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Scalable Bayesian Methods for Large-Scale Data: Data Reduction and Efficient
Computation of Distribution Metrics

by Zeyu DING

In the era of big data, traditional Bayesian inference methods face significant chal-
lenges in computational efficiency and scalability. This thesis presents a compre-
hensive framework addressing these challenges through theoretical innovations and
practical implementations. We introduce a novel p-probit model incorporating p-
generalized normal distributions, which offers enhanced flexibility in modeling tail
behavior through an adaptive parameter p. To address computational challenges
with large-scale datasets, we develop an efficient coreset-based data reduction tech-
nique for the p-probit model, with theoretical guarantees based on the Wasserstein
distance. Furthermore, we extend scalable inference to semi-parametric Multivariate
Conditional Transformation Models (MCTMs). We propose a novel hybrid coreset
strategy that combines leverage score sampling with a geometric convex hull approx-
imation. This approach effectively resolves the numerical instabilities of logarithmic
terms in the likelihood, enabling efficient learning of complex dependence structures
with rigorous error guarantees. This exploration of distribution metrics leads to
our investigation of scalable computation methods for probability distribution dis-
tances, where we propose novel approximation approaches using sliced-Wasserstein
distances and random Fourier features in Physics applications. These theoretical
advances are implemented in two open-source software packages: an R package for
the p-probit model and a Julia package for distribution metric computation. Our em-
pirical results demonstrate significant improvements in both computational efficiency
and statistical accuracy across various large-scale applications, contributing to both
theoretical understanding and practical capabilities in modern Bayesian inference.
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Chapter 1

Introduction and Structure

1.1 Research Motivation and Context

Recent advances in data science, particularly in Bayesian statistics and generative
modeling, have driven demand for tools that not only scale to large datasets but also
provide principled measures of uncertainty and distributional discrepancy. Tradi-
tional statistical methods have long centered on point estimation and hypothesis
testing under strong parametric assumptions. The theoretical guarantees for these ap-
proaches derive from asymptotic results, such as the central limit theorem (CLT) and
laws of large numbers (LLN), which characterize the limiting behavior of estimators
as sample size grows (Kwak and Kim, 2017; DasGupta, 2008). While these results
provide powerful guarantees for estimating central tendencies such as population
means, they often overlook the broader structural differences between probability
distributions (Gneiting and Raftery, 2007).

1.1.1 The Bayesian Paradigm for Uncertainty Quanti cation

However, in many real-world applications, including simulation of complex social
systems, medical risk assessment, and particle physics experiments, the research
objective extends beyond estimating particular statistics. Instead, practitioners seek
to understand the shape, structure, and uncertainty of entire probability distributions.
Bayesian statistics provides a natural framewaork for this objective by explicitly mod-
eling uncertainty through full posterior distributions rather than point estimates of
the parameters (Gelman et al., 2013; McElreath, 2018). By interpreting probability as
a degree of belief that is updated in light of new evidence, Bayesian inference natu-
rally propagates uncertainty through all stages of analysis. This full distributional
characterization proves particularly valuable when decisions must account for tail
risks, multimodal structure, or heterogeneous uncertainty across different regions of
the parameter space (King et al., 2019).
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1.1.2 Distributional Distances in the Era of Generative Models

Beyond traditional inference tasks, the rise of generative models has fundamentally
transformed how we evaluate statistical methods. In applications ranging from Gen-
erative Adversarial Networks (GANs, Goodfellow et al., 2014) to Bayesian simulation-
based inference, the core challenge shifts from parameter estimation to distributional
comparison. Whether comparing generated samples to observed data or evaluating
the convergence of posterior approximations, we must quantify how “close” two
probability distributions are, a foundational problem that requires principled distance
metrics.

Classical divergence measures, particularly the Kullback-Leibler (KL) divergence
(Kullback and Leibler, 1951), have long served as the cornerstone of statistical infer-
ence, underlying maximum likelihood estimation and variational methods. However,
several well-documented pathologies limit the applicability of KL divergence in
modern settings. First, its asymmetry and unde ned behavior on distributions with
disjoint support create theoretical complications. Second, in generative modeling,
optimizing KL divergence can lead to undesirable “mode-seeking” behavior, where
the learned distribution fails to capture all modes of the target, a phenomenon known
as mode collapse (Arjovsky et al., 2017; Chan et al., 2022). Third, in high-dimensional
settings where data often concentrates on lower-dimensional manifolds, KL diver-
gence may fail to provide meaningful gradients for optimization, as the distributions
rarely share common support (Dhaka et al., 2021; Verine et al., 2023).

These limitations have motivated substantial interest in alternative metrics. The
Wasserstein distance, grounded in optimal transport theory, measures the minimum
“cost” of transforming one distribution into another and remains well-de ned even
for distributions with disjoint supports (Arjovsky et al., 2017). Similarly, Maximum
Mean Discrepancy (MMD) (Gretton et al., 2012a) offers a kernel-based approach that
compares distributions through their embeddings in a reproducing kernel Hilbert
space, eliminating the need for explicit density estimation. Both metrics have proven
particularly effective in high-dimensional settings, where they capture geometric
structure that KL divergence may miss (Gao and Shao, 2023).

1.2 Research Questions and Scope

The developments outlined above highlight three interrelated challenges in mod-
ern statistical practice. First, we need exible probabilistic models that can adapt to
diverse data characteristics without imposing restrictive parametric assumptions. Sec-
ond, we require principled methods to compare and evaluate these models through
distributional distance metrics. Third, we must develop computationally ef cient
inference procedures that scale to large datasets while maintaining theoretical guar-
antees.

Addressing these challenges forms the central motivation for this dissertation,
which is organized around two fundamental questions:
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1. How to effectively model uncertainty in complex data and construct exible
and interpretable probabilistic models?

2. How can these probabilistic models be reliably and ef ciently inferred under
limited computational resources?

Focusing on the above issues, the research of this thesis focuses on three closely
related themes:

1. Bayesian modeling : full distributional representation of uncertainty;

2. Data compression and ef cient inference : building computationally friendly
probabilistic and Bayesian frameworks;

3. Distributional distance metrics : understanding and comparing differences in
probabilistic models.

The following section develops each of these three endeavors and points out how
they are re ected in the three representative studies in this dissertation.

1.3 Methodological Framework and Contributions

1.3.1 Flexible Modeling and Uncertainty Representation in Bayesian Mod-
els

In the rst work of this thesis, a new regression modeling framework is proposed:
the Bayesiam-probit regression modeThe exibility of this model is derived from the
use of the p generalized normal distribution, also known as the exponential power
distribution, as the latent variable distribution. This family of distributions was

rst introduced by Subbotin (1923) and later popularized in the context of Bayesian
robust modeling by Box and Tiao (2011). By treating the shape parameter p as an
unknown to be inferred from the data, the model can adapt its tail behavior, smoothly
interpolating between the Gaussian distribution ( p = 2), which underlies the standard
probit model, and the leptokurtic Laplace distribution ( p = 1), which is associated
with robust and sparse models.

Standard link functions in binary regression, such as the probit (Gaussian CDF)
and logit (logistic CDF), implicitly assume speci c tail behaviors for the underlying
latent variable. When real-world data exhibit heavier or lighter tails than these
assumptions suggest, forcing a xed link function can lead to biased inference and
poor predictive performance. The robust statistics literature has long emphasized
the need for models that adapt to such deviations from assumed distributions rather
than imposing them a priori, as we demonstrate in Chapter 2

The model's exibility is further enhanced by adopting a fully Bayesian frame-
work. Rather than treating the shape parameter p as xed or estimating it through
maximum likelihood, we place a prior distribution on  p and perform joint posterior
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inference over both b and p. This approach offers several advantages over existing
p-probit methods (Munteanu et al., 2022). First, it eliminates the need for analysts to
pre-specify the level of robustness or tail behavior, instead learning these characteris-
tics directly from the observed data. Second, by providing full posterior distributions
rather than point estimates, the Bayesian approach naturally quanti es uncertainty
in both the regression coef cients and the inferred tail behavior. This dual uncer-
tainty quanti cation proves particularly valuable for prediction and model selection,
where understanding the con dence in the chosen link function is as important as
the regression coef cients themselves. Third, the posterior distribution of p serves
as an interpretable diagnostic: values near 2 suggest the data are well-described by
a standard probit model, while departures indicate the degree and direction of tail
deviation from Gaussianity.

This work not only proposes a new model, but also designs an effective Markov
chain Monte Carlo (MCMC) inference method, and incorporates data compression
techniques (see the next section) to achieve a signi cant improvement in inference
ef ciency.

1.3.2 Coreset Methods for Scalable Probabilistic and Bayesian Inference

Despite their advantages in exible modeling and uncertainty quanti cation, Bayesian
methods face computational challenges that can become prohibitive in practice. Stan-
dard MCMC inference scales poorly with dataset size, as each iteration requires
evaluating the likelihood over all n data points. For large-scale applications, this
computational burden can render otherwise attractive Bayesian models impractical.
This motivates a fundamental question: can we perform inference on a carefully
selected subset of the data while maintaining accuracy guarantees for the posterior
distribution? The challenge of computational cost in Bayesian inference, particularly
in the “Big Data” regime, has motivated a variety of scalable methods. The Coreset
method provides a compelling, data-centric solution to this problem. Originating in
computational geometry, the Coresetpproach was adapted for Bayesian inference
to construct a small, weighted subset of the data such that the posterior distribution
conditioned on this subset is provably close to the posterior conditioned on the full
dataset (Huggins et al., 2016; Zhang et al., 2021). This dissertation builds upon this
foundational work and extends its applicability in two key directions:

» Forthe p-probit model, we develop a coreset construction method that combines
Wasserstein distance (Monge, 1781) with leverage scores. This approach exploits
both the geometric structure of the data (via Wasserstein distance) and the
statistical in uence of individual observations (via leverage scores). We provide
both theoretical guarantees for posterior approximation quality and empirical
validation on classi cation tasks;

» For Multivariate Conditional Transformation Models (MCTMs) (Klein et al.,
2022), a exible class of high-dimensional models that capture conditional
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dependencies among variables, we devise a sparse coreset method based on
convex hull approximation. This geometric approach identi es in uential
boundary points in the feature space, enabling substantial data reduction while
preserving the model's ability to capture complex dependence structures. We
demonstrate the method's effectiveness on several real-world datasets from
diverse application domains.

Together, these studies point to a single goal: to achieve scalable and ef cient
probabilistic and Bayesian inference while guaranteeing the quality of probabilistic
modeling.

1.3.3 Distance Metrics for Posterior Evaluation and Model Comparison

The rise of generative modeling and simulation-based inference has transformed the
landscape of statistical evaluation. In these modern applications, the fundamental in-
ferential question shifts from comparing summary statistics (“are the means equal?”)
to assessing overall distributional similarity (“are the distributions close?”). Answer-
ing this question requires principled distance metrics that can quantify discrepancies
between probability distributions in ways that are both statistically meaningful and
computationally tractable. In the third work of this thesis, we have developed an eval-
uation toolkit, MCbenchwhich is able to compute a number of common distribution
distances in the programming language Julia , including:

1. Wasserstein distance: Grounded in optimal transport theory, the Wasserstein
distance measures the minimum “cost” of transforming one distribution into
another (Monge, 1781; Kantorovich, 1942). Unlike divergence measures, it
remains well-de ned for distributions with disjoint supports and provides a
meaningful metric structure that is particularly sensitive to tail behavior and
overall geometric structure;

2. Maximum Mean Discrepancy (MMD) : A kernel-based metric that compares
distributions through their embeddings in a Reproducing Kernel Hilbert Space
(RKHS) (Gretton et al., 2012a). By representing distributions via their mean
embeddings, MMD enables comparison without explicit density estimation.
The choice of kernel determines which distributional features are emphasized,
providing exibility in tailoring the metric to speci c application needs;

3. Classical measures: Including chi-square statistic, moment-based comparisons,
and summary statistic distances. While computationally simpler, these mea-
sures often capture speci ¢ aspects of distributional difference.

MCbenclwas developed out of a collaborative demand from the physics com-
munity for rigorous distributional comparisons between simulated data and real
observations, rather than relying solely on central statistics or traditional hypothesis
testing.
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While these metrics provide principled measures of distributional discrepancy,
their direct computation can become prohibitive for high-dimensional or large-sample
settings. The Wasserstein distance, for instance, requires solving an optimal transport
problem with O(n2) complexity for n samples. Similarly, computing MMD with m
samples requires constructing an n  n kernel matrix, leading to O(n?) memory and
computational costs.

To address these limitations, we investigate and implement several scalable ap-
proximation methods in MCbenchFor the Wasserstein distance, we employ the Sliced
Wasserstein distance (Kolouri et al., 2019), which projects the distributions onto ran-
dom one-dimensional subspaces where the distance can be computed ef ciently in
closed form. For MMD, we implement kernel approximation techniques including
Random Fourier Features (Li et al., 2019), which approximates the kernel via Monte
Carlo sampling in the frequency domain. The Nystrom method (Williams and Seeger,
2000), which constructs a low-rank approximation based on a subset of landmark
points was also investigated. These approximations reduce computational complexity
substantially while maintaining rigorous error bounds, as detailed in Chapter 4.

Beyond serving as a practical toolkit, this work contributes to the broader under-
standing of distribution-level modeling by systematically comparing the statistical
and computational trade-offs inherent in different distance metrics and their approxi-
mations.

1.4 Software Contributions and Reproducibility

As part of this research, we developed two open-source packages:

» BayesPprobit — An Rpackage implementing the Bayesian p-probit model with
MCMC sampling;

 MCbench— A Julia package for benchmarking posterior approximations and
distribution distances.

These tools are designed to support reproducible experiments and facilitate fur-
ther research in scalable Bayesian inference.

1.5 Thesis Structure

In summary, this thesis focuses on the core problem of “how to perform effective
Bayesian modeling under large-scale data”, and develops the following three research
lines:

1. Proposing new probabilistic models to enhance expressive power (Bayesian
p-probit);

2. Utilizing the coreset technique to compress data to improve inference ef ciency
(p-probit and MCTM);
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3. Introducing distributional distance metrics to support model evaluation and
sample comparison (MCbench

TABLE 1.1: Mapping of thesis chapters to included publications and
software packages.

Chapter Core Topic Based on Publication

Chapter 2 Bayesian p-Probit Model: Framework &  Article 1 (Ding et al., 2024)
Inference

Chapter 3 Scalable Inference via Coresets p-Probit  Article 1 (Ding et al., 2024),
& MCTMSs) Article 3 (Ding et al., 2026),
Article 4 (Ding et al., 2023)

Chapter 4 Distribution Distances & MCbenclframe- Article 2 (Ding et al., 2025)
work

Chapter 5 Software Design & Implementation Packages: BayesPprobit ,
MCbench

The detailed mapping of these core research topics and their corresponding
publications to the speci ¢ chapters of this dissertation is summarized in Table 1.1.
These three parts are interconnected and together constitute the systematic response
to the problem of large-scale Bayesian probabilistic modeling and distance computation
Figure 1.1 illustrates the logical structure and interconnections between these research
components, providing an overview of how the individual studies are linked to the
overarching research theme.

Advanced Bayesian

Reduce Dataset
. Size ( Data Reduction
Modeling — _
. ) Scale Bayesian L(Coreset, sketching methods)
(Bayesian p-Probit, MCTMs)
Inference

Importance of

. Assess Posterior
Measure Distri-

Implementation Generalize Bayesian Approx. Quality
in Real Systems | |deas into Models bution Distances
Further Ideas Y
v in Genera- Distribution
Software & Future | tive Models Distances
(R/Julia, Generative models) l‘ Implementation (Wasserstein dis-
in Real Systems [ tance, MMD, RFF)

FIGURE 1.1: Research roadmap: From advanced Bayesian modeling
to distribution distance metrics and scalable computation.

These works constitute the overall contribution of this research, both in terms of
model-level innovations and computational-level method design and software imple-
mentation, covering multiple levels of theoretical analysis, algorithm development,
and practical applications.
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This thesis is structured as a cumulative dissertation, consisting of four main
articles. Chapter 2 introduces the p-probit model and its Bayesian inference, the main
content of this chapter is published in Ding et al. (2024). Chapter 3 introduces the con-
struction of the coreset approach implemented for scalable inference in the p-probit
setting and a coreset algorithm for MCTMs based on convex hull approximations, the
main content of this chapter is published in Ding et al. (2023), Ding et al. (2024), and
Ding et al. (2026). Chapter 4 introduces the MCbenclvenchmarking framework and
explores scalable approximations for distribution distances, the main content of this
chapter is under review by a journal, and published as a pre-print version by Ding
et al. (2025). Chapter 5 introduces the structure and core functionality implementation
of the BayesPprobit 1 and MCbenchpackage. Chapter 6 concludes this dissertation
with a comprehensive summary of the research, highlights key contributions and
limitations, and proposes feasible directions for future exploration grounded in the
present ndings.

Ihttps://github.com/zeyudsai/BayesPprobit
2https://github.com/tudo-physik-e4/MCBench.jl



Chapter 2

Bayesian p-Probit Model: A New
Framework for Binary Bayesian
Inference

2.1 Introduction

In classical binary regression modeling, logistic and probit models have long been
the two dominant choices. They both map linear predictors to a probability scale via
xed link functions, enabling estimation of success probabilities in binary outcomes.
However, these xed-form link functions lack exibility when modeling data with
heavy- or light-tailed structures, leading to potential link misspeci cationwhich can
distort inference and reduce predictive performance.

To address this issue, several recent works have proposed parametric link func-
tions with tunable tail behavior. These models aim to provide a more accurate
characterization of the data distribution and more robust model tting. On the other
hand, frequentist models typically provide only point estimates for parameters and
lack direct quanti cation of uncertainty. Bayesian statistics naturally addresses this
shortcoming by placing probability distributions over unknown quantities, enabling
full posterior inference and uncertainty quanti cation.

In this chapter, we develop a new probabilistic modeling framework for binary
outcomes: the Bayesian p-probit model . This model generalizes the classical probit
model by adopting the p-generalized Gaussian distribution ( p-GGD) as the basis for
the link function. The parameter p controls the kurtosis of the distribution, interpo-
lating between the Laplace distribution ( p = 1), the standard normal distribution
(p = 2), and heavier-tailed or light-tailed alternatives.

Our approach builds upon the frequentist p-probit model proposed in Munteanu
et al. (2022), which was formulated as a convex optimization problem under maxi-
mum likelihood estimation. We extend this work into the Bayesian domain, where
we jointly estimate the regression coef cients b and the shape parameter p using
a Markov chain Monte Carlo (MCMC) approach. Speci cally, we combine a data
augmentation strategy with Gibbs sampling and integrate a Metropolis-Hastings
(MH) step to sample the non-conjugate parameter p.
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This model not only generalizes existing logistic and probit models, but also
enables posterior inference on the shape of the link function itself, offering a prin-
cipled way to model uncertainty in both the regression coef cients and the data-
generating distribution. Our empirical evaluation includes both simulated and
real-world datasets, demonstrating the effectiveness of the proposed framework in
various data scenarios, particularly in the presence of tail misspeci cation.

In summary, in this study, we generalize the standard Bayesian probit model
and its estimation into a exible link. We present a Bayesian formulation of  p-probit
regression, extending the frequentist MLE framework introduced by Munteanu et al.
(2022). We develop a novel Gibbs sampler for joint posterior sampling of model
parameters b and the hyperparameter p, extending the classical sampler of Albert
and Chib (1993) beyond the casep = 2. Our extensions also apply directly to logistic
regression when p = 1.

2.2 The Bayesian p-Probit Model

Logistic and probit regression are often considered to be similar, and differ only in
their tail distributions (Chambers and Cox, 1967). More general families of parametric
link functions focusing on modeling the tail distribution are considered for binary
regression. In a practical analysis, Albert and Chib (1993) used the t-distribution
instead of the standard normal distribution in the probit model. Czado and Santner
(1992) and Czado (1992) studied the importance of choosing the link function and
proposed several methods for estimating the parameters of single and double tailed
parametric links. Koenker and Yoon (2009) introduced the Gosset link and the
Pregibon link (Pregibon, 1981), and proposed a Bayesian estimation of their respective
parameters. We refer to (Stukel, 1988) for further discussion on the choice of link
functions for GLMs. Czado and Santner (1992) investigated possible undesirable
effects of using a misspeci ed link function, and pointed out that bias occurs in both
parameter estimation and predicted probability. To overcome such shortcomings, we
introduce in the following a parametric link function that generalizes over the logistic
link similarly to Prasetyo et al. (2020), yet more speci cally over the standard normal
probit link, and allows us to control the tail behavior, in particular the kurtosis,
of the modeling distribution by varying the parameters of the link function. We
point to further, though less related, recent work on exible link functions for binary
regression based on Gaussian processes and Copulas (Li et al., 2016; Mes oui et al.,
2023), respectively.

2.2.1 p-Probit Model

In binary classi cation problems, we assume that the dependent variable Y; follows a
Bernoulli distribution with the probability of success p; = E(Y;) = P(Y; = 1). The
value of p; is conditioned on the independent variable X; and the parameter b and
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FIGURE 2.1: Probability density function (left) and cumulative distri-
bution function (right) of the p-GGD for various values of p.

linked applying a transformation h( ) to the linear response such that P(Y; = 1jX;) =
pi = h(x;b) where x;b is a linear combination of the observed covariates multiplied
by the parameter vectors. The inverse of the transformation function g( )= h() lis
called the link function. Logistic regression and probit regression are two common
types of binary regression models. Logistic regression assumesg(p) = Iog(lJLp
as a link function, while the probit model uses the inverse cumulative distribution
Fzmction (CDF) of the standard normal distribution g(p) = F (), where F(h) =

h¥ p;—?exp 122 dz, for h 2 R. For the p-probit model, we introduce the p-
generalized normal distribution, with the CDF stated as Equation 2.2.

Let Np(0, p¥ P) denote the p-GGD with density function f ,(h) given by

p(1 1/ p)
241/ p)

and let F ,(h) denote the cumulative distribution function shown in Figure 2.1
Zq
Fo(h) = fp(x)dx,h2 R,p> 0. (2.2)
¥

fp(h) = exp(j hj’/ p),h2 R,p> 0, (2.1)

For the observed data f (x;, y;)giL , with covariates x; 2 RY and binary response
yi 2 f 0,19, we assume that the probability that the positive event occurs is P[Y; =
1] = E[Yi] = Fp(xib) and P[Y; = 0] = 1 Fp(xib) = Fp( xjb). The likelihood of
the model is

n n
L(bjX,y) = O Fp(xib)YFp( xb)' ¥ = O Fp((2yi 1) xib). (2.3)
i=1 i=1
The classical MLE approach estimates the model parameter b maximizing the
likelihood function. To this end, Munteanu et al. (2022) employed convex optimiza-
tion (Bubeck, 2015) for calculating the MLE by minimizing the negative log likelihood
(NLL) of the p-generalized probit model.
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2.2.2 Bayesian Estimation of the p-Probit Model

In the Bayesian estimation setting we are interested in the posterior distribution of b.
Imposing a prior distribution p (b) over the parameter space, it can be written as

p(bjX,y)= R p(b) Ol Fp(xib)Y(1 Fpy(xib))?t ¥

"p(b)éin:ﬂ:p(xib)yi(l Fp(Xib))l vidpb (2.4)

Since sampling directly from the posterior distribution is impossible, Albert and Chib
(1993) and Tanner and Wong (1987) introduced a latent variable Z to the model that
has a linear relationship Z = Xb + h with the design matrix.

In our p-GGD extension, each latent variable Z; is distributed according to a
p-GGD with mean x;b, scale parameter p¥ P, and shape parameter p, i.e., Z;
Np(xib, p¥ P). The joint posterior distribution can be considered as a combination
of three components: the latent variable Z, the model parameter b, and the shape
parameter p of the generalized probit model:

p(6,Z,pjY) 1 p(D)p(p) OF1(Zi > 0)1(y: = 1)
i=1 (2.5)

+1(Z; 0)1(yi=0)g fp(Zi xib).

The full conditional distributions of b, Z, and p are speci ed below.
The posterior density of b given Z and pis

n
p(bjY.Z,p) ki p(b) (“)lfp(zi Xib). (2.6)
i=
The full conditional distributions of Z are independent where

Z; j Y,bis distributed as f p(x;b) truncated at the leftby O if y; = 1,

Z; j Y, bis distributed as f p(x;b) truncated at the right by O if y; = 0.

When the parameter p of the distribution is known and xed in advance, samples
from the posterior distribution of b are obtained by repeatedly sampling Z from a
truncated p-GGD and b from the full conditional distribution of b from the p-GGD
with parameters bz,S and p, respectively.

For the joint posterior distribution that includes p as a variable, this becomes more
complicated. In frequentist linear regression under the " ,-norm, estimation methods
for p have been proposed before, see Giacalone et al. (2018) and Goodman and Kotz
(1973). In the generalized Bayesian framework, no direct way is known to sample
from the full conditional distributionof pjY,Z,b:

p(pjY,Z,b)pp(p) O fp(zi xib). (2.7)
i=1

We thus introduce another Metropolis-Hasting (MH) rejection sampling step into the
Gibbs sampler for estimating the parameter p conditioned on the current values of Z
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and b.

In the original Bayesian approach of Albert and Chib, 1993, the distribution of the
latent variable Z is N(Xb, 1) truncatedto Z > Owhen Y = 1,andto Z OwhenY =
0. Therefore, the conditional distribution of b given Y and Z can be derived from the
least squares estimator of the linear model and its covariance. Using a uniform prior
for b, it follows a normal distribution speciedby b N((XTX) IXTz,(XTX) 1).
Thus, by introducing the latent variable, we can obtain the posterior distribution of b
using Gibbs sampling to sample in an alternating manner from the truncated normal
distribution of Z given Y and b, and from the conditional distribution of b given Z.

In the p-GGD case, the error distribution generalizes to h; Np(O, pY P). We
would like to sample b from the multivariate distribution Np(f)z, S). The mean is
obtained from the MLE of the linear " regression bz = argmin, kZ Xbk}. In the
classical casep = 2 above, it is exactly the ordinary least squares estimator, while for
other values of p, itinvolves a convex optimization underthe " ,-norm. The covariance
matrix can be derived by S = t (p)CCT, where C is the Cholesky factor of (XTX) 1
and t (p) := p? PE3/ p)/ 1/ p) (Goodman and Kotz, 1973). When the parameter
p of the distribution is known and xed in advance, samples from the posterior
distribution of b are obtained by repeatedly sampling Z from a truncated p-GGD and
b from the full conditional distribution of b from the p-GGD with parameters bz,S
and p, respectively.

To include p into the estimation, we employ a uniform prior distribution  p(p)
within some prede ned interval p 2 [Pmin, Pmax]. Our MH-sampling approach for p
is inspired by the methods of Koenker and Yoon (2009), who suggest to generate the
proposal candidate from a small step length deviation to the previous value. There-
fore, with a given step length L, we generatep from the the proposal distribution
Q(p jp) Ulp L,p+ L]. Then, noting that the proposal cancels by symmetry, we
compute an acceptance probability upper bound r(p j pt 1) by

P(P jy.Z,b)Q(pjp) _ Oitafp(Zi xb)
P(Pt 1J¥.Z,b)Q(p jp)  Oitifp (Zi xib)’

r(p jpe1)= (2.8)
Finally, we generate a random number u  U[O, 1] from a uniform distribution. If

u r(p jpt 1), then we accept by letting p; = p . Otherwise, if u> r(p j pt 1),
we reject the proposal, in which case p; = p; 1. Our full sampling procedure is
summarized in Algorithm 1 below.

2.3 Simulation Study

We conduct a simulation study to investigate the following research questions:

(i). First, we investigate whether manually adjusting the valug@aan mitigate the issue
of link misspeci cation. In particular, given data generated for a particular value, how well do
different links perform?
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Algorithm 1 p-generalized probit Gibbs sampling with Metropolis-Hastings rejection
sampling algorithm

1. for m = 1 To Mgimylation dO
2: Sample each latent variable Z; from a p-GGD

Z;  fp(xib)

truncated to (0,¥ ) if y; = 1, and truncated to ( ¥ ,0]if y; = 0.
3 Given Z, we generate candidatesp by the Metropolis-Hastings (MH) MCMC
sampler with acceptance probability upper bound

p(p)Q(pip) _ Oiafp(Zi xib)
P(PQ(p jp)  Oi1fp . (Z xb)
At the end of those MH-MCMC iterations, we obtain a new value of p.

4: Given p and Z, we sample from the full conditional distribution of b. For a
at prior, the full conditional distribution of b is given by

r(p jpa)=

Np(Bz,p,S), where Bz,p = argmin kZ kaB and S = t (p)CC.
b

5: end for

(ii). Second, we evaluate the capacity of the model to estimate the hyperpananizier
well does the estimated posterior mean correspond to the true value of p that was simulated?

First, we randomly generate a design matrix X 2 RN 9, with the sample size
of N 2 f 5000, 10000, 20000,5009@&nd d = 10, whose rows follow a multivariate
normal distribution N(mS). The means are settom=( 2, 2,2,2, 3, 3,3,3,0,0,
and the ijth element of the covariance matrix is setto S;; = 2 (0.5" 1I). The parameter
b is generated from a uniform distribution U[ 3,3]9. Such a symmetric setup is
intended to keep the linear combination Xb around 0, and to get a dataset that is
not perfectly linearly separable. We generate response variablesY from different
Bernoulli distributions, using the logit, standard normal, and p-GGD links with
different p.

When estimating p, we use uniform priors speci ed in the corresponding sections.
We do not impose priors for b?, which re ects the worst-case scenario? in the estima-
tion of b, where no prior information is available. We stress that our data simulation
ensures inseparability. A degenerate likelihood or posterior distribution can thus
not occur. In general, however, one should ensure a non-degenerate Bayesian model
speci cation. A sensible informative prior p(b) is given by the multivariate p-GGD
(Goodman and Kotz, 1973), while uninformative choices were studied by Gelman
et al. (2008) and Piironen and Vehtari (2017b).

Lwhich corresponds to an uninformative uniform prior over RY.
2up to degenerate cases where an informative miss-speci ed prior is chosen.
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2.3.1 Simulation for Fixed p

We rst consider pas a xed parameter for generating p-probit data and estimate
the model using different link functions, p-probit, the classical 2-probit, logit, and
cloglog, for the sake of comparison. We run the MCMC chain for 1 000iterations. For
the p-probit links, we use the corresponding prede ned value of p. For the logit data,
we set pq: 1. We measure the model performances using the root mean square error
(RMSE) 1all,(pi pi)2and mean absolute error (MAE) ta{L,jpi pij. Table 2.1
shows the results for N = 50 000.

p-probit link probit link logit link cloglog link
RMSE MAE RMSE MAE RMSE MAE RMSE  MAE
Logitdata  0.01634  0.00791 0.01236** 0.00633** 0.00767* 0.00329* 0.03670 0.02132
probitdata 0.00520** 0.00174** 0.00467* 0.00156* 0.00821  0.00327 0.02251 0.01007
p=05 0.00876* 0.00307* 0.06345  0.03964 0.04611** 0.02778** 0.07936 0.04918

Scenario

p=1 0.00628* 0.00258*  0.02202 0.01056  0.01267** 0.00572** 0.03998 0.02040
p=15 0.00636** 0.00218*  0.00951 0.00376  0.00601* 0.00219** 0.02974 0.01360
p=3 0.00550* 0.00176* 0.00721** 0.00268** 0.01197 0.00487 0.02070 0.00870
p=4 0.00454* 0.00143* 0.01185** 0.00415** 0.01620 0.00610 0.02065 0.00832
p=5 0.00717* 0.00218* 0.01341** 0.00462** 0.01756 0.00648 0.02147 0.00834
p=28 0.00486* 0.00142* 0.01488** 0.00510** 0.01877 0.00680 0.02211 0.00817

TABLE 2.1: Model comparison for different xed p data scenarios,

estimated using p-probit, probit, logit and cloglog link functions for

N = 50000 * indicates the smallest RMSE and MAE values, ** indi-
cates the second smallest RMSE and MAE values.

The results provide a clear illustration of the model performances. Speci cally
for probit (i.e., p = 2) data, the (identical) p-probit and traditional probit models
demonstrate the best performance, yielding signi cantly low RMSE and MAE values.
When it comes to logit data, the p-probit model ( p xed to 1) does not keep up with
the performance of the conventional logit and probit models.

Moreover, the logit model shows strong performance for cases where p 2 f 0.5,1, 1.5).
Interestingly, the empirical results indicate that data generated with p= 1.5is tted
even better by the logit link than data generated with p = 1. This is a particularly
noteworthy observation: although our previous theoretical discussion suggests that
the Laplace distribution ( p = 1) is conceptually closer to the logistic distribution in
terms of heavy tails, the nite-sample empirical results show that a shape parameter
of p = 1.5provides an even closer match to the logistic link function's behavior.
Further results for other values of N are shown in Appendix B.1.3.

This simulation demonstrates that for logit dataand p 2 [0.5, 1.9, the p-probit and
logit models generally perform better in terms of RMSE and MAE, while the p-probit
and probit models dominate when p 2. Overall, the p-probit model provides highly
competitive and stable performance across different tail behaviors, and should be
the preferred choice whenever the true value of pinthe data generation process is
known or can be reliably estimated prior to the Bayesian analysis.
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FIGURE 2.2: The MCMC chains estimating p for different simulation

data. First row: logit data, probit data, and p = 1. Second row:

p= 3,p= 4,and p= 8. The gures represent thinned Markov chains
omitting a burn-in phase of 500 iterations.

2.3.2 Simulation for Estimation of p

Next, we use a similar setting to evaluate the estimation of p. The prior distribution
of pissettop U[0.1,9 whenthetruevalueis p 5and p UJ[0.1,1Q when
the true value is p > 5. Depending on the data distribution, we expect that as the
model link is closer to the real link function, the regression parameters will be closer
to the simulated parameters, and the residual based evaluation measures will be
smaller. An MCMC convergence illustration of the simulation for N = 50000is
given in Figure 2.2. The black solid line represents the average values of the ve
chains, while the gray shaded area indicates the range from the minimum to the
maximum values for each iteration. We initially set the number of MCMC iterations

to 1000, which was suf cient for all except the challenging cases of the logit model
and p = 8. We adjusted the number of iterations to 10 000to ensure convergence
for the latter. All MCMC chains are simulated ve times and we use the Potential
Scale Reduction Factors (PSRF) of Gelman and Rubin (1992) to detect convergence of
the chains. Speci cally, we decide that the MCMC chains are converged when the
PSRF is smaller than1.2 Furthermore, we con rm that the posterior distribution
integrates to 1 over the entire parameter space, verifying that it is a proper posterior.
The results are summarized in Table B.5. From Figure 2.2 we can see that for the logit
data, the model took over 5000iterations to converge at around p = 1.5 For other
p-probit datawith p = 2and p = 3, the model converges very quickly. Besides, the
variance of the MCMC chain increases as the value of p grows. This is due to the fact
that the tail distribution is getting narrower, and the whole distribution is closer to
the uniform distribution. For data with p = 8, the model overestimates p, and the
variance is very large.However, we can see that our model becomes more accurate in
estimating p with growing sample size. The summaries of all investigated scenarios
are given in Table B.4.
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dataset n d discrete continuous positive negative
Covertype 581012 52 42 10 297711 283301
Creditcard 284,807 29 29 0 492 284,315
Heart Disease 253680 22 14 8 23893 229787

TABLE 2.2: Summary of the real-world datasets

FIGURE 2.3: The MCMC chain estimation of p for the real-world

dataset. Upper-left for Covertype data, p is restricted between [1, 5],

upper-right for Covertype data, p 2 (0, 5, bottom-left, credit card data

p = 2.053 bottom-right, heart disease data p = 2.21 Burn-in phase
has been taken out.

2.4 Real-World Data Application

In this section, we apply the methods to three real-world datasets, namely the cover-
type data, the credit card data, and the heart disease data. Their details are summa-
rized in Table 2.2. The covertype data (Blackard, 1998) measures vegetation types in
four wilderness areas in the Roosevelt National Forest in the USA. The dependent
variable covertype in the original data has seven categories. We label type 2 as class
1 and the remaining six types as class 0, transforming into a binary problem.

The credit card data (Pozzolo et al., 2015) is a collection of fraud data on bank
information. The aim is to predict default (class 1) or non-default (class 0) behavior.
There are only 492 defaulters in this data. It thus suits for testing the predictive ability
under extremely unbalanced conditions.

The heart disease data stems from the Behavioral Risk Factor Surveillance System
(BRFSS) recorded annually by the Centers for Disease Control and Prevention (2015)
in the USA. The survey collects risk behaviors with a response variable indicating
whether one has ever had a heart disease.

We rst run MCMC sampling for 2 000iterations on each of the three datasets,
thinned out by keeping only every fth sample of the last 1000iterations, from
which we estimate the posterior distribution of the coef cients. We also compare the
parameters' credible intervals to con dence intervals of frequentist logistic and probit
regression to measure the coverage of these methods. For the covertype dataset,
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FIGURE 2.4: The credible intervals for p = 1and p = 2 under Bayesian
estimation, and the con dence intervals using logit and probit links
under maximum likelihood estimation.

Figure 2.3 shows in the upper-left that pis constantly approaching 1 on the Markov
chain if pis restrictedto p 2 [1,¥ ), while in the upper-right it shows p is actually
close to 0.67 forp 2 (0,¥). Such a value of p indicates that there is a signi cant
difference between the distribution of the data and the model with a standard normal
link. If the probit model is tted to the data, it is likely to cause a link misspeci cation
problem. We compare the regression coef cients for p= 1and p = 2in Figure 2.4.
We nd that for the covertype data, the results of the frequentist and the Bayesian
2-probit model are similar, both having relatively small variances and similar values.
For p = 1, we nd that most of the coef cients are closer to logistic regression, as
expected.

We observe similar results for the credit card and heart disease data in Figure B.6,
where we nd that the coef cients estimated by frequentist logistic regression are
usually close to Bayesian 1-probit, while the results of frequentist probit and Bayesian
2-probit models are even more similar.

2.5 Conclusion and Outlook

We extend the p-generalized probit model from MLE to a Bayesian framework,
providing posterior estimation jointly for the parameters b and model parameter p.
This also allows us to understand the distribution of the data, and parameterize the
link function appropriately to adapt exibly to the data.

In further research, it is worth investigating link functions that allow parametric
control over their skewness (Prasetyo et al., 2020; Hosking and Wallis, 1997). This en-
ables learning the data distribution even more exibly in the presence of unbalanced
data. The Bayesian treatment of such models provides quanti cation of uncertainty
on the choice of parameters. Further, regularization and sparse regression are worth
investigating (Piironen and Vehtari, 2017b; Mai et al., 2023).
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Chapter 3

Large-Scale Data Reduction Based
on Coresets

3.1 Introduction

With the proliferation of large-scale datasets, Bayesian methods face signi cant com-
putational bottlenecks. Standard MCMC algorithms often require evaluating the
likelihood function over the entire dataset at each iteration, leading to prohibitive
computational costs. To address this, data reduction and compression techniques
have emerged as essential tools for scaling statistical inference. Among these, the
coresetframework is representative. The fundamental idea is to select a weighted sub-
sample of the original data such that the model estimated on this subset approximates
the full-data posterior or likelihood with theoretically bounded errors.

While initially applied to linear regression and clustering, leverage-score-based
sampling methods have recently seen signi cant theoretical advancements. Their
versatility extends beyond sample compression; for instance, in high-dimensional
regimes (p  n), Teschke et al. (2024) demonstrated that generalized leverage scores
can ef ciently detect interaction effects in genetic data. Furthermore, regarding sam-
pling ef ciency, Munteanu and Omlor (2024a) recently established that augmenting
" p sensitivity sampling with ", leverage scores achieves optimal sample complexity
bounds. This theoretical breakthrough suggests that hybrid sampling strategies in-
volving ", information are crucial for handling complex loss functions. Additionally,
Lie and Munteanu (2024) addressed the challenges of unbounded sensitivities in
Poisson regression by introducing rigorous domain shifting techniques, highlighting
the necessity of handling singularities in generalized linear models.

However, bridging these theoretical advances with practical Bayesian and semi-
parametric inference remains a frontier challenge. Unlike standard frequentist settings
where parameters are xed, Bayesian inference requires evaluating likelihoods over
changing parameters, necessitating coreset mechanisms that remain valid across
continuous domains. This chapter addresses these challenges through two distinct
contributions:

The rst part presents a coreset methodology for the Bayesian p-generalized
probit model (developed in Chapter 2). A key challenge here is that the shape
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parameter pis treated as a random variable during MCMC sampling. To avoid the
prohibitive cost of re-computing sensitivities for every new p, we propose a one-shot
coresestrategy. This construction uses a sensitivity distribution derived from "
leverage scores to create a single coreset valid simultaneously for a continuous range
of p values. Theoretically, we provide an upper bound on the Wasserstein distance
between the approximate and true posterior distributions.

The second part extends data reduction to semi-parametric multivariate analysis,
speci cally the Multivariate Conditional Transform Model (MCTM) (Klein et al.,
2022). While MCTMs offer exibility in modeling dependence structures, their log-
likelihood functions involve unstable logarithmic terms and Jacobians, posing severe
stability issues in large-scale optimization. Drawing from the sensitivity sampling
framework for Poisson regression (Lie and Munteanu, 2024), we leverage the mono-
tonicity property of sensitivities to design our coreset. We construct a hybrid sampling
strategy that combines ", leverage scores to capture the dominant quadratic structure
with a convex hull approximation to cover the geometric boundaries of the deriva-
tives. This approach effectively stabilizes the logarithmic terms and signi cantly
reduces training time while maintaining estimation accuracy.

3.2 Coreset Implementation for p-Probit Models

MCMC methods used in Bayesian statistics often require a large number of iterations
to complete convergence in practice. The problem becomes particularly challenging
when the dataset is massively large, which aggravates calculations in eachitera-
tion. It is important to reduce the data in advance and obtain an approximate result
ef ciently in both running time and memory consumption. To this end, data com-
pression methods, such as coresets, sketching, and random projections, received a
lot of attention (Munteanu and Schwiegelshohn, 2018) and have been introduced
to statistical models for tackling the limitations that arise with large-scale datasets
(Munteanu, 2023). Coresets and sketching refer to a speci ¢ methodology for com-
puting subsets comprising the most important points of the original dataset such
as to guarantee a close approximation of the negative log likelihood (NLL) of the
original dataset. Employing an algorithm or model to this small subset guarantees to
obtain a result much more ef ciently and hereby it provably approximates the result
obtained from the original massive dataset to within a small controllable error bound
(Munteanu, 2023). Coresets and sketching for linear " ,-regression have been studied,
by Clarkson (2005), Dasgupta et al. (2009), Sohler and Woodruff (2011), and Woodruff
and Zhang (2013), who focus on linear regression Y = Xb + h, where h follows a
p-GGD. To approximate the linear model within (1 + #) error, they obtain a coreset
by subsampling a few observations using the ", norm of rows of a well-conditioned
basis. Munteanu et al. (2022) extended this approach togeneralizedinear models, in
particular for the p-generalized probit model for dichotomous data. Here, we extend
this data subsampling method even further from MLE to the Bayesian p-generalized
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probit model, even beyond xed p. This continues recent research on improving the
ef ciency of Bayesiammethods. Several data reduction methods have been studied,
such as streaming (Broderick et al., 2013; Campbell et al., 2015), subsampling for
MCMC (Quiroz et al., 2019; Ahn et al., 2012; Bardenet et al., 2014; Bardenet et al.,
2017), random projections (Geppert et al., 2017), Merge & Reduce (Geppert et al.,
2020; Ding et al., 2023), consensus Monte Carlo (Rabinovich et al., 2015; Scott et al.,
2016), sketching (Munteanu et al., 2021; Munteanu et al., 2023), and coresets (Huggins
et al., 2016; Campbell and Broderick, 2018; Campbell and Broderick, 2019).

In summary, we extend the coreset constructions of Munteanu et al. (2022) de-
veloped for frequentist xed p-probit to their Bayesian counterpart, allowing for
estimation of p, while enhancing scalability of our sampler for large data.

3.2.1 Coresets for the Bayesian p-Probit Model

In this section, we introduce the concept of coresets and brie y present the coreset
construction method of Munteanu et al. (2022) for the p-generalized probit model.
We use the ", leverage scores to approximate the sensitivity (or importance) of the
observations for preserving the p-generalized probit model. These scores are used
to specify a distribution for subsampling the data. We call the subsampled dataset
a coresetind run our Bayesian estimation on it. We argue that the approximation
properties of coresets for preserving the likelihood continue to hold when adding
an arbitrary prior to the likelihood. The same construction thus approximates the
posterior distribution of our Bayesian p-generalized probit model. For providing a
theoretical guarantee on the proximity of the posterior distribution induced by the
coreset compared to the one obtained from the original data, it thus suf ces to analyze
the respective likelihood distributions. We quantify their Wassersteirdistance, which
we bound to within small constant factors of the NLL and its entropy.

We estimate the posterior distribution of the model parameter b and the link
function parameter p using Bayesian methods. However, it is notorious that MCMC
methods require a substantial number of iterations for the Markov chain to converge.
In addition, the MH method that is used to estimate p in each iteration also requires
hundreds of iterations to yield a new sample of p. Therefore, it takes considerable time
to estimate the model and it requires a substantial amount of memory when dealing
with large-scale data. We thus introduce data reduction methods for Bayesian p-
generalized probit models. We build on the coreset construction method of Munteanu
et al. (2022), which has been shown to approximate the NLL for p-probit models
very accurately. In the following de nition, f denotes the NLL corresponding to
(2.3)where labels are folded into the design matrix X1, and f,, denotes its weighted
version.

De nition 3.2.1 (Coreset). LetX 2 R" 9 be the original design matrix, l€tbe the loss
function we aim to optimize. We de ne a weightédoreseC = ( X% w) for f to consist of a

Isince the factors(2y; 1) always appear together with x; in Equation (2.3) and its logarithm
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matrix X°2 R* dand a weight vector & R¥ ,, such that
8b2 R jfu(X%) f(Xb)j # f(Xb).

We want X°to be a subset of the original dataset of signi cantly reduced size k
n. On this subset, our algorithm runs much more ef ciently while the error remains
bounded by a small #fraction of the original value. It was argued in Munteanu et al.
(2022) that coresets for thep-probit model do not exist in general, cf. (Huggins et al.,
2016; Munteanu et al., 2018). To quantify the obtainable size of a coreset for a given
dataset X, a data dependent parameter m(X) was introduced.

De nition 3.2.2 (mcomplexity, Munteanu et al., 2018; Munteanu et al., 2022). For a
dataset X2 R" 9anda xed p 1dene
éXib>0jxi bJp

X = Su o - - .
o b2Rdrr;)ng & xp<0lXibJP

X 2 R" 9is calledmcomplex ifmp(X) m< ¥.

Intuitively, mcomplexity measures quantitatively the separability of a dataset,
and has an interpretation as the balance between probability mass attributed to the
two different classi cations, cf. Munteanu et al. (2018).

In the Bayesian framework, the likelihood can be denoted exp( f(Xb)), since
f(Xb) is the NLL. The posterior distribution in Equation (2.4)additionally comprises
a prior p(b) and from this we obtain the marginal likelihood

Z
m= exp( f(Xb))p(b)db.

Huggins et al. (2016) argued that if C = ( X% w) satis es the coreset bound on the
NLL then the guarantee propagates to the negative marginal log likelihood, i.e.,

jlogm logmj #log mj,

where m is obtained similarly to m by replacing the data by the coreset. This was
proven by a direct application of Jensen's inequality. A more intuitive explanation

is that marginalizing by a normalized prior corresponds to a convex projection,
which can only contract but not dilate distances between the respective distributions.
The main takeaway from this is that we can focus in the remainder on analyzing
the distance between the likelihoods derived from the original data and from the
coreset. To this end, we aim to show that if the NLL f(Xb) for a dataset X in p-probit
regression is approximated by the coreset X%as in De nition 3.2.1, then the deviation
of the approximated likelihood from the original likelihood can be bounded in terms

of their Wasserstein distance of order p.?

2\We note that a result similar to the case p = 1 can be obtained verbatim for logistic regression.
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3.2.2 Wasserstein Distance Bound

As we have noted above, it suf ces to bound the Wasserstein distance of the likelihood
and its approximation obtained from using a coreset. To this end, we require an "

: . kMxk , .
analoguesi"™ (M) = inf ¢ of the smallest singular value of a matrix (Golub
P x2Rd4nf0g kxkp

and Loan, 2013). We have the following result:

Theorem 3.2.3 (Wasserstein bound, Ding et al., 2024) GivenX 2 R" 9 let(X%w) be
an#-coreset for th@-probit or logistic loss (in which case the lemma applies with 1). Let
guexp( f(Xa)) andg®u exp( fw(X%)). Letz", Z' be the mode-centered versions
of the random variable2;, qandZ, o Also letmn minimize f,,(X%), f(Xh),
respectively, oveln 2 RY. Then the Wasserstein distance of order p is bounded by

1
W (g, o) 2(p(2+:n?i$11(;)”?) : f(Xn)+ Eq[f(xzM] “'P.
p

We note that Theorem 3.2.3 bounds the Wasserstein distance to within constant
factors of the optimal NLL and the related entropy. As we discussed above, the
factor mis necessary to allow sublinear data summaries to exist. While additive
errors of #are desirable (Geppert et al., 2017), it is known that only constant factors,
in particular (2+ #), can be achieved whenp 6 2. The last term in our bound
corresponds to the entropy of the parameter distribution. By the maximum entropy
property of the multivariate normal distribution, this term can be further bounded by
the trace of the covariance matrix of the normal distribution tr (X%) * .2 The proof
of Theorem 3.2.3 is deferred to the appendix. Here, we give a high level intuition. The
Wasserstein distance can be decomposed into two components: thep-norm distance
of the respective MLE estimators, i.e., the modes of the distributions, and the p-norm
measure of variability of the mode-centered distributions. The rst component can
be bounded by relating the p-norm to roughly mtimes the NLL and leveraging the
proximity guaranteed by the coreset. Bounding the second component requires a
coupling between random variables drawn from the two distributions. The coupling
is constructed to be a deterministic bijection between vectors with a similar NLL,
which implies that they lie close to each other. Taking the expectation over the
distances between coupled vectors completes the bound.

3.2.3 Sampling Algorithm for Bayesian p-Probit Coresets

In this section we give details on how to construct coresets for Bayesian p-probit
regression for a given xed p. Then we extend the construction to hold simultaneously
for the several values of p that our Gibbs sampler evaluates. We adopt the so-called
sensitivity samplingframework (Feldman and Langberg, 2011). It has become a
popular gold standard across the coreset literature, used for instance in Huggins

3up to normalizing constants and factors depending on mand t (p) = p% gf; z; .
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et al. (2016), Munteanu et al. (2018), and Munteanu et al. (2022). The sensitivity
of point x;,i 2 [n] := f1,2,...,ngis dened as z; = sup,,ra % and measures
its importance for preserving the NLL. We subsample the data proportional to the
sensitivity measure, which guarantees that the structure and distribution of the data
is preserved accurately, even in the presence of few very important points. The
number of samples required to obtain a certain error bound will be speci ed later,
and is dominated by the total sensitivityZ = § {lei. For most problems, however,
the true sensitivity of each data point is as dif cult to compute as solving the original
large problem. Therefore, we calculate more ef ciently an approximation of the
sensitivities such that S= &L, 5 &{L,z = Z. The overestimation needs to be
controlled carefully since the necessary sample size growstoS Z. Here, we use
the so-called " p-leverage scores, which are de ned as ui(p) = SUPpgo % They can
be calculated from so called well-conditioned bases (Dasgupta et al., 2009), which
we approximate very ef ciently using sketching techniques of Woodruff and Zhang
(2013). Finally, we overestimate the sensitivities by z;  cm %+ ui(p) =: s and
nally take a random subsample of the data proportional to these scores.

Theorem 3.2.4(Munteanu et al., 2022). For amcomplex dataseét 2 R" 9and a xed link
parametep 2 [1,¥ ), with constant probability, Algorithm 6 computes dkcorese{ X% w)

for p-probit regression of size= O(%(d log(# 'm) log S) in two passes over the data, where
S= O(md) forp = 2,S= O(mdP(dlog d)?) for p 2 [1,2), andS = O(nu?P(dlog d)?)
forp2 (2,¥).

For any xed value of pwe could readily run our Gibbs sampler on the resulting
coreset. However, our extension includes an MH sampling step to incorporate p as
a variable into the sampling process. To tackle this dif culty, we need to generate
coresets applicable to a wide range of p 2 [Pmin, Pmax] Without knowing the partic-
ular values in advance. A solution to this problem was provided in the context of
clustering by Bachem et al. (2018), calledone-shotoresets. We adapt their approach
to work for Bayesian p-probit regression. The idea is to cover the interval [Pmin, Pmax])
by an exponential grid P = f pmin, (1+ D) Pmin, (L+ D)?Pmin, - - ., Pmaxd. After calcu-

lating the sensitivities sl(p) for each p 2 P, the new sensitivity upper bound for x;

becomess = & png(p). The advantage of the resulting one-shot coreset is that it

satis es the coreset guarantee simultaneously for several values of p 2 [Pmin, Pmax]s
even when p 2 P, without explicitly xing them in advance. The disadvantage is
that we need to calculate the sensitivities for all p 2 P. However, we prove that

D= m is a suitable increment, which limits the size jPj to a small logarithmic
amount | = ©9{aec Bn) = O (log (Pmax/ Pmin) log(n)).

Theorem 3.2.5. Letl  Pmin < Pmax < ¥. LetX 2 R" 9 bemcomplex for any xed

P 2 [Pmin, Pmax] [1,¥). LetQ = fpy,..., pmg be an arbitrary subset ¢pmin , Pmax]-
Then, with constant probability, we can computetacoreset X% w) for p-probit regression

“We note that there are recent improvements using different importance measures (Mai et al., 2021;
Woodruff and Yasuda, 2023).
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of sizek = O(g(dlog(# m log S+ log(m))) in two passes over the data that is valid
simultaneously for all 2 Q, where

8
S= < 0 mjpmax(dIoQ d)Z(IOg(n) Iog(pmax/ Pmin )) ’ if Pmax 2 [112]

© O no?Prex(dlog d)?(log(n) 10g(Pmax! Pmin)) +  if Pmax 2 (2,¥%).

3.2.4 Simulation for Evaluating Coresets

The purpose of this experiment is to observe how well different coresets preserve
the original data distribution, and to explore the performance of the classi er on
these datasets. Figure 3.1 shows the results of this simulation. The ™ ,-leverage scores

FIGURE 3.1: The performance of different coreset approaches on a

simulated dataset, and models regressed using different Bayesian

p-probit models on coresets. Original data: n = 100000 coreset:
n = 100.

have higher sensitivity to points far from the central distribution than the " ;-scores.
The one-shot coreset also represents the original distribution of the data well. The
rootl2 method, designed by Munteanu et al. (2018) for logistic regression, uses
the ", norm (instead of its square), which performs more similarly to the " ;-scores.
Uniform sampling performs clearly the worst, with no ability to identify any of the
extremal points. Turning our attention to the linear classi ers, original inthe legend
represents the choice of xed values p = 1or p = 2, respectively. The model from the
uniform sample is far from the original model. For one-shot coresets, we compare
several different cases. Asp grows the model becomes more sensitive to outliers.

For evaluating the coresets, we generate a classi cation dataset of N = 100000
as described above, manually set a few outliers, and subsample coresets of the data
with the parameter p set to different values. Then we run the MCMC sampler with
xed pon the subsampled dataset.

In a second stage, we incorporate the data reduction methods. We sample ac-
cording to different sensitivity distributions and run the MCMC sampler on the
resulting coresets. We compare 2-probit sampling, the one-shot coreset, and square
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