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“The actual science of logic is conversant at present only with things
either certain, impossible, or entirely doubtful, none of which (for-
tunately) we have to reason on. Therefore the true logic for this
world is the calculus of probabilities, which takes account of the
magnitude of the probability which is, or ought to be, in a reason-

able man’s mind.”

— James Clerk Maxwell (1850)






Zusammenfassung

In praktischen Anwendungen von wissensbasierten Systemen spielt die Verarbeitung
von unsicherem Wissen eine wesentliche Rolle. Die Wahrscheinlichkeitstheorie
bietet eine giangige und bewédhrte Methode, Unsicherheit zu formalisieren und
unter ihr verléssliche Schlussfolgerungen zu ziehen. Anwendungen von wahrschein-
lichkeitsbasierten Ansétzen der Wissensreprasentation und -verarbeitung findet
man zum Beispiel in der Medizin, unter anderem in der Diagnostik, und den
Wirtschaftswissenschaften, beispielsweise bei der Aufdeckung von Betrugsfallen. Ein
generelles Problem vieler wahrscheinlichkeitsbasierter Ansétze, wie zum Beispiel von
Bayes- und Markov-Netzen, ist jedoch, dass die zugrunde liegende Wahrschein-
lichkeitsverteilung vollstandig spezifiziert sein muss. Einen Ausweg hierzu bietet
das Prinzip der maximalen Entropie (MaxEnt), mit dem es moglich ist, eine un-
vollstandig spezifizierte Wahrscheinlichkeitsverteilung, die iiblicherweise in Form
einer probabilistischen Wissensbasis gegeben ist, induktiv so aufzufiillen, dass der In-
formationsgehalt der MaxEnt-Verteilung unter allen moglichen Erweiterungen mini-
mal ist. Dies lasst ein vorsichtiges und prinzipientreues Schlussfolgern zu, wie es in
den oben genannten Anwendungsgebieten erforderlich ist.

Fir probabilistische Wissensbasen, die aus aussagenlogischen konditionalen
Regeln der Form ,,wenn A gilt, dann folgt B mit einer Wahrscheinlichkeit p* beste-
hen, ist die Anwendung des Prinzips der maximalen Entropie bereits recht gut
verstanden. In der Praxis sind jedoch meistens unsichere Aussagen von Interesse,
die nur tber reichhaltigere logische Sprachen zufriedenstellend formuliert werden
kénnen. Hierbei handelt es sich insbesondere um Aussagen iiber Eigenschaften von
Individuen und Objekten oder um Aussagen tiber deren Beziehungen zueinander.
Relationale Logiken sowie Beschreibungslogiken sind formale Logiken, die besonders
gut geeignet sind, solches Ontologie-Wissen darzustellen. In der vorliegenden Arbeit
werden daher wahrscheinlichkeitsbasierte Schlussfolgerungen unter dem Prinzip der
maximalen Entropie insbesondere auf Basis von relationalen bzw. beschreibungslo-
gischen probabilisitischen konditionalen Wissensbasen untersucht. FEin zentrales
Problem dabei ist, dass mit der Anzahl an betrachteten Individuen und Objekten,
den Elementen der Domane, der zugrunde liegende Wahrscheinlichkeitsraum expo-
nentiell wachst, was das ohnehin als Black-Box-Methode bekannte MaxEnt-Prinzip

zu einem wahren ,, Monstrum® werden lasst.



Den Kern dieser Arbeit stellt die strukturierte Analyse und die effiziente Behand-
lung von probabilistischen Wissensbasen fiir grofle Doménen unter dem Prinzip der
maximalen Entropie dar. Ein wesentlicher Beitrag ist dabei die Entwicklung des
» Typed Model Countings“, welches ein formales Rahmenwerk fiir derartige Analy-
sen bietet. Mit Typed Model Counting konnen Methoden der Wissenskompilierung,
wie sie beispielsweise aus dem ,, First-Order Model Counting“ bekannt sind, auch auf
Konditionale ausgeweitet werden. Ahnlich hochentwickelte Kompilierungsmethoden
sind bisher nur sehr punktuell fiir konditionale Wissensbasen ausgearbeitet worden,
zum Beispiel in Form der ,, Weighted Conditional Impacts®.

Als Ergebnis des Typed Model Countings erhalt man eine sehr kompakte
Repréasentation derjenigen Information, die benotigt wird, um aus einer Wissensbasis
die zugehorige MaxEnt-Verteilung zu berechnen. Diese kompakte Reprasentations-
form erfordert neue, Problem angepasste Berechnungsverfahren fiir die MaxEnt-
Verteilung. Daher ist ein zweiter Hauptbeitrag dieser Arbeit das ,,Condensed It-
erative Scaling®, eine Weiterentwicklung des ,, Generalized Iterative Scalings“, eine
numerische Methode zur Annaherung von log-linearen Modellen wie der MaxEnt-
Verteilung, die auf die Ausgabe des Typed Model Countings ideal abgestimmt ist.

Neben der Formulierung einer probabilistischen Beschreibungslogik unter der
MaxEnt-Semantik, der Logik ALC-ME, auf die hochentwickelte Model-Counting-
Strategien angewendet werden um effizient Schlussfolgerungen zu ziehen, werden zu-
dem Schwierigkeiten bei der Betrachtung unendlicher Doménen im Zusammenhang
mit dem Prinzip maximaler Entropie angesprochen und es wird ein Losungsvorschlag
gegeben, der auf dem Prinzip , Satisfiability Modulo Theory“ beruht. Insgesamt
werden mit dieser Arbeit Methoden bereit gestellt, die es erstmalig ermoglichen,
komplexe relationale probabilistische Wissensbasen unter dem Prinzip maximaler

Entropie systematisch auszuwerten.
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Abstract

In practical applications of knowledge-based systems, handling uncertain knowl-
edge is crucial. Probability theory provides a widely accepted and rigorous frame-
work for formalizing uncertainty and deriving reliable inferences. Probability-based
approaches to knowledge representation and reasoning are used in fields such as
medicine, for example in diagnostics, and economics, including fraud detection. A
common challenge with many probabilistic methods, like Bayesian Networks and
Markov Logic Networks, is the need for a fully specified probability distribution.
The principle of maximum entropy (MaxEnt) offers a solution to this issue. It
enables the inductive completion of an underspecified probability distribution, typ-
ically provided as a probabilistic knowledge base, by ensuring that the information
content of the MaxEnt distribution is minimal among all possible extensions. This
results in cautious and principled reasoning, which is essential in the aforementioned
application areas.

The application of the principle of maximum entropy is well-understood for prob-
abilistic knowledge bases consisting of propositional conditional rules of the form
“if A holds, then B holds with probability p.” However, in practice, one is often
interested in uncertain statements which can be formulated satisfactorily by using
richer formal languages only. These are, in particular, statements about properties
of individuals and objects, as well as their relationships with one another. Relational
logics and Description Logics are formal logics well-suited for representing this type
of ontological knowledge. Consequently, this thesis explores probability-based rea-
soning under the principle of maximum entropy for probabilistic conditional knowl-
edge bases formulated over relational logics or Description Logics. A key challenge
here is that the underlying probability space grows exponentially with the domain
size, i.e., the number of individuals and objects, which transforms the principle of
maximum entropy, already known as a black-box approach, into a true “monster”
of complexity.

This thesis centers on a structured analysis of and efficient reasoning with prob-
abilistic knowledge bases for large domains under the principle of maximum en-
tropy. A major contribution is the development of “typed model counting”, which
establishes a formal framework for these analyses. Typed model counting extends
knowledge compilation methods, such as those from “first-order model counting”, to



handle conditional statements effectively. Comparable advanced compilation meth-
ods have been developed for conditional knowledge bases only in limited cases, such
as in the form of “weighted conditional impacts”.

Typed model counting yields a highly compact representation of the information
needed to compute the MaxEnt distribution from a knowledge base. This compact
form necessitates new, problem-specific methods for calculating the MaxEnt dis-
tribution. Thus, a second major contribution of this thesis is the development of
“condensed iterative scaling”, an adaptation of the generalized iterative scaling algo-
rithm, which again is a numerical method designed to approximate log-linear models
like the MaxEnt distribution. Condensed iterative scaling is tailored specifically to
the output produced by typed model counting.

Eventually, we introduce with ALC-ME a probabilistic Description Logic un-
der a MaxEnt semantics, and apply advanced model counting techniques to enable
domain-lifted inferences within ALC-ME. We also address challenges that arise when
applying the principle of maximum entropy to infinite domains, proposing a solu-
tion based on “satisfiability modulo theory (SMT)”. Overall, this thesis provides
methods that, for the first time, enable the structural analysis of complex relational

probabilistic knowledge bases under the principle of maximum entropy.
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Introduction

In the first chapter of this thesis, titled “Probabilistic Inferences Under Maximum
Entropy for Description Logics,” 1 outline the scientific context of the topic and
provide the motivation for my work. In Section [I.I} I highlight the importance of
knowledge-based systems in general and of probabilistic reasoning under the princi-
ple of maximum entropy in particular. I also argue why we investigate the principle
of maximum entropy in the context of Description Logics here. In Section [I.2] I
provide insights into the current state of the art in this research area. From this, I
motivate my research questions in Section [I.3] where I also refer to the central re-
sults of this thesis. In Section [I.4] T list the preparatory work that led to this thesis,
and I describe my own contributions to the listed papers. Section presents the
structure of the thesis.

1.1 Motivation

Since ChatGPT at the latest, the hype about artificial intelligence (AI) has been
steadily increasing among the general public [Nathan et al.,2023]. The recent success
of AT in practical applications is largely due to the progress made in the field of
data-driven Al in particular in machine learning (cf. e.g., |Alpaydin, 2020]). The
highly optimized methods that arose in this field are particularly good in recognizing
patterns and structures in large amounts of data and are able to make fast and
handy predictions based on their findings. However, data-driven AI methods face
major challenges, for instance, when it comes to guarantees or explanations of the
predictions they have made [Baier et al., 2019]. Thus, principle-based reasoning
methods are necessary when reliable statements are required, in particular under
uncertain conditions. Examples of critical application areas are diagnosis in medicine
[Montgomery|, 2018] and fraud detection in economics |[Bolton and Hand, 2002].
Knowledge representation and reasoning (KR) is a subfield of artificial intelli-
gence that focuses on representing (uncertain) knowledge in such a way that ma-
chines can interpret and use it to make decisions in a principled way (cf., e.g.,
[Brachman and Levesque, 2004]). The goal of KR is to enable machines to reason
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about the world in a way similar to humans, by providing them with a structured and
formal representation of knowledge. With their internal logical structures and well-
motivated inference rules, knowledge-based systems (cf., e.g., [Rajendra and Sajjal,
2009]) principally have the potential to address the shortcomings of data-driven Al
Nevertheless, knowledge-based systems lead a somewhat shadowy existence. One
reason for this may be the lack of efficient computation methods for many knowledge-
based approaches. Also, the full potential that arises from the underlying logical
structure within a knowledge-based system may not be fully exploited yet.

In this thesis we deal with knowledge-based approaches which encode the un-
certainty in knowledge by probabilities. We consider the following scenario from
the medical domain as a classical example (cf. the genetics example from [Gelman
et al., 2013 as a similar alternative).

Example 1.1.1

A common task of a doctor is to decide, based on a patient’s symptoms, which
illness the patient is suffering from and what diagnosis the doctor should make.
Different combinations of symptoms can often correspond to several clinical
pictures, so that a diagnosis can usually be made with some degree of uncer-
tainty only. In order to make this uncertainty tangible, statistics are consulted
from which probabilities are derived. However, instead of the probability in
which the doctor is interested, namely the probability with which the diagno-
sis of disease D is correct given the symptoms Si,...,S,, i.e., the probability
P(D|S1 A ... AS,), only the probabilities P(S;|D) (“What is the probability
that the symptom S; is present in case of disease D?”) and P (D) (“How com-
mon is disease D?”) are usually available. From a mathematically formalized
viewpoint, the doctor’s task is now to derive the probability P(D|S1 A...AS,,)
from his knowledge “P(D) = p and P(S;|D) =p; fori =1,...,n.”

Bayesian Networks [Pearl, |1988] and Markov Logic Networks |Richardson and
Domingos|, 2006] are by far the most prominent approaches to cope with proba-
bilistic inference tasks like the one in Example Both approaches belong to
the graph-based reasoning methods and map conditional dependencies between vari-
ables to directed (Bayes) or undirected edges (Markov) of a graph (resp. a network).
Such networks compactly represent joint probability distributions over all involved
variables by exploiting conditional (in)dependencies. Inference queries can then be
answered by computing the relevant probabilities via propagation methods which
exploit the internal structure of the network. A disadvantage of these approaches
is that the conditional (in)dependencies must be reliably known and hard-coded
into the network. Even worse, the probability distributions must be fully specified,
usually in form of local distributions. These requirements are not always satisfied
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in practice, though, like in Example|l.1.1} so that additional assumptions are made.
The Naive Bayes approach (cf. e.g., [Lewis, |1998]) is a typical example for that
which is often applied to disease prediction problems like the one in Example [I.1.1]
(cf. [Jetti et al., 2021 Reddy et al., [2023]).

Example 1.1.2

We illustrate the Naive Bayes approach by means of Example In this
case, applying Naive Bayes means to assume that the symptoms 57, ..., .5, are
conditionally independent of each other given the disease D, i.e.,

n

P(SiA...AS.D) =] P(Si|D). (1.1)

=1

In general, this is just an approximation, of course, because symptoms usu-
ally do not occur independently. With the assumption (1.1)) and with Bayes’
theorem, here stating that

P(D)-P(Si A...NAS,|D)
P(S1A...ASp)

holds, the sought probability P(D|S; A ... A S,) is determined by

mm&wnmmzpwyﬁpwm)

i=1

for patients who show the symptoms Si,...,S,, i.e., for which
P(S1 A ... ANS,) = 1 holds. Hence, the doctor is able to estimate the
probability of D given Si,...,S, based on her knowledge (cf. Example
as required:

PDIS1 A ... AS) =p-]]pi-
i=1

In this thesis we consider the general case in which the probability distribu-
tion from which inferences are to be drawn, i.e., which is supposed to describe the
reasoner’s belief state about the real world, is not fully known. We start from a
knowledge base consisting of probabilistic conditionals (1|¢)[p] representing uncer-
tain statements of the form “if ¢ holds, then 1 follows with probability p.” These
conditionals constrain the probability distribution but usually do not determine it
completely. In principle, inferences could be drawn from all models of the knowledge
base together, i.e., from those probability distributions which satisfy the conditionals
in the knowledge base. However, drawing inferences in this way is often too unin-
formative (cf. [Wilhelm et al.; 2022]). Instead, we pursue the approach of selecting
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-- Knowledge-Based System --

Query: Knowledge base R

Probabilistic model
P*of R

Probability of
(Y]¢) =7

Figure 1.1: Setup of a knowledge-based system for answering probabilistic inference
queries in a model-based way.

a distinct probabilistic model of the knowledge base by specifying the ambiguous
probability values in a principled way before drawing inferences (cf. Figure .
The selection of a distinct model is known as the probabilistic model selection task.

In the propositional context, i.e., when the conditionals (¢|¢)[p] are built upon
propositional formulas ¢ and v, it has been shown that the principle of maximum
entropy (MaxEnt principle), which goes back to [Shannon and Weaver], 1949; Jaynes,
1957alb], provides the only model of a probabilistic conditional knowledge base R
that satisfies some fundamental commonsense principles and, in this sense, solves
the model selection task for R best [Paris, 1998]. The MaxEnt principle states that,
when given incomplete probabilistic information about a system, the probability
distribution of choice is the one that maximizes the entropy subject to the constraints
of the information that is known. Mathematically, this leads to the solution of the

nonlinear optimization problem
PME _ max H(P), 1.2
R argp aR (P) (1.2)

where
H(P) =) P(w) logP(w)
we
is the entropy of P and the elements in () are formalizations of the possible states
of the world (aka possible worlds). In this way, the maximum entropy model PNE
adds as little information as possible to the knowledge base R in order to arrive at
a complete probability distribution.

Inferences based on the principle of maximum entropy are particularly useful
when most cautious yet informative inferences need to be drawn, as it is the case in
the applications mentioned above (diagnosis in medicine and fraud detection in eco-
nomics). While determining the maximum entropy distribution requires solving the
non-linear optimization problem and, thus, is challenging from a mathemati-
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cal point of view and commonly known as a black box methodology (cf. |Mazzoni
[2016]), in the propositional setting the MaxEnt inference problem is theoretically
well understood [Jaynes, [1983; |[Paris and Vencovska, [1990; [Paris, 1998, 2006; Kern-
Isberner, 2004] and also useful implementations exist (cf., e.g., SPIRIT [Rodder and
Meyer, [1996]). In practical applications, however, propositional logics are often not
expressive enough to model the knowledge adequately. Usually, one wants to make
statements about properties of objects and individuals as well as about relationships
between them [Staab and Studer, 2009]. In Example this could mean the inte-
gration of patient-specific data into the background knowledge of the doctor. This
inevitably leads to concepts known from first-order logics (cf., e.g., |Genesereth and
Kaol 2016]) such as constants, which can be used to represent individuals and ob-
jects, unary predicates, which are useful to represent properties of individuals and
objects, binary predicates, qualified for role relationships, and quantifications. Since
first-order logics are known to be undecidable in general and, thus, are usually too
powerful to represent and process knowledge, fragments of first-order logics have
emerged that are better suited to KR. In their classical form, Description Logics
[Baader et al., 2008a] represent decidable fragments of first-order logics developed
to achieve a good compromise between expressiveness and complexity. Also re-
lational logics over finite domains [Genesereth and Kaol 2016], sometimes called
function-free first-order logics, are widely used in KR.

Thus, the topic of this thesis is to integrate maximum entropy reasoning in
relational logics and Description Logics in order to benefit from both the power of
principled MaxEnt inferences and the expressiveness of the logics. Therewith, on the
one hand, we extend maximum entropy reasoning with the possibility to adequately
make statements about individuals, classes of individuals, and relations between
them, which is a necessary step towards applying maximum entropy reasoning to
real world applications. And, on the other hand, the integration of maximum entropy
in relational logics or Description Logics allows us to express uncertain statements
within these originally purely classical logics and, therewith, to reason inductively

in a nonmonotonic way.
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1.2 State of the Art

In the last two decades, a lot of research has been done in the field of statisti-
cal relational AI (StarAI) [Getoor and Taskar, 2007; |De Raedt et al., 2016] on
drawing inferences from probability distributions which are defined over relational
background languages. In fact, efforts to combine probability theory with (frag-
ments of) first-order logics go back much further. The works of Pearl [Pearl, |1988|,
2009] and Halpern [Halpern, 1990, 2005] are among the fundamental ones. Because
the probabilities of relational sentences are considered to be the sum of the proba-
bilities of the models of the sentences, especially sophisticated weighted first-order
model counting techniques (cf. [Van den Broeck et al., 2011; Van den Broeck, 2013;
Van den Broeck et all 2014; Beame et al., 2015]) have contributed to the recent
successes in this research area. A common assumption of approaches to StarAl is
that the probability distribution is fully specified, hence, the model selection task
is usually excluded. Also, the interpretation of probabilistic expressions with free
variables, whether formulas or conditionals, is usually left out or based on a sim-
ple grounding semantics. This also holds for the probabilistic logic programming
language ProbLog] [De Raedt et al 2007; De Raedt and Kimmig| [2015] which ex-
tends Prolog (cf., e.g., |[Covington et al., 1988|) by probabilistic facts and, therewith,
allows for drawing probabilistic inferences from relational knowledge in the style of
declarative programming.

In [Kern-Isberner and Thimm)| [2010], propositional conditional maximum en-
tropy reasoning is lifted to the relational setting. This particularly integrates the
model selection via in the reasoning process. Further, [Kern-Isberner and
Thimm, 2010] proposes sophisticated semantics for open (probabilistic) condition-
als (1|¢)[p], where the relational formulas ¢ and ¢ may mention free variables.
There is a need to develop semantics for open conditionals because the conditional
probability P(1|¢) is not well-defined in this case. Hence, open conditionals re-
quire a richer semantics than interpreting them via conditional probabilities. Open
conditionals create real added value, though. While one can argue that relational
sentences over finite domains are as expressive as propositional formulas, open condi-
tionals such as (Flies(X)|Bird(X))[p] do not have a clear counterpart in propositional
probabilistic conditional logics. Instead, the conditional (Flies(X)|Bird(X))[p] can
be interpreted in many ways. For instance, the conditional can express that “each
bird is able to fly with probability p,” or “prototypical birds are able to fly with
probability p,” or “birds in general, e.g., in some kind of mean, are able to fly with
probability p.” It all depends on the formal semantics of open conditionals.

In this thesis, we rely on the aggregating semantics [Kern-Isberner and Thimm),
2010] when interpreting open conditionals. The aggregating semantics combines the

"https://dtai.cs.kuleuven.be/problog/| (July 9, 2024)
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probabilities of the instances of an open conditional, i.e., the open conditional in
which the free variables are substituted by constants, and, therewith, nicely com-
bines statistical and subjective views on the conditional. Basically, a probability
distribution P models a conditional r = (¥|¢)[p] under the aggregating semantics if

> e)plemnsts(r) P (@ AY)
Z(¢/|¢')[p]€|nstz(r) P(¢)

In essence, probabilities under the aggregating semantics are understood as degrees

of belief (type 2 probabilities according to [Halpern| [1990]) but also depend on
the counts of the instances which are verified or falsified in a possible world and,
thus, also rely on statistical frequencies (see |[Halpern) [1990; |Grove et al., [1994;
Bacchus et al., [1996] for different interpretations of probabilities, in particular in
first-order settings). An instance (¢'|¢')[p] without free variables is verified iff both
the premise ¢’ and the conclusion ¢’ of the conditional are true, and it is falsified
iff ¢’ is true but ¢/ is false.

The aggregating semantics fits well to the principle of maximum entropy because
under the aggregating semantics the maximum entropy model of a consistent con-
ditional knowledge base always exists and is unique. As a consequence, I choose
the aggregating semantics as the underlying semantics for my investigations on rela-
tional maximum entropy. Therewith, my work is in line with the works of Matthias
Thimm, Jens Fisseler, and Marc Finthammer [Fisseler, [2010; Thimm et al., 2011}
Thimm|, 2012; Fisseler, 2012 Finthammer) 2012; Finthammer and Beierle, 2012,
2014; Finthammer, 2017] who developed the ideas from [Kern-Isberner and Thimm),
2010 further. A common theme of these works is to understand the influence of
the domain elements on the aggregated MaxEnt probabilities of open conditionals.
Technically, this influence can be formalized in the notions of conditional structures
and of (weighted) conditional impacts (cf. [Kern-Isberner, [2004; |Finthammer, 2017])
which are ways of evaluating conditionals within possible worlds. In the relational
setting, the conditional structure of a possible world is an algebraic representation
of how many instances of a conditional are verified or falsified in this world. The
verification and falsification behavior can differ both from instance to instance and
from possible world to possible world. In [Finthammer, |[2017], conditional structures
and (weighted) conditional impacts are intensively studied for some simple classes
of open conditionals, especially for atomic conditionals (1|¢)[p] where ¢ and 1) are
atoms. What is still missing, however, is a general framework for the systematic
analysis of conditional structures and, thus, of MaxEnt probabilities for more com-
plex conditionals that also contain compounded formulas, in particular under the
use of quantifiers.

A further limitation of most approaches to StarAl is that the domain size is
considered to be finite in order to ensure that counting techniques work. In De-
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scription Logics, the domain size is usually unrestricted, though. The integration
of probabilistic reasoning formalisms into Description Logics is not new. Two early
extensions of Description Logics by probabilities can be found in |[Heinsohn |1994]
and |Jaeger] 1994]. In classical Description Logics, knowledge bases consist of a
set of terminological axioms describing relationships between concepts, and a set
of assertional axioms stating concept and role assertions of (tuples of) individuals.
Both approaches to probabilistic Description Logics, [Heinsohnl, [1994] and [Jaeger],
1994, allow for probabilistic terminological axioms of the form P(D|C) = p in addi-
tion, where the semantics is based on probability measures on the set of all concept
descriptions (modulo equivalence). Therewith, the semantics of probabilistic termi-
nological axioms has a statistical origin. Further, both approaches [Heinsohnl |1994]
and |Jaeger, 1994] do not involve a model selection strategy but draw inferences
from all models of the probabilistic Description Logic knowledge base. In addition,
[Jaeger, [1994] allows for probabilistic assertions of the form P(C(a)) = p which ex-
press a degree of belief in a being an instance of C'. In order to connect the statistical
probability measures over concept descriptions and the subjective degrees of belief
in assertions, [Jaeger], 1994] uses cross-entropy minimization to find measures for
probabilistic assertional axioms which do not violate the assertions and are closest
to the measures for the probabilistic terminological axioms.

In [Koller et al.,|1997] probabilistic terminological knowledge is considered where
the probability distributions are defined over the properties of individuals expressing
to which extent these properties overlap. The probability distributions are repre-
sented as Bayesian Networks. This allows for tractable reasoning about classes of
individuals but there is no possibility to include assertional axioms.

The probabilistic Description Logic considered in |[Gutiérrez-Basulto et al., 2011]
includes probabilistic concept and role constructors. A probabilistic concept ex-
presses a degree of belief in individuals being an instance of the concept and
probabilistic roles are defined analogously. Probabilities are also applied to com-
pounded concepts but in this logic it is not possible to express probabilistic ter-
minological knowledge like probabilistic concept inclusions. In [Gutiérrez-Basulto
et al, [2017] the probabilistic Description Logic is extended by probabilistic condi-
tionals P.,(C|D) with ~ € {<,<,=,>,>} which, however, have a different se-
mantics to conditionals in this thesis. Probabilistic conditionals P.,(C|D) from
|Gutiérrez-Basulto et al., 2017] are concept constructors and represent all domain
elements d for which the degree of belief pZ(C'T1 D) in d being an instance of both C
and D, and the degree of belief p%(D) in d being an instance of D satisfy the rela-
tion pZ(C' M D) ~ n - pk(D).

Knowledge bases in [Niepert et al., 2011] consist of classical (deterministic) ter-
minological knowledge as well as weighted knowledge where the weights w¢ are real
numbers assigned to terminological axioms C. The probabilistic interpretation of
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such weighted axioms is via log-linear probability distributions where the weights of
the axioms are considered as the weights of the log-linear models. More precisely,
let (CP,CY) be a knowledge base in the sense of |[Niepert et al.,[2011], i.e., CP is the
deterministic knowledge and CY the weighted knowledge, then the probability of a
weighted axiom C’ is given by

N
PE) = Zexp (Z(C,wc)ECU: CrC wc) (1.3)

provided that C” is coherent and consistent with CP, and by P(C’) = 0 otherwise,
where Z is the normalization constant of P. Since the maximum entropy model
is also a log-linear model, the approach from [Niepert et al., 2011] is the approach
to probabilistic Description Logics which is most similar to ours. The main dif-
ference is how the weights go into the log-linear model since [Niepert et al., [2011]
does not rely on the aggregating semantics (compare to where the exp-
term mentions so-called feature functions which combine conditional structures and
the probabilities of conditionals as an outcome of the aggregating semantics). In
addition, [Niepert et al., 2011] does not allow for assertional knowledge.

Another probabilistic Description Logic, ALCP, is presented in [Penaloza and
Potykal 2016]. ALCP makes explicit use of the principle of maximum entropy. How-
ever, in ALCP probabilities are not assigned to Description Logic axioms directly
but to an additional propositional logic which serves as a context for the Description
Logic. Therewith, the language ALCP is quite different to our approach. In ALCP
no assertional axioms are allowed either. Further work on probabilistic Description
Logics can be found, for example, in |Lukasiewicz, |2008; Sebastiani, |1994; |Klinov},
2011} |[Klinov and Parsial 2013; |Riguzzi et al., 2013], and also the survey papers
[Lukasiewicz and Straccia, 2008; de Salvo Braz et al., |2008] provide additional in-
formation about probabilistic Description Logics and probabilistic first-order logics
in general. However, none of these approaches rely on the aggregating semantics or
make explicit use of the principle of maximum entropy in the way we do.

In our approach on systematically analyzing relational maximum entropy reason-
ing, we make use of model counting techniques similar to those from StarAl. When
transferring our results to Description Logics, we stick to a fixed finite domain in
order that the model counting techniques still work in this case. To maintain the
possibility of expressing statements over infinite domains, we draw on an approach
called satisfiability modulo theory |Barrett et al.l 2021]. It generalizes the satisfiabil-
ity problem (SAT) to more complex formulas, in our case involving integers and real
numbers. The satisfiability of these expressions is tested with respect to an arith-
metic background theory. Our approach is closely linked to Description Logics with
concrete domains |[Baader and Hanschke, [1991; Baader and Bortoli, 2023, 2024].
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1.3 Research Questions and Main Contributions

The application of maximum entropy reasoning to Description Logics with the goal

to draw principled probabilistic inferences from relational domain knowledge raises

many questions and research tasks. In this thesis, we mainly tackle the following

four research questions:

Q1

Q2

Q3

Is there a systematic and efficient way of computing conditional structures
with respect to relational probabilistic conditional knowledge bases even for
huge domain sizes?

Background: Under the aggregating semantics the maximum entropy model
of a relational probabilistic conditional knowledge base R provides a product
representation which is fully determined by the conditional structures with
respect to the conditionals in R and their probabilities (cf. [Kern-Isberner
and Thimm)| 2010; Jaynes, [1983]). Hence, computing conditional structures is
essential for maximum entropy reasoning. In [Finthammer] 2017], it has been
shown that an efficient computation of conditional structures is a tough task,
especially if the domain size k is huge, because the number of possible worlds
for which the conditional structures have to be computed grows exponentially

in k, and also the conditional structures themselves become more complex.

Is there a systematic and efficient way of drawing inferences at maximum
entropy from relational probabilistic conditional knowledge bases even for huge

domain sizes?

Background: The question that directly follows from Q1 is, of course, whether
the maximum entropy model of a knowledge base R can also be computed
and used to draw inferences efficiently. The maximum entropy model can be
stored in form of a real-valued vector, which we call the ME-vector, the length
of which is constant in the domain size (cf. [Kern-Isberner and Thimm), 2010;
Finthammer, 2017]). It is unclear under which conditions this representation
can be computed and used to draw inferences at maximum entropy while
preventing an exponential blowup caused by the domain size.

How to combine maximum entropy reasoning and Description Logics with

fixed finite domains?

Background: Classical Description Logics (cf. |[Baader et all 2007]) are frag-
ments of first-order logics and, therefore, related to the relational background
logics of conditionals that are addressed in [Kern-Isberner and Thimm)|, 2010]
as well as in Q1 and Q2. At first sight, the investigations on relational maxi-
mum entropy reasoning should be transferable to Description Logics. However,
the approach in [Kern-Isberner and Thimm) [2010] builds upon an Herbrand

10



1.3. RESEARCH QUESTIONS AND MAIN CONTRIBUTIONS

semantics and is limited to finite domains which is different from common
Description Logics. A reasonable first step towards integrating maximum en-
tropy reasoning into Description Logics is to investigate Description Logics
with fixed finite domains. Besides probabilities, this particularly introduces
conditionals to Description Logics and an important question is how the ag-
gregating semantics of open probabilistic conditionals transfers to conditionals
defined over Description Logics.

Q4 How to deal with infinite domains in maximum entropy reasoning?

Background: Description Logics allow for countably infinite domains, in prin-
ciple. While considering fixed finite domains as in Q3 is a common simplifi-
cation in probabilistic Description Logics [Gaggl et al., 2016], we also want to
investigate the case of infinite domains here. This is a challenging task when
relying on the principle of maximum entropy because the maximum entropy
model tends to the uniform distribution by fulfilling the paradigm of condi-
tional indifference [Kern-Isberner and Thimm), 2012]. As a consequence, in the
absence of beliefs the probability distribution with maximal entropy should be
the uniform distribution. It is well known that there is no uniform distribution

in countably infinite probability spaces, though.

The main contributions of this thesis to answer the research questions Q1 to Q4
are the following.

Typed Model Counting: By far the most important contribution of this thesis
is the development of typed model counting in Section and the subsequent
sections. With typed model counting it is possible to exploit (algebraic) first-
order model counting strategies [Kimmig et al., [2017; Van den Broeck, 2013]
when computing conditional structures or related expressions. Therewith,
we fruitfully link conditional reasoning based on maximum entropy to the re-
search field of first-order model counting and knowledge compilation [Darwiche
and Marquis, 2002] and make use of the sophisticated results and strategies
from this line of research. A challenging task when computing conditional
structures for relational knowledge bases over huge domains is the application
of combinatorial arguments with respect to indistinguishabilities between the
domain elements, which has been limited to some special cases until now (cf.
[Finthammer, 2017]). Typed model counting, instead, allows to incorporate
combinatorial arguments for complex relational knowledge bases which, for
example, mention quantifiers. Typed model counting can also be used to
draw inferences at maximum entropy and, thus, we address the research ques-
tions Q1 and Q2 with this approach.

11
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Condensed Iterative Scaling: The output of typed model counting when used
to compute conditional structures is a very compact representation which ag-
gregates conditional structures of all conditionals from the knowledge base
over all possible worlds. In order to benefit from this representation, it is
necessary to develop new, problem-adapted numerical methods for comput-
ing the respective maximum entropy model thereof. With condensed iterative
scaling we provide such a problem-adapted algorithm. We present and discuss
condensed iterative scaling in Section Like typed model counting, this

contribution is mainly related to the research questions Q1 and Q2.

Description Logic ALCME: In Section , we propose the probabilistic Descrip-
tion Logic ALCME which integrates probabilistic conditionals into the proto-

CME are interpreted based

typical Description Logic ALC. Conditionals in AL
on the aggregating semantics and the principle of maximum entropy. Hereby,
we stick to fixed finite domains and an Herbrand-based semantics. Therewith,
we combine maximum entropy reasoning and Description Logics as promised
in Q3. We discuss how ALCME-knowledge bases can be translated into rela-
tional probabilistic conditional knowledge bases in order to benefit from the
concepts of typed model counting and condensed iterative scaling, and we also

show how to draw domain-lifted inference in ALCME (Section .

SMT-Approach for Infinite Domains: In Section we address the research
question Q4 by introducing a novel concept constructor into ALCME which
is based on linear arithmetic constraints and closely linked to the concept of
concrete domains in Description Logics [Baader and Bortoli, 2023|, 2024]. The
linear arithmetic constraints are formulated over the integers or real numbers
and, therewith, allow for statements about a countably infinite domain (in case
of integers) and also an uncountably infinite domain (in case of reals). The
satisfaction of concepts that involve linear arithmetic constraints is decided
modulo the theory of linear arithmetic. As a consequence, the probability
space remains finite and the principle of maximum entropy can be applied.

1.4 Previous Publications

An overview of the peer-reviewed publications to which I have contributed, and
which served as preparatory work for this thesis, follows. For each publication, I
note what parts of this publication can be attributed to me. Further publications by
me with less reference to this thesis are grouped by their topic and briefly discussed
afterwards. The citations of the form [pX] refer to Section which provides
a complete list of my peer-reviewed publications until the day of submission of
the thesis.

12
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Systematic Computation of Conditional Structures: In the paper [p3], we
developed an algorithm called CONDSTRUCTOR which computes the condi-
tional structures of possible worlds with respect to propositional conditional
knowledge bases. Conditional structures are automatically grouped to equiv-
alence classes. The basic concept used in this paper is a variant of Boole’s
expansion theorem (also known as Shannon decomposition; [Boole, [1854; |Shan-
non, 1949]). The system can be seen as a precursor to (propositional) typed

model counting.

I am the main author of this paper, the essential ideas of CONDSTRUCTOR

are mine. Co-authors of this paper are Gabriele Kern-Isberner and Andreas
Ecke.

Propositional Typed Model Counting: In the paper [p5], we presented the
concept of typed model counting for probabilistic conditional reasoning at max-
imum entropy for the first time. Central in this paper is the compilation of
conditional knowledge bases into structured sentences in sd-DNNF® normal
form which can then be used to compute conditional structures by counting
their typed models. In this paper, the approach of typed model counting is
applied to a propositional setting.

I am the main author of this paper. The idea of typed model counting and its
realization by structured sentences are my work. Co-author of this paper is
Gabriele Kern-Isberner.

Relational Maximum Entropy and Basic Independence Results: In  the
paper [p8], we have proven some basic independence results for relational
maximum entropy reasoning. The main outcomes of this paper are product
representations of the maximum entropy distribution which exploit splittings
in the syntax of the underlying knowledge base on the one hand and iso-
morphic operands, basically caused by indistinguishabilities between domain
elements, on the other hand.

I am the main author of this paper. I have contributed the formulations and
the proofs of the central propositions in the paper. Co-authors of this paper
are Gabriele Kern-Isberner and Andreas Ecke.

First-Order Typed Model Counting: In the paper [p7], we lifted the concept
of typed model counting (cf. [p5]) to the relational setting. It constitutes one
of the essential sources for this thesis.

I am the main author of this paper. The idea and the technical elaboration of
first-order typed model counting are mine. Co-authors of this paper are Marc
Finthammer, Gabriele Kern-Isberner, and Christoph Beierle.

13
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Generalized Iterative Scaling: In the paper [p10], we proposed an iterative scal-
ing algorithm called iGIS for calculating the maximum entropy distribution of
relational probabilistic conditional knowledge bases. Our algorithm continues
work from [Finthammer, 2012; Finthammer and Beierle, |2012] by exploiting
independence results for the maximum entropy distribution (cf. also [p8]). Me-
thodically, we extended weighted conditional impacts (WCIs) to WCI systems
by respecting probabilistic independencies.

I am the main author of this paper. The concept of weighted conditional
impacts and the idea of using them for generalized versions of iterative scaling
algorithms for maximum entropy computations can be attributed to Marc
Finthammer. My contribution is lifting WCIs to WCI systems and adapting
the iterative scaling algorithm accordingly. The implementation of iGIS is my
work. Co-authors of this paper are Gabriele Kern-Isberner, Marc Finthammer,
and Christoph Beierle.

Condensed Iterative Scaling: The contributions of [p13] are manifold. Besides
the further elaboration of first-order typed model counting (cf. [p7]), we pre-
sented with condensed iterative scaling an algorithm which merges the research
lines of improving iterative scaling algorithms for maximum entropy reasoning
and of typed model counting. In addition, we established a connection be-
tween maximum entropy reasoning and Markov Logic Networks [Richardson
and Domingos|, [2006]. This paper constitutes another important source of this
thesis.

I am the main author of this paper. The condensed iterative scaling algorithm
is my work. The idea of combing maximum entropy reasoning and Markov
Logic Networks is from Gabriele Kern-Isberner. Co-authors of this paper are
Gabriele Kern-Isberner, Marc Finthammer, and Christoph Beierle.

Description Logic ALCVE: In the paper [p12], we presented the probabilistic De-
scription Logic ALCME which introduces probabilistic conditionals into the
prototypical Description Logic ALC. We investigated ALCME knowledge bases
without assertions with respect to a fixed finite domain under a maximum
entropy semantics. We were able to show that drawing inferences is domain-
liftable in this case.

I am the main author of this paper. The foundations on Description Logics
were provided by Franz Baader and Andreas Ecke. I myself have drawn the
connection to maximum entropy reasoning and provided the proofs of the
paper. Co-authors of this paper are Gabriele Kern-Isberner, Andreas Ecke,
and Franz Baader.

14
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Description Logic ALCME and Typed Model Counting: In the paper [p14],
we applied typed model counting to the probabilistic Description
Logic ALCME. We discussed several illustrating examples, among others

the antecedent conjunction problem (cf. also [Kern-Isberner, 2001al).

I am the main author of this paper. In particular, I contributed the calculations
of lower and upper bounds for the maximum entropy vector with respect to
the antecedent conjunction problem. Co-author of this paper is Gabriele Kern-
Isberner.

Complexity Results for ALCME: In the paper [p15], we investigated the com-
plexity of deciding the consistency of knowledge bases in the probabilistic
Description Logic ALCME. Among other results, we proved that the domain
size complexity of deciding the consistency of an ALCME-knowledge base is

in P for unary encodings of the domain size.

The main author of this paper is Franz Baader. Besides Andreas Ecke and
Gabriele Kern-Isberner, I co-authored with minor contributions.

Maximum Entropy and Linear Arithmetic Constraints: In the paper [p27],
we tackled the problem of combining maximum entropy reasoning and infinite
domains. Because the maximum entropy distribution is not well-defined for
countably infinite domains, we proposed an approach based on satisfiability
modulo theory (SMT) which outsources the analysis of infinite structures to
an underlying linear arithmetic theory. In Section we lift this approach
from propositional conditionals modulo linear arithmetic to conditionals with
description-logical expressions.

I am the only author of the paper. All contributions of this paper are my
work.

Below are the publications to which I have contributed but which have only a

minor connection to the thesis.

Maximum Entropy and Grébner-Basis Theory: In the papers [pl], [p2], [p4],
and [p9], we investigated the maximum entropy approach on a more abstract,
purely symbolic level and asked for inferences that can be drawn from a prob-
abilistic conditional knowledge base at maximum entropy without having to
solve the maximum entropy optimization problem numerically. We showed
that, in some cases, maximum entropy inferences can be drawn symbolically
by using Grébner basis theory (cf. [Becker and Weispfenning, [1993]) from the
field of symbolic computation.
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Conditional Reasoning and ACT-R: The papers [pl8], [p20], [p21], [p22],
[p24], and [p29] contribute to the innovative research field of cognitive log-
ics [Ragni et al., 2020] that deals with the connection of formal approaches to
uncertain reasoning and cognitive science. In the mentioned papers, we com-
bined conditional reasoning and the cognitive architecture ACT-R (Adaptive
Control of Thought-Rational, cf. [Anderson et al., [2004]). While most of the
works concentrate on qualitative reasoning, a connection between ACT-R and
the principle of maximum entropy is worked out in [p22].

Conditionals with Default Negation: The papers [p6] and [p16] introduce the
concept of default negation [Clark, [1977] to conditionals. The default negation
“not A” is a form of weak negation and is intended to express that “not A”
holds by default as long as A is not known to be true. While [p6] investigates
qualitative conditionals with default negation, [p16] deals with probabilistic
conditionals and default negation under the principle of maximum entropy.

Maximum Entropy and Belief Fusion: The paper [pl7] applies the maximum
entropy principle for relational conditionals to the task of fusing beliefs of
multiple agents. Here, closed conditionals which mention a single constant
represent the beliefs of an individual agent and open conditionals without

constants stand for the fused beliefs.

Maximum Entropy and Syllogism Tasks: In [p19], the principle of maximum
entropy is used to predict human responses to syllogism tasks (cf. [Khem-
lani and Johnson-Laird, 2012]). Syllogisms are specific types of semi-logical
conclusions. An example is: “All cats have fur. Some pets are cats. Hence,
some pets have fur.” In syllogism tasks, humans are asked to choose the most
appropriate conclusion from given preconditions out of a series of prescribed

options.

Qualitative Uncertain Reasoning: The papers [pll1], [p23], [p25], [p26], [p28],
[p30], [p31], and [p32] are dedicated to qualitative uncertain reasoning with
different objectives.

I was thankfully allowed to incorporate my scientific work on probabilistic in-
ferences under maximum entropy into a tutorial and, thus, share it with a broader
audience as well. Together with Tanya Braun and Marcel Gehrke, I gave a tutorial
on the topic of “Statistical Relational Al — Exploiting Symmetries” at the KR 2023
conference [

2Tutorial website: https://www.uni-muenster.de/Informatik.AGBraun/en/research/
tutorials/kr-23.html| (July 9, 2024)
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1.5. OUTLINE

1.5 Outline

The remainder of this thesis is organized as follows.

Chapter [2} In Chapter [2 we settle the logical foundations of our investigations on
probabilistic inferences under maximum entropy for Description Logics. Af-
ter a general introduction to propositional logics (Section and relational
logics (i.e., function-free first-order logics over finite domains; Section [2.2)), we
extend relational logics by domain and set constraints in Section Basically,
domain and set constraints allow us to subtly restrict the scope of quantifi-
cations and open conditionals. In addition, domain and set constraints are
useful for model counting. In Section [2.4] an introduction to Description Log-
ics follows, in particular to the Description Logic ALC, before we conclude
this chapter with a comparison of the logics in Section [2.5]

Chapter [3p Chapter [3| deals with the representation of (uncertain) knowledge in
form of relational conditionals. In Section [3.1] we introduce basic notions of
relational conditionals and deepen the discussion of conditional structures in
Section [3.2] Conditional structures play a central role in the systematic com-
putation of maximum entropy models of probabilistic knowledge bases. We
extend relational conditionals by probabilities in Section [3.3] There, we also
study the semantics of so-called closed conditionals which are relational prob-
abilistic conditionals built upon formulas without free variables. While the
semantics of closed conditionals is straightforward, the semantics of open con-
ditionals with free variables is ambiguous. In Section [3.4] we discuss different
semantics of open conditionals with a focus on the aggregating semantics on
which we rely in this thesis.

Chapter [d: In Chapter 4] we discuss the principle of maximum entropy for rela-
tional probabilistic conditional knowledge bases. This principle allows us to
infer unique and principled probabilistic models of knowledge bases in Sec-
tion 4.2l Beforehand, we formally define knowledge bases and the in this
thesis central probabilistic inductive inference task (Section from which
we derive the maximum entropy inference task. After that, in Section we
discuss several formulations of the maximum entropy optimization problem.
What is worth mentioning here is the product representation of the maximum
entropy distribution which results from the dual maximum entropy optimiza-
tion problem and which revisits the concept of conditional structures. The
possibility to express the maximum entropy distribution in form of a product
is the fundamental prerequisite for our further investigations on the systematic
and efficient computation of maximum entropy probabilities. Section [4.4]is an

excursion on maximum entropy and Markov Logic Networks.
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CHAPTER 1. INTRODUCTION

Chapter [5; In Chapter 5] we define the problem of lifted inference at maximum
entropy. Lifted inference deals with the question how to draw inferences from
knowledge about large domains efficiently. In the narrower complexity the-
oretical sense, lifted inference means answering inference queries in time at
most polynomial in the number of domain elements. Here, we want to under-
stand the lifted inference task more generally as the systematic analysis of the
influence of the domain size on the inference and the use of these findings to
efficiently answer inference queries. We aim at structural effects, in particular
symmetries caused by indistinguishable domain elements, which provide com-
pact representations of the information that is necessary to calculate maximum
entropy inferences. Therefore, in Section [5.1] we conceptualize the term lifted
inference. Afterwards, in Section [5.2] we deal with the numerical calculation
of the maximum entropy model and propose an algorithm called condensed
iterative scaling that specifically aims to encapsulate the domain size as well
as possible in order to make it manageable.

Chapter [6; Chapter [6]is the central chapter of this thesis and introduces the con-
cept of typed model counting. Typed model counting is a modification of
model counting, here specifically first-order model counting, which aims to
compactly represent the conditional structure of a knowledge base, and thereby
provides the input for the condensed iterative scaling algorithm. Typed model
counting raises the model counting of first-order sentences to the level of con-
ditionals. In Section [6.1] we recall the basic ideas of first-order model counting
and, in particular, the normal form sd-DNNF. Sentences in sd-DNNF normal
form are particularly well-suited to count their models. In Section [6.2] we then
discuss the concept of typed model counting in detail and show its connection
to algebraic model counting in Section [6.3] Eventually, we apply typed model
counting to the task of computing the conditional structures of knowledge
bases in Section [6.4l

Chapter [Tt In Chapter [7, we transfer our results from Chapter [6] to probabilistic
conditional knowledge bases that are built upon description-logical expres-
sions. We define the Description Logic ALCME and introduce maximum en-
tropy reasoning for ALCME in Section . In Section , we investigate lifted
inferences at maximum entropy from ALCME-knowledge bases. We also deal
with the question of what happens when the size of the domain is infinite
(Section [7.3)). We point out difficulties that arise in the interaction between
the principle of maximum entropy and infinite domains and propose an ap-
proach on how to integrate statements about infinite domains into ALCME by
exploiting the concept of satisfiability modulo theory (SMT).
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Chapter 8 In Chapter 8] we draw a conclusion to this thesis. We briefly summa-
rize the content of this thesis in Section 8.1, and discuss the main results while
pointing to future work in Section [8.2]

Appendix: The appendix contains a separate section for the central mathematical
foundations of this thesis (Section , a catalog of knowledge bases that have
been examined using the method of typed model counting (Section , as
well as a list of peer-reviewed publications to which I contributed as an author
or co-author (Section . The thesis ends with the mandatory bibliography.

19



CHAPTER 1.

INTRODUCTION

20



Logical Foundations

In this chapter, we settle the logical foundations of this thesis. In Section 2.1 we
begin with a brief introduction to propositional logics (cf., e.g., [Hurley and Wat-
son), 2017]) which constitute a common basis for many logical systems in knowledge
representation and reasoning (KR). After that, we discuss relational logics (cf. e.g.,
|Genesereth and Kao, 2016; Lewis, [1918; |UIlman), [1988]) which extend propositional
logics mainly by the concepts of constants and predicates and, therewith, allow for a
more adequate representation of knowledge about individuals, their properties, and
relations among them than propositional logics can do (Section . We extend
relational logics by quantifiers with domain and set constraints in Section In
Section we give an overview of Description Logics |Baader et al., 2007, 2017]
which, like relational logics, constitute fragments of first-order logics. Thereby, we
focus on the prototypical Description Logic ALC. Finally, we compare the dif-
ferent logics, particularly with regard to their suitability to represent knowledge,

in Section 2.9

2.1 Propositional Logics

Propositional logics (cf., e.g., [Hurley and Watson, 2017]) are formal logics that
allow one to reason about the truth values of statements which can either be true or
false. They provide a formal language in which such statements can be expressed, as
well as an inference formalism with which statements can be deduced from others.
Propositional logics serve as the basis for many more elaborated logics and reasoning
formalisms.

In this section, we formally define the basic concepts of propositional logics and
fix related notations, abbreviations, and conventions that will be used throughout
the thesis. Our deliberations loosely follow the introduction to propositional logics
in [Beierle and Kern-Isberner, 2014].



CHAPTER 2. LOGICAL FOUNDATIONS

Syntax and Semantics of Propositions

We consider a propositional language L£(Xp) which is defined over a finite set of
atomic propositions Y p. Atomic propositions serve as the basic building blocks
of L(Xp). The set Xp is also called propositional signature. Statements, that can
either be true or false, are represented in L(Xp) as propositional formulas which are
the propositional atoms in X p or compounded propositional formulas obtained by
the use of the common connectives negation (), conjunction (A), or disjunction (V).
Later, we also introduce the material implication (=) and material equivalence (<)
as additional connectives.

Definition 2.1.1: Propositional Language
(cf. e.g., |Beierle and Kern-Isberner, |2014)])

Let Xp be a finite set called propositional signature. The propositional lan-
guage L(Xp) is the set of propositional formulas over Xp, or propositions for
short, which are either atomic propositions from Xp or compounded proposi-
tional formulas of the form —¢ (negation), (¢ A ) (conjunction), or (¢ V )
(disjunction) where ¢ and v are propositional formulas from £(Xp).

The semantics of propositional formulas in £(Xp) is given by propositional in-
terpretations which assign to each proposition a truth value from {0, 1}. The truth
value 1 stands for true, the truth value 0 for false.

Definition 2.1.2: Propositional Interpretation
(cf. e.g., |Beierle and Kern-Isberner, |2014)])

A propositional interpretation is a mapping Ip: L(Xp) — {0,1} which as-
signs to every propositional formula in £(Xp) a truth value, either 1 (Zrue)
or 0 (false). Propositional interpretations are determined by their assignments
to the atomic propositions in Xp. With ¢,9 € L(Xp), the interpretation of
compounded propositional formulas is recursively given by

1 if Ip(¢) =0

0 otherwise

> Ip(—¢) =

» Ip((p A1) = 1 if Ip(¢)=1 and Ip(z/;)zl7

0 otherwise

22



2.1. PROPOSITIONAL LOGICS

I | L(S) L(R) L(B) Ii(¢bow) I | L(S) L(R) L(B) ILi(¢bow)
I 1 1 1 1 I 0 1 1 0

I 1 1 0 1 I 0 1 0

I 1 0 1 0 I 0 0 1 0

1 1 0 0 1 Ig 0 0 0 1

Table 2.1: Evaluation of the proposition ¢pew = ((SA R)V—B) from Example[2.1.3]

> Ip((0 VY)) = -

0 otherwise
Because propositional interpretations are determined by their assignments to
the atomic propositions, there are 2/*?l-many different propositional interpretations

over X p. We denote the set of all propositional interpretations over ¥p with Int(Xp).

Example 2.1.3

We consider the propositional signature Y.p = {Sunshine, Rain, Rainbow} and
the propositional formula ¢ € L(Xp) given by

®bow = ((Rain A Sunshine) V —Rainbow).

“It rains and the sun shines, or there is no rainbow.”

The interpretations in Intp(Xp) and their evaluation of @pon is shown in
Table where we use the abbreviations S = Sunshine, R = Rain,
and B = Rainbow. For instance, ¢po, is true in the interpretation I; which
maps all three atomic propositions Rain, Sunshine, and Rainbow to true, because
the conjunction (Rain A Sunshine) which occurs in ¢pey is true in I;. Therewith,
the disjunction in ¢pew is true as well, independently of the evaluation of its

second disjunct —Rainbow.

A propositional interpretation Ip € Int(Xp) which maps a formula ¢ € L£(3p)
to true, Ip(¢) = 1, is called a propositional model of ¢. The set of all propositional
models of ¢ is denoted with Modsy;, (¢). If a propositional formula ¢ € L(Xp) entails
a formula ¢ € L(Xp), i.e., if Mody, (¢) € Mods, (¢) holds, then we write ¢ =y, .
Logical entailment is the inference formalism in propositional logics. If ¢ and ¥
entail each other, Mody,,(¢) = Mods,.(¢), then ¢ and ¢ are logically equivalent, in

symbols ¢ =5, 1.
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Example 2.1.4

We consider the signature ¥p = {Sunshine, Rain, Rainbow} and the formula
®bow = ((Rain A Sunshine) VV =Rainbow)

from Example again. The set of the propositional models of ¢p is (cf. Ta-
ble [2.1))
Mods,, (¢bow) = {11, I2, 14, 16, Is}

The subformula 10, = (Rain A Sunshine) of @pey entails ¢pe, because

Mods.,, (Vbow) = {11, 12} € Mody:,, (Pbow)-
It is easy to prove via truth tables such as Table that ¢pow and ¢y, where
Gpow = ((Rain V —Rainbow) A (Sunshine VV =Rainbow)),

are logically equivalent.

We assume that the reader is familiar with the common laws that preserve logical

equivalence when rearranging propositional formulas, like the distributive law

(6N V) =x (0 V) A (S VY))

for ¢, @', € L(Xp), for instance. Actually, by applying the distributive law to @pow
from Example [2.1.3] one can show that the formulas ¢pow and ¢, (cf. Exam-

bow
ple [2.1.4) are logically equivalent as well.

Abbreviations and Conventions

Throughout this thesis, we use the following abbreviations and conventions in order
to improve the readability of logical expressions.

» If it is clear from the context which signature ¥p is used, then we omit the
subscript Xp. For example, we write = instead of =y, for the entailment
relation, and = instead of =y, to indicate logical equivalence.

» We stick to the common conventions when omitting parentheses in propo-
sitional formulas, always provided that the formulas are represented unam-
biguously. For instance, we write ¢; A ¢3 V ¢3 instead of ((¢1 A ¢o) V ¢3)
because we assume that negations bind stronger than conjunctions, and con-
junctions bind stronger than disjunctions. We also omit double parentheses
like in Iy, ((¢ A ) and write Iy, (¢ A 1) instead.
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» We introduce the material implication ¢ = 1 as an abbreviated form of —~¢V1).
That is, ¢ = ¢ = —¢ V . Further, the material equivalence ¢ <
indicates on a syntactical level that ¢ implies ¢ and v implies ¢, i.e.,

peVv=(0=Y)N W =9).

» We also use the following abbreviations: We write ¢t instead of ¢ A (juxtapo-
sition indicates conjunction), and we write ¢ instead of —¢ (overline indicates

negation).

Propositional logics form the basis of the more complex relational logics which
are introduced in the next section.

2.2 Relational Logics

Relational logics are function-free first order logicdl] defined over finite domains
|Genesereth and Kao, 2016; Ullman, 1988]. They extend propositional logics by
the concepts of constants and predicates with which it is possible to formalize state-
ments about single individuals but also relate individuals to each other. With the
quantifiers V and 4, statements about all or some individuals can be expressed.
For example, the natural language statement “all penguins are birds” translates
to VX.Penguin(X) = Bird(X), and “Peter has a friend” to 3X.friend(peter, X).
Therewith, relational logics provide expressive languages that can be used to repre-
sent and reason about general but also individual-specific knowledge.

In this section, we discuss the general syntax and semantics of relational ex-
pressions. Furthermore, we make some specific remarks on the satisfiability and
equivalence of relational sentence as well as on counting their models which will
be of importance in the further course of the thesis. Again, we loosely follow the

explanations in [Beierle and Kern-Isberner, [2014].

Syntax of Relational Formulas

Relational languages RL(X) are defined over finite signatures 3 which are, in con-
trast to propositional signatures, tuples that consist of a set of constants and a set
of predicates.

INote that in function-free first order logics constants are allowed although they are technically
functions of arity 0.

25



CHAPTER 2. LOGICAL FOUNDATIONS

Definition 2.2.1: (Relational) Signature
(cf. e.g., [Beierle and Kern-Isberner|, |2014))

A finite (relational) signature is a tuple ¥ = (Consty, Predy,) consisting of a
finite set of constants Consty, and a finite set of predicates Preds. A constant is
a formal representation of an individual or an objectq] and is typically denoted
by a lowercase letter (a,b,c,...). A predicate is a predicate symbol, here an
uppercase letter (P, Q, R, ...), together with an arity n € Ny, for example P/n,
and formalizes a circumstance (in case of n = 0), a concept or a property of an
individual (n = 1), or a relation between individuals (n > 1).

“We will stick to the term individual in the following, regardless of whether we mean a
living individual or not.

A term of arity n € Ny is a tuple of n constants or (logical) variables, where
variables serve as “placeholders” for constants and are denoted by uppercase let-
ters X,Y,Z,... An atom is a predicate P/n together with a term ¢ of the same
arity n, denoted by P(t). Atoms are the basic building blocks of the formulas
in RL(X). An atom the term of which does not mention any variables is called a
ground atom. The set of all atoms that can be built over ¥ is denoted by Atom(X),
the set of the ground atoms by grAtom(X). The set grAtom(X) has the cardinality

lgrAtom(X)| = Z |Consty|*(F),

P&cPredy,

where arity(P) is the arity of P. We say that a signature ¥’ is a subsignature of a
signature X, written ¥’ C X, iff Constyy C Consty, and Predsy C Predy. If ¥/ is a
subsignature of 3, then this implies grAtom(%’) C grAtom(X).

Example 2.2.2
We consider three signatures based on which we illustrate the basic notions in
this section. Most of the examples in the remainder of the thesis are linked to

one of these signatures.

a) We consider a nature watcher who observes that when there is rainy
weather but also the sun shines sometimes rainbows occur. In order to
formalize this observation, we make use of the nullary predicates (n = 0)
Sunshine/0, Rain/0, and Rainbow/0 such that the set of predicates of our

formalization is

Predy,_, = {Sunshine/0, Rain/0, Rainbow/0}.
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As no constants are needed to represent this scenario, we may
set Consty, , = 0 and, thus, have Yoy = (0, Predyoy). Note the similarity
between this signature and the propositional signature in Example [2.1.3
from Section [2.1} Here, the nullary predicates take the role of the atomic

propositions from Example

b) Our second example deals with the—in the KR community famous—non-
flying penguins. Say that an ornithologist observes that most birds are
able to fly while she knows that penguins are birds which are not able to
fly and, therefore, constitute an exceptional species of birds. Actually, the
ornithologist does not know how many birds exist but she definitely knows
Tweety which is her domestic penguin. The signature of a formalization
of her knowledge could be any Yy = (Consty,, , Preds, ) with

tweety € Consty,, and Preds, = {Bird/1, Flies/1, Penguin/1}.

We will extend and vary Consty, . and Predy,  in the upcoming examples
in order to emphasize different aspects of this scenario, but Xy, as defined
here, will always serve as a common basis. It is obvious that Consts,
should be very large in order to reflect the actual number of birds in the
world, in particular compared to |{tweety}| = 1.

¢) Our last scenario deals with a sociologist who investigates common be-
havior in peer groups. Among other things, she finds out that friends of
smokers usually smoke, too. The formalization of her findings is based on

the signature ¢k = (Consty,_, , Predy,,) with

smk ?

peter, paul, mary € Consty_, and Predy_, = {Friends/2, Smokes/1}.

Peter, Paul, and Mary are three of her propositi she has interviewed
during here case study.

In order to formulate statements in relational logics, for example over the signa-
tures in Example [2.2.2] we employ the notion of (relational) formulas.

Definition 2.2.3: (Relational) Formula
(cf. e.g., [Beierle and Kern-Isberner|, |2014))

Let 3 be a finite (relational) signature. A (relational) formula ¢ € RL(X) is ei-
ther an atom from Atom(X), of the form T (tautology) or L (contradiction), or a
(compounded) formula, whereby formulas are compounded by the recursive use

of one or more of the logical connectives negation (—¢), conjunction (A1), dis-
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gunction (¢ V 1), material implication (¢ = ), material equivalence (¢ < 1),
universal quantification (VX.¢), and existential quantification (3X.¢). Hereby,
¢, € RL(X) are formulas, and X is a (logical) variable.

As a literal, we understand an atom A € Atom(X) or its negation. If A is a
ground atom, then we call the respective literals, A and —A, ground literals. The
set of all literals over X is denoted by Lit(X) while grLit(X) denotes the set of all
ground literals. With grAtom(¢) and grlLit(¢) we denote the sets of ground atoms
and ground literals, respectively, which occur in the formula ¢ € RL(Y).

Variables in formulas can either be bounded by a quantifier or they can be free.
For example, the variable Y in the formula

Gsmk = JY.(Friends(X,Y) A Smokes(Y)), (2.1)

representing all individuals X who have at least one smoking friend Y, is bounded by
the existential quantification in ¢smni, while X is out of the scope of any quantification
and, therefore, is free. In order to emphasize on the free variables in a formula,
we sometimes annotate them as arguments to the formula. For instance, we would
write Psmk(X) for the formula in (2.1)). With FreeVar(¢) we denote the set of the free
variables in ¢. For instance, FreeVar(¢sme) = {X}. Formulas without free variables
are used to represent statements that can either be true or false. Therefore, they

are called sentence.

Definition 2.2.4: Sentence (cf. e.g., [Beierle and Kern-Isberner|, |2014))

Let X be a finite signature, and let ¢ € RL(X) be a formula. If FreeVar(¢) = 0,
then ¢ is called sentence. The set of all sentences from RL(X) is denoted
with RL(%).

By definition, each sentence is also a formula, i.e., RLY(X) € RL(X). Sentences

may mention variables, but these variables have to be bounded.

Example 2.2.5

The formula ¢gne as defined in is not a sentence because of its free vari-
able X, i.e., because FreeVar(¢smk) = {X} # 0. In contrast to that, the for-
mula ¢, € RL(Xsmk) given by

& VX .3Y Friends(X,Y) A Smokes(Y),

smk —
"Every person has a friend who smokes.”

which is a slight variation of ¢smk is a sentence because X is now bounded
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by the universal quantification in ¢.,,. Consequently, FreeVar(¢., ) = 0
and ¢, € RL” (Zemi)-

We call formulas that mention free variables open. Open formulas can be made
closed (i.e., sentences) by substituting the free variables in the formula by constants.
The substitution of a free variable X € FreeVar(¢) by a constant ¢ € Consty in
a formula ¢ € RL(Y) is denoted by ¢(X/c) and is the syntactical replacement of
every occurrence of the symbol X in ¢ by c. If ¢ mentions more than one free vari-
able, then this substitution process has to be applied to every free variable in ¢ in
order to make the formula closed. Note that this intuitive view on substitutions re-
quires that the free variables and the bounded variables in a formula are represented
by different symbols. For instance, while the formula ¢(Y) = A(Y) AVX.B(X) is
suited for substituting Y, the formula ¢'(X) = A(X)AVX.B(X) has to be rewritten
to ¢'(Y) = A(Y) AVX.B(X) before the substitution can be performed. Otherwise,
it would not be clear which occurrence of X can be replaced by a constant and which
occurrence should not be replaced because it is bounded, at least if the substitution
is considered to be a purely syntactic replacement operation as introduced here.

If a sentence ¢/ € RLY(X) originates from the substitution of the free variables
in an open formula ¢ € RL(X), then ¢’ is called a (ground) instance of ¢. A
formula ¢ € RL(X) has |Consty|IFreeVar@)l_many instances. The set of all instances
of ¢ is denoted by Instg(¢). Note that, in fact, Insts(¢) does not depend on X as a
whole but only on Consty. For integrity reasons we keep the subscript ¥, though.

Example 2.2.6
Once again, we consider the formula ¢gmk(X) from (2.1)), i.e.,

Gemi(X) = 3Y.Friends(X, Y) A Smokes(Y).

Let Consty_, = {peter, paul, mary} be the underlying set of constants. Then,
the set of the instances of ¢gmk(X) with respect to the signature gy is

Insty_, (¢smk (X)) = {3FY.Friends(peter,Y") A Smokes(Y'),
Y Friends(paul, Y) A Smokes(Y'),
3Y.Friends(mary, Y) A Smokes(Y')}.

Note that the bounded variable Y is not substituted. The set of the instances
of the formula ¢ng(X,Y) = Friends(X,Y') with respect to the signature S¢y is
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|n5t25mk(¢frnd(X7 Y)) = {

Friends(peter, peter), Friends(peter, paul), Friends(peter, mary),
Friends(paul, peter),  Friends(paul, paul),  Friends(paul, mary),

Friends(mary, peter), Friends(mary, paul), Friends(mary, mary) }.

The order in which X and Y are substituted in ¢gnq(X,Y) is irrelevant. This
is an observation which also holds in general.

In order to improve the readability of formal expressions, we use the same con-
ventions and abbreviations as in propositional logics (cf. Section [2.1). In addition,

we comply with the common precedences of logical connectives,

negation > conjunction > disjunction > material implication > material

equivalence > universal quantification > existential quantification,

where A > B means that A binds stronger than B, and omit parentheses when
possible.

Semantics of Sentences

Similar to propositional interpretations, the semantics of sentences in RLY(X) is
based on interpretations which assign to every sentence a truth value from {0, 1},
where 1 means true and 0 means false. Formulas which mention free variables have
to be made closed by a proper instantiation before they can be interpreted. Note
that our view on the semantics of RL(X)-expressions follows Jacques Herbrand’s

)

idea of a “semantics through syntax,” also known as Herbrand semantics (cf. |Her-
brand, 1930]). The basic idea is that constants are representatives of themselves and
interpretations are fully determined by the truth assignments that are made to the
ground atoms in grAtom(X). For alternative semantics of more general first-order

expressions, please see [Ebbinghaus et al., [2021].

Definition 2.2.7: Truth Assignment and (Relational) Interpretation
(cf. e.g., |[Beierle and Kern-Isberner, |2014)])

Let ¥ be a finite signature. A mapping 6: grAtom(X) — {0,1} which as-
signs a truth value from {0, 1}, to every ground atom from grAtom(X) is called
a truth assignment. With ©(X) we denote the set of all truth assignments
over 3. Truth assignments § € ©(X) are extended to (relational) interpreta-
tions Iy: RLY(X) — {0,1} by the recursive evaluation of the logical connectives
in RL(X) as shown in Table [2.2]
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Sentence Interpretation
A Iy(A) = 0(A)

T I(T) =1

1 Iy(l) =0

1 it Iy(¢) =0

0 otherwise

0 otherwise

¢ NY I(p Ntp) =

0 otherwise

¢= Be=y) = 40 8 W@ =0 or biv) =1
otherwise

&Y Woew) =4, it 1) = o(¥)
otherwise

1 if Ve € Consty: lh(v(X/c)) =1

0 otherwise

VX.y Iy(VX.»y) =

{
{
{
{
{

1 if Je e Consty: Iy(y(X/c)) =1

0 otherwise

3X.y L(3Xy) = {

Table 2.2: Recursive interpretation of sentences in RL%(X). Here, A € grAtom(X)
is a ground atom, ¢,1) € RL(X) are sentences, v € RL(X) is a formula with
FreeVar(v) = {X}, and 0 € ©(Y) is a truth assignment.
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The set of all interpretations over the signature ¥ is denoted by Int(X). In total
there are 2/ A°™X)many interpretations in Int(X) because there are 2l&Atom)l
many possibilities of assigning a truth value to the ground atoms in grAtom(X).
Hence, the number of different interpretations is exponential in the number of dif-
ferent ground atoms in grAtom(X).

An interpretation I € Int(X) is a X-model of a sentence ¢ € RL(X) if I(¢) = 1.
We also say that ¢ is X-satisfied by I. The set of all ¥-models of ¢ is denoted
by Mods(¢). If Mods(¢) # 0, then we say that ¢ is X-satisfiable. We will see later
on in Example that, indeed, the satisfiability of a sentence depends on the
signature ¥, which is why we say »-model unless the signature is known from the
context. Then, we also use the term model for simplicity.

A sentence ¢ € RLY(X) Y-entails a sentence v, written ¢ =y 1, iff
Mods:(¢) C Mods(¢)). Iff ¢ and 1 Y-entail each other, i.e., iff Mods(¢) = Modx(¢)),
then ¢ and 1 are (logically) Y-equivalent, denoted by ¢ =s 1. Also here, we re-
move the signature > from terms and symbols if it is clear from the context which
signature is used.

Remarks on Satisfiability, Models, and Counting

We make some specific remarks on the satisfiability of sentences, as well as on
counting their models. In particular, we will give an example which illustrates the
recursive interpretation of sentences later on. Beforehand, we want to point to the
fact that under certain circumstances the interpretation of conjunctions is related
to multiplication and the interpretation of disjunctions is related to addition. This
insight will be of importance when we aim at counting the number of models of
sentences in Section [6.1] i.e., when calculating [Mods(¢)| for a sentence ¢.

We call sentences ¢, ¢ € RLY(X) mutually exclusive in I € Int(X) iff I(¢) # I1(<).
Further, ¢ and ¢ are mutually exclusive iff I(¢) # I(1)) holds for all I € Int(X).

Proposition 2.2.8: Properties of Interpretations

Let ¥ be a finite signature, let ¢, € RL(X) be sentences, and let I € Int(X)
be an interpretation. Then,

» Lo A1) = 1(0) - 1(¥),

» [(pV ) =1(¢)+ I(¢) =1if ¢ and ¢ are mutually exclusive in I,

Proof. If 1(¢) = I(¢p) = 1, then I(p ANp) =1 =1-1= I(¢)-I(¢)). In all other
cases, [(¢p A1) =0 as I(¢) - (1) = 0. The latter holds because at least one factor
is zero, then. Further, if ¢ and ¢ are mutually exclusive in I, then either I(¢) = 1
and I(¢) =0, or I(¢) =0 and I(¢)) =1 so that I(¢p V) =1=1(¢)+ I(¢)). O

32



2.2. RELATIONAL LOGICS

g &
s

Smoker Non-Smoker

Figure 2.1: Depiction of the scenario in Example 2.2.9b. There are two groups of
persons, smokers and non-smokers. In order that the sentence ¢, is satisfied, each
person has to have a smoker as a friend (exemplarily visualized by the arrows). All
other friendship relations are optional.

Proposition [2.2.8| constitutes the formal basis of fundamental model counting
techniques (cf. Section and allows one to understand the values 0 and 1 as
numbers rather than truth values.

Due to the finiteness of ¥, quantifications are -equivalent to appropriate con-
junctions or disjunctions. For ¢ € RL(X) with X € FreeVar(¢), we have

> VX¢ =x /\ceConstg ¢<X/C>’

> E|X¢ =x VCEConstg ¢<X/C>’

which is why relational logics are sometimes defined without quantifiers. However,
quantification plays an important role in efficient model counting because it implies
implicit information about symmetries between constants which can be used to apply
combinatorial arguments. We give an Example and continue this line of thought in
Section [6.11

4 )
Example 2.2.9

We consider the sentence

. VX .3Y Friends(X,Y") A Smokes(Y"),

smk —

“Every person has a friend who smokes.”
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whereby the set of predicates is fixed, Preds_, = {Friends/2,Smokes/1}, and
we will vary the set of constants Consty,

smk *

a) Let Consty
pretation determined by the truth assignment

= {peter, paul, mary}, and let Iy € Int(Xsmk) be the inter-

smk

O(Friends(X,Y)) =1, for X, Y € {peter, paul, mary}, X #Y,
O(Friends(X, X)) =0, for X € {peter, paul, mary},
6(Smokes(peter)) = 1,

0(Smokes(X)) =0, for X € {paul, mary}.

“Peter Paul and Mary are friends. While Peter is a smoker,
Paul and Mary do not smoke.”

Then, according to the equivalence between (finite) universal quantifica-

tions and conjunctions, we obtain

Io(#.. ) = Ip(¥X.3Y.Friends(X,Y) A Smokes(Y'))
= Iy((3Y.Friends(peter,Y") A Smokes(Y"))
A (3Y.Friends(paul,Y") A Smokes(Y"))
A (FY.Friends(mary, Y) A Smokes(Y))).

By applying Proposition and executing the existential quantification
in ¢, ., it follows that

smk>

Iy(¢L.) = Io(Friends(peter, peter) A Smokes(peter)
V Friends(peter, paul) A Smokes(paul))
V Friends(peter, mary) A Smokes(mary))
- Iy(Friends(paul, peter) A Smokes(peter)
V Friends(paul, paul) A Smokes(paul))
V Friends(paul, mary) A Smokes(mary))
- Iy(Friends(mary, peter) A Smokes(peter)
V Friends(mary, paul) A Smokes(paul))

V Friends(mary, mary) A Smokes(mary)).
We observe that

Iy(Friends(peter, peter) A Smokes(peter)
V Friends(peter, paul) A Smokes(paul))

34



2.2. RELATIONAL LOGICS

V Friends(peter, mary) A Smokes(mary)) = 0
holds because

6(Friends(peter, peter)) = Smokes(paul) = Smokes(mary) = 0

/

«mk 18 interpreted

and, hence, each of the disjuncts in this subsentence of ¢
to 0 (false). The other subsentences of ¢, . are evaluated to 1 (true),
because Peter is a smoker in [y and on friendly terms with Paul and

Mary, so that altogether,

To(¢) =0-1-1=0.

/

«mk 18 false in Iy because Peter does not have

In conclusion, the sentence ¢

smoking friends in Iy.

Note that in case of |Consty| = 3 the sentence ¢, , has 1,183 models
already, where the number of all interpretations in Int(X) is 4,096. It
becomes clear that if one is interested in the model count of sentences
like ¢. ., one needs sophisticated model counting strategies, in particular
if |Consty| is much larger and, hence, closer to realistic domain sizes.
In the next part of this example, we demonstrate such model counting

strategies.

Now, let Consts, be an arbitrary set of constants of finite size
k = |Constsmk| with & > 1. We illustrate the importance of symmetries
and of indistinguishabilities between constants conveyed by quantifiers
when counting the number of models of ¢. .. First, we note that, in
general, the relation of being friends formalized by the binary predicate
Friends/2 is not necessarily symmetric or non-reflexive. That is, being
friends is a directed relation here, and every person represented by a
constant in Constg,k can be friends with every other person, also with
themselves.

/

wmk: we divide the set of con-

In order to count the models of ¢
stants Constgn, into two disjoint sets, namely into the sets containing
those constants which represent smokers and those which represent non-
smokers. Say that there are s-many smokers the number of which may
range from 0 to k. Then, there are (k — s)-many non-smokers. In general,
every constant could represent a smoker so that there are (f:) ways of
selecting the s-many constants ¢ for which Smokes(c) is true among the

k-many constants. For the remaining constants ¢/, =Smokes(¢’) holds.
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An interpretation I € Int(Xqmk) satisfies ¢, if for every con-
stant ¢ € Consty_, there is a constant ¢ € Consty_, which represents
a smoking friend of ¢ so that both Friends(c, ¢’) and Smokes(c’) is true.
This holds regardless whether c itself is representing a smoker or not be-
cause the atom Smokes(Y") refers to the second argument of Friends(X,Y),
in our case the constant ¢’. That is, all constants ¢ behave interchange-
ably with respect to that requirement of having a smoking friend. In
addition, if a smoking friend ¢ of ¢ exists, whether c¢ is Friends-related to
other constants which represent smokers or to any constant which repre-
sents a non-smoker is irrelevant. This scenario is depicted in Figure
Thus, in total there are (2° — 1) - (2¥~%)-many possible ways in which the
sentence JY.Friends(c,Y’) A Smokes(Y') can be satisfied. Hereby, the fac-
tor 2°* is the number of all possible Friends-relations of ¢ to non-smokers:
With each of the (k— s)-many non-smokers ¢ can either be Friends-related
or not. And the factor 2°—1 reflects the admissible Friends-relations of ¢ to
smokers: There are s-many smokers with which ¢ can be Friends-related
or not. However, in the case where ¢ is not Friends-related to any of
the smokers, the sentence 3Y.Friends(c,Y’) A Smokes(Y") is not satisfied.
Hence, we have to subtract this one case from the 2°-many combinations
of “being or not being friends with one of the smokers” which results in
the factor 2° — 1.

Because these ideas on evaluating 3Y.Friends(c,Y) A Smokes(Y') hold for

all constants ¢ € Consty__, we have to multiply the numbers of arranging

smk 7

the friendship relation between smokers and non-smokers k-times and
obtain in total

Mods,., (¢l = 3 (k) (@ -1)- ()",

For instance, for £ = 1 this formula yields 1 model of ¥, out of 4 interpreta-
tions. For k = 2 we get 17 models out of 64 interpretations, and for k£ = 3 we

obtain the already mentioned 1, 183 models where the number of interpretations
is 4, 096.

As mentioned above, the satisfiability of sentences depends on the signature 3,
more precisely on the size of Consty;, as the following example shows.
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Example 2.2.10

We consider the sentence

¢ = 3X. A(X) A3Y. A(Y)

which is not -satisfiable if |Constg| = 1. To see this, let Consty, = {¢} without
loss of generality. Then, no interpretation I € Int(X) can fulfill I(A(c)) = 1
and [ (m ) = 1 at the same time and, thus, at least one conjunct in ¢ is false.
On the other hand, if |Consty| > 1, there are at least two constants in Consty,
say ¢ and d, and we can find an interpretation I € Int(X) with I(A(c)) = 1

and I(A(d)) = 1 which is consequently a >-model of ¢.

While the satisfiability of sentences in general first-order logics is undecidable
[Tarski et al., 2010], the question whether a sentence from the fragment RL” (%)
can be satisfied is decidable thanks to the finiteness of Y. Every sentence
in RLY(X) is either Y-satisfiable or Y-equivalent to L. Checking whether two
sentences ¢, 1) € RL(X) are Y-equivalent is equivalent to checking the (non-)X-
satisfiability of the sentence ¢tV .

As in the propositional case (cf. Section [2.1)), we assume that the reader is
familiar with the common logical rules for rearranging sentences which preserve
equivalence. Besides the distributive law, one further example of such a rule is
idempotence which states that conjunctions (disjunctions) that mention the same
conjunct (disjunct) ¢ twice can be reduced to ¢.

Proposition 2.2.11: Idempotence of Conjunctions and Disjunctions

Let X be a finite signature, let ¢ € RL%(X) be a sentence, and let I € Int(X)
be an interpretation. Then,

NP =sx 9, and oV o =sx 9.

Proof. This proposition directly follows from the definition of interpretations. [

We emphasize the idempotence here because we will revisit this rule in Sec-
tion when we consider so-called structured sentences. For structured sentences,
idempotence will not hold in general.

Note that the statements about »-models which we have made in this section
apply mutatis mutandis to sets of sentences ® C RL%(Z), too. In particular, we
have

Mods:(®) = { € Int(S) | Vo € ®: I(¢) = 1}

for the models of sets of sentences. Therewith, ¢ =5 ¥ iff Mody(®) € Mody (V)
follows for ®, W C RL%(X). Also in analogy, a set of sentences ® is X-consistent
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iff Modys,(®) # (0. Note that we omit the set braces of unit sets if this does not cause
ambiguities. For example, we write Mody(¢) instead of Modx(®) if & = {¢}.

2.3 Relational Logics With Domain and Set

Constraints

In this section, we extend relational logics RL(X) by additional connectives which
make use of so-called domain constraints or set constraints. Note that we will stick
to the notation RL(Y) for relational logics with these additional connectives. With
domain and set constraints, we restrict the scope of quantification (and, later on,
also the scope of so-called open conditionals), similar to the domain constraints
in [Van den Broeck, 2013] and the many-sorted signatures and constraint formulas
in [Fisseler, 2010]. Introducing such domain and set constraints allows for a more
concise knowledge representation and more flexibility when rearranging sentences
but does not affect the expressivity of the language. Domain and set constraints are
of importance in the context of first-order (typed) model counting (cf. Chapter @
as they allow for more efficient counting techniques.

Domain Constraints

First, we introduce quantifiers with domain constraints.

Definition 2.3.1: Quantifiers with Domain Constraints
(based on [Van den Broeck, |2013])

Let ¥ = (Consty, Predy;) be a finite signature, let a € Consty be a constant,
let C C Consty be a set of constants, and let X and Y be logical variables.
Then, a domain constraint for X is an expression of the form

X#a, X#Y, XeC, or X €Constyg)\C.

In addition, let ¢ € RL(X) be a formula. Then,
» VesX.¢ is a universal quantification with domain constraints,
» JdesX.¢ is an existential quantification with domain constraints,
iff CS is a finite set of domain constraints for X such that for every domain

constraint of the form X # Y in CS it holds that Y € FreeVar(¢).

The quantifiers with domain constraints VcsX.¢ and dcsX.¢ restrict the scope
of the quantification to the solutions of the domain constraints in CS. From now on,
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we assume that RL(X) is equipped with these quantifiers with domain constraints
as well.

4 )
Example 2.3.2

We consider the sentence
Gue = VX .y xY.Friends(X,Y) A Smokes(Y)

which is a more adequate representation of the statement that “every person
has a friend who smokes” than the sentence

P = VX.IY Friends(X,Y) A Smokes(Y))

from Example because it excludes the case in which a person is a friend of
herself. The inequation Y # X is a proper domain constraint for Y because X
\is a free variable in the subformula Friends(X,Y") A Smokes(Y").

J

The formal interpretation of a quantifier with domain constraints, either Vs X.¢
or dcsX.¢, requires the evaluation of the domain constraints in CS which restrict
the scope of the quantification. For this, we define the solution set Sols(CS) of a
set of domain constraints CS. Hereby, we may stick to the case in which CS does
not mention domain constraints of the form X # Y because we can reduce such

constraints to constraints of the form X # a for constants a € Consty, as we will see
later on.

~\
Definition 2.3.3: Solution Set of Domain Constraints

(based on [Van den Broeck, |2015])

Let 3 = (Consty, Predy) be a finite signature, and let CS be a set of domain
constraints for the variable X without domain constraints of the form X # Y.
Then, we define the solution set of CS with respect to 3 by

Soly:(CS) = {c € Consty, | V(X # a) € CS: ¢ # a,
V(X el)eCS:cel,

V(X € Consty \ C) € CS: ¢ € Consty \ C}.
. J

Based on the notion of solution sets of domain constraints, we can extend the
recursive interpretation of sentences in RL%(X) to quantifiers with domain con-
straints.
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Definition 2.3.4: Interpretation of Quantifiers with Domain Con-
straints (based on [Van den Broeck, |2013])

Let ¥ be a finite signature, let ¢ € RL(X) be a formula with FreeVar(¢) = { X},
let CS be a set of domain constraints for X without domain constraints of the
form X # Y, and let I € Int(X) be an interpretation. Then, we define

1 if Ve e Solg(CS): I(¢p(X/c)) =1
» [(Ves X.0) = ,
(VesX.0) 0 otherwise

1 if 3ce Sols(CS): I((X/c)) =1

» [(cs X.0) = ‘
0 otherwise

Note that the substitution (X/c) in ¢(X/c) means that the variable X is re-
placed by the constant ¢ in every domain constraint which is mentioned in ¢,
too.

We now discuss why it is no problem to exclude domain constraints of the
form X # Y from the set of domain constraints CS in Definition In other
words, the extension of interpretations to sentences which mention quantifiers with
domain constraints as in Definition 2.3.4]is well-defined even if the sentences mention
domain constraints of the form X # Y. The reason for this is that the outermost
quantification in a sentence 1) € RL(X) is always of the form VesX.¢ or s X.¢
with FreeVar(¢) C {X}. Otherwise, there would be another free variable in ¢ that
is unbounded in ¥ which contradicts the fact that ¢ is a sentence. Hence, we are
in the situation where CS cannot mention a domain constraint of the form X # Y
because there is no such free variable Y.

With this finding, a sentence 1) can be interpreted recursively by beginning
with the outermost connective. When interpreting the outermost quantification,
say Ves X.¢ (the case Jcs X.¢ is analogous), the variable X is substituted by a con-
stant ¢ € Soly(CS) and the formula ¢ is made closed (i.e., ¢ is replaced by ¢(X/c),
cf. Definition [2.3.4). In particular, any domain constraint of the form ¥ # X which
is mentioned in ¢ is replaced by Y # c¢. Then, the outermost quantification with
domain constraints in ¢(X/c) is of the form VcsY.¢' or JesY.¢ where CS does not
mention a domain constraint of the form Y # X again, and so on. Thus, every
sentence in RL (3J) can be interpreted by a recursive application of the rules in Ta-
ble 2.2] and Definition when beginning with the interpretation of the outermost

connective.
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Example 2.3.5

Let Consty,_, = {peter, paul, mary}. We consider the sentence

smk

Pamk = Vxe{paul,mary} X - Ty 2 x -Friends(X, Y") A Smokes(Y")

smk
“Paul and Mary have a friend who smokes.”

and any truth assignment 6 € O(X¢nk) with (cf. Example [2.2.9))

0(Friends(X,Y"))

0(Smokes(peter)) =
6(Smokes(X))

1 VX,Y € {peter, paul, mary}, X #Y,

1
0 VX e {paul,mary}.

Note that the interpretation of Friends(X, X) for X € Consts does not play a
role here. Then,

To(imi) = To(Vixepaumary1} X - Ty 2 x3.Friends(X, Y') A Smokes(Y))
= Iy(Iqy #paun Y-Friends(paul, Y) A Smokes(Y))
- Ig(3 gy #£mary} Y-Friends(mary, Y') A Smokes(Y))
= Iy(Friends(paul, peter) A Smokes(peter)
V Friends(paul, mary) A Smokes(mary))
- Ip(Friends(mary, peter) A Smokes(peter)
V Friends(mary, paul) A Smokes(paul))
=1-1=1.

We give some additional remarks on quantifiers with domain constraints:

» Quantifiers without domain constraints can be mimicked by quantifiers with

domain constraints by setting CS = (). Then, there is no constraint which

restricts the scope of the quantification and we have, for ¢ € RL(X),

VoX.0 =VX.¢0 and JpX.¢p =3X.0.

In particular, VypX.¢ resp. 3pX.¢ does not mean that the quantification ranges

over the empty set but over all constants from Consty.

» If the set of domain constraints CS contains only a single domain constraint,
i.e., if CS = {C} for a domain constraint C', then we sometimes omit the set

braces and write C' instead of {C'} to shorten expressions.
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» Like quantifiers without domain constraints, quantifiers with domain con-
straints are equivalent to conjunctions or disjunctions due to the finiteness
of X:

VesXo= [\ o(X/c) and IesXp= \/ o(X/0).

c€Solx; (CS) c€Solx (CS)

» If several universal quantifiers immediately follow each other like in the formula
Ves, Xi ... Ves,, Xom-¢, then we write Ves{X7,..., X, }.¢ with CS = J;-, CS,,
for short. In the same way we abbreviate successive existential quantifiers
des, X1 - Fes,, X with Jes{ Xy, ..., X;n}.0. Note that this abbreviated
form of writing multiple quantifiers in set notation ignores the order in which
the quantifiers are executed. This, however, is unproblematic because of the
commutativity of universal and existential quantification and the commuta-
tivity of domain constraints, especially of those domain constraints of the
form X #Y.

We give an example where we use the abbreviated form of two successive exis-

tential quantifiers.

Example 2.3.6
The sentence

Pl = FpX Iy xyY.Friends(X,Y) A =Smokes(Y")

smk
“There is someone who has a non-smoking friend.”

can be rewritten as
Dupor = Jv2x{X,Y}. Friends(X,Y)Smokes(Y').

Note that whether the existential quantification is executed with respect to the
variable X or with respect to the variable Y first does not affect the formal
interpretation of the sentence ¢J[,,. In particular, it is irrelevant whether the

domain constraint Y # X applies to the variable Y or to X.

Recall that, among others, we allow for domain constraints of the form X € C
resp. X € Consty, \C where C is a set of constants. Sometimes it is useful to vary this
set C. Actually, on an informal level, this has happened in Example where we
varied the set of smokers resp. the set of non-smokers. For this reason, in the next
paragraph, we introduce the concepts of set variables and set constraints which are
formal realizations of the idea of varying sets.
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Set Constraints

In the previous paragraph about domain constraints, we have introduced domain
constraints of the form X € C resp. X € Consty, \ C where C C Consty, is a fixed set
of constants. Here, we treat the symbol C in domain constraints as a variable and
iterate over Consty,. We call variables which represent sets of constants set variables

and realize the iteration process by so-called set quantifications.

Definition 2.3.7: Set Quantification  (based on [Van den Broeck, 2013])

Let ¥ = (Consty, Preds;) be a finite signature, let ¢ € RL(X) be a formula,
let D be a subset of Consty, and let C be a set variable. Then, an expression of
the form C € D or C O D is called a set constraint for C.

Further, let set be a set of set constraints for C. Then, a universal and an
existential set quantification is respectively is a formula of the form

VeiC.¢ and JoiC.0.

The meaning of a set quantification Vee;C.¢ (resp. Jse:C.¢) is that the variable C
ranges over all subsets of Consts; which solve the set constraints in set and, when-
ever C occurs in a domain constraint in ¢, then C is replaced by the respective
subset of Consty. This idea is reflected in the formal definition of interpretations of
set quantifications which uses the following definition of solution sets for set con-
straints:

Soly;(set) = {Const C Consty, | V(C C D) € set: Const C D,
V(C 2 D) € set: Const D D}.

Definition 2.3.8: Interpretation of Set Quantification
(based on [Van den Broeck, |2013])

Let 3 = (Constyg, Preds) be a finite signature, let ¢ € RL(X) be a formula,
let C be a set variable, and let I € Int(X) be an interpretation. Then, we define

if VConst € Solx(set): I(¢(C/Const)) =1

Y

» [ (VeerC.00) =

otherwise

1 if JConst € Sol t): I(p{C/Const)) =1
v [(FeeeC.0) = ; ! onst € Solg(set): 1(¢(C/Const)) |

otherwise
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where ¢(C/Const) is ¢ in which every occurrence of C is syntactically replaced
by the set of constants Const.

We can express set quantification by conjunctions resp. disjunctions over sets:

> Elsetc‘¢ = \/ConstQConstg ¢<C/Con5t>7

» VeerC.0 = /\ConstQConstg ¢»(C/Const).

Example 2.3.9
Let Consty; = {a,b}. We consider the sentence

bex = Vic2(a}}C- T xec} X A(X)
and interpret it by I € Int(X) with I(A(a)) = 1 and I(A(b)) = 0. We get

](¢ex) =

We maintain the notation RL(X) for relational logics while also allowing for
formulas with domain constraints and set quantification. Note that one has to
slightly modify the definition of sentences in this case. In the classical sense, formulas
are sentences iff all variables are bounded by a quantification. Here, in addition,
we require that all set variables are bounded by a set quantification, too. Formulas
which satisfy both requirements are called sentence. The set of all these sentences
is RLS (D).

2.4 Description Logics

Description Logics (DL) [Baader et al.l 2007; [Baader and Sattler, 2001; (Calvanese
et al., 2001] constitute a family of logic-based knowledge representation languages
which are especially designed to describe and reason with conceptional knowledge
about a specific application domain, also known as ontologies [Staab and Studer
2009]. Common Description Logics are more expressive than propositional logics
but less expressive than full first-order logics with the goal to trade off their ex-
pressivity against efficient reasoning methods. In particular, reasoning problems for
Description Logics are usually decidable. Most notably, Description Logics provide
the logical background of the semantic web as the web ontology language OWL
[Horrocks et al., 2003] is based on Description Logics.
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In this section, we give a brief introduction to the basic concepts of Description
Logics with a focus on the prototypical Description Logic ALC. We mainly follow the
elaborations in [Baader et al., 2008a]. For a more general introduction to Description
Logics, we refer to [Baader et al., [2007, 2017, 2008a; [Rudolph, [2011].

Description Logic ALC

The Description Logic ALC was introduced in [Schmidt-Schaufl and Smolkal, |1991]
first. We recall the formal definitions of the syntax and semantics of ALC here.

The signature of ALC consists of three disjoint sets of individual names, concept
names, and role names, in symbols N7, N¢, and Ny, respectively. As the term sug-
gests, individual names serve as formal representations of individuals (or objects)
like constants in relational logics. Concept names stand for basic concepts or prop-
erties of individuals, while role names represent binary relationships between them.
More complex concepts than concept names can be built in ALC as follows.

Definition 2.4.1: ALC-Concept (cf. [Baader et all |2008d))

Let N¢ be a set of concept names, and let Nz be a set of role names. The
set of ALC-concepts is the smallest set such that T, L, and every concept
name A € Ng is an ALC-concept, and, in addition, if C' and D are ALC-

concepts and r € Ny is a role name, then
cnb, CubD, -C, Vvr.C, Ir.C

are ALC-concepts.

The concept constructors M, U, and = in Definition [2.4.1] correspond to the con-
junction, disjunction, and negation in first-order logics. Quantification in Descrip-
tion Logics is usually restricted in some way, though. In ALC-concepts, quantifiers
always occur in combination with role names, for instance. Formally, the semantics
of ALC-concepts is given by interpretations T = (A%, 1) consisting of a domain A*

and an interpretation function -*.

Definition 2.4.2: ALC-Semantics (cf. [Baader et al., |2008a))
An interpretation T = (AZ,-1) is a tuple consisting of a non-empty set AZ

(domain) and a mapping = (interpretation function) which maps every ALC-
concept to a subset of AT and every role name to a subset of AZ x A? such
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that for all ALC-concepts C' and D and for all role names r € Ny, it holds that

T = A*
17 =0,
(Cn D)t =c*tn D,
(Cu D) =c*tuD?,
ﬁOI:AI\CI,
(Fr.C)YF ={r e AT |Fyec AL: (z,y) €t Ay € OF},

(vr.C)Yf ={rx e AT |Vy e AL: (z,y) € rf = y € CT}.
. J
In order to distinguish interpretations in Description Logics from interpretations

in relational logics, we also use the term DL-interpretation instead of interpretation
for Z = (AZ,1).

In ALC, there are basically two types of statements/sentences, namely general
concept inclusions and assertions. General concept inclusions are used to formalize
inclusions between ALC-concepts.

4

~\
Definition 2.4.3: General Concept Inclusion (cf. [Baader et all |2008a])

Let C and D be ALC-concepts. Then, C' C D is called a general concept inclu-
sion. A DL-interpretation Z is a model of a general concept inclusion C' C D
iff C* C D? holds. A finite set of general concept inclusions is called a TBox.
A DL-interpretation is a model of a TBox 7T iff it models all general concept

L inclusions in T . )

The pair of the two general concept inclusions C' C D and D E C' where C
and D are ALC-concepts is abbreviated by C' = D. If A is a concept name and C
an ALC-concept, then A = C' is called a definition of A.

In contrast to general concept inclusions, assertions formalize statements about

single individuals or about relations between pairs of individuals.
4

~\
Definition 2.4.4: Assertion (cf. [Baader et all |2008a))

Let C be an ALC-concept, r € Ni a role name, and a,b € N7 individual
names. Then, an assertion is an expression either of the form C(a) or r(a,b).
A DL-interpretation Z is a model of an assertion C(a) iff a* € C%, and it is
a model of an assertion r(a,b) iff (aZ,b%) € rf. A finite set of assertions is
called an ABox. A DL-interpretation is a model of an ABox A iff it models all

L assertions in A. )

Description Logics are particularly tailored towards representing knowledge. We
define an ALC-knowledge base as a tuple of a TBox and an ABox.
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7

Definition 2.4.5: ALC-Knowledge Base (cf. [Baader et al., |2008a))

A tuple K = (T, .A) consisting of a TBox 7 and an ABox A is called an
ALC-knowledge base. A DL-interpretation Z is a model of an ALC-knowledge
base K = (T, .A) iff Z models both 7 and A. If an ALC-knowledge base has a
model, then the knowledge base is called consistent.

J

If a DL-interpretation Z is a model of an expression £ where £ is a general

concept inclusion, an assertion, an ABox, a TBox, or an ALC-knowledge base, then

we indicate this by Z |= €. Typical reasoning tasks in ALC are deciding whether an

ALC-concept is satisfiable or not, as well as answering whether an inference can be

drawn from an ALC-knowledge base or not.

7

~\
Definition 2.4.6: ALC-Reasoning (cf. [Baader et all |2008d))

Let K be a consistent ALC-knowledge base and let C' and D be ALC-concepts.
Then, C' is called satisfiable with respect to K if there is a model Z of K
with CT # (. The concept D subsumes C with respect to K, in sym-
bols K = C C D, iff C* C D? holds for all models Z of K. An individual
name a € Nj is an instance of C' with respect to K, in symbols K = C(a),
iff a¥ € C7 for all models Z of K. Finally, a pair of individual names (a, b)
is an instance of a role name r € N with respect to K, written K = r(a,b),
iff (a®,b%) € r* holds for all models Z of K.

We give an illustrative example.

7

Example 2.4.7
We consider the ALC-knowledge base Kmih = (Tmth; Amen) with

Ton = { Parent = Person M JhasChild. T,
Grandparent = Person M JhasChild.Parent,
Woman C Person }

A = { Woman(mary), hasChild(mary, paul) }.

The knowledge base K, states that parents are defined as persons who have
at least one child, grandparents are persons who have at least one child who
is a parent themselves, and women are persons. In addition, the ABox of ICruin
tells us that Mary is a woman and has Paul as a child.

For instance, we can infer from K., that Mary is a parent, denoted by

47




CHAPTER 2. LOGICAL FOUNDATIONS

Kmtn = Parent(mary), because for every model Z of K, it holds that

T = (Parent = Person M 3hasChild.T)
& Parent” = (Person M 3hasChild. T)*
& Parent” = Person” N (3hasChild. T)Z.

With
7 = Woman(mary) i.e., mary" € Woman?,

and
T = (Woman C Person) i.e., Woman” C Person”,

it follws that mary? € Person” holds. Further,
T = hasChild(mary, paul) ie., (mary?, paul’) € hasChild*
implies mary? € (hasChild. T)Z because

(mary® paul®) € {z € AT | Iy € AT: (x,y) € hasChild*}
= (hasChild. T)*.

Together, we have mary? € Person” N (3hasChild. T)* = Parent” and, hence,
Z = Person(mary). Similarly, we can infer that every grandparent is a parent,
Kmin = (Grandparent C Parent).

In ALC, the reasoning tasks that can be deduced from Definition [2.4.6] can be re-
duced to checking the consistency of a knowledge base. For instance, (7,.4) = C(a)
holds iff the knowledge base (7, AU{—-C(a)}) is inconsistent [Baader et al., 2008a].

Extensions and Restrictions of ALC

As indicated in the introduction of this section, a main application of Description
Logics is to serve as a formal basis for ontology languages such as OWL. Therefore,
many extensions of ALC have emerged which are especially tailored towards the
specific demands of ontologies.

Two basic strategies for extending ALC are introducing further concept con-
structors and allowing for role axioms. In the following, we list some important
extensions of ALC and start with two additional concept constructors.

Nominal Concepts. A nominal concept {a} where a € Nj is a concept which
is interpreted by the singleton {a’}. Nominal concepts introduce individual
names into the TBox. Note that in ALC-knowledge bases, individual names

occur in the ABox only.

48



2.4. DESCRIPTION LOGICS

Number Restrictions. With number restrictions, it is possible to constrain the
number of relationships a particular type of individuals participates in. Num-
ber restrictions are of the form > nr.C' (at-least restriction) or < nr.C' (at-most
restriction) where r € N is a role name, C is an ALC-concept, and n is a
natural number. The idea behind the concept > nr.C' (resp. < nr.C) is to
express that there are at least (at most) n role successors which satisfy the
concept C'. Number restrictions where C' = T, i.e., restrictions of the form
>nr. T or < nr.T are called unqualified.

In ALC, role names serve as a tool to build complex concepts but do not occur
on their own. In some more expressive Description Logics, knowledge bases mention
besides the ABox and the TBox also an RBox, though, offering role arioms with
which relations between roles can be specified. Roles which occur in role axioms
can either be role names or non-simple roles such as the concatenation of roles r o s
or inverse roles r~. We illustrate both role constructors by means of the following
example. The role axiom

hasChild o hasChild C hasGrandparent™
is the DL-equivalent of the first-order sentence
VXY, Z.(hasChild(X,Y") A hasChild(Y, Z) = hasGrandparent(Z, X))

and states that if Y is a child of X and Z is a child of Y, then X is a grandparent of Z.
Note the inverted order of the variables X and Z in the term of hasGrandparent(Z, X)
which is due to the inversion of the DL-role hasGrandparent. While the Description
Logic ALC belongs to the two-variable fragment of first-order logic [Lutz et al.| 2001],
this example shows that Description Logics with role axioms as illustrated above are
no longer necessarily in the two-variable fragment of first-order logic. Two-variable
logics are important fragments of first-order logic in view of decidability [Gradel
et al., [1997].

General role axioms are of the form ryo...or, C s where rq,...,r, and s are

roles or their inverses. Some special instances are:

Role Inclusion. A role inclusion r C s is a general role axiom with n = 1 and
states that r is a sub-role of s, i.e., ¥ C st.

Transitivity Statement. A transitivity statement is of the form r or C r and
states that the role r is transitive. For example,

friendOf o friendOf C friendOf
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corresponds to
VX,Y, Z.friendOf (X, Y) A friendOf (Y, Z) = friendOf (X, Z)

stating that the friendship relation is transitive.

Symmetry Statement. A symmetry statement is of the form r~ C r and expresses
that r is a symmetric role. For instance,

friendOf ™ C friendOf
states that being friends is a symmetric relationship:

VX, Y.friendOf(Y, X) = friendOf (X, Y').

In order to find a way through the jungle of Description Logics that has emerged,
the following naming scheme has been established (cf. [Schmidt-Schaufl and Smolka,
1991; Rudolph, [2011]):

((AL[C] | S) [H] | SR) [O] [Z] [F [N | Q]
where

» AL stands for a Description Logic which allows for a restricted negation (the
so-called atomic negation where negations may occur in front of concept names
that do not appear on the left-hand side of axioms only), conjunction, universal

restriction, and a limited form of existential restriction,

» the additional name constituent C stands for complement and means that
in ALC, besides the concept constructors from AL, the negation of complex
concepts is allowed which implies the missing concept constructors from Defi-

nition as well,

» S is an abbreviation for the Description Logic ALC in which transitivity state-
ments are allowed, in addition,

» H stands for role inclusions,

» SR denotes ALC in which further kinds of role axioms and self concepts are
allowed (cf. |[Rudolph, 2011] for the details),

» O indicates support for nominal concepts,

» 7 stands for role inverses,
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» F means that functionality statements are allowed (cf. [Rudolph, 2011]),
» N indicates that unqualified number restrictions are allowed,
» and Q allows for (qualified) number restrictions.

Besides ALC, further important representatives of Description Logics
are SROZQ [Horrocks et all [2006] as well as the lightweight Description Log-
ics EL (cf. [Baader et al., 2005 [2008b]) and the DL-Lite family [Calvanese et al.|
2005]. The Description Logic SROZQ “serves as the basis for OWL 2 DL, the most
expressive member of the OWL family where inferencing is still decidable” [Rudolphl,
2011]. In contrast to the very expressive Description Logic SROZQ, the Descrip-
tion Logic £L and the DL-Lite provide tractable reasoning |[Calvanese et al., 2005;
Baader et al., 2008b].

2.5 Comparison of the Logics

We conclude this chapter with a comparison of the introduced logics. All of them
are classical logics (cf., e.g., [Bergmann et al. 2013; |[Boolos et al., [2007] and, thus,
are capable of representing statements that are true or false. Nevertheless, the logics
have their unique characteristics which we want to work out.

First, we show that, in some sense, relational logics are not more expressive than
propositional logics and discuss why we consider relational logics instead of propo-
sitional logics nevertheless. Afterwards, we compare relational logics to Description
Logics and embed the Description Logic ALC with respect to fixed finite domains
into an appropriate relational logic. We conclude this section by noting some limi-
tations of relational logics which are the reasons why relational logics are not used
to express knowledge in this thesis directly but are extended to a logic of relational

probabilistic conditionals.

Propositional Versus Relational Logics

Although propositional logics £(¥Xp) and relational logics RL(X) share many com-
monalities like syntactical elements, in particular the connectives =, A, and V, and
the fact that both kinds of logics satisfy the principle of bivalence, one could think
that the possibility to quantify over variables enhances the expressivity of relational
logics compared to propositional logics. However, this is not the case provided
that ¥ p and X are finite and one compares propositional formulas with relational
sentences (i.e., relational formulas without free variables). In order to show this, we
translate propositional formulas into relational sentences and vice versa.

The easiest way of mimicking a propositional logic by a relational logic is
to associate the atomic propositions ¢ € Xp with nullary predicates Py/0, i.e.,
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by introducing one nullary predicate for each atomic proposition. Then, the
propositional logic £(¥Xp) can be translated into the relational logic RL(X,(x,))
with ¥z, = (0,{Ps/0 | ¢ € ¥p}). The translation of formulas ¢ € L(Xp) into
sentences in RL® (X£(np)) is straightforward and can be done by a syntactic re-
placement of every occurrence of each atomic proposition ¢ that is mentioned in v
by the corresponding ground atom Fj. In particular, P, does not mention a vari-
able and, thus, is a sentence. Also the interpretations can be transferred easily: A
propositional interpretation assigns to a propositional atom ¢ the value true iff P,
is true in the corresponding relational interpretation. Further, the interpretation of
negations (—¢), conjunctions (¢ A 1), and disjunctions (¢ V ) is defined the same
in propositional and relational logics.

The other way around, sentences from a relational logic RL(X) can be ex-
pressed by appropriate propositional formulas, too. A way of realizing any
sentence ¢ € RLY(X) by a propositional formula is as follows. First, ev-
ery universal quantification VX.7) in ¢ is equivalently replaced by the conjunc-
tion A.cconsty, ¥(X/c) and every existential quantification 3X.¢) in ¢ is replaced
by the disjunction \/ ccone,, ¥(X/c). Because of the finiteness of Consty, the sen-
tence ¢ remains a finite expression. As a result, ¢ is free of variables and every atom
which occurs in ¢ is ground. Afterwards, ¢ is translated into a propositional formula
by associating every ground atom from grAtom (%) with a fresh atomic proposition.
That is, RL(X) becomes the propositional logic £(Ground(X)). Then, the transla-
tion of ¢ into a propositional formula works the same as the other way around (see
above).

Since every propositional formula can be translated into a relational sentence
and vice versa, there is no obvious reason why to prefer relational logics over propo-
sitional logics, at least from the viewpoint of expressivity. Nevertheless, there are

good arguments in favor of relational logics:

» Relational signatures are especially suitable for knowledge representation:

The distinction between constants and predicates in signatures of relational
logics allows for a clear separation between individuals on the one hand and of
properties of and relations between individuals on the other hand. In propo-
sitional logics, all these entities would have to be represented on the same
syntactical level by atomic propositions. Hence, relational logics better fit to
the requirements of knowledge representation in form of ontologies [Schmidt-
Schaufl and Smolkal, |1991} |Guarino et al.; 2009], where individuals, properties,
and relations are fundamental concepts to describe the domain of discourse.

» Quantifications convey symmetries and indistinguishabilities:

Although quantifications in finite relational logics RL(X) can be reduced
to conjunctions or disjunctions because of the finiteness of the set of con-
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stants Consty, quantifications create added value in view of computational
aspects as they implicitly express symmetries between and indistinguishabili-
ties of individuals on a syntactical level. This is because unnamed constants,
i.e., constants which do not occur in relational expressions explicitly, are in-
terchangeable. These symmetries and indistinguishabilities get lost when the
quantifications are resolved. Exploiting symmetries and indistinguishabilities
is an essential tool for efficient knowledge compilation [Darwiche and Marquis,
2002] and will play an important role in Chapter @

» Domain size as a parameter:

Recall that we interpret sentences in relational logics RL(X) based on a Her-
brand semantics [Herbrand) 1930]. This implies that the (syntactical) con-
stants in Consty, are in a one-to-one correspondence to the (semantical) objects
in the domain of discourse. That is, we apply the unique name assumption
[Russell and Norvig, 2010], which states that different constants do not refer
to the same semantical object, and assume that every domain element is rep-
resented by a constant. As a consequence, we may interpret k = |Consty| as
the domain size. By treating k as a parameter, we can analyze relational ex-
pressions for different domain sizes simultaneously. Also, by varying k, we can
investigate the impact of the domain size on the evaluation of the expressions.

» Open formulas extend expressivity:

In Chapter 3 we will extend relational logics RL(X) to logics of qualitative
and probabilistic conditionals. These conditionals are built upon relational
formulas which do not necessarily have to be sentences. The equiexpressivity
which holds between propositional and relational logics is based on a com-
parison of propositional formulas and relational sentences, though. Relational
formulas with free variables bring along an additional degree of freedom in
how to interpret them. While probabilistic conditionals defined over a propo-
sitional language are canonically interpreted by conditional probabilities, rela-
tional probabilistic conditionals require a richer semantics. Here, we will rely
on the aggregating semantics (cf. Section which yields a more elaborate
view on probabilistic conditionals than propositional probabilistic conditionals
provide.
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Relational Logics Versus Description Logics

We identify three major differences between relational logics and the prototypical
Description Logic ALC: In contrast to relational logics, ALC is not subject to the
unique name assumption, the domain A7 is not necessarily finite, and the possibili-
ties to construct relational expressions in ALC are limited.

The fact that ALC is not subject to the unique name assumption means that two
different individual names a,b € N7, a # b, may be interpreted by the same domain
element from AZ, ie., a© = b* may hold. This is typical for Description Logics
[Baader et al., 2007, 2017 and stands in contrast to relational logics based on an
Herbrand semantics—as considered in this thesis—, where no distinction is made
between constants and domain elements and, thus, different constants represent
different individuals and every domain element is represented by a constant.

In addition, notions such as satisfiability and consistency can be understood dif-
ferently. In ALC, satisfiability and consistency are usually not defined with respect
to a particular domain A? as the domain is part of the interpretation Z, while we
defined X-consistency and Y-satisfiability in relational logics with respect to a pre-
specified signature Y. Hence, in ALC it is sufficient to find a model of an expression
with respect to any domain A%, in particular of any size |AZ|, in order to prove its
satisfiability. In the context of probabilistic reasoning, it will be useful to fix a spe-
cific domain, though, because interpretations (resp. so-called possible worlds) will
serve as elementary events of the probability space and, thus, the meaning of the
sample space would be ambiguous if the interpretations refer to different domains.
Hence, in the probabilistic context, it is quite common to fix a domain and to rely
on the unique name assumption, as we have already considered in the definitions of
relational logics. In the DL-context, one talks about fized (finite) domain reasoning
then (cf. |Gaggl et al., 2016]).

The consideration of infinite domains is an essential component of Description
Logics. Handling (countably) infinite domains is challenging in the context of prob-
abilistic reasoning, though, at least in combination with the principle of maximum
entropy (cf. Section . Therefore, we will investigate finite domains first and ded-
icate with Section |7.3|a separate section to the task of incorporating infinite domains
into maximum entropy reasoning. Consequently, we will consider from now on ALC
with a fized finite domain (cf. [Gaggl et al. [2016]) until indicated otherwise. We
denote this restricted version of ALC with ALC™.

With respect to the limitations of concept and role constructors in ALC, we can
note that ALC™ constitutes a fragment of an appropriate relational logic. When
embedding ALC™ into relational logics we can analyze expressions more flexible
because we have recourse to the full syntax of the relational logics. This justifies our
decision to consider relational logics as background logics for our further elaborations
first, and to apply our findings to ALC™ at the end of the thesis. Consequently, we
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now propose a translation of ALC™-expressions into relational expressions.
For a translation of ALC™ into a relational logic RL(X), we understand the
individual names in N7 as constants, the concept names in N¢ as unary predicates,

and the role names in Ny as binary predicates. That is, we consider the relational

signature (N7, N, Ng) = (Consty, Preds) with
Consty = N; and Preds = {Pa/1| A€ Nc} U{R,./2|r € Ng}. (2.2)

Further, we define a mapping ¢ which maps every ALC™-concept to a formula
with one free variable in RL(X), and, building on this, a mapping ~ which maps
every general concept inclusion as well as every assertion from ALC™ to a sentence.
Such a translation is, for instance, proposed in a broader setting in [Rudolph, 2011]
and adapted to ALC™ in the next definition. A similar translation can also be found
in |[Baader et al., 2008a].

Definition 2.5.1: Translation from ALC™ to RL(X)
(based on [Rudolph, |2011])

Let N7, N¢, and Ny be the sets of individual, concept, and role names of the
Description Logic ALC™. Further, let € be the set of ALC™-concepts over N
and N¢, let Vars be a set of logical variables, and let X (N7, N, Ng) be the
relational signature induced by N7, N¢, and Ng. Then, we inductively define a
mapping ve: € x Vars — RL(X) which translates ALC™-concepts to formulas
in RL(X) b

Ye(C'U D, X) =~(C, X) V(D, X),
ve(Fr.C, X) = V(R (X,Y) Ave(C,Y)), Y # X,

) =
) =
) =
) =
(C'_'D X) =(C, X)/\%(D X),
)
)
Ye(Vr.C, X) =

VYR (X,Y) = 7(C,Y)), Y #X,

where A € N¢ is a concept name, C, D € € are ALC™-concepts, r € Ny is a
role name, and X,Y € Vars are variables. Based on this mapping, we further
define the ALC™-translation v: A — RL(X), where 2 is the set of all general

concept inclusions and assertions in ALC™, by

Y(C E D) =VX.(7(C, X) = 7(D, X))
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Y(C(a)) = 7 (C, X)(X/a),

The translation v can be extended to a TBox 7 and an ABox A by

W)= N\ CED),

(CCD)eT
YA = N vCl)n N Re(abd)
C(a)eA r(a,b)eA
. J

We give an example.

4 )
Example 2.5.2

We recall the ALC-knowledge base Kt = (Tmth, Amtn) from Example
which is given by

Ton = { Parent = Person M JhasChild. T,
Grandparent = Person M JhasChild.Parent,
Woman C Person }
A = { Woman(mary), hasChild(mary, paul) b
Then,
V(Amth)

= v(Woman(mary)) A ~y(hasChild(mary, paul))

= 7¢(Woman, X ) (X, mary) A Rhaschiia(mary, paul)
= Pwoman(X)(X, mary) A Rphaschiia(mary, paul)

= Pwoman(mary) A Rhaschila(mary, paul),

Y(Tenth)
= ~y(Parent C Person M 3hasChild.T")

A y(Person M 3hasChild. T C Parent)
A 7y(Grandparent C Person M JhasChild.Parent)
A y(Person M JhasChild.Parent C Grandparent)
A v(Woman C Person)
= VX.(ye(Parent, X') = 7¢(Person 1M 3hasChild. T, X))
AV X.(~e(Person M 3hasChild. T, X') = ~¢(Parent, X))
A VX.(ve(Grandparent, X') = ~¢(Person M 3hasChild.Parent, X))
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AV X.(~e(Person M JhasChild.Parent, X') = ~¢(Grandparent, X))
A VX.(ve(Woman, X) = ~¢(Person, X))

= VX.(Prarent(X) = (Pperson(X) A FY.(Rhaschitd (X, Y)))
AV X.((Pperson(X) A FY.(Rnaschild (X, Y)) = Prarent(X))
AV X.(Pgrandparent (X)) = (Pperson(X) A Y. (Rhaschitd (X, Y) A Prarent(Y)))
A VX.((Prerson(X) A Y. (Rhaschild (X, Y) A Prarent(Y)) = Porandparent (X))
A VX (Pwoman(X) = Peerson(X)).

The translation ~ from Definition [2.5.1] proves that ALC™ is contained in the
two-variable fragment of relational logics as well as a guarded fragment in the sense
of |Gridel, [1998] because quantifications occur in ALC™ in restricted settings only.
It is a straightforward result that an ALC™-knowledge base (T ,.A) is consistent
(wrt. the fixed domain) iff the relational sentence v(7) A v(A) is consistent. Fur-
ther, when &£ is a general concept inclusion or an assertion, then (7,.A) = £ holds
iff v(T) Ay(A) = v(E) is true in any interpretation defined over the fixed domain
(cf. [Baader et al. 2008a]).

Limitations of Relational Logics

We now address some limitations of relational logics RL(X). To some extent, we will
overcome these limitations in course of the thesis by proper extensions of RL(X%),

especially by introducing relational probabilistic conditionals in Chapter [3]

» Limitations caused by the finite domain:

Because the signature X of relational logics RL(Y) is finite, especially the
number of constants |Consty|, it is impossible to differentiate between infinitely
many individuals or objects within RL(X). This might be tolerable because
the number of individuals or objects in the domain of discourse is usually
finite (maybe very large and often not known but finite) but, and this is more
important, it is also not possible to assign infinitely many states to attributes
of entities in RL(X). For example, the body mass index (BMI) of a person
can take infinitely many values in general as it is technically a positive real
number. However, it is impossible to formulate an atom BMI(X,Y) in RL(X)
stating that the BMI of a person X is Y where Y ranges over all positive
real numbers because the range of Y must be finite by definition of RL(X).
We will address this issue in Section Basically, our approach is based
on the idea that even if the BMI can take infinitely many values, as soon
as we formulate knowledge about the BMI, we typically group these values
into finitely many different classes. For example, in order to detect adiposity,
it is relevant for the doctor if the BMI is either less than or equal to 30 or
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greater than 30. Hence, we can partition all possible values of the BMI into
two classes (less than 30 or not) which reduces reasoning to the finite case.
Technically, we will realize this idea by utilizing the concept of satisfiability
modulo theories (cf. |Barrett et al. |2021]).

Limitations of RL(X) as being a two-valued logic:

In the real world, statements (beliefs) typically do not hold for sure. Thus, it
is desirable to be able to formulate statements that hold in most cases, with
some kind of uncertainty, under some kind of plausibility assumptions, etc.
when applying formal reasoning approaches to practical problems. However,
relational logics RL(X) satisfy the principle of bivalence (cf. e.g., [Beziau,
2003]), i.e., all sentences are mapped to the truth values 1 (true) or 0 (false)
but no truth values in-between are allowed. In addition, the truth values of
sentences in RL(X) are uniquely defined by the truth values of their sub-
sentences (principle of extensionality, cf. |Kunen) |1980]). For these reasons,
relational logics are classical logics and not suited for capturing the concept of
plausibility or for representing the likelihood of the correctness of a statement.
Hence, it is not possible to formalize uncertain or vague knowledge as well as
preferences with RL(X) (see [Gabbayl, |1994] for a comparison of classical and
non-classical logics). To overcome this kind of limitation, we extend relational
logics to relational probabilistic conditional logics RPCL(X) in Chapter .

Limitations on the inference formalism:

The entailment relation |=x of relational logics RL(X) is monotonic, i.e., for
sets of sentences A;, Ay € RL(X) and a sentence B € RLY (), it holds that
if A) |Ex B and A; C A,, then A, =5 B holds, too. As a consequence, it is
not possible to adequately revise knowledge but only on a meta-level.

Proposition 2.5.3: Monotony of Classical Entailment

Let ¥ = (Consty;, Predy;) be a finite signature, let A;, 4y € RLY(X) be
finite sets of sentences and let B € RL%(X) be a sentence. Then,

A Es B and A; C Ay, imply A s B.
Proof. From A; C A, it follows that Modg(As) € Mods(A;) holds. Let

I € Mods(Ay) be a model of Ay. Then, I € Mods(A;) holds and with
A; s B it follows that I is a model of B, too. O

Probabilistic inference formalisms as discussed in Sections [.1] and [£.2] will be
nonmonotonic and able to capture defeasibility instead.
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Probabilistic Conditionals
and the Aggregating
Semantics

In this chapter we introduce probabilistic conditionals and the aggregating semantics
[Kern-Isberner and Thimm), 2010]. We begin in Section [3.1| with extending the rela-
tional logics RL(X) by a conditional operator that allows us to formalize uncertain,
defeasible knowledge like “birds are usually able to fly,” which usually holds but
leaves room for exceptions—here the non-flying penguins, for instance. In terms
of relational conditionals, this statement could be formalized as (Flies(X)|Bird(X))
where X is a variable that can be instantiated by a specific individual. The follow-
ing Section [3.2|is dedicated to conditional structures. Relational conditionals (B|A)
without free variables can either be verified (A and B hold), falsified (A holds but B
is false), or not applicable (B is false). In case of conditionals with free variables,
this three-valued evaluation can be carried out for every single instance. Condi-
tional structures constitute an algebraic representation of the overall evaluation of
conditionals. Afterwards, in Section [3.3] conditionals are extended by probabilities
in order to quantify their uncertainty. For conditionals without free variables, the
common semantics via conditional probabilities is sufficient. So-called open condi-
tionals with free variables require a richer semantics, though. In Section we
discuss possible semantics of open probabilistic conditionals, in particular the ag-
gregating semantics. The aggregating semantics is a semantics of open conditionals
which combines statistical and subjective aspects of probabilities.



CHAPTER 3. CONDITIONALS AND THE AGGREGATING SEMANTICS

3.1 Relational Conditionals

Conditionals [Adams, |1975; Nute, [1980] are formal representations of qualitative,
uncertain statements where uncertainty refers to defeasibility. Therewith, condi-
tionals constitute a well-founded and prominent way of entering the wide field of
nonmonotonic reasoning (cf., e.g., [Halpern, |2005; Brewka, [1991; [Makinson, 2005]).
Defeasibility is inevitable when reasoning in changing environments |Alchourrén
et al., [1985] but also in (static) human knowledge representation as it is suited to
dissolve apparent contradictions, and it is present in nearly every application domain
of formal reasoning, in particular in such sensitive disciplines as medicine, account-
ing, and law. Relational conditionals combine the defeasibility of conditionals with
relational background logics.

In this section we give an intuition on how conditionals differ from material
implication in classical logics first. Then, we proceed with a formal definition of
(qualitative) relational conditionals. Because we will extend conditionals by proba-
bilities in the next sections, we discuss only those semantical aspects of qualitative
conditionals that will be helpful in the probabilistic case as well. More precisely, we
focus on the notions of possible worlds and counting functions which will play an
important role in the probabilistic setting, too. For a more in-depth discussion of
the semantics of qualitative relational conditionals, we refer to [Kern-Isberner and
Thimm), 2012].

Conditionals and Defeasibility

A conditional (1|¢), sometimes denoted by ¢ D 1), is a formal representation of the
defeasible statement “If ¢ holds, then usually 1) follows.” In the narrower sense, a
conditional (¢|¢) expresses a directed dependency between ¢ (the premise of the
conditional) and 1 (the conclusion) with the vision that ¢ is a (or the) reason for v
while leaving room for uncertainty |[Cummins et al., [1991]. More generally, (¢|¢)
states that in the context of ¢ it is more plausible to assume 1 than —).

The defeasibility of conditionals distinguishes conditionals from expressions in
classical logics, in particular from material implication, and clearly shows itself in
the three-valued evaluation of conditionals (cf. [de Finetti, 2017]): Let (v|¢) be a
conditional where ¢ and v are sentences from RL*(X). Then, besides the verifica-
tion of (1|¢), i.e., the case where ¢ and 1) are true, and its falsification where ¢ is
true but ¢ is false, the conditional (¢)|¢) can also be not applicable, namely when
the premise ¢ is false. This is in contrast to the material implication ¢ = 1 which is
true if ¢ is false. Consequently, the conditional (1|¢) may take on the truth values 1
and 0, but also the additional value u (unknown or not applicable) if ¢ is false. This
constitution of conditionals allows us to handle exceptions: “If ¢ holds, then usu-
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ally ¥ follows” particularly means that there might be a case in which v does not fol-
low from ¢, i.e., there might be an additional circumstance p besides ¢ which causes
that ¢ does not hold. For example, the conditional (IlI(X)|InfectedBy (X, flu)) may
state that a person X usually becomes ill when she is infected by the flu. An excep-
tional circumstance which causes that this conclusion does not hold could be the fact
that the person X is vaccinated, has taken high doses of vitamins, or has a generally
well developed immune system. Such exceptions need not to be mentioned explicitly
in a conditional but are considered implicitly. Although, they can be made explicit
by the use of an additional conditional. In our example, for instance, such an addi-
tional conditional could be (=lI(X)|InfectedBy(X, flu) A VaccinatedAgainst(X, flu)).

Note that the conditional (IlI(X)|InfectedBy (X, flu)) mentions a free variable and,
hence, requires a more sophisticated semantics than the three-valued evaluation of
conditionals (¢|¢) where ¢ and 1) are sentences. The possibility to handle condi-
tionals with free variables is a strong reason to consider a relational background
language instead of a propositional language. The fact that propositional formulas
and relational sentences have the same expressivity (cf. Section does not neces-
sarily carry over to conditional statements. Actually, this depends on the semantics
of conditionals with free variables.

After this brief sketch of the essence of conditionals, we now give a formal intro-
duction into the concept of conditionals as used in this thesis.

Syntax of Relational Conditionals

In this thesis, conditionals are built upon formulas from a relational background
logic RL(Y). In addition, we make use of domain constraints in order to restrict the
scope of conditionals. The domain constraints are in analogy to the domain con-
straints of quantifiers as introduced in Section [2.3] Recall that domain constraints
are expressions of the foom X # ¢, X # Y, X € C, or X € Consty, \ C where X
and Y are logical variables, ¢ € Consty, is a constant, and where C C Consty; is a set

of constants. The formal definition of conditionals is as follows.

Definition 3.1.1: (Qualitative Relational) Conditional

Let ¥ be a finite signature, let ¢, € RL(X) be formulas, and let CS be a set
of domain constraints for the variables in FreeVar(¢) U FreeVar(¢), i.e., for the
variables which are free in ¢ or ¥. Then, 0 = (¥|¢)cs is called a (qualitative
relational) conditional. 1f CS = (), then we write (¢|¢) instead of (¥|¢)cs
for short. We denote the set of all conditionals defined over the signature ¥
with RCL(X).

While domain constraints in quantifications Vs X.¢ or dcs X.¢ are used to restrict
the scope of the free variables in ¢, the domain constraints of conditionals (1|¢)cs
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are used to restrict the scope of the free variables in both ¢ and . Free variables
which occur in ¢ as well as in v relate the premise and the conclusion of § = (¥|¢)cs
in that they are placeholders for the same (set of) constants. That is, in the ex-
ample (llI(X)|InfectedBy(X,flu)), the person X which has the flu is the same which
possibly gets ill.

A conditional (¢|p)cs is closed iff both ¢ and 1 are sentences, i.e.,
iff ¢, € RLY(X). Otherwise, the conditional (1|¢)cs is open. The constraint
set CS of closed conditionals § = (¢|@)cs is empty because FreeVar(d) = () holds in

this case.

Example 3.1.2

We formalize the observation of the sociologist from Example [2.2.2(c) that
friends of smokers usually smoke, too. For this, we consider the signature ¢
with the set of predicates

Predy, , = {Friends/2, Smokes/1}

smk

and define the conditional
dsmk = (Smokes(X)|Friends(X,Y’) A Smokes(Y"))(x-y}-

The informal meaning of this conditional is: “If two persons are friends and one
of them smokes, then usually the other person smokes, too.” It is important to
note that dsmk is a defeasible statement. That is, it might be the case that there
is a friend of a smoker who does not smoke. But this must be an exception.
A formal semantics of conditionals has to define what usually and exception
means then. The conditional d¢mi is open because FreeVar(dgmi) = {X, Y} # 0.

Like open formulas, open conditionals from RCL(X) can be instantiated. A
proper instance of an open conditional 6 = (¢/|¢)cs is observed by substituting each
(free) variable from FreeVar(d) := FreeVar(¢)UFreeVar(1)) with a constant such that
both

» free variables that are mentioned in both the premise ¢ and the conclusion 1
of 4, i.e., the variables in FreeVar(¢) N FreeVar(1)), are substituted with the
same constant in ¢ as in 1,

» the domain constraints in CS are satisfied.

The set of all proper instances of a conditional § € RCL(X) with respect to the
signature ¥ is denoted by Instg(d). As in the case of open formulas, the set of
instances Insty(d) depends on Consty, instead of the whole signature ¥ only but we
use the subscript ¥ for convenience. Instances of conditionals are always closed
conditionals.
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Example 3.1.3

Again, we consider the signature g, = (Consty_,,Predy ,) from Exam-
ple [2.2.2(c) with

= {Friends/2, Smokes/1}.

Consty,_, = {peter, paul, mary} and Predy

smk smk

The set of the proper instances of the open conditional
dsmk = (Smokes(X)|Friends(X,Y’) A Smokes(Y"))xv}
is given by

Insty,_, (0smk) = {(Smokes(peter)|Friends(peter, paul) A Smokes(paul)),
Smokes(peter)|Friends(peter, mary) A Smokes(mary)),

Smokes(paul)|Friends(paul, peter) A Smokes(peter)),

Smokes(paul)|Friends(paul, mary) A Smokes(mary)),

Smokes(mary)|Friends(mary, peter) A Smokes(peter)),

( (
( (
( (
( (
( (
( (

mary)|Friends(mary, paul) A Smokes(paul))}.

We now discuss the formal semantics of conditionals which is based on possible

worlds.

Possible Worlds Semantics

The semantics of conditionals is based on the notion of possible worlds [Lewis, [2013}
Stalnaker, |1976]. The idea behind possible worlds is to represent all conceivable
states of the real world in terms of a formalized logical language. Hence, possible
worlds are abstract entities which determine what is true and what is false in the
particular view on the world. Given some conditionals which formalize knowledge
about the real world, one major task of uncertain reasoning is to identify the possible
world which describes the real world best.

In this thesis, we associate possible worlds with the truth assignments to the
ground atoms in grAtom(X) which underlie the interpretations in Int(X) (cf. Defi-
nition [2.2.7)) and represent the possible world wy which refers to the truth assign-
ment 0 € O(X) as a complete conjunction of those ground literals which are in-
terpreted to 1 (true) by 6. Thus, possible worlds are logical representations of the
maximal consistent subsets of grLit(X).
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\

-
Definition 3.1.4: Possible World (c¢f. [Kern-Isberner and Thimm), 2012])

Let ¥ be a finite signature, and let § € ©(X) be a truth assignment to the
ground atoms in grAtom(3). Then, the possible world with respect to 6 is

Wy = /\ [ = /\ g /\ g-

legrLit(X): Ip(H)=1 gegrAtom(X): 0(g)=1 gegrAtom(X): 0(g)=0

- The set of all possible worlds over X is denoted with Q(X). )

Because possible worlds are represented as conjunctions of ground literals, tech-
nically they are sentences, i.e., Q(X) C RL°(X). This makes it easier to relate
possible worlds as we can formulate conjunctions or disjunctions of them.

4 )
Example 3.1.5

We consider the signature Ype, = (Consty,, , Preds, ) (cf. Example b))
with

Consty,, = {tweety, sally} and Preds, = {Bird/1, Flies/1, Penguin/1}.
Then,

grLit(Xpep) = {Bird(tweety), Bird(sally), Flies(tweety), Flies(sally),
Penguin(tweety), Penguin(sally), —Bird(tweety), —Bird(sally),
—Flies(tweety), —~Flies(sally), =Penguin(tweety),
—Penguin(sally)}.

An example of a possible world in Q(Xy,) is

w = Bird(tweety) A —Flies(tweety) A Penguin(tweety)
A Bird(sally) A Flies(sally) A =Penguin(sally).

In this possible world w, Tweety is a penguin bird which is not able to fly while
. Sally is a flying bird which is not a penguin.

J

Via the truth assignments in ©(X), possible worlds are in a one-to-one corre-
spondence with interpretations. For all possible worlds w € Q(3) and interpreta-
tions I € Int(X), we have w ~ [ iff w = wp and I = Iy for some § € O(X). In
particular, we have

|Q(Z)| — 9|Ground(%)| _ 22P€Pred2 |Consty; [2rity(F) _ |Int(E)|. (3.1)
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As a consequence, the number of possible worlds in €2(3) is exponential in the
number of constants in Consty. This makes naive reasoning with respect to for-
malisms based on possible worlds semantics computationally expensive, in particular
when |Consty| is large. Controlling the domain size |Consty| will be the crucial task
in this thesis, especially in the context of lifted inference (cf. Chapter . Therefore,
we allocate k = |Consty| throughout the thesis.

Sometimes we will treat k£ as a parameter as well. This means that we consider
signatures > with a fixed set of predicates Predy, and a set of constants Consty, of

arbitrary but finite size.

Marginalization of Possible Worlds

For some reasoning tasks such as marginalization it is useful to restrict possible
worlds to a subsignature of ¥, i.e., to a signature ¥’ with ¥’ C ¥, or more gener-
ally to a subset of ground atoms G C grAtom(X). Note that not all sets of ground
atoms G are induced by a signature ¥, i.e., of the form grAtom(%’) where ¥’ is a sig-
nature (cf. Example . The restriction of possible worlds to a subset of ground
atoms G C grAtom(X) is especially useful if the truth assignment on grAtom(X) \ G
is irrelevant or if we want to localize resp. focus reasoning on G. For example,
we could aim at decomposing a sentence into a set of subsentences which can be
interpreted on small subsignatures of ¥ such that the restricted interpretations of

the subsentences can be assembled to a proper interpretation of the whole sentence.

Definition 3.1.6: Partial Possible World (cf. [Wilhelm et all, |2017b])

Let 3 be a finite signature, and let G C grAtom(X) be a set of ground atoms.
We denote with ©(G) the set of the truth assignments g: G — {0, 1} which
assign a truth value to the ground atoms in G. For 0g € O(G), the partial
possible world with respect to g is defined by

Wog = /\ g /\ g.

9€G: 0g(g)=1 9€G: 6g(9)=0

The set of all partial possible worlds with respect to G is denoted with Q(G).
Note that we also use the notation (X') instead of Q(G) if G is of the form
G = grAtom(Y’) for a subsignature ' C 3.

Partial possible worlds can be obtained from possible worlds by marginalization.
The marginalization of possible worlds w € () means the projection of w onto a
subset of grAtom(X).

65



CHAPTER 3. CONDITIONALS AND THE AGGREGATING SEMANTICS

Definition 3.1.7: Marginalized Possible World
(cf. [Wilhelm et al., |2017b])

Let X be a finite signature, let G C grAtom(X) be a set of ground atoms, and
let w € Q(X) be a possible world. Then, the marginalization of w onto G is

defined by
wig = /\ gA /\ g.
9€G: wkg 9€G: wkEg

Every marginalized possible world wig is a partial possible world in €(G) and
every partial possible world wg € €(G) is the marginalization of some possible
worlds in ©(X). While the marginalization of possible worlds leads to unique partial
possible worlds, the ezpansion of partial possible worlds in Q(G) to possible worlds
in Q(X) is ambiguous if G C grAtom(3). With

Qe (8) ={w € Q) | w [z wg}

we denote the set of all proper expansions of the partial possible world wg € Q(G).
Of course, w € Oy, ().

Possible worlds can be partitioned into partial possible worlds which can then
be reassembled to the original possible world again if a partition of the ground
atoms in grAtom(X) is given (cf. Definition in the appendix for a definition of
partitions). This is useful to break down calculations based on possible worlds into
local calculations. If {Gy,...,G,,} is a partition of grAtom(X), then, for w € Q(X),

we have

w= /\w|gi. (3.2)
i=1

Equation ({3.2) illustrates the usefulness of the representation of (partial) possible
worlds as conjunctions which can simply be concatenated when combining them.
We give an example.

Example 3.1.8

We recall the sentence

¢ = VX 3gyx) Y.Friends(X,Y) A Smokes(Y)

smk —

from Example which is defined over the signature Ygnk (cf. Exam-
ple EZ3(c)) with

Consty,_, = {peter, paul, mary} and Predy,_, = {Friends/2, Smokes/1}.

smk smk
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We abbreviate F' = Friends and S = Smokes. Since the interpretation
of F(X,X) for X € {peter, paul, mary} is irrelevant for the evaluation of the

sentence @ ..

and G, with

we partition the set of ground atoms grAtom(Xgmk) into G

Gy = {F(peter, paul), F(peter, mary), F'(paul, peter), F'(paul, mary),
F(mary, peter), F/(mary, paul), S(peter), S(paul), S(mary)},
Gy = { F'(peter, peter), F'(paul, paul), F'(mary, mary)}.

Only the partial possible worlds in ©(G;) are relevant for the interpretation
of ¢L.. The truth assignment on the ground atoms in €2(G2) does not af-
fect the interpretation of ¢, instead. For example, the partial possible

world wg, € Q(G;) with

wg, = F(peter, paul) A F(peter, mary) A F'(paul, peter) A F'(paul, mary)
A F(mary, peter) A F'(mary, paul) A S(peter) A =S(paul) A =S(mary)

states that every two persons out of Peter, Paul, and Mary are friends and
only Peter is a smoker, without making any statement about whether a per-
son is a friend of herself. The partial possible world wg, induces the set of
possible worlds Qg (Xsmk) & €2(Xsmi) which coincide with wg, on G, and spec-
ify whether F'(X, X) for X € {peter, paul, mary} holds or not, in addition. In
particular, we have [, (Zemk)| = 2° = 8. The restriction to relevant partial
possible worlds has a positive impact on computational costs in a natural way
as it lowers the exponent in (3.1).

Next, we evaluate conditionals with respect to possible worlds based on so-called

counting functions which generalize the trivalent evaluation of closed conditionals.

Evaluation of Closed Conditionals and Counting Functions

We discuss how to evaluate relational conditionals which possibly mention free vari-
ables based on possible worlds. The basic idea is to count how many instances of
a conditional are verified, falsified or not applicable. This count-based evaluation
extends the three-valued evaluation of closed conditionals from [de Finetti, |2017]
and will be of importance when developing probabilistic semantics of conditionals
that are equipped with probability values in Section [3.3
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w Ibow (W) w Ibow (W)
BRS 1 BRS 0
BRS u BRS u
BRS U BRS U
BRS U BRS U

Table 3.1: Evaluation of the closed conditional dpew = (Rainbow|Sunshine A Rain)
with respect to the possible worlds in Q(3pew) (cf. Example [3.1.10). We use the
abbreviations B = Rainbow, S = Sunshine, and R = Rain.

7
Definition 3.1.9: Evaluation of Closed Conditionals
(cf. [de Finetti, |2017)])

Let 3 be a finite signature, let (¢|¢) € RCL(X) be a closed conditional, and
let w € Q(X) be a possible world. Then, we define the evaluation of (1|¢)
in w by

1 if whs oy (verification)
(V) (w) =40 if wles ¢ (falsification) .
u if wlEs @ (non-applicability)
. J

A closed conditional (¢|¢) € RCL(X) is werified in a possible world w € ()
iff both the premise ¢ and the conclusion v of the conditional are true in w. It is
falsified if the premise is true and the conclusion is false, and it is not applicable if
the premise is false.

4 )
Example 3.1.10
We consider the closed conditional dpey = (Rainbow|Sunshine A Rain)

“The concurrence of sunshine and rain usually causes rainbows.”

over the signature Yoy = (0, Predy,_,) (cf. Example a)) with
Predy,_, = {Sunshine/0, Rain/0, Rainbow/0}.

The evaluation of the conditional dpo, With respect to the possible worlds
. in Q(Xpow) is shown in Table

J

The three-valued evaluation of closed conditionals can be extended to open con-
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ditionals by counting the number of instances of the conditionals that are verified,
falsified, or (not) applicable within a possible world w € Q(3).

Definition 3.1.11: Counting Functions
(based on [Kern-Isberner and Thimm), 2012])

Let ¥ be a finite signature, let 6 = (¢|¢)cs be a conditional from RCL(X), and
let w € (%) be a possible world. Then, we define the counting functions

vers 5(w) = [{(¥'|¢) € Insts(d) | w =5 @'Y}, (# verifications)
faly 5(w) = [{(¥'|¢)) € Insts(0) | w s ¢V}, (# falsifications)
appys(w) = [{(¢'¢) € Insts(0) | w f=s ¢}, (# applicabilities)
napps, s(w) = {(@'¢") € Insts;(0) | w s @'} (# non-applicabilities)

The counting functions in Definition [3.1.11) map possible worlds to natural num-
bers (including zero). Every two of the counts vers s(w), falgs(w), and apps, 5(w)
determine the third one. More precisely, we have the identity

appy s(w) = vers s(w) + falg 5(w)

for w € Q(X). The count nappy, s(w) can be derived from appy; 5(w) by

nappy 5(w) = |Insts(6)| — appy; 5(w)-

Consequently, only two of the above-mentioned counts verys(w), falgs(w),
and appy s(w) are necessary to represent the overall evaluation of an open con-
ditional with respect to the possible world w. Hereby, note that Insts(d) is
independent of w. From another perspective, we have

|Insts ()| = vers s(w) + falg s(w) + nappy 5(w)

which reflects that each instance of ¢ is either verified, falsified, or not applicable
in w. Note that different instances of the same open conditional can be evaluated
differently by a possible world. For example, one instance can be verified while
another instance is falsified.

Example 3.1.12
We continue the previous Examples [3.1.8| and [3.1.3] and consider the signa-
ture Xgmk = (Consty,,, Preds,_ ) (cf. Example [2.2.2{c)) with

Consty,_, = {peter, paul, mary} and Preds_, = {Friends/2, Smokes/1}.
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We exemplarily evaluate the open conditional
dsmk = (Smokes(X)|Friends(X,Y) A Smokes(Y'))(x .y}

with respect to the possible worlds in €, (3) where w is the partial possible
world (we abbreviate F' = Friends and S = Smokes)

w = F(peter, paul) A F'(peter, mary) A F(paul, peter) A F(paul, mary)
A F(mary, peter) A F'(mary, paul) A S(peter) A =S(paul) A =S (mary).

Note that we have already noticed that the evaluation of dsmk is the same
in all possible worlds from €, (3¢nk) because Q,(Xsmk) = 2(G1) where G is the
respective set of atoms from Example [3.1.8] and the evaluation of the ground
atoms in Gy = grAtom(X) \ G; is irrelevant for the evaluation of dgmy since no in-
stance of dgmx mentions any ground atom F(X, X) with X € {peter, paul, mary}.

Because Peter is the only smoker in the partial possible world w, no instance
of dsmk 18 verified in any possible world w’ € €, (Xgmk). Actually, this is because
the verification of any instance of dsmi requires at least two smokers because
the variables X and Y in dsmk have to be instantiated with different constants.
Further, the instances

(Smokes(paul)|Friends(paul, peter) A Smokes(peter)),
(Smokes(mary)|Friends(mary, peter) A Smokes(peter)),

of dsmk are falsified in all possible worlds w’ € Q,(Xsmk) and all other instances
are not applicable. Consequently, we observe the following counts:

Verzsmk»(ssmk (w/) - O’ falzsmkv(ssmk (CL)/)
= 2’

2,
appEsmk,Jsmk (w/> nappxsmk,ésmk (w/) = :

In the possible worlds in which Peter, Paul, and Mary are friends and smok-

ers, i.e., in all possible worlds &' € Q0 (Xsmk) Which are expansions of

w = F(peter, paul) A F(peter, mary) A F'(paul, peter) A F'(paul, mary)
A F(mary, peter) A F(mary, paul) A S(peter) A S(paul) A S(mary),

we have

vers, faly

smk Jssmk ((I}l>

smkaésmk ((':)/)
appzsmk,(ssmk <w/) :

0,
nappzsmkvésmk (WI) = :

=0,
=06,
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As closed conditionals 6 € RCL(X) have only one instance, namely § itself,
i.e., Insty(0) = {d}, we have the following straightforward characterization of the
evaluation of closed conditionals.

Proposition 3.1.13: Evaluation of Closed Conditionals
Let ¥ be a finite signature, let 6 € RCL(X) be a closed conditional, and
let w € (%) be a possible world. Then,

1 if vergs(w) =1
Sw)=120 if falgsw)=1 . (3.3)
u if nappy;(w) =1

Proof. The proposition follows directly from the three-valued evaluation of closed
conditionals and the definition of the counting functions. O]

Intuitively, if one believes in a conditional 6 € RCL(Y), i.e., if one accepts the
assumption that the premise of § usually implies its consequence, then one should
also believe that possible worlds in which the number of verifications of § outweigh
the number of falsifications of ¢ tend to be more likely representations of the real
world than possible worlds in which this is not true. In this sense, in Example [3.1.12]
the possible worlds in Qg (Xgmk) are more likely formalizations of the real world than
the possible worlds in Q,(Xsmk), provided that the conditional dgmi is believed. This
motivates the counting of verifications and falsifications (and the further counts) of
a conditional within single possible worlds.

Beyond that, Example allows for drawing attention to the fact that count-
ing the verifications and falsifications of a conditional § € RCL(X) can also be un-
derstood in another way than captured in very, 5(w) and faly; s(w). Instead of counting
the verified and falsified instances of ¢ within a possible world, one can also count
the number of possible worlds in which an instance, or generally a closed conditional,
is verified or falsified (resp. not applicable). For instance, in Example the
closed conditional d,e, is verified and falsified in only one possible world and not
applicable in six possible worlds. This leads to another way of counting which is
orthogonal to very s(w) and falg 5(w).

We will revisit both views on counting verifications and falsifications when we
have extended qualitative conditionals by probabilities and discuss the aggregating
semantics of probabilistic conditionals in Section [3.4] Beforehand, we recall condi-
tional structures from [Kern-Isberner, [2001a] as a compact and useful representation

of these counts.
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3.2 Conditional Structures

In this section, we discuss conditional structures [Kern-Isberner, 2001a] as a formal
representation of the evaluation of conditionals in possible worlds. Thereafter, we
extend the notion of conditional structures to sets of possible worlds and discuss
first strategies for an efficient calculation of conditional structures. We close this

section by mentioning the concept of conditional equivalence.

Conditional Structures of Possible Worlds

Conditional structures are algebraic objects which reflect the number of verified and
falsified instances of the conditionals in a finite set A C RCL(X) within a possible
world. Mathematically, they are elements of the finitely generated free Abelian group

G(A) = (Ga(A), -, 1)
with generating set
Go(A)={aj |i=1,...,n}U{a; |i=1,...,n},

where n = |A|. We refer to Definition in the appendix for a formal defini-
tion of a mathematical group (cf. also |[Lang, 2002]). A group is called Abelian
if the operation of the group, here the multiplication -, is commutative. The fact
that the Abelian group G(A) is free means that every element in G(A) can be
written as a unique Z-linear combination of its generators in Gg(A) modulo com-
mutation. Hence, because G(A) is multiplicative, elements in G(A) are of the form
[T, (a7 )™ - (ay )k with my, k; € Z for i = 1,...,n, whereby 1 =[], (a])° - (a;)°

is the identity element in G(A).

Definition 3.2.1: Conditional Structure [Kern-Isberner, |2001a)

Let 3 be a finite signature, let A C RCL(X) be a finite set of conditionals,
say A = {d1,...,0,}, and let w € Q(X) be a possible world. Then, the condi-

tional structure of w with respect to A is

n

O-Z,A(W> = H(a;r>ver2,6i(w) . (a;)falz’(gi(w)'

i=1

The generators aj and a; of G(A) tell us whether the i-th conditional from A
is verified (a;") or falsified (a;’) in the possible world w, namely by occurring or not

occurring in oy A (w). From the exponents of these generators we can read how often
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the respective conditional is verified resp. falsified. We sometimes use the notation
— (qt\verss(w) | (y—falss(w)
oss(w) = (a5) (as)

for conditional structures with respect to single conditionals 6 € RCL(X), too. The
advantage of considering conditional structures as elements of a free Abelian group
is the possibility to apply mathematical operations to conditional structures which
enables us to calculate on them. For example, it is possible to multiply conditional

structures of several conditionals so that, in particular,

oxa(w) = H oy s(w)

0EA

holds. Efficient calculations of conditional structures will be of great importance
when we address lifted probabilistic inference at maximum entropy in the follow-
ing chapters.

Recall that the multiplication in the Abelian group G(A) is commutative. Be-
cause of this, the order of the conditionals which is induced by the enumeration
in Definition is irrelevant and just used for simpler referencing. The identity
element 1 reflects that no conditional in A is applicable. Further, every element
in G(A) has its inverse element in G(A) albeit the inverse elements neither occur in
the conditional structures directly nor play a role in this thesis. They can be useful
when drawing conditional inferences on an abstract, algebraic level, for example.
Then, quotients of conditional structures can be calculated and possibly canceled
against each other (cf. [Kern-Isberner} 2001a]).

When we enumerate the elements in A, i.e., when we refer to the conditionals
in A with ¢; for ¢ = 1,...,n, then we also use the notation oy ;(w) for oy, (w) in
order to avoid double indices. Analogously, we write very ;(w) and faly ;(w) instead
of verg s, (w) and falg s, (w). That is, we refer to the i-th conditional ¢; in A by
its index ¢ for the sake of simplicity. We will follow this schema in the rest of
this thesis without explicitly mentioning it again. For example, we write appsy, ;(w)
instead of appy 5,(w), too. The other way around, we sometimes use the notations a(JS;
and aj instead of a; and a; .

Example 3.2.2

We consider the signature X¢mx = (Consty_,, Predy,_ ) with

mk ?

Consty,_, = {peter, paul, mary} and Preds_, = {Friends/2, Smokes/1}
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and the conditional
dsmk = (Smokes(X)|Friends(X,Y) A Smokes(Y'))(x .y}
as in Example [3.1.3] According to Example [3.1.12 we have

O.Esmkvfssmk (w/> = <a6smk

O-Zsmkv(ssmk (a)/) - (a;’;mk)G ’ (a(;_ )O = (ag;mk)ﬁ’

smk

where (a) w’ is any possible world in which Peter, Paul, and Mary are friends
and only Peter is a smoker, and where (b) &’ is any possible world in which all
three persons are friends as well as smokers.

To illustrate conditional structures with respect to sets of conditionals, we
consider the additional conditional

O¢na = (Friends(Y, X)|Friends(X,Y)) x 2y

which states that being friends is usually a symmetric relation and de-
fine Agmk = {Jdsmk, Omd }- The conditional dgng has six proper instances:

Insty,_, (0gnda) = {(Friends(peter, paul)|Friends(paul, peter)),

Friends(peter, mary)|Friends(mary, peter)),
Friends(paul, peter)|Friends(peter, paul)),
(
(
(

(
(
(
(Friends(paul, mary)|Friends(mary, paul)),

(Friends(mary, peter)|Friends(peter, mary)),
(Friends(mary, paul)|Friends(paul, mary))}.

All of them are verified in the above-mentioned possible worlds w’ and & and,
thus, we have

2 + \6
smk) .(aéfrnd) ?

O-EsmkvAsmk (dj/) = O-Esmkvésmk (('Z)/) ’ O-Esmk:‘sfrnd ((D,) = <a;;mk)6 ' (ag;rnd)(a.

O-EsmkvAsmk (w,) = O-Esmkaésmk (w,) ’ Uzsmkvdfrnd (w/) = (aé_

Now, we extend conditional structures to sets of possible worlds.
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Conditional Structures of Sets of Possible Worlds

Conditional structures of possible worlds allow us to multiply formal representatives
of the evaluation of conditionals with respect to single possible worlds, namely a;°
and a; fori =1,...,n. Later on, we will see that it is also useful to add conditional
structures of several possible worlds, i.e., to build sums like oy a(w) + ona(w')
for w,w’ € Q(X). In order to be able to do so, we extend the free Abelian group G(A)

to the zerosumfree Abelian semiring
S(A) = (Ga(A), +,+,1,0), (3.4)

where Gg(A) is the generating set of G(A) which now serves as a generating set
of S(A). Elements in S(A) are of the form >4, TTi,(af )™ ™ - (a7 )%™ with I € Ny
and m;(h),k;(h) € Zfori=1,...,nand h=1,... 1. In case of [ = 0, we observe an
empty sum which refers to the identity element regarding the addition + in S(A),
and which is denoted by 0. Basically, S(A) is G(A) with the ability to sum up
elements from G(A). Calculations in S(A) proceed intuitively except for the fact
that there is no subtraction in S(A), i.e., there are no inverse elements with respect
to the additive operation +. The zerosumfreeness of S(A) means that for two
elements s,s" € S(A) it directly follows from s + s’ = 0 that both s and s must
be 0. Please see Definition in the appendix for a definition of Abelian semirings
and also |Golan) 1999 for a more in-depth introduction to semirings and the concept
of zerosumfreeness.

The semiring S(A) allows us to generalize conditional structures in the following

Sense.

Definition 3.2.3: Conditional Structure of Sets of Possible Worlds
Let ¥ be a finite signature, let A C RCL(X) be a finite set of conditionals, and
let Q" C Q(X) be a set of possible worlds. Then, the conditional structure of €
with respect to A is

osa(@) =) osalw) =Y [[ossw). (3.5)

we)! weY deA

The reason why we introduce conditional structures of sets of possible worlds
is that we aim on calculating conditional structures for several possible worlds si-
multaneously. Based on , it is sometimes possible to find a very condensed
representation of the conditional structures of sets of possible worlds by making use
of the semiring laws, in particular, distributivity. The crucial task here is to factor-
ize o5 A(Q') which means a commutation of the sum and the product in (3.5]). The

next examples illustrate this idea very impressively.
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w 03,5, (W) 053,05 (W) Oy 04 (W)
B(ci)F(ci) P(ci) af ay a3
B(c;)F(ci)P(c;) ay ay
B(ci)F(ci) P(ci) ay a; ay
B(ei)F(ci)P(ci) ay ay
B(c;)F(e;)P(¢) 1 ay az
B(c;)F(ci)P(c;) 1 ay 1
B(c;)F(c;)P(c;) 1 a, a;
B(c¢;)F(c;)P(¢) 1 ay 1

Table 3.2: Conditional structures of the possible worlds in €2(3;) with respect to the
conditionals §; = (F(¢;)|B(¢;)), 02 = (P(c;) = B(c;)|T), and d3 = (= F(¢;)|P(c;))
from A; (cf. Example , where the abbreviations B = Bird, F' = Flies,
and P = Penguin apply.

Example 3.2.4
We consider the set of conditionals

Apsp, = {(Flies(X)|Bird(X)),
(Penguin(X) = Bird(X)|T),
(—Flies(X)|Penguin(X))}

defined over the signature Yyp, = (Consty,, , Preds, ) from Example [2.2.2(b).
It is
Preds,, = {Bird/1, Flies/1, Penguin/1},

and we assume Consty,, = {ci,cz,c3} so that |Consty, | = 3. DBecause
1Q(Zp)| = (2°)% = 512, computing the conditional structures of all possible
worlds in Q(3¢,) independently is quite time-consuming—at least when com-
puting them by hand—even for this small number of constants. However, for
some reasoning tasks it turns out that it is sufficient to compute the conditional
structures simultaneously in one single expression s, A, (2(Zbfp)) which can
be obtained much easier. Then, one loses the information which conditional

structure refers to which possible world, but this information is not always

76



3.2. CONDITIONAL STRUCTURES

necessary. In this example, we have

Uzbfp:Abfp(Q(bep)> = Z H Verzbfp . (ag)falﬁbfp,é(w)

WEQ(Ebfp) 5€Abfp

DI | I | G Co

wWEN(Spgp) 0€ALR 5’E|nst2bfp (%)

The ground instances ' € Insty, (9) of the conditionals € Apg, are obtained
by substituting the (only) free variable X by any constant from Consts, so
that they make use of exactly one of the three pairwise disjoint sets of ground

atoms

G; = {Bird(c;), Flies(c;), Penguin(¢;) }, 1=1,2,3,

which partition grAtom(Xys). In particular, the evaluation of the ground in-
stance of the conditionals § € Apg which make use of ground atoms from G,
and which we name 6., ¢ = 1,2,3 from now on, is independent of the truth
assignment on G; with j # . Therewith, it follows that

O S0, Abfp (Q (Ebfp> )

— Z Z Z H ﬁ(agrc)verzi,sci (wi) | (a(ii)falgi,éci (wi)

w1 GQ(El) LUQGQ(EQ) w3EQ(23) 5€Abfp =1

3
- Z Z Z H H (a(}’;i)verﬁi,éci(wi) . (a(;_ci)falzi*éci(wi)’

w1 GQ(ZI) WZGQ(ZQ) ngQ(Eg) i=1 6€Abfp

where ¥, = ({¢;},Predpsy) for i = 1,2,3. With A; = {J., | 0 € Ay} for
1 =1,2,3, we further obtain

TS0 A (2 bfp))

= > > 2 HUEMA (wi)

wleﬂ(zl)WQGQ(ZQ)W3€Q(23 =1

= E 0-217A1 (Ul § UZQ,AQ WQ E 0y%3 A3 (x}g

wleQ(El) WQEQ(EQ) (U3EQ(23)

:H Z UEiAi(wi)'

i=1 w;€Q(%)

The last rearrangement of ox,. A, (2(Xpsp)) leads to the desired permutation
of the sum and the product in g, A, (2(Zbep)) and, therewith, to a “local-
ization” of the calculation of possible worlds. In contrast to the initial situ-
ation in which 512 conditional structures of possible worlds had to be calcu-
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lated, now 3 - (2%) = 24 computations of conditional structures remain which,
furthermore, refer to much smaller signatures (¥;) and to sets of closed con-
ditionals (A;) than the direct computations. Hence, computations simplify
drastically.

Moreover, the signatures Y; and the sets of conditionals A; are isomorphic
which means that they are the same for ¢+ = 1,2,3 up to a renaming of the
constants. This again means that we do not have to compute oy, a,(w;) with
respect to all indices ¢ = 1,2,3, but it suffices to compute this expression
once for any index i because oy, a,(w;) = 03, a,(w;) holds for 4,5 € {1,2,3}.
Consequently,

O S, Abfp (Q<Ebfp)) = (CTZi,Ai (wi))gv

where i is any index from ¢ = 1,2,3. The conditional structures oy, a,(w;)
for w; € Q(X;) are shown in Table [3.2] where we use the notation

91 = (Flies(¢;)|Bird(c¢;)),
dy = (Penguin(¢;) = Bird(¢;)|T),
d3 = (—Flies(c;)|Penguin(c;)).

Consequently, we have

5005 (U(Zp)) = (a) a3 ay +a] af +ay aj aj +ay a3

+ay a; +a, a3 +2-a5)% (3.6)
Factoring this expression out results in a sum of all conditional structures of
the possible worlds in ©(Xpg). When consolidating equal conditional struc-

tures, the prefactors of the resulting terms are the frequencies with which the
respective conditional structures can be observed. By way of a hint, we have

O S, Dbip <Q<Ebfp>> = (aiy-)?,(a;-)g(a;)g

a;) (3.7)

For instance, there is one possible world in which the first two conditionals are
verified three times and the third conditional is falsified three times, there are
three possible worlds in which the first two conditionals are verified three times
and the third conditional is falsified twice, and so on.
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Note that we have fixed the domain size k = [Constg, | in Example [3.2.4]
to k = 3, but the arguments that we have made when simplifying the expres-
sion o, Ay, (U Zbrp)) apply to any finite domain size & € N as well. Hence, our
result can be generalized to arbitrary domain sizes. Actually, the essential con-
cept that we made use of in Example [3.2.4] was the fact that the ground instances
of the conditionals in Apg, are built on disjoint sets of ground atoms. In a more
general setting, this concept is known as the principle of syntaz splitting |Parikhl
1999; Kern-Isberner and Brewkal 2017; Wilhelm et al., 2017b]. Roughly speaking,
if expressions split into syntactically independent parts, then syntax splitting states
that reasoning can be performed locally on these parts. If syntax splitting applies to
conditionals, then conditional structures factorize which is an essential tool for ob-
taining a high degree of compression. On a more subtle, formula-based level, syntax
splitting corresponds to decomposable conjunctions, i.e., conjunctions the conjuncts
of which do not share any ground atoms. We will discuss this point in more detail
in Section [6.11

Another strategy which is mentioned in Example is identifying isomor-
phic instances of conditionals, i.e., instances 1,9, € Insty(0) of a conditional §
with og, 5, (21(21)) = 05,,6,(€22(32)) where €;(X;) and 9(X2) are appropriate sets
of partial possible worlds. Isomorphic instances allow one to compute conditional
structures with respect to one instance and transfer the result to the other instances.
Typically, one observes this behavior when constants refer to indistinguishable indi-
viduals so that instances are basically the same up to a renaming of the constants.
Such interchangeabilities typically lead to taking the conditional structure of one
instance to the exponent k when k is the number of isomorphic instances. Both
concepts, syntax splitting and considering isomorphic instances, can be utilized if
the conditionals are built of formulas which are Boolean combinations of unary

predicates.

Proposition 3.2.5: Conditional Structures and Unary Predicates
(cf. |Wilhelm et al| [2017b])

Let ¥ = (Consty, Predy;) be a finite signature with |Consty| > 1, and let

A = {((X)|g1(X)), - -, (€n(X)[0n(X))}

be a finite set of conditionals which are built of Boolean combinations of unary
predicates, i.e., ¢;(X) and ¥;(X) for i = 1,...,n are either of the form A(X)
where A/1 is a unary predicate from Preds, and X is a variable, or they are
recursively defined by ¢'(X) A ¢/(X), ¢'(X) V¢/'(X), or =¢/(X) where ¢'(X)
and 1’'(X) are Boolean combinations of unary predicates within RL(X). Fur-
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ther, let

Ac = {(¥1(0)|¢1(c)), .-, (¥nlc)|dn(c))}
for ¢ € Consty,. Then, with an arbitrary ¢ € Consty,, we have

|arity(P)

T2 A (D)) = o5, 4, (QD.)) sl 22pepesuy [ConS=IT

where 3. = ({c},Ua) is the subsignature of ¥ naming the constant ¢ only and
where Upx is the set of unary predicates occurring in A.

Proof. Let Consty, = {c1,...,cx} with k£ > 1. We abbreviate ¥; = X, and A; = A,
for i = 1,... k. Further, let X’ = (Consty, Preds \ Ux). In the same way as in

Example we compute

o a(Q(X)) = Z ona(w Z H ona,(

weN(X) w€eN(X) c;eConstsy

Because the conditionals in A; make use of atoms from grAtom(X;) only, and

K
Q(Z):{w’/\/\wi\w'EQ(Z'), w; € QX), il,...,k}

i=1

we further have

SIN(ONE D W Y HUZ}A wi)

WEQD) w1 EQD1)  wreU(Dy) i=1

(S )T ema)

w'eQ(X’) 1=1 w; €Q(%;)

Because the sets of conditionals A; for i = 1,...,n are all the same up to the names
of the constants, i.e., A; can be obtained from A; by replacing every occurrence

of ¢; in A; by ¢; which holds for all 7, j € {1,...,k},

k
H Z O-EivAi(wi):(o-Ej7Aj(wi>>k

=1 wiEQ(Zi)
follows where j € {1,...,k} is arbitrarily chosen. Further, the number of possible
worlds in Q(X') is, according to simple combinatorial arguments,

‘arity(P)

|Q(E/)’ = QEPePredE\uA |Consty;

1Possibly, up to a permutation of literals in the complete conjunction.
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Altogether, we have

7.A(0()) = 05, 8, (A(5,))/ ] DX reraiy [Conssl

for all ¢ € Consty. O

Such compact representations of conditional structures o a(2(X)) as derived
in Example require sophisticated algorithms for their further processing in
order to not lose the computational advantages gained through the compact rep-
resentation. With condensed iterative scaling, we will discuss such an algorithm in
Section [.2] The computation of compact representations of os A (2(X)) for more
difficult problem classes is thematized in Section

Besides syntax splitting and exploiting indistinguishabilities between constants,
a third strategy which is implicitly used in Example is aggregating possible
worlds to equivalence classes (cf. Equation (3.7)). We dedicate the remainder of
this section to that topic.

Conditional Equivalence of Possible Worlds

The conditional structures of possible worlds induce an equivalence relation on the
set of possible worlds Q(X) (cf. Definition in the appendix for a definition of
equivalence relations). In this subsection, we briefly discuss this equivalence relation.

Definition 3.2.6: Conditional Equivalence of Possible Worlds
|Kern-Isberner, |2001a)

Let ¥ be a finite signature, and let A C RCL(X) be a finite set of conditionals.
We define the equivalence relation ~A on the set of possible worlds (%) by

werpaw iff opa(w) =osa(W), for w,w € Q).

If w ~A W holds, then we say that w and W’ are conditionally equivalent with
respect to A or conditionally equivalent for short. We denote the equivalence
classes induced by ~a with [w]a for w € Q(X), and the set of all these equiva-
lence classes with Q. (X) = {[w]a | w € Q(X)}.

We consider the following obvious characterization of conditional equivalence.
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Proposition 3.2.7: Characterization of Conditional Equivalence
Let ¥ be a finite signature, let A C RCL(X) be a finite set of conditionals, and
let w,w" € Q(X) be possible worlds. Then, w ~a w' iff

verg s(w) = vers s(w') and faly s(w) = falg s(w') forall ¢ € A.

Proof. The proposition is a direct consequence of the fact that ox a(w) = o5 a (W)
holds if and only if both verys(w) = verys(w’) and faly s(w) = falys(w’) hold
for 6 € A. Recall that the generators of conditional structures, aj and a; for
i =1,...,n, cannot cancel each other out due to the definition of the free Abelian

group G(A). O

Conditional structures abstract from the syntactical representation of the con-
ditionals in A in the sense that they depend on the evaluation of the premises and
conclusions of the conditionals only. On the semantical level, possible worlds with
the same conditional structure cannot be distinguished based on A as they evaluate
all conditionals in A the same. Hence, possible worlds with the same conditional
structure should affect the models of A in equal measure regardless of how models
of A are exactly defined. This principle is called conditional indifference |[Kern-
Isberner and Thimm), 2012] and should be kept in mind when we proceed to proba-
bilistic extensions of qualitative conditionals: It obviously makes no sense to assign
different probabilities to conditionally equivalent possible worlds when establishing
probabilistic models of (sets of) probabilistic conditionals.

We seize on Example in order to illustrate the concept of conditional equiv-

alence.

Example 3.2.8
We take Example |3.2.4] as a starting point and consider the signa-
ture Ype, = (Consty,, , Preds, ) with

Preds,, = {Bird/1, Flies/1, Penguin/1}

and domain size k = |Consty, | with k& > 1, but we assume that we have
already investigated the partial possible worlds in Q(X;) and are interested in

the instantiated set of conditionals
A; = {(Flies(c;)|Bird(¢;)), (Penguin(c;) = Bird(¢;)|T), (—Flies(¢;)|Penguin(c;)) }

with respect to a constant c¢; € Constgbfp. We can observe that no two partial
possible worlds w,w’ € Q(%;) with w # W’ are conditionally equivalent with
respect to X; and A; except for wy = B(¢;)F(¢;)P(¢;) and wy = B(¢;)F(¢;) P(¢;)

82



3.3. RELATIONAL PROBABILISTIC CONDITIONALS

(cf. Table . For these two partial possible worlds we have w; ~a, w2 because
of oa,(w1) = aj = oa,(w2). This fact is considered in (3.6): The conditional
structures oy, a,(w1) and ox, a,(w2) are combined to the term 2 - aj which
replaces the term aj + aj. We see from this example that the conditional
equivalence of possible worlds can also lead to factorizations of conditional
structures.

Equivalence classes of possible worlds and their impact on conditional structures
have already been discussed in literature (cf. e.g., [Finthammer and Beierle, [2012}
Wilhelm et al.| 2016]). What is new in this thesis is that we will combine the benefits
of conditional equivalence with the other techniques illustrated in Example [3.2.4]
and apply them simultaneously to sets of (partial) possible worlds working in the
semiring S(A) on an abstract, algebraic level.

In Section [6.2], we will integrate all the presented techniques into a formal frame-
work for calculating conditional structures which is called typed model counting. To
anticipate the idea of typed model counting, we will translate sets of conditionals into
so-called structured formulas gaining the possibility to evaluate several conditionals
at the same time with the goal to find compact representations of the conditionals

from which the conditional structures can be read easily.

3.3 Relational Probabilistic Conditionals

Relational probabilistic conditionals extend qualitative conditionals by probabilities
and, therewith, allow us to quantify the uncertainty expressed by the conditional.
Moreover, open (probabilistic) conditionals which mention free variables can be used
to relate instances of conditionals via sophisticated semantics in various ways. Af-
ter a short motivation, we discuss the syntax of probabilistic conditionals and the
semantics of closed conditionals that are built upon sentences. Semantics of open

conditionals, in particular the aggregating semantics, are discussed in Section [3.4]

Motivation of Relational Probabilistic Conditionals

With qualitative conditionals (1|¢) € RCL(X) it is possible to formulate defeasible
statements/beliefs (cf. Section [3.1). Preferential semantics [Kraus et al| [1990] of
qualitative conditionals rate the plausibility of possible worlds, for instance with
respect to their conditional structure, and establish a belief state which is usually
a hierarchical ordering of the possible worlds. Based on this belief state, plausible
inferences can be drawn. Roughly said, possible worlds which verify conditionals
are understood to be more plausible than possible worlds which falsify conditionals.
This treatment of plausibility is purely comparative. The plausibility of a possible
world can be compared to the plausibility of another possible world but there is no
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absolute degree of how plausible a possible world is and, furthermore, no measure
of how much more plausible a possible world is compared to another possible world.

A first step towards a degree of belief is made by so-called ranking functions or or-
dinal conditional functions (OCFs) [Spohn, 1988; Kern-Isberner, 2004] which assign a
plausibility rank to possible worlds, usually in form of a natural number. The higher
its plausibility rank, the less plausible a possible world is, so that possible worlds with
rank zero are the most plausible ones. By taking the distance between ranks into
account, we gain a semi-quantitative view on conditionals. For a ranking-based se-
mantics of relational qualitative conditionals see [Kern-Isberner and Thimm)|, 2012].

Nevertheless, qualitative conditionals are not fully capable of quantifying uncer-
tainty like it is present in the statement that “99% of all birds are able to fly,”
for instance. Consequently, there have emerged many approaches on incorporating
quantification into uncertain reasoning such as fuzzy logic [Zadeh, 1965; Novak et al.|
1999|, Dempster-Shafter theory [Dempster, |1967; Shafer, [1976], and possibility the-
ory [Dubois and Prade, |1988; |Dubois et al.| [1991]. Undoubtedly the most prominent
methodology for quantification in uncertain reasoning is probability theory [Pearl,
1988; |Jaynes, 2003; Halpern, [2005; [Russell and Norvig, 2010], though. Accordingly,
in Bayesian statistics |Leel 2012 MacKay), |2003] degrees of belief are formalized by
probabilities in line with the idea of quantifying the validity of a conditional by a
degree of uncertainty from |Calabrese, [1991].

The popularity of probability theory in the research field of uncertain reason-
ing is not only because of its long tradition in mathematics [Kolmogoroff, |1933}
de Laplace] |1820] but also due to its outstanding properties with respect to com-
mon sense reasoning which particularly holds for probabilistic models following the
principle of maximum entropy [Paris| [1998]. This has already been stated by Pierre-
Simon Laplace in his Théorie Analytique des Probabilités |de Laplace, [1820; Dale
and Laplace, [1995]:

“On voit, par cet Essai, que la théorie des probabilités n’est, au fond, que
le bon sens réduit au calcul. [The theory of probabilities is at bottom
nothing but common sense reduced to calculus.]”

Following this tradition, we use a probabilistic framework to express uncertainty in
this thesis, too. More precisely, we extend the relational logics RL(X) by proba-
bilistic conditionals (1|¢)[p] which formalize statements of the form:

“If ¢ holds, then 1 holds with probability p.”

Besides the possibility to quantify uncertainty, our general definition of prob-
abilistic conditionals involves a further enhancement compared to the representa-
tion of knowledge by classical sentences. While in sentences all logical variables are
bounded by a quantifier, the formulas ¢ and ¢ in a probabilistic conditional (¢|¢)[p]
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are allowed to mention free variables. Such conditionals with free variables are
called open.

Open conditionals leave room for various semantics. Roughly speaking, the
probability of an open conditional need not necessarily apply to all individuals which
are addressed by the conditional in the same way, but it is possible to formulate
semantics that refer to the instances of the conditional collectively. The probability
can then be balanced out over all individuals which leads to a higher degree of
freedom in the interpretation of conditionals.

For example, the conditional (Flies(X)|Bird(X))[0.99] does not necessarily state
that for every single bird the probability that this bird is able to fly is assumed to
be p = 0.99, but the conditional rather states that a prototypical bird is able to fly
with this probability. For individual birds the probability of being able to fly may
differ from p then. For example, adding the probabilistic sentences Bird(tweety)[1]
and Flies(tweety)[0.01] which state that Tweety is a bird that is most likely not
able to fly does not necessarily contradict (Flies(X)|Bird(X))[0.99] as long as there
are “enough” volant birds which support the latter conditional. What “enough”
exactly means has to be countered by the concrete semantics of open conditionals.
These semantics—for logical reasons—generalize the concept of conditional proba-
bilities. Recall that we will discuss such sophisticated semantics in Section [3.4] in
particular the aggregating semantics [Kern-Isberner and Thimmy, 2010; |Thimm and
Kern-Isberner;, |2012] which combines aspects of statistical and subjective probabil-
ities.

Syntax of Relational Probabilistic Conditionals

With probabilistic conditionals we define our basic notion that we use to express

quantified defeasible statements/beliefs in a probabilistic manner.

Definition 3.3.1: (Relational) Probabilistic Conditional
(cf. e.g., [Kern-Isberner and Thimm, 2010])

Let ¥ be a finite signature, let § € RCL(X) be a qualitative conditional,
and let p € [0,1] be a probability. Then, r = §[p| is called a (relational)
probabilistic conditional, where ¢ is the logical part of r and p the probability
of r. With RPCL(X) we denote the set of all probabilistic conditionals over 3.
If p € {0,1}, then r is called a factual conditional. Otherwise, if p € (0,1), r is

a non-factual conditional or real conditional.

Probabilistic conditionals » = §[p] with a probability p € {0,1} deserve the
attribute factual because they state that either the conclusion of § follows from the

premise of § for sure (in case of p = 1) or it does not follow at all (in case of p = 0).
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Like qualitative conditionals, probabilistic conditionals can be closed or open. A
probabilistic conditional r = d[p] is closed if § is closed and it is open if  is open.

Probabilistic conditionals can be instantiated in the same way as qualitative
conditionals, and we denote the set of all proper instances of a probabilistic condi-
tional r € RPCL(X) with Instg(r) in analogy to the set of instances of qualitative
conditionals. Note that we annotate the probability value of r to its instances as
well. Also the concept of conditional structures and the related notions, in particular
the counting functions vers s, faly s, appy, 5, and nappy, 5, carry over to probabilistic
conditionals in the obvious way. For example, we define oy, (w) = oy 5(w) for the
conditional structure of w € Q(X) with respect to r = d[p]. This is possible because
the instances of the probabilistic conditional r are exactly the same as the instances
of its logical part ¢ aside from the annotated probability p.

Example 3.3.2

We consider a signature Ype, = (Constgbfp, Predgbfp) with tweety € Constgbfp and
Preds,, = {Bird/1, Flies/1, Penguin/1}.
The probabilistic conditionals

r1 = (Flies(X)|Bird(X))[0.9], r3 = (=Flies(X)|Penguin(X))[0.99],
ro = (Bird(X)|Penguin(X))[1], ry = (Penguin(tweety)| T)[1],

state that birds are usually able to fly, namely with a probability of p = 0.9 (1),
that penguins are birds (r9) which are most likely not able to fly, namely with
probability p = 0.99 (r3), and that Tweety is a penguin (r4). While the proba-
bilistic conditionals ro and r4 are factual, r; and r3 are non-factual conditionals.
The statement in conditional r3, namely that penguins are not able to fly, is
rated as more probable than the statement that birds are able to fly in r;. This
is expressed by the probability of r3 which is higher than the probability of r;.

Conditional r, is closed, the remaining conditionals are open.

Closed probabilistic conditionals admit the intuitive semantics based on the con-
cept of conditional probabilities. We will formally define the semantics of closed
probabilistic conditionals first before we consider arbitrary (possibly open) proba-
bilistic conditionals in the next section.
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» Semantics of Closed Probabilistic Conditionals

The formal semantics of probabilistic conditionals is based on probability distribu-
tions over possible worlds (cf. [Halpern, 2010]).

r
Definition 3.3.3: Probability Distribution Over Possible Worlds
(cf. e.g., [Halpern, 2010])

Let ¥ be a finite signature. A function P : 2%*) — [0,1] is a probability
distribution over the set of possible worlds Q(X) iff P satisfies the axioms of
Kolmogoroft [Kolmogoroff, [1933|, i.e., iff

» P({w}) € 10,1] for all w € Q(X),
» P(QX)) =1,

C PW) =3 e P(w) for all W C Q). )

A probability distribution P: 2%*) — [0, 1] is fully determined by the elementary
probabilities P({w}) for w € Q(X). Instead of P({w}), we usually write P(w). More
generally, we omit the set braces of any set if the set is the only argument of a
mapping and there is no risk of confusion. Probability distributions over possible
worlds are extended to sentences ¢ € RLY(X) via

P(¢) =P(Mods(¢)) = > P(w).

weQ(X): wEne

Further, P is a model of a closed probabilistic conditional (¢/|¢)[p], iff p equals the
conditional probability P(1|d).

7 )
Definition 3.3.4: Semantics of Closed Probabilistic Conditionals

(cf. e.g., [Kern-Isberner and Thimm), |2010])

Let X be a finite signature, let r = (¢)|¢)[p] be a closed probabilistic conditional
from RPCL(X) and let P: Q(X) — [0, 1] be a probability distribution. Then, P
is a probabilistic model of r, written

PEWOb. it P@)>0 wd PELE
\ J

Interpreting closed probabilistic conditionals by conditional probabilities is
straightforward and leads to a generally accepted semantics of closed probabilis-

tic conditionals (cf. [Cox| [1946]).
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4 )
Example 3.3.5

We consider the signature (cf. Example [2.2.2(a))
Ybow = (0, {Rain/0, Rainbow/0, Sunshine/0})
and the closed conditional
Tvow = (Rainbow|Sunshine A Rain)[0.6].

“If sunshine and rain concur, then a rainbow occurs with a proba-
bility of p = 0.6.”

For a probability distribution P over (X0 ) it holds that P is a probabilistic
model of rpey, i.6., P = Thow, iff

P(BRS) P(BRS) 06
P(RS)  P(BRS)+P(BRS) (3.8)
and P(BRS) + P(BRS) >0,

where we abbreviate B = Rainbow, S = Sunshine, and R = Rain. For example,
the probability distribution P with

P(BRS)=0.6, P(BRS)=04,
and P(w)=0 forall we Q(Zpow)\ {BRS, BRS}

is a probabilistic model of 7, because in this case (3.8) becomes

0.6

_ P 06 and 06+04=1>0
0.6+04 an + ’

which is obviously true. Note that (3.8]) is the standard definition of the con-
- ditional probability P(B|RS) = 0.6.

J

We define probabilistic sentences ¢[p] as pairs of sentences ¢ € RL(X) and
probabilities p € [0, 1] so that

P l=x olp] it P s (0[T)p),

which holds iff P(¢) = p. Note that this formalization of probabilistic sentences sub-
sumes classical logic in the sense that P =5 ¢ holds iff P(w) = 0 for all w ¢ Modx(¢)
when identifying P =5 ¢ with P }=x ¢[1] for sentences ¢ € RLY(X). This is in
accordance with the general intent of unifying probability theory and deductive

logic |Nilsson, 1986].
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While the semantics of closed probabilistic conditionals is very straightforward
and out of question, the semantics of open probabilistic conditionals is not so obvi-
ous because there is no clear interpretation of open formulas with probabilities. The
logical part of an open conditional cannot be interpreted with respect to possible
worlds without instantiating the conditional. At least there is no generally accepted
semantics for that and, hence, there is a need to consider a more sophisticated
semantics of open probabilistic conditionals which takes the instances of the condi-
tional into account. In particular, open probabilistic conditionals demand a more
sophisticated interpretation than the concept of conditional probabilities provides.
In the next section, we discuss with the aggregating semantics |Kern-Isberner and
Thimm, [2010; [Thimm and Kern-Isberner, 2012] such a sophisticated semantics of
open probabilistic conditionals.

3.4 Semantics of Open Probabilistic Conditionals

In this thesis, we will rely on the so-called aggregating semantics [Kern-Isberner and
Thimm) 2010; Thimm and Kern-Isberner, [2012] when interpreting open probabilistic
conditionals. The idea behind the aggregating semantics is to mimic statistical
probabilities from a subjective point of view. The probabilities are assigned to
possible worlds in such a way that it is possible to make probabilistic conditional
statements about the general behavior of groups of individuals as well as about single
individuals. The probabilities assigned to statements about individuals are balanced
out such that they fit the probabilities assigned to the statements about the groups of
individuals provided that consistency is achievable. In this way, probabilities under
the aggregating semantics can be understood as degrees of belief in accordance with
type 2 probabilities in regard to the classification of Halpern [Halpern, |1990].

In this section, we give a formal definition of the aggregating semantics as well
as a characterization which makes use of so-called feature functions. After that, we
have a closer look at the feature functions themselves and briefly discuss alternative

semantics of open probabilistic conditionals.

Aggregating Semantics

The aggregating semantics extends the concept of conditional probabilities by inte-
grating the counts of possible worlds in which the ground instances of the conditional
are verified or applicable. Possible worlds in which several ground instances are ver-
ified or applicable are considered multiple times. Therewith, the subjective nature
of conditional probabilities where probabilities are understood as degrees of belief is

enriched by statistical arguments.
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4 )
Definition 3.4.1: Aggregating Semantics

(Kern-Isberner and Thimm), |2010]

Let ¥ be a finite signature, and let r € RPCL(X) with r = (¢¥|¢)cs[p]
be a (possibly open) probabilistic conditionalEl A probability distribu-
tion P: 2%*) —[0,1] is a probabilistic model of r under the aggregating se-

mantics, or, here, a probabilistic model of r for short, written

P |: T, lff Z(w’|¢’)[p}€|nstz('r) P(d),) >0

Dl leinsts () P (& AY)
Z(WW')[p]GInstz(r) P(¢/)

We denote the set of all probabilistic models of r by probMody, (7).

and =p.

“Recall that CS is a (possibly empty) set of domain constraints (cf. Section .
.

The aggregating semantics coincides with conditional probabilities if the aggre-
gating semantics is applied to closed probabilistic conditionals (cf. Definition m
which determines the semantics of closed probabilistic conditionals based on con-
ditional probabilities). That is, if » = (¥|¢)[p] is a closed probabilistic condi-

tional, (3.9) reduces to

Plr iff P(g) >0 and M:p

P(¢)
This is the case because r is the only instance of itself then, Insts(r) = {r}, and the
sums in reduce to single summands. This coincidence justifies the use of the
symbol = for the probabilistic satisfaction of conditionals according to the aggre-
gating semantics and we may apply the aggregating semantics to all conditionals in
RPCL(XE) without differentiating between open and closed conditionals.

4 )
Example 3.4.2

Let ¥ = (Consty,,, Predy,,) be the signature given by
Consty,, = {a,b,c} and Predy, = {Bird/1, Flies/1}.

A probability distribution P over Q(3,¢) is a probabilistic model of the open
probabilistic conditional

ror = (Flies(X)|Bird(X))[0.9]
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“Birds usually fly with probability 0.9.”

iff
P(B(a)F(a)) + P(BO)F()) + P(B()F(c) _ 4
P(B(a)) +P(B(b)) + P(B(c)) ' (3.10)
and P(B(a)) + P(B(b) + P(B(c)) >0,

where B = Bird and F = Flies. Condition makes visible how the three in-
stances of the conditional ¢, here one instance per constant from Consty,,, are
combined by the aggregating semantics. Basically, the conditional probabilities
of the single instances of the conditional are plugged together by summing up
the numerators and the denominators of the respective conditional probabilities
separately and by building the quotient of both sums thereafter.

We now give a characterization of the aggregating semantics based on so-called
feature functions which makes it more clear what we mean by “the aggregating

semantics mimics statistical probabilities from a subjective point of view.”

Definition 3.4.3: Feature Function (cf. e.g., [Fisseler, (2010])

Let ¥ be a finite signature, let r = 4[p] be a probabilistic conditional
in RPCL(Y), and let w € Q(X) be a possible world. Then,

fer(w) = vers (W) — p-appy,. (W)

is called the feature function of w with respect to r.

Feature functions combine the logical and the probabilistic information of con-
ditionals by aggregating the counting functions very ,(w) and faly,(w) (cf. Defini-
tion as well as the probability p into a single real number. It will be shown
that feature functions convey exactly the information needed for the evaluation of
conditionals based on the aggregating semantics (cf. Proposition. Beforehand,
we show that the value of the feature function with respect to an open conditional r
applied to a possible world w is the sum of the feature function values with respect
to the instances of 7.
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4 )
Proposition 3.4.4: Characterization of Feature Functions

Let ¥ be a finite signature, let » € RPCL(X) be a probabilistic conditional,
and let w € Q(3) be a possible world. Then,

fE,r(w) = Z fZ,r’ (UJ)
' Elnsty; (1)

. J

Proof. Let r = (1|¢)cs[p] with ¢, ¢ € RL(X), and let p € [0, 1]. We have

fer(w) = vers . (w) —p - apps . (w)
= {(@'|¢")[p] € Insts(r) | w s 'Y} —p- H{W'[¢)[p] € Insts(r) | w Fx ¢}

- )—p- 1
(Zr’elnstg(r): wEn'Y! ) p (Zr’elnstz(r): wEng! )
= Z vers, . (w) — p - Z apps; (W)

7/ Elnsty (1) r’Elnstx (1)

= Z (vers,(w) —p - appy . (w))

r/ Elnsty (1)

= Z fE,r’ (w)v

' Elnsty ()
which proves the proposition. n

Based on feature functions, we can characterize the aggregating semantics as
follows.

\
Proposition 3.4.5: Characterization of the Aggregating Semantics

Let ¥ be a finite signature, let » € RPCL(X) be a probabilistic conditional,
and let P: 2%*) — [0, 1] be a probability distribution. Then,

Plsr Ml Y cqm) forw) Plw) =0

and > o) apPps,(w) - P(w) > 0.
. J

(3.11)

Proof. Let r = (¢¥|¢)cs[p] with 1, ¢ € RL(Y), and let p € [0,1]. Further, let £ be
any Boolean expression which can be either true or false, and let

1 if &= true
1, =
0 otherwise

be the indicator function for {. The condition } o apps,(w) - Plw) > 0 is
equivalent to the condition /4 picinsts () P (@) > 0 from the definition of the
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aggregating semantics (cf. Definition [3.4.1]) because

oo Pe)= ) > Pw)

(¥'|¢")[pl€lnsts(r) (®¥'¢")[pl€lnsts(r) weQ(E): wExne!

= > Z Ly P(w)

(¥'|¢")[p]€lnsts (r) we(T

- Z Plw Z Lopse

we(s (¥'|¢")[p]€lnsts (1)
- Z 7) appE,r(w)‘
weN(X

Analogously, provided that o apps,(w) - P(w) > 0 holds, one has

ift

iff

iff

iff

ift

ift

The important step of this proof is the commutation of the sums over the instances
of r and the sums over the possible worlds in Q(X) (cf. (%)) which makes it possi-
ble to turn the aggregating semantics into a counting problem where (appropriate)

z(w'wv)[p]elnstz P(¢ NY')

Z(¢’|¢')[p]€|nstg(r) P(¢)
Z(dﬂ\d)[p]elnstz(r) Zweﬂ(g); wiEs 'y P(w)

=P

=p
(/) pletnsts (r) 2aweR(D): whexe P (W)

Z(¢’|¢/)[p}elnst2(r) ZwEQ(Z) 1w|:2¢/¢/ . ’]D(w> _,
Z(w"d)/)[p]ehstconstz (r) ZWGQ(Z) 1w)=2A’ . P(w)

ZwEQ(Z) P(w> ’ (Z(w’|¢’)[p]elnstg(r) 1W'=E¢/¢'>

ZwGQ(E)P(w) ) (Z(w’|¢’)[p]€|nstg(r) 1w):2¢’>
ZwEQ(E) P(w) - vers,(w)

Zweﬂ( )P(W) : 3PP2T(W) B

=P

Z P(w) - vers . (w Z P(w) - appy,.(w)
weN (X we(X)

Z P(w) - (vers,(w) —p-apps,(w)) =0
weN(X)

Y forw) - Pw)=0

weN(x)

instances of r have to be counted for each possible world w € Q(%).

In order to better understand the aggregating semantics, we are ready to analyze

some extreme cases NOw.
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CHAPTER 3. CONDITIONALS AND THE AGGREGATING SEMANTICS

Statistical and Subjective View on the Aggregating

Semantics

There are two fundamentally different views on probabilities. On the one hand,
probabilities can be understood as purely statistical frequencies obtained by the re-
peated execution of a random experiment, e.g., the toss of a fair coin. And, on
the other hand, probabilities can be understood as subjective degrees of a reasoner’s
beliefs in a specific outcome of an event. Both views have their own right to exist
(cf. e.g., [Bartlett, 1936]) and are smoothly combined in the aggregating semantics.
Because probabilities are defined over possible worlds in this thesis, they are prin-
cipally subjective probabilities of type 2 according to the classification of |[Halpern)
1990]. However, the aggregating semantics grounds this subjective view on proba-
bilities on statistical arguments. This interplay of statistical and subjective aspects
of probabilities within the aggregating semantics becomes clear when considering
specific extreme cases, namely the cases where the underlying probability distribu-
tion is either a Dirac distribution or the uniform distribution. We discuss these cases
in the following.

First, we assume that P": Q(X) — [0,1] is a Dirac distribution which maps a
single possible world w’ € Q(X) to the probability P'(w’) = 1 and all remaining
possible worlds w € (X) with w # ' to P'(w) = 0. Then, P’ formalizes the belief
state of a reasoner who is sure that w’ represents the real world, and the aggregating
semantics (cf. Definition becomes

vers, . (w')

P Er iff
): appE,r (w/)

=p and app27r(w’) > 0. (3.12)
This holds because »_ o) fs,r(w) - P(w) = 0 (cf. the characterization of the aggre-
gating semantics in Proposition reduces to fx,(w’) = 0 which is equivalent to
vers . (w') — p - appy,.(w’) = 0 and which can easily be rearranged to . Hence,
in this case the aggregating semantics demands that the relative frequency of the
number of verified instances of r in w’ measured against the number of applicable
instances equals p. This corresponds to a purely statistical view on probabilities
and can be validated by simply counting the models of appropriate sentences
in RLS ().

In our second extreme case, let Py be the uniform distribution on Q(X) which is
defined by Pg(w) = m for all possible worlds w € ©(3). The uniform distribution
reflects that the reasoner has no opinion which possible world describes the real world
best. Then, the aggregating semantics becomes

ver, (w
ZweQ(Z) (w) —p and Z app,.(w) > 0 (3.13)

P Er iff
ZweQ(Z) app, (w) weQ(x)
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because }_ o) fr(w) Pi(w) = Q)| > _wea(s) Jr(w) and multiplying both sides
in with the factor [Q(X)] yields }° o) fr(w) = 0 from which follows.
That is, again, the aggregating semantics means counting verified and applicable
instances of r, here balanced over all possible worlds in Q(X).

Hence, in the extreme cases where P is maximally informative (P = P’) respec-
tively maximally uninformative (P = Pg), the aggregating semantics is a purely
statistical semantics. In the middle cases where P expresses an uncertain opinion of
a reasoner, i.e., if P # P’ and P # P¥, the aggregating semantics means weighting
the relative frequencies (vers,(w) measured against appy,.(w) for w € Q(¥)) with
the subjective estimation of the reasoner that w formalizes the real world. This
means that the subjective and the statistical views on probabilities overlap. Tech-
nically speaking, the aggregating semantics can be understood as a weighted model
counting problem with weights P(w) for w € Q(2).

We now have a closer look at the feature functions which are used in the char-
acterization of the aggregating semantics in Proposition [3.4.5

A Closer Look at Feature Functions

The feature function fx,: Q(X) — R defined by fs,(w) = vers,(w) — p - appy,.(w)
(cf. Definition [3.4.3)), which occurs in the characterization of the aggregating seman-
tics of a probabilistic conditional r € RPCL(X) in Proposition [3.4.5, maps possible
worlds to (possibly negative) real numbers and incorporates both the logical infor-
mation of the conditional 7 = §[p] in terms of the counts vers,.(w) and appy, ,.(w), and
the probabilistic information of 7 in terms of the probability value p. In particular,
f=.» abstracts from the syntactical representation of the logical information provided
by r and, thus, condenses the information provided by r which is relevant for estab-
lishing a model of r (under the aggregating semantics) to a minimum. This means,
the actual formulas in the premise and the conclusion of a conditional become su-
perfluous once the feature functions are derived. One can say that feature functions
deserve their name because they feature all the information that is necessary to
evaluate the conditional with respect to the aggregating semantics. More formally
expressed, feature functions constitute sufficient statistics (cf. [Fisher, [1922]) for
the models of conditionals.

Basically, feature functions differ from conditional structures in the consideration
of the probability p which, however, is the same for every instance of the respective
conditional. Hence, determining conditional structures is the crucial part for setting
up the feature functions and, therewith, the condition of the aggregating
semantics.

It is easy to see that conditionally equivalent possible worlds yield the same

95



CHAPTER 3. CONDITIONALS AND THE AGGREGATING SEMANTICS

w |[W]~gbf,{rbf}| Versye m (W) falsy re (W) fopmg (W)
B(a)B(b)B(c)F(a)F(b)F(c) 1 3 0 0.3
B(a)B(b)B(c)F(a)F(b)F(c) 3 2 1 —0.7
B(a)B(b)B(c)F(a)F(b)F(c) 3 1 2 —1.7
B(a)B(b)B(c)F(a)F(b)F(c) 1 0 3 2.7
B(a)B(b)B(c)F(a)F(b)F(c) 6 2 0 0.2
B(a)B(b)B(c)F(a)F(b)F(c) 12 1 1 —0.8
B(a)B(b)B(c)F(a)F(b)F(c) 6 0 2 —1.8
B(a)B(b)B(c)F(a)F(b)F(c) 12 1 0 0.1
B(a)B(b)B(c)F(a)F(b)F(c) 12 0 1 —0.9
B(a)B(b)B(c)F(a)F(b)F(c) 8 0 0 0

Table 3.3: Counts vers, , (w) and falg,, (w) and feature function values
Sy (w) of the possible worlds w € Q(Xp) with respect to the conditional
ot = (Flies(X)|Bird(X))[0.9] and |Consts,,| = 3. For each equivalence class

[Wns, ) € sy, 1y, (bf) OneE representative is shown.

feature function values, i.e., for w,w’ € Q(%),
os,(w) =0og,(w) implies fo,(w)= fo,(W).

On the other hand, possible worlds which are not conditionally equivalent may
lead to the same feature function value, too. That is, fg,(w) = fx,(w’) does not
imply oyx,(w) = ox,(w'). For example, all possible worlds w € Q(X) for which the

faIE,r(w)
vers, »(w)
this case,

ratio equals % have the feature function value fy,(w) = 0 because, in

fer(w) = vers  (w) — p - apps,(w)

= very,(w) — p - (vers,(w) + falg - (w))

1—
i verzm(w))

= vers (W) —p- (vergvr(w) +

vy ()

= very . (w) — very . (w) = 0.

Consequently, conditional equivalence induces a partition on the set of possible
worlds which refines the partition that is induced by feature functions.
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3.4. SEMANTICS OF OPEN PROBABILISTIC CONDITIONALS

Example 3.4.6
We continue Example [3.4.2b) and consider the signature Sy given by

Consty,, = {a,b,c} and Predy,, = {Bird/1, Flies/1}

and the conditional
rof = (Flies(X)|Bird(X))[0.9].

Table shows the counts vers,, ,, (w) and falg,, . (w) as well as the feature
function values fx,, ,,,(w) of the possible worlds w € €2(Xp¢). One representative

per equivalence class [w] (3pf) is shown. In this example,

~s € Q.

bf-{7bf} Zpfo{w}pf
the equivalence classes in Qszf, trur} (Xpf) are the same as the equivalence classes
which one would obtain when partitioning Q(Xy¢) according to the feature func-
tion values. Intuitively, the chance that different equivalence classes [w]s,; fry
lead to the same feature function value increases when k = |Consty, | is large,

provided that the probability p is a rational number.

In Example there are 64 possible worlds but only 10 different feature
function values. This feeds the hope that the aggregating semantics according
to can be set up more efficiently by combining summands, as we have
done this for conditional structures in Example [3.2.4] in contrast to calculating
the summands independently for every possible world. However, this is only possi-
ble if the probabilities P(w) in behave well, too. More precisely, this means
that for possible worlds w,w’ € Q(X) with the same feature function values, i.e.,
with fs,(w) = fo.(w'), the probabilities P(w) and P(w’) have to be equal as well.
This requirement can be seen as a mitigated variant of the property conditional
indifference |Kern-Isberner and Thimm)|, 2012].

Definition 3.4.7: Conditional Indifference
(based on |Kern-Isberner and Thimm), 2012])

Let ¥ be a finite signature, let r € RPCL(X) be a probabilistic conditional,
and let P: Q(X) — [0,1] be a probability distribution. Then, P is condition-
ally indifferent with respect to r iff oy, (w) = ox,(w') implies P(w) = P(w’)
for w,w’ € Q(X). Further, P is conditionally indifferent with respect to a set
of conditionals B C RPCL(X) iff P is conditionally indifferent with respect to

all conditionals in B.

It is not reasonable to assign different probabilities to possible worlds with the
same conditional structure when establishing models of probabilistic conditionals
because this discrimination is not supported by the conditional itself. Conditional
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indifference is not satisfied by all models P of a conditional r, though. Later on, we
will see that the mazimum entropy model does satisfy conditional indifference (cf.
Proposition [.3.5)). Actually, the maximum entropy model satisfies the following
accentuation of conditional indifference based on feature functions as well.

Definition 3.4.8: Feature Function Indifference

Let ¥ be a finite signature, let r € RPCL(X) be a probabilistic conditional,
and let P: Q(X) — [0, 1] be a probability distribution. Then, P is feature func-
tion indifferent with respect to r iff fg,(w) = fu,(w’) implies P(w) = P(w')
for w,w’ € Q(X). Further, P is feature function indifferent with respect to a set
of conditionals B C RPCL(Y) iff P is feature function indifferent with respect
to all conditionals in B.

Because conditional equivalence implies equal feature function values, feature
function indifference implies conditional indifference. But, as discussed above, this
does not hold the other way around.

Sometimes it is useful to consider standardized versions of feature functions with
a co-domain (= range) that is restricted to a specific compact interval. We discuss
standardized feature functions in the next paragraph.

Standardized Feature Functions

We have a closer look at the co-domain of feature functions and introduce so-called
standardized feature functions which normalize feature functions to [—1,1]. This
can be useful, for instance, if an a priori estimation of the feature function values is
needed, especially when applying numerical methods to find probabilistic models of
conditionals. Obviously, the following estimation of feature function values holds.

Proposition 3.4.9: Upper and Lower Bounds of Feature Function

Let ¥ be a finite signature, let » = (B|A)cs[p] be a probabilistic conditional in
RPCL(Y), and let w € (X)) be a possible world. Then,

—p - |Insts(r)| < for(w) < (1= p)-[Inst(r)].
Proof. Because 0 < very, . (w), faly ,(w) < Insty(r), we have

for(w) = vers () — p - apps, (W)

= very,(w) — p - (vers,(w) + falg . (w))

= (1—p)-verg,(w) —p-falg,(w)
< (1—p)-verg,(w) >0
< (1 —=p) - |Insts(r)]|
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as well as
fZ,r(w) = Very r( ) P - appyxg 7"( )
= very, r( ) p- (verg r( ) + falg,r(w))
= —p-faly . (w) + ( p) - vers . (w)
> —p-faly (w) >0
> —p - |Insts(r)],
which proves the proposition. O

As a consequence of Proposition [3.4.9| for all w € Q(X), the quotient “fzt’ G lies
in the interval [—p, 1 — p] and, with p € [0, 1], it follows that

frlw)
B R T |

<l-p

IN

1.

Thus, the fraction |Ifz+(())| is normalized to [—1,1]. This motivates the following

notion of standardized feature functions.

Definition 3.4.10: Standardized Feature Function

Let X be a finite signature, let r be a probabilistic conditional in RPCL(Y),
and let fy,: Q2(X) — R be the feature function with respect to r according to
Definition m Then, we call the mapping ]A”E,T: Q(X) — [—1, 1] with

for(w)

|Insts:(7)]

.}.E,r(w) =

the standardized feature function with respect to r.

Note that |Insts(r)| > 1 holds for all conditionals r € RPCL(X) such that stan-
dardized feature functions are well-defined. Obviously, we have }E’T(w) = —1 only
if p=1and fz,r(w) =1 only if p = 0. That is, for non-factual conditionals r = d[p]
with p € (0,1), the stricter condition }Z,r(w) € (—1,1) holds.

The standardized feature function }E7r(w), which we consider here, differs from
the normalized feature function introduced in [Finthammer| 2012]. The normalized
feature function is defined with respect to a set of conditionals B = {ry,...,r,} by

Jsr (W) +pi - |Insts(r;)]

2 izt [Insts (r)|

where p; is the probability of the conditional r;.

}.E,ri (Cd) =

€ [0,1], for i=1,...,n, (3.14)

The most obvious difference between the standardized feature function }z,r and
the normalized feature function fy, is that fy . is normalized to [~1,1] while fy,
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w o (%) Fsp (@) F g ()
B(a)B(b)B(c)F(a)F(b)F(c) 0.3 0.100 1
B(a)B(b)B(c)F(a)F(b)F(c) —0.7 —0.233 0.667
B(a)B(b)B(c)F(a)F(b)F(c) —-1.7 —0.567 0.333
B(a)B(b)B(c)F(a)F(b)F(c) —2.7 —0.900 0
B(a)B(b)B(c)F(a)F(b)F(c) 0.2 0.067 0.967
B(a)B(b)B(c)F(a)F(b)F(c) —0.8 —0.267 0.633
B(a)B(b)B(c)F(a)F(b)F(c) ~1.8 —0.600 0.300
B(a)B(b)B(c)F(a)F(b)F(c) 0.1 0.033 0.933
B(a)B(b)B(c)F(a)F(b)F(c) —0.9 —0.300 0.600
B(a)B(b)B(c)F(a)F(b)F(c) 0 0 0.900

Table 3.4:  Feature function values fs, . (w), standardized feature func-

tion values fy_, (w), and normalized feature function values fy, ., (w)

of the possible worlds w € Q(Xp) with respect to the conditional

ot = (Flies(X)|Bird(X))[0.9] and |Consty,,| = 3. One representative of each equiva-

lence class [w]~,. Q. (3) is shown. Standardized and normalized feature
. b {7bf } Epfo{rp} o

function values are rounded to three digits.

is normalized to [0,1]. Another important difference is that the normalized feature
function }E,r is defined with respect to a set of conditionals B so that far depends
on the other conditionals " € B with 1’ # r as well. This is because the numbers of
instances of the conditionals in BB influence the denominator of the normalized feature
function. Standardized feature functions can be calculated for each conditional
independently instead.

Example 3.4.11
We consider the signature 3¢ = (Consty, Predys) given by (cf. Example |3.4.6)

Constps = {a,b,c} and Predys = {Bird/1, Flies/1}.

The standardized feature function values of the possible worlds in Q(Xy¢) with
respect to the conditional 7, = (Flies(X)|Bird(X))[0.9] are shown in Table
For comparison, the feature function values according to Definition |3.4.3| are re-
called from Table|3.3|and also the normalized feature function values are given.

In the remainder of this thesis we will rely on the standardized feature functions
but most results will hold for feature functions as defined in Definition [3.4.3] as well.
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Alternative Semantics of Open Probabilistic Conditionals

The aggregating semantics is not the only possible way of giving open probabilistic
conditionals a formal meaning. Here, we briefly discuss two other semantics and
argue why we have decided to consider the aggregating semantics in this thesis.
The first alternative to the aggregating semantics is the naive grounding of open

probabilistic conditionals before interpreting them.

Definition 3.4.12: Grounding Semantics
(cf. [Kern-Isberner and Thimmy, 2010))

Let ¥ be a finite signature, and let » € RPCL(X) be a (possibly open) proba-
bilistic conditional. A probability distribution P: 2%*) — [0, 1] is a probabilistic
model of r under the grounding semantics, written

Plgr, ifft PEr foral ' €lnstg(r).

The grounding semantics interprets an open conditional r as a schema for all of
its instances in Insty(r). In plain words, r is an abbreviation for the set of closed
conditionals Insty(r). Actually, understanding expressions with free variables as
schemata is in wide use in knowledge representation and reasoning (cf. e.g., answer
set programming |Gelfond and Lifschitz, [1988; |Gelfond), |2008] and Reiter’s default
logic [Reiter} 1980]) but it heavily depends on the application whether this view on
open expressions makes sense. The authors of [Kern-Isberner and Thimm) [2010]
give the following example which speaks against the grounding semantics.

Example 3.4.13: (cf. [Kern-Isberner and Thimmy, 2010))
Let X¢ be a signature with {clyde, fred} C Consty, and

Predy.,, = {Likes/2, Elephant/1, Keeper/1}.
The probabilistic conditionals

r1 = (Likes(X,Y") | Elephant(X) A Keeper(Y))[0.6],
r9 = (Likes(X, fred) | Elephant(X) A Keeper(fred))[0.4],
r3 = (Likes(clyde, fred) | Elephant(clyde) A Keeper(fred))[0.7],

state that, in general, elephants like their zoo keepers with probability 0.6 (r1),
while the particular zoo keeper Fred is liked less by the elephants (r3) despite
of elephant Clyde that has an exceptional partiality for Fred (r3). While, on an
informal level, it is reasonable to accept all these conditionals at the same time,
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under the grounding semantics any set of conditionals including r{, 79, and r3 is
inconsistent. For instance, a probability distribution P which models r; under
the grounding semantics models its instance 7} € Insty, (r) given by

r} = (Likes(clyde, fred) | Elephant(clyde) A Keeper(fred))[0.6]
in terms of the conditional probability
P (Likes(clyde, fred) | Elephant(clyde) A Keeper(fred)) = 0.6.

Then, P cannot model 73 as well, as it differs from 7| in its probability value
only (0.7 in contrast to 0.6). Hence, a probability distribution P cannot model
both r} and r3 under the grounding semantics. Note that under the aggregating
semantics instances of r; which are obtained by instantiating the tuple (X,Y)
with other constants than (clyde, fred) can balance out the fact that Clyde likes
Fred with probability 0.7 so that r; and r3 not necessarily contradict each other.

The problem of inconsistencies that occur during the common grounding process
of several conditionals as observed in Example is discussed and partly solved
in [Loh et al., 2010]. However, it remains a problem that the intended meaning of
open conditionals is often misrepresented by the grounding semantics. For instance,
in Example [3.4.13] the second conditional ry shall not state that every elephant
likes the zoo keeper Fred less than an average zoo keeper, as it is realized in the
grounding semantics, but that this differentiation holds in some kind of average.
The idea of averaging probabilities cannot be captured by the grounding semantics,
though, which is in contrast to the aggregating semantics (cf. the paragraph on
statistical and subject aspects of the aggregating semantics).

The aggregating semantics not only introduces the concept of averaging prob-
abilities but also amplifies the grounding semantics in the following sense: If a
probability distribution P is a model of a conditional r under the grounding seman-
tics, then P is also a model of r under the aggregating semantics but the reverse
direction does not necessarily hold.

Proposition 3.4.14: Aggregating Versus Grounding Semantics

Let ¥ be a finite signature, let r be a probabilistic conditional from RPCL(Y),
and let P : 2%*) — [0,1] be a probability distribution. Then, P f=g r im-
plies P |=r but P = r does not imply P =4 7.

Proof. Let r = (B|A)cs[p]. If P =g r, then, by definition, P is a probabilistic
Y-model of Insty(r), i.e., P |= Insts(r). Thus,

Y fow(w) Pw) =0

weN(X)
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holds for all 7’ € Insty(r). Further, we have

for(w) = vers . (w) —p-appy,,(w)

= Z very, . (w) —p - Z appy; v (w)

r/ Elnsty () r/€lnsts; (1)
= > (versp(w) —prappy (W)= D for(w)
r/ Elnsty () r/Elnsts; (r)

for all w € Q(X). Consequently,

Yo ferw) P = ) ( > fz,w(W))-P(W)

we(X) weQ(X) \r'Elnsts(r)
- Y Y R Pw= ¥ 0=0
r’Elnsts(r) weQ(X) weN(X)

follows. In addition, from P(A’) > 0 for (B'|A’)[p] € Insty(r) it follows that

> P(A) >0

(B'|A")[p]€lnsts (1)

holds, too. Altogether, we have P = r.

For the proof that P [ r does not imply P [ Insts(r), Example
serves as a counterexample. A simpler counterexample is the following. Let
Yex = ({a,b},{B/1}) be a signature, and let ro, = (B(X)|T)[0.8] € RPCL(Xex).
Then, the probability distribution Pe, defined over £(3,) which is given by

P B(a) B(b)) = 0.7, (B0 B) = 02,

Pex(B(a)B(b)) = 0, Pex(B(a)B(b)) = 0.1,

is a Xe-model of re, with respect to the aggregating semantics because

Pex(B(a)) + Pex(B(b))
2 Pee(T)

' (Pex(B<a)) + Pex(B(b)»

(Pl B@BW) +2- P Bla)B(1) + Pot Bla) BE)

N RN~ —

-(0242-0.74+0) =0.8.
On the other side, Pex = (B(a)| T)[0.8] because

Pex(B(a)| T) = Pex(B(a) B(b)) + Pex(B(a)B(b)) = 0.7+ 0.2 = 0.9 # 0.8.
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As a consequence, because (B(a)|T)[0.8] € Insty, (re), the probability distribu-
tion Pey is not a 3-model of Insty, (rex). Thus, Pex Fgr Tex follows. O

The second alternative to the aggregating semantics which we want to draw
attention to is the averaging semantics |Kern-Isberner and Thimm)| [2010]. The
averaging semantics demands the arithmetic mean of the conditional probabilities
of the instances of a conditional to equal the conditional’s probability.

Definition 3.4.15: Averaging Semantics
(cf. [Kern-Isberner and Thimmy, 2010; | Thimm, 2012)])

Let ¥ be a finite signature, and let r € RPCL(Y) with r = (B|A)cs[p]
be a (possibly open) probabilistic conditional. A probability distribu-
tion P: 29 — [0, 1] is a probabilistic model of v under the averaging semantics,
written

Plwr, if ——— S pBA)=p (315

Inst
’ ns E(T)| (B’|A”)[p]€lnsts (1)

Like the aggregating and the grounding semantics, the averaging semantics prop-
erly generalizes the interpretation of closed probabilistic conditionals via conditional
probabilities. Also its interpretation of open conditionals via the arithmetic mean
of conditional probabilities is intuitive, especially in view of our remarks on how the
conditionals in Example have to be understood. A drawback of the averag-
ing semantics is that the condition is nonlinear, though. This is a problem
when focusing on probabilistic models which maximize the entropy like in Chapter [4
While calculating a probabilistic model with maximal entropy under the aggregating
semantics is a convex optimization problem and, therefore, has a unique solution, the
respective problem with respect to the averaging semantics is non-convex, and it is
not guaranteed that there is a unique probabilistic model which maximizes entropy.
Hence, in the context of maximum entropy reasoning, the aggregating semantics
turns out to be more convenient than the averaging semantics.

Note that it is conceivable to construe further semantics of open probabilistic
conditionals from other means like the geometric or the harmonic mean as well.
However, at least for the geometric and the harmonic mean this would also defeat

the uniqueness of the probabilistic model at maximum entropy.
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Relational Maximum
Entropy Reasoning

The principle of maximum entropy (MaxEnt) [|Jaynes, 1957a.b; [Shannon, [1949;
Paris, |1998] constitutes a valuable methodology for probabilistic commonsense rea-
soning by adding missing information to probabilistic conditional knowledge bases
in an information theoretically optimal way |Gardenfors, 1988]. This leads, in some
sense, to most cautious reasoning. The main goal of this chapter is to develop
the theoretical basis for drawing inferences from a probabilistic knowledge base at
maximum entropy. In Section [4.1] we build the formal basis of this chapter by in-
troducing knowledge bases and the probabilistic inference task. Then, in Section [4.2]
we define the maximum entropy model and specify maximum entropy inferences.
In Section [.3, we discuss the dual mazimum entropy problem which allows us to
formulate a product representation of MaxEnt probabilities. This product repre-
sentation will be essential for lifted inference at maximum entropy as it allows us
to circumvent the computation of MaxEnt probabilities of single possible worlds
when drawing inferences. Finally, we make an excursion and relate the principle of

maximum entropy to Markov Logic Networks in Section [4.4]

4.1 Probabilistic Knowledge Representation

and Reasoning

The main subject of this thesis is drawing probabilistic inferences from rela-
tional (resp. description-logical) probabilistic knowledge bases. Drawing inferences
is one of the major tasks in uncertain reasoning (cf. e.g., [Griffiths and Yuille, [2012}
Pearl, 2009; MacKay), [2003]). The subdiscipline which is concerned with probabilis-
tic uncertain reasoning in complex relational settings—with which we also deal in
this thesis—is known as statistical relational AI (StarAlI) [Getoor and Taskar, 2007}
De Raedt et al [2016]. In contrast to common approaches in StarAl where one usu-
ally assumes that a probability distribution is given and drawing inferences means
calculating the probabilities of specific events (cf. |[De Raedt et al. 2016], Chap-
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ter 6), here we begin with a usually “incomplete” knowledge base which does not
specify a distinct probabilistic model. The probabilistic (inductive) inference task
consists of two steps then: (1) Calculating a probabilistic model of the knowledge
base, and (2) drawing inferences based on this model.

In this section, we formally define probabilistic knowledge bases and their models.
We show that the existence of probabilistic models may depend on the domain size,
and we define the probabilistic inductive inference task that is considered in this
thesis.

Probabilistic Knowledge Representation

In this thesis, we aim at probabilistic knowledge-based reasoning. Hence, the notion
of knowledge bases is central for us. Here, a knowledge base R = (Fr,Br) is a
tuple that consists of a finite set of sentences Fr C RL*(X) representing factual
knowledge, and a finite set of non-factual probabilistic conditionals Br C RPCL(Y)
which formalize defeasible beliefs. Recall that a conditional » € RPCL(X) is non-
factual if its probability is neither 0 nor 1. Therewith, we have a clear separation

between what the reasoner believes is certain (Fg) versus uncertain (Bg).

Definition 4.1.1: Knowledge Base (cf. e.g., | Wilhelm et al.| [2017b])

Let ¥ be a finite signature. A knowledge base is a tuple R = (Fr,Br) con-
sisting of a finite set of sentences Fr C RLY(X) and a finite set of non-factual
probabilistic conditionals Bg € RPCL(X). The set of all knowledge bases
over ¥ is denoted with J3(X). Further, a knowledge base R = (Fg,Bg) is a
sub-knowledge base of a knowledge base R' = (Fr,, By, ), denoted by R C R/,
if both Fr C Fj, and Bgr C B, holds.

We typically refer to the set of uncertain beliefs Bz of a knowledge base R
by enumerating the conditionals in Bg. That is, we write Bg = {ri,...,m}
with r; = (¢i|¢i)cs,[pi] for i = 1,...,n. In particular, we allocate n = |Bg| for
the number of conditionals in By for the rest of this thesis.

The decision to exclude factual conditionals from the set Bg is justified by
the fact that factual conditionals are semantically equivalent to specific sentences
in RL*(X) up to the condition

S apps, () P(w) >0 (41)

weN(x)

which is the claim that the denominator of the fraction in the definition of the aggre-
gating semantics must be positive such that the fraction is well-defined (cf. (3.11])).
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More precisely, factual conditionals can be mimicked by sentences in Fr according

to the following proposition.

Proposition 4.1.2: Factual Conditionals Versus Sentences

Let ¥ be a finite signature, let r € RPCL(X) with 7 = (¢|¢)cs[p] be a factual
probabilistic conditional, i.e., p € {0,1}, and let P: Q(X) — [0, 1] be a proba-
bility distribution. We define the classical counterpart of the conditional r in

terms of material implication p/(r) € RL(X) by

p=1 if p=1

plr) = o= if p:O7

and its universally quantified closure by
p(r) = VYesFreeVar(p/(r)). p/(r) € RLY(X).

That is, p(r) is p/(r) where all free variables in p/(r) are bounded by universal

quantification. Then,

PEr iff PlEp(r) and Z appy,,(w) - P(w) > 0.

weN(X)

Proof. The feature function values of factual conditionals r = (¢|¢)cs[p] with
p € {0,1} reduce to fx,(w) = vers,(w) in case of p =0 and fy,,(w) = —falg,(w) in
case of p=1. Let p = 0. Then, for all w € Q(X) we have

fer(w) = vers . (w) — 0 - appzﬂn(w) = very, (w),
and, according to (3.11)) and provided that (4.1]) holds,

PlEsr iff Z vers ,(w) - P(w) =0

weQ(x)
iff Vwe QX): (verg,(w) =0V Pw)=0)
iff Vwe QX): (verg,(w)>0= Pw)=0)
iff vweQX): (3 |¢')H € Insts(r) 1 w s ¢'Y) = Pw) = 0)
iff  V(¢'|¢')[p] € Insts(r) Yw € Q) : (w s ¢'Y = P(w) =0)
it V(¢'|¢)[p] € Insts(r) : 7’(¢ AP =

iff W) =0
1 P(v(ww’)[p]elnstz(r) 7Y

iff P(JcsFreeVar(r).¢p) =0

iff  P(—IcsFreeVar(r).¢ou) =1
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iff
iff

P(VcsFreeVar(r).¢ = —) =1
P(VcsFreeVar(p = ). = —) =1

iff p=0AP =xp(r).

Hereby, note that FreeVar(r) = FreeVar(¢ = —)). Let p = 1 now. Then,

for(w) = vers . (w) — 1 -appy, (w) = vers,(w) — (verg,(w) + falg , (w)) = —fals . (w)

and
P ):E riff
iff

iff
ift
iff
iff
iff
ift
iff
iff
iff
iff
iff

> (~falg,(w)) - Plw) =0

weN(X)

Z falg, (w) - P(w) =0

weQ(x)

Vw e Q(X) : (falg,(w) =0V P(w) =0)

Vw e Q(X) : (falg,(w) > 0= Pw) =0)

Vw e Q(2) 1 (B¢)p] € Insts(r) 1w s ¢'Y) = P(w) = 0)
V(1|¢)[p] € Insts(r) Yw € QD) : (w s ¢'Y = P(w) = 0)
V(¥'|¢")[p] € Insts(r) : P(6'4") = 0

PV giopiemne 99 =0

P(IcsFreeVar(r).¢pu) =0

P(—3csFreeVar(r).¢p) = 1

P(VcsFreeVar(r).o = ¢) =1

P(VcsFreeVar(p = ). = ) =1

p=1AP = p(r).

Again, note that FreeVar(r) = FreeVar(¢ = ). O

We will discuss the role of the condition (4.1)) in the context of maximum entropy
reasoning again. In particular, in Proposition |4.2.11| we will show that this condition
is trivially satisfied by the mazimum entropy model provided that the knowledge

base is X.-p-consistent. Hence, condition (4.1)) is vacuous then, and we do not lose

expressivity if we consider factual knowledge in Fr instead of allowing for non-

factual conditionals in Br. We give some examples of knowledge bases now.
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Example 4.1.3

Based on Example 2.2.2] we define three knowledge bases which will serve as

running examples in the remainder of this thesis. The knowledge bases consist

in part of probabilistic variants of conditionals which we have seen in Chapter

already (cf. e.g., Examples and [3.4.2)).

a)

c)

For our first knowledge base Rpow, We consider the already known signa-
ture Ypow = (Consty,_,, Preds, ,) with Consty, , = () and

Predy,_, = {Sunshine/0, Rain/0, Rainbow/0}

and define Rpow = (Fry,, Brog,) With Fr,,, = 0 and Bg,,, = {r1,72}

where

r1 = (Rainbow|Sunshine A Rain)[0.6],
r9 = (—Rainbow|—=Sunshine V —Rain)[0.99].

The knowledge base Rpow states that there is a chance to observe a rain-
bow when it is rainy weather and the sun shines (p; = 0.6), but it is very
likely to observe no rainbow when this premise does not hold (p = 0.99).

Second, we consider any signature Yy, = (Constg,,Preds, ) with
tweety € Consty,, and

Preds,,, = {Bird/1, Flies/1, Penguin/1}.

The knowledge base Rup, = (Fry,, Bry,) consists of the set of facts
FRry, = {F1, Fo} and the set of beliefs Br,, = {ri,r2} with

F) = VX .(Penguin(X) = Bird(X)),
F, = Penguin(tweety),

r1 = (Flies(X)|Bird(X))[0.9],
ro = (—Flies(X)|Penguin(X))[0.99],

and refers to Example [3.3.2] Ry states that all penguins are birds,
Tweety is a penguin, birds are usually able to fly, namely with probabil-
ity p1 = 0.9, and penguins are very likely not able to fly (p2 = 0.99).

The third knowledge base which we want to investigate is defined for any
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signature Xgmx = (Consty,_, , Predy,_ ) with
Predy_, = {Smokes/1, Friends/2}

and is Remk = (Fryys Br.,,) With Fr,, = 0 and Bg_, = {r1,r2} where

r1 = (Friends(Y, X)|Friends(X,Y"))[0.9],
79 = (Smokes(X)|Friends(X,Y") A Smokes(Y"))x-y1[0.8].

The knowledge base Rqmk states that being friends is usually a symmetric
relation (p; = 0.9) and that persons who have a smoking friend usually
smoke, too (ps = 0.8). We will consider R¢nx for different sets of con-
stants Consty

smk *

The semantics of knowledge bases is given by probability distributions over pos-
sible worlds.

Definition 4.1.4: Probabilistic Model of a Knowledge Base
(cf. [Kern-Isberner and Thimm, 2010])

Let ¥ be a finite signature, and let R € R(X) be a knowledge base with
R = (Fr,Bgr). A probability distribution P: 2%*) — [0,1] is a probabilistic
Y-model of R iff both

» for all w € Q(Y), w s Fr implies P(w) = 0,

» for all » € Br, P |=r, where P |= r is decided based on the aggregating
semantics (cf. Definition [3.4.1)).

The set of all probabilistic ¥-models of R is denoted with probMods,(R).

The first condition of Definition [4.1.4]states that possible worlds w € (%) which
violate at least one fact from Fgr are mapped to the probability value P(w) = 0 by all
probabilistic models P € probMody,(R), hence, are classified as impossible. In other
words, possible worlds have a positive probability only if they are models of Fz. The
second condition states that probabilistic models of R have to model all conditionals
in Br according to the aggregating semantics. That is, a probability distribution
has to satisfy for all conditionals in Bgr in order to be a model of R.

The next proposition justifies the term fact(ual knowledge) for sentences in Fr
and shows that facts are certain events in probabilistic models of R. That is,
if P € probMody,(R), then P(F) = 1 holds for all facts F' € Fg. In other
words, P |= F for all F € Fg.
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Proposition 4.1.5: Probabilistic Entailment of Facts

Let ¥ be a finite signature, let R € R(X) be a knowledge base with
R = (Fgr,Br), and let P be a probabilistic ¥-model of R. Then, P E F
holds for all ' € Fx.

Proof. Let F' € Fg be a fact from R. For all w € (X)), we have w =5 F if and
only if w [y F. For P € probMods(R), it follows that

PF)= >  Pw= > 0=0

weQ(Y): wesF weQ(D): wesF

and, further, P(F) = 1—P(F) = 1—0 = 1. Therewith, P |= F follows by the
definition of probabilistic models (Definition |4.1.4]). ]

As a consequence of Proposition [4.1.5] “impossible” possible worlds, i.e., possible
worlds w € (X)) with w [£s Fgr, can be ignored in probabilistic reasoning because
they do not contribute to the probabilities of probabilistic sentences or conditionals.
For this reason, we differentiate between the set of impossible worlds

0% (2) ={w e QD) |w s Fr}
={weQ®)|wks -~ '} (4.2)

FeFr
={we D) |wky \/FEfR ~F}
and the set of potentially positive worlds
U (2) = {w € AT) | w b Fre) (4.3)

relative to a knowledge base R. Obviously, it holds that Q(X) = Q% (X) U Qz, (%)
for every knowledge base R (more precisely, for every set of facts Fr) where U

denotes the disjoint union. As a consequence, every probabilistic ¥-model P of a
knowledge base R € () is of the form

>0 if welg, (X
Pw)~ ZCR( ) (4.4)
=0 if weO% (¥)

This enables us to restrict ourself to probability distributions which are defined
over Qz,(X) and to assign the probability P(w) = 0 to the remaining possible
worlds w € Q%R(E) afterwards when computing probabilistic models of R. To sum
up, the semantics of probabilistic models (Definition does not force poten-
tially positive worlds to have a positive probability in general but they are the only
candidates.
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4 )
Example 4.1.6

We consider the signature Yy = (Consts,.,Preds, ) (cf. Example [2.2.2)
given by

Consty,, = {sally,tweety} and Preds, = {Bird/1, Flies/1, Penguin/1}

and abbreviate s = sally and ¢ = tweety as well as B = Bird, ' = Flies,
and P = Penguin. A probability distribution P over Q(Xy¢,) is a model of the
knowledge base Ry, = ({F1, Fo}, {r1,7m2}) with (cf. Example [4.1.3)

Fy = VX .(Penguin(X) = Bird(X)),
F, = Penguin(tweety),

ry = (Flies(X)|Bird(X))[0.9],
ro = (—Flies(X)|Penguin(X))[0.99],

ifft
£ P((P(s) = B(s)) A (P(t) = B(t))) = 1,
FQ . P(P(t)) = 1,
. P(BF(s) + PBOFW)
. P(B(s)) + P(B(t)) o
and P(B(s))+ P(B(t)) >0,
. P(P(IFR) + PPOFE) _ o,
B P(P(s)) +P(P(t)) o
and P(P(s))+P(P(t)) >0

The set of the impossible worlds Q%Rbf (Xpfp) is given by

Q(J)fnbfp(zbfp) = {w € Q(Sppp) | w & Mods,,, ({F1, F»})

= {w € Q(Bpsp) | w € Mody, (P(S)B(s) V P(t)B(t) Vv P(t))}.
The set of the potentially positive worlds is

Uryy (o) = D, \ Uy (Do)
= {w € Q(Bpfp) | w € Mody, ((P(s) = B(s))
A (P(t) = B(t)) A P(t))}
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= {P(s)B(s)F(s)P(t) B(L)F'(t), P(s)B(s)F(s)P(t)B(t)F(t),
P(s)B(s)F(s)P() B(t)F(t), P(s)B(s)F(s)P(t)B(t)F (1),
P(s)B(s)F(s)P()B(t)F(t), P(s)B(s)F(s)P(t)B()F(t),
P(s)B(s)F(s)P() B(t)F(t), P(s)B(s)F(s)P(t)B(t)F(t),
P(s)B(s)F(s)P() B(t)F(t), P(s)B(s)F(s)P(t)B(t)F(t),
P(s)B(s)F(s)P(t)B(t)F(t), P(s)B(s)F(s)P(t)B(t)F(t)}.

Having the concept of syntax splitting in mind (cf. [Parikh, 1999; |Kern-|
Isberner and Brewkal 2017, [Wilhelm et al| 2017b] and Example [3.2.4)), the
set Q;Ebfp(bep) can also be written as

Q]:z;bfp(zbfp) ={wi Aws | wy € {P(s)B(s)F(s), P(s)B(s)F(s),
P(s)B(s)F(s), P(s)B(s)F(s),

P(s)B(s)F(s), P(s)B
)B(

w € {P(BWF (), PA)BOF®)} 1.

Only possible worlds in 2 Fou (Xbfp) are possibly assigned a positive probability

by a probabilistic Xpg-model P of Ryfp.
\_

J

A common precondition in probabilistic knowledge-based reasoning is the consis-

tency of the underlying knowledge base. A knowledge base R € R(X) is consistent

if it has at least one model. The consistency of knowledge bases depends on the size

of Consty. The next paragraph is dedicated to this issue.

>

Consistency and its Dependency on the Domain Size

Probabilistic knowledge-based reasoning is usually based on probabilistic models of

a knowledge base such that the existence of a model is a necessary precondition, in

particular for the probabilistic inductive inference task. If a knowledge base has a

model, then the knowledge base is called consistent. More precisely, we have the

following definition of consistency which takes the underlying signature into account.

.

’
Definition 4.1.7: Consistency of a Knowledge Base

(cf. e.g., |[Kern-Isberner and Thimmi, |2010])

Let X be a finite signature, and let R € R(X) be a knowledge base. Then, R is
called consistent with respect to X, or X-consistent for short, iff R has at least
one probabilistic 3-model, i.e., iff probModg(R) # 0. Otherwise, R is called

Yi-inconsistent.

\
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Whether a knowledge base has a probabilistic >-model or not also depends on
the domain size k = |Consty)|, i.e., the number of constants in the underlying signa-
ture 2. Recall that the term domain usually refers to semantical entities and not to
syntactical constants. However, because relational logics RL(X) rely on a Herbrand
semantics here and are subject to the unique name assumption (cf. Section ,
constants are in a one-to-one-correspondence to their interpretations so that it is
well justified to call Consty the domain. We show the domain-dependency of the
consistency of knowledge bases by means of an example.

Example 4.1.8
We consider the knowledge base Rex = ({F1, Fo}, {r1}) with

For k = 1, i.e., if Consty, = {c}, the knowledge base R, is inconsistent. A
probabilistic model P of R, would have to satisfy

P6(c) Av(e))
Po@) P

in order to model ;. However, because of F, we have P(1(c)) = 0 and, thus,

also P(¢(c) Ap(c)) = 0 so that cannot hold.

(4.5)

For £ = 2, the knowledge base Rex is consistent instead. Let
Consty,, = {¢,d}. Then P models r if
0.5 = P@()d(c)) + P(é(d)v(d))
P(6(c)) + P(9(d)
_ P(o(e)p(c)o(d)y(d))
X
with

where we already exploited P(¢(c)) = P(¢(c)) = 0. This holds for every
probability distribution P with

P(as(c)@@@) > 0, P(p(c)b(c)o(
P(o(c)v(c)o(d)y(d)) =0, P(d(c)v(c)d(
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In this case, the constant d plays the counterpart to ¢ in the evaluation of ry.
While ¢ negates the belief that “¢ usually leads to ,” d confirms it, which
results in the probability p; = 0.5 of the conditional 7.

Example [4.1.8] shows that the probabilistic constraints of a knowledge base can
require a minimal number of constants in order to be satisfied. In Example |4.1.8]
the dependency on the domain size origins from the probability value p; of ry. If p;
was 0 instead of 0.5, for instance, the knowledge base R, would be consistent
for £ =1 already. The knowledge base R, is a simple example where a probability
necessitates a minimal number of domain elements. Usually, such dependencies are
more complex and several probability values have to be considered in combination.

Another reason why a knowledge base R could be inconsistent is that logical
constraints of expression in R, i.e., facts or logical parts of conditionals, are incon-
sistent. For instance, this happens if Mods,(Fr) = () or there is a conditional r € B
which is not applicable, i.e., appy .(w) = 0 for all w € Qz, ().

Example 4.1.9
» It is clear that there are sets of facts Fr with Mods(Fr) =10 and
which, thus, cause inconsistency of R = (Fg,Bg). More interestingly,

whether Mody;(F%) = ) holds or not can also depend on the domain size
k = |Consts|. To see this, consider ¢ € RL®(X) with

¢ =3X.A(X) AFY.A(Y).
The sentence ¢ is satisfiable for £ > 1 and unsatisfiable for k = 1.

» We consider the knowledge base R¢mk from Example {4.1.3|(c) which in-
volves the conditional

r9 = (Smokes(X)|Friends(X,Y") A Smokes(Y")){x-y}[0.8].

It |Consty,,, | = 1, then appy; ,, (w) = 0 holds for all w € Qz, () because
Inst(r2) = 0 in this case due to the domain constraint X # Y which calls
for at least two constants in Constsy,.

We can put on record that the inconsistency of a knowledge base R can be caused
by both conflicting probabilities and by unsatisfiable logical expressions. Both types
of inconsistency can depend on the domain size k = |Consty|. Necessary but not
sufficient conditions for the Y-consistency of a knowledge base R € JR(X) are the
condition Mody(Fr) # () and, for all conditionals r € Bg, the existence of a possible
world w € Qz, (X) with app,.(w) > 0.
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Probabilistic Inductive Inference Task

Drawing inductive inferences from a knowledge base is one of the most important
reasoning tasks in the field of knowledge representation and reasoning (KR). Here,
drawing inferences means that we assume that a consistent knowledge base R is
given and we ask for the conditionals which hold in a specific probabilistic model
of R (“model-based inductive inference”). Formally, such inductive inferences are
defined via relations between knowledge bases R and probabilistic conditionals r

with respect to a model of R as follows.

Definition 4.1.10: Probabilistic Inductive Inference Relation
(cf. e.g., [Kern-Isberner and Thimm), |2010])

Let ¥ be a finite signature, let R € JR(X) be a Y-consistent knowledge base,
let Pr € probMody.(R) be a probabilistic ¥-model of R, and let » € RPCL(X)
be a probabilistic conditional. Then, r can be inferred from R with respect

to Pr, written
REpr iff PrET.

We call the relation |=p (probabilistic inductive) inference relation and the
conditional r query (conditional).

The inference relation =p from Definition 4.1.10| can be extended to sentences
from RL®(X) in the obvious manner: Let ¢ € RLY(Z) be a sentence. Then,

REpo¢ it REp(6T)[1).

Consequently, we do not have to distinguish between query sentences and query
conditionals because every query sentence can be expressed as a query conditional.

We discuss some basic properties of the inference relation =p which hold for
every model P of R. To start with, all the facts and conditionals from R can
be inferred from R via =p because =p is a model-based inference relation. This
property is known as direct inference.

Proposition 4.1.11: Direct Inference

Let 3 be a finite signature, let R = (Fg, Br) be a ¥-consistent knowledge base,
and let P € probMody,(R) be a probabilistic ¥-model of R. Then,

»RIqubforallgzﬁE}"R.

>R|:7)7”f0ra117"6873.
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Proof. This directly follows from the definition of probabilistic models: We have
R Ep ¢ (resp. R =p r) if and only if P = ¢ (resp. P = r) which holds for all
¢ € Fr (resp. r € Br) because P models Fr and Bg. ]

Also sentences which can be classically deduced from Fx are inferable from R.

This property is called supraclassicality.

Proposition 4.1.12: Supraclassicality

Let ¥ be a finite signature, let R = (Fg,Bg) be a X-consistent knowledge
base, and let P € probMody,(R) be a probabilistic 3-model of R. Further let
¢ € RL%(X) be a sentence. Then,

Fr Ex ¢ implies R =p ¢.

Proof. From Fg =5 ¢ it follows that Mods(Fr) € Mods(¢) holds. Since P(w) = 0
for all w ¢ Mody(Fr), we have

> Plw) =1

weN(X): weMods (Fr)

and, hence,
PO)= Y, = Pz > P(w)=1.
weN(X): weMody; (¢) weN(X): weMods (Fr)
Consequently, we have P(¢) =1 and R =p ¢ holds. O

Proposition 4.1.12| shows that probabilistic inferences defined as in Defini-
tion |4.1.10| enhance classical entailment in RL%(X). We illustrate this by means

of an example.

Example 4.1.13
We recall the knowledge base Ryf, from Example |4.1.3(b), i.e., we consider
Rofp = (FRbfp7 BRbfp) with

Fry, = {VX.(P(X) = B(X)), P()},
Bry,, = {(F(X)|B(X))[0.9], (F(X)|P(X))[0.99]}.

Further, let Ypg, = (Consty,, , Preds, ) be an arbitrary signature with
t € Consty,, Preds,, = {B/1, F/1, P/1},

and |Consty,, | large enough such that there is a probabilistic Xpg-model of Ry
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(the probability values of the conditionals in Ry require a minimal number
of constants). Then, for each such model P € probModEbfp(Rbfp), we have
Rufp =p B(t), because

_ Fryy = {VX.(P(X) = B(X)), P(1)} Fx,, B(?). )

Some “truly probabilistic” inferences R f=p (¢|¢)cs[p] with p € (0, 1) might hold
in all probabilistic models P of R, too. See the next example for instance.

( )
Example 4.1.14

1. Let Yoo = {0,{A4/0,B/0}} and Rope = (0, {(B|A)[p]}) with p € (0,1).
Then, Rope Ep (BJA)[1 — p] for all Sop-models P of Rep: because
P(A) > 0 follows from P = (B|A)[p] and

= P(AB) P(A)—P(AB)
PO =i T TR
P(AB)
P(A)

—1—

—1-P(B|A) =1—p.

2. We continue Example Because of

P = VX.P(X) = B(X) and (F(X)|P(X))[0.99],

one has
P k= (B(X) A F(X)|P(X))[0.99].

This is because VX.P(X) = B(X) states that every penguin is a bird and
the conditional (F(X)|P(X))[0.99] is concerned about penguins. Hence,
in every possible world in which a ground instance (F(t)|P(t))[0.99] of
(F(X)|P(X))[0.99] is applicable, the individual ¢ is a penguin and, con-
sequently, a bird. Adding this information to the consequence of the
conditional does not change the set of verifying resp. falsifying possible
worlds. Analogously, we can infer

P = (F(X)|P(X) A B(X))[0.99]

in all models P of Rysp.
\. J

Because the inferences in the above-mentioned examples hold in all models P of
the respective knowledge base R, they could also be inferred from R with respect
to the following skeptical inference relation that builds on all models of R:

REsr iff VP € probMody(R): P [=r.
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guided by desired Task 1:
inference properties r Given r € RPCL(Y),
)

: decide whether P = r holds.
R >

3 Y-consistent probabilistic Task 2: |

knowledge base Y model of R Given § € RCL(Y),

compute p € [0, 1] such that
P |=x d[p] holds.

e e e e e e e e e L e =

Step 1: Model Selection Step 2: Probabilistic Inference

Figure 4.1: Answering probabilistic inferences.

The benefit of the skeptical inference relation |=yx is that it does not require the selec-
tion of a specific model of R. However, it is often considered as too cautious because
it allows for few and little informative inferences only [Wilhelm et al., 2022]. If a
single probabilistic model P of R is fixed, then it is possible that further inferences
can be drawn which do not hold in all models of R.

Definition 4.1.15: Model Selection Task (cf. e.g., (Hastie et al., |2001])

Let ¥ be a finite signature, and let R € R(X) be a X-consistent knowledge
base. Then, the model selection task is the task of selecting a probabilistic
¥-model P of R from probMody,(R).

The quality of the model selection is usually judged based on the quality of the
inferences that can be drawn. It will turn out that the maximum entropy model (cf.
Section produces inferences of a very high quality in terms of inference proper-
ties. Based on the inference relation |=p from Definition , we can conceptualize
two probabilistic inference tasks.

Definition 4.1.16: Probabilistic Inference Task
Let 3 be a finite signature, and let P be a probabilistic ¥-model of a consistent
knowledge base R € R(X).

Task 1 (Decision Problem): Decide whether a probabilistic conditional
r € RPCL(X) can be inferred from R with respect to P. That is, decide
whether R =p r holds or not. We denote this decision problem with
“REpr?”
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Task 2 (Computation Problem): Compute the probability p € [0, 1] with
which a qualitative conditional 0 € RCL(X) with P(w) - appy 5(w) > 0
for some w € Qz, (X) can be inferred from R with respect to P. That is,
compute p € [0, 1] such that R |=p d[p] holds. We denote this computation
problem with “R |=p §[?].”

Altogether, the probabilistic inductive inference tasks consist of two steps, the
model selection (Step 1) and the actual drawing of probabilistic inferences (Step 2;
cf. Figure . In Step 1, a probabilistic 3-model P of R is computed. This step
is an inductive inference step because a knowledge base, which usually does not
determine the probability values of all possible worlds, is extended to a complete
belief state in which the probabilities of all possible worlds are fixed. In Step 2,
the query answering takes place. That is, either it is decided whether P |= r holds
for a probabilistic query conditional r € RPCL(X) or the probability p € [0, 1] is
computed for which P |= §[p] holds where § is a given query conditional 6 € RCL(X).

Note that the probabilistic inference tasks in Definition are well-defined
in real-valued analysis. This is mainly because the X-consistency of R guarantees
that a probabilistic Y-model P of R exists. Further, in course of the computation
problem, the claim that the query conditional § satisfies P(w) - appy s(w) > 0 for
some w € 2z, (X) guarantees the well-definedness of the aggregating semantics (cf.
Condition (3.11)) of the characterization of the aggregating semantics). Note that
the claim P(w) - appy, s(w) > 0 will reduce to the requirement that ¢ is applicable in
at least one possible world, i.e., appy, 5(w) > 0 for some w € Q(¥), in the context of
maximum entropy reasoning.

When calculating probabilistic inferences on a computer, one has to ensure that
the probabilities occurring in the probabilistic inference tasks are rational numbers,
though. Therefore, we will claim that the probabilities p of conditionals r = d[p]
in R and of the query conditional are rational numbers. But even then it is not
guaranteed that the probabilistic model of R which shall be selected in the model
selection task mentions rational probabilities only. Thus, we will inevitably have to
deal with the approximation of probabilistic models.

In the next section, we will approach the model selection task (Step 1 of the
probabilistic inference task) by following the principle of mazimum entropy.
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4.2 Principle of Maximum Entropy

The principle of mazimum entropy |Jaynes, |1957alb] constitutes a powerful method-
ology in probability theory which has been applied to thermodynamics |[Dugdale,
1996; Frigg and Werndl, [2011] first and then found its way to many further dis-
ciplines including information theory [Shannon and Weaver, 1949; MacKay), [2003]
and knowledge representation and reasoning (KR) |[Paris and Vencovskal, |1990; Paris,
1998, 2006]. In the context of KR it is assigned to the subfield of Bayesian statistics
[Lee, 2012; Sivia and Skilling, |2006] where probabilities are understood as degrees
of belief in the state of the real world. In this context, the principle of maximum
entropy states that given some prior information about the world, here encoded in
form of a knowledge base R, the probability distribution which describes the state
of the world best is the model of R which maximizes the entropy

— > Pw)-log(P(w)) (4.6)

weN(X)

among all probabilistic ¥-models of R. The reason for this opinion is that—from
an information theoretical point of view—the model which maximizes the entropy
makes as few additional assumptions as possible when completing the information
in R. In this sense, the principle of maximum entropy can be seen as an application
of Occam’s razor to probabilistic inductive reasoning (cf. [MacKay, 2003] for a
discussion of Occam’s razor in the context of probability theory). Also from a
commonsense point of view, the mazimum entropy model is considered to be the
preferred choice for the model selection task. In [Paris, |1998] it is shown that in
the propositional setting the maximum entropy model is the unique probability
distribution satisfying some fundamental commonsense reasoning principles.

In this section, we formally define the maximum entropy model for relational
probabilistic conditional knowledge bases, discuss the connection between the max-
imum entropy model and the so-called X-p-consistency, an accentuation of -
consistency, and apply the principle of maximum entropy to the probabilistic in-
ductive inference task from Definition [4.1.16]

Maximum Entropy Model

We discuss the maximum entropy model as an outstanding probabilistic model of a
consistent knowledge base. Mathematically, as being the probabilistic model which
maximizes the entropy (4.6)), it is the solution of a convex optimization problem (cf.

Proposition [4.2.12)).
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Definition 4.2.1: Maximum Entropy Model (c¢f. |[Kern-Isberner [2004)])

Let X be a finite signature, and let R € 2(X) be a X-consistent knowledge base.
Then, the mazimum entropy L-model Py : Q(X) — [0,1] of R is defined by

P =arg  max - Y P(w)-log(P(w)) (4.7)

PeprobMody, (R com)
w

where the convention 0 - log(0) = 0 applies. We call the maximization task

in (4.7) the (primary) mazimum entropy optimization problem.

If and only if the knowledge base R is Y-consistent, then the maximum entropy
S-model PY% exists and is unique (cf. e.g., [Boyd and Vandenberghe, 2009]). Hence,
the Y-consistency of R can be decided by finding out whether Pg"% exists or not.

By definition, for all probabilistic ¥-models of R, we have P(w) = 0 for all
possible worlds w € QOfR(Z), i.e., for the possible worlds which violate any fact
from R (cf. (£.4)). Consequently, this is true for the maximum entropy model as
well, and we can restrict the sum in to the possible worlds in Qz, (X):

Pg%:arg max Z P(w) - log(P(w)).

PeprobMods; (R e (%)
FR

In the absence of uncertain beliefs, i.e., if the knowledge base R is of the
form R = (Fgr,0), the maximum entropy >-model of R coincides with the wuni-
form distribution on Qz, (X). More precisely, Py = P where

Qr (D)7 if € Qr, (X
Py = |19 wE ()

(4.8)
0 otherwise

holds in this case. In particular, all potentially positive possible worlds are classified
as equally probable. Note that |2z, (2)| > 0 holds because if R is X-consistent,
then there must be at least one possible world w € Q(X) which satisfies all the facts
in Fr by definition. We prove the statement formally.

Proposition 4.2.2: Maximum Entropy and the Uniform Distribution
Let ¥ be a finite signature, and let R = (Fg, Br) be a 3-consistent knowledge
base with empty set of probabilistic beliefs, i.e., Br = 0. Then the maximum
entropy X-model of R is the uniform distribution on Qz, (¥), i.e., (cf. ( .

Pg%(w) = ,Pg,’lz(w)? w e 9(2)7
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and the entropy of PME R 1S
H(PER) = H(Psr) = log(|Qr, (2))).

Proof. We apply the well-known method of Lagrangian multipliers (cf. e.g., [Bert-
sekas, 2014]) to the maximum entropy optimization problem in (4.7)) and obtain the

Lagrangian function

ZP -log(P ZP

weQ(x) weQ(X)
Z P(w) -log(P(w)) + A - Z P(w) —
weQFL (2) wEQFL ()

where A depends on the probabilities P(w) for w € Qx,(X) and the Lagrangian
multiplier A which is introduced for the side condition ZwEQ(E)P(w) = 1. Note
that we have applied P(w) = 0 for all w € Q% (%) to obtain the second formulation
of A. The partial derivative of A with respect to the probability P(w) of an arbitrary
potentially positive world w € Qz, (X)) is

oA
OP(w)

—log(P(w)) =1+ A

which vanishes in P(w) = exp(A—1). Because P(w) = exp(A—1) has the same value
for all w € Qx, (X), the optimum is reached for the probability distribution P with
P(w) = P(w') for all w,w’ € Qz, (¥) which indeed is the uniform distribution Pg r.

The optimum is a maximum because the Hessian matrix is negative definite as

D*A —PErlw)™ if w=u

87)%,72 (w)aP%,R () B 0 otherwise

and Py z(w) > 0 for all w € Qx, (X) hold. Further, we have

H(PEg) = Z( P r(w) - og(Pg z(w))
— Y Phaw) - log(Phr(w))
s
0 ()] )

™) 5]
— log (|2, (2)]).
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The last equality holds because — log(%) = log(x) for = > 0. ]

As a consequence, we have the following estimation of the entropy of models of

a consistent knowledge base R.

Proposition 4.2.3: Upper and Lower Bounds of Entropy

Let ¥ be a finite signature, let R = (Fr, Br) be a 3-consistent knowledge base,
and let P be a probabilistic ¥-model of R. Then,

0 < H(P) < log(|Qr, (2)]),

where H(P) = 0 holds if and only if P(w) € {0,1} for all w € Q(X).

Proof. Note that log(P(w)) < 0 holds for all P(w) € (0,1), and log(P(w)) = 0 holds
if and only if P(w) = 1. Further, recall that the convention 0 - log(0) = 0 applies.
Therewith, we have

=0 if Pw)e{0,1
Pl) dogPw){ P et
> (0 otherwise

which proves both the non-negativity of #(P) and the fact that H(P) = 0 holds
if and only if P(w) € {0,1} for all w € Q(X). In order to prove the upper bound
H(P) < log(|Qx, (X)), we note that every probabilistic ¥-model of R is also a
probabilistic ¥-model of R' = (Fx,0) and, in accordance with Proposition ,
PY% = Py g holds, where P 1, is the uniform distribution on Q, (X). Therewith,

H(P) < H(PR) = H(Pi /) = log(17(2)])

for all P € probMody,(R). O

The principle of maximum entropy tends to assign the same probability to possi-
ble worlds as long as nothing speaks against it—mnot only in the absence of uncertain
beliefs (Bg = 0). We will formalize this observation in Proposition [£.3.5] This ten-
dency is a consequence of the fact that the principle of maximum entropy fulfills the
paradigm of information economy |Géardenfors, [1988] and adds missing probability
values in an information theoretically optimal way.

A further consequence of the paradigm of information economy is that the princi-
ple of maximum entropy tends to assign probability values to possible worlds which
are in the interior of the interval [0, 1] and avoids the probabilities 0 and 1 if possible.
This behavior is known as the principle of open-mindedness. According to [Kwongj,
2016, open-mindedness is the “willingness to take a novel viewpoint seriously.” In
the probabilistic context, open-mindedness can be understood in such a way that
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an open-minded person tends to not commit to factual probabilities (0 or 1). Also
see [Paris| |2006] for a discussion of the open-mindedness principle in the context of
maximum entropy reasoning.

We can say that the maximum entropy model of a consistent knowledge base R is
the model of R which is as cautious as possible [Kern-Isberner, 2001a]. Nevertheless,
there are some constellations in which the principle of maximum entropy assigns to
potentially positive possible worlds from Qz, (X) 0-1-probabilities, too.

Example 4.2.4
We consider the signature Y, = (), {A/0, B/0}) and the knowledge base

Rex = (0, {(AB|T)[0.1], (AB|T)[0.3], (AB|T)[0.6]}).

Rex 18 Lex-consistent, where the probability distribution Pe, on Q2(Xe,) given by

Pex(AB) 3,

0.1, P (AB) = 0.
Pex(AB) = 0.6, Pex(AB) =0,

is the only Y¢-model of Re.. The first three probability assignments can be
read from the knowledge base directly. Further, because of the normalization
condition of probability distributions, Pe, has to satisfy

73e><(171§> = (PeX(AB) + PeX(AE) + /PeX(EE))

1—
1—(0.1+0.3+0.6) = 0.

That is, Pex(AB) = 0 holds although AB € Qr, (Ze). Because Pe is the
only Ye-model of Re,, it has to be the maximum entropy Xe.-model of Ry
which shows that, in some rare cases, maximum entropy models assign 0-1-

probabilities to potentially positive possible worlds w € Qx, (X).

Some numerical methods for computing maximum entropy models can be applied
to positive probability distributions only [Boyd and Vandenberghe, 2009, which
means that P(w) > 0 must hold for all w € Q(X), respectively for all w € Qr, (2) if
the probability distributions are restricted to the possibly positive possible worlds
in Qz, (). Example shows that the X-consistency of R is not sufficient to
ensure the existence of such a positive ¥-model of R or the positivity of the maximum
entropy X-model. Thus, from now on, we will focus on knowledge bases which satisfy
a slightly stronger version of consistency that is called X-p-consistency and which
guarantees the existence of positive models (cf. [Finthammer] 2017]).
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Maximum Entropy and Y-p-Consistency

The Y-p-consistency of a knowledge base R ensures that the knowledge base does
not only have a ¥-model but also one with solely positive values (cf. [Finthammer,
2017]). Here, we require the positivity on the subset Qz, (X) only, which is sufficient
because the computation of probabilistic models over (3) can be reduced to the
computation of models over 2z, (X) as discussed above. In other words, we assume
that possible worlds w € Q% (X), for which P(w) = 0 holds for all models P of R
by definition, are filtered out in a preprocessing step if necessary.

Definition 4.2.5: 2z, (X)-Positive ¥-Model (cf. [Finthammer| |2017])

Let ¥ be a finite signature, let R = (Fr, Br) be a 3-consistent knowledge base,
and let P be a ¥-model of R. Then, P is called Qg (X)-positive if P(w) > 0
holds for all w € Qz, (X).

In Qz, (¥)-positive X-models, the possibly positive possible worlds indeed are
positive. As said, the Y-p-consistency of a knowledge base ensures the existence of
such a model.

Definition 4.2.6: >-p-Consistency (cf. [Finthammer, |2017)])

Let 3 be a finite signature, and let R = (Fx, Br) be a knowledge base. Then,
R is called X-p-consistent if there is an Qz, (X)-positive X-model of R.

Demanding that a knowledge base is not only >-consistent but also >-p-
consistent is not a strong restriction but rather a quality criterion for good knowledge
engineering. Knowledge bases R which are Y-consistent but not X-p-consistent are
of such a form that there is a possibly positive world w € Qz, (X) with P(w) =0
in all probabilistic X-models P € probMody,(R) (cf. Example [£.2.4). This means
that factual knowledge is expressed by conditional beliefs in Byr instead of sen-
tences in Fr.

By introducing additional facts in JFx, every X-consistent knowledge
base R can be transformed into a Y-p-consistent knowledge base R’ with
probMody,(R’) = probMody,(R). This is possible because positive Y-models have
to be positive on Qx, (X) only. The idea of the transformation is to introduce for
every potentially positive world w € Qx, (X) which is forced to have the probabil-
ity P(w) = 0 in every probabilistic ¥-model P of R a fresh sentence F' € RL (%)
in the set of facts Fr with /' = —w. Then, P(w) = 0 holds because of the fact F
already, and w no longer causes a violation of the positivity condition of models of R
as w is an element of Q% (%) now. We illustrate this idea by means of an example.
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.

7

Example 4.2.7
We recall the knowledge base

Rec = (0, {(AB|T)[0.1], (AB|T)[0.3], (AB|T)[0.6]})

from Example [£.2.4] As discussed in Example [£.2.4] the conditionals in Bg,,
force the unique probabilistic Ye,-model Py of Rey to satisfy Pe(AB) = 0.
Hence, AB is a potentially positive possible world with probability 0 which vi-
olates the positivity condition of Y-p-consistent knowledge bases. This problem
can be prevented by transforming Re. into the knowledge base

Ree = (Froo Bro) = ({~(AB)}, {(AB|T)[0.1], (AB|T)[0.3], (AB|T)[0.6]}).

Then, Pe is still a model of R, and probMody, (Re«) = probMody, (R.,)
holds but AB is no longer a potentially positive possible world but an element
of Qofég (¥) now. Thus, P(w) > 0 holds for all w € Qz (%),

We give a further example of a X-p-consistent knowledge base.

e

Example 4.2.8
The knowledge base Rpow = (0, {r1,72}) from Example {4.1.3|(a) with

ri = (B|SR)[0.6] and 7y = (B|SV R)[0.99]

defined over Xpon = (0, Predpow) is Lpow-p-consistent. To see this, let Ppow be
the probability distribution over Q(Xy0n) with

Poow(BSR) = 0.15,
Poow(BSR) = 0.1,
Poow(BSR) = Pyow(BSR) = Ppow(BSR) = 0.2475,
Poow(BSR) = Poow(BSR) = Ppow(BSR) = 0.0025
Then, Ppow is positive and a model of Ryq, because
Poow(BSR) 0.15

7)bow(B|SR«) = 06,

Poow(BSR) + Poow(BSR) 015+ 0.1

Pbow(EgR) + PbOW(ESR) + 'Pbow(Egﬁ)

Poow(B|S V R) = _
bow (5| ) 1 — (Poow(BSR) + Poow(BSR))
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_3.0.2475
1—(0.15+0.1)

= 0.99.

The X-p-consistency of a knowledge base R has important consequences on the
computation of the maximum entropy model Pg/'% In general, not all 3-models of
a Y-p-consistent knowledge base R are positive on Qz, (%), but, importantly, this
holds for the maximum entropy model P (cf. [Boyd and Vandenberghe, 2009)]).
This is due to the fact that the maximum entropy optimization problem is a con-
vex optimization problem which again is, above all, a consequence of the linearity
of the acceptance condition of conditionals as proposed by the aggregating seman-
tics (cf. the characterization of the aggregating semantics in Proposition and
Proposition on the convexity of the maximum entropy optimization problem).
Thus, the following proposition, which is known from the propositional case, can be
“lifted” to the case where the conditionals in R are relational.

Proposition 4.2.9: Positivity of Maximum Entropy Model
(cf. [Boyd and Vandenberghe, 2009])

Let ¥ be a finite signature, and let R € RR(X) be a X-p-consistent knowledge
base. Then, P'% is positive on Qz, (X).

Proof Idea. The idea of the proof is that the set probMody;(R) of all ¥-models of R
defines a convex subset S C [0, 1]‘QfR(E)‘ and that the Y-p-consistency of R guar-
antees the existence of a point P in the relative interior of S. Approaching the
boundary of S from this inner point, i.e., approaching the probability P(w) = 0
(or P(w) = 1) for some w € P(w) on any straight line through P decreases the en-
tropy of the respective model. See [Boyd and Vandenberghe, |2009] for the technical
details. O]

As a consequence, we obtain the following property of the maximum entropy -
model which underpins the fact that it does not generate O-probabilities by chance.

Proposition 4.2.10: Probabilistic Classicality

Let ¥ be a finite signature, and let R be a ¥-p-consistent knowledge base.
Then, for w € Q(X), it holds that P¥%(w) = 0 if and only if P(w) = 0 for all
P € probMods.(R).

Proof. Let w € Q(X), and let P(w) = 0 for all P € probMods;(R). Then, P¥% = 0
follows because Py € probMody(R). Now, let Pyi(w) = 0 for w € Q(X).
Then, w € Q% (¥) according to Proposition Consequently, P(w) = 0 for
all probMody,(R) according to (4.4)). ]
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A further consequence is that we can reduce the search space of the maximum
entropy optimization problem in to models of R which are positive on Qz, (X).
Then, the condition

> appy,(w) - Pw) >0 (4.9)
we(X)
from the characterization of the aggregating semantics (cf. Proposition be-
comes vacuous because it is satisfied by every Qz, (¥)-positive X-model of R, as the
following proposition shows.

Proposition 4.2.11: Impact of Positivity on Aggregating Semantics
Let X be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge

base, let r € Bgr, and let P be a probability distribution which is positive
on Qz, (X). Then,

Y apps,(w)  Pw) > 0.

weN(X)

In particular, this holds for all Qz, (3)-positive X-models of R including the
maximum entropy >-model P%A% of R.

Proof. Because R is Y-consistent, there is a X-model P’ of R. According to the
aggregating semantics,

> appy,(w) - P(w) >0

weN(X)

for all € Br holds. Further, because appy, ,.(w) > 0 for all w € Q(¥) and P'(w) =0
for all w € Q% (X), we have

Y. appy, () P(w) > 0.

UJEQ]:R (E)

Thus, there is at least one possible world w’ € Qz, (X) with appy; ,.(w') - P'(w') > 0.
Particularly, apps;,.(w') > 0 holds. Now, let P be a probability distribution which is
positive on Qz, (¥). Then, P(w’) > 0 holds and, therewith, appy .(w') - P(w') > 0
follows. Consequently, we have

> apps, (W) - P(w) >0
weQ(X)
which proves the proposition. O

When dropping the condition from the characterization of the aggregating
semantics, we obtain the following characterization of the maximum entropy opti-
mization problem in (4.7]) which is a convex optimization problem in standard form
according to [Boyd and Vandenberghe| 2009].

129



CHAPTER 4. RELATIONAL MAXIMUM ENTROPY REASONING

Proposition 4.2.12: Maximum Entropy Optimization Problem
Let ¥ be a finite signature, and let R be a ¥-p-consistent knowledge base.
Then, the maximum entropy »-model Pg"% is the unique solution of the convex

optimization problem

minimize Z P(w) - log(P(w)) (4.10)

weN(X)

subject to

Z frr(w)-Pw) =0, Vr € Bgr,

weN(X)
> Plw) =1,
weN(X)

0, Yw € Q% (%),
—P(w) <0, Vw € Qx, ().

The feature function f5,(w) can be replaced in (4.10) by the standardized
feature function fz’r(w) (cf. Definition [3.4.10]) one-to-one.

Proof. The optimization problem is the maximum entropy optimization prob-
lem in except for the condition (4.9) of the characterization of the aggre-
gating semantics (cf. Proposition [3.4.5). In (4.10)), the requirements that P has
to be a probability distribution and it has to be a probabilistic »-model of R
are made explicit. In detail, the normalization condition >_ .oy P(w) = 1 and
the non-negativity condition —P(w) < 0 guarantee that P is a probability dis-
tribution over Q(X), and }_ o) fur(w) - Plw) = 0 for all r € Br as well as
P(w) = 0 for all w € Q% (X) guarantee that P is a ¥-model of R. Here, the
requirement Y o) aPpy,(w) - P(w) > 0 can be dropped because of the previous
Proposition [4.2.11]

The optimization problem is convex, because the negative entropy is a
strictly convex function |Rao, 1984] and the side conditions of the optimization
problem form a linear program, i.e., a system of linear (in-)equations over continuous
variables. Hence, the solution space is a convex polytope (cf. [Schrijver, 1998]). O

Because every probabilistic model of a consistent knowledge base leads to a
probabilistic inference relation (cf. Definition [4.1.10)), this also holds for the maxi-
mum entropy model. We briefly discuss the resulting maximum entropy inference
relation next.
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Maximum Entropy Inference

We make use of the maximum entropy Y-model Pg'% of a Y-p-consistent knowl-
edge base R for drawing inferences. The maximum entropy inference relation =¥E
is the only model-based probabilistic inference relation which satisfies a variety of
meaningful commonsense principles (see [Paris|, [1998] for the details in the propo-
sitional case). Roughly said, the inferred maximum entropy probabilities are the
most expected probability values when R is assumed to hold. Therewith, P%’”;z con-
stitutes a distinguished model for the model-based probabilistic inductive inference
task showcased in Figure [4.1]

Definition 4.2.13: Maximum Entropy Inference Relation
(cf. \[Kern-Isberner and Thimm| [2010])

Let ¥ be a finite signature, let R be a Y-p-consistent knowledge base, and
let 7 € RPCL(X) be a probabilistic conditional. Then, the maximum entropy

Y-model Pg"% of R yields the maximum entropy inference relation
REYEr iff PYS v (4.11)
Recall that the maximum entropy model P%"% is the solution of an optimization

problem and can only be computed numerically in general. Consequently, maximum

entropy inferences can usually be computed approximately only, too.

Example 4.2.14
We consider the signature X0, = (0, {B/0,5/0, R/0}) and the knowledge base

Roow = (0, {(B|SR)[0.6], (B|SV R)[0.99]})

from Example|4.1.3] In Example4.3.9, we will show that the maximum entropy
Ybow-model Pg'b'fwﬁbow of Rpow is given by

pME Rbow (BSR) = PME Rbow<B§R) = pg/lbliwvnbow

(BSR)
Zbow> Y bow> (B;?R) =~ 0 0027
g/lblcE)W7Rbow(§SR) ~ 0 1537
7Dz,\:/lbliw’,R'bow(-E‘S(‘E) - ,P'z\)AbEw:Rbow<‘§§R) = PXI\:AbEW,Rbow(BER) ~ 0 204:7

where the probabilities are rounded to three decimal places.  Alterna-
tively, PHC &, can be computed with the software tool SPIRIT [Meyer and
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Rodder|, [1996; [Rodder and Meyer} [1996]. For example, because

Pl Ron (BR)
Pg/lblfwvnbow (B‘R) = ;’\:/O|E, 7:O ( )
bow s /“bow

_ Pglbfm'fzbow (BSR) + Pg/lew’Rbow(BgR)
PYE o (BSR) + PEE o (BSR) + PYE . (BSR)+ P . (BSR)

N 0.229 + 0.002 0.231
"~ 0.229 +0.002 + 0.002 + 0.204  0.437

= 0.529,

we can (approximately) draw the maximum entropy inference
R ¥E (B|R)[0.52
bow =3y, (B[17)[0.529].

It is worth emphasizing that =YE is a nonmonotonic inference relation, i.e.,
R EME r and R T R’ does not necessarily lead to R’ EME r. When reasoning
about uncertain knowledge in flux, nonmonotonicity is a preferable property.

In the following section, we examine the dual maximum entropy problem, reveal-
ing how conditional structures impact maximum entropy models. Insights into the
internal structure of these models can enhance our understanding of their compo-
sition and aid in designing numerical solvers more suited to the maximum entropy

optimization.

4.3 Dual Maximum Entropy Problem

In mathematical optimization, the principle of duality (cf. e.g., [Boyd and Vanden-
berghe, 2009]) is an approach to solve an optimization problem by transforming it
into its dual optimization problem beforehand. The dual optimization problem is
obtained by applying the well known method of Lagrangian multipliers (cf. e.g.,
[Bertsekas, 2014]) to the primal problem in standard form. In some cases, the dual
optimization problem has a much more compact representation than the primal
problem and, moreover, it is unconstrained, which allows one to apply more efficient
solving techniques to the dual problem than to the primal problem.

While the primal and its dual optimization problem do not yield the same op-
timum in general, there are specific conditions to the primal optimization problem
under which the equality of the optima is guaranteed. In this case, one speaks of
strong duality between the primal and the dual optimization problem. In the gen-
eral case, the conditions for strong duality are known as the Karush-Kuhn-Tucker
conditions [Kuhn, [1982; Kuhn and Tucker] 1951]. If the optimization problem is
convex, then the Karush-Kuhn-Tucker conditions can be relaxed to Slater’s condi-
tion [Slater, |1950]. Basically, Slater’s condition demands the existence of an interior

point in the feasible region, i.e., in the solution space of the optimization prob-
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lem. Please see Definition in the appendix for a formal definition of Slater’s
condition.

In this section, we apply the principle of duality to the maximum entropy opti-
mization problem in standard form . This is possible if the knowledge base R
is Y-p-consistent because Slater’s condition is satisfied then. The dual maximum
entropy optimization leads to a product representation of the maximum entropy
model which we discuss in detail. Eventually, we present the maximum entropy

equation system as a further starting point for maximum entropy computations.

Transformation of the Maximum Entropy Problem

According to Proposition [4.2.12] the maximum entropy optimization problem (4.10)
is convex and the -p-consistency of the considered knowledge base R guarantees
the existence of an interior point in the feasible region of such that Slater’s
condition applies. Here, the importance of the X-p-consistency of knowledge bases
becomes clear. As a consequence, we can consider the optimization problem dual
to (4.10)) which leads to the same optimum as the primal problem because of the
strong duality of the optimization problems.

In order to apply the principle of duality, we consider a >-p-consistent knowledge
base R = (Fg,Br) and, without loss of generality, we enumerate the conditionals
in Bg, i.e., we identify Br with an enumerated set of conditionals {ry,...,r,} with
ri = (Vi di)cs,[pi] for i = 1,...,n in the following.

Definition 4.3.1: Dual Maximum Entropy Optimization Problem
(cf. (Boyd and Vandenberghe, |2009; Kern-Isberner| |2001a])

Let X be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge
base, and let fy; for ¢ = 1,...,n be the feature functions of r; € Bg (cf.
Definition [3.4.3). Then, we call the (unconstrained) optimization problem

minimize S I (4.12)

weQF (D) i=1

subject to x; >0, 1=1,...,n,

the dual mazimum entropy optimization problem of R with respect to X. A
solution vector Ay, g = (aq,...,a,) € RY; of (4.12) is called mazimum entropy
vector of R with respect to X, or X-ME-vector of R for short.

We will show soon that (4.12)) is indeed dual to the primal maximum entropy
optimization problem (4.10)). Due to Proposition the feature functions fy; can
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be replaced in 1} by the standardized feature functions }2,2‘ (cf. Definition|3.4.10))

one-to-one.

An obvious benefit of considering the dual maximum entropy optimization prob-
lem is that solution vectors ax » of are of length n = |Bg|. That is, the number
of values that have to be computed is constant in the domain size k = |Consty| in
contrast to the exponentially many probability values that have to be calculated in
order to solve the primal problem directly. From such a solution vector dx %,
the maximum entropy X-model P¥% can be derived as follows.

Proposition 4.3.2: Product Representation of Maximum Entropy
Model (cf. [Kern-Isberner, |2001d; |Jaynes, |1985)])

Let ¥ be a finite signature, let R = (Fr,Bgr) be a X-p-consistent knowledge
base, let fs,; for ¢ = 1,...,n be the feature functions of r, € By, and let
dsr = (a1,...,ay) be a B-ME-vector of R, i.e., a solution of (4.12)). Then, for
the maximum entropy -model of R it holds that

n fZ 1( ) :
Q- Q; it weQr, (X
PYE (W) =4 " e #r (%), (4.13)
0 otherwise
where «q is a normalizing constant given by
-1

ap = Z HoszL . (4.14)

Due to Proposition [3.4.9} the feature functions fs; can be replaced in (4.13
and lb by the standardized feature functions ]A‘“E’i (cf. Definition [3.4.10

one-to-one.

Proof. We start from the primal maximum entropy optimization problem and
derive its dual problem by using the method of Lagrangian multipliers. Beforehand,
we simplify the objective function }° o) P(w) - log(P(w)) and the constraints
in (4.10) by exploiting the fact that P(w) = 0 holds for w € Q% (¥). That is,
we build the sums in over the potentially positive worlds only. Then, the
Lagrangian function of the optimization problem becomes (cf. [Boyd and
Vandenberghe, [2009])

AP1), - Pwi) Ao Aty A) = Y Plw) -log(P(w))

WEQ}_R( )
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(Y Pw -1+ Z S feiw) - Pw),

WEQ]:R(E) UJGQ]:R( )

where A\g, A1, ..., A\, are the Lagrangian multipliers and where wy, . .., wy are the pos-
sible worlds in Qx, (X). The dual problem of (4.10) is (cf. |Boyd and Vandenberghe,
2009])

maximize g()\0,>\1,...,/\n) = infp A(P(wl),...,P(wk),)\o,)\l,...,)\n). (415)

We determine the derivation of A with respect to the probability of an arbitrary
possible world w’ € Qz, (X) and get

oA
OP(w')

=1og(P(W) +1+ X0+ > A fraw)

i=1

which vanishes (only) in
Pw) =exp(=1 =X — > A~ fui(e)). (4.16)
i=1

Consequently, this determines the only candidate where A can take its infimum,
which is actually a minimum, and the principle of strong duality tells us that the
minimum is reached. We replace the log-term in the Lagrangian function by the
right-hand side of and obtain

infpA= Y  Pw 1—)\0—2)\ @) X (Y P

UJEQ]:R( ) UJEQ]:R )

+ZA, Y fuilw) - Pw)

WERFL (w)
ST ra-
weQry (2)

= —1-

Afterwards, we plug this result in (4.15) and obtain that the dual problem becomes
maximizing —1 — Ag. Instead of considering this maximization problem directly, we
substitute zo = exp(—1— \g) as well as x; = exp(—2X\;) for : = 1,...,n. Then, (4.16)

becomes

PW)=ao- [[2), o e Qr (D) (4.17)
=1

Further, from the normalization condition Zweﬂf ) P(w') =1 it follows that zo
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has to satisfy
~1

n
Zo = Z HZU{EJ(W) ,
weQry, (Q) i=1

and the dual optimization problem means maximizing log(xo) instead of —1 — .
This can be further simplified as follows. Note that log(zg) is maximal if and only
it z¢ is maximal, and that z, is maximal if and only if z, ! is minimal. This allows
us to transform the dual problem once again, namely into minimizing x, L
and we obtain the dual maximum entropy optimization problem (4.12). The con-
straints x; > 0 for ¢ = 1,...,n originate from the substitution x; = exp(—J;). Since
the exponential function exp(—2J\;) is positive for all A; € R, the x;’s must be positive
as well.

Finally, Slater’s condition tells us that the solution of the dual optimization
problem corresponds to the solution of the primal one. More precisely, if the vec-

tor s g = (v, ..., ) solves (4.12)), one has

n

PYE () = ap- [[ ol

i=1
for w € Qr, (X), where ap = <ZwleR(2) I, a{z’i(w))_l. O

For most knowledge bases, the ¥-ME-vector @y is unique. However, in some
rare cases there can be several solutions of the dual maximum entropy optimization
problem which all lead to the same optimum, though. This happens when there are
redundant conditionals in the knowledge base as illustrated in the next example.
Note that this is not a problem because any >-ME-vector @y % is sufficient for (4.13)
in this case.

Example 4.3.3

Let Yex = (0,{A/0,B/0}) be a signature, and let Rex = (0, {r1,72}) be a
knowledge base with r; = (B|A)[p] and r, = (AB|A)[p] where p € (0,1). Then,
there is one possible world in which both r; and ry are verified, namely w = AB,
and one possible world in which both r; and 7, are falsified, w = AB. In the
remaining possible worlds both conditionals are not applicable. Hence, the dual
maximum entropy optimization problem becomes

r1To + 1)

.. 1—p 1— —p
minimize x; Yz, L4 x P ay” =
(z122)"

subject to x1, x5 > 0.

The minimum is obtained whenever z,25 = ﬁ holds. To see this, consider
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the function f(z) = £t! with its derivative f'(z) = zp_(m?# The deriva-

tive f'(x) vanishes in z = ;5. Hence, the solutions of the optimization problem
are all vectors dy,, r., = (a1, @) with
1
a; >0 and OCQZL'_.
l—p o
Because in all possible worlds w € €(¥,), the two conditionals r and ry
are evaluated the same (both conditionals are either verified, falsified, or not
applicable), the factors a; and as occur in the maximum entropy probabili-
ties PX'\J/!’IIE%X (w) always together in form of the product a; - as. This product can
be simplified to
p 1 p

l—p ai 1-p

a1 - Qg = (1 -

Hence, it is independent of the single values of a; and as.

Proposition m tells us that the maximum entropy model P%"% of a X-p-
consistent knowledge base R is fully determined by a X-ME-vector dg s and the
set Q% (X) of the possible worlds w with probability Pz (w) = 0. In particular,
there is no need to compute and store the probabilities Pg"%(w) for all possible
worlds w € §(X) when drawing inferences from Pg/'% Instead, one determines
and stores the vector ds z and calculates the needed probability values on demand.
Recall that the size of dxx is equal to n, the number of conditionals in Bg, and
therewith constant in |Consty|. In general, |dr x| < {P(w) | w € Qz,(X)}| holds
and storage costs decrease to a minimum by considering the dual problem.

Besides that, the dual maximum entropy optimization problem yields with
a product representation of the maximum entropy model. We analyze this product
representation in more detail now.

Conditional Indifference of the Maximum Entropy Model

Equation l} proves that the maximum entropy probabilities Pg'% (w) for
w € Qz, (X) can be written as a product of the components of the 3-ME-vector dy .
This product representation is very closely linked to conditional structures. To show

this connection, we consider the semiring
S(R) =804 | dlp] € Br}). (4.18)

Recall that
S({0 ] d[p] € Br}) = (Ga({d | 8[p] € Br}), +,-,1,0)

constitutes the algebraic framework for the conditional structures of the conditionals
in R (cf. (3.4) on page. Further, we introduce a homomorphism p; : S(R) = Rxg
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which maps elements from S(R) to positive real numbers while respecting the al-
gebraic structure of S(R). This homomorphism pz is parameterized by the vec-
tor p = (p1, . - ., pn) consisting of the probabilities of the conditionals in Bz and given
by pp(a) = a; 7 and py(a;) = a;” for the generators a} and a;, i = 1,...,7,

of S(R) as well as

n

pﬁ(z H(af)mi(h) . (ai—)ki(h)) — Z Hpﬁ(aj)mi(h) -pﬁ(a;)’“i(h)

l
h=1 i=1 h=1 i=1

for compounded elements from S(R). By applying this homomorphism p; we can
abstract from the specific probability values in p and highlight on the influence of
the conditional structures on the probabilities Pg"%(w) We obtain the following
proposition.

Proposition 4.3.4: Maximum Entropy and Conditional Structures
Let ¥ be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge
base, and let g = (p1,...,pn) be the vector of the probabilities of the condi-
tionals in Bxr. Then,

pp(s 8 (W)
PR (w) = { p(09,8: (5= (X))

0 otherwise

if we Q]:R(Z)

Proof. For w € Qz,(X), we have
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—=

(Ozl—Pi )verz,ri (w) | (Oéfpi )f3|2,ri (w)
? 7

i=1 i=1
_ H Oé;/erz,y-,- (w)—pi-appy, -, (w) _ H O{{E,ri (w)7
=1 =1
and, consequently,
pp(0s 5 (7 (X))
T fon@
=ps( Y. osm @)= D> pplossw)= > [
wGQ}‘R(E) WEQ}‘R(E) LUEQ]:R (%) =1
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Therewith,

( Hn fz,ri (w)

=19 o if (JJEQ]_- (E)
Pgl,%(&)) = ZUJEQ}-R(E) e, afz,n( ) -
0 otherwise
Pp(0sB (W)) .
, if w e Qry (X))
= ¢ (0582 (27 (X)) x

\0 otherwise

follows. ]

Proposition shows that computing maximum entropy probabilities com-
pares with computing conditional structures. As a consequence, if one is able to
find a compact representation of conditional structures, then this leads to a com-
pact representation of the maximum entropy probabilities as well (cf. Section .
This justifies our investigations on efficient computations of conditional structures
in Section [3.2 and Section [6.4

From the product representation of the maximum entropy probabilities in ,
it directly follows that conditionally equivalent (positive) possible worlds have the

same maximum entropy probability.

Proposition 4.3.5: Conditional Indifference
Let ¥ be a finite signature, let R = (Fr,Bgr) be a ¥-p-consistent knowledge
base, and let w,w’ € Qx, (X) be possible worlds. Then,

w~p, w  implies PYE(w) = PYg(w).

Proof. According to (4.13) and Proposition [3.2.7, we have
PR (W)

n n
i (w vers, ;(w)—p-appyx ; (w)
— Oé() . Hale,z( ) — ao . HO{l i pIX)
i=1 i=1
n

ap - H Oévergyi(w’)—p~(ver2,¢(w’)+falg,i(w’))

- %

n
vers ; (w)—p-(vers ;(w)+fals ;
— ap - Hai =,i(w)—p-(vers ; (w)+fals ; (w))
=1

i=1
- () ()
very ;(w')—p-appy ; (W o ME /
:ao'HO‘i = Pyr(w’)
i=1
for w,w' € Qr, (¥) with w ~p, W' O

Note that the implication in Proposition does not hold the other way
around. That is, the MaxEnt probabilities of two possible worlds w,w’ € Qz,(X)
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might be the same although w and w’ differ in their conditional structures as the

next example shows.

Example 4.3.6

A very simple example which shows that possible worlds with different condi-
tional structures may have the same maximum entropy probability is provided
by the knowledge base Rex = (0, {(A|T)[0.5]}) which is defined over the sig-
nature Xe, = (0,{A/0}). Then, for the conditional structures of the only two
possible worlds A and A it holds that oy, . (A) = a # a; = ox, r. (4).
However, the maximum entropy probabilities of these possible worlds agree as
it is PMEL (A) = 0.5 = P¥EL (A). Note that this is the only model of R,
thus, its maximum entropy model.

In general, there is no closed-form expression for the X-ME-vector(s) dgx. In
some rare cases, however, it is possible to derive dgy analytically (cf. [Kern-
I[sberner, 2001a]) by solving a non-linear equation system. The next paragraph

deals with this equation system.

Maximum Entropy Equation System

In this paragraph, we consider an equation system-based method for computing the
maximum entropy >-model P%"% of a ¥-p-consistent knowledge base R. We call the
respective equation system mazimum entropy equation system. To be more precise, a
solution of this equation system is not the maximum entropy >-model Pg'% directly
but a $-ME-vector dry which determines P¥% according to (4.13). Besides the
primal and the dual maximum entropy optimization problem, the maximum entropy
equation system provides a third way of computing Pg/'%

Technically, the maximum entropy equation system can be derived from the char-
acterization of the aggregating semantics when recognizing that the condition

Z apps, . (w) - P(w) > 0, r € Br,

UJGQ]:R (E)

is trivially satisfied by the maximum entropy >-model Pg/'% if the knowledge base R
is 3-p-consistent (cf. Proposition 4.2.11)).

Definition 4.3.7: Maximum Entropy Equation System
Let ¥ be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge
base, and let fs;, ¢ = 1,...,n, be the feature functions with respect to the
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conditionals r; € Br. Then, we call the equation system

S fi) - J[a =0, j=1...n (4.19)
=1

WEQ}‘R(E)
the mazimum entropy equation system of R with respect to X.

The maximum entropy equation system (4.19)) is the first condition of the char-
acterization of the aggregating semantics in applied to the conditionals in By
in which the product representation of the maximum entropy probabilities is
plugged in and in which PY¥%(w) = 0 for w € Q% (%) is considered such that the
sums range over the possible worlds in 2z, () only. If a vector 8 € RZ; is a solu-

tion of (4.19)), then B determines the maximum entropy >-model Pg'% as the next

proposition shows. As a consequence, if a probability distribution is a model of R
and has a product representation of the form 1) then it is automatically Pg"%

Proposition 4.3.8: Correctness of Maximum Entropy Equation

System
Let ¥ be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge

base, let fy;, i = 1,...,n, be the feature functions with respect to r; € Bg,
and let B = (B1,...,0n) € RZ, be a vector of positive real numbers. Then, the
function

Bo - T1izy Bifz’i(w) if weQr,(Y)
0 if we% ()

where

50 _ ( Z Hﬁifz,i(w))*l
1

weQr, (8) i=

is a normalizing constant, is a probability distribution over Q(X). If Bis a
solution of the maximum entropy equation system (4.19) in addition, then
Py jw) = Py (w) for w € Q(X) holds. This also applies when the feature

functions fy; are replaced by the standardized feature functions ]ACZJ (cf. Defi-

nition [3.4.10)).

Proof. The fact that Py 5 is a probability distribution is trivial. Since §; > 0
for i =1,...,n, it holds that [, 321 5 0 as well. Due to the normalization
with Sy, both Py 5(w) € [0,1] for w € Q(X) and > s Py 5(w) = 1 immediately
follow. Also by definition, Pygisa Y-model of R if B is a solution of (4.19) because
it follows that all conditionals in B are accepted according to then. Further,
the condition Py, 5(w) = 0 for w € Q% (X) guarantees that Py, 5 satisfies the facts

in Fg, too.
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The rest of the proof is an elaboration of ideas from |[Darroch and Ratcliff, [1972].
One has

weN (T
Z Py, () - Tog(Py, ()
wWERFL (¥)
-y PM ) -log(By - [[ 87
wGQfR i=1
- > 7325 - (log (o) +Zf21 -log (%))
wENFL (2
== log(BO) ’ Z Pgﬁ Z log B@) Z fE,i(W) ’ PE,B<W)
WEQF (3) WEQrr (%)
D log(h) - Y. PR Zlog B Y, frilw) PER(W)
WEQFL (2) wEQFL (5)
_ 7> ) - log(Bo Hﬁ?*“”)
wGQfR i=1
z PUE (1) - og( Py, 5())
wERFL (X)
- _ Z Pk (w) - log(Py 5(w)).
weQ(x

The equality (*) holds because of the normalization condition of probability distri-
butions which leads to

> Peplw)=1= >, PR

UJEQ]:R(E) OJEQ]:R(E)
and because 5 satisfies 1} and, thus,
Y friw) Popw)=0=" Y fri(w) PYRw).

UJEQ]:R (E) OJEQ]:R (E)

Consequently, the difference of the entropies of Py, 5 5 and 77 % vields

H(Py5) — H(PER )
:—ZP ) - log(P ZP lg(P z(w))
weN(X)

we(X
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w 5o Roon (@) P, Ry (@) w OShouRoon (@) P Ry, (@)
BSR af 0.229 BSR a; 0.153
BSR ay 0.002 BSR aj 0.204
BSR ay 0.002 BSR aj 0.204
BSR ay 0.002 BSR aj 0.204

Table 4.1: Conditional structures and maximum entropy probabilities rounded to
three decimal places of the possible worlds in Q(3pey) With respect to Rpow from
Example 4.3.9

= 3 PYE(W) - (log(PHE (@) — log(Py 5()))

weN(X)
PME
= > P%%(W)-10g< Z’R(w))
we(x) Py 5(w)

= KL(PgR, Ps 5)

where KL(Py%, Py, 3) is the Kullback-Leibler divergence (cf. [Kullback and Leibler),
1951 [Kullbackl, |1959] and Definition in the appendix for a definition of the
Kullback-Leibler divergence). Because the Kullback-Leibler divergence is known to

be non-negative, one has

H(Py5) — H(PYR) > 0.

Thus, Py, i has an entropy greater than or equal to Pg"% from which
H(Py5) = H(PYR) follows, because Py maximizes the entropy. Further,
because Pg'% is the unique probabilistic ¥-model of R with maximal entropy, from
H(Pg 5) = H(PY%) it follows that Py, 5 = Py must hold. O

In general, the maximum entropy equation system can be solved numer-
ically only. However, there are some cases in which it can be solved analytically
as well. In the following, we give examples for that. The first example is rather
simple and solving the equation system is possible because it decomposes into two
independent equations which can be solved independently.

Example 4.3.9
We consider the signature Yo, = (0, {B/0,5/0, R/0}) and the knowledge base

Roow = (0, {(B|SR)[0.6], (B|SV R)[0.99]})

from Example 4.1.3]  The conditional structures of the possible worlds
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w osm (W) osm (W)
A(cm)B(em)C(em) af ay
A(cm)B(en)C(cm) a ay
A(em)B(em)C(em) a; 1
A(cm)B(em)C(em) a; 1
A(cm)B(em)C(em) 1 ay
A(em)B(em)C(em) 1 ay
A(em)B(em)C(em) 1 1
A(cm)B(em)C(em) 1 1

Table 4.2: Conditional structures of the possible worlds w € Q(X7}) with respect
to X0 = ({em}, {A/1, B/1,C/1}) and the conditionals " = (B(¢p)|A(cm))[p1] and
r5 = (C(cm)|B(em))[p2] from Example [4.3.10)).

in Q(Xpow) with respect to Rpow are shown in Table . For this particular
example, the maximum entropy equation system (4.19) is

(1-06)-al™—06-a;%¢=0
3-(1-0.99) a3 % —3.0.99 0, = 0.

Multiplying both sides with a{¢ and a9, respectively, and rearranging the

equations results in

0.6 3 3-0.99

“ o0 M TR C099) T

and, hence, in the Xo,-ME-vector ds,_, ., = (1.5,99). The resulting maxi-

mum entropy model of Rpow is also shown in Table

The second example is more advanced and considers predicates of arity greater
than zero as well as constants. In order to find an analytical solution of the maxi-
mum entropy equation system (|4.19), we apply sophisticated manipulations on the
equations which capture the idea of splitting and rearranging sums of conditional

structures as suggested in Example|3.2.4
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Example 4.3.10
We consider the knowledge base Rex = (0, {r1,72}) with

r = (BX)AX))p], 72 = (C(X)[B(X))[pa],

and p1,pe € (0,1) which is defined over the signature ¥, = (Conste,, Prede,)
given by Consty,, = {c1,¢2,c3} and Predex = {A/1,B/1,C/1}. Analo-
gously to Example we define the subsignatures XL = ({¢}, Prede) for

[ =1,2,3, and refer to the instances of the conditionals r; and ry following the

schema r} = (B (cl)]A(cl))[pl] and 7, = (B(¢))|A(c;))[p2). According to (3.11]),
for j = 1,2, we have PYE " .. [Frj if and only if

§ foex,r; (@)
fEEX7Tj w : aZ o

UJGQ(EEX) =1 2
. FSexr; wlwzws)
= fzex,rj W1waWs) Q;

w1 EQ(TL) w2 eN(X2) w3eN(Z2) i=1,2

With Proposition [3.4.4] it follows that
3 3
i1 fy,, o (Wiw2w3)
ED VD Sl DI ST SRR I |
w1 EQ(DE) w2 €QXZ) w3eQ(EE) \ =1 i

Now, for [ € {1,2,3}, because the instance ré» of r; uses atoms from Y, only,

we have fzex,r§ (Wiwows) = fEéx,rﬁv (w;) and, hence,

3 S SRICL)
0= E E E E fEéx,’ré- (wi) | - H @; o
=1

w1 GQ(Eelx) w2€Q(E§x) w3€Q(E§x i:172

As a consequence, we may rearrange the sums and factor out so that

IED S DRED SIND DV IEIED | 1 (i

w1 EQ(TL) w2 EN(T2)) w3eN(TL)) 1=1,2m=1
— fzéxﬂ‘il (wl) ngXaTiZ (w2) fzgxf'”f? (UJ3)
= > 2 2 fuml e e e
W1 EQ(L) wr QL) w3eQALZ, i=1,2
fs1 (1) fe2 2(w2) foz ,3(ws)
ex»’ ex»’ ex ' 4
LD DEED DI DN ST |
wleQ(E )(JJQEQ(E2)UJ3EQ(EQX) 1= 1,2
fe1 a(w1) fg2 2(w2) fe3 ,3(ws)
exo T DIV DIV o
LD DEED DED DRI |
w1 EQEL) waeQ(E2) w3 QL) i=1,2
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- Z fzex, H Oéjzgx,ril (w1)

W1€Q(Zex) Z:172
E f22 T.Q(WQ) f23 .,«3("-’3)
ex? 7 3., :
H i ' Z H Q;
wa Q%5 =12 w3EN(TZ) i=1,2

s e

w1 €Q(XL) =1,2

Z fzgx, 2 w2 H afzgx,rf(wz) . Z H ajzg”?(w;i)

w2EQ(X2) i=1,2 s eO(SE ) i=1,2

Y [La

w1 EQ(XL) =1,2

Z H Oéjzgx’rg(c‘&) ’ Z fzgw 3(ws) H afzgx‘r?(%)
&)

W€ (N =1.2 w3€EQ(X3, i=1,2
_ fzéx,ril (w1) ngx,rl? (w2)
B fen( o, . o
w1€Q(XL) i=1,2 pe(32,) i=1,2

wsE€Q(D3) i=1,2

w1 ER(Ee) 1=1,2 w2EQ(XL) i=1,2

S el

w3eN(X3,) i=1,2

+ D Hafzéx’”l(m 1Y Hozfzé,r?(”)

w1EQ(Te) 1=1,2 wr€Q(52) i=1,2
fES 3 (LU3)
ex» 7
Z fESﬂ 3 (ws) H o,
w3 EQ(EL,) =12

H Z H f s rm (wm)

:17..1.,3 WmGQ Zéﬁ) i=1 2

m

ex7fl Wl)
Z Eéx7 Wl H o,
eQ(

ex) = 12

I
i
” Mw
3
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Note that the instances of r; and ry are isomorphic, i.e., for both j = 1 and j = 2
it holds that, for I,m € {1,2, 3}, the conditionals ré and 77" are the same up to
replacing the constant ¢; in ré- by ¢,,. The same holds for the possible worlds
in Q(XL ) and Q(X™) which leads to the fact that the conditional structures of
the possible worlds in Q(XL,) with respect to 7} are the same as the conditional
structures of the possible worlds in Q(¥;) with respect to i, i.e.,

0-2&17{7'{]1:7‘72”}(9(22)1()) - O-Eéx,{r ,ré}(Q<Elex))7 m7l S {17 27 3}

This again carries over to the feature functions fy . and fsm rm which means
ex>! j )

that ; o
Eéx,'ré wi fEex rm (w’m
>, e = > I«
w QL) =1,2 wm €Q(ZT) i=1,2
as well as
Sea 1 (@r) £, frm (wim)
Z fzex, H a; ' = Z fzg;,r;"(wm)' H Q; '
W EQ(SL) =12 wn€Q(SE) i=1,2

holds for I,m € {1,...,k} and j = 1,2. Consequently, we have

0=

1 I VID DD | K55t B (D DN AMIN ) (i
’ Eex, @

=1 m=1,...k: w,eQ(Xm)i=1,2 weN(EL) 1=1,2
m#l
3—1
Fom rm(wm) fegrm(@m)
=3 Z o 1 X Feepen) [T
Q 7n) 1= 2 meQ Z'm i:172
~~ >
>0

Because 0 = a - b for a,b € R with a > 0 only holds if b = 0, it must be the case
that

Z fzex, (@) H o e frm (wm) —0

Wi EQD) i=1,2

for arbitrary indices m € {1,2,3}. The quintessence of these calculations is
that the values a; and ay can be determined “locally” on Q(X27)) by evaluating
just one instance of each conditional m and ry, say 71" and 75"

From the conditional structures of the possible worlds in Q(X7) with respect
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to " and r5* as shown in Table we can derive

(1 —Pl) . O&*m . (Oéfpz + a;pz) — .a;pl ,2’

0
O0=(1—p2)-ay ™ (a7 ™ +1) —po-ay? (g " +1).

The solution of this equation system is

2-pr b2 b2 D2
M =7 — (1 —p2) ( ) ’ ¥ =7 — ( )

here parameterized by the probabilities p; and p,. For example, if p; = 0.8
and p, = 0.5, then ay; = 4 and ay = 1. Note that the solution of the equation

system is independent of the domain size. Here, we just fixed |Consts_| = 3 in

order to provide a low-threshold access to our considerations. In other exam-
ples, it can also happen that |Consts,_ | occurs in the solution as a parameter so
that the maximum equation system can be solved analytically in dependence

of the domain size |Consty,,

In a next step, this result can be used to analytically draw inferences. For
example, Rex EYE (C(X)|A(X))[p] holds for the following probability p:

e S ooy PYE 2 (A(cn)C ()
>t PHE 2 (Alem))
ME

3
Y=t ZwEQ(EeX): wEA(em)C(em) PS e Rec (w)

3
Zm:l ZWEQ(ZeX): wEA(em) ,PXI\:/IeXE7ReX ((.U)

3 f ex,Tq (UJ)
> =1 ZweQ(Eex): wEA(em)C(em) Hi:l,Z a;”
o 3 Zex,fri (w)
D m=1 ZweQ(Eex): wEA(em) Hi:l,? a;
S fg (@)

S ) Y I

m=1uw,eQ(XL) wm €QED): wmEA(em)C(em) wzEN(T,) =12

3 S fap ot (@)
S oY Y ILa
m=1 w,eQ(XL, wm€Q(ZT): wmEA(em) wzEeN(Ey) =12
3 Fst i(wr) Fsm pm (wm)
Sexory D&y m
X I X I« : 2 Il o
m=1 | I=1,...,3: w;€Q(XL,) i=1,2 wm €Q(XT):  1=1,2
I#m wmEA(em)C(cm)
3 fsi l(wl) fsm m(w )
Bexs Ty Zekr; m
> I X I : > Il o
m=1 | I=1,...,3: w;eQ(XL,) ==1,2 wm €Q(XT): i=1,2
l#m wmEA(em)
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3—1
fEéx,rl. (wl) ng(L,rm ("Jm)
3- ( > [T o™ ) ‘ > [T o™

wEeQ(BL,) i=1,2 omeQEmY: =12
wmEA(em)C (cm)

3—1
fsi i (wr) fem pm(wm)
3- ( > I o™ ) : > IT o ‘

w €Q(E) 1=1,2 wm €Q(XF): 1=1,2
wmEA(em)
fem o (wm)
ZwmeQ(Eg}): WimE=A(em)C(em) Hi:1,2 Q;
S pm (Wm)

ZmeQ(Eg}): Wi E=A(em) Hi:1,2 o
a}—m -a;_m + al—pl
ai—m . (aé—pz + a2—p2) +2. al—pl
aq - g+ ab?
ap- (g +1)+2-ab?

With (4.20) it follows that

B (1) (B B+ ()

D= =55 1‘_<1”11_ L (_DP2 1p_2p_2 P_zl_m 1_%2 _P2_\py
1—p1 p2) (1—p2) (1—102 - 1) +2 (1—102)
e

2:pr-p2+1—p;
201 p2+2p1—2-p1-p2+2-(1—p)
2:p1-p2+1—pi
5 .

Note that the probability p of the query conditional (C(X)|A(X))[p] is inde-
pendent of the domain size |Consty, | = 3 as well. If p; = 0.8 and py = 0.5,
which implies a; = 4 and as = 1, then p = 0.5, for instance.

J

Example[4.3.10| can be extended to an arbitrary finite size of Consty. Therewith,
we can lift the inference rule transitive chaining |Kern-Isberner, |2001a] from the

propositional case to the relational setting as the next proposition states.

4 )
Proposition 4.3.11: Transitive Chaining

Let ¥ = (Consty, Predy) be a finite signature with |Consty| = k for an arbi-
trary k € N and Preds, = {A/1, B/1,C/1}. Further, let the knowledge base
R = (0,{r1,r2}) be given by

r = (B(X)[AX))[p], 2= (C(X)|[B(X))][pa].
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Then, .
RS (COIAMX)]G - (2 prpa+1—pi)l.

Proof. The proof is analogous to the argumentation in Example [4.3.10] Note that
the specific number of constants in Example did not play a role when com-
puting the maximum entropy model and was just chosen to keep the equations illus-
trative. Here, we recall the main arguments from Example for an arbitrary
number k£ = |Consty| of constants.

Similar to Example [4.3.10, we define the subsignatures %' = ({¢;},Pred) as
well as the instances of the conditionals 7, and 7y according to the schema
rt = (B(¢)|A(q))[p1] and rl = (B(¢)|A(q))[ps] for I =1,... k. Then, for j = 1,2,
we have PY% = r; iff

Z fz] H fri(w)

weN(X i=1,2

k ) )
- Z Z (Zfzg@(@)) H O[Z.Zl:1f2l‘Ti( )

w1 €N(TL) wkEQ(Ek)

- > x (wa;<m>)' [

wleﬂ El) wkeQ(Ek) i:L

o
-~
Il

—

k

SDOID DN DIV SIS | B 1 Ci

=1 w eQ(TL) wrEQ(ZF) 1=1,2m=1
k
fgm ym (Wim) Fst (@)
=2 1T > I || X el ]Ja
=1 m=1,...k: w,eQ(X™)i=1,2 w EQ(BY) i=1,2
m#l

The instances of r; and 75 are isomorphic, i.e., for both j = 1 and j = 2 it holds that,
for I,m € {1,...,k}, the conditionals ré and " are the same up to replacing the
constant ¢; in 75 by ¢,,. The same holds for the possible worlds in Q(%') and Q(X™)
which leads to the fact that the conditional structures of the possible worlds in Q(%!)
with respect to rl are the same as the conditional structures of the possible worlds

in Q(X™) with respect to 77, i.e.,

osm 2y (QUE™) = o oy (QUD)),  mile {1, k}.

This again carries over to the feature functions fy .« and fom rm which means that
b J )

Z H alemﬁ(“’l) _ Z H fzm rm (wm)

w EQ(DE) i=1,2 Wi EQ(D™M) i=1,2
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as well as
Fst (@) fam pm (wm)
S e TLaP " = ol [T
wEeQ(R!) i=1,2 wWm €EQ(X™) 1=1,2

hold for I;m € {1,...,k} and j = 1,2 just as in Example (4.3.10). Consequently,
we have (cf. Example (4.3.10)))

k
fz;m .m wm) ley,,.l_ (wl)
=> | 1T X e | X et Jam™
=1 m=1,..k: wycQ(Xm)i=1,2 w EQ(ZY) i=1,2
m#l
k—1
fEm ’m(wm fEm,rgn(wm)
(S I {2 st I
wm €Q(EM) i=1,2 wmEQ(E™) i=1,2
=0
fZ]"”,r;m(w’m)
- % et T
wm €Q(E™) i=1,2
for an arbitrary index m € {1,...,k}. As we have reduced the maximum entropy

equation system of R with respect to ¥ with |Consts,| = & to the respective maximum
entropy equation system of R with respect to £™ and |Constgm| = 1, we are exactly
in the same situation as in Example after the respective reformulation steps.
Hence, as a solution of the equation system, we obtain and, consequently, it

isp=2%-(2-p1-p2+1—p1). O

With similar arguments as used in the proof of Proposition 4.3.11} we can gen-
eralize many further inference rules. Here, we give three additional examples (cf.
[Kern-Isberner;, [2001a] for their propositional variants).

Proposition 4.3.12: Lifted Inference Rules
Let 3 = (Consty, Predy,) be a finite signature with |Consty| = k where k € N
and Predy, = {A/1,B/1,C/1}.

» Categorial Specificity:
Let R = ({Fi},{r1,r2}) be a knowledge base with the fact
F) =VX.C(X) = A(X) and the conditionals r; = (B(X)|A(X))[p1] and
s = (B(X)|C(X))[ps] whete py,ps € (0,1). Then,

R =5 (B(X)|AX)C(X)[pa)-
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» Cautious Monotonicity:
Let R = (0,{r1,m2}) be a knowledge base with the conditionals
r1 = (B(X)|A(X))[p1] and 2 = (C(X)|A(X))[p2] where p1,ps € (0,1).
Then,

R = (C(X)AX)B(X))[pa)-

» Cautious Cut:

Let R = (0,{r1,r2}) be a knowledge base with the condition-
als 1 = (C(X)|A(X)B(X))[p1] and o = (B(X)|A(X))[p2] where
P1, P2 € (0, 1) Then,

R EYE (COOMACN @ pi-p 41— )]

Proof (Sketch). With the same argumentation as in the proof of Proposition ,
the computations of the maximum entropy models can be “propositionalized”, which
means a reduction to the case where the signature mentions only one constant
here. The important prerequisite for this, which holds in all cases—-categorial speci-
ficity, cautious monotony, and cautious cut—is that the instances of the condi-
tionals in the respective knowledge bases syntactically split over X!, ..., ¥* where
Y = ({¢},Preds) for [ € {1,...,k}. This means that the instances of each condi-
tional mention one (distinct) constant only. Also, the fact F} = VX.C(X) = A(X)
from the knowledge base in the case of categorial specificity can be replaced by the
set of facts {C'(c;) = A(¢) | ¢ € Constg} and the maximum entropy equation
system of R = ({F1},{r1,72}) with respect to ¥ reduced to

R' = ({C(a) = Ale)} {(B(a)|A(a))pil, (B(@)|C(a)) p2]})

with respect to ¥!. Once this reduction is done, the inferences mentioned in this
proposition directly follow from the respective results in the propositional case (cf.
[Kern-Isberner;, 2001al). O

In this section, we have shown that the X-ME-vector of a knowledge base R
can sometimes be calculated “locally” by splitting the possible worlds in (%) into
partial possible worlds and by evaluating instances of the expressions (facts and
conditionals) in R independently with respect to these partial possible worlds. This
is especially effective when the instances are isomorphic, i.e., when they are evaluated
the same. Then, only one instance per expression has to be considered and the result
can be generalized to the other instances like in Example [£.3.10f In [Wilhelm et al.|
2017b|, we have applied these strategies to arbitrary knowledge bases where the
logical parts are defined by using Boolean combinations of unary predicates. Hence,
this result lifts Proposition to the probabilistic case. We recall the respective
proposition from [Wilhelm et al., 2017b].
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Proposition 4.3.13: Maximum Entropy Model and Unary Predicates
(cf. [Wilhelm et al., |2017b])

Let ¥ = (Consty, Predys;) be a finite signature. Suppose |Consts| > 1 and Preds,
being a set of unary predicates. Further, let R = (0, Bg) be a X-p-consistent
knowledge base with

Br = {(¥1(X)|o1(X)[p1], - -, (@n(X)|@n(X) [P},

where ¢; and 1;, for i = 1,... n, are Boolean combinations of unary predicates
from Preds. Further, let ¢ and v be Boolean combinations of unary predicates

from Predy, as well. Then,

R =" (W(X)|e(X))lp] iff RS (v(e)lé(e))lp]

where . = ({c}, Predy) for any ¢ € Consty, and R = (0, B%) with

By = {(¢n(0)or(e)[pr], - -, (¥n(c)|n(c) [pn]}-

Proof Idea. The proof is analogous to the proof of Proposition [4.3.11} O

In Chapter [6] we will generalize this line of research and assemble our strategies
to a more sophisticated and more general framework for simplifying the maximum
entropy equation system which we call typed model counting. Even in cases
where the maximum entropy equation system cannot be solved analytically, these
simplifications are essential. The maximum entropy equation system as well
as the objective function of the dual maximum entropy optimization problem (4.12])
involve sums over all potentially positive possible worlds. As the amount of the
possible worlds is exponential in the domain size k, it is not possible to develop
fast numerical solvers for the maximum entropy problem without a compact repre-
sentation of these sums over possible worlds. With typed model counting we will
provide a formal framework with which it is possible to overcome this obstacle of the
exponential dependency on k for some classes of knowledge bases that go beyond
knowledge bases solely based on unary predicates.

Before we present our concept of typed model counting in Chapter [0 we insert
an excursion on the connection between the principle of maximum entropy and
Markov Logic Networks |Richardson and Domingos, 2006] (Section as well as a
chapter on lifted inference (Chapter [5). In Chapter [, we will substantiate the task
of drawing inferences at maximum entropy and formalize the dependency of this
task on the domain size k. We will also discuss with condensed iterative scaling in
Section the numerical basis for our investigations on efficient maximum entropy
calculations.
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4.4 Maximum Entropy and Markov Logic
Networks

In this short excursion, we establish a connection between maximum entropy mod-

els of ¥-p-consistent knowledge bases R = (Fgr,Br) and Markov Logic Networks.

Markov Logic Networks (MLNs, [Richardson and Domingos|, 2006]) constitute a pop-

ular approach in the field of statistical relational learning (cf. |Getoor and Taskar

2007]) by combining probabilistic graphical models, namely Markov Random Fields,

and first-order logic. For MLNs there exist well-investigated techniques for both

exact and approximative inference (cf. [Beedkar et all 2013 and, in particular,
[Van Haaren et al., |2016] as well as the references cited there). Here, we show
that the maximum entropy »-model Pg'% of R can be compiled into an MLN and,

therewith, one can principally benefit from the inference techniques for MLNs.

Definition 4.4.1: Markov Logic Network
(based on [Richardson and Domingos, |2000])

Let ¥ be a finite signature. A Markov Logic Network M is a set of pairs
(F;,v;) consisting of formulas F; € RL(X) and weights v; € R which defines a
probability distribution P, : Q(X) — [0, 1] by

Pu(w) = % - exp <Z v - cnt(E-,w)) ,

where ( is a normalization constant and
cnt(Fy,w) = [{F} € Instg(F}) |w Ex F!}

is the number of instances of F; that are X-satisfied in the possible
world w € Q(X).

Note that in order to represent hard constraints, i.e., factual knowledge, it is

convenient to admit infinite weights in MLNs as well. We have the following propo-

sition.

Proposition 4.4.2: Maximum Entropy and Markov Logic Networks
(cf. [Wilhelm et all |2019b])

Let ¥ be a finite signature, let R = (Fr,Bgr) be a ¥-p-consistent knowledge
base, let dsr = (aq,...,a,) be a ME-vector of R wrt. 3, let g be the
respective normalizing constant, and let M be the MLN defined by
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» (P00, (1 —p;) - log ;) € M for all r; = (5|0 [pi] from Bg,
> (¢iths, —p; - log ;) € M for all r; = (¢;|¢)[ps] from Bg,
» and (F,—o00) € M for all F € Fg.

Then, Py = 73

Proof. Let w € Q% (X) = Q(X) \ Qz, (X). Then, there is at least one F’ € Fr with
w fs F' but w =x F'. Hence, cnt(F’,w) = 1 (note that F’ is a sentence and, thus,
Insts;,(F”) = {F'} holds which means that cnt(F”,w) < 1), and

Pm(w) = lim L exp ( Z v-cnt(F,w) + Z (1—p;) - log(ay) - ent(p;1);, w)

v OOC FeFr r,EBR
+ Z —p; - log(ay) - cnt(gbizﬁ,w))
TiGBR

1 —
= lim —-exp(v-cnt(F,w))

v——o0 (

1
= —- lim exp(v)

< Vv——00

=0= Pg'%(w)

Now, let w € Qz, (X). Then, cnt(F,w) = 0 for all F € Fg, and

3
<
&

@

N =

- exp ( Z (1 —p;) - log(ay) - ent(phs, w) + Z —p; - log(a;) - cnt(qbizﬁ,w))
r;€Br ri€Br

O{(l pL Cﬂt((b Vi ,w H _pz Cnt ¢ "pz

)

::]:

.
Il
—

nt(¢z¢z w)—pi-(ent(@itpi, )""Cnt((bi@vw))

-
I
—

=

I
Nt e e
Q
=0

vers,r, (W)=pi-apps ,, (W) SME
o too= 2,72(W)

-
I
—

with the normalizing constant ( = ay. O]

Note that Proposition gives the weights of Markov Logic Networks a pro-
found meaning. The standard way of coming up with the weights of MLNs is to
learn them from data sets which does not allow for a direct and clear interpretation
of the weights in every case. A more in-depth analysis of the connection between

maximum entropy and Markov Logic Networks remains future work.
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Towards Lifted Inference
at Maximum Entropy

A general problem of probabilistic reasoning in relational settings is that the under-
lying probability spaces grow exponentially in the domain size. Thus, with statistical
relational Al |De Raedt et al.; 2016; Getoor and Taskar, 2007] a whole research field
has emerged which deals with the question under what circumstances probabilistic
inferences can be drawn in a domain-lifted way. With domain-lifted one typically
means that inferences can be drawn in time polynomial in the domain size. In this
chapter, we discuss what domain-lifted inference means for maximum entropy rea-
soning (Section , and—Dbecause existing approaches are not able to deal with
lifted inference at maximum entropy—we present with condensed iterative scaling
a novel algorithm for computing the maximum entropy vector @y z and, therewith,
maximum entropy probabilities (Section [5.2)).

5.1 Lifted Inference

Drawing domain-lifted inferences, or lifted inferences for short, is the major challenge
in statistical relational artificial intelligence (StarAl) [De Raedt et al., 2016], also
known as statistical relational learning (SRL) [Getoor and Taskar, 2007], which is
the subdiscipline of artificial intelligence that deals with probabilistic reasoning in
complex relational settings. In literature, the term domain-lifted inference is not
used uniformly and rather informally. The common fundamental idea is to address
the task of drawing inference in a tractable amount of time even when the size of
the considered domain is very large.

The domain-liftability of an inference problem is of great importance because
runtimes of non-domain-liftable inferences become intractable with growing domain
size quite fast. This is because exact inferences require to sum up the probabilities
of all relevant possible worlds which are exponentially many when measured in the
domain size. In this section, we collect different conceptualizations of lifted inference

from literature and formally define domain-lifted inference at mazximum entropy.
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Conceptualization of Lifted Inference

The probably most formal definition of domain-lifted inference comes from the field
of complexity theory which identifies domain-lifted inference as a generic term used
to subsume all kinds of inferences that can be drawn in time polynomial in the
domain size, here in k = |Consty| (cf. e.g., [Van den Broeck| 2013]). However, be-
sides this rather technical interpretation, there are paraphrases of the term domain-
liftability which focus on more conceptual aspects, too. For instance, the authors of
[Apsel and Brafman, 2011] call drawing lifted inferences “the act of exploiting the
high level structure in relational models.”

Other explanations can be understood as instructions on how domain-lifted in-
ference can be implemented. Kisynski and Poole note that “the idea behind lifted
inference is to carry out as much inference as possible without propositionalizing”
[Kisynski and Poole, [2009]. In our setting, propositionalization can be understood as
breaking down conditionals to the level of ground instances. That is, lifted inference
means to avoid grounding as far as possible. In contrast to the evaluation of indi-
vidual instances, “lifted inference [deals] with groups of indistinguishable variables”
[Singla et al., 2010].

Basically, domain-liftability can be achieved in two ways:

1. By applying elaborated, problem-adjusted solving techniques to the inference
task. These solving techniques typically exploit combinatorial arguments to
reduce the complexity of the problem.

2. By restricting the class of the considered inference problems to those which are
domain-liftable. This, however, means a loss of expressivity when formulating
knowledge bases and/or queries.

Lifted Inference at Maximum Entropy

In the context of maximum entropy reasoning, a formal definition of domain-lifted
inference has to take into account that computing the maximum entropy model
means solving a non-linear optimization problem which cannot be solved analyti-
cally in general but requires approximate methods. Thus, we identify the goal of
domain-lifted maximum entropy reasoning as follows: First, we want to determine
inference problems for which there is an approximation scheme which produces an
approximation to the maximum entropy model of appropriate quality in time poly-
nomial in the domain size k. Then, we want to draw exact inferences from this
approximation, again in polynomial time.

Because the number of possible worlds is exponential in k&, we cannot com-

pute and store the approximation of the maximum entropy model on the level of
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possible worlds. Instead, we aim at calculating an approximation &;R of the -
ME-vector dxx (cf. Definition for a given knowledge base R. Recall that
the size of such an approximation vector dy, r is constant in k. Then, we draw ex-
act inferences based on the probability distribution Paz by computing only those

probability values Pg;, , (w) which are needed for answering the query.

Definition 5.1.1: Domain-Lifted Maximum Entropy Inference

Let ¥ be a finite signature, let R C RPCL(X) be a X-p-consistent knowledge
base where the probabilities of the conditionals in R are given as rational
numbers, and let 6 € RCL(X) be a qualitative relational conditional. We
call the maximum entropy inference task R EME §[?] (cf. Definitions

and [4.2.13|) domain-liftable iff

» there is an algorithm which produces an approximation &*Z,R of the X-
ME-vector ds r with a prespecified error tolerance in time polynomial in
the domain size k = |Constsy|,

» and Pgz . () can be computed in time polynomial in k.

Definition addresses the computation problem of the maximum entropy
inference task (cf. also Definition for the definition of the computation and
decision problem of probabilistic inferences in general). We will focus on this com-
putation problem in the following. In order to tackle the decision problem of the
maximum entropy inference task, i.e., the question whether R EME §[p] holds for a
given rational number p € [0, 1], we proceed as follows. We compute an approxima-
tion dy,  of the ¥-ME-vector dy as in Definition as well as the probability
p’ € [0,1] for which Pgy, , (6) = p’ holds. That is, we solve the computation problem
first. Then, we decide whether p € [p) — ¢,p’ + €] holds where ¢ > 0 is a prespec-
ified precision. Note that there are a few cases in which the decision problem can
be solved directly without calculating an approximation to the ¥-ME-vector or the
maximum entropy X-model (cf. Example [£.3.10]). Also note that Proposition
proves that lifted inference at maximum entropy is possible at least for specific
subclasses of knowledge bases.

In the next section, we will discuss with condensed iterative scaling (CIS) [Wil-
helm et al., 2019b] an algorithm for approximating the 3-ME-vector dx z by solving
the dual maximum entropy optimization problem (cf. Definition [£.3.1)). As we will
see, the main challenge of approximating @y z in a domain-lifted manner is to rep-
resent the objective function of the dual maximum entropy optimization problem
so compactly that it can be stored and processed in time polynomial in k. The
condensed iterative scaling algorithm CIS is adapted to this task.
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5.2 Condensed Iterative Scaling

In order to solve the dual maximum entropy optimization problem for a Y-
p-consistent knowledge base R, we enhance the general iterative scaling algorithm
from [Darroch and Ratcliff, [1972] to condensed iterative scaling. The benefit of
condensed iterative scaling is that it is an algorithm highly adapted to the task of
approximating the maximum entropy vector dis; g under the aggregating semantics.

In this section, we summarize the techniques for computing the maximum en-
tropy model Pg"% which we have discussed in Chapter 4] in order to motivate the
need for a problem-adapted solving technique. Afterwards, we discuss generalize
iterative scaling in the representation of [Finthammer, 2012] as the starting point
for our subsequent developing of condensed iterative scaling for approximating dis; g
and, therewith, Pg'%

Motivation of Condensed Iterative Scaling

In Chapter [4], we have discussed three possible approaches to compute the maximum
entropy X-model Pg"% of a ¥-p-consistent knowledge base R = (Fg, Bg) which we
briefly recall here. For this, suppose Br = {r1, ..., }.

1. Primal Maximum Entropy Optimization Problem (4.10)):

minimize Z P(w) - log(P(w))

weN(X)

subject to

Z frilw) - Plw) =0, 1=1,...,n,

we(X)
Pw) =0, VYweQ% (3),
—P(w) <0, Yw € Qr, (),

2. Dual Maximum Entropy Optimization Problem (4.12]):

n
o . . i (W
minimize E | |x{2’1( )

weQx (L) i=1

subject to x; >0, 1=1,...,n,

160



5.2. CONDENSED ITERATIVE SCALING

and use the solution dy g = (o, ..., a,) to compute

-1

o = Z ﬁ a{E,i(w)
=1

wEQr, (T) i=

and then
ME SO | O‘{&i(w) if weQzr(X)
Pz,R(W) = )
0 otherwise

3. Maximum Entropy Equation System (4.19)):

solve Z fx(w) - Hx{z,i(w) =0, j=1,...,n,
i=1

WEQ}_R (Z)

and use the solution dgy to compute o and then PY% in the same way as

described in the case of the dual maximum entropy problem.

All three approaches have in common that they cannot be solved analytically in gen-
eral but require numerical solving techniques. Being a convex optimization problem,
the numerical behavior of the maximum entropy optimization problem (4.10)) is quite
well understood. This also holds for the dual maximum entropy optimization prob-
lem (4.12) which is—up to the substitution o; = exp(—2X;) for i = 1,...,n where
the \;’s are the Lagrangian multipliers—also a convex optimization problem. A vast
number of algorithms which solve these kinds of problems have been developed (see
[Malouf, 2002] for a discussion of solvers for the maximum entropy optimization
problems). Two early algorithms among them are generalized iterative scaling (GIS)
[Darroch and Ratcliff, [1972] and improved iterative scaling (11S) [Berger et al., 1996}
Della Pietra et al., [1997] which can be used to solve the primal and the dual maxi-
mum entropy optimization problem, respectively.

Besides the iterative scaling methods, gradient descent methods (cf. [Chong and
Zak, 2013]) constitute another nowadays widely used class of solution methods which
can be applied to the dual maximum entropy optimization problem as well.
Moreover, since the maximum entropy model Pg"% can also be deduced from the
solution of the maximum entropy equation system (4.19)), it is expedient to apply
root-finding algorithms like Newton’s method to in order to obtain Pg%, too.

However, all these methods have the same obstacle in common: The compu-
tational costs when applying straightforward implementations of these methods to
any of the three formulations of the maximum entropy problem are exponential in
the domain size k = |Consty;| because all of them involve iterations over all possible
worlds at some point. Note that the objective functions of the optimization prob-

lems respectively the equations in the maximum entropy equation system involve
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sums over possible worlds which are the bottlenecks of the algorithms. The only
expedient to this problem is to develop problem-adapted solvers which can handle
reformulations of these sums.

Because the primal optimization problem has a solution vector of size |Q(3)],
the exponential dependency on k can hardly be overcome when solving the pri-
mal problem. Only in some rare cases it is possible to reduce computational costs
substantially, e.g., by the transition from possible worlds to equivalence classes of
possible worlds with respect to their conditional structure [Finthammer, 2012] or by
exploiting independencies [Wilhelm et al 2018]. In contrast to that, both the dual
optimization problem and the maximum entropy equation system mention n = |Bg|
variables only which is constant in &£ and, hence, more promising. Thus, there is
hope to find solution techniques for these problems which can get rid of the expo-
nential dependency on k. As said, such solution techniques have to adapt to the
concrete problem setting as either the objective function of the dual problem or the
maximum entropy equation system has to be represented compactly and processed
while maintaining this compact representation. Therefore, the solution techniques
cannot be found among the generic solvers for convex optimization problems or the
common root-fining algorithms in literature. Our goal in this thesis is to develop
with condensed iterative scaling and typed model counting (cf. Chapter @ an in-
tertwining tandem of techniques for efficiently solving the dual maximum entropy
problem. The idea is that with typed model counting we compute compact repre-
sentations of the sums over possible worlds and with condensed iterative scaling we
have an optimization algorithm which can deal with these representations.

Although it has been shown in experiments that gradient descend methods out-
perform the existing iterative scaling methods |[Malouf, |2002], we focus on iterative
scaling as the basic method for computing the maximum entropy model here. There
are two main reasons for this: First, there has already been some effort in optimiz-
ing iterative scaling methods to solve the maximum entropy problem in combination
with the aggregating semantics [Finthammer] 2012; Finthammer and Beierle, |2014]
and, hence, we can build upon the results here. And second, we develop with
condensed iterative scaling a variant of iterative scaling which, as mentioned above,
solves the dual maximum entropy optimization problem based on a highly condensed
input and, therewith, overcomes the disadvantage of iterating over all possible worlds
in Q(X) completely, at least for many input knowledge bases, which presumably has
more influence on the computational costs than the decision whether to choose itera-
tive scaling or gradient descent methods. It is to be expected that similar techniques
for dealing with the domain size k, as we use in condensed iterative scaling, will also
work for gradient descent methods.
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Generalized Iterative Scaling

We recall the generalized iterative scaling (GIS) algorithm from [Finthammer), 2012]
and discuss its improvements made in [Finthammer and Beierle, 2014] as the status
quo of numerically solving the maximum entropy optimization problem under the
aggregating semantics. It will constitute the basis from which we develop condensed
iterative scaling.

The GIS-algorithm in [Finthammer, 2012| is already an adaption of the general-
ized iterative scaling algorithm from [Darroch and Ratcliff, |1972]. While the latter
fits any log-linear model (cf. [Christensen, 1997]), the former is tailor-made for ap-
proximating the maximum entropy model Pg"% under the aggregating semantics.
The pseudocode of GIS is recalled in a slightly modified way in Figure [5.1] The
difference to the GIS-algorithm in |[Finthammer, 2012] is that knowledge bases in
[Finthammer, 2012] do not mention facts but consist of non-factual conditionals
only. Non-factual conditionals are called soft conditionals in |[Finthammer, 2012].
The integration of facts does not affect the validity of the algorithm, though, as we
have already discussed that it means a transformation of the probability space only.

The basic idea of GIS is to calculate a sequence of probability distributions which
converges against Pg"% This is done by iteratively minimizing the relative entropy,
also known as the Kulback-Leibler divergence (see Definition in the appendix
for a formal definition), between the current model P of R and the uniform distri-
bution Pg  on Qr, (%) (cf. ) This procedure converges against Py because
of the well-known identity (cf. [Csiszar} 1989])

arg Peprolgﬂlvll?dz(n) KL(P. Pyr) = arg PEprorlrnll\%czfiE(R) H(P),
where CL(P, Pt ) is the Kulback-Leibler-divergence of P and Ps . In [Fintham-
mer}, [2012], it is shown that the GIS-algorithm is sound and complete when the input
knowledge base is X-p-consistent. We discuss the working of the GlIS-algorithm in
more detail now.

The GlS-algorithm starts with the uniform distribution Pg  (lines 2-5) and a
precalculation of constants which are used in the subsequent iteration process. These
constants are the normalized feature functions }’m(w) for the conditionals r; in Bg
and all positive possible worlds w (cf. (3.14))), including a correctional term f270(w).
The correctional term is necessary because the normalized instead of the ordinary
feature functions are used (lines 8-11). In addition, the weights p; are derived from
the probabilities and the number of instances of the conditionals in Br (lines 12-14).
Formally, these weights are the expectation values of the normalized feature func-
tions with respect to the initial uniform distribution. We call them the initial ex-
pectation values.

The main part of the algorithm is the ensuing iteration process in which the
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Input: Y-p-consistent knowledge base R = (Fr, Br) with Br = {r1,...,r.}
and ; = (Y4]di)cs,[pi] for i = 1,...,n, a termination criterion
Output: Approximation P* of the maximum entropy »-model 737'\{”52

# Initialize with uniform distribution on Qz, (w)
FOR w € QO (3):

Poy(w) = [Qr (X7
FOR w € Qx (2):

P*(w) =0

# Precalculate constants
FOR w € Qz, (2):
FOR:=1,...,n:
10 Calculate normalized feature functions ]Nfzyi(w) (cf. )
11 fz,o(w) =1- Z?:l fm(“)
12 FOR:=1,...,n:
13 i =pi |Insts(ry)] - (327, lInsts(r;)) ™"
4 po=1=37"

© 00 O T = W N+~

16 # Initialize iteration counter
17 k=0

19 4 Iteratively adjust probabilities
20 REPEAT

21 E=k+1

22 FOR i=0,1,...,n:

23 Ny, = i - (ZwGQfR(Z) Pr1(w) - fm(w))_l # Calculate scaling factor
24 FORw € Q7 (D):

25 Pr(w) = Pr_1(w) - H?zo(n(k)ﬂ-)}m(‘”) # Scale probabilities
26  FOR w € Qr,():

27 Pr(w) = Pr(w) - <ZWEQTR(Z) P (w)) # Normalize probabilities
28 UNTIL (termination condition)

29

30  # Return approximation P*
31 FOR w € Qz, (w):

32 P*(W) = Pk(w)

33 RETURN P*

Algorithm 5.1: Algorithm GIS which returns an approximation P* of Pg'% for a
given Y-p-consistent knowledge base R (adaption of GIS from [Finthammer, 2012]).
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uniform distribution Pg  is iteratively scaled. This scaling process happens in
lines 24-25 where, in the k-th iteration step, the current probability Py_i(w) is
multiplied with the scaling factor H?:o(n(k),i)} =i®) in which 7y, is the quotient
of the initial expectation value ¢; of the i-th normalized feature function JNCZJ- and
the current expectation value, i.e., the expectation value of the normalized feature
function }E,i with respect to the current probability distribution Py_; (lines 22-23).
Afterwards, the resulting new expression P, has to be normalized in order to obtain
a probability distribution (lines 26-27).

By repeating this scaling process with increasing iteration counter k one ob-
tains a sequence of probability distributions (Py)ren Which converges against Pg/”fz
[Finthammer| |2012]. Because this is an infinite process, in practice one has to abort
the iteration at some point which is caused by a termination condition (line 28). In

[Finthammer| 2012, two possible termination conditions are proposed:

1. Stop after the k-th iteration if |1 — ny),| < 6 for ¢ = 1,...,n where ¢ is an
appropriate threshold. In this case, the scaling factor is near to 1 and scaling
the probability distribution Py further has little effect.

2. Stop if |Pg(r;) —ps| < d fori =1,...,n. Hereby Px(r;) is the probability of the
i-th conditional in B with respect to the current probability distribution Py
which indeed should equal the input probability p; of the conditional r; best

possible to ensure that the approximation (nearly) models R.

Testing the second termination condition is computational expensive because in
each iteration step the probabilities Pk (r;) for i = 1,..., n have to be calculated. A
third, more straightforward termination condition is to stop the iteration after the
k-th iteration step if |Py(w) — Pr_1(w)| < 6 for w € Q(X) holds which would be a
very generic termination condition for such kind of approximations. However, this
termination condition is inappropriate because of the |Q(X)|-many checks.

The GIS-algorithm as proposed in [Finthammer|, 2012 has been implemented as
a plugin for the KREATOR system [Beierle et al., 2010]. KREATOR is an integrated
development environment for relational probabilistic knowledge representation, rea-
soning, and learning.

The improvements on the GIS-algorithm made in [Finthammer and Beierle] 2014]
focus on the runtime problem of the algorithm caused by the iterations over possi-
ble worlds and, hence, are in line with our research. Possible worlds are aggregated
to equivalence classes according to their conditional structure (cf. Definition
such that the improved GIS-algorithm iterates over these equivalence classes in-
stead of the possible worlds. As the cardinality of the equivalence classes has to be
taken into account, too, the term weighted conditional impact (WCI) is introduced
in [Finthammer and Beierle, 2014] which denotes a tuple that assigns to each equiv-
alence class the conditional structure of the possible worlds within this equivalence
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class as well as the cardinality of the respective equivalence class. The authors of
[Finthammer and Beierle, 2014] have shown that it is possible to overcome the itera-
tions over possible worlds which have to be performed in the original GIS-algorithm
by considering WCls instead. This constitutes an important achievement towards
domain-lifted calculations because the number of the equivalence classes with respect
to the conditional structures of the possible worlds and, therewith, the number of
the different WCls is bounded polynomially in the domain size k as we show next.

Proposition 5.2.1: Upper Bound for Number of Equivalence Classes
Let ¥ be a finite signature, and let R = (Fg,Bgr) be a consistent knowledge
base from RPCL(Y). Further, let e be the number of the equivalence classes
induced by the equivalence relation ~p, (cf. Definition [3.2.6). Then, e is
bounded polynomially in k because of the inequality

e < H % . (k2~FreeVar(r) +3. kFreeVar(r) + 2) )

reBr

Proof. Let n = |Bg|. First, we consider the case n = 1. The conditional structure
of a possible world w € (%) solely depends on how many instances of the only
conditional r € Bg are verified respectively falsified in w then. The number of
instances of r is |Insty(r)| = kFeeVar() | Hence, at most k72 (")\_many instances of r
can be verified in w. The remaining instances are either falsified or not applicable,
which leads to the following maximal number of combinations of verifications and
falsifications (here, we abbreviate K = kfreeVar(r)).

K K K
=Y K-> I1+> 1
=0 =0 =0
K- -(K+1
= (K+1)-K — (2 )+(K+1)

Note that in general not all of these combinations, i.e., different conditional struc-
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tures, are realizable because of the logical constraints represented by the conditional,
but % - (K? + 3 - K + 2) definitely constitutes an upper bound for the number of
different conditional structures.

Now let n > 1 be an arbitrary natural number. In order to obtain an upper
bound for e in this case, we simply take the product of the value determined above
over all conditionals. Then,

e < H % . (k2~FreeVar(r) +3. kFreeVar(r) + 2) )

reBr

Note that if we build the equivalence classes over the potentially positive possible
worlds from Qg (X) instead of £2(X), then the number of equivalence classes can
only decrease. O]

Despite the use of WCls, the improved GIS-algorithm as proposed in [Finthammer
and Beierle, 2014] is not suitable for domain-lifted calculations because it requires
a precalculation of the weighted conditional impacts by iterating over all possible
worlds once. Hence, the problem of getting rid of the iterations over possible worlds
is only shifted to this preprocessing step—which of course reduces computational
costs because the approximation with the improved GIS-algorithm can be performed
much faster afterwards.

Condensed Iterative Scaling

Like the improved GlIS-algorithm from |[Finthammer and Beierle, 2014], condensed
iterative scaling (CIS) is an advancement of the original generalized iterative scaling
algorithm GIS (cf. Figure which stands out due to the fact that it is free of
any iterations over possible worlds. In contrast to the improved GIS-algorithm, CIS
makes use of an even more compact representation of conditional structures than
weighted conditional impacts, the input of the improved GlS-algorithm. Actually,
the additional, significant value of CIS originates from the fact that CIS exploits
conditional structures of sets of possible worlds in parallel, based on Definition [3.2.3]

The basic idea of condensed iterative scaling is to approximate the ME-
vector dy r of a ¥-p-consistent knowledge base R instead of the maximum entropy
distribution Pg’!%, like it is done in wmproved iterative scaling. Therewith, loops
in CIS iterate over the non-factual conditionals in Bg instead of the possible worlds
in Qz, (X). The critical point that remains after this transformation is the need to
evaluate a sum over possible worlds in order to set up the scaling factors for adjusting
the approximation of dy %, similar to the sum in the scaling factors of the original
GlS-algorithm (cf. Figure , line 23). This evaluation, however, is outsourced from
the ClIS-algorithm and moved to an external oracle so that calculations on the basis
of possible worlds are totally removed from CIS.
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Input: Y-p-consistent knowledge base R = (Fg, Bg) with Br = {r1,...,r.}

and r; = (V;|¢i)cs,[ps] for i = 1,... n, precision € > 0

Output:  Approximation dy, 5 of X-ME-vector ds r, normalization constant ag

O O Tl Wi~

— = =
= W N = O O

15

16
17
18
19
20
21
22

# Initialize with uniform alpha-values
FORi=1,... n:
Oé(())ﬂ‘ =1

# Precalculate constants

G =31 [Insts(r)|

# Initialize iteration counter
k=0

# Iteratively adjust alpha-values

REPEAT
k=k+1
FOR:=1,...,n:
_ B _ ~1/G
f] — (1 Tgl’R(a(k—l),l ~~~~~ a(k—l),nva(kp_ll)J ~~~~~ a(kp_nl)m:*pi)
(k)2 pi-|Insts ()]s, R (Q(k—1),15++ a(k—l),n’a(_kp_ll)J ~~~~~ gy )

# Call oracle and calculate scaling factors
k)i = Qk—1)i " k) # Scale alpha-values
UNTIL max{|ag); — qp-1)4] <e€li=1,...,n}

# Return approximation of 3-ME-vector s z
0 = ToR(QU)L -+ Qins Qs ) T
RETURN &;,R = ((Y{, e 7Oz:;) = (Oz(k)71, ceey Oé(k)m)

(and normalization constant ag = o))

Algorithm 5.2: Algorithm CIS which computes an approximation dy,  of the X-
ME-vector ds .
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The ClIS-algorithm is presented in Figure[5.2] It takes a X-p-consistent knowledge
base R = (Fg, Br) with Bg = {r1,...,r,} as well as a precision € > 0 as an input
and calculates an approximation dy, 5 of the ¥-ME-vector dzx. In lines 1-3 the
approximations of the alpha-values, the components of dy %, are initialized by 1.
Afterwards, they are iteratively adjusted (lines 11-18) by a multiplication with the
scaling factor (line 15)

. _ o -1/G
R Tg’R(Oé(k_l)J, e Q1) s O‘(kp—ln,p . ,a(kp_l)m, —p;)
n(k)vl = 1 + —Pp1 —Pn ’
pi - |Insts (75)] - e r(Q—1),15 - - - Xk—1) ) PR STIRIRRE ’a(k—l),n)
where, as usual, k£ is the iteration counter, ¢ = 1,...,n are the indices of the con-

ditionals in Bg, |Insts(r;)| is the number of the ground instantiations of the con-
ditional r;, and G is the sum of these numbers summed up over all conditionals
in Bx (line 6). The functions

TR (T1s s Ty Yy oo ey Yny 2) =
vers r; (w app oy (@)
Z (vers,, (w) + 2 - appy,,, H e () ) (5.1)
OJEQ]:R(E) j=1
and

vers, .y, aPP r( )
TE,R(xla--wmn?yla"'ayn): Z H:U ) : > ) (52)

WEQFL () 7=1

that are invoked in 7, ;, need to be explained. They are polynomial reformulations
of the left-hand sides of the maximum entropy equation system (i.e., the left-
hand sides of the characterization of the aggregating semantics for the conditionals
in Bg in which the maximum entropy model is plugged in) and the objective function
of the dual maximum entropy optimization problem (i.e., the left-hand side of
the normalization condition for the maximum entropy model), respectively. That is,

fori=1,...,n, the polynomial Tgin(ila s Ty Y1y - - - Yn, 2) Tefers to the expression
n
e L
Z
weQry, (5) =1
and TE,R($1> e T, Y1, - -, Yn) Tefers to
Z foE'L
OJEQ]:R(

Note that the prefactors and the exponents which occur in the polynomials rgR
and 75, are the numbers of verifications and applicabilities of the conditionals
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in Br which can be precalculated and do not change during the iteration process.
Everything else which occurs in or and which may be adapted during
the iteration process is encapsulated in the variables zy,...,%,,y1,...,yn. The
variable z is a placeholder for the negated probability of r; which is not an integer
number and, therefore, detached from the polynomial representation as well.

Both 1} and can be recovered from 7';73 and 75, respectively, by

plugging in «; for x;, «a;

;P for y;, and —p; for z, each for i = 1,...,n, and by

rearranging expressions by exploiting the definition of the feature functions

fri(w) = vers i (w) — pi - 3PP2,i(W)-

In this chapter, we assume that the polynomials TgR and 7 are set up and

evaluated by an oracle as mentioned above. We will discuss how such an oracle could

work in Section when we derive these polynomials with typed model counting.
Now, we prove the correctness of the CIS algorithm by arguing that the sequence

k) = (a(k),la . 7a(k),n)keNo

defined in this algorithm (cf. Figure converges towards the ¥-ME-vector ay .
From the convergence of the sequence it directly follows that CIS is sound and
terminates.

Proposition 5.2.2: Correctness of Condensed Iterative Scaling

Let ¥ be a finite signature, and let R be a ¥-p-consistent knowledge base.
Then, the sequence gy = ()1, - - -, Ak)n)keN, as defined in the algorithm CIS
(cf. Figure converges component-wise towards the 2-ME-vector ds .

Proof. 1f one applies standard generalized iterative scaling to solve the maximum
entropy problem (cf. the GIS-algorithm in Figure [5.1]), one iteratively scales the
probabilities of the possible worlds w € Qz, () via (cf. lines 25 and 27 of GIS in

Figure )
Pr(w) = ¢ Pro1(w) - [T () )29, (5.3)

where k is the iteration index,

is a normalizing constant, and where

My =i+ (Y Pa-nw) - few) ™, i=0,...,n, (5.4)

UJEQ]:R
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with g; as defined in line 13 of GIS, are the scaling factors of this algorithm (cf.
line 23 of GIS). With these scaling factors, one can iteratively derive the values

Q(k),i = Qk—1)i - (k)i for @ = 0,1,...,n when beginning with &) ; = 1. Therewith,
A 1/G
(k)i .
k)i = (A(—k%) ’ 2217"'777'7
(k)0

because Q) i a(x),; up to normalization, such that

\ /G
Oy = (1) ° (M) R (5.5)
N(k),0

As a direct consequence of both the convergence of GIS and the strong duality
between the primal and the dual maximum entropy optimization problem, it follows
that ()0, Q)15 - - - Q)0 ) keN, CONVerges against dy, z. It remains to show that the
iteration specification can be reformulated to line 17 of CIS. The convergence
of (a(r)0)ren, to the normalization constant aq of the 3-ME-vector is trivial then.
For this, recursively plug in the predecessor Pj_1(w) of Px(w) into equation
and use that &) ; = 1 fori =1,...,n and Py(w) = [z, |~ for w € Qz, (GIS starts
iterating from the uniform distribution) which leads to

Pule) = ¢ TL(a0 )7=. (5.6

Now, we insert (5.6) into (5.4)), which removes the probabilities Pi(w) from the
iteration specification of &) ;, and get

Ho - szQfR fE,i(w) ’ H?:O(a{(k)7j)f2’j(w)
(k)i = Ok—1)i ° - = __
i - ZwEQ}—R fz,o(w) : szo(oz(k),j)fz,g( )

Finally, we obtain the scaling rule in line 17 of CIS by plugging in pu; and fm(w)
for i =0,1...,n into the last equation. n

*

*) of the ¥-ME-vector ds %, an ap-

From an approximation dy z = (af,...,«
proximation of the maximum entropy Y-model Pg/'% of R can be computed by

o TTi (af) =@ i w € Qre (X)

Pz (w) =
wr 0 otherwise

(5.7)

Indeed, Pgz, , is a probability distribution as the following proposition shows.
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Proposition 5.2.3: Approximation of Maximum Entropy Model

Let X be a finite signature, let R = (Fgr,Br) be a X-p-consistent knowledge
base from RPCL(Y), and let B € R, be a vector of positive real numbers.
Then,

[T, (Bi)> if weQzr,(Y)

n

Pir(w) = Lwear, m iz ()0 (5.8)

0, otherwise

is a probability distribution over €2(¥). In particular, this holds for Pg; _ (w)
defined in (5.7)).

Proof. Because f; is positive, the expression (;)/¢“) is well-defined and
positive. ~ As a consequence, [[.,(3:;)) is positive, too. The division

through 3, '€QFp (X) H?:l(ﬁi)fz’i(w,) in ' means a normalization and, hence,
R
P r(w) € (0,1). Further, one has

Z P ) — Z 73 Zw,eQ}_R(E) H?:1(6‘)f2’i(w/)
B'R BR ZWIEQFR(E) Hn (6 )sz( w')

weN(X) wEQ].—R i=1

= 1.

It remains to show that Pgy . is of the form 1} This, however, is clear
because (cf. line 21 of CIS)

*

as=Tmer(a], ... an, (@) ()P

_ Z H Verz r; (a;)—pj)appz,rj (w)

wEQF, () j=1

S (R

weQF, (¥) j=1

Note that of > 0 holds for ¢ = 1,...,n because in the CIS-algorithm «q); is ini-
tialized with 1 (cf. Figure [5.2] line 3) and multiplied with a positive scaling fac-
tor N, > 0 in every step k& with k > 0 (hne 17) The fact that ng); > 0 holds can
be proven as follows: By definition of 7. ) and 5 » .

TS,R(SUM T YLy e Yny =) > =i |Insts (1) - Te R (T, Ty YL Yn)

for all x1,...,Zn, Y1, .., Yn € R>g and p; € (0,1). The left-hand side of this inequa-
tion is strictly greater than the right-hand side because there is at least one possible
world in which r; is verified at least once. Otherwise, p; > 0 would not be possible
because the numerator of the fraction in the definition of the aggregating semantics
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would be 0 (resp. R would not be X-consistent). Therewith,

TgiR(a(k—l),h ceey Qk—1),n) Oé(_]€121)717 cee 705(_kp_nl)7n7 _pl) S 1
pi - |Insts(ri)] - T r(Qk-1)1, -+ Ak—1)m5 046521)71, ce 704@17_"1),,1)
holds from which 7y ; > 0 follows. O

At this point, it is a fair objection to say that the critical computations with
exponential dependency on the domain size k are just shifted from the iterative
scaling algorithm CIS to the oracle and, in the end, nothing is gained. However, in
the following chapter we will discuss how to compute the polynomials 7.z and TQR
systematically—and in some cases tractably—by the use of the concept of typed
model counting. It remains an open question how the error in approximating the
ME-vector propagates into errors in the calculation of the maximum entropy prob-
abilities.
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First-Order Typed
Model Counting

In this chapter, we present the concept of typed model counting. Typed model count-
ing lifts first-order typed model counting techniques to the conditional setting based
on a compilation of knowledge bases into so-called structured sentences. Structured
sentences reflect the three-valued evaluation of the ground instances of conditionals
by the use of abstract structure elements which are directly incorporated in the
formulas. We exploit typed model counting to compute the input of the condensed
iterative scaling algorithm from Section [5.2] First, we give a general introduction
to first-order model counting and its variants, in particular algebraic model counting
(Section , before we discuss typed model counting in detail (Section . In
Section [6.3] we discuss the connection between typed model counting and algebraic
model counting. Eventually, in Section [6.4] we show how typed model counting can
be utilized for conditional knowledge compilation, in particular in the context of

maximum entropy reasoning.

6.1 First-Order Model Counting

First-order model counting is the task of counting the models of relational sentences
(cf., e.g., Van den Broeck| [2016]). While this seems to be a purely theoretical
task at first sight, it becomes very useful in probabilistic applications, for instance,
because model counting techniques can be used to compute probabilities of complex
sentences by weighting the model counts with the elementary probabilities assigned
to the models. Roughly speaking, the more efficient the model counting task is
performed, the more efficient the probabilities can be computed.

In this section, we give an introduction to first-order model counting in general,
and then discuss the weighted first-order model counting task in more detail. In
particular, we point out that the weights which are assigned to models can be
elements of very general algebraic structures and are not restricted to probabilities.
This is a potential that one makes use of in algebraic model counting. Afterwards, we
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discuss normal forms of relational sentences which are especially suited for the model
counting task. Finally, we show that every sentence in RL (32) can be compiled into

such a normal form.

Introduction To First-Order Model Counting

Given a finite signature ¥, we denote the first-order model count of a sentence
¢ € RL (L), i.e., the number of its Y-models, by

FOMCs:(6) = |[Mods:(6)]. (6.1)

The first-order model counting task is to compute FOMCg(¢) then. By testing for
each interpretation I € Inty(X) whether I € Modx(¢) holds or not, this task can be
performed in time exponential in the domain size k = |Consty| in a naive way. The
essence of domain-lifted first-order model counting is to compute FOMCg(¢) in time
polynomial in k (or even better) instead, which is sometimes possible by compiling
the sentence ¢ into a suitable normal form first, before the actual counting takes
place. Obviously, if ¢ =5 ¢', then FOMCg(¢) = FOMCgx(¢') holds, which justifies
the precompilation of sentences into normal forms.

In the context of domain-lifted model counting, the essence of normal forms is
to exploit symmetries and independencies of constants within the sentence, which
are particularly caused by “indistinguishable” domain elements as well as further
combinatorial arguments, to speed up counting. The most common examples of
indistinguishable domain elements are the “unnamed” domain elements which are
represented by constants that do not explicitly occur in the sentence. In this case,
the sentence itself “gives no reason” to distinguish between these unnamed ele-
ments, which is reflected by a factorization of the model count. On a technical level,
the combinatorial arguments come into view by specific properties of the connec-
tives =, A, V, 3, and V which do not hold in general but in proper normal forms.
To convey an idea of these combinatorial counting techniques, we give a simple
yet illustrative example which can be understood without formal definitions of the

combinatorial arguments.

Example 6.1.1

We ask for the X-model count of the sentence
¢ = VX.(male(X) = —female(X)).

“For all individuals it holds that if they are male, then they are not
female.”
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Hereby, Consty; shall be an arbitrary but finite set and
Predy, = {female/1, male/1}.

Because for all interpretations I € Int(X) and for all constants ¢ € Consty,
the evaluation of I(male(c) = —female(c)) is independent of the evaluation of
I(male(c’) = —female(c¢’)) where ¢’ is any different constant from Consty, i.e.,
¢ # ¢, one can count the models of the “subsentence”

male(c) = —female(c) (6.2)

“If ¢ is male, then c is not female.”

of ¢ (more precisely, of the instances of the universal quantification in ¢) with
respect to its restricted signature ¥’ = ({c}, Predy) and exponentiate this count
with the number of constants in Consty, in order to observe the total model count
of ¢. The sentence is satisfied if either c¢ is not male or ¢ is male but not
female. This can be directly read from following sentence which is equivalent

to :
(male(c) A —~female(c)) vV (—male(c) A (female(c) vV —female(c)).

In case of —male(c), the evaluation of female(c) is irrelevant for the satisfac-
tion of the sentence ¢. We mention the tautology (female(c) V —female(c)) in
this case anyway in order to indicate that there are two different subcases in
which —male(c) holds—either female(c) or —female(c) holds in addition—which
is relevant for counting the models of ¢. Eventually, we rearrange ¢ to the

sentence

¢ = /\ ((male(c) A —female(c)) V (—male(c) A (female(c) V —female(c))))

ceConsty

that is equivalent to ¢ and from which we can easily read its model count—and
therewith the model count of ¢p—to

FOMCg(¢') = FOMCg(¢) = (1 4 2)!const=l, (6.3)

In Example[6.1.3|we will show that ¢’ is the translation of ¢ into the normal form
called smooth deterministic decomposable negation normal form (sd-DNNF)
that is especially suited for the model counting task. The summand 1 in (6.3))
refers to the case in which male(c) and —female(c) hold while the summand 2
is the number of cases in which —male(c) holds. Here, it is important that
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the disjuncts male(c) A ~female(c) and —male(c) A (female(c) V —female(c)) are
mutually exclusive so that cases are not counted twice.

Obviously, model counting is restricted to the case of finite domains, and the
model count of a sentence usually depends on the domain size k = |Consty|. Please
see [Van den Broeckl 2016] for a more in-depth introduction to first-order model

counting and recommendations for further reading.

Weighted First-Order Model Counting

The task of first-order model counting is of high importance in relational probabilis-
tic reasoning because the probability of a sentence ¢ € RL® (3) is the sum of the
probabilities of its models, here denoted as possible worlds. That is, we have

Plo)= >  P),

weN(X): wEne

where P is a probability distribution over Q(3). Thus, by counting the mod-
els/possible worlds of the sentence ¢ while weighting them with their probabil-
ity P(w) it is possible to infer the probability P(¢) of the sentence ¢ from the
elementary probabilities of the probability distribution P. More generally, the vari-
ation of first-order model counting which is called weighted first-order model counting
[Chavira and Darwiche, |2008] means the task of counting the weighted models of a
sentence ¢ € RL (),

WFOMCx(¢) = > W(w),

weN(X): wko

where W (w) € R is any real valued weight assigned to the possible world w € Q(X).
Considering probabilities as weights is the major instance of the weighted model
counting task.

A common assumption in weighted first-order model counting is that the weights
are originally assigned not to the models but to the ground literals in grLit(X) (cf.
[Van den Broeck|, 2016]) and that the weights of the models can then be computed to
W(w) = [Ticgitvcs): wr W(0). Therewith, the weighted model counting task becomes

WFOMCY(¢) = > I wo. (6.4)

wko¢ legrlit(X): wi=l

In the case of probabilistic weights, i.e., if W (l) = p for a probability value p, we
have that W (l) = p implies W (=l) = 1 — p because the probabilities of an event
and its complement must sum up to 1. In general the weights of literals and their
negative counterparts can be chosen independently in weighted first-order model
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counting, though.

The assumption that the weights are assigned to the ground literals is essential
for the efficiency of many counting techniques because it reduces the number of
weights from exponentially many to polynomially many if measured in k& = |Consty,|.
Further, in the weight of a ground literal can be separated from the sum
as a prefactor if the ground literal occurs in every model of ¢, and factorizing is
the essential tool of efficient model counting (often visualized as > [ — [[>_;
the commuting of building sums and products). In the context of probabilistic
reasoning, the assumption that the probabilities of possible worlds are the product
of the probabilities of the ground literals, however, means that the ground atoms
are statistically independent which is a very strong assumption that we do not want
to make in this thesis.

An alternative to assigning weights to literals instead of possible worlds in or-
der to overcome the problem of exponentially many (different) weights is to force
weights to be identical. In symmetric weighted first-order model counting |Beame
et al., 2015 both of these assumptions are combined and weights of ground liter-
als I, 1" € grLit(X) are assumed to be the same, i.e., W(I') = W(I"), if ' and I" are
groundings of the same literal from Lit(¥X). The effect of this assumption is that
products over ground literals which refer to the same literal can be aggregated to
powers, and sums to a single expression with a prefactor which equals the number
of proper groundings. In addition, less weights have to be stored.

Ordinary first-order model counting can be seen as an instance of weighted
first-order model counting by assigning the weight W (l) = 1 to every ground lit-
eral [ € grLit(X). Note that in this case it does not mean a restriction to the model
counting task when the weights are assigned to the ground literals because it holds
that w € Mods(¢) if and only if ], i), oy 1 = 1. Hence,

FOMCs(¢) = > II (6.5)

weQ(X): wke¢ legrLit(X): wil

is an equivalent reformulation of the first-order model counting task (6.1]). Also, the
additional assumption of symmetric weights is trivially satisfied because the weights
are all equal, namely 1. We have exploited this fact in Example already.
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Algebraic First-Order Model Counting

Algebraic first-order model counting [Kimmig et al., 2017] generalizes weighted first-
order model counting to the case where the weights assigned to the ground literals are
elements from an arbitrary Abelian semiring (S, ®, ®,e?,e®) (cf. Definition
of Abelian semirings in the Appendix). While in Example we have replaced
every conjunction by the ordinary multiplication of numbers - and every disjunction
by + in order to count models, in algebraic model counting conjunctions are replaced
by the multiplication ® from S and disjunctions by @. Because the algebraic struc-
ture ({P(1) | I € grLit(X)},+,-,0,1) where P is a joint probability distribution over
the ground literals in grLit(2) indeed constitutes an Abelian semiring, algebraic first-
order model counting subsumes the task of calculating P(¢) = >_,cors). wpe P(w) in
the same way as weighted first-order model counting. However, algebraic first-order
model counting is not limited to probabilities. Formally, the algebraic model count
of a sentence ¢ € RLY(Y) is

AFOMCE(6) = €D ® o). (6.6)

weQ(X): wke¢ legrlit(X): wi=l

where p : grLit(¥) — S maps the ground literals from grLit(3) to the elements of
the semiring S.

Note that algebraic model counting makes use of the same independence as-
sumptions as weighted first-order model counting, namely that the algebraic ele-
ments from S are assigned to the ground literals in the first instance. From this

assignment, we can deduce an assignment to interpretations I € Int(X) via

I, = ® p(l)

legrLit(s): I())=1

and to possible worlds w € (X)) via

Wp = ® p(l).

legrLit(X): wil

For I € Int(X), we call I, algebraic interpretation (wrt. p) and define the algebraic
interpretation of a general sentence ¢ € RL*(X) wrt. p by I,(¢) = I, if I 5 ¢,
and by 1,(¢) = 0 otherwise.
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Normal Form sd-DNNF

In the following, we discuss the smooth deterministic decomposable negation normal
form |Darwiche| 2001alb], sd-DNNF for short, which is a normal form of relational
sentences that is especially suited for the first-order model counting task. This means
that the model count of a sentence in sd-DNNF can be calculated in time polynomial
in the length of the sentence in binary notation [Darwiche and Marquis, 2002].
For an overview of further normal forms and their appropriateness for different
reasoning tasks, please see [Darwiche and Marquis, 2002] which provides a concise
while thorough summary of the foundations of knowledge compilation.

For the sake of simplicity, in the following definition of sentences in sd-DNNF-
normal form, we assume that the considered sentence is free of quantifications.
This can be achieved by compiling every quantification into either a conjunction
with domain constraints (cf. Section in the case of universal quantification, or
into a disjunction with domain constraints in the case of existential quantification
beforehand. Recall that

VesXo= [\ o(X/c) and FesXp= \/ o(X/c) (6.7)

c€Sol(CS) c€Sol(CS)

hold. Thus, these compilations lead to an equivalent reformulation of sentences
while maintaining their compact representation, and the restriction to quantifier-
free sentences does not mean a loss of expressivity. The gain is that we do not
need to consider unhandy instantiations of variables in the definition of sentences in

sd-DNNF since every quantifier-free sentence is free of variables.
Definition 6.1.2: sd-DNNF-Normal Form (cf. [Darwiche, |2001ab])

Let X be a finite signature, and let ¢ € RL(X) be a quantifier-free sentence.
Then, ¢ is in negation normal form (NNF) if negations in ¢ occur directly in
front of ground atoms only. In addition, ¢ is decomposable, deterministic, and
smooth, respectively, if the following conditions hold:

» The sentence ¢ is decomposable iff every conjunction ¢ A ... A ¢, in ¢
is decomposable which means that grAtom(¢;) NgrAtom(¢;) = () holds for
all 4,7 € {1,...,m} with ¢ # j.

» The sentence ¢ is deterministic iff every disjunction ¢; V...V ¢y, in ¢ is
deterministic which means that every two disjuncts out of this disjunction
are contradictory (or mutually exclusive), where two disjuncts ¢;, ¢,; with
i,j€{1,...,m} and i # j are contradictory if ¢; N ¢; = L.
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» The sentence ¢ is smooth iff both (1) every disjunction ¢; V ...V ¢y,
in ¢ is smooth, which means that grAtom(¢;) = grAtom(¢;) holds for
i,7 € {1,...,m}, and (2) grAtom(¢) = grAtom(X) holds. The latter
condition guarantees that all ground atoms from the underlying lan-
guage RL(X) are mentioned in ¢. This condition can be dropped if the
background language which is considered is the language that is induced
by the sentence ¢.

With sd-DNNF(X) € RL*(X) we denote the set of all sentences ¢ € RL” (%)
which are in sd-DNNF-normal form, i.e., ¢ is in negation normal form as well

as decomposable, deterministic, and smooth.

In order to indicate that a conjunction is decomposable we write A? instead of A.
Analogously, deterministic and smooth disjunctions are indicated by V¢ and V*,
respectively. If a disjunction is both deterministic and smooth, then we write \V*?.

Example 6.1.3

The sentence

¢ = /\ ((male(c) A —female(c)) V (—-male(c) A (female(c) V —female(c))))

ceConstyy

from Example is in sd-DNNF normal form. Obviously, ¢’ is in negation
normal form because negations occur directly in front of female(c) or male(c)
only. The outer conjunction with the domain constraint ¢ € Consty, is decom-
posable because the single conjuncts mention ground atoms with respect to
different constants. More precisely, ¢ is of the form ¢" = A .cconet,, @ With

¢ = (male(c) A —female(c)) V (—male(c) A (female(c) V —female(c)))

and grAtom(¢.) = {male(c),female(c)} for ¢ € Consty, such that
grAtom(¢.) N grAtom(¢s) = @ holds if ¢ # ¢. Likewise, the two inner
conjunctions male(c) A —female(c) and —male(c) A (female(c) vV —female(c))
are decomposable because the single conjuncts mention either the ground
atom male(c) or female(c).

In addition, the outer disjunction in ¢. is deterministic because the first
disjunct only holds if male(c) is true (and female(c) is false) which contradicts
the requirement of the second disjunct that male(c) is false. The inner dis-
junction female(c) V —female(c) is obviously deterministic as well. Note that
both disjunctions are also smooth. For the outer disjunction, this particularly
holds because we appended the tautology female(c) V —female(c). Thus, ¢’ is in
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female(c) || ~female(c)

Figure 6.1: sd-DNNF-Circuit of the sentence ¢’ from Example [6.1.1]

sd-DNNF-normal form and, in order to indicate this, we could write

¢ = /\j€C0nstE ((male(c) A? —female(c))
v (—male(c) A? (female(c) VV** —female(c)))).

Sentences which are in sd-DNNF-normal form can be depicted as so-called
sd-DNNF-circuits. sd-DNNF-circuits are rooted directed acyclic graphs the inner
nodes of which are either conjunctions or disjunctions, possibly with domain con-
straints, and the leaf nodes represent ground literals. We omit a formal definition
of sd-DNNF-circuits but give an example which illustrates the very straightforward
idea of sd-DNNF-circuits well.

Example 6.1.4
The sd-DNNF-circuit of the sentence ¢’ from Example is shown in Fig-
ure [6.11

Once a sentence ¢ € RL%(Y) is compiled into sd-DNNF-normal form, the count-
ing of the models of ¢ can simply be done by translating the sentence into an arith-
metic expression and evaluating this expression afterwards (cf. [Van den Broeck|
2013]). For this, every (decomposable) conjunction is replaced by a multiplication,
every (deterministic and smooth) disjunction by an addition, and every ground lit-
eral by the constant 1. The resulting arithmetic expression equals the model count
of ¢. The process is formally captured by the so-called count function [Van den
Broeck, 2013] which evaluates sentences in sd-DNNF-normal form according to the

described arithmetic translation.
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Definition 6.1.5: Count Function [Van den Broeck, |2015]

Let X be a finite signature. The count function cnt: sd-DNNF(X) — Ng maps
every sentence from sd-DNNF(X) to a natural number and is recursively defined
as follows. The base cases of the count function are cnt(T) = 1, cnt(L) = 0,
and cnt(l) = 1 for ground literals [ € grLit(X). Further, for every decomposable
conjunction ¢; A? ... A% ¢,, € sd-DNNF(X) and every smooth deterministic
disjunction ¢; V¢ ... Vvs? ¢, € sd-DNNF(X), m € N, one has

cnt(gy A AL g) = [ [ ent(6),
i=1

cnt(gr V4V ) =D ent(¢y).
=1

Note that in algebraic model counting the translation of sentences in sd-DNNF-
normal form to algebraic statements works similar to the arithmetic translation
in Definition The difference in algebraic model counting is that literals are
mapped to their algebraic weight instead of 1 and conjunctions and disjunctions
are interpreted by the algebraic additive and multiplicative operators @ and ® (cf.
Kimmig et al.| [2017]).

For conjunctions and disjunctions with domain constraints, Definition re-
sults in

(A e 0/ = ] entlotx/a).

c€S0l(CS)

nt(\/ o O/ = 3 ent(o(X/c)).

€Sol(CS)

If for all ¢1,¢0 € Sol(CS) it holds that cnt(¢(X/c1)) = cnt(¢(X/e2)), in addition,
then the count of the conjunction respectively the disjunction simplifies to

Cnt(/\jesol(CS) o(X/c)) = Cnt(qf)(X/Cl))lsol(CS)l’
Cnt(VjGSol(CS) ¢(X/c)) = [Sol(CS)| - ent(p(X/c1)).

The condition cnt(¢p(X/c1)) = ent(p(X/co)) holds if ¢(X/c1) and ¢(X/cy) are iso-
morphic, i.e., if ¢(X/c;) and ¢(X/cy) are identical up to a renaming of constants.
In order to indicate that the conjuncts of a conjunction respectively the disjuncts of
a disjunction are isomorphic, we write A’ instead of A and V? instead of V.
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Example 6.1.6
We obtained isomorphic conjuncts in the sentence ¢’ from Example al-
ready. Actually, the subsentences ¢., ¢ € Consty, in ¢’ = A cconety e (cf.
Example are the same up to a renaming of the constant ¢: We can find a
mapping p: Consty — Consty, such that for every two constants ¢y, ¢y € Constg,
p(cr) = ¢y yields

Gp(cr) = (male(p(c1)) = —female(p(cy))) = (male(cz) = —female(cy)) = ¢o,.

Hence, the outer conjunction in ¢’ = /\cEconstz ¢, is isomorphic and we may

write (b/ - /\ZCGConstg (ZSC'

The arithmetic translation of a sentence ¢ € sd-DNNF(X) (cf. Definition
can be depicted as a rooted directed acyclic graph, analogously to its sd-DNNF-
circuit, which is called counting graph [Darwiche, 2001b]. In order to obtain the
counting graph of a sentence in sd-DNNF one takes its sd-DNNF-circuit and replaces
every leaf node by 1, every conjunction node by -, and every disjunction node by +.
If there is a node which represents a conjunction with domain constraint CS over

)I59ICS) into the respective node in order to in-

isomorphic conjuncts, we write (...
dicate that we may take the expression provided by the child nodes to the power
of |Sol(CS)|. Analogously, we write |Sol(CS)]| - (...) when the node originates from a
disjunction with domain constraint CS over isomorphic disjuncts.

Sometimes we also use a combination of sd-DNNF-circuits and counting graphs.
Then, we write the arithmetic expressions as labels next to the corresponding nodes
into the sd-DNNF-circuit of a sentence ¢ € sd-DNNF(X) in order to visualize both
the sentence ¢ and the count function applied to ¢ in the same graph. In this
representation form, we usually write the accumulated arithmetic expression next
to a node, that is, we multiply or sum up all the arithmetic expressions of the child
nodes as the next example illustrates.

Example 6.1.7
Figure shows both the counting graph and the combined sd-DNNF-circuit
with corresponding counts as labels for the sentence ¢’ from Example [6.1.1]

In [Van den Broeckl, 2013| it is shown that count functions indeed count the

models of sentences in sd-DNNF. We formalize this in the next proposition.
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male(c) —female(c)

female(c) | 1 | —~female(c) | 1

Figure 6.2: Counting graph (top) and sd-DNNF-circuit with the consolidated counts
as labels (bottom) of the sentence ¢ from Example [6.1.1]

Proposition 6.1.8: Correctness of Count Function
(cf. Proposition 3.1/ in [Van den Broeck, |2015])

Let X be a finite signature, and let ¢ € sd-DNNF(X) be a sentence in sd-DNNF-
normal form. Then,

cnt(¢) = FOMCx(6). (6.8)

Proof. A proof of this proposition can be found in [Van den Broeck, 2013]. n

Note that the count function cnt does not need to mention the signature X as a
subscript (cf. cnt(¢) in (6.8))) because the count function is applied to sentences in
sd-DNNF only and sentences ¢ in sd-DNNF yield grAtom(X) = grAtom(¢). Hence,
the signature X is already clearly induced by the sentence, here by ¢.

Sentences from RL®(X) do not have a unique representation in sd-DNNF-normal
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form. For example, the sentence
b = (male(c) A ~female(c)) vV (—male(c) A? (female(c) V*¢ —female(c)))
from Example is equivalent to
(male(c) A? —female(c)) v*¢ (—male(c) A% female(c)) V¢ (=male(c) A% —female(c))

which is also in sd-DNNF. Basically, one can say that for efficient model counting
of a sentence ¢ € RLY(X), it is favorable to have an sd-DNNF-normal form repre-
sentation of ¢ which mentions as few disjunctions as possible because disjunctions
are translated to summations and executing sums is more expensive than execut-
ing multiplications when counting models. This is particularly the case because
decomposable conjunctions (= multiplications) reduce the model counting task to
subproblems wrt. smaller subsignatures: Let ¢ = ¢; A% ... A% ¢,,, be a sentence in
sd-DNNF, and, for ¢ = 1,...,m, let 3; be the signature of ¢;. Then,

FOMCs(¢) = [ [ FOMCs, (¢1).
i=1

The model counting tasks on the right-hand side of this equation refer to strict
subsignatures of ¥ (in case of m > 1) which reduces the computational complexity
in a natural way.

Compiling Sentences Into sd-DNNF-Normal Form

Now, we discuss some basic techniques on compiling any given sentence in RLY (2)
into sd-DNNF-normal form. More sophisticated techniques will be discussed in the
context of typed model counting in Section Developing powerful compiling
strategies is of high importance in view of domain-lifted model counting. Here,
we lay the focus on proving that any sentence from RL%(X) can be compiled into
sd-DNNF-normal form and do not claim that the presented techniques are the best
to choose in the respective situations. Nevertheless, they demonstrate well the basic
ideas behind the sd-DNNF-normal form.

For the following compilation of sentences ¢ € RL%(X) into sd-DNNF-normal
form, we assume that such a sentence ¢ is already made quantifier-free by replacing
every quantification in ¢ by an equivalent conjunction or disjunction with domain
constraints. After that, the first step to do is to bring ¢ into negation normal form.
This can be achieved by recursively applying De Morgan’s laws, for instance, i.e., by
exploiting the logical equivalencies =(¢ V ¢) = = A =) and —(p A ) = =g V =,
We give an example for these precompilation steps.
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Example 6.1.9
Let A and B be unary predicates. We bring the sentence

¢ = Vs X. (A(X) V B(X))

into negation normal form by first translating the universal quantification to a
conjunction and then applying De Morgan’s law:

—Ves X. (A(X) V B(X))

i
J
=
S
<
o
S

c€Sol(CS)

V(A Vv B(o)

c€Sol(CS)

V' (A@©) A B(e).

c€Sol(CS)

The last expression is in negation normal form.

Now, we demonstrate how to make disjunctions deterministic by considering
a disjunction of two disjuncts first. Let ¢ V ¢y € RL(X). Then, there might
be an interpretation which models both ¢; and ¢5. In this case, ¢; V @5 is not
deterministic as per definition. In order to make the disjunction deterministic, we
split the sentence ¢, V ¢ into the cases in which ¢; holds but ¢, does not hold, in
which ¢ holds but ¢; does not hold, and in which both ¢; and ¢, hold. These three
cases are mutually exclusive by construction, and

G1V da = (1 A d2) VI (d1 A ) V7 (1 A 62) (6.9)

holds. Hence, when replacing ¢, V ¢ by the right-hand side of , all outer
disjunctions are deterministic. For a disjunction with more than two disjuncts, any
combination of possibly negated disjuncts can be built:

gbl\/...\/gbmz\/;lcsg{l ..... m}(/\gqf)i/\' N 4. (6.10)

Note that the right-hand sides of and are not necessarily in negation
normal form, even if the ¢}s are, because of the newly introduced negated subsen-
tences ¢;. In order to re-establish the negation normal form, De Morgan’s laws have
to be applied again to these negated subsentences ;.

In order to make nested disjunctions in a sentence ¢ deterministic, one begins
with applying the above-mentioned rewriting rules to the outermost disjunction
¢1 V...V ¢ and recursively proceeds with the disjunctions in the subsentences ¢;

for i € {1,...,m} and so on.
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(

Example 6.1.10
Let ¥ be a finite signature with Consty, = {a,b,c} and Preds, = {A/1, B/1}.
We consider the sentence

o=\ (Al0)VB(0))

ceConsty

which is in negation normal form because there are no negations at all. How-
ever, the disjunctions in ¢ are not deterministic. Following the above-mentioned
strategy which results in (6.10]), we can make the outer disjunction determin-
istic by

o= \/ (Alc)vB(0))
= (A(a) V B(a)) A (A(D) V B(b)) A (Alc) V B(c))
Ve (A(@) V B(a)) A (A(b) V B(b)) A (A(c) V B(c))
Ve (A(a) v B(a)) A (A(b) V B(b)) A (A(c) V B(c))
V4 (A(a) v B(a)) A (A(b) v B(b)) A (A(c) V B(c))
v (A(@) V B(a)) A (A(B) V B(B)) A (A(c) V B(c))
Ve (A(a) v B(a)) A (A(b) V B(b)) A (A(c) V B(c))
Ve (A(a) Vv B(a)) A (A(B) V B0)) A (A(c) V B(0)).

The next step is to bring the whole sentence in negation normal form again.
This means, for example, replacing (A(a) V B(a)) by A(a) A B(a) according
to De Morgan’s laws.

Afterwards, the inner disjunctions have to be made
deterministic and so on.

Note that it would be much easier here to count the models of =¢ and to
derive the model count of ¢ via FOMCg(¢) = |Inty| — FOMCg(—¢). With this
strategy, one obtains

o=\ (Al)VB()) =

ceConstyy

A ~(A(©) v B(o) =

ceConstyy

A (A

ceConstyy

A B(c))

(A(a) A" B(a)) AT (A(b) A B(b)) A" (A(e) A" B(c)),

and, hence, FOMCg(¢) = 2% — 1 = 31. This example clearly shows that model
counting techniques which are tailor-made for the specific sentence resp. situa-
tion can simplify the counting task drastically. On the other hand, there is not
the best strategy which fits to all problems well.

\
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In the next step, we focus on the conjunctions in sentences ¢ € RLY(X). If a
conjunction ¢; A ¢9 is mentioned in ¢ which is not decomposable, then ¢; and ¢
share at least one ground atom, i.e., there is a € grAtom(¢;) N grAtom(¢s). For the
moment, we assume that a is the only element in the intersection of grAtom(¢;) and
grAtom(¢s). In order to make grAtom(¢;) and grAtom(¢s) disjoint, one can apply
the concept of literal conditioning [Darwiche| 2001b].

The basic idea behind literal conditioning is to condition a sentence on one of
the two truth values “true” and “false” of a ground atom. Technically, one removes
a ground atom from a sentence by replacing every occurrence of it by either T or 1,
depending on whether the ground atom shall be assumed to be true or false. By
applying both replacements on the common ground atom a that is shared by ¢
and ¢, and by combining the two cases by a disjunction afterwards we observe an
equivalent rewriting of ¢; A ¢o the conjunctions of which are decomposable and
which is known as the Shannon decomposition [Shannon, [1949]. More precisely, we
proceed as follows. We write ¢;(a/T) for the replacement of every occurrence of a
in ¢; by T and ¢;(a/L) for the respective replacement by L. Then,

¢i =aN¢ia/T)Vaneia/Ll) (6.11)

is the Shannon decomposition of ¢; with respect to its ground atom a € grAtom(¢;).
The result may no longer be in negation normal form which is why we have to restore
this property afterwards. In particular, we have to simplify =T = L and =L = T.
Alternatively, one can replace the literal —a by T (or L) directly instead of replac-
ing a by L (or T) first and fixing the expressions =L (or —=T) afterwards whenever a
negation stands in front of a. This justifies the name of literal conditioning. Because
avVa=T,aN¢;=aN¢{a/T),and a A ¢; = a A ¢;{a/ L), one has

(a V> a) A gy A

(@ Aoy A o) VI (@aN ¢y A o)

(@A (61 A g2)(a/T)) V(@A (61 A go)(a/L))

(a A ¢1(a)TY A dola/TY) V(@A ¢ {a/ L) A% pola/L)).

o1 N\ P2

Replacing ¢1 A ¢2 by the expression on the right-hand side particularly ensures that
the outer conjunctions between the replacements of ¢; and ¢5 are decomposable
when a was the only element in grAtom(¢;) N grAtom(¢s). Also the newly intro-
duced negation occurs directly in front of the ground atom a such that the resulting
sentence is still in negation normal form. The newly introduced disjunction is obvi-
ously deterministic, as well.

If ¢ and ¢o share more than one ground atom, literal conditioning has to be
applied with respect to every ground atom in grAtom(¢;)NgrAtom(¢s) to make ¢ Aoy
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decomposable. This can be done in sequence.

If the conjunction mentions more than two conjuncts, e.g., if it is a conjunc-
tion with domain constraints, literal conditioning can be applied to all conjuncts
simultaneously:

PLA A = (a Ad/\l1 ¢i(a/T)) V2 (@ /\d/\l_ L Gila/ L)),

Eventually, by an iterative application of literal conditioning to all conjunctions in ¢,
beginning with the outermost conjunction ¢; A ... A ¢, in ¢ and then proceeding
with the conjunctions within the single conjuncts ¢;, all conjunctions in ¢ can be
successively made decomposable.

Example 6.1.11
Let 3 be a finite signature with Preds, = {A/0, B/1}. We consider the sentence

o=\ (Ble)=A).

ceConstyy

Applying literal conditioning on A leads to

o=\ (Blo=4)

ceConstyy

A/\( A (B(c):>A)> <A/T>v2m< A (B(c):>A)) (A/L)

ceConstyy

ceConsty

=An N Bleo=T)VAr N (Ble)=1)

ceConsty ceConstyy

=AV! A/\d/\ B(c)).

ceConsty

Finally, smoothness can be established as follows. If a disjunction ¢; V ¢- in a
sentence ¢ is not smooth, then there is a ground atom a € grAtom(X) such that
cither a € grAtom(¢;) \ grAtom(¢s) or a € grAtom(¢ps) \ grAtom(¢;). Without loss
of generality, we assume that a € grAtom(¢;) \ grAtom(¢,) holds and replace ¢, by

new — poA(aVeia). Because (aVi?a) is a tautology, ¢ and ¢3e" are logically equiva-
lent This procedure can be repeated until grAtom(¢®") = grAtom(¢5*"), where @}
stands for ¢, after applying the replacement step with respect to all ground atoms
in grAtom(¢s) \ grAtom(¢;) (¢5°" analogously). @7 V* 5" is smooth, in negation
normal form if ¢7*" and @5 are in negation normal form, and the newly introduced
disjunctions are deterministic and the conjunctions decomposable. The handling
is the same for disjunctions with more than two disjuncts as the disjuncts can be
smoothed pairwise. Eventually, the whole procedure can be applied to all conjunc-
tions in the sentence one after the other such that all conjunctions in ¢ are made
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smooth. In the end, one has to take care of the requirement grAtom(¢) = grAtom(X).
If this condition is not fulfilled, then ¢ is replaced by

d
d sd =
¢ A /\aegrAtom(Z)\grAtom(¢) (CL v a)

in order to add the ground atoms “missing” in ¢.

Example 6.1.12
We recall the sentence ¢ from Example [6.1.11] which was compiled in Exam-

ple |6.1.11] into

d

¢ = AV (AN N B(c)).

The sentence ¢’ is not in sd-DNNF because the disjunction in ¢’ is not smooth.

We can establish the smoothness of ¢’ by adding the tautologies (B(c) V B(c))
for all ¢ € Consty, to the first disjunct in ¢’ such that ¢’ becomes

c€Consty

r_ apA? sd BTN sd (T oad A
¢ o <A A /\c€ConstE (B(C) v B(C))) v (A A /\ceConstg B<C))
which is now in sd-DNNF. The model count of ¢’ is

FOMCE(¢/) — (1 . (1 + 1)|C0nstg|) + (1 . (1)\Constg|> — 2|Constg| + 1

In the next section, we extend first-order model counting to typed model counting

and the sd-DNNF-normal form to so-called structured sentences.

6.2 Typed Model Counting

In this section, we develop with typed model counting [Wilhelm and Kern-Isberner
2017; Wilhelm et al, 2017a;, 2019b| a variant of first-order model counting with the
aim not only to count the models of a first-order sentence but also to distinguish its
models with respect to their types. The basic idea behind these types is to reflect
which parts of the sentence are satisfied by the model. Therewith, one can read
from the model type in some sense why the sentence is satisfied by the model.

The types are constituted by so-called structure elements which are directly
written into the sentences. As a consequence, typed model counting requires that
the sentences are enriched by these structure elements and, therefore, typed model
counting is not defined for sentences in RL* (%) directly but for so-called structured
sentences from a “structured extension” of RLY(X). However, note that counting
the typed models of a structured sentence can be compiled into an algebraic model
counting task with respect to a classical sentence in RLY(X) (cf. Section [6.3).
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w [P type of ¢g w [Pl type of ¢g
CMP 1 S1S52 OMP 1 S1
CMP 1 So CMP 0 0
CMP 1 S1 CMP 1 S1
CMP 0 0 CMP 0 0

Table 6.1: Evaluation of ¢ and ¢g from Example [6.2.1

Motivation of Typed Model Counting

Our motivation of developing typed model counting is to provide a formal framework
for a systematic computation of conditional structures of knowledge bases. The basic
idea is to compile conditionals into structured sentences such that their typed models
correspond to the conditional structures of possible worlds with respect to the initial
conditionals. The benefit of this approach is that we have recourse to efficient first-
order model counting techniques when computing conditional structures.

The power of typed model counting lies in the fact that structure elements can
be combined to complex types in the same ways as the verifications and falsifications
of the single instances of open conditionals aggregate to the conditional structure of
the whole conditional. To illustrate how typed model counting works in general, we
give a simple example detached from the application to conditional reasoning.

Example 6.2.1

We consider the signature ¥ = (Consty,Preds) with Consty = () and
Predy, = ({C/0,M/0, P/0}, where the predicates C, M, and P stand for
“computer scientist,” “mathematician,” and “passion for computer science,”

respectively. The expression
¢s = (s10C)V (sg0 (M A P))

“Someone is a computer scientist or a mathematician with a passion

for computer science.”

can be understood as a structured sentence with the structure elements s;
and so. If we ignore the structure elements for a while, we obtain the classical

sentence

p=CV(MANP).

The evaluation of ¢ is shown in Table We can see that the sentence is true
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in those possible worlds in which, informally spoken, the imagined person is a
computer scientist, or a mathematician with a passion for computer science.
What we do not gain from the interpretations is how the satisfaction of the
sentence depends on the satisfaction of its subsentences, that is, we are not told
whether the person is a computer scientist, a mathematician with a passion for
computer science, or maybe both. The idea behind typed model counting is to
distinguish among these cases, as discussed next.

Whenever C' holds, then the structured sentence ¢g is not just true, but
the structure element s;, which is annotated to C, is multiplied to the truth
value 1. If in addition M and P hold, that is, if the possible world is w = CM P,
then sy is incorporated into the interpretation of ¢g as well, and we obtain
that w is a model of ¢g of type s159. If M or P would not hold, then the model
type would be s; and, hence, we can read from the evaluation of ¢g why ¢g
is true (or not). The complete evaluation of ¢g is also shown in Table [6.1]
We gain the information that there is one model of ¢g in which the person
is a mathematician with a passion for computer science (s3), there are three
models of ¢g in which the person is a computer scientist (s;), and there is
one model in which the person is both (s1s2). Of course, the placement of the
structure elements matters. It determines regarding what the models can be
differentiated.

As we have seen, the formal basis of typed model counting is a structured lan-
guage which we define next.

Structured Language SL(Y)

The structured language SL(X) constitutes the formal framework for typed model
counting and combines the relational language RL(X) with a free Abelian semir-
ing S. For a definition of free Abelian semirings, please see Definition in the
Appendix.

Definition 6.2.2: Structured Language (cf. [Wilhelm et al., |2017q))

Let ¥ = (Consty, Preds,) be a finite signature, let RL(3) be a relational lan-
guage, and let § = (Sg, B, ®,0,1) be a free Abelian semiring with generating
set Sg. Then, the structured language SL(X) is the smallest set such that

¢, YsAxs, YsVxs, VesXas, desX.pg, sos (6.12)

are in SL(X) where ¢ € RL(X), s, xs € SL(X), X € FreeVar(v), s € Seg,
and o: § x SL(X) — SL(Y) is an operation between S and SL(X). The oper-
ation o shall bind stronger than all connectives in RL(X) so that we can omit
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brackets. The elements in SL(X) are called structured formulas and the ele-
ments in Sg are structure elements. Structured formulas without free variables
are structured sentences. We denote the set of all structured sentences with

SL5(Y).

In plain words, the structured language SL£(X) consists of the relational formulas
from RL(X) (cf. “¢” in (6.12))) to which structure elements can be concatenated
from the left (“sog” in (6.12))). Further, structured formulas can be compounded
by the common connectives from RL(3) except for negation, i.e., by A, Vv, V, and 3.
The operation o is specified by the interpretations of structured sentences.

Note that negations do not occur in unless they are part of ¢, ¥g, or xgs.
This ensures that structure elements are not in the scope of any negation. The
reason why we do not allow negations of structure elements is the following: In
contrast to classical logics in which we have the two truth values 0 and 1, we want
to “split” the truth value 1 into several truth values (the model types) here, namely
the elements from Sg. While in classical logics it is clear that the negation of a
sentence which does not hold is true (and vice versa), this bivalence principle does
not hold in SL(X) as interpretations are many-valued here. Intuitively, the truth
value of the negation of a false structured sentence with negation in front of structure
elements could be any element from Sg and, hence, would not be well-defined.

We usually do not denote the semiring S as an argument to S£(X) and SL%(X)
because it will always be clear from the context which semiring is used.

Example 6.2.3

The structured language which is used in Example is SL£(X) with
Y =(0,{C/0,M/0,F/0}) and S = ({51, 2}, +,,0,1). The expression ¢g from
Example is indeed a structured sentence according to Definition In
particular, there is no negation in ¢g in front of s; or s,. In contrast to that

the expression
g =-(s30C Vsg0M)

is not a structured sentence because both s; and sy are within the scope of the
negation.
Formally, the semantics of structured sentences is given by structured interpre-

tations.

Definition 6.2.4: Structured Interpretation (cf. [Wilhelm et all |2017af)

Let 3 = (Consty, Predy) be a finite signature, and let SL(X) be a structured
language with respect to a free Abelian semiring & = (Sg, ®, ®,0,1). Then,
a mapping Is: SL(X) — Se U {0} from the set of structured sentences to
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the structure elements in Sg conjoint with 0 is a structured interpretation iff
it maps every ground atom from grAtom(X) to either 0 or 1 and is recursively
defined for compounded structured sentences from SL%(X) by

> [S(T) =1 and IS(J_) = 1,

1 if Is(p) =0
> [S _‘¢ = s
(=9) 0 otherwise

» Is(hs Ns) = Is(s) @ Is(¥s),

Is(¥s) it Is(ys) =0,
> Is(Vs V ¥s) = 4 Is(s) if Is(ys) =0,
Is(vs) ® Is(vs) otherwise

» Is(sotg) =s® Is(1s),
> Is(3esX.xs) = IS(\/CeSoIE(CS) xs{X/c)),

> Is(VesXoxs) = Is(Acesoi(cs) Xs{X/¢)),

where ¢ € RLY(X), ¢s, v € SLY(X), xs € SL(X) with FreeVar(ys) = {X},
and s € Sg [

%Recall that xs(X/c) means the syntactical substitution of the variable X by the con-
stant ¢ in xg.

Note that the structured interpretation of disjunctions Ig(¢s V1) is well-defined
although the cases in the definition are not exclusive (cf. the third item in the list
in Definition [6.2.4)). If both conditions Is(¢y) = 0 and Is(¢g) = 0 are true, then
the first two cases apply. However, this is not problematic because in both cases the
disjunction is interpreted to 0.

Furthermore, the structured interpretation of disjunctions Is(1s V ¢%) is in line
with the interpretation of disjunctions in relational languages. Although the inter-
pretation of disjunctions in relational languages is often associated with sums, espe-
cially in the context of model counting—recall that I(¢V 1) = I(¢)+ (7)) holds if ¢
and 1 are mutually exclusive sentences from RL%() (cf. Proposition 2.2.8)—, the
interpretation of disjunctions in RL(X) can also be defined in the same fashion as in
Definition [6.2.4] We prefer the formulation that is used in Definition here, be-
cause it intuitively shows that for every structured interpretation /s the co-domain
of Is is a product of elements from Sg or 0. The summation in S is reserved for the
task of counting the typed models which we will introduce in Definition [6.2.§]

With Ints(X) we denote the set of all structured interpretations over ¥. The
set Ints(X) is in a one-to-one correspondence with Int(X) as both structured inter-
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pretations and classical interpretations depend in their evaluation of (structured)
sentences on the assignment to the ground atoms in grAtom(X) only. Once this
assignment is fixed, both the corresponding interpretation and the corresponding
structured interpretation are fixed as well. In particular, structured interpretations
interpret sentences without structure elements the same as their classical counter-
parts.

Because structured interpretations are in a one-to-one correspondence to inter-
pretations and interpretations are in a one-to-one correspondence to possible worlds
in this thesis, we can also identify the structured interpretations in Ints(3) with
the possible worlds in ©(X) when respecting the evaluation of the ground atoms in
grAtom(X). We denote the structured interpretation which corresponds to w € (%)
with I¢.

Example 6.2.5

The formal evaluation of the sentence ¢g from Example over the free
Abelian semiring S = ({s1, s2},+,-,0,1) is as follows. Let Is be a structured
interpretation. Then,

Is(ps) = Is((s10C) V (sg0 (M A P)))
(Is(s10C) if Is(sy0(MAP))=0
= ( Is(sy 0 (M A P)) if Is(s10C)=0
[ Is(510C) - Is(sy0 (M A P)) otherwise
(s, 15(C) if sy Is(MAP)=0
= Sy Is(M A P) if s1-15(C)=0
(51 Is(C) - 8o Is(M A P) otherwise
s1 - Is(C) if Is(M)-Is(P)=0
= {89 Is(M) - Is(P) if Is(C)=0
|51 Is(C) - 89+ Is(M) - Is(P) otherwise

Given the possible world w = CM F i.e., [£(C) = 0 and I£(M) = Iws(P) = 1,
for instance, we have I¥¢(¢g) = so.

We have the following proposition which deepens the relationship between struc-
tured interpretations and classical interpretations.
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w I¢(9s) I4(9) w I<(9s) I$()
ABC $189 1 ABC 0 0
ABC $189 1 ABC 0 0
ABC $1 1 ABC 0 0
ABC 0 0 ABC 0 0

Table 6.2: Structured interpretations of the sentences ¢g and ¢ from Example|6.2.7]

Proposition 6.2.6: Structured Versus Classical Interpretations

Let ¥ be a finite signature, let ¢g € SL° (3J) be a structured sentence, and let
¢ € RL(X) be the sentence obtained from ¢g by canceling out all structure ele-
ments from ¢g, i.e., every subsentence so in ¢g with s € Se and 1) € SL (%)
is replaced by 1. Then, for every structured interpretation Ig € Intg(X) it
holds that Is(¢g) = 0 iff I(¢) = 0 where I is the corresponding interpretation
in Int(X).

Proof. This is a simple observation when comparing the definition of interpreta-
tions (Definition and the definition of structured interpretations (Defini-
tion [6.2.4). The only case in which they differ and which introduces structure
elements from Sg into structured interpretations is the case s o ¥g for which no
pendant in the classical sense exists. However, this case does not apply when there
is no structured element written into the formula as it is the case in ¢. We just have
to identify the identity elements 0 and 1 of the semiring S with the truth values 0
and 1 of classical interpretations as well as @& and ® with the classical addition and
multiplication.

Also note that s; ® so # 0 for all s1,s5 € S holds. If s; ® s = 0 would be
true, then there would be s3 € Sg with s1 ® 55 ® s3 = 0 = 51 ® S9 ® $3 ® s3 which
contradicts the fact that every element in S can be generated by Sg in a unique
way. O

Due to Proposition [6.2.6] Is(¢s) = 0 can only happen if the logical parts in ¢g
are not satisfied by Is. The reason for this is that 0 is an element of the semiring &
but not of Sg. Thus, 0 does not occur in ¢g as a prefactor. Further, 0 cannot be
generated by a multiplication of structure elements from Sg due to the definition of
generators of free Abelian semirings. We give an example.
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4 )
Example 6.2.7
We consider the signature ¥ = (0, {A/0, B/0,C/0}) and the structured sen-
tence

¢s=510AN(s90BVC)
with the structure elements s; and sy. Then, its classical pendant is
p=AN(BVC).

The evaluations of both ¢g and ¢ in the structured interpretations I¢ € Ints(X)
are shown in Table The structured sentence ¢g is interpreted to 0 in the
same structured interpretations as the sentence ¢. )

Proposition [6.2.6[shows that structured interpretations generalize classical inter-
pretations. They indeed differ from classical interpretations only in that they collect
all structure elements that are concatenated to the left of the satisfied parts of the
structured sentence (see the definition of Is(s o 1) in Definition [6.2.4).

» Typed Models

We introduce the central notion of typed models which are the structured pendants
to models of classical sentences.

~\

-
Definition 6.2.8: Typed Model (cf. [Wilhelm et all, |2017a))

Let ¥ be a finite signature, let ¢g € SL%(X) be a structured sentence, and let
Is € Ints(X) be a structured interpretation. If Is(¢g) # 0, then Is is a typed
model of ¢g. More precisely, if Is(¢s) = s with s # 0, then Is is a model of
- type s of ¢g. Otherwise, if Is(pg) = 0, then ¢g is not satisfied in Is.

J

If Is is a typed model of ¢g, regardless of the specific type, i.e., if Is(dg) # 0,
then we write Is =5 ¢s. With

Mods (¢s) = {Is € Ints(2) | Is =5 s}

we denote the set of all typed models of ¢g wrt. the signature . However, usually
we are interested not only in the information which structured interpretations model
a structured sentence but also in the different types of the models. This is reflected
in the following typed model counting task.
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4 )
Definition 6.2.9: Typed Model Counting  (c¢f. [Wilhelm et al., 2017a])

Let ¥ be a finite signature, and let SL(X) be a structured language. Then,
typed model counting is the task of counting all model types of a structured
sentence ¢g € SL‘S(E), i.e., the task of computing

TMCx(ds) = P Is(os).

Is€Mod$ (43)
. J

The result of typed model counting is an element in the underlying semiring S.
If S is zerosumfree (cf. (3.4)), then the number of summands in TMCy;(¢s) matches
the number of typed models of ¢s which justifies the term count. We say that two
structured sentences ¢g, g € SL° (3) are S-equivalent iff they agree on their model
type in all structured interpretations.

~\

-
Definition 6.2.10: S-Equivalence (cf. [Wilhelm et all |2017a))

Let ¥ be a finite signature, and let ¢g, g € SL° (3) be structured sentences.
Then, ¢5 and g are S-equivalent, in symbols

s =s Vs, i Is(ds) = Is(vs)

for all Is € Ints(X).
. J

The S-equivalence of ¢g and g implies TMCx(¢s) = TMCx(1)g). S-equivalence
is a stronger notion than logical equivalence because ¢g and g not only have to
have the same typed models in order to be S-equivalent but the counts of the models
of every single type have to be the same, too.

( )
Example 6.2.11
It is easy to see that the structured sentence
Vg = (510CVC)A(s30(MAP)V((MA(PVP))V(MAP)))
is S-equivalent to the sentence ¢g from Example [6.2.1] )

Note that many calculation rules which preserve logical equivalence of sentences
in RL5(X) carry over to S-equivalence of sentences in SL%(X). We mention the
next proposition to name some important calculation rules.
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Proposition 6.2.12: Calculation Rules for Structured Sentences

Let ¥ be a finite signature, and let ¢g, 15, xg € SL%(XZ). Then,
» 05 ANPg =s g A pg and ¢g V s =5 s V ¢g, (commutativity)

» Ps A (Vs A xs) =s (0s Avs) A xs and ¢gV (Yg V xs) =s (05 V s) V Xs,
(associativity)

» s AT =5 ¢g and ¢gV L =g ¢g. (neutrality)

Proof. Commutativity: The commutativity of =g follows from the commutativity
of ® in the semiring S. For an arbitrary structured interpretation Is € Intg(3), it
holds that

Is(ps Nbg) = Is(¢s) ® Is(vs) = Is(hs) ® Is(ps) = Is(hs A ¢s).

The proof with respect to disjunction is analogous.

Associativity: The associativity of =g follows from the associativity of ® in the
semiring S. Again, we give the proof for conjunctions, the proof for disjunctions is
analogous. Let Is € Ints(X). Then,

Is(¢s N (Vs A xs)) = Is(ds) ® Is(s A xs) = Is(ds) ® Is(vs) @ Is(xs)
= Is(¢s N s) @ Is(xs) = Is((ds A s) A Xs)-

Neutrality: Let Is € Ints(X). Because Is(T) =1 and Is(L) = 0, we have

Is(ps AN T) = Is(¢s) @ Is(T) = Is(¢s) @ 1 = Is(os).

Also,
Is(¢s) if Is(L)=0
Is(¢sV L) =< Is(L) if Is(¢s) =0
Ig(¢5) X IS(J—) otherwise
= Is(¢s)

because the first case of the case differentiation applies (and perhaps the second
case, namely if Ig(¢ps) = Is(L) = 0; then both cases yield the same result). O

Some other calculation rules do not hold in SL£(X), like distributivity and ab-
sorption. The main reason for this is that idempotence is violated, i.e., in general

Is(¢s N ¢s) = Is(ps) @ Is(ps) = Is(ds) (£)
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does not hold. This is because in Abelian semirings idempotence does not necessar-
ily hold, either. Also note that De Morgan’s laws and involution (—(—¢ds) =s ¢s)
can be applied to (sub)sentences without structure elements only which, in the case
of involution, means that ¢g must not mention structure elements. Otherwise, struc-
ture elements would be in the scope of negations which is not allowed in SL°(X).

Other calculation rules hold under additional assumptions. One of these assump-
tions is the mutually exclusiveness of structured sentences.

Definition 6.2.13: Mutually Exclusive Structured Sentences
(cf. [Wilhelm et al., |2017q))

Let X be a finite signature, and let ¢g, g € SL%(X) be structured sentences.
If for all Is € Ints(X) it holds that Is(¢pg) # 0 implies Is(vs) = 0, then ¢g
and g are called mutually exclusive.

The mutually exclusiveness of structured sentences ¢g,10s € SL(X)
affects the interpretation of the disjunction ¢g V ¥g in that the case

“Is(ps V vg) = Is(¢ps) ® Is(s)” (cf.  Definition cannot apply be-
cause Is(¢s) = 0 or Is(is) = 0 holds then. We prove that a weaker version
of distributivity holds in S£%(X) which presumes the mutually exclusiveness of
structured sentences. This weak distributivity is of importance for some typed
model counting techniques.

Proposition 6.2.14: Weak Distributivity

Let ¥ be a finite signature, and let ¢g, g, xs € 855(2) be structured sen-
tences. If ¢g and 1g are mutually exclusive or if Is(xs) is idempotent for
all Is € Ints(%), e.g., if xg € RL(X), then

(95 V s) A xs =s (ds A xs) V (Ps A Xs)- (6.13)

We refer to the rule (6.13) as weak distributivity.

Proof. Let Is € Ints(X) be a structured interpretation with Is(¢g) # 0. Because of
the symmetry between ¢g and 15 in (6.13), the case in which I5(¢g) # 0 holds can
be proven analogously. By assumption, Is(¢s) = 0, and, thus,

Is((¢s V ¥s) A xs) = Is(ds V s) @ Is(xs) = Is(¢s) @ Is(xs)-

Note that Is(¢s V 1bs) = Is(¢s) holds because of Is(1s) = 0. Likewise,

Is((ps A xs) VIs(hs A xs) = Is(ps A xs) = Is(ds) @ Is(xs)
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because
Is(¥s N C) = Is(vs) ® Is(xs) = 0® Is(xs) = 0.

If Is(6s) = Is(vs) = 0, then
Is((¢s Vs) A xs) =s Is((9s A xs) V (¥s A xs)) < 0=s 0.
Eventually, we consider the case in which Is(xs) is idempotent. If Is(ys) = 0, then
Is((¢s Vbs) A xs) =s Is((9s A xs) V (¥s A xs)) < 0=s 0.

Otherwise, if Is(xs) # 0, then

Is((ds A xs) V (¥s A xs))

Is(ds A Xs) if Is(¢sAxs)=0
Is(vs N Xs) if Is(psAxs)=0
Is(ds A xs) ® Is(ths A xs) otherwise

Is(¢s) ® Is(xs) if Is(ys)=0
=\ Is(¥s) ® Is(xs) if Is(¢s) =0
0 # Is(vs)
Is(¢s V ¥s) ® Is(xs) if Is(vs) =0
2 Is(ws v 0s) © Is(xs) i Is(ds) =0
Is(¢s) ® Is(s) @ Is(xs) i Is(¢s) # 0 # Is(¥s)

Is((¢s V ¥s) A xs) if Is(s) =0
Is((¥s V ¢s) A xs) if Is(¢s) =0
Is(¢s V bs) @ Is(xs)  if Is(ds) #0
= Is((¢s Vs) A xs).

(
\
(
\
(
\
;
\

(
(
(
(
(
Is(¢s) ® Is(xs) @ Is(vs) @ Is(xs)  if Is(ds) #
(
(
(
(
(
(

In the third case of the equality (x), the idempotence of Is(xs) is applied. In the first
two cases of (x), it is used that Is(¢s) = 0 and Is(¢s) = 0 hold, respectively. [

The calculation rules in Proposition [6.2.12[ and Proposition [6.2.14] are important
for compiling structured sentences into specific normal forms that are well-suited
for typed model counting. In the following, we define with sd-DNNF® a structured
variant of the sd-DNNF-normal form that is tailor-made for structured sentences.
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Structured Normal Form sd-DNNF®

The structured smooth deterministic decomposable negation normal form sd-DNNF®
is a normal form for structured sentences from SL£%(X) which is based on the
sd-DNNF-normal form for classical sentences (cf. Definition . Analogously
to the requirement that the classical sentences in Definition [6.1.2] are quantifier-free,
we assume in the definition of structured sentences in sd-DNNF® that the struc-
tured sentences are free of quantifications. If this is not the case, the structured
sentences can be made quantifier-free by the use of the equivalent conjunctions and
disjunctions with domain constraints from beforehand. The only reason for
this preprocessing is that we want to avoid to discuss the handling of variables within
sd-DNNF®-normal forms to make the definition of the sd-DNNF®-normal form a bit
more concise. Note that, analogously to the classical case, grAtom(¢g) shall denote

the set of ground atoms over > which occur in the structured sentence ¢g.

Definition 6.2.15: sd-DNNF°-Normal Form (cf. [Wilhelm et al.,|2019b))

Let ¥ be a finite signature, and let ¢g € SL(X) be a quantifier-free structured
sentence (the equivalent conjunctions and disjunctions with domain constraints
are allowed). Then, ¢g is in structured negation normal form (NNF®) if nega-
tions in ¢g occur directly in front of ground atoms only. In addition:

» ¢g is decomposable iff every conjunction ¢g; A ... A ¢g,, in ¢g is de-
composable, which means that grAtom(¢s;) N grAtom(¢g;) = 0 for
i,7 € {1,...,m} with ¢ # j holds.

» ¢g is deterministic iff every disjunction ¢g, V...V ¢g,, in ¢g is determin-
istic, i.e., ¢s; and ¢g; are mutually exclusive for i, j € {1,...,m} with

i # j (cf. Definition [6.2.13).

» ¢g is smooth iff both every disjunction ¢g; V ...V ¢, in ¢g is smooth,
which means that grAtom(¢s;) = grAtom(¢g;) for 4,5 € {1,...,m} holds,
and if grAtom(¢s) = grAtom(X) holds. The latter guarantees that all
ground atoms from the underlying language are mentioned in ¢g. This
condition can be dropped if the background language that is induced by
the sentence ¢g is the whole structured language SL(3).

With sd-DNNF®(X) we denote the set of all sentences ¢g € SL%(X) which are
in sd-DNNF®-normal form, i.e., ¢g is in negation normal form, all conjunctions
in ¢g are decomposable, and all disjunctions in ¢g are smooth and deterministic.

The decomposability of the conjunctions as well as the determinism of the
disjunctions in structured sentences in sd-DNNF®-normal form ensure that typed
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model counting can be modularized. This means that for sentences of the form
bs = ds; A% ... A% pg, it holds that

TMCs(g6)(¢5) = Q) TMCsy(ss,) (651,

i=1

and for sentences ¢g = ¢g; V... V¥ ¢g™ it holds that

TMCs(o6)(¢5) = EP TMCy(ss,) (652,
=1

which is a consequence of the following Proposition [6.2.18|

Every structured sentence in SL°(X) which is satisfiable, i.c., which has at
least one typed model, can be compiled into sd-DNNF®-normal form. Otherwise,
if o5 € SL(X) is not satisfiable, then ¢g =5 L.

Proposition 6.2.16: Compilation to sd-DNNF®-Normal Form

Let ¥ be a finite signature, and let ¢g € SL%(X) be a structured sentence
which is satisfiable. Then, there is a structured sentence ¢s € sd-DNNF®(X)
which is in sd-DNNF®-normal form such that ¢g =g ¢ holds. Otherwise, if ¢g
is not satisfiable, then ¢g =5 L holds.

Proof. Let ¢g be satisfiable. We give a straightforward proof of the proposition and
consider the structured sentence

sd

/ — ]LU .
s \/IgeMod‘gws):Igl:qu 5(¢s)ow

The structured sentence ¢ is in sd-DNNF® because every two distinct possi-
ble worlds are mutually exclusive and mention the same ground atoms. Hence,
the disjunction in ¢ is smooth and deterministic. In addition, every possible
world w € Q(X) is in sd-DNNF-normal form because the conjunctions in w are
decomposable and, if so, negations occur in front of ground atoms.

By construction, ¢ is S-equivalent to ¢g. Let I¢ be an arbitrary structured
interpretation in Intg(X). The only disjunct in the disjunction in ¢ which is satisfied
in I is I (¢pg) ow because [¢(w') = 0 holds for all w’ € Q(¥) with o’ # w. Further,

I5(¢s) = IS (IS (ds) o w) = IS(ds) ® I§(w) = IS(ds) ® 1 = I5(¢s),

such that ¢g =s ¢’ holds. If ¢g is not satisfiable, then Is(¢g) = 0 for all structured
interpretations Is € Intg(X) which also holds for 1 such that ¢g =g L follows. Note
that ¢ proves the existence of a structured sentence which is S-equivalent to ¢g
but does not allow for tractable typed model counting. For the latter purpose, more
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compact S-equivalent structured sentences have to be found. Strategies for that are
discussed later on. O

The counting of the typed models of a structured sentence in sd-DNNF® works
similar to the counting of the models of sentences in sd-DNNF apart from the fact
that structured sentences are mapped to elements from the semiring S instead of
natural numbers. For the formal counting, we define a structured pendant to the
count function in Definition [6.1.5

Definition 6.2.17: Structured Count Function

Let ¥ be a finite signature. We recursively define the structured count func-
tion cnts: sd-DNNF®(X) — S which assigns to every structured sentence in
sd-DNNF®-normal form its typed model count by cnts(T) = 1, entg(L) = 0,
cnts(l) = 1 for I € grLit(X), and cnts(s o ¢s) = s ® cnts(pg) for s € S and
s € sd—DNNFS(E). Further, for every decomposable conjunction and every

smooth deterministic disjunction, we have
m
cnt3(¢51 A LAY ¢Sm) = ® Cnt3(¢5i),
i=1

Cnt5(¢51 ved oy gbsm) = @ Cnt5(¢si).
=1

Note that the structured formulas ¢g, ..., ¢s,, in Definition are struc-
tured sentences in sd-DNNF®. Based on the structured count function, we have the
following proposition.

Proposition 6.2.18: Correctness of Structured Count Function

Let ¥ be a finite signature, and let ¢g € sd-DNNF®(X) be a structured sentence
in sd-DNNF®-normal form. Then,

Cntg(qbs) = TMCZ(qu) (614)

Proof. We prove the proposition by structural induction. Let ¥(t¢g) denote the
signature of the structured sentence 1g, and let [ € grLit(2) be a ground literal.
Then, obviously

Cnts(l) =1= TMCE(l)(Z).

In addition, the base cases cntg(T) =1 = TMCy(T) and cntg(L) =0 = TMCy(L)
hold trivially. Now, let s € S and ¢5 € sd-DNNF®(). Then,

cntg(s o gbg) =5 cnt3(¢5) =5 TMC2(¢S)<¢S) = TMCE(¢S)(8 o ¢S>
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Further, let ¢g = ¢g, V¥4 ... V*?¢g, be a smooth and deterministic disjunction.
Because the disjunction is smooth, all disjuncts have the same signature, say >'.
We have

Cnt3(¢51 \/Sd - \/Sd ¢Sm) = @Cnt3(¢5i) = @ TMCE’(¢S¢)
=1 =1
= TMCs (g, V... V% 0g,.).

The last equality holds because of the determinism of the conjunctions which pre-
vents us from counting one and the same typed model twice.

Eventually, let ¢5 = ¢g; A% ... A? ¢g,, be a decomposable conjunction with
¥ =3%(¢s). Then,

cnts(dsy A A% gs,,) = Q) ents(s,) = R) TMCxgg,) (¢5:)
i=1 i=1
= TMCyx (s, A% ... A% ¢g,,).

Here, the last equality holds because all signatures ¥(¢g,) for i = 1,...,m are pair-
wise disjoint and the question whether a structured interpretation in Ints(3(¢s;))
is a typed model of ¢g; is not affected by the evaluation of ¢g; for j # i. m

Note that the signature X is not explicitly mentioned on the left-hand side

of (6.14) in Proposition [6.2.18] i.e., in cnts(¢s), while the right-hand side,
TMCx(¢s), explicitly mentions . This is because for all sentences ¢g in sd-DNNF®

we have grAtom(¢g) = grAtom(X) because of the smoothness property of ¢5. Hence,
the signature X is implicitly determined by ¢g.

Example 6.2.19
The structured sentence

Vg = (510CVC)A(s30(MAP)V((MA(PVP))V(MAP)))

from Example[6.2.11]is in sd-DNNF®-normal form. The typed models of 1 can
be computed using the structured count function as followd%

cnts(¢s)
=cnts((s,0CVO)A (sg0(MAP)V((MA(PVP))V(MAP))))
= cnts(s;0C V) -cents((sy0 (M AP)V((MA(PV P))V (MA P))))
= (cnts(s1 0 C) + cnts(C)) - ents(sy 0 (M A P))
+cents((M A (PV P))V (M A P))
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= (s - cnts(C)) +ents(C)) - (s9 - ents(M A P) +cnts(M A (P V P))
+ cnts(M A P))
= (51 - cnts(C)) + ents(C)) - (89 - ents(M) - cnts(P) + cnts(M)

- (cnts(P) + ents(P)) + cnts(M) - cnts(P))
=((s1-1)4+1)-(s2-1-1+1-(14+1)+1-1)
=(s1+1)-(s2+2+1)
=(s1+1)-(s2+3) (%)
= 5159 + 351 + S92 + 3

= TMCgx(¢s).

Recall that s is equivalent to ¢g from Example [6.2.1, so you may confer
TMCs;(¢ps) with Table[6.1] The product representation (x) of TMCg (1)) nicely
shows the influence of the two cases “being a computer scientist” and “be-
ing a mathematician with a passion for computer science” on TMCg(vg).
Thereby, (s1 + 1) refers to “being a computer scientist or not” and (s + 3) to
“being a mathematician with a passion for computer science or not”. Because
in the latter case two conditions have to come together—“being a mathemati-
cian” and “having a passion for computer science”—, there are three subcases
in which “being a mathematician with a passion for computer science” does
not hold, hence, in which the typed model of the respective subsentence is 1

instead of s,.

?Recall that we have defined the semiring S by S = ({s1, s2},+,-,0,1) in Example
i.e., we use the common symbols - and + for multiplication and addition, respectively, here.

For conjunctions and disjunctions with domain constraints, the definition of the

structured count function results in

(e 05X/ = @ cnts(6s(X/c))

c€Sol(CS)

cntg(\/jesol(cs) bos(X/0)) = @D cnts(ds(X/e)).

c€Sol(CS)

If for all ¢;, co € Sol(CS) it holds that cnts(ps(X/c1)) = cnts(ps(X/c2)), in addi-
tion, then the total count of the conjunction respectively the disjunction simplifies to

Cnts(/\iGSol(CS) Ps(X/c)) = cnts(pg(X/cy)) SN

cntg(\/jesol(cs) ds(X/c)) = [Sol(CS)| - ents(ps (X er)).

Like in the unstructured case, the condition cnts(¢ps(X/c1)) = cnts(ps(X/e2))

208



6.2. TYPED MODEL COUNTING

holds if ¢s(X/c1) and ¢s(X/co) are isomorphic, i.e., if ¢ps(X/c1) and ¢g(X/cy) are
identical up to a renaming of constants.

We define a circuit-representation for structured sentences in sd-DNNF® in anal-
ogy to circuits for classical sentences in sd-DNNF.

4 )
Definition 6.2.20: sd-DNNF°-Circuit (cf. |\Wilhelm et al.| [2017a))

Let X be a finite signature, and let ¢g € sd-DNNF®(X) be a structured sentence
in sd-DNNF®-normal form. Then, we recursively define the sd-DNNF® -circuit
circuit(¢g) of ¢5 as a labeled directed acyclic graph as follows:

» If pg is of the form T (or L), then circuit(ds) is a single node with label ¢g.
» If ¢g € grLit(X), then circuit(pg) is a single node with label ¢g.

» If ¢g is of the form s o 1g with s € Sg, then circuit(¢pg) is a node labeled
with s and with circuit(¢) as a child graph[]

» If ¢g is a conjunction ¢g; A ... A ¢s,,, then circuit(pg) is a node with
label A and with child graphs circuit(¢g;) fori =1,...,m.

» If ¢g is a disjunction ¢g; V ...V ¢g,,, then circuit(¢g) is a node with
label V and with child graphs circuit(¢g;) fori =1,...,m.

» If ¢s is a conjunction with domain constraints A sy cs)¥s(X/c),
then circuit(@s) is a node with label A gy cs) and with child graph

circuit(ys(X/c)).

» If ¢s is a disjunction with domain constraints \/ g cs) ¥s{X/c),
then circuit(¢s) is a node with label \ g sy and with child graph
circuit(ys(X/c)).

“We say that a directed acyclic graph G is a child graph of a node N if there is a directed

edge from N to the root node of G.
. J

sd-DNNF®-circuits are defined analogously to sd-DNNF-circuits except for the
additional inner nodes which mention the structure elements from Seg.

Example 6.2.21

The sd-DNNF®-circuit of the structured sentence g from Example [6.2.24! is
shown in Figure [6.3]

We also define a structured pendant to counting graphs.
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Figure 6.3: sd-DNNF®-Circuit of the sentence ¢g from Example [6.2.24

Definition 6.2.22: Structured Counting Graph
(cf. [Wilhelm et all 2017d))

Let X be a finite signature, and let ¢g € sd-DNNF®(X) be a structured sentence
in sd-DNNF°-normal form. The structured counting graph of ¢g is obtained
from the sd-DNNF®-circuit circuit(¢s) by making the following replacements:

» Each node label which is T (or L) is replaced by 1 (or 0).
» Each node label which is a ground literal from grLit(X) is replaced by 1.
» Each node label A is replaced by ®.

» Each node label V is replaced by .

» Each node label of the form /\ceSoI(CS) is replaced by (...)SCS)I

» Each node label of the form \/ s, cs) is replaced by [Sol(CS)] - (...).

The third graphical representation that we use for structured sentence ¢g in
sd-DNNF®-normal form is the sd-DNNF® -circuit with counts which is the sd-DNNF®-
circuit of ¢g with the cumulated model counts annotated next to the nodes. In
particular, in sd-DNNF®-circuits with counts, the typed model count of ¢g is written
next to the root node of the sd-DNNF®-circuit of ¢g.
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Figure 6.4: Structured counting graph (top) and sd-DNNF-circuit with counts (bot-
tom) of the sentence 7" from Example [6.2.24

Example 6.2.23

In Figure[6.4] the structured counting graph of the structured sentence 15 from
Example is shown. Also shown in Figure is the sd-DNNF®-circuit with
counts of 1g. See also Figure for comparison.

We give another example which demonstrates how typed model counting can
be performed on a structured sentence that involves a quantifier. Note that the
resulting typed model count is parameterized by the domain size. Therewith, we
can compute the typed model count with respect to any concrete domain simply by
inserting the domain size into the expression. Also note that we make use of the
concept of set constraints in this example (cf. Section .
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TMC(¢ps) = Z\kMiH:l (|n§i|\) sIM

M(a) |1 M) |1

Figure 6.5: sd-DNNF®-circuit of the structured sentence 1)g from Example [6.2.24]

Example 6.2.24

We consider the structured sentence
g =3X.s0 M(X)

“There is at least one millionaire.”

over the signature 3 = (Consty, Predy,) with Preds, = {M/1} and an arbitrary
set of constants Consty with k = |Constg| > 2. Further, s is the structure
element in 1s. The single instances of the existential quantification in ¥g are
not mutually exclusive so that distinct ground atoms M (a) and M (b) may exist
which both are mapped to 1 by the same structured interpretation. Informally,
this means that there is a structured interpretation in which more than one
millionaire exists. In order to compile ¢ into an sd-DNNF®-circuit, it is ex-
pedient to distinguish the structured interpretations by the number of ground
instances of M (X) they map to 1-—the number of millionaires—and to divide
the set of constants into millionaires and non-millionaires. This can be achieved
via set and domain constraints as shown in Figure . Note that (Il\fil\) is the
number of possibilities to select |Mil|-many millionaires out of %k individuals.
The resulting typed model count

TMCx(¢s) = ij <|hl,f”|) s

IMil|=1
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/\ﬂcEConstE(S o =Hungry(charly) V Feeds(x, charly))

l

—Hungry(charly) Hungry(charly)

Feeds(x, charly)

Figure 6.6: Illustration of the compilation technique Shannon decomposition. The
decomposition is performed with respect to the ground atom Hungry(charly). Note
that after applying the Shannon decomposition all conjunctions in this structured
sentence are decomposable as well.

is parameterized by the domain size k. If we stipulate k = 3, we get
TMCs(1g) =3 -5+ 3- 5% + s°. (k=3)

This expression can be interpreted as follows: Under all typed models of g,
we can find three structured interpretations in which there is exactly one mil-
lionaire (3 - s), three structured interpretations in which there are exactly two
millionaires (3 - s?), and there is one structured interpretation in which there

are three millionaires (s?).

It is important to note that the sd-DNNF®-normal form of a satisfiable struc-
tured sentence ¢g € SL° (X) is not unique. In particular, the compactness of the
compilation of ¢g into sd-DNNF®-normal form depends on the applied compilation
techniques. This means, we encounter the same questions as in classical knowledge
compilation here (cf. [Darwiche and Marquis, |2002]), and it is a goal to lift knowl-
edge compilation techniques from classical sentences to structured sentences. In
the following, we name some important compilation techniques that are discussed
in [Van den Broeck, |2013] and demonstrate how they could be lifted to structured
sentences by means of examplesﬂ

Shannon Decomposition: The idea of Shannon decomposition is to split a sen-
tence into mutually exclusive cases with respect to the evaluation of an atom

! Applying these rules does not guarantee smoothness which possibly has to be recovered after-
wards.
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/\mEConstE /\yeConstz(Friends(x, y) = Likes(x,y)) A so /\mEConstE Friends(x, x)

—

/\ (Friends(z,y) = Likes(z,y)) A/ Likes(z,z)

z€Consty \{y} ycConsty, z€Consty,

I

Friends(z, x)

Figure 6.7: Illustration of the compilation technique wunit propagation. Here, the
conjunct stating that being friends is a reflexive relation is separated. Notice how
this affects the scope of the quantifier in the other conjunct.

and its negation. A formalization of the Shannon decomposition for classical
sentences and ground atoms can be found in . Please see Section 4.2.3
of [Van den Broeck, [2013] for more details. Figure shows a possible adap-
tion of the Shannon decomposition to structured sentences. With the Shannon
decomposition it is possible to establish deterministic conjunctions.

Unit Propagation: The idea of unit propagation is to separate conjuncts that

consist of single literals. After applying unit propagation, the literal which
is separated does not occur in the remainder of the conjunction anymore so
that the conjunction becomes decomposable. Details on the concept of unit
propagation can be found in Section 4.2.1 of [Van den Broeck| [2013]. Figure[6.7]
shows an adaption to structured sentences.

Shattered Compilation: The idea of shattered compilation is to isolate isomor-

phic expressions like in the example shown in Figure Shattering is rather a
precompilation step than a standalone compilation rule. In the example shown
in Figure [6.§], the initial conjunctions are shattered into the cases where z =y
and where x # y. After that, unit propagation is applied to separate the
symmetric part in which = y holds. More about shattered compilation can
be found in Section 4.3.4 of [Van den Broeck, |2013].

Atom Counting: The idea of atom counting is to partition the domain with re-

spect to the evaluation of an atom with a single variable. This technique refers
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§0 /\xEConstE /\yeConstg (Friends(a:, y) = Friends(y7 JZ))

|

A A

z€Consty \{y} y€Consty,

(Friends(x,y) = Friends(y, x))

1

Friends(z, x)

Figure 6.8: Tllustration of the compilation technique shattered compilation. Here, the
conjunct stating that being friends is a reflexive relation is separated. This conjunct
cannot be isomorphic to the others because the first and the second argument of
Friends/2 has to be instantiated with the same constant.

to our approach of making use of set constraints in Example [6.2.24] In this
example, the atom M (X) (“X is a millionaire”) occurred so that we split the
domain into the millionaires, i.e., the individuals ¢ which satisfy M(c), and
the non-millionaires, i.e., individuals ¢ for which W holds. This generated
a deterministic disjunction over the set variable Mil. Please see Section 4.4.6

of [Van den Broeck, 2013] for further details.

If no other compilation technique is applicable, then it is always possible to
proceed as in the proof of Proposition which correlates to the act of ground-
ing. However, note that it is our goal to avoid grounding whenever it is possible
because grounding makes lifted reasoning impossible. For instance, the atom count-
ing technique applied to ©¥g in Example reduces the number of summands
in TMCx(¢s) from 2*~! (when naive grounding is applied) to k. Before we apply
typed model counting to conditional knowledge bases in order to compute condi-
tional structures, we compare typed model counting with the related algebraic model
counting.
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6.3 Typed Versus Algebraic Model Counting

Typed model counting (Section and algebraic model counting (Section
are similar approaches in the sense that both approaches extend first-order model
counting by the use of an Abelian semiring in order to enhance the interpretation
of sentences. In this section, we work out differences between the two approaches as
well as commonalities of them. We provide a translation of structured sentences to
algebraically interpreted sentences and, therewith, of the typed model counting task
to the algebraic model counting task. Finally, we note some advantages of typed

model counting.

Translation of Structured Sentences

An obvious difference between typed model counting and algebraic model count-
ing is that in typed model counting algebraic elements are incorporated into logical
sentences directly while algebraic model counting treats these elements externally.
A more conceptual difference between typed model counting and algebraic model
counting is that in algebraic model counting the elements from the semiring are
associated to the ground atoms that are mentioned in the sentence, while in typed
model counting the structure elements are associated to (sub)sentences. Neverthe-
less, it is possible to translate the typed model counting task into an algebraic model
counting task. The main idea of this translation is to introduce for every structure
element s € Sg which occurs in a structured sentence ¢g € SL(X) a fresh ground
atom A, which is interpreted to s. However, the naive idea of simply replacing every
occurrence of s by A, does not work.

A problem with the naive translation of structured sentences from S£°(X) into
an algebraically interpreted sentence in RL%(X) is that the fresh ground atoms
enlarge the underlying signature and, hence, have an influence on both the number
of the interpretations and also on the interpretations of sentences themselves. In
general, the naive translation of structured sentences into algebraically interpreted
classical sentences does not preserve the model count of the sentence. We give
an example which illustrates the problem with the naive translation of structured

sentences first, and discuss a correct translation afterwards.

Example 6.3.1
We consider the structured sentence

¢ps=(soA)VB

over the signature ¥ = (0, {A/0, B/0}), where s is a structure element. The

216



6.3. TYPED VERSUS ALGEBRAIC MODEL COUNTING

w 1$(s) w I§(0s)
AB S AB 1
AB s AB 0

w I;(¢') w Iy (¢)

ABA, s ABA, s
ABA, 1 ABA, 1
ABA, s ABA, 0
ABA, 0 ABA, 0

Table 6.3: Structured interpretations of the structured sentence ¢g (top) and al-
gebraic interpretations of the sentence ¢’ (bottom) from Example where the
algebraic interpretations are determined by the assignment p as stated in Exam-
ple|6.3.1

naive translation of ¢g into an algebraically interpreted sentence is
¢ =(A;NA)V B

where A, is a fresh ground atom that is interpreted to s. More precisely, the
algebraic interpretations of ¢’ are given by the assignment p with p(A;) = s
and p(l) = 1 for all remaining ground literals [ in the language (cf. for the
meaning of assignments). The structured interpretations of ¢g and the algebraic
interpretations of ¢’ with respect to p are shown in Table Not only the
number of interpretations in total change when translating ¢g to ¢y but also the
number of models. In addition, the proportion of the different model types vary.
In particular, we obtain the counterintuitive algebraic interpretation I;’(¢') = s
for w = ABA,. In this point the algebraic interpretation of ¢ differs from the
structured interpretation of ¢g because A, and A are not forced by ¢’ to be
satisfied simultaneously, while s is a constituent of the type of a structured
interpretation of ¢g if and only if A is true.

In order to find a proper translation of structured sentences to algebraically
interpreted sentences, we have a closer look at the definition of structured sentences
in Definition . Recall that structured sentences extend sentences from RL® (%)
by the possibility to concatenate a structure element to the left. Accordingly, the
only construction rule in (6.12)) in which structure elements come into play is the one

which handles the case “so1g” where s is a structure element and g is a structured
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w Iy (v(¢s)) w Iy (v(ds))
ABA, s ABA, 0
ABA, 0 ABA, 1
ABA, s ABA, 0
ABA, 0 ABA, 0

Table 6.4: Algebraic interpretations of the sentence v(¢g) from Example with
respect to the assignment p as stated in Example [6.3.2]

sentence. We analyze this case in detail now. Without loss of generality, we limit our
investigations to structured sentences without quantifiers as we have already done for
the definition of structured sentences in sd-DNNF®-normal form (Definition .
Let ¢ € SL° (32) be a quantifier-free structured sentence, and let us assume—for
the moment—that all subsentences of ¢g which are of the form s o ¥y with s € Sg
and ¥g € SL%(X) do not mention a structure element within 1)g. This is why we
write v instead of ¥ g from now on. We will generalize this case later on by removing
the restriction that there is no structure element in v but, with this restriction, the
idea of translating ¢g into an algebraically interpreted sentence works as follows:
Instead of replacing so by Ag A1 with respect to a fresh ground atom A, directly,
as done in the naive translation, we replace so by v, denoted by ¢g(so/¢), and
append the conjunct (A, A1) V (A; A) to ¢g. That is, we translate ¢g to

Fs = ds{s 0 /v) A (A A ) V (A, A YD) (6.15)

The fact that ¢s does not mention variables ensures that ¢’ is a structured sentence
free of variables again. The conjunct (A, A %) V (A, A 1)) guarantees that A, is
interpreted to s if and only if ¢ is true. By a repeated application of the rewriting
rule , the sentence ¢g can be freed from all structure elements.

In the general case it may happen that there is a subsentence sog of ¢s where g
mentions a structure element itself, the case we excluded from our deliberations
above. Then one applies the rewriting rule to the structure elements in g
first and, therewith, frees ¢)s from structure elements before one continues with sotg.
That is, one begins with the innermost structure elements. We denote the translation

of ¢g after removing all structure elements from ¢gs by the repeated application

of (6.15) with v(ds).
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a)

(
Example 6.3.2

We consider two examples.

First, we consider the structured sentence
¢s=(soA)VB
from Example [6.3.1 The proper translation of ¢g is
v(ps) = (AV B) A ((As A A) V (A, A A)),

and the algebraic interpretation of v(¢g) with respect to the assignment p
such that p(As) = s and p(l) = 1 for all remaining ground literals [ is
shown in Table[6.4 The number of algebraic interpretations of v(¢g) still
differs from the number of structured interpretations of ¢g from Exam-
ple because the number of ground atoms has been increased, but
the algebraic model count of v(¢g) equals the typed model count of ¢g
now:

AFOMCY, (v(¢s)) = 2 -5+ 1 = TMCx(¢s),

where Y is 3 extended by A,. In plain words, with the fresh ground
atom A, we increase the number of interpretations which do not satisfy
the sentence but not the number of its models.

Second, we consider the structured sentence
Vs =s10((s204)V B)

with respect to ¥ = (0,{A/0,B/0}) and the structured elements s;
and sy. Then, the translation of ¥g to an equivalent algebraically in-
terpreted sentence can be recursively performed as follows:

v(¥s) = v(s10 (AV B)) A (A, AV A, A)
= (AV B)A(A,AV A,A) A (Ag (AV B)V A, AB),

which is equivalent to

v(ts)

Ay (AV B) A (A, AV A, A)
Ay ALA(BV B)V A, A,,AB.
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Therewith, we obtain
AFOMCE, (v(1s)) = 2 - 5155 + s1 = TMCx(¢s),

where p(As,) = s1, p(As,) = sq, and p(l) = 1 for all remaining ground
literals [.

We state that the typed model count of a structured sentence ¢g € SL*(X)
equals the algebraic model count of its translation v(¢g) € RL(X) in form of a

formal proposition.

Proposition 6.3.3: Typed Versus Algebraic Model Counting

Let ¥ = (Consty, Preds) be a finite signature, let ¢g € SL£°(X) be a structured
sentence, without loss of generality suppose that ¢g is quantifier-free, and let

p:grlit(C)U{A, | s €Se}U{A, | s €S} — S

be a mapping with p(l) = 1 for all [ € grLit(X) and p(As) = s as well as

p(Ag) =1 for all s € Sg. Then,
TMCx(¢s) = AFOMCE, (v(¢s)),

where >’ = (Consty, Preds, U {A;/0 | s € Sg}).

Proof. As discussed above, it is sufficient to show TMCx(so¢) = AFOMCE, (v(so¢)),
where Y is ¥ extended by the predicate A,/0 and p is given by p(As) = s and
p(l) =1 for all remaining ground literals [ € grLit(%').

First, note that TMCx(¢)) = AFOMC%(v(x)) holds for all ¢ € RLY(X) be-
cause ¥ = v(1) in this case. Therewith, it follows that

TMCx(s 0 ¢) = s ® TMCx(¢) = s © AFOMC(1(9))
— 5 ® AFOMCZ(¢) = AFOMCL, (A4, A ¢)
= AFOMCE, (¢ A (Ayp V Ayd)) = AFOMCE, (v(s o ¢)). O

From the connection between typed model counting and algebraic model count-
ing we gain the possibility to exploit counting techniques and further results from
algebraic model counting (cf. e.g., [Kimmig et al., [2017]) for typed model counting.
On the downside, one could claim that typed model counting is just a variant of
algebraic model counting without any benefits but the disadvantage that one has
to consider structured sentences. However, there are some advantages of consider-
ing structured sentences which is why we prefer typed model counting to algebraic

model counting in our concrete setting.
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w Ig(¢s) | w 15 (s)
AB 52 AB s
AB s AB 0

Table 6.5: Structured interpretations of the structured sentence ¢g from Exam-

ple

w 17 (v(os)) w I3 (v(¢s))
ABAA! s ABAA. 0
ABAA 0 ABAAL 0
ABALA 0 ABALA! s
ABAAL 0 ABAA, 0
ABALA, 0 ABAGA, 0
ABAA, s ABAAL 0
ABAA, 0 ABAA, 0
ABAA! 0 ABAA, 0

Table 6.6: Algebraic interpretations of the sentence ¢g from Example with
respect to the assignment p as specified in the same example.

Advantages of Typed Model Counting

The main reason why we prefer typed model counting to algebraic model counting
here is that typed model counting allows us to multiply count a structure element s
if it occurs in a structured sentence ¢g several times. Instead, when translating ¢g
to v(¢g), then for every occurrence of s a fresh ground atom Ay has to be introduced
which results in possibly many duplicates of A,. This is illustrated best by an

example.

Example 6.3.4
We consider the structured sentence

¢s = (s0A)V (s0B)

over the signature ¥ = (0,{A/0,B/0}) with the structure element s. The
structured interpretations of ¢g are shown in Table [6.5] In order to preserve
the multiple counting of the structure element s in the possible world which
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satisfies both A and B when translating ¢g to v(¢g), it is not sufficient to
introduce one fresh ground atom for both occurrences of s only. Instead, one
has to introduce one fresh ground atom for each occurrence of s separately.
That is, the proper translation of ¢g is

v(¢s) = (AV B) A (AAV A,A) N (ALBV ALB),

where both A; and A/ are mapped by the assignment p to s and, for all re-
maining ground literals I, p(l) = 1 holds. This means that, on the one hand,
the sentence v(¢g) becomes unnecessarily long and, on the other hand, the
number of interpretations of v(¢g) growths by a factor 2 with each occurrence
of s in ¢g. Please see Table for the algebraic interpretations of v(¢g).

To be fair, our translation of structured sentences to algebraically interpreted
sentences can be improved so that, in some cases, the multiple fresh ground atoms
which are introduced by the mapping v can be aggregated to a ground instances of
a common predicate with higher arity. This maintains compact representations as
the next example illustrates.

Example 6.3.5

We consider the signature ¥ = ({c1,...,cm}, {A/1}) and the structured sen-
tence

¢s= \/ soA()

c;€Constyy

with structure element s. Instead of introducing a fresh ground atom Ay for
every occurrence of the structure element s in ¢g, which would result in

v(os) = ( \/ A(cn) A (AA(er) v LA A (ALA(es) v AA@) A ..
c;€Consty,

we can introduce one fresh unary predicate A;/1 and translate ¢g into the

sentence

V'(cbs):( V A(C)>/\ A (Ad9A(e) v A A(0)).

ceConstyy ceConsty,

This maintains the interchangeability of the constants in Consty,. In this

sense, v/ can be understood as a “lifted” version of the translation v.

A more technical reason why we consider typed model counting instead of al-
gebraic model counting here is that algebraic model counting needs with p an ad-
ditional mapping from the ground literals to the algebraic semiring which tells us
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how to interpret the ground literals. When the goal is to count models efficiently,
it is necessary to store and apply p efficiently, too. In typed model counting we
can concentrate on the analysis of structured sentences instead because the whole
information about the typed model counts is encoded in the structured sentence.
This is an important point not least because the number of structure elements is
relatively small when applying typed model counting to conditional reasoning (cf.
Section , especially compared to the large number of ground literals. The ground
literals in structured languages can be handled the same as in classical logics, while
in the translation to algebraic model counting there is, in principle, no difference
between the initial ground literals and the fresh ground literals that are introduced
during the translation process.

A last reason why we consider typed model counting is that, in the context
of conditional reasoning, structured sentences in general and structure elements in
particular have a clear and accessible meaning (cf. Section [6.4)). Structure elements
correspond to conditional structures and the experienced knowledge engineer can
read from structured sentences which correspond to knowledge bases what part of
the structured sentence refers to what conditional in the knowledge base.

6.4 Conditional Knowledge Compilation

In this section, we apply typed model counting to conditional reasoning, in particular
to maximum entropy reasoning based on probabilistic conditional knowledge bases.
First, we demonstrate how to compute conditional structures with typed model
counting, and then we compute the input of the condensed iterative scaling algorithm
(cf. Figure that can be used to approximate maximum entropy models.

Typed Model Counting and Conditional Structures

Given a finite set of qualitative conditionals A C RCL(Y), our goal is to compute
the conditional structures of (sets of) possible worlds w € Q(X) with respect to A
by exploiting the framework of typed model counting (Section E] For this, we
have to compile A into an adequate structured sentence first.

Let SL(X) be the structured language (cf. Definition defined over the
semiring S(A) which is described in (3.4). Recall that the generators of S(A) are
the algebraic elements aj and a; for i« = 1,...,n with n = |A| which are the
constituents of the conditional structures with respect to A. The occurrence of the
generator a;j in the conditional structure ox a(w) of a possible world w € Q(X)
indicates that an instance of the i-th conditional in A is verified in w, while a;

2Recall Definition and Definition for the definitions of conditional structures of (sets
of) possible worlds.
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stands for the falsification. With this in mind, we translate A as follows.

Definition 6.4.1: Compilation of Conditionals Into Structured
Sentences (cf. [Wilhelm et al., 2019b])

Let ¥ be a finite signature, let A = {01,...,0,} with & = (¥s|¢;)cs, for
i =1,...,n be a finite set of conditionals over ¥, and let SL£(X) be the struc-
tured language defined over the semiring S(A). Then, we define the structured
sentence ®o € SL(X) by

n

@ =\ (Vos.FreeVar(5)). (af o 6,0V al 0 6V 61) ).

=1

The outer conjunction of the formula ® A mentions for every conditional §; € A
a conjunct which again mentions, by means of the universal quantification, for every
ground instance of §; a separate disjunction. This disjunction is split into three cases:
The verification of the ground instance indicated by a;, the falsification indicated
by a;, and the non-applicability. Depending on the structured interpretation /¢ in

which the structured sentence ®, is evaluated, exactly one of these three cases is

true and the respective structure element (a; or 1) is collected. As this happens

79 7, Y
for every ground instance of every conditional in A, the structured interpretation
of & with respect to I¢ returns the conditional structure o a(w). This also means

that if we perform typed model counting on @4, then we obtain os A (Q2(X)).

Proposition 6.4.2: Typed Model Counting and Conditional

Structures
Let ¥ be a finite signature, let A = {01,...,0,} with & = (¢;|p;)cs, for

i = 1,...,n be a finite set of conditionals over X, let SL(X) be the struc-
tured language defined over the semiring S(A), and let &5 € Sco (3) be the
compilation of A into a structured sentence according to Definition [6.4.1] Then,

» [E(PA) = oxa(w) for w € (),

> TMCE((DA) == 0'27A(Q(Z)).

Proof. Let w € Q(A). Then,

n

13(@a) = IEN (vcs FreeVar(s;). (af o ¢l V ay omplv@)))

i=1

H (Vs FreeVar(3;). (a) o iy V a; o ¢yahy V ¢;))
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so that the first statement of this proposition is proven. For the proof of the second
statement we note that by construction of ®5 every structured interpretation /¢ is a
typed model of ®A. This is important for step () in the following chain of equations
and particularly holds because for every ground instance of each conditional besides
the verification and the falsification of this ground instance also its non-applicability
is considered in ®A. Thus,

TMCs(®a) = > I§(@a)= > onalw)

1£E€Modg () 1£EModg (P A)
23 opaw) = oxal@(E))
weN(X)

]

We give an example which demonstrates the potential of computing conditional
structures with typed model counting well. Actually, we are able to compute the
conditional structure in this example in a lifted manner, i.e., with grounding only if

it is necessary and with the domain size as a parameter.

Example 6.4.3
We consider the signature ¥ = (Consty, Predy) with a € Consty, k = |Constg|
where & > 1, and Preds, = {F/1,M/1}. Thereby, a stands for “Alice,” F
stands for “famous,” and M stands for “millionaire.” Further, let A = {d;,d5}
with

5 = (FOIM(X)), 6 = (M(a)|T),

state that “millionaires are usually famous” (4;) and “Alice is plausibly a mil-
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(G () (n)

()
M(a) M(a)
D 6L

(@) F(z) F(z)

T

F(a)

Figure 6.9: sd-DNNF°-circuit equivalent to ® from Example m

lionaire” (7). Then, the structured sentence ®, is (cf. Definition [6.4.1)

®p = VX.(af o M(X)F(X)Va; o M(X)F(X)V M(X))

A(ay o M(a)Vay o M(a)V L).

This structured sentence can be compiled into sd-DNNF®-normal form as shown
in the sd-DNNF®-circuit in Figure and translated to the structured counting
graph in Figure |6.10] Basically, hereby we applied the compilation technique
shattered compilation and split of expressions with respect to the constant a be-
cause it does not behave isomorphic to the other constants. From the counting
graph we obtain the typed model count TMCys(®a) which is

TMCy(®a) = (a3 - (af +a7) +2-a5) - (af +a; +2)" .

According to Proposition [6.4.2) TMCy(®a) equals o A(A(X)). In this com-
pact representation of ox A(A(X)) the influence of the constant a (Alice)
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Figure 6.10: Structured counting graph regarding the sd-DNNF®-circuit in Fig-
ure 6.9

on oy A(A(X)) is clearly reflected. The factor
(ay - (a +ay) +2-ay)

in oy A(A(X)) refers to the evaluation of the ground instances of the condi-
tionals in A with respect to the constant a. Also, the interchangeability of the
remaining constants from Consty, can be realized, as the factor

(af +ay +2)*!
refers to the constants other than a.

Next, we transfer our approach to the computation of the input of the condensed

iterative scaling algorithm.
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Typed Model Counting for Maximum Entropy Reasoning

Conditional structures influence maximum entropy models essentially (cf. Proposi-
tion [4.3.4) but they cannot be used to compute maximum entropy models directly.
The condensed iterative scaling algorithm CIS presented in Section [5.2] for instance,

expects the polynomials (cf. (5.1)) and (5.2)))

vers, (w) aPPz:r (w)
ToR(T1s o Ty Y1y ooy Yn) = E Hx :

WEQ]:R(
and
.
To (Tl Ty Y1y e ooy Y,y 2) =
n
vers aPPz r; (@)
E (vers,, (w) + 2 - appy,., H z;
wEQFL (X) j=1

for r; € Br, where R = (Fg,Br) is a X-p-consistent knowledge base. Here, we
show how these polynomials can be computed using typed model counting as well.
Therewith, we can approximate the maximum entropy ¥-model of R as follows:

1. Given a ¥-p-consistent knowledge base R, compute 75z and TQR for r; € Br
via typed model counting.

2. Initialize the condensed iterative scaling algorithm CIS ((5.2)) with the results of
typed model counting and approximate the ME-vector ax » by the output &ER
of CIS.

3. Compute an approximation of the maximum entropy X-model P%"% of R

via (cf. (5.7))

=1

ap - TI, (@)) i w e Qpy(2)

0 otherwise

After these steps and based on Py . inductive inferences can be drawn. Alter-
natively, the vector dy,  can be used to draw inferences directly without comput-
ing Paz, - We demonstrate by means of an example how this is possible with typed
model counting as well.

In order to compute the polynomials 75z and TS’R for r; € Br with typed
model counting, we instantiate the structured language SL£(X) with the Abelian
semiring S;(R) = (Tr, +, -, 0, 1) defined over the generating set

TR: {$1,---,$my1>---,yn}-
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The set Tr mentions, apart from z, the variables which occur in the polynomi-
als 72 g and 7yz. Therewith, the interpretation of a structured sentence in SL(X)
is a polynomial in the polynomial ring Z[xy, ..., z,,y1,. .., Y|, and we can use the

following compilation of knowledge bases into structured sentences.

Definition 6.4.4: Knowledge Base Compilation
(cf. [Wilhelm et all |2019b])

Let ¥ be a finite signature, let R = (Fg,Bg) be a knowledge base with
Br = {ri,...,rn} and r; = (¢¥i]¢;)cs,[pi] for i = 1,...,n, and let SL(X) be
the structured language defined over the semiring S;(R). Then, we define the
structured sentence U € SL%(X) by

Vg = < /\ F) A /\ (VCSiFreeVar(ri). (yi 0 @i A (zioth V) V ) )

FeFr =1

The structured sentence 1% is similar to the structured sentence ¢ from Defi-
nition For every (probabilistic) conditional r; € Bg, there is a conjunct in 1z
which mentions, by means of the universal quantification, for every ground instance
of r; a disjunction. This disjunction slightly differs from the respective disjunction
in ¢r, though. Besides that we replaced the structure elements a; and a; by w;
and y;, we have rearranged the terms in the disjunction because the structure ele-
ments x; and y; shall refer to the verification and applicability of the ground instance
of r; while the structure elements in ¢ refer to the verification and falsification.
In addition, we added the term A .. 7 I because only those structured interpreta-
tions I¢ shall be typed models of ¢g which refer to possible worlds w in Qz, (¥).
Recall that the “impossible worlds” w € Q(X) \ Qz,(X) do not contribute to the

maximum entropy model P%"% We have the following proposition.

Proposition 6.4.5: Typed Model Counting and Maximum Entropy
Let ¥ be a finite signature, let R = (Fg,Bg) be a knowledge base with
Br = {ri,...,r} and r; = (¥i|¢s)cs,[pi] for i = 1,...,n, let SL(X) be the
structured language defined over the semiring S;(R), and let U € SL(X) be
the compilation of R into a structured sentence according to Definition [6.4.4]
Then,

> TMCE(\I/R) = 7'2772,

> 2o piletnsts ) (TMCa (TR A 05 A1) + 2 - TMCs (TR A ¢7)) = Toin
for r; € Bg.
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Proof. One has

TMCy (W)

= > I§(Tg)

weN(X)

— Z I¢( /\ /\(Vcs FreeVar(r;). (yioﬁﬁiA(xiowiv%)vQTi)))

weN(X) FeFr i

= Z I5( /\ /\ (vcs FreeVar(r;). (yl-o@/\(xiowiv@)v@)))
wEQO}-R(E) FeFr i=1

n

+ Z I5( /\ F)- Ig’(/\ (VcsiFreeVar(ri). (yZ o ¢i A (250 V) V az) ))

weQry, (£)  FeFg i=1

= Z 0-1g /\ <Vc5iFreeVar(m). (yio i A (0t V ;) V 51) ))
wEQO (%)

n

+ Z 1-Ig /\ <VcsiFreeVar(rz~). (yiodi A (00 V) V &) ))

weFL (X) =1
= Z Ig /\ (‘v’csiFreeVar(m). (yi 0 @i A (zioth; V) V ) ))
weRFL (X)

= Z H I¢ (Vs FreeVar(r;). (yi o ¢ A (w09 V ;) V 51))

weQr, (%) i=1
= XIII [T  wodi Aoy vl Ve
WEQry (2) i=1 (4|6} ps]Elnsts (1)
Yi -1 W G

= Z H H Yi W):@@

weQrp () =1 (ilo)[pil stz (ri) | 4 w k= ¢

_ Z H vers,; () appzy(w)

wEQ]:R (E) i=1

=T R-

Analogously, one has, for r; € Bg,

ST (TMCs(Wr A G AR + 2 TMCx(Tr A 61))
(Y5167) [pi]€lnst (r:)

= Y (X BERAGAU Y (TR AE))

(Wi1¢7) [pil€lnsts (r;)  wEQ(X) we(x)
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= > (Y Btz Y IE(TR)

(bil¢7)[pil€lnsts (ri)  wEQ(D): wEs Y] we(L): wend,

- Z Z I5(¥r)

(W} d5) [pi]€lnsts (r;) weQ(E) : wi=s @]

Tz Z Z Ig(Vr)

(¥il¢)) pil€lnsts (r;) weQ(E): wEs ]

_ Z Z ﬁ x;erz,rj (w) . yjppz,rj (w)

()19 [pilElnsts (;) weQry, (2): weseip! j=1

¥z 3 3 ﬁ g ) 90

(!1e)) [pil€lnsts (ri) wEQr, () : wi=s¢] j=1

= Z Z ﬁ x;{erz,rj (@) yjppz,rj (w)

(]|} [pil€lnsts (1) wEQFL (T): whEsdjy] j=1

4oz Z Z ﬁ x;{erz,rj (@) y;sz,Tj (@)

(Wi} pil€lnsts (1) weQrL, (X): wEse) j=1

= Z Z 1w|:g¢;qu . ﬁm\;erz,rj (w) ‘ y;Psz]. (w)

weQFEL (B) (il¢)) [pil€lnsts (r;) Jj=1
n
vers . (w) appy, .. (W)
2y DR RS | E R
WEQFL () (¥5]¢))[pi] €lnsts (r;) Jj=1
- (w)  appg,, (W)
vers . (w s, (W
= Z VerE,T‘Z . H I»J J . y] J
weQr, () Jj=1
" (w)  appy,, (W)
vers, . (w R
+z- Z aPPs,y; - ij S Y; !
weRF, (2) Jj=1
2 (W)  appy,,; (w)
vers: . (W ,rs
= Z (VerE,n‘ +z- appE,m) ) H x] ! ’ y] !
LUEQ]:R(Z) Jj=1
= Tyg-

Hereby, 1,4 is the indicator function defined by

1 if w ):E (b
1w)=z:¢ = —
0 if wEkso
for possible worlds w € Q(¥) and sentences ¢ € RL(X). O

We give an example. More complex examples with several conditionals and with
quantifiers can be found in Section in the appendix.
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N
Example 6.4.6

We consider the signature ¥ = (Consty, Predy,) with a € Consty, & = |Constg|
where k& > 1, and Preds = {F/1,M/1}, as well as the knowledge base
R=({M(a)}, {(F(X)|M(X))[p]}) with p € (0,1) (cf. the similarity to Exam-
ple . Then,

W = M(a) AVX.(y1 0 M(X) A (21 0 F(X) V F(X)) V M(X)).

A structured sentence which is S-equivalent to W% and which is in sd-DNNF®-

normal form is

Vi =y1 0 M(a)(z10 F(a) vV F(a))
AN e M)A (@e F(e) V F(e) V M(e) A (F(e) V F(c))).

ceConsts \{a}

Therewith, we obtain
Tsr = TMCg(¥g) = TMCx (V%) = 1 (21 + 1) (y1 (21 + 1) +2)F L.

For TQR we proceed as follows. First, we consider the ground instance of r; with
respect to the only constant which occurs in R explicitly, namely the ground
instance r{ = (F(a)|M(a))[p]. Then,

\I/R VAN M(a) =s \IJ{R
and

Ur A F(a) AN M(a) =s y1x1 0 M(a)F(a)
AN e Mo F(e) v F(e) v M(e)(F(e) v F(c))),

ceConsts \{a}

so that

TMCE(\IJR VAN M(a)) =Y - (l‘l + 1) . (yl(:L’l + 1) + Q)k_l,
TMCs (WU A M(a) A F(a)) =wyixr - (yi(z + 1) +2)F L
Now, we consider a ground instance of r; with respect to any unnamed con-

stant b € Consty that does not occur in R explicitly, i.e., 7% = (F(b)|M(b))[p],
provided that £ > 1 so that such a constant exists. Then,

232




6.4. CONDITIONAL KNOWLEDGE COMPILATION

AN e M(e)(ao F(e) v F(e) v M(e)(F(e) V F(c))
ceConsts;\{a,b}

Ur A M(b) =5 (y10M(a)(@10F (@) v F(@)) A (310 MB) (w10 F(b) v F)))
)

9

and

Ur AM(D)AF(b) =s (y1 o M(a)(x1 0 F(a) m)) A (y121 0o M(b)F (b))

v
AN e Mo F(e)V F(e) V M()(F(e) V F(e)),

c€Consts; \{a,b}

so that

TMCy (IR A M (D)) = (y(zr + 1)) (i +1) +2)2,
TMCE<\IJ73 AN M(b) A F(b)) = (yl(xl + 1)) Y17 - (yl(.’IIl + 1) + 2)k_2.

When we stick these findings together, we obtain

e = > (TMCs(Tr A ¢ Ad) + 2 - TMCy(Tg A ¢7))
(@11e7)[p1]€lnsts (r1)
= (TMCE(\I’R A M(CL) AN F(a)) + z- TMCE(\I/R AN M(CL)))
+ > (TMCs(¥r A M(b) A F(b) + 2 - TMCs(T A M(D)))

beConsts\{a}
= (- (21 +1) - oz + 1)+ 2"+ 202y - (ya (o + 1) +2)F1
+ (k= D((a(z + 1) (e +1) +2)F
+ (1 + 1)) - - (e +1) +2)72)

in case of kK > 1 and
TQR = Y11 + Zyl(.%'l + 1)

_ in case of k =1. )

Finally, we demonstrate by means of an example how to draw inferences via
typed model counting from an approximation Pg . of the maximum entropy -
model of R. For this, we assume that we have Coﬁlputed the approximation &E,R
of the ME-vector @y r already.

4 )
Example 6.4.7

We consider the knowledge base R = ({M(a)},{F(X)|M(X)[p]}) with
p € (0,1) from Example [6.4.6, and we assume both k¥ > 1 and that an ap-
proximation dy r = (aj) of the ¥-ME-vector dxz = (ai) has already been
computed. We ask for the probability ¢ with which (M (b)|F(b))[q] with b # a
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follows from Pgy, . To answer this query, we compute

Zwegfn(z): wi=F(b)M(b) P&E,R(W)

q =
ZwGQ;R(E): wier () Pag (@)

ZweQ;R (): weF(b)M(b) (a’{)fz,l(w)

- Foa(@)

Zweﬂfn(z); w=F (b) (a7)

D e, (5): whepo) (01) =) - ((af)7P) PP )

Y
vers 1(w) . ((QT)*P)appE,l(w)

Eweﬂfn(z); w=F (b) (a7)

The numerator of this fraction can be obtained by computing the typed model
count TMCg (W A M(b) A F (b)) which is a polynomial in z; and y; in which
we have to plug in of for z; and (af)~P for y;. Analogously, the denominator
can be obtained from TMCx (¥ A F(b)). We get (cf. Example [6.4.0)

TMCy (U AMD) AF(() = (ya(1 +1)) - pazs - (e +1) +2)572,

TMCx (V% A F(b)) = (pu(z1+1)) - (uzr +1) - (ya(er + 1) +2)F72,
so that
(= ()7 (4 +1) - (&) -af- () P(af +1) +2)F2
()7 (a7 +1)) - ((a7)P-ai +1)- ((a]) P (af +1) +2)F2
(01) 7 -0
RCERCES
1
(et

Note that the result seems to be independent of the domain size k. However,
this is only partly true because the value of o depends on k.

To sum up, typed model counting constitutes a framework which allows for a
systematic analysis of conditional structures and the computation of the input of
the condensed iterative scaling algorithm. How compact this input can be repre-
sented and whether the domain size k can be abstracted as a parameter depends on
the knowledge base and the applied techniques to compile structured sentences into
sd-DNNF®-normal form. In the next section, we eventually analyze cases in a de-
scription logical context in which maximum entropy computations can be performed

in a domain-lifted manner.
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Maximum Entropy
and Description Logics

In this chapter, we introduce the probabilistic Description Logic ALCME which
brings together the Description Logic ALC and relational maximum entropy reason-
ing (Section. In Section|7.2f we develop highly specialized methods for maximum
entropy reasoning specifically adapted to the DL-context. Because ALCME is de-
fined with respect to a fixed finite domain, the more generic approaches on relational
maximum entropy reasoning, which we developed in the previous chapters, can be
applied to ALCME as well. Eventually, in Section , we investigate maximum
entropy reasoning for countably infinite domains. We propose an approach on in-
tegrating statements about infinite domains into ALCME-knowledge bases which is
based on the concept of satisfiability modulo theory. Therewith, it is possible to for-
mulate statements about infinite domains while the probability space remains finite.

7.1 Description Logic ALCME

We define the probabilistic Description Logic ALCME [Wilhelm et al., 2019a; [Wil-
helm and Kern-Isberner, [2019; Baader et al.) 2019] which integrates probabilistic
conditionals into the Description Logic ALC (cf. Section [2.4]). For this, we extend
ALC-knowledge bases by a so-called CBox serving as a container for probabilistic
conditionals. The TBox and the ABox of classical ALC-knowledge bases remain
unchanged such that an ALCME-knowledge base is a triple R = (T,A,C) with a
clear separation between terminological knowledge in the TBox 7, assertions in the
ABox A, and uncertain beliefs in the CBox C.

When giving ALCME-knowledge bases a probabilistic interpretation, we rely on
the aggregating semantics (cf. Section and the principle of maximum en-
tropy (cf. Chapter . The principle of maximum entropy is indicated by the su-
perscript in ALCME. Note that we consider fixed finite domains and stick to the
unique name assumption here [Russell and Norvig, 2010] so that the integration of

the aggregating semantics and the principle of maximum entropy works as known
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from our relational setting. In order to exploit this connection even more, we com-
pile ALCME-knowledge bases into knowledge bases according to Definition by
extending the embedding of ALC™ into the relational setting (cf. Definition .
Therewith, all techniques on systematic maximum entropy reasoning for relational
knowledge bases, in particular the concept of typed model counting from Section [6.2]
can be applied to ALCVE-knowledge bases.

Syntax of ALCME

We define the syntax of the probabilistic Description Logic ALCYE and begin with
the definition of ALCME-concepts (cf. also the definition of ALC-concepts in Defi-
nition [2.4.1)). For this, let N7, N¢, and Ny be disjoint sets of individual, concept

and role names, respectively.
Definition 7.1.1: ALCME-Concept (cf. [Wilhelm et al., |2019a)])
An ALCME-concept is either a concept name A € N or of the form
T, L, -~C, CubD, CcnbD, 3drC, Vr.(C,
where C' and D are ALCME-concepts, and r € Ny is a role name.

CME is an expression of the form C' C D

A general concept inclusion (GCl) in AL
where C' and D are ALCME-concepts. General concept inclusions allow one to ex-
press terminological knowledge like “each individual which has property C' also has
property D” just as in the classical Description Logic ALC. A TBox is a finite set
of general concept inclusions.

Further, an ALCME-assertion is either of the form C(a) (“a has property C”)
or r(a,b) (“a is related to b via r”) where C is an ALCMF-concept, r € Ny is a
role name, and a,b € N are individual names. General concept inclusions and
assertions are subsumed under the term aziom. A finite set of ALCME-assertions
is called an ABox. Therewith, the definitions of a TBox and of an ABox in ALCME
coincide with the respective definitions in ALC. In addition, we introduce ALCME-

conditionals as follows.

Definition 7.1.2: ALC"-Conditional (cf. [Wilhelm et al., |2019a))

Let C and D be ALCME-concepts, and let p € [0,1] be a probability. Then,
an expression of the form (D|C)[p] is an ALCME-conditional, or conditional for
short.
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Concept Syntax Semantics
Top concept T AT
Bottom concept L 1)
Negation -C AT\ C*
Conjunction cnbD CtnD?
Disjunction cubD Cc*tuD?
Universal restriction vr.C {re AT |Vye AT: (z,y) ert = ye C?}
Existential restriction Ir.C  {zeAT|IyeAl:(v,y) erf Ay e CF}

Table 7.1: Interpretation of compounded concepts in ALCME.

Compared to relational probabilistic conditionals in RPCL(X) (cf. Defini-
tion [3.3.1), the ALCME-conditionals of the form (D|C)[p] have a more specific mean-
ing because the premise C' and the conclusion D are limited to ALCME-concepts
and, thus, refer to properties of individuals. From a technical point of view, we
will see that ALCME-conditionals (D|C)[p] correspond to relational conditionals
(D(X)|C(X))[p] where C(X), D(X) € RL(X) are formulas with one free variable X.
In particular, there is one ground instance of the conditional per constant. An
ALCME-conditional (D|C)[p] can be read as: “If an individual a has property C,
then it usually has property D with a probability of p.”

Definition 7.1.3: ALCME-Knowledge Base (cf. [Wilhelm et all, |2019d))

A finite set of ALCME-conditionals (D|C)[p] with p € (0,1) is called a CBox.
Let 7 be a TBox, let A be an ABox, and let C be a CBox. Then, the triple
R = (T, A,C) is called an ALCME-knowledge base.

We restrict ALCME-conditionals (D|C)[p] in ALCME-knowledge bases
R = (T,A,C) to be non-factual, i.e., we prohibit probabilities p € {0,1}. There-
with, we have a clear separation between terminological knowledge in 7, assertional
knowledge in A, and uncertain beliefs in C. This is without loss of generality as
conditional statements of the form (D|C)[1] or (D|C)[0] can be realized by the
general concept inclusions C' C D and C' C =D, respectively.

Further, ALCME-knowledge bases do not allow for uncertain assertions. This
makes formal arguments simpler, especially when investigating the efficiency of com-
putations. However, in principle, this is not a necessary precondition for our further
investigations.
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Semantics of ALCME

The semantics of ALCME-knowledge bases is given by probability distributions over
DL-interpretations. Recall that a DL-interpretation in classical Description Logics
is a tuple Z = (AZ, %) of a non-empty set AT called domain and an interpretation
function - that maps every individual name a € N; to a domain element a” € AZ,
every concept name C' € Ng to a subset C7 C AT of the domain, and every role
name 7 € Ny to a binary relation 72 C A% x AZ. The interpretation of compounded
concepts is defined as in ALC and recalled in Table [7.1] Axioms in ALCVE are
interpreted as in ALC on the basis of DL-interpretations.

Definition 7.1.4: ALCME-Model (cf. [Wilhelm et al., |2019a))

A DL-interpretation T = (A%, ) is a (classical) ALCME-model of
» a general concept inclusion C' E D, denoted by Z = C C D, iff C* C DZ,
» an assertion C(a), denote by Z = C(a), iff o € CF,

» an assertion r(a, b), denoted by Z |= r(a, b), iff (a,b%) € rZ.

ALCME_conditionals require a probabilistic interpretation, where the proba-
bilities are understood as degrees of belief. In order to ensure that the DL-
interpretations have the same scope and the probability space is well-defined, we
assume that all DL-interpretations refer to the same fized finite domain. We also
stick to the unique name assumption here, like in our relational setting.

The fixed finite domain assumption demands that each DL-interpretation Z is
of the form Z = (A, %) with the same domain A. According to the unique name
assumption, in all DL-interpretations the individual names are interpreted by the
same domain element. That is, for all DL-interpretations Z and Z’ and for all
individual names a,b € N7, we have a = a% as well as o = b% iff @ = b. Also,
every domain element is represented by an individual name. As a consequence, we
may set A = N;. Eventually, we may assume that the sets of concept names Ng
and the set of role names Ny are finite, too (7, A, and C are all finite). Then,
the number of possible DL-interpretations over N, N, and Ny is also finite, and
we denote the set of all these DL-interpretations by J(N;, No, Ng). Because we do
not vary N¢ and N unless we explicitly mention it, we usually write Ja instead of
J(N7, Neoy, NR). For ALCME-concepts C and D, we say that C and D are equivalent,
denoted by C' = D, iff C* = D? holds for all interpretations Z € Ja. Probabilistic
models of ALCME-knowledge bases are specific probability distributions over Ja
then.
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Definition 7.1.5: Probabilistic ALCME-Model
(cf. [Wilhelm et all 2019d))

Let A be a fixed finite domain, and let Jo be the set of DL-interpretations
over A. A probability distribution P: I — [0,1] is a probabilistic ALCME-
model of

1. a general concept inclusion C' C D, written P = C C D, iff forall Z € T

I CLCD implies P(Z)=0,

2a. an assertion C'(a), written P |= C(a), iff for all Z € Jx

T W C(a) implies P(Z) =0,

2b. an assertion r(a, b), written P = r(a,b), iff for all Z € Ja

Z t~r(a,b) implies P(Z)=0,

3. an ALCME-conditional (D|C)[p], written P |= (D|C)[p], iff

CtnD*-P(T
> IC*-P(Z)>0 and EN | Pd)

=p. (7.1)
> 1002 107 P(D)

If P is a probabilistic ALCME-model of X, where X is a general concept inclu-
sion, an assertion, or an ALCME-conditional, then we write P = X.

In addition, let R = (7,.A,C) be an ALCME-knowledge base. If P is a
model of all general concept inclusions, assertions, and ALCME-conditionals

in R, then P is a model of R, denoted by P = R.

The conditions (1.), (2a.), and (2b.) of Definition[7.1.5]state that general concept
inclusions and assertions are treated as hard constraints resp. as facts. That is, when
considering a probabilistic model P of an ALCME-knowledge base R = (T, A, C),
only DL-interpretations from Ja in which all general concept inclusions and all
assertions from R hold possibly have a positive probability. If an interpretation
does not satisfy any general concept inclusion or any assertion, then it is imme-
diately assigned the probability 0 instead. Consequently, the probabilities of the
DL-interpretations Z € Ja which satisfy all general concept inclusions, denoted
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by Z = T, and all assertions, Z |= A, sum up to 1,

Y P@)=1, where JX={T€la|TET and I}k A}

ZeiR

The condition (3.) of Definition is the aggregating semantics (cf. Defini-
tion formulated for ALCME-conditionals. In this formulation, the aggregating
semantics captures the concept of conditional probabilities by weighting the prob-
abilities P(Z) with the number of individuals for which the conditional (D|C)[p] is
applicable (|C|) respectively verified (|CT N D*|) in Z. In the context of ALCME,
it becomes very clear that the aggregating semantics mimics statistical probabilities
from a subjective point of view, and that probabilities can be understood as de-
grees of belief in accordance with type 2 probabilities following the classification of
Halpern [Halpern), [1990]. We sharpen the intuition by discussing the extreme cases
from Section [3.4

If Pr is a Dirac distribution on J% assigning the probability Pr(Z) = 1 to a
distinct interpretation Z € J%, which means that a reasoner with belief state Pz is
certain that Z reflects the real world (best), then the aggregating semantics reduces
to counting the relative frequency of the individuals which have both properties C
and D in the interpretation Z compared to the individuals which have property C":

CtN D

P; = (D|C)p] iff |C*| >0 and o]

If P is the uniform distribution on J%, which means that a reasoner with belief
state Pz is maximally unconfident with her beliefs, then the aggregating semantics
means counting the same relative frequency but spread over all interpretations. That
is, the numbers of individuals which have properties C and D are summed up over
all interpretations Z € J% and divided through the respective sum of the numbers
of individuals which have property C"

T T
ZZETQ‘C nD | —».
> rers 1C7]

Py (IO i 3 (0T >0 and

ZeiR

This amounts to calculating the statistical frequency of D given C'.

If an ALCME-knowledge base has a probabilistic model, then it is called con-
sistent. Note that the consistency of an ALCYE-knowledge base depends on the
domain size |A| (cf. also Example [£.1.8). Probabilistic models yield a nonmono-
tonic inference relation (cf. Definition [4.1.10).
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4 N
Definition 7.1.6: Probabilistic Inference in ALCME

(based on [Wilhelm et all |2019a))

Let R be a consistent ALCME-knowledge base, and let P be a probabilistic
model of R. Then, we define

(

C(a) ifft P C(a)
r(a,b) it PEr(ab)
CCD ifft PECLCD,
(DIO)pl it P = (DIO)]p]

R E=p <

\Where a,b e Np, 7 € N, C and D are ALCME-concepts, and p is a probability. )

As a straightforward generalization of Definition [7.1.5] we assign probabilities to

general concept inclusions and to assertions as well.

4 )
Definition 7.1.7: Probabilistic Interpretation of ALCVE-Axioms

Let A be a fixed finite domain, let Ja be the set of DL-interpretations over A,
and let P: Jxn — [0,1] be a probability distribution over Ja. For general

concept inclusions C'C D and assertions C'(a) resp. r(a,b), we define

P(C L D) = Z P(I)’
TIEJA: CICDT

PCla)= Y.  PI)

IETA: afeCcT

P(r(ab) = >, PO
Z€3a: (aTbT)ert

. J

The probabilistic interpretation of ALCME-axioms given by Definition is a
proper generalization of Definition [7.1.5in the sense that

PECCD iff P(CCD)=
P E=C(a) ifft ~ P(C(a))

17
17
P =r(a,b) it P(r(a,b) =1.

For instance, one has P(C' C D) = 1iff } /., . czcpz P(Z) = 1 which holds iff
P(Z)=0for all Z € T with Z £ C = D which holds iff P = C C D by definition.
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Principle of Maximum Entropy and ALCME

Like relational knowledge bases in 9(X), consistent ALCME-knowledge bases usu-
ally have infinitely many probabilistic models. For the same reasons as discussed in
Section , we select the model of ALCME-knowledge bases which maximizes the
entropy in order to draw inferences [Shannon, 1949; Jaynes, [1957a,b; Paris and Ven-
covska, (1990]. In particular, from a commonsense point of view, the mazimum en-
tropy model is the most appropriate choice for the model selection task [Paris, 1998].

Definition 7.1.8: MaxEnt Model of ALCMF-Knowledge Bases
[Wilhelm et al., |20194)

Let A be a fixed finite domain, let Ja be the set of DL-interpretations over A,
and let R be a ALCME-knowledge base which is consistent wrt. A. The maz-
imum entropy model PX,E% of R wrt. A is the unique probability distribution
over the set of ALCME-interpretations Jo which models R and maximizes the
entropy. That is,

PX% = arg max— Z P(Z) -log P(T) (7.3)

WASHIN

where the convention 0 - log 0 = 0 applies.

The existence and the uniqueness of PNE for consistent ALC ME_knowledge
bases R follow for the same reasons as in the relatlonal case (cf. Section [4.2)).

Recall that the maximum entropy model is the solution of a nonlinear optimiza-
tion problem and can be calculated only approximately in general. This is typically
done by solving the dual optimization problem (cf. [Boyd and Vandenberghe, [2009)
and Section , which leads, in the case of ALCME-knowledge bases, to the product
representation (cf. Proposition

ap - [T, o it TedR

PAR(T) = , (7.4)
A 0 it ZTeda\R
where, for i = 1,...,n when n = |C|, the index ¢ refers to the i-th conditional
(Di|Ci)[pi] in C,
fi(@) = |CF N DY = pi - |CF, 7 € Ja, (7.5)

is the feature function wrt. the i-th conditional in C (cf. Definition [3.4.3)),

O—ZXEQ = (aq,...,04) € RYy is a ME-vector (cf. Definition [4.3.1) which is given
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as a solution of the maximum entropy equation system (cf. Definition {4.3.7))

> H@)- ﬁafﬂ) =0, i=1,....n, (7.6)

TeiR J=1

and where

ap = ( Z ﬁa{i(z)>l (7.7)

ZeiR =1

is a normalizing constant ensuring that the probabilities PX% (Z) sum up to 1. Recall
that the product representation of PX"% requires the p-consistency of R wrt. A,
i.e., the positivity of PX% on JX (cf. Definition [4.2.5 and Definition [4.2.6).

In analogy to , we can define the probability distribution

(Z) — 0 Hl—l( 1) ﬁA . (78)
O I < JA \ JA

with respect to an approximation @* € Q% to &'%E and the normalization constant ag
as an approximation to PX'%. Note that Par  is an exact model of 7" and A by
construction, and models C up to a deviation depending on the precision of the
approximation a”.

Instead of discussing the principle of maximum entropy for ALCME in further
detail, we prove that ALCME-knowledge bases can be compiled into knowledge bases
in (X)) so that all results from relational maximum entropy reasoning immediately
follow for ALCME-knowledge bases, too.

ALCME as a Fragment of RPCL(Y)

We prove that the probabilistic Description Logic ALCME is a fragment of

RPCE(Z). With “fragment” we mean that there is a translation of all ALCME-
expressions to appropriate expressions in RPCL(X), or RLY(X) in case of ALCME-
axioms, which are interpreted in the same way as the ALCME-expressions. Because
we have already seen that the Description Logic ALC™, ie., ALC with a fixed
finite domain and the unique name assumption, is a fragment of RL(X) (cf. Def-
inition [2.5.1)), we can take the translation from Definition up and just have
to translate the ALCME-conditionals which are newly introduced in ALCME. Hav-
ing said that, we recall the basics of the translation from Definition for the
avoidance of doubt nonetheless.

1To be more precise, ALCME-conditionals refer to conditionals in RPCL(Y) and ALCME-axioms
refer to relational sentences in RLY ().
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Like in Definition we consider the relational signature
Y (N7, No, Ng) = (Consty, Preds)
given by (cf. (2.2))

Consty = N7 and Preds = {P4/1| A€ Nc}U{R,/2|r € Nr},

and we recall the mapping ¢ from Definition which translates ALC™-concepts
to formulas in RL(X). We extend the ALC™-translation v from Definition m,
which builds upon ¢, to conditionals as follows.

Definition 7.1.9: Translation from ALCYF to RPCL(Y)
(based on [Rudolph, 2011|])

Let N7, N¢o, and Ny be the sets of individual, concept, and role names of
the Description Logic ALCME. Further, let ¢ be the set of ALCME-concepts
over Nz and Ng, let Vars be a set of logical variables, and let 3(N7, No, Nr)
be the first-order signature induced by N7, N¢, and Ng. Then, we inductively
define a mapping y¢: €x Vars — RPCL(X) in analogy to Definition [2.5.1 which
translates ALCME-concepts to formulas in RPCL(X) by

Ye(T,

Ye(L, 1,
%(AX P()

X)
X)
) =
Ye(—C, X) = e(C, X),
)
)
) =
) =

7

Ye(C T D, X) =7(C, X) Ave(D, X),
1e(CUD, X) = 7(C, X) Vye(D, X),

16(3r.C, X) = 3V (R,(X,Y) Ae(C, V)

Ye(Vr.C, X

) Y%Xv
VY.(R(X,Y) = 7(CY)), Y #X,

where A € N is a concept name, C,D € € are ALCME-concepts, r € Ny
is a role name, and X,Y € Vars are variables. Based on this mapping, we
further define the ALCME-translation v: A — RPCL(X), where 2 is the set of
all general concept inclusions, assertions, and conditionals in ALCME, by

Y(C E D) =VX.(7(C, X) = 7(D, X))

7(C(a)) = 7(C, X)(X/a),
’Y(T(av b)) = Rr(a’ b),
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Y((D[O)[p]) = (ve(D, X)|7e(C, X))[p].

The translation v can be extended to a TBox T, an ABox A, resp. a CBox C
by

«WT)= A\ ~(CCD),

(CCD)eT
A= N\ AC@)n A Riab),
C(a)eA r(a,b)eA

7€) = {7 ((DIO)[p]) | (DIC)[p] € C}-

Finally, the translation of an ALCME-knowledge base (T, A, C) into a relational
knowledge base R = (Fgr, Br) is given by

Fr = {’7(7‘)77(’4)}7 and Br = ’V(C)

Note that the translation v from Definition is the same as the transla-
tion from Definition except for its capability of translating (sets of) ALCME-
conditionals to (sets of) relational probabilistic conditionals in RPCL(X). The
translation of ALCME-conditionals results in conditionals in RPCL(X) with one
free variable X. Further note that the translation of a TBox 7 resp. an ABox A as
given in Definition is semantically equivalent to

(T) =

¥ (CCD)|CEDEeT},
v(A)

{r
{7(C(a)) | C(a) € A} U {~(r(a,b)) | r(a,b) € A}.

It remains to show that the probabilistic interpretation of ALCME-expressions
is identical with the probabilistic interpretation of the respective translations
to RPCL(X). For this, let A be the fixed finite domain of ALCME so
that Ja = Ja(N;,Ng, Ng) is the set of DL-interpretations in ALCVE.  Ev-
ery interpretation Z € Ja can be uniquely identified with a possible world

w € UX N1, No, Ng)) via

ITrow iff w= A A Pa@r N\ Pala)

AeN¢g \aeN;: aTeAT a€NT: aTg AT

A A R.(a,b) A R,(a,b)

TeNR \ (a,b)eN?: (aZ bT)erT (a,b)eN?: (aT bT)grT

We denote the possible world w which is in one-to-one-correspondence with th DL-
interpretation Z with wz. Then, Q(X(N7,Ne,Ngr)) = {wz | Z € Ta} holds, and
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probability distributions over Q(3(N7, No, Ng)) are in a one-to-one correspondence
with probability distributions over Ja. We write P, for the probability distribution
over Q(X (N7, No, Nr)) which is induced by the probability distribution P over Ja.

Proposition 7.1.10: Correctness of the Translation v

Let A be the fixed finite domain of ALCME so that Jn = Ta (N7, Ng, Ng) is
the set of DL-interpretations in ALCME. Further, let S(N7, No, Ng) be the
first-order signature induced by N7, N¢, and Ny, let P: Ja — [0, 1] be a prob-
ability distribution over Ja, and let Pqo: Q(X) — [0, 1] be the corresponding
probability distribution over Q(X(N7, No, Ng)). Then,

P = C(a) iff  Po |=~(C(a)),

P =r(a,b) iff Pq Ev(r(a,b)),
PECCED iff Pq=~(CED),
PE(DIO)p] iff PokEA((D|C)R),

where a,b € N7, C,D are ALCME-concepts, r € Ny, and p € [0,1]. Conse-
quently, for an ALCME-knowledge base (T, .A,C) we have

PE(T.AC) iff Pok ({¥(T),7(A)}~(C))

Proof. We abbreviate ¥ = X(N7, Ng, Ng). Then,

P(C(a)) = Z P(Z) = Z Pa(wr)
IETA: afeCT wrz:afeCcT
= > Paw) = > Pa(w)
weQ(D): wkC(a) weR(L): wy(Cla)
= Pa(v(C(a))),

from which P = C(a) iff Py = v(C(a)) follows. Analogously, we have

Pr@b)= > P = D Palw)
Zeda: (e bT)ert wz: (aTbT)ert
= 2. P = 2 P
weN(2): wEr(a,b) weN(X): wEy(r(a,d)

= Pa(v(r(a,b))),

P(CCD)= Y P = > Polwr)

ZeJa: CICDT wz: CTCDT
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= > Palw) = > Pa(w)

we(D): wEVX.(ye(C,.X)=ve (D, X)) weN(X): wEy(CED)

= Pa(7(C E D)).

Further, for ALCME-conditionals, we have

P = (DIO)[p]
Y ze3, |CF N DY P(T)

iff |ICT|-P(Z) >0 and =p,
= S [P

iff Z [{c € Consty, | w = 7e(C, X)(X/e)}| - Pa(w) >0 and
weN(X)

D wea) e € Consty | w = 7e(C, X)(X/¢) Ae(D, X)(X/e)}| - Pa(w)
> wea) e € Consts, | w = 7e(C, X)(X/ )} - Pa(w)

iff Z Z Pao(w) >0 and

c€Consty weQ(X): wkETe(C,X)(X/c)

ZcGConstg ZweQ(E): wETe (C,X)(X/c)Ate(D,X)(X/c) Pa(w)

=p
ZcGConstg ZwEQ(E): wETe (C,X)(X/c) PQ <w)

iff Z Pao(re(C, X)(X/c)) >0 and
ceConstyy

> ceconsts Pa(7e(C, X)(X/c) N1e(D, X)(X/c))
D ceconsts, P(Te(C, X){X/c))
it Po k= (ve(D, X)he(C, X))[P]
it Po = ((D|C)[p])-

The statement

PE(T.AC) iff PokE ({¥(T),7(A)}~(C))

is a direct consequence of these results then. O

As a result of Proposition [7.1.10] one can draw probabilistic inferences
from ALCME-knowledge bases by translating them to equivalent knowledge
bases R € PR(X) first, and drawing the respective inference from the transla-
tion R thereafter. In particular, one has recourse to the concept of typed model
counting (Section and the CIS algorithm (Section in this way. Apart from
this possibility, we propose a direct method for drawing lifted inferences in ALCME

in the next section.
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7.2 Lifted Inference in ALCME

In this section, we prove that drawing inferences from an ALCYE-knowledge base
without assertions based on a proper approximation of the maximum entropy
model (cf. Definition is possible in time polynomial in the domain size k = |A|.
While typed model counting provides a very general framework for drawing maxi-
mum entropy inferences (cf. Section , we apply counting techniques which are
highly adapted to ALCME-knowledge bases here and, therewith, optimize the heavy
machinery of typed model counting to this case. An important aspect of our delib-
erations is that we can partition A based on the notion of DL-types. If this is not
possible, for instance in more expressive Description Logics involving role inclusions,
full typed model counting can be applied anyway, but then without the guarantee
of domain-lifted inferences. This section is based on [Wilhelm et al., 2019a].

Problem Setting

We assume that a consistent ALCME-knowledge base R = (T, .A,C) without asser-
tions is given, i.e., A = (). We set n = |C| and enumerate the conditionals in C and
refer to the i-th conditional in C by (D;|C;)[p;]. In addition, we impose the following

requirements on R:

» We assume that the ALCME-concepts which are mentioned in R are built using
the concept constructors negation (=C'), conjunction (C'M D), and existential
restriction (Ir.A) with A being a concept name only. Also, we disallow double
negation. Instead, whenever the negation of an already negated concept is
mentioned, we mean the concept itself. Note that this is without loss of
generality. For instance, if one wants to express an existential restriction Jr.C’
where C' is an arbitrary ALCME-concept, one can simply introduce a fresh
concept name A, replace C in the existential restriction by A and add the
general concept inclusions A T C and C C A (“A is defined as C”) to the
TBox of the knowledge base.

» In general, the probabilities in ALCME-conditionals are real numbers. For
computational issues, we assume that the probabilities are rational numbers
here. That is, for 2 = 1,...,n, the probability p; of the i-th conditional in C is
of the form p; = ‘z— where s; and t; are natural numbers satisfying 0 < s; < t;.

» The general remarks on ALCME-knowledge bases from the beginning of Sec-
tion [Z.1] hold.

In order to be able to refer to the signature of the knowledge base R, we denote the
set of all concept names that are mentioned in R with sig-(R), and the set of all
role names that are mentioned in R with sigg(R).
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Further, we assume that an approximation Pgy , of the maximum entropy

model PX'% of R is given which is of the form (cf. 1'

g [T () T e Tk

P .
0 IEjA\jg

an (L) = (7.9)

Our goal is to compute the probability p € [0, 1] for which Py . = (D|C)[p] holds,
where C' and D are ALCME-concepts that also satisfy the above-mentioned require-
ments. We prove that this is possible in time polynomial in k& = |A].

For our purpose, we capture the fact that DL-interpretations with the same
conditional structure (cf. Definition have the same impact on the maximum
entropy model and also on its approximation Par - Here, we refine the notion
of conditional structures of DL-interpretations to conditional impacts of DL-types
[Pratt], [1979; Rudolph et al., 2012; Baader and Ecke, 2017] which enables the use of
efficient counting strategies. In the context of ALCME, the conditional structure of
a DL-interpretation Z with respect to an ALCME-knowledge base R = (T, A,C) is

given by

n

or(T) = [ [ (@) P - (ap )t NP (7.10)

=1

and reflects how often the conditionals in C are verified and falsified in 7.

Grouping Individuals to DL-Types

Types in Description Logics [Pratt, 1979; |Rudolph et al. 2012; Baader and FEcke,
2017) are characterizations of individuals through the concepts they belong to. Here,
we use the notion of DL-types in order to refine conditional structures.

Definition 7.2.1: DL-Type (based on [Baader and Ecke, |2017])

Let € be a set of ALCME-concepts which is closed under negation, i.e., for every
ALCME_concept C' € € its negation —C is also in €, where double negations are
removed. A subset I' of € is a DL-type for € iff

» for every C' € €, either C' or =C' belongs to T,
» for every CM D € € it holds that CMD e 'iff C, D €T
The set of all DL-types for € is denoted by T(C).

We aim at DL-types that are defined with respect to the ALCME-concepts which
occur in a ALCME-knowledge base R = (T, .A,C) with A = (). Let €% be the set of
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T PRW(F)
I, ={ S W, G, IpG-(-S1-3pG)} a;a,
Iy ={ S, W, G,—-3p.G,~(-S1-I]p.G)} ajay
Ty ={ S, W,-G, Ip.G,~(~SM-3p.G)} ajay
T, ={ S, W,~G,~3p.G,~(-SN-Ip.G)} ajag
Ts ={ S,-W, G, 3p.G,~(~S1-3p.G)} 1
Te ={ S,-W, G,~3p.G,~(~SN—-3p.G)} 1
T, ={ S,-W,~G, 3p.G,~(~S1-3p.G)} 1
Ty ={ S,~W,~G,~3p.G,~(~S N -Ip.G)} 1
[y ={=S, W, G, 3Ip.G,~(=-SN-3p.G)} a; a,
Lyp={=S W, G,~3p.G, —-SN-Ip.G} aja,
Ty = {=8, W,~G, 3Ip.G,~(~SM-3p.G)} ajaj
Ty = {8, W,~G,~3p.G, -5MN-Ip.G } aja;

I ={=5-W, G, Ip.G~(-SN-Ip.G)} 1
Ly ={=5-W, G,~Ip.G, —-SM1-Ip.G} 1
[y5 = {5, -W, -G, Ip.G,~(=ST1-Ip.G)} 1
I = {-S,-W,-G,~Ip.G, —-SM-3p.G} 1

Table 7.2: DL-Types in T, and their conditional impacts wrt. Ry from Exam-
ple The concept and role names are abbreviated by their first letter.

ALCME-concepts and all of their subconcepts which occur in R, i.e.

¢ = U (sub(C)uSub(D))u U (sub(C)Usub(D)).

CCDeT (D|C)[pleC

Then, we define its closure under negation with €z = €5 U {=C | C € €5} and
consider the DL-types in T = T(€r).

Example 7.2.2: (cf. [Wilhelm et al., |2019aq))
We consider the ALCME-knowledge base Ry = ({Fi}, 0, {r1,r}) with

Fi: Generous C Wealthy,

2With sub(C') we denote the set of all subconcepts of an ALCME-concept C.
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r1: (—Successful M —Ipatron.Generous|Wealthy)[0.1],
ro: (—Generous|Wealthy)[0.8],

stating that every person who is generous is wealthy (F}), every wealthy person
most likely (with probability 0.9) is successful in her career or has a generous
patron (r1), and wealthy persons are typically not generous, here with proba-
bility 0.8 (72). Note that 7 is equivalent to the conditional

(Successful LI Ipatron.Generous|Wealthy)[0.9].

The DL-types in Tg,, can be computed as follows. First, one extracts all

(sub)concepts from Ry which are
¢k, ={G, W, =-S0-3p.G, -8, S, ~Ip.G, .G, -G},

where concept and role names are abbreviated by their first letter. The closure

of €} under negation is
w

Cr,={ G, W, S G  -SN-3pG,
~G, =W, =S, -3p.G, ~(~SN-3p.G) }.

Then, one builds all possible combinations of the ALCME-concepts in €z,
which satisfy the constraints from the definition of DL-types (Definition |7.2.1]).
Altogether, there are 16 DL-types in T, which are listed in Table

A DL-type T can be identified with the ALCME-concept Cr that is the con-
junction of all ALCME-concepts in I'. If T and I' are different DL-types, I' # I7,
then Cr and Cpv are disjoint, i.e., CENCE = ) holds for all Z € Ja. Every ALCME-
concept C' € € can be expressed as a disjunction of such disjoint type concepts (cf.
[Baader and Eckel |2017] and also [Wilhelm et al., [2019a]).

Proposition 7.2.3: Partitioning the Domain With DL-Types
(based on [Baader and Ecke, |2017])

Let € be a set of ALCME-concepts with D € €, and let Z € Ja be a DL-
interpretation. Then,

D

Cr and [Df[= > [Cfl. (7.11)
re%(¢): Der’ re(¢): Der

Further, the cardinalities |CZ| of all type concepts with I' € T(€) sum up to
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the domain size |A|:

|| Cr=T and ) |CF = 1Al (7.12)

rex(¢) rex(¢)

Proof. For the proof of see [Baader and Ecke, 2017]. In order to prove (7.12),
let Z € Ja be a DL-interpretation, and let ¢ € A. We define T'. = {C' € € | c € C7}.
It is easy to see that I'. is a DL-type for € and that ¢ € C’%C. This shows that
Urese) CE = A holds, and, thus, also |A| = > ret(e) |CZ| because type concepts are
pairwise disjoint. O

As a consequence of , we may say that an individual ¢ € A is of the DL-
type I' in the DL-interpretation Z € J iff ¢ € CL. Further, DL-types induce an
equivalence relation on A so that two individuals are equivalent iff they are of the
same DL-type. With this, conditional structures o (Z) (cf. can be broken
down to the impacts of the DL-types on or(Z).

Definition 7.2.4: Conditional Impact of DL-Types
(cf. [Wilhelm et al., |2019a))

Let R = (T, A,C) be an ALCME-knowledge base with A = ), and let T' € Tx.
Then, we define the conditional impact of I" for R by

pr(@) =][Say if {C,-D}CT.
=1 if {~C;}CT

The conditional impacts of the DL-types for Ry, from Example are shown
in Table [7.2] Analogously to the conditional impact of a DL-type, we may define
the features of a DL-type I' € T for i = 1,...,n, i.e., for all ALCME-conditionals
(D;|C;)[pi] from R, by

1—p; if {C;,,D;} CT
fi(T) = < —p; if {C;,-D;} CT.
0 if {=C;}CT

This definition, of course, refers to the feature functions defined in (7.5). Based
on the notions of conditional impacts and features of DL-types, we have the fol-
lowing characterization of conditional structures and feature function values of DL-

interpretations.
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Proposition 7.2.5: Conditional Structures Based on DL-Types

Let R = (T, A,C) be an ALCME-knowl
WASIAIN

‘
T
Y

» or(Z) = Hresz PR(F)lc

> D) = Yrexy, ICF| - fi(l) for i =

Proof. For T € Ja, we have

=

[Wilhelm et all, |20194)

edge base with A = (). Then, for all

1,...,n.

onl@) = [ )70 o) CF0"
=1
n U regm: Cr)l U rezgp: Cr)*
= H(a:r) {Cs,D;}CT (a:) {Ci,mD;}CI’
=1
" ZFET'R: |CIZ‘ 2 I'e®x: ‘Clﬂ

[I

n

IT 11

(af) DT

.
—_

(af)F!

_ Z
i=1 Te%r (ai)lcﬂ
etz

and also

fi(T) = |CF N DF| - p; - |CY]

- (ay) {Ci,-D;}CT

it {C;,D;}CT
it {C;,-D;}CT

= > orl=pi-( D] G+ D> [Cr])
Iefg: NS Iefgz:
{Cs,Di}CT {Ci,D;}CT {Ci,mD;}CI’
= > orl-(=p)+ D> Crl-(=p)+ > Cr]-0
Iefg: re¥g: Ie%g:
{Ci,Di}gF {Ci,ﬁDi}gF -C; el
= > _[Crl- f(D),
Ie%r
fori=1,...,n.

Proposition implies that DL-interpretations Z € Ja with the same
counts |CZ| for I' € T constitute equivalence classes on Jx. We define the equiva-
lence relation ~z on Ja by T ~g I iff |C%| = |CE'| for all T' € T and obtain the

following proposition.

253



CHAPTER 7. MAXIMUM ENTROPY AND DESCRIPTION LOGICS

Proposition 7.2.6: DL-Type Equivalence and Maximum Entropy
[Wilhelm et all, |20194)

Let R = (T, A,C) be an ALCME-knowledge base with A = (), and let Z,7' € Ja
be DL-interpretations with Z ~x Z’. Then,

or(I) =or(T') and fi(T)= fi(Z'), i=1,...,n (7.13)

If, in addition, Z,7" € JX and R is p-consistent, then PX"%(I) = PX"%(I')

holds as well as Pgy () = Pay ,(Z') for any approximation Py , to PX%
defined by ([7.8]).

Proof. Let T ~x T'. Then, by definition, |C%| = |CE| for all T' € Tx and, according

to Proposition [7.2.5]

or(@) = [T @ = ] (D) = or(2).

Tre¥r Tetr

Further, for i =1,...,n,

F(@)= Y ICE- (D) = Y |CF]- fiD) = f(T).

retr retr
Consequently,
PR%(T) = ao- [[ ol = ag - [T ol W' PXR(T).
i=1 i=1
and . .
Pas o (L) = ay - [[ (D) = af - [ [ ()" Pay (7). O
i=1 i=1

We will use Proposition to compute approximations of maximum en-
tropy probabilities on the level of the equivalence classes of D/L-interpretations in-

duced by ~x. Because the number of these equivalence classes [Z]. . is bounded

~R
by (k+1)*=l which is polynomial in k& = |A| this is an important step towards lifted
inference in ALCME. The upper bound of the number of equivalence classes holds
because the equivalence classes [Z].,, can differ in the numbers |CE| for ' € Tx all of
which can vary between zero and k. Next, we give combinatorial arguments that al-

low us to compute the equivalence classes and their cardinalities in time polynomial

in k.
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Counting Strategies for Lifted Inference in ALCME

For our strategy on drawing lifted inferences from Paz 5, 1t 1s essential to determine
the equivalence classes with respect to the equivalence relation ~z on Ja as well
as their cardinalities efficiently, where ~g is defined by T ~g T’ iff |CE| = |CE|
for I' € Tx. First, we show how to set up the equivalence classes and then develop
a calculation rule for their cardinalities.

The equivalence classes [Z].., differ in the number of individuals from A which
belong to CE for T' € Tr. Thus, specifying the equivalence classes is related to
the combinatorial problem of classifying k-many elements into |Tr|-many cate-
gories (k = |A]). Let T = {T'y,...,[\n} with k; = |CE | for i = 1,...,m for a
fixed DL-interpretation Z. Then, [Z].
vector k = (k1,...,kn) € N, and we may define [Z]; as the unique equivalence
class corresponding to k. Because the DL-types partition A (cf. ), for all
equivalence classes [Z]; we have

= 1s in a one-to-one correspondence with the

> ki=k. (7.14)

However, not every vector k € Ng* which satisfies 1} leads to an equivalence
class [Z].,. This is because existential restrictions relate individuals to each other
and may force the existence of further individuals of a certain DL-type. We give an

example.
Example 7.2.7: [Wilhelm et al., |2019a)
We consider the ALCME-knowledge base

Rmi = (0,0, {(3friend.Smoker|Smoker)[0.9]},

stating that smokers typically have at least one friend who is also a smoker.
There are the following four DL-types for R, in which we abbreviate concept
and role names by their first letter:

T, ={S,3f.5}, Ty=1{S,-3f.8}, Ts={=S 3£}, T,={~5 ~3f.8}

If there is an individual of type I's, i.e., a non-smoker who has a friend that
smokes, then there must be a second person who is a smoker, i.e., an individual
of type I'y or I'y. Thus, k3 > 0 enforces ky + ko > 0.

We can deal with this phenomenon by exploiting the following definition from
[Baader and Eckel |2017].
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Definition 7.2.8: Satisfaction of Existential Restrictions
(Baader and Ecke, 2017]

Let T' be a DL-type which contains an existential restriction 3r.A, and let
=3dr.By,...,~3r.B; be all the negated existential restrictions for the same role
name 7 in I'. Then, a DL-type I satisfies Ir. A iff {A,=By,...,~ B} CT".

For every DL-type I' € T and for every existential restriction 3r.A € I", we have

k(T)=0 or > k(") > 0, (7.15)

IMe%r:
I/ satisfies Ir.A in T

which generalizes our observation in Example[7.2.7, In addition, in Baader and Ecke
[2017] it is shown that any vector k which satisfies d7.14|) and d7.15l) is realized by a
DL-interpretation. Thus, the set of all equivalence classes induced by ~z is

Ia/~r = {[Zz | k € Ny*: (7.14) and (7-15) hold}. (7.16)

The characterization of the equivalence classes induced by ~g allows us to
enumerate them in time polynomial in k& = |A| because ([7.15) is independent of A
and iterating through all vectors ke Ni' which Satisfy is possible in time
polynomial in k since m is constant in k.

Note that we are actually interested only in those DL-interpretations that satisfy
all general concept inclusions in 7. In these DL-interpretations there must not
exist an individual ¢ € A with ¢ € CT and ¢ € D* for any C T D € 7. Due to
Proposition this constraint is equivalent to

VOCEDeT VI'eZgp: {C,-D}CT implies k(T')=0. (7.17)

We say that a DL-type I' € T for which C € T implies D e 'foral CC D € T
satisfies T, written I' = T. Hence, enforces that k(I') > 0 holds for only
those DL-types which satisfy 7. Consequently, the set of all equivalence classes of
those DL-interpretations that satisfy 7, i.e., which are in J%, is

Ix/~r ={[Z]z € Ia/~= | (7.17) holds}.

This set can be determined in time polynomial in |Al, too, because is inde-
pendent of A.

It remains to determine the cardinalities |[Z];z| of the equivalence classes
Z); € 3%/~x. These cardinalities depend on two factors. First, the & individ-
uals in A have to be allocated to the DL-types in Tx. This is the combinatorial
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problem of classifying elements into categories mentioned at the beginning of this
section, and for which there are

k R
kpy oo k) Kyl k)

many possibilities if k; = |T;| for T'; € Tx.

Second, recall that a DL-interpretation Z € J A is fully specified iff for all concept
names C' € N¢ and for all role names r € Ny the sets C7 and 7% are fixed (because
individual names are mapped to themselves in AECME). As every concept name A
that is mentioned in R also occurs in every single type for R, either positive or
negated, the sets AZ for these concept names are uniquely determined by the types.
However, this does not hold for concept names that are not mentioned in R. Given a
concept name in N¢\sig(R), one can choose freely for every individual in A whether
it belongs to this concept name or not. In total, there are 25'Wc\sigc(R)l possibilities
of allocating the k individuals in A to the concept names in N¢ \ sigo(R).

Determining the degree of freedom that arises from role memberships that are
not specified is more difficult. Again, for the role names that are not mentioned
in R, there is free choice such that there are 2F Wr\sgr(R) possible combinations
of allocating k? many tuples of individuals to them. Computing the possibilities to
allocate tuples of individuals to role names that are mentioned in R is a bit more
difficult, though. For this purpose, we formally define the degree of freedom of a role

name.

Definition 7.2.9: Degree of Freedom of Role Names
[Wilhelm et al., |2019a]

Let R = (T,A,C) be an ALCME-knowledge base with A = (), and let
Tr = {T1,..., [} be the set of DL-types for R with k; = [Cf |fori=1,...,m
for a fixed DL-interpretation Z. Further let I'; € T a DL-type for R, and let
dr.Aq, ..., 3r.A; be all the existential restrictions and let =3r.By, ..., =3r.By,
be all the negated existential restrictions for the role name r in I';. We define
the degree of freedom of r in I'; with respect to [Z]; € Ja/~r as

= X o T 2" (7.18)

JC{1,...,l} j=1,...m:
{_'B17~"’_‘Bh}grj7
Vied: ~A;el;

Definition is a generalization of Definition that takes counting aspects
into account by making use of the well-known inclusion-exclusion principle from com-
binatorics (cf. [Roberts and Tesman| [2009] and Definition in the appendix).
In this way, it keeps track of which individual guarantees that a certain existential
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restriction holds. To understand Definition assume that there is no positive
existential restriction 3r.A for r in I';. Then, for every individual ¢ € Cf and for
every individual ¢ in any Cf with {=By,..., =B} C T, whether (¢,c') € r* or
not can be chosen freely, which results in the factor (2%)* in ¢z(T;,7). Now, as-
sume there is one positive existential restriction Ir.A in I';. For individuals ¢ € C%j
with I'; such that {=A,=By,...,~By} C T, again the belonging of (c, ) to r*

unrestricted. However, there must be at least one individual ¢’ among the individ-
uals of a DL-type I’y with {A,=By,...,—~By} C Iy such that (c,¢”) € r%. This

results in the degree of freedom

wrn=( 1 - I )

I'je%r: Ije%r:
{—B1,...,mBRr}CI; {—B1,...,mBp,mA}CT;
ki
= I ¢ I 2-n)
e%g: e%g:
{=B1,..., ﬂBh,ﬂA}gFj {=B1,..., ﬁBh,A}QF]’

If there are multiple positive existential restrictions, then all of them could be satis-
fied by the same tuple of individuals. Alternatively, there may exist several tuples of
individuals each satisfying only some of the restrictions. Then, a combination of tu-
ples is needed to satisfy all of the existential restrictions. This makes the application
of the inclusion-exclusion principle necessary. Altogether, for every [Z]; € Ja/~x,

one has

k si . si .
Tl = <k1 o ) (H T elry.m) - 20 o0 s

Jj=1resigr(R)

which can be calculated in time polynomial in k& = |A].

From these deliberations it follows that drawing inferences in ALCME from Py- A
is domain-liftable, which we state in the next proposition. In the proof of this
proposition we exploit that the probabilities of the conditionals in R are rational

numbers.

Proposition 7.2.10: Domain-Lifted Inferences in ALCME
[Wilhelm et al., |2019a]

Let R = (T, A,C) be a consistent knowledge base with A = ), and let Pg ,
be a probability distribution with & € Q2 defined as in (7.8). Further, let C'
and D be ALCME-concepts. Then, calculating the probability p for which
Pas = (D]C)[p] holds, is possible in time polynomial in k = |A|.

Proof (from [Wilhelm et al., |2019d]). For the probabilities of the conditionals in C,

we have p; = # with s;,¢; € N5g for ¢ = 1,...,n. Further, we write ¢ = (D|C)[p].
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Then,
. ZIESA |C’Im DI| P&*AR( )
ZIGjR |CIQDI| ag - Hz ((ap)i®)
2 zear |CF] - ag - [Tz () )
ZIGjR |CI N DI| . H': (ai)|CImDI\_f |CI|
ey ICTTT () R
€
S rern ICT 0 D7 T (ag )i+107 DT =se1C7 vl
T e IOT] TI, (IO DT s AT 1A (7.19)
Note that
ti- |CTN DY =5 - |CF 4+ s;-|A] >0
forallZ € 3% and i = 1,...,n. Hence, the last fraction in (7.19)) mentions sums over

products of integers (|C* N D*| and |C?|, respectively) and rational numbers (a})
with integer exponents only.

It remains to show that can be calculated in time polynomial in |A|. To
prove this, we aggregate the DL-interpretations into equivalence classes. However,
we have to modify the set of DL-types the equivalence classes are based on since the
query conditional ¢ may mention additional concepts that are not considered by the
DL-types in Tr. Let €, be the closure of ¢ = {E | E' € sub(C) Usub(D)} under
negation, and let %, = T(C€xrUC,). For DL-interpretations Z,Z" € Ja, we define the
equivalence relation T ~% I’ iff O = CF for all T' € T% in analogy to ~r. Every
DL-type I' € TF is a refinement of a unique DL-type IV € T, i.e. IV C T, and we
may define pr (I') = pr(T). In plain words, I'" inherits its conditional impact from T".
Accordingly, we define f;(I"") = f;(T") for i = 1,...,n. Then Proposition and
Proposition still hold when replacing the underlying set of types Tx by T%.
Also, the counting strategies and the complexity results for Ja/~% are the same as
for Jan/~x, and can be rewritten to

Z[I] GJR/NG{ ]{:+ . H;L 1(()5;)tj'k;__sj'k;+5j~|A|
Sy K- i) 5

p=

+ ) o __ ] . .
where k;” = ZF]_E‘%: (ci.piycr; by and kY = ZF]_E‘%: cier, kj- This fraction can be

calculated in time polynomial in k = |A]|. O

Proposition [7.2.10| states that inferences in ALCME from Py, are domain-
lifted (cf. Definition [5.1.1)). Hence, the message of Proposition [7.2.10| is that the

crucial part of drawing inferences at maximum entropy from R according to ((7.2)
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is the approximation of PME which brings us back to condensed iterative scaling
(cf. Section [5.2). Once this approximation is given, all further calculations can be
performed in time polynomial in k£ = |A|. Note that the consistency of R can also
be checked in time polynomial in k. We refer to [Wilhelm et al., [2019a] for the
details.

7.3  ALCME With Linear Arithmetic Constraints

In this section, we extend the Description Logic ALCME by linear arithmetic con-
straints to the Description Logic ALCYE in order to be able to formulate beliefs
over infinite domains. While Description Logics are usually defined with respect
to domains which may be both finite or (countably) infinite, the Description Logic
ALCME is restricted to a fixed finite domain. In the following, we discuss why a
direct extension of ALCME to countably infinite domains is challenging and propose
with the incorporation of linear arithmetic constraints a notable alternative. The
advantage of our approach is that the satisfiability of the linear arithmetic con-
straints is checked modulo theory such that the probability space remains finite. In
a propositional setting this approach was published in [Wilhelm, 2023| first and is
adapted to the description logical context here.

Maximum Entropy and Countably Infinite Domains

A popular way of approaching countably infinite domains in relational maximum
entropy reasoning is to treat the (finite) domain size k = |Consty| as a parameter
and consider limit processes for k tending towards infinity [Barnett and Paris, 2008;
Thimm and Kern-Isberner, 2012]. This approach is “motivated by the idea that a
countably infinite universe might be an idealization from a finite but inestimably
large universe and that the rational beliefs assigned to the infinite universe should
therefore be the limits of their finite counterparts” [Barnett and Paris|, 2008]. We
consider such a limit process in the most simple case, namely in the absence of any

prior beliefs.

Example 7.3.1

Let ¥ = (Consty, Preds) be a (relational) finite signature. The absence of
beliefs here means that we consider the knowledge base R = (0, 0). Recall that
the maximum entropy >-model of R is the uniform distribution on the possible

worlds in Q(X) (cf. Proposition 4.2.2), i.e.,

1

PR (w) = ) w e Q).

260



7.3. ALCME WITH LINEAR ARITHMETIC CONSTRAINTS

Hence, if the domain size k = |Consty| tends towards infinity (and Predy, does
not consist of nullary predicates only), then the maximum entropy probabilities
tend towards 0. As this holds for all possible worlds, one does not obtain a
probability distribution in the limit because the probabilities do not sum up
to 1. The underlying problem here is that there is no uniform distribution on

countably infinite sample spaces.

Example|[7.3.1| shows that the nonexistence of the uniform distribution on count-
ably infinite sample spaces causes that a direct application of the principle of max-
imum entropy to countably infinite domains without any additional assumptions
(like assumptions of independence, cf. [Barnett and Paris, 2008]) is not satisfactory
in general. We give a further example which shows that this is not just an artifact
but also affects reasoning with prior beliefs.

Example 7.3.2

Let ¥ = (Consty, Predy) be a finite signature with Consty = {c¢1,...,¢x} and
Preds; = {A/1}. We consider the knowledge base R = (0, {r}) with

r=(VX.AX)[T)[p]

where p is an arbitrary probability. In the possible world ' = A¥_| A(¢;) the
conditional r is verified. In all remaining possible worlds w € Q(X) \ {w'}
the conditional r is falsified. Hence, the conditional structures of the possi-
ble worlds in Q(X) \ {«'} are the same, and, because the maximum entropy
model satisfies the property of conditional indifference (Proposition [4.3.5)),
P (wi) = Pz (wa) for wy,ws € Q(X) \ {w'} follows. As a consequence,

1 — PNE ()
ME 2R ,
= — QX :

When £k is tending towards infinity, we obtain that the MaxEnt probabilities
of the worlds which falsify r tend to 0. As a consequence, Pyf (w') must tend
to 1 in order to obtain a probability distribution in the limit. This, however,

implies that R has a maximum entropy model in the limit only if p = 1.

An alternative way of approaching maximum entropy models for countably in-
finite domains is to reformulate the notion of maximum entropy. In [Williamson)
2008; Landes|, 2021}, 2023|, comparative notions of mazimal entropy are proposed.
A drawback of these approaches is that the maximal entropy model, in general, is
not unique, and there is no constructive method for computing maximal entropy

models yet. Therefore, in the following, we suggest a further approach for linking
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countably infinite domains and maximum entropy reasoning which is based on linear

arithmetic, as a background theory, and the concept of satisfiability modulo theory.

Logic of Linear Arithmetic Constraints

As preparatory work for integrating linear arithmetic constraints into ALCVE, we
consider a propositional language of linear arithmetic constraints first. For this,
we follow the elaborations in [Wilhelm| 2023]. With the term linear arithmetic
constraint, we subsume all mathematical equations and inequations which are built

of linear combinations over the integer numbers or real numbers.

Definition 7.3.3: Linear Arithmetic Constraint
(cf. [Barrett et al., 2021))

With linear arithmetic constraint, or constraint for short, we refer to a mathe-
matical expression of the form

ar - T1+ ...+ Gy Ty X a,

where m € N.g, the x;’s are numerical variables, the a;’s are constants from Z
or R, and where 1 € {<, < /=, #, > >}

Depending on whether the variables and constants range over the integers or
reals, we name the arithmetic of such constraints either linear integer arithmetic
and abbreviate it with LZA, or we call it linear real arithmetic, LRA for short.
Note that albeit both arithmetics are defined over infinite domains, the countably
infinite set of integers Z or the uncountably infinite set of reals R, they are decid-
able. More precisely, the satisfiability of any finite set of constraints from LR.A
can be decided in polynomial time |[Karmarkar, 1984] whereas the satisfiability of
LT A-constraints is NP-complete [Papadimitriou, [1981]. The arithmetic £LZ.A is also
known as Presburger arithmetic [Presburger] 1929).

With Sol(C) we denote the set of the common solutions of a set of constraints C.

Example 7.3.4
We consider the arithmetic constraints

p: x —y > 1,000,000,
y =0,
T x = 10,000, 000,
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in LZA. The set of the common solutions is
Sol({p,q,7}) = {(z,y) € Z? | = = 10,000,000, y € [0;9,000,000)}.

In our extension of ALCME, we want to allow for linear arithmetic constraints
from both LZA and LR.A. For this, let LA = LTAULRA be the set of constraints
from either LZA or LR.A. For each constraint ¢ € LA we introduce a fresh symbol a,.
and subsume all these symbols within the (uncountably infinite) set 3, 4. We call a,

the constraint representative of c.

Definition 7.3.5: Propositional Language of Constraints
| Wilhelm, 2025]

Let E£ 4 € X4 be afinite set of constraint representatives. We call the proposi-
tional language 5(22 ) in which the constraint representatives from Zz 4 Play
the role of the propositional atoms the propositional language of constraints
over Zz A

Formulas in E(Zé 1) and their interpretations are defined as usual in proposi-
tional logic. However, if £(3%,) shall be coherent with £A, we have to have a
closer look at the semantics of formulas in £(2£ ) because the constraint repre-
sentatives in Zé 4 are not independent when understood as constraints in £A in
general. Instead, the satisfiability of these constraints can depend on each other.

For instance, for each constraint
a1+ ...+ Gy Ty ag
in LA, there is a complementary constraint
ap T+ . F Ay Ty () ag

where ¢ maps < to >, < to >, = to #, and vice versa. We denote the complement
of a constraint ¢ € LA with ¢. Obviously, the solution sets of a constraint ¢ and its
complement ¢ are disjoint, i.e., Sol({c,¢}) = 0. Contrary to that, if a.,as € ZQA,
then there is an interpretation I € Int(EﬁA) with I(a.) =1 and I(az) = 1 which
states that a. and ag hold at the same time. In order to prevent such unwanted
interpretations, we introduce a notion of coherence between ﬁ(Eé ) and LA on the
level of interpretations.
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\

-
Definition 7.3.6: Coherent Interpretation [Wilhelm, 2025]

Let 7. 4 be a finite set of constraint representatives, and, for I € Int(7 1), let
LA ={c|a.€ >l : I(a) =1} U{C|a. € %} ,: I(a) =0}  (7.20)

be the translation of the interpretation I to the corresponding set of constraints
from LA. We call I coherent iff LA(I) is satisfiable. With Int,(%/. ,) we denote

the set of all coherent interpretations over E£ A
. J

Coherent interpretations respect LA in that they are not self-contradictory when
understood as constraint sets. That is, Sol(LA(I)) # 0 holds iff T € Intc(EﬁA). In
particular, there is no coherent interpretation I € Int, (%% ) with I(a.) = I(az) =1
(or with I(a.) = I(az) = 0) because Sol({c,c}) = (). As a consequence, —a. =¢ az
holds where = means the logical equivalence defined wrt. the coherent interpreta-
tions only.

( )
Definition 7.3.7: Logical Equivalence Modulo Coherence

Let Zﬁ 4 be a finite set of constraint representatives, and let a., a; € Eé 4- Then,

we say that a. and aq are logically equivalent modulo coherence, in symbols

kac =¢ aq, iff I(a.) = I(aq) holds for all coherent interpretations I € Intc(EéA). )

We now have a closer look at what the restriction to coherent interpretations

implies. For this, we establish the notion of admissible variable configurations.

4 )
Definition 7.3.8: Admissible Variable Configuration

(cf. [Wilhelm, |2023])

Let E£ 4 be a finite set of constraint representatives, and let I € Intc(Zé 1) be
a coherent interpretation. Then, we call

veonf (/) = Sol(LA(1))

the set of the variable configurations which are admissible in I € Intc(Zf: a)- )

By definition, coherent interpretations have at least one admissible variable con-
figuration. With
veonf(A) = U veonf(])
I€nt(S] ) I=A
we generalize the notion of admissible variable configurations to formulas
Ae L.

264




7.3. ALCME WITH LINEAR ARITHMETIC CONSTRAINTS

y y = x — 1,000,000
o Il [2 13 /// ]4
(@) P
(@)
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Figure 7.1: Areas of the admissible variable configurations of the coherent interpre-
tations I, ..., Iy from Example [7.3.9] Dashed lines indicate that the limit is still
within the area.

Example 7.3.9: (cf. [Wilhelm, 2025))

We consider the following scenario: A shareholder wonders if the company
in which she holds shares will pay a dividend at the end of the year. She
believes with a probability of 0.8 that this is the case if the company makes
high profit, i.e., if the income exceeds the expenses by more than € 1,000, 000.
So far, the company has produced an income of € 10, 000, 000. There are further
payments pending, but it is unclear whether they will be executed this year.
The expenses are unlikely to exceed € 12,000,000 as the main investments
have already been finalized. With a probability of 0.9 they will stay below the
threshold of €12, 000, 000.

The arithmetic constraints mentioned in this example can be extracted from
the text and formalized as follows:

: z—y> 1,000,000,
2 = 10, 000, 000,
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o: x> 10,000, 000,
e: y < 12,000, 000,

where p stands for high profit (“The income z exceeds the expenses y by
more than €1,000,000.”), r for received income (“The received income is
€10,000,000.”), o for income with outstanding payments (“The income with
outstanding payments is higher than € 10, 000, 000.”), and e for expenses (“The
expenses are not higher than € 12,000, 000.”). We assume that x and y are real
numbers but the example would work with the assumption that x and y are
integer numbers, tool”] The corresponding constraint representatives are

SL% = Lay, ar, ag, ac}.

Not all interpretations in Int(Zf:’j() are coherent. For example, the constraints r
and o cannot be satisfied jointly and, thus, interpretations I € Int(E{:’j’f) with
I(a,) = I(a,) = 1 are not coherent. Likewise, interpretations with I(a,) = 1

but I(a,) = I(a.) = 0 are not coherent because

Sol({p, 0,€}) = Sol({x — y > 1,000, 000,
x < 10,000,000, y > 12,000,000}) = 0.

The coherent interpretations in Intc(Eé’jf), denoted as possible worlds, i.e., as
complete conjunctions of those literals which are true in the interpretation, are

I = aya,a.ae, Iy = aya,a,ae, I3 = apa,a,ae,
Iy = aparacac, Is = apa,aqa., Is = aparaoa,
I? = a_pa_raoae7 I8 = apa_raoaea [9 = apCTra_oaea

[10 = apara_oaa
For instance, we have (cf. also Example [7.3.4])
veonf(aya,aya.) = {(z,y) € Z* | z = 10,000,000, y < 9,000,000}.

In Figure [7.1] it is visualized how the admissible variable configurations of the
coherent interpretations I, ..., I1o partition the Euclidean plane.

“Note that it would be plausible to assume that x and y are non-negative. We do not
model this additional assumption in form of linear arithmetic constraints in order to keep
the example simple, though.

Focusing on coherent interpretations yields a notion of satisfiability modulo theory
(SMT, cf. |Barrett et all 2021]).
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Definition 7.3.10: Satisfiability Modulo £A [Wilhelm, |2025]

Let E£ 4 be a finite set of constraint representatives. A formula A € E(Zé 1)
is satisfiable modulo LA iff there is a coherent interpretation I € Int.(3% )
with I(A) = 1.

The coherence of interpretations has a much bigger influence than just excluding
self-contradictory interpretations from reasoning as the next proposition shows.

Proposition 7.3.11: Coherence and Variable Configurations
[Wilhelm, |2025]

Let 22 4 be a finite set of constraint representatives, and let I, 1" € Intc(2£ n)
be coherent interpretations with I # I’. Then, vconf(I) Nvconf(J) = () and
thus, in particular, vconf(7) # vconf(I’).

Proof. Since I # I', there is a constraint representative a. € ¥/ , with I(a.) # I'(a,).
Without loss of generality, we assume [(a.) = 1 and I'(a.) = 0. Then, I(a.) =1
implies ¢ € LA(I) and vconf(I) C Sol({c}) follows. Note that the variables
which are not mentioned in ¢ but in LA(I) are not restricted by the solutions
in Sol({c}) and can be chosen freely in order that vconf(I) and Sol({c}) refer to
the same set of variables. On the other hand, I'(a.) = 0 implies ¢ € LA(I')
and vconf(I’) C Sol({¢}) holds. Because Sol({c}) N Sol({c}) = 0, we have
veonf(I) N veonf(I") C Sol({c}) N Sol({c}) = 0, too. Therefrom also the inequal-
ity vconf(l) # vconf(I') follows. O

According to Proposition [7.3.11], coherent interpretations are unique semantic
entities in the sense that different coherent interpretations refer to different sets of
admissible variable configurations. Even the stronger statement that the sets of
admissible variable configurations are disjoint holds, i.e., different coherent interpre-
tations do not allow for the same variable configuration.

To summarize, the benefit of considering constraint representatives instead of
simply encoding constraints as propositional atoms is that we achieve the ability
to test the satisfiability of (sets of) constraint representatives modulo the theory
of linear arithmetic. Therewith, we can interrelate constraint representatives like
in —a. =¢ ae. Encoding constraints as atoms instead would undermine the fact that

constraints are not semantically independent.
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Integrating Linear Arithmetic Constraints Into ALCME

Now, we extend the Description Logic ALCMF by linear arithmetic constraints to
the Description Logic AECZ"E‘. For this, let N7, N¢, and Ny be disjoint, finite sets
of individual, concept, and role names such as in ACLCME. Further, let E£ 4 bea
finite set of constraint representatives which is also disjoint with the sets above. We
use the constraint representatives from E{: 4 for a novel concept constructor.

Definition 7.3.12: ALCY5-Concept

An ALCYE-concept is either a concept name A € N or of the form
T, 1, -C, CcubD, CcnbD, 3rA VrA A,

where A € N is a concept name, C' and D are AEC%'E—Concepts, re Ngisa
role name, and A, € Zf: 4 1s a constraint representative.

In ALCYS we can use the same concept constructors as in ALCYE (cf. Defi-
nition as well as linear arithmetic constraints as novel concepts. The disal-
lowance of complex concepts C' in quantifications does not restrict the expressivity
as we can replace dr.C' by dr.A, C' C A, and A C C' in knowledge bases, and anal-
ogously for universal quantification, but ensures that linear arithmetic constraints
do not occur in quantifications.

Note that we use uppercase letters for constraint representatives that are used
as concepts in order to stick to the convention in Description Logics that concept
symbols are uppercase letters and lowercase letters are reserved for role names and
individual names. Informally spoken, a linear arithmetic constraint concept A. rep-
resents those individuals for which the linear arithmetic constraint c is satisfied. For
example, the concept A, with ¢: Zpeight < 180 could stand for all persons which are
smaller than 180 centimeters.

All further syntactical notions such as the definitions of general concept in-
clusions and assertions carry over from ALCME to AEC%'E by simply replacing
ALCME_concepts through AEC'\E/'E—concepts. For instance, assertions in AﬁC%j are
of the form r(a,b) with r € N and a,b € N; as common, or of the form C(a)
where a € N7 and C is an ALCYS-concept including linear arithmetic constraint
concepts. An ALCYS-knowledge base is a triple R = (T,A,C) consisting of a
TBox 7, an ABox A, and a CBox C, all defined with respect to AﬁC%j—coneepts.
Conditionals in AECZ’E express probabilistic beliefs about qualitative logical state-
ments combined with statements about admissible variable configurations.
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Example 7.3.13

The beliefs of the shareholder from Example [7.3.9 can be formalized in the
knowledge base Rex = (T,A,C) with T = {T C A, U A}, A = ), and
C = {r,ra}, where

r1 = (D[Ap)[0.8], 1y = (Ac|T)[0.9].

The meaning of the constraint representatives A,, A,, A,, and A, is discussed
in Example [7.3.9) The additional concept name D stands for dividend is paid.

To simplify our example and focus on the impact of the constraint represen-
tatives in Rey, we assume that |[N;| = 1 holds. This fits well to the scenario in
the example when the individual name in N7 represents the company in which
the shareholder holds shares.

The general concept inclusion in T states that the income of the company
is €10,000,000 (A,) or higher (A4,). Conditional 7 states that if the profit
of the company is high (A,), then a dividend is paid (D) with probability 0.8,
where the meaning of “high profit” is specified in the constraint p. Condi-
tional 7 states that the company’s expenses do not exceed € 12,000, 000 with
a probability of 0.9.

Also the semantics of .ALC%'E is the same as the semantics of ALCME albeit we

have to clarify how arithmetic constraint concepts are interpreted.

Definition 7.3.14: Coherent DL-Interpretation

Let Z = (A%, 7) be a DL-interpretation. We extend Z to linear arithmetic
constraint concepts A, € ¥}, by mapping A. to a subset AZ C AT. An
extended DL-interpretation Z is coherent iff for all individuals a* € A7 it
holds that

LA, a*)={c| Ace Xl aP € ATy U{C| A. € X) ,: o ¢ AT}

is satisfiable, i.e., Sol(LA(Z, a?)) # () holds.

Note that LA(Z, a?) has an additional argument in contrast to LA(I) from
because the set of constraints LA(Z,a?) can differ from individual to individual.
Similar to the situation in ALCME, we assume that N, Ng, and Ny are finite
sets and the unique name assumption holds. In particular, we fix the finite do-
main A = N;. Further, we denote the set of all coherent DL-interpretations with
3C(E£A) = J.(N7, Ne, Nk, EéA). Note that we use the briefer notation Jc(EéA) as
we do not aim at varying A = N7, N¢, or Ny in this section. If necessary, we will
specify these sets at appropriate places.
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w PEr r @) w P r. (@)
da,a, Gy, 0.166 da,a,@ya,. 0.042
da,@,a,a. 0.166 da,@ra,a. 0.042
da, @, a,a, 0.018 da,@ya,a; 0.005
day,t,tot. 0 &lapa_ra_oae 0
daya,aya. 0.126 daya,aya,. 0.126
daya,aya; 0.014 daya,aya, 0.014
da,a, a0, 0.126 c_ia_pa_,,aoae 0.126
dayay a,a, 0.014 dayaya,a. 0.014
e,y aya,. 0 daya, aga, 0
Aty @y, 0 A, @, 5. 0

Table 7.3: MaxEnt model Pg'fE » of the knowledge base R, from Example|7.3.13]

LA vex
The probabilities are rounded to three decimal places.

The definition of probabilistic models of ALCYE-knowledge bases is the same as
in ALCME albeit we consider coherent interpretations only. If an ALCME-knowledge
base has a (positive) probabilistic model, then we call it consistent (p-consistent).
Also the definition of the MaxEnt model Pg'fE  carries over then. Note that the

LA

probability P;AQEA’R(AC(a)) of the constraint representative A. associated to a € N7
reflects the subjective belief of a MaxEnt reasoner with knowledge base R in the
satisfaction of the constraint ¢ for a. It does not depend on a measure on the possible
variable configurations. In particular, it does not depend on the number of solutions

in Sol({c}).

Example 7.3.15
We recall the knowledge base R, from Example , as well as Nj = {c}
and the set Eé A = {ap,a,,a,,a.} of constraint representatives which are used
in Rex. There are 20 coherent DL-interpretations in J, (2% ) (cf. Example
and the fact that either ¢ € D? holds or not). The MaxEnt model P;AQEA, R,
of the knowledge base R, from Example [7.3.13|is shown in Table 7.3, For a
better readability, the DL-interpretations are written as possible worlds. For
example, for the only constant ¢ € N7, the company under consideration,
the DL-interpretation with @ € D* AL AT, AT and & ¢ Al is represented
as daya,Gyte.

We can (approximatively) MaxEnt-infer the conditional (D|T)[0.630]
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from Rex. That is, following the MaxEnt principle and the shareholder’s beliefs
as formalized in R, the shareholder should believe in the payout of a dividend
with probability 0.630.

Unfortunately, reasoning in AEC%‘E depends on the selection of the constraints
which are represented in Zé 4 as we will see next. However, we will show how
to overcome this and draw inferences that are independent of this selection and,
therewith, of the syntactical representation of admissible variable configurations.
Actually, we will discuss an enhanced maximum entropy inference relation which
allows us to infer probability bounds for constraints that are not even represented

in EﬁA, too.

Becoming Independent of the Syntactical Representation

of Variable Configurations

Once a set 22 4 of constraint representatives is fixed, MaxEnt reasoning in AEC%'E\ is
independent of the syntactical representation of admissible variable configurations
because the coherent interpretations in 36(22 1) are semantically unique entities
which differ in their variable configurations (cf. Proposition[7.3.11)). However, in £A
it is possible to specify one and the same solution set with different constraint sets
and, hence, the selection of the constraint representatives in E£ 4 s ambiguous. For
instance, the combination of the constraints x < 10,000,000 and = > 10,000, 000
determines the same solution x = 10,000,000 as the constraint = = 10,000,000
itself. Accordingly, the choice of Eé 4 has a considerable impact on the MaxEnt
model of a knowledge base in ALCYE.

Example 7.3.16
In Ry from Example [7.3.13] the general concept inclusion T C A, LI A, occurs
which states that the company’s income is equal to or higher than € 10, 000, 000.

With the constraint representative A;, which refers to the constraint
t: x > 10,000, 000,

the GCI T C A, U A, can be rewritten to T £ A; without altering its meaning.
We denote the resulting knowledge base with R..2. The maximum entropy

model Pg'f'? » of Rexo with respect to the new set of constraint representa-
LA Vex2
E

tives EfA, which mentions A; instead of A, and A,, differs from P;Af e
A?

only because the number of coherent interpretations differs. Also, the inferred

not

probabilities differ. For example, from Reo the conditional (D|T)[p] can be
inferred with a MaxEnt probability p ~ 0.635. When the same conditional is
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inferred from R, the MaxEnt probability is p ~ 0.630 instead (cf. Exam-

ple|7.3.15)).

Now, one could ask if there is a preferred selection of constraint representatives
for reasoning in ALCYE. A common way of determining the formal language in which
reasoning takes place is to choose the language which is induced by the knowledge
base. This, however, delegates the responsibility of a proper selection of constraint
representatives to the knowledge engineer only. If this selection is purely pragmatic
and without a profound justification, one probably would like to become independent
of it now as before. For this reason, we show how it is possible to completely abstract
from the syntactical representation of admissible variable configurations in ALCYY.
The basic idea is to aggregate coherent DL-interpretations to equivalence classes
and define probabilistic models over these equivalence classes instead of the DL-
interpretations directly. Because we define the equivalence classes semantically wrt.
the evaluation of R, reasoning becomes independent of the syntax, particularly of

the selection of the constraint representatives in Zé A

Definition 7.3.17: R-Equivalence

Let R = (T,.A,C) be an ALCYE-knowledge base, and let Z,7" € J.(3%,) be
coherent DL-interpretations. We call Z and Z' R-equivalent iff both

» T and 7’ are logically identical, i.e., a* = a* for all a € /\/}EI cT =7
for all C' € Ng, and 7% = 1% for all r € Ny holds,

» (1) both Z and Z' dissatisfy some general concept inclusions from T
or assertions from A, or (2) both Z and 7’ satisfy 7 and A, and for all
ALCYE-conditionals (D|C)[p] € C it holds that both (CMD)* = (CND)*
and (C M -D)t = (Cn-D)*.

If Z and 7’ are R-equivalent, we write Z ~x Z'. R-equivalence constitutes an
equivalence relation between coherent DL-interpretations, and we denote the

respective equivalence classes with
Tlr ={T' € (210 | T ~m T},

The set of all equivalence classes is denoted by 35 = {[Z]z | T € J.(X) )}
Further, we use the notations [Z]g = 7T and [Z]g = A iff Z = T respectively
iff 7 = A.

A

“Note that we assume a = o for all a € N} anyway.

Informally speaking, equivalent coherent DL-interpretations evaluate individual
names, concept names, and role names the same. Apart from this, they may dif-
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[wil e PNE([wilr,,.)
[wi]ry = {daya,aoa: ) 0
[wolRe = {dpa,a0ae, daya,aic} 0.027
(Wl == {dayaraoac} 0.036
[w4]Rex = {danCL_TCL_OCLe} O
(wslre, == {daya,aoae, dayaa.ac} 0.247
welre = {daparacac} 0
[w7]Rex = {dapara_oaea dapaf_raoae} 0325
(welre, = {d@parasac} 0
(Wolre, = {d@pa, o, daya,a,a,} 0.027
[wiolre == {dayaya,a.} 0.009
wilre = {daya;aza.} 0
[wiglr, == {daya,asa., da,a,a.a.} 0.247
[Wi3]Re = {C_lapa_ra_oa'e} 0
[w14]Rex = {Elapara_o@ea C_iapa_raoae} 0.081

Table 7.4: ALCYS-equivalence classes of coherent DL-interpretations in J%,, with
respect to Rex from Example [7.3.13| (denoted as possible worlds) and their aggre-
gated MaxEnt probabilities. The probabilities are rounded to three decimal places.

fer in the evaluation of constraint representatives as long as this does not affect
the evaluation of the knowledge base R = (7,.A,C). In particular, the verifica-
tion and the falsification of the conditionals in C has to be the same. Hence, an
equivalence class [Z]z can be understood as the specification on how to interpret
individual, concept, and role names together with the set of admissible variable con-
figurations veonf,([Z]r) for the individuals a € N, where vconf,([Z]z) is given by

veonf,([Z]r) = U veonf,(Z')
T’elIlr

and vconf,(Z) = Sol(LA(Z, a?)).
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4 )
Example 7.3.18

We recall Re, from Example [7.3.13] The Re-equivalence classes are shown
in Table (for an explanation of the notations see Example [7.3.15). The
equivalence classes aggregate coherent DL-interpretations such that the two
constraints r: x = 10,000,000 and o: x > 10,000,000 are combined. For
example, we have

veonf.([wr]r..) = Sol({p, = = 10,000,000, e}) U Sol({p, = > 10,000,000, e})
— Sol({p, = > 10,000,000, ¢}),

where c is the only individual name in N7 representing the considered company.
The aggregation is possible because the differentiation between the constraints r
and o is irrelevant for the evaluation of Rey, and it matches the idea of replac-

. ing A, U A, by A; as proposed in Example )

Now, we discuss how probabilistic reasoning in general and MaxEnt reasoning in
particular works when considering equivalence classes of coherent DL-interpretations

instead of the DL-interpretations themselves.

( N\
Definition 7.3.19: Aggregated (Maximum Entropy) Model

Let R = (T,A,C) be a consistent ALCY5-knowledge base. A probability dis-

tribution P: 3% — [0,1] is an aggregated model of R iff

1. foral CC D e T and [Z]g € 7%,
I (CC D) implies P([Z]r) =0,
2a. for all assertions A(a) € A and [Z]r € 7%,
Tt A(a) implies P([Z]r) =0,
2b. for all assertions r(a,b) € A and [Z]g € I3,
Z b~ r(a,b) implies P([Z]g) =0,
3. for all conditionals (D|C)[p] € C,

Y ((CnDY|+|(Cn=D)*)-P(Zlz) >0
TR =T A
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ond Simpera CODIP(@R)

2. Al(C T DY+ (C N =D)H) - P([Z]r)

If P is an aggregated model of R, then we write P =~ R. The aggregated
MazEnt-model of a consistent Aﬁcgﬁ-knowledge base R is defined by

PYF  =argmax — Y P([Z]r) - log P([Z]r),
o~ PE"R gimeny

where the convention 0 - log 0 = 0 applies.

Note that aggregated models are well-defined because the R-equivalence classes
are defined in such a way that the DL-interpretations in a single equivalence class
agree on the terms which are used in the formulas in Definition [7.3.19. For example,
in the counts |C' M D)%| and |C' M D)*| occur which are the same for all
DL-interpretations in [Z]x.

The central result in this subsection is that p-consistent AECZ"E\—knowledge bases
which differ at most in their syntactical representation of admissible variable config-
urations have the same aggregated maximum entropy model. For this, we adapt the
concept of conditional structures for sets of possible worlds from Definition [3.2.3]
For an ALCYS-knowledge base R = (T, A,C) with C = {(D;|C))[p;] | i =1,...,n},
we define the conditional structure with respect to the set of coherent DL-
interpretations J.(X% 4) by

or(3(S) = Y. or(T)

€3 (2] )
where .
1 II & - Il a if IET,A
I _ =1 aE,/\/}: CLEN[:
UR( )_ aTe(C;nD;)* ate(C;n-D;)*
0 otherwise

That is, o (J.(3% 1)) aggregates the conditional structures of all coherent DL-
interpretations which satisfy the TBox 7 and the ABox A of R. For the remaining
coherent DL-interpretations, the conditional structures do not play a role in re-
spect of the (aggregated) maximum entropy model, because they have a MaxEnt
probability of 0 by the definition of (aggregated) probabilistic models, and are set
to 0.
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Proposition 7.3.20: Syntax Independence of Aggregated MaxEnt

Model

Let R = (T,A,C) and R' = (T', A',C') be p-consistent ALCY5-knowledge
bases defined over Nj, Ng, and Ng, as well as the finite sets of con-
straint representatives 22 4 and EgA, respectively. Further, let |C| = |C/],
and the conditionals in C and C’ shall have the same probabilities. If
or(3(25))) = UR/(JC(EgA)), then there is a bijection §: I3 — J'%, be-
tween the induced equivalence classes of coherent DL-interpretations with
B(ZIr) = [Z)r iff or(Z) = or/(Z') such that for all [Z]g € J% it holds
that

PYE o([Zr) = PE L (B(ZIr)).

Proof. First, we note that |J%| = |J%/| holds by construction. Further, with
B([Z1r) = [Z'|r iff or(Z) = or/(Z’) and the fact that the probabilities in C and C’
are the same, it follows that for all [Z]g € I3 we have f;(Z) = fi(Z') for Z € [I]x
and Z' € B([Z]r), where

Fi(@) = [(Cin D) - (1= pi) = [(C; 1 =Di)*| - s

is the feature function value of Z with respect to the i-th conditional in C (cf.
Definition [3.4.3). Therewith, the aggregated MaxEnt-models with respect to R
and R’ yield the product representations (cf. [4.13))

ao - [, a{i(z) if TET,A

PME I R) =
ZQA’RQ =) 0 otherwise
BUE (i) = 4 %0 T ed™ i TET.A
/ , R!') — .
SraR 0 otherwise

The alpha-values are of the same number, because R and R’ mention the same
number of conditionals. Further, they also have the same value because the feature
function values are the same for R and R’. Consequently,

<(Ir) =Py L (B(Z]r))

SME
sz SR,

LA

for all [Z]z € J% holds. O

Proposition [7.3.20] proves that the aggregated MaxEnt-model is independent
of the selection of the constraint representatives and we may write PNE instead

Of ﬁgle

AR
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Example 7.3.21

The aggregated MaxEnt-model ﬁ}\z"f of the belief base R, from Example|7.3.13
is shown in Table [T4l

A drawback of aggregated models is that they do not provide a probability as-
signment to single coherent DL-interpretations. Next, we tackle this problem and
extend maximum entropy inferences such that they assign lower and upper proba-
bility bounds to coherent DL-interpretations which are derived from the aggregated
MaxEnt model. This extension is also capable of assigning probabilities to expres-
sions involving constraint representatives which are not represented in E£ 4 So that
one is not limited to the syntax of the AEC'Z'E—knowledge base when formulating
queries.

Drawing Inferences From the Aggregated Maximum En-

tropy Model

When drawing inferences from consistent AEC'\AE—knowledge bases R based on their
aggregated maximum entropy model ﬁ%E, one is limited to ask queries that can
be answered based on the probability assignment to the equivalence classes of the
coherent DL-interpretations in J% in the first instance, because no probabilities
are assigned to single DL-interpretations. We overcome this limitation by com-
puting lower and upper bounds for the maximum entropy probabilities of coherent
DL-interpretations in JC(ZQ ). Furthermore, we apply this assignment to coherent
DL-interpretations which are defined with respect to any finite set of constraint
representatives 224 that may differ from 22 4 as well. To do so, we have to relate
coherent DL-interpretations from SC(EQIA) to the equivalence classes in J% which
brings us to the notions of conflict-free and refining (equivalence-classes of ) inter-
pretations.

Definition 7.3.22: Conflict-free and Refining DL-Interpretations

Let 2{;,4 and ZQIA be finite sets of constraints, and let [ € 36(224) and
I' e 36(224) be coherent DL-interpretations. Then, we say that

» T is conflict-free with Z' iff Z and 7' are logically identical (cf. Defini-

tion |7.3.17) and

veonf,(Z) Nvconf,(Z') # 0, a € Ny, (7.22)
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» L refines Z' ift T and 7' are logically identical and
veonf,(Z) C veonf,(Z'), a € Ny (7.23)

The conflict-freeness of two coherent DL-interpretations Z and Z’ is a symmetric
property and means that they share an admissible variable configuration. If 7
refines 7', then every admissible variable configuration of Z is also an admissible
variable configuration of Z’. Note that if Zz A= EgA, then the notions of conflict-
free and refining DL-interpretations become trivial.

Proposition 7.3.23: Conflict-free and Refining DL-Interpretations

Let Z,7' € 3.(3% ) be coherent interpretations over the same set of constraint
representatives E£ A~ I Z is conflict-free with 7' or Z refines 7', then 7 = 7'.

Proof. In both cases, if Z is conflict-free with Z’ or if Z refines 7', then Z and Z’ are
logically identical. It remains to show that Z and Z’ agree on 22 - £ Z is conflict-free
with Z', then vconf,(Z) Nvconf,(Z') # () for a € N; holds. And if Z refines Z', then
veonf,(Z) C veonf,(Z') for a € N holds. In both cases, vconf,(Z) Nveconf,(Z") # 0
for a € Nj is true. Because Proposition can be lifted to coherent DL-
interpretations in the sense that Z # Z’ implies vconf,(Z) N vconf,(Z') = O for
all a € N7, it follows that Z or Z' is not coherent or that Z = Z’ holds. Since, by
assumption, Z and Z’ are coherent, Z = 7' must hold. O]

The notions of conflict-free and refining DL-interpretations can be extended to

equivalence classes of coherent D/L-interpretations in the following sense.

Definition 7.3.24: Conflict-free and Refining Equivalence Classes

Let R be a knowledge base in ALCYS, let 3% be the set of the equivalence classes
of R-equivalent coherent DL-interpretations (cf. Deﬁnition, and let EgA
be a finite set of constraint representatives. For [Z]gz € 7% and 7’ € 30(224),
we say that

» [Z|r is conflict-free with Z" iff there is 7" € [Z]g such that Z” is conflict-
free with 7'.

» [Z]r refines T' iff for all 7" € [Z] it holds that Z" refines 7.
We denote with cfz (Z') the set of equivalence classes from J% which are conflict-

free with Z' and with rf(Z’) the set of equivalence classes which refine 7.

Informally speaking, if [Z]r refines Z’, then Z’ holds in every DL-interpretation
from [Z]z, and if [Z]r is conflict-free with Z’, then Z’ cannot be proven wrong based
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on the DL-interpretations in [Z]z. Hence, Z' should hold at least with the probability
of its refining equivalence classes and at most with the probability of its conflict-free
equivalence classes. Before we formalize this, we prove that rfz(Z") C cfr(Z’) holds
such that the equivalence classes in rfx(Z’) indeed yield a lower probability for Z
than the equivalence classes in cfz(Z').

Proposition 7.3.25: Relationship Between Conflict-free and Refining

Let R be a knowledge base in ALCYY, let I3 be the set of the equivalence
classes of R-equivalent coherent DL-interpretations (cf. Deﬁnition, and
let Zf;A be a finite set of constraint representatives. For 7’ € 36(224), it holds
that rfr(Z') C cfr(Z').

Proof. Let [Z]g € rfr(Z’). Then, there is Z” € [Z]x such that Z” refines Z'. That
is, Z" and 7' are logically identical and vconf,(Z"”) C vconf,(Z') for a € N7 holds
from which veconf,(Z"”) = vconf,(Z"”) N veonf,(Z') for a € N follows. Because
for coherent DL-interpretations it is vconf,(Z') # 0 for a € Ny, it follows that
veonf,(Z"”) Nveonf,(Z') # O for a € Nj as well. Hence, Z” is conflict-free with Z’
which proves that [Z]x is conflict-free with Z’ from which the validity of the propo-

sition follows. ]

Now, we are prepared to infer probability intervals of coherent DL-
interpretations from the aggregated MaxEnt-model.

Definition 7.3.26: Probability Intervals of DL-interpretations
Let R be a consistent AEC%'E‘—knowledge base with aggregated MaxEnt-

model 757'\2/'E, let EgA be a finite set of constraint representatives, and
let 7' € ’JC(ZgA) be a coherent DL-interpretation. Then, we define the MazEnt
probability interval [INE(Z"), uME(Z")] C [0,1] of Z' by

RET) = Y PRE(IR) and wgS(T)= Y PRE(ZR)-

[Z]rErfr(Z’) [Z]r EcfR(Z")
We write R e Z'[IRE(I7), u¥E(I")] in order to indicate that the MaxEnt prob-
ability interval of Z’ inferred from R is [INE(I"), uME(I")].

The MaxEnt probability interval [IME(1"), ulE(I")] of I’ states that it is reasonable
to assume that the probability of I’ is somewhere between IME(I") and uME(I") given

the prior beliefs in R.
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Figure 7.2: Areas of the admissible variable configurations of the equivalence classes
[W1]Rers - - - 5 [W14]Re, and the additional constraint m (thicker) from Example [7.3.27]

Dashed lines indicate that the limit is still within the area.

Example 7.3.27

We consider the aggregated MaxEnt model of the belief base R, from Exam-
ple as shown in Table Suppose that the shareholder wants to investi-
gate how likely a dividend payout is if the expenses do not exceed € 13, 000, 000.

For this, she formulates the constraint
m: y < 13,000, 000.

“The expenses are at most € 13, 000, 000.”

See Figure|7.2|for a visualization of the admissible variable configurations of the
equivalence classes over which the aggregated MaxEnt model is built as well as
the constraint m. In a first step, the shareholder is interested in the probability
of the coherent DL-interpretation da,, € jc(Zf;A)H where EfA = {an}. We
obtain

HRe (dam) = {[WalRerr (W5 Rerr [W6]Rers [W7]Re )
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because e: y < 12,000, 000 refines m (every solution of e is also a solution of m)
and [wy] R, [W5)Ree (W6 Re s and [wr]r,, satisfy a. and d, while [w;]x,,, [w2]%.,, and
[w3|R., do not satisfy a., and all remaining equivalence classes do not satisfy d.
Further,

cfre, (dam) = rfr(dam) U {[wilre, [Wolre, [Wslre}

holds, basically because ¢: y > 12,000,000 and m are not in conflict, i.e.,
[W1]Res [Wo] .., and [ws3]r,,, which satisfy @, and d, have admissible variable
configurations which satisfy m. As a consequence, the probability of da,, should
be between

IME (day,) = Z PME([wilr.,) = 0.572

and

The exact probability is unknown because we do not know to what extent the
probabilities of [w1]r,,, [w2|r.., and [ws]g,, contribute to the probability of da,.

“Note that we denote DL-interpretations in the form of possible worlds here.

. J

The MaxEnt probability intervals of DL-interpretations can be used to draw
inferences.

4 )
Definition 7.3.28: Aggregated Maximum Entropy Inference

Let R be a consistent ALCY S -knowledge base with aggregated MaxEnt-
model 737'\3"E, and let Zﬁ 4 be a set of constraint representatives. Then,

» Rpvye Cla)]l, vl iff

=Y . u- Y e,

7€l (3h ) aT eCT’ 7€l (Bh ) aT eCT’
» Rpvyer(a,b)[l,u] iff

= > IR (T),  u= > ug- (I,

T'ed (=L, A) (T’ b YerT T'ed (=L, A) (T’ T YerT
» Rz C C D[l u] iff

=Y . = Y aE)

Ter(sh ) T cp? Ter(sh ) or cp?

281




CHAPTER 7. MAXIMUM ENTROPY AND DESCRIPTION LOGICS

» R b (DIO)L u] iff
o lCnDFRETY+ D [(Cn=D)F | ugs(T) > 0,
€38 ) Ten(sh )
and

Y. lenDF|-RHT)

fl
T'ede(Sh )

SToenD | ET) + Y. (Cn-DYF| T

€3 ) Te(sh)

[ —

Y. lenDyF|-ugy(T)

T'e3.(h )

SToenDT - uE@) + Y [(Cn-D)F| T

I/ch(EQIA) I/GJC(EQ/A)

u =

\Where a,b € N1, v € Ng, and C, D are ALCYG-concepts. )

Note that the inferred probability intervals [, u] in Definition are in-
deed subsets of [0, 1] by construction. For the lower probability bounds of axioms
(C(a), r(a,b), and C' T D), the lower probability bounds of the DL-interpretations
are considered, and for the upper probability bounds of the axioms the upper prob-
ability bounds of the DL-interpretations. In case of AEC%E—Conditionals, we guar-

antee lower and upper probability bounds by a proper selection of the lower and
upper probability bounds of the DL-interpretations according to their evaluation
of the conditional. In the absence of constraint representatives [ = wu holds, and
the definition of the inference relation pv,c reduces to the standard definition of
maximum entropy inference.

4 )
Example 7.3.29

We continue Example and consider the aggregated MaxEnt model of the
belief base R, from Example as shown in Table and the constraint

m: y < 13,000, 000.

“The expenses are at most € 13, 000, 000.”

We (approximately) infer (cf. Example [7.3.27))

Rex e (dan)[0.572,0.635)]
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“Based on R, it holds with a MaxEnt probability between 0.572
and 0.635 that the expenses do not exceed € 13,000, 000 and a div-
idend is paid.”

Analogously, we have

rfRex (C_la’m) = { [wll]Rex ’ [le]Rex ) [wls]Rex ) [w14]Rex } )

cfre (dam) = rfr, (dam) U {{ws]re, [WolRes [Wi0]Re}s

so that
ME (day,) = Z 73 ([wilr.) &~ 0.328
ie{11,...,
and
ulE (d Z ([wilr.) ~ 0.364,
1€48,...,

and, thus, Rex e (da,,)[0.328, 0.364]. With

0.572 0.635
2 061, ———— =
057240364 O G35 oas 009

we (approximatively) obtain

That is, under the shareholder’s assumption that the company’s expenses stay
less than € 13,000, 000, she should believe in the payout of the dividend with
a probability of at least 0.611 and at most 0.659 according to her prior beliefs
in Rex and the (aggregated) MaxEnt principle.

In this section we have made a proposal for integrating linear arithmetic con-
straints into the probabilistic Description Logic ALCME which resulted in AEC%'E
Linear arithmetic constraints specify variable configurations over infinite domains
and, therefore, allow us to express beliefs formulated over infinite domains. However,
the specification of variable configurations with linear arithmetic constraints is not
unique. Thus, we had to abstract from the syntactic representation of variable con-
figurations and consider equivalence classes. Based on this abstraction, we defined
a novel maximum entropy inference relation pvye. A more in-depth analysis of this
inference relation, e.g., in terms of inference properties, remains future work. Also
future work is to investigate if inferences in ALCY'Y can be drawn in a domain-lifted
manner.

The integration of linear arithmetic constraints into Description Logics as pro-
posed in this section is related to the concept of Description Logics with concrete
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domains [Baader and Hanschke, |1991; Baader and Bortoli, 2023, [2024]. Con-
crete domains have been introduced in Description Logics to enable reference
to concrete objects, e.g., to numbers (like in our case). For instance, the con-
straint m: y < 13,000,000 (“the expenses are at most € 13,000,000”) from Ex-
ample [7.3.27] could similarly be expressed in ALC with concrete domains by the
concept <jy3000,000 (expenses). The main difference between AEC%'E and ALC with
concrete domains is that in the latter approach the concrete domain is included in the
DL-interpretations as a parameter. Therewith, the number of DL-interpretations
is infinite if the concrete domain is Z or R, even if the (abstract) domain A is finite.
This undermines our goal of keeping the number of interpretations finite. A more
detailed elaboration of the connections between my approach on integrating linear
arithmetic constraints into Description Logics and Description Logics with concrete
domains remains for future work.
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Conclusions

In this final chapter of the thesis, we recap our investigations on drawing proba-
bilistic inferences under maximum entropy for Description Logics. In Section [8.1],
we summarize the main results of this thesis. Afterwards, in Section 8.2, we discuss
these results in the context of the research questions from Section (1.3 and point out
possible research directions for future work.

8.1 Summary

In this thesis, we investigated the task of drawing inferences from relational proba-
bilistic conditional knowledge bases at maximum entropy (MaxEnt) and transferred
our findings to the novel probabilistic Description Logic ALCME. In Chapter , we
briefly motivated the topic (Section and discussed the state of the art (Sec-
tion . After that, we formulated four research questions (Section address-
ing the problems of systematically and efficiently calculating conditional structures,
maximum entropy probabilities; as well as inferences from these probabilities. The
research questions mention the problem of huge domain sizes in relational settings
which can make reasoning intractable quite fast. They further ask how to combine
probabilistic Description Logics with the principle of maximum entropy and address
the problem of infinite domain sizes in the context of relational maximum entropy
reasoning.

In Chapter [2] we settled the logical foundations of our investigations. We re-
called the basics of propositional logics, relational logics, and Description Logics.
We also compared the expressivity of these logics, in particular with respect to their
application to knowledge representation and reasoning. As a common limitation,
we noted that with none of these classical logics it is possible to formalize uncertain
knowledge adequately. Therefore, we extended relational logics by a conditional
operator in Chapter |3 and thereafter also by probabilities (Definition . Still
in Chapter , we discussed with the aggregating semantics (Definition an
elaborate semantics of relational probabilistic conditionals and had a closer look
at conditional structures (Definition and feature functions (Definition
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which are important constituents of the aggregating semantics. A first contribu-
tion in this chapter was the extension of conditional structures to sets of possible
worlds (Definition [3.2.3]).

Chapter [ was dedicated to relational maximum entropy reasoning. We formal-
ized the notions of probabilistic knowledge bases (Definition and the proba-
bilistic inductive inference task (Definition [£.1.16). We argued the need of a dis-
tinct probabilistic model of a knowledge base for drawing inferences, and motivated
why the principle of maximum entropy provides a particularly good choice for this
model selection task. After introducing the maximum entropy model for consistent
knowledge bases as being the solution of a nonlinear optimization problem (Def-
inition , we discussed the dual maximum entropy optimization problem in
Section (cf. Definition . The dual optimization provides a product rep-
resentation of the maximum entropy model for which the feature functions of the
knowledge base constitute a sufficient statistics (Proposition . We investigated
what we call the maximum entropy equation system (Definition and demon-
strated the power of the product representation of the maximum entropy model
when we showed that maximum entropy reasoning with respect to conditionals that

are built of Boolean combinations of unary predicates can be completely reduced to

propositional maximum entropy reasoning (Proposition 4.3.11] Proposition |4.3.13]
and Proposition [4.3.12)).

In Chapter [, we conceptualized the task of lifted inference at maximum en-
tropy (Section [5.1). The basic idea of lifted inference is to draw inferences in time
at most polynomially in the domain size. An essential step towards lifted infer-
ence at maximum entropy is to find compact representations of the conditional
structures which determine the maximum entropy model, and to develop problem-
adapted methods for computing—more precisely, approximating—the maximum en-
tropy model based on these compact representations. With condensed iterative
scaling (Section we proposed an algorithm for this task.

In Chapter [6] we presented typed model counting, the centerpiece of this thesis.
Typed model counting is a variant of (algebraic) first-order model counting (Sec-
tion which allows us to incorporate techniques from first-order model counting
and knowledge compilation into our conditional setting. We discussed the connec-
tion of typed model counting to algebraic model counting in Section |6.3] and used
it to compute compact representations of the input of condensed iterative scaling in
Section [6.4

In Chapter[7], we eventually applied the principle of maximum entropy to Descrip-
tion Logics and developed with ALCME a probabilistic extension of the prototypical
Description Logic ALC (Section[7.1)). We demonstrated how lifted inferences can be
drawn from ALCME-knowledge bases in Section The probabilistic Description
Logic ALCME is limited to fixed finite domains. In order to deal with infinite do-
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mains, which turned out to be a tough problem in the context of maximum entropy
reasoning, we proposed an extension of ALCME by linear arithmetic constraints in
Section The linear arithmetic constraints are formulated over infinite domains,
both over the integers and reals, and their satisfiability is evaluated modulo theory.
Therewith, the probability space remains finite.

In total, we developed with typed model counting and condensed iterative scal-
ing, as well as ALCME, a firm basis for further investigations on relational maximum
entropy reasoning. We discuss possible directions for future work on relational max-

imum entropy reasoning in the next section.

8.2 Discussion and Future Work

The main contribution of this thesis is the development of typed model count-
ing (Section and condensed iterative scaling (Section [5.2). With these ap-
proaches we provide a general framework for systematic computations of condi-
tional structures and maximum entropy probabilities with respect to relational
probabilistic knowledge bases. Therewith, we contribute to answering the research
questions Q1 and Q2 (Section . Further, with the probabilistic Description
Logic ALCME we propose a way of integrating maximum entropy reasoning in De-
scription Logics with fixed finite domains (cf. research question Q3 and Section|[7.1)).
Eventually, we address research question Q4 by our approach on integrating infi-
nite domains into relational maximum entropy reasoning via satisfiability modulo
theory (Section [7.3)).

Nevertheless, many matters of detail remain open and my research on proba-
bilistic inferences under maximum entropy for Description Logics can be extended
in various directions. To close this thesis, we broach some topics related to rela-
tional maximum entropy reasoning which I find especially important, and we point

to possible future work.

Domain-Lifted Relational Maximum Entropy Reasoning: We have seen
that there are types of relational probabilistic knowledge bases for which
domain-lifted reasoning at maximum entropy is possible (cf. Proposi-
tion [4.3.13). For a more general investigation of domain-lifted reasoning
at maximum entropy the question seems essential whether the objective func-
tion of the dual maximum entropy optimization problem (Definition
has a compact, “domain-lifted” representation, i.e., a representation that
can be evaluated in time polynomial in the domain size. With typed model
counting we proposed a framework to compute such compact representations.
Further, we proposed sophisticated counting strategies (Section and pro-
vided typical examples in the appendix (Section . However, it remains
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future work to identify larger classes of knowledge bases for which compact
representations exist, more precisely, which can be compiled into structured
sentences for which typed model counting is domain-liftable.

It is known that in the two-variable fragment of first-order logic the weighted
first-order model counting task can be solved in time polynomial in the number
of domain elements [Van den Broeck et all) 2014; Kuzelka) 2021]. However,
when more than two variables are allowed, one quickly runs into unresolved
problems. For instance, it has been shown that a formula for the number of
transitive relations on an arbitrary set cannot be a polynomial [Malal, [2022}
Pfeiffer], 2004].[1-] But, to the best of my knowledge, it is still not known whether
a (non-polynomial) formula with an explicit representation exists at all. Hence,
for further investigations of typed model counting it seems sensible to have a
look at the two variable fragment of structured sentences first.

Probabilistic Description Logics and Maximum Entropy: With ALCME
(Section we developed a probabilistic Description Logic with a maximum
entropy-based semantics and showed that domain-lifted maximum entropy
reasoning in ALCMF is conceivable (Section . Therewith, we addressed
our research question Q3 (Section . Of course, it would be interesting to
consider Description Logics alternative to ALC as a background language as
well. For example, it would be worth investigating how probabilistic Descrip-

tion Logics perform at maximum entropy when specific role constructors are

allowed (cf. Section [2.4)).

Implementation: In order to utilize our approaches and test whether they are
capable of handling real world problems, it is necessary to implement them. In
particular, implementing typed model counting is an important task for future
work. Existing implementations of relational maximum entropy reasoning are
based on the grounding semantics of open conditionals (KREATORP| [Thimm
et al., 2010} [Beierle et al., [2010; Finthammer and Thimm), 2012; Beierle et al.|
2015|; cf. Definition for a definition of the grounding semantics) or, in
case of the aggregating semantics, involve at least one iteration over the set of
possible worlds [Finthammer|, 2017, |2012], hence, are not domain-lifted. Thus,
we can expect a drastic speed up in relational maximum entropy reasoning,
at least for some important classes of knowledge bases, when making our
approaches available. For a justification of this claim, please see the empirical
results of our implementation of iGIS, a predecessor of typed model counting
and condensed iterative scaling, in [Wilhelm et al., 2018], and also the catalog

LA relation S on a non-empty set S is transitive if and only if for all X,Y,Z € S it holds that
(X,Y)e Sand (Y,Z) € S implies (X,Z) € S.
’https://kreator-ide.sourceforge.net/ (July 9, 2024)
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of knowledge bases in Section of the appendix of this thesis.

A big challenge when implementing typed model counting is the compilation of
structured sentences into sd-DNNF®-normal form because, in order to perform
this compilation efficiently, the implementation has to involve many different
compilation strategies (cf. Section . The task of implementing the com-
putation of sd-DNNF®-normal forms is highly related to the implementation
of efficient knowledge compilation strategies from first-order model counting.
For this task, implementations already exist and are under constant devel-
opment (cf. the software tools FASTWFOMqEr] [van Bremen and Kuzelka,
2021], ForcLir1f] [Van den Broeck et all 2011, CRANE [Dilkas and Belle,
2023], LRC [Kazemi and Poole, 2016], and ALcHEMY[| [Gogate and Domin-
gos, 2016]). However, since we make use of structured sentences instead of
sentences here, we cannot simply utilize the implementations of first-order
model counting but have to reproduce their techniques within our setting.
Compared with this, implementations of algebraic model counting could be
directly used for typed model counting (cf. Section [6.3)). However, to the best
of our knowledge, (efficient) implementations of algebraic model counting do
not exist yet.

Complexity Analysis of Relational Maximum Entropy: Also future work is
the complexity analysis of relational maximum entropy reasoning. Of course,
this task is closely linked to the question under what circumstances relational
maximum entropy reasoning is domain-liftable. However, we can also ask for
the combined complexity measured in both the domain size and the size of
the input knowledge base as we have done in the complexity analysis of the
consistency of ALCME-knowledge bases in [Baader et al., 2019)].

For the complexity analysis, the considered problem has to be specified clearly.
In this thesis, we focused on computing the maximum entropy vector (cf. Def-
inition instead of the maximum entropy distribution itself because the
size of the domain of the maximum entropy distribution is exponential in the
size of the domain of the problem, while the maximum entropy vector has con-
stant size measured in the domain size. Under specific circumstances, there
may be a polynomial-time approximation scheme for computing the maximum
entropy vector (cf. |Wilhelm and Kern-Isberner, 2019; Mintz and Aswani,
2017]). However, in order to be able to correctly assess this result, one still
needs to know how the approximation error for the maximum entropy vector

affects the corresponding approximation of the MaxEnt probabilities. Investi-

3https://github.com/jan-toth/FastWFOMC. j1 (July 9, 2024)
‘https://github.com/UCLA-StarAI/Forclift (July 9, 2024)
Shttps://github.com/damienstanton/alchemy-1lite (July 9, 2024)
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gating this connection proved to be difficult because the errors reproduce dif-
ferently depending on the feature function values of the single possible worlds.

Relational Maximum Entropy and Belief Change: In this thesis, we inves-
tigated the reasoning task of drawing probabilistic inferences. In addition
to that, we had a look into consistency issues of ALCME-knowledge bases in
[Baader et al., 2019], too. Of course, there are much more probabilistic rea-
soning tasks, and it would be interesting whether techniques presented here
carry over to these tasks. For example, an ample research field for future work
on (efficient) relational maximum entropy reasoning is belief change, partic-
ularly belief revision. In belief revision, a belief state, here the maximum
entropy distribution, has to be adapted to new insights resp. beliefs. Please
see [Kern-Isberner} [2001aljb, 2004] for a discussion of belief revision in the con-
text of maximum entropy and also |Jeffrey| 1965 Pearl, |1988; |Géardenfors and
Rott, 1995, [Katsuno and Mendelzon, |1991; Darwiche and Pearl, [1997] for more
fundamental work on belief change.

Relational Maximum Entropy and Infinite Domains: In Section we
have argued why it is difficult to consider (countably) infinite domains when
applying the principle of maximum entropy (cf. research question Q4 in
Section . As a way out, we have developed an approach which indirectly
incorporates statements about infinite domains into maximum entropy rea-
soning via satisfiability modulo theory (Section [7.3). An alternative solution
would be to adapt the notion of maximum entropy to better fit to infinite
domains. For example, in [Landes, 2021, 2023|, a comparative notion of
maximal entropy is introduced which can cope with countably infinite do-
mains but has the disadvantage that maximal entropy distributions are not
unique. Further, no constructive methods for computing maximal entropy
distributions under the comparative notion of maximal entropy are known.
Nevertheless, it would be interesting future work to combine the approach
from [Landes, 2021, [2023] with our probabilistic Description Logic ALCME,
Investigations on uncountably infinite domains in the context of maximum

entropy reasoning would also be interesting.

Further, the probabilistic Description Logic AECZAE seems to be closely related
to Description Logics with concrete domains [Baader and Hanschke, 1991}
Baader and Bortoli, 2023, [2024]. Developing this connection in more detail is
also future work.

Relational Maximum Entropy and Cognitive Aspects: In the propositional
case maximum entropy reasoning is well-justified by some fundamental com-

monsense principles [Paris, 1998]. It would be worth investigating whether
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these principles, or adaptions thereof, are also satisfied by the principle of
maximum entropy under the aggregating semantics in the relational case. This
would particularly be a strong justification for the aggregating semantics.

Knowlede Discovery: A question that we did not address in this thesis at all is
the question where the considered knowledge bases come from. We always
assumed that knowledge bases are given, for example, as part of an expert
system. In the motivation of this thesis (Section [1.1]), we have claimed that
knowledge-based systems, in principle, bring along required qualifications to
overcome some shortcomings of data-driven approaches to Al. This, however,
demands for the possibility to acquire high-level knowledge from large data
sets. In [Fisseler et al., 2007, the algorithm CONDORCKD is proposed which
is capable of extracting probabilistic conditionals from data which may serve
as a base for inductive reasoning via maximum entropy, but only in the propo-
sitional case. An important yet challenging research field for future work is to
develop algorithms that extract relational probabilistic conditionals from data
with a reasonable meaning in the context of the aggregating semantics and

the principle of maximum entropy.
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A. Appendix

This appendix consists of three parts. First, we give some mathematical background
information on the main concepts of the thesis (Section . Second, we list ba-
sic knowledge bases involving conditionals built upon formulas that correspond to
typical concept constructors in Description Logics. We translate these knowledge
bases into structured sentences and compute their typed model counts in depen-
dence of the domain size (Section . And third, we give a complete list of the
peer-reviewed publications I contributed to so far (Section .

A.1 Mathematical Foundations

In this section, we recall the definitions of selected mathematical concepts which
play a role in this thesis. The definitions are in the same order as the concepts
appear in the thesis.

(Deﬁnition A.1.1: Partition (cf. [Halmos, 1960/)N
Let S be a set. A family of sets Sy, ..., S, is a partition of S iff
> U:il S; =15,
» Si#£Dforalli=1,...,m,

» SiNS;=0foralije{l,...,m} withi# j. )
(Deﬁnition A.1.2: Abelian Group (cf. [Lang, |2002]) )
A set G equipped with a binary operation o on G is an Abelian group iff o

satisfies the following conditions:
» Va,b,c € G:ao(boc)=(aob)oc, (associativity)
» Va,be G:aob=boa, (commutativity)
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|

|

deeGVaeG:aoe =a,

YVaceGIaleG:aoal=e.

(e is identity element)

(inverse element)

Definition A.1.3: Free Abelian Group

(cf. [Lang, |2002])

An Abelian group G with binary operation o is called free if there is a sub-

set G C G such that every element a € G can be uniquely written as a

Z-linear combination of the elements in Gg. If G is free, then we denote G with

G = (Gg, o, €) where e is the identity element in G. We call G5 a generating set

of G.

~\
Definition A.1.4: (Free) Abelian Semiring (cf. [Golan, |1999)])

A set § equipped with two binary operations @ and ®, called addition and

multiplication, is a semiring, iff there are elements e® and e® in S such that for
all a,b,c € S

>

|

>

(a®db)Bc=ad® (bdc),
ePDa=a=ad e,
adb=0b®a,
(a®b)®c=a® (b®c),
Ra=a=a®e®,
a®(b®dc)=(a®b) & (a®c),
(@@b)©c=(a®c)®(b®c),

P Ra=e? =a®e?.

If, in addition,

|

a®b=b® a,

(associativity of @)

(€® is identity element wrt. @)
(commutativity of @)
(associativity of ®)

(€® is identity element wrt. ®)
(left distributivity of ® over @)
(right distributivity of ® over @)

(annihilation of e®)

(commutativity of ®)

then S is called commutative or Abelian. The semiring S is free if there is

a subset Sg of S, called generating set, such that every element in & can be

. uniquely generated by Sg.
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\

-
Definition A.1.5: Equivalence Relation (cf. [Wilder, |1965])

Let S be a non-empty set. A binary relation ~ C S x S is an equivalence
relation on S iff

» Ya € S: (a,a) € ~, (reflexivity)
» Va,be S: (a,b) € ~ = (bya) € ~, (symmetry)
» Va,b,c€ S: (a,b) € ~and (b,c) € ~ = (a,c) € ~. (transitivity) )

4 )
Definition A.1.6: Slater’s Condition (cf. [Boyd and Vandenberghe, 2009])

Let D CR", and let f;: D — R fori=1,...,m be real-valued functions on D.
Then, the functions f;, i = 1,...,m, satisfy Slater’s condition if there exists a

point x in the relative interior of D with f;(z) <0 fori=1,...,m. )

( )
Definition A.1.7: Kullback-Leibler Divergence

(cf. [MacKay, 2005; Kullback, |1959])

Let P and Q be discrete probability distributions on the sample space X'. Then,
the Kullback-Leibler divergence or relative entropy from Q to P is defined by

KL(P,Q) = ZP(m) -log (gg;) :
\ reX )

N
Definition A.1.8: Inclusion-Exclusion Principle

(cf. [Roberts and Tesman, |2009])

The inclusion-exclusion principle has many formalizations. In its most common

form it counts the number of elements in the union of finite sets as follows.

Let Si,...,S, be finite sets. Then, the inclusion-exclusion principle is the
identity
Jsil= > =) sil.
Jj=1 0#£IC{1,...,n} i€l
\. J
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A.2 Catalog of Knowledge Bases

We present a catalog of 20 knowledge bases and use these to show how different
typed model counting techniques work. An overview of the knowledge bases is given
in Table [A.1] For every knowledge base R in this catalog, we compile R into the
structured sentence ¥ and compute the polynomials 7¢ and 75 for r; € Bg which
serve as the input of the condensed iterative scaling algorithm (cf. Section |6.4|for the
theoretical details). After that, we recall some knowledge bases from the literature.
We do not apply typed model counting to these knowledge bases in detail but give
a hint which techniques could be used by mentioning similarities to the knowledge
bases in Table [A.1l

In order to keep expressions short, we use s(z) as a placeholder within structured
sentences in order to indicate that the formula is not smooth at this point. Hereby, x
is the number of the missing ground atoms. When counting the typed models of
the structured sentence, s(x) means that one has to multiply the respective model
count with 2%, If not stated otherwise, then we treat the domain size m = |Constg|
as a parameter (note that we use m instead of k for the domain size in this catalog
of knowledge bases).

In some cases, we apply compilation strategies to structured sentences which are

not discussed in the thesis. We briefly explain these compilation strategies here:

Paired Grounding With paired grounding we avoid that ground instances of a
binary predicate R/2 are counted twice. This can happen if the predicate oc-
curs in a structured sentence with transposed variables, i.e., if both R(X,Y)
and R(Y, X) are mentioned. Then, we separate the case where X =Y holds,
duplicate the remaining structured sentence but with changed roles of X
and Y (e.g., A(Y) A R(Y,X) becomes A(X) A R(X,Y)), and restrict Y to
satisfy Y < X (we implicitly assume a total order on Consty, in this case). See
[Van den Broeck, 2013] for the theoretical background and R6 as an example.

Skolemization With skolemization we avoid to count models of existentially quan-
tified structured sentences. The basic idea is that it is much easier, in-
stead of counting the models of a sentence 3X.A(X) directly—all interpre-
tations are models of this sentence except for the one in which A(x) for
all ¢ € Consty holds—, to count the only model of the negated sentence
—3X.A(X) = VX.A(X) and to subtract this one model from the total num-
ber of interpretations. With this strategy of “indirect counting,” we obtain a
model count of 2™ — 1 when m = |Consty|. Within the framework of typed

model counting, this strategy can be realized as follows.

Suppose that a structured sentence g mentions a subsentence of the form
JX.¢(X,Y) where ¢(X,Y) is a formula from RL(X) with the free variables X
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Conditionals in Br

Facts in Fr

(Fr,Br)

R =

Ra

R

Rs

» 2= (C(0)A(c))[pa]

(X)1AX))[p]

Q

~—

Q

~—

— — —

~

VX.C(X)
VX.A(X)
3X.C(X)

R+

~

Rs

~

Ro

(B(X)[A(X))[p1]

r1

IX.A(X)

Rio

(R(X, Y)[A(X))[p1]

—

~

Rll

(S(X,Y)R(X,Y))[pi]

—

~

R12

ASE

7?/14

Ris

R(Y, X)|R(X,Y))[pi]

~—

R(X, Z)|[R(X,Y) NR(Y, Z))[p1]
= (VW.R(X,Y) = A(Y)|A(X))[p]

~—

— — —

~

72’16

~

Riz

r

Ris

(VY.R(X,Y) = B(Y)|AX))[p]

r1

Rig

BY.R(X,Y) A B(Y)[A(X))[p1]

T

7z20

Table A.1: Overview of the benchmark knowledge bases in this catalog.
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and Y. Then, we introduce two fresh predicates S/1 and Z/1, replace the
expression 3X.¢(X,Y) by Z(Y), and append the structured sentence

VY. (Z(Y)(S(Y) V (=1) 0 S(Y) AVX.G(X,Y)) V Z(Y)S(Y) AVX.0(X, Y))

with structure element —1 to 1g. This idea is based on |Van den Broeck et al.

[2014]. See R1s as an example.

Knowledge Base R,

We consider Predy, = {A/1,B/1,C/1,D/1} and R, = (F, B) with
> .F: (Z),

» B = {ry,ra} with ry = (B(X)[A(X))[p1], 72 = (D(X)[C(X))[pe]-

Vg, =s VX. [y AX) (21B(z) v B(X)) v A(X)]

)
VX. :ng’(X)

=5 VX. :<y1A(X (xlB(:v) v B(X)) v s(l)A(X))

TRy = (1 (21 +1) +2) (a(e2 +1) +2))"

Let ¢ € Consty. (Vg,C(c) and ¥, C(c)D(c) can be calculated analogously.)
W, Ale) =5 ¥Xose. | (1A(X) (21B(x) B<X>) s(1 >m)

(3:0(X) (w2D(2) v DIX) ) v s(1)C(X) )|
i A(e) (xlB(c)\/B( )) (y20 ( c) )vS1 )
Ur, A(c) B(c) =s VX 4. KylA( (a:lB
(100) (12000) >>vs o)
1 A(©)(218(0)) (1C(0) (22D(c) v D(e) ) Vs(1)C(c))

T1

ro

=y = m (i (1 + 1) +2) (ya(wa +1) +2))" 7 (ya(wa + 1) +2) (121 + 20n(21 + 1))
2, = m (yr(e1 +1) +2) (ya(22 + 1) +2))"7" (g1 (21 + 1) +2) (yors + 2y2(22 + 1))
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Knowledge Base R,

We consider Predy, = {A/1, B/1,C/1} and Ry = (F, B) with
» F =0,

> B = {r1,r} with ry = (B(X)|A(X))[pi], 2 = (C(X)[A(X))[pe].

Vg, =s VX. [y1y2A(X) <$1B(X) N m> <5U2C(X) v m> N S(Q)M}

TRy = (Y1(21 + D)ya(xe + 1) +4)™

Let ¢ € Consty. (Vg,A(c)C(c) can be calculated analogously to Vg, A(c)B(c).)
Ur, A(e) =5 YXper [1132A(X) (11 B(X) v BIX) ) (220(X) v C(X) ) v s(2)ACX) |

yly2A(C) (xlB(C) \ %) <$2C(C) \4 %)
U, A(c)B(c) =s VX 4. [ylygA(X) <xlB(X) v W) (@C(X) v CW) v s(z)m]

p2A(0) (21B(0)) (220(e) v O()

TRy = m (yi(z1 + Dya(za +1) + 4™ (e + 1) (1121 + 21 (21 + 1))
T, = M (yi(x1 + Dya(ws + 1) + 4"y (o + 1) (yawe + 2y (zg + 1))

Knowledge Base Rj

We consider Preds;, = {A/1,B/1,C/1,D/1}, ¢ € Consty, and Rz = (F,B)
with

>.F:(Z),

» B = {ry,ra} with ry = (B(X)[A(X))[pa], 72 = (D(c)|C(c)) p].

W, Zs 5(2(m — 1)) VX. [ A(X) (21 B(X) v B(X) ) v s(1)A(X)]
(yzc(c) (ng(c) v m) v s(1)m)
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TRy = 22(m=1) (i1 +1) +2)™ (y2(z2 + 1) +2)

Let d € Consty, regardless of whether d = ¢ or not.
U, A(d) =s s(2(m — 1)) VX 4q. [ylA(X) (a:lB(X) v B(X)> v s(l)A(X)]

nA(d) (11B(d) v BWd)) (3:0(0) (x2D(c) v D(e)) Vs(1)C(c))
U, A(d)B(d) =s s(2(m — 1)) VX 2. [ylA(X) (xlB(X)\/B( )) 5(1)1@}

y1 A(d) <Z‘1B( )) (yQC' <x2D > s(1)C )
Wr,C(c) =s 5(2(m — 1)) ¥X. [ A(X) (21B(X) v BIX) ) Vs()A(X)|

el (:BQD(C) v D(c))
W, C(e) D(e) =s s(2(m — 1)) VX. [ A(X) (21 B(X) v BIX)) v s(1) A

y2C'(c) (@D(C))
7-77"213 — o 92(m=1) (y1($1 + 1) + 2)m71 (yg(ib’Q —+ 1) + 2) (ylxl + Zy1<.1'1 + 1))
Ry = 220070 (21 +1) +2)" (Yox2 + 2y2(w2 + 1))

Knowledge Base R,

We consider Predy, = {A/1, B/1,C/1}, ¢ € Consty, and R3 = (F, B) with
> .F: Q),
» B = {ry,r} with r = (B(X)|A(X))[pi], 72 = (C(c)[A(c))[p2]-

U, =s y112A(c) (21B(0) v B(O) ) (20(0) v O] ) v s(2)A(0)

Ra = (Y1(21 + V)ya(ze + 1) +4)

W, A(e) =5 192 A(0) (11 B(e) v B(O) ) (2:C(c) v O(c))
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W, A(e)B() =5 yiaA(e) (11B(0)) (220(0) v O(C))
W, A)O(e) =5 yiaA(e) (21B(e) V B(e) ) (raC(0))

TR, = Y2(r2 + 1) (121 + 291 (z1 + 1))
72, = yi(x1 + 1) (122 + 2922 + 1))

m>1
Ur, =s VX . [ylA(X) (xlB(X) v W) v s<1)m] s(|Consts| — 1)
(m1924(0) (21B(0) v B@) (v:C(0) v C@)) v s(2)A(0))

TRy = 2" (ya(wy + 1) +2)™7 (g (21 + Dya(ze + 1) +4)

W A(c) =5 VX e [ A(X >(xlB< )V B(X)) v s()A(X)] s(|Consts| ~ 1)
<y1y2A( )<$1B( )V )( ( YV CO(c ))
U, A(c)B(c) =s VX . [ylA( (xlB ) Vs(1)A(X

(yly2A(C) (9013( )> (9320 ))

Let d € Consty, with d # c.
U, A(d) =5 VX 4ea. [ylA(X) (mlB(X) v B(X )) s(1)A(X )] s(|Consty:| — 1)
B(c)

ylA(d)<xlB(d)\/B(d))(ylygA <:1cch v B (xgc ) (2)%)
U, A(d)B(d) =s VX 2o, [ylA (xlB

(X)
1 A(d (9013 ><y1y2A (9013)

] (|Constg| — 1)

) s(l)A(X)] s(|Consts| — 1)

A6) (s10 ) )
(DHA(X) } (|Consts| — 1)
)

R, = 277 (yi(z + 1) +2)"72 (m (ya (21 + Dyo(z2 + 1) + 4)+
(1(21 +1) +2) yo(z2 + 1)) (121 + 2y1(21 + 1))
TR, = 2" (g (g + 1) +2)™ gy (2 + 1) (yoxa + 2y0(me + 1))

vV B
U, A(c)C(c) =s VX 2. [ 1 )v
<ZJlZ/2A( )( 1B(c) vV B(c )) (9520 )
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Knowledge Base R;

We consider Predy, = {A/1, B/1,C/1}, ¢ € Consty, and R = (F, B) with
» F={C(0)},

v B = {r} with r = (B(X)|A(X))[p].

Vg, =5 s(m — 1) C(c) VX. [ylA(X) (ang()Q v m) v 5(1)A(X)}

Ry = 2" (yi(wy + 1) +2)™

Let d € Consty, regardless of whether d = ¢ or not.
Up, A(d) =s s(m — 1) C(c) VX 2a. [yle() <a:1B(X) v B(X)> Y s(l)A(X)]

nA(d) (0 B(d) v B(d)
U, A(d)B(d) =s s(m — 1) C(c) VX 1. [ylA(X) (mlB(X) v M) v s(1)m]

nA(d) (1 B(d)

TRy = M 27 (yr(1 + 1) +2)™ (s + zya (2 + 1))

Knowledge Base R;

We consider Predy, = {A/1, B/1,C/1}, ¢ € Consty, and R¢ = (F, B) with
» F={A9)},

v B ={r} with r, = (B(X)|AX))[p1].

Vg, =s y1A(c) (IlB(c) v B(c))

TRe — yl('xl + 1)
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\I/RGA(C) =S \IJRG
Wi, A(C)B(c) =s 11 A(c) <xlB(c))

TRy = (o1 + 2y (z1 + 1))

Up, =s VX0 [ylA(X) (xlB(X) v W) v s(l)A(X)]
nA() (#1B(e) v B(c))

TRe = (Y1 (z1 +1) +2)™ " yy (21 + 1)

\PR(jA(C) =S \I}'RG
W, A()B(c) =s VX 1. [ylA(X) <a:1B(X) v m) v s(1)m]

y1A(c) (xlB(c)>
Let d € Consty with d # c.
U, A(d) =5 VX sea. [ylA(X) (xlB(X) v m) v s(1)A(X)

)

nA() (21B(c) v B(©) )i A(d) (r1B(d) v B(d))
Wy A(d)B(d) =5 VX ea. i ACX) (21B(X) v B(X) ) V s(1)AX)|
ylA()< B(c) v B(c )?JlA <ZU1B )

o= (i@ + 1) +2) + (m — 1) yi(z + 1)) (g + 1) +2)" 2
(hx1 + zy1 (21 + 1))
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Knowledge Base R;

We consider Predy, = {A/1, B/1,C/1}, and R7 = (F, B) with
» F={VX.C(X)},

v B={r} with r, = (B(X)|AX))[p1].

Vg, =5 VX. [C(X) (ylA(X) <aslB(X) v m) v 5(1)A(X)>}

TR, = (y1<$1 + 1) + 2)m

Let ¢ € Consty..
U, A(c) =5 VX Lo [C(X)(ylA(X) (mlB(X) v M) v s(1)m)]

1 A(e)C(e) (xlB(c) v B(c))
U, A()B(c) =5 VX . [C(X) (ylA(X) (:zclB(X) v m) v 5(1)/@)}

nAE0() (#1B(0))

T =m (yi(z1 +1) +2)" (xy + 2y (21 + 1))

Knowledge Base Rg

We consider Predy; = {A/1, B/1}, and Rg = (F, B) with
» F={VX.AX)},

v B = {r} with r; = (B(X)|A(X))[p].

Wr, =5 VX. [ A(X) (21B(X) v BX) )|

TRy = y1<$1 -+ 1)m
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Let ¢ € Consty..
UrAlc) =s Yp,
U, A(c)B(c) =s VX . [ylA(X) <$1B(X) v W)}

nA(e) (21B())

TRy = M Y1(21 + D™ (yiwy + 2yi (2 + 1))

Knowledge Base R,

We consider Predy, = {A/1, B/1,C/1}, and Ry = (F, B) with
» F={3X.C(X)},

v B={r} with r, = (B(X)|A(X))[p1].

Wp, =s [HX.C’(X)]VX. [ylA(X) (mlB(X) v B(X)) v A(X)}
Let S and Z be fresh predicates of arity 0.
pskolem — (5 V(=13 VX.C(X))

VX, [ylA(X) (xlB(X) v B(X)) v A(X)}
= z(s(m)s Vv (~1)8 vx.cﬁ)

VX, [ AX) (21 B(X) v BX) ) Vs()A(X)]

TRy = (2m — 1) (y1<331 + 1) + 2)m

Let ¢ € Constsy.

VR A(e) =5 Z(s(m)S V (~1)S ¥X.C(X >)
VX e [ ACX ( B(X)V B(X)) Vs()A(X)|
nA(c (x ¢)V B(c)

WA A(e) B(e) =s Z(s(m)S v (~1)S ¥X.O(X >)
X [ACY) (150) ¥ BT v )75

nA(c) (21B(0))
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TRy =m (2™ = 1) (yi(z1 + 1) +2)"7 (a2 + 21 (21 + 1))

Knowledge Base Ry

We consider Predy, = {A/1, B/1}, and Ry = (F, B) with
» F={3X AX)},

» B ={r} with r, = (B(X)|A(X))[p1].

Vg, =s [HX.A(X)}VX. [ylA(X) (;z:lB(X) v B(X)> v A(X)]
Let S and Z be fresh predicates of arity 0.
pslolem = Z(S V (—1)3 VX. [m] )VX. [ylA(X) <xlB(X) v B(X)) v A(X)]

= Z(s VX. [ylA(X) (mlB(X) v B(X)> v s(1)m]

V (—1)s(m)SVX. [A(X)D

TR0 = (yl(ml + 1) + 2)m — 2™

Let ¢ € Consty..
P A () =5 ZS VX 4. [ylA(X) (xlB(X) v m) v s(1)m]

nA(C) (e1B(0) v B(0))
W™ A (0) B(c) =5 ZS VX e [ylA(X) (:UlB(X) v JTX)) v 5(1)1@}

nA(c) (2:B(0))

7—7743110 =m (y1(1’1 + 1) + 2)m_1 (ylfl + Zy1($1 + 1))
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Knowledge Base R

We consider Predy; = {A/1, R/2}, and Ry; = (F, B) with
> .F: (Z),
» B ={r} with ry = (R(X,Y)|A(X))[p1].

Vg, =s VX.VY. [ylA(X) (:z:lR(X, Y) Vv R(X, Y)) v A(X)]

= VX. [y{”A(X) VY. [le(X, Y)v m} v s(m)m]

TRy — (y{n<x1 + 1)m + 2m)m

Let ¢ € Consty;, and let d € Consty, regardless of whether ¢ = d or not.
U, Ale) =s VX . [ymm VY. [le(X, Y)V R(X, Y)} v s(m)A(X)}

ytA(c) VY. [le(c, Y)v W}
Ur, A(c)R(c,d) =s VX 4.. [y;nA(X) VY. [le(X, Y)v m] v s(m)m]

Y A(C) VY k. [:CIR(C, Y) Vv R(c, Y)} z1R(c, d)

TR, = m? (Y7 (xy + 1)™ + 2™y (o + )™ (g + 2y (21 + 1))

Knowledge Base R

We consider Preds, = {R/2,5/2}, and Ris = (F, B) with
> ./T": @,

» B={ri} with r; = (S(X,Y)|R(X,Y))[p1].

Vg, =5 VX.VY. [le(X, Y) (xls(X, Y)v m) v s(l)m]

TRiz — (y1<1’1 + 1) + 2)m2
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Let ¢ € Consty;, and let d € Consty, regardless of whether ¢ = d or not.
Ur,, R(c,d) =s VX 4. VY. [le(X, Y) (xlS(X, Y) v S(X, Y)) vs(1)R(X, Y)}

VY 4. [le(c, Y) (mls(c, Y) Vv S(e, Y)) v s(l)m}
y1R(c,d) <:1315(c, d) VvV m>
Ug,,R(c,d)S(c,d) =s VX 4. VY. [le(X, Y) <xlS(X Y) v S(X, )) s(1)R(X, Y)]

V)]

VY 4. [le(c, Y) <x15 c,Y)

y1R(c,d) (xlS(c, d))

7-7702112 = m2 (yl(xl + 1) + 2>m271 (ylxl + Zy1<x1 =+ 1))

Knowledge Base Ri3

We consider Preds, = {R/2,5/2}, and Ri3 = (F, B) with
» F =0,

v B = {1} with r, = (S(Y, X)|R(X,Y))[pi]-

Ug,, =s VX.VY. [le(X, Y) <$15(Y, X) Vv S(Y, X)) Vs()R(X,Y)

TRy = (y1 (21 +1) +2)™

Let ¢ € Consty;, and let d € Consty, regardless of whether ¢ = d or not.
Up,, Rc,d) =s VX . VY. [le(X, Y) (xls(Y, X) v S(Y, X)) v s(1)R(X, Y)]

N [le(c, Y) <x15(Y, &)V S(Y, c)) v 5(1)W]
y1R(c, d) (xls(d, c)V m)
Up,, R(c,d)S(d, ¢) =s VX ... VY. [le(X, Y) <1:15(Y X)V

)

VY 4. [le(c, Y) (xls

y1R(c,d) (:vlS(d, c))
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7-77%12 =m’ (y1<£l,’1 + 1) + 2>m271 (ylxl + Zy1<$1 + 1))

Knowledge Base R4

We consider Preds, = {A/1, B/1}, and Rq4 = (F, B) with
> JT": @,

» B={r} with r; = (B(X)|A(X)AY))[p1].

m=1

The knowledge base R4 is inconsistent.

m > 1

We make use of set disjunction.
Ug,, =s VX.VY. [ylA(X)A(Y) (xlB(X) v B(X)> v AX) Vv A(Y)]

=5\ (stm— A VXea [ AX) | VX cconsora [AK) |

ACConsts,

VXea [y (2B v BXX)) )

- m m— m— m—
TR14 = Z (k) A (y1 k(xl F 4+ 1))k

k=0

Let ¢ € Consty..

Ur,AQ)A(c) =s Y, A(c)A(c)B(c) =s L
Let d € Consty with ¢ # d.

Ur, AQ)AWd) =s sOpA©A[D)  \/  ((«F'Bl) v BE@)
ACConstyx;\{c,d}

(| A1y o [ A0 WX e [ AT |
VXea [oF T B(X) v BY)) )

e AQAWDB() =s s(nAQAWd) \/ (1B
ACConsty; \{c,d}

(| Ayl A Xy A ¥ X e [ACX)]
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VXea |2 B(X) v B(X))|)
where A° = (Consty, \ {c,d}) \ A.

m(k-+1)+k(k— m—
y1(++ )( k—1 )k

Knowledge Base Ri;

We consider Preds, = {A/1, R/2}, and Ry5 = (F, B) with
> JT": @,

m=1

Let ¢ € Consty.

Ur,. =s A(c) (ylle(c, ¢)V R(c, c)) Vs(1)A(c)

TRis = Y121 + 3

Ur, . A(c)R(c,c) =s Vg, A(c)R(c,c)A(c) =s 1121

TR = yix1(1+ 2)

m > 1

We make use of set disjunction.
Ug,, =s VX.VY. [ylA(X)R(X, Y) (xlA(Y) v A(Y)) v A(X) V R(X, Y)]

=5\ (s(0m = A4 m) VXea | AX) | ¥ X ecomma- | ACX)|

ACConstys;

gAY X vy [R(X, Y)])
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zm:( )zm(m k) mk’ 11c2

k=0

Let ¢ € Consty..

U A(C)R(c,c) =s Vg, A(c)R(c,c)A(c)

=s yniAlQ)R(c,c) \/ <VX€A.[A(X)}VX€AC.[M]
ACConsts \{c}

s(|AC| m) VX e [vyeA. [ylale(X, Y)V R(X, Y)}
VY, e [le(X, Y)v }W] <y1x1R(X, ¢) Vv }m)}
YYeu [ylle(c Y)v }W] VYoo [le(c, Y)v W])

where AY = (Consty, \ {c}) \ A. Let d € Consty, with d # c.

Ur, A(Q)R(c,d) =s AOR(e,d)  \/  (VXea | AX)|¥Xepe. [AX)]
ACConsts\{c,d}

v VX ea. [VYE Au(e) [ylle(X, V)V R(X, Y)]

Wese [R(X,Y) v R(X,Y))|

VYo, [ylle(c, Y)v W] VYo e [le(c Y) Vv R(e, Y)}

(A@ stm) (yR(c;) v R(e,) )VXen. [mR(X,d) v R(X, d)]

Vv A(d) (ylle(c, c)V m)vxe A [ i R(X,d)V R(X, d)}

VY. [ylle(d, Y)v W} VYo e [le(d, Y) Vv R(d, Y)]

T (le(d, ¢) V R(d, C)> (ylxlpb(da d) Vv m)))

U, A(Q)R(e, ) A(d) =s A()R(e.d) \/ <VX€ " [A(X)] VX4 [m]
ACConsts;\{c,d}

v VX [Neasi [ RO Y) V RIXY)]
VY, 4. [le(X, Y) Vv R(X, Y)H
YYeu. a1 R(c, V)V R(c, Y)} VY. 4. [le(c, Y)V R(e, Y)]

(ylle(c, c)V }m>‘v’X6A. [ylle(X, d)V R(X, d)]

YYeu. [y R(d,Y) v R{d, Y)} VY e [le(d, Y) Vv R(d, Y)}

2 (le(d, ¢) v R(d, c)) (yla:lR(d, d) v m))
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1
m —
7_7%115 — (1—|—Z my, 21 ( N ) m—1—k)m (y1$1+1)k(k+2)(y1+1)(m_1_k)(k+l)

k=0

m—2

m —

+m ( 3 )ylajl Y121 +1)k(k+4)+2(y +1)(m k—2)(k+2)+1
-2

m— 2
S m( o 1) ( L )yl(ylxl + 1)k(k+2)(y1 + 1)(m—k—1)(k+1)
k=0
(2™ + @1 (yrzy + 1)y, + 1) 22
= (14 2)myrz (yraq + 1) DD 4

m—2

-1
myy Y (yray + 1)) (yy + 1) R <(1 + o) (mk )Z(mlk)m
k=0

+(m— 1)z (mk_ 2) (s + 1+ )" 4 2(m — 1) (mk_ 2)

(2m +:c1(y1:c1 + 1)2k+2<y1 4 1>m72k72>>

Knowledge Base R4

We consider Predy, = {R/2}, and Ry = (F, B) with
> .F: Q),

v B={r} with r, = (R(Y, X)|R(X,Y))[p1].

m=1

Let ¢ € Consty..

Ur.e =s v1R(c, ) (le(c, ¢)V R(c, c)) V R(c,c)

=s y1r1R(c,c) V R(c, ¢

TRis = Y101 + 1

\IJ'RwR(Cv C) =s ylle(Ca C)
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TR, = n1ri(l 4 2)

m=2

Let ¢ € Consty, and let d € Consty with d # c.
Uris =s VXe(ed)- [ylle(X, X)V R(X, X)]

(le(c, d) (ylaﬁR(d, )V R(d, c)) vV R(c,d) (le(d, &)V Jm))

TR = (Y171 + 1)2(91@1%% +1)+y +1)

Ur,R(c,c) =s <y1:p1R(d, d) vV fm>y1m1R(C, c)
(le(c, d) (yleR(d, )V R(d, c)) V R(c,d) (le(d, ¢)V R(d, c)))
Ur, R(c,d) =5 VX (oa). [ylle(X, X)V R(X, X)]
y1R(c,d) (ylx%R(d, c)V R(d, c))
Up, R, d)R(d,c) =5 VXc(oay. [ylle(X, X)V R(X, X)}

y1R(c,d) (yleR(d, c))

T = 20ne + Dynz (e +1) +y0 + 1) (1 + 2)
+ 2012+ 1% ((nied) (2 + 1) + 1)
= 2(y121 + Dy (@1 (1 (e +1) + 91+ 1) (1 + 2)
+ (s + D((a?) (2 +1) + 1)

Up,, = VX.VY. [le(X, Y) (le(Y, X)VR(Y, X)) v R(X, Y)}

=s VX. [y1x1R<X’X) \% m}

VX oy VY [y RO Y) (it ROV, X) V R(Y, X))

v RCXY) (1RO, X) v RV, X))
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m(m—1)

TR16 = (ylxl + 1>m (yl(ylx% + 1) + (2/1 + 1)) 2

Let ¢ € Consty,.
UrR(c, c) =s VX 4. [ylzclR(X,X) V R(X, X)}ylaclR(c, c)

VX oy VY. [le(X, Y) <y1x§R(Y, X) Vv R(Y, X))

VRO, (3 R(Y, X) v RV X)) |
Let d € Consty with d # c.
\IJRIGR(C7 d) =S VX. [ylle(X> X) v R<X7 X):|

VX seax<y VYseq. [%R(X, Y) (yleR(Y, X)V R(Y, X))

v R(X,Y) (le(Y, X) Vv R(Y, X)):

\V/Xyéc,dvye{c,d}- [le(X7 Y) <y1$%R(Y> X) \4 R(Y> X))

VR(X,Y) (le(¥, X) Vv R(Y, X))—

y1R(c,d) (yleR(d, ¢)V R(d, c))
Ug,, R(c,d)R(d, c) =s VX. [ylsclR(X, X) Vv R(X, X)}

VX sedix oy VY pea. [le(X, Y) (yleR(Y, X)V R(Y, X))

VR(X,Y) (le(Y, X)VR(Y, X))_

VX#qd.v}/e{c’d}. [le(Xa Y) (yl'CE%R(Y? X) \ R(Y7 X))

v R(X,Y) (i R(Y, X) v R(Y, X))

y1R(c,d) (yleR(d, C))

m(m—1)

TR = Mz + )" el + D+ +1) 2 (1+2)

(m—2)(m—3)
2

+m(m —1)(y1zqy +1)™ (yl(ylaﬁ + 1)+ (y1 + 1))
(yi(nai + 1) + (y1 + 1) Dy (a2 + 1+ 2y127)
(m—2)(m+1)

= m(yz + )" (e + 1) + (g + 1)) e
((na? + 1)+ (1 + 1)) (1 + 2) + (m — 1) (s + 1) (nai(1+ 2) + 1))
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Knowledge Base Ry~

We consider Predy, = {R/2}, and Ry7 = (F, B) with
> .F: Q),

v B={r} with r = (R(X, 2)|R(X,Y) A R(Y, Z))[p1].

Determining Wg,. is hard since counting transitive relations is a difficult problem
(cf. [Mala, [2022; Pfeiffer, 2004]). The method of choice so far would be completely
grounding the structured sentence.

Knowledge Base Rig

We consider Preds, = {A/1, R/2}, and Ry = (F, B) with
» F =0,

v B ={r} with r, = (VY.R(X,Y) = A(Y)|AX))[p].

Vg, =s VX. [ylA(X) <x1VY. [R(X, YV A(Y)] v 3y, [R(X, Y)A(Y)D v A(X)]
Let S and Z be fresh predicates of arity 1.
pakelem =X [ylA(X) (le(X) v Z(X)) v m}

VX, [z( X) (S(X) V (—=1)S(X)VY. [R(X, Y) v A(Y)D
vV Z(X)S(X)VY. [R(X, Y) v A(Y)H

=V (vXea[Acn]vxe 4 [AT0)s(4 - m) o

ACConsty,

¥Xea | 2(X) (s(ADSX) V (~)SX)Yeue | RIX. Y]] )

V 21 Z(X)S(X)VYepe. [R(X, Y)”
VX e [Z(X) (s(]AC!)S(X) V(=1)S(X)VVeu. [R(Xa Y)])
v Z(X)S(X)Weae [RIX, V)] ])

m

e = ()2 ok @t = a2
k=0
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Let ¢ € Consty..
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Knowledge Base R

We consider Predy, = {A/1, B/1, R/2}, and Ro1 = (F, B) with
» F=10,

v B ={r} with r; = (V.R(X,Y) = B(Y)|AX))[p1].

Vg, =s VX. [ylA(X) <x1VY. [R(X, YV B(Y)] v 3y [R(X, Y)B(Y)D v A(X)]
Let S and Z be fresh predicates of arity 1.
pskelem = X [ylA(X) <le(X) v Z(X)) v M}

e [Z(X) (5()() Vv (—1)S(X)VY. [R(X, Y)v B(Y)])
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Vv Z(X)S(X)VY. [R(X, Y)V B Y)}

(
=s VX [ B(X)|¥Xewe. [BOX)]s(1B] - m)

= m
iy = ) (k)2’“" (27 = 1+ ) 4+ 27y

k=0

Let ¢ € Consty,.
wimAe) =5\ (¥Xas [BOX)| VX [BOYs(1B) - m)

BCConsty

VX [10AC) (200) (SUB)SCO) (-1 ST WY [ROE T )

v Z(X)S(X)¥Yese [ R, Y)) )

v AX) (2(X) (s(BDS(X) v

(
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yl(z(2m_k —1+x) + 1)

Knowledge Base Ry

We consider Predy, = {A/1, B/1, R/2}, and R = (F, B) with
> JT": (Z),

v B={r} with r, = QY.R(X,Y) A B(Y)|A(X))[p1].

The difficulty of Ry does not differ from R since
(FY.R(X,Y) A A(Y)|A(X))[pi]
=5 (ZIV.R(X,Y) A AY)AX))L = pi]
=s (VYRR(X,Y) V ~A(Y)|AX))[L - p]

Example: Bird Sanctuary

We consider Renet = (F, B) [Thimm and Kern-Isberner, |2012] with
» Predy = {StripedSeaEagle/1, SnoringOstrich/1, Flies/1, Pink/1},

» F={F,...,F,} with
Fy = VX .=StripedSeaEagle(X) V =SnoringOstrich(X),
F, = VX.StripedSeaEagle(X) = Flies(X),
F3 = VX.SnoringOstrich = —Flies(X),
Fy = VX .SnoringOstrich = Pink(X),

» B={ry,ry,r3} with
r1 = (StripedSeaEagle(X)|T)[0.999],
r9 = (SnoringOstrich(X)|T)[0.001],
r3 = (Pink(X)|StripedSeaEagle(X))[0.001].

Typed model counting for Rg,net can be performed similar to Rsg.
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Example: Blue Ball

We consider Rpay = (F, B) [Thimm and Kern-Isberner, 2012] with

Predy, = {Ball/1Blue/1},

\4

» ¢ € Consty,

F = {Fl,FQ} with

v

F) =VX.Ball(X),
F, = Blue(c),

B = {r,} with

v

r1 = (Blue(X)[Ball(X))[0.9].

Typed model counting for Ry, can be performed similar to Rg and Rs.

Example: SYN

We consider Rsyn = (F, B) [Finthammer and Beierle, [2012] with

Preds, = {R/1,Q/1},

v

» 4 € COﬂStE,

>./T":®,

v

B = {ry,ry,r3} with

r = (R(X)|Q(X))[0.7],
rp = (QX)[T)[0.2],
r3 = (Q(a)|T)[0.6]

Typed model counting for Reyn can be performed similar to Ry.
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Example: Asymmetry

We consider Raeym = (F, B) [Jaeger, |1994] with

Preds, = {A/1,B/1,C/1},

v

» 4 € COﬂStE,

v

F, =VX.C(X) = A(X)B(X),

B:{’f’l,...,’f’4} with

v

r = (C(X)[A(X))[0.1],
ry = (C(X)|B(X))[0.9],
rs = (A(a)|T)[0.5],
ry = (B(a)|T)[0.5].

Typed model counting for R,sym can be performed similar to R4 and Rsg.

Example: Antarctic Birds

We consider Ruee = (F, B) |Jaeger, 1994] with
» Predy = {Bird/1, FlyingBird/1, AntarcticBird/1},
» opus € Consty,

F = {F, Fy, F3} with
Fy = VX.FlyingBird(X) = Bird(X),
F, = VX AntarcticBird(X) = Bird(X),
F3 = Bird(opus),

v

B ={ry,...,ry} with
r1 = (FlyingBird(X)|Bird(X))[0.95],
ro = (AntarcticBird(X)|Bird(X))[0.01],
r3 = (FlyingBird(X')|AntarcticBird(X))[0.2],
r4 = (AntarcticBird(opus)|T)[0.9].

v

Typed model counting for R, can be performed similar to Ry, Re and Rs.
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Example: Penguin

We consider Ryeng = (F, B) [Thimm and Kern-Isberner, 2012] with

» Predy, = {Bird/1, Penguin/1, Flies/1},

\4

opus, tweety, brian € Consty;,

F = {Fl,FQ,Fg} with

v

Fy = Bird(tweety),
F, = Bird(opus),
F3 = Bird(brian),

B = {’1"1, T, 7"3} with
r1 = (Penguin(opus)|T)[0.9],

ro = (Flies(X)|Bird(X))[0.6],
r3 = (Flies(X)|Penguin(X))[0.01].

\4

Typed model counting for Rpeng can be performed similar to R4 and Rs.

Example: Chirps

We consider Rehirps = (F, B) |[Thimm et al., 2011] with
» Predy, = {Chirps/1, Bird/1, Magpie/1, Moody/1},
» tweety € Consty,

» F = {Fl,FQ} with
F = VX .Magpie(X) = Bird(X),

F, = Magpie(tweety),
» B={ry,ry} with
r1 = (Chirps(X)|Bird(X))[0.9],
ro = (Chirps(X)|Magpie(X) A Moody(X))[0.2].

Typed model counting for Rehirps can be performed similar to Re and Rsg.
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Example: Flu

We consider Ry, = (F, B) |Finthammer and Beierle, 2012] with
» Predy, = {Flu/1, Contact/2},
» F =10,

» B={ry,ro} with
ry = (Flu(X)|T)[0.2],
ro = (Flu(X)|Contact(X,Y) A Flu(Y))[0.4].

Typed model counting for Ry, can be performed similar to Rq5 using set disjunction.

Example: Flu Extended

We consider Rgusc = (F, B) [Thimm and Kern-Isberner|, 2012] with
» Predy = {Flu/1, Susceptible/1, Contact/2},
» F =10,

» B = {ry,re,rs} with
ry = (Flu(X)|T)[0.2],
r2 = (Flu(X)|Contact(X,Y’) A Flu(Y'))[0.4],
rs = (Flu(X')|Susceptible(X))[0.3].

Typed model counting for Reusc can be performed similar to R5 using set disjunc-

tion.

Example: Cold

We consider Reoq = (F, B) [Thimm et al., 2011] with
» Predy, = {Cold/1, Susceptible/1, Contact/1},

» F = {Fl,FQ} with
F) = VX.=Contact(X, X),
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F, =VX,Y.Contact(X,Y) = Contact(Y, X),

» B= {7’1,7”2,7’3} with
r1 = (Cold(X)|T)[0.01],

ro = (Cold(X)|Susceptible(X))[0.1],
r3 = (Cold(X)|Contact(X,Y") A Cold(Y))[0.6].

Typed model counting for Rqq can be performed similar to Rg, Ri5, and R using
set disjunction and paired grounding.

Example: Monkeys

We consider Ryonk = (F, B) |Finthammer and Beierle, [2012] with

Predy, = {Feeds/2, Hungry/1},

v

» charly € Consty,

\4

F) = VX.—Feeds(X, X)

B = {7’1, R ,7’5} with
r1 = (Feeds(X,Y")|=Hungry(X) A Hungry(Y"))[0.8],

ro = (—Feeds(X,Y)|Hungry(X))[0.999],
r3 = (—Feeds(X,Y)|=Hungry(X) A =Hungry(Y"))[0.9],
ry = (Feeds(X, charly)|=Hungry(X))[0.95].

v

Typed model counting for Ronk can be performed similar to Ry, Rg, and R5 using

set disjunction.

Example: Elephants and Keepers

We consider Reeph = (F, B) [Thimm and Kern-Isberner] 2012 with

» Predy, = {Elephant/1, Keeper/1, Likes/2},
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» F={F,..., F,} with
F = Elephant(clyde),
F; = Elephant(giddy),
F3 = Keeper(fred),
F, = Keeper(dave),

» B={ry,ry,r3} with
r1 = (Likes(X,Y')|Elephant(X) A Keeper(Y))[0.6],
ro = (Likes(X, fred)|Elephant(X') A Keeper(fred))[0.4],
= (Likes(clyde, fred)|Elephant(clyde) A Keeper(fred))[0.7].

Typed model counting for Rejeph can be performed similar to R4, R, and R5 using
set disjunction.

Example: Burglary

We consider Ry = (F, B) |Beierle et al., [2010] with
» Predy = {Alarm/1, Burglary/1, Tornado/1, LivesIn/2, Neighborhood/2},
» carl, james, austin, yorkshire, bad, average, good € Consty;,

» F=A{F,..., Fy} with
Fy =VX,Y,Z)Y # Z Neighborhood(X,Y) = Neighborhood(X, Z),
F, =VX\Y, Z)Y # ZLivesIn(X,Y) = —LivesIn(X, Z),
F3 = LivesIn(james, yorkshire),
F, = LivesIn(carl, austin),
F5 = Burglary(james),
Fs = Tornado(austin),
F; = Neighborhood(james, average),
F3 = Neighborhood(carl, good),

» B={ry,...,rs} with
r1 = (Alarm(X)|Burglary(X))[0.9],
ro = (Alarm(X)|LivesIn(X,Y") A Tornado(Y))[0.9],
= (Burglary(X)|Neighborhood (X, bad))[0.6],
= (Burglary(X)|Neighborhood(X, average))[0.4],
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r5 = (Burglary(X)|Neighborhood (X, good))[0.3].

Typed model counting for Ryug can be performed similar to R4, Re, Rs, and R

using set disjunction.

Example: Lottery

We consider Riottery = (F, B) |Delgrande, [1998] with
» Preds, = {Winner/1},
> .F: (Z),

» B={ry,ro} with
r1 = (Winner(X)|T)[0.001],
ro = (3X.Winner(X)|T)[0.7].

Typed model counting for Riettery can be performed using skolemization.

Example: DL-Cold

We consider Rycorq = (F,B) [Thimm et al., 2011] with
» Predy, = {Cold/1, Susceptible/1, Contact/2},

» F = {Fl} with
Fy =vX.3Y.Contact(X,Y),

» B={ry,ry,r3} with
r1 = (Cold(X)|T)[0.01],
r9 = (Cold(X)|Susceptible(X))[0.1],
r3 = (Cold(X)|3Y.Contact(X,Y") A Cold(Y))[0.6].

Typed model counting for Ry can be performed similar to Rg, Ri5, and Rig
using set disjunction and skolemization.
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Example: Antibiotics

We consider Ryt = (F, B) [Penaloza and Potyka), 2016 with

» Predy, = {Antibiotic/1, Bacteriallnfection/1, AntibioticResistant/1,
HeavyAntibioticUse/1, Virallnfection/1, Infection/1, SF/2,ST /2},
with SF = suffers from and ST = successful treatment,

» F = {Fl,...,Fg,} with
Fy =VX.(3Y.SF(X,Y) A Bacteriallnfection(Y’) A —AntibioticResistant(}")

A —HeavyAntibioticUse(Y")) = 3Y.ST(X,Y) A Antibiotic(Y"),
F, =VX.(3Y.SF(X,Y) A Bacteriallnfection(Y") A AntibioticResistant(Y))
= —3Y.ST(X,Y) A Antibiotic(Y),
F3 =VX.(FY.SF(X,Y) A Virallnfection(Y')) = —3ST(X,Y) A Antibiotic(Y'),
F, = VX .Bacteriallnfection(X) = Infection(X),
F5 = VX Virallnfection(X) = Infection(X),

» B= {7"1,7’2} with
r1 = (AntibioticResistant(X )| T)[0.05],
ro = (AntibioticResistant(X ) |HeavyAntibioticUse(X))[0.8].

Typed model counting for Rpie: can be performed similar to Rg, R15, and Rig using

set disjunction and skolemization.

Example: High Blood Pressure

We consider Rpjood = (F, B) [Lukasiewicz, 2008| with

» Predy = {HeartPatient/1, PaceMakerPatient/1, HasSymptom/2, Male/1,
Arrhythmia/1, HighBloodPressure/1, HasHealthInsurance/2, Private/1,
ChestPain/1, BreathingDifficulties/1, HasllinessStatus /2, Final /1, },

» tom, john, maria € Consty,

» F = {Fl,...,F(,} with
F} = VX .PaceMakerPatient(X ) = HeartPatient(X),
Fy = VX.(3Y.HasSymptom (X, Y)) = HeartPatient(X),

F3 = HeartPatient(tom),
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Fy = PaceMakerPatient(john) A Male(john),
F5 = PaceMakerPatient(maria) A =Male(maria),
Fs = dY.HasSymptom(john, Y") A Arrhythmia(Y'),

> B = {7"1,...,7’11} with
= (HighBloodPressure(.X)|HeartPatient(X))[0.7],

= (—HighBloodPressure(.X )|PaceMakerPatient(X))[0.6],

= (Male(X')|PaceMakerPatient(.X))[0.4],

= (3Y.HasHealthInsurance(X, Y)Private(Y")|HeartPatient(.X))[0.9],

= (JY.HasSymptom(X, Y')Arrhythmia(Y")|PaceMakerPatient(.X))[0.98],

= (3Y.HasSymptom (X, Y')ChestPain(Y")|PaceMakerPatient(X))[0.9],

= (3Y.HasSymptom (X, Y')BreathingDifficulties(Y") |[PaceMakerPatient(X))[0.6],
= (PaceMakerPatient(tom)|T)[0.8],

= (3Y.HasSymptom(maria, Y') A BreathingDifficulties(Y)| T)[0.6],

r10 = (FY.HasSymptom(maria, Y') A ChestPain(Y")|T)[0.9],

r11 = (JY.HasllnessStatus(maria, Y) A Final(Y)| T)[0.5].

Typed model counting for Rpeoq can be performed similar to Rg, Rs, Ri5, and Rig
using set disjunction and skolemization.

A.3 Own Publications

This is a complete list of peer-reviewed publications that I contributed to during my
time as a PhD student until the day my thesis was submitted:

p01 Gabriele Kern-Isberner, Marco Wilhelm, and Christoph Beierle
(2014): Probabilistic Knowledge Representation Using Grobner Basis Theory.

International Symposium on Artificial Intelligence and Mathematics, ISAIM
2014, Fort Lauderdale, FL, USA, January 6-8, 201/

p02 Gabriele Kern-Isberner, Marco Wilhelm, and Christoph Beierle
(2014): A Novel Methodology for Processing Probabilistic Knowledge Bases
Under Maximum Entropy. Proceedings of the Twenty-Seventh International
Florida Artificial Intelligence Research Society Conference, FLAIRS 2014,
Pensacola Beach, Florida, USA, May 21-23, 2014. AAAI Press

p03 Marco Wilhelm, Gabriele Kern-Isberner, and Andreas Ecke (2016):
Propositional Probabilistic Reasoning at Maximum Entropy Modulo Theories.
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p04

p05

p06

p07

pO8

p09

pl0

Proceedings of the Twenty-Ninth International Florida Artificial Intelligence
Research Society Conference, FLAIRS 2016, Key Largo, Florida, USA, May
16-18, 2016. AAAI Press

Gabriele Kern-Isberner, Marco Wilhelm, and Christoph Beierle
(2017): Probabilistic knowledge representation using the principle of max-
imum entropy and Groébner basis theory. Ann. Math. Artif. Intell., vol-
ume 79(1-3)

Marco Wilhelm and Gabriele Kern-Isberner (2017): Typed Model
Counting and Its Application to Probabilistic Conditional Reasoning at Maxi-
mum Entropy. Proceedings of the Thirtieth International Florida Artificial In-
telligence Research Society Conference, FLAIRS 2017, Marco Island, Florida,
USA, May 22-24, 2017. AAAI Press

Marco Wilhelm, Christian Eichhorn, Richard Niland, and Gabriele
Kern-Isberner (2017): A Semantics for Conditionals with Default Nega-
tion. Symbolic and Quantitative Approaches to Reasoning with Uncertainty -
14th FEuropean Conference, ECSQARU 2017, Lugano, Switzerland, July 10-
14, 2017, Proceedings. Lecture Notes in Computer Science, volume 10369.
Springer

Marco Wilhelm, Marc Finthammer, Gabriele Kern-Isberner, and
Christoph Beierle (2017): First-Order Typed Model Counting for Prob-
abilistic Conditional Reasoning at Maximum Entropy. Scalable Uncertainty
Management - 11th International Conference, SUM 2017, Granada, Spain,
October 4-6, 2017, Proceedings. Lecture Notes in Computer Science, vol-
ume 10564. Springer

Marco Wilhelm, Gabriele Kern-Isberner, and Andreas Ecke (2017):
Basic Independence Results for Maximum Entropy Reasoning Based on Re-
lational Conditionals. GCAI 2017, 3rd Global Conference on Artificial Intel-
ligence, Miami, FL, USA, 18-22 October 2017, EPiC Series in Computing,
volume 50. FEasyChair

Gabriele Kern-Isberner, Marco Wilhelm, and Christoph Beierle
(2018): Drawing Inferences Under Maximum Entropy From Relational Prob-
abilistic Knowledge Using Group Theory. Infinite Group Theory: From the
Past to the Future, chapter 9. World Scientific

Marco Wilhelm, Gabriele Kern-Isberner, Marc Finthammer, and
Christoph Beierle (2018): A Generalized Iterative Scaling Algorithm for
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pl2

pl3

pl4

plb

pl6

pl7

pl8

Maximum Entropy Model Computations Respecting Probabilistic Indepen-
dencies. Foundations of Information and Knowledge Systems - 10th Interna-
tional Symposium, FolKS 2018, Budapest, Hungary, May 14-18, 2018, Pro-

ceedings. Lecture Notes in Computer Science, volume 10833. Springer

Jonas Philipp Haldimann, Marco Wilhelm, and Gabriele Kern-
Isberner (2018): Evaluating Reactive ASP by Formal Belief Revision. Work-
shop on Hybrid Reasoning and Learning (HRL 2018) at KR 2018

Marco Wilhelm, Gabriele Kern-Isberner, Andreas Ecke, and Franz
Baader (2019): Counting Strategies for the Probabilistic Description Logic
ALCME Under the Principle of Maximum Entropy. Logics in Artificial Intelli-
gence - 16th European Conference, JELIA 2019, Rende, Italy, May 7-11, 2019,
Proceedings. Lecture Notes in Computer Science, volume 11468. Springer

Marco Wilhelm, Gabriele Kern-Isberner, Marc Finthammer, and
Christoph Beierle (2019): Integrating Typed Model Counting into First-
Order Maximum Entropy Computations and the Connection to Markov Logic
Networks. Proceedings of the Thirty-Second International Florida Artificial
Intelligence Research Society Conference, Sarasota, Florida, USA, May 19-22
2019. AAAI Press

Marco Wilhelm and Gabriele Kern-Isberner (2019): Maximum En-
tropy Calculations for the Probabilistic Description Logic ALCME. Description
Logic, Theory Combination, and All That - Essays Dedicated to Franz Baader
on the Occasion of His 60th Birthday. Lecture Notes in Computer Science,
volume 11560. Springer

Franz Baader, Andreas Ecke, Gabriele Kern-Isberner, and Marco
Wilhelm (2019): The Complexity of the Consistency Problem in the Proba-
bilistic Description Logic ALCME. Frontiers of Combining Systems. Springer

Marco Wilhelm and Gabriele Kern-Isberner (2020): Context-Based In-
ferences from Probabilistic Conditionals with Default Negation at Maximum
Entropy. Proceedings of the Thirty-Third International Florida Artificial In-

telligence Research Society Conference, Originally to be held in North Miami
Beach, Florida, USA, May 17-20, 2020. AAAI Press

Marco Wilhelm and Gabriele Kern-Isberner (2020): Probabilistic Be-
lief Fusion at Maximum Entropy by First-Order Embedding: NMR 2020 -
18th International Workshop on Non-Monotonic Reasoning at KR 2020

Marco Wilhelm and Gabriele Kern-Isberner (2021): Focused Infer-
ence and System P. Thirty-Fifth AAAI Conference on Artificial Intelligence,
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p20

p21

p22

p23

p24

p25

AAAI 2021, Thirty-Third Conference on Innovative Applications of Artificial
Intelligence, IAAI 2021, The Eleventh Symposium on Educational Advances in
Artificial Intelligence, EAAI 2021, Virtual Event, February 2-9, 2021. AAAI

Press

Marco Wilhelm and Gabriele Kern-Isberner (2021): Predicting Human
Responses to Syllogism Tasks Following the Principle of Maximum Entropy
(Abstract). Entropy 2021: The Scientific Tool of the 21st Century. MDPI

Marco Wilhelm, Diana Howey, Gabriele Kern-Isberner, Kai Sauer-
wald, and Christoph Beierle (2021): A Brief Introduction Into Activation-
Based Conditional Inference. Proceedings of the 7th Workshop on Formal and
Cognitive Reasoning co-located with the 44th German Conference on Artificial
Intelligence (KI 2021), September 28, 2021. CEUR Workshop Proceedings,
volume 2961. CEUR-WS.org

Marco Wilhelm, Diana Howey, Gabriele Kern-Isberner, Kai Sauer-
wald, and Christoph Beierle (2021): Conditional Inference and Activation
of Knowledge Entities in ACT-R. CoRR, volume abs/2110.1521/

Marco Wilhelm, Diana Howey, Gabriele Kern-Isberner, Kai Sauer-
wald, and Christoph Beierle (2022): Integrating Cognitive Principles
From ACT-R Into Probabilistic Conditional Reasoning by Taking the Exam-
ple of Maximum Entropy Reasoning. Proceedings of the Thirty-Fifth Inter-
national Florida Artificial Intelligence Research Society Conference, FLAIRS
2022, Hutchinson Island, Jensen Beach, Florida, USA, May 15-18, 2022

Pascal Kaiser, Andre Thevapalan, Moritz Roidl, Gabriele Kern-
Isberner, and Marco Wilhelm (2023): Towards Finding Optimal So-
lutions For Constrained Warehouse Layouts Using Answer Set Programming.
Proceedings of the Conference on Production Systems and Logistics: CPSL
2023 - 1. publish-Ing., Hannover

Marco Wilhelm, Diana Howey, Gabriele Kern-Isberner, Kai Sauer-
wald, and Christoph Beierle (2023): Activation-based Conditional Infer-
ence. ifColog, FLAP, volume 10(2)

Andre Thevapalan, Marco Wilhelm, Gabriele Kern-Isberner, Pascal
Kaiser, and Moritz Roidl (2023): An Interactive Modelling Environment
for Designing Warehouse Layouts Based on ASP. Proceedings of the Thirty-
Siath International Florida Artificial Intelligence Research Society Conference,

FLAIRS 2023, Clearwater Beach, FL, USA, May 14-17, 2023. AAAI Press
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Marco Wilhelm, Andre Thevapalan, and Gabriele Kern-Isberner
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Proceedings of the Thirty-Sizth International Florida Artificial Intelligence Re-
search Society Conference, FLAIRS 2023, Clearwater Beach, FL, USA, May
14-17, 2023. AAAI Press

Marco Wilhelm (2023): Integrating Linear Arithmetic Constraints Into
Conditional Maximum Entropy Reasoning. Proceedings of the 20th Interna-

tional Conference on Principles of Knowledge Representation and Reasoning,
KR 2023, Rhodes, Greece, September 2-8, 2023

Marco Wilhelm, Meliha Sezgin, Gabriele Kern-Isberner, Jonas
Haldimann, Christoph Beierle, and Jesse Heyninck (2023): Splitting
Techniques for Conditional Belief Bases in the Context of c-Representations.
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Dresden, Germany, September 20-22, 2023, Proceedings. Lecture Notes in
Computer Science, volume 14281. Springer

Marco Wilhelm, Diana Howey, Gabriele Kern-Isberner, Kai Sauer-
wald, and Christoph Beierle (2023): Activation-Based Conditional Infer-
ence (Extended Abstract). 2nd Workshop on Challenges and Adequacy Con-
ditions for Logics in the New Age of Artificial Intelligence (ACLAI)

Marco Wilhelm and Gabriele Kern-Isberner (2024): Decomposing
Constraint Networks for Calculating c-Representations. Thirty-FEighth AAAI
Conference on Artificial Intelligence, AAAI 2024, Thirty-Sixth Conference on
Innovative Applications of Artificial Intelligence, IAAI 2024, Fourteenth Sym-
posium on Educational Advances in Artificial Intelligence, EAAI 201/, Febru-
ary 20-27, 2024, Vancouver, Canada. AAAI Press

Marco Wilhelm, Gabriele Kern-Isberner, and Christoph Beierle
(2024): Core c-Representations and c-Core Closure for Conditional Belief
Bases. Foundations of Information and Knowledge Systems - 15th Interna-
tional Symposium, FolKS 202/, Sheffield, UK, April 8-11, 2024, Proceedings.
Lecture Notes in Computer Science, volume 14589. Springer

Marco Wilhelm, Lars-Phillip Spiegel, and Gabriele Kern-Isberner
(2024): Intrinsic Prioritization in Answer Set Programming Based on an
Adapted Notion of Tolerance. Proceedings of the Thirty-Seventh International
Florida Artificial Intelligence Research Society Conference, FLAIRS 2024, Mi-
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