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Abstract

Correlation matrices are an essential tool for investigating the dependency structures
of random vectors or comparing them. We introduce an approach for testing a variety
of null hypotheses that can be formulated based upon the correlation matrix. Examples
cover MANOVA-type hypothesis of equal correlation matrices as well as testing for
special correlation structures such as sphericity. Apart from existing fourth moments,
our approach requires no other assumptions, allowing applications in various settings.
To improve the small sample performance, a bootstrap technique is proposed and theo-
retically justified. Based on this, we also present a procedure to simultaneously test the
hypotheses of equal correlation and equal covariance matrices. The performance of all
new test statistics is compared with existing procedures through extensive simulations.

Keywords Bootstrap - Multivariate data - Nonparametric testing - Resampling -
Correlation matrices - Quadratic forms
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1 Motivation and introduction

Covariance matrices contain a multitude of information about a random vector.
Therefore, they were the topic of manifold investigations. For testing, an impor-
tant hypothesis is the equality of covariance matrices from different groups. This
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was investigated in Bartlett and Rajalakshman (1953) as well as Boos and Brownie
(2004). Moreover, Gupta and Xu (2006) proposed tests for a given covariance matrix.
Extending on both, Sattler et al. (2022) proposed a unifying framework that allows for
investigations of various hypotheses about the covariance. Additional examples cover
testing equality of traces or comparing diagonal elements of the covariance matrix.

However, covariance matrices are not scale-invariant. This entails some disadvan-
tages using them in the analysis of random vectors’ dependency structure. For example,
a simple change of a measuring unit can completely change the matrix. For this rea-
son alone, it is more useful to consider the correlation matrix instead when inferring
dependency structures.

This already starts in the bivariate case, i.e. the investigation of correlations. For
ordinal data, rank-based correlation measures are most common. For example, Per-
reault et al. (2022) provides an approach for general hypotheses testing, while Nowak
and Konietschke (2021) focused on simultaneous confidence intervals and multiple
contrast tests for Kendall’s . Spearman’s rank-correlation coefficient p was investi-
gated in Gailer and Schmid (2010) for the hypothesis of the correlation matrix being
an equicorrelation matrix. For metric data, the most common measure of correlation
is the Pearson correlation coefficient. Here, tests and confidence intervals for investi-
gating or comparing correlation coefficients have been discussed for the case of one,
two or multiple group(s), see (Fisher 1921; Efron 1988; Sakaori 2002; Gupta and Xu
2006; Tian and Wilding 2008; Omelka and Pauly 2012; Welz et al. 2022) and the
references cited therein.

For larger dimensions, equality of correlation matrices was investigated, for exam-
ple, in Jennrich (1970). Moreover, different hypotheses regarding the structure of
correlation matrices were treated in Joereskog (1978), Steiger (1980) and Wu et al.
(2018). However, the above approaches usually require strong prerequisites on the
distribution (such as multivariate normal distribution or particular properties of the
moments), the components or the setting (such as bivariate or special structures).
Moreover, most can be used only for a few specific hypotheses. Thus, to obtain an
approach with fewer assumptions, which is at the same time applicable for a multi-
tude of hypotheses, we expand the approach of Sattler et al. (2022) to the treatment
of correlation matrices.

In the following section, the statistical model will be introduced together with
examples of different null hypotheses that can be investigated using the proposed
approach. Afterwards, the asymptotic distributions of the proposed test statistics are
derived (Sect.3). In Sects.4 and 5, a resampling strategy and a Taylor-based Monte
Carlo approach are used to generate critical values and improve our tests’ small sample
behaviour. A combined testing procedure which simultaneously checks the hypoth-
esis of equal correlation matrices and covariance matrices is presented in Sect. 6.
The simulation results regarding type-I-error control and power are discussed in
Sect.7, while an illustrative data analysis of EEG data is conducted in Sect.8. All
proofs are deferred to a technical supplement, where also more simulations can be
found.
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498 P. Sattler, M. Pauly

2 Statistical model and hypotheses

To allow for broad applicability, we use a general semiparametric model, given by
independent d-dimensional random vectors

Xik = p; +€ig,

where the index i = 1, ..., a refers to the treatment group and k = 1, ..., n; to the
individual, on which d-variate observations are measured. As analysing a scalar’s cor-
relation is useless, we assume d > 2. This model as well as all subsequent results can
in principle be expanded for different dimensions of the groups as done in Friedrich
et al. (2017). However, as the notation would be a bit cumbersome, we did not fol-
low this approach to increase the readability. The residuals €;1, .. ., €;,, are assumed
to be centred E(e;1) = 0y and i.i.d. within each group, with finite fourth moment
E(||€i1]|*) < oo, while across groups, they are only independent. Thus, different dis-
tributions per group are possible. For our asymptotic considerations, we additionally
assume

(Al) % = ki €(0,1], i =1,...,a formin(ny, ..., ng) — 00
with N = Y, n;, to preclude that a single group dominates the setting. In the

following, we use i> to denote convergence in probability and £> for convergence
in distribution as sample sizes increase. It follows from the context whether this means
N — oo orn; — 00, respectively.

Moreover, to define correlation matrices, we additionally assume that the covariance
matrices Cov(€;1) = V; = (Vijk)jk<a have positive diagonals V;1y, ..., Viga > 0.
Throughout, the so-called half-vectorization operation vech is used for the covariance
matrices, which puts the upper triangular elements of a d x d matrix into a p =
d(d + 1)/2 dimensional vector. But, for a correlation matrix, the diagonal elements
are always one and therefore contain no information, so this is not the best choice
here. Hence, a new vectorization operation vech™ is defined, which we will call the
upper-half-vectorization. With R; as the correlation matrix for the i-th group, this
vectorization operation allows us to define

ri =vech™ (R;) = (rj12, ..., Ti1d> ¥i23+ - - -» Fi2ds - - - » ri(dfl)d)T» i=1,...,a,
containing just the upper triangular entries of R; which are not on the diagonal. The
resulting vector has dimension p, = d(d — 1)/2, which is substantially smaller
than p. We now formulate hypotheses in terms of the pooled correlation vector r =
(r]T, ey r;'—)T as
Hy:Cr =2, (D
with a proper hypothesis matrix C € R™*“P« and a vector { € R”. Hereby, we allow

m to be much smaller than ap,,, which is often useful (e.g. for computational reasons)
for hypotheses matrices without full rank. As explained in Sattler et al. (2022) for the

@ Springer



Testing hypotheses about correlation... 499

case of covariance matrices, C does not have to be a projection matrix as ¢ is allowed
to be different from the zero vector, see, for example, hypothesis (c).
Hypotheses which are part of the setting (1) are, among others:

(a) Testing Homogeneity of correlation matrices
Ho: Ry =---=Rg, resp. Hy: (Pa @ 1I,,)r =04,

with P, := 1, laT — I,/a and ® denoting the Kronecker product. This hypothesis
was, for example, investigated in Jennrich (1970), while for d = 2, this includes the
problem of testing the null hypothesis

Hy:pr=p2=""=pa

of equal correlations p; = Corr(X;11, X;i12),i = 1,...,a within (1). This again
contains testing equality of correlations between two groups, see, e.g. Sakaori (2002),
Gupta and Xu (2006) or Omelka and Pauly (2012).

(b) Testing a diagonal correlation matrix

Ho Ry =14, resp. Hy : I p,r1 =0,,.

A test procedure for zero correlations was introduced by Bartlett (1951) for the one-
group setting. More hypotheses on the structure of the covariance matrix can be found,
for example, in Joereskog (1978), Steiger (1980) and Wu et al. (2018).

(c) Testing for a given correlation Let R be a given correlation matrix, like an
autoregressive or compound symmetry matrix. For a = 1, we then also cover testing
the null hypothesis

Hy : Ry = Rresp. Hy : I,,r1 = vech™ (R).
For d = 2, this also contains the issue of testing the null hypothesis
Hy:p1=0

of uncorrelated random variables with p; = Corr(X 11, X112), see e.g. Aitkin et al.
(1968).

(d) Testing for equal correlations Fora = 1, we are interested whether the correlation
between all components is the same, i.e.

Ho:rii=rio=..=rip resp. Hy: Py ri =0p,.

This kind of hypothesis is connected with a compound symmetry matrix and was
investigated in Wilks (1946) and Box (1950) for special settings.
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500 P. Sattler, M. Pauly

3 Asymptotics regarding the vectorized correlation

To infer null hypotheses of the kind Hj : Cr = ¢, it is necessary first to
investigate the asymptotic distribution of CF, while 7 is the pooled vector of
upper-half-vectorized empirical correlation matrices. Thereto, Theorem 3.1 from
Sattler et al. (2022) is shortly repeated first. Therein, for v = (v}—, v;—)—r =
(vech(V)T, ..., VeCh(Va)T)T and with empirical covariance matrices ?i and v =
@, .. 9T = (vech(V1)T, ..., vech(V,) "), it holds

VNC@ =) > Ny (0, CECT). 2)

Here, the covariance matrix is defined as X = @?:1 kl,-): i, where € denotes the direct
sum and X; = Cov(vech(eileﬂ)T) fori =1, ..., a. First, some additional matrices
have to be defined to use this result for correlation matrices. Let e, = ((Skg)f: "
define the p-dimensional vector, which contains a one in the k-th component and
zeros elsewhere.

Moreover, we need a d-dimensional auxiliary vectora = (ay, ..., ag), given through
ap =1+ Z]]‘;% d+1—-j),k=1,..,d. It contains the position of components in
the half-vectorized matrix, which are the diagonal elements of the original matrix.
In accordance with this, we define the p,-dimensional vector b, which contains the
numbers from one to p in ascending order without the elements from a. This vector
b contains the position of components in the half-vectorized matrix, which are non-
diagonal elements.

With these vectors, we are able to define a d x d matrix H = 1;a and the vectors
hy =vech™ (H) and hy, = vech™ (H . Finally, we can define the matrices

Pu Pu
_ T u o_ T
M, = Z"Z,pu(ehu,p +eny.p) and L), = Zef,pu €hy,p-
=1 =1

This allows us to formulate a connection between the vech operator and the vech™
operator, since the matrix L’;, fulfils Li’, vech(A) = vech™ (A) for each arbitrary matrix
A € R¥*4_ This matrix is comparable to the elimination matrix from Magnus and
Neudecker (1980) and adapted to this special kind of half-vectorization.

With all these matrices, a connection can be found between ,/n; (v; — v;) and
/ni (i —r;), which allows getting the requested result by applying (2). The approach
to connect vectorized correlation and vectorized covariance is based on Browne and
Shapiro (1986) and Nel (1985) and adapted to the current more general setting.

Theorem 3.1 With the previously defined matrices L", M| and

[ . —1
M(v;,r;) = |:LZ —3 dlag(ri)Ml] diag(vech((vi1, ..., vida) | (Vil, -, Vida))) "7
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it holds
Vni(@ —r)) = M©;, r))/n;(; —v;) +0p(1).

Thus,

\/n_l(;'\l - ri) _D_) N u(opu’ M(vi’ ri)EiM(vi’ ri)—l—)

ZZY,'

and if Assumption (Al) is fulfilled also

D a _
\/N(/r\_ r) — Napu (Oapu’ ®i:1 ki 1Ti> = Napu (Oaﬁw T)

Remark 3.1 The asymptotic normality of ,/n; (r; — r;) was also shown for similar
statistics in the past. But through the existing relation between ,/n; (v; — v;) and
Jni (r; —r;) itis, for exalee, possiEle to express Y as a function of X, which allows
to construct an estimator Y using X. In Sects.5 and 6 we show that this relation
provides further opportunities.

To use this result, we have to estimate the matrices Y1, ..., Y,, which is done with
~ ~ A ~ o~ T
Yi=M®©;,T)H)E,M®@;,1;) ,

and ¥ := ®i: —T To this end, Z; has to be a consistent estimator for X;. This is
fulfilled, e.g. for the estimator from Sattler et al. (2022), given through

o TR NS ool
.. % it Xy Y. % it Xy
. > |:vech (X,-kXik -3 n_)} |:vech (X,-kXik -y n_)} ’

n —
! k=1 =1 ! =1 :

with X ir := X;x—X,;. As continuous functions of consistent estimators, the estimators
Y; are consistent. With this asymptotic result, test statistics based on quadratic forms
can be formulated through:

Theorem 3.2 Let E € R™ ™ fulfilling E P, E, where E € Rﬁxm is symmetric.
Then, under the null hypothesis Hyy : Cr = ¢, the quadratic form Qp, defined by

~ T
0r=N[CF-¢] Ey[CT—¢]
has asymptotically a “weighted x*-distribution”, i.e. for N — oo it holds that

D apu
Or — Z)\ZBK,
=1

iid.
where Mo, L =1, ..., apy, are the eigenvalues of'Y"l/zCTECTl/2 and By e X]z-
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Thus, quadratic-form-type test statistics can be formulated, similar to Sattler et al.
(2022) also for the vectorized correlation matrix. Here, we often consider symmetric
matrices E y, which can be written as function of C and Y fullfilling Ex(C, Y) =

Ey i) E = E(C,Y). Examples cover:

ATS,= N[CF -] [CF - r)]/w(CYTCT),
WTS,= N [CF—r)]T (cYCHT[CF —1)].

This leads to an asymptotic valid test pwrs, = I{WTS, ¢ (—oo, Xgank(C);l—a]}’
in case of Y > 0. This is, however, hard to verify due to its complex structure. We
therefore do not treat the WTS in the following.

Conversely, the ATS is no asymptotic pivot, but the simulation results from Sattler
et al. (2022) suggest to use its Monte Carlo version. Hereto, the according matrices
from Theorem 3.2 were estimated, and by this, we also get the estimated eigenvalues.
By generating By, ...By),, the weighted sum can be calculated, and by repeating
this frequently (e.g. W=10,000 times), the required o quantiles of the weighted X12
distribution can be estimated, denoted by qg’IC. For example, this gives us the test
oars, = L{ATS, ¢ (—oo, q}v'_Ca]}, and a similar approach can be used for all quadratic
forms fulfilling Theorem 3.2.

4 Resampling procedures

A resampling procedure may be useful, on the one hand, for a better small sample
approximation and, on the other hand, for quadratic forms with critical values that
are difficult to calculate. Since the simulations from Sattler et al. (2022) showed clear
advantages of the parametric bootstrap, we focus on this approach but also present a
wild bootstrap approach in the supplement. For every group X1, ..., Xin;, i =1, ..., a,
we calculate the covariance matrix ?,-. With this covariance matrix, we generate i.i.d.
random vectors Yl.Tl, Y:fn[_ ~N, L (0p,, ’/T\i) which are independent of the realizations

and calculate their sample covariances Y‘:r, respectively, 'l =, nﬂ 'Y‘j For these
random vectors, we now consider the asymptotic distribution.

Theorem 4.1 [f Assumption (Al) is fulfilled, it holds: Given the data, the conditional
distribution of

(a) ﬁ?j,fori =1, ..., a, converges weakly to N, (0[714’ /ci_lTi) in probability.
(b) VN YT converges weakly to Ny, (()apu, T) in probability.

<t P <t P . .
Moreover, we have T; — Y, and 'I'I — Y. Thus, the unknown covariance matrices
can be estimated through these estimators.

In consequence of Theorem 4.1, it is reasonable to calculate the bootstrap version of
the previous quadratic forms,

0l = NICYTTEIC Y] rtesp. O = N[CY TTEN(C.XDHICT.
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The first can be used if the limiting matrix E = E(C,Y) of En(C, ?) is known.
In the second version E = E(C, Y) is estimated via Ey = EyN(C, 'Y‘T) which is

reasonable if from A, E A, for random matrices A,, and A it follows E x (C, A,) f)
E(C, A) [(see e.g. van der Vaart and Wellner (1996)]. This is fulfilled, if the function
is continuous in its second component which holds for the trace operator used in the
ATS and which we assume in what follows.

The bootstrap versions always approximate the null distribution of @r, as estab-
lished below.

Corollary 4.1 For each parameter vector r € R and ro € R« with Crg = ¢,
under Assumption (Al), we have

~ P
sup |Pr(Qf < x|X) — Pry(Or < x)| — 0,
xeR

where P, denotes the (un)conditional distribution of the test statistic when r is the
true underlying vector.

This motivates the definition of bootstrap tests as (pTQr = Il{QI ¢ (—oo, ¢ o b

where ¢ g denotes the conditional quantile of Q,. The above results ensure that
these tests are of asymptotic level «, and we will use it for the ATS.

Fisher z-transformed vectors are often used in the analysis of correlation matri-
ces instead of the original vectorized correlation matrices. Although the root of this
approach is the distribution of the Fisher z-transformed correlation in the case of
normally distributed observations, it is also used for tests without this distributional
restriction, see e.g. Steiger (1980). In principle, we could also consider our tests
together with the transformed vector. This approach assumes that all components
of ¢ differ from one, which is always possible to ensure. We can define tests based
on the transformation for each of our quadratic forms, including the tests based on
bootstrap or Monte Carlo simulations. Our simulations showed that the tests based
on this transformation have more liberal behaviour than the original one, which was
also mentioned in Omelka and Pauly (2012) for the case of bivariate permutation tests.
Since all of our test statistics were already a bit liberal, it is not useful to consider these
versions further. However, some details on this are given in the supplement. Instead,
we propose an additional Taylor approximation of higher order as described below.

5 Higher order of Taylor approximation

The main result of Sect. 3 is the connection between the vectorized empirical covari-
ance matrix and the vectorized empirical correlation matrix given through

Vni(@i —ri) = M (i, ri)/ni(0; —v;) +0p(1).
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504 P. Sattler, M. Pauly

Since this is based on a Taylor approximation, it leads to the question of whether a
higher order of approximation could be useful here. In this way, we get

JiFi—r) = M®©@;, 7)Y, + o R (Xi)//ni +0p <\/nl>l> ©

with ¥; ~ N}, (0, ;) and a function f;. . : R” — RP«. This equation’s deriva-
tion, together with the complex concrete form of the function f5 % . can be found
in the supplementary material. Although the part f5 z (Yi)/ \/— is asymptotically
negligible, for small sample sizes, it can affect the performance of the corresponding
test. For this purpose, we propose an additional Monte Carlo-based approach with this
Taylor approximation. Thereto for each group, we generate ¥; ~ N, (0,, op i) and

transform it to YTay = M®©;,7)Y; + foi &, YD)/ yni. So wrth the pooled vector

_ T _ T . . .
yTay — (n, 1/ 2leray ng 2y an )T, we get a version of this quadratic form by

g ceeey

calculating
By _ NIcY™ T Ex(C, T)[CY™)].

If we repeat this frequently enough, an asymptotic correct level o: test can be con-
structed by comparing Q r with the empirical (1 — «) quantile of Qr ' Since there it
is only necessary to calculate Y one time, this approach is clearly less time-consuming
than the corresponding bootstrap approaches.

It would also be possible to use a Taylor approximation of higher order. Since the
transformation gets more complex and our simulations suggest that this only affects
very small sample sizes, we renounce this here.

6 Combined tests for variances and correlations

The equality of two covariance matrices and the equality of two correlation matrices are
interesting null hypotheses that are closely related. In this section, we exemplify how
our methodology extends to a simultaneous comparison of variances and correlations.
To this end, we combine the above results with those from Sattler et al. (2022) to
develop a so-called multiple contrast test. For this, we define the statistic

2111 2211
T Viao Von

T = =vN A Bl B
T, Vidd Vadd

7 2

. D .
which fulfils 7= N,(0,, I') under the null hypothesis Hy : Vi = V,. The
concrete form of the asymptotic covariance matrix I' and its derivation can be
found in the online supplement. In case its diagonal elements are positive, i.e.
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i, Tpp > 0, we consider the vector of studentized test statistics T =
diag(Fn, v Tpp)™ 1727 . Under the null hypothesis of equal covariances, Tis asymp-
totically normal distributed with expectation vector 0, and covariance/correlation
matrix T := = diag(I"y1, ..., Tpp) ™ 2 diag(I'11, ..., Tpp) ™ /2 Following the concept
of multiple contrast tests (see e.g. Bretz et al. 2001 or Konietschke et al. 2013 for more
details), we now consider max(|f1| |T ) as test statistic and use the two-sided
(1 — @) equicoordinate quantile of the above limiting distribution NV, (0,, I) as the
critical value. Denoting this as z;_, , ¥, we obtain an asymptotic level « multiple
contrast test by max(| Tl [y eens |Tp ) = 2y_g4 0 F- This multiple contrast test fulfils the
desired properties, i.e. it allows us to simultaneously infer the hypotheses of equal
covariances and equal correlations. In fact, if max(lfdﬂ [ |T,,|) > Zy_g0.F> We
can conclude that both groups have significantly different dependence structures and,
therefore, neither equal covariance matrices nor equal correlation matrices. However,
if max(|Tag1ls ooos [Tpl) < 2y_go.f DUt max(|71|, ..., |Tal) = z;_y 5 f» this indi-
cates that both groups have the same dependence structure but different variances,
i.e. we can (only) conclude that they have significantly different covariance matrices.
Moreover, the information which components of T exceed 2 _g 2T in absolute value,
helps to clarify where the departures from Hy might come from. We note that in all of
these considerations, we use the same critical value z; _, , § as common with multiple
contrast tests.

Unfortunately, the condition I'yy, ..., I"p, > 0 is difficult to verify. A bootstrap
approach can again resolve this, as was done in Friedrich and Pauly (2017) or Umlauft
et al. (2019). However, we introduce an alternative Monte Carlo approach because
it is easier to explain and already shows good small sample approximations as will
be demonstrated in Sect. 7. To this end, we use that with matrix A € RY*? given by
A=Y{_ ecqe], ,itholds that

2'11 Vi
Vioo Vioo A | 0
. . d [ 1
\/n_l R . (M(vi, ri)) i+ \/n_l (fii,ﬁ,-(yi)> + P( n; )
Vidd Viad
T ri

with Y; ~ N}, (0,, X;). Based on the above expansion, we generate ¥; ~ N, (0,, fi)
similarly to Sect.5 and transform it to

Tay A 1 0,
Y.~ = ~ Y+ — .
l (M@,m) Tt ( a,ﬁ,.m-))

With this transformed vectors, we calculate 711 = /N N(n, -V 2YlTay
which has the same asymptotic distribution as 7', and repeat this B tlmes to get
T T8T To obtain an appropriate multiple contrast test based on these val-
ues, we follow Munko et al. (2023b) resp. Munko et al. (2023a), where a corresponding
procedure for functional data was developed based on Buhlmann (1998). Thus, for

-1 /2Y§ay)’
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t =1, ..., p, we denote by gy g the empirical B quantile of T;’Tay, e TZB’Tay. To
control the family-wise type-I-error rate by «, the appropriate 8 can be found through

b.T:
o (1_H<q£ﬁSTz ayfqel—ﬁ»
°2 ’ 2 <o
t=1,....p B

with B = {0, %, ..., 21 }. An asymptotic level-o test of the null hypothesis of equal

correlation matrices then rejects the null if and only if

(Jmax <1 -1 (qgvg <Ty < qm_g» =1

or equivalently if

max max > 1.

=1,.. 7’
4 qufg Ty

Each component of the vector-valued test statistic T is treated in the same way since
the same E < « is used. This procedure allows for the same conclusions about the
reason for the rejection as the above approach based on the equicoordinate quantile.
Of course, this combined test could be generalized to compare more than two groups
by using an appropriate Tukey-type contrast matrix, see e.g. Konietschke et al. (2013).

7 Simulations

We analyse the type-I-error rate and power for different hypotheses to investigate the
performance. Here, we focus on hypotheses with an implemented algorithm to have an
appropriate competitor. In the R-package psych by Revelle (2019) several of these tests
are included, like @ennricn from Jennrich (1970) and @steigery,, from Steiger (1980)
for equality of correlation matrices. Testing whether the correlation matrix is equal
to the identity matrix can be investigated with @parer from Bartlett (1951) and again
With @Steiger, T€SP- PSteiger- HETebY, psteiger, 1S the same test statistic as @seiger but
uses a Fisher z-transformation on the vectorized correlation matrices. Therefore, we
consider the following hypotheses:

Ay: Homogeneity of correlation matrices: H, : Ry = R,
B,: Diagonal structure of the covariance matrix Hy : Ry = I, resp.r; =0,,,

with @« = 0.05. Further hypotheses are investigated in the supplementary material
together with other settings and dimensions. The hypothesis matrices are chosen as
the projection matrices C(A;) = P> ® I, and C(B;) = I,,, while £ is in both
cases a zero vector with appropriate dimension. Based on this the results of Sattler
and Zimmermann (2023) can also be simplified to be computational more efficient
without affecting the results.

@ Springer



Testing hypotheses about correlation... 507

We use 1000 bootstrap steps for our parametric bootstrap, 10,000 simulation steps
for the Monte Carlo approach and 10,000 runs for all tests to get reliable results.
For @steiger and @sieigers, from Revelle (2019), the actual test statistic is multiplied
with the factor (N — 3)/N. This approach is based on a specific result of the Fisher
z-transformation of the correlation vector of normally distributed random vectors for
small sample sizes. Asymptotically, this factor has no influence, but it is also used for
@Steiger, Where no Fisher z-transformation was done.

To get a better impression of the impact of such a multiplication, we also include our
ATS with parametric bootstrap using such multiplication and denote this with an m for
multiplication. This also simplifies the comparison of the tests under equal conditions.
At last, we simulated Monte Carlo-based ATS using our Fisher z-transformation. We
denote it by ATSFz, while an additional version ATSFz-m is simulated, which is
formed by multiplication with the factor (N — 3)/N.

To have a comparative setting to Sattler et al. (2022), we used d=5 and therefore
pu = 10, while for one group, we have n € {25, 50, 125, 250}, and for two groups, we
haven; =0.6- N and np = 0.4 - N with N € {50, 100, 250, 500}. We considered 5-
dimensional observations generated independently according to the model X ;; = ji; +
VI2Zi i =1,....a,k =1,...,n; with (i; = (12,22, ...,52)/47), (jia = 05)
and error terms based on

e A standardized centred t-distribution with 9 degrees of freedom.

e A standard normal distribution, i.e. Zj; ~ N(0, 1).

e A standardized centred skewed normal distribution with location parameter & = 0,
scale parameter w = 1 and y = 4. The density of a skewed normal distribution is

given through %(p (%) D (y ()cw;%‘) ) , where ¢ denotes the density of a standard

normal distribution and & the according distribution function.

For Ay, weuse (V1);; =1 —1i — j|/2d for the first group, and for the second group,
we multiply this covariance matrix with diag(1, 1.2, ..., 1.8). Thus, we have a setting
where the covariance matrices are different, but the correlation matrices are equal. To
investigate B,, we use the matrix, V = diag(1, 1.2, ..., 1.8).

7.1 Type-l-error

The results of hypothesis A, can be seen in Table 1 for the Toeplitz covariance matrix.
Here, the values in the 95% binomial interval [0.0458, 0.0543] are printed in bold.
It is interesting to note that the type-I-error rate of @sseifery, and @jennricn differs
more and more from the 5% rate for increasing sample sizes. Therefore, these tests
should not be used, at least for our setting. In contrast, all of our tests are too liberal
but show a substantially better type-I-error rate. Moreover, these tests fulfil Bradley’s
liberal criterion (from Bradley 1978) for N larger than 50. This criterion is often
consulted by applied statisticians, for example, in quantitative psychology. It states
that a procedure is ‘acceptable’ if the type-I-error rate is between 0.5« and 1.5¢.
Similar to the results for covariance matrices, the bootstrap version has slightly
better results than Monte Carlo-based tests, while the error rates get closer to the
nominal level for larger sample sizes. In each setting, the Monte Carlo-based ATS
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formulated for Fisher z-transformed vectors has a better performance than the classical
one, especially for smaller sample sizes.

It can be seen that a correction factor, like (N — 3)/N, which was used for ATS-
Par-m, clearly improves the small sample performance. In contrast to the results from
Sattler et al. (2022), for testing correlation matrices, the small sample approximation
seems a bit worse, making such a correction factor useful. The best performance for
smaller sample sizes can be seen for our Taylor-based Monte Carlo approach, which
has for N > 50 an error rate within the 95% interval. Therefore, for this setting, we
recommend ATS-Tay, while for larger sample size, ATS-Par-m and ATSFz-m also
show good results.

For hypothesis B, the results are included in Table 2. Here, our Taylor-based
approach has slightly conservative values, and therefore ATS-Para-m and ATSFz-m
have the best results of our test statistics, while the results are slightly better than
for hypothesis A,. For example, the number of values in the 95% binomial interval
[0.0458, 0.0543], printed bold, clearly increases. With the correction factor, these
tests have a better type-I-error rate than @sejger in all settings and are comparable to
PSteigerp, -

Nevertheless, @partet 1S a test only developed for this special hypothesis and there-
fore has an excellent error rate through all distributions. But in addition to the type-I
error rate, also other properties are highly relevant.

7.2 Power

The ability to detect deviations from the null hypothesis is also an important test
criterion. To this aim, we also investigate the power of some of the tests mentioned
above. We choose a quite simple kind of alternative suitable for our situation. As
covariance matrix, we consider V| + § - J4 for § € [0, 3.5] in hypothesis A, and
for § € [0,0.75] in hypothesis B,. The reason for this considerable difference in
the 8 range is that for hypothesis B, the second summand changes the setting from
uncorrelated to correlated. For hypothesis A, it just increases the correlations, which
is clearly more challenging to detect. Due to computational reasons, we simulate only
one sample size, which is N = 100 resp. n; = 50 and consider error terms based on
skewed normal distribution, while results for the gamma distribution can be found in
the supplementary material. We simulate only the tests with good results for their type-
I-error rate, which were for A, ¢ ATS] and @ATS, —Tay as well as @siejgerFz as competitor,
despite its performance in Table 1. "Because of the similarity of the results from the
parametric bootstrap and the more classical Monte Carlo-based approach, we do not
consider further test statistics here. For hypothesis A,, Fig. 1 shows that the Taylor
approximation makes the test slightly less liberal, and therefore reduces the power. This
effect can be seen as a shift and does not influence the slope. In general, the power of
both approaches is quite good, also @sieigerFz has even higher power, which furthermore
increases faster. But since this test becomes even more liberal for increasing sample
size, this is not surprising and makes it for this setting not recommendable. Based
on the results from Table 2 for hypothesis B,, we considerg ATS] and @ATS, —Tay as
well as sieigerFz and @Bargett, While the setting is the same. In Flg 1 for hypothesis

@ Springer



509

Testing hypotheses about correlation...

N -0 =: Cu-dsar N - 90 =: lu yyim 9z1s ojdwres dnoi3

U99M19q UONR[AI WES dY) SABMIE ST o10y) PUe ‘I A (8T ‘71 ‘1)SeIp = TA “dsax pg/|f — 1] — [ = (1 A) XIBW 90UBLIZAOD ‘G UOISUSWIIP ARY SIOJO9A UOIRAIISGO YL
Lero LLITO 8SI1°0 20600 6CC1'0 6vC1'0 0€IT°0 80600 96C1°0 €0€1°0 901T1°0 1€60°0 2J193101§
¥$50°0 C1s0°0 ¥090°0 90°0 10s0°0 €050°0 850°0 €290°0 0€50°0 9660°0 6500 £890°0 W-Z4S1V
29500 87S0°0 65900 LSLOO 8050°0 9150°0 82900 9CL00 0¥50°0 8950°0 7€90°0 18L0°0 ZASIV
6£50°0 98¥0°0 9€50°0 6L50°0 S6¥0°0 sr0°0 9€50°0 L9500 1150°0 €750°0 87S0°0 €090°0 Kel-SIv
L9500 9€50°0 99900 86L0°0 1150°0 LTS0°0 0%90°0 9LLOO wso'0 1850°0 5900 81800 SIV
LSSO0 81S0°0 20900 92900 T1S0°0 2050°0 6L50°0 6090°0 87S0°0 €650°0 00900 £590°0 w-red-SIvV
L9500 0€S0°0 $€90°0 Y€L0°0 6150°0 ¥7so'o L2900 €0L0°0 8€S0°0 89600 LS90°0 SSLOO Ted-SIV

00¢ 0S¢ 001 0S 00¢ 0S¢ 001 0s 00s 0S¢ 001 0S N

[eurIou MoYS [eurIoN 6y

'159) $,19319)S pue STy 10) (¢ = 1y : m‘.t 1y OLIBUQDS UI (9,6 = ) Sojel JoLa-[-odA) pajenuis | ajqel

pringer

As



P. Sattler, M. Pauly

510

(8T9T4'1°TT ‘1)8r1p = (A) XIJeW 2OUBLIEAOD PUR G UOISUWIP JABY SI0JO9A UOTIRAIISQO Y,

9050°0 9150°0 9$¥0°0 1€50°0 6£S0°0 6L¥0°0 $€S0°0 €7S0°0 0050°0 8810°0 08+0°0 0LY0°0 napreg
66+0°0 weo'0 98+0°0 8¥50°0 9€50°0 °6+0°0 LISO°0 86600 16¥0°0 68+0°0 1Ly0°0 SIS0°0 41081015
6L+0°0 8<+0°0 £€¢0°0 ¢eT00 L0S0"0 12v0°0 GSe00 §Sc00 LEY0°0 611700 9200 02200 REHSIN
9100 910°0 00 97500 IS0°0 000 9¢v0°0 8050°0 85+0°0 €5¥0°0 6510°0 €500 W-Z4S1V
66+0°0 €CS0°0 90900 ¥7160°0 Ps0°0 S6+0°0 §090°0 1060°0 06+0°0 °s00 L0900 9160°0 ZAS1V
96+0°0 €€v0°0 80%0°0 0500 0050°0 L1¥0°0 9¢v0°0 96600 1ev0°0 L1¥0°0 76€0°0 Is0°0 Kel-S1v
L0500 1€50°0 0€90°0 1960°0 Ps0°0 9050°0 1290°0 0¥60°0 6100 €€50°0 9%90°0 ¥L60°0 SIV
18+0°0 0L¥0°0 0¥¥0°0 8¥0°0 LIS0°0 600 00 SS¥0°0 IL¥0°0 €LV0°0 8¥10°0 L0S0°0 w-red-SIvV
6050°0 €vS0°0 1900 9¥80°0 6550°0 £6+0°0 §090°0 6e80°0 10€0°0 LESO0 02900 £€980°0 Ted-SIV

0S¢ 54! 0S S¢ 08¢ 54! 0S S¢ 08¢ 54! 0S S¢ N

[euLIou MoYS [eWwION 61

159) s J39[Rg pue s 1051018 ‘SLV 10§ (019 = Lt : O9) 4g orreusos ut (96 = o) sajer 1o10-[-0d4) pajenwils gz sjqe)

pringer

As



Testing hypotheses about correlation... 511

Power
o %
X * A 8;;;;;;3;;::::8::::::8
X ""83:::::8 """"
x> LR
2 X LR
X sl
X 22
Q.
< | X oA
© X gA
X o &
3 XX’ .gvA
R O ATS-Para
><X 88 A
o ><><>< R ATS-Tay
xxX ggﬂg X SteigerFz
E 00 05 10 15 20 255 30 3’5
)
Power
2 ﬁ,..-:g::H’ FREREY “pEDER - Epyy S &= =5
o R -T
O -
31 o AL-T
oA
o
oA’
=2 o.j_><_,",
s
<] o‘ix-;4 O ATS-Para
o ,'vX/A
La A\ ATS-Tay
o | ,Q;A'Q’.'A X SteigerFZ
< gt’»A‘ﬁ
QAR - - Bartlett
Q;-Q—‘%.%'A
o Fagwra aroy
° 00 01 02 03 04 05 06 07
)

Fig. 1 Simulated power curves of different tests for the hypothesis A (H(r) : Ry = R») above, and
hypothesis By (H6 :r1 = 019) below, for a five-dimensional skewed normal distribution. For hypothesis
Apr,itholdsny = 60, ny = 40 and the covariance matrix is (V2);; = 1 =i — j|/2dresp. V| = V2 +4J 5.
The covariance matrix for hypothesis By is V =I5+ §J5 and n; = 50

By, it can be seen that gars, —Tay has for smaller § similar power as @Barterr Which
was specially developed for this hypothesis, while for larger deviation, the power of
the Monte Carlo approach increases. Here, ¢seigerz has slightly less power than the
parametric bootstrap due to the slightly liberal behaviour of the bootstrap approach.

The type-I error rate and the power for both hypotheses show that our developed
tests are useful in many situations, although partially large sample sizes are necessary
for good results. This is a known fact for testing hypotheses regarding correlation
matrices, which was, for example, mentioned in Steiger (1980). Therefore, the results
of ATS-Tay investigating A, for smaller sample sizes are even more convincing.

All in all, the results of this section, together with the additional results from the
supplement, allow us to give some general recommendations. Since SteigerFz has a
type-I-error rate of more than 9% in Table 1, which also grows for increasing sample
sizes, it is not useful apart from single hypotheses like H{, : r1 = 01¢. This hypothesis
can be checked with Bartlett, which had good results but only allows this hypothesis.
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Table 3 Number of observations
for the different factor level AD Met SCC+ ScC
combinations of sex and Male 12 27 14 6
diagnosis

Female 24 30 31 16

On the contrary, for all considered hypotheses, ATS-Par-m and ATS lead to good
results for moderate to large sample sizes, while they are liberal for small sample sizes.
Such liberality was, for example, also mentioned in Perreault et al. (2022) for tests
based on Kendall’s 7. As intended, the bootstrap improves the behaviour for smaller
sample sizes, but not enough. In case of small sample sizes, the Taylor-based approach
is recommended as it exhibited good small sample performance in all settings. Only
for larger sample sizes, it is outperformed by ATS-Par-m.

8 lllustrative data analysis

To illustrate the method, we take a closer look at the EEG data set from the R-
package manova.rm by Friedrich et al. (2019). In this study from Staffen et al.
(2014), conducted at the University Clinic of Salzburg (Department of Neurology),
electroencephalography (EEG) data were measured from 160 patients with different
diagnoses of impairments. These are Alzheimer’s disease (AD), mild cognitive impair-
ment (MCI), and subjective cognitive complaints (SCC). Thereby, the last diagnosis
can be differentiated between subjective cognitive complaints with minimal cognitive
dysfunction (SCC+) and without (SCC—).

MANOVA-based comparisons were already made in Bathke et al. (2018). However,
covariance and correlation comparisons were only made in a descriptive way. We
now complement their analyses. In Table 3, the number of patients divided by sex
and diagnosis can be found. Since in Bathke et al. (2018) and Sattler et al. (2022)
no distinction between SCC+ and SCC— was made, we consider both together as
diagnosis SCC.

The observation vector’s dimension is d = 6, since there are two kinds of mea-
surements (z-score for brain rate and Hjorth complexity) and three different electrode
positions (frontal, temporal, and central), and therefore p, = 15. For the evaluation
of our results, we should keep in mind that all sample sizes are rather small in relation
to this dimension. The considered hypotheses are:

(a) Homogeneity of correlation matrices between different diagnoses,
(b) Homogeneity of correlation matrices between different sexes,

while we will denote the corresponding hypothesis regarding the covariance matrix
with Hg.

In Sattler et al. (2022), homogeneity of covariance matrices between different diag-
noses as well as different sexes were investigated. Here, we consider the more general
hypothesis of equal correlation matrices between the diagnoses and the sexes. Thereby,
it is interesting to compare the results from the homogeneity of covariance matrices
with those from testing the homogeneity of correlation matrices. We expect higher p
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Table 4 P-values of different ATS for testing equality of correlation matrices and equality of covariance
matrices

ATS-Par for Hg ATS-Par for Hj) ATS-Tay for Hj)

p value p value p value
Male AD versus MCI 0.1000 0.0389 0.0866
Male AD versus SCC 0.0452 0.0077 0.0363
Male MCI versus SCC 0.0289 0.0712 0.1279
Female AD versus MCI 0.0613 0.3626 0.3749
Female AD versus SCC 0.0128 0.4937 0.4892
Female MCI versus SCC 0.5656 0.8788 0.8693
AD male versus female 0.1008 0.0290 0.0658
MCI male versus female 0.2455 0.6702 0.6577
SCC male versus female 0.2066 0.1744 0.2238

values for equality of correlation through the larger hypothesis, but each rejection of
equal correlation matrices directly allows us to reject the corresponding equality of
covariance matrices. In Table 4 for both hypotheses, the p values for the ATS with
parametric bootstrap are displayed, while for equality of correlations, we addition-
ally use our test based on the Taylor-based Monte Carlo approach. For all considered
bootstrap tests, 10,000 bootstrap runs are done, as well as 10,000 Monte Carlo steps.

Interestingly, for two hypotheses, the p value ATS-Par for equal correlation matrices
is rejected at level 5%, while we could not reject the smaller hypothesis of equal
covariance matrices. But for both hypotheses, the sample sizes are rather small with
N < 40. Our simulation results for d = 5 showed that the ATS with parametric
bootstrap is too liberal for small sample sizes, which might be the reason why the
larger hypotheses can be rejected, and the smaller ones can not. But also ATS-Tay,
which had a better small sample performance, rejected H( one time, while Hg was
not rejected. Moreover, it can be seen that the difference between some hypotheses is
relatively small, like for the first three hypotheses, but it can also be quite large as for
the comparison of women with AD and with SCC. This shows that from a rejection
of 'H{, no conclusion on H{ can be drawn.

Due to the small sample size in relation to the dimension of the vectorized correlation
matrix p, = 15, even the results of ATS-Tay are a bit liberal. But nevertheless, the
corresponding rejections allow various ideas for further investigations.

9 Conclusion & Outlook

In the present paper, a series of new test statistics was developed to check general null
hypotheses formulated in terms of correlation matrices. The proposed method can be
used for many popular quadratic forms, and the low restrictions allow their application
for a variety of settings. In fact, existing procedures have more restrictive assumptions
or could only be used for special hypotheses or settings. The diversity of possible null
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hypotheses, these low restrictions and the easy possibility of expansion, like using a
Fisher z-transformation, make our approach attractive.

We proved the asymptotic normality of the estimation error of the vectorized empiri-
cal correlation matrix under the assumption of finite fourth moments of all components.
Based on this, test statistics from a quite general group of quadratic forms were pre-
sented, and a bootstrap technique was developed to match their asymptotic distribution.
To investigate the properties of the corresponding bootstrap test, an extensive simu-
lation study was done. This also allows checking our test statistic based on a Fisher
z-transformation. Here, hypotheses for one and two groups were considered, and the
type-I-error control and the power to detect deviations from the null hypothesis were
compared to existing test procedures. The developed tests outperform existing pro-
cedures for some hypotheses, while they offer good and interesting alternatives for
others. Also, it is a known fact that a large sample size is required for testing correla-
tions. Here, for group sample sizes larger than 50, Bradley’s liberal criterion was often
fulfilled. Especially our Taylor-based approach was convincing for small sample sizes
with multiple groups. An illustrative data analysis completed our investigations.

In future research, we will take a closer look at our newly proposed combined test
for simultaneously testing the hypotheses of equal covariance matrices and correlation
matrices. Thereto extensive simulations will be done, to, among other things, examine
the performance of the corresponding Taylor approach. This relates to studying the
large number of possible null hypotheses included in our model. For example, tests
for given covariance structures (such as compound symmetry or autoregressive) or
structures of correlation matrices with unknown parameters are of great interest. Since
there are heterogeneous versions of many popular structures, testing such structures or
other patterns can be seen as a combination of testing hypotheses regarding covariance
matrices and hypotheses regarding correlation matrices. Moreover, an investigation
of Monte Carlo approaches for a higher order of Taylor approximation for real small
sample sizes could be interesting.

Supplementary Information  The online version contains supplementary material available at https://doi.
org/10.1007/s11749-023-00906-6.
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