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Modern thermodynamic models, such as the PC-SAFT equation of state, are very accurate but also computationally 
intensive, which limits their applicability to process design optimization, for example. Surrogate models, which 
can be evaluated quickly, can be used to approximate the thermodynamic equilibria. However, this requires 
many data points from the flash calculation routine. In this paper, we investigate three approaches to reduce 
the number of samples and thus the effort needed to train the surrogate models. First, Sobolev training is used, 
where the surrogate model is trained not only on the output values, but also on derivative information. Second, 
data augmentation along the tie lines in LLE systems is proposed to generate samples without additional flash 
calculations. Third, adaptive sampling is revisited with a novel quality criterion. It is shown that the combination 
of these techniques can be used to significantly reduce the number of samples required.
1. Introduction

Accurate phase equilibrium predictions are crucial for the design, 
analysis, and optimization of many processes in the chemical industry. 
For instance, the assessment of liquid-liquid equilibria (LLE) is fun-
damental for operations involving separation, mixing, and reaction in 
multiphase systems. Flash calculations have been employed extensively 
to determine the stability of a given composition or the phase distribu-
tion at equilibrium. When using sophisticated thermodynamic models as 
e.g. the PC-SAFT (Perturbed-Chain Statistical Associating Fluid Theory) 
equation of state (Gross and Sadowski, 2001), these compositions can 
be predicted accurately but to evaluate the model is computationally 
intensive, posing challenges for real-time applications or optimization 
tasks that require numerous evaluations. In fact, researchers report that 
70 to 75% of computation cost in modeling separation units is spent on
the evaluation of phase equilibria (Leesley and Heyen, 1977; Wang and 
Stenby, 1994).

The recent surge in the development and application of machine 
learning techniques offers a promising approach to overcome this com-
putational bottleneck. Specifically, surrogate models have been iden-
tified as powerful tools in approximating computationally expensive 
models, providing quick and accurate predictions. Reviews of the ap-
plications of surrogate modeling to chemical engineering problems can 
be found in McBride and Sundmacher (2019); Bhosekar and Ierapetritou 
(2018).

* Corresponding author.

Surrogate models have also been used to approximate phase equilib-
rium calculations. Early work in this area used local models to fit sim-
plified thermodynamic models around a point of interest. These can be 
evaluated much faster than their rigorous counterpart, but can only be 
used in a limited region of validity. Leesley and Heyen (1977) proposed 
such an approach using an approximation based only on temperature 
and pressure, but independent of composition. Chimowitz et al. (1983)
extended this approach to a library of local model formulations based 
on either relative volatilities or equilibrium ratios. An application of this 
approach to process design can be found in Chimowitz et al. (1984).

Such surrogate models can also be fitted to have a larger range of va-
lidity. Over the years much work has considered approximating pT-flash 
and bubble point calculations of binary vapor-liquid equilibria (VLE) 
systems over larger input domains (Guimarãaes and McGreavy, 1995; 
Mohanty, 2005; Vaferi et al., 2013; Farzi and Tarjomannejad, 2015). 
More recently, the approximation of many different flash routines for 
such systems has been discussed (Poort et al., 2019).

For ternary systems, Schmitz et al. (2006) used an artificial neural 
network (ANN) and a type of radial basis function (RBF) networks for 
classifying between five different possible types of phase states for the 
multi-component system ethanol, ethyl acetate and water. They found 
that feed forward neural networks are more accurate than the tested 
RBF-networks and that networks with more layers, i.e. deeper networks, 
show a better performance.
Available online 8 July 2024
0009-2509/© 2024 The Authors. Published by Elsevier Ltd. This is an open access a

E-mail address: joschka.winz@tu-dortmund.de (J. Winz).

https://doi.org/10.1016/j.ces.2024.120461
Received 17 March 2024; Received in revised form 30 June 2024; Accepted 2 July 2
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ces
mailto:joschka.winz@tu-dortmund.de
https://doi.org/10.1016/j.ces.2024.120461
https://doi.org/10.1016/j.ces.2024.120461
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ces.2024.120461&domain=pdf
http://creativecommons.org/licenses/by/4.0/


J. Winz and S. Engell

In a similar way Gaganis and Varotsis (2012) used support vector 
machines to predict phase stability of different mixtures. Kashinath et 
al. (2018) extended this work by using relevance vector machines, a 
kind of support vector machine architecture, to not only predict the 
number of coexisting phases but also the uncertainty in the prediction. 
This was implemented in an algorithm that uses the predicted phase 
state only if it is expected to be reliable. They also used an artificial 
neural network as a phase split surrogate model to predict K-values and 
correct the prediction if the isofugacity criterion is not fulfilled to the 
desired accuracy.

For phase split calculations Ihunde and Olorode (2022) investigated 
surrogate modeling of a pT-flash routine with physics-informed neural 
networks that penalize violations of the mass balance.

Lopez-Zamora et al. (2021) studied vapor-liquid and vapor-liquid-
liquid equilibria. In their work they find that conventional process sim-
ulation software is not always reliable in predicting the correct number 
of phases. Thus, they use a machine learning approach for classifica-
tion based on real world experimental data. By testing a broad range of 
ML-model types they found a k-nearest neighbor approach to work the 
best to model the phase regions.

Nentwich and Engell (2019) approximated the pT-flash calculations 
using the PC-SAFT equation of state (Gross and Sadowski, 2001), to 
model a simplified ternary LLE in a hydroformylation process. For the 
prediction of the phase stability support vector machines are used, while 
the phase split calculations are approximated by Kriging models. The 
focus in this work was on presenting a novel adaptive sequential sam-
pling method that is used to determine samples that are most promising 
for improving global surrogate model accuracy. The full solvent sys-
tem of the hydroformylation process was approximated using adaptive 
sampling in our previous work (Winz et al., 2021), where also the opti-
mization of the process based on this model is discussed.

This multi-component system was investigated by McBride et al. 
(2017) as well for an integrated reaction-extraction process also using 
Kriging surrogate models for approximating the phase split calculations. 
A similar process but with a more complex reaction system was studied 
by Kaiser and Engell (2023). They used surrogate models for many dif-
ferent thermodynamic quantities: syn-gas solubilities in a reactor, LLE 
behavior in a decanter and the fugacity in a membrane unit. All surro-
gate models are realized by artificial neural networks.

In other work by Nentwich et al. (2019) a different approach was 
developed to approximate fugacity coefficients using surrogate models 
for phase split calculations. This approach leads to surrogate models that 
still require pT-flash calculations to be performed, but this can be done 
much more efficiently. Thus, these surrogate models implicitly describe 
the equilibrium.

This is also the case for the models developed in Kunde et al. (2019). 
They use a reformulation of the input space. Instead of modeling equi-
librium conditions based on the molar fractions of the feed and on 
temperature, they use the position on the binodal line (or binodal sur-
face in higher dimensions). Given a specific input and temperature this 
position is not known a priori and has to be solved iteratively, making 
this method implicit. For data generation a continuation method is used 
that generates good initial values for the flash calculations.

Another interesting approach to approximate phase equilibria was 
presented by Iftakher et al. (2022). They construct both an under- and an 
overestimator of the function that describes the system of equations that 
has to be solved, for example phase equilibrium conditions. Equilibrium 
points are then found solving a mixed integer linear program (MILP) to 
identify points with close upper and lower bounds. This method pro-
vides accurate predictions even with few samples but the model again 
is implicit and the computation time scales exponentially with the num-
ber of data points used.

Ma et al. (2022) used surrogate models to model not just the phase 
equilibrium but the input output behavior of a complete extractive dis-
2

tillation unit. They used ALAMO and ANN surrogate models.
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The literature discussed above does not provide a unified and effi-
cient method for generating explicit surrogate models that accurately 
approximate pT-flash calculations without requiring a large number of 
samples, i.e. calls of the full thermodynamic model. The objective of 
this work is to reduce the number of samples that are required to con-
struct accurate and explicit surrogate models for phase stability and 
phase split calculations. Three approaches are presented to achieve this 
goal. Firstly, Sobolev training is introduced as a new methodology for 
pT-flash surrogate models. Sobolev training uses both input-output data 
and input-output sensitivities to train the surrogate models more effi-
ciently. Secondly, a new methodology for data augmentation along tie 
lines is described which generates additional samples without evaluat-
ing the thermodynamic model. Finally, we improve adaptive sampling 
and propose a new criterion for sample quality, resulting in an increased 
number of samples within the miscibility gap.

In this paper, phase stability and phase split surrogate models are 
exemplary developed for two multi-component systems of different size 
that exhibit a miscibility gap. The LLEs can be accurately described using 
PC-SAFT, but this is computationally expensive, hence the need for data-
efficient surrogate modeling.

The case studies with these component systems are presented in 
section 2. The input-output structure of the surrogate models and an 
extensive hyperparameter study are shown in section 3.

Sections 4, 5 and 6 present the details of our approach and the re-
sults of applying Sobolev training, data augmentation, and adaptive 
sampling. We demonstrate that the phase split surrogate models that 
were trained using the three approaches are more accurate than models 
that were trained using a standard approach, even when the latter were 
trained using 20-30 times more pT-flash computations.

Finally a summary of the findings and further research directions are 
given in section 7.

2. Case studies

This work considers two case studies: the mixtures that are present 
in the hydroformylation of 1-dodecene and in the hydroaminomethyla-
tion of 1-decene in thermomorphic solvent systems (TMS). TMS enable 
an innovative way of catalyst recycling for homogeneously catalyzed 
reactions. These homogeneously catalyzed production processes were 
discussed in detail in Brunsch and Behr (2013); Hentschel et al. (2015); 
Hernandez et al. (2018); Kraume et al. (2022). Precise descriptions of 
the LLE are necessary for the optimization of the design and operat-
ing parameters of the two processes, where the LLE models have to be 
called numerous times, hence the interest in fast and accurate surro-
gate models. The resulting LLEs differ in the number of components 
and in the species that are present in the mixture. The number of com-
ponents significantly affects the difficulty of surrogate modeling. The 
phase split of the liquid phase has a significant impact on the process de-
sign because after the reaction stage catalyst recycling is realized using a 
decanter and recycle of the catalyst-rich phase to the reactor. Surrogate 
modeling approaches are several orders of magnitude more efficient nu-
merically than evaluating the phase stability and phase split by pT-flash 
calculations using precise but computationally expensive models as e.g. 
PC-SAFT.

These two examples are representatives of the broader class of pro-
duction processes that include a unit the output of which is strongly 
dependent on a liquid-liquid equilibrium, such as a decanter. The use 
of accurate pT-flash surrogate models, which faithfully approximate a 
computationally expensive predictive thermodynamic model can enable 
applications such as advanced process control and optimization.

The hydroformylation case study that involves a smaller number of 
components than the HAM case is used for detailed investigations and 
hyperparameter screenings. The second, more complex case study is 
used thereafter to validate the approach which we propose to determine 

classification and regression surrogate models of pT-flash calculations.
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Fig. 1. Flowsheet of the process for the hydroformylation of 1-dodecene in a 
TMS system.

2.1. Hydroformylation of 1-dodecene

The first case study is the hydroformylation (HyFo) of 1-dodecene 
to the desired product 1-tridecanal, which is used e.g. as an interme-
diate for fragrances (Schäfer et al., 2012). Due to the presence of side 
reactions, a catalyst with a high selectivity is needed. A homogeneous 
catalyst based on rhodium leads to a favorable product distribution, but 
due to the high price of rhodium, special care has to be taken about 
the recovery of the catalyst. A thermomorphic solvent system can be 
used to minimize the loss of catalyst, because the catalyst system is po-
lar while the product is organic (Kiedorf et al., 2014). The TMS system 
consists of an organic and a polar solvent, here decane and dimethyl-
formamid (DMF), and is designed to achieve a temperature dependent 
liquid-liquid miscibility gap. The reaction step is performed at an ele-
vated temperature in a single-phase regime. The basic flowsheet of this 
process is shown in Fig. 1.

Subsequently the reaction mixture is cooled down leading to a phase 
separation in a decanter. The resulting organic stream contains the 
product 1-tridecanal, the organic solvent decane, and the reactant 1-
dodecene. The polar stream containing the polar solvent DMF and the 
catalyst is recycled back to the reactor leading to a drastically reduced 
loss of the catalyst.

To accurately simulate and to optimize this process, an accurate 
model of the liquid-liquid equilibrium that is realized in the decanter 
is necessary. Prior studies have shown that the equation of state PC-
SAFT can be used to this end (Schäfer et al., 2012; Merchan and Wozny, 
2016). The mixture in the decanter contains the components decane, 
1-dodecene, 1-tridecanal and DMF in significant quantities.

2.2. Hydroaminomethylation of 1-decene

The second case study considered in this work is the hydroamino-
methylation (HAM) of 1-decene. This reaction is a combination of a 
hydroformylation step where 1-decene is converted to 1-undecanal with 
synthesis gas, and a reductive amination step in which 1-undecanal re-
acts with diethylamine (DEA) and hydrogen to diethylundecylamine 
(DEUA). Similar to the first case, a polar rhodium based catalyst system 
provides the desired selectivity and speed of reaction for this reaction 
system, and a TMS system was designed to recycle the catalyst effi-
ciently. In this case dodecane and methanol were chosen as the organic 
and polar solvents (Bianga et al., 2020).

In the reductive amination step, water is formed which has to be 
separated from the polar recycle stream using a membrane to ensure that 
the liquid reactor phase is stable (Schlüter et al., 2021). The flowsheet 
of the hydroaminomethylation (HAM) process is shown in Fig. 2.

Except for the membrane, the process flowsheet of the HAM is similar 
to the flowsheet for the hydroformylation shown Fig. 1 as the catalyst re-
cycling strategy is identical. An accurate description of the liquid-liquid 
equilibrium in the decanter also in this case study is crucial for pro-
3

cess design and optimization, and is provided by PC-SAFT (Huxoll et 
Chemical Engineering Science 299 (2024) 120461

Fig. 2. Flowsheet of the process for the hydroaminomethylation of 1-decene in 
a TMS system.

al., 2021). The iterative computations by PC-SAFT however make the 
direct use of this model for process optimization unattractive. The sys-
tem in the decanter contains the seven components, dodecane, 1-decene, 
DEA, 1-undecanal, DEUA, water, and methanol.

2.3. Description of liquid-liquid equilibria using PC-SAFT

Two phases 𝐼 and 𝐼𝐼 are in thermodynamic equilibrium when they 
have the same temperature 𝑇 , pressure 𝑝 and chemical potential 𝜇𝑗 of 
each of the 𝑛𝑐 components:

𝑇 𝐼 = 𝑇 𝐼𝐼 (1)

𝑝𝐼 = 𝑝𝐼𝐼 (2)

𝜇𝐼
𝑗
= 𝜇𝐼𝐼

𝑗
∀𝑗 = 1…𝑛𝑐. (3)

The condition of equal chemical potential can be reformulated in terms 
of the fugacity coefficients 𝜑, leading to the isofugacity condition:

𝑥𝐼
𝑗
𝜑𝐼

𝑗
= 𝑥𝐼𝐼

𝑗
𝜑𝐼𝐼

𝑗
∀𝑗 = 1…𝑛𝑐. (4)

The PC-SAFT equation of state can be used to model the fugacity co-
efficient as a function of the molar composition, the temperature and 
the pressure (Gross and Sadowski, 2001). The equation of state is for-
mulated in terms of the residual Helmholtz energy 𝑎𝑟𝑒𝑠. This quantity 
consists of the summation of contributions of different interactive effects 
as shown in equation (5). 𝑎𝑟𝑒𝑠 is a nonlinear function of the composition 
𝒙, the temperature 𝑇 and the pressure 𝑝.

𝑎𝑟𝑒𝑠 = 𝑎ℎ𝑐 + 𝑎𝑑𝑖𝑠𝑝 + 𝑎𝑑𝑖𝑝𝑜𝑙𝑒 + 𝑎𝑎𝑠𝑠𝑜𝑐 = 𝑓 (𝒙, 𝑇 , 𝑝) (5)

Here, 𝑎ℎ𝑐 describes the repulsive hard chain contribution, 𝑎𝑑𝑖𝑠𝑝 repre-
sents dispersive, 𝑎𝑑𝑖𝑝𝑜𝑙𝑒 polar and 𝑎𝑎𝑠𝑠𝑜𝑐 associative interactions. From 
𝑎𝑟𝑒𝑠 every thermodynamic property can be obtained. For instance the 
fugacity coefficients result from

ln(𝜑𝑗 ) = 𝑎𝑟𝑒𝑠 +
(

𝜕𝑎𝑟𝑒𝑠

𝜕𝑥𝑗

)
−

𝑛𝑐∑
𝑘=1

𝑥𝑘

(
𝜕𝑎𝑟𝑒𝑠

𝜕𝑥𝑘

)
+𝑍 − 1 − ln(𝑍). (6)

𝑍 denotes the compressibility factor which is implicitly defined as 
shown in equation (7):

𝑍 = 1 + 𝜌

(
𝜕𝑎𝑟𝑒𝑠

𝜕𝜌

)
𝑝 = 𝜌𝑍𝑘𝑇 ,

(7)

where 𝜌 denotes the number density and 𝑘 denotes the Boltzmann con-
stant. For each evaluation of the fugacity coefficient 𝜑𝑖 the system of 

equations (7) has to be solved.
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For computing the phase split in the decanter in the two case stud-
ies, the composition of the organic and polar stream 𝒙𝐼 and 𝒙𝐼𝐼 are 
calculated for a given composition 𝒙𝐹 of the feed to the decanter and 
decanter pressure 𝑝 and temperature 𝑇 . Thus, a pT-flash calculation has 
to be performed to find solutions of the equations (4). Additionally the 
molar balance around the phase separation has to be fulfilled, i.e.

𝑥𝐹
𝑗
− 𝑥𝐼

𝑗
= 𝛽(𝑥𝐼𝐼

𝑗
− 𝑥𝐼

𝑗
) ∀𝑗 = 1…𝑛𝑐 (8)

has to hold for a single value of 𝛽 ∈ (0, 1).
A pT-flash algorithm starts with an estimate of the phase composi-

tions of both phases and iteratively improves these estimates until the 
equilibrium conditions are approximately fulfilled. It should be noted 
that the conditions stated above are only necessary, not sufficient, con-
ditions for a phase equilibrium. For more details on the conditions of 
equilibrium and pT-flash algorithms the reader is referred to Michelsen 
and Mollerup (2007).

In process simulation and optimization, the system of equations (7)
has to be solved many times which makes simulation and optimization 
using PC-SAFT calls computationally expensive. This motivates to apply 
surrogate models to accelerate the phase equilibrium calculations.

3. Surrogate modeling of thermodynamic equilibria

3.1. Input-output structure of surrogate models for pT-flash approximations

The solutions of the pT-flash calculations are approximated using 
surrogate models. The system temperature 𝑇 and the composition of 
the feed 𝒙𝐹 are considered as the set of input variables 𝑥. Due to the 
fact that all molar fractions add to one, the last component is not ex-
plicitly considered in this work. The pressure 𝑝 is technically also an 
input variable but due to its small influence on the LLE-behavior it is 
disregarded here, so

𝑥 =
[
𝑇 ,𝑥𝐹

1 ,…𝑥𝐹
𝑛𝑐−1

]
. (9)

If the mixture at the feed composition is unstable at the given tempera-
ture and pressure, the outputs of the pT-flash are the two compositions 
𝒙

𝐼 and 𝒙𝐼𝐼 of the two phases. Much of the work on surrogate modeling 
has reformulated the set of output variables to the phase distribution co-
efficients 𝜅𝑗 (Nentwich and Engell, 2019; Winz et al., 2021; Kaiser and 
Engell, 2023)

𝜅𝑗 =
𝑛̇𝐼

𝑗

𝑛̇𝐹
𝑗

=
𝑥𝐼

𝑗

𝑥𝐹
𝑗

𝑥𝐹
𝑗
− 𝑥𝐼𝐼

𝑗

𝑥𝐼
𝑗
− 𝑥𝐼𝐼

𝑗

. (10)

𝑛̇𝑖
𝑗

denotes the molar flow rate of component 𝑗 in phase 𝑖. The phase 
distribution coefficients quantify how much of a component ends up in 
phase 𝐼 and in phase 𝐼𝐼 after the phase split. If the feed composition 
is equal to one of the two phase compositions, the phase distribution 
coefficient tends to 0 or 1:

lim
𝒙

𝐹 →𝒙
𝐼
𝜅𝑗 = 1

lim
𝒙

𝐹 →𝒙
𝐼𝐼

𝜅𝑗 = 0.
(11)

From these limit values one can derive that in the vicinity of the critical 
point of the miscibility gap, in which 𝒙𝐼 tends to 𝒙𝐼𝐼 , the phase distri-
bution coefficients 𝜿 rapidly change from 1 to 0 along the tie line. This 
leads to gradients that tend to infinity at the critical point.

Such a response surface is difficult to approximate using a surrogate 
model, especially with Sobolev training, in which the deviation of the 
slope of the surrogate model from the slope of the original function 
is also included in the cost function. For this reason in this work we 
consider the molar fractions in the two phases for all but one component 
as the outputs:[ ]
4

𝑦 = 𝑥𝐼
1 ,… , 𝑥𝐼

𝑛𝑐−1
, 𝑥𝐼𝐼

1 ,… , 𝑥𝐼𝐼
𝑛𝑐−1

. (12)
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Table 1

Input space for the hydroformylation case 
study.

Lower bound Upper bound

𝑇 [K] 278.15 303.15
𝑥𝑑𝑒𝑐𝑎𝑛𝑒 [-] 0 1
𝑥𝐷𝑀𝐹 [-] 0 1
𝑥1−𝑑𝑜𝑑𝑒𝑐𝑒𝑛𝑒 [-] 0 1
𝑥1−𝑡𝑟𝑖𝑑𝑒𝑐𝑎𝑛𝑎𝑙 [-] 0 1

Table 2

Input space for the hydroaminomethylation 
case study.

Lower bound Upper bound

𝑇 [K] 263.15 398.15
𝑥𝑑𝑜𝑑𝑒𝑐𝑎𝑛𝑒 [-] 0 1
𝑥𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 [-] 0 1
𝑥1−𝑑𝑒𝑐𝑒𝑛𝑒 [-] 0 1
𝑥𝐷𝐸𝐴 [-] 0 1
𝑥1−𝑢𝑛𝑑𝑒𝑐𝑎𝑛𝑎𝑙 [-] 0 1
𝑥𝐷𝐸𝑈𝐴 [-] 0 1
𝑥𝑤𝑎𝑡𝑒𝑟 [-] 0 1

Therefore, a regression surrogate model of the phase split, 𝑓𝑠𝑝𝑙𝑖𝑡 , rep-

resents a mapping 𝑓𝑠𝑝𝑙𝑖𝑡 ∶ ℝ𝑛𝑐 → ℝ2(𝑛𝑐−1). As discussed, this surrogate 
must only be used for inputs that correspond to conditions for which 
the feed is unstable. Thus the distribution model is combined with a 
surrogate model for classification that predicts the stability of the mix-
ture at the feed composition: 𝑓𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 ∶ℝ𝑛𝑐 → [0, 1].

It should be emphasized that the surrogate model that predicts the 
phase stability 𝑓𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 not only is fast to evaluate but also differentiable. 
This can be used in process optimization to determine how to change 
the process conditions to achieve a stable composition in the reactor or 
an unstable composition in the decanter.

Both surrogate models are machine learning models and therefore 
have many hyperparameters. The next section describes how these hy-
perparameters are chosen in this work.

3.2. Hyperparameter study

In this work ANNs are used as surrogate models due to the fact that 
they can be applied to large data sets and give accurate predictions both 
for regression and for classification problems. Optimal hyperparameters 
should be used for each network to make a fair comparison between the 
different approaches. To this end, first a hyperparameter screening was 
performed in which a large number of different ANN structures was 
tested for training sets of different sizes. The training sets were created 
by randomly distributing points in the input space. The input spaces 
for the two case studies are shown in Table 1 and 2. For the HAM case 
study not only is the input space of higher dimension due to the larger 
number of components, but also the considered temperature range is 
much larger with 135 K compared to the range in the HyFo case study 
of 25 K.

Two different variants of the Levenberg-Marquardt (LM) training 
algorithm were investigated. In the first variant, the LM algorithm is 
used without regularization and in the second using an adaptive regu-
larization technique that does not require an additional hyperparameter, 
referred to as Bayesian regularization (Dan Foresee and Hagan, 1997; 
MacKay, 1992). The LM algorithm is a quasi-second order method that 
leads to fast convergence, especially in noiseless settings. Also, since 
the learning rate is adjusted automatically, there are no hyperparame-
ters for the training algorithm except for the termination criterion. In 
this work the LM algorithms were run for a maximum of 500 epochs 
and the training was stopped when the error on a validation set, taken 
as 10% of the total training set, was not decreasing over 6 epochs. The 

algorithm is taken from MATLABs Deep Learning Toolbox (Beale et al., 
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Fig. 3. Hyperparameter screening for the multi-component system from the hydroformylation process using a set of 500 randomly sampled points for the phase split 
surrogate model.
2018) and was reimplemented to allow for GPU-support and Sobolev 
training using pytorch (Paszke et al., 2019).

Besides the training algorithm there are further degrees of freedom 
that define the structure of the network. Here we consider only networks 
with fully connected layers having the same number of nodes in each 
hidden layer. The results of the screening of both the number of hidden 
layers and the number of nodes in each of these are shown in Fig. 3 for 
a data set of 500 samples of phase split data from the hydroformylation 
case study (see section 2.1). In this work we refer to a sample or sample 
point as the set of all output values for one set of input values, while a 
data point refers to one single output value. The error values are quan-
tified as the root mean squared error (RMSE) for the phase split and the 
fraction of misclassified points (MisC) for phase stability models. The 
error metrics are defined in (13) and are always computed for large test 
sets that were not used in training or validation, consisting of 55000 
samples for the HyFo system and 30000 samples for the HAM system.

RMSE =

√√√√√ 1
𝑁𝑛𝑦

𝑁∑
𝑖=1

𝑛𝑦∑
𝑗=1

(
(𝑦split

𝑗
)𝑖 − (𝑦̂split

𝑗
)𝑖
)2

MisC = 1
𝑁

𝑁∑
𝑖=1

|||(𝑦stability)𝑖 − (𝑦̂stability)𝑖
|||

(13)

Here, (⋅)𝑖 denotes the evaluation at the 𝑖𝑡ℎ data point, 𝑦split
𝑗

is the 𝑗𝑡ℎ

of 𝑛𝑦 phase split outputs and 𝑦stability is the phase stability output. 𝑦
and 𝑦̂ refer to the test set values and the model predictions. 𝑁 denotes 
the number of samples in the test set. In this formulation the model 
predictions of the phase stability 𝑦̂stability are rounded to either 0 or 1.

In Fig. 3 the results of the hyperparameter screening are shown. The 
color bar displays the markers from the diagrams, providing a quantifi-
cation of errors and insights into their distribution.

The vertical axis in these diagrams is chosen as the number of pa-
rameters per data point, such that going horizontally from left to right 
relates to comparing network structures with the same number of pa-
rameters that are distributed in progressively deeper structures.

The maximum number of parameters per data point was set to three 
and the maximum number of nodes in each layer to 100.

From these results overfitting can be observed without regulariza-
tion because the error increases for networks with two layers with a 
high number of parameters. The applied regularization here suppresses 
overfitting because the error does not increase with regularization.

Overregularization can also be observed, which occurs for a high or 
a very low number of parameters especially for deeper networks. This 
5

leads to networks that show approximately constant predictions for the 
Fig. 4. Test set errors for the phase split and stability surrogate models for 
the system from hydroaminomethylation. Purple lines: Interpolated error val-
ues with the hyperparameters from the hydroformylation case.

inputs in the relevant range. The corresponding error values are slightly 
higher than 10−1.

The combinations of hyperparameters that yield low errors are dif-
ferent between the two methods, but the resulting error is similar. To 
investigate how sensitive the results are to the number of data points in 
the data set, the same screening was performed for data sets of 100, 300, 
700 and 900 samples. The best parameter settings are found by mini-
mizing the mean of the log10(RMSE) over the five different data sets 
for both methods of regularization. The same procedure was conducted 
for the phase stability surrogate model with data sets of 100, 500, 1000 
and 2000 samples. The final results are shown in Table 3. All additional 
results from the screening are shown in the supplementary material.

It can be seen that the best error values do not change significantly 
when using regularization. For the phase split surrogate model, the un-
regularized training gives slightly better results.

To investigate whether the chosen hyperparameters can generally 
be used in the approximation of pT-flash calculations of systems that 
contain polar and nonpolar solvents and long-chain organic molecules, 
a hyperparameter screening was conducted for the larger system from 
the HAM case study. In Fig. 4, the results are shown and are compared 
with the results when using the hyperparameters that were found to be 
optimal for the hydroformylation case.

It can be seen that the hyperparameters that were determined for the 
mixture from the hydroformylation process also lead to good results for 
the mixture of the HAM process. Therefore it is reasonable to use the 
same hyperparameters for both case studies.

4. Sobolev training

Sobolev training denotes the approach to train a neural network not 

only using the input (𝑥) and output (𝑦) data, but also using data of 
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Table 3

Optimal values for the number of layers and parameters per data point for nom-
inal neural network training, best parameter settings in bold print.

Number of 
layers

Number of parameters 
per data point

mean log10(RMSE)

𝑓𝑠𝑝𝑙𝑖𝑡 without reg. 5 0.422 -2.704

𝑓𝑠𝑝𝑙𝑖𝑡 with reg. 4 0.292 -2.686

𝑓𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 without reg. 2 0.192 -1.605
𝑓𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 with reg. 2 0.269 -1.691

Fig. 5. Hyperparameter screening for the multi-component system from the hydroformylation process using a set of 300 randomly sampled points using Sobolev 
training with 𝛼 = 0.01.
the derivative of the output with respect to the input (Czarnecki et al., 
2017), i.e. the Jacobian, in our case
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The values of the Jacobian matrix were derived analytically. This is done 
by considering the set of nonlinear equations that constitute the neces-
sary conditions for an equilibrium and applying the implicit function 
theorem. Details on this can be found in the supplementary material.

The resulting cost function for the training of the neural network is

𝐿 = 1
𝑁𝑛𝑦(𝑛𝑥 + 1)

(
𝑁∑
𝑖=1

𝑛𝑦∑
𝑗=1

(
(𝑦split

𝑗
)𝑖 − (𝑦̂split

𝑗
)𝑖
)2

+ 𝛼2
𝑁∑
𝑖=1

𝑛𝑦∑
𝑗=1

𝑛𝑥∑
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⎛⎜⎜⎝
⎛⎜⎜⎝
𝑑𝑦split

𝑗

𝑑𝑥
𝑘
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−
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𝑑𝑦̂split
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𝑘

⎞⎟⎟⎠𝑖
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2⎞⎟⎟⎟⎠ .

(15)

Here, 𝑥
𝑘

is the 𝑘𝑡ℎ element of the input 𝑥. 𝛼 is the scaling factor of 
the residuals of the Sobolev loss term. Note, that Sobolev training can 
only be applied to regression problems, in this case to the phase split 
approximation problem.

The hyperparameters that were obtained by the procedure discussed 
in section 3.2 are not necessarily optimal for this different neural net-
work training problem. Therefore another hyperparameter screening 
was conducted with 𝛼 = 0.01 for 300 random samples from the hydro-
6

formylation multi-component system. The results are shown in Fig. 5.
Table 4

Optimal hyperparameters for Sobolev neural network training.

Number of 
layers

Number of parameters 
per data point

mean log10(RMSE)

𝑓𝑠𝑝𝑙𝑖𝑡 without reg. 9 0.393 -3.174

𝑓𝑠𝑝𝑙𝑖𝑡 with reg. 2 0.082 -1.914

From these results it is apparent that the Bayesian regularization 
significantly increases the error. This can be explained by the deriva-
tive data itself having a regularizing effect. Therefore if weight decay 
is applied the result can be a too strong regularization leading to a low 
accuracy. The same effect was observed in work on approximating the 
solution of an optimization based controller (Lüken et al., 2023). With-
out regularization, deep networks perform significantly better with the 
same number of parameters compared to shallow networks.

In a similar fashion as before, screening runs were conducted for data 
sets of 100 and 500 samples. The optimal hyperparameters are shown 
in Table 4.

This data underlines the observations discussed before. The best 
found network structure for Sobolev training has a large number of 
layers with a similar number of parameters as the nominal networks. 
Networks trained with regularization lead to poor results in this case.

The effect of the Sobolev weighting parameter 𝛼 was then investi-
gated for the determined best network structure. To this end, a range 
of values of 𝛼 was applied to data sets of different sizes. In Fig. 6 re-
sults are shown for 100, 300, 500 and 1000 sample points, with five 
repetitions each. On the same data sets, neural networks were trained 
in the nominal way for comparison. For nominal networks no deriva-
tive information is used and the network structure is determined from 
the hyperparameter screening in section 3.2.

In this figure it can be seen that for all tested data sets Sobolev train-
ing yields more accurate surrogate models than networks trained only 
with input-output data for a certain range of values of 𝛼. Also it be-

comes visible that with an increasing number of samples, the errors of 
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Fig. 6. Results of Sobolev training for data sets of different sizes for the two multi-component systems and for a range of values of the Sobolev scaling factor 𝛼.
the networks with Sobolev training decrease faster than the errors in 
the nominal case. For the data set of 1000 samples, all tested values of 
𝛼 yield more accurate surrogate models compared to training on input-
output data only. The optimal value of 𝛼 is 3 ⋅ 10−2 for 100 samples, 
approximately 10−1 for 300 and 500 samples and 3 ⋅10−1 for 1000 sam-
ples. From this one can conclude that if the number of samples is low, 
using the derivative data does not provide significant improvements, be-
cause the optimal weight 𝛼 is low. This might be due to the fact that if 
at a point there is a large slope and there are no data points close to it, 
this can lead to larger extrapolation errors if the network is aggressively 
fitted to this data.

Comparing the results of the two systems, the same range of values 
of 𝛼 was observed to be efficient but the advantage of using Sobolev 
training is smaller for the HAM system. This coincides with the observa-
tion that Sobolev training shows a bigger advantage on larger data sets 
with denser samples. In the system from the HAM process, the density 
of samples is lower compared to the system from the HyFo, as the input 
space is much larger.

All in all, Sobolev training is a promising approach for increasing 
the accuracy of pT-flash surrogate models. A value of 𝛼 = 3 ⋅ 10−2 yields 
improvements in all tested cases and is further used throughout this 
work.

5. Data augmentation

If for a given temperature 𝑇 and pressure 𝑝 a mixture of the compo-
sition 𝒙𝐹

0 is unstable it will split into two or possibly more stable phases 
𝒙

𝐼 , 𝒙𝐼𝐼 . From thermodynamics it is known that each mixture of com-
position 𝒙𝐹

𝑖
splits into the same two phases 𝒙𝐼 , 𝒙𝐼𝐼 if it lies on the tie 

line that is connecting both phases, or formally if( )

7

𝒙
𝐹
𝑖
= 𝒙

𝐼𝐼 − 𝒙
𝐼 𝛽𝑖 + 𝒙

𝐼 (16)
with 𝛽𝑖 ∈ (0, 1) holds. This fact can be used to generate 𝑛aug,TP samples in 
the two-phase region for each computed equilibrium point by creating 
𝑛aug,TP values for 𝛽𝑖 ∈ (0, 1) and evaluating equation (16).

For many systems it is known that a liquid-liquid equilibrium ex-
ists only for a certain range of temperatures and pressures. In this case, 
more samples can be created outside of the miscibility gap by using 
equation (16) with 𝛽𝑖 ∈ [𝛽min, 0) ∪ (1, 𝛽max]. Here 𝛽min and 𝛽max denote 
the minimum and maximum physically relevant values where all molar 
fractions are non-negative and below unity. These can be computed as

𝛽max = argmin
𝑗

(
𝛽edge,𝑗 ∣ 𝛽edge,𝑗 ≥ 0

)
𝛽min = argmax

𝑗

(
𝛽edge,𝑗 ∣ 𝛽edge,𝑗 ≤ 0

) (17)

with

𝑥𝐹
𝑖,𝑗
(𝛽edge,𝑗 ) = 0⇒ 𝛽edge,𝑗 =

𝑥𝐼
𝑗

𝑥𝐼
𝑗
− 𝑥𝐼𝐼

𝑗

. (18)

Note, that the cutoff at 0 in equation (17) is arbitrary. Any value in 
[0, 1] can be used as 𝛽edge,𝑗 cannot attain values in (0, 1). Similar to the 
approach in the two-phase region, an additional data set in the one-
phase region can be generated by sampling 𝛽𝑖 ∈ [𝛽min, 0) ∪ (1, 𝛽max] and 
applying equation (16).

The sampling of 𝛽𝑖 for data augmentation can be done in differ-
ent ways. Here, we investigate two approaches, random and uniform 
data augmentation. In random data augmentation, 𝛽𝑖 is drawn from a 
uniform distribution over the corresponding interval. For uniform data 
augmentation the values of 𝛽𝑖 depend on the number of additional sam-
ples that are generated, 𝑛aug,TP and 𝑛aug,OP. The way the samples are 
distributed follows the heuristic that samples near the edge of the two-
phase region are particularly valuable for the classification surrogate 
model because they improve the precision of the location of the deci-

sion boundary.
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Fig. 7. Uniform and random data augmentation for pT-flash data.

Inside of the miscibility gap new samples are uniformly distributed 
with 𝛽𝑖 between 𝜖 and 1 − 𝜖. 𝜖 is used as a threshold to not have samples 
collapse at the phase boundary. If there is only one sample (𝑛aug,TP =
1) it is set to either 𝜖 or 1 − 𝜖 with equal probability to remove any 
bias of creating more samples on one side of the miscibility gap. This is 
formalized in equation (19).

𝛽𝑖 =

{
𝑖−1

𝑛aug,TP
(1 − 2𝜖) + 𝜖 if 𝑛aug,TP > 1

𝑋(1 − 2𝜖) + 𝜖, if 𝑛aug,TP = 1

}
, 𝑖 = 1…𝑛aug,TP (19)

with 𝑋 being drawn from a Bernoulli distribution: 𝑋 ∼(0.5).
Outside of the miscibility gap, a new sample can lie either in the 

interval [𝛽min, 0) or in (1, 𝛽max]. As discussed, these intervals are ap-
proximated as [𝛽min, −𝜖] and [1 + 𝜖, 𝛽max]. The number of samples 
in each interval will be denoted as 𝑛aug,OP,neg and 𝑛aug,OP,pos, with 
𝑛aug,OP,neg + 𝑛aug,OP,pos = 𝑛aug,OP. Ideally the number of samples in each 
interval is the same, if 𝑛aug,OP is odd the interval that contains one more 
sample is chosen randomly.

Inside of these intervals the samples are again distributed uniformly 
though the sample at the outside edge is disregarded because it is not 
expected to generate much information. The equations to compute 𝛽𝑖

outside of the miscibility gap in the one-phase region are shown below.

𝛽𝑖 = 1 + 𝜖 + 𝑖− 1
𝑛aug,OP,pos

(𝛽max − (1 + 𝜖)) 𝑖 = 1…𝑛aug,OP,pos (20)

𝛽𝑖 = −𝜖 + 𝑖− 1
𝑛aug,OP,neg

(𝛽min + 𝜖) 𝑖 = 1…𝑛aug,OP,neg (21)

These data augmentation strategies are visualized in Fig. 7.
The two described methodologies for data augmentation were ap-

plied to the multi-component system from the HyFo process. To this 
end, data sets of 100, 200, 400 and 800 samples were created. Each 
of these data sets was augmented by adding 1, 3, 7 or 15 samples per 
tie line. Including the case without augmentation, 20 different data sets 
were considered. 80% of the points were augmented inside and 20% 
were augmented outside of the miscibility gap. ANN models with the 
hyperparameters from section 3.2 were trained five times on these data 
sets, the results are shown in Fig. 8.

In Fig. 8 the test set errors are shown for all combinations of the 
data augmentation factor and the number of samples in the base set. It 
can be seen that the error decreases in both dimensions for both uni-
form and random data augmentation. I.e., increasing the size of the 
data set through sampling or through data augmentation increases the 
accuracy of the surrogate model. This trend is almost monotonic, the 
only exception are data sets with a data augmentation factor of 15. This 
augmentation factor slightly increases the errors compared to a data 
augmentation factor of 7. The fact that the RMSE increases with very 
8

high data augmentation is not surprising because highly augmented data 
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sets show a poor distribution of the samples in the input space and can 
lead to overfitting the regions around the tie lines that were considered. 
From this one can infer that data augmentation is useful for phase split 
surrogate models with an augmentation factor of up to at least 7. Com-
paring the results using uniform and random data augmentation, little 
difference can be observed. The augmented data sets are not only used 
for the phase split surrogate model but also for the phase stability sur-
rogate. The results for the latter are shown in Fig. 9.

It can be seen that data augmentation also leads to better phase sta-
bility surrogate models as the error is reduced with an increasing data 
augmentation factor. When comparing the two kinds of data augmen-
tation it becomes clear that for the phase stability surrogate model the 
uniform data augmentation methodology leads to significantly better 
results if the data augmentation factor exceeds 1, i.e. points inside and 
outside the miscibility gap are added. This can be explained by the fact 
that with uniform data augmentation samples are created where they 
are the most useful for the phase stability surrogate model: on both sides 
close to the miscibility gap.

Uniform data augmentation was also applied for the multi-component 
system of the hydroaminomethylation process. The improvement com-
ing from the data augmentation with a factor of 7 is shown in Table 5
for all tested combinations. The complete results can be found in the 
supplementary material.

It can be seen that data augmentation reduces the error in all cases. 
The error reduction is larger for the HyFo system compared to the sys-
tem from the HAM process. This is not surprising because the base set 
is much smaller for the HAM system compared to the input space. Thus, 
the test set error for the HAM system is dominated by points in regions 
where no tie lines have been evaluated. Based on the results, uniform 
data augmentation is chosen as the preferred methodology due to the 
improvement for the phase stability surrogate models and an augmen-
tation factor of 7 is used further in this work.

6. Adaptive sampling

Another technique for making the training of surrogate models more 
efficient is adaptive sequential sampling. It was originally proposed by 
Kleijnen and Van Beers (2004), and further developed by Eason and 
Cremaschi (2014) under the name mixed adaptive sampling (MAS). Nen-
twich and Engell (2019) extended the methodology for the application 
of pT-flash surrogate models. In adaptive sequential sampling, a qual-
ity criterion 𝜂(𝑥) is defined that describes how promising it is to add a 
sample to the data set at some input location. Nentwich and Engell de-
fined a quality criterion for phase split surrogate models that is shown 
in the set of equations (22).
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) =
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(22)

Three indicators are considered in the quality criterion. The nearest 
neighbor distance of the 𝑗𝑡ℎ candidate input 𝑥

𝑗
with respect to the sam-

ple set and the prediction variances of the phase stability 𝜎2
stability

and 
phase split 𝜎2

split,𝑖
surrogate models. One issue of this approach is the 

scaling with respect to the number of components. With an increasing 
number of components the expected maximum value of 𝜎̄2

split
decreases 

as an average over more quantities in the interval [0, 1] is taken. 𝜂(𝑥)
then becomes dominated by the nearest neighbor term and samples are 
also proposed far from the miscibility gap. Therefore, in this work the 

following modified criterion is applied:
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Fig. 8. Results of applying data augmentation to the multi-component system of the hydroformylation process.

Fig. 9. Errors of the phase stability surrogate model for different augmented data sets as dots, the labels indicate the total number of samples in the data set after 
augmentation.

Table 5

Relative test set RMSE of surrogate models with 7 fold data augmentation for different 
numbers of samples in the base set. All RMSE values are averaged for five neural net-
work trainings. The numbers are the ratio of the error with augmentation divided by 
the error without augmentations.

System HyFo HyFo HyFo HyFo HAM HAM
Data augmentation uniform uniform random random uniform uniform
Surrogate model split stability split stability split stability

100 samples 0.0673 0.7553 0.0736 0.4136 0.3192 0.5753
200 samples 0.0607 0.2187 0.0559 0.4198 0.5581 0.2726
400 samples 0.0411 0.1455 0.0652 0.3579 0.5470 0.4025
800 samples 0.4413 0.1584 0.2371 0.2989 0.4373 0.3755
𝜂(𝑥) =
√

𝜎2
stability

(𝑥) + (1 − 𝑓stability)(𝑥)
𝑛𝑐∑
𝑖=1

√
𝜎2

split,𝑖
(𝑥). (23)

𝜎2
𝑘

denotes the estimated prediction error of the surrogate model 𝑘. This 
criterion is continuous even when crossing the border of the miscibil-
ity gap. This criterion eliminates the influence of the variance of the 
phase split surrogate model outside the region where the composition 
is unstable. The nearest neighbor distance is not considered in order to 
not favor points in the single phase region far from the miscibility gap, 
where 𝜎2

stability
is small and 𝑓stability ≈ 1. This is because a sample in the 

biphasic region is significantly more valuable than one outside of this 
9

region as it can be used in both surrogate models.
With this criterion, the adaptive sampling loop starts with an ini-
tial set of e.g. 100 samples. Surrogate models are trained on the full 
set and on subsets of the samples for computing the jackknife variance. 
Then candidate points are randomly distributed in the input space. The 
number of candidate points is chosen equal to number of samples in the 
previous iteration. The quality criterion in equation (23) is evaluated 
for the candidate points and a fraction of these points (e.g. 20%) with 
the highest values of the quality criterion are evaluated by the original 
function, here PC-SAFT. With the extended sample set, the next itera-
tion is started. This sampling loop is the same as the one applied by 
Nentwich and Engell (2019), the only difference is the quality crite-

rion.
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Fig. 10. Results for the multi-component system from the hydroformylation process for Latin hypercube sampling (LHS), mixed adaptive sampling (MAS) and for 
adaptive sampling (AS) with and without data augmentation (DA) and Sobolev training (ST) with the full and with a reduced number of parameters.

Fig. 11. Results for the multi-component system from the hydroaminomethylation process for Latin hypercube sampling (LHS) and adaptive sampling (AS) with data 
augmentation (DA) and Sobolev training (ST) with a reduced number of parameters.
In the adaptive sampling loop, after each iteration the sampled data 
points can also be augmented and the sensitivities can be computed to 
apply Sobolev training. For the number of parameters per data point 
that was determined in section 4, 0.393, the combination of Sobolev 
training, data augmentations and adaptive sampling was tested for the 
HyFo case.

Due to data augmentation, the number of training samples increases 
quickly. In addition, with Sobolev training the amount of data is in-
creased by including the values of the derivatives. If the number of 
parameters is a fixed multiple of the number of data points, this can 
lead to large parameter spaces and cumbersome training. To remedy 
this issue, we explored the effect of reducing the number of parameters 
per data point to 0.1. This value seems promising considering the results 
in Fig. 5. The adaptive sampling results are shown in Fig. 10.

In this figure the prediction accuracy of the phase stability and phase 
split surrogate model are shown together with the fraction of samples 
that are in the stable region outside of the miscibility gap. Without 
data augmentation, the number of samples equals the number of origi-
nal function calls. Comparing the prediction accuracy, little differences 
can be observed between the mixed adaptive sampling approach, the 
presented adaptive sampling approach using equation (23) as a qual-
ity criterion and Latin hypercube sampling. This is probably due to the 
relatively small number of original function calls that are considered.

Regarding the fraction of samples in the stable region, clear dispar-
ities can be observed. The MAS approach using equation (22) leads to 
roughly the same number of samples in both regions. The quality crite-
rion from this work leads to only 35 to 42% samples in the stable region, 
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which causes that data augmentation in combination with the Sobolev 
training approach works more efficiently because only unstable samples 
can be augmented.

The adaptive sampling methodology with Sobolev training and data 
augmentation was applied twice, using the full number of parameters 
and using a reduced number of parameters. It can be seen that combin-
ing the three approaches from this work, the errors of the phase stability 
and phase split surrogate model can be reduced by more than one or-
der of magnitude. The training is more stable with a reduced number of 
parameters which gives consistently very good results. The RMSE using 
all three techniques in an integrated fashion is on average 1.45 × 10−4
with 500 function evaluations without reducing the number of parame-
ters. For the pure Sobolev sampling the RMSE is on average 2.92 ×10−4
when using 300 unstable samples, which is comparable to 500 overall 
samples, for 𝛼 = 3 ×10−2, see Fig. 6. As shown in Fig. 8 the mean RMSE 
is 3.39 ×10−4 using only data augmentation on a set of 400 samples with 
an augmentation factor of 7. It can be seen that neither approach alone 
is responsible for the low error values, it is in fact the synergy between 
the three approaches that leads to the high accuracy of the resulting 
surrogate models.

As mentioned already, the reduction of the number of parameters 
(i.e. the reduction of the complexity of the ANN) did not lead to worse 
results but in some cases to a more reliable training. Therefore the full 
approach consisting of Sobolev training, data augmentation, adaptive 
sampling with a reduced number of parameters per data point was ap-
plied on the hydroaminomethylation case study. The results are shown 
in Fig. 11.

It can be seen that also for the larger system the prediction errors 

are significantly reduced using the presented approach. This validates 
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Fig. 12. Results for the multi-component system from the hydroformylation process, a) and c), and from the hydroaminomethylation process, b) and d), for Latin 
hypercube sampling (LHS), adaptive sampling (AS) with data augmentation (DA) and Sobolev training (ST) with the full and a reduced number of parameters and 
adaptive sampling with data augmentation. Errors are shown for phase split surrogate models, a) and b), and phase stability surrogate models, c) and d). Sobolev 
training is not applied for the phase stability surrogate in c) and d).
the assumption that the proposed hyperparameters can be generalized 
to different multi-component systems.

Up to this point, the aspect of computation time was not taken into 
account. The computational effort needed for ANN training is shown 
for the ANN models from the Figs. 10 and 11 in Fig. 12. Additionally, 
larger data sets that resulted from LHS were evaluated and the results 
of the training of ANN models are shown. For the system from the hy-
droaminomethylation process, sets of 1000, 2000, 5000 and 10000 sam-
ples were generated, for the hydroformylation system the data sets have 
the same size with an additional LHS set of 15000 samples. The training 
time is considered for training both the phase split and phase stabil-
ity ANN models. The training times are averaged over 3 runs to reduce 
the variance from ANN trainings that stopped early because the valida-
tion error was not decreasing. The computation times do not include the 
time needed for the evaluation of the thermodynamic model because it 
depends strongly on the implementation of the PC-SAFT and pT-flash 
algorithm but it includes the iterative nature of the adaptive sampling, 
i.e. the time corresponding to the error values of the adaptive sampling 
in the last iteration contains the cumulative time of the ANN training of 
all previous iterations. The training times shown in the graphs are for 
the training of the full model that consists of the phase split model and 
the classification model. The training of the classification model alone 
is considerably faster than that of the phase distribution model.

The computations were done using an Intel® Core™i9-13900K pro-
cessor with 24 cores and a NVIDIA GeForce RTX 4090 GPU.

For the hydroformylation case, the training of the phase split models 
with the extensions presented in this work is significantly more efficient 
than using LHS sampling, even when the number of PC-SAFT calls is not 
taken into account. Additionally, only 518 calls to the pT-flash routine 
are needed, compared to 15000 for the most accurate models obtained 
from LHS sampling.

The accuracy of the classification models for the HyFo case is slightly 
better than using LHS sampling, when excluding the number of PC-SAFT 
calls for the same computation time (which is indicated for the training 
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of both models together).
For the HAM case, the proposed approach leads to the most accurate 
phase split models with 19 times less calls of the pT-flash routine but 
relatively high computation times for the training of the models. LHS 
sampling with large data sets produces better classification models than 
our approach for large data sets. This is due to the fact that our proce-
dure only uses 518 samples in a 7-dimensional space, resulting in large 
regions with no available samples. In contrast, LHS sampling of 5000 or 
10000 data sets avoids this issue but also comes with increased effort 
of data generation. Comparing the results of adaptive sampling with 
Sobolev training and data augmentation and adaptive sampling with 
data augmentation only, it can be seen that Sobolev training leads to 
about one order of magnitude higher computation times but also signif-
icantly lower errors which are not obtained when using even the largest 
LHS data sets.

7. Conclusion and outlook

In this work, different approaches are presented to improve the effi-
ciency of approximating pT-flash computations using surrogate models. 
Artificial neural network (ANN) models were chosen due to their ca-
pability to deal with large numbers of data points. These models are 
used to predict the phase stability by a classifier and the composition 
of both phases for a phase split by a regression model on two complex 
multi-component systems with 4 and 7 species. The tuning of the train-
ing algorithms and the efficiency of the extensions of the approach in 
Nentwich and Engell (2019) were investigated for the quaternary sys-
tem arising from a hydroformylation process. The best parameterization 
was then used for validation to the larger system of seven components 
that is relevant in a hydroaminomethylation process.

For ANN models, many hyperparameters have to be chosen before 
training. To find the best set of hyperparameters, a broad screening was 
conducted, where the number of layers in the networks, the number of 
parameters per data point and the regularization were varied for data 
sets of different sizes. The performance on a large test set was used for 

benchmarking. It was shown that with and without regularization sim-
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ilar results can be achieved. For phase split surrogate models, deeper 
networks resulted in smaller errors, while for the phase stability predic-
tion shallow networks performed well. The determined hyperparame-
ters were also close to optimal for the larger multi-component system.

To reduce the number of samples that have to be computed by the 
pT-flash algorithm, three approaches were presented. Firstly, Sobolev 
training was introduced, where the ANN is not only trained using the 
output data of the pT-flash, but also the derivative of the outputs with re-
spect to the inputs is used. This derivative information can be computed 
by applying a sensitivity analysis to the set of equations that determine 
the pT-flash solution. For this training approach, also a broad hyper-
parameter screening was performed. Interestingly it was found that for 
Sobolev training much deeper networks with up to 9 layers perform best 
compared to 5 layers for the standard training approach. In the Sobolev 
training cost function there is a weighting factor of the two error terms. 
Varying this weighting parameter a value could be found that leads to 
good performance for both case studies.

Secondly, data augmentation was applied to generate additional 
samples without evaluating the full thermodynamic model along each 
tie line. It was found that a seven-fold increase of the data set is optimal 
and leads to an improved accuracy for all tested surrogate models.

Finally, adaptive sampling was revisited. Here, the idea is to concen-
trate samples in regions of interest, e.g. in regions, where the surrogate 
model prediction accuracy is low. In this part we built on previous work 
and proposed a new quality criterion that concentrates the samples in-
side the miscibility gap. This is advantageous because both Sobolev 
training and data augmentation only use samples with an unstable feed 
concentration. By the new quality criterion, the adaptive sampling pro-
duces more points that enable data augmentation and Sobolev training. 
Another synergistic effect between the approaches occurs because using 
Sobolev training with data augmentation, the sensitivity analysis has to 
be performed only for one feed composition and can be generalized to 
all feed compositions without additional evaluations of the thermody-
namic model.

We showed that the combination of the three approaches leads to sig-
nificantly better performance than previously proposed methods when 
comparing the number of original function evaluations. When compar-
ing the errors of the phase stability models with respect to the train-
ing time of the ANN, the phase split models for the hydroformylation 
case give significantly smaller RMSE values for the same computation 
time than brute-force LHS sampling with up to 29 times more samples. 
The classification errors are about the same as for the LHS benchmark 
results. The hyperparameters that had been determined for the HyFo 
system led to good results also for the more complex HAM case with 
7 instead of 4 components. The proposed procedure gave the best re-
sults for the phase split model although at high training times. This is 
remarkable because here in a 7-dimensional space only 518 calls of the 
pT-flash routine were used. Due to the small number of samples how-
ever the classification error could not be reduced to the values that could 
be reached for very large data sets. For systems with many components, 
it may be more efficient to use only adaptive sampling and data aug-
mentation. This enables the sampling of more distributed data before 
the training time for the ANN becomes large.

In further work, the generalizability of the approach and of the deter-
mined hyperparameters to different kinds of multi-component systems 
should be studied. In this work, the multi-component systems consid-
ered, although different in their dimension, consist of relatively simi-
lar components: polar and non-polar solvents and long-chain organic 
molecules. It needs to be studied how the results can be generalized for 
very different systems, e.g. electrolyte, polymer or VLLE systems.

Additionally, the presented approaches are expected to work well 
together with continuation methods that can be used to generate highly 
accurate initial values for the pT-flash calculations for faster sampling 
12

of the component space.
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