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Abstract

This thesis studies the computational complexity of a multi-stage optimization prob-
lem with either penalized or bounded variation. The input of the problem is a se-
quence of instances (one for each time stage), and the task is to find a sequence of
solutions (one for each time stage) that achieves a tradeoff between the quality of
the solutions in each time stage and their similarity. The amount of change in the
sequence of solutions is quantified by the so-called variation which will be measured
time-wise, component-wise, or in total. The variation of the solution sequence is ei-
ther incorporated into the model by a penalty term or by imposing a hard upper
bound in the set of constraints. This gives rise to two related but not equivalent
multi-stage problems.

When only one binary decision can be made in each stage, the tractability of
the problems with either of the three types of variation will be settled by present-
ing respective compact extended LP-reformulations. A thorough polyhedral study of
the problem versions will yield complete, and usually exponentially large, descrip-
tions of the convex hull of feasible solutions in the original variable space and also
corresponding efficient separation algorithms.

For a higher-dimensional underlying combinatorial problem, the complexity of the
problem versions will turn out to depend on the type of variation and also on whether
this is penalized or bounded. Indeed, even for an underlying problem as trivial as
a SELECTION PROBLEM, one version will be strongly NP-hard, while others will be
tractable.

An oracle-based approach will shift the perspective from a complexity-theoretical
one to a rather information-related one in order to investigate the relative complex-
ity of the bounded and penalized problem version with respect to the underlying
combinatorial problem.
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Zusammenfassung

Diese Arbeit befasst sich mit der Komplexitdt eines multi-stage Optimierungspro-
blems unter entweder penalisierter oder beschrankter Variation. Das hier betrachtete
multi-stage Problem besteht aus einer Menge von Instanzen (jeweils eine pro Zeit-
schritt), fiir die es eine Folge von Losungen (ebenfalls eine pro Zeitschritt) zu finden
gilt. Dabei muss ein Kompromiss zwischen der Qualitét der Losungen in den jeweili-
gen Zeitschritten und ihrer Ahnlichkeit erreicht werden. Die Variation der Losungs-
folge bezeichnet hier ein Maf fiir die zwischen den Losungen auftretende Anderung.
Sie wird in dieser Arbeit zeitlich, komponentenweise oder insgesamt gemessen und
entweder gewichtet mit einem Strafterm in die Zielfunktion des Problems integriert
oder durch eine feste obere Schranke in den Nebenbedingungen begrenzt. Dies fithrt
zu zwei verwandten, aber nicht dquivalenten Modellen, wobei der Fokus meist auf
letzterer Variante liegt.

Darf in jedem Zeitschritt nur eine einzige bindre Entscheidung getroffen wer-
den, stellen sich alle Problemvarianten als effizient 16sbar heraus, etwa durch eine
kompakte erweiterte LP-Formulierung. Es erfolgt eine umfassende polyedrische Un-
tersuchung jeder der Problemvarianten. Diese liefert jeweils fiir jede der Varianten
eine vollstandige Beschreibung der konvexen Hiille im urspriinglichen Variablenraum
mittels linearer Ungleichungen. Da diese Beschreibungen hier meist exponentiell grofs
sind, werden ebenfalls entsprechende effiziente Separationsalgorithmen vorgestellt.

Bei einem hoherdimensionalen zugrundeliegenden kombinatorischen Optimie-
rungsproblem héngt die Komplexitét der Problemvarianten sowohl von der Art der
Variation ab, als auch davon, ob diese penalisiert oder beschrankt ist. Es stellt sich
heraus, dass selbst bei einer trivialen kombinatorischen Struktur, wie sie etwa durch
eine SELECTION-Bedinung gegeben ist, eine der Varianten stark N'P-schwer ist, wo-
hingegen andere Varianten polynomiell l6sbar sind.

Durch einen orakelbasierten Ansatz wandelt sich die komplexitdtstheoretische
Sichtweise zu einer eher informationsbezogenen, die darauf abzielt, die Komplexitét
der beschrinkten und penalisierten Problemvarianten relativ zum zugrundeliegenden
kombinatorischen Problem zu untersuchen.
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Chapter 1

Introduction

Adapt or pay the price for your negligence!

The world is ever-changing, therefore an optimization problem that models a
real life problem should take into account the dynamic behavior of the environment
it tries to capture. In classical combinatorial optimization, given an instance of the
problem, the task is to determine a feasible solution optimizing the objective function.
However, as the instance may change over time, a solution that is optimal today is
unlikely to still be optimal tomorrow. Consequently, the solution has to be adapted
as the input changes. The assumption that one may freely adapt the solution without
any limitation is unrealistic, since the blunt approach to simply find a new optimum
over and over again does not take into account the cost of changing the solution.
This leads to the field of multi-stage optimization problems, where the input is a
sequence of instances (one for each time stage), and the task is to find a sequence of
solutions (one for each time stage) that achieves a tradeoff between the quality of the
solutions in each time stage and their similarity. The model quantifies the amount
of change in the sequence of solutions, called the wvariation, and assumes that this
incurs some cost.

The cost of adapting a solution may be represented as penalty fee which is in-
tegrated into the objective function. For example, consider an instance of an as-
signment problem where the task is to compute a best assignment between actors
and roles in a theater play. It is assumed that the value of assigning a role to an
actor is known and depends on the actor’s experience, acting ability, or salary. In
the classical setting, this problem can be solved efficiently. Now, however, there is
the additional requirement that across all performances of the play, the actor-role
assignments should remain largely consistent, since changes in the assignments in-
cur a penalty fee that compensates the actors for the extra work required to learn
new lines. Furthermore, the value of actor-role assignments will change over time
due to an actor getting a pay raise or gaining more experience. In the corresponding
multi-stage model, the variation of all determined assignments is then quantified and



incorporated into the model as a penalty term which worsens the objective value of
the determined schedule.

The latter multi-stage model is well suited only for settings where it is possible to
compensate the variation in the solution by paying a penalty. However, there are also
applications in which the variation has a hard upper bound that may not be exceeded
under any circumstances. Here, the cost of the variation is instead a reduction of the
capacity for any further changes. For example, consider a set of valves in a gas
network where the task for each time stage is to determine the optimal set of valves
which are open, while the others remain closed. Now, due to legal regulations, safety
reasons, or just to avoid the wear and tear of the involved machinery, it is prohibited
to have too many changes in the selection of the open and closed valves over time. The
corresponding multi-stage model differs from the previous penalty model in the sense
that the variation is now limited by a hard upper bound in the set of constraints, but
it does not affect the objective value directly. In this second multi-stage model with
bounded variation, it is particularly important how the variation is quantified. There
exist several possibilities for the measurement of the variation, for example: time-wise
variation, where the amount of change is measured separately between each pair of
consecutive time stages, switch-wise variation, where the amount of change in each
component of a solution is measured individually over all time stages, and, finally,
total variation, which measures the total change over all components and all time
stages.

This thesis is set out to study the computational complexity of the penalty multi-
stage problem and the multi-stage problem with bounded variation for the latter
three types of variation. To that end, it will begin with the study of the special
case where only one binary decision is taken at each stage. In the context of the
previous example, this will correspond to the setting in which there is only one
valve, or switch, that needs to be controlled. This special case will be studied in
detail, even beyond the question of complexity, by focusing on the investigation of
the problem’s polyhedral structure. Subsequently, this thesis continues to study a
particular underlying problem with higher dimension, more precisely, a SELECTION
PROBLEM. In the valve-example from before, this corresponds to a constraint that
restricts number of open valves at each stage. Here, the focus will lie on determining
the computational complexity of the respective problem versions. As it will turn out,
the complexity will strongly depend on the type of variation and also whether this is
penalized or bounded. Finally, the multi-stage problem with bounded variation will
be generalized one step further, in fact, the perspective will shift from a complexity-
theoretical one rather an information-oriented one, which pursues an oracle-based
approach.

A formal introduction will be given in the following chapter. It will also provide an
overview of the state of the art, the contribution of this thesis, as well as a summary
of the fundamental concepts needed for its understanding.



Chapter 2

Preliminaries and Related Work

This chapter is dedicated to the presentation of the problems which will be studied
in the course of this thesis. It will provide an overview of the structure of this the-
sis, summarize its most important findings, and present the concepts needed in the

following chapters.

Given a classical linear combinatorial optimization problem

max ¢ x
(LO)
st. xeX C{0,1}",

the task is to determine a feasible solution which maximizes the objective value. The
problem parameters, here the objective ¢ € R™ and the feasible set X, can be con-
sidered a snapshot of the environment made at some (discrete) time point. Multiple
such snapshots over a discrete time horizon {0,1,...,7} produce T + 1 underlying
problems (LO) with the corresponding data X; C {0,1}" and ¢; € R" fort =0, ..., T
Clearly, all of these problems can be solved independently of one another. The dis-
advantage of this setting, however, is that a sequence of feasible solutions x; € X4,
t =0,...,T, may fluctuate significantly. A high fluctuation in the sequence may be
especially undesirable as it can be very expensive (e.g., incurring personnel cost) or
even forbidden (e.g., wear-down of material, safety reasons, government regulations).

Thus, this thesis introduces an additional stability requirement for the solutions
by taking into account their variation, given by a function Var : ><th0 X; — R,
Imagine the discrete time horizon {0, ..., 7'} to be arranged on a horizontal line, and
the vectors x; € X; as n-dimensional column vectors. Then, the structure of the
problem can be sketched as depicted in Figure 2.1 below.
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Figure 2.1: Sketch of the structure of Problem (BND)

As the variation establishes a horizontal relationship among the solutions, it is
no longer possible to consider the underlying problem separately for each stage.
The stage-wise feasibility with respect to the combinatorial structure is considered a
vertical constraint. The aim of this thesis is to study this dynamic problem regarding
its complexity, more precisely, regarding the question whether the consideration of
the variation causes an increase in complexity.

Of course, this depends on the variation function itself, but also on how this is
incorporated into the temporal setting. This thesis will study two possibilities in
which the variation is taken into account. In the first variant, a positive variation

incurs a penalty A € RL, in the objective function.

n T
max Z Z cgl)xgl) — X Var(z)
(P) i=1 t=0

st. x e Xy C{0,1}" t=0,..T.

In the second variant, the variation may not exceed some given bound S € NZ,.
Thus, the variation is located in the set of constraints:

st. Var(z) < S

.%'tGth{O,l}n t=20,..1T.

Notation 2.0.1. A single variable xgi) in either of the above models refers to the

respective stage via the subscript ¢ € {0,...,7}. The superscript (i) refers to the
i-th component of ;. Just as z; represents the vector (x,gl), ...,xﬁ”))T € R", the

vector () without subscript refers to (a:g), ...,azg,f)) € RT*!. The same notation is



used for the objective coefficients ¢ and for future variables in the space R?*(T+1).

Throughout this thesis, the n-dimensional vector consisting of ones is denoted by 1,,.
The n-dimensional zero vector is denoted by O,,.

For each component i = 1, ..., n, the (horizontal) vector () = (:céi), . :Ugf)) can be

considered a binary incidence vector of a control switch that is either active (azgl) =1)

or incative (acgz) =0

) at a stage t. Then, the dynamic problem with variation consists
of n parallel, horizontal switches that are connected vertically via the membership
in X; for each stage t. The set X; can, for example, ensure that certain subsets of
switches are not active at the same time, or restrict the total number of switches
which are active at each stage. For a better intuition, the term switch will often
be used interchangeably with the term component in the course of this thesis. In
particular, this allows for an intuitive definition for an activation and deactivation

of a switch:

Notation 2.0.2. If ;vgl = 0 and xii) = 1, then the switch i € {1,...,n} is acti-
vated at stage t € {1,...,T}. Analogously, if xgl_)l =1 and a;gz) = 0, the switch i is

deactivated at stage t.

It remains to present the three types of variation studied in this thesis. The term
time-wise variation is associated with the following variation function:

T n
Varg, : X Xi — Rgo, Vary, (), == Z \xi?l - x51)| t=1,...,T.
t=0 i=1

The term switch-wise variation is associated with the variation function

T T
Varg, : X X; — R, Varg, (z); = Z ]ajgl_)l - xgl)\ i=1,..,n,
=0 t=1

and, finally, the term total variation is associated with function

T n T
Varg, : X Xt — R>o, Vary, (z) := Z Z |x§z_)1 - x,@] .
t=0 i=1 t=1

Example 2.0.1. For the binary elements depicted below, some exemplary values of
the three different variation types are given. Each variation type is indicated by an
individual color.
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This thesis is set out to settle the computational (time-)complexity of the two
problems (BND) and (P) considering the three presented types of variation.

The theory of computational time-complexity can be considered the foun-
dation of discrete and, in particular, combinatorial optimization. Thus, the reader
is assumed to be familiar with the overall concept, and the following surface-level
description of the theory is restricted to the most important ideas with the aim to
strike a compromise between formality and intuition. For an extensive and detailed
introduction into the field, the reader is referred to [GJ90] or [AH74].

It is quite obvious that a combinatorial optimization problem can be solved in
finite time by enumeration of all feasible solutions. It is just as obvious that this is
generally not a good approach as the number of feasible solutions may be very large.
This is what gave rise to the field of computational time-complexity which can be
described as the study of problems regarding their difficulty, i.e., the time (and space)
that is required to solve them. Since the work of Cook and Karp in the 1970s, the
efficiently solvable problems are distinguished from the so-called N'P-complete (or
NP-hard) problems. This distinction is based on the time that is required to solve a
given problem regarding its size. The latter depends on the encoding of the problem
which is realized by a languange: Let ¥ be a finite set (e.g., ¥ = {0,1}), then ¥ is
called an alphabet and its elements are called letters. An ordered finite sequence of
letters from . is called a word and X* is defined as the collection of all words from
the alphabet X. A subset of ¥* is called language and the size or encoding length of
a word z is the number of its letters, denoted by size(z).

A decision problem P = (X,Y") consists of a language X containing the encoded
instances (or input) of the problem, and a subset ¥ C X which contains the so-
called yes-instances. The set X \ Y is called the set of no-instances. For a given
instance x € X, the task of the decision problem P = (X,Y") is to determine whether
this is a yes-instance, i.e., x € Y.

A decision or (discrete) optimization problem can be decided/solved by handing
it to an algorithm. The concept of an algorithm as a list of instructions is formalized
by Turing-machines. For a detailed description of the latter, the reader is referred
to |[GJ90]. For this thesis, it suffices to think of a Turing-machine as a tool which,
given a word (over some alphabet), performs a finite number of certain steps and



finally stops with some output word (over the same alphabet). An algorithm is said
to decide a decision problem P = (X,Y) if for any instance x € X, it stops with the
correct yes/no-answer to the question whether x belongs to Y. It is said to compute
the function f : X — X’ for two languages X, X’ over the same alphabet if for any
word z € X, the output is 2’ = f(x) € X’. Accordingly, an (exact) algorithm solves
an optimization problem if it computes the function mapping x to the optimum
solution of a given instance z € X.

Mathematically, the running time of an algorithm .4 deciding/solving a deci-
sion/optimization problem with the input z is defined as the number of steps that
are performed by a Turing-machine realizing this algorithm before stopping. An al-
gorithm is called polynomial-time, or efficient, if there exists a polynomial p such
that the running time of A is bounded by p(size(x)) for any input x.

The complexity class P contains all decision/optimization problems that can be
solved efficiently. Another important complexity class is NP, where the crucial part
is that it is not required to solve a given decision problem P = (X,Y’) in polynomial
time. Instead, it is demanded that given an instance x € X and a certificate, i.e., a
proof that x € Y, the latter can be verified in polynomial time. As every problem in P
can be solved in polynomial time, clearly no certificate is needed. Thus, P C NP
follows. Currently, it is still unknown whether this inclusion is strict, or whether
actually P = N'P. The general belief, however, is P # NP.

The core notion of complexity theory is the polynomial reducibility of problems. A
decision /optimization problem P is called polynomially reducible to a decision/opti-
mization problem P’ if there exists an algorithm A that decides/solves P in polyno-
mial time, given an oracle for the problem P’. An oracle for a decision/optimization
problem is considered a black box subroutine which, for any instance of the prob-
lem, returns the correct answer/optimal solution in constant time. The reducibility

of problems then implies:

1. If a decision/optimization problem P’ is polynomially solvable, and another
decision /optimization problem P polynomially reduces to P’, then also P is
polynomially solvable.

2. If a decision problem P’ belongs to NP, and a decision problem P polynomially
reduces to P’, then also P belongs to N'P.

A decision /optimization problem is called N"P-hard if every problem in NP poly-
nomially reduces to it. A (decision) problem that is both N"P-hard and also in NP is
called N"P-complete. Note that N/P-completeness only applies to decision problems,
and not to optimization problems, as the membership in NP is only well-defined
for the former. A decision problem P = (X,Y) is called strongly N'P-complete if it
remains N P-complete, even when restricted to instances x € X where the largest
numerical number is bounded by a polynomial in the encoding length of x. Observe
that these definitions imply



1. If any N"P-complete or N/P-hard problem is proven to be polynomially solvable,
its A'P-hardness implies that all problems in NP are, and hence, P = NP.

2. If P is N'P-complete and reducible to problem P’ € NP, then also P’ is
NP-complete.

3. If P is N"P-hard and reducible to problem P’, then also P’ is N'P-hard.

The remainder of this chapter summarizes the contents of this thesis and presents
the necessary concepts and theoretical foundations relevant to the following three
main chapters.

2.1 Related Literature, Contribution, and Foundations
for Chapter 3

Chapter 3 is concerned with the problems (BND) and (P) in the special case in which
there is only a single switch, i.e., n = 1, so that the consideration of vertical con-
straints is not really sensible. The aim is to settle the complexity of both problems for
the different types of variation, with a particular interest in the polyhedral structures
of their convex hulls. As the penalized problem and the time-wise problem are dealt
with quite fast, the vast majority of Chapter 3 is dedicated to the problem (BND)
with switch-wise variation, with a focus on obtaining a description of the convex hull
of the feasible set by linear inequalities.

In the literature, there is not much to be found on the latter topic. This is
surprising, considering that many optimization problems arising in practical appli-
cations can be modeled as combinatorial optimization problems over such a binary
sequence. A typical example is the unit commitment problem, where the optimal
scheduling of on/off-decisions for a set of generating units, or switches, over a dis-
crete time horizon has to be determined. This problem has been studied intensely,
see, e.g., [IMS14]| for a survey. In fact, it has been studied both from an algorithmic
and a polyhedral perspective, and for different types of constraints on the scheduling
of the units (or switches), or rather, different constraints on the binary incidence
vectors corresponding to a unit. For example, Lee, Leung, and Margot [LLMO04]| and
Rajan and Takriti [RT05| consider a single-unit setting and so-called min-up/min-
down constraints, which bound from below the minimal time span that a unit has
to stay on (off) after being deactivated. They fully characterize the corresponding
polytope by well-structured linear inequalities and present a linear-time separation
algorithm [LLMO4]. Bendotti, Fouilhoux, and Rottner [BFR18| analyze polyhedral
aspects for the unit commitment problem with min-up/min-down constraints for
multiple units, they provide valid inequalities and devise an efficient Branch-and-
Cut algorithm. Another polyhedral study of the unit commitment problem is given



by Damci-Kurt, Kiigiikkyavuz, Rajan, and Atamturk [DKKRA16|. The authors fo-
cus on ramping constraints, which model the maximum change in production level
from one time period to the next, as well as production limits and the polyhe-
dral properties of the resulting mixed-integer problem. The convex hull of feasible
solutions for the two-period case is completely described and several classes of facet-
defining inequalities for the general ramp-up/ramp-down polytope are derived. The
polyhedral investigation of the unit commitment problem is extended by Pan and
Guan [PG16]; they investigate the polytope defined simultaneously by min-up/min-
down constraints and ramping constraints. The authors completely describe the con-
vex hull of feasible solutions for the two-and three-period case. For the multiple
period case, they derive strong facet-inducing inequalities, which can be separated
in polynomial time. In [PG17], the same authors continue their polyhedral study of
this problem, in particular, they prove convex hull descriptions for two special cases
with an arbitrary number of time periods.

Despite this extensive study of different constraints in the unit commitment con-
text, there does not seem to exist a polyhedral investigation for the class of constraints
where the overall number of changes in the binary sequence is bounded, as is the
case in (BND) with (switch-wise) variation. This is especially surprising, considering
the simplicity of this variation constraint. Indeed, the lack of research can neither be
explained by this constraint being too artificial nor too far-fetched. In fact, this type
of constraint naturally arises in many applications in which fluctuations in binary
sequences are expensive. An example is the discretization of binary optimal control
problems subject to a bounded total variation; see, e.g., [BGM22a, SZ21|. Here, the
binary string encodes a dynamic control variable that is permitted to change its state
a limited number of times within the considered time horizon. Bounded variation is
a particularly relevant constraint in the context of optimal control, as most standard
approaches tend to produce solutions with high fluctuation. This is due to the fact
that these approaches start from an optimal solution of the continuous relaxation
and then try to approximate this solution by a binary sequence in a second phase.
From a practical perspective, such a chattering behavior is highly undesirable. Using
finite-dimensional projections, the approach presented in [BGM22a| instead obtains
an outer description of a tailored convex relaxation of some parabolic optimal control
problem by exploiting the outer descriptions described here in Chapter 3. More pre-
cisely, the approach in [BGM22a| uses valid inequalities that are obtained by lifting
violated cutting planes for the finite-dimensional projections. In the case of bounded
total variation, these finite-dimensional projections turn out to be exactly the poly-
topes considered in this thesis. The approach devised in [BGM22a] thus relies on
the polyhedral description and the separation algorithm in Chapter 3, and uses the
latter as a subroutine. However, the results of Chapter 3 can also be applied directly
when the time horizon is discretized from the beginning, as it is often the case in
unit commitment problems.



The Contribution of Chapter 3 is an extensive study of the polyhedral prop-
erties of the convex hulls of (P) and (BND).

The first section will deal with the penalized problem (P). By an equivalent re-
formulation of (P) as an ILP with auxiliary variables indicating the activations and
deactivations of the switch, the problem will reduce to a compact linear program
due to total unimodularity reasons. The continuous relaxation will then be projected
onto the original variable space by Fourier-Motzkin elimination of the activation and
deactivation variables. The result of the projection will be a description by an expo-
nential number of linear inequalities, for which a simple efficient separation technique
will be devised. Part of these results were published in [BH22, BH23|. More precisely,
[BH22]| only claimed the polynomial solvability of (P) via linear programming and
the result of its projection. The proof of the reduction to an LP was later published
in [BH23|. As neither of these publications considered time-wise variation, the cor-
responding results for the penalized problem are new to this thesis, the same holds
for the details of the proofs omitted in the publications.

The second section of Chapter 3 studies the problem (BND) with a bound on
the time-wise variation. Here, the problem will be shown to reduce to an uncon-
strained binary optimization problem, which will prove its tractability. Furthermore,
the continuous relaxation of its intuitive ILP formulation will yield a description of
the feasible set by a polynomial number of linear inequalities. The results of this
section are new and have not been published yet.

The third and main section of Chapter 3 will study the problem (BND) with a
bound on switch-wise or total variation, which are equivalent if there is only one
switch. This section will include a complete polyhedral study of the problem (BND),
starting with the presentation of compact extended formulations that may be contin-
uously relaxed. These models will again be obtained by the introduction of activation
and deactivation variables. A shortened and less general study of the extended mod-
els was published in [BH23|. In particular, this paper was restricted to extended
models with the additional constraint that the switch be inactive, i.e., fixed to zero
in the first stage. In this thesis, an extended model for the general problem without
fixation in the beginning will be given and its continuous relaxation will be proven
to be integral. Furthermore, it will present a complete description of the convex hull
of feasible solutions in the original variable space, using an exponential number of
linear inequalities. The proof of completeness will be given by the description of
a primal-dual merging algorithm, the primal part of which will yield a polynomial
algorithm that can be implemented to run in O(nlogn) time. Moreover, the linear
inequality description will be proven to be facet-inducing, and the corresponding
separation problem will turn out to be efficiently solvable (in time O(n)). The fast
separation was an important ingredient in the approach presented in [BGM22b|, and
was confirmed by the computational experiments presented therein. In their core,
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the latter results have been published in [BH22, BH23|. This thesis reproduces the
proofs in more detail and with additional explanations and examples.

The Foundations of Chapter 3 are described in the following. Unless stated
otherwise, they are based on [KV02, NW8g|.

The first concept to be explained is the notion of an extended model. For more
details and some examples of extended models for classical combinatorial problems,
the reader is referred to the survey [CCZ10|. Following the terminology in this, a
perfect formulation refers to a description of the convex hull of an integer set by linear
inequalities. The interest in perfect formulations is obvious: they allow to reduce the
optimization of a linear function over an integer set to linear programming. Often
times, the number of linear constraints needed in a perfect formulation is exponential
in the input of the problem. Adding a polynomial number of new variables to a
perfect formulation sometimes results in an equivalent formulation that needs only
polynomially many linear constraints in this extended variable space. Such a model
is called a compact extended formulation.

The integer extended formulations in Chapter 3 will be obtained by introduc-
ing additional auxiliary variables indicating the activations and deactivations of the
switch. The advantage of these extended models is the fact that their integrality
constraints can actually be relaxed, so that each extended model can be reduced to
linear programming. Most of the time, the integrality of such a continuous relaxation
will follow due to the total unimodularity of its constraint matrix.

Definition 2.1.1. A matrix A € {—1,0,1}™*" is totally unimodular if each minor
of Ais —1, 0, or 1.

Note that by this definition, it is obvious that appending (negated) unit vectors as
rows (or columns) to a totally unimodular matrix yields a totally unimodular matrix
again. The same holds for appending (negated) duplicates of rows (or columns) to
the matrix again. Total unimodularity is a property that under certain assumptions
implies the equivalency between an integer problem and its continuous relaxation,
as was shown by Hoffman and Kruskal.

Theorem 2.1.1. (|[HK56]) An integral matrix A € Z™*™ is totally unimodular if
and only if the polyhedron {z € Z": Az < b,z > 0} is integral for each integer
vector b € Z™.

This thesis will repeatedly use the direction '=-’ to derive the integrality of polyhe-
dra. Proving that a matrix is totally unimodular via its minors is usually impractical,
hence the following characterization, attributed to Ghouila-Houri, is preferred here.
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Theorem 2.1.2. ([GH62|) An integral matrix A = (a;;) € Z™*™ is totally unimod-
ular if and only if for every subset R C {1,...,m}, there is a partition R = R; U Ry,
R1 N Ry = () such that

Z A5 — Z ajj € {—1,0, 1} forall j=1,...,n.

1€ER 1€ER>

By this criterion, the total unimodularity of a matrix with the following charac-
teristic is easily recognized.

Lemma 2.1.1. Let A € {—1,0,1}"*" be a matrix where each column contains at
most one entry equal to 1 and at most one entry equal to —1. Then, A is totally
unimodular by Ghouila-Houri’s criterion with Ry = {1,...,m} and Rs = 0.

Many combinatorial structures can be modeled with a totally unimodular con-
straint matrix. For example, the incidence matrix of an undirected graph G is totally
unimodular if and only if G is bipartite. Also, the incidence matrix of a digraph is
totally unimodular.

For all but one extended model in Chapter 3, the integrality of the corresponding
continuous relaxation can be derived from the total unimodularity of the constraint
matrix. For the one exception, the integrality of the resulting relaxation is shown
directly, i.e., by proving that each vertex of the relaxation is integral. Recall that a
vertex of a polyhedron P = {x € R": Az < b} is a face of dimension zero, where a
face is defined as either the polyhedron P itself or its intersection with a supporting
hyperplane of P. Further recall that the dimension of a set X is k if the maximum
number of affinely independent points that it contains is given by k+1. An alternative
characterizations of a vertex of a polyhedron is given below.

Definition 2.1.2. Let P = {z € R": Az < b} be a polyhedron and =z € P. The
following statements are equivalent:

1. x € R" is a vertex of P.

2. There exists a vector ¢ such that ¢ := max{c'z: x € P} is finite and x is the
unique optimal solution.

3. There do not exist 7,2~ € P, T # 2~ such that z = %1;4‘ + %:v_.

Due to the fact that all continuous relaxations of extended models in Chap-
ter 3 will be both integral and compact, they will yield equivalent compact LP-
reformulations and thus imply the tractability of the corresponding problems. The
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aim of Chapter 3, however, will be to investigate the problems from a polyhedral
perspective. In particular, the aim is to find a perfect formulation in the original
variable space, i.e., a description of the convex hull of the integer feasible set by
linear inequalities. A perfect formulation can, for example, be obtained by project-
ing the polyhedron of the extended model onto the original variable space, e.g., by
Fourier-Motzkin elimination of the auxiliary variables. The method was first pro-
posed by Fourier [Fou26| in 1826 and later re-discovered by Motzkin in 1936. The
following description is based on Section 2.8 in [BT97|, where further details can be
found. The key to the method is the concept of a projection, defined as follows:

Definition 2.1.3. If z = (21, ..., x,) is a vector in R™ and k < n, then the projection
mapping 7, : R” — R¥ projects x onto its first k coordinates:

Te(x) = (21, ooy Tn) = (21, .0, Xg) -
The projection I (S) of a set S C R™ is defined via

IIx(S) = {(z1, ..., k) : there exist Tg41,..., T s.t. (X1,...,2,) € S}
= m(9) .

In each iteration of the method, one variable is eliminated by performing certain
row operations on a system of linear inequalities, similar to the Gauss method to
solve systems of linear equations. The result is a polyhedron in a lower dimensional
space. An iteration of the method is described in the following.

Let a polyhedron P be given via linear inequality constraints of the
form Z?:l a;jrj < b; for i = 1,...,m. The aim is to eliminate the variable x,, and to
construct the projection II,_;(P). The inequalities can be assumed to be given by

_T- .
i T+ apmr, <b; 1=1,...m,

where a;; € {—1,0,1}, a; = (@ity ooy @in—1)R® L and 7 := (21,...,2,_1) € R* L.
Otherwise, divide the i-th inequality by |a,| if @i, # 0. Then, the set of rows is
partitioned as follows, depending on the coefficients of a;y,:

It ={ie{l,...,n}: apm >0},

I"={ie{l,...,n}: a;, <0},

I°={ic{l,...,n}: aym =0} .
Finally, define the polyhedron @ in R®~! by the following set of constraints:

(@;+a;) z<b;+b; forallicI™ jel”
ajz<b; foralljel’
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This polyhedron @) constructed by the Fourier-Motzkin elimination of x,, is equal to
the projection II,_1(P) of P.

The disadvantage of Fourier-Motzkin elimination and the reason for which it is
not commonly used, is the fact that it can output a polyhedron described by a very
large number of constraints. In fact, this number can become exponentially large, as
shown by an example in Section 12.2 of [Sch86]. Of course, a considerable number
of the linear constraints obtained by the projection can be redundant, but they are
not easily identified. This motivates the following question:

Given a polyhedron P = {x € R": Az < b}, which of the inequalities are actually
necessary in the description of P and which can be removed?

This leads the study of a polyhedron regarding its facets. Recall that a facet F' of P
is a face with dim(F') = dim(P) — 1.

Proposition 2.1.1. Let a polyhedron P be described by a system of linear inequali-
ties. For each facet of P, there exists an inequality in the system that induces it, and
this must be included in a description of P. Furthermore, if an inequality induces a
face of P of dimension less than dim(P) — 1, it is redundant to the description of P.

In fact, the linear inequalities necessary to describe a polyhedron are always the
same, regardless of its initial inequality description.

Theorem 2.1.3. A full dimensional polyhedron P has a unique (up to scalar multi-
plication) minimal representation by a finite set of linear inequalities. In particular,
for each facet F; of P, wherei = 1,...,k, let (a*) "z < b; be an inequality inducing F;.
Then, a minimal description of P is given by

{x ER™: (a))Tx <b; for i=1, ,k;} .

In Chapter 3, the above results concerning facets will be used to show that the
previously derived perfect formulations are in fact minimal, as each of their linear
inequalities will turn out to be facet-inducing. However, these minimal perfect for-
mulations will generally still require an exponential number of inequalities.

While an exponential number of inequalities in the description of a polyhedron is
not desirable, it does not automatically have to cause any trouble. In fact, under a
certain assumption, the linear optimization over such polyhedron is still guaranteed
to work efficiently. Recall that the ellipsoid method is well-known to solve linear
programs in polynomial time. However, given an LP with exponentially many con-
straints, the ellipsoid method runs into the problem that the feasibility of a point for
the LP cannot be be decided efficiently by the usual method of substitution. This
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can be overcome by using an alternative way to check the feasibility, e.g., by using
an efficient subroutine that implicitly checks the feasibility and returns a violated
inequality when the considered element is infeasible.

This motivates the study of the separation problem, here regarding a polyhedron.

Problem 2.1.1. SEPARATION PROBLEM (|GLS93|, Definition 2.1.4)

Input: A vector y € Q", a polyhedron P C R"
Task: Decide whether y € P, and if not, find a hyperplane that separates y
from P, i.e., find a vector ¢ € Q" such that ¢’y > max{c'z: 2 € P}

The following theorem is a fundamental complexity result. It states that the (lin-
ear) optimization problem and the separation problem for a polyhedron are equiva-
lent with respect to polynomial time solvability.

Theorem 2.1.4. (|JGLS93|, Theorem 6.4.9)
For a polyhedron P, the linear optimization problem over P polynomially reduces
to the separation problem for P, and vice versa.

In Chapter 3, an efficient separation algorithm for each of the exponentially large
perfect formulations will be devised. Due to the above equivalency, this efficient
separation algorithm will also imply the tractability of the corresponding linear op-
timization problem.

This concludes the presentation of fundamental concepts for Chapter 3.

2.2 Related Literature, Contribution, and Foundations
for Chapter 4

In Chapter 4, the setting of multiple switches, i.e., n > 1, is investigated. The aim
of the chapter is to study the computational complexity of the two problems (BND)
and (P) for the different types of variation. It will partly consider the trivial combi-
natorial structure which consists of the entire binary space X; := {0, 1} for each ¢,
but the focus will lie on the structure X; := {xt ef{o,1}m: >, xii) = Kt}
with K; € Nx¢ for all ¢. The chapter will be driven by the question about the
complexity of each of the problem versions with either of these two combinatorial
structures as a vertical constraint.

In the literature, the closest related field is multi-stage optimization. Here, the

input is given by a combinatorial optimization problem and a sequence of objective
functions, where each of the latter corresponds to one time step. If the solution
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of the underlying combinatorial problem changes over time, additional costs arise
in the objective function, or alternatively, a reward is collected if the solutions do
not change. The inclusion of such rewards or penalties often renders a multi-stage
problem NP-hard, even if the underlying combinatorial problem is tractable. For
example, the multi-stage version of SPANNING TREE is N'P-hard [GTW14| and
the multi-stage version of BIPARTITE PERFECT MATCHING is n!~®-inapproximable
even for only two stages, unless P = NP [BELP18|. Bampis et al. [BET22| study the
multi-stage version of KNAPSACK. They present a PTAS and prove that an FPTAS
cannot exist, unless P = NP, even for only two stages and uniform transition costs
or rewards. The authors claim to have found the first approximation scheme for a
combinatorial multi-stage problem so far, contrasting the inapproximability results
for other combinatorial problems from the literature. Furthermore, they prove the
problem to be pseudo-polynomial for a fixed number of stages but strongly A/P-hard
in the general case, even for uniform transition costs or rewards.

There also exists literature on multi-stage problems which does not consider
penalties or rewards, but instead hard constraints on the variation. Fluschnik et
al. [FNRZ22] study a multi-stage variant of VERTEX COVER with a restriction of
time-wise variation. The input is a temporal graph in which the set of nodes remains
the same, but the set of edges may change over time. The task is to decide whether
there exists a vertex cover with at most k vertices for each stage, while ensuring
that the symmetric difference of two vertex covers of consecutive stages does not
exceed a given bound. The authors show that their problem variant remains N P-
hard even if the graph of each stage has only one edge. Further, they present some
fixed-parameter tractability results for the problem parameterized by the bound on
the symmetric difference.

Another related research area involves reconfiguration problems, which are based
on combinatorial or graph-theoretical problems. Given two solutions R, ) to the
underlying problem, the respective reconfiguration problem then asks whether there
exists a sequence of feasible solutions R = s, s1, ..., s7 = Q that sequentially trans-
forms R into @) under the constraint that solution s;1; can be obtained from s; by
certain reconfiguration operations. As an example, Lokshtanov and Mouawad [LM17]
study STABLE SET RECONFIGURATION. Among others, they consider the variant
where each s; must be a stable set of size at least k in a bipartite graph and only
a single vertex per step may be added or removed; the resulting decision problem is
NP-complete. This can be interpreted as a very restricted case of the problem (BND)
with time-wise variation studied in this thesis, with no more than one change per
time-step and an objective function that is only used to fix the first and last solution.
Note that the corresponding reconfiguration problem for SELECTION is trivial.

Lendl et al. [LPT22| consider a generalization of a multi-stage problem where
feasible solutions are bases of an arbitrary matroid; however, their study is restricted
to very few stages. More precisely, they consider two stages and a time-wise variation
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that is bounded from below or above, or must be matched exactly, and prove that
all three variants are tractable. They briefly discuss an extension to more than two
stages and show that their extension to a constraint that bounds the cardinality of
the intersection of all solutions is polynomially solvable for an upper bound only,
while the other two versions become NP-hard.

The Contribution of Chapter 4 is an extensive study of the complexity of (P)
and (BND) for the three types of variation where the combinatorial structure corre-
sponds to the feasible set of a SELECTION PROBLEM.

The first section of the chapter will deal with the penalty problem. It will begin
with the presentation of an ILP model for the problem (P) without a combinatorial
constraint and prove that its continuous relaxation is integral. It will turn out that the
incorporation of the selection constraint into the model will not destroy its integrality,
proving the problem’s tractability by means of linear programming.

Subsequently, the complexity of the bounded problem (BND) is studied for a
vertical selection constraint. It will turn out that the problem’s complexity strongly
depends on which type of variation is considered. Indeed, while the problem with
time-wise variation will turn out to be tractable by a reduction to a min cost flow
problem, the problem (BND) with switch-wise variation will prove to be strongly
N'P-hard, even in a very restricted setting. However, the special cases with an upper
bound on the variation that is uniformly equal to one, or a constant number of stages,
will be tractable.

The problem (BND) with total variation and an additional selection constraint
will be studied thereafter. Although tractable special cases will be presented, the
general complexity of this problem will remain an open research question. The final
section will briefly discuss a few related problems and their complexity.

The results concerning the problem (P), as well as the results for (BND) with
time-wise and switch-wise variation are publicly available as a preprint [BH25| and
currently submitted for publication.

The Foundations of Chapter 4 that go beyond the foundations of Chapter 3
are described in the following. The combinatorial structure on which Chapter 4 will
focus corresponds to the feasible set of the following problem.

Problem 2.2.1. SELECTION PROBLEM

Input: Rational profits cy, ..., ¢, and some natural number £ € N>g
Task: Find a subset S C {1,...,n} with |S| =k
such that }. ¢ c; is maximized
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This is a special case of the well-known BINARY KNAPSACK PROBLEM with
uniform weights. In the latter problem, each item i € {1,...,n} has non-negative
weight a; € N>o and the task is to find a subset of items that maximizes the profit
under the constraint ), g a; = k.

The tractability of the selection problem follows quickly via the following trivial
efficient algorithm: First, sort all profits in decreasing order. Then, select the first k
items with the highest profit. The correctness of this algorithm (and its polynomial
running time) follows from the fact that the problem is a linear optimization problem
over a matroid.

Definition 2.2.1. Let E be a ground set and let F be a family of subsets over F.
Then, the set system (E,F) is an independence system if ) € F, and the set F is
closed under taking subsets, i.e., X CY € F implies X € F. The elements of F are
called independent, and maximal independent sets are called bases of X.

An independence system is a matroid if X,Y € F and |X| > |Y| implies that there
isanz € X \Y with YU {z} € F.

In fact, the feasible set of the selection problem corresponds to the set of bases
of the well-known wuniform matroid. A nice property of matroids is that if the
membership in F can be verified efficiently, any linear objective can be maximized
over the matroid by calling the following simple greedy algorithm. Note that given
an arbitrary objective, elements with negative weight never appear in an optimum
solution so that negative weights may be ignored.

Algorithm 1: Best-In-Greedy Algorithm (see [KV02])
Input: Independence system (E, F), independence oracle, weights ¢ : E — R>g
Output: A set FF € F

1 Sort E = {ey,...,ey} such that c(e) > -+ > c(ey);

2 Set F:= ();

g fori=1,...,ndo

a | I FU{e;} € F then set F:= F U {e;}

Here, an independence oracle is a placeholder for an efficient subroutine that verifies
the membership in F for any given set F' C FE. For general independence systems,
the greedy algorithm does not return an independent set with maximum objective
value. In fact, matroids are exactly the structures where this always works.

Theorem 2.2.1. (|[Rad57],[Edm71])
An independence system (F,F) is a matroid if and only if the BEST-IN-GREEDY

18



algorithm finds an optimum solution for the maximization problem for (E,F) for
arbitrary cost functions ¢ : ' — R>.

Building on the work of Edmonds, Lawler showed that it is also possible to max-
imize a function over the intersection of two matroids (E, F;) and (E, F3), provided
that the membership in F; and F can be verified efficiently [Law75]. However, as
soon as three matroids are considered, this problem is N'P-hard. Indeed, as shown in
Chapter 8.5 of [Wel76|, the NP-hard problem HAMILTONIAN PATH IN DIRECTED
GRAPHS reduces to the maximization of a function over the intersection of three
matroids. The polynomial reduction given therein is sketched in the following:

Given a directed graph G = (V, E) with two specified vertices s,t, let 6" (v) C E
denote the set of arcs with endpoint v, and let §°“(v) C E be the set of arcs with v
as start point. It is known that the independence sets defined in the following are in
fact matroids:

e My = (E,Fy) where each independent set F' € Fy is a forest in the undi-
rected graph obtained from G by removing the arc orientations (called graphic
matroid)

e My = (E,F) with Fi = {F C E: [§"(v) N F| < 1,v # s}, i.e., each indepen-
dent set F' € F; corresponds to a set of arcs so that no two arcs have the same
endpoint v # s (called partition matroid)

e My = (E,F) with Fo = {F C E: [6°“(v) N F| < 1,v # t}, i.e., each inde-
pendent set F' € F; corresponds to a set of arcs so that no two arcs have the
same start point v # ¢ (another partition matroid)

The maximization of the linear objective 1 g over the intersection Fo N F1 N F2
yields an optimal value of |V| — 1 if and only if all three matroids have a common
base or, in other words, if and only if there exists a Hamiltonian s-t-path in G. This
shows the polynomial reduction.

Another important combinatorial structure used in Chapter 4 are matchings. Re-
call that a matching in an undirected graph G = (V, E) is a subset of pairwise
disjoint edges M C FE, and a perfect matching is a matching with |M| = %, ie.,
such that every vertex is covered by an edge in the matching. Note that while the
set of all matchings in a graph G = (V, E) is an independence system on the edge
set F, and in bipartite graphs, this set can actually be obtained as the intersection
of two matroids, the set of all matchings is generally not a matroid itself.

Given a graph with edge weights, one can consider the following problem:
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Problem 2.2.2. MINIMUM WEIGHT PERFECT MATCHING PROBLEM (see [KV02])

Input: An undirected graph G = (V, E), edge weights ¢ : E — R
Task: Find a perfect matching with minimal weight c¢(M) := " ., c(e)

This problem can be solved in time O(|V|?) by Edmond’s Blossom algorithm,
which he first proposed in [Edm65b| for uniform weights and extended it to
arbitrary weights in [Edm65al. Furthermore, it is equivalent to the so-called
MAXIMUM WEIGHT MATCHING PROBLEM, which consists in finding a matching
in an undirected graph that maximizes the total weight, without demanding the
matching to be perfect. For a bipartite graph, the tractability of optimizing a
linear function over the set of matchings (with, or without them being perfect)
follows more easily, as the continuous relaxation of the intuitive ILP formulation
via the incidence matrix is integer ([Edm65a]). Indeed, the integrality of the LP
relaxation can be derived from the fact that the adjacency matrix of any bipartite
graph is totally unimodular. Recall that a maximum weight matching in a bipartite
graph can be phrased as a maximization problem over the intersection of two
partition matroids: Given a bipartite graph G = (V U U, E), define two partition
matroids My = (E, F1), Ms = (E, F3) where Fp contains all subsets F' C E so that
no two edges in F' have a common endpoint in V' and F3 is defined analogously, only
with the vertex set U instead of V. Then, clearly the elements in the intersection
of /1 and F» are matchings in G. Hence, the tractability of weighted maximum
matching is also implied by the tractability of weighted matroid intersection.

The last concept to be explained here are flow networks, the reader is referred
to [AMO93] for more information.

Definition 2.2.2. A flow network is defined by a directed graph G = (V, A), where
each arc (4,j) € A has an associated cost ¢;; € Q, a capacity u;; € Q, and a lower
bound /;; € Q. Each node ¢ € V has a balance, i.e., a number b(i) € Q that describes
its supply if b(i) > 0, or demand if b(i) < 0. A node with supply is called source, a
node with demand is called sink. The balances satisfy Y. b(i) = 0.

The search for a flow with minimal cost leads to the following problem.

Problem 2.2.3. MINIMUM COST FLOW PROBLEM (see [AMO93]|)
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Input: Directed network G = (N, A), balances b(i) for all i € N,
cost ¢;j, capacity u;; and lower bound [;; for all (,5) € A
Task: Find a flow with minimal cost, i.e., an optimal solution of

min E Cij g5

(i,5)€A

s.t. Z Ty = Z xj; = b(i) ieN
{5: (i.4)€eA} {5: (5:9)€A}
lij < mij < uyj (4,5) € A.

Since this problem can be modeled as an LP (see above) via the totally unimod-
ular incidence matrix of the corresponding directed graph, it always has an integer
optimum solution for an arbitrary objective function if all balances, lower bounds and
capacities are integer. However, there also exists a variety of combinatorial (pseudo-)
polynomial optimization algorithms, such as the cycle-canceling algorithm, the suc-
cessive shortest path algorithm, and also a primal-dual algorithm, to name only
some. Often times, these optimization algorithms assume that the costs on the arcs
are non-negative. However, many min cost flow algorithms can actually handle neg-
ative arc costs, as long as there exists no negative cycle in the directed network. For
more details concerning minimum cost flows, the reader is referred to [AMO93|.

2.3 Related Literature, Contribution, and Foundations
for Chapter 5

Chapter 5 is dedicated to the study of the bounded problem (BND) for arbitrary
feasible sets. For generality, it will not rely on particular properties of the feasible
sets X¢, but instead will assume that the feasible set X; of each stage t is given via
a linear optimization oracle for the corresponding underlying problem. The chapter
aims to investigate the complexity of (BND) in this oracle setting. It studies the
relative complexity of (BND) compared to the complexity of the respective underly-
ing combinatorial problems, i.e., the additional complexity that is introduced by the
variation constraint. The main question is whether outsourcing part of the solution
to the oracle allows to solve (BND) polynomially.

In the literature, the study of optimization problems and their algorithms with
respect to oracles is considered to have begun in the late 1970s with the joint
work of Nemirovski and Yudin, the English translation of which was published in
1983 [NY83|. They studied the limitations of efficient optimization methods in con-
vex optimization based on the following black-box model for a convex optimization
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problem: Given a convex feasible set X, the objective function f : X — R is con-
sidered to be unknown. It can be be accessed through queries to either a zero-th
order oracle, which returns the value f(z) when given some x € X, or a first order
oracle, which given some x € X, returns a subgradient of f at x. In their work, the
authors studied the so-called oracle complexity of convex optimization methods for
these oracles, i.e., how many oracle calls are necessary and sufficient to find an e-
approximate minimum of a convex function. They performed a general analysis of
optimization methods regarding their oracle complexity and compared them to each
other in this regard. A detailed overview of their results can be found in [Nem95|.
While the central question will be the same in Chapter 5, the oracle model that will
be assumed will differ from the previously described models in the sense that the
objective function will be known and instead, the feasible set will be given via a
linear optimization oracle for the underlying problem.

Among other, the authors of [GLS93| studied such linear optimization oracles.
Moreover, they also considered a separation oracle, a membership oracle, a violation
oracle, as well as a validity oracle. A large part of their work in [GLS93] was dedicated
to the investigation of the relationship between these oracles for convex sets under
different assumptions. Their most fundamental result is the polynomial equivalency
of linear optimization and separation for polyhedra (see Theorem 2.1.4).

Other recent literature continued the study of convex optimization problems in
such an abstract form involving linear optimization or separation oracles. For ex-
ample, Lee, Sidfort, and Wong improved the running time for finding a point in a
convex set given a separation oracle [LSW15].

Regarding the oracle-polynomial solution of combinatorial problems,
Boyd [Boy96| presented a cutting plane algorithm for the solution of combi-
natorial linear programs where the program is given by a separation oracle. He
demonstrated that for problems which contain a ball whose size is polynomially
bounded from below, there exists an algorithm whose running time is polynomial in
the running time of the separation oracle and pseudo-polynomial in the size of the
objective function. Using this generic algorithm, the cardinality versions of many
combinatorial optimization problems were shown to be solvable in polynomial time.

Indeed, there are many areas in which the oracle perspective appears quite natural,
such as in the context of robust optimization. Here, the oracle-approach is well-suited,
since the certain underlying combinatorial problem of the robust counterparts is
usually already well-studied, thus motivating an oracle-approach.

More recently, the authors of [BBDSR24| developed an oracle-based optimization
algorithm for the robust counterpart of combinatorial optimization problems under
discrete uncertainty in the (linear) objective. The authors consider a linear opti-
mization oracle for the underlying certain problem based on which they devised an
algorithm which can significantly outperform other existing approaches.
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Due to the NP-hardness of many robust counterparts of tractable combinatorial
optimization problems, it is implied that any algorithm for such a robust counter-
part that accesses the underlying certain problem via a linear optimization oracle
has to call this oracle more than a polynomial number of times, unless P = NP.
Buchheim [Buc20| strengthened this statement and showed that this is actually true
independent of whether P = AP or not. Beyond that, he showed that neither oracle-
based pseudo-polynomial nor approximation algorithms can exist.

The Contribution of Chapter 5 is an information-related study of the bounded
problem (BND) in its most abstract form, i.e., for arbitrary feasible sets. It lives in an
oracle-setting and tackles the question about the degree to which the problem (BND)
owes its complexity to the bound on the variation. More precisely, it studies the
relative complexity of the problem (BND) with respect to the complexity of the
underlying problem (LO), where the latter is given via a linear optimization oracle.

The first section will make the assumption that the number of switches n is fixed
and will develop an oracle-algorithm based on a dynamic programming for each type
of variation. For a fixed number of switches, each algorithm will be oracle-polynomial.
In fact, the algorithms for total variation and time-wise variation will be oracle- FPT
algorithms in the parameter n.

The second section will pursue a complexity-theoretical approach and derive as
its main result that, unless P = NP, a polynomial number of oracle calls for the
underlying problem does not suffice to solve (BND) with switch-wise variation, even
if the feasible sets of (BND) do not change over time and the bound on the variation
is uniformly equal to two. Indeed, this will be an immediate consequence of the N'P-
hardness of (BND) for switch-wise variation and a selection structure, obtained in
the preceding chapter. Furthermore, the problem (BND) with time-wise variation,
and parameterized in the number of stages, will be proven as W{[l]-hard, even if
the bound on the variation is uniformly one and the feasible set does not change
over time.

In the third section, the main result of the chapter will be presented. By taking
more of an information-related approach, it will be shown that the problem (BND)
cannot be solved using only a polynomial number of calls to the oracle for the un-
derlying problem. This will hold regardless of the type of variation and even in the
quite restricted setting in which there are only two stages with the same feasible set
and a bound on the variation that is uniformly one. Moreover, a polynomial number
of oracle calls will not even suffice to decide the feasibility of (BND) for two stages
and with a variation bound being uniformly zero, i.e., when the solution needs to
be constant over all stages. Due to this result, the remaining part of the chapter
will propose an oracle-algorithm for time-wise and total variation that is based on
a different, more powerful oracle for the so-called OPTIMAL CONSTANT EXTENSION
PROBLEM which will be closely related to (BND). Indeed, using this alternative or-
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acle, the proposed algorithm runs in polynomial time if both the variation bound S
and the number of stages T is fixed. For a large number of combinatorial structures,
the OPTIMAL CONSTANT EXTENSION PROBLEM will turn out to be tractable which,
in turn, will yield the tractability of (BND) for those structures for a fixed number
of stages and a fixed variation bound.

The Foundations of Chapter 5 that go beyond the foundations of Chapter 3
and 4 are explained in the following.

The notion of an oracle as a black box subroutine that returns the correct an-
swer /solution for a certain task in an instant has already come up before. Recall
that for any polynomial reduction of a problem P to a problem P’, an oracle for
the decision/optimization problem P’ is assumed. Of course, there also exist other
oracles. A membership oracle for a set X is an oracle which is given an element x
and verifies its membership in X. Observe that the independence oracle from the
previous section is actually a membership oracle for the set F of an independence
system (E,F). Another commonly used oracle is a separation oracle for a set X,
which solves the corresponding separation problem over X when given an element x.

In Chapter 5, a linear optimization oracle for the underlying problem (LO) is
assumed. As mentioned before, this can be considered a black box method for a
respective set X; that returns an optimal solution of the linear problem (LO) in
an instant when given any objective ¢ € R", regardless of the general complexity
of (LO). Recall that the linear optimization over a finite set X is equivalent to the
optimization over the convex hull conv(X), which is a polyhedron. Thus, in the
setting of Chapter 5, the polynomial equivalency between linear optimization and
separation will hold (Theorem 2.1.4). In particular, this means that every state-
ment in the chapter that assumes a linear optimization oracle will also hold with a
separation oracle for the respective convex hull.

Following the definition in [GLS93|, an oracle algorithm is an algorithm that con-
tains some black box subroutine (the call of the oracle), where the latter is performed
in an instant. For an oracle, a usual assumption is that there always exists an answer
given by the oracle whose size is polynomially bounded in the size of the question. In
Chapter 5, this is trivially satisfied by the binarity of the feasible sets X;. If an oracle
algorithm runs in time polynomial in the input size, it is called an oracle-polynomial
algorithm, where the oracle is clear from the context. The study of oracle algorithms
is motivated by the question of whether outsourcing part of the problem’s solution
to the oracle allows for a polynomial solution, i.e., it is interested in the complexity
of the problem relative to the complexity of the subproblem handled by the oracle.

In Chapter 5, the development of oracle-polynomial algorithms will be shown
to be possible under the assumption that the number of switches n is fixed. This
will build a bridge to the field of parameterized tractability, the study how different
parameters influence the complexity of a problem. For a comprehensive introduction
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into this theory with appropriate notions of reduction and completeness, the reader
is referred to the work of Downey and Fellow [DF13]|. The following description is
restricted to the concepts needed in this thesis and mostly based on [CFK*15]. Its
aim is to give an intuition of the theory rather than describing each formal detail.

Definition 2.3.1. A parameterized problem is a language L C >* x N, where X is a
fixed, finite alphabet. For an instance (x,k) € ¥* x N, k is called the parameter.

A parameterized problem L C ¥* x N is called fized-parameter tractable FPT) if
there exists an algorithm A (called fixed-parameter algorithm), a computable func-
tion f: N — N, and a constant ¢ such that, given (z, k) € ¥* x N, the algorithm .4
correctly decides whether (z,k) € L in time bounded by f(k) - size(x)¢. The com-
plexity class containing all fixed-parameter tractable problems is called FPT.

In parameterized complexity theory, the notation O* suppresses factors polyno-
mial in the input size, i.e., a running time O*(f(k)) means that it is upper bounded
by f(k) 1) where n is the input size. The complexity class FPT can be considered
the parameterized analogue to the complexity class P.

Definition 2.3.2. A parameterized problem L C 3* x N is called slice-wise polyno-
mial (XP) if there exists an algorithm 4 and two computable functions f,g : N — N
such that, given (x, k) € ¥* x N, the algorithm A correctly decides whether (z, k) € L
in time bounded by f(k) - size(z)9*). The complexity class containing all slice-wise
polynomial problems is called XP.

Note that these definitions can be generalized to multiple parameters. In parame-
terized complexity theory, the analogue to a polynomial time reduction is the concept
of an F'PT-time reduction.

Definition 2.3.3. A parameterized reduction from an instance (z, k) of a parameter-
ized problem to an instance (2, k") of second parameterized problem is a reduction
that can be performed in FPT-time, that is, in time O(f(k) - size(z)°™M) such that
the parameter k' only depends on k; in other words, k' < g(k) for a computable
function g.

Just like the class FPT can be considered the parameterized analogue to the
class P, the complexity class W{1] can be considered the analogue to the complex-
ity class N'P. Roughly speaking, a decision problem is in W[1] if a certificate for
it can be verified efficiently as long as the parameter is small. It contains all hard
parameterized problems that are analyzed in their complexity with respect to the
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parameter k. Here, the hardness of a problem is measured with respect to the dif-
ficulty to satisfy a boolean circuit in which only k variables may be set to one. For
more information on the idea of boolean circuits, the reader is referred to literature
on parameterized complexity, e.g., [DF13]. It trivially holds FPT C W][1] and it is
generally assumed, although not yet proven, that the inclusion is strict. Note that a
W1]-hard parameterized problem is fixed-parameter intractable, unless FPT=W][1].
Thus, the W{1]-hardness of a problem can be used to show that it is not in FPT
(unless FPT = W1]).

In Chapter 5, an oracle-polynomial algorithm for (BND) with time-wise and total
variation will be devised. Under certain conditions, this algorithm will then yield an
efficient algorithm for combinatorial problems for which a particular optimization
problem related to (BND) is tractable. The tractability of the latter problem can be
proven for some classical combinatorial problems which are described in the following.

Problem 2.3.1. MAXIMUM WEIGHT STABLE SET

Input: An undirected graph G = (V, E') with vertex weights w : V' — R
Task: Find a stable set, i.e., a subset S C V where (v,w) ¢ E for all v,w € S,
such that the weight w(S) := } cgw(v) is maximized

Problem 2.3.2. MINIMUM WEIGHT VERTEX COVER

Input: An undirected graph G = (V, E') with vertex weights w : V' — R
Task: Find a vertex cover, i.e., a subset S C V where each e € F is incident
with some v € S such that the weight w(S) := > cqw(v) is minimized

While both these problems are (strongly) NP-hard in general graphs, they are
tractable when restricted to certain classes of graphs such as trees, cycles, perfect,
and bipartite graphs. Note that the complement of a maximum (cardinality) stable
set is a minimum (cardinality) vertex cover.

In fact, these two problems can be recognized as members of more abstract classes
of combinatorial problems formalized below.

Problem 2.3.3. PACKING PROBLEM

Input: A discrete ground set V' with weights w(v) € R for all v € V,
and a finite collection of subsets S; CV,i=1,....,m
Task: Find a subset V! CV with [S;NV/|<1foralli=1,...,m
that maximizes the weight w(V') =3\ w(v)
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Obviously, STABLE SET is a packing problem with the ground set V of all vertices
of the graph where each sets S; € V2 corresponds to an edge of the graph, given by
its vertices. Another example is the MAXIMUM WEIGHT MATCHING PROBLEM in a in
a graph G = (V, E). This is a packing problem with the ground set E of all edges of
the graph where each set S; contains all edges that are adjacent to an edge e; € E.

The problem MINIMUM VERTEX COVER, however, belongs to another class.

Problem 2.3.4. COVERING PROBLEM

Input: A discrete ground set V' with weights w(v) € R for all v € V,
and a finite collection of subsets S; CV,i=1,....,m
Task: Find a subset V' CV with |[S;NV/|>1foralli=1,..,m
that minimizes the weight w(V’) =", i w(v)

It is obvious that MINIMUM VERTEX COVER is a covering problem on the ground
set V of all vertices of the graph where S; € V2 corresponds again to an edge of the
graph, given by its vertices.
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Chapter 3

Bounded Variation in a Binary
Switch

This chapter is dedicated to the special cases of (BND) and (P) in which n = 1,
i.e., in which there exists only a single switch. Consequently, the vertical dimension
vanishes in this chapter, which makes this special case much simpler. Indeed, it will
turn out that the penalty and the bounded problem are efficiently solvable, no matter
which of the given three types of variation is considered.

This chapter is divided into three main sections. The first section will deal with
the penalty problem and will show that it almost immediately reduces to a linear
program by means of a compact extended formulation. It will also be possible to
obtain a linear inequality description of the convex hull of feasible solutions by a
projection onto the original space. However, the result of the projection will not be
compact, as it will consist of exponentially many inequalities. The second section
will study the bound on time-wise variation, which will again almost immediately
reduce to a linear program. Finally, the third section will investigate the bound on
switch-wise (or total) variation. The complexity of this case will quickly be settled
by the existence of an efficient dynamic programming scheme and, as it turns out,
there also exists a compact LP-formulation of the problem in an extended variable
space. The focus of this section will be on a polyhedral study of the problem in the
original space. As a result, it will yield an (exponentially large) LP-reformulation in
the original space, a corresponding separation algorithm, and a second optimization
algorithm that will be much faster than the dynamic programming scheme.

Remark 3.0.1. According to Notation 2.0.1, the superscript (1) in the variable :chl)

denotes the index of the single switch that is considered in this chapter. For better
readability, the superscript (1) in z is omitted for the remainder of this chapter.
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3.1 Penalized Variation

In the single-switch setting, the penalty problem (P) reads

(PM)

max ¢ & — \' Var(z)
st. xe {0,137

where depending on the type of variation, A € RY; denotes a penalty vector of the
appropriate dimension. The latter problem can be linearized by introducing auxiliary
variables u € RL; and d € RL,, which indicate whether the switch is activated or
deactivated at S‘Eage t, and which receive individual penalty vectors p,d € Rgo- This
way, one actually obtains a more powerful, i.e., more general problem than (P(l)),
due to the possibility to assign more (or less) priority to whether the switch is
activated or deactivated at a certain stage. In the original problem, the activation and
deactivation both incur the same penalty. The problem (P(l)) is therefore equivalent
to an instance of the following problem with u = § := X € Rgo for time-wise
variation or, respectively, us := §; := A € Ryg for all t = 1,..., T for switch-wise and
total variation:

max c'z—pu—206'd
st. xp — w1 < wy t=1,..,T
Ti_1 —xy < dp t=1,..,T
z€{0,1}7 u,d e RL,

(P(-LIN)

The advantage of the above formulation it is easy to see:

Lemma 3.1.1. The continuous relaxation of (P(l)—LIN) is integral. Furthermore,
the inclusion of additional constraints x; = b with b € {0,1} and ¢t € {0, ..., T} does
not destroy the integrality of the resulting continuous relaxation.

Proof. The matrix that models the constraints of (P()-LIN) has the form

A —Ir 0
-A 0 —Ir)’

where the columns of A € {0,1}7*(T+1) correspond to the components of the
variables. Since the matrix A is totally unimodular according to Ghouila-Houri’s
criterion, where one of the partition sets contains all rows while the other is empty, it
follows that the entire constraint matrix is totally unimodular, too. Furthermore, note
that since the inclusion of a constraint xz; = b for some b € {0,1} and t € {0, ..., T}
only adds (negated) unit vectors as rows to the former constraint matrix, one may
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include as many such constraints as desired without losing the total unimodularity.
Now, as the right hand side is integer, the integrality of the continuous relaxation
follows. O

This settles the tractability of (P(l)), as it reduces to a linear program. However,
it is worthwhile to consider a second formulation of (P(), which introduces further
auxiliary variables S € R” and will allow the elimination of the variables v and d.
Note that Fourier-Motzkin elimination of the activation and deactivation variables u
and d in the previous formulation (P(M-LIN) would encounter the problem that the
auxiliary variables also appear in the objective. This is no longer the case for the
following second formulation of (P()), which also seems to be more closely related
to the respective bounded problem versions that will be addressed in Sections 3.2
and 3.3. Therefore, it simplifies the recognition of similarities and differences between
the penalized and the bounded problem versions. It is given by

(max ¢’z —\'S

st. Blu+d)<S
(P(-S) Ty — Tp—1 < Ut t=1,...T
T — o < dg t=1,..,T
z e {0,177, u,deRLy, SeR,

where for time-wise variation, the matrix B is defined by B := Iy so that the
inequality B(u + d) < S holds component-wise, whereas B := (1,..,1) € R™*T for
total and switch-wise variation. Recall that the latter two types of variation coincide
for n = 1. Here, the corresponding constraint matrix is not totally unimodular, as
the following example shows.

Example 3.1.1. Consider the formulation (P()-S) for switch-wise/total variation
and T' = 2. Then, the constraint matrix reads

x0o 1 22 di dy wy uz S
1 -1 0 -1 0 O 0 O
o 1 -1 0 -1 0 0 O
-1 1 0 0 0 -1 0 0
0O -1t 1 0 O 0 -1 O
o0 0 1 1 1 1 -1
Then, the submatrix

-1 -1 0

-1 0 -1

0O 1 1

that consists of rows 1,4, 5 and columns 2, 4, 7 has determinant —2, hence the matrix
cannot be totally unimodular.
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Of course, the fact that the constraint matrix of (P()-S) is not totally unimodular
does not imply that the respective continuous relaxation is not integral. Indeed, the
continuous relaxation turns out to be integral nonetheless.

Lemma 3.1.2. The problem (P(M-S) is equivalent to (P(")). Furthermore, its
continuous relaxation is integral, even if additional fixation constraints z; = b
with b € {0,1} and t € {0,...,T'} are included.

Proof. Consider an optimal solution (z*,u*,d*,S*) of (P()-S). Since A is positive,
the variables u*,d*, S* must achieve their lower bounds, i.e., S* = B(u* + d*%),
uf = max{x; — x4-1,0} and dj = max{x;—1 — x,0}. In particular, this implies
the binarity of u*, d*, and the integrality of S*. The partial solution (x*,u*,d*) is
obviously feasible for (P(M-LIN) with p := 6 := AT B, and by definition of B, these
two solutions achieve the same objective value.

Conversely, given any optimal solution (z*,u*,d*) of (PM-LIN), this must be
binary due to A being positive. Defining p := 6 := AT B and S* := B(u* + d*) yields
a feasible solution (z*, u*, d*, S*) for (P(V-S) with the same objective value. In other
words, (P(M-S) is equivalent to (PM-LIN) with p := 6 := A" B. Since (P(1)-9) is
equivalent to (P™), the first claim follows.

Regarding the second claim, let F' denote the feasible set of (P(l)—S) and let
Freler denote the feasible set of its corresponding continuous relaxation. The proof
will now show conv(F) = F"%® swhere the inclusion conv(F) C F"¢% is trivial due
to F' C F¢le Thus, it remains to show conv(F) D Frelaz:

Given some (z,u,d,S) € Fr¢e®  first determine a permutation o of {0,1,...,7}
such that z50) < 251) < ... < Zy(r) and define binary vectors ¥ e {0,1}7+!
for j =0,...,T by

; 0 =z < Ty(g
¥ :=1ry; and = { o(®) oW for j=1..,T.
L Zo) 2 To(j)
Further, define binary vectors w/,d’ € {0,1}7 and integral vectors S; € N” for
all j =0,...,T by
ul =2l — a:{_l, dl = x{_l — 2] forte{0,...,T} and 7 := B(w/ +d).
It is easy to verify that (2/,u/,d’,87) € F for j =0,...,T.

For Ao :=1 — z5(7),A1 := T5(1) and A;j := Zy(;) — To(j—1) for j > 2, one obtains

T
)\J(Ilf],uj,dj,sj) = ($,'l~t, d’ g) )
=0

J

with ﬂt =Tt — T¢—-1, Cit = Tt—1 — Tt for ¢ € {1, ,T} and g = B(ﬁ + dN)
Note that it holds u; > x¢ — x4—1 = @ and d¢ > x4—1 — x; = d; which follows from
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(z,u,d,S) € Frelax Thus, for all j = 0,...,T, define @/ = v/ +u—a, d :=d’ +d—d
and §7 := 87 + § — S. Then, it still holds (z7, @/, d’, S7) € Frela* since

W >l =a] —al & >d =2 -2 duetou>a,d>d,
and S7 > B(@ + d’), since S = 87 + S — S and

B +d) =B +d)+ Bu+d) — B(i+d) .
—————r —— N——

=97 >S S

Then, Y°1_ A; = 1 finally yields

T
> Nl !, d,§) = (,i,d,S) + (Op41,u—G,d — d, S - §) = (x,u,d, S) .

§=0
This concludes the proof. O

Consequently, the continuous relaxation of (P(l)—S) yields a tractable reformu-
lation of (P(M)) in an extended solution space that includes the additional vari-
ables u, d, and S. As mentioned before, this formulation allows to equivalently state
problem (P(l)) as a linear program in the space of only the variables x and S by
Fourier-Motzkin elimination of the variables u and d. Depending on the considered
type of variation, this yields two different projections onto this reduced space.

Lemma 3.1.3. For time-wise variation, the convex hull of feasible solutions of (P()),
i.e., the projection of (P(l)—S) with B := Iy onto the z, S-space is given by the linear
constraints 0 < x; <1 for t =0,...,7, as well as

T — 21 <8 and w1 —x; <S5 forallt=1,....T.

If the state of the switch is fixed to b € {0,1} at some stage ¢, then a complete
description in the reduced space is given by the above set of constraints and the
corresponding constraint for the fixation z; = b.

Proof. The proof is straightforward: By Fourier-Motzkin elimination of the auxiliary
variables u and d in the continuous relaxation of (P(l)—S), the resulting projection is
obtained. The elimination process is briefly sketched in the following.

First, eliminate a variable u; for some j € {1,...,T}. This variable occurs nega-
tively in the constraint —u; < 0 and in the constraint —z; 1 + z; —u; < 0, and it
occurs positively in the constraint u; +d; < S;. Fourier-Motzkin of u; then gets rid
of the former constraints and replaces them with the following new linear constraints

djSSj and —:L'j_l—i-.%'j—l—djSSj,
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while all constraints that do not contain u; stay unchanged. Therefore, after elimi-
nating all variables u, the following linear constraints remain:

dt < St, —Tt—-1 +th+dt < St t= 1,...,T
—dt § 0, Tt—1 — Tt —dt § 0 t= 1,...,T
0<a <1 t=0,..T

Then, elimination of the variables d shows the claim. It is obvious that the linear
inequalities corresponding to a fixation constraint are not affected by the elimination
process, consequently they remain untouched throughout the projection. O

While the previous projection of (P(l)-S) onto the original space remains compact
if time-wise variation is considered, its projection becomes exponentially large if
switch-wise or total variation is considered.

Lemma 3.1.4. For switch-wise and total variation, the convex hull of feasible so-
lutions of (PM), i.e., the projection of (P(M-S) with B := (1,..,1) € R™*T onto the
x, S-space is completely described by the linear constraints

0<z <1 forall ¢t=0,..T and

T
S (1) D(w g —ay) < S forall o:{1,..,T}—{0,1}.
t=1

If the state of the switch is fixed to b € {0,1} at some stage ¢, then a complete
description in the reduced space is given by the above set of constraints together
with the corresponding constraint x; = b.

Proof. The proof is again straightforward and hence only outlined.

Consider the continuous relaxation (P(1-S) for switch-wise and total variation.
Let the Fourier-Motzkin elimination begin to eliminate to an arbitrary first vari-
able u; with j € {1,...,T}. This variable occurs negatively in the non-negativity
constraint —u; < 0 and the constraint —x;_1 +x; — u; <0, and it occurs positively
in the constraint Z;‘FZI Ut + 23:1 d; < S. Thus, elimination of u; yields the following
new linear constraints

T T T T
Z Ut+zdt§5 and —z;_1+x; + Z Ut+zdt§5>
t=1,t#] t=1 t=1,t£] t=1

while all constraints that do not contain w; stay unchanged. When eliminating a
second variable uy with ¢ # j € {1, ..., T}, this variable occurs negatively in —uy < 0
and —xp_1 + x¢ — uy < 0, and it occurs positively in the two new constraints above.
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Elimination of u, then yields the following new linear constraints that replace the
former constraints involving uy:

T T
ij,1+xj+2ut+2dt§5, *$g_1+l‘g+zut+2dt§5,

t£5.0 t=1 t£5.0 t=1
T T
Zut—l—ZdtSS, and —:Uj_l—l—xj—:vg_l—l—:vg—i-Zut+2dt§5.
t£5,0 t=1 t£7,6 t=1

All constraints that do not contain wuy stay unchanged. It is not hard to see that
elimination of all auxiliary variables u and d results in the set of linear constraints
given in the lemma. Again, it is obvious that the linear inequalities corresponding
to a fixation constraint are not affected by the elimination process, so they remain
untouched throughout the projection. O

Note that the number of inequalities given in Lemma 3.1.4 for the convex hull
of (P(I)) is exponential in 7', whereas it is linear in 7 in the extended mod-
els (PMW-LIN) and (P(M-S). Nevertheless, these inequalities can be separated effi-
ciently:

Corollary 3.1.1. For switch-wise and total variation, consider the linear inequalities
described in Lemma 3.1.4. Given some (%, S), the corresponding separation problem
can be solved efficiently. Indeed, it is easily checked by substitution whether the trivial
constraints 0 < xy < 1 are satisfied for all . For the second type of constraints, a
most violated inequality is obtained by setting o(¢) := 1 if and only if 7,1 < Z;.

This concludes the study of the penalty problem (P(l)). As a result of this section,
the problem is very easy to deal with, either by compact extended formulation or
by a fast separation algorithm in the original space. The following short section will
deal with the bounded problem (BND) with time-wise variation which will also not
be too difficult.

3.2 Bounded Time-Wise Variation

For a single switch, the bounded problem (BND) with time-wise variation reads

.
max ¢c X
1
(BND{Y) st. |z —aa| <S8 t=1,..,T,
x e {0,1}7H

where S € Ngo is no longer a variable, but part of the problem input. Without loss
of generality, let S € {0,1}7, as any integer time-wise variation bound S; larger than
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zero is redundant. Then, multiple consecutive zero-bounds S; = Sj11 = ... = S =0
imply that it must hold z;_1 = z; = ... = 2y € {0, 1} so that the problem (BNDSU))
can be rephrased as follows:

Given some subsets A; C {0,...,T}, j = 1,..., K, containing sequences of con-
secutive stages such that all subsets are pairwise disjoint, determine a binary vec-

T

tor x € {0,1}7*! that maximizes the objective function ¢' x so that x is constant over

each given sequence Aj,j = 1,...,k, or, more formally, so that for each j = 1,..., s,
there exists a y; € {0,1} so that z; = y; for all t € A;. This gives rise to the following

equivalent linear reformulation of (BNDgB )

K
max g Ct$t+§ E CtT¢

tgA j=1teA;
st. x =y j=1,..,K, tEA;

z e {0,1}T+1

y €{0,1}",

where A := U;Zl A;. This problem is an unconstrained binary optimization problem,
as it can be equivalently stated as follows

K
max Z cixy + Z Cjy;
j=1

teA
st. x; € {0,1} t g A,
y.] e {0’ 1} j: 17"'7%7

where C} := ZteAj ¢¢. It can be solved in linear time by setting a variable x; (or y;,
resp.) to one if and only if the corresponding objective coefficient ¢; (or Cj, resp.)
is positive. If the problem (BND&U) ) includes a fixation constraint z; = b for some
stage t € {0,...,T}, then this can easily be included into this simple optimization
algorithm, since it just predetermines the value of the corresponding variable x; and
takes away the task to assign a value to it based on the objective coeflicient. Of
course, if t € A; for some j € {1,...,x}, then this fixation extends to all stages in
the respective sequence A;. Note that the identification of the sequences Ay, ..., A,

needs linear time O(T"). Thus follows

Lemma 3.2.1. The problem (BNDISU)) can be solved in linear time. The same holds
true if additional constraints x; = b with b € {0, 1} for ¢t € {0, ..., T} are included.

Observe that the latter formulation of (BNDI(;U)) also yields a linear program-
ming formulation, since the integrality constraint may be relaxed. However, there
exists an interesting connection between the convex hull of feasible solutions for the
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bounded problem (BNDSU)) and the convex hull of feasible solutions for the penalized
problem (P(M)) that is more obvious in the following second formulation of (BND&U) ),
obtained by using classical linearization of the absolute expressions in (BNDgllu) ). The
classical linearization introduces auxiliary variables z; that are bounded from below
by z¢_1 — x; and —x;_1 + x¢ as well as the constraints z; < Sy forallt=1,...,T.

Actually, these auxiliary variables z; turn out to be superfluous here, as they can
simply be replaced with the upper bound S;. This yields

max CT T

s.t. Tt—1 — Tt S St t= ]., ,T
Tt — Tt—1 SSt t:L...,T
z e {0,137+,

(BND!)-LIN)

Observe that the constraint matrix of (BNDEB -LIN) is a submatrix of the constraint
matrix of (P(M-LIN) and thus, the former matrix inherits the total unimodularity
from the latter. As a result, the binarity constraint may be relaxed and the prob-
lem can be solved by linear programming. This once again shows the tractability
of (BNDSU)). Clearly, one may include a constraint x; = b with b € {0,1} for any
stage t, since this does not affect the total unimodularity of the constraint matrix.
Thus, the (continuous relaxation of) problem (BNDEZIU)—LIN) is a compact model that
lives in the original space of the x variables without any auxiliary variables. This for-

mulation of (P()) should seem familiar. Indeed,

Remark 3.2.1. The feasible set of the continuous relaxation of (BND;IU) -LIN) can be
obtained as the intersection of the feasible set of problem (P()-S) from Lemma 3.1.3
with the hyperplane that fixes the variable S to the given bound on the time-wise
variation. Moreover, the previous LP model is a compact perfect formulation of the
convex hull of feasible solutions for (BNDE,}U) ).

This concludes the study of the bound on time-wise variation. For the remainder
of this chapter, the bound on total variation and switch-wise variation is investigated.

3.3 Bounded Total and Switch-Wise Variation

In this section, the problem (BND) with switch-wise and total variation is studied.
These two types of variation are indistinguishable for n = 1, thus this section uses
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the term variation to refer to both of them at once. The problem (BND) then reads

.
max ¢ X
T
(BND{Y) st Y | — @ < S
t=1
z e {0,137+,

This section is motivated by the same questions that motivated the preceding ones
for the penalty problem (P(M)) and the problem (BNDSU)). The aim is, of course,
to settle the complexity of (BND%)r), but beyond that, the aim will be to find a
perfect formulation, i.e., a description of the convex hull of feasible solutions by
linear inequalities. The latter will make up the majority of this section because the
polyhedral study of (BND‘(,;)Y), compared to the previous problems, will turn out to
be much more involved. In this entire section, it is assumed w.l.o.g. that S < T as
otherwise, the variation constraint is redundant and the problem (BND%)r) becomes
trivial.

Although there is a relation between the penalty problem (P(l)), or equiva-
lently (P(M-S), and (BND%)r), the knowledge obtained about (P(Y)) in Section 3.1
is not helpful here. Indeed, while (P(M-S) can clearly be reduced to (BND\(,la)r) by
enumerating all S € {0,...,T}, a reduction in the other direction is not possible.
In fact, it might happen that the optimal solution of (BND\(,;)r) cannot be obtained
with (P(l)—S), no matter how the penalty parameter A is chosen:

Example 3.3.1. Consider (BND\(,?r) with T =2, S = 1, and ¢ = (—100,3,-2)".
Then, the obvious candidates for optimal solutions of (BND‘(,;)r) are given by
zM =(0,0,0)", z® =(0,0,1)", and 2® =(0,1,1)"

where () is the unique optimizer with optimal value 1. This solution, however,
cannot be obtained from (P(l)—S) for any choice of the penalty parameter A. Indeed,
the candidates for optimum solutions of (P(1)-S) are the following:

solution objective value
= = (0,0,0)T,5M =0 0
@ =(0,0,1)T,8® =1 —5 =)\
@ =(0,1,1)T,80G) =1 1—\
@ =(0,1,0)T,8® =2 3 -2\

For A < 3/2, the solution (*), S®) is optimal for (P(-S), otherwise (1), S() is
optimal; but the optimal solution z(® of (BND\(,QT) is never optimal for (P(1)-9).

Moreover, the next example highlights a contrast to Remark 3.2.1: while the
intersection of the polyhedron of the continuous penalty problem (P(l)—S) with the
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hyperplane fixing S to the given bound is integral for time-wise variation, the same
does not hold here.

Example 3.3.2. Consider (P()-S) for T'= 3, ¢ = (—=100,1,—3,1) ", and any A > 0.
According to Corollary 3.1.2, this problem is equivalent to

max —100-z9g+x1 —3- 290+ 23—A-S

s.t. U +us +ug+dy+do+dz <8
T — Tr_1 < Ut t=1,...,3
T — xp < dg t=1,...,3

z €[0,1]*,u,d € RY, .

Fixing S := 2 in the above problem yields (0, 1/2,0, 1)T as unique optimizer of the
resulting linear program. In particular, the intersection of the continuous relaxation
of (P(M-S) with the hyperplane given by S = 2 is not an integral polytope and
therefore, does not agree with the convex hull of feasible solutions for (BND%) ).

Nonetheless, the problem (BNDE,?r) is tractable.

Lemma 3.3.1. The problem (BND\(,Q) can be solved efficiently with a dynamic
programming scheme. A straightforward implementation of the scheme requires a
running time of O(S - T'). In particular, if S is considered part of the input, this
leads to a running time of O(T?), since S < T'. If instead S is assumed to be a fixed

constant, the running time of the dynamic programming scheme reduces to O(T).

Proof. The dynamic programming scheme is devised in the following: Let ¢*(¢, s, b)
denote the optimal value of (BND%}) restricted to time stages {0,...,t}, with
a bound s € {0,...,S} on the variation, and such that z; = b. Now, de-
fine ¢*(0,s,b) == b-co for b € {0,1} and all s € {0,...,S}, then the subsequent
recursion formula holds:

c*(t—1,s,b)

c*(t,s,b) =b- ¢, + max
c(t—1,s—1,1-b) ifs>1

Indeed, an optimal solution for {0, ...,¢} with z; = b and a variation of s is obtained
by either extending an optimal solution for {0,...,t — 1} with 2;_1 = b and the same
variation, or by extending an optimal solution for {0, ...,t—1} with ;_1 = 1—b with
a variation one less, since in the latter case an additional change arises between x;_1
and x;. The term b - ¢; represents the additional weight incurred by setting x; to b.
Thus, the optimal value of (BND%)r) is given by max{c*(T, S,0),c*(T,S,1)}. It can
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be computed in O(S - T) time, and an optimal solution can be constructed from the
recursion. In order to adapt the scheme for the respective fixated problem versions,
simply define the initial values either by ¢*(0,s,0) := 0 and ¢*(0,s,1) := —o0, or
by ¢*(0,s,0) := —oco and ¢*(0, s,1) := ¢¢ for all s. O

Note that because (P(1)) can be polynomially reduced to the solution of at most 7
instances of (BND‘(,?r), the tractability of (BND‘(,?r) established in Lemma 3.3.1 once
again shows the tractability of (P(1)).

The remainder of this section is now dedicated to the study of (BND%)r) from a
polyhedral perspective. Here, the focus will lie on the following special case in which
the problem’s symmetry is broken by fixing the state of the switch at the first stage

to zero.
max c'z
L T
(BNDLY ) ste Y |z -z < S
t=1

zo=0, z € {0,1}7+

Analogously, let (BND(l)

var,1) Tefer to the respective variant in which the state of the

switch is instead fixed to one at the first stage.

Definition 3.3.1. Let Q denote the feasible set of (BND%}). Accordingly, denote
the feasible set of (BND(I) ) by Qo and conversely, let €1 refer to the feasible set

var,0
of (BND{ ).

Remark 3.3.1. The problems (BNDE,&O) and (BND\(;?r,l) are point-symmetrical
with respect to the point (%, e %) Indeed,

rey < y::1T+1—:c691.

Therefore, a valid inequality a "= < b for the polytope conv(£2) implies the validity of
the inequality @'y < b for the polytope conv(€;), where @ := —a and b := b— 1;“@.
In particular, facets of conv(€2y) map bijectively to facets of conv(2;), and vice versa.

The remaining section is divided into three subsections, each of which is ded-
icated to a particular polyhedral aspect of the convex hulls conv(€), conv (),
and conv({2), where the focus will continue to lie on the first polytope. The next sub-

(1) )

section will present three compact extended models, one for each problem (BNDvar,O

(BNDY

var,1) and (BND‘(,?r). The main result will be that the continuous relaxation of
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each model is integral, so that it yields a polyhedral description in the respective
extended solution space. The subsequent Section 3.3.2 will then derive a polyhedral
description in the original space of only the x-variables. The mode in which the poly-
hedral description will be proven is particularly interesting in two regards: It will use
primal-dual argumentation, unlike any preceding proof, but, more importantly, it
will also yield an alternative efficient optimization algorithm, which will significantly
outperform the dynamic programming scheme. The third and final subsection will
conclude the polyhedral study by showing that the linear inequality description ob-
tained in the preceding subsection is minimal, i.e., it consists of only facet-inducing
inequalities. In addition, it will present an exact linear-time separation algorithm.

3.3.1 Extended Formulations and Complete Description

This section deals with extended linear programming models for the three problem
variants (BND\(,la)w), (BND‘(,?r,l) and (BND%)r). While the correctness of the pro-
posed models for the first two problems follows easily from total unimodularity ar-
guments, proving the correctness of the extended formulation for the more general
problem (BND%)r) turns out to be more sophisticated.

Inspired by the results for the penalty problem and the bound on the time-wise

variation, it is tempting to try and directly adapt the model (P(l)—S) so as to obtain

max ¢z
T
s.t. Z(Ut + dt) < S
t=1
Ty — T—1 < Uy t=1,..T
Ti—1 — T < dg t=1,...,T

z€{0,1}7 u,deRL,,

where S is a hard bound now. However, it follows from Example 3.3.2 that the
feasible set of the LP-relaxation of this model is not integral, even for S = 2. As
it turns out, the key is paying attention to the parity of S. More precisely, observe
that if the switch is inactive at the first stage, i.e., o = 0, and S is odd, then a
bound of S on the total variation is actually equivalent to a bound of |S/2| on the
total number of times the switch is deactivated. Indeed, suppose that zg = 0, but =
contains (at least) |S/2] +1 = (S-1)/2 + 1 deactivations. Each deactivation implies
the existence of a respective activation that precedes it, therefore the total variation
of z is (at least) 2- ((S-1)/2+1) = S+1 and thus, = & . The reasoning for the other
direction is similar: if x satisfies o = 0, but it has a total variation of (at least) S+1,
then the S + 1-st change in x must be a deactivation. Again, each deactivation is
preceded by a corresponding activation, therefore the total number of deactivations
is (at least) S+1/2 = [S/2] > |5/2].
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Conversely, an even bound S on the total variation is equivalent to bounding the
total number of times the switch is activated by S/2. Indeed, assume that zo = 0 and
that x contains (at least) S/2 + 1 activations. Each activation (except the very first)
requires a respective deactivation that precedes it, therefore the total variation of x
is (at least) 1 +2-5/2 =S + 1, and thus z ¢ Q. Similarly, if o = 0 and z has a
total variation of (at least) S + 1, then the S + 1-st change in x must correspond to
an activation. Since each activation (other that the very first) implies a preceding
deactivation, the total number of activations is (at least) 1 4 S/2 > S/2.

This observation leads to the model (EXT-BNDg) below which is an extended formu-
lation for (BND(I)

var,0

). Note that this model works not only independent of the parity
of S, but it also only needs the deactivation variables d and no activation variables.

( max c'x

T

st oap+ Y dp <[5 +1 (1)
t=1

T
Y di< 3] (2)
t=1

T—1 — Tt Sdt tzl,,T
\ z0 =0, z € {0,1}"*!, d e RL,

(EXT-BNDy)

Remark 3.3.2. Depending on the parity of S, either constraint (1) or constraint (2)
becomes redundant. Indeed, if S is even, both right hand sides of (1) and (2) are
equal to S/2 so that constraint (2) is redundant, as it is implied by (1) and z7 > 0.
Conversely, if S is odd, it holds |9/2] = (S—1)/2 < [(5-1)/2] + 1 = (5-1)/2 + 1 so that
constraint (1) is redundant, as it is implied by (2) and z7 < 1.

Moreover, due to the fixation zg = 0, each deactivation implies the existence of a
respective activation that precedes it, therefore the total number of activations is
given by the total number of all deactivations plus zr, i.e., the state of the switch
at the last stage, as the latter indicates the existence of final activation.

Lemma 3.3.2. The model (EXT-BNDy) is an extended formulation for (BNDg)r’O).

Proof. Let © € €y be given and define v/ and d’ as the corresponding auxiliary
activation and deactivation vectors with respect to z, i.e., uj := max{x; — x;_1,0}
and d} ;== max{z;_1 — 2,0} for t = 1,...,T. The fact that the total variation in x is
at most S, and that zg = 0, is equivalent to

T
dup <[5 4+1 ifSiseven  or Y d;<|§] if Sisodd.
t=1 t=1
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Furthermore, 3"/, u, = 7+, d; due to x5 = 0. Thus, the existence of some d €
R” so that (z,d) is feasible for (EXT-BNDy) follows.

For the other direction, let (z,d) be an arbitrary feasible element of (EXT-BNDy)
and w.l.o.g. , assume d to be minimal regarding the constraints x;_1 —x; < d; for all ¢.
Depending on the parity of .S, one may ignore the respective redundant constraint (1)
or (2). The remaining constraint then implies that the total variation of x does not
exceed S, thus x € Q. O

Lemma 3.3.3. The continuous relaxation of (EXT-BNDy) is integer.

Proof. Recall that inequality (2) is redundant if S is even, while inequality (1) is
redundant if S is odd. One may remove the respective redundant inequality and thus,
derive a constraint matrix, the total unimodularity of which is easy to recognize by
Ghouila-Houri’s criterion. Since all right hand sides are integer, the integrality of the
continuous relaxation follows. The integrality of the latter is clearly not impacted by
the re-inclusion of the redundant inequality. This shows the claim. O

Analogous reasoning for the symmetric problem (BND(I) ) leads to the following

var,l
extended formulation:

max CT T

T
st (I—zp)+> w <[5 +1 (3
t=1

(EXT-BND;) T
1 Su < |5 (4)
t=1

—$t—1+$tﬁut tzl,...,T
zo=1, z € {0,171, uweRL,

Lemma 3.3.4. The model (EXT-BND,) is an extended formulation for (BND(I) ).

var,1
Moreover, its continuous relaxation is integral.

Proof. The reasoning is analogous to the one in the proofs of Lemmas 3.3.2 and 3.3.3:
If S odd and x¢ = 1, then a bound of S on the total variation is equivalent to a bound
of [9/2] on the the number activations. Moreover, the constraint (3) is redundant, as
it is implied by (4) and z7 > 0.

Conversely, an even bound S on the total variation is equivalent to the number
deactivations being bounded by S/2. Here, the total number of deactivations is given
by the sum of (1 — z7) and the total number of activations due to the fact that
every activation requires the existence of a preceding deactivation, and there is a
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final deactivation if and only if z7 = 0. For S even, the constraint (4) is redundant,
as it is implied by (3) and xzp < 1. The integrality of the corresponding continuous
relaxation follows analogously. O

It remains to look for an extended formulation for the more general prob-
lem (BND\(,?r). One might hope that simply dropping the fixation constraints from
the extended formulations (EXT-BNDy), (EXT-BND;) and combining the two re-
sulting formulations yields an extended model for the general case. However, this
is only true to some extent, as the crucial part is that the variable zg needs to be

included in a particular way. More precisely, an extended formulation for (BND%)r)

is given by
max CTLU
T
s.t. —x0+xT—|—Zdt§ L%J—{—l (la)
t=1
T
—xo+ i < 3] (2q)
t=1
T
(EXT-BND) —(L—m)+(I—2r)+ > w < |5F]+1  (3a)
t=1

T
— -z + Y w <[5 (4a)
t=1

Tt — Tt—-1 §ut tzl,...,T (5)
Tt—1 — Tt S dt t= ]., ,T (6)
€ {0,137 u,deRL,.

Note that for zp = 0, the constraints (la) and (2a) actually correspond exactly to
the constraints (1) and (2) from (EXT-BNDg) while for xp = 1, the constraints (3a)
and (4a) correspond to the constraints (3) and (4) from (EXT-BND;). The cor-
rectness of (EXT-BNDg) and (EXT-BND;) thus immediately imply the correctness
of (EXT-BND). Similarly, the redundancy of constraints (1a) and (3a) follows if S
is odd, whereas constraints (2a) and (4a) are redundant if S is even. In particular,
this redundancy does not depend on the integrality of x so that it also holds for the
continuous relaxation of (EXT-BND). But, unfortunately, the total unimodularity of
the models (EXT-BNDy) and (EXT-BND;) does not transfer to (EXT-BND). Never-
theless, the continuous relaxation of (EXT-BND) is still integral. The corresponding
Theorem 3.3.1 and its proof are delayed until after the next two auxiliary lemmas
which help to characterize vertices of the continuous relaxation of (EXT-BND). Both
these lemmas and the subsequent Theorem 3.3.1 are proven using the same strategy,
which is to give a proof by contradiction relying on the fact that a vertex of a polyhe-
dron cannot be expressed as a (non-trivial) convex combination of two other feasible
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elements. More precisely, from now on let (x*, d*, u*) denote an arbitrary vertex of the
polyhedron which corresponds to the continuous relaxation of (EXT-BND). Then,
(x*,d*,u*) must possess the characteristics claimed in the following Lemmas 3.3.5,
3.3.6 and Theorem 3.3.1 as otherwise, it could be obtained as the (non-trivial) con-
vex combination of two particular feasible elements (z*,d*,u™) and (z~,d ", v~ ) and
thus would not be a vertex. The particular elements (z*,d",u") and (z7,d™,u")
are obtained from (z*,d*, u*) by slightly altering certain components. For a precise
description of this alteration, define ¢ for the vertex (z*,d*, u*) by

0 < e < min {tnlfnnT |zf — x:_1|,%1i<r%(1 - w,’{),g;%wf} .
In order to refer to the necessary indices in the subsequent proofs, let k describe the
total number of deactivations and activations in z* and let the set © C {1,...,T"}
collect all of the respective indices, i.e., © := {t € {1,....,T} : |zj_; — xf| > 0}.
The elements of © are denoted by t1,...,t;, where t; < tj4q for j = 1,...,k — 1.
Roughly speaking, the set © captures all indices that belong to either an activation
or a deactivation regarding only the values in the vector z*. For a better grasp of

this set, consider the following brief example.

Example 3.3.3. Consider the continuous relaxation of (EXT-BND) for 7' = 6
and S = 2. Then, a feasible solution is given by:

x = (1/4,1/4,3/4,1/2,1/2,0,1/4), u = (0,5/8,0,0,0, /1), d = (0,1/8,1/4,0,1/2,0) .

The structure of the vector z is visualized in the graph below in the form of a
discrete function over the time horizon. However, to ease the understanding in the
following proofs, each two adjacent discrete points of the graph are connected linearly.
These linear segments between two consecutive discrete points symbolize the exact
variation: An incline indicates an activation in , i.e., —xy,—1 + z¢; > 0, and gives a
lower bound on the variable u;;, while a decline indicates a decactivation in z, i.e.,
xy—1—x; > 0, and gives a lower bound on the variable dt].. The corresponding set ©
is marked on the t-axis.

T

o
—
NS
o ——
e~
[0
o
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Note that while the inclines and declines illustrated in the graph give the exact
variation between two consecutive values in z, they do not necessarily show the value
of u or d, but only a lower bound. For example, the incline between time point 1 and
2 is given by xo — x; = 1/2, which is exceeded by the value ug = 5/3. Similarly, the
value dy = 1/8 is positive, although there occurs no deactivation at this stage.

Using that notation, the first auxiliary lemma can be phrased. Roughly speaking,
it states when considering only the z*-vector of (z*,d*,u*), this cannot have two
consecutive changes in the same direction.

Lemma 3.3.5. Let (z*,d*, u*) be a vertex of the polyhedron corresponding to the
continuous relaxation of (EXT-BND). For t;,t;41 € ©, it either holds

* * * * * *
Tt;—1 > Tt < Tty or Tt;—1 < T > Ttiyy -

Proof. Let (z*,d*,u*) be a vertex of the continuous relaxation of (EXT-BND)
and assume that there exist ¢;,¢;41 € © with 27 > af > =z . This way,
both di, and dj  are forced to take a positive value by constraints (6). Now,
the solution (x*,d*,u*) is slightly altered, so as to obtain two new feasible solu-
tions (z,d*,u") and (x~,d™,u") via shifting the values z} by the constant value &
defined above for all ¢t with ¢; < ¢ < ¢;;. This shift is also carried over to d* and u*
to make sure that (5) and (6) are still satisfied. More formally, define

. bo<t " d: —e t= tj,
ry +e tj <t <tja,
af =4 ! ) ! df =S df+¢ t= tit1, ut = u
xy otherwise, .
dy otherwise,

Now and in the following, let (z7,d~,u™) be defined analogously, only with inverted
signs for e. The figure below illustrates the idea behind the above definition of z™
(magenta) and x~ (cyan).
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It is easy to see that ™ and x~ satisfy the trivial lower and upper bounds by def-
inition of e. The constraints (5) and (6) are satisfied by definition of (z*,d", u™)
and (z7,d”,u”). It remains to show that constraints (la)-(4a) are satisfied. Ob-
serve that by definition, it holds zf = x5 = z§ as well as 2} = 2z, = ah. It
thus suffices to show that the total sum of the respective variables d*, d~ and u™,
u~ does not change., i.e., that Zthl df = thl ;= Zthl d;y and Zthl u =
Zthl u, = Z?zl uy. This, however, is obvious by their definition. Consequently,
the vertex (z*,d*,u*) can be expressed as the convex combination of (z+,d", u™)

and (z7,d",u"):
(z*,d*,u*) = S(aT,dTu™) + L(@7,d ", u7) .
This yields a contradiction to (z*, d*, u*) being a vertex. The argument for the other

case xy _y < xf < i, isanalogous. O

Now, since the vector x* cannot have two consecutive changes in the same di-
rection, a consequence of the previous lemma is that each index in © must belong
to a local maximum or a local minimum in 2*. The next lemma studies these local
extrema more closely. Its essence is that the vector (zj,,x},, ..., zf,_,) can contain at
most one fractional local extremum z7,.

Lemma 3.3.6. Let (z*,d*,u*) be a vertex of the continuous relaxation
of (EXT-BND). Then, there exists at most one index ¢, € © \ {t} with z}, € (0,1).

Proof. Let (x*,d*,u*) be a vertex of the continuous relaxation of (EXT-BND) and
assume that the statement does not hold, i.e., that there exist two indices t; # t;,
ty, 15 € (C] \ {tk} with x;}, x;“j € (0, 1), where w.lo.g. £, <.

First, consider the case tp41 < t; where both z} and z7, are extrema of the same
type. W.lLo.g., assume that both are local maxima (otherwise switch the roles of ¢;41
and t; as well as ty41 and t; in the following definition of d*,u™) and define

i t+e te <t <tpg, dif +e¢ t=ti, uy +¢ t=ty,
af =Qai—e tyj<t<tj, df =qdf—ec t=tj, u =ul-—ec t=tj
xy otherwise, df otherwise, uy otherwise,

and define (z—,d~,u~) analogously, only with inverted signs for €. The idea behind
the definition of 7 and z~ is sketched below in Figure 3.1a.

Otherwise, if tp41 < t; and zj, and :1:7;], are opposite extrema, assume w.l.o.g.
that 2 is a local maximum (otherwise switch the roles of ¢ and j in the definition
of d™ and u™) and define

i t+e te <t <tpg, dif +e¢ t=ti, uy +¢ t=ty,
af =Qaite tj<t<tj, df ={df—¢ t=t;, uf =Quf—e t=tj1,
xy otherwise, df otherwise, uy otherwise,
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and again, let (z7,d™,u") be defined analogously, only with inverted signs for . The
subsequent figure illustrates the idea behind the definition of 2™ and 2~ depending
on the previous case distinction.

* *
z} Tt

0 1 1 1 1 t 0 1 1 1 1t
ty  teyr ti  tipa te teya t; tjt1

(a) Two same-type local extrema (b) Two different-type local extrema

Figure 3.1: Depiction of " (magenta) and 2~ (cyan) for the case ty11 < t;

Finally, consider the case ty1; = t;. Here, assume that zj, is a local maximum
and xj, = w7, is a local minimum (the reverse case is analogous) and define

. < u;y +e t=tyg,
Ty +¢€ tg_t<tj+1,
:Ezr = ) dt .= d*, uj =Qquf —e t=ti,
xy otherwise, _
uy otherwise,

and (z7,d”,u”) with inverted signs for e. The figure below sketches the new vec-
tors 1 and 2~ in this case.

¥
Ty

0 | | | t
toter1 =t tj+1

Figure 3.2: Depiction of ™ and z~ for the case ty11 =t;

With the same reasoning as in the proof of Lemma 3.3.5, the feasibility of the
solutions (x*,d",u") and (x~,d~,u~) follows for each of the previous cases. By
construction,

(z*,d*,u*) = $(2T,d",uT) + (27, d",u")

which leads to a contradiction, since (z*,d*, u*) is a vertex. ]
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With the two previous auxiliary Lemmas 3.3.5 and 3.3.6, it is established
that given some vertex (z*,d*,u”), the vector (z},j q,...,7;, ;) must be
composed of all binary local extrema, except for at most one constant se-
quence xy,, Ty, 1, ---7372‘”171 corresponding to fractional local extrema. So far, no
claim has yet been made about the value of the (constant) sequence z, ..., xj, _; or
the (constant) sequence =y, ...,77. As of now, the z*-vector of a vertex (z*,d", u”)
could therefore still have a structure as depicted below in an exemplary way:

Tt

t1 tg

It turns out, however, that no vertex (z*,d*,u*) can have an x*-vector with such

a structure. More precisely, any vertex (z*,d*,u*) of the continuous relaxation
of (EXT-BND) must be integer.

Theorem 3.3.1. The continuous relaxation of (EXT-BND) is integral.

Proof. The following proof is restricted to the case in which S is odd, since the
reasoning for an even .S is analogous.

So, let S be odd and let (z*,d*,u*) be a vertex of the continuous relaxation
of (EXT-BND). Due to the parity of S, the constraints (1a) and (3a) are redundant.
Hence, the only non-trivial constraints that need to be considered are

T T
—zo+ Y di<|5] (20) and w4+ w<[5]+1 (da).
t=1 t=1

The subsequent proof is split into two parts. The first part is dedicated to proving
the integrality of the vector z*. This is achieved by a large case distinction based on
the structure of #* which exploits that at least one of the two constraints (2a),(4a)
must be tight for (z*,d*, u*). Second, it is shown that the integrality of z* implies
the integrality of d* and u*.

To commence the first part, suppose that z* is not integer. According to
Lemma 3.3.6, there can exist at most one index t; € O \ {t;} corresponding to
a fractional extremum xy, € (0,1). Thus, three possible structures for z* remain,
depending on the location of the fractional extremum: either it is located in the
beginning/end (¢ € {1,k —1}), or somewhere in the middle (1 < ¢ < k—1), or there
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exists no fractional extremum at all. But no matter which of these structures the
vector z* possesses, it follows that at least one of the constraints (2a) or (4a) must
be tight for (z*,d*,u*). Indeed, let there be a positive slack ¢ in both constraints.
If there exists a fractional extremum in x*, from now on it is always assumed that
this is a local maximum (otherwise, switch ¢, and ¢y, 1 in d*, u™, and negate the
sign of € in #1) and define

+ .
Uy =

{x;§+s te <t <tpsr, d+.{dz+s t=to1,
t

{uj;+e t=ty,

xf otherwise, dy otherwise, uy otherwise.

From now on, let (z~,d™,u™) always be defined analogous to (z*,d",u™), only with
negated signs for €. This definition ensures that

Yoz, d™,u™) + Y2(x™,d",u”) = (z*,d*, u*)

which contradicts the fact that (a* ,d*,u*) is a vertex if both (z*,d" u™)
and (z7,d”,u") are feasible. In order to give a proof by contradiction it thus suffices
to show the feasibility of (z*,d*,u™) and (z~,d ™, u™).
Here, the feasibility of (z*,d",u™) and (x~,d~,u~) follows for & chosen small
enough, i.e., € < 4. To see this, observe that compared to (z*,d*, u*), the values on
the left hand sides of (2a) and (4a) each decrease by ¢ for (z7,d™,u ™), whereas they
increase by ¢ for (z+,d*,u™).

If no fractional extremum exists, the argument is similar: Since x* is fractional
by assumption, at least one of the values xg, 27 must be fractional. Assume w.l.o.g.
that xj € (0,1) (the case =% € (0,1) works analogously) and define

xfte t<t, di +(1—=x} ) ¢ t=t1, uf —xf e t=tq,
w?:—{t 1 d+_{t ( tl) 1 u;r:—{t t1 1

Ty otherwise, df otherwise, uy otherwise.

If 7, = 1, then the left hand side value of (4a) neither changes for (z™,d",u™)
nor for (z7,d”,u”), as an increase/decrease in z{j is always canceled out by the
decrease/increase in ujf . Both elements also satisfy (2a) for ¢ < 0, as the value
on the left hand side decreases by e for (x7,d”,u™), whereas it increases by e
for (z*,d",u™). The argument is symmetric for xf, = 0. Consequently, the two
solutions (z*,d",u") and (z7,d™,u™) are feasible.

Thus, at least one of the two constraints (2a) or (4a) must be tight for (z*,d*, u*).
This is exploited in the following case distinction, which is based on the location of
the fractional extremum.

Case 1: The fractional extremum is at the beginning or at the end, i.e., £ € {1,k—1}

Suppose that (2a) is tight. If d* is minimal (with respect to #* and constraints (6))
and the fractional extremum is located at the beginning (i.e., £ = 1), then the fact
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that (2a) is tight implies that the last change in the vector z* must be a fractional

deactivation df =y, —x;, =1—2% € (0,1) and the last entry 27 must also be

k
fractional. In this case, begin with the definition (%) and extend it as follows:

v =i +e for t>t,, df ==df —e for t=t.

If the fractional extremum is instead located at the end (i.e., £ = k — 1), then the
fact that (2a) is tight implies that the entry z{; must be fractional and that the first
change in the vector z* must be a fractional activation uy > zj, —25 = 1—xf € (0,1).
In this case, extend the definition () as follows:

=2 +e for t<t, u ==uf —e for t=t;.

In either case, (x+,d",u™) and (z~,d~,u") satisfy (2a), since the value on the left
hand side does not change. If u* is minimal, too, then constraint (4a) cannot be
tight for (a*,d*,u*), i.e., it has a positive slack 6 > 0. Compared to (z*,d*,u*),
the left hand side of this constraint increases by e for (xt,d",u"), whereas it
decreases by ¢ for (z7,d",u”). Therefore, if u* is minimal, then (z*,d", u™)
and (z7,d",u”) are feasible, as long as ¢ is chosen smaller than the slack §. The
figure below illustrates the idea behind the previous definitions of (z,d™, u™) (ma-
genta) and (z7,d”,u") (cyan).

te=1t1 t te=1tp_1

(=1 {=k—-1

In case u* is not minimal, (4a) might be tight for (z*, d*, u*), so that the current
definition of (z1,d",u") does not yield a feasible solution due to the increase by &
on the left hand side of (4a). This, however, can be rectified by adding u; := u} — e
to the current definition, where ¢ is the index of some too large value uj, i.e.,
uf > af —xf | > 0. Then, both (z*,d",u") and (z7,d",u~) are feasible, if ¢ is

smaller than u} — (z} — zf_,).

Now, if d* is not minimal, the fact that (2a) is tight does not imply anything
about the structure of x* anymore. In this case, begin with the definition (%) and
extend it by dj := d; — ¢, where j is the index of some too large value d7, i.e.,
df > ¥ ) —af > 0. Again, the fact that (27, d",u™) and (27,d™,u”) satisfy (2a)
is easy to see. For (z1,d%,u™), the left hand side of (4a) increases by e, whereas
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is decreases by the same value for (z—,d~,u™). If (4a) is not tight for (z*,d*, u*),
i.e., it has a positive slack § > 0, then (z*,d",u") and (z~,d~,u”) are feasible
solutions, if € is smaller than the slack §. If (4a) is tight, then the current definition
needs to be further modified in order to yield a feasible element. More precisely,
if u* is not minimal, it suffices to add uj := u; — ¢ to the current definition, where i
is the index of some too large value uj, i.e., u; > x7 —x;_; > 0 and to ensure that €
does not exceed u — (z7 — x}_;). Otherwise, if «* is minimal, then it is possible to
discover more about the structure of x* from the fact that (4a) is tight.

If the fractional extremum is located at the beginning (i.e., £ = 1), then the fact
that (4a) is tight implies that the last change in the vector z* must be a fractional
activation uy, € (0,1) and the last entry a3 must also be fractional. In this case,
extend the current definition of (x*,d",u™) as follows:

zf i=af—e for t>t,, uf=u—¢c fort=t;.

If the fractional extremum is instead located at the end (i.e., £ = k — 1), then the
fact that (4a) is tight implies that the entry zj must be fractional and that the first
change in the vector z* must be a fractional deactivation dy > xg — xf, = 25— 0 €
(0,1). In this case, extend the current definition of (z*,d*,u™) as follows:

zf =af—e for t<ty, df =df —¢ fort=t;.

Now, the elements (z*,d%,u™) and (x7,d ,u”) satisfy both (2a) and (4a). The
figure below illustrates this definition of (z*,d",u™") (magenta) and (x~,d™,u")
(cyan) depending on the location of the fractional extremum.

te=t1 to

(=1 {=k-1

This concludes the case that (2a) is tight for (z*,d*,u*). The argument for the
case that (4a) is tight is analogous.

Case 2: The fractional extremum is somewhere in the middle, i.e., 1 < f < k —1

First of all, note that the case zf € {0,1} can be dealt with as described in
Case 1. Indeed, if zf € {0,1} and (2a) is tight (and d* is minimal), then it
follows df ,z7 € (0,1). Otherwise, (4a) being tight (and u* minimal) implies that
it must hold uy, , 27 € (0,1). Therefore, one can use the respective arguments from

02



the previous case and assume z{; € (0, 1) from now on.

The subsequent case distinction is based on whether the first change in z* is an
activation (zj, = 1) or a deactivation (z}, = 0). First, consider zj, = 1.

Let 23 € (0,1) and z;, = 1. If (4a) is tight and «* is minimal (regarding z* and (5)),
then it must hold uj_ € (0,1) and x% € (0,1). In this case, extend the definition (x)
as follows:

L {:c;:+e b<t, oy {u,’;—a t=ti,

Xy
l‘zﬁfe tztk, u;ffe t:tk.

Then, (x%,d",u") and (z~,d~,u") satisfy (2a) and (4a), since the values on the left
hand sides do not change. The figure below illustrates the definition of (z,d™, u™)
(magenta) and (z~,d™,u") (cyan).

If w* is not minimal, it is not ensured that uy, € (0,1) and 2% € (0,1). In this
case, extend the definition (x) as follows

* —
u; —e t=ty,

zf =) +e fort <t uj::{* .
UZ—E :7/,

where ¢ is the index of some too large value u; > z7 — x| > 0. If ¢ does not
exceed uf — (zf — aF ), then (z*,d",u") and (z7,d",u”) are feasible solutions
and satisfy both (2a) and (4a), as the values on the respective left hand sides do not
change.

Next, assume that (2a) is tight for (z*,d*,u*). If (4a) is also tight, then one can
argue as described before. If, however, (4a) is not tight, then it has a positive slack §
and it suffices to extend the definition (x) as follows:

=2 +e fort<ty, uf=uj+e fort=t.

The value on the left hand side of (2a) does not change for (z*,d",u™)
nor for (z7,d",u”). The value on the left hand side of (4a) decreases by e
for (x7,d~,u™), whereas it increases by ¢ for (z*,d",u™"). Therefore, the solutions
are feasible if € < 4.

The reverse case in which zj, = 0 works with symmetric arguments and is
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therefore only sketched briefly in the following. If (2a) is tight and d* is minimal, it
must hold d}, ,z7. € (0,1). Then, extend the definition (x) as follows:

1';'_:: xf—e t<ty, d?_:: df —e t=1y,
.’L‘Zk-‘ré“ t > tg, d:—&‘ t =1g.

This yields feasible solutions (z*,d",u™), (x7,d~,u™). The sketch below depicts
the idea behind the definition of (z*,d",u") (magenta) and (z~,d,u~) (cyan).

ty

If d* is not minimal, then there exists some too large value d; > x;f_l — a:;‘ > 0 that
can be used to balance out the otherwise occurring increase on the left hand side
of (2a). If (4a) is tight and (2a) is tight, too, then the previous argument still works.
If (4a) is tight and (2a) is not tight, then extend the definition (x) as follows

i =a) —e fort<ty, df =dj —¢ fort=t,

and ensure that € does not exceed the slack in constraint (2a).

Case 3: there is no fractional extremum

If z§ € {0,1}, then it must hold that z} € (0,1), since z* is not integer by
assumption. In case zj, | = 0, it must hold u;, > 0, even if «" is minimal. Then,
define

fEt: Ut:

N {mj;+e t >ty g {uj;+a =t

xy otherwise, uy otherwise.

If * is minimal, there must be a positive slack § in (4a) and the above definition
yields feasible elements (z*,d",u™),(z7,d",u”) if ¢ < 6. If u* is not minimal,

additionally include u;L =u; — € for some j with u; > x; — xj_; and make sure
that ¢ < uj — (27 — 2j_;). Otherwise, if zj, | =1, it must hold dj, > 0, even if d*
is minimal. Then, define
i —e t>t di +e t=t
af =" = dt =" b ut =t
xy otherwise, df otherwise,

The argument for the feasibility is analogous.
Since the case x§ € {0,1} is now settled, let zf € (0,1) and assume that the first
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change in 2* corresponds to an activation, i.e., zj, = 1. If (2a) is tight and d* is
minimal, then it must hold dj, € (0,1) and x7. € (0,1). Now, define

xy =Qx;—€ 2>t

*

xy+e t<ty, "
2_ d?_: dt+8 t:tk, uj: Uy — € t:tl,
uy otherwise.

dj otherwise,
» .
xy otherwise,

The feasibility of (z*,d",u™) and (x~,d",u™) is easy to see. The sketch below
illustrates the idea behind this definition of (z*,d", ™) (magenta) and (z~,d ™, u™)
(cyan).

AN =
\\\
\
e
4’—,

t
L=t

Now, finally, if d* is not minimal, then it is not ensured that the last change
in z* is a (fractional) deactivation. In this case, however, remove all definitions
for the index ¢ in the previous expression and instead include dj = d}k- + ¢ for
some too large value d; > x7 | —x} > 0. This yields a feasible solution as long
as € < df — |z7_; — xf|. Now, assume that (4a) is tight. If (2a) is also tight, argue
as before. If (2a) is not tight, remove all definitions for the index ¢ from the above
expression and yield a feasible elements (z*,d",u") and (z~,d~,u™), as long as €
is smaller than the slack in (2a).

The reverse case in which zf € (0,1) and the first change in z* corresponds
to a deactivation is symmetric and is therefore only briefly sketched. If (4a) is tight
and u* is minimal, then it must hold u;, , 2% € (0,1). Then, define

=Sat—c t>ty, ut =

dy otherwise,

Ty +e t<ty, %
. d+:{dt+€ t=t, N {ut—s t =t
t t . .
Uy otherwise.

xy otherwise,

The sketch below illustrates the idea behind this definition of (z,d",u™) (magenta)
and (z7,d”,u™) (cyan).
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tr =ty

If v* is not minimal, then remove all definitions for the index t; in the above
expression and instead include uj” := u} — e for some too large value wu. If (2a) is
tight and (4a) is also tight, then one may use the former argument. If (2a) is tight,
but (4a) is not, then just remove all definitions for the index t; from the above
expression and yield a feasible elements (z*,d",u") and (z~,d~,u™), as long as €
is smaller than the slack in (4a).

This concludes the case distinction and shows that the vertex (z*,d*,u*) must
have an integer x*. It remains to show that this integrality also implies the inte-
grality of the vectors d* and u*. This is done in the following second part of the proof.

Suppose that z* is integer, but either d* or u* is not entirely integer. Thus,
there exists at least one index i € {1,...,T} with df ¢ Z (the argument is analogous
in case u* is not integer). In particular, this implies that d} is not minimal with
respect to z* and (6), i.e., df > x} ; —x] > 0. Now either, the constraint (2a)
holds with equality, or it has a positive slack §. In the first case, there must exist a
second fractional entry d; ¢ Z which therefore cannot be minimal regarding x*, i.e.,
d;*- > 1:;‘-_1 — x; > 0. Now, define

di +e t =1, di —e t=1,
df ={df—¢ t=j, and d; ==<{di+e t=j],
dy otherwise, df otherwise.

It is easy to see that (z¥,d",u") and (z7,d,u™) are both feasible for ¢ smaller
than min{d} — (z;_; —z}),d; — (zj_; — x})}. If constraint (2a) is not tight, then it
is not ensured that there exists a second fractional value in d* other than d;. In this
case, it suffices to delete the definitions for the index j from the above expression to
yield feasible elements (z*,d",u™) and (z7,d~,u") for e < min{d}—(z} ;—x7),d}.
This shows the integrality of d*. The integrality of u* follows with analogous argu-
ments using the constraint (4a). O

This concludes the study of extended models and, in a natural way, ensues the
question how a perfect formulation of (BND‘(,?r) in the original space of only the
x-variables looks like. Such a description in the original space can, for example,

be obtained by projection of the polyhedra that correspond to the continuously
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relaxed extended models. In fact, Fourier-Motzkin elimination of the deactivation
and activation variables in (EXT-BND) yields

Theorem 3.3.2. For 1 < S < T, consider any index set {tg,...,tm} C {0,...,T}
with ¢; < tj4q for j = 0,...,,m — 1 such that m is odd if and only if S is even,
and let m > S. Define the following inequalities which will be called alternating

inequalities:
S (-1, < [5h] (ALT®)  and > (~1)m, < [52] (ALTD).
j=0 =0

Let P be the polytope defined by these alternating inequalities and the trivial in-
equalities z € [0, 1]7+L. Then, P = conv(f).

Proof. Consider the continuous relaxation of (EXT-BND) and recall that con-
straints (2a) and (4a) are redundant if S is even, whereas (1a) and (3a) are redundant
if S is odd. The redundant constraints can be removed from the model.

Furthermore, observe that one may perform the elimination of the deactivation
variables d completely independent of the elimination of the activation variables u,
as no inequality in (EXT-BND) contains both of them simultaneously. Thus, the
constraints involving the activation variables u are ignored in the elimination of the
deactivation variables d that is described in the following.

Recall that the set of constraints in the continuous relaxation of (EXT-BND) that
involve only d is given by

T T
—wot+ar+ Y di <[5 +1 (la), —zo+ Y & <[5] (20),

t=1 t=1
:L't_l—.’lﬁt—dtgo tzl,...,T, —dtSO t:1,...,T.

Consider an iteration of the Fourier-Motzkin method which eliminates a variable dp,
te{l,..,T}. Let K C {1,...,T} be the set of indices of deactivation variables that
have been eliminated in earlier iterations of the Fourier-Motzkin method. Further-
more, assume that S is even, i.e., constraint (2a) is removed, due to its redundancy.
Then, the set of linear inequalities that has been obtained by the method up until
the current iteration ¢ satisfies the following:

1. The variable d; only occurs negatively on the left hand side in two constraints,

namely the deactivation constraint xy_1 — xy — d¢ < 0 and the non-negativity
constraint —dy; < 0.
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2. The variable dy occurs positively on the left hand side in all of the following
inequalities:

—x0 + T + Z(acj,l —xj) + Z d; < {%J +1 forall J C K .
jeJ je{1,..,TI\K

3. All other inequalities do not contain d; and are given by x; 1 — xy — dy < 0,
—dy <Oforallte{l,., T}\ (KU{l}).

For the elimination of dy, both inequalities in 1. have to be combined with all in-
equalities in 2. The set of inequalities that is obtained by the elimination of dy is
again of the form as described by 1.-3. with K := K U {¢}. It is easy to see that the
number of constraints roughly doubles with every elimination of a variable dy. After
all deactivation variables have been eliminated, the set of remaining inequalities is
thus given by

m

Z(—l)jﬂxtj < L%J +1= % _ L%J
j=0

for any index set {to,...,tm} C {0,...,T} with t; < t;4q for j = 0,...,m — 1 such
that m is odd.

If S is instead assumed to be odd, the argument is analogous with the only
difference that, in this case, the constraint (la) is removed and thus, the set of
inequalities in 2. is instead given by

—z0 + Z(xj_l —x;) + Z dj < L%j forall J C K.
jed je{1,...TI\K

Thus, the elimination of d for an odd S yields

(=1 oy, < 3]

M

I
=)

J
for any index set {to,...,tm} C {0,...,T} with t; < t;4q for j = 0,...,m — 1 such
that m is even.

Next, consider the projection of the constraints in the continuous relaxation
of (EXT-BND) that involve only u. Recall that those inequalities are given by

T T
‘oo —ar+ Yy w <[5 +1 (Ba),  4zo+ > w<[F]+1 (da),
t=1 t=1

mt—wt,l—utg() tzl,...,T, —ut§0 tzl,...,T.

Next, consider the elimination of the activation variables u, using the notation from
before. If S is even, the set of linear inequalities that has been obtained by Fourier-
Motzkin elimination of u up until the current iteration ¢, in which wu, is eliminated,
satisfies the following;:
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1. The variable uy only occurs negatively on the left hand side in two constraints,
namely the activation constraint xy — xy — uy—1 < 0 and the non-negativity
constraint —uy < 0.

2. The variable uy occurs positively on the left hand side in all of the following
inequalities

+I0—93T+Z = Tj-1) Z ung%J—kl forall J C K .
jed ]6{1,...,T}\K

3. All other inequalities do not contain uy and are given by x; — x—1 — ur < 0,
—uy <0 forallte{l,.,T}\ (KU{l}).

Thus, the elimination of all activation variables u yields the inequalities

m

S (=1, < 5P +1=5 =15

Jj=0

for any index set {to,...,tm} C {0,...,T} with t; < t;4q for j = 0,...,m — 1 such
that m is odd. If S is odd, the argument is analogous with the only difference that,
in this case, the constraint (3a) is removed and thus, the set of inequalities in 2. is
instead given by

_|_x0_|_z i —Ti1) Z uj < [5]+1 forall JC K.
jeJ ]E{l,...,T}\K

Thus, for an odd S, the elimination of d yields

m

S (1) < 5]+ 1= (5]

J=0

for any index set {to,...,tm} C {0,...,T} with t; < t;4q for j = 0,...,m — 1 such
that m is even. It is easy to see that the inequalities (ALT{}) and (ALT$}) are redun-
dant if for m < .S, hence they may be omitted. This shows the claim. O

Note that the extended model (EXT-BND) is defined in dimension 37"+ 1 and
the number of its constraints is linear in T" as well; it is thus only slightly larger than
the original model (BND%}). On the contrary, the respective complete description
in the original space by the inequalities defined in Theorem 3.3.2 has an exponential
number of constraints.

A perfect formulation of conv(£)y) and conv(€2;) in the original space can also
be obtained by projection of the polyhedra of the corresponding extended mod-
els (EXT-BNDg) and (EXT-BND;) onto the z-space. However, this thesis will re-
frain from doing so to avoid redundancies. In fact, the next subsection will devise a

(1)

var,0

primal-dual optimization algorithm for the problem (BND ), and the proof of its
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correctness will actually also serve as a proof of a complete description for conv ().
Therefore, this section will now present the relevant inequalities and only show their
validity for conv(€p) and conv(£2;). Note that the index sets defined below are now
subsets of {1,...,T}, i.e., the first stage t = 0 is excluded.

Lemma 3.3.7. For 1 < S < T, consider any index set {¢1,...,t,,} C {1,...,T}
with ¢; < t;11 for j = 1,...,m—1 where m is odd if and only if S is even, and m > S.
Then, the following alternating inequalites are valid for conv(€y) and conv(£),

respectively:

(ALT)) Z( 1)z, < |5 for conv(€y) and
j=1

(ALT;) > (—1ay, <511 for conv(Q) .
j=1

Proof. Consider the inequality (ALTy) for some index set {t1,...,t,} with the re-
quired properties. It suffices to prove that the inequality Z (= )”1 < LS/zj is
valid for each z € €y. Observe that for m < S, the inequality would be redundant as
the number of positive coefficients on the left hand side of (ALTy) is at most [m/2].
So suppose that m > S and that there is an element & € {0y such that

m

S(-1ta, > (5] +1.

j=1
In case S is odd and m is even, there must be at least |S/2] +1 = S+1/2 many indices
tj, j € {1,3,5,...,m}, such that 7;;, = 1 and 7y, ,
the left hand side is —1. Consequently, Z has a variation of at least S + 1, which

= 0, since the last coefficient on

contradicts & € ().

In case S is even and m is odd, the reasoning is very similar: either there are at
least 5/2 + 1 indices t;, j € {1,3,5,...,m}, with &y, = 1 and Z,,, = 0, or there are
only S/2 indices with this property, but x;,, = 1. Either way, Z has a variation of
more than S.

The validity of (ALT;) for conv(£2;) immediately follows due the symmetry de-
scribed in Remark 3.3.1

_ i(—l)ﬁrlxtj < [S/2] — i J+1 N Z th 15/2] — {0, S odd

= = 1, S even
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The proof that these alternating inequalities (ALTy) and (ALT;) together with
the trivial inequalities completely describe the polytopes conv(€2y) and conv ()
will be given in the next subsection. The mode in which this will be proven will
differ significantly from the previous techniques. In fact, instead of using arguments
involving total unimodularity or convex combinations, the following section will rely
on LP duality arguments.

3.3.2 Merging Algorithm and Complete Description

The purpose of this subsection is twofold: on the one hand, it presents a primal-dual
optimization algorithm for (BNDE;LO), on the other hand, it will show that the trivial
bounds on z and the alternating inequalities (ALTy), (ALT;) defined in the previous
section yield respective perfect formulations of the polytopes conv(€y) and conv(£2;).
Note that due to the symmetry reasons, it suffices to consider the version with
fixation to zero in the beginning. Thus, this section will focus on the polytope Py
that consists of the alternating inequalities (ALT() and the trivial inequalities and
it will show Py C conv(£y) by proving the integrality of Py. Observe that it suffices
to show Py = conv(£2p), since the reverse the inclusion conv(€y) C Py is obvious by
validity of the alternating inequalities (ALTy).

Theorem 3.3.3. Let Py denote the polytope that is defined by the linear inequal-
ities g = 0, x4 € [0,1] for all t = 1,...,T, and the alternating inequalities (ALTy).
Then,

CODV(Q(]) = Po .

The above theorem and Remark 3.3.1 immediately imply

Theorem 3.3.4. Let P; denote the polytope that is defined by the linear inequal-
ities zp = 1, a; € [0,1] for all ¢ = 1,...,T, and the alternating inequalities (ALT}).
Then,

conv(§)y) = P .

The remainder of this subsection is dedicated to the proof of Theorem 3.3.3.
This aim is achieved using LP-duality: It will be shown that for any objective ¢
there exists an integer optimizer of ¢’z over Py, by simultaneously constructing
a dual solution attaining the same objective value. In other words, a primal-dual
optimization algorithm will be presented. Proving the correctness of the latter then
simultaneously proves Theorem 3.3.3.

Since the variable x(y is fixed to zero in Theorem 3.3.3 and does not appear
in any alternating inequality (ALTp), it may as well be deleted in (BNDE,217O).
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Let then p denote the total number of alternating inequalities and let the

system Az < [5] -1, collect all of them, where now z := (21,..,27)" and
1)

var,0
the resulting linear problem, which can be written in primal (left) and dual (right)

c:=(c1,...,cr) . Then, replace the feasible region of (BND,, ) by Py and consider

form as follows:

max ¢z min [9/2] 1;—1/ + 172
(OPT-Py) st. Az < |[5/2]-1, st. Aly+z>c¢
z <1, z€RL, y €RY,, zeRL,

Furthermore, assume that S < 7T, as otherwise the alternating inequalities
in (OPT-Py) are redundant, the existence of an integer optimum solution
for (OPT-Py) is obvious and, in particular, there is no need for an optimization algo-
rithm. Moreover, the integrality of Py follows immediately. Similarly, assume S > 0
since otherwise, the existence of an optimal integer primal solution is also trivial.
As previously stated, the integrality of Py is proven by constructing, for a given
objective ¢ € RT, a feasible integer primal solution and a dual solution with the
same objective value. This is achieved by merging or deleting variables which
reduces the given problem instance step-wise up to a recursion root, for which an
integer optimum primal and dual solution is easily determined. With the knowledge
of these solutions, the previous reduction process is then reversed so as to obtain
an integer optimal primal and optimum dual solution for the original instance. The
pseudocode below describes the outline of the merging algorithm. The structure of
this subsection will now follow the course of the algorithm: one after the other, the
lemmas making up the algorithm’s steps are presented and proven in the order in
which they occur in the algorithm.

Algorithm 2: Sketch of primal-dual algorithm
Input: T € N>, S € {1,...,T -1}, ceRT
Output: optimal integer solution z* for (OPT-Pg) (and corresponding dual

solution (y*, z*))
apply the preprocessing steps described in Definition 3.3.3;
if S=T—1 then
‘ obtain integer primal and dual solution according to Lemma 3.3.9;
else
apply Merging Rule 3.3.4;
L recursively call Algorithm 2 for the merged instance;

S Otk W N

7 extend the integer primal and dual solution according to the proof of
Theorem 3.3.6;

In order to capture the merging of variables and to be able to reverse this merging
process, the following method of indexing the variables is introduced.
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Definition 3.3.2. Refer to instances of (OPT-Py) via (¢, 7). Here, ¢ denotes the
objective, and the finite set 7 is a family of sets used to index the dual variables.
The elements J € T are assumed to be ordered and thus, for 1 < ¢ < |T], let 7 (¢)
denote the t-th element of 7. The objective ¢ and the vector x are indexed with the
corresponding elements J € T. As each alternating inequality is uniquely determined
by the elements contained in its support J C 7T, the corresponding dual variable y
is indexed with the subset 7. The other dual variable z is indexed by J € T.

For a better grasp of Definition 3.3.2, a small example is given below.
Example 3.3.4. Consider an instance of (OPT-Pg) with 7" =4, S = 2, and the set
family 7 = {{1}, {2}, {3}, {4}}. Then, the alternating inequality

Ty — T2y Haggy <1

is uniquely determined by J = {{1},{2},{3}} C 7, which is also the index of the
corresponding dual variable. The (non-trivial) dual constraints are thus given by:

TUL0L 6 T YL M TYL 814 +2q1 Zc{1y
Y2081 T Y2k T V({23344 + 22} ZC{2}
TY{1}{2143}) YL B} T V{2504 +2(3} Z¢{3}

T U2 T B T Y2 8han T2y 2cqqy

Given an arbitrary instance (¢, 7T ), the merging algorithm 2 will first perform
the preprocessing steps which are defined next. Their purpose is to transform the
given instance into a simpler instance, i.e., an instance where the objective has a
very specific structure. The properties of this objective will then be the basis of the
entire merging idea. While it is obvious that the following preprocessing step (cz)m be
1

performed for any given instance, the fact that the resulting instance of (BNDVM,O) is
actually equivalent to the given one is not. The proof of this will be contained in the

proof of Theorem 3.3.6 which will conclude the description of the algorithm’s steps.

Definition 3.3.3 (Preprocessing). Given an instance of (OPT-Py), use the indexing
method described in Definition 3.3.2,i.e., T = {{1},....,{T'}} and define correspond-
ing objective coefficients by c(;y :=¢; for j =1,...,T" Then,

1. Delete all zero-entries:

Set TW := {J € T | ¢y # 0} and ¢\ := ¢; for all J € TO.
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2.

. Delete the last sequence of entries with sign (—1)

Delete the first sequence of negative entries in the objective:
For the first positive entry [ in ¢y, set

T = {TO@) | t> 1} and P = P for all J € T .

Combine each sequence of entries with the same sign into a single element:
For all maximal sequences CT@) (k) -+ CT@) (5) of equal sign, define

M= | 7O@) and T® =7\ | {TO)} U (M)}
k<t<j kst<

as well as cg\:j[) E= z:k cg%()2)(t), csg) = CSQ) for J € TG,

S+1.

For the last [ with sgn(cT(s) (l)) = (—1)57 set

T = (IO [t <1} and P =P for all J € TW

The example below demonstrates the preprocessing steps.

Example 3.3.5. Let the following instance with S = 3 be given:

C

T

= (-3,1,3,-6,5,0,-7,4,-2,3,-9,11,-1,2)
= {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14}}

The instances in the preprocessing steps then read as follows:

AV = (-3,1,3,-6,5,—7,5,—-2,3,-9,11,—-1,2) ,
TO = {{1},{2}, {3}, {4}, {5}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14}} ,

A? = (1,3,-6,5,-7,5,-2,3,-9,11,-1,2) ,
TE = {{2},{3}, {4}, {5}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14}} ,

A3 = (4,-6,5,-7,5,—-2,3,-9,11,-1,2) ,
T = {{2,3},{4}, {5}, {7}, {8}, {9}, {10}, {11}, {12}, {13}, {14} } ,

b = (4,-6,5,-7,5,-2,3,-9,11, 1) ,
TW = {{2,3},{4}, {5}, {7}, {8}, {9}, {10}, {11}, {12},{13}} .

The following lemma is an obvious consequence of the preprocessing steps.
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Lemma 3.3.8. Given any instance, let (¢, 7) be the resulting instance obtained from
the given instance by the preprocessing. Then, this instance (¢, 7) has the following
properties:

(i) ecy#£0forall JeT
(*) (@) sgn(cry) =1 and sgn(cr)) # sgn(crpeny) forall t =1, |T| -1
(iid) sgn(ergry) = (-1)°

Recall that for |7] < S, an optimal integer solution of (OPT-Py) is trivially given
by 27 = 1 if and only if ey ;) > 0. However, if an instance has the properties (x),
then also the case |T| = S + 1 will turn out to be fairly easy to solve. Motivated
by this, Algorithm 2 repeatedly decreases |7| as long as [T| > S + 1 (lines 4 to 6
in Algorithm 2) by applying the Merging Rule defined below. The latter reduces an
instance (¢, T) of Problem (OPT-Pg) with dimension |7 to an instance (¢/, T’) with
dimension |7’| = |T| — 2 while maintaining the properties (x).

Definition 3.3.4 (Merging Rule). Given a vector ¢ with properties (x) and an index
set T, let 7(6) be an element of 7 such that |c7 ()| is minimal. Now, define a merged
instance with objective ¢ and index set 77, with | 7’| = |T| — 2, as follows:

(a) if 0 =1,set T :=T\{T(1),7(2)} and ¢ :=cy for J € T’

(b) if @ = [T, set T := T \A{T(T| = 1), T(T))} and ¢, := ¢, for J € T"

(c) otherwise, define
T =T\{TO-1),T0),TO+1)}U{TO-1)UTO)UT@O+1)},
dyi=cyjfor J€eT'NT  and

9 1)UT(O)UT(O+1) *= CT(0-1) T CT(0) + CT(0+1) -

In words, the above definition can be phrased as folllows: either remove the first
two entries as in (a), or remove the last two entries as in (b), or merge three entries
to one as in (c), adding up their coefficients. By its definition, it is obvious that the
Merging Rule maintains the properties (x). Below, Example 3.3.5 is continued with
the application of the Merging Rule.

Example 3.3.6. Let S = 3 and consider the instance

A = (4,-6,5,-7,5,-2,3,-9,11, —1),
TW = {{2,3}, {4}, {5}, {7}, {8}, {9}, {10}, {11}, {12}, {13}}
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which was the final instance obtained by the preprocessing in Example 3.3.5. Recall
that this instance therefore satisfies the properties (x). Now, application of the Merg-
ing Rule yields § = 10 with 7(6) = {13} and |er(g)| = 1. As a result of applying (b),
one obtains

d = (4,-6,5,—-7,5,—-2,3,-9),

T = {{2,3},{4}, {5}, {7}, {8}, {9}, {10}, {11}} .

A second application of the Merging Rule as in (c) yields § = 6 with 77(0) = {9},
leripy| = 2 and

" = (4,-6,5,—7,6,-9),
7" = {{2,3},{4}. {5}, {7}.{8,9,10}, {11}} .

Finally, with operation (a), one obtains 6 = 1 with 7" (6) = {2, 3}, |7 (g)| = 4 and

" — (5,_7,6,—9),
7" = {{5},{7},{8,9,10}, {11}} .

The effect of the Merging Rule can be interpreted in the primal-dual context as
follows: deleting two entries at the beginning of ¢ as in (a) (or at the end as in (b),
respectively) corresponds to deleting the first (or last) two corresponding rows from
the dual problem, whereas merging three entries of ¢ into a single one as in (c) can be
interpreted as summing up the corresponding three dual constraints. In the example
above, the final instance (¢, T7") satisfies |[T"/| = S + 1 and as such, represents
the root of the recursion in Algorithm 2 (lines 2 and 3). Such an instance can be
solved quickly:

Lemma 3.3.9 (Recursion Root). Consider an instance (¢, 7) with |7| = S+ 1 such
that the objective c has properties (x). Let 6 € argmin; |cr(;)|. Then, the solution

. 1 iferp >0and t #6 . L if e <0
xr = T =
TOT00 i e < 0 and ¢ 6 TOT10 i e >0

is an optimizer of the primal problem, while the solution

cry — Yy iferg >0and t#6

y;— = |CT(9)|’ fo(t) = {0 otherwise

is optimal for the dual problem.

Proof. Because of |T| = S + 1, the primal problem contains only one alternating
inequality, namely the inequality determined by 7. Consequently, the dual problem
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contains only a single variable y7 and the |7| = S + 1 variables zr),t = 1,...,|T].
The solution z* has a variation of at most S by its definition and is hence feasible
for the primal problem. The feasibility of y*, z* is just as easily checked. For the
objective values, it holds

c'a*= 3" crwy—lerol= Y. crw —vr

CT(t)>0 C7—(t>>0

=131 vr+ Y - (8)+1) w7

CT(t)>O

I+ > e —#{t | ery > 0} YT

C'T(t)>0

RS (CT(t) - ?fT)

C’T(t)>0

=15)-yr+ Y Fre-

CT(t)>O

-1

N[V

=1

N[V

Thus, the optimality of the solutions follows from weak duality. O

Since the final instance (¢, 7") from Example 3.3.6 satisfies all conditions for
the previous Lemma 3.3.9, it is possible to compute an optimal primal and dual
solution for it.

Example 3.3.7. Consider the instance

J' = (5,—17,6,-9),
7" = {{5},{7},{8,9,10},{11}}

with S = 3 from Example 3.3.6. According to Lemma 3.3.9, # = 1 and an optimal
solution is given by

2" = (0,0,1,0) with optimal value 6 .

The corresponding dual optimal solution is given by 37, = 5, and Zgé,g,lo} =1,
and 2/ = 0 otherwise, and it achieves an objective value |3/2] -5+ 1 = 6. The sketch
below shows its feasibility by evaluating the (non-trivial) dual constraints; zero-values
are omitted for a better readability. It also depicts the primal solution 2’ and the
elements of the index set 7" on the very right for the sake of completeness.

y'/;'//// Zgé79710} C/U 1‘/” J e T///
+5 > +5 0 {5
5 > 7 0 {0
+5 +1 > +6 1 {8,910}
5 > 9 0 {1
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Lemma 3.3.9 serves as the root for the recursive application of the following
Theorem 3.3.5, which is the core of the merging algorithm. It specifies how to reverse
the reduction process in a step-wise manner by constructing a primal integer optimum
solution and a corresponding dual optimum solution for each problem instance arising
in the course of the reduction. This reversal process will exploit a characteristic of the
dual optimum solution that can already be observed in the previous Example 3.3.7:
By definition, the dual variable 37, is assigned the value |7"(#)| = 5. Furthermore,
the (non-zero) coefficients for the variables yf}’ that are assigned a positive value have
the same sign as the corresponding right hand side ¢ in every constraint of the dual
problem. This is a beneficial trait of the dual solution that will be maintained when

reversing the merging process.

Theorem 3.3.5 (Reversing the merging process). Let ¢ and T’ be obtained from ¢
and T by applying the Merging Rule. Let A" denote the matrix corresponding to
the merged problem and let A’ } 7 refer to the entry in row J and column J of A’ T
Assume that, for the merged instance, an integer optimal solution z’ for the primal
problem is given as well as an optimal solution (y/, 2’) for the dual problem, where 1/
and 2z’ satisfy the following conditions:

(C1) If y’; > 0 and A’}:J # 0, then sgn(A’;J) =sgn(cy) for all J € T".
(C2) The value of y%, equals minje7 [c)] .

Then, for the original instance (¢, T'), there exist an integer optimal primal solution z
and an optimal dual solution (y, z) which satisfies (C1) and (C2) again.

Proof. The construction of z and (y, z) depends on how the merged instance (¢/, 77)
is obtained from the instance (c,7 ). Assume first that § = 1 as in case (a). Then,
define a dual solution (y, z) for the original instance by setting

yr = lerol vy =y'r—lergl  yg =y for T CT'NT, yg:=0 otherwise

and
zy=z2for JET' NT, z27(1) = 21(2) == 0.

Because (y/, 2’) satisfies (C2) and by the Merging Rule it follows
c =min|cy| < min || =y = 1> 0.
lero)] = min e;| < min |e;] =7 yr >

So obviously, (y,z) > 0. By construction of (y, z), all dual constraints T (t), t > 3,
in the original instance are satisfied. One only has to make sure that the defined
dual solution satisfies the constraints 7 (1) and 7(2) as well. This is achieved by
setting y7 := |c7(g)| and because of the fact that minjer |cs| = cy). Thus, the
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constructed solution is a feasible dual solution for the original instance. By shifting
the value |cy(g)| from y77 to y7, it is ensured that (y, 2) satisfies (C2). Because (y/, 2')
satisfies (C1) and by definition of y, (y, z) satisfies (C1) as well. By construction, it
holds >~ ;e /'y = Y jerys and Y ;o 2'; = > o7 2, the objective value of the
constructed dual solution (y, z) is the same as the optimal value ¢/ T2/ of the merged
instance. Finally, define z by extending x’ by two zeros in the front, i.e., define

xy:=xyfor Je€T and xyq)=z7@9):=0.

Then, z is integer and feasible for the original (primal) problem with ¢’z = ¢ "2/
Therefore, by weak duality, the constructed solutions x and (y, z) are optimal for the
non-merged instance.

Now, assume that (¢, 7") is obtained by deleting the last two elements of ¢ and T
as in case (b), so @ = |T|. Then define a feasible dual solution (y,z) and a feasible
integer primal solution for the original instance depending on whether S is even or
odd. Note that this is the only case in which this distinction for S is made. However,
the definition of the dual variables y remains independent of the parity of S: those
variables are defined exactly as in the first case above. For the definition of the dual

variables z and the integer primal solution z, distinguish the following cases:
— If S is even, define z and z via
zj = Zﬁ, for JeT'NT, 2r(71-1) = #7(7) =0

and

Tg = :L‘f] for J € 7—,, TT(|T|-1) = TT(T) = 0.

As the vector z is obtained by extending z’ by two zeros at the end, it is integer
and feasible for the (primal) original problem, since 2’ contains at most S
switchings in case it ends in zero and at most S — 1 otherwise. By arguing as
above, the dual solution (y, z) is feasible for the original instance, it satisfies
conditions (C1) and (C2), and

o= =151+ =151 st e

JCT! JeT! JCT JeT
Consequently, weak duality implies that x and (y, z) are optimal.
— If S is odd, define z and z via
zZj = Z/J fOI‘ J S T/ N T, ZT(|T|—1) = CT(\T\—I) + CT(|T|)7 Z’T(|T|) =0
and

xy=a;for J €T, TT(71-1) = T7(7]) =1 -
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It is clear by definition of y and z that all constraints of the dual problem for
the non-merged instance other than 7 (|7 |—1) and 7 (|T]) are satisfied. Since ¢
satisfies the properties (x) and S is odd, it is cy(7—1) > 0 and ¢y < 0.
Furthermore, if (¢/, T’) was obtained by deleting the last two entries in ¢ and T,
i.e., if 0 = |T|, then |CT(‘TD‘ = ‘CT(9)| < |C7-(‘7~‘,1)‘, which implies CT(|T\71) +
crqr)) = 0, so that z7(7—1) > 0. Thus, it is clear that (y, z) defined as above
satisfies all dual constraints of the original instance. The vector z is integer
and feasible for the (primal) original problem, since 2’ contains at most S
switchings in case it ends in one and at most S — 1 otherwise. Concerning
objective function values, it follows that

.
¢l = a' o) +ergr)

=151 D ulr+ D+ erqri-y + erm
JCT! JeT!

=131 Y vy + > 2+ zrgm-n + 2
JCT! JeT!

:L%ZZ/J—FZZJ-

JCT JeT

Consequently, weak duality again shows optimality of x and (y,z). Observe
that the latter satisfies conditions (C1) and (C2) for the same reasons as in
case (a).

It remains to consider the case in which (¢/,7’) is obtained by applying the
Merging Rule with 0 € {2,...,|T| — 1}, as in (c). Consider the constraint M :=
T@O—-1)UT(@)UT(O+1). Recall that one can understand the merging process in
this case as the summation of the corresponding three dual constraints 7 (0 — 1),
T(0), and 7(6 + 1) in the dual problem. This summation shall be undone in such
a way that a dual solution (y,z) for the original instance with the same objective
function value as (y/, 2’) is obtained. First, define

yj::yfy for 7 CTNT and z;:=2; for JeTNT .

Consider y'; with 7 € K :={J € T' |y, >0, M € J}. For all J € K,
distribute the value yf7 among the three variables y 7\ (aryurs Y7\ {myu{7(9-1)}> and
Y\ (MIUIT(941)}> Where L := {T(0 —1),7(0),7(0 + 1)}, and assign values to the
variables zr(y_1), 27(p), and 2791 1) according to the following procedure:

1. Assign values to the variables y\ (anur, J € K, such that

Z yrmor = lero ), yngnur € 10,y'7] for 7 e K.
Jek

This is possible because the Merging Rule and (C2) imply ¢/ = miny \c’T,(t)] >
le7 (o], also obviously M € T’ holds and, therefore, 7" € K. Furthermore,
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there is such an assignment with y7 = [c7(g)|. Next, set z75) := 0 so that the
constraint 7 () in the original instance is satisfied with equality.

2. Define 57-(9_1) = ’67(9_1)| - |CT(9)‘ and 6T(9+1) = ’CT(9+1)| - |C7—(9)‘ for a
better overview and assign values to the remaining variables identified above
by setting

e (o CT(0-1)
YNuTe-13 = W7 —YINIUL) * G Tera

(5 CT(0+1)
Y myufT ey = (07 — Y7ML) * aom) Teran

for all J € K, and

CT(9-1) / CT(0+1)

e / i — = B - —
AT(0-1) = ZM Cro—-1)tCT(041)’ AT(0+1) "= M cro—-1)tCr(o+1) °

Then the constraints 7 (6 —1) and 7(#+1) in the original instance are satisfied,
too.

All other variables ys are set to zero. With this assignment, it is not difficult
to see that the constructed solution (y, z) satisfies conditions (C1) and (C2) again.

Moreover,

Y\ (ML T YN MIOT0-1)} T YA Myu{T e+ = Y7 for T €K,
2T(0-1) T 2T(0) T 2T(0+1) = Zm -
The first equation implies that all other constraints 7 (t) with ¢t & {6 —1,60,0+ 1} in
the original instance are satisfied as well. Furthermore, by these two equations it holds
Yogcr ¥ =2 gcryg and 3o 25 =3 o7 2. By looking at the coefficients in
the objective function of the dual problem it is clear that the feasible solution (y, z)
for the original instance has the same objective function value as the solution (y/, 2’).

Finally, define an integer primal solution for the original instance by
vy=a,for JET\L, xj:=a) forJelL.

The feasibility of z is obvious since it has the same variation as x’, and z has the
same objective function value as z’ since

-
¢l = E CJ$J+§ cjry = E cJa:J—i-a:’ME ci=c o

JET\L JeL JeT\L JeL
~——
=chy
The optimality of x and (y, z) then follows from weak duality again. O

The construction in the proof of Theorem 3.3.5 is illustrated by continuing the
example from before and the merging process according to the previous proof.
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Example 3.3.8. Recall that the optimal integer primal and dual solutions for the
recursion root instance (¢, T7"") were obtained in Example 3.3.7 and they yield an
optimal value of 6. The corresponding solutions are once again depicted below in the
same style as in Example 3.3.7, i.e., by evaluating the (non-trivial) dual constraints,
omitting zero-valued dual variables and by writing the primal solution and the index
set on the very right.

Z/,7/*/m Zi/é79>10} C/// I/” J c 7‘///
+5 > 45 0 {5}
-5 > -7 0 {7}
+5 +1 > 46 1 {8,9,10}
-5 > -9 0 {11}

Further recall that the instance (¢, 7") was obtained with merging operation (a)
from the instance

¢ = (4,-6,5,—7,6,—9),
7" = {{2,3},{4},{5},{7},{8,9, 10}, {11}},
where 6 = 1 with 7"(6) = {2,3} and |7, ()| = 4.

By following the construction described in the previous proof, the integer primal and
dual solution for (¢”,T") are sketched continuing in the same style.

yi,'—,, y/%,,, ng,g,m} ! L JeT"
+4 > +4 0 {2,3}
—4 > -6 0 {4
+4  +1 > 45 0 {5}
-4 -1 > -7 0 {7}
+4 41 +1 > 46 1 {8,9,10}
-4 -1 > -9 0 {11}

The optimal value is given by [3|-(4+1)+1=6-1.
Recall that the instance (¢”,7"), in turn, was derived through by application of (c)
in the Merging Rule to the following instance

¢ = (4,-6,5,-7,5,—2,3,—9),
T = {{2,35 {4}, {5}, {7}, {8}, {9}, {10}, {11}} ,

where § = 6 with 77(0) = {9} and |C/T’(9)| =2.

The optimal primal and dual solutions for the instance (¢/, 7”) that result from the
construction described in the previous proof are sketched below still using the same
style. However, with respect to readability, not every variable 1/ is referenced directly
at the top.
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Y 2%8} zim} ¢ 2 JeT

+2 +% +2 > +4 0 {2,3}
—g -6 _2 > -6 0 {4}
+2 4% +2 40 43 +2 > 45 0 {5}
_9 _6 _2 _o _3 _1 > -7 0 {7}
4 4 4 4 =
+2 +8 +0 +3 +3 >+5 1 {8}
-2 -0 > -2 1 {9}
2
+2 +2 +0 +1 +1 > +3 1 {10}
2 -8 -2 o -3 _1 > -9 0 {11}

The objective value is [3](2+$+2+24+ 1) +3+1=6.1.
Finally, the instance (¢, 7’) was obtained by applying the Merging Rule as in (b)
with 0 = 10 with 7(¢) = {13} and |c7(s)| = 1 to the following instance

¢c = (4,-6,5,—-7,5,—-2,3,-9,11,—-1),
T = {{2,3}, {4}, {5}, {7}, {8}, {9}, {10}, {11}, {12}, {13} } .
According the previous proof, the primal solution z’ is extended at the end with

two one-entries since S = 3 is odd. The resulting primal and dual solution for the
instance (¢, T) are sketched below.

yr  yr Z(8)  Z{10} Z{13} v JeT
+1 +1 +§ +2 >+4 0 {2,3}
-1 -1 -5 -2 >-6 0 {4}
+1 +1 4% +2 40 +2 41 >+5 0 {5}
6 2 3 1
—i =1 =9 2 — =& I >-7 0 {7}
+1 +1 +8 +0 +3 +3 >+5 1 {8}
-1 -1 -0 >-2 1 {9}
Gl el +2 40 +1 +1 >+3 1 {10}
6 2 3 1
-1 -1 -8 -2 o -3 -1 >-9 0 {11}
+1 410 >411 1 {12}
1 >-1 1 {13}

The optimal value is given by

Bl0+1+8+24+3 44341 4110-16=5-2+3+11—1.

Currently, Theorem 3.3.5 and Lemma 3.3.9 prove that Algorithm 2 returns an
integer optimum solution for (OPT-Pg) in case the objective ¢ has properties (x)
or, in other words, when the preprocessing step is superfluous. Finally, it is shown
that this also holds true for an arbitrary objective, which will conclude the proof of
integrality for the polytope Py and show the correctness of Algorithm 2.
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Theorem 3.3.6. The primal-dual optimization Algorithm 2 computes an optimal
integer (primal) solution for (OPT-Py). In particular, the polytope Py is integer and
hence agrees with conv(€)y) defined in Theorem 3.3.3.

Proof. Let ¢ be an arbitrary objective. By performing the preprocessing operations
described in Definition 3.3.3, the instance (¢, 7)) results from (¢, 7). The objec-
tive ¢ has the properties (%), and by Theorem 3.3.5 and Lemma 3.3.9 let there be
an optimum integer primal solution z(*) and an optimum dual solution (y(4), 2(4)).
Define a primal solution () and dual solution (y®), 2(3)) for (7®), ) as follows:

x((}s) = :1384), 253) = 254) for Je TG N TW

and, for J € TG\ T define depending on the parity of S

xf]3) =0

mf]3) =1 and 253) = CE,?’) if S is odd.

and 253) =0 if S is even, and

The feasibility of () is easy to see. The definition of ¥ is independent of S and
its feasibility follows from the definition:

yg) = yg) for 7C T NTW and yg) := (0 otherwise.

By this, it is @' L 12 7cT® yg’) + D reT® z§3) and the defined solutions
are primal and dual optimum solutions for (74, ¢(®)) by weak duality.

Next, given an optimum integer primal solution z®) and an optimum dual solu-
tion (y®,2), define an integer solution z(*) and dual solution (y®,2(?) for the
instance (1), ¢®). For this, consider K := {J € T | yg) >0,M € J}, ie., the
set of index sets J whose variables yg) go into the dual constraint M with positive
value. Then, define L := Utgkgj{T(3)<k)} and

(2) P

@3 1P (2) ®3) e
Yoy =Yg '\Ci?})l for 7 e, JeL and z;’ =z - ICE\JZ)l

for J e L,

and define all other dual variables by

(3) 2) 703
2 Y for g CTENT 2 3
= {OJ for 7 cTO\TO M #) =z for JeTONTE

By definition, it holds

(2) (3) B Z (3)
Z yj\{M}U{J} | (3)‘ | ‘ — y‘y and Z ZJ ?3{) ‘
JeL =

: 2 3 2 3
Thus, it follows } 7 7@ y‘(y) = 7CT® y\(y) as well as ) ;o7 zS ) = Yo JeT® zf, ),
so that the objective value of the dual solutions stays the same. For feasibility of
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y?, 22 it suffices to show that all dual constraints J € L are satisfied, as all others
are satisfied by definition of the dual solution. So, consider any dual constraint J € L
and let a; 7 denote the coefficient in row J and column J of the dual constraint
matrix for (¢, 7(3). Then,

(2)|

Zajj y}i{M}U{J}+zJ = (Za yj +z](\?/’[)>
JeK JEIC

>cf

@) 3 3 (2
> :2{3): 'Csw) = sgn(c§\4))|cg)| .
M H/_/

=SgH(CF]2))

Therefore, the constructed solution (y®), 2?)) is dual feasible for (¢, T(?)). Lastly,
define a feasible integer primal solution z(?) via

mf]g) = acg\:f[) for J€ L and xf,g) = xff’) for Je TONTE)

3)

By definition of ¢ 2)

and z?), it is clear that c(Q)Tx( = 0(3)Tx(3). Thus z?
and (y®), 2(?)) are primal and dual optimum solutions for (¢?), 7(?)) by weak duality.
Given an integer optimum solution 2 and dual solution (y®,z(?) for

(c®,T7@), now define optimum solutions 2" and (yM, zV) for (T, M) as

xf,l) = xsz) for J € T N T and msl) := 0 otherwise,

which is clearly feasible with the same primal objective value as before. Furthermore,
define

yg) = yf72) for 7CTHNT®  and yg) := 0 otherwise
251) = z(J2) for Je TONT®  and ZSI) := 0 otherwise.

The feasibility of the dual solution follows directly from its definition and clearly the
dual objective value stays the same. Thus, z(!) and (y(l), z(l)) are primal and dual
optimum solutions for (¢(!), 7()) by weak duality. At last, given an integer optimum
solution (! and corresponding dual optimum solution (y(l), z(l)), define an integer
primal solution x and a feasible dual solution (y, z) for the original instance (¢, T).
One only has to adapt the dual solution slightly so as to obtain a feasible dual
solution for (¢, T):

0 otherwise 0 otherwise .

1) cTnTW RN AT
yJ::{yj geTaTh ZJ:{,ZJ eTNT

Since all constraints J € L with L := {J € T | ¢; = 0} are satisfied with equality,
the feasibility follows immediately.
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Now, define a feasible integer primal solution for the original instance by copying
the closest entry with non-zero coefficient for every component x; with ¢; = 0.
Clearly, neither the dual objective value nor the primal objective value change, so
again weak duality implies the primal and dual optimality of these solutions, thus
ending the proof. O

Below, the example from before is concluded by deriving optimal primal and dual
solutions for the original instance from Example 3.3.5.

Example 3.3.9. Starting with the instance (0(4),T(4)) considered in Example 3.3.5,
the deletion of the last sequence with the wrong sign is reversed as described in
the proof of Theorem 3.3.6. This yields primal and dual optimal solutions for the
instance (0(3),7'(3)) from Example 3.3.5. Continuing to undo the other preprocessing
steps in reversed order finally yields an optimal primal and dual solution for the
initial instance (¢, 7) from Example 3.3.5:

2{8} A{10} *{13} *{14} c T T
>3 0 {1
+3 +3 +o +& >+1 0 {2}
) +% ) +% . +§ , +% >+3 0 {3}
-1 —i —3i —i ~16 ~16 ~16 16 . 2-6 0 {4}
+: +2 47 43+ + +E +% 40 +2 44 >+5 0 {5
=20 0 {6}
1 3 1 3 6 18 2 6 3 1
-1 —i —i i "1 ~1 “16 "1 0 “i % 4 z-7 0 {7}
+1 0 +2 41 42 45 438 +0 +2 +3 >+5 1 {8
1 &) 1 3
-1 "1 "1 1 =0 z-2 1 {9}
+1 +8 41 43 +& +3& +0 +1 +1 >+3 1 {10}
1 3 1 3 6 18 2 6 3 1
-7 1 —1 “i "1 ~1 ~16 ~16 0 —i 1 z-9 0 {11}
+1 +3 +10 >+11 1 {12}
-1 - >-1 1 9)
+2 >42 1 {14}

Both the correctness of Algorithm 2 and Theorem 3.3.3 are proven. Recall that the
efficient solvability of (BND%)r) was already established by the polynomial dynamic
programming scheme devised in the very beginning of this entire section. However, as
it turns out, Algorithm 2 can be implemented to significantly outperform the dynamic
programming scheme. As the number of dual variables y with non-zero values can
grow exponentially in the course of the construction, the merging algorithm generally
does not run in polynomial time if the dual solution is explicitly constructed. But
if only the primal solution is required, Algorithm 2 can easily be implemented to
run in polynomial time. In the master’s thesis [Hal22|, supervised by this author,
an implementation using heaps with doubly-linked nodes was proposed. The remark
below summarizes its findings.

Remark 3.3.3. An implementation of Algorithm 2 using heaps with doubly-linked
nodes, as proposed in the master’s thesis [Hal22|, leads to a total running time
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of O(T'logT). The heap is used to identify the entry € in constant time in each
merging step; see Definition 3.3.4. Note that this is significantly faster than the run-
ning time of O(7?) required by the dynamic programming scheme; see Lemma 3.3.1.
In case T'— S is considered a constant, using a doubly-linked list instead of the heap
leads to a linear running time; recall that the dynamic programming scheme has
linear running time if S is constant. Algorithm 2 also compares favorably in terms of
required space: while the dynamic programming approach requires O(S - T') space,
which is quadratic if S is part of the input, the merging algorithm only needs O(T).

Recall that the extended models (EXT-BNDy), (EXT-BND;) and (EXT-BND)
presented in Subsection 3.3.1 were defined in dimension 27"+ 1 and 37 + 1. Thus,
). (BNDL),)

var,1

they were only slightly larger than the original models (BND(I)

var,0
and (BN D%}) Moreover, the number of constraints in all extended models was linear
in T as well. On the contrary, the corresponding perfect formulations in the z-space
that were determined thereafter generally consist of an exponential number of linear
constraints. One might hope that these formulations contain unnecessary inequali-
ties that may still be removed. This, however, is not the case as the next section will
show that these formulations are in fact minimal.

3.3.3 Facets and Separation

As was shown in Subsection 3.3.1 and 3.3.2, the trivial constraints and the respective
alternating inequalities (ALTy), (ALT;), and (ALTS), (ALT$) yield perfect formu-
lations of the respective polytopes conv (), conv(€2;) and conv(£2). It will turn out
that these polyhedral descriptions are in fact minimal, as each of the inequalities
induces a facet of the corresponding polytope. Again, it suffices to show the claims
for conv(£2p), since the symmetric results for conv(€2;) are implied, see Remark 3.3.1,
and together, they imply the corresponding results for conv(€2).

Facets

This paragraph is dedicated to the proof that the trivial inequalities and the alternat-
ing inequalities (ALTy) induce facets of conv(€2y). It begins with the consideration of
an easy special case, namely the case in which S = 1. In this case, the set of feasible
incidence vectors is given by

Qo = {(l‘o, ...,QZT) S {0, 1}T+1 0= <1 << ... <1 <27 < 1} .

As the set € consists of T+ 1 affinely independent elements, conv(€g) is a simplex
of dimension T and its facets are defined by any T-element subset of Q. Note
that dim(conv(Qg)) = T implies dim(£2y) = T for any S > 1 due to Qg C .
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Theorem 3.3.7. For S = 1, the polytope conv({)y) is completely described by
the linear constraints 0 = x¢g < 21 < 29 < ... < z7_1 < zp < 1. Each of these
inequalities defines a facet of conv(Qp).

Proof. Each of the inequalities x7 < 1 and z;_1 — x¢ < 0 for ¢ > 1 is obviously
satisfied with equality for all elements in o except for one, respectively. Since these T
elements are affinely independent, the claim follows. O

Note that the polyhedron conv(£2) can also be described by the trivial inequalities
and the alternating inequalities (ALT() as per Theorem 3.3.3. Indeed, each facet-
defining inequality ;1 — x; < 0 for ¢ = 1,...,T can be considered an alternating
inequality with the index set {t1,t2} = {t — 1,t}, m = 2 and |9/2] = |1/2] = 0.
All of the other alternating inequalities are obviously redundant in this special case.
In other words, for S = 1, the linear inequality description of conv(Qg) by the
inequalities in the definition of Py is not minimal.

However, it will turn out that the case S = 1 is an exception in this regard.
Indeed, in the following it will be proven that for S > 2, the description Py is in fact
a minimal description of conv({)y) since all inequalities from Theorem 3.3.3 are in
fact facet-inducing.

Lemma 3.3.10. For 2 < § < T, the trivial inequalities 0 < z; < 1, ¢t =1,...,T,
induce facets of conv(€y).

Proof. The inequality x; > 0 is satisfied with equality by the zero vector and by all
unit vectors e; € RTT! for j € {1,...,T} \ {t}. As S > 2, these vectors all belong
to Q. Thus, z; > 0 defines a facet of conv ().

For the inequality x; < 1, define

0 ifj<¥

xgz) = tJ for/=1,...,t and
1 otherwise
1 ifj<¥

ZL'EZ) = w ford=t+1,...,7T.
0 otherwise

Because of S > 2, extending these elements with zq = 0 yields T affinely indepen-
dent elements of €2, all satisfying x; = 1. Thus, x; < 1 is a facet-inducing inequality
for conv(Qp). O

The same also holds for the alternating inequalities.
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Lemma 3.3.11. For S > 2, each alternating inequality (ALT() induces a facet of
the switching polytope conv ().

Proof. Given some alternating inequality as in (ALT() with index set {t1,...,tm},
this proof constructs T affinely independent elements of €y for which the inequality
holds with equality. Recall that by definition, m > S. For a better overview, the
construction is divided into two main steps. First, the focus lies on the support
of (ALTy), recursively constructing m affinely independent, m-dimensional vectors so
that some alternating inequality in the reduced space holds with equality, afterwards
transferring those vectors into T-dimensional space. Then, m—T affinely independent
vectors are added which satisfy (ALTy). To begin, consider the case of an odd S.
The first step is again subdivided into the following substeps:

1. Consider the following S + 1 vectors &) € {0,1}5+1:

M= 0,0,1,0,1,0,1,0, 1,0,1,0)
t?= (1,0,0,0,1,0,1,0, 1,0,1,0)
i®= (1,0,1,0,0,0,1,0, 1,0,1,0)
#3 = (1,0,1,0,1,0,1,0, 1,0,0,0)
)= (1,1,1,0,1,0,1,0, 1,0,1,0)
#7)= (1,0,1,1,1,0,1,0, 1,0,1,0)
) = (1,0,1,0,1,1,1,0, 1,0,1,0)
#+tH = (1,0,1,0,1,0,1,0, ... 1,0,1,1)

The vectors (1), ..., (51 € RS*1 are affinely independent:
For every £ = 1,...,S + 1 there is an equation which holds for all (%), j # ¢,

but not for 2. For 1 < ¢ < %, this equation is z9y_7 = 1, while for
SHL L1 <0< S+ 1, it is 29y (511) = 0.

2. If m > S + 1, construct m vectors & € {0,1}" with the help of (1, ..., #(5+1)
from the previous step; if m = S+1, this step can be skipped. Use the following

recursive rule for the construction:

Let 21, ..., (5t denote S + ¢ affinely independent vectors in {0,1}5+, for
some odd t. Define S + ¢ + 2 affinely independent vectors z(), ..., 2(5+1+2) ¢
{07 1}S+t+2 by

0 j=1,2
i ;:{ J for £=1,..5+¢,
| >
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and

1 j=1,2
(S+t+2)

, @ =41 t=3,5..,[5]+2 .

J J

_(s+t41) |1 jodd,j<|5]
€. =
0 otherwise

0 otherwise

As 2D 205 are affinely independent, so are #(V, ..., 259 Moreover, all
of the latter vectors satisfy #; = 0, but 5+ does not, and all (), [ #
S+t + 2, satisfy @5 = 0, but #(5t"*2) does not. Thus, (1, ..., #(5++2) are
affinely independent.

3. As of now, m affinely independent vectors z(9) € {0,1}™ have been constructed,
all of which satisfy ZTzl(—l)jHiy) = |5]. It remains to transform the con-
structed vectors into T-dimensional vectors feasible for 0g. Recall that ¢1, ..., t;,
denote the indices in the given alternating inequality, and define

B, = {tE {1,,T} |t<t1},
B; = {te{l,..,T}|tj—1 <t<t;}forj=2,..,m, and
Byt = {te{l,..,T}|t>tn}.

Now construct a vector z(¥ € {0,1}7 with (0,2(9)) € Qq out of each (¥ ¢
{0,1}™ by using the following rules:

° mgf) = a?;e), j=1..,m
(at index t; vector z(¥) has the value 5:;6) )

° :rl(f) :=1forallt e Bj, j =2,..,m, with xéf)_l = ng) =1
(gaps between two one-entries are filled with ones)

° xg) =1 for all t € B,,+1 with xgiz =1

(if there is a one at t,, in (), then fill all following entries with ones)

. mg) := 0 otherwise.

Note that these index sets are not necessarily nonempty. However, they contain
all indices which do not arise in the considered alternating inequality.

This concludes the first step (for S odd). The second step makes use of the con-
structed vectors (), ..., (™) in order to construct additional T — m affinely inde-
pendent vectors which satisfy the alternating inequality with equality. To this end,
use again the index sets defined before.

1. Choose any vector z() with ng) = 1 and construct |Bj| new vectors from
z® by changing the entries contained in B as follows (the underlined entry
marks t1):

(0,0,...,0,0,1,1,...),(0,0,...0,1,1,1,...),...,(1,1,...,1,1,1,1)
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The constructed vectors are affinely independent of the already constructed
vectors since for each vector there is an equation which is satisfied by all other
vectors but not this particular one, namely, in order of the vectors above:

Tpy—2 — x4 —1 =0, 13—, 2=0, ..., 11 =0

(6)

t]'_l

. For each odd j € {3, ..., m}, choose any vector z(¥) with z =0 and ng) =1
and construct | B;| new vectors from z® by changing the entries in Bj as follows

(the underlined entries mark ¢;_; and t;):
(...,0,1,1,...,1,1,1,...),(...,0,0,1,...,1,1,1,...),...,(-..,0,0,0,...,0,1,1,...)

The constructed vectors are affinely independent of the already constructed
vectors, the corresponding equations are

Ltj_1 — Tt;_14+1 = 0, Tt;_ 141 — Tt 142 = Oa ceey T2 — Tg—-1 = 0.
. . l 4

. For each even j € {2,...,m}, choose any vector 20 with asg) =1 and :cﬁ,) =0
Jj—1 J

and construct | B;| new vectors from z® by changing the entries in Bj as follows
(the underlined entries mark t;_; and ¢;):

(...,1,1,0,...,0,0,0,...),(...,1,1,1,...,0,0,0,...),..., (..., 1,1,1,...,1,1,0,...)
For the constructed vectors, the corresponding equations are
xtj,1+1 - xtj71+2 = 05 xtj71+2 - xtj71—|-3 = 07 sy :’Utj—]. - Q:tj =0.

0

. Choose any 2 with xgm = 0 and construct | B, 1| new vectors from z(¥) by

changing the entries in B,,,4+1 as follows (the underlined entry marks t,,):
(...,0,1,1,...,1,1),(...,0,0,1,...,1,1),...,(-..,0,0,0,...,0,1)

The constructed vectors are affinely independent of the already constructed
vectors, the corresponding equations are

Tty = Ttpp+1 = 0, Zpp1 — Xt42 =0, o, xp1 —270 = 0.

By extending all constructed vectors with zero in the beginning, one obtains T binary,

affinely independent vectors with at most S switchings each, all of which satisfy the

alternating inequality with equality. The latter thus induces a facet of conv ().

It remains to discuss the case of an even S. For this, the construction of the S+ 1

vectors in the first step has to be replaced. Consider the following S + 1 vectors
0 € {0,1}5+1
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i’(l): (070717071707170’ 170’1)
i®»= (1,0,0,0,1,0,1,0, 1,0,1)
#¥= (1,0,1,0,0,0,1,0, 1,0.1)

#2)= (1,0,1,0,1,0,1,0, 0,0,1)
3D = (1,0,1,0,1,0,1,0, 1,0,0)
#53+)= (1,1,1,0,1,0,1,0, 1,0,1)
$3)= (1,0,1,1,1,0,1,0, 1,0,1)
3= (1,0,1,0,1,1,1,0, 1,0,1)
#+D— (1,0,1,0,1,0,1,0, ... 1,1,1)

The vectors 1), ..., (51 ¢ RS*1 are affinely independent:

For1 </¢< g—i— 1, all #09) with j # ¢ satisfy @901 = 1, but 2¥) does not, and for
§+2 <0< S+1,all #9) with j # ¢ satisfy the equation T (5+42) = 0, but not 20,
Furthermore, in the second step, replace the construction of the |By,+1| new vectors
with the following:

Choose any vector z(¥) with xiﬁ = 1 and construct |B,, 11| new vectors from z(*)
by changing the entries in By,4+1 as follows (the underlined entry marks ¢,,):

(...,1,0,0,...,0,0),(...,1,1,0,...,0,0),...,(...,1,1,1,...,1,0)

The constructed vectors are affinely independent of the other constructed vectors,
the corresponding equations stay the same. The rest of the construction is the same

as for an odd S. OJ

Since by Theorem 3.3.3, the polytope conv({y) is completely described by the
trivial inequalities and the alternating inequalities (ALTy) where each of the latter
induces a facet for .S > 2, it follows:

Corollary 3.3.1. For S > 2, the trivial inequalities and the alternating inequali-
ties (ALTy) yield a minimal perfect formulation of conv(€).

Furthermore, the symmetry between Qg and ; (see Remark 3.3.1) yields

Theorem 3.3.8. For S = 1, the polytope conv(21) is completely described by
the linear constraints 1 = xg > 21 > ©9 > ... > x7_1 > xr > 0. Each of these
inequalities defines a facet of conv(y).

For S > 2, each of the trivial inequalities 0 < x; < 1, t = 1,...,7 and each
alternating inequality (ALT;) induces a facet of the polytope conv(2;). Hence, the
description of conv({2;) by these inequalities is minimial.
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By using the same idea behind the construction of the affinely independent vectors
in the proof of Lemma 3.3.11, one can also show

Theorem 3.3.9. For S > 2, each of the alternating inequalities (ALT{}) and (ALT$})
induces a facet of the polytope conv((Q2).

Proof. The proof is only briefly sketched, since it follows with analogous reasoning
as for Lemma 3.3.11. First note that the dimension of conv(2) is 7'+ 1 because all
T + 1-dimensional unit vectors are feasible.

Now, consider an alternating inequality (ALTS}) as defined in Lemma 3.3.2. Tt is
possible to determine T+ 1 affinely independent points by using the same strategy
as in the previously described construction:

For S odd, the construction begins with S + 2 affinely independent points
in {0,1}%+2. In fact, one may use the S + 1-dimensional points #() defined in the
first step of the proof of Lemma 3.3.11 and extend all of them by appending zero in
the first position, i.e., ) := (0,29)) for j = 1,...,.S + 1. Additionally, define one

) . ) .. NCEUEI (2L
more point by appending a one in the beginning of ' 2 , e, (1,242 ).

If S is even, then define S 4 2 affinely independent points zU) € {0,1}5+2
with j = 1,...,58 + 2 by 200 .= (O,Q%(j)) for j = 1,...,5 4+ 1, where the latter points
are the elements in the first step for .S even in the proof of Lemma 3.3.11. Define one
additional point via z(5+2) := (1,£(§+1)) — (0541, 1).

Inductively constructing 7'+ 1 elements as described before shows that each in-
equality (ALT%2 ) induces a facet. The respective symmetric vectors then immediately
show that the corresponding symmetric inequalities (ALT$) induce facets as well. [

It is obvious that each of the trivial constraints 0 < z; and z; < 1, ¢t =0,...,T,
also induces a facet of conv(§2) if S > 2. Hence, the description of conv(f2) by the
inequalities defined in Theorem 3.3.2 is minimal if S > 2, too.

As a result of this subsection, for S > 2, the perfect formulations for conv(£2),
conv(€)), and conv(€2;) as stated in Theorems 3.3.2, 3.3.3, and 3.3.4 are in fact
minimal, i.e., they do not contain any redundant inequalities. However, the number
of their linear inequalities is generally exponential.

Remark 3.3.4. For each m > S with the opposite parity of S, the number of
index sets {t1,...,t,,} for an alternating inequality (ALTy), or (ALT;), is given by

(T) = O(Z; TT=™), which is exponential. In fact, note that this number is still expo-
m m:

nential, even if S is constant and thus, the number of feasible solutions to (BNDE,?r’O),
or (BND

Var’l), is polynomial in T'.

If, however, the difference T'— S is constant instead, then the number of index sets
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is polynomial in 7', since m = O(S). Moreover, since there are approximately TT_S

elements m € Z with m > S so that m and S do not have the same parity, the
overall number of alternating inequalities (ALTy), or (ALT;), is polynomial.
Clearly, the same holds for the alternating inequalities (ALTS) and (ALT$).

Due to the exponential number of linear inequalities, deciding the feasibility of

T+1 cannot be done efficiently by substitution in the linear inequality

some z € [0, 1]
description Py (or Py, or P). Of course, the feasibility can instead be checked by sub-
stitution in the extended model with the help of the auxiliary variables. Nonetheless,
the feasibility can also be checked only in the original z-space via the corresponding

separation problem, which will be studied the next subsection.

Separation

This subsection is dedicated to the study of the separation problem regarding the
polytope Py (or Pp, or P), which, as a result of the preceding sections, is known
to be a minimal perfect formulation of conv()y) (or conv(£2;), or conv(f2)) with
an exponential number of linear inequalities. The separation algorithm that will be
devised in this section shows that these inequalities can still be separated efficiently.
Due to the symmetry described in Remark 3.3.1, it once again suffices to consider the
polytope Py, since the symmetric results for P; and then, in turn, P will be implied.

For the separation problem regarding the polytope Py, one may assume that all
trivial inequalities are satisfied, since this is easily checked. Given some Z € [0, 1]7+1
with o = 0, the aim is thus to determine an alternating inequality for Py which is
(most) violated by Z, or to determine that z € F.

Assumption 3.3.1. For the following, assume that T does not contain any pair of
consecutive entries which have the same value.

This assumption only serves the purpose to simplify the reasoning in the following
proofs. At the end of this section, the proposed separation technique is adapted to
the general case. For the separation, the local extrema of Z play an important role.
A local mazimum of T is defined as an index t € {1,...,T} such that z; > Z;—; and,
in case t < T, also Ty > Z;11. A local minimum is defined analogously.

First, for an even S, the following result is proven step-by-step.

Theorem 3.3.10. For z € [0,1]7+! with Zg = 0, let {61,605, ...,0,} denote the set
of all local maxima and minima of Z, read from left to right, excluding zero and up
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to the last local maximum. Let S be even. Then, an alternating inequality (ALTy)
most violated by Z is given by

(ALTS) Ty = Lo oty Ly == Lgy ote - == L, =Ty, < 5/2 .

In particular, this yields that z € P if and only if (ALTY) is satisfied by z. Note
that local maxima and minima arise alternately in {61, 6s,...,6,}, starting with a
local maximum since Zo = 0. In particular, £ must be odd and therefore, (ALTY) is
of the form (ALTy) and hence valid for Py.

Theorem 3.3.10 is proven in several steps. The first step shows that a most violated
alternating inequality must contain all local maxima in the given vector Z:

Lemma 3.3.12. Let S be even and let the indices ¢y, ..., %, define an alternating
inequality most violated by z. Then, 0y € {t1,...,t,,} for all f odd.

Proof. Let the indices t1, ..., t,, define an alternating inequality most violated by Z.
assume that the claim does not hold, i.e., let f be odd with 6 & {t1,...,t;n}. In
the following case distinction, each case results in a contradiction as it derives an
alternating inequality more violated than

(31) Tty — Tty + Tpg — oo — Ty, + T, < % .

First assume that there exists some j € {1,...,m — 1} with t; < 0y < t;11.

If j is odd, consider the index 6, with t; < 60, where h is odd and minimal.
In words, 6, refers to the local maximum which is closest to the right of ¢;, so it
is t; < 0y < 0. In case 0, = 0y, one derives an alternating inequality which is more
violated than (3.1) by replacing the term +x; with +xy, in (3.1). Otherwise, there is
an index 6y_1 such that t; < 6, <0y_1 <0y <tj11, where 0y_; is a local minimum
which is not part of (3.1) either. Replacing the term +x¢; with +zg, — Ty, , + To,
yields an alternating inequality which is more violated by Z than (3.1).

If j is even, the argument is similar: consider the index 6, with 6, < ¢;,1 where h
is odd and maximal. The index 6}, refers to the local maximum which is closest to the
left of £;,1, so, it is 6y < 0, <tji1. In case 0y = Oy, replace the term +x,,, in (3.1)
by +zy, and thus obtain a more violated inequality. Otherwise, there is an index .4
with t; <0y <0p41 <0, <tji1,s0that 07,4 is a local minimum which is not part
of (3.1) either. Substituting the term +x, , in (3.1) with +x¢, — x4, , + 7g, yields
an alternating inequality which is violated more than (3.1).

This concludes the proof in case t; < 6y < tj41 for some j € {1,...,m — 1}. For
the case 0y < t1, replace tj;1 by t; and argue the same way as before for an even j;
in case 0y > t,,, replace t; by t,, and argue as before for an odd j. O
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So according to Lemma 3.3.12, a most violated alternating inequality has to con-
tain all local maxima in Z in its support. Now, all local minima lying between two
local maxima in # must be contained in a most violated inequality as well:

Lemma 3.3.13. Let S be even and let the indices ¢y, ..., %, define an alternating
inequality most violated by z. Then, 0 € {t1,...,ty,} for all f even.

Proof. Assume that the claim does not hold, i.e., let f be even with 8 & {t1,..., ¢t }.
By Lemma 3.3.12, there is some j € {1,...,m — 1} with ¢; < 0y < t;41. Again,
consider different cases and either find a more violated alternating inequality or
obtain a contradiction to Lemma 3.3.12 in each case.

If j is odd, consider the index 6}, with 6, < ¢;41 where h is even and maximum,
so 6, is the local minimum closest to the left of ¢;,1 and it is 0y < 0, < t;11. In
case 0y = 0, replace the term —z¢, , in (3.1) with —x9, and obtain a more violated
inequality of the form (ALT(). Otherwise there exists an index 67y with ¢; < 6y <
041 < O < tjq1, so there is a local maximum in Z which is not contained in (3.1)
which contradicts Lemma 3.3.12.

If j is even, the argument is similar: consider the index 8, with A even and minimal
such that t; < 6, < 0y. If 0y = 0, replace the term —zy; in (3.1) with —xg, and
obtain a more violated inequality of the form (ALTy). Otherwise, there exists an
index 0y_1 with t; <0, < 0;_1 <0y <tj41, so there is a local maximum in Z which
is not part of (3.1), contradicting Lemma 3.3.12. O

Due to Lemma 3.3.12 and Lemma 3.3.13, a most violated alternating inequality
must contain all indices 61, 605,03, ...,0;. However, it is not clear that such a most
violated inequality does not contain any other indices. The next lemma implies that
in a most violated alternating inequality, each variable corresponding to the local
extrema at indices 61, ..., 0; is assigned the correct sign.

Lemma 3.3.14. Let S be even and let the indices tq,...,%,, define an alternating
inequality most violated by Z. If 0y = t;, then j is even if and only if f is even.

Proof. Assume that the claim is not true, ie., let f be odd, so that f; is a lo-
cal maximum in Z, and assume that zy, appears with coefficient —1 in (3.1).
If0p+1€ {t1,...,tm}, delete —z4, + 29,41 from (3.1) and obtain a more violated al-
ternating inequality than (3.1), since T, > Tg, 1. lf O <nand 0y +1 & {t1,....tm},
replace —zg, by —xp,41 in (3.1) to obtain a more violated inequality. If §; = n, the
same construction is possible with 6y — 1 instead of 0y + 1. In case f is even, so
that 0y is a local minimum in Z, the proof is analogous. ]
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Now, Lemma 3.3.12, Lemma 3.3.13, and Lemma 3.3.14 are exploited to prove that
a most violated alternating inequality cannot contain any indices other than 64, ..., 6;.

Lemma 3.3.15. Let S be even and let the indices t1,...,t,, define an alternating
inequality most violated by Z. Then, {61,02,...,0;} = {t1,t2, ..., tm}.

Proof. The inclusion C was shown in Lemma 3.3.12 and Lemma 3.3.13. For the
reverse inclusion, let j € {1,2,...,m} be minimal such that ¢; & {61,02, ...,6;}. Then,
by Lemma 3.3.14, also tj11 ¢ {01,02,...,0;}, and deleting x4, and z, , from (3.1)
leads to an alternating inequality more violated by Z than (3.1). O

Consequently, Theorem 3.3.10 is proven to be correct. The following similar result
for the case of an odd S can be proven with the same logic.

Theorem 3.3.11. For z € [0,1]7*! with Zo = 0, let {1, 0a, ..., 0,} denote the set of
all local maxima and minima of Z, read from left to right, excluding zero and up to
the last local minimum. Let S be odd. Then, an alternating inequality most violated
by Z is given by

S
To, — Toy + Tg, — Ty + - + Tg,_, —Tg, < 3]

Again, all indices 61,65, ..., 8; must appear in the most violated inequality, by the
following two lemmas.

Lemma 3.3.16. Let S be odd and let the indices ti,...,t,, define an alternating
inequality most violated by z. Then, 0 € {t1,...,t,,} for all f odd.

Proof. Suppose there is some odd f with 6 & {t1,....,tn}. If 85 < t,, the proof is
analogous to the proof of Lemma 3.3.12, it thus suffices to consider the case 0 > t,,.
Then, the local minimum 6y, ; does not belong to {ti,...,t,} as well, and a more
violated alternating inequality can be obtained by adding the term +zg9, — xp,,, to
the left hand side. O

Lemma 3.3.17. Let the indices tq, ..., t;, define an alternating inequality most vio-
lated by Z. Then, 0 € {t1,...,ty} for all f even.

Proof. Let f be even with 8¢ & {t1, ..., t;,}. Then, there exists a local maximum 6;_;.
Lemma 3.3.16 implies that 6y € {t1,...,t;n}. If 05 < tp,, argue as in Lemma 3.3.13,
so assume that 07 > t,,.
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The reasoning is similar to before: consider the index 6y, with h even and t,,, < 0y,
so that h is minimum. So, 6, refers to a local minimum which is closest to the right
of t,, and it is 0, < 0. If 6}, = 0y, then replacing the term —x;,, by —xp, results in
an alternating inequality more violated by Z than the original inequality. Otherwise,
there is a local maximum 6y_q with ¢, <0, < 0;_1 <0, so 0y_; is not included in
the original inequality, contradicting Lemma 3.3.16. O

As a result, all indices 64, ..., 8y must be contained in a most violated alternating
inequality. With Lemmas 3.3.16, 3.3.17, 3.3.18 and the same reasoning as in the proof
of Lemma 3.3.15, it follows that for S odd, a most violated alternating inequality
cannot contain any indices other than 61, ..., 60,.

Lemma 3.3.18. Let S be odd and let the indices t1,...,t,, define an alternating
inequality most violated by Z. If 0y = t;, then j is even if and only if f is even.

This concludes the proof of Theorem 3.3.11. According to Theorems 3.3.10
and 3.3.11, a most violated alternating inequality is always given by the local minima
and maxima of Z. By Assumption 3.3.1, local extrema are strictly larger than the
neighboring entries. In this case, there is a unique most violated inequality. How-
ever, if this assumption is omitted, it may not be possible to identify unique local
maxima and minima in Z. Nevertheless, all statements and proofs remain valid by
simply choosing an arbitrary index out of each consecutive sequence of indices with
an equal and locally extreme value in Z.

Example 3.3.10. Let S = 2, T = 7, and z = (0,0.1,0.9,0.2,0.7,0.5,0.3,0.1).
Then, Theorem 3.3.15 yields 6; = 2, 65 = 3, 63 = 4 with the unique most violated
alternating inequality xo — x3 + z4 < 1.

Now let S = 2,7 = 7, and z = (0,0.9,0.9,0.2,0.7,0.7,0.7,0.5). Then, as 6y,
one may choose between 1 and 2, while for f3, one can choose 4, 5, or 6. Thus, there
are six most violated inequalities, given as follows:

x1—x3+2x4 <1 2 —2x3+ x4 <1
1 —x3+x5 <1 To—x3+ x5 <1
1 —x3+xg <1 To —x3+ a6 < 1

However, one may also consider 5 as a local minimum between the local maxima 4
and 6, yielding two other most violated inequalities

T1— T3+ T4 —T5+ T <1

Ty —T3+T4—T5+T6 < 1.

88



Theorems 3.3.15 and 3.3.11 and the above considerations then give the main result
of this subsection:

Corollary 3.3.2. The separation problem for Py can be solved in O(T") time, which
is the time required to determine the local maxima and minima in Z.

Symmetry also yields the following:

Theorem 3.3.12. For 7 € [0,1]7! with Zg = 1, let {61, 0,...,6;} denote the set of
all local maxima and minima of Z, read from left to right, excluding zero and up to
the last local minimum, if S is even, or to the last local maximum otherwise. Then,
an alternating inequality (ALT;) most violated by Z is given by

(ALT?) —x9, + Tg, — Tog + ...(—1)zg, < [S] — 1.

Corollary 3.3.3. The separation problem for P; can be solved in O(T') time.

With analogous reasoning, one can show that the separation problem for conv(2)
can also be solved efficiently by identifying local maxima and minima in some

T+1 Note the presence of an additional element 6y in the theo-

given z € [0,1]
rem below and that the first entry Zg of some given Z is no longer excluded in the

consideration of local extrema.

Theorem 3.3.13. For z € [0,1]7*!, let {6y, 61, ...,0;} denote the set of all local
maxima and minima of Z, read from left to right, beginning with the first local
minimum and up to the last local maximum/minimum, if S is even/odd. Then, an
alternating inequality (ALTS) most violated by Z is given by

—Xg, + To, — T, + Lo, + ...(—1)m+1$9l < ng .
A most violated alternating inequality (ALT$) is given by
—i—ﬂigo — Ty, + To, — Toy + ...(—1)mxgl < [%1 R

where {6y, 01,...,0;} contains the set of all local maxima and minima, beginning
with the first local maximum and up to the last local minimum/maximum if S is

even/odd.

This concludes the study of the special case n = 1 conducted in this chapter. It
turned out that in this special case where there is only one switch, both the penalty
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problem and the bounded problem are tractable for all three types of variation which
are considered in this thesis. The tractability of all problem versions was proven by
presenting a corresponding compact extended formulation, which was shown to be
integral when continuously relaxed. However, the focus lay on the investigation of the
corresponding polyhedral structure. As a result, for each problem version, a perfect
formulation in the original variable space was obtained. All these perfect formulations
required an exponential number of linear inequalities, with time-wise variation being
the only exception. This motivated the study of the respective separation problem,
which in turn was proven to be solvable in polynomial time. Based on the idea to
merge consecutive entries in a particular way, the chapter also devised an efficient
combinatorial optimization algorithm for the bounded problem with total or switch-
wise variation, which turned out to significantly outperform a previous naive dynamic
programming scheme.

The next chapter will extend the current setting to more than one switch and addi-
tional combinatorial constraints for each stage. Recall that the study of the bounded
problem with switch-wise/total variation turned out to be the most sophisticated
among the versions studied in this chapter. In fact, the results of this chapter might
even be seen as an indication of a trend that will continue on a broader scale: In-
deed, the bounded problem with switch-wise variation will turn out to be intractable
already for a very easy combinatorial structure, whereas the bounded problem with
time-wise variation and the penalty case remain polynomially solvable.
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Chapter 4

Multi-Switch Selection subject to
Bounded Variation

In the previous chapter, the single switch problem (BND) with n = 1 has been studied
for all types of variation. Although the respective problems differed depending on the
type of variation and whether the penalized or bounded problem was considered, all
problem versions turned out to be tractable. In the special case where n = 1, there
was no combinatorial structure that was worth studying other than the entire binary
space Xy := {0,1}, and it will not be very challenging to show that without any
further restrictions on the sets X; C {0,1}", all of the resulting problem versions
remain tractable for n > 1. It is unclear, however, how the respective problem’s
complexity is impacted if an additional constraint for each of the combinatorial
structures X; is involved. Of course, in this context, it does not make much sense
to study a constraint that obviously renders the problem NP-hard, therefore it is
reasonable to require that this additional constraint be simple, in the sense that
linear optimization over the respective feasible set is possible in polynomial time.
Probably the simplest such nontrivial constraint is a SELECTION constraint where
the sets X; are given as follows:

(SEL) X = {xt €{0,1}" : ngz) = Kt} forallt=0,..,7T,
i=1

with Ky € N>o for all ¢ = 0,...,7. Recall that this set is a simple set since any
linear objective can be efficiently optimized over it by just determining the best K,
elements.

This chapter is driven by the question how the complexity of each of the problem
versions behaves if the problems (P) and (BND) include this particular selection con-
straint (SEL). It will turn out that the complexity of the resulting problem depends
heavily on the considered type of variation.

Motivated by the previous chapter, i.e., in the hope that the penalty problem is
somehow easier to deal with, the problem (P) will be studied first. Afterwards, the
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bounded problem (BND) with time-wise variation will be considered. Although this
problem version will become more involved compared to the special case of a single
switch (see Section 3.2), it will still remain tractable. In the subsequent section, the
problem (BND) with switch-wise variation will be investigated. Since n > 1, switch-
wise variation and total variation now no longer agree. In fact, the problem (BND)
with switch-wise variation will be proven to be strongly N'P-hard, if an additional
selection constraint as in (SEL) is present. The section thereafter will briefly tackle
the problem (BND) with total variation and an additional selection constraint. How-
ever, the complexity of this problem will remain an open research question. The
final section will collect a few related problems and present some interesting possible
generalizations.

4.1 Penalized Variation

This section will deal with the penalty problem (P) and will settle its complexity
both for the case X; = {0,1}", as well as for the case in which a selection constraint
as in (SEL) is involved. Both problem versions will turn out to be tractable via linear
programming. The approach in this section, although slightly more complicated, can
still be thought of as an extension of the ideas already used in Section 3.1 for the
(unconstrained) single switch problem.

To begin, the unconstrained penalty problem, i.e., (P) with X; = {0,1}" for all ¢
is discussed. Recall that this unconstrained problem for multiple switches reads

n T
max Z Z cgz)x,@ — X Var(z)

i=1 t=0
st. x € {0,1}" t=0,..T,

where depending on the variation, A € RY denotes a penalty vector of the appro-
priate dimension. Similar to Section 3.1, the above problem can be linearized by
introducing auxiliary variables ugi) and dgi) foralli=1,...,nand t =1,...,T, which
indicate the activations and deactivations of a switch i € {1,...,n} at stage t. Since
these auxiliary variables u and d receive individual penalties u and ¢ in the objective
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function, the resulting problem is more general than (P) as the deactivations and
activations can incur different penalties. The resulting problem is thus given by

n T n T
max Z Zcﬁ%il) — Z Z (ugl)ugl) + 5§Z)d§l))
=1 t=0 =1 t=1
st. —a 42 ) <o t=1,.,T,i=1,...n
(PEN-LIN) O 0 _ 0 -
+x, —x —dy’ <0 t=1,...,7T,i=1,...,n
WP d >0 t=1,...T, i=1,...n
2 € {0,1} t=0,.., T, i=1,...n.

It is easy to recognize that the above problem is actually an equivalent reformulation
of (P) with X; = {0,1}" if ugl) and 5151) forall t=1,...,T and all i =1,...,n are
defined as follows

A for total variation,
uﬁ” = 5,51) =4 A for time-wise variation,

X; for switch-wise variation .

Furthermore, observe that the above problem decomposes into n separate single-
switch penalty problems (P(l)—LIN) from Section 3.1. Thus, the total unimodularity
of the constraint matrix of (P(l)—LIN) immediately implies the total unimodularity
of the constraint matrix of (PEN-LIN). Hence, the unconstrained penalty problem
can be solved as an LP corresponding to the continuous relaxation of (PEN-LIN).

Theorem 4.1.1. The penalty problem (P) with X; = {0,1}" for all t =0, ..., T can
be solved by linear programming.

Proof. The corresponding constraint matrix of (PEN-LIN) can be considered a di-
agonal block matrix, where the ¢-th matrix on the diagonal line models the corre-
sponding constraints between argi),ugi) and dgi) forallt = 1,...,T. More precisely, the
i-th diagonal matrix is given by

A —Ir 0
-A 0 —Ir)’

where the columns of A € {0, 1}7*(T+1) correspond to the variables (). The latter
is exactly the constraint matrix of (P(l)—LIN) and hence, totally unimodular. Since
the constraint matrix of (PEN-LIN) is a diagonal matrix and because integer lower
and upper bounds on the variables do not destroy total unimodularity, this implies
the total unimodularity of the entire constraint matrix of (PEN-LIN). All right hand
sides are integer, thus the corresponding continuous relaxation is integral. O
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Now, take a look at the penalty problem when an additional selection constraint
as in (SEL) is involved. This selection constraint can easily be integrated into the
unbounded linearized problem (PEN-LIN), giving rise to the following problem:

n T
© ) 35 (0l 4 o4
i=1 t=0 i=1 t=1
st. Y 2l = K, t=0,..,T (1)
=1
PEN-LINS®" - A -
( ) —aD e <0 t=1,..T i=1,...n (2

(2)
) —a —dV <0 t=1,..T,i=1,...,n (3)
T, i=1,.,n (4)

(5)

ug),d()>0 t=1,..,

2V € {0,1} t=0,...T,i=1,...n

\

Here, the problem no longer decomposes into n separate single switch problems, since
the switches are connected via the selection constraints. Moreover, the presence of
the SELECTION constraints has the effect that it is no longer obvious whether the
corresponding constraint matrix is totally unimodular. The main result of this section
will be that this matrix is indeed still totally unimodular. Because of the integrality of
the right hand sides, this will then imply that (PEN-LIN®*") can be solved efficiently
by linear programming.

Lemma 4.1.1. The constraint matrix M corresponding to the constraints (1),(2)
and (3) in (PEN-LIN®®") is totally unimodular.

Proof. Let M be the constraint matrix that models the constraints (1), (2), and (3)
and let R be any subset of its rows. The claim is proven by an induction over T,
showing that there exists a partition Ry U Ry = R that satisfies:

(1) D rer, Mri = 2rer, Mrj € {—1,0,1} for all columns j of M

(ii) if R contains a row r; of constraint (2) for some i; € {1,...,n}and t € {1,...,T},
and a row 7 of constraint (3) for some iz € {1,...,n} and the same ¢ such
that i1 # o, then 1 and 75 belong to different parts of the partition.

Actually, it suffices to show this for all sets R satisfying the following condition:

The set R does not contain both the row of constraint (2) and

the row of constraint (3) for the same pair (4,¢) of indices.

Indeed, the same statement then follows for all row sets R: for all pairs (i,t) as
in (), assign both corresponding rows to the same part, say, R;. Clearly, the
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resulting partition still satisfies (i) and (ii) then.

Note that the base case T' = 0 for the induction is obvious, since then M
only consists of the single constraint (1) for 7' = 0 and it is assigned to the set Ry,
while Ry = (). Then, (i) is trivially satisfied. Since the constraints (2) and (3) do not
exist, (i) holds as well.

Now, let R refer to the subset of rows in R that correspond to constraints (1), (2),
and (3) for i = 1,..,n and t = 1,...,7 — 1. Let M denote the restriction of M to
the rows in R. Observe that the assumption () carries over to R. Then, by the in-
duction hypothesis, there exists a partition R = R;URy that satisfies (i), (i) and (%).

For the induction step, an extension of the partition Ry U Ry of R to a parti-
tion Ry U Ry of R is described. Thus, define R; := Ry and Ry := ]:22, so that it
remains to assign the rows R\ R, which represent constraints (1), (2), and (3)
for i = 1,...,n and t = T. By the induction hypothesis (ii), it follows that all rows
that correspond to constraints (2) for ¢t = T" — 1 are assigned to one partition set,
say Rj, and all rows corresponding to constraints (3) for t = T" — 1 are assigned to
the other set Rs. Next, assign the rows in R\ R to the partition sets Ry and Ry as
follows:

e If R contains the row 7 of constraint (1) for t = T'— 1, then 7 is assigned to Ra,
as anything else would generate a conflict between (i) and (x). Then, assign all
rows in R\ R of constraints (2) to Ry, all rows in R\ R of constraints (3) to Ry
and the row of constraint (1) in R\ R to R.

e Otherwise, assign all rows in R\ R of constraints (2) to Ry, all rows in R\ R
of constraints (3) to Ry and the row of constraint (1) in R\ R to Ro.

It can be verified that, in both cases, the resulting partition Ry U Ry satisfies (i), (i)
and (x). This concludes the proof, since condition (i) implies total unimodularity by
Ghouila-Houri’s criterion. O

Since the right-hand side of (PEN-LIN®®') is integer and all constraints

in (PEN-LIN®®") other than (1) to (3) impose only upper or lower bounds, the
binarity constraint for z may be relaxed. This yields the following result.

Theorem 4.1.2. Problem (PEN-LIN®®") reduces to a linear program and, hence,
can be solved in polynomial time.
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Remark 4.1.1. Consider the constraint matrix in (PEN-LIN®®"). Then including
constraints which fix xﬁ’) to some b € {0,1} for any switch 7 € {1,...,n} and any
stage t € {0,...,T} does not destroy the total unimodularity of the resulting con-

straint matrix. Hence, the corresponding continuous relaxation is also integral.

The next example demonstrates the inductive construction of a partition of the
rows that satisfies (i),(ii) and (%) as described in the proof of Lemma 4.1.1.

Example 4.1.1. Consider an instance of (PEN-LIN®*") with n = 3 and 7' = 2. The
matrix that corresponds to all constraints (1),(2) and (3) (without the columns for u
and d) is given by

JCORC N C RN CO ) RGO NN € N ) B )

0 0 0 1 1 1 2 2 2
r1 1 1 1 0 0 0 0 0 0
T2 0 0 0 1 1 1 0 0 0
T3 0 0 0 0 0 0 1 1 1
T4 -1 0 0 1 0 0 0 0 0
5 0 -1 0 0 1 0 0 0 0
6 0 0 -1 0 0 1 0 0 0
7 1 0 0 -1 0 0 0 0 0
T8 0 1 0 0 -1 0 0 0 0
r9 0 0 1 0 0 -1 0 0 0
710 0 0 0 -1 0 0 1 0 0
11 0 0 0 0 -1 0 0 1 0
12 0 0 0 0 0 -1 0 0 1
713 0 0 0 1 0 0 -1 0 0
14 0 0 0 0 1 0 0 -1 0
T15 0 0 0 0 0 1 0 0 -1

Let R = {r1,r3,74,76,78,711,713, 715} be the given subset of the rows. To begin,
consider the stage t = 0 as the base case. Since in this case, the matrix consists
only of constraint (1) for ¢ = 0, and 7 € R, row r; is assigned to the set R; (red)
arbitrarily. The other set Rp (blue) remains empty.

(m 1 1 1)

Now to the next stage ¢ = 1: Since R contains the row r; for constraint (1) for
stage t = 0, assign the rows ry and rg to the color red as well, while the row rg is
assigned to the color blue. This yields:

rn 1 1 1 0 0 O
rg -1 0 1 0 O
r¢ 0 O -1 0 0 1
rg 0 1 0 0 -1 O

Following the inductive argument for t = 2, observe that R does not contain the
row 7o of constraint (1) for the stage t = 2. Thus, assign row r1; to the color red and
rows r3,r13 and 715 to the color blue.
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il 1 1 1 0 0 0 0 0 O
T3 o o0 o0 o0 o o 1 1 1
4 -1 0 0 1 0 O O 0 O
T6 o o0 -1 0 0 1 0 0 O
T8 o 1 0 0 -1 0 0 0 O
rm. 0 O O O -1 0 O 1 O
3 0 0 O 1 O O -1 0 O
rs 0 0 O O O 1 O O -1

This section closes by collecting some interesting remarks and observations that
are implied by the previously obtained results.

Remark 4.1.2. Observe that the model (PEN-LIN®®") can easily be adapted to
involve variation constraints by additionally including the constraints

- ugi) + dgi) <S5 t=1,..,T for time-wise variation, or

Zthl ugi) 4 dgi) <S8 i=1,..,n for switch-wise variation, or

DD i ugi) + dgi) <8 for total variation.

However, the total unimodularity of Lemma 4.1.1 is immediately lost, once a variation
constraint is added, as the next example shows.

Example 4.1.2. Consider (PEN-LIN®"") for n = 2 and 7' = 1. Now, include a time-
wise variation constraint as proposed in the previous remark. The matrix representing
constraints (1), (2), and (3) as well as the constraint for time-wise variation reads

2D 2@ 2P o@D WD @ gD P
1 1 0 0] 0 0 0 0
o 0o 1 1|0 0 0 0
1 o0 1 0| -1 0 0 o0
o -1 0 1|0 -1 0 0
1 0o -1 0o |0 0 -1 0
0 1 0 =1l 0 0 0 =1l
0 0 0 0 1 1 1 1

Then, the submatrix built from rows 1, 3,6,7 and columns 1, 2,5, 8 has

1 1 0 O
-1 0 -1 o0
det 0 1 0 -1 =2
0 0 1

and is thus not totally unimodular.

Not only is the total unimodularity lost, but more importantly, the integrality of
the continuous relaxation is lost as well:
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Example 4.1.3. Consider the continuous relaxation of (PEN-LIN®®") with T' = 1,
n = 2 and include a time-wise variation constraint as described in Remark 4.1.2. Let
the bound on the time-wise variation be given by S = 1 € N and let the selection
bounds be given by Ky := Kj := 1. Define the objective by

c((]l) =1
082) =0
It is easy to see that the best objective value which can be achieved by a feasible
integer solution is given by 1, since the bound on the variation and the selection

constraints prevent the choice of any integer solution with a larger objective value.
However, consider the solution

$(()1) = % xgl) =0
$((]2) = % a:§2) =1,

which is feasible for the continuous relaxation, since it has a time-wise variation of 1
and it satisfies the selection constraint for each stage. Since this solution has an
objective value of 3/2, the continuous relaxation cannot be integral.

Similarly, including a switch-wise or total variation constraint into the continuous
relaxation of (PEN-LIN®®M) as in Remark 4.1.2 destroys the integrality, even if
there is only a single switch. Recall that for n = 1, switch-wise and total variation
are equivalent so that the model (PEN-LIN®") with a switch-wise/total variation
constraint as in Remark 4.1.2 is equivalent to the model obtained by the intersection
of (P(M-S) with the hyperplane fixing the former variable S to the given bound.
The corresponding continuous relaxation was already shown to be non-integral in
Example 3.3.2.

As Examples 4.1.2 and 4.1.3 show, the inclusion of the time-wise variation
constraint not only destroys the total unimodularity, but also the integrality of the
corresponding LP-relaxation. However, for related, but slightly different bounds
on the auxiliary variables u and d, the total unimodularity of the corresponding
constraint matrix is maintained. More precisely, if there is an individual (integer)
upper bound U; on the sum Y !, ugi) and/or an (integer) upper bound D; on
the sum >, dgi) for each stage t = 0,...,T, then incorporating these particular
variation constraints into the model (PEN-LIN®FY) yields a totally unimodular
constraint matrix. Of course, this observation is interesting in itself, but mainly, it
will help to settle the complexity of (BND) with time-wise variation and a selection
constraint as in (SEL), see Theorem 4.2.1 later on.
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Lemma 4.1.2. The integer problem

n T
ZZ (3) (z ZZ (ugi)uy) _ Af)dﬁi))

=1 t=0 i=1 t=1

st (1),(2),3), (4), (5)

n

S ol <, Zdﬁ” <D, t=1,..,T
: s

reduces to a linear problem and hence, can be solved in polynomial time.

Proof. Indeed, the partition obtained from the proof of Lemma 4.1.1 can easily be ex-
tended to work for subsets R of the rows that may also include the rows of these addi-
tional new variation constraints. Recall that the characteristic (ii) leads to a partition
so that all constraints (2) for ¢ € {1,...,n} and for some fixed ¢ are assigned to the
same partition set, say Rj, while all constraints (3) for i € {1,...,n} and the same ¢
are assigned to the other set Ra. Note that each row corresponding to a constraint (2)
or (3) contains exactly one non-zero entry —1 in the column symbolizing either vari-
able ugi) or d,@. Now, assign the row corresponding to constraint ;' ; ugi) < U; to
the same partition set to which all constraints (2) in R for the stage ¢t have been
assigned. Conversely, assign the row of constraint »_ . ; dii) < Dy to the other par-
tition set, to which all rows corresponding to constraints (3) in R for stage t have
been assigned. It is quickly verified that this yields a partition for any given subset

of rows that satisfies Ghouila-Houri’s criterion. O

The next example continues Example 4.1.1 and extends the partition onto the
additional constraints for this new time-wise variation.

Example 4.1.4. Consider an instance as in Lemma 4.1.2 for n = 3, T' = 2 and let
the row set R’ = RU{r16, 717,718,719} be given, where R is the row set considered in
Example 4.1.1. Now, starting with the row partition that was determined in Exam-
ple 4.1.1, this partition is extended onto the additional rows numbered 716,717, 718
and r19 expressing the newly defined variation constraints from Lemma 4.1.2. The
assignment of these additional rows to the partition sets is indicated through the
respective row colors in Figure 4.1 below.
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ugl) u(12) ugi%) dgl) d(12) d(lii) uél) uéz) u(23) dél) d(zz) d(23)
nm 1 1.1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1 1 1[0 0 0 0 0 0 0 0 0 0 0 0
r, -1 0 0 1 0 0 0 0 0| -1 0 0 0 0 0 0 0 0 0 0 0
s 0 0 -1 0 0 1 0 0 0] O -1 0 0 0 0 0 0 0 0 0 0
g 0 1 0 0 -1 0 0 O0 0O 0 0 0 0 -1 0 0 0 0 0 0
rm 0 0 0 0 -1 0 0 1 0O 0 0 0 0 0 -1 0 0 0 0 0
r3 0 0 01 0 0 -1 0 0] O 0 0 0 0 0 0 0 0 0 -1 0
rs 0 0 00 O1 0 0 -1} 0 0 0 0 0 0 0 0 0 0 0 -1
e 0 0 00O OO OO O] 1 1 1 0 0 0 0 0 0 0 0 0
ry 0 0 00O OO O O 0] O 0 0 1 1 1 0 0 0 0 0 0
rg 0 0 00O OO O O 0] O 0 0 0 0 0 1 1 1 0 0 0
rg 00 00O 0O 0 0 0O 0 0 0 0 0 0 0 0 1 1 1

Figure 4.1: Assignment of additional rows in Example 4.1.4

4.2 Bounded Variation

This section is dedicated to the problem (BND) with a hard bound on the variation
and an additional selection constraint as in (SEL) for each stage. As it will turn
out, the complexity of the respective problem variant drastically changes depend-
ing on the type of variation considered. Each following section will deal with one of
the problem variants and will settle its complexity. The first section will investigate
the problem with time-wise variation. Previously, it was already shown that there is
no obvious approach to this problem variant with an extended linear reformulation,
since the corresponding continuous relaxation is not integral (see Example 4.1.3).
Nonetheless, the problem will be proven to be efficiently solvable by means of a
compact LP formulation as well as by a polynomial reduction to a min cost flow
problem. This reduction will yield the possibility to solve the problem algorithmi-
cally by network flow algorithms. In the subsequent Section 4.2.2, the problem with
a bound on the switch-wise variation will be studied. It will be shown that this prob-
lem almost immediately becomes much harder. In fact, the problem will be proven to
become strongly N'P-hard, even if the bound on the (switch-wise) variation is uni-
formly equal to two and all selection bounds are uniformly equal to one. However,
as soon as either the number of stages T, or the number of switches n is considered
a fixed constant, the problem will turn out to be efficiently solvable by dynamic
programming. Furthermore, the problem is shown to be tractable if the bound on
the variation is uniformly one.

In the third section, the problem will be studied with a bound on the total varia-
tion. While the unbounded problem version without constraints on the feasible sets
will be shown to be polynomially solvable by extension of the dynamic program-
ming scheme for a single switch from the previous chapter, the general complexity of
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the problem with an additional selection constraint will remain unknown. However,
as soon as the number of stages, the number switches, or the selection bounds K,
t=0,...,T are fixed, the problem will be proven to be tractable.

Finally, the last section will briefly explore some interesting related problems and
generalizations.

4.2.1 Time-Wise Variation

This section will prove the tractability of the problem (BND) with bounded time-
wise variation and an additional selection constraint as in (SEL) at each stage. Ob-
serve that the unconstrained problem version can be solved by linear programming,
since the inclusion of a time-wise variation constraint as described in Remark 4.1.2
in (PEN-LIN) clearly yields a totally unimodular constraint matrix according to
Ghouila-Houri’s criterion. Hence, this section will only consider the version with an
additional selection constraint which reads as follows:

7

n T
max Z Z cgi)xf)

i=1 t=0

- (4) (4) _
s.t. E x x| <8 t=0,.,T—-1
(BND{) i:1| o el =5

tw

ool = K t=0,..,T
=1

xy € {0,1}" i=1,..,n,t=0,..,T

As already mentioned in the introduction, (BNDg:") is tractable. However, it simpli-
fies the argument to assume that all selection bounds are uniform. Indeed, this may
be assumed without loss of generality:

Lemma 4.2.1. Without loss of generality, one may assume that all selection bounds
are uniform, i.e., that Ky := K for all t =0, ..., 7.

Proof. Let an instance of (BND{w") with non-uniform be given. By introducing ad-
ditional auxiliary switches so that their states are fixed, and adjusting the selection
bounds accordingly, this instance can be reduced to an instance with uniform selec-
tion bounds. To this end, define
Kiar = max Ki, Kpip:= min K and m = Knar — Kmin -
t=0,...,T t=0,...,T

Now, define a new instance of (BND{.") by extending the given instance through
introducing further switches numbered n + 1,...,n + m and enforcing a uniform
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selection bound of K := K4, for all of the stages. The idea behind these new
switches is to fix their state in a particular way, therefore the objective function is
defined as follows

fori=1,....m,

() ._{ C ifi < Koo — Ky
t T

—C otherwise

where C' is a constant large enough, for example C' := """ | Etho |c§i)] + 1. Then,
for any optimal solution of this new instance, exactly Kmae — K of the auxil-
iary switches must be active at stage t. Consequently, exactly K; of the original
switches 1,...,n must be active at any stage t. Finally, enlarge the original bounds .S;
on the time-wise variation by |K; — Ky_1| for ¢ = 1,...,T. Since the latter term
equals the increase in the time-wise variation caused by the auxiliary switches, the
former bound S; applies to the original switches 1,...,n. This reduction is clearly of
polynomial size, as m < n. Hence follows the claim. O

This last observation is helpful to settle the complexity of (BND:").

Theorem 4.2.1. The problem (BND{*) reduces to a linear problem and, conse-

quently, can be solved in polynomial time.

Proof. Consider an instance of (BND;.") where, according to Lemma 4.2.1, the se-
lection bounds may be assumed to be uniform without loss of generality. Then, this
selection constraint enforces that the number of switches that are active must be
equal to K for each stage and, more importantly, it enforces that the number of
deactivations must equal the number of activations for each stage. Note that, as a
result, the time-wise variation between two consecutive stages will always be even.
Therefore, in order to ensure that the time-wise variation between two consecutive
stages t—1 and t does not exceed the given bound Sy, it actually suffices to impose an
upper bound of |5¢/2] on the number of deactivations or the number of activations,
since the time-wise variation between those stages is given by twice the number of
deactivations (or activations, respectively) due to the selection constraint. Thus, the
claim follows from Lemma 4.1.2 with U; := |St/2] and/or Dy := |St/2]. O

However, there also exists an interesting connection to combinatorial optimiza-
tion in the context of network flows, which once again shows the tractability of the
problem (BND{E").

tw

Theorem 4.2.2. The problem (BND{") polynomially reduces to a min cost flow
problem. Therefore, it can be solved in polynomial time.
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Proof. According to Lemma 4.2.1, one may assume that all selection bounds are
uniform, i.e., K; := K for all t = 0,...,T. So, let I = (¢, (So, ..., ST), K) be such an
instance of (BNDgw").

In the following, a suitable network (V, A) for a min cost flow problem is defined:
First, introduce a source ¢ with supply b; = K and a sink r with demand b, =

—K. For each switch ¢ = 1,...,n and each time point ¢ = 0,...,7T, let there be a
node vf@ as well as a corresponding copy node T)EZ). These nodes are connected via the
(4) ()

arc (v ’,0; 7). A positive flow on such an arc then represents the respective switch

(1) (n)

being active at stage t. The source is connected with each the nodes vy ’,...,v5",
while each of the copies 17;1 ), ...,17;”) is connected with the sink. The bound on the

variation is incorporated by arcs (ay, 8;) for t = 1,...,T that have a capacity limit

of [St/2]. All of the copies z_)gl), ..., Uy are connected with oy, while the nodes 3; are

connected to all of the nodes v&)l, e Uéz)l of the next stage. The idea is to model

the problem (BND{Y") as a ¢, r-flow of strength K. More formally, the set of nodes
is defined by

V= i=1,.,n, t=0,..T} U {8 |i=1,.,n t=1,..,T}U
{{Oét,ﬁt ’ t= 1,,T} U {q,T}

and the set of arcs is defined by

The capacities u : A — N and the costs ¢: A — R of the arcs are given by:

1 ifa= @, o
u(a) == [St/2] if a = (au, B

K otherwise

0 otherwise

) {—cgi) ifa= (vgi) 17,@)
c(a) = :

This construction is clearly polynomial in its size. Figure 4.2 below illustrates the
resulting network graph for an instance of (BNDg") with n =3 and T' = 2.
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K 1 1
¢ — v(()?) W 17((3) vf’ W Bgz) PR, ﬂém W =
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Lsi/2] [/
a; —— By ay —— [y

Figure 4.2: Sketch of the network for n = 3,T = 2, where arc capacities
(that are not K) are represented in blue and arc costs are not depicted

Since all arc capacities of the network are integer, there always exists an integer
optimal flow for the min cost flow instance. Therefore, it suffices to show that feasible
solutions of (BNDS:") bijectively correspond to integer feasible solutions of the min
cost flow problem, while attaining the respective (negated) objective value.

To this end, let x be a feasible solution of (BND{:"). Now, define a feasible integer
flow f as follows:

T oy = 7’ i=1m, t=0,.,T

f(atﬁt) ::ZVCEZ) _CL}EQI’ t=1,...,T.
=1

With these definitions, the values of the (integer) flow on all remaining edges are
already determined. The flow must emanate from the source to the nodes vél) which
correspond to the switches selected in the first stage, while the flow leaving the

nodes 17%) for the switches selected in the last stage must be absorbed by the target:

f(q’vii)) = ;U(()i)7 f(ﬁ¥),r) — ;ng) i=1, ..

Clearly, the direct arc (ﬂt(i),vgl) is more convenient than the detour along the
arcs (Egl),atﬂ), (11, Bet1)s (6t+1,v§21), since both have cost zero, but the latter
unnecessarily uses up capacity on the arc (oyy1, Bi+1). Therefore, the flow may be

assumed to always use these direct arcs, if possible. As a result, define

f(iu) (0 )= 1 if and only if xgi) =1, xgl =1 i=1,.m, t=0,...T—1,

t Vit
—1 ifandonlyifz{’ =0, ), =1  i=1,.m, t=1,.,T,

F =1 ifandonly if () =1, &), =0  i=1,.m, t=0,.,T—1.
t

»at+1) '

F oo
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The fact that this flow has value K and that it is flow preserving is ensured by the
selection constraint at each stage. It is easily verified that this flow is feasible, as it
is flow-preserving, it does not exceed the capacity limits and it satisfies the supply
and demand constraints. The definition of the costs in the network then yields

3 V)

1 t=0

- C((vt U =

n T-1 n
i=1 t=0 i=

Conversely, given any feasible integer flow f, define a feasible solution =z
for (BNDg") by x,gi) = f(vgi) o) for allt =0, ..., T. Since the flow is preserved, it has
strength K and it can be at most one on each arc (vt(i), @,gi)), the selection constraint
is satisfied at each stage. In particular, it is not possible to select a node/switch more
than once for stage ¢. Furthermore, since the flow on the arcs (ay, 5¢) is limited by
the capacity |S¢/2] foreach t = 1,..., T, and since the flow on this arc must be at least
as large as the variation > 1, |z}’ ) —x Jrl| between stages ¢ and ¢ + 1, the solution x
is feasible for the given instance of (BND{"). The fact that the (negated) objective
values agree is easy to see. This concludes the proof. O

Remark 4.2.1. With suitable adjustments to the network defined in the proof of
Theorem 4.2.2, it is possible to directly incorporate non-uniform selection bounds
into the construction. The key element lies in the introduction of further sources
and sinks. More precisely, define T' additional nodes ¢; for t = 1,...,7 with a de-
mand /supply of by, := K;i1 — K;. The sign of by, indicates whether the node is
a source (positive) or a sink (negative). Each source is then included into the ex-
isting network with the arcs (g, 3¢), while each sink is included into the network
with the arcs (ay,q). The supply and demand of the source and sink are rede-
fined as b, := K and b, := —Kr, the capacities on the arcs (o, ;) are redefined
as c((ay, B)) == LMJ in order to correctly take the rise or decline in the
selection bounds into account. Figure 4.3 below shows the necessary adjustments in
the network graph depicted in Figure 4.2 for Ky = 2, K1 = 1 and Ky = 3.
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Figure 4.3: Sketch of the flow network for n = 3,7 = 2 for the general

problem (BND{") with non-uniform selection bounds

The problems studied in the previous Chapter 3, as well as in the preceding Sec-
tion 4.1, were mainly investigated from a polyhedral perspective. This was justified
by the fact that these problems quickly turned out to be tractable. However, as soon
as there is more than one switch and an additional combinatorial constraint, such
as (SEL), as is the case in this chapter, the complexity of the resulting problem
versions is less obvious. The focus of this chapter therefore primarily lies on settling
the complexity of the respective problem versions. If one of the problem versions
turns out to be tractable, as (BND{:") here, then one might contemplate a further
polyhedral study. Recall that the intuitive candidate for an extended formulation
of (BNDyy") as considered in Example 4.1.3 did not work out. However, as was ar-
gued for Theorem 4.2.1, there exists a compact extended formulation which may
be continuously relaxed as described in Lemma 4.1.2. Actually, Theorem 4.2.2 also
yields a polyhedral result as a by-product:

Remark 4.2.2. Recall that a min cost flow problem can be modeled by a linear
program with a totally unimodular constraint matrix. Consequently, if the right hand
side is integer, this LP always has an integer optimal solution. The previous reduction
of (BNDg:") to a min cost flow problem relied on the fact that it produces an integer
right hand side in the LP model corresponding to the flow problem. Therefore, the
latter is an extended formulation for (BND{:"). In particular, this once again shows

that (BND{L") can be solved by linear programming.
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A compact extended LP formulation of (BND{E") can be used to obtain a linear
inequality description of the convex hull of feasible solutions of (BND{L") in the
original space of only the z-variables, e.g., by projection. However, it is likely that
the result of the projection is exponentially large and does not offer much additional
insight. Moreover, the process of the projection itself is likely to be very complex and
convoluted. Therefore, this thesis refrains from polyhedral study beyond this point.

Remark 4.2.3. As in the previous chapter, it might be the case that for some
stage t, the solution x; is fixed to a particular element in X;, so that the selection
of switches at this stage ¢ is predetermined. For the penalty problem in Section 4.1,
it sufficed to include the respective constraints ensuring the desired fixation in the
LP formulation, since the latter had a totally unimodular constraint matrix, see
Remark 4.1.1. The same approach works out here:

Consider (BNDgy") and let there be some additional fixation constraint xii) = b for
some b € {0,1} and 7 € {1,...,n}, t € {0,...,T}. Then, the constraint can either be
directly included in the corresponding LP formulation described in Lemma 4.1.2, or,
it can be included in the form of the constraint f( ® ) = b in the corresponding
min cost flow problem. The latter is equivalent to adaptlng the lower or upper bound
for the flow on the arc (vg ),vg 9 ) as follows: either raise its lower bound from zero to
one if b = 1, otherwise lower its upper bound from one to zero.

In the next section, the problem (BND) with switch-wise variation will be stud-
ied. The unconstrained case where X; = {0,1}" for all t = 0, ..., 7" will immediately
decompose into n separate single switch problems as considered in Section 3.3, and
is therefore tractable. However, this will change if a slightly more complicated com-
binatorial set X; is considered. In fact, the problem will turn out to become strongly
NP-hard if a selection constraint as in (SEL) is included.

4.2.2 Switch-Wise Variation

This section is dedicated to (BND) with switch-wise variation and a selection con-
straint as in (SEL). Indeed, the unconstrained problem (BND) with switch-wise
variation is already completely covered with the results from Section 3.3, as this
problem decomposes along the indices ¢ = 1, ...,n into n disjoint single switch prob-
lems (BND\(,la)r). Consequently, a compact extended formulation is given by the carte-
sian product of all corresponding single switch extended formulations (EXT-BND).
Analogously, the convex hull of all feasible solutions is completely described by the
cartesian product of all corresponding alternating inequalities and the trivial inequali-
ties. The separation problem can be solved by solving the separation problem for each
of the single-switch problems in time O(n - T'). Algorithmically, the problem can be
solved by application of the merging algorithm 2 for each of the switches i =1,.....,n
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in time O(n - T'logT), or by application of the dynamic programming scheme for
each of the switches i = 1,....,n in time O(n - S - T).

However, this decomposition only happens if the switches are entirely independent
of one another, which is no longer the case if additional selection constraints as
in (SEL) are present. The remainder of this section will thus deal with the problem

;

n T
max Z Z cti)azgi)

i=1 t=0

T-1
s.t. Z \xgl) - :L'&zl’ <SS i=1,..,n
=0

(BNDGy)
n .
thz) :Kt tIO,...,T
i=1
T € {O,I}n t=0,..T.

As was argued before, dropping the selection constraints > ;- ; :vgi) =K t=0,..,T,
from (BNDZE") yields a tractable problem. Although there are a few tractable special
cases which will be presented later, generally, the inclusion of the selection constraints
renders the problem (BNDZE") strongly N'P-hard. Actually, the problem remains
hard, even if Ky =1 forallt =0,...,7 and S; = 2 for all i = 1,...,n, i.e., if at any
stage at most one switch may be selected and every switch may have a variation of
at most two. This is the main result of this section, it will be proven by a reduction
from the following decision problem discussed in [BDMW13]:

Problem 4.2.1. INTERVAL SELECTION

Input: Consider a scheduling problem with m machines and n jobs.
A job consists of m open intervals on the real line, each of the intervals
is associated with exactly one machine and each machine has exactly
one interval per job. To schedule a job, exactly one of its intervals has to
be selected. To schedule several jobs, no two selected intervals on the
same machine must intersect.
Task: Decide whether it is possible to schedule all jobs.

With a reduction from (< 3,3)-SAT — which is a special case of the satisfiability
problem in which every clause is restricted to have no more than three literals and
each variable appears in the formula at most three times, once as a negative literal
and at most twice as a positive literal — the authors of [BDMW13]| prove the following
result:
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Theorem 4.2.3. INTERVAL SELECTION is NP-complete, even if the number of
machines is fixed to three and all intervals have the same length.

Through sharp observation of the proof presented in [BDMW13], it becomes ap-
parent that the transformation of an instance of (< 3,3)-SAT to an instance of
INTERVAL SELECTION produces unit intervals of length two and a time horizon big
enough to contain 2s + 1 of these intervals that do not intersect. Here, s denotes
the number of Boolean variables in the (< 3,3)-SAT instance. Consequently, a time
horizon of length T := (2s+41)-2 is sufficient. As a result, it is possible to strengthen
the previous theorem as follows:

Theorem 4.2.4. INTERVAL SELECTION is NP-complete, even if the number of
machines is fixed to three, all intervals have integer endpoints, and each interval has
length two.

Theorem 4.2.4 then implies the AN'P-hardness of (BNDZ:").

Theorem 4.2.5. Problem (BNDg:") is N/P-hard in the strong sense, even if K; = 1
forallt=0,..,T and S; =2 forallt =1, ...,n.

Proof. Let an instance of INTERVAL SELECTION as in Theorem 4.2.4 be given, con-
sisting of n jobs, m = 3 machines, and intervals I;; having length two and integer
endpoints for each machine ¢ = 1,...,n and j = 1,2,3. Let T* denote the smallest
length of the time horizon on the real line containing all these intervals.

interval scheduling time horizon of length 7™

Then, divide this time horizon into T segments of length one and observe that T*
is bounded by 6n without loss of generality, as each interval has length two. The
intervals [;; can thus be interpreted as subsets of {1,...,77"}.

Now, define an instance of (BNDZ:"). Let this instance have 3(7™* + 1) stages.
This can be understood as concatenating m = 3 copies of the time horizon obtained
from INTERVAL SCHEDULING horizontally and inserting an additional time point
before each of the copies. The idea behind this is that the scheduling decisions on
the respective machines are modeled within the respective copies of the discrete time
horizon. Recall that the time horizon in the instance of (BNDZY") begins with the
stage t = 0, therefore define T := 3(7T* + 1) — 1.
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discrete time points in (BNDZS")

For each of job i € {1,..,n}, define a switch i as well as T + 1 dummy
switchesi € {n+1,...,n+14T7}. The variation of each switch is uniformly bounded
by two, i.e., S; =2 fori =1,...,n+ 1+ T. It remains to define the objective coeffi-
cients. For i = 1, ..., n, the coefficients ng’) will serve to model the intervals I;;. More
precisely, for i € {1,...,n} define

(@) 1, ift € Uj:172,3 I_ij
—3 otherwise,

where I;; := I;; and fij =1+ (j — 1)(T* + 1) for j = 2,3 is the interval I;; shifted
to the j-th block. For the dummy switches, all objective coefficients are defined as
zero, i.e., c§i) =0forallt=0,.,Tand i =n+1,...n+ 1+ T. Finally, set the
selection bound time-wise to one, i.e., K; ;=1 forall t =0,...,T.

Observe that the dummy switches ensure that the instance of Problem (BNDZE")
has an optimal value of at least zero. Indeed, the solution in which the first n switches
are inactive over all periods and each dummy switch n+1+¢ for ¢t =0, ...,T is only
active at stage t is feasible with objective value zero. Moreover, any partial solution
on the first n switches that satisfies the variation constraints but leaves slack in the
selection constraint at some stage ¢ can uniquely be extended without increasing the
objective value by defining the dummy switch n 4+ 1 4 ¢ to be active at stage ¢ only.
As a result, the definition of cgi), 1 =1,...,n, together with .S; = 2 implies that in
an optimum solution of (BNDE:"), each switch can only be active within at most
one of these three intervals fij, 7 =1,2,3. Consequently, this yields an upper bound
of 2n for the optimum value of Problem (BNDZ:").

Then, the original instance of INTERVAL SCHEDULING is a yes-instance if and only
if the optimum value of the constructed instance of Problem (BNDE") is exactly 2n,
i.e., it reaches this upper bound. The construction and the idea behind the definition
of the objective is illustrated in Figure 4.4, where the dummy switches are omitted.

Indeed, given a yes-instance of INTERVAL SCHEDULING, let I;;, be the selected
interval for job 7. Then, set xgi) =1 for i € {1,...,n} if and only if t € [;; and
extend this partial solution to a solution over all switches by defining the dummy
switch n+1+t to only be active at stage t if the selection constraint at this stage is not
already satisfied by the partial solution over the first n switches. Otherwise, define
the dummy switch n+ 1+t as inactive over all stages. By definition of the objective,

110



interval scheduling time horizon of length 7"*

job 1, 2, C ' ) \
‘0.. __.' ‘ - K4
N -,
machine 1 === H 1 H ' C )
'... A} - _‘: - 4

machine 2 ===

machine 3 ——

(a) An instance of INTERVAL SELECTION with three jobs

I 1 I

| | |
I | | | | | | | | | | | | |
r T T T

jobl -3{1 1:-3-3-3-3-3-3-3-3-3-3-311 1:-3-3-3-3-3-3(1 1)-3-3-3
job2 -3 -371 1:-3-3-3-3-3-3-3-3r1 1:-3-3-3-3-3-3-3-3-3-3-3(1 1)

(b) Tllustration of the objective of the instance of (BNDZI:")
Figure 4.4: Hlustration of the reduction in the proof of Theorem 4.2.5

this extension does not change the objective value. This is a feasible solution for
Problem (BNDZE"), since each switch has a variation of at most two. Moreover, since
the selected intervals are conflict-free and by definition of the states of the dummy
switches, the solution satisfies the selection-constraint at each stage. The objective
value is 2n and thus agrees with the upper bound.

Conversely, assume that this upper bound is attained. Then, as argued before, each
of the first n switches must contribute exactly 2 to the objective value, hence each
switch ¢ € {1,...,n} is active for exactly two consecutive stages, namely those in —fij,-
for some j; € {1,2,3}. Then, define a feasible solution for INTERVAL SCHEDULING by
scheduling job i on the respective machine ;. Since the selection constraint is satisfied
for each stage, no two intervals corresponding to jobs scheduled on the same machine
can intersect. Hence, the instance of INTERVAL SCHEDULING is a yes-instance. [

Now, one might hope that maybe further constraints fixing the selection of the
switches for some stage t to a given element in X; could simplify the resulting prob-
lem. However, observe that by deleting the dummy switch number n+1, the construc-
tion in the former proof can be adapted to also work for Ko =0 and K; =1, ¢t > 0.
In other words, the proof actually also implies the strong NP-hardness of the spe-
cial case in which all switches are fixed to zero in the first stage. In the following,
let (BND{'%:,) denote this special case of (BNDZE").

0,sw
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Remark 4.2.4. In the setting of Theorem 4.2.5, the size of each feasible vertical
set X; is given by n. So, Theorem 4.2.5 shows that even a polynomial size of X; does
not necessarily lead to tractability of (BNDZ").

Due to the previous results, one cannot expect polynomial-time algorithms
for (BNDS") even for small values of S and for polynomially large sets X;. This
draws attention to the case of a small number of switches n or a small number of
stages T

Theorem 4.2.6. If the number of switches n is constant, then (BNDZ") can
be solved efficiently with a dynamic programming scheme. A straightforward
implementation of this dynamic programming scheme leads to a running time

of O ((maxtzo,,,,,T 1X:)2 - (T + 1)n+1).

Proof. The dynamic programming scheme is devised in the following. First, intro-
duce the vector o € X ,{0,1,2,...,.5;}, where S, is the i-th component of S € N2
giving the upper bound on the variation of switch ¢. The vector o will represent an
adjusted upper bound on the variation for all switches. Moreover, introduce a vec-
tor b € {0,1}" that represents the states of the switches at the currently considered
stage t. Define the shorthand notation |z — y| := (|71 — Y1/, ..., [T — yu|) " for two
vectors x, y of the same dimension. The dynamic programming scheme recursively
computes the optimum values of the following subproblems:

t=0
1 |

s.t. ’$§21 — xiz)\ <o i=1,.,n
t=0
T € Xy t=0, ,E
rr=>o

The initial values are defined by:

cgb ifoe X {0,1,..,8}, be Xy

—oo  otherwise.

c*(0,0,b) := {

Then, for t = 1, ..., T, the scheme recursively computes

meX{fl)

c*(t,o,b) ;== max c*(t—1,0—|v—"0b,z)+ ch)b(")
|x—b|<o =1
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for all 0 € X ,{0,1,...,5;} and b € X;. The optimum value of Problem (BNDZ")
is then given by

(T, S, ) .
i@?ﬁ;c( , S, )

Finally, the running time of the scheme is analyzed: for fixed ¢ and o, it is pos-
sible to compute the values ¢*(t,0,b) for all b € X7 by enumeration of all elements
in X;_; and X;. Note that the size of each set |Xj| is bounded by 2". However, up
to | X11{0,1,...,.5;}| of such values need to be computed. In summary, the running
time of the scheme can roughly be estimated by

2 n
O<< max |Xt|> : <‘max Si+1> ~(T+1)> .
t=0,...,T i=1,....,n

Since S; < T without loss of generality, the running time can be bounded by

2
O(( max |Xt|> -(T+1)”+1> .
t=0,...,T

In particular, this yields a polynomial running time if the number of switches n is
constant. O

Remark 4.2.5. It is obvious that the previous dynamic programming scheme can be

SEL
0,sw

adapted to work for the special case (BNDg": ) by simply defining Ky := 0. Actually,
this dynamic programming scheme is even more general: It can be adapted to work
for any other combinatorial structure, as long as the membership in a set X; for any
given element can be verified efficiently. This will be studied further in the following

chapter.

Similarly, one can devise a dynamic programming scheme that leads to a polyno-
mial running time, if instead of n, the number of stages T is fixed.

Theorem 4.2.7. If the number of stages 7' is constant, then (BNDgZ:") can
be solved efficiently with a dynamic programming scheme. A straightforward

implementation of this dynamic programming scheme leads to a running time
of O (n- 2T+ . (n+1)TH1).

Proof. This second dynamic programming scheme is based on the approach used
in [BET22| for the multistage knapsack problem, and transfers the author’s idea to
this setting:

Consider a switch i € {1,...,n}, then let T'; C {0,1}7 be the set that contains all
of its feasible states, i.e.

T
(:1:(()1), ...,:Ugf)) el & Z \xtz) - :ngz_)1| <S;.
i=1
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Note that if T is fixed, this set can be obtained in constant time by enumerating all
elements in {0,1}7*!. Next, define the following subproblem for k; € {0,1, ..., K;}
and j € {1,...,n}

T
c*(ko, ..., kr,j) = max Zchl)xEZ)

i=1 t=0
T
s.t. Z |x§l) §2)1| < S; i=1,...,j
t=1
j .
S el =k, t=0,..,T
=1
2 € {0,1} Vi=1,..,j,t=0,..,T

The above problem only considers the first j of the n switches and for each stage ¢,
there is a selection constraint with selection bound k;. The initial values for j = 1
and for all (ko, ..., k) € ><th1 {0, ..., K;} are defined by:

T
c*(ko, ..., k7, 1) := max {Z cgl)xgl): ($(()1), ...,xgpl)) € Fl,xgl) =k Vt =0, ...,T} )
t=0

Now, for j = 2,...,n the respective optimal values are computed with the following
recursion formula for all (ko, ..., k7) € XtT:O{O, LK)

T
c*(koy ..., kr,j) =  max c* (ko — x(()]), sk — x(TJ),j —-1)+ chj)xgj)
@f,.efer; =0

The optimal value of Problem (BND:ZY") is then given by ¢*(Ky, ..., K7, n).

Now, analyze the running time of the previously described dynamic programming
scheme. The maximum in the recursion formula can be computed by enumeration of
all feasible states, whose number is at most max;—1__, |T;| < 27!, This maximum
needs to be computed for all (ko, ..., kr) € X;FZO{O, ...K;}, the number of which can
be bounded by (maxfzo K, + 1)T+1. Note that Ky < n for all £. In total, the running
time can be estimated by O (n N (O 1)T+1). O

Remark 4.2.6. Unlike the first dynamic programming scheme, this second scheme is
customized for a combinatorial structure X; as in (SEL). Therefore, it will generally

not work for other feasible sets X;. However, it can be adapted to work for the

SEL
0,sw

switching patterns so that I'; denotes the set of feasible states for switch ¢ with the

special case (BNDg":,) . To this end, it suffices to replace the definition of the feasible
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fixation, i.e.,
. . Til . . .
(xg), ...,ng)) el & Z \x&gl — x§1)| < Si,x((f) =0,
t=0

(@) _

while also including the constraints z;” = 0, ¢ = 1,...,n in all subproblems. Alterna-
tively, one may define Ky := 0.

Summing up, both the general problem (BND:Y) as well as its special
case (BNDpY;,) are tractable if either the number of switches, or the number of
stages is not considered part of the input. In general, however, already the special
case (BNDg'%,,) is A'P-hard in the strong sense — even when S; = 2 for alli = 1,...,n
and Ky = 1 for all £ = 1,...,7. This raises the question whether the complexity
changes if the bound on the variation is even lower. The remainder of this chapter
deals with such tractable special cases, starting with the simplest one and then slowly

generalizing the setting.

Corollary 4.2.1. The Problem (BND{;,) with S; =1 for i =1,...,n and K := K;
for t = 1,...,T polynomially reduces to a classical selection problem. Hence, it is

tractable and can be solved in time O(nlogn).

Indeed, the combination of uniform selection bounds together with a switch-wise

SEL

variation of one for each switch immediately let the problem (BNDg,

) collapse to
a classical selection problem over {1,...,n} with C; := Zthl cgi), i=1,..,n.

Now, consider (BNDg,,) with S; = 1 for alli = 1, ..., n with non-uniform selection
bounds. Since each switch is required to be inactive in the beginning, i.e., :n(()i) =0 for
allt=1,...,n, a bound of S; = 1 implies that each switch either has no variation at
all, or that it is activated exactly once and then remains active until the last stage.

The best possible value that any switch ¢ can achieve is thus given by:

T
val(i) := t:rgaxT{ E cy), 0} :
T

However, this observation does not help, since a switch ¢ that is selected in an optimal
solution may not achieve its individual optimum value val(7), as the example below
shows.

Example 4.2.1. Consider the following instance of (BND{%: ) with n =2, T' = 2

0,sw

and S1 = Sy =1, K1 =1, Ko = 2. The objective c is given by
0 30
c= )
01 1
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(@) () ())

where the row ¢ = 1,2 contains the vector (c0 N Using the same notation,

the (unique) optimal solution z* is given by

., (0 11
xr = .
001

But, for switch 2 on its own, it is val(2) = 2 for (x((f),xf)@g)) = (0,1, 1), which
does not agree with the optimal solution.

Nonetheless, the problem (BND{%: ) can be polynomially reduced to a different

0,sw
tractable problem:

Theorem 4.2.8. The Problem (BNDg%,) with S; =1 for all ¢ = 1, ...,n polynomi-

0,sw
ally reduces to a min cost flow problem and hence, can be solved efficiently.

Proof. Let an instance of (BNDg',) be given so that S; = 1 for all i = 1,...,n. In
the following, the construction of the min cost flow network is described:

Introduce a source o and a sink w, as well as nodes S; for all i = 1,...,n and
nodes sg) foralli = 1,...,n, t = 0,...,T. Each node S® is connected with both
the source a by the arc (a, S’(i)) and each of the nodes ng‘) for t = 1,...,T by the
arc (S, s,gi)). A positive flow on arc (o, S@) will correspond to the switch i being
activated at some stage. Further define nodes vy for ¢ = 0,...,7 and connect the

(4)

nodes ng’) for all i = 1, ..., n with those through the arcs (s; ’, v¢). Then, a positive flow

(4)

on arc (S, s; ) will correspond to switch ¢ being activated at stage ¢ (and remaining
on). Connect the nodes v; to each other via the edges (vg, vi41) forall t =0, ..., T —1.
At last, the vertex vp is connected with the sink w via the arc (vp,w). This yields
the following set of vertices

Vi={u{SW:i=1,...,n} U {sgi): i=1,.,n,t=0,..,T} U{y;: t=1,....,T}
and the following set of arcs

A={(,8):i=1,...n} U{SD ), (s v)ii=1,..,n, t=0,...T}
U {(vtavt+1): t= Oa 7T - 1}
U{(vr,w)} .

The costs ¢ of the arcs are defined as zero for all arcs, except for

T
c((g(i), (Z C(l :Z c Vi=1,..,n,t=0,..T.

Jj=t

116



The upper capacity bound u of all arcs is defined to be one, expect for
u((a,w)) == Kr,  u((vy,ve41)) =K, VE=0,..,T -1, u((vr,w)) := Kr

while the lower capacity bound is defined as K; for the arcs (v, vi41) and zero
otherwise. At last, define the supply b, := K7 and the demand b, := — K7, while
all other nodes in the network have demand/supply zero. The resulting network is
sketched in Figure 4.5 for n =3 and T' = 3.

K0 K40

K>l0 0 K5[0

Yo

U1 U2

1/0
3
upper capacity u |cost
Figure 4.5: Sketch of the constructed min cost flow network for n = 3

and T'=3

Due to the definition of the capacities in the min cost flow network, any feasible
integer flow f must satisfy the following constraints:

f(a,s(i>) = f(S(i),s](f)) = f(sl(ti),vt) € {O’ 1} 1= 17 w1, t= 07 7T
t n
T = 222 F 0y = Ke t=0,..,T—1
j=1 i=1
T n n
Forwy =D 1 (58 05) = > fas0n = Kt
j=1i=1 i=1

Therefore, a feasible solution z of (BNDg,,) can be transformed into a feasible

integer flow f, and vice versa, as follows:

f(a,S‘(i)) = f(g(i),sgi)) = f( =1 < xiz_)l =0, .%'IEZ) =1.

sgi)vvt)

By definition of the costs in the network, both solutions yield the same objective
value (disregarding the sign). From the literature, it follows that there always exists
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an optimal integer flow f*, as all capacity bounds in the network are integer. Thus,
(BND{%:,) polynomially reduces to the described min cost flow problem. O

0,sw

Remark 4.2.7. Just as in the previous section (see Remark 4.2.2), the polynomial
reduction of (BNDg%;,) to a min cost flow problem also yields an extended LP for-

mulation for (BNDgT,) as a by-product. Then, a description of the convex hull of

feasible solutions for (BND{,) in the original space of only the z-variables can be

obtained, for example, by projection.

In the more general problem (BNDZY") with S; =1, i =1, ..., n, a switch can also
be active in the beginning and may be deactivated (and stay deactivated). Since it
is not obvious how, or whether at all, it is possible to adapt the previous min cost
flow construction to capture this new setting, the tractability of (BNDZ:") will be
proven with the help of the following variant of the matching problem:

Definition 4.2.1. Let G = (V,E) be a graph with edge weights w : £ — R.
The following problem is called CARDINALITY-CONSTRAINED MAXIMUM WEIGHT
MATCHING PROBLEM:

max Z w(e)

eeM
(CMWM) s.t. M C E is a matching in G
M| =k .

Lemma 4.2.2. The Problem (CMWM) can be solved in polynomial time.

Proof. The tractability of (CMWM) can be proven by a reduction to the MINIMUM
WEIGHT PERFECT MATCHING PROBLEM (MWPM).

Let (G = (V,E),w,k) be an instance of (CMWM), where V := {vy,...,v,}.
Then, define an instance (G = (V, E),w) of (MWPM) by

E:=EU{(vi,u;)|i=1,..,n; j=1,..,n— 2k}

Thus, any perfect matching M C E in G must contain exactly n—2k edges (v;, u;) in
order to match the nodes u;. The remaining V| — (n — 2k) = 2k nodes in V' that are
not matched to the nodes u; must therefore be matched using £ edges from FE. Since
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all of the edges (v;,u;j) have weight zero, a minimum weight perfect matching M
in G thus induces a maximum-weight perfect matching M := M N E in G.
Conversely, any maximum weight matching M in G with |M| = k can be trans-
formed into a minimum weight perfect matching M in G: W.l.o.g. let vy, ..., Up_ok
be the nodes in V' that are not incident to an edge in M. Additional inclusion of the
edges (v;,u;) for i = 1,...,n — 2k yields a perfect matching M in G while achieving
the negated objective value.
Since (MWPM) can be solved in polynomial time, e.g., by Edmond’s blossom algo-
rithm [Edm65a], the claim follows. O

As will be shown soon, (BNDZE") with S; = 1 for all ¢ = 1,...,n polynomially
reduces to (CMWM), which implies the tractability of (BNDE:"). Since this reduction
gets less intricate for instances of (BNDZE") with a uniform selection bound, the
reduction is delayed until after the next lemma.

Lemma 4.2.3. The problem (BNDZ") polynomially reduces to an instance
of (BNDZY") with uniform selection bounds. As a result, the selection bounds
in (BNDZE") may be assumed to be uniform without loss of generality.

Proof. The problem (BNDZ:") with S; =1 foralli=1,...,n and Ky € {0,...,n} for
all t =0, ..., T polynomially reduces to (BNDg.") with S; =1 for all i = 1,...,n and
uniform selection bounds K := K; for all t =0, ..., T as follows:

Let an instance I = (¢, (Ko, ..., K7),S = 1,,) of (BNDZY") be given, where n denotes
the number of switches. As long as the selection bound is not uniform, identify an
index ¢ € {0,....,T — 1} with Ky # K;y; and define a new instance of (BNDZ")
by adding m := |Ky; — Kyy1| new switches which are indexed by n + 1,....,n + m.
In addition, define € := Y7 ST ]cgi)| + 1. The construction of this new instance
depends on the sign of Ky — Ky11:

o If Kyy1 — Ky > 0, then for all new switches i =n+1,...,n+m define cgi) =C
for t < ¢ and cgi) = —(C for t > £. Furthermore, replace the former selection
bound K; for all ¢t < ¢ by K; + m. All other parameters remain unchanged.
This way, any optimal solution of the new instance satisfies xii) =1 for all new
switches 4 if and only if ¢ < £. Consequently, the former switches satisfy the

original selection bounds.

o If Kyi1— Ky <0, then for the new switches i = n+1, ..., n+m define cti) =-C
for t < /£ and ng) = (' for t > £. Replace the former selection bound K; for ¢t > /¢
by Ki+ m. All other parameters remain the same. Then any optimal solution

()

of the new instance satisfies x;” = 1 for the new switches if and only if ¢ > /.

As a result of the construction, the selection bound at stages £ and £ + 1 is equal.
At most O(T) recursive applications are necessary to yield an instance of (BNDZ:")
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in which the upper bound on the selection constraint is uniform. Furthermore, said
final value K is bounded from above by S/ ' |K;11 — K|, so that the presented
construction is of polynomial size. O

Theorem 4.2.9. The Problem (BNDZ;") with S; = 1 for all ¢ = 1,...,n can be
solved in polynomial time.

Proof. Due to Lemma 4.2.3, it suffices to prove that an instance of (BNDZ:")
with S; =1 forall i =1,....n and K := K® for all ¢t = 0, ..., can be polynomi-
ally reduced to an instance of (CMWM). Thus, given such an instance of (BNDSY),
define a graph G = (V, E) by

V= {v1,...,vn} U{ug,...,u,} and
E = {(vi,v5) | 4,5 € {1,....,n},i # j} U{(vi,u) | i =1,...,n}.

Furthermore, define weights w : E — R for the edges as follows:

c((ui7 1)])) = Igf‘éc {Z Cgl)xgl) + Z cg])xg.])’ Z ng)l“gj) 4 Z Cgl)l“gl)}
t=q t=1 t=q

t=0
c((viyuy)) == nax {Z Cil)x?@’ Z ng)xgl)} .
t=0 t=p

The size k&’ that a matching in the instance of (CMWM) has to meet is defined
by ¥ = K.

The idea behind this definition can be described as follows: Consider two states of
switches 1, j, i # j, which are overlap-free, i.e., where there is no stage t € {0, ..., T}
at which both switches are active simultaneously. Then, the weight w((v;,v;)) of
an edge (v;,v;) can be interpreted as the optimal value that the pair 4,j, ¢ # j
can achieve under the constraint that it is overlap-free. The weight w((v;, u;)) of an
edge (v;, u;) represents the optimal value that the switch 7 can achieve on its own.

The following property will enable a precise description of the reduction:

Claim: Let x be feasible for the instance of (BNDZE") and call a switch i ac-
tive with respect to z if the corresponding vector z(¥) is not entirely zero. Then,
the set of active switches in {1,...,n} with respect to = can be partitioned into
aset A C {l,..,n}? and a set B C {1,...,n} so that |A| + |B| = K. Here, the
set A consists of pairs (i, 7), i # j, of active switches with respect to x, where each
pair (7,7) is non-overlapping. The set B contains all remaining switches that are
active with respect to x.

Indeed, this follows from the fact that exactly K switches must be active at
any stage. Therefore, each deactivation at some stage ¢t implies the existence of an
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activation at the same stage ¢t that balances out the cardinality of the set of active
switches, and vice versa.

Figure 4.6a gives an example for a solution z of (BNDS) withn=7and T'=7
and a possible partition. The pairs of switches in A are illustrated by a common color,
while the switches in B receive an individual color. Now, the proof of the theorem
continues.

Given a feasible solution z of (BNDZY), a feasible solution M of (CMWM) can
be constructed as follows: For each pair (i, ) € A, add the edge (v;,v;) to M and for
each element i in B, add the edge (v;,u;). By construction, M is a matching with
cardinality K and the objective value is at least as good as the value achieved by x
in (BNDZEH).

Conversely, let M C FE be a matching in G with |[M| = K. For an
edge (v;,v;) € M, let p*,¢* denote the maximizing arguments of its respective
weight w((vs,v;)) and then, either define

x,gi) ;=1fort=0,..,p" ,azgj) :=1fort=q" ...,T (and zero otherwise), or

xgi) :=1fort=p", ... T ,l‘gj) :=1fort=0,...,q¢" (and zero otherwise),

depending on which solution yields the weight of the edge. For any edge (v;,u;) € M,
let p* denote the maximizing argument of its weight w((v;, u;)) and, analogously,
define

xgi) :=1fort=0,...,p" (and zero otherwise), or

xii) :=1fort =p*,..,T (and zero otherwise).

By definition, = does not exceed the bound of one on the variation for any
switch. Since the cardinality of M is K, x also satisfies the selection constraint
in (BNDZ:") and is therefore feasible. Moreover, = achieves an objective value
of w(M) in (BNDEY"). The relation between a feasible solution = and a corresponding
matching in G is sketched in Figure 4.6.

O

This concludes the study of (BNDE:") for the case S = 1,, and also this section
about the problem (BNDZY"). Summing up, the type of variation that is considered
has a strong impact on the complexity of the problem (BND) if additional selection
constraints as in (SEL) are present. For time-wise variation, additional selection
constraints do not change the problems complexity compared to the unbounded
case in which X; = {0,1}" for all ¢ = 0, ...,T. For switch-wise variation, however,
the unbounded problem is tractable, while the problem (BNDZY") with additional
selection constraints is strongly AP-hard even for rather small values S and K.
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(a) solution z, pairs of switches in A (b) corresponding matching in G

have a common color, switches
in B have an individual color

Figure 4.6: Sketch of the reduction in the proof of Theorem 4.2.9 withn =7,
T=7T7and K =4

Table 4.1 below provides an overview of the complexity results obtained in this
section.

‘ S=1, S=2-1,, K=1r4 n constant T constant
(BNDZ:H) P strongly N'P-hard P P
(Theorem 4.2.8) (Theorem 4.2.5) (Theorem 4.2.6) (Theorem 4.2.7)

Table 4.1: Summary of complexity results obtained in Section 4.2.2

This leaves only one type of variation left to study, namely total variation.

4.2.3 Total Variation

This section is dedicated to the problem (BND) with total variation. In the following,
the unbounded problem will be discussed, while the problem with additional selection
constraints will be considered thereafter.

Just as the unbounded problem (BND) with switch-wise variation, also the un-
bounded problem (BND) with total variation can be considered a generalization of
the single switch problem studied in Section 3.3. Now, however, this problem does
not simply decompose into n single switch problems. Of course, one could enumerate
all possibilities to transform the bound S on the total variation into a switch-wise
variation bound (Si, ..., Sy,), but this reduction is not polynomial unless S is a fixed
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constant. Broadly speaking, a total variation bound is somewhat less restrictive than
a switch-wise variation bound.

Approaching the problem from a polyhedral perspective does not help much ei-
ther, as there is no obvious way in which LP descriptions for the single switch problem
can be extended to the general unbounded case with multiple switches. Recall that
in an extended LP formulation for the single switch problem, the key element is that
the activations and deactivations of the switch are bounded separately by either L%J
or L%J +1, instead of their overall sum. This implies that the same is necessary for
the generalization here. However, if there are multiple switches, then it is no longer
possible to define a similar non-trivial bound on the number of total activations and
deactivations. For example, if n > S then even a solution with S total activations is
feasible.

Nonetheless, if there is no combinatorial structure, the problem (BND) with total
variation is tractable. Indeed, by concatenating the switches ¢ = 1,...,n in no par-
ticular order, one obtains a single switch with n - (7" 4 1) stages. However, different
consecutive entries at the stages where one switch transitions into the next must
not be included when computing the variation. Adjusting the dynamic programming

scheme for the single switch problem from Section 3.3 accordingly yields

Lemma 4.2.4. The unbounded problem (BND) with total variation can be solved
in polynomial time with a dynamic programming scheme. A straightforward imple-
mentation of this scheme leads to a running time of O(n - S -T).

Proof. The dynamic programming scheme devised in the following is a generalization
of the one that was devised for the single switch problem. In fact, the set of n
switches can be interpreted as a single switch of length n - (7" + 1) and the only
necessary adjustment is a redefinition of the recursion formula for the stages that
indicate the beginning of a new switch. Now, for i = 1,...,n, let 4 (t,s,b) denote
the optimal value considering only the stages {0, 1, ...,7- f}_of this large single switch,
where s € {0,1,...,S} is a bound on the term 22:1 i ]x,gz) - a:gl\, and it is

required that a:t@ = b€ {0,1}. Now, define the initial values by

v 0(0,5,6) :=cV b Vse{0,1,..,5}, be{0,1} .

Then, for ¢ = 1,...,n, compute the remaining optimal values with the help of the
subsequent recursion formula: For ¢ = 0 (and ¢ > 1), compute

70(0,5,8) = b- ¥ + max {107(T, 5,b), 707(T,5,1-b)
for all s € {0,...,S} and b € {0,1}. For ¢ = 1, ..., T, compute:

7(1)(5_ 17 S, b)

@) (, s,b =b-c? 4+ max A
7 ) t FYO(E-1,s—1,1-0b) ifs>1
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for all s € {0,...,S}, b e {0,1}.

The optimal value is then given by maxpe o 1y ~™(T, S,b) and it can be computed
in time O(n - S -T). An optimal solution can be constructed from the recursion.
Note that the recursion formula for ¢ > 0 is exactly the recursion from the single
switch case, hence it suffices to argue the correctness of the other recursive term. The
correctness of this formula, however, is obvious: If the switch ¢ — 1 transitions into
switch ¢, then different consecutive entries do not contribute to the total variation.
Consequently, the best solution so that switch ¢ begins with the state b and has a
total variation of at most s is obtained by simply extending the best solution that
ends at the last stage of switch ¢ — 1 with the same bound on the variation. ]

As soon as additional selection constraints come into play, however, the previous
dynamic programming scheme clearly ceases to work. The remainder of this section
thus deals with the following problem

;

n T

i) ()

max E g ¢ xy
i=1 t=0
T—1 n

(@) (@)
(BNDS) s 2l el <

t=0 =1

n
Z(Etz) :Kt tZO,,T
i=1

2, € {0,1}" t=0,...T.

The general complexity of (BND{Y) will not be settled in this thesis. However, if
some of the parameters are not considered part of the input, the problem is tractable.

Lemma 4.2.5. The problem (BND{Y") can be solved with a dynamic program-
ming scheme. A straightforward implementation of this dynamic programming
scheme leads to a running time of O (T - S (maxy—o,. T \Xt\)Q). For fixed selec-
tion bounds K, t = 0,...,T or a fixed number of switches n, the running time is
polynomial.

Proof. The dynamic programming scheme is devised in the following. Recall the
shorthand notation |z — y| := (|z1 — 91|, ..., |Tn — yn|) " for two vectors z, y of the
same dimension. Let the vector b € X represent the states of the switches at the
currently considered stage t and introduce an integer o € {0, 1, ..., S} which describes
an adjusted upper bound on the total variation. Within the scheme, the optimal
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values of the following subproblems for ¢ € {0, ...,T} are computed recursively:

n t
c*(t,0,b) := max Z Z ctz) : xil)
i=1 t=0
-1 n ‘ .
s.t. Z Z ]xﬁl - :Cgl)\ <o
=0 i=1
xr € Xy t=0,..,t

2 =, i=1,..n

The initial values are defined by
S b b e Xo, Vo €{0,1,...., 5}

—00 otherwise .

c*(0,0,b) := {
Then, for t = 1, ..., T, the scheme recursively computes

n

. _ (7 @ .y

c*(t,o,b) = xren)?{)flc (t—1,0 — |b—w|,x)+zlct - b;
P

for all b € X7 and all o € {0,..., S}. The optimal value of (BND{¥") is thus given by
*
max c (T,S,b) .
The correctness of the recursion formula is obvious, since the best solution xq, ..., z7_1
that extends the solution b at stage ¢ can clearly be determined by enumeration
of all solutions for the subproblem up until the stage ¢ — 1 so that the bound
on the variation is not exceeded. It remains to analyze the running time. In each
iteration £ = 1,...,7, the maximum in the recursion formula can be determined
by enumeration of the elements in X7 ; and the scheme computes a total number
of O(S - |Xj|) such maxima. This yields an overall estimation of the running time
by O (T S - (maxy—g,.. T |Xt\)2). If the selection bounds K, t = 0, ..., T, are not con-
sidered part of the input, then the feasible elements in any set X; can be enumerated
in polynomial time, since their number is bounded by O(nffmaz), where Ky,ax denotes
the largest selection bound. This implies the polynomial running time for fixed selec-
tion bounds. Since the maximum cardinality max;—o . 7 |X¢| can trivially be bounded
by 2", polynomial running time also follows for a fixed number of switches n. O

Remark 4.2.8. It is obvious that the previous dynamic programming scheme can
again be adapted to work for the special case (BNDg;, ) by simply defining Ko := 0.
Actually, also this dynamic programming scheme can be adapted to work for any
other combinatorial structure, as long as the membership in a set X; for any given

element can be verified efficiently. This will resurface in the following chapter.
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Analogously, one might consider the case in which the bound S on the total varia-
tion is a fixed constant. As already mentioned in the beginning of this section, when
speaking of the unbounded problem with total variation, it is possible to enumerate
all O(n®) possibilities to transform the total bound S into a switch-wise variation
bound (S1, ..., Sp). Although this reduction is polynomial if S is fixed, it is not very
helpful, as the problem (BND:E") with a selection constraint is NP-hard in general,
even for small values of S. Analogously, enumerating all possibilities to transform
the total bound S into a time-wise variation bound (S, ..., ST) with Z?zl S;i =5
needs time O(T). Here, (BND{®") reduces to solving a polynomial number of in-
stances (BND{.") with time-wise variation, where the latter can be solved efficiently.

Lemma 4.2.6. If the bound on the total variation S is not part of the input,
then (BND{¥") can be solved in polynomial time.

If the number of stages T' is fixed, the same reduction to (BND{L") still works
out, since the number of possibilities to transform the total bound S into a time-
wise variation bound can trivially be bounded by O(S7).

Lemma 4.2.7. If the number of stages T' is not part of the input, then (BND{Z")
can be solved in polynomial time.

To summarize, as long as either the number of switches n, the number of stages T,
the bound S, or the selection bounds Ky, t = 0, ..., T are fixed, (BND{¥") is tractable.
The problem’s complexity is unclear, however, if all of these are part of the input.

Although the complexity of (BND{Y") is unclear in general, the previous results
still allow to make a few observations regarding the complexity.

Remark 4.2.9. As the reduction for Lemmas 4.2.6 and 4.2.7 indicates, the prob-
lem (BND{P") is tractable, as soon the total bound S is partitioned into a time-wise
variation bound (51, ..., S7). Consequently, if the problem turns out to be N'P-hard
in general, then its hardness should follow from the fact that such an optimal parti-
tion is hard to find.

Approaches that aim to show the AP-hardness of (BND{E") by a reduction
from (BNDZE") usually fail due to the fact that the total variation bound leaves
too much freedom compared to a switch-wise variation constraint.

This concludes the section. Its most important findings are briefly summa-
rized in the following: While the penalty problem is tractable both for feasible
sets X; = {0,1}" for all ¢t and even for feasible sets corresponding to the solutions
of a SELECTION PROBLEM, the complexity of the bounded problem (BND) strongly
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depends on which type of variation is considered. If there are no additional combina-
torial constraints, i.e., X; = {0, 1}" for all ¢, then the problem can be solved efficiently
for all three types of variation. For time-wise variation, the resulting problem can be
solved by linear programming. For switch-wise variation, the tractability is implied
by the tractability of the single switch problem from Section 3.3, as the former prob-
lem immediately decomposes into n separate instances of the latter problem. For
total variation, a generalization of the efficient dynamic programming scheme from
the single switch problem shows the polynomial time solvability.

However, the complexity of the problem versions can change drastically if a se-
lection constraint is imposed on each of the feasible sets X;. In fact, the bounded
problem with time-wise variation and a selection constraint can be reduced to lin-
ear programming as well as to a min cost flow problem, implying the problem’s
tractability, so that the additional selection constraints do not lead to an increase
in the problem’s complexity. In contrast, the problem (BNDSZ") is strongly NP-
hard, even if the bound on the (switch-wise) variation is uniformly equal to two
and all selection bounds are uniformly equal to one. In case the number of switches,
or the number of stages is fixed, the problem can be solved in polynomial time by
dynamic programming. In addition, the problem reduces to a maximum cardinality
matching problem if the bounds are uniformly equal to one. The complexity of the
problem (BND{") in general was not settled, but it can be solved in polynomial time
as soon one of the parameters n, S, T, or K is fixed. Table 4.2 below summarizes
the main complexity results of this section.

| (P) | (BNDg) | (BNDZY") | (BNDEF")
X, asin (SEL) || P P strongly N'P-hard for S =2, K =1 ?

P for n or T fixed, or for S =1 P for n,T,S or K fixed

Table 4.2: Summary of main results of Section 4.2

The subsequent section explores some generalizations and related problems.

4.3 Generalizations and other Remarks

In this section, different generalizations of (BND) are studied. With similar reason-
ing as in the previous sections, these problems can be proven to be NP-hard. In the
first generalization, the problem input additionally includes a family Z of subsets
of the set of switches {1,...,n} and now, the selection constraint does not apply
to the set of all switches, but instead there is a selection constraint for each of the
sets in Z. Moreover, the selection constraint at each stage is relaxed to enforce only
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an upper bound on the cardinality. It is not difficult to show that this problem is
strongly N'P-hard in general and unlike before, this now holds for all three types
of variation. In fact, this statement can be taken even further, since actually, the
problem is strongly NP-hard, even if Z is a laminar set family and there is a bound
on the total variation. The complexity of this generalization immediately implies
the complexity of a so-called MULTI STAGE KNAPSACK PROBLEM SUBJECT TO
BOUNDED VARIATION, which was studied further in a recent master’s thesis [Mai25]
supervised by this author. Finally, this section closes with some remarks on other,
loosely related problems.

To begin, consider the following generalized version of (BND): Given a set family 7
that lives on the set of switches, and upper bounds Ktl for all stages t € {0,...,T}
and all sets I € Z, there now is a selection constraint for each stage-set pair. The
resulting problem thus reads

n T
max 303 dilald

i=1 t=0
s.t. Var(zy,..,z7) < S

(BND§™)
. 1)
S <k rezieon.r
el
ZL‘I(fZ) S {071} izla"'7n7 t:O,...,T,

where S € NZ is a bound on the variation with appropriate dimension. Observe that
the problem (BND) is a special case of (BNDF*") with Z = {{1,...,n}}. Moreover,
it is easy to recognize that the proof of Theorem 4.2.5 can be adapted to show the
strong N'P-hardness of (BNDSL") where each feasible set X; is instead given by

X = {:ct €{0,1}": thi) < 1} .
i=1

In fact, it suffices to simply omit the introduction of the T'+ 1 dummy switches to
adapt the construction to an upper bound in the selection problem. This immediately
implies

Corollary 4.3.1. The problem (BND5*") with switch-wise variation is strongly N P-
hard, even if Z := {{1,...,n}}, Kt{l""’n} :=1forall tand S; =2 fori=1,...,n.

Actually, the problem is generally hard, independent of the type of variation, as
a reduction from STABLE SET shows.
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Theorem 4.3.1. The problem (BND5*") is strongly N'P-hard for switch-wise, time-
wise and total variation.

Proof. Let an instance G = (V, E), k € N>¢, of STABLE SET be given. Now, define
an instance of (BND5") with n := |V| switches and |E| stages, i.e., T := |E| — 1.
The set family Z is defined as the edge set of the graph 7 := F = U?:o e; where e,
denotes the t-th edge in F and the selection bounds are given by

o 1 forj=t

K7 = forallt=0,..,7T.
2 forj#t

Note that this definition causes all selection bounds other than the one for the edge e;

to become redundant at stage t. Depending on the considered type of variation, let .S

be defined as the zero vector of dimension 7. This has the effect that all three types

of variations actually agree with one another so that the specific type does not

matter. In particular, a feasible solution must satisfy xéi) = a:gi) =..= xgpi) for each

switch ¢ € {1,...,n}. Finally, define the objective by ng) :=1foralli=1,...,n and
all t = 0,...,T. It is not difficult to see that for any feasible solution of (BNDZ™"),
the set of active switches, i.e., switches that are not entirely zero for all stages,
corresponds to a stable set in G (and vice versa). Thus, G contains a stable set of
size k or larger if and only if the defined instance of (BND5"") has an optimal value

of at least k(T + 1). O

Although the previous theorem and its proof cover all problem versions at the
same time, it does not make Corollary 4.3.1 redundant, as the latter shows the
intractability of the problem with switch-wise variation for the special case where Z =
{{1,...,n}} and is thus a stronger statement.

Also for total variation, there is a special case of (BNDS") that is strongly N'P-
hard. More precisely, the problem remains NP-hard, even if 7 is a laminar set family.
A family of subsets F over some ground set F is a laminar family, if for any two
sets F1, Fo € F holds that either one set is a subset of the other, ie., F; C Fj,
or the sets have nothing in common, i.e., F; N Fy = (). Laminar family sets are
computationally easy in the sense that the corresponding linear optimization problem
can be solved in polynomial time. In fact, it is not uncommon that AP-hard problems
become polynomially solvable for laminar family sets. However, it turns out that even

SEL

for such a simple set family, the problem (BND5™) remains strongly N'P-hard.

Theorem 4.3.2. The problem (BND5™) with total variation is NP-hard in the
strong sense, even if 7 is a laminar set family.
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Proof. In the following, INTERVAL SELECTION (see Problem 4.2.1) from Section 4.2.2
is polynomially reduced to an instance of problem (BNDZ") with total variation

and a laminar set family Z. Then, the claim follows due to Theorem 4.2.4.

So, let an instance of INTERVAL SELECTION as in Theorem 4.2.4 be given,
i.e., it consists of NV jobs, m = 3 machines, as well as intervals I;; with length two
and integer endpoints for each job ¢ = 1,..., N and each machine j = 1,2,3. Just
as in the proof of Theorem 4.2.5, let T denote the smallest length of the time
horizon on the real line that contains all of these intervals and divide this time
horizon into 7™ segments of length one, so that the intervals I;; can be interpreted
as subsets of {1,...,T*}.

interval scheduling time horizon of length 7

Now, construct an instance of (BNDF") with 2(N + 1) + 3T™* stages, i.e., de-
fine T':= 2(N + 1) + 37 — 1. This can be seen as concatenating three copies of the
time horizon obtained from INTERVAL SCHEDULING, where now further NV +1 stages
are added both in the front and in the back. The idea behind this is the same as
before: the scheduling decisions on the machines are each modeled in one dedicated
copy of the original time horizon. The additional NV + 1 stages in the front and in the
back are auxiliary stages that serve two purposes: The first and last stage will serve
to model a fixation to zero, while the remaining stages will be used in order to design
an instance so that solutions whose objective value surpasses a certain threshold
(which will be specified later) are forced to have a specific structure.

N + 1 stages N T* stages w T* stages T* stages N + 1 stages
A O

Il l - Il l /-
T N LI T N L

!
I B |
T T T

I AR

1
I R I I I
[ T T L L

T T

\}{\\\\‘}\\}

Next, introduce a switch denoted by the tuple (i,5) for each pair 7,5 of
jobs ¢ = 1,..., N and machines j = 1,2, 3. The bound on the total variation is given
by S := 2n, where n denotes the number of switches, i.e., n := 3N and thus S = 6.NV.
For each switch (i, 7), the corresponding objective coefficients are defined by

for t € I_ij

for t € {i,T — i}

for t € I;  with j' € {1,2,3}\ {j}

forte ({1,...,N+1}\{iHU({T - N,...,T — 13\ {T —i})

otherwise ,

C,gi’j)

Hooih
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interval scheduling time horizon of length 7™

job 1, 2, o)
machine 1 ===+ |' ‘, C )

machine 2 ===
machine 3 ——

(a) An instance of INTERVAL SELECTION with three jobs

machine 1 machine 2 machine 3

o R R 1
rtt—t—————— 1
(1,1) 1 M0 0OiL L1 1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 0 0 1 1 1 0 0 M 1
(1,2) 1 M0o0o0Ow 07111111111 1(LLy1 1111001110 0M.]1
(1,3) 1 M0O0 0 OT11 1 1 1 1 1 1 1 1 00 1 1 1 1 1 (L L) 11 1 0 0 M 1
(2,1) 1 0MoO 1{L L:1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 0 0 0 M 0 1
(2,2) 1 0M 0 1 00 1 1 1 1 1 1 1 [1 l:; 11 1 1 1 1 1 1 1 1 0 0 0 MO 1
(2,3) 1 0o0MO0 1001 1 11 1 1 100 1 1 1 1 1 1 1 1 1 1 Cr L) 0o M 0 1

(b) Tlustration of the objective of the instance of (BND3")

Figure 4.7: Example for the construction of the instance (BNDZ™")

where I;; := I + (j — 1)T* + N is the interval I;; shifted to the j-th copy of

the INTERVAL SCHEDULING time horizon and M >> L are ‘large enough’ positive

numbers. More precisely, it suffices to define L := 37T* — 3 and M := 2L 4+ 3T* — 3

which is, in particular, polynomially bounded in the input of (BND3*"). To ease the

understanding of the defined objective, an example is provided in Figure 4.7b below.
The laminar set family Z on the set of switches is given by

T:=d1UPU..UDPNUD,
where the following shorthand notations are used
o, :={(:,1),(¢,2),(¢,3)} fori=1,...,N and ®:={(i,5):i=1,...,N, j=1,2,3},

i.e., the family contains the full set of switches and all triples corresponding to the
same job. Finally, the selection bounds are defined as

_ 2 forte{l,..,T—1 Iy Ul U
K;Dl = { }\{ e 13} fori=1,...,. N
3 otherwise
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and

K. 0 for t € {0,T}
. 2N +1 otherwise .

In the following, it is shown that the given INTERVAL SCHEDULING instance is a
yes-instance if and only if the defined instance of (BND5*™") has an optimal value of
at least N - v, where

v :=4M + 6L +6T* —8 .

So, let there be a feasible schedule for the instance of INTERVAL SCHEDULING, i.e., a
schedule in which each job is scheduled on exactly one machine in a conflict-free way.
Now, define a solution for (BND5™) as follows: Let j; € {1,2,3} denote the machine
on which job i is scheduled and define the states of switches (¢,1), (¢,2) and (4,3) by

and ;7 = for j # j; .

$§i,ji) — {1 for t € Iljz

(i,5) 0 forte {O,T}
0 otherwise

1 otherwise

This is a feasible solution since each switch (i, j) switches exactly twice, which yields
a total variation of 6/V. It is easy to verify that the solution satisfies

2D 4202 1208 — 9 forall t € {1,.., T — 13\ {Tn UTn U T} |

so that the selection constraints on the sets ®;,4 = 1, ..., N are fulfilled. Note that
these particular constraints only exists at stages where no interval I:ij of job i is
located. Furthermore, since the schedule is conflict-free and the defined solution xz
is fixed to zero at the first and last stage, the selection constraints for the set ® are
satisfied as well:

N 3 N 3
S Y al <0 forte{0.T} and YY" af™ < 2N +1 otherwise .
i=1 j=1 i=1 j=1

By definition of x, each group of switches (i,1),(4,2),(7,3) for i = 1, ..., N contributes
exactly v to the objective value. Hence, the objective value of this solution is
exactly N - .

Conversely, let a feasible solution z of (BNDF™) be given that achieves an
objective value of IV -~ or better. First, note that because of the fixation to zero
in the first and last stage, any switch that is not inactive over all stages must have
an even total variation of at least two on its own. Due to the selection constraints
for the set ®; at stages t € {1,...,T — 1} \ {fil U s Ufig}, it is impossible to
collect more than 4M with each group (i, 1), (1,2), (¢,3) of switches. But, since the
solution = achieves an objective value of at least N -~v > 4ANM and M >> L,
exactly two of those three switches must be active at the respective stage ¢t = ¢ and
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two must also be active at t =T — 7. In fact, the latter switches must be the same.
More precisely, the solution has the following structure:

Exactly two switches (i, j1), (4, j2) are active only at stages t =4,.....T — i

and the third switch (i, j3) is active at stages t € I;;, only.

Here, it is j1 # jo # j3 € {1,2,3} and the (partial) solution on these three switches
with structure (¢) achieves an objective value of « with a total variation of 6. See
Figure 4.8a for an illustration of the structure (o).

Recall that the intervals I;1, Ijo, I;3 are each located within one dedicated copy of
the original time horizon from INTERVAL SELECTION. Therefore, it is impossible for
more than two active switches to overlap at a stage ¢ that is not in I;; UIj»UI;3, as this
would violate the selection constraint for the set ®; (see Figure 4.8d). Any (partial)
solution that does not have the structure (¢) either achieves the same objective value,
but has a variation of at least 8, whereas the solution in (¢) has a variation of only 6.
Or, the solution also has a variation of 6 (or less), but then, it achieves an objective
value less than 7. See Figures 4.8b and 4.8c for an illustration.

Consequently, the fact that solution x achieves an objective value of at least IV -~
implies that any group (7,1), (1,2), (4,3) of switches must have the structure (o).

C D C )
C ) C )
C ) C )
(a) A solution with structure (¢), ob- (b) A solution with objective value v
jective value v and total variation and total variation of 8
of 6
C ) C )
C D C )
C D C )
(¢) A solution with total variation (d) Such a solution violates the selec-
of 6 but an objective value less tion constraints for ®;
than «

Figure 4.8: Possible structures other than (¢), the color yellow marks the
states at which the switches are active

With this knowledge, a feasible schedule for the instance of INTERVAL SCHEDUL-
ING can now be defined as follows: For each i = 1, ..., N, schedule job i on machine j
if the switch (4, j) is active at stages I:Z-j only. This way each job is obviously sched-
uled exactly once. The fact that the scheduled jobs do not cause any conflicts on
the machines follows from the remaining selection constraints for the set ® at the
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stagest =2,...,T — 1:

N

oo b o 4ol <oN 41 fort=1,..,T 1.

i=1
Now, consider a machine j € {1,2,3} and let I; C {1,..., N} refer to all jobs that
have been scheduled on machine j. Since the solution z has the structure (¢), the
above constraint constraint implies

S’ <1 fort=1,.,T—1landj=123.
iEIj
In other words, the intervals scheduled on the same machine are conflict-free. Con-

sequently, the instance of INTERVAL SCHEDULING is a yes-instance. This concludes
the proof. O

Another possible generalization of (BND) is to consider a different type of com-
binatorial constraint for the feasible sets X;. A natural generalization of a selection
constraint is a knapsack constraint. However, this clearly results in an at least N'P-
hard problem due to the weak A'P-hardness of the binary knapsack problem. Never-
theless, an analogous reduction from STABLE SET as in the proof of Theorem 4.3.1
actually shows that presence of the bound on the variation leads to a further increase
in complexity.

Lemma 4.3.1. The following problem

(BND-KP)

is strongly NP-hard for all three types of variation.

Note that not only the profits, but also the weights of the items and the knapsack
capacity change over time. The N'P-hardness proof and a more detailed study,
including dynamic programming schemes which solve the problem in pseudo-
polynomial time if either the number n or the number T is bounded, can be found
in a recent master thesis [Mai25|.

Finally, this section closes with a third shift in perspective and briefly studies
the problem (BND) for a fourth type of variation, defined as follows:
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Definition 4.3.1. Define the variation function Var : X;le xX® R>o by

T T
Varyo(z) := Z l|T—1 — Tt|]|oo 1= Zilﬁlaxn |33§1)1 — x§1)| .
t=1 t=1" """

Note that this type of variation Vary(x) actually agrees with total variation and
switch-wise variation if there is only one switch. For multiple switches, however,
measuring the variation in this way is less precise than before, since a bound on it
only restricts the total number of times that two consecutive solutions z; and ;41
are not identical, but it does not bound the number of different consecutive entries
(unless n = 1). The resulting version of (BND) reads

(BNDy)
S o) < K, t=0,..T
=1
Tt € {O,l}n t=20,..T

Lemma 4.3.2. The problem (BND4,) can be solved efficiently with a dynamic pro-
gramming scheme. A straightforward implementation of this dynamic programming
scheme leads to a running time of O(T% - S - nlogn).

The mentioned scheme is devised in the following. It recursively computes the
optimal values ¢*(t2, s) of problem (BND4,) restricted to time points {0, ..., 2} such
that the variation Vars, does not exceed s € {0, ..., S}, i.e.,

n t2

max 303 elal?

i=1 t=0

to
s.t. Z l|Zt—1 — @t||oo < s
t=1

Zl’gz) §Kt t:(),.‘.,tg
=1
z € {0,1}" t=0,...t
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for all ta = 1,...,T and s € {0,..., S}. The initial values are defined by
c*(0,s) := max ch)x(i) for s=0,...,5 .

The idea behind the recursive computation of the optimal values of the sub-
problems is described in the following: Consider the optimal value c¢*(to,s) for
some t2 € {1,...,7}. An optimal solution restricted to stages {0, ...,t2} and with
a bound of s on the variation Vars, can be obtained by considering all possibilities
for the preceding stage t1 < to where the previous change occurred. Either there
is no such stage t; at all, which means that the solution must be constant over
all stages {0, ...,t2}, hence the optimal value is given by ¢(0,t2). Otherwise, there
are two possibilities where the stage t; may be located: If ¢; is the stage right be-
fore to, i.e., t; = t9 — 1, then one may simply extend an optimal solution restricted
to stages {0, ...,to — 1} with a bound of s — 1 on the variation by an optimal solution
for the classical selection problem restricted to stage to. If the stage ¢; is not right
before to, then the sequence of solutions from stage ¢; 4+ 1 until to must be constant,
due to the definition of ¢;. Consequently, an optimal solution is obtained by extend-
ing an optimal solution restricted to stages {0, ...,t1} with a bound of s — 1 on the
variation with the best constant sequence for the stages t1 + 1, ...., t2. More formally,
the scheme recursively computes

E(O,tQ) ,

c*(tg, s) = max
Max(¢, ¢,) C*(tl, s — 1) + E(tl + 1,t2) ifs>1

for all to € {1,....,T}. In the recursion formula above, the pair (t1,ts) € {0, ..., T}?
denotes a pair of indices with ¢; < t3, and the values ¢(t; + 1,%2) give the best
value that can be achieved with a feasible constant sequence x¢, 41 = ... = z,. More
formally, these values are defined by

n to ) . n ‘
&(t1 +1,t2) == max {Z < 3 c§’>> 2D w01}, Y e < min Kt} .
i=1 1=r=n

=1 t=t1+1

Note that for t; =ty — 1, the value ¢(t2,t2) is given by
max{cpz: v € {0,1}", 1) < Ky, } .

Then, the optimum value of (BNDy) is given by ¢*(7,.S) and an optimal solution
can be constructed from the recursion.

Concerning the running time of the proposed dynamic programming scheme, the
values ¢(t1,t2) can clearly be computed in time O(nlogn) as the associated sub-
problem reduces to a classical selection problem. Overall, there is a quadratic num-
ber O(T?) of such values &(t1, t2). Hence, the computation of the (outer) maximum in
the recursive formula needs time O(T?-nlogn) and since these need to be computed
for all ¢ and all s, the total running time can be estimated by O(T? - S - nlogn).
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Remark 4.3.1. The previous dynamic programming scheme still runs in polynomial
time for any other combinatorial feasible set X, for which the computation of the
values ¢(t1, t2) remains tractable. More precisely, if the problem

n to )
max Z (Z Ctl)) 2

i=1 \t=t1
to

st. x € ﬂ X
t=t1

is tractable for any pair ¢; < to € {0,...,7}?, then the dynamic programming scheme
yields an optimal solution in polynomial time.

This concludes the discussion of possible generalizations. The next chapter will
investigate the bounded problem (BND) in a more abstract form. More precisely, it
will take an oracle-based approach which assumes the existence of a linear optimiza-
tion problem for the underlying combinatorial problem and it will study the oracle
complexity of the problem (BND), i.e., the number of oracle calls needed to solve it.
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Chapter 5

Oracle-based Linear Optimization
subject to Bounded Variation

The variety of its possible applications is the reason for which it is desirable to study
the problem (BND) in its most abstract form, i.e., for arbitrary feasible sets. For a
high level of abstraction, this chapter therefore relies on no particular properties of
the feasible sets X;. Instead, it is assumed that the feasible set X; for each stage is
given via a linear optimization oracle T¢. The latter can be considered an abstract
algorithm, or a black box, which for a respective set X; and any objective ¢ € R"
returns an optimal solution of the linear problem

max CT.T)
(LO)
s.t. T € Xt

in a single operation. Thus, the oracle Y; for the problem (LO;) runs in constant
time, independent of the complexity class to which (LO;) belongs. It can be seen as
a theoretical device serving as a placeholder for an efficient (LO;)-algorithm. Note
that the linear optimization over a set X; is equivalent to the optimization over the
convex hull conv(X;), which is a polytope. Thus, the polynomial equivalency between
linear optimization and separation holds (Theorem 2.1.4). As a consequence, every
statement in this chapter that assumes a linear optimization oracle for X; will also
hold with a separation oracle for the respective convex hull instead.

The aim of this chapter is to investigate the complexity of (BND) in the setting
where each feasible set X; is given by an (LOy)-oracle Yy, with occasional reference
to the penalty problem (P) whenever relevant implications arise. In simpler terms, it
will try to answer the question about the relative complexity of the problem (BND)
compared to the complexity of the respective underlying combinatorial problems.
This essentially boils down to whether an oracle-polynomial algorithm for (BND)
with respect to the (LO;)-oracles Ty exists. Recall from the preliminaries in Chapter 2
that an oracle-polynomial algorithm is an algorithm which uses a polynomial number
of subroutines corresponding to oracle calls.
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As mentioned earlier, an (LOy)-oracle T, for some set X; can be seen as a place-
holder for an efficient (LOy)-algorithm. Thus, the existence of an oracle-polynomial
algorithm for (BND) implies the tractability of the problem (BND) in the classical
sense under the condition that every problem (LO;) that is solved via an oracle call
is in fact tractable.

Remark 5.0.1. Suppose that there exists an oracle-polynomial algorithm A for the
problem (BND) with either switch-wise, time-wise or total variation. For each t,
let C; C R™ denote the set of objectives for which A calls the (LO;)-oracle 1.

If the problem (LO;) for each stage ¢ is tractable when restricted to objectives
in C}, then the respective problem (BND) can be solved in polynomial time.

According to the last remark, an oracle-polynomial algorithm for (BND) com-
bined with the tractability of the problems (LO;) when restricted to the objectives
in C; suffices to derive the tractability of (BND). In the special case in which the
tractability of the problem (LOy) is ensured for every possible objective ¢ € R™, the
corresponding set X; will be called simple. For example, the set of all feasible solu-
tions of a SELECTION PROBLEM is simple, since an optimal solution for any objective
can be obtained by the simple greedy algorithm described in the preliminaries.

Soon, it will become clear that the search for an oracle-polynomial algorithm for
the problem (BND) is futile, unless at least one of the problem parameters is a fixed
constant. This also naturally opens up a path into to the field of fixed-parameter
tractability. Recall that a problem is called fixed-parameter tractable if it admits an
FPT-algorithm, i.e., an algorithm which solves any instance (z, k) of the problem
with fixed parameter k in time bounded by O(f(k)-size(x)¢), where f is a computable
function and c¢ is a constant. In particular, an FPT-algorithm runs in polynomial
time, if k is fixed. However, note that an algorithm which runs in polynomial time
if k is fixed is not necessarily an FPT-algorithm. Further recall that the running
time of an FPT-algorithm is sometimes also stated as O*(f(k)), i.e., ignoring the
polynomial part and just focusing on the part involving the fixed parameter.

This concludes the preliminaries. The remainder of this chapter is structured as
follows: In the first section, the problem (BND) is studied for the case in which the
number of switches n is considered a fixed parameter. Conveniently, for switch-wise
and total variation, the dynamic programming schemes from the previous chapter
can be adapted without too much trouble to fit into the setting of this chapter.
As a result, they yield oracle-polynomial algorithms for the problem (BND). For
time-wise variation, a dynamic programming scheme is developed in this chapter.
Also this yields an oracle-polynomial algorithm for (BND). Afterwards, the prob-
lem (BND) is studied under the assumption that either the bound on the variation
or the number of stages are considered fixed parameters, instead of n. Beginning
with a complexity-theoretical approach in Section 5.2, the non-existence of an oracle-
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polynomial optimization algorithm for (BND) with switch-wise variation is deduced
from its N'P-hardness if P # NP is assumed. In the third and final Section 5.3,
the answer to the main question of this chapter will be given. Indeed, it turns out
that even if both S and T are fixed parameters, the feasibility of (BND) cannot be
decided using only a polynomial number of (LO;)-oracle calls, independent of the
type of variation. Due to this result, the remainder of Section 5.3 will be dedicated
to the presentation of a positive result regarding the oracle-polynomial solvability
of (BND). To be precise, assuming the existence of a different linear optimization
oracle U for the so-called OPTIMAL CONSTANT EXTENSION PROBLEM (OCE), an
oracle-algorithm for (BND) with time-wise or total variation can be devised, which
will become oracle-polynomial for constant S and 71" with respect to the oracle V.
Finally, some tractable cases of (OCE) will be presented which will, in turn, im-
ply the tractability of the corresponding problem (BND) with either time-wise or
total variation.

5.1 Oracle-Polynomial Solution for Constant n

In this section, the problem (BND) is studied for all three types of variation regarding
the existence of an oracle-polynomial algorithm under the assumption that each
set Xy is given via an (LOy)-oracle T; and that the number of switches n is constant.
Although the latter assumption implies that the size of each feasible set |Xy| is
bounded by a constant, namely 2", this does not render the problem (BND) trivial.
In fact, while it is possible to enumerate all binary elements in {0, 1}" efficiently for
constant n, it still remains to verify their membership regarding a feasible set X;.

Note that an (LO;)-oracle T, for the set X; can be used to verify the membership
of any binary vector regarding X;, i.e., it can be used as a membership oracle.

Remark 5.1.1. Let X; C {0,1}" be given via an (LO;)-oracle T, x € {0,1}" and

define ¢, via
1 ifx;=1
(Cx)i = w 1=1,..,n.
—1 if xIr; = 0

Then z € X; if and only if the oracle Y; returns the optimal value 1} 2 when it is
called for the objective c,. Thus, a linear optimization oracle includes a membership
oracle by default.

Now, observe that the dynamic programming scheme which was devised for (BND)
with switch-wise variation (Theorem 4.2.6) can actually be adapted to work for com-
binatorial sets X; that are given via (LOy)-oracles Y. Indeed, it suffices to replace the
enumeration of all elements in the set X; with the enumeration of all binary elements
in {0,1}" and to verify of their membership in X; with respective oracle subroutines.

141



This results in an oracle algorithm, and since the dynamic programming scheme from
Section 4.2.2 runs in O ((maxtzor..’T | X )2 (T + 1)"*1) time, this adapted dynamic
programming scheme with oracle subroutines runs in time O (22" - (T + 1)"*1).

Lemma 5.1.1. The problem (BND) with switch-wise variation where each set X
is given via an (LOy)-oracle Ty can be solved by an oracle algorithm which runs in
time O (22" (T + 1)"“). If n is constant, the algorithm runs in oracle-polynomial
time. This also holds true if X; for ¢ € {0,..,T} is given via only a membership
oracle.

Note that the above lemma implies that (BND) with switch-wise variation and
fixed parameter n is slice-wise polynomial, i.e., in XP, but it does not imply that it
is (oracle-)fixed-parameter tractable.

Furthermore, recall that the penalty problem can be reduced to the bounded prob-
lem by enumeration of all possible bounds. This allows for the following observation.

Remark 5.1.2. For any penalty parameter A € RZ, the penalty problem (P) with
switch-wise variation can be reduced to the problem (BND) by enumeration of all 7™
possible switch-wise bounds S € N™. For a constant n, the reduction is polynomial.
Hence, under the assumptions of the previous lemma, the corresponding penalized
problem can be solved oracle-polynomially, too.

Recall Remark 5.0.1: if each (LOy)-oracle call in an oracle-polynomial algorithm
can be substituted by a respective efficient (LO;)-optimization algorithm, the result
is a polynomial time algorithm. For simple sets X, the existence of an efficient (LOy)-
algorithm is ensured for any possible objective, therefore an immediate consequence
of the latter lemma is:

Corollary 5.1.1. If n is constant and each set Xy, t =0, ..., T, is simple, the prob-
lem (BND) with switch-wise variation can be solved in polynomial time.

This concludes the study of the problem (BND) with switch-wise variation.
Next, the problem (BND) with total variation is studied regarding the same ques-
tion. Recall that in Section 4.2.3, a dynamic programming scheme with running
time O T-S-(maxtzo’._.7T\Xt])2> for (BND) with total variation was devised.
With analogous argumentation, this scheme can be turned into an oracle algorithm
for (BND) where each X, is given via an (LO;)-oracle ;.
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Lemma 5.1.2. The problem (BND) with total variation where each set X; is
given via an (LOy)-oracle T; can be solved by an oracle algorithm which runs in
time O (T -5 22”). If n is fixed, the algorithm is oracle-polynomial. In particular,
the problem is (oracle-)fixed parameter tractable for the parameter n with O*(22").
This also holds true if X for ¢ € {0, .., T} is given only via a membership oracle.

Once more, recall that the penalty problem can be reduced to the bounded prob-
lem by enumeration of all possible bounds.

Remark 5.1.3. For any penalty parameter A € R, the penalty problem (P) with
total variation can be reduced to the problem (BND) by enumeration of all T'n pos-
sible total bounds S € N>g. Since the reduction is polynomial, the latter lemma
implies that under the assumptions of the previous lemma, the corresponding penal-
ized problem can be solved oracle-polynomially, too.

Once again, the immediate consequence of Lemma 5.1.2 is

Corollary 5.1.2. If n is constant and each set Xy, ¢ = 0, ..., T, is simple, then the
problem (BND) with total variation can be solved in polynomial time.

An example for a simple set X; is a set which is given as a list of its ele-
ments. Clearly, any linear objective can be optimized over this set by enumera-
tion of its elements which is, in this case, polynomial in the size of the input. As
a result, it can be solved by the dynamic programming scheme for total varia-
tion which computes the recursive terms by enumeration of elements in X, i.e.,

in time O (T - S - (maxy—o,.. 7 | Xt )2>, which then is polynomial in the input. Most
importantly, here the running time is polynomial without the assumption that n

is fixed.

Corollary 5.1.3. If each set X; for ¢ = 0,...,T is given as a list of its elements,
then (BND) with total variation can be solved in polynomial time.

Remark 5.1.4. Note that even if each feasible set is given as a list of its elements,
the previous dynamic programming scheme for the problem (BND) with switch-
wise variation still has a running time that is exponential in n and hence, is only
polynomial under the assumption that n is constant. Indeed, unless P = NP, a result
analogous to the latter corollary for (BND) with switch-wise variation is not possible
due to its N'P-hardness even for polynomial size feasible sets (Theorem 4.2.5).
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It now remains to study the third and last problem variant, namely (BND) with
time-wise variation. Unlike for switch-wise and total variation, a dynamic program-
ming scheme for time-wise variation was not devised in the previous chapter. This
will be taken care of now.

Lemma 5.1.3. The problem (BND) with time-wise variation where each set X is
given via an (LOy)-oracle T; can be solved by an oracle algorithm which runs in
time O (22" . T). If n is fixed, the algorithm is oracle-polynomial. In particular, the
problem is (oracle-)fixed parameter tractable for the parameter n with O*(22"). This
also holds true if X; for ¢ € {0,..,T} is given only via a membership oracle.

Proof. In the following, an oracle algorithm is devised. It is a dynamic programming
scheme using subroutines of (LO;)-oracle calls.

Let ¢*(¢,b) be the optimal value of (BND) with time-wise variation restricted to
the stages 0,...,t with 2z = b, so that the time-wise variation does not exceed the
partial bound (Si, ..., Sf) € N{>0. Recall the short notation

’m - y’ = (‘xl - Z/1|7 Sz} |xn - yn‘)—r

for two vectors x, y of the same dimension. Within the scheme, the optimal values
of the following subproblems for ¢ € {0, ..., T} are computed:

n
c*(t,b) = max Z Z c,gi) : xy)

i=1 t=0
n . .
s.t. Z |a:§i)1 - x§1)| < Sy t=1,...,t
=1
T € Xy tZO,...,f
x?) =b; 1=1,...,n

For ¢ > 1, the scheme recursively computes the optimal values ¢*(¢,b) with the help

of the following formula:

n

c*(t,b) == max c*(f—l,x)+Zc§i) by forallbe Xg.
TEXF_q, ;
j—b|<S; =1

The optimal value of (BND) is thus given by maxpex, ¢*(7',b).

Indeed, the correctness of the recursion formula is easy to see, as an optimal
solution for the subproblem restricted to stages 0, ..., can be obtained in the follow-
ing way: Due to the fixation to some b at stage f, any optimal solution (zf, ..., z})
with zF = b of the subproblem for c*(t,b) must not exceed the variation bound Sy
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between stages ¢t — 1 and ¢, i.e., ]:J:;f_l — b| < S;. Furthermore, there cannot exist
any x € X;_ | with |z — b| < S; that achieves an optimal value ¢*(t — 1,z) larger
than ¢*(t — 1,27 ), as this would clearly contradict the optimality of (zg,...,x}).
Hence, 7 | is a maximizer of ¢*(t — 1, z) subject to € Xz_q, |z — b < Sf.

Finally, the running time of the dynamic programming scheme is analyzed. If
each set X; is given via an (LOy)-oracle Ty, then the recursive term ¢*(¢,b) for some
pair t and b can again be computed by enumeration of all z € {0,1}" and verifying
their membership in X; by calling T; for ¢,. Thus, the overall running time can be

estimated by O (22” . T). 0l

As before, the latter lemma allows to draw a similar conclusion for the corre-

sponding penalized problem.

Remark 5.1.5. For any penalty parameter A € RL ), the penalty problem (P) with
time-wise variation can be reduced to the problem (BND) with time-wise variation
by enumeration of all n” possible time-wise bounds S € Nzo. For a constant 7', the
reduction is polynomial and hence, under the assumptions of the previous lemma and
the additional assumption that 7T is constant, the penalized problem can be solved
oracle-polynomially, too.

Once again, Lemma 5.1.3 implies

Corollary 5.1.4. If n is constant and each set X, t = 0, ..., T, is simple, then (BND)
with time-wise variation can be solved in polynomial time.

As in the case of total variation, (BND) with time-wise variation can be
solved efficiently if each set Xy, t = 0,...,T, is given as a list of its elements,
since then the dynamic programming scheme can be implemented to run in
time O (T - (max—o,.. T ]Xt])Q . Again, in this special case the running time is poly-
nomial in the input and does not depend on n being fixed.

Corollary 5.1.5. If each set X;, ¢ = 0,...,T, is given as a list of its elements,
then (BND) with time-wise variation can be solved in polynomial time.

To summarize the results of this first section, under the assumption that n is
fixed, the problem (BND) is oracle-polynomially solvable if the sets X; are given
via (LOy)-oracle T, (or alternaltively, a membership oracle). This holds regardless
of the type of variation and follows from the combination of an oracle-based mem-
bership verification and a respective dynamic programming scheme. Regarding the
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relative complexity of (BND) with respect to the complexity of the underlying prob-
lems (LOy), this means that the former is equal to the latter as long as n is a constant.
Table 5.1 below provides an overview of the results obtained in this section.

assumptions \variation ‘ ‘ total/ time-wise ‘ switch-wise

each X; given via (LOy)-oracle || oracle-polynomial and
and n € O(1) even (oracle-) FPT in n

each X simple

and n € O(1)

each X given as list polynomial ‘ polynomial only if n € O(1)

oracle-polynomial

polynomial

Table 5.1: Summary of results in Section 5.1

It will turn out that the existence of an oracle-polynomial algorithm for (BND)
strongly depends on what part of the input is considered a constant. The next section
studies the problem (BND) from a complexity-theoretical viewpoint where either the
bound S on the respective variation or the number of stages T is constant. Contrary
to this section, a polynomial number of (LO;)-oracle calls will not suffice to solve
the problem (BND) with switch-wise variation, and the existence of a respective
oracle-polynomial optimization algorithm is ruled out, unless P = N'P.

5.2 Complexity-Theoretical Results for Constant S or T

In this section, the problem (BND) is studied from a complexity-theoretical point of
view regarding the existence of oracle-polynomial algorithms under the assumption
that each set X is given via an (LOy)-oracle T, and that the bound on the variation S
or the number of stages T" is constant.

For the problem (BND) with switch-wise variation there is an immediate conse-
quence obtained from the complexity of (BNDZY") (see Theorem 4.2.5) and the fact
that the feasible set corresponding to a SELECTION PROBLEM is simple.

Lemma 5.2.1. Unless P = NP, the problem (BND) with switch-wise variation
cannot be solved using a polynomial number of (LO;)-oracle calls, even if the feasible
set does not change, i.e., X := X; for allt and S =2 1,.

Proof. The claim is proven by contradiction. Suppose that there exists an oracle-
polynomial algorithm A for the problem (BND) with switch-wise variation. By def-
inition, .4 uses no more than polynomially many calls to the (LOy)-oracles. Clearly,
A can be used to efficiently solve the special case of (BND) in which S =21,
and X := X; := {2z € {0,1}": Y7 () < 1} for all t. Note that X is simple as it
corresponds to the feasible solutions of a SELECTION PROBLEM. As explained in Re-
mark 5.0.1, any call of an (LO;)-oracle can be substituted by an efficient algorithm
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for the SELECTION PROBLEM (e.g., the greedy algorithm). This results in a poly-
nomial time algorithm for the special case. The existence of the oracle-polynomial
algorithm A therefore contradicts Theorem 4.2.5, unless P = N'P. O

Next, the problem (BND) with time-wise variation is studied. Although the special
case with a selection constraint, which was studied in Section 4.2.1 of the previous
Chapter 4, is tractable (see Theorem 4.2.2), the problem is generally NP-hard. The
NP-hardness will be proven with a reduction from the following decision problem:

Problem 5.2.1. VERTEX COVER RECONFIGURATION (|LM17])

Input: Bipartite graph G = (V, E), number k € N,
two vertex covers R,Q CV, |R|,|Q| < k
Question: Is there a reconfiguration sequence, i.e., a sequence of vertex covers
a1 =R, ag, ..., ay = Q with || <k, i=1,...,N,
and |o;Aq;yi|=1foralli=1,...,.N—-17

The complexity of VERTEX COVER RECONFIGURATION has already been estab-
lished in the literature by exploiting its equivalency to the so-called cops-and-robber
game and the N'P-hardness of computing the treewidth of cobipartite graphs.

Theorem 5.2.1. (JLM17], Theorem 3) VERTEX COVER RECONFIGURATION is N P-
complete.

A reduction from VERTEX COVER RECONFIGURATION shows

Theorem 5.2.2. The problem (BND) with time-wise variation is A/P-hard in the
strong sense, even if S = 1p, and the feasible set does not change over time, i.e.,
X := X, for all ¢, and even if the underlying problem max,cx ¢/ z is tractable for
each stage t =0,...,7T.

Proof. Let (G = (V,E),R,Q,k) be an instance of VERTEX COVER RECONFIGU-
RATION. Now, define an instance of (BND) with time-wise variation and n := |V|
switches. Each feasible set X; C {0,1}" is given by the set X which consists of all
characteristic vectors x, € {0,1}" that correspond to a vertex cover C' of at most
size k in the bipartite graph G. Define the objective function for (BND) by

(i) { 1 forieR () { 1 forie@
- Y . —

CO = 5 T - )

1 else 1 else
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and ¢ := 0, for 0 < ¢t < T. Due to this definition of ¢, all underlying prob-
lems max,cx ¢/ x are tractable. Indeed, for t = 0 and ¢t = T, the corresponding
problem is trivially solved by the characteristic vector of the respective vertex cover R
and Q. For all other stages 0 < t < T, the problem max,cx OI x reduces to the de-
cision version of vertex cover in a bipartite graph, which asks whether there exists
a vertex cover in G of at most size k. Recall that the decision version of VERTEX
COVER in a bipartite graph can be solved polynomially. In fact, here it is trivial
since R (or @)) serves as a certificate.

Further, all bounds on the time-wise variation are defined to be one, i.e., S := 1.
Observe that the symmetric difference | Aay11| of two vertex covers oy and ay4q is
equal to the time-wise variation of their characteristic vectors.

In order for this construction to be polynomial in size, it remains to show that it is
possible to define the number of stages T so that this is polynomially bounded and
that the reduction from VERTEX COVER RECONFIGURATION works out. Here, this
is ensured, since the authors of [LM17] show the membership of VERTEX COVER
RECONFIGURATION in N'P. More precisely, they prove that for a yes-instance of
VERTEX COVER RECONFIGURATION, the number of reconfiguration steps needed in
order to obtain @ from R is at most O(|V[*). Therefore, defining the number T to
be this upper bound yields a polynomial construction.

It is not difficult to see that the instance of VERTEX COVER RECONFIGURATION
is a yes-instance if and only if the optimal value of (BND) is |R| 4 |Q|. Indeed,
if (G=(V,E),R,Q,k) is a yes instance, then let oy, as,...,an be a corresponding
reconfiguration sequence with N < T, where the latter may be assumed due to the
definition of T'. By setting ;1 := x,,, for all t =1,..., N and 2; := x,,, fort > N
one clearly yields a feasible solution for the instance of (BND) that reaches the upper
bound |R| + |@| on the objective value, since a1 = R and ay = Q.

Conversely, any optimal solution of (BND) with an objective value of |R| + |Q| must
satisfy that x( is the characteristic vector of R and x7 is the characteristic vector
of @, due to the definition of the objective function. The bound on the time-wise
variation and the definition of X then ensure that xg, x1, ..., 7 is a sequence of
characteristic vectors of vertex covers in G of sizes at most k, where the symmetric
difference of two consecutive vectors is at most one. Since the symmetric difference of
a reconfiguration sequence in VERTEX COVER RECONFIGURATION has to be exactly
one, the removal of sequences of duplicates yields a certificate for the instance of
VERTEX COVER RECONFIGURATION, which is therefore a yes-instance. O

Remark 5.2.1. The hardness result in Theorem 5.2.2 does not imply that under
the assumption P # NP there cannot exist an oracle-polynomial algorithm for
the problem (BND) with time-wise variation. This is due to the fact that although

148



the underlying problem as defined in the proof is tractable for any objective ¢ €
{co, .., cr}, it is not known to be polynomially solvable for an arbitrary objective c.

Actually, another result regarding a parameterized variant of VERTEX COVER
RECONFIGURATION has been proven in the literature. Here, the problem is parame-
terized in £ € N>( and the question is whether there exists a reconfiguration sequence
that transforms R into Q) with NV < £, i.e., with at most ¢ reconfiguration steps. The
authors of [MNR14| have proven this problem to be Wl]-hard.

Lemma 5.2.2. ([MNR14], Theorem 4.0.2 ) VERTEX COVER RECONFIGURATION is
W1]-hard when parameterized in £.

Since VERTEX COVER RECONFIGURATION parameterized in ¢ is fixed-parameter
reducible to the problem (BND) parameterized in T, the previous result implies

Theorem 5.2.3. The problem (BND) with time-wise variation parameterized in T
is W[l]-hard, even if S = 1p, X := X; for all ¢, and the underlying prob-
lem max,ey ¢  is tractable for each stage.

Proof. Let (G = (V,E),R,Q, k) be an instance of VERTEX COVER RECONFIGURA-
TION parameterized in ¢. The definition of the instance of (BND) is analogous to
the proof of Theorem 5.2.2, the only exception is that here, it is T := ¢ — 1. It is
obvious that this is an FPT-time reduction and that the (parameterized) instance
of VERTEX COVER RECONFIGURATION is a yes-instance, if and only if the optimal
value of (BND) is |R|+|Q|. Thus follows the W[1]-hardness of (BND) with time-wise
variation. O

Observe that Theorem 5.2.3 claims the W[1]-hardness, but not the N’P-hardness
of (BND) with time-wise variation parameterized in T'. In fact, the first reduction
from VERTEX COVER RECONFIGURATION clearly does not work if 7' is constant.
Thus, the complexity of (BND) with time-wise variation and fixed 7T is still unclear.
For the reason given in Remark 5.2.1, the W[l]-hardness of (BND) parameterized
in T from Theorem 5.2.3 does not rule out the existence of an (oracle-) FPT
algorithm.

This concludes the complexity-theoretical study of (BND). Table 5.2 below
briefly summarizes the findings of this section.
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assumption \variation H total ‘ time-wise switch-wise

S e O(1) and o strongly N'P-hard, even if strongly A"P-hard, even if X simple
X :=X;forallt ) all underlying problems tractable | no oracle-poly algo unless P # NP
T € O(1) and
? W{1]-hard ?
X := X, for all ¢ [1}-hax

Table 5.2: Summary of results obtained in Section 5.2

Although Theorem 5.2.2 does not suffice to show it, it is a fact that there cannot
exist an oracle-polynomial algorithm for (BND) with time-wise variation, even if
both S and T are constant. The proof will be given in the next section. It will
turn out that using only a polynomial number of calls to (LOy)-oracles, already the
feasibility of problem (BND) cannot be decided regardless of the type of variation,
and even if both S and T are constant. More importantly, this result will not rely
on the assumption P # NP.

5.3 Information-Based Results for Constant S and T

As the title suggests, this section pursues more of an information oriented approach
to the problem (BND). It is still driven by the question whether there exist oracle-
polynomial algorithms for the variants of problem (BND) under the assumption
that each set X; is given via an (LOy)-oracle T;. Here, however, it is assumed that
the bound on the variation S and the number of stages T' is constant. While this
question was only partially answered so far, this section will give the definitive an-
swer no. Thus, based on (LOy)-oracles, the relative complexity of (BND) increases
significantly compared to the complexity of the underlying problem. Indeed, it will
turn out that not only is it impossible to determine an optimal solution for (BND)
(regardless of the type of variation) using polynomially many (LO;)-oracle calls, but
even its feasibility cannot be decided oracle-polynomially. Most importantly, due to
the switch to an information related view represented by the next theorem, this result
holds independent of the assumption P # N'P.

Theorem 5.3.1. (|[Buc20]) Assume that a set X C {0,1}" is accessible only via a
linear optimization oracle. Then, using a polynomial number of oracle calls, it cannot
n

be decided whether X contains any vector with 1,z = 5

Note that the above theorem does not depend on P # NP whatsoever. Now, the
existence of an oracle-polynomial algorithm for the problem (BND) with time-wise
variation or total can be shown to contradict Theorem 5.3.1, even if T" and S are
constant and the feasible set does not change.
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Theorem 5.3.2. Consider the problem (BND) with either switch-wise, time-wise or
total variation and assume that each feasible set X; is given via an (LOy)-oracle Y.
Then, a polynomial number of calls to the (LO;)-oracles T; does not suffice to
solve (BND), even if T = 1, S is bounded by = 1,, and even if the feasible set
does not change, i.e., X := X; for all .

Proof. This proof is structured as follows: First, a particular instance of (BND) is
defined and its optimal value is analyzed. Then, the existence of an oracle-polynomial
algorithm for (BND) is proven to contradict Theorem 5.3.1.

Let X; C {0,1}" be an arbitrary set given by an (LO;)-oracle T; and define the set

Xo = {x c{0,1}": 1)z = %} .

Note that the set X is simple as it corresponds to the feasible set of a SELECTION
PROBLEM with equality constraint. For any linear objective ¢ € R™, this problem
can be solved by sorting the components by decreasing objective coefficients and
selecting the % first with respect to this sorting. Recall that for T = 1, time-wise
and total variation are equivalent. Thus, define an instance Z; of (BND) for these
two types of variation with 7'=1and S =1 € N by

0.\ " 0.\ "
max (—nl) xo + ( 1n> X1
n+1 ) )
s.t. Z |x((]l) - xgl)| <1
=1
xg,x1 € X,
where the feasible set does not change and is given by
X := (Xo x {0}) U (X1 x {1}) € {0,1}"*!.

Note that the last entry of x € X indicates the membership of z := (z1, ...,mn)T

in X() or Xl, i.e.,
T . T L
<0>6X<:>:1:€X0 and <1)€X<:>:L’€X1.
For switch-wise variation, define an analogous instance Zs, where the only difference
is the definition S := (0,},1)T € NZ{t.

Both for the instance Z; and for the instance Zy, the optimal value of (BND) equals 1
if and only if XqN X1 # 0. Indeed, if there exists some Z € Xy N X1, then obviously,

the Solution
0 - 0 ; 41 - 1
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is feasible and its objective value equals the trivial upper bound 1. Thus, the solution
is optimal.

Conversely, if the optimal value of Z; (or Zy, respectively,) is one, then it must
hold that x(()nH) = 0 and m(nH) = 1 as otherwise, the objective value no greater
than zero. Since the variation constraint is already tight due to the n + 1-st switch,
the remaining components must be constant, i.e., T; := a:(()) = Jrg) forall i =1,.

By definition of X, this on the one hand implies Z € X, by iL‘(n+ )~ 0 and, on the
other hand, z € X; by x(nH) = 1. Consequently, 7 € XoN X;.

Suppose that the claim is not true, i.e., that there exists an oracle-polynomial
algorithm A which solves (BND) given an oracle T for the feasible set X. Note that
by assumption, there is only an (LO;)-oracle T for the set X; available, but no
oracle T for X. Thus, neither the instance Z; nor Zs can be solved by calling the
algorithm A due to the lack of an oracle for X. Nevertheless, using the oracle Y1 and
the fact that Xy is simple, it is still possible to efficiently optimize any given linear
objective ¢ € R"*! over the set X with the following subroutine:

1. Call the (LOy)-oracle T for the objective ¢ := (cy, ..., ¢,), and obtain a corre-
sponding optimal solution z*.

2. Solve the problem max, g ¢'x in polynomial time (since X is simple), and
obtain corresponding optimal solution Z.

3. Return the better of the two solutions (ml) and (’é) regarding the objective c.

By substituting the call of the (LO;)-oracle T with the above subroutine, the oracle-
polynomial algorithm A based on Y becomes an oracle-polynomial algorithm A based
on the (LO;)-oracle T1. Thus, the instance Z; (and Zo, respectively,) can be solved
by calling A, and its optimal value indicates whether XoN X7 # (). In particular, this
implies that using a polynomial number of Ti-oracle calls it can be decided whether
there exists some x € X; with 1] 2 = n/2, which contradicts Theorem 5.3.1. t

Actually, the former construction and argument strategy can also be applied to
show an analogous statement for the penalized problem.

Corollary 5.3.1. Consider the problem (P) and assume that each feasible set X}
is given via an (LOy)-oracle Y;. Then, a polynomial number of calls to the (LOy)-
oracles T; does not suffice to solve (P), even if T = 1, and even if the feasible set
does not change, i.e., X := X; for all t.

Proof. The construction and argument is analogous to the previous proof, except
that the definition of the bound on the respective variation is omitted and replaced
by an appropriate definition of a penalty parameter A € R, depending on the type
of variation.
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For switch-wise variation, define A\ € R%, via \; := n+ 1 for i = 1,..,n
and A\p+1 := € € (0,1). For time-wise variation (or equivalently, total variation),
define A € Ryo by A :=¢ € (1/2,1).

Then, it is easy to see that the optimal value of the penalty problem is positive if
and only if there exists some Z € XoN X;. The rest of the argument is analogous to
the previous proof. O

While in the setting of the former theorem, a polynomial number of (LO;)-oracle
calls does not suffice to obtain an optimal solution for the problem (BND), its feasi-
bility can be decided oracle-polynomially. Indeed, if X := X, for all ¢, then deciding
the feasibility of (BND) by only using an (LO;)-oracle T for the set X actually re-
duces to deciding whether X is nonempty, as any constant solution x; := z for all ¢
with z € X is feasible, regardless of the type of variation and its bound. In fact,
one call of the oracle T with an arbitrary objective ¢ suffices to decide whether X is
nonempty, depending on whether the optimal value is finite or —ooc.

However, this immediately changes if the assumption X := X; for all ¢ is dropped.
In this case, the feasibility of (BND) cannot be decided with a polynomial number
of oracle calls, even if both S and T are constant.

Theorem 5.3.3. Counsider the problem (BND) with either switch-wise, time-wise or
total variation and assume that each feasible set X; is given via an (LOy)-oracle Y.
Then, a polynomial number of calls to the (LO;)-oracles T; does not suffice to decide
whether a given instance of (BND) is feasible, even if S =0, and 7' = 1.

Proof. Suppose that the claim is not true, i.e., that there exists an algorithm A which
decides the feasibility of any given instance of (BND) with 7= 1 and S = 0, by
using only a polynomial number of (LO;)-oracle calls for the feasible sets X;. Here,
S is defined as the r-dimensional zero vector whose dimension depends on the type
of variation. In particular, note that S = 0, results in all types of variation being
equivalent, more precisely, only constant solutions z; := x with = € X; for all ¢ are
feasible. Now, consider an instance Z of (BND) with 7" =1, S = 0,., and the feasible
sets

Xo::{xe{(),l}":lzx:g} and X

where X; C {0,1}" is given via a linear optimization oracle Y.

Note that X is not given via an oracle so that the algorithm A cannot be called
to decide the feasibility of Z. Nevertheless, since X is simple, there exists an efficient
optimization algorithm which solves the linear optimization problem over X for any
objective. By replacing any call of the oracle T for the set Xy in A with an efficient
optimization algorithm, A turns into an algorithm A which is oracle-polynomial
regarding the oracle T for Xj.
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The resulting algorithm A can thus be called to decide the feasibility of the instance 7
by using only a polynomial number of Yi-calls.

Now since S = 0,, any feasible solution xg,x; of the instance Z must satisfy zg =
x1 € Xo N Xi. Therefore, Z is feasible if and only if there exists some z € X
with 1) 2 = n/2. Thus, the claim follows with Theorem 5.3.1. O

Note that the idea of the previous proof does not depend on a specific type of
variation but rather on the fact that it is possible to enforce that a solution of (BND)
must be constant over time. Thus, Theorem 5.3.3 actually holds for any type of vari-
ation measure where this is possible. Further note that the feasibility of the penalty
problem (P) can always be decided oracle-polynomially, as it reduces to deciding
whether each feasible set X; is nonempty. The latter can obviously be decided by
calling the respective (LOy)-oracle Yy for each ¢t = 0, ..., T with an arbitrary objective.

With the former theorem, the main question driving this section has been an-
swered: given an instance of (BND) where each set is given by an (LO;)-oracle,
there does not exist an algorithm solving (BND) using only a polynomial number of
(LOy)-oracle calls, regardless of the type of variation and even in the quite restricted
setting that S and T are both constant. Table 5.3 below summarizes all current
results regarding (LO;)-oracle algorithms obtained in this chapter.

assumption \variation H total /time-wise ‘ switch-wise

(LOy)-oracle-polynomial and

n e 0(1) even ((LOt)-oracle—)FPT inn

oracle-polynomial

T,S € O(1) and
X =X, forallt
T,5€0(1) no polynomial time (LO;)-oracle algorithm to decide feasibility

no polynomial time (LO;)-oracle optimization algorithm

Table 5.3: Results regarding oracle-polynomial solution of (BND) assuming
(LOy)-oracles for X;

As a result of this section, it is clear that if the aim is to find an efficient oracle-
based algorithm for (BND), then another approach is required. Indeed, the next
subsection will not consider an (LOy)-oracle, but a differnt, more powerful oracle
and present a corresponding oracle-algorithm for (BND) with time-wise and total
variation that runs in polynomial time if S,T € O(1).

5.3.1 An Oracle-Algorithm for Constant S and T

This subsection will devise an oracle-algorithm for (BND) with time-wise and total
variation. In case S and T are constant, this algorithm will turn out to be efficient, i.e.,
require at most polynomially many oracle calls. The main difference to the preceding
sections is that instead of assuming each set X; to be given via an (LOy)-oracle Yy,
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it is now assumed that there exists a linear optimization oracle ¥ for the so-called
OpPTIMAL CONSTANT EXTENSION PROBLEM (OCE). This problem can be described
as follows:

Let there be a discrete time horizon {0,...,T} along with corresponding fea-
sible sets X; C {0,1}" for each ¢ and a fixed partial solution 7 = (7o, ..., 77)
in {0, 1}JX(T+1), where J C {1,...,n}. Note that without loss of generality, one may
assume J = {n — |J| + 1,...,n} by a permutation of the superscripts, if necessary.
Then, the task of (OCE) is to find a constant solution y = y; for all ¢ in {0,1}"~7 that
forms a feasible solution (ft) € X, at any stage and maximizes the objective C'Ty,
for some given C' € R"~/. More formally, the problem is defined by

Problem 5.3.1. OPTIMAL CONSTANT EXTENSION PROBLEM

Input: Feasible sets X; C {0,1}", ¢t =0,...,T, a partition I U J = {1,...,n},
a partial solution (79, ..., 77) € {0,1}’*(T*+D and an objective C' € R!
Task: Find y € {0,1} with (ft) € X, for all t so that y maximizes Cy

e Zc(i) Y,
icl
s.t. (y,’Tt) € X t=0,..T
yDef0,1} iel.

(OCE)

The assumption that there exists a linear optimization oracle ¥ for (OCE) is
stronger than the previous assumption that there exists a linear optimization ora-
cle T; for (LOy), since an oracle ¥ is more powerful than an oracle Y;. Indeed, by
definition, a single call to ¥ yields an optimal solution to (OCE), while a polynomial
number of calls to the (LO;)-oracles T; does not suffice to even decide the feasibility
of (OCE), even if X := X; for all ¢.

Lemma 5.3.1. Consider an instance of (OCE) and let each set X; be given via
an (LOy)-oracle T;. Using a polynomial number of calls to the oracles Yy, it cannot

be decided whether the instance of (OCE) is feasible, even if T' =1, |I| = n — 1, and
even if the feasible set does not change, i.e., X := Xy = X;.

Proof. Define nn := n — 1 and construct an instance Z of (OCE) with I = {1, ...,n},
L,

J={n}, and T =1, C = Oy as well as the partial solution 7'0(”) := 0 and Tl(n) =

ie.,

max 0]y
Y Y
. X
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where X is defined as in the proof of Theorem 5.3.2, i.e.,
X = (Xo x {0}) U (X1 x {1}) € {0,1}" .

Let Xo := {z € {0,1}": 172 = 7/2} and let X; C {0,1}" be given via an (LO;)-
oracle Yi. This instance Z is feasible if and only if Xo N X; # 0. Now, suppose
that the claim is not true and let A be an oracle-polynomial algorithm solving 7
using an (LO¢)-oracle T for the set X. With analogous reasoning as in the proof
of Theorem 5.3.2, A can be transformed into an oracle-polynomial algorithm .4
based on the (LO;)-oracle Y. Since the feasibility of Z is equivalent to the question
whether there exists some x € X7 with 1]z = 7/2, the existence of A contradicts
Theorem 5.3.1. O

Although the problem (OCE) does not contain a variation constraint, it is still
related to the problem (BND). In fact, it can be derived by studying the prob-
lem (BND) with time-wise or total variation as described in the following:

Let  be an optimal solution for (BND) where the bound on the variation S € N%,
is fixed. Then, a fixed bound S on the switch-wise variation will generally not lead
to many switches being constant over the entire time horizon, however, for time-wise
or total variation this is eventually the case.

Thus, the set of switches {1,...,n} can be partitioned into two disjoint subsets I
and J, where the former set contains only switches that remain constant over the
entire time horizon, i.e.,

el & mgi):xﬁz forallt=0,....,7 -1,

while all other switches are contained in the other set J. Let o := |.J| denote the
cardinality of J. The states of all n — |J| = n — o switches in I can thus be rep-
resented by a corresponding vector y € {0,1}"7 with y® = xgi) for all ¢. Let the
restriction 7 € {0, 1}1/1*(T+1) of the solution z to the subset J give the states of the

switches in J, i.e.,
7.t(i) — $£i) forallt=0,....,7 andiec J.

Using this notation, x can be written as (y, 7). Since x; has to be an element of X
for each stage ¢, this translates to (y, ) € X; for all . Observe that the constant
switches in I do not contribute to the variation of the solution at all. Consequently,
the partial solution 7 must satisfy the variation constraint Var(rg, ..., 7r) < S.
Thus, the optimality of the solution x = (y,7) implies that the vec-
tor y € {0,1}" 7, which corresponds to the constant switches, must be an optimal
solution of the following instance of (OCE) with the fixed partial solution 7

valj, 1= max Z c® .y
igJ
(P) s.t. (y,Tt) € X; t=0,..T
y € {o, 13"V
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where C(0) := ZtT:[) cgi) for all ¢ ¢ J, i.e., for all ¢ € I. Keep in mind that only y is a
variable here (indicated by the use of bold font) and not 7, which is fixed.

The idea of the oracle-algorithm is to enumerate all possible sets J and all possibil-
ities for 7 that do not exceed the bound on the variation, to compute the correspond-
ing optimal value val;, with a call to the oracle ¥, and then return the maximal
objective value of a feasible solution computed throughout this enumeration. The
basic outline of the algorithm can be found as pseudocode in Algorithm 3.

Algorithm 3: oracle-algorithm for (BND)
Data: instance of (BND) with variation Var € {Vary,, Var,} and
bound S € NZ;, a linear optimization oracle ¥ for (OCE)
Result: optimal solution z and optimal value OPT

1 OPT := o0;

2 if Var= Vary, then

3 L define o := max;—g_. 75 - T

4 if Var = Vary, then

5 L define o := S

6 for each J C{1,...,n} with |J| =c do

7 | for each 7 € {0,1}/7X(T+1) do

8 if Var(ro,...,7r) < S then

9 compute valj, by calling ¥ for (P)
10 | Valyr =30, Ztho cl(f) . Tt(i) +valy,
11 if Val;, > OPT then
12 OPT :=Val;,
13 | zt:= (y,¢) forallt =0,...,T

14 return optimal value OPT and optimal solution z

Next, Algorithm 3 is proven to be an oracle-algorithm for (BND) with time-wise
or total variation regarding a linear optimization oracle ¥ for (OCE).

Lemma 5.3.2. Given a linear optimization oracle ¥ for (OCE), Algorithm 3
computes an optimal solution for (BND) with time-wise or total variation in
time (9(2"'(T+1) -n?), where o := max;—o,.. 7 S¢-T for time-wise variation and o := S
for total variation.

In particular, if both S and T are constant, (BND) with time-wise or total varia-
tion can be solved oracle-polynomially with respect to the oracle ¥. Moreover, the
running time shows that (BND) is in XP for fixed S and 7.
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Proof. Depending on whether the variation is measured time-wise or totally, the
maximum possible number of switches which are not constant over all stages is given
by o := max;—g,. 1 S: - T for time-wise variation, whereas it is given by o := S for
total variation (lines 3 and 5).

Now, any subset J C {1,...,n} consisting of o switches (line 6) and all possible
states 7 € {0, 1}7*(T+D of those switches are enumerated (lines 6 and 7). In order to
check whether the currently considered 7 satisfies bound on the time-wise variation
(or total variation, respectively) it suffices to check whether the constraints

Vary, (m0,....,77) < S & Z |7't(i) - Tt(i)1| < S forallt=1,..,T
el

are satisfied for time-wise variation, or whether the constraints

Vary, (10,...,77) < S & Z Z |7't(i) - Tt@l\ <S

icl t=1,..,T

are satisfied for total variation (line 8).

If the currently considered partial solution 7 does not exceed the respective vari-
ation bound, the corresponding problem (P) is solved via a call to the oracle .
Let y* be an optimal solution of (P) (line 9) returned by V¥, then by construction
the solution (y*,7) does not exceed the bound on the respective variation and the
fact that (y*, ;) is an element of X, for each stage ¢ follows immediately from the
definition of (P). The objective value of the feasible solution (y*,7) is obtained by
summing up the optimum value valy; and the value that 7 contributes (line 10).
Thus, the largest value that is achieved throughout the course of the entire enumer-
ation yields the optimum value as well as an optimal solution to (BND).

The overall running time of the algorithm is given by O(27 T+ . n?), since for

(T+1) possible states of 7, and the number

each subset J of cardinality o, there are 27
of possible o-cardinality subsets J is bounded by O(n?).

The second claim follows immediately: If S,7" € O(1), then also ¢ is constant.
The total number of times Algorithm 3 calls the oracle ¥ is given by O(27(T+1) . n2)

which is hence polynomial. O

In the next and final subsection, the complexity of (OCE) is studied. Although
the problem is shown to be NP-hard in general, there is quite a number of tractable
cases depending on the underlying feasible set. Due to the former Lemma 5.3.2, the
tractability of (OCE) will imply the tractability of the corresponding problem (BND)
for fixed S and T, as the oracle ¥ in Algorithm 3 can be replaced with an efficient
optimization algorithm.

5.3.2 Some Tractable Examples of (OCE) and (BND)

This subsection is dedicated to the complexity of (OCE). Leaving the former oracle-
setting, this section considers examples of feasible sets X; and settles the complexity
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of the corresponding problem (OCE). The tractability of (OCE) in special cases
combined with Lemma 5.3.2 will then yield the tractability of the corresponding
problem (BND) with time-wise or total variation under the constraint S,T € O(1).
It is not difficult to see that (OCE) is generally N'P-hard, even when the underlying
problem is simple, by a reduction from MATROID INTERSECTION:

Lemma 5.3.3. The problem (OCE) is N'P-hard, even if T = 2 and for ¢t = 0,1, 2,
each feasible set X; corresponds to the set of incidence vectors of independent sets of
a matroid M; = (E, &), all of which are defined over the same finite ground set E.

Proof. Recall from the preliminaries that a matroid is a simple set as shown, for
example, by the greedy algorithm, whereas (weighted) MATROID INTERSECTION
is N'P-hard. Let My = (E, Fy), M1 = (E,F1) and My = (E,Fs) be the three
matroids defined in the reduction showing the NP-hardness of MATROID INTER-
SECTION outlined in the preliminaries.

Then, define an instance of (OCE) by n := |E| and I :=n, J := (). Note that by
this definition, there is no partial solution 7. Further define the objective via C' := 1,,,
T := 2 and define each feasible set X;, t = 0,1, 2, as the set of incidence vectors
corresponding to the independent sets in F;. Thus, any feasible solution of (OCE)
corresponds to an independent set F' € FyNF1NFz and the optimal value corresponds
to the cardinality of a largest independent set contained in this intersection.

All three matroids have a common base if and only if the optimal value of (OCE)
is given by n — 1. Thus follows the claim. O

Recall from the preliminaries that there exists a polynomial time greedy algorithm
which computes an optimal solution for the maximization of any linear objective over
the independent sets of a matroid. Thus, the previous proof implies that (OCE) is
NP-hard, even if J = () and each feasible set X; is simple. The complexity of the
problem is thus neither due to the complexity of the feasible set nor caused by the
fixed partial solution, but instead arises from the task of finding an element in the
intersection of the feasible sets.

Nevertheless, there are quite a few cases where (OCE) is polynomially, or at least
pseudo-polynomially solvable. Some examples will be described in the following.
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Lemma 5.3.4. Let I U J be a partition of {1,...,n} and let there be a; € N,
by € N> for t =0, ...,T. Then, the following the problem

(max Y CO .y
el
n
(OCE-KP) st. (ym) €{z e {0, Yoae®<b} =0T
i=1
\ yDe{0,1} iel,

with objective vector C € R! and fixed partial solution 7 € {0,1}7*T*1 poly-
nomially reduces to a BINARY KNAPSACK PROBLEM on the partition set I. This
statement also holds true for the version of the BINARY KNAPSACK PROBLEM with
an equality constraint > | agi)x(i) = b; for each t.

Proof. Let an instance of (OCE-KP) be given. Without loss of generality, one may
assume ZjeJ agj)T(j) < b for all t = 0,...,T as otherwise, the instance is clearly
infeasible. Since an item ¢ € I must either be packed in every stage or in none of them,
its weight may be defined by a¥) := ZtT:o agi). Since the constant solution y combined
with the fixed solution 7 may not exceed the corresponding knapsack capacity at
each stage, the total weight of the items in I that are packed is bounded from
above by b := ming—g 7 <bt — ZjeJ agj)Tt(j)) Thus, (OCE-KP) clearly reduces to
a binary knapsack problem on the partition set I with weights @, knapsack capacity b,
and profits C. It is easy to see that this reduction works for both an inequality and

an equality constraint on the weights a. O

Recall that there exists a pseudo-polynomial dynamic programming scheme for
the BINARY KNAPSACK PROBLEM, and that the SELECTION PROBLEM, as a special
case where all weights are equal to one, can be solved in polynomial time. Conse-
quently, any call of the oracle ¥ for the problem (OCE-KP) in Algorithm 3 can be
replaced by a corresponding (pseudo-)polynomial optimization algorithm.

Corollary 5.3.2. If S, T € O(1), then (BND) with time-wise or total variation and
feasible sets Xy, t = 0, ..., T, given by a knapsack constraint as defined in Lemma 5.3.4
can be solved in pseudo-polynomial time. In particular, the problem can be solved
in polynomial time for a selection constraint, i.e., if a; =1, for all t =0,...,T.

Recall that the second part of the above corollary is actually not a new result: the
tractability of (BND) with a selection constraint and bounded time-wise variation
was already established in Theorem 4.2.2 where both S and T are actually part of
the input. Similarly, for the corresponding problem with total variation, stronger
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statements about the tractability were already given in the previous chapter (see
Lemmas 4.2.6 and 4.2.7). There, it sufficed that either S or 7' is fixed, but not
necessarily both.

In the following, the problem (OCE) will be proven to be polynomially reducible to
the underlying problem for two classes of optimization problems,namely COVERING
problems and PACKING problems. In fact, the structure of a COVERING or PACKING
problem in combination with the fixed partial solution allows a reduction to a smaller
problem of the same type.

Lemma 5.3.5. Consider (OCE) where each feasible set is given by the set X con-
taining all characteristic vectors of feasible solutions to a PACKING PROBLEM. Then,
(OCE) polynomially reduces to solving a smaller PACKING PROBLEM instance.

Proof. Let an instance of (OCE) as defined in the lemma be given, i.e., the task
of (OCE) is to find a subset V! C {v;: i € I'} so that at each stage ¢, the union V! U
V,/ satisfies the packing constraint |(VIU V,/)N S| <1 for all k € {1,...,m}. Here,
the latter set V7 C {v;: i € J} consists of elements that are enforced (Tt(i) =1)
by the fixation 7, at stage ¢ € {0,...,T}. The remaining elements v; with ¢ € J are
forbidden (Tt(i) = 0) by the fixation. Without loss of generality, one may assume that
there exists no stage ¢ so that some set Sk, k € {1,...,m}, contains two enforced
elements from V;’. Indeed, in this case the instance is clearly infeasible.

If there is an element v; with ¢ € I such that some set S, k € {1, ..., m}, contains v;
as well as an element from V,’ that is enforced at some stage ¢, then this element v;
may deleted from {v;: 7 € I'}. This is due to the fact that the inclusion of any such
element v; in the set V! would violate the corresponding packing constraint for Sy,
at stage t. Let W C {v;: i € I} collect all elements which remain after this deletion.
At last, delete all sets Sg, k € {1,...,m}, which contain an enforced element and, in
the remaining sets, remove all elements which either correspond to a deleted element
in {v;: i€ I} \ W or a forbidden element.

The task of (OCE) then consists in finding a (maximum weight) subset V! C W
of the non-deleted elements in W so that the packing constraint |S; N V| < 1 is
satisfied for all remaining sets S;. Obviously, this is a PACKING PROBLEM again. [

A similar result can be proven for COVERING PROBLEMS.

Lemma 5.3.6. Consider (OCE) where each feasible set is given by the set X contain-
ing all characteristic vectors of feasible solutions to a COVERING PROBLEM. Then,
(OCE) polynomially reduces to solving a smaller instance of the same problem type.

Proof. The argument is symmetric to the previous proof and therefore only briefly
outlined. Here, the task of (OCE) is to find a subset V! C {v;: i € I'} so that at each

161



stage t, the union V! UV}’ satisfies the covering constraint |(V UV,7) NSk > 1 for
all k € {1,...m}. W.l.o.g., there exists no stage ¢ so that the corresponding fixation 7
forbids all elements in some set Sk, k € {1,...,m}, as in this case, the instance is
clearly infeasible.

Any element v; with ¢ € I such that some set Sk, k € {1,...,m}, contains v;
and otherwise only forbidden elements from V,” for some stage ¢ may deleted
from {v;: i € I}. The inclusion of any such v; in the set V' is necessary to satisfy the
covering constraint for Sy at stage ¢. Let W C {v;: i € I} collect all elements which
remain after this deletion and delete all sets S; which contain an element in W. In
the remaining sets, remove all elements which either correspond to a deleted element
or a forbidden element. The task of (OCE) thus reduces to a (minimum weight)
PACKING PROBLEM on the ground set W with the remaining sets Sj. O

Many combinatorial problems belong to the previous two classes of problems. For
example, (weighted) VERTEX COVER, (weighted) STABLE SET or (weighted) MAXI-
MUM MATCHING. In particular, some packing or covering problems that are generally
NP-hard (e.g., VERTEX COVER or STABLE SET) are known to become tractable in
a number special cases, e.g., bipartite graphs, graphs with bounded treewidth, trees,
cycles or perfect graphs. This thesis will not look for any further combinatorial
structures for which the tractability of (OCE) can be shown. This, however, does
not mean that the possibility for a reduction of (OCE) to a smaller problem instance
of the same type is limited to the previously discussed problems only. For example,
by appropriately adjusting the node demands and supplies, an instance of (OCE)
where the feasible set corresponds a (binary) minimum-cost flow problem appears
to be reducible to a smaller min cost flow instance in a similar way. The tractability
of (OCE) for particular combinatorial structures then again yields the tractability of
the corresponding problem (BND) with time-wise or total variation if S,T" € O(1).

Note that the Lemmas 5.3.4, 5.3.6, and 5.3.5 do not contradict Proposition 5.3.1.
Even though the problem (OCE) was reduced to the solution of a single instance
of the underlying problem, the reductions were tailored to the specific type of the
feasible set in each case. This does not imply that the feasibility of (OCE) can be
decided given an (LO;)-oracle T, for each feasible set Xy, since such a strategy must
be universal and cannot depend of the feasible sets.

This concludes the chapter. Its most important result is that the question
whether there exists an oracle-polynomial algorithm for the problem (BND) based
on (LOy)-oracles for the sets Ty strongly depends on what part of the input is
considered a constant. As was shown in Section 5.1, if the number of switches n
is considered a constant, then a polynomial number of (LOy)-oracle calls suffices
to solve the problem (BND) regardless of the type of variation. In this case,
the relative complexity of (BND) therefore does not increase compared to the
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complexity of the underlying problems (LO;). However, this changes immediately
if either the bound on the variation S, or the number of stages T' is considered a
constant. The complexity-theoretical approach taken in Section 5.2 proved that
at least for the problem (BND) with switch-wise variation, a polynomial number
of (LOy)-oracle calls does not suffice to find an optimal solution if S is constant,
unless P = NP. The remaining results in this section concerning the complexity
of (BND) for time-wise variation did, however, not allow to draw an analogous
conclusion for this variation type. Nevertheless, the answer to the main question
of this chapter was finally given in Section 5.3. In fact, a polynomial number of
(LOy)-oracle calls does not suffice to solve the problem (BND), more precisely, it
does not even suffice to decide its feasibility. This holds true for any type of variation
and even if both S and T are constant. Most importantly, it holds independent of
the complexity-theoretical assumption P # NP, unlike the preceding result from
Section 5.1. As was shown just before, assuming the existence of a different, more
powerful linear optimization oracle ¥ for the OPTIMAL CONSTANT EXTENSION
PrROBLEM (OCE) yields an oracle-algorithm for (BND) with time-wise or total
variation. For constant S and T, this algorithm is even oracle-polynomial with
respect to the oracle W. Although (OCE) is NP-hard in general, there exist a
number of cases for which it actually turns out to be tractable. An interesting
future research question might be to study problem (OCE) further so as to better
understand its possibilities and limitations in terms of tractability.
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Chapter 6

Conclusion and Outlook

This thesis investigated a multi-stage optimization problem where a linear function
was optimized over a sequence of solutions of an underlying problem that changes
over time, where additionally, the variation of the sequence of the solutions was
restricted. More precisely, it was either penalized in the objective function or, al-
ternatively, contained in the set of constraints where a hard upper bound on it was
imposed. In the latter case, the objective value was not directly affected. The bounded
problem version turned out to be more challenging and hence, the focus of this thesis
lay on this version for the three different types of variation called time-wise, switch-
wise and total variation.

A detailed study of the special case in which the underlying problem has dimen-
sion one, and hence, no combinatorial structure, was presented in Chapter 3. In
this case, all considered problem versions turned out to be tractable. That chapter
actually went way beyond only the question of complexity, in fact, it was mostly fo-
cused on the investigation of the corresponding polyhedral structure. For all problem
versions, a compact extended formulation was given that was proven to be integral
when continuously relaxed. Furthermore, a perfect formulation in the original space
was presented for each problem version. With time-wise variation being the only
exception, all these perfect formulations required an exponential number of linear
inequalities. However, the respective separation problem was proven to be solvable
in polynomial time. Based on the idea to merge consecutive entries in a particular
way, the chapter also devised an efficient combinatorial optimization algorithm for
the bounded problem with total or switch-wise variation, which turned out to signif-
icantly outperform a previous naive dynamic programming scheme. Since the study
conducted in Chapter 3 was very extensive, there is no obvious starting point for
future research in this particular case. However, something that might leave some
room for improvement could be the length of the correctness-proof for the merging
algorithm. While the idea to use LP-duality arguments is an interesting change in
strategy, and the proof is two-fold in the sense that it additionally implies the cor-
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rectness of the proposed perfect formulation, it is very sophisticated. Future research
might try to provide a more compact proof of correctness since the correctness of
the perfect formulation can instead also be proven by application of Fourier-Motzkin
elimination to the extended model.

The main discovery made in the subsequent Chapter 4 was that the complexity
of the bounded problem strongly depends on the type of variation that is considered.
The chapter was entirely restricted to one of the simplest underlying problems to
consider, the SELECTION PROBLEM. It was established that the penalized problem
is tractable (regardless of the type of variation) by means of linear programming,
and that the bounded problem with time-wise variation is tractable by means of
a polynomial reduction to a min cost flow problem. In contrast, the corresponding
multi-stage problem with a bound on the switch-wise variation already turned out
to be strongly N'P-hard, even in a quite restricted setting. However, some tractable
special cases for the latter problem were presented, such as the cases in which either
the number of switches or the number of stages is fixed, or alternatively, the selection
bound in all underlying problems is uniformly one. In future research, one could
try to look for further tractable special cases of this problem version in order to
better understand where the boundary between tractability and intractability runs.
Another possible future research topic might consist of approximation algorithms,
which were not in the scope of this thesis. The obvious open question of this chapter
is the one about the general complexity of the bounded problem with total variation.
Although this problem version was proven to be tractable for either a fixed number of
stages or a fixed number of switches, its complexity remained unknown if none of the
problem parameters is assumed to be fixed. Another possible generalization of the
setting considered in Chapter 4 would be to consider other fairly simple underlying
problems and see if the tractability of the time-wise case holds up or, alternatively,
whether the complexity of the corresponding bounded problem with total variation
can be determined.

The final chapter went somewhat in the direction in which the former question
aims, but remained on a much more abstract level, pursuing an oracle-based ap-
proach. It conducted an information-theoretical study of the bounded problem ver-
sion and obtained as its main result that, relative to the underlying combinatorial
problem, the bounded problem is much more complex regardless of the variation.
Assuming that the number of switches is a fixed parameter, the bounded problem
was shown to oracle-polynomially solvable.. However, if instead the number of stages
and the bound on the variation are fixed, none of the variants could be solved oracle-
polynomially and, in fact, a polynomial number of oracle calls to the underlying prob-
lem did not even suffice to decide the feasibility of the problem. However, changing
the latter assumptions to the degree that there is a (more powerful) linear opti-
mization oracle for the closely related OPTIMAL CONSTANT EXTENSION PROBLEM,
allowed to devise an oracle-algorithm which then runs in polynomial time. More-
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over, the OPTIMAL CONSTANT EXTENSION PROBLEM was proven to be tractable
for some classical combinatorial problems. Since the discussed problems are either
always tractable or otherwise known to be tractable for quite some special cases, the
corresponding oracle-algorithm can be turned into a polynomial algorithm in these
cases. Future research might try to show the tractability of OPTIMAL CONSTANT
EXTENSION for further combinatorial structures or, regarding the oracle-approach, it
might consider an oracle for different related problems in the hope of finding another
oracle-approach in this new setting, too.

Finally, on a larger scale, future research might extend the multi-stage optimiza-
tion problem with penalized or bounded variation towards the direction of robust or
stochastic optimization to better model the fact that, usually, parameters of future
instances are subject to uncertainty.
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