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Abstract

The goal of adaptive time step control is to efficiently control the accuracy of a simulation.
In terms of accuracy, a higher order time-stepping scheme is advantageous, although it
results in a higher computational cost. In particular, High Performance Computing (HPC)
focuses on efficient performance by using an ever-increasing number of cores and thus
applying numerical schemes in parallel. Therefore, global-in-time adaptive time step
control based on a higher order time discretization scheme is of interest, especially in
the area of Computational Fluid Dynamics (CFD).

In this work, we use the higher order continuous Galerkin-Petrov method as a time dis-
cretization scheme in a global-in-time adaptive time step control. The length of the time
steps is controlled by so-called controllers based on error estimators. These errors are
estimated by two approximations of the solution of different order. Here, we use a lin-
ear post-processing step from the continuous Galerkin-Petrov method with low compu-
tational cost to obtain a higher order solution. Although this is common in the literature
on no-pressure problem types, we present a velocity and a new pressure error estimator
for the Navier-Stokes equations. These error estimators approximate the analytic errors
suitable, as we show for the heat equation and for incompressible flows as in the Navier-
Stokes equations. Especially, for the flow around a cylinder benchmark for Newtonian
and non-Newtonian fluids, we present error estimators for the lift and drag coefficients.
All numerical tests in this thesis have been implemented in the FEAT3 software.

We also introduce a new global-in-time adaptive strategy. This provides a time-parallel
approach. In order to deepen this topic, we briefly introduce two existing global-in-time
approaches and discuss a possible realization for the cGP(2) adaptive time-stepping, but
no parallel numerical investigation is done.

The new global-in-time adaptive strategy defines a new time grid in each adaptive it-
eration and computes the associated solution over the entire time interval. The classic
step size controllers described in the literature are adapted to take into account error es-
timates for pressure, lift, and drag coefficients. Investigations and comparisons follow in
the numerical studies for the different model problems, where advisable controllers are
highlighted.
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1
Introduction

1.1. Motivation and overview

Higher order variational time discretization

For solving time-dependent problems such as evolution equations, a higher order time dis-
cretization is appropriate for various reasons, such as achieving a sufficiently smooth solu-
tion. A well-known class of time discretization schemes is of the variational type, includ-
ing in particular the higher order Galerkin methods, see for example the monograph [58].
A famous representative of this type is the continuous Galerkin-Petrov method. This ap-
proach has often been studied for various problems such as the heat equation [32, 34].
In addition, superconvergence in the endpoints of the time interval and optimal error es-
timates were proved [8]. Furthermore, different types of incompressible flow problems
were studied [29–31, 33].

The continuous Galerkin-Petrov method, denoted cGP(k)-method, and the discontin-
uous Galerkin method, denoted dG(k− 1)-method, use a discontinuous test space con-
sisting of discontinuous polynomial functions of degree k−1 to construct a time-stepping
scheme. In contrast to the dG(k − 1)-method, where the ansatz space is discontinuous
and consists of discontinuous polynomial functions of degree k− 1, the cGP(k)-method
uses a higher ansatz space consisting of continuous polynomial functions of degree k.
The number of unknowns of the cGP(k)-method is the same as in the dG(k−1)-method.
Since the cGP(k)-method uses a higher ansatz space, it is obvious that the accuracy of
the cGP(k)-method is one order higher than that of the dG(k− 1)-method. For all these
reasons, we consider in this thesis the continuous Galerkin-Petrov method, in particular
the cGP(2)-method, as well as the C1-continuous Galerkin-Petrov method, abbreviated
as cGP-C1(3)-method.

The C1-continuous Galerkin-Petrov method, the cGP-C1(k + 1)-method, for k > 1,
was introduced by Matthies and Schieweck [46] for a generalized class of non-linear
ordinary differential equations (ODEs). Here, the discrete solution and its first derivative
are continuous, hence the name. This method can be achieved by performing a linear
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CHAPTER 1. Introduction

post-processing step on the continuous discrete Galerkin-Petrov solution to increase the
global smoothness of the discrete solution from C0, where only the discrete solution is
continuous, to C1-continuity. Furthermore, the cGP-C1(k+1)-method can be understood
as a cGP(k+ 1)-method with a reduced numerical time integration formula, which was
shown by Hussain et al. [34] for the heat equation. The linear post-processing step has
already been investigated for several problems such as the wave equations [7], the time-
dependent convection-diffusion-reaction equations [3], the transient Stokes problems [1]
and for evolutionary Navier-Stokes equations [4].

Since this approach can be interpreted as a technique using polynomials of one degree
higher, it is traceable that the cGP-C1(k+ 1)-method is one order more accurate in the
L2-norm than the cGP(k)-method. Furthermore, both methods agree at the endpoint of
the time intervals. Thus, the two methods are of equal order at the endpoints and both
are A-stable. For example, we consider the cGP(k)- and the cGP-C1(k+1)-methods for
k = 2, which is the smallest k we can use to construct the cGP-C1(k+ 1)-method. The
cGP(2)-method is of order three in the L2-norm and superconvergent with order four at
the discrete time points. The cGP-C1(3)-method is of order four at the discrete time
points and in the L2-norm. In addition, it was shown numerically that for the transient
Stokes problem the post-processed solution is of order 2k at the discrete time points for
velocity and pressure [1, 5]. Consequently, we can use the cGP-C1(k+ 1)-method and
the cGP(k)-method to construct an error estimator in time for adaptive time step control.

Adaptive time step control

Adaptive time step control aims at efficiently solving time-dependent evolution problems
with controlled accuracy. The main reason for adaptive time-stepping is to reduce the high
computational cost and to solve problems more efficiently. This goes along with achieving
computational stability and reliability. Especially in physical simulations that involve
solving differential equations, the computational effort is high, because more accurate or
more physically relevant solutions are needed. Certainly, the accuracy and thus the arising
errors from a discretization method depend on the employed step sizes and the problem
properties. If the dynamic of the problem is more oscillatory or not very stable, a smaller
step size has to be used. Thus, by automatically adapting the time step size, it is possible
to achieve a given error tolerance in terms of accuracy of the solution with a minimum
number of time steps. Choosing an appropriate time step size to achieve a given accuracy
is one of the two components of adaptive time step control. The second is the estimation
of the error resulting from the step size used. Since the exact error is often unknown,
so-called error estimators are used by comparing different solutions.

Therefore, an adaptive time step control first requires an automatic technique to define
variable time step sizes. These algorithms are called controllers for short. They depend
on the order of accuracy of the method and can determine the new time step size such
that the estimated error is less than a given error tolerance. Thus, controllers usually
involve a history of estimated errors and time step sizes. An overview of different types of
controllers was given by Söderlind [57]. In particular, the elementary local error controller
(EL), is shown, and further developed controllers such as the predictive controller (PC11)
and the proportional-integral-derivative controller (PID) are also studied. They are based
on a feedback control perspective and have been applied to adaptively control the step
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1.1. Motivation and overview

sizes of partial differential equations (PDEs) [6, 36], especially for the incompressible
Navier-Stokes equations.

Obviously, adaptive approaches also find application in spatial discretizations, espe-
cially in the context of finite element methods (FEM). There are several space-time FEMs
where the mesh size and the time step size are adapted simultaneously [53]. Very popular
in recent years have also been the goal-oriented adaptive schemes with time and/or space
variation. They are based on a variational formulation in space and time, see, e.g., [10].

Common approaches for estimating an error are to compare the numerically solutions
for two different time step sizes or two different time-stepping methods of different or
same order. They are based on a posteriori error estimation, which can be found in the
textbook literature, see, e.g., [13]. This is often done for first or second order methods.

Another approach is to use embedded schemes that use a post-processed solution that
is one order higher than the solution obtained by the original method to estimate the error
of the lower order original method. This post-processing step has the advantage of low
computational cost and is therefore very efficient, but has to be of higher order. How-
ever, this does not seem to be common in CFD, but this application area has various
recommendations of adaptive time step control. Embedded schemes have been stud-
ied for ODEs [39] and applied to incompressible Navier-Stokes equations [36]. In an
adaptive approach, the higher order of the methods can be fully exploited. Higher order
variational embedded approaches are the cGP(k) and cGP-C1(k+1)-methods described
above. Thus, an error estimator for the cGP(k)-method can be obtained using the post-
processed cGP-C1(k+1)-method. This has already been studied by Ahmed and John [2]
for the cGP(k)- and dG(k−1)-methods. They showed that the cGP(2)-method is the best
method in terms of efficiency and accuracy compared to cGP(3), dG(1) and dG(2), as
well as an adaptive Crank-Nicolson scheme [35]. As we will see in this work, an error for
the pressure in incompressible flow problems cannot be estimated like the velocity error.
Thus, we use an approach similar to the work of Hussain et al. [29] to obtain a new higher
order pressure solution.

Certainly, the cGP(2)-method, or in general higher order variational time discretiza-
tion schemes, have a higher computational cost, since the resulting systems are larger and
more complex to solve. Therefore, we study an adaptive time step control designed for
a parallel-in-time use for incompressible flow problems. In classical sequential adaptive
time-stepping, one time step is processed after the other. Thus, this procedure is obviously
not suitable for a global-in-time approach. Accordingly, we will construct an adaptive
time step control based on adaptive iterations, where each adaptive iteration has to solve
a global-in-time problem. Thus, in contrast to classical sequential adaptive approaches,
we construct a completely new time grid in each adaptive iteration.

Global-in-time

In the field HPC, attention is focused on the growing number of cores. To make efficient
use of these cores, the programs to be executed, and thus the numerical methods, must be
applied in parallel. This leads to the redevelopment and modification of sequential numer-
ical algorithms for solving differential equations. The problem of parallelization of ODEs
and time-dependent PDEs and their numerical solution arises from the time dependence.

3



CHAPTER 1. Introduction

Starting from an initial time, the solution at the next time is computed. Therefore, the so-
lution at the previous time point must be given as a requirement for the calculation of the
solution at the next time point. Accordingly, initial value problems are approximated se-
quentially in time by numerical methods, while parallelization in space is already widely
used. The decomposition of the space generates independent subproblems at each time
step, which are suitable for parallelization. However, if we have a small number of spa-
tial grid points, the parallelism in each time step is obviously limited. Furthermore, if
the subproblems per processor are too small, the computation time will be dominated by
the communication time between the processors rather than by the actual computational
cost. If, in addition, we have a large number of time steps due to a long time interval or
a requirement of small time steps, as in an adaptive time step control, where the solution
must achieve a certain accuracy, a parallel or simultaneous in time approach is needed.

The problem of solving multiple time steps at once was recognized early on, so that
many approaches can be found in the literature. Often they can be identified under the
keyword parallel-in-time, since there is often no distinction between parallel-in-time and
time-simultaneous. One can divide these methods into different types, which is shown in
the work of Gander [22], where a detailed overview of already existing parallel-in-time
algorithms is given.

A very famous iterative method is the parareal algorithm of Lions et al. [41], where
the time interval is decomposed, while the domain decomposition methods in space and
time describe another group of parallel-in-time algorithms. They decompose the problem
into individual spatial and temporal subproblems that can be computed in parallel. This
is followed by an iterative coupling of the approximations. A special modification is the
Waveform Relaxation algorithm, which was originally developed for the simulation of
integrated circuits. The Multigrid Waveform Relaxation, first published by Lubich and
Ostermann [44], combines this approach with the class of parallel-in-time or rather time-
simultaneous multigrid methods, Multigrid Methods in Space-Time. These algorithms are
not naturally parallel, but the execution of the individual components can be performed
in parallel at space-time intervals, since they perform simultaneously on the entire space-
time domain. Here, a global discrete system is solved with multigrid methods. There
are a lot of further developments, However, Hackbusch [26] was the first to publish a
multigrid only in time method in 1984. Among the best known extensions of Multigrid in
Space-Time are the PFASST algorithm [48] and the MGRIT algorithm [21].

Another promising global-in-time multigrid approach for parabolic equations was pre-
sented by Gander and Neumüller [23], which is based on a higher order discontinuous
Galerkin time discretization and a finite element discretization in space, where a block
Jacobi smoother is the key component. Recently, a similar space-time multigrid method
for higher order continuous and discontinuous variational time discretizations with spatial
finite element discretizations of the heat and wave equations was introduced by Margen-
berg and Munch [45]. It differs from [23] in that it uses a different smoother and focuses
more on practical aspects of the space-time multigrid. Dünnebacke et al. published an-
other parallel-in-space and simultaneous-in-time multigrid method for parabolic evolu-
tion equations [18]. Although this method was developed independently, it can be seen
as a special case of the multigrid waveform relaxation method. In addition, Dünnebacke
et al. extend this method to non-linear PDEs [19]. Furthermore, Lohmann and Turek
recently presented a global-in-time pressure Schur complement solver for incompressible
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flows [43] and a further development with an augmented Lagrangian acceleration [42]
based on [17].

1.2. Outline
In Chapter 2 we start with an introduction to the evolutionary model problems, such as
the heat equation and the non-stationary incompressible Navier-Stokes equations. We
also consider fundamentals such as function spaces and the Gauss-Lobatto quadrature
formula. Since the focus of this work is on the time discretization, we briefly consider at
this point the spatial discretization by finite elements.

Next, the higher order time discretization is introduced in the Chapter 3. First, we
present the cGP(k)- and cGP-C1(k + 1)-methods in general for non-linear ODEs and
delve into the post-processing step. In particular, we consider the resulting cGP(2) block
system and its post-processing procedure. This is followed by extensions to the heat equa-
tion and the Navier-Stokes equations. For non-linear problems, a linearization technique
such as fixed-point iteration is described.

In Chapter 4 we introduce adaptive time step control. Firstly, we study the error es-
timators, in particular the cGP-C1-velocity error estimator and a new pressure error esti-
mator. Then, we design our new global adaptive time step control, where in each adaptive
iteration a new time grid is constructed to obtain an adaptive global-in-time setting. On
this basis, we study special control strategies such as interpolating time step sizes and
error estimators to have a corresponding interpolated value for each time point in the new
time grid. These are used in dedicated controllers to determine a new time step size in a
new time grid. Possible restrictions in our control strategies are also discussed.

Chapter 5 provides more information about a global-in-time approach and how our
higher order adaptive time-stepping technique fits into it. Therefore, we briefly discuss
two global-in-time approaches, one developed for parabolic problems [19] and the other
for incompressible flow problems [42].

Finally, our approaches are examined in the Chapter 6, where our numerical results for
the heat equation and the Navier-Stokes equations are presented. To study incompressible
flows, we consider the flow around a cylinder benchmark and the Carreau-Yasuda model.

This thesis is summarized with a conclusion and further outlooks in Chapter 7.
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2
Notations and fundamentals

In this chapter, we introduce the model problems and the function spaces to discretize
them in space and time. Since this work mainly focuses on the time discretization, we
briefly discuss the space discretization. In this context, we apply the finite element method
in space. As another fundamental concept, we consider the Gauss-Lobatto quadrature
formula.

2.1. Evolution equations
Evolution equations describe in general the development of a system depending on a
continuous time variable t for example given by an ODE of the general form

∂tu = f (u),

where ∂tu denotes the time derivative of the solution u(t) and f is a given vector field in the
state of the system at time t. Primarily a Hilbert space setting is applied in order to study
differential equations such that a general unified approach can solve ODEs and PDEs. In
this work, we will study the continuous Galerkin-Petrov method for ODEs and further
extend it to PDEs like the heat equation and the Navier-Stokes equations. To transform
a PDE into an ODE context, one possibility is to semi-discretize the equations in space
by means of the finite element method. Thus, a large system of ODEs is created for
the time-dependent nodal vector of the finite element solution, where afterwards a time
discretization is performed. We refer to this discretization strategy in the next chapter,
where the non-linear ODE for a semi-discretization with the finite element method in
space will be defined, which was presented in [46]. Such discretization strategies can be
found in the literature, see, e.g., [20, 28, 54]. At this point, we introduce the evolution
equations, which we will explicitly study in this work such as the heat equation and the
non-stationary incompressible Navier-Stokes equations.

7



CHAPTER 2. Notations and fundamentals

2.1.1. The heat equation

A fundamental equation of mathematical physics, especially in thermodynamics, is the
heat equation, which describes the heat transfer in a body over a period of time. For a
physical domain Ω ⊂ R2, we consider the solution u : Ω× [0,T ] → R, which describes
the temperature in the point x ∈ Ω at time t ∈ I = [0,T ] with a positive final time T . We
seek the solution u(x, t) such that

∂tu−∆u = f in Ω× (0,T ), (2.1.1)
u = 0 on ∂Ω× I,

u(x,0) = u0(x) for x ∈ Ω,

where f : Ω× (0,T ) → R is a given source term. Furthermore, the initial temperature
field at time t = 0 is u0 : Ω → R. For the sake of simplicity, we assume homogeneous
Dirichlet boundary conditions at the boundary ∂Ω of a polygonal domain Ω.

2.1.2. The non-stationary incompressible Navier-Stokes equations

In order to model incompressible flow problems, we consider the non-stationary incom-
pressible Navier-Stokes equations. For a domain Ω ⊂ R2, the unknown velocity field
u(t) : Ω → R2 and the pressure field p(t) : Ω → R solve

∂tu−ν∆u+(u ·∇)u+∇p = f in Ω× (0,T ), (2.1.2)
∇ ·u = 0 in Ω× [0,T ],

u = g on δΩ× [0,T ],
u(x,0) = u0(x) in Ω for t = 0,

where ν denotes the viscosity, f the body force and u0 the initial field at time t = 0. We
assume homogeneous Dirichlet boundary conditions at the boundary ∂Ω of a polygonal
domain Ω for simplicity, that is g = 0. In this case, the pressure field p(t) at each time t
in the subspace L2

0(Ω)⊂ L2(Ω) of functions with zero integral mean value.

2.1.3. The flow around a cylinder benchmark

Since the global-in-time adaptive cGP(k)-time step control, introduced in this work, is
also studied for incompressible flow problems, it is indispensable not to consider the DFG
flow around a cylinder benchmark [52] as a representative of real flow phenomena. Thus,
we consider the Navier-Stokes equations (2.1.2) with source term f = 0, a fixed time
interval with final time T = 8 and a viscosity parameter ν = 10−3. The initial condition at
time t = 0 is defined as u0 = 0. The domain is illustrated in the Figure 2.1, which is a pipe
without a circular cylinder Ω = [0,2.2]× [0,041]\Br(0.2,0.2) with r = 0.05. The inflow
data on the left edge Γin = 0× [0,0.41] is described by the parabolic boundary profile

u(x,y; t) =U(t)
4y(0.41− y)

0.412

(
1
0

)
, U(t) =U0 sin(π t/8), U0 = 1.5, (2.1.3)

with a maximum velocity magnitude U(t) at time t = 4, such that U(4)=U0 = 1.5. On the
right edge Γout = 2.2× [0,0.41] the outflow is defined by do-nothing boundary conditions

νδnu− pn = 0,

8



2.1. Evolution equations

0.1
S

0.2

0.21

0.41

2.00.2

Figure 2.1: Domain of the flow around a cylinder benchmark.

where n indicates the outer normal vector. The boundary of the cylinder S = δBr(0.2,0.2)
as well as the lower and upper walls Γwall are defined as no-slip boundary conditions

u|Γwall = u|S = 0.

Furthermore, the maximum velocity magnitude leads to a mean velocity of

Umean =
2
3
·1.5 = 1. (2.1.4)

The characteristic length of the flow is given by the diameter of the circular obstacle
L = 2 · 0.05 = 1. This leads to a Reynolds number of Re = UmeanL

ν
= 100. This number

indicates whether the flow is laminar. The most characteristic quantities of interest are the
drag and lift coefficients at the obstacle. These forces are defined by

cl(t) :=− 2
U2

meanL

∫
S
(ν

∂utS(t)
∂n

nx + p(t)ny)dS,

cd(t) :=
2

U2
meanL

∫
S
(ν

∂utS(t)
∂n

ny + p(t)nx)dS,

where n = (nx,ny)
T is the unit normal vector on S pointing into Ω. Moreover, utS := u · tS

indicates the tangential velocity along the circle with tS = (ny,−nx)
T is the unit tangential

vector. Another parameter of interest is the difference of the pressure between the front
and the rear of the cylinder

δp(t) := p(t;0.15,0.2)− p(t;0.25,0.2).

Furthermore, we consider a shear-thinning Carreau fluid flow over the geometry of the
flow around a cylinder benchmark, Figure 2.1, where the constant viscosity parameter ν

is replaced by a shear-depended one.

2.1.4. The Carreau-Yasuda model

These fluids often appear in the industry such as thermoplastic fluids or biological fluids
and are commonly modeled by the Carreau-Yasuda model [59, 60]. Thus, here a non-
Newtonian viscosity parameter is applied, which is based on the deformation tensor such
that the first equation of (2.1.2) is replaced by

∂tu−2∇ · (ν(γ̇)D(u))+(u ·∇)u+∇p = f in Ω× (0,T ], (2.1.5)

9



CHAPTER 2. Notations and fundamentals

with source term f = 0, for a final time T = 8 and with the effective shear rate of the
strain rate tensor

D(u) :=
1
2
(∇u+∇u⊤).

Furthermore, the non-Newtonian viscosity parameter is given by

ν(γ̇) := ν∞ +(ν0 −ν∞)(1+(λγ̇)a)(n−1)/a,

where γ̇ =
√

2||D(u)||F and ||.||F denotes the Frobenius norm. The other coefficients are
non-negative material coefficients. As in the global-in-time approach of Lohmann and
Turek [42, 43], we choose a = 2, which describes the Carreau model [15] and we set
n = 0.31, ν∞ = 0, ν0 = 10−2, λ = 1. For this problem, the maximum velocity in (2.1.3) is
U0 = 0.3 in the parabolic boundary inflow.

2.2. Function spaces
In order to discretize the above evolution equations in time and space, we need some def-
initions. The notation in the following two sections are based on the definitions provided
in [31, 46].

Function spaces for the heat equation

Let V = H1
0 (Ω) be a Hilbert space and C(I,V ) the space of the continuous functions

u : I →V equipped with the associated norm

∥u∥C(I,V ) := sup
t∈I

∥u(t)∥V .

We consider a decomposition of the time interval I into N subintervals In, which are
defined as

In := (tn−1, tn], n = 1, . . . ,N with 0 := t0 < t1 < .. . < tN−1 < tN =: T, (2.2.1)

and
τ := max

1≤n≤N
τn, (2.2.2)

with the local time step size
τn := tn − tn−1. (2.2.3)

We seek the approximation of the solution with respect to time uτ : I →V in the continuous
ansatz space, which consists of piecewise polynomials of order k by

Xk
τ := {u ∈C(I,V ) : u|In ∈ Pk(In,V ) ∀ n = 1, . . . ,N} (2.2.4)

with

Pk(In,V ) :=

{
u : In →V : u(t) =

k

∑
j=0

U jt j, ∀ t ∈ In, U j ∈V, ∀ j

}
.

Furthermore, the C1-continuous time-discrete space is defined by

Xk,C1
τ := {u ∈C1(I,V ) : u|In ∈ Pk(In,V ) ∀ n = 1, . . . ,N}. (2.2.5)

10



2.2. Function spaces

We define the space of discontinuous functions with the associated norm by

L2(I,V ) :=
{

u : I →V : ∥u∥L2(I,V ) < ∞

}
, ∥u∥L2(I,V ) :=

∫
I

∥u(t)∥2
V dt

 1
2

.

This is needed in order to construct the discontinuous test space Y k−1
τ , which consists of

piecewise polynomials of order k−1

Y k−1
τ := {v ∈ L2(I,V ) : v|In ∈ Pk−1(In,V ) ∀ n = 1, . . . ,N}. (2.2.6)

The functions in this test space are permitted to be discontinuous at the end points of
the subintervals tn, n = 1, . . . ,N − 1. Therefore, we define for an approximation of the
solution with respect to time uτ : I →V the left-sided value u−n , the right-sided value u+n ,
and the jump [uτ]n by

u−n := lim
t→tn−0

uτ(t), u+n := lim
t→tn+0

uτ(t), [uτ]n := u+n −u−n .

If we refer in this work to the value uτ(tn) for n ≥ 1, it is defined by the left-sided value
uτ(tn) := u−n .

Inner product and bilinear forms for the heat equation

The inner product in L2(Ω) is denoted by (·, ·)Ω and a(·, ·) indicates the following bilinear
form:

(u,v)Ω :=
∫
Ω

u(x)v(x)dx, a(u,v) := (∇u,∇v)Ω ∀ u,v ∈V

Function spaces for the Navier-Stokes equations
When considering the Navier-Stokes equations, the solution now describes a velocity field
u(t) := (u(t),v(t)), which is an element of

V :=V 2 := (H1
0 (Ω))2. (2.2.7)

To define the required spaces, we seek now the time discrete solution uτ(t) : I → V such
that the above spaces are defined by Xk

τ (2.2.4), Xk,C1
τ (2.2.5), and Yk−1

τ (2.2.6) accord-
ingly. Additionally, we look for the pressure p(t) in the scalar valued space

Q := L2
0(Ω) (2.2.8)

and define the analogous time-continuous pressure ansatz space X̃k
τ and time-discontinuous

pressure test space Ỹ k−1
τ .

Inner product and bilinear forms for the Navier-Stokes equations

Now, (·, ·)Ω denotes the usual inner product in (L2(Ω))2, the bilinear forms a(·, ·) and
b(·, ·) on V×V and V×Q are defined by

a(u,v) :=
∫

Ω

∇u : ∇vdx u,v ∈ V, b(v, p) :=−
∫

Ω

∇ ·v pdx, (2.2.9)

11
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and the trilinear form c(·, ·, ·) on V×V×V is given by c(w,u,v) :=
2
∑

i=1
cs(w,ui,vi) with

u = (u1,u2) and v = (v1,v2), where

cs(w,ui,vi) :=
∫

Ω

(w ·∇ui)vi dx ∀w ∈ V, ui,vi ∈V. (2.2.10)

2.3. Space discretization
For solving parabolic evolution problems, we have to discretize them in space and time.
As the title of this thesis suggests, the focus is on the time discretization by the continu-
ous Galerkin-Petrov method, which is applied to a space semi-discretization using finite
elements. For more detailed information on the finite element method, see,[11, 16, 56].

In our numerical studies, we use biquadratic finite elements for the solution of the heat
equation and the velocity field of the Navier-Stokes equations while the pressure field is
approximated by discontinuous linear finite elements on a quadrilateral mesh Ω. For the
Navier-Stokes equations, the so-called Q2/Pdisc

1 Stokes element is a popular choice [24],
since this pair is a well-known combination and fulfills the Ladyzhenskaya-Babuška-
Brezzi (LBB) condition, see, [12, 25, 47]. The corresponding finite element spaces are
denoted by Vh ⊂ V and Qh ⊂ Q, which were defined in (2.2.7) and (2.2.8). The resulting
error in the L2-norm is of order O(h3) for the velocity and of order O(h2) for the pressure.
It is sufficient to consider directly the space discretization for the Navier-Stokes equations,
because the biquadratic finite elements are also applied to the heat equation.

By taking the finite element subspaces Vh ⊂ V and Qh ⊂ Q into account, we get the
finite element semi-discretization of the Navier-Stokes equations

(uh,t ,vh)Ω +a(uh,vh)+ cs(uh,uh,vh)+b(vh, ph) = ( fh,vh)Ω,

b(uh,qh) = 0,
u(0) = u0 ∀(vh,qh) ∈ Vh ×Qh.

Now, we represent (uh(t), ph(t)) by a finite element function. Let φµ ∈ Vh,µ = 1, . . . ,mh
indicate the scalar finite element basis functions of Vh. Then the semi-discrete finite ele-
ment solution uh(t) = (uh(t),vh(t)) ∈ Vh is represented by

uh(t) :=
mh

∑
µ=1

(uµ(t))φµ and vh(t) :=
mh

∑
µ=1

(vµ(t))φµ, (2.3.1)

with the nodal vectors (uµ(t)) ∈ Rmh and (vµ(t)) ∈ Rmh . The same can be stated with
respect to the pressure. The finite element basis functions of Qh are indicated by ψµ ∈ Qh,
µ= 1, . . . ,nh. Then, we denote the nodal vector of the semi-discrete finite element solution
ph(t) ∈ Qh by (pµ(t)) ∈ Rnh and obtain

ph(t) :=
nh

∑
µ=1

(pµ(t))ψµ.

Next, we define some well known matrices, which result from applying the finite element
method in space and use the above defined bilinear forms (2.2.9) and (2.2.10). The mass
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2.4. Gauss-Lobatto quadrature formula

matrix M ∈ Rmh×mh , the discrete Laplacian matrix L ∈ Rmh×mh and the gradient matrices
Bi ∈ Rmh×nh , i = 1,2, are given by

Mν,µ := (φµ,φν)Ω, Lν,µ := a(φµ,φν), (Bi)ν,µ := b(φνei,ψµ). (2.3.2)

Furthermore, we introduce for each time step the two right-hand-side vectors F ,G ∈ Rmh

with the components

(F)ν := ( f (t),φνe1)Ω, (G)ν := ( f (t),φνe2)Ω. (2.3.3)

Finally, we define the matrix N(w)ν,µ ∈Rmh×mh for a given discrete velocity field wh ∈Vh
with the nodal vector w ∈ R2mh as

N(w)ν,µ := cs(wh,φµ,φν). (2.3.4)

2.4. Gauss-Lobatto quadrature formula
In order to numerically approximate the occurring integrals, we will apply the Gauss-
Lobatto quadrature formula for instance in the continuous Galerkin-Petrov method. We
consider the reference interval Î = [−1,1] with k+1 points x0, ...,xk, where x0 =−1 and
xk = 1 are the start and end points of the interval and x1, . . .xk−1 are the zero points of the
first derivative of the Legendre polynomial Pk. The weights are given by

ωi :=
2

k(k+1)P2
k (xi)

, i = 0, . . . ,k. (2.4.1)

Hence, the quadrature formula results in

1∫
−1

f (x)dx ≈
k

∑
i=0

ωi f (xi). (2.4.2)

Polynomials up to degree 2k− 1 are integrated exactly. In this work we mainly use the
3-point and 5-point Gauss-Lobatto formulas, which are given by the nodal points and
weights in the following Table 2.1.

k+1 nodal points xi weights ωi

3
0 4

3
±1 1

3

5
0 32

45

±
√

3
7

49
90

±1 1
10

Table 2.1: 3-point and 5-point Gauss-Lobatto quadrature formula.

Furthermore, we show the use of the quadrature formula concretely on the time subin-
terval In (2.2.1) for a to integrated function g(t). By applying an affine transformation
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CHAPTER 2. Notations and fundamentals

Tn : Î → In to transform all In integrals into integrals over the reference interval, we define

t = Tn(t̂) : =
tn−1 + tn

2
+

tn − tn−1

2
t̂ ∈ In ∀ t̂ ∈ Î, n = 1, . . . ,N, (2.4.3)

t̂ := T−1
n (t) =

2
tn − tn−1

(
t − tn + tn−1

2

)
∈ Î. (2.4.4)

Inserting this in

∫
In

g(t)dt =
tn∫

tn−1

g(t) dt =
tn − tn−1

2

1∫
−1

g(Tn(t̂))dt̂. (2.4.5)

Using the quadrature formula (2.4.2) with the reference points t̂ and the weights ω̂ (2.4.1),
we obtain

tn − tn−1

2

1∫
−1

g(Tn(t̂))dt̂ ≈ τn

2

k

∑
i=0

ŵi g(Tn(t̂i)).

Now, we define the i-th reference point t̂i on the subinterval In, by

tGL(k+1)
n,i := Tn(t̂i). (2.4.6)

In addition, we can define the quadrature points t̂i on the subinterval In also for the (k+1)-
point Gauss-Legendre formula, which is denoted by tG(k+1)

n,i .
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3
Higher order time discretization

In this chapter, we consider two continuous Galerkin-Petrov methods, known as the
cGP(k)-method and the cGP-C1(k+ 1)-method for a non-linear ODE. Next, we discuss
the post-processing step separately, since we do not need to compute the cGP-C1(k+1)-
method to obtain the discrete C1-continuous solution in time. Afterwards, we consider
extensions necessary for the application of the continuous Galerkin-Petrov methods to the
heat equation and the incompressible Navier-Stokes equations. In particular, we present
the algebraic block system of the cGP(2)-method and the associated post-processing step
to obtain the cGP-C1(3) solution for the different problem types. Finally, we consider a
linearization technique based on the fixed-point iteration to handle the non-linearity.

3.1. Continuous Galerkin-Petrov methods
In order to apply the continuous Galerkin-Petrov time step method to different evolution
equations, we generalize the continuous Galerkin-Petrov method by considering the ap-
proach outlined in [46]. This serves as the main reference for this chapter, and we adopt
the notation introduced there. The following non-linear ODE as a model problem, where
u : [0,T ]→V solves

Mdtu(t) = F(t,u(t)) ∀ t ∈ (0,T ), (3.1.1)
u(0) = u0,

where u(t) = (u j(t)) ∈ Rmh denotes the nodal vector of the semi-discrete finite element
solution uh(t) ∈ Vh to a parabolic partial differential equation such as (2.3.1). M is the
time-independent mass matrix resulting from the space discretization. Additionally, the
function F : [0,T ]×V → V is assumed to be sufficiently smooth and can be non-linear.
The initial value at time t = 0 is denoted by u0 ∈V .

We choose the following explanation especially for this type of problem, because
we can transform a partial differential equation by semi-discretization in space into a
system of ordinary differential equations. Furthermore the extension of the algebraic
block system is straightforward for the Navier-Stokes equations considered below.
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CHAPTER 3. Higher order time discretization

3.1.1. cGP(k)-method

To introduce the continuous Galerkin-Petrov method in a general way, we discretize the
non-linear ODE (3.1.1) in time as in [46]. To obtain a time marching process, we de-
compose the time interval I into N subintervals In as in (2.2.1). The time discretization
parameter is given by τn (2.2.2) with the local time step size (2.2.3). The solution u : I →V
is approximated by a time discrete function uτ : I → V , which is a piecewise polynomial
of some order k from the time discrete solution space Xk

τ (2.2.4). The discrete test space
is defined by Y k−1

τ (2.2.6), which consists of piecewise polynomials of order k−1 that are
globally discontinuous at the endpoints of the time intervals.

To get a time discrete problem, we use a variational approach and multiply (3.1.1) with
the test function vτ ∈ Y k−1

τ . Furthermore, we integrate over I and obtain the time-discrete
global problem, where we seek uτ ∈ Xk

τ such that∫
I

⟨Mdtuτ(t),vτ(t)⟩dt =
∫
I

⟨F(t,uτ(t)),vτ(t)⟩ dt ∀ vτ ∈ Y k−1
τ , (3.1.2)

where uτ(0) = u0. Also we will denote problem (3.1.2) by the “exact cGP(k)-method”,
because the integral in time on the right-hand-side is evaluated exactly.

To solve the problem (3.1.2) as a time marching process, the discontinuous test space
is exploited, which leads to local subproblems that can be solved successively. We choose
test functions vτ(t) ∈ Y k−1

τ of the form vτ(t) = vψ(t) with an arbitrary time-independent
v ∈ V and a scalar function ψ : I → R, which is zero at I \ In. By applying the test
functions to In in (3.1.2), we obtain the “In-problem of the exact cGP(k)-method” such
that uτ(0) = u0.∫

In

⟨Mdtuτ(t),v⟩ψ(t)dt =
∫
In

⟨F(t,uτ(t)),v⟩ψ(t)dt ∀ v∈V, ∀ψ∈Pk−1(In,V ). (3.1.3)

To numerically approximate the integrals, we choose the (k + 1)-point Gauss-Lobatto
formula as in Section 2.4 with the reference points tGL(k+1)

n, j with j = 0, . . . ,k (2.4.6) on the
subinterval In (2.4.5) and with their weights ω̂ j (2.4.1). This was also proposed in [34, 51].
Let tn, j = tGL(k+1)

n, j , j = 0, . . . ,k be the (k+ 1)-points of the (k+ 1)-point Gauss-Lobatto
formula used throughout this chapter. This leads to tn,0 = tn−1 and tn,k = tn. Especially, this
quadrature formula enables a payoff in the post-processing and thus in the cGP-C1(k+1)-
method. Since it is exact for polynomials of degree less than or equal to 2k−1, the left-
side is integrated exactly. Then, we numerically integrate (3.1.3) by the (k + 1)-point
Gauss-Lobatto quadrature formula and get the “In-problem of the numerically integrated
cGP(k)-method”, where we want to find uτ|In , such that

uτ(tn,0) = uτ(tn−1) = un−1,

k

∑
j=0

ω̂ jMdtuτ(tn, j)ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j) ∀ ψ ∈ Pk−1(In,V ), (3.1.4)

with the initial condition at each subinterval un−1. We will need this problem representa-
tion later. First, we identify uτ(tn, j) by continuing with the Lagrange basis functions with
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3.1. Continuous Galerkin-Petrov methods

respect to the k+1 nodes tn, j ∈ In to define uτ(t) at In

φn, j(t) :=
k

∏
l=0
l ̸= j

t − tl
t j − tl

∈ Pk(In), j = 0, . . . ,k,

which satisfy
φn, j(tn,i) = δi, j, i, j = 0, . . . ,k,

the Kronecker symbol δi, j. We define uτ(t)|In by a polynomial ansatz

uτ(t) :=
k

∑
j=0

U j
n φn, j(t) ∀ t ∈ In, (3.1.5)

with coefficients U j
n ∈ Rmh . We can write U j

n = uτ|In(tn, j) ∀ j.
Using the Gauss-Lobatto points, we obtain tn,0 = tn−1 and the initial condition is given

by
U0

n = uτ|In−1(tn−1) if n ≥ 2 or U0
n = u0 if n = 1.

Since the Gauss-Lobatto quadrature formula in Section 2.4 is defined on a reference in-
terval Î, we transform all In integrals into integrals over the reference interval (2.4.5). The
basis functions of the ansatz space φn, j(t) are defined on the reference interval Î with
respect to the Gauss-Lobatto points t̂i ∈ Î with φ̂ j ∈ Pk(Î) by

φ̂ j(t̂i) = δi, j, i, j = 0, . . . ,k,

φn, j(t) : = φ̂ j(t̂) = φ̂ j(T−1
n (t)),

with the affine transformation T−1
n (t) (2.4.4). Since the discrete test space Y k−1

τ consists
of piecewise polynomials of order k−1, the functions ψn,i are also piecewise polynomials
of order less than or equal to k− 1 on In. We define the basis functions of the test space
by

ψn,i(t) := ψ̂i(T−1
n (t)) = ψ̂i(t̂) ∈ Pk−1(Î) ∀ t ∈ In, i = 1, . . . ,k.

We transform the derivative ∂tφn, j(t) on În by the chain rule, which leads to

∂t φn, j(t) = ∂t̂ φ̂ j(t̂) ·∂t

(
2
τn

(
t − tn + tn−1

2

))
︸ ︷︷ ︸

=T−1
n (t)

= ∂t̂ φ̂ j(t̂)
2
τn
.

Next, we apply the representation (3.1.5) to (3.1.3), transforming all integrals to the ref-
erence interval Î∫

In

k

∑
j=0

⟨MU j
n ,v⟩φ′j(t)ψ(t)dt =

∫
In

k

∑
j=0

⟨F(t,U j
n ),v⟩φ j(t)ψ(t)dt

⇔
∫
Î

k

∑
j=0

⟨MU j
n ,v⟩

2
τn

φ̂
′
j(t̂)ψ̂(t̂)dt̂ =

∫
Î

k

∑
j=0

⟨F(Tn(t̂),U j
n ),v⟩φ̂ j(t̂)ψ̂(t̂)dt̂
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CHAPTER 3. Higher order time discretization

for each test basis function ψ∈Pk−1(In) and all v∈V . Then, we approximate the integrals
numerically using the (k+1) Gauss-Lobatto formula and obtain:

k

∑
µ=0

k

∑
j=0

⟨MU j
n ,v⟩

2
τn

φ̂
′
j(t̂µ)ψ̂(t̂µ)ω̂µ =

k

∑
µ=0

k

∑
j=0

⟨F(Tn(t̂µ),U j
n ),v⟩φ̂ j(t̂µ)ψ̂(t̂µ)ω̂µ. (3.1.6)

Here, the test functions ψ̂i ∈ Pk−1(Î) are chosen as in [34, 46] as

ψ̂i(t̂µ) = (ω̂µ)
−1

δi,µ ∀ i,µ ∈ {1, . . . ,k}. (3.1.7)

Inserting (3.1.7) in (3.1.6), we achieve

k

∑
j=0

MU j
n

k

∑
µ=0

φ̂
′
j(t̂µ)ψ̂i(t̂µ)ω̂µ︸ ︷︷ ︸
=:αi, j

=
τn

2

k

∑
j=0

F(Tn(t̂ j),U j
n )

k

∑
µ=0

φ̂ j(t̂µ)ψ̂i(t̂µ)ω̂µ︸ ︷︷ ︸
=:βi, j

∀i = 1, . . . ,k,

(3.1.8)
with coefficients αi, j and βi, j. This results in the “special form of the In-problem of the
numerically integrated cGP(k)-method” as the following block system.

For a given initial value U0
n ∈ Rmh , compute the “coefficients” U1

n , . . . ,U
k
n ∈ Rmh by

solving the coupled system:

k

∑
j=0

αi, j MU j
n =

τn

2

k

∑
j=0

βi, j F(tn, j,U j
n ) ∀i = 1, . . . ,k,

where the initial value is defined by U0
n = uτ(tn−1) for n > 1 and U0

1 = u0.

cGP(1)-method
Here, we use for k = 1, the 2-point Gauss-Lobatto formula, which coincides with the
trapezoidal rule, with the points tn,0 = tn−1 and tn,1 = tn using the weights ω̂0 = ω̂1 = 1.
Then, with the choice of the test function (3.1.7), we obtain that ψ̂1(t̂)≡ 1

α1,0 =−1, α1,1 = 1, β1,0 = β1,1 = 1

and the In-problem reads:
For the given initial value U0

n ∈Rmh , determine the “coefficient” U1
n ∈Rmh by solving the

following block system on In

MU1
n =

τn

2
{

F(tn,U1
n )+F(tn−1,U0

n )
}
+MU0

n .

cGP(2)-method
Here, we set k = 2 and use the 3-point Gauss-Lobatto formula with the points tn,0 = tn−1,
tn,1 = (tn−1 + tn)/2 and tn,2 = tn with the weights ω̂0 = ω̂2 =

1
3 and ω̂1 =

4
3 . Then, with

our choice of the test function (3.1.7), we obtain

ψ̂1(t̂) =
3
4
(1− t̂), ψ̂2(t̂) = 3t̂
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3.1. Continuous Galerkin-Petrov methods

and

(α)i, j =

(
−5

4 1 1
4

2 −4 2

)
, (β)i, j =

( 1
2 1 0
−1 0 1

)
.

The In-problem reads:
For the given initial value U0

n ∈ Rmh , determine the two “coefficients” U1
n ,U

2
n ∈ Rmh by

solving the following block system on In

MU1
n +

1
4

MU2
n =

5
4

MU0
n +

τn

2

{
F(tn,1,U1

n )+
1
2

F(tn,0,U0
n )

}
, (3.1.9)

−4MU1
n +2MU2

n =−2MU0
n +

τn

2

{
F(tn,2,U2

n )−F(tn,0,U0
n )

}
.

3.1.2. cGP-C1(k+1)-method

The cGP-C1(k+1)-method is derived from the cGP(k)-method, where we take advantage
of the C1-continuous time-discrete solution uτ. Matthies and Schieweck were the first to
show this in their work [46] for a generalized class of non-linear ODEs. Thus, the level
of the global smoothness of the discrete solution is increased from C0- to C1-continuity.
Hence, the cGP-C1(k+1)-method can also be interpreted as the cGP(k+1)-method with
a reduced numerical time integration, which was proved by Matthies and Schieweck [46].
Hence, the cGP-C1(k+1)-method is one order more accurate in the time interval than the
cGP(k)-method, but without increasing the number of unknowns and thus the computa-
tional complexity. In particular, Hussain et al. showed that the cGP-C1(3)-method for the
heat equation can be understood as a method with a reduced numerical time integration, if
the 4-point Gauss-Lobatto formula is replaced by the 3-point Gauss-Lobatto formula [34].

We let uτ be a polynomial of degree k+ 1 for k ≥ 2. Therefore, we need k+ 2 con-
ditions on each subinterval. Consider the first interval I1 = (0, t1) as an example. First,
we know the initial value uτ(0) = u0 of the differential equation and second, the time
derivative of uτ at t = 0:

Mdtuτ(t0) = F(t0,u0).

Here, we only have to solve a system with the mass matrix to obtain the time derivative of
the solution dtuτ(t0). Another quasi-explicit condition, which couples uτ(t1) to dtuτ(t1),
is given by

Mdtuτ(t1) = F(t1,u1).

Accordingly, k − 1 unknowns remain implicitly coupled. The “global cGP-C1(k + 1)-
method” for k ≥ 2, where we seek uτ ∈ Xk+1,C1

τ , is given by∫
I

⟨Mdtuτ(t),vτ(t)⟩dt =
∫
I

⟨F(t,uτ(t)),vτ(t)⟩dt ∀ vτ ∈ Y k−2
τ , (3.1.10)

with uτ(0) = u0. Analogous to the cGP(k)-method, we can solve (3.1.10) by means of
a time-marching process due to the discontinuity of the test function vτ and write the
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CHAPTER 3. Higher order time discretization

local time discrete problem as the “In-problem of the exactly integrated cGP-C1(k+ 1)-
method”, where we seek uτ|In ∈ Pk+1:

uτ(tn−1) = un−1,

Mdtuτ(tn−1) = F(tn−1,uτ(tn−1)),

Mdtuτ(tn) = F(tn,uτ(tn)), (3.1.11)∫
In

Mdtuτ(t)ψ(t)dt =
∫
In

F(t,uτ(t))ψ(t)dt ∀ ψ ∈ Pk−2(In).

By applying the k + 1-point Gauss-Lobatto formula, we obtain the “In-problem of the
numerically integrated cGP-C1(k+1)-method”, where we seek uτ|In ∈ Pk+1 such that

uτ(tn−1) = un−1, (3.1.12)
Mdtuτ(tn−1) = F(tn−1,uτ(tn−1)), (3.1.13)

Mdtuτ(tn) = F(tn,uτ(tn)), (3.1.14)
k

∑
j=0

ω̂ jMdtuτ(tn, j)ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j) ∀ ψ ∈ Pk−2. (3.1.15)

Because of the condition uτ|In+1(tn) = uτ|In(tn) =: uτ(tn), we obtain from (3.1.11) that the
derivative of the left-sided and right-sided values u−n and u+n coincide such that

d−
t uτ(tn) = dtuτ|In(tn) = F(tn,uτ(tn)) = dtuτ|In+1(tn) = d+

t uτ(tn),

and the solution uτ is C1-continuous.
We do not need to build the system of the cGP-C1(k+1)-method as described above.

There is a connection between the cGP-C1(k+1)-method and the cGP(k)-method, where
we can compute the cGP-C1(k+1) solution from the cGP(k) solution by a simple post-
processing step.

3.2. Post-processing step

In this section, we confirm that we can solve the discrete cGP-C1(k + 1)-problem by
performing a post-processing step based on the cGP(k) solution as it was proved in [46].
We then consider this associated theorem and the proof provided in [46]. Furthermore,
we derive a post-processing step that requires only the solution of a linear system with
the mass matrix. This problem is still linear even for highly non-linear equations such as
the Navier-Stokes equations. Therefore, the total computational cost is almost the same
as considering only the cGP(k)-method.

Theorem 3.1. Let uτ and ũτ represent the solutions of the numerically integrated variants
of the discrete cGP(k)- and cGP-C1(k+ 1)-methods respectively. Assume that the time
step sizes τn are sufficiently small such that the In-problems of both methods have a unique
solution for all n = 1, . . . ,N. Then, for all time intervals In = (tn−1, tn], we find

ũτ(t) = uτ(t)+anζn(t) ∀t ∈ In, (3.2.1)
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3.2. Post-processing step

where the vector an ∈ Rmh can be computed by

an := M−1 {F(tn,uτ(tn))−Mdtuτ(tn)} (3.2.2)

and
ζn(t) :=

τn

2
ζ̂(t̂) with t̂ := T−1

n (t),

where Tn : (−1,1]→ In denotes the affine reference mapping and ζ̂ ∈ Pk+1(Î) is the poly-
nomial defined by the conditions ζ̂′(1) = 1 and ζ̂(t̂ j) = 0 for all j = 0, . . . ,k, where t̂ j
denotes the the integration points of the (k+1)-point Gauss-Lobatto formula [46].

Proof. We define z(t) := uτ(t)+ anζn(t) and show that this z(t) satisfies all conditions,
which are given by (3.1.12) -(3.1.15) of the solution to the discrete cGP-C1(k+1) prob-
lem. Since this solution is unique, the proof is complete. The polynomial ζ is constructed
with the tn, j, j = 0, . . . ,k quadrature points of the (k + 1)-Gauss-Lobatto formula with
ζn(tn, j) = 0, such that

z(tn, j) = uτ(tn, j), j = 0, . . . ,k.

Then, for uτ(tn−1) = un−1 and tn,0 = tn−1 we have

z(tn−1) = z(tn,0) = uτ(tn,0) = uτ(tn−1),

which shows the first condition (3.1.12).
To prove the fourth condition (3.1.15), we need to show that the following holds:

k

∑
j=0

ω̂ jMdtz(tn, j)ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,z(tn, j))ψ(tn, j)

Therefore, we start with the left side of the above equation and insert the definition of z(t)

k

∑
j=0

ω̂ jMdtz(tn, j)ψ(tn, j)

=
k

∑
j=0

ω̂ jMdtuτ(tn, j)ψ(tn, j)+
k

∑
j=0

ω̂ jM dtanζn(tn, j)︸ ︷︷ ︸
anζ′n(tn, j)

ψ(tn, j)

=
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j)+
k

∑
j=0

ω̂ jManζ
′
n(tn, j)ψ(tn, j)

=
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j)+Man
2
τn

∫
In

ζ
′
n(t)ψ(t)dt

and have used (3.1.4) such that uτ solves the “In-problem of the numerically integrated
cGP(k)-method”. Then, due to the fact, that the (k + 1)-point Gauss-Lobatto formula
is exact for polynomials of degree less than or equal to 2k − 1, we can use the exact
integral form. Furthermore, we integrate by parts and show that this term vanishes by
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CHAPTER 3. Higher order time discretization

using ζ(tn, j) = 0 and then again using the (k+ 1)-point Gauss-Lobatto formula with tn, j
as the quadrature points:∫

In

ζ
′
n(t)ψ(t)dt =−

∫
In

ζn(t)ψ′(t)dt +ζn(tn)︸ ︷︷ ︸
=0

ψ(tn)−ζn(tn−1)︸ ︷︷ ︸
=0

ψ(tn−1)

=−τn

2

k

∑
j=0

ω̂ j ζn(tn, j)︸ ︷︷ ︸
=0

ψ
′(tn, j) = 0.

To sum up and insert z(tn, j) = uτ(tn, j), we obtain

k

∑
j=0

ω̂ jMdtz(tn, j)ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,z(tn, j))ψ(tn, j),

which shows that z fulfills the fourth condition (3.1.15).
The third condition (3.1.14) is given by inserting the definition of z(t) using ζ′n(tn) = 1

and the formula for computing an (3.2.2)

Mdtz(tn) = Mdtuτ(tn)+Mdtanζn(tn) = Mdtuτ(tn)+Man

= Mdtuτ(tn)+F(tn,uτ(tn))−Mdtuτ(tn) = F(tn,uτ(tn)) = F(tn,z(tn)).

Now, we have to show the second condition (3.1.13), such that the following is satisfied:

Mdtz(tn−1) = F(tn−1,z(tn−1)).

Therefore, we aim to prove that z satisfies the differential equation in tn−1 by choosing the
polynomial σn ∈ Pk−1 as a test function in the discrete cGP(k)-method, which vanishes
in all inner Gauss-Lobatto points tn, j = 0, j = 1, . . . ,k − 1, and performing σn(tn) = 1.
This is an admissible test function in the In-problem of the cGP(k)-method. We obtain by
inserting σn as a test function in (3.1.4):

k

∑
j=0

ω̂ jMdtuτ(tn, j)σ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))σ(tn, j)

⇔ ω̂0Mdtuτ(tn,0)σn(tn,0)+ ω̂kMdtuτ(tn,k)σn(tn,k)
= ω̂0F(tn,0,uτ(tn,0))σ(tn,0)+ ω̂kF(tn,k,uτ(tn,k))σ(tn,k).

Next, we exploit ω̂0 = ω̂k and further σn(tn) = 1:

Mdtuτ(tn,0)σn(tn,0)+Mdtuτ(tn,k) = F(tn,0,uτ(tn,0))σ(tn,0)+F(tn,k,uτ(tn,k))
⇔ σn(tn,0){Mdtuτ(tn,0)−F(tn,0,uτ(tn,0))}= F(tn,k,uτ(tn,k))−Mdtuτ(tn,k)︸ ︷︷ ︸

Man

.

To derive the second equivalence formulation, we used that the weights of the Gauss-
Lobatto formula satisfy ω̂0 = ω̂k ̸= 0 and σn(tn) = 1. Then, we can simplify the equation
by dividing by ω̂0. Afterwards we transform it to obtain the third equation.
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3.3. Application to the heat equation

Now, we can start with the definition of z and replace the term Man with the above
equation

Mdtz(tn−1) = Mdtuτ(tn−1)+Manζ
′
n(tn−1)

= Mdtuτ(tn−1)+ζ
′
n(tn−1)σn(tn−1){Mdtuτ(tn−1)−F(tn−1,uτ(tn−1))} ,

where ζ′n(tn−1)σn(tn−1) = −1, which we show by integration by parts, σn(tn−1) = 0,
ζn(tn) = 0 and using the quadrature formula

0 =
∫
In

ζn(t)σ′
n(t)dt =−

∫
In

ζ
′
n(t)σn(t)dt +ζn(tn)σn(tn)−ζn(tn−1)σn(tn−1)

=−τn

2
ω̂0ζ

′
n(tn−1)σn(tn−1)−

τn

2
ω̂k =−τn

2
ω̂0
(
ζ
′
n(tn−1)σn(tn−1)+1

)
.

We get

0 = ζ
′
n(tn−1)σn(tn−1)+1 ⇔ ζ

′
n(tn−1)σn(tn−1) =−1

and by inserting this we obtain

Mdtz(tn−1) = Mdtuτ(tn−1)−Mdtuτ(tn−1)+F(tn−1,uτ(tn−1)) = F(tn−1,z(tn−1)),

which shows the second condition (3.1.13) and we have shown that z(t) satisfies all con-
ditions (3.1.12) -(3.1.15) for the solution of the In-problem of the cGP-C1(k+1)-method.
Since the solution is unique, it follows that z = ũτ and the proof is complete.

3.3. Application to the heat equation

In this section, we briefly consider the application of the cGP(k)-method and its post-
processing step to the heat equation (2.1.1), which can be done in a straightforward way.
After performing the discretization in space as in Chapter 2.3, we obtain a large system
of ODEs as the considered model problem (3.1.1). For the heat equation, this system has
the form

Mdtu(t) = F(t)−Lu(t)︸ ︷︷ ︸
F(t,u(t))

∀t ∈ (0,T ),

u(0) = u0,

where M and L denote the mass and the Laplacian matrix as defined in (2.3.2). Further-
more, the vector of the right-hand-side is denoted by F as in equation (2.3.3).

The discretization in time is now straightforward and we receive the “discrete In-
problem of the cGP(k)-method” by the following coupled block system at each time
interval In for a given U0

n ∈ Rmh , find U1
n , . . . ,U

k
n ∈ Rmh such that

k

∑
j=0

αi, jMU j
n +

τn

2
βi, jLU j

n =
k

∑
j=0

τn

2
βi, jF j

n, ∀ i = 1, . . . ,k,

where αi, j,βi, j are defined in (3.1.8). The vector U0
n is defined as the initial condition u0

if n = 1 and as the discrete solution of the previous time interval U2
n−1 if n ≥ 2.
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CHAPTER 3. Higher order time discretization

3.3.1. cGP(2)-method

We use the 3-point Gauss-Lobatto formula with the points tn,0 = tn−1, tn,1 = (tn−1 + tn)/2
and tn,2 = tn while the weights are given by ω̂0 = ω̂2 =

1
3 and ω̂1 =

4
3 . We obtain

(αi, j) =

(
−5

4 1 1
4

2 −4 2

)
, (βi, j) =

( 1
2 1 0
−1 0 1

)
and the In-problem reads:

For the given initial value U0
n ∈ Rmh , determine the two “coefficients” U1

n ,U
2
n ∈ Rmh

by solving the following block system on In:(
M+ τn

2 L 1
4M

−4M 2M+ τn
2 L

)(
U1

n
U2

n

)
=

(
R2

n
R2

n

)
, (3.3.1)

where

R1
n =

5
4

MU0
n − τn

4
LU0

n +
τn

2

{
F1

n +
1
2

F0
n

}
,

R2
n =−2MU0

n +
τn

2
LU0

n +
τn

2

{
F2

n −F0
n

}
.

3.3.2. cGP-C1(3)-method

Here we show the post-processing step that is performed to obtain the discrete solution
of the cGP-C1(3)-method by using the initial vector U0

n and the solution U1
n ,U

2
n , which

were computed by the cGP(2)-method at each time interval (3.3.1), as explained before.
Therefore, in the equation for the post-processing step in (3.2.2), we replace F(t,u(t)) by
the corresponding functions for the heat equation F(t)−Lu(t). Then, we have to calculate
the vector an ∈Rmh at each time interval In by solving the following system with the mass
matrix:

Man = F2
n −LU2

n −M
2

∑
j=0

U j
n φ

′
n, j(tn), (3.3.2)

where U0
n = U2

n−1. Afterwards, we obtain the nodal vector of the discrete solution ũτ(t)
of the cGP-C1(3)-method at some point in time t ∈ In by the formula

ũτ(t) = uτ(t)+anζn(t) ∀t ∈ In,

where Tn : (−1,1]→ In denotes the affine reference mapping and ζ̂ ∈ P3(Î) is the polyno-
mial defined by the conditions ζ̂′(1) = 1 and ζ̂(t̂ j) = 0 for all j = 0, . . . ,2 where t̂ j denotes
the integration points of the 3-point Gauss-Lobatto formula [46].

3.4. Extension to the Navier-Stokes equations

In this section, we consider the cGP(k)-method and its post-processing step for the non-
stationary incompressible Navier-Stokes equations (2.1.2). By applying a space dis-
cretization as in Section 2.3, we obtain a matrix-vector representation of the semi-discrete

24



3.4. Extension to the Navier-Stokes equations

problem with matrices (2.3.2), (2.3.4) and (2.3.3). This non-linear system of differential
algebraic equations for the nodal vectors (u(t), p(t)) ∈ R2mh ×Rnh of the semi-discrete
finite element solution (uh(t), ph(t)) ∈ Vh ×Qh can be written as

Mdtu(t)+Bp(t) = F(t)−Lu(t)−N(u(t))u(t)︸ ︷︷ ︸
F(t,u(t))

∀t ∈ (0,T ), (3.4.1)

u(0) = u0,

BT u(t) = 0.

Then, we apply the higher order time discretization as in the previous section. At this
point we define the polynomial ansatz to represent the velocity uτ ∈ Xk

τ and the pressure
pτ ∈ X̃k

τ , which are given by

uτ(t) :=
k

∑
j=0

U j
nφn, j(t), pτ(t) :=

k

∑
j=0

P j
nφn, j(t), t ∈ In. (3.4.2)

For more details, the interested reader is referred to [29]. The discrete “In-problem of the
cGP(k)-method” is given by the following coupled block system at each time interval In
with U0

n ∈R2mh , where we seek U1
n, . . . ,Uk

n ∈R2mh and P1
n , . . . ,P

k
n ∈Rnh, j = 1, . . . ,k such

that for all i = 1, . . . ,k, it satisfies

k

∑
j=0

αi, jMU j
n +

τn

2
βi, j
{

LU j
n +N(U j

n)U
j
n +BP j

n
}
=

k

∑
j=0

τn

2
βi, jF j

n,

BT Ui
n = 0,

with

U0
n := U2

n−1 if n > 1 U0
1 := u0, (3.4.3)

with the coefficients α and β defined in (3.1.8) and the block matrices

M =

[
M 0
0 M

]
, L =

[
L 0
0 L

]
, N(w) =

[
N(w) 0

0 N(w)

]
,

B =

[
Bu
Bv

]
, Fi

n =

[
F i

n
Gi

n

]
.

3.4.1. Post-processing step

The post-processing step for the Navier-Stokes equations is not as simple as for the heat
equation, since we have to include the pressure variable. This idea has also been gener-
alized in [1, 4]. Note that this is still linear for highly non-linear equations such as the
Navier-Stokes equations.

Here, we consider the “In-problem of the numerically integrated cGP-C1(k + 1)-
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method”, where we seek uτ|In and pτ|In such that

uτ(tn−1) = un−1, (3.4.4)
Mdtuτ(tn−1)+Bpτ(tn−1) = F(tn−1,uτ(tn−1)), (3.4.5)

Mdtuτ(tn)+Bpτ(tn) = F(tn,uτ(tn)), (3.4.6)
k

∑
j=0

ω̂ j
{

Mdtuτ(tn, j)+Bpτ(tn, j)
}

ψ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j) ∀ ψ ∈ Pk−2(In),

(3.4.7)

BT uτ(tn,i) = 0 for i = 1, . . . ,k. (3.4.8)

The following theorem was also employed in [4].

Theorem 3.2. Let (uτ, pτ) ∈ Xk
τ × X̃k

τ and (ũτ, p̃τ) ∈ Xk+1,C1
τ × X̃k

τ represent the solu-
tions of the numerically integrated variants of the discrete cGP(k)- and cGP-C1(k+ 1)-
methods respectively. Assume that the time step sizes τn are sufficiently small so that the
In-problems of both methods have a unique velocity solution for all n = 1, . . . ,N. Then,
for all time intervals In = (tn−1, tn], it is satisfied

ũτ(t) = uτ(t)+anζn(t) and p̃τ(t) = pτ(t)+bnζ
′
n(t) ∀t ∈ In. (3.4.9)

The vectors an := (au
n,a

v
n) ∈ R2mh and bn ∈ Rnh can be computed by solving the linear

saddle point problem

Man +Bbn = Fn −{L+N(uτ(tn))}uτ(tn)︸ ︷︷ ︸
F(tn,uτ(tn))

−Bpτ(tn)−Mχn,

BT an = 0,

with χn := (χu
n,χ

v
n) ∈ R2mh denotes the nodal representation of the components of u′

τ(tn),

which is computed by
k
∑
j=0

U j
nφ′n, j(tn). The block matrices are defined in (2.3.2) and (2.3.4).

The polynomial ζn(t) is given by

ζn(t) :=
τn

2
ζ̂(t) with t̂ := T−1

n (t),

with Tn : (−1,1]→ In denotes the affine reference mapping and ζ̂ ∈ Pk+1(Î) is the polyno-
mial defined by the conditions ζ̂′(1) = 1 and ζ̂(t̂ j) = 0 for all j = 0, . . . ,k, where t̂ j denotes
the integration points of the (k+1)-point Gauss-Lobatto formula.

Proof. This proof is considered as an extension to the proof of [46], that we showed for
Theorem 3.1. Similar to the differential algebraic (3.4.1), where we added the pressure on
the left side of the equation and summarized the Laplacian term and the non-linear term
on the right side, we are now add the pressure parts in this proof.

We show that the cGP-C1 velocity solution satisfies all conditions (3.4.4) -(3.4.8).
This is sufficient to prove the theorem due to the uniqueness of the velocity solution. We
define the cGP-C1 solutions by

z(t) := uτ(t)+anζn(t), z̃(t) := pτ(t)+bnζ
′
n(t).
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3.4. Extension to the Navier-Stokes equations

The first condition (3.4.4) coincides with (3.1.12), which we have already shown in the
proof of Theorem 3.1. Accordingly, it is satisfied

z(tn−1) = z(tn,0) = uτ(tn,0) = uτ(tn−1).

To prove the fourth condition (3.4.7), we start with the left side of the above equation,
insert the definition of z(t) and z̃, and use the fact that (uτ, pτ) solves the “In-problem of
the numerically integrated cGP(k)-method”

k

∑
j=0

ω̂ jMdtz(tn, j)ψ(tn, j)+ ω̂ jBz̃(tn, j)ψ(tn, j)

=
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j)+
k

∑
j=0

ω̂ jManζ
′
n(tn, j)ψ(tn, j)+ ω̂ jBbnζ

′
n(tn, j)ψ(tn, j)

=
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))ψ(tn, j)+{Man +Bbn}
2
τ

∫
In

ζ
′
n(t)ψ(t)dt

︸ ︷︷ ︸
=0

=
k

∑
j=0

ω̂ jF(tn, j,z(tn, j))ψ(tn, j).

Since the (k + 1)-point Gauss-Lobatto formula is exact for polynomials of degree less
than or equal to 2k − 1, we can replace the quadrature formula by the exact integrals.
Additionally, we see by integration by parts that this term vanishes by using ζ(tn, j) = 0
and afterwards integrating again with the (k+ 1)-point Gauss-Lobatto formula with the
quadrature points tn, j. We insert again the definition of z, which shows that z(t) satisfies
the fourth condition (3.4.7).

The third condition (3.4.6) is given by inserting the definition of z(t) and z̃ using
ζ′n(tn) = 1 and the formula for computing an,bn:

Mdtz(tn)+Bz̃(tn) = Mdtuτ(tn)+Bpτ(tn)+(Man +Bbn)ζ
′
n(tn)

= Mdtuτ(tn)+Bpτ(tn)+F(tn,uτ(tn))−Mdtuτ(tn)−Bpτ(tn)
= F(tn,uτ(tn)) = F(tn,z(tn)).

For the second condition (3.4.5), we have to show that z and z̃ satisfy the differential
equation in tn−1 by choosing the polynomial σn ∈ Pk−1 as the test function in the discrete
cGP(k)-method, which vanishes in all inner Gauss-Lobatto points tn, j = 0, j = 1, . . . ,k−1,
and performs σn(tn) = 1. This is an admissible test function in the In-problem of the
cGP(k)-method. By inserting σn as the test function and transforming it as in the proof
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for the non-linear ODE, we obtain

k

∑
j=0

ω̂ jMdtuτ(tn, j)σ(tn, j)+ ω̂ jBpτ(tn, j)σ(tn, j) =
k

∑
j=0

ω̂ jF(tn, j,uτ(tn, j))σ(tn, j)

⇔ {Mdtuτ(tn,0)+Bpτ(tn,0)}σn(tn,0)+
{

Mdtuτ(tn,k)+Bpτ(tn,k)
}

= F(tn,0,uτ(tn,0))σ(tn,0)+F(tn,k,uτ(tn,k))
⇔ σn(tn,0){Mdtuτ(tn,0)+Bpτ(tn,0)−F(tn,0,uτ(tn,0))}

= F(tn,k,uτ(tn,k))−Mdtuτ(tn,k)−Bpτ(tn,k)︸ ︷︷ ︸
Man+Bbn

.

Now, we can start with the definitions of z, z̃ and replace the term Man +Bbn by the above
equation and further ζ′n(tn−1)σn(tn−1)=−1 which we showed in the proof of Theorem 3.1
using integration by parts. Substituting this, we obtain

Mdtz(tn−1)+Bz̃(tn−1)

= Mdtuτ(tn−1)+Manζ
′
n(tn−1)+Bpτ(tn−1)+Bbnζ

′
n(tn−1)

= Mdtuτ(tn−1)+Bpτ(tn−1)

+ζ
′
n(tn−1)σn(tn−1)︸ ︷︷ ︸

=−1

{Mdtuτ(tn−1)+Bpτ(tn−1)−F(tn,0,uτ(tn,0))}

= F(tn−1,uτ(tn−1)) = F(tn−1,z(tn−1)),

which shows the second condition (3.4.5). The last condition (3.4.8) guarantees that the
discrete velocity solution is discretely divergence-free and satisfies

BT z(tn,i) = BT uτ(tn,i) = 0, for i = 1, . . . ,k,

due to the equivalence of the cGP(k) and cGP-C1(k+1) velocity solutions. We showed
that (z, z̃) satisfies all conditions of (3.4.4) -(3.4.8) for the solution of the In-problem of
the cGP-C1(k+ 1)-method. Since the velocity solution is unique, it follows that z = ũτ

and z̃ = p̃τ and the proof is complete.

3.4.2. cGP(2)-method

We use the 3-point Gauss-Lobatto formula with the points tn,0 = tn−1, tn,1 = (tn−1+ tn)/2,
tn,2 = tn and weights ω̂0 = ω̂2 =

1
3 , ω̂1 =

4
3 . We obtain

(αi, j) =

(
−5

4 1 1
4

2 −4 2

)
, (βi, j) =

( 1
2 1 0
−1 0 1

)
.

The initial velocity solution for the next time interval is given by U0
n+1 := U2

n due to
equation (3.4.2) and since the velocity solution is continuous. Furthermore, the initial
pressure solution is needed, because P0

n will appear on the right-hand-side. We choose the
initial pressure for each time step in the cGP(2) approach as the post-processed pressure
solution, since it is not equal to the cGP(2) pressure solution in tn, as in [1, 4], by

P0
n+1 := p̃τ(tn) if n ≥ 1 and P0

n+1 := pτ(tn) if n = 0. (3.4.10)
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There are several ways to obtain an initial value for the pressure at t0. We used another
time discretization scheme that does not depend on the initial pressure and approximates
a solution pτ(t0) by using a very small time step size. Furthermore, after the first time
step is solved by the cGP(2)-method, we can apply the post-processing step to correct
the cGP(2) solution. The pressure solution in tn and so the initial pressure solution is of
a higher order once this has been done due to the C0-continuity of the pressure solution,
which will be proved in a forthcoming paper by Friedhelm Schieweck, Markus Bause and
Gunar Matthies.

Then, for given initial values U0
n = (U0

n ,V
0
n ) and P0

n , we solve the following system to
find U1

n ,U
2
n ,V

1
n ,V

2
n and P1

n ,P
2
n with

u =

[
u1

u2

]
=

[
U1

n
U2

n

]
, v =

[
v1

v2

]
=

[
V 1

n
V 2

n

]
, p =

[
p1

p2

]
=

[
τP1

n
τP2

n

]
, (3.4.11)

such that A(u,v) 0 Bu
0 A(u,v) Bv

BT
u BT

v 0

u
v
p

=

Ru
Rv
0

 , (3.4.12)

where the block matrices are given

Bu =

[
B1 0
0 B1

]
, Bv =

[
B2 0
0 B2

]
,

A(u,v) =
[

M+ τn
2 L+ τn

2 N(u1,v1) 1
4M

−4M 2M+ τn
2 L+ τn

2 N(u2,v2)

]
,

Ru =

[
τn
2 (F

1
n +

1
2F0

n)+
5
4MU0

n − τn
4 (L+N(U0

n))U
0
n − τn

4 B1P0
n

τn
2 (F

2
n −F0

n)−2MU0
n + τn

2 (L+N(U0
n))U

0
n + τn

2 B1P0
n

]
,

(3.4.13)

and the right side of the block system reads

Rv =

[
τn
2 (G

1
n +

1
2G0

n)+
5
4MV 0

n − τn
4 (L+N(U0

n))V
0
n − τn

4 B2P0
n

τn
2 (G

2
n −G0

n)−2MV 0
n + τn

2 (L+N(U0
n))V

0
n + τn

2 B2P0
n

]
.

To confirm our choice of the initial condition for the pressure variable, we will investigate
it in the numerical results presented in Chapter 6. A superconvergence behavior of the
more accurate pressure cGP-C1(k+ 1)-method in the Gauss-Lobatto points will also be
shown. This is further proved in a forthcoming paper by Friedhelm Schieweck, Markus
Bause and Gunar Matthies.

The lack of an initial condition for the pressure variable is often the main reason for
choosing another quadrature formula, such as the Gauss-Legendre formula in the cGP(k)-
method. Inserting another quadrature formula leads to different coefficients αi, j and βi, j,
such that the initial pressure does not appear on the right-hand-side. Thus, no initial
pressure is needed for the solution of the coupled block system of the cGP(k)-method.
However, we do not easily compute the solutions of velocity and pressure at the final time
tn of the time interval In when solving the coupled block system. We have to perform an
additional extrapolation step of the discrete time points to get the solution at the end point
of the time interval. In view of a global-in-time implementation, it is beneficial to disclaim
the extrapolation step and, thus not to use the Gauss-Legendre formula but to stick to the
Gauss-Lobatto formula. Especially by using the higher order cGP-C1(3)-method, the
initial pressure for the next time interval is not a problem anymore.
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3.4.3. cGP-C1(3)-method

Here, we show the post-processing step that is performed to obtain the discrete solu-
tions ũτ, p̃τ of the cGP-C1(3)-method by using the initial vectors U0

n,P
0
n and the solution

U1
n,U2

n,P
1
n ,P

2
n of the cGP(2)-method at each time interval, like explained before. From

the spatial semi-discretization it is obvious that we now have to compute the vectors
an := (au

n,a
v
n) ∈ R2mh and bn ∈ Rnh at each time interval In, which solve the following

system:M 0 B1
0 M B2

BT
1 BT

2 0

au
n

av
n

bn

=

Fn,2
Gn,2

0

−

L+N(U2
n ) 0 B1

0 L+N(V 2
n ) B2

BT
1 BT

2 0

U2
n

V 2
n

P2
n


−

M 0 0
0 M 0
0 0 0

χu
n

χv
n

0

 ,

(3.4.14)

where χu
n,χ

v
n ∈ Rmh are given by

(χu
n,χ

v
n)

T =
2

∑
j=0

U j
nφ

′
n, j(tn),

where U0
n is defined in (3.4.3).

Note that this is only a linear saddle point system, even for a highly non-linear equa-
tion, which has to be solved in order to apply the post-processing step. We then obtain
the discrete solution ũτ(t), p̃τ(t) at some time point t ∈ In by the formula

ũτ(t) = uτ(t)+anζn(t) and p̃τ(t) = pτ(t)+bnζ
′
n(t), t ∈ In, (3.4.15)

where the polynomial ζ is defined in Theorem 3.2.

3.4.4. Linearization by fixed-point iteration

To handle the non-linear convective part of the Navier-Stokes equations, i.e. (u ·∇)u, we
first linearize the problem to solve it. In the case of the cGP(2)-method, we solve the
saddle point system (3.4.12)A(u,v) 0 Bu

0 A(u,v) Bv
BT

u BT
v 0

u
v
p

=

Ru
Rv
0

 ,
for each time interval. Here, we will solve this by the fixed-point equation, although the
Newton’s method would be possible. In [31], this was also done for the cGP(2)-method,
and the linearization by fixed-point iteration is considered as well as the Newton’s method.
Our presentation follows that of the previous reference. We perform an outer iteration,
which is generally non-linear and in each outer iteration step, and we solve a coupled
linear system with iterates (uι,vι, pι). Therefore, we set the initial guess (u0,v0, p0) of the
non-linear iteration to the solution of the previous time interval at time tn−1 for n > 1 or
as the space-discrete initial solution for n = 1, which is defined by

u0 =

[
u1

0
u2

0

]
=

[
U0

n
U0

n

]
, v0 =

[
v1

0
v2

0

]
=

[
V 0

n
V 0

n

]
, p0 =

[
p1

0
p2

0

]
=

[
τP0

n
τP0

n

]
.
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Starting from the previous iterate (uι,vι, pι), we compute the defect vectordu
dv
dp

=

Ru
Rv
0

−
A(uι,vι) 0 Bu

0 A(uι,vι) Bv
BT

u BT
v 0

uι

vι

pι

 .
Then, we solve a linear auxiliary subproblem with the defect vector as the right-hand-sideA(uι,vι) 0 Bu

0 A(uι,vι) Bv
BT

u BT
v 0

∆uι

∆vι

∆pι

=

du
dv
dp

 .
Afterwards, we update the iterate to get the next approximation (uι+1,vι+1, pι+1)uι+1

vι+1
pι+1

=

uι

vι

pι

+
∆uι

∆vι

∆pι

 .
The non-linear iteration procedure is terminated when a stopping criterion is satisfied. In
our numerical results, the non-linear iteration stops when the L2-norm of the defect is less
than 10−12. Then, the last iterate (uι+1,vι+1, pι+1) is accepted as a sufficiently accurate
approximation to the exact solution.
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4
Adaptive time step control

In this thesis, we use the cGP(2)-method and its post-processing step to estimate an er-
ror per time interval of the cGP(2)-method. The cGP(2)/cGP-C1(3)-error estimator has
already been studied for convection-diffusion-reaction equations by Ahmed and John [2]
for the cGP(k)- and dG(k − 1)-methods. They illustrated that the time step sizes cor-
rectly represent the dynamics of the solution. Furthermore, the cGP(2)-method is the
best method in terms of efficiency and accuracy compared to cGP(3)-, dG(1)-, dG(2)-
methods and the adaptive Crank-Nicolson scheme [35]. The cGP(2)/cGP-C1(3)-error
estimator leads to a smaller number of time steps for the same accuracy. Ahmed and
John have the impression that error estimators based on two solutions of different order
are more reliable than error estimators based on two solutions of the same order. These
results underline the advantages of the cGP(2)/cGP-C1(3)-error estimator and motivate
to focus only on this method.

First, we consider error estimators for the heat equation and then for incompressible
flow problems. In particular, we extend this approach for the pressure variable. Since we
use the post-processed pressure solution as the initial condition for the pressure at each
time step (3.4.10), we cannot determine the pressure error estimator like the velocity error
estimator. Therefore, we use an approach similar to that in [29] to obtain a higher order
pressure solution.

On the other hand, we will study and later numerically investigate new global adap-
tive strategies that support a global-in-time solution technique. To construct such a global
strategy, we will perform adaptive iterations in which all time steps are considered. There-
fore, we assemble a completely new time grid in each adaptive iteration in the so-called
control strategy. In particular, this control strategy involves an interpolation of time step
sizes and error estimates. This has the advantage that we know all error estimates at all
times, so we can use information about future times instead of only considering the past
time steps. A further step in the control strategy, which we discuss in the last section of
this chapter, is to use a controller to determine a new time step size based on the interpo-
lated time step sizes and error estimates. The well-known controllers are typically used in
a sequential time step control. In principle, they do not need to be changed, but our global
strategy offers further possibilities in their application, so that they can additionally be
adapted to a global strategy.
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4.1. Error estimator
The construction of an accurate error estimator is the most important part for an adaptive
time step control. Here, we take advantage of the higher order solution obtained by the
post-processing step to estimate an error of the cGP(2)-method. This approximation of
an error estimator is not restricted to the cGP(2)-method such that other choices of k are
possible.

4.1.1. Error estimator for evolution problems

The cGP(2)-method applied to the heat equation is superconvergent with order four in
the discrete time points, measured in the L∞-norm and with order three in the entire time
interval, measured in the L2-norm, while the cGP-C1(3)-method is of order four in the
entire time interval, see, e.g., [46]. Thus, we obtain an accurate error estimator of the
cGP(2)-method in the L2-error norm. The error estimator is based on the L2-error of the
numerical cGP(2)-solution uh,τ(t) and its post-processed solution ũh,τ(t) as the estimator
of the analytical error of the cGP(2)-method. It reads

ηn =
1

√
τn
||uh,τ − ũh,τ||L2(In,L2(Ω)), t ∈ In, (4.1.1)

for the time interval In with n = 1,2, . . . ,N.
The discrete solution uh,τ(t) at the time point t is determined via the polynomial

ansatz (3.1.5) and the C1-solution ũh,τ(t) via the post-processing step (3.2.1).

4.1.2. Error estimators for incompressible flow problems

The cGP(2)-method applied to the Navier-Stokes equations retains the same convergence
properties for velocity as for the heat equation, see, e.g., [1, 5]. Therefore, we can also
calculate an accurate estimate of the error for the cGP(2)-method in the L2-error norm.
We can further identify error estimators for pressure and other values of interest such as
drag and lift coefficients. In the case of velocity u, the error estimator is obtained as
above, but here it is based on the L2(In,Vh)-norm and to distinguish the error estimators
for velocity and pressure, a superscript “u” is added:

η
u
n =

1
√

τn
||uh,τ − ũh,τ||L2(In,(L2(Ω))2), t ∈ In, (4.1.2)

for the time interval In with |In|= τn, n = 1,2, . . . ,N.

Since we have already used the higher order post-processed pressure solution as the
initial condition for the pressure in the cGP(k)-method for each time interval, see (3.4.10),
an error estimator of the cGP(k) pressure solution is defined in a different way. This
higher order post-processed pressure is of fourth order in the Gauss-Lobatto points, as
will be shown in a forthcoming paper by Schieweck et al. mentioned above, and of third
order in the L2-norm as we will see both in the numerical studies in Section 6. Hence,
we want to approximate a higher order pressure solution that is similar, w.r.t. the order of
convergence, to the velocity solution, also of fourth order over the entire time interval.
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4.1. Error estimator

Hussain et al. presented a post-processing step for high order pressure approximations
in the discrete time points tn [29]. In contrast to our work, where we use the Gauss-Lobatto
formula, they set up the cGP(k)-method with the Gauss-Legendre formula, where they
needed an extrapolation step to obtain the solution at the discrete time points tn. For
example, the cGP(2)-method is based on the 2-point Gauss-Legendre formula with the
intermediate points tG(2)

n,1 and tG(2)
n,2 . Therefore, the required extrapolation uses these two

intermediate time points and the point tn,0 = tn−1 to extrapolate a solution for the discrete
time point tn. This requires the initial pressure, which is unknown from the classical
cGP(k)-method. They then use two neighboring subintervals to have four intermediate
time points and construct a cubic Lagrangian polynomial. Accordingly, they obtain the
solution at the discrete time point tn.

Due to the fact that we use the Gauss-Lobatto formula in the cGP(2)-method, we have
the solutions at the three Gauss-Lobatto points tGL(3)

n, j , j = 0,1,2, which are of order four.
Like in the above mentioned paper [29], we can use the cubic Lagrange interpolation to
obtain a higher order pressure solution to estimate the error. We will see in the numerical
studies in Section 6, that this approach also leads to a higher pressure solution with an
order of convergence of four at each time.

We apply the cubic Lagrange interpolation, shown in Figure 4.1, by using the three
known Gauss-Lobatto points tGL(3)

n, j , j = 0,1,2 on In, and a fourth point, which is cho-

sen to be the time point tGL(3)
n−1,1 or tGL(3)

n+1,1 , from one of the neighboring time intervals, as
interpolation points.

In

tn-1,1
GL(3) tn-1,2

GL(3) t= n,0
GL(3)tn-2,2

GL(3) t= n-1,0
GL(3) tn,2

GL(3) t= n+1,0
GL(3) tn+1,2

GL(3) t= n+2,0
GL(3)tn,1

GL(3) tn+1,1
GL(3)

(a) cLI,1

In

tn-1,1
GL(3) tn-1,2

GL(3) t= n,0
GL(3)tn-2,2

GL(3) t= n-1,0
GL(3) tn,2

GL(3) t= n+1,0
GL(3) tn+1,2

GL(3) t= n+2,0
GL(3)tn,1

GL(3) tn+1,1
GL(3)

(b) cLI,2

Figure 4.1: Pressure error estimator: time points for cubic Lagrangian polynomial on In.

The choice of which time point to use, can depend on whether tGL(3)
n−1,1 or tGL(3)

n+1,1 is

closer to an evaluated time point t. We denote by the suffix “cLI,1” the use of tGL(3)
n−1,1 and

by “cLI,2” the use of tGL(3)
n+1,1 as fourth point, while the other three points are the Gauss-

Lobatto points.
Thus, we can consider two polynomials, j = 1,2, to obtain the higher order post-
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processed pressure solution p̃cLI, j
h,τ ∈ P3 by cubic Lagrangian interpolation

p̃cLI, j
h,τ (t) =

3

∑
z=0

p̃h,τ(tcLI, j
n,z )φcLI, j

n,z (t) ∀ t ∈ In, (4.1.3)

where

{tcLI,1
n,z ,z = 0, . . . ,3} := {tGL(3)

n−1,1 , t
GL(3)
n,0 , tGL(3)

n,1 , tGL(3)
n,2 }, (4.1.4)

{tcLI,2
n,z ,z = 0, . . . ,3} := {tGL(3)

n,0 , tGL(3)
n,1 , tGL(3)

n,2 , tGL(3)
n+1,1},

with the associated Lagrangian basis functions φ
cLI, j
n,z ∈ P3. Then, we define In = In,1∪ In,2

with
In,1 = (tn−1, t∗n ], In,2 = (t∗n , tn],

such that

p̃cLI
h,τ (t) :=

{
p̃cLI,1

h,τ (t), t ∈ In,1,

p̃cLI,2
h,τ (t), t ∈ In,2.

(4.1.5)

It can be shown that there exists at least one t∗n such that the following condition is satis-
fied:

In,1 = {t ∈ In | |t − tGL(3)
n−1,1 | ≤ |t − tGL(3)

n+1,1}.

Since, tGL(3)
n−1,1 in “cLI,1” does not exist for n = 1, we always use in the first time step

“cLI,2”. Of course, tGL(3)
n+1,1 in “cLI,2” does not exist for n = N, so we always use “cLI,1”

in the last time step. Moreover, we can also use only one set of interpolating nodes, tcLI,1
n,z

or tcLI,2
n,z during the entire time interval.
To summarize the definition, the higher order post-processed pressure solution based

on the cubic Lagrangian interpolation is denoted by p̃cLI
h,τ . However, we can set up a

pressure error estimator in the L2-norm based on the post-processed pressure solution p̃h,τ
of the cGP-C1(3)-method and the post-processed pressure solution based on the cubic
Lagrangian interpolation p̃cLI

h,τ by

η
p
n =

1
√

τn
||p̃h,τ − p̃cLI

h,τ ||L2(In,L2(Ω)), t ∈ In, (4.1.6)

with |In|= τn, n = 1,2, . . . ,N.
We also introduce a pointwise pressure error estimator, which is calculated by the

difference of the absolute pointwise error of the numerical solution p̃h,τ(t) and the cubic
Lagrangian interpolated solution p̃cLI

h,τ (t)

η
p
n(t) = ||p̃h,τ(t)− p̃cLI

h,τ (t)||L2(Ω), t ∈ In\{tGL(3)
n,0 , tGL(3)

n,1 , tGL(3)
n,2 }, (4.1.7)

where t is any time point on the time interval In, except of the three Gauss-Lobatto points
on this time interval, because of η

p
n(t

GL(3)
n, j ) = 0, j = 0, . . . ,2.

Since the lift and drag coefficients are usually evaluated at a single time point, a point-
wise error estimator is reasonable. As we will see in the numerical results in Chapter 6,
the pressure error estimator in the integral-based L2-norm, and the pointwise pressure
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4.2. Adaptive time step control in a global-in-time solution

estimator have no significant differences and approximate the exact pressure error very
well.

Additionally, we can also estimate a pointwise error of the lift values cli f t , calculated
by uh,τ and p̃h,τ. Since we need a higher order velocity and pressure solution, we adapt the
error estimation of the pressure also for the lift and drag coefficients, so that the following
η

cl
n is given by

η
cl
n (t) = |cli f t(t)− ccLI

li f t(t)|, t ∈ In\{tGL(3)
n,0 , tGL(3)

n,1 , tGL(3)
n,2 }, (4.1.8)

by using the lift coefficients ccLI
li f t with the cGP-C1 velocity solution ũh,τ and the “cLI”

pressure solution p̃cLI
h,τ . Similarly, we can estimate the error for the drag coefficient η

cd
n .

Especially for solving flow problems, it may be more efficient in the adaptive approach
to use relative error estimators rather than absolute error estimators. However, we divide
the errors by the higher order solution or in the case of an error estimator for the lift or
drag coefficient, computed by the lift or drag values, which was calculated by the higher
order solutions for that time interval. The relative error estimators are given by

η
u,rel
n =

1
√

τn
||

uh,τ − ũh,τ

ũh,τ
||L2(In,(L2(Ω))2), (4.1.9)

η
p,rel
n =

1
√

τn
||

ph,τ − p̃cLI
h,τ

p̃cLI
h,τ

||L2(In,L2(Ω)), (4.1.10)

η
cl ,rel
n (t) = |

cli f t(t)− ccLI
li f t(t)

ccLI
li f t(t)

|, t ∈ In\{tGL(3)
n,0 , tGL(3)

n,1 , tGL(3)
n,2 }. (4.1.11)

Furthermore, we can use a mixed of relative and absolute error estimator, e.g. for the
velocity error estimator. We check if the velocity solution is less than 0.001 and, if so, use
an absolute one otherwise a relative one.

η
u,relabs
n =

{
ηu

n ||uh,τ(tn)||L2(Ω) < 0.001,
η

u,rel
n else.

(4.1.12)

After estimating certain errors of interest, we now turn to the adaptive strategy, where the
error estimators are used in order to modify the time step sizes.

4.2. Adaptive time step control in a global-in-time solution
In the classical sequential approach, shown in Figure 4.2, we solve the resulting system
sequentially for one time step after another. More precisely, one solves the resulting
system for one time step, then approximates an error estimator and accepts or rejects
the used time step size depending on the value of the error estimator and the given error
tolerance. If the time step size is rejected, a new one is determined by using so-called
controllers. Then, the system is solved again by using the new time step size. This
procedure is repeated until the error estimator is below a certain tolerance and the final
time is reached. Therefore, a classical adaptive time step control does not work for global-
in-time approaches, where all time steps are solved simultaneously.
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solve

check

accept

reject
controller

error 
estimator

Figure 4.2: Sequential adaptive strategy.
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Figure 4.3: Global adaptive strategy for a global-in-time approach.

Thus, we solve one global system for all time steps, which is described in more detail
in Chapter 5, where we will further discuss how to handle the initial condition for the
pressure in such a global approach. However, we take it for granted here that our adaptive
strategy treats all time steps. In the global adaptive approach, which is illustrated in
Figure 4.3, we determine the solutions of the cGP(2)-method for all time steps. Next, we
perform the post-processing step to obtain the cGP-C1(3) solutions. Then we evaluate
the error estimates for each time step. Finally, we obtain error estimates for all time steps
and check whether the stopping criterion is satisfied. This is done by analyzing whether
the error estimates are smaller than the given tolerance. If this is not the case, we start
a next adaptive iteration l + 1, where we first generate a new time grid. Therefore, we
introduce an index for the adaptive level l in order to indicate the time grid at level l. This
is constructed sequentially by applying the control strategy.

4.3. Control strategy
In the adaptive strategy, we perform a control strategy to obtain the new time grid deter-
mined by new time step sizes. To adopt a new time step size, we have to control the value
of the error estimator so that it is smaller than a given tolerance. This is done by so-called
controllers, which will be discussed in the next Section 4.4. But first, we consider the
adaptive control strategy, which starts after the error estimators for each time step have
been determined. Here, it is of no consequence, which specific error estimator we use
whether it is pointwise or in the L2-norm, or whether it is related to the the heat equation
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or the Navier-Stokes equations, since all error estimators are scalar values. Suppose we
are in the l-th adaptive iteration. The maximum number of adaptive iterations is denoted
by L, so l = 1, . . . ,L. We define the grid at level l by

Gl := {t l
n ∈ I | n = 0, . . .Nl, 0 = t l

0 < t l
1 < · · ·< t l

Nl = T},

and the corresponding time step sizes by

τ
l
n := t l

n − t l
n−1, ∀n = 1, . . . ,Nl. (4.3.1)

Furthermore, we take advantage of the global adaptive approach by knowing all used time
step sizes and, more importantly, all resulted error estimates at each discrete time point.
Therefore, we can interpolate the time step sizes and error estimates with interpolation
points t l

n, n = 0, . . . ,Nl . There are several choices of interpolation methods, but consider-
ing the next subsection, we define two possible function spaces here by

Z0(Gl) := {w ∈ L2(I;R) | w |In∈ P0(In,R) ∀In = (t l
n−1, t

l
n],n = 1, . . . ,Nl},

Z̃k(Gl) := {w ∈C0(I;R) | w |In∈ Pk(In,R) ∀In = (t l
n−1, t

l
n],n = 1, . . . ,Nl}.

Moreover, we define a time step function τ̄ associated with the time grid Gl , e.g. for the
case of piecewise constant interpolation τ̄ ∈ Z0(Gl) or for piecewise linear interpolation
τ̄ ∈ Z̃1(Gl) such that

τ̄(t l
n−1) := τ

l
n = t l

n − t l
n−1 ∀n = 1, . . . ,Nl, and τ̄(T ) := τ̄(t l

Nl−1).

Analogous to the error estimator for a set of {ηl
n | n = 0, . . . ,Nl}, we can define a function

η̄ ∈ Z0(Gl) or η̄ ∈ Z̃1(Gl) such that

η̄(t l
n−1) := η

l
n ∀n = 1, . . . ,N, and η̄(T ) := η̄(t l

Nl−1).

Due to the interpolation, we obtain error estimates and time step sizes for each required
time point, which are approximated by values of multiple discrete time points, depending
on the chosen interpolation. However, at least two time points are involved, so at least
one time point is in the future. Thus, in this global strategy, knowledge of the future is
incorporated into the calculation of the new time step size.

Furthermore, in our global approach, the entire time grid is reconstructed sequentially,
so that we need new time step sizes τl+1

n to determine a specific new time grid point
t l+1
n = t l+1

n−1 + τl+1
n . These are obtained by using a controller

τ
l+1
n = contr(t l+1

n−1, τ̄, η̄),

where t l+1
n−1 is the last given time point on Gl+1 and functions τ̄, η̄ : I → R.

Finally, the new time grid Gl+1 is constructed from the old time grid Gl and the inter-
polation functions τ̄, η̄ with t l+1

0 = 0 by the recursion t l+1
n−1 → t l+1

n :{
τl+1

n = contr(t l+1
n−1, τ̄, η̄)

t l+1
n = t l+1

n−1 + τl+1
n .
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If the last new time point is greater than the final time, it is set as the final time, so that
t l+1
Nl+1 = T and the step size is calculated accordingly by τ(t l+1

Nl+1) = t l+1
Nl+1 − t l+1

Nl+1−1.

Before discussing the controllers, we first describe the determination of the time step
sizes and the error estimator used in a controller to compute a new time step size. To in-
troduce the topic, we start with an obvious strategy using piecewise constant interpolation
and further investigate the strategy using linear interpolation. Other types of interpolation
are also possible.

4.3.1. Strategy using piecewise constant interpolation

The first interpolation strategy is called strategy using piecewise constant interpolation,
denoted by CI, and can be incorporated into the control strategy described above to sim-
plify the interpolation of time step sizes and error estimators. To illustrate how the step
sizes evolve within the control strategy, consider Figure 4.4. The x-axis describes a time
grid and the y-axis represent the size of the time step sizes in Figure 4.4a. The green
line indicates the interpolation function of the time step size over a time grid Gl = [0,1]
in the adaptive iteration l. The length of a green line is therefore identical with the time
step size. Thus, the discrete time points t l

n of the old time grid Gl are the beginning and
endpoints of the green line. These are represented by a green circle and a green point, re-
spectively. The pink dots show the interpolated old time step sizes, which are used in the
controller to determine new time step sizes for the new time grid points on Gl+1, shown
as blue dots. For example, the controller used here halves the interpolated time step size
if the interpolated error estimator is greater than the tolerance, which is here set to 10−4.
Since a piecewise constant interpolation is used, it can be observed that the interpolated
time step size for the new time point is consistent with the step size on the previous time
grid Gl . The controller is then executed with the interpolated values, resulting in the new
step size of the new time grid, as shown by the blue dot. The error estimators are shown
in Figure 4.4b, which also shows the interpolation function and the interpolated values
used, but now for the error estimators. For example, looking at the first time interval, we
see that the error estimator is about 0.2 and thus bigger than the tolerance. Therefore, the
first time step size is halved, when looking at Figure 4.4a again.

4.3.2. Strategy using linear interpolation

The second concept takes more advantage of the global adaptive approach, since the error
estimators are known for all time grid points. This concept is called strategy with linear
interpolation, denoted by LI, and is illustrated in Figure 4.5. The old and new time step
sizes for the adaptive iteration and their evolution are shown in Figure 4.5a, while the
corresponding error estimators are shown in Figure 4.5b. The same legend and variables
as in Figure 4.4 are displayed in Figure 4.5a. Furthermore, the same old time step sizes
τ(t l

n) and old error estimators η(t l
n) were used, here in Figure 4.5b, as well as the same

controller. However, linear interpolation is applied so that the new time step sizes do not
coincide with the old ones at intermediate time points. The time step sizes are modified
with respect to the future time step. First, we see a difference between the two interpo-
lation strategies, Figures 4.4 and 4.5. The constant interpolation results in new time step
sizes that are more stair-like than the linear interpolation. To illustrate, if we consider the
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(a) Time step sizes. (b) Error estimators.

Figure 4.4: Strategy with piecewise constant interpolation.

two time step sizes of the time points t l
1 = 0.25 and t l

2 = 0.375, which are shown by green
dots in Figure 4.5a, the second one is larger. Consequently, the interpolated time step size
at time t = 0.31, which is illustrated with a pink dot, is larger than τl

1 and smaller than
τl

2 at t l
1 = 0.25. Thus an interpolated error estimator, illustrated in Figure 4.5b, is built

into the controllers, as shown by the pink dot. Since the error estimator at time t = 0.31
is about 0.0008, which is the second highest estimated error, the new time step size has
been halved, which is illustrated with a blue dot in Figure 4.5a.

(a) Time step sizes. (b) Error estimators.

Figure 4.5: Strategy with linear interpolation.

Another interpolation, which is studied in the numerical tests, is the piecewise cubic
Hermite interpolation with the function space Z̃3, which is denoted by CHI.

In the sequential adaptive strategy, the primary objective is to perform a minimum
number of time steps in order to reduce the computational effort while maintaining a
certain level of solution accuracy. However, in our global approach, the minimum number
of time steps in one adaptive iteration can be inefficient, if it results in a large number
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of adaptive iterations. On the other hand, a small number of adaptive iterations can be
inefficient if each iteration has a large number of time steps. Therefore, our controllers
must combine and satisfy both design criteria.

4.4. Controller
So far, we have outlined the process for determining the time step sizes and error estimates
employed in a controller. We will now consider time step controllers. In general, the
controller adjusts the time step size so that the associated error estimator is less than a
given tolerance. Therefore, the old time step size and the resulting error estimator for that
time step size are considered. Basically, the controller does not change comparable to a
sequentially adaptive approach, but as described in the section above, the possibilities of
associated error estimators and step sizes change. The first and simplest controller we
show doubles and halves the time step size, when the error estimator is smaller or greater
than a given tolerance, denoted by tol. This controller does not take advantage of the
characteristics of the time step scheme used. Therefore, we look at other controllers that
use the knowledge of the convergence behavior of the methods. If we consider two time
step sizes τ1 and τ2 with an associated error or error estimator e(τ1) and e(τ2), then we
obtain the experimental order of convergence (EOC), which is given by

eoc :=
log(e(τ1)/e(τ2))

log(τ1/τ2)
. (4.4.1)

Since the experimental order of convergence explains how the error changes due to changes
in the time step size, we can use this relationship to determine how the time step size
should be changed to obtain an error estimate that is within tolerance.

An overview of controller types is given in [57]. We will test some of them in our
adaptive strategy for the global-in-time approach to compare them with each other. In par-
ticular, we will look at the elementary local error controller (EL) and more advanced con-
trollers such as the predictive controller (PC11) and the proportional-integral-derivative
controller (PID). They are based on a feedback control point of view and have been ap-
plied to adaptive step size control of PDEs [6, 36], especially for the incompressible
Navier-Stokes equations. The first controller depends only on the last time step, while the
PC11 controller includes the last two time steps. The PID controller, as the name sug-
gests, has three control terms, which are the proportional, integral, and derivative terms.
Therefore, the new step size depends on the last three time steps. Since the PC11 and
the PID controllers are two well-known controllers and give good results in [2], we also
adjust them into the setting of the global approach.

4.4.1. Controllers for evolution problems

Now we define controllers that are executed in the control strategy and are based on
interpolated values of time step sizes τ̄(t l+1

n−1) and error estimators η̄(t l+1
n−1). They lead to a

new time step size τl+1
n , where the new time grid point is computed by t l+1

n = t l+1
n−1+τl+1

n ,
see (4.3.1).

The first and simplest control is to double or halve the time step sizes, denoted by DH.
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Controller 4.1 (DH). The optimal time step size τl+1
n is determined by

τ̄(t l+1
n−1)

2 , η̄(t l+1
n−1)> K1 · tol

τ̄(t l+1
n−1) ·2, η̄(t l+1

n−2), η̄(t
l+1
n−1)≤ K2 · tol

τ̄(t l+1
n−1), else.

Here we set K1 = 0.75 and K2 = 0.01, which will be used throughout the work, if
nothing else is written. In this definition, the time step size is coarsened, if the error es-
timate is less than 0.01 multiplied by the tolerance, and reduced, if it is greater than 0.75
multiplied by the tolerance. These limits were chosen to prevent the resulting error esti-
mates from alternating too frequently between coarsening and refining. Unlike sequential
adaptive time-stepping techniques, a new time grid is constructed in each adaptive iter-
ation. Therefore, changing the step size can affect the errors of later time grid points in
the next adaptive iteration. If we set these limits too tightly, time step sizes that were not
changed in the current adaptive iteration could be changed in the next adaptive iteration.
In addition to the goal of minimizing the number of adaptive iterations, it is preferable
to avoid frequent changes. These limits are applied consistently throughout the work of
each controller, unless otherwise specified.

The next three controllers [57] depend on the order of convergence of the time inte-
grator and have been modified to fit the global-in-time approach. Therefore, we determine
how the step size should be changed so that the error estimator coincides with the given
tolerance. If we consider the calculation of the EOC (4.4.1), where the new time step
size and error estimator are τ2 and e(τ2) and the old time step size and error estimator are
τ1 and e(τ1), then we can replace e(τ2) by the tolerance and the EOC, denoted as eoc,
by a parameter, which refers to the expected order of convergence ρ. By rearranging the
equation after the new step size τ2, we obtain the following equation of the controller to
determine the new time step size. In addition, to prevent the next time step from being
too large, a security parameter θ < 1 is included.

Controller 4.2 (EL). In the elementary local error controller [57], the optimal time step
size τl+1

n is determined byτ̄(t l+1
n−1)θ(

tol
η̄(t l+1

n−1)
)

1
ρ , η̄(t l+1

n−1)> K1 · tol or η̄(t l+1
n−1)≤ K2 · tol

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

We set ρ as the order of convergence of the time-stepping scheme for a local error per
unit step, see [57]. We use error estimates per unit step because we normalize the error
with respect to the time step size. In the case of the cGP(2)-method, measured in the
L2-norm, the expected order of convergence is three such that ρ = 3.

Controller 4.3 (PC11). In the PC11 controller [57], the optimal time step size τl+1
n is

determined by
τ̄(t l+1

n−1)
2

τ̄(t l+1
n−2)

θ

(
tol·η̄(t l+1

n−2)

η̄(t l+1
n−1)

2

) 1
ρ

, η̄(t l+1
n−1)> K1 · tol or η̄(t l+1

n−1)≤ K2 · tol

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.
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Since the PC11 controller and the PID controller refer to more than one time point,
they cannot be applied to the first or to first and second time interval. In these cases, the
EL controller is used.

Controller 4.4 (PID). In the PID controller [57], the optimal time step size τl+1
n is deter-

mined by
τ̄(t l+1

n−1)θ

(
tol

η̄(t l+1
n−1)

) 0.525
ρ
(

η̄(t l+1
n−2)

η̄(t l+1
n−1)

) 0.225
ρ
(

(η̄(t l+1
n−2))

2η̄(t l+1
n−1)

η̄(t l+1
n−3)

) 0.03
ρ

, (η̄(t l+1
n−1)> K1 · tol

or η̄(t l+1
n−1)≤ K2 · tol)

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

4.4.2. Controllers for incompressible flow problems

In the case of two primal variables, we can define our controllers presented above for both
variables, here velocity and pressure, and further for the lift and/or drag coefficient. We
use the suffix -u-p to denote the inclusion of velocity and pressure error estimates in a
controller. We also add the suffix -cl and/or -cd to the lift and drag coefficient controllers.
Of course, we treat the pressure estimator in the same way as the velocity error estimator
in the control strategy. Therefore, we denote the interpolated velocity error estimator by
η̄u(t l+1

n−1), the interpolated pressure error estimator by η̄p(t l+1
n−1) and the error estimator

of the lift coefficient by η̄cl(t l+1
n−1) at the new time t l+1

n−1 to compute the next time t l+1
n .

Since we will see in the numerical studies in Section 6, that the elementary local error
controller turns out to be the most suitable one for a global adaptive approach, we modify
for example the EL controller to include the the pressure variable.

Controller 4.5 (EL-u-p). Here, we use hierarchical case conditions to determine the op-
timal time step size τl+1

n by
τ̄(t l+1

n−1)θ

(
tol

η̄u(t l+1
n−1)

) 1
ρ

, η̄u(t l+1
n−1)> K1 · tol or η̄u(t l+1

n−1), η̄
p(t l+1

n−1)≤ K2 · tol

τ̄(t l+1
n−1)θ

(
tol

η̄p(t l+1
n−1)

) 1
ρ

, η̄p(t l+1
n−1)> K1 · tol and η̄u(t l+1

n−1)< K1 · tol

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

In the case of the cGP(2)-method and cGP-C1(3)-method, measured in the L2-norm,
ρ = 3 for velocity and pressure, since both converges with order three. However, the
previous controller includes the velocity and pressure error estimators. First, the velocity
error estimator is considered. If it satisfies the reduction condition, then the time step size
is modified based on the velocity error estimator. Otherwise, the time step size would be
accepted with respect to the velocity error. Then, the pressure error estimator is consid-
ered and the time step size is modified accordingly. The time step size is only coarsened
depending on the velocity if the velocity and pressure error estimators satisfy the coars-
ening criterion. This is hereafter referred to hierarchical case conditions in the following.
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In addition, we can also construct a velocity and pressure adaptive controller that
selects the most constrained error estimate for the velocity and pressure error estimates
per time step, denoted by the suffix −M, since we are considering the maximum value.

Controller 4.6 (EL-u-p-M). Here, we use maximum case conditions to determine the
optimal time step size τl+1

n by

τ̄(t l+1
n−1)θ

(
tol

η̄u(t l+1
n−1)

) 1
ρ

,
(

η̄u(t l+1
n−1)> K1 · tol and η̄p(t l+1

n−1)≤ η̄u(t l+1
n−1)

)
or η̄u(t l+1

n−1), η̄
p(t l+1

n−1)≤ K2 · tol

τ̄(t l+1
n−1)θ

(
tol

η̄p(t l+1
n−1)

) 1
ρ

, η̄p(t l+1
n−1)> K1 · tol and η̄u(t l+1

n−1)< η̄p(t l+1
n−1)

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

Additionally, we present a controller that includes only the error estimator for the lift
coefficient. Here, the criteria for coarsening and refinement are defined as in the case of
the EL controller from the previous section.

Controller 4.7 (EL-l). The optimal time step size τl+1
n is determined byτ̄(t l+1

n−1)θ

(
tol

η̄
cl (t l+1

n−1)

) 1
ρ

, η̄cl(t l+1
n−1)> K1 · tol or η̄cl(t l+1

n−1),≤ K2 · tol

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

The lift-only controller introduced previously has the same case conditions as the
EL Controller 4.2, so obviously we can develop an only-velocity and an only-pressure
controller of the same type. Now we introduce a controller that includes a combination of
velocity, pressure, and error estimates for the lift coefficient.

Controller 4.8 (EL-u-p-l). The optimal time step size τl+1
n is determined by

τ̄(t l+1
n−1)θ

(
tol

η̄u(t l+1
n−1)

) 1
ρ

, η̄u(t l+1
n−1)> K1 · tol or η̄u(t l+1

n−1), η̄
p(t l+1

n−1), η̄
cl(t l+1

n−1)≤ K2 · tol

τ̄(t l+1
n−1)θ

(
tol

η̄p(t l+1
n−1)

) 1
ρ

, η̄p(t l+1
n−1)> K1 · tol and η̄u(t l+1

n−1)< K1 · tol

τ̄(t l+1
n−1)θ

(
tol

η̄
cl (t l+1

n−1)

) 1
ρ

, η̄cl(t l+1
n−1)> K1 · tol and η̄u(t l+1

n−1), η̄
p(t l+1

n−1)< K1 · tol

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

Here, we used hierarchical case conditions, where we first examine the velocity vari-
able, then the pressure variable, and finally the lift coefficient. The time step size will only
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be coarsened depending on the velocity if all three error estimators satisfy the coarsening
condition.

Of course we can also set up a EL-u-p-l-M controller with maximum case conditions,
where the case condition depends on the maximum of the three error estimators per time
step, which have no hierarchical order. Instead of a lift controller, these controllers can
easily be set up for the drag coefficient in a straightforward manner.

In the numerical studies in Chapter 6, we will investigate the previously introduced
controllers for different interpolation strategies, which are added to the name of the partic-
ular controller, for example, the EL-u-p-l-LI controller uses the EL controller for velocity,
pressure, and lift coefficient with linear interpolation of time step sizes and error estima-
tors with hierarchical case conditions.

4.4.3. Further control restrictions

There are, of course, many ways to add further restrictions. We will discuss some of these.

Restriction on time step sizes
The most classical restriction, see [27], is to prevent the step sizes from shrinking or
growing too much, so the already computed time step size is limited by

τ
l+1
n = min{smaxτ̄(t l+1

n−1),max{sminτ̄(t l+1
n−1),τ

l+1
n }}.

In this work, we set smax = 2 and smin = 0.05 and it is used in all variants of the controller.

Restriction on case conditions
Since we build new time grids in each adaptive iteration, the time grids over successive
adaptive iterations coincide from the start time until the time we change the time step size
for the first time. Figure 4.6 illustrates the time grids Gl and Gl+1. The time points match
until the step size is reduced from 0.125 to 0.115 and we insert the new time point at 0.49.
Therefore, we do not need to solve the problem up to this new time grid point, because we
already solved the same problem at the same time grid points in the last adaptive iteration.
Therefore, the new time grid can be solved starting from a later time grid point and all in
all we compute the solution in fewer time intervals.

0 0.2 0.4 0.6 0.8 1

Figure 4.6: Time grids per adaptive iterations.

The above mentioned criteria of cases with K1 = 0.01 with 0.01 · tol for coarsening
and K1 = 0.75 with 0.75 ·tol for reducing a time step size are set up to ensure less changes
in the time step size over the adaptive iterations, but they do not specifically ensure less
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time step modifications during an adaptive iteration. To pursue this goal, we can ignore
the coarsening case for time step sizes and reduce time step sizes only if the associated
error estimator is larger than the given tolerance. These case conditions can be assumed
until a time step size is reduced, otherwise the previously described criteria are assumed.
To illustrate, consider the EL-LI controller with these new conditions.

Controller 4.9 (EL-LI controller with limiting of case conditions). The optimal time step
size τl+1

n is determined by
τ̄(t l+1

n−1)θ(
tol

η̄(t l+1
n−1)

)
1
ρ , t l+1

n = t l
n, and η̄(t l+1

n−1)> tol

τ̄(t l+1
n−1)θ(

tol
η̄(t l+1

n−1)
)

1
ρ , t l+1

n ̸= t l
n and (η̄(t l+1

n−1)> K1 · tol or η̄(t l+1
n−1)< 0.01 · tol)

τ̄(t l+1
n−1), else,

where θ is a security parameter and ρ refers to the order of convergence.

Consideration of the experimental order of convergence
The final controller provided in this thesis incorporates the experimental order of conver-
gence to ensure that an error estimator, and thus a controller, behaves as it should. To
calculate an EOC, we have to consider two different time grids. Therefore, the first two
adaptive iterations are performed with two equidistant time step sizes. In general, we
assume that we are in the (l + 1)-th adaptive iteration and want to reconstruct the new
time grid Gl+1. Then, after interpolation of the time step sizes and error estimators, we
compute the EOC of the error estimator. Therefore, we consider the last two time grids
Gl−1 and Gl . For each time grid point t l−1

m , m = 1, . . . , | Gl−1 |, we first have to find the
nearest time points of t l

n, n = 1, . . . , | Gl | by

n∗ = argmin
n

| t l−1
m − t l

n |, for m = 1, . . . , | Gl−1 | .

Then we can compute the EOC values eocl−1
m , see (4.4.1), to each time point t l−1

m , m =
1, . . . , | Gl−1 | by the time step sizes τl

n∗ and τl−1
m and the associated error estimators for

each time point t l−1
m , m = 1, . . . , | Gl−1 |.

Before determining new time step sizes to construct Gl+1 based on Gl , we need to
find the corresponding EOC value eocl

n on the time grid Gl by searching again the nearest
time points for each time step. Then we can check if the EOC value is between a certain
range [ρ− 1,ρ+ 1]. If it is, the error estimator converges as it should, such that we can
continue with a controller and change the time step size accordingly. If not, the time step
size is halved. Then the next new time grid point is checked.

Controller 4.10 (Controller with consideration of EOC). The optimal time step size τl+1
n

is determined by {
τ̄(t l+1

n−1)/2, eocl
n ≤ ρ−1 and eocl

n ≥ ρ+1
contr(t l+1

n−1, τ̄, η̄) else.

In the next chapter, we will look at global-in-time approaches.
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5
Global-in-time approach

In this chapter, we present how the adaptive time step control, including error estimation
based on continuous Galerkin-Petrov methods and the post-processing step, could be ap-
plied in a global-in-time approach. Detailed numerical studies on a precise global-in-time
solver are beyond the scope of this thesis. We start with a review of a time-simultaneous
multigrid solver by Dünnebacke et al. for parabolic evolution equations [18] and for
non-stationary non-linear PDEs [19]. Based on this, we will shortly discuss a global-in-
time approach for the cGP(2)-method and parallelization possibilities in the global adap-
tive approach. This time-simultaneous multigrid solver achieves very good results for
diffusion-dominated test cases and provides an appropriate approach in the methodology.
However, it is not practical for incompressible flow problems. Thus, it can be linked to a
global-in-time velocity solver as described in [42], which is an extension of a global-in-
time Newton-Multigrid-pressure Schur complement solver as proposed in [17, 43]. Note
that other global-in-time approaches published by Gander and Neumüller [23] or Mar-
genberg and Munch [45] are explicitly not excluded to obtain a global-in-time approach.
However, for the sake of brevity, these techniques are not considered in this work.

5.1. A time-simultaneous multigrid method
We now briefly introduce the time-simultaneous multigrid method of Dünnebacke et
al., [18, 19], which is very close to the multigrid waveform relaxation first published
in [44]. For a more detailed description of the time-simultaneous multigrid method we
refer to [18, 19]. This approach assembles a global system consisting of all spatial grid
points for all time steps, which is reordered to solve multiple time steps simultaneously
for each spatial grid point. This is done by solving many time steps at once by blocking
them together. Thus, the global system can be interpreted as a space-only problem. As a
result, fewer but larger systems are solved. This leads to an improvement of the scaling
behavior of the parallelism in space by reducing the latency costs.

First, discretization in space is done by finite differences or finite elements, resulting
in a semi-discrete system for a semi-discrete solution vector containing all discrete spatial
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unknowns. Furthermore, a time discretization is performed by a linear one-step or multi-
step method. A requirement for the time discretization scheme is that a spatial geometric
multigrid method can efficiently solve the associated system in each time step. If we use
the cGP(2)-method as the time discretization scheme, the block system to be solved in
each time step is as in (3.1.9) or especially for the heat equation (3.3.1) and the Navier-
Stokes equations (3.4.12). Therefore, this can be written into a global system that must be
solved to find the solution vectors, which consist of all discrete spatial unknowns, at each
time step. This space-time grid is a Cartesian product of a space and time grid, which has
a “space-major” ordering. Since the idea of [18, 19] is to solve many time steps simulta-
neously, they reorder the space-time grid in a “time-major” ordering. This means that the
space and time grid now arranges all time steps belonging to one spatial grid point, then
the next spatial grid point with all time steps, and so on. We now interpret all time steps
corresponding to a spatial unknown as a vector-valued unknown. The global system and
the reordering will be shown in detail later in the case of the cGP(2)-method. Since the
new system was created by combining and rearranging the equations, the entire system,
including the system matrix, the solution vector, and the right-hand-side, naturally has the
same solution as a sequential time-stepping scheme.

Next, a geometric multigrid method is applied to this reordered global system by
blocking together the time steps corresponding to a spatial unknown. Furthermore, it
is interpreted as a single block matrix entry. Then, Dünnebacke et al. use a damped
Block-Jacobi method as a smoother in the multigrid method, where the blocks of the
Block-Jacobi method refer to the blocks consisting of all time steps corresponding to a
spatial grid point. Each block can be solved in parallel in the Block-Jacobi iteration. Fur-
thermore, the block diagonal of the reordered matrix can also be used as a preconditioner
in BiCGSTAB (or GMRES) iterations as a smoother, especially for non-linear problems
as in [19].

After smoothing, a key component of any multigrid algorithm, the coarse grid correc-
tion, is performed. The spatial grid is coarsened in each multigrid level, while the tempo-
ral grid remains the same. Thus, the grid transfer in space can be done independently at
each time step using the Kronecker product with the usual grid transfer operators and an
identity matrix that has the size of the number of all time steps. With this block smooth-
ing operator and adapted transfer operators, the usual multigrid can now be used to solve
the global-in-space-time system simultaneously in time and in space, since the smoothing
step and the coarse grid correction can be performed in space in parallel over all time
steps.

Another aspect to choose is the number of time steps to block. If the number of time
steps N is too large, it is not advantageous or practical to perform all time steps in one
system. By simply treating K time steps per spatial unknown simultaneously, the next
block of K time steps is computed in a sequential manner, using the previous solution as
the initial value for the next run. The number of iterations is given by N

K . For example, if
we have a total of 1000 time steps, we could choose K = N = 1000 and run it once, or we
could choose K = 100 and run it 10 times.

To solve non-linear problems, Dünnebacke et al. presented in [18, 19] an outer non-
linear iteration, which is done by fixed-point or Newton iterations, the latter having better
convergence results if appropriate initial values are available. The time discretization
method has no major impact on the non-linear solver. In both cases, we first linearize
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the PDE over the global space-time domain and then solve it simultaneously in time and
space using the multigrid method as described above.

5.1.1. Results and implications for the adaptive cGP-time step control

Now, we present an overview of the main results of this time-simultaneous multigrid
method from [18, 19] and explain why it is suitable for the time step control.

The authors explained that this time-blocked smoother and the space-only restriction
operator provide good convergence rates for different time discretizations with linear mul-
tistep methods and any time step size. Therefore, it should be applicable to the cGP(k)-
time-stepping scheme and for different lengths of step sizes that occur in the adaptive
approach. Furthermore, the numerical examples showed that the convergence rates are
robust to the chosen block size and thus to the number of simultaneous time steps, the
grid size, and the time step size.

When the number of cores is small, the computational cost of the time-simultaneous
multigrid method is slightly higher than that of the sequential time-stepping method,
which only exploits parallelization in space. However, at a certain number of cores,
sequential time-stepping does not achieve any improvement when more processors are
used due to the computational overhead. The time-simultaneous multigrid method, on the
other hand, increases the scalability of spatial parallelization, so that the computational
time becomes lower as the number of cores increases, and especially lower than that of
the sequential time-stepping scheme. It performs better than the sequential method for a
large number of time steps, which is usually the case for problems that are interesting for
adaptive step size selection.

Regarding the block sizes, i.e. the number of simultaneously blocked time steps with
the same total number of time steps, the algorithm scales even better with larger block
sizes for the investigated test problems on parabolic evolution equations and non-linear
PDEs. Even for small block sizes with the same total number of time steps, the time
to solution is shorter than for sequential time steps, when more CPUs are used. Again,
this shows the advantage of the time-simultaneous multigrid method. Therefore, we can
suggest as a constraint for the adaptive approach, that the total number of time steps over
all adaptive iterations should be at least equal to the number of time steps we would
need in a non-adaptive time step scheme with an equidistant minor time step size that is
comparable in accuracy.

In addition, Dünnebacke et al. showed that the average number of multigrid iterations
is independent of the block size and is the same as for a sequential time step, if the ratio
between the time step size and the spatial grid size τ

h2 is greater than one, i.e. for very
small time step sizes. However, for a ratio smaller than one, the multigrid iteration also
needs fewer iterations for smaller block sizes than for larger sizes. Thus, the first adaptive
iterations should need fewer multigrid iterations than the last ones, since we want to start
the adaptive error control with a moderate number of time steps.

Furthermore, for solving non-linear PDEs, the initial guess for the Newton’s method
might be a problem only in the first iteration. However, we could perform the first adap-
tive iteration without parallelization with a very small number of time steps. Due to the
post-processing step, we obtain good initial values for the Newton iteration in the fur-
ther adaptive iterations. The initial guess for the further adaptive iterations is no longer a
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problem for us, since we can obtain it from the previous adaptive iteration.

5.1.2. Approach with the cGP adaptive error control

After discussing why the time-simultaneous solution strategies can be used in combina-
tion with an adaptive time-stepping scheme, we will look at the global space-time cGP(2)
system and discuss a parallel approach. We consider the individual components of the
adaptive time step control using the continuous Galerkin-Petrov method. We examine the
individual components for parallelization options, which are the cGP(2)-time-stepping
method, the post-processing step, the error estimation, and the adaptive strategy for re-
constructing a new time grid.

cGP(2)-time-stepping
The block system of the cGP(2)-method for a non-linear ODE is shown in (3.1.9). De-
pending on the type of problem to be solved, the block diagonal of the block matrix
changes. For example, considering the heat equation, the scaled Laplacian matrix L ∈
Rmh×mh is added to the mass matrix M ∈ Rmh×mh on the blocks of the diagonal, as
in (3.3.1), which was given by

(
M+ τn

2 L 1
4M

−4M 2M+ τn
2 L

)
︸ ︷︷ ︸

An

(
U1

n
U2

n

)
︸ ︷︷ ︸

Un

=

(
R1

n
R2

n

)
,

where the right hand side vectors read

R1
n =

τn

2
(F1

n +
1
2

F0
n)︸ ︷︷ ︸

b1
n

−(−5
4

M+
τn

4
L)︸ ︷︷ ︸

C1
n

U0
n ,

R2
n =

τn

2
(F2

n −F0
n)︸ ︷︷ ︸

b2
n

−(2M− τn

2
L)︸ ︷︷ ︸

C2
n

U0
n

and bn := (b1
n,b

2
n)

T . If we write the initial solution at each time step, i.e. for each time
interval In, with n = 1, . . . ,N in another matrix and add this to the global space-time
system, we define the following 2×2 block matrix

Cn :=
(

Z C1
n

Z C2
n

)
=

(
Z −5

4M+ τn
4 L

Z 2M− τn
2 L

)
,

where Z is a mh ×mh zero matrix. Since the solution at the discrete time step tn is given
by uτ(tn) = U2

n , we can write the global space-time system over the entire time interval
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To solve this system in a time-simultaneous manner, the solution vector U ∈RmhN×1 over
all time steps and over all spatial unknowns is given by

U i
n = (U i

n,1,U
i
n,2, . . . ,U

i
n,mh

)T ,

is reordered from a “space-major” ordering
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with U i
n,l = u(tn,i,xl) for l = 1, . . . ,mh to a “time-major” ordering
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Therefore, all time steps tn,i, n = 1, . . . ,N, i = 1,2 corresponding to a spatial grid point
are ordered and we can block them as described in [18, 19].

Figure 5.1 shows the sparsity pattern of the discrete Laplacian matrix, the block sys-
tem of the cGP(2)-method at each time step, and the “space-major”, as well as the “time-
major” global space-time system matrix in the case of the heat equation. For a better
illustration, the space discretization was done by 2D biquadratic finite elements with a
total of 25 degrees of freedom. Furthermore, the time interval is divided into 5 subin-
tervals. The mass matrix is lumped so that it is only a diagonal matrix. This showed
no difference in our studies, but of course in general this means sacrificing some accu-
racy [56]. In Figures 5.1a and 5.1b, the sparsity pattern of the Laplacian matrix and the
2×2 block system matrix of the cGP(2)-method at each time step are displayed. On the
main block diagonal, the structure of the Laplacian matrix is highlighted, while the sec-
ondary off-diagonals correspond to the mass matrix. This red 2× 2 block system of the
cGP(2)-method is also shown in red in the “space-major” global space-time system for all
time steps in Figure 5.1c. The corresponding dependence on the initial solution is shown
in blue. The reordered system matrix shown in Figure 5.1d has the same macroscopic
structure as the discrete Laplacian matrix shown in Figure 5.1a. Even if the same struc-
ture is not sufficient for a good convergence behavior of multigrid methods, the system
should at least be solvable by a multigrid method in space.

Post-processing step and error estimations
After solving the global space-time block system of the cGP(2)-method in a space-
parallel and time-simultaneous manner, we solve the post-processing system (3.2.2), which
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(a) Laplacian matrix.
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(b) cGP(2)-block system.
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Figure 5.1: Structure of matrices with Q2 finite elements with 25 total degrees of
freedom. The global systems consist of 5 time intervals.

is a system consisting only of the mass matrix per time step. Since these systems are
completely independent, we can perform this in parallel. Furthermore, the post-processed
system does not have to be solved in every time step, because the post-processed solutions
satisfy the continuity properties at tn. However, due to inaccuracies, it is more feasible
to do it in every time step, since the error estimator and adaptive strategy are based on
it. Moreover, as mentioned above, the computational cost is negligible, as will be shown
briefly in the numerical studies in Chapter 6.

Overall, we obtain the cGP-C1(3) solutions independently by the post-processing
step, we can easily perform the error estimation in parallel per time step.

Adaptive strategy for reconstructing a new time grid
Finally, the adaptive strategy, including the reconstruction of a new time grid, is consid-
ered. Since the new time grid is constructed sequentially, it can be parallelized by dividing
the old time grid into subgrids. Then, the new time grid can be constructed sequentially
by applying the adaptive strategy to each subinterval independently and in parallel. How-
ever, the error estimator for a time step is a scalar value, the reconstruction of the new
time grid is not expensive.
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5.2. Global-in-time Pressure Schur complement solvers
Starting with the time-simultaneous multigrid method presented above, we now explore
the topic further for incompressible flow problems. Therefore, we briefly summarize
the augmented Lagrangian acceleration of a global-in-time pressure Schur complement
solver by Lohmann and Turek [42] based on [17]. They introduced a global-in-time
Newton-Multigrid-pressure Schur complement solver in [43]. They studied these ap-
proaches for incompressible flow problems, which fits into the context of the global adap-
tive approach. We refer to the above works for detailed information.

For the incompressible Navier-Stokes equations, they linearize the non-linear system
using Picard iteration or Newton’s method. Then they discretize the linear system first in
space and then in time. In addition, the global system is set up by considering all time
steps and then blocking subproblems as discussed in the previous section. The result is
a blocked saddle-point problem. To solve this blocked system more efficiently, they did
a pressure Schur complement iteration to have a global linear system for the pressure,
which is the only unknown due to the fact that the velocity unknowns are eliminated.
This global-in-time iteration solves this system for all time steps simultaneously by de-
composing it into independent subproblems. Thus, each global system can be interpreted
as a space-only problem. Of course, they take advantage of common iterative solution
techniques such as efficient parallel preconditioners. Since they showed that the conver-
gence behavior for the basic Schur complement iteration is quite slow, they applied an
augmented Lagrangian methodology, where simple algebraic manipulations are used to
stabilize. This can easily be adopted for a global-in-time approach.

In each pressure Schur complement iteration, an auxiliary velocity field must be com-
puted. For this purpose, a global-in-time velocity solver has to be applied. Therefore,
a highly specialized multigrid solver [44] was combined with a multigrid waveform re-
laxation approach [55]. Thus, in each step of the pressure Schur complement solver,
a global-in-time velocity auxiliary problem, which is a linear system of equations, has
to be solved. This system contains velocity solutions for all time steps and all spatial
grid points. This can be interpreted as a space-only problem, which can be solved by a
space-only multigrid method. If a Jacobi smoother is chosen in the multigrid method,
this coincides with the time-simultaneous and space-parallel multigrid method of Dün-
nebacke [18]. Furthermore, another specialized multigrid solver was established, which
is necessarily due to the augmented Lagrangian acceleration [42].

5.2.1. Results and implications for the adaptive cGP-time step control

They studied several test cases for small to moderate Reynolds numbers, such as the
Carreau-Yasuda model. They showed that a fast convergence rate can be successfully
achieved. Therefore, this presented solver can be implemented to solve the global adap-
tive time step control effectively. For convection dominated problems, such as the well-
known flow around a cylinder benchmark for a Reynolds number of 100, see Section 2.1.3
and [52], the same performance cannot be achieved. While the augmented Lagrangian
stabilization improves the convergence behavior, the total number of multigrid iterations
for the global-in-time velocity problem increases for convection-dominated regions and
for a higher number of blocked time step sizes. In general, this is of course an efficiency
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issue, but on the other hand it could be an argument for adaptive time step control. With
an adaptive global-in-time approach, the number of blocked time steps decreases, since
the main goal is to use as few time steps as necessary to build a time grid. However, it is
not verified whether fewer time steps with larger time step sizes lead to an improvement
in efficiency. It could also be that the physical time horizon is crucial. Lohmann and
Turek point to future studies on other possible efficient solvers in combination with an
augmented Lagrangian accelerator of pressure Schur complement specialized multigrid
solver.

5.2.2. Approach with the cGP adaptive error control

In the case of the Navier-Stokes equations, the 6×6 block system of the cGP(2)-method
must be solved in each adaptive step. Since this is a saddle-point problem, which in-
cludes the initial pressure on the right-hand-side, we need a higher order pressure ap-
proximation as the initial pressure solution at each time step to solve the cGP(2) block
system (3.4.13). We can either use the higher order post-processed pressure solution for
each current time step, defined in (3.4.15), from the last adaptive iteration, or we solve
once the post-processing step and receive due to the continuity property of the pressure
p̃τ for each current time step the initial higher order pressure solution, defined in 3.4.10,
like the velocity solution. Another possibility is to set up a global space-time system
that includes the cGP(2)-system, the post-processing, and the resulting higher order ini-
tial pressure value at each time step. This global system is at least larger and especially
worse structured. The first two options result in an appropriate global system that should
be solved efficiently such that these are preferable. In addition, the solution of the post-
processing system is independent and of very low computational cost, which we will show
briefly in the next chapter.

In summary, we have shown in this section that the time-stepping control including
error estimation based on continuous Galerkin-Petrov methods and its post-processing
step can be performed simultaneously or in parallel due to the global-in-time approach.
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Numerical studies

In this chapter, we perform several numerical tests to analyze the cGP(2)- and cGP-C1(3)-
time-stepping scheme and the error estimators with application to a global adaptive time-
stepping approach. We study the heat equation, the Navier-Stokes equations, including
a flow around cylinder benchmark for Newtonian and non-Newtonian fluids in the two-
dimensional domain. As a spatial discretization, we use the previously introduced spatial
finite element discretization Q2 and in the case of the Navier-Stokes equations, we use the
finite element pair (Q2,Pdisc

1 ), see Section 2.3.

Here, we focus only on the time discretization error. Therefore, in all numerical ex-
amples, we have chosen a spatial grid size that is sufficiently small that the spatial dis-
cretization error is smaller than the time discretization error. To analyze the accuracy of
the time discretization methods, we measure the discretization error at the discrete time
points tn in the discrete L∞-norm of a function v : I → L2(Ω), which is defined as

||v||∞ := max
1≤n≤N

||v−(tn)||L2(Ω), v−(tn) := lim
t→tn−0

v(t), ∀v : I → L2(Ω).

We introduce a shorter notation for the L2-norm by

|| · ||2 = || · ||L2(I,L2(Ω)).

To approximate the L2-norm, we use the 5-point Gauss-Lobatto formula with the refer-
ence points tGL(5)

n,i , i = 0, . . . ,4

||v||L2(In,L2(Ω)) =

∫
In

||v(t)||2L2(Ω)dt

 1
2

≈

(
τn

2

4

∑
i=0

ω̂i||(v(t
GL(5)
n,i )||2L2(Ω)

) 1
2

.

Since the L2-norm is approximated by the 5-point Gauss-Lobatto formula with tGL(5)
n,i ,

i = 0, . . . ,4, we define the function vi : I → L2(Ω) to the i-th Gauss-Lobatto point by

vi := v(tGL(5)
n,i ),
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such that we can evaluate the discrete L∞-norm for the i-th quadrature points tGL(5)
n,i . We

denote the discretization error of the cGP(2)-method by e := u−uτ,h and the discretization
error of the cGP-C1(3)-method by ẽ := u− ũτ,h for the exact solution u(t). Analogous to
the error estimator (4.1.1), we define the errors en and ẽn by the L2-norm on In by

en =
1

√
τn
||u−uh,τ||L2(In,L2(Ω)), ẽn =

1
√

τn
||u− ũh,τ||L2(In,L2(Ω)).

In case of the Navier-Stokes equations, we use the associated vector-valued norms on
(L2(Ω))2. All numerical tests in this work have been implemented in the FEAT3 software.

6.1. The heat equation
We start our numerical studies by considering the heat equation (2.1.1) on the domain
Ω = (0,1)2. We choose sequences of structured meshes, which are set up by a uniform
refinement. To study the accuracy of the time discretization schemes, as well as the re-
sulting error estimator in an adaptive time step control, we consider two examples with
different given exact solutions u(x,y, t) for the heat equation.

6.1.1. Exponential-in-time problem

First, we consider the problem (2.1.1) on the time interval I = [0,1] for the following
analytic solution

u(x,y, t) = x(1− x)y(1− y)et ,

with the associated data f , u0 and homogeneous Dirichlet boundary conditions.

Figure 6.1: Illustration of u(x,y, t) on the time grid [0,1] and on Ω = (0,1)2.

In Figure 6.1 we illustrate the exact solution. The time grid is shown on the x-axes,
while the spatial grid Ω = (0,1)2 is shown on the y- and z-axes of this plot. The solution
values lie between [0,0.15], as we can see in the legend on the right. At the beginning
of the time interval the solution is smaller and gets larger over time until the final time is
reached. The solution does not vary much, so this is a good first test problem.

For all tests concerning this problem, the spatial mesh is fixed with a step size of
h = 2−8 and the equidistant time step size is τ = 1/N.
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6.1. The heat equation

cGP(2) cGP-C1(3)
1
τ

||e||∞ EOC ||e||2 EOC ||ẽ||∞ EOC ||ẽ||2 EOC

4 5.34e-07 5.36e-06 5.34e-07 2.56e-07
8 3.60e-08 3.89 6.70e-07 3.00 3.60e-08 3.89 1.49e-08 4.11

16 2.29e-09 3.97 8.37e-08 3.00 2.29e-09 3.97 9.02e-10 4.04
32 1.44e-10 3.99 1.05e-08 3.00 1.44e-10 3.99 5.59e-11 4.01
64 9.01e-12 4.00 1.31e-09 3.00 9.01e-12 4.00 3.48e-12 4.00

128 5.64e-13 4.00 1.63e-10 3.00 5.64e-13 4.00 2.18e-13 4.00
256 3.86e-14 3.87 2.04e-11 3.00 3.86e-14 3.87 2.21e-14 3.30

Table 6.1: Discrete L∞-errors and L2-errors.

In Table 6.1 the errors for the cGP(2)-method and the cGP-C1(3)-method are mea-
sured in the discrete L∞-norm as well as in the L2-norm. Moreover, the corresponding
experimental orders of convergence (4.4.1) are shown. The discrete L∞-errors are the
same for both methods, which is obvious since they have the same solution at discrete
time points tn. Here, both methods converge with order four, while the experimental or-
der of convergence of the L2-error of the cGP(2)-method is three over the whole time
interval and of the cGP-C1(3)-method is four over the whole time interval.

cGP(2)
1
τ

||eGL(5)
1 ||∞ EOC ||eGL(5)

2 ||∞ EOC ||eGL(5)
3 ||∞ EOC

4 9.54e-06 2.65e-07 1.00e-05
8 1.28e-06 2.90 1.89e-08 3.81 1.31e-06 2.93

16 1.66e-07 2.95 1.24e-09 3.93 1.68e-07 2.97
32 2.11e-08 2.97 7.94e-11 3.97 2.13e-08 2.98
64 2.67e-09 2.99 5.01e-12 3.99 2.68e-09 2.99
128 3.35e-10 2.99 3.14e-13 4.00 3.36e-10 3.00
256 4.20e-11 3.00 1.97e-14 3.99 4.20e-11 3.00

cGP-C1(3)

||ẽGL(5)
1 ||∞ EOC ||ẽGL(5)

2 ||∞ EOC ||ẽGL(5)
3 ||∞ EOC

4 7.68e-08 2.65e-07 5.19e-07
8 7.61e-09 3.34 1.89e-08 3.81 2.65e-08 4.29

16 7.85e-10 3.28 1.24e-09 3.93 1.41e-09 4.23
32 5.97e-11 3.72 7.94e-11 3.97 7.97e-11 4.15
64 4.07e-12 3.87 5.01e-12 3.99 4.70e-12 4.08
128 2.66e-13 3.94 3.14e-13 4.00 2.86e-13 4.04
256 4.86e-14 2.45 1.97e-14 3.99 4.88e-14 2.55

Table 6.2: Discrete L∞-errors at time points tGL(5)
n,i , i = 1, . . . ,3.

The quadrature points in the cGP(2)-method are chosen as 3-point Gauss-Lobatto
points. Therefore, the solutions of the cGP(2)-method and the cGP-C1(3)-method co-
incide at these points. Thus, we look at two more intermediate points of the 5-point
Gauss-Lobatto formula, denoted by tGL(5)

n,1 and tGL(5)
n,3 . The other three points correspond
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to the 3-points of the Gauss-Lobatto formula. Table 6.2 shows the errors in the discrete
L∞-norm. The experimental order of convergence is three for the intermediate points
tGL(5)
n,1 and tGL(5)

n,3 and at the point tGL(5)
n,2 it is four in the case of the cGP(2)-method. The

cGP-C1(3)-method converges with order four for every time point.

6.1.2. Sinus-problem

Since we want to study an adaptive time step control, we now consider a more oscillatory
example on the time interval I = [0,T ] with T = 10, which has the following analytical
solution:

u(x,y, t) = x(1− x)y(1− y)sin(π(9− (t −3)2)sin(πt/6)),

with the associated data f , u0 and homogeneous Dirichlet boundary conditions.

The Figure 6.2 shows the exact solution u(x,y, t) at different times, where the time
interval is divided into subintervals. In contrast to the previous test problem, the solution
is oscillating.

For all tests concerning this problem, the spatial mesh is fixed with a step size of
h = 2−6 and the equidistant time step size is τ = T/N with T = 10.

Figure 6.2: Solution u(x,y, t) on the time grid [0,10] and on Ω = (0,1)2.
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cGP(2) cGP-C1(3)
1
τ

||e||∞ EOC ||e||2 EOC ||ẽ||∞ EOC ||ẽ||2 EOC

64 2.17e-01 1.34 1.25e-01 1.59 2.17e-01 1.34 1.24e-01 1.60
128 2.31e-03 6.55 6.08e-03 4.36 2.31e-03 6.55 4.34e-03 4.84
256 1.06e-04 4.44 7.25e-04 3.07 1.06e-04 4.44 2.80e-04 3.95
512 6.24e-06 4.09 9.07e-05 3.00 6.24e-06 4.09 1.75e-05 4.00
1024 3.84e-07 4.02 1.13e-05 3.00 3.84e-07 4.02 1.09e-06 4.00
2048 2.39e-08 4.01 1.42e-06 3.00 2.39e-08 4.01 6.83e-08 4.00
4096 1.49e-09 4.00 1.77e-07 3.00 1.49e-09 4.00 4.27e-09 4.00
8192 9.32e-11 4.00 2.22e-08 3.00 9.32e-11 4.00 2.67e-10 4.00

Table 6.3: Discrete L∞-errors and L2-errors.

cGP(2)
1
τ

||eGL(5)
1 ||∞ EOC ||eGL(5)

2 ||∞ EOC ||eGL(5)
3 ||∞ EOC

64 2.21e-01 1.35 1.69e-01 1.70 1.80e-01 1.75
128 7.65e-03 4.85 9.64e-03 4.13 7.20e-03 4.64
256 1.14e-03 2.74 6.10e-04 3.98 1.17e-03 2.63
512 1.53e-04 2.90 3.85e-05 3.99 1.55e-04 2.91

1024 1.95e-05 2.97 2.41e-06 4.00 1.97e-05 2.98
2048 2.46e-06 2.99 1.51e-07 4.00 2.47e-06 3.00
4096 3.08e-07 3.00 9.44e-09 4.00 3.08e-07 3.00
8192 3.85e-08 3.00 5.90e-10 4.00 3.85e-08 3.00

cGP-C1(3)

||ẽGL(5)
1 ||∞ EOC ||ẽGL(5)

2 ||∞ EOC ||ẽGL(5)
3 ||∞ EOC

64 2.01e-01 1.48 1.69e-01 1.70 2.01e-01 1.59
128 3.76e-03 5.74 9.64e-03 4.13 3.04e-03 6.05
256 1.72e-04 4.45 6.10e-04 3.98 1.40e-04 4.44
512 9.48e-06 4.18 3.85e-05 3.99 8.36e-06 4.07

1024 5.62e-07 4.08 2.41e-06 4.00 5.27e-07 3.99
2048 3.44e-08 4.03 1.51e-07 4.00 3.32e-08 3.99
4096 2.13e-09 4.01 9.44e-09 4.00 2.09e-09 3.99
8192 1.32e-10 4.01 5.90e-10 4.00 1.31e-10 3.99

Table 6.4: Discrete L∞-errors at time points tGL(5)
n,i , i = 1, . . . ,3.

Accuracy of the cGP(2)- and cGP-C1(3)-methods

Table 6.3 shows the error in the discrete L∞-norm, as well as in the L2-norm of the cGP(2)-
and cGP-C1(3)-methods. The experimental order of convergence is as expected. Only
for larger time step sizes, we see that in the L2-norm the error of cGP-C1(3)-method is
not significantly smaller than the error of the cGP(2)-method, since the post-processing
step requires an accurate cGP(2) solution.

The discrete L∞-error for this oscillating test problem is displayed in Table 6.4. The
experimental order of convergence is three at the intermediate times tGL(5)

n,1 and tGL(5)
n,3
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for the cGP(2)-method. At time tGL(5)
n,2 , the experimental order of convergence is four.

Furthermore, the cGP-C1(3)-method converges with order four for every point. Thus, the
discrete L∞-errors for the cGP-C1(3)-method are smaller than for the cGP(2)-method. We
have validated that the cGP-C1(3)-method can be used as a higher order approximation
for the cGP(2)-method and thus for our error estimator.

In Figure 6.3 the error estimates (4.1.1) are plotted in blue and the negatively scaled
exact errors are displayed in red with a minus sign in the legend. This is done, for a
better comparison with the error estimators. Furthermore an equidistant time step size
τ1 = 1/512 is used. With regard to subsequent adaptive studies, it should be noted at this
point that τ1 is always an equidistant time step size in the first adaptive iteration.

In Figure 6.3a, the entire time interval is considered. The error estimates approximate
the errors quite well. We can also see that the error estimates show quite well the oscil-
lating behavior of the solution at the end of the time interval. The time interval is divided
into two figures to better illustrate the smaller errors at the beginning of the time interval
in Figure 6.3b. The upper figure shows that the error estimates and the exact errors are
less than 5 · 10−7, while the lower figure illustrates errors that are less than 2 · 10−4. For
each time point in the time interval, the error estimates seem to approximate the exact er-
rors well. Therefore, in the next section, we consider the global adaptive time step control
strategies based on the error estimator.
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(a) I = [0,10].
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(b) I = [0,6.5) and I = [6.5,10].

Figure 6.3: Error estimates versus exact errors for τ1 = 1/512.

The first studies of the global adaptive approach including the error estimator (4.1.1)
are carried out. We investigate several adaptive strategies in combination with different
controllers. We then look at the effects of the initial time step size and different tolerances.
Finally, the adaptive time step control is compared to an equidistant time step run.

Comparison of adaptive time step control strategies
Figure 6.4 shows the error estimates and the exact errors for different adaptive strategies
such as the DH controller, the EL controller, the PC11 controller and the PID controller,
see, Controllers 4.1-4.4, by using the piecewise constant interpolation strategy, the linear
interpolation strategy and the piecewise cubic Hermite interpolation strategy, which can
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6.1. The heat equation

be developed like the linear interpolation strategy. In the DH controller, Controller 4.1,
the limits of refining and coarsening were set exceptionally to K1 = 1 and K2 = 8/90.
For all other controllers in this thesis we used the values K1 = 0.75 and K2 = 0.01. The
initial equidistant time step size used in the first iteration is 0.25 and the tolerance was
set to 10−4. The number of time steps in the final L-th adaptive iteration, that satisfy the
stopping criterion, is denoted by NL.

(a)

(b) (c)

Figure 6.4: Comparison of error estimators versus exact errors for
different adaptive strategies with a tolerance of 10−4 and τ1 = 0.25.

Figure 6.4a shows the error estimates for the adaptive strategies with piecewise con-
stant interpolation and the exact errors. In none of these strategies, the error estimates
and the exact errors are smaller than the given tolerance. Three strategies do not satisfy
the stopping criterion and reach the maximum number of adaptive iterations, which was
set to 20. The doubling and halving strategy DH stops after nine iterations, but we see
that the exact errors are larger than the error estimates at some points.

Figures 6.4b and 6.4c illustrate the error estimates and the exact errors for the adap-
tive strategies with linear -LI and piecewise cubic Hermite interpolation -CHI. We see
immediately, that the interpolation has a positive effect on the number of iterations and
the number of time steps. An exception is the PC11 controller, which does not satisfy
the stopping criterion after 20 iterations in both cases of interpolation. The EL controller
satisfies the stopping criterion after 6 and 7 adaptive iterations and the PID controller at
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iteration 10 and 14. The error estimators approximate the exact errors very well. Due
to the global-in-time approach, the small difference in the number of time steps is not so
important compared to the number of adaptive iterations used. Therefore, we can assume
that other controller variants do not necessarily need to be tested.

DH EL PC11 PID EL-LI PC11-LI PID-LI EL-CHI PC11-CHI PID-CHI

TOL = 1e−3

iterations 7 20 20 20 10 15 13 11 20 16

max
n

ηn 9e-04 4e-03 1e-01 7e-03 9e-04 9e-04 9e-04 1e-03 4e-01 1e-03

max
n

en 6e-01 6e-01 4e-01 3e-01 9e-04 1e-03 9e-04 1e-03 5e-01 9e-04

TOL = 1e−4

iterations 9 20 20 20 6 20 10 7 20 14

max
n

ηn 7e-05 1e-03 2e-02 5e-04 9e-05 2e-04 9e-05 9e-05 3e-04 9e-05

max
n

en 6e-03 2e-03 4e-02 7e-04 9e-05 3e-04 9e-05 1e-04 4e-04 9e-05

TOL = 1e−5

iterations 10 20 20 20 4 20 11 6 20 13

max
n

ηn 7e-06 1e-04 1e-01 9e-05 1e-05 2e-05 9e-06 9e-06 5e-03 9e-06

max
n

en 3e-04 2e-04 1e-01 1e-04 1e-05 3e-05 9e-06 1e-05 3e-02 1e-05

Table 6.5: Comparison of adaptive iterations between the use of an equidistant time step
size and our adaptive error control strategy EL-LI.

Furthermore, we verify our observations for other tolerances in Table 6.5. As in the
previous figure, we see that for the piecewise constant interpolation strategy in column
two to five, no error is less than the required tolerance. For all other strategies that use
an interpolation technique, except of the PC11, the maximum error or error estimator
achieves the required tolerance. In addition, the EL-LI controller needs the least number
of iterations for all tolerances. Therefore, the elementary local error controller with inter-
polation can be considered as the best version. Comparing the two interpolation strategies,
we see that for the linear case, fewer time steps are needed. However, this may depend
on the underlying problem to be solved. In the end, the elementary local error controller
EL-LI, Controller 4.2, with linear interpolation is the best choice for this test problem.

To explain why the EL-LI controller is better, we can consider the reasons for modi-
fying the time step size for three best controller types. In the Figure 6.5, the three modifi-
cation cases “unmodified”, “reduced” and “coarsened” represent whether the interpolated
time step size at this time point was unmodified, shown in green, reduced in red or coars-
ened in blue compared to the step size used in the previous iteration.

Thus, after solving the first iteration, the new time point for the second iteration is built
from the cases of iteration one. At the beginning, i.e. during the first and second iteration,
we see that the EL controller reduces the time step sizes more than the other controllers,
since we see more red points. For a higher number of adaptive iterations, the number of
time steps to be reduced, especially at the end of the time interval, is higher for the PID-LI
controller than for the EL-LI and EL-CHI controllers. Furthermore, there is no coarsening
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Figure 6.5: Reasons for modification of adaptive strategies with a tolerance of 10−4 and
τ1 = 0.25.
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of the time steps, since the initial equidistant time step size of 0.25 is already large enough.
To see that our best strategy EL-LI performs coarsening, we need to start with a smaller
initial time step size, which we will investigate in the next section. Therefore, from now
on we will only use the strategy with the EL-LI controller, Controller 4.2.

Initial time step size
Using different equidistant initial time step sizes in the first iteration leads to different
reasons for modifying the time step size, as shown in Figure 6.6. We see for 20, 40 and
80 initial time steps, that there is also no coarsening of time step sizes. For 320 and 640
initial time steps, the time step sizes are coarsened mainly at the beginning and in the
middle of the time interval. However, all three initial step sizes lead to satisfying the
stopping criterion after at least seven adaptive iterations, which is written in the legend of
Figure 6.7, where the corresponding time step sizes after L adaptive iterations by using
different equidistant initial time step sizes is illustrated.

Additionally, we can see in Figure 6.7 that the smaller the initial time step size is, the
more time steps are needed in the final adaptive iteration, whereby they have almost the
same number of time steps. Furthermore, we observe that the length of the time steps now
covers the dynamics of the solution well, such that larger time step sizes are used at the
beginning of the time interval and smaller time step sizes are used at the end of the time

Figure 6.6: Reasons for modification for different initial time step sizes after the first
iteration for the EL-LI controller with a tolerance of 10−4.
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Figure 6.7: Time step sizes for different initial time step sizes for the EL-LI controller
with a tolerance of 10−4.

interval. The smallest number of adaptive iterations is L = 5 for 640 initial time steps, but
this also has the highest number of time steps. Furthermore, the time step sizes increase
and decrease more often than for the other initial time steps. Before making a statement
about the best choice of initial time step size, we first look at the resulting error estimates
and exact errors, as well as the computational time.

(a) Adaptive iteration 1. (b) Adaptive iteration L.

Figure 6.8: Error estimates versus exact errors for different initial time step
sizes for the EL-LI controller with a tolerance of 10−4.

The resulting error estimates and exact errors are shown for different initial time step
sizes in iteration one in Figure 6.8a and in the iteration L in Figure 6.8b, where the stop-
ping criterion is fulfilled. In the first iteration, the error estimates do not approximate the
exact errors well. Nevertheless, the adaptive strategy leads to a good performance, see
Figure 6.8a, since the error estimates and the exact errors are smaller than the required
tolerance for each initial time step size. In addition, all initial time steps lead to good
adaptive error control and all error estimates approximate the exact errors sufficiently ac-
curately. By using larger initial time step sizes, the errors are much more equilibrated
than for smaller initial time step sizes. Furthermore, a smaller initial time step size does
not necessarily lead to a smaller number of adaptive iterations.
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Finally, in Table 6.6, we consider the total number of time steps, defined as N̄, over
all adaptive iterations and their required computing time for different initial time step
sizes. The computing time was measured for the entire adaptive approach, including
the solution of the cGP(2) system and the post-processing step, as well as the adaptive
strategy to construct a new time grid and thus over all adaptive iterations. A simulation
with N1 = 80 leads to the smallest number of time steps overall and is also the fastest.
This is followed by N1 = 160 and N1 = 640. For this test problem, the best number of
initial time steps is 80.

N1 N̄ CPU time
40 8,218 1,618
80 6,988 1,369

160 7,308 1,434
320 9,342 1,826
640 7,391 1,588

Table 6.6: Comparison of computing time (in seconds) by using different initial time
step sizes.

In general we have to take care that the initial time step size is not too large, since the
resulting error estimates cannot approximate the exact errors. Checking the experimental
order of convergence can be a good criterion for investigating whether an initial time step
size is suitable or not. This will be studied in the case of the flow around a cylinder
benchmark. In addition, using a small initial time step size will result in a higher number
of time steps, and further, the time step sizes will increase and decrease more. Obviously,
the choice of the initial time step size also depends on the required tolerance.

Figure 6.9: Error estimates versus exact errors for different tolerances for
the EL-LI controller with N1 = 80.
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Comparison of different tolerances
First, we compare in Figure 6.9 the error estimates with the exact errors in the final adap-
tive iteration, where the stopping criterion is reached, by using the EL-LI controller for
different error tolerances. For all five tolerances, the error estimates approximate the
exact errors very well and fulfill the stopping criteria within 10 iterations. Obviously,
the smaller the tolerance, the more time steps and also the fewer adaptive iterations are
needed. This is due to not varying too much between decreasing and increasing the time
step sizes.

(a) I = [0,10].

(b) I(b) = [0,6.5).

(c) I(c) = [6.5,10].

Figure 6.10: Time steps for different tolerances in the adaptive strategy
with EL-LI controller and N1 = 80.
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Furthermore, Figure 6.10 shows the constructed time grids at the final L-th iteration.
In Figure 6.10a the whole time interval is displayed. The time interval from [0,6.5] is
shown in Figure 6.10b and from [6.5,10] in Figure 6.10c. Obviously, the smaller the
tolerance, the smaller the time step sizes. Due to the test problem, the time step sizes
are smallest in the time interval [6.5,10]. Comparing the different tolerances, the time
step sizes in [6.5,10] are almost all the same size or at least closer to the same size than
at the beginning of the time interval, where we see larger differences. Also, there is
much more variation in time step sizes at the beginning of the time interval than at the
end. In the following section, we compare the global adaptive time step control with an
equidistant time step simulation. Based on the previous results, we can assume that in the
time interval [6.5,10], our adaptive approach leads to nearly equidistant step sizes, and
that we have a disparity especially in the beginning and in the middle of the time interval.

Comparison of simulations with equidistant time step sizes versus adaptive ap-
proaches
Here, we show the advantage of the adaptive error control strategy EL-LI compared to a
simulation with an equidistant time step size by considering the number of time steps. To
find an equidistant time step size that leads to comparable results, we identify the smallest
time step size so that the error estimators or errors are of the same size. The smallest time
step size for each tolerance is in the time interval [6.5,10]. We choose the equidistant time
step size by the maximal exact error for each time step, such that these are comparable
with the given tolerance for the adaptive approach, which are shown in the following
Table 6.7.

time steps maxen

2500 9.37e-04
5500 9.27e-05

12000 9.02e-06
25000 9.99e-07
55000 9.39e-08

Table 6.7: Maximum of L2-error for different equidistant time steps.

Finally, Table 6.8 shows a comparison of the number of time steps between the use of
an equidistant time step size and our adaptive error control strategy EL-LI. Furthermore,
the ratio of used adaptive steps to used equidistant steps is given. This is shown for the
whole time interval [0,10], for [0,6.5) and for [6.5,10]. In the adaptive strategy, the EL-LI
controller with limiting case condition, Controller 4.9 is used. This means that, if the time
grid is not changed until the n-th time subinterval In, we do not have to solve the previous
n−1 time intervals, since we have already solved them in the previous adaptive iteration.

First, for lower tolerances, the total number of time steps in [0,10] used by the adaptive
approach is smaller than that used by the equidistant one. For higher tolerances, it is the
other way around. This is due to the number of adaptive iterations, which becomes smaller
for lower tolerances. On the interval [0,6.5) the advantage of the adaptive approach is
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immense, which can be seen by looking at the ratio of the two approaches, where up to
83.66% of time steps can be eliminated here. On the other hand, on the last time interval,
the disadvantage is illustrated. The value of the ratio also highlights this. The result on
[6.5,10] is quite obvious, since if an equidistant time grid is suitable for the underlying
problem, as we saw in Figure 6.10, an adaptive approach cannot result in the same or
fewer time steps than an equidistant time grid.

equidistant time steps adaptive time steps ratio of adaptive to equidistant steps

tol

I
[0,10] [0,6.5) [6.5,10] [0,10] [0,6.5) [6.5,10] [0,10] [0,6.5) [6.5,10]

10−3 2500 1625 875 4149 979 3170 165.96% 60.25% 362.29%

10−4 5500 3575 1925 5805 1083 4722 105.55% 30.29% 245.3%

10−5 12000 7800 4200 11171 1593 9578 93.09% 20.42% 228.05%

10−6 25000 16250 8750 24643 4127 20516 98.57% 25.4% 234.47%

10−7 55000 35750 19250 30483 5841 24642 55.42% 16.34% 128.01%

Table 6.8: Comparison of total number of time steps between simulations with
equidistant time step sizes and our adaptive error control strategy EL-LI with limiting

case condition.

Summary of the numerical studies on the heat equation
First, we verified the accuracy of the cGP(2)- and cGP-C1(3)-methods by observing
that the cGP(2)-method achieved an experimental order of convergence of three in the
integral-based L2-error norm and order four in the discrete L∞-norm. The cGP-C1(3)-
method achieves an order of four in both error norms. Furthermore, we confirmed the
accuracy of the error estimator.

The first studies of the global adaptive approach have been carried out. We investi-
gated several adaptive strategies in combination with different controllers, where the ele-
mentary local error controller, used in the linear interpolation strategy, EL-LI, showed the
best results in terms of accuracy and number of time steps. The piecewise cubic Hermite
interpolation strategy gives comparable results, but not quite as good. We also showed
that more advanced controllers such as PC11 and PID lead to worse performances. Thus,
we will not be testing any new controllers from the literature anymore. The adaptive strat-
egy leads to a good performance, although in the first iteration the error estimates do not
approximate the exact errors very well for larger time step sizes. Also, a smaller initial
time step size does not necessarily result in a smaller number of adaptive iterations. The
choice of initial time step sizes depends on the considered problem and on the tolerance.
On the one hand, a small initial time step size will lead to more time steps with bigger
changes. On the other hand, the time step size should not be too large, as this results in
inaccurate error estimates. Furthermore, the adaptive time step control showed an advan-
tage in computational complexity, measured in terms of the number of time steps, when
compared to an equidistant time step run.
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6.2. The incompressible Navier-Stokes equations
Having verified the error estimator and the global adaptive strategy for the heat equation
in the previous section, we now study its application to the Navier-Stokes equations and in
particular to incompressible flows. For the space discretization, we use the finite element
pair Q2/Pdisc

1 , as introduced in the Chapter (2.3).

6.2.1. The Navier-Stokes problems

We consider the Navier-Stokes equations (2.1.2) on the spatial domain Ω := (0,1)2 and
on the time interval I = [0,1]. We set the viscosity parameter to ν = 1. The velocity field
u = (u,v) is given by

u(x,y, t) := x2(1− x)2[2y(1− y)2 −2y2(1− y)]sin(10 π t),

v(x,y, t) :=−[2x(1− x)2 −2x2(1− x)]y2(1− y)2]sin(10 π t)

and the pressure distribution reads

p(x,y, t) :=−(x3 + y3 −0.5)(1.5+0.5sin(10 π t)).

The initial data is set as u0(x,y) = u(x,y,0).

This test problem is well suited to investigate the experimental order of convergence
and to validate our constructed error estimators, especially for the pressure component.
All results presented in this section are obtained with a small spatial step size of h = 2−8.

First, the analytical errors and the experimental order of convergence for velocity and
pressure are considered. The choice of the post-processed pressure solution as the initial
pressure condition (3.4.10) at each time step in the cGP(2)-method is investigated. Then,
we have a look at the computational time of the post-processing step compared to the cost
of solving the cGP(2) block system. Furthermore, we study the pressure error estimator
in the L2-norm (4.1.6) and the pointwise pressure error estimator (4.1.7) along with the
choice of the interpolation polynomials cLI,1 and cLI,2 of the cubic Lagrangian interpo-
lation (4.1.4). In addition, the velocity (4.1.2) and the new pressure error estimates (4.1.6)
are validated. Finally, we investigate the adaptive strategies in terms of the only-velocity
and the only-pressure controller, where both are set up like the Controller 4.2. Further-
more, we study a velocity and pressure controller with the hierarchical case conditions,
Controller 4.5, and the maximum case conditions, Controller 4.6.

Errors and experimental orders of convergence
We start by considering Table 6.9, which shows the velocity errors in the || · ||∞-norm
and in the || · ||2-norm. As expected, the velocity errors in the discrete L∞-norm demon-
strates an experimental order of convergence of four for both methods, since the velocity
solutions at the discrete time points coincide. In the integral-based || · ||2-norm, the exper-
imental order of convergence is three for the cGP(2) velocity solutions and four for the
post-processed cGP-C1(3) velocity solutions.

Table 6.10 confirms these results by showing the discrete L∞-norm for the intermediate
Gauss-Lobatto points tGL(5)

n,i . Furthermore, we note that the errors of the post-processed
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cGP(2) cGP-C1(3)
1
τ

||eu||∞ EOC ||eu||2 EOC ||ẽu||∞ EOC ||ẽu||2 EOC

10 9.83e-04 5.95e-04 9.83e-04 6.91e-04
20 5.67e-05 4.12 1.10e-04 2.43 5.67e-05 4.12 3.87e-05 4.16
40 4.36e-06 3.70 1.48e-05 2.90 4.36e-06 3.70 2.38e-06 4.02
80 2.83e-07 3.95 1.90e-06 2.96 2.83e-07 3.95 1.46e-07 4.02

160 1.76e-08 4.00 2.39e-07 2.99 1.76e-08 4.00 9.22e-09 3.99

Table 6.9: Velocity discrete L∞-errors and L2-errors.

cGP(2)
1
τ

||eu,GL(5)
1 ||∞ EOC ||eu,GL(5)

2 ||∞ EOC ||eu,GL(5)
3 ||∞ EOC

10 4.91e-04 5.27e-04 7.25e-04
20 1.52e-04 1.69 4.87e-05 3.44 1.81e-04 2.00
40 2.64e-05 2.53 4.01e-06 3.60 2.82e-05 2.68
80 3.57e-06 2.88 2.51e-07 4.00 3.69e-06 2.94

160 4.56e-07 2.97 1.60e-08 3.97 4.63e-07 2.99

cGP-C1(3)

||ẽu,GL(5)
1 ||∞ EOC ||ẽu,GL(5)

2 ||∞ EOC ||ẽu,GL(5)
3 ||∞ EOC

10 6.38e-04 5.27e-04 9.96e-04
20 4.69e-05 3.77 4.87e-05 3.44 4.02e-05 4.63
40 2.51e-06 4.23 4.01e-06 3.60 2.66e-06 3.92
80 1.52e-07 4.04 2.51e-07 4.00 1.54e-07 4.11

160 9.80e-09 3.96 1.60e-08 3.97 9.79e-09 3.98

Table 6.10: Velocity discrete L∞-errors on time points tGL(5)
n,i , i = 1, . . . ,3.

velocity solutions at the intermediate time points are of the similar order of magnitude
as at the discrete time point tGL(5)

n,2 , which is also the discrete time point tGL(3)
n,1 and such

converges with order four.

In the case of the pressure component, we first reinforce the choice of the post-
processed pressure solution as the initial pressure solution in each time subinterval (3.4.10).
Therefore, in Table 6.11a, the errors for the cGP(2)-time-stepping scheme, where the ini-
tial pressure is set to the cGP(2) pressure solution P0

n+1 = ph,τ(tn) are presented and in
Table 6.11b the initial pressure is set to the post-processed cGP-C1(3) pressure solution
P0

n+1 = p̃h,τ(tn). We denote by “cGP-C1(3)-cLI” the approach, where the higher order
pressure solution is applied as an initial solution in each time step in the cGP(2)-method
and the post-processed solution at some time is approximated by the cubic Lagrangian
interpolation 4.1.5. In Figure 6.11a, the discrete L∞-error does not become smaller than
9e−6 and the experimental order of convergence does not fit due to no correction of the
pressure. Perhaps, this is because of the dominance of the space error, since the space
error in the L2-norm is of order h3 for the velocity and of order h2 for the pressure. Also,
this test problem has already been investigated by Hussain et al. for the discretization
scheme cGP(2)-Q2/Pdisc

1 [31]. They showed that for a fixed mesh size and sufficiently
small time step, the space error becomes dominant for the velocity variable. Therefore, it
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cGP(2) cGP-C1(3)− cLI
1
τ

||ep||∞ EOC ||ep||2 EOC ||ẽp,cLI ||∞ EOC ||ẽp,cLI ||2 EOC

10 1.85e-03 7.82e-03 1.85e-03 9.83e-03
20 1.09e-04 4.09 2.97e-03 1.40 1.09e-04 4.09 7.76e-04 3.66
40 1.27e-05 3.10 3.83e-04 2.96 1.27e-05 3.10 5.17e-05 3.91
80 9.36e-06 0.44 4.88e-05 2.97 9.36e-06 0.44 6.38e-06 3.02

160 9.34e-06 0.00 7.41e-06 2.72 9.34e-06 0.00 5.52e-06 0.21

(a) Pressure discrete L∞-errors and L2-errors with an initial pressure for the subintervals of
P0

n+1 = P2
n .

cGP-C1(3) cGP-C1(3)− cLI
1
τ

||ẽp||∞ EOC ||ẽp||2 EOC ||ẽp,cLI ||∞ EOC ||ẽp,cLI ||2 EOC

10 1.85e-03 7.82e-03 1.85e-03 9.83e-03
20 1.09e-04 4.09 2.97e-03 1.40 1.09e-04 4.09 7.76e-04 3.66
40 8.65e-06 3.65 3.83e-04 2.96 8.65e-06 3.65 5.15e-05 3.91
80 5.84e-07 3.89 4.87e-05 2.98 5.84e-07 3.89 3.26e-06 3.98

160 8.09e-08 2.85 6.13e-06 2.99 8.09e-08 2.85 2.11e-07 3.95

(b) Pressure discrete L∞-errors and L2-errors with an initial pressure for the subintervals of
P0

n+1 = p̃h,τ(tn).

Table 6.11: Errors and experimental order of convergence depending on the choice of
the initial pressure in each time step.

stands to reason that the same will happen for the pressure. Furthermore, we can observe
the equivalent for the post-processed L2-error. Only the results for the L2-error for the
cGP(2)-method are as expected. In Table 6.11b, the errors in the discrete L∞-norm show
an experimental order of convergence of four for both methods, since the pressure solu-
tion on the discrete time points are equal and are about 8e−8. Thus confirms the choice
of the post-processed cGP-C1(3) pressure solution as initial condition for the next time
interval. Furthermore, we see, that the new cubic Lagrangian interpolation leads to an
experimental order of convergence of four in the L2-norm, which is perfectly suitable as
a pressure error estimator for the pressure error of the higher order cGP-C1(3)-method.

Table 6.12 confirms these new results by showing the discrete L∞-norm over the in-
termediate Gauss-Lobatto points tGL(5)

n,i . The new cubic Lagrangian interpolation of the
cGP-C1(3) solution leads to solutions that are convergent with order four in the whole
time interval.

Having verified that we are obtaining solutions of different accuracy, we now have a
first look at the velocity and pressure error estimates and the exact errors in Figure 6.11.
Both error estimators accurately approximate the exact errors. Furthermore, the velocity
error is smaller than the pressure error by a factor of 10, which can be explained by the
spatial discretization.
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cGP-C1(3)
1
τ

||ẽp,GL(5)
1 ||∞ EOC ||ẽp,GL(5)

2 ||∞ EOC ||ẽp,GL(5)
3 ||∞ EOC

10 1.12e-02 9.23e-04 1.11e-02
20 4.63e-03 1.27 8.82e-05 3.39 4.63e-03 1.26
40 7.10e-04 2.71 7.57e-06 3.54 7.10e-04 2.71
80 9.31e-05 2.93 4.87e-07 3.96 9.31e-05 2.93

160 1.18e-05 2.98 7.39e-08 2.72 1.18e-05 2.98

cGP-C1(3)− cLI

||ẽp,GL(5),cLI
1 ||∞ EOC ||ẽp,GL(5),cLI

2 ||∞ EOC ||ẽp,GL(5),cLI
3 ||∞ EOC

10 1.41e-02 9.23e-04 1.40e-02
20 1.42e-03 3.31 8.82e-05 3.39 1.42e-03 3.30
40 9.71e-05 3.87 7.57e-06 3.54 9.71e-05 3.87
80 6.21e-06 3.97 4.87e-07 3.96 6.21e-06 3.97

160 3.95e-07 3.97 7.39e-08 2.72 3.95e-07 3.97

Table 6.12: Pressure discrete L∞-errors on time points tGL(5)
n,i , i = 1, . . . ,3.

(a) Velocity. (b) Pressure.

Figure 6.11: Error estimates versus exact errors for τ1 = 1/160.

Computational effort of solving the post-processing step
At this point, we would like to practically substantiate a statement made in Chapter 5
concerning the computational complexity of solving the resulting post-processed system.
Since the post-processed solutions satisfy the continuity properties at each discrete point
of a subinterval, it is not necessary to solve them at each time step. However, due to the
importance of the post-processing step in the adaptive approach and also due to inaccura-
cies, it is worthwhile to do it in every time step. Especially since the computational time
needed to construct and solve the post-processed system is very small. This can be seen in
Table 6.13. Here, a direct solver was used to solve the block systems. Other non-parallel
solvers were also tested, such as the Vanka preconditioner in an FGMRES solver, but
there was no significant speedup.
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1
τ

total cGP(2) post-processing cGP(2) in % post-processing in %

10 6,904 6,726 178 97% 3%
20 24,998 24,702 296 99% 1%
40 14,957 14,473 484 97% 3%
80 27,530 26,683 846 97% 3%

160 43,849 42,792 1,057 98% 2%

Table 6.13: Computational time in seconds of the cGP(2)-method and of the
post-processing step.

In Table 6.13 the runtimes are given in seconds and measure the duration of all time
steps. We illustrate this for a different number of time steps. We verify that the post-
processing step takes only about 1% to 3% of the total run time. Compared to the runtime
of the cGP(2)-method, this is of little importance. The explanation for this is of course
the size of the underlying block system, but most of all the linearity. While the post-
processing step is always a linear problem, the cGP(2) system here is nonlinear and has to
be linearized by e.g. fixed-point iteration. In summary, we will solve the post-processing
step in every time step.

Figure 6.12: L2-pressure error estimates and pointwise pressure error estimates for
different equidistant time step sizes.
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Pressure error estimator

Here, the pressure error estimator is examined in more detail. The integral-based L2-
pressure error estimators (4.1.6), and the pointwise pressure error estimators (4.1.3), for
different equidistant time step sizes are shown in Figure 6.12. There is no significant
difference between the two variants of the pressure error estimator, which confirms the
selection of a pointwise error estimator in the following flow around a cylinder bench-
mark, but the integral based L2 pressure error estimator, would also be possible.

Another aspect that we addressed in Section 4.1.2 is the choice of interpolation poly-
nomials and nodes in the neighboring subintervals. Since we need four nodes to perform a
cubic interpolation and, due to the cGP(2)-time-stepping method, we have only three dis-
crete time points in the interval In of order four that refer to the points [tGL(5)

n,0 , tGL(5)
n,2 , tGL(5)

n,4 ],
we need a fourth node from a neighboring subinterval. We defined the interpolation nodes
depending on the evaluated time point t as in equation (4.1.4) for the two interpolation
polynomial p̃cLI, j

h,τ , j = 1,2 in equation (4.1.5). Since we here use an equidistant time step

size, we can consider the intermediate points tGL(5)
n,1 ∈ (tGL(5)

n,0 , tGL(5)
n,2 ) that are associated

to the polynomial “cLI,1” and tGL(5)
n,3 ∈ (tGL(5)

n,2 , tGL(5)
n,4 ) that are associated to the polyno-

mial “cLI,2” as examples of time points that are in the time interval. However, these time
points can be interpolated by either choice of neighboring subintervals.

(a) tGL(5)
n,1 . (b) tGL(5)

n,3 .

Figure 6.13: Pressure error estimators based on “cLI,1” and “cLI,2” versus exact
pressure errors different equidistant time steps sizes.

We show in Figure 6.13 the difference between using both interpolation polynomials
once for the time tGL(5)

n,1 in Figure 6.13a and tGL(5)
n,3 in 6.13b. Here η

p,cLI,1,GL(5)
n,i denotes

the pointwise error due to cubic Lagrangian interpolation “cLI,1” and the error estimator
evaluated at time tGL(5)

n,i . The smooth blue line refers to the application with the closest

neighboring subinterval for the time points, so for tGL(5)
n,1 , it would be “cLI,1” and for

tGL(5)
n,3 , it would be “cLI,2”. The dotted blue line corresponds to the other interpolation
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polynomial. The red line represents the analytical pressure error. For both figures, we
see that for a smaller number of time steps, the choice of the closest subinterval for that
time point is more consistent with the exact error. Regarding the adaptive strategy, where
we start with a coarse time grid, it is favorable to choose the fourth interpolation node
depending on the evaluated time point. Since the dotted blue line is shifted to the left
in Figure 6.13a and to the right in Figure 6.13b. However, as the number of time steps
increases, both pointwise error estimators approximate the exact errors well.

In short, we have confirmed our choice of the cubic Lagrangian interpolation polyno-
mial to obtain the fourth order pressure solution. Furthermore, we have shown that both,
the pointwise pressure error estimator and the integral-based L2-norm pressure error es-
timator, are appropriate. From now on, we use the pointwise pressure error estimator
and the choice of the fourth interpolation node in the cubic Lagrangian interpolation de-
pends on the evaluated time point, which is set to the second point of the Gauss-Legendre
formula tG(4)

n,2 .

Adaptive approach
In the following, we examine some control strategies based on the velocity and pressure
error estimator. First, we provide a reminder of how we denote the strategy. The first
component is the basic strategy, here the elementary local error control EL. Next, we
specify the parameter by which we want to control the time step size and thus which error
estimator to use. The abbreviation -u designates the velocity, while in case of -p or -u-p,
we control the error estimates of the pressure or the velocity and pressure respectively.
Further, we can choose between hierarchical case conditions, the Controller 4.5, where
we first check the velocity error estimate and then the pressure error estimate, and the
variant with the maximal value of velocity and pressure estimates so with maximum case
conditions, denoted by the suffix -M, as the Controller 4.6. Without this suffix, we use
the hierarchical case conditions. Finally, we add the interpolation strategy, which is de-
noted by -LI for linear interpolation. Since the EI-LI controller was identified as the best
controller in the heat equation studies, we will focus our further studies on this controller.

Figure 6.14 shows the error estimates and the exact errors of the EL-u-LI controller
in Figure 6.14a for the velocity and in Figure 6.14b for the pressure. Since the adaptive
strategy only checks the velocity error estimates, only these estimates fulfill the tolerance.
The pressure error estimator is larger. However, both error estimates approximate the
analytical errors very well and lead to a more equilibrated errors.

After looking at the velocity controller, we now consider the only-pressure controller
in Figure 6.15. In contrast to the above Figure 6.14, here the errors are not so much equi-
librated, but the error estimators lead to sufficiently approximations. Now all pressure
error estimators are smaller than the given tolerance. In addition, the velocity error esti-
mators are also smaller, but this is obvious since for this test problem the velocity errors
are smaller by a factor of 10 compared to the pressure errors. Reducing the time step size
will of course reduce the velocity errors.

The velocity and pressure error estimators are considered in the case of the EL-u-p-LI
controller with hierarchical case conditions in Figures 6.16 and 6.17. The error estimates
against the exact errors are shown in Figure 6.16. The errors are quite well equilibrated.
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(a) Velocity. (b) Pressure.

Figure 6.14: Error estimates versus exact errors for the controller EL-u-LI with a
tolerance of 10−5 and N1 = 10.

(a) Velocity. (b) Pressure.

Figure 6.15: Error estimates versus exact errors for the controller EL-p-LI with a
tolerance of 10−5 and N1 = 10.

(a) Velocity. (b) Pressure.

Figure 6.16: Error estimates versus exact errors for the controller EL-u-p-LI with a
tolerance of 10−5 and N1 = 10.
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However, we still need five adaptive iterations to satisfy the stopping criterion. To explain,
why we need more adaptive iterations than with the previous controller, we have to look
at the reasons for the modification in Figure 6.17. This controller reduces the time step
size after two adaptive iterations only based on velocity. After the third iteration, we start
to reduce the time step size adapted from the pressure error estimator. Finally, for the last
adaptive iteration, most of the time step sizes have been accepted and about a third or a
quarter of the time steps is reduced due to the pressure error estimator.

(a) Iteration 1. (b) Iteration 2.

(c) Iteration 3. (d) Iteration 4.

Figure 6.17: Reasons for modification of controller EL-u-p-LI with a tolerance of 10−5.

Figures 6.18 and 6.19 show the error estimates and the exact errors, as well as the rea-
sons for modification by using the EL-u-p-LI-M controller. This approach requires only
two iterations and the same number of time steps, as the EL-p-LI controller. Consider-
ing the reasons for the modification, it is obvious why these two controllers behave the
same, since it only reduces the time step size based on the pressure error estimator. In
such test problems, where the velocity error has the same behavior as the pressure and
is much smaller, there is no need to modify the time step size depending on the velocity.
However, as we will see for other test problems, an adaptive time step controller based on
both velocity and pressure is advisable.

Summary of the numerical studies on the Navier-Stokes equations
The choice of the post-processed pressure solution as the initial pressure condition at each
time step in the cGP(2)-method was confirmed. Along with verifying the experimental
order of convergence of three in the L2-error norm for the post-processed pressure solu-
tion as well as order four in the discrete L∞-norm. Most interesting was the experimental
order of convergence of four for the new higher order cubic interpolated post-processed
pressure solution. We also illustrated that the computational cost of the post-processing
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(a) Velocity. (b) Pressure.

Figure 6.18: Error estimates versus exact errors for the controller EL-u-p-LI-M with a
tolerance of 10−5 and N1 = 10.

Figure 6.19: Reasons for modification of controller EL-u-p-LI-M with
a tolerance of 10−5.

step is negligible compared to the cost of solving the cGP(2) block system. Furthermore,
we showed that the pressure error estimator in the L2-norm and the pointwise pressure
error estimator do not differ for small time step sizes. The same holds for the choice of
the interpolation polynomials “cLI,1” and “cLI,2” of the cubic Lagrangian interpolation.
In addition, the velocity and the new pressure error estimates were validated and approxi-
mated the analytical pressure error very well. Finally, we studied the adaptive strategies in
terms of the velocity-only, the pressure-only and the velocity and pressure controller. The
last one for the controller with the hierarchical case conditions and the maximum case
conditions. Since the pressure values were lower than the velocity values, the maximum
case conditions was the better choice.
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6.2.2. The flow around a cylinder benchmark

In this section, we will investigate the global adaptive time-stepping scheme for the spe-
cial flow configuration given by the flow around a cylinder benchmark [52]. In Sec-
tion 2.1.3 this benchmark was described. The coarse mesh under investigation is dis-
played in Figure 6.20. This will be uniformly refined until a refinement level of four is
reached. In order to discretize the problem in space, we also apply the inf-sup stable
Q2/Pdisc

1 element pair, which results in 8320 elements and 92352 spatial degrees of free-
dom on the mesh level four. Since we want to study several incompressible flows, we will
investigate the flow around a cylinder benchmark for two Reynolds numbers, which are
Re = 100 and Re = 250.

Figure 6.20: Coarse mesh (level one) for flow around a cylinder.

First, we look at the most characteristic quantities of interest, such as the drag and
lift coefficients, which are verified by reference values [38]. Then, we validate the ve-
locity and pressure error estimator. In addition, different types of EL controllers, see
Controllers 4.5, 4.7 - 4.8, are studied in terms of accuracy, measured in the distance er-
ror of the lift coefficient to reference values of the lift coefficient. Furthermore, we in-
vestigate global-in-time adaptive time-stepping based on different combinations of vari-
ables such as absolute, relative or relative and absolute velocity, pressure and lift values,
see (4.1.2), (4.1.7) - (4.1.12). This is also studied for different tolerances and a compar-
ison between simulations with equidistant time step sizes. Additionally, we now denote
the error estimator for the lift coefficient by ηl , analogously for the drag coefficient ηd ,
instead of ηcl and ηcd . Studying a Reynolds number of 250, we study the controllers
with considering the experimental order of convergence of the velocity error estimates,
Controller 4.10.

Reynolds number Re = 100
We start our studies with a Reynolds number of 100, as described in Chapter 2.1.3. The
resulting velocity magnitudes at different times are shown in Figure 6.21. At the begin-
ning, for t = 1, the velocity magnitude is close to zero, explicitly in the surface of the
cylinder. With more time, the flow is more adapted to the attendance of the cylinder. At
t = 4 the maximum velocity is reached and the vortex shedding is detected. After that, we
see a turbulent flow pattern that becomes less and less until the final time.

As the most characteristic quantities of interest, we illustrate the drag and lift coef-
ficients as well as the pressure difference for equidistant time step sizes in Figure 6.22.
The drag coefficient and pressure difference are shown over the entire time interval in
Figures 6.22a,6.22c and on the interval [5.04,5.8] in Figures 6.22b,6.22d. The lift coef-
ficients over the entire time interval and on the subinterval are illustrated in Figure 6.22e
and Figure 6.22f.
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(a) t = 1. (b) t = 2.

(c) t = 3. (d) t = 4.

(e) t = 5. (f) t = 6.

(g) t = 7. (h) t = 8.

Figure 6.21: Velocity magnitudes on mesh level four and τ = 2−10 for different times.

After the maximum of the drag coefficient is reached, there are tiny oscillations in the
drag values, as shown in the second Figure 6.22b. The pressure difference has almost the
same behavior as the drag coefficient. Even for very large time steps, the drag coefficient
does not change significantly. The lift coefficient shows much more oscillation than the
drag coefficient. Especially, the red line, which is related to the number of time steps with
N1 = 64 is slightly shifted, such that the evolution of the coefficient is not wrong, but not
exact. In addition, in the subinterval of [5.67,5.715], where the maximum of the lift values
is located, we notice that only small time step sizes, which belong to the number of time
steps for example of N1 = 1024 or N1 = 512, are very close to the values of N1 = 8192.
This phenomenon is a typical consequence of vortex shedding behind the cylinder, which
is characteristic of this flow problem. The timing of the vortices is closely linked to the
lift coefficient, resulting in a phase error that explains why the lift coefficients are shifted.
Furthermore, up to the time t = 3.5, the lift values are close to zero, which motivates the
use of relative error estimators.
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(a) Drag coefficient on [0,8]. (b) Drag coefficient on [5.4,5.8].

(c) Pressure difference on [0,8]. (d) Pressure difference on [5.4,5.8].

(e) Lift coefficient on [0,8]. (f) Lift coefficient on [5.67,5.715].

Figure 6.22: Drag and lift coefficients for equidistant time step sizes.

Figure 6.23: Distance errors of drag and lift coefficients for equidistant time step sizes.
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We verify our results by comparing the maximum drag and lift values and the associ-
ated time points to reference values

(cre f
d,max, t

re f
d,max) = (2.950921575,3.93625),

(cre f
l,max, t

re f
l,max) = (0.47795,5.693125),

given in [38]. We compute a distance error, see [36], using the formula

errdrag =
√

(tre f
d,max − td,max)2 +(cre f

d,max − cd,max)2,

errli f t =
√

(tre f
l,max − tl,max)2 +(cre f

l,max − cl,max)2. (6.2.1)

In Figure 6.23 we show the error to the reference values for different time step sizes.
Both errors become smaller as the time step size is reduced. Although the drag coefficient
is taken into account, the error does not change for the time step size. In addition, the
error of the lift coefficients is larger than that of the drag coefficients. Combined with the
oscillations seen above for the lift coefficient, it is reasonable to focus more on the lift
coefficient than on the drag coefficient in this test case.

To get a first impression of how the different error estimates behave, we plot them in
Figure 6.24 for equidistant time step sizes. We approximate the reference solution, which
is the solution using an equidistant time step size of 2−10. Therefore, eu

n is calculated from
the cGP(2) solution and the reference solution. The same is valid for the other variables.

The errors and error estimates for the velocity variable are shown in Figure 6.24a, for
the pressure variable in Figure 6.24b, for the lift coefficient in Figure 6.24c and for the
drag coefficient in Figure 6.24d. First, the errors are almost the same for all variables. For
the pressure variable, the errors are slightly smaller than for the velocity. Similarly, we see
that for the errors of the lift and drag coefficients. Overall, the error estimates are smaller
than the reference errors. For the smallest time step size, which corresponds to 1024 time
steps, the error estimates approximate the errors sufficiently. An error or error estimate
of 10−5 in the middle to the end of the time interval implies much smaller errors at the
beginning of this time interval. For these reasons and also because of the previous results
showing, that even a large initial time step size can be sufficient for the adaptive strategy,
we will now investigate the global strategy mainly for tolerances of 10−3,10−4,10−5 and
use an initial time step size of 2−3.

Adaptive strategy
In this section, we compare controllers based on the velocity and pressure variables u-p,
on the lift coefficients l, or a combination of these u-p-l. Furthermore, we distinguish
between error estimators that use an absolute -abs, a relative -rel, or a mixture of both
error -relabs, see, (4.1.2), (4.1.7) - (4.1.12). The latter uses absolute error estimates if
the absolute value of the solution is less than 0.001, otherwise a relative one. If just
one suffix is given, it means that all variables use the same type of error estimator. In
addition, when considering controllers that rely on multiple variables, we can choose
between hierarchical case conditions or the maximum case condition,-M.

We use the integral-based velocity error estimator (4.1.2), the pointwise pressure er-
ror estimator (4.1.7) and the pointwise lift error estimator (4.1.8). Both pointwise error
estimators are evaluated at the second point of the Gauss-Legendre formula tG(4)

n,2 .
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(a) Velocity. (b) Pressure.

(c) Lift coefficient. (d) Drag coefficient.

Figure 6.24: Error estimates versus the reference errors for different
equidistant time step sizes.

Since we observed that for equidistant time step sizes all error estimates are nearly
equal in magnitude, the hierarchical case conditions are the closer choice. Another ar-
gument is that since the lift and drag error estimates are computed from the velocity and
pressure solution, it makes sense to check the velocity error estimate first, then the pres-
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sure, and finally the lift estimates.

Nevertheless, we show in Table 6.14 a comparison between all the studied error esti-
mators for a different choice of controllers. We investigate the total number of adaptive
iterations L, the number of time steps in the final iteration NL, where the stopping criterion
is reached, and the total number of time steps N̄ during all adaptive iterations. Although
the number of time steps is not the most important criterion for selecting a controller due
to the global approach, it is still an important quantity. Especially, for this test problem,
the number of time steps of the maximal case condition controller is about twice as large
as for of the hierarchical case condition strategy. Furthermore, the cubic Hermite inter-
polation strategy leads to similar results as the EL-LI controller for some combinations of
error estimators. In other cases, however, it requires much larger time steps. Therefore,
we will only study the elementary local error controller with linear interpolation with
hierarchical case conditions, EL-LI in this section, so we skip the abbreviation EL-LI. In
addition, almost every controller needs about three adaptive iterations, which is a con-
siderable amount. By the way, this table gives a good overview of the controllers to be
studied.

EL-LI-M EL-LI EL-CHI

error estimator L NL N̄ L NL N̄ L NL N̄

u-p-abs 3 573 1055 3 258 516 3 258 516
u-p-rel 3 669 1237 3 297 583 3 293 576
l-abs 4 390 1167 4 173 496 4 172 494
l-rel 2 944 1008 2 533 597 3 756 1352

l-relabs 4 1035 2868 3 489 886 3 510 918
u-p-l-abs 3 577 1060 3 258 516 3 240 464
u-p-l-rel 3 1400 2419 3 495 813 4 661 1410

u-p-abs-l-rel 3 1385 2394 3 589 953 4 741 1689
u-p-rel-l-abs 3 668 1236 3 298 584 3 294 577
u-p-l-relabs 3 1093 1935 3 374 684 3 377 689

u-p-abs-l-relabs 3 1068 1879 3 419 734 3 422 735

Table 6.14: Comparison between controllers with hierarchical case conditions
and maximum case conditions with linear interpolation and piecewise cubic Hermite

interpolation with τ1 = 2−3 and tol = 10−4.

The lift coefficients for the different controllers and for all required adaptive iterations
are presented in Figure 6.25. The approximated lift value for the equidistant time step
size of 2−10 is referred to as “Reference”. All controllers result in a lift coefficient that
follows the same evolution as the reference lift value. However, some controllers result
in a lift coefficient that is shifted. We have already seen this for the equidistant case. The
controllers based on the smallest amount of time steps are shifted. There are controllers,
mostly including a relative or relative and absolute error estimates of the lift coefficients,
which refine the time step size such that there is hardly any shift visible. Although, as we
will see next, no error estimator accurately detects this shift, but several perform better.
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(a) u-p-abs. (b) u-p-rel.

(c) l-abs. (d) l-rel. (e) l-relabs.

(f) u-p-l-abs. (g) u-p-l-rel. (h) u-p-abs-l-rel.

(i) u-p-rel-l-abs. (j) u-p-l-relabs. (k) u-p-abs-l-relabs.

Figure 6.25: Lift coefficients in case of several EL-LI controllers with τ1 = 2−3 and
tol = 10−4.
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Now, we summarize the errors computed by the distance formula using the reference
values from (6.2.1) for several controllers and three tolerances in Figure 6.26. For all
controllers, the distance errors are not below the specified tolerance. However, this is not a
problem, as the distance errors are measured differently compared to the error estimators,
and the tolerance applies to the error estimators. Many controllers reduce the error when
considering a smaller tolerance. However, a few controllers achieve a small error for any
given tolerance, namely the u-p-abs-l-relabs and the u-p-l-relabs, as well as the u-p-l-
relabs, u-p-abs-l-rel and l-rel controllers.

Figure 6.26: Distance errors of lift coefficients for several EL-LI controllers for different
tolerances with τ1 = 2−3.

To relate the previous observation to the use of an equidistant time step size, consider
Figure 6.27, where the distance errors are plotted against the total number of time steps
required. Several controllers are examined, and the distance errors are also shown for
different equidistant time step sizes for three tolerances. Controllers whose distance error
is in the upper half of the figure are less accurate than those in the lower half. The number
of time steps is also taken into account, so that the left part of the figure shows a low
number and the right part a high number. Accordingly, the controllers in the lower left
part of the figure show the best performance. Considering a tolerance of 10−3 and 10−4

in Figures 6.27a and 6.27b, we see, that the same controllers behave effectively. Three
controllers show better performance than the equidistant simulation, which are the u-p-
abs-l-relabs, the u-p-l-relabs and l-rel. For a tolerance of 10−5, all controllers are reliable,
but most of them require more time steps over all adaptive iterations than the equidistant
simulation.
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(a) tol = 10−3. (b) tol = 10−4.

(c) tol = 10−5.

Figure 6.27: Distance errors of lift coefficients for several EL-LI controllers by using
different tolerances with τ1 = 2−3 and equidistant time step sizes performances.

To show the accuracy of the error estimates, we consider Figure 6.28. The first row
shows the velocity error estimates and the cGP(2) velocity errors, the second row the pres-
sure error estimates and the cGP-C1(3) pressure errors and the third the error estimates
for the lift coefficient and the lift coefficients errors. First, the velocity error estimates are
smaller than the tolerance, when the controller includes the velocity variable, as in Fig-
ures 6.28b and 6.28c. Although in both figures the error estimates do not approximate the
reference error as well as in Figure 6.28a. We see an analogous behavior for the pressure
variable. Overall, however, the velocity and pressure error estimators are satisfactory. The
error estimates of the lift coefficients do not approximate the reference error very well,
but they are not completely inaccurate. However, they are significantly smaller than the
reference errors, which confirms our previous results. Nevertheless, questions arise as to
whether these approximations would improve if a smaller tolerance would be tested, and
whether the same would apply to the drag coefficient, which will be studied next.
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(a) l-rel. (b) u-p-abs-l-rel. (c) u-p-abs-l-relabs.

(d) l-rel. (e) u-p-abs-l-rel. (f) u-p-abs-l-relabs.

(g) l-rel. (h) u-p-abs-l-rel. (i) u-p-abs-l-relabs.

Figure 6.28: Error estimators verses reference errors for different
controllers with τ1 = 2−3 and tol = 10−5.
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(d) Drag coefficient.

Figure 6.29: Error estimators verses reference errors for the
EL-LI-l-rel controller with τ1 = 2−3 and tol = 10−6.

To answer the above questions, we choose the EL-LI-l-rel controller as an example
controller. In Figure 6.29 a simulation with a tolerance of 10−6 is shown and further the
error estimators and reference errors of the drag coefficient are added in Figure 6.29d. We
see in Figures 6.29a,6.29b and 6.29d, that the error estimates of the velocity, pressure and
drag coefficients approximate their reference error well. With smaller tolerances and thus
a correspondingly higher number of time steps, the error estimates of the lift coefficients
reflect the reference errors more accurately, but they have not reached the necessary level
of quality. Since the error estimator of the drag coefficient is a good approximation, we
can assume that in principle the error estimation of those coefficients is not the reason.
Rather it has to do with effects on the lift coefficient such as the vortex shedding. The
timing of the vortex is strongly connected to the lift coefficient, resulting in a phase error
that explains why the lift coefficients are shifted. Furthermore, the cGP-C1 solution is
unable to reflect this phase error, meaning that the error estimator cannot capture it.

Overall, it is essential to include the error estimates of the lift coefficients in a relative
or relative and absolute manner in the controllers, since these controllers show the best
performance.
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Reynolds number Re = 250
Now a Reynolds number of Re = 250 is examined on mesh level four. Figure 6.30 shows
the velocity magnitude at times three, four, five and six. Compared to the velocity mag-
nitude we saw in Figure 6.21 for a Reynolds number of 100, the velocity shows a wider
velocity distribution. The flow is getting more turbulent, as expected, since the higher
Reynolds number can be associated with more intense turbulence, so the velocity fluctu-
ates more.

(a) t = 3. (b) t = 4.

(c) t = 5. (d) t = 6.

Figure 6.30: Velocity magnitudes on mesh level four and τ = 2−10 for different times,
Re = 250.

The accuracy in this and the following sections is quantified by reference values ob-
tained from our simulations with a very small time step size on the same spatial mesh.
Here we used a time step size of 1/2−10.

(a) Drag coefficient. (b) Lift coefficient.

Figure 6.31: Drag and lift coefficients for equidistant time step sizes, Re = 250.

The drag and lift coefficients are shown in Figure 6.31. Now, the drag value also
oscillates a little, starting just before the maximum value is reached and continuing to the
final time. Also, the lift coefficient is shifted a bit to the beginning and is higher than in
the Re = 100 test case.
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Figure 6.32: Distance errors of drag lift coefficients for
equidistant time step sizes, Re = 250.

The distance errors of the drag and lift coefficients for equidistant time steps is also
examined in Figure 6.32. Both errors seem to stagnate at about 0.005 for small time step
sizes.

Consideration of the experimental order of convergence
In addition, this section investigates whether the order of convergence of the velocity error
estimator, as described in Controller 4.10, can be used to ensure that the estimator and,
consequently, the controller behave as intended. This is because the post-processing step
depends on the cGP(2) solution, which must be sufficiently accurate. Otherwise the error
estimator cannot approximate the analytic or referenced error well.

Figure 6.33 shows a pointwise experimental order of convergence for different equidis-
tant time step sizes. Obviously, the smaller the time step size, the more constant the EOC.
By using smaller time step sizes, the EOC of the velocity variable is about three, while
the EOC of the pressure variable is about two until the time t = 2 is reached, and then
it is about three. Perhaps, this is due to instabilities or not considering the exact initial
pressure, but an approximation. In particular, we start our adaptive iteration, which will
be shown in the next figures, by using the initial number of time steps of N1 = 64 and
N1 = 128. Therefore, the experimental order of convergence examined at each time step
is shown in Figure 6.33a. Both error estimates lead to an experimental order of conver-
gence that is not constant and varies between one and five.

To apply the Controller 4.10, we perform first two adaptive iterations with two equidis-
tant time steps. Then, in the third adaptive iteration, we compute the order of convergence
on each time grid point on the first time interval G1 by considering the absolute velocity
and pressure error estimates of the first and second adaptive iterations. Now, for each time
step, we first check whether the experimental order of convergence of velocity and pres-
sure is between [2,4], since the experimental order of convergence of the velocity error
estimator and the pressure error estimator should be three. Also, if the time step size is
not changed for a time step, we cannot get a significant EOC value. If either of these is
the case, we continue with the controller and change the time step size accordingly. If not,
the time step size is halved. Then the next new time grid point is checked. The stopping
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(a) (b) (c)

(d) (e)

Figure 6.33: Experimental order of convergence of
equidistant time step sizes, Re = 250.

criterion for the adaptive iteration, which requires that all error estimates be less than the
specified tolerance, has been modified to include the additional condition that all velocity
EOC values must be in the range of two to four.

Furthermore, we use the integral-based velocity error estimator (4.1.2), the point-
wise pressure error estimator (4.1.7) and the pointwise error estimator for the lift coef-
ficient (4.1.8). Both pointwise error estimators are evaluated at the second point of the
Gauss-Legendre formula tG(4)

n,2 . We also use the EL controller, Controller 4.2 in the EOC
controller, Controller 4.10. The tolerance in the stopping criterion is set to 10−3 and the
maximum number of iterations is set to five.

Consideration of the experimental order of convergence in the adaptive approach
In this paragraph, we will study the global adaptive approach by considering the experi-
mental order of convergence within the control strategy. In the next three Figures 6.34 6.35
and 6.36 the experimental order of convergence for each time step by applying different
controllers is shown. Each figure is assigned to a controller category. The first category
includes the velocity and pressure error estimators. The second category includes only-
lift error estimates, while the third category is a combination of velocity, pressure, and lift
variables. The achieved experimental order of convergence of one controller is shown in
a row, with multiple adaptive iterations per column. If we do not obtain significant EOC
values by not changing the time step size in the last two iterations, see (4.4.1), we do not
include them in the plot.
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(a) u-p-abs. (b) u-p-abs.

(c) u-p-rel. (d) u-p-rel.

Figure 6.34: Experimental order of convergence of EL-LI controllers of
first category using a tolerance of 10−3 and τ1 = 0.125, Re = 250.

Considering the first two controllers in Figures 6.34a-6.34d, which depend only on
velocity and pressure, we see that one adaptive iteration brings the EOC values closer
to three, which leads to the assumption of a good error estimation. Hence, the stopping
criterion is reached after four adaptive iterations.

Figure 6.35 illustrates the three lift-only controllers. All three controllers show more
oscillatory behavior than in the previous category. However, the absolute lift controller
and the mixed relative and absolute controller fail to converge within the specified five
iterations, which we can see in row one and three. The relative lift controller shows that
the EOC is more consistent at a value of three, as observed in the first two iterations.
Taking the first two categories into account, it is reasonable to assume that combining
a relative lift error estimator with a velocity and pressure error estimator is a sensible
choice, as will be shown next.

The third category of controllers is dependent on velocity, pressure and lift variables.
The results of this are illustrated in Figure 6.36. The experimental order of convergence
in the final iteration is observed to vary very close to three. Around t = 2, and before,
particularly the pressure shows some outbreaks especially for the two controllers using
both relative and absolute values, which further fail to satisfy the stopping criterion.

Finally, the controllers in the adaptive strategy are compared without and with con-
sideration of the order of convergence as observed by the distance error measurement.
Figure 6.37a illustrates the distance errors over the total number of time steps required
without considering the order of convergence in the controller. Figure 6.37b, on the other
hand, shows the same scenario with the order of convergence considered, Controller 4.10.
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In contrast, considering the order of convergence results in significantly higher accuracy
for all controller types. This is also the case for those controllers, which show high dis-
tance errors in the case without checking the experimental order of convergence. It is
evident that the total number of time steps involved in the entire adaptive iteration process
also increases.

In conclusion, in the absence of information on the underlying test problem, it is
strongly recommended to include the order of convergence. Moreover, should this imply
an increased number of total time steps, the primary objective is to guarantee the accuracy
of the quantities of interest.

(a) l-abs. (b) l-abs. (c) l-abs.

(d) l-rel. (e) l-rel.

(f) l-relabs. (g) l-relabs. (h) l-relabs.

Figure 6.35: Experimental order of convergence of EL-LI controllers of
second category using a tolerance of 10−3 and τ1 = 0.125, Re = 250.
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(a) u-p-l-abs. (b) u-p-l-abs.

(c) u-p-l-rel. (d) u-p-l-rel.

(e) u-p-abs-l-rel. (f) u-p-abs-l-rel.

(g) u-p-l-relabs. (h) u-p-l-relabs. (i) u-p-l-relabs.

(j) u-p-abs-l-relabs. (k) u-p-abs-l-relabs. (l) u-p-abs-l-relabs.

Figure 6.36: Experimental order of convergence of EL-LI controllers of
third category using a tolerance of 10−3 and τ1 = 0.125, Re = 250.
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(a) Without consideration of EOC. (b) With consideration of EOC.

Figure 6.37: Distance errors of lift coefficients over the total number of time steps
required without and with considering the order of convergence for several EL-LI

controllers using a tolerance of 10−3 and τ1 = 0.125, Re = 250.

Summary of the numerical studies on the flow around a cylinder benchmark
The incompressible flow studies were performed on the flow around a cylinder benchmark
with Reynolds numbers of 100 and 250. First, we looked at the most characteristic quanti-
ties of interest, such as the drag and lift coefficients, where we saw that the lift coefficient
was more problematic than the drag coefficient due to oscillations. Therefore, we decided
to include the error estimator for the lift coefficient in the adaptive strategy. But first we
confirmed that the estimated velocity and pressure errors were good approximations of
the corresponding reference errors. The lift error estimates did indeed exhibit some of the
behavior of the reference errors, but not in terms of magnitude. Therefore, we studied a
smaller tolerance and also the drag error estimator, which reasonably approximated the
reference error. We assumed that the shift in the lift coefficients arises from vortex shed-
ding, which is typical of this flow problem. Therefore, the resulting phase error could
not be approximated using our error estimation method. In addition, several types of the
EL controllers were tested in terms of the accuracy measured in the distance errors of the
lift coefficient from reference lift values (6.2.1) for global-in-time adaptive time-stepping
based on different variables such as velocity, pressure and lift. Especially for smaller tol-
erances, all resulting errors were small. For larger tolerances, the best controllers include
velocity and pressure error estimates and relative or relative and absolute error estimates
for the lift coefficient such as, the u-p-abs-l-relabs and the u-p-l-relabs, as well as the
u-p-abs-l-rel and l-rel controllers. Furthermore, for these controllers, the distance error
did not change much by varying the tolerance. They also outperformed equidistant time
step simulations in terms of accuracy and number of time steps.

Using the flow around a cylinder benchmark with a Reynolds number of 250, we
showed that taking into account the experimental order of convergence of the velocity
and pressure error estimates, we can achieve high accuracy with respect to the distance
error for lift coefficients for all controllers. All in all, the global adaptive strategy with
the presented controllers handled the incompressible flows quite well, especially the new
pressure error estimator was convincing.
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6.2.3. The Carreau-Yasuda model

In this section, we study the Carreau-Yasuda model (2.1.5) with the same parameters as
described in Section 2.1.4, where we set λ = 1. We also study a delayed feedback of the
fluid to changes in the shear rate by considering λ = 10. We perform our investigations at
mesh level four, with the same initial mesh as shown in Figure 6.20 in Section 6.2.2. We
also use the Q2/Pdisc

1 element pair. We chose this model problem, because it was studied
in [42, 43] to investigate the global-in-time solver.

(a) λ = 1. (b) λ = 10.

Figure 6.38: Velocity magnitudes on mesh level 4 and τ = 2−10 for t = 4.

We now concentrate on the study of λ = 1 and then λ = 10, where the velocity mag-
nitudes at time t = 4 are illustrated in Figure 6.38. The velocity magnitudes are a little
higher for λ = 1 than for λ = 10. Especially we can see the delayed feedback of the fluid
for λ = 10 compared to λ = 1.

In the further studies, we will first investigate the quantities of interest for equidis-
tant time step sizes, and then we illustrate whether our controllers in the global adaptive
approach, now including the error estimator for the drag coefficient, perform as well or
better than simulations with equidistant time step sizes. We study a quantitative evalua-
tion of several controllers including different combinations of velocity, pressure, lift and
drag, see Controller 4.5, 4.7 - 4.8, as well as for relative, absolute and relative and ab-
solute error estimators, see, (4.1.2), (4.1.7)-(4.1.12). Finally, we focus on the case with
λ = 10 and show the distance errors of the lift coefficient for the best controllers so far
and compare them to runs with equidistant time step sizes.

Studies on λ = 1
The first studies, performed with λ = 1, show the drag and lift coefficients, as well as the
value of γ̇, in Figure 6.39. In this case, we observe considerable drag values and relatively
modest lift values. Even for larger time step sizes, we see no difference for different
equidistant time step sizes. In addition, the value of γ̇ does not appear to vary for larger
time step sizes. Since no value oscillates extremely, we will also look at the drag error
estimator in this section. But first, we will illustrate the distance errors for equidistant
time step sizes.

Figure 6.40 illustrates the distance errors of the drag and lift coefficients for equidis-
tant time step sizes. The drag and lift coefficient errors are quite similar. Moreover, both
stagnate for smaller time step sizes. Perhaps, the error is no longer dominated by the
temporal discretization, but by the spatial discretization.
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(a) Drag coefficient. (b) Lift coefficient.

(c) Values of γ̇.

Figure 6.39: Drag and lift coefficients as well as pressure difference for equidistant time
step sizes, λ = 1.

Figure 6.40: Distance errors of drag and lift coefficients for
equidistant time step sizes, λ = 1.

Quantitative evaluation of controllers in the adaptive approach
In this section, we will further consider the error estimator for the drag coefficients, de-
noted by the suffix -d. The error estimator for the drag coefficient is analogous to the
estimator for the lift coefficient (4.1.8). Both and additionally the pressure estimator
are chosen to be pointwise error estimators and are evaluated at the second point of the
Gauss-Legendre formula tG(4)

n,2 . Furthermore, we use the integral-based velocity error es-

101



CHAPTER 6. Numerical studies

timator (4.1.2). In addition, we use the EL controller, see Controller 4.2, the tolerance in
the stopping criterion is set to 10−3 and the initial time step size is set to 0.25.

Considering the error estimators for the drag coefficient leads to the construction of
several other controllers based on the previously presented variable controllers, but using
the error estimator for the lift coefficient. Obviously, considering the absolute, relative, or
absolute and relative drag-only error estimators are the first new controllers. In addition,
we combine it with the velocity and pressure error estimators. Finally, we perform a
combination of all four error estimators.

Here we consider the maximum case conditions, where we select the larger error esti-
mator of velocity and pressure per time step, as in the Controller 4.6. Therefore, the suffix
-M is added. If the controller is based on only one variable, we omit the suffix.

(a) Distance errors of lift coefficients. (b) Distance errors of drag coefficients.

Figure 6.41: Distance errors of drag and lift coefficients for different
EL-LI-M controllers using a tolerance of 10−3 and τ1 = 0.25, λ = 1.

The distance errors for a multiple number of controllers and their required total num-
ber of time steps is given in Figure 6.41, where Figure 6.41a shows the error of the lift
coefficient and Figure 6.41b shows the error of the drag coefficient. In both figures two
distance errors of runs with an equidistant time step size are plotted as yellow and pur-
ple crosses. Multiple controllers give comparable and also better results to the equidistant
simulations. To be able to make more precise statements about the controllers, we provide
a quantitative evaluation, similar to [36], in the following tables.

We consider score classes for the lift coefficient distance error, the drag coefficient
distance error, and the total number of time steps required during all adaptive iterations.
These score classes range from very good to very weak on a scale of {−2,−1,0,1,2}. The
specific distribution of the scores is shown in the Table 6.15. In addition, these scores are
multiplied by weighting factors, since different objectives will score a controller differ-
ently. For example, focusing on the lift coefficient leads to different favorable controllers
than focusing on the drag coefficient. Also, in our global-in-time adaptive approach, the
number of time steps is not as important as the accuracy. Therefore, it is weighted less.
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We could also add the pressure difference, but all the controllers showed the same small
magnitude of pressure differences. So this was needless.

Scores errli f t errdrag N̄

2 5e−3 1e−3 2· best
1 1e−2 5e−3 4· best
0 5e−2 1e−2 8· best
−1 1e−1 5e−2 16· best
−2 > 5e−1 > 1e−1 >16· best

Table 6.15: Score classes used in the quantitative evaluation of controllers. To obtain the
scores, the distance errors should be less than or equal to the specified boundary.

errli f t errdrag N̄ total points

controller
weights

2 2 1

u-p-abs-M -2 -2 2 -2
u-p-rel-M 0 -2 2 0

l-abs 0 0 0 0
l-rel 2 -4 1 -1

l-relabs 4 -4 0 0
u-p-l-abs-M 0 0 -1 -1
u-p-l-rel-M 2 -4 1 -1

u-p-abs-l-rel-M 2 -4 0 -2
u-p-l-relabs-M 4 -4 0 0

u-p-abs-l-relabs-M 4 -4 0 0
d-abs 0 -2 -2 -4
d-rel 0 2 -1 1

d-relabs 0 -4 -1 -5
u-p-d-abs-M 0 -2 -2 -4
u-p-d-rel-M 0 -4 -1 -5

u-p-abs-d-rel-M 0 2 -1 1
u-p-d-relabs-M 0 -4 -1 -5

u-p-abs-d-relabs-M 0 -4 -1 -5
u-p-l-d-abs-M 2 -4 -1 -3
u-p-l-d-rel-M 2 4 -2 4

u-p-abs-l-d-rel-M 2 4 -2 4
u-p-l-d-relabs-M 0 -2 -2 -4

u-p-abs-l-d-relabs-M 0 -2 -2 -4

Table 6.16: Quantitative evaluation of the EL-LI-M controllers using a
tolerance of 10−3 and τ1 = 0.25 .

In Table 6.16, we consider weighting factors of the form {2,2,1}, where the accuracy
of the lift and drag coefficients are weighted with two and the number of time steps with
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a factor of one. We determine that the lift coefficient is to be given the same importance
as the drag coefficient. The second column shows the scores of the controllers concerning
the lift coefficients distance errors and the third column shows the scores of the con-
trollers concerning the drag coefficients distance errors. The controllers that involve a
modification of the time step size depending on the relative and absolute estimates for the
lift coefficient and the controllers depending on the velocity, pressure and lift variables
are shown in the second column to exhibit optimal performance. Considering the results
for the distance errors for the drag coefficients as well as for the total results, it can be
seen that the best performance is achieved by the controller that depends on all four vari-
ables. The simulations that include all relative estimator and additional variables such as
the absolute value of velocity and pressure as well as relative lift and drag show optimal
performance. Including the velocity and pressure error estimators is always preferable,
regardless of whether greater interest lies in the lift, drag or both coefficients. If the lift
coefficient is deemed the most significant factor, then the lift error estimator should be
incorporated, in a manner analogous to the drag coefficient. In conclusion, the controllers
behave according to the specifications for their intended functionality.

(a) Drag coefficient. (b) Lift coefficient.

(c) γ̇.

Figure 6.42: Drag and lift coefficients as well as γ̇ values for
equidistant time step sizes, λ = 10.
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Studies on λ = 10
We start with the quantities of interest on the Carreau-Yasuda model with λ = 10 in Fig-
ure 6.42. A quick examination of all variables shows that there are no significant dif-
ferences between larger and smaller time step sizes. No oscillations of the values are
observed. Moreover, the drag and lift coefficients are reduced, while the values of γ̇ are
increased compared to the values observed in the test problem λ = 1, see Figure 6.39.

(a) Distance errors of drag and lift coefficients. (b) Distance errors of lift coefficients.

Figure 6.43: Distance errors of drag and lift coefficients for
equidistant time step sizes, λ = 10.

Figure 6.43 shows the distance errors of the drag and lift coefficients. The errors
of the drag coefficients stagnate, while those of the lift coefficients show a decreasing
trend. Therefore, we look at the distance errors of the lift coefficients in more detail in
Figure 6.43b. The errors continue to decrease and are very small, since for small time
steps they have a size of 10−6. Thus, we will finally study the distance errors for the lift
coefficients for the error estimators based on the variables velocity, pressure and lift value.

Adaptive studies
The error estimator for the drag coefficient, the estimator for the lift coefficient (4.1.8) and
the pressure estimator are chosen to be a pointwise error estimator and are evaluated at
the second point of the Gauss-Legendre formula tG(4)

n,2 . Furthermore, we use the integral-
based velocity error estimator (4.1.2). In addition, we use the EL-M controller 4.6 with
the maximum case conditions, setting the tolerance in the stopping criterion to 10−3 and
the initial time step size is 0.125.

The distance errors of the lift coefficients for their total number of time steps during
all adaptive iterations from the use of different controllers are shown in Figure 6.44. Here,
three controllers in the global adaptive strategy outperform the equidistant time step sim-
ulations, namely the u-p-l-rel-M, the u-p-abs-l-rel-M, and the u-p-l-relabs-M controllers.
They result in a smaller number of time steps by providing significant accuracy, thus
ensuring the main objective of the global adaptive strategy.
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Figure 6.44: Distance errors of lift coefficients for
different controller using a tolerance of 10−3 and τ1 = 0.125, λ = 10.

Summary of the numerical studies on the Carreau-Yasuda model
Here, we focused on the research of λ = 1 and λ = 10. We confirmed that our controllers
in the global adaptive approach, now including the error estimator for the drag coefficient,
also outperform simulations with equidistant time step sizes. We performed a quantitative
evaluation of several controllers for λ = 1, including several variants of velocity, pressure,
lift and drag as well as for relative, absolute and relative and absolute error estimators. To
sum up, the best choice of controller naturally depends on the quantities of interest. The
inclusion of the velocity and pressure error estimator is always preferable, regardless of
the greater interest in lift, drag, or both coefficients. But of course, if the lift coefficient
is the most interesting quantity, the lift error estimator should be included, analogously
to the drag coefficient. Finally, we performed the global adaptive approach with λ = 10.
Here we were able to approximate the most accurate distance errors of the lift coefficient
compared to all other tested incompressible flows. As a result, multiple velocity, pres-
sure and lift controllers also outperformed comparable equidistant time step simulations,
namely the u-p-l-rel-M, the u-p-abs-l-rel-M, and the u-p-l-relabs-M controllers.
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7.1. Summary
In this work, we studied an adaptive time step control for a global-in-time Galerkin-Petrov
time discretization of evolution equations. Adaptive time-stepping is a useful tool for im-
proving stability, controlling error, and increasing accuracy. When combined with higher
order methods, such as the higher order Galerkin-Petrov method, we improve the accu-
racy and ensure that the solution characteristics are adapted in a more sophisticated way,
which is particularly important for incompressible flows. Although adaptive approaches
lead to optimized computational complexity, Galerkin-Petrov methods are computation-
ally expensive. To improve the efficiency, it is recommended to apply a global-in-time
approach, especially in the field of Computational Fluid Dynamics.

The mathematical framework was introduced in Chapter 2. We considered several
evolution equations and defined the function spaces needed in the Galerkin-Petrov time
discretization. We also presented the spatial discretization used in this work. We applied
biquadratic finite elements to solve the heat equation and the velocity field of the Navier-
Stokes equations, while the pressure field was approximated by discontinuous linear finite
elements on a quadrilateral mesh. Furthermore, the Gauss-Lobatto quadrature formula is
provided, which is needed to numerically compute the resulting integrals in the ansatz
space of a variational formulation of the time-stepping scheme.

The continuous Galerkin-Petrov methods as well as the C1-continuous version were
studied in Chapter 3 for a nonlinear ODE. It was shown that the cGP-C1(k+1)-method is
derived from the cGP(k)-method by a post-processing step. In particular, the always lin-
ear post-processing step for the Navier-Stokes equations was revealed, which includes not
only a more accurate velocity solution, but also a more accurate pressure solution. The re-
sulting block systems for each time step to be solved by the cGP(2)-method and the post-
processing step were provided once for the heat equation and once for the Navier-Stokes
equations. Since the Gauss-Lobatto formula was applied, the unknown initial pressure
condition appears on the right side of the block systems. Here, we chose this unknown to
be the known post-processed pressure solution. To handle the nonlinear convective term,
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we explained a linearization by fixed-point iteration.

In Chapter 4, we illustrated the adaptive time step control. The required error estima-
tors resulting from the cGP(2) solution and the higher order post-processed solution were
presented. In particular, a new pressure error estimator was established. It is constructed
by a cubic Lagrangian interpolation of the post-processed pressure solution. In addition,
a new error estimation for the drag and lift coefficients was established. In contrast to
classical adaptive time step control, where one time step after another is evaluated suc-
cessively, we demonstrated a global strategy. By performing adaptive iteration, where
the time grid is completely reconstructed in each iteration, we provided a new adaptive
control strategy that is suitable in a global-in-time approach. This goes hand in hand with
other extensions, such as an interpolation strategy to obtain error estimates and time step
sizes for each time in the time grid. Furthermore, several controllers were provided that
fit into this global adaptive context.

Two existing global-in-time approaches were demonstrated in Chapter 5. Further-
more, we explored this topic in more depth by looking at how the new adaptive cGP(2)
time step control fits in. Due to the post-processing step, the initial values for velocity and
pressure at each time step are obtained such that a global-in-time approach can be used
effectively.

The numerical studies on the heat equation, on the Navier-Stokes equations and on
incompressible flows were presented. We chose a small spatial mesh size for all tests in
order to focus on the time error. Starting with the heat equation in Section 6.1, we verified
the accuracy of the cGP(2) and cGP-C1(3)-methods by noting that the cGP(2)-method
achieved an experimental order of convergence of three in the integral-based L2-error
norm and order four in the discrete L∞-norm. The cGP-C1(3)-method achieves an order
of four in both error norms. This confirms the accuracy of the error estimator. Moreover,
we studied several adaptive strategies in combination with different controllers, where the
elementary local error controller applied in the linear interpolation strategy showed the
best results in terms of accuracy and number of time steps. Furthermore, the adaptive
time step control was compared to a run with equidistant time step sizes and showed an
advantage in terms of computational complexity, also measured in terms of the number of
time steps.

The choice of the post-processed pressure solution as the initial pressure condition at
each time step in the cGP(2)-method was confirmed by considering the Navier-Stokes
equations in Section 6.2.1. Along with verifying the experimental order of convergence
of three in the L2-error norm for the pressure variable in the cGP-C1(3)-method as well as
order four in the discrete L∞-norm. Most interesting was the experimental order of con-
vergence of four for the new higher order cubic interpolated post-processed pressure. In
addition, the new pressure error estimator was validated and approximated the analytical
pressure error very well.

The incompressible flow studies were performed on the flow around a cylinder bench-
mark with Reynolds numbers of 100 and 250 in Section 6.2.2. Starting with the a Reynolds
number of 100, we verified that the velocity error estimates and the pressure error esti-
mates sufficiently approximated the associated reference errors. The lift and drag error
estimators did indeed show some the behavior of the reference errors, but not in magni-
tude. In addition, several controllers were tested for global-in-time adaptive time-stepping
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based on different variables such as velocity, pressure, and lift. In particular, for smaller
tolerances, all resulting distance errors were small. For larger tolerances, the best con-
trollers include velocity and pressure error estimates and relative or relative and absolute
error estimates for the lift coefficient. Furthermore, for these controllers, the distance er-
ror did not change much by varying the tolerance. They also showed better performance
in terms of accuracy and number of time steps than simulations with equidistant time
steps. Using the flow around a cylinder benchmark with a Reynolds number of 250, we
have shown that, considering the experimental order of convergence of the velocity error
estimates, we can achieve high accuracy in terms of distance errors for the lift coefficients
for all controllers.

Another incompressible flow was studied by the Carreau-Yasuda model with λ = 1
and λ = 10 in Section 6.2.3. We confirmed that our controllers in the global adaptive
approach, now including the error estimator for the drag coefficient, also outperform
simulations with equidistant time step sizes for non-Newtonian flows. In addition, we
performed a quantitative evaluation of several controllers and summarized that the best
choice of controller naturally depends on the quantities of interest. The inclusion of the
velocity and pressure error estimator is always preferable, regardless of the higher interest
in lift, drag, or both coefficients. Finally, we performed the global adaptive approach with
λ = 10. Here we were able to approximate the most accurate distance errors of the lift
coefficient compared to all other incompressible flow test cases. As a result, multiple ve-
locity, pressure, lift and drag controllers also outperformed comparable equidistant time
step simulations.

7.2. Outlook
This thesis studied a global adaptive time step control based on a higher order time dis-
cretization scheme. While we focused on the main goals of adaptive time step control
by investigating the computational effort, measured in the required number of time steps,
and verifying the accuracy of error estimators, adaptive strategies involving multiple con-
trollers, there are still open research areas.

The first step in the future is the implementation of a global-in-time solver for our
higher order global adaptive strategy. With this approach, we are able to solve the previous
studies more efficiently and with higher accuracy. In particular, incompressible flows
would benefit from considering smaller tolerances in the adaptive approach and applying
a significantly smaller spatial mesh, which is only possible with a parallel simulation due
to the high computational cost of the cGP(2)-method. Along with further research on the
impact on global-in-time solvers. Since the application of adaptive time step controls has
the further advantage of balancing stability, it is not out of the question that the solvers
could benefit from this, especially in unstable regions.

Further studies on the error estimator for the lift coefficients are recommended. We
saw in the numerical studies that the approximation of the errors of the lift coefficients
by the associated error estimators could be improved. While the inclusion of an error
estimator for the lift coefficients has made significant progress, further research could
lead to notable advances in the controllers.
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