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Abstract

In the last decades, metamaterials have gathered significant attention due to their exotic properties and
potential applications. These exotic properties are a result of their engineered microstructure. We are
particularly interested in mechanical metamaterials that exhibit band-gaps. Band-gaps are frequency
regions for which wave propagation is prohibited and thus metamaterials can be used for vibration
isolation.

Band-gaps appear in the dispersion curves calculated via Bloch-Floquet analysis on the unit cell, which
is the fundamental building block of periodic metamaterials. The main assumption of Bloch-Floquet
analysis is that the material is infinitely extended, possessing no boundaries. However, in real applications,
metamaterials are of finite size, and therefore, they must have boundaries, whose geometry depends on
the choice of unit cell “cut”. For a given periodic metamaterial, there is an infinite number of possible
unit cell “cuts” we can choose, that can all reconstruct the same infinitely extended metamaterial just
by translation. When dealing with finite-size samples, the choice of “cut” matters, since by choosing a
different“cut” we end up with a different geometry on the boundary of the metamaterial. This can cause
boundary effects during wave propagation that are not accounted by Bloch-Floquet analysis.

The usual way to model metamaterials is through a finite element analysis while modeling the base
microstructure’s material with Cauchy elasticity. However, when one wants to model a large size meta-
material, or a structure made out of many metamaterials and traditional materials connected with each
other (a metastructure), the computational cost can quickly become unsustainable. Another, more com-
putationally efficient way, is to model them using enriched continuum theories, where we suppose that the
microstructured material is now homogeneous, but has extra independent kinematical fields to account
for the movements of the microstructure.

In this thesis, the enriched continuum model used to model metamaterials is the reduced version of
the relaxed micromorphic model. This model has proven to be effective in the description of band-
gap metamaterials and in reducing the computational cost. Its energy density is a function of the
displacement u ∈ R3 and of an extra independent kinematical field, the non-symmetric micro distortion
tensor P ∈ R3x3, which allows for the description of dispersion and band-gaps. However, even if the
reduced relaxed micromorphic model captures the dispersion of a given metamaterial, it does not have a
“way” of discriminating between different finite size-metamaterials, if those have been constructed using
different unit cell “cuts”. We note that this is true for all enriched continuum models since homogenisation
is employed, and information on boundary effects is not directly included in the procedure, leading to
incomplete description of finite-size metamaterials.

To overcome this difficulty, the method of interface forces is introduced, that allows us to capture boundary
effects in finite sized specimens. We apply this method on different finite-sized metamaterials constructed
from different “cuts”, showing its versatility and effectiveness, concluding that it is an absolutely necessary
step one must take, if one wants to use a homogenised description to model metamaterials of finite-size.
The two, so-far used, different methods of calculating the appropriate interface forces for a given test are
discussed. Furthermore, we propose an ansatz for the expression these interface forces must have on a
Cauchy/RRM interface in our tests, and apply this ansatz succesfully to capture boundary effects. We
separate boundary effects in general boundary effects related to finite-size, edge effects, and boundary
effects that propagate in the bulk, investigate the dependence of edge effects on the number of unit cells
in the y-direction and explain the meaning of our findings for the method of interface forces. Moreover,
we define edge tests and discuss their potential for edge effect identification.

Lastly, we present examples of how boundary effects can affect the microstructured metamaterials’ re-
sponse, and what conclusions one can draw regarding potential applications.
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General Introduction

In recent years metamaterials have gathered significant attention due to their remarkable properties
and potential applications. Metamaterials are materials with a microstructure that is engineered for
the purpose of granting them a particular effective property. Although elastic metamaterials can be
engineered to have peculiar properties in statics and dynamics, this thesis is concerned with the modeling
of metamaterials that are engineered for applications in the dynamic regime. Specifically we are concerned
with band-gap metamaterials, that is, metamaterials that exhibit band-gaps in their dispersion diagrams.
Band-gaps are frequency regions for which wave propagation is prohibited and thus metamaterials can
be used for shielding applications in the band-gap range.

As often seen in literature, when a metamaterial is used for a shielding application, a Bloch-Floquet
analysis is performed on the unit cell in order to calculate its dispersion curves. Then, according to the
latter, a finite-size specimen is built using a precise number of unit cells, where this number is appropriate
for the specific shielding application. Bloch-Floquet analysis employs Bloch-periodic boundary conditions,
which means that the calculated dispersion curves actually properly characterise an infinitely extended
metamaterial and therefore, that possesses no boundaries. However, in real applications, metamaterials
are of finite size, and therefore, they have boundaries whose geometry depends on the choice of unit cell
“cut”. The unit cell is the fundamental building block of periodic metamaterials. For a given periodic
metamaterial, there is an infinite number of possible unit cell “cuts” we can choose, that can all reconstruct
the same infinitely extended metamaterial just by translation. When dealing with finite-size samples,
the choice of unit cell “cut” matters, in the sense that by choosing a different“cut” we end up with a
different geometry on the boundary of the metamaterial. This can cause boundary effects during wave
propagation, that make our metamaterial behave differently than one would expect if the only information
considered are the one provided by the dispersion curves. In other words, Bloch-Floquet analysis conveys
no information concerning boundary effects in finite size samples, since the dispersion curves that come
from this analysis characterise an infinitely extended metamaterial. In this thesis we will therefore see,
how this fact affects the modeling of finite-size metamaterials and their potential applications.

The usual way to model metamaterials is through a finite element analysis while modeling the base
microstructure’s material with Cauchy elasticity. However, when one wants to model a large size meta-
material, or a structure made out of many metamaterials and traditional materials connected with each
other (a metastructure), the computational cost can quickly become unsustainable. We can, however take
advantage of the fact that metamaterials are periodic and model them using enriched continuum theories.
In this way, the computational cost is greatly reduced, and we are also able to take advantage of a reliable
and well established continuum theory involving the material’s effective properties. Therefore, based on
this idea, a significant amount of research has been published regarding the so-called homogenisation of
metamaterials.

In the particular case of band-gap metamaterials, different homogenisation strategies exist, but they all
work towards the same goal, which is replicating the Bloch-Floquet band structure (i.e. the procedure
must lead to a model that produces dispersion curves that are as close as possible to those coming from
Bloch-Floquet analysis for the metamaterial under study). The ability of several higher order and enriched
continua to describe metamaterial dispersion is discussed extensively based on their dispersion polynomial,
providing a guide of how one should think when attempting to model a band-gap metamaterial using an
enriched continuum.

In this thesis, the enriched continuum model used to model metamaterials is the reduced version of
the relaxed micromorphic model (RRMM). This model has proven to be effective in the description of
band-gap metamaterials and in reducing the computational cost. Its energy density is a function of
the displacement u ∈ R3 and of an extra kinematical field, the non-symmetric micro distortion tensor
P ∈ R3x3, which allows for the description of dispersion and band-gaps. However, even if the reduced
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relaxed micromorphic model captures the dispersion of a given metamaterial, it does not have a “way” of
discriminating between different finite size-metamaterials, if those have been constructed using different
unit cell “cuts”. We note that this is true for all enriched continuum models since homogenisation is
employed, and information on boundary effects is not directly included in the procedure, leading to
incomplete description of the behavior of finite-size metamaterials.

To overcome this difficulty, the method of interface forces is introduced, that can be applied in general
to all enriched continua, and allows us to capture boundary effects and model the behavior of finite-sized
specimens. The method states that in the case of modeling a finite-sized metamaterial using an enriched
continuum, any boundary effect taking place in the microstructured metamaterial must lead to the
activation of a suitable surface force on an interface/free boundary, of the enriched continuum. A choice
of a different unit cell “cut” leads to a different boundary effect in the microstructured metamaterial, and
thus to a different surface force on the interfaces/ free boundaries, of the enriched continuum. We apply
this method on different finite-sized metamaterials constructed from different unit cell “cuts”, showing its
versatility and effectiveness, concluding that it is an absolutely necessary step one must take, if one wants
to use a homogenised description to model metamaterials of finite-size. The two, so-far used, different
methods of calculating the appropriate interface forces for a given test are discussed. Furthermore, we
propose an ansatz for the expression these interface forces must have on a Cauchy/RRM interface in
our tests, and apply this ansatz succesfully to capture boundary effects. We pay particular attention to
edge effects, where we show that they are not affected by the number of unit cells in the y-direction, and
explain what this means for interface forces.

We also briefly present some examples of how boundary effects coming from the choice of unit cell “cut”
can affect the microstructured metamaterials’ response, and what conclusions one can draw regarding
potential applications.

The following manuscript is organized as follows:

• InChapter 1 the concept of metamaterials is introduced and a historical perspective is given. Next,
an explanation of Bloch-Floquet analyis is given, the tool that is used for the design of band-gap
metamaterials. Finally, the need for a homogenised description of metamaterials is emphasized.

• In Chapter 2 Cauchy, higher gradient and enriched continuum theories are introduced. A historical
perspective is given and some applications of each theory. For each theory in its isotropic case, the
potential for infinite band-gap metamaterial description is demonstrated based on the properties of
the dispersion polynomial of each theory.

• In Chapter 3 the model used in this thesis, i.e. the reduced relaxed micromoprhic model is
introduced. All properties of the model are explained and the potential of the model for the
description of infinite-size band-gap metamaterials is discussed extensively.

• In Chapter 4 a locally resonant metamaterial is introduced and two finite-sized metamaterials
are constructed from two different unit cell “cuts” that correspond to the infinite locally resonant
metamaterial. We simulate these finite-sized metamaterials in the frequency domain, first using the
full microstructure and Cauchy elasticity, and afterwards using the reduced relaxed micromoprhic
model. Comparing the results, the need for a method to capture boundary effects related to the
finite-size and therefore the unit cell “cut”, is stressed out.

• In Chapter 5 the method of interface forces in introduced, in order to capture boundary effects
in finite-size specimens made from different unit cell “cuts”. The method is applied to capture
neglected boundary effects in the case of the locally resonant metamaterial of previous chapter.
Cases of edge effects, boundary effects that propagate in the bulk, and more general boundary
effects related to finite-size are treated, demonstrating the potential of the method. Regarding edge
effects, it is shown that they are not affected by the number of unit cells in the y-direction, as
long as this number is bigger than one. The relation of this fact to interface forces is discussed.
Furthermore, edge tests are defined and their potential for edge effect prediction is discussed.

• In Chapter 6 a labyrinthine acoustic metamaterial is introduced, for which experimental tests
have shown, that depending on the choice of unit-cell “cut”, it can show higher or lower values
of Transmissibility. Four finite-size metamaterials are modeled using the RRMM coupled with the
method of interface forces and the method’s effectiveness in capturing boundary effects for all four
specimens and several frequencies is demonstrated. An ansatz for the interface forces regarding
Cauchy/RRMM interfaces is introduced and applied to most cases with success. Lastly, we explain
the limits of Bloch-Floquet analysis based on our findings.
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• In Chapter 7 we show the so-far discovered implications of the choice of unit cell “cut” on the
response of finite-sized specimens with examples and discuss possible future applications.

Notational agreement

We denote by R3×3 the set of real 3 × 3 second order tensors and by R3×3×3 the set of real 3 × 3 × 3
third order tensors. The standard Euclidean scalar product on R3×3 is given by ⟨X,Y ⟩R3×3 = tr(XTY )
and, thus, the Frobenius tensor norm is ∥X∥2 = ⟨X,X⟩R3×3 . Moreover, the identity tensor on R3×3 will
be denoted by 1, so that trX = ⟨X,1⟩.
We adopt the usual abbreviations of Lie-algebra theory, i.e.

• Sym(3) := {X ∈ R3×3 | XT = X} denotes the vector space of all symmetric 3× 3 matrices.

• so(3) := {X ∈ R3×3 | XT = −X} is the Lie-algebra of skew symmetric tensors.

• sl(3) := {X ∈ R3×3 | tr(X) = 0} is the Lie-algebra of traceless tensors.

• R3×3 ∼= gl(3) = (sl(3) ∩ Sym(3)) ⊕ so(3) ⊕ R1 is the orthogonal Cartan-decomposition of the Lie-
algebra.

For all X ∈ R3×3, we consider the decomposition

X = dev symX + skewX +
1

3
tr(X)1 ,

where

• symX = 1
2 (X

T +X) ∈ Sym(3) is the symmetric part,

• skewX = 1
2 (X −X

T ) ∈ so(3) is the skew-symmetric part,

• devX = X − 1
3 tr(X)1 ∈ sl(3) is the deviatoric part.

Throughout this thesis, we denote fourth order tensors C : R3×3 → R3×3 by double struck letters, while
Latin subscripts take the values 1,2,3, and we adopt the Einstein convention of sum over repeated indices
if not differently specified.

We denote by CX the the double contraction of a fourth order tensor with a second order tensor. In the
Einstein summation convention we write

(CX)ij = CijklXkl .

The operation of single contraction between tensors of suitable order is denoted as

(σn)i = σijnj .

The gradient of a vector field u and a second order tensor field P are defined respectively as

(∇u)ij = ui,j ,

(∇P )ijk = Pij,k .

The divergence of a vector field u and a second order tensor field P are defined respectively as

Div u = ui,i ,

(DivP )i = Pij,j .

The curl of a vector field u is defined as

(curlu)i = εijkuk,j

where εijk is the Levi-Civita third order permutation tensor. Let P be a second order tensor and P1, P2, P3

three vector fields such that

P =

PT1PT2
PT3

 .
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The Curl of P is defined as

CurlP =

(curlP1)
T

(curlP2)
T

(curlP3)
T


which in index notation is

(CurlP )ij = εjklXil,k .

Copyright statement: Some passages have been quoted
verbatim from the published papers of the author [15, 16].
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Chapter 1

Metamaterials

1.1 Introduction

In the last decades, the research field of metamaterials has attracted increasing attention given the
interesting properties that these materials can possess and their potential applications. Metamaterials,
from the Greek word “meta” meaning “beyond” or “after”, are materials with a microstructure engineered
to grant them properties that surpass those usually found in natural materials. In a simpler definition,
metamaterials are structures that allow us to engineer the interaction of fields with matter. Though
there are many structures that qualify as metamaterials, the most common is that of an arrangement of
elements whose size and spacing is much smaller relative to the scale of spatial variation of the exciting
field. In this limit, the responses of the individual elements, as well as their interactions, can often be
incorporated (or homogenised) into continuous, effective material parameters. The collection of discrete
elements is thus replaced conceptually by a hypothetical continuous material. The properties of this
hypothetical continuous material are derived both from the inherent properties of its base material, as
well as from the geometrical properties of its microstructure, which is precisely what is taken advantage
of, when their properties need to be engineered. A 2D natural homogeneous material and a same size
periodic structure that qualifies as a metamaterial can be seen in (Fig. 1.1).

Figure 1.1: Simple distinction between a 2D material (left) and a same size 2D structure that qualifies as a
metamaterial (right).

1.2 History

Historically, the first allegation of a metamaterial came from Victor Veselago in 1968 [97], where he pro-
posed that materials with both negative permeability and positive permittivity are possible theoretically.
It wasn’t until the 2000s though, that this was proven experimentally [91]. The same group showed in
the following years, that electromagnetic/photonic metamaterials can show a negative effective index of
refraction [87], and that they can be used for exotic lensing and cloaking [69]. This meant that now, in
these structures called metamaterials, wave propagation could be controlled in ways that were not pos-
sible using natural materials. This sparked a huge interest among researchers, growing the metamaterial
field exponentially with time. After such interesting phenomena have been demonstrated in photonic
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metamaterials, the ideas were extended to mechanical/phononic metamaterials, where researchers were
able to show that elastic metamaterials can possess a negative Poisson’s ratio [46], a negative effective
mass density [36], simultaneously negative effective shear modulus and mass density, leading to negative
refraction [101] and other exotic properties. Other interesting phenomena arising in metamaterials worth
mentioning include focusing [10, 31], channeling [5, 43, 58] and chiral effects [23, 24, 61, 77, 78]. Perhaps
one of the most unique and interesting properties of metamaterials are band-gaps [40, 52, 55]. Again, an
idea initially found in photonic metamaterials, the photonic band-gap, extended in mechanics, gave us
the phononic band-gap. What band-gaps are, and what ways have been found so far to create them in
elastic/acoustic metamaterials will be explained in the next section.

1.3 Periodic metamaterials and Bloch-Floquet analysis

The most usual class of metamaterials are periodic metamaterials. These are obtained by a periodic
repetition of a specific unit cell in space (see Fig. 1.2).

Figure 1.2: A 3×3 periodic metamaterial built by the periodic repetition of a unit cell in space.

Researchers are particularly interested in periodic metamaterials, usually because with the correct design
of their structural unit (the unit cell), they can exhibit band-gaps in their dispersion diagrams. Band-gaps
are frequency ranges, in which wave propagation is prohibited. In a band-gap, instead of a propagating
wave, we have an evanescent wave. Physically this means that the wave is exponentially decayed in space
since it is heavily attenuated in the microstructure. Therefore metamaterials with band-gaps can be used
to attenuate waves in a frequency region of interest, acting as shields. The next logical question would
then be, how does one calculate dispersion diagrams for a given metamaterial?

As mentioned before, metamaterials are periodic media, and wave propagation in periodic media is
governed by the Bloch-Floquet theorem. The procedure of applying the theorem and calculating the
dispersion curves for the infinitely periodic medium is called Bloch-Floquet analysis. As the name of the
analysis states, the method owes it to Felix Bloch [4], who applied Floquet’s theory [22] to periodic crystal
lattices, providing us with a theory for band structure computation of periodic media. Bloch’s theorem
was initially used in electronic crystals to calculate the electronic band structure and later extended in
photonic and phononic crystals to calculate the corresponding photonic and phononic band structure
respectively.

We will briefly explain here how Bloch-Floquet analysis works, for the calculation of dispersion curves
for metamaterials. The whole procedure of Bloch-Floquet analysis is explained in detail in [11], from
the Bloch-Floquet theorem up to the finite element implementation in Matlab®. Here we will only show
what is necessary for understanding this thesis.

We assume to have a 2D rectangular periodic structure (see Fig. 1.3 left). The structure is composed of
the periodic repetition of the unit cell seen in Fig. 1.3 (right) in two orthogonal directions denoted by
dx , dy ∈ R2 which has dimensions Lx and Ly.

The periodicity of the structure allows us to express the position of each point P in the structure (given
by vector rP ∈ R2 in Fig. 1.3) as a function of the position rU ∈ R2 of the corresponding point U in the
reference unit cell by adding to the vector rU , a vector which expresses the translation of the reference
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Figure 1.3: Infinitely extended 2D rectangular periodic structure (left) and the unit cell (right).

unit cell across the lattice in order to be in the position of the unit cell that includes point P , namely
vector n = nxdx + nydy in Fig. 1.3. The vector n represents the number of unit cell shift in x−direction
(nx) and in y−direction (ny). This implies that rP can be expressed as

rP = rU + nxdx + nydy = rU + n . (1.1)

We can imagine that if the two unit cells (those that include points U and P respectively) had their own
local coordinate system, points U and P would have the same exact coordinates, and this is what is meant
by “corresponding points”. The Bloch-Floquet theorem states that the solution of a wave propagation
problem in a periodic medium can be expressed as a plane wave modulated by a periodic function q, i.e.

q(r, k, ω) = q(r, k)ei⟨k,r⟩eiωt (1.2)

where eiωt is the plane wave with the angular frequency ω > 0, q(r, k) is the periodic function, that
has a spatial periodicity (i.e. it is periodic in r) due to the periodicity of the structure, and k ∈ R2 is
the wavevector. A direct consequence of this statement is that wave propagation in an infinite periodic
medium can be expressed in terms of the response of a reference unit cell and an exponential term,
defining the relative amplitude and phase change as the wave propagates from one unit cell to the next.
This, in turn, means that through Equations (1.2) and (1.1), the wave response at a point P in the
periodic structure, which we will denote as q(rP , k, ω), can be expressed as a function of the response at
the corresponding point U in the reference unit cell, denoted as q(rU , k, ω) by

q(rP , k, ω) = q(rU , k, ω)e
i⟨k,nxdx+ny dy⟩ . (1.3)

This can be equivalently written as

q(rP , k, ω) = q(rU , k, ω)e
i⟨k,rP−rU ⟩ . (1.4)

Thanks to the Bloch-Floquet theorem, in order to implement Bloch-Floquet analysis in any finite element
software, we only need to import the geometry of our unit cell and not of the infinite periodic structure.
Then we need to enforce equation (1.4) on opposite boundaries of the unit cell (see Fig. 1.4 left), on the
unknown of our problem, which is the displacement field u ∈ R2.

Then equation (1.4) becomes
u(rP , k, ω) = u(rU , k, ω)e

i⟨k,rP−rU ⟩ (1.5)

where u ∈ R2 is the displacement field. Equation (1.5) is what is called a Floquet-Bloch periodic boundary
condition. This is exactly what we apply on the boundaries of our unit cell and it must be applied on all
pairs of opposite boundaries of the unit cell (orange and green boundaries in Fig. 1.4). The reason for
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Figure 1.4: Boundaries for application of Floquet-periodicity during Bloch-Floquet analysis (left) and the Irre-
ducible Brillouin Zone (right).

this is that these two sets of boundaries (green or orange) are what connect the unit cell to adjacent unit
cells, and they therefore carry corresponding points for which the Bloch-Floquet theorem holds. Since we
applied Floquet periodicity on the displacement, which is our unknown, this periodicity automatically
holds for the stress and the traction on the boundaries, since they are functions of the unknown. After
the application of the Floquet-Bloch periodicity on the boundaries, theoretically we could discretize our
geometry with finite elements and solve a generalised eigenvalue problem in which the wavenumber is
given by us, the eigenvalues are the frequencies ω, and the eigenvectors are the different mode shapes of
the unit cell.

This procedure would lead to the calculation of dispersion surfaces if this was done for all possible
wavenumbers in k-space. However, the 2π periodicity of the dispersion surfaces has been proven in [6].
Taking advantage of this, and exploiting symmetries of the wave propagation problem and symmetries
of the geometry of the unit cell, the values of the wavenumber that one must use, to get all the necessary
information in order to describe wave propagation in the infinite periodic structure, are restricted to a
zone called the Irreducible Brillouin Zone (in short: IBZ) [11].

Γ Μ Χ Γ
0

50 000

100 000

150 000

ω
[H
z]

Band Structure

Figure 1.5: Band structure (or dispersion diagram) for the cross unit cell shown in Fig. 1.4 for a side length of the
unit cell equal to 2 cm and the base material being structural steel. A band-gap can be seen colored in orange.
The greek letters on the x-axis correspond to specific wavenumbers shown with the same Greek letters in Fig. 1.4,
thus implying the “scanning” of the IBC by the k-vectors.
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For the unit cell showed in this section, the Irreducible Brillouin Zone is the orange-hatched triangle
in Fig. 1.4. The wavenumber can take values that span the whole area of the IBZ, but we are usually
interested in the minima and maxima of the dispersion surfaces. Consequently, we evaluate the dispersion
surfaces on the boundary of the IBZ, namely the Irreducible Brillouin Contour (IBC) (see Fig. 1.4 for the
IBC of the unit cell of this section, colored in purple). This is based on the assumption that the minima
and maxima of the surfaces lie only on the IBC. However, there are cases for which this assumption
is indeed incorrect, so one should be very careful and scan the whole IBZ. In most cases however, the
assumption is valid and only wavenumbers that lie in the IBC are those that are used in the Bloch Floquet
analysis to calculate what is often called the band structure of the metamaterial (see Fig. 1.5).

The dispersion curves obtained from Bloch-Floquet analysis exhibit the following two important scaling
properties:

• The dispersion curves scale proportionally in frequency with respect to the base material’s wave
speed. This means that when keeping the geometry and size of the unit cell unaltered, using a
stiffer or less dense base material would bring the curves higher in the frequency axis.

• Both the wavevector k and the frequency ω scale inversely with the unit cell size: This implies that
when keeping the geometry and base material of the unit cell unaltered, making the size of the unit
cell bigger using a homothetic scaling would bring the curves lower in the frequency axis and lower
in the wavenumber axis.

These two properties are of great importance, and an enriched continuum describing dynamical metama-
terial response should have dispersion curves that exhibit the same scaling properties, as it was clearly
explained in [99]. More details are given in chapter 3 where the reduced relaxed micromorphic model is
introduced.

Something else worth noticing in Fig. 1.5, is that some curves start from the origin of the diagram (we
call these acoustic curves) but there also curves that start from a higher point on the y-axis (we call these
optic curves). The frequency of an optic curve when k → 0 is called a cutoff frequency, or more simply,
a cutoff.

Two other important properties of the dispersion curves worth mentioning are the following:

• The dispersion curves’ optic modes cutoffs do not change when the wavevector changes direction,
since they correspond to a frequency where k = 0.

• The acoustic modes can always be approximated linearly at a small range near the start of the
origin of the dispersion diagram. This happens because at low frequencies the wavelength is very
long, and the periodic structure appears more homogeneous to the wave, thus the metamaterial
behaves as a Cauchy continuum.

These two properties are also important for an enriched continuum describing dynamical metamaterial
response since its’ dispersion curves must respect the same properties. In Fig. 1.5 we can notice an orange
colored region for which no dispersion curve is present, the so-called band-gap. Here we are plotting the
frequency vs. the real part of the wavenumber because we are interested in propagating waves. We notice
that in the band-gap, for any frequency, there is no corresponding real wavenumber. In the band-gap
region, the wavenumber becomes purely imaginary and the wave becomes an evanescent wave, decaying
exponentially in space. The corresponding imaginary wavenumbers for each frequency in the band-gap,
indicate the attenuation of the wave.

Since we are studying metamaterials using linear elasticity, where no energy conversion to heat is present
(i.e. damping), the wave is not attenuated via damping phenomena. Attenuation is rather achieved
through an energy distribution in microstructural components, and different mechanisms of distribution
have been identified. A very short review is discussed in the following section.

1.3.1 Band-gap mechanisms

Many researchers in mechanical metamaterials have tried to identify different ways in which a band-
gap can be formed. The two most typical band-gap mechanisms, i.e. the ways in which band-gaps are
produced, are called “Bragg scattering” and “local resonance” [51]. In Bragg scattering, we can say
that a band-gap appears as a result of destructive interference of the wave reflections from the periodic
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inclusions within the lattice [6, 89]. In local resonance, resonators are embedded in the lattice, that
hinder wave propagation around their resonance frequencies [52]. Moreover, a band gap can be generated
by the combination of these two mechanisms [44, 72]. One other mechanism discovered more recently
is called “Inertial amplification”, in which effective inertia of the wave propagation medium is amplified
via embedded amplification mechanisms [106]. This method is particularly promising for low frequency
wave attenuation without the need for big lattice constants or big resonator masses, since it depends on
the amplification of a small mass. A proof that mechanisms are different ways to produce band-gaps is
usually given through a band structure plot using the imaginary part of the wavenumber, since the idea
is that a different mechanism produces different attenuation. A more detailed discussion can be found
in [105].

1.3.2 Limits of Bloch-Floquet analysis

As explained above, the main assumption of Bloch-Floquet analysis is that the material is extended to
infinity (an infinite number of unit cells is used for its construction), therefore the metamaterial has no
boundaries. However, the dispersion curves coming from Bloch-Floquet analysis are inevitably used as a
design tool in the real world, where every metamaterial is inevitably a finite-sized metamaterial.
Then, we can state that a finite-sized metamaterial’s response can be described accurately by Bloch-
Floquet analysis ( Bloch-Floquet dispersion curves and mode shapes), only if the finite size is big enough
in order for the infinite size metamaterial assumption to be approximately true. From results we will
show in later chapters, it will become clear that when a metamaterial is of finite size, boundary effects
arise, and they become more and more dominant as the size of the structure decreases in size. Then the
question arises, when can these boundary effects be neglected in relation to the structure’s size? Or in
simpler terms, how many unit cells must be used so that boundary effects play a negligible role in the
response of a finite-sized metamaterial? In this limit, the response of the structure would only be governed
by the Bloch-Floquet dispersion curves and mode shapes, i.e. the bulk material behavior. Usually, the
answer given is that a very big number of unit cells must be used to represent a metamaterial extended
to infinity. By using more unit cells, the boundary of the metamaterial scales linearly and the bulk
scales quadratically, until in some point, theoretically, the ratio of boundary to bulk would tend to zero.
Another, more interesting answer to the same question, will be given at the end of Chapter 6, in terms of
metamaterial response using different unit cell “cuts” and metamaterial modeling using homogenisation
and interface forces.

1.4 Homogenisation of metamaterials

Apart form understanding how metamaterials function, how band-gaps are formed and discovering new
and exotic properties, researchers have been trying to model metamaterials as homogenised media with
effective properties for a number of valid reasons.

First, in metamaterials, the unit cell size is usually smaller than the wavelength of the travelling wave,
which allows us to interpret the periodic structure as an “effective medium”. Moreover, the homogeni-
sation process leads to effective parameters that allow us to identify the main metamaterial’s exotic
properties. Finally, the computational cost is another key motivation in favor of modeling metamate-
rials as homogeneous media. The usual way to model elastic metamaterials is through a finite element
analysis, while modeling the exact microstructure with Cauchy elasticity. However, when one wants to
model a large metamaterial, or a structure made out of many metamaterials connected with each other (a
metastructure), the computational cost can quickly become unsustainable. Therefore homogenisation is
proposed for the design needs of the future, since a homogeneous material will require less computational
time, because its geometry needs significantly less finite elements to be described accurately.

Homogenisation of metamaterials has been widely employed both in statics and in dynamics of metama-
terials. Here we will be limited to using a homogenised description of metamaterials in dynamics since
the metamaterials under our investigation fall in the category of band-gap metamaterials. Regarding
metamaterials’ dynamic homogenisation, many different strategies have been proposed for obtaining an
effective homogenised medium [49, 92, 96], but all strategies work towards the same goal: obtaining
dispersion curves for the homogenised medium, which will be as close as possible to the band structure
of the metamaterial coming from Bloch-Floquet analysis on the unit cell.

The strategy of our choice is using an enriched continuum, to “homogenise” our metamaterial, which
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means we are posing that this new homogenised material, has new kinematic fields that carry extra
degrees of freedom related to the movements of the microstructure (see Fig. 1.6). A more detailed
explanation will be given in the Chapters 2 and 3. We will also see in the Chapter 4, why all of the
dynamical homogenisation schemes need extra enrichment in order to catch the response of real finite-size
specimens constructed from different unit cell “cuts”.

u(x,t) u(x,t), φ(x,t)

Figure 1.6: Microstructured metamaterial described by the kinematical field of the macroscopic displacement
u(x, t) (left) and homogenised enriched continuum describing the same metamaterial using the usual displacement
field u(x, t) and an extra kinematical field ϕ(x, t) (right).
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Chapter 2

Cauchy, higher gradient and
enriched continua

2.1 Introduction

A solid is essentially a very big collection of atoms, molecules or ions, where each atom, molecule or
ion, interact with its adjacent through electromagnetic forces. However, when modeling solids in the
macroscopic world, the main assumption one makes, is that the solid is homogeneous and can be treated
as a continuum. In this way the interactions in the microscopic level are neglected. We will see in the
following how this treatment only leaves us with a few engineering constants to calculate in order to
describe material behaviour in the macroscopic world. Of course these engineering constants cannot be
anything else than some sort of average of the interactions at the microscopic level.

There exist many theories that describe material behavior, such as linear elasticity, non-linear elasticity,
linear viscoelasticity and many others. In this thesis we will limit ourselves to material behaviors appro-
priate for the modeling of metamaterials under dynamic loading and small strains, which will limit us to
using Cauchy, higher gradient and Enriched continuum theories.

2.2 Cauchy elasticity

In 1660, Robert Hooke [35] was the first to discover that for many materials, the displacement under a
load is proportional to the applied force. This discovery, that was published later in 1678, established
the concept of linear elasticity upon the fact of direct proportionality between force and displacement,
although the notion of stress and strain was still missing from the picture. In the following years, several
researchers, including Leibniz, Bernoulli, and Euler, proposed an idea of internal tension/force per unit
area, i.e. stress.

However, it was Augustin-Louis Cauchy [9] who formalized the concept of stress within the framework
of a generalized three-dimensional theory. Cauchy demonstrated, using the tetrahedron argument, that
we can describe the internal interactions of a continuum due to external loading, using a 3x3 symmetric
matrix called stress (denoted with the Greek letter σ), that must transform as a tensor.

The two main assumptions of Cauchy’s theory are the following:

• The only kinematical field is the displacement u ∈ R3.

• The stress σ in each point x ∈ R3 of the material, is a symmetric tensor that depends on the
symmetric part of the gradient of the displacement sym∇u evaluated in the same material point x.

The Strain(W ) and Kinetic(K) energy density of a Cauchy continuum are defined as

W (sym∇u) := 1

2
⟨Ce sym∇u, sym∇u⟩ , (2.1)

K(u̇) :=
1

2
ρ ⟨u̇, u̇⟩ . (2.2)
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The associated Langrangian L and Action functional A can be defined respectively as

L(u̇, sym∇u) := K(u̇)−W (sym∇u) , (2.3)

A :=

∫∫
Ω×[0,T ]

L (u̇, sym∇u) dxdt , (2.4)

and its first variation δA is taken with respect to the displacement u, which is the only independent
kinematical field. We consider that δA is equal to the internal work W int of the Cauchy continuum
(W int = δA) and that the external work is given only by externally applied volume forces and boundary
forces respectively, i.e.

W ext =

∫
Ω

⟨f extV , δu⟩dV +

∫
∂Ω

⟨f extS , δu⟩ds . (2.5)

The principle of virtual workW int =W ext thus implies the strong form of the balance equations governing
Cauchy elasticity, in the absence of external body (volume) forces (f extV = 0 and f extS = f ext)

ρ ü = Div σ , (2.6)

with

σ = Ce sym∇u (2.7)

where σ is the Cauchy stress and Ce is a fourth order elasticity tensor. The Dirichlet and Neumann
boundary conditions are respectively

u = uext, (2.8)

t = f ext (2.9)

where

t = σ · n (2.10)

is the Cauchy traction. The complete procedure of taking the first variation of our Action functional in
the specific case of isotropic elastictiy can be found in Appendix A.

The number of independent coefficients of the elasticity tensor Ce depends on a number of factors. In
three dimensions, a general fourth order tensor Cjikl with no symmetry contains 34 = 81 independent
coefficients. However, here we are dealing with an elasticity tensor (coupling stress to strain), where stress
and strain are both symmetric tensors, which gives the elasticity tensor its minor symmetries (62 = 36
independent coefficients)

Cijkl = Cjikl = Cijlk (2.11)

Also the fact that the Strain energy density is written in a quadratic form, gives the elasticity tensor its
major symmetry

Cijkl = Cklij . (2.12)

Combining the effect of the minor and major symmetries reduces the number of independent coefficients
to 21. For more details, see [38]. The number of independent coefficients can be further reduced depending
on the class of symmetry of the material. The number of independent coefficients for different symmetry
classes, in the 3D case can be seen in Table 2.1. For an in depth explanation, see [63]. Since we want
to emphasize that a bulk Cauchy material shows no dispersion, and in this case showing or not showing
dispersion is not a question of symmetry, we will proceed to show that a bulk isotropic Cauchy material
shows no dispersion, but this of course holds for more anisotropic classes of symmetry. We also limit
ourselves to the plain strain case, as this thesis is only concerned with results whose main assumption is
that of plain strain. In the case of isotropy, Ce has only 2 independent coefficients [63].

These are the well known lame constants λ and µ. In planar linear elasticity their expression read

λ =
Eν

(1 + ν)(1− ν)
(2.13)

and

µ = G (2.14)
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Symmetry Independent Elastic Constants 3D

Triclinic 21

Monoclinic 13

Orthotropic 9

Tetragonal 6

Transversely Isotropic 5

Cubic 3

Isotropic 2

Table 2.1: Number of independent elastic constants for different symmetries in 3D.

where G = E
2(1+ν) is the well known shear modulus, E is the Young’s modulus and ν is the Poisson’s

ratio. Instead of using λ and µ, we can introduce the bulk modulus κ where κ = λ+ µ in 2D. Therefore,
our elasticity tensor is now a function of κ and µ instead of λ and µ. This allows for simpler positive
definiteness conditions of the elasticity tensor. Additionally, we will use symbols κe and µe instead of κ
and µ.

Since we want to study wave propagation in the infinite bulk medium, we are interested in the Equilibrium
Equations (2.6) in contrast to the boundary conditions (2.8) and (2.9) which are of no interest here. We
proceed by substituting equation (2.7) in equation (2.6), giving us a version of the Equilibrium Equations
where the displacement is also visible by ∇u in the stress

ρü−Div
[
Ce sym∇u

]
= 0 . (2.15)

We then substitute the displacement field with the plane wave ansatz under the plane strain hypothesis

uj = Uj e
i(k1x+k2y−ωt) (2.16)

where uj represents a generic component of the displacement vector, Uj is a scalar amplitude, (k1, k2)
T =

k(sinϕ, cosϕ)T are the wavevector components with ϕ as the angle giving the direction of propagation,
k > 0 is the wave vector length, t is time and ω is the frequency. Without any loss of generality, we
assume ϕ = 0, i.e. a wave traveling in x−direction.
After substitution of (2.16) in (2.15) and some manipulation, we end up with the linear homogeneous
system [

k2(κe + µe)− ρω2 0
0 k2µe − ρω2

] [
U1

U2

]
=

[
0
0

]
. (2.17)

It is then easy to see that in order for this system to have a non trivial solution, the determinant of the
matrix (called acoustic tensor) [

k2(κe + µe)− ρω2 0
0 k2µe − ρω2

]
(2.18)

needs to be zero. This provides us with a single algebraic equation

(k2(κe + µe)− ρω2)(k2µe − ρω2) = 0 , (2.19)

which is a polynomial in terms of wavenumber k and frequency ω and called the dispersion polynomial
of isotropic Cauchy elasticity.

Extracting the dispersion relations, i.e. solving with respect to ω, we arrive at

ω = k

√
µe
ρ

(2.20)

describing pure shear waves, and

ω = k

√
κe + µe

ρ
(2.21)
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describing pure pressure waves. There is always a second negative solution because the dispersion poly-
nomial is a function of ω2, but we are only interested in positive frequencies.

A proof of why these relations describe pure shear and pure pressure modes respectively comes from
the calculation of the corresponding mode shapes, i.e. the eigenvectors of the acoustic tensor (2.18).
Expressions (2.20) and (2.21) are in the form ω = f(k) and they constitute the eigenvalues of our linear
homogeneous problem (2.17). For the calculation of the mode shapes, one has to plug back the eigenvalues
into the linear homogeneous system and calculate the corresponding eigenvectors, which are precisely the
mode shapes. Plugging back eigenvalue (2.21) into the system (2.17) we end up with a new system[

0 0
0 −k2κe

] [
U1

U2

]
=

[
0
0

]
. (2.22)

The second equation of this system
−k2κeU2 = 0 (2.23)

tells us that when we excite the mode that corresponds to this eigenvalue we substituted into our initial
system, then the amplitude U2, which acts in the y−direction, must be zero, while we have no restrictions
on the amplitude U1, hence the mode is a pure pressure mode in x−direction. If we follow the same
procedure for our second eigenvalue, namely dispersion relation (2.20), we arrive at the the system[

k2κe 0
0 0

] [
U1

U2

]
=

[
0
0

]
(2.24)

which now tells us that when we excite the mode that corresponds to eigenvalue (2.20), the amplitude
U1 must necessarily be zero, while no restrictions hold for amplitude U2, therefore this mode is a pure
shear mode.

We remark that, since matrix (2.18) encloses the information we need for the calculation of the dispersion
relation, is therefore called the Acoustic Tensor. For any model, the matrix that comes from the same
procedure, and whose determinant gives us the dispersion relations, is also called the Acoustic Tensor. It
is important to notice that the size of the Acoustic Tensor is always n×n where n is the number of degrees
of freedom in the model under consideration, here in 2D. The importance of this will be discussed later,
when more continuum models will be presented. For Cauchy elasticity under the plain strain assumption,
there are only two degrees of freedom, since displacement in the z-direction is prohibited, leading to an
Acoustic Tensor of size 2× 2.

Back to relations (2.20) and (2.21), these relations tell us if the medium is dispersive. A dispersive medium
is one in which waves of different frequencies, travel with different phase velocities. Phase velocity is the
speed at which a wave of a single frequency is travelling in the medium and is given by

vph =
ω

k
(2.25)

where uph is the phase velocity, ω is the frequency and k is the wave number. In order for a medium to
be dispersive, its dispersion relations must be non-linear. Taking a quick look at equations (2.20) and
(2.21), it is easy to see that they are linear i.e. phase velocity is the same for any frequency. The value of
this phase velocity is given by the term which multiplies k in both relations. We also show in Fig. 2.1 the
dispersion curves for an isotropic Cauchy continuum, made out of Titanium. For Titanium, the elastic
constants take the values: ρ = 4400 [kg/m3], κe = 116.7 [GPa] and µe = 41.8 [GPa].

Changing the anisotropy of the medium, would only lead to a phase velocity that is a function of the
direction of propagation ϕ and additional material parameters depending on the symmetry class. However,
no dispersion could arise, since the dispersion relations always remain linear. This means that a Cauchy
bulk medium is in general non-dispersive. Cauchy elasticity can only describe dispersion, if dispersion is a
result of the medium geometry’s deviation from the infinite bulk medium [6, 37] or if we allow the material
parameters itself to be frequency dependent [81]. Two notable examples of Cauchy elasticity describing
dispersion that results from variations in the medium’s geometry, is through a periodic microstructured
medium (i.e. through the Bloch-Floquet theorem), or in the modeling of plates, where Lamb waves are
generated through the scattering of the wave on the top and bottom of the plate, which mathematically
translates as extra boundary conditions [37], leading to dispersive modes.

Once again though, we must stress, that when one wants to model a band-gap metamaterial using a
homogenised description, Cauchy elasticity will never be sufficient, as the main characteristic of a ban-
gap metamaterial (dispersion), is absent in a Cauchy bulk material. This is precisely the reason an
enriched continuum is needed.
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Dispersion curves for a 2D isotropic Cauchy continuum

Figure 2.1: Dispersion curves for an isotropic Cauchy continuum made out of Titanium. The one pure shear
mode is colored in blue while the one pure pressure mode is colored in yellow.

2.3 Enriched continuum theories: Motivation and History

Enriched continua, as the name suggests, are continua where the kinematics are enriched, i.e. more
independent kinematical fields are assumed to exist other than the usual displacement field. This is done
on the assumption that the underlying microstructures’ movements need more degrees of freedom to be
described when being homogenised, which does inevitably influence the behavior of the whole material
(see Fig. 2.3).

u(x,t),P(x,t)

Figure 2.2: Microstructured material (left) and corresponding enriched continuum with extra kinematical field P
(right)

It can be, that for a given material, the effects of the microstructure are not evident in the macroscopic
scale. In this case Cauchy elasticity is sufficient, with notable examples being the behavior of macroscop-
ically homogeneous metals like steel, titanium and iron. However, there are cases in which the opposite
is true, and these are precisely the cases where enriched kinematics are needed. Most cases in need of
an enriched continuum theory are materials that are heterogeneous even at large scales, and thus the
effect of the microstructure plays a crucial role in their macroscopic description. Some examples include
foam [70] and human bone [48, 102, 103].

The whole field of enriched continua started with the contribution of Piola [73], whose work was extended
later by the Cosserat brothers in 1909 [12]. The Cosserat brothers proposed a micromorphic medium
which was meant to describe rigid rotations of the microstructure, hence the extra kinematical field
added was a skew-symmetric second order tensor. The work of the two brothers was not appreciated
until the second half of the twentieth century when their work was extended by Mindlin [56, 57], Green
and Rivlin [30], Toupin [95], Eringen [19, 20, 21] and Germain [25]. Mindlin and Eringen proposed
the addition of a second order tensor in the kinematics, namely tensor P , which was named the micro-
distortion or micro-deformation tensor, and in constrast to the Cosserat brother’s tensor, this one would
be a general one, meaning that it would add to the model 9 additional degrees of freedom, which are the 9
components of the 3× 3 second order tensor. Through time this micro-deformation field was generalized
to include micro-stretches, micro-strains, micro-shear, micro-distortions and micro-rotations. For more
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information on the exact historic events, see [66].

Given the fact that metamaterials have a periodic microstructure by default, since they are nothing more
than periodic structures which are heterogeneous even at large scales, it makes sense to model them
using a homogenised description of an enriched continuum. In the following, we will thus list some well
established enriched continua and discuss their potential to describe dynamical metamaterial behavior.

2.4 A short review of some enriched and higher gradient con-
tinua and their potential for band-gap metamaterial descrip-
tion as a function of their dispersion polynomial

Our scope here is to calculate dispersion curves for some higher order and enriched continua and showcase
their potential for describing infinitely big metamaterials in the dynamic regime. In order to model finite-
size metamaterials, as the title of the thesis suggests, one has to first understand the modeling of infinite
size metamaterials. In this chapter, to avoid lengthy calculations, we will only use isotropic versions of
these continuum models. Of course metamaterials are in most cases anisotropic, but our goal here is to just
show that the potential for describing the dynamic response of infinitely big metamaterials ultimately
depends on the dispersion polynomial (since approximating the band structure with dispersive modes
coming from Bloch-Floquet analysis is the ultimate goal).

As we saw in the isotropic Cauchy case, the dispersion polynomial comes from taking the determinant of
the Acoustic Tensor to be equal to zero. Adding more degrees of freedom to a model, makes the size of
the Acoustic Tensor bigger, which means the calculation of the determinant causes more multiplications
between the entries of the matrix. These entries, depending on the Equilibrium Equations of the model,
will be functions of elastic parameters, the frequency ω (if a derivative with respect to time is present
in the equilibrium equations) and the wavenumber k (if a derivative with respect to space is included in
the equilibrium equations). It is then easy to understand that a bigger Acoustic Tensor usually means a
dispersion polynomial of higher order, if we are comparing two models where the richer one has the same
energy terms as the simpler one, plus some extra terms related to the extra degrees of freedom.

Of course one can describe dispersion without adding extra degrees of freedom, by adding higher gradients
of the already existing kinematical fields increasing the order of k. One notable example is second gradient
elasticity, for which we will calculate the dispersion relations in following section.

2.4.1 Second gradient elasticity

Second gradient elasticity, or Strain gradient elasticity, is based on the assumption that the material
behavior depends not only on the classical strain but also on its gradient. In a reduced version of the
isotropic 2D case with simplified curvature [82], the Kinetic (K) and Strain (W) energy density of the
model take the form

K(u̇,∇u̇) := 1

2
ρ ∥u̇∥2 + τe

2
∥sym∇u̇∥2 , (2.26)

W (∇u,∇∇u) := µe ∥sym∇u∥2 +
λe
2
∥tr ∇u∥2

+
µLc

2

2

(
α1∥∇ dev sym∇u∥2 + α2∥∇ skew∇u∥2 + 2α3

9
∥∇ (tr∇u1)∥2

)
(2.27)

where µe and λe are the usual lame parameters, τe is a micro-inertia parameter and α1, α2, α3 are
dimensionless parameters related to the rate of change of the strain. Using the principle of virtual work,
one can arrive to the Equilibrium Equations and boundary conditions for strain gradient elasticity. We
refrain here from showing the full procedure which can be found in [56], but we must remark that the
procedure leads to a boundary condition defined as a “line load on sharp edges” which is one of the model’s
unique features. This boundary condition, coupled with the fact that the strain gradient is included in
the strain energy, led to edge effects being one of the significant areas where second gradient elasticity is
relevant. That is, modeling the behavior of materials near sharp edges, cracks, or discontinuities. These
locations are where the Cauchy elasticity might fail, especially in cases involving stress concentrations.

The Equilibrium Equations for a second gradient continuum in the 2D isotropic case with simplified
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curvature [82] read

ρü = Div

[
τe sym∇ü+ 2µe sym∇u+ λe tr (∇u)1− (2.28)

µLc
2

(
α1 dev sym (∆∇u) + α2 skew (∆∇u) + 2α3

9
tr (∆∇u)1

)]
.

Interested in the wave propagation capabilities of the model in the 2D isotropic case, we proceed by substi-
tuting the plane wave plane strain ansatz (2.16) in our displacement field, which after some manipulation
provides us with the linear system[

2
9k

4L2
c(3α1 + α3)µ− ρω2 + k2(λe + 2µe − τeω2) 0

0 1
2

(
k4L2

c(α1 + α2)µ− 2ρω2 + k2
(
2µe − τeω2

))] [U1

U2

]
=

[
0
0

]
. (2.29)

Given the shape of the Acoustic Tensor, we have a clear split between the shear and pressure dispersion
relations. For both shear and pressure waves, the dispersion polynomial is of the form

ψ1ik
2 + ψ2ik

4 −
(
ψ3i + ψ4ik

2
)
ω2 = 0 (2.30)

where i = {s, p} for shear or pressure respectively. The coefficients can be seen in Table 2.2. We notice

Coefficient Expression

ψ1p λe + 2µe

ψ2p
2
9µL

2
c(3α1 + α3)

ψ3p ρ

ψ4p τe

ψ1s µe

ψ2s
1
2µL

2
c(α1 + α2)

ψ3s ρ

ψ4s
τe
2

Table 2.2: The coefficients for the dispersion polynomial for shear or pressure waves for 2D isotropic Second
Gradient Elasticity.

that the dispersion polynomial for shear or pressure curves is of the second order with respect to ω
(or linear with respect to ω2), which means that it produces only one curve respectively. Solving the
dispersion polynomial with respect to ω, we arrive to the dispersion curves of second gradient isotropic
elasticity in 2D

ωs =

√
k4L2

c(α1 + α2)µ+ 2k2µe√
2ρ+ k2τe

, ωp =

√
2
9k

4L2
c(3α1 + α3)µ+ k2(λe + 2µe)√

ρ+ k2τe
(2.31)

where ωs corresponds to the shear curve and ωp to the pressure curve.

Asymptotes

The two dispersion curves in eq. (2.31) are both acoustic, since in the limit k → 0, we can see that ω
also goes to zero. For the asymptotes calculation, we take the limit k → +∞ in eq. (2.31) and we can
see that ω also goes to plus infinity, implying that there are no horizontal asymptotes.

We can now understand that the one pressure mode and the one shear mode of 2D isotropic Second
Gradient elasticity are two acoustic curves with no horizontal asymptotes. They are, however, dispersive,
since the dispersion relations are not linear. In particular, we notice that the dispersion relations are
both of the fourth order with respect to k. This would normally imply that each curve, shear or pressure,
is allowed to change monotonicity one time, describing positive, zero and negative group velocity in an
acoustic mode. We notice, however, that since there are no horizontal asymptotes, but the curves must
rather tend to +∞ for k → ∞, this implies that we can, at most, have a saddle point (positive group
velocity going to zero group velocity and back to positive), otherwise the curves could not tend to +∞.
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A plot of the dispersion curves can be seen in Fig.2.4.1 for the following values of parameters:
ρ = 2000 [kg/m3] , µe = 1.15 [MPa] , λe = 2 [MPa], Lc = 0.2 [m] , τe = 1 [MPa] ,
α1 = 1 [−] , α2 = 1 [−] , α3 = 10 [−] , µ = 5 [kPa] .
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Figure 2.3: Dispersion curves for a 2D Second Gradient isotropic continuum. Shear modes are colored in blue
while pressure modes are colored in yellow.

2.4.2 The micro-voids (or micro-dilatation) model

The micro-voids (or micro-dilatation) model was first proposed by Nunziato and Cowin [13, 68] for
applications in Thermomechanics. The extra kinematics of the model, apart from the usual displacement
u, is a microdistortion tensor P , that only carries one extra degree of freedom (the micro-motion field)
along its diagonal. Therefore, the micro-distortion tensor for the micro-voids model takes the form

P =

ζ 0 0
0 ζ 0
0 0 ζ

 = ζ1 . (2.32)

The reason behind the particular choice of the form of the micro-distortion tensor comes from the as-
sumption that the micro-structure attached to the material can only expand or compress isotropically.
The one extra degree of freedom ζ(x, t) is called the micro-motion field, it is dimensionless and it is an
indicator of the micro-motions inside material particles. The Strain(W ) and Kinetic(K) energy density
of a micro-void continuum are defined as

W (∇u− ζ1, ζ,∇ζ) :=1

2
⟨Ce sym (∇u− ζ1) , sym (∇u− ζ1)⟩+ 1

2
κmζ

2 +
µL2

c

2
⟨∇ζ,∇ζ⟩, (2.33)

K(u̇, ζ̇) :=
1

2
ρ ⟨u̇, u̇⟩+ η

2
ζ̇2 (2.34)

where Ce is again an isotropic fourth order tensor with κe and µe as its only entries, κm is a constitutive
parameter and Lc is a characteristic length. The characteristic length is usually something used in various
enriched models, to show that the model is able to describe size effects. It is usually associated to the
size of the unit cell and has dimensions of meters. The associated Langrangian L and Action functional
A can be defined respectively as

L(u̇, ζ̇,∇u− ζ1, ζ,∇ζ) := K(u̇, ζ̇)−W (∇u− ζ1, ζ,∇ζ) , (2.35)

A :=

∫∫
Ω×[0,T ]

L
(
u̇, ζ̇,∇u− ζ1, ζ,∇ζ

)
dx dt . (2.36)

The first variation of the Action functional δA is taken with respect to both the displacement u and
the micro-motion field ζ, which are the two independent kinematical fields. Thus we will arrive at two
separate (but coupled) governing equations. We consider that δA is equal to the internal work W int of
the micro-voids continuum (W int = δA) and that the external work is given only by externally applied
volume forces, boundary forces or double forces respectively, i.e.

W ext =

∫
Ω

⟨fextV , δu⟩dV +

∫
∂Ω

⟨fextS , δu⟩ds+
∫
∂Ω

⟨ϕext, δζ⟩ds . (2.37)
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The principle of virtual work W int = W ext thus implies the strong form governing equations for the
micro-voids model in the absence of external body forces (fextV = 0)

ρü = Div σ , (2.38)

−ηζ̈ − κmζ + tr(σ) + µL2
c Div∇ζ = 0 (2.39)

where

σ = Ce sym(∇u− ζ1) (2.40)

and Ce is again a fourth order isotropic elasticity tensor.

We now want to study wave propagation in the bulk micro-void medium. The procedure we follow is
exactly the same as the one followed for the Cauchy bulk medium in Section 2.2. We assume a plane
wave ansatz under the plane strain assumption for our kinematical fields:

uj = Uje
i(k1x+k2y−ωt) (2.41)

where uj represents the generic component of the displacement and

ζ = Zei(k1x+k2y−ωt) (2.42)

where Z is a scalar amplitude.
We substitute these into the Equilibrium Equations of the model and rewrite the equations in the form
of a homogeneous linear systemk2(κe + µe)− ρω2 2ikκe 0

2ikκe κm − 4κe − k2µL2
c + ηω2 0

0 0 k2(µe)− ρω2

U1

Z
U2

 =

00
0

 . (2.43)

It is then easy to see that in order for this system to have a non trivial solution, the determinant of the
matrix k2(κe + µe)− ρω2 2ikκe 0

2ikκe κm − 4κe − k2µL2
c + ηω2 0

0 0 k2(µe)− ρω2

 (2.44)

needs to be zero. This matrix is the Acoustic Tensor of the micro-voids model and its size is 3× 3 since
the degrees of freedom the model has are three. Taking the determinant of the Acoustic Tensor equal to
zero provides us with the dispersion polynomial of the micro-voids model

(k2µe − ρω2)(4k2κ2e +
(
k2(κe + µe)− ρω2)(−κm − 4κe − k2µL2

c + ηω2)
)
= 0 . (2.45)

This can be rewritten in a more useful way as

ψ1k
4 − ψ2k

6 + (ψ3k
2 + ψ4k

4)ω2 − (ψ5 + ψ6k
2)ω4 + ψ7ω

6 = 0 . (2.46)

where ψ1, ψ2, ..., ψ7 are functions of the elastic constants reported in Table 2.3. Bringing the dispersion

Coefficient Expression

ψ1 µe (4κeµe + km(κe + µe))

ψ2 µe(κe + µe)µLc
2

ψ3 ρ (8κeµe + km(κe + 2µe))

ψ4 ηµe(κe + µe) + ρ(κe + 2µe)µLc
2

ψ5 ρ2(km + 4κe)

ψ6 ρ
(
η(κe + 2µe) + ρµLc

2
)

ψ7 ρ2η

Table 2.3: The coefficients for the dispersion polynomial of the micro-voids model.

polynomial in the form of equation (2.46), makes it easier to see how many modes can be described by
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the model. Firstly, the polynomial is of sixth order with respect to ω, which means solving it will give us
six solutions of the form ω(k). However, because of symmetry arguments we are only interested in three.
Thus we are left with three modes, one additional mode with respect to Cauchy elasticity. Calculating
the mode shapes, similarly to the previous section, one can see that we have one shear mode and two
pressure modes.

We remark here that it is possible to deduct, form the Acoustic Tensor’s block shape, that we could have
split the problem in two sub problems. One for shear and one for pressure waves, since from system (2.43)
it is easy to see that the equation (

k2(µe)− ρω2
)
· U2 = 0 (2.47)

is independent of the rest of the system and therefore describes shear waves by itself, producing a shear
mode identical to Cauchy elasticity (see eq. (2.20)). Therefore, pressure waves dispersion curves can be
calculated from the rest of the system, by taking the determinant of the matrix[

k2(κe + µe)− ρω2 2ikκe
2ikκe κm − 4κe − k2µL2

c + ηω2

]
(2.48)

equal to zero and calculating a dispersion polynomial for pressure waves by

ψ1pk
2 + ψ2pk

4 − (ψ3p + ψ4pk
2)ω2 + (ψ5p)ω

4 = 0 (2.49)

where the values of coefficients ψ1p, ψ2p, ..., ψ5p can be seen in Table 2.4 The solutions of dispersion

Coefficient Expression

ψ1p 4κeµe + km(κe + µe)

ψ2p (κe + µe)µLc
2

ψ3p ρ (4κe + km)

ψ4p η(κe + µe) + ρµLc
2

ψ5p ρη

Table 2.4: The coefficients for the dispersion polynomial of the micro-voids model for pressure waves.

polynomial (2.49) and dispersion relation (2.20) together, give the same dispersion curves as the problem
we solved on the full Acoustic Tensor.

Nature of the modes: acoustic and optic

Taking wavenumber k to be equal to zero, the dispersion polynomial (2.46) becomes

−ψ5ω
4 + ψ7ω

6 = 0 . (2.50)

Similarly to solving the full dispersion polynomial, solving this with respect to ω gives us three solutions1

ω = 0 , (2.51)

ω = 0 (2.52)

and

ω =

√
ψ5

ψ7
. (2.53)

These expressions state that when k = 0, the first two modes are at ω = 0 and the third one at ω =
√

ψ5

ψ7
.

We notice that the first two modes are what we call acoustic modes, but the third one, whose first point
is not at the origin of the dispersion diagram, but rather at a specific frequency, is called optic. That

specific frequency ω =
√

ψ5

ψ7
is what we call its cutoff frequency. In particular, using Table 2.3 the cutoff

frequency here can be computed as

ω =

√
ψ5

ψ7
=

√
ρ2(km + 4κe)

ρ2η
=

√
(κm + 4κe)

η
. (2.54)

1Only three are relevant because of symmetry arguments.
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From the elastic constants present in the expression of the cutoff, only one exists in a Cauchy elastic
medium: parameter κe, while the other two parameters ( κm and η) are absent. Therefore, we note that
the new cutoff owes its existence to the terms η

2 ζ̇
2 and 1

2κmζ
2 in the energy density (see Eq. (2.34)).

Theses term, in turn, give us the terms −ηζ̈ and −κmζ in the Equilibrium Equations (2.39) respectively,
which after the substitution of the plane strain plain wave ansatz, give us the terms −ηω2 and κm in the
Acoustic Tensor. The first term is responsible for raising the order of the dispersion polynomial to the
sixth order, allowing as to have three solutions instead of two for Cauchy elasticity, while the combination
of the first and the second made the specific cutoff possible.

Therefore the enrichment of the Cauchy elasticity model with the micro-motion field, made the description
of one optic mode possible. This, as we saw, is a direct consequence of choosing appropriate terms in
the energy of the micro-voids model, so that the Equilibrium Equations and consequently the Acoustic
Tensor, are of such a form, that they produce the specific dispersion polynomial which allows us to
describe one extra optic mode. If we wish to describe more optic modes, further enrichment is needed.

Asymptotes

To calculate the asymptotes we consider the limit k → ∞ in eq. (2.49) which only describes pressure
waves, where only the terms with the highest order of k are important (since the dispersion relation of
shear waves is identical to Cauchy elasticity, we know that it does not have a horizontal asymptote). This
provides us with a reduced dispersion polynomial, whose solutions are the asymptotes. Thus we consider

ψ2pk
4 − ψ4pk

2ω2 + ψ5pω
4 = 0 . (2.55)

However, taking the limit k → ∞, the only solution found is ω = +∞ as well, which implies that none
of the curves has a horizontal asymptote.

This can also be seen in Fig. 2.4.2, where the dispersion curves are plotted for the following values of
parameters: ρ = 4400 [kg/m3] , µe = 8.15 [MPa] , κe = 16 [MPa] , κm = 26 [Pa] ,
η = 3× 106 [kg/m] , µ = 100 [kPa] , Lc = 1 [m].
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Figure 2.4: Dispersion curves for an isotropic micro-voids continuum. Shear modes are colored in blue while the
pressure modes are colored in yellow.

Taking a quick look at eq. (2.49) we notice that similarly to the Strain Gradient case, the polynomial is
of the 4th order with respect to k. Since we do not have horizontal asymptotes, this would imply that
for any ω, we are allowed to have two distinct real k in the positive axis2. However, as mentioned before,
when k → ∞, ω → +∞, so both curves must increase to infinity for increasing k. This implies that we
can only describe zero group velocity in the cutoff of the optic pressure curve and possibly in the case of
a saddle point in the acoustic pressure (before the cutoff of the pressure optic mode). At a certain point
the acoustic will reach the cutoff of the optic, so from that point and afterwards, we always have two
values of k for each ω, therefore the group velocity can only be positive.

2In general for a polynomial of the 4th order with respect to k, for any ω we must always have two solutions (two k). If in our
graph (where we only plot real k), for a single ω, there exists only one k, this means that the other one is imaginary. It is the
sum of real and imaginary k that must be equal to 2 (e.g. if no real k exists for a single ω, there exist two imaginary.
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2.4.3 The Cosserat micropolar model

In the Cosserat micropolar model, the micro-deformation tensor A is assumed to be skew symmetric.
Therefore, the assumption one can make is that the microstructure can only rotate, and hence the name
micropolar. It was shown by R. Lakes that there are cases which Cosserat elasticity is able to describe
natural porous bone, metallic foams and cellular materials [45, 47], where the author was able to determine
and verify for consistency the Cosserat elasticity constants and to show how a Cosserat model obtains
better results than Cauchy elasticity.

The kinetic(K) and Strain(W) energy density of the isotropic case of the Cosserat micropolar model can
be written, as was shown in [27], in the following from

K =
1

2
ρ∥u̇∥2 + 1

2
ρ η τ2c ∥Ȧ∥2, (2.56)

W = µe∥ sym(∇u)∥2 + µc∥ skew(∇u−A)∥2 +
λe
2
[tr(∇u)]2

+
µeL

2
c

2

[
a1∥ dev sym Curl A∥2 + a2∥ skew Curl A∥+ a3

3
tr(Curl A)2

]
where µe, λe, µc, Lc and a1, a2, a3 are the elastic moduli representing the parameters related to the
meso-scale, the Cosserat couple modulus µc, the characteristic length Lc, and the three general isotropic
curvature parameters (nondimensional weights), respectively, with η τ2c an inertia coefficient, η > 0 a
non-dimensional weight parameter and τc the internal characteristic length. The well known Equilibrium
Equations can then be written in the form

ρü = Div σ, (2.57)

ρ η τ2c Ä = − skew Curl m+ skew σ

where the stress and moment are defined as

σ = 2µe sym ∇u+ 2µc skew ∇u−A+ λe tr(∇u)1 (2.58)

m = µeL
2
c

(
a1 dev sym Curl A+ a2 skew Curl A+

a3
3

tr(Curl A)1
)
. (2.59)

Expressed only in terms of u and A, we arrive at

ρü = Div
[
2µe sym ∇u+ 2µc skew (∇u−A) + λe tr(∇u)1

]
, (2.60)

ρ η τ2c Ä = −L2
cµe skew Curl

[
a1 dev sym Curl A+ a2 skew Curl A+

a3
3

tr(Curl A)1
]
+ 2µc skew(∇u−A).

(2.61)

Starting from Equilibrium Equations (2.58), applying the usual procedure from previous sections, we end
up with the following linear system of equations:k2(λe + 2µe)− ρω2 0 0

0 k2(µc + µe)− ρω2 −2ikµc
0 ikµc −2µc − 1

4k
2L2

cµe(α1 + α2) + ρητ2c ω
2

 U1

U2

A12

 =

00
0

 (2.62)

It is again apparent that we can split the problem described by system (2.62) in two separate problems,
one for shear waves and one for pressure waves, similarly to the micro-voids case. Thus, system (2.62)
can be divided in equation: (

k2(λe + 2µe)− ρω2
)
U1 = 0 (2.63)

and subsystem [
k2(µc + µe)− ρω2 −2ikµc

ikµc −2µc − 1
4k

2L2
cµe(α1 + α2) + ρητ2c ω

2

] [
U2

A12

]
=

[
0
0

]
. (2.64)

Equation (2.63) produces an identical non dispersive pressure mode with Cauchy elasticity (see eq. (2.21)).
For Subsystem (2.64), looking for non-trivial solutions of the system, we have to take the determinant of
matrix [

k2(µc + µe)− ρω2 −2ikµc
ikµc −2µc − 1

4k
2L2

cµe(α1 + α2) + ρητ2c ω
2

]
(2.65)
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equal to zero. This provides us with the dispersion polynomial of the shear modes of isotropic Cosserat
elasticity

χ1sk
2 + χ2sk

4 − (χ3s + χ4sk
2)ω2 + χ5sω

4 = 0 (2.66)

where χ1s, χ2s, ..., χ5s are functions of the elastic constants reported in table 2.5. Solving with respect to

Coefficient Expression

χ1s 2µcµe

χ2s
1
4L

2
cµe(α1 + α2)(µc + µe)

χ3s 2µcρ

χ4s
1
4L

2
cµeρ(α1 + α2) + (µc + µe)ρητ

2
c

χ5s ρ2ητ2c

Table 2.5: The coefficients for the dispersion polynomial of the Cosserat model for shear waves

ω provides us with our shear dispersion curves, which are both dispersive and have very long expressions
so we refrain from showing them here.

Cutoffs

Since the pressure mode is identical to Cauchy elasticity, being an acoustic mode, it has no cutoff. For
the shear modes, we can take the limit k → 0 in the dispersion polynomial (2.66) which leads to

χ3sω
2 + χ5sω

4 = 0 . (2.67)

Solving with respect to ω gives two solutions (see Table 2.5:

ω = 0 (2.68)

and

ω =

√
2µc
ρ η τ2c

. (2.69)

Again, one mode is acoustic and the other is optic.

Asymptotes

Following similar procedure to the micro-voids case, the two dispersive modes have no asymptotes (the
polynomial has exactly the same shape as for the micro-voids model), and the same is true for the pressure
mode since it is non-dispersive.

A plot of the dispersion curves can be seen in Fig. (2.4.3) for values of the parameters:
ρ = 2000 [kg/m3] , µe = 1.15 [MPa] , λe = 2 [MPa] , κm = 24 [Pa] , η = 2 [−] ,
Lc = 0.01 [m] , τc = 0.2 [m] , α1 = 101 [−] , α2 = 20 [−] , µc = 0.1 [kPa].

Taking a quick look at eq. (2.66) we notice that similarly to the micro-voids case, the polynomial is of the
4th order with respect to k, but it now describes shear waves instead of pressure waves. Since we do not
have horizontal asymptotes, this would imply that for any ω, we are allowed to have two distinct k in the
positive axis. However, when k → ∞, ω → +∞, so both curves must increase to infinity for increasing
wavenumber k. This implies that the acoustic shear curve can describe zero group velocity (in a possible
a saddle point), but only before the cutoff of the shear optic mode. At a certain point, the acoustic will
reach the cutoff of the optic, so from that point and afterwards, we always have two values of k for each
ω, therefore the group velocity can only be positive.
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Figure 2.5: Dispersion curves for an isotropic Cosserat continuum. Shear modes are colored in blue while the
pressure modes are colored in yellow.

2.5 The importance of horizontal asymptotes for the enriched
continuum modeling of band-gap metamaterials

For each of the models studied in this Chapter, we calculated whether all of their dispersion curves have
horizontal asymptotes. As mentioned earlier, the existence of a horizontal asymptote for a dispersion
curve of an enriched continuum model guarantees that (with a good fitting) the curve stays confined
to the frequency region in which it exists in Bloch-Floquet analysis. This implies that if a band-gap
starts after the last point of this curve, this band-gap will not be invaded, since the curve will tend
asymptotically to a point that is slightly beyond the start of the band-gap. Equivalently, if a curve has
no horizontal asymptote, then it cannot stay confined to its associated Bloch-Floquet frequency region
and if a band-gap starts after the last point of the curve, this band-gap will be invaded.

Something else worth mentioning is that in the case of a curve having no horizontal asymptote and when
no change of monotonicity is possible, there is no option of invading a band-gap partially. Since the
curve tends to infinity the whole band-gap must be invaded. In the case of a curve having a horizontal
asymptote, if the fitting is perfect, then the curve does not invade the band-gap. If however, at the cost
of having a better fitting at frequencies inside the IBZ, we can slightly invade the band-gap by manually
choosing the asymptote to be a bit higher than the start of the band-gap.

An interesting question arises from the realization that horizontal asymptotes are necessary in enriched
continuum models of band-gap metamaterials: Is there a criterion that must be fullfilled in order for all
the curves of the model to have a horizontal asymptote?

If we want all the curves of the enriched model to have a horizontal asymptote, i.e. in the limit of k →∞,
ω is finite, then we need a model with a dispersion polynomial where the highest order of k is multiplied
by the highest order of ω.

As explained before, when k →∞, in the dispersion polynomial p(ω, k) only the terms with the highest
orders of k are important which we call p(ω). In this case, it implies that if the highest order of ω
multiplies the highest order of k, then all curves have a horizontal asymptote, but they all tend to zero
if this is the only contribution.

To make this more clear, let’s imagine a random dispersion polynomial that respects this criterion

p(ω, k) = χ1 + χ2k
2ω2 = 0 . (2.70)

When k →∞, we collect the highest coefficient k2 and consider the reduced polynomial

p(ω) = χ2ω
2 = 0 , (2.71)

from which we can see that we have two identical solutions for ω: ω = 0.

Since ω2 is the highest order of ω, the two solutions correspond to the two curves that the model produces,
hence all curves have an asymptote, but this asymptote is not any number, it is strictly zero, which is
not something we want when modeling band-gap metamaterials. We would rather have an asymptote
whose value we can manually change for the purposes of fitting the dispersion curves. This means that
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instead of ω = 0, we should have that ω = fp, where fp is a function of the parameters of the model and
its value is a positive real number.

If we want all asymptotes values to be positive real numbers, then there exists a necessary but not sufficient
condition that the model’s dispersion polynomial must respect. This condition is better explained through
a table. The model’s dispersion polynomial must have all the terms that are shown in Table 2.6 with a
green tick (✓), that is, the last column of the table, which includes the terms that have the highest order
of k and any power of ω including the 0th (constant term). Note that for all examples discussed in this
thesis and most models used in the literature, the dispersion polynomial only consists of expressions with
even exponents for both k and ω.

− k0 k2 ... kn

ω0 ✗ ✭ ✭ ✓
ω2 ✓ ✭ ✭ ✓
... ✓ ✭ ✭ ✓
ωm ✓ ✭ ✭ ✓

Table 2.6: Table of terms in powers of k and ω where m and n indicate the highest order of ω and k respectively.
The ✓ indicates the terms of the dispersion polynomial p(ω, k) needed for the necessary but not sufficient condition.
To have a polynomial whose roots can produce dispersion curves of a band-gap metamaterial we also need the
constant term to be vanishing (shown with an ✗) in order to have acoustic curves, and finally the terms shown
with a black tick (✓) in order to have cutoff frequencies. Terms shown with a ✭ usually appear as a result of the
way the dispersion polynomial is calculated through the determinant.

Descarte’s rule [100] states that if the nonzero terms of a single-variable polynomial (here ω for p(ω)) with
real-valued coefficients are ordered by descending variable exponent, then the number of positive roots of
the polynomial is either equal to the number of sign changes between consecutive (nonzero) coefficients,
or is less than it by an even number. In order to have the possibility of the number of positive real roots
of the polynomial being equal to its highest order, terms of all orders must be included, which is the
reason that all the terms of the last column of Table 2.6 are needed. This condition is necessary, but
not sufficient. After it is met, Vieta’s formulas and the polynomial’s discriminant dictate the number of
positive real roots.

In the remaining, for the models previously shown in this Chapter, we show that they do not respect this
necessary but not sufficient condition.

2.5.1 Second gradient elasticity

Taking a look at the dispersion polynomial of Second Gradient elasticity for either shear or pressure waves
(2.30), we can construct Table 2.7 (similarly to Table 2.6), from where we can see that there’s a missing
term, namely the ω2k4 term and therefore the dispersion polynomial does not respect the condition.

− k0 k2 k4

ω0 ✗ ✓ ✓
ω2 ✓ ✓ ✗

Table 2.7: Table of terms in powers of k and ω for the case of Second Gradient elasticity.

2.5.2 Micro-voids elasticity

For the dispersion polynomial of pressure curves (we saw that the shear mode is acoustic) of micro-voids
elasticity (see eq. (2.49)), as can be seen in Table 2.8, there are two missing terms, namely the ω2k4 and
ω4k4 terms.

− k0 k2 k4

ω0 ✗ ✓ ✓
ω2 ✓ ✓ ✗
ω4 ✓ ✗ ✗

Table 2.8: Table of terms in powers of k and ω for the case of Micro-voids elasticity.
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2.5.3 Cosserat (micropolar) elasticity

Similarly to the pressure waves’ dispersion polynomial of micro-voids elasticity, the shear polynomial of
Cosserat elasticity (see eq. (2.66)) is missing the same exact terms (see Table 2.9).

− k0 k2 k4

ω0 ✗ ✓ ✓
ω2 ✓ ✓ ✗
ω4 ✓ ✗ ✗

Table 2.9: Table of terms in powers of k and ω for the case of Cosserat elasticity.

We witness that none of the three models respects the necessary but not sufficient condition, which is of
course a direct consequence of the choice of terms in the Strain and Kinetic energy densities of each of
the models.

2.6 Summary

In this chapter, we saw that for a given continuum model, the ability to describe metamaterials in the
dynamic regime lies in the model’s dispersion polynomial. The dispersion polynomial is a direct product
of choosing appropriate terms in the Strain and Kinetic energy densities, and therefore the description
of more dispersion curves or more dispersive curves will always require enrichment of the energy.

Using the 2D isotropic strain gradient model, we are able to describe two dispersive acoustic curves
without horizontal asymptotes, and both of the curves can describe positive and zero group velocity.
Zero group velocity can only be described in one point (possible saddle point) for each curve.

The 2D isotropic micro-voids model is able to describe one non-dispersive shear acoustic mode and
two dispersive pressure modes (one acoustic and one optic). None of the three curves have horizontal
asymptotes. The acoustic pressure mode can describe positive and zero group velocity before the cutoff
of the optic mode by a possible saddle point of the acoustic mode and the cutoff itself. After the cutoff,
both modes can only describe positive group velocity.

The 2D isotropic Cosserat model is able to describe one non-dispersive pressure acoustic mode and two
dispersive shear modes (one acoustic and one optic). None of the three curves has horizontal asymptotes.
The acoustic shear mode can describe positive and zero group velocity before the cutoff of the optic mode
by a possible saddle point of the acoustic mode and the cutoff itself. After the cutoff, both modes can
only describe positive group velocity.

Modeling a given band-gap metamaterial in a particular frequency range, means we need a model that
produces the particular number of curves that the Bloch-Floquet dispersion curves show in that particular
range. Moreover, for the correct description of the metamaterial, all of the curves below the band-gap must
have a horizontal asymptote and the ability to describe dispersion. The models we saw in this Chapter
produce dispersion curves without horizontal asymptotes, which makes the modeling of mechanical band-
gap metamaterials very challenging. We will continue with a more enhanced model in the next chapter,
i.e. the reduced relaxed micromorphic model, that is suitable for our applications.

At this point, we want to emphasize that the homogenized model one should use depends on the charac-
teristics of the dispersion curves obtained from Bloch-Floquet analysis.

As an example, let’s assume a simple case of an infinite mechanical metamaterial where we are only
interested in the first six curves of the dispersion diagram. Let’s also assume that for either the shear or
the pressure modes, for a given ω we only need one solution in k, implying that shear or pressure curves
do not intersect each other at any frequency range and all the six curves are increasing monotonically.
This implies that we need a model that can describe six modes (three shear and three pressure) with every
mode having a horizontal asymptote, and lastly, since curves do not intersect, the dispersion polynomial
can be of the second order with respect to k. In summary, for either shear or pressure curves, we would
need a dispersion polynomial p(ω, k) of third order with respect to ω2 (to produce three modes) and
linear with respect to k2. A higher-order polynomial with respect to k could also be used here, but if a
simpler model can describe the dispersion, then we shall always use that model.

If the dispersion polynomial for shear and pressure curves is of this order, this would imply that the
dispersion of the metamaterial can be captured. However, we will see that this is only one condition that
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must be respected. The other condition will be explained in Chapter 3 where the fitting procedure of the
reduced relaxed micromorphic model will be introduced.
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Chapter 3

The reduced relaxed micromorphic
model

The reduced relaxed micromorphic model (in short: RRMM), as the name states, is a reduced version
of the relaxed micromorphic model (RMM) [2, 26, 54, 64, 65, 66, 99], used in dynamic applications.
The term “relaxed” is related to the fact that the curvature component in the strain energy term of the
full model is represented by the Curl of the micro-distortion tensor P instead of its full gradient ∇P .
We retrieve the reduced version of the relaxed micromorphic model used in this thesis by setting these
curvature terms (those related to the Curl of the micro-distortion tensor P ) to zero.

The main reason we use the reduced relaxed instead of the original relaxed micromorphic model for
dynamic applications has been clearly explained in [99]: the horizontal asymptotes of the RMM are only
four in total instead of six, which means that we must necessarily have two dispersion curves that diverge
to infinity for increasing wavenumber. While it is possible to retrieve the two lost asymptotes with the
addition of a mixed space-time derivative term Curl Ṗ in the energy, these two new asymptotes only allow
for a simplified isotropic behavior due to the degenerative properties of curvature terms in 2D, while two
asymptotes must coincide for any angle of incidence [99].

On the other side, for the reduced model, all six curves that can be described have horizontal asymptotes,
which guarantees that the interval of frequencies that our model covers is limited as it is in the Bloch-
Floquet analysis of the first six curves, but also, that using the appropriate parameter values, band-gap
frequency regions will not be invaded. The reduced relaxed micromorphic model’s ability to describe
band-gap metamaterial behavior, and the reduced computational cost that it comes with when compared
to the corresponding microstructured simulations, has already been proven in several instances [15, 17,
74, 75, 79, 80, 83, 84].

3.1 Strain and Kinetic Energy density, equilibrium equations
and Boundary conditions

The Kinetic (K) and Strain (W) Energy density of the reduced relaxed micromorphic model can be
defined respectively as

K(u̇,∇u̇, Ṗ ) := 1

2
ρ ⟨u̇, u̇⟩+ 1

2
⟨Jm sym Ṗ , sym Ṗ ⟩+ 1

2
⟨Jc skew Ṗ , skew Ṗ ⟩ (3.1)

+
1

2
⟨Te sym∇u̇, sym∇u̇⟩+

1

2
⟨Tc skew∇u̇, skew∇u̇⟩ ,

W (∇u, P ) := 1

2
⟨Ce sym (∇u− P ) , sym (∇u− P )⟩+ 1

2
⟨Cc skew (∇u− P ) , skew (∇u− P )⟩

+
1

2
⟨Cmicro sym P, sym P ⟩ . (3.2)

where Ce,Cc,Cmicro,Jm,Jc,Te and Tc are fourth order tensors of tetragonal symmetry whose particular
form will be discussed in the next section. We can see that the Strain and Kinetic energy densities of
the model are functions of the two kinematical fields: the macroscopic displacement u ∈ R3, and the
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micro-distortion tensor P ∈ R3×3.
In this case, P is a general second order tensor without any particular symmetries, and thus carries nine
extra degrees of freedom. The exact physical meaning of the micro-distortion tensor P is in general an
open question in the enriched continua community. As seen in the previous chapter, constraining P to be
skew symmetric describes a microstructure that can only rotate, and constraining P to have a hydrostatic
form describes a microstructure that can only expand and contract isotropically. If one wants to then
translate a general second order tensor P in the same way, that would mean that the microstructure is
able to deform freely. Nevertheless, the use of the micro-deformation tensor P is absolutely necessary if
one wants to describe band-gap metamaterial behavior in a homogenised framework.

The associated Lagrangian L and Action functional A can be defined respectively as

L(u̇,∇u̇, Ṗ ,∇u, P ) := K(u̇,∇u̇, Ṗ )−W (∇u, P ) , (3.3)

A :=

∫∫
Ω×[0,T ]

L
(
u̇,∇u̇, Ṗ ,∇u, P,

)
dx dt . (3.4)

The first variation of the Action functional δA is taken with respect to the displacement u and the micro-
distortion tensor P , which are the two independent kinematical fields. We consider that δA is equal to
the internal work W int of the reduced relaxed micromorphic continuum (W int = δA) and assume that

the external work is given only by externally applied boundary forces, i.e. W ext =

∫
∂Ω

⟨f ext, δu⟩ds. The

principle of virtual work W int = W ext thus implies the strong form equations governing the reduced
relaxed micromorphic model in the absence of external body forces by

ρü−Div σ̂ = Div σ̃ , σ = σ̃ − s (3.5)

where

σ̃ := Ce sym(∇u− P ) + Cc skew(∇u− P ) , σ̂ := Te sym∇ü+ Tc skew∇ü , (3.6)

s := Cmicro symP , σ := Jm sym P̈ + Jc skew P̈ . (3.7)

The associated Neumann and Dirichlet boundary conditions are, respectively,

t̃ := (σ̃ + σ̂)n = f ext (3.8)

and

u = uext (3.9)

where t̃ is the generalized traction, n is the normal to the boundary, f ext is any externally applied surface
load and uext is any externally applied displacement.

3.2 Tetragonal symmetry and associated elastic tensors

All the infinitely extended metamaterials we are going to model in this thesis are characterized by their
structural unit, the unit cell. The choice of unit cell is not unique, since the definition of a unit cell for
a given lattice is “a section of the tiling that generates the whole tiling using only translations”. Unit
cells with different symmetry can be chosen, that can still produce the same infinite lattice if they are
repeated periodically to infinity. However, even the repetition of the least symmetric unit cell one can
identify, inevitably creates unit cells with the symmetry class of what is called the “maximal invariance
group” [64]. For the periodic metamaterials in this thesis, the maximal invariance group is the tetragonal
group, even if less symmetric unit cells can also be identified.

For this reason, we pose that the symmetry class of all our constitutive tensors should be the tetragonal
symmetry class. We report here the structure of the 4th order micro inertia tensors Jm, Jc, Te, Tc and
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of the 4th order elasticity tensors Ce, Cmicro, Cc for tetragonal symmetry in Voigt notation

Ce =


κe + µe κe − µe ⋆ . . . 0
κe − µe κe + µe ⋆ . . . 0

⋆ ⋆ ⋆ . . . 0
...

...
...

. . .

0 0 0 µ∗
e

 , Cmicro =


κm + µm κm − µm ⋆ . . . 0
κm − µm κm + µm ⋆ . . . 0

⋆ ⋆ ⋆ . . . 0
...

...
...

. . .

0 0 0 µ∗
m

 ,

Jm = ρL2
c


κγ + γ1 κγ − γ1 ⋆ . . . 0
κγ − γ1 κγ + γ1 ⋆ . . . 0

⋆ ⋆ ⋆ . . . 0
...

...
...

. . .

0 0 0 γ∗1

 , Te = ρL2
c


κγ + γ1 κγ − γ1 ⋆ . . . 0
κγ − γ1 κγ + γ1 ⋆ . . . 0

⋆ ⋆ ⋆ . . . 0
...

...
...

. . .

0 0 0 γ∗1

 , (3.10)

Jc = ρL2
c

⋆ 0 0
0 ⋆ 0
0 0 4 γ2

 , Tc = ρL2
c

⋆ 0 0
0 ⋆ 0
0 0 4 γ2

 , Cc =

⋆ 0 0
0 ⋆ 0
0 0 4µc

 .
Only the in-plane components are reported since these are the only ones that play a role in the plane-strain
simulations presented in the following chapters.

3.3 The Cauchy model as the macroscopic scale limit of the
reduced relaxed micromorphic model

Every enriched continuum model used for the homogenised description of infinitely big metamaterials
in the dynamic regime, must fall back to a Cauchy model when the frequency is very small and the
wavelength is very big simultaneously, since the dispersion curves coming from Bloch-Floquet analysis
can be approximated linearly close to the origin of the dispersion diagram. This happens because, in the
dispersion diagram, at low frequencies the wavelength is very long, and the periodic structure appears
more homogeneous to the wave, thus the metamaterial behavior can be well approximated with a Cauchy
continuum. We can prove that the RRMM behaves like a Cauchy continuum at low frequencies and long
wavelengths with the following procedure starting from the equilibrium equations{

ρü−Div
[
Te sym∇ü+ Tc skew∇ü

]
−Div

[
Ce sym (∇u− P ) + Cc skew (∇u− P )

]
= 0 ,

Jm sym P̈ + Jc skew P̈ − Ce sym (∇u− P )− Cc skew (∇u− P ) + Cmicro symP = 0 .
(3.11)

We proceed by taking Lc → 0. Taking Lc → 0 is implying that the metamaterial has a tiny unit cell size
(compared to the size of the specimen), and therefore the wave does not “see” the microstructure, i.e.
the metamaterial appears homogeneous. This leads to the system{

Div
[
Ce sym (∇u− P ) + Cc skew (∇u− P )

]
= ρü ,

Ce sym (∇u− P ) + Cc skew (∇u− P )− Cmicro symP = 0 .
(3.12)

From equation (3.12)2 it is possible to calculate skewP and symP and substitute them in equation
(3.12)1 to arrive at 

skewP = skew∇u .
symP = (Ce + Cmicro)

−1Ce sym∇u ,
Div

[
Ce sym∇u− Ce(Ce + Cmicro)

−1Ce sym∇u
]
= ρü ,

(3.13)

Manipulating equation (3.13)3 it is possible to write

Div
[
(Ce + Cmicro)(Ce + Cmicro)

−1Ce sym∇u− Ce(Ce + Cmicro)
−1Ce sym∇u

]
= ρü ,

⇐⇒ Div
[
Cmicro(Ce + Cmicro)

−1Ce sym∇u
]
= Div

[
CMacro sym∇u

]
= ρü (3.14)
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where
CMacro = Cmicro(Ce + Cmicro)

−1Ce . (3.15)

Equation (3.14) is a Cauchy type equilibrium equation with stiffness tensor CMacro, which therefore proves
our original statement.

3.4 Null Lagrangian in the micro-inertia contribution

As it has been proven in a recent contribution [18], it is possible to show the existence of a Null-
Lagrangian in the mixed space time derivative kinetic part ∇u̇. While the corresponding tensors Te and
Tc depend on the 4 parameters κγ , γ1, γ

∗
1, γ2 in the tetragonal case, the corresponding contribution Div σ̂

(where σ̂ = Te sym∇ü + Tc skew∇ü) from the equilibrium equations, only depends on 3 independent
parameters. Thus, one of the four micro-inertia parameters remains free, without any effect on the bulk
material behavior (dispersion curves). Note that regarding boundary contribution still all 4 parameters
play a role. More specifically [18], we have that computing Div σ̂ gives

Div σ̂ =

(
σ̂11,1 + σ̂12,2
σ̂21,2 + σ̂22,2

)
=

(
(κγ + γ1)ü1,11 + (κγ − γ1 + γ∗1 − γ2)ü2,12 + (γ∗1 + γ2)ü1,22
(γ∗1 + γ2)ü2,11 + (κγ − γ1 + γ∗1 − γ2)ü1,12 + (κγ + γ1)ü2,22

)
. (3.16)

Focusing on this expression alone, it is evident that Div σ̂ stays invariant under the transformation
γ2f = γ2i + ξ,

κγf = κγi + ξ,

γ1f = γ1i − ξ,
γ∗1f = γ∗1i − ξ

(3.17)

where f stands for final (after applying the transformation) and i stands for initial (before applying the
transformation).

On the contrary, this transformation (3.17) modifies the boundary contribution of σ̂ in eq (3.8) by the
term

(σ̂f − σ̂i)n (3.18)

where, again, f stands for final and i stands for initial. Practically this means two things:

• We can choose to make our model simpler without affecting the bulk material behavior by setting{
γ2f = γ2i + ξ ,

ξ = −γ2i ,
=⇒ γ2f = 0 . (3.19)

This eliminates the term 1
2 ⟨Tc skew∇u̇, skew∇u̇⟩ from the Kinetic energy density, while keeping

the dispersion curves of the model unchanged and thus we have effectively reduced the number
of parameters by one, easing significantly the fitting procedure that we will see at the end of this
chapter.

• After the fitting procedure is done using Bloch-Floquet analysis, we can change the values of the
micro inertia parameters in the tensors Te and Tc incrementally, by varying ξ in the transformation
(3.17), producing different versions of our model, where the bulk contribution is the same (i.e.
dispersion curves), but the boundary contribution is different. As it has been shown in [18], this
boundary contribution is significant only for small specimens, where it can may be used to capture
some boundary effects.

Lastly, we note that in order for the tensors Te and Tc to be positive-definite, i.e. all four parameters must
always have a positive value, for the transformation (3.17) it must hold ξ ∈ [−min(κγi, γ2i),max(γ1i, γ

∗
1i)].

3.5 Dispersion curves

We assume a plane-strain plane wave ansatz for the displacement u and the micro-distortion tensor P
which are our two independent kinematical fields

vj = Ψje
i(k1x+k2y−ωt) (3.20)
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where vj represents the generic component of u or P,Ψj is a scalar amplitude, (k1, k2)
T
= k(sinϕ, cosϕ)T

are the wave vector components with ϕ as the angle giving the direction of propagation, k the wave vector
length (or wavenumber), and ω is the frequency.

Substituting our ansatz (3.20) in the equilibrium equations (3.5), we obtain the homogeneous linear
system

[AT ] [Ψ] = 0 (3.21)

where AT (ω, k, ϕ) is the Acoustic Tensor of the reduced relaxed micromorphic model which depends on
the frequency ω, the wave vector length k, the angle of propagation ϕ, and all the elastic parameters
appearing in (3.10), while Ψ ∈ C6 is the vector of amplitudes. We notice that the size of the Acoustic
Tensor is now 6×6, since the micro-distortion tensor P carries only four degrees of freedom because we
are in plain strain, which means P13 = P23 = P31 = P32 = 0 and also u3 = 0. The non-trivial solutions
of the system (3.21) are obtained when AT is singular, i.e. when detAT = 0, which provides us with the
dispersion relations of the reduced relaxed micromorphic model.

The acoustic tensor can be written as follows

AT =

(
A B
C D

)
(3.22)

where (A,B,C,D) ∈ C3×3.
Since detAT = det (A) det

(
D − CA−1B

)
[58], it is clear that the determinant of AT becomes the product

of the two independent factors (detA and detD) if either B = 0 or C = 0. In order for this to happen, the
reference system must be aligned with the direction of wave propagation, and both must be aligned with
a symmetry axes of the material [99]. Then the determinant detAT = det (A) det (D) is the product of
two independent factors. This means that when taking the determinant of the Acoustic Tensor equal to
zero in order to calculate the dispersion relations, this two factors can be zero independently in order for
the determinant of the Acoustic Tensor to be zero. These two independent factors can be associated with
pure-pressure waves det (A) and pure-shear waves det (D)1. For each of the two factors, the dispersion
polynomial has the similar form

c0k
2 −

(
c1 + c2k

2
)
ω2 +

(
c3 + c4k

2
)
ω4 −

(
c5 + c6k

2
)
ω6 = 0 . (3.23)

describing either shear or pressure waves and it can also be written in a form k(ω) by

k = ω

√
c1 − c3ω2 + c5ω4

c0 − c2ω2 + c4ω4 − c6ω6
. (3.24)

The expressions of coefficients c0, c1, . . . , c6 change with respect to the angle of incidence (here 0◦ and 45◦)
and with respect to shear or pressure waves. As it can be seen, the dispersion polynomial for either shear
or pressure waves is of 6th order with respect to ω and symmetric with respect to the transformation
ω ←→ −ω and thus 3rd order with respect to ω2. As a result, the reduced relaxed micromorphic model
can describe three shear and three pressure curves.

3.5.1 Reduced relaxed micromorphic cutoffs

For the analytical calculation of the cutoffs frequencies, we substitute k = 0 in our dispersion rela-
tion (3.23), which becomes

−c1ω2 + c3ω
4 − c5ω6 = 0 ⇐⇒ ω2

(
ω4 − c3

c5
ω2 +

c1
c5

)
= 0

⇐⇒ ω2
1 = 0, ω2

2,3 =
c3 ±

√
c23 − 4c1c5
2c5

. (3.25)

Again, for evident symmetry considerations and without loss of generality, we will only consider the
positive half of the solutions in terms of frequency ω. The coefficients c1, c3, c5 depend on the elastic pa-
rameters µm, κm, µ

∗
m, µc, µe, κe, µ

∗
e , the micro-inertia parameters κγ , γ1, γ

∗
1 , γ2, the macroscopic apparent

density ρ, and size of the unit cell Lc but are independent of the parameters of the micro-inertia tensors
Te and Tc.

1The fact that det (A) is associated with pressure waves and det (D) with shear waves depends on our choice of the order of the

amplitudes in Ψ = (u1, P11, P22, u2, P12, P21)
T .
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Since when k → 0 one solution for ω is always ω = 0 and the other two are the expressions reported
above, this means that from the three modes that the model can describe for shear and pressure, one is
acoustic and the other two are optic. The explicit expression (3.38) can be used for the fitting procedure
of the RRMM as described in Section 3.7.

3.5.2 Reduced relaxed micromorphic asymptotes

We calculate the reduced relaxed micromorphic asymptotes by considering the limit k →∞ in eq. (3.23)
where only the terms with the highest order of k are important. Thus, we arrive at

c0 − c2ω2 + c4ω
4 − c6ω6 = 0 ⇐⇒ ω6 − c4

c6
ω4 +

c2
c6
ω2 − c0

c6
= 0 . (3.26)

Contrary to the simple analytical expression of the cutoffs, simplifying and using the asymptotes’ expres-
sions is not an easy task, since we must solve a third-order polynomial in ω2. However, we obtain three
distinct real-valued roots implying that all three asymptotes are horizontal, which is what we want when
fitting the RRMM dispersion curves with respect to those coming from Bloch-Floquet analysis.

Regarding the necessary but not sufficient condition mentioned in Section 2.5, for the RRMM we get
Table 3.1. Our necessary but not sufficient condition is respected, but of course we always need extra

− k0 k2

ω0 0 ✓
ω2 ✓ ✓
ω4 ✓ ✓
ω6 ✓ ✓

Table 3.1: Table of terms in powers of k and ω for the case of the RRMM

analytic calculations to be sure that some asymptotes are not zero or that they do not coincide. As
discussed in the previous chapter, a horizontal asymptote for each curve guarantees that the interval of
frequencies that each curve covers is limited as the ones obtained form the Bloch-Floquet analysis. We
would like for our curves to have their frequency asymptotes coinciding with the frequency corresponding
to the last wavenumber at the end of the Irreducible Brillouin-Zone (IBZ) coming from the Bloch-Floquet
analysis. However, this is not always possible, as it depends on the shape of the Bloch-Floquet curves we
have to fit, and if the dispersion polynomial of our model is able to replicate them.

In general we prefer curves with high slope for low wavenumbers, that tend to become horizontal early, and
stay horizontal for high wavenumbers. If this is not the case, depending on the dispersion of the curves,
we can choose to fit the curve’s asymptote slightly higher or lower, to have a better fitting inside the
Brillouin zone or afterwards. However, if an asymptote is placed higher than the last fitted wavenumber,
we achieve a better fitting inside the IBZ, but this implies that for the RRMM there exists solutions of
higher wavenumber outside the IBZ for higher frequency than the fitted curve itself. If a band-gap should
start after the last point of the curve, this implies that the curve is invading it. This is the main dilemma
we have when the fitting procedure is done, for cases where the Bloch-Floquet dipsrsion curves do not
have optimal shape for our model.

3.6 A link between the material properties and dimension of a
unit cell and the RRMM: dimensional analysis

For the RRMM, according to dimensional analysis, all micro-inertia tensors must have dimensions of kg
m .

Lets take for example the term
1

2
⟨Te sym∇u̇, sym∇u̇⟩ where sym∇u̇ has dimensions of 1

s . This means

that the scalar product has dimensions
[
x · 1s ·

1
s

]
(we keep the dimensions of Te as an unknown x), which

we know must be equal to J
m3 (energy density). Thus

J

m3
= x · 1

s2
=⇒ x =

J · s2

m3
=

N · s2

m2
=

kg · ms2 · s
2

m2
=

kg

m
=

kg

m3
·m2. (3.27)

36



We don’t know any quantity with these dimensions. We know however, that this energy contribution

represents an inertia-like contribution, so we can think about collecting a density parameter:
[
kg
m

]
=[

kg·m2

m3

]
= ρ · Lc

2, where ρ and L2
c have dimensions of

[
kg/m3

]
and

[
m2

]
respectively.

We will also show in the following section how expressing the micro-intertia tensors as a function of a
density and a length is also mandatory if one wants to be consistent with the scaling properties of the
dispersion curves coming from Bloch-Floquet analysis.

3.6.1 Dependence on the density ρ and the size of the unit cell Lc

The dependence on the density and the size of the unit cell can work as tools in order to scale the RRMM
dispersion curves according to some properties that the dispersion curves coming from Bloch-Floquet
analysis have, as explained in Section 1.3. We will also report these properties here for clarity. For the
dispersion curves coming from Bloch-Floquet analysis using an arbitrary unit cell, it holds:

• The dispersion curves scale proportionally in frequency ω with respect to the base material’s wave
speed. This means that when keeping the geometry and size of the unit cell unaltered, using a stiffer
or less dense base material would bring the curves higher in the frequency axis without changing
its shape.

• Both the wavevector k and the frequency ω scale inversely with the unit cell size This implies that
while keeping the geometry and base material of the unit cell unaltered, making the size of the unit
cell bigger using an isotropic scaling brings the curves lower in the frequency axis and lower in the
wavenumber axis without changing its shape.

Consistency of the reduced relaxed micromorphic model with respect to a change in the
unit cell’s size

Starting with the second property, we want the dispersion curves of the reduced relaxed micromorphic
model to scale in the same way the Bloch-Floquet dispersion curves do, for physical reasons, but also in
order to be able to only fit the parameters of our model once, and being able to scale the curves if only
the size of the unit cell is scaled but not the geometry. If an arbitrary unit cell of length L is scaled by a
factor of 2, then the frequency ω will halve and so will the wavenumber k.

In order to obtain this behavior with the reduced relaxed micromorphic model, we must scale all the
micro-inertia tensors (Jm,Jc,Te,Tc) by the square of the size of the unit cell. A proof was already given
in [99] for the relaxed micromorphic model, here we show the one for the reduced version of the model,
which is simpler.

If we consider a change in the size of the unit cell by some arbitrary factor t > 0, this requires the
scaling of the parameter Lc by the same factor t (since we set Lc to the size of the unit cell). Assuming
that all the other material parameters used remain constant, we substitute Lc → tLc in the dispersion
polynomial (3.23) and obtain (see Appendix A for the coefficients of the polynomial)

c0k
2 − c1ω2 − t2c2k2ω2 + t2c3ω

4 + t4c4k
2ω4 − t4c5ω6 − t6c6k2ω6 = 0 . (3.28)

We can now collect a factor 1
t2 and arrive at

1

t2
[
c0(tk)

2 − c1(tω)2 − c2(tk)2(tω)2 + c3(tω)
4 + c4(tk)

2(tω)4 − c5(tω)6 − c6(tk)2(tω)6
]
= 0 . (3.29)

Comparing equations (3.23) and (3.29) we can see that their roots ω(k) are simply linearly scaled with
respect the factor t. This result enables the choice of having Lc equal to the size of the unit cell and thus
allows us to change the latter in the microstructured material considered without needing to repeat the
whole fitting procedure and changing any other parameters.

In particular, scaling the size Lc of the unit cell by the factor t > 0 will change the frequency ω and
wavenumber k by the factor 1

t , i.e. the frequency and wavenumber decrease proportional to the size of the
unit cell. This simple observation allows to perform the fitting procedure for the relaxed micromorphic
model only once for each geometry and material of the unit cell: changing the size of the unit cell
afterwards will result in an automatic adjustment without changing any of the material parameters
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(except Lc ). Note that the slopes at the origin of the dispersion curves do not change when changing
the size of the unit cell while keeping the geometry fixed because both frequency ω and wavenumber k
are scaled by the same factor 1

t .

Consistency of the reduced relaxed micromorphic model with respect to a change in the
unit cell’s bulk material properties

The dispersive properties of a microstructured isotropic Cauchy material depend exclusively and linearly
on the wave speeds of the bulk material once its geometry is fixed. It is well known that the dispersion
relations can be always written as ω = kci with i = {p, s}, where cp and cs are the pressure and shear
wave speeds, respectively, defined as

cp :=

√
κM + µM

ρ
, cs :=

√
µM

ρ
, k =

ω

ci
, i = {p, s} . (3.30)

This implies that by scaling the elastic coefficients by a constant a and the density by another constant
b, we have

c̃p := cp

√
a

b
, c̃s := cs

√
a

b
, k =

√
b

a

ω

ci
, i = {p, s} .

Therefore, the response of an effective model should also change accordingly. Thus, we observe that by
multiplying all the reduced relaxed micromorphic elastic coefficients (Ce,Cc,Cmicro) by a constant a and
the apparent density ρ by another constant b, we can rewrite equation (3.23) as

a3c0k
2 − a2b

(
c1 + c2k

2
)
ω2 + ab2

(
c3 + c4k

2
)
ω4 − b3

(
c5 + c6k

2
)
ω6 = 0 . (3.31)

By collecting a3 we obtain

a3
[
c0k

2 − b

a

(
c1 + c2k

2
)
ω2 +

b2

a2
(
c3 + c4k

2
)
ω4 − b3

a3
(
c5 + c6k

2
)
ω6

]
= 0 (3.32)

from which we can introduce a scaled frequency ω̃ = ω
√

b
a . We notice that solving the equation (3.32)

for ω̃ is going to give us the same solutions of (3.23) which were for the unscaled material, and in order
to obtain the new ones, i.e. the one of the scaled material, it is enough to use the relation ω = ω̃

√
a
b .

In summary, increasing the stiffness (a) or decreasing the density (b) of the base material will cause an
overall shifting of the dispersion curves toward higher frequencies.

This is consistent with what is observed looking at the dispersion properties of a microstructured mate-
rial’s unit cell obtained via a Bloch-Floquet analysis. In the case for which a = b, the roots of equation
(3.32) do not change at all. Thanks to this identification, we can now easily change the material con-
stituting the unit cell (without changing the geometry) by scaling the material parameters accordingly
without repeating the whole fitting process. In particular, all the cutoffs and asymptotes will be scaled
by a quantity

√
a
b .

We explicitly remark again that scaling the macroscopic apparent density ρ of the unit cell by a factor
b > 0 will change the frequency ω by the factor 1√

b
, i.e. the frequency is inversely proportional to the

square root of the density of the unit cell. The wavenumber k is invariant under changing the macroscopic
apparent density since the periodicity of the unit cell remains unaltered.

3.7 Identification procedure of the reduced relaxed micromor-
phic parameters

We will explain here how the identification procedure of the reduced relaxed micromorphic parameters is
done for any single-phase unit cell that has tetragonal symmetry. We start by noting that the number of
unknown parameters of the model is 16, namely: ρ, κe, µe, µ

∗
e , κm, µm, µ

∗
m, µc, κγ , γ1, γ

∗
1 , γ2, κγ , γ1, γ

∗
1, γ2.

We will show how 8 of them are fixed on certain analytical properties the curves must fulfill, one parameter
can be excluded due to reasons explained in Section 3.4 and the 7 remaining parameters are fitted through
an error minimization procedure. We remark, that the ultimate goal of the identification procedure is
to adequately replicate the Bloch-Floquet band structure of the unit cell under consideration, and thus
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having a model that can capture the behavior of an infinite metamaterial composed of that specific unit
cell.

The band structure includes wavevectors with angles of incidence ranging from 0◦ to 45◦. Due to this, it
makes sense that the fitting procedure should be done for all these angles, e.g. one could fix the parameters
for an arbitrary angle of incidence, then check a second angle, see if the curve fitting is sufficient, change
the parameters again, and so on and so forth, until the curves are accurate enough for all the angles.
However, due to the symmetry class of the unit cell, and consequently, of all our material tensors, it is
enough to apply the fitting procedure only for the 0◦ and 45◦ direction of propagation, and it must be
done simultaneously for the two directions, as will be explained in the following section. This guarantees
that the fitting will be accurate enough also for the in-between angles.

We start the identification procedure with the calculation of the macroscopic apparent density ρ. The
macroscopic apparent density is calculated in a standard way: for any arbitrary unit cell, we calculate
the percentage area (volume) that the material of the unit cell occupies with respect to its whole area
(volume), and we multiply that by the density of the base material.

We proceed by calculating the macro parameters κM, µM, µ
∗
M, i.e. the values of tensor CMacro for the long-

wavelength limit by evaluating the slopes of the Acoustic curves at the origin of the dispersion curves
plot. For an anisotropic Cauchy material, the speed of the acoustic waves are

cp =

√
κM + µM

ρ
, cs =

√
µ∗
M

ρ
,

cp =

√
κM + µ∗

M

ρ
, cs =

√
µM

ρ
, (3.33)

where cp, cs are the speed of pressure and shear wave, respectively, for 0◦ of incidence, while cp, cs describe
an incidence angle of 45◦. For the tetragonal class of symmetry we choose, it also holds

c2p + c2s =
κM + µM + µ∗

M

ρ
= c2p + c2s , (3.34)

reducing the system of equations to just three independent quantities since density is already fixed.
For the reduced relaxed micromorphic model, we fit these macro parameters by using the slope of the
corresponding acoustic dispersion curves at k = 0 with

µM = c2s ρ , µ∗
M = c2s ρ , κM =

(
c2p − c2s

)
ρ =

(
c2p − c2s

)
ρ . (3.35)

As a next step, we can always compute the parameters of the meso-scale depending on the micro-
parameters and the macro-parameters, by manipulating eq. (3.15) as

Ce = Cmicro (Cmicro − CMacro)
−1 CMacro . (3.36)

For the tetragonal class of symmetry in 2D, relation (3.36) particularizes to

µe =
µmµM

µm − µM
, κe =

κmκM
κm − κM

, µ∗
e =

µ∗
mµ

∗
M

µ∗
m − µ∗

M

. (3.37)

We note that one must be careful when using these relations, since the denominator of all fractions shows
that the micro parameters must always be strictly bigger than the corresponding macro, otherwise the
meso parameters either diverge to infinity or become negative. By calculating the density and the macro
parameters, and then using relations (3.37) to express the meso parameters, we reduce the number of
unknown variables to 12.

The next step in order to reduce the number of unknown parameters further, before proceeding to the
error minimization step, is to use the analytical expressions of the cutoffs of the four optic curves. We
remark that cutoffs values in Bloch-Floquet analysis remain constant for any angle of incidence, since
they are frequencies at which k = 0. We can calculate the analytical expressions of the cutoffs from
eq. (3.25) where the values of the coefficients can be found in Appendix A. Calculating them for the 0◦

or 45◦ direction of propagation (since the fitting must only be performed for these two angles) gives

ωr =

√
µc

ρL2
cγ2

, ωs =

√
µe + µm
ρL2

cγ1
, ωss =

√
µ∗
e + µ∗

m

ρL2
cγ

∗
1

, ωp =

√
κe + κm
ρL2

cκγ
. (3.38)
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0◦ 45◦

Shear
ω2 = ωss ω2 = ωs

ω3 = ωr ω3 = ωr

0◦ 45◦

Pressure
ω2 = ωs ω2 = ωss

ω3 = ωp ω3 = ωp

Table 3.2: Cutoff expressions for the pressure waves (right) and for the shear waves (left).

We notice that ωs and ωss change from pressure to shear and shear to pressure, respectively, when going
from the direction of propagation of 0◦ to 45◦. This means that for any unit cell we choose to fit, we
must choose two modes to change polarization in the curves when going from 0◦ to 45◦.

Relations (3.38) allow us to reduce the number of unknown parameters further, arriving to 8 unknown
parameters overall. One additional reduction we can do, is take advantage of the Null-Lagrangian in the
micro-inertia contribution of the model as explained in Section 3.4, and further reduce the number of
unknown parameters to 7.

After this point, the values of the 7 remaining parameters, namely κm, µm, µ
∗
m, µc, κγ , γ1, γ

∗
1 are found

through an error minimization procedure. This procedure is done using Mathematica® and its built
in minimization function Nminimize. What is being minimized is the sum of the squares of the errors
between the frequency of the dispersion curves of the RRMM and those coming from Bloch-Floquet
analysis for all given wavenumbers.

In Chapter 2, we have talked about how the order of the dispersion polynomial with respect to ω and
k was one important condition for the accurate description of the dispersion of a metamaterial. The
other is the “freedom” one has during the fitting procedure. We have here arrived at the fitting loop
with 7 parameters and we wish to simultaneously minimize the mean square error between the 0◦ and
45◦ dispersion curves of the model and those from Bloch-Floquet. The difficulty of this depends on the
dependency of the parameters in each dispersion polynomial for 0◦ and 45◦. This can be seen in Table 3.3.

We can clearly see that there are parameters influencing both the behavior of shear and pressure curves
for a given direction of propagation, or the behavior of one polarisation (shear or pressure) for both 0◦ and
45◦. In addition, we note that we have 12 different asymptotes to fit with the remaining 7 parameters.
This means that the fitting procedure is not an easy task, but also that there are limits to what extent
the dispersion curves can be fitted accurately. A case of full “freedom” would be one where curves of
a single polarisation and a single direction depend on distinct parameters, but due to the nature of the
procedure of dispersion curves calculation this is not possible.

Shear Pressure

0◦ γ1
∗, µc, µ

∗
m κm, γ1, κγ , µm

45◦ γ1, µc, µm κm, γ1
∗, κγ , µ

∗
m

Table 3.3: Dependence of dispersion curves on the parameters for pressure and shear at 0◦ and 45◦.
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Chapter 4

Modeling metamaterials of finite
size: boundary effects as a
consequence of the choice of unit cell
“cut” for a locally resonant
metamaterial

4.1 Introduction

In the previous chapter, we explained that in order to capture the dynamical response of an infinite
microstructured metamaterial using a homogenised framework, one needs to use a model that is able to
capture the dispersion of the metamaterial, since the dispersion curves for our homogenised model must
coincide with those of the microstructured metamaterial obtained from Bloch-Floquet analysis.

∞

∞

∞∞ A

B

Figure 4.1: Infinitely big locally resonant metamaterial and identification of two possible unit cell “cuts”: “cut”
A (left) and “cut” B (right).

As already mentioned, the ability of the model to capture the dispersion relies firstly on the order of
the dispersion polynomial, and secondly on the “freedom” of the curves (which parameters affect which
curves). In this Chapter, we will attempt to go one step further by modeling a locally resonant metamate-
rial using the RRMM which we will show that has the ability to capture accurately the dispersion of this
metamaterial. We will, however, see that the ability to capture the dispersion does not also necessarily
mean an accurate description of finite-sized metamaterials.
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4.2 Properties of the locally resonant acoustic metamaterial

The infinite locally resonant metamaterial we wish to model is made out of Titanium and can be seen in
Fig. 4.1, where we can identify two tetragonal unit cell “cuts”, “cut” A (left) and “cut” B (right). The
two “cuts” are equivalent in the sense that their periodic tailing builds the same infinite metamaterial.

2ep+eg

 eg/2

 eg

ep

eg

Lc

2ep

Lc

eg

Lc - eg

 eg/2

2ep+eg

A B

Lc [m] eg [mm] ep [mm] ρTi [kg/m
3] κTi [Pa] µTi [Pa]

0.02 0.35 0.25 4400 116.7×109 41.8×109

Figure 4.2: (Top left) unit cell “cut” A, (top right) unit cell “cut” B and (bottom) material and geometrical
properties: the size of the unit cell is Lc, the density ρTi, the bulk modulus κTi and the shear modulus µTi.

The dimensions of the “cuts” and the properties of the base material can be seen in Fig. 4.2 and the
dispersion curves for 0◦ and 45◦ wave incidence can be seen in Fig. 4.3 where we notice a band-gap in the
acoustic range, attributed to a local resonance mechanism (we can see the four local resonators clearly
in both unit cell “cuts” in Fig. 4.2). For that particular reason, the unit cell possesses a very intricate
geometry, which implies the huge computational cost that comes with modeling such materials using fully
resolved microstructured simulations. As a result, we proceed by modeling our metamaterial using the
RRMM.
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Figure 4.3: Dispersion curves for 0◦ (left) and 45◦ (right), obtained by performing Bloch-Floquet analysis on any
of the two unit cell “cuts” in Fig. 4.2 by using Comsol Multiphysics®.

4.3 Parameter identification

The RRMM has been already introduced in Chapter 3 while in the same chapter, the parameter identi-
fication procedure has been explained in detail in Section 3.7. Wanting to model our metamaterial using
the RRMM, our goal is to give to the parameters of the model such values, so that the RRMM dispersion
curves for 0◦ and 45◦ are as close as possible to the dispersion curves from Bloch-Floquet analysis in
Fig. 4.3.
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According to Section 3.7, the parameters with an analytical expression are

ρ = ρTi
ATi

Atot
, κe =

κm κM
κm − κM

, µe =
µm µM

µm − µM
,

µ∗
e =

µ∗
m µ

∗
M

µ∗
m − µ∗

M

, κγ =
κe + κm
ρL2

c ω
2
p

γ1 =
µe + µm

ρL2
c ω

2
s

, (4.1)

γ∗1 =
µ∗
e + µ∗

m

ρL2
c ω

2
ss

, γ2 =
µc

ρL2
c ω

2
r

.

where ATi and Atot are respectively the area of Titanium and the total area (including the voids) of the
unit cell, ωp, ωr, ωs, and ωss are the cutoff frequencies, namely the frequencies for a vanishing wavenumber
k = 0, κM, µM, and µ∗

M are the Macro-parameters, while Lc is the length of the side of the unit cell, i.e.
Lc = 0.02 m.

As already remarked, the remaining 8 parameters κm, µm, µ
∗
m, µc, κγ , γ1, γ

∗
1, and γ2 are obtained by

minimizing the error between the dispersion curves obtained via Bloch-Floquet analysis and the ones of
the equivalent RRMM. Minimizing the error, one can arrive to the parameter values shown in Table 4.1.
The dispersion curves of the RRMM, using these values are shown in Fig. 4.4 in comparison with those
obtained via Bloch-Floquet analysis (same as Fig. 4.3).

Lc [m] κe [Pa] µe [Pa] µ∗
e [Pa]

0.02 2.51×109 2.39×109 1.20×106

µc [Pa] κm [Pa] µm [Pa] µ∗
m [Pa]

1.11×104 4.54×109 4.43×109 4.18×1010

κγ [-] γ1 [-] γ∗1 [-] γ2 [-]

1016.56 983.36 9234.89 0.02

κγ [-] γ1 [-] γ∗1 [-] γ2 [-]

5.45 3.09 1.45×10−9 1.87

κM [Pa] µM [Pa] µ∗
M [Pa] ρ [kg/m3]

1.62×109 1.55×109 1.20×106 3840.77

Table 4.1: Values of the elastic parameters, the micro-inertia parameters, the characteristic length Lc, and the
apparent density ρ for the RRMM. In the last row we also report the macro parameters.

0 5 10 15 20 25
0

1000

2000

3000

4000

5000

6000

k [1/m]

ω
[H
z]

Dispersion curves 0°

0 5 10 15 20 25 30 35
0

1000

2000

3000

4000

5000

6000

k [1/m]

ω
[H
z]

Dispersion curves 45°

Figure 4.4: Dispersion curves for 0◦ (left), and for 45◦ (right). The dots correspond to the solution of the Bloch-
Floquet analysis performed on any of the two unit cell “cuts” in Fig. 4.2 by using Comsol Multiphysics®, while
the solid lines represent the analytical expression of the dispersion curves for the reduced relaxed micromorphic
model. We mark shear modes in red and pressure modes in yellow. The dashed lines represent the frequencies
used in the numerical simulations.

We can see that the dispersion curves of the RRMM coincide very accurately with those of the metamate-
rial, implying that now, with this very good agreement, we can proceed to run our numerical simulations
of finite-sized specimens.
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4.4 Numerical simulations

In this section, we present the set-up of the numerical simulations on a finite-size metamaterial both with
a microstructured Cauchy model and the reduced relaxed micromorphic model.

4.4.1 Microstructured materials simulations set-up

All the 2D simulations presented here have been performed under a plane-strain assumption and with a
time-harmonic ansatz. The two microstructured materials presented in this work have been built as a
regular grid of finite-size (16× 16 unit cells of side Lc = 0.02 m), whose building blocks are the unit cells
made up of Titanium shown in Fig. 4.2. The resulting metamaterials are embedded between two slender
homogeneous Cauchy plates made out of Titanium.
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Figure 4.5: Schematic view of the geometry and the labeling of the boundaries and interfaces for (left) the
microstructured material built out of the unit cell A and (right) the microstructured material built out of the
unit cell B.

The following boundary and interface conditions have been enforced (see Fig. 4.5)

ux|A1 = u and uy|A1 → free (prescribed disp. - green) on A1

u|A2
= u|B1

and σ n|A2
= σ n|B1

(perfect contact - red) on A2 ≡ B1

u|B2
= u|C1

and σ n|B2
= σ n|C1

(perfect contact - red) on B2 ≡ C1

σ n = 0 (stress free - black) on A3, A4, B3, B4,
C2, C3, C4, D1

(4.2)

where the magnitude of the harmonic prescribed displacement u is 1% of the size of the specimen.
In particular, we set u = u0 e

−iωt with u0 = 3.2 mm. The simulations have been performed by using
the Solid Mechanics physics package of Comsol Multiphysics®. In order to ease the convergence of the
analysis, we introduced a small amount of isotropic damping (η = 0.002).

4.4.2 Reduced relaxed micromorphic continuum simulations set-up

The microstructured material is here modeled with the reduced relaxed micromorphic model, which is
characterised by the material parameters in Table 4.1. In addition, the following boundary and interface
conditions have been enforced (see Fig. 4.6)

ux|A1
= u and uy|A1

→ free (prescribed disp. - green) on A1

u|A2
= u|B1

and σ n|A2
= σ̃ n|B1

(perfect contact - red) on A2 ≡ B1
1

u|B2 = u|C1 and σ̃ n|B2 = σ n|C1 (perfect contact - red) on B2 ≡ C1

σ n = 0 (stress free - black) on A3, A4, C2, C3, C4

(σ̃ + σ̂)n = 0 (stress free - black) on B3, B4

(4.3)
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where again, the magnitude of the prescribed harmonic displacement u is 1% of the size of the specimen.
The effective homogeneous material modeled with the reduced relaxed micromorphic model is also em-
bedded between two slender homogeneous Cauchy plates made out of Titanium. The simulations have
been performed by using the Weak Form PDE physics package of Comsol Multiphysics®. This package
requires the implementation of the expression of the Lagrangian of the model (3.3) and the appropriate
boundary and interface conditions. To have a consistent comparison with the results from the microstruc-
tured material, we have introduced the same small amount of isotropic damping (η = 0.002) also in this
case.

A1

A2=B1
A3

A4

B3 B2=C1
C3

C2

B4
C4

A
B

C

A3
A2=B1

A1 A
B

Figure 4.6: Schematic view of the geometry and the labeling of the boundaries and interfaces for the equivalent
reduced relaxed micromorphic material.

4.5 Results and comparison

In this section, we show the results issued by the numerical simulations described in Section 4.4 for the
values of frequencies highlighted in Figure 4.4 (dashed lines).

In Figs. 4.7 - 4.10 the structural response2 for different frequencies is given for (left) the microstructured
material built out of the unit cell “cut” A, (center) the equivalent reduced relaxed micromorphic material,
and (right) the microstructured material built out of the unit cell “cut” B.

It can be inferred by direct inspection of these figures that “cut” B gives rise to a macroscopic response
which is better captured by the reduced relaxed micromorphic model, except for the frequency ω = 3500
Hz at which a structural resonant mode is predominant (see the right panel of the second row in Fig. 4.10).
However, we can also notice that, except for some small regions close to the boundary (e.g. ω = 300 and
ω = 1000 for “cut” A, where we can see a boundary effect of the size of half a unit cell at the top edge of
the specimen), also the behaviour of “cut” A is captured at an acceptable level of agreement. Exceptions
arise for the frequency ω = 500 Hz and ω = 700 Hz at which, respectively, microstructure related resonant
modes might become predominant, or a boundary effect occurs that is able to propagate in the bulk.3

1These jump conditions can be also written in compact from as [[u]] = 0 and [[t]]=0 where [[u]] represents the jump of displacement

and [[t]] = t+ − t− = σn− (σ̃ + σ̂)n is the jump of the generalized traction across the green interface.
2In these figures we show the dimensionless displacement field, i.e. norm of the displacement field at each point, divided by the
assigned displacement u.

3Microstructure related resonant modes are observed by direct inspection of the displacement field inside the unit cell for the
microstructured simulation.
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Figure 4.7: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement
u for 300, 500, and 700 Hz for (left) the microstructured material whose building block is “cut” A, (center) the
equivalent reduced relaxed micromorphic material, and (right) the microstructured material whose building block
is “cut” B.
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Figure 4.8: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement
u for 1000, 1500, and 1800 Hz for (left) the microstructured material whose building block is “cut” A, (center)
the equivalent reduced relaxed micromorphic material, and (right) the microstructured material whose building
block is “cut” B.
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Figure 4.9: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement
u for 1900, 2000, and 2300 Hz for (left) the microstructured material whose building block is “cut” A, (center)
the equivalent reduced relaxed micromorphic material, and (right) the microstructured material whose building
block is “cut” B.
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Figure 4.10: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement
u for 3000, 3500, and 4000 Hz for (left) the microstructured material whose building block is “cut” A, (center)
the equivalent reduced relaxed micromorphic material, and (right) the microstructured material whose building
block is “cut” B.
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4.6 Discussion

In Figs. 4.11 - 4.13 we show a detail of the deformation close to the boundary for the simulations at
which a disagreement with the reduced relaxed micromorphic model was detected in one of the two
microstructured simulations. It seems to be the case that in all the simulations where the macroscopic
response of the reduced relaxed micromorphic model deviates from the microstructured one, important
bending of the structural elements constituting the unit cell occurs (we better describe this bending in
the captions of Figures 4.11-4.13).

Figure 4.11: Detail of the deformation for ω = 700 Hz for (left) the structure based on “cut” A and for (right) the
structure based on “cut” B. It can be seen that “cut” A has a non-symmetric response that propagates along the
vertical boundary, while “cut” B gives clearly rise to a symmetric response. More particularly, in the “symmetric
response” (right) the internal resonators rotate of the same quantity at the top and at the bottom, so that the
thin beams remain undeformed. In the “asymmetric response” (left) the rotations of top and bottom element do
not compensate each other. This results in the bending of the thin beams inside the unit cell. To make the plot
clearer, the homogeneous Cauchy bar at the end of the specimen has been removed from the plot.

Figure 4.12: Detail of the deformation for ω = 1000 Hz for (left) the structure based on “cut” A and for (right)
the structure based on “cut” B. It can be seen that “cut” A has a localised non-symmetric response on the top left
corner, while “cut” B gives clearly rise to a symmetric response. Also in this case the “non symmetric” response
of the resonators implies bending of the thin beams inside the “cut”, while the “symmetric response” leaves the
thin beams undeformed. However, “cut” A recovers a symmetric response while moving away form the boundary.
To make the plot clearer, the homogeneous Cauchy bar at the end of the specimen has been removed from the
plot.
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Figure 4.13: Detail of the deformation for ω = 3500 Hz for (left) the structure based on “cut” A and for (right)
the structure based on “cut” B. It can be seen that “cut” A has an overall symmetric response on the boundary,
while “cut” B gives clearly rise to a prominent non-symmetric one. Once again the “non symmetric” response
gives rise to pronounced bending of the internal thin beams, while the “symmetric response” leaves them almost
undeformed. To make the plot clearer, the homogeneous Cauchy bar at the end of the specimen has been removed
from the plot.

4.6.1 Effects of the size of the metastructure on the propagation of the
boundary localization

In order to further investigate how these boundary effects persist while increasing the size of the domain
we present here the results for an increasingly big metastructure domain for the frequencies ω = 500 Hz
and ω = 700 Hz.

Figure 4.14: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
for 500 Hz for (top) the microstructured material whose building block is “cut” A, (bottom) the microstructured
material whose building block is “cut” B, for a 50× 50, 75× 75, and 100× 100 unit cells metastructure. “Cut” A
shows an important boundary effect that propagates in the bulk material up to a 100×100 unit cells metastructure,
while “cut” B does not show noticeable boundary effects regardless the size.

In Figs. 4.14 - 4.15, we show how the displacement field changes for a 50× 50, a 75× 75, and a 100× 100
unit cells metastructure: in the top row we report the results for “cut” A while in the bottom row the
one for “cut” B.
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Figure 4.15: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
for 700 Hz for (top) the microstructured material whose building block is “cut” A, (bottom) the microstructured
material whose building block is “cut” B, for a 50×50, 75×75, and 100×100 unit cells metastructures. “Cut” A
shows an important boundary effect that propagates in the bulk material up to a 50× 50 unit cells metastructure
while it fades form 75× 75. “Cut” B does not show noticeable boundary effects regardless the size.

For ω = 500 Hz we can see how the boundary effects start to become negligible from a 100 × 100 unit
cells metastructure, while before, their effect in the bulk is still relevant. On the contrary, for ω = 700 Hz
we can see how the boundary effects start to become negligible from a 75× 75 unit cells metastructure,
while in a 100 × 100 their effect is completely relegated to the boundaries and does not affect the bulk
material.

4.7 Conclusions

The RRMM captures the behavior of both finite-size specimens accurately unless eigenfrequencies of
the structure are activated, or “cut” related boundary effects appear that either stay confined on the
boundary, or propagate in the bulk. That is, the RRMM captures accurately the “bulk” behavior of all
the specimens. It is evident, that given the frequency and the “cut” in consideration, there are instances
where the finite-size metamaterial does not have a big enough size in order for the “infinite metamaterial
assumption” to hold. At that point the boundary effects would be negligible.

Since it is possible that for a given application, the size of the metamaterial has not yet reached this
critical size where boundary effects can be neglected, this raises the question of how could these boundary
effects be considered in a homogenised framework. Addressing this issue is absolutely critical for achieving
even greater accuracy and reliability in modeling microstructured materials and will be addressed in the
next chapter.
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Chapter 5

Interface forces method for
describing boundary effects using
enriched continua: application of the
method on a locally resonant
metamaterial

5.1 Introduction

As we saw in the previous chapter, when modeling metamaterials in the real world, that boundary effects
arise as a result of finite-size. As soon as a metamaterial is of finite-size, the “infinite metamaterial
assumption” only holds approximately, if enough unit cells are used for its construction, so that boundary
effects can be neglected. As discussed in previous chapter, boundary effects are directly related to the
unit cell “cut” one uses to construct the finite-size metamaterial, as the geometry of the “cut” inevitably
dictates the boundary of the finite-size metamaterial. On one hand, the bulk properties can be considered
identical for same size finite specimens constructed from different “cuts”, since all “cuts” can build the
same infinite medium that corresponds to the same dispersion curves in Bloch-Floquet analysis. On the
other hand, it is not rare that a boundary effect can propagate in the “bulk” of the material causing the
response to deviate from that of the infinite medium (see for example Fig. 4.7 at 700 Hz for “cut” A (left
panel)). It is also possible that the boundary effect remains confined on the boundary (see for example
Fig. 4.8 at 1000 Hz for “cut” A (left panel)). In both cases, when using a homogenised framework, we
would like to have a method of enriching our homogenised model in order to capture these boundary
effects, since we would like to have a more accurate description of finite-sized problems.

When constructing an m × n metamaterial from a certain unit cell “cut”, the boundary properties will
be governed by the choice of “cut” while the “bulk” properties will be governed by the Bloch-Floquet
dispersion curves and mode shapes of the corresponding infinitely big metamaterial. When changing the
“cut”, theoretically, only the boundary properties should change, while the “bulk” properties stay the
same, since all “cuts” will build the same infinite metamaterial. If we imagine two m × n finite-sized
metamaterials constructed from two different unit cell “cuts”(e.g. cuts A and B of previous chapter),
it is always true that the boundary of the resulting metamaterial is different in each case but also that
the bulk is different, in the sense that you never find the same geometry in the same place. However, as
explained before, since the “bulk” properties stay the same, i.e. dispersion curves, we can approximate
the bulk in each case as the same, while the boundary as different.

From this point of view, when modeling metamaterials composed of different “cuts” using a homogenised
framework, it would make sense to think of the boundary of the homogenised metamaterial as a surface
where boundary effects are activated. Equivalently, if the microstrucutred metamaterial is then connected
to another material, then the boundary between the two, when the metamaterial is modeled as an enriched
continuum, can be thought of as an interface where the boundary effect is activated. For many interfaces
there are already existing models in the literature we discuss in the next section.
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5.2 Material interfaces: from microscopic towards macroscopic
interfaces

In the context of mechanical problems, various interface models can be categorized depending on the
quantities that may suffer a jump across the interface itself:

• Perfect interface model: continuity of both displacement and traction is prescribed across the
interface [15, 17, 39, 75].

• Cohesive interface model: continuity of traction is respected on the interface but the displace-
ment can suffer a jump [7, 28, 39, 98].

• Elastic interface model: continuity of displacement is respected on the interface but the traction
can suffer a jump [32, 39, 59, 62].

• General interface model: a jump of both displacement and traction is prescribed on the inter-
face [39].

Up to this day, interface models have been used in the modeling of a number of phenomena such as adhe-
sives and their fracture [41, 93, 104], crack growth [50, 53, 85], damage [1, 3, 42], surface effects between
matrix and inclusion in nano-materials and composites [39, 86], grain boundary microcracking [29, 71,
90]. We point out that interface methods have been used to model size effects in nanomaterials in the
context of periodic homogenisation [39] or in composites with fibers [33], but only to model the interphase
between the matrix and the inclusion in the RVE of the composite an thus, as stated before, only at the
microscopic level. This means that, usually, the discontinuity of the material properties is considered
at the scale of the unit cell (e.g. the microscopic interface that separates two different materials inside
the unit cell). These macroscopic material interfaces are then taken into account in the homogenisation
procedure to show that the obtained homogenised (infinite-size) continuum exhibits different macroscopic
bulk properties if one considers different interface properties at the microscopic level.

The viewpoint adopted here is quite different, since we are stating that, when considering finite-size
(macroscopic) metamaterials’ specimens, also the macroscopic specimen’s boundaries should be treated
as material interfaces carrying their own material properties [74]. In particular, the macroscopic interfaces
considered in this thesis will be treated as (macroscopic) elastic interfaces across which the displacement
field remains continuous, while the traction may suffer a jump. Indeed this choice is justified by the type
of metamaterials that we want to describe through our homogenised model. If we imagine a single-phase
microstructured metamaterial conneted to a homogeneous material it is true that the interface between
the two materials might have empty spaces (due to the microstructured nature of the metamaterial), and
we know that a cohesive interface is usually used for the modeling of interfaces with cracks and damage [1,
3, 42, 50, 53, 85] (where holes are present in our material). However in our case, the two materials are
strongly bonded and no crack propagation is intended. Therefore, when the metamaterial is modeled
using a homogenised model, the macroscopic displacement must be continuous at the interface, while the
traction is allowed to suffer a jump.

The macroscopic interfaces occurring in the problem we studied in last chapter are highlighted in Fig. 4.6
with a red (RRM/Cauchy interface) or a black (free RRM interface ) color. When considering the red
interface connecting the RRM continuum to the Cauchy plate, we want that this interface models the
transition from the metamaterial in Fig. 4.5 to the Cauchy continuum (interface A2 = B1 and B2 = C1).
On the one hand, given the type of connections shown in Fig. 4.5, under the hypothesis that there are
no defects in the solid-solid connections between the metamaterial and the Cauchy plate, it is natural to
consider that at the macroscopic (homogenised) level one should impose continuity of the macroscopic
displacement across the red line in Fig. 4.6. On the other hand, it is also evident that if one would also
impose the continuity of traction across the red line in Fig. 4.6, then the RRMM would not be able to
discriminate between the 2 different cases presented in Fig. 4.5, since the homogenised solution imposing
[[u]] = 0 and [[t]] = 0 is unique.

It becomes thus clear that, in order to discriminate between the 2 different cases in Fig. 4.5, the ho-
mogenised counterpart must account for the possibility of a jump of the traction along the red lines.
Across these lines, the equations expressing perfect contact in (4.3), should then be modified to

[[u]] = 0 and [[t]] = f int (5.1)
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where f int is an interface force that takes different expressions depending on the type of metamate-
rial/Cauchy connection which is considered in the “real” system (e.g. one of the different metamate-
rial/Cauchy connections given in Fig. 4.5). The black interface in Fig. 4.6 is a particular limiting case of
the red interface just described. The black line represents a free RRM interface, corresponding to a free
interface in Fig. 4.5 (i.e. B3 and B4), in the sense that a RRM continuum is present on one side of the
interface, while no other material is present on the other side. In this particular case no condition must
be imposed on the macroscopic displacement of the RRM continuum which can of course be arbitrary.
On the other hand, the generalized traction that can arise at this black interface might not be vanishing,
so that the fourth condition in (4.3) should be modified to

t := (σ̃ + σ̂)n = f int (5.2)

where f int is a macroscopic interface force that might take different (in general non-vanishing) values
depending on the structure of the “real” metamaterial close to that interface (which depends on which
“cut” we use to construct the metamaterial from the two shown in Fig. 4.5). It becomes apparent that
when considering a homogenised (macrosopic) model as the RRMM for the description of the heteroge-
neous materials which have different properties close to the free microscopic interface, then the associated
homogenised (macroscopic) interface does not have, in general, a vanishing generalized traction. This
is due to the fact that small layers of the metamaterial across the free interface can create some stress
concentrations which are entirely related to the specific properties of the underlying microstructure close
to the free interface (boundary effects). Such stress concentrations, (typically of the order of 1/2 to 1
unit cell when considering a free interface) are concentrated close to the free interface and might be
very different depending on the unit cell “cut”. These different responses must be accounted for at the
homogenised level through the interface force f interface.

5.3 Interface forces for modeling a locally resonant acoustic
metamaterial using the RRMM

In the context of modeling metamaterials as homogenised media, the concept of considering macroscopic
interface forces is practically disregarded in the literature. This concept of macroscopic interface force
has been introduced in [74] for the first time. However, given the novelty of the concept many challenges
remain open and must be addressed with targeted case studies so as to unveil the specific properties that
such interface forces should have and to draw some general conclusions.

We wish to study the properties of interface forces in the context of RRM elasticity for the case study
presented in Chapter 4. As we have stated in the end of previous chapter, introducing a method to
capture boundary effects (in this case the method of interface forces) is an absolute priority if one wants
to extend the use of homogenised models from a purely infinite-size framework to the study of realistic
finite-sized structures.

Regarding boundary effects seen in the dynamic response of metamaterials, we know that they depend
on the frequency under consideration, the geometry of the unit cell “cut” and on the loading conditions
in the test under consideration. Indeed, what we (in mechanical metamaterials) call boundary effects,
has already been observed in a similar sense in electronic crystals. In electronic crystals, (similar to our
case) an electronic band structure is calculated using the Bloch-Floquet theorem, which then describes
the electron states in the crystal. This energy band structure plays a major role in determining the
physical properties of the crystal and which physical processes may happen in the crystal [76]. Here the
“infinite metamaterial” assumption translates to an “infinite crystal” assumption. However, real world
crystals, like real world metamaterials, are always finite-sized. It was then proven that new electronic
states can be formed near the surfaces of the finite-sized crystal, thus named surface states [88, 94]. The
authors of [76] have succesfully used the theory of periodic Sturm-Liouville equations to calculate finite
band structures of 1D crystals. Usually, this band structure is calculated using a boundary value problem
(a partial differential equation coupled with boundary conditions that express the finite size). However,
the results in [76] only concern one-dimensional electronic, phononic and photonic crystals. Regarding
the calculation of a finite-size band structure in two dimensions, to the knowledge of the author, no work
exists in which a finite-size band structure is calculated, given an arbitrary unit cell “cut” and a number
of unit cells in each of the two spatial directions.

An alternative path is usually taken, where metamaterials are specifically designed so that they show
topological edge states. After the 2016 Physics Nobel prize in topological phases of matter, a whole
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new field emerged called topological insulators [60], from which topological metamaterials eventually
emerged (see [67] for mechanical metamaterials). Usually, through certain procedures that involve a bulk
Hamiltonian and some calculations of topological invariants, it is possible to show that topological edge
states might exist in a system [14], and sometimes even for which boundary terminations [8]. It is not
still clear however, if this procedure can be done for all the possible “cuts” and all the possible unit cell
shapes and more than that, it is well known that not all boundary/edge effects are topological. There
exists yet, no general expression describing an arbitrary surface state/boundary effect for an arbitrary
frequency, unit cell “cut” and loading.

The core idea of interface forces, that any boundary effect can be seen as an activated force per unit
area on the respective boundary, offers an interesting separation of information, where the information
are separated in bulk (band structure coming from Bloch-Floquet analysis) and boundary information
(applied interface forces). If such an idea is posed, then one should show at some point, that these forces,
for any “cut” and any loading, depend on some physical quantities. Such task, i.e. coming up with a
general analytic relation for an arbitrary “cut” and excitation involving physical quantities, given the
previously mentioned literature, is highly challenging, and given the plethora of loading conditions and
unit cell “cuts”, might even be impossible to achieve . However, one can imagine that such task could be
achievable for specific metamaterials and specific excitations. In this thesis, we will discuss later in this
Chapter, the idea that an edge effect might be associated to a low shear stiffness of the unit cell “cut”,
thus trying to associate a physical quantity to the edge effect and we will show how the same edge effect
might remain invariant to some specific parameters related to the number of unit cells used, thus trying
to exclude some physical quantities from the picture.

In this section, we will describe in more detail the specific form that such interface forces should take so
that the RRMM can be safely used to describe the two different metamaterial’s specimens of Fig. 4.5.

For the tests presented in last Chapter 4, introduced in Fig. 4.5 (Fig. 4.6 for its RRM counterpart),
we consider the following traction jump conditions across the red lines in Fig. 4.6 separating the RRM
continuum from the Cauchy plates

tCauchyin
= αin tRRMMin

+ βin (5.3)

where i = L,R for left or right interface respectively and n = x, y for x or y component of the tractions
respectively, αin is a dimensionless coefficient and βin is a surface force.

Jump condition (5.3) can be rewritten setting γ = (α− 1), so that

tCauchyin
= tRRMMin

+ γin tRRMMin
+ βin (5.4)

or
[[t]] = γin tRRMMin

+ βin . (5.5)

With reference to eq. (5.1) this means that we are setting the interface force to be

f interfacein = (αin − 1)tRRMMin
+ βin . (5.6)

In other words, we are setting that the interface force which is stemming from the heterogeneity of the
underlying microstructure close to the Cauchy/RRM interface is a linear function of the RRM traction
tRRMM = (σ̃ + σ̂)n. We thus note, that here the jump of the traction at the interface takes the simple
form of a linear function of the RRM traction.

However, depending on the frequency under consideration and the nature of the boundary effect, the
expression can be modified and the jump of traction could take more complex forms, e.g. α and β must
be functions of the x or y coordinates along the interface, instead of being constants.

For the black interfaces in Fig. 4.6 we assume no special general form, so that eq. (5.2) remains the same.
We remark however, that this expression, for an arbitrary frequency, could also become dependent on
the x or y coordinates.

5.4 Results and discussion

We will here present results that show that interface forces can be effective in capturing boundary effects
that either remain confined on the boundary (we will here call those “pure boundary effects” or “edge
effects”), propagate in the bulk, or are more general boundary effects related to the finite-size of the
structure.
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5.4.1 Interface forces in the case of edge effects: the frequency of 1000 Hz

We start with the case of 1000 Hz, where an edge effect was evident on the top free boundary of the
microstructured metamaterial in Fig. 4.8 for the case of the finite-size metamaterial made out of “cut” A
(we will name this metamaterial A for simplicity). We wish to capture that edge effect using the method
of interface forces. For the corresponding case of the finite-size metamaterial made out of “cut” B (we
will also name this metamaterial B for simplicity), the RRMM was accurate enough, but interface forces
can improve the response even more, accounting for the boundary effects which caused the response to
be less accurate initially. Such effects are not clearly visible like the case of edge effects, but are still
related to the finite-size of the structure, and hence to the choice of unit cell “cut”.

Metamaterial A

In Figure 5.11 we can see the structural response of the RRMM with (f ̸= 0), and without interface
forces (f = 0), in comparison to metamaterial A, and a detail of the deformed shaped of the top right
corner of the specimen can be seen in Fig. 5.2.

RRMM  f=0 RRMM f≠0Microstructured

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.1: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 1000 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial A and (right) the RRMM
with (f ̸= 0).

Microstructured RRMM f≠0

Figure 5.2: Detail of the deformed shape of the top right corner of the specimen at 1000 Hz, for (left) the
microstructured specimen and (right) the RRMM with (f ̸= 0).

1The scale of the dimensionless displacement field used here is different than the one in Fig. 4.8. In Fig. 4.8, we wanted to highlight
the difference of the displacement on the edge and hence we used a lower scale, whereas in the current case we want the natural
scale in order to calibrate the interface force accurately.

57



For the case of the RRMM with f ̸= 0, interface forces were used on the top and bottom boundaries (black
boundaries B3 and B4 in Fig. 4.6) and on the right RRMM/Cauchy interface (red boundary B2 = C1
in 4.6). Since the problem is symmetric, the force used on boundary B3 will have the same x−component
as the one used on B4 and the same y-component but with opposite sign. We will therefore only state
the expression of the interface force on the top boundary B3, if one is used, for all cases shown below. For
the right interface, an interface force was only used on the Cauchy/RRM interface in the x−direction,
which particularises the general expression of eq. (5.6) to

f interfaceRx
= (αRx

− 1)tRRMMRx
+ βRx

(5.7)

where αRx
= 1 and βRx

= −2 · 107. Regarding the surface force used on the top free boundary (black
boundary B3 in Fig. 4.6), whose general expression is given by eq. (5.2), particularising for this specific
case, the interface force had to be a coordinate dependent function of the type

f int = 2.47 · 107 · e− x2

0.0128 . (5.8)

A question naturally arising is how does one arrive to the appropriate interface force that produces
the correct response (i.e. represents accurately the boundary effect)? The RRMM, being an enriched
continuum used in a homogenised framework, captures the response of the metamaterial in an averaging
sense, meaning that not every little detail of the displacement of the microstructural components can
be captured, but rather, the overall macroscopic displacement field in an average sense. Given this, the
appropriate interface force should do exactly that. This implies that we can change the interface force
appropriately by direct inspection of the displacement field and deformed shape, until the response is
accurate enough.

Moreover, if one has arrived to the correct solution using an enriched continuum coupled with the method
of interface forces, the traction on the “homogenised” interfaces should also be an average of the mi-
crostructured traction on the same interface, since it is a function of the displacement. This can be
used in the opposite way in some cases, meaning, that if one inspects the microstructured traction at a
given boundary, and calculates an “average” of this traction, then this should correspond to the traction
that we should have calculated when we already arrived at the accurate response when inspecting the
dislplacement field. This implies that one could arrive at the correct interface force by trial and error, so
that the traction on the interface in the case of modeling the metamaterial using an enriched continuum,
becomes an average of the microstructured traction. If this average was achieved for all interfaces in the
homogenised problem, then the displacement field should be the same as the one we arrived at before,
only by direct inspection of the displacement field. However, since the calculation of this average is an
open problem in the enriched continua community, and since we might be also dealing with too small
specimens, calculating an average of the traction can become challenging, so calculating the appropriate
interface force via direct inspection of the displacement field is usually more versatile here.

Nevertheless, we point out that which of the two strategies should be used, to arrive to the correct interface
force more efficiently depends on the specific case. When talking about the fact that an average of the
tractions in the RRMM case, should lead to the correct solution, we can think of it as an interpolation of
the microstructured traction. An example is the the traction on the top free boundary of the specimen
for the case under consideration. We know that on the top boundary (in the microstructured case), since
we have no assigned displacement, the traction must be zero. We can therefore only calculate the traction
really close to this boundary, by moving inside the material by a very small distance. Thus we move one
quarter of a unit cell down from the top free boundary, and calculate the x−component of the traction
on a horizontal line, for both metamaterial A and the corresponding RRMM with f ̸= 0. The results are
shown in Fig. 5.3.

The average sense in which the RRMM should capture the traction is here very evident.

Metamaterial B

In the case of metamaterial B, as mentioned before, the response of the RRMM was already accurate,
but we can make it even more precise by capturing boundary effects using interface forces. In Figure 5.4
we can see the structural response of the RRMM with f ̸= 0 and without interface forces (f = 0), in
comparison to metamaterial B. In the case of f ̸= 0, an interface force was only needed on the right
Cauchy/RRMM interface, which particularises the general expression of eq. (5.6), to

f intRx
= (αRx

− 1)tRRMMRx
+ βRx

(5.9)
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Figure 5.3: x-component of the traction, for the microstructured specimen (green line), the RRMM without
interface forces (f = 0) (orange line) and the RRMM with interface forces (f ̸= 0) (red line).

where αRx
= 1 and βRx

= −2 · 107.

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.4: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 1000 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial B and (right) the RRMM
with f ̸= 0.

5.4.2 Interface forces in the case of edge effects: the frequency of 1500 Hz

At 1500 Hz, another edge effect was evident on the top free boundary of metamaterial A in Fig. 4.8. We
aim to capture that edge effect again, using the method of interface forces. For the corresponding case
of metamaterial B, the RRMM was not accurate enough in capturing the response, therefore interface
forces are once again used to capture an accurate enough finite-sized response.

Metamaterial A

In Figure 5.5 we can see the structural response of the RRMM with (f ̸= 0) and without interface forces
(f = 0), in comparison to metamaterial A. To capture the response of metamaterial A, for the case of
the RRMM with f ̸= 0, an interface force was used on the Cauchy/RRM right interface (red boundary
B2 = C1 in 4.6) in the x−direction, so that the usual expression of eq. (5.6) is modified such that αRx

= 1
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and βRx
becomes piece-wise constant y−coordinate dependent

βRx
=

{
−4 · 108 if y ∈

[
0.15 [m], 0.16 [m]

]
2,

3 · 108 if y ∈
[
−0.16 [m], 0.15 [m]

]
.

(5.10)

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.5: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 1500 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial A and (right) the RRMM
with f ̸= 0.

Metamaterial B

In Figure 5.6 we can see the structural response of the RRMM with f ̸= 0 and without interface forces
(f = 0), in comparison to metamaterial B. To capture the response of metamaterial B, for the case of
the RRMM with f ̸= 0, an interface force was used on the Cauchy/RRM right interface (red boundary
B2 = C1 in Fig. 4.6) in the x−direction, so that for eq. (5.6), we have αRx

= 1 and βRx
= 3 · 108.

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.6: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 1500 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial B and (right) the RRMM
with f ̸= 0.

2We assume that the center of the metastructure is at the coordinates (0, 0), therefore the right interface’s y-coordinates can be
y ∈ [−0.16,+0.16].
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5.4.3 Interface forces in the case of boundary effects that propagate in the
bulk: the frequency of 700 Hz

At 700 Hz and metamaterial A, in Fig. 4.7 we can see a boundary effect propagating in the bulk of
the material which the RRMM is unable to catch. In the same figure, for metamaterial B the RRMM
captures the response in a good extent, but we can still enhance the accuracy by the use of interface
forces. The use of interface forces enhances the accuracy since it adds missing information to the picture
regarding finite-size effects.

Metamaterial A

In Figure 5.7 we can see the structural response of the RRMM with f ̸= 0 and without interface forces
(f = 0), in comparison to metamaterial A. For the case of the RRMM with f ̸= 0, an interface force
was used on the Cauchy/RRM right interface (red boundary B2 = C1 in 4.6) in the x−direction so
that the usual expression of eq. (5.6) is modified so that both αRx and βRx become dependent on the
y−coordinate. We have

f intRx
= (αRx

− 1)tRRMMRx
+ βRx

(5.11)

where this time

αRx =

{
0.01 if y ∈

[
0.11 [m], 0.16 [m]

]
,

1 if y ∈
[
−0.16 [m], 0.11 [m]

] (5.12)

and βRx
takes the form

βRx
= 4 · 107 · e−

y2

0.005 . (5.13)

RRMM  f=0 RRMM f≠0Microstructured

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.7: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 700 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial A and (right) the RRMM
with f ̸= 0.

Metamaterial B

In Figure 5.8 we can see the structural response of the RRMM with f ̸= 0 and without interface forces
(f = 0), in comparison to metamaterial B. For the case of the RRMM with f ̸= 0, an interface force was
used on the Cauchy/RRM right interface (red boundary B2 = C1 in Fig. 4.6) in the x−direction so that
for the usual expression of eq. (5.6) we have that αRx

= 1 and βRx
= 1.1 · 108.
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RRMM  f=0 RRMM f≠0Microstructured

RRMM  f=0 RRMM f≠0Microstructured

Figure 5.8: Norm of the displacement field |u| divided by the amplitude of the assigned harmonic displacement u
at 700 Hz for (left) the RRMM without interface forces (f = 0), (center) metamaterial B and (right) the RRMM
with f ̸= 0.

5.5 Edge effects: edge tests, dependence on the number of unit
cells in the y−direction and scalability of interface forces

Out of the three different boundary effects we identified in this chapter, the one that appears the most
is the edge effect where the top and bottom edges of the metamaterial deform more than the bulk. This
effect appeared, specifically for metamaterial A, in many different frequencies, namely: 300 Hz, 1000
Hz, 1800 Hz and 2300 Hz (see Figures 4.7–4.9). Although, in these cases, the boundary effect is not
always identical, we can always observe that it is of half a unit cell size and it takes place at the top
and bottom edges of the specimen. We remark, that we are always doing a pressure test (i.e. we are
sending a compressional wave), but the edges of the specimen in the case of metamaterial A appear to
be responding to a shear-type test (see Fig.5.2).

Looking at the geometry of “cut” A in Fig. 4.2, and paying particular attention to its mass distribution,
one can understand that this “cut” possesses very low shear stiffness. It is reasonable to hypothesize that
this property of the unit cell ”cut” may be correlated with the edge effect observed in our simulations.
Based on this hypothesis, could we maybe predict the edge effect by only performing a shear-type test
on the edge of the specimen, where we apply suitable boundary conditions on the bottom boundary (we
will call this an edge test)? Should this be achievable, significant implications emerge:

• We would have effectively associated some properties of the microstructure with the edge effect
itself.

• To predict the existence of an edge effect we would only need an edge test and not a microstrcutured
simulation of the whole finite-sized specimen.

• For capturing edge effects using the RRMM and interface forces, it would suffice to perform only
the edge test. This test could then be used to retrieve the expression of the interface force that is
activated from this particular boundary effect within the RRM simulation.

5.5.1 Edge tests

In order to achieve what has been previously described, we choose our edge test to be the same physical
test we have seen throughout this and the previous chapter but, in order to represent the edge, we use
a 16× 1 specimen, again embedded between two Cauchy plates of matching height. We then proceed to
search for these boundary conditions that must be applied at the bottom edge in order to reproduce the
edge effect. More specifically, with reference to the schematic view in Fig. 5.9, we apply

ux = u and uy = 0 prescribed displacement - green

u− = u+ and (σn)− = (σn)+ perfect contact (continuity of displacement and traction) - red
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σn = 0 stress free - black (5.14)

ux = uBCx
and uy = uBCy

edge test boundary conditions - blue

where similarly to the previous chapter u = u0 e
−iωt with u0 = 3.2 mm and now uBCx and uBCy

correspond to either free or fixed (u = 0) boundary conditions.

Figure 5.9: Schematic view of the geometry of the edge test. A 2 × 1 metamaterial is presented for easier
identification of the boundary conditions while the edge test was performed using a 16× 1 specimen.

Edge test with uBCx = 0 and uBCy free

Our first guess is that since we observe a shearing effect on the edge, setting uBCx
= 0 and letting uBCy

to be free, seems appropriate. We compare the results of the edge test with the upper half of the 16× 16
specimen for the frequency of 1000 Hz in Figure 4.8. Since our test in Chapter 4 is symmetric, our results
will also hold for the bottom edge of the metastructure.

16×16 16×1

Figure 5.10: Dimensionless displacement field at 1000 Hz for (left) the 16 × 16 metamaterial A (only top half is
shown due to the symmetry of the problem) and (right) the corresponding edge test with uBCx = 0 and uBCy

free.

The comparison can be seen in Fig. 5.10, where we can see that the edge effect appears in the edge test,
but we have areas where the displacement is overestimated (left- and right-hand side of the specimen)
and areas where it is underestimated (bottom half row of unit cells). Due to this agreement issues we
cannot use this edge test for retrieving the expression of the appropriate interface force, but we could
perhaps use it for identification of a possible edge effect given a choice of “cut”. To check this, we try
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the same exact edge test using cut B and see if the response is comparable to the one of the edge of the
corresponding 16× 16 specimen. The results are shown in Fig. 5.11, where we observe that the response

16×16 16×1

Figure 5.11: Dimensionless displacement field at 1000 Hz for (left) the 16 × 16 metamaterial B (only top half is
shown due to the symmetry of the problem) and (right) the corresponding edge test with uBCx = 0 and uBCy

free.

between edge test and edge of the corresponding 16× 16 specimen is comparable, in the sense that there
is no edge effect in both cases. The specific edge test looks promising for use in the identification of edge
effects, and a first step towards the generalisation of the idea of an edge test for edge effect prediction,
but as already remarked, we need a more accurate test if we want to use it to retrieve an expression of
the corresponding interface force. We therefore continue to vary the boundary conditions until greater
accuracy is achieved.

Edge test with uBCx
= uBCy

= 0

Our second guess is to also set the y−component of the displacement to zero. We compare the results of
the edge test with the upper half of the 16× 16 specimen for the frequency of 1000 Hz in Figure 4.8.

16×16 16×1

Figure 5.12: Dimensionless displacement field at 1000 Hz for (left) the 16 × 16 metamaterial A (only top half is
shown due to the symmetry of the problem) and (right) the corresponding edge test with uBCx = uBCy = 0.

The comparison can be seen in Fig. 5.12, where we can see that the edge test is a good approximation
similar to the last case (see Fig. 5.10) but still, we have areas where the displacement is both overestimated
and underestimated. This implies that, again, this particular edge test can not be used for retrieval of
an interface force.
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Edge test with uBCy
= 0 and uBCx

free

Lastly, we set the y−component of the displacement to zero while letting the x−component free and
compare the results of the edge test with the upper half of the 16×16 specimen for the frequency of 1000
Hz in Figure 4.8. We note that when taking a look at Fig. 5.9 and eq. (5.14), we see that the bottom
part of the left Cauchy plate is free. Only here, since we are not constraining uBCx

to be zero, we choose
to extend our edge test boundary conditions to that part of the boundary of the plate as well.

16×16 16×1

Figure 5.13: Dimensionless displacement field at 1000 Hz for (left) the 16 × 16 metamaterial A (only top half is
shown due to the symmetry of the problem) and (right) the corresponding edge test with uBCy = 0 and uBCx

free.

The comparison can be seen in Fig. 5.13. We observe that there is now both a very good qualitative and
a quantitative agreement in the displacement field.

The results shown here for 1000 Hz translate in the same way for the rest of the frequencies where edge
tests took place. For the four frequencies mentioned at the start of the section, we can reproduce the
edge effect appearing on a 16 × 16 by doing an edge test on a 16 × 1, if we apply the same excitation,
plus the boundary condition uBCy

= 0 on the bottom boundary.

At first glance this result looks to be the edge test we were looking for, but taking a second look at the
edge test and the boundary condition applied (uBCy

= 0), we realise that this boundary condition is
actually nothing more than a symmetry condition. This means that while we thought we were solving
an edge test, we were actually solving an identical test to the one of the previous chapter, but instead of
a 16× 16 metamaterial, we now have a 16× 2 specimen.

While this realisation renders the term “edge test” less meaningful in this case, it raises another, perhaps
equally interesting question. If the same edge effect appears for a 16 × 16 and a 16 × 2, does it also
appear for in-between (or higher) values of the number of unit cells used in the y− direction? We wish
to investigate this question in the remainder of this chapter.3

5.5.2 Dependence of the edge effect on the number of unit cells in the
y−direction: scalability of interface forces

We wish to approach this problem, by starting from a 16× 2, progressively adding more unit cells in the
y−direction, until we reach the 16 × 16 size. We here show results for all the four frequencies and the
cases of 16× 4, 16× 6, 16× 8, 16× 10, 16× 12 and 16× 14, but we note that also the rest of cases were
checked (16× 3, 16× 5,..., 16× 15), giving similar results.

The frequency of 300 Hz

Interestingly, we observe that the edge effect is not affected by the number of unit cells in the y−direction,
cf. Fig. 5.14.

3For the particular case of a 16 × 1 where no boundary conditions are imposed on the bottom boundary, the edge effect does not
appear. Only when two unit cells are used in the y−direction, the edge effect starts taking place.
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16×4 16×6 16×8

16×14 16×12 16×10
Figure 5.14: Progressively increasing the number of unit cells used in the y−direction at the frequency of 300 Hz.

The frequency of 1000 Hz

16×4 16×6 16×8

16×14 16×12 16×10
Figure 5.15: Progressively increasing the number of unit cells used in the y−direction at the frequency of 1000
Hz.

Similarly, we observe that the edge effect is not affected by the number of unit cells in the y−direction,
cf. Fig. 5.15.

The frequency of 1800 Hz

We again observe that the edge effect is not affected by the number of unit cells in the y−direction, cf.
Fig. 5.16.
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16×4 16×6 16×8

16×14 16×12 16×10
Figure 5.16: Progressively increasing the number of unit cells used in the y−direction at the frequency of 1800
Hz.

The frequency of 2300 Hz

16×4 16×6 16×8

16×14 16×12 16×10
Figure 5.17: Progressively increasing the number of unit cells used in the y−direction at the frequency of 2300
Hz.

Once again, we observe that the edge effect is not affected by the number of unit cells in the y−direction,
cf. Fig. 5.17.

We conclude that for this unit cell “cut” and these loading conditions, any edge effect is not affected
by the number of unit cells in the range of 2 to 16 unit cells. This also means, that the corresponding
interface force that is activated in the corresponding RRM simulation on the top and bottom boundaries
is always the same, if the number of unit cells in the x−direction is 16 and the number of unit cells
in the y−direction is between 2 and 16. This implies that for our initial test we could have calibrated
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the interface force on the top and bottom “free” boundaries, on a 16 × 2 instead of a 16 × 16 saving
computation time. This can be seen in Fig. 5.18 where for the frequency of 1000 Hz, we can see that
for different size specimens but same interface force4, we always arrive at the identical displacement field
that captures the edge effect accurately.

16×4 16×6 16×8

16×14 16×12 16×10
Figure 5.18: Progressively bigger metamaterials, modeled with the RRMM and the same expression of interface
forces for all sizes, for the frequency of 1000 Hz.

Here we must point out, that the fact that the interface force could be calibrated on a 16×2, we couldn’t
have known until our investigation on the dependence of the edge effects on the number of unit cells in the
y−direction was concluded. Therefore, if we want to apply this reasoning on other metamaterials, more
investigation is needed in order to understand if this feature (i.e. the edge effect not being affected from
the number of unit cells in the y−direction) is a feature of this particular metamaterial or polarisation
direction, or if this is a general feature of edge effects.

Additionally, based on the findings of this section, another question that follows naturally is if the edge
effect stays invariant with respect to any number of unit cells in the y−direction. For this we have
conducted the same test performed multiple times in this and the previous chapter but we change the
number of unit cells in the y−direction to be twice, four and eight times those in the x−direction, that
is, 16× 32, 16× 64 and 16× 128, respectively. We note that we repeated the test for all four frequencies
discussed before but here we only show results for the frequency of 1000 Hz, since the results where
similar in all cases. Furthermore, as already discussed, the problem is symmetric and the bottom edge
effect is identical to the top but mirrored, we only show the upper half of the specimen. The results are
shown in Fig. 5.19.

We observe that the edge effect stays invariant with respect to the number of unit cells in the y−direction
for the sizes under consideration. We anticipate that as long as the specimen is of finite size, when
changing the number of unit cells in the y−direction, the edge effect will persist but it will become more
and more negligible for the rest of the specimen as the number of unit cells increases and unless structural
eigenfrequencies are activated.

4The expression of the interface force in all cases is the one in Section 5.4.1 for metamaterial A.
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16×8

16×10

16×32 16×64 16×128

Figure 5.19: Dimensionless displacement field at 1000 Hz for the metamaterial A with 16×32, 16×64 and 16×128
unit cells.

5.6 Discussion

We have seen multiple cases in which interface forces were used to improve the accuracy of the RRMM’s
response by capturing neglected boundary effects. In these cases we showed that interface forces made
the response more accurate by capturing edge effects, boundary effects that propagate in the bulk, and
more general boundary effects related to the finite-size of the structure. We showed what expressions
these interface forces take in order for the solution’s accuracy to be improved.

We emphasize that, as explained in this chapter, one can arrive to these expressions in two ways. The first
way is by a direct inspection of the displacement field and the deformation i.e. using an appropriate force,
checking if the response is captured, change the force and check again, until a satisfactory result. The
second way is again by trial and error, but this time by direct inspection of the tractions on the interfaces.
The tractions on an interface in the homogenised simulation should correspond to an “average” of the
corresponding tractions in the microstructured simulation. We explained that this average is an open
problem in the literature but we can think of it as an interpolation.

Regarding edge effects, we showed that in the cases under consideration, they remain invariant to a
change of the number of unit cells in the y−direction, which means that also the corresponding interface
forces remain invariant as long as other boundary effects, in particular effects that propagate in the bulk,
are not triggered. We also defined edge tests, based on the idea that while the structure is under a
compression test, the edge is experiencing a shear-type test, owing to the transfer of shear stiffness from
the unit cell to the row of unit cells (i.e. the edge) and we discussed these tests’ potential for edge effect
prediction. Results seem promising regarding the prediction of edge effects, but more investigation is
needed for different “cuts” and different loading conditions. The mechanism of how the shear stiffness
gets transferred from the unit cell to the edge might reveal the wanted physical quantities on which the
edge effects depends on, and inevitably those that the surface force in the case of the enriched model
depends on.
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Chapter 6

Modeling a finite-size labyrinthine
metamaterial using the RRMM and
interface forces

6.1 Introduction

In the previous chapter, the RRMM coupled with the method of interface forces were used to capture
the response of a 16× 16 locally resonant metamaterial in some cases where boundary effects took place.
In this Chapter, we wish to go one step further and model the behavior of even smaller specimens, for a
metamaterial that only needs a small number of unit cells in order to attenuate a wave in the band-gap
region.

6.2 Labyrinthine metamaterial, unit cell “cuts” and finite size
specimens

The Labyrinthine unit cell shown in Fig. 6.1, designed by our group, presents wide band-gap behavior in
the acoustic range as shown in Fig. 6.4 (black dots), and was already tested experimentally in [34]. The
dimensions and properties of the base material of the unit cell are also reported in Fig. 6.1.

It was found, both experimentally and by corresponding microstructured simulations, that for the case
of a pressure wave, only three unit cells are enough to attenuate waves in the band-gap. Thus, in [34],
three different 3× 2 metamaterial-specimens were 3D printed, each from a different unit cell “cut”, and
tested both computationally and experimentally, showing that the choice of unit cell “cut” can have a
huge impact on the attenuative properties of the metamaterial.

The periodic repetition in space, of the unit cell presented in Fig. 6.1, creates the infinite metamaterial
shown in Fig. 6.3 (top). In this infinite metamaterial, one can identify three more unit cell “cuts” shown
in Fig. 6.3 (bottom). We name these “cuts” A, B, Γ and ∆, as shown in Fig. 6.3. We note that while
A and B are of tetragonal symmetry, Γ and ∆ are orthotropic. Nevertheless, as explained in Chapter 3,
they all correspond to the maximal invariance group (in this case the tetragonal group), which represents
the symmetry of the infinitely big metamaterial.

Here, we recreate similar tests as in [34], but in a computational setting, in 2D, and we choose to use one
more unit cell “cut” which implies one more finite-size specimen. We model our metamaterials using fully
resolved microstructured simulations and corresponding RRM simulations for comparison, and show the
importance of interface forces regarding the homogenised modeling of small metamaterial specimens. The
four finite-size specimens of 3× 2 size are shown in Fig. 6.2, where it can be seen that the metamaterials
are once again embedded between two Cauchy plates. We will call these four specimens, metamaterials
A, B, Γ and ∆.
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 m

m

1.25 mm

1.25 mm

1.25 mm

1.25 mm

2.5 mm

Lc [m] ρpoly [kg/m3] Epoly [Pa] νpoly [-]

0.05 1220 1.45×109 0.4

Figure 6.1: Unit cell and material properties of the metamaterial studied in this chapter. The base material is
Polyethylene currently used in 3D printing.

Α

ΔΓ

Β

Lc = 5 cm 1 cm

Figure 6.2: The four 3x2 specimens, each constructed from one of the four unit cell cuts of Fig. 6.3. The specimens
are embedded between two Cauchy plates made out of the same material (Polyethylene). For simplicity we keep
the nomenclature A,B,Γ,∆, also to indicate these different macroscopic finite-sized specimens.
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A B Γ Δ

∞
∞∞

∞

Figure 6.3: Infinite size periodic metamaterial (top) and the four unit cell cuts of the labyrinthine metamaterial
used in our simulations (bottom). Cells A and B are of tetragonal symmetry and cells Γ and ∆ are of orthotropic
symmetry.
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6.2.1 Identification of the RRMM parameters and dispersion curves fitting

The Equilibrium Equations, boundary conditions and the parameter identification procedure of the
RRMM have been already explained in Chapter 3. As has been already explained, the ultimate goal
of the parameter identification procedure given a specific metamaterial, is to give to the parameters of
the RRMM such values, so that the dispersion curves of the RMMM are as close as possible to those
coming from Bloch-Floquet analysis. In the case of infinite Labyrinthine metamaterial we study in this
Chapter, the Bloch-Floquet dispersion curves for the labyrinthine metamaterial, and the corresponding
dispersion curves for the RRMM after the parameter identification procedure, are shown in Fig.6.4. We
also report here the values of those parameters (see Table 6.1).

0 2 4 6 8 10
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ω
[H
z]

Dispersion curves 0°

0 2 4 6 8 10 12 14
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1000

1500

k [1/m]

ω
[H
z]

Dispersion curves 45°

Figure 6.4: Dispersion curves for 0◦ (left), and for 45◦ (right). The dots correspond to the solution of the standard
Bloch-Floquet analysis performed on unit cell A or B in Fig. 6.3 by using Comsol Multiphysics®, while the solid
lines represent the analytical expression of the dispersion curves for the RRMM. Shear curves are colored with
red and pressure curves with green. The dashed lines represent the asymptotes of the dispersion curves of the
RRMM.

Lc [m] κe [Pa] µe [Pa] µ∗
e [Pa]

0.05 2.56×106 1.18×106 5.38×105

µc [Pa] κm [Pa] µm [Pa] µ∗
m [Pa]

243.1 5.81×106 5.13×108 5.13×108

κγ [-] γ1 [-] γ∗1 [-] γ2 [-]

2.68 165 164.84 0.001

κγ [-] γ1 [-] γ∗1 [-] [−]

3.53 2.63 1.78 -

κMacro [Pa] µMacro [Pa] µ∗
Macro [Pa] ρ [kg/m3]

1.78. ×106 1.17×106 5.37×105 540.7

Table 6.1: Values of the elastic parameters, the micro-inertia parameters, the size of the unit cell Lc, and the
apparent density ρ for the reduced relaxed micromorphic model calibrated on the metamaterial whose building
block is any of the four unit cells in Fig. 6.3. In the last row, we give the associated macro-parameters, i.e. the
corresponding long-wavelength limit Cauchy material coefficients [64, 79].

6.3 Full-microstructured and reduced-relaxed-micromorphic fi-
nite element simulations for selected benchmark tests

We present here the benchmark tests that have been chosen to unveil the importance of the concept of
interface forces for the homogenised modeling of finite-size metamaterials. We present the setting-up of
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the numerical simulations on a finite-size metamaterial both with a microstructured Cauchy model (full
detail of the unit-cells microstructure is coded in the numerical simulations) and the reduced relaxed
micromorphic model (a homogeneous domain is used in the numerical simulations in which the consti-
tutive laws are those of the reduced relaxed micromoprhic model and are eventually enriched with the
concept of interface forces). For both the microstructured and the micromorphic simulations, we will take
advantage of the symmetry of the problem, allowing us to reduce the computational time by simulating
half of the structure while applying the appropriate symmetry conditions on the cut boundaries1.

6.3.1 Full-Microstructured simulations set-up

As previously discussed in this thesis, the full-microstructured simulations take into account the detailed
specimen’s geometry, and the metamaterial’s behavior is simply given by classical Cauchy elasticity. This
process is typically computationally expensive due to the complex interior geometry of larger specimens,
but it is manageable here because of the low number of unit cells used and the 2D setting. All the
2D simulations presented here have been performed under a plane-strain assumption and with a time-
harmonic ansatz. The four microstructured materials presented in this work have been built as a regular
grid of finite-size (3 × 2 unit cells of size Lc = 0.05 m each) as can be seen in Fig. 6.2. Their building
blocks are the unit cells made up of Polyethylene shown in Fig. 6.3. The resulting metamaterials are in
perfect contact on the left and right side with homogeneous Cauchy plates also made up of Polyethylene.
The thickness of the plates is set to be 1 cm.

A Β

Γ Δ

Figure 6.5: Schematic view of the geometry and the labeling of the boundaries and interfaces for the four
microstructured specimens: A (top left), B (top right), Γ (bottom left) and ∆ (bottom right).

The following boundary and interface conditions have been enforced on the relevant boundaries (see

1In all cases of this thesis, where half of the structure was simulated, the appropriate symmetry conditions were calculated according
to Curie’s symmetry principle, as explained in Appendix A.2
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Fig. 6.5 to identify the different interfaces):

σn = F prescribed force - red

u− = u+ and (σn)− = (σn)+ perfect contact (continuity of displacement and traction) - green2

σn = 0 stress free - black (6.1)

uy = 0 symmetry - blue

where σ is the classical Cauchy stress tensor, n is the outward unit normal to the interface and the
expression of the externally applied force per unit area is: F = 10ê1 + 0 ê2 [N/m2].3 This problem thus
corresponds to a compression test along the horizontal direction, mimicking, in a 2D setting, the exper-
imental testing performed in [34]. The simulations have been performed by using the Solid Mechanics
physics package of Comsol Multiphysics®. In order to ease the numerical convergence of the analysis,
and also to represent appropriately the material damping of Polyethylene, we introduced some damping
using an isotropic loss factor with a value of η = 0.1 in all our calculations.4

6.3.2 Reduced-relaxed-micromorphic simulations set-up

The microstructured metamaterial is here modeled with the RRMM, which is characterised by the ma-
terial parameters in Table 6.1. This means that the microstructured (heterogeneous) domains in Fig. 6.2
are replaced with a homogeneous domain of the same size (see Fig. 6.6) whose constitutive behavior is
set to be that of a reduced relaxed micromorphic continuum (i.e. governing equations (3.5) hold in this
bulk domain with the kinematic variables u and P ).

Figure 6.6: Schematic view of the geometry and the labeling of the boundaries and interfaces for the equivalent
reduced relaxed micromorphic modeling of the considered metamaterial’s specimens: Reduced relaxed micro-
morphic governing equations (3.5) are enforced in the darker gray bulk region, while classical isotropic Cauchy
governing equations Div σ = ρü are enforced in the two thin plates (lighter gray region). The enforced boundary
and interface conditions are detailed in Eqs. (6.2).

In addition, the following boundary and interface conditions have been enforced (see Fig. 6.6 for the

2these jump conditions can be written in a more compact form as [[u]] = 0 and [[t]] = 0, t = σn being the Cauchy traction on each
side.

3The value of the externally applied load is compatible with the experimental one used in [34].
4This value of the damping has been found to be realistic when comparing numerical simulations to experimental tests [34].
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definition of the different interfaces):

σn = F prescribed force - red (Cauchy)

σn = 0 stress free - black (Cauchy)

uy = 0 symmetry - blue (Cauchy) (6.2)

(σ̃ + σ̂)n = 0 stress free - orange (RRMM)

uy = 0 and P12 = P21 = 0 symmetry - magenta (RRMM)

uCauchy = uRRMM and σn = (σ̃ + σ̂)n perfect contact - green (Cauchy/RRMM interface)5

where, again σ is the well known Cauchy stress tensor, the enriched stress tensors σ̃ and σ̂ are given in
eq. (3.6), the expression of the applied force per unit area is: F = 10ê1 + 0ê2 [N/m2] and the symmetry
conditions are calculated according to Appendix A.2. The effective homogeneous material modeled with
the reduced relaxed micromorphic model is also embedded between two slender homogeneous Cauchy
plates made out of Polyethylene. The simulations have been performed by using the Weak Form PDE
physics package of Comsol Multiphysics®. This package requires the implementation of the expression
of the Lagrangian (3.3) and the appropriate boundary and interface conditions. To have a consistent
comparison with the results from the microstructured simulations, we have introduced the same damping
value of the isotropic loss factor (η = 0.1) also in this case.

6.3.3 Interface forces ansatz

Before showing the results of the simulations, we once again state the “ansatz” of our interface forces.
From those results, it will become clear that the RRMM is in need of enrichment if one wants to describe
the response of all four finite-size metamaterials. In the RRM simulations (see Fig. 6.6), for all interfaces
colored in green we assume an interface force that depending on the value of αin may or may not be a
linear function of the RRM traction on the interface

f interfacein = (αin − 1)t(RRMM)in
+ βin . (5.6)

where i = L,R for left or right interface respectively and n = x, y for x or y component of the tractions
respectively, αin is a dimensionless coefficient and βin is a surface force.

For all “free” interfaces colored in orange, the interface force f int can have any form so that the RRM
traction on the “free” boundary becomes

t := (σ̃ + σ̂)n = f interface. (5.2)

6.3.4 Reduced Relaxed Micromorphic Model with and without interface
forces vs Microstructured and long-wavelength limit Cauchy simula-
tions

We present here the results of the previously discussed simulations, stressing the importance of the
concept of interface forces when a homogenised model like the RRMM has to be used for the modeling
of finite-sized metamaterials’ structures.

To this aim, we consider the comparison between the RRM simulations and the microstructured ones
for the A, B, Γ, ∆ “cuts” of different frequencies. When the solution of the RRMM does not match the
microstructured solution, we calibrate the corresponding interface forces arising at the interfaces between
the RRM domain (corresponding to the metamaterial) and the Cauchy plates (see eq. (5.6)), until the
RRM solution matches the microstructured one. We also provide a comparison with a simulation in
which the metamaterial domain is modeled through a homogeneous Cauchy continuum of tetragonal
symmetry, which is the long-wavelength limit of the RRMM. The Equilibirum Equations and boundary
conditions for the macro-Cauchy model, are those reported in Chapter 2 regarding Cauchy elasticity
(eqs. (2.7), (2.8) and (2.9)), but the Elasticity tensor is the one reported in eq. (3.15), where the values of
the macro parameters are given in Table 6.1. By including the macro-Cauchy model in the comparison,
we are able to stress the fact that in order for interface forces to be effectively used as an enrichment to
the boundary conditions in order to capture boundary effects, the dispersion of the metamaterial must
first be captured. This will become more clear after the results are shown. The frequencies chosen are
reported in Fig. 6.7 with reference to the dispersion curves.
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Figure 6.7: Dispersion curves for 0◦ (left), and for 45◦ (right).The dots correspond to the solution of the standard
Bloch-Floquet analysis performed on unit cell A or B in Fig. 6.3 by using Comsol Multiphysics®, while the solid
lines represent the analytical expression of the dispersion curves for the RRRM. Shear curves are colored with red
and pressure curves with green. Green circular points indicate the frequencies and corresponding wavenumbers
for which our finite size RRM simulations were implemented (the points in the band-gap show only the frequency
used, since there exists no corresponding real wavenumber).

Frequency (Hz) Wavelength (cm)

80 91

140 51

180 39

280 23

340 18.5

420 12

460 10

700 band-gap

1100 band-gap

1500 no propagation

Table 6.2: Wavelengths at which a pressure wave propagates in the infinite metamaterial of Fig. 6.3 at the
considered frequencies. The size of the specimen (without the bars) is 15 cm.

The wavelength for which a wave propagates inside the metamaterial at the considered frequencies is
summarized in Table 6.2. Regarding the procedure of calculating coefficients αin and forces βin , we
must add that they are calculated by direct inspection and comparison of the RRM and corresponding
microstructured displacement fields. We first run a parametric sweep for the αix coefficients, compare
the displacement field with that of the microstructured metamaterial and check which values make the
response more accurate. Then, if the Cauchy plates on the left and right hand side of the metamaterial in
the microstructured simulation experience bending, also the αiy coefficients must be taken into account.
We apply the same procedure (running a parametric sweep and inspecting the displacement field) until the
response is accurate. Furthermore, forces βix and βiy can be used as an extra tool if the response is hard
to capture. Moreover, if edge effects appear on the top boundary of the microstructured simulation, an
interface force must be activated on the top “free” RRM boundary in the corresponding RRM simulation.

In the following, we also look at the tractions on the Cauchy/RRM interfaces, that could potentially
be used as an alternative method to calculate coefficients αin and forces βin that lead to the correct
response. A method based on the “average” of the tractions is indeed a promising method for bigger
specimens where the calculation of “average” traction is more meaningful.

5These jump conditions can be also written in compact from as [[u]] = 0 and [[t]]=0 where [[u]] represents the jump of displacement

and [[t]] = t+ − t− = σn− (σ̃ + σ̂) n is the jump of the generalized traction across the green interface.
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Frequency: 80 Hz

We start analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison to
the microstructured ones for the frequency of 80 Hz. This frequency is relatively low and corresponds to
a macro Cauchy-like non-dispersive behavior (see the first point in Fig. 6.7).

macro-Cauchy RRMM

f=0

80 Hz

Figure 6.8: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 at 80 Hz.

macro-Cauchy RRMM

f=0

f≠0

80 Hz

Figure 6.9: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 80 Hz. When f ̸= 0 for the macro RRMM, we have: αLx = 0.9, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.6, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.87, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.5, βRx = 0, αRy = 1 and βRy = 0.
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macro-Cauchy RRMM

f=0

macro-Cauchy RRMM

80 Hz

Figure 6.10: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 at 80 Hz.

macro-Cauchy RRMM

f=0

80 Hz

Figure 6.11: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 at 80 Hz.

Figures 6.8, 6.9, 6.10 and 6.11 show that at the frequency of 80 Hz the RRM solution is almost coinciding
with the long-wavelength limit Cauchy solution. This is related to the fact that the behavior of the
dispersion curves is still linear at the considered lower frequency (see Fig. 6.7). However, it is evident
that, even at this lower frequency, boundary effects may play a non-negligible role. Indeed, while for
the “cuts” A, ∆ and Γ there is no need to introduce non-vanishing interface forces, “cut” B needs a
non-vanishing interface force to recover the correct solution (see Fig. 6.9).

However, also for the B case for which interface forces are necessary to recover the correct solution, it
can be recognized that the correction brought by triggering f interface ̸= 0 is quite small when compared
to the corrections which are found for higher frequencies (see Fig. 6.9 with f = 0 and f ̸= 0). The fact
that the interface force is bringing either a small correction or no correction at all is related to the fact
that at this low frequency the wavelength is quite larger than the size of the specimen (see Table 6.2).
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This implies that for such large wavelength boundary effects are overall quite small or mostly negligible.

We have seen that at the considered frequency of 80 Hz both the RRMM and the macro-Cauchy model
give good results when suitable interface forces are introduced. This can also be seen when looking at
the tractions that arise at the Cauchy-plates/metamaterial interfaces, as shown in Fig. 6.12.

Figure 6.12: Sketch of the tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces at 80 Hz. The
two plots on the two sides of the specimen represent the traction fields on the Cauchy-plate sides along the green
lines highlighted in the picture. Similar patters can be observed for all other “cuts” and for other frequencies.

Fig. 6.12 shows the microstructured tractions arising at the Cauchy-plates/metamaterial interfaces (on the
Cauchy side), for “cut” B. Completely analogous considerations are valid for all other “cuts”. As a first
rough measure, we can compute the “mean” value of this traction6 and compare it to the corresponding
RRM and macro-Cauchy tractions. This comparison is shown in Fig. 6.13, where we can see that there
is practically no difference between the RRM and macro-Cauchy tractions both on the left and right
interface.
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Figure 6.13: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

It can also be inferred that the homogenised (both RRMM and macro-Cauchy) tractions become “closer”
to the mean traction calculated starting from the microstructured solution as soon as “interface” forces
are triggered. This is a good indication that the homogenised framework including the concept of interface
forces is a mandatory step if homogenised models have to be used for finite-size metamaterials modeling.
However, we can see that the homogenised (both RRMM and macro-Cauchy) traction does not exactly
coincide with the “mean” of the microstructured traction which has been evaluated for comparison.
This is due to the fact that the “averaging” of the interface microstructured traction (the one shown in
Fig. 6.12) is an operation whose exact definition is an open challenge in the homogenisation community.
Practically no work exists which try to incorporate the effect of microscopic heterogeneous boundaries
into the existing homogenisation procedures. Given the complexity of the considered metamaterials and
interfaces, a rigorous definition of such average interface microstructured tractions could be impossible
to be fully achieved.

We also note that while Fig. 6.13 shows the x-component of the tractions at the Cauchy-plate/metamaterial
interface, completely analogous conclusions should hold for the y-component. However, for the considered
interfaces, given the direction of the excitation we chose to use the more meaningful component of the
tractions for our comparison.

6The “mean” is calculated with a standard procedure: The traction tx has a specific value on every point on the Cauchy-
plate/metamaterial interface. We sum all these values together and we divide by the number of points. This gives us a number
that represents the “average” value of the traction tx on the interface.
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Frequency: 140 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 140 Hz. This frequency is relatively low and still
corresponds to a macro Cauchy-like non-dispersive behavior (see the second point in Fig. 6.7).

macro-Cauchy RRMM

f=0

f≠0

140 Hz

Figure 6.14: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 140 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.05, βLx = 0,
αLy = 1, βLy = 0, αRx = 5, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.99, βLx = 0,
αLy = 1, βLy = 0, αRx = 3, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

140 Hz

Figure 6.15: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 140 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.8, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.75, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.75,
βLx = 0, αLy = 1, βLy = 0, αRx = 0.65, βRx = 0, αRy = 1 and βRy = 0.
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macro-Cauchy RRMM

f=0

f≠0

140 Hz

Figure 6.16: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 140 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1, βLx = 0, αLy = 1,
βLy = −18, αRx = 1.1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.93, βLx = 0,
αLy = 1, βLy = −18, αRx = 0.5, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

140 Hz

Figure 6.17: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 140 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.96, βLx = 0,
αLy = 1, βLy = 20, αRx = 1.01, βRx = 0, αRy = 1 and βRy = 5, while for the macro Cauchy: αLx = 0.89,
βLx = 0, αLy = 1, βLy = 20, αRx = 0.9, βRx = 0, αRy = 1 and βRy = 5.

Figures 6.14, 6.15, 6.16 and 6.17 show that at the frequency of 140 Hz both the RRM and the long-
wavelength limit (macro-Cauchy) model can recover well the microstructured solution as far as suitable
interface forces to discriminate between the 4 different cuts are calibrated. Indeed boundary effects are
clearly more important here than for the frequency of 80 Hz, since the solution is very different for
the 4 considered cuts, while this strong difference between the different cuts was not present at lower
frequencies. It is clear that at this higher frequency the wavelength decreases to an extent that the
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different connections between the Cauchy plate and the metamaterial start to macroscopically affect the
travelling wave. This means that interface effects are more important than the bulk behavior at the
considered frequency and specimen’s size. This must be necessarily accounted for via the introduction
of suitable interface forces when considering the homogenised modeling of the considered benchmark
test. Completely analogous conclusions can be drawn here for the interface forces as those presented
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Figure 6.18: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

for a frequency of 80 Hz. This means that both the RRMM and the macro-Cauchy interface forces get
“closer” to the microstructured traction’s average as soon as triggering interface forces. At the current
frequency of 140 Hz (see Fig. 6.18)7 the two solutions are equally good after the introduction of suitable
interface forces since the dispersion is still small in this low frequency.

Frequency: 180 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 180 Hz. This frequency is still relatively low and but we
notice dispersive behavior (see the third point in Fig. 6.7) indicating a noticeable difference between the
homogenised Cauchy and RRMM.

For the frequency of 180 Hz similar considerations hold than for the lower frequencies. Since 180Hz lies in
the quasi-linear domain, both the RRMM and the Cauchy model can recover the microstructured solution
as soon as suitable interface forces are considered. This is related to the fact that the acoustic pressure
dispersion curve is still quasi linear corresponding to this frequency. Important differences of the solution
can be observed at this frequency when changing the specimen’s “cut”. This implies that interface forces
must be introduced to recover all the cases. We note that according to Table 6.2, for this frequency,
the wavelength of the pressure wave in the metamaterial is approaching the limit where it is twice the
size of the metamaterial specimen. From this limit and for progressively smaller wavelengths (i.e. higher
frequencies since the curve is monotonically increasing), the wave will always “see” the structure, which
implies greater wave-microstructure interaction and hence more pronounced boundary effects. Fig. 6.23
shows that also in this case the Cauchy and the RRM tractions are comparable after introducing suitable
interface forces.

7The traction comparison is again done for the case of “cut” B as is done for every other case. The reason for choosing this “cut”
is that it is one of the “cuts” with the most surface area on the Cauchy plate/metamaterial interface and therefore the mean
traction calculation is more meaningful.
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macro-Cauchy RRMM

f=0

f≠0

180 Hz

Figure 6.19: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 180 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0,
αLy = 1, βLy = 0, αRx = 9, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.835, βLx = 0,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

180 Hz

Figure 6.20: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 180 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.85, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.65, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.97,
βLx = 0, αLy = 1, βLy = 0, αRx = 0.6, βRx = 0, αRy = 1 and βRy = 0.
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macro-Cauchy RRMM

f=0

f≠0

180 Hz

Figure 6.21: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 180 Hz. When f ̸= 0 for the RRMM, we have: αLx = −4.2, βLx = 0,
αLy = 1, βLy = −3, αRx = 0.27, βRx = 0, αRy = 1 and βRy = −8, while for the macro Cauchy: αLx = −3.87,
βLx = 0, αLy = 1, βLy = −3, αRx = 0.25, βRx = 0, αRy = 1 and βRy = −8.

macro-Cauchy RRMM

f=0

f≠0

180 Hz

Figure 6.22: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 180 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.89, βLx = 0,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 0.65, βLx = 0,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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Figure 6.23: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

Frequency: 420 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 420 Hz. This frequency shows strong dispersive behavior
(see the sixth point in Fig. 6.7) and is close to the band-gap. The two missing frequencies 280 Hz and
340 Hz are discussed later in Section 6.3.5.

macro-Cauchy RRMM

f=0

f≠0

420 Hz

Figure 6.24: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 420 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0,
αLy = 1, βLy = 2, αRx = 0.8, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 0,
αLy = 1, βLy = 0, αRx = −0.4, βRx = 0, αRy = 1 and βRy = 0.

For the frequency of 420 Hz the dispersion curves start showing a strong dispersive behavior (see Fig. 6.7).
This implies that, while the RRMM gives good results when introducing the suitable interface forces,
the long-wavelength limit Cauchy model is not able anymore to recover the correct behavior even when
interface forces are triggered. The long-wavelength limit Cauchy model gives rise to unphysical responses
which are due to the fact that dispersion cannot be described in the framework of Cauchy linear-elasticity.

Here, we can observe that the initial (without interface forces correction) tractions for the Cauchy model
are not only quantitatively less close to the mean microstructured traction than the RRM one, but we can
also start seeing a qualitative deviation of the macro-Cauchy initial traction. This is because a correct
description of the bulk response becomes more and more important at higher frequencies where dispersion
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macro-Cauchy RRMM

f=0

f≠0

420 Hz

Figure 6.25: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 420 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.5, βLx = 0,
αLy = 1, βLy = 5, αRx = 1.1, βRx = 0, αRy = 1 and βRy = −5, while for the macro Cauchy: αLx = −1, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.3, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

420 Hz

Figure 6.26: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 420 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.6, βLx = 0,
αLy = 1, βLy = 2, αRx = 1.4, βRx = 0, αRy = 1 and βRy = −5, while for the macro Cauchy: αLx = 0.5, βLx = 0,
αLy = 1, βLy = 0, αRx = 0.3, βRx = 0, αRy = 1 and βRy = 0.

becomes higher. Moreover, we can see that while the corrected RRM and macro-Cauchy tractions with
interface forces are comparable on the left interface, the RRM one is by far better on the right interface.
We thus see how the RRM response starts having better performances as soon as frequency increases. We
note that according to Table 6.2, the wavelength is already smaller than twice the size of the structure
and therefore comparable to the size of the unit cell. Nevertheless, the RRMM is still able to recover a
good solution as soon as considering suitable interface forces.
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macro-Cauchy RRMM

f=0

f≠0

420 Hz

Figure 6.27: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 420 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.2, βLx = 0,
αLy = 1, βLy = 10, αRx = 0.8, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 0,
αLy = 1, βLy = 0, αRx = −0.2, βRx = 0, αRy = 1 and βRy = 0.

Cauchy/RRMM f=0

Cauchy/RRMM f≠0

Cauchy/macro-Cauchy f=0

Cauchy/macro-Cauchy f≠0

mean Microstructured

-10 -5 0 5
0.00

0.01

0.02

0.03

0.04

0.05

tx [Pa]

y
[m

]

420 Hz: tx Left Interface

Cauchy/RRMM f=0

Cauchy/RRMM f≠0

Cauchy/macro-Cauchy f=0

Cauchy/macro-Cauchy f≠0

mean Microstructured

-5 0 5 10 15
0.00

0.01

0.02

0.03

0.04

0.05

tx [Pa]

y
[m

]

420 Hz: tx Right Interface

Figure 6.28: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

Frequency: 460 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 460 Hz. This frequency shows strong dispersive behavior
(see the seventh point in Fig. 6.7) and is directly below the band-gap. For the frequency of 460 Hz
considerations analogous to the frequency of 420 Hz hold.
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macro-Cauchy RRMM

f=0

f≠0

460 Hz

Figure 6.29: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 460 Hz. When f ̸= 0 for the RRMM, we have: αLx = 2, βLx = 0, αLy = 1,
βLy = 4, αRx = −0.4, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1.9, βLx = 0, αLy = 1,
βLy = 10, αRx = 0.2, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

460 Hz

Figure 6.30: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 460 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.8, βLx = 0,
αLy = 1, βLy = 3, αRx = 0.1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1.2, βLx = 0,
αLy = 1, βLy = 10, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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macro-Cauchy RRMM

f=0

f≠0

460 Hz

Figure 6.31: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 460 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.55, βLx = 0,
αLy = 1, βLy = 4, αRx = 0.2, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1.1, βLx = 0,
αLy = 1, βLy = 10, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

460 Hz

Figure 6.32: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 460 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.7, βLx = 0,
αLy = 1, βLy = 6, αRx = 0.1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 0,
αLy = 1, βLy = 10, αRx = 0.1, βRx = 0, αRy = 1 and βRy = −8.
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Figure 6.33: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

At the present frequency it becomes more and more evident how the RRMM outperforms with respect
to the macro-Cauchy as soon as suitable interface forces are introduced. All the considerations done for
the frequency of 420 Hz also apply here. The wavelength associated to the present frequency is closer to
the size of the unit cell than the previous case.

Frequency: 700 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 700 Hz. This frequency is in the lower part of the band-
gap (see the eighth point in Fig. 6.7).

macro-Cauchy RRMM

f=0

f≠0

700 Hz (lower band-gap)

Figure 6.34: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 700 Hz. When f ̸= 0 for the RRMM, we have: αLx = 6, βLx = 0, αLy = 1,
βLy = 5, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 5, βLx = 0, αLy = 1,
βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

The frequency of 700 Hz is located in the band-gap region of the considered metamaterial. In this case
boundary effects are limited to the interface close to the surface where the external load is applied (left
interface). Since wave propagation is not allowed through the metamaterial’s bulk, the deformation is
concentrated at the level of the first unit cell. Depending on the unit cell’s “cut”, the solution is quite
different and macroscopic bending of the left Cauchy plate can occur as a consequence of a heterogeneous
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Figure 6.35: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 700 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.6, βLx = 0,
αLy = 1, βLy = −2, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 2, βLx = 0,
αLy = 1, βLy = 1, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

700 Hz (lower band-gap)

Figure 6.36: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 700 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.7, βLx = 0,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 2, βLx = 0,
αLy = 1, βLy = 5, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

micro-deformation field of the unit cells belonging to the first cell’s layer close to the left interface. The
RRMM can correctly describe the band-gap behavior of the considered specimen for all 4 “cuts”, as soon
as suitable interface forces are introduced.

On the other hand the long-wavelength limit Cauchy model fails to recover the correct solution also when
triggering interface forces. This is due to the fact that Cauchy models are not able to describe band-gap

93



macro-Cauchy RRMM
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f≠0
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Figure 6.37: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 700 Hz. When f ̸= 0 for the RRMM, we have: αLx = 4, βLx = 0, αLy = 1,
βLy = 2, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 5.5, βLx = 0, αLy = 1,
βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

behaviors.
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Figure 6.38: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

Frequency: 1100 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 1100 Hz. This frequency is in the middle of the band-gap
(see the ninth point in Fig. 6.7). Considerations similar to the frequency of 700 Hz hold for the present
frequency of 1100 Hz.
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Figure 6.39: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1100 Hz. When f ̸= 0 for the RRMM, we have: αLx = −0.5, βLx = 0,
αLy = 1, βLy = −7, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 0,
αLy = 1, βLy = −50, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

1100 Hz (mid band-gap)

Figure 6.40: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1100 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.5, βLx = 0,
αLy = 1, βLy = −8, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 6,
αLy = 1, βLy = 12, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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Figure 6.41: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1100 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0,
αLy = 1, βLy = −1, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 5,
αLy = 1, βLy = 3, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

1100 Hz (mid band-gap)

Figure 6.42: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1100 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.4, βLx = 0,
αLy = 1, βLy = 2, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 0,
αLy = 1, βLy = −5, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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Figure 6.43: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

Frequency: 1500 Hz

We continue analyzing the homogenised Cauchy and RRM simulations and the corresponding comparison
to the microstructured ones for the frequency of 1500 Hz. This frequency is in the upper limit of the
band-gap (see the tenth point in Fig. 6.7).

macro-Cauchy RRMM

f=0

f≠0

1500 Hz (upper band-gap limit)

Figure 6.44: Comparison of the displacement field of the metamaterial specimen A with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1500 Hz. When f ̸= 0 for the RRMM, we have: αLx = −0.01, βLx = 0,
αLy = 1, βLy = 0.5, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = −2,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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Figure 6.45: Comparison of the displacement field of the metamaterial specimen B with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1500 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0,
αLy = 1, βLy = 3, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 4.2,
αLy = 1, βLy = 1.1, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

macro-Cauchy RRMM

f=0

f≠0

1500 Hz (upper band-gap limit)

Figure 6.46: Comparison of the displacement field of the metamaterial specimen Γ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1500 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0,
αLy = 1, βLy = −2, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = 4.4,
αLy = 1, βLy = −1.4, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.

Considerations similar to the frequency of 700 Hz and 1100 Hz hold here.
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Figure 6.47: Comparison of the displacement field of the metamaterial specimen ∆ with the macro-Cauchy and
the RRMM when f = 0 and f ̸= 0 at 1500 Hz. When f ̸= 0 for the RRMM, we have: αLx = −0.05, βLx = 0,
αLy = 1, βLy = 0, αRx = 1, βRx = 0, αRy = 1 and βRy = 0, while for the macro Cauchy: αLx = 1, βLx = −3,
αLy = 1, βLy = −1, αRx = 1, βRx = 0, αRy = 1 and βRy = 0.
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Figure 6.48: Tractions on the Cauchy side of the Cauchy plate/metamaterial interfaces (left and right) for the
RRMM and for the macro-Cauchy when f = 0 and f ̸= 0. The tractions shown here are those relative to “cut”
B. Analogous reasoning holds true for all other “cuts”.

6.3.5 “Problematic” region

This region extends from 200 to 400 Hz with the upper half being worse (300-400 Hz). Here the four
cuts have massive differences. In this frequency interval, the wavelength gets smaller (around 2 times
the size of the specimen at the start of the region and around the size of the specimen at the end of the
“problematic” frequency interval),interacts with the microstructure, and these boundary effects are now
governing the whole response of the 3× 2 specimen. We expect that in this frequency interval structural
resonances of the entire specimen can be easily triggered. As a consequence, the interface forces arising at
the Cauchy-plates metamaterial’s interfaces could experience strong oscillations making expression (5.6)
for the macroscopic interface force insufficient to capture such complex interface behavior. We expect
that the RRMM would be only able to catch the four different metamaterial’s responses with very exotic
expressions of interface forces. In this frequency region the pressure mode is very dispersive, so we avoid
using the macro-Cauchy, since it does not have the ability to capture the dispersion.
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Frequency: 280 Hz

At this frequency the pressure mode shows very dispersive behavior (see the fourth point in Fig. 6.7).

RRMM  f=0 RRMM f≠0
280 Hz

Figure 6.49: Comparison of the displacement field of the metamaterial specimen A with the RRMM when f = 0
and f ̸= 0 at 280 Hz. When f ̸= 0 for the RRMM, we have: αLx = 3, βLx = 0, αLy = 1, βLy = 0, αRx = −0.7,
βRx = 0, αRy = 1 and βRy = 0.

RRMM  f=0 RRMM f≠0
280 Hz

Figure 6.50: Comparison of the displacement field of the metamaterial specimen B with the RRMM when f = 0
and f ̸= 0 at 280 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.1, βLx = 0, αLy = 1, βLy = 0,
αRx = 2, βRx = 0, αRy = 1 and βRy = 0. An interface force was used on the top “free” RRMM boundary with

the expression: f int = −16.67 · e
−(x+0.0035)2

0.0002 − 1.67 · e
−(x−0.045)2

0.0002 . Moreover, only here, we apply an additional
boundary load an all three boundaries by taking advantage of a null-Lagrangian property of the RRMM as
explained in [18]: The micro-inertia parameters of the RRMM can change in a specific way so that the bulk
behavior (dispersion curves) remains invariant, but the boundary contribution varies. In this particular case, the
value of γ2 in front of a new contribution ⟨Tc skew∇u̇, skew∇u̇⟩ is now set to 1.52541 kg

m
and the rest micro-inertia

parameters’ values change accordingly [18].
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RRMM  f=0 RRMM f≠0

RRMM  f=0 RRMM f≠0

280 Hz

Figure 6.51: Comparison of the displacement field of the metamaterial specimen Γ with the RRMM when f = 0
and f ̸= 0 at 280 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.1, βLx = 0, αLy = 1, βLy = −10,
αRx = 1.51, βRx = 0, αRy = 1 and βRy = 10.

RRMM  f=0 RRMM f≠0
280 Hz

Figure 6.52: Comparison of the displacement field of the metamaterial specimen ∆ with the RRMM when f = 0
and f ̸= 0 at 280 Hz. When f ̸= 0 for the RRMM, we have: αLx = 2.7, βLx = 0, αLy = 1, βLy = −30,
αRx = −0.2, βRx = 0, αRy = 1 and βRy = 0. An interface force was used on the top “free” RRMM boundary

with the expression: f int = −29.4 · e
−(x+0.05)2

0.0002 − 13.3 · e
−(x−0.02)2

0.0002 .

Frequency: 340 Hz

At this frequency the pressure mode shows very dispersive behavior (see the fifth point in Fig. 6.7).

Figs. 6.49 - 6.56 show that in this frequency interval the wavelength is comparable to the size of the
specimen, therefore more complex expressions of f interface would be needed compared to linear ones (5.6).
Indeed, we see that interface forces of the form (5.6) improve the solutions for all “cuts”, but sometimes
some details of the microstructured (“real”) solution are not entirely captured. When the frequency
increases again, approaching the band-gap region (see Fig. 6.24, expression (5.6) is again sufficient to
catch the overall solution. This is due to the fact that even if the wavelength gets smaller, we are indeed

101



RRMM  f=0 RRMM f≠0
340 Hz

Figure 6.53: Comparison of the displacement field of the metamaterial specimen A with the RRMM when f = 0
and f ̸= 0 at 340 Hz. When f ̸= 0 for the RRMM, we have: αLx = 2, βLx = 0, αLy = 1, βLy = 0, αRx = −2,
βRx = 0, αRy = 1 and βRy = 0.

RRMM  f=0 RRMM f≠0

RRMM  f=0 RRMM f≠0

340 Hz

Figure 6.54: Comparison of the displacement field of the metamaterial specimen B with the RRMM when f = 0
and f ̸= 0 at 340 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.8, βLx = 0, αLy = 1, βLy = 0, αRx = 0.6,
βRx = 0, αRy = 1 and βRy = 0.

approaching the band-gap region, so instead of having more pronounced boundary effects, we have more
significant destructive interference of the waves, since we are approaching the band-gap. These findings
point out to the general result that macroscopic interface effects can be predominant as soon as the
wavelength is comparable to the specimen’s size or smaller, and the frequency is not close to a band-gap
region. Particular attention should be payed to all those cases in which one wants to use homogenised
models for these frequencies.
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RRMM  f=0 RRMM f≠0
340 Hz

Figure 6.55: Comparison of the displacement field of the metamaterial specimen Γ with the RRMM when f = 0
and f ̸= 0 at 340 Hz. When f ̸= 0 for the RRMM, we have: αLx = 0.6, βLx = 0, αLy = 1, βLy = 0, αRx = 1,
βRx = 0, αRy = 1 and βRy = 0.

RRMM  f=0 RRMM f≠0
340 Hz

Figure 6.56: Comparison of the displacement field of the metamaterial specimen ∆ with the RRMM when f = 0
and f ̸= 0 at 340 Hz. When f ̸= 0 for the RRMM, we have: αLx = 1.3, βLx = 0, αLy = 1, βLy = 0, αRx = 1,
βRx = 0, αRy = 1 and βRy = 0. An interface force was used on the top “free” RRMM boundary with the

expression: f int = −50 · e
−(x−0.08)2

0.0002 .

6.3.6 Independent tests using bigger specimens: limits of Bloch-Floquet anal-
ysis

Since the analyzed 3x2 specimens have vastly different displacement field solutions, we wish to increase
the size of the structures in steps, to understand how much it needs to be increased in order for the four
specimens to have a similar displacement field, i.e. what is the size of the specimens to consider boundary
effects (and thus the need for interface forces in the RRM setting) as negligible. We proceed with this
task but we change the excitation to a displacement instead of a force. We present here the results for
specimens of size 3x2, 9x6, 15x10, 30x20 and 45x30 for the frequency of 200 Hz and all the four “cuts”.
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3x2 cells, Lspecimen=15 cm, wavelength λ=35 cm

Figure 6.57: Displacement field for the four original 3x2 specimens at the frequency of 200 Hz. Specimen made
out of cut A(Top Left), cut B(Top Right), cut Γ(Bottom Left) and cut ∆(Bottom Right).

9x6 cells, Lspecimen=45 cm, wavelength λ=35 cm

Figure 6.58: Displacement field for the four 9x6 specimens at the frequency of 200 Hz. Specimen made out of cut
A(Top Left), cut B(Top Right), cut Γ(Bottom Left) and cut ∆(Bottom Right).

The specimens have 9 times more unit cell than the original samples but they are too small to ignore
boundary effects.
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15x10 cells, Lspecimen=75 cm, wavelength λ=35 cm

Figure 6.59: Displacement field for the four 15x10 specimens at the frequency of 200 Hz. Specimen made out of
cut A(Top Left), cut B(Top Right), cut Γ(Bottom Left) and cut ∆(Bottom Right).

Even with a sample consisting of 150 unit-cells overall, boundary effects still produce significant differences
between the different “cuts” that are prominent also in the bulk of the material. The specimen is still
too small to ignore boundary effects.

30x20 cells, Lspecimen=150 cm, wavelength λ=35 cm

Figure 6.60: Displacement field for the four 30x20 specimens at the frequency of 200 Hz. Specimen made out of
cut A(Top Left), cut B(Top Right), cut Γ(Bottom Left) and cut ∆(Bottom Right).

In this case, the wavelength is already 4 times smaller than the size of the specimen consisting of overall
600 unit cells. We notice that the solutions become very similar except at parts close to the boundaries
including the free boundary at the top of the sample.
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45x30 cells, Lspecimen=225 cm, wavelength λ=35 cm

Figure 6.61: Displacement field for the four 45x30 specimens at the frequency of 200 Hz. Specimen made out of
cut A(Top Left), cut B(Top Right), cut Γ(Bottom Left) and cut ∆(Bottom Right).

For our biggest samples consisting of 1350 unit cells, all four solutions converge regarding bulk response.
However, some boundary effects are still visible.

Summary

The main assumption of Bloch-Floquet analysis is that the material is extended to infinity, i.e. the actual
size of the specimen is infinitely big, thus the metamaterial has no boundaries. However, the dispersion
curves coming from Bloch-Floquet analysis are inevitably used as a design tool in finite size metamaterial
applications, often disregarding boundary effects that we showed can become predominant as soon as
reducing the specimen’s size to finite-sized problems. Thus the question arises, what is the minimum size
of a finite sized metamaterial so that we are allowed to neglect boundary effects?

Usually, the answer given is that a very big number of unit cells must be used to approximate well a
metamaterial extended to infinity. By using more unit cells, the length of the boundary of the metama-
terial scales linearly while the area of the bulk scales quadratically, and thus the ratio of boundary to
bulk tends to zero.

Another more interesting answer coming from the results in this thesis is the following:
Boundary effects can be neglected if the size of the specimen is “big enough”, i.e. bigger than a cer-
tain threshold, so that finite-sized specimens constructed from different cell’s cuts show no qualitative
difference in their behavior. This implies that, the RRM modeling of specimens that are bigger of this
threshold would not need any interface forces to provide the correct solution, since the infinite meta-
material assumption is approximately true. From the above results, we can see that even for a 45x30
specimen, there are still some different boundary behaviors for the different cuts. Therefore, we have
not yet found the appropriate size for which boundary effects can be fully neglected. At this size, our
enriched continuum would not need interface forces to reproduce the different response associated to the
four different cell’s cuts. On the other hand, it can be noticed that the “bulk” response already becomes
very similar in the 4 specimen’s types as soon as the number of unit cells is increased.

6.4 Conclusions

In this Chapter, we have demonstrated that introducing the concept of interface forces is essential for
modeling the response of finite-size metamaterials within a homogenised framework. By using the RRMM
which performs well in describing the bulk behavior of metamaterials, we needed to enrich the model by
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incorporating the concept of interface forces in order to capture boundary effects, and consequently the
correct finite-size response. We showed that for the considered cases, the form that these interface forces
should take is, in most cases,

f interface = (α− 1)t(RRMM) + β. (6.3)

where tRRMM = (σ̃ + σ̂)n, is the RRM traction on the considered interface, α is a dimensionless parameter
and β is a surface force. Our findings explicitly indicate that boundary effects and, consequently, interface
forces can significantly impact finite-sized specimens. We also used unit cell “cuts” and homogenised
modeling coupled with interface forces in order to define the limits of Bloch-Floquet analysis. This limit
was defined in terms of size of the specimen and specifically that size for which any finite-size material
constructed from any “cut” shows the same qualitative behavior. This means that in the case of modeling
these metamaterials constructed from different “cuts” using an enriched continuum, no interface forces
have to be used, as boundary effects would be negligible.
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Chapter 7

Implications of the choice of unit cell
“cut” on the response of finite-sized
microstructured metamaterials

This chapter serves as a brief collection of the so-far discovered implications of the choice of unit cell “cut”
on the response of microstructured metamaterials. We remark once more, that in the real world, every
metamaterial is inevitably a finite-size metamaterial. As it has been extensively discussed in this thesis,
if enough number of unit cells are used for the construction of a finite size metamaterial, so that the
infinitely big metamaterial hypothesis is a good approximation, the finite-size metamaterial’s response
can be described by the Bloch-Floquet dispersion curves and mode shapes. However, if the number of
unit cells used in not big enough for the hypothesis to hold, the response then also depends on boundary
effects which may or may not appear based on the choice of unit cell “cut”. These effects, stemming
from the choice of unit cell “cut”, can have interesting implications on the metamaterial’s response and
transmissibility and have interesting potential applications.

In this chapter, we use very often the so-called transmissibility plot in order to discuss the transmission
properties of finite-size metamaterial specimens. Transmissibility is defined as the ratio of output to input
acceleration (or equivalently displacement, velocity or force) for a given vibration test. In this thesis,
all tests shown are tests where a metamaterial is embedded between two homogeneous plates, and the
excitation is applied on the left hand plate while the right hand plate is always free. Transmissibility
is defined as the ratio of output to input acceleration (or equivalently displacement, velocity or force)
for a given vibration test. In our case, we choose the absolute value of the acceleration at each point
on the right Cauchy plate as the measure of output, and similarly the input is the absolute value of the
acceleration at each point on the left Cauchy plate where the excitation force is applied. To have a single
value of transmissibility for each frequency (instead of a point-wise comparison), we take their averages
on each plate and call Transmissibility the ratio

Transmissibility =
avg |üoutput|
avg |üinput|

. (7.1)

where avg is an average operator that calculates an average on the right plate for the output and on the
left plate for the input.

7.1 Increased transmissibility in a band-gap frequency range:
shielding, energy focusing and harvesting

For the microstructured simulations presented in Chapter 4, we show here the transmissibility plot (see
Fig. 7.1) regarding locally resonant finite-sized metamaterials A and B and compare the transmissibility
values in the band-gap region, where real waves should be attenuated. We observe that “cut” A shows
much higher values of transmissibility than “cut” B around the eigenfrequency of the resonators (start of
the band-gap) which is where locally resonant metamaterials show the highest attenuation. By choosing
the former as the unit cell of the finite-sized metamaterial, an edge effect is triggered on the top boundary
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which allows the wave to propagate on the boundary of the material (see Fig. 7.2). By choosing to
construct our metamaterial using the specific “cut” A, we end up with a specific boundary, which in turn
causes the edge effect, showing that for this “cut”, the number of unit cells (16), is not a number which
suffices in order for the assumption of the infinite medium to be approximately true. When choosing “cut”
B as the unit cell, no edge effect appears on the finite-size metamaterial, whose response approximates
much better the one of the infinite metamaterial.

Consequently, metamaterial B is a better candidate for a shielding application than metamaterial A,
whereas the edge effect appearing in metamaterial A makes it a better candidate for potential energy
focusing and harvesting applications around the area where the boundary effect takes place. Energy
harvesting applications are usually possible through piezoelectricity.
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Figure 7.1: Transmissibility plot for the metamaterials A and B (16× 16 unit cells). The y−axis is presented in
a logarithmic scale and the band-gap range is indicated with light orange color.

Regarding the description of the edge effect, which as we saw in Chapter 5, remains invariant with respect
to a change in the number of unit cells used in the y-direction, we can say that it is a function of the
applied excitation coupled with the geometry of the “cut” and the mass distribution inside the unit cell.
The latter causes the unit cell to have low shear stiffness, therefore causing the last row of unit cells on
the top boundary of the metamaterial to deform in this specific way.

Metamaterial Α Metamaterial Β
1800 Hz

Figure 7.2: Norm of the dimensionless displacement for metamaterials A and B at the frequency of 1800 Hz. An
edge effect is evident in a band-gap region.
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7.2 Reduced transmissibility in a non-band-gap frequency range

The Transmissibility plot of all the four microstructured metamaterials presented in Chapter 6 can be
seen in Fig. 7.3 where we can observe vast differences in the transmissibility values in the band-gap
region between the four specimens. This is to show that even if the four “cuts” can produce the same
infinitely big metamaterial, given the finite size of real applications, the choice of unit cell “cut” becomes
of paramount importance. By choosing one of the four different “cuts” for constructing our finite size
specimen, we end up with 4 different metamaterial’s specimens of finite size. One could argue that the
only common thing between the four periodic structures, is the fact that they should have the same
vibrational characteristics because they correspond to the same dispersion curves in an infinitely big
domain, However, due to the finite size of these structures, we end up with a different geometry on the
boundaries of each specimen, which gives us different boundary effects. Furthermore, different structures
can possess different eigenfrequencies of vibration, leading to different results for same frequencies. All
these factors lead to the difference in the transmissibility of the four specimens in Fig. 7.3.
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Figure 7.3: Transmissibility plot for the four microstructured specimens (3×2 unit cells). The y−axis is presented
in a logarithmic scale and the band-gap range is indicated with light orange color.

The transmissibility plot (Fig. 7.3) reveals a small region (340-425 Hz), for which only cut ∆ has a reduced
transmissibility, and this region does not fall in the frequency region of the band gap. Specifically, the
transmissibility values for cut ∆ in this region are around 10%. These transmissibility values are not
comparable to the band-gap (where we often have values smaller than 0.1%), but still the attenuation is
big enough to be used for potential shielding applications.
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Figure 7.4: Zoom in the Transmissibility plot 7.3: the frequency region of interest before the band-gap is indicated
with light red color.

A zoom in the trasmissibility plot shows better the discussed absorption property (see Fig. 7.4), and the
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displacement field for an indicative frequency (350 Hz) in this region can be seen in Fig. 7.5.

Figure 7.5: Displacement field at 350 Hz for the four specimens. Specimen A (top left), B (top right), Γ (bottom
left) and ∆ (bottom right).

7.3 Rotational mode suppression

The infinitely big metamaterial with a new geometry shown in Fig. 7.6 (left), produces the dispersion
curves for 0◦ propagation shown in Figure 7.7 (left). These dispersion curves have a unique feature: the
acoustic shear and first optic shear, have a region in which they can both be excited, i.e. there are two
modes at the same frequency.

∞

∞

∞

∞ Α
Β

Α

B

Figure 7.6: Infinitely big metamaterial (top) and “cuts” A and B (bottom).

As seen in the corresponding Bloch-Floquet mode shapes in Fig. 7.7 (right), the acoustic mode corresponds
to a transverse wave while the optic mode corresponds to a rotational wave. This feature of the dispersion
curves is interesting from an enriched continuum modeling perspective, because it would require the
dispersion polynomial for shear waves to be at least fourth order in k in order for the two shear curves
to be able to “co-exist” in the same frequency range.

From the point of view of modeling the metamaterial using the full microstructure, the rotational mode
is particularly interesting because, as we show here, in the corresponding simulations of shear tests,
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Figure 7.7: (Left) Dispersion curves for 0◦ propagation with shear curves (blue) and pressure curves (yellow). A
frequency region where two shear curves co-exist is colored in light red. (Right) The corresponding mode shapes
for the two shear curves: Acoustic shear and Optic rotational. The edges of the undeformed shape are shown in
black.

depending on the unit cell “cut” and the particular frequency, the rotational mode may or may not be
excited for the same test. In Fig. 7.6 (right), one can see two possible unit cell “cuts” which we (again)
name A and B. We construct two 10 × 10 metamaterials: one from “cut” A and one from “cut” B
and we perform a similar test to the one that has been performed throughout this thesis. We have a
metamaterial embedded between two Cauchy plates, with the difference being, that now the excitation
is a fixed displacement in the y−direction (which corresponds to a shear test). We also constrain the
x−component of the displacement on several boundaries to be zero, to bring the test closer to a pure shear
test. The following boundary and interface conditions have been enforced on the relevant boundaries (see
Fig. 7.8 for a clearer explanation).

uy = u and ux = 0 prescribed displacement - red

u− = u+ and (σn)− = (σn)+ perfect contact (continuity of displacement and traction) - magenta

σn = 0 stress free - black (7.2)

ux = 0 pure shear test condition - green

ux = 0 antisymmetry - blue

BΑ

Figure 7.8: Schematic view of the shear tests on microstructured metamaterials A and B with boundary and
interface conditions applied.
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Interestingly, in the frequency range where only the optic mode can be excited (after the “co-existing”
frequency region), there exist frequencies where the rotational mode can only be excited for “cut” A.
One example is the frequency of 1800 Hz (see Fig. 7.9). This is a direct consequence of the choice of unit
cell “cut”, which in turn dictates the boundary of the finite-size metamaterial. In the case of “cut” B,
connecting the metamaterial to the left plate, means “clamping” the resonators to the plate, which then
for specific frequencies makes the excitation of the rotational mode very difficult, since the resonators are
those that must rotate in order for the mode to propagate. We can see this in the mode shape of this
specific mode in Fig. 7.7.

Metamaterial Α Metamaterial B

Figure 7.9: Deformed shape for metamaterial A (left) and metamaterial B (right), at the frequency of 1800 Hz
(10× 10 unit cells). Clearly the rotational mode can only be excited in the case of metamaterial A.

7.4 Conclusions and future perspective

The choice of unit cell “cut” inevitably dictates the response of finite-sized metamaterial specimens
if not enough unit cells have been used for their construction, in order for the Bloch-Floquet infinite
metamaterial assumption to be a good enough approximation. This choice can have an impact on
the finite-size metamaterial’s transmissibility, both in the band-gap frequency region, and in different
frequency regions. It is also possible that some modes appearing in the Bloch-Floquet dispersion curves
for the infinite metamaterial may or may not be excited for a particular test, if specific “cuts” are
used for the construction of the finite-size metamaterial. The choice of unit cell “cut” dictates the
boundary effects that might appear, the eigenfrequencies of the structure (different unit cell“cut” means
a different finite structure), and consequently is responsible for any deviation of the response from that
of the infinitely big metamaterial (Bloch-Floquet dispersion curves and mode shapes). As mentioned in
this chapter, potential applications exist based on the choice of “cut”, ranging from passive vibration
control, to focusing and energy harvesting. The implications of the choice of unit cell “cut” call for
necessary simulations and experiments before any application, concerning finite-sized specimens from
different “cuts”, for transmissibility optimization.

In regards to the metamaterial shown in Section 7.3, we already emphasized that such behavior of the
two first shear modes calls for a homogenised description with a model that has a dispersion polynomial
of a fourth order with respect to k or higher and possesses horizontal asymptotes. Models with dispersion
polynomials of this order of k, or higher, already exist in the literature (e.g. the micromorphic model
with ∇P and ∇Ṗ in its energy density).

As a proof of concept for the fact that the dispersion polynomial must be of the fourth order or higher
in order to describe the dispersion, we briefly show a case of how this dispersion could be described by
enriching the kinematics of the RRMM. The dispersion polynomial of the RRMM is only of the second
order of k, cf. eq. (3.23). We decide to add a new kinematical field (second order tensor) Q(x, t) and its
gradient in our model, and modify the Strain energy density of the model (3.2) by adding two new terms
WQ related to this new kinematical field

WQ =
1

2a
⟨Cc skew (∇u− P + aQ) , skew (∇u− P + aQ)⟩+ b

2
⟨Cc : ∇ skewQ,∇ skewQ⟩ . (7.3)

Here, Cc is the same elastic 4th order elasticity tensor that already appears in the RRMM, a, b > 0 are
two new scalar material parameters and : is a double contraction. Note that we only add skewQ as
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the aim of this concept is to enrich the shear modes of our model. This allows us to have a dispersion
polynomial of the fourth order with respect to k (only for shear waves) of the form

(q1k
4 + q2k

4)− (q3 + q4k
2 + q5k

4)ω2 + (q6 + q7k
2 + q8k

4)ω4 − (q9 + q10k
2 + q11k

4)ω6 = 0 (7.4)

where q1, q2, ..., q11 are expressions of the elastic constants of our model (including a and b). The dispersion
curves with and without the new additional terms in the Strain energy density, can be seen in Fig. 7.10.
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Figure 7.10: Dispersion curves for 0◦ propagation for the RRMM (left) and the RRMM with enhanced Strain
energy density WQ (right). Shear curves are colored in blue, while pressure curves are colored in yellow. The
asymptotes are shown with dashed lines while the band-gap region is colored in light red. The figure shows a
close-up of the first three modes and not all six that both models can describe.

We observe that the RRMM, having only a second order polynomial with respect to k, is not able to
capture the dispersion of the first two shear modes in the frequency region of interest (at the range where
both curves co-exist for the same frequency). On the contrary, the enhanced version with WQ, having a
fourth order polynomial with respect to k, is able to capture the dispersion.

We must, however, re-iterate, that the new model showed is primarily a proof of concept. Enhanced
versions of the RRMM are still under investigation (including the present one), and in general one should
be careful while arbitrarily adding new terms in the energy density to always check that the well-posedness
of the model is conserved, especially if the additions involve new kinematical fields.
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Conclusion

When modeling metamaterials of finite-size, boundary effects arise related to the choice of unit cell “cut”.
Regarding the choice of unit cell “cut” and its implications on microstructured metamaterials, we showed
examples of how this choice can lead to lower or higher transmissibility values in the band-gap region, as
well as in other frequency regions and discussed some potential applications including shielding, focusing
and energy harvesting. We also showed that it is possible this choice could lead to the suppression of a
specific mode of Bloch-Floquet analysis.

It is, however, well known that mechanical metamaterials, especially those studied in this thesis (made out
of a single phase), possess very intricate geometries that lead to huge computational costs. This calls for a
homogenised modeling of the microstructured metamaterials using enriched continua. The homogenised
modeling of finite-size mechanical metamaterials can be effectively separated into two important parts
that must both be accounted for if one wants an accurate homogenised metamaterial description:

• Modeling of the infinite size metamaterial and

• Modeling of boundary effects related to the finite-size.

For the first part, an enriched continuum must be used that can fulfill one criterion. The model must
be able to accurately capture the dispersion of the infinitely big metamaterial (Bloch-Floquet dispersion
curves). We showed that this criterion can be separated into two, the one being, that the dispersion poly-
nomial of the enriched model must be of the correct order with respect to frequency ω and wavenumber
k, and the other being that the curves must have enough “freedom” to capture the needed dispersion
for every angle and polarisation. We saw that the RRMM fulfills this criterion for the dispersion modes
excited in our tests, and can therefore be used safely for modeling the infinite metamaterials studied in
this thesis.

However, regarding finite-size metamaterials, the RRMM (as every other enriched continuum using the
same methodology) needs further enrichment of its boundary conditions to capture various boundary
effects that might appear in finite-size microstructured specimens depending on the unit cell “cut” used.
This calls for the use of the method of interface forces. The method states that in the case of modeling a
finite-size metamaterial using an enriched continuum, any boundary effect taking place in the microstruc-
tured metamaterial must lead to the activation of a suitable surface force on an interface/free boundary,
of the enriched continuum. A choice of a different unit cell “cut” leads to a different boundary effect in
the microstructured metamaterial, and thus to a different surface force on the interfaces/ free boundaries,
of the enriched continuum.

We applied this method to two locally resonant metamaterials and demonstrated its versatility in cap-
turing boundary effects, that is, edge effects, boundary effects that propagate in the bulk, and boundary
effects that are related to the finite-size of the structure itself. Specifically regarding edge effects, we
introduced edge tests and discussed their potential for edge effect prediction. It is possible that edge
tests could be generalised as a method to predict edge effects. However to construct an edge test we need
to know a-priori how the edge behaves in a similar metamaterial under a similar test, which calls for data
collection and/or further understanding of edge effects in general. Furthermore, we showed that for the
tests presented, edge effects may be associated to a shear stiffness transfer from the unit cell to the edge
of the metamaterial and that edge effects are usually not affected by a change in the number of unit cells
used in the y-direction, as long as this number is bigger than one. We explained that for the method of
interface forces, this means that the interface force on the “free” boundary remains invariant with respect
to a change in the number of unit cells in the y-direction. We discussed the two possible methodologies
one can follow to find the appropriate interface forces that accurately describes the boundary effect and
explained why, in the cases shown here, the one that includes direct inspection of the displacement field
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and deformed shape was preferred. Nevertheless both methods, if applied correctly, should lead to the
same result.

Moreover, we applied the method of interface forces on four 3× 2 finite-sized labyrinthine metamaterials
constructed from different “cuts”, showing that even if the size of a metamaterial is very small, the
method can still make the response more accurate. We proposed a particular ansatz that the activated
interface force on the Cauchy/RRM interface must have in the cases we investigated, and we have seen
that this ansatz holds in almost all cases unless the wavelength becomes twice the size of the specimen
or smaller while the frequency is not close to a band-gap frequency region.

Given our results, coupling an enriched continuum with the method of interface forces is absolutely nec-
essary if one wants to describe boundary effects in finite-size specimens using a homogenised description.
For the future, two open problems that still remain necessary for applications of the method in the design
and optimization of structures are:

• Associating interface forces to some physical quantities (i.e. understanding the physical origin of
boundary effects). As discussed previously, in the case of some particular edge effects, we could
argue that the edge effect can be attributed to some extent to the low shear stiffness of the unit
cell, which then gets transferred to the edge, since the edge is a row built by the periodic repetition
of the same unit cell. However, this offers an understanding that is more qualitative. If we want to
prove claims like this to be true, then shear stiffness and a law for its transfer from the unit cell to
the edge must be represented by physical quantities and hence much more research is needed for
the complete understanding of this and much more different boundary effects.

• Understanding how interface forces scale when the size of the metamaterial changes, i.e. when we
change arbitrarily the number of unit cells in directions x and y for the same test.

It is the author’s opinion at this particular point, that the former problem must be addressed before
the latter, even though it is not impossible, that a large number of data of calibrated interface forces
corresponding to the latter problem could lead to some understanding of the former.
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Appendix A

Appendix

A.1 Parameter values for the dispersion polynomial of the RRMM

For the reduced relaxed micromorphic model (RRMM), we arrive (3.23) at the dispersion polynomial

c0k
2 −

(
c1 + c2k

2)ω2 +
(
c3 + c4k

2)ω4 −
(
c5 + c6k

2)ω6 = 0 (A.1)

where the coefficients c1 , · · · , c6 have the following expressions:

Pressure 0◦

Coefficient Expression

c0 4(κeκmµe + κmµeµm + κe(κm + µe)µm)

c1 4ρ(κe + κm)(µe + µm)

c2 4L2
cρ(γ1κeκm+γ1(κe+κm)µe+(κe+κm)κγµe+κeκγµe+(κmκγ+

κe(κγ + κγ) + κγµe)µm + γ1(κe + κm)(µe + µm))

c3 4L2
cρ

2(γ1(κe + κm) + κγ(µe + µm))

c4 4L4
cρ

2(γ1γ1(κe + κm) + γ1κmκγ + γ1κe(κγ + κγ) + γ1κγµe +
γ1κγ(µe + µm) + κγκγ(µe + µm))

c5 4L4
cρ

3γ1κγ

c6 4L6
cρ

3γ1(γ1 + κγ)κγ

Shear 0◦

Coefficient Expression

c0 4µcµ
∗
eµ

∗
m

c1 4ρµc(µ
∗
e + µ∗

m)

c2 4L2
cρ((γ2 + γ∗1 + γ2 + γ∗1)µcµ

∗
e + (γ2 + γ∗1 + γ2)µcµ

∗
m + γ2µ

∗
eµ

∗
m)

c3 4L2
cρ

2(γ∗1µc + γ2(µ
∗
e + µ∗

m))

c4 4L4
cρ

2(γ2γ
∗
1µc + γ∗1γ2(µc + µ∗

e) + γ2γ
∗
1(µ

∗
e + µ∗

m))

c5 4L4
cρ

3γ2γ
∗
1

c6 4L6
cρ

3(γ2 + γ∗1)γ2γ
∗
1
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Pressure 45◦

Coefficient Expression

c0 4(κeκmµ
∗
e + κmµ

∗
eµ

∗
m + κe(κm + µ∗

e)µ
∗
m)

c1 4ρ(κe + κm)(µ∗
e + µ∗

m)

c2 4L2
cρ(γ

∗
1κeκm+γ∗1 (κe+κm)µ∗

e+(κe+κm)κγµ
∗
e+κeκγµ

∗
e+(κmκγ+

κe(κγ + κγ) + κγµ
∗
e)µ

∗
m + γ∗1(κe + κm)(µ∗

e + µ∗
m))

c3 4L2
cρ

2(γ∗1 (κe + κm) + κγ(µ
∗
e + µ∗

m))

c4 4L4
cρ

2(γ∗1γ
∗
1(κe + κm) + γ∗1κmκγ + γ∗1κe(κγ + κγ) + γ∗1κγµ

∗
e +

γ∗1κγ(µ
∗
e + µ∗

m) + κγκγ(µ
∗
e + µ∗

m))

c5 4L4
cρ

3γ∗1κγ

c6 4L6
cρ

3γ∗1 (γ
∗
1 + κγ)κγ

Shear 45◦

Coefficient Expression

c0 4µcµeµm

c1 4ρµc(µe + µm)

c2 4L2
cρ((γ1 + γ2 + γ1 + γ2)µcµe + (γ1 + γ2 + γ2)µcµm + γ2µeµm)

c3 4L2
cρ

2(γ1µc + γ2(µe + µm))

c4 4L4
cρ

2(γ1γ1µc+γ2γ1µc+γ1γ2(µc+µe)+γ1γ2(µe+µm)+γ2γ2(µe+
µm))

c5 4L4
cρ

3γ1γ2

c6 4L6
cρ

3(γ1 + γ2)γ1γ2

Overall, shear and pressure curves for 0◦ and 45◦ wave incidence depend on the following parameters:

Shear Pressure

0◦ γ2, γ1
∗, γ2, γ

∗
1 , µc, µ

∗
e , µ

∗
m γ1, κe, κm, γ1, κγ , κγ , µe, µm

45◦ γ2, γ1, γ2, γ1, µc, µe, µm γ∗
1 , κe, κm, γ1

∗, κγ , κγ , µ
∗
e , µ

∗
m

A.2 Boundary conditions on a symmetry plane for a relaxed
micromorphic medium using Curie’s Symmetry Principle

Similarly to the work in [17] and [74], we shall use Curie’s Symmetry Principle to define the symmetry conditions
of the reduced relaxed micromorphic model. We suppose that our problem has a symmetry with respect to the
plane N of normal n ∈ R3, we shall apply Curie’s Symmetry Principle on our kinematical fields u and P{

u(x⋆) = u⋆(x) ,

P (x⋆) = P ⋆(x)
(A.2)

with x⋆ being the symmetric coordinate of x with respect to N . Let’s define the corresponding orthonormal bases
{tα, tβ , n} and {t∗α, t∗β , n∗} where for every base we define two tangent vectors and one normal vector with respect
to the symmetry plane N . Since N is a symmetry plane, it holds

t⋆α = tα , t⋆β = tβ and n⋆ = −n . (A.3)

Let’s express u and P in their corresponding base

u = uαtα + uβtβ + unn , (A.4)

u⋆ = uαt
⋆
α + uβt

⋆
β + unn

⋆ (A.5)
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and

P = Pααtα ⊗ tα + Pαβtα ⊗ tβ + Pαntα ⊗ n+ Pβαtβ ⊗ tα + Pββtβ ⊗ tβ + Pβntβ ⊗ n (A.6)

+ Pnαn⊗ tα + Pnβn⊗ tβ + Pnnn⊗ n ,

P ⋆ = Pααt
⋆
α ⊗ t⋆α + Pαβt

⋆
α ⊗ t⋆β + Pαnt

⋆
α ⊗ n⋆ + Pβαt

⋆
β ⊗ t⋆α + Pββt

⋆
β ⊗ t⋆β + Pβnt

⋆
β ⊗ n⋆ (A.7)

+ Pnαn
⋆ ⊗ t⋆α + Pnβn

⋆ ⊗ t⋆β + Pnnn
⋆ ⊗ n⋆

where the components of the displacement ui and the microdistortion tensor Pij are the same in both bases.
From Eq. (A.3) it is apparent that we can rewrite equations (A.5) and (A.7) in the form

u⋆ = uαtα + uβtβ − unn , (A.8)

P ⋆ = Pααtα ⊗ tα + Pαβtα ⊗ tβ − Pαntα ⊗ n+ Pβαtβ ⊗ tα + Pββtβ ⊗ tβ − Pβntβ ⊗ n (A.9)

− Pnαn⊗ tα − Pnβn⊗ tβ + Pnnn⊗ n .

We then define the points x and x∗ as x = x0 + ϵn and x∗ = x0 + ϵn∗ where x0 ∈ N and ϵ ∈ R. Points x and x∗

represent symmetric points with respect to plane N and therefore it holds

x⋆ = x0 − ϵn . (A.10)

For the kinematical field u, substituting in (A.2), one can get

u(x⋆) = uα(x0 − ϵn)tα +uβ(x0 − ϵn)tβ +un(x0 − ϵn)n = uα(x0 + ϵn)tα +uβ(x0 + ϵn)tβ −un(x0 + ϵn)n = u⋆(x) .
(A.11)

By identification for each expression in {tα, tβ , n} we have
uα(x0 − ϵn)tα = uα(x0 + ϵn)tα ,

uβ(x0 − ϵn)tβ = uβ(x0 + ϵn)tβ ,

un(x0 − ϵn)n = −un(x0 + ϵn)n .

(A.12)

In the same way, for the kinematical field P we arrive at

Pαα(x0 − ϵn)tα ⊗ tα = Pαα(x0 + ϵn)tα ⊗ tα ,

Pαβ(x0 − ϵn)tα ⊗ tβ = Pαβ(x0 + ϵn)tα ⊗ tβ ,

Pαn(x0 − ϵn)tα ⊗ n = −Pαn(x0 + ϵn)tα ⊗ n ,

Pβα(x0 − ϵn)tβ ⊗ tα = Pβα(x0 + ϵn)tβ ⊗ tα ,

Pββ(x0 − ϵn)tβ ⊗ tβ = Pββ(x0 + ϵn)tβ ⊗ tβ ,

Pβn(x0 − ϵn)tβ ⊗ n = −Pβn(x0 + ϵn)tβ ⊗ n ,

Pnα(x0 − ϵn)n⊗ tα = −Pnα(x0 + ϵn)n⊗ tα ,

Pnβ(x0 − ϵn)n⊗ tβ = −Pnβ(x0 + ϵn)n⊗ tβ ,

Pnn(x0 − ϵn)n⊗ n = Pnn(x0 + ϵn)n⊗ n .

(A.13)

These conditions allow to reconstruct the displacement and microdistorsion fields at any point in space with
respect to the symmetry plane, when their value is known on the opposite side of the symmetry plane. In the
limit of ϵ → 0, equations (A.12) and (A.13) simplify to


uα(x0)tα = uα(x0)tα ,

uβ(x0)tβ = uβ(x0)tβ ,

un(x0)n = −un(x0)n

and



Pαα(x0)tα ⊗ tα = Pαα(x0)tα ⊗ tα ,

Pαβ(x0)tα ⊗ tβ = Pαβ(x0)tα ⊗ tβ ,

Pαn(x0)tα ⊗ n = −Pαn(x0)tα ⊗ n ,

Pβα(x0)tβ ⊗ tα = Pβα(x0)tβ ⊗ tα ,

Pββ(x0)tβ ⊗ tβ = Pββ(x0)tβ ⊗ tβ ,

Pβn(x0)tβ ⊗ n = −Pβn(x0)tβ ⊗ n ,

Pnα(x0)n⊗ tα = −Pnα(x0)n⊗ tα ,

Pnβ(x0)n⊗ tβ = −Pnβ(x0)n⊗ tβ ,

Pnn(x0)n⊗ n = Pnn(x0)n⊗ n .

(A.14)

Therefore it holds: un = Pαn = Pβn = Pnα = Pnβ = 0. Thus, the following conditions must be satisfied at N

⟨u, n⟩ = 0 ,

⟨P, tα ⊗ n⟩ = 0 ,

⟨P, tβ ⊗ n⟩ = 0 ,

⟨P, n⊗ tα⟩ = 0 ,

⟨P, n⊗ tβ⟩ = 0

∀x ∈ N . (A.15)
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A.2.1 Pressure test in Chapter 6

In the case of the pressure test in Chapter 6 we have: u3 = P13 = P23 = P31 = P32 = P33 = 0, n = {0,−1, 0},
tα = {1, 0, 0} and tβ = {0, 0, 1} the conditions of equation (A.15) state

⟨u, n⟩ = −u2 = 0 ,

⟨P, tα ⊗ n⟩ = −P12 = 0 ,

⟨P, tβ ⊗ n⟩ = 0 ,

⟨P, n⊗ tα⟩ = −P21 = 0 ,

⟨P, n⊗ tβ⟩ = 0

∀x ∈ N . (A.16)

where now sub-indices 1, 2 and 3 refer to coordinates x, y and z respectively, since tangent vector tα points in
the x−direction, tangent vector tβ points in the z−direction and our normal vector n points in the negative
y−direction.

A.2.2 Shear test in Section 7.3

Regarding the shear test in Section 7.3, we have the particular case of Antisymmetry. This implies we have to
set to zero the components that were free in eq. (A.16), while letting free the components that were set to zero
before. Consequently, we have 

u1 = 0 ,

P11 = 0 ,

P22 = 0

∀x ∈ N . (A.17)

A.3 First variation for Cauchy elasticity

The Langrangian of the model is given by eq. (2.3) as

W (sym∇u) =
1

2
⟨Ce sym∇u, sym∇u⟩ ,

K(u̇) =
1

2
ρ ⟨u̇, u̇⟩ , (A.18)

L(u̇, sym∇u) = K(u̇)−W (sym∇u) .

The Cauchy continuum will be in equilibrium when associated the Action functional A (2.4) is at a minimum. We
assume no external forces acting on the body. The internal action functional of the dynamic Cauchy continuum
integrates over the body Ω0 in the time interval [0, τ ]

A (u̇, sym∇u) :=

∫
Ω0×[0,τ ]

K(u̇) dxdt−
∫
Ω0×[0,τ ]

W (sym∇u) dxdt . (A.19)

We pose that A has a minimum at u0, which implies that for a small variation δu it holds

A (u̇0 + δu̇, sym∇[u0 + δu]) ≥ A (u̇0, sym∇u0) . (A.20)

By introducing the scalar s, we can parameterize the previous inequality and define the scalar function h(s)

h(s) := A (u̇0 + sδu̇, sym∇[u0 + sδu]) (A.21)

=

∫
Ω0×[0,τ ]

K (u̇0 + sδu̇) dxdt−
∫
Ω0×[0,τ ]

W (sym∇ (u0 + sδu)) dxdt . (A.22)

It follows that h′(s) = 0 at s = 0, and h(s) ≥ h(0). Let us consider that K and W are differentiable and well
defined, and taking u(s) = u0(x, t) + sδu(x, t), we can write

0 = h′(s)
∣∣∣
s=0

=
d

ds
A (u̇, sym∇u)

∣∣∣∣
s=0

=
d

ds

∫
Ω0×[0,τ ]

[−W (sym∇u) +K (u̇)] dxdt

∣∣∣∣∣
s=0

=

∫
Ω0×[0,τ ]

d

ds
[−W (sym∇u) +K (u̇)]

∣∣∣∣∣
s=0

dxdt (A.23)
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=

∫
Ω0×[0,τ ]

[
−

〈
∂W

∂ sym∇u
,
∂ sym∇u

∂s

〉∣∣∣∣
s=0

+

〈
∂K

∂u̇
,
∂u̇

∂s

〉∣∣∣∣
s=0

]
dxdt

=

∫
Ω0×[0,τ ]

−
〈

∂W

∂ sym∇u
, sym∇δu

〉
dxdt︸ ︷︷ ︸

W1

+

∫
Ω0×[0,τ ]

〈
∂K

∂u̇
, δu̇

〉
dxdt︸ ︷︷ ︸

K1

and thus
=⇒ K1 −W1 = 0 . (A.24)

We calculate the contributions of Kinetic and Strain energy densities separately starting with term W1

W1 =

∫
Ω0×[0,τ ]

〈
∂W

∂ sym∇u
, sym∇δu

〉
dxdt =

∫
Ω0×[0,τ ]

σijδui,j dxdt

=

∫
Ω0×[0,τ ]

[σij,jδui + σijδui,j − σij,jδui] dxdt

=

∫
Ω0×[0,τ ]

[
(σijδui),j − σij,jδui

]
dxdt

=

∫
Ω0×[0,τ ]

(σijδui),j dxdt−
∫
Ω0×[0,τ ]

σij,jδui dxdt (A.25)

=

∫
∂Ω0×[0,τ ]

σijδuinj dsdt−
∫
Ω0×[0,τ ]

σij,jδui dxdt

=

∫
∂Ω0×[0,τ ]

⟨σn, δu⟩dsdt−
∫
Ω0×[0,τ ]

⟨Div σ, δu⟩ dxdt .

We calculate the contributionK1 of the Kinetic energy density for the case of a system that exhibits the isochronous
condition δu(0) = δu(τ) = 0 by

K1 =

∫
Ω0×[0,τ ]

〈
∂K

∂u̇
, δu̇

〉
dxdt =

∫
Ω0×[0,τ ]

⟨ρu̇, δu̇⟩ dxdt

=
����������[∫

Ω0×[0,τ ]

⟨ρu̇, δu⟩ dx

]τ

0

−
∫
Ω0×[0,τ ]

⟨ρü, δu⟩ dxdt (A.26)

= −
∫
Ω0×[0,τ ]

⟨ρü, δu⟩ dxdt .

Substituting K1 and W1 in eq. (A.24) we end up with the weak form of the equilibrium equations

−
∫
∂Ω0×[0,τ ]

⟨σn, δu⟩dsdt +

∫
Ω0×[0,τ ]

⟨Div σ, δu⟩dxdt −
∫
Ω0×[0,τ ]

⟨ρü, δu⟩ dxdt = 0 , ∀δu (A.27)

where Div σ and ρü are forces per unit volume, and σn is a force per unit area. The condition imposed by
eq. (A.27) implies the strong form of the equilibrium equations and the associated Neumann boundary condition

Div σ = ρü in Ω0 , (A.28)

σn = 0 on ∂Ω0 .

A.4 First variation for the RRMM

The Langrangian of the RRMM is given by eq. (3.3) as

K(u̇,∇u̇, Ṗ ) =
1

2
ρ ⟨u̇, u̇⟩+ 1

2
⟨Jm sym Ṗ , sym Ṗ ⟩+ 1

2
⟨Jc skew Ṗ , skew Ṗ ⟩

+
1

2
⟨Te sym∇u̇, sym∇u̇⟩+ 1

2
⟨Tc skew∇u̇, skew∇u̇⟩ ,

W (∇u, P ) =
1

2
⟨Ce sym (∇u− P ) , sym (∇u− P )⟩+ 1

2
⟨Cc skew (∇u− P ) , skew (∇u− P )⟩ (A.29)

+
1

2
⟨Cmicro sym P, sym P ⟩ ,

L(u̇,∇u̇, Ṗ ,∇u, P ) = K(u̇,∇u̇, Ṗ )−W (∇u, P ) .

The RRM continuum will be in equilibrium when the associated Action functional A (3.4) is at a minimum. We
assume no external forces acting on the body. The internal action functional of the dynamic RRM continuum,
integrates over the body Ω0 in the time interval [0, τ ]

A
(
u̇,∇u̇, Ṗ ,∇u, P

)
:=

∫
Ω0×[0,τ ]

K
(
u̇,∇u̇, Ṗ

)
dxdt −

∫
Ω0×[0,τ ]

W (∇u, P ) dxdt . (A.30)
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We pose that A has a minimum at u0, which implies that for a small variation δu and δP it holds

A
(
u̇0 + δu̇,∇[u̇0 + δu̇], Ṗ0 + δṖ ,∇u0 + δu, P0 + δP

)
≥ A

(
u̇0,∇u̇0, Ṗ0,∇u0, P0

)
. (A.31)

By introducing the scalar s, we can parameterize the previous inequality and define the scalar function h(s)

h(s) = A
(
u̇0 + sδu̇,∇[u̇0 + sδu̇], Ṗ0 + sδṖ ,∇u0 + sδu, P0 + sδP

)
. (A.32)

It follows that h′(s) = 0 at s = 0, and h(s) ≥ h(0). Let us consider that K and W are differentiable and well

defined. We split the derivative h′(s)
∣∣∣
s=0

into its Kinetic and Strain energy parts h′
W (s)

∣∣∣
s=0

and h′
K(s)

∣∣∣
s=0

so

that
h′(s)

∣∣∣
s=0

= −h′
W (s)

∣∣∣
s=0

+ h′
K(s)

∣∣∣
s=0

= 0 . (A.33)

We also consider that u(s) = u0(x, t) + sδu(x, t) and P (s) = P0(x, t) + sδP (x, t). We calculate the two terms
separately starting with the contribution of the Kinetic Energy density

h′
K(s)

∣∣∣
s=0

=

∫
Ω0×[0,τ ]

d

ds

[
K

(
u̇,∇u̇, Ṗ

)]∣∣∣∣∣
s=0

dxdt

=

∫
Ω0×[0,τ ]

[〈
∂K

∂u̇
,
∂u̇

∂s

〉∣∣∣∣
s=0

+

〈
∂K

∂∇u̇
,
∂∇u̇

∂s

〉∣∣∣∣
s=0

+

〈
∂K

∂Ṗ
,
∂Ṗ

∂s

〉∣∣∣∣
s=0

]
dxdt

=

∫
Ω0×[0,τ ]

−⟨ρu̇, δu̇⟩ dxdt︸ ︷︷ ︸
K1

+

∫
Ω0×[0,τ ]

⟨Te sym∇u̇,∇δu̇⟩ dxdt︸ ︷︷ ︸
K2

(A.34)

+

∫
Ω0×[0,τ ]

⟨Tc skew∇u̇,∇δu̇⟩dxdt︸ ︷︷ ︸
K3

+

∫
Ω0×[0,τ ]

〈
Jm sym Ṗ , sym δṖ

〉
dxdt︸ ︷︷ ︸

K4

+

∫
Ω0×[0,τ ]

〈
Jc skew Ṗ , skew δṖ

〉
dxdt︸ ︷︷ ︸

K5

We calculate the Kinetic energy density’s contributions separately in the case of a system that exhibits the
isochronous condition δu(0) = δu(τ) = 0 and δP (0) = δP (τ) = 0. Term K1 is identical to the one in Cauchy
elasticity while the rest are calculated by using integration by parts and Gauss’s theorem

K1 = −
∫
Ω0×[0,τ ]

⟨ρü, δu⟩ dxdt ,

K2 = −
∫
∂Ω0×[0,τ ]

⟨Te sym∇ü n, δu⟩ dsdt+
∫
Ω0×[0,τ ]

⟨Div [Te sym∇ü] , δu⟩ dxdt ,

K3 = −
∫
∂Ω0×[0,τ ]

⟨Tc skew∇ü n, δu⟩dsdt+
∫
Ω0×[0,τ ]

⟨Div [Tc skew∇ü] , δu⟩ dxdt , (A.35)

K4 = −
∫
Ω0×[0,τ ]

〈
Jm sym∇P̈ , δP

〉
dxdt ,

K5 = −
∫
Ω0×[0,τ ]

〈
Jc skew∇P̈ , δP

〉
dxdt .

For the contribution of the Strain Energy density W we have

h′
W (s)

∣∣∣
s=0

=

∫
Ω0×[0,τ ]

d

ds
[W (∇u, P )]

∣∣∣∣∣
s=0

dxdt

=

∫
Ω0×[0,τ ]

[〈
∂W

∂∇u
,
∂∇u

∂s

〉∣∣∣∣
s=0

+

〈
∂W

∂P
,
∂P

∂s

〉∣∣∣∣
s=0

]
dxdt

=

∫
Ω0×[0,τ ]

⟨Ce sym (∇u− P ) , sym (∇δu− δP )⟩ dxdt︸ ︷︷ ︸
W1

(A.36)

+

∫
Ω0×[0,τ ]

⟨Cc skew (∇u− P ) , skew (∇δu− δP )⟩ dxdt︸ ︷︷ ︸
W2

+

∫
Ω0×[0,τ ]

⟨Cm symP, sym δP ⟩dxdt︸ ︷︷ ︸
W3

.
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We calculate the Strain energy density’s contributions separately by using Gauss’s theorem. We end up with

W1 =

∫
∂Ω0×[0,τ ]

⟨Ce sym (∇u− P )n, δu⟩ dsdt−
∫
Ω0×[0,τ ]

⟨Div [Ce sym (∇u− P )] , δu⟩ dxdt

−
∫
Ω0×[0,τ ]

⟨Ce sym (∇u− P ) , δP ⟩dxdt ,

W2 =

∫
∂Ω0×[0,τ ]

⟨Cc skew (∇u− P )n, δu⟩dsdt−
∫
Ω0×[0,τ ]

⟨Div [Cc skew (∇u− P )] , δu⟩dxdt (A.37)

−
∫
Ω0×[0,τ ]

⟨Cc skew (∇u− P ) , δP ⟩ dxdt ,

W3 =

∫
Ω0×[0,τ ]

⟨Cm symP, δP ⟩ dxdt .

According to (A.33) we must have

K1 +K2 +K3 +K4 +K5 −W1 −W2 −W3 = 0 . (A.38)

The condition imposed above implies the strong form of the equilibrium equations of the RRMM as

ρü−Div σ̂ = Div σ̃ and σ = σ̃ − s in Ω0 (A.39)

where

σ̃ := Ce sym(∇u− P ) + Cc skew(∇u− P ) , σ̂ := Te sym∇ü+ Tc skew∇ü ,

s := Cmicro symP , σ := Jm sym P̈ + Jc skew P̈ (A.40)

with the associated Neumann boundary condition

t̃ := (σ̃ + σ̂)n = 0 , in ∂Ω0 (A.41)

where t̃ is the generalized traction and n is the normal to the boundary.
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