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Introduction: Battery electric vehicles (BEVs) are crucial to the reduction of green-
house gas emissions in the transportation sector. The primary component of BEVs is the
energy storage system, consisting of battery cells. However, its manufacturing process is
intricate, characterized by numerous causal interdependencies across production steps.
The limited understanding of these interdependencies contributes to high scrap rates,
resulting in increased environmental, ethical, and economic costs associated with BEVs.

Methods: In order to address this challenge, this dissertation leverages the data and
measurements collected by modern manufacturing facilities and production machines.
Specifically, Probabilistic Graphical Models (PGMs), which can be grouped into directed
and undirected models, are applied to this data to enhance the understanding of the
production process, addressing the lack of knowledge. By utilizing PGMs, this research
aims to uncover hidden relationships and dependencies within the manufacturing data,
enabling more informed decision-making in battery cell manufacturing. In order to
tackle the inherent complexity of the data, we focus on non-linear methods.

Specifically:

1. Missing Data: We address the challenge of estimating the joint distribution when
parts of the data are missing, which is a common occurrence in manufacturing
data that comprises sensor measurements. The proposed estimation procedure can
be viewed as a learning algorithm for undirected PGMs.

2. Real-Data Application: Additionally, we apply a state-of-the-art learning proce-
dure for directed PGMs to actual manufacturing data.

3. Boosting: Finally, we utilize the concept of boosting to learn directed PGMs from
the data and investigate the theoretical and practical benefits.

We account for the circumstances in manufacturing scenarios. This includes leveraging
prior knowledge in various aspects.

il



Results:

1. Missing Data: The proposed method effectively learns joint distributions semi-
parametrically. A simulation study shows that the estimates improve with the
sample size of the data, and the inclusion of expert knowledge in the estimation
process leads to a holistic improvement in the accuracy of the estimates.

2. Real-Data Application: In contrast to other applications of PGMs, we observe
large local variations in the number of relationships, challenging the assumption
of sparsity. The integration of expert knowledge provides more reliable estimates
in real-world manufacturing data applications.

3. Boosting: We demonstrate the consistency of a boosting-based learning algorithm
for directed PGMs, which is a rare statistical guarantee for such algorithms. The
practical adaptation of this algorithm proves to be competitive and, in some
relevant cases, even outperforms state-of-the-art methods.

The results collectively demonstrate the significance and practical applicability of PGMs
in the context of manufacturing applications.

Discussion & Outlook: We critically assess the derivation of causal relationships from
data collected at the steady state of the production workflow. We propose a novel point of
view on causal discovery as a recommendation system for potential causal relationships
in manufacturing. Additionally, we sketch the idea of an iterative procedure involving
PGM learning algorithms and experiments to derive causal relationships.



Viele Menschen haben Thren Teil zu dieser Arbeit beigetragen. An erster Stelle mochte
ich Herrn Professor Markus Pauly danken. Dein Wissen, Deine Kreativitidt und Deine
Energie, gepaart mit Deiner sozialen Intelligenz, sind einzigartig.

Danken mochte ich ebenfalls Frau Professor Nadja Klein fiir den ermutigenden, bestérk-
enden und motivierenden Austausch, die Inspiration fiir das gemeinsame Papier und fiir
die Erstellung des Zweitgutachtens.

Die Promotion war geprigt von der Pandemie und der groen Entfernung zwischen
meinem Wohn- und Arbeitsort und dem Lehrstuhl. Umso schoner und wichtiger war es
fiir mich, Euch als Kolleg*innen am Lehrstuhl zu haben. Ich habe mich vom ersten Tag
an willkommen gefiihlt und Eure Gastfreundschaft und Aufnahmebereitschaft waren
tiberwilltigend. Vielen Dank!

Des Weiteren mochte ich mich bei der BMW Group fiir die finanzielle Unterstiitzung,
die Moglichkeiten und Freiheiten bedanken, die ich genieen durfte. Ein besonderer
Dank gilt Thomas Kornas, der mir stets den Riicken freigehalten und die Ausrichtung
meiner Arbeit unterstiitzt hat.

Meiner Mutter mochte ich danken, dass sie mich darin bestirkte trotz eines guten Jobs
eine Promotion zu beginnen. Du hast meine Sorgen ernst genommen auch wenn diese
oft schwer zu verstehen waren und mir vermittelt, dass mein Wert nicht vom Erfolg
meiner Arbeit abhédngt.

Meinem Vater danke ich fiir die AuBBenperspektive, wenn ich mich wieder in den Details
verloren habe. Dein Vertrauen in mich war grofer als mein eigenes. Am Ende hast Du
wieder einmal Recht behalten.

Meiner Schwester mochte ich dafiir danken, dass sie stets Empathie fiir meine Probleme
aufbrachte, die mit Abstand betrachtet eigentlich unbedeutend waren.

Meinen Freundinnen und Freunden danke ich fiir ihre bedingungslose Unterstiitzung
und ihr Verstéindnis. Thr gebt mir den sicheren Hafen und Riickzugsort, von dem ich aus
Wagnisse eingehen kann, von denen ich nicht weil3, ob sie gelingen werden.



SchlieBlich mochte ich Kristina danken, der ich in den letzten Jahren viel abverlangt
habe. Du hast meinen Frust und meine Einsilbigkeit ertragen, wenn die Buchstaben
auf den Papierstapeln nicht zusammenpassten. Du hast mich abgelenkt, aufgebaut und
motiviert. Meinen Ehrgeiz und meine Verbissenheit hast Du mit groBem Einsatz in
geordnete Bahnen gelenkt. Du hast mich dazu angehalten Erfolgserlebnisse zu genieflen
und mir immer wieder gezeigt, dass die Welt nicht hinter dem Schreibtisch endet. Ich
danke Dir fiir Dein Mitgefiihl, Deine Lebensfreude und Deine Unternehmungslust, die
Du in mein Leben bringst.



This cumulative thesis is based on the following three manuscripts:

Article 1:

Article 2:

Article 3:

Kertel, M. & Pauly, M. (2022). Estimating Gaussian Copulas with Missing Data
with and without Expert Knowledge. Entropy, 24(12), https://doi .org/
10.3390/e24121849.

Contribution of the author:

The author conceptualized and wrote the manuscript under the guidance of
Prof. Pauly. He implemented the method and designed and programmed the
simulation study.

The reuse of this article in the thesis is granted under the terms of the Creative
Commons Attribution 4.0 International License.

Kertel, M., Harmeling, S. & Pauly, M. (2022). Learning Causal Graphs in Manu-
facturing Domains using Structural Equation Models. IEEE International Con-
ference on Artificial Intelligence for Industries, pages 14-19, https://doi.
org/10.1109/A14154798.2022.00010.

Contribution of the author:

The author conceptualized and wrote the manuscript under the guidance of
Prof. Pauly. He implemented the method and the data analysis and designed
and programmed the simulation study.

©2022 IEEE. Reprinted, with permission, from Kertel, Harmeling, and Pauly,
Learning Causal Graphs in Manufacturing Domains using Structural Equation
Models, International Conference on Artificial Intelligence for Industries (Al4l),
09/2022.

Kertel, M. & Klein, N. (2024). Boosting Causal Additive Models. arXiv,
https://doi.org/10.48550/arXiv.2401.06523

vii


https://doi.org/10.3390/e24121849
https://doi.org/10.3390/e24121849
https://doi.org/10.1109/AI4I54798.2022.00010
https://doi.org/10.1109/AI4I54798.2022.00010
https://doi.org/10.48550/arXiv.2401.06523

Contribution of the author:

Inspired by an idea of Prof. Klein, the author conceptualized and wrote the
manuscript. He worked out the theoretical results, implemented the methods, and
designed and programmed the simulation study.

The reuse of this article in the thesis is granted under the terms of the Creative
Commons Attribution 4.0 International License.



Further publication:

(1) Wehner, C., Kertel, M. & Wewerka, J. (2023). Interactive and Intelligent Root
Cause Analysis in Manufacturing with Causal Bayesian Networks and Knowledge
Graphs. IEEE Vehicular Technology Conference, pages 1-7, https://doi.
org/10.1109/VTC2023-Spring57618.2023.10199563


https://doi.org/10.1109/VTC2023-Spring57618.2023.10199563
https://doi.org/10.1109/VTC2023-Spring57618.2023.10199563




Abstract iii

Acknowledgments \Y
List of Publications Vi
Notation xiii
| Introduction 1
1 Motivation 3
2 Statistical Methods 7
2.1 Conditional Distributions & Independence . . . . . . . . ... ... .. 7
2.1.1 Conditional Probability Functions . . . . ... ... ... ... 8

2.1.2 Conditional Independence . . .. ... .. ... ........ 10

22 Copulas . . . . .. e 12
23 Graphs. . . . .. 15
2.3.1 Undirected Graphs . . . . . .. ... ... ... ... ..... 15

2.3.2 Directed Acyclic Graphs (DAGs) . . . ... ... ... .... 15

24 MarkovRandomFields . . . . . ... ... o Lo 17

2.5 Directed Acyclic Graphical Models . . . . ... ... ... ...... 19
2.5.1 BayesianNetworks . . . . .. ... ... L 0oL 19

2.5.2 Structural Equation Models . . . . . .. ... ... ... ... 21

253 Learning DAGs . . . . . . . ..o 22

2.5.4  Structural Equation Models and Causality . . . . ... ... .. 33

2.6 Tools for Causal Discovery . . . . .. ... ... ... ......... 37
2.6.1 Reproducing Kernel Hilbert Space Regression . . . . .. . .. 38

2,62 Boosting . . . .. ... 40

X1



3 Summary of the Articles 43

3.1 Estimating GaussianCopulas . . . . . . . ... ... ... .. ..... 43
3.2 Causal Discovery in Manufacturing . . . . . ... ... ... ..... 46
33 BoostingCAMS . . . . . . . . . 48
3.4 Interactive and Intelligent Root Cause Analysis in Manufacturing . . . . 54
4 Discussion and Outlook 57
Bibliography 61

[l Publications 71



Throughout the thesis, vectors and random vectors are denoted by bold symbols, e.g., X
or X, respectively. Further specific notation is introduced in the respective sections.

N Natural numbers

R Real numbers

p Number of dimensions, p 2 N
N Sample size, N 2 N

[K] Set f1;:::;kg,k 2 N

B(R) Borel -algebraon R

B(RP) Borel product -algebraonR ::: R =RP
(X) -algebra generated by random vector X
dx Integral with respect to Lebesgue measure for univariate X

(dx for multivariate X, and analogously dy, dy;:::)
P Probability measure
P (X) Push-forward measure of X
Statistical parameter

Parameter space, so that 2
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Battery electric vehicles (BEVS) play a crucial role in the transportation industry in
mitigating greenhouse gas emissions. As a result, there is a projected exponential
increase in both the adoption of BEVs and the manufacturing capabilities of battery
cells. The manufacturing of battery cells is@mplex processcharacterized by a large
number of production steps, which drigthly and causally interdependent Due to

these interdependencies, which we callise-effect relationships (CERs)he process
parameters must be coordinated between production steps. Unfortunately, many of these
interdependencies are unknownso that tuning the production work ow becomes
challenging (Westermeier et al., 2014; Schnell and Reinhart, 2016; Oriim Aydin et al.,
2023; Fitzner et al., 2023).

These challenges become apparent in the high scrap rate of battery cells, which is reported
to be around 5% even for established cell manufacturers (Gaines et al., 2021). This is
alarming, as the costs, the energy demand for mining and the social and environmental
footprint of raw materials, such as cobalt, manganese, nickel and lithium, are signi cant
(Oriim Aydin et al., 2023). Not surprisingly, given the growth of the battery sector,
improving the ef ciency of the production process is an active eld of (interdisciplinary)
research (Liu et al., 2021).

Simultaneously, the age of the Internet of Things in Industry (110T), Industry 4.0 and
technologies such as OPC-UA (Drahos et al., 2018) allow communication with machines
and thegathering of data, that is, sensor measurements, images, soundttetaughout

the production work ow . Therefore, a product arriving at the end of a production
line can be characterized by dozens or hundreds of measurements, while the number
of products is also large. Consequently, data-driven decision making is ubiquitous in
modern manufacturing facilities. They are used to identify erroneous products and to
detect trends using (semi-) supervised learning procedures. For example, technologies
such as computer vision or audio analysis are used to detect failures during the production
process (Rai et al., 2021).

However, obtaining CERSs, in particular across production steps, is considerably more
challenging, since it involves thieenti cation of causal relationships instead of



1 Motivation

correlational patterns (Vukowiand Thalmann, 2022). The state-of-the-art methods for
deriving CERs can be grouped into

» approaches for extracting expert knowledge (for example, Failure Mode and Effect
Analysis; FMEA; Westermeier et al. 2013), and

» systematic experiment design (Design of Experiments; DOEs; Roman-Ramirez
and Marco 2022).

Although both approaches are widely applied, they lead to unsatisfactory results for
battery cell production processes, as can be seen from the high scrap rate. While expert-
based methods are unsuitable for deriving unknown CERSs by construction, DOEs are
challenging, as th€ERs are complexand can have many in uential factors. Thus,
“IDOEs] soon reach their limits of applicability” (Schnell and Reinhart, 2016). Further-
more, it is typical for the production process that ndings in one plant are not directly
transferable to other plants, so experiments must be carried out in the main production
facility (Grief3l et al., 2022). Therefore, experiments cause an interruption in the pro-
duction work ow and generathigh costs We emphasize that neither takes advantage

of the data from the steady state of the manufacturing process. The structure of this
data is intricate and the relationships between variables are hardly accessible to humans.
Therefore, it is not used to deepen the understanding of the process work ow. This thesis
aims to change that by applying and developing methods tailored for manufacturing
that allow the visualization of complex data sets in an accessible fashion. We take into
account the following situations.

In contrast to other data-driven situations, we recognize the follof@wvgrable aspects
 Big data: Thevolume, that is the number of samples and measuremengs.

» Expert knowledge: The production of battery cells is a highly active eld of
research. Although expert knowledge is limited in some respects, it is deep in
other aspects of the production process.

On the other hand, we observe the followmlgstructions.

* Missing data: While lloT data has a large volume it often comes with a low
guality, that is, sensor measurements can be missing or implausible (Teh et al.,
2020).

» Complex data: The data is complex due to intricate CERs (Fitzner et al., 2023).

* Interdisciplinary teams: Ef cient battery cell manufacturing requires expertise
in various elds. Therefore, the results need todmnmunicated to process



experts who do not have extensive training in statistics, machine learning or
mathematics (Kornas et al., 2019).

» Precision vs. costsThe manufacturing industry is strongly driven by the reduc-
tion of costs and, therefore, cycle times. Therefore, although certain measurement
technologies effectively describe a feature of an intermediate product, they may
not be integrated into the production work ow. For example, the acquisition costs
of measurement technology can be too high or the measurement technology does
not meet the cycle time requirements (Oriim Aydin et al., 2023).

Considering the insuf ciency of the status quo approaches, we aim for a methodology
that is capable of deriving connections between the measurements and making them
accessible to humans using tihata of the steady stateof the production work ow.
Deliberately, we leave open the exact de nition of the kind of connection. If feasible,
the objective is to derive the CERSs.

Probabilistic graphical models (PGMs) represent multidimensional data with graphs
consisting of nodes representing variables and edges representing relationships between
those variables. Thus, this graph provides accessible information on how different
variables are related. Learning algorithms to identify PGMs from data are an active eld

of research (Mowels et al., 2022). PGMs can be classi ed into directed and undirected
graphs. For the former, the edges have a direction, while for the latter, this is not the
case. The undirected and directed graphs describe different relationships between the
variables.

The framework of PGMs is attractive, as the existing literature covers many of the
already mentioned aspects. We brie y discuss them in the following.

A large proportion of the literature on PGMs investigates on lcawsality, that is

CERs, can be deduced while avoiding experiments. Instead, these procedures utilize the
observational distribution, which characterizes steady stateof the system. Observa-
tional data in the manufacturing sector comes latacost, as production interruptions

for experiments are avoided. Surprisingly, t@mplexity of the relationships in a
system can even promote the identi cation of relationships. The value of PGMs for
communicationis intrinsic. In many PGM learning algorithms, the inclusioreapert
knowledgeis possible. Due to early applications in elds such as genetics, research for
high-dimensional data is well advanced and PGMs can be estimated from a machine
learning perspective using gradient descent. Hence, many metbalgswell with the
volume of the data. Under speci c assumptions, the consistency of the methods is shown
(Kalisch and Buhiman, 2007; Raskutti et al., 2008; Buhimann et al., 2014). Literature
onmissing datasparsely exists (Ding and Song, 2016; Tu et al., 2019).
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PGMs are widely applied in elds such as biology and social sciences. The literature on
the applications of PGMs to manufacturing is sparse and often does not consider state-
of-the-art methods. This work contributes to this aspect and focuses on the following.

» The modelling approach in the caserofssing datais often under-complex,
Section 3.1.

» Although the bene t of incorporatingxpert knowledgeis widely assumed, the
literature on this topic is sparse (Spirtes and Zhang, 2016), Section 3.2.

* While there exist statistical consistency results for complex, non-linear PGMs,
these are based on the maximum-likelihood regression, which is prone to over t-
ting. This leads to strict assumptions for the statistical consistency to hold. We
replace the maximume-likelihood estimation by a boosting procedure and present
assumptions under which tR&M estimation is consistent Section 3.3.

A fourth publication investigates how expert knowledge and PGMs can be systematically
combined for continuous knowledge discovery (Section 3.4).

The thesis is structured as follows. In Chapter 2, we introduce the methods used.
Chapter 3 provides a summary of the three manuscripts included in this thesis, as well
as the additional related article. Chapter 4 concludes with an analysis of the ndings
presented and offers some future research perspectives.



In this section, we outline the necessary statistical tools and methods. We will consider
p-dimensional random vectod$ = (Xq;:::;X,) with N i.i.d. realizationsx =

nd graphical representations of the distributionXf for which we assume throughout
that the density with respect to the Lebesgue product measure exists. The resulting graph
gives insights on the relationships between random variables: : ; X,. The nodes of

between these nodes.

This chapter is structured as follows. We start in Section 2.1 by introducing the concept
of conditional distributions and conditional independence, which are essential for PGMs.
In Section 2.2 we introduce copulas and describe how they characterize dependency
structures. Section 2.3 introduces the graph terminology which is then leveraged in
Section 2.4 for undirected PGMs and in Section 2.5 for directed PGMs. Section 2.6
presents some aspects of nonparametric regression, which is used to learn graphical
models from data.

2.1 Conditional Distributions & Independence

This thesis investigates dependency structures in multivariate distributions through
conditional distributions and independencies. In the following, we provide a foundation
for these concepts.

Consider a probability spage ; F ; P), where is the sample space and its elements are
denoted by , F isa -algebraon andP is a probability measure dn. By G F
we denote a sub-algebra.

The random variablX and the random vectod map toR andRP, respectively. They
are assumed to be measurable with respect to the BealgjebraB(R) or with respect
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to the product Borel -algebraB(RP) onR ::: R = RP. Asetinthese -algebras is
called measurable. In addition, it is assumed that the implied distribuBigreadPy
of X andX are absolutely continuous with respect to the Lebesgue measi®on
RP. Thus, by the Radon-Nikodym theorem (Billingsley, 1995, Theorem 32.2) they have
densitied x ; fx so that, for example, for a measurable RP it holds that

Z

Px(A) = fx(x)dx:
A

2.1.1 Conditional Probability Functions

From introductory probability courses, it is well known that for aéB 2 F and
P(B) > 0the conditional probability is de ned by

P(A\ B)

PAIB) = —5 5,

It describes the updated probability for the ev&ntthen it is known that the eveBt

has taken place. For example, in poker, the epeatuld be the event of a royal ush,
andB would be the event that the personal cards are ace and king in the same color. The
functionA®7! P(AYB) for A°2 F constitutes a probability distribution.

On the other hand, in manufacturing, one might be interested in the conditional probabil-
ity that a battery cell ful lls the quality requirements, knowing that the viscosity of the
slurry takes on a speci ¢ value. The viscosity of the slurry is a production measurement
and can be regarded as coming from a continuous distribution. In thaP¢B9e= 0

and the de nition above fails. It is the purpose of the following de nition to introduce
conditional density functions that characteri®7! P(AYB). In all our applications,

we consider continuously distributed random vectors, that is, random vectors with a
density, for which we can use the following simple de nition. For a broader introduction,
see Billingsley (1995); Klenke (2013).

De nition 2.1.1. LetXR: (Y ;Z) be arandom vector with density with Y 2 Rk and
Z2RP K Iff(z):= L f(t;2)dt > 0, theconditional densityof Y givenZ = zis
given by
. f(y;2) f(y;2)
f =R = :
V2= =T nd - 1@

On the other hand, fo (z) = .« f (t;z)dt = O the conditional density can be chosen
arbitrarily.




2.1 Conditional Distributions & Independence

Fora xedz with f (z) > 0O, De nition 2.1.1 corresponds to a density with respecy to
Furthermore, the joint density &f can be decomposed into

4 1
f(Xe %) = F(X2)  F (Xee1]Xg): (2.1)

k=1

De nition 2.1.1 appears to be an arbitrary adaptation of the conditional probability for
discrete random variables to continuous random variables. In the following, we embed it
into a more general measure-theoretic context.

De nition 2.1.2. Let B be a measurable set. We call a random variatj€Z) =
P (BjZ) a conditional probability ofB givenZ if the following two conditions hold:

1. gz (2) is measurable with respect tqZ),

2. E[1A(2)gs(Z2)] = P(Z 2 A;B) for all measurable seta.

This de nition is a special case of the one given, for example, in (Billingsley, 1995,
Equation 33.8), which is suf cient for our purposes.

Proposition 2.1.3. Any two conditional probabilities d givenZ are unique outside of
a P null set. A speci c choice is calledeersion

R
Proposition 2.1.4. The random variabl@y,s (z) := ; f (yjz)dy is a version of the
conditional probability of Y 2 Bg givenZ.

De nition 2.1.2 depends on the sBt, so we can consider a family of random variables
Oy 2 With the indexB chosen in the measurable sets. Proposition 2.1.4 shows that every
element of this family can be expressed by an integrél(giz) with respect toy.

Example 2.1.5.Let X = (Y ;Z) be a multivariate normally distributed with mean
=( z; v)and covariance matrix

z:Y VAVA

where for example vy .z is the covariance matrix of andZ and the other submatrices
are de ned analogously. Then the conditional densitY afjivenZ = z is a Gaussian

- . l . l
density with meany viz zz(2 z) and covariance v .y Yz 7z ZiY-
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Example 2.1.6.Consider the relation
Y=9(X;Z)+" (2.2)

and assume thagis continuously differentiablé,is independent fronX; Z with density

f. andX;Z has the densitfx; . Denote the joint density ¢K; Z;" ) byf (x;z;") =

fxz (x;2)f+("). The functiorH : R® ! R3with (x;z;") 7! (x;z;" 9(x;z)) is a
diffeomorphism with the absolute value of the determinant of the Jacobi matrix constant
tol. LetA = A; A, Ajbelong to afamily of subsets Bf, which is closed under

nite intersections and generat&R3). We have the following.

P(X;Z;Y)2A)= P(X 2A1Z 2 A"+ g(X;Z) 2 Aj)
= P(XiZ") 2 H(A)
= f (x;z;")dxdzd"
ZH(A)
=  f(H(x;z;")) dxdzd"
ZA
f(x;z;" 9(x;z))dxdzd"
ZA
fxz (x;2)f-(y  9(x;2)) dxdzdy:

A

Here, in the fourth equality we use the formula for changing variables and the fact that
the absolute value of the determinant of the derivatiué of 1 and in the last equality the
independence betweehZ and". AsA was arbitrarily chosen, it follows for the joint

densityf (x;z;y) = fxz (x;2)f- (y  9(x;2)) and thusf (yjx;z) = f-(y  9(x;2)).

All statements are straightforward to generalize for multivarigteZ and". Further-
more, for additional restrictions og, it can be generalized t¥ = g(X;Z;") .

2.1.2 Conditional Independence

Using the conditional densities one can de ne conditional independence, which is a key
concept in PGMs. See Dawid (1979) for further details.

De nition 2.1.7. LetX;Y ;Z be random vectors of dimensignr; s with joint density

10



2.1 Conditional Distributions & Independence

f. We sayX isindependent fromY givenZ denoted by
X?Yjz
if the conditional density decomposes into
f(x;yjz) = T (xj2)f (yjz)

forallx 2 R%y 2 R";z2 R®.

Proposition 2.1.8(Properties of Conditional IndependencH#)X ? Y jZ, it holds that
Y ? XjZ,

f(x:ly:2) = f(xj2),

f (Xjy; z) = a(x;z) for some functior,

g(X) ? Y jZ for any measurable functiom and
X ? Y jh(Z) for any diffeomorphisr.

The last statement follows from a change of variables argument. For the other claims,
see Dawid (1979).

Example 2.1.9.Consider the normal distribution of Example 2.1.5 andlet  * be
the symmetric precision matrix. The joint density can be written as
|
1 X '
f(x)= Cexp §x> Kx =Cexp = X XKk (2.3)
ik =1

whereC does not depend on Clearly, iffK ., 1 =0, then

1
f(x)=Cexp  2xp yKp 1p X 1
1.
exp éx[p]nfp 16K pinfp 1g;fpInfp 10X [pinfp 1g

The term on the r.h.s. is proportional to the prodb€k, 2;;Xp 1)f (Xpnip 19): BOth

11
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terms constitute a density. Thus, fo€4> 0it holds

f(x)
f(X[p 2])
of (Xp 1:Xpp 2)f (Xpintp 1)
f(Xp 2)
Cof (Xp 1jx[p 2])f (X[p]nfp 1g)
C* (Xp 1dXpp 2)f (XpiXpp 2)f (Xp 2)):

f (Xp; Xp 1Xpp 2)) =

Integrating the two sides with respecttg 1; X, we obtainC¥ (x, 2;) = 1 from which
follows that

f(Xp 1XpiXp 21) = F(Xp 1JXp 2)F XpiX[p 27):

Here,pandp 1were chosen for convenience, and the same statement holds for any
J; kK 2 [p]. Thus, the conditional independencies of two random componeKtsan be
read off from the vanishing entries in the precision matrix.

Example 2.1.10.Let us revisit Example 2.1.6, wheYe= g(X;Z )+ ". If the regression
function does not depend @h thatis,Y = h(X) + ", then applying the same steps
as above, it follows for the joint distributiadn(yjx; z) = f-(y  h(x)), which does not
depend orz. From Proposition 2.1.8 it follows that ? ZjX.

Hence, under the relatio(2.2), one can derive the conditional independencies from
feature selection. That is, ¥ is regressed oiX and the regression function does not
change by adding to the regressors, thevt andZ are independent giveX .

2.2 Copulas

This thesis investigates graphical representations of multivariate dependency structures.
Copulas allow one to separate the marginal distributions from the dependency structure.
Thorough introductions to copulas are given in Nelsen (2006); Joe (2014).

De nition 2.2.1 (Copula) We call a distribution functiorC with support[0; 1P a
p-dimensional copula if the marginal distribution functiong®re uniform.

The set ofp-dimensional copulas can describe any dependency structure, as shown in
Sklar's theorem.

12
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Theorem 2.2.2(Sklar 1959) For a p-dimensional distribution functioR with marginals

Fi;:::; Fp there exists a copul@, such that
F(x1; i %p) = C(Fu(Xa); i Fp(Xp)) (2.4
Furthermore, ifF4; :::; F, are continuous, the@ is unique.

In the following, we assume that the marginal distribution functibps ::; F, are
continuous. Different joint distribution functions share the same copula

Example 2.2.3.Let X follow a multivariate normal distribution . with mean
and covariance . Denote by sz the distribution function of the univariate normal
distribution with meamm and variances?. Then by Theorem 2.2.2 it holds that

(X11'Xp): CR 1, 11(X1)” ps pp(xp) :
Here, Cr is called aGaussian copulandexed by the correlation matriR of X.. Itis
given by

Cruyiiiiup) = r( Hu);::iss Hup));

where is the cumulative distribution function (cdf) of the multivariate normal distribu-
tion with mearD and covariance matriR.

The class of distributions whose copula is Gaussian goes beyond the multivariate normal
distributions, as one can replace the marginal distributions ,, by any other contin-

uous distribution function. As these distributions share the dependency structure with
multivariate normal distributions, the conditional independencies can also be read off
from the inverse oR.

Example 2.2.4.Let the copula oF be Gaussian with the correlation matifkwhere
the marginal cdfs and their inverses are differentiable. Applyipg7! S =
componentwise is a diffeomorphism, and the transformed random vector

Z= YFuX)sii HFp(Xp)

is Gaussian. It follows that the conditional independencies can be read off from the
inverse oR by Proposition 2.1.8 and Example 2.1.9.

It is easy to sample from a multivariate distribution if sampling from its copula is feasible.

13
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Remark 2.2.5. Let F be a multivariate distribution with copul& and marginals

1. sampling(us;:::; up) fromC and
2. mapu; component-wise bly, l(u,-);j =1;::5,p
Here,F, !is understood as the general inverseFofj =1;:::;p

Estimating the Joint Distribution with Copulas

For largep, the non-parametric estimation of the joint distribution becomes dif cult due

to the curse of dimensionality (Scott and Sain, 2005). Thus, the parametric estimation
becomes attractive in order to capture some aspects of the multivariate distribution. For
example, assuming a multivariate normal distribution, the estimation captures the rst

two moments of the joint distribution.

On the other hand, Equatid@.4) suggests another approach. The marginal distribution

in a parametric family of copulasC : 2 g, then Genest et al. (1995) show that the
copula parameter can be consistently estimated via maximum-likelihood estimation
based on the transformed data

Fi(xa); i Fp(xp) 57 =1;:000N:

This two-step approach greatly increases the space of describable distributions.

Assuming that the copula is Gaussian, the second step in the two-step approach corre-
sponds to the estimation of the rank correlations instead of covariances when a multi-
variate normal distribution is presumed. This robusti es the estimation procedure (Liu
etal., 2012).

Unfortunately, if data is missing, then the two-step procedure is not guaranteed to
be consistent. This is due to the fact that the empirical marginal distribution func-

lem. For example, if we assume the marginals to be normally distributed, then the
joint distribution is multivariate normal and the parameters can be estimated by the

14
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Expectation-Maximization (EM) algorithm (Dempster et al., 1977). However, this re-
moves the exibility of the copula model. In Section 3.1 we propose an EM algorithm
in the case of missing data, that keeps the marginal distributions exible.

2.3 Graphs

This work investigates the application of PGMs to multivariate manufacturing data.
PGMs represent conditional independencies between the variablesguapits G,

E. Depending on the type of elementsin we call a graph undirected or directed. The
different types of graph encode different conditional independencies. In Section 2.4 we
investigate PGMs with undirected graphs, and in Section 2.5 we examine PGMs with
directed graphs. For an introduction to graphs in the context of PGMs, consult Koller
and Friedman (2009, Chapter 2.2).

If two graphsG; = (V; E;) andG, = (V; E;) contain the same nod®sand ifE; E,,

then we say thab; is asubgraphof G,.

2.3.1 Undirected Graphs

A graph is calledundirected if the set of edges consists of sets of two elements, that

is,E ff wvi;vo0: vy Vo 2 V. Two nodesyy; v, are calledcheighbors if fvy;v,g 2 E.
We denote the neighbors ofby Ng(v). A path from vy, to v, is a collection of edges

betweernv; andvy passes through a node$ If there is no path between the nodes, then
any setS separates; andv, by convention. The concepts are depicted in Figure 2.1.

2.3.2 Directed Acyclic Graphs (DAGS)

For adirected graph, the edges are ordered tuples, thit i (vi;Vv2) : vi; V2 2 V(Q:
The parents of a nodev in a graphG denoted bypas(v) are de ned as those nodes,
which have an edge going tq9 sopas(v) = fw : (w;v) 2 Eg: We further call
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V1

Vo V3 S

\Z!

Figure 2.1:.Undirected graplG with nodesf vi;v,; v3;v40. The neighbors of, are
Ng(v2) = fvy;vs0. The setS separates; andv, as the two paths from
to vy aref vy; vog; f Vo vag andf vy vag; f vs; va0.

descendent®f vi. A path between two nodes is a path in the undirected versi@h of
Similarly, we callv; andv, neighbors if the edge; v, exists in the undirected version
of G.

which contains the indices of the parentsvpf anddesg; (k) andNg (k) are de ned
analogously.

A Directed Acyclic Graph (DAG) is a directed graph that contains no cycles, that is,
there is no directed path from a node to itself. Three ndqugs;; vi) connected by
Vil oy vk and without an edge betwegnandvy are called av-structure. We say

v; andv, ared-separatedgivenS V, denoted by; ? VvjcS, if one of the following
two conditions holds:

1. Any undirected path between andvi that has no v-structure goes through a
node inS, and

2. For any undirected path betwegnandv, that has a v-structur@j; v; ; Vi), neither
the middle element, nor any of its descendants is$

anyk = 1;:::;pit holds thatpag(k) f j : (j) < (k)g =2 $ (k): Such a
topological ordering always exists although it is not necessarily unique. The set of
topological orderings o6 is denoted by( G). The concepts are depicted in Figure 2.2.
Consequently, for a topological orderinghere can only be a directed path fraqnto

v ifwe have] 2 $ (k), that is, descendents appear later in the topological ordering.

In the following, we consider graphs with the vertices being the random variables
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Gl Vi Gz \%1
Vo — > V3 V. V:

\/ \/

Figure 2.2:Two directed graphs, wher®; contains the cycle; ! v, ! v ! vy,
while G, is a DAG. ForG,, the parents of, arepag,(v2) = fvig. The
descendants of; arev,; vs; Vg, Since there is a directed path to each of them.
A directed path fronv; to v, is highlighted in red. The s& = fvy;v40
does not d-separatg andv; as the undirected patftvy; v,40; f v4; vag con-
tains a v-structure witlv, in the middle andvy, 2 S. On the contrary,

S = fw,g d-separatesy, andvs;. The set of topological orderings is
( Gy = 1(1;2,3;4);(1;3;2,4)g. The undirected version db; is the
graph in Figure 2.1.

that PGMs embody.

2.4 Markov Random Fields

In this section, we describe the dependency structure of distributions using an undirected
graphG. The conditional independencies encoded in undirected graphs are often simpler
than those encoded in directed graphs. Still, the resulting graph depicts interesting
aspects of the joint distribution and can be used for ef cient inference. For further
details, see Koller and Friedman (2009, Chapter 4).

For the random vectoX , we say that it ful lls theglobal Markov property givenG if
for anyX; andXy and anyX s that separateX; andXy we have

Xj ? XkjXs:

In that case, we call the combinati@x ; G) aMarkov Random Field (MRF). On the
contrary,X ful lls the pairwise Markov property w.r.t. G, if for any non-neighboring
Xj : X 1t holds that

Xj ? XX ptjk g
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The global Markov property implies the pairwise Markov property. The opposite
direction holds if the distribution of has a strictly positive density (Koller and Friedman,
2009, Theorem 4.4). Together with Example 2.1.9 this implies the following proposition.

Proposition 2.4.1.Let X be normally distributed with precision matrik. If for every
pair Xj; X in G we haveXy 2 Ng(Xj)) Kjk =0, then(X;G) is an MRF.

Therefore, the derivation of the undirected grapfrom the data reduces to nding the
vanishing entries in the precision matrix. This is used by the graphical lasso algorithm
proposed by Friedman et al. (2007). Its goal is to maximize the penalized log-likelihood
with respect to the mean vectorand the precision matriK , which is proportional to

X
L(x";K; ) =log(det(K)) (x )YK& ) K

=1

Here, Ois a hyperparameter afdjj ; is thel-norm of a matrix penalizing non-zero
entries similar to the LASSO. The sample meanbfmaximizes. with respect to .
Thus, for the sample covariance matrixdf denoted by we obtain the expression

L(xN;K) =log(det(K)) tr(SK) jiKijji:
The optimization with respect € is then ef ciently solved by the graphical lasso. An

increase in leads to sparser graphs.

For a distribution with a Gaussian copula, the pairwise Markov property is ful lled if
for any non-neighborX; andXy, the corresponding entry of the precision matrix of
the Gaussian copula & The estimation of the Gaussian copula precision matrix is
investigated by Liu et al. (2009). Applying a two-step approach, they start by estimating

log(det(K)) tr(SK)  jiKjjs;

with respect t&K using the graphical lasso. He®@js the sample covariance matrix of
the transformation

If the marginal distributions have strictly positive densities, then the joint distribution is
also strictly positive. The@X; G) is an MRF if for any non-neighboring; andXy, it
hO|dSKJ‘k =0.
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2.5 Directed Acyclic Graphical Models

2.5 Directed Acyclic Graphical Models

In the following we combine DAGs with random vectofsto derive another kind of
graphical characterization of the distribution. We provide two perspectives on this,
namely Bayesian Networks and Structural Equation Models. Eventually, Proposi-
tion 2.5.8 uni es both approaches and shows that they are equivalent.

Further references for Bayesian Networks and Structural Equation Models are Koller
and Friedman (2009, Chapter 4) and Peters et al. (2017), respectively.

2.5.1 Bayesian Networks

De nition 2.5.1 (Bayesian Network)We call the tupléX ; G) consisting of a random
vector and a DAG @ayesian Network (BN)f the Markov propertyholds, that is,

Xk ? ijGxg) Xk ? ijXS:

Hence, ifX« andX; are d-separated with respect¥os in the graphG, then this implies
the conditional independence Xf andX; givenXs.

Example 2.5.2.A complete DAGS, that is, all pairs of nhodes are neighbors@ is a

BN for any random vectoX . This is due to the fact that for any pair of nodes, Xy,
there is noX g that d-separates these nodes. ThHagloes not contain information on

X Intuitively, graphs with fewer edges, that is, sparse graphs, contain more information
onX.

We must possibly check a large number of conditional independencies to @érify)
is a BN. The following proposition shows that we need to investigate only a subset of
conditional independencies.

Proposition 2.5.3(Equivalence of Markov propertieslf the distribution ofX is abso-
lutely continuous, that is, it has a densgiythen the

1. Markov property,

and

3. factorization w.r.tG, that is,p(x) = Qﬁzl P(Xk] X pag (k))
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2 Statistical Methods

are equivalent. Herep(X«jXpas (k) IS the conditional density o given the event

Xpag(k) = Xpag(k)- If Pac(K) = ;, thenp(XyjXpas k) = P(XkjX;) := p(Xk), which is
the marginal density ok y.

Proof. It is easy to see that the Markov property implies the local Markov property,
which implies the factorization property. Thisis) 2:) 3:.. Forthe remainder of the
proof, see Lauritzen (1996, Theorem 3.27). Il

Observe that it holds for any permutation

w
p(x) = P(XkjXs (k):
k=1
Of course, this formula holds also for a topological ordeGofHence, the factorization
w.r.t. G is a simpli cation of the underlying joint distribution in the sense that the
conditioning events are reduced.

Further, the implicatio3: ) 1: is somewhat surprising. The question arises whether all
distributions whose density factorizes w.&&, share more conditional independencies
than those encoded in the d-separation& oT his can be denied, so that d-separation is
the maximal graphical criterion for conditional independencies.

The type of conditional independencies in BNs is more intricate compared to MRFs.
However, Proposition 2.5.3 shows that one can sample from a BN if the conditional
distributions of any node given its parents are known. The conditional distributions are
often easier to estimate or can be estimated in a more exible way. Furthermore, if a
BN and the conditional distributions are known, then inference on queries of the form
p(XkjXs) is possible, which was one of the main motivations in the early days of BNSs.

However, we still face the challenge that the graph in BNs is not necessarily unique.
Consider a BN X ; G) and a grapiG°that entails the same set of d-separationGas
That is, they contain the same undirected paths and v-structures. It is apparent from
De nition 2.5.1, that this implies thatX ; GY is also a BN. However, it can still be that

G°8 G as the set of undirected edges and v-structures does not determine a DAG. Thus,
the graph is not unique.

The second issue we need to address is indicated in Example 2.5.2. More generally, if one
adds an edge tG resulting in graptG® and that edge does not create a new v-structure,
thenG%contains fewer d-separations thanConsequently, it meets De nition 2.5.1.
Such graphs with super uous edges contain less informatioX orThe following

de nition solves this issue.
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2.5 Directed Acyclic Graphical Models

De nition 2.5.4 (Minimal BN). Let(X; G) be a BN.G ful lls the minimality w.r.t. X if
for any subgraplGPof G the Markov property does not hold, €4 ; G is not a BN.

A BN (X; G) allows us to identify conditional independencies using the d-separation
criterion. However, ifX; andXy are not d-separated b§s in G, this does not imply
that they are conditionally dependent. Thus, we prefer gr&olvbere every conditional
independence oX can be read off fronG, asG would then contain the maximum
information onX . This intuition is captured in the concept of faithfulness.

De nition 2.5.5 (Faithfulness) For a BN(X; G), we say thaX is faithful w.r.t. G if
for anyX;; Xy; X's we have

Xj ? Xk]XS) Xj ? ijGXS:

Hence, every (conditional) independencePifX ) can be read off from the grap@.
More generally, we say that is faithful if there is a DAGG to whichX is faithful.

We give a counterexample in the following.

Example 2.5.6.Consider a distribution 016X 1; X 2; X 3) with the only (conditional) in-
dependencies being; ? Xz andX; ? X3jX,. Such a distribution exists (Spirtes et al.,
1993, Section 3.5.2) but there exists no DAG entailing this exact set of independencies.

In the context of directed PGMs, the topological ordering of a DB@ called the
causal order.

2.5.2 Structural Equation Models

Structural Equation Models (SEMs) model the joint distributi(X ) by the relation-

ships between the random variables, : : : ; X, and are among the most common causal
models used, for example, in social sciences (Pearl, 2010; Peters et al., 2017; Kline,
2023).
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de nes an SEM orX with graphG. The SEs describe the conditional distribution
of Xk given the non-descendants ¥f in G. That is, the distribution oKy given

X [pInf k[ descs (k) = X[pInfkg[ descs (k) isf k Xpag (k)1 Ng , which is a transformation of the
random variableNy.

The functional relationships between the variableX iseem to be restrictive compared
to BNs, which modelX by general conditional distributions, as can be seen from the
factorization property in Proposition 2.5.3. However, the following proposition shows
that the set of implied distributions is congruent.

Proposition 2.5.8(Peters et al. 2017, Proposition 6.31 and Proposition T.&{)the
distribution ofX have a density with respect to the Lebesgue measuréan@) be a
BN. Then there exists an SEM with gra@tthat induces the distribution of.

On the contrary, iX is induced by an SEM with graph, then(X; G) is a BN.
In the following, we provide an intuitive algorithm to sample fréhgX ).

Remark 2.5.9. A SEM provides a natural algorithm to draw samples from the joint
distribution. Starting with the nodes without parents, one ggts f(ny), whereny

is a realization of the noise distribution dfy. Then one iterates through the graph
following the causal order and assigrg = f(Xpa, (k); Nk), Wherexp,  (x) is already
set andny is again a random draw from the noise distributiip.

On the other hand, the following remark emphasizes that the intuitive sampling scheme
is not the only possible data-generating process.

Remark 2.5.10. There are other methods to generate the joint distributioX ofor
example, the joint distribution has a copulaby Sklar's theorem (Theorem 2.2.2). In
this case, data following the joint distribution can be generated using the algorithm
described in Remark 2.2.5. For this procedure, the underlying DAG is not involved.

2.5.3 Learning DAGs

In this subsection, we discuss the derivation of the graph f¢X) or from realizations
thereof, which is calledausal discovery Under the assumption thB{( X ) has a density,
Proposition 2.5.8 shows that we can understand the {0J€&) as a BN and as a SEM.
However, both de nitions suggest different approaches to GidFor BNs, it seems
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natural to use the Markov properties and to identify the conditional independencies.
These methods are callednstrained-based In contrast, the de nition of SEMs
suggests identifying the nodes that contribute in the functional relationships. These
methods are callesicore-basedIn addition, there exist algorithms that combine both
approaches as Tsamardinos et al. (2006); Ogarrio et al. (2016).

Constraint-based methods

Arguably the most established algorithm for causal discovery is the PC algorithm,
named after its inventors Peter Spirtes and Clark Glymour. Starting from an undirected,
complete graph, it gradually removes edges using the results of conditional independence
tests. After the edge removal procedure, some of the edges can be oriented using the
rules of Meek (1995).

As different DAGs entail the same set of conditional independencies, constraint-based
methods can only search for a set of DAGs, which can be described as an equivalence
class. All graphs in this equivalence class align in their undirected versions and v-
structures. However, the direction of the edges of other edges can differ. It is emphasized
that this problem is intrinsic to constraint-based methods and BNs and does not disappear
even if the complete distributioR (X) is known.

Furthermore, ifX is faithful to G, then the PC algorithm is consistent (Spirtes et al.,
1993). However, this consistency is not even uniform for all multivariate normal distri-
butions that are faithful t& as shown by Robins et al. (2003). The uniform consistency
for multivariate normal distributions can be shown by assuming a stronger version of
faithfulness called -strong faithfulness. Kalisch and Buhlman (2007) show that their
version of the PC algorithm is consistent evep grows withN , assuming -strong
faithfulness and that the maximal number of neighbors for a node in the Gaphm-

ited. Unfortunately, Uhler et al. (2013) nd that the set of distributions whestrong
faithfulness holds is small.

In addition to these issues, the PC algorithm is highly dependent on the underlying
conditional independence test. In the version of Kalisch and Bihlman (2007) this test is
performedp® times, whereg 2 N is the maximal number of neighbors of a node, which
must be set as a hyperparameter and which in the worst case is While testing

for conditional independence in multivariate normal and multinomial distributions is
straightforward, it becomes dif cult for general distributions, as shown by Shah and
Peters (2018). Nonparametric conditional independence tests were proposed, among
others, by Gretton et al. (2007); Zhang et al. (2011); Strobl et al. (2019); Bellot and
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van der Schaar (2019), but their computational complexity for each test grows at least
gquadratically in sample size. This is prohibitive for the applications that we have in
mind.

Consequently, the vast majority of applications of the PC-algorithm implicitly assume
that the data follows a multivariate normal distribution or it discretizes the data and
applies conditional independence tests for the multinomial distribution. The rst is
likely a simpli cation with unknown consequences, while the latter loses information

contained in the data and relies on the discretization procedure.

The incorporation of expert knowledge on conditional (in)dependencies and on the
ordering of the nodes can be easily incorporated and is implemented in the R-package
pcalg described in Kalisch et al. (2012).

Score-based methods

On the contrary, score-based method try to nd the gr@phat minimizes the score
function

whereS is derived from De nition 2.5.7. However, De nition 2.5.7 is too general to
nd reasonable score functiors Thus, we restrict the SEs and the noise terms. In the
following, we consider Additive Noise Models.

De nition 2.5.11 (Additive Noise Model, ANM) In De nition 2.5.7 set the SEs to

The resulting SEM is called ahdditive Noise Model (ANM)with graphG.
In De nition 2.5.11 we can clutter the input arguments of dRywith additional input

arguments that do not chanfje We restrict ourselves to SEs, where every argument
in uencesf.

we assume that the ANMisinimal, that is, for anyk 2 [p] and anyj 2 pas(k) there
exist two values; 6 x{ so that

fi(Xpag (kyntj g3 Xj) & Fk(Xpag (knfjg; on):
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The following result states that the minimality for ANMs of De nition 2.5.12 is equiv-
alent to the minimality for BNs of De nition 2.5.4. However, recall that other graphs
constitute together witX a BN.

Proposition 2.5.13(Peters et al. 2017, Proposition 7.4et X be generated by an ANM
with graphG. Then(X; G) is a BN by Proposition 2.5.8. The ANM is minimal if and
only if (X ; G) satis es the minimality of BNs in the sense of De nition 2.5.4.

Remark 2.5.14.Consider a joint densitp implied by an ANM. By Proposition 2.5.3,
Proposition 2.5.8 and Example 2.1.6 it holds

v ¥
p(x) = P(XkjXpag (k) = Pne Xk F(Xpag (1))
k=1 k=1

wherepy, () is the density of the noidéy.

If we restrict the SEs and the noise within the ANMs, then we obtain interesting
subclasses.

Linear Gaussian Model  We begin by introducing a narrow restriction on ANMSs,
which is the linear Gaussian model. Although it does not meet the requirement that the
model shall be able to capture complex relationships between the variables, we will
see that several concepts can be transferred to non-linear models. However, for linear
Gaussian models, these concepts can be more accessible.

De nition 2.5.15 (Linear Gaussian modelA linear Gaussian model is an ANM, where

the noiseN;:::; N, is Gaussian and the functiofig are linear, so that for ,; 2 R
X
fr(Xpag () = KX k=1;:0p:
j2pag (k)

A linear Gaussian model is minimal, if; 6 0 for anyk 2 [p] andj 2 pag(k). Linear
Gaussian models imply a multivariate normal distribution, which is the underlying
assumption for most constraint-based methods.

Example 2.5.16.Consider a linear Gaussian model fpr= 2 and a DAGG of the form
X1 ! X,. LetNyg; N, be independent standard normal distributions, and lgté 0.
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Then, the joint distribution oK = ( X 1; X ;) is multivariate normal with mea@ and
covariance matrix I
1 21

2
a1 1+ 35

On the other hand, the linear Gaussian model v@#tlset toX, ! X1, whereN,

N(;1+ 2),N; N 0 withparameter %, = —2- leads to the same joint
21 21

distribution. This observation can be generalized to pny

Observe that both graphs imply the same set of conditional independencies and thus
both graphs constitute a BN together wiXh More generally, every graph within the
same equivalence class can lead to exactly the same set of distributions. These are all
multivariate normal distributions that contain the conditional independencies implied
by the equivalence class.

Each graptG implies a set of multivariate normal distributions, which can be parameter-
izedby g 2 . Areasonable approach to de ne the score function is to chBess

the parameter that minimizes the negative log-likelihood within Let B imply the
densitypy_ . Then, one can de ne the score for a grapiy

X
S(Gi(xaiiiixn)) = min logpy, (x*) + C(G);

1

whereC is some complexity measure for graphs. A reasonable choic€ fisrto
penalize the dimension of; by an AIC score as proposed by Haughton (1988). We will
propose a similar procedure for more complex models in Section 3.3.

Another string of algorithms applies Bayesian methods. Thereby, we rst de ne a prior
on the DAGSys, which is a discrete distribution. Then we de ne for every gré&ph
prior on the parameters, that &, ¢jG). Note that together they imply a joint prior over

c; G.

Using Bayes law, we search for the maximum-a-posteriori (MAP) estimator, that is the
maximizer of
Z
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Choosing the priors appropriately, the integral on the right has a closed solution (Geiger
and Heckerman, 1994). The selection of the priors on the parameters can be tedious, in
particular as they depend on the graph, but it allows us to incorporate expert knowledge.

The number of DAGs grows super-exponentially with Hence, beyond smafi it
becomes infeasible to calculate the score for all DAG4 uckily, the scoreS often
decomposes nicely, so thatGfandGPdiffer by only one edge or edge direction, then
S(GY can be quickly calculated froi8(G). This property is often used for greedy
approaches, where one starts with an empty graph and continues to manipulate the graph
with the addition, reversion, or deletion of one edge so that the score improves until no
further improvement is found.

More recently, Zheng et al. (2018) proposed a gradient-based estima€r litanses

a parametrization of all directed graphs using the edge m##ri2 RP P, where
Wy = 1k = 1;:::;pand  is as in De nition 2.5.15. The key tool is a
differentiable functiorh(W) that isOif and only if W characterizes a DAG. Then they
suggest using a score function on matriceRfnP of the form

izes complex graphs, and > 0 are hyperparameters. They minimize with respect to
W using gradient descent. The corresponding graph to the esfithatenot necessarily
a DAG, that ish(W) 6 0, which they solve by thresholding.

It must be emphasized that all procedures are not guaranteed to converge to the global
optimum as the search space over the DAGS is non-convex.

Instead of searching for the (equivalence class of the) DAG, Teyssier and Koller (2005)
uses the fact that causal discovery drastically simpli es if the causal oftierknown.

In that case, for nodk it is necessary to identify the parents within the$et (k). This
reduces causal discovery to a repeated feature selection problem that can be tackled for
example by variants of the LASSO (Tibshirani, 1996; Zou, 2006), see also Shojaie and
Michailidis (2010). Therefore, they search for a causal orderafsing the score

Again, S is a score function on the graphs, for example, a Bayesian score. Teyssier
and Koller (2005) further employ the method of Friedman et al. (1999), which restricts
the search space of DAGs. It initially determines for every node a candidate set for the
parents. This procedure results in a likely cyclic directed gi@ghe, . In the following
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causal discovery, only DAGS are considered, so th@tis a subgraph oGy . If the
true DAG is sparse, this can signi cantly reduce the search space.

A great advantage of score-based methods is that one can consider models that imply
distributions beyond multivariate normality, such as the Causal Additive Model, which
we introduce below. In addition to providing a large and complex class of implied
distributions, they also have advantageous properties for causal discovery.

Causal Additive Model ~ We have seen that different linear Gaussian models can lead
to the same joint distribution. The question arises whether one can restrict ANMs so that
for different ANMs the implied distributions differ. We call such modielenti able , as

they allow us to identify the ANM from the distribution. Shimizu et al. (2006) answers
this question af rmatively if one restricts the SEs to linear functions and the noise to
a non-Gaussian distribution. In that sense, the linear model with Gaussian noise is
exceptional.

Peters et al. (2014) investigates identi ability more generally and derives explicit charac-
terizations of non-identi able models. Among others, the CAM of De nition 2.5.17 is
an identi able model. In Sections 3.2, 3.3 and 3.4 we investigate CAMs as they not only
provide a exible model, but the SEs can also be interpreted well.

X
fk(xpa(;(k)): fkj(xj);k:].;:::;p;
i 2pag (k)

where every; is three times differentiable and non-linear, then we call the ANM a
Causal Additive Model (CAM)A CAM can be characterized by the parameter tuple

with 6 Othe distributions implied by and °differ.

The identi ability of CAMs seems to contradict earlier results. In the notation of
Theorem 2.5.18, consider a speci avith graphG. This parameter leads to a set of
conditional independencies in the implied distributf®(X ). Proposition 2.5.8 tells us
that(X; G) is a BN. This BN is not necessarily unique, so we can consider another DAG
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G°6 G for which (X ; GY is still a BN. Applying again Proposition 2.5.8, we obtain
an SEM w.r.t.G%that also leads to the same distribut®(X ). Thus, two SEMs with
two different DAGs imply the same distributid®(X ). Why does this not contradict
Theorem 2.5.18?

The reason is that the SEM w.i@°that leads to the same distributiBr{X ) is of the
general form of De nition 2.5.7. Quite likely, the SEs correspondin@fare more
complex than those that we allow for CAMs. Therefore, the appropriate reduction in the
search space for SEMs guarantees identi ability.

In the following, we assume that we are interested in identifying the distribution implied

Estimating the graph from the distribution A natural idea for causal discovery
is to use the negative log-likelihood

L()= Eo[log (P (X)I;

whereE o is the expectation with respect to the implied distribution bandp is
the density of a candidate parameter (G;fq;:::;f,; %5:::1; 2) corresponding to
a minimal ANM. Observe that minimality for CAMs correspondsf{p 6 O for all
additive components of SEs.

It follows from the identi ability thatL attains its minimum exactly af. Denote by
G( ) the graph within the parameter As we are interested in ndinG°, we can de ne
the score function

S(@)= min L()= min  Esflog(p ()]

which attains its minimum &B°. Further, the log-density decomposes into
I
X 1 X : froi(x:)
log (p (x)) = log — K i 2pag Fii (X)) ;
k

k=1 k

where is the density of a univariate standard normal distribution (see Remark 2.5.14).
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20 1,3

X
¢ ofue = E04@X, fig (XA S:
i2pag (k)

Hence, we can simplify the score function by

S(G) = (fmin ) E o [log (p (X))

b p

wheref 1;:::; f, must be chosen such that they align wihthat is,f is an additive
function ofXpa, iy fork = 1;:::;p. In that case, it follows that
Xp 2 Xp 2
S(G)= min C+ lo o5 .« | min lo 0 .
(©) (f1;fp) K=l 9k ofas (f1iufp) el 9 koo

It is emphasized that to calculaBewe need to be aware of the true underlying parameter.

Estimating the graph from data Instead, we would like to use observations
xN = fxq;::;xng frompo to nd G°. Thus, we replace the expectation with its

X 2
Q(G): Q(G;(xl;:::;xN)) = log choG (2.5)

k=1

where 0 1,

1 X X
lf;i"?(;G - N @x Rj () i
=1 j 2pag (k)
P
andf = | 2pac (K) R k=1;::; p must be estimated from the data. The estimation

Continuous learning algorithms Zheng et al. (2020) lever the differentiable DAG
characterization for linear models to non-linear models and propose a continuous struc-
ture learning procedure. Here, the entiég of a matrixW 2 RP P indicate whether
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2.5 Directed Acyclic Graphical Models

and nd a minimum of

using gradient descent, where> 0 are again hyperparameters gi\¥jj; penalizes
dense graphs. Of cours8,is a reasonable choice fdr. Other continuous structure
learning approaches are Yu et al. (2019); Gao et al. (2021); Ng et al. (2022). Statistical
properties of these procedures, such as consistency results, are not known.

On the contrary, Biihimann et al. (2014) follow an order-based search as proposed by
Teyssier and Koller (2005) for the linear Gaussian model and prove statistical consistency
results. The details are outlined below.

Order-based search  Buhlmann et al. (2014) de ne a score on the permutations by

xXP
8()=8G( )= log 2 :

ki :Ge( )
k=1

with order . Thus,f‘?( is a regression estimate ¥f, ontoX (. This is a slight abuse
of notation sinced is de ned on permutations and graphs. In the following, it should
be clear from the context. Under regularity assumptionsbn: : ;fr? (see Section 3.3
for details), they show that the score consistently prefers2 ( G°), that is, for any
2 (GY
lim 8) 8 9>o0

They additionally consider the case whgréencreases witiN. As ML is prone to
over tting, they propose to initially nd a set of candidates for the parents as in Friedman
et al. (1999), which they call preliminary neighborhood selection (PNS) Under the
additional assumptions,

» the number of parents for a node is uniformly bounded,
» the PNS correctly identi es a superset of bounded size of the true parents, and
« f2 ful lls additional regularity conditions,

the score remains consistent. This result has little practical bene t, as forgairgge
infeasible to calculate all scor& ) to determine the minimizer. Thus, for largethey
propose a greedy approach, which consists of the following steps:

1. Preliminary Neighborhood Selection (PNS):Every nodeX is regressed on
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X pink- Nodes whose regression estimates are non-zero are considered as possible
parents. Again, the result can be understood as a potentially cyclic directed graph
Gsuper, Which contains a superset of the nal edges.

2. Edge Orientation: Initially, the graphG is empty. For every edgein Ggyper, the
reduction in scor@(G + e Q(G) is calculated. Here, the scofsis de ned in
Equation(2.5)and theﬂj are estimated by ML regression a6+ eis the graph
when the edge is added taG. The edge that reduces the score by the largest
margin is added t&. Then, all edges that would cause a cycl&iare removed
from Ggyper. The potential reduction in the score of Equat{@rb)is recalculated
for every edge (only some score reductions for the edges have changed). The
procedure is iterated unti = Ggyper .

in uential parents are determined. The edges between the in uential parents and
X are kept, the other edges are discarded.

It is emphasized that PNS and pruning depend on the precise regression or feature
selection method. Both usually come with additional hyperparameters that need to
be tuned. The algorithm above is called MLCAM in this thesis. We revisit CAMSs in
Section 3.3 and propose boosting-based methods to derive the causal order and the DAG.

Multiple simulation studies suggest that MLCAM is superior to its continuous com-
petitors (Lachapelle et al., 2019; Zheng et al., 2020; Charpentier et al., 2022). These
ndings are supported in our simulation study in Section 3.3. Furthermore, Reisach
et al. (2021); Kaiser and Sipos (2022) indicate that the good performance of continuous
structure learning procedures on simulated data sets results from artifacts from the simu-
lation procedure. These ndings question the reliability of continuous causal discovery
methods for real-world data sets.

Evaluating Causal Discovery Algorithms

In this thesis, we use the Structural Hamming Distance (SHD) as a metric for BAGs
andG,. The SHD is the number of edge insertions, deletions, or ips to transerm
into G,. It is popular for evaluating causal discovery algorithms (Tsamardinos et al.,
2006; Kalisch et al., 2012; Buhlmann et al., 2014; Zheng et al., 2018).
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2.5 Directed Acyclic Graphical Models

2.5.4 Structural Equation Models and Causality

We already have used terminology sucltassal graph, causal discovery, causal order

etc. borrowed from the eld of causal inference. However, by inspecting the proposed
methods more closely, we have applied probabilistic inference, that is, we derived a
probability distribution or aspects thereof from the data. For example, for CAMs, we
statistically estimated the parametenn the eld of PGMs, causal and probabilistic
terminology and claims are frequently mixed. The purpose of this subsection is to
disentangle them. Furthermore, Assumption 2.5.21 presents conditions such that SEMs
derived from the observational distribution (or data) can be used to answer causal queries.

Interventions and Distributions

Causal inferencetries among other things to investigate the effecintérventions.
That is, if X 5 is set externally at some xed valug;, how does the distribution of the
remaining variableX ;s change? This is in general different from the conditional
distribution of X (;nsjX s = Xs, which becomes apparent from the following example.

Example 2.5.19.The study of Charig et al. (1986) investigates the success of two
different surgerie® and 1 for kidney stones. Surgeryshows a lower probability

of recovery compared to surge€y Thus,P (recoveryjsurgery = 0) is larger than

P (recoveryjsurgery = 1). This seems to indicate that surgdrys inferior to surgery

0. However, the data also reveals that surgényas applied more frequently to large
kidney stones, which have a lower probability of recovery in general. In fact, considering
small and large kidney stones separately, it is found that surgérgds with a higher
probability to good outcomes for both groups. Thus, the conditional probability does not
re ect the causal relationships.

Example 2.5.19 demonstrates that deriving causal relationships, that is, the effect of
interventions, relies on assumptions and de nitions beyond those of probabilistic investi-
gations. Pearl (2009b) formalizes interventions with the do-operator, where

Xjdo(xs)

describes the distribution of if X5 is intervened on and its value is setxg. If
there exists a DA calledcausal graph so that the interventional distributions are
represented by theausal mechanisms

Xkjdo(Xpag (k) = Gk(Xpag k)s Nk) (2.6)
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kidney size kidney size
type surgery; recovery type surgery recovery

Figure 2.3 The causal graph behind Example 2.5.19 on the I.h.s. The probability of
recoveryconditioned ortype surgerys higher for surgery than for surgery
1. The reason is that large kidney sizes are more likely to be treated by
surgeryl, while at the same time negatively affecting the chance of recovery.
This contradicts the causal relationship that surdemgas a positive effect on
recovery The r.h.s. presents the causal graptyjie surgenhad no effect
onrecovery By Propositions 2.5.8 and 2.5.20, the graph and the observa-
tional distribution constitute a BN. Furthermore, assuming faithfulnggse
surgeryandrecoveryare still dependent.

then the combination of the mechanisms and the graph is cattadsal model For

a known causal graph, Pearl (1995) presents how the effects of interventions can be
inferred from the observational distribution and thus from the data. The methodology
can also be applied to Example 2.5.19 to derive the effect of the type of surgery on the
outcome using the data at hand and assuming that the underlying causal graph follows
Figure 2.3. It is emphasized that Equat{@®) describes interventional distributions,
while De nition 2.5.7 describes conditional distributions. The causal model contains a
graphical representation of the CERs.

Causal Models and SEMs

The observational distribution of a causal model matches the distribution implied by the
corresponding SEM. This is shown in the following proposition.

Proposition 2.5.20(Peters et al. 2017, Proposition 6.8) X is generated by a causal
model, then its implied distributioR (X ) corresponds to the joint distribution implied
by an SEM with the SEs set to causal mechanisms.

SEMs describe the conditional distribution Xf given its parentsX ;5 (). On the

other hand, the causal mechanisms of Equgod) give the distribution oK given

a manipulation of its parents p, (). Both distributions do not necessarily align.
However, if their equality is assumed and if a causal model corresponds to an SEM

34



2.5 Directed Acyclic Graphical Models

in an identi able class, then the causal model can be derived from the observational
distribution. In the following, we collect the underlying assumptions.

Assumption 2.5.21.To derive the causal graph ov&r from observational data using
SEMs, the following assumptions must be satis ed.

1. There exists a causal model 9,

2. its implied observational distribution (Proposition 2.5.20) corresponds to an SEM

in an identi able class and this class is known.

Pearl (2009a) outlines that (1.) of Assumption 2.5.21 is not testable using observational
data. SEM-based causal discovery methods derive the graph from a presumed class of
SEMs.

Causal model orX exists
by Assumption 2.5.21 (1.)

Matches

tion 2.5.2 Can only be crossed with experiments
Causal Barrier

Distribution of SEM,; Can be estimated
;G are unique by As- DataxN
sumption 2.5.21 (2.)

Figure 2.4:Schematic depiction of Section 2.5.4. The goal is to identify the interven-
tional distributions from the data, that is, without interventions or experi-
ments. Under the assumption that a causal mode{ fexists and belongs
to an identi able class, it can be characterized by the statistical parameter
This parameter can be estimated from the data. Without Assumption 2.5.21,
the interventional distributions can only be derived by experiments, which
allow one to go beyond the "Causal Barrier".

Confounding and Causal Discovery

Colombo et al. (2012) propose a constraint-based procedure called Really Fast Causal
Inference (RFCI) to nd the causal graph under unobserved confounding. That is,
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Causal graph BN of X

La L

KD ) )

Figure 2.5:For the causal model on the left, the varialllesL , are unobserved while
X = (Xy1; X5; X3) are observed. The only (conditional) independence that
exists withinX is X; ? X3. Hence, the graph on the right is the unique
graph that together witK constitutes a BN. Assume that there is a causal
graphG on X. G must be empty, as intervening on any of the variables
has no effect. However, the implied distribution of the causal graph does
not match the observational distribution, since, for examgleandX , are
dependent. This contradicts Proposition 2.5.20 and thus there cannot be a
causal graph oX . The example also shows once again, that although the
observational distribution of is implied by a CAM, it can not be used to
identify the causal effects but one additionally relies on Assumption 2.5.21.

when there exist nodes in the causal graph for which no data is collected. In case of
confounding, our goal is to derive the causal mechanisms within the observed variables
whose marginal distribution we can observe. An example of their paper is reproduced in
Figure 2.5. If there are confounders, then Assumption 2.5.21 (1.) is violated.

Unobserved confounding is one of the main challenges for causal discovery based on
real-world data. Unfortunately, the interpretation of the resulting graph of RFCI is
complex, as there exist six different kinds of edges. This induces a high complexity
if one is investigating long chains in the graph. Similar to the PC algorithm, it relies
on conditional independence tests, which are infeasible, but for multivariate normal
distributions, multinomial distributions, or small data sets.

Score-based methods for causal discovery under confounding exist for special model
classes (Wang and Drton, 2023).

Some Remarks for Applications in Manufacturing

Aspect 2 of Assumption 2.5.21 is questionable in manufacturing scenarios. The anal-
ysis of identi able ANMs of Peters et al. (2014) is based on the fact that the noise
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positive density. However, the operator of a manufacturing process is interested in
keeping the parameters within a speci c interval for security reasons or to reduce the
scrap rate. Therefore, this assumption is likely not met and causal effects outside of
these parameter intervals can not be detected. The assumptions on the positivity of the
density ofP (X) are strongly linked to the overlap assumptions in the potential outcome
framework and, therefore, are not related to the graphical model approach.

Additionally, measurements along the production line lead to costs for acquisition and
maintenance or increase the cycle time. Thus, some variables are not measured, even
though they may be part of the causal mechanisms behintherefore, confounding is

likely and raises questions about Assumption 2.5.21 (1.).

Although it is likely that in manufacturing applications Assumption 2.5.21 does not hold
for ANMs and consequently for CAMs, causal discovery assuming CAMs provides
an accessible visualization for high-dimensional complex data sets and can provide
an approximation to the underlying causal graph. We hope that incorporation of prior
knowledge into manufacturing compensates for the violation of Assumption 2.5.21 and
the estimated graph is close to the underlying causal graph. We investigate this claim in
Section 3.2 and Section 3.4.

2.6 Tools for Causal Discovery

Equation(2.5) shows that score-based causal discovery relies on regression estimators
that regress<c onto X 4, ) for anyk 2 [p] and someG. Intuitively, for the score
to be expressive, it should hold for the true gragfhand increasingN that the func-

tion estimatedd: : : ;1t§J converge to the true SHY;::: ;fg. This is formalized in
Section 3.3.
Typically, little is known about ?; : : ;fg in addition to the fact that they are three times

differentiable. It is unrealistic to assume that they lie in a known nite-dimensional
function space. Therefore, parametric approaches such as linear regression or polynomial
regression of bounded order typically fail to identffy.

Instead, nonparametric regression assumes that the functional relationship lies in a known
in nite-dimensional space. Examples are the Generalized Additive Model (GAM, Wood
2006) and the Reproducing Kernel Hilbert Space (RKHS) regression. Similarly to
polynomial regression, they also rely on a design matrix of a basis expansion. However,
the size of the design matrix grows with, and thus folN ! 1 an increasing class
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of functions can be approximated well. On the other hand, for noisy data, the risk of
over tting increases with the number of columns of the design matrix.

We brie y introduce the RKHS regression and then present héwwoosting combines
small multiples of regression estimates to avoid over tting. For a complete introduction
to RKHS consult Wahba (1990); Schélkopf and Smola (2001); Wainwright (2019) and
for boosting, see Buhlmann and Yu (2003); Schapire and Freund (2012).

Throughout this section, we consider a random varidbknd a random vector qf

2.6.1 Reproducing Kernel Hilbert Space Regression
We start by introducing the kernel functions.

De nition 2.6.1. We call a symmetric functiod : R° RP! R a positive de nite
(p.d.) kernel orRP if

XX
k ‘K(zw;z2) O
k=1 =1
foranyf .;:::; ng Randanyfz;;:::;z,g RPandanyn2 N.

Example 2.6.2(Gaussian kernel)For & >0, the Gaussian kernel dRP is de ned by

iz 293

K (z:2% = exp 2

We assume from now on, th&t is p.d. Then it implies a unique Hilbert space of
functionsH with K (;x) 2 H 8x 2 RP and
f(x) = ;K (5X)in (2.7)

foranyf 2 H andx 2 RP. Equation(2.7) is the name-giving reproducing prop-
erty. Depending orK, this function spaced can be in nitE,-dimensionaI. From
Equation(2.7) it follows for the inner product of = pLi Ezl kK (;Xx) and

N
g=rt 1, «K(;xy),that

H.gin = TG;
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with Gy, = W;j;k = 1;:::;N. Here,G is called the Gram matrix. By the
representation theorem (Wainwright, 2019, Proposition 12.33) the minimizer of

1 W
P=argmin =  (y fx)*+ jifjid; (2.8)
fan N .

where > 0, can be expressed by

1 X
)=p=  K(x);
N .,
for some 2 RN. Thus, the representation theorem shows that although the search
space is in nite-dimensional, the minimizer of the sum of the empiricatisk and a
regularization term lies in a known nite-dimensional space. However, this does not
hold for the population minimizer

f =argminExy (Y f(X)? + jifjif;
f2H

For anincreasing, the function estimat®becomes more regular. The kind of regularity
depends on the norm &f and thus on the kern&! .

If K 2 L?(R® RP) and it is continuous, then it implies an integral operéfor
L2(RP) ! L2(RP) by
Z
()7 (K(F)(xY= . K (x; x9f (x)dPyx (X):
If the domain ofX is compact, then Mercer's theorem (Wainwright, 2019, Theorem
12.20) shows that the operatérhas eigenvalues, 0 and eigenvectors, 2 L?(R),
sothatkK( )= k kand

X
K (x;x9 = k k() k(xXY;
k=1
where the convergence of the in nite series holds uniformly and absolutely. Sun (2005)
generalizes Mercer's theorem to non-compact domain§.ofet the eigenvalues be
ordered non-increasingly. The decay rate of the eigenvalues determines the risk of

over tting for the RKHS regression and the appropriate choice @Vainwright, 2019,
Theorem 13.17).
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Observe that, so far, the functions in the RKHS waigimensional but do not have an

xXP
(Kp+ i+ Kp)(x;x9 := K (%) %)
j=1

is a p.d. kernel implying a Hilbert spa¢€ consisting of functions of the form
xXp
fx)= f(x);
j=1

P
wheref; 2 H;: Its norm is de ned byjjf jji = 1!0:1 jjfjjjﬁj . In Section 3.3 we assume
that SES 2;k = 1;:::; plie in the RKHS implied by the kernel i 2pago k) Ki (X ;x0),
whereK; is a one-dimensional Gaussian kernel.

2.6.2 Boosting

Boosting is an ensemble learning method that combines different regression estimates.
In this thesis, we focus ol2-boosting which aims to nd the minimizer of

argmin}Ex;Y (Y f(X)?;

for 2

whereF is a vector space of functions. Boosting builds on a base learner

that takes data and returns a regression estimate for ardfitigry: : ;uyg R. Starting
with an initial learnef®® | it iteratively calculates the residuals lor=0;1;:::

u=y M) (2.9)
and then learnf® = S((X1;ug);::7; (XN un)). Forachosen step sige< < 1, the
new boosting estimate is updated by

I{jm+1) - ﬁ}m) + 1b
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The procedure can be understood as a functional gradient descent, where E@u8jion
is expressed by
@3(y f(x)? . AN :
u = 2 o Joopm: = 15000N;
which is the derivative of the empirical version of thé-loss with respect tb. We stop
the procedure aftang,,, iterations, which is called early stopping. It is desirable that
Mstop IS ChOsen such that

fomsion ) argmin}Ex;Y (Y f(X))?:
for 2

is under tting. Thus, the estimator has a large bias. On the other hamgyjf is too

large, then the boosting estimator is over tting and has a large variance. Haeggg,
needs to trade off bias and variance. In this thesis, we consider two different classes of
base learnerS.

Symmetric base learnersare such that for

example is the RKHS regression for a kerKel Here, the eigenvalues & depend

on the eigenvalues of the integral operator correspondiig. tonder the assumption
thatY = f (X)+ " for a (sub-) Gaussian noiseindependent oK, Biihimann and

Yu (2003); Raskutti et al. (2014) determine the optimal,,, which depends on the
eigenvalues o8. It is emphasized that this does not hold for the s¢@rg). That is, for

G 6 GlitcanbeXy 6 f (X pas (k) + " for any Gaussiah independent oK .. k) and
three-times differentiable. We consider symmetric base learners for their theoretical
properties, in particular, the possibility to analyze their eigenvectors and eigenvalues.

Sparse additive learnersare such that

wherefis a one-dimensional function X . In that case, the boosting procedure is
called componentwise arfd™ is an additive function. Sparse additive learners are
non-linear and harder to analyze. However, they show excellent empirical properties
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in high-dimensional settings (Tutz and Binder, 2006). Buhlmann and Hothorn (2007)
propose an AIC score to determing,,. This makes the sparse additive learners
attractive for causal discovery in high dimensions.

In summary, we consider symmetric base learners for the theoretical analysis, while
sparse additive learners are employed because of their strong empirical performance in
high dimensions.
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3.1 Estimating Gaussian Copulas with Missing Data with and
without Expert Knowledge

Motivation

Missing data is ubiquitous in real-world manufacturing data sets. We rely on sensors,
which are often error-prone and occasionally deliver either no or implausible values.
At the same time, intermediate products of battery cells are sometimes taken out of
the production line early because they do not meet the quality requirements. Hence,
measurements that are recorded later in the production work ow are never collected.
Still, one is interested in the multivariate joint distribution and in particular in the
dependence structure of the production measurements for knowledge discovery. In this
work, it is assumed that the distribution's copula is a Gaussian copula.

The appropriate method to infer statistical parameters from data with missing values
depends on the mechanism that causes the data to be absent. Missing Completely At
Random (MCAR) assumes that the probability of an entry to be missing is independent
of any measurements. Under the MCAR assumption, the joint distribution can be
consistently estimated by the two-step approach of Genest et al. (1995) applied to
the complete observations. However, in the example above, MCAR assumes that
the probability of the ejection of the product is independent of the already recorded
measurements. This seems unrealistic.

Thus, in this work we assume Missing at Random (MAR), which is considerably less
restrictive than MCAR. It assumes that the probability of entries to be missing depends
only on the measurements that are observed. In the above example, the probability of
the ejection of the intermediate product can be based on the measurements collected
in the earlier steps. This seems reasonable. Under the MAR assumption, the two-step
approach based on observed values is not consistent, as the estimates of the marginal
distributions are biased. The paper provides an example. MAR allows for the application
of the Expectation-Maximization (EM) algorithm and multiple imputation.
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3 Summary of the Articles

For the latter, one needs to choose the imputation procedure, which can be independent
from the model assumption and its hyperparameters. On the other hand, the EM
algorithm is merely based on the model assumption and guarantees the convergence of
the log-likelihood towards a local optimum. As estimating the joint distribution with
missing data is challenging, integration of prior knowledge is desirable.

Method
The method is based on the following observation. If the marginal distribution functions

quantilesF; (xy);j = 1;:::;p;" = 1;:::;N. From these, an estimate for the copula
can be derived using an EM algorithm.

On the other hand, if the copula is known, then one can estimate the location of the
missing values. For example, if the copula shows ¥atndX, are strongly and
monotonically dependent, then a large valueXqrimplies a high probability that the
value forX is also large. If the value foX ; is known but missing foK ,, then one can
derive likely locations for the missing entry &f,, that is, the conditional distribution of

X, given the known value oX ;.

We use this intuition starting with the initial parameters for the marginal distributions,
denoted by °, and the Gaussian copula parameter, denoted’byVe apply a cyclic
approach, in which we iteratively estimaté'! based on' before we estimate'*!
based on 1. In the paper we show that this intuition can be described as an EM
algorithm, where the M-step consisting of updatingnd is split in two. The EM
algorithm relies on a parametric form for the marginal distributions. We preserve the
exibility of the copula model by parameterizing them as Gaussian mixtures. The
estimation of the parameters of the marginais based on a Monte Carlo integration
and thus not exact. On the contrary, the estimation o&n be achieved without sampling
and in closed form. The cyclic approach is depicted in Figure 3.1.

Prior knowledge can be leveraged, for example, by

1. xing the entries of the precision matrix of the Gaussian copuld® tib two
variables are known to be conditionally independent given the remaining variables,
and

2. choosing the parametric family of the marginal distributions.
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3.1 Estimating Gaussian Copulas

Initial ; © “1\

LeG ™t D) QG "™t
Bl zargmax Q(% j4 Y 2. "l =argmax @(; "jtL Y
3 t= tl to ot

Figure 3.1The proposed EM algorithm for the estimation of the copula and the marginal
distributions. HereQ(; j!; ') is the expected log-likelihood function
of ; with respectto!; !. Starting with °, © the procedure updates
“*1 in closed form. For the new!*! an approximated E-Step is carried
out, which is a Monte Carlo approximatiéto 7! Q(; ''j % Y. The
maximizer of this function is assigned &s!. The algorithm stops if the
increase of)( *1; '1j t 1Y) js below a threshold.

Simulation Study & Results

In the simulation study, we compare the proposed method, indicated by EM, with

» an EM algorithm which only estimates the copula parameter while estimating the
marginals using the observed values only (corresponds to the procedure proposed
by Ding and Song 2016, SCOPE), and

* a Markov Chain Monte Carlo (MCMC) approach proposed by Hoff (2007)

on synthetically generated data sets with data MAR following a distribution with a
Gaussian copula. Here, the share of missing values, the correlation of the Gaussian
copula, and the sample size is varied. The dafadsnensional. The estimates for the
copula and the marginals are analyzed separately.

Estimates for Marginal Distributions It can be observed that EM provides better
estimates for the marginal distributions than SCOPE. This effect is stronger when the
share of missing values or the correlation parameter increases. MCMC provides the
worst estimates. For an increasing sample size, the EM estimates approach the true
marginal distributions. This does not hold for SCOPE and MCMC.
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Estimates for Copula Estimator The copula parameter is slightly better estimated

by SCOPE compared to EM. Again, MCMC performs worst. Increasing the sample size
improves the estimates for EM and SCOPE towards the true parameter. This cannot be
observed for MCMC.

The take-away is that it is suf cient to estimate the marginals only based on the observed

values if one is merely interested in the copula parameters. On the other hand, if one
is interested in the joint and hence in the marginal distributions, then it is advisable to

apply EM, that is, the proposed algorithm.

Another simulation study shows that the incorporation of prior knowledge into the
dependence structure improves not only the estimates for the copula parameter but also
for the marginal distributions.

So far, the proposed procedure has been limited to gmBlrameterization of marginals
as neural networks using differentiable sampling could leverage the approach to larger

p.

3.2 Learning Causal Graphs in Manufacturing Domains using
Structural Equation Models

In this work, we propose an adaptation of MLCAM that can incorporate existing prior
knowledge in manufacturing. The goal is to derive CERs from data collected along a
production line. The method was nally applied to battery modules, which combine
battery cells and are the building blocks of vehicle energy storage.

Prior Knowledge & Obijective

Itis well known that the incorporation of prior knowledge provides a considerable bene t
for causal discovery (de Campos and Castellano, 2007; Borboudakis and Tsamardinos,
2016; Hasan and Gani, 2022; Constantinou et al., 2023). Following de Campos and
Castellano (2007), prior knowledge can be translated into one of the following three
restrictions. All of them are relevant in manufacturing.

» Existence relation An edge between two nodes is known to exist. For example,
this is the case when DOEs have shown a CER between variables.

» Absence relation An edge between two nodes is known to be absent. For
example, products can consist of multiple sub-products for which measurements
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3.2 Causal Discovery in Manufacturing

also exist. If the sub-products are produced independently, then there cannot be a
CER between the measurements of the sub-products. See Figure 1 in paper.

» Temporal ordering: Production steps are processed in a xed order. Thus,
there cannot be CERs from measurements of subsequent production steps to
measurements of earlier steps.

All of the aforementioned analyses of the impact of expert knowledge on causal discovery
are based on the linear Gaussian model or use constraint-based methods. In contrast,
our work investigates CAMs and shows how the three steps of MLCAM as described in
Section 2.5.3 can be adapted to incorporate absence relations and temporal ordering. We
call the resulting algorithm the Temporal Causal Additive Model (TCAM). Existence
relations can be included as described below.

Method

We adapt the steps of MLCAM as follows.

» Preliminary Neighborhood Selection (PNS):In the PNS we allow for super-
DAGs that contain edges, which are neither known to be absent nor violate the
known temporal ordering. That is, every node is regressed on these variables
that were measured at the same or at an earlier production step and for which no
absence relation is known. Afterwards, edges corresponding to existence relations
are added.

» Node Ordering: The edges that cross the production steps are oriented according
to the temporal ordering, that is, the ordering of the production steps. Subsequently,
the edges within the same production step are oriented.

* Pruning: The edges are pruned as in the original algorithm. If existence relations
exist, then pruning these edges can be forbidden.

The article describes causal discovery with the score fun&imEquation 2.5 chosen

as the sum over the mean squared errors (MSES) instead of chdR)aintjpe negative
log-likelihood of the model. The MSE score was proposed, for example, by Zheng et al.
(2020). However, the negative log-likelihood appears to be more appropriate. For a
discussion of the different scores, see Reisach et al. (2021).
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Application & Findings

In the article, we discuss the generation of the data set, as the data preparation work ow
partially determines the existing prior knowledge. The nal data set contains 459
measurements of 7254 battery modules.

The performance and applications of causal discovery algorithms are frequently dis-
cussed for high-dimensional data, where N (Friedman et al., 1999; Kalisch et al.,
2012; Buhlmann et al., 2014). In contrast, this is not a concern in manufacturing.

The graph estimated by TCAM contains some nodes with few neighbors, while other
nodes have a large number of neighbors. This contradicts a frequent assumption in
causal discovery that the number of neighbors is limited by a small number.

Many of the derived edges have been veri ed as plausible CERs by process experts. As
an additional plausibility check, we investigate the patterns of identical sub-products
that were produced independently of each other. As expected, these show similar
patterns. Furthermore, the estimated graph reveals a CER from which experts could
derive actionable insights that improve the quality of products.

Finally, we revisit the subgraph of the sub-products. For these, there exists a partial
expert assessment of the causal relations. We bootshi@gata sets, each containing
500sub-products and their measurements. Then, we apply TCAM, MLCAM, and an
adaption of the PC algorithm (TPC) that incorporates the same prior knowledge as
TCAM to each data set and compare the estimated graph with the expert assessment.
We evaluate the quality of the estimated graph using an adapted SHD (aSHD) which
adjusts to the uncertainty in the expert assessment. The results reveal that the mean
and standard deviation of aSHD and the runtime of TCAM are signi cantly lower than
those of MLCAM. The mean aSHD of TPC and TCAM is similar, while TCAM shows

a lower standard deviation of the aSHD. This indicates that TCAM is more robust than
TPC in manufacturing applications.

3.3 Boosting Causal Additive Models

This work investigates the learning of the DAG of a CAM from data and shows the
consistency of the proposed procedure. Although there are numerous papers based
on (conditional) independence tests, that is, constraint-based methods (Gretton et al.,
2009; Mooij et al., 2009; Peters et al., 2014; Assaad et al., 2019; Lee et al., 2020) that
demonstrate consistency, such results are sparse for score-based procedures. Here, the
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work of Kpotufe et al. (2014) focuses @ 2. For generap, the work of Nowzohour

and Buhimann (2016) employs penalized nonparametric regression. On the other hand,
BUhlmann et al. (2014) show that their permutation score based on non-penalized
ML regressions consistently prefers the correct causal ordering. Nonparametric ML
regressions tend to over t easily. Consequently, the consistency result relies on partially
restrictive and non-tangible assumptions. We discuss them below.

On the other hand, there are theoretical results (Buhlmann and Yu, 2010; Raskutti et al.,
2014) for boosting regression and its strong performance on real-world problems is well
established. In this work, we

1. prove the statistical convergence of a permutation score based on boosting under
less restrictive and more tangible assumptions than Buhlmann et al. (2014),

2. provide insights on the behavior of boosting under misspeci cation, and

3. develop a boosting-based method for causal discovery for data of larger dimension,
when it becomes infeasible to calculate all permutation scores.

Theory & Methods

orders ofG°. As before, our goal is to leai@® or ° from the observations.

Low-dimensional data

Equation(2.5) are estimated by a boosted RKHS regression with early stopping, where

Cut+Cytl=2

the number of boosting steps is chosen in the ollefca*d | then the corresponding
score on the permutations is consistent. Thatis fora? °andall 2 ©itholds
thatlimy @( ) Q( 9 > 0. Here,C,; Cq > 0 are distribution-dependent constants.

This is shown in three steps.

1. We observe that Equatid2.5) de nes a score function for any regression estima-
tor.

2. In Proposition 1 we derive conditions on the regression estimator so that it consis-
tently prefers ©2  ©,
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3. We show that the conditions of Proposition 1 are met for the boosted RKHS
regression estimator with the number of boosting steps chosen as above.

Proposition 1 If the regression estimat@(x 1s; X1k);:::; (Xns; Xnk)) 7! Pis such
that for anyk 2 [p] andS [p] n fkg it holds that

1 X

2 2
N X f(xs)  Eo X fAXsg) 170 (3.1)
-

and forany °2 Oit holds that

20 1,3
1 X 2 X
W Xk tb(X‘$ 0(k)) ! P Eo 4@Xk f|8 (XJ )A 5; (32)
r=1 i2pago(k)
| {Z- }

=( )2

then the score of Equatiq@.5), where theP are estimated by the regression estimator,
is consistent. Equatiof3.2) is easier to show and corresponds to a consistency of the
regression estimator. On the other hand, EqudBab) is harder to show and ensures
that the estimator is not over tting. It is emphasized tBaandk are arbitrarily chosen.
Thus, the conditional distribution &€ givenX s can have any form.

RKHS Boosting ful lls the Conditions of Proposition 1 It is assumed that the

of boosting steps as above, Equat(BrR)is shown using techniques similar to those of
Bidhlmann and Yu (2010); Raskultti et al. (2014).

On the other hand, Equation (3.1) is upper bounded by the triangle inequality by

1N h i h i
N A(xs)? Eo fXs)? + N x.f(xs) Eo Xif(Xs)
|—= fz R — fz }
Squared nornfl) Inner produc(ll)
1 X
T x5% Eo X

1

and we show the convergencein probability for all three terms. We assume that
the fourth moment oKy exists, so that the convergence of the last term follows. For
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the convergence of the squared norm and the inner product tedin farobability for
N 'l , we use results from empirical process theory.

Recall thatP depends on the data and thereford\onBased on the work of Bartlett and
Mendelson (2002), the convergence of tijntowards0 in probability can be shown if
Plies in a function clasy whoseRademacher complexigrows slowly withN . On

the other hand, the convergence of ttih towardsO in probability can be shown if the
covering numbérof Fy grows slowly withN . Further, the Rademacher complexity
and the covering number of function classes contained in balls of some radius in the
RKHS can be upper-bounded. We show that we can upper-bound the RKHS norm of the
estimatgj ﬂj 1 by a number depending on the number of boosting stepdlawith high
probability. Both complexity measures are introduced in Wainwright (2019, Chapter 5).
If the number of boosting steps is chosen as above, then it is ensured that, for increasing
N the estimatd®lies in a function class whose Rademacher complexity and covering
number grows suf ciently slowly to ensure the convergencé)oaind(ll) towardsO0.

The idea is sketched in Figure 3.2.

Beyond small p

If pis such that it becomes infeasible to calculate the score for all permutations,
we rephrase the learning problem oprausaI discovery by nding a fundtion
(f1;::0f) - RP T RP wheref(x) = Jpzlfkj (x;);k =1;:::;p. Here,F shall
represent a CAM. We aim to minimize the likelihood

|
XP X '

L(F;xNy=L (fg;::f):xN = log (X Fe(x)?
k=1 =1

We follow an iterative approach. Starting witH® = 0, we apply a component-wise
boosting that adds one additive comporfgntat each step. Denote the function after

1. Forj;k =1;:::;pandj Spk the functionf (x;) which reduces the unexplained
2
noise inXy afterm steps !\':1 X'k fém)(x‘) f(xq) + Jifg jjﬁj by
the largest margin is identi ed. The ternjjf; ij|j penalizes complexity and
> 0is a hyperparameter, afid jj y; is the RKHS norm orX;. These are the

1The Rademacher complexity and the covering numbers quantify the richness of a set of functions.
When the functions are similar to each other, these measures are lower.
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“““ N

Figure 3.2Visualization of proof idea. FON = 1;::: one can de ne a growing sequence of function clagggsthat have
Rademacher complexities depending®nR y is chosen such that, with probability goingtaniformly for all
functions inR y the empirical squared norm is close to the population version. Similarly, one can de ne a growing
sequence of function class@s that have covering numbers dependinghbiso that uniformly for all functions in
Gy the empirical inner product is close to the population version. We m:mc%ﬂ_ﬁao: dependsoil)isina
function clas¥=y R y \Cy by controlling the number of boosting iterations. Then the convergenkcarafl|
can be ensured. To be precisg, R n \Cy holds with a probability goingtd for N ' 1 . This is suf cient for
the convergence dfandll to hold.
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2. The index(j %; k%) = argmin ¢, L(F(™ + ;) is determinedF (™)) is updated
by ™ (x) = £ (x)+ Rojo(x;0), whereO< < 1is a step size.

3. As we add every additive function one by one, it is easy to track which function, if
added toF (™*Y would cause a cyclic graph. These functions are forbidden.

4. 1f L(FMDxNYy + AIC (FMD) > L (FM;xN) + AIC (F(M), whereAlC
penalizes the complexity i (M*Y | then the procedure is stopped.

Finally, we apply a pruning step as for MLCAM. It is emphasized that this method does
not rely on a PNS and thus needs fewer hyperparameters to be tuned.

Simulation Studies

We run simulation studies fgqr= 5 (low dimensions) and fgo = 100 (high dimensions).
Although, for the latter case we consider the sampleNize 200 and thugp < N , we
call the data high-dimensional.

Low Dimensions  We randomly construct CAMs and determine the minimal distance
between the estimated permutation and the set of causal orders of the DAG for different
sample sizes. One can see that the mean distance goé&s timcreasingN , underlining

the theoretical result. Even if the SEs are non-additive (a misspeci cation of the model),
one observes a similar, although slower, pattern.

High Dimensions  We randomly generate DAGs with on averd@®edges, where

the edges are evenly (ER) or unevenly (SF) distributed among the nodes. The latter
is relevant in manufacturing as shown in Section 3.2. The SEs are either additive or
non-additive. The latter is a misspeci cation of the model. We learn the DAG using
the proposed method, MLCAM, and NOTEARS (Zheng et al. (2020)) and compare the
estimates with the underlying DAG using the SHD. For three settings, the proposed
method and MLCAM perform similarly. However, for the most challenging scenario,
which is relevant for many applications, that is, non-additive SEs with SF graphs, the
proposed method outperforms MLCAM. NOTEARS performs worse in all scenarios.

Discussion

Low dimensions  To our knowledge, in addition to the aforementioned results, the
work of Buhlmann et al. (2014) and the strongly related work of van de Geer (2014), we
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provide the only consistency result for causal discovery for CAMs. The conver{@nige
gives insight into the behavior af?-boosting regression in quite general, misspeci ed
scenarios.

Some assumptions of Biihimann et al. (2014) are similar to ours. For example, both
approaches assume an eigenvalue condition (Lemma 2 and Assumption 12) and moment
and tail conditions (Assumption A2 and Assumption 9). However, Buihlmann et al.
(2014) restrict the search spaceft?af to a nite-dimensional subspace, which grows

"suf ciently slowly” with N . Further, the search space "is deterministic and does not
depend on the data". Our approach is different, as the RKHS functions depend on the
data and our search space is in nite-dimensional. Instead of xing the dimensionality of
the search space by some vague number, we choose the number of boosting iterations
asymptotically. This seems to be more elegant to us.

Both methods can be applied to higher-dimensional data if the search space of permu-
tations can be drastically reduced. This can be the case if the variables are temporally
ordered, as, for example, in manufacturing.

High dimensions  Our method can be understood as a component-wise functional
gradient-descent in the non-convex space of additive functionsRito RP correspond-

ing to a DAG. It extends the success of component-wise boosting for high-dimensional
regression and classi cation to causal discovery.

3.4 Interactive and Intelligent Root Cause Analysis in
Manufacturing with Causal Bayesian Networks and
Knowledge Graphs

Deriving CERs from observational data is challenging and is based on assumptions that
cannot be tested and are probably violated in manufacturing, as outlined in Section 2.5.
At the same time, Section 3.2 presents an application of causal discovery to manufactur-
ing using expert knowledge with promising results. Here, the search space of directed
graphs could be considerably shrunken by expert knowledge.

This applied work presents how to acquire, represent, and update expert knowledge using
a knowledge graph (KG), an interactive user interface (Ul), and causal discovery. KGs
are a exible and state-of-the-art method to represent knowledge whose information can
be queried using specialized languages.
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In this way, we close the feedback loop between the process expert and the structure
learning procedure. That is, process experts represent their state of knowledge in the
KG using the Ul. We propose to group the knowledge into different categories from
which the constraints for the structure learning algorithm in the sense of Section 3.2
can be derived in an automated fashion. Under these constraints, the structure learning
algorithm proposes a CER graph that is again stored in the KG. In turn, the CER graph
is accessible by the process expert using the Ul. She can challenge the proposed CERs
with experiments or rely on her expertise. She updates the state of knowledge and feeds
it back into the KG. At every point in time, the state of knowledge is standardized and
accessible between multidisciplinary teams and automated reasoning systems. Thereby,
we propose a solution to the fact that "[a]t the moment, causal discovery is mostly used
on-demand for detection and analysis." We "tackle the topic of systematic integration of
causal discovery in continuous process improvement" (Vukard Thalmann, 2022).

From one perspective, the system can be understood as a recommendation system
that proposes CERs from the current state of knowledge and process data. Another
perspective is to consider the system as a human-in-the-loop reinforcement learning
algorithm. The quality of the CER graphs is assessed by an expert and returned to
the algorithm. A steady state is reached if the proposed CER graph does not contain
edges that contradict the expert's knowledge. Along the way, the expert knowledge is
challenged and possibly extended.

Finally, we show that an increase in incorporated expert knowledge reduces the com-
putational complexity of the structure learning algorithm. Furthermore, the number of
proposed CERs decreases, indicating that less spurious relations are proposed.
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In this thesis, we addressed the insuf cient understanding of CERs in the production of
battery cells and storage systems, which results in high scrap rates. Since conducting
experiments at the production plant can be challenging or expensive, we explored the use
of data-driven techniques to discover knowledge from the manufacturing process data.
The concept involves utilizing measurements of the (intermediate) products throughout
the manufacturing process to characterize the production process of the end product. This
results in a complex distribution. It was the goal to represent the complex distributions
in an accessible fashion to enable multidisciplinary teams to interact with the derived
representation.

As a framework for knowledge discovery, we identi ed PGMs because of the following
bene ts.

* PGMsrepresentcomplex data sets in an accessible visualisation, which can be
used for exploratory analyses.

» The extensivexpert knowledgein manufacturing can be integrated into PGMs.

» Directed PGMs can be used to dersausal relationships that is, CERs, from
observational data under assumptions. This avoids costly experiments.

To account for the complexity of the data-generating process, we focused on non-linear
and exible PGMs, which are the Gaussian copula model and the CAM. We combined
them with important aspects of manufacturing.

For the former and undirected PGM, we investigated the estimation of the joint distribu-
tion when parts of thelata aremissingfor example due to sensor breakdown.

For the latter, we explored how to ef cientiptegrate manufacturing expertisesuch

as information on

1. the existence of CERs,
2. the absence of CERSs, and

3. the temporal ordering of measurements
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into the estimation algorithm and its bene t.

Finally, we present howoosting can be used focausal discovery We show that

the estimation is statistically consistent, which is a rare theoretical result in this eld.
A simulation study indicates that a practical adaptation of the algorithm outperforms
state-of-the-art causal discovery methods based on maximum-likelihood estimation or
gradient descent in relevant scenarios.

Although the results are promising, we remain cautious when it comes to deriving CERs
from observational data due to the restrictive Assumption 2.5.21. In particular, the
assumptions of no confounding, that is, the observational distribution aligns with the
interventional distribution, and the joint distribution having a strictly positive density,
are questionable in manufacturing applications.

We agree with Dawid (2010) that the representation as a DAG makes it dif cult to
resist the intuition of a causal or meaningful relationship. However, it is not clear
why Assumption 2.5.21 holds. More precisely, why should a data generating process
P, have the same interventional distributions as another data generating pPgcess
when the two coincidentally share the same observational distribution? Throughout the
thesis, we have presented several counterexamples for this assumption, and it seems
likely that a given data generating process behind a manufacturing data set is violating
Assumption 2.5.21. Furthermore, the assumption that the underlying causal model lies
in an identi able subclass is based on the intuition that models that can be described
in simpler mathematical terms are more likely to be true (Peters et al., 2017, page 46).
Although this perspective is popular in other elds such as physics, it is subject to
criticism (Hossenfelder, 2018).

Therefore, we propose the utilization of causal discovery techniques in the manufactur-
ing sector as a "CER recommendation tool" where suggestions must be validated by
experiments or (deep) expert knowledge. In complex and high-dimensional scenarios,
the reduction of potential CERs can already provide great bene t. This point of view is
also shared by Dawid (2010); Vowels et al. (2022). In Section 3.4 we have elaborated on
how such a tool can be designed and used for iterative knowledge discovery.

It can be argued that statistical models invariably simplify reality, yet they frequently
offer dependable insights into real-world phenomena. However, one needs to assess
empirically whether deviations from the assumptions are crucial for the conclusions
drawn from the model. Thus, a major challenge for causal discovery is the lack of
non-trivial data sets with known causal ground truth. The ground truth can be hard to
determine as ambiguous concepts of causality and interventions exist concurrently and
they can differ across research areas (Vowels et al., 2022). Nevertheless, these datasets
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can be viewed as essential. For instance, in the eld of computer vision, the availability
of extensive labeled datasets has contributed signi cantly to advancements (O'Mahony
et al., 2020).

Outlook We have evaluated the proposed Gaussian copula estimator for missing
data with methods that directly estimate the joint distribution. In practice, however,
multiple imputation is often applied with good results. Thus, it is desirable to compare
the proposed approach with different imputation methods. The robustness with respect
to a violation of the missing-at-random assumption can further be investigated. Using
differentiable sampling could help to extend the method to higher dimensions.

For the CER recommendation tool, it would be desirable to have some uncertainty
guanti cation of the estimated CERs using a Bayesian approach. Heckerman et al.
(1995); Geiger and Heckerman (1994) show that for appropriate models and priors, the
posterior probability of a graph can be calculated in closed form. Recent contributions
such as Lorch et al. (2021) use variational inference to provide an approximate posterior
over DAGs under less restrictive assumptions. The boosting-based procedure could be
embedded in this framework. In the Bayesian context, the restriction of the potential
graphs based on expert knowledge can be understood as assigning some graphs a
vanishing prior probability. Using the uncertainty estimates, one could decide which
experiments (whose costs potentially vary) should be run next. Furthermore, the posterior
distribution over the DAGs can be used to provide probabilistic estimates or bounds for
the CERs.

Furthermore, having a manufacturing data set with established causal relationships
would be highly advantageous. However, the creation would be challenging and would
involve de ning the concept of causality, systematically gathering expert knowledge,
and conducting experiments.
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