing in t. Tchebychev’s inequality also needs
that the second moment is finite.

Talagrand gets results about empirical processes of this kind based on similar results

about Gaussian processes. We will point out the coherence later.
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For the examination of almost sure uniform convergence, it is very useful to appreciate
E (supyee | > i €i9(X;)]) itself. This appreciation is deterministic and not stochastic.

However, we need more assumptions on the richness of the function set.

Lemma 3.11 (Bound for the expected value for general empirical processes) Let & be

a pointwise measurable set of bounded functions with the assumptions
1. 3G : R — R with G(x) > supyeq |g(x)| Vo € R
2. B((G(X))?) < 5
3. N(e,®&) < Ce for all 0 < e <1 (consider the remark after this theorem)
4. 05 = supyeq((9(X))?) < 0?
5. supyee llglloo < U

for constants C,v > 1,0 < 0 < B,00 < U < Coy/nB,Cy = (4/vlogCy)~1,Cy =

max(Cv,e). Let Cy = % and A a constant. Then we have:

E (sup ’ ieig(Xi)l) < A(\/Vnag log (%) + 2vU log (ang—Z) ).
0

9€6 5

Remark The third condition was not necessary for Talagrand’s inequality for the prob-
ability of the distance from the expected value, for the proof of this moment inequality
it is however necessary. It is a topological entropy-condition on the kernel set, i.e. is

may not be too rich.

Let Q be any probability measure on the measurable space (R?,B%). This measure

defines a measure integral which induces a metric to measure the distance of two functions

gi, gz, 1.€.

dq(g1,92) = (/Rd(gl — gg)QalQ)é .

The positive definiteness and the symmetry are evident, the triangle inequality follows
from Minkowski’s inequality which is proved with Hélder’s inequality (see Amann and
Escher (2001), page 116). Now, we can ask how to cover the kernel set with balls using

this metric.

Definition 3.12 (Balls) A ball around a function g with radius € > 0 is defined as

Be(g) = {g" : dq(g",9) < €}

and contains all functions that have a distance smaller than € to g.
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In R all functions g* with [, (¢9*)*dz = 1 have the distance 1 to the constant function
g(xz)=0.
Now, N(e,®,dg) is the minimal number of such balls with radius € that are needed to
cover &, i.e. the minimal number so that every function of & lies in at least one ball. If
& contains the zero function and in addition only kernels with our former assumptions,
for every € > 0 we have N(1 +€,®,dg) = 1 for all kernels are contained in the ball
around the zero function with radius 1 + e.
With the former defined G in our case N(e,®) is defined as the supremum of the
N(e dg(G,0),®,dg) of all probability measures () with 0 < dg(G,0) < oo, i.e.

N(e,®) :=sup N(e do(G,0),8,dg).
Q

Obviously, N (e, ®) is monotonously decreasing in e: The smaller the radii may be, the
more balls are needed. The condition from the moment inequality now says that the
necessary number of balls may increase polynomially but not exponentially. For example,
for the set § of all indicator functions I(_ ;4 we can say that N(e,F) < E%, see also van der
Vaart and Wellner (1996), page 129.

The conditions discussed in this chapter must just be true for some subsets of R, yet we
assume that they are true for the whole set K. For instance, the entropy condition is true
if K(z) = ¢(p(x)), where p is a polynomial in d dimensions and ¢ is a rightcontinous
function with bounded variation. For d = 1, the measurability condition is true whenever

K is rightcontinous. Because Q is dense in R, we can choose

Ry = {K (xh_ ) h, €Qt.x € @}

as a subset of K. For d = 1, these are the assumptions on the kernels that Nadaraja and

Stute need, too.

The conditions guarantee that the generalized empirical process «;, converges for n — oo
against the Brownian Bridge, a special Gaussian process. So, it behaves in a ”normal”
way and thus, the maximal expected value can be appreciated upwards. The fact that
many empirical processes converge against Gaussian processes is the reason for Tala-

grand’s motivation.

The authors Einmahl and Mason at first only consider the stochastic part, just like

Stute. We introduce the assumptions
(D1) K : RY — R, K € L®(R?) with Jra K(y)dy = 1.

(D2) f is bounded.

20



(D3) The assumption of the polynomial covering number holds for (6).

(D4) The pointwise measurability is satisfied for (6).

Theorem 3.13 (Almost sure uniform consistency with variable bandwidth) With (D1)
- (D4) we have for every ¢ > 0 P-almost sure

lim su su = K(c) < .
n—»oop cb%glzngl \/max(—log h,, loglog n) ©

Proof. We give a sketch of the proof. Let h, be called h and introduce two real sequences.
For j,k > 0 and ¢ > 0 define n, = 2% and h;; = ¢ 2! logm) ¢ ig fixed, j and k will vary

Nk

in the proof. Define in addition the kernel set which fulfills the conditions of chapter 5.2:

R = {K (xh_l ) thig <h < hjpx€ R} .

d

We get two appreciations upwards for the expected values of the square kernels. We

E<K2 (x;dX» :/RdK2 (xh_;s) f(s)ds
—h | K2(u)f (2= uht) du < BI| ]|l K

Rd

have

It is important that the density is bounded so that this bound can become small for

small h. Furthermore, we get for hj, < h < hjiip

d

x—X .
E(K( 1 ))smm(n?,hj+1,k>||f||oo||f<|r§

= min(FLQ,2||f||oo||K||§hj7k) =: min(FaQ,Dohj,k) =: 0]2-’,6.

Applying the moment inequality with the Rademacher variables, we appreciate the ex-

pression
ng
E ( sup (Z Ez‘g(Xz‘))>
9ER K =1

and get for large k

N 1
E| su €:.9(X; < D3y [nih;ilo
(. (o)) v

1
< Dg\/nkhj,k max <log D—hk’ log log nk) =: Dsa;
2743,

(7)
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with a constant D3 and Dy = %. The inequality is especially true if the sum begins

with ng_q.

On R ,we apply Talagrand’s inequality with M = x and
SUpgeg,, Var(g(X)) < supgeq, , E(9(X)?) = 05 < Dohji. For every t > 0 we have

A _
P{ max sup |an(g)] = Ai(Dsajr+1)} <2 (eXp ( i ) + exp < A2t)> '
K

NE—1SNENE ge Donkhj’k

With this, we appreciate the probability that the maximal distance between the esti-

mated density and the expected value of the kernel density estimator is large. For any

p > max(l,?ﬂjj—g) and k£ > 1 we define

pik(p) =P{ max sup |a,(g9)| > Ai(Ds+ p)ar}

ng—1<n<ng 9ER; 1

and can show for large k

_ A 2
pik(p) < 4(logny) Do’ .

For this appreciation the term loglogny in (7) is very useful.

Let I = max(j : hjr < 2). Obviously, I < ng = % because for j = ny the

sequence h; i goes to infinity. It follows:

l—1

4 l_ﬁ 2

Pelp) =Y pixlp) < 1Og2(10g”k) Do
=0

The series over Py(p) converges because the exponent of logny is strictly smaller than
—1 and logny has size k. This is essential for applying the Borel-Cantelli-Lemma.
For small k and n;_; < n < nj; we can show

A = max su > 2A,(Ds +
«(p) {”k—1<"<"k mghgl max(— log h, log log n) 1(Da p)}

) 7 I A
MRoLSRSIG clogng v/max(— log h, log log n)
ng — = )

> 2A1 (Dg -+ ,0)

lp—1

- U{ max  sup |an(g)| > Ai(Ds + p)aji}.
=0

ng—1<n<nyg 9ER; &

PP is a probability measure and so P(Ax(p)) < Pr(p). The series over the right expression
converges and so, the series over P(Ax(p) converges, too. The Borel-Cantelli-Lemma

now says that the probability of the limit superior of the set sequence Ag(p) is 0. With
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probability 1, only finitely many elements of the in Ag(p) formulated series of random
variables are larger than A;(Ds+ p); consequently the limit superior of the series is finite

with probability 1. The exact limit is unknown but it depends on c. O]

In the following, we consider a special series of intervals for h,, i.e. h, € [a,,b,] with

0<a, <b, <1. We assume

(D5) by — 0 for n — oo (this implies a, — 0) and {2 — oo.

The last condition is sufficient for the application of the theorem because then there is

logn
-

an € N for every ¢ > 0 so that h, > a, > ¢

Now,

nh,

v/max(—log hy, loglog n)

tends to oo for n — oo for every h, € [an,b,] and so, sup, <, <. ||fn — Efnllo tends to

0 almost surely. We introduce the assumptions
(D6) For z € R? define g () := supj, sy | K (y)| and let ¥x € L'(RY).
(D7) f is uniformly continuous on R

(D8) f is bounded on R%.

and get for the bias convergence

Theorem 3.14 With the assumptions (D6) - (D8) it holds P-almost sure

lim  sup ||[Ef, — f|loc = 0.

=00 gy, <hp <bn

Proof. Because of the continuity of f, sup, <4, <, ||Efn— f]|c is realized for every n € N
for some h,; (theorem about maximum and minimum with continous functions). The
series (hpj)nen is then still a zero sequence. Consider in the following Ef,, in dependence
of this series.

Let R > 0 arbitrary. Then we can say

||]Efn_f||oozsup |Efn_f| S sup |Efn_f|+ sup |Efn_f|

z€R4 |z|<R |z2|>R
S sup |Efn - f| + sup |Efn| + sup |f|
|z|<R |z|>R |z|>R
< sup [Ef, — f[+2 sup [f]
|z|<R |z|>R
= A, + B.
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The last inequality follows from [p, K(y)dy = 1.

Let € > 0 arbitrary. Choose R so large, that B < e. This is possible because f is a
uniformly continuous density. Choose n so large that A,, < e. For this, we use a theorem
of (Stein (1970), page 65) because {z € R?||z| < R} is a compact set and (hy,;)nen is a

Zero sequence. ]

Remark For the application of Stein’s theorem the assumptions on 1 and f are nec-
essary. The assumption on ¥ i says that the kernel may not have too heavy tails. We

have already noticed this phenomenon in Stute’s articles.

Summarized, it follows

Corollary 3.15 Let h,, € |ap,b,] with 0 < a, < b, < 1. With the assumptions (D5) -
(D8) we get P-almost sure

lim  sup ||fn — flleo = 0.

We consider the special case a,, = b, = h,,. In addition to the assumption % — 00

Stute’s three assumptions are true. With these assumptions —log h,, increases faster

than loglogn and so
max(— log h,,loglogn) = —log h,

for sufficiently large n. With this, Einmahl’s and Mason’s theorem gives a convergence

nhy,
—log hy,

is stronger because it is true for the whole R

rate of

. Except of the factor 2, this is Stute’s convergence rate but the result

In contrast to Stute however, they do not calculate an exact limit and only say that the
limit is finite.

Another approach to deal with variable bandwidth is described in Schéfer (1986) and
Weifibach (2006).

4 Summary

In this survey article we compared different proofs for consistency of kernel density esti-
mators and lay the focus on the almost sure convergence which is stronger than uniform
convergence in probability. We saw a clear historical development, many techniques for
the proofs were used frequently and former results were tightened in later articels.

Recurrent techniques are for example the lemma of Borel-Cantelli which is often useful for
theorems about almost sure convergence, the partial integration for Lebesgue-Stieltjes-

integrals and the theory of empirical processes. Especially here, we notice a development
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over the years. In 1982, Stute just uses the empirical distrubution function as a special
case of an empirical process; the approach of Einmahl and Mason in 2005 is more gen-
eral. With more complex mathematical techniques, they get stronger results. However,
reduced to the case of a fixed bandwidth, both authors get the same convergence rates
for the almost sure uniform convergence.

In general, the stochastic part of the error between f,, and f is a bigger problem than
the deterministic one. The authors focus on the stochastic part and treat the bias sec-
ondarily. For appreciating the stochastic part, i.e. for finding almost sure bounds of the
stochastic process, we especially need assumptions on the kernels; a recurrent assumption
is right continuity and bounded variation. Often, we also need boundedness of f. The
deterministic part needs assumptions on the smoothness of f, e.g. uniform continuity.
Surely, there is more research needed in the theory of consistency. An approach would be
the calculation of the precise constants in the consistency result of Einmahl and Mason.
Here are parallels to Stute: At first, he achieved a convergence result with a constant
not defined precisely (but finite) and later on, he calculated this constant in the case of
uniformly continuous f.

In addition it would be interesting to think about cases in which the data-adaptive band-
width lies almost sure in an interval [a,,b,] for sufficient large n. We have seen that
Einmahl’s and Mason’s strong consistency result could be used in practice only then.
With the described condition on the data-adaptive bandwidth that is less strong, the

consistency result is also useful, but maybe, there is potential for improvement.
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