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We introduce a gray-box approach for modeling the molecular weight distribution in step-growth polymerization reac-

tions using the aggregation population balance equation. The approach is based on extracting a data-based kernel function

from in-process measurements of the molecular weight distribution. The method is applied to historical data from an

industrial batch polymerization reactor. The resulting model is used for decision support in production by predicting the

reaction endpoint corresponding to a target molecular weight. The accuracy of the predictions proved to be sufficient for

the deployment of the method.
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1 Introduction

Modeling the evolution of the structure, chain-length distri-
bution and composition of polymers during their synthesis
is of high interest for specialty chemical companies for opti-
mizing and monitoring the product quality. However,
white-box (first-principles) modeling of polymerization
reactions involving novel chemistries is a time-consuming
process that requires a deep understanding of the specific
polymer chemistry and leads to complex mathematical rep-
resentations and the need for sophisticated numerical meth-
ods. An alternative is the application of data-based model-
ing methods for some parts of the model – called gray-box
or hybrid modeling – that can be considered as a compro-
mise between model transparency and resource investment.

The quality of polymer products is typically characterized
by nuclear magnetic resonance (NMR) and gel permeation
chromatography (GPC) measurements, both of which are
time-consuming to perform at high fidelity. GPC is cur-
rently the only method that can determine the shape of the
molecular weight distribution (MWD) of dissolved poly-
mers, which is a highly important property with a strong in-
fluence on the performance of the material in applications.

Due to the inherent time-dependency of batch processes,
a dynamic representation is generally preferred for online
model applications. Black-box dynamic modeling methods
such as nonlinear autoregressive models or recurrent neural
networks require a high amount of training data with suffi-
cient variation to reliably predict the evolution of a dynamic
system. When the target is to predict polymer quality-
related variables such as the MWD, this requirement is
rarely fulfilled.

Gray-box modeling methods aim at decreasing the reli-
ance on data by incorporating known physical relationships
between process variables into the model. By doing so, fast-
er model development on the one hand and a higher level
of interpretability on the other hand can be achieved com-
pared to purely white-box or black-box approaches [1].
Two main configurations of combined physical and data-
based models can be identified from past work [2–4]. The
parallel gray-box configuration, also known as residual
modeling, employs a data-based model to learn and correct
the prediction errors of a physical model. This configura-
tion is particularly suitable in situations where a complete
but imperfect physical model is available, for example, from
the process design phase. In the serial gray-box configura-
tion, either the predictions of a data-based model are fed as
inputs to a physical model, or the outputs of a physical
model are used as predictor variables in a data-based model.
This strategy can be applied when a first-principles model is
not available and the physical understanding of the process
is incomplete, which is a significant advantage over the par-
allel configuration. The combination of the two methods is
also possible.

Scheffold et al. tested a gray-box approach for a bench-
mark styrene polymerization problem, using sparse regres-
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sion to identify and fit suitable regressors for various sub-
components of the model (reaction kinetics, heat transfer,
thermodynamic assumptions) [5]. The model is intended
for application in nonlinear model predictive control of the
reactor temperature; therefore, the only quality-related out-
put variable is the monomer conversion. Bouaswaig et al.
report a gray-box approach for data-driven soft sensing of
quality parameters in a radical polymerization reaction
using multiway partial least squares regression [6]. Here,
the white-box component is a fully parametrized, rigorous
process model, therefore the described approach is not
readily applicable to cases where a kinetic model is not
available. The authors of [7] use a nonlinear finite impulse
response technique for the prediction of the polymer extru-
sion viscosity, where the pool of basis functions is selected
based on physical understanding of the properties of the
polymer melt and the process. Hayian et al. combine an
orthogonal polynomial neural network and a recurrent neu-
ral network to model the MWD using data from a rigorous
model of a continuous stirred tank styrene polymerization
[8]. They derive a relationship between the weights of the
orthogonal polynomial network and the moments of the
MWD and test the application of the model for model-
based control in computer experiments.

In the present work. we apply a previously developed
serial gray-box modeling method for step-growth polymer-
ization [9] to provide decision support for the operators of
an industrial batch polymerization reactor at Merck KGaA,
Darmstadt, Germany. The serial configuration was chosen
because there was no model available for this reaction from
the engineering phase, and the complexity of branched
step-growth polymerization kinetics would
make the development of a custom physical
model very time-consuming. The method is
based on extracting a data-based kernel function
of the aggregation population balance equation
(PBE) from available GPC measurements using
nonlinear optimization. We discuss the effects of
scaling in the loss function and introduce an
estimation strategy that improves the model
accuracy at higher molecular weights and pre-
vents numerical instabilities. Finally, we apply
the modeling strategy to predict the reaction
endpoint and evaluate the prediction perfor-
mance on the historical data.

2 Methodology

2.1 Step-Growth Polymerization Kinetics

Step-growth polymerization processes are driven
by the reaction of the available functional groups
of monomers and polymers of various chain
lengths. This results in rapid monomer conver-
sion and a slow increase of the molecular weight

in the early phase of the reaction. A typical illustration of
the step-growth mechanism is shown in Fig. 1. According
to IUPAC recommendations [10], the term ‘‘polycondensa-
tion’’ should be used when each reaction between the func-
tional groups forms a low molecular weight condensation
byproduct, whereas ‘‘polyaddition’’ describes the case when
the reaction forms no byproduct. Our proposed approach
applies to both cases; therefore we use the term ‘‘step-
growth polymerization’’ in the rest of the paper for simplici-
ty. Another type of differentiation can be made between
homopolymerization processes using a single type of mono-
mer, and copolymerization, where multiple monomer types
are used as raw materials.

The chemical structure of the monomer has a significant
influence on the properties of the polymer and the control-
lability of the reaction. Step-growth polymerization of cer-
tain monomer types for long reaction times can lead to
strong cross-linking and the formation of a highly viscous
gel phase, where the molecular weight is effectively infinite.
Therefore, a practical way to categorize step-growth pro-
cesses is to look at the number and type of functional
groups that belong to the reacting monomer or monomers.
The type of functional group is denoted by capital letters,
and the number of a specific functional group per monomer
is indicated by the lower index. The application of this nota-
tion to common categories of step-growth polymerization is
summarized in Tab. 1.

Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 1. Illustration of the general step-growth mechanism with a three-func-
tional monomer. Empty circles represent monomers, filled circles represent
repeating units in a polymer chain.
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2.2 Population Balance for Step-Growth Processes

The applicability of the Smoluchowski equation (the dis-
crete form of the aggregation PBE) to step-growth polymer-
ization kinetics has been established in several articles
[14–17]. The discrete model is a system of nonlinear ordi-
nary differential equations (ODE):

dNi tð Þ
dt
¼ 1

2

Xi�1

j¼1

Kj;i�jNj tð ÞNi�j tð Þ � Ni tð Þ
X¥

j¼1

Ki;jNj tð Þ (1)

where i ∈ �, Ni(t) is the number of chains of length i in the
system at time t and Ki,j denotes the rate of aggregation
between chains of lengths i and j. In the context of polymer-
ization reactions, Ki,j is a chain length dependent reaction
rate parameter.

The continuous aggregation PBE is a partial integro-dif-
ferential equation:

¶n x; tð Þ
¶t

¼

1
2

Zx

0

k x; x � yð Þn x � y; tð Þn x; tð Þdy � n x; tð Þ
Z¥

0

k x; yð Þn y; tð Þdy

(2)

where x is the continuously distributed property, n(x,t) is
the number density function at time t and k(x,y) is the con-
tinuous kernel function. Both forms are essentially mass
balances on a semi-infinite domain, where the only process
that modifies the number of elements of a species is the
combination of two species into one, with the assumption
that their modeled property is additive in the combination.
In most numerical solution methods, the semi-infinite
domain is truncated to a maximal considered value to
obtain a tractable system. Owing to their generality, these
models have found a wide range of applications [18].

The key element of these equations is the kernel function
Ki,j or k(x,y), which can take various forms depending on
the modeled system. Ziff [14] has established three kernels
for Eq. (1) on a purely statistical basis. A step-growth poly-
merization is ideal if the reactivities of all functional groups

are equal. When this property is satisfied, the reactivity of a
chain is solely defined by how many functional groups are
available for the reaction. For ideal homopolymerization
processes, the polymerization of bifunctional monomers
(AB or A2) leads to a constant kernel function (Ki,j = C), the
polymerization of monomers of type ABn to a sum kernel
function (Ki;j / iþ j) and monomers of type An to a prod-
uct kernel function (Ki;j / ij).

However, real polymerizations deviate from the ideal
theory due to several factors. The reactivity of a function-
al group may change after a neighboring group has re-
acted, known as the substitution effect. The reactivity may
also change with the chain length or time due to mobility
constraints and the potential presence of intramolecular
reactions (cyclization) can further complicate the situa-
tion. In order to use the population balance model for
arbitrary nonideal step-growth polymerization reaction,
more complicated kernels are needed. These are however
very difficult to derive from physico-chemical considera-
tions. A practical option for the case where sufficient data
is available is to estimate the kernel from measurement
data.

2.3 Gray-Box Model Training

The embedding of the kernel function into the mass balance
in (1) or (2) leads to a serial or embedded gray-box
approach, where the output of a data-based model that rep-
resents the kernel function is used as an input of the physi-
cal mass balance. Winz et al. [1] describe a modeling meth-
odology for embedded gray-box systems, which consists of
first estimating the outputs of the embedded models from
the available data, followed by a decoupled training of the
data-based models and finally an integrated parameter esti-
mation step. This decoupling allows for a more informed
selection of the embedded model structure since the com-
putational cost of the decoupled estimation and training
steps are often lower than repeatedly solving an integrated
parameter estimation step with different model candidates.
Furthermore, the stability of the training process is signifi-
cantly improved, as the integrated parameter estimation of
the embedded model with randomly initialized parameters
can lead to numerical issues. The benefits of the methodolo-
gy have been recently demonstrated on the nonlinear
dynamic modeling of a fermentation process with pilot-
scale experimental data [19].

We adopt a similar approach in which the estimation of
the values of the kernel function is performed first to obtain
a training dataset, followed by fitting a data-based model to
this data to obtain the kernel function. The final integrated
parameter estimation step is not implemented in this work.
To facilitate the training data estimation step, we apply an
efficient discretization and a kernel estimation method
described in [20] and [21]. This method is based on the idea
of using separable kernel functions:

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113

Table 1. Categorization of common step-growth polymeriza-
tion systems using the number and type of functional groups of
the monomers, based on [11–13].

Monomer
type

Type of
polymerization

Polymer
structure

Gelation

AB or A2 Homopolymerization Linear No gel formation

ABn Homopolymerization Branched No gel formation

An Homopolymerization Branched Gel formation

A2 + B2 Copolymerization Linear No gel formation

An + Bm Copolymerization Branched Gel formation
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k x; yð Þ »
Xk

n¼1

an xð Þbn yð Þ (3)

where am and bm are suitable functions, and k is called the
separation rank. Substituting this expression and discretiz-
ing on a uniform grid, the computationally expensive
source term in Eq. (2) can be evaluated using fast Fourier
transform, reducing the time complexity of evaluation from
quadratic to quasi-linear. In the discrete domain, they use
piecewise constant approximations N ˛ Rn to n(x,t) and
K ˛ Rn*n to k(x,y), where n is the number of size classes. K
is then decomposed in the following way:

K ¼ USUT (4)

where U ∈ �n*k and S = ST ∈ �k*k. Throughout our work, a
separation rank k = 1 and S = 1 was used since no improve-
ments were observed at different values.

The kernel estimation problem using MWD data can be
formulated in the following general way:

min
U

J Nmeas; N̂
� �

s:t:
dN
dt
¼ f N; Uð Þ

N t0ð Þ ¼ Nmeas t0ð Þ
N̂ ¼ N

(5)

where N is the discretized number density, f is given by the
discretization method and J denotes the cost function. The
choice of the cost function will be discussed in Sect. 4.1. To
solve (5), one needs an ODE solver and a nonlinear optimi-
zation routine since N̂ is a nonlinear function of U.

Once estimates of U, denoted by Uest, are available, a suit-
able data-based model g can be trained to map the discre-
tized molecular weight grid and other potentially relevant
process parameters to Uest:

min
p

J Uest; Û
� �

s:t: Û ¼ g Mw; xprocess; p
� � (6)

where xprocess denotes the process parameters and p is the
parameter vector of the data-based model. The require-
ments to solve (6) depend on the nature of g. In terms of its
output, g can be a scalar- or vector valued function. The
final gray-box model takes the following form:

dN
dt
¼ f N; g Mw; xprocess

� �� �
(7)

3 Description of the Application

3.1 Process Description

The process under consideration is an industrial-scale,
batch step-growth polymerization process that is operated

at Merck KGaA, Darmstadt, Germany. The reactor volume
is filled with a prepolymer in a solvent, which is mixed,
heated, and kept at a constant temperature over several
hours in the vessel. The condensation byproduct is continu-
ously removed from the reactor to promote the forward
condensation reactions. The resulting polymer structure
exhibits a high degree of branching and cyclization due to
the presence of multifunctional monomers. We investigate
two product grades which differ in the setpoint of the reac-
tion temperature.

3.2 Data Preparation

The available dataset consists of recorded data from 42
batches for product grade A and 62 batches for product
grade B. Four in-process GPC chromatograms were avail-
able for each batch, taken towards the end of the reaction
with a sampling interval of 1 h. The last available sample is
taken 1–2 h before the expected endpoint of the reaction,
since the GPC measurement has a time delay of approxi-
mately 1 h. Polystyrene analytical standards are measured
as a reference before each batch to obtain the calibration
curve needed to convert the retention time into the molecu-
lar weight, and a refractive index detector (RID) is applied
to measure the concentration at the outlet of the column.

Although the MWD of a specific polymer is a discrete
distribution, the GPC measurement returns a continuous
signal which is composed of the residence time distribution
of the polymer chains in the sample. If the calibration of the
GPC device were perfect, one could potentially deconvolute
the underlying discrete distribution, in which case the dis-
crete Eq. (1) could be directly applied. However, the GPC
retention time is based on hydrodynamic volume, which
not only depends on the molecular weight but also on the
chemical composition of the polymer. As a result, GPC
measurements with RID can only provide the exact molecu-
lar weight distribution if the used calibration standard has
the same chemical composition as the measured compound.
Since the measured polymer and polystyrene are chemically
different, we treat the MWD from GPC as a continuous dis-
tribution and apply Eq. (2) using the previously described
piecewise constant discretization for the modeling.

The maximum molecular weight was determined based
on visually checking the point where the chromatogram sig-
nal enters the noise floor, then this value was used to scale
the molecular weights to (0,1). Assuming negligible mass
loss due to condensation, the mass of each sample was
scaled to 1000, as a large value was found to be beneficial in
the subsequent estimations. The mass distributions were
converted to number distributions using the scaled molecu-
lar weight grid. The distributions were resampled to a high-
fidelity grid with 216 grid points, n = 2048 size classes were
defined, and the mean values of each class were assigned to
their center points. The high number of size classes is neces-
sary to accurately represent the dynamically changing low

Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Research Article 1107
Chemie
Ingenieur
Technik

 15222640, 2023, 7, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cite.202200234 by T

echnische U
niversitaet D

ortm
und, W

iley O
nline L

ibrary on [10/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



molecular weight range while including the high molecular
weight chains as well.

3.3 Model Application

The specific use case considered in the project is to provide
decision support for plant personnel by predicting when the
reaction should be quenched such that the deviation of the
final weight average molecular weight from the specification
is minimized. Currently, a heuristic method is used for this
purpose in which chromatograms from the running batch
are compared to recent chromatograms of finished batches
with known final molecular weights, and the endpoint is
determined based on deviations between the chromato-
grams. Although the heuristic method mostly performs
well, it reportedly becomes difficult to use in case of varying
target molecular weights within product grades, and impos-
sible when the raw chromatograms are shifted due to
exchange of the GPC column packing. Furthermore, it is
resource-intensive to perform the heuristic calculation, and
a fully automated, reliable prediction would free up valuable
working time of the plant personnel.

The main source of difficulty in this use case is that the
final molecular weight measurements cannot be used for
fitting the model. Therefore, the model must be able to
extrapolate in time from the four available in-process mea-
surements, which are corrupted by a significant amount of
measurement noise. The final molecular weight is measured
after two downstream separation steps, which can introduce
deviations in the molecular weight that cannot be accounted
for at the time of reaction.

4 Model Training and Results

4.1 Estimation of the Training Set

Following the approach discussed in Sect. 2.2., the first step
was to estimate the kernel function values to obtain an out-
put dataset for training the data-based model that repre-
sents the kernel function. The discretization and kernel esti-
mation method of [21] were implemented using the
PyTorch automatic differentiation library [22] and the sys-
tem of nonlinear ODEs was solved with a Dormand-Prince
integrator, using the implementation described in [23]. To
solve the nonlinear optimization problems, the L-BFGS
optimizer with line search was applied.

The estimation strategy follows the principles described
in [9] with some modifications. It was previously observed
that the kernel estimates resulting from the measurements
of this process are not time-independent, therefore a sepa-
rate estimation for each interval in the dataset is necessary.
An important property of the number density function in
aggregation problems is that the function values are distrib-
uted across multiple orders of magnitude, decaying expo-

nentially as the distributed property tends to infinity. To
accurately estimate the kernel function values correspond-
ing to higher molecular weights, scaling of the loss function
across the different size classes is necessary:

J ¼
Xn

j¼1

Nmeas
j � N̂j

Nmeas
j þ e

 !2

(9)

where j = 1,Kn is the size class index and e is a small posi-
tive number to prevent division by 0. However, we encoun-
tered cost function values of > 107 in the first iteration of
the optimizer when this scaled loss function was applied in
the interval-wise estimation. This presumably happens
when Nmeas

i is several orders of magnitude smaller than the
model prediction N̂i. Therefore, we split the estimation into
two phases. First, a time-independent kernel over all inter-
vals is fitted with the following scaled loss:

J ¼
Xm

i¼1

Xn

j¼1

Nmeas
i;j � N̂i;j

1

m

Pm
i¼1 Nmeas

i;j þ e

0
@

1
A2

(10)

where i = 1,Km is the observation index. In this loss func-
tion, the scaling factor is the average value in a size class
taken across the available measurements of the batch. This
approach keeps the scaling factor in the denominator in a
less sensitive range. In the second phase, the previously
obtained kernel estimate is fine-tuned to each interval sepa-
rately with the unscaled squared error to avoid numerical
instabilities and overfitting to measurement noise.

In the present use case, the number of size classes n was
chosen to be 2048, and the number of available observations
per batch m was 4. The estimation in the first phase was
run for five iterations, where convergence could be observer
after the first iteration in all cases. The second estimation
phase was run for 10 iterations. Different models were fitted
to the two product grades. The evolution of the values of
the loss function for product grade A can be seen in Fig. 2,
and a typical estimated kernel matrix is shown in Fig. 3.

4.2 Data-Based Kernel Model Training

In our preliminary report [9] on the same system, we
observed a linear increase of U with respect to time. One
possible explanation for this is that the mobility of the poly-
mer chains in the solution changes with increasing viscosity.
The viscosity of polymer solutions and melts is often corre-
lated to the average molecular weight. Therefore, the data-
based kernel (7) was parametrized with a linear model, with
xprocess chosen to be the number average molecular weight
Mn tð Þ. The resulting model structure is shown in Fig. 4.

U ¼ wMn tð Þ þ b (11)

Mn tð Þ ¼
Pn

i¼1 Mw;iNi tð ÞPn
i¼1 Ni tð Þ (12)

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113
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where w, b ∈ �n*1 and i = 1,Kn is the
size class index. Note that based on (5)
this yields a quadratic dependence of the
kernel function values Ki,j on Mn:

Kij ¼ UiUj

¼ wiMn þ bi
� �

wjMn þ bj
� �

(13)

For the training dataset of this model,
the true number average molecular
weights were calculated for each sample
and linearly interpolated to the midpoint
of each time interval. The linear least
squares problems were solved with the
gelsd solver from LAPACK.

4.3 Model Evaluation

Before applying the model to the end-
point prediction, the prediction accuracy
was evaluated on the in-process datasets
using leave-one-out cross-validation.
This can be performed very fast since
only the linear least squares problem
described in Sect. 4.2 needs to be solved
for the different folds, and the parame-
trized model can be evaluated on the
left-out batch in less than a second. Fig. 5
illustrates the prediction accuracy of the
molecular weight distribution for two
validation batches from the two different
product grades. For better visibility, the
predictions were resampled on a geo-
metrically spaced grid. A qualitatively
very good match can be observed
between the predicted and measured dis-
tributions.

Fig. 6 and 7 show the relative errors of
the prediction for the full molecular
weight distribution and for the weight
average molecular weight. Fig. 4 reveals a

higher prediction inaccuracy at higher molecular weights. In
the interval of (0.1, 1) of scaled molecular weight, the number
distribution decays exponentially over 3–4 orders of magni-
tude, as discussed in Sect. 4.1. The main source of error in the
distribution measurements is the uncertainty of the baseline
determination of the chromatogram, which has a pro-
nounced effect on the relative errors at low values of the
number density. Since neither of the figures suggest an accu-
mulation of the prediction error with time, it is assumed that
the errors caused by the plant-model mismatch are small
compared to those caused by the measurement inaccuracy.

Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 2. Evolution of the values of the loss function during the two estimation phases
of product grade A. Similar trajectories were observed in the estimation of product
grade B.

Figure 3. Visualization of a typical estimated kernel matrix.

Figure 4. Schematic representation of the gray-box model
structure.
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4.4 Prediction of the Endpoint of the Reaction

The objective in this application of the gray-box model is to
estimate the time at which the reaction mixture is expected
to reach the target weight average molecular weight. It is
not possible to directly evaluate this point in time on the
historical dataset since we do not have access to the reaction
time that would have yielded the target molecular weight.
Therefore, we evaluate the prediction performance of the
final measured weight average molecular weight by inte-
grating the model until the final reaction time. As discussed
in Sect. 3.2, the final measurements are taken after two
downstream separation steps, which is one of the sources of
prediction error in this case.

The endpoint prediction is performed based on four mea-
surements which provide inaccurate predictions when used

individually, as suggested by Fig. 5. Although the
assimilation of noisy measurements into a dy-
namic model could be approached using state
estimation techniques, we here face a low num-
ber of available timesteps, complex noise charac-
teristics and a high-dimensional, nonlinear
model. Instead, a naive but robust approach was
applied: each of the four measurements are used
as initial conditions and the resulting predictions
are averaged. This approach was also evaluated
in a leave-one-out cross-validation loop.

The resulting cross-validation errors are
shown in Fig. 8 for the batches of product grade
A and B. The average absolute errors are 1.61 %
and 1.27 %, respectively. We can also observe a
higher prediction offset for product grade A.
Since the weight average molecular weight is
known to be more sensitive to the higher molec-
ular weight species than the number average, we
can attribute some of the random prediction
error to the previously highlighted measurement

inaccuracy at the higher molecular weights in Fig. 5. How-
ever, this form of the model only accounts for batch-to-
batch variation in the molecular weight distribution of the
initial polymer, and it was suspected that there are other
raw material related factors influencing the rate of molecu-
lar weight increase.

4.5 Residual Modeling

Similar to the combined gray-box approach of [3], the pre-
diction errors of the serial gray-box model were used to
train a statistical model for error correction. In cooperation
with the plant engineering team, four quality parameters of
the raw polymer (excluding molecular weight related

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113

Figure 5. Predicted and measured distributions in two validation batches from the two product grades. The samples were
taken with one hour time difference. The relative errors of prediction are quantified in Fig. 6.

Figure 6. Mean relative errors of prediction of the molecular weight distribu-
tion, evaluated using leave-one-out cross-validation. The model was initialized
with the first available sample for each batch, as illustrated in Fig. 5.
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parameters) were selected based on their potential influence
on the rate of molecular weight increase. These properties
were used as predictor variables in the regression of a linear
model without interactions on the prediction error of the
serial gray-box model. The selection of a linear model was
to mitigate the high risk of overfitting due to a potentially
low signal to noise ratio. The residual model regression was
incorporated into the previously described leave-one-out
cross-validation procedure. Knowing that some of the im-
provement will simply be the result of learning the predic-
tion offset, the prediction error after offset removal was also
quantified.

The results can be observed in Tab. 2 and Fig. 9. In both
cases, the residual model results in a significant improve-

ment of the mean relative prediction
error, but it is also clear from Tab. 2 that
product grade A mostly benefits from
the offset removal. This is also indicated
by the fact that the product grade A error
chart in Fig. 9 is largely a shifted version
of that of Fig. 8. On the other hand, pre-
dictions for product grade B are clearly
improved by the error correction model.

4.6 Comparison with Previous
Work

Most model-based methods in the litera-
ture that have been proposed for the
monitoring and control of batch poly-
merization reactions fall into two main
groups. In the absence of a rigorous
dynamic process model, the first group
of methods leverage online process mea-
surements using principal component
analysis, partial least squares or other
types of statistical models [24]. These
methods compress information con-
tained in the measurement trajectories
and facilitate the comparison of the cur-
rently running batch with past batches,
or directly predict a final property of the
running batch. A recent example for
batch endpoint prediction can be found
in [25]. If a dynamic process model is
available, the second group of methods
apply state estimation techniques to infer
polymer quality properties and mono-
mer conversion from the available online
measurements. Due to the nonlinear
dynamics of polymerization reactions,
extended Kalman filtering [26, 27] or
moving horizon estimation [28] may be
applied.

The endpoint prediction method de-
veloped here uses a dynamic gray-box model to extrapolate
from the few available offline measurements of the MWD
and a statistical model to improve the endpoint prediction

Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113 ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com

Figure 7. Relative errors of prediction of the weight average molecular weight for 99
historical batches at each sampling point (transparent lines) and their averages within
the two product grades (solid lines), evaluated using leave-one-out cross-validation. The
model was initialized with the first available sample for each batch.

Figure 8. Relative cross-validation errors of predicting the final weight average molecu-
lar weight in the historical dataset.

Table 2. Mean relative cross-validation error of the weight
average molecular weight with the baseline model, with offset
removal and with the error correction model applied.

Model type Mean relative error,
product grade A [%]

Mean relative error,
product grade B [%]

Base model 1.61 1.27

With offset removal 1.16 1.09

With residual model 0.96 0.72
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accuracy by considering the batch-to-batch variations in
raw polymer quality. As pointed out in Sect. 4.2, the dynam-
ic gray-box model could also be used in a state estimator,
but this was not attempted because the frequency of the
available molecular weight distribution measurements is
quite low. The application of statistical batch process moni-
toring methods was also hindered by the lack of online
measurements that relate to the reaction progress. There-
fore, the described endpoint prediction approach is mainly
useful in polymerization reactions where the reaction time
is sufficiently long to evaluate the MWD of at least 2–3
in-process samples, and disturbances are primarily present
in the raw material quality.

5 Conclusion

We have described a combined gray-box approach to model
the temporal evolution of the molecular weight distribution
in step-growth polymerization reactions. The approach uses
the aggregation population balance and nonlinear optimiza-
tion to extract the values of the discretized kernel function
driving the binary reactions between the polymer chains.
The obtained dataset is used to fit a simple data-based mod-
el that predicts the kernel function values from relevant
process parameters. This decoupled training process does
not require a priori knowledge about the kernel function.
To improve the numerical stability of the training set esti-
mation, it was split into two parts: a time-independent ker-
nel estimation on the entire batch data using a scaled cost
function, followed by the refinement of the initial estimate
to each time interval without error scaling to avoid numeri-
cal instability and overfitting.

The described approach was
applied to model a batch poly-
merization reaction at Merck
KGaA using in-process gel per-
meation chromatography mea-
surements of the molecular
weight distribution. The target
application of the model is to
provide decision support for
plant personnel by predicting the
reaction endpoint corresponding
to a target molecular weight from
four in-process measurements.
Two separate models were
trained and evaluated using
leave-one-out cross-validation on
the datasets of two different
product grades with 40 and 59
batches. The average cross-vali-
dation errors of predicting the fi-
nal the weight average molecular
weight in the historical dataset of

the two products were 1.61 % and 1.27 %. To improve the
predictions, a linear model was trained on the residuals to
correct the predictions of the serial gray-box model. This
combined gray-box model approach improved the cross-
validation errors to 0.96 and 0.72 %. The model perfor-
mance was found to be acceptable by the engineering team
and it will be deployed on premise to replace the currently
used time-consuming heuristic endpoint prediction meth-
od.

As the described approach relies completely on measure-
ments of the molecular weight distribution to estimate the
kinetics, this method certainly has its disadvantages in
broader applications. Gel permeation chromatography is an
imprecise and time-consuming measurement technique,
and in-process sampling of a reaction is not always feasible
for practical or safety-related reasons. To efficiently apply
the aggregation population balance equation for designing
and optimizing step-growth polymerization reactions, the
dependency on such measurement data should be de-
creased. The next steps of this research will therefore
involve a deeper look into the kinetics of ideal polymeriza-
tions for which physically founded kernel functions can be
derived. The kernel estimation techniques described in this
paper can then be applied to quantify the deviation from
such ideal kinetics, typically caused by different reactivities
of functional groups or cyclization reactions. This approach
is expected to extend the validity domain of the resulting
models and make the method more suitable for applications
in process development.

www.cit-journal.com ª 2023 The Authors. Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. 2023, 95, No. 7, 1104–1113

Figure 9. Relative cross-validation errors of predicting the final weight average molecular
weight in the historical dataset using the error correction model.
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Symbols used

b [–] Linear model bias vector
K [s–1] Kernel matrix
Mn [g mol–1] Number average molecular weight
Mw [g mol–1] Weight average molecular weight
N [m–3] Discrete number density
n [m–3] Continuous number density
S [–] Kernel coefficient matrix
U [s–0.5] Kernel basis matrix
w [–] Linear model weight vector

Greek letters

a, b [s–0.5] Kernel decomposition vectors
k [s–1] Number average molecular weight

Sub- and Superscripts

est Estimated
meas Measured

Abbreviations

GPC Gel permeation chromatography
IUPAC International Union of Pure and Applied Chemistry
MWD Molecular weight distribution
NMR Nuclear magnetic resonance
ODE Ordinary differential equation
PBE Population balance equation
RID Refractive index detector
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