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Chapter 1

Introduction

The subject of this thesis are cohomogeneity-one metrics whose holonomy is contained in
Spin(7). Our aim is to find new examples and to prove a partial classification result. The
motivation for this work is the paper ” Cohomogeneity-one Go-structures” of Richard Cleyton
and Andrew Swann [20]. In that paper the authors construct Ge-structures with and without
torsion which admit a cohnomogeneity-one action. We apply the methods which were developed
by Cleyton and Swann to the Spin(7)-case. It turns out that our case is more intricate than
the Ga-case. We only consider Spin(7)-structures without torsion, since this task already is
sufficiently extensive.

We shortly recall what Spin(7)-structures are and why they are interesting for mathemati-
cians and physicists. Let M be an eight-dimensional manifold. A Spin(7)-structure on M is
a reduction of the coframe bundle to a principal bundle with structure group Spin(7). Equiv-
alently, a Spin(7)-structure is determined by a four-form € with the property that at every
p € M there is a basis of T, M such that €2 can be identified via that basis with a special
four-form on R®. We call a pair of an eight-dimensional manifold and a Spin(7)-structure
a Spin(7)-manifold. On any Spin(7)-manifold, there exists a canonical orientation, which is
induced by €2 A €2, and a canonical metric g, which depends non-linearly on €2. With respect
to g and the volume form Q A Q, the four-form € is self-dual. A Spin(7)-structure is called
parallel or torsion-free if VI€2 = 0 or equivalently d€2 = 0. In this situation, g is Ricci-flat and
the holonomy of the Levi-Civita connection is a subgroup of Spin(7). The most interesting
case is where the holonomy is all of Spin(7). If this is the case, then there exists up to constant
multiples a unique parallel spinor on M. This fact makes manifolds with holonomy Spin(7)
interesting for physicists. In recent years, manifolds with holonomy G2 and Spin(7) have been
studied in the context of M-theory (see Atiyah, Witten [3] and Gukov, Sparks [39]).

The equation d€2 = 0 should be considered as a non-linear partial differential equation. Al-
though the operator d is linear, the condition that Q determines a Spin(7)-structure is a
non-linear restriction. For this reason, it is difficult to construct examples of metrics with
holonomy Spin(7). That there are indeed local metrics of that kind has first been proven by
Bryant [14]. The next breakthrough was the construction of complete metrics with holonomy
G4 and Spin(7) by Bryant and Salamon [15]. The authors give an explicit description of their
examples and it turns out that they are of cohomogeneity one. In particular, the metric with
holonomy Spin(7) has the sphere S7 as principal orbit. The first compact manifolds with
exceptional holonomy have been constructed by Joyce [47]. Since the techniques of Bryant
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8 CHAPTER 1. INTRODUCTION

[14] and Joyce [47| yield no explicit description of their metrics, it would be nice to have
further explicit examples, apart from those which were constructed in [15].

The problem of finding new examples can be simplified by assuming that M admits an
action of a Lie group GG which preserves €2 such that the principal orbits of that action have
codimension one. If this is the case, the G-action is called a cohomogeneity-one action and
(M, Q) is called a Spin(7)-manifold of cohomogeneity one. In the literature, there are many
examples of such manifolds. Calabi [18] has constructed a complete metric with holonomy
Sp(2) on T*CP?. This metric is left invariant by a cohomogeneity-one action of SU(3)
whose principal orbit is the exceptional Aloff-Wallach space N1 (see Cvetié, Gibbons, Lii,
Pope [22] and Kanno, Yasui [49]). Explicit cohomogeneity-one metrics with holonomy SU(4)
can be found in Cveti¢ et al. [21], [25] and in Herzog, Klebanov [41]. The work of these
authors is based on earlier papers by Berard-Bergery [8], Page, Pope [58], and Stenzel [64].
Cohomogeneity-one metrics with holonomy Spin(7) have been described in a series of papers
by Cvetic et al. [21], [22], [23], [24], [25], [26], [27] and by Kanno, Yasui [48], [49]. The
results of these papers are often based on power series expansions up to a finite order and
on numeric arguments. The reason behind this is that in the context of these papers d2 = 0
has an explicit solution in special cases only. Recently, Bazaikin [5] has rigorously proven the
existence of two one-parameter families of non-homothetic cohomogeneity-one metrics with
holonomy Spin(7), which are asymptotically locally conical. The principal orbit is Nb!/Zg
for the first and S7/Z, for the second family.

In the cohomogeneity-one case, the equation d{2 = 0 is equivalent to a system of ordinary
differential equations. There are several methods to deduce these equations. In [48], a su-
perpotential for the equations for the Ricci-flatness is constructed, which yields a sufficient
condition for the holonomy reduction. Bazaikin [5] obtained the differential equations which
he studied by deforming a cone with holonomy Sp(2). In a forthcoming paper [6], Bazaikin
and Malkovich will deform cones with holonomy SU(4). This deformation will yield a more
general system of differential equations. In this thesis, we will work with a third method,
which is motivated by a paper of Hitchin [42] and has also been applied in [48]. If (M, ) is
of cohomogeneity one, the principal orbits are a one-parameter family of equidistant hyper-
surfaces. The union of all principal orbits is diffeomorphic to a product N x I, where I is an
interval. On any hypersurface inside a Spin(7)-manifold, there exists a canonical G-structure.
The Go-structure is, analogously to the Spin(7)-structure, determined by a three-form, which
we denote by w. Let % be the Lie derivative in the direction of the coordinate { which
parameterizes I. With this notation, the equation d? = 0 is equivalent to:

2=x<cu=dcu and dxw=0.

ot

If we have d = w = 0 for a single {, the equation holds for all ¢ and % *w = dw has a
unique short-time solution. The first of the above two equations is equivalent to a system of
non-linear ordinary differential equations, since the principal orbit is a homogeneous space.
The second one is equivalent to a system of polynomial equations, which is in many cases
automatically satisfied. If we are able to solve the differential equations, we have found a
metric with holonomy < Spin(7).

Before we can study the equation % * w = dw In a concrete situation, we first have to choose

a principal orbit G/H. After that, we have to find a sufficiently large space of coclosed



homogeneous Ga-structures on G/H which is preserved by % *w = dw. By parameterizing

that space, we are finally able to deduce a system of ordinary differential equations which is
equivalent to % *w = dw.

The seven-dimensional coset spaces G/H which admit a G-invariant Ga-structure can be
clagsified by algebraic methods. The group H acts on the tangent space of G/H by its
isotropy representation. G2 also acts on the tangent space as the stabilizer of the three-form
w. In this situation, H € G4 is necessary and sufficient for G/H to admit a G-invariant
Go-structure. Therefore, we have to classify all connected Lie subgroups H € G» and then
all Lie groups G with H € G and dim G — dim H = 7. With these methods, we are able to
classify all possible principal orbits under some mild restrictions:

Theorem 1.1. Let G/H be a compact, connected coset space which admits a G-invariant
Go-structure. We assume thal G is compact and connected, too, and acts almost effectively
on G/H. If G/H is not covered by a Cartesian product of lower-dimensional homogeneous
spaces, G, H, and G/H are up to finite coverings one of the following:

e |1 | G/H |
SU(3) U(1) NEL - with k,leZ
SO(5) SO(3) V5.2
Sp(2) Sp(1) S’

SO(5) SO(3) B7
SU(Q)S U(1)2 Ql,l,l
SU(@3) x SU(2) | SU(2) x U(1) | MbHLO

If G/H s covered by a product, at least one of the factors is a circle.

In the above table, the indices of N®! (Q11!, M119) denote a special embedding of U(1)
(U(1)2, SU(2) x U(1)) into SU(3) (SU(2)3, SU(3) x SU(2)). Those embeddings are described
explicitly in Section 5.4 (5.2, 5.3). V52 denotes the Stiefel-manifold of all orthonormal pairs
in R® and B” is the Berger space, which is described in more detail in Section 5.1. Some of
the above spaces admit a transitive action by a bigger group, which also preserves the Go-
structure. These group actions are not listed in the table of the theorem, but are described in
Chapter 4. The principal orbits which are not a product of lower-dimensional homogeneous
spaces we call irreducible and the other ones we call reducible. The irreducible principal
orbits coincide with the homogeneous spaces which admit a nearly parallel Ga-structure.
Those spaces are classified in a paper of Friedrich, Kath, Moroianu, and Semmelmann [37].
Since any nearly parallel Ga-structure w also satisfies d * w = 0, all of those spaces admit a
coclosed Ga-structure. If G/H is a reducible principal orbit, the group G splits into G’ x U(1)
and G/H splits into G'/H x U(1) up to a finite cover. The six-dimensional space G'/H
admits a homogeneous SU(3)-structure. Spaces of that kind are possible principal orbits
for cohomogeneity-one (GGa-structures. For this reason, six-dimensional spaces admitting a
homogeneous SU(3)-structure are studied by Cleyton and Swann [20]. Their list coincides
with our list with the single exception of a space of type SU(2)2/U(1) x U(1), which is included
in our list, but seems to be missing in [20]. Many of the reducible principal orbits admit a
homogeneous coclosed Gs-structure, but we will not prove this fact for all cases.

Any Riemannian product of a parallel Ga-structure and a circle is also a parallel Spin(7)-
structure. We will shortly consider the question if there are any further examples of parallel
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cohomogeneity-one Spin(7)-structures with a reducible principal orbit, for example warped
products. In the general case, there seems to be nothing which obstructs the existence of
such examples. We investigate one particular principal orbit, namely SU(3)/U(1)? x U(1),
in detail. In that case, we obtain a negative result only: Any parallel cohomogeneity-one
Spin(7)-manifold with that principal orbit is a Riemannian product of a circle and a parallel
cohomogeneity-one Go-manifold with principal orbit SU(3)/U(1)2. Since that kind of mani-
folds has been studied by Cleyton and Swann [20], we will not consider this issue further and
focus on the irreducible principal orbits.

As we have mentioned above, we have to find a sufficiently large space of coclosed Ga-
structures on any of the orbits G/H which we consider. We split this problem into two
subproblems. First, we classify all G-invariant metrics on G/H and then we classify all in-
variant Go-structures which have a fixed associated metric and orientation. The classification
of the metrics can be done with help of representation theory. We fix a normal background
metric ¢ on G/H. Any other G-invariant metric on G/H can be identified by ¢ with an H-
equivariant endomorphism of a fixed tangent space. The set of those endomorphisms can be
described with help of Schur’s lemma. If the tangent space splits into pairwise inequivalent
H-submodules, any G-invariant metric is diagonal with respect to any basis which is adapted
to the splitting. This condition will be satisfied in many of the cases which we consider. In the
other cases, we will also assume that the metric is diagonal in order to keep our calculations
simple. The space of all G-invariant Go-structures which have a fixed associated metric and
orientation can be described by Normgoz)H /Normg, H. Since that space is independent of
the choice of the metric and orientation, we also call it the space of all G-structures with the
same associated metric and orientation. In many cases, we are able to describe that space
explicitly. In the other cases, we restrict ourselves to a submanifold such that the set of all
Gs-structures which we consider is preserved by % *w = dw. We are now able to make an
ansatz for w. After having checked if d * w = 0, we can finally deduce a system of ordinary
differential equations which is sufficient for the holonomy reduction.

The space M of cohomogeneity one on which we want to define the Spin(7)-structure has to
have at least one singular orbit G/K, where H € K < G. Otherwise, the metric would be
either non-complete or a product metric. The quotient K/H has to be a sphere in order to
make M a manifold. In some cases, K/H is a quotient of a sphere by a discrete group. We
investigate these cases, too, since M is an orbifold bundle over G/K in that situation.

There are several problems which have to be solved before we finally obtain a cohomogeneity-
one metric with reduced holonomy. The first problem is that not necessarily all solutions
of our differential equations correspond to metrics which can be smoothly extended to the
singular orbit. There are certain smoothness conditions, which have to be satisfied. In the
case where the metric is analytic, these conditions translate into conditions on the coefficients
of the Taylor expansion of the metric. Since any metric whose holonomy is contained in
Spin(7) is also Ricci-flat, it follows by a well-known theorem of DeTurck and Kazdan [30]
that the metric is analytic. We therefore may assume that the metric is described by a
power series. In a paper of Eschenburg and Wang [32], the smoothness conditions for analytic
cohomogeneity-one metrics are deduced with help of representation theoretical arguments.
With help of the methods from that paper, we are able to deduce the smoothness conditions
for our situation. These conditions usually state that some of the functions which describe
the metric are even and some are odd. Sometimes there are also relations between different
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functions or other restrictions on the metric, which could not be easily seen without applying
the methods of [32]. After having deduced the smoothness conditions, we can check them with
help of symmetry arguments. If the metric is smooth, its holonomy is contained in Spin(7).
Therefore, there has to exist one, or if the holonomy is not all of Spin(7), a certain family of
smooth parallel four-forms. With help of this argument, the smoothness of € follows.

The second problem is that the differential equations degenerate at the singular orbit. In
general, we have to divide by zero on the right hand side of our equations. This may cause
singularities, but in all except one case we always find metrics on the singular orbit such that
the zero in the denominator is compensated by another zero in the numerator. There are
two subcases which we have to discuss: In the first case, there are no restrictions which we
have to impose on the initial values at the singular orbit and we are in the situation of the
Picard-Lindelof theorem. The existence and uniqueness of the solutions of our initial value
problem thus immediately follows. Moreover, we will see that the differential equations which
we obtain in this case are explicitly solvable. In the second case, we have to impose certain
extra conditions on the initial values in order to compensate the zeroes in the denominator.
If this is the case, the right hand side of the differential equations is defined on a non-open
set only and we cannot apply the Picard-Lindel6f theorem. In particular, we do neither know
if there exists a solution of our initial value problem nor if this solution is unique. There
are indeed cases where the solution depends on initial conditions of higher order which we
can freely prescribe. For the cohomogeneity-one Finstein condition, the number and order
of those free parameters can be calculated by means of representation theory. This result is
proven in the paper of Eschenburg and Wang [32]. We therefore make the following plan: Let
m be the maximal order of the free parameters for the cohomogeneity-one Einstein condition.
Any of the free parameters for the equations for the holonomy reduction also has to be one
of the parameters of Eschenburg and Wang. We make a power series expansion up to m®”
order and check which of those degrees of freedom actually remain in our situation. Then
we prove by an explicit calculation that for any choice of the free parameters there exists a
formal power series solution of our initial value problem. The convergence of the power series
follows by another result of Eschenburg and Wang [32]. After that, we finally have classified
all solutions of our initial value problem.

In the first of the above two cases, we have to consider certain spaces of K-equivariant maps
in order to deduce the smoothness conditions. This information is already sufficient to apply
the theorem of Eschenburg and Wang [32]. As a by-product of our calculations, we thus can
prove in both cases the existence of cohomogeneity-one Einstein metrics on a neighborhood
of the singular orbit.

We remark that most results of Eischenburg and Wang hold only if the tangent and the normal
space of the singular orbit contain no equivalent H-submodules. This is a general assumption
which was made in [32]. Eschenburg and Wang [32| suppose that all of their results can be
carried over to the general case. In some of the cases which we consider the above assumption
is violated. Nevertheless, we show by a modification of the proof of the theorem of Eschenburg
and Wang that their theorem applies to our cases as well.

It is already a demanding task to carry out the program which we have outlined above for
a single principal orbit. Therefore, we will not consider all of the reducible principal orbits
in this thesis. More concretely, we will not investigate cohomogeneity-one metrics whose
principal orbit is the Stiefel-manifold V2 or covered by the sphere S7. One of the reasons
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why we omit these principal orbits is that they are intensively studied in the literature.
Metrics with principal orbit V32 and holonomy SU(4) are constructed by Stenzel [64] and
Cveti¢ et al. [25]. On parallel cohomogeneity-one Spin(7)-structures whose principal orbit
is covered by S7 there exists much literature. The most simple example of such a structure
is the flat Spin(7)-structure on R®. Spin(7) acts by its eight-dimensional representation on
R8. The orbits of that action are spheres and the action thus is of cohomogeneity one. As
we have mentioned above, the parallel Spin(7)-structure of Bryant and Salamon [15] is also
of cohomogeneity one and has S7 as principal orbit. Furthermore, Cveti¢ et. al. investigate
parallel Spin(7)-structures of that kind in [23], [24], [26], and [27]. Among their examples are
manifolds with principal orbit S7 and singular orbit S* as well as manifolds with principal
orbit S7/Z4 and singular orbit CP3. Finally, the cohomogeneity-one metrics of Bazaikin [5]
with principal orbit S7/Z4 fit in this context, too. Those metrics are a special case of the
numerical examples of Cveti¢ et al. and also have CP? as singular orbit. All of the above
metrics are diagonal. On both V2 and S7 there exist non-diagonal homogeneous metrics.
Since we can transform any of the non-diagonal metrics into a diagonal one by the action of
the normalizer, it seems unlikely that there are many further examples apart from those in
the literature. This argument will be explained in more detail in Section 7.

The first principal orbit which we consider in detail is the Berger space B7 = SO(5)/SO(3).
The embedding of SO(3) into SO(5) is given by the five-dimensional irreducible represen-
tation of SO(3). Since B is isotropy-irreducible, there is up to constant multiples only
one SO(5)-invariant metric and one SO(5)-invariant Ge-structure on B7. With help of
this fact, we can conclude that the only parallel cohomogeneity-one Spin(7)-structures with
principal orbit B” are cones over that space. Next, we consider principal orbits of type
QR = SU(2)3/U(1)i’l,m, where the three indices describe the embedding of U(l)l%:,l,m into
SU(2)%. We will see that only Q!'! admits a homogeneous Ga-structure. Since the tangent
space of QM1 splits into pairwise inequivalent U (1)%,1,1—modules, any homogeneous metric
on that space is diagonal. For any fixed metric and orientation on Q%!!, there exists a one-
parameter family of SU(2)3-invariant Ge-structures whose associated metric and orientation
coincides with the chosen ones. Moreover, there are no further Ga-structures of that kind and
the one-parameter family can be generated by an action of U(1) by isometries. We fix one
of those isometries and let it act on all of the principal orbits simultaneously. This construc-
tion yields an isometry of the whole cohomogeneity-one manifold. If we find a single parallel
Spin(7)-structure, we obtain by the U(1)-action a whole family of parallel Spin(7)-structures,
which all have the same associated metric. From this it follows that the holonomy is SU(4).
In the situation which we study at the moment, the equations for the holonomy reduction are
explicitly solvable. There are solutions with S? x 2 and with S? x $? x S? as singular orbit.
The metrics of the first kind are smooth at singular orbit. In the second case, the length
of the collapsing circle K/U(1)? is 4wt + O(t?) for small {. If the metric was smooth, this
length would have to be 27t + O(t?). Our metric therefore has a singularity at the singular
orbit. We nevertheless suppose that it is possible to make the metric smooth by replacing
the principal orbit QYM! by QV11/Z, for a suitable Zo-action. We will not carry out this
construction explicitly, since later on there will be another principal orbit for which this will
be explained in detail. All in all, we have proven the following theorem:

Theorem 1.2. Let (M,) be a parallel cohomogeneity-one Spin(7)-manifold whose principal
orbits are of type QPH™ = SU(Q)S/U(l)i,z,m- In this situation, the following statements are
true:
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1. The principal orbits are SU(2)3-equivariantly diffeomorphic to QY11
2. The metric g which is associated to 2 has holonomy SU(4).

3. If M has a singular orbit, it has to be S% x S% or S? x 82 x S2. In the first case, g can
be extended to a smooth, complete metric and M is non-compact. In the second case,
M is non-compact, too, but g cannot be smooth atl the singular orbit. However, g can

be extended such that any geodesic which does not intersect the singular orbil is defined
on all of R.

The above metrics have already been described in another context (see Cveti¢ et al. [21],
[25] and Herzog, Klebanov [41]). Our proof that there are no further Spin(7)-structures on a
cohomogeneity-one manifold with principal orbit @**™ is new. Moreover, we have introduced
a new point of view on these metrics.

The next kind of principal orbits which we consider are spaces of type (SU(3)xSU(2))/(SU(2)
xU(1)) where the first factor of SU(2) x U(1) is embedded into SU(3). In this case, we
obtain similar results as in the previous one. The embedding of U(1) into SU(3) x SU(2)
has to be special in order to make (SU(3) x SU(2))/(SU(2) x U(1)) a space which admits a
SU(3) x SU(2)-invariant Ge-structure. On a cohomogeneity-one manifold (or orbifold) with
that space, which we denote by M550 ag principal orbit, the differential equations for the
holonomy reduction are explicitly solvable. There are three possible singular orbits, namely
52, CP?, and S? x CP2. If the singular orbit is S2, our space of cohomogeneity one is an
orbifold but not a manifold, since M1 is a S®/Z3-bundle over the singular orbit. In Section
5.3, we will prove the following theorem:

Theorem 1.3. Let (M, Q) be a parallel cohomogeneity-one Spin(7)-manifold whose principal
orbit is of type M*b™ = (SU(3) x SU(2))/(SU(2) x U(\))kim- The indices k, I, and m
describe the embedding of the abelian factor of (SU(2) x U(1))k1m into SU(3) x SU(2) and
the embedding of the semisimple factor shall be as above. In this situation, the following
statements are true:

1. The principal orbit is SU(3) x SU(2)-equivariantly diffeomorphic to MY10,
2. The metric g which is associated to Q2 has holonomy SU(4).

3. If M has a singular orbit, it has to be S2, CP?, or S? x CP2. In all three cases, M
is non-compact and g can be extended such thal any geodesic which does not intersect
the singular orbit is defined on all of R. This means in particular that if g is smooth,
(M, g) is complete. If the singular orbit is S?, g cannot be a smooth orbifold metric. In
the second case, the metric is smooth and in the third case the metric cannot be smooth
at the singular orbit.

Although the metric is not smooth if the singular orbit is S2 x CP?, it may be possible to
replace the principal orbit by M11%/Zy in such a way that the metric becomes a smooth
one. As in the previous case, all of the above metrics are mentioned in [21], [25], and [41].
Nevertheless, our classification result is new.

Finally, we consider the Aloff-Wallach spaces as principal orbits. An Aloff-Wallach space
is a coset space of type N¥! := SU(3)/U(1)y,, where k,l € Z and U(1)y,; is the subgroup
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of SU(3) which is generated by diag(ik,il, —i(k + [)). The Aloff-Wallach spaces which are
SU(3)-equivariantly diffeomorphic to N9 or N! are called exceptional and the other ones
are called generic. If N®! is an exceptional Aloff-Wallach space, the tangent space Tev(y,, N kil
contains a pair of equivalent U(1)y ;-submodules. Therefore, there exist non-diagonal SU(3)-
invariant metrics on those spaces no matter how we fix the basis of the tangent space. As
we have announced above, we nevertheless assume that the metric is diagonal in order to
keep our considerations simple. For any diagonal metric g on an Aloff-Wallach space N*,
there exists a special coclosed Go-structure such that its associated metric is g. As in the
QY11 and Mb10-case, there is a U(1)-action on this Go-structure which generates a whole
one-parameter family of SU(3)-invariant Ge-structures with the same associated metric and
orientation. However, there are two differences to the previous cases. First, the U(1)-action
is not induced by a subgroup of the normalizer Normgy(3)U(1)k. Second, the set of all
coclosed Gy-structures in the above family is usually discrete. Only in the case where N*?
is SU(3)-equivariantly diffeomorphic to N1! and the initial Go-structure is of a special type
all Gs-structures in the family are coclosed. In the other cases, it is even possible to restrict
ourselves without loss of generality to the initial coclosed Ga-structure. Unfortunately, we
cannot exclude that the space of all SU(3)-invariant Ga-structures with the same associated
metric and orientation is larger than the U(1)-orbit. If N®! is generic or SU(3)-equivariantly
diffeomorphic to N9, it may have further connected components, which are diffeomorphic to
a circle. If N®! is SU(3)-equivariantly diffeomorphic to N11, the space is three-dimensional
and its connected components are generated by a SO(3)-action. Since we suppose that there
are not many coclosed Go-structures on the Aloff-Wallach spaces, we restrict ourselves to
Go-structures which belong to the U(1)-orbit. With help of the above facts, we can prove
that the holonomy of a parallel cohomogeneity-one Spin(7)-manifold whose principal orbit is
a generic Aloff-Wallach space is all of Spin(7). If the principal orbit is SU(3)-equivariantly to
N9 the holonomy is the same. In the N1'-case, we do not investigate all Gy-structures in
the SO(3)-orbit. Therefore, we can conclude only that the holonomy is contained in Spin(7).
If the Gs-structure on the principal orbit is of the special type which we have mentioned
above, we can moreover prove that the holonomy is contained in SU(4). In Kanno, Yasui
[49], further results on the holonomy of cohomogeneity-one metrics with principal orbit N1
are proven. By classifying all closed connected groups K with U(1),; € K < SU(3), we see
that there are four possible singular orbits, namely SU(3)/U(1)2, S, SU(3)/SO(3), and CP?.
If the singular orbit is CP?, the space on which SU(3) is acting on is usually an orbifold but
not a manifold, since K/U (1), is a lens space of type SS/Z|k+l|. If furthermore & +1 = 0, the
space has a singularity which is not an orbifold singularity. S° or SU(3)/SO(3) as a singular
orbit is possible only if the principal orbit is of type N1Y.

After having classified the possible singular orbits, we consider solutions of the equations for
the holonomy reduction which are defined on a tubular neighborhood of one of those orbits.
These equations have an explicit solution in special cases only. We therefore have to work with
the power series methods which we have described earlier in this introduction. Since these
methods yield local results only, we do not check the completeness of our metrics. The first
singular orbit which we investigate is SU(3)/U(1)2. If the principal orbit is a generic Aloff-
Wallach space or N1, there exist no solutions of our differential equations near the singular
orbit. If the principal orbit is N'!, there exists a short-time solution, which depends on no
parameters except the metric on SU(3)/U(1)2. Unfortunately, the metric cannot be smoothly
extended to the singular orbit. Nevertheless, this becomes possible if we replace the principal
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orbit by a suitable quotient N%1/Z,. This time, we explicitly carry out that procedure
and obtain another cohomogeneity-one manifold with singular orbit SU(3)/U(1)?. The next
singular orbit which we consider is $°. We will prove that any SU(3)-invariant metric on
S5 = SU(3)/SU(2) can be uniquely extended to a smooth cohomogeneity-one metric which
solves the equations for the holonomy reduction. If the singular orbit is SU(3)/SO(3), we
find no parallel SU(3)-invariant Spin(7)-structures. In the cases where the singular orbit is
CP?, the metrics are no longer unique, but depend on additional free parameters of second or
third order. We will explain these parameters by the results of Eschenburg and Wang [32].
To sum up, we have proven the following result:

Theorem 1.4. Let (M,Q) be a parallel cohomogeneity-one Spin(7)-manifold (or -orbifold)
whose principal orbit is an Aloff-Wallach space. We assume that the metric associated to €2
is diagonal with respect to a natural basis and that the Go-structure on the principal orbit
is always contained in the one-parameter family which we have mentioned above. In this
situation, the following statements are true:

1. If the principal orbit is NV and the coefficients of Q0 satisfy certain relations, the
holonomy of the metric associated to S is contained in SU(4). In the other cases, it
is contained in Spin(7). If the principal orbit is a generic Aloff-Wallach space or N0,
the holonomy is all of Spin(7).

2. If the principal orbit is NY1 and the singular orbit is SU(3)/U(1)2, the metric associated
to €2 can never be smoothly extended to the singular orbit. If we divide the principal
orbit by a suitable Zo-action which leaves ) invariant, the melric can always be smoothly
extended. Moreover, it is uniquely determined by the metric on the singular orbit.

3. If the singular orbit is S°, any SU(3)-invariant metric on the singular orbit can be
uniquely extended to a smooth cohomogeneity-one metric with holonomy Spin(7) such
that the principal orbit is N0 and the Ga-structure on the principal orbit satisfies our
restrictions.

4. If the singular orbit is CP?, there are initial conditions of higher order which we can
prescribe. Their number and order depend on further details of the principal orbit and
the initial values of O order. There are several subcases, in which there are two initial
conditions of third order, one initial condilion of third order, or one initial condition of
second order.

5. Under some mild restrictions, the above examples are all parallel cohomogeneily-one
Spin(7)-manifolds which satisfy the assumptions on the metric and the Ga-structure
which we have made.

The metrics with singular orbit CPP? which depend on two parameters of third order are new
contributions of the author. The other metrics from the above theorem have already been
mentioned in the literature [5], [24], [39], [48], [49]. Since those results are often numerical,
many of our proofs on the local existence and smoothness of our metrics are new. The same
applies to the fact that there are no further free parameters apart from those in the theorem.

With help of the theorem of Eschenburg and Wang [32], we find many examples of cohomo-
geneity-one Einstein metrics with principal orbit @111, Mb10 or N*! Earlier in this in-
troduction, we have remarked that there is a technical assumption which is necessary for
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the theorem. If the principal orbit is an exceptional Aloff-Wallach space, that assumption is
violated in some cases. As we have announced above, we can nevertheless apply the theorem
of Eschenburg and Wang to those cases. We state the results which we obtain this way as a
separate theorem. On the quaternionic projective space HP? there is an Einstein metric of
cohomogeneity one with principal orbit N0 (see Piittmann, Rigas [59]). The examples of
cohomogeneity-one Einstein metrics which are neither HIP? nor have reduced holonomy are
further contributions of the author.

This thesis is organized as follows: In Chapter 2, we recall some facts about G- and Spin(7)-
structures and about the two groups themselves. In the course of our considerations, we
need many results on manifolds with a large isometry group, which we collect in Chapter 3.
In Section 3.1, we introduce some methods which simplify our calculations on homogeneous
spaces. Section 3.2 deals with manifolds of cohomogeneity one. In particular, we resume the
paper of Eschenburg and Wang [32] and introduce the flow equation of Hitchin [42]. In the
fourth chapter, we classify the spaces which admit a homogeneous Gs-structure. In order to
do this, we need a list of all connected Lie subgroups of Gy. Therefore, we classify them,
too. Chapter 5 is the most extensive one of this thesis. In that chapter, we investigate the
irreducible principal orbits which we have chosen in detail. We start with the Berger space B,
which is studied in Section 5.1. In Section 5.2 (5.3), we explore the issue of cohomogeneity-
one metrics with special holonomy whose principal orbit is @' (MH19). Parallel Spin(7)-
manifolds of cohomogeneity one with an Aloff-Wallach space as principal orbit are investigated
in Section 5.4. This section is the most comprehensive section of Chapter 5. The reasons for
this are that we have to consider the generic and the two exceptional Aloff-Wallach spaces
separately, that the calculations for the exceptional Aloff-Wallach spaces are more difficult
than those for the other principal orbits, and that the equations for the holonomy reduction
do not have a general explicit solution. The sixth chapter is devoted to cohomogeneity-one
Spin(7)-manifolds with a reducible principal orbit. In Section 6.1, we deal with the equation
dQ = 0 in the general situation. The case where the principal orbit is SU(3)/U(1)? x U(1)
is treated in the second section of that chapter. The seventh chapter is called ” Conclusion
and outlook”. It begins with a short summary of our results. Furthermore, we motivate
why we have not considered S7, S7/Z4, or the Stiefel-manifold V2 as a principal orbit. The
calculations which we were necessary to derive the equations for the holonomy reduction and
for the Einstein condition are included in the appendix.



Chapter 2

Exceptional holonomies

2.1 The groups G, and Spin(7)

Before we introduce the most important facts on metrics with exceptional holonomy, we first
have to take a closer look at the groups G2 and Spin(7). These groups can be described with
help of the octonions. Therefore, we have to give a short introduction to normed division
algebras, too. This introduction is in part based on the paper of John Baez [4] on the
octonions. Since most of the results of this section are well-known, we usually will omit their
proofs and refer to the literature instead.

Definition 2.1.1. A normed division algebra is a (not necessarily associative) real algebra
A with a unit element and a scalar product {.,.) satisfying

(xy,zyy =z, zXy,y) Vz,y€A.

Let A be a normed division algebra:

1. A non-zero linear map ® : A — A satisfying

D(zy) = ©(2)@(y) Va,ye A
is called an automorphism of A.

2. A linear map ¢ : A —» A with

pley) = zo(y) + p(a)y Vo,ye A
is called a derivation of A.

3. Let x be an element of A. The map L, : A —» A with L.(y) = zy is called the left
multiplication by x. Analogously, the map R, : A —» A with R,(y) = yz is called the
right mulliplication by x.

17
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Ezample 2.1.2. R and C together with the scalar products {x,y) := a2y Vz,y € R and
(x,y) := Re(xy) Vz,ye C are normed division algebras. On the quaternions H there exists
a scalar product, too, which makes H a normed division algebra and (1,14, j, k) an orthonormal
basis of H.

The real numbers R can be embedded as R -1 into any normed division algebra A. This fact
allows us to define the notion of imaginary numbers in A:

Definition 2.1.3. Let A be a normed division algebra. The orthogonal complement of R € A
is called the imaginary space Im(A) of A. Its elements are the imaginary numbers of A. Let
2 be an element of A. The projection of 2 onto R is called the real part Re(xz) of x and its
projection onto Im(A) is called the imaginary part Im{xz) of x. Re(x) — Im(x) we call the
conjugate T of x.

We collect some useful facts on normed division algebras:
Lemma 2.1.4. Let A be a normed division algebra. In this situation, the following statements

are true:

1. Let 2,y € Im(A). Then zy +yx = —2{(z,y) and, in particular, 2? = —||z|>.
2. Anyx € A\{0} has an inverse x™1 = # This fact justifies the name ”division algebra”
and shows that the maps L, and R, are bijective.

3. Let |z| = 1. Then, we have {yz,zx) = {ay,zz) = {y,2). In this situation, L, and R,
are therefore both orthogonal.

4. Since A is not necessarily associative, we do not have Ly o Ly = Ly,. The set of all
L, (or R,) with ||z| = 1 therefore is not necessarily a group, but there is still a group
generated by all L, (or R;). That group turns out to be a Lie subgroup of O(dim A).

Remark 2.1.5. Let A be an algebra with a unit element. If for all € A\{0} the maps R,
and L, are bijective, A is called a division algebra. Any normed division algebra is a division
algebra. The converse is not necessarily true.

The automorphisms of a normed division algebra have the following properties:
Lemma 2.1.6. Let A be a normed division algebra and ® be an automorphism of A. Then,
we have:

1. ®(1) = 1.

2. If A is finite-dimensional, ® is bijective. This fact simply follows from the equation
®(x)®(z~Y) = 1. Now, we have justified why we call ® an automorphism.

3. Let x be in R. Then we have ®(x) = x. An automorphism therefore is determined by
its restriction to Im(A).

4. ® is an orthogonal map, i.e., {®(x), ®(y)) =<z,y) Vzx,y€ A.

5. Let x be in Im(A). Then ®(x) is in Im(A), too. We therefore can identify any auto-
morphism of A with an element of O(Im(A)).
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6. The automorphisms of A form a group, the so called automorphism group Aut(A). It is
possible to show that Aut(A) is a Lie subgroup of O(dim A — 1).

We can describe the Lie algebra of this Lie group explicitly:

Lemma 2.1.7. Let A be a normed division algebra. Furthermore, let ¢ and ¢ be derivations
of A. Then, we have:

1. For any x € R, we have @(x) = 0. Therefore, ¢ is determined by its restriction to
Im(A).

2. Let x be in Im(A). Then o(z) is in Im(A), too. We therefore can identify any derivation
with a linear map Im(A) — Im(A).

3. @ is skew-symmetric, i.e., {p(x),y) + {z,o(y)) =0 for all z,y € A.

4. The commutator @ o — 1 o @ is a derivation, too. The set of all derivations of A
therefore is a Lie algebra dec(A) which is a subalgebra of so(n — 1).

5. vet(A) is the Lie algebra of the Lie group Aut(A).

On any normed division algebra, there is a canonical 3-form and a canonical 4-form:

Definition 2.1.8. Let A be a normed division algebra. The map

[,.]:AxA—> A
[z, y] := 2y —yx

is called the commutator of A. The map

[, ]:AxAxA—> A
[2,y, 2] := (2y)z — 2(y2)

is called the associator of A.

Lemma 2.1.9. Let A be a normed division algebra and let z,y,z € Im(A). Then [z,y] and
[z,9, 2] are in Im(A), too.

We can use the above maps to construct our forms:

Lemma 2.1.10. Let A be a normed division algebra.

1. The map

Wi AXxAxA-R
1
W(xayvz) = 5([337?/]7@

s a three-form, the canonical three-form of A.



20 CHAPTER 2. EXCEPTIONAL HOLONOMIES

2. The map

wFiAxAxAxA->R
W*(xayazaw) = —%([x,y,z],w)

s a four-form, the canonical four-form of A.

Remark 2.1.11. 1. We have inserted the minus in the definition of the canonical four-form
in order to make it consistent with later conventions for the signs.

2. Since we have xy + yx = —2{z,y) for imaginary x and y, the restriction of w to the
imaginary space satisfies wim4ys (%, ¥, 2) = (Y, 2)-

3. If , y or z, (or w) is real, we have w(x,y,2) =0 (W*(x,y, z,w) = 0).

4. From the antisymmetry of w*, it follows that (2%)y = z(zy), (zy)z = z(yz), and
(yz)z = y(x?) for all 2,y € A. Therefore, any subalgebra of A which is generated by
two elements is associative. An algebra with this property is called alternative.

5. It is easily possible to determine the objects we have defined above for the quaternions.
The automorphism group of H is isomorphic to SO(3). The group generated by the left-
multiplication and the group generated by the right-multiplication with unit quaternions
are both isomorphic to SU(2). Together they generate all of SO(4). The canonical
three-form w restricted to Im(H) is the volume form which satisfies w(i, j, k) = 1. The
canonical four-form of H vanishes, since H is associative.

The normed division algebras have been classified long ago:

Theorem 2.1.12. (See Hurwitz [44].) There are exactly four normed division algebras,
namely R, C, H, and the octonions O.

The octonions are determined up to an isomorphism by the above theorem. O has a subalgebra
which is isomorphic to H. Let ¢ be an element of @ with |¢[| = 1 and ¢ L H € O©. Then
(1,4, 4, k, €, i€, je, ke) is an orthonormal basis of @, which we call the standard basis of ©. For
this basis, we obtain the following multiplication table:

Lt |k e]ie]je|ke]
i -1] k| - |ie| -€ | -ke| je
k| -1 i | je| ke | -€ | e
j i j ie | -€

A ||
—
1
-
1
—_
=
)
L
)

-e | -je | ke | -1 | i j k
ie || ¢ |-ke| je | -i|-1]|-k | ]

je |l ke | e | -ie | 5| k| -1 |-
ke || -je | ie | € | -k | -] i |-l

In the above table, we multiply a x from the left column with a y from the upper row and
obtain z-y. The multiplication table is independent of ¢ and the subalgebra which isomorphic
to HL.
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Remark 2.1.13. The octonions are neither commutative nor associative, since, for example,
ij = k = —ji and (ij)e = ke = —i(je).

The derivations of @ are isomorphic to one of the exceptional Lie algebras:

Proposition 2.1.14. The Lie algebra vec(Q) is isomorphic to the compact real form of the
complex simple Lie algebra go.

Proof : First, we determine the dimension of der(Q). Each element of the standard basis
can be written in the form (i*j*2)e* with a;, ag, a3 € {0,1}. Let ® be an automorphism of
0. Since ®(zy) is determined by ®(z) and ®(y), ® is determined by ®(i), ®(j), and ®(e).
Let ¥ : O — O be a R-linear map. The following conditions are necessary for ¥ to be an
automorphism:

o U(i), T(j), ¥(c) € Im(O)
o W@ =1 ¥l =1, [¥(@] =1
o V(j) L U(5)

o U(e) L span(W(i), ¥(j), V(k))

A triple which satisfies the same conditions as (¥(7), U(j), ¥(e)) is called a basis triple. It
is possible to show that for all basis triples (x,¥,z) there exists a unique automorphism
¢ € Aut(0) with ®(i) = z, ®(j) =y, P(e) = z. We can choose the value of ®(i) freely
out of $¢ < Im(0). Since ®(i) L ®(4), we can choose for any ®(i) the value of ®(5) out of
S5 < span(1, ®(i))*. Analogously, we can choose for any (®(i), ®(j)) the value of ®(¢) out of
5% < ®(H)*. Therefore, Aut(Q) is a S3-bundle over the space of all orthonormal 2-frames in
Im(0). That space is called the Stiefel-manifold Vo7 and is a S°>-bundle over S5. Therefore,
dim V7 = dim S% + dim $° = 11 and dimder(0Q) = dim Aut(0) = dim Va7 + dim $° = 14.

Next, we determine the rank of det(Q). In order to do this, we consider the following Cartan
subalgebra of so(7):

|0

0 N
- 0
t:=+ 0 Ao )\1,)\2,)\3€R>
—X 0

0 X3
-3 0

\ J

The above matrices should be considered as matrix representations of R-linear maps with
respect to the standard basis of Im(Q). vet(0) n t is a Cartan subalgebra of vder(Q). We
therefore have to check which of the above matrices are derivations of @. After a short
calculation, we see that
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0 M\
-A1 0
ver(0Q) Nt = 4 0 X M, A ER} (2.1)
-X 0

0 A1+ Ao
A1 = X 0

\ J

Since this is a two-dimensional Lie algebra, the rank of det(Q) is 2. Aut(Q) € O(7) is a
compact Lie group. It is a well known fact that the Lie algebra of a compact Lie group has to
be the direct sum of an abelian and a semisimple Lie algebra. With help of the classification
of the complex simple Lie algebras we see that there is only one 14-dimensional complex Lie
algebra of rank 2 which is of this type, namely go. Since Aut(Q) is compact, det(Q) has to
be the compact real form of go. We will denote that real form shortly by gs, too.

O

Remark 2.1.15. Any ¢ € go is determined by its values on (i,7,€) for the same reasons as
automorphisms of Q.

Before we proceed, we will mention a few facts on the structure of go. The Dynkin diagram
of go consists of two nodes and a threefold directed arrow connecting the two nodes:

o=——o.

Its root system is generated by a short and a long root and has 12 Weyl chambers. The Weyl
group of go is the Dieder group Dg (see Humphreys [43]). We will now prove some properties
of Aut(0):

Lemma 2.1.16. Aut(O) is a simply connected Lie subgroup of SO(7). Moreover, it is iso-
morphic to the stmply connected Lie group with Lie algebra go, which is denoted by G.

Proof : Va7 is connected, since it is a S°-bundle over S°. The S3-bundle Aut(Q) over Va7 is
connected for the same reasons. Aut(Q) therefore is not only a Lie subgroup of O(7), but of
SO(7), too.

It is known that the center of the Lie group G is trivial. Therefore, there are no connected
Lie groups covered by G, except G itself. Since Go is the only connected Lie group with Lie
algebra go, we have shown that Aut(Q) is isomorphic to G2 and therefore simply connected.

O

We now consider the group which is generated by all L, with the property that x € O is of
unit length. Until we have found an explicit description of this group, we denote it by K.
The following result will be useful in order to find that description:

Lemma 2.1.17. (See Cacciatori, Cerchiai, Della Vedova, Ortenzi, and Scotti [17].) The
automorphism group G of O is a Lie subgroup of K. Moreover, it consists of precisely those
elements of K which leave 1 € O invariant.
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Corollary 2.1.18. Letl ¢ be the Lie algebra of K. go consists of exactly those i € ¥ with
(1) = 0.

Since K acts transitively on the unit sphere in ©, we obtain a second corollary from the above
lemma:

Corollary 2.1.19. The coset space K/Gs is diffeomorphic to the 7-sphere. Moreover, K is
connected and a Lie subgroup of SO(8).

The last part of the corollary can be shown by similar arguments as in the proof of Lemma
2.1.16. We are now able to describe K explicitly:

Proposition 2.1.20. The group generated by the left multiplication with unilt octonions is
isomorphic to Spin(7) and acts on O = R® by the spinor representation.

Proof : Since K/Go = S7, K is a Gy-bundle over S”. We have the following exact sequence:

..o m(Gr) - m(K) — 7T1(S7) - ...

G5 and S7 are both simply connected. The above sequence therefore becomes:

.= {0} > m(K) - {0} - ...

and we have shown that K is simply connected. Let ¢ be the Lie algebra of K and g be
a biinvariant metric on K. The g-orthogonal complement m of go € ¢ is a go-module. On
page 25, we will show that the non-trivial go-module with the lowest dimension is seven-
dimensional. Therefore, m is either a trivial module or equivalent to R? with go < gl(7)
acting by matrix multiplication. In the first case, G2 would be a normal subgroup of K. If
this was the case, L;GoL_; would be contained in G5. Let ® be an arbitrary automorphism of
Q. If our assumption was true, ¥ : O — O with ¥(x) := i®(—iz) would have to fix 1. Since
there are ® with ®(—i) # —i, G2 is not a normal subgroup of K. Since K is compact, € is the
direct sum of an abelian and a semisimple Lie algebra. dim¥ = 21 and the only possibilities
for ¢ therefore are:

1. s0(6) @ h, where § is a six-dimensional Lie algebra,
2. s0(7),
3. s5p(3).

In the first case, we had shown the existence of a six-dimensional faithful representation of go,
since go € s0(6) < gl(6). Since such a representation does not exist, we can exclude that case.
In the third case, we had go € sp(3) € gl(6,C). Therefore, that case can be excluded for the
same reasons as the first one. Since K is simply connected, we have shown that K = Spin(7).
The orbits of the action of K on O are seven-spheres. Therefore, K acts irreducibly on O and
the action of K has to be given by the spinor representation. O

Remark 2.1.21. We can describe G2 as Spin(7) n SO(7), where the first group acts by the
spinor representation on O and the second one acts on Im(Q).
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Convention 2.1.22. We will sometimes denote the Lie algebra of Spin(7) by spin(7), when
we want to emphasize the fact that it acts on @ = R® by the spinor representation.

We will now construct certain forms with stabilizer Go or Spin(7). Later on, we will see
that we can describe any Ga- or Spin(7)-structure with help of those forms. We identify the
basis (1, §, k, €, i€, je, ke) of Im(Q) with the standard basis (eq,...,e7) of R7. The canonical
three-form w € A*(Im(Q))* can also be identified with a three-form on R?, which we denote
by w, too. We obtain:

w = de'® + dz' — dz'%7 + de?® + da?57 + da®t — da®0 . (2.2)
The dz* are as usual defined by dz'(e;) := 6; and we further have defined dz®* := dx® A da’ A

dx®. We can describe the canonical four-form on © in the same way and obtain:

w¥ = —d$1247 + d$1256 + d$1346 + d$1357 _ d$2345 + d$2367 + d$4567 (23)

where dx* .= dz® A daxd A da® A dzt. We equip R” with the standard scalar product and the
volume form vol with vol(ey, ea,...,e7) = 1. It is easy to see that

w* = *w

where * : A*(R7)* - A*(R7)* is the Hodge star operator. We denote the standard basis
of R® by (eg,...,e7). By mapping this basis to (1,4, j, k, €, ¢, je, ke), we can identify O and
R, We choose an orientation on © such that (1,4, 4, k, €, ¢, je, ke) is positive oriented. The
four-form

Qi=sw+de’ Aw

is self-dual. We can write down Q explicitly:

Q= d$0123 + d$0145 _ d$0167 + d$0246 + d$0257 + d$0347 _ d$0356

_ d$1247 + d$1256 + d$1346 + d$1357 _ d$2345 + d$2367 + d$4567 . (24)

Convention 2.1.23. From now on, we will often identify R” with Im(Q) and R® with O by
the above identifications of the bases.

The forms w, w*, and €2 are clearly Gs-invariant. In the following, we will determine their
stabilizer and annihilator exactly:

Definition 2.1.24. Let V be a vector space and a : V® — R a multilinear map. The
stabilizer Stab(a) of « is the set of all linear maps ® : V — V with ®*a = q, i.e.,

a(P(v1),...,P(v,)) = afv1,..., V) Yv1,...,0,€V .

The stabilizer obviously is a closed group, hence:
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Lemma 2.1.25. The stabilizer of a multilinear map o : V™ — R is a Lie subgroup of GL(V').
Definition 2.1.26. Let V' be a vector space and a : V" — R a multilinear map. The
annihilator Ann(a) of « is the set of all linear maps ¢ : V. — V with

op(x1), 22, .. xn) + a1, d(x2), ..., 2n) + ... + X1, 22,...,0(xn)) =0.

Lemma 2.1.27. The annihilator of a multilinear map together with the bracket [¢,¢] :=
oy —1od¢isa Lie algebra. Moreover, it is the Lie algebra of the stabilizer group.

We are now able to formulate our theorem:

Theorem 2.1.28. Let w € A® Im(Q)*, w* € A* Im(Q)*, and Q € N\* O* be the forms we
have constructed above. For these forms the following statements are true:

1. The stabilizer of w is Gs.
2. The stabilizer of w* is Gg x {—1d, id}.
The stabilizer of Q0 is Spin(7).

The annihilator of w and w* is go.

ovoA S

The annihilator of 2 is spin(7) acting on © by the spinor representation.

Proof : The last two statements directly follow from the first three ones. A proof of the
first statement can be found in a paper of Robert Bryant [14]. The stabilizer of 2 has been
determined in [14], too. In the diploma thesis of the author [61], it has been shown that
Stab(w*) = Go x {—id, id}.

O

Remark 2.1.29. The orbit of w € A*(R7)* with respect to the canonical action of GL(7) is
an open set. This can be easily shown by the following calculation:

dim GL(R") — dim Stab(w) = 49 — 14 = 35 = dim A" (R")*.

Moreover: On R” there is another three-form w’, which is stabilized by the split real form of
the complex Lie group G2. The union of the orbits of w and w’ is an open, dense subset of
A2(R7)* (see Reichel [60] and Schouten [62]).

At the end of this section, we will briefly investigate the representations of go and spin(7).
Furthermore, we will decompose some modules, which will become interesting for us, into
irreducible submodules. We start with the representations of go. Since go is a simple Lie
algebra, all representations of go are either faithful or trivial. The center of G2 contains
only the neutral element. Therefore, the representations of Go are either faithful or trivial,
too. We denote the irreducible representation of go with highest weight (a,b) by V,;. The
fundamental representations Vi o and Vg 1 of go have the following description:
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1. Vig is ge-equivariantly isomorphic to R, where go < gl(7) acts on R? by matrix
multiplication.

2. Vo,1 is the adjoint representation of go.

The dimensions of the smallest representations of go are:

| dimV,, [b=0] 1 | 2 |
a=0 1 14| 77
1 7 |64 ] 286
2 27 189 | 729
3 77 | 448 | 1547

Before we consider the representations of spin(7), we will decompose certain go-modules
into submodules. The ge-module gl(7) = R? ® (R")* decomposes into four irreducible go-
submodules:

gl(7) =V @ Vi@V 1@V, (2.5)

where

e Voo consists of the identity map on R” and its multiples,
e Vi consists of the maps L, — R, where € Im(0) = R?,
e Vo1 is g2 € gl(7), and

e Vqq are the trace-free, symmetric 7 x 7-matrices.

The decomposition of the spaces /\k (R)* is useful to know in the context of Ga-structures.
There are the following splittings which also can be found in Bryant [14]:

The trivial summand of A*(R7)* simply is span(w). Since the Hodge star operator is so(7)-
and therefore go-equivariant, the spaces /\k(R7)* and /\7_k(R7)* are ge-equivariantly isomor-
phic. For this reason, the decomposition of A*(R”)* is determined by the above splittings.
In the following chapter, we need to know the normalizer of Gy in SO(7), i.e., the group:

NOI‘mSO(7)G2 = {g € SO(?)|gGgg_1 = GQ} .
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Let g € SO(7) be arbitrary. We want to check if ghg_1 € G5 for all h € G4. This statement
is equivalent to:

w(ghg™" (), ghg™' (v), ghg ™' (2)) = w(z,y,2) Vz,y,2€R" heGy.

We define u := g7 1(), v := ¢~ !(y), and w := g~ !(2). The above equation now becomes:

h* (g*w) = g*w.

Therefore, we have to check for which g € SO(7) the pull-back g*w is Go-invariant. Since the
maximal trivial gg-submodule of A*(R7)* is one-dimensional, the only Gy-invariant three-
forms are the multiples of w. For this reason, there has to exist a A € R with ¢*w = Aw. We
conclude that ¢ is an element of the group /- G. Since g € SO(7), A has to equal 1. We
obviously have Gg € Normgo(7)G2 and therefore have proven the following lemma:

Lemma 2.1.30. The normalizer group NormgsomyGa of Ga in SO(7) is Ga.

Before we proceed to the representations of spin(7), we decompose spin(7) into irreducible
go-submodules:

Lemma 2.1.31. Let spin(7) be the Lie algebra of Spin(7), which acts on O by the spinor
representation. In this situation, we have:

spin(7) = g2 ® Lo »

where Loy is the vector space of all left multiplications by imaginary octonions. Moreover,
Loy s a g2-module, which is equivalent to R”.

Proof : In Corollary 2.1.19 we have shown that Spin(7)/Ggs = S7, where S7 can be identified
with the unit sphere in @. More precisely, any & € S” corresponds to the coset L,Go <
Spin(7). We consider Spin(7) as a G2-bundle over S7 and split the tangent space 7,Spin(7) =
spin(7) into its horizontal and vertical part. The lemma easily follows from the observation
that the tangent space of S7 at 1 € O coincides with Im(Q).

O

Finally, we briefly consider the representations of the Lie algebra spin(7), which is isomorphic
to s0(7). Since s0(7) is a simple Lie algebra, the representations of so(7) are either faithful or
trivial. The center of Spin(7) is isomorphic to Zg. Therefore, the non-trivial representations of
Spin(7) either are faithful or have Zg as kernel. The latter can be considered as representations
of SO(7). The rank of so(7) is 3 and its Dynkin diagram is Bsz. We denote the irreducible
representation of so(7) with highest weight (a, b, ¢) by V, . The fundamental representations
of s0(7) can be described as follows:

1. V1,0, is the vector representation of so(7).

2. Vo 1,0 is the representation of s0(7) on A*(R7)* or equivalently the adjoint representa-
tion.
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3. Vo,0,1 is the spinor representation of s0(7).

As in the go-case, it is possible to decompose the spaces /\k(RS)* ~ /\k Vo,0,1 into irreducible
s0(7)-modules. This work has been done in [14] and the following decompositions have been
obtained:

%
I
s
®
s
®
=
®
S

Since the Hodge star operator on A*(R®)* is spin(7)-equivariant, we are able to decompose
all of A*(R®)*. The irreducible submodules of that space can be described explicitly (see
Bryant [14]). For example, we have:

1. AP(RS)* 2 Vo1 = {+(Q A a)|a € (R)*}

2. A*(R%)* 2 V101 = {Fe A (R®)*Q A B = 0}
3. A"R®)* 2 Voo = {cQlce R}

4. AYR®)* 2 Voo = {ye A"RS)*| + 7 = —}

The dimensions of the irreducible submodules of A*(R®)*, which are no fundamental repre-
sentations of s0(7), are:

1. dimvl,o,l =48
2. dim Vg,o,o = 27

3. dimVQ,o,g =35
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2.2 (y-structures

In this section, we will introduce the most elementary facts on Gs-structures. Before we start,
we first have to make some definitions:

Definition 2.2.1. 1. Let M be a n-dimensional smooth manifold. The coframe bundle of
M is the set of all bijective linear maps u : T,M — R", where p € M is arbitrary. This
set can be given the structure of a G L(n)-principal bundle over M.

2. Let G be a Lie subgroup of GL(n). A G-structure on M is a reduction of the coframe
bundle to a principal bundle with structure group G.

3. Whenever we write about Ge-structures, we consider Go as a Lie subgroup of GL(7).
The underlying manifold M therefore has to be seven-dimensional.

4. A seven-dimensional manifold equipped with a fixed Go-structure we will call a Gs-
manifold.

In Theorem 2.1.28, we have seen that the stabilizer of the three-form w e A*(R7)* coincides
with Gs. Therefore, we can describe any Go-structure by a three-form:

Lemma 2.2.2. Let M be a seven-dimensional manifold and let & be a three-form on M with
the following property: For each p € M, there exist an open neighborhood U of p and linearly
independent vector fields X1, ..., X7 on U with

wlU — X123 + X145 _ X167 +X246 +X257 +X347 _ X356 .

In the above formula, X* is defined by X*(X;) = 6; and X% by X* A XTI A XP. If this is the
case

Ga, = {u: T,M — R |ulinear, pe M, &,(X,Y,7Z) = w(u(X),u(Y),u(Z))
VX,Y,ZeT,M},

where w € N*(R7)* denotes the three-form (2.2), is a Ga-structure on M. Conversely, let
Ba, be a Go-structure on M. Then

(X, Y, Z) i= w(u(X),w(Y),u(Z)), where S, 3u:T,M — R’
determines a well-defined, smooth three-form on M with the above properties.

In the following, we will often denote Go-manifolds as pairs of a manifold and a three-form.
With help of the decompositions we have found in Section 2.1, we are able to construct
(Go-invariant objects on a Go-manifold:

Lemma 2.2.3. Let M be a Go-manifold with o Ga-structure B¢, and let ¢ : Go — GL(V)
be a representation. We denote the maximal trivial submodule of V by W. The Ga-invariant
sections of the vector bundle g, xq, V are exactly the sections of g, xg, W.
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In particular, we find the following invariant objects:

Lemma 2.2.4. Let (M,w) be a Go-manifold. The following objects on M are Go-invariant:

1. The three-form w.

2. The metric g and the volume form vol which are defined by

—é (X[w) A (Y]w) A w,

9(X,Y)vol :=
where X|w := w(X,-,-) denotes the interior product of X and w. Let u : T,M — R
be an element of the Gg-structure. We can obtain the value of g,(X,Y’) by inserting
u"e1),...,u"t(er) in the right hand side of the above equation. Analogously, we can
obtain voly(Z, ..., Z7) by setting X, :=u~1(e1) and Y, := u=1(ea).

3. The Hodge star operator = associated to g and vol is obviously Ge-equivariant. Therefore,
the four-form sw is Ga-invariant, too. For any p € M, *w, can be identified by an
element of the Gio-structure with w* € A*(R7)*.

4. The spinor representation of so(7) is eight-dimensional and can be identified with O.
Since Go € Spin(7), it is a representation of Ga, too. The associated vector bundle
of this representation is the spinor bundle of M. Since O splits into R @ Im(0Q) with
respect to the action of Go, the spinor bundle splils into a seven-dimensional and a
one-dimenstonal Go-tnvariant subbundle. Therefore, there exist Go-tnvartant spinors
on M.

From this lemma, we immediately obtain the following important corollary:

Corollary 2.2.5. Let (M,w) be a Go-manifold. Then M is orientable and admits a canonical
spin structure.

Convention 2.2.6. Let (M,w) be a Go-manifold. We call the tensor field w (*w, g, vol) the
canonical 3-form (4-form, metric, volume form) on M. The orientation of M induced by vol
we will call the canonical orientation of M. Analogously, the spin-structure induced by the
inclusion G € Spin(7) will be called the canonical spin structure. Alternatively, we often call
these objects the objects associated Lo the Go-structure.

The converse of Corollary 2.2.5 is also true:

Lemma 2.2.7. (See Lawson, Michelsohn [53], pp. 348f.) Let M be a seven-dimensional
orientable manifold which admits a spin structure. Then M admits a Go-structure, too.

Proof : Let N be a manifold. It is known that if the dimension of the real spinor bundle is
greater than dim NV, there exists a nowhere vanishing spinor on N (see Isham, Pope, Warner
[45]). Let n be a nowhere vanishing spinor on M, which has to exist, since 8 > 7. A Go-
structure on M can be defined by:

ijk ._ otaidk

W nyen

where the 4% are the gamma matrices.
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O

We call a connection V on the tangent bundle compatible with the Ga-structure if Vw = 0. The
(Go-invariant objects which we have defined above are parallel with respect to any compatible
connection. Moreover:

Lemma 2.2.8. Let M be a seven-dimensional manifold with a Ga-structure &g, and let
V be a connection on T'M which s compatible with the Go-structure. Furthermore, let V
be a Ga-module. We can extend V to a connection on the vector bundle &g, xq, V. The
dimension of the mazimal trivial submodule of V' we denote by n. In this situation, the set of
all Go-tnvariant parallel sections of g, xg, V 15 a n-dimensional vector space.

In particular, the tensor fields w, g, vol, *w are parallel and Go-invariant. Moreover, they are
up to constant multiples the only elements of N> T*M, S2(T*M), N'T*M, and N*T*M
with these properties. Finally, we have up to constant multiples exactly one Gs-invariant
spinor on M which is parallel with respect to V.

Remark 2.2.9. 1. From the decomposition of A*(R7)* we have found in Section 2.1, we
can conclude that the constant functions, w, *w, and vol are up to constant multiples
the only Gs-invariant parallel forms on M.

2. If the holonomy of V is all of Gs, the above sections are the only parallel sections of
the considered bundles. If the holonomy is smaller, more parallel sections, which are
not necessarily Go-invariant, may exist. As an example we consider the canonical Gs-
structure on the flat R7. The space of all parallel three-forms on R? has dimension
35. Since /\3(R7)* contains exactly one trivial summand, the space of all G-invariant
parallel three-forms on R” is only one-dimensional.

Since go & s0(7), a torsion-free compatible connection on a given Gg-manifold does not
necessarily exist. The obstruction for the existence of such a connection is the intrinsic
torsion:

Definition 2.2.10. Let G be a Lie subgroup of O(n) and &¢ a G-structure on a n-dimensional
manifold M. We denote the Lie algebra of G by g.

1. The vector bundle over M associated to the adjoint representation of G, is called the
adjoint vector bundle gM .

2. A connection V on T'M is called compatible with the G-structure &¢ if Vx is a section
of gM for all vector fields X.

3. We define the map

5:aM@T*M —TM® N\'T*M
d(a)(X,Y) == a(X)(Y) — a(Y)(X)

and the G-invariant vector bundle

HO2M = (TM ® /\ ' T*M)/5(eM ®T*M).
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4. Let © be the torsion of an arbitrary compatible connection. The intrinsic torsion of
the G-structure B¢ is defined as O := O + §(gM ® T*M) and is a section of H>?M.

5. & is called parallel or torsion-free if @™ = 0 on all of M.

Remark 2.2.11. 1. The adjoint vector bundle is a subbundle of the endomorphism bundle
TM®T*M. This fact explains the notation in the definition of 4.

2. Both notions of a compatible connection V on a Gs-manifold coincide, i.e., Vw = 0 is
equivalent to Vx € goM.

3. Let VM be the vector bundle associated to the orthogonal complement of g  so(n) with
respect to a G-invariant inner product on so(7). H%2M is G-equivariantly isomorphic
to VM QT*M.

4. O™ ig independent of the choice of the compatible connection and therefore well-defined.

We return to the case, where G coincides with Go € O(7). It is possible to show that the
intrinsic torsion is determined by dw and d * w:

Lemma 2.2.12. Let (M,w) be a Ga-manifold with intrinsic torsion ©. There is an injec-
tive, linear, and Gs-equivariant map
4 5
p:H?M > N\ 1T*Me \'T*M
such that o(0™) = (dw,d * w).

In our situation, H%2M can be identified with TM ® T*M. The fibers of H%»2M therefore
decompose into Voo @ V1,0@Vo1@Vao. Depending on the subbundle of which the intrinsic
torsion is a section there are 16 types of Go-structures. Because of Lemma 2.2.12; each of
the 16 types can be described by an equation which dw and d = w have to satisfy. Those
equations have been determined by Fernandez and Gray [34]. For our considerations, we are
only interested in the following types of Ga-structures:

Definition 2.2.13. A Ge-manifold (M, w) with intrinsic torsion ©% is called

1. symplectic or closed if dw = 0. This condition is equivalent to O™ € Vo ;.
2. cosymplectic or coclosed if d*w = 0. This condition is equivalent to O™ ¢ Voo ®Voy.

3. nearly parallel if dw = A*w and d+w = 0 for a A : M — R. This condition is equivalent
to @”Lt € VO’O.

4. parallel or torsion-free if the intrinsic torsion vanishes.

Remark 2.2.14. We can conclude from dw = A * w the equation d = w = 0 only if A does not
vanish. Since there are G3-manifolds with dw = 0 but d*w # 0, we have to include the second
condition in the definition of nearly parallel.

We now collect some properties of nearly parallel Go-manifolds:
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Proposition 2.2.15. (See Friedrich, Kath, Moroianu, and Semmelmann [37].) Let (M,w)
be a nearly parallel Go-manifold. The canonical metric g on M is an FEinstein metric. Ils
Einstein constant is equal to %)\2, where A is taken from the definition of “nearly parallel”.

In particular, A has to be constant. Moreover, there exists a Go-invariant Killing spinor n on
M, ie.:

Vén =pX-n Ywvector fields X,

where the dot denotes the Clifford multiplication, V9 the Levi-Civita connection, and pp = — )\

8
18 a constant.

There are the following equivalent conditions for the torsion-freeness of a Go-manifold:

Theorem 2.2.16. (See Fernandez, Gray [34].) Let (M,w) be a Go-manifold. We denote the
canonical metric on M by g and the Levi-Civita connection of g by V9. In this siluation, the
following statements are equivalent:

1. The inlrinsic torsion of the Go-structure vanishes.
2. The holonomy of g is a subgroup of G.

3. Vw = 0.

4. dw =0 and d*w = 0.

In this context, the following fact should be mentioned:

Lemma 2.2.17. Let (M,q) be a seven-dimensional oriented Riemannian manifold whose
holonomy is contained in Go. Then, there exists a parallel Go-structure on M whose associated
melric is g and whose associated orientation is the same as of M. If the holonomy is all of
G, the Ga-structure is moreover unique.

We finally state the following facts about parallel Go-manifolds:

Proposition 2.2.18. (See Bonan [12].) The canonical metric on a parallel Go-manifold is
Ricci-flat.

Proposition 2.2.19. (See Joyce [47], p. 245.) The restricted holonomy group of the Levi-
Civita connection on a parallel Go-manifold is one of the following:

1. Go,

2. SU(3), which acts irreducibly on a siz-dimensional subspace of the tangent space and
trivially on its orthogonal complement,

3. SU(2), which acts irreducibly on a four-dimensional subspace and trivially on its or-
thogonal complement,

4. the trivial group {1}.

Proposition 2.2.20. (See Wang [66].) Let (M, g) be a seven-dimensional Riemannian man-
tfold with holonomy Go. The space of all spinors which are parallel with respect to the Levi-
Civita connection is one-dimensional.
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2.3 Spin(7)-structures

In this section, we will present some facts about Spin(7)-structures. Many of this facts will be
similar to the corresponding results in Section 2.2. Analogously to that case, we call an eight-
dimensional manifold with a fixed Spin(7)-structure a Spin(7)-manifold. Since the stabilizer
of the four-form (2.4) is Spin(7), we can describe any Spin(7)-structure by a four-form:

Lemma 2.3.1. Let M be an eight-dimensional manifold and let Q be a four-form on M with
the following property: For each p € M there exists an open neighborhood U of p and linearly
independent vector fields Xq, ..., X7 on U with

ﬁlU — X0123 + X0145 _ X0167 + X0246 + X0257 + X0347 _ X0356
_ X1247 + X1256 +X1346 + X1357 _X2345 + X2367 +X4567 .

In the above formula, X* is defined by X*(X;) := &% and XM by X* A X7 A X¥ A X1, If this
s the case,

B gpin(ry 1= {u: TyM — RS| w linear, pe M, Q,(W,X,Y, Z) = Qu(W),u(X), u(Y), u(Z))
VW,X,Y,ZeT,M},

where Q € N*(R®)* is the four-form (2.4), is a Spin(7)-structure on M. Conversely, let
B spin(7y be a Spin(7)-structure on M. Then

~

Qp(W, X, Y, Z) == QuW),u(X),u(Y),u(Z)), where Sgpinry du:T,M — RS
determines a well-defined, smooth four-form on M with the above properties.

Because of the above lemma, we will denote Spin(7)-manifolds as pairs of a manifold and a
four-form. The Spin(7)-invariant objects on a Spin(7)-manifold can be obtained by a con-
struction analogous to Lemma 2.2.3. The most important of them are given by the following
lemma:

Lemma 2.3.2. Let (M,Q) be a Spin(7)-manifold. The following objects on M are Spin(7)-
muariant:

1. Q A Q, which is a volume form on M. We call Q A Q) the canonical volume form vol.
2. There is a canonical metric g on (M,Q) which is determined by the following relation
(see Karigiannis [50]):
6|X A Y| vol = (X|Y]|Q) A (X[Y]Q) AQ.

In the above formula, | .| denotes the norm on the fibers of /\2 TM which is induced by
qg.
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Corollary 2.3.3. Any Spin(7)-manifold is orientable.

Remark 2.3.4. 1. As in Section 2.2, we often call the canonical volume form and metric
the volume form and metric associated to the Spin(7)-structure.

2. It is easy to prove that € is self-dual with respect to the metric g and the orientation
induced by ©Q A Q.

3. With help of the decompositions we have found in Section 2.1, it could be easily proved
that the constant function 1, 2, and Q A€ are a basis of the space of all Spin(7)-invariant
forms on M.

4. We can lift the inclusion Spin(7) € SO(8) to an inclusion of Spin(7) into Spin(8).
Therefore, any Spin(7)-manifold admits a spin-structure. Since the dimension of a
Spin(7)-manifold is even, the spinor bundle splits into a positive and a negative part.
The positive spinor bundle splits into a one-dimensional and an irreducible part and
the negative spinor bundle is irreducible (see Joyce [47] p.256 for details). Therefore,
we have up to a multiplication by a scalar function exactly one Spin(7)-invariant spinor
on any Spin(7)-manifold (see Wang [66]).

The existence of a spin-structure on an eight-dimensional manifold is not sufficient for the
existence of a Spin(7)-structure on that manifold. Moreover, the Euler characteristic of the
positive or the negative part of the spinor bundle has to vanish (see Lawson, Michelsohn [53]).

A connection V on the tangent bundle of a Spin(7)-manifold (M, ) is compatible with the
Spin(7)-structure if and only if VQ2 = 0. Analogously to Section 2.2, we have the following
lemma:

Lemma 2.3.5. Let (M,Q) be a Spin(7)-manifold and let V be a connection on TM which
is compatible with the Spin(7)-structure. In this situation, there is up to a constant multiple
exactly one positive, parallel, and Spin(7)-invariant spinor and no negative, non-zero, and
Spin(7)-invariant spinor on M.

Our next theme is the intrinsic torsion of a Spin(7)-structure. It is possible to prove by
means of representation theory that the fiber Hy'* M is isomorphic to Vio1@® Vgg1. This
is exactly the decomposition of /\5 TyM into irreducible Spin(7)-modules. Therefore, it is
not surprising that the intrinsic torsion is measured by df) and that we have an analogon to
Lemma 2.2.12:

Lemma 2.3.6. Let (M,Q) be a Spin(7)-manifold with intrinsic torsion O, There is a
bijective, linear, and Spin(7)-equivariant map

5
o HY?M —» N\'T*M,
such that (™) = df).
There are four types of Spin(7)-structures, which are distinguished by the invariant subbundle

of H%2M of which ©% is a section. In order to give simple descriptions of each of this types,
we define the Lee-form:
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Definition 2.3.7. Let (M, <) be a Spin(7)-manifold. The one-form

0 := x(xdQ A Q)
is called the Lee-form of (M, ).

We are now able to describe the four types:
Definition 2.3.8. A Spin(7)-manifold (M, §2), whose intrinsic torsion and Lee-form we denote
by ©™ and 0, is called

1. parallel or torsion-free if the intrinsic torsion vanishes,

2. locally conformally parallel if ©™ € V0,1 or equivalently if dQ =0 A Q,

3. balanced if ©™ € V141 or equivalently if § = 0,

4. generic if none of the above is the case.

Remark 2.3.9. If 0™ ¢ Vo,0,1, then there exists for each p € M an open neighborhood U of
p and a conformal change of the Spin(7)-structure on U such that the new Spin(7)-structure
is parallel (see Cabrera [16]). This fact justifies the name ”locally conformal parallel”.

We are first of all interested in parallel Spin(7)-structures. The most important criteria for
the torsion-freeness of a Spin(7)-structure are the following:

Theorem 2.3.10. (See Bryant [14].) Let (M,) be a Spin(7)-manifold. We denote the
canonical metric on M by g and its Levi-Civila connection by V9. In this siluation, the
following statements are equivalent:

1. The intrinsic torsion vanishes.

2. The holonomy of g is a subgroup of Spin(7).
3. VIQ =0.

4. dQ =0,

Analogously to Section 2.2, the following two statements can be proven:

Lemma 2.3.11. Let (M,g) be an eight-dimensional oriented Riemannian manifold whose
holonomy is contained in Spin(7). Then, there exists a parallel Spin(7)-structure on M whose
assoctaled metric is g and whose associated orientation is the same as of M. If the holonomy
is all of Spin(7), the Spin(7)-structure is moreover unique.

Proposition 2.3.12. (See Bonan [12].) The canonical metric of a parallel Spin(7)-manifold
s Ricci-flat.

If © is parallel, then the holonomy of the canonical metric is contained in Spin(7), but not
necessarily equal to Spin(7). According to Joyce [47], there are the following possibilities for
the holonomy group:
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Proposition 2.3.13. Let (M, ) be a parallel Spin(7)-manifold. The possible restricted holon-
omy groups of the Levi-Civita connection and their inclusions are given by the diagram below:

1 SU(2) =——— SU(2) —= SU(3) Go

l L]

SU(2) x SU(2) —— Sp(2) —— SU(4) — Spin(7)

The last three groups in the lower row of this diagram act irreducibly on the tangent space.
If the restricted holonomy is SU(2) x SU(2), the first factor acts irreducibly on a four-
dimensional subspace of the tangent space and the second one acts irreducibly on its orthogonal
complement. The other groups act trreducibly on a certain subspace of the tangent space and
trivially on its orthogonal complement, which in each case has a positive dimension. In par-
ticular, we have:

1. SU(2) acts irreducibly on a four-dimensional subspace.
2. SU(3) acts irreducibly on o siz-dimensional subspace.
3. Gy acts trreducibly on a seven-dimensional subspace.

Remark 2.3.14. The inclusions SU(3) < G2 and SU(4) — Spin(7) from the above diagram
are not given by the identity, but by conjugation by an element of SO(8).

As in the Go-case, we have:

Proposition 2.3.15. (See Wang [66].) Let (M,g) be an eight-dimensional Riemannian
manifold with holonomy Spin(7). The space of all spinors which are parallel with respect to
the Levi-Civita conneclion is one-dimensional.

There are several methods to determine the holonomy of a parallel Spin(7)-manifold (M, ).
We first show how it can be checked if the holonomy is a subset of Gs. If this is the case,
the holonomy acts trivially on a non-trivial subspace of the tangent space. Therefore, there
exists a parallel vector field on the manifold. It is usually easy to decide if such a vector field
exists. If the metric associated to the Spin(7)-structure is complete, we can show by the de
Rham decomposition theorem that M is covered by a product with a flat factor. If M even is
compact, M has to be finitely covered by a Riemannian product of a flat torus and another
manifold. The converse of this statement is also true:

Lemma 2.3.16. Let (M,Q) be a compact parallel Spin(7)-manifold whose associated metric
we denote by g. We assume that the restricted holonomy of g is one of SU(2) x SU(2), Sp(2),
SU(4), or Spin(7). Then w1 (M) is finite.

Proof : We assume that 71(M) is infinite. Since g is Ricci-flat, it follows from the Cheeger-
Gromoll splitting theorem that M has a finite cover, which is globally isometric to N x T*,
where N is a simply connected, compact manifold and T* is a flat k-dimensional torus. Since
|m1(M)| = oo, we have k > 1. In this situation, the restricted holonomy acts trivially on a
at least one-dimensional subspace of the tangent space. Therefore, the restricted holonomy
cannot be one of the above groups.

O
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The following lemma will help us decide if the holonomy is a subgroup of SU(4):

Lemma 2.3.17. Let (M,Q) be a parallel Spin(7)-manifold. There exists a unique SO(8)-
structure on M, i.e. a Riemannian melric and an ortentation, which is the exlension of the
Spin(7)-structure. We assume that the holonomy of the associated metric is a subgroup of
SU(4). The holonomy bundle or its extension defines a parallel SU(4)-structure on M. Let
S be the space of all parallel Spin(7)-structures on M, which are extensions of the SU(4)-
structure and induce the same Riemannian metric and orientalion. In this silualion, any
connected component of S is diffeomorphic to a circle.

Conversely, let M be an eight-dimenstonal manifold with a one-parameter family of parallel
Spin(7)-structures which is diffeomorphic to a circle and whose members all induce the same
metric and orientation. Then, there exists a parallel SU(4)-structure on M.

Proof : First, we consider the situation on R®. This restriction is justified, since we will
see below that a change of the parallel Spin(7)-structure can be described by conjugation of
Spin(7) by an h € GL(8).

Since we want the SO(8)-structure to be preserved, h has to leave SO(8) invariant. The nor-
malizer Normgr,5)SO(8) is SO(8) x R\{0}, where the second factor is given by {\ Idgs | A €
R\{0} }. Since conjugation by X Idgs leaves any matrix invariant, we will assume that
h € SO(8). In the statement of the lemma, we assume that the SU(4)-structure is fixed.
Therefore, SU(4) has to be preserved by h, too, and we have h € Normgpg)SU(4). It is
known that Normgog)SU(4) = U(4) x Zo.

Next, we search for the group K of all h € Normgps)SU(4) which preserve Spin(7), i.e.,
K = Normgp(s)SU(4) n Normgo(gySpin(7). Since SU(4) < Spin(7) € Normgo(s)Spin(7), we
have SU(4) € K € U(4) x Zg. Thus, the identity component of K is either SU(4) or U(4).
In order to determine the identity component, we consider the group

|ch

e

pelR

e

e

which we shortly denote by U(1). U(4) obviously is finitely covered by the direct product
of SU(4) and U(1). We have to answer the question, if U(1)Spin(7)U(1)~! = Spin(7). Let
ke U(1) be a matrix with kSpin(7)k~! = Spin(7). Since the stabilizer of the four-form € is
exactly Spin(7), we have to consider the following equation:

(kgk™)* Q=9 VgeSpin(7).

As usual, the asterisk denotes the pull-back. The above equation is equivalent to:

g*(k*Q) = k*Q Vg e Spin(7) .

Since © and its multiples are the only Spin(7)-invariant four-forms on R®, we have:

E* Q=X foraleR.
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Therefore, £k has to be a multiple of an element of Spin(7). Since detk = 1, we even know
that k € Spin(7) x Zg, where Zs is generated by —Idgs. By a straightforward calculation, we
can show that u(1) nspin(7) = {0}. Therefore, U(1) nSpin(7) is discrete. We now have shown
that U(1) is not contained in Normgos)Spin(7) and that therefore the identity component of
K is SU(4). We can conclude that U(4)/K = U(1)/Zy = U(1) for a k € N.

Let h € Normgpg)SU(4) be arbitrary. We consider the given Spin(7)-structure as a principal
bundle Sgpin7). The following set defines a h Spin(7) h~=1- or equivalently a new Spin(7)-
structure on M:

{h oUu: TpM o R8|U, € Q5Spin(7)} .

This construction describes an action of Normgpg)SU(4) on the set of all Spin(7)-structures
on M. The considerations we have made prove that its isotropy group is K. The action of
Normgpg)SU(4) leaves the SU(4)-structure invariant, but its action on the Spin(7)-structure
generates a set of new Spin(7)-structures. Since all of them are extensions of the par-
allel SU(4)-structure, they are parallel, too. The Spin(7)-structures can be extended to
the same SO(8)-structure, since Normgpg)SU(4) S SO(8). We have shown above that
Normgo(g)SU(4)/K is a homogeneous space whose connected components are all diffeomor-
phic to a circle. Therefore, S has the same property, too.

We finally have to prove the second part of the lemma. Since any parallel object is determined
by its value at a single point, it suffices to prove our statement at a fixed p € M. We denote the
members of the one-parameter family of Spin(7)-structures by Qg € /\4 Ty M, where 0 € St
Let Stab(£2) be the stabilizer group of the four-form €y and let

G = () Stab(Q) .
fesSt

It is easy to see that there exists a parallel G-structure on M. If G was Spin(7), all ¢y would
be stabilized by Spin(7). Since our one-parameter family is diffeomorphic to a circle, the
Q¢ are not contained in a one-dimensional subspace of /\4 Ty M. Therefore, the space of all
Spin(7)-invariant four-forms has to be at least two-dimensional. Since we have proven that
this space is in fact one-dimensional, we have obtained a contradiction and the holonomy is
< Spin(7).

If the holonomy was not contained in SU(4), it would have to be Go. The action of Go splits
the tangent space into a seven-dimensional and a one-dimensional irreducible submodule.
There is up to a sign only one unit vector X which is orthogonal to the space on which Gq
acts non-trivially. Let X* be the dual of X. The only parallel Spin(7)-structures which are
an extension of the Gy-structure w and induce the same metric as 2 are *w + X* A w. Our
assumption on the one-parameter family of parallel Spin(7)-structures is thus not satisfied
and we can exclude this case.

O

Remark 2.3.18. 1. The above lemma describes the connected components of S. It makes
no statement on the number of those components. Since we will not need that number,
the above lemma is sufficient for our considerations.
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2. In the situation of the lemma, there are two possibilities: Either, there exists a parallel
vector field on M. In this case, the holonomy is contained in SU(3). Or, a parallel
vector field does not exist. If this is the case, the restricted holonomy is one of the
groups SU(4), Sp(2), or SU(2) x SU(2).

For the metrics we consider in Chapter 5, we determine the set of all parallel Spin(7)-structures
which have the same associated metric and orientation. If we do not find a one-parameter
family in this set, the holonomy is not a subgroup of SU(4). Conversely, we know that the
holonomy is contained in SU(4) if there exists such a family.

If we want to discuss the holonomy group itself, we have to search for certain parallel forms
on the manifold. Since we will consider spaces with a large isometry group, we have geometric
and algebraic methods at hand to decide if such forms exist. Those methods will be explained
in more detail when we need them.



Chapter 3

Spaces with a large isometry group

3.1 Homogeneous spaces

Many equations in differential geometry, for example, the Einstein equation Ric = Ag and the
equation d2 = 0 on a Spin(7)-manifold become simpler if we assume that the metric has a
large isometry group. The most symmetric case is that the isometry group acts transitively
on the manifold. In that case, we have a so called homogeneous space. It will turn out that
there are no homogeneous spaces with exceptional holonomy. For that reason we will assume
later on that the metric is of cohomogeneity one, i.e., most of the orbits have codimension
one. Nevertheless, we will first give a short introduction to the issue of homogeneous spaces.
The reason for this is that in the non-homogeneous case the orbits of an isometric action are
still homogeneous. If we want to make calculations on manifolds with a large isometry group,
it will therefore often be useful to first consider the geometry on the orbit spaces. We start
with some basic definitions:

Definition 3.1.1. Let (M, g) be a Riemannian manifold. The set Isom(M, g) of all isometries
of (M, g) is called the symmetry or isometry group of (M, g).

The isometry group is clearly a group. Moreover, it is a Lie group:

Proposition 3.1.2. Let (M, g) be a Riemannian manifold. Isom(M, g) has a canonical differ-
entiable structure such that Isom(M, g) becomes a Lie group and the action Isom(M,g)x M —
M becomes differentiable.

We are now able to define the concept of a homogeneous space:

Definition 3.1.3. Let (M, g) be a Riemannian manifold and let G € Isom(M, g) be a closed
subgroup of the isometry group. If G acts transitively on the manifold M, we call (M, g) a
(G-)homogeneous space and g a (G-)homogeneous metric.

Remark 3.1.4. 1. The idea behind the concept of a homogeneous space is that there is no
way to distinguish one point of the homogeneous space from another.

2. A Riemannian manifold can be G-homogeneous with respect to different groups G. For
example, let $2"71 < R?" ~ C" be the (2n — 1)-dimensional sphere with the round

41
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metric. O(2n) and U(n) act both transitively on $?*~1, although U(n) € O(2n). As
long as G is known from the context, it will not be mentioned.

Homogeneous spaces have the following useful property:

Proposition 3.1.5. Any homogeneous space is complete.

It is possible to describe homogeneous spaces as coset spaces:

Proposition 3.1.6. Let (M, g) be a G-homogeneous space, where G S Isom(M,g). We fix
an arbitrary p € M and denote the isotropy group of the G-action at p by H,. The map

v: M — G/H,
w(q) = gH,,

where g is an isometry in G mapping p to q, is a well-defined G-equivariant diffeomorphism.
Furthermore, there exists a unique G-invariant metric on G/H, such that ¢ becomes an
1sometry.

Conversely, if we equip any coset space G/H with a G-invariant metric g, (G/H,g9) is a
homogeneous space.

Because of the above proposition, we can restrict ourselves to coset spaces G/H while studying
homogeneous spaces. It is useful to make some restrictions on the pair (G, H):

Convention 3.1.7. A homogeneous space G/H can also be written as (G x K)/(H x K).
H x K shall be embedded in such a way into G x K that the second factor of H x K coincides
with the second factor of G x K. Since we want to keep the list of possible groups acting
on G/H short, we will assume from now on that G acts almost effectively on G/H, i.e.,
the elements of G which act trivially are a discrete set. We also require that H is a closed
subgroup of G, which is equivalent to G/H being a Hausdorff space.

Remark 3.1.8. 1. For the rest of this thesis, we define G/H as the space of all left cosets
gH. When we write "group action” (or ”invariant object”), we therefore mean ”left
group action” (or ”left-invariant object”). If we consider a right action, it will explicitly
mentioned.

2. Let g be an element of the normalizer NormgH. Since we have (kH)g = (kg)H, the
conjugation map kH +— gkg~' H is well-defined and fixes eH. Those kind of maps will
be important later on.

3. Let Hp, be the isotropy group of an isometric action at p and let g be an isometry which
maps p to q. The isotropy group at ¢ is gHpg~'. It therefore makes sense to speak of
the isotropy group of a homogeneous space without specifying a point.

4. Let H be a closed subgroup of G and let H' = gHg™' be a conjugate of H. Then
there exists a G-equivariant diffeomorphism ¢ : G/H — G/H’ which is described by
¢(kH) = gkg='H'. We can therefore identify embeddings of H into G which are equal
up to a conjugation by an element of G.
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5. Nonconjugate embeddings of H into G will often give topologically different spaces G/H .
There are, for example, infinitely many non-homotopic spaces of type SU(3)/U(1). (See
Section 5.4.) Moreover, if we embed H x K in a non-canonical way into G x K we do
not necessarily have (G x K)/(H x K) = G/H. (See Lemma 3.1.12.) We will therefore
specify the embedding of H into G if it is not clear from the context.

The following lemma gives another useful restriction for the shape of G and H:

Lemma 3.1.9. Let G be a (not necessarily connected) Lie group and H be a (not necessarily
connected) closed subgroup of G. Furthermore, let g be a G-invariant metric on G/H. Then,
there exists a simply connected Lie group G', a closed connected subgroup H' of G', and
a G'-invariant metric ' on G'/H' such that G'/H' is the universal cover of each connected
component of G/H and the covering map is a local isometry. In particular, G'/H' is connected
and simply connected.

Proof : Let G, be the identity component of GG, and H,. the identity component of H. We
choose G’ as the universal cover of G.. Let 7 : G’ — G, be the covering map. H' can be
chosen as the identity component of 771(H,) and ¢’ as the lift of the metric on Go/(H n G.).

O

Corollary 3.1.10. Let G/H be an arbitrary coset space, K € GL(dim G — dim H) a closed
subgroup, and K a G-invariant K-structure on G/H. Furthermore, let G'/H' be the simply
connected coset space from the lemma above. Then G'/H' carries a G'-invariant K -structure

which s the lift of R

Remark 3.1.11. Because of the above lemma and its corollary we will restrict ourselves from
now on to the case where GG is simply connected and H is connected.

The next result will be needed for the detailed description of the orbifold singularities which
we have to consider in Section 5.3 and 5.4.

Lemma 3.1.12. Lel G be a Lie group and H be a closed subgroup of G. We consider the space
(GxU)/(HxU(1)") where U(1) € GxU(1) is not a subgroup of G and does not necessarily
coincide with the abelian factor of G x U(1). In this situation, G/H G-equivariantly covers
(G xUQ1))/(H x U(1)") and the preimage of e(H x U(1)") in G/H is given by the discrete
group G nU(1)".

Proof : U(1) is a group of the following type:

UQ) ={((e™?),e™") e G x U()|p € R},

where m,n € Z, n # 0 and ¢ : U(1) — G is an injective group homomorphism. Since the
group by which we divide G x U(1) is isomorphic to H x U(1), we have hi(e"™) = 1(e"™#)h.
We define the following map:
®:G/H - (G xUQ))/(H xU(1)")
gH v (g,e){(hp(e™™),e™¥)|h € H,p € R} .

This map is a G-equivariant covering map of (G x U(1))/(H x U(1)"):
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1. @ is well-defined: Let k € H be arbitrary. We have:

O(gkH) = (g, e){(hy(e™™?),e™*)|h € H,p € R}
khyp ("), e™?) e H,p € R}

h(e™), )|k € H,p € R}

2. @ is G-equivariant: We choose an arbitrary ¢’ € G and obtain:

®(g'gH) = (g'g, ){(hp("¥), ™) |h € H,p € R}
= (4", €) (g, ){(7p ("), e™¥)|h e H,p € R}
= (¢',e)2(gH)

3. ® is surjective: Let (g,€*®) € G x U(1) be arbitrary. We have:

PR, ) (i (@), P e H,p € B)
0, Ve R D (), M) € H, p € B)
(hp(™ ), ™) he H, g € R)

B(g(e ™ n *)H) =

g, e){

(

=(g,¢)
=(g,¢€)
=(g,¢)
= (g,¢"

(
(hp(em), e+ D) h e H,p € R)
(™), ™)\ € H,p € R

4. The preimage of e(H x U(1)') is discrete: An element gH € G/H is mapped by ® to
e(H x U(1)) e (G xU(1))/(H x U(1)’) if and only if

(9,€) € {(hp(e"™),e"?)|h e H,p e R} .

Since n # 0, the preimage of H x U(1)" is 'H, where

P=GnUQ) = {Ye*n)keZ)=Z_n _.
ged(n,m)

This group is clearly discrete.

O

Remark 3.1.13. In the situation of the above lemma, we can rewrite (G x U(1))/(H x U(1)")
as G/(H xI") or (G/H) /I respectively. The action of I' we divide out is defined by the right-
multiplication of cosets gH with elements of I'. This action is well-defined, since the groups
H and I' commute. Since I' is abelian, it is possible to consider this action as a left action.

There is a theorem on the topology of coset spaces, which will not explicitly needed in this
thesis, but nevertheless is useful to know:
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Theorem 3.1.14. Let G be a compact Lie group and let G/H be a Riemannian homogeneous
space with an infinite fundamental group. Then G/H is covered by G'/H x T where T is a
flat torus and G'/H is a homogeneous space with a finite fundamental group.

Proof : We assume without loss of generality that G and H are both connected. The Lie
algebra of G we denote by g and the Lie algebra of H by h. If there is a z € g which is not
contained in h and satisfies [z,y] = 0 for all y € g, the Lie algebra g is a direct sum of type
g ®u(1). Since G is compact, we have G/H = G'/H x S1. By repeating this construction as
often as possible, we obtain G/H = K/H x T, where T is a flat torus. Since it is not possible
to repeat our construction again, the Lie algebra ¢ of K contains no x with 2 € Z(¢) and
x ¢ h. It remains to show that in this situation the fundamental group of K/H is finite.

We equip K with the negative of the Killing form as a metric. As we will state below, there
exists a unique K-invariant metric ¢ on K /H such that the projection 7 : K — K/H becomes
a Riemannian submersion. The fact that a 2 € € with the properties described above does not
exist guarantees that ¢ is positive definite. It is possible to show by a short calculation that
the Ricci-curvature of g is iq. It follows from the Bonnet-Myers theorem that the fundamental
group of K/H is finite.

O

Our next aim is to introduce certain techniques which we will need in order to carry out
explicit calculations on homogeneous spaces. Let G/H be a homogeneous space and let
X € T.G be arbitrary. For any ¢t € R and any G-invariant metric on G/H the map

gH — (exp (tX)g)H

is an isometry of G/H. Therefore, the vector field

0
gH = = li=o(exp (tX)g) H

is a Killing vector field on G/H, which we will shortly denote by X*. The following simple
lemmas will be useful later on:
Lemma 3.1.15. Let G/H be a coset space and X,Y € g := T.G be arbitrary. Then the
following identities hold:

1. (X4+Y)y"=X*4+Y"

2. (AX)* = AX* for all N e R.
In the following, the right-invariant vector fields on Lie groups will become important. We
therefore introduce the following notation:

Convention 3.1.16. Let GG be a Lie group and X € g. We denote the right-invariant vector
field on G which coincides with X at e by X'

The projection of X’ simply is the Killing vector field X*:
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Lemma 3.1.17. Let G/H be a coset space and w: G — G/H be the projection map. For any
X € g we have:

(dm) (X)) = X2y -

We want to know how the Killing vector field X* behaves under the action of G on G/H.
The following lemma answers this question:

Lemma 3.1.18. Lelt G be a Lie group and H be a closed subgroup of G. Furthermore, let
g9,h € G and X € g be arbitrary. The Killing vector field X* on G/H obeys the following
equation:

(dLn) X g = (Adn(X))fgm

where Ly, : G/H — G/H denotes the left-multiplication by h and Ad is the adjoint action of
G on g.

The fact that [X',Y']. = —[X, Y] for all X,Y € g has the following consequence:

Lemma 3.1.19. For any X,Y € g, the Lie bracket of the Killing vector fields X* and Y* on
G/H is given by the following formula:

[X*,Y*] = —[X,Y]".

The group H acts from the left on the tangent space 1.y G/H by (h, X) — (dLy)(X). There-
fore, T.yG/H is not only a vector space but also a H-module. The H-module structure on
TenG/H can be described by the following proposition, which follows directly from the above
lemmas:

Proposition 3.1.20. Let G be a Lie group and H be a closed subgroup of G. We define the
following map:

v:9—> T.nG/H
X|—> :H‘

In this situation, the following statements are true:

1. @ 1is linear and surjective.
2. ker(p) =T.H =:h.

3. T.yG/H is H-equivariantly isomorphic to the quotient g/h, where the action of H on
a/b is induced by the restriction of the adjoint action Ad: G — GL(g) to H.

Remark 3.1.21. Let g € G be arbitrary. The isotropy group of the G-action at gH € G/H is
gHg™'. Therefore, T,;G/H together with the action (h, X) — (dLgp,-1)(X) is a H-module,
too. If we replace ¢ by the more general map
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wg:8— TynG/H
X — (Adg(X))gm

we obtain the same result on the H-module structure of T,5G/H as on the structure of
TeuG/H.

Convention 3.1.22. From now on, we will assume that G is a compact Lie group. In this
case, there exists a biinvariant metric on G. We will fix one of those metrics and denote it
by ¢q. In the following, we will often have to consider the g-orthogonal complement of § in g,
which we will denote by m.

Remark 3.1.23. Let Ad be the adjoint action of G. From the biinvariance of g, it follows
that Adp(m) € m for all h € H. m therefore is a H-module. It is easy to see that m is
H-equivariantly isomorphic to g/h and therefore to any tangent space T,y G/H.

When we do explicit calculations on a homogeneous space, we need to fix a basis of the
tangent space. The choice of that basis should in a certain way respect the splitting of the
tangent space into H-submodules:

Definition 3.1.24. Let G/H be a n-dimensional homogeneous space. As above, we identify
the tangent space at a point p € G/H with the H-module m. Let

m=me...em;

be a splitting of m into (not necessarily irreducible) H-submodules. We denote the dimensions

of my,...,mg by mq,...,mg. A basis (e;)i=1.., of m is called adapted to the splitting m; @
m; = span(eq, ..., em,)
Mg = Span(€m; +1, - - - » Emy+ms)
My = SPAN(€rmy +...4mp_q+1s -« - » €n)

Remark 3.1.25. 1. Later on, when we consider concrete homogeneous spaces, we will mostly

choose a basis of m which is adapted to a fixed splitting. Furthermore, the splitting
m; @ ... P my; and the basis (e;);=1..., will usually be g-orthogonal and all vectors of a
family (e +...4my+15 -« - €my4...4myyr ) Will be of the same length with respect to ¢. It
turns out that our calculations will become more simple if we describe our objects with
respect to such a basis.

2. Since it often will be necessary to describe the action of hh on m explicitly, we will often
extend our basis of m by a g-orthogonal basis of ) to a basis of all of g.

Our next aim is to describe the set of G-invariant metrics on a homogeneous space G/H. In
order to describe an arbitrary G-invariant metric, we first need a background metric on G/H:
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Proposition 3.1.26. Let G be a compact Lie group equipped with a biinvariant melric ¢ and
let H be a closed subgroup of G. There is a unique G-invariant metric on G/H such that the
projection map w : G — G/H becomes a Riemannian submersion.

Convention 3.1.27. The metric on G/H which is induced by ¢ we will denote by ¢, too. In
the literature, metrics of this kind are often called normal metrics.

Let ¢ be an arbitrary G-invariant metric on G/H. Since G/H is a homogeneous space, ¢ is
determined by its values on the tangent space 1.y G/H. Because of Remark 3.1.23, g can be
considered as an element of S$?(m). In order to have a well-defined G-invariant extension to
all of G/H, g € S?(m) has to be H-invariant. These considerations motivate the following
lemma:

Lemma 3.1.28. Let g be a G-invariant metric on a homogeneous space G/H. As above, we
identify g with an element of S?(m). The endomorphism ¢ : m — m defined by:

a(p(X),Y) :==g(X,Y) VX,Yem

ts H-equivariant, g-symmetric and positive definite with respect to q. Conversely, any linear
@ :m — m with these three properties defines by the above formula a G-invariant melric on
G/H.

The possible linear maps ¢ : m — m describing a G-invariant metric on G/H can be classified
with help of Schur’s lemma. Therefore, the above result is useful for practical purposes. It
will often be convenient to restrict ourselves to diagonal metrics, since this will simplify many
calculations:

Definition 3.1.29. Let G/H be a n-dimensional homogeneous space and let (e;)i=1,...n, be
a g-orthogonal basis of m. A G-invariant metric g on G/H is called diagonal with respect to
(€i)i=1,..n if the matrix representation of g € S?(m) with respect to (€i)i=1,..n is a diagonal
matrix.

Since (€;)i=1,...n is g-orthogonal, g is diagonal if and only if ¢ is represented by a diagonal
matrix.

Remark 3.1.30. Let G/H be a n-dimensional homogeneous space with the property that m
splits into pairwise inequivalent irreducible H-submodules. Furthermore, let (e;)i=1,...» be a
g-orthogonal basis of m which is adapted to the splitting of m. In this situation, it follows from
Schur’s lemma that any G-invariant metric on G/H is diagonal with respect to (e;)i=1,... n-
Therefore, the restriction to diagonal metrics is in many cases not a real one. In the other
cases, we will carefully discuss what we will loose by this restriction.

Next, we will present formulas for the sectional and the Ricci-curvature of a homogeneous
space. These formulas will be needed later on when we express the Finstein condition Ric = Ag
for a cohomogeneity-one metric as an explicit system of ordinary differential equations. The
following results, except the formula from Corollary 3.1.37, can also be found in Besse [10],
pp- 183ff. Before we are able to determine the curvature tensor of a homogeneous space, we
first have to consider the Levi-Civita connection:
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Proposition 3.1.31. Let g be a G-invariant metric on a homogeneous space G/H, whose
Levi-Civita connection we denote by V and let X, Y, and Z be in g. Then, we have:

20(Vx+ Y™, Z%) = g([X*,Y*], Z%) + o([X*, Z*],Y*) + 9([Y*, Z%], X 7).

Proof : Since X* is a Killing vector field, the Lie derivative L£y=¢ vanishes. Therefore, we
have the following equation, which is the key to the proof:

X*g(Y*, Z2%) = Lxsg(Y*, Z7%)
= g([X*7Y*]7Z*) +g([X*7Z*]7Y*) .

The statement of the proposition can now be obtained from the equations for the torsion-
freeness of V and its compatibility with the metric.

O

Our next step is to express (Vx=Y*).m in terms of the Lie bracket of g. This can be done
by the following corollary:

Corollary 3.1.32. Let G/H be a homogeneous space equipped with a G-invariant metric g.
Furthermore, let X, Y € m be arbitrary. Then, the Levi-Civita connection V of g at the point
eH 1is given by:

1
(VxsY*)e = —§[X, Yn+U(X,)Y),

where U : m x m — m s defined by:

2geH(U(X7 Y)v Z) = geH([Za X]ma Y) + geH([Za Y]m,X)

and [.,.]m denotes the orthogonal projection of the Lie bracket of g onto m.

Remark 3.1.33. Vx=Y™ is not necessarily a Killing vector field. Therefore, we have to be
careful if we want to consider Vx«Y™ at another point as eH or to determine the second
derivatives of a vector field.

We are now able to prove a formula for the sectional curvature: Let X,Y € T.yG/H be an
orthonormal pair of tangent vectors. In this case, Seceg(X,Y) = ger(Ren(X, Y)Y, X). We
extend X and Y to Killing vector fields X* and Y* on G/H and obtain after a straightforward
calculation:

Proposition 3.1.34. Let G/H be a homogeneous space and g be a G-invariant metric on
G/H. Furthermore, let (X,Y) be a g-orthonormal pair in mxm. Then, the sectional curvature
of g salisfies:

secy(X,Y) = gp([X*, [Y*, X*]],Y*) = gp(Vys Y, Ve X*) + | Vs V¥[7 — [ X*, Y2,

where p € G/H can be chosen arbitrarily.
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We want to have a formula for sec(X,Y') in terms of the Lie bracket of g. This can be done
by applying Corollary 3.1.32. Since that corollary is only valid at eH € G/H, the formula we
obtain is only valid at eH, too:

Corollary 3.1.35. In the situation of the proposilion above, the seclional curvature of the
metric g at the point eH is given by:

SeCeH(Xv Y) = %geH([[Xv Y]Q,X]m, Y) - %QGH([[Xv Y]Q,Y]m, X) _geH(U(Xa X), U(Yv Y))

3
+HUE Ve = 10X Ywlen

Since the Ricci curvature is the average of certain sectional curvatures, we can use the above
expression to derive a formula for the Ricci-curvature of a homogeneous space:

Proposition 3.1.36. Let G/H be a n-dimensional homogeneous space. IFurthermore, let g
be a G-invariant metric on G/H. Then we have for any tangent vector X € TeyG/H =~ m
and any g-orthonormal basis (X;)1<i<n of TenG/H:

: 1 ¢ 1 1 ©
Ricorr (X, X) = =2 > ger (X, Xilm, [X, Xilm) = 58(X, X) + 7 3 gonr([Xi, Xj]m, X)?
i=1 i,j=1
- geH([Z U(Xza Xz)a X]‘ma X) ’
=1

where Kk denoles the Killing form of the Lie algebra g of G.

We now prove a formula for the Ricci-curvature which is suitable for explicit calculations.
Before we start, we have to fix some notations. As usual, we consider a G-invariant metric g
on a n-dimensional homogeneous space G/H and fix a g-orthonormal basis (X;)1<i<n of the
tangent space m. For the following considerations, we have to extend g to an H-invariant
inner product on g and (X;)i<i<n to & g-orthonormal basis (X;)i<i<dimg Of g. Since g is
H-invariant, the spaces h and m are orthogonal. The structure constants of the Lie algebra g
we define by:

dimg
[Xi,Xj] = Z CZXk .
k=1

n - .
With these notations U = > U{;X’ ® X7 ® X, can be written as:
1,5,k=1

NN

In particular, we have Ufl = sz Now we are able to compute the Ricci tensor:
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Ricen (Xi, Xi) = DT (1, Xelm, Xi)?
7k=

1

e

— 5 3 005, X [ 5, XiJm) = 5K, X0) +

j=1 J

=1
1 & ] dime 1 & l )
=-3 kz 9(c5; X, ¢ Xi) — 5 21 9(1Xe, [Xi, X1, X5) + 7 ; 9(cX1, X5)
7,k=1 Jj= Jki=1

Jk=1
k
=3 Z (Cij)2—§ Z 9([szc Xk], Z Z
4,k=1 4,k=1 Jk=1
_g( Z CljgjckzXlaX)
j,k),l=1
k
=73 Z (Cij)2_ B Z 9( lev Z Z
dk=1 dkl=1 3,k=1
- Z Cl]fjc}“
Jk=1
n dimg
Lok, Lo i 1 k J
=) (—5(%) +1(Cr) _Cljcjcki> ) 2 i
jk=1 k=1

(3.1)

As a by-product of the above calculation, we have shown the following formula for the Killing
form:

dim g )
KXo, Xi) = ) dhic . (3.2)
Jik=1

If we assume that the basis (X;)i<i<dimg 1S not only orthogonal with respect to g but also
with respect to k, we can simplify the above equation. In this situation, we have:

dim g )
0 = r(Xs, [X;, X5)) = w([X3, X,1, X)) = ), ebim(Xe, X;) = cr(X5, X))
k=1

and therefore CZ] = 0. By polarizing the equation (3.1) we finally have shown the following
corollary:

Corollary 3.1.37. Let G/H be a n-dimensional homogeneous space equipped with a G-
invariant metric g. Furthermore, let (X;)1<i<n be a g-orthonormal basis of m which is
orthogonal with respect to the Killing form x of g. We extend g to an H-invarianl inner
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product on g and (X;)i<i<n 0 a g-orthonormal basis (X;)i<i<dimg, Such that the extended
basis is still k-orthogonal. In this siluatlion, the Ricci-curvalure of g is delermined by:

n m

. L 1 k
Ricer(X;, Xj) = Z ( B Chhip + Cklcljgl> 1 Z Gy + i)
k=1 k=1

dim g
where the coefficients cfj are defined by [X;, X;] = >, cUXk and i, j can chosen arbitrarily

k=1
from {1,...,n}.

Remark 3.1.38. 1. Since the Ricci-curvature is invariant under isometries, the Ricci-tensor
of a G-invariant metric on a homogeneous space G/H is G-invariant, too. Unfortunately,
the Ricci-tensor of a diagonal homogeneous metric is not necessarily diagonal.

2. In practice, the condition that (X;)1<i<dimg is k-orthogonal will often be satisfied. The
bases of g we choose in Chapter 5 are orthogonal with respect to the biinvariant metric
g we have fixed. Since the restriction of the biinvariant metric to a simple factor of a
semisimple Lie group is a multiple of the Killing form, our bases therefore are orthogonal
with respect to the Killing form, too.

In Chapter 5, we will often have to compute the exterior derivatives of G-invariant differential
forms on a homogeneous space G/H. Therefore, we will briefly describe how this can be done
explicitly. Since we have to consider many different geometric objects on the next pages,
we will work with a fixed basis (€;)1<i<dim g Of 8. This allows us to distinguish the different
objects by the position of their indices. We also fix a biinvariant metric ¢ on G and denote the
corresponding normal metric on G/H by ¢, too. We remark that the following considerations
could also be carried out without referring to a basis or a normal metric. Since in Chapter 5
we have to work with a fixed basis and normal metric anyway, we will not do this. We start
our considerations by introducing certain right-invariant one-forms on G:

Definition 3.1.39. Let G be a Lie group, whose Lie algebra we denote by g, and (€;)1<i<dim g
be a basis of G. As above, we denote the right-invariant vector field on G associated to e; by
e;. We define ¢ as the unique right-invariant one-form satisfying:

' (ef) = qle},e}) Vi,je{l,...,dimg}.

Remark 3.1.40. The term ”right-invariant” means in this context that the following equation
holds:

il ;!

(Rp-1)*(€" )k = (" )k Vhke G ie{l,...,dimg}.

Since the action of G' by (h,a) — (R,-1)*« is a right action on the cotangent bundle, it is
justified to speak of right-invariance in the above definition.

On the space G/H there exist certain one-forms which are dual to the Killing vector fields e:

Definition 3.1.41. Let G/H be a coset space and (€;)1<i<dim g € @ basis of the Lie algebra
g. We define the one-form e** on G/H by the equation:
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ei*(e;f) =q(ej,ej) Vi,je{l,...,dimg}.

Remark 3.1.42. At any point p € G/H, e »» Which is an element of the (dimg — dim b)-
dimensional vector space T, G/H, has to satlsfy dim g equations. Nevertheless, the one-form

e* is uniquely defined, since the kernel of the map

p:9—->1T,G/H
P(X) = X7
is a conjugate of h.
The one-forms ¢!’ and e* are related by a lemma analogous to Lemma 3.1.17:

Lemma 3.1.43. Let G/H be a coset space and let e’ and & be defined as above. We denote
the projection of G onto G/H by w. Furthermore, let pry : g — g be the projection onto a
subspace of g with respect to q. In this situation, we have for allie€ {1,...,dimg} and k € G:

;%

ek = (€ = prag, ()

Proof : We show the lemma by evaluating the above equation on an arbitrary e;. The point
k € G will be omitted from our formulas for reasons of simplicity. We have:

Since 7 is a Riemannian submersion, whose fiber at kH € G/H is kH < G, we can transform
the above term into:

=q((e; — prAdk(h)(ez)) (ej prAdk(h)(ej)) )
=q((e; — Prag,(n(€:))’s €5) — a((es = Praq, (n)(€:))’, Praa, (n(€;)))
=(e’ — praa,p(€"))'(€))

O

The exterior derivatives of the one-forms e¥ can be directly determined with help of the
definition of d:
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= —¢"([¢}, ek])
= ¢ ([ej,ex]')

= g(es, [ej, ex])

We now assume that the basis (e;)1<i<dimg 18 g-orthogonal. In this situation, we obtain the
following explicit formula for de}:

det’ = Z q(es [ej, ek])ejk’
q(ei, e;)

?
1<j<k<dimg

where e7*' denotes e?’ A e*’. Since the pull-back 7* commutes with the exterior differential,
we are now able to deduce a formula for de**. In order to make our formula easy to manage,
we assume that there is a n € {1,...,dim g} such that (e;)1<i<n spans m and (€;)n41,....dimg
spans h. The pull-back of e* is not ¢;’. Instead we have the following relations:

e Vie{l,...,n}
0 Vie{n+1,...,dimg}

—
o)
.
*
~—
o]

7_‘_*
7_‘_*

—
o)
.
*
~—
o]

Because of the formula in Lemma 3.1.43, which is more complicated than Lemma 3.1.17,
these relations are not necessarily true at another point of G than e. With help of the above
relations and the formula for de™, we obtain:

Lemma 3.1.44. Let G/H be a coset space. We denote the Lie algebra of G by g. Let
(€i)1<i<dimg be a basis of g which is orthogonal with respect to a biinvariant metric q. Fur-
thermore, we assume that there exists a n € {1,...,dimg} with m = span(e;)i1<i<n ond
h = span(€;)n+1,...dimg- In this situation, we have:

g qe €i7 6',€k .
(@ )err = 2, M(eﬂk*)eg ,
1<j<k<n qe(eis €s)

1.k s % *
where e?** denotes e?™ A eF”.

By applying the anti-derivation property of d, we could compute the exterior derivatives of
arbitrary k-forms of type:

Ciy.iy€ T =gy g€ AL AEE (3.3)

at the point eH. Unfortunately, k-forms of that kind are in general not G-invariant. Never-
theless, the considerations we have made can be used for determining the exterior derivatives
of G-invariant forms.
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If we restrict a G-invariant k-form on G/H to the point eH € G/H, we obtain an H-invariant
tensor in A" T*,G/H. Conversely, any H-invariant o € N T*,G/H can be extended by the
action of G to a well-defined G-invariant differential form on G/H, which we denote by «,
too.

There exists a unique k-form of type (3.3) which coincides at eH with a. That form we will
denote by a*. Our next aim is to determine doer and to compare it with dol;. We recall
that the exterior derivative of a differential form is defined by:

k+1

do(X7,.. ., Xfy ) = D (D)X Fa(XF, ., X X )
=1
+ ) (DX XX X X X )
1<i<gi<k+1

The vector fields we have inserted into da in the above formula could be chosen arbitrarily.
For our calculations, we assume that they are Killing vector fields. We obtain for the first
kind of summands:

XFaem(Xy, ..., XE, .., X))

0 .
= %h:o a(exthi)H(Xikv ce 7X;<7 ce 7XI’:+1)

0 * - *
= %|t=0 aeH(dLeXp (—tXi)(Xl )i 7dLeXp (—tXi)(X;‘)v s 7dLeXp (—tXi)(Xk-i-l))

0 * - *
= %|t=0 aeH((Adexp (—tXi)Xl) Y (Adexp (—tXi)Xi)*v R (Adexp (—tXi)Xk—',-l) )

k+1
= Z Qe (X3, XE, o (adox, X5)*, . X )
j=1, j#i —

entry of X;‘

Therefore, we have:
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doerr (X5, XEe 1)
= > (=D"™Mae(XF,.. XF, . (adox, X)L X))
N—_——

1<i<j<k+1
entry ofX]’."

Y () e (X (adx X X X)

Ii<ji<k+1
entry ofXZ.*

+ ) (CD)Moeu([XF, XFXT, . XE X X))

I<i<j<k+1 (3.4)

_ Z ((_1)(i+1)+(j—2) _ (_1)(j+1)+(i—1))

1<i<i<k+1

err((ad—x, X;)*, X7, ..., XF, .. X¥, . XE)

+ ) (DT aeg (X X% XL XE XS X )
1<i<i<k+1

= > (DM (X, X% XXX X )

1<i<i<k+1

We could have made a similar calculation for dagy. Since o is homogeneous, da is determined
by doer. Therefore, there is no need to compute dogy. We now assume that o is a one-form.
In this case, we have:

doep (X7, X5) = —aen ([ X1, X2]*) .

For the one-form «*, which is dual to a Killing vector field, we have:

dogp (X7, X3) = o ([X1, X2]) -

Up to the sign, the values of da.y and dol; coincide. With help of the anti-derivation
property of d, this observation can be generalized to forms of higher order:

Proposition 3.1.45. Let o be a G-invariant differential form on a coset space G/H. Fur-
thermore, let o* be the unique differential form of type (3.3) which coincides with o at the
point eH. Then, we have:

doep = —doly .
Remark 3.1.46. 1. Let (€;)1<i<n be a basis of m. An H-invariant « € /\k T*,G/H can be
written as
o= ail,,,ikeil“'ik . (3.5)

The extension of « by the action of G to all of G/H will be denoted by (3.5), too,
although there may not exist global coordinate vector fields eq,...,e,. In most cases,
even linearly independent vector fields ey, ..., e, will not exist on G/H.
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2. When we want to determine the exterior derivative of a G-invariant differential form o
at eH, we will do this by the following procedure: We formally apply the product rule
for the exterior differential to (3.5) and replace each €% we have to derivate by de }y.
After that, we multiply the result by —1 and finally have obtained dop;.

At the end of this section, we will collect some useful results on homogeneous G-structures.
Let FX/H be the coframe bundle of a coset space K/H. K acts from the right on §X/# by
(k,u) — wo (dLg), where u : T,M — RI™E/MH and ke K. Tt therefore makes sense to
speak of K-invariant G-structures on K/H. If we have a K-invariant G- (Spin(7)-)structure
on K/H, the associated three- (four-)form is K-invariant, too. Conversely, any K-invariant
three- (four-)form stabilized by Go (Spin(7)) defines a K-invariant G- (Spin(7)-)structure.

In Chapter 4, we will classify the possible principal orbits for cohomogeneity-one Spin(7)-
structures. We will show in Section 3.2, that there exists a canonical homogeneous G-
structure on those orbits. Conversely, any G-invariant Ga-structure on a coset space G/H
can be extended to a cohomogeneity-one Spin(7)-structure on G/H x I, where I is an interval.
We therefore need a necessary and sufficient criterion for the existence of a G-invariant Go-
structure on G/H:

Lemma 3.1.47. Let G/H be a seven-dimensional coset space admitting a G-invariant Ga-
structure . H acts on the tangent space T.yG/H by (h,v) — (dLp)(v). Therefore, we
can consider H as a subgroup of GL(T.yG/H). Ga acts on T.yG/H, too, where Gy <
GL(T.yG/H) is given by:

{utov|® su,v: T.yG/H - R} .
In this situation, we have H € Go.

Proof : Let h € H and & 3 u : T,yG/H — R” be arbitrary. Since & is G-invariant,
wo (dLy) : T.gG/H — R” is an element of the Gy-structure, too. The endomorphism 4~ ow
is for any ® 3 v : T,yG/H — R” an element of G3. By setting v = u o (dL;) we obtain the

statement of the lemma.

O

Remark 3.1.48. 1. In the above lemma, we could define Go € GL(T.zG/H) also as the
stabilizer of the associated three-form.

2. It is possible to prove a similar lemma for G-invariant K-structures on G/H, where
K € GL(dim G/H) is an arbitrary Lie subgroup.

3. On a homogeneous space, there may exist more than one transitive group action. It
is possible that a Go-structure is invariant under one of those actions, but not under
another one. The flat Ga-structure on R, for example, is invariant under translations
but not under the whole FEuclidean group.

Lemma 3.1.49. Let G/H be a seven-dimensional coset space. As above, we consider H as
a subgroup of GL(T,yG/H). If there exists a linear ¢ : T.gG/H — R” with H < ¢~ Gy,
G/H admits a G-invariant Ge-structure.
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Proof : The set

o (dLy) o (dL,-1):T,zG/H - R\he H,ge G
g g

defines a G-invariant pHy~!-structure on G/H. Since the extension of this set to a Ga-

structure is G-invariant, too, the statement of the lemma is true.

O

We assume that we have found a fixed G-invariant Gg-structure on a coset space G/H.
Furthermore, we assume without loss of generality that G and H are both connected. The
(Glo-structure is given by a principal bundle with fiber Go, which we denote as above by &. &
can be extended to a SO(7)-structure, which induces an invariant metric and an orientation
on G/H. Our next aim is to classify the invariant Ge-structures on G/H which have the same
extension to a SO(7)-structure as &.

First, we will make some general observations. The projection map of & we denote by
m:® —> G/H. We fix a point p € G/H. Since & is G-invariant, any element of the fiber
7n~1(p) determines the whole Ga-structure. Let 71(p) 3w : T,G/H — R”. We have:

7 (p) = {houlhe Ga}.

Furthermore, we have:

6 = {h ouo (de:_l)Lk(p)lh €Go, ke G} .

In Chapter 5, where we have to construct invariant Gs-structures, it will therefore suffice to
find a u € 771 (p) or equivalently a frame (u=!(e1),...,u 1 (e7)).

We choose another Gg-structure $ on G/H with the same properties as &. Its projection
map is denoted by 7’ : § — G/H. Let v € 7'~1(p). Since v determines §, and & is fixed, the
map ¢ :=vou~! : R” —» R” determines §. We can therefore solve our problem by classifying
the possible endomorphisms ¢.

Our next step is to describe the set of all ¢. The maps ™! : R” —» T,G/H and v : T,G/H —
R preserve the orientation and the scalar product. Therefore, we have ¢ € SO(7). We
remark that

{tou ter  (p)} =Gy

Since H acts on T,G/H, we consider H as a subgroup of GL(T,G/H). We can identify T,G/H
by u with R7. Therefore, we can take H as a subgroup of GL(7). We have shown in Lemma
3.1.47 that with this identifications H € G3. The set

{wov™Hw e 7'~ (p)}

is given by Gag, too. As above, we identify 7,G/H by v with R7 and use this identification to
define an action of H on R”. It is easy to see that h € H acts by matrix multiplication with
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¢oh¢~1. For the same reasons as above, we have H¢~! € G5. All in all, we have shown that
¢ is an element of the set

M :={¢p e SO(7)|pHp™! S G} .

Conversely, each ¢ € M describes a Go-structure with the desired properties.

If pH¢p~ € Gy and Y Hy~1 € Gy, we do not necessarily have (¢0)H (¢0) ™! < Ga. Therefore,
M is not necessarily a group, but an invariant set with respect to the adjoint action of H. H
and ¢H ¢! are both connected subgroups of Go. In Lemma 4.1, we will show that connected
subgroups of G which act with the same weights on R’ are conjugate to each other not only
by an element of SO(7) but by a further ¢ € G, too. Therefore, we have:

el oH¢ o =H S Gy
Since both ¢ and ¢~ !¢ describe the same Ga-structure, we can consider instead of M the
normalizer of H in SO(7):
NormgoryH = {¢ € SO(7)|pH¢™' = H} .

We remark that the space of all G-invariant Gs-structures with a given associated metric and
orientation does not depend on the choice of the SO(7)-structure. Let K be the extension of
& to a SO(7)-structure and let & be a further invariant SO(7)-structure on G/H. We choose
an orientation-preserving isometry ¢ : 1,G/H — T,,G/H where the former G/H is equipped
with & and the latter with &. The set

{h ouoyYo (de_l)Lk(p)lh € Go, ke G}
is an invariant Gs-structure which can be extended to &. Conversely, let &’ be an invariant
Go-structure with & as its extension and &' 3v : T,G/H — R’. Then
{h oVo w_l o (de_l)Lk(p)lh €Ga, ke G}

is a Gg-structure with K as its extension. In order to describe the set of all Ga-structures
with the desired properties we have to divide the normalizer by the action of those elements
of SO(7) which leave G invariant. We obtain:

Normgo(7yH/(NormgoyH n Normgor)Ge) -

In Lemma 2.1.30, we have shown that Normgp7)G2 = G2. Furthermore, we have: Normgo(r) H
n Gg = Normg, H. All in all, we have proven the following lemma:

Lemma 3.1.50. Let G/H, where H is connected, be a seven-dimensional homogeneous space
admitting a G-invariant Go-structure. The space of all G-invariant Go-structures which have
a fixed assoctated metric and orientation is H-equivartantly diffeomorphic to:

NormgoryH/Norma, H .
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In particular, this space does not depend on the choice of the melric and orientation.

If one searches for metrics with exceptional holonomy, homogeneous metrics seem to be a
good starting point. Unfortunately, there are no non-trivial homogeneous parallel Go- or
Spin(7)-structures. The reason for this is the following theorem:

Theorem 3.1.51. (See Besse [10] p.191 or Alekseevskii, Kimelfeld [1].) Any homogeneous
Ricci-flal metric is necessary flal.

Proof : Let G/H be a homogeneous space equipped with a Ricci-flat metric g. Since the
Ricci curvature of G/H is non-negative, we can apply the Cheeger-Gromoll splitting theorem.
The universal cover of G/H therefore is the Riemannian product of a simply connected ho-
mogeneous space G'/H' and a flat R?. If we choose d maximal, G'/H' contains no line. It is
known that any non-compact homogeneous space contains a line. Therefore G'/H' has to be
compact. A theorem of Bochner [11] states that if the Ricci curvature of a compact Rieman-
nian manifold is non-positive, the identity component of its isometry group is a torus. Since
G'/H' is Ricci-flat, G’ therefore is a Lie subgroup of a Lie group whose identity component is
a torus. Since, we can assume that G’ and H’ are connected, G’ is a torus, too. If dim G’ > 0,
m1(G") = Z4™ ", Since we want G'/H' to be simply connected, m(H') has to be isomorphic
to m1(G"). This is only possible, if G' = H'. Therefore G'/H’ is a point and we have shown
that the universal cover of G/H is a flat Euclidean space.

O

Since there are no non-flat homogeneous metrics of exceptional holonomy, it is natural to
search for metrics of that kind on spaces whose isometry group is large but not acting tran-
sitively on the manifold. In the next section, we will therefore introduce the most important
results on metrics of cohomogeneity one.
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3.2 Metrics of cohomogeneity one

Since there are no homogeneous metrics with exceptional holonomy, we have to consider
metrics whose isometry group is smaller. First, we make the following assumption:

Convention 3.2.1. For reasons of simplicity, we only consider group actions by compact,
connected Lie groups. This assumption guarantees that all orbits are closed subsets of the ma-
nifold M on which the group acts on. If M is a Riemannian manifold (a Spin(7)-manifold), we
assume that the group action preserves the metric (the Spin(7)-structure) on M. Furthermore,
we agsume that M is connected. All of the above assumptions are maintained throughout
this thesis unless otherwise stated.

In the following, we will often have to consider the orbit space M /G of an isometric group
action:

Lemma 3.2.2. Let (M, g) be a connected Riemannian manifold with an isometric action of
a Lie group G. Furthermore, let m : M — M /G be the projection map and let d: M x M —
[0,00) be the distance function on M induced by g. The quotient M /G together with the
function

d:M/G x M/G — [0,0)
d'(z',y) = inf {d(z,y)|7(z) = 2, 7(y) = ¢'}

18 a metric space.

FEzample 3.2.3. The orbit space M /G is not necessarily a manifold. We consider the Euclidean
space R™ with SO(n) acting on it by matrix multiplication. The orbits of this action are the
spheres around the origin and the origin itself. The space R"/SO(n) is isometric to the
interval [0, ) with the standard metric, which is not a manifold.

By considering the above example, we see that an isometric action can have different types
of orbits. The orbits whose neighborhood in M /G can be identified with an open set in R™
are of special interest for us:

Definition 3.2.4. Let (M, g) be a connected Riemannian manifold with an isometric action
by a Lie group G. An orbit O of this action is called a principal orbit if there is an open
subset U of M with the following properties: O € U and U is G-equivariantly diffeomorphic
to O x V, where V € R" is an open subset.

Since we are interested in spaces with a large isometry group, we have to find a measure for
the size of G:

Definition 3.2.5. In the situation of the above definition, dim V' (or equivalently dim M —
dim O) is called the cohomogeneity of the G-action on (M, g).

If M is connected, any two principal orbits are G-equivariantly diffeomorphic. Therefore, the
above definition is justified. Furthermore, we can identify any principal orbit with a coset
space G/H, where H < G is fixed.
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Convention 3.2.6. From now on, we assume that we have a Lie group G acting isometrically
on a Riemannian manifold (M, g), such that the cohomogeneity of the G-action is 1. In this
situation, the subset U from Definition 3.2.4 is G-equivariantly diffeomorphic to O x I, where
I € R is an open interval. The isotropy group of the G-action on the principal orbit we
denote by H.

It is possible to show the following lemma:

Lemma 3.2.7. In the situation of Convention 3.2.6, the following statements are lrue:

1. The union of all principal orbits of the G-action is an open, dense subset of M.

2. Any orbit of the cohomogeneity-one action is G-equivariantly diffeomorphic to a coset
space G/K, where K is a Lie subgroup of G. We can conjugate K in such a way that
Hc KcdG.

The union of all principal orbits will often be denoted by M°. We now describe the non-
principal orbits in more detail. There are two kinds of these orbits, which are distinguished
by the dimension of K/H:

Definition 3.2.8. In the situation of the above lemma, let G/K be a non-principal orbit.
G/K is called a

o singular orbit if dim K > dim H.

e exceptional orbit if dim K = dim H, i.e., the quotient K/H is discrete.

The Lie group K is not arbitrary, but has to satisfy a certain condition:

Proposition 3.2.9. (See Mostert [55].) Let (M, g) be a Riemannian manifold with a cohomo-
geneity-one action by a Lie group G. Furthermore, let the principal orbils of this aclion be
G-equivariantly diffeomorphic to G/H and let G/K be a non-principal orbit. In this situation,
the quotient K/H is diffeomorphic to a sphere.

Remark 3.2.10. e If we do not require M to be a smooth manifold, but still an orbifold,
K/H is diffeomorphic to S*/T", where k := dim K —dim H and T is a discrete subgroup
of O(k + 1) acting on S*.

¢ Any non-principal orbit has a neighborhood in M /G which consists solely of principal
orbits. The above proposition therefore guarantees that there is a neighborhood of the
singular orbit which is a disc bundle over that orbit. We call such a neighborhood a
tubular neighborhood. In the orbifold case, we have a S*/I'-bundle instead of a disc
bundle. We will speak in that situation of a tubular neighborhood, too.

Convention 3.2.11. e [n the following, we assume for reasons of simplicity that M is a
manifold. It is easily possible to modify the results of this section in such a way that
they are true for orbifolds, too.

e Motivated by the above observation, we will often speak of a collapse of the sphere S*
at the singular orbit or simply of a S*-collapse when we approach a singular orbit.
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For our next theorem we need the following lemma:

Lemma 3.2.12. On a connected Riemannian manifold (M, g) with a G-action of cohomo-
geneily one there exists a geodesic v : I — M which intersects all orbits perpendicularly. Let
m: M — M/G be the projection map. In this situation, we obviously have wo~y(I) = M/G.

With help of this lemma, it is possible to show the following result on the topology of M /G:

Theorem 3.2.13. (See Mostert [55].) Let G be a group acting with cohomogeneity one on a
manifold M. The quotient M /G is homeomorphic to one of the following:

1. M/G =R,
2. M/G =81,
3. M/G = [0,00),
4. M/G = [0,1].

All points in the interior of M /G correspond to principal orbits. The points on the boundary,
namely 0 in the third and 0, 1 in the fourth case correspond to non-principal orbits. In the
situation of the fourth case, we denote the isotropy group of the G-action at 0 by K~ and the
isotropy group at 1 by K. If we have two non-principal orbits, the following diagram has to
commute:

N
NP4

Let K € G be the isotropy group of a non-principal orbit. The action of K on the sphere
S* > K/H is transitive. Since we can fill R¥*! by spheres of nonnegative radii, we can extend
this action to an action on R*+1, It is known that any transitive action by a Lie group on a
sphere is the restriction of a linear action (see Montgomery, Samelson [54]). Therefore, the
action on R**! we consider is linear, too. This action is the same as the action of K on
the normal space of a p € G/K. It should be noted that this action of K on R**1 is solely
determined by the choice of G, H, and K. These considerations together with the above
theorem make it possible to show the following result on the global shape of M:

Corollary 3.2.14. Let (M, g) be a Riemannian manifold with an isometric cohomogeneity-
one action of a Lie group G. Furthermore, let H be the isotropy group of the G-aclion on
a principal orbit. If the G-action has exaclly one non-principal orbit, we denote it by K. If
there are two non-principal orbits, we denote them by K~ and K. In this situation, M is,
depending on the topology of M /G, G-equivariantly diffeomorphic to one of the following:

1. If M/G =R, then M = G/H x R.
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2. If M)G = S, then M = G/H xzR. The action of Z on G/H x R we divide out is the
following: Z acts on R by translation and the action of Z on G/H is generated by the
canonical right action of an element of NormaH.

3. If M/G = [0,00), then M is G-equivariantly diffeomorphic to the disc bundle G x g
D over G/K, where D is the unit disc of dimension dim K — dim H + 1. Since D
is diffeomorphic to RY™P we can also describe M as a vector bundle over the non-
principal orbit. The projection of this bundle onto G/K is a Riemannian submersion.

4. IfM/G = [0,1], then M = (G xg- D7)U(G X g+ D) where Gx - D™ and G x g+ DT
have the same description as above. The two spaces are glued along a copy of G/H by
a G-equivariant diffeomorphism of G/H.

In particular, the shape of M /G together with the groups H and K () determines the global
shape of M.

We are able to exclude some cases from our considerations. First, we will show that it is
possible to restrict ourselves to manifolds without an exceptional orbit. We assume that M
is a cohomogeneity-one manifold with at least one exceptional orbit. Since the quotient K/H
has to be a sphere, we have K/H = Zjy. There are three possible cases:

1. If M has only one non-principal orbit, which of course has to be exceptional, it is
possible to construct a two-fold cover of M which is G-equivariantly diffeomorphic to
G/H x R.

2. Next, we assume that M has one exceptional and one singular orbit. We assume without
loss of generality that G/K~ is exceptional. In this case, M is covered by a manifold
of type (G X g+ D7) U (G x g+ DT) which has two singular orbits of type G/K ™. This
cover is two-fold, too. In the course of our considerations, we will not consider manifolds
of this and the previous type anymore, since we can avoid them by passing to a cover.

3. We finally assume that M has two exceptional orbits. In this case, we can repeat the
construction from the second case infinitely often. M is therefore a compact manifold
with infinite fundamental group. Since we are interested in parallel Spin(7)-manifolds
of cohomogeneity one, we assume that M carries a parallel Spin(7)-structure. It follows
from Lemma 2.3.16 that the holonomy group acts trivially on a non-trivial subspace of
the tangent space and thus is a subgroup of Gbs.

Since we are only interested in examples with an irreducible holonomy representation, we will
assume from now on that M has no exceptional orbits. The case where M has no singular
orbit can be excluded, too: If M /G = S', then M is the total space of a homogeneous bundle
over S1 and hence has infinite fundamental group. Furthermore, M is compact. We can
therefore apply the same arguments as above and exclude that case. Next, we consider the
case where (M, g) is complete and M /G = R. In this situation, the geodesic which intersects
all orbits perpendicularly is a line. By applying the Cheeger-Gromoll splitting theorem, we
can show that (M,g) is a Riemannian product of R and G/H. Since we are first of all
interested in complete examples which are not locally a Riemannian product, we will assume
from now on that M has at least one singular orbit. In this situation, it is very easy to decide
if M is complete or compact:
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Lemma 3.2.15. Let (M, g) be a cohomogeneity-one manifold with a singular orbit. In this
situation, we have:

1. M s compact if and only if it has two singular orbits.

2. M 1is complete and non-compact if and only if M has exactly one singular orbil, and there
exists a geodesic v which intersects all orbils perpendicularly and has infinite length.

3. M 1is non-complete if and only if M has exactly one singular orbit, and there exisls a vy
which cannot infinitely be extended.

Proof : We will prove that in the situation of the second case the manifold is complete. The
other statements of the lemma then are obviously true. Let (p,)neny be a Cauchy sequence in
M. The projection map M — M /G we denote as usual by 7. Since

d(r(z), 7(y)) <d(z,y) Ve,ye M,

(7(pn) )nen is a Cauchy sequence, too. We equip [0, c0) with the standard metric. 7 : [0,00) —
M is an injective map. Therefore, M /G can isometrically be identified with [0, 00), which is
complete. We define z € [0, ) as lim,,_, 7(py). Since all orbits of the G-action are compact,
7 is a proper map, i.e., all compact subsets N < [0,00) have a compact preimage 7~ 1(N).
The set {7(p,)|n € N} U {z} a compact one. Therefore, 7 ~!({p,|n € N} u {z}) is compact,
too. p, is a sequence in that set. There exists a subsequence of p,, which converges against a
p € M. The Cauchy sequence (p,)nen therefore has to converge against p, too.

O

The subject of the following pages are cohomogeneity-one Einstein metrics. This issue is
important for us, since metrics with holonomy < Spin(7) are Ricci-flat and therefore Einstein.
Our considerations will be in large part a synopsis of the paper of Eschenburg and Wang [32].
Before we start, we fix some notation, which we will maintain throughout this Section:

Convention 3.2.16. In the following, let (M, g) be a Riemannian manifold with an isometric
cohomogeneity-one action of a Lie group G. As usual, we assume that G is compact and
connected. Furthermore, let G/H be the principal orbit of this action and G/K be a singular
orbit. The Lie algebra of G we denote by g and the Lie algebra of H by h. As in Section
3.1, we fix a biinvariant metric ¢ on g. The g-orthogonal complement of h S g is called m.
Furthermore, we denote the Lie algebra of £ by K and the g-orthogonal complement of £ S g
by p. The normal space of G/K < M will be denoted by p*. Finally, let the dimension of
the sphere K/H be k.

The notation ”pL” is motivated by the following lemma which follows from our earlier con-
siderations:

Lemma 3.2.17. The tangent space of the singular orbit G/K is K -equivariantly isomorphic
to p. The normal space of G/K at p is the orthogonal complement of p < T,M and a K-
module, too. K acts on pt by cohomogeneity one. Furthermore, its action on pT is determined
by the choice of G, H, and K.
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Let 8 be a G-invariant tensor field defined on a tubular neighborhood of a singular orbit
G/K. As we have seen, the tubular neighborhood is a disc bundle over G/K, which we will
shortly denote by D. For the theorem on the cohomogeneity-one Einstein equation which we
will introduce, we have to consider the question how we can describe § by a power series and
which power series of that type can smoothly be extended to the singular orbit.

The vector bundle over D of which § is a section we denote by 3. Since the tangent space
of p e G/K < D splits into the K-modules p and pl, we can consider the fiber B, as a
K-module, too. If p is outside the singular orbit, B, should be considered as an H-module.

The fiber of the disc bundle D at a p € G/K will be denoted by D,. Since 3 is G-invariant, it
is determined by its restriction to a fixed D,. We choose a vertical unit vector v € pL. Since
the following considerations hold for any choice of v, we assume without loss of generality
that we have chosen v in such a way that it is stabilized by H. Let 7y : [0,7) — D), where r
is the radius of D,, be the geodesic with v(0) = p and 7/(0) = v. Since K acts transitively
on the sphere K/H, 3 is determined by 3o y.

We can identify the open disc in p of radius r by the exponential map with D,. Therefore,
we can identify 3 Ofy with a map b : {vt|t € [0,7)} = B. By letting K act on vt, we can extend
b(vt) to_a map SF — B, where SF denotes the sphere of radius ¢ in p~. Moreover, we can
extend b(vt) by linearity to a map pt — B. In the following, we will make use of both pomts
of view and sometimes consider b(vt) as an element of B and sometimes as a map p- — B.
We finally define a map b on [0,r) by b(t) := B(vt). b satisfies:

b:[0,7) > Homg(p, B), (3.6)

where Homg (V, W) denotes the space of K-equivariant homomorphisms from V' to W. Al-
ternatively, we have:

b:[0,r) » B, (3.7

where b(t) has to be invariant with respect to the isotropy group H.

The point t = 0 plays a special role. At that point the isotropy group of the G-action is K.
Therefore, b(t) has to turn into a K-invariant tensor when ¢ approaches 0. If we consider
the b described by (3.6), t = 0 does not play a special role, since b(t) always has to be a
K-equivariant homomorphism. This observation will be the key for the Theorem 3.2.18 we
will introduce below. In the following, we restrict b to (0,7) and consider the question if we
can extend b to 0.

We assume that b is an analytic function. This assumption is justified, since Finstein metrics
of dimension > 3 are real analytic in geodesic normal coordinates (see Besse [10], Section 5.F.
and DeTurck, Kazdan [30]). In this situation, we can express the b from (3.7) as a power
series

b(t) = 3 bt™.

ﬁMs

0

Since we can extend b(t) to an element of Homg (p*, B), the summand b,,t™ has to be the
restriction of a homogeneous polynomial P, to span(v). More precisely, P,, is a m™-order
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polynomial defined on p* with values in the fiber B,. Furthermore, Py, has to be K-invariant.
It is possible to show that any choice of K-invariant homogeneous polynomials P, defines a
tensor field &, which can be smoothly extended to the singular orbit. This is the statement
of our theorem. In order to properly state the theorem, we define the following spaces of
homogeneous polynomials:

Wy := {P: S™(p1) — B,|Pis linear and K-equivariant} .

Since K acts orthogonally on p, we can identify pt K-equivariantly with its dual space.
Next, we define the evaluation map:

€m : Wi — B,
em(P) 1= P(v) .

We remark that ¢,,(P) is an H-invariant polynomial, since H stabilizes v. Now, we are able
to state our theorem:

Theorem 3.2.18. (See Eschenburg and Wang [32].) Let (M,g) be Riemannian manifold
with an isomelric action of cohomogeneily one by a Lie group G. We assume that this action
has a singular orbit. The isotropy group of the G-action al the singular orbit will be denoted by
K. Let BEC Q@ TMQX*T*M be a tensor bundle over M whose fibers at the singular orbit
are K -equivariantly isomorphic to the K-module B. Let b: (0,r) — B, where r > 0, be a real
analytic map with Taylor expansion > e _; byt™. By the construction we have described above,
we can tdentify b with a lensor field 3. This tensor field is defined on a tubular neighborhood
of the singular orbit, but not on the singular orbit itself. 3 is well-defined and has a smooth
exlension to the singular orbit if and only if

bm € Em(Wm) Ym € NO y
where Wy, and € are defined as above.

We are in particular interested in the case where 3 is a metric tensor. It is useful to make
the following assumption:

Assumption 3.2.19. For the following considerations on the cohomogeneity-one Einstein
equation, we assume that p and p' have no equivalent H-submodules in common. This
assumption will be satisfied in most cases we consider. In this situation, we have the following
splitting:

SPpept) =52 @5 ph)" . (3.8)
The space V shall be defined as the set of all H-invariant elements of the H-module V.

We consider the space

(P :S™(p) - S (p @ pt)|Pis linear and K-equivariant}



68 CHAPTER 3. SPACES WITH A LARGE ISOMETRY GROUP

which is a special space of type W,,,. Any P in that space can be considered as a K-invariant
mt"-order polynomial with values in S?(p ®pt). eH € K/H < pt is invariant with respect
to H. Therefore, P(eH) has to be H-invariant, too. If Assumption 3.2.19 is satisfied, we can
conclude that P(eH) € S?2(p) @ S%(p1)H. Since S%(p) @ S%(pt) is a K-module, we have
P(v) € S%(p)®S?(pt) for any v € p. All in all, we have shown that if 3.2.19 is true, we have:

{S™(pT) = S%(p @pt)|Pis linear and K-equivariant}
={S™(p1) — S%(p) ® S%(p1)|P is linear and K-equivariant}
(5™ () > 5%
® {S™(p1) - S%(p1)|Pis linear and K-equivariant}

— S%(p)| P is linear and K-equivariant}

The existence of the splittings (3.8) and (3.9) will simplify some of the following representation
theoretical arguments. If Assumption 3.2.19 is not satisfied, it is sometimes possible to prove
results which are analogous to those we will introduce. Nevertheless, only the case where p
and p' have no H-submodules in common has been investigated in [32].

Remark 3.2.20. On the disc bundle D, we can introduce a radial coordinate ¢ such that the
cohomogeneity-one metric g becomes:

g =g +di?,

where g; is a {-dependent G-invariant metric on the principal orbit. In Chapter 5, where we do
concrete calculations, we will often describe our metric in that way. g, should be considered
as an element of S?(m) rather than of S%(p @ pt). Nevertheless, both points of view on the
metric are equivalent.

We now apply Theorem 3.2.18 in order to find smoothness conditions on metrics near a
singular orbit. The cases m = 0 and m = 1 are of special interest, since the smoothness
conditions we obtain have a simple geometric interpretation. First, we investigate the case
m = 0. In order to do this, we have to consider the space

Wo = {P: R — 5%(p) @ S*(p1)|Pis linear and K-equivariant},

which describes the metric at a point of the singular orbit. Of course, Wy also contains ele-
ments which correspond to symmetric forms which are not positive definite. We nevertheless
call Wy the space of possible metrics at the singular orbit, since this detail will be irrelevant
for our representation theoretical considerations. The only restriction from Theorem 3.2.18
is that the metric at a point of the singular orbit has to be K-invariant. Next, we consider
the case m = 1. The first derivative of the metric can be considered as an element of

Wi = {P:pt - S*(p) ® S%(p?)|Pis linear and K-equivariant} .

Eschenburg and Wang [32] have shown that

(P : 5" (ph) - S2(p1)|Pis linear and K-equivariant} = {0} VIeNp.
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For [ = 0 this translates into the condition that the S?(pt)-part of the metric has to approach
the flat metric on D,. Equivalently, the metric on K /H has to approach the round metric with
sectional curvature t% sufficiently fast when ¢ approaches 0. For the smoothness conditions of
higher order there are similar interpretations, which we will not make explicit.

Remark 3.2.21. 1. Let g be a smooth cohomogeneity-one metric with a singular orbit.
The collapsing spheres are distance spheres with respect to g. For different choices of
g, the distance spheres are in general not the same. When we write g as g, + dt?, we
choose % as a unit normal vector field on the collapsing spheres. This vector field of
course depends on the choice of g, too. It is possible to choose different g such that the
g: € S?(m) are the same but % is different. In that situation, the metrics g are isometric
to each other. We will therefore fix a vector in pt, which describes the direction of the
geodesic intersecting all orbits perpendicularly, and restrict ourselves to bilinear forms
in S%(p @ pt) with the property that our vector is of unit length and orthogonal to the
tangent space of G/H. Since metrics which are isometric in the above sense will be
identified in Chapter 5, the number of possible g; which we have to consider is smaller
than the number of metrics which satisfy the conditions from Theorem 3.2.18.

2. Let g be a K-invariant background metric on p*. Since K acts transitively on a sphere
in pt, ¢ is unique up to multiplication by a constant. In Chapter 5, we describe our
cohomogeneity-one metrics by g; + dt?. For t — 0, the restriction of g; to S%(p+)
describes the metric on the collapsing sphere. It is easy to see that the length of any
tangent vector of G/H with respect to g is ¢t + O(t?) for a ¢ € R. Therefore, the
smoothness condition of mt* order for the vertical part of the metric describes the m*"
derivative of the restriction of t%gt to the sphere K/H.

3. In the orbifold case, we can make similar considerations as in the manifold case. Never-
theless, the smoothness conditions for this case may be not the same as for manifolds.
For example, let Z; be a discrete subgroup of SO(2). R2/Z, is a cone whose vertex
corresponds to 0 € R2. Let g be the metric on R? /Zy, which is induced by the Euclidean
metric on R2. If we multiply the part of g which is directed along the circles around
the origin of R?/Z;, by k, we again obtain a metric which is isometric to the Fuclidean
metric on R?. Therefore, we have to modify the vertical part of the metric at the singu-
lar orbit if our orbifold has such a conical singularity. If dim K/H > 2, the smoothness
conditions for the restriction of %gt to K/H remain the same, since K/H still has to
be a space whose sectional curvature is approximately t% We will deal with the further
influences of the orbifold singularities on the smoothness conditions when we encounter
those singularities.

We now describe the cohomogeneity-one Einstein condition explicitly. On the union of the
principal orbits M®, this condition can be described as a system of ordinary differential
equations of second order. Since M¢ is a dense subset of M, we only have to search for the
initial values on the singular orbit such that the metric becomes smooth. We therefore obtain
an initial value problem which we have to solve. Since the differential equations degenerate at
the singular orbit, its solutions may depend on additional parameters apart from the initial
metric and its first derivative.

We again introduce a radial coordinate ¢ on a tubular neighborhood of a singular orbit. Any
cohomogeneity-one metric g on that neighborhood can be described by:
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g =g +di?,

where (gt)te[o,r) is a t-dependent family of G-invariant metrics on the orbits. For ¢ = 0, g;
becomes a degenerate bilinear form.

Before we can find an explicit description of the Einstein condition, we have to determine
the shape operator L = V% of the principal orbits. As in the section before, we identify the
restriction of the metric to the principal orbit with an endomorphism ¢ of m. It is easy to
see that

Let (€;)i=1,...n be a basis of m. We assume from now on that g; is for all ¢ a diagonal metric
with respect to this basis. If the matrix representation of g; with respect to (€;)i=1,. .n is

diag(f2(t), ..., f2(t)), we have:

L=diag(%,...,%> .

After some calculations involving the Gauss-, the Codazzi-, and the Riccatti-equation, we
finally can express the cohomogeneity-one Einstein condition as a system of ordinary differ-
ential equations of second order:

Theorem 3.2.22. (See Eschenburg and Wang [32].) Let (M, g) be a Riemannian manifold
admilting an isometric cohomogeneity-one action by a Lie group G. The Ricci-curvature of
g and its Ricci-endomorphism we denote both by Ric. We identify the union of all principal
orbits by a G-equivariant diffeomorphism ¢ with G/H x I, where I is an interval and H is
the isotropy group of the G-action on the principal orbit. We choose ¢ in such a way that
{eH} x I becomes a geodesic which intersects all orbits perpendicularly and is parameterized
by arclength. In this siluation, we have

g =g +di?,

where t is the coordinate directed along I and (g.)wer is a family of metrics on G/H. We
denote the shape operator of the principal orbit by L; and its Ricci-curvature by Ric,. As
above, we will denote the Ricci-endomorphism of the principal orbit by the same symbol. The
Einstein condition Ric = Mg is in this situation equivalent to:

—%Lt — (tT’Lt)Lt + Rie, = )\gt (310)
—tr(ZL) —tr(L7) = X (3.11)
trox dVLy) = 0 Y wvector fields X L % (3.12)

If g, is for all t € I diagonal with respect to a basis (€;)i=1,..n of m, we have

g¢ = diag(f1(8)%, ..., fu(8)?)
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for some functions f1,..., fr, : I = R. Furthermore, the first two equations of the cohomogeneity-
one Binstein condilion become:

O EHO SN HON R /10! S RPN N _
_fi(t)+(fi(t)) —m(z m)"'th(ﬁ—(t)&’fi—(t)e’) = A V@—l,...,n

j=1
Ric(ese)) = 0 Vi<i<j<n (313)
n—1
o _
=10 A
Remark 3.2.23. 1. In equation (3.12), we consider L; as a one-form on G/H with values

in TG/H. d¥a denotes the covariant exterior derivative of a vector-valued k-form o
which is defined by:

k+1
@V e)(X1,..., Xpp1) = D (D) (alX, ., Xiy o, Xig))
i=1
+ Z (—1)i+j04([Xi,Xj],Xi,...,Xi,...,Xj,...,Xk+1).
I<i<jgk+1

In (3.12), @ denotes the interior product of a vector with a vector-valued differential
form. The equation (3.12) is equivalent to Ric(X, %) = 0, which has to be satisfied
for any cohomogeneity-one Einstein metric. It turns out that (3.12) is automatically
satisfied if dim K/H > 1 (see Corollary 2.5. and 2.6. in [32]). Since all cohomogeneity-
one manifolds which we consider are of that kind, we only have to take care of (3.10)
and (3.11).

2. We assume that g is a cohomogeneity-one metric such that (3.12) is satisfied. The
system consisting of (3.10) and (3.11) contains n? + 1 equations for the n? functions
g¢(ei,e;). Nevertheless, that system is not overdetermined. It has been proven in [32]
that it has a unique short-time solution for any initial value of g; and L; on a principal
orbit.

3. We consider the case that g; is a diagonal metric but Ric; is non-diagonal. The existence
of metrics of that kind cannot be a priori ruled out. In that situation, the equation
Ric(e;,e;) = 0 is a rational equation for the metric functions fi,..., f,. We therefore
have a non-trivial restriction which the metric functions have to satisfy. This seems to
contradict our remark on the existence of short-time solutions. The explanation of this
fact is as follows: If we have Ric(e;,e;) # 0, the assumption that ¢ is always diagonal
is false and the condition Ric = \g forces the metric to become non-diagonal as soon as
we leave the initial principal orbit.

4. In Grove, Ziller [38] and Schwachhofer, Tuschmann [63], similar formulas for the Ricci-
curvature of a cohomogeneity-one metric have been obtained. The notation we make
use of in this thesis is in part motivated by those papers.
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We consider the equations (3.13) for the diagonal case. When we approach a singular or-

bit, some of the f; have to converge to zero. Since L; contains the term %, our equations
degenerate at the singular orbit. In that situation, the existence and number of short-time
solutions does not directly follow from Picard-Lindelof’s or a similar theorem. In the non-
diagonal case, we face similar difficulties. Nevertheless, Eschenburg and Wang [32] have been
able to prove a theorem on the local existence of cohomogeneity-one Einstein metrics. The
cohomogeneity-one Einstein-equations can be rewritten as

0 1 1
%Lt = t—QA(gt) + ;B(gtaLt) + C(t, g¢, L) ,

where A, B, and C are some functions which could be explicitly determined and have a
smooth extension to £ = 0. A necessary condition for the existence of local solutions is that
the right-hand side of the above equation can be smoothly extended to ¢ = 0 after we have
inserted the initial values. Fortunately, this is always the case. Eschenburg and Wang [32]
have made a power series ansatz for the metric g. We assume that the singular orbit is at
t = 0 and obtain:

o]
9= gul™.
m=0

On the previous pages, we have seen that the coeflicients g,, can be considered as elements
of S%(p @ pt) and have to satisfy the smoothness conditions described in Theorem 3.2.18.
Since the G-invariant metric g; on G/H has to correspond to an element of S%(p @ p+)¥ =
S2(pm)H @ S%(p)H, we have g, € S2(p)7 @ S%(p1)¥, too. It is possible to show that g2
can be chosen as an arbitrary solution of a recursion equation of type

Emgm+2 = Dm(g()7 o 7gm+1) 3 (314)

where L, is a H-equivariant endomorphism of S2(p)” @S2(p)* and D,, is a function which
we will not consider in detail. We have to show that there are solutions of (3.14) which satisfy
the conditions of Theorem 3.2.18. That theorem states that g,,+2 has to be in €,,120(Wi,19).
We can therefore restrict L, to a map €ni2(Winio) — S2(p)7 @ S2(pH)7. In [32], it is
shown that L, (€nt2(Wimie)) € €n(Wi) and Ly, @ €nio(Wipe) — €,(W,,,) is surjective.
Furthermore, we have D,,(go, - -, gm+1) € €m(Wy). Therefore, a formal power series solution
of our system of ordinary differential equations which satisfies the smoothness conditions
does exist. The number of free parameters of (m + 2)™@ order is given by dimker £, =
dim €,r42(Wint2) —dim €,,(W,,,). Since K acts transitively on the spheres around 0 in p*, any
polynomial P € W,, can be recovered from P(v), where v € p* is the vector we have chosen
on page 66. Therefore, the evaluation map ¢,, is injective and the number of free parameters
equals dim Wy, 1o — dim W,,,. We are able to extend our considerations to m € {—1, —2}. The
possible initial values of 0*” and 1°¢ order are simply the K-invariant inner products on p@p+
and the G-invariant tensors in (TG/H)* ® T* M. Therefore, we define:

~ { {P:S™(pt) — S%(p @ pt)|Pis linear and K-equivariant} m = 0 (3.15)

Wn =1 {0} m <0
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With this notation, the number of free parameters of m* order becomes dim Wm —dim Wm_g,
which equals dimkerL,,_s for m = 2. On page 68, we have shown that for m = 0:

W, = {P:S™(pt) - S%(p)|Pis linear and K-equivariant}
®{P: 5™ (pt) —» S%(p1)|P is linear and K-equivariant} .

We denote the first summand by W,’}z and the second one by W,’;. There are some facts
about the modules W,’,’z and W,’}z which should be mentioned. We start with W,’;. As we have
mentioned before, Hom g (S™(pt), S%(pt)) is {0} if m is odd. In the paper of Eschenburg and
Wang [32], it has been shown that Hom g (S™(pL), S2(p1)) = Hom g (S?(pt), S2(ph)) if m is
positive and even. For m = 0, we have dim W,’}z = 1, since the K-invariant inner product on
pt is unique up to multiplication by a constant. The above considerations show that only in
the 0" and 2"¢ order there are initial conditions for the vertical directions we can prescribe.
The initial condition of 0*” order is omitted in [32], since we can rescale the metric on the
normal space of G/K by changing % into )\%. The number of 27¢ order initial conditions in
the vertical direction is dim Homg (S2(pt), S%(pt)) — 1.

Next, we consider W,’}l The function defined by g(tv) := t? can be extended by the action
of K to a K-invariant quadratic form on all of pt. This form we denote by ¢, too. It is
easy to see that there is up to multiplication by a positive constant only one positive definite
K -invariant quadratic form on p*~. We have the following K-equivariant embedding

. Tk Trh
v Wh S Wk,

WP):=qv P,

where v denotes the symmetric product. Therefore, we can consider W,’}z as a subspace of
Wk 5 and obtain the following chains of K-modules:

m
—h ep ~
Wrewicewrc...cWi,c...

Th Tk rh TR
WheWheWhe...cWk ...

(3.16)

We will show that both of these chains stabilize at a sufficiently large m. Let S be the sphere
in p*. Any polynomial P : p — S2(p) can be identified with its restriction to S. Therefore,
the space of all K-invariant polynomials @, ey, W/ can be considered as a subspace of the

greater space Wh of all K -equivariant maps S — S?(p). Analogously to above, we define an
evaluation map:

e: Wh > S%(p)
e(P) := P(v).

Since any P € W" is determined by P(v), € is injective. Therefore, dim W" is finite. We
conclude from the fact that the dimensions of the spaces in (3.16) are non-decreasing that
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they have to stabilize at a certain m. All in all, we have shown that the solutions of the
cohomogeneity-one Einstein equation depend only on a finite number of parameters.

Until now, we only have found formal power series as solutions. It still has to be checked if
they converge. Let

gm = Z gktk
k=0

be the metric we obtain by summing up the first m + 1 summands of our power series. We
take g, as the starting point of a Picard iteration. The metric we obtain coincides with g,
up to the mt* order. Since we can choose the degree m arbitrarily high, we can prescribe
all of the initial conditions we have found. Therefore, we obtain for any choice of the initial
conditions a convergent solution. The above considerations are the main ideas for the proof
of the following theorem:

Theorem 3.2.24. (See Eschenburg and Wang [32].) Let M be a manifold equipped with a
cohomogeneity-one action by a compact Lie group G. We assume that the principal orbits of
this action are G-equivariantly diffeomorphic to G/H and that it has a singular orbit G/K,
where H € K € G are closed subgroups of each other.

Let p be the tangent space of the singular orbit. Any tubular neighborhood of the singular
orbit is a disc bundle. The tangent space of ils fiber al a point of the singular orbit we denole
by pt. The K-module structures of p and p* are independent of the point we consider. We
assume that p and p* have no H-submodule # {0} in common.

Let go be a G-invariant metric on the singular orbit. Furthermore, let gl be an arbitrary linear,
K -equivariant map g : p~ — S2(p), which we extend by the G-action to all of G/K. We
finally choose an arbitrary X € R. In this situalion, there exisls a G-invariant Einstein metric
g on a sufficiently small tubular neighborhood of the singular orbit which has the following
properties:

1. g has X as Einstein constant.
2. The restriction of g to the singular orbit is go.
3. The first derivation of g ot the singular orbit in the directions normal to the singular

orbit s gj.

Purthermore, the set of all those Einstein metrics depends on additional inilial conditions of
higher order. The number of those initial conditions of m*™ order is given by:

dim W,’fl — dim W,Z_Q in the directions horizontal to G/K
dim Wy — 1 in the vertical directions if m = 2

0 in the vertical directions if m # 2

where the notations of these formulas are explained on the previous pages.
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Remark 3.2.25. 1. In the cases we consider in Chapter 5, the number of possible initial
conditions for the cohomogeneity-one Einstein equation will seem to be smaller than
the theorem predicts. The reason for this is that metrics which are isometric to each
other in the sense of Remark 3.2.21 will be identified.

2. If we insert m = 0 or m = 1 in the above formulas, we see that go and g}, can be chosen
arbitrarily.

3. The geometric meaning of the freedom in the vertical direction is that we can choose
the trace-free part of g freely.

4. In contrast to the rest of this section, we do not assume in the above theorem that G,
H, and K are connected.

5. Our representation theoretical considerations do not depend on the value of the Einstein
constant. Therefore, we can construct solutions with an arbitrary sign of the Einstein
constant. Since the above theorem gives only local solutions, we do not have to be
concerned with the topological restrictions for the sign of the Finstein constant.

On the next pages, we will mention a few general results on cohomogeneity-one Spin(7)-
structures. We require that the action of G leaves not only the metric but also the Spin(7)-
structure invariant:

Definition 3.2.26. Let (M, ) be a Spin(7)-manifold equipped with an isometric cohomoge-
neity-one action of a Lie group G. (M, ) is called a Spin(7)-manifold of cohomogeneity one
if the action of any g € GG leaves {2 invariant.

On any principal orbit of a cohomogeneity-one Spin(7)-manifold, there exists a canonical
Ga-structure:

Lemma 3.2.27. Let (M,$) be a Spin(7)-manifold with a cohomogeneity-one action by a Lie
group G preserving the four-form Q. Any principal orbit is G-equivariantly diffeomorphic to
G/H, where H is a Lie subgroup of G. Furthermore, leti: G/H — M be the inclusion map
of a fized principal orbit. The pull-back i*() is a G-invariant four-form w* on G/H. lIts
Hodge dual w determines a G-invariant Go-structure on G/H.

Proof : The only thing we have to show is that w is stabilized by a group isomorphic to Ga.
Since w is homogeneous, it suffices to show this for an arbitrary p € G/H. There exists an

orthonormal basis (e, . . ., e7) of Tj, M such that

~ 0~
Qi(p) = w*i(p) + e A Wiy

and the coefficients of cfu\"/‘i(p) and ;) with respect to (e1,...,e7) coincide with the coefficients

of the forms w, *w € A*(Im(Q))*. Since Spin(7) acts transitively on the unit sphere, there is

an element g € Spin(7) which maps eg into the tangent vector % which is orthogonal to the
principal orbit. We denote the pull-back of the action of g~1 on Tip)M by ¢~ " and obtain:

Qi(p) = g_l*[‘;;i(p) +dt A g_l*wi(p) .
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Since the action of Spin(7) is orthogonal, e1,...,e7 are mapped to tangent vectors of the
principal orbit. We apply the pull-back of ¢ to the above equation:

wh = Q) = (g7 W) -

w, can be obtained from *w € A'(Im(0))* by the pull-back of an endomorphism T,G/H —
Im(0). Therefore, w € A*(Im(0))* and *oy = Wp € A° TFG/H are stabilized by the same
group, which is Gs.

The converse of the above lemma is also true:

Lemma 3.2.28. Let w be a G-invariant Ga-structure on a homogeneous space G/H and let
I = R be an interval. Then, there exists a G-invariant Spin(7)-structure @ on G/H x I.
Purthermore, let t € I be arbilrary and

i G/H — G/H x I
i(p) = (p,1) -

The above Q can be chosen in such a way that i*(2) = =w.

Proof : Let { be the coordinate directed along I. We simply choose:
Q=sw+dl Aw.

O

We are first of all interested in parallel Spin(7)-structures of conomogeneity one. The following
necessary condition for d€2 = 0 can easily be seen:

Lemma 3.2.29. In the situation of Lemma 3.2.27, let d2 = 0. On any principal orbit, the
G-invariant Go-structure w is cosymplectic, i.e., dg/u *w = 0.

Convention 3.2.30. In the above lemma, d,» denotes the exterior differential operator on
the principal orbit G/H. In the course of this thesis, we will often have to distinguish between
the exterior differential on a manifold M and on submanifolds of M. We will therefore index
d by the submanifold we consider in order to avoid confusion. Throughout this section, =
denotes the Hodge star operator on G/H.

Proof : We choose an arbitrary principal orbit and denote the inclusion map of this orbit
into M by 4. Since i*(Q) = *w, we have:
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O

Conversely, any cosymplectic G-invariant Go-structure on G/H can be uniquely extended to
a parallel Spin(7)-structure:

Theorem 3.2.31. Let G/H be a seven-dimensional homogeneous space carrying a G-invariant
Go-structure & with deym * @ = 0. Then there ezists an € > 0 and a one-parameter family
(Wt)ie(—e,e) Of G-invariant three-forms on G/H such that the initial value problem

2 * Wy = dg/Hwt (317)

ot
wWo = (:U (3.18)
has a unique solution on G/H x (—¢,€) with the following properties:

1. wy ts a Ga-structure on G/H.
2. dG/H £ Wt = 0-

3. #wy is in the same cohomology class in HX(M,R) as *I.

In the above formula, % denoles the Lie dertvative in t-direction. Furthermore, the four-form
Q= sw + dt Aw is a G-invariant parallel Spin(7)-structure on G/H x (—e¢,¢€).

Conversely, let 2 be a parallel Spin(7)-structure preserved by a cohomogeneity-one action of a
Lie group G. The isotropy group of the G-aclion on the principal orbit we denote by H. We
identify the union of all principal orbits G-equivariantly with G/H x I, where the interval I is
paramelerized by arclength. In this situalion, the Go-structure on the principal orbit satisfies
equation (3.17).

Proof : It is easy to see that Q = *w + dt A w is a closed form on G/H x [ if and only if:

%*w = dguw
dg/H*W = 0

Therefore, we only have to show that w; exists and that it satisfies the three properties stated
in the theorem. The short-time existence and uniqueness of w; follows directly from Picard-
Lindel6f’s theorem. Since dg,; commutes with the action of G, w; has to be G-invariant. We
now prove the three properties separately:

1. The canonical action of GL(7
The orbit of w € A*(Im(Q)
such that for all ¢t € (— !
TpG/H — Im(0).

) on Im(0) induces an action of GL(7) on A*(Im(Q))*.
)* is an open set. Therefore, there exists an ¢ € (0,¢]
€') wy is the pull-back of w with respect to a linear map
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2. Since we have dg/n * wo = 0, it suffices to show the equation

%dG/H *wp =10

in order to prove dey * wy = 0. de/y is & t-independent operator on G/H. Therefore,
we have:

%d@/[{ * W = dg/H% * (0 = di,/Hw =0,
which proves the second property of ws.

3. Finally, we have to prove that #w; — *wq is an exact form. This statement can be shown
with help of the fundamental theorem of calculus:

¢ ¢ ¢
*Wp — *Wo = j a% * w AT = j de/pw-dr = dg/Hj wdT .
0 0 0

O

Convention 3.2.32. Let a be a tensor field on G/H x I. For the rest of this thesis, we will
always denote the Lie derivative of a in the ¢-direction by %a.

Remark 3.2.33. 1. In [42], Hitchin introduced the notion of a stable form. A form on a
vector space V is called stable if its GL(V)-orbit is an open set. The three- and the
four-form associated to a Gs-structure are special examples of stable forms. Hitchin
considered the gradient flow of a certain functional defined on the space of closed stable
four-forms in a fixed cohomology class. He obtained a theorem similar to the above
one for the more general case that G/H is replaced by a coclosed but not necessarily
homogeneous Go-manifold.

2. Although there always exists a short-time solution of (3.17) near a principal orbit, we
will see that sometimes there are invariant metrics on the singular orbit which cannot
be extended to a cohomogeneity-one metric of holonomy < Spin(7).

There is one special solution of the equation (3.17) which can be easily obtained:

Corollary 3.2.34. Let G/H be a homogeneous space and let wq be a G-invariant Go-structure
on G/H which is nearly parallel but not parallel. Then, there exists a cone (M, g) over G/H
such that

1. wo can be extended to a parallel G-invariant Spin(7)-structure 2 on M.

2. The metric associated to  is the cone metric g which has holonomy < Spin(7).

Furthermore, the extension of wg to a parallel G-invariant Spin(7)-structure is unique.
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Proof : The uniqueness of 2 follows directly from the uniqueness of the solutions of the initial
value problem (3.17), (3.18). We therefore only have to solve (3.17) for this special situation.
Since wq is nearly parallel, we have

dG/HWO = A\ * W

for a constant A # 0. We equip the cone over G/H with the Spin(7)-structure

A4t 33
= g5 T w0 T gy e Al
and the metric
\2t2
qg:= T go+dt2.

It is easy to see that g is the associated metric to 2. € satisfies equation (3.17). Furthermore,
the restriction of the Spin(7)-structure to the principal orbit at ¢ = % equals wyg.

O

Remark 3.2.35. If G/H is not a quotient of a sphere by a discrete group, the cone has a
singularity at the tip which is not an orbifold singularity. In Chapter 5, we therefore will not
consider the cone metrics in much detail.

Later on, we will construct concrete examples of parallel Spin(7)-manifolds (M, §2) of coho-
mogeneity one. As usual, we denote the metric associated to 2 by g. We assume that we
have shown the smoothness conditions for g from Theorem 3.2.18. Of course, we want the
four-form €2 to have a smooth extension to the singular orbit, too. Furthermore, we want to
prove this fact without manually checking any further smoothness conditions. Since g can
be smoothly extended to all of M and its holonomy is a subgroup of Spin(7), we know that
there exists a parallel smooth four-form on M. We first consider the case where the holonomy
equals Spin(7). In this case, the four-form is up to a constant factor unique. Therefore, it
has to equal a multiple of © and  therefore can be smoothly extended. If the holonomy is
a proper subgroup of Spin(7), we have a bigger family of smooth four-forms. One of those
four-forms has to coincide with €2 on the union of all principal orbits. Since that four-form
has a smooth extension to the singular orbit, {2 has to have a smooth extension to the singular
orbit, too. All in all, we have shown that in the above situation €2 can be smoothly extended
to the singular orbit if g has that property.

At the end of this section, we compare the solutions of equation (3.17) in the case where
the metric is diagonal with the non-diagonal case. Before we start, we motivate why this
comparison is interesting for us.

When we construct parallel Spin(7)-structures of cohomogeneity one, we will often make the
following ansatz: First, we will choose a seven-dimensional homogeneous space G/H admitting
a cosymplectic Go-structure as principal orbit. As usual, G and H are chosen as compact
and the action of G shall leave the Go-structure invariant. The union of all principal orbits
we identify G-equivariantly with G/H x I. Next, we fix a basis (e;)1<i<7 of the tangent space
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m. This basis will often be a special one, for example, a basis adapted to a splitting of m into
H-submodules or an orthogonal basis with respect to a normal metric gq.

The calculations needed for the construction of metrics with holonomy € Spin(7) will become
easier if we assume that the restriction of the metric to any principal orbit is diagonal.
This assumption is in many cases justified, for example if m splits into pairwise inequivalent
irreducible H-submodules. We consider the initial value problem (3.17), (3.18). The metric
agsociated to the Go-structure wy we denote by g;. In Chapter 5, where we consider concrete
principal orbits, we will rewrite our initial value problem in terms of a family of functions
I — R. By considering the resulting systems of ordinary differential equations, we will often
see that if go is diagonal, any g; is diagonal, too. This is a further indication that our
assumption is natural.

We now compare the non-diagonal with the diagonal case. We assume that (e;)1<i<7 1S ¢-
orthogonal. Let g be a not necessarily diagonal metric on G/H. From linear algebra we know
that there exists a g-orthogonal endomorphism ¢ : m — m such that g is diagonal with respect
to (¢ =1(e;))i=1,..7- It is possible to show that we can choose 1 even as an H-equivariant map.
We remark that ¢ only is defined on the fixed tangent space T,G/H we identify with m. Since
¢ € End(m) is H-equivariant, it is possible to extend it to a G-invariant endomorphism field
on all of G/H, which we denote by 1, too.

Let € be a Spin(7)-structure which was found as an solution of (3.17). We consider the
principal orbit at { = 0 and choose 9 : m — m as above. We can extend % to a t-independent
endomorphism field on all of G/H x I. The best case would be if ¥*Q was parallel, too. If
this was true, we only would have to solve the equation (3.17) for the diagonal case. The
non-diagonal solutions could be obtained by applying the pull-back ¥*. We will therefore
compute d(¥*Q) under the assumption that d2 = 0.

First, we consider the special case that v is the differential of an isometry. This case will
be important for our examples with holonomy SU(4). In this situation, we obviously have
d(y*Q) =0 if d2 = 0.

We now consider the general case. Let X7,..., X5 € m be arbitrary. According to equation
(3.4), we have:

d*Q)(X1, ..., X5)
= > (-)TEE([X, X)X, Xy, X, Xs)

Isi<y<s

m— e

= X (DK, XD (KX)o (K)o (XG5 (X))

1<i<j<s
If 7 is the restriction of a Lie algebra homomorphism of g to m, we therefore obtain:

d(w*Q)(Xla cee 7X5) = w*dQ(Xla cee 7X5) .

Under this assumption, we further have analogously to above:
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=
<

(X, X G

M%

()X (@ T, K X D)
1

™.
Il

+ (1) G W)X, .., XD)
+ Z (1) () ([XF, XF], XE, .. XF, . X2, XS D)
<i<g
4 . —_——
+ (_1)1+5( *Q)([ zvat] Xla"'vX?w-'vX;f)
=1

= YR (@) (T K2 X))

*w(P(XT), ..., P(XS))
Z (L) (R0 ((XF, X2, XF, . X, X XD

=_dG/H(w*w)(XT7" X4)+¢ (at*w(le'-'aXZ))
= —P*demw(XT, .., XF) +¢* (& w(XE,..., XD)
=w*dQ(Xikv .o X47 6t)

All in all, we have shown that in this situation d(y*Q) = *dQ2. If dQ = 0, d(y*Q2) therefore
has to vanish, too. We sum up our results:

Lemma 3.2.36. Let (M, ) be a parallel Spin(7)-manifold with a cohomogeneity-one G-action
preserving 2. The isotropy group of the G-action on the principal orbit we denote by H < G.
As usual, the tangent space of G/H is identified with m. Furthermore, let) : g — g be a Lie
algebra homomorphism which is H -equivariant and satisfies y»(m) € m. In this situation, the
four-form *Q defined above satisfies d(y*Q) = 0.

Remark 3.2.37. 1. The Lie group G from the above lemma does not necessarily has to be
compact or connected. Nevertheless, we will apply the lemma only in the case where G
is compact and connected.

2. If G is semisimple, the automorphism group of g is up to a discrete factor G itself
acting on g by the adjoint action. We assume that ¢» = Ad, for a g € G. Since ¢ has
to be H-equivariant, g has to commute with H. Therefore, the action of ¥* on € is in
many cases induced by the action of NormgH on G/H. Nevertheless, there are further
possibilities for 1. For example, 9 could be chosen as the differential of the geodesic
symmetry of a symmetric space.

3. It is easy to see that the action of 9* not only preserves the equation d{2 = 0, but
also the Einstein equation Ric = Ag. The reason for this is that the Ricci-tensor of a
cohomogeneity-one metric can be expressed in terms of the Lie bracket. Therefore, we
could state a lemma analogous to Lemma 3.2.36 on cohomogeneity-one Einstein metrics.
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Chapter 4

Classification of the principal orbits

In this chapter, we classify the possible principal orbits of parallel cohomogeneity-one Spin(7)-
structures. As we have seen in the previous chapter, those orbits are exactly the seven-
dimensional spaces carrying a homogeneous cosymplectic Gs-structure. We will therefore
first classify all spaces admitting a homogeneous Go-structure and then consider the question
if any of those Go-structures is cosymplectic. In Section 3.1, we have seen that a homogeneous
space G/H admits a G-invariant Ge-structure if and only if H € Go. In this formula, H acts
on the tangent space by its isotropy representation and G acts as the stabilizer of the three-
form. Before we classify the orbits G/H, we therefore first have to classify the subgroups of
Ggi

Lemma 4.1. As usual, let G2 be the simply connected Lie group whose Lie algebra is the
compact real form of go. Furthermore, let H be a connected Lie subgroup of Go. We denote
the Lie algebra of H by by. The irreducible action of Go on R induces an action of H on R”.
In this situation, b, H, and the action of H on R” are contained in the table below. Moreover,
any two connected Lie subgroups of Go whose action on R is equivalent are conjugate not
only by an element of GL(7) but by an element of G, too.

‘ h ‘ H ‘ Splitting of R” into irreducible summands ‘
{0} {e}
u(1) U(l) |VEeVieVieVE witha+b=c
2u(1) U(1)? [ Vi@ V5, ®VE, ® Vi,
su(2) SU2) | VE@3vy
su(2) SU2) | VeVt
su(2) SO@3) | 2V @ Vi
su(2) SO(@3) | VE
su2)@u(l) | UQ2) | VI®3VE w.rt. su(2)
su2)@u(l) | UQ2) | VRO VY w.rtsu(2)
25u(2) SO4) | VE@3VE w.r.t. the first summand of b
VE@VE w.r.t. the second summand of b
su(3) SU(3) | Vi, ® Vg
g2 Go V]%o
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In the above table, the subscripts of the modules denole the weights of the H-action and the
superscripl indicates if the module is real or complex. Further details of the embeddings, in
particular of those of U(2) and SO(4) into Ga, will be described in the proof below.

Proof : In the following, we will often consider G5 as the automorphism group of the octo-
nions. Therefore, we will identify from now on R” with Im(Q).

Since G2 is a compact Lie group, any closed subgroup of G» has to be compact, too. h
therefore is the direct sum of an abelian and a semisimple Lie algebra. Furthermore, we have
rank h < 2 and dim h < 14. The Lie algebras satisfying these criteria are:

e Rank 0: {0},
e Rank 1: u(1), su(2),

e Rank 2: 2u(1), su(2) @ u(l), 2su(2), su(3), so(5), go.

The case h = s0(5) can be excluded as follows: We assume that so(5) S go. In this situa-
tion, s0(5) would act on Im(Q). Since the seven-dimensional representation of Go is faith-
ful, s0(5) has to act non-trivially on Im(Q). The spinor representation of so(5) is complex
four-dimensional. Since there is no real spinor representation of so(5), the only non-trivial
irreducible real so(5)-module of dimension < 7 is the 5-dimensional vector representation.
Therefore, Im(Q) has to decompose into an irreducible five-dimensional module and a plane
on which so(5) acts trivially. We assume without loss of generality that the two-dimensional
trivial module is spanned by ¢ and j. Since so(5) acts by automorphisms, k£ has to be invari-
ant, too. This contradicts the fact that span(i, j) has to be the maximal trivial submodule of
Im(0).

We will see that the remaining algebras from the above list can be embedded into go. Below,
we describe the possible embeddings of those algebras into go in detail. Furthermore, we
discuss the Lie subgroups of Gy associated to the Lie algebras. After that, we will consider
the question if there are any further connected Lie subgroups of Gy. It will also be shown
that the embeddings we have found are unique up to conjugation by an element of Gy. We
begin with the program outlined above by considering each of the possible ) separately:

1. h = {0}: The trivial algebra is clearly a subalgebra of gs.

2. h =u(l): On page 22, we have described a Cartan subalgebra of g2 in detail. Any one-
dimensional Lie subalgebra of gs is conjugate to a one-dimensional subalgebra of that
Cartan subalgebra. Since G is compact, any one-dimensional Lie subgroup of Go is
isomorphic to U(1).

3. h =2u(l): In this case, h is the Cartan subalgebra described on page 22 or one of it
conjugates. Any Lie subgroup of G2 whose Lie algebra is isomorphic to 2u(l) is a
maximal torus, which is isomorphic to U(1)2.

4. h = su(2): There are four subalgebras of go which are isomorphic to su(2) but pairwise
non-conjugate. We will describe each of them in detail:
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We consider the automorphisms of O which act trivially on the quaternions H and
map € to he, where h is a unit quaternion. These automorphisms can explicitly be
described as:

x+yer—>x+ (hy)e forallz,ye H.

The proof that these maps are indeed automorphisms can be found in Cacciatori
et al. [17]. The above formula defines a left action of Sp(1) on Im(Q) which is
trivial on Im(H) and irreducible on He. Since the set of the union quaternions is
isomorphic to SU(2), we have described the first embedding SU(2) — Go stated
in the lemma.

We define for each unit quaternion h a map

®p(x + ye) := hah™ + (yh e forallz,ye H.

These maps define another left action of SU(2) on Im(Q). In [17], it is proved that
the ®;, are automorphisms of O, too. SU(2) acts on Im(H) as SO(3) on R3. On He
it acts irreducibly and faithfully. Therefore, the action of SU(2) on all of Im(Q)
is faithful, too, and we have described the second embedding of SU(2) into Go
stated in the lemma. By identifying C with R? we obtain a canonical embedding
of su(2) into so(4). We equip eH with the basis (¢, i€, ke, je). The matrices of the
restriction of the above su(2)-action to €H with respect to that basis describe the
orthogonal complement of su(2) € so(4). Therefore, the first Lie subalgebra of
type su(2) and this one commute.

The automorphism group of H is isomorphic to SO(3). Let H be the set of those
automorphisms of O which map H to itself and fix €. H is obviously a group. Since
any automorphism of H can be extended to a unique automorphism ¢ of O with
w(e) = €, H is isomorphic SO(3), too. It is easy to see that H acts irreducibly
on Im(H) and Im(H)e. This proves the decomposition of Im(Q) into 2V @ VE,
which we have stated in the lemma.

In a paper of Dynkin [31], it is proven that there are four subalgebras of go which
are isomorphic to su(2). In fact, the semisimple subalgebras of all semisimple Lie
algebras are classified. Their embeddings are described in an abstract manner,
which is not convenient for our considerations. Therefore, the work we do in this
lemma is nevertheless necessary. The first three of the embeddings of su(2) into
g2 which can be found in [31] are those we have described above. The fourth
subalgebra acts irreducibly on Im(Q) and its associated Lie group is isomorphic to
SO(3). For our considerations, we only need the existence of this subgroup but not
its explicit description. We therefore refer the reader to the literature for further
details. Dynkin has classified the subalgebras up to inner automorphisms of the
greater Lie algebra. Thus, we also know that there is up to conjugation by an
element of G5 no other subalgebra of type su(2) which acts irreducibly on Im(Q).
For reasons of completeness, we will nevertheless explicitly prove that the other
Lie algebras in the table of our lemma are uniquely determined up to conjugation
by an automorphism of Q.
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In order to avoid confusion, we will index the Lie subalgebras of type su(2) by their
non-zero weights. The above four algebras will therefore be denoted by su(2)1, su(2); o,
su(2)g,2, and su(2)s.

5. h =su(2) @u(l): We describe the two subalgebras mentioned in the lemma in detail:

(a) We embed su(2) as su(2); into go. Furthermore, we choose a certain ® € go.

® generates a Lie subalgebra of go, which is isomorphic to u(1). The matrix
representation of ® with respect to the basis (i, j, k, €, i€, je, ke) shall be:

|0

-1 0

It is possible to show that ® commutes with all of su(2); € go. This proves
that there is indeed a subalgebra of go which is isomorphic to su(2) @ u(1) and
acts in the same way as stated in the lemma on Im(Q). The corresponding Lie
group is finitely covered by SU(2) x U(1) and the kernel of the covering map is
Zs = {(1,1);(—1,—1)}. Therefore, the Lie group which is associated to the Lie
algebra we have constructed above is isomorphic to (SU(2) x U(1))/Zs = U(2).

The su(2)-summand of the next subalgebra we consider is chosen as su(2);2. We
further choose the abelian summand as the Lie algebra generated by the following
matrix:

0]

o o
o o

-1 0

Since ¥ commutes with any element of su(2); 2, the direct sum su(2); 2 @ u(1) is
closed under the Lie bracket. The Lie subgroup of G2 whose Lie algebra is given
by su(2)12 @ u(1) is isomorphic to U(2) for the same reasons as in the previous
case.

6. h = 2su(2): Again, we consider H as a subalgebra of ©@. Let h be the Lie algebra of all
derivations of @ which leave H invariant. It is easy to see that the first, second, and
third subalgebra of type su(2) we have constructed above are contained in h. The first
and the second of those algebras commute and their direct sum therefore is a Lie algebra
isomorphic to 2su(2). The third Lie algebra su(2)s 2 is diagonally embedded into 2su(2).
It can be shown that there is no subalgebra £ of go such that 2su(2) < € < go, i.e., 25u(2)
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is a maximal subalgebra. From this fact, it follows that h = 2su(2). We define a Lie
group homomorphism ¢ by

¢ :Sp(1) x Sp(l) = G
o(h, k) (x + ye) := hah™ + (kyh He.

It is easy to see that the kernel of this homomorphism is {(1,1);(—1, —1)}. Therefore,
the Lie group associated to 2s5u(2) € go is isomorphic to SO(4). Furthermore, we obtain
the same splitting of Im(Q) with respect to the action of 2su(2) as stated in the lemma.
The idea for the construction of this subgroup we have taken from [17], too.

7. h =su(3): Let H be the group of all automorphisms of O which fix 4. For any h of
unit length in the orthogonal complement of C € O there is an automorphism ® with
®(i) = i, ®(j) = h. We can further choose a unit octonion A’ € span(1,i, h,ih)* and
require that ®(¢) = h'. The choice of ®(i), ®(j), and ®(¢) makes ® unique. Since any
automorphism of @ which fixes i is of this type, H is a S3-bundle over S® and therefore
simply connected. Furthermore, dim H = dim S° + dim S® = 8. H acts irreducibly and
faithfully on the six-dimensional space C1 and trivially on the one-dimensional space
span(i). The only possible action by a compact Lie group satisfying all these conditions
is by SU(3) acting on Im(Q) as on C3 @ R.

8. h = go: In this case, the statement of the lemma is trivially true.

It remains to show that there are up to conjugacy no other embeddings of the above groups
into Go. The cases h = {0} and h = go are trivial and the case where h is abelian has
already been handled above. Next, we consider the case h = su(3). The only real su(3)-
representations of dimension < 7 are the trivial one and the standard representation on
C3 = RS. Since su(3) has to act faithfully on Im(Q), the imaginary space has to decompose
into a six- and a one-dimensional irreducible submodule. By conjugating h by an element
of G, we can assume that the trivial submodule is spanned by i. In this situation, H is a
connected closed group of automorphisms which preserve ¢. Therefore, it has to be a subgroup
of the group SU(3) € G2 we have constructed above. Since dimh = 8, H coincides with that
group. The only remaining cases are h = su(2), su(2) @ u(l), or 2s5u(2). We start with the
su(2)-case and first give a short introduction to the theory of real su(2)-representations:

Any irreducible complex representation of su(2) is equivalent to a symmetric power S7(C?).
These spaces either contain no non-trivial real su(2)-submodule or they split into two submod-
ules of the same dimension. It is easy to see that S™(C?) splits if and only if the conjugation
map 7 : ST(C?) — SP(C?) commutes with the action of su(2). In this situation, the two
real su(2)-submodules are the eigenspaces of 7. By some calculations, we can prove that 7
and su(2) commute if and only if m is even. In the even case, the Lie group associated to
the action of su(2) is SO(3) and in the odd case it is SU(2). We will denote the irreducible
complex module on which su(2) acts with weight m shortly by V€. If VC splits into two real
modules, we will denote each of them by VE. With help of the above considerations, we can
show that the only irreducible real su(2)-modules of real dimension < 7 can be described as
follows:
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| Action of su(2) | Name of the module | Real dimension |

Trivial action vE 1

Standard action of su(2) on C? v¢ 4

Standard action of s0(3) on R3 Vi 3

Action of s0(3) on the trace-free, vi 5

symmetric 3 x 3-matrices

Irreducible action of so(3) on Im(Q) | V& 7

as described above

We now prove that there are no splittings of Im(Q) with respect to a su(2) € gs except those
which we already have described. The case V§ < Im(Q) can be excluded by similar arguments
as 50(5) S go: We assume that su(2) is embedded into go such that Im(Q) contains V§ as
a su(2)-submodule. Since there exists no real two-dimensional irreducible su(2)-module, the
orthogonal complement of V¥ is trivial. Without loss of generality, we can assume that the
orthogonal complement is spanned by ¢ and j. Since ¢ and j are fixed by the action of the Lie
group SO(3) € G2, which is associated to su(2), and Go acts by automorphisms, k is fixed,
too. Therefore, Im(Q) contains a three-dimensional trivial submodule, which contradicts our
assumption.

The only other case we have to exclude is Im(Q) = Vi @ 4VE. We assume that su(2) acts
irreducibly on a three-dimensional subspace V of Im(Q) and trivially on its complement V+.
Without loss of generality, we furthermore can assume that ¢ and j are contained in V. Since
i L j, there exists a ¢ € su(2) with

s =

() = —i
Y(span(i, j)*) = {0} .

Y € su(2) < go has to be a derivation. Therefore, we have:

(i€ ) =(i)e +ih(e) = je # 0.

——
Lspan(s,7)

Since this is a contradiction, the case Im(Q) = V5 @4V can be excluded.

Before we can finish the su(2)-case, we have to prove that any two subalgebras of type
su(2) which act by the same weights on Im(Q) are conjugate by an automorphism of O.
We start with the subcase where the subalgebra, which we denote by b, splits Im(Q) into
VT @ 3VE. In this situation, there exists a four-dimensional subspace V' € Im(Q) and an
orthonormal basis (z,y, z,w) of V' such that the matrix representation of h is the same as
of su(2) € gl(2,C) < gl(4,R). If there exists an automorphism of O which maps (z,y, 2, w)
to (e, i¢, ke, je), it follows that b is conjugate to su(2); by an element of Go. Since (x,y) is
orthonormal, there is an automorphism which maps (x,y) to (e,i€). We therefore assume
from now on that x = ¢ and y = ie. Let h 3¢ : V — V be the linear map whose matrix
representation with respect to (z,y, 2, w) is
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It is easy to see that

p(i) = (e -ie) = @(e) - (i€) + € - p(ie) = (i€) - (ie) +¢- (=€) = 0.

The space of all octonions on which ¢ acts trivially is a y-invariant subspace of Im(Q). Since
@ € 50(7), that subspace has to be orthogonal to V. The basis element z, which is orthogonal
to span(i, €, i€), can be mapped by an automorphism to any other element of span(i, ¢, i€)*.
We therefore can assume that z = ke. Since (¢, i€, ke) is a basis triple, the action of any 1 € b
on Im(Q) is determined by the matrix representation of ¢|yy with respect to (z,y, z,w). We
finally have proven that there is up to conjugation by an element of G2 at most one subalgebra,
namely su(2)1, with the properties we have assumed. The uniqueness of su(2)1 2 and su(2)2 2

can be verified by similar arguments. For the su(2)g-case, we already have referred to [31].

Next, we will show that there are no embeddings of U(2) = (SU(2) x U(1))/Zs into Gg except
those described above. Let x be a generator of the Lie algebra of U(1). Since SU(2) and U(1)
commute, the action ¢, of z on Im(Q) is a su(2)-equivariant map. We can apply Schur’s
lemma and exclude some of the possible su(2) € go as the first summand of a Lie subalgebra
isomorphic to su(2) @ u(1):

e su(2)g: In this situation, ¢, has to be a multiplication by a real constant. The only
multiple of the identity which is contained in go is 0. Since z has to act non-trivially,
we can exclude this case.

e 5u(2)29: Since x € go S s0(7), it has to act skew-symmetrically on Im(Q). Therefore,
the action of z on Im(H) @ eIm(H) has to be a multiple of

w(1) = —ie
sz(]) = —Je
sz(k) = —ke

From the definition of the derivation property, it follows that:
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©2(1J) = ()] + i (4)
= (—i€)j + i(—je)
= 2ke # —ke.

Therefore, we can exclude this case, too.

The above considerations prove that the only possibilities for the semisimple part of a Lie
subalgebra of go which is isomorphic to su(2) @ u(1) are those we have described in the
lemma. Next, we will show that for any fixed choice of the su(2)-summand the abelian
summand is unique up to conjugation by an element of G5. Since the subalgebras su(2); and
su(2)y,2 are unique up to conjugation, too, the uniqueness of the subalgebras su(2); @u(1) and
su(2)1,2 @ u(1) then will be proven. We first consider the su(2);-case. The abelian summand
u(1l) of su(2); @u(1) has to act su(2);-equivariantly on Im(Q). By the real version of Schur’s
lemma, we see that the vector space of all su(2);-equivariant maps Im(Q) — Im(Q) is given by
M3>3(R)@ K. In the following, we will describe that space and in particular the summand K
in more detail: The group SO(4) acts on He. We consider its subgroup of type SU(2) whose
Lie algebra commutes with su(2);. K acts on He and is generated as a vector space by the
above SU(2) and its real multiples. The first summand of M3*3(R) @ K acts canonically on
Im(H). Since u(1) has to be a subalgebra of g2, we have u(1) € (M>*3(R)@K)nge = 5u(2)12.
Conversely, we can take any one-dimensional subalgebra of su(2); 2 as the abelian summand
of su(2); @u(l). All in all, that summand is unique up to conjugation by an element of the
Lie group SU(2)1,2 € G2 which is associated to su(2); o if the semisimple part of su(2); Qu(1)
is fixed. The su(2); 2 @ u(1)-case can be handled by similar arguments. The only thing we
have to take care of is that su(2); 2 acts on He as the other summand of so(4) than su(2);.

Finally, we will show that 2su(2) € go is unique up to conjugation by an automorphism. Let
h be an arbitrary subalgebra of go which is isomorphic to 2su(2). There is a subalgebra of h
which is isomorphic to su(2) @u(1). After a conjugation, we can assume that this subalgebra
is one of the two subalgebras of type su(2) @ u(1) which we have constructed earlier in this
proof. Therefore, either su(2); or su(2); 2 is an ideal of h. We assume that su(2); < h. The
second summand of h has to commute with su(2);. We already have classified all derivations
of @ which commute with su(2);. It therefore is easy to see that the second summand of
h has to be su(2);9. If su(2); 2 is an ideal of h, we can show by the same arguments that
h = su(2); ®su(2); 2. Therefore, the subalgebra 2su(2) € go is unique up to conjugation, too.

O

We are now able to prove our theorem on the possible principal orbits. For each of the H € G5
we have found, we search for the Lie groups G 2 H such that dimG —dim H = 7 and H
acts on the tangent space of G/H in the same way as H € G2 on Im(Q). As we have stated
in Convention 3.2.1, we require that G is compact and connected. G/H is therefore compact
and connected, too. Furthermore, it is determined up to a covering map by the Lie algebras
g and h of G and H and the embedding of h into g. Since G is compact, g is the direct sum
of a semisimple and an abelian Lie algebra. This will make the classification of the possible
g easier. We find the following list of homogeneous spaces admitting a Gao-structure:
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Theorem 4.2. Let G/H be a compact, connected seven-dimensional homogeneous space such
that G is compact and connected, too. Furthermore, we assume that G/H is the product of
a simply connected space and a torus, G acts almost effectively on G/H, and G/H admits a
G-invariant Go-structure. Then, G/H s either a product of a circle and a siz-dimensional
homogeneous space or G/H cannot be described as a product of lower-dimensional homoge-
neous spaces. In the first case, G and H are up to a finile cover one of the groups in the table
below, and G/H can be found in that table, too:

Ke | H KL |
U’ {e} "
SU(2) x UM* | {e} 3 x T4
SU12)? xU(1) | {e} S3 x 93 x St
SU(2)? xU(1)? | UQ1) S3 x 8% x St
SU(2)? x U(1)? | U(1) SU(2)?/U(1) x T?
SU2)3 xU(1) | SU(2) S3 x 8% x St
SU3) x U(1)? | SU(2) S5 x T?
SU@B) x U() | U@1)? SU(3)/U(1)% x St
Sp(2) x U(1) Sp(1) x U(1) | CP3 x ST
Gy x U(1) SU(3) S0 x St

The information on the topology of G/H given in the above table determines the embedding
of H into G except in two cases. In the fourth (fifth) row, the embedding U(1) — SU(2)?
has to be special in order to make S® x S x St (SU(2)2/U(1) x T?) a space admitting a
SU(2)? x U(1)2-invariant Go-structure. The detailed description of those embeddings and the
space SU(2)2/U(1) x T? can be found in the proof below.

If G/H is not a product of lower-dimensional homogeneous spaces, we obtain the following
table:

K€ | 1 | G/ |
SU(3) U(1) NBL with k,le Z
SO(5) SO(3) Vo2
Sp(2) Sp(1) S’

SO(5) SO(3) B7

SU(Q)S U(1)2 Ql,l,l

SUB) x U(1l) | U@1)? NBL - with k,le Z
SU@3) x SU(2) | SU(2) x U(1) | MLEO

SU(@3) x SU(2) | SU(2) x U(1) | Nb!

Sp(2) x U(1) Sp(1) x U(1) | S7

Sp(2) x Sp(1)_| Sp(1) x Sp(1) | 5

SU(4) SU(3) S7

Spin(7) Go S7

As in the first case, G and H are only determined up to a finite cover. In the above table, the
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indices of MB10 QL1 NRL) denote a special embedding of SU(2) x U(1) (U(1)2, U(1)) into
SU(3) x SU(2) (SU(2)3, SU(3)). Those embeddings will be described explicitly in Section 5.3
(5.2, 5.4). V52 denotes the Stiefel-manifold of all orthonormal pairs in R3. B is the Berger
space, which will be described in more detail in the proof below and in Section 5.1.

The converse of our statement is also true: Any of the above spaces G/H admits a G-invariant
Go-structure.

Proof : In order to prove the theorem, we consider the different possibilities for the Lie
algebra h of H separately:

e h) = {0}: In this situation, G is simply a seven-dimensional Lie group with the properties
we have required in the theorem. The only possibilities for G are:

L U@’
2. SU(2) x U(1)*
3. SU(2)? x U(1)

e h = u(l): In this case, G is an eight-dimensional compact Lie group. It therefore has to

be up to a cover one the groups in the following list:

1. U(1)?
2. SU(2) x U(1)3
3. SU(2)? x U(1)?
4. SU(3)

For our considerations, the following argument will often be helpful: Let h be non-trivial.
A Cartan subalgebra of hh has to act on the tangent space of G/H as a subalgebra of
the Cartan subalgebra (2.1) of ga. Therefore, the subspace on which h acts trivially is
either one- or three-dimensional. Since h acts trivially on the center of g, the dimension
of the center is at most three. In the case h = u(1), which we now consider, we can
exclude the first two possibilities for G by this argument.

Next, we investigate the case G = SU(2)? x U(1)2. Since h has to act non-trivially on
the tangent space, it cannot be a subgroup of the center. Therefore, the projection of
h onto 25u(2) S g has to be injective. We first consider the case where H & SU(2)2. Tt
follows from Lemma 3.1.12 that in this situation S® x S x St is a |H n SU(2)?|-fold
cover of G/H. Since we want G/H to be the product of a simply connected space and
a torus, H n SU(2)? has to be trivial. In order to satisfy this condition, the embedding
of H into SU(2)? x U(1)? has to be of the following type:

(€%) - (¥1(e),4a(e™)) ,

where 11 : U(1) = SU(2)? and 99 : U(1) — U(1)? are injective group homomorphisms.
We assume without loss of generality that 42 (e®) = (1,e*). There are infinitely many
non-conjugate embeddings of U(1) into SU(2)? which can all be described up to conju-
gation by:
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We can prove by a short calculation that U(1) has in fact to be embedded by

ere
0

0
e~

Y1 (eiw) = 0

Only in that case, H acts on the tangent space in the same way as a subgroup of G on
Im(Q). The quotient G/H can be considered as SU(2) x SU(2) x U(1), where SU(2) x
SU(2)xU (1) acts by left-multiplication and +1 (U (1)) acts by right-multiplication. Next,
we have to consider the case where H < SU(2)?2. In this case, the embedding of H into
SU(2) has to be the same as above and G/H is a coset space of type SU(2)?/U(1) x T2

G = SU(3) is the only remaining group from the above list. In this case, we obtain the
Aloff-Wallach spaces N*! which do all admit a homogeneous Ga-structure.

h = su(2): If this is the case, G has to be 10-dimensional and the dimension of its center
is £ 3. With help of the classification theorem for the compact Lie groups we see that
the universal cover of GG has to be from the following list

1. SU(2)3 x U(1)
2. SU(3) x U(1)?
3. Sp(2)

We consider each case separately and start with the first one: No matter how we
embed SU(2) into SU(2)?, the tangent space T,G/H consists only of three-dimensional
irreducible and trivial submodules. The only su(2) S go which acts in that way on Im(Q)
is su(2)2 2. Therefore, T,G/H has to contain exactly two irreducible three-dimensional
submodules. The only embedding of SU(2) into SU(2)® which induces this kind of
action is described by

[ X ]
X - X

[ X]

The resulting homogeneous space is diffeomorphic to S% x S% x S, where SU(2)3 acts
by a suitable action on S® x $2 and trivially on S*.

In the second case, H has to be embedded into the SU(3)-factor. Any embedding of
su(2) into su(3) induces a complex three-dimensional representation of su(2). Since there

is only one two- and one three-dimensional complex representation of su(2), H is either
SU(2) € SU(3) or SO(3) € SU(3). We first consider the case SU(2) € SU(3). The
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quotient SU(3)/SU(2) is a five-dimensional sphere. su(2) commutes with a certain one-
dimensional subalgebra of su(3) and acts irreducibly on the complement of u(2) < su(3).
The tangent space of SU(3)/SU(2) x U(1)? therefore splits into an irreducible four-
dimensional and a trivial three-dimensional su(2)-module. Since this SU(2)-action is
included in the list of Lemma 4.1, we have found another space admitting a homogeneous
Go-structure. Next, we consider the case SO(3) < SU(3). The only 3 x 3-matrices which
commute with all of SO(3) are the multiples of the identity. Therefore, the orthogonal
complement of s0(3) S su(3) contains no trivial so(3)-module. The maximal trivial
submodule of T, SU(3)/SO(3) x U(1)? therefore is two-dimensional. By considering the
possible embeddings of su(2) into go, which we have found in Lemma 4.1, we can exclude
this case.

We finally consider the case where g = sp(2) = s0(5). An embedding of su(2) into so(5)
is the same as a real five-dimensional orthogonal representation of so(3). The possible
splittings of R® with respect to s0(3) are:

1. Vievg
2. Vi @2V
3. V§

In the first case, s0(3) is embedded into so(5) via the standard representation. The re-
sulting simply connected homogeneous space SO(5)/SO(3) is the Stiefel-manifold V2.
It can easily be seen that h acts on the tangent space of V>? as su(2)g,2. Therefore, we
have to put this space on our list.

In the second case, su(2) is embedded into so(5) by su(2) € s0(4) € s0(5). In order to
make the resulting space simply connected, we choose G = Sp(2) and H = Sp(1). The
quotient G/H is the sphere S”. su(2) acts on its tangent space as su(2);. Therefore, S7
is a possible principal orbit, too.

We finally consider the case where so(3) acts on R’ as on the trace-free symmetric
3 x 3-matrices. In this situation, h acts irreducibly on the tangent space of the resulting
simply connected space of type SO(5)/SO(3). Since su(2)s is a subalgebra of ga, we
have found a further candidate for a principal orbit. The space we have constructed is
the seven-dimensional Berger space B7.

h = 2u(1): For any h of rank 2 we have the following argument at hand: The Cartan
subalgebra (2.1) of g splits Im(Q) into three two-dimensional irreducible modules and
one one-dimensional module. Since h has to act as a subalgebra of go on the tangent
space, the subspace V' on which h acts trivially is at most one-dimensional. Moreover,
dim V' = 1 is only possible if b is contained in su(3), which is the algebra of all derivations
which vanish on ¢ € @. Since h acts trivially on the center of g, the center is in that
situation at most one-dimensional. If dimV = 0, we even now that the center has to
be trivial. Since we now assume that h = 2u(1), we can conclude that g has to be one
of the following algebras:

1. 3su(2)
2. su(3) ®@u(1)
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There are several non-conjugate embeddings of U(1)? into SU(2)3. Quotients of SU(2)?
by U(1)? will be considered in detail in Section 5.2. There, we will show that SU(2)2/U(1)?
admits only for a special embedding an invariant Ge-structure. We denote that homo-
geneous space by Qb1

Next, we consider the case g = su(3) @ u(1). There are two subcases. The first one
is h € su(3). Since any Cartan subalgebra of su(3) is isomorphic to 2u(l), any two
embeddings of h into su(3) are conjugate. It can easily be proven that 2u(1) acts by
the same weights on the tangent space of SU(3)/U(1)? x U(1) as the Cartan subalgebra
(2.1) of g2 on Im(Q). Therefore, the space SU(3)/U(1)? x U(1) admits a homogeneous
G-structure.

The other case we have to consider is h ¢ su(3). We can assume by similar arguments
as above that U(1)? is embedded into SU(3) x U(1) by

(ei‘m,ei“’?) — (w(ewl),ei‘”) ’

where ¢ : U(1) — SU(3) is an injective group homomorphism. The resulting space
G/H is an Aloff-Wallach space with an action of SU(3) x U(1). It is easy to see that
the action of U(1)? on the tangent space is the same as the action of the maximal torus
of G2 on Im(0).

h = su(2) @u(l): If h is isomorphic to su(2) @ u(l), g has to be 11-dimensional. Since
the center of g is at most one-dimensional, g has to be one of the following:

1. su(3) @ su(2)
2. so(5) @u(1)

The first case we consider is g = su(3) @ su(2). In order to describe the possible
embeddings of su(2) @ u(1) into su(3) @ su(2), we introduce some notations: Let

i:su(2) — su(3)

)= (Eﬁ

Furthermore, let j : su(2) — su(3) be the differential of the embedding SO(3) € SU(3).
Next, we describe the possible embeddings of su(2) € h into g. We will deal with the
embedding of the abelian summand of h into g later on. It is easy to see that there are
only the following possibilities for su(2) < g:

1. su(2) is the second summand of su(3) @ su(2).

2. su(2) is embedded by the map ¢ into the first summand of su(3) @ su(2).

3. 8

4. su(2) is embedded by a map i into su(3) @ su(2), where the projection of i’ onto

(
(
u(2) is embedded by the map j into the first summand of su(3) @ su(2).
(
the first summand is ¢ and the projection onto the second summand is the identity.
(

5. su(2) is embedded by a map j' into su(3) @ su(2), where the projection of j' onto
the first summand is j and the projection onto the second summand is the identity.
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The first of these cases can easily be excluded, since in that situation su(2) would act
trivially on the tangent space.

The homogeneous spaces we obtain in the second case will be considered in more detail
in Section 5.3. In that section, we will see that the embedding of the center of su(2) @
u(1) into su(3) @ su(2) has to be special in order to make G/H a space admitting a
SU(3) x SU(2)-invariant Gg-structure. The homogeneous space we obtain this way
we denote by M5O, su(2) @ u(1) acts in the same way as su(2); ®u(l) S go on the
tangent space of M50, In the proof of Lemma 4.1, we have shown that the kernel of
the associated representation of SU(2) x U(1) is isomorphic to Zg. Nevertheless, we
will describe M 110 as a quotient of type (SU(3) x SU(2))/(SU(2) x U(1)). This is
possible, since we only require that G acts almost effectively on G/H. The isotropy
group SU(2) x U(1) of the SU(3) x SU(2)-action is not contained in Gg. Since the
group (SU(2) x U(1))/Za, which acts effectively on the tangent space, is a subgroup
of Gy, this is not a contradiction to Lemma 3.1.47. The other homogeneous spaces
which we obtain in the case h = su(2) @ u(1) we will also describe as quotients of type
G/(SU(2) x U(1)).

In the third case, we can apply similar arguments as in the case H = SO(3), G =
SU(3) x U(1)%: It easily follows from Schur’s lemma that H = SO(3) commutes with
no elements of SU(3) except those in the center. Therefore, the orthogonal complement
of su(2) € su(3) contains no trivial su(2)-submodule. The only five-dimensional su(2)-
module which contains no trivial submodule is the irreducible one. go contains no
subalgebra h which is isomorphic to su(2) and acts by its five-dimensional irreducible
representation on a subspace of Im(Q). Therefore, we can exclude this case. The fifth
embedding of su(2) into su(3) @ su(2) can be excluded by the same arguments.

We now consider the fourth embedding of su(2) into su(3)@su(2). Since both summands
of su(2) @ u(1) commute, the action of u(1) on the tangent space of G/H has to be a
su(2)-equivariant map. From this fact, we can easily conclude that the action of u(1)
on the second summand of su(3) @su(2) is trivial. Therefore, the abelian factor of H is
a subgroup of SU(3). Since G = SU(3) x SU(2), we have an SU(3)-action on the coset
space G/H. In the following, we will determine the orbit of this action. An element
g € SU(3) fixes the point eH € G/H if and only if g € H. Since SU(3) n H = U(1),
the orbit of the SU(3)-action is an Aloff-Wallach space SU(3)/U(1). By a dimension
argument, we see that the SU(3)-orbit has to be an open subset of G/H. Since G/H
is connected, the orbit SU(3)/U(1) has to be all of G/H. Next, we will determine the
embedding of U(1) into SU(3). The U(1)-factor of H, which is a subgroup of SU(3), is
up to conjugation of the following type:

eikt 0 0
0 et 0 teR} withk,leZ.
0 0 e—i(k-i-l)t

Since H = SU(2) x U(1) is a direct product, the above abelian group has to commute
with SU(2) € SU(3). This forces k to equal I. Therefore, G/H has to be a so called
exceptional Aloff-Wallach space, which we will denote as in Section 5.4 by N1, In order
to make sure that Nb! carries a SU(3) x SU(2)-invariant rather than only a SU(3)-
invariant G-structure, we have to determine the action of SU(2) x U(1) on the tangent
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space. By an explicit calculation, we see that the tangent space of N''' decomposes
into two SU(2)-modules, which are isomorphic to V¢ and V. Furthermore, it is
possible to prove that the center of h acts in the same way on the tangent space as the
second summand of su(2); 2 @ u(1l) € go on Im(0). Therefore, we have found another
description of N1 as a coset space, which we will include in our list.

We finally consider the case g = s0(5)@u(1). The projection of the center of h onto so(5)
has to be injective. Otherwise, the action of G on G/H would not be almost effective.
First, we consider the case where the projection of the center onto both summands of
s50(5) @ u(l) is injective. In that situation, it follows from Lemma 3.1.12 that G/H is
covered by Sp(2)/Sp(1). Since we want G/H to be simply connected, G/H has to be
the seven-sphere equipped with an action of Sp(2) x U(1). Below, we will construct
a transitive action of Sp(2) x Sp(1) on S7, which preserves a Go-structure. Since the
action we have described above is a restriction of that Sp(2) x Sp(1)-action, it preserves
a Go-structure, too.

Next, we consider the case where su(2) @ u(l) is embedded into the so(5)-summand
of g. As we have seen earlier in this proof, there are three possible embeddings of
su(2) into so(5). We will consider each of those embeddings separately. If su(2) was
embedded by its five-dimensional real representation into so(5), it would act irreducibly
on the center of h, which has to be a subalgebra of so(5), too. The induced action of
h on R® therefore would be a su(2)-equivariant map. Since any of those maps has to
be a multiple of the identity, we can exclude that case. Next, we assume that su(2)
is embedded by its three-dimensional real representation into so(5). In that situation,
su(2) would act as su(2)g2 on the tangent space of G/H. Since the su(2)-summand of
any subalgebra su(2) @ u(1) € go does not act in this way on Im(Q), we can exclude
this case, too. The only remaining possibility is that su(2) is embedded by its two-
dimensional complex representation into so(5). Since the rank of so(5) is two, there is
only one choice for the embedding of the center of h into so(5). Since su(2) S so(5)
splits its orthogonal complement into VI @ 3VE, h has to act as su(2); @ u(1) on
the tangent space. By a short calculation, it is possible to show that this is indeed
the case. We obtain G/H = Sp(2)/(Sp(1) x U(1)) x U(1). Since Sp(2)/Sp(1) is S7,
Sp(2)/(Sp(1) x U(1)) x U(1) is diffeomorphic to CP? x S?.

h = 2s5u(2): In this case, G has to be a 13-dimensional compact Lie group containing a
subgroup of type SO(4). The action of h on the tangent space of G/H has to be the
same as the action of 2s5u(2) € go on Im(Q), which we have described in Lemma 4.1.
There is no non-trivial subspace of Im(0O) on which 2s5u(2) € go acts trivially. Since b
acts trivially on the center of g, the center has to be {0}. By these arguments, we can
easily exclude all candidates for g except s0(5) @ su(2). The tangent space of G/H has
to split into a four- and a three-dimensional irreducible submodule with respect to the
action of 25u(2). On the four-dimensional submodule, 2su(2) has to act as the standard
representation of s0(4). On the three-dimensional submodule, one of the summands of
25u(2) has to act as the standard representation of so(3), and the other one has to act
trivially. Let i : 2su(2) — so(5) @ su(2) be the embedding of h into g. It is easy to
see that the projection of i onto so(5) has to be the canonical embedding of so(4) into
50(5). The projection 4’ : 25u(2) — su(2) of 7 onto the second summand has to be given
by #(x,y) = (2,0). We are able to describe the space G/H explicitly:
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Let S7 < H? be the seven-sphere. Sp(2) acts on S” by matrix multiplication. Any
unit quaternion h € Sp(1) acts on S” by scalar multiplication by ~h~!. Since the scalar
multiplication on a quaternionic vector space acts from the right, the Sp(1)-action we
have defined is a left action. Since both actions commute, we have constructed an action
of Sp(2) x Sp(1) on S7. By a straightforward calculation, we see that the isotropy group
of this action at (1,0)7 € S7 is isomorphic to Sp(1) x Sp(1). The tangent space of S7 at
(1,0)7 is Im(H) @ H and the action of Sp(1) x Sp(1) on the tangent space can explicitly

be described by
2 hyzh7! )
hi, he) - = 1 ,
( 1 2) ( y ) ( h2yh11

where h; and ho are unit quaternions. On the Lie algebra level, we obtain the same
action as of 2su(2) € go on Im(Q). We therefore include the action of Sp(2) x Sp(1)
on S7 in the list of our theorem. The group Sp(2) x Sp(1) does not act effectively but
almost effectively on the sphere. Furthermore, (Sp(1) x Sp(1))/Zz is a subgroup of Go
but not its universal cover. For the same reasons as in the case h = su(2) @ u(l), we
nevertheless can put the action of Sp(2) x Sp(1) instead of (Sp(2) x Sp(1))/Z2 on our
list.

h = su(3): Since su(3) acts irreducibly on a six-dimensional subspace of Im(Q), we
can conclude by the usual arguments that the center of g is at most one-dimensional.
Moreover, g has to be 15-dimensional. There are the following possibilities for g:

1. su(3) ®su(2) Pu(l)
2. g2 @ u(1)
3. su(4) (= so(6))

The first case can be excluded, since in that situation su(3) would act trivially on the
orthogonal complement of h S g. In the second case, we have G/H = G3/SU(3) %
U(1) = S5 x S! and in the third case G/H = SU(4)/SU(3) = S7. In both cases, the
tangent space of G/H decomposes into a six-dimensional irreducible and a trivial one-
dimensional SU(3)-module. Therefore, both spaces admit a G-invariant Ge-structure.

h = go: If this is the case, g is 21-dimensional and the center of g vanishes. Furthermore,
g contains an ideal whose dimension is = 14. Therefore, g is one the following three
algebras:

1. s0(6) @ 25u(2)
2. s0(7)
3. sp(3)

If go was a subalgebra of s0(6) (sp(3)), g2 would have a six-dimensional real (three-
dimensional quaternionic) representation. Since this is not the case, the only remaining
possibility is that G/H is the sphere S7 = Spin(7)/G2. S7 admits a Spin(7)-invariant
Glo-structure, which coincides at 7157 = Im(Q) with the three-form w € A*(Im(0))*
defined in Section 2.1. This invariant Gs-structure is unique up to multiplication by a
constant.
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Remark 4.3. 1. We call those principal orbits which are not a product of lower-dimensional
homogeneous spaces irreducible principal orbits. The other principal orbits, which are
contained in the first table of our theorem, we call reducible principal orbits.

2. Some spaces appear more than once in the lists of Theorem 4.2. Namely, this happens
for the following spaces:

(a) 5% x S% x St appears as SU(2)? x U(1), (SU(2)% x U(1)?)/U(1), and (SU(2)® x
U(1))/SU(2) in our list.

(b) N®! can be described as SU(3)/U(1) and as (SU(3) x U(1))/U(1)2.

(c) The space N1 has a further description as (SU(3) x SU(2))/(SU(2) x U(1)).

(d) On the sphere S7, there are the following five transitive actions, which all leave
a certain Ga-structure invariant: Sp(2)/Sp(1), (Sp(2) x U(1))/(Sp(1) x U(1)),
(5p(2) x Sp(1))/(Sp(1) x Sp(1)), SU(4)/SU(3), and Spin(7)/Gs.

We can conclude from the existence of the different transitive actions that in some
cases G is not the whole group of diffeomorphisms of G/H which leave the Ga-structure
invariant.

3. There are further examples of diffeomorphisms between the spaces which we have in-
cluded in our theorem. For example, some of the Aloff-Wallach spaces are diffeomorphic,
although the actions of SU(3) are inequivalent and should therefore be treated sepa-
rately. Further details on this phenomenon can be found in Section 5.4 or in the paper
of Kreck and Stolz [51].

4. It is not a priori clear if there are parallel cohomogeneity-one Spin(7)-manifolds with
principal orbit G'/H’ x S1 which are not a Riemannian product of a circle and a parallel
cohomogeneity-one Go-manifold. Therefore, we will mostly focus on the irreducible
principal orbits.

Our next step is to prove which of the above spaces admit not only a homogeneous G-
structure but also a coclosed homogeneous one. Fortunately, this work has been done in part
by other authors:

Remark 4.4. 1. In a paper of Friedrich, Kath, Moroianu, and Semmelmann [37] all simply
connected homogeneous spaces admitting a nearly parallel Gs-structure are classified.
The list of those spaces coincides with the second list in the above theorem. Since
any nearly parallel Gs-structure is coclosed, all of the spaces of those list are possible
principal orbits.

2. Next, we consider those G/H which are a product G'/H' x S1 of a circle and a six-
dimensional homogeneous space. G/H admits a Ge-structure if and only if G'/H' admits
a SU(3)-structure. This fact can be shown by the same methods as Lemma 3.2.27 and
3.2.28. The basic reason behind this is that the group of all automorphisms of O fixing
i € Im(0) is isomorphic to SU(3). Six-dimensional spaces admitting a homogeneous
SU(3)-structure are important in another context: Those spaces are possible principal
orbits for cohomogeneity-one Ge-structures. For this reason, Cleyton and Swann [20]
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study that kind of spaces, too. They obtain a list of homogeneous spaces which includes
all of the G'/H' from our theorem except SU(2)2/U(1) x U(1), which is included in our
theorem, but seems to be missing in [20]. For many of those six-dimensional spaces
it is known that they are also possible principal orbits for parallel cohomogeneity-one
Go-structures. (See, for example, the calculations carried out in [20].) Therefore, the
Riemannian products of those Ga-structures with a circle are parallel Spin(7)-manifolds
and G'/H' x S! is a possible principal orbit for our considerations. Since the reducible
principal orbits are not the main subject of this thesis, we will not prove the existence
of a homogeneous coclosed Ga-structure on each of those spaces.

In the following, we will choose some of the G/H from Theorem 4.2 and construct parallel
cohomogeneity-one Spin(7)-structures with principal orbit G/H.



Chapter 5

Parallel Spin(7)-manifolds with
irreducible principal orbits

5.1 The principal orbit B’

In this chapter, we consider parallel Spin(7)-manifolds of cohomogeneity one whose principal
orbit is irreducible. For many of the possible cases from the list of Theorem 4.2, we will
deduce the equations for the holonomy reduction and discuss its possible solutions. Each of
the following sections will deal with a certain principal orbit. The order of the sections will
reflect the complexity of the techniques we have to apply.

We first take a look at cohomogeneity-one manifolds whose principal orbit is the Berger space
B7 := SO(5)/50(3). The embedding of SO(3) into SO(5) is given by the five-dimensional
irreducible representation of SO(3). First, we recall how this representation can be explicitly
described. Let W be the space of all trace-free, symmetric 3 x 3-matrices. It is easy to see that
W is five-dimensional and that the action of SO(3) on W by conjugation is irreducible and
orthogonal with respect to the inner product (X,Y) — tr(XY) on W. This action therefore
induces an injective Lie group homomorphism SO(3) — SO(5).

The biinvariant metric on so(5) is as in Section 3.1 denoted by ¢ and m shall be the g-
orthogonal complement of s0(3) < so(5). The tangent space of B” we identify with m.
Next, we will describe how s0(3) acts on the tangent space. The five-dimensional so(3)-
module W has the weight 4 and so(5) is so(3)-equivariantly isomorphic to A*W. With
help of the Clebsch-Gordan formula, we decompose this module into the following irreducible
submodules: A?W = VE@VE, where VR denotes as usual the irreducible real so(3)-module
with weight n. Since V§ is the adjoint representation of s0(3), m has to be isomorphic to
V. This proves that B7 is isotropy-irreducible. It easily follows from Schur’s lemma that
there is up to a constant factor only one SO(5)-invariant metric on B7. This metric is given
by the restriction of ¢ to m and will be denoted by ¢, too.

The metric ¢ plays an important role in another context: It is one of the few examples of
a homogeneous metric with positive sectional curvature. This fact has been discovered by
Berger [9], which explains the name ”Berger space”.

Our next step is to describe the set of all SO(5)-invariant Ga-structures on B”. In order

101
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to do this, we first describe the space of all invariant three-forms. /\Sm decomposes into
VE @ VEQVEDVE@VE. Since A®m contains only one trivial submodule, there is up to a
constant factor only one invariant three-form w on B”. In Chapter 4, we have already shown
that B7 admits an invariant Go-structure. Therefore, w has to be a three-form defining a
Go-structure.

We now deduce the equation for the holonomy reduction. The so(3)-modules A®m and A*m
are equivalent. An isomorphism of these modules is given by the Hodge star operator *. The
exterior differential d : A*m — A" m is a s0(3)-equivariant map. dw has to be an element of
the trivial submodule of A*m. We therefore have the equation:

dw = A*w

for a constant \ € R. Since A°m = A’m = VE @ V¥ and d * w has to be s0(3)-invariant,
we have d = w = 0. This proves that w is a nearly parallel Go-structure. As we have seen
in Proposition 2.2.15, B7 is an Einstein manifold with Einstein constant g)@. A has to be
non-zero, since we have shown in Theorem 3.1.51 that a Ricci-flat homogeneous space is
necessarily flat.

Because of Corollary 3.2.34, the only torsion-free Spin(7)-structures of cohomogeneity one
with principal orbit B” are cones over that space. Since B’ is not a sphere, the resulting
space of cohomogeneity one has a singularity at the singular orbit.
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5.2 The principal orbit Q""!

The topic of this section are parallel Spin(7)-manifolds with a cohomogeneity-one action of
SU(2)? which preserves the associated four-form. From the proof of Theorem 4.2, it follows
that the isotropy group of the action of SU(2)® on the principal orbits is U(1)2. It will
turn out that a space of type SU(2)2/U(1)? admits a homogeneous Ge-structure for a special
embedding of U(1)? into SU(2)® only. This fact already has been stated in Theorem 4.2 but
was left unproven. The homogeneous space of type SU(2)3/U(1)? we obtain will be denoted
by @V!. We will search for parallel cohomogeneity-one Spin(7)-structures with this space
as principal orbit. The metrics we will find have been considered in the literature before, for
example, in Cveti¢ et al. [21], [25]. Nevertheless, we will introduce a new, more algebraic
point of view. Furthermore, we will prove a classification result which guarantees that there
are no further metrics of this kind.

Our first aim is to describe the special embedding of U(1)? into SU(2)® mentioned above. We
will represent the elements of SU(2)? by complex 6 x 6-matrices:

X

SU(2)% := Y X,Y,Z e SU(2)
Z]

Since U(1)? and SU(2)? are both connected, an embedding + : U(1)? — SU(2)? is determined
by its differential (di)e : 2u(l) — 3su(3). In order to describe (di)., we first consider the
possible Lie algebra morphisms u(1) — 3su(3). We assume that the image of u(1) is the Lie
algebra of a closed subgroup of SU(2)®. In this situation, any of these morphisms is up to a
conjugation and a multiplication by a constant given by:

Ukgm - u(1) = 3su(2) with k,[,meZ and

ikx 0
0 —ikx

. . x 0
bty (1) = 0 —ilz

ime 0
0 —imx

Without loss of generality, we can assume that (k,l,m) are coprime. Furthermore, we can
even restrict ourselves to non-negative values of k, [, and m: Let ¢p : SU(2)> — SU(2)? be
defined by ¢p(Q) := PQP~!, where P € SU(2)3 is the following matrix:

_ o

o =

o =
i)
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It is easy to see that ¢p maps ik, (u(l)) into i_g;m(u(l)). By a similar choice of P, we
can map g 1, (u(1)) into i, s, (u(1)) or ig; _m(u(1)). Therefore, our restriction to the case
where k,[,m = 0 is justified. It is also possible to choose P as an arbitrary permutation of
the three components of (C?)3. Since the group which is generated by the corresponding ¢p
acts on (k,l,m) by permutations, too, we finally can assume that £ =1 > m > 0. There is a
deeper reason behind this argument: The symmetry group of the root system A; x A; x A4; is
Zg x S3. This group is also the group of outer isomorphisms of SU(2)2. It can be generated
by the maps ¢p which we have constructed above. Since the automorphism group of SU(2)?
is generated by the outer and the inner automorphisms, we have found the strongest possible
restriction on (k,[,m). We continue describing the embeddings (di). : 2u(l) — 3su(2). A
Cartan subalgebra of 3su(2) is given by:

jx 0 )
0 —iz

w0
< 0 —iy z,Yy,2€R 3 .

1z 0
0 —iz )

This algebra is denoted throughout this section by 3u(l). We can assume without loss of
generality that (de)e(2u(1)) € 3u(1). The equation ¢(X,Y) := —tr(XY') defines a biinvariant
metric ¢ on SU(2)%. The g-orthogonal complement of i, (u(1)) S 3u(l) we denote by
2u(1)k 1m and the Lie subgroup of SU(2)® whose Lie algebra is 2u(1)g 1, by U(l)l%:,l,m' The
quotient :S’U(Q)?’/U(l)i’l’m is called @*"™. We remark that since U(1)? € SU(2)? is compact,
k,1m(u(1)) < 3su(2) had to be chosen as a Lie subalgebra whose associated Lie subgroup is

compact, too. Let (e1,...,eq) be the following basis of 3su(2):
0 i 0 1
i 0 —3 0
0 0
€1:= 0 y  €2:1= 0 )
0 0

o
|
-
o
ol

N[ =

-

o NIH
N[ =




5.2. THE PRINCIPAL ORBIT @'

|0 0
0 0
€y 1= 0 €g = 0
0 ’ 0
0 i 0 3
30 -2 0
ki 0 gt 0
0 —1lki 0 —gli
e7 1= 2 0 o —Tki 0
' 0 -l rT 0 Lk
%im 0 0
0 —lim 00
%mkz 0
0 —zmki
6o = smli 0
‘ 0 —imli
—(k* + I%)i 0

105

0

(k% +1%)i

The above basis is orthogonal with respect to ¢. As in Section 3.1, we denote the g-orthogonal
complement of 2u(1)k;.n S 3su(2) by m. The 2u(1);m-module m can be equivariantly

identified with the tangent space of @®>™. It is easy to see that (e1,..

.,e7) is a basis of m,

and (es,eg) is a basis of 2u(1)g;,,. We determine the matrices of adeg|m and ade,|m with

respect to the basis (eq, ...,

e7). For adeg|m we obtain:

0 1
-1 0
—k
0 )
0 0
0 0
0]
and for ad,|m we obtain:
0 mk
—mk 0
0 ml
—ml 0
0 —k? —[*
k2 +12 0
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The action of the isotropy algebra 2u(1)g ., on m yields the following subalgebra of gl(m):

ad2u(1)k’l’m|m = 9 -y 0 kr +1ly+mz =0

v

\ 0]

We equip R” with the action of the Cartan subalgebra

[ (0]

4 0 vy r+y—2=0, (5.1)

\

J

of g, which we have defined on page 22. We assume that there exists a SU(2)3-invariant
Gy-structure on Q™. Let p € @¥™ be arbitrary. An element of the fiber 7='(p) of the
Gy-structure can be identified with a map 9 : m — R”. 9 has to be a 2u(1)-equivariant
isomorphism of the 2u(1)-modules m and R?. We therefore have:

¥ o adgy(y, . lmo ™ =2u(1) S go . (5.2)

Since the weights of the action of 2u(1) are invariant with respect to 9, we also have

, -

10

P o adayy,,, lm© Pt =3 0 y Ke+ly+mz2=04}

where (k,I',m') equals (k, 1, m) up to signs and a permutation. In order to satisfy (5.2), Q"™
has to be one of the spaces Q¥HE1E!, Since all of those spaces are SU(2)3-equivariantly dif-
feomorphic, it suffices to focus on the space @''. Consequently, whenever we consider a
Lie subgroup U(1)? < SU(2)? or a Lie subalgebra 2u(1) < 3su(2) in this section, the embed-
ding shall be given by U(l)il,1 < SU(2)2 or 2u(1)111 S 3su(2). For our considerations, we
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have to classify the SU(2)3-invariant metrics on Q'11. m splits into the following irreducible
2u(1)-submodules:

V1 := span(ey, e2)
V5 1= span
Vs := span(es

Vi := span(er)

In order to describe the possible metrics, we have to check if any pair of the above 2u(l)-
modules is equivalent. It is easy to see that Vi, Vo, and V3 are pairwise inequivalent, since
on any pair of those spaces either the one-dimensional Lie algebra generated by eg or the Lie
algebra generated by eg acts with different weights. V; cannot be equivalent to one of the
other modules, since its dimension is one.

We are now able to classify the SU(2)3-invariant metrics on @' by Schur’s lemma. Any

such metric g can be identified with a 2u(1)-equivariant endomorphism ¢ : m — m satisfying
g(p(X),Y) = g(X,Y) for all X,Y € m. Since ¢ has to be symmetric with respect to ¢, the
restriction of ¢ to any of the V; has to be a multiple of the identity map. Therefore, the

matrix representation of g with respect to the basis (eq,...,e7) has to be of type
a® 0
0 a°
b2 0
0 b (5.3)
0
0 ¢

/7]

with a,b, ¢, f € R\{0}. Conversely, any such matrix can be identified with a SU(2)*-invariant
metric on @11, The Gy-structures on @1 are most conveniently described by a three-form
which contains odd powers of a, b, ¢, and f. Therefore, we allow those parameters to take
negative values although this does not change the metric. Any cohomogeneity-one metric g
with principal orbit Q"' is given by:

g=g+dt*.

In this formula, g; describes the invariant metric on the orbit and is identified with a matrix
of the above type. If the orbit is singular, g; degenerates. { denotes the coordinate in the
direction of the geodesics which intersect all orbits perpendicularly.

Our next step is to construct a sufficiently generic Spin(7)-structure of cohomogeneity one
whose principal orbit is @111, Let B¢, be an invariant Ge-structure on Q51! with associated
metric g. Any &g, 2 77 1(p) 29 : (m,g) = (Im(0),{-,-)) has to preserve the scalar product
and satisfy (5.2). 4 defines a frame (¢¥~1(4),..., ¥ ~(ke)). This frame can canonically
be extended to a frame (fy,..., f7) of a cohomogeneity-one Spin(7)-structure. A possible
(fo,---, f7) which we can construct this way is:
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for=% fi:= ser fai=ger [f3i= e

(5.4)
fii=1tes fs:=tes fo:=1les fr:=1les
We obtain the following four-form € which is associated to this frame:
Q = abef 357 — abef %7 — abef 297 — abef 2457
— 0202 1234 _ ;22 51256 _ p2,.2 3456
(5.5)

—a?fe?" Adt—VPf e Adt—cPf e’ Adt

—abc el A dt — abe ™ A dt — abc e®®® A dt + abe e®*S A dt

It can be easily checked that this four-form is indeed SU(2)3-invariant. We want to express
the equation df2 = 0 as a system of ordinary differential equations for the metric functions
a, b, ¢, and f. In order to do this, we first compute the exterior derivatives of the one-forms
(e™™,...,e™™), which are dual to the Killing vector fields (e*,...,e*). Then, we apply Remark
3.1.46 and obtain df2. We finally see that df} = 0 is equivalent to:

S LS
6a
b'=_li
6 b
5.6
S (5.6)
6c
p_ L e 1
f_6a2+6b2+602 3

The details of the calculations can be found in Appendix A.

By considering the above equations, we see that if f is non-negative and the function a, b,
or c is positive, its first derivative is non-positive. By replacing % by —% we could make the
derivatives of those metric functions non-negative, but we will not do this change. Next, we
discuss the solutions of the system (5.6). Since we have:

1
a'a=b'b=c’c=—gf,

the functions a?, b2, and ¢? differ only by a constant. Let the orbit on which we fix the initial
conditions be at ¢ = 0 and let F' be a function with F’ = f. By requiring F'(0) = 0, we make
F unique. We conclude from the above equation that

1
a2—a3=b2—bg=c2—cg=—§F

Analogously, f(0) will from now on be denoted

where ag := a(0), by := b(0) and ¢q := ¢(0).
(5.6):

by fo. We rewrite the fourth equation of
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PR S S VY S S LR
- 6lF—a3 6lp-82 6lp-c 7
By replacing t by 7 := F(t), the four equations simplify to:
Q 1 1 1
= —— = - C= ——
6a 6b 6¢c
f? f? f?

27 —6a 27 —60 27 —6C2

where the dot denotes the derivation with respect to 7. The last equation is linear in f? and
can be solved explicitly. We first consider the homogeneous problem and obtain:

1

IO = e s = —5a)

By variation of constants, we obtain the following solution of the inhomogeneous equation:

1 T
10 = == (o - 3L (s — 3a2)(s — 363)(s — 3c3)ds> .

The constant C' is fixed by the initial condition f(0) = fo at the value of —27a2b3c3 3.
Therefore, we finally obtain:

Fo)? = fi
(1- Q)(l - ?)(1 - Q) ] 5.7)
- —3a3)(s — 363) (s — 3ci)ds .
(r — 3a2)(7 — 302) (1 — 32) L (s = 3ag) (s = 3b0) (s — 3cp)ds
The resulting cohomogeneity-one metric is given by:
g=(—37+ad)e'®e +e2®e’) + (-it+ ) (e ®e® + ' ®e) 58

+ (—%T + )R’ +e5®eb) + f(1) (" ®e” +dr?).

We will check the compactness and completeness of the metrics (5.8) later on, when we have
determined the possible initial values at the singular orbit.

The next question we will consider is if there are other parallel Spin(7)-structures with princi-
pal orbit @' which are not described by the frame (5.4) and the equations (5.6). According
to Theorem 3.2.31, a parallel Spin(7)-structure of cohomogeneity one is determined by the
Go-structure on a fixed principal orbit. We will therefore classify all SU(2)3-invariant Ga-
structures on @11 which are compatible with an arbitrary but fixed metric and orientation.
Because of Lemma 3.1.50, the space of those G-structures is described by:



110 CHAPTER 5. THE IRREDUCIBLE PRINCIPAL ORBITS

NormsomU(1)2/Normg2U(1)2 )
where U(1)? can be chosen as the maximal torus of Gy with (5.1) as Lie algebra. Whenever
we consider on the following pages a Lie subgroup U(1)2 < SO(7) without specifying the
embedding, U(1)? shall be given by the maximal torus of G € SO(7). Analogously, 2u(1) S
s0(7) will denote the Cartan subalgebra of go S s0(7). In order to describe the space of

invariant Ga-structures, we first consider the Lie algebra of NormgonU (1)2. Since U(1)? is
connected, we have:

NormgoryU(1)? = {h € SO(7)|h 2u(1) h~" = 2u(1)} .

Therefore, the Lie algebra of the normalizer is

Normge(7y2u(1) := {z € s0(7)|ad.(2u(1)) = 2u(1)} .

We denote the Cartan subalgebra

[0]

4 0 b a,b,ceR } (5.9)

\

J

of s0(7) by 3u(1). Since we will not work with the Cartan subalgebra of 3su(2) on the next
pages, the notation ”3u(1)” is non-ambiguous. Obviously, 3u(1) S Normgar)2u(1). We will
show that 72" is also true. Let z € Normg,z)2u(1) be arbitrary and let  be the Killing form
of 50(7). x has to satisfy

[z,2] € 2u(1) Vze2u(l).

Since k is associative, we have for any y € 2u(1):

K([.%,Z],y) = K('xv [Zvy]) =0

and therefore [z, 2] = 0. This consideration proves that the normalizer equals the centralizer

Coory 2u(1) 1= {z € 50(7)|ad,(2u(1)) = {0}} .

For the following considerations, we complexify all Lie algebras and return to the real case
later on. Our x can be considered as an element of Normgez,cy(2u(1) ® C). z has a Cartan
decomposition
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x=xh+2uaga with 2, € 3u(1) ®C , i, € C , g0 € Lo, (5.10)

aed

where @ is the root system of so(7,C) and L,, is the eigenspace to the eigenvalue « : 3u(1) ®
C — C of adzyge- Let 2z € 2u(1) ® C be arbitrary. Applying ad, to (5.10) yields the
following equation:

Z tat(2)ga = 0.

aed

We want to prove that the centralizer is 3u(1) ® C, or equivalently that there is no non-zero
2 in the orthogonal complement of 3u(1) ® C which commutes with 2u(1) ® C. If there exists
an « € ® with a(2u(1) ® C) = 0, then [z, go] = a(2)go = 0 for all z € 2u(1) ® C. Conversely,
if there is no such a, we can easily prove for all (3u(1) ® C)1\{0} 3 2 = 3 ¢ ltaga that
ad,(x) # 0 if z € 2u(l) ® C satisfies az) # 0 for an o with p, # 0. In order to answer the
question if there is an a with a(2u(1) ® C) = 0 we have to take a closer look at the root
system of so(7,C):

In Fulton, Harris [35], the complex Lie algebra so(7,C) is defined as the set of all endomor-
phisms which are skew-symmetric with respect to a bilinear form ¢. The matrix representa-
tion of @ with respect to the standard basis of C7 is given by:

o O =
o~ O
_ o O

o O =
o~ O
_ o O

It is easily possible to make a change of the basis such that the matrix representation of
(2 becomes the identity matrix. Fulton and Harris take the following basis of the Cartan
subalgebra of so(7,C):

Ly := diag(1,0,0,—1,0,0,0)
Lo := diag(0,1,0,0,—1,0,0)
Ls := diag(0,0,1,0,0,—1,0)

With respect to our new basis of C’, the matrix representation of L1, Lo, and L3 changes: If
we set in (5.9) @ =1 and b = ¢ = 0, we obtain the first element L; of the Cartan subalgebra.
Analogously, the second element Lg is determined by b =4, a = ¢ = 0, and the third element
L3 by ¢ =1 and @ = b = 0. Unfortunately, these matrices are not contained in the real Lie
algebra s0(7). Nevertheless, we obtain the same root system if we consider so(7,C) together
with the complex basis (L1, Lo, L3) of 3u(1)®C. Therefore, we can work with the root system
which is described in [35]. This root system is given by:
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{10,1 <j<3tuf{Lb; 01 <j<k<3},

where 0; is the dual of L; with respect to the Killing form. We redefine L; and 0; as —i times
the old basis elements L; and 0;, since this does not change our equations but guarantees that
L; is contained in the real Lie algebra s50(7). The Cartan subalgebra 2u(1)®C of g& < s0(7,C)
is the plane which is orthogonal to L1 + Ls — L3 (see page 106). The o € & which vanish on
2u(1) ® C are precisely those which are multiples of #; 4+ 02 — #3. Since there is no root of
s0(7,C) with this property, we have proven that indeed Normg,7 c)(2u(1) ® C) = 3u(1) @ C.
By passing to the compact real form of 50(7,C), we can conclude that Normgez)2u(1) = 3u(1).

Let U(1)? be the maximal torus of SO(7) with Lie algebra 3u(1). Our next step is to describe
the discrete group I' := (NormgonyU (1)?)/U(1)3. In order to do this, we first consider the
group (NormgorU(1)%)/U(1)?, which is isomorphic to the Weyl group Wse(,) of s0(7). This
isomorphism is given by 2U (1) — AdZ[zunys  3u(1)* — 3u(1)*, where Ad* is the coadjoint
action of SO(7). This is a general statement, which is true for any semisimple Lie algebra
and its Cartan subalgebra.

We will show that NormgonU(1)? € NormgorU(1)°. Let us assume that there is an element
h of SO(7) such that Adj leaves 2u(1) invariant, but does not leave 3u(1) invariant. Then
3u(1) and Ad,(3u(1)) are two distinct Cartan subalgebras whose intersection is 2u(1). In
this situation, the centralizer of 2u(1) is at least four-dimensional which is not the case. The
quotient I" we want to determine therefore is a subgroup of the Weyl group. More precisely,
it is the subgroup of the Weyl group which leaves the plane 2u(1) < 3u(1) invariant. In order
to describe this group, we have to introduce a few facts on the Weyl group of 50(7). Wi
is isomorphic to Z3 x Sz, which is of order 48. The Z3-factor of Weo(7) acts by changing the
signs of the 0;. The Ss-factor of the Weyl group consists of the permutations of {01, 02, 03}.
The Cartan subalgebra 2u(1) of go is the plane of all z € 3u(l) satisfying:

91($) + 92($) — 93($) =0.

By replacing L3 by —L3 in the basis of 3u(1), we can change this equation to:

91($) + 92($) + 93($) =0.

The subgroup of W7y which leaves this equation invariant is generated by the permutations
and the global change of all signs. Therefore, I' is a semidirect product Zs »x S3. It is easy to
see that I' is in fact the Dieder group Dg. All in all, we have proven:

NormgonU(1)* = U(1)* % Ds .

Next, we have to determine Normg,U(1)2. Since 2u(1) is a Cartan subalgebra of go,
Normg,U(1)?/U(1)? is the Weyl group Wy, of go. It is known that Wy, is isomorphic to
Dg. The group Normg,U(1)? therefore is a semidirect product U(1)? x Dg. There is the
following exact sequence:

(1)

ro(Norm e, U (1)2) 28 o (Norm o U(1)2) 25 mo(NormgomU(1)2/Norme, U(1)2) — {0} ,
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where mo(4) is the map which is induced by the inclusion of Normg, U (1)* into NormgoryU(1)?
and 7o(7) is induced by the projection map. Normg, U(1)? has 12 connected components and
NormgonU (1)? has 12 connected components, too. If we were able to prove that mo()
is surjective, we could conclude that Normgoer)U(1)?/Norme,U(1)? is connected. Since
mo(NormgonU(1)?) and mo(Normg,U(1)?) are both finite, we can equivalently prove the
injectivity of mg(i). Let 2 € Normg,U(1)? with 2 ¢ U(1)? be arbitrary. Then z = axg with
a € Wy,\{e} and z¢ € U(1)2. Since a acts non-trivially on the dual of the Cartan subalgebra
2u(1), it cannot be an element of the maximal torus U(1)* of SO(7). Therefore, z is not an
element of the identity component of NormgonU (1)2. This consideration proves that mq(4) is
injective and Normgo (U (1)2/Normg, U(1)? therefore is connected. Since the identity com-
ponent of NormgorU(1)? is U(1)® and the identity component of Normeg,U(1)? is U(1)?,
their quotient is isomorphic to U(1).

The Weyl group of 50(7,C) (or g5) leaves the Cartan subalgebra of the compact real form
50(7) (or go) invariant. For this reason, there was no need to carry out the above calculations
first on the complex and then on the real level. Instead, we were able to work directly with
the real Lie algebras and groups.

NormgomU(1)?/Normg,U(1)? can be represented by the subgroup of U(1)* whose Lie alge-
bra is the orthogonal complement of 2u(1) < 3u(1). This group is given by:

Ry

feR } € GLIm(0)),

B

where Ry denotes the rotation in the plane around the angle . In order to construct the set
of invariant Gs-structures which are associated to a given metric and orientation, we have to
describe how the above group acts on m. We define:

Ry |

R

In the above formula, the matrix representation of Ty is with respect to the basis (e, ..., e7).
T commutes with the action of U (1)%1,1 on m. Furthermore, Ty is orthogonal with respect
to g and orientation preserving. Therefore, 17" describes the action of (NormgoryUU (1)?)/
(Normg,U(1)?) on m and its action on a given invariant Ge-structure determines the set of
all invariant Go-structures. We consider the following subgroup of Normggr(2)sU (1)2:
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s Q A
€2 0
0 e 2
7 )
'2
S =4 ¢ =S| 0eR} . (5.11)
0 e'2
7
€2 0
0
L 0 e "2

Conjugation by Sy is a well-defined diffeomorphism of Q1. It is easy to see that it is even an
orientation preserving isometry. By a short calculation we see that the differential of this map
acts as Ty on m. We sum up our results: Let w be a SU(2)3-invariant Ga-structure on Q1.
Any other invariant Ga-structure on @' with the same associated metric and orientation
as w can be obtained by the action of S on w. Furthermore, this action is isometric.

We are now able to determine the holonomy of the metrics which we obtain as solutions of
(5.6): Let M be a cohomogeneity-one manifold with principal orbit @', and let Q be a
parallel Spin(7)-structure which is described by (5.5) and (5.6). The union of all principal
orbits we denote by M°. We choose a diffeomorphism such that M¢ is identified with Q11! x I
where [ is an interval. Conjugation by Sp on all Q11! x {t} is an isometry of M°. The action
of Sy maps € into another Spin(7)-structure, which is parallel with respect to the Levi-
Civita connection, too. We therefore have found a one-parameter family of parallel Spin(7)-
structures whose extension to a SO(8)-structure is the same. Furthermore, this family is
diffeomorphic to a circle. Because of Lemma 2.3.17, the holonomy of the metric is contained
in SU(4). From the classification of the possible holonomy groups of a parallel Spin(7)-
manifold, it follows that the holonomy is contained in SU(3) or is one of the groups SU(4),
Sp(2), or SU(2) x SU(2). In the first case, there exists a parallel vector field on the manifold,
since SU(3) acts trivially on a subspace of the tangent space. The holonomy bundle of a
Riemannian manifold is invariant with respect to isometries. Since the Spin(7)-structure we
have found is invariant, too, the extension of the holonomy bundle to a SU(3)-structure has
to be preserved by the action of SU(2)3. Therefore, we can assume that the parallel vector
field we search for is invariant. If there exists a parallel vector field X on the manifold, it
has to be of type 61%67 + CQ%, where ¢; and ¢ depend on ¢ only. We first consider the case

where ¢; #Z 0. Since V 3 X = 0 and the length of X is constant, the functions ¢, co, and f
ot
have to be constant, too. We can conclude from the equations (5.6) that a2, b2, and ¢? are

strictly monotonous. More precisely, either all of them are strictly increasing or all of them
are strictly decreasing. In any case, the right hand side of the fourth equation of (5.6) cannot
be 0 for all values of ¢. This is a contradiction to f being constant. Next, we assume that
¢ =0and ¢og = 1. If % is parallel, we have o' =¥ = ¢ = f’ = 0, which is impossible, too.
Therefore, the holonomy has to be SU(4), Sp(2), or SU(2) x SU(2) and the metric thus is
Kahler.

Since GL(4,C) n Spin(7) = SU(4), we only have to describe the complex structure J or
equivalently the K&hler form # in order to determine the SU(4)-structure. For the same
reasons as above, the SU(4)-structure and 7 have to be invariant. The two-forms
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2. B S T adl

span the space of all invariant two-forms on @1, Let (fo, ..., f7) be a frame of the SU(4)-
structure. Since that basis has to be orthonormal and we have 9(fo;, fo;+1) = 1 fori =0,...,3,
the Kéhler form has to satisfy:

n= c102e'? + eab?e®t + €520 + fe7 Adt with €1,e9,e3€ {—1,1}. (5.12)

With help of the exterior derivatives of the one-forms which we have calculated in Appendix
A, we obtain for the exterior derivative of n:

1 1 1
dn = —(f(—ze' — e — 5656) A dt)

3 3
+e12dadt Aet? —e a?((—e*) ne? —e! ael?)

+e20bdt At — e b2 ((—e*) Aet — e A e’

+e32dcdt ne® —e3c?((—e®) A el —e® A e’

1
= §f 2 Adt+e12da e Adt
1
+ §f e A dt + e2b'b et A dt

1
+ §f e Adt+ e32dce’® A dt
The metric g therefore has to satisfy the following equations:

[ =—6e1d'a = —6e2b'b = —6e3cc. (5.13)

By comparing (5.13) with the equations (5.6), we see that we have ¢; = e = €3 = 1 and
obtain:

n = a’e’® + b7 + e + fel A dt. (5.14)

Since we already know that the SU(4)-structure is parallel, we do not have to prove that J
is integrable, or that Vi = 0.

We now prove that the holonomy of the metrics which satisfy the equations (5.6) is all of
SU(4). Let us assume that the holonomy is a subgroup of Sp(2). If this is the case, the metric
is hyperkéhler and there exists another symplectic form 1 with the same properties as 7 such
that (n,7n’) is linearly independent. 7’ has to be of type (5.12), too. Therefore, the equations
(5.13) have to be true for another choice of the signs ¢;. It easily follows that f = 0, which
cannot be the case.

We consider the behavior of the metric near a singular orbit. The following lemma yields the
possible dimensions of the collapsing spheres:
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Lemma 5.2.1. Let U(1)F,,; S SU(2)® be chosen as in the beginning of this section. As
usual, we denote this subgroup shortly by U(1)? and its Lie algebra by 2u(1). Furthermore,
let K be a connected, closed group with U(1)?2 ¢ K < SU(2)3. We denote the Lie algebra of
K by t. In this situation, & and K can be found in the table below. Furthermore, K/U(1)?
and SU(2)3 /K satisfy the following topological conditions:

E | K | K/U(1)? | SU(2)*/K
3u(1) U()® =~ S5t ~ 5% x §? x §?
2u(l) ®su(2) | U(1)? x SU(2) | = $° =~ 5% x 52
u(1) @2s5u(2) | UQ) x SU((2)% | £ 5°/T ~ G2
35u(2) SU(2)* =V 2 87/r

where I' is an arbitrary discrete subgroup of the orthogonal group.

Proof : ¢ is obviously a 2u(l)-module. Since we have decomposed m into its irreducible
2u(1)-submodules, we are able to list all possibilities for £. We consider each case separately:

1. ¢ =2u(1) @ Vy: In this case, ¢ is a Lie algebra isomorphic to 3u(1). The corresponding
Lie group K is U(1)3. K/U(1)? therefore is a circle. For the quotient SU(2)%/K we
obtain SU(2)/U(1) x SU(2)/U(1) x SU(2)/U(1), which is due to the Hopf fibration
diffeomorphic to 52 x §? x S2.

2. ¢ = 2u(1) @V, with i e {1,2,3}2 We have [egi_l,egi] € 311(1), but [egi_l,egi] ¢ 211(1).
Therefore, £ is not closed under the Lie bracket and we can exclude this case.

3. t=2u(l)® V@ Vy with i € {1,2,3}. Without loss of generality, we assume that i = 1.
t is a Lie algebra isomorphic to 2u(1) @ su(2). In order to describe K/U(1)? explicitly,
we first have to describe K and U(1)? in more detail: Let Sy be the matrix

et 0
0 6—1'0 .

We have:

K = S A€ SU), g e0,2m) b,

S |

and

S_yp—¢

U(1)2 = Sd) (Z)v w € [07 27T)
EN

It is easy to see that an element of U(1)? can only be an element of the semisimple
part of K if ¢ = 4 = 0. By applying Lemma 3.1.12 twice, it follows that K/U(1)? =
(SU(2) x U(1)2)/U(1)? = (SU(2) x U(1))/U(1) = SU(2) = S3. Finally, we can deduce
from the above description of K that SU(2)3/K is diffeomorphic to S% x S2.
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4. t=2u(l)@V;@V; with 4,5 € {1,2,3} and i # j: Analogously to the second case, ¢ is
not closed under the Lie bracket.

5. ¢ =2u(l)@V,®V; @V, with V; and V; as above: We can assume without loss of
generality that ¢ = 1 and j = 2. The group K is isomorphic to SU(2) x SU(2) x U(1).
Asg in the third case, we apply Lemma 3.1.12. In order to do this, we consider the
following two subgroups of U(1)?:

EX

o~
—~~
—
g
—

Il

S¢ o€ [0, 271')

Ea
5]

U(l)g = S() we [0, 271')

EA

Since U(1); nU(1)2 = {I}, the covering map from U(1); x U(1)2 to U(1)? which maps
(¢, %) to ¢ -1 is a diffeomorphism. An element of U(1)2 can be in SU(2) x SU(2) € K
only for 1y = 0. We therefore can rewrite K/U(1)? as (SU(2) x SU(2))/U(1), where
U(1) is given by:

()| eewm}

We assume that K/U(1)? is a quotient of the sphere S° by a discrete subgroup I' of
O(6). $3 x S2 is a circle bundle over K/U(1)2. If our assumption was true, we would
have the following exact sequence:

oo m3(ST) = ma(S® x 8%) - m(SPT) > ... .

Since the higher homotopy groups of S® and S%/T" coincide, the above exact sequence
becomes:

T (1) /A (1]

which is impossible. This proves that SU(2)3/K is not a possible singular orbit for a
smooth cohomogeneity-one manifold with principal orbit @""'. We nevertheless note
that this space is diffeomorphic to $? for similar reasons as in the above cases.

6. t=2u(l)®V: @ Vo @ Vs: For the same reasons as in the second and the fourth case, ¢
is not closed under the Lie bracket.

7. 6=2u()@V1 @ Vo @ V3@ Vy: In this case, K/U(1)? = QY11 We assume that Q15! is
homeomorphic to S7/T", where I' = O(8) is discrete. @' can be described as a circle
bundle over SU(2)2/U(1)® = (52)3. Therefore, we obtain the following exact sequence:

o m(ST/T) - ma((52)%) - m(SY) - T (ST/T) —> ...,



118 CHAPTER 5. THE IRREDUCIBLE PRINCIPAL ORBITS
which can be explicitly written as

oo {0} 2P Z 5T - ... .

Since there is no injective group homomorphism from Z?2 to Z, Q! is not homeomor-
phic to S7/T.

O

Next, we investigate the geometric properties of the metrics, which satisfy the equations (5.6)
and have a singular orbit. We start with a proof that none of those metrics is compact.
Without loss of generality, we can assume that we have a singular orbit at { = 0. The only
possibilities for the singular orbit are S? x $? and $% x $? x $2. In both cases, we have
f(0) = 0. We will see below that in the first case we have f’(0) = —2 and in the second one
we have f/(0) = —3. Therefore, f is negative near the singular orbit. If the manifold was
compact, there would be two singular orbits. We denote the position of the second singular
orbit by 7. For the same reasons as above, we have f(T) = 0, f/(T') € {-3,—2}, and [ is
positive near the second singular orbit. Therefore, there exists a s € (0,7) such that f(s) = 0.
Since there are only two singular orbits, we have obtained a contradiction.

In order to check the completeness of our metrics, we have to find out if the geodesics which
intersect all orbits perpendicularly are of infinite length and if the metric can be smoothly
extended to the singular orbit. Since f is negative near the singular orbit and we have f # 0
outside of that orbit, 7 := F(t) is negative, too. The initial value fy equals zero and the
metric therefore is determined by:

3

10 =~ g =T LT(S — 302)(s — 32)(s — 32)ds

a(r)? = =31+ af b(r)? = —L7 + b3 o(r)’ =-ir+¢5.

If the singular orbit is 2 x $2 x §2, all of the values of ag, by, and ¢y are non-zero. If we have
52 x 52 as singular orbit, one of those values has to vanish. Let I be the maximal interval on
which we can define f. Since the formula for the metric contains the term f(7)2d7?, we have
to prove that §; |f(7)|dr = co. All zeros of (s — 3ad)(s — 3b3)(s — 3¢) are positive and we
therefore have I = (—00,0). For negative values of 7, f2(7) behaves like O(7). We conclude
that {, | f(7)|dT = oo and thus have proven the first condition for the completeness.

Next, we will check if the solutions of (5.6) we have found satisfy the smoothness conditions
from Theorem 3.2.18. We consider both possible singular orbits separately and start with
52 x §2? x S2. In this case, we have € = 3u(1) and the tangent space of the singular orbit can
be identified with p = V7 @ Vo @ V3. For the following arguments, we need some information
on S%(p). We will see soon that we only need to consider those 3u(1)-submodules of S?(p)
which are trivial with respect to 2u(1);;;. On page 107, we have classified the invariant
metrics on @11, Since any of those metrics corresponds to a trivial 2u(1)1,1,1-submodule of
S%(m) = S%(p @ V4), the maximal trivial submodule of S?(p) decomposes into:
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span(e; ® e + ex ® e2) S S%(V7),
span(es ®e3 + e4 ® e4) S S*(Va)
span(es ® es + eg ® eg) S S%(Va) .

We remark that all of these modules are not only trivial with respect to 2u(1); 1, but also
with respect to 3u(1). The normal space p* of the singular orbit has to be described as a
3u(1)-module, too. Since 2u(1); 11 is the isotropy algebra of the cohomogeneity-one action,
it has to leave % invariant. The only two-dimensional 2u(1)-module which contains invariant
elements except 0 is the trivial one. Therefore, pL is a trivial 2u(1); 1 ;-module, too. At
the beginning of this section, we have introduced the notation 4; 11(u(1)) for the orthogonal
complement of 2u(1); 11 < 3u(l). As on page 114, we denote the connected Lie subgroup
of SU(2)* with Lie algebra i1 11(u(1)) by S. We will need the weight of the action of S on
pt, too. The orbit of a point in K/U(1)3,; with respect to the action of S is a loop in that
space. Since wl(K/U(l)iLl) = m1(S1) = Z, the homotopy class of that loop corresponds to
an integer. For geometric reasons, it coincides with the weight of the action of S on p*. By
a short calculation, we see that

s ik )
e 3 0
2mik
0 e 3
2ntk 0
e 3
SAaUL); ;= ik keZ ) ~7Z;.
0 e 3
2tk
e 3 0
2mik
L 0 e 3
J

Therefore, the winding number of the S-orbit is 3 and the weight of the S-action on p* equals
3, too. We denote the irreducible 3u(1)-module on which the group U(1); from the proof of
Lemma 5.2.1 acts with weight r, U(1)2 with weight s and S with weight ¢ by V, ;. All of
those spaces have complex dimension 1 except Vg which is real and one-dimensional. In
contrast to Chapter 4, we will not index those spaces by a R or C. We decompose S™(pt),
which can be written as S™(Vq3), into irreducible submodules and obtain:

S™(Voos) = Vo,0,3m @ Vo030m-2)@ ... @ Voo if miseven
003 Vo,0,3m © Vo 030m-2)@-.-®Voos if misodd

The embedding of the summands into S™(Vgg3) can be described as follows: We identify
Voo with C. The homogeneous polynomial Re(z)? + Im(z)? of degree 2 is K-invariant.
The module Vg3 with & > 2 can be identified with the orthogonal complement of 2|2 -
Sk_2(V0,0,3) in Sk(VQ,Q,g). Therefore, the embedding of Vg 35 into S™(Vo3) with m >k
can be described by p > | 2|2 —F)p,

The dimensions of the spaces W}, = Homgu(l)(Sm(pL), S2(pt)) and Wi = Homg,y(1) S™(ph),
S%(p)) easily follow from Schur’s lemma. We have dim Homg,(1)Vopo = 1. 1If (r,s,1) #
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(0,0,0), we have dim Homgz,1y V51 = 2, since V.5 is a complex space. S™(pt) is a trivial
2u(1)1,1,1-module and thus we only have to take care of the trivial summands of S2(p). We
put our results together and obtain:

1 ifm=0,
dimW,, =< 0 ifmis odd, (5.15)
3 ifm =2 is even.

3 if m is even,

. h o
dim Wy, = { 0 if m is odd.

These dimensions we have to interpret. The horizontal part of the metric is determined by
the functions a?, b?, and ¢*. Since dim W | = 0 for all k € Ny, the values of the (2k + 1)
derivatives of a2, b2, and ¢? at t = 0 have to be a fixed number. All of the conditions from
Theorem 3.2.18 are linear and thus we have (a?)Z5t1)(0) = (b2)Ck+1)(0) = (¢2)E+1(0) = 0.
The values of the even derivatives (a?)(2)(0), (62)(*#)(0), and (¢?)(?%)(0) can be chosen freely,

since Wi is a three-dimensional space.

In Remark 3.2.21, we have seen that the dimension of W}, is not directly linked to the prop-
erties of (f2)(™)(0). One reason for this is that g(%, e7) and g(%, %) are fixed to 0 and 1 by
our choice of the coordinates. Furthermore, dim W}, makes a statement on (ti2 2™ (0), since
we implicitly have parameterized p by polar coordinates. In order to find the smoothness
conditions for f, we have to describe the metric on p more explicitly. There is a unique
inner product g, on p* which is U(1)3-invariant and satisfies ge(%, %) = 1. Let g} be the
restriction of the cohomogeneity-one metric to the circle of radius ¢ in pt. It follows from our
formula for dim W7, that

g7 =(1+0-t+rt? + 06+ kat* +...) g = K(t)ge (5.16)

for some coefficients kg, s4,... € R. Since f(t)? = ¢¥(er,e7) = k(t)ge(er,er), we have to
consider ey in more detail. Let v be a geodesic which intersects all orbits perpendicularly.
Instead of a tangent vector of Q") e; should in this situation be considered as a vector
field along . Since S intersects U (1)%1,1 three times, its orbit can be parameterized by
§:[0,2] - QY1 where

e’ 0
0 e—is

o(s) := 0 e—is U111

We see that ¢'(0) = 2e7 and that the length of the circle in p* with radius ¢ is with respect
to g. given by:

2
3 4

j A/ ge(2t - €7,2t - e7)ds = ?W\/ge(e% er)-t.
0

On the other hand, this length has to equal 27t. Therefore, g.(e7,e7) = %t2 and we have:
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9 9 9
)2 = 12+ kot + —kat® + ..
f() 1 +4I€2 +4I€4 +
Any choice of Ko, Ky, . . . satisfies the conditions from Theorem 3.2.18. Since a, b, ¢, and f are
analytic, we have found the following necessary and sufficient conditions for the smoothness
of the metric:

e a?, b%, and ¢? are even functions. We conclude from a(0), 5(0), ¢(0) # 0 that a, b, and ¢
have to be even, too.

e f is an odd function.
o |/0)] =3

We have to check if our metrics satisfy the above conditions. Let (a(t),b(t),c(t), f(t)) be a
solution of (5.6). It is easy to see that (a(—t),b(—t),c(—t),—f(—t)) is another solution of
(5.6), whose value at t = 0 is the same. Since (5.6) has a unique solution for any initial metric
on the singular orbit S? x $? x $2, the first two conditions are satisfied. It follows directly
from our equations that f/(0) = =3 if f(0) = 0 and a(0), b(0), c(0) # 0. Therefore, the third
condition is not satisfied and our metrics have a singularity at the singular orbit.

As a by-product of the above considerations, we obtain new local examples of cohomogeneity-
one Finstein metrics with principal orbit @11 and singular orbit 52 x S? x S2. Those metrics
satisfy |f’(0)] = 2 and thus are not one of our metrics with holonomy SU(4). Before we can
apply Theorem 3.2.24, we have to check if Assumption 3.2.19 is satisfied. In our situation,
that assumption states that p and p* have no equivalent U (1)7 1,1-submodules in common.
Since p is trivial with respect to the action of U (1)%1,1 and p decomposes into the three
non-trivial modules V;, Vo, and V3, 3.2.19 is satisfied. The dimensions of the spaces W,’}l
and W}, are known and we thus can calculate the number of cohomogeneity-one Einstein
metrics with principal orbit @' and singular orbit S? x $? x S2. We have stated above
that dim W%, describes the degree of freedom of (3 f 2)0m)(0) instead of (f2)(™(0). If m = 2,
we can compute (t% 2 (0) explicitly by 'Hopital’s rule. We obtain a term which contains
1(0), 7(0), f"(0), and f”(0). Since the lower derivatives of f are fixed, we can take f”(0) as
the free parameter which is associated to Wg. All in all, there are the following parameters

which are sufficient to determine a unique cohomogeneity-one Einstein metric on a tubular
neighborhood of $2 x $? x S2:

1. a(0), b(0), and ¢(0),
2. f"(0), and

3. the Einstein constant.

Next, we have to prove the smoothness of the metrics with singular orbit $? x S2. In order
to keep our considerations short, we only prove a sufficient condition for the smoothness. We
will see that the metrics which we have constructed satisfy that condition. The spaces W}/
and W3 we will not have to describe in detail. Therefore, we will obtain only an existence
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result for cohomogeneity-one Einstein metrics which satisfy certain initial conditions, but no
result on their uniqueness.

In our situation, we have f(0) = 0 and either a(0) = 0, b(0) = 0, or ¢(0) = 0. We assume
without loss of generality that a(0) = 0. Motivated by our results for the S? x $? x S?-case,
we suppose that any metric with the following properties is smooth:

e b and c are even analytic functions.
e ¢ and f are odd and analytic.

e d/(0) and f’(0) are chosen such that the sectional curvature of the collapsing sphere is
& + O(34) for small values of ¢.

We consider the third condition in more detail. The tangent space of the collapsing sphere
can be identified with the first summand of the Lie algebra 3su(2). The collapsing sphere
itself therefore should be considered as SU(2). The metric on SU(2) with constant sectional
curvature 1 is given by:

h:su(2) x su(2) - R
R(X,Y) := —1tr(XY).

Since g(e1,e1) = a(t) and h(e1,e1) = %, |a/(0)| has to be 3. The orbit of a point on the
collapsing sphere with respect to the group which is generated by e7 is a great circle on that
sphere. Its length has to be 27t + O(t?) for small t. By repeating the calculations which we

have done in the previous case, we see that this is only possible if | f/(0)| = %

We consider the system (5.6) under the assumption that a(0) = f(0) = 0. With help of
I'Hopital’s rule, we obtain the following system for o’(0) and f/(0):

o - it
, 1 £'(0)?
70 = 62/20;2 =3

Its solutions are given by a’(0) = £3 and f/(0) = —2. Since we can change (a(t), b(t), c(1), f(t))
into (a(—t),b(—t),c(—t),—f(—t)), we can assume that a’(0) = 3. In any case, the third of
our supposed conditions is satisfied.

In order to prove that our conditions are sufficient for the smoothness of the metric near the
singular orbit, we again have to describe p and p' as &-modules. The Lie algebra ¢ is in our
situation isomorphic to su(2) @ 2u(1). The corresponding Lie group is generated by SU(2)
and U(1)7;,. In most cases, we use the SU(2)-action for our arguments and turn only to
the action of U(l)%,m if necessary. The space p is spanned by (es,...,eg). Since the first
summand of 3su(2) commutes with those e;, p is a trivial su(2)-module. The SU(2)-orbit of
any v € p\{0} is a 3-sphere. p' therefore is a real four-dimensional irreducible su(2)-module.
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As in Chapter 4, we will denote this module by V. The action of U (1)%1,1 leaves % invariant.
Thus, p contains a trivial submodule. At the beginning of this section, we have seen that
U (1)%1,1 acts irreducibly on the space span(es, es), which is tangent to the collapsing sphere.
Asa U (1)%1,1—module, pt therefore has to decompose into a trivial two-dimensional and an
irreducible two-dimensional submodule, which is isomorphic to V;. We see that p* and p,
which decomposes into Vo @ V3, have no equivalent U (1)%1,1—submodule in common and thus
will be able to apply Theorem 3.2.24 later on.

We investigate the horizontal part of the metric, which is determined by 6% and ¢?. With
help of Theorem 3.2.18, we will prove that the metric is smooth if 52 and ¢? are even. Since
b(0), ¢(0) # 0, we can conclude that in this situation b(t) = b(—t) and c¢(t) = ¢(—t). The odd
derivatives of any even function have to vanish at ¢ = 0. Since b? and ¢? are analytic, we thus
only have to prove that we can choose (b2)(®™(0) and (¢?)(2™(0) arbitrarily. As in Section
3.2, these initial values are associated to certain &-equivariant maps ¢1, g : SZ™(p1) — S%(p).
We will describe those maps in detail. Let (21,...,€) be an orthonormal basis of p*, such
that the matrix representation of SU(2) with respect to this basis is the standard one. The
radial coordinate ¢ of pt satisfies

didi=8'e +...+*'®et.

b? and ¢? are the coefficients of e3 @ e3 + e* ®e? and e’ @ e® + S @ e5. Since (b2)(2™)(0) and
()™ (0) are derivatives in the t-direction, ¢ and ¢, are determined by

64)) =e’®c’ +et@e!

(@ (
?2 (®" (

On the orthogonal complement of @™ (@& +... +2*®2*) in S?™(pt), both of these
maps vanish. Since SU(2) x U(1)? acts by isometries on pt, ' @& + ... + &* ® &* is left
invariant by this action. ¢ and ¢o thus map a su(2) @ 2u(1)-invariant object to another
su(2) @ 2u(1)-invariant object. Any choice of (62)(*™(0) and (c?)*™)(0) is associated to the
map (62)@™(0) g1 + ()P (0) ¢o, which is su(2) @ 2u(1)-equivariant. From Theorem 3.2.18,
it therefore follows that these initial values can be chosen arbitrarily.

deel+... +2'®
ded+... +2'®

L

)) =e"®c +e ®e’

The condition on @ and f can be proven by similar means as above. For the same reasons as
in the S? x $? x S%-case, the 2m!™ derivatives of a? and 7 f? are associated to elements of
W2, We therefore search for the maps S%™(p1) — S2?(pL) which represent (7a?)?™(0) and
(t% 2@ (0) and prove that they are ¢-equivariant. Let v be the geodesic with v(0) = 0 € p*
and 7/(0) = €. In the coordinates which we have chosen, v(t) = t€1. The tangent space of the
collapsing sphere coincides with the orthogonal complement of 4/(¢). This space is spanned
by (22,83,81). The tangent space of S? is also spanned by (e7,e1,€e2). From now on, we will
identify both triples with each other. This is possible, since span(€z) and span(e7) as well as
span(@s, &) and span(e;,ep) are equivalent with respect to the action of U(1)F ;. We are
interested in the value of

a2m

W 9(€:, ),
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where i € {2,3,4}. For i € {3,4}, this term describes (t%a2)(2m)(0) and for ¢ = 2 it is
(/%)@ (0). We will extend the above derivatives to SU(2)-equivariant maps ¢ : p= — R.
In order to do this, we first define the following function on SU(2):

2m

I A

Since SU(2) = S3 < pt, we can extend this function by linearity to all of p~. We consider
the case m = 1. In this situation, we have to construct the two K-equivariant maps ¢1, ¢ :
S5%(pt) — S%(ph) which correspond to (£a?)”(0) and (& f%)"(0). With help of the function
@, we obtain the following relations for ¢; and ¢o:

where L} denotes the pull-back of the left-multiplication with k € SU(2). By polarization, the
¢; become SU(2)-equivariant maps on all of S2(pL). Since &) ®e1, 82 ® & and B3 ®E3+81 ® &4
are all U (1)%1,1—invariant, ¢1 and ¢o are equivariant with respect to all of K. If m = 2, we
have to describe the K-equivariant maps ¢7?, ¢3* : S2™(pt) — S2(p*) which are associated to
(£a%)@™)(0) and (£ 2)#™)(0). These derivatives can be considered as the 2m'™ derivatives
of ¢ : p- — R in the radial direction. We therefore have:

i (®’"‘1(dt ®dt) v (Lie") ® (L;‘;al)) = (LF®) @ (L2®) + (L2 @ (LY
o (@™ (@ @d) v (17" ® (Li2")) = (L1 ® (117)

where as usual

ddi='e'+2+8ed +2tget

and v is the symmetric product. On the orthogonal complement of ™! (dt®dt) v S (p) =
S2m(pL) both of these maps vanish. Since dt ® dt is K-invariant, the K-equivariance of ¢
and ¢5 directly follows from the equivariance of ¢; and ¢2. Again, we conclude with help of
Theorem 3.2.18 that we can choose (£a2)#™(0) and (5 f2)#™(0) for all m > 1 arbitrarily.
If }a? and % f? are even analytic functions, |a/(0)| = 3, and |f’(0)| = 3, all conditions from
Theorem 3.2.18 on a and f are satisfied. Since a’(0), f/(0) # 0, a and f have to be odd if
#a? and % f? are even. By similar arguments as in the S? x S% x $%-case, we see that our
solutions of (5.6) with singular orbit $? x S? satisfy all the conditions from page 122. All in

all, we have proven that all of our solutions are smooth, complete, and non-compact.

In the S? x S2-case, we have not calculated the dimension of the spaces W/ and W¢. Never-
theless, we have constructed some elements of those spaces and thus are able to make some
statements on the cohomogeneity-one Einstein metrics with singular orbit 2 x $2. According
to Theorem 3.2.24, the invariant metric on the singular orbit can be chosen arbitrarily. Since
the maps S2(pt) — S%(pt) which we have described above correspond to a™(0) and f"(0),
these initial values can be chosen freely, too. We finally sum up the results of this section:
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Theorem 5.2.2. Let (M, Q) be a parallel Spin(7)-manifold with o cohomogeneity-one action
of SU(2)® which preserves Q. In this situation, the following statements are true:

1. The principal orbits are SU(2)3-equivariantly diffeomorphic to QY11

2. The metric g which is associated to 2 is special Kdihler and its holonomy is all of SU(4).

3. g has the matriz representation (5.3) with respect to the basis (e1,...,e7) from page
104. The metric functions satisfy the equations (5.6), whose solutions are described by
(6.7) and (5.8). The Kdihler form is given by (5.14).

If M has a singular orbit, which has to be the case if (M,gq) is complete, it is S% x S? or
5% x 5% x §2. Any SU(2)3-invariant metric on the singular orbit can be extended to a unique
cohomogeneity-one metric with holonomy SU(4), which is non-compact. If the singular orbit
is S2 x S2, the metric is smooth and complete. If the singular orbit is S? x S? x S?, the metric
is not differentiable al the singular orbit. Oulside of the singular orbit, the metric is smooth
and any geodesic which does nol intersect the singular orbit can be infinitely extended. In any
of these cases, M is a vector bundle over the singular orbil.

With help of Theorem 3.2.24, we have also obtained results on cohomogeneity-one Finstein
metrics with principal orbit Q111

Theorem 5.2.3. Let M be a cohomogeneity-one manifold, whose principal orbit is Qb11.
We assume that M has a singular orbit, which has to be either S% x 5% x S? or §% x S%. Any
SU(2)3-invariant metric on M is described by a matriz of type (5.3) or equivalently by the
four metric functions a,b,c, f : I — R, where I is an interval. Without loss of generalily, we
assume that the singular orbit is at 0 € 1. In this silualion, the following stalements are true:

1. Let the singular orbit be S? x S% x S%. For any choice of ag, by, co, f3, A € R, there exists
a unique SU(2)3-invariant Einstein metric on a tubular neighborhood of S? x S% x S?
such that:

(a) a(0) = ag, b(0) = by, ¢(0) = ¢y,
(b) f"(0) = fs, and

(¢) the Einstein constant is .

2. Let the singular orbit be S% x S2. For any choice of by, co, a3, f3, A € R, there exists a
SU(2)3-invariant Einstein metric on a tubular neighborhood of S? x S% such that:

(a) a(0) =0, b(0) = bo, c(0) = co,
(b) a"(0) = as, ["(0) = f3, and
(¢) the Einstein constant is .

Remark 5.2.4. 1. It is likely that the K#hler metrics with singular orbit S? x S2 x $2 can
be modified in such a way that they become smooth. If we replace the principal orbit
by a space of type Q11! /Zy, where Z is contained in the isotropy group of the singular
orbit, we obtain a new space of cohomogeneity one with singular orbit S? x $? x S2.
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The length of the collapsing circle gets multiplied by % and the smoothness condition
on f’(0) is satisfied. Since the isotropy group of the principal orbit has changed, it has
to be checked if the other smoothness conditions have changed, too. If Zo preserves
the SU(4)-structure, it turns into a SU(4)-structure on the new space. Otherwise, we
obtain a SU(4) x Zs-structure. In Section 5.4, we will describe a similar construction
in detail.

The metrics with holonomy SU(4) which we have constructed have also been considered
by Cveti¢, Gibbons, Lii, and Pope in [25]. In that paper, the authors construct Ricci-flat
Kéhler-metrics on holomorphic vector bundles over a product of several Einstein-Kéhler
manifolds. As a special case, they obtain Ricci-flat Kéhler metrics of cohomogeneity
one with principal orbit Q™! and a single singular orbit of type S? x 5% or $? x $? x
S2. The authors also prove that those metrics are non-compact and complete away
from the singular orbit. In [21], the same authors consider those metrics in another
context. Both papers are based on earlier works by Berard-Bergery [8], Page and Pope
[58], and Stenzel [64]. The examples with singular orbit S$? x S? x $? have also been
considered by Herzog and Klebanov [41]. Although the metrics with holonomy SU(4)
which we have constructed are known, the proof that any parallel Spin(7)-manifold with
a cohomogeneity-one action of SU(2)? is one of our examples is new. Our results prove
that it is impossible to deform the Kéhler examples into metrics with holonomy Spin(7)
without loosing the cohomogeneity-one property. Moreover, we have proven that all
(not necessarily parallel) Spin(7)-structures of cohomogeneity one with principal orbit
QY have to reduce to a SU(4)-structure. This fact has not been mentioned in the
literature before, either. Finally, we remark that the Finstein metrics from the above
theorem which are not included in Theorem 5.2.2 have, as far as the author knows,
not been considered in the literature before. All in all, we hope to have introduced an
interesting, more algebraic approach to the issue of special cohomogeneity-one metrics
with principal orbit Q11.
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5.3 The principal orbit /110

In this section, we will investigate parallel cohomogeneity-one Spin(7)-structures whose princi-
pal orbit is of type (SU(3)x SU(2))/(SU(2) xU (1)), where the semisimple part of SU(2)xU (1)
is embedded into SU(3) € SU(3) x SU(2). These homogeneous spaces will be denoted by
M*hm  The indices k, [, and m describe the embedding of the smaller group into the larger.
As in the previous section, we will see that M*®4™ carries only for a special choice of k, I, and
m a homogeneous Gs-structure. This fact already has been stated in Theorem 4.2. We will
construct three classes of metrics with holonomy < Spin(7) which are distinguished by their
singular orbit. The first one was found by Cveti¢ et al. in [21], and the second and third class
have been considered by the same authors in [25]. Most of the results we find in this section
are analogous to those of Section 5.2.

Our first step is to describe the possible embeddings of SU(2) x U(1) into SU(3) x SU(2).
In the literature, there are two conventions how to denote these embeddings. The first one
is used by Friedrich, Kath, Moroianu, and Semmelmann in [37]. Castellani et al. [19] and
Fabbri [33] use the second convention. For our considerations, we will take the notation of
Castellani.

In order to explain the meaning of the indices k, [, and m, we first consider spaces of type
(SU@B)x SU(2) x U(1))/(SU(2) x U(1) x U(1)) instead of (SU(3) x SU(2))/(SU(2) x U(1)).
These spaces have been important in research on Kaluza-Klein supergravity in 11 dimensions
see [19], [33] . Since we want to distinguish the di erent abelian factors, we will denote
the newly introduced spaces by (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1) ). The
inclusion  SU(2) x U(1) x U(1) SU(3) x SU(2) x U(1) is determined by its di erential
() (2) (1) (1) (3) (2) (1), since both groups are connected. We
describe the ie algebra (3) (2) (1) by the following matrices

—

]

(2) € (2) (1) is embedded into this ie algebra by

) e
u

We have to map (1) and (1) in such a way into (3) (2) (1) that the sum of
()Y C@), ()(@)),and ( ) ( (2)) is direct, and the three summands commute with
each other. We choose the following Cartan subalgebra of  (3) 2 @






























































































































|
]

ug

































































































































































































































































































































